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Abstract We present a lattice Boltzmann algorithm for simulating magnetohydro-
dynamics, and extend it to simulate the Jeffery equation that describes the rotating
orientations of axisymmetric particles in a dilute suspension. Both systems involve
material vector fields that evolve through the curl of another vector field. Both sys-
tems thus require an underlying kinetic formulation using vector fields, in contrast to
the scalar fields used in the Boltzmann equation, and in lattice Boltzmann algorithms
for hydrodynamics. Simulating Jeffery’s equation requires extra gradient terms that
cannot be written in conservation form. These gradients are obtained locally at grid
points using the non-equilibrium parts of the kinetic vector fields representing the
particle orientations, and the kinetic scalar fields representing the suspending fluid.
The kinetic formulation is discretised using a Strang splitting between advection to
neighbouring grid points and local algebraic operations at grid points.

1 Introduction

Magnetohydrodynamics (MHD) describes the flow of electrically conducting fluids
in magnetic fields by coupling the Maxwell and Navier–Stokes equations. MHD
flows arise in the interiors of stars and planets, in smelting and processing liquid
metals and semiconductors, and in magnetic confinement fusion reactors [5]. The
MHD equations have many structural similarities with recently-developed contin-
uum models for suspensions of rod-like particles [13, 22, 23] that are based on
Jeffery’s equation for a single axisymmetric particle in Stokes flow [2, 16, 17]. This
chapter describes how a numerical method for solving the MHD equations [6] using
the lattice Boltzmann approach [1, 19] can be adapted to simulate these suspensions.
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2 Lattice Boltzmann hydrodynamics

The Boltzmann equation describes a rarefied gas using a single scalar field f (x,c, t)
for the number density of particles at position x moving with velocity c at time t,

∂t f + c ·∇ f =C[ f , f ]. (1)

The left-hand side represents linear advection of f with the particle velocity c. All
nonlinearity is confined to the right-hand side. Boltzmann’s binary collision oper-
ator C[ f , f ] describes collisions between pairs of particles via a nonlocal integral
operator over c. The Navier–Stokes equations describe solutions of the Boltzmann
equation that vary slowly compared to the timescale of collisions [4].

The lattice Boltzmann approach restricts c to a discrete set c0, . . . ,cN , thus re-
placing f (x,c, t) with a discrete set of functions fi(x, t) that evolve according to

∂t fi + ci ·∇ fi =−1
τ

(
fi − f (0)i

)
(2)

for i = 0, . . . ,N. This right-hand side models collisions through a linear relaxation
on a prescribed timescale τ towards equilibria f (0)i that are prescribed functions of
the local fluid density ρ and velocity u. These macroscopic quantities are given by
moments of the fi,

ρ =
N

∑
i=0

fi, ρ u =
N

∑
i=0

ci fi. (3)

In 2D, the discrete velocities are commonly chosen to be the nine shown in Fig. 1
with [21]

f (0)i = wiρ
{

1+3u · ci +
9
2

(
(ci ·u)2 − 1

3
|u|2

)}
. (4)

The weights are w0 = 4/9, w1,2,3,4 = 1/9 and w5,6,7,8 = 1/36. From (2) we can
derive the lattice Boltzmann equation for some transformed variables f i,

f i(x+ ci∆ t, t +∆ t) = f i(x, t)−
∆ t

τ +∆ t/2

(
f i(x, t)− f (0)i (x, t)

)
. (5)

We can integrate (2) along its characteristics [14] for a time step ∆ t, or we can apply
a Strang splitting into advective and algebraic parts that are solved separately [8].

Using a multiple-scales expansion of both the fi and the time derivative in a small
parameter ε = τ/T with suitable solvability conditions, we can find solutions of (2)
for which ρ and u evolve on a slow hydrodynamic timescale T according to

∂tρ +∇·(ρu) = 0, ∂t(ρu)+∇·(Π(0)+Π(1)+ · · ·) = 0. (6)

These are macroscopic mass and momentum conservation laws. The solvability con-
ditions leave ρ and u, the quantities conserved under collisions, unexpanded, while
the momentum flux Π= ∑i cici fi is expanded in ε as Π=Π(0)+ Π(1)+ · · · .



Fig. 1 The nine discrete
velocities c0, . . . ,c8 used
for the hydrodynamic scalar
fields fi and the five discrete
velocities (red, thicker lines)
used for the magnetic vector
fields gi. The ci are scaled so
that each particle propagates
from a grid point x to an
adjacent grid point x+ ci∆ t
over a time step. The grid
points are indexed by I and J.

J+1

J

J -1

II -1 I+1

0 1

2

3

4

56

7 8

The equilibria (4) give Π(0) = c2
s ρ I+ρ uu with pressure p = c2

s ρ and constant
sound speed cs = 1/

√
3 in “lattice units” with ∆x = ∆ t = 1. We thus recover the

compressible Euler equations at leading order. The multiple-scales expansion gives

Π(1) =−τ ρc2
s
(
(∇u)+(∇u)T

)
+ τ ∇·(ρuuu), (7)

so at next order we recover the Navier–Stokes viscous stress with dynamic viscosity
µ = τρc2

s , and an error term τ ∇·(ρuuu). The error term is smaller than the viscous
stress by the square of the Mach number |u|/cs. It is an artifact created by using the
discrete velocity set in Fig. 1 with only nine velocities.

3 Lattice Boltzmann magnetohydrodynamics

The magnetic field B evolves according to Maxwell’s equation ∂tB+∇×E = 0,
where E is the electric field. We can rewrite this equation in divergence form as

∂tB+∇·Λ= 0 (8)

using the tensor Λ with components Λαβ =−εαβγ Eγ . This now resembles the mo-
mentum equation in (6), except Π= ∑i cici fi is symmetric by construction, while Λ
is antisymmetric. It is thus impossible to represent (8) using a set of scalar fields fi.

Instead, inspired by work conducted at the Schlumberger–Doll laboratory to sim-
ulate magnetic resonance imaging of flow in porous media [12], we can represent
the magnetic field as the sum of a set of kinetic vector fields gi(x, t) that evolve as

∂tgi + ci ·∇gi =− 1
τΛ

(
gi −g(0)i

)
, (9)

where
g(0)i =Wi

(
B+Θ−1ci ·Λ(0)

)
, (10)

with Λ(0) = uB−Bu. It is sufficient to use five discrete velocities in 2D, as shown
in Fig. 1, with weights W0 = 1/3, W1,2,3,4 = 1/6 and lattice constant Θ = 1/3.

Summing (9) over i and applying another multiple-scales expansion gives

∂tB+∇·
(
Λ(0)+Λ(1)+ · · ·

)
= 0, (11)

for the moments

B =
4

∑
i=0

gi, Λ(n) =
4

∑
i=0

ci g(n)i . (12)

We obtain ideal MHD at leading order as Λ(0) = uB−Bu. The first correction is

Λ(1) =−τΛΘ ∇B, (13)

for which (11) gives the resistive MHD induction equation with resistivity η = τΛΘ ,

∂tB = ∇×(u×B)+η∇2B, (14)

using ∇·B = 0. The Lorentz force (∇×B)×B exerted by the magnetic field on the
fluid can be rewritten as the divergence of the Maxwell stress. The Maxwell stress
can be included in the equilibrium momentum flux Π(0) by redefining the f (0)i [6].
The resulting algorithm has been employed for large simulations of 3D MHD tur-
bulence [24] and to simulate liquid metal cooling blankets for fusion reactors [20].

4 Jeffery’s equation for axisymmetric particles

Jeffery’s equation describes a torque-free axisymmetric rigid particle immersed in a
Stokes flow with a uniform velocity gradient L at infinity [2, 16, 17]. The unit vector
p directed along the symmetry axis evolves according to

ṗ =Ω ·p+β (E ·p−pp ·E ·p) , (15)

where Ω = 1
2 (L− LT) and E = 1

2 (L+ LT) are the antisymmetric and symmetric
parts of the tensor L. The last term in (15) preserves the normalisation |p| = 1, as
ṗ ·p = 0. The Bretherton shape parameter β equals (r2 −1)/(r2 +1) for spheroids
with aspect ratio r, so β ≈ 1 for slender rods with r ≫ 1, while β = 0 for spheres.

To describe a dilute suspension of particles we treat p(x, t) as a vector field, and
replace L with the local velocity gradient ∇u, assumed to vary on lengthscales much
larger than the particle size. We also replace ṗ with a material time derivative,

∂tp+u ·∇p = p ·∇u+(β −1)E ·p−β pp ·E ·p. (16)

To make a closer connection with the MHD induction equation, and because lattice
Boltzmann algorithms simulate compressible fluids with finite sound speeds, we
introduce P = ρ p, normalised by |P| = ρ . The vector field P evolves according to



∂tP = ∇×(u×P)−u∇·P+(β −1)E ·P− (β/ρ2)PP ·E ·P. (17)

The first term on the right-hand side now exactly matches the MHD induction equa-
tion (14). The remaining terms arise because we have replaced ∇·B = 0 by |P|= ρ ,
and because particles with β < 1 do not align perfectly with the velocity gradient,
in constrast to magnetic fields. However, if we represent P = ∑i gi as in Sect. 3 we
can obtain ∇·P from TrΛ using (13), and E from T=Π−Π(0) using (7), giving

∂tP = ∇×(u×P)+
1

τΛΘ
uTrΛ+

1−β
2τc2

s ρ
P ·T+

β
2τc2

s ρ3 PP ·T ·P. (18)

5 Discretisation by Strang splitting

To discretise the above, we separate the algebraic right-hand side of the kinetic
equation for the gi from the pure advection ∂tgi + ci ·∇gi = 0 that gives rise to the
∇×(u×P) term. The advection can be solved exactly, as in (5), and the algebraic
terms by the Crank–Nicolson method. The lattice Boltzmann method relies upon
an almost exact cancellation between the Crank–Nicolson truncation error and the
error due to Strang splitting [3, 8].

The algebraic terms are best treated by evolving the moments of the gi, then
reconstructing the gi from the moments. For example, if we represent P using the
five discrete velocities shown in Fig. 1, P, Λ and M = ∑i cicigi form a basis of
moments since Mαβγ ≡ 0 for α ̸= β . We can reconstruct the gi from

giβ = 1
2

(
ξiαΛαβ +ξiγ ξiα Mγαβ

)
for i ̸= 0, g0β = Pβ −Mααβ . (19)

We can similarly complete ρ , ρu, Π to form a basis for the nine moments of the fi.
The non-equilibrium momentum flux T=Π−Π(0) evolves under collisions as

∂tT=−(1/τ)T. (20)

Discretising this ODE using the Crank–Nicolson method gives

T(t +∆ t)−T(t)
∆ t

=− 1
2τ

(T(t +∆ t)+T(t)) , (21)

which rearranges into

T′ =
τ −∆ t/2
τ +∆ t/2

T, (22)

on writing T′ for T(t +∆ t) and T for T(t). Similarly, the Crank–Nicolson method
for the evolution of TrΛ, using TrΛ(0) = 0, gives

TrΛ′ =
τΛ−∆ t/2
τΛ+∆ t/2

TrΛ. (23)

A partial Crank–Nicolson approximation for the algebraic terms in (18) is

P′−P
∆ t

=
1

τΛΘ
uTr Λ̃+

1−β
2τρc2

s
P · T̃+

β
2τρ3c2

s
P P · T̃ ·P, (24)

where Λ̃ = 1
2 (Λ

′+Λ) and T̃ = 1
2 (T

′+T). The right-hand side is evaluated using
only P, rather than a mixture of P and P′. A justification for this approximation is
that Tr Λ and T evolve on the fast collisional timescales τΛ and τ , while P evolves
on a slow hydrodynamic timescale. Solving (24) for P′ using (22) and (23) gives

P′ = P+
1
Θ

∆ t
τΛ+∆ t/2

uTr Λ+
1−β
2c2

s ρ
∆ t

τ +∆ t/2
P ·T

+
β

2c2
s ρ3

∆ t
τ +∆ t/2

P P ·T ·P, (25)

where every quantity on the right-hand side is evaluated at time t.
To evolve the remaining moments Λ and M, we form the non-equilibrium part

of each moment using P, evolve the non-equilibrium part using a Crank–Nicolson
time step, then reconstruct the full moment using P′, for example

Λ′ = Λ(0)′+
τΛ−∆ t/2
τΛ+∆ t/2

(
Λ−Λ(0)), (26)

where Λ(0) = uP−Pu and Λ(0)′ = uP′−P′ u. This procedure ensures that the re-
lations (7) and (13) expressing E and ∇·P in terms of non-equilibrium moments
hold despite P changing. It is equivalent to the so-called exact difference method for
implementing body forces in lattice Boltzmann hydrodynamics [9, 18]. Taking the
trace of (26) gives (23) as above, since TrΛ(0)′ = TrΛ(0) = 0. From P′, Λ′ and M′

we can reconstruct the post-collisional functions g′i using (19), then advect them to
adjacent grid points to obtain the gi at the next time step,

gi(x, t +∆ t) = g′i(x− ci∆ t). (27)

6 Numerical example: Poiseuille flow of a suspension of long rods

Jeffery’s equation describes how fluid flow affects the orientation of suspended par-
ticles. To obtain interesting behaviour, the particles should in turn affect the flow.
Continuum models of active rod suspensions [13, 22, 23] contain a stress propor-
tional to pp, equivalent to the Maxwell stress due to a magnetic field in an incom-
pressible fluid. As a first step, we consider a suspension of passive long rods (r ≫ 1)
large enough to be unaffected by Brownian motion. The momentum flux is then
[10, 11, 15]

Π= c2
s ρ I+ρ uu−µ (2E+N ppp ·E ·p) . (28)



The anisotropic extra stress along pp proportional to the non-Newtonian parameter
N ∼ ϕr2/ logr can be significant for r ≫ 1 even at low volume fractions ϕ .

This anisotropic viscous stress is mathematically identical to a common model
for the stress in a strongly magnetised plasma, known as Braginskii MHD, if we
take p = B/|B| to be a unit vector parallel to the magnetic field. To obtain (28) from
our kinetic formulation we adjust (22) to apply a different relaxation time τ∥ to the
component p ·T ·p of the stress [7]

T′ =
τ⊥−∆ t/2
τ⊥+∆ t/2

T+

(τ∥−∆ t/2
τ∥+∆ t/2

− τ⊥−∆ t/2
τ⊥+∆ t/2

)
ppp ·T ·p. (29)

The time τ⊥ determines the fluid viscosity perpendicular to (or in the absence of)
the particles, while τ∥ = (1+N/2)τ⊥ is enhanced by a factor of N/2 as in (28). We
can still obtain a kinetic approximation to the strain rate from the isotropic formula

E=
(
T−T′ )/(2ρ c2

s ∆ t), (30)

because E is determined by the advective terms on the left-hand side of (5).
The Poiseuille flow of such a suspension, with u = u(y, t) x̂ driven by a constant

body force f x̂ in the usual rheological axes, is governed by the coupled system [10]

∂tθ =−(1/2)(1−β cos2θ)∂yu+κ ∂yyθ , (31a)
∂tu = f +∂y (ν(θ)∂yu) . (31b)

The effective viscosity is a function of the angle θ between the rods and the x-axis,

ν(θ) = ν0
(
1+N sin2 θ cos2 θ

)
. (32)

This system also includes a small orientational diffusivity κ ∝ τΛ analogous to the
resistivity in the MHD induction equation (14). For β < 1 it has solutions that os-
cillate in time as the rods rotate. Figure 2 shows this oscillating parabolic Poiseuille
profile in a numerical experiment with β = 0.9, N = 10, and θ = sin(2πy) initially.

7 Conclusion

A lattice Boltzmann approach has been presented for simulating Jeffery’s equation
that describes the evolution of the orientation field p for a suspension of axisymmet-
ric rigid particles, exploiting its close similarity with the MHD induction equation.
The primary difference is the replacement of the divergence-free constraint ∇·B = 0
by the normalisation condition |p|= 1. The necessary extra gradient information is
available locally at grid points from the non-equilibrium parts of the hydrodynamic
and orientational kinetic fields. Jeffery’s equation underpins continuum models of
many physical systems involving suspensions of non-spherical particles: liquid crys-
tals, active rods, gyrotactic bacteria, and ferromagnetic fluids [22, 23].

Fig. 2 Oscillatory streamwise velocity in Poiseuille flow for a suspension of elongated particles.
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