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Abstract

Random embeddings project high-dimensional spaces to low-dimensional ones; they are
careful constructions which allow the approximate preservation of key properties, such
as the pair-wise distances between points. Often in the field of optimisation, one needs
to explore high-dimensional spaces representing the problem data or its parameters and
thus the computational cost of solving an optimisation problem is connected to the size
of the data/variables. This thesis studies the theoretical properties of norm-preserving

random embeddings, and their application to several classes of optimisation problems.

Our investigations into random projections present subspace embedding properties for
s-hashing ensembles — sparse random matrices with s non-zero entries per column —
that are optimal in the projection dimension m of the sketch, namely, m = O(d) where
d is the dimension of the subspace. A diverse set of results are presented that address
the case when the input matrix has sufficiently low coherence; how the acceptable co-
herence changes with the number s of non-zeros per column in the s-hashing matrices,
or is reduced through suitable transformations. In particular, we propose a new ran-
dom embedding, the Hashed Randomised Hadamard Transform, that improves upon the

Subsampled Randomised Hadamard Transform by replacing sub-sampling with hashing.

We apply these sketching techniques to linear least squares problems, as part of a
Blendenpik-type algorithm, that uses a sketch of the data matrix to build a high quality
preconditioner and then solves a preconditioned formulation of the original problem. We
also include suitable linear algebra tools for rank-deficient and for sparse problems that
lead to our implementation, Ski-LLS, outperforming not only sketching-based routines on
randomly-generated input, but also state of the art direct solver SPQR and iterative code
HSL on certain subsets of the sparse Florida matrix collection; namely, on least squares

problems that are significantly over-determined, or moderately sparse, or difficult.

Instead of sketching in the data/observational space as in the linear least squares case
above, we then consider sketching in the variable/parameter domain for a more generic
problem and algorithm. We propose a general random-subspace first-order framework
for unconstrained non-convex optimisation that requires a weak probabilistic assump-

tion on the subspace gradient, which we show to be satisfied by various random matrix



ensembles, such as Gaussian and hashing sketching. We show that, when safeguarded
with trust region or quadratic regularisation techniques, this random subspace approach
satisfies, with high probability, a complexity bound of order O (6_2) to drive the (full)
gradient norm below €; matching in the accuracy order, deterministic counterparts of
these methods and securing almost sure convergence. We then particularise this frame-
work to random subspace Gauss-Newton methods for nonlinear least squares problems,
that only require the calculation of the Jacobian matrix in a subspace, with similar

complexity guarantees.

We further investigate second-order methods for non-convex optimisation, and propose
a Random Subspace Adaptive Regularised Cubic (R-ARC) method, which we analyse
under various assumptions on the objective function and the sketching matrices. We
show that, when the sketching matrix achieves a subspace embedding of the augmented
matrix of the gradient and the Hessian with sufficiently high probability, then the R-
ARC method satisfies, with high probability, a complexity bound of order O (e7%/2) to
drive the (full) gradient norm below €; matching in the accuracy order the deterministic
counterpart (ARC). We also show that the same complexity bound is obtained when
the Hessian matrix has sparse rows and appropriate sketching matrices are chosen. We
also investigate R-ARC’s convergence to second order critical points. We show that the
R~-ARC method also drives the Hessian in the subspace to be approximately positive
semi-definite with high probability, for a variety of sketching matrices; and furthermore
if the Hessian matrix has low rank and scaled Gaussian sketching matrices are used, the
R-ARC drives the (full) Hessian to be approximately positive semi-definite, with high
probability, at the rate O (6_3), again matching in the accuracy order its deterministic

counterpart.
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Chapter 1

Introduction

1.1 Background

This thesis is about random embeddings and their application to improving the efficiency of opti-
misation algorithms for different problem classes. In particular, regarding random embeddings, the
novelty of our work is in the analysis of sparse projections and in proposing a new general random
embedding with attractive theoretical properties and numerical performance. Then we transfer these
results and existing random embeddings to improve optimisation algorithms for linear and non-linear
least squares problems, as well as for general objectives using first and second order information.

Numerical optimisation designs algorithms that find an extreme value of a given function. Such
computational routines find numerous applications in data science, finance and machine learning.
The computational cost of an optimisation algorithm typically grows with the dimension of the
function being optimised, which in many applications increases as the data set becomes larger or the
model for the data becomes more complex. For example, the classical computation of the solution
of fitting a linear model to a data set (linear least squares) grows linearly with the size of the data
set and quadratically with the number of variables in the model. Given the ever-increasing amount
of data and complexity of models, recent research trends attempt to make classical optimisation
algorithms faster and more scalable, [32, 78, 5, 17, 73, 74]. This work explores two topics in this
context: algorithms for linear least squares that compute an accurate solution (up to the machine
precision), and with computational complexities lower than classical methods; and algorithms for
general unconstrained objective functions that compute an approximate solution with first and
second order guarantees of optimality, with probability arbitrarily close to one and matching, in the
order of desired accuracy of the solution, the complexity of classical optimization methods.

We begin with a simple example of how random embeddings can help solve linear least squares

in||Az — b||? 1.1.1
min || Az — 0|3 (1.1.1)



faster. Consider the problem min, f(z) = (x —6)%+ (22 —5)% + (3z — 7)? + (4 — 10)?, corresponding
to A = (1 2 3 4)T and b = (6 5 7 1O)T. Solving f/(x) = 0 or equivalently AT Az = ATb,
we obtain x = % ~2 2.567. Sketching with random embedding S transforms the problem (1.1.1) to

min || SAz — Sb||3, (1.1.2)
zERd

where S € R™*" is some matrix we choose. We give two examples for S.

Example 1 (Sampling). Let' S = <é 8 (1) 8) Then SA = (1 3)T gives the 1st and 3rd row
of the matriz A. Sb = (6 7)T gives the 1st and 3rd entry of the vector b. Solving (1.1.2) gives us
x = 55 =2.700.

1100

Example 2 (Hashing). Let? S = 00 1 1). Then SA = (3 7)T where the 1st row of SA is
the sum of the 1st and 2nd rows of A; the 2nd row of SA is the sum of the 8rd and 4th rows of A.
Sb = (11 17)T where the 1st entry of Sb is the sum of the 1st and 2nd entries of b; the 2nd entry

. . . . _ 152
of Sb is the sum of the 3rd and 4th entries of b. Solving (1.1.2) gives us x = %5 ~ 2.621.

In both examples we reduce the number of rows of A, b from four to two, but using hashing gives
a more accurate result because it uses each row of A and entry in b. In later sections of this thesis
we show that computing the solution of problem (1.3.1) with hashing sketching leads to improved
performance. We also show how to use random embeddings to compute an accurate instead of just
an approximate solution of linear least squares.

For the remainder of this chapter, we first review key concepts about random embeddings, and
compare and contrast some well-known random embeddings. Then we introduce the problem of
linear least squares, classical techniques for its solution, and random embedding-based approaches
known as sketching. We then introduce general non-convex optimisation problems; classical first and
second order methods to solve them; and existing theoretical results on these ‘full space’ methods.
We also introduce non-linear least squares as a particular type of non-convex optimisation problems.
This chapter ends with a summary of the structure and contributions of this thesis to random
embeddings, their applications to linear least squares, and to general non-convex optimisations. Our

detailed contributions and relevant literature reviews can be found in individual chapters.

1.2 Random embedding

JL Lemma Dimensionality reduction techniques using random embeddings rely crucially on the
Johnson-Lindenstrauss lemma which first appeared in 1984 [56]. It states that to calculate the ap-

proximate 2-norm® of a set of vectors, it suffices to randomly project them to lower dimensions,

1Namely, S has one non-zero per row.
2Namely, S has one non-zero per column.
3By 2-norm of a vector, we mean its usual Euclidean norm.
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Figure 1.1: Randomly sampling and then re-scaling gives a good estimate of the norm when the vector
components have similar magnitude.

calculate their length in the projected space. This is equivalent to multiplying the vectors represent-
ing the high-dimensional points (on the left) by an under-determined matrix with entries following
some probabilistic distributions. We call such a matrix, a random embedding or projection. In par-
ticular, random embeddings for a set of points that approximately preserve their 2-norms are called
Johnson-Lindenstrauss (JL)-embeddings (formally defined in Definition 2.2.2). More specifically, we

may choose scaled Gaussian matrices as the embedding *.

Lemma 1.2.1 (JL Lemma [56, 25]). Given a fized, finite set Y CR™, €,0 > 0, let S € R™*™ have
entries independently distributed as the normal N(0,n~1), with m = O (eleog(%)> and where
|Y'| refers to the cardinality of the set Y. Then we have, with probability at least 1 — §, that

L= lylE< I1Syl< A +e)llyl3  for ally €Y. (1.2.1)

Intuitively, we are able to use the above dimensionality reduction technique because we are only
concerned with Euclidean distances, expressed as sum of squares. If a vector z has n entries with
similar magnitudes, to calculate its 2-norm, we only need to sample some of its entries, say m entries,
then calculate the sum of squares of those entries, and rescale by n/m to obtain the approximate
2-norm of z. This is illustrated in Figure 1.1, where we set x to be a random Gaussian vector with
independent identically distributed entries. We see that the error in the norm estimation is within
5%.

In general, the magnitudes of the entries are dissimilar. However, we can preprocess = by applying
a random, norm-preserving transformation, before sampling and re-scaling. In Figure 1.2, we apply
a (randomised) Fourier transform to a vector x with a non-uniform distribution of the magnitude
of entries. We observe that the square of the entries of x are more uniformly distributed after the

transform.

4In the original paper [56], the lemma appears as an existence result concerning Lipschitz mappings. Here we state
the ‘modern’ form that is proved in [25] and that is more relevant to this thesis.
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Figure 1.2: (Randomised) Fourier transform makes the magnitude of the entries of a vector more similar

Multiplying by a square Gaussian matrix has a similar effect in making the magnitude of the
entries of a vector more similar. While multiplying by an under-determined Gaussian matrix is a
composition of multiplying by a square Gaussian matrix and then an under-determined sampling
matrix (with one non-zero entry per row in a random column, whose value is one). This is the

intuition behind the JL Lemma. For more details on random matrices, see [100].

Subspace embedding Instead of a discrete group of points, Subspace embeddings (formally
defined in Definition 2.2.3) also aim to approximately preserve the 2-norm of each point in a column
subspace of some given matrix A. Subspace embeddings are useful when the point whose 2-norm is
to be approximately preserved is unknown but lies in a given subspace; such as in the application of
using random embeddings to solve linear least squares faster, where the optimal Ax* — b is unknown
but lies in the subspace generated by the columns of A and the vector b. Subspace embeddings
also find applications in computing a high quality preconditioner of a linear system, and solving
the low-rank matrix approximation problem [74]. Often, a random matrix distribution can be both
an (oblivious)® JL-embedding and an (oblivious) subspace embedding, see [101] where the author
derives the oblivious subspace embedding property of the scaled Gaussian matrices from its oblivious

JL-embedding property.

Oblivious subspace embedding A crucial advantage of random embeddings comparing to de-
terministic ones is that their embedding properties are data independent. For example, it is well
known that the singular value decomposition (SVD) gives the most efficient low-dimensional embed-
ding of a column subspace (Eckart—Young theorem). However, for each given matrix, its SVD needs
to be computed before the embedding can be applied; which is computationally expensive and the
cost scales with the data size. By contrast, random embeddings are independent of the data matrix

and hence no data-specific computation is required (aside from constructing the random embedding

5Data independent, see Definition 2.2.4.



by sampling from the given distribution and applying the random embedding to the data matrix).
Therefore, due to this property, random embeddings are oblivious embeddings (formally defined in
Definition 2.2.4). A consequence of the embedding being oblivious to the data is that there is, in
general, a positive probability that the randomly drawn embedding fails to embed the data (in the
sense of providing a JL-embedding or a subspace-embedding). However the failure probability is
exponentially small and can be bounded above by appropriately setting the dimension of the em-
bedded space. Moreover, the iterative nature of our subspace algorithms in later chapters takes into
account that in some iterations, the embedding may fail. But the probability that those algorithms
fail to converge at the expected theoretical rate approaches zero exponentially fast with the total
number of iterations.

Next, we briefly review a list of commonly used random embeddings, which are represented by

random matrices.

Popular random matrices and their properties Sampling matrices have one non-zero entry

per row in a random column.

Definition 1.2.1. We define S € R™*™ to be a scaled sampling matriz if, independently for each

i € [m], we sample j € [n] uniformly at random and let Si; = \/-.

The scaling factor is included so that given x € R™, we have E[||Sxz||2] = ||z||2 for any scaled
sampling matrix S. Sampling matrices are computationally inexpensive to apply to vectors/matrices
so that embeddings based on them can be computed efficiently. However, the success of sampling
matrices is highly dependent on the data. Even if we have E [||Sz||2] = ||z||2, [|Sz|]2 may have high
variance, such as when z has a single non-zero entry in its first row.

Non-uniformity of a vector, formally defined in Definition 2.2.6, provides a measure of how dif-
ferent the magnitudes of the entries are; and the success of sampling matrices as an oblivious JL
embedding depends on this. Similarly, the success of the sampling matrices as an oblivious sub-
space embedding depends on the coherence of a matrix (formally defined in Definition 2.2.5), which
provides a measure of the non-uniformity of vectors in the matrix column subspace (Lemma 2.2.4).

There are broadly two types of approaches to tackle the high variance challenge of using sam-
pling matrices. The first type is based on transforming the vector/matrix to one with the same
norm/column subspace but with higher uniformity. For example, it is well known that for any fixed
vector x € R™, pre-multiplication by a square Gaussian matrix (with each entry following N (0,n~1))
transforms the vector into one with independent normally distributed entries while preserving ||z||2
in expectation. In high dimensions, the resulting vector has high uniformity (due to entries having
the same distribution and the scaling factor) and is thus suitable for applying sampling. A scaled
Gaussian matrix can be thought as the product of a scaled sampling matrix (with the scaling being

/) and a square Gaussian matrix (with each entry following N(0,n™1)).



Definition 1.2.2. We say S € R™*™ is a scaled Gaussian matriz if S;; are independently distributed
as N(0,m™1).

(Scaled) Gaussian matrices with appropriate dimensions have been shown to be an oblivious
JL /subspace embeddings [101]. However, Gaussian matrices are computationally expensive to apply,
especially when embedding a linear subspace represented by a dense basis due to the cost of dense
matrix-matrix multiplication.

Subsampled-Randomised-Hadamard-Transform (SRHT) 2, 97] uses an alternative non-uniformity
reduction technique based on the Hadamard transform, which is similar to the Fourier transform.
A Fast-Fourier-type algorithm exists that allows applying SRHT in O(nlog(n)) time for x € R™ [2],
thus having a better complexity than the naive matrix-matrix multiplication, while still achieving
comparable theoretical properties as the scaled Gaussian matrix. For subspace embedding of matri-
ces in R"*?, the embedding dimension of SRHT has a log(d) multiplicative factor compared to that
of scaled Gaussian matrices [97]. We have SRHT formally defined as below.

Definition 1.2.3. A Subsampled-Randomised-Hadamard- Transform (SRHT) [2, 97] is an m X n
matriz of the form S = SsHD with m < n, where
e D is a random n X n diagonal matriz with £1 independent entries.

e H is an n x n Walsh-Hadamard matriz defined by
H;j = n—1/2(_1)((1'—1)27(1’—1)2)7 (1.2.2)

where (i —1)2, (j —1)2 are binary representation vectors of the numbers (i — 1), (j — 1) respec-
tivelyS.

e S is a random scaled m x n sampling matriz (defined in Definition 1.2.1), independent of D.

A crucial drawback of SRHT is that if the column space is represented by a sparse matrix, the
embedded matrix, although of smaller dimensions, is generally dense. Though sampling matrices
preserve sparsity, we have mentioned above their downsides concerning high variance.

The second way to tackle the disadvantages of sampling is to use another sparse embedding
ensemble instead. The 1-hashing matrices have one non-zero per column instead of one non-zero per
row as in the sampling matrix; moreover, the value of the non-zero is +1 with equal probability so

that E[||Sz|2)* = ||z||2. We have the following formal definition.

Definition 1.2.4 (1-hashing [21, 58]). S € R™*™ is a 1-hashing matriz if independently for each

J € [n], we sample i uniformly at random and let S;; = £1 with equal probability.

Conceptually, unlike sampling, which discards a number of rows of the vector/matrix to be

embedded, hashing uses every single row. The dimensionality reduction is achieved by hashing

6For example, (3)2 = (1,1).



those rows into m slots, and adding them with sign-randomisation if multiple rows are hashed into
a single slot. Therefore intuitively, hashing is more robust than sampling because it uses all the
rows, and theoretical results have been established to show 1-hashing matrices with appropriate
dimensions are oblivious JL/subspace embeddings without any requirement on the non-uniformity
of the input [21, 79].

Finally, 1-hashing can be generalised to s-hashing, that is, matrices with s non-zeros per column,

defined below.

Definition 1.2.5. [21] S € R™*" is a s-hashing matriz if independently for each j € [n], we sample

without replacement iy, 1z, . .., is € [m] uniformly at random and let S;, ; = £1/\/s fork =1,2,...,s.

Conceptually, s-hashing sketches each row of the input s times (into s different rows of the
output), with each row being scaled by ﬁ, and has better theoretical properties when used as
a JL/subspace embedding than 1-hashing [22]. However, we note that while 1-hashing does not
increase the number of non-zeros in the vector/matrix to be embedded, s-hashing may increase it

by up to s times.

1.3 Linear least squares

Linear Least Squares (LLS) problems arising from fitting observational data to a linear model are

mathematically formulated as the optimisation problem,
min || Az — b2 1.3.1
sERE H ||2a ( )

where A € R"*? is the data matrix that has (potentially unknown) rank r, b € R is the vector of
observations, and n > d > r. Thus (1.3.1) represents an optimisation problem where we have n data
points and a model of d variables.

Problem (1.3.1) is equivalent to solving the normal equations
AT Az = ATb. (1.3.2)

Numerous techniques have been proposed for the solution of (1.3.2), and they traditionally involve
the factorization of AT A, just A, or iterative methods. The ensuing cost in the worst case is O(nd?),
which is prohibitive for large n and d [37]. We briefly survey here the main classical techniques for
solving LLS (1.3.1)/(1.3.2) following [85]. For iterative methods and preconditioning, see [9], while

for sparse input matrices, see also [27].

1.3.1 Dense linear least squares

We say problem (1.3.1) is a dense Linear Least Squares (dense LLS) if the matrix A is a dense

matrix. Namely, the matrix A does not have sufficiently many zero entries for specialised sparse



linear algebra routines to be advantageous. To solve dense LLS, we may employ direct methods

based on factorizations, or iterative methods typically based on conjugate gradient techniques.

Direct methods for dense LLS Cholesky factorization computes AT A = LLT, where L € R4
is a lower triangular matrix. Then the normal equations (1.3.2) are solved by forward-backward
substitutions involving the matrix L. The main costs are computing AT A and factorizing it, both
taking O(nd?) though many practical algorithms compute the factorization without forming A7 A
explicitly.” This method is affected by the potential ill-conditioning of AT A (since the condition
number of AT A is the square of the condition number of A) and so may not solve (1.3.2) accurately.

Employing the QR factorization aims to solve (1.3.1) directly without using (1.3.2). Computing
A = QR, where Q € R™ ™ is orthogonal and R € R"*? is upper triangular, we have that || Az — b||§ =
HRx — QTbH; As R is both over-determined and upper triangular, its last n — d rows are zeros.
Therefore, | Rz — QTbH; is minimised by making the first d rows of Rz equal to the first d rows of
Q™b which involves solving a linear system of equations involving the upper triangular matrix R.
Hence the dominant cost is the QR factorization, which is O(nd?).

When A is rank-deficient or approximately rank-deficient, Cholesky factorization may break down
and (un-pivoted) QR factorization may give a rank-deficient R, introducing numerical instabilities
in solving systems involving R. Singular Value Decomposition(SVD)-based methods are the most
robust in dealing with rank-deficient problems, as an SVD reveals the spectrum, and therefore the
extent of rank-deficiency, of the matrix A.

A (full) SVD of A is computed as A = UfEfoT, where Uy € R"*4 V; € R¥*? have orthonormal
columns, and X is diagonal with non-negative and decreasing diagonal entries. The rank deficiency
in A is then controlled by carefully selecting a cut-off point in the diagonal of ¥;. After which the
method proceeds similarly to QR-based approach by replacing A in (1.3.1) with its factorization and
using the fact that left multiplying matrices with orthonormal columns/right multiplying orthogonal
matrices does not change the 2-norm. However SVD-based methods are more computationally

expensive than QR-based ones [37].

Iterative methods for dense LLS LSQR [86] and related algorithms such as LSMR [34] ap-
ply conjugate gradient method to solve the normal equations (1.3.2), only requiring matrix-vector
multiplications involving A or AT. In the worst case, O(d) iterations with O(nd) floating-point
arithmetic operations per iteration are required. Therefore the worst case cost of iterative methods
for dense LLS is O(nd?) 8. But if the spectrum of A (the distribution of the singular values of A) is

favorable these methods may take less iterations [37].

"Factorising AT A takes O (d3) only but given that n > d, it is still O (nd2).
8We note that iterative methods may not converge in O(d) iterations if A has a large condition number due to the
effect of floating-point arithmetic.



Preconditioning techniques lower the condition number of the system by transforming the prob-
lem (1.3.1) into an equivalent form before applying iterative methods. For example, a sophisticated
preconditioner for (1.3.1) is the incomplete Cholesky preconditioner [94], that uses an incomplete
Cholesky factor of A to transform the problem. In general, some preconditioning should be used

together with iterative methods [39].

1.3.2 Sparse linear least squares

When the matrix A is sparse (that is, there is a significant number of zeros in A such that specialised
sparse linear algebra algorithms could be advantageous), we refer to the problem as sparse Linear

Least Squares (sparse LLS).

Direct methods for sparse LLS We refer the reader to [27], where sparse Cholesky and QR
factorizations are described. The main difference compared to the dense counterparts is that when
the positions of a large number of zero entries of A are given, it is possible to use that information
alone to predict positions of some zero entries in the resulting factors so that no computation is
required to compute their values. Therefore, sparse factorizations could be faster than their dense

counterparts on sparse A.

Iterative methods for sparse LLS The LSQR and LSMR algorithms mentioned in solving
dense LLS automatically take advantage of the sparsity of A, as the matrix-vector multiplications

involving A or AT are faster when A is sparse.

1.3.3 Sketching for linear least squares

Over the past fifteen years, sketching techniques have been investigated for improving the com-
putational efficiency and scalability of methods for the solution of (1.3.1); see, for example, the
survey papers [73, 101]. Sketching uses a carefully-chosen random matrix S € R™*" m < n, to
sample/project the measurement matrix A to lower dimensions, while approximately preserving the
geometry of the entire column space of A; this quality of S (and of its associated distribution) is
captured by the (oblivious) subspace embedding property [101] in Definition 2.2.3. The sketched
matrix SA is then used to either directly compute an approximate solution to problem (1.3.1) or
to generate a high-quality preconditioner for the iterative solution of (1.3.1); the latter has been
the basis of state-of-the-art randomized linear algebra codes such as Blendenpik [5] and LSRN [78],
where the latter improves on the former by exploiting sparsity and allowing rank-deficiency of the
input matrix®.

Using sketching to compute an approximate solution of (1.3.1) in a computationally efficient way

is proposed by Sarlos [93]. Using sketching to compute a preconditioner for the iterative solution

9LSRN also allows and exploits parallelism but this is beyond our scope here.



of (1.3.1) via a QR factorization of the sketched matrix is proposed by Rokhlin [92]. The choice of
the sketching matrix is very important as it needs to approximately preserves the geometry of the
column space of a given matrix (a subspace embedding, see Definition 2.2.3) with high-probability,
while allowing efficient computation of the matrix-matrix product SA. Sarlos [93] proposed using
the fast Johnson-Lindenstrauss transform (FJLT) discovered by Ailon and Chazelle [2]. The FJLT
(and similar embeddings such as the SRHT) is a structured matrix that takes O (ndlog(d)) flops
to apply to A, while requiring the matrix S to have about m = O (dlog(d)) rows to be a subspace
embedding (also see Tropp [97], Ailon and Liberty [3]). More recently, Clarkson and Woodruff [21]
proposed the hashing matrix that has one non-zero per column in random rows, with the value of
the non-zero being +1. This matrix takes O (nnz(A)) flops to apply to A, but needs m = © (d2)
rows to be a subspace embedding (also see Meng et al [77], Nelson at al [81, 80]). Recent works have
also shown that increasing number of non-zeros per column of the hashing matrix leads to reduced
requirement of number of rows (Cohen [22], Nelson [79]). Further work on hashing by Bourgain
[10] showed that if the coherence!® is low, hashing requires fewer rows. These sketching matrices
have found applications in practical implementations of sketching algorithms, namely, Blendenpik [5]
used a variant of FJLT; LSRN [78] used Gaussian sketching; Iyer [53] and Dahiya[24] experimented
with 1-hashing!!. The state-of-the-art sketching solvers Blendenpik [5] and LSRN [78] demonstrated
several times speed-ups comparing to solvers based on QR/SVD factorizations in LAPACK [4], and
LSRN additionally showed significant speed-up comparing to the solver based on sparse QR in
SuiteSparse [28] when the measurement matrix A is sparse. However, Blendenpik and LSRN have
not fully exploited the power of sketching, namely, Blendenpik only solves problem (1.3.1) when
the measurement matrix A has full column rank, and LSRN uses Gaussian sketching matrices with

dense SVD even for a sparse measurement matrix A. We propose a new solver in Chapter 3.

1.3.4 Alternative approaches for preconditioning and solving large-scale
LLS problems

On the preconditioning side for linear least squares, [18] considered alternative regularization strate-
gies to compute an Incomplete Cholesky preconditioner for rank-deficient least squares. LU fac-
torization may alternatively be used for preconditioning. After a factorization PAQ = LU where
P, (Q are permutation matrices, the normal equation AT Az = ATb is transformed as LT Ly = L7¢
with y = UQTx and ¢ = Pb. In [49], L is further preconditioned with Lfl where L, is the upper
square part of L. On the other hand, [36] proposed and implemented a new sparse QR factorization
method, with C++ code and encouraging performance on Inverse Poisson Least Squares problems.

For a survey, see [39, 38|.

10Maximum row norm of the left singular matrix U from the compact SVD of the matrix A = UXV7T. Formally
defined in Definition 2.2.5.
Hhashing matrices with 1 non-zero per column
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In addition to the sketch-precondition-solve methodology we use, large-scale linear least squares
may alternatively be solved by first-order methods, zeroth-order methods (including Stochastic
Gradient Descent (SGD)) and classical sketching (namely, solve the randomly embedded linear
least square problem directly, as in see [93]). First order methods construct iterates x:11 =
xy — pweH; g(xy) + Be(wy — x4_1), where H; = ATSTS, A, g(x;) = ATAz, — ATb and the last
term represents the momentum. This is proposed in [64, 62], deriving optimal sequences i, S
for Gaussian and subsampled randomised Hadamard transforms, for S; fixed or refreshed at each
iteration. See also [43] for a randomised method for consistent linear least squares (namely, the
residual at the optimal solution is zero). On the other hand, because linear least squares is a convex
problem, SGD can be used, with [69] investigating using SGD with heavy ball momentum and [57]
investigating using SGD with sketched Hessian. Using gradient-based sampling instead of uniform or
leverage-scores-based sampling is explored in [110]. Finally, [70] provides techniques for a posteriori

error estimates for classical/explicit sketching.

1.4 Minimising a general unconstrained objective function

We consider the following problem

7{ren]Rré f(z), (1.4.1)

where f is smooth and non-convex. We will be satisfied if our algorithm returns an (approximate)
local minimum of the objective function f — a point at which, if f is continuously differentiable, its
gradient V f(z) is (approximately) zero; if f is twice continuously differentiable, then in addition
to its gradient being zero, its Hessian V2 f(x) is (approximately) positive semi-definite. This may
not be the global minimum — namely, the smallest value of f over the entire R?. Finding the latter
is much more computationally challenging and the remit of the field of global optimization [68§].
Though global optimization is beyond our scope here, local optimization algorithms are often key
ingredients in the development of techniques for the former.

Starting from a(ny) initial guess zop € RY, classical (local) algorithms for solving (1.4.1) are

iterative approaches that generate iterates xy, k > 0, recursively, based on an update of the form
Tp+1 = Tk — Sk,

where the step s is chosen so that the objective f typically decreases at each iteration. Depending,
for example, on the problem information used in the computation of s, algorithms can be classified
into those that use only up to first order information (i.e. f(x), Vf(z)); and those that also use

second order information (i.e, V2 f(z)).
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1.4.1 First order methods

For a(ny) user-provided tolerance e > 0, first order methods find an iterate xj, such that |V f (x|, <
e. This ensures the approximate achievement of the necessary optimality condition V f(z) = 0 that
holds at any local minimiser of problem (1.4.1). However, note that this condition is not sufficient,
e.g.  with Vf(z) = 0 could be a saddle point or even a local maximiser. However, as the iterates
also progressively decrease f, we increase the chance that we find an approximate local minimiser.
Indeed, several recent works have shown that for a diverse set of landscapes, first order methods
such as the gradient descent methods escape/do not get trapped in saddle points and approach local
minimisers; see for example, [55, 66]. We briefly review the three main classical first order methods:

steepest descent with line search, the trust region method and the adaptive regularisation method.

Steepest descent with linesearch Steepest descent method seek the update

Thy1 =z — o V f(zk), (1.4.2)

where the step ayj is determined by a line-search detailed below.
Given a constant 0 < 8 < 1, the linesearch algorithm starts with some initial guess of oy > 0,

and repeatedly decreases «y until the following Armijo condition is satisfied:

flxr) = flar — ax V f(zr)) > By, ||Vf($k)||§ ) (1.4.3)

It can be shown that assuming f(x) is continuously differentiable, one can always find oy > 0
satisfying (1.4.3); moreover, provided the gradient of f is Lipschitz continuous'? and f is bounded
below, the steepest descent algorithm with linesearch requires at most O (6_2) evaluations of the
objective function and its gradient to converge to an iterate xj, such that ||V f(zx)[l, < € [16, 83].

This complexity bound is sharp, as shown, for example, in Theorem 2.2.3 of [16].

The trust region method In the trust region method, the step s; is calculated by minimizing
a local model my(s) = f(zy) + V f(zi)Ts + 357 Bys, where By, is a symmetric matrix (that is
required to be uniformly bounded above with k). The matrix By could be some approximation of
the Hessian/curvature information, if possible.

We then compute s by approximately minimising my(s) within a trust region [|s|2< A so
that the decrease in my achieved by taking the step sy is at least as much as that can be achieved
by considering the steepest descent direction in the trust region. The trust region radius Ay is

initialised at some value Ay and subsequently dynamically adjusted: for the computed step sy,

12For some L > 0, we have that |V f(z) — Vf(y)|ly < L ||z — y|l, for all 2,y € R%.
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if we have sufficient decrease in f, f(xg) — f(zr + sx) > n[mr(0) — mi(sy)], for some (iteration-
independent) constant 0 < n < 1 and 0 < v < 1, then Apy; = 7y Ay and 2441 = 21 + S
Otherwise, A1 = vAg and we do not take the step sp (zr11 = zx).

It has been shown that the first order trust region method also has a global complexity of O (6_2)
in terms of gradient and objective function evaluations [46]. This complexity bound is also sharp

[16].

The adaptive regularisation method Like the trust region method, adaptive regularisation
uses a local model around the current iterate z; to compute a suitable step s;. Unlike the trust
region method, which explicitly restricts the size of the potential step, a regularisation term is

imposed to a first-order Taylor model to implicitly restrict the size of the step:
v, 1 2 1 2
mi(s) = flzr) + VF(@r)"s + sonllslz= Tra(ew s) + 50w sl (1.4.4)

where Ty 1(xg,s) is the first-order Taylor series expansion of f around zj. We minimise the local
regularised model to compute a trial step si. Then, as in the trust region method, we evaluate the
objective at the trial step xj + s and dynamically adjust the regularisation parameter by computing

Pr = Tf,f((;:,)o;f%ljiz),sk); and, if pr > 1, we set zx11 = T) + Sk and set o1 = max(Yo, Omin),

otherwise we do not take the step (zx+1 = xx) and increase the regularisation by setting o1 = %ok,
where v, 0min € (0,1) are constants.

The first order adaptive regularisation method also has a (sharp) complexity of O (6_2) for both
gradient and objective function evaluations, under the same assumptions on f as for the trust region

methods [16].

Subspace first order methods The coordinate descent method [102] iteratively computes the
next iterate by fixing most components of the variable x at their values from the current iterate,
while approximately minimising the objective with respect to the remaining components; thus ef-
fectively searches a potential step in a restricted subspace of the full variable space. The coordinate
descent method is convergent for some convex problems [102], but fails to converge for nonconvex
problems [89]. The coordinate descent has found many applications in solving large-scale problems
[7, 90]. Randomised coordinate descent methods have been an intense topic of recent investigations
due to the demands of large scale problems; see [82, 91, 65, 48, 107, 109, 33, 105, 106, 71, 87]. For a
survey see [102]. In Chapter 4 of this thesis, we will study a probabilistic subspace first order algo-
rithm for general non-convex problems, that only needs directional gradient evaluations SV f(xy)
(so that the algorithm only searches the step in a subspace), where S, € R'*? is some random
matrix to be specified with [ being a user-chosen constant. Our work builds on the framework in
[17]. However, here we establish more general results and use subspaces explicitly to save gradient

evaluation/computation cost. We show that the appropriate replacement of the full gradient with
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subspace gradients S;V f(x) does not harm the worst-case complexity; although in our specific al-
gorithm, since Sy is a random matrix, there is a probabilistic component in our convergence result.
That is, we have ||V f(2x)||, < € with k = O (¢~2?) with probability proportional to 1 —e~®*). The
failure probability is very small for any reasonable value of k, and we show some numerical examples
illustrating the effectiveness of our algorithm compared to the classical first order based methods

when applied to non-linear least squares.

1.4.2 Second order methods

In order to improve both the performance and the optimality guarantees of first order methods, we
add curvature information both in the construction and in the termination of algorithms, when this
is available. Given accuracy tolerances €g, €5 > 0, we may strengthen our goal to try to find a point

where simultaneously,

IV (@), < €5 Amin (V2 (1)) > —€a (1.4.5)

where Apin () denotes the left-most eigenvalue of a matrix. These conditions secure approximate
second order criticality conditions and strengthen the guarantee that we are close to a local minimiser,
where V2 f(z) is positive semidefinite. Clearly, in order to achieve this aim, the algorithm needs to
be provided with second order information, the Hessian V2 f(xy), at each iteration. Let us review
the classical optimisation methods for smooth, non-convex objective where both first and second

order information is available.

Newton’s method In Newton’s method, the iterates are constructed according to

Tht1 = Tk — V2f(xk)71Vf(xk), (146)

that is, the step s satisfies the linear system V?2f(xy)sy = —V f(zx). Note that here one as-
sumes that the matrix V2f(zy) is positive definite for each k. For general functions, one may add
regularisation terms, or use a linesearch or trust region, which we will discuss later.

Newton’s method is attractive because it has a quadratic convergence property once xj gets into
a neighbourhood of a nondegenerate solution. However such a neighbourhood is typically not known
a priori, before the run of the algorithm. It turns out that starting from an arbitrary starting point,
the complexity of Newton’s method can be the same as the steepest descent method, O (6’2), even

if we assume the Newton direction is always well-defined [16].

The second order trust region method Trust-region methods could also use additional second

order information, and the local model at each iteration becomes

my (s) = f(xn) + Vf(zr) s + %STV2f(.Z‘k)S. (1.4.7)
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We then compute an approximate minimiser of the model, subject to s being smaller than the trust-
region radius. As before, it suffices to compute an approximate solution for convergence. In addition
to requiring the model decrease to be at least as much as that of in the steepest descent direction,
for second order criticality, we also require that the model decrease is at least as much as that
obtained in the direction of the eigenvector of V2 f(x;) corresponding to the smallest eigenvalue
(if such an eigenvalue is negative, otherwise this second condition is not required). Then, the
objective at the trial step is again evaluated, and the ratio of the function decrease with the model
decrease is compared to a pre-defined constant, and steps are taken/not taken; trust region radius
is increased /decreased accordingly.

The second order trust-region algorithm has been shown to converge to a first order critical
point ||V f(zk)||l, < €s in O (€5°) iterations; moreover, this bound is sharp. Thus the first order
complexity of the (first order) trust region method is not improved by upgrading the trust region
model to include accurate second order information. However, one can further show that the second
order trust-region algorithm converges to a second order critical point A.,in (V2 f (:ck)) > —eg and
[V f(zk)|ly < es in O (max(eg?, 62_3)) iterations. We see that the main advantage of the second order
trust region over the first order one is that it allows one to quantifiably compute an approximate

second order critical point [16].

The second order adaptive regularisation method The second order adaptive regularisation
method, however, is able to not only allow convergence to a second order critical point, but also
allow an improved speed of convergence to a first order critical point. The algorithm is the following;:

at each iteration, we build the model as
1 1
my (s) = f(an) + Vf(zp)'s + isTVQf(xk)s + 30k HSHS , (1.4.8)

where oy, is an adaptive parameter whose value increases or decreases depending on the amount
of objective function decrease achieved by a step calculated from (approximately) minimising such
a model. Compared to the first order regularisation method, the approximate minimisation here
requires that || Vomy(si)lly < 361 ||sk||§ and Apin (VZmi(sg)) > 02 ||skll, (for two iteration inde-
pendent constants 61,602 > 0). Assuming that f is bounded below and that its Hessian is Lipschitz
continuous'®, it can be shown that this algorithm converges to a point where |V f(xx)|l, < €s
in O (653/ 2) evaluations of the objective function, gradient and Hessian; and to a point where
[V f(zr)lly < es and Apin (V2f(z1)) > —€2 in O (max(egg’/z,e;‘g)) evaluations of the objective
function, gradient and Hessian. Moreover, both of these bounds are sharp and the first-order one
is provably optimal for second order methods [16, 11]. Minimising (a slight variant of) (1.4.8) to
compute a step was first suggested in [47]. Independently, [84] considered using (1.4.8) from a differ-

ent perspective. The above mentioned method was first proposed in [15] that improves on previous

13For some L > 0, we have that ||V?2f(z) — VQf(y)H2 < L||z —y|ly for all z,y € RY.
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attempts, namely, allowing inexact model minimisation and without requiring the knowledge of

problem-specific constants.

Subspace second order adaptive regularisation methods Methods that only use the gradi-
ent /Hessian in a subspace have been studied in the recent years. The sketched Newton algorithm
[88] requires a sketching matrix that is proportional to the rank of the Hessian. Sketched online New-
ton [72] uses streaming sketches to scale up a second-order method, comparable to Gauss—Newton,
for solving online learning problems. The randomised subspace Newton [42] efficiently sketches the
full Newton direction for a family of generalised linear models, such as logistic regression. Other
randomised versions of Newton’s method include [44, 41, 8]. The global convergence of the above
methods, however, require the objective function f to be convex (or even strongly convex). For gen-
eral non-convex optimisation, [17, 45] give generic frameworks that apply to the first order/second
order general optimisation methods. Our main focus is non-convex functions and so we build on
these works. Chapter 5 of this thesis proposes a second order adaptive regularisation method when
operating in a random subspace. Specifically, both the gradient and the Hessian will be replaced
by their subspace equivalent. We are able to show that under suitable assumptions on the subspace
sketching matrix Sy € R*? (that could be a scaled Gaussian matrix with [ = O (r), where r is the
rank of the Hessian V2 f(xy)), both the fast convergence rate O (653/ 2) to the first order critical

point, and the convergence to the second order critical point with a rate O (65 3) can be retained.

1.4.3 Applications to non-linear least squares problems

Non-linear least squares are a subclass of general unconstrained optimisation problems. We aim to

solve
min f(z) = > Zn:(7“'(36))2 = Slr@)I (1.4.9)
o€Rd 247 2 2 o
where r(z) = (r1,72,...,7,)(x) is a vector-valued smooth residual function r : R? — R™. This

formulation has a wide range of applications in weather forecasting, finance and machine learning

problems. We briefly overview some classical solution methods here, following [85].

The Gauss—Newton method The Gauss—Newton method is a simplification of Newton’s method
that exploits the structure of non-linear least squares problems. In particular, we can approximate

the Hessian as V2 f(zy) = J(xx) I (2r) + >oiy 7i(2k) V2ri(zg) = J(21)T J (z)) where
_ 87"2(.’1,') nxd
J(x)—( oz, >ij€R .

This approximation is justified in the case when r(z) 2 0 at a solution  or when r is approximately

linear in the variables. Despite using only first-derivative information about r, the Gauss-Newton
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method has been shown to enjoy a local super-linear convergence rate to a first order critical point.
When the Gauss-Newton direction is safeguarded with a trust region or regularization technique
(which is often referred to as a Levenberg-Marquardt method), it can be shown to have global
convergence provided for example, that J is Lipschitz continuous. To ensure global convergence of
linesearch variants of Gauss-Newton, we additionally need to require that the Jacobian’s singular

values are uniformly bounded away from zero — a very strong assumption.

Subspace Gauss Newton method Expanding on our work in [14], in Chapter 4, we present
such an algorithmic variant and its numerical performance when compared to the full Gauss Newton

method. Subspace Gauss-Newton variants can also be found in [42].

1.5 Contributions of this thesis

1.5.1 New theoretical analysis of hashing matrices and development of
new random embeddings

In Chapter 2, we study theoretical properties of hashing matrices and propose a new oblivious
subspace embedding based on hashing. We show that hashing matrices — with one nonzero entry
per column and of size proportional to the rank of the data matrix — generate a subspace embedding
with high probability, provided the given data matrix has low coherence. We then show that s-
hashing matrices, with s > 1 nonzero entries per column, satisfy similarly good sketching properties
for a larger class of low coherence data matrices.

More specifically, we show that a hashing matrix S € R™*"™ with m = O(r) is an oblivious
subspace embedding for matrices A with low coherence. Hashing matrices have been shown empir-
ically to be almost as good as Gaussian matrices [24] in terms of their embedding properties, but
the theoretical results show that they need at least m = O(r?) rows [81]. Our result explains the
phenomenon observed in [24]. In addition, it was observed empirically that one needs at least 2
non-zeros per hashing column for the projection to be accurate. We show that using s non-zeros per
column instead of 1 non-zero per column relaxes the coherence requirement by /s. Thus we expect
more performance improvement if we increase s = 1 to s = 2 than from s = 2 to s = 3. Previous
work on s-hashing has independently discovered the /s factor [10], but our result relies on a single,
intuitive proof, and is not tied to any particular proof for the case of 1—hashing. So if the coherence
requirement bound for 1-hashing is subsequently improved, our work allows the result on s-hashing
to improve automatically.

Cascading this result, we also introduce and analyse a new random embedding: Hashed-Randomised-
Hadamard-Transform (HRHT), that combines the coherence reduction properties of randomised
Hadamard Transform with the coherence-based theory of hashing embeddings. Compared to Subsampled-
Randomised-Hadamard-Transform, HRHT is able to achieve subspace embedding with the embed-

17



ding dimension O (r) where r is the rank of the matrix to be embedded, matching the optimal bound
known for the Gaussian embedding. Experiments using random embeddings for preconditioning lin-

ear least squares show the improved performance of HRHT over SRHT.

1.5.2 Analysis, state-of-the-art implementation and benchmarking of new
large-scale linear least squares solver using random embeddings

Chapter 3 concerns the solution of large-scale Linear Least Squares (LLS) problems, by applying
random embeddings to reduce the dimensionality of the observation/sample space. The sketched
matrix SA is used to generate a high-quality preconditioner for the iterative solution of (1.3.1) and
has been the basis of state-of-the-art randomized linear algebra codes such as Blendenpik [5] and
LSRN 78], where the latter improves on the former by exploiting input sparsity, parallelization and
allowing rank-deficiency of the input matrix.

We propose and analyse a sketching framework for potentially rank-deficient LLS. Our framework
includes the algorithm used by Blendenpik [5] and LSRN [78]; and additionally it allows one to use
a wide range of rank-revealing factorizations to build a preconditioner using the sketched matrix
SA. Our analysis shows that one can recover a minimal residual solution with a rank-revealing QR
factorization with sketching, or the minimal norm solution with a total orthogonal factorization with
sketching. This framework allows us to use (randomised) column pivoted QR factorization for dense
LLS so that our solver solves rank-deficient LLS satisfactorily without using the expensive SVD.
We are also able to use a sparse rank-revealing factorization for sparse LLS, obtaining a significant
speed-up over LSRN [78], state-of-the-art sparse solvers LS SPQR [28] and incomplete Cholesky
factorization preconditioned Krylov subspace method LS_HSL [94].

Numerically, we developed a solver SKi-LLS (SKetchIng-Linear-Least-Square) combining our
theoretical and algorithmic ideas and state-of-the-art C+- implementations. For dense inputs, the
solver is more robust than Blendenpik (as it solves rank-deficient or approximately rank-deficient
problems); while being quicker than Blendenpik for matrices with high coherence and comparable
in speed with Blendenpik for other matrices. In order to overcome the speed deterioration of the
column-pivoted QR comparing to the un-pivoted QR, we used a recent development of randomised
column pivoted QR that exploits randomisation and the importance of memory usage and cache
in modern computing architecture [76]. For sparse inputs, by using a sparse QR factorization
code developed by Davis [28], our solver is more than 10 times faster than LSRN, LS SPQR and
LS HSL for sparse Gaussian inputs. We extensively compared our solver with LSRN, LS SPQR
and LS HSL on the Florida Matrix Collection [29], and our solver is extremely competitive on

strongly-over-determined inputs or ill-conditioned inputs.
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1.5.3 First-order subspace methods and their application to non-linear
least squares

In Chapter 4, we analyse a general randomised algorithmic framework for minimizing a general
objective function (1.4.1), that improves upon the one introduced in [17], so that an arbitrarily high
probability convergence/complexity result can be derived. We formulate more specific conditions on
the reduced local models that are based on random embeddings of the variable space (in contrast to
embedding the observational space in the linear least squares case). Compared to [45], our algorithm
applies more generally!?, also to quadratic regularisation (see later sections).

Compared to [17, 45], we use a weaker /different definition of a ‘true’ iteration, when the approxi-
mate problem information is sufficiently accurate; this definition is based on the random embedding
satisfying a (one-sided) JL-embedding property (see (1.5.1) below), which is novel. Using the latter
property and typical smoothness assumptions on the problem, we show that our framework of ran-
dom subspace methods has complexity O (672) to generate an approximate first-order stationary
point, with exponentially high probability. To ensure this, the random subspace needs to sketch
the gradient, replacing V f(x,) with S,V f(z3) in the algorithm, where Sj € R!*? satisfies, with
positive probability,

1KV @)l > (1= es) [V £, - (1.5.1)

We show that the above is achieved when Sy is a scaled Gaussian matrix, a hashing (sparse-
embedding) matrix, a sampling matrix, and many more.

We note again that this framework marks a significant departure from probabilistic model as-
sumptions [17, 45], since our model gradient, S,V f(xy), does not even have the same dimension as
the true gradient'®. The intuition behind this requirement is that in classical trust-region or adaptive
regularization, the norm of the gradient is a key ingredient in the recipe for ensuring a convergence re-
sult, and hence by preserving the norm of the gradient with sketching, we are able to obtain a similar
worst case complexity. Another interesting observation is that in the case of Sy being the sampling
matrix, for which our method reduces to a randomised block-coordinate approach, we show how
the success of the algorithm on non-convex smooth problems is connected with the 'non-uniformity’
of the gradient; thus leading to almost sure convergence under some strong assumptions related

to the objective’s gradient. We then particularize this framework to Gauss-Newton techniques for

nonlinear least squares problems, where the Jacobian is computed in a subspace.

14 Also, in the case of trust region methods, our framework does not need to compare the norm of the model gradient
with the trust region radius at each iteration in order to decide if the trust region radius should be increased (see [45],
Algorithm 2.5).

15Hence the probabilistic model condition which bounds || Vm(z) — V f(z1)||, is not applicable here.
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1.5.4 Random subspace cubic regularisation algorithm, R-ARC

In Chapter 5, we further analyse the random subspace framework when second order information is
added and applied to general non-convex optimisation. We propose and analyse an algorithm that
is a random subspace version of the second order adaptive cubic regularisation method. We show
that the subspace variant matches the optimal convergence rate O (61_3/ 2) of the full-dimensional
variant to generate ||V f(zg)||2< €1 under suitable assumptions: either the embedding matrix Sy
provides a subspace embedding of the Hessian V2 f(z}), or the Hessian is sparse in the sense that
only few rows are non-zero.

We further analyse convergence to second order critical points of the second order adaptive
regularisation method. We first show that in general, the algorithm converges to a point where
the subspace Hessian S, V2 f(z))S{ is approximately positive semi-definite. Then we prove that
if scaled Gaussian matrices are used as random embeddings, the algorithm converges to a point
where the full Hessian is approximately positive semi-definite, at a rate O (e; ‘3) that matches the

full-dimensional second order cubic regularisation method.

1.6 Structure of thesis

In Chapter 2, we first give the necessary technical background on random embeddings, which will
be used throughout this thesis. We then state and prove our theorem on the coherence requirement
needed to use 1-hashing with m = O(d) as an oblivious subspace embedding (defined in Defini-
tion 2.2.4). Cascading this result, we show how increasing the number of non-zeros per column
from 1 to s relaxes the coherence requirement for s-hashing matrices by a factor of /s, and pro-
pose a new random matrix distribution for subspace embeddings that has at most s non-zeros per
column. Then, we propose a carefully constructed random matrix distribution that uses hashing
matrices, achieving m = O(d) as a subspace embedding with high probability for any sufficiently
over-determined matrix A.

In Chapter 3, we propose and analyse an algorithmic framework that uses random embedding
(sketching) for potentially rank-deficient linear least squares. Then we introduce our linear least
squares solver Ski-LLS which implements the framework and discuss its key features and implemen-
tation details. We test and benchmark Ski-LLS against state of the art algorithms and test problems
in the remainder of Chapter 3.

In Chapter 4, we move onto problem (1.4.1). We first propose and analyse an algorithmic frame-
work that relies on stochastic reduced local models. We then show how sketching-based subspace
methods fit into this framework, and derive results for quadratic-regularisation and trust-region

algorithms for general unconstrained objective optimisation. We then apply this framework to
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Gauss-Newton method and nonlinear least squares, obtaining a subspace Gauss-Newton method
and illustrating its performance numerically.

In Chapter 5, we propose and analyse the subspace cubic-regularisation based approach for
solving (1.4.1). We first show how subspace embedding of the Hessian of the objective function
allows the same convergence rate as the (full-space) cubic-regularisation methods. We then show
how the sparsity of the Hessian allows a similar convergence result to be derived. We then go on
to analyse the convergence to second-order critical points using the subspace cubic-regularisation
based approach. We show that using scaled Gaussian embeddings allows convergence of R-ARC to
a second order critical point with a rate essentially the same as the full-space method.

Finally in Chapter 6, we summarise the main results in this thesis and set some future directions.

Notation. Throughout the thesis, we let (-,-) and ||-||2 denote the usual Euclidean inner product
and norm, respectively, and |||, the lo norm. Also, for some n € N, [n] = {1,2,...,n}. For a(ny)
symmetric positive definite matrix W, we define the norm ||z|g= 27 Wz, for all z, as the norm
induced by W. The notation © (-) denotes both lower and upper bounds of the respective order.
Q () denotes a lower bound of the respective order. O (-) denotes an upper bound of the respective

order.
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Chapter 2

Random embedding

2.1 Introduction and relevant literature

This chapter is based and expands materials in [95, 12].

Main contributions This chapter aims to explore the theoretical properties of sparse sketching
matrices S for improved efficiency and scalability of methods for solving the LLS problem (1.3.1),
when A is sparse or dense. After introducing the necessary technical background in Section 2, we
firstly investigate projection and computational properties of 1-hashing matrices, random sparse
matrices with 1 non-zero per column, that were first proposed in the randomised linear algebra
context by Clarkson and Woodruff [21]. Sparse matrices allow faster computation of the matrix-
matrix product SA, leading to faster embeddings than their dense counterparts. Moreover, sparse
matrices preserve the sparsity of the data matrix A, allowing the sparsity of the embedded matrix
S A to be exploited by specialized numerical linear algebra routines for faster computation.

It has been observed numerically in [24] that 1-hashing matrices, with the same projection di-
mensions as Gaussian matrices (matrices with i.i.d. Gaussian entries) are as efficient in projecting
and solving the LLS problem (1.3.1). However, it was shown in [81, 77] that 1-hashing matrices
require at least an O (1"2) projection dimension to work effectively (as an oblivious subspace embed-
ding, defined in Definition 2.2.4) comparing to an O (r) projection dimension required by Gaussian
matrices [101], where 7 is the rank of A in (1.3.1). Thus a gap exists between the theory and the
empirical observation. Our main result on 1-hashing matrices shows that 1-hashing matrices can
have the same theoretical properties as the Gaussian matrices, namely, being an oblivious subspace
embedding for matrices of rank r with the projection dimension being O (r), given that the matrix
A has low coherence (defined in Definition 2.2.5).

Cascading on this result, we then show in Section 2.4 | firstly that s-hashing matrices, which are
sparse matrices with (fixed) s non-zeros per column first proposed as a candidate matrix distribution
for oblivious subspace embeddings in [79], achieves being an oblivious subspace embedding with the

projection dimension of O (r) for matrices A of rank 7, but with the coherence requirement on A
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being relaxed by /s comparing to 1-hashing matrices. Our numerical illustration (Figure 3.3) shows
that 2-hashing is more effective as a sketching matrix in solving (1.3.1).

Secondly in Section 2.4, we propose a new matrix distribution called s-hashing variant matrices
that has at most s non-zeros per column for oblivious subspace embeddings. Using a novel result that
allows us to connect any coherence-restricted embedding result for 1-hashing matrices to s-hashing
matrices, we show that s-hashing variant matrices have a similar coherence restricted embedding
property as s-hashing matrices.

At the end of Section 2.4, we combine s-hashing (variant) matrices with coherence reduction
transformations that were first proposed in [2] to derive a new random matrix distribution that
will be an oblivious subspace embedding with the projection dimension O (r) for any matrix A
sufficiently over-determined; and will take O (ndlog(n)) flops to apply. This so-called Hashed-
Randomised-Hadamard-Transform (HRHT) improves upon the previously proposed Subsampled-
Randomized-Hadamard-Transform (SRHT) by lowering the projection dimension from O (rlog(r))
to O (r) while maintaining the complexity of embedding time up to a log(n)/log(d) multiplicative

factor.

Related literature After the Johnson-Lindenstrauss Lemma appeared in 1984, Indyk and Motawani
proved scaled Gaussian matrices is a JL-embedding [50] for which an elementary proof was provided
by Dasgupta and Gupta [25]. Achlioptas [1] showed that matrices with all entries being +1 with
equal probability, or indeed matrices with all entries being +1, —1,0 with equal probability are JL-
embeddings. However these random ensembles take O (ndz) to apply to an n x d matrix in general.
The Fast-Johnson-Lindenstrauss-Transform (FJLT) as a JL-embedding was proposed in [2] and as
a subspace-embedding was proposed in [93]. The FJLT is based on Fast Fourier Transform-like
algorithms and is faster to apply to matrices and vectors. The construction and analysis of FJLT
are subsequently improved in [97, 3, 5, 92|, ending with [97] analysing a variant of FJLT called Sub-
sampled Randomised Hadamard Transform (SRHT) using matrix concentration inequalities. SRHT
takes O (ndlog(d)) flops to apply to A, while requiring S to have about m = O (rlog(r)) rows to be
an oblivious subspace embedding, where r is the rank of A. Clarkson and Woodruff [21] proposed
and analysed using the 1-hashing matrices as a candidate distribution for subspace embeddings, and
Nelson and Nguyen [79] proposed and analysed using the s-hashing matrices. These sparse matrices
are subsequently analysed in [77, 81, 80, 22|, showing that for 1-hashing matrices, m = Q (1"2) is
required for being an oblivious subspace embedding (see also Example 3); and m = O (7"2) is suf-
ficient. And for s-hashing matrices, m = O (rlog(r)) is sufficient for being an oblivious subspace
embedding with s = O (log(r)). Recently, Bourgain, Dirksen and Nelson [10] showed a coherence

dependent result of s-hashing matrices (see Theorem 2.2.1).
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Comparing to the existing results, our results on 1 and s-hashing matrices are the first oblivious
subspace embedding results on 1 and s-hashing matrices with m = O (r); though our result does
have a strict coherence requirement. Our result on Hashed-Randomised-Hadamard-Transform has
a lower embedding dimension than the SRHT. (Note that it has also been shown in [97] that the
embedding dimension of SHRT could not be further lowered due to the Coupon Collector’s Problem.)

Finally, we mention some recent works on random embeddings. Recent results concerning obliv-
ious (tensor) subspace embeddings [51] could be particularized to oblivious (vector) subspace em-
beddings, leading to a matrix distribution S € R™*" with m = O(rlog® rlogn) (where r is the
rank of the matrix to be embedded) that requires O(nlogn) operations to apply to any vector. This
has slightly worse space and time complexity than sub-sampled randomized Hadamard transform.
Regarding sparse embeddings, [19] proposed a ’stable’ 1-hashing matrix that has the (e, §)-oblivious
JL embedding property with the optimal m = O (e ?log(1/4)) (same as scaled Gaussian matrices)
while each row also has approximately the same number of non-zeros. The algorithm samples n non-
zero row indices for n columns of S by sampling without replacement from the set {[m], [m], ..., [m]}
where [m] = {1,2,...,m} is repeated -] times. [67] proposed learning the positions and values of

non-zero entries in 1-hashing matrices by assuming the data comes from a fixed distribution.

2.2 Technical Background

In this section, we review some important concepts and their properties that we then use throughout
the thesis. We employ several variants of the notion of random embeddings for finite or infinite sets,

as we define next.

2.2.1 Random embeddings

We start with a very general concept of embedding a (finite or infinite) number of points; throughout,

we let € € (0,1) be the user-chosen/arbitrary error tolerance in the embeddings and n,k € N. !

Definition 2.2.1 (Generalised JL? embedding [101]). A generalised e-JL embedding for a set Y C

R"™ is a matriz S € R™*™ such that

= ellyillo-llyjll2< (Syir Sy;) = (yirys) < ellyillo-llysllzs  for all yi,y; €Y. (2.2.1)

If we let y; = y; in (2.2.1), we recover the common notion of an e-JL embedding, that approxi-

mately preserves the length of vectors in a given set.

1Note that here e is not the error tolerance of the algorithms that we will discuss later in this thesis, e.g. linear least
squares, general non-convex optimisations. While the error tolerance in the embedding influences the performance of
embedding-based algorithms, it is not necessary to have a small error in the embedding in order to achieve a small
error tolerance in the actual algorithm. Because the inaccuracy of the embedding may be mitigated by repeated
iterations of the algorithm, or an indirect use of the embedding. In particular, although € € (0,1), we do not require
the embedding accuracy € to be close to zero in this thesis.

2Note that ‘JL’ stands for Johnson-Lindenstrauss, recalling their pioneering lemma [56].
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Definition 2.2.2 (JL embedding [101]). An e-JL embedding for a setY C R" is a matriz S € R™*"
such that
(L= lyllE< [ISyllE< (L +e)llylls  for ally € Y. (2.2.2)

Often, in the above definitions, the set Y = {yi,...,yx} is a finite collection of vectors in R™.
But an infinite number of points may also be embedded, such as in the case when Y is an entire
subspace. Then, an embedding approximately preserves pairwise distances between any points in

the column space of a matrix B € R"**.

Definition 2.2.3 (e-subspace embedding [101]). An e-subspace embedding for a matriz B € R™*F

15 a matriz S € R™*"™ such that
A =)lyl3< ISyl3< A+ e)llyl3  forally €Y ={y:y= Bz,z R} (2.2.3)

In other words, S is an e-subspace embedding for B if and only if S is an e-JL. embedding for
the column subspace Y of B.

Oblivious embeddings are matrix distributions such that given a(ny) subset/column subspace of
vectors in R™, a random matrix drawn from such a distribution is an embedding for these vectors

with high probability. We let 1 — § € [0, 1] denote a(ny) success probability of an embedding.

Definition 2.2.4 (Oblivious embedding [101, 93]). A distribution S on S € R™*™ is an (e, 0)-
oblivious embedding if given a fixed/arbitrary set of vectors, we have that, with probability at least

1—19, a matriz S from the distribution is an e-embedding for these vectors.

Using the above definitions of embeddings, we have distributions that are oblivious JL-embeddings
for a(ny) given/fixed set Y of some vectors y € R™, and distributions that are oblivious subspace
embeddings for a(ny) given/fixed matrix B € R™** (and for the corresponding subspace Y of its
columns). We note that depending on the quantities being embedded, in addition to € and ¢
dependencies, the size m of S may depend on n and the ‘dimension’ of the embedded sets; for
example, in the case of a finite set Y of k vectors in R™, m additionally may depend on k£ while in

the subspace embedding case, m may depend on the rank r of B.

2.2.2 Generic properties of subspace embeddings

A necessary condition for a matrix S to be an e-subspace embedding for a given matrix is that the

sketched matrix has the same rank.

Lemma 2.2.1. If the matriz S is an e-subspace embedding for a given matriz B for some € € (0, 1),

then rank(SB) = rank(B), where rank(-) denotes the rank of the argument matriz.
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Proof. Let B € R"*¥. By rank-nullity theorem, rank(B) + dim ker(B) = rank(SB) + dim ker(SB) =
k. Clearly, dimker(SB) > dimker(B). If the previous inequality is strict, then there exists z €
R* such that ||SBz|2= 0 and ||Bz|]2> 0, contradicting the assumption that S is an e-subspace
embedding for B according to (2.2.3). O

Given any matrix A € R"*¢ of rank 7, the compact singular value decomposition (SVD) of A

provides a perfect subspace embedding. In particular, let
A=UxvT, (2.2.4)

where U € R™ " with orthonormal columns, ¥ € R"*" is diagonal matrix with strictly positive
diagonal entries, and V € R4*" with orthonormal columns [37]. Then the matrix U7 is a e-subspace
embedding for A for any € € (0,1).

Next, we connect the embedding properties of S for A with those for U in (2.2.4), using a proof
technique in Woodruff [101].

Lemma 2.2.2. Let A € R" % with rank v and SVD-decomposition factor U € R™ " defined in
(2.2.4), and let € € (0,1). Then the following equivalences hold:

(i) a matriz S is an e-subspace embedding for A if and only if S is an e-subspace embedding for

U, namely,

(1— U3 |1ISU|3< (14 €)||U=|3, for all z € R". (2.2.5)

(i) A matriz S is an e-subspace embedding for A if and only if for all z € R" with ||z|2= 1, we

have?

(1= lU23< [SU]3< (1 + e)[U2]f3. (2.2.6)

Proof. (i) Let A = UXVT be defined as in (2.2.4). If S is an e-subspace embedding for A, let
z € R" and define x = VX712 € R% Then we have Uz = Az and

1SU213= 1S Az|3< (1 -+ €)[[ Aall? = (1+ &)U ]2, (2.2.7)
where we have used Uz = Az and (2.2.3). Similarly, we have ||SUz||3> (1 — €)||Uz||3. Hence
S is an e-subspace embedding for U.

Conversely, given S is an e-subspace embedding for U, let z € R? and z = XV7Tz € R".
Then we have Az = Uz, and ||SAz|3= ||SUz|3< (1 + ¢)|Uz|3= (1 + €)||Az|]3. Similarly
|SAz||3> (1 — €)||Az||3. Hence S is an e-subspace embedding for A.

3We note that since ||z|]2= 1 and U has orthonormal columns, ||Uz|l2= ||z]l2= 1 in (2.2.6).
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(ii) Since the equivalence in (i) holds, note that (2.2.5) clearly implies (2.2.6). The latter also
implies the former if (2.2.6) is applied to z/||z||2 for any nonzero z € R".

O

Remark 1. Lemma 2.2.2 shows that to obtain a subspace embedding for an n X d matriz A it
is sufficient (and necessary) to embed correctly its left-singular matriz that has rank r. Thus, the
dependence on d in subspace embedding results can be replaced by dependence on r, the rank of the
input matriz A. As rank deficient matrices A are important in this thesis, we opt to state our results

in terms of their r dependency (instead of d).

The matrix U in (2.2.4) can be seen as the ideal ‘sketching’ matrix for A; however, there is not
much computational gain in doing this as computing the compact SVD has similar complexity as

computing a minimal residual solution to (1.3.1) directly.

2.2.3 Sparse matrix distributions and their embeddings properties

In terms of optimal embedding properties, it is well known that (dense) scaled Gaussian matrices S
with m = O (e72(r + log(1/6))) provide an (e, §)-oblivious subspace embedding for n x d matrices
A of rank r [101]. However, the computational cost of the matrix-matrix product SA is O(nd?),
which is similar to the complexity of solving the original LLS problem (1.3.1); thus it seems difficult
to achieve computational gains by calculating a sketched solution of (1.3.1) in this case. In order to
improve the computational cost of using sketching for solving LLS problems, and to help preserve
input sparsity (when A is sparse), sparse random matrices have been proposed, namely, such as
random matrices with one non-zero per row. However, uniformly sampling rows of A (and entries
of b in (1.3.1)) may miss choosing some (possibly important) row/entry. A more robust proposal,
both theoretically and numerically, is to use hashing matrices, with one (or more) nonzero entries
per column, which when applied to A (and b), captures all rows of A (and entries of b) by adding
two (or more) rows/entries with randomised signs. The definition of s-hashing matrices and was
given in Definition 1.2.5 and when s = 1, we have 1-hashing matrices defined in Definition 1.2.4.
Still, in general, the optimal dimension dependence present in Gaussian subspace embeddings

cannot be replicated even for hashing distributions, as our next example illustrates.

Example 3 (The 1-hashing matrix distributions fails to yield an oblivious subspace embedding with

m = O(r)). Consider the matriz

A= (I’“OW 8) € R4, (2.2.8)

If S is a 1-hashing matriz with m = O(r), then SA = (S1 0), where the Sy block contains the first
r columns of S. To ensure that the rank of A is preserved (cf. Lemma 2.2.1), a necessary condition

for Sy to have rank r is that the r non-zeros of S1 are in different rows. Since, by definition, the
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respective row is chosen independently and uniformly at random for each column of S, the probability

of S1 having rank r is no greater than

(-3) -2)

For the probability* (2.2.9) to be at least 1/2, we must have m > ;gggjé))

: (1 _r= 1) U e (2.2.9)

The above example improves upon the lower bound in Nelson et al. [80] by slightly relaxing the
requirements on m and n°. We note that in the order of  (or equivalently®, d), the lower bound
m = O(r?) for 1-hashing matches the upper bound given in Nelson and Nguyen [79], Meng and
Mahoney [77].

When S is an s-hashing matrix, with s > 1, the tight bound m = ©(r?) can be improved to
m = O(rlogr) for s sufficiently large. In particular, Cohen [22] derived a general upper bound that
implies, for example, subspace embedding properties of s-hashing matrices provided m = O(rlogr)
and s = O(logr); the value of s may be further reduced to a constant (that is not equal to 1) at
the expense of increasing m and worsening its dependence of d. A lower bound for guaranteeing
oblivious embedding properties of s-hashing matrices is given in [81]. Thus we can see that for
s-hashing (and especially for 1-hashing) matrices, their general subspace embedding properties are
suboptimal in terms of the dependence of m on d when compared to the Gaussian sketching results.
To improve the embedding properties of hashing matrices, we must focus on special structure input

matrices.
2.2.3.1 Coherence-dependent embedding properties of sparse random matrices

A feature of the problematic matrix (2.2.8) is that its rows are separated into two groups, with
the first r rows containing all the information. If the rows of A were more ‘uniform’ in the sense
of equally important in terms of relevant information content, hashing may perform better as a
sketching matrix. Interestingly, it is not the uniformity of the rows of A but the uniformity of the
rows of U, the left singular matrix from the compact SVD of A, that plays an important role. The

concept of coherence is a useful proxy for the uniformity of the rows of U and A”.

Definition 2.2.5. (Matriz coherence [73]) The coherence of a matriz A € R"*?  denoted u(A), is
the largest Euclidean norm of the rows of U defined in (2.2.4). Namely,

u(A) = I,IEH[D](”UZ‘”% (2.2.10)

4The argument in the example relating to 1-hashing sketching is related to the birthday paradox, as mentioned
(but not proved) in Nelson and Nguyen [80].

5We note that in fact, [79] considers a more general set up, namely, any matrix distribution with column sparsity
one.

6See Remark 1.

7We note that sampling matrices were shown to have good subspace embedding properties for input matrices with
low coherence |2, 97]. Even if the coherence is minimal, the size of the sampling matrix has a dlog d dependence where
the log d term cannot be removed due to the coupon collector problem [97].
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where U; denotes the ith row of U.8
Some useful properties follow.

Lemma 2.2.3. Let A € R"*¢ have rank r < d <n. Then

\/: < u(A) <1 (2.2.11)

Furthermore, if p(A) = \/Z, then ||Uilla= \/% for all i € [n] where U is defined in (2.2.4).

Proof. Since the matrix U € R™*" has orthonormal columns, we have that
> Uilz=r-. (2.2.12)
i=1

Therefore the maximum 2-norm of U must not be less than \/g , and thus p(A) > \/g . Furthermore,
if u(A) = /%, then (2.2.12) implies ||Us||2= |/ for all i € [n].

Next, by expanding the set of columns of U to a basis of R", there exists Uy € R™*™ such that
U= (U U ) orthogonal where U € R (=4 has orthonormal columns. The 2-norm of ith row of U

is bounded above by the 2-norm of ith row of Uy, which is one. Hence u(A) < 1. O

We note that for A in (2.2.8), we have pu(A4) = 1. The maximal coherence of this matrix sheds
some light on the ensuing poor embedding properties we noticed in Example 1.
Bourgain et al [10] gives a general result that captures the coherence-restricted subspace embed-

ding properties of s-hashing matrices.

Theorem 2.2.1 (Bourgain et al [10]). Let A € R"*¢ with coherence u(A) and rank r; and let
0<e6<1. Assume also that

m > cymax {6~ ", [(r + logm) min {logz(r/e), log®(m)} + rlog(1/6)] e *} (2.2.13)

and s > ¢ [log(m)log(1/6) min {logQ(r/e), logz(m)} + log2(1/5)} pw(A)2e 2, (2.2.14)

where ¢1 and co are positive constants. Then a(ny) s-hashing matrix S € R™*™ s an e-subspace

embedding for A with probability at least 1 — 6.

Substituting s = 1 in (2.2.14), we can use the above Theorem to deduce an upper bound p of

acceptable coherence values of the input matrix A, namely,
w(A) < 62_1/26 [log(m)log(1/§) min {logz(r/e), log2(m)} + log2(1/5)] L L. (2.2.15)

Thus Theorem 2.2.1 implies that the distribution of 1-hashing matrices with m satisfying (2.2.13)
is an oblivious subspace embedding for any input matrix A with u(A) < p, where p is defined in

(2.2.15).

8Note that the concept of coherence is different to the (in)coherence used in compressed sensing literature [31], in
particular our notion of coherence is not invariant under a different coordinate representation.
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2.2.3.2 Non-uniformity of vectors and their relation to embedding properties of sparse
random matrices

In order to prove some of our main results, we need a corresponding notion of coherence of vectors,

to be able to measure the ‘importance’ of their respective entries; this is captured by the so-called

non-uniformity of a vector.

Definition 2.2.6 (Non-uniformity of a vector). Given x € R™, the non-uniformity of x, v(x), is

defined as

v(z) = I|J;|:OO (2.2.16)

We note that for any vector x € R™, we have ﬁ <v(z)<l1.

Lemma 2.2.4. Given A € R"*?, let y = Ax for some x € R?. Then
v(y) < p(A). (2.2.17)

Proof. Let A = UXVT be defined as in (2.2.4), and let 2 = V7x € R". Then y = Az = Uz.

Therefore
[9lloo= U2l oo= e (U, 2)|< mass [Villalzlla ()2l (22.18)

where U; denotes the i'" row of U. Furthermore, ||y|l2= ||Uz|2= ||2||2 which then implies v(y) =

[Ylloo/lYll2< p(A). O

The next lemmas are crucial to our results in the next section; the proof of the first lemma can
be found in the paper [35].

We also note, in subsequent results, the presence of problem-independent constants, also called
absolute constants that will be implicitly or explicitly defined, depending on the context. Our
convention here is as expected, that the same notation denotes the same constant across all results
in this chapter.

The following expression will be needed in our results,

_ - ) log(E/e) | log(E)
v(e, §) == Clﬁmln{ oa(1/8)" | Toa(1/6) } , (2.2.19)

where €,6 € (0,1) and E,C; > 0.

Lemma 2.2.5 ([35], Theorem 2). Suppose that €,6 € (0,1), and E satisfies C < E < m,
where C > 0 and Cy are problem-independent constants. Let m < n € N with m > Ee~2log(1/6).
Then, for any v € R™ with

v(z) < (e, ), (2.2.20)

where D(e, ) is defined in (2.2.19), a randomly generated 1-hashing matrix S € R™*™ is an e-JL
embedding for {x} with probability at least 1 — 6.
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Lemma 2.2.6. Lete,6 € (0,1), v € (0,1] and m,n € N. Let S be a distribution of m x n random
matrices. Suppose that for any given y with v(y) < v, a matriz S € R™*™ randomly drawn from
S is an e-JL embedding for {y} with probability at least 1 — 6. Then for any given set Y C R™
with maxyey v(y) < v and cardinality |Y|< 1/5, a matriz S randomly drawn from S is an e-JL

embedding for Y with probability at least 1 — |Y|d.

Proof. LetY = {yl, Y25 - - Yy } Let B; be the event that S is an e-JL. embedding for y; € Y. Then
P(B;) > 1 — 6 by assumption. We have

P (S is an e-JL embedding for Y) =P (N;B;) = 1 — P ((N;B;)°) (2.2.21)
=1-P(U;BY) (2.2.22)

>1-> P(B) (2.2.23)

=1- Z [1-P(B)) (2.2.24)

>1-) [1=(1-08)] =1~V (2.2.25)

O

Lemma 2.2.7. Let e € (0,1), and Y CR" be a finite set such that ||y|l2=1 for each y € Y. Define

Yi={yi+y:y,ypeY} (2.2.26)

Yo={p—y2:y1,2 €Y} (2.2.27)
If S e R™*" is an e-JL embedding for {YL UY_}, then S is a generalised e-JL embedding for Y.

Proof. Let y1,y2 € Y. We have that
[(Sy1, Sy2) — (y1,y2)| = [([[S(y1 + y2)\|2—||5(y1 - y2)||2) (2.2.28)
= (ICys + w2) Pl (y1 = y2)11*)1/4
< e(ll(yr + y2) P+ (1 — w2)[1%)/4

= e(llyal*+lly21*)/2

:6’

where to obtain the inequality, we use that S is an e-JL embedding for {Y U Y_}; the last equality

follows from |[|y1]|2= ||y2|l2= 1. O

2.3 Hashing sketching with m = O(r)

Our first result shows that if the coherence of the input matrix is sufficiently low, the distribution

of 1-hashing matrices with m = O(r) is an (¢, )-oblivious subspace embedding.
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The following expression will be useful later,

_ - .} log(E/(C2¢)) log(E)
Ale,8) = C1v/Cyv/emin { 4r + 1og(1/8) \/ 4r + log(1/9) } ’ (23.1)

where €,6 € (0,1), r, E > 0 are to be chosen/defined depending on the context, and Cy,Cy > 0 are

problem-independent constants.

Theorem 2.3.1. Suppose that €,0 € (0,1), r <d<n,m <n €N, E >0 satisfy

2€4T
C<BS s (2.3.2)
m > BECy %2 [4r 4 log(1/6)] (2.3.3)

where C > 0 and Cy,Cy > 0 are problem-independent constants. Then for any matriz A € R**¢

with rank r and
1(A) < fife, 8), (2.3.4)

where [i(e, §) is defined in (2.3.1), a randomly generated 1-hashing matriz S € R™*"™ is an e-subspace

embedding for A with probability at least 1 — §.

The proof of Theorem 2.3.1 relies on the fact that the coherence of the input matrix gives
a bound on the non-uniformity of the entries for all vectors in its column space (Lemma 2.2.4),

adapting standard arguments in [101] involving set covers.

Definition 2.3.1. A vy-cover of a set M is a subset N C M with the property that given any point
y € M, there exists w € N such that ||y — w|2< 7.

Consider a given real matrix U € R™*" with orthonormal columns, and let
M :={UzeR":zeR" |z|]=2=1}. (2.3.5)

The next two lemmas show the existence of a ~-net N for M, and connect generalised JL

embeddings for N with JL embeddings for M.

Lemma 2.3.1. Let 0 < v < 1, U € R™ " have orthonormal columns and M be defined in (2.3.5).
Then there exists a y-cover N of M such that |[N|< (1 + %)T

Proof. Let M = {z € R" : ||z||s=1}. Let N C M be the maximal set such that no two points in N
are within distance v from each other. Then it follows that the r-dimensional balls centred at points
in N with radius v/2 are all disjoint and contained in the r-dimensional ball centred at the origin
with radius (1 + /2). Hence

Volume of the r-dimensional ball centred at the origin with radius (1 + v/2)

= 2.3.6
Total volume of the r-dimensional balls centred at points in N with radius ~/2 ( )
1 (1+3)"
= Ti( = i) >1, (2.3.7)
Nl (3)
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which implies | N|< (1+ 2)".

Let N = {Uz € R” : z € N}. Then |[N|< |N|< (1+ %)” and we show N is a 7-cover for M.
Given ypr € M, there exists zp; € M such that ym = Uzp. By definition of ]\7, there must be
zn € N such that ||za; — zn]|2< 7 as otherwise N would not be maximal. Let yy = Uzy € N.

Since U has orthonormal columns, we have ||lyar — yn|l2= |z — 25 [2< 7.

O

Lemma 2.3.2. Let e,y € (0,1),U € R"*4 M C R"™ associated with U be defined in (2.3.5). Suppose
N C M is a y-cover of M and S € R™*™ is a generalised €1-JL embedding for N, where ¢, =

%1_7_;2)6. Then S is an e-JL embedding for M.

To prove Lemma 2.3.2, we need the following Lemma.
Lemma 2.3.3. Let v € (0,1), U € R™7" having orthonormal columns and M C R™ associated

with U be defined in (2.3.5). Let N be a y-cover of M, y € M. Then for any k € N, there exists

o, 1, -, €R, Yo, y1,Y2, - -, Yk € N such that

k
ly =D aigilla< A5, (2.3.8)
=0
loui|<~,i=0,1,... k. (2.3.9)

Proof. We use induction. Let £ = 0. Then by definition of a y-cover, there exists yg € N such that
ly — yoll< 7. Letting cvg = 1, we have covered the k = 0 case.
Now assume (2.3.8) and (2.3.9) are true for k = K € N. Namely there exists ag, aq,...,ax € R,

Yo, Y1, Y2, - - ., yx € N such that

K

ly = cayilla< 45T (2.3.10)
=0

i< 7% i =0,1,..., K. (2.3.11)

Because y,y0,v1.--,yx € N C M, there exists z,29,21,...,2xk € R” such that y = Uz,yp =

Uzp,y1 = Uz,...yx = Uzg with ||z]|= ||z0||= - - - = ||zk]||= 1. Therefore
K
Yy — Zfio Y U (Z — 2o aizi) z— Zfio %
K = =U M, (2.3.12)
K K
ly =X isouwillz U (2 - >0 Oéizi) l|2 Iz = > ic0 cizill2
where we have used that the columns of U are orthonormal.
Since N is a vy-cover for M, there exists yx 11 € N such that
K
B e
’ o ™ (2.3.13)
lly — Zizo a;yill2 9
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Multiplying both sides by axi1 := |y — ZZK:O a;yil|2< YEFL, we have

K+1

ly = D aigilla< A2, (2.3.14)
=0

loy|< A i=0,1,..., K + 1. (2.3.15)

O

Proof of Lemma 2.3.2. Let y € M and k € N, and consider the approximate representation of y
provided in Lemma 2.3.3, namely, assume that (2.3.8) and (2.3.9) hold. Then we have

k k
1S " aigills =Y ISawill3+ Y 2(Saigi, Say;)
=0 =0

0<i<j<k
k
=Y IScuwills+ D 2y, ay;)+
i=0 0<i<j<k

+ Z 2<Saiyi,5ajyj> - Z 2<aiyi7ajyj>

0<i<j<k 0<i<j<k
(14 €) ZH%yzHﬁ > 2wy +2 Y alloivillzllegyll
0<i<j<k 0<i<j<k
f||zazyz||z+€1 Z||Oézyz||2+2 > leawillzllegysllz|
i=0 0<i<j<k

where to deduce the inequality, we use that S is a generalised €1-JL embedding for N. Using ||y;|l2=1

and |o;|< 7%, we have

k k k
1
o {Ilszaiyillg—lz aiyillg} = ZIIO@%H%H Yo llaillzllagysla (2.3.16)
=0 =0 ]

0<i<j<k

<§:7-+2 > Ay

0<i<j<k
e A2 ¢ el G0 € St )
- 1-n (I=7y)(1=9%)
where we have used
k—i—1
> —Zv Z 7 —sz‘“ >
0<i<j<k = j=i+1 7=0
—i k—1 —
:vﬂka)E:fhzvﬂka)Ofv%)
1- prs (1= (1—=7%)

Letting k — oo in (2.3.16), we deduce

1 > - 1 2y 1+27—7°
— ISy ayillz— ayill3 p < + =
EisS antioIS et < 7+

(1=7) (1 =7%)
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Letting k — oo in (2.3.8) implies y = Y ;= a;y;, and so the above gives

1+ 2y — 2

Syl2=lyl2< e —— 2 — 1 2
H y||2 Hy”Q— €1 (1_7) (1_72) 6||y||27

where to get the equality, we used ||y|2= 1 and the definition of €;. The lower bound in the €;-JL
embedding follows similarly. O

We are ready to prove Theorem 2.3.1.

Proof of Theorem 2.5.1. Let A € R™*? with rank r and satisfying (2.3.4). Let U € R™*" be an SVD
factor of A as defined in (2.2.4), which by definition of coherence, implies

u(U) = u(A) < fi(e, ), (2.3.17)

where [i(e, d) is defined in (2.3.1). We let v, €1,6; € (0,1) be defined as

2 (1-701-9% 4
Y= 62 — 1, CQ = m, €1 = 026 and 51 =e (5, (2318)

and note that Cy € (0,1) and
v(er, 01) = ji(e, d), (2.3.19)

where 7(+,-) is defined in (2.2.19). Let M € R™ be associated to U as in (2.3.5) and let N C M
be the y-cover of M as guaranteed by Lemma 2.3.1, with 7 defined in (2.3.18) which implies that
|N|< e?.

Let S € R™*" be a randomly generated 1-hashing matrix with m > Ee; % log(1/61) = ECy 2e~2[4r+
log(1/6)], where to obtain the last equality, we used (2.3.18).

To show that the sketching matrix S is an e-subspace embedding for A (with probability at least
1—19), it is sufficient to show that S is an e;-generalised JL embedding for N C M (with probability
at least 1 — §). To see this, recall (2.3.5) and Lemma 2.2.2(ii) which show that S is an e-subspace
embedding for A if and only if S is an e—JL embedding for M. Our sufficiency claim now follows
by invoking Lemma 2.3.2 for S, N and M.

We are left with considering in detail the cover set N = { Y1, Y2, -, Y| N‘} and the following useful

ensuing sets

N+ = {yi+yj 11, € [17|NH} and N_ = {yi —Yj 14, J € [17‘NH}’

N =y =y 1<i<j <IN} and NP = {y—y;:1<j<i<|NJ}.
Now let Y := N, U N and show that
v(y) <v(e,d) forall yey. (2.3.20)

To see this, assume first that y = y; +y; € N4, with y;,y; € N € M. Thus there exist z;,2; € R”
such that y; = Uz; and y; = Uz;, and so y = U(z; + z;). Using Lemma 2.2.4, v(y) < u(U) = n(4),
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which together with (2.3.17) and (2.3.19), gives (2.3.20) for points y € N, ; the proof for y € N
follows similarly.

Lemma 2.2.5 with (e, 0) := (e, 1) provides that for any = € R™ with v(z) < v(e1,01), S is an €1-
JL embedding for {z} with probability at least 1 —4d;. This and (2.3.20) imply that the conditions of
Lemma 2.2.6 are satisfied for Y = N, U Nﬁl), from which we conclude that S is an €;-JL. embedding
for Y with probability at least 1 — |Y'|d;. Note that

1 1 1
VIS N4 NS SINIIN D) + S INI(N]-1) = [N,

This, the definition of §; in (2.3.18) and |N|< e?” imply that 1 —|Y|§; > 1 — §. Therefore S is an
€1-JL embedding for Ny U N with probability at least 1 — 6.

Finally, Definition 2.2.2 of JL-embeddings implies that the sign of the embedded vector is irrel-
evant and that {0} is always embedded, and so if S is an €;-JL embedding for N, U Nﬁl), it is also
an €;-JL embedding for Ny U N_. Lemma 2.2.7 now provides us with the desired result that then,
S is a generalised €;-JL embedding for N. O

Next we discuss the results in Theorem 2.3.1.

Conditions for a well-defined coherence requirement While our result guarantees optimal
dimensionality reduction for the sketched matrix, using a very sparse 1-hashing matrix for the
sketch, it imposes implicit restrictions on the number n of rows of A. Recalling (2.2.11), we note

that condition (2.3.4) is well-defined when

\/: < file, 8). (2.3.21)

Using the definition of fi(e, d) in (2.3.1) and assuming reasonably that log(1/d) = O(r), we have the

lower bound

min {log(E/(Coe)), V& E)
4r +log(1/9) ’

fi(e,8) > C11/Cav/e

and so (2.3.21) is satisfied if

r(4r + log(1/6)* B 3
= C?Chemin {log*(E/(Cse)),log E} =0 (elog2(e)) - (2.3.22)

Comparison with data-independent bounds Existing results show that m = © (1"2) is both
necessary and sufficient in order to secure an oblivious subspace embedding property for 1-hashing
matrices with no restriction on the coherence of the input matrix [80, 79, 77|. Aside from requiring
more projected rows than in Theorem 2.3.1, these results implicitly impose n > O(r?) for the

size/rank of data matrix in order to secure meaningful dimensionality reduction.
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Table 2.1: Summary of results for 1-hashing

Result p (coherence of A) | m (size of sketching S)
[77] - o(r?)
[10] 0 (10g7(r)) O (rlog?(r))
Theorem 2.3.1 o(r 1) O(r)

Comparison with data-dependent bounds To the best of our knowledge, the only data-
dependent result for hashing matrices is [10] (see Theorem 2.2.1). From (2.2.13), we have that
m > ¢qr min {logQ(r/e),logQ(m)} ¢=2 and hence m = Q(rlog®r); while Theorem 2.3.1 only needs
m = O(r). However, the coherence requirement on A in Theorem 2.2.1 is weaker than (2.3.4) and so
[10] applies to a wider range of inputs at the expense of a larger value of m required for the sketching

matrix.

Summary and look ahead Table 2.1 summarises existing results and we see stricter coherence
assumptions lead to improved dimensionality reduction properties. In the next section, we inves-
tigate relaxing coherence requirements by using hashing matrices with increased column sparsity

(s-hashing) and coherence reduction transformations.

2.4 Relaxing the coherence requirement using s-hashing ma-
trices

This section investigates the embedding properties of s-hashing matrices when s > 1. Indeed, [10]
shows that s-hashing relaxes their particular coherence requirement by 1/s. Theorem 2.4.1 presents
a similar result for our particular coherence requirement (2.3.4) that again guarantees embedding
properties for m = O(r). Then we present a new s-hashing variant that allows us to give a general
result showing that (any) subspace embedding properties of 1-hashing matrices immediately translate
into similar properties for these s-hashing matrices when applied to a larger class of data matrices,
with larger coherence. A simplified embedding result with m = O(r) is then deduced for this s-
hashing variant. Finally, s-hashing or s-hashing variant is combined with the randomised Hadamard
transform with Theorem 2.4.4 and 2.4.5 guaranteeing embedding properties for m = O(r) given that
the data matrix A has n = O (r3).

Numerical benefits of s-hashing (for improved preconditioning) are investigated in later sections;

see Figures 3.2 and 3.3 for example.

2.4.1 The embedding properties of s-hashing matrices

Our next result shows that using s-hashing (Definition 1.2.5) relaxes the particular coherence re-

quirement in Theorem 2.3.1 by /5.
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Theorem 2.4.1. Let r < d < n € Nt. Let C1,C5,Cs,Cy,C,,Cs > 0 be problem-independent
constants. Suppose that €,6 € (0,C3), m, s € N* and E > 0 satisfy’

1<s<C,Cyte™ [4r +1og(1/6)], (2.4.1)
Cyu < E<Cié%s[4r + log(l/é)]_lec'*(czesrl[4T+1°g(1/5)], (2.4.2)
m > {EC5?e? [4r + log(1/4)] , se} . (2.4.3)

Then for any matriz A € R™? with rank v and p(A) < /sC,Cy (e, 8), where fi(e, ) is defined
in (2.3.1), a randomly generated s-hashing matriz S € R™*™ s an e-subspace embedding for A with

probability at least 1 — 9.

Theorem 2.4.1 parallels Theorem 2.3.1; and its proof relies on the following lemma which parallels

Lemma 2.2.5.

Lemma 2.4.1 ([54], Theorem 1.5). Let C1,C3,Cp,C,,Cs > 0 be problem-independent constants.
Suppose that €, € (0,C3),m,s € Nt E € R satisfy

1 <5< Cyetlog(1/6),

Cu<E< 62$log_1(1/5)608(“)71log(l/‘s),

m > max { Ee %log(1/6), se} .
Then for any x € R™ with v(x) < /sC,Cy '5(e,6), where (e, ) is defined in (2.2.19), a randomly
generated s-hashing matriz S € R™*™ is an e-JL embedding for {x} with probability at least 1 — 4.

The proof of Theorem 2.4.1 follows the same argument as Theorem 2.3.1, replacing 1-hashing

with s-hashing and using Lemma 2.4.1 instead of Lemma 2.2.5. We omit the details.

2.4.2 A general embedding property for an s-hashing variant

Note that in both Theorem 2.2.1 and Theorem 2.4.1, allowing column sparsity of hashing matrices
to increase from 1 to s results in coherence requirements being relaxed by +/s. We introduce an

s-hashing variant that allows us to generalise this result.

Definition 2.4.1. We say T € R™*" is an s-hashing variant matriz if independently for each
J € [n], we sample with replacement iy, iz, ..., is € [m] uniformly at random and add £1//s to T;, ;,

where k=1,2,...,s. 10

Both s-hashing and s-hashing variant matrices reduce to 1-hashing matrices when s = 1. For
s > 1, the s-hashing variant has at most s non-zeros per column, while the usual s-hashing matrix
has precisely s nonzero entries per same column.

The next lemma connects s-hashing variant matrices to 1-hashing matrices.

9Note that the expressions of the lower bounds in (2.3.3) and (2.4.3) are identical apart from the choice of F and
the condition m > se.
10We add +1/4/s to T;,,; because we may have i, = 4; for some [ < k, as we have sampled with replacement.
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Lemma 2.4.2. An s-hashing variant matric T € R™*™ (as in Definition 2.4.1) could alternatively
be generated by calculating T = ﬁ [S(l) +8@ ... ¢ S(S)] , where S¥) € R™*" qre independent

1-hashing matrices for k=1,2,...,s.

Proof. In Definition 2.4.1, an s-hashing variant matrix T is generated by the following procedure:
for j=1,2,...ndo
for k=1,2,...,sdo
Sample i) € [m] uniformly at random and add +1/y/s to Tj, ;.

Due to the independence of the entries, the 'for’ loops in the above routine can be swapped, leading
to the equivalent formulation,
for k=1,2,...sdo
for j=1,2,...,ndo

Sample i) € [m] uniformly at random and add £1/y/s to Tj, ;.

For each k < s, the ’for’ loop over j in the above routine generates an independent random 1-hashing
matrix S*) and adds (1//5) S®*) to T.
O

We are ready to state and prove the main result in this section.

Theorem 2.4.2. Let s,7 < d <n € Nt ¢§ e (0,1). Suppose that m € NT is chosen such that
the distribution of 1-hashing matrices S € R™*™ is an (¢, d)-oblivious subspace embedding for any
matriz B € R"*4 with rank r and u(B) < p for some p > 0. Then the distribution of s-hashing
variant matrices T € R™*™ is an (e, d)-oblivious subspace embedding for any matriz A € R™*% with

rank v and p(A) < py/s.

Proof. Applying Lemma 2.4.2, we let

r= L [S“) +85@ 4+ S<5>] (2.4.4)
S

be a randomly generated s-hashing variant matrix where S*) € R™*" are independent 1-hashing
matrices, k € {1,...,s}. Let A € R"*? with rank r and with p(A) < py/s; let U € R™ " be an
SVD-factor of A as defined in (2.2.4). Let

W=—|:]ermx. (2.4.5)

As U has orthonormal columns, the matrix W also has orthonormal columns and hence the coherence

of W coincides with the largest Euclidean norm of its rows

wU) = —=p(4) < p. (2.4.6)



Let S = (SM ... 5()) € R™*"s. We note that the j-th column of S is generated by sampling i € [m]
and setting S;; = £1. Moreover, as Sk ke {1,...,s}, are independent, the sampled entries are
independent. Therefore, S is distributed as a 1-hashing matrix. Furthermore, due to our assumption
on the distribution of 1-hashing matrices, m is chosen such that S € R™*"* is an (e, §)-oblivious
subspace embedding for (ns) x r matrices of coherence at most p. Applying this to input matrix

W, we have that with probability at least 1 — 4,
(L= 9llzl3= @ = IWz[3< [SW2[3< (L + &) [W2ll3= (1 +€)]2]]3, (2.4.7)

for all z € R", where in the equality signs, we used that W has orthonormal columns. On the other
hand, we have that
U
sw=-"1 (s, s=)|:|=21 [5<1>U +SAU 44 S(S)U] = TU.
Vs b Vs

This and (2.4.7) provide that, with probability at least 1 — 4,
1 = 9llzI3< ITU=I3< (1 + )l 2113, (2.4.8)
which implies that T is an e-subspace embedding for A by Lemma 2.2.2. O

Theorem 2.3.1 and Theorem 2.4.2 imply an s-hashing variant version of Theorem 2.4.1.

Theorem 2.4.3. Suppose that ¢,§ € (0,1), s,7r <d <n,m <n € NT, E > 0 satisfy (2.3.2) and
(2.3.3). Then for any matriz A € R™*? with rank v and u(A) < fi(e,0)v/s, where fi(e, ) is defined

Rmxn

in (2.3.1), a randomly generated s-hashing variant matriz S € is an e-subspace embedding for

A with probability at least 1 — 6.

Proof. Theorem 2.3.1 implies that the distribution of 1-hashing matrices S € R™*™ is an (¢, d)-
oblivious subspace embedding for any matrix B € R™*? with rank r and u(B) < fi(e,5). We
also note that this result is invariant to the number of rows in B (as long as the column size of S
matches the row count of B), and so the expressions for m, fi(¢,d) and the constants therein remain
unchanged.

Theorem 2.4.2 then provides that the distribution of s-hashing variant matrices S € R™*" is an
(€, 8)-oblivious subspace embedding for any matrix A € R"*? with rank r and u(A) < fi(e, §)v/s;
the desired result follows. O

Theorem 2.4.1 and Theorem 2.4.3 provide similar results, and we find that the latter provides

simpler constant expressions (such as for E).
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2.4.3 The Hashed-Randomised-Hadamard-Transform sketching

Here we consider the Randomised-Hadamard-Transform [2], to be applied to the input matrix A
before sketching, as another approach that allows reducing the coherence requirements under which
good subspace embedding properties can be guaranteed. It is common to use the Subsampled-RHT
(SHRT) [2], but the size of the sketch needs to be at least O(rlogr); this prompts us to consider
using hashing instead of subsampling in this context (as well), and obtain an optimal order sketch-
ing bound. Figure 3.2 illustrates numerically the benefit of HRHT sketching for preconditioning
compared to SRHT.

Definition 2.4.2. A Hashed-Randomised-Hadamard-Transform (HRHT) is an m x n matriz of the
form S = S,HD with m < n, where
e D is a random n X n diagonal matriz with £1 independent entries.

e H is an n x n Walsh-Hadamard matriz defined by
H;j = n—1/2(_1)<(i—1)27(j—1)2>7 (2.4.9)

where (i —1)2, (j —1)2 are binary representation vectors of the numbers (i — 1), (j — 1) respec-
tively't.

e S} is a random m X n s-hashing or s-hashing variant matriz, independent of D.

Our next results show that if the input matrix is sufficiently over-determined, the distribution of
HRHT matrices with optimal sketching size and either choice of Sy, is an (e, §)-oblivious subspace

embedding.

Theorem 2.4.4 (s-hashing version). r < d <n € N*. Let Cy,C5,Cs,C,Cy,,Cs > 0 be problem-
independent constants. Suppose that €,6 € (0,C3), m, s € Nt and E > 0 satisfy (2.4.1), (2.4.2) and
(2.4.3). Let 61 € (0,1) and suppose further that

(7 + VSTogto/an))
n >

=20, e 0

(2.4.10)

where [i(e,§) is defined in (2.3.1). Then for any matriz A € R"*¢ with rank r, an HRHT matriz
S € R™ ™ with an s-hashing matriz Sy, is an e-subspace embedding for A with probability at least

(1-8)(1—8y).

Theorem 2.4.5 (s-hashing variant distribution). Suppose that €,6 € (0,1), r <d <n,m <n €N,
E > 0 satisfy (2.3.2) and (2.3.3). Let 6; € (0,1) and suppose further that

(vr + VSTogta/an))

>
"= siile, 5)? ’

(2.4.11)

HFor example, (3)2 = (1,1).
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where [i(e,§) is defined in (2.3.1). Then for any matriz A € R"*¢ with rank r, an HRHT matriz
S € R™*™ with an s-hashing variant matriz Sy, is an e-subspace embedding for A with probability

at least (1 —0)(1 — 41).

The proof of Theorem 2.4.4 and Theorem 2.4.5 relies on the analysis in [97] of Randomised-
Hadamard-Transforms, which are shown to reduce the coherence of any given matrix with high

probability.

Lemma 2.4.3. [97] Let r <n € N* and U € R™*" have orthonormal columns. Suppose that H, D
are defined in Definition 2.4.2 and 6; € (0,1). Then

JW(HDU) < \/Z . \/@

We are ready to prove Theorem 2.4.4.

with probability at least 1 — §y.

Proof of Theorem 2.4.4 and Theorem 2.4.5. Let A = UXV be defined in (2.2.4), S = S, HD be an
HRHT matrix. Define the following events:
By = {u(HDU) < \/r]n + /Slog(n/61)n},
By = {(HDA) < \/r]n+ /Slog(n/o)n},
By = {u(HDA) < (s,e,8)},
e B, = {S} is an e-subspace embedding for HDA },
e Bs = {SpHD is an e-subspace embedding for A},
where fi(s, €,0) = /sC,Cy ' fi(e,d) if Sy, is an s-hashing matrix and fi(s, €,0) = /sfi(e, §) if Sy, is an

s-hashing variant matrix, and where fi(e, d) is defined in (2.3.1).

Observe that B, implies B because B, gives
(1 —o)||Az|?< (1 — €)||HDAz||*< ||Sy HD Az ||*< (1 + €)||[ HDAz||*< (14 ¢)||Az||?,  (2.4.12)

where the first and the last equality follows from HD being orthogonal. Moreover, observe that
By = By because u(HDA) = max;||(HDU);|la= w(HDU), where the first equality follows from
HDA = (HDU)XVT being an SV D of HDA. Furthermore, By implies Bz due to (2.4.10) in the
s-hashing case; and (2.4.11) in the s-hashing variant case.

Thus P(Bs) > P(B4) = P(B4|B3)P(Bs) > P(B4|B3)P(By) = P(B4|Bs)P(B;). If Sp, is an s-
hashing matrix, Theorem 2.4.1 gives P(B4|Bs) > 1 — 6. If S; is an s-hashing variant matrix,
Theorem 2.4.3 gives P(B4|B3) > 1 — §. Therefore in both cases, we have

P(Bs) = P(By|B3)P(B1) = (1 = 6)P (B1) = (1= 6)(1 = d1), (2.4.13)

where the third inequality uses Lemma 2.4.3. O
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Chapter 3

Sketching for linear least squares

3.1 Introduction and relevant literature

This chapter is based and expands materials in [95, 12].

Main contribution This chapter builds on the insight from the theoretical results in the last
chapter to propose, analyse and benchmark a sketching based solver of (1.3.1). We first propose and
analyse a rank-deficient generic sketching framework for (1.3.1), which includes the algorithm used
by two previous sketching-based solvers, Blendenpik [5] and LSRN [78] but additionally allows more
flexibility of the choice of factorizations of the sketched matrix SA for building a preconditioner for
(1.3.1). Our analysis shows that under this framework, one can compute a minimal residual solution
of (1.3.1) with sketching if a rank-revealing factorization is used; or the minimal norm solution of
(1.3.1) if a total orthogonal factorization is used. Next, based on this algorithmic framework, we
propose Ski-LLS, a software package for solving (1.3.1) where we carefully distinguish whether A is
dense or sparse. If A is dense, Ski-LLS combines our novel hashed coherence reduction transformation
I analysed in Theorem 2.4.4 with a recently proposed randomized column pivoted QR factorization
[76], achieving better robustness and faster speed than Blendenpik and LSRN. If A is sparse, Ski-
LLS combines s-hashing analysed in Theorem 2.4.1 with the state-of-the-art sparse QR factorization
in [28], achieving 10 times faster speed on random sparse ill-conditioned problems and competitive
performance on a test set of 181 matrices from the Florida Matrix Collection [29] comparing to
the state-of-the-art direct and iterative solvers for sparse (1.3.1), which are based on sparse QR

factorization [28] and incomplete Cholesky factorization preconditioned LSQR [94] respectively.

Relevant literature Classically, dense (1.3.1) is solved by LAPACK [4], and sparse (1.3.1) is
either solved by a sparse direct method implemented, say in [28] or a preconditioned LSQR (see a

comparison of different preconditioners in [39]). Sarlo [93] first proposed using sketching matrices

1For better numerical performance we use DHT as in Blendenpik instead of the Hadamard Transform analysed in
the theory for Ski-LLS.
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that are oblivious subspace embeddings to solve (1.3.1) by solving min,cga ||[SAz — Sb||,. This ap-
proach requires the row of S to grow proportionally to the inverse square of the residual accuracy;
hence is impractical for obtaining high accuracy solutions. Instead, Rokhlin [92] proposed using
the sketch SA to compute a preconditioner of (1.3.1); and then solve (1.3.1) using preconditioned
LSQR. This approach allows machine precision solutions to be computed in a small number of LSQR
iterations if the matrix S is a subspace embedding of A. This algorithmic idea was carefully imple-
mented in Blendenpik [5], achieving four times speed-up against LAPACK. Noting that Blendenpik
only solves full rank (1.3.1) and does not take advantage of sparse A, Meng, Saunders and Mahoney
[78] proposed LSRN, which takes advantage of sparse A and computes an accurate solution even
when A is rank-deficient by using Gaussian matrices to sketch and the SVD to compute a precon-
ditioner. However, the run-time comparisons are conducted in a multi-core parallel environment,
unlike Blendenpik, which uses the serial environment.

Recently, the numerical performance of using 1-hashing matrices as the sketching matrix to solve
(1.3.1) was explored in [24]. [53, 52| further explored using Blendenpik-like solvers in a distributed
computing environment. [63] explores using random embedding to solve L2-regularised least squares.

To the best of our knowledge, Ski-LLS is the first solver that uses s-hashing (with s > 1); uses
a sparse factorization when solving sparse (1.3.1); and uses the hashing combined with coherence
reduction transformations for dense problems. This work also presents the first large scale compar-
ison of sketching-based LLS solvers with the state-of-the-art classical sparse solvers on the Florida

Matrix Collection.

3.2 Algorithmic framework and analysis

We now turn our attention to the LLS problem (1.3.1) we are interested in solving. Building on the
Blendenpik [5] and LSRN [78] techniques, we introduce a generic algorithmic framework for (1.3.1)
that can employ any rank-revealing factorization of SA, where S is a(ny) sketching matrix; we then

analyse its convergence.
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3.2.1 A generic algorithmic framework for solving linear least squares
with sketching

Algorithm 1 Generic Sketching Algorithm for Linear Least Squares

Initialization
Given A € R"*% and b € R, set positive integers m and it,,.., and accuracy tolerances 7,
and 7,, and an m X n random matrix distribution S.

1. Randomly draw a sketching matrix S € R™*" from S, compute the matrix-matrix product
SA € R™*? and the matrix-vector product Sb € R™.

2. Compute a factorization of SA of the form,
SA=QRVT, (3.2.1)

where

e R= (RH R12) € R¥¥4 where Ry; € RPXP is nonsingular.

0 0
e () = (Q1 Qg) € R™¥4 where Q, € R™ P and Qy € R™*(4=P) have orthonormal
columns.

o V= (V1 Vg) € R%¥4 is an orthogonal matrix with V; € R4*P.
3. Compute z, = Vi R;' QT Sb. If || Az, — b||2< 7,, terminate with solution .

4. FElse, iteratively, compute

yr ~ argmin||Wy — b2, (3.2.2)
yERP
where
W = AViR{}, (3.2.3)

using LSQR [86] with (relative) tolerance 7. and maximum iteration count it,,q,. Return
Tr = VlRﬁlyT.

Remark 2. (i) The factorization SA = QRVT allows column-pivoted QR, or other rank-revealing
factorization, complete orthogonal decomposition (Riz = 0) and the SVD (Ri2 = 0, Ry di-
agonal). It also includes the usual QR factorisation if SA is full rank; then the Ris block is

absent.

Ri1 Rio

(i) Often in implementations, the factorization (3.2.1) has R = ( 0 R
22

), where Rog =~ 0 and

is treated as the zero matrix.

(i4i) For computing xs in Step 3, we note that in practical implementations, Ry in (3.2.1) is upper
triangular, enabling efficient calculation of matriz-vector products involving Rﬁl; then, there

is no need to form/calculate Ry} explicitly.

(iv) For the solution of (3.2.2), we use the termination criterion ||y, —y«|lwrw < 7 l|yo — ysllwrw
in the theoretical analysis, where y. is defined in (3.2.5). In practical implementations different

termination criteria need to be employed (see Section 3.3.2).
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3.2.2 Analysis of Algorithm 1

Given problem (1.3.1), we denote its minimal Euclidean norm solution as follows

T4 = argmin||z,|2 subject to ||Az, — b||2= min| Az — b]|2. (3.2.4)
z*€ER z
and let
yx = argmin||Wy — b||2, where W is defined in (3.2.3). (3.2.5)
yEeRP

The following two lemmas provide basic properties of Algorithm 1.
Lemma 3.2.1. W € R™"*? defined in (3.2.3) has full rank p.

Proof. Note SW has rank p because SW = @, where Q1 is defined in (3.2.1). By rank-nullity
theorem in RP, rank(W) + dimker(W) = rank(SW) + dimker(SW) where ker(WW) denotes the
null space of W; and since dimker(SW) > dimker(W), we have that rank(SW) < rank(W). So
rank(W) > p. It follows that rank(WV) = p because W € R"*P can have at most rank p. O

Lemma 3.2.2. In Algorithm 1, if S is an e-subspace embedding for A for some € € (0,1), then

p =1 where r is the rank of A.
Proof. Lemma 2.2.1 gives r = rank(A) = rank(SA) = p. O

If the LLS problem (1.3.1) has a sufficiently small optimal residual, then Algorithm 1 terminates
early in Step 3 with the solution x4 of the sketched problem min|SAz — Sb||2; then, no LSQR

iterations are required.

Lemma 3.2.3 (Explicit Sketching Guarantee). Given problem (1.3.1), suppose that the matric
S € R™*™ in Algorithm 1 is an e-subspace embedding for the augmented matriz (A b) for some
0<e<1. Then

1+e
1—c¢

| Az, — blla< <]} Az — bl (3.2.6)

where x5 is defined in Step 3 of Algorithm 1 and x. is a(ny) solution of (1.3.1).

The proof is similar to the result in [101] that shows that any solution of the sketched problem
ming||SAz — Sb||2 satisfies (3.2.6). For completeness, the proof is included here.

Proof. We have that x; € argmin||SAx — Sb||2 by checking the optimality condition (SA)TSAzs =
(SA)TSb. Hence we have that

1+e
1—c¢

1 1
14z, —bl5< T[S Az, — Sbll3< T—[|9Az" — Sbll3< [ Az™ — ][5, (3.2.7)

where the first and the last inequality follow from S being a subspace embedding for (A b), while

the second inequality is due to =, minimizing ||SAx — Sb||. O
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The following technical lemma is needed in the proof of our next theorem.

Lemma 3.2.4. Let A € R"™ and V; € R¥*P be defined in Algorithm 1. Then ker(V{L) N
range(AT) = {0}, where ker(V]T') and range(AT) denote the null space of Vi and range subspace
generated by the rows of A, respectively.

Proof. Let z € ker(Vi') Nrange(AT). Then ViIz = 0 and 2z = ATw for some w € R™. Let
U,%,V be the SVD factors of A as defined in (2.2.4). Since S is an e-subspace embedding for A,
rank ((SU)") = rank(SU) = rank(SA) = r, where r is the rank of A and hence there exists & € R™
such that (SU)T1w = UTw. Note that

0=VI2=VATw =V VvSUTw = VIVvU?sTw = VI AT ST = RT,QTw, (3.2.8)

which implies Q¥4 = 0 because RY; is nonsingular. It follows that
2= ATw =VSUTw=VSUTSTw = (SA)Tw =V (gigi) W =0, (3.2.9)
where we have used Q7w = 0 for the last equality. O

Theorem 3.2.1 shows that when the LSQR algorithm in Step 4 converges, Algorithm 1 returns a

minimal residual solution of (1.3.1).

Theorem 3.2.1 (Implicit Sketching Guarantee). Given problem (1.3.1), suppose that the matrix
S € R™*™ in Algorithm 1 is an e-subspace embedding for the augmented matriz (A b) for some
0<e<1. Ify. = y. in Step 4 of Algorithm 1 (by setting 7. := 0), where y, is defined in (3.2.5),

then z, in Step 5 satisfies x. = x., where . is a solution of (1.3.1).

Proof. Using the optimality conditions (normal equations) for the LLS in (3.2.5), and y, = y., we
deduce WTWy, = WTb, where W is defined in (3.2.5). Substituting the definition of o, from Step
5 of Algorithm 1, we deduce

(R "V AT Az = (Ry) VT ATD.
Multiplying the last displayed equation by RY;, we obtain
Vit (AT Az, — ATb) = 0. (3.2.10)

It follows from (3.2.10) that AT Az — ATb € ker(V{') Nrange(AT). But Lemma 3.2.4 implies that
the latter set intersection only contains the origin, and so AT Az, — ATb = 0; this and the normal

equations for (1.3.1) imply that x, is an optimal solution of (1.3.1). O

The following technical lemma is needed for our next result; it re-states Theorem 3.2 from [78]

in the context of Algorithm 1.
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Lemma 3.2.5. [78] Given problem (1.3.1), let x, 2 be its minimal Euclidean norm solution defined
in (3.2.4) and P € RY*P, q nonsingular matriz. Let v, := Py, where y, is assumed to be the

minimal Euclidean norm solution of minyegr|| APy —bl|2. Then x, = x> if range(P) = range(A”).

Theorem 3.2.2 further guarantees that if Ry;s = 0 in (3.2.1) such as when a complete orthogonal

factorization is used, then the minimal Euclidean norm solution of (1.3.1) is obtained.

Theorem 3.2.2 (Minimal-Euclidean Norm Solution Guarantee). Given problem (1.3.1), suppose
that the matrix S € R™*™ in Algorithm 1 is an e-subspace embedding for the augmented matrix
(A b) for some 0 < e <1. If Rio = 0 in (3.2.1) and y, = y« in Step 4 of Algorithm 1 (by setting
T 1= 0), where y. is defined in (3.2.5), then x, in Step 5 satisfies x; = .2, where x, o is the

minimal Euclidean norm solution (3.2.4) of (1.3.1).

Proof. The result follows from Lemma 3.2.5 with P := Vi Ry}, provided range(V; Ry;') = range(A”).
To see this, note that
range(Vi Ry') = range(V;) = range((SA)7),

where the last equality follows from (SA)T = Vi RL, QT + V4 R1,QT and Ry2 = 0. Using the SVD
decomposition (2.2.4) of A, we further have

range(Vi Ry;') = range(ATST) = range(VEUT ST) = range(VE(SU)T).

Since S is an e—subspace embedding for A, it is also an e-subspace embedding for U by Lemma
2.2.2 and therefore by Lemma 2.2.1, rank(SU) = rank(U) = r. Since SU € R™*" has full column
rank, we have that range(VX(SU)T) = range(V') = range(AT). O

Theorem 3.2.3 gives an iteration complexity bound for the inner solver in Step 4 of Algorithm 1,
as well as particularising this result for a special starting point for which an optimality guarantee can
be given. It relies crucially on the quality of the preconditioner provided by the sketched factorization

in (3.2.1), and its proof uses standard LSQR results.

Theorem 3.2.3 (Rate of convergence). Given problem (1.3.1), suppose that the matriz S € R™*™
in Algorithm 1 is an e-subspace embedding for the augmented matriz (A b) for some 0 < € < 1.

Then:

(i) Step 4 of Algorithm 1 takes at most

r<0 (?ffg”") (3.2.11)
€

LSQR iterations to return a solution y, such that

”y‘r - y*HWTWS TTHyO - y*HWTW7 (3212)

where y,. and W are defined in (3.2.5).
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(ii) If we initialize yo := QT Sb for the LSQR method in Step 4, then at termination of Algorithm

1, we can further guarantee that

2€Ty

|Azs — bllo< (1 i

> | Az, — blla, (3.2.13)

— €

where x, is computed in Step 4 of Algorithm 1 and x. is a solution of (1.3.1).

Proof. (i) Using results in [37], LSQR applied to (3.2.2) converges as follows

(3.2.14)

lyo = ysllwrw = \ /e [WITW] +1

where y; denotes the jth iterate of LSQR and (W7 W) refers to the condition number of WTW.

J
Iy = v lwrw <2< n[WTW]—l) |

Since S is an e-subspace embedding for A, we have that the largest singular value of W satisfies
Tmax (W) = max [|AVLR;gl|< (1= )7 max [[SAVRytyll= (1= )7 max [Quyll= (1= )7/%,
where we have used that SAV; R;;' = Q; from (3.2.1). Similarly, it can be shown that the smallest

singular value of W satisfies opmin(W) > (1 + 6)_1/2. Hence

1
RWTW) < 5 re (3.2.15)
— €

Hence we have

VEWIW] -1 _ Vite—vVI-—€ (VIite—vVi—e) (Vi+te+VI—¢)
VEWTW]+1 7~ V1+e+/1—¢ (\/erm)? -

€.

log(2)+|log 7|
[log €] ’

(i) If we initialize yo := QT Sb for the LSQR method in Step 4, then we have

Thus (3.2.14) implies ||yr — Y«llwrw < 7llyo — y«|lwrw whenever 7 >

1Yo = yullwrw = [[Azs — Az, o= [|Azs — b — (Avs — b)[|2< [|Azs — bl —[ Az, — 0]

1 2
< ( e 1) Az, — b < —=— || Az. — b],
€

1— 1—c¢

where we have used ifﬁ < }J_f to get the last inequality. Using part (i), after at most %
LSQR iterations, we have that
2€T,
lgr — elwrw < = || Az. — bl (3:2.16)
Note that || Az, — Az.|2= |lyr — ¥*|lwrw. Using the triangle inequality, we deduce
2€T,
|Az, — bllo= ||Az; — Az, + Az, — b|2< [ 14 1 |Az. — b||2- (3.2.17)
—€
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3.3 Implementation details
3.3.1 Ski-LLS, an implementation of Algorithm 1

Sketching-for-Linear-Least-Squares (Ski-LLS) implements Algorithm 1 for solving (1.3.1). We dis-
tinguish two cases based on whether the data matrix A is stored as a dense matrix or a sparse

matrix.

Dense A When A is stored as a dense matrix 2, we employ the following implementation of

Algorithm 1. The resulting solver is called Ski-LLS-dense.

1. In Step 1 of Algorithm 1, we let
S =S,FD, (3.3.1)

where

(a) D is a random n X n diagonal matrix with +1 independent entries, as in Definition 2.4.2.

(b) F is a matrix representing the normalized Discrete Hartley Transform (DHT), defined
as Fyj = \/1/ncos (2n(i — 1)(j — 1)/n) +sin (2w (i — 1)(j — 1)/n)] 3. We use the (DHT)
implementation in FFTW 3.3.8 4.

(¢) Sp is an s-hashing matrix, defined in Definition 1.2.5. We use the sparse matrix-matrix

multiplication routine in SuiteSparse 5.3.0 5 to compute Sj, x (FDA).

2. In Step 2 of Algorithm 1, we use the randomized column pivoted QR (R-CPQR) proposed in
[76, 75] ©.

3. In Step 3 of Algorithm 1, since Ry; from R-CPQR is upper triangular, we do not explicitly
compute its inverse, but instead, use back-solve from the LAPACK provided by Intel MKL
2019 7.

4. In Step 4 of Algorithm 1, we use the LSQR routine implemented in LSRN [78]5.

The user can choose the value of the following parameters: m (default is 1.7d), s (default is 1), 7,
(default is 1078), it,4. (default value is 10%). rcond (default value is 10712), which is a parameter
used in Step 2 of Algorithm 1. The R-CPQR we use computes SA = QRVT, which is then used
to compute Ry by letting p = max {q : qu > rcond}, Ri1 be the upper left p x p block of R.

2This does not necessarily imply that every entry of A is non-zero, however, we presume a large number of the
entries are zero such that specialized sparse numerical linear algebras are ineffective.

3Here we use the same transform (DHT) as that in Blendenpik for comparison of other components of Ski-LLS-
dense, instead of the Walsh-Hadamard transform defined in Definition 2.4.2.

4 Available at http://www.fftw.org.

5 Available at https://people.engr.tamu.edu/davis/suitesparse.html.

6The implementation can be found at https://github.com/flame/hqrrp/. The original code only has a 32-bit integer
interface. We wrote a 64-bit integer wrapper as our code has 64-bit integers.

"See https://software.intel.com/content /www /us,/en/develop/tools/oneapi/components/onemkl.html.

8 Available at https://web.stanford.edu/group/SOL /software/lsrn/. We fixed some very minor bugs in the code.
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wisdom (default value is 1). The DHT we use is faster with pre-tuning, see Blendenpik [6] for a
detailed discussion. If the DHT has been pre-tuned, the user needs to set wisdom = 1, otherwise
set wisdom = 0. In all our experiment, the default is to tune the DHT using the crudest tuning
mechanism offered by FFTW, which typically takes less than one minute.

We also offer an implementation without using R-CPQR for dense full-rank problems. The only
difference is that in Step 2 of Algorithm 1, we assume that the matrix A has full-rank r = d. Hence
we use DGEQRF from LAPACK to compute a QR factorization of SA (the same routine is used in
Blendenpik) instead of R-CPQR. It has the same list of parameters with the same default values,

except the parameter rcond is absent because it does not use R-CPQR.

Sparse A When A is stored as a sparse matrix °, we employ the following implementation of

Algorithm 1. The resulting solver is called Ski-LLS-sparse.

—_

. In Step 1 of Algorithm 1, we let S be an s-hashing matrix, defined in Definition 1.2.5.

2. In Step 2 of Algorithm 1, we use the sparse QR factorization (SPQR) proposed in [28] and

implemented in SuiteSparse.

3. In Step 3 of Algorithm 1, since R;; from SPQR is upper triangular, we do not explicitly

compute its inverse, but instead, use the sparse back-substitution routine from SuiteSparse.

4. In Step 4 of Algorithm 1, we use the LSQR routine implemented in LSRN, extended to include

the use of sparse preconditioner and sparse numerical linear algebras from SuiteSparse.

The user can choose the value of the following parameters: m (default value is 1.4d), s (default
value is 2), 7, (default value is 1078), 7, (default value is 1076), it (default value is 10%).
And rcondipres (default value 10710), which checks the conditioning of Ry; computed by SPQR. If
k(R11) > 1/rcondipres, we use the perturbed back-solve for upper triangular linear systems involving
Ry (see the next point). perturb (default value 1071°). When x(R11) > 1/rcondp,es, any back-
solve involving Ri; or its transpose will be modified in the following way: When divisions by a
diagonal entry r4; of Ri; is required where 1 < i < p, we divide by 74; 4+ perturb instead. '° ordering
(default value 2) which is a parameter to the SPQR routine that influences the permutation matrix

V and the sparsity of R. 1.

9Here we assume that the user stored the matrix in a sparse matrix format because a large number of entries are
zero. Throughout computations, we maintain the sparse matrix format for effective numerical linear algebras.

10This is a safe-guard when SPQR fails to detect the rank of A. This happens infrequently [28].

HNote that this is slightly different from the SPQR default, which is to use to use COLAMD if m2<=2%n2;
otherwise try AMD. Let f be the flops for chol((S*P)*(S*P)) with the ordering P found by AMD. Then if f/nnz(R)
> 500 and nnz(R)/nnz(S) > 5 then try METIS, and take the best ordering found (AMD or METIS), where typically
mg = m, ngy =n for SA € R™*"™. In contrast, Ski-LLS by default always use the AMD ordering.
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3.3.2 Discussion of our implementation

Subspace embedding properties achieved via numerical calibration Our analysis of Algo-
rithm 1 in Section 3.2 relies crucially on S being an e-subspace embedding of A. For dense matrices,
Blendenpik previously used SR-DHT, defined in (3.4.7) with theoretical guarantees of the oblivious
e-subspace embedding property for full rank A if m = O (dlog(d)). Theorem 2.4.4 shows when
using hashing instead of sampling with randomised Walsh-Hadamard transform, hashing achieves
being an oblivious e-subspace embedding with m = O (d) (note that r = d for full rank A) under
the addition dimensional assumption of A. In Ski-LLS-dense, HR-DHT is used instead of HRHT
analyzed in Theorem 2.4.2 because as mentioned in Blendenpik paper [5], DHT is more flexible
(Walsh-Hadamard transform only allows n to be an integer power of 2 so that padding is needed);
and SR-DHT based sketching solver has stabler and shorter running time comparing to when DHT
is replaced by Walsh-Hadamard transform. Moreover, we aim to show in additional to the theoreti-
cal advantage of hashing (Theorem 2.4.4), numerically using hashing instead of sampling combined
with coherence-reduction transformations yields a more effective solver for (1.3.1) in terms of running
time.

Therefore to compare to Blendenpik, we chose to use HR-DHT instead of HRHT. We then use
numerical calibration as used in Blendenpik to determine the default value of m for Ski-LLS-dense
such that e-subspace embedding of A is achieved with sufficiently high (all the matrices in the
calibration set) probability. (See the next section and Appendices). Note that the U-shaped curve
appears in Figure 3.4, because as v := m/d grows, we have better subspace embeddings so that e
decreases, resulting in fewer LSQR iterations according to (3.2.11). However the factorization cost
in Step 2 and the sketching cost in Step 1 will grow as m grows. Thus a trade-off is achieved when
m is neither too big nor too small.

For sparse matrices, Theorem 2.4.1 guarantees the oblivious e-subspace embedding property s-
hashing matrices for matrices A with low coherence. However as Figure 3.8, 3.9 suggest, s-hashing
with s > 1 and m = O (d) tends to embed higher coherence A as well. The specific default values
of m, s are again chosen using numerical calibration; and the characteristic U-shape is because of a

similar trade-off as in the dense case.

What if S is not an e-subspace embedding of A Note that even S is an oblivious subspace
embedding for matrices A € R"*?, for a given A € R"*? there is a chance that a randomly
generated matrix S from S fails to embed A. However, in this case, Ski-LLS will still compute an
accurate solution of (1.3.1) given that A has full rank and SA has the same rank as A. Because
then the preconditioner V; R;}" is an invertible square matrix. The situation is less clear when A is

rank-deficient and S fails to embed A. However, with the default parameters chosen from numerical
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calibrations, the accuracy of Ski-LLS is excellent for A being both random dense/sparse matrices

and for A in the Florida matrix collection.

Approximate numerical factorization in Step 2 In both our dense and sparse solvers, Step 2
SA = QRVT is not guaranteed to be accurate when A is rank-deficient. This is because R-CPQR,
like CPQR, does not guarantee detection of rank although in almost all cases the numerical rank
is correctly determined (in the sense that if one follows the procedure described in the definition of
the parameter rcond, the factorization SA = QRVT will be accurate up to approximately rcond
error). Similarly, SPQR performs heuristic rank-detection for speed efficiency and therefore rank-
detection and the resulting accuracy is not guaranteed. Also, we have not analysed the implication
of floating-point arithmetic for Ski-LLS. The accuracy of Ski-LLS, however, is demonstrated in a

range of dense and sparse test problems, see later sections.

Practical LSQR termination criterion The termination criterion proposed in Step 4 of the
algorithm is not practical as we do not know y*. In practice, we terminate Step 4 of Algorithm 1

i WV#?HH < 7, where W is defined in (3.2.3) similarly to what is used in LSRN [78]. See the

original LSQR paper [86], Section 6 for a justification.
3.4 Numerical study
3.4.1 Test Set

The matrix A

1. The following are three different types of random dense matrices that are the same type of
test matrices used by Avron et.al. [5] for comparing Blendenpik with LAPACK least square

solvers. They have different ‘non-uniformity’ of rows.

(a) Incoherent dense, defined by
A=UxVT e R4, (3.4.1)

where U € R™? V € R4*? are matrices generated by orthogonalising columns of two
independent matrices with i.i.d. N(0,1) entries. ¥ € R%*? is a diagonal matrix with

diagonal entries equally spaced from 1 to 10° (inclusive).

(b) Semi-coherent dense, defined by

A=(§1,)+1078], 4 € R™, (3.4.2)

where B is an incoherent dense matrix defined in (3.4.1), J,, 4 € R™*? is a matrix of all

ones.
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Coherent dense, defined by
A= (Taxt)y 41078, 4 € R™Y (3.4.3)

where J, 4 is a matrix of all ones.

2. The following are three different types of random sparse matrices with different ‘non-uniformity’

of rows.

(a)

Incoherent sparse, defined by
A = sprandn(n, d,0.01, le — 6) € R"*%, (3.4.4)

where ‘sprandn’ is a command in MATLAB that generates a matrix with approximately
0.01nd normally distributed non-zero entries and a condition number approximately

equals to 10°.
Semi-coherent sparse, defined by

A= DB, (3.4.5)
where B € R™*? is an incoherent sparse matrix defined in (3.4.4) and D is a diagonal
matrix with independent N(0,1) entries on the diagonal.
Coherent sparse, defined by

A=D?B, (3.4.6)

where B € R"*? D are the same as in (3.4.5).

3. (Florida matrix collection) A total of 181 matrices in the Florida (SuiteSparse) matrix collec-

tion [29] satisfying:

(a)
(b)

matrices.

matriz.

If the matrix is under-determined, we transpose it to make it over-determined.

We only take a matrix A € R™*? if n > 30000 and n > 2d.

Remark 3. Note that here ‘coherence’ is a more general concept indicating the non-uniformity of
the rows of A. Although ‘coherent dense/sparse’ A tends to have higher values of u(A) than that of

‘“incoherent dense/sparse’ A, the value of u(A) may be similar for semi-coherent and coherent test

The difference is that for ‘coherent’ test matrices, the row norms of A (and U from the

SVD of A) tend to be more non-uniform. In the dense matriz cases, the rows of A are progressively
less uniform due to the presence of the identity blocks. In the sparse matrix cases, the rows of A

are progressively less uniform due to the scalings from the increasing powers of a diagonal Gaussian

The vector b In all the test, the vector b € R™ in (1.3.1) is chosen to be a vector of all ones.
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Figure 3.1: Hashing combined with a randomised Discrete Hartley Transform produces more accurate
sketched matrix SA for a given m/d ratio comparing to sampling combined with a randomised Discrete
Hartley Transform; the accuracy of the sketch is reflected in the quality of the preconditioner R constructed
from the matrix SA, see (3.2.15).

3.4.2 Numerical illustrations

The case for using hashing instead of sampling In Figure 3.1, we generate a random coherent
dense matrix A € R4000%400 defined in (3.4.3), and for each m/d (where d = 400), we sketch the
matrix using S € R™*™ being a HR-DHT defined in (3.3.1) and using SR-DHT defined by

S = S,FD, (3.4.7)

where S5 € R™*™ is a scaled sampling matrix, whose individual rows contain a single non-zero entry
at a random column with value \/Z; F, D are defined the same as in (3.3.1). This is the sketching
used in Blendenpik. We then compute an (non-pivoted) QR factorization of each sketch SA = QR,
and the condition number of AR™!.

We see that using hashing instead of sampling allows the use of smaller m to reach a given

preconditioning quality.

The case for using s-hashing with s > 1 In Figure 3.2 , we let A € R%000x400 he 3 random

incoherent sparse matrix defined in (3.4.4), while in Figure 3.3, A be defined as
A=(81p,) +1075, 4 € R, (3.4.8)

where B € R"*? is a random incoherent sparse matrix, and .J,,» 4 is a matrix of all ones 2. Comparing
Figure 3.2 with Figure 3.3, we see that using s-hashing matrices with s > 1 is essential to produce

a good preconditioner.

12We use this type of random sparse matrix instead of one of the types defined in (3.4.5) because this matrix better
showcases the failure of 1-hashing.
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Figure 3.2: When the data matrix A is an
ill-conditioned sparse Gaussian matrix, using
1,2,3—hashing produces similarly good precondi-
tioners.

Figure 3.3: When the data matrix A has higher co-
herence, using s—hashing with s > 1 is crucial to
produce an acceptable preconditioner.

3.4.3 Compilation and running environment for timed experiments

The above numerical illustrations are done in MATLAB as it does not involve running time. For
all the other studies, unless otherwise mentioned, we use Intel C compiler icc with optimisation flag
-0O3 to compile all the C code, and Intel Fortran compiler ifort with -O3 to compile Fortran-based
code. All code has been compiled in sequential mode and linked with sequential dense/sparse linear
algebra libraries provided by Intel MKL, 2019 and Suitesparse 5.3.0. The machine used has Intel(R)
Xeon(R) CPU E5-2667 v2 @ 3.30GHz with 8GB RAM.

3.4.4 Tuning to set the default parameters

The default parameter values m for Ski-LLS-dense (both with and without R-CPQR) solvers and

m, s for Ski-LLS-sparse are chosen using a calibrating random matrix set. See the below graphs.

Calibration for Dense Solvers In Figure 3.4, Figure 3.5, Figure 3.6, Figure 3.7 we tested Ski-
LLS-dense, Ski-LLS-dense without R-CPQR, Blendenpik and LSRN on the same calibration set
and chose the optimal parameters for them for fair comparison. The default parameters chosen are
m = 1.7d, m = 1.7d, m = 2.2d and m = 1.1d for Ski-LLS-dense, Ski-LLS-dense without R-CPQR,
Blendenpik and LSRN respectively.
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Figure 3.4: Runtime of Ski-LLS-dense on dense matrices A € R"*? from Test Set 1 with n = 50000, d = 4000
and n = 50000,d = 7000 and different values of v = m/d. For each plot, Ski-LLS-dense is run three times
on (the same) randomly generated A. We see that the runtime has low variance despite the randomness in
the solver. We choose v = 1.7 to approximately minimize the runtime across the above plots.
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Figure 3.5: Runtime of Ski-LLS-dense without R-CPQR on dense matrices A € R"*? from Test Set 1 with
n = 50000, d = 4000 and n = 50000, d = 7000 and different values of ¥ = m/d. For each plot, Ski-LLS-dense
without R-CPQR is run three times on (the same) randomly generated A. We see that the runtime has low
variance despite the randomness in the solver. Note that using LAPACK QR instead of R-CPQR results in
slightly shorter running time (c.f. Figure 3.4 ). We choose v = 1.7 to approximately minimize the runtime
across the above plots.
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Figure 3.6: Runtime of Blendenpik on dense matrices A € R™*% from Test Set 1 with n = 50000, d = 4000
and n = 50000, d = 7000 and different values of v = m/d. For each plot, Blendenpik is run three times on
(the same) randomly generated A. We see that the runtime has low variance despite the randomness in the
solver. Note that Blendenpik handles coherent dense A significantly less well than our dense solvers. We

choose v = 2.2 to approximately minimize the runtime across the above plots.
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Figure 3.7: Runtime of LSRN on dense matrices A € R"*? from Test Set 1 with n = 50000, d = 4000 and
n = 50000, d = 7000 and different values of v = m/d. For each plot, LSRN is run three times on (the same)
randomly generated A. We see that the runtime has low variance despite the randomness in the solver.
Note that LSRN runs more than 5 times slower comparing to Blendenpik or Ski-LLS in the serial testing
environment, due to the use of SVD and Gaussian sketching. We choose 7 = 1.1 to approximately minimize
the runtime across the above plots.

Calibration for Ski-LLS-sparse In In Figures 3.8 and Figure 3.9 Figure 3.10 and Figure 3.11,

we tested Ski-LLS-sparse and LSRN on the same calibration set and choose the optimal parameters
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from them for fair comparison. Note that in the below calibration, 7, = 10~ is used instead of the
default value of Ski-LLS-sparse. There is no 7, because the solver at that time has not implemented
Step 3 of Algorithm 1. The SPQR ordering used is the SuiteSparse default instead of Ski-LLS default

(AMD). The other parameters, itz , rcondipy,es, perturb are the same as the default.
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Figure 3.8: Running time of Ski-LLS-sparse on sparse matrices A € R™*? from Test Set 2 with n =
80000, d = 4000 and n = 120000, d = 3000 using different values of s and v = m/d. We choose m = 1.4d,s =
2 in consideration of the above plot and the residual accuracy in Figure 3.9 but also taking into account
some experiments of Ski-LLS-sparse we have done on the Florida matrix collection.
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Figure 3.9: Corresponding residual on sparse matrices A € R™*? from Test Set 2 with n = 80000, d = 4000
and n = 120000, d = 3000 using different values of s and v = m/d. Note that using 1-hashing (s = 1) results
in inaccurate solutions.
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Figure 3.10: Runtime for LSRN on sparse matrices A € R™*? from Test Set 2 with n = 80000,d = 4000
and n = 120000,d = 3000 using different values of v = m/d. We choose m = 1.1d in consideration of
the above plot and the residual accuracy in Figure 3.11 but also taking into account some experiments of
Ski-LLS-sparse we have done on the Florida matrix collection.
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Figure 3.11: Residual values obtained by LSRN on the same sparse problems as in Figure 3.10.

3.4.5 Residual accuracy of Ski-LLS

Since our theory in Section 3.2 is only an approximation of the practical implementation as discussed
in Section 3.3.2, we numerically test Ski-LLS’s accuracy of solving (1.3.1). We choose 14 matrices
A in the Florida matrix collection with different dimensions and rank-deficiencies (Table 3.2). We

use LAPACK’s SVD-based linear least squares solver (SVD), LSRN, Blendenpik, Ski-LLS-dense and
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Ip shipl2] Franzl GL7d26 cis-n4c6-b2 Ip modszkl rel5 ch5-5-b1l

SVD 18.336 26.503 50.875 6.1E-14 33.236 14.020 7.3194
LSRN 18.336 26.503 50.875 3.2E-14 33.236 14.020 7.3194
Blendenpk NaN 9730.700 NaN 3.0E+402 NaN NaN 340.9200
Ski-LLS-dense 18.336 26.503 50.875 5.3E-14 33.236 14.020 7.3194
Ski-LLS-sparse 18.336 26.503 50.875 6.8E-14 33.236 14.020 7.3194
n3c5-b2 ch4-4-b1 n3c5-bl n3c4-bl connectus landmark cis-n4c6-b3

SVD 9.0E-15 4.2328 3.4641 1.8257 282.67 1.1E-05 30.996
LSRN 6.7E-15 4.2328 3.4641 1.8257 282.67 1.1E-05 30.996
Blendenpk 1.3E+402 66.9330 409.8000 8.9443 NaN NaN 3756.200
Ski-LLS-dense 5.2E-15 4.2328 3.4641 1.8257 282.67 1.1E-05 30.996
Ski-LLS-sparse 6.9E-15 4.2328 3.4641 1.8257 282.67 1.1E-05 30.996

Table 3.1: Residuals of solvers for a range of rank-deficient problems taken from the Florida matrix collection
[29]. The matrices are all sparse but we convert them into dense format before applying a dense solver such
as Blendenpik. We see both Ski-LLS-dense and Ski-LLS-sparse achieve excellent residual accuracy for rank-
deficient problems, as well as LSRN. Blendenpik is not designed for rank-deficient problems and either
returns a large residual or encounters numerical issues, returning NaN.

nrow ncol rank
Ip_ship12l 5533 1151 1042
Franzl 2240 768 755
GL7d26 2798 305 273
cis-n4c6-b2 1330 210 190
Ip_ modszkl 1620 687 686
relb 240 35 24
ch5-5-b1 200 25 24
n3c5-b2 120 45 36
ch4-4-b1 72 16 15
n3chH-bl 45 10 9
n3c4-bl 15 6 5
connectus 394792 512 <458
landmark 71952 2704 2671
cis-n4c6-b3 5940 1330 1140

Table 3.2: Dimensions for the problems tested in Table 3.1

Ski-LLS-sparse on these problems with the residual shown in Table 3.1.13

We see both of Ski-LLS-dense and Ski-LLS-sparse have excellent residual accuracy comparing
to SVD-based LAPACK solver.
rank-deficient (1.3.1).

The result also shows that Blendenpik fails to accurately solve

In our large scale numerical study with the Florida matrix collection, the residuals are also
compared and the solution of Ski-LLS-sparse is no-less accurate than the state-of-the-art sparse

solvers LS SPQR and LS HSL(see later sections).

3.5 Numerical performance
3.5.1 Solvers compared and their parameters

Recall Ski-LLS treats dense and sparse A differently in (1.3.1). For dense A, we compare to the state-
of-the-art sketching solver Blendenpik, that has been shown to be four times faster than LAPACK
on dense, large scale and moderately over-determined full rank problems [5] **. The parameters for

Blendenpik are m = 2.2d *®, 7, = 1075, it,0r = 10* and wisdom = 1. The same wisdom data file

13These problems are given in a sparse format. We convert them to a dense format for dense solvers. Thus the
dense solvers cannot assume any entry is a priori zero.

14 Available at https://github.com/haimav/Blendenpik. For the sake of fair comparison, we wrote a C interface and
uses the same LSQR routine as Ski-LLS.

15Chosen by calibration, see Appendix B.
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as Ski-LLS is used.

For sparse A, we compare to the following solvers

1. HSL_ MI35 (LS_HSL), that uses an incomplete Cholesky factorization of A to compute a
preconditioner of the problem (1.3.1), before using LSQR. !¢ The solver has been shown to be
competitive for sparse problems (1.3.1) [39, 38]. We use 7. = 107¢ and it,,q, = 10%.

2. SPQR_SOLVE (LS_SPQR), that uses SPQR from Suitesparse to compute a sparse QR fac-
torization of A, which is exploited to solve (1.3.1) directly. 7 The solver has been shown to

be competitive for sparse problems [28].

3. LSRN, that uses the framework of Algorithm 1, with S having i.i.d. N (0,1/4/m) entries in
Step 1; SVD factorization from Intel LAPACK of the matrix SA in Step 2; the same LSQR
routine as Ski-LLS in Step 4. '® LSRN has been shown to be an effective solver for possibly
rank-deficient dense and sparse (1.3.1) under parallel computing environment [78]. However,
parallel computing is outside the scope of this study and we therefore run LSRN in a serial
environment. Hence the performance of LSRN may improve under parallelism. The default

parameters are chosen to be m = 1.1d, 7, = 1075, it,q0 = 10%.

3.5.2 Running time performance on randomly generated full rank dense

A

Our first experiment compares of Ski-LLS for dense (1.3.1) with Blendenpik. For each matrix of
different size shown in the x-axis of Figure 3.12, 3.13, 3.14, we generate a coherent, semi-coherent and
incoherent dense matrix as defined in (3.4.3), (3.4.2), (3.4.1). Blendenpik, Ski-LLS (dense version)
and Ski-LLS without R-CPQR are to solve (1.3.1) with b being a vector of all ones. The running
time ¢ with the residual | Az — b||2 are recorded, where z is the solution returned by the solvers. The
residuals are all the same up to six significant figures, indicating all three solvers give an accurate
solution of (1.3.1).

We see that using hashing instead of sampling yields faster solvers by comparing Ski-LLS without
R-CPQR to Blendenpik, especially when the matrix A is of the form (3.4.3). We also see that Ski-
LLS with R-CPQR is as fast as Blendenpik on full rank dense problems while being able to solve
rank-deficient problems (Table 3.1).

The default parameters for Ski-LLS is used, and the parameters for Blendenpik is mentioned

before.

163ee http://www.hsl.rl.ac.uk/specs/hsl mi35.pdf for a full specification. For the sake of fair comparison, we wrote
a C interface and uses the same LSQR routine as Ski-LLS. We also disable the pre-processing of the data as it was
not done for the other solvers. We then found using no scaling and no ordering was more effective than the default
scaling and ordering. Hence we chose no scaling and no ordering in the comparisons. As a result, the performance of
HSL may improve, however [39] experimented with the use of different scaling and ordering, providing some evidence
that the improvement will not be significant.

17 Available at https://people.engr.tamu.edu/davis/suitesparse.html.

18Note that LSRN does not contain the Step 3.
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Figure 3.12: Time taken by solvers to compute Figure 3.13: Time taken by solvers to compute
the solution of problem (1.3.1) for A being co- the solution of problem (1.3.1) for A being semi-
herent dense matrices of various sizes (x-axis) coherent dense matrices of various sizes (x-axis)

Incoherent A
120 T T T T

I Biondenpik
Our Solver
[ Our Solver without CPQR

time

Figure 3.14: Time taken by solvers to compute
the solution of problem (1.3.1) for A being inco-
herent dense matrices of various sizes (x-axis)
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3.5.3 Running time performance on randomly generated full rank sparse
A

Results, Sparse random matrices Figure 3.15, 3.16, 3.17 show the performance of Ski-LLS
compared to LS _HSL and LS _SPQR on sparse random matrices of different types and sizes. We
see Ski-LLS can be up to 10 times faster on this class of data matrix A. We also tested on LSRN
but do not report the result because LSRN takes much longer than the other solvers for this class
of data in the serial running environment.

Note that in this experiment, the solvers are compiled and run in a different machine then
mentioned in Section 3.3.2, but all solvers are run on this machine in this experiment. The machine
has 2.9 GHz Quad-Core Intel Core i7 CPU and 16MB RAM. Moreover, the parameter s = 3 is
chosen for Ski-LLS '°. Furthermore, our solver was an old version without Step 3 implemented and
uses the SPQR default ordering. Otherwise the settings are the same as the default settings for
Ski-LLS, LS HSL, LS _SPQR and LSRN.

3.5.4 Large scale benchmark of Ski-LLS-sparse on the Florida Matrix
Collection

Performance profile Performance profile [30] has in recent years have become a popular and
widely used tool for providing objective information when benchmarking software. In a typical
performance profile here, we have the running time ratio against the fastest solver on the x-axis,
reported in log2 scale. For each running time ratio a, we have the ratio of problems in the test set b
on the y-axis such that for a particular solver, the running time ratio against the best solver is within
a for b percent of the problems in the test set. For example, the intersect between the performance
curve and the y-axis gives the ratio of the problems in the test set such that a particular solver is

the fastest.

Running and testing environment specific to the benchmark experiment Given a prob-
lem A from the test set, let (11,72, 73,74) be the residuals of solutions computed by the four solvers
compared. And let 7 = minr;. A solver is declared as failed on this particular problem if one of the

following two conditions holds

1. r; > (1+7.)r and r; > r+7,. So that the residual of the solution computed is neither relatively

close nor close in absolute value to the residual of the best solution 2°.

2. The solver takes more than 800 wall clock seconds to compute a solution.

19 According to Appendix C, the running time of Ski-LLS with s = 2 and s = 3 is similar.

20Note that the residual of the best solution is in general only an upper bound of the minimal residual. However
since it is too computational intensive to compute the minimal residual solution of all the problems in the Florida
matrix collection, we use the residual of the best solution as a proxy.
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Figure 3.15: Running time comparison of Ski-
LLS with LS HSL and LS _SPQR for randomly
generated incoherent sparse matrices of different
sizes.
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Figure 3.17: Running time comparison of Ski-
LLS with LS HSL and LS _SPQR for randomly
generated coherent sparse matrices of different
sizes.
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Figure 3.16: Running time comparison of Ski-
LLS with LS HSL and LS_SPQR for randomly
generated semi-coherent sparse matrices of dif-
ferent sizes.
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Figure 3.18: Performance profile compari- Figure 3.19: Performance profile compari-

son of Ski-LLS with LSRN, LS HSL and son of Ski-LLS with LSRN, LS HSL and
LS_SPQR for all matrices A € R™*% in the LS_SPQR for all matrices A € R™*% in the
Florida matrix collection with n > 30d. Florida matrix collection with n > 10d.

In the case that a solver is declared as failed, we set the running time of the solver to be 9999
seconds on the corresponding problem. This is because we want to include all the problems such
that at least one of the solvers compared succeeded. As a result, a very large running time (ratio)
could be due to either an inaccuracy of the solver or an inefficiency of the solver. We note that for
all successful solvers, the running time is bounded above by 800 seconds so that there will be no
confusion of whether a solver is successful or not.

The default parameters (as described in Section 3.3.2) for all solvers are used.

Results, highly over-determined matrices in the Florida Matrix Collection Figure 3.18

shows Ski-LLS is the fastest in 75% of problems in the Florida matrix collection with n > 30d.

What happens when the problem is moderately over-determined? Figure 3.19 shows
LS _HSL is the fastest for the largest percentage of problems in the Florida matrix collection with
n > 10d. Ski-LLS is still competitive and noticeably faster than LSRN.

Effect of condition number Many of the matrices in the Florida matrix condition has low
condition numbers so that unpreconditioned LSQR converges in a few iterations. In those cases, it is
disadvantageous to compare Ski-LLS to LS _HSL because we compute a better quality preconditioner
through an complete orthogonal factorization.

Figure 3.20 show Ski-LLS is fastest in more than 50% of the moderately over-determined (n >

10d) problems if we only consider problems such that it takes LSQR more than 5 seconds to solve.

Effect of sparsity Figure 3.21 shows Ski-LLS is extremely competitive, being the fastest in all

but one moderately over-determined problems with moderate sparsity (nnz(A4) > 0.01nd).
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Figure 3.20: Performance profile compari-
son of Ski-LLS with LSRN, LS HSL and
LS_SPQR for all matrices A € R™*% in the
Florida matrix collection with with n > 10d
and the unpreconditioned LSQR takes more
than 5 seconds to solve.
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Chapter 4

First order subspace method for
general objectives

4.1 Introduction

This chapter expands the materials in [14, 13]. In Section 4.2, we first describe Algorithm 2, a generic
algorithmic framework for solving (1.4.1) by taking successive steps computed from approximately
minimising (random) reduced models. Our main result Theorem 4.2.1 provides complexity bound
on the total number of iterations before Algorithm 2 drives the gradient of objective below €, with
high probability. Deducing from Theorem 4.2.1, we also show that the quantity ming<n ||V f(zr)||5
converges to zero with high probability, and the convergence of E [ming<n ||V f(zx)]|5]. The rate of
these convergences depends on a function in one of the assumptions required by the framework.

In Section 4.3, we prove Theorem 4.2.1. The proof carefully counts the different types of iterations
and uses a conditional form of the Chernoff bound whose proof we provide for completeness.

In Section 4.4, we describe Algorithm 3 that particularises Algorithm 2 by using random matri-
ces to build random reduced models. We show how using random matrices that are oblivious JL
embeddings satisfies the assumptions required for the convergence result in Theorem 4.2.1.

In Section 4.5, Algorithm 3 is further particularised to a quadratic-regularisation and a trust-
region variant, depending on how the minimisation of the random reduced model is specified. Section
4.5 then uses Theorem 4.2.1 to show that both variants drive the full objective gradient V f(xy)
below € in O (}2) iterations with high probability, matching the deterministic methods’ iteration
complexity.

In Section 4.6, we introduce non-linear least squares, a particular type of non-convex optimisation
problems (1.4.1). We show how Algorithm 3 safe-guarded with trust-region leads to a subspace
version of the well-known Gauss-Newton method, Randomised-Subspace Gauss Newton (R-SGN),
with a convergence guarantee. We numerically illustrate the performance of R-SGN on non-linear

least squares and logistic regression problems.
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Related literature [17] proposes a generic algorithmic framework based on probabilistic models
with an expected iteration complexity bound to generate a sufficiently small (true) gradient. Various
strategies are discussed in [17] to generate such models both for derivative-based and derivative-free
methods; however, subspace methods cannot be easily captured within the conditions and models
used in [17]. In [45], a trust-region based method with probabilistically accurate models is proposed,
with an iteration complexity bound of O (6’2) for the algorithm to drive the full gradient below e,
with high probability. [60] analyses a random subspace method with constant step size, where the
sketching matrix Sy satisfies E [SgSk] = Iz and SkS,{ = %I[d. However, their convergence result
requires the objective to be convex, or to satisfy the Polyak-Lojasiewicz inequality. Independently
from our work/at the same time, [61] proposes a random subspace gradient descent method with
linesearch; it uses Johnson-Lindenstrauss embedding properties in the analysis, similarly to our
framework, but fewer ensembles are considered. However, their analysis only applies under various

convexity assumptions of the objective.

4.2 General algorithmic framework and its convergence result

We consider the unconstrained optimisation problem

f* = min f(x). (4.2.1)

TERY
4.2.1 Generic algorithmic framework and assumptions

We first describe a generic algorithmic framework that encompasses the main components of the
unconstrained optimization schemes we analyse in this chapter. The scheme relies on building a local,
reduced model of the objective function at each iteration, minimizing this model or reducing it in
a sufficient manner and considering the step which is dependent on a stepsize parameter and which
provides the model reduction (the stepsize parameter may be present in the model or independent of
it). This step determines a new candidate point. The function value is then computed (accurately)
at the new candidate point. If the function reduction provided by the candidate point is deemed
sufficient, then the iteration is declared successful, the candidate point becomes the new iterate
and the step size parameter is increased. Otherwise, the iteration is unsuccessful, the iterate is not
updated and the step size parameter is reduced.

We summarize the main steps of the generic framework below.

69



Algorithm 2 Generic optimization framework based on randomly generated reduced

models

Initialization
Choose a class of (possibly random) models my, (w(8)) = 1 (8), where § € R! with [ < d
is the step parameter and w; : R — R? is the prolongation function. Choose constants
y1 € (0,1), v2 = 71 ¢, for some ¢ € NT (NT refers to the set of positive natural numbers),
0 € (0,1) and amax > 0. Initialize the algorithm by setting xg € R?, o = amazfyf for some
p € NT and k = 0.

1. Compute a reduced model and a step
Compute a local (possibly random) reduced model my, (8) of f around xy, with 7y (0) = f(z).
Compute a step parameter 8 (ay ), where the parameter oy is present in the reduced model or
the step parameter computation.
Compute a potential step sp = wg(8).

2. Check sufficient decrease
Compute f(zx + si) and check if sufficient decrease (parameterized by ) is achieved in f with
respect to My (0) — 1y, (sk(o)).

3, Update the parameter «; and possibly take the potential step s;
If sufficient decrease is achieved, set xp11 = xp + s and agy1 = min {amaes, Y20} [this is
referred to as a successful iteration].
Otherwise set zx4+1 = Tk and agy1 = Y104 [this is an unsuccessful iteration].
Increase the iteration count by setting £ = k + 1 in both cases.

The generic framework and its assumptions we present here is similar to the framework presented
in [17]. We extended their framework so that the proportionality constants for increase/decrease of
the step size parameter are not required to be reciprocal, but reciprocal up to an integer power (see
Assumption 2). Even though the framework and its assumptions are similar, our analysis and result
are different and qualitatively improve upon their result (in the way that Theorem 4.2.1 implies
their main result Theorem 2.1). Moreover, we show how to use random-embedding based sketching
to build the reduced model in Section 4.4.

The connection between the generic framework and classical optimisation literature is detailed in
[17]. Here we give a simple example. If we let [ = d and wy, be the identity function in Algorithm 2

so that my(s) = my (8); and if we let
1
mp(s) = f(zr) + Vf(zp)Ts + §sTBks,

where By, is a Hessian approximation, and compute the step parameter (or in this case, since wy, is
the identify function, the step) by seeking a solution of the problem
min my(s) such that [|s||, < ou;

sER?

and if we define the sufficient decrease by

f(xr) = f(2r + s) = 0 [my (0) — my (k)]
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then Algorithm 2 reduces to the (deterministic) trust-region method, see [85].
Because the model at each iteration is (possibly) random, zj, s, are in general random
variables. We will use Ty, 5i, @ to denote their realizations. We define convergence in terms of

a random variable N, that can be a function of a positive scalar(s) €, as well as the sequences

{f @)} AV f(z)}, {V?f(2x)}. For example,

Ne=min{k : |V f(xp)|, < €} (4.2.2)

will be used to represent convergence to a first-order local stationary point, as in [17]. We say
that Algorithm 2 has not converged if k& < N, and has converged otherwise. Furthermore, let us
suppose that there is a class of iterations, hereafter will be referred to as true iterations such that
Algorithm 2 satisfies the some conditions.

The convergence of Algorithm 2 relies on the following four assumptions. The first assumption
states that given the current iterate (at any value), an iteration k is true at least with a fixed

probability, and is independent of the truth values of all previous iterations.

Assumption 1. There exists 05 € (0,1) such that for any ), € R and k = 1,2, . ..
P (Ty|zy = Zx) > 1 —ds,

where Ty, is defined as
1, if iteration k is true

T, = 4.2.3
i {0, otherwise. ( )

Moreover, P (Ty) > 1—0dg; and Ty, is conditionally independent of Ty, 11, ..., Tk—1 given T = Tj.

The next assumption says that for oy small enough, any true iteration before convergence is

guaranteed to be successful.

Assumption 2. For any € > 0, there exists an iteration-independent constant oy > 0 (that may
depend on € and the problem and algorithm parameters) such that if iteration k is true, k < N, and

ar < o then iteration k is successful.

The next assumption says that before convergence, true and successful iterations result in an
objective decrease lower bounded by an (iteration-independent) function h, which is monotonically

increasing in its two arguments, € and ay.

Assumption 3. There exists a non-negative, non-decreasing function h(z1,z2) such that, for any

€ > 0, if iteration k is true and successful with k < N, then

far) = for + si) > (e o), (4.2.4)

where sy is computed in step 1 of Algorithm 2. Moreover, h(z1,22) > 0 if both z; > 0 and z2 > 0.
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The final assumption requires that the function values at successive iterations must form a non-

increasing sequence throughout the algorithm.

Assumption 4. For any k € N, we have

f(xr) > f(@r41). (4.2.5)

The following Lemma is a simple consequence of Assumption 2.

Lemma 4.2.1. Let € > 0 and Assumption 2 hold with oy > 0. Then there exists 7, € Nt, and

Qmin > 0 such that

-
Qmin = 001, (4.2.6)
Amin < Qow,

%))

Qi S77 4.2.7
"< (4.2.7)

where y1, Y2, g are defined in Algorithm 2.

. Qlow 1
Ta = [bg% <m1n{olj:, 72}>—‘ , (4.2.8)

Qmin = 001 (4.2.9)

log., (QL"Ow )

We have that omin < aoyy

Proof. Let

= Qow-. Therefore by Assumption 2, if iteration k is true,

logﬂ(%) _ ao _

k < N, and o < am, then iteration £ is successful. Moreover, aunin < oy == a0

It follows from apin = apy]® that 7, > c¢. Since ¢ € N, we have 7, € NT as well.

O

4.2.2 A probabilistic convergence result

Theorem 4.2.1 is our main result for Algorithm 2. It states a probabilistic bound on the total number

of iterations N, needed to converge to e-accuracy for the generic framework.

Theorem 4.2.1. Let Assumption 1, Assumption 2, Assumption 8 and Assumption 4 hold with
8s € (0,1), 10w > 0, h: R?2 = R and aumin = agy]® associated with qyeyy, for some 7, € NT. Let

e >0, f* defined in (4.2.1). Run Algorithm 2 for N iterations. Suppose

5s < ﬁ (4.2.10)
Then for any 61 € (0,1) such that
9(8s,01) > 0, (4.2.11)
where B
9(6s,61) = |(1 —ds)(1 —d1) — 1+ (CJ%)Q (4.2.12)
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If N satisfies

f(xO) B f* Ta
N > g(ds,6 : 4.2.13
= 900, 01) h(e,0yit™)  1+c¢ ( )
we have that
52
P(N>N,)>1—e 2z0-9N1 (4.2.14)

Remark 4. Note that 555 € (0, 1] for ¢ € N*. Therefore (4.2.10) and (4.2.11) can only be
satisfied for some c, 61 given that dg < i. Thus our theory requires an iteration s true with probability
at least %. Compared to the analysis in [17], which requires an iteration is true with probability at
least %, our condition is stronger. This is due to the high probability nature of our result, while
their convergence result is in expectation. Furthermore, we will see in Lemma 4.4.2 that we are able
to impose arbitrarily small value of §s, thus satisfying the requirement, by choosing an appropriate

dimension of the local reduced model 1y, (§).

We show how our result leads to Theorem 2.1 in [17], which concerns E [N]. We have, with Ny
defined as the RHS of (4.2.13),

]E[Ne]:/ P (N, > M)dM
0
No [e%s)
:/ P(N6>M)dM+/ P(N. > M)dM
0 No

§N0+/ P (N, > M)dM
No

< N0+/ e‘é(l_SS)MdM
No
2 5%
— N, — 5 (1-85)No
TS 6s) ’
where we used Theorem 4.2.1 to derive the last inequality. The result in [17] is in the form of
E [N < Ny. Note that the discrepancy term is exponentially small in terms of Ny and therefore

the implication of our result is asymptotically the same as that in [17].

4.2.3 Corollaries of Theorem 4.2.1

Before we begin the proof, we state and prove three implications of Theorem 4.2.1, provided some
mild assumptions on h with N.. These results show different flavours of Theorem 4.2.1.

The following expressions will be used, along with g(dg,d1) is defined in (4.2.11)

q(€) = h(€, Y1 min), (4.2.15)
D1 = g(0s,61)(f(wo) — f7), (4.2.16)
D, 29(55761)1?:6, (4.2.17)
Dy = %(1 —ds). (4.2.18)

1For the sake of clarity, we stress that N is a deterministic constant, namely, the total number of iterations that
we run Algorithm 2. N¢, the number of iterations needed before convergence, is a random variable.
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From (4.2.15), (4.2.16), (4.2.17), (4.2.18), a sufficient condition for (4.2.13) to hold is

f(xU) - f* + Ta
h(e, ¥samin) 1+c

and (4.2.14) can be restated as
P(N > N)>1—e Pl

The first corollary gives the rate of change of ming<n ||V f(2r)||, as N — oo. It will yield a rate

of convergence by substituting in a specific expression of h (and hence ¢—1).

Corollary 4.2.1. Let Assumption 1, Assumption 2, Assumption 3, Assumption 4 hold.
Let f*,q, D1, Dy, D3 be defined in (4.2.1), (4.2.15), (4.2.16), (4.2.17) and (4.2.18). Suppose (4.2.10)

hold and let §; € (0,1) satisfy (4.2.11). Then for any N € N such that ¢~ * (N?bz) exists, we have

. _ D, _
< 1 > _ D3N
P <}£rg]r\} IVflz)lls <gq (N — D2>) >1—e . (4.2.19)

Proof. Let N € N such that ¢! (leibg) exists and let e = ¢! (N?ibg). Then we have

P (ggg IV Flly < ! ( — D)) —p (ggg IV £ @)l < ) SP(NSN,),  (42.20)

where the inequality follows from the fact that N > N, implies ming<ny ||V f(zr)]l, < €. On the

other hand, we have

D,
N =5 4D,

N—Do

D,
= =L 4+ D,
q(e)

Therefore (4.2.13) holds; and applying Theorem 4.2.1, we have that P (N > N,.) > 1—e P3N Hence

(4.2.20) gives the desired result.

The next Corollary restates Theorem 4.2.1 for a fixed arbitrarily high success probability.

Corollary 4.2.2. Let Assumption 1, Assumption 2, Assumption 3, Assumption 4 hold. Suppose
(4.2.10) hold and let 6, € (0,1) satisfy (4.2.11). Then for any ¢ € (0,1), suppose

D, log (3)
N > max{ — + Do, , 4.2.21
= {Q(G) 2 D3 ( )

where Dy, Dy, D3, q are defined in (4.2.16), (4.2.17), (4.2.18) and (4.2.15). Then

P <II%% IV f(zi)lly < e> >1—0.
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Proof. We have
P (,ﬁ&i}& IV f(zp)]l, < e> >P(N>N)>1—e PN >1-4

where the first inequality follows from definition of N, in (4.2.2), the second inequality follows from

Theorem 4.2.1 (note that (4.2.21) implies (4.2.13)) and the last inequality follows from (4.2.21). O

The next Corollary gives the rate of change of the expected value of miny<n ||V f(zr)|l, as N

increases.

Corollary 4.2.3. Let Assumption 1, Assumption 2, Assumption 3, Assumption 4 hold. Suppose
(4.2.10) hold and let 61 € (0,1) satisfy (4.2.11). Then for any N € N such that ¢~ * (N?}:)Q) exists,
where q, D1, Dy are defined in (4.2.15), (4.2.16), (4.2.17), we have

. _ D, -
B iy 197l < o (5225 ) + IV Gaolloe ™
where D3 is defined in (4.2.18) and xg is chosen in Algorithm 2.

Proof. We have
E [,ggig ||Vf(xk)||2}
<P (,?éiﬁ IV fzn)lly <a (Nllez)) - (NI—)1D2>
+P (I?%ijg IV )l > g (Nl_%DQ)) ——

D
<q ( ! ) e PN £ (20) .

N — Dy

where for the first inequality, we split the integral in the definition of expectation

B | iy IVl = [P (in 19 @), = o) ado

471<N_D2) %)
-/ ? (juin 19 (o)l =) o+ [ oy ? (s 19 0l = =)

N—Dy -

; and used P (ming<n ||V f(zk)]|, = ) = 0 for z > ||V f(z0)|, which follows from ming<n |V f(z1)|5 <
IV f(x0)]|5. For the second inequality,

we used P (mingew [V F (i), < a7 (525;) ) < 1 and B (mingen VI @)l > 07 (525)) <

e PsN by (4.2.19). O

4.3 Proof of Theorem 4.2.1

The proof of Theorem 4.2.1 involves a technical analysis of different types of iterations. An iteration
can be true/false using Definition 4.4.1, successful/unsuccessful (Step 3 of Algorithm 2) and with

an «y above/below a certain value. The parameter a4 is important due to Assumption 2 and

75



Assumption 3 (that is, it influences the success of an iteration; and also the objective decrease in
true and successful iterations).

Given that Algorithm 2 runs for N iterations, we use N with different subscripts to denote the
total number of different types of iterations, detailed in Table 4.1. We note that they are all random
variables because «y, and whether an iteration is true/false, successful /unsuccessful all depend on

the random model in Step 1 of Algorithm 2 and the previous (random) steps.

Symbol Definition

Nr Number of true iterations

Np Number of false iterations

Nrg Number of true and successful iterations

Ng Number of successful iterations

Ny Number of unsuccessful iterations

N7y Number of true and unsuccessful iterations

Nramr Number of true iterations such that ap < amin

Nsamm Number of successful iterations such that ar < apmin

Nrain Number of true iterations such that oy > amin

NT@n Number of true and successful iterations such that o > amin
NTU,E Number of true and unsuccessful iterations such that oy > amin
NU,QI Number of unsuccessful iterations such that ap > amin
Ng,,ﬁTm in Number of successful iterations such that ax > y{omin

NTS Acamin Number of true and successful iterations such that ar > Yfamin

NFsA¢ami, ~Number of false and successful iterations such that ay > yfamin

Table 4.1: List of random variables representing iteration counts given that Algorithm 2 has run for N
iterations

The proof of Theorem 4.2.1 relies on the following three results relating the total number of

different types of iterations.

The relationship between the total number of true iterations and the total number
of iterations Lemma 4.3.1 shows that with high probability, a constant fraction of iterations of

Algorithm 2 are true. This result is a conditional variant of the Chernoff bound [20].

Lemma 4.3.1. Let Assumption 1 hold with és € (0,1). Let Algorithm 2 run for N iterations. Then

for any given 61 € (0,1),
5%
P(Np < (1—685)(1—68)N) <e 3 170N, (4.3.1)
where Nt is defined in Table 4.1.

The proof of Lemma 4.3.1 relies on the below technical result.

Lemma 4.3.2. Let Assumption 1 hold with 05 € (0,1). Let Ty, be defined in (4.2.3). Then for any
A >0 and N € N, we have

E[e 251 < [e<e”—1>(1—5s)}N.
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Proof. Let A > 0. We use induction on N. For N = 1, we want to show

E [e—ATO] < ele M =1)(1-ds)
Let g(x) = e~**. Note that
9(x) < g(0) + [g(1) — g(0)] a, for any x € [0, 1], (4.3.2)
because g(x) is convex. Substituting 2 = T}, we have
e Mo <14 (e = DTy
Taking expectation, we have that
E[e ] <1+ (e - 1)E[Tp). (4.3.3)

Moreover, we have

E[T] >P(Ty =1) > 1 - ds,

where the first inequality comes from Ty > 0 and the second inequality comes from Assumption 1.

Therefore, noting that e=* — 1 < 0, (4.3.3) gives
E[e ] <14 (e = 1)(1 = dg) < ele ~D0=0s), (4.3.4)

where the last inequality comes from 1+ y < e¥ for y € R.

Having completed the initial step for the induction, let us assume
E e D0 | < [l m00-09)] A (4.3.5)
We have
E [e_)‘ Py T"}
-E {E [e**ZiVJol T Ty, T, . .. ,TN_Q,xN_lﬂ
—E [e*AZk”;oz T [Ty, T, . . ,TN_Q,xN_l]}
—F {e—kZiV:’oz T [~ N |xN,1H : (4.3.6)

where the first equality comes from the Tower property and the last equality follows from T _1 is
conditionally independent of Ty, T4, ..., Tn—2 given xx_1 (see Assumption 1).

Substituting x = Ty—; in (4.3.2), and taking conditional expectation, we have that
Ele Mt ay_q] <14 (e = DE[Ty_1]zn-_1].

On the other hand, we have that E [Tn_1|zy—1] > P[Tn_1 = l|lzy_1] > 1 — dg, where we used
Tx—1 > 0 to derive the first inequality and P [Tn_1 = l|zy—_1 = Zn_1] > 1 — 0 for any Tn_1 (see

Assumption 1) to derive the second inequality. Hence

E I:e—ATN—l |1'N71} < 6(67)‘—1)(1—55)’
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as in (4.3.4).
It then follows from (4.3.6) that

E {e—xzﬁgg Tk} < (e D (1-05)R [e—xzﬁzﬁn} < [e(e**—lxl—as)}N’

where we used (4.3.5) for the last inequality. O

Proof of Lemma 4.3.1. Note that with N being the total number of iterations, we have Np =
ZkN;Ol Ty, where T}, is defined in (4.2.3). Applying Markov inequality, we have that for any A > 0,

P(Nr < (1-6s5)(1—=01)N)=P (eiANT > e*A(lft?s)(lf&l)N)
< E [ W] A0-89)(-00N
=E [e"\zi-vzll Tk} A1=05)(1=61)N

< ez\r(e**—n(1—(ss)+,\(1—55)(1—51)1\/7 (4.3.7)

where we used Lemma 4.3.2 to derive the last inequality.

Choosing A = —log(1 — d1) > 0, we have from (4.3.7)

P(Np < (1—65)(1—06;)N) < eN(1=65)[=61—(1—-61) log(1—61)]

52
< e~ F-s9)N
where we used —81 — (1 — 61) log(1 — §;) < —d%2/2 for &; € (0,1). O

The relationship between the total number of true iterations with o < a,,;, and the
total number of iterations The next Lemma shows that we can have at most a constant fraction

of iterations of Algorithm 2 that are true with ax < @min-

Lemma 4.3.3. Let Assumption 2 hold with ajey > 0 and ¢ € NT and let aypipn associated with ooy
be defined in (4.2.6) with 7, € N*. Let € > 0, N € N be the total number of iterations; and Ny a—
be defined in Table 4.1. Suppose N < N.. Then

N
c+1°

Nram < (4.3.8)

Proof. Let k < N—12. Tt follows from N < N, that k < N, and by definition of @, (Lemma 4.2.1),
iteration k is true with ag < @, implies that iteration k is successful (with ap < Qunin)-
Therefore we have

NT,amm < NS',ozmm' (439)

If Nsamm = 0, then Ny g = 0 and (4.3.8) holds. Otherwise let

k =max {k < N — 1 : iteration k is successful and ay < Qmin} - (4.3.10)

2Note that k = 0,1,..., N — 1 if the total number of iterations is N.
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Then for each k € {0,1,...,k}, we have that either iteration k is successful and a < tupin, in which
case ag+1 = Y20 (note that (4.2.7) and ag < qupipn ensure max {yaQu, Qmas } = Y2k ); or otherwise

Qg4+1 > y1ay (which is true for any iteration of Algorithm 2). Hence after k + 1 iterations, we have

— Nsa—
T KA1 Ns o 2 T %
OF, 1 = 007 ? 7 ° = (%) 71“
Nsomin
> g (j) W, (43.11)

where we used k + 1 < N for the last inequality. On the other hand, we have
oz = Y205 < V2lmin,

where we used iteration k is successful and of < Qpin from (4.3.10). Therefore, combining the last

S, & min

displayed equation with (4.3.11), we have Yo > oy 112 Qo (%) V. Taking logarithm

on both sides, we have

log(V2@min) > log(ao) + Nsamr 10g<3?> + Nlog(1).

Rearranging, we have

Nsamm < poN + 1,

; _ log(i/m) _ _1 _ log(yeamin/a0) _ c—Tq4
with pg = m = oq and p; = 10g2(v2/'71) ©o= “c+1 < 0 as 7, > ¢ > 0. Therefore we have
Nswmm < Cfl and (4.3.9) then gives the desired result. O

The relationship between the number of unsuccessful iterations and the number of
successful iterations The next Lemma formalises the intuition that one cannot have too many
unsuccessful iterations with oy > a4, compared to successful iterations with ay > y{umin, because
unsuccessful iterations reduce ay, and only successful iterations with ap > y{min may compensate
for these decreases. The conditions that @i, = aoy(®, 12 = %c and uper = ao'yf for some
Ta, ¢, € NT are crucial in the (technical) proof.

Lemma 4.3.4. Let Assumption 2 hold with qqoy > 0. Let unin associated with oy, be defined in
(4.2.6) with 7, € NT. Let N € N be the total number of iterations of Algorithm 2 and Nya,,,.
Ns ¢, be defined in Table 4.1. Then

NU,Oémm < 7o+ CN577famin,'

Proof. Define
ag

Note that since ap41 = yap if iteration k is successful and ay41 = min {®maz, Y20} otherwise,

Yo = % and Quar = py) with ¢,p € NT, we have that By € Z. Moreover, we have that oy = ag
1
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corresponds to B = 0, ax = Qumin corresponds to By = T, and ap = Y Qun corresponds to
. . e
Br = Ta + ¢. Note also that on successful iterations, we have agy1 < Yoo = v ‘o (88 g1 =

min {@maz, Y20 }) S0 that Bry1 > Br — ¢; and on unsuccessful iterations, we have 11 = S + 1.

Let ksil)m = —1; and define the following sets.
AW = { (kg;gm 1} AN: B = Ta} . (4.3.13)
o {mf AW i AD £ g
N, otherwise.
= {k € ( ctarts k:gl)d) : iteration k is unsuccessful with gy < Ta}
MQ(I) = {kz € (k&)wt, k‘gl)d) : iteration k is successful with 8y < 7o + ¢ } . (4.3.14)

Let ngl) = |M1(1)| and n(l) |M2 |, where |.| denotes the cardinality of a set.
it EY <« N , we have that kin)d is the first time (3 reaches 7,. Because [ starts at 0 < 7,

end

when k = 0; 8 increases by one on unsuccessful iterations and decreases by an integer on successful

iterations (so that fj remains an integer). So for k € (k(l) g ) all iterates have By < 7o < To+c.

start’ Vend
JRCORPACY

P end) are precisely

It follows then the number of successful/unsuccessful iterations for k € (
(2)

n(l) and ny~’ respectively. Because 3 decreases by at most c¢ on successful iterations, increases by
one on unsuccessful iterations, starts at zero and Bk“) < To, we have 0 + n( ) _ cng) < 7, (using
end
1

Bku) > 516&2 ot ng ) cné )). Rearranging gives
ngl) < cngl) + 7o (4.3.15)
If ki)d = N, then we have that 8, < 7, for all K < N —1 and so Bku) < 74. In this case we can

end

derive (4.3.15) using the same argument. Moreover, since k‘gl)d = N, we have that

Y = Ny, (4.3.16)

(4.3.17)

The desired result then follows.

Hence we only need to continue in the case where k( 4 <N, in which case let

BM = {k € [k(l)

end’

{infB(l), if BM £ ¢

- 1] : iteration k is successful with £ < 7, + ¢ }

k) .
start = N, otherwise.

QAmin

or Nya,,,, for k € [k(l) k2 ) There is

Note that there is no contribution to Ng e ord Fotart

no contribution to Ngea,,,, because ;2 , is the first iteration (if any) that would make this

star

contribution. Moreover, since Bk<1) = T, by definition of Y the first iteration with Br < To for

E> kW

end

end7

must be proceeded by a successful iteration with S < 7, + ¢ (note that in particular, since

k(t()m is the first such iteration, we have Bk@) > 7,). Therefore there is no contribution to Ny q,,...,
art —
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end’ "Vstart

either for k € [k(l) 2 ) Hence if kg}m = N, we have (4.3.16), (4.3.17) and (4.3.15) gives the
desired result.

Otherwise similarly to (4.3.13)—(4.3.14), let

A® = {k € (kfj,)m,N - 1} AN: B, = Ta}.
L _ {ian@), if A £

end N, otherwise.

start’ Vend

M1(2) = {k € (k‘(z) £ ) : iteration k is unsuccessful with £ < Ta}

M2(2) = {k € (kg()m, kii&) : iteration k is successful with 85 < 7, + ¢ } .

And let n§2) = |M1(2)| and ngz) = |M2(2)|. Note that for k € (k(Q) k2 ), we have 7o —¢ < B0

starty Vend s

. . . 2) .
and B, 2 < 7, (the former is true as f, 2 ., and iteration kitl)”,t is successful). Therefore we have
end

start =

Ta —C+ n?) - cn§2) < By

) (2)
startJrl

2
+ny —cng) < B < Ta.

end

Rearranging gives

n?) < cng) + 70— [Ta — ] = cng) + ¢, (4.3.18)

end’ "Vstart

Let ﬁgl) be the total number of iterations contributing to Ny ., with k € [k(l) k2 }; and

ﬁgl) be the total number of iterations contributing to Ns ,ea,,;, With k € {k(l) k) ] Since there

end’ "Vstart
P @)

(2)
end’ "Vstart start

is no contribution to either for k € [ ) as argued before, and iteration k by definition

contributes to Ng ¢q,,,, by one, we have

At =0, (4.3.19)

(
1
Al = 1. (4.3.20)

Using (4.3.15), (4.3.18), (4.3.19) and (4.3.20),we have

i Al £l < e (nf? 4l + 0l 4 7 (4.3.21)
If kii)d = N the desired result follows. Otherwise define B(?) in terms of kii)d, and kﬁgﬁ in terms of
B® similarly as before. If kgi’grt = N, then we have the desired result as before. Otherwise repeat

what we have done (define A®), kgl)d, Ml(g), MQ(S) etc). Note that we will reach either kigd = N for

= N for some ¢ € N, because if k(gd < N and k‘(?

: (@)
some ¢ € N or k . otart

start < N for all i, we have

that kgzm < kgzd < kﬁgjt) by definitions. So kigrt is strictly increasing, contradicting kégm <N
for all 4. In the case wither kgl) 4 =N or kgizm = N, the desired result will follow using our previous

argument. O
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An intermediate result bounding the total number of iterations With Lemma 4.3.1,
Lemma 4.3.3, Lemma 4.3.4, we show a bound on the total number of iterations of Algorithm 2

in terms of the number of true and successful iterations with «; above a certain constant.

Lemma 4.3.5. Let Assumption 1 and Assumption 2 hold with 65 € (0,1), ¢,7, € N*. Let N
be the total number of iterations. Then for any d1 € (0,1) such that g(dg,01) > 0, we have that
2

P (N < g(ds,01) [ TS,a070 ™ + 15 D >1- e~ F =0 yhere 9(ds,01) is defined in (4.2.12).

Proof. We decompose the number of true iterations as

NT = NT7a'min + NT7a7nin NT Amin + NTS Xmin + NTU AEmin — NT Amin + NTS &2 + NU;OCnLin’

(4.3.22)

AXmin

where N, Nr o= NT.ain s NTS,0mins NTU,cmin s NU, i, ar€ defined in Table 4.1.

From Lemma 4.3.4, we have

NUyam,in S To + CNsy’YlCanm’n

= Ta + CNTS YL Qmin + CNFS YL Xmin
< Ty +cNrg Af Qmin +cNp
< Ta + N1 ysamm T (N — Nr),

It then follows from (4.3.22) that

Np < NT amm NTS Cmin + 7o + ¢Nrsg ’Ylamm C(N — NT)
Rearranging, we have
Nra— 1 Ta +cN
T = 1 +c + 1 +c TS,amin + c TS,'yl Qmin + 1 I

and Qmin = aoy;> gives

Qmin

Using Lemma 4.3.3 to bound Nra s Nrs,amin < NTSA¢amin

C Ta
W:| Sa ,yc-%—‘ra + 174—6 (4323)

Combining with Lemma 4.3.1; and rearranging gives the result. O

NT<[1— N+ N,

The bound on true and successful iterations The next lemma bounds the total number of

true and successful iterations with aj > ozo’chrT“.

Lemma 4.3.6. Let Assumption 8 and Assumption 4 hold. Let € > 0 and N € N be defined in
Table 4.1. Suppose N < N.. Then

PO
50T = e gy )

where f* is defined in (4.2.1), and xzq is chosen in the initialization of Algorithm 2.
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Proof. We have, using Assumption 4 and Assumption 3 respectively for the two inequalities

N-1

f(@o) = flan) = ), flax) = f(@r41)

k=0

Y

> f(@e) = f(@rsa)

Iteration k is true and successful
with ap > agy] 7™

Z h(e, apyStT™)

Iteration k is true and successful
with ap > agy] ™7™

= NTS,ao’ylc“'a h(e, 007f+7a ) (4324)

Y

Noting f(xn) > f* and h(e, apyST™) > 0 by Assumption 3, rearranging (4.3.24) gives the result. [

The final proof We are ready to prove Theorem 4.2.1 using Lemma 4.3.5 and Lemma 4.3.6.

Proof of Theorem 4.2.1. We have

N.>N = f(z(’)i*i > Ny ponetra by Lemma 4.3.6 (4.3.25)
h(e; a0 ™) e
4.2.13 T,
( — )N > 9(55751) |:NTS’7ag'yf+T” + 1 :C:| . (4326)

Therefore by Lemma 4.3.5, we have P (N, > N) <P (N > g(d0s,81) [NTS agyetTe T 1chD < 6_571(1—55)N.
O

4.4 An algorithmic framework based on sketching

4.4.1 A generic random subspace method based on sketching

Algorithm 3 particularises Algorithm 2 by specifying the local reduced model as one generated by
sketching using a random matrix; the step transformation function; and the criterion for sufficient

decrease. We leave specification of the computation of the step parameter to the next section.
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Algorithm 3 A generic random subspace method based on sketching

Initialization
Choose a matrix distribution S of matrices S € R™>?. Let 71,72, 0, maz, To, ¢ be defined in
Algorithm 2 with 7y, (8) and wy, specified below in (4.4.1) and (4.4.2).

1. Compute a reduced model and a step
In Step 1 of Algorithm 2, draw a random matrix Sj, € R™*? from S, and let

g (8) = flax) + (SkV f(zk), 8) + %(5, Si.BLSE3); (4.4.1)
wi(3k) = Si S, (4.4.2)

where By, € R%*4 is a user provided matrix.

Compute 83 by approximately minimising 7y, (8) such that at least my (5,) < 1y (0)3 where
«y appears as a parameter, and set sy = wg(8x) as in Algorithm 2.

2. Check sufficient decrease
In Step 2 of Algorithm 2, let sufficient decrease be defined by the condition

f(ar) = fxn + sk) > 0 [y (0) — 1, (Sk ()] - (4.4.3)

3. Update the parameter «; and possibly take the potential step s
Follow Step 3 of Algorithm 2.

With the concrete criterion for sufficient decrease, we have that Assumption 4 is satisfied by

Algorithm 3.
Lemma 4.4.1. Algorithm 3 satisfies Assumption 4.

Proof. 1f iteration k is successful, (4.4.3) with 6 > 0 and my, (55) < 7y (0) (specified in Algorithm 3)
give f(zr) — f(xp + sg) > 0. If iteration k is unsuccessful, we have s = 0 and therefore f(zy) —

flag + sx) =0. L]

Next, we define what a true iteration is for Algorithm 3 and show Assumption 1 is satisfied with

S being a variety of random ensembles.

Definition 4.4.1. Iteration k is a true iteration if

ISk V f(@i)ll3 > (1= es) IV f(2i)ll3 (4.4.4)
”SkHz < Smaxa (445)

where Sy € R4 is the random matriz drawn in Step 1 of Algorithm 3, and es € (0,1), Spaz > 0

are iteration-independent constants.

Remark 5. In [17], true iterations are required to satisfy

[Vmy(0) = V f(zr)ll, < mag [[Vmi(0)]5,
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where k > 0 is a constant and «y, in their algorithm is bounded by cupar.- The above equation implies

IV f ()l

Vmy(0)||, >
[V, > 7

9

which implies (4.4.4) with 1 —eg = ———— and 5591) = p. Since Assumption 6 is easily satisfied for

I+Kkamaz

a variety of random matriz distributions S we see that their requirement is stronger than our (main)

requirement for true iterations.

We first show that with this definition of the true iterations, Assumption 1 holds if the following

two conditions on the random matrix distribution S are met.

Assumption 5. There exists 63,6591) € (0,1) such that for a(ny) fized y € {V f(z):xz € R}, Sy
drawn from S satisfies

P (IISkyll3 = (1= es) lyll3) = 105", (4.4.6)

Assumption 6. There exists 6;2) € 10,1), Spaz > 0 such that for Sy randomly drawn from S, we

have

P(HSIC”Q S Smaz) Z 1-— 6;52)

Lemma 4.4.2. Let Assumption 5 and Assumption 6 hold with eg, 5(52) €(0,1), 5(51) €[0,1), Simaz >
0. Suppose that 5&1) + 5;2) < 1. Let true iterations be defined in Definition 4.4.1. Then Algorithm 3
satisfies Assumption 1 with dg = (5591) + 6(32).

The proof of Lemma 4.4.2 makes use of the following elementary result in probability theory,

whose proof is included for completeness.

Lemma 4.4.3. Let n € NT and Ay, Ay..., A, be events. Then we have
PA1NAy..NA,)=1-P(A]) —P(45 —--- —P(A})).

Proof. We have

P(A1NAs...NA,) =1-P((A;1N...NA,)°)
=1-P(ASU...UA%)
>1-) P(AF).
k=1
O

Proof of Lemma 4.4.2. Let T, € R? be given. Note that this determines V f(z;) € R?. Let A,(Cl) be
the event that (4.4.4) hold and A,(f) be the event that (4.4.5) hold. Thus T}, = A;cl) N A,(f). Note
that given zp = Ty, Ty only depends on S, which is independent of all previous iterations. Hence

Ty, is conditionally independent of Ty, T, ..., Tk_1 given xp = Ty.
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Next, we have for k > 1,

ia (A,ﬁ” N APz, = m) >1-P ((A;”)c |z = m) P ((A?)C oy = jk) : (4.4.7)
by Lemma 4.4.3.
Note that

P (A](fl)‘xk = fk) =P [A;(cl)@k =T, Vf(ar) = Vf(i'k)}
=P [AV |V (02) = Vf ()]
>1-— 5591), (4.4.8)

where the first equality follows from the fact that zy = %) implies V f(z) = V f(Z); the second
equality follows from the fact that given V f(zy) = V f(Zy), Ag) is independent of xy; and the
inequality follows from applying Assumption 5 with y = V f(Zy).

On the other hand, because A,(f) is independent of x, we have that
P (AP)ar = 30) =P (4) 2 16, (4.4.9)

where the inequality follows from Assumption 6. It follows from (4.4.7) using (4.4.8) and (4.4.9)
that for £ > 1,
P (A;” NAP|z, = :zk) >1-60 -6 =15

For k = 0, we have P (A(()l)> >1- 5(31) by Assumption 5 with y = V f(zg) and P (A(()2)) >1- 5&2)
by Assumption 6. So P (A(()l) N A(()z)) >1—6g by Lemma 4.4.3.
O

Next, we give four distributions S that satisfy Assumption 5 and Assumption 6, thus satisfying
Assumption 1 and can be used in Algorithm 3. Other random ensembles are possible, for example,
Subsampled Randomised Hadamard Transform (Definition 1.2.3), Hashed Randomised Hadamard

Transform (Definition 2.4.2), and many more (see discussion of random ensembles in Chapter 2).

4.4.2 The random matrix distribution § in Algorithm 3

4.4.2.1 Gaussian sketching matrices

(Scaled) Gaussian matrices have independent and identically distributed normal entries (see Def-
inition 1.2.2). The next result, which is a consequence of the scaled Gaussian matrices being an
oblivious JL embedding (Definition 2.2.4), shows that using scaled Gaussian matrices with Algo-
rithm 3 satisfies Assumption 5. The proof is included for completeness but can also be found in

[25].

Lemma 4.4.4. Let S € R4 be a scaled Gaussian matriz so that each entry is N(0,171). Then S

satisfies Assumption 5 with any es € (0,1) and (5(31) = e<sl/4,
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Proof. Since (4.4.6) is invariant to the scaling of y and is trivial for y = 0, we may assume without
loss of generality that ||y|, = 1.

Let R = /18, so that each entry of R is distributed independently as N (0,1). Then because
the sum of independent Gaussian random variables is distributed as a Gaussian random variable;

llyll, = 1; and the fact that rows of S are independent; we have that the entries of Ry, denoted by

z; for @ € [l], are independent N(0,1) random variables. Therefore, for any —oco < ¢ < %, we have

that l

E {eanyni} _E [eq S } -TIE {equ} = (1—2¢)7"2, (4.4.10)
i=1
where we used E [equ} = 1%2(1 for z; € N(0,1) and —oo0 < ¢ < 1.
Hence, by Markov inequality, we have that, for ¢ < 0,

E [eunyui}
<

P (||Ry||§ <1 - es)) —P (eQHRyHi > eql<1—65>) = (1 - 2¢)"2e00=es) | (4.4.11)

— eql(lfes)
where the last inequality comes from (4.4.10).
Noting that
1
(1 —2¢)~V2e~al0=es) — exp {—l (2 log(1 —2q) +¢(1 — es))] , (4.4.12)
which is minimised at ¢o = fﬁ < 0, we choose ¢ = ¢o and the right hand side of (4.4.11)
becomes
e3llesHog(1—cs)] < o—3led (4.4.13)

where we used log(1 — z) < —z — 22/2, valid for all x € [0, 1).

Hence we have

P (IS0ll3 < (1 =€) 1yl
=P (ISyl3 < (1 =es)) by yll, =1

1
—P(IRyI < U1~ es)) by S=—R

Vi
e

<e~ % by (4.4.13) and (4.4.11).

O

In order to show using scaled Gaussian matrices satisfies Assumption 6, we make use of the

following bound on the maximal singular value of scaled Gaussian matrices.

Lemma 4.4.5 ([26] Theorem 2.13). Given l,d € N with | < d, consider the d x | matriz T' whose
entries are independent N(0,d~1). Then for any § > 0,*

2log (&
P omm(r)>1+\/§+\/°im <4, (4.4.14)

in the original theorem statement.

(1
4We set t = %
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where omaz () denotes the largest singular value of its matriz argument.
The next lemma shows that using scaled Gaussian matrices satisfies Assumption 6.

Lemma 4.4.6. Let S € R'X? be a scaled Gaussian matriz. Then S satisfies Assumption 6 with any

52 € (0,1) and
d
Smaa: =1+ \/; +

i

Proof. We have ||S]|, = ||ST||2 = \/g

. Applying Lemma 4.4.5 with I' = \/gST, we have
2

that
<63
Noting that [|S||, = ﬁomw (T"), and taking the event complement gives the result. O

4.4.2.2 s-hashing matrices

Comparing to Gaussian matrices, s-hashing matrices, including the s = 1 case, (defined in Defini-
tion 1.2.5) are sparse so that it preserves the sparsity (if any) of the vector/matrix it acts on; and the
corresponding linear algebra computation is faster. The next two lemmas show that using s-hashing

matrices satisfies Assumption 5 and Assumption 6.

Lemma 4.4.7 ([58] Theorem 13, also see [23] Theorem 5 for a simpler proof). Let S € R'™*? be an
2

le
s-hashing matriz. Then S satisfies Assumption 5 for any es € (0,1) and 5591) —e T given that

s = Caegl. where C1,Cy are problem-independent constants.

Lemma 4.4.8. Let S € R™*? be an s-hashing matriz. Then S satisfies Assumption 6 with 55.;2) =0

and Spaz = \/g.

Proof. Note that for any matrix A € R*? ||A|l, < Vd||A; and [|S]|ce= % The result follows

from combining these two facts. O

4.4.2.3 (Stable) 1-hashing matrices

In [19], a variant of 1-hashing matrix is proposed that satisfies Assumption 5 but with better S, 44

bound. The construction is given as follows.

Definition 4.4.2. Let | < d € Nt*. A stable 1-hashing matriv S € R™*? has one non-zero per
column, whose value is =1 with equal probability, with the row indices of the non-zeros given by the

sequence I constructed as the following. Repeat [I] (that is, the set {1,2,...,1}) for [d/l] times to
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obtain a set D. Then randomly sample d elements from D without replacement to construct sequence

I.°

Remark 6. Comparing to a 1-hashing matriz, a stable 1-hashing matriz still has 1 non-zero per
column. However its construction guarantees that each row has at most [d/l] non-zeros because the

set D has at most [d/l] repeated row indices and the sampling is done without replacement.

In order to show using stable 1-hashing matrices satisfies Assumption 5, we need to following

result from [19].

Lemma 4.4.9 (Theorem 5.3 in [19]). The matriz S € R defined in Definition 4.4.2 satisfies the

following: given 0 < €, < 1/2, there exists | = O <10g£¢> such that for any x € R?, we have that

P(Szl2> (1 = e)llz]2) > 1 —0.

Lemma 4.4.10. Let S € R™*? be a stable 1-hashing matriz. Let es € (0,3/4) and suppose that
_leg—1/4)2

e Cs € (0,1/2), where Cs is a problem-independent constant. Then S satisfies Assumption 5

leg—1/4)2
—Hes 2/

with (55.;1) =e

Proof. Let € =€s —1/4 € (0,1/2). From Lemma 4.4.9, we have that there exists C5 > 0 such that
I(eg—1/4)2

~TT | S satisfies P (|| Szll2> (1 — @)|lz]l2) > 165, Note that [|Sz[|l2> (1—&)z]2

implies ||Sx||3> (1 — 2€ + &2)||x||2, which implies ||Sz||3> (1 — € — 1/4)||x||3 because € — € > —1/4

for € € (0,1/2). The desired result follows. O

with 521) =e

The next lemma shows that using stable 1-hashing matrices satisfies Assumption 6. Note that
the bound 5,4, is smaller than that for 1-hashing matrices; and, assuming [ > s, smaller than that

for s-hashing matrices as well.

Lemma 4.4.11. Let S € R™*? be a stable 1-hashing matriz. Then S satisfies Assumption 6 with
52 =0 and Spax = /Td/1].

Proof. Let D be defined in Definition 4.4.2. we have that

ISzllp=( > E)*+( D Em) 4o+ > )’ (4.4.15)
1<j<d.1(j)=1 1<5<d.1(5)=2 1<j<d.I(j)=1
s G S o ) o G SN E21) SR P REE o G S F 71 ) (4.4.16)
1<5<d,1(j)=1 1<5<d,1(5)=2 1<G<dI(j)=l
< [d/1] oo+ > @4+ > A (4.4.17)
1<j<d.1(j)=1 1<5<d.I(j)=2 1<j<d.1(j)=
= [d/1] ||zl (4.4.18)

50One may also conceptually think S as being constructed from taking the first d columns of a random column

permutation of the matrix T = [I;x;, Ijxi, - -

times.
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where the + on the first line results from the non-zero entries of S having random signs, and the
last inequality is because for any vector v € R", ||v||3< n||v||3; and I(j) = k is true for at most [d/[]
indices j. O
4.4.2.4 Sampling matrices

(Scaled) Sampling matrices S € R'*¢ (defined in Definition 1.2.1) randomly select rows of vec-
tor/matrix it acts on (and scale it). Next we show that sampling matrices satisfy Assumption 5.

The following expression that represents the maximum non-uniformity (see Definition 2.2.6) of the

objective gradient will be used

v= max{ ||iJ:OO’y = V f(z) for some z € Rd} . (4.4.19)
2

The following concentration result will be useful.

Lemma 4.4.12 ([98]). Consider a finite sequence of independent random numbers { Xy} that satis-

52;1,

fies X, > 0 and | Xy| < P almost surely. Let p= 3%, E[X}], then P (3", X < (1 —e)p) < e 2P .

Lemma 4.4.13. Let S € R™*? be a scaled sampling matriz. Let v be defined in (4.4.19). Then S

21
satisfies Assumption 5 for any eg € (0,1) with 6(51) = e 247,

Proof. Note that (4.4.6) is invariant to scaling of y and trivial for y = 0. Therefore we may assume
llyll, = 1 without loss of generality.
We have || Syll, = 4 Eic:l [(Ry)k]2 where R € R*? is an (un-scaled) sampling matrix ¢ and (Ry)x

denotes the k" entry of Ry. Let X}, = [( k]Q. Note that because the rows of R are independent,

Ry)
X, are independent. Moreover, because (Ry), equals to some entry of y, and ||y||cc< v by definition
2
] v

of v and |ly|l, = 1; we have [(Ry), 2. Finally, note that E[X}] = %HyHg = 1; so that

SREXi] =5
Therefore applying Lemma 4.4.12 with € = e we have

1 .
P (Z [(Ry)kf <(1- 65)2) > 672d51‘/2 .

k=1

Using ||SyHg = 522:1 [(Ry)k]2 gives the result. O

We note that the theoretical property for scaled sampling matrices is different to Gaussian/s-
hashing matrices in the sense that the required value of | depends on v. Note that % < 1?2 <1 with
both bounds attainable. Therefore in the worst case, for fixed value of €g, 6591), [ is required to be
O (d) and no dimensionality reduction is achieved by sketching. This is not surprising given that
sampling based random methods often require adaptively increasing the sampling size for conver-

gence (reference). However note that for ‘nice’ objective functions such that v* = O (), sampling

6].e. each row of R has a one at a random column.
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matrices have the same theoretical property as Gaussian/s-hashing matrices. The attractiveness of
sampling lies in the fact that only a subset of entries of the gradient need to be evaluated.

Sampling matrices also have bounded 2-norms, thus Assumption 6 is satisfied.

Lemma 4.4.14. Let S € R™™? be a scaled sampling matriz. Then Assumption 6 is satisfied with
02 =0 and Spas = ﬁ .

Proof. We have that HS:E||§ <4 ||ac||§ for any = € R%. O

We summarises this section in Table 4.2, where we also give [ in terms of eg and 5(51) by rearranging
the expressions for 5591). Note that for s-hashing matrices, s is required to be Cyegl (see Lemma 4.4.7),
while for scaled sampling matrices, v is defined in (4.4.19). One may be concerned about the
exponential increase of the embedding dimension [ as eg goes to zero. However, eg may in fact be
taken as some O (1) constant that is smaller than 1 (or 3/4 in the case of stable 1-hashing). The
reason being that the iterative nature of Algorithm 3 mitigates the inaccuracies of the embedding.

See, e.g., the complexity bound in Theorem 4.5.1.

es 5§ ] 6D | Simae
L lo 5@
Scaled Gaussian | (0,1) | e~ 1 deg? log<6(%)) 0,1) | 1+ \/?—&- \/%
ezl 2
s-hashing (0,1) | e “1 Cheg?log (5%)) 0 4
S
_Ues—1/9)? ) 7
Stable 1-hashing | (0,2) | e Cs Cs(es —1/4)~ 10g<5(%)) 0 [4]
S
€21
Scaled sampling | (0,1) | e~ prres 2d1/2652 log (5%) 0 \/%;
S

Table 4.2: Summary of theoretical properties of using different random ensembles with Algorithm 3.

4.5 Random subspace quadratic regularisation and subspace
trust region methods

In this section, we analyse two methods for computing the trial step §; given the sketching based
model in Algorithm 3. We show that using both methods: quadratic regularisation and trust-region,
satisfy Assumption 2 and Assumption 3. Using Theorem 4.2.1, we show that the iteration complexity
for both methods is O (6_2> to bring the objective’s gradient below e.

First we show that Assumption 3 holds for Algorithm 3 if the following model reduction condition

is met.

Assumption 7. There exists a non-negative, non-decreasing function h : R> — R such that on each

true iteration k of Algorithm 8 we have

v (0) — 1 (3 (o)) = B ([SkV f k)l , o)

where Sk, My, ag, S, are defined in Algorithm 3.



Lemma 4.5.1. Let Assumption 7 hold with h and true iterations defined in Definition 4.4.1. Then
Algorithm 3 satisfies Assumption 3 with h(e, o) = 6h ((1 — €5)/ %€, ak), where e€g is defined in
(4.4.4).

Proof. Let k be a true and successful iteration with k < N, for some ¢ > 0 where N, is defined in
(4.2.2). Then, using the fact that the iteration is true, successful, Assumption 7 and k < N, we

have

fzr) — f(zr + sk) > 0 [y (0) — 1y (31 (k)]
> OR((| SV i)y )
> 0h((1 = )" |V fan)ll; )
> 0h((1 - es)"? €, ).

O

The next Lemma is a standard result and we include its proof for completeness. It is needed to

show random subspace quadratic regularisation and trust region methods satisfy Assumption 2.

Lemma 4.5.2. In Algorithm 3, suppose that ||Bi|y < Bmag for all k where Bp,q, is independent of
k, and f is continuously differentiable with L-Lipschitz continuous gradient. Then for any 5, € R!

and S, € RX? et 55, = SkTék € R%. We have that

2
9°

L+Bmaw

| (n+ 51) — 1 (30) | < (2) 1575 (45.1)

Proof. As f is continuously differentiable with L-Lipschitz gradient, we have from Corollary 8.4 in
[16] that

i+ S488) — (VP (), 30| < & ST (45.2)

The above equation and triangle inequality implies

|f(@k + sk) — Mk (81)| =[f(zr + k) — flor) — (S6V f(2r), 8%) — %(51%1@7 By.S}, 1)

L 1 TA 112
< (545180, ) st
L + Bmaw ~
< 5 |52 25 (4.5.3)
where we used || Bg||; < Bmas to derive the last inequality.
O
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4.5.1 Random subspace quadratic regularisation with sketching

Here we present Algorithm 4, a generic random subspace quadratic regularisation method with
sketching, which is a particular form of Algorithm 3 where the step is computed using a quadratic
regularisation framework (see Page 13 in Chapter 1). We show that in addition to Assumption 4

which is satisfied by Algorithm 3, Algorithm 4 satisfies Assumption 2 and Assumption 3.

Algorithm 4 A generic random subspace quadratic regularisation method with sketching

Initialization
Choose a matrix distribution S of matrices S € R'*4. Choose constants 7; € (0,1), 72 = 71 ¢,
for some ¢ € NT, [ € N*, 6 € (0,1) and auax, Bmasz > 0. Initialize the algorithm by setting
7o € RY ap = sy’ for some p € N and k = 0.

1. Compute a reduced model and a step
Draw a random matrix S; € R4 from S, and let

i (8) = fzk) + (SkV f(zk), 8) + %@, Sy BrSi 8) (4.5.4)

Rdxd

where By, € is a positive-semi-definite user provided matrix with ||Bg||y < Bmaa-

Compute &, by approximately minimising I, (8) = my, (§)+i HS{sk H; such that the following
two conditions hold

Hvik <§k)H2 < ||SFaxll, (4.5.5)
I (31) < 1 (0) (4.5.6)

where k7 > 0 is a user chosen constant. And set s, = S{ 3.

2. Check sufficient decrease
Let sufficient decrease be defined by the condition

f(@r) = f(@r + sx) = 0 [ (0) — 1ivg (Sk ()] -

3, Update the parameter «o; and possibly take the potential step s
If sufficient decrease is achieved, set xp11 = xr+ s and a1 = min {amaq, Y201 } [a successful
iteration].
Otherwise set 41 = zx and agy1 = Y1 [an unsuccesful iteration].
Increase the iteration count by setting k£ = k + 1 in both cases.

We note that

2, (4.5.7)

) A 1 1
rin (0) = ik (%) = L (0) = b (31) + 5~ ISE 8|5 > Sar [|SE 35,

where we have used (4.5.6). Lemma 4.5.3 shows Algorithm 4 satisfies Assumption 2.

Lemma 4.5.3. Let f be continuously differentiable with L-Lipschitz continuous gradient. Then
Algorithm 4 satisfies Assumption 2 with

1-6
L+Bmax

Alow =
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Proof. Let € > 0 and k < N, and assume iteration k is true with ay < ayyy, define

_ flen) = fok + sk)

iy (0) — 7k (8)

We have
|f(xk + sk) — 17k (s)]
[ (0) — 1 (8|
() |57
I

Sl_ea

11— pi| = by 7 (0) = f(zx)

where the first inequality follows from Lemma 4.5.2 and (4.5.7). The above equation implies that

pr > 0 and therefore iteration k is successful.” O

The next Lemma shows Algorithm 4 satisfies Assumption 7, thus satisfying Assumption 3 by
Lemma 4.5.1.

Lemma 4.5.4. Algorithm 4 satisfies Assumption 7 with

2
_ 21

h(z1,29) =
(1, 22) 20mas (Smas (Bmas + 25 1) + k)

- (4.5.8)
where Spaz is defined in (4.4.5).
Proof. Let iteration k be true. Using the definition of I, we have
Viy, (51) = SkV f(xx) + SkBrSk 8k + aikSkS%k,
It follows that

1 . N
HS}CVf({L‘k)HQ = H—Sk (Bk + Oék) S,{Sk + Vi (8k)

< (Smar (Bmaz + ! >) ||Sg<§k
g
1 .

< (Smaa: (Bmax + Olk) + KT) ||S;szH27 (459)

where we used [[Sk|y < Smaz on true iterations and ||Bg|l, < Biar to derive the first inequality

2

)

and (4.5.5) to derive the last inequality.
Therefore, using (4.5.7) and (4.5.9), we have

1, (0) — 1 (8k) = Yo 5% 31,
2
1 1
> o — EASLCH]E
Ok Smaz (Bmaz + aik) + R
2
1 1

> 155V f (x5, (4.5.10)
2amaz Smaa: (Bmax + OCLk) + K;T 2

"For py, to be well-defined, we need the denominator to be strictly positive. But this is shown in (4.5.10).
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satisfying Assumption 7.

O

4.5.2 Iteration complexity of random subspace quadratic regularisation
methods

Here we derive complexity results for three concrete implementations of Algorithm 4 that use different
random ensembles. Many other random ensembles are possible. As a reminder, the below expression,

introduced earlier in this chapter, will be needed.

. Qow 1
7o = |lo min { —, — 4.5.11
[ S ( { a2 }ﬂ ( )

Applying Lemma 4.5.1, Lemma 4.5.3, Lemma 4.5.4 for Algorithm 4, we have that Assumption 2 and
Assumption 3 are satisfied with
1-46
o L Brnaa
hle,a07777) = 0k ((1 = e5)' /26, a07i™™)
O(1 — eg)e?

- (4.5.12)
2Ofmaz (Sma'p (Bm“"f + aal,.yl—c_Ta) + HT)2

Moreover, Assumption 4 for Algorithm 4 is satisfied by applying Lemma 4.4.1. The following three
subsections give complexity results of Algorithm 4 with different random ensembles. We suggest the

reader to refer back to Table 4.2 for a summary of their theoretical properties.
4.5.2.1 Using scaled Gaussian matrices

Algorithm 4 with scaled Gaussian matrices have a (high-probability) iteration complexity of O (%6_2)
to drive V f(z) below € and [ can be chosen as a (problem dimension-independent) constant (see

Table 4.2).

Theorem 4.5.1. Suppose f is continuously differentiable with L-Lipschitz continuous gradient. Let

5(32)765,51 >0, | € N* such that

Cc

-1
39 |:(1_6S)(1_61)_1+(C+1)2:| >07

by < ———
5> e+

where §g = e_l525/4+5(52). Run Algorithm 4 with S being the distribution of scaled Gaussian matrices,

for N iterations with

vz [-amo-m e ] [ ]

where

ot O(1 — es)e?
e a0 ™™) = S 2

o @
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and 7o 1s given in (4.5.11). Then, we have
P(N>N,)>1- e~ F(1=65)N
where N, is defined in (4.2.2).

Proof. We note that Algorithm 4 is a particular form of Algorithm 2, therefore Theorem 4.2.1 applies.
Moreover Assumption 2, Assumption 3 and Assumption 4 are satisfied. Applying Lemma 4.4.2,

Lemma 4.4.4 and Lemma 4.4.6 for scaled Gaussian matrices, Assumption 1 is satisfied with

Sma1:1+\/?+

55 _ efeél/4 + 5;2)

2log (1/5?))

Applying Theorem 4.2.1 and substituting the expression of S,,q, above in (4.5.12) gives the desired
result. O

4.5.2.2 Using stable 1-hashing matrices

Algorithm 4 with stable 1-hashing matrices have a (high-probability) iteration complexity of O ($e~?)
to drive V f(xy) below € and ! can be chosen as a (problem dimension-independent) constant (see

Table 4.2).

Theorem 4.5.2. Suppose f is continuously differentiable with L-Lipschitz continuous gradient. Let

51 >0, es € (0,3/4), | € N* such that

—1
C
(c+ 1)2] >0

(1-d91-0) -1+

_leg—1/9)?

where dg = e T3 and Cs is defined in Lemma 4.4.10. Run Algorithm 4 with S being the

distribution of stable 1-hashing matrices, for N iterations with

@1 [fnm 13

Nz[uaguénl+

where
0(1 — e5)e?
2
20mas (VAT (Buas + 05977 + 7

and T, s given in (4.5.11). Then, we have

h(e, a0y ") =

2
P(N>N.)>1—e¢ 300N

3

where N, is defined in (4.2.2).
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Proof. Applying Lemma 4.4.2, Lemma 4.4.10 and Lemma 4.4.11 for stable 1-hashing matrices, As-

sumption 1 is satisfied with

Smaz =V |—d/”

(es—1/4)%
53 _ efl Sc; 4
Applying Theorem 4.2.1 and substituting the expression of S,,4, above in (4.5.12) gives the desired
result. O

4.5.2.3 Using sampling matrices

Algorithm 4 with scaled sampling matrices have a (high-probability) iteration complexity of O (%6’2)
to drive V f(zy) below e. However, unlike in the previous two cases, here [ depends on the problem
dimension d and a problem specific constant v (see Table 4.2). If v = O (1/d), then [ can be chosen

as a problem dimension-independent constant.

Theorem 4.5.3. Suppose f is continuously differentiable with L-Lipschitz continuous gradient. Let

51 >0, €5 €(0,1), I € NT such that

-1
C
<c+1>2] >0

(- d9 -6 -1+

21
where dg = e~ 27 and v is defined in (4.4.19). Run Algorithm 4 with S being the distribution of

scaled sampling matrices, for N iterations with

vz [0 -agu a1 @fuzT [h{e(,xofo)w_ﬁ{i) el

where
0(1 —eg)e?

2
204maw ( d/l (Bmam + a617;67Ta) + /fT)

h(e, oqyyf‘”“) =

and T, s given in (4.5.11). Then, we have
57
P(N>N,)>1—¢ 200N
where N is defined in (4.2.2).

Proof. Applying Lemma 4.4.2, Lemma 4.4.13 and Lemma 4.4.14 for scaled sampling matrices, As-

sumption 1 is satisfied with

Smuw = d/l

_ €21
65 = e 2dv?,

Applying Theorem 4.2.1 and substituting the expression of S,,q, above in (4.5.12) gives the desired
result. O
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Remark 7. The dependency on € in the iteration complexity matches that for the full-space quadratic
regularisation method (Page 13). Note that for each ensemble considered, there is dimension-
dependence in the bound of the form %. We may eliminate the dependence on d in the iteration

complexity by fixing the ratio % to be a constant.

4.5.3 Random subspace trust region methods with sketching

Here we present a generic random subspace trust region method with sketching, Algorithm 5, which
is a particular form of Algorithm 3 where the step is computed using a trust region framework (see

Page 12 in Chapter 1).

Algorithm 5 A generic random subspace trust region method with sketching

Initialization
Choose a matrix distribution S of matrices S € R'*4. Choose constants v; € (0,1), 72 = 71 ¢,
for some ¢ € NT, [ € N*, 6 € (0,1) and aumax, Bmasz > 0. Initialize the algorithm by setting
zo € R o = amaﬂf for some p € NT and k = 0.

1. Compute a reduced model and a step
Draw a random matrix S; € R™>*¢ from S, and let

o (8) = flan) + (SeV (), 8+ 3 (5, kBT ) (4.5.13)

where Bj, € R4*? ig a user provided matrix with | Bklls < Bmaz-

Compute § by approximately minimising my (§) such that for some C7 > 0,

[8klly < ok (4.5.14)

159 1)l |

(4.5.15)
1Bl

mk (O) - mk (§k) Z C7 HS}CVf({Ek)HQ min {Ck}C7

2. Check sufficient decrease
Let sufficient decrease be defined by the condition

f@r) — f(@g + sx) > 0 [y (0) — 1y (Sk ()] -

3, Update the parameter «; and possibly take the potential step s
If sufficient decrease is achieved, set xx1 = ©x + s and ag11 = min {@maz, Y2ax } [successful
iteration].
Otherwise set xp11 = zx and agy1; = y1ak. [unsuccessful iteration].

Increase the iteration count by setting k = k£ 4+ 1 in both cases.

Remark 8. Lemma 4.3 in [85] shows there always exists s}, € R! such that (4.5.15) holds. Specif-
ically, define g = SV f(xg). If gr = 0, one may take s, = 0; and otherwise one may take §j
to be the Cauchy point (that is, the point where the model Ty, is minimised in the negative model
gradient direction within the trust region), which can be computed by §5, = —y, H;TkHzgk’ where T, = 1
if gF Brgr < 0; and 7, = min (M 1) otherwise.

gf Brgra’
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Lemma 4.5.5 shows that Algorithm 5 satisfies Assumption 2.

Lemma 4.5.5. Suppose f is continuously differentiable with L-Lipschitz continuous gradient. Then

Algorithm 5 satisfies Assumption 2 with

_ 1/2 . C:;(1-190) 1
Qow = (1 — €5)”/" emin <(L 1B S B ) (4.5.16)

max
Proof. Let € > 0 and k < N, and assume iteration k is true with ay < ayuy, define

fxr) = f(og + i)

iy (0) — 7k (8)

Pk =

Then we have

(xr + sk) — M (8k) |
My (0) — My (8x)
(L + %Bmal‘) ||Sg§k |2
2
- . SV f(xg
Cr 196V £ (i)l min (g, 270 )
(L + %Bmaz)sgmmai
- . SV
C7 11949 f(p) |l min (a, 1370012 )
(L + %Bmax)sgnaxai

oy (1— 65)1/2 €min (ak, %>

f
11— pi| = |

Brmax
S 1- 9,

where the first inequality follows from (4.5.15) and Lemma 4.5.2, the second inequality follows from
(4.4.5) and ||3%]|y < g, the third inequality follows from (4.4.4) and the fact that V f(x)) > e for
k < N, the last inequality follows from ay < qje and (4.5.16). It follows then py > 6 and iteration

k is successful. 8 O
The next lemma shows that Algorithm 5 satisfies Assumption 7, thus satisfying Assumption 3.

Lemma 4.5.6. Algorithm 5 satisfies Assumption 7 with
h(z1,2) = C7min (21227 zf/Bmaz) .
Proof. Use (4.5.15) with || Bk|ly < Bimae- O

4.5.4 TIteration complexity of random subspace trust region methods

Here we derive complexity results for three concrete implementations of Algorithm 5 that use different
random ensembles. The exposition follows closely Section 4.5.2. And the complexity results are in

the same order in €, § but have different constants.

8Note that for k being a true iteration with k < Ne, (4.5.15) along with (4.4.4), oy, > 0 gives 1y (0) — 10, () > 0
so that pg is well defined.
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Applying Lemma 4.5.1, Lemma 4.5.5, Lemma 4.5.6 for Algorithm 5, we have that Assumption 2

and Assumption 3 are satisfied with

Alow = (1 — 65)1/2 €min <( 07(1 — 0) 1 )

L + %Bmaw)sgnaz 7 Bmaw

Ble,a07577) = 0k (1= e5)' /€, a075*™)
= #C'7 min {(1 — 65)1/2 ea(ﬂfﬁ“, (1—es) 62/Bmm} (4.5.17)
Here, unlike in the analysis of Algorithm 4, o, (and consequently 7,) depends on e. We make this

dependency on € explicit. Using the definition of 7, in (4.2.8) and substituting in the expression for

Qow, We have

. . Cr7(1-6 — —
c+T c ’Vlogwl (mln{(1765)1/26m1n<(L+%]37;ar)gz 7B”t‘”>ao 1,72 1}>-‘
Qo] ¢ = oY1 o

c . 1/2 . C7(1-190) 1 L
2 07y1y1 min {(1 —€5) /2 ¢ min ((L T %Bmam)SQ "B, Qg 1,72 1

max

. ) 1/2 . C7(1-9) 1 _
B FY1+1 T {(1 - ES) / i ((L + %Bmaw)sgnaw’ Bmaa: 072 1 ’

where we used [y] <y + 1 to derive the inequality. Therefore, (4.5.17) implies

h(E, a()’}/lc—‘rﬂy )
1-9 1 1—es)é
2 oCrmin {55 min { (1~ cs) min (G ST 1) (1 eV oy | I

. . . 07(1 - 0) 1 (&%) 1
=0C7 (1 — €g) €2 min { 4¢ min { min ( , , ,
' (L + $Bimaz)S2az Bmaz) " (1 — e5)/* ey | Brmaa

. . . 07(1 — 0) 1 ag
=007 (1 — eg) €4 min { min ( ’ 7 . (45.18)
1 (L + %Bmam)sgnax B’maa: (1 o 65’)1/2 Y

where the last equality follows from vfﬂ < 1. Moreover, Assumption 4 for Algorithm 5 is satisfied

by applying Lemma 4.4.1. The following three subsections give complexity results of Algorithm 5
using different random ensembles with Algorithm 5. Again, we suggest the reader to refer back to

Table 4.2 for a summary of their theoretical properties.
4.5.4.1 Using scaled Gaussian matrices

Algorithm 5 with scaled Gaussian matrices have a (high-probability) iteration complexity of O (%6_2)
to drive V f(xy) below e and [ can be chosen as a (problem dimension-independent) constant (see

Table 4.2).

Theorem 4.5.4. Suppose f is continuously differentiable with L-Lipschitz continuous gradient. Let
5(32),65,61 >0, [ € N* such that

—1
>0,

(1-9g)(1—61)—1+

(c+ 1) (c+1)2
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where g = 67l6§/4+5g?). Run Algorithm 5 with S being the distribution of scaled Gaussian matrices,

for N iterations with

N> |1-ds)1-8) -1+

c }l[f(wo)—f* Ta
(c+12]  Lh(e,amni™™)  1+c]’

where

h(e, apyy ™) (4.5.19)

C:(1 - 0) | o

=007 (1 — eg) €4S min { min

(L + %Bmaw)

2 Y 1/2
- \/g_i_ [2108(1/5%) Braz | (1—es)/ en
T 1

(4.5.20)

Then, we have

2
P(N>N)>1—e 300N,
where N, is defined in (4.2.2).

Proof. We note that Algorithm 5 is a particular version of Algorithm 2 therefore Theorem 4.2.1
applies. Applying Lemma 4.4.2, Lemma 4.4.4 and Lemma 4.4.6 for scaled Gaussian matrices, As-

Sma1:1+ﬁ+

55 _ efeél/4 + 5%2)

sumption 1 is satisfied with

2log (1/5(52))

Applying Theorem 4.2.1 and substituting the expression of S,,q, in (4.5.18) gives the desired result.
[

4.5.4.2 Using stable 1-hashing matrices

Algorithm 5 with stable 1-hashing matrices have a (high-probability) iteration complexity of O (%6_2)
to drive V f(z) below € and [ can be chosen as a (problem dimension-independent) constant (see

Table 4.2).
Theorem 4.5.5. Suppose f is continuously differentiable with L-Lipschitz continuous gradient. Let
51 >0, es € (0,3/4), | € N* such that

C
(c+1)%

Cc

-1
65 < (C<|~1)2:| > 0,

@r—%xl—&>—1+

_Ueg—1/4)?

where dg = e T3 and Cs is defined in Lemma 4.4.10. Run Algorithm 5 with S being the

distribution of stable 1-hashing matrices, for N iterations with

N > [(1 —0s)(1—01) -1+ (chcl)Q} : [h{éxojgv_fr{z) i 120} 7
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where

P c . . C,(1—-6 1 «
hle,007777) = 007 (1= es) 9™ mm{mm(mfé >)wm’B )’(1 e }
5 Pmax max — €9 2

Then, we have

2
P(N>N,)>1—e 3070V

)

where N, is defined in (4.2.2).

Proof. Applying Lemma 4.4.2, Lemma 4.4.10 and Lemma 4.4.11 for stable 1-hashing matrices, As-

sumption 1 is satisfied with

Smaz = v/ [d/1]

Ueg—1/4)2
bg=c¢e C3 .

Applying Theorem 4.2.1 and substituting the expression of Sy, in (4.5.18) gives the desired result.

O

4.5.4.3 Using sampling matrices

Algorithm 5 with scaled sampling matrices have a (high-probability) iteration complexity of O (%6_2)
to drive V f(xy) below e. Similar to Algorithm 4 with scaled sampling matrices, here I depends on
the problem dimension d and a problem specific constant v (see Table 4.2). If v = O (1/d), then [

can be chosen as a problem dimension-independent constant.

Theorem 4.5.6. Suppose [ is continuously differentiable with L-Lipschitz continuous gradient. Let

51 >0, es € (0,1), 1 € Nt such that

c
(c+1)2’

C

—1
) [
= (c+ 1)2] ~ 0

(- a9 -6 -1+

€2
where g = e"3a? and v is defined in (4.4.19). Run Algorithm 5 with S being the distribution of

scaled sampling matrices, for N iterations with

N>[(1—55)(1_51)_1+ ¢ }l{hf(xw—f* N Tay

(c+1)? (eapyi™™) l+c
where
S . . 07(1 - 9) 1 (7))
h(e, apyiT™) = 0C7 (1 — eg) €24 min { min ( , ,
' ' (L + %Bmaz)d/l Bmaz (1 - 65‘)1/2 €72

Then, we have

2
91

P(N>N.,)>1—¢ 270N

3

where N, is defined in (4.2.2).
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Proof. Applying Lemma 4.4.2, Lemma 4.4.13 and Lemma 4.4.14 for scaled sampling matrices, As-

sumption 1 is satisfied with

Smaz =V d/!

_ €21
65 = e 2dv?,

Applying Theorem 4.2.1 and substituting the expression of S,,q, in (4.5.18) gives the desired result.
O

Remark 9. Similar to Algorithm 4, Algorithm 5 matches the iteration complexity of the correspond-
ing (full-space) trust region method; and the 1/d dependency can be eliminated by setting | to be a

constant fraction of d.

Remark 10. Although Algorithm 4 and Algorithm 5 with a(any) of the above three random en-
sembles only require | directional derivative evaluations of f per iteration, instead of d derivative
evaluations required by the (full-space) methods, the iteration complexities are increased by a factor
of d/l. Therefore, theoretically, Algorithm 4 and Algorithm 5 do not reduce the total number of
gradient evaluations. However, the computational cost of the step Sy is typically reduced from being
proportional to d? to being proportional to 12 (for example, if we are solving a non-linear least squares
problem and choose By = J,?Jk) thus we still gain in having a smaller computational complexity.
In practice, our theoretical analysis may not be tight and therefore we could gain in having both
a smaller gradient evaluation complexity and a smaller computational complexity. See numerical
illustrations in Section 4.6. In addition, by reducing the number of variables from d (which can be
arbitrarily large) to 1 (which can be set as a constant, see Table 4.2), Algorithm 4 and Algorithm 5
reduce the memory requirement of the computation of the sub-problem at each iteration, comparing

to the corresponding full-space methods.

4.6 Randomised Subspace Gauss-Newton (R-SGN) for non-
linear least squares

We consider the nonlinear least-squares problem (defined in (1.4.9))

n

: 1 2 1 2
iy /(o) = 5 3 (o)l = 5ol
where r = (r1,...,7,) : R — R" is a smooth vector of nonlinear (possibly nonconvex) residual

functions. We define the Jacobian (matrix of first order derivatives) as

J(x) = (agf))ij € R
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and can then compactly write the gradient as V f(z) = J(x)Tr(z). It can be shown e.g. in [85],
that the gradient and Hessian of f(x) is then given by

V2f(x) = J(x)" J(x) + Z ri(2) V27 (z)

i=1
The classical Gauss-Newton (GN) algorithm applies Newton’s method to minimising f with only the
first-order J(x)T J(x) term in the Hessian, dropping the second-order terms involving the Hessians

of the residuals r;. This is equivalent to linearising the residuals in (1.4.9) so that
r(x +s) =r(z) + J(x)s,

and minimising the resulting model in the step s € R%. Thus, at every iterate z, Gauss-Newton

approximately minimises the following convex quadratic local model
T 1 T
Flaw) + (I (zp) r(zn), 8) + 5 (s, J(@r)” I (zx)s)

over s € R%. In our approach, which we call Random Subspace Gauss-Newton (R-SGN), we reduce
the dimensionality of this model by minimising in an [-dimensional randomised subspace £ C RY,

with | < d, by approximately minimising the following reduced model
. 1, .
fxr) + (Js(xp)Tr(zg), 8) + 5(8, Js ()T Js(x1)8) (4.6.1)

over § € R!, where Js(zg) = J(x1)ST € R™! denotes the reduced Jacobian for Sy € R4 being
a randomly generated sketching matrix. Note that with B = J,? Ji, Algorithm 3 framework can
be applied directly to this subspace Gauss-Newton method; guaranteeing its convergence under
assumptions of model minimisation and sketching matrices. Compared to the classical Gauss-Newton
model, in addition to the speed-up gained due to the model dimension being reduced from d to [,
this reduced model also offers the computational advantage that it only needs to evaluate [ Jacobian
actions, giving Js(zy), instead of the full Jacobian matrix J(zy).

In its simplest form, when Sy is a scaled sampling matrix, Js can be thought of as a random
subselection of columns of the full Jacobian J, which leads to variants of our framework that are
Block-Coordinate Gauss-Newton (BC-GN) methods. In this case, for example, if the Jacobian were
being calculated by finite-differences of the residual r, only a small number of evaluations of r along
coordinate directions would be needed; such a BC-GN variant has already been used for parameter
estimation in climate modelling [96]. Note that theoretically, the convergence of BC-GN method
requires an upper bound on % for all k € N (for more details, see the discussion of sampling
matrices on page 90) and Theorem 4.5.6.

More generally, Sy can be generated from any matrix distribution that satisfies Assumption 5,

Assumption 6, e.g/ scaled Gaussian matrices or s-hashing matrices. In our work jointly done with
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Jaroslav Fowkes [14, 13], we showcase the numerical performance of R-SGN methods with different
sketching matrices. In this thesis we provide some numerical illustrations; the code used to produce

these illustrations is written by Jaroslav Fowkes, and the results below appear in [14, 13].

Large-scale CUTEst problems We look at the behaviour of R-SGN on three large-scale (d =
5,000 to 10,000) non-linear least squares problems from the CUTEst collection [40]. The three
problems are given in Table 4.3. we run R-SGN five times (and take the average performance)
on each problem until we achieve a 10~! decrease in the objective, or failing that, for a maximum
of 20 iterations. Furthermore, we plot the objective decrease against cumulative Jacobian action
evaluations ? for each random run with subspace-sizes of 1%, 5%, 10%, 50%, 100% of the full-space-

sizes.

Name d n  Name d n  Name d n

ARTIF 5,000 5,000 BRATU2D 4,900 4,900 OSCIGRNE 10,000 10,000

Table 4.3: The 3 large-scale CUTEst test problems.

Let us start by looking at the performance of R-SGN with scaled sampling matrices S;. In
Figure 4.1, we see that the objective decrease against cumulative Jacobian action evaluations for
ARTIF, BRATU2D and OSCIGRNE. On ARTIF, we see that while R-SGN exhibits comparable
performance, Gauss-Newton is clearly superior from a Jacobian action budget perspective. On
BRATU2D we see that R-SGN really struggles to achieve any meaningful decrease, as does Gauss-
Newton initially but then switches to a quadratic regime and quickly converges. On OSCIGRNE, we
see that R-SGN with subspace sizes of 0.05d, 0.1d, 0.5d sometimes performs very well (outperforming
Gauss-Newton) but sometimes struggles, and on averages Gauss-Newton performs better.

Next, we compare the performance of R-SGN with scaled Gaussian sketching matrices Si. In
Figure 4.2, we can see the objective decrease against cumulative Jacobian action evaluations for
ARTIF, BRATU2D and OSCIGRNE. On ARTIF, we see that R-SGN with a subspace size of 0.5d
outperforms Gauss-Newton initially before stagnating. On BRATU2D we once again see that R-
SGN struggles to achieve any meaningful decrease, as does Gauss-Newton initially but then switches
to a quadratic regime and quickly converges. However, on OSCIGRNE we see that R-SGN with a
subspace size of 0.5d consistently outperforms Gauss-Newton.

Finally, we compare the performance of R-SGN with 3-hashing sketching matrices Si. In Fig-
ure 4.3, we can see the objective decrease against cumulative Jacobian action evaluations for ARTIF,
BRATU2D and OSCIGRNE. On ARTIF, we again see that R-SGN with a subspace size of 0.5d out-
performs Gauss-Newton initially before stagnating. On BRATU2D we once again see that R-SGN

struggles to achieve any meaningful decrease, as does Gauss-Newton initially but then switches to a

9The total number of evaluations of Jacobian-vector product used by the algorithm.
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quadratic regime and quickly converges. However, on OSCIGRNE we again see that R-SGN with a

subspace size of 0.5d consistently outperforms Gauss-Newton.
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Figure 4.1: ARTIF (left), BRATU2D (middle) and OSCIGRNE (right) objective value against cumulative
Jacobian action size for R-SGN with coordinate sampling.

—— 0.01d-RSGN 10-2 —— 0.01d-RSGN —— 0.01d-RSGN
~—— 0.05d-RSGN ~—— 0.05d-RSGN ~—— 0.05d-RSGN
—— 0.1d-RSGN —— 0.1d-RSGN —— 0.1d-RSGN
—— 0.5d-RSGN 104 —— 0.5d-RSGN —— 0.5d-RSGN
—— Full-Block —— Full-Block 108 — Full-Block
[ —— Gauss-Newton [ —— Gauss-Newton o Gauss-Newton
= =4 =4
© B 10-° ©
2 2 2
Q 9
-8 o o
10-°
10?
-7
10 107
0 10000 20000 30000 40000 50000 0 20000 40000 60000 80000 100000 0 2000 4000 6000 8000 10000
Cumulative block size Cumulative block size Cumulative block size

Figure 4.2: ARTIF (left), BRATU2D (middle) and OSCIGRNE (right) objective value against cumulative
Jacobian action size for R-SGN with Gaussian sketching.
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Figure 4.3: ARTIF (left), BRATU2D (middle) and OSCIGRNE (right) objective value against cumulative
Jacobian action size for R-SGN with 3-hashing sketching.

Large scale machine learning problems Here we only use scaled sampling sketching matrices.
We consider logistic regressions °, written in the form (1.4.9), by letting r;(x) = ln(l + exp(—yiafx) ),
where a; € R? are the observations and y; € {=1,1} are the class labels; we also include a quadratic
regularization term A||z||3 by treating it as an additional residual.

We test on the CHEMOTHERAPY and GISETTE datasets from OpenML [99] for 100 iterations

with A = 10710, using subspace-sizes (or block-sizes, as here we are using the BC-GN variant by

10Here in order to fit in the non-linear least squares framework, we square the logistic losses 7; in the objective
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Figure 4.4: R-SGN on the CHEMOTHERAPY dataset
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Figure 4.5: R-SGN on the GISETTE dataset

using the sampling sketching) of 0.1%, 0.5%, 1%, 5% and 100% of the full-space-sizes for the 61, 359
dimensional CHEMOTHERAPY dataset and the 5,000 dimensional GISETTE dataset; in a similar testing
setup to [42]. We perform five runs of the algorithm for each block size starting at xop = 0 (and
take the average performance). We terminate once the objective f(zx) goes below 10~° and plot
f(xy) against iterations and runtime in each Figure. On the CHEMOTHERAPY dataset, we see from
Figure 4.4 that we are able to get comparable performance to full Gauss-Newton (d = 61,359 in
purple) using only 1% of the original block size (I = 614 in green) at 1/20th of the runtime. For

the GISETTE dataset, we see from Figure 4.5 that similarly, we are able to get good performance
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compared to GN (d = 5,000 in purple) using 5% of the original block size (I = 250 in red) at 1/60th

of the runtime.
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Chapter 5

Second order subspace methods for
general objectives

5.1 Introduction

In this chapter we continue our investigation on subspace methods for the minimisation of general ob-
jectives. In the last chapter we saw that if the sketching matrix Sy stays bounded and is sufficiently
accurate to capture the gradient of the objective at the current iterate with positive probability,
convergence of the subspace methods occurs at essentially the same rate as classical full-space first
order methods. It is known that if second order information of the objective function is available,
cubic regularisation full-space methods achieve faster convergence rates for general non-convex ob-
jective [16]. In this chapter, we first show that the same can be obtained with subspace methods.
Namely, when the sketching matrix Sy captures sufficiently accurate second order information, es-
sentially the same faster rate of convergence can be achieved. We then show that this faster rate of
convergence can be achieved also in the case of sparse second derivatives, without requiring the low
rank /subspace embedding condition. Next, we show that a class of subspace methods converge to an
approximate second order minimum in the subspace, in the sense that the subspace Hessian at the
limit point is almost positive-semi-definite. Finally, we show that the second order subspace method

with Gaussian sketching converges to an approximate second order minimum in the full space.

5.2 R-ARC: random subspace adaptive cubic regularisation
method

First, we describe the random subspace cubic regularisation algorithm (R-ARC).
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Algorithm 6 Random subspace cubic regularisation algorithm (R-ARC)

Initialization
Choose a matrix distribution S of matrices S € R*?4. Choose constants v; € (0,1), 2 > 1,
0 € (0,1), ky,ks > 0 and apax > 0 such that v = %, for some ¢ € N*t. Initialize the
1

algorithm by setting 29 € R?, ag = qnazy? for some p € Nt and k = 0.

1. Compute a reduced model and a trial step
In Step 1 of Algorithm 2, draw a random matrix S, € R*? from S, and let

A 1,. R 1 113
i (8) = f (k) + (SkV F (), 8) + 5 (3, Sk V2 f (2x) i 8) + 3on 15k 315
A /a 1 T3
= qr(3) + 3o 15%3][5 » (5.2.1)
where Gy, (8) is the second order Taylor series of f(zy + ST 8)) around xy;
Compute § by approximately minimising (5.2.1) such that
my (8x) < my (0) (5.2.2)
PN .2
W7, (31) |y < s ||SF 3k]]; (5.2.3)
V2mk (§k) t —Kg ||Sg§k’|2, (524)
where we may drop (5.2.4) if only convergence to a first order critical point is desired.
Compute a trial step
Sk — wk(ék) = Sggk, (525)
2. Check sufficient decrease
In Step 2 of Algorithm 2, check sufficient decrease as defined by the condition
f(@e) = flzr + sk) = 0[qx(0) — Gr(3)] (5.2.6)

3, Update the parameter «; and possibly take the trial step s;
If (5.2.6) holds, set xx11 = x + sk and agy1 = min {@maz, Y20k } [successtul iteration].

Otherwise set 11 = z and g1 = Y104 [unsuccessful iteration]

Increase the iteration count by setting k£ = k + 1 in both cases.

Here note that Algorithm 6 is a specific form of Algorithm 2. Therefore the convergence result
in Theorem 4.2.1 can be applied, provided that the four assumptions of the theorem can be shown
to hold here. In the remaining sections of this chapter, we give different definitions of the two key
terms in the convergence result Theorem 4.2.1: N, and true iterations. These lead to different
requirements for the matrix distribution S, and iteration complexities to drive ||V f(zy)|, < e,
Amin (SkV2f(xk)S,{) > —eg and/or Apin (VQf(xk)) > —€q

Compared to Algorithm 3, Algorithm 6 lets By, be the Hessian at the iterate V2 f(zy), although
we only need it in the form of Sy V?f(x))S{ so that the full Hessian never needs to be computed.
Furthermore, we let §;, the reduced step, be computed by minimising a cubically regularised subspace

model, corresponding to the classical approaches in [15], also see Section 1.4.2 on page 15. As in
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the corresponding full-space method, the combination of the availability of second order information
and the cubic regularisation term leads to improved iteration complexity for our subspace methods

to drive V f(z)) < € and convergence to a second order critical point.

Remark 11. Two strategies for computing §; by minimising (5.2.1) are given in [15], either re-
quiring a factorisation of SpV2f(xx)SE (in a Newton-like algorithm), or repeated matriz-vector
products involving Sk, V? f(x1)SE (in a Lanczos-based algorithm). Although we note that the itera-
tion complezity, and the evaluation complexity of f and its derivatives (which are the focuses of this
chapter) are unaffected by the computation complexity of calculating §i, Algorithm 6 significantly
reduces the computation of this inner problem by reducing the dimension of the Hessian from d x d
to I x 1 comparing to the full-space counterpart. (In addition to reducing the gradient and Hessian

evaluation complexity per iteration.)

5.3 Fast convergence rate assuming subspace embedding of
the Hessian matrix

Our first convergence result shows Algorithm 6 drives ||V f(zy)||, below € in O (e7%/2) iterations,
given that S has an embedding property (a necessary condition of which is that S is an oblivious
subspace embedding for matrices of rank r + 1, where 7 is the maximum rank of V2 f(zy) across all

iterations).

Define N, and true iterations based on (one-sided) subspace embedding In order to prove
convergence of Algorithm 6, we show that Assumption 1, Assumption 2, Assumption 3, Assumption 4
that are needed for Theorem 4.2.1 to hold are satisfied. To this end, we first define N, the criterion

for convergence, as min{k : ||V f(zr41)|, < €}. Then, we define the true iterations based on

achieving an embedding of the Hessian and the gradient.
Definition 5.3.1. Let 6592) € (0,1), Spaz > 0. Iteration k is (6592),Smm)—true if

1Sk Mizi||2 > (1 — ) | Myzi|,  for all z € RO (5.3.1)

||SkH2 < Sma:z:y (532)

where My, = [V f(zy) V2f(zy)] € R+ Note that all vectors are column vectors.

Remark 12. (5.3.1) implies
1569 f(@e)lly > (1 =) 1V f @)l (5:3.3)
by taking z = [1,0,...,0]T. Thus Definition 5.5.1 is a stronger condition than Definition 4.4.1,

the definition of true iterations for our convergence result of first order subspace methods.
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5.3.1 Auxiliary results
In this subsection we provide some useful results needed to prove our assumptions in Theorem 4.2.1.

Lemma 5.3.1. In Algorithm 6, if iteration k is successful, then

Flowe) < 7 (o) = 5 |1SF el
Proof. From the definition of successful iterations and (5.2.6)
f(ara) = fae + sk)
< f(xg) —0 [mk (0) — 1y, (8k)] — % |S% 8k j
< flaw) = (5.3.4)
where in the last inequality, we used (5.2.2). O
The gradient of the model has the expression
Vi (51) = ScV f(an) + S,V mn) ST+ - -SiSTan [T (5.3.5)

The following lemma bounds the size of the step at true iterations.

Lemma 5.3.2. Assume f is twice continuosly differentiable with Ly -Lipschitz Hessian V2f and

k < N.. Suppose that iteration k is (eg), Smaz)-true. We have

2 (1 -1
o> < mln{ ( Spmaz + /-@T> 1- 653} (5.3.6)
Ly’

Proof. (5.3.5) and the triangle inequality give

1
16V F(ax) + S0V Flan)ST 8, = Hsks}fgk 15754, — Vi (5)
2

<o ||5k||2 >+ IV (30,
< (a [ +/-eT> Hs,féﬁuj by (5.2.3) (5.3.7)
1
S (Oék Sma,z + KT) 9 (538)
where we used (5.3.2). On the other hand, we have that
2 T
HS/CVf(a'Jk) + S,V f(:ck)Sk SkH2
= |}sease [ (57907 |
> 1= €2 ||V () + V2 f(@)sell, Dby (5.3.1) with 2 = [1,(ST4)7]"
= V1= [ VF(@r1) = [VF(@ien) = V(@) = V2 f(z)se] (5.3.9)
>\ 1= eIV @rr)lly = [V @ren) = VS () = 92 f@n)se] || (5.3.10)
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Note that by Taylor’s Theorem, because f is twice continuously differentiable with L g-Lipschitz

V2f, we have that V f(zy + si) = V f(xr) + fol V2 f(zg + tsi)sidt. Therefore, we have

195 (easr) — 9 fax) — V2 flan)sill, = H [ 192 e+ t9) = 92 )] s

2

1
< / il [V F s + tx) — V2 F(an)]|, dt
0

1
< Jsily / Lt |5kl dt

1 2
= 5 Lu skl

by Lipschitz continuity of V2f. Next we discuss two cases,

1. If Ly ||sk]|3 > €, then we have the desired result in (5.3.6).

(5.3.11)
(5.3.12)

(5.3.13)

(5.3.14)

2. If Ly ||sk||§ < ¢, then (5.3.10), and the fact that |V f(zg41)]l, > € by k < N, imply that

1Sk 9 F () + Se V2 f (k) ST 3|, > @g

Then (5.3.8) implies

1 —1
ISEstl = (St ) 1= 25,

This again gives the desired result.

5.3.2 Satisfying the assumptions of Theorem 4.2.1

Here we only address the case where S is the distribution of scaled Gaussian matrices.

But S

could also be the distribution of scaled sampling matrices, s-hashing matrices, SRHT matrices and

HRHT matrices because those distributions also satisfy similar properties detailed below, namely,

having a bounded two-norm with high probability (Lemma 5.3.3), and having a one-sided subspace

embedding property (Lemma 5.3.4).

Concerning scaled Gaussian matrices, we have the following results.

Lemma 5.3.3 (Lemma 4.4.6). Let S € R™? be a scaled Gaussian matriz (Definition 1.2.2). Then

for any 5(52) >0, S satisfies (5.3.2) with probability 1 — 6(52) and

Sma$:1+\/?+

2log (1/5%2))
—

Lemma 5.3.4 (Theorem 2.3 in [101]). Let eg) € (0,1) and S € R™*? be a scaled Gaussian matriz.

Then for any fivzed d X (d 4+ 1) matriz M with rank at most r + 1, with probability 1 — 5593) we have

that simultaneously for all z € RI+1, HS’MzHg > (1-— 6%2)) ||Mz\|§, where
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1(e2)2?
5é3):€_ et (5.3.15)

and C; is an absolute constant.

Satisfying Assumption 1 (page 71)

Lemma 5.3.5. Suppose that V2f(xy) has rank at most r < d for all k; S € R is drawn as a
scaled Gaussian matriz. Let 6%2), 5@2) € (0,1) such that (5%2)—1—6(33) < 1 where 6;3) is defined in (5.3.15).

21og(1/6%
Then Algorithm 6 satisfies Assumption 1 with g = 6;2) + 5;3) and Spee = 1+ \/?—i— M,

with true iterations defined in Definition 5.3.1.

Proof. Let x), = T € R? be given. This determines V f(x), V2f(zx) and hence My. As V2f(xy)

has rank at most r, M}, has rank at most r» + 1. Consider the events

A = {18eMizl3 > (1= ) [M2l)3, ¥z e R

AP = {|ISk]l < Smaz} -

Note that iteration k is true if and only if Ag) and Aff) occur. It follows from Lemma 5.3.4
that P (A,(cl)|xk = :Ek) > 1 — 5&3); and from Lemma 5.3.3 that P A,(f)) > 1 — 5@2). Since A,(f) is
independent of xj, we have P (A,(f)|xk = jk> =P (Aff)) >1-— 6592).
Hence, we have P (A,(cl) n A,(f)\a:k = a’ck) >1-P ((A,(Cl))c |xg = :Ek) —P ((A,(f))c |xg = :Ek> >
1- (5%2) - 6%3). A similar argument shows that [P (A(()l) N Aéz)) >1- 622) - 6593), as T is fixed.
Moreover, given xj = Tk, A,(Cl) and A,(f) only depend on Sy, which is drawn randomly at iteration
k. Hence given zp = Ty, A,(:) N A,(f) is independent of whether the previous iterations are true or

not. Hence Assumption 1 is true. O

Satisfying Assumption 2 (page 71)

Lemma 5.3.6. Let f be twice continuously differentiable with Ly -Lipshitz continuous Hessian V2 f.
Algorithm 6 satisfies Assumption 2 with

2(1 - 0)

3.1
I (5.3.16)

Alow =
Proof. From (5.2.2), we have that
3
>

Using Lemma 5.3.2, in true iterations with k < N, we have that |‘Sg§k

define !

Flax) — dn (3) > i 1575

|2 > 0. Therefore we can

oo = 18) = Fn + se)
fxk) = ar (3x)

INote that Algorithm 6 does not use the ratio p;, in (5.3.17), but uses (5.2.6). This is because the denominator of
(5.3.17) may be zero before termination, on account of sketching/subspace techniques being used.

(5.3.17)
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with

|f(zx + s1) — Gk (3%)] .

=l = |f(zk) — Gr (31)]

The numerator can be bounded by
N 1 2
|f(@k + sk) — a (8)] < ELH l[sells
by Corollary A.8.4 in [16]. Therefore, we have

3
Ly |lskll; 1

I1— pr| < - 5 = iakLH <1-6 by (5.3.16) and ap < Qow- (5.3.18)
3an ||8k-||2
Thus 1 — pr < |1 — pr| <1 -6 so pr > 0 and iteration k is successful. O

Satisfying Assumption 3 (page 71)

Lemma 5.3.7. Let [ be twice continuously differentiable with Lpg-Lipschitz continuous Hessian.

Algorithm 6 with true iterations defined in Definition 5.8.1 satisfies Assumption 8 with

3/2
) / 2)
0 3/2 93/2 1—ce¢
h(e, ag) = (6) min 5 . (5.3.19)

— 5 T
3amaw L:;{/ Tksmaz + KT

2

Proof. For true and successful iterations with & < N, use Lemma 5.3.2 with Lemma 5.3.1 and

(697 S Amaz- O

Satisfying Assumption 4 (page 72) The next lemma shows that the function value following

Algorithm 6 is non-increasing.
Lemma 5.3.8. Algorithm 6 satisfies Assumption 4.

Proof. In Algorithm 6, we either have xy1 = x; when the step is unsuccessful, in which case f(x) =

f(zr41); or the step is successful, in which case we have f (xg4+1) — f (1) <0 by Lemma 5.3.1. O

5.3.3 Iteration complexity of Algorithm 6 to decrease V f(z;) below ¢

We have shown that Algorithm 6 satisfies Assumption 1, Assumption 2, Assumption 3 and Assump-
tion 4. Noting that Algorithm 6 is a particular case of Algorithm 2, we apply Theorem 4.2.1 to

arrive at the main result of this section.

Theorem 5.3.1. Let S be the distribution of scaled Gaussian matrices S € R'*? defined in Defini-
tion 1.2.2. Suppose that f is bounded below by f*, twice continuously differentiable with Ly -Lipschitz

V2f, V2f(xr) has rank at most r for all k and let € > 0. Choose | = 4Cj(log 16 + r + 1);6%2) =
l(€(2)>2
%;52.2) = L. 50 that 6(33) — e ot 11—6;55 = %;Smam =1+ _VdtV2T06T6  yhere C is

16’ \/4C; (log 16+1+1)
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defined in (5.3.15). Run Algorithm 6 for N iterations. Suppose that §g < =B (i.e. (C_:l)g > 1)
Then for any & € (0,1) with
9(61) > 07

where

if N € N satisfies

N29(51)[ J(wo) — J° 4Cl(log16+r+1)}’

h(e, apyy ™) l+e
where h(e, ay) is defined in (5.3.19) with 6(32), Smaz defined in the theorem statement, ayey, 1S given

in (5.3.16) and qumin = gy associated with ey, for some 7, € NT. Then we have that
. TN
P Ig%l]f\lr{||vf(ffk+1)\|2} Se]zl—e 0.

5.3.3.1 Discussion

Use other random ensembles than the scaled Gaussian matrices in Algorithm 6 Al-
though Theorem 5.3.1 requires S to be the distribution of scaled Gaussian matrices, qualitatively
similar result, namely, convergence with a rate of O (¢73/2) with exponentially high probability,
can be established for s-hashing matrices (defined in Definition 1.2.5), Subsampled Randomised
Hadamard Transforms (defined in Definition 1.2.3) and Hashed Randomised Hadamard Transforms
(defined in Definition 2.4.2). The proof for satisfying Assumption 1 needs to be modified, using the
upper bounds for 5,4, and the subspace embedding properties of these ensembles instead. Conse-
quently, the constants in Theorem 5.3.1 will change, but the convergence rate and the form of the

result stays the same (as the results in Section 4.5.2).

Comparison with the adaptive cubic regularisation method with random models in [17]
We achieve the same O (673/ 2) convergence rate as [17], which is optimal for non-convex optimisa-
tions using second order models [16], and the same for deterministic adaptive cubic regularisation
method. One main difference between our work and [17] is the definition of true iterations. Instead

of Definition 5.3.1, they define true iterations as those iterations that satisfy

IV f (i) — Vimu(si)ll, < 5 15kl (5.3.20)

V2 f (k) = V2mu(si)], < mm skl s (5.3.21)

where kg, kg > 0 are constants.

This difference leads to different potential applications of the two frameworks. In their work, they
proposed to use sampling with adaptive sample sizes for problems having the finite sum structure
(f = >, fi) to construct the model my, or to use finite differences in the context of derivative

free optimisation to construct the model my. However, without other assumptions, even just in
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order to obtain condition (5.3.20), one may need a sample size that may be impractically large.
In contrast, in our framework, the sketching size is fixed and even then, true iterations happen
sufficiently frequently for scaled Gaussian matrices (and indeed for other random embeddings, see
remark above). However, since the subspace dimension [ is proportional to the rank of the Hessian
matrix r, the Hessian matrix V2 f is assumed to have a lower rank r than the full space dimension I,
as otherwise Algorithm 6 does not save computation/gradient/Hessian evaluations compared to the
deterministic version. Another difference is that our convergence result Theorem 5.3.1 is expressed
in the high probability form, while the result in [17] is in expectation. Our result is stronger because
it leads to an equivalent expectation result in [17], see Corollary 4.2.3 on Page 75.

Inexact local models constructed by subsampling for sums of functions have also been proposed
for cubic regularization and other Newton-type methods in [59, 103, 104, 108]. Our emphasis here is
related to reducing specifically the dimension of the variable domain (rather than the observational

space).

5.4 Fast convergence rate assuming the sparsity of the Hessian
matrix

This section is mostly conceptual and is an attempt to show the fast convergence rate of Algorithm 6
can be achieved without assuming subspace embedding of the Hessian matrix. Here, we maintain
N as min{k : |V f(zp11)|l, < €}, similarly to the last section. However, in the definition of true
iterations, we replace the condition (5.3.1) on subspace embedding of the Hessian with the condition
that the sketched Hessian S, V?2f(zy) has a small norm. This may be achieved when the Hessian
matrix has sparse rows and we choose Sy to be a scaled sampling matrix. We show that this new
definition of true iterations still allows the same O (6_3/ 2) iteration complexity to drive the norm of

the objective’s gradient norm below e. Specifically, true iterations are defined as follows.

Definition 5.4.1. Let eg € (0,1), Spaz > 0. Iteration k is (es, Smaz)-true if

15K V2 (1)]],, < exe?, (5.4.1)
1Sk V f(zi)]15 > (1 —es) €, (5.4.2)
||Sk||2 § Smam, (543)

4(1—€5)%Sman . . .
where ¢, = 4A=cs) Smas gpg Qmaz 1S @ user-chosen constant in Algorithm 6.
30max

Note that the desired accuracy € appears in this particular definition of true iterations.
Consequently, the requirements on the objective and the sketching dimension [ may be stronger
for smaller e. For simplicity, we assume k7 = 0 (where k7 is a user chosen parameter in (5.2.3) in

Algorithm 6) in this section, namely Vi (85) = 0, and it follows from (5.2.3) that

1 R R R
SpV f(xr) = oTkS’“S’?S’“ 155 3k, — Sk V2 f (k) ST 8k (5.4.4)
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The proofs that Assumption 2 and Assumption 4 are satisfied are identical to the previous section,

while the following technical lemma helps us to satisfy Assumption 3.

Lemma 5.4.1. Let € > 0. Let eg € (0,1), ki = 0. Suppose we have (5.4.1), (5.4.2) and (5.4.3).

Then
(1- 65)1/2 €

T A
R S T

Proof. Let b = ||k V?f(xx)||,, 2 = ||SF3k||,, then taking 2-norm of (5.4.4) with (5.4.2), [|Skl, <

Smaz and the triangle inequality gives
1 Smaw 2
—€8)%€ S k Tk S —% X
(1—es)2e < SV f(ze)ll, < = =27+

S
:>M582+b1‘—(1—63)%620

Qg
DO e =l
= (rragn) = e g
e
@ agb

Introduce a =

and the function y(b) =

Smaz 2Smaz’

x> +va+yb)?—yb). (5.4.5)

then the above gives

We note, by taking derivative, that given y(b) > 0, the RHS of (5.4.5) is monotonically decreasing

0,
with y(b). Therefore given b < cie2 and thus y(b) < y(cge? ), we have

x> \/a+ y(ere?)? — y(epe?).

2
The choice of ¢, = \/4(1—55)1/2Smn,m < \/4(1_55)1/25ma,m gives a > 3y (cke%) . And therefore we

3max 3o
have x > y (ck.e%). Noting that x = ||S,€T§k ||2 and substituting the expression for y and ¢y, gives the

desired result.

O

Lemma 5.4.2. Following the framework of Algorithm 6 with k = 0, let € > 0. Define true iterations
as iterations that satisfy (5.4.1), (5.4.2), and (5.4.3) . Then Assumption 3 is satisfied with

172 13/2
h(e, ay) = 90‘%;3/2 [?E;;azi)m;] . (5.4.6)
Proof. A true and successful iteration k gives
0 .3
(o) — f(ag + s) > 3an HsizskH?
by Lemma 5.3.1 and combining with the conclusion of Lemma 5.4.1 gives the result. O
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With Assumption 2, Assumption 3 and Assumption 4 satisfied, applying Theorem 4.2.1 gives
the following result for Algorithm 6.

Theorem 5.4.1. Let f be bounded below by f* and twice continuously differentiable with Ly -
Lipschitz continuous Hessian. Run Algorithm 6 for N iterations. Suppose Assumption 1 hold with
ds € (0,1) and true iterations defined in Definition 5.4.1. Suppose dg < W

Then for any 61 € (0,1) such that g(ds,01) > 0 where g(dg,01) is defined in (4.2.12). If N

satisfies

fl@o) — f~ Ta
> 9(ds,01) [h(e 0 ) +1 +C] : (5.4.7)

where h is given in (5.4.6), Qo s given in (5.3.16) and Qumin, Ta are given in Lemma 4.2.1; then

we have

i —i —ds)N
P(II%IJI\II{”Vf(xk+1)2}§e>21_e +(1-65)N

Remark 13. In order to satisfy Assumption 1, we require that at each iteration, with positive prob-
ability, (5.4.1), (5.4.2) and (5.4.3) hold. This maybe achieved for objective functions whose Hessian
only has a few non-zero rows, with S being a scaled sampling matriz. Because if V2 f(xy) only has
a few non-zero rows, we have that S, V2 f(x) = 0 with positive probability, thus satisfying (5.4.1).
Scaled sampling matrices also satisfy (5.4.2) and (5.4.3) (See Lemma 4.4.18 and Lemma 4.4.14).

5.5 Convergence to second order (subspace) critical points

In this section, we show that Algorithm 6 converges to a (subspace) second order critical point of

f(z). Our convergence aim here is

N. = NP =min {k : Apin (SeV2f(21)ST) > —enr} (5.5.1)
And we define S,,,,,-true iterations as
Definition 5.5.1. Let Spae > 0. An iteration k is true if | Sk|ly < Smaz-

Compared to Section 5.3, here we have a less restrictive definition of true iterations. Consequently

it is easy to show Assumption 1 is true.

Satisfying Assumption 1 For S being a scaled Gaussian matrix, Lemma 4.4.6 gives that Algo-
rithm 6 satisfies Assumption 1 with with any dg € (0,1) and

2log
maaf - 1+\/>

Results for other random ensembles can be found in Section 4.4.2.
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Satisfying Assumption 2

Lemma 5.5.1. Let [ be twice continuously differentiable with Lg-Lipschitz continuous Hessian.
Algorithm 6 satisfies Assumption 2 with

Qlow = 2(1[/7;9) (552)

The proof is similar to Lemma 5.3.6, where the condition ||S]'s, H2 > 0 on true iterations before

convergence is ensured by Lemma 5.5.2.

Satisfying Assumption 3 We can calculate

1 _
Vi (8) = V2 (i) ST+ |[ISTSll, " (SkST3) (SisT3)"

T} . (5.5.3)

Therefore for any y € R, we have

y" Vi, (8)y = y" SV f (@) Sy + — [ ) |(SeST3) yr 3, (S,{y)Q] . (5.5.4)

The following Lemma says that if the subspace Hessian has negative curvature, then the step size is

bounded below by the size of the negative curvature. (But also depends on ay.)
Lemma 5.5.2. If \,in (SkVQf(a:k)S,{) < —e€p; and ||Sklly < Smaz, then

-1
2S’I'2nllx + I‘ES:| .
ay

ISEsull = e |
Proof. Let y € R!. Using (5.2.4) and (5.5.4) we have that
oSk V2 () STy > _aik {HS}{@,@H; (565730 3] + 575, (s,{yﬂ s || STl
Given [|Sk/ly < Simaz, we have that STy < Spaz ||yll,- So we have

Y SV f(xr)Shy > —— D

R TC N L R N nyb} — s || 8l
Minimising over ||y, = 1, noting that max, - ((Sks,”;{“gk)Ty)Q = HSkS’kTékHz, we have

—€g > >\mm (Skv f($k)Sk) > o [

} s |55 3

2 A
Z—*[ " Shae 15T 56l Stras) = 55 || ST,

252 s §
= = |15k 8ully = s Sk 8l -

Rearranging gives the result. O

Lemma 5.5.3. Algorithm 6 satisfies Assumption 8 with

fe3, [252 -3
h(em, o) = ﬁ [ OZ + kg } (5.5.5)

Proof. Using Lemma 5.3.1, on successful iterations, we have f(zy) — f(zr + s1) > 3% |SE 34,

Consequently, k& < N, (note the definition (5.5.1) of N in this section) and Lemma 5.5.2 give the

lower bound A that holds in true, successful and k < N, iterations. O
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Satisfying Assumption 4
Lemma 5.5.4. Algorithm 6 satisfies Assumption 4.

The proof of this lemma is identical to Lemma 5.3.8.

Convergence result Applying Theorem 4.2.1, we have a convergence result for Algorithm 6 to a
point where the subspace Hessian has approximately non negative curvature. While the statement
is for scaled Gaussian matrices, it is clear from the above proof that similar results apply to a wide

range of sketching matrices.

Theorem 5.5.1. Letey > 0,1 € N*. Let S be the distribution of scaled Gaussian matrices S € R ?,
Suppose that [ is bounded below by f*, twice continuously differentiable with L g -Lipschitz continuous
Hessian V2f. Choose 65 = %; s0 that Spaz = 1 + @. Let h be defined in (5.5.5), Qow
be given in (5.5.2) and amin = aoy® associated with oy, for some 1, € NT. Suppose that
bg < W

Then for any 61 € (0,1) with

9(ds,01) >0,

where

-1
9(58751) = {(1 - 58)(1 - 51) -1+ (Cf1)2:|

; if N € N satisfies

N2 05,0 | L L

hem, 007 ™)  1+ec

we have that
2
P (min{k : Amin (S V2 f(2x)Sk) > —em} < N) > 1 - o~ F(1-85)N

Remark 14. We see that the convergence rate to a (subspace) second order critical point is 6;13.

5.6 Convergence to second order (full space) critical points

In this section, we show that, if S is the distribution of scaled Gaussian matrices, Algorithm 6 will
converge to a (full-space) second order critical point, with a rate matching the classical full space
algorithm.
We define
N. = N® =min {k : Apin (V2 f(21)) > —en} (5.6.1)

The following definition of true iterations assumes that V2 f(xy) has rank r < d.
Definition 5.6.1. Let Sy > 0,e5 € (0,1). An iteration k is (€5, Smax)-true if the following two

conditions hold
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1. ”SkHQ < Smax-

2. There erists an eigen-decomposition of V2 f(xy) = 22:1 Nwgul with Ay > Ao > ... > A,

such that with w; = Spu,,

1—es < [lwe s <1+es, (5.6.2)

(wlw,)? <1617 (1 +es)  for all i # 7. (5.6.3)

Note that since S, € R4 is a (scaled) Gaussian matrix, and the set {u;} is orthonormal,
we have that {w;} are independent Gaussian vectors, with entries being N(0,171). (5.6.3) simply
requires that those high-dimensional Gaussian vectors are approximately orthogonal, which is known
to happen with high probability [100]. We proceed to show that the four assumptions needed for
Theorem 4.2.1 hold, and then apply Theorem 4.2.1 for this particular definition of N..

Satisfying Assumption 1 As before, we show each of the two conditions in Definition 5.6.1
hold with high probability, and then use the union bound (See the proof of Lemma 4.4.2) to show
Assumption 1 is true. Note that the conditional independence between iterations is clear here
because given xj, whether the iteration is true or not only depends on the random matrix Sy and
is independent of all the previous iterations.

For the first condition in Definition 5.6.1, We have that for S being a scaled Gaussian matrix,

Lemma 4.4.6 gives that Algorithm 6 satisfies Assumption 1 with with any 5(52) € (0,1) and

Smaaszl"'_\/?'i_

Lemma 5.6.1 shows that (5.6.2) holds with high probability.

(5.6.4)

Lemma 5.6.1. Let w; € R! with w;; be independent N(0,171). Let es € (0,1). Then we have for
some problem-independent constant C,

2

1
P (|||wi||§ 1< es) >1-2e . (5.6.5)

Proof. The proof is standard. One side of the bound is established in Lemma 4.4.4. Also see [25].
We note that C ~ 4. O

Next, we show that conditioning on (5.6.2) being true, (5.6.3) holds with high probability. We

first study the case for a single fixed ¢ instead of all 4.

Lemma 5.6.2. Let es € (0,1) and suppose w, satisfies (5.6.5). Then with (conditional) probability
at least 0.9999, independent of w,, we have (wlw,)? < 16171(1 + €g).
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2
Proof. We have (w! w,.)? = ||wr||§ (wTL) . The term inside the bracket is an N (0,1~!) random

i Jlwell,
variable independent of w,, because sum of independent normal random variables is still normal.
Note that for a normal random variable N (0, c?), with probability at least 0.9999, its absolute value
lies within £4¢. Therefore we have that with probability at least 0.9999,
2
(wl-T L ) < 16171 (5.6.6)
[[wr |l

Combining with (5.6.5) gives the result. O

Corollary 5.6.1 shows that conditioning on (5.6.2) being true, (5.6.3) is true with high probability.

Corollary 5.6.1. With (conditional) probability at least 0.9999" =Y we have that (w] w,)? < (1 +
€s)161~1 for all i # 7.

Proof. Note that conditioning on ||w, ||§, wlw, are independent events. Therefore we simply multiply
the probability. O

The following Lemma shows that the second condition in Definition 5.6.1 is true with high
probability.
Lemma 5.6.3. Let es > 0. Let A = {|||wr||§ -1 < eg},
and Ay = {(w w,) < 161711 —|—es)} . Vi#r

62

Then with probability at least (0.9999)"~1 <1 - Qelcs>, we have that Ay and As hold simultane-

ously.

Proof. We have P(A; N Ay) = P[A3|A1]P(A1). Using Lemma 5.6.1 and Corollary 5.6.1 gives the
result. O

Therefore, using (5.6.4), Lemma 5.6.3 and the union bound we have the following

Lemma 5.6.4. Let eg >0, [ € N, 5;2) > 0 such that

€2
5s = (0.9999)" ! (1 - 26_105) +62 <1, (5.6.7)

Then Algorithm 6 with (Spmae, €s)-true iterations defined in Definition 5.6.1 satisfies Assumption 1
2log 1/5(2)
where Spae = 1+ f

Satisfying Assumption 2

Lemma 5.6.5. Let [ be twice continuously differentiable with Lpg-Lipschitz continuous Hessian.
Then Algorithm 6 with true iterations defined in Definition 5.6.1 satisfies Assumption 2 with

Olow = 2(1]:7;9) (5.6.8)

The proof is identical to Lemma 5.3.6. 2

2Except that we need ||Sg§k|‘2 > 0 in true iterations before convergence. But this is shown in (5.6.13).

123



Satisfying Assumption 3 Lemma 5.6.6 is a key ingredient. It shows that in true iterations, the
subspace Hessian’s negative curvature (Amin (SkVQf(xk)SkT)) is proportional to the full Hessian’s

negative curvature (Amin (V2 f(z1))).

Lemma 5.6.6. Suppose iteration k is true with eg) € (0,1) and k < Ne. Let kg = min {0, A1/, }.
Suppose

1l4esA
rolltesh (5.6.9)

1— 16 .
st <

Then we have that
Amin (SeV2f(zr)SE) < —emmles, .l kx),

where

—11
m(es, 1, kp) = (1—Es+16T 7 1“5:@}1). (5.6.10)
T es

Proof. Using the eigen-decomposition of V2 f(xy), we have that Sy V2 f(zy)ST = S1_ hiww! .
Use the Rayleigh quotient expression of minimal eigenvalue (with w, being the trial vector):

S A (wlw,)?

T
Wi Wy

Amin (SkV? f(2x)SE) <

We have
D1 Ai (wz‘TwT)z

wlw,

= (wTw,.) Ar 4

T

A1, (5.6.11)
€s

where the two inequalities follow from (5.6.2) and (5.6.3) because iteration k is true. Next we discuss

two cases.

1. If Ay < 0, then kg = 0 because A\, < —ey < 0. Thus, m(eg,r,l,kg) =1 — eg. The desired

result follows from (5.6.11) by noting that the second term 167! res \; <0 and N\, < —eg.

I 1—eg
2. If \, >0, then kg = % and from (5.6.11), we have

r—114¢€g
l 1—65

(1 765) /\r+16

—11 A
>\1)\r(les+16r “Sl>

l 1-— €g )\T
< —egmles,r,l, k),

where we used (5.6.9) and )\, < —egy to derive the inequality. And the desired result follows. O

Remark 15. (5.6.9) always holds if \y < 0 (where recall that \; are eigen-values of V2 f(xx) and
k < N¢ implies A\ < —eg < 0.). If \y > 0, then (5.6.9) holds if we have Kk (sz(xk.)) 771 < (-es)®

= 16(1tes)
where r (V2 f(zy)) = |§—7{| is the condition number of V2 f(zy).
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We conclude that Assumption 3 is satisfied.

Lemma 5.6.7. Algorithm 6 with S being the distribution of scaled Gaussian matrices, true iteration

defined in Definition 5.6.1 and N, defined in (5.6.1) satisfies Assumption 8 with

5 l 3 1252 -3
h(EH,Oék) _ eHm(GS,Ta aKJH) |: Smam + HS:| (5612)
30ék (673
Proof. Let iteration k be true and successful with £ < N.. Lemma 5.6.6 gives that
)\min (SkVQf(xk:)SZ;) S _€Hm(65'7 T, l) KH)'
Then we have
252 -
I5E 8k, = crmies. L, ) [ S HS} : (5.6.13)
k

by applying Lemma 5.5.2 with ey = egm(es,r,l,kg). The desired result follows by applying
Lemma 5.3.1. O

Satisfying Assumption 4 The identical proof as the last section applies because Assumption 4

is not affected by the change of definitions of V. and true iterations.

Convergence of Algorithm 6 to a second order (full-space) critical point Applying The-
orem 4.2.1, the next theorem shows that using Algorithm 6 with scaled Gaussian matrices achieves

convergence to a second order critical point, with a rate matching the classical full-space method.

Theorem 5.6.1. In Algorithm 6, let S be the distribution of scaled Gaussian matrices. Let e > 0
and N be defined in (5.6.1). Define true iterations in Definition 5.6.1. Suppose f is lower bounded
by f* and twice continuously differentiable with L -Lipschitz continuous Hessian V2f.

Choose 5592) = 1—16; s0 that Spaz = 1+ @. Let 6g be defined in (5.6.7). Let h be defined
in (5.6.12), ayow be given in (5.6.8) and amin = qp7y1® associated with oyey (See Lemma 4.2.1).

Suppose that dg < ﬁ Then for any 6, € (0,1) with
9(557(51) > 0,

where

9(8s,01) = {(1—55)(1_51)_1+ - ¢

if N satisfies

N2 05,00 | L L

hem,ap7it™)  1+c

we have that

P (min{k: * Amin (VQf(ggk)) > —ep} < N) >1— e—%(l—JS)N.

Proof. Applying Lemma 5.6.4, Lemma 5.6.5, Lemma 5.6.7, we have that the four assumptions in
Theorem 4.2.1 are satisfied. Then applying Theorem 4.2.1 gives the desired result. O
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Chapter 6

Conclusion and future directions

In this thesis, we studied random embeddings and their application to optimisation problems and
algorithms in order to achieve faster and more scalable solutions.

After introducing the necessary background related to random embeddings — Johnson-Lindenstrauss
lemma, subspace and oblivious embeddings, and commonly used random ensembles — we analysed
the subspace embedding property of hashing embeddings when the matrix whose column space is
to be embedded has low coherence. We found that 1-hashing embeddings achieve the same the-
oretical dimensionality reduction property as the scaled Gaussian matrices if the coherence of the
data is sufficiently low. This result motivated us to propose a new type of general random sub-
space embeddings — where the typically-used subsampling is replaced by hashing when combined
with coherence-reducing transformations; this is the case of Subsampled- versus the novel Hashed-
Randomised Hadamard Transform. Some open questions remain, that would be worthwhile pursuing
and that would further enrich our understanding of this fascinating area of random matrices. For
example, in our Theorem 2.3.1, we showed that 1-hashing matrices provide an oblivious subspace
embedding of optimal size m = O (d) provided the input coherence is sufficiently low, of order
1/d. Though the former, size requirement, cannot be improved in order, the latter, coherence one,
probably can be improved to allow a larger class of input matrices to be embedded.

In chapter 3, we cascade our findings about sparse random matrices to the development of effi-
cient solvers for large-scale linear least-squares problems, building on the success of the randomised
Blendenpik algorithm and state-of-the-art numerical linear algebra techniques. We additionally
present comprehensive benchmarking results of our proposed solver Ski-LLS against both random
embedding-based, and deterministic, solvers. We found that our solver, SKi-LLS, which is available
as an open source C++ code, outperforms not only sketching-based solvers but also state-of-the-art
deterministic sparse solvers on certain subsets of the Florida collection of large-scale sparse matri-
ces. Future development of our solver Ski-LLS may include incorporation and testing of other sparse

ensembles such as the stable 1-hashing proposed in [19] (see also Section 4.4.2.3).
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After considering reducing the dimensionality of the observational space in the linear least
squares, we next turned to applying random embeddings to reduce the dimensionality of the vari-
able/parameter space, leading to random subspace algorithmic variants of standard optimization
algorithms for nonconvex problems. We showed that the O (6_2) convergence rate of first-order-
type methods to obtain an approximately small gradient value, within €, can be preserved, with high
probability, when the gradient and the search direction are sketched/randomly projected. Various
sketching matrices are allowed, of dimension independent of problem size, and can be used in a
generic algorithmic framework that incorporates quadratic regularization and trust region variants.
A current direction here is to particularise our general random subspace framework to linesearch
methods, which in light of [17], is clearly possible, with similar complexity bounds being obtained.

When the second order information is also available, we investigated in Chapter 5, a Random
subspace variant of Adaptive Cubic Regularization (R-ARC). We found that when the Hessian
information is low rank, and Gaussian sketching is used to generate the subspace, the optimal
complexity of order O (6_3/ 2) of the full-space algorithm is recovered with high probability, for
generating a sufficiently small gradient. The complexity of achieving approximate second order
criticality using R-ARC is also addressed, with similar outcomes in relation to the complexity of
the full space variant provided again, that low-rank assumptions hold for the curvature information.
Our focus in Chapters 4 and 5 was theoretical, but it has informed us about the potential and
strength of fixed-size random projections to generating suitable subspaces for minimization, and
strongly convergent ensuing algorithmic variants. Future work would be to numerically implement
and test the more general variants (not just Gauss-Newton type) on large-scale general objectives,
which would likely involve further, careful algorithm development.

Finally, we see potential in the techniques in this thesis to apply to other problem classes in
numerical analysis, either more directly or with further development, such as to low rank matrix
approximation, linear programming and nonlinear sum of functions arising in machine learning.
Could we solve more large scale numerical analysis problems faster with random embeddings? Or
perhaps we can find domain-tailored random embeddings for specific problems in machine learning,

finance and other applications?
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