
royalsocietypublishing.org/journal/rsif

Research

Cite this article: Ceccarelli A, Browning AP,
Chaiamarit T, Davis I, Baker RE. 2026 A
likelihood-based Bayesian inference framework
for the calibration of and selection between
stochastic velocity-jumpmodels. J. R. Soc.
Interface 23: 20250866.
https://doi.org/10.1098/rsif.2025.0866

Received: 21 August 2025
Accepted: 16 January 2026

Subject Category:
Life Sciences–Mathematics interface

Subject Areas:
biomathematics, biophysics, computational
biology

Keywords:
Bayesian inference, velocity-jumpmodel,
continuous-time Markov chain, single-agent
tracking data, approximate likelihood, model
calibration, model selection

Author for correspondence:
Arianna Ceccarelli
e-mail: ceccarelli@maths.ox.ac.uk

Electronic supplementary material is available
online at
https://doi.org/10.6084/m9.figshare.c.8344045.

A likelihood-based Bayesian inference
framework for the calibration of and
selection between stochastic
velocity-jump models
Arianna Ceccarelli1, Alexander P. Browning3, Tai Chaiamarit2,4, Ilan Davis2,5 and
Ruth E. Baker1

1Mathematical Institute, and 2Department of Biochemistry, University of Oxford, Oxford, UK
3University of Melbourne School of Mathematics and Statistics, Parkville, Victoria, Australia
4Department of Physiology, Mahidol University Faculty of Science, Bangkok, Thailand
5Department of Biochemistry, University of Glasgow, Glasgow, UK

 

 

AC, 0000-0002-9598-8845; APB, 0000-0002-8753-1538; ID, 0000-0002-5385-3053;
REB, 0000-0002-6304-9333

Advances in experimental techniques allow the collection of high‑resolution
spatio‑temporal data that track individual motile entities. These tracking
data can be used to calibrate mathematical models describing the motility
of individual entities. The challenges in calibrating models for single‑
agent motion derive from the intrinsic characteristics of experimental data,
collected at discrete time steps andwithmeasurement noise.We consider the
motion of individual agents that can be described by velocity‑jump models
in one spatial dimension. These agents transition between a network of n
states, in which each state is associated with a fixed velocity and fixed rates
of switching to every other state. Exploiting approximate solutions to the
resultant stochastic process, we develop a Bayesian inference framework to
calibrate these models to discrete‑time noisy data. We first demonstrate that
the framework can be used to effectively recover the model parameters of
data simulated from two‑state and three‑state models. Finally, we explore
the question of model selection first using simulated data and then using
experimental data tracking mRNA transport inside Drosophila neurons.
Overall, our results demonstrate that the framework is effective and efficient
in calibrating and selecting between velocity‑jump models, and it can be
applied to a range of motion processes.

1. Introduction
Mathematicalmodelling is extensively used to characterizemotion in biological
systems, for example, to describe the motility of RNA [1–6] and of molecu‑
lar motors [7–11], the transport of intercellular cargoes along axons [12–17],
bacterial chemotaxis [18–23] and the movement or migration of cells and an‑
imal species [24–33]. Recent advances in experimental techniques allow the
collection of data that track the location of individual agents with high spatio‑
temporal resolution. This kind of data is increasing in prevalence, motivating
the development of models and frameworks to calibrate them, which can be
used to describe and predict the behaviour of the motion process considered.

Single‑agent motion is often modelled as a continuous stochastic process,
while tracking data consist of a series of images collected with a fixed time
frequency, from which agent locations are extracted with some intrinsic
experimental noise (figure 1A). These inherent constraints of experimental
data should not be neglected in the calibration of stochastic motionmodels. The
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..................................................................................................................Figure 1. Example of a two-state model. (A) A simulation of the agent motion generated using the two-state model specified in (B). (C) Comparison of the empirical
distribution for a single location increment, P(∆y), generated using simulated data (pink histogram) to the approximate distribution computed using the up-to-one-
switch approximation for the PDF of measuring a single location increment, P1(∆y) (dashed line). (D) Comparison of the track distribution for two subsequent location
increments obtained using simulated data, P(∆y1,∆y2), (left) and the approximation for the joint track distribution for two subsequent location increments∆y1 and
∆y2, P1(∆y1,∆y2) (right).

study of these models and their calibration has been a long‑standing area of mathematical research [34–36]. A number of frame‑
works have been provided to estimate asymptotic or mean quantities of interest such as velocities and diffusivities [7,29,37] or
to estimate model parameters using data [4,21]. Existing frameworks to calibrate stochastic models to tracking data are typically
based on likelihood‑free approaches, such as particle filtering pseudomarginal methods [38–41]. Indeed, explicitly computing the
likelihood of these continuous models subject to discrete‑time noisy measurements is often not possible. Hence, there is a lack of
likelihood‑based inferencemethods suitable to calibrate these models. In this work, we tackle this issue by providing a framework
suitable to estimate the parameters of stochastic velocity‑jump models in one spatial dimension.

Velocity‑jumpmodels are suitable to describe motion characterized by the alternation between a number of constant velocities
or pauses. For example, intracellular cargoes, whichmay comprisemRNA, proteins, othermolecules or organelles, are transported
along the axons of the neurons by molecular motors that move processively in small steps on cylindrical cytoskeletal structures
known as microtubules [42]. Microtubules have an intrinsic polarity and, along the axons, are often organized with their ‘minus
ends’ pointing towards the cell nucleus and their ‘plus ends’ pointing to the periphery of the cell. There are two major classes
of microtubule‑dependent molecular motors, kinesins that predominantly carry cargoes in anterograde direction (towards the
‘plus ends’ of microtubules at the axon terminal) and dyneins that predominantly transport them in retrograde direction (towards
the ‘minus ends’ of microtubules at the cell body) [43]. Given the alternation of anterograde and retrograde movements along
the same axis and pauses, axonal transport can be characterized by bi‑directional, one‑dimensional velocity‑jump models. These
models can capture the velocities at which the cargoes are transported in anterograde and retrograde directions, corresponding to
the velocities in the forward and backward states, and the rates at which these changes in velocity occur. Furthermore, it is unclear
whether the switching of direction requires a pause or can happen instantaneously.

To capture the behaviour of individual agents, we consider stochastic velocity‑jump models in which the agent motion com‑
prises a series of deterministic movements at constant velocity, separated by instantaneous reorientations, or jumps, during which
the velocity may change [44] (figure 1A). The agent motion is fully determined by the evolution of the internal hidden state of
the agent, which evolves as a continuous‑time Markov chain, and each state is characterized by a fixed velocity and fixed rates of
switching to each other state. The difficulties in model calibration arise from the experimental limitation that the agent location
is collected at discrete time steps and with measurement noise. This does not allow for the determination of the precise state‑
switching times and, therefore, the direct computation of the model parameters. To address this, we construct a likelihood from
an approximate probabilistic solution to themodel derived in our previouswork [45] that accounts for noisy discrete‑time tracking
data. We use this likelihood approximation to build a Bayesian inference framework that allows for calibration of and selection
between models using model selection criteria. In particular, we use the framework to tackle the question of selecting between
models characterized by a different network of states or a different number of states.

In §2, we present the methods used throughout the article. First, we introduce the general n‑state model and give an overview
of the likelihood approximation and of the Bayesian inference framework based on a Metropolis–Hastings method [46,47]. In
§3.1, we apply the framework to calibrate a simple two‑state model capturing a forward‑and‑backward motion with two fixed
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velocities. Then, in §3.2, we apply the framework to three‑state models, in which the additional state represents a stationary phase
in the agent motion. We also use the framework to select between models with different networks in §3.3 and with a different
number of states in §3.4. In §3.5, we apply the framework to calibrate two‑state and three‑state models to experimental tracking
data and select between them to answer biological questions on the process of mRNA transport along Drosophila axons, such as
whether the switching between motion in opposite directions is direct or involves an intermediate stationary phase. Finally, in §4,
we discuss the main contributions of this work, emphasizing that the approximate likelihood used in our framework offers both
reliability and reduced run time compared with existing approaches, and we outline potential future directions.

2. Methods
In this section, we introduce the n‑state model and the approximation of the likelihood used, corresponding to the probability
distribution function (PDF) of measuring discrete‑time noisy data, explicitly computed in our previous work [45]. Moreover, we
develop a Bayesian inference framework based on aMarkov chainMonte Carlo (MCMC) algorithm suitable to calibrate stochastic
velocity‑jump models in one spatial dimension to data. Finally, we introduce the criteria used to select between models.

2.1. The motion model: a general stochastic n-state velocity-jumpmodel
We consider models for single‑agent motion characterized by a fixed number of hidden states, n. Each state s= 1,… ,n is associated
with a fixed velocity vs, an exponential switching with fixed rate 𝜆s and fixed probabilities to switch to any other state u= 1,… ,n,
u≠ s, psu. These probabilities give the network probability matrix P= [psu] with zero diagonal entries. In line with the character‑
istics of experimental data, we assume that the agent location is only measured at fixed time intervals ∆t and with measurement
noise, which we assume to be normally distributed with unknown standard deviation 𝜎 > 0.

2.2. The likelihood formulation
We define a data track as a set of subsequently measured locations [y0, y1,… , yN], (figure 1A). From a data track, we define a set
of N subsequent location increments as 𝚫yN ∶= [∆y1,∆y2,… ,∆yN], where ∆yi ∶= yi − yi−1, for i= 1, 2,… ,N.

In our previous work [45], we computed approximations for the PDF of measuring a single location increment ∆y by mak‑
ing the assumption that the agent switches state at most once between subsequent observations, defined as an up‑to‑one switch
approximation for the model solution. Moreover, we also computed the up‑to‑one switch approximation for the probability of
measuring a set of subsequent location increments 𝚫yN = [∆y1,∆y2,… ,∆yN] obtained from a track. This approximation takes into
account the correlation of subsequent location increments, owing to the likely persistence in the same state.

Figure 1C shows the up‑to‑one‑switch PDF approximation for a single location increment P1(∆y) and compares it with the
empirical PDF obtained using simulated data from an example two‑state model. Figure 1D shows the up‑to‑one‑switch PDF
approximation for two subsequent location increments P1(∆y1,∆y2) and compares it with the empirical PDF obtained using sim‑
ulated data from the same two‑statemodel. Themethods to obtain these approximations and their accuracy are discussed in depth
in [45].

Across this work, we estimate a parameter set, denoted 𝜽, which includes the velocities vs, the natural logarithm of the switch‑
ing rates log(𝜆s), the probabilities required to define the network matrix psu and the noise standard deviation 𝜎. We assume the
time between measurements is a fixed, known quantity ∆t. We refer to the track likelihood associated with a parameter set 𝜽, given
the set of N subsequent location increments obtained from a track 𝚫yN, as P1(𝚫yN|𝜽), which denotes the up‑to‑one‑switch ap‑
proximation for the joint PDF of a set of subsequent location increments obtained from a data track, 𝚫yN, given the parameter
set 𝜽. In contrast, the marginal likelihood is simply a product of the up‑to‑one‑switch approximations of the PDF for each location
increment,

PM1 (𝚫yN|𝜽) =
N∏

i=1
P1(∆yi),

and therefore, it does not take into account the correlation between data points. The marginal likelihood has the advantage of re‑
quiring considerably less run time to compute comparedwith the track likelihood, as the correlations between subsequent location
increments are not taken into account.

2.3. Bayesian inference framework with Metropolis–Hastings Markov chain Monte Carlo
In this section, we present a Bayesian inference framework to estimate the parameters of a general n‑state velocity‑jumpmodel for
one‑dimensional motion. The framework is suitable for calibrating a model using either a set of subsequent location increments
obtained from a data track, multiple sets of subsequent location increments obtained from distinct tracks, or independent location
increments obtained from distinct tracks.

The posterior distribution of the estimated parameter set 𝜽 given a dataset D using the likelihood L is

p(𝜽|D) ∝L(𝜽|D)p(𝜽), (2.1)

where p(𝜽) is the prior distribution, representing the prior knowledge of the parameter set. In this work, we use approximations
of the likelihood; hence, we provide an approximation for the true posterior distribution. We estimate the switching rates on a
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logarithmic scale, and we choose uniform priors for all parameters, specified in electronic supplementary material, section S2 for
every case.

We sample the posterior distribution for the model parameters by running a Metropolis–Hastings algorithm [46,47] (see Algo‑
rithm 1) for theMCMCmethod.We define a symmetric proposal density q= q(𝜽,𝚺), where 𝚺 denotes the k × k covariancematrix of
the set of k estimated parameters, adaptively computed during the burn‑in phase (see [48]). We run four chains for each simulated
dataset, each starting at a parameter set 𝜽0 sampled from the specified uniform prior, which allows the scale reduction factor R̂
[49] to capture both the within‑chain and the between‑chain variances. First, we run the pilot chains to adaptively estimate the
covariancematrix, thenwe run n̂= 10 000MCMC iterations for each chain, which allow for convergence of the estimated posterior
for each parameter according to the scale reduction factor (R̂< 1.1 for each parameter; see [49]). The algorithm, for n̂ iterations,
returns the estimated parameter posterior 𝚯 and the log‑likelihood vector log𝝅. More details on the algorithm used are given in
the electronic supplementary material, section S1. In the next section, we briefly explain the choice of prior distributions.

2.3.1. Prior selection

We adopt wide uniform priors as we assume limited prior knowledge about the model parameters. To estimate the velocities,
we recommend using prior intervals that only intersect at a maximum of one point to avoid the possibility of state relabelling.
We assume that the two non‑zero velocities are one positive and one negative; therefore, if the true velocities used to generate
the data are known, we use the intervals [0, 2v1t] and [2v2t, 0], while for the calibration of experimental data, we use the intervals
[0, 2max{∆y1,∆y2,… ,∆yN}∕∆t] and [2min{∆y1,∆y2,… ,∆yN}∕∆t, 0]. However, if multiple peaks with positive (or negative) ∆y can
be distinguished in the data distribution, it suggests that there may be more than one state with positive (or negative) velocity. In
this case, we recommend taking prior intervals that intersect at some point between the peaks in ∆y, rescaled by 2∕∆t, for example,
choosing the point of intersection to be equidistant between the peaks.

The switching parameters 𝜆s are rates of exponential switching distributions, and we assume we do not know their order of
magnitude. We estimate the natural logarithm of the rates, log(𝜆s), as it allows us to give equal weights to different orders of mag‑
nitude while maintaining positivity. The priors used for the parameters log(𝜆s) are uniform distributions in the interval [−4, 4],
which bound the average time spent in state s before switching, computed as 1∕𝜆s, in the interval [exp (−4), exp (4)]. In particular,
we assume the data collection is sufficiently long and frequent to capture the motion process observed; hence, the upper bound
is taken to be the same order of magnitude as the total data collection time T, while the lower bound is chosen to be an order of
magnitude lower than the time between measurements ∆t. We choose the prior of the noise standard deviation to be uniform in
the interval [0, 100]. Finally, as the probability parameters must be in [0, 1], we use uniform priors in the interval [0, 1].

2.4. Model selection criteria
In §§3.3 and 3.4, we use a criterion‑based approach to select between models with different networks or numbers of states using
in silico data. Moreover, in §3.5, we use the same approach to select between models with a different number of states using exper‑
imental data. The framework is used to sample model parameters from the posterior distribution independently for each model
proposed, and the results are compared using two selection criteria. Given a set of candidate models, the model chosen according
to a criterion is the one with the lowest criterion value.
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2.4.1. Akaike information criterion

The Akaike information criterion (AIC) is defined as

AIC= 2k − 2 log L̂, (2.2)

where k is the number of estimated parameters and log L̂ is the natural logarithm of themaximum likelihood for themodel consid‑
ered and is equivalent to max(logL), obtained as the maximum across the approximations of the log‑likelihood computed for the
parameter sets in the posterior distribution. We note that the penalty term 2k ensures that, for small differences of log L̂ between
models A and B (less than |kA − kB|), the model with the lowest number of parameters is chosen.

2.4.2. Bayesian information criterion

The Bayesian information criterion (BIC) is defined as

BIC= k logN − 2 log L̂, (2.3)

where k is the number of estimated parameters and log L̂ is the natural logarithm of the maximum likelihood for the model
considered and is equivalent to max(logL). Again, in our case, up‑to‑one‑switch approximations of the likelihood are used. In
contrast with the AIC, the BIC also takes into account the number of data points used, N. In particular, when calibrating a dataset
of N location increments, the penalty term k logN ensures that, for small differences between log L̂ for models A and B (less than
|kA − kB|(logN)∕2), the model with the lowest number of parameters is chosen.

3. Results
In this section, we present the results obtained using the framework to calibrate some example models to in silico data generated
using models of the form specified in §2.1. For simplicity, we calibrate non‑dimensional models and we fix the data collection
frequency to ∆t= 0.3 in all cases.

3.1. Parameter recovery is possible for the two-state model
We begin with the analysis of a synthetic dataset from which two states are evident (corresponding to the two peaks in the pink
histogram in figure 2D). In figure 2, we apply the framework using the track likelihood P1 to the two‑state model in figure 2B,
which consists of a forward state and a backward state. The estimated parameter set is 𝜽 ∶= [v1, v2, log(𝜆1), log(𝜆2), 𝜎], and the true
parameter set used to generate the data is 𝜽t ∶= [2000,−1500, log(1), log(0.5), 50]. We note that we take the natural logarithm of
the switching rates 𝜆 to ensure equal emphasis is placed on these rates across different scales [50]. In this parameter regime, we
show that the framework provided can be used to recover the true model parameters with significantly reduced variability in the
posterior compared with the prior (figure 2A and electronic supplementary material, figure S1).

More generally, we highlight that the framework can be used to recover the parameters of a two‑state model provided that
state switches occur sufficiently infrequently compared with the data collection frequency (electronic supplementary material,
figure S4), and the parameter posterior uncertainty is reduced as the number of data points is increased (electronic supplemen‑
tary material, figure S5). The univariate and multivariate posterior distributions of the estimated parameter set 𝜽 and the best
parameter set denoted by 𝜽, which gives the maximum likelihood, tend to be close to the true parameter set 𝜽t, as shown in figure
2A. The uncertainty in parameter estimation is small compared with the priors (electronic supplementary material, figure S1). In
figure 2D,E, we also compare the approximation P1 at the true parameter set 𝜽t and at the estimated parameter set 𝜽 to the data
distribution PD .

We also calibrate a two‑statemodel using themarginal likelihood PM1 , which is a simplified likelihood that assumes that the ob‑
served location increments are independent of one another, and it produces similar results to the track likelihood P1 (see electronic
supplementary material, section S2.1). The main advantage of the marginal likelihood over the track likelihood is the significantly
lower run time. In particular, electronic supplementary material, figure S5F, shows a run time using the marginal likelihood re‑
duced by three orders of magnitude compared with using the track likelihood for the dataset in figure 2C. More generally, the run
time using the track likelihood scales linearly with the number of data points N, while it is approximately constant when using
the marginal likelihood (electronic supplementary material, figure S5F).

3.2. Models of increased complexity require more data for parameter identification
In this section, we use the framework to calibrate the parameters of three‑state models, which, in addition to the forward and
backward states in the two‑state model (figure 2B), include a stationary state with fixed velocity v3 = 0 and a switching rate 𝜆3
(figures 3B and 4E). Moreover, for models with at least three states, we need to specify the network probability matrix with the
property that the sum of the elements in each row must be unity. For three‑state models, the matrix has the form

P ∶=
⎡
⎢
⎢
⎢
⎣

0 p12 1 − p12
p21 0 1 − p21
p31 1 − p31 0

⎤
⎥
⎥
⎥
⎦

. (3.1)
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Figure 2. Calibration of a two-state model to in silico data. (A) Univariate and bivariate distributions of the posterior of the estimated parameter set 𝜽 =
[v1, v2, log(𝜆1), log(𝜆2), 𝜎]. The black lines indicate the true parameter set, 𝜃̂, and the blue dash-dotted lines indicate the estimated parameter set that gives the
maximum likelihood 𝜽̂. (B) Two-state model with specified true parameter set used to generate the agent motion. (C) Data track used in the calibration, collected with
measurement noise𝜎 = 50 for a time interval of T= 60, with fixed time betweenmeasurements∆t= 0.3, giving N= 200 subsequent location increments. (D) Data
distribution PD (histogram in pink) comparedwith the likelihood P1 at the true parameter set𝜽 t (black line) and at the best parameter set 𝜽̂ (blue dash-dotted line) for a
single location increment∆y. (E) Comparison of the data distribution PD for two subsequent location increments [∆y1,∆y2] to the likelihood P1 at the true parameter
set 𝜽 t and at the best parameter set 𝜽̂.

First, we study a simplified model in which we assume that there is no direct switching from the forward to the backward state
and vice versa. In this case, p12 = p21 = 0, and we only need to estimate p31 (figure 3B). For a short track with N= 200 data points
(the blue dots in figure 3C), the framework can be used to calibrate the model to the data; however, some parameters cannot be
confidently estimated. In particular, the posterior for p31 is wide, with support across the entire prior interval [0, 1], indicating that
the data is not sufficient to obtain a precise estimate of this probability (blue histograms in figure 3A). For a significantly longer
trackwithN= 1600 data points (figure 3C), the uncertainty for all the parameter estimates is reduced, including for the probability
p31 (orange histograms in figure 3A).

We further investigate the identifiability of the parameters of the network probability matrix, extending the results for a single
probability parameter in figure 3, by considering a three‑state model that includes the possibility of going directly from the for‑
ward state to the backward state and vice versa. In particular, we focus on studying the variability in the probability parameter
estimates across datasets. We generate four different tracks with N= 400 data points each (figure 4C) by setting the probabilities
p12 = 0.2, p21 = 0.3 and p31 = 0.7, which uniquely define the probability matrix, as in equation (3.1), and all other model parameters
as before (specified in figure 4E). We use each dataset to estimate all the model parameters, only fixing the stationary state velocity
to zero.We calibrate themodel to each track separately and to the four tracks together to investigate the uncertainty and variability
in parameter posteriors.

Next, all three probability parameters are estimated. We observe that the chosen number of data points for each track (N= 400)
leads to wide estimated posteriors of the probability parameters (figure 4A,B) owing to the low number of switches that occur
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Figure 3. Calibration of a three-state model given varying numbers of data points N. (A) Comparison of the univariate and bivariate distributions of the posterior of
the estimated parameter set using a short (N= 200, blue) and a long (N= 1600, orange) track. The black lines in (A) indicate the true parameter set 𝜽 t, and the or-
ange and blue dashed lines indicate the parameter set that gives the maximum likelihood 𝜽̂ for N= 200 and N= 1600, respectively. The parameter set estimated is
𝜽 = [v1, v2, log(𝜆1), log(𝜆2), log(𝜆3), p31, 𝜎], while the velocity of the stationary state is fixed to zero (v3 = 0), and we assume no direct switching between the
forward and the backward states (p12 = p21 = 0). The black lines indicate the true parameters𝜽 t specified in (B), and the dashed lines indicate the best parameter set 𝜽̂.
Electronic supplementarymaterial, figure S6, shows these posteriors in comparison with their priors. (B) Parameters of the three-statemodel used to generate the agent
motion. (C) Two data tracks used, collected with measurement noise 𝜎 = 50 with fixed time between measurements∆t= 0.3, for two time intervals of T= 60 and
T= 480, which give N= 200 and N= 1600 subsequent location increments, respectively. (D) Comparison of the data distributions PD for a single location increment
∆y (histogram in blue for N= 200 and in orange for N= 1600) to the likelihood P1 for a single location increment at the true parameter set 𝜽 t (black line) and at the
best parameter sets estimated 𝜽̂ (blue dash-dotted and orange dashed lines). (E) Comparison of the data distribution PD for a set of two subsequent location increments
[∆y1,∆y2] to the likelihood P1 at the true parameter set 𝜽 t and at the best parameter set 𝜽̂.

in each data track. There is also a high variability between these posteriors across the four different tracks, which reflects the
variability in the data (figure 4A,B). From the third track alone, we cannot exclude the possibility that p31 = 1, as its posterior is
skewed towards one, which would correspond to a network in which the agent is only able to switch from the stationary state to
the forward state. In contrast, all other parameters can be estimated with relatively low variability in the posterior compared with
their prior for all four datasets (electronic supplementary material, figures S7 and S8).
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Figure 4. Calibration of a three-state model to four in silico data tracks separately and together. (A and B) Comparison of the univariate and bivariate distributions of
the posterior of the parameters p12, p21, p31 for the four data tracks in (C). The parameter set estimated is𝜽 = [v1, v2, log(𝜆1), log(𝜆2), log(𝜆3), p12, p21, p31, 𝜎] (pos-
terior distributions for all parameters are shown in electronic supplementary material, figures S7 and S8). (C) Four data tracks used, collected with measurement noise
𝜎 = 50 with fixed time between measurements∆t= 0.3, for a time interval of T= 120, giving N= 400 subsequent location increments. (D) Posterior distributions
of the parameters p12, p21, p31 using the four tracks together (posterior distributions for all parameters are shown in electronic supplementary material, figure S9). The
black lines indicate the true parameters 𝜽 t specified in (E), and the dashed lines indicate the best parameter sets 𝜽̂.

Multiple tracks can be used together to reduce the uncertainty in parameter estimates and more accurately recover the true
parameter set 𝜽t. In particular, the posterior uncertainty of the probability parameters is reduced by a factor of approximately
two when model calibration is performed using all four tracks together, rather than using the tracks individually (figure 4D). The
posterior for the estimated parameter set is shown in electronic supplementary material, figure S9.

3.3. Selection criteria choose a simplified network structure for a three-state model using data with no or rare direct
switching between pairs of states

In figure 4, we estimated the posterior of the probability parameter p31 from datasets generated using a true p31 = 0.7. For the third
track (figure 4B), we estimated p32 to be close to zero, which may indicate the lack of direct switching from state s= 3 to state s= 2.
This leads us to consider the question of model selection to determine the network connecting the model states. As such, in this
section, we characterize the nature of the network of states of three‑state models (figure 5A) focusing on direct switching between
the forward state s= 1 and the backward state s= 2. Using the AIC (equation (2.2)) and BIC (equation (2.3)), we test when direct
switching should be included in the model, calibrated using tracks of N= 1600 data points. We consider 100 datasets generated
from four three‑state models, with increasing probabilities p12 = p21 in the set {0, 0.05, 0.1, 0.2}, and we use them to calibrate four
three‑state models with distinct network structures specified in figure 5A (calibrated models EE, 0E, E0 and 00). In all calibrated
models, we estimate the non‑zero velocities, the switching rates, the probability p31 and the noise parameter. In model EE, we
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Figure 5. Network selection for three-state models with zero and close-to-zero probabilities of switching from forward to backward motion and vice versa. (A) Three-
state model parameters. In particular, the probabilities of switching from forward to backward motion and vice versa are set to p12 = p21 = 0, p12 = p21 = 0.05,
p12 = p21 = 0.1andp12 = p21 = 0.2. Themeasurementnoise parameter is set to𝜎 = 50withfixed timebetweenmeasurements∆t= 0.3, for a time interval T= 480,
corresponding to N= 1600 subsequent location increments. For each model type, we generated 100 datasets and applied the framework using the track likelihood P1
for each dataset separately. Four different models were calibrated: in model EE, we estimate p12 and p21; in model 0E, we fix p12 = 0 and estimate p21; in model E0, we
estimate p12 and fix p21 = 0; and in model 00, we fix p12 = 0 and p21 = 0. The full parameter set estimated is𝜽 = [v1, v2, log(𝜆1), log(𝜆2), log(𝜆3), p12, p21, p31, 𝜎]
(for model EE). (B–E) Comparison of the model selected according to the lowest AIC and BIC. (F–M) Posteriors of p12 and p21, respectively, obtained calibrating model EE
using a single data track generated for all models. TheMCMC chains were initialized at the true parameter set used to generate the data, to allow for quicker convergence,
with the exception of the probability parameters that are sampled uniformly in [0, 1].

additionally estimate both p12 and p21; in model 0E, we fix p12 = 0 and estimate p21; in model E0, we estimate p12 and fix p21 = 0;
and in model 00, we fix p12 = p21 = 0.

First, we consider model calibration with data generated with probabilities p12 = p21 = 0. The AIC usually selects model 00
(76%), which fixes p12 = p21 = 0, and the BIC always selects model 00 (100%) (figure 5B). In this case, both criteria hint towards
selecting model 00, suggesting that the improvement in the likelihood estimate in other models is not sufficient to motivate the
calibration of additional parameters. As expected, even when these probabilities are estimated, the majority of the masses of their
posteriors are concentrated towards zero (e.g. the estimated distributions for p12 and p21 in model EE in figure 5F,J for the first
data track).

Second, we consider model calibration using data generated with p12 = p21 = 0.05. The AIC selects model E0 more frequently
than other models (43%), while the BIC is more consistent, often selectingmodel 00 (68%) (figure 5C). Here, we see that, as the true
probability parameters are now non‑zero, the criteria become less likely to choose the simplest model 00. To test this further, we
consider model calibration with data generated with higher probabilities p12 = p21 = 0.1. In this case, the AIC often selects model
EE (69%) in which the two probabilities are estimated, while the BIC often selects model E0 (60%), estimating only p12 (figure
5D). Given that the true p12 and p21 are both 0.1, the choice of the BIC of fixing p21 = 0 but estimating p12 is a consequence of the
other model parameters. Indeed, the backward state is visited less often than the forward state after the stationary state as the
true p31 = 0.7. It follows that the number of switches from the backward state (to the forward or stationary states) is lower than
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the number of switches from the forward state (to the backward or stationary states). Hence, this leads to a lower variation in the
maximum likelihood estimation from the choice of p21 than of p12. This disproportion in the number of switches is also reflected in
a higher variability when estimating p21 compared with estimating p12 (figure 5G versus figure 5K for p12 = p21 = 0.05 and figure
5H versus figure 5L for p12 = p21 = 0.1 for a single track).

Finally, we consider model calibration with data generated with probabilities p12 = p21 = 0.2. In this case, both the AIC and the
BIC usually select model EE (96% and 74%; figure 5D), and the AIC ismore consistent than the BIC. Hence, as the true probabilities
are chosen further away from zero, the impact of incorporating direct switching in the calibrated model on the likelihood estimate
increases, despite the uncertainty in estimating the related probability parameters.

We also note that the AIC and BIC model selections are likely to agree when the true parameters are p12 = p21 = 0 or p12 = p21 =
0.2 (76% and 78%, respectively), while when p12 = p21 = 0.05 and p12 = p21 = 0.1, the model selections tend to disagree (agree in
30% and 32% of the cases, respectively). Overall, the results suggest that a sensible strategy when selecting between models for a
single data track is to always compute both criteria. If the criteria agree, they provide supporting evidence for the chosen model
network. If they disagree, additional data should be collected to further evaluate the network choice, either by obtaining a longer
track or by combining multiple tracks.

3.4. Selection criteria typically choose models in which each state is associated with a distinct velocity
Here, we aim to expand on the question of model selection, already considered in §3.3, by comparing models with a varying num‑
ber of states. Specifically, we generate 100 in silico datasets of N= 400 data points using three distinct four‑state models (figure
6A–C), which share a forward, a backward and a stationary state, but vary in the fourth state. The state s= 4 is stationary inmodels
A and B, which differ in network structures, while in model C, it is a forward state with a distinct velocity from state s= 1. We use
the datasets generated using these models to calibrate the four‑state models themselves and to calibrate the three‑state model in
figure 6D. The results obtained allow us to assess the importance of including the fourth state in different scenarios and to discuss
the identifiability of the model parameters.

First, we consider themodel in figure 6A, characterized by a second stationary state, s= 4, visited after the stationary state s= 3.
Imposing this network is equivalent to imposing a hypoexponential distribution for the total time spent in a stationary state, as an
alternative to the exponential distribution from a single stationary state. In this case, the three‑state model is often selected by the
AIC (64%) and almost always selected by the BIC (99%) (figure 6E), and it has one fewer parameter (𝜆4) than the four‑state model.
Moreover, the parameters 𝜆3 and 𝜆4 are almost practically non‑identifiable as their mixture posterior distributions, combined
across the 100 datasets considered, are comparable (figure 7A). However, the average time spent in the stationary phase, obtained
as the sum 𝜆−13 + 𝜆−14 , is identifiable (figure 7A dashed red line), and its inverse, (𝜆−13 + 𝜆−14 )−1, corresponds to the estimated rate
𝜆3 in the three‑state model with only one stationary state (figure 7C). We conclude that for the four‑state model, the hypoexponen‑
tial stationary phase with two rates 𝜆3 and 𝜆4 is well approximated by the exponential distribution with rate (𝜆−13 + 𝜆−14 )−1, and
therefore the two stationary states can be substituted by a single stationary state as they do not significantly improve the model
likelihood.

Next, we consider the model in figure 6B in which the fourth state is again a stationary state. The stationary state s= 3 corre‑
sponds to a short pause in the motion owing to the high switching rate 𝜆3 = 2, while the stationary state s= 4 corresponds to a
much longer pause in the motion (𝜆4 = 0.15) and is only directly connected to state s= 3. In this case, the AIC selects the four‑state
model (58%) slightly more often than the three‑state model; in contrast, the BIC reliably selects the three‑state model (94%) (figure
6F). Overall, the BIC is again more consistent than the AIC and prefers the three‑state model that has two fewer parameters (𝜆4
and p32, now needed as p34 is also present) compared with the four‑state model. Moreover, for this model structure (figure 6B), it
is possible to identify the switching rates 𝜆3 and 𝜆4 (figure 7B).

Finally, we consider the model in figure 6C, in which the fourth state is a forward state. The forward state s= 1 has
velocity v1 = 2000 and switching rate 𝜆1 = 1, while the forward state s= 4 has velocity v4 = 1300 and switching rate 𝜆4 = 0.7. The
AIC usually prefers the four‑state model (89%), and the BIC also selects the four‑state model but less frequently (58%) (figure 6G).
Hence, having two states with distinct velocities motivates the use of one state for each velocity, despite the need to calibrate three
additional parameters compared with the three‑state model (v4, 𝜆4 and p34).

Overall, the selection criteria suggest that the additional parameters required with a higher number of states are often not justi‑
fied by the improvement in the maximum likelihood estimate. The BIC is consistent in selecting the simpler model when multiple
stateswith the same velocity are used, as they can often be simplified to a single state. In this case, we recommend using the simpler
model, especially since some model structures may lead to significant uncertainty in parameter estimates (figure 7A). In contrast,
when the additional state has a distinct velocity from the other states, the AIC quite consistently prefers the most complicated
model (figure 6C), and this is also often selected by the BIC and further supported by the relative difference in the estimated noise
parameter. As in §3.3, we recommend that, when selecting between models to describe a single data track, both criteria should
be calculated, and if the criteria disagree, more data or further considerations may be necessary to choose a model. For example,
we suggest computing the relative difference in the estimated noise standard deviation obtained from a simpler model to a more
complex model, calibrated to the same dataset. We interpret a higher noise parameter in the simpler model as indicative of model
misspecification, as the data points that are poorly explained by the simpler model are instead described through an inflated noise
term.We observe that the relative difference in the noise standard deviation is significant (up to 19%) for modelC, with the highest
values obtained using datasets for which the AIC and BIC select the four‑state model (electronic supplementary material, figure
S10). Hence, a significant relative difference in the noise parameter can further support the preference of the selection criteria of a
more complex model.
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Figure 6. Selecting between a three-state model and a four-state model for data generated using three distinct four-state models. (A–C) Parameters and structure
of three four-state models used to generate 100 in silico data tracks. The data tracks are collected with measurement noise 𝜎 = 50 with fixed time between mea-
surements∆t= 0.3, for a time interval of T= 120, which gives N= 400 subsequent location increments for each dataset. (D) Three-state model calibrated using the
datasets generated fromeach four-statemodel. The parameter set calibrated formodel (A) is𝜽 = [v1, v2, log(𝜆1), log(𝜆2), log(𝜆3), log(𝜆4), p41, 𝜎]; formodel (B), it
is 𝜽 = [v1, v2, log(𝜆1), log(𝜆2), log(𝜆3), log(𝜆4), p31, p32, 𝜎]; for model (C), it is 𝜽 = [v1, v2, v4, log(𝜆1), log(𝜆2), log(𝜆3), log(𝜆4), p31, p34, 𝜎]; and for model
(D), it is 𝜽 = [v1, v2, log(𝜆1), log(𝜆2), log(𝜆3), p31, 𝜎]. The MCMC chain was initialized at the true parameter set used to generate the data, to allow for quicker con-
vergence, and the burn-in is reduced to 1000 iterations. (E–G) Choice between the three- and the four-state models for each of the 100 datasets tested according to the
AIC and BIC.

3.5. Application to the intracellular motion of mRNA in Drosophila axons
In this section, we apply the framework to experimental data that track the motion of mRNA along the axons of Drosophila neu‑
rons. It is known that themotion of mRNA along axons combines diffusion with directed transport alongmicrotubules—tube‑like
protein filaments—and therefore motion along them is predominantly one‑dimensional. Microtubular transport is characterized
by the alternation of directed motion and stationary phases, obtained by the binding to or unbinding from molecular motors that
carry mRNA in persistent anterograde or retrograde directions with approximately constant speed [42,43]. We model the active
transport of mRNA along microtubules as a stochastic one‑dimensional velocity‑jump process, with a fixed number of states each
characterized by a fixed velocity and fixed rates of switching to each other state, instantaneously changing velocity. The stationary
phases are accounted for by states with zero velocity.

In figure 8A, we show experimental data tracks of Gdi (Rab GDP dissociation inhibitor) (track A) and of Rab11 (tracks B
and C) moving along Drosophila neurons. These tracks show the alternation of motion in forward (anterograde) and backward
(retrograde) directions, and particularly in tracks A and B, we notice some vertically aligned dots that may suggest the presence
of stationary phases characterized by lack of directed motion (figure 8A). We answer biological questions such as whether station‑
ary phases are present by calibrating and selecting between two‑statemodels, with a forward and a backward state, and three‑state
models with an additional, stationary, state.

First, by calibrating the three‑state model, we see that, for all three tracks, the switching between movements in opposite direc‑
tions can be instantaneous. Indeed, the probability parameters p12 (from forward to backward motion) and p21 (from backward
to forward motion) are estimated to be close to one, indicating that direct switching between the forward state (s= 1) and the
backward state (s= 2) is prevalent and that the stationary state (s= 3) is infrequently visited (electronic supplementary material,
figures S12, S14 and S16). Biologically, the direct switching between forward and backward states may indicate that while the
mRNA is located close to the microtubules and bound to the molecular motors, it alternates anterograde and retrograde motion.
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Figure 7. Comparison between the mixture of posteriors for the calibrated four- versus three-state models in figure 6 with horizontal axes corresponding to the priors
used. (A) Univariate and bivariate posteriors for the parameters log(𝜆3) and log(𝜆4) obtained calibrating the four-state model in figure 6A, and the dashed red line
represents the equality 𝜆−13 + 𝜆−14 = 𝜆−13t + 𝜆−14t . (B) Univariate and bivariate posteriors for the parameters log(𝜆3) and log(𝜆4) obtained calibrating the four-state
model in figure 6B. (C) Univariate posterior for the parameter log(𝜆3) obtained calibrating the three-state model in figure 6D using the data generated by the four-state
model in figure 6A.

Moreover, the presence of a stationary state indicates phases of no significant movement, which can occur when the mRNA is not
bound to motors.

We test the presence of a stationary phase by performingmodel selection. The AIC and BIC both select the three‑state model for
track A (Gdi) and the two‑state model for track C (Rab11), while they disagree for track B (Rab11) (figure 8C). The preference of the
three‑state model for the Gdi track A could be anticipated as there are three high peaks in the data distribution (at approximately
−100, 0 and 100 nm in figure 8D), while there are less distinguishable peaks for the Rab11 tracks B and C (figure 8D). The selection
of the three‑state model for Gdi suggests that its motion comprises stationary phases, while for Rab11, there is no strong evidence
of the presence of a stationary state as the BIC selects the two‑state model for track C, while the criteria disagree for track B.

Finally, for all tracks, the estimated noise standard deviation is lower for the three‑state model compared with the two‑state
model (electronic supplementary material, figures S11 and S16). In particular, we note that the noise parameter 𝜎 estimated when
calibrating the two‑statemodel is reduced under the three‑statemodel by 37%, 19% and 8% for tracks A, B and C, respectively (elec‑
tronic supplementary material, figures S11 and S16). Similar to §3.4, the higher noise standard deviation estimate in the simpler
model may indicate model misspecification. The relative difference in the noise standard deviation is most significant (track A,
37%) when the AIC and BIC both prefer the three‑state model, further justifying their model selection and, therefore, the presence
of the stationary state for the Gdi track.

4. Discussion and conclusions
In this article, we present a likelihood‑based Bayesian inference framework to calibrate a general one‑dimensional n‑state stochas‑
tic velocity‑jump model to single‑agent tracking data. The calibration framework provided is computationally efficient, owing
to the use of likelihood approximations corresponding to the model solutions subject to discrete‑time noisy observations. We
overcome the challenge of estimating the parameters of a continuous model using data collected at discrete time steps and with
measurement noise.

First, we considered a simple two‑state model with a forward and a backward state and investigated whether the framework
can be used to recover the model parameters from in silico data (figure 2). We conclude that in this case, all model parameters can
be recovered given that the data are sampled sufficiently frequently compared with the state‑switching rates. An indication that
the data are collected sufficiently frequently to capture the underlying process is the presence of peaks in the data distribution,
corresponding to the different model states (e.g. figure 2D).

Next, we tested the ability of the framework to recover the parameters of a three‑state model with a forward, a backward and
a stationary state, including inferring the network probability matrix, given a sufficient data collection frequency. Our results
demonstrate that, while the velocities, rates and noise parameters can be estimated with low variability in their posterior com‑
pared with their prior, the probabilities in the network matrix often show a posterior variability comparable to their prior (figure
3). The uncertainty in all parameter estimates can be reduced by increasing the number of data points in a track (figure 3) or by
using a number of tracks from the same model together to estimate the likelihood (figure 4).

We also tackled the question of model selection using the AIC and the BIC. First, we focused on selecting between three‑state
models with different networks connecting the states. We generated 100 data tracks for four models with increasing network
probabilities p12 and p21, and we used them to calibrate four model types with distinct networks (figure 5A). The BIC consistently
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Figure 8. Calibration of and selection between two- and three-statemodels usingmRNA tracks alongDrosophila neurons. (A) Tracks obtained from live imaging of Rab11
and Gdi mRNAs by the MS2/MCP system. Track A (Gdi) and tracks B and C (Rab11) are obtained from cultured primary neurons from the brain of days 6–7 larvae, at day
in vitro 3, with fixed∆t= 0.3s (for further details on the data collection see Chapter 4 in [51]). Trajectories are extracted from live images using KymoAnalyzer [52].
(B) Comparison of the data distribution PD for a set of two subsequent location increments [∆y1,∆y2] to the likelihoods at the best parameter set P̂1 obtained from the
calibration of the two- and three-statemodels for each track. (C) Model selected according to the lowest AIC and BIC for each track. (D) Comparison of the data distribution
PD for a single location increment∆y to the likelihoods at the best parameter set P̂1 obtained from the calibration of the two- and three-state models for each track.

selects the simplest model (with the probabilities p12 and p21 set to zero) when these probabilities in the true model are zero or
very close to zero (figure 5B,C). In contrast, as the true probabilities are chosen further from zero, the AICmore consistently selects
the more complex fully connected model (figure 5E). Hence, when selecting between models, we recommend the computation
of both criteria. For a single track, if the two criteria agree on the model selection, then the choice is probably consistent across
datasets. However, if they disagree, their choice is probably not consistent, and a comparison across datasets could be carried out
using multiple tracks when available.

We then focused on the question of selecting between models with a different number of states using the AIC and BIC. We
generated 100 data tracks from three different four‑state models and used them to calibrate the respective four‑state model and a
simplified three‑state model (figure 6A–D). In this case, the BIC very consistently prefers the simplest model for data generated
with two stationary states (figure 6E,F), while the AIC more consistently prefers the four‑state model when two forward states
with different velocities are present (figure 6G), also supported by the significant relative difference in estimated noise standard
deviation.

Moreover, we highlight that there may be significant uncertainty in some parameter estimates for four‑state models with a
specific type of structure. In particular, in a model with two concatenated states with the same velocity (figure 6A), the switching
rates associated with those states may not be practically identifiable (figure 7A). However, we also note that for a model with a
different network structure (figure 6B), these rate parameters can be identified (figure 7B).
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We also applied our framework to calibrate two‑ and three‑state models to experimental data tracking mRNA motion in
Drosophila neurons. We found that the three‑state model with a forward, a backward and a stationary state better captures the
behaviour of Gdi, as supported by the AIC and BIC and by the significant relative difference in estimated noise standard devia‑
tion, compared with the two‑state model with a forward and a backward state. In contrast, to describe the motion of Rab11, the
two‑state model is usually preferred. From the model calibration and selection, we also obtained further insights into the mRNA
motion in Drosophila neurons, such as that the switching between forward and backward motion can happen instantaneously.

The framework provided allows for efficient parameter inference of stochastic velocity‑jump models, offering several advan‑
tages with respect to the particle filtering pseudomarginal methods, generally used to estimate parameters of partially observed
Markov processes [38–41]. In particle filtering methods, a number of particles is specified, and their trajectories are simulated and
weighted to obtain a log‑likelihood approximation. A challenge of these methods is that they require choosing a number of parti‑
cles, which guarantees that at least one trajectory remains sufficiently close to the data to avoid obtaining a degenerate likelihood
(electronic supplementary material, figure S17A). Moreover, the log‑likelihood approximation in our framework is deterministic,
while it is variable using particle filtering methods owing to their stochasticity (electronic supplementary material, figure S17C),
which can make the comparison between parameter sets less consistent and result in slower convergence. An advantage of our
framework is that it does not face these issues. Finally, we highlight that, for the two‑state model in figure 2B, computing the
log‑likelihood with the track likelihood approximation is approximately five times faster than with a particle filtering method for
Np = 100 particles (electronic supplementary material, figure S17B). Moreover, we note that the run time for the particle filtering
method increases proportionally with the number of particles Np.

We use a simple implementation of the Metropolis–Hastings MCMC algorithm. However, the likelihood approximations are
suitable to be used within any other likelihood‑based inference method, potentially allowing for improved speed of convergence.
When the exact posterior is required, the proposed framework could be used to compute an approximate posterior; then, particle
filtering methods could be applied to obtain the exact posterior using the approximate posterior obtained to inform the prior to
enable faster convergence.

This work could also inspire extensions to frameworks for the calibration of other partially observedMarkovmodels using dis‑
crete and noisy data. Some biological systems are described by the alternation of directed movement and diffusion. The motion of
cargoes within a neuron is known to be directed, characterized by jumps in velocity when cargoes are being transported as they
are strongly bound to molecular motors, while it is primarily diffusive when they are weakly bound to motors or are searching
for binding sites [43]. Diffusive states may be incorporated in the models presented and in the likelihood approximations; the
framework could be updated to be used to calibrate and select between these models to study the roles of diffusive and directed
motion from noisy data.

In conclusion, we provide a framework to calibrate n‑state velocity‑jump models designed to describe single‑agent motion in
one spatial dimension, based on approximations of the model solutions subject to discrete‑time noisy data. Moreover, our work
paves the way for the construction of similar inference frameworks for other stochastic models.
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