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Abstract

Stochastic Portfolio Theory is the concept of studying and revealing the struc-
ture of stock markets. Under such a mathematical framework, the long-term
performance and equilibrium of the stock market can be analysed systematic-
ally. In the first several sections, the main concepts and results of Stochastic
Portfolio Theory will be reviewed, mainly based on the literatures contributed
by Fernholz and Karatzas (2009), and Fernholz (2002). Later we will provide
some econometric survey by using the data from the UK equity market to reveal
some features of the relationship between the ranks and weights in the market.
In the last section, a new model with bounded range will be introduced. Thor-
ough discussion around the development and implementation of the model will
be demonstrated.



1 Introduction

Under the framework of Stochastic Portfolio Theory, the properties of the long-
run performance of a portfolio are analysed by introducing the growth and
return of the stocks. We will start from introducing the fundamental concepts,
and in the following sections more detailed properties related to the long-run
behaviour will be discussed. Motivated by the ideas used in the construction
of rank-based models, the empirical research implementation in the UK market
was done and discussed following the review. In order to get more insights from
the behaviour of the weights of the stocks, a new model was generated to deal
with the weight distribution, given that all the stocks are constrained all the
way in the evolution. Although as we will see, some of the intuition of this
model was compromised, since this research was not meant to go that far, the
main results from the implementation were impressive and inspiring.

2 A review of Stochastic Portfolio Theory

In this section, the most fundamental market models, the portfolios and their
properties will be introduced. The main objective of this section is to demon-
strate and recall the theories, rather than explaining the approaches in detail.
Hence most theorems will be briefly explained and further insightful information
should refer to Fernholz and Karatzas (2009), and Fernholz (2002), which also
contain the main resources of this whole section.

2.1 The basic model

Assume in the market the price processes are Itd processes on a probability
space (2, F,P), with the filtration F = (F;)o<i<r generated by a d-dimensional
Brownian motion B; = (B}, BZ,..., B%)". Then we have the market model M
of the form

4S9 = r,8%dt, S9 =1
dsi = S (b;‘dt +0, a;'deg') Li=1,...,n (2.1)

Syp=si,1=1,...,n

where SV is the riskless cash account, r, is the interest rate process, and S, S?,. ..

are n risk assets (stocks), driven by the d-dimensional Brownian motion (nor-
mally d > n).

The rate of return process by = (b}, b?,...,b?) and the entries Uzj of the n x d
volatility matrix are F-adapted processes satisfying the integrability conditions
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T n_ T n
/ ||7’t||dt+Z/ Al —i—Z(J”) dt < o0, a.s. (2.2)
0 i=170 j=1
We can also define the semi-positive definite covariance matrix by
oo . d , ,
ay = Z oikgit = (0101)s; = T (log §*,10g 57), (2.3)
k=1

Then the market model (2.1) can be presented in the form

dlog Sf = yidt + >0_, 0,/dB]

; . t 24
where v} = b — Lai’ (24)
We also have the logarithmic representation of the stock processes
Si = s;exp / vl du + Z/ 0cJdBI b, 0<t<oo (2.5)
0 - 0
Jj=1

yi is called the growth rate of the ith stock, justified through the following
argument:

If none of the individual stock variances increases too quickly, i.e., if

) loglogT [T i
Th_{r;<> (T2/0 a;’dt | =0, a.s. (2.6)
then,
1 : T
Tlgrgo T log S — /0 ~idt | =0, as. (2.7)
Definition 2.1. A portfolio 7, = (7}, 77, - ,Wf)/ is an F-progressively meas-

urable process, bounded uniformly in (¢,w), with values in the set
U {(71'1,7r2,-~- 77r”) € R"| (771)2 + (71'2)2 +o 4t (71")2 <K rml4+n?4+... 41" = 1}
keN

A long-only portfolio m, = (7}, 77, - - ,7rt”)l is a portfolio that takes the values
in the set



A" = {(7T1,7T2,"' ,7r") eER"x! >0,72>0,--- ;7" >0and 7' + 7> -+ 7"
Hence denote
Al = {(771,7r27~-~ ,71'") € A"rt > 0,72 >0, , 7" >O} (2.8)

Now we denote h as the money invested in S}, and 7! to be the proportion of
the wealth V"™ at time t, then

hi
Vvtw,fr )

i o
T = 1=1,...,n

Then the wealth process V"™ satisfies the stochastic equation

wrr n S
V‘“ - Z ? = [bdt + 0y dBy] = by dt + Za;”ng, Ve =w (29)
- =
where
br = Zw;b;, P=> mo j=1,....d (2.10)

Hence by (2.4), this can be transformed to

d
dlog V'™ =~7dt + » of?dB], Vi'" =w (2.11)
j=1
or in the logarithmic representation
t d o )
VT = wexp / Y du + Z/ o™dBI 5, 0 <t < oo (2.12)
0 —1Jo
where the growth rate of the portfolio
W=D (2.13)

and the excess growth rate of the portfolio



7= (S = Y i (2.14)

=1 =1 j=1

As similar argument in (2.6) and (2.7), we have that, if

. loglogT [T
Th_r}réo (TZ/O llac]|dt | =0, a.s. (2.15)
then,
1 T
Tll_r};of <logVT“”7T —/0 vt”dt> =0, a.s. (2.16)

From linear algebra, the sufficient condition of (2.15) is that all the eigenvalues
of the covariance matrix, as defined in (2.3), are uniformly bounded, i.e.

oz = 2oyl < K ||z]|*,Vt € [0,00) and z € R™ a.s.

for some constant K € [0, c0) (217)

This is the uniform boundedness condition on the volatility structure M.

Definition 2.2. If o, is nonsingular for all ¢ € [0, c0), a.s., then the market M
is mondegenerate if there exists a number € > 0 such that

za’ > e|z|?, z € R, t € [0,00), a.s. (2.18)
The market has bounded variance if there exists a number K > 0 such that
zar' <K |z|?, z € R", t € [0,00), a.s. (2.19)

From now on, denote V;” = V,*™ when initial wealth w = 1. Then (2.11) can be
transformed to

dlog V;™ = ~F*dt + ZﬁtdlogSZ (2.20)

=1

Now rearrange the weights of a portfolio in descending order

max 7Tt = 7rt(1) > 71'(2) >0 > wt(”) = min 7rt (2.21)
1<i<n 1<i<n



Let e; denote the ith unit vector in R™, we introduce the new parameters

n d
Zwt o= S waind =3 (07 (22
i=1 j=1 k=1
.. d .. .
7 =3 (0 = o) (0l — o) = (m— ) a(m — ;) = af — af' — a7 +af"
k=1
(2.23)
Clearly, af™ is the variance of the portfolio.
Remark 2.1. The process 777 = (T{r ”) satisfies the property
1<i,j<n
Z Tl =0, fori=1,2,---,n (2.24)

2.2 The market portfolio and relative return

Now let the share prices S} to be the whole capitalisation of each stock. Then
we have (Fernholz 2002 p.14-15)

Definition 2.3. Let S; = S} + S7 +--- + S be the total capitalisation of the
market. The portfolio p with weights u', u2,..., u™ defined by

i St
wy = E 1=1,2,. (2.25)

is called the market portfolio, and the weights u’ are called the market weights.

Then we can verify the portfolio criteria are satisfied, i.e. 0 < p! < 1 and
S, pi = 1. Recall the result from (2.9), the wealth process V;“"" satisfies

dver & dSl dS
Y = Z =3,

(2.26)
i:l

Hence we have

s ST,St (2.27)

The solution of (2.26) can be represented by the result discussed in (2.11)



dlog Vit = yldt + Zog”ng, Vet = w (2.28)
Jj=1

Recall the dynamic of each single stock (2.4), and the notations appeared in
(2.10) and (2.13), the market weights can be represented as

d
dlogpi = (v — ') dt + Z (O’ — o} ) dB] (2.29)

Furthermore, from the notions introduced in (2.23), we have

. .
; ; d(p', ! .
28 =3 ot — oty — oty = L e
k=1 l’(‘t:utdt
and ;ﬁt:@ —+ m) dt+2( ~of7) dB] (2.31)
t

where the quantity 7/"" 7 is called the covariance of the individual stocks relative
to the entire market.

Definition 2.4. For a stock S, 1 <i < n and portfolio 7, the process

. K
R = log (VJJT >
t

is called the relative return process of S versus m;. Then the relative return
process of a portfolio 7; versus another portfolio p; can be defined in a similar
manner.

.t €0,00) (2.32)
w=_8}

R™ = log (Ep) t €0, 00) (2.33)

Now we shall establish some of the nice properties if the relative return process.
The proofs will be omitted and can be found in Fernholz and Karatzas (2009)
and Fernholz (2002).

Lemma 2.1. For the relative covariance defined in (2.23), and any portfolio
e, we have

T,17
Ty

T, T, ] T, d g
= G (BT R™), and 7" = = (R™), > 0 as. (2.34)
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]

and the matriz 77 = (Tt is almost surely non-negative definite. In

)1§i,j§n
addition, if the covariance matriz a; (as defined in (2.3)) is positive definite,
the matriz [ has rank n — 1, and the null space of [ is spanned by the vector

Tt Q.S..
Lemma 2.2. For any two portfolios ™ and p in the market M, we have

v - i Si
dlog <Vttp) =y dt + Zwtdlog <V{p) (2.35)

=1
a.s., fort € [0,00).

Remark 2.2. Apply this lemma in conjunction with the market portfolio, we
have, for any portfolio 7 in the market M,

Vi - i
dlog (Vi“) =7 dt—l—Zwtdlogﬂt (v dt—l—z — pf) dlog
=1
(2.36)

This representation demonstrated that the relative return of a portfolio versus
the market portfolio can be represented by using the changes in the market
weights.

Lemma 2.3. For any two portfolios m and p, we have
% 1 S iP5t pstJ
Yo = 5 Z T Tt Z Zﬂtﬂt (2.37)

i=1 =1 j=1

Furthermore, by recalling the representation in 2.24, we have

]- = i,
=3 Z’R’t’rt ’ (2.38)
i=1

This represents the excess growth rate in terms of a weighted average of the
relative variances of stocks. In particular, for a long-only portfolio, we have
NI >0 (recall (2.34)).

Now combine this lemma with (2.36) and (2.30), we have for the relative return

dlog (&) =S "tqu ZZWW# /4 (2.39)
t i=1 't

%
K i=1 j=1

11



3 Diversity

The concept of market diversity was introduced in Fernholz (1999), and further
developed in Fernholz (2002) and Fernholz and Karatzas (2009). Informally, a
market is not diverse if the capital is heavily focused on one single stock and
is diverse if the capital is distributed uniformly (more or less) among a large
number of stocks. It is shown in Fernholz (2002) that the capital distribution
is related to the excess growth rate of the stocks, and surprisingly, the market
with all stocks have the same growth rate will not tend to be diverse in the
long term. It was also shown that the weak diversity will lead to existence of
arbitrage. In this section we review these concepts and the properties.

Now let us start with the investigation of the log-term behaviour of the stocks.
Here we always consider the time-average values of the stock. For example, for
the growth rate ~;, we consider its log-term structure limy_,o = fOT yidt.

Definition 3.1. The market M is coherent if

1 i .
tligloglogut =0, fori=1,...,n, a.s. (3.1)

From the definition of market weight (2.25), this can be expressed as

1 i .
Jim n (log Sf —log Sy) =0, fori=1,...,n, a.s. (3.2)

Lemma 3.1. The followings are equivalent
(1). M is coherent

(2). fori=1,...,n, limy_o 5 fOT (vi =) dt =0, as.

(3). fori,j=1,....,n, imp_ %fOT (’yz — ’yi) dt =0, a.s.

Hence from the condition (3) above, we can conclude that if all the stocks have
the same growth rate process, then M is coherent.

Lemma 3.2. Suppose that all the stocks have constant growth rate. Then the
market M is coherent if and only if the growth rates are all the same.

Lemma 3.3. For any portfolio m in a nondegenerate market, there exists a
constant € € (0,00), such that for t € [0,00)

vaiizg(l_ﬂ)27 i=1,...,n a.s. (3.3)

In particular for a long-only portfolio, we have

T € 1
ez (1-m) (3.4)

where 7Tt(1) is the mazimum of the weights, as defined in (2.21).
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Lemma 3.4. For a long-only portfolio m in a market with bounded variance,
there exists a constant e € (0,00) such that for t € [0,00)

Wt(l) <l—-ey[* i=1,...,na.s. (3.5)

Lemma (3.3) tells us that with a nondegenerate market, if 7,4, is bounded
away from 1, then 7* is bounded away from 0. While Lemma (3.4) shows that
within a market with bounded variance, if 47* is bounded away from 0, then
Tmaz 18 bounded away from 1.

Lemma 3.5. Consider a long-only portfolio w in a nondegenerate market M
with bounded variance, if all the weights are constant with at least two positive
weight. Then

| VE
h%ilgéf T log (Wf) >0, a.s. (3.6)
Now we show the formal definition of diversity and the development in the
relationship with excess growth rate.

Definition 3.2. Recall the order statistics (2.21) used to define the ordering
weights. The market M is diverse if there exists a number § > 0 such that
,ugl) <1-90, te|0,00), a.s. (3.7

Similarly, M is weakly diverse if there exists a number § > 0 such that

1 /7T
T/ ugl)dt <1-4,t€0,00), a.s. (3.8)
0

From this definition, we can see that a market is diverse if the capital is not
distributed heavily on one single stock over the whole time horizon, and if this
holds in average it is weakly diverse.

From Lemma 3.3 and Lemma 3.4, we can deduce the following relationship
between diversity and bounded variance/nondegenerate property.

Proposition 3.1. Suppose the market M has bounded variance, then it is di-
verse if

W >4, t€l0,00), a.s. (3.9)

and it is weakly diverse if

1T
T/o v, dt > 6.t € [0,00), as. (3.10)

Conversely, if the market is nondegenerate and diverse (weakly diverse), then
(3.9) (respectively, (3.10)) holds.
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4 Rank processes

Generally we study the stocks by using their names, i.e. S!,S2,---,S". How-
ever, sometimes when studying on the capital, it is more convenient to arrange
the stocks by their ranks (size of capitalisation in each stock). Now we introduce
the tools required to develop new models based on the rank processes.

Definition 4.1. Let X}, X2,..., X7 be processes. Then for k = 1,2,...,n,

x® = in (X, ... X*), telo,T 4.1
¢ 1§ilg~1§§ik<nmm( i X 0.7] (4.1)

is the kth rank process of { X}, X?,..., X"}

Remark 4.1. Clearly, max(Xl,...,X”) = X0 > x® > ... > x) =
min(Xl,...,X”)

Definition 4.2. If we consider the processes of market weights in stocks pu}, 2, . . .

the ranked family {,ugl), pf), . ,uﬁ")} is the capital distribution of the market
at time ¢.

5 Empirical survey in the UK market

The capital distribution demonstrates the size of the companies considered in
the market. Hence it is reasonable to investigate the models based on the
ranks of firms. Such model has been introduced in Fernholz (2002) and fur-
ther discussed in Fernholz and Karatzas (2009). Recall the capital distribution
defined in Definition 4.2, the capital distribution curve is the log-log plot of
the market weight versus their corresponding ranks (i.e. log ,ugk) v.s. logk for
k=1,2,...,n). According to Fernholz (2002), if the firms with smallest ranks
are ideally replaced in a constant rate, the capital distribution curve will be
a straight line. Under such assumption and motivation, some implementation
was done by using actual market data. Firstly we shall define the mathemat-
ical term ’market’ in the real world. Here we use all the companies included
in the FTSE350 index. Using such a large group of companies, we believe that
the overall behaviour of these companies should be stable enough to investigate
the features of the real equity market. The following graph demonstrated the
capital distribution curve of all the companies in FTSE350, from 2003 to 2012.
The data was the total capitalisation of the companies, taken monthly on the
15th of each month, until 15th May 2012.

14
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Capital distribution curve of FTSE350 companies from 2003-2012

w1l

log-Weight
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Figure 1. The capital distribution curve of all the companies in FTSE350, from 2003 to
2012. The data was the total capitalisation of the companies, taken monthly on the 15th of
each month, until 15th May 2012.

The details of how to get the data and the codes of plotting the graph are
displayed in Appendix 1. Due to some technical restriction, the component
companies used in our research were not dynamic, but were from a snapshot
list of FTSE350 on the date the data was retrieved (15th May 2012). This
means that the data was not as so real as expected, because it only contains
the companies on 15th May 2012. From this dataset, we could not tell which
companies have entered or left the market. Nevertheless, we still believe that
this incomplete market data is still able to develop the behaviour of the firms.
The reasons to such brave assumption are that, firstly the group is large enough
to represent the major tends of the curves, and secondly most of the companies
which have ever left or entered the markets were the smallest companies. The
second point is rather straightforward by observing the historical data - all the
large companies remained large over a long period, even they fluctuated in the
high ranks. Indeed, the curves are quite stable in the high ranks part and have
steep tails in the smallest weights. The tails do make sense to us because it
means that the capitalisation between small companies are quite large (with
comparison to their ranks). Despite the flaws of the data, the steep tail is not
to be expected to reduce for any improved data, since the small companies which
drops dramatically does not exit the index immediately in the real cases. Now
to investigate the real capital distribution further, we use a different dataset,
which contains all the UK companies which are currently being traded in the
market. This company list is also a snapshot on the 15th May 2012, but it
contains 550 companies. Hence this result should be more convincing because it
includes much more companies than the previous one, and should be more stable.
Furthermore, the curves were plotted for the last five years, which significantly

15



removed the effect of the change in the market.

; Capital distribution curve of UK companies from 2008-2012
10 T T L e T T T T

_ ——2008
s R

e 2009

s - ——2010

, TS ——20m

i3 S —— 2012

log-Weight

log-Rank

Figure 2. The capital distribution curve of 550 companies in the UK, from 2008 to 2012.

The shape of this graph is similar to the previous one with less companies, and is
fairly stable. Although these are not straight lines as under the ideal conditions,
one should be convinced that the actual behaviour has been developed here.
Indeed, the stability of the model was discussed in Fernholz (2002) Chapter 5.

5.1 Further discussion

Besides of the research on the academic side, it is significantly valuable to in-
vestigate the data from the real market. Rather than to develop a sophisticated
market model, the main objective of this part is to implement the market data
and attempt to demonstrate a different approach to develop a new model based
on such analysis. Despite of the incompleteness of the data we retrieved, some
of other properties could still be demonstrated by various ways of analysis.

Now we focus on the change and stability of the market ranks.The following
graphs shows how the market ranks in FTSE350 evolved in the succeeding year,
from 2002 to 2012. Formally, it is the position of the ranks in the next year
versus current ranks (i.e. rank((Xt(k))tH) v.s. k). For example, for k = 1, there
are only three points 1,2, and 3 appeared on the graph. This means that for
each year over the 11, the biggest company in the market only remained the
biggest or went to second or third in the next year.

16



Change of ranks in the succeeding year - FTSE350
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Figure 3. How the market ranks in FTSE350 evolved in the succeeding year, from 2002 to
2012. Please note that it looks like red straight lines joint in the end of the curve, because
the dots in that area are too dense.

We can see that, surprisingly, small companies tend to be stable in the market.
This result seems to contradict with the result from previous graph and the
assumption in the volatility-stabilised model, under which small companies have
large volatility. In fact, the misuse of the term ’stable’ might be misleading here.
The small companies are indeed stable in terms of their ranks, even they have
large volatilities. This is resulted by the fact that in the low ranks group, the
capitalisation between any two adjacent companies (say Xt(k) and Xt(kﬂ)) are
fairly large. In consequences, even a small company changes dramatically with
respect to its (small) capitalisation, the rank of it does not move notably in the
market. Indeed, this property has been revealed in Figure 2. Now we compute
the mean of each rank and connecting them.

17



Change of ranks in the succeeding year - FTSE350
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Figure 4. The curve of the mean of the change in each rank, with plotting a straight line
which is the extreme case that the companies never change ranks in average.

The change is significantly more dramatic in the middle ranks, while the extent
of the curve going up and down around the straight line are more or less the
same. This is an apparent result, since if some companies moves in the rank,
there have to be others going the opposite way. We could also observe some
spikes in the tail. As explained earlier, small companies tend to move slightly in
the rank, consequently, some of the ’outliers’, which were caused by some of the
extremely growing small companies, may influence the average value greatly.
The reason why there is no spike shape in the opposite way will be explained
later. Instead of the FTSE350 companies, now let us try the same analysis for
the whole UK market introduced earlier.

18



Change of ranks in the succeeding year - whole UK market Change of ranks in the succeeding year - whole UK market
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Figure 5. The points show how the market Figure 6. The curve of the mean of last graph,
ranks in the UK evolved in the succeeding with the extreme line as reference.

year.

Similar results can be seen from these two graphs. Additionally, as there are
much more companies included, more spikes appeared in the tail of the curve.
One odd observation is that, all the spikes are below the straight line, which
means they are all caused by the booming of small companies. In fact some
spikes above the straight line should be expected because some small companies
are expected to decline dramatically, as well as to grow fast. The absence of
these is due to the absence of the corresponding data from the dataset, because
all the previously bankrupted companies have already been removed from the
list we used.

6 Abstract market models

The basic market model and its properties have been introduced in Section 1.
However, the study in this general model is not sufficient for us to learn from
the actual market. Hence, the abstract market models, which have some more
specific properties, are introduced in order to deal with some of the certain
aspects of the actual markets. In this section, two of the particular models
will be discussed, the volatility-stabilized markets and the rank-based models.
Furthermore, a new model with bounded range will be introduced and carefully
developped. Similar to the discussion in Section 1, this section is provided to
review the nature of the first two models, while both of the two models were
thoroughly developed and discussed in Fernolz and Karatzas (2009).

19



6.1 Rank-based model

In the last section, the empirical survey was motivated by the idea to reveal
the relationship between the ranks and weights. Previous research published in
Fernholz (2002) and Banner, Fernholz and Karatzas (2005) have suggested that
it is sensible to name the stocks by their ranks rather than the actual names,
and a model could be done based on this. Now let’s show the construction of
the Atlas model based on the ranks in a formulated way.

The Atlas model was firstly introduced in Fernholz (2002) and then further
discussed in Banner, Fernholz and Karatzas (2005). One feature of this model
is that it assigns constant coefficients to each stock. All the stocks have the
same constant volatility term, while only the smallest stock has positive growth
rate and others are zero.

Suppose we have n stocks with capitalisation S}, SZ,...S? at time ¢, then we
have the dynamics for i =1,2,...,n

dlog S} = ~jdt + oidB; (6.1)
where B!, B2, ..., B" are independent Brownian motions, and the growth rates
and volatilities are

= ngl{s;‘:sf?}’ ol=0 (6.2)

where g and o are positive constants, and p} is specified by the random per-
mutation (p;,p7,...,p}) of (1,2,...,n), for which

sPt = S8 pk <kt ip g0 = gt gy =12, (6.3)

Hence pF is the k-th largest stock at time t.

Based on the concept above, now a more general case can be introduced. Sup-
pose we have constants v, g1, 92,...,9, and 01,09, ...,0, > 0 such that

91 <0, 91+g2<0, g2+9g3<0 ...

6.4
gr+g92+ 90 =0 (64)
Then the growth rates and volatilities are given by
n n
72274—291@1{31:5#}7 Uézzakl{sizsﬁ} (6.5)
h—1 t t =1 t t

This general model then assigns the growth rate v 4+ g and volatility v to the
k-th biggest stock. Compare the general form with the one as shown in (6.2),
we have

20



y=9¢g>0,gp=—gfork=1,...,.n—landg,=(n—1)g (6.6)

Hence the smallest stock contributes all the growth to the market, as it is
the only one with non-zero growth rate. The further discussion includes the
uniqueness of the solutions under such framework, and the long-term behaviours
of the stocks. These additional study was provided in Banner, Fernholz, and
Karatzas (2005).

6.2 Volatility-stabilised markets

Compared to the basic model (2.1), the most extraordinary improvement of
these models is that, from the big picture the market is designed as expected
to be a exponential Brownian motion with drift, while the market will not
eventually focused on one single stock. Further more, as ideally constructed,
the small stocks have relatively large volatility and big ones have small volatility.

Now construct the abstract market model M of the form,

. 1 )
dlogSi = 2 dt+ ——dBl, i=1,2,--- ,n (6.7)
t

2 Vg

where « is a non-negative constant. According to Fernholz and Karatzas (2009),
this is equivalent to solving the following stochastic differential equation system,
fori=1,2,---|n

dst — ;a(S,}+S§+---+St”)dt+\/Sg(Stl+St2+---+S?)dB§ (6.8)

Furthermore, this system determines the distribution in A’ uniquely. The
integrability conditions (2.2) and the market price of risk are satisfied with

i l+ta  _ij _ 89

bt T o2ul Oy = i
t M

ry = O, Gg = Ata

2V/ui

1<i,j<n (6.9)

Note that in the model (6.7), the stocks have covariances aij =0, for j # 1,
and variances ai’ = u%’ which represented the property that smaller stocks
have relatively larger variances and vice versa. Hence, the individual stock
have volatile behaviours while the market as whole evolve in a stable manner
(refer to Fernholz and Karatzas (2009) for details). This special nature is called
stabilization by volatility when o = 0, and stabilization by both volatility and
drift when o > 0.
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Similar to (2.13), (2.14), and (2.22), the growth rate, excess growth rate and
the portfolio variance are computed as

1+a)n-—1 . , n—1
Wm0 T = = 5= >0, = (6.10)

6.3 The model with bounded range

In this section, a new model with the bounded range of the stocks value is
introduced. To calibrate this model in a sophisticated way is far beyond the
aim and the reach of this paper. However, under some assumptions, the model
could be derived in a rather nice form. From this point of view, it is believed
that this model can be improved in the way we look for, and features of the new
model could be anticipated through our work. The intuition of this model is
straightforward while it often requires large scale of computations. Nevertheless,
the actual implementation of the model may not be as complicated as expected.
Hence following the analytical derivation, a possible solution of implementing
the model will be displayed, and some discussion of the efficiency and accuracy
will be showed.

6.3.1 Deduction of formulae

The intuition of this model is to study the behaviour of the weight of one single
asset among a group of assets. To simplify the model, firstly assume that the
asset behaves as standard Brownian motions. We would like to constrain the
value of any asset between 0 and 1.

Now denote
X, = max Xs; and X, = min X,. (6.11)
<s<t <

We are interested in the joint distribution of X; and th , conditioned on their
constraints. That is, the distributions of

XX 0< X< Xi<1,0< X< Xi<1,0< (X +X9), < (XT+X0); < 1
(6.12)

Then the major problem arises here. Since X/ and X/ are not independent,
the work taken to derive the joint distribution of all these terms is too complex
to be included in this paper. Therefore, to avoid this problem, we work on a
different approach where all the assets are independent, and we will derive the
model under such assumption.
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We are interested in the density of the weights m, conditioned on
t t t
the constraints. Since all the assets are standard Brownian motions, for i =

1,2,...,n we have (A. N. Borodin and P. Salminen (2002))

oo

: i 1 z—x+2 2 212’2
P<O<X1<XZ<17Xt€dz): Z (6( +2k) _€(+2tk)>d2’,

27t et

(6.13)

. — 1 e 1 (z—a42k)2 (24z+2k)2
P(O<X¢<Xl<1):7 / <6 2t — e~ 3¢ )dz
¢ K V2t k;m 0
(6.14)

where z is the value of X/ at time ¢ = 0. Then it can be derived that

o _ (z—z+2k)? _ (ztaz42k)?
Zk:—oo e 2t — e 2t

= o 1 _ (y—z+2k)2 _ (ytz+2k)2
Zk:—oo fO e 2t —e 2t dy

th\0<§i<X;'<1 (2) (6.15)

In order to compute more efficiently in the next part, the error function is used
here instead of calculating the integral of exponential functions directly. Recall

2 T
erf () = ﬁ/o et

The cumulative distribution function of a normal distribution can be expressed
as
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Hence

(z—z+2k)2
- 2t — e

2500 o (6

(z+z+2k)2
- 2t

$|0<XG<Xi<1 [o—F N0 1—2+2k —z42k 14a42k 42k
27thszoo (erf(ﬁ) —erf( \/ﬂ ) —erf(T) +erf( \/ﬂ ))

(6.16)

Now denote f,, (z) = thi|0<&<X;<1 (2)-

Lemma 6.1. The distribution of the sum of the weight is

fn (Z) = fn1+7]2+~~~+nn (Z) =

min(n—1,z) min(2,23) min(1,z2)
/ / / fou (21) fo (22 — 21) d21 f, (23 — 22) d22

max(0,z—1) max(0,z3—1) Jmax(0,z2—1)

o fn (2= Zn1) dzna

Proof. We prove this by induction, the joint density of 71 and 12 is fp, », (21, 22) =
fan (21) fns (22) as they are independent.

Then the joint density of g1 and n = n1+n2 I8 fi, 5 (21, 2) = fi, (21) [ (2 — 21)
AsO<nm <1,0<n <1and 0 < n + 12 <2, we have

max (0,7 —1) <m <min(1l,n)

Hence

min(1,z)
fo(2) = / Fon (21) fp (2 — ) 2 (6.17)

max(0,z—1)

As n1 + 12 and 73 are independent, the density of 71 + 12 + 73 is derived in the
similar manner. Eventually we get the formula for fp, 4y, +...4s,, (2). O
Since 11 +12+- - -+ 1, and 7; are not independent, more steps are used to derive
the density of %

Lemma 6.2. The distribution of the weight of the ith asset in the market at

time t is

1 z(n—1)

fu )= | " g (“_Z)y) dy (619)

where fy, (-) and f,: (-) are the density functions for the ith asset and the sum
of other assets without the ith, respectively.
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Proof. Denote n* = m+n+...+n-1+n0+41+ ...+ n, the sum without the
i-th term. From the joint density of 7; and n?, we have,

Jnim: (,y) = foi () fn, (y), as they are independent (6.19)

Hence foi (2:y) = Yfoim (y2:4) = yfo, (Y) fi (zy). As 0 <y <1, and

M4

0<yz<n—1,Wehave0<y<min(1,”_1).

z

min(1,251)
fo = [ Uf () Fy (29) dy (6.20)
M4 0
As I = Z—L +1,
fa(2)=fu (z=1) (6.21)
Finally,
1 1 1 1 min(1, 2051 ) 1-
re@ =iz (2) =30y (3-1) = ot 01 (4 )
(6.22)
O

6.3.2 Simulation

The result above does not involve any complex concept, but it is not easy to
express it in a neat form. Now let us see how we can simulate the distributions
when dealing with the data.

Firstly, in order to compute the infinite sum efficiently, set a level of tolerance
(10_30 here). Start summing for k = 0,1,—1,2,—2...1, —[, and the summing
does not stop until the value for £k = [ or — [ is smaller than the tolerance level.

The value of time ¢ matters when computing the value of the density. It changes
the value of the density in scale, so it does not change the trend of the dens-
ity. The natural choice of ¢ could be ¢ = 0,1,2,.... Therefore, we use t = 1
throughout the simulation.

25



2 . 2
/ ~ TN .
sl N sl o 15 / ~
/ AN
- s \ - AN - i ~
N / \ y,
N . N
0s \ i/ osl /
/ - N
M — . \\ / S
0z o 05 o8 1 o0z o4 05 os 1 R e R Ea—
z z z
x=0.4 x=0.5 x=0.6
2 2 2
15 T 15 T 15 -
S e ~ p
- 1 / N - 1 s AN - 1 “ AN
/ / N S \
ost / . 05 / ost \,
/ AN
/ \ e \
0 02 04 06 08 1 02 04 06 08 1 02 04 06 08 1
%7 : :
) x= x=0.8 x=0.9
2 2 __
" RN s 7N s e N
/ N \ \
1 % \\ “ 1 S \, R
e / \ / \
05 \ 05 - \ 05 -
/// /// N T \
% 02 04 06 08 1 02 04 06 08 1 02 04 06 08 1
z z z

Figure 7. the different density functions f;, () for « = 0.1,0.2,...,0.9.

The mean of each density is the value of z, which is the initial value of the stock,
this has been clearly showed in the graph. In addition, the range of the asset
value z is strictly from 0O to 1.

To simulate the density of the sum, the start points x are chosen to be five
stocks from the market, the 1st, 6th, 11th, 16th, and 21st by ranks in FTSE350.
For the ease of computation, x is rescaled by their sum - this does not affect the
purpose of this simulation as we are looking for the weights among this small
group of stocks anyway. For instance x = [0.5562 0.2297 0.1045 0.0630 0.0465].
To simulate the density of the sum, which includes complicated integrals, we use
the method of interpolation to find the function which interpolate the density
functions and then integrate directly.

In fact, this method shows great scale of accuracy here. The result obtained here
is stable and efficient to demonstrate major properties of the density function.
As a consequence of various summing form in the computation, the most number
of asset we could simulate here is up to 5. More research and attempt could be
useful to reduce the work needed in the simulation and to improve the whole
efficiency.

Below is the graph of the density function of the sum of 5 assets, start points
x = [0.5562 0.2297 0.1045 0.0630 0.0465]
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Density of the sum of five assets from FTSE350
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Figure 8. The density function of the sum of 5 assets from FTSE350, at time ¢ = 1. The
curve is nicely bell shaped, as expected.

Continue with the computation, the curve of the density fn; is obtained.
n

Density of the weights of five assets from FTSE350
s T T T T T

—x=0.5562
—x=0.2297

x=0.1045
——x=0.0630
x=0.0465

Figure 9. Density of five stocks from FTSE350, at time ¢ = 1. Different colours represent

different asset weights.

As we can see, the bigger companies are expected to be smaller, while the small
ones tend to grow. Now let us verify this result by computing the expectations of
the density functions at time ¢ = 1. We firstly interpolate the density functions

by polynomials up to degree 40, and then compute the expectations directly by
integration.

The expected weight of the five stocks with initial value x = [0.5562 0.2297 0.1045 0.0630 0.0465],
at time t = 1, are

w = [0.2430 0.1924 0.1967 0.1911 0.1682]
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Clearly, with the time going, the companies are expected to come closer in our
model. This is not true in real cases, and may be caused by the inefficiency of
the model. The stocks are not independent in real market, and as mentioned
earlier, more work could be involved to improve this model to a great extent. In
addition, by noticing that the model is based on the condition related to time,
the model is changed when the time varies. Nevertheless, when we construct
the simulation at one time, it will be straightforward to do the same for each
time horizon required.

7 Summary

Throughout this paper, the development of stochastic portfolio theory has been
demonstrated briefly in the first sections. Under these theoretical concepts, some
implementations were used to reveal the actual practice. Although the ideas
which led to the implementations were straightforward, the results from them
are impressive, and the process of doing this could provide more thoughts on
the theoretical side. During the empirical survey in the UK market, some errors
in the data was tolerated. Nevertheless, the results obtained from the data were
efficient to reveal the main properties we expected. The model with bounded
range, which was newly developed, was generated by simple concept. Even the
original idea was compromised as explained in the beginning of the section,
the implementations shown later proved that the model is well-constructed and
could be improved in a more sophisticated way in the future.
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Appendix

1. The data used in Figure 1 was acquired from Thomson Reuters Datastream.
The market values were retrieved on 15th of every month from May 2001 to
May 2012. The mnemonic used in Datastream to get the value of FTSE350
is FTSE350 and it is LFTSE350 for the constituents of FTSE350. Because
the constituents changes over time, there are 356 companies in total. For those
which did not consist in the index is the past, the values presented on the specific
day were zero.

Obtained from Datastream, the data was then imported from Ezcel to Matlab.
The codes used to plot was:

load (’matlab.mat’)

[m,n]=size(ftse350c); %ftse350c stores the monthly constituents
of FTSE350

ftse350co=zeros(m,n); Jcreate the matrix storing the ordered
constituents

for i=1:n
ftse350co(:,i)=sort(ftse350c(:,1i),’descend’)/ftse350(i);

end

f£350year=zeros(356,11);

for i=1:11

£350year(:,i)=mean(ftse350co(:, (i-1)*12+1:1i%12) ,2);

end

loglog(1l:m,f350year(1:m,2:3:11),’LineWidth’,1.5)
xlabel(’\fontsize{16}1log-Rank’);
ylabel(’\fontsize{16}1log-Weight?’);

le=legend (’\fontsize{16}2003’,’\fontsize{16}2006’
,?’\fontsize{16}2009’,’\fontsize{16}2012?) ;
title(’\fontsize{16}Capital distribution curve of FTSE350
companies from 2003-20127);

2. The similar graph has been plotted for the whole UK market, shown in Figure
2. The mnemonics in Datastream for the whole UK market capitalisation and
the market constituents are TOTMKUK and LTOTMKUK respectively. There

are 550 companies in total.

3. The codes of plotting the graphs in Figure 3 and Figure 4 are shown below
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load (’matlab.mat’)

£350year=zeros(356,11);

for i=1:11
£350year(:,i)=mean(ftse350c(:,(i-1)*12+1:1x12),2);

end

n=356;

nexti=zeros(n,10);
[ftse350co,order]=sort (ftse350c, ’descend’) ;

for j=1:n

for i=1:10

nexti(j,i)=find(order(:,i+1)==order(j,i));

end

end

plot([1:n]’,nexti’,’o’, ’MarkerSize’,3);

hold all;

frank=mean(nexti,2);

%plot(1l:n,frank, ’LineWidth’,1.5);

%hold all;

m=max (max (nexti));

%plot(l:n,1:n,’LineWidth’,1.5);

%lgd=legend(’Change curve’,’Ideal Curve’);

set(gca, ’PlotBoxAspectRatio’,[1 1 1],’DataAspectRatio’,[1 1
1],°XLim’,[0,m],’YLim?, [0,m]);
xlabel(’\fontsize{16}Ranks’); ylabel(’\fontsize{16}Ranks’);
title(’\fontsize{16}Change of ranks in the succeeding year -
FTSE350°) ;

The parameter n is important here, as it is introduced to control the number of
ranks considered in the plot. The detailed plot could be observed by changing
this parameter.

4. In order to compute the densities efficiently, by noticing that the numerator
(y+2k)?

part can be expressed as functions of g(y) = e~ 2z~ , we make a table of
values by taking large number of values of y from —1 to 2. Then we interpolate
the values to obtain a polynomial of order 40, as the density function. Below is
the codes of making the table

function res=make_table(t)
scale=100; step=1/scale;
res=zeros(1,3*scale);

for i=1:3%*scale
z=ix*step-1;
sum=exp (- (z~2)/(2*t));

for k=1:200

sum=sum+exp (- (z+2*xk) ~2/(2*t) ) +exp (- (z-2xk) ~2/(2*t)) ;
end

res(1,i)=sum;

end

To fit the points:
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function [res,fitvalue]=fit_table(table)
step=3/length(table);
domain=-1+step:step:2;

degree=40;
res=polyfit(domain,table,degree);
fitvalue=polyval(res,domain) ;

end

The accuracy achieved by this method is impressive, shown by the graph below.

Comparison between fit value and true value
T T T

—fit value
—true value

Figure 10. The comparison between the true value and the fit value of the exponential

function. The two lines indeed overlapped perfectly.

The denominator part of the density is computed separately, as in the actual
computation we divide this value after computing the numerator.

function res=int_value(x,t)

res=erf ((1-x)/sqrt(2*t))-erf (-x/sqrt (2*t))-...

erf ((1+x)/sqrt (2*t))+erf (x/sqrt(2*t));

for p=1:100

res=res+erf ((1-x+2*p) /sqrt (2xt) ) -erf ((-x+2*p) /sqrt (2*t))-. ..
erf ((1+x+2%p) /sqrt (2*t) ) +erf ((x+2*p) /sqrt (2*t) ) +. ..
erf ((1-x-2%p) /sqrt (2xt) ) -erf ((-x-2*p) /sqrt (2*t))-...
erf ((1+x-2#*p) /sqrt (2*t) ) +erf ((x-2*p) /sqrt (2*t) ) ;

end

res=res*sqrt (2*pix*t)/2;

end

5. The joint density function of the sum of the assets f, (z) is written as a
Matlab function, to make convenient use of function features.
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function res=joint_v(w,t)

n=length(w); scale=100; table=make_table(t);
joint=zeros(1,n*scale);
deno=int_value(w(1,1),t);

for i=1:scale
vi=round(i-scale*w(1,1))+scale;

v2=round (i+scale*w(1,1))+scale;
joint(1,i)=(table(1,v1)-table(1,v2))/deno;
end

for i=2:n

deno=int_value(w(1,i),t);
temp=joint(1,1:(i-1)*scale);

for k=1:i*scale

z2=k/scale; low=round(100*max(0,z2-1));
up=round (100*min(i-1,2z2)); sum=0;

for j=low+l:up
posl=round(k-j-w(1,i)*100+100) ;

pos2=round (k-j+w(1,i)*100+100) ;
sum=sum+temp (1, j)*(table(l,posl)-table(pos2));
end

joint(1,k)=sum/deno/scale;

end

end

res=joint;

end

6. The following codes are for simulating the weights, and plotting the graph
in Figure 9
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n=length(w) ; table=make_table(t);

[co_table bl=fit_table(table);

scale=100; degree=20; joint=zeros(m, (n-1)*scale);
co=zeros(n,degree+1) ; ww=zeros(1l,n-1); res=zeros(n,1500);
for i=1:n

for j=1:i-1

ww(l,j)=w(1,3);

end

for j=i+l:n

ww(l,j-1)=w(1,j);

end

joint(i,:)=joint_v(ww,t);
co(i,:)=polyfit(l/scale:1/scale:n-1,joint(i,:),degree);
end

Y%vwu=zeros (1,20*scale) ;

for k=1:n

deno=int_value(w(1,k),t);

for i=1:10%100 %z=i/scale;

if i>(n-1)*100

up=(n-1)*100/1;

else up=1;

end summ=0;

for j=up/100:up/100:up

summ=summ+j* (polyval(co_table, j-w(1l,k))-...
polyval(co_table,j+w(1,k)))*polyval(co(k,:),1/100%]);
end

res(k,i)=summ* (up/100)* (1+1/100) ~2/deno;

end

for i=11:510

up=(n-1)/i; summ=0;

for j=up/100:up/100:up

summ=summ+j* (polyval(co_table, j-w(1,k))-...
polyval(co_table, j+w(1l,k)))*polyval(co(k,:),i*j);
end

res(k,i-10+1000)=summ* (up/100) * (1+i)~2/deno;

end

end

domain=zeros(1,1500);

for i=1:1000

domain(1,i)=1/(1+i/100);

end

for i=1001:1500

domain(1,i)=1/(1+i-990);

end

plot(domain,res);

set(gca,’YLim’,[0,5]);

title(’\fontsize{16}Density of the weights of five...
assets from FTSE350’);

xlabel(’\fontsize{16}z?); ylabef%’\fontsize{lG}f’);
legend (’\fontsize{16}x=0.5562’,’\fontsize{16}x=0.2297’,...
’\fontsize{16}x=0.1045’,’\fontsize{16}x=0.0630",...
*\fontsize{16}x=0.0465) ;




7. To compute the expectations, we use the following codes:

for k=1:n
co_weight (k,:)=polyfit(domain(l,:),res(k,:),80);
end

sSyms X y;
for j=1:n

y=0;

for i=1:41

y=y+co_weight (j,i)*x~(42-1);
end
int_value(j,1)=int(y,x,0,0.8);
end
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