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Abstract

We prove a large deviations principle for the probabilistic Schwarzian Field Theory at low tem-
peratures. We demonstrate that the good rate function is equal to the action of the Schwarzian Field
Theory, and we find its minimisers. In addition, we define an analogue of the Hölder condition on the
functional space Diff1(T)/PSL(2,R) in terms of cross-ratio observables, characterise them in terms
of the usual Hölder property on the space of continuous functions, and deduce the corresponding
compact embedding theorem. We also show that the Schwarzian measure concentrates on functions
satisfying the defined condition.

1 Introduction and main results

1.1 Introduction

The Schwarzian Field Theory is a quantum field theory, which emerged in physics in the study of low-
dimensional quantum gravity models. In the context of the AdS/CFT correspondence, it is proposed
as a holographic dual of Jackiw–Teitelboim (JT) gravity in the disk [Iliesiu et al., 2019; Maldacena
et al., 2016; Saad et al., 2019]. Moreover, the Schwarzian Field Theory also appears in the low energy
limit of the Sachdev–Ye–Kitaev (SYK) random matrix model (e.g. see [Maldacena and Stanford,
2016] and [Kitaev and Suh, 2018]) and is connected to 2D Liouville Field Theory, infinite dimensional
symplectic geometry, representation theory of the Virasoro algebra, 2D Yang-Mills, and other topics.

In [Bauerschmidt, Losev, and Wildemann, 2024], we have defined and proved uniqueness of a
finite measure on Diff1(T)/PSL(2,R) which corresponds to the Schwarzian Field Theory. We have
also constructed this measure and derived its partition function (i.e. total mass), following the plan
proposed in [Belokurov and Shavgulidze, 2017, 2018]. In another companion paper [Losev, 2024] we
have computed correlation functions of cross-ratio observables, for which the corresponding Wilson
lines are nonintersecting. In addition, we have shown that the obtained correlation functions char-
acterise the measure uniquely. All these results were obtained using methods of stochastic analysis.
Our results agree with the partition function formula derived in [Stanford and Witten, 2017] using
the formal application of the Duistermaat–Heckman theorem on the infinite dimensional symplectic
space Diff1(T)/PSL(2,R), and the correlation function formulae obtained in [Mertens et al., 2017]
using the conformal bootstrap and the DOZZ formula in a degenerate limit of 2D Liouville CFT.

In this work we continue studying probabilistic and analytic properties of the Schwarzian measure
constructed in [Bauerschmidt, Losev, and Wildemann, 2024]. We prove a large deviations principle,
show that the corresponding good rate function is equal to the action of the Schwarzian Field Theory,
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and find its minimisers. This gives a direct way to relate the Schwarzian measure to the action of
the theory, which does not appear explicitly in the construction carried out in [Bauerschmidt, Losev,
and Wildemann, 2024]. Note that, alternatively we can see traces of the action in the corresponding
version of Girsanov’s Theorem proved in [Bauerschmidt, Losev, and Wildemann, 2024]. However, the
action does not appear there explicitly.

One of the tools developed here, which we think is of its own interest, is an analogue of the
Hölder condition on the functional space Diff1(T)/PSL(2,R). The difficulty here is that elements of
Diff1(T)/PSL(2,R) are not functions (but rather just conjugacy classes) for which the notion of a
value at a given point is not well defined. Thus, the usual Hölder condition for continuous functions
does not make sense in this case. We formulate a similar property in terms of cross-ratio observables,
which are well defined on the quotient space, and prove that this property coincides with the usual
Hölder condition if we fix the gauge (i.e., explicitly choose a representative in each conjugacy class).
This, in particular, allows us to prove a compact embedding theorem. As an application of this
tool, we show that the Schwarzian measure concentrates on functions satisfying the defined Hölder
condition.

Formally, the measure corresponding to the Schwarzian Field Theory is supported on the topo-
logical space Diff1(T)/PSL(2,R) and is given by (see [Stanford and Witten, 2017, (1.1)])

dMσ2

(
ϕ
)
= exp

{
+

1

σ2

∫ 1

0

[
Sϕ(τ) + 2π2ϕ′ 2(τ)

]
dτ

} ∏
τ∈[0,1)

dϕ(τ)
ϕ′(τ)

PSL(2,R)
, (1)

where Sϕ(τ) is the Schwarzian derivative of ϕ given by

Sϕ(τ) = S(ϕ, τ) =
(
ϕ′′(τ)

ϕ′(τ)

)′

− 1

2

(
ϕ′′(τ)

ϕ′(τ)

)2

. (2)

Here, T = [0, 1]/{0 ∼ 1} is the unit circle, Diff1(T) is the space of C1 orientation preserving diffeomor-
phisms of T, and PSL(2,R) is the group of Möbius transformations of the unit disk (i.e. conformal
isomorphisms of the unit disk) restricted to the boundary which is identified with T. The group
PSL(2,R) acts on Diff1(T) by postcompositions. Following [Stanford and Witten, 2017] we call it
a right action, since in [Stanford and Witten, 2017] it is interpreted as an action on the inverse
elements. We denote the quotient of Diff1(T) by this action of PSL(2,R) by Diff1(T)/PSL(2,R).
Heuristically, the formal density (1) only depends on the orbit of this action and the quotient by
PSL(2,R), therefore, makes sense. Note, however, that even though the action and the theory are
formally invariant under PSL(2,R) postcompositions, they are not invariant under pre-compositions.
We recall the rigorous construction of the measure corresponding to the Schwarzian Field Theory
carried out in [Bauerschmidt, Losev, and Wildemann, 2024] in Section 2.

Using terminology from physics, the expression in the exponential of (1) is equal to minus 1/σ2

multiplied by the action. In other words, the action is formally given by

I(ϕ) = −
∫ 1

0

[
Sϕ(τ) + 2π2ϕ′ 2(τ)

]
dτ =

1

2

∫
T

[(
ϕ′′(τ)

ϕ′(τ)

)2

− 4π2ϕ′ 2(τ)

]
dτ. (3)

Formally, it plays the defining role in the path integral formulation of the theory given by (1).
However, as it often happens with the probabilistic formulations of quantum field theories in the
continuous setting, the action does not appear explicitly in the rigorous construction of the corre-
sponding measure. Instead, it is usually used merely as a guide for intuition. One of the important
questions in these situations is how to explicitly relate the rigorously constructed measure to its path
integral formulation and, in particular, its action. For the Schwarzian Theory it is possible to see
traces of the action in the corresponding version of Girsanov’s Theorem [Bauerschmidt, Losev, and
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Wildemann, 2024]. In this work, we show that the action also naturally arises in the large deviations
of the measure when σ → 0, see Theorem 1. This provides an alternative way to recover the action
from the constructed measures, albeit only in the asymptotic regime. Note that large deviations
principles can also be used to read off the action from probability measures in other examples, such
as Gaussian path integrals (see, e.g. [Deuschel and Stroock, 2001, Theorem 3.4.12]), 2D Yang–Mills
[Lévy and Norris, 2004], and Schramm–Loewner Evolution [Peltola and Wang, 2023; Wang, 2016].

We also study minimisers of the action (3) under various local constraints (Proposition 17). In par-
ticular, we show that the global minimiser of (3) is the conjugacy class of the identity diffeomorphism
(Theorem 2).

One of the tools that we develop here, in order to prove the large deviations principle, is an
analogue of the Hölder condition for the functional space Diff1(T)/PSL(2,R) and which we apply to
the Schwarzian measure dMσ2 . From the construction of Mσ2 , we expect that for a typical ϕ ∼ dMσ2 ,
the function log ϕ′ should have the same regularity as Brownian motion. In particular, it should be
Hölder with parameter 1

2
−ε. However, we are working on the quotient space Diff1(T)/PSL(2,R), and

so ϕ is defined only up to composition with Möbius transformations, and thus the value of log ϕ′ is
not well defined. Therefore, the usual Hölder condition does not make sense in this situation. One of
the possible solutions is to fix the gauge, that is, choose a representative in every conjugacy class. In
order to fix a representative in every PSL(2,R) orbit, it is sufficient, for example, to fix three values
of ϕ and/or ϕ′. This, however, might not look like a natural definition since it is hard to express this
condition directly in terms of natural observables on Diff1(T)/PSL(2,R). In this work we reformulate
this property in a natural way in terms of cross-ratio observables

O
(
ϕ; s, t

)
=

π
√
ϕ′(t)ϕ′(s)

sin
(
π
[
ϕ(t)− ϕ(s)

]) , s, t ∈ T, (4)

which are well defined on Diff1(T)/PSL(2,R) (see Section 2). More precisely, for a parameter α > 0
and a constant K > 0, we consider ϕ ∈ Diff1(T)/PSL(2,R) for which∣∣∣∣∣O(ϕ; s, t)− π

sin
(
π[t− s]

) ∣∣∣∣∣ ≤ K dα−1(s, t), for all s, t ∈ T, (5)

where d(·, ·) is the distance on the circle T. We demonstrate that the condition (5) is equivalent, if
we fix the gauge, to log ϕ′ being Hölder with parameter α, (Theorem 3). Finally, we show that the
set of ϕ which do not satisfy (5), has exponentially small Mσ2 measure (Theorem 4).

1.2 Main results

1.2.1 Large deviations principle

The large deviations principle is usually studied in the context of probability measures. In this work,
however, we are applying it to measures Mσ2 which are merely finite. The partition function (i.e.,
total mass of Mσ2) is equal to

Z(σ2) =

(
2π

σ2

)3/2

exp

(
2π2

σ2

)
=

∫ ∞

0

e−σ2k2/2 sinh(2πk) 2k dk, (6)

as shown in [Bauerschmidt, Losev, and Wildemann, 2024]. We, therefore, note that, even though
the large deviations principle is usually formulated only for normalised measures, it is also appli-
cable to nonnormalised finite measures. Therefore, throughout the paper we apply definitions and
classical results from the theory to Mσ2 . Alternatively, one can also consider normalised measures
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Z(σ2)−1 dMσ2 and apply the usual large deviations principle to them. In our setting these formula-
tions are equivalent, since by (6)

lim
σ→0

σ2 logZ(σ2) = 2π2, (7)

which merely causes a shift of the good rate function by 2π2. For convenience, however, we state and
prove all our results for the unnormalised measure Mσ2 .

We will be working with the topological space Diff1(T)/PSL(2,R). Its topology is defined as the
quotient topology induced by C1 topology on Diff1(T). Recall that in [Bauerschmidt, Losev, and
Wildemann, 2024] it was showed that in this setting Mσ2 is a Borel measure.

First, we define a space H(T) ⊂ Diff1(T), on which the good rate function (or rather its lift along
the quotient map Diff1(T) ↠ Diff1(T)/PSL(2,R)) is finite.

Definition 1. Denote H(T) =
{
ϕ ∈ Diff1(T)

∣∣ log ϕ′ ∈ H1(T)
}
, where H1(T) is the Sobolev space on

T. The metric on this space is defined as

dH(ϕ, ψ) =
√

d2(ϕ(0), ψ(0)) + ∥log ϕ′ − logψ′∥2H1 . (8)

Note that H(T) is not a linear space. The space H(T) is defined so that the good rate function is
continuous with respect to its metric.

Remark 2. This definition is natural, since from the construction in [Bauerschmidt, Losev, and
Wildemann, 2024], we expect that if ϕ ∼ dMσ2 , then log ϕ′ behaves similar to Brownian motion on
small scales.

Remark 3. As a metric space H(T) is isomorphic to T × H̃1(T), where H̃1(T) is a closed subset of

H1(T) given by H̃1(T) =
{
f ∈ H1(T)

∣∣ ∫
T e

f(t) dt = 1
}
. This isomorphism is given by

H(T) → T × H̃1(T) (9)

ϕ 7→
(
ϕ(0), log ϕ′). (10)

In particular, H(T) is a complete metric space. It is also easy to check that H(T) is invariant under
the PSL(2,R) action (although its metric is not).

Now, we define a function, which turns out to be the lift of the good rate function along the
quotient map Diff1(T) ↠ Diff1(T)/PSL(2,R).

Definition 4. We define the action by

I(ϕ) =


1

2

∫
T

[(
log ϕ′(τ)

)′ 2
− 4π2ϕ′ 2(τ)

]
dτ, for ϕ ∈ H(T);

∞, otherwise.
(11)

Here
(
log ϕ′(t)

)′
is well defined as a weak derivative; since for ϕ ∈ H(T), we have log ϕ′ ∈ H1(T).

Remark 5. For any ϕ ∈ C3(T),

I(ϕ) = 1

2

∫
T

[(
ϕ′′(τ)

ϕ′(τ)

)2

− 4π2ϕ′ 2(τ)

]
dτ. (12)

Moreover, since −S
(
ϕ, τ

)
differs from 1

2

(
ϕ′′(τ)
ϕ′(τ)

)2
by a total derivative

(
ϕ′′(τ)
ϕ′(τ)

)′
, we have

I(ϕ) = −
∫

T

[
S
(
ϕ, τ

)
+ 2π2ϕ′ 2(τ)

]
dτ. (13)
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Remark 6. The action I(·) is continuous on H(T) with respect to its metric dH(·, ·). This follows

immediately from the fact that the
∫ (

log ϕ′(τ)
)′ 2

term in (11) is precisely equal to the square of the
H1 norm of log ϕ′.

The action I(·) also defines a function on the quotient space Diff1(T)/PSL(2,R) because, by the
following Proposition, it is PSL(2,R) invariant. We denote the corresponding function on the quotient
space in the same way.

Proposition 7. The action I(·) is invariant under postcomposition by elements of PSL(2,R). In
other words, for any ψ ∈ PSL(2,R) and any ϕ ∈ H(T),

I(ψ ◦ ϕ) = I(ϕ). (14)

We now formulate the main result of this paper.

Theorem 1. The family of measures {dMσ2}σ>0 satisfies the large deviations principle for σ → 0
with good rate function I(·). In other words, for any α ∈ R the level set

Ψ(α) = {ϕ ∈ Diff(T)/PSL(2,R) : I(ϕ) ≤ α} (15)

is compact, and

lim inf
σ→0

σ2 logMσ2(U) ≥ − inf
ϕ∈U

I(ϕ), if U ⊂ Diff1(T)/PSL(2,R) is open in C1 topology, (16)

lim sup
σ→0

σ2 logMσ2(V ) ≤ − inf
ϕ∈V

I(ϕ), if V ⊂ Diff1(T)/PSL(2,R) is closed in C1 topology. (17)

Moreover, we find the minimum of the good rate function I(·) and find where it is achieved.

Theorem 2. For any ϕ ∈ H(T),

I(ϕ) = 1

2

∫ 1

0

[(
ϕ′′(τ)

ϕ′(τ)

)2

− 4π2ϕ′ 2(τ)

]
dτ ≥ −2π2. (18)

Moreover, the equality holds if and only if ϕ is a Möbius transformation of the unit circle.

Remark 8. The inequality above follows from the formula of partition function and the large devia-
tions principle. However, in this paper we give a more direct prove.

Recall that the fact that I(·) is a good rate function implies that it is lower semicontinuous.
Therefore, combining these two Theorems above we immediately deduce that the measure Mσ2

concentrates around Möbius transformations for small σ.

Corollary 9. The probability measures
{
Z
(
σ2
)−1

dMσ2

}
σ>0

converge weakly to the delta measure

on the conjugacy class of the identity map as σ → 0.

1.2.2 Hölder condition on Diff1(T)/PSL(2,R)

It is well known that Hölder spaces play an important role in the analysis of stochastic processes.
Here we give a description of an analogue of Hölder property for Diff1(T)/PSL(2,R). First, we define
it in terms of cross-ratio observables on Diff1(T)/PSL(2,R), given by (4), which depend only on the
conjugacy class of ϕ; see Section 2. Then we relate our definition to the classical Hölder condition
for continuous functions applied to log ϕ′ after fixing the gauge.

Definition 10. For α > 0, denote by Hölα(K) the set of those ϕ ∈ Diff1(T)/PSL(2,R) for which∣∣∣∣∣O(ϕ; s, t)− π

sin
(
π[t− s]

) ∣∣∣∣∣ ≤ K dα−1(s, t) (19)

for all s, t ∈ T.
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Remark 11. The classical Hölder condition is not PSL(2,R) invariant and depends on the rep-
resentative. Condition (19), on the other hand, is written in terms of well-defined observables on
Diff1(T)/PSL(2,R).

Remark 12. One can also define a more local version of the Hölder condition. That is, we can
consider ϕ such that (19) holds for s, t ∈ T which are sufficiently close, say d(s, t) < ε for some ε > 0.
However, it follows from Theorem 3 that if such local condition holds for some ϕ, then ϕ ∈ Hölα(K′)
for some K′ = K′(K, ε).

Denote

D̃iff
1
(T) =

{
ϕ ∈ Diff1(T) : ϕ(0) = 0, ϕ

(
1

3

)
=

1

3
, ϕ

(
2

3

)
=

2

3

}
, (20)

with the topology induced by Diff1(T). Notice that as a topological space it is isomorphic to
Diff1(T)/PSL(2,R).

The following Theorem provides a connection between our definition of Hölα(·) and the classical
notion of Hölder condition for log ϕ′. Informally, we show that these definitions agree if we identify

Diff1(T)/PSL(2,R) with D̃iff
1
(T).

Theorem 3. Fix α ∈ (0, 1). For any C > 0, there exists C′ > 0 such that if ϕ ∈ Diff1(T) and
∀s, t ∈ T : | log ϕ′(t) − log ϕ′(s)| < C dα(s, t), then ϕ ∈ Hölα(C′). Furthermore, C′ can be chosen so
that C′ → 0 if C → 0.

A converse is also true. Fix ε > 0. Then for any C′ > 0 there exists C′′ > 0 such that if

ϕ ∈ D̃iff
1
(T) and ∣∣∣∣∣O(ϕ; s, t)− π

sin
(
π[t− s]

) ∣∣∣∣∣ ≤ C′ dα−1(s, t) (21)

for all s, t ∈ T with d(s, t) < ε, then ∀s, t ∈ T we have | log ϕ′(t)− log ϕ′(s)| < C′′dα(s, t). Moreover,
if ε > 1 (i.e., (21) holds for all s, t ∈ T), then C′′ can be chosen so that C′′ → 0 if C′ → 0.

Remark 13. We can consider alternative ways to fix the gauge (i.e., choose representatives in each
conjugacy class). For example, one can fix three values of ϕ and/or ϕ′ in a way which differs from

(20). This will result in a new space ˜̃Diff 1(T) (although it will still be topologically isomorphic to

Diff1(T)/PSL(2,R)). It is not hard to see that Theorem 3 will still hold with the new ˜̃Diff 1(T).
Indeed, it is not hard to check that the usual Hölder conditions on these spaces are equivalent up

to a change of the constant: for any C > 0, there exists C′ > 0 such that if ϕ0 ∈ D̃iff
1
(T) and

ϕ1 ∈ ˜̃Diff 1(T) are representatives of the same PSL(2,R) conjugacy class, then | log ϕ′
0(t)− log ϕ′

0(s)| <
Cdα(s, t) implies | log ϕ′

1(t) − log ϕ′
1(s)| < C′dα(s, t), and | log ϕ′

1(t) − log ϕ′
1(s)| < Cdα(s, t) implies

| log ϕ′
0(t)− log ϕ′

0(s)| < C′dα(s, t).

Remark 14. The main difficulty in Theorem 3 is in the converse statement. Notice that log ϕ′

being Hölder is a local condition. However, it follows from (19) only if we impose a global condition
by fixing the gauge. Without imposing such a global condition, the result fails because we can make
the constant in Hölder condition for log ϕ′ arbitrarily large by acting with PSL(2,R). Therefore, one
cannot deduce that log ϕ′ is Hölder from (21) by a purely local argument.

Remark 15. The condition that log ϕ′ is Hölder under gauge fixing has also been studied in the
context of the Weil–Petersson class of diffeomorphisms in [Šarić et al., 2023].

Combining the theorem above with the Stone–Weierstrass Theorem we immediately obtain a
compact embedding theorem as a corollary.

Corollary 16. For any α ∈ (0, 1) and K > 0, the set Hölα(K) is compact in the topology of
Diff1(T)/PSL(2,R).
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We also show that the measures Mσ2 are supported on Hölα(·) up to an exponentially small error.
Recall that Z(σ2) is the total mass of Mσ2 .

Theorem 4. For any α ∈ [1/4, 1/2) and any Λ, N > 0 there exists M > 0 such that for any
σ ∈ (0,Λ),

Mσ2

(
Hölα(M)

)
≥ Z(σ2)− exp

(
−N

σ2

)
. (22)

In particular, combination of Corollary 16 with Theorem 4 gives exponential tightness of the

family of measures
{
dMσ2

}
σ→0

.

1.2.3 Minimisation of the action under constraints

We also find the minimizers of the good rate function under certain constraints. Fix N ≥ 2. Let
t1 < t2 < . . . < tN < tN+1 = t1 + 1 be points on the circle T. Also, let {pj}Nj=1 be distinct points on

T lying in the anticlockwise (i.e., increasing) order, and {qj}Nj=1 be positive numbers. We study the
minimisation problem for action I(·) on the following set:

A =
{
ϕ ∈ Diff1(T)

∣∣∣ ∀j : ϕ(tj) = pj , ϕ
′(tj) = qj

}
. (23)

That is, we want to find
ψ = argmin

ϕ∈A
I(ϕ). (24)

Here, for convenience, we are working on the whole space Diff1(T) instead of the quotient Diff1(T)/PSL(2,R).
Since imposing three constraints fixes representatives in each conjugacy class, this minimisation
problem is equivalent to a minimisation problem on the quotient Diff1(T)/PSL(2,R). Moreover, con-
straints from (23) can be easily rewritten in terms of cross-ratio observablesO

(
ϕ; ti, tj

)
, so the minimi-

sation problem (24) can be naturally reformulated as a minimisation problem on Diff1(T)/PSL(2,R)
with constraints on the cross-ratio observables.

Notice that since I, according to Theorem 1, is a good rate function on Diff1(T)/PSL(2,R), the
minimum above is indeed achieved. Since the expression

(
log ϕ′(t)

)′ 2 − 4π2ϕ′ 2(τ) is local, it is
sufficient to optimise ϕ on each of the intervals (tj , tj+1) separately. Below, we show how to optimise
ϕ on (t1, t2).

Proposition 17. Let ψ : [t1, t2] → [p1, p2] be the minimizer of the functional

ϕ 7→ 1

2

∫ t2

t1

[(
log ϕ′(τ)

)′ 2
− 4π2ϕ′ 2(τ)

]
dτ (25)

on the space H(T) under constraints

ϕ(t1) = p1, ϕ(t2) = p2, (26)

ϕ′(t1) = q1, ϕ′(t2) = q2. (27)

Denote

κ :=
π
√
q1q2(t2 − t1)

sin
(
π(p2 − p1)

) . (28)

Then for some a, b, c, d ∈ R with ad− bc = 1 and any τ ∈ [t1, t2]:

1. If κ > 1 then

tan
(
π ψ(τ)

)
=
a tan(λτ) + b

c tan(λτ) + d
, (29)
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where λ ∈ (0, π/(t2 − t1)) is such that

λ(t2 − t1)

sin
(
λ(t2 − t1)

) = κ. (30)

2. If κ = 1 then

tan
(
π ψ(τ)

)
=
a τ + b

c τ + d
. (31)

3. If κ < 1 then

tan
(
π ψ(τ)

)
=
a tanh(λτ) + b

c tanh(λτ) + d
, (32)

where λ > 0 is such that
λ(t2 − t1)

sinh
(
λ(t2 − t1)

) = κ. (33)

Remark 18. It is easy to see that function x 7→ sin x
x

is a bijection (0, π) → (0, 1) and x 7→ sinh x
x

is
a bijection (0,∞) → (1,∞), so λ from the proposition is always well defined.

Remark 19. It is possible also to compute I(ψ), but we do not find the exact value to be instructive.

1.3 Organisation of the paper

In Section 2 we recall the construction of the Schwarzian measure (the measure corresponding to
the Schwarzian Field Theory) from [Bauerschmidt, Losev, and Wildemann, 2024] (which follows the
plan proposed in [Belokurov and Shavgulidze, 2017, 2018]) as well as some properties of cross-ratio
observables from [Losev, 2024].

In Section 3 we prove the main statements about the action I(·). That is, we prove that it is
PSL(2,R) invariant (Proposition 7) and find its global minimiser (Theorem 2).

In Section 4 we prove the equivalence of Hölder conditions on Diff1(T)/PSL(2,R), as defined using
cross-ratios and by fixing the gauge (Theorem 3).

Sections 5 and 6 are devoted to the proof of the large deviations principle for {dMσ2}σ>0 (The-
orem 1). It is well known that if an exponentially tight family of measures satisfies a weak large
deviations principle with a rate function I(·), then I(·) is a good rate function, and the family of
measures in question satisfies large deviations principle with a good rate function I(·) (see, e.g.,
[Dembo and Zeitouni, 2009, Lemma 1.2.18]).

In Section 5 we prove that I(·) is a rate function and that the family of measures {dMσ2}σ>0

satisfies weak large deviations principle with the rate function I(·).
In Section 6 we prove exponential estimates and deduce that the measures {dMσ2}σ>0 concentrate

on Hölα(·) up to exponentially small sets when α < 1/2 (Theorem 4). In particular, this proves
exponential tightness of {dMσ2}σ>0 (as a combination of Theorem 4 and Corollary 16). This finishes
the proof of Theorem 1.

1.4 Preliminaries and notations

Throughout the paper we will be using the following notations:

1. The unit circle is denoted by T = [0, 1]/{0 ∼ 1}, the nonnegative real numbers are denoted by
R+ = [0,∞), and for the open disk in the complex plane of radius r we use Dr = {z ∈ C : |z| < r}.
Moreover, for s, t ∈ T, we write t− s for the length of the interval going from s to t in positive
direction. In particular, t − s ∈ [0, 1). We also use d(s, t) = min

{
t − s, 1 − (t − s)

}
for the

distance on the circle.
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2. We use Diffk(T) for the set of oriented Ck-diffeomorphisms of T, that is, ϕ ∈ Diffk(T) can be
identified with a k-times continuously differentiable function ϕ : R → R satisfying ϕ(τ + 1) =
ϕ(τ) + 1 and ϕ′(τ) > 0 for all τ ∈ R. Note that Diffk(T) is not a linear space. The topology
on Diffk(T) is inherited from the natural topology on Ck(T). It turns Diffk(T) into a Polish
(separable completely metrisable) space as well as a topological group.

3. We use PSL(2,R) to denote the group of conformal isomorphisms of the unit disk restricted to
the boundary, which is identified with the unit circle T. Throughout the paper we consider the
action of PSL(2,R) on Diff1(T) given by postcompositions.

4. We will abuse the notation and for ϕ ∈ Diff1(T) denote its conjugacy class in Diff1(T)/PSL(2,R)
by ϕ as well.

5. Throughout the paper we will encounter expressions of the form f
(
arccosh[z]

)
, for various

even analytic functions f . Even though arccosh[z] is not analytic at z = 0, the composition
f
(
arccosh[z]

)
still defines an analytic function around z = 0. More precisely, we identify

f
(
arccosh[z]

)
with f̃

(
arccosh2[z]

)
, where f̃ is an analytic function such that f̃(ω) = f(

√
ω),

and arccosh2[z] is the analytic function described in statement below (see [Losev, 2024] for
details).

Statement 20 ([Losev, 2024]). Function arccosh2(z) can be analytically continued from z ∈
[1,∞) to z ∈ Ω :=

{
z ∈ C

∣∣∣ℜz ≥ −1
}
. Moreover, in this continuation arccosh2(z) = − arccos2(z)

for z ∈ (−1, 1).

2 Measure construction and observables

2.1 Schwarzian measure

In this subsection we recall the rigorous construction and main properties of the measure correspond-
ing to Schwarzian Field Theory from [Bauerschmidt, Losev, and Wildemann, 2024], which are based
on the plan from [Belokurov and Shavgulidze, 2017, 2018]. We refer the reader to that paper for
proofs and further details.

The construction of the Schwarzian measure is based on the appropriate reparametrisation of
unnormalised version of the Brownian bridge measure. This is a finite measure on C0,free[0, T ] =
{f ∈ C[0, T ] | f(0) = 0} formally corresponding to

dB a,T

σ2 (ξ) = exp

{
− 1

2σ2

∫ T

0

ξ′ 2(t) dt

}
δ
(
ξ(0)

)
δ
(
ξ(T )− a

) ∏
τ∈(0,T )

dξ(τ). (34)

Definition 21. The unnormalised Brownian bridge measure with variance σ2 > 0 is a finite Borel
measure dB a,T

σ2 on C0,free[0, T ] such that

√
2πTσ exp

{
a2

2Tσ2

}
dB a,T

σ2 (ξ) (35)

is the distribution of a Brownian bridge
(
ξ(t)

)
t∈[0,T ]

with variance σ2 and ξ(0) = 0, ξ(T ) = a.

In order to define the Schwarzian measure Mσ2 , we first need to define a finite measure µσ2 on
Diff1(T) which is similar to what is known as the Malliavin–Shavgulidze measure; see [Bogachev,
2010, Section 11.5]. Formally, this measure corresponds to

dµσ2(ϕ) = exp

{
− 1

2σ2

∫ 1

0

(
ϕ′′(τ)

ϕ′(τ)

)2

dτ

} ∏
τ∈[0,1)

dϕ(τ)

ϕ′(τ)
. (36)
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We can make sense of this measure by defining it as a push-forward of an unnormalised Brownian
bridge on [0, 1] with respect to a suitable change of variables. We define µσ2 by

dµσ2(ϕ) := dB 0,1

σ2 (ξ)⊗ dΘ, with ϕ(t) = Θ + Pξ(t) (mod 1), for Θ ∈ [0, 1), (37)

where dΘ is the Lebesgue measure on [0, 1) and

P(ξ)(t) := Pξ(t) :=

∫ t

0
eξ(τ) dτ∫ 1

0
eξ(τ) dτ

. (38)

The variable Θ corresponds to the value of ϕ(0). Note that the map ξ 7→ P(ξ) is a bijection between
C0,free[0, 1] and Diff1[0, 1] with inverse map

P−1 : Diff1[0, 1] → C0,free[0, 1] (39)

φ 7→ logφ′(·)− logφ′(0). (40)

Note that, with our choice of C1 topology on Diff1[0, 1] and the usual supremum norm topology on
C0,free[0, 1], we get that both P and P−1 are continuous.

In view of (1) and (36), the unquotiented Schwarzian measure is constructed as

dM̃σ2(ϕ) = exp

{
2π2

σ2

∫ 1

0

ϕ′ 2(τ) dτ

}
dµσ2(ϕ). (41)

Since µσ2 is supported on Diff1(T), this defines a Borel measure on Diff1(T). This is the unique (up
to a multiplicative constant) measure satisfying a natural change of variables formula. In particular,
it is invariant under the action of PSL(2,R).

Proposition 22. The measure M̃σ2 is invariant under postcomposition by elements of PSL(2,R).
In other words, for any ψ ∈ PSL(2,R) and Borel A ⊂ Diff1(T) we have

M̃σ2

(
ψ ◦A

)
= M̃σ2

(
A
)
, (42)

where ψ ◦A :=
{
ψ ◦ ϕ

∣∣ϕ ∈ A
}
.

In particular, we remark that M̃σ2 is an infinite measure since PSL(2,R) has infinite Haar measure.
The Schwarzian measure on Diff1(T)/PSL(2,R) with formal density (1) is defined as the quotient of

M̃σ2 by PSL(2,R); see Proposition 23 and Definition 24 below.

Proposition 23. There exists a unique Borel measure Mσ2 on Diff1(T)/PSL(2,R) such that, for
any nonnegative continuous functional F : Diff1(T) → R,∫

Diff1(T)

dM̃σ2(ϕ)F (ϕ) =

∫
Diff1(T)/PSL(2,R)

dMσ2([ϕ])

∫
PSL(2,R)

dνH(ψ)F (ψ ◦ ϕ), (43)

where the right-hand side is well-defined, since the second integral only depends on [ϕ].

Definition 24. The Schwarzian measure is given by Mσ2 .

This measure is finite, and moreover, its total mass can be computed explicitly.

Proposition 25. The partition function (i.e., total mass) of Mσ2 is given by

Z(σ2) =

(
2π

σ2

)3/2

exp

(
2π2

σ2

)
=

∫ ∞

0

e−σ2k2/2 sinh(2πk) 2k dk. (44)
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2.2 Observables

Here we recall the main properties of cross-ratio observables obtained in [Losev, 2024].
The natural observables on the space Diff1(T)/PSL(2,R) are given by cross-ratios (4), since they

depend only on the conjugacy class under PSL(2,R) action.

Proposition 26. Observables O
(
ϕ; s, t

)
are invariant under postcompositions by elements of Möbius

transformations. In other words, if ψ ∈ PSL(2,R), then

O
(
ψ ◦ ϕ; s, t

)
= O

(
ϕ; s, t

)
. (45)

In particular, they induce well-defined observables on Diff1(T)/PSL(2,R), which we, slightly abusing
the notation, also denote by O

(
ϕ; ·, ·

)
.

Importantly, it is possible to compute correlation functions of cross-ratios [Losev, 2024]. Here we
will only need to know their moments.

Definition 27. For all l, k, w ∈ R, we define Γ(l ± ik ± iw) as

Γ(l ± ik ± iw) := Γ(l + ik + iw)Γ(l + ik − iw)Γ(l − ik + iw)Γ(l − ik − iw). (46)

Proposition 28. Moments of cross-ratio observables for positive integers l are given by

∫
O l(ϕ; s, t)dMσ2(ϕ) =

∫
R2
+

Γ
(

l
2
± ik1 ± ik2

)
2π2 Γ(l)

·
(
σ2

2

)l

× exp

(
− (t− s)σ2

2
· k21 −

(
1− (t− s)

)
σ2

2
· k22

)
sinh(2πk1) 2k1 sinh(2πk2) 2k2 dk1 dk2. (47)

Using this, it is possible to show that cross-ratios have finite exponential moments.

Proposition 29. For any σ > 0 and any s ̸= t ∈ T,∫
exp

{
8

σ2
O
(
ϕ; s, t

)}
dMσ2(ϕ) <∞. (48)

In this work we give a sharper estimate for the exponential moments in the case when s and t are
close; see Proposition 34. The main tool for estimating exponential moments is the following identity.

Proposition 30. For any β, k ∈ R and any z ∈ D2, we have

cos
(
2k · arccosh [cosh(β/2)− z]

)
=

cos(kβ) + 2k sinh(2πk)

∫ ∞

0

∞∑
l=1

Γ
(

l
2
± ik ± iw

)
2π2Γ(l)

· (2z)
l

l!
cos(wβ) dw, (49)

where the right-hand side converges absolutely.

Remark 31. The right-hand side above can also be written as

2k sinh(2πk)

∫ ∞

0

∞∑
l=0

Γ
(

l
2
± ik ± iw

)
2π2Γ(l)

· (2z)
l

l!
cos(wβ) dw, (50)

if we interpret l = 0 term as delta function δ(ω − k).
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3 Action functional I(·)
In this section we prove statements concerning the action functional I(·). That is, here we show that
it is PSL(2,R) invariant (Proposition 7) and find its global minimisers (Theorem 2).

Proof of Proposition 7. For ϕ ∈ Diff∞(T) we have

I(ϕ) =
∫ 1

0

[
− S (ϕ, τ)− 2π2ϕ′ 2(τ)

]
dτ = −

∫ 1

0

S
(
tan(π ϕ), τ

)
dτ. (51)

Also, for any ψ ∈ PSL(2,R) and any x ∈ R,

tan
(
π ψ

(
1
π
arctan(x)

))
=
ax+ b

cx+ d
, for some a, b, c, d ∈ R, with ad− bc = 1. (52)

This follows from the fact that the map ϕ ∈ T 7→ tan(πϕ) is the restriction to the boundary of the
conformal map z 7→ i 1+z

1−z
from the unit disk in C to the upper half plane, whose group of conformal

isomorphisms coincides with the group of fractional linear transformations. It is well known that the
Schwarzian derivative S is invariant under transformations of the form (52). Therefore, by Remark
5, for any ϕ ∈ Diff∞(T),

I(ψ ◦ ϕ) = I(ϕ). (53)

It is easy to see that Diff∞(T) is dense in H(T) and that the map ϕ 7→ ψ ◦ ϕ is continuous as a map
H(T) → H(T). Thus, using continuity of I(·) on H(T), we deduce that I(ϕ) is PSL(2,R) invariant.

Proof of Theorem 2. First, we prove the inequality.
Observe that it is sufficient to prove the inequality for Diff∞(T), since Diff∞(T) is dense in H(T).
Notice that

1

2

∫ 1

0

[(
log ϕ′(τ)

)′ 2 − 4π2ϕ′ 2(τ)
]
dτ = −

∫ 1

0

[
S
(
ϕ, τ

)
+ 2π2ϕ′ 2(τ)

]
dτ. (54)

Using the fact that, for any b ∈ R, S
(
cot
(
π(τ − b)

)
, τ
)
= 2π2 and the well-known composition rule

Sf◦g =
(
Sf ◦ g

)
· (g′)2 + Sg, ∀f, g ∈ C3, (55)

it is easy to see that, for any a ∈ T,

S(ϕ, τ) + 2π2ϕ′ 2(τ) = S
(
− cot

(
π
[
ϕ(τ)− ϕ(a)

])
, τ
)
. (56)

Denote

fa(t) = − cot
(
π
[
ϕ(t+ a)− ϕ(a)

])
; (57)

q(τ) = −1

2

(
S(ϕ, τ) + 2π2ϕ′ 2(τ)

)
. (58)

Note that f ′
a(t) > 0. It follows from (56) that

q(t+ a) = −1

2
S(fa, t). (59)

It is easy to see that if v(t) = f ′
a(t)

−1/2, then

v′′(t)− q(a+ t)v(t) = 0. (60)

12



Observe that v(τ) is a solution for the Sturm–Liouville eigenvector problem

−F ′′(t) + q(t+ a)F (t) = λF (t), F (0) = F (1) = 0, (61)

with λ = 0. Moreover, since v(t) ̸= 0 for t ∈ (0, 1), we deduce that v is the lowest eigenvector for
the Sturm–Liouville eigenvector problem (61) (see, e.g., [Hartman, 2002, Chapter XI, Theorem 4.1]).
Therefore, by the Rayleigh principle (see, e.g., [Weinberger, 1965, Chapter VII]),

inf
u∈C∞,u̸≡0
u(0)=u(1)=0

∫ 1

0

(
u′ 2(t) + q(t+ a)u2(t)

)
dt∫ 1

0
u2(t) dt

= 0. (62)

In particular, for u(t) = sin(πt) (which is a solution to (61) with q = −π2 and λ = 0), we obtain

π2

2
+

∫ 1

0

q(t+ a) sin2(πt) dt ≥ 0. (63)

Integrating over a ∈ [0, 1), we get ∫ 1

0

q(t) ≥ −π2. (64)

It follows from (54), (58), and (64) that the inequality (18) holds.

Second, we prove that the equality holds only for Möbius transformations. Let ϕ ∈ H(T) be such
that I(ϕ) = −2π2. We start by showing that ϕ ∈ Diff∞(T). Denote f(t) = log ϕ′(t) − log ϕ′(0) ∈
C0[0, 1] ∩H1[0, 1]. We get that

I(ϕ) = 1

2

∫ 1

0

[
f ′ 2(τ)− 4π2 e2f(τ)∫ 1

0
ef(t) dt

]
dτ. (65)

The right-hand side is invariant under additions of constants to f , so we deduce that it obtains
its maximum over H1(T) at f . Therefore, its functional derivative is equal to 0. Thus, for any
g ∈ C∞(T),∫ 1

0

f ′(τ)g′(τ) dτ = 4π2

∫ 1

0
e2f(τ)g(τ) dτ∫ 1

0
ef(τ) dτ

− 2π2

(∫ 1

0

ef(τ)g(τ) dτ

)
·
∫ 1

0
e2f(τ) dτ(∫ 1

0
ef(τ) dτ

)2 . (66)

So, we get that f ′′ exists as a weak derivative, and

f ′′(t) = −4π2 e2f(t)∫ 1

0
ef(τ) dτ

+ 2π2 ef(t)
∫ 1

0
e2f(τ) dτ(∫ 1

0
ef(τ) dτ

)2 . (67)

Since the right-hand side is a continuous function, we deduce that f is twice continuously differen-
tiable. Differentiating the equation above, we get that f ∈ C∞(T). Therefore, ϕ ∈ Diff∞(T).

Now, since ϕ ∈ Diff∞(T), we can repeat the argument from the first part of the proof. The
equality in (64) is obtained only if for almost all a ∈ T, sin(πt) is an eigenfunction of (61) with λ = 0.
Thus, for all a ∈ T, there exists Ca ̸= 0 such that va(t) = Ca sin(πt), which means that, for some C′

a,

fa(t) = Ca cot
(
π t
)
+ C′

a, (68)

which holds only when ϕ is a Möbius transformations of the unit disc.
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4 Proof of Theorem 3

For reader’s convenience we recall the statement of Theorem 3.

Theorem 3. Fix α ∈ (0, 1). For any C > 0, there exists C′ > 0 such that if ϕ ∈ Diff1(T) and
∀s, t ∈ T : | log ϕ′(t) − log ϕ′(s)| < C dα(s, t), then ϕ ∈ Hölα(C′). Furthermore, C′ can be chosen so
that C′ → 0 if C → 0.

A converse is also true. Fix ε > 0. Then for any C′ > 0, there exists C′′ > 0 such that if

ϕ ∈ D̃iff
1
(T) and ∣∣∣∣∣O(ϕ; s, t)− π

sin
(
π[t− s]

) ∣∣∣∣∣ ≤ C′ dα−1(s, t) (69)

for all s, t ∈ T with d(s, t) < ε, then ∀s, t ∈ T we have | log ϕ′(t)− log ϕ′(s)| < C′′dα(s, t). Moreover,
if ε > 1 (i.e., (69) holds for all s, t ∈ T) then C′′ can be chosen so that C′′ → 0 if C′ → 0.

Proof. Direct statement.
Notice that because of rotational invariance it is sufficient to prove (19) only when t − s ≤ 1/2.

In this proof C1, C2, . . . denote constants that depend only on C (in particular, they do not depend
on ϕ), and they all go to 0 as C → 0 (this can be verified step by step: for any j if Cj → 0, then
Cj+1 → 0). Observe that ∣∣∣∣ ϕ′(t)

ϕ′(s)
− 1

∣∣∣∣ ≤ C1 d
α(s, t) (70)

and, in particular,
∀τ ∈ T : (1 + C2)

−1 < ϕ′(τ) < 1 + C2. (71)

Integrating the inequality above, we obtain∣∣ϕ(t)− ϕ(s)− (t− s)ϕ′(s)
∣∣ ≤ C3 d

α+1(s, t) (72)

Therefore, it is not hard to show that∣∣∣sin2
(
π
[
ϕ(t)− ϕ(s)

])
− ϕ′ 2(s) sin2 (π[t− s]

)∣∣∣ ≤ C4 d
α+2(s, t) (73)

Indeed, from (72) ∣∣∣sin(π[ϕ(t)− ϕ(s)
])

− sin
(
ϕ′(s)π[t− s]

)∣∣∣ ≤ C5 d
α+1(s, t) (74)

and from (71) and Statement 41, we get∣∣∣sin(ϕ′(s)π[t− s]
)
− ϕ′(s) sin

(
π[t− s]

)∣∣∣ ≤ C6 d
2(s, t) (75)

which implies (73).
Also, from (70) and (71), we get∣∣ϕ′(t)ϕ′(s)− ϕ′ 2(s)

∣∣ ≤ C7 d
α(s, t) (76)

Combining (73) and (76) we deduce that if d(s, t) < 1
100

(1 + C2)
−2/α C

−1/α
4 , then∣∣∣∣∣∣ ϕ′(s)ϕ′(t)

sin2
(
π
[
ϕ(t)− ϕ(s)

]) − 1

sin2
(
π[t− s]

)
∣∣∣∣∣∣ ≤ C8 d

α−2(s, t) (77)
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If C is small enough, we get that 1
100

(1+C2)
−2/α C

−1/α
4 > 1, and thus, the inequality above holds

for all s, t ∈ T.

Otherwise, it follows from (73) and monotonicity of ϕ that C−1
9 < sin2

(
π
[
ϕ(t) − ϕ(s)

])
< C9

whenever d(s, t) ≥ 1
1000

(1 + C2)
−2/α C

−1/α
4 . Therefore, by compactness argument and (71) we get

that ∣∣∣∣∣∣ ϕ′(s)ϕ′(t)

sin2
(
π
[
ϕ(t)− ϕ(s)

]) − 1

sin2
(
π[t− s]

)
∣∣∣∣∣∣ ≤ C10 d

α−2(s, t) (78)

for all s, t ∈ T with d(s, t) ≥ 1
1000

(1 + C2)
−2/α C

−1/α
4 , which finishes the proof.

Converse statement.
We let δ ∈ (0, 1/100) be a sufficiently small number to be chosen later. We consider two cases: in

the first case ε > 1 and C′ < δ, in the second case either ε ≤ 1 or C′ ≥ δ. In this proof C′
1, C

′
2, . . .

denote constants, that depend only on C′. Moreover, in the first case, they all go to 0 as C′ → 0.

Case 1: ε > 1 and C′ < δ.
For every s ∈ T we let Ψs ∈ PSL(2,R) be a Möbius transformation of a unit disc such that

Ψs ◦ ϕ(s) = 0,
(
Ψs ◦ ϕ

)′
(s) = 1, Ψs ◦ ϕ

(
s+ 1

2

)
= 1

2
. (79)

We start by proving Hölder estimate for Ψs ◦ ϕ when one of the points in question is equal to s.
That is, we are going to prove that for all s, t ∈ T,∣∣∣ log [(Ψs ◦ ϕ

)′
(t)
]
− log

[(
Ψs ◦ ϕ

)′
(s)
]∣∣∣ ≤ C′

1 d
α(s, t) (80)

Notice, that by symmetry it is sufficient to prove (80) for t ∈ [s, s+ 1
2
]. Using (69) and (79), we

get that for all t ∈ [s, s+ 1
2
]∣∣∣∣∣∣
(
Ψs ◦ ϕ

)′
(t)

sin2
(
πΨs ◦ ϕ(t)

) − 1

sin2
(
π[t− s]

)
∣∣∣∣∣∣ ≤ C′dα−2(s, t). (81)

Denote Fs(τ) = tan
(
πΨs ◦ ϕ(s+ τ)

)
. Then for all τ ∈ (0, 1/2), we have∣∣∣∣ F ′
s(τ)

F 2
s (τ)

− π

sin2(πτ)

∣∣∣∣ ≤ C′
2τ

α−2. (82)

Integrating this from x to 1
2
, we obtain∣∣∣∣ 1

Fs(x)
− cot(πx)

∣∣∣∣ ≤ C′
3x

α−1, for x ∈ (0, 1/2). (83)

Therefore, ∣∣∣∣ 1

F 2
s (x)

− cot2(πx)

∣∣∣∣ ≤ C′
4x

α−2. (84)

Notice that
1

sin2
(
πΨs ◦ ϕ(s+ τ)

) = 1 +
1

F 2
s (τ)

. (85)

Hence, ∣∣∣∣∣∣ 1

sin2
(
πΨs ◦ ϕ(s+ τ)

) − 1

sin2(πτ)

∣∣∣∣∣∣ ≤ C′
5τ

α−2. (86)
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For sufficiently small δ, we have C′
5 < 1/100, and hence,

sin2
(
πΨs ◦ ϕ(s+ τ)

)
≤ C′

6τ
2 (87)

and ∣∣∣∣∣∣1−
sin2

(
πΨs ◦ ϕ(s+ τ)

)
sin2(πτ)

∣∣∣∣∣∣ ≤ C′
7τ

α. (88)

Combining this with (81), we get ∣∣∣(Ψs ◦ ϕ
)′
(s+ τ)− 1

∣∣∣ ≤ C′
8τ

α, (89)

which implies (80).
The inequality above also implies that, for all 0 ≤ u ≤ v ≤ 1,

|Ψs ◦ ϕ(v)−Ψs ◦ ϕ(u)− (v − u)| ≤ C′
9|v − u|. (90)

In particular, ∣∣Ψs ◦ ϕ
(
1
3

)
−Ψs ◦ ϕ (0)− 1

3

∣∣ ≤ C′
10, (91)∣∣Ψs ◦ ϕ

(
2
3

)
−Ψs ◦ ϕ

(
1
3

)
− 1

3

∣∣ ≤ C′
10, (92)∣∣Ψs ◦ ϕ (1)−Ψs ◦ ϕ

(
2
3

)
− 1

3

∣∣ ≤ C′
10. (93)

Using Statement 42, we deduce that, for all u, v ∈ [0, 1],∣∣∣log [Ψ(−1)
s

]′
(u)− log

[
Ψ(−1)

s

]′
(v)
∣∣∣ ≤ C′

11d(u, v) (94)

where Ψ
(−1)
s is the inverse to Ψs. Writing

log ϕ′(t) = log
( [

Ψ(−1)
s

]′ (
Ψs ◦ ϕ(t)

))
+ log

((
Ψs ◦ ϕ

)′
(t)
)
, (95)

and combining this with (80), (90), and (94), we obtain the desired.

Case 2: Either ε < 1 or C′ ≥ δ.
This Case is similar to the Case 1. Essentially, we cut the whole circle into many small subintervals,

and then we apply an argument from Case 1 to each subinterval, proving a version of ”local” Hölder
estimate. Then we show that the global estimates follow from the local estimates.

First, we divide the circle into N equal intervals with N = 10(1 + C′)1/α ε−1/α. Let 0 = s0 <
s1 < . . . < sN = 1 be their endpoints (so that ∀i : si+1 − si = 1/N). In what follows we always
assume that indices are elements of Z/(NZ) (i.e., for indices i : N + i = i).

Notice that if for some k we have s, t ∈ [sk−2, sk+2], then from (69) we get

1

2 sin
(
π[t− s]

) < ϕ′(s)ϕ′(t)

sin2
(
π
[
ϕ(t)− ϕ(s)

]) < 3

2 sin
(
π[t− s]

) . (96)

Now, we consider a set of different gauge fixings. Let {ψk(t)}N−1
k=0 be Möbius transformations such

that, for all k,
ψk

(
ϕ(si)

)
= si, for i ∈ {k − 1, k, k + 1}. (97)

We proceed in several steps:
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Step 1. We show that ∀k < N and t ∈ [sk−2, sk+2]; we have

1

C′
1

<
(
ψk ◦ ϕ

)′
(t) < C′

1. (98)

Indeed, from (96) and (97), it follows that

1

C′
2

<
(
ψk ◦ ϕ

)′
(sk−1)

(
ψk ◦ ϕ

)′
(sk) < C′

2, (99)

1

C′
2

<
(
ψk ◦ ϕ

)′
(sk−1)

(
ψk ◦ ϕ

)′
(sk+1) < C′

2, (100)

1

C′
2

<
(
ψk ◦ ϕ

)′
(sk)

(
ψk ◦ ϕ

)′
(sk+1) < C′

2. (101)

Therefore,
1

C′
3

<
(
ψk ◦ ϕ

)′
(sj) < C′

3, for j ∈ {k − 1, k, k + 1}. (102)

Observe that for any t ∈ [sk−1, sk] we can set s = sk+1 in (96) and using (102) get that

1

C′
4

<
(
ψk ◦ ϕ

)′
(t) < C′

4. (103)

Similarly, we obtain the same estimate for t ∈ [sk, sk+1] if we take s = sk−1, and for t ∈ [sk−2, sk−1]∪
[sk+1, sk+2] if we take s = sk. This concludes Step 1.

Step 2. We show that all diffeomorphisms {ψk ◦ ϕ}N−1
k=0 are not too far from ϕ. That is, there

exists a compact K1 = K1(C
′) ⊂ PSL(2,R), depending only on C′ such that ∀k : ψk ∈ K1. In

particular, for all t ∈ T, we have
1

C′
5

< ϕ′(t) < C′
5. (104)

Indeed, notice that (104) follows from the existence of K1 and Step 1. Now, we prove the existence
of such K1.

From Step 1 it follows that, for any k,

1

C′
6

|sk+2 − sk+1| <
∣∣∣ψk ◦ ϕ(sk+2)− ψk ◦ ϕ(sk+1)

∣∣∣ < C′
6|sk+2 − sk+1|. (105)

Thus, there exists a compact K2 = K2(C
′) ⊂ PSL(2,R) such that, for all k, ψk+1 ◦ ψ−1

k ∈ K2.
Combining this with Step 1 again, we obtain that, for all k and all t ∈ T,

1

C′
7

<
(
ψk ◦ ϕ

)′
(t) < C′

7. (106)

Therefore, for all k we have

1

C′
8

< ψk ◦ ϕ
(
1
3

)
− ψk ◦ ϕ (0) < C′

8 (107)

1

C′
8

< ψk ◦ ϕ
(
2
3

)
− ψk ◦ ϕ

(
1
3

)
< C′

8 (108)

1

C′
8

< ψk ◦ ϕ (1)− ψk ◦ ϕ
(
2
3

)
< C′

8, (109)

which concludes this step.
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Step 3. For each s ∈ T, we let Ψs be Möbius transformation of the unit circle such that

Ψs ◦ ϕ(s) = 0,
(
Ψs ◦ ϕ

)′
(s) = 1, Ψs ◦ ϕ

(
s+

1

N

)
=

1

N
. (110)

We show that there exists a compact K3 = K3(C
′) ⊂ PSL(2,R) such that Ψs ∈ K3. In particular,

for all s, t ∈ T, we have
1

C′
9

<
(
Ψs ◦ ϕ

)′
(t) < C′

9. (111)

Indeed, fix s ∈ T. Let k be such that s ∈ [sk−1, sk). From Step 2 it is sufficient to show that there
exists a compact K4(C

′) ⊂ PSL(2,R) such that Ψs ◦ψ−1
k ∈ K4. This follows from Step 1. And (111)

now follows from (104).

Step 4. Now, we show that there exists C′
10 and δ′ = δ′(C′) > 0 such that, for all s ∈ T and

∀t ∈ [s, s+ δ′], ∣∣∣ log [(Ψs ◦ ϕ
)′
(t)
]
− log

[(
Ψs ◦ ϕ

)′
(s)
]∣∣∣ ≤ C′

10 d
α(s, t). (112)

It follows from (69) that ∀t ∈ [s, s+ 1
N
]; we have∣∣∣∣∣

(
Ψs ◦ ϕ

)′
(t)

sin2
(
πΨs ◦ ϕ(t)

) − 1

sin2
(
π[t− s]

) ∣∣∣∣∣ ≤ C′ dα−2(s, t). (113)

Denote Fs(τ) = tan
(
πΨs ◦ ϕ(s + τ)

)
. Then it follows from the inequality above that, for all

τ ∈ [0, 1/N ], ∣∣∣∣ F ′
s(τ)

F 2
s (τ)

− π

sin2(πτ)

∣∣∣∣ ≤ C′
11τ

α−2. (114)

Integrating this from x to 1/N , we obtain∣∣∣∣ 1

Fs(x)
− cot(πx)

∣∣∣∣ ≤ C′
12x

α−1, (115)

for any x ∈ (0, 1/N).
Notice that if δ′ is sufficiently small, then for any x ∈ (0, δ′) we get xαC′

12 < 1/100, and thus,

Fs(x) < C′
13x, (116)

so
|1− Fs(x) cot(πx)| ≤ C′

14x
α. (117)

Therefore, combining this with (116) again,∣∣∣∣1− Fs(x)

sin(πx)

∣∣∣∣ ≤ C′
15x

α (118)

for all x ∈ (0, δ′). Combining this with (114) and (116), we obtain∣∣F ′
s(τ)− π

∣∣ ≤ C′
16τ

α (119)

for all τ ∈ [0, δ′]. Therefore, using (111) for τ ∈ [0, δ′], we get∣∣logF ′
s(τ)− logF ′

s(0)
∣∣ ≤ C′

17τ
α, (120)

which together with (111) implies (112).

Step 5. Combination of (112) with Step 3 finishes the proof of the theorem.
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5 Weak Large Deviations Principle

First, we show that I(·) is a rate function.

Proposition 32. Functional I(·) is a rate function. That is, I(·) is lower semicontinuous on
Diff1(T)/PSL(2,R). In other words, for any α ∈ R, the level set

Ψ(α) = {ϕ ∈ Diff(T)/PSL(2,R) : I(ϕ) ≤ α} (121)

is closed.

Proof. Recall that I(ϕ) = 1
2

∫
T

(
log ϕ′(τ)

)′ 2
dτ −2π2

∫
T ϕ

′ 2(τ) dτ . It is well known that a sum of two
lower semicontinuous functions is lower semicontinuous.

First, we notice that the first term 1
2

∫
T(log ϕ

′(τ))′ 2 dτ is lower semi-continuous on Diff1(T) with
respect to C1 topology. This follows from the fact that

∫
T |f ′(τ)|2 dτ is lower semi-continuous on

C[0, 1] with supremum norm topology (see, e.g. [Dembo and Zeitouni, 2009, Theorem 5.2.3]) applied
to f = log ϕ′. Here we also use that supremum norms for both ϕ′ and log ϕ′ induce the same topology
on Diff1(T). The second term 2π2

∫
T ϕ

′ 2(τ) dτ is a continuous function on Diff1(T), since we are using
C1 topology.

Second, we prove the weak large deviations principle. It differs from the large deviations principle
only in that the upper bound holds only for compact sets, instead of closed sets.

Proposition 33. The family of measures {dMσ2}σ>0 satisfies weak large deviations principle with
rate function I(·) as σ → 0. In other words, the following holds:

1. For any open set U ⊂ Diff1(T)/PSL(2,R), we have

lim inf
σ→0

σ2 logMσ2(U) ≥ − inf
x∈U

I(x). (122)

2. For any compact set V ⊂ Diff1(T)/PSL(2,R), we have

lim sup
σ→0

σ2 logMσ2(V ) ≤ − inf
x∈V

I(x). (123)

Proof. The action I(·) is a rate function by Proposition 33, so it is sufficient to give bounds on the
measure.

Notice that Diff1(T) is topologically isomorphic to D̃iff
1
(T) × PSL(2,R). Throughout this proof

we slightly abuse the notation and identify this two spaces.

First, we prove the lower bound. Let U ⊂ D̃iff
1
(T) be an open set. Fix an open set A ⊂ PSL(2,R)

with Haar measure equal to 1. Then from (41), (37) and Proposition 23 applied to indicator function
of U ×A, we get

Mσ2(U) =
1√
2πσ

∫
P−1(U×A)

exp

{
2π2

σ2

∫ 1

0

[
P′
ξ(τ)

]2
dτ

}
dB 0,1

σ2 (ξ) (124)

Define

F (ξ) =

{
2π2

∫ 1

0

[
P′
ξ(τ)

]2
dτ, if ξ ∈ P−1(U ×A)

−∞, otherwise.
(125)

Observe that since both U and A are open, F is lower semicontinuous. Moreover,

Mσ2(U) =
1√
2πσ

∫
C[0,1]

exp

{
1

σ2
F (ξ)

}
dB 0,1

σ2 (ξ) (126)
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Notice that dB 0,1

σ2 (ξ) satisfies Large Deviations Principle with good rate function 1
2

∫ 1

0
|ξ′(τ)|2 dτ (see,

e.g. [Deuschel and Stroock, 2001, Theorem 3.4.12]). Then, using [Dembo and Zeitouni, 2009, Lemma
4.3.4],

lim inf
σ→0

σ2 logMσ2(U) ≥ − inf
ξ∈P−1(U×A)

(
1

2

∫ 1

0

|ξ′(τ)|2 dτ − F (ξ)

)
. (127)

The claim now follows from Proposition 7 and the fact that

I(ϕ) = 1

2

∫ 1

0

∣∣∣(P−1ϕ
)′
(τ)
∣∣∣2 dτ − F

(
P−1ϕ

)
, (128)

for ϕ ∈ U ×A.

Finally, we prove the upper bound. The proof is analogous to the lower bound. Let V ⊂ D̃iff
1
(T)

be a compact set. Fix a compact set A ⊂ PSL(2,R) with Haar measure equal to 1. Then from (41),
(37), and Proposition 23 applied to indicator function of V ×A, we get

Mσ2(V ) =
1√
2πσ

∫
P−1(V ×A)

exp

{
2π2

σ2

∫ 1

0

[
P′
ξ(τ)

]2
dτ

}
dB 0,1

σ2 (ξ) (129)

Define

F (ξ) =

{
2π2

∫ 1

0

[
P′
ξ(τ)

]2
dτ, if ξ ∈ P−1(V ×A)

−∞, otherwise.
(130)

Observe that, since both V and A are closed, F is upper semicontinuous. Moreover, since both P
and P−1 are continuous and both V and A are compact, we get that F (ξ) is bounded from above.
Furthermore,

Mσ2(V ) =
1√
2πσ

∫
C[0,1]

exp

{
1

σ2
F (ξ)

}
dB 0,1

σ2 (ξ) (131)

We know that dB 0,1

σ2 (ξ) satisfies Large Deviations Principle with good rate function 1
2

∫ 1

0
|ξ′(τ)|2 dτ .

Therefore, using [Dembo and Zeitouni, 2009, Lemma 4.3.6],

lim sup
σ→0

σ2 logMσ2(V ) ≤ − inf
ξ∈P−1(V ×A)

(
1

2

∫ 1

0

|ξ′(τ)|2 dτ − F (ξ)

)
. (132)

The statement now follows from Proposition 7 and (128).

6 Exponential estimates

The main goal of this subsection is to prove Theorem 4.

6.1 Exponential moments

First, we estimate exponential moments of the observables which appear in the definition of our
Hölder condition. This estimate is sharper than the one in [Losev, 2024] when s is close to t. We also
use this estimate to prove an exponential tale estimate.

Proposition 34. There exists C > 0 such that for any σ > 0, any s, t ∈ T such that t − s ≤ 1/2,
and any z ∈ [−C−1, C−1], we have∫

exp

{
z
√

(t− s)

σ2

(
O
(
ϕ; s, t

)
− 1

(t− s)

)}
dMσ2(ϕ) < C exp

(
C

σ2

)
. (133)
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Proof. Using Proposition 25 and Proposition 28 we can express exponential moments of O
(
ϕ; s, t

)
,

as ∫
exp

{
2λ

σ2
O
(
ϕ; s, t

)}
dMσ2(ϕ) =

∫
R+

exp

(
−σ

2

2
· k22
)
sinh(2πk2) 2k2 dk2

+

∞∑
l=1

∫
R2
+

Γ
(

l
2
± ik1 ± ik2

)
2π2 Γ(l)

· λ
l

l!
· exp

(
− (t− s)σ2

2
· k21 −

(
1− (t− s)

)
σ2

2
· k22

)
× sinh(2πk1) 2k1 sinh(2πk2) 2k2 dk1 dk2, (134)

for λ ∈ [−1, 1]. Here the right-hand side converges absolutely, because it is dominated by the same
expression with λ = 1, which converges because all terms are positive and exponential moments of
O
(
ϕ; s, t

)
exist (see Proposition 29).

Because of rotational invariance in the argument we can assume that s = 0.
First, we give an upper bound for the integral over k1. It follows from Proposition 30 that∫
R+

∞∑
l=1

Γ
(

l
2
± ik1 ± ik2

)
2π2 Γ(l)

· λ
l

l!
· exp

{
− tσ

2

2
· k21
}
sinh(2πk1) 2k1 dk1

=
2

π

∫
R+

∫
R+

exp

{
− tσ

2

2
· k21
}(

cos
(
2k1 arccosh

[
cosh

(
β
2

)
− λ

2

] )
− cos(k1β)

)
cos (k2β) dβ dk1.

(135)

Notice that by Statement 40∣∣∣cos(2k1 arccosh
[
cosh

(
β
2

)
− λ

2

] )
− cos(k1β)

∣∣∣ = O
(
e10k1−β/10

)
, (136)

and so the integral in the right-hand side of (135) converges absolutely. We calculate the integral in
k1 first,

2

π

∫
R+

∫
R+

exp

{
− tσ

2

2
· k21
}
cos(k1β) dk1 cos (k2β) dβ = exp

{
− tσ

2

2
· k22
}
, (137)

and

2

π

∫
R+

∫
R+

exp

{
− tσ

2

2
· k21
}
cos

(
2k1 arccosh

[
cosh

(
β

2

)
− λ

2

])
dk1 cos (k2β) dβ

=

√
2√
πtσ

∫
R+

exp

{
− 2

tσ2
arccosh2

[
cosh

(
β

2

)
− λ

2

]}
cos (k2β) dβ

≤
√
2√
πtσ

∫
R+

exp

{
− 2

tσ2
arccosh2

[
cosh

(
β

2

)
− λ

2

]}
dβ. (138)

Using Statement 40, we get that for some C1 > 0∫
R+

exp

{
− 2

tσ2
arccosh2

[
cosh

(
β

2

)
− λ

2

]}
dβ ≤

∫
R+

exp

{
− β2

2tσ2
+

2λ

tσ2
+
C1|λ|(β2 + |λ|)

2tσ2

}
dβ.

(139)
Therefore,

exp

{
− tσ

2

2
· k22
}
+

∫
R+

∞∑
l=1

Γ
(

l
2
± ik1 ± ik2

)
2π2 Γ(l)

· λ
l

l!
· exp

{
− tσ

2

2
· k21
}
sinh(2πk1) 2k1 dk1

≤
√
2√
πtσ

∫
R+

exp

{
− β2

2tσ2
+

2λ

tσ2
+
C1|λ|(β2 + |λ|)

2tσ2

}
dβ. (140)
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Hence, taking λ = z
√
t/2, we obtain that, for some C2 > 0 and for all z ∈ [−C−1

1 , C−1
1 ],∫

exp

{
z
√
t

σ2

(
O
(
ϕ; 0, t

)
− 1

t

)}
dMσ2(ϕ)

≤
√
2√
πtσ

∫
R2
+

exp

{
− β2

2tσ2
+
C1z

2

4σ2
+
C1zβ

2

4
√
tσ2

}
exp

(
− (1− t)σ2

2
· k22
)
sinh(2πk2) 2k2 dk2 dβ

≤ C2 exp

(
C2z

2

σ2

)
Z
(
σ2/2

)
, (141)

which, together with the explicit formula for Z
(
σ2/2

)
in Proposition 25, finishes the proof.

Corollary 35. There exists C > 0 such that for any M, ε > 0, σ > 0, and s ̸= t,

Mσ2

ϕ ∈ Diff1(T)/PSL(2,R) :

∣∣∣∣∣∣O(ϕ; s, t)− π

sin
(
π[t− s]

)
∣∣∣∣∣∣ > M d−

1
2
−ε(s, t)


< C exp

(
C − C−1M d−ε(s, t)

σ2

)
. (142)

Proof. Follows from Proposition 34, the fact that for some C′ > 0 we have∣∣∣∣∣∣ π

sin
(
π[t− s]

) − 1

t− s

∣∣∣∣∣∣ ≤ C′, (143)

and Markov’s Inequality for moment generating functions.

6.2 Interpolation

We start by proving two lemmas which allow us to relate observables calculated at different points
to each other.

Lemma 36. Let τ1, τ2, τ3, τ4 be distinct points that lie on the circle either in clockwise or anticlockwise
order. Then

1

O
(
ϕ; τ1, τ3

)
O
(
ϕ; τ2, τ4

) =
1

O
(
ϕ; τ1, τ2

)
O
(
ϕ; τ3, τ4

) +
1

O
(
ϕ; τ1, τ4

)
O
(
ϕ; τ2, τ3

) (144)

Proof. Notice that if u, v, w lie on T in anticlockwise order then

O
(
ϕ;u, v

)
O
(
ϕ;u,w

)
O
(
ϕ; v, w

) =
πϕ′(u) sin

(
π
[
ϕ(w)− ϕ(v)

])
sin
(
π
[
ϕ(v)− ϕ(u)

])
sin
(
π
[
ϕ(w)− ϕ(u)

])
= πϕ′(u)

(
cot
(
π
[
ϕ(v)− ϕ(u)

])
− cot

(
π
[
ϕ(w)− ϕ(u)

]))
. (145)

Therefore,

O
(
ϕ; τ1, τ2

)
O
(
ϕ; τ1, τ3

)
O
(
ϕ; τ2, τ3

) +
O
(
ϕ; τ1, τ4

)
O
(
ϕ; τ1, τ3

)
O
(
ϕ; τ3, τ4

) =
O
(
ϕ; τ1, τ2

)
O
(
ϕ; τ1, τ4

)
O
(
ϕ; τ2, τ4

) , (146)

which is equivalent to (144).
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Lemma 37. Assume that s, s1, t1, t, t2 are points that lie on the circle either in clockwise or anti-
clockwise order. Then

O
(
ϕ; s, t1

)
O
(
ϕ; s1, t

)
O
(
ϕ; s1, t1

) < O
(
ϕ; s, t

)
<

O
(
ϕ; s, t2

)
O
(
ϕ; s1, t

)
O
(
ϕ; s1, t2

) . (147)

Proof. It follows from Lemma 36 that

1

O
(
ϕ; s, t

) = O
(
ϕ; s1, t2

)( 1

O
(
ϕ; s, t2

)
O
(
ϕ; s1, t

) +
1

O
(
ϕ; s, s1

)
O
(
ϕ; t, t2

))> O
(
ϕ; s1, t2

)
O
(
ϕ; s, t2

)
O
(
ϕ; s1, t

) ,
(148)

and

1

O
(
ϕ; s, t

) = O
(
ϕ; s1, t1

)( 1

O
(
ϕ; s, t1

)
O
(
ϕ; s1, t

) − 1

O
(
ϕ; s, s1

)
O
(
ϕ; t1, t

))< O
(
ϕ; s1, t1

)
O
(
ϕ; s, t1

)
O
(
ϕ; s1, t

) ,
(149)

which finishes the proof.

6.3 Exponential concentration

Recall the statement of Theorem 4.

Theorem 4. For any α ∈ [1/4, 1/2) and any Λ, N > 0, there exists M > 0 such that for any
σ ∈ (0,Λ),

Mσ2

(
Hölα(M)

)
≥ Z(σ2)− exp

(
−N

σ2

)
. (150)

Proof of Theorem 4. Let Dn =
{
k/2n : k ∈ {1, 2, 3, . . . 2n − 1}

}
.

Let K > 1 be a large number to be chosen later, and denote R = 1010K. Let An = An(K) be an
event

An =

{
ϕ ∈ Diff1(T)/PSL(2,R) :

∣∣∣∣∣log [O(ϕ; s, t)]− log

[
π

sin
(
π[t− s]

)]∣∣∣∣∣ < K dα(s, t),

for all s, t ∈ Dn such that d(s, t) ≤ 20 · 2−n/2

}
. (151)

Step 1. We start by giving a lower bound for Mσ2

(
∩∞

n=R An

)
. Denote

Bn =

{
ϕ ∈ Diff1(T)/PSL(2,R) :

∣∣∣∣∣O(ϕ; s, t)− π

sin
(
π[t− s]

) ∣∣∣∣∣ < 1

10
K dα−1(s, t),

for all s, t ∈ Dn such that d(s, t) ≤ 20 · 2−n/2

}
. (152)

It follows from the inequalities ∀x ∈ (−1/2, 1/2) : |log(1 + x)| ≤ 10|x| and |sin(x)| ≤ |x| that for
n ≥ R, we have Bn ⊂ An. Moreover, it follows from Corollary 35 that for some C > 0 (possibly
different from C in Corollary 35),

Mσ2

(
Bn

)
≥ 1− C 23n/2 exp

C − C−1K 2

(
1
2
−α

)
n/2

σ2

 . (153)
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Note that the factor 23n/2 comes from the fact that Bn is defined by 20 · 23n/2 inequalities.
Since α < 1/2, we deduce that for any N > 0 we can find K > 1 such that, for any σ ∈ (0,Λ),

Mσ2

(
∩∞

n=R An

)
≥ Mσ2

(
∩∞

n=R Bn

)
≥ Z(σ2)− exp

(
−N

σ2

)
. (154)

Step 2. Second, we show that if ϕ ∈ ∩∞
n=RAn, then for any m ≥ n ≥ R, any s ∈ Dn and any

t ∈ Dm with d(s, t) ≤ 10 · 2−n, we have∣∣∣∣∣log [O(ϕ; s, t)]− log

[
π

sin
(
π[t− s]

)]∣∣∣∣∣ < 106K dα(s, t). (155)

We prove this by reverse induction on n. We also assume that t /∈ Dm−1.
Base Case: n = m. This follows from the fact that ϕ ∈ Am.
Induction Step: n+ 1 7→ n.
If d(s, t) ≤ 10 ·2−n−1, then we just apply the induction hypothesis. Therefore, now we can assume

d(s, t) > 10 · 2−n−1.
Let s1, s2 ∈ Dn+1 be two consecutive points in Dn+1 such that t lies on the dyadic interval of size

2−n−1 between them. We assume that d(s1, t) ≥ d(s2, t). In particular, 2−n−2 ≤ d(s1, t) ≤ 2−n−1.
If 2n < m, we let t1, t2 ∈ D2n be two points such that t lies on the dyadic interval of size 2−2n

between them. Moreover, we assume that t1 lies between s1 and t. In other words, s, s1, t1, t, t2 lie
on the circle either in clockwise or anticlockwise order. If 2n ≥ m, we just put t1 = t2 = t. Now we
can apply Lemma 37.

First, we give an upper bound for log
[
O
(
ϕ; s, t

)]
. From Lemma 37 we deduce that

log
[
O
(
ϕ; s, t

)]
≤ log

[
O
(
ϕ; s1, t

)]
+ log

[
O
(
ϕ; s, t2

)]
− log

[
O
(
ϕ; s1, t2

)]
. (156)

Using induction hypothesis and the fact that d(s1, t) ≤ 2−n−1, we get

log
[
O
(
ϕ; s1, t

)]
≤ log

[
π

sin
(
π[t− s1]

)]+ 106K dα(s1, t)

≤ log

[
π

sin
(
π[t− s1]

)]+ 106K 2−α(n+1). (157)

Moreover, since ϕ ∈ A2n, s, t2 ∈ D2n and d(s, t2) ≤ d(s, t) + d(t1, t2) ≤ 10 · 2−n +2−2n ≤ 11 · 2−n, we
have

log
[
O
(
ϕ; s, t2

)]
≤ log

[
π

sin
(
π[t2 − s]

)]+K dα(s, t2). (158)

Combining this with the fact that 10 ·2−n−1 < d(s, t) < 10 ·2−n, inequality d(t, t2) ≤ d(t1, t2) ≤ 2−2n,
and Statement 39, we obtain

log
[
O
(
ϕ; s, t2

)]
≤ log

[
π

sin
(
π[t− s]

)]+ 1000 · 2−n + 11K 2−αn. (159)

Similarly, since ϕ ∈ A2n, s1, t2 ∈ D2n and d(s1, t2) ≤ d(s1, s2) ≤ 2−n−1, we get

log
[
O
(
ϕ; s1, t2

)]
≥ log

[
π

sin
(
π[t2 − s1]

)]−K dα(s1, t2). (160)
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Combining this with the inequalities 2−n−2 ≤ d(s1, t) ≤ 2−n−1 and d(t, t2) ≤ d(t1, t2) ≤ 2−2n and
Statement 39, we obtain

log
[
O
(
ϕ; s1, t2

)]
≥ log

[
π

sin
(
π[t− s1]

)]− 4000 · 2−n −K 2−αn. (161)

Using (156), (157), (159), and (161), we get

log
[
O
(
ϕ; s, t

)]
≤ log

[
π

sin
(
π[t− s]

)]+ (106 · 2−α + 105
)
K 2−αn. (162)

Since α ≥ 1/4, we have 2−α ≤ 2−1/4 < 9
10
, so(

106 · 2−α + 105
)
K 2−αn < 106K 2−αn < 106K dα(s, t). (163)

Combining (162) and (163), we deduce that

log
[
O
(
ϕ; s, t

)]
≤ log

[
π

sin
(
π[t− s]

)]+ 106K dα(s, t). (164)

Second, analogously to the upper bound for log
[
O
(
ϕ; s, t

)]
, we can bound it from below using

Lemma 37 by

log
[
O
(
ϕ; s, t

)]
≥ log

[
π

sin
(
π[t− s]

)]− 106K dα(s, t). (165)

This finishes the proof of the induction step. Thus, we have proved (155).

Step 3. Now, we show that if ϕ ∈ ∩∞
n=RAn, then for any s, t ∈ ∪∞

n=RDn with d(s, t) ≤ 2−R, we
have ∣∣∣∣∣O(ϕ; s, t)− π

sin
(
π[t− s]

) ∣∣∣∣∣ < e10
8K dα−1(s, t). (166)

Let n ≥ R be such that 2−n+2 < d(s, t) ≤ 2−n+3. Also, let m ≥ n be such that s, t ∈ Dm. Since
d(s, t) > 4 · 2−n, there exist r1, r2 ∈ Dn between s and t (on the shorter arc connecting s and t) such
that d(r1, r2) = 2−n, d(s, r1) ≥ 2−n, d(r2, t) ≥ 2−n, and such that points s, r1, r2, t lie on T, either in
clockwise or anticlockwise order. Applying Lemma 36, we get

1

O
(
ϕ; s, t

) = O
(
ϕ; r1, r2

)( 1

O
(
ϕ; s, r2

)
O
(
ϕ; r1, t

) − 1

O
(
ϕ; s, r1

)
O
(
ϕ; r2, t

)) (167)

Since d(s, t) ≤ 8 · 2−n, we can apply (155) to estimate all terms in the right-hand side of equation
above. Notice that, for any γ ∈ [0, 1] and any x ∈ R, we have |eγx − 1| ≤ |γ|e|x|. Combining this
inequality for γ = dα(s, t) with (155), we obtain∣∣∣∣∣ O

(
ϕ; r1, r2

)
O
(
ϕ; s, r2

)
O
(
ϕ; r1, t

) −
sin
(
π[r2 − s]

)
sin
(
π[t− r1]

)
π sin

(
π[r2 − r1]

) ∣∣∣∣∣
≤

sin
(
π[r2 − s]

)
sin
(
π[t− r1]

)
π sin

(
π[r2 − r1]

) e10
7K+10 2−αn ≤ e10

7K+50 2−(α+1)n. (168)
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Similarly,∣∣∣∣∣ O
(
ϕ; r1, r2

)
O
(
ϕ; s, r1

)
O
(
ϕ; r2, t

) −
sin
(
π[r1 − s]

)
sin
(
π[t− r2]

)
π sin

(
π[r2 − r1]

) ∣∣∣∣∣
≤

sin
(
π[r1 − s]

)
sin
(
π[t− r2]

)
π sin

(
π[r2 − r1]

) e10
7K+10 2−αn ≤ e10

7K+50 2−(α+1)n. (169)

It is easy to check that

sin
(
π[r2 − s]

)
sin
(
π[t− r1]

)
π sin

(
π[r2 − r1]

) −
sin
(
π[r1 − s]

)
sin
(
π[t− r2]

)
π sin

(
π[r2 − r1]

) =
sin
(
π[t− s]

)
π

, (170)

therefore, combining this with (167), (168), and (169), we obtain∣∣∣∣∣ 1

O
(
ϕ; s, t

) −
sin
(
π[t− s]

)
π

∣∣∣∣∣ ≤ e10
7K+60 2−(α+1)n ≤ e10

7K+60 dα+1(s, t). (171)

Thus, using d(s, t) ≤ 2−R, we deduce that∣∣∣∣∣O(ϕ; s, t)− π

sin
(
π[t− s]

) ∣∣∣∣∣ ≤ e10
7K+100 dα−1(s, t). (172)

Step 4. It follows from (166) and continuity of O
(
ϕ; s, t

)
in s and t that

Hölα
(
2R
)
⊃ ∩∞

n=RAn. (173)

Combining this with (154), we finish the proof.

7 Proof of Proposition 17

We recall the Proposition 17, which we prove in this section.

Proposition 17. Let ψ : [t1, t2] → [p1, p2] be the minimizer of the functional

ϕ 7→ 1

2

∫ t2

t1

[(
log ϕ′(τ)

)′ 2
− 4π2ϕ′ 2(τ)

]
dτ (174)

on the space H(T) under constraints

ϕ(t1) = p1, ϕ(t2) = p2, (175)

ϕ′(t1) = q1, ϕ′(t2) = q2. (176)

Denote

κ :=
π
√
q1q2(t2 − t1)

sin
(
π(p2 − p1)

) . (177)

Then for some a, b, c, d ∈ R with ad− bc = 1 and any τ ∈ [t1, t2]:
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1. If κ > 1, then

tan
(
π ψ(τ)

)
=
a tan(λτ) + b

c tan(λτ) + d
, (178)

where λ ∈ (0, π/(t2 − t1)) is such that

λ(t2 − t1)

sin
(
λ(t2 − t1)

) = κ. (179)

2. If κ = 1, then

tan
(
π ψ(τ)

)
=
a τ + b

c τ + d
. (180)

3. If κ < 1, then

tan
(
π ψ(τ)

)
=
a tanh(λτ) + b

c tanh(λτ) + d
, (181)

where λ > 0 is such that
λ(t2 − t1)

sinh
(
λ(t2 − t1)

) = κ. (182)

Proof. Observe that, for any ϕ ∈ A ∩Diff∞(T),

1

2

∫ t2

t1

[(
log ϕ′(τ)

)′ 2
− 4π2ϕ′ 2(τ)

]
dτ =

ϕ′′(t2)

ϕ′(t2)
− ϕ′′(t1)

ϕ′(t1)
−
∫ t2

t1

[
S
(
ϕ, τ

)
+ 2π2ϕ′ 2(τ)

]
dτ. (183)

Fix any p ∈ T\[p1, p2], and denote f = tan(π ϕ− πp− π
2
). Then∫ t2

t1

[
S
(
ϕ, τ

)
+ 2π2ϕ′ 2(τ)

]
dτ =

∫ t2

t1

S
(
f, τ
)
dτ =

f ′′(t2)

f ′(t2)
− f ′′(t1)

f ′(t1)
− 1

2

∫ a2

a1

(
f ′′(τ)

f ′(τ)

)2

dτ. (184)

Since
f ′′(τ)

f ′(τ)
=
ϕ′′(τ)

ϕ′(τ)
− 2πϕ′(τ) tan

(
πϕ(τ)− πp− π

2

)
, (185)

we get that

1

2

∫ t2

t1

[(
log ϕ′(τ)

)′ 2
− 4π2ϕ′ 2(τ)

]
dτ

= 2πϕ′(t2) tan
(
πϕ(t2)− πp− π

2

)
− 2πϕ′(t1) tan

(
πϕ(t1)− πp− π

2

)
+

1

2

∫ t2

t1

(
log f ′(τ)

)′ 2
dτ.

(186)

The equality above can be extended to every ϕ ∈ A ∩ H(T), because A ∩ Diff∞(T) is dense in A ∩ H
with respect to dH(·, ·). Since we keep ϕ(t1), ϕ(t2), ϕ

′(t1), ϕ
′(t2) fixed, it is sufficient to minimize

1
2

∫ t2
t1

(
log f ′(τ)

)′ 2
dτ with fixed f(t1), f(t2), f

′(t1), f
′(t2).

Denote g = log f ′. Notice that

1

2

∫ t2

t1

(
f ′′(τ)

f ′(τ)

)2

dτ =
1

2

∫ t2

t1

g′ 2(τ) dτ. (187)

Therefore, we want to minimize 1
2

∫ t2
t1
g′ 2(τ) dτ while keeping g(t1), g(t2),

∫ t2
t1
eg(τ) dτ fixed.
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Lemma 38. There exist α, β, λ ∈ R such that one of the following holds for any τ ∈ [t1, t2]:

g(τ) = α+ λτ, (188)

g(τ) = α− log cosh2(β + λτ), (189)

g(τ) = α− log sinh2(β + λτ), (190)

g(τ) = α− log cos2(β + λτ), (191)

g(τ) = −2 log |β + λτ |. (192)

Proof. Using Lagrange multipliers, by varying 1
2

∫ t2
t1
g′ 2(τ) dτ , we get

g′′(τ) + λ0e
g(τ) = 0, (193)

for some λ0 ∈ R. Below we show that for any given λ0 ∈ R, g(t1) ∈ R, and g′(t1) > 0, we can find a
solution of the form (188) – (192), which solves the same Cauchy problem as g. In other words, it
also satisfies (193) and has the same value and derivative as g at the point t1. By uniqueness theorem
for differential equations, we will get that g has the form (188) – (192).

We consider three cases, based on the sign of λ0:
Case 1. If λ0 = 0, then g is a linear function, so for some α, λ ∈ R

g(τ) = α+ λτ. (194)

Case 2. If λ0 > 0, then for any u, v, the function

Fu,v(τ) = u− log cosh2

(
v + eu/2

√
λ0

2
τ

)
(195)

also satisfies the differential equation (193). Now, we show that we can find such u, v ∈ R that
Fu,v(t1) = g(t1) and F ′

u,v(t1) = g′(t1). First, to ensure that F ′
u,v(t1) = g′(t1), we take v = v(u) ∈ C

such that

tanh

(
v + eu/2

√
λ0

2
t1

)
= −1

2
e−u/2

√
2

λ0
g′(t1). (196)

Then, using cosh−2(x) = 1− tanh2(x),

− log cosh2

(
v + eu/2

√
λ0

2
τ

)
= log

(
1− 1

2λ0
e−ug′ 2(t1)

)
(197)

Now, to ensure that Fu,v(t1) = g(t1), it remains to choose such u ∈ R that

log

(
eu − 1

2λ0
g′ 2(t1)

)
= g(t1). (198)

Notice that we can also choose v = v(u) to be real, since it follows from the equation above that∣∣∣ 12e−u/2
√

2
λ0
g′(t1)

∣∣∣ < 1. Therefore, by the uniqueness theorem for differential equations we obtain

g̃u,v(τ) = g(τ) for all τ .
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Case 3. If λ0 < 0, then for any u, v functions

Fu,v(τ) = u− log sinh2

(
v + eu/2

√
−λ0

2
τ

)
(199)

Gu,v(τ) = u− log cos2
(
v + eu/2

√
−λ0

2
τ

)
(200)

Hv(τ) = −2 log

∣∣∣∣∣v +
√

−λ0

2
τ

∣∣∣∣∣ (201)

also satisfy the differential equation (193). We consider three subcases:
Case i. Suppose that − 1

2λ0
g′ 2(t1)− eg(t1) > 0. In this case we find u, v such that Fu,v(t1) = g(t1)

and F ′
u,v(t1) = g′(t1).

First, to ensure that F ′
u,v(t1) = g′(t1), we take v = v(u) ∈ C such that

coth

(
v + eu/2

√
−λ0

2
t1

)
= −1

2
e−u/2

√
− 2

λ0
g′(t1). (202)

Then, using sinh−2(x) = coth2(x)− 1,

− log sinh2

(
v + eu/2

√
−λ0

2
τ

)
= log

(
− 1

2λ0
e−ug′ 2(t1)− 1

)
(203)

Now, to ensure that Fu,v(t1) = g(t1), it remains to choose such u ∈ R that

log

(
− 1

2λ0
g′ 2(t1)− eu

)
= g(t1), (204)

which can be done because − 1
2λ0

g′ 2(t1) − eg(t1) > 0. Notice that we can also choose v = v(u) to

be real, since it follows from the equation above that
∣∣∣ 12e−u/2

√
− 2

λ0
g′(t1)

∣∣∣ > 1. Therefore, by the

uniqueness theorem for differential equations, we obtain Fu,v(τ) = g(τ) for all τ .
Case ii. Suppose that − 1

2λ0
g′ 2(t1)−eg(t1) < 0. In this case we find u, v such that Gu,v(t1) = g(t1)

and G′
u,v(t1) = g′(t1).

First, to ensure that G′
u,v(t1) = g′(t1), we take v = v(u) ∈ C such that

tan

(
v + eu/2

√
−λ0

2
t1

)
=

1

2
e−u/2

√
− 2

λ0
g′(t1). (205)

Then, using cos−2(x) = tan2(x) + 1,

− log sinh2

(
v + eu/2

√
−λ0

2
τ

)
= log

(
− 1

2λ0
e−ug′ 2(t1) + 1

)
(206)

Now, to ensure that Gu,v(t1) = g(t1), it remains to choose u ∈ R such that

log

(
− 1

2λ0
g′ 2(t1) + eu

)
= g(t1), (207)

which can be done because − 1
2λ0

g′ 2(t1) − eg(t1) < 0. Therefore, by the uniqueness theorem for
differential equations, we obtain Gu,v(τ) = g(τ) for all τ .
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Case iii. Suppose that − 1
2λ0

g′ 2(t1) − eg(t1) = 0. It is easy to check that taking v = e−g(t1)/2 −√
−λ0

2
t1, we get that Hv(t1) = g(t1) and H

′
v(t1) = g′(t1). Therefore, by the uniqueness theorem for

differential equations we obtain Hu,v(τ) = g(τ) for all τ .

Therefore, using Lemma 38, it is easy to show that one of the following holds for some a, b, c, d ∈ R
with ad− bc = ±1, λ > 0 and any τ ∈ [t1, t2]:

g(τ) =
a tan(λτ) + b

c tan(λτ) + d
; (208)

g(τ) =
a tanh(λτ) + b

c tanh(λτ) + d
; (209)

g(τ) =
a τ + b

c τ + d
. (210)

Here (208) corresponds to (189) and (190), (209) corresponds to (188) and (192), and (210) corre-
sponds to (191) Notice that if (208) holds, then λ < π/(t2 − t1), since otherwise g is not one to one
on [t1, t2]. Moreover, since g is monotonically increasing, we get that ad− bc = 1.

Furthermore, notice that

π
√
ψ′(t1)ψ′(t2)(t2 − t1)

sin
(
π
[
ψ(t2)− ψ(t1)

]) =

√
g′(t1)g′(t2)(t2 − t1)

g(t2)− g(t1)
(211)

if (208) holds, then √
g′(t1)g′(t2)(t2 − t1)

g(t2)− g(t1)
=

λ(t2 − t1)

sin
(
λ(t2 − t1)

) ∈ (1,∞). (212)

If (209) holds, then √
g′(t1)g′(t2)(t2 − t1)

g(t2)− g(t1)
=

λ(t2 − t1)

sinh
(
λ(t2 − t1)

) ∈ (0, 1). (213)

If (210) holds, then √
g′(t1)g′(t2)(t2 − t1)

g(t2)− g(t1)
= 1. (214)

This finishes the proof of the proposition.
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A Appendix

Statement 39. For any x ∈ (0, π/2) and y ∈ (−x/2, x/2),∣∣∣ log sin(x)− log sin(x+ y)
∣∣∣ ≤ 1000 y

x
. (215)

Proof. This follows immediately from the fact that∣∣∣∣ ddu log sin(u)

∣∣∣∣ = |tan(u)| ≤ 100

u
, for u ∈ (0, 3π/4). (216)

Statement 40. There exists C > 0 such that for all x ≥ 0 and y ∈ [− 1
2
, 1
2
],

arccosh2 [cosh (x) + y] ≥ x2 + 2y − C|y|(x2 + |y|), (217)

and for all x ≥ 10 and y ∈ [− 1
2
, 1
2
],∣∣arccosh2 [cosh (x) + y]− x2

∣∣ ≤ Cy e−x/2. (218)

Proof. Notice that for u ≥ 1,
d

du
arccosh2 [u] = 2

arccosh [u]√
u2 − 1

, (219)

where both sides are analytic in D1. Inequality (218) follows since the right-hand side is smaller than
1/

√
u for large u. Moreover, for some C1 > 0,∣∣∣∣ d2

du2
arccosh2 [u]

∣∣∣∣ ≤ C1, (220)

and
d

du
arccosh2 [u]

∣∣∣
u=1

= 2. (221)

It is also easy to see that for some C2 > 0,∣∣∣∣ ddu arccosh2 [u]− 2

∣∣∣∣ ≤ C2 min
{
|u| − 1, 1

}
. (222)

Taylor expanding arccosh2 [cosh (x) + y] in y and using the fact that min
{
cosh(x)−1, 1

}
≤ C3x

2 for
some C3 > 0 gives the desired result.

Statement 41. For any x > 0 and τ ∈ R,∣∣∣∣ sin (xt)x
− sin t

∣∣∣∣ ≤ 1

6
|x2 − 1|t3. (223)

Proof. We write
sin (xt)

x
− sin t =

∫ t

0

(
cos(xτ)− cos(τ)

)
dτ (224)

and notice that from the inequality | sin y| ≤ y, we obtain∣∣ cos(xτ)− cos(τ)
∣∣ = 2

∣∣∣∣sin(τ(x+ 1)

2

)
sin

(
τ(x− 1)

2

)∣∣∣∣ ≤ 1

2
|x2 − 1|τ2, (225)

which together with (224) gives the desired result.
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Statement 42. There exists C > 0 such that for every ε ∈ (0, 1/5) if Möbius transformation of the
unit circle ϕ ∈ PSL(2,R) satisfies∣∣ϕ ( 1

3

)
− ϕ(0)− 1

3

∣∣ < ε,
∣∣ϕ ( 2

3

)
− ϕ

(
1
3

)
− 1

3

∣∣ < ε,
∣∣ϕ (1)− ϕ( 2

3
)− 1

3

∣∣ < ε, (226)

then for any t ∈ T, ∣∣ϕ′(t)− 1
∣∣ < Cε, (227)∣∣ϕ′′(t)
∣∣ < Cε. (228)

Proof. By rotational invariance of the properties in question, it is sufficient to prove the statement
only for t ∈ [1/3, 2/3] and we can assume that ϕ(0) = 0. Therefore,∣∣ϕ ( 1

3

)
− 1

3

∣∣ ≤ ε,
∣∣ϕ ( 2

3

)
− 2

3

∣∣ ≤ ε. (229)

Denote

F (τ) = − cot

(
π ϕ

(
arccot(−τ)

π

))
. (230)

Notice that F (τ) is a Möbius transformation of the upper half-plane, that is

F (τ) =
aτ + b

cτ + d
, for some a, b, c, d ∈ R,with ad− bc = 1. (231)

From the fact that ϕ(0) = 0, it follows that F (∞) = ∞. Thus, F is linear

F (τ) = aτ + b, for some a > 0, and b ∈ R. (232)

Moreover, for some C1 > 0, we have∣∣∣∣F ( 1√
3

)
− 1√

3

∣∣∣∣ < C1ε,

∣∣∣∣F (− 1√
3

)
+

1√
3

∣∣∣∣ < C1ε. (233)

Therefore, ∣∣∣∣a− 1√
3

+ b

∣∣∣∣ < C1ε,

∣∣∣∣−a− 1√
3

+ b

∣∣∣∣ < C1ε. (234)

Thus, for some C2 > 0, we have

|a− 1| < C2ε, |b| < C2ε. (235)

Therefore, for some C3 > 0 and each τ ∈ [−1/
√
3, 1/

√
3],

|F (τ)− τ | < C3ε, |F ′(τ)− 1| < C3ε. (236)

From the equality

ϕ(t) =
1

π
arccot

(
− F

[
− cot(πt)

])
, (237)

we obtain
ϕ′(t) = arccot′

(
− F

[
− cot(πt)

])
F ′[− cot(πt)

]
cot′(πt). (238)

Using (236), the fact that
arccot′

[
cot(πt)

]
cot′(πt) = 1 (239)

and the fact that
∀t ∈ [1/3, 2/3] : − cot(πt) ∈ [−1/

√
3, 1/

√
3] (240)

we finish the proof of (227).
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In order to prove (228), we notice that

ϕ′′(t) = π arccot′′
(
− F

[
− cot(πt)

])(
F ′[− cot(πt)

]
cot′(πt)

)2
+ π arccot′

(
− F

[
− cot(πt)

])
F ′[− cot(πt)

]
cot′′(πt). (241)

Combining this with (236), (240), and the observation that

0 =
(
arccot′

[
cot(πt)

]
· cot′(πt)

)′
= π arccot′′

[
cot(πt)

]
·
(
cot′(πt)

)2
+ π arccot′

[
cot(πt)

]
· cot′′(πt)

(242)
we finish the proof of (228).
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