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Abstract—In this paper, we establish a connection between
model predictive control (MPC) techniques and Control Barrier
Functions (CBFs). Recognizing the similarity between CBFs
and Control Lyapunov Functions (CLFs), we propose a safe
MPC formulation that ensures invariance and safety without
relying on explicit stability conditions. The value function of
our proposed safe MPC is a CBF, which we refer to as
the Predictive Control Barrier Function (PCBF), similar to
traditional MPC formulations which encode stability by having
value functions as CLFs. Our formulation is simpler than
previous PCBF approaches and is based on weaker assumptions
while proving a similar theorem that guarantees safety recovery.
Notably, our safe MPC formulation does not require the value
function to be strictly decreasing to ensure convergence to a safe
invariant set. Numerical examples demonstrate the effectiveness
of our approach in guaranteeing safety and constructing non-
conservative CBFs.

Index Terms—MPC, Certificate functions, Control barrier
functions

I. INTRODUCTION

The development of new control methods that can provide
strong safety guarantees is critical due to the increasing
prevalence of autonomy in safety-critical applications. The
challenge of safety is that systems under unsafe control
actions may not immediately violate state constraints, but
can nevertheless inevitably reach unsafe regions. Safety can
therefore be guaranteed by ensuring positive invariance of
the safe set [1]. A set is positive invariant if the inclusion
of the state at some times implies the inclusion in the future
[2].

One common way to verify the positive invariance of a
safe set is through reachability analysis, which computes the
set of states that can reach a target set while remaining in
the safe set [3]–[5]. Reachability-based methods construct
the maximal safe invariant set, but they are well-known to
suffer from the curse of dimensionality [6]. To address this,
numerical methods such as SOS [7], [8], learning [9], [10],
etc., have been proposed to approximate the value function
of the reachability optimal control problem. The approximate
function, referred to as Control Barrier Function (CBF)
[11]–[13], identifies a (potentially conservative) invariant
subset of the safe set. Current methods usually yield overly
conservative CBFs, and efficient construction of guaranteed
and non-conservative CBFs remains an open challenge.

The conditions that determine whether a given function
is a CBF are strongly reminiscent of those defining Control
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Lyapunov Functions (CLFs). However, unlike CLFs, which
require invariance for every sublevel set, CBFs require in-
variance only of their zero sublevel set. Previous research
on MPC [14], [15] has shown that MPC can ensure stability
by proving its value function is a CLF, extending a local
control Lyapunov function defined over the terminal set.
Given the similarities between the governing equations of
CBFs and CLFs, we establish a similar connection between
MPC and CBFs, in particular showing that MPC formulation
can guarantee safety, with its value function acting as a CBF,
referred to as a Predictive Control Barrier Function (PCBF),
that increasingly enlarges a local conservative invariant set
with longer horizons.

In this work we propose a safe MPC formulation to
guarantee positive invariance and safety. It constructs a non-
conservative safe invariant set and ensures convergence of
trajectories that start from initially unsafe regions to the
maximal safe invariant set. In contrast to traditional MPC
convergence proofs that rely on Lyapunov’s theorem [14],
requiring strictly decreasing value functions, we apply the
invariant set theorem [16, Section 3.4.3] to guarantee con-
vergence with weaker conditions on a non-increasing value
function.

The authors of [17] proposed a similar soft-constrained
MPC formulation, but it further tightens the soft state
constraints to have a strictly decreasing value function to
guarantee convergence. We show that the tightening is not
necessary to ensure convergence of the safe invariant set,
and therefore to recover safety.

The idea of using a receding horizon to enlarge an invariant
set has also been explored in [18], where a nominal trajectory
is propagated using a predetermined backup control policy
π. However, the size of the enlarged invariant set depends
heavily on the chosen backup policy, while our formulation
does not require such a policy.

Contributions: The main contributions of this paper are:
• We propose a safe MPC formulation that guarantees

positive invariance and convergence towards the max-
imal safe invariant set.

• We prove that the value function of the MPC problem
acts as a control barrier function (CBF), in a manner
analogous to the development of control Lyapunov
functions in standard MPC methods.

• We apply our MPC formulation to linear and nonlinear
examples, demonstrating its ability to expand a prede-
fined conservative safe invariant set and guarantee local
convergence of trajectories to a safe invariant set.



Outline: The paper is organized as follows: Section II for-
mulates the problem and presents the necessary preliminaries.
Section III proposes the safe MPC formulation and proves its
convergence and stability properties. It also shows that the
value function of the safe MPC problem is a CBF, providing
a non-conservative inner approximation of the maximal safe
invariant set. Section IV shows two numerical examples
to illustrate a safety recovery mechanism and compare our
method with the literature. Section V concludes the paper.

Notation: The distance from a point x ∈ Rn to a set
A ⊆ Rn is defined as |x|A := infy∈A ||x − y||, and || · ||
denotes the Euclidean norm. Given a closed set C, ∂C and
Int(C) are the boundary and the interior of the set C. The
notation D\S represents the relative complement of S in D.
In the MPC formulation, closed-loop elements are denoted
with brackets, e.g., x(k) is the closed-loop state at time k. A
symbol with two subscripts represents an open-loop element,
where the first subscript indicates the lookahead time and the
second subscript indicates the current time, e.g., xi|k denotes
the open-loop state predicted i steps ahead when evaluating
at time k. The optimal solution has superscript ∗, e.g., x∗

k

is the optimal open-loop state sequence at current time k.
A proposed solution is denoted with a hat, e.g., x̂k is the
proposed open-loop state sequence at current time k. This
paper considers a time-invariant system, so the MPC optimal
solution depends only on the current system state x, to make
this dependency explicit, we denote the closed-loop optimal
slack variable and closed-loop control input at state x as
ξ∗0(x) and u∗

0(x), respectively.

II. PRELIMINARIES

In this section we formulate the problem of interest and
present the necessary preliminaries.

A. Problem formulation

We consider a discrete-time system

x(k + 1) = f(x(k), u(k)), k ∈ N, (1)

with continuous dynamics f : Rn × Rm → Rn and initial
condition x(0) ∈ Rn. The system is subject to hard physical
input constraints of the form

u(k) ∈ U ⊂ Rm, k ∈ N, (2)

where U is a polytopic set. The system is required to satisfy
safety constraints that are formulated as state constraints
given by

x(k) ∈ X ⊂ Rn, k ∈ N, (3)

along the trajectory. We assume that X is a polytopic set,
represented as X := {x ∈ Rn : c(x) ≤ 0}, where c : Rn →
Rnx . In this work, we focus on guaranteeing safety and set
stability rather than stability around an equilibrium point.
Thus, our goal is to construct a control law u(k) = κ(x(k))
that finds the maximal invariant subset of X and steers the
system towards it even from some initially unsafe states, the
latter can be thought of as a safety recovery mechanism.

B. Safety and barrier certificates

Barrier functions constitute a class of certificate functions,
used to prove positive invariance of a set and ensure safety.

Consider a safe set C, which can be defined as

C := {x ∈ Rn : h(x) ≤ 0},
∂C := {x ∈ Rn : h(x) = 0},

(4)

where h is a continuous function. The set C is assumed to
have a non-empty interior, i.e., Int(C) ̸= ∅.
Definition II.1 (Discrete-time Control Barrier Function).
Consider the safe set C defined by (4). If there exist a
continuous function h : Rn → R, defined on a set D with
C ⊆ D ⊂ Rn, such that

inf
u∈U

[h(f(x, u))− h(x)] ≤ 0,∀x ∈ D, (5)

then the function h is a Discrete-Time Control Barrier
Function with domain D.

If such a Discrete-Time CBF h exists, then the safe set
C is positively invariant, ensuring safety. Specifically, for all
x ∈ C, h(x) ≤ 0, according to (5) there exists a controller
κCBF (x) = {u ∈ U : h(f(x, u))− h(x) ≤ 0}. This implies
h(f(x, u)) ≤ h(x) ≤ 0 and f(x, u) ∈ C, proving that C is
positively invariant.

C. Stability and convergence results

In order to establish our results in Section III, we will
require the following preliminaries:
Lemma II.1 ( [19, Lemma 3.4]). Consider non-negative
scalar sequences (l(k))k∈N, (w(k))k∈N and (ζ(k))k∈N that
satisfy the recursion l(k + 1) ≤ l(k) − w(k) + ζ(k). If∑∞

k=0 ζ(k) < ∞, then the sequence (l(k))k∈N converges
and

∑∞
k=0 w(k) < ∞.

Standard stability theory considers the stability of an
equilibrium point and can be extended to the stability of a set.
In [17], the concept of asymptotic stability for an invariant
set is established, and we adapt this definition to the stability
of an invariant set.

Consider system (1) using the closed-loop control law
u(k) = κ(x(k)), i.e.,

x(k + 1) = f(x(k), κ(x(k))), k ∈ N, (6)

subject to input and state constraints, U and X, with initial
state x(0). The stability of an invariant set with respect to
the system (6) can be defined as follows.
Definition II.2 (Stability with respect to a set, [17, Definition
III.3]). Let S and D be closed, non-empty and positively
invariant sets for the closed-loop system (6), with S ⊂ D.
The set S is a stable set in D, if for all x(0) ∈ D the
following conditions hold:

∀ϵ > 0,∃δ > 0 : |x(0)|S < δ ⇒ |x(k)|S < ϵ,∀k > 0. (7)

Definition II.3 (Locally positive definite (l.p.d.) function
with respect to sets, [17, Definition A.1]). Given two non-
empty and closed sets S and D, with S ⊂ D, consider a



continuous function V : D → R. V (x) is called a locally
positive definite (l.p.d.) function around S in D if holds that

V (x) = 0,∀x ∈ S and

V (x) > 0,∀x ∈ D\S.

III. SAFE MPC

We next present our safe MPC formulation with soft
state constraints. We show that all trajectories, starting from
the feasible set of the safe MPC formulation, remain in or
converge to the maximal safe invariant set of the system. The
safe MPC problem is formulated as

V ∗(x(k)) = min
ui|k,xi|k,ξi|k

N−1∑
i=0

ξi|k

subject to ∀i = 0, 1, ..., N − 1 :

x0|k = x(k),

xi+1|k = f(xi|k, ui|k),

ui|k ∈ U,
xi|k ∈ X(ξi|k), ξi|k ≥ 0,

xN |k ∈ Xf ,

(8)

where ξi|k ∈ R≥0 is a slack variable for the state constraints
i steps ahead when evaluated at the current time k, X(ξi|k) is
the relaxed state constraint set, where X(ξi|k) := {x ∈ Rn :
c(x) ≤ ξi|k}. The terminal set Xf is compact and Xf ⊂
X. We construct Xf such that there exists a local controller
κf (·) : Xf → U, ∀x ∈ Xf , which ensures the positively
invariance of Xf , i.e., f(x, κf (x)) ∈ Xf ,∀x ∈ Xf . We use
Xξ

MPC to denote the feasible set of (8). The feasible set of
the same MPC problem without constraint relaxation, i.e., let
ξi|k = 0 for all i, is denoted by X0

MPC . We assume X0
MPC

to have a non-empty interior. The relationship between the
different sets is shown in Fig 1.

Remarks. The authors of [17] proposed a similar formula-
tion, but further tightened every soft state constraint to obtain
a strictly decreasing value function and therefore guarantee
convergence to the safe invariant set, i.e., recover safety, but
in our paper, we show that the tightening is not necessary to
converge to the safe invariant set.

A. Convergence of the MPC formulation

In this section we show that all closed-loop trajecto-
ries starting from Xξ

MPC with the closed-loop safe MPC
controller will converge to the safe invariant set within
X ∩ Xξ

MPC , even for some unsafe initial states x(0) /∈ X.
Lemma III.1. Problem (8) defines a controller u∗

0(x). If
κ(x) = u∗

0(x) in system (6), then the set X0
MPC and Xξ

MPC

are positively invariant.
Proof. If x(0) ∈ X0

MPC , i.e., the initial state is feasible
for the hard-constrained MPC problem, by the recursive
feasibility property [14], the closed-loop state x(k) of system
(6) is feasible for the same problem, i.e., x(k) ∈ X0

MPC ,
for all k ≥ 0. Thus, X0

MPC is positively invariant. Similar
arguments also hold for the feasible set Xξ

MPC of the safe

Fig. 1. The relevant sets in the MPC formulation include: X, the unrelaxed
state constraint set; Xf , the terminal set; Xξ

MPC , the feasible set for the
safe MPC problem (8); and X0

MPC , the feasible set for the MPC problem
without relaxation.

MPC problem (8), by noticing that Xf is positively invariant,
which guarantees recursive feasibility of (8).
Lemma III.2. The value function V ∗(·) in (8) is continuous
over Xξ

MPC .
Proof. Since X and U are polytopic sets, continuity of

V ∗(x) is guaranteed by [15, Theorem C.34].
Lemma III.3. The set Xξ

MPC is closed, and X0
MPC is

compact.
Proof. Since all the constraint sets in our problem for-

mulation are closed, and the intersection of closed sets is
closed by De Morgan’s laws, the feasible sets X0

MPC and
Xξ

MPC will be closed. Given input, state and terminal state
constraints U,X,Xf are compact, the feasible set X0

MPC of
the hard-constrained MPC problem is also compact.
Lemma III.4. The value function V ∗ is a locally positive
definite (l.p.d.) function around X0

MPC in Xξ
MPC .

Proof. V ∗ : Xξ
MPC → R is a continuous function, by

Lemma III.2. For all x(k) ∈ X0
MPC , the state constraints

X along the open-loop trajectory can be satisfied without
any violation, meaning ξ∗i|k = 0, ∀i ∈ {0, 1, ..., N − 1},
and V ∗(x(k)) = 0. For all x(k) ∈ Xξ

MPC\X0
MPC , the state

constraints X can only be satisfied with violation, meaning
∃ i ∈ {0, 1, ..., N − 1}, s.t. ξ∗i|k > 0, and V ∗(x(k)) > 0.
By Definition II.3, V ∗ is a l.p.d. function around X0

MPC in
Xξ

MPC .
Lemma III.5. Problem (8) defines a controller u∗

0(x). If
κ(x) = u∗

0(x) in (6), then the closed-loop slack variables
ξ∗0(x(k)) = ξ∗0|k converge to zero, as k → ∞.

Proof. Denote the optimal input, state and constraint vio-
lation sequence1 for problem (8) at current time k by

u∗
k = {u∗

0|k, u
∗
1|k, · · · , u

∗
N−1|k},

x∗
k = {x∗

0|k, x
∗
1|k, · · · , x

∗
N |k},

Ξ∗
k = {ξ∗0|k, ξ

∗
1|k, · · · , ξ

∗
N−1|k}

(9)

1In case of multiple minimizers, a solution u∗
k can be singled out by the

application of consistent tie-break rules, e.g., minimizing the l2-norm of u∗
k .



where u∗
i|k ∈ U, ξ∗i|k ≥ 0, ∀i ∈ {0, 1, ..., N−1} and x∗

N |k ∈
Xf . The corresponding value function is

V ∗(x(k)) =

N−1∑
i=0

ξ∗i|k.

A feasible solution at the k + 1th step is

ûk+1 = {u∗
1|k, u

∗
2|k, · · · , u

∗
N−1|k, κf (x

∗
N |k)},

x̂k+1 = {x∗
1|k, x

∗
2|k, · · · , x

∗
N−1|k, x

∗
N |k, f(x

∗
N |k, κf (x

∗
N |k))},

Ξ̂k+1 = {ξ∗1|k, ξ
∗
2|k, · · · , ξ

∗
N−1|k, 0}.

(10)

We need to verify if the proposed solution is feasible by
checking if it satisfies the hard constraints U and Xf .
Since there exists κf (x

∗
N |k) ∈ U, given x∗

N |k ∈ Xf , the
proposed control sequence ûk+1 satisfies all the input con-
straints. Since Xf is positively invariant under κf , we have
f(x∗

N |k, κf (x
∗
N |k)) ∈ Xf , so the proposed state sequence

x̂k+1 satisfies all the state constraints. Since x∗
N |k ∈ Xf ⊂

X(ξ̂N−1|k+1 = 0), we conclude that the proposed solution
(10) is feasible for problem (8).

The value function at the k + 1th step is bounded by

V ∗(x(k + 1)) ≤
N−1∑
i=1

ξ∗i|k = V ∗(x(k))− ξ∗0|k. (11)

The inequality (11) is a specific instance of the inequality
presented in Lemma II.1, where l(k) = V ∗(x(k)), ζ(k) = 0
and w(k) = ξ∗0|k. By Lemma II.1, it follows that the sequence
(V ∗(x(k)))k∈N converges and the sequence (ξ∗0|k)k∈N is
summable. Since (ξ∗0|k)k∈N is a non-negative sequence, to
be summable, it means ξ∗0|k → 0 as k → ∞2.

Consider a trajectory starting from an arbitrary point
x(0) ∈ Xξ

MPC . The trajectory must stay in Xξ
MPC all

the time since Xξ
MPC is positively invariant by Lemma

III.1. As a result, ξ∗0|k → 0 implies that all the system
trajectories starting from within Xξ

MPC converge to the set
R := {x ∈ Xξ

MPC : ξ∗0(x) = 0} = Xξ
MPC ∩ X.

Lemma III.6. Problem (8) defines a controller u∗
0(x). If

κ(x) = u∗
0(x) in system (6), then all closed-loop trajectories,

starting from Xξ
MPC , stay within some compact subsets of

Xξ
MPC that are defined by their initial conditions x(0).
Proof. For every feasible initial condition x(0) ∈

Xξ
MPC , there exists optimal open-loop slack sequence

{ξ∗0|0, ξ
∗
1|0, · · · , ξ

∗
N−1|0} and corresponding value function

V ∗(x(0)) =
∑N−1

i=0 ξ∗i|0. Since the value function is non-
increasing, V ∗(x(0)) provides an upper bound for the value
function of subsequent trajectory, which can be considered
as an additional constraint that is imposed implicitly on the
slack variables at subsequent time steps. For instance, at kth

2For all x(k) ∈ X, ξ∗
0|k = 0, thus, ξ∗

0|k is not a l.p.d. function around

X0
MPC in Xξ

MPC . Therefore, the Lyapunov theorem for a set can not be
used to prove asymptotic stability of safe invariant sets within X.

time step, apart from the constraints shown in (8), there is
an implicitly encoded constraint that

N−1∑
i=0

ξi|k ≤
N−1∑
i=0

ξ∗i|0 (12)

Since input space and state space are compact with con-
tinuous dynamics, (12) plus the constraints in (8) define
an invariant compact set. Therefore, V ∗(x(0)) defines a
compact subset of Xξ

MPC and the closed-loop trajectory of
x(0) remains in the compact subset. Therefore, the closed-
loop trajectory ∪∞

k=0{x(k)} for any x(0) ∈ Xξ
MPC is

bounded.
Theorem 1. Problem (8) defines a controller u∗

0(x). If
κ(x) = u∗

0(x) in system (6), then for all x(0) ∈ Xξ
MPC , its

closed-loop trajectory will converge to the maximal invariant
set within Xξ

MPC ∩ X.
Proof. We have shown that any closed-loop trajectories in

Xξ
MPC eventually converges to R and the trajectories are

bounded according to Lemma III.6. Any bounded trajectory
of an autonomous system converges to an invariant set, which
is the positive limit set of the trajectory [16, Section 3.4.3].
Thus, any trajectory will converge to a subset of the union
of all invariant sets within R. The union of all invariant sets
within R is denoted by M, which is the maximal invariant
set within R, i.e., Xξ

MPC ∩ X.
Lemma III.7. X0

MPC is a subset of M.
Proof. X0

MPC is defined as the feasible set for the hard-
constrained MPC problem. Specifically, consider a trajectory,
if x(0) ∈ X0

MPC , it also has the property that x(0) ∈
Xξ

MPC∩X. Since X0
MPC has proved to be positively invariant

by Lemma III.1, x(k) ∈ X0
MPC for all k ≥ 0, implying that

x(k) ∈ Xξ
MPC∩X, for all k ≥ 0. Thus, X0

MPC is an invariant
set within Xξ

MPC ∩ X, as a result, X0
MPC ⊆ M.

Theorem 2. Problem (8) defines a controller u∗
0(x). If

κ(x) = u∗
0(x) in system (6), then all its closed-loop tra-

jectories with x(0) ∈ M satisfy state constraints throughout.
Proof. We consider two cases. The first one is for x(0) ∈

X0
MPC . The second is when x(0) ∈ M\X0

MPC . Consider
the first cases, the hard-constrained MPC problem guarantees
the state constraint satisfaction recursively, thus, for all
x(0) ∈ X0

MPC , x(k) ∈ X for all k ≥ 0. Now consider the
second case that x(0) ∈ M\X0

MPC . Since M is the union
of the invariant set within Xξ

MPC ∩X, for all x(0) ∈ M, its
subsequent state x(k) ∈ Xξ

MPC ∩X for all k ≥ 0, it implies
x(k) always satisfy the state constraints. Therefore, all the
closed-loop trajectories start within set M satisfy the state
constraints and M is a safe invariant set.

In summary, based on Theorems 1 and 2, we have shown
that all trajectories that start from Xξ

MPC , with the safe MPC
controller κ(x) = u∗

0(x), will eventually converge to the
maximal safe invariant set M within X ∩ Xξ

MPC , meaning
that safety will be recovered.



B. Stability of the MPC formulation

The previous section proves the convergence property of
the closed-loop system (6) in set Xξ

MPC , with the safe MPC
controller κ(x) = u∗

0(x). This section will prove the set
X0

MPC is a stable set for the closed-loop system in Xξ
MPC .

Theorem 3. Consider problem (8). The set X0
MPC is a stable

set for the closed-loop system in Xξ
MPC .

Proof. This proof adopts the proof in [20, Section 3.1],
which establishes the standard Lyapunov stability theorem
around a point. The approach has been extended here to
demonstrate stability for a set.

For any ϵ > 0, choose r ∈ (0, ϵ] such that

Br = {x ∈ Rn| |x|X0
MPC

≤ r} ⊂ Xξ
MPC

Let α = min
|x|X0

MPC
=r

V ∗(x). By Lemma III.4, we have α > 0.

Take β ∈ (0, α) and let

Ωβ = {x ∈ Br|V ∗(x) ≤ β}

Then, Ωβ is in the interior of Br, since V ∗(·) is a l.p.d.
function. The set Ωβ is positively invariant that any trajectory
of the system starting in Ωβ at t = 0 stays in Ωβ for all t ≥ 0,
which follows from (11) that

∆V ∗(x(k)) = V ∗(x(k + 1))− V ∗(x(k)) ≤ 0

⇒ V ∗(x(k)) ≤ V ∗(x(0)) ≤ β, ∀k ≥ 0.

As V ∗(x) is continuous and V ∗(x) = 0,∀x ∈ X0
MPC , there

exists δ > 0 such that

V ∗(x) < β : ∀x, s.t. |x|X0
MPC

≤ δ

Then,
Bδ ⊂ Ωβ ⊂ Br

For any x(0) ∈ Bδ , we have x(0) ∈ Ωβ . Since Ωβ is
positively invariant, then x(k) ∈ Ωβ for all k ≥ 0, which
further implies x(k) ∈ Br. Therefore, for any ϵ > 0 and
0 < r ≤ ϵ, there exists δ > 0 so that if |x(0)|X0

MPC
< δ,

then |x(k)|X0
MPC

< r ≤ ϵ for all k ≥ 0, which shows the set
X0

MPC is stable.
We have separately proved convergence to the safe in-

variant set and the set stability property using the invariant
set theorem and Lyapunov theorem. Using the invariant
set theorem allows us to prove convergence with a non-
increasing value function, while in [17], they proved the
set asymptotic stability with the Lyapunov theorem which
requires a strictly decreasing value function.

C. Predictive control barrier function (PCBF)

Theorem 4. Consider problem (8). The value function V ∗

is a Discrete-Time CBF for the safe set X0
MPC with domain

Xξ
MPC .
Proof. Since the value function V ∗ has proven to be a l.p.d.

fucntion around X0
MPC in Xξ

MPC by Lemma III.4, we have:

V ∗(x(k))

{
= 0, if x(k) ∈ X0

MPC ,

> 0, if x(k) ∈ Xξ
MPC\X0

MPC .

In our problem, X0
MPC is the safe set, and the barrier function

we aim to verify is V ∗ with domain Xξ
MPC . Recalling

that by (11) that V ∗(x(k + 1)) − V ∗(x(k)) ≤ −ξ∗0|k.
For all x ∈ X, we have ξ∗0(x) = 0, meanwhile for all
x ∈ Xξ

MPC\X, it holds that ξ∗0(x) > 0. Thus, we conclude
that infu∈U[V ∗(f(x, u)) − V ∗(x)] ≤ 0 for all x ∈ Xξ

MPC ,
condition (5) is satisfied. Therefore, V ∗ is indeed a Discrete-
Time CBF for the safe set X0

MPC with domain Xξ
MPC .

Remarks. The value function of the safe MPC is a Zeroing
Control Barrier Function (ZCBF) [21], which is obtained by
incorporating state constraints into the objective function us-
ing penalty functions. We conjecture that if barrier functions
are used to incorporate state constraints into the objective
function, the resulting value function V ∗ will be a Reciprocal
Control Barrier function (RCBF), but this approach does
not extend the domain of the MPC, i.e., the domain of
the resulting RCBF will be X0

MPC , instead of Xξ
MPC . This

outcome aligns with the result of [22] that ZCBF exhibits
a robustness property, whereas RCBF does not. We will
investigate the relationship with RCBF in future work.

IV. NUMERICAL EXAMPLES

This section presents two examples illustrating the effi-
cacy of our results. The first demonstrates the convergence
property of the proposed MPC formulation using an unstable
linear system, showing that the system can recover from
initially unsafe states to safe states. The second example,
which is nonlinear, compares the safe invariant set of PCBFs
with competing methods. In both examples, we use the MPT3
toolbox [23] to compute maximal invariant sets. In the linear
example, the MPC problem is solved using CVXPY [24]
with the Clarabel solver [25]. In the nonlinear example, we
use the Casadi framework [26] with the IPOPT solver [27]
to solve the nonlinear MPC problem.

A. Unstable Linear Example

We consider the unstable linear system

x(k + 1) =

[
1.5 1
0 1

]
x(k) +

[
0.5
0.5

]
u(k) (13)

which is subject to state constraints ||x||∞ ≤ 1 and input
constraints ||u||∞ ≤ 1.5. A local stabilizing linear quadratic
regulator (LQR) controller is defined as u(k) = Kpx(k)
with Kp = [−1.3735,−1.6166]. It is a stabilizing terminal
control law on the terminal invariant set Xf = {x ∈ Rn :

xTPx ≤ α} with P =

[
3.3729 0.3776
0.3776 1.1956

]
, α = 0.6. We use

a planning horizon N = 10.
Figure 2 shows the relative size of the state constraint

set, the maximal safe invariant set, and the safe invariant
set encoded by the PCBF V ∗, i.e., X0

MPC = {x ∈ Rn :
V ∗(x) = 0} and other contour lines of V ∗. The finite-value
contours indicate the regions that eventually converge to the
maximal safe invariant set. We also include the predictive
safe set obtained by applying the MPC formulation from
[17], noting that this approach depends on the choice of a



tightening parameters ∆i. To observe the tightening effect,
we use ∆i = i ·0.05, i ·0.005. For the case ∆i = i ·0.005, the
predictive safe set overlaps with the one without tightening.
As shown in Figure 2, our formulation yields a predictive
safe set that better approximates the maximal safe invariant
set, which is expected since our method does not involve
constraint tightening while still ensuring safety recovery. As
the tightening parameters ∆i decrease, the predictive safe set
obtained converges to the set produced by our formulation,
X0

MPC .

Fig. 2. This is a filled contour plot of the value function V ∗. The state
space X is denoted with the red dashed line. The maximal safe invariant set
is denoted with the black solid line. The zero-level set of V ∗, corresponding
to the predictive safe set X0

MPC , is marked with the purple solid line. The
predictive safe set obtained with constraints tightening ∆i = i·0.05, i·0.005
is plotted with dashed and dotted lines, respectively. The dotted line for
∆i = i · 0.005 overlaps with the zero-contour of V ∗.

The safe MPC formulation can serve as an auxiliary
problem in conjunction with Predictive Safety Filters (PSFs),
following [17, Algorithm 1], and we choose the desired
control input up(x) = Kpx. This algorithm ensures safety by
making minimal adjustments to the desired control input. By
incorporating the auxiliary problem, we introduce a recovery
mechanism that helps navigate out of unsafe situations as
demonstrated in Fig. 3. In Fig. 3, we plot the safe set X, the
safe invariant set X0

MPC and closed-loop trajectories, whose
initial states are sampled randomly from unsafe regions
so that x(0) /∈ X and up(x(0)) /∈ U. As guaranteed by
Theorems 1 and 2, all trajectories converge to the maximal
safe invariant set of the system.

B. Nonlinear Example

We next consier a nonlinear example to compare the size
of invariant sets associated with CBFs generated by different
methods. Consider the nonlinear system

d

dt

[
x1

x2

]
=

[
x2

10 sin(2x1)

]
+

[
0
1
2

]
u (14)

The system is subject to state constraints |x1| ≤ 0.3, |x2| ≤
0.6, along with an input constraint |u| ≤ 3. The system is
discretized using the Euler forward method with a step size
of ∆T = 0.5, meaning x(k + 1) = x(k) + 0.5 · dx

dt (k). To

Fig. 3. The safe set X is denoted by the red dashed line. The safe invariant
set X0

MPC is marked with the black dashed line. Closed-loop trajectories
are the blue lines, they have randomly sampled initial conditions and all
converge to the safe invariant set within X, given input constraint U.

compute the PCBF, following the safe MPC formulation in
(8), the terminal set Xf is chosen as (x1, x2) = (0, 0) with a
prediction horizon of N = 10. The value function V ∗ of the
MPC is a PCBF, and its zero-level set defines the correspond-
ing safe invariant set, represented by the black line in Fig. 4.
To approximate the maximal positively invariant set, we use
the MPT3 toolbox [23] by modelling the nonlinear dynamics
as piecewise affine systems, which is depicted as the grey-
filled region. A candidate CBF h(x) = 1−x2

1

a2−x2
2

b2 −
x1x2

ab with
parameter a, b > 0, is proposed in [11] for this system, based
on an alternative CBF definition [28]. This choice of CBF
does not account for input constraints, so the parameters a
and b must be chosen such that input constraints are satisfied
throughout the invariant set. For this example we select,
a = 0.046 and b = 0.06 so that h(x) acts as a control barrier
function satisfying both state and input constraints, and it is
illustrated with a blue line in Fig 4.

The PCBF is effective in expanding the predefined invari-
ant set. In this example, the predefined invariant set is limited
to the origin, yet the resulting PCBF produces a predictive
safe set that nearly matches the maximal invariant set. In
contrast, constructing a non-conservative CBF that accounts
for input constraints is challenging. In addition to achieving
a non-conservative CBF, a key benefit of using our safe
MPC approach its ability to identify a region from which
recovery to the safe invariant set is possible even from unsafe
states, while also providing the recovery controller. Within
this recoverable region, the value function remains finite and
positive. The level sets of the value function are illustrated
in Figure 4. Due to input constraints, the safe MPC problem
may not be globally feasible.

V. CONCLUSION

In this paper we propose a safe MPC formulation to
ensure invariance. It connects MPC techniques with CBFs,



Fig. 4. Compare the safe invariant sets derived from various methods. The
predictive safe set of the PCBF, the maximal invariant set, and the safe
invariant set of the hand-crafted CBF are represented by the black line, grey
region, and blue line, respectively. It also shows the contours of the PCBF
V ∗.

by having its value function being a CBF, termed as PCBF.
The safe MPC formulation effectively expands a predefined
conservative safe invariant set to give a good approximation
of the maximal safe invariant set. All trajectories that start
within the domain of the PCBF, including points in unsafe
regions, eventually converge to the maximal safe invariant
set and therefore recover safety. We prove the convergence
property with the invariant set theorem that only requires
the non-increasing value function. This controller aims to
guarantee safety rather than stability, however, stability can
also be addressed by incorporating CLF constraints [21].
Future work aims at establishing a quantitative guarantee
regarding the relative size of the safe invariant set of the
PCBF compared to the system’s maximal safe invariant set.
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