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Abstract

This investigation concerns the ways in which young children (ages 5 to 8) compare
quantities and how they work out the difference between them.

The experiments involved children's understanding of mathematical problems and their
ability to make use of graphical information in such problems. Each child was shown a series of
illustrations, each representing two sets of quantities where the numerical difference was
represented either discontinuously or continuously. The children were asked Equalize and
Compare questions about each illustration and had to choose the correct answer from the set
which represented the choice stimuli. Children's use of strategies was observed.

In Experiment 1 (5-to-8-year-olds), only the younger children (5-to-6-year-olds) were
observed to perform much more accurately on the Equalize-type question than on the Compare in
both discontinuous and continuous conditions. The 7-to-8-year-olds reached a ceiling effect in
performance, suggesting that by this age they can already deal with different types of arithmetic
problems and with different types of graphical information.

Experiment 2 (5-to-6-year-olds) repeated the first experiment presenting the graphical
information on a microcomputer, but the discontinuous and continuous conditions were subdivided
on the basis of the use of the comparative term "more” or "less". Children are helped significantly
by the use of discontinuous material and by the use of "more” in Equalize-type questions only.
These results did not support those of Experiment 1 where the Equalize and Compare difference
was significant with both discontinuous and continuous material.

Experiment 3 introduced part-whole manipulations in order to find out why Compare
questions are more difficult to solve than Equalize questions. Five-to-6-year-olds' performance on
Compare word problems was not affected by this type of manipulation.

Experiment 4 explored the Equalize and Compare difference by presenting the material in
a story-telling context. Again, the 5-to-6-year-olds' performance on Compare word problems was
not affected by this type of manipulation. However, Equalize questions were helped by the use of
the comparative term "more”, as in Experiments 2 and 3, and by the presentation of discontinuous
material, as in Experiment 2.

Experiments 5§ and 6 explored children's (5-to-8-year-olds) performance on Equalize- and
Compare-type questions using spatial imagery manipulations. Experiment 5 involved
manipulations of display in order to examine children's relative ease with Equalize word problems.
Again, children's performance was not affected by this type of manipulation. In addition to the
display manipulations, Experiment 6 introduced different level manipulations. However, in this
experiment, the comparative pair was not represented in the choice stimuli. Children's
performance on Compare word problems improved. There was no sign of the Equalize and
Compare distinction which may be due to the fact that there was no representation of the
comparative pair.

The results show that the Equalize and Compare difference is due to a combination of
their inherent structural and linguistic factors. Furthermore, the difficulty children have with
Compare word problems is non-number-specific, but their relative ease with Equalize word
problems is number-specific. Such type results indicate that children represent these two
probiems very differently.

This thesis contains approximately 94,000 words.
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ABSTRACT

This investigation concerns the ways in which young children (ages 5
to 8) compare two unequal quantities and how they work out the difference
between them in word problems. Whereas this may seem to involve a simple
mathematical operation, this thesis proposes that the operation required is a
complicated one. The findings are relevant to understanding how a child's
mathematical abilities develop.

Word problems are stories that present a mathematical problem and
involve the comparison of two unequal quantities. A child solves a word
problem by working out the difference between the two unequal quantities
embedded as relevant information within the word problem. A review of the
literature (see Chapter 1) identifies two types of word problem which involve
the same mathematical operations, and yet children seem to have difficulty
with one and not so much with the other.

Compare problems engage the child in analyzing the composition of
two distinct quantities to determine if there is a difference between these and,
if so, what that difference is. These problems may involve a "static"
relationship between quantities.  Static relations embody conceptual
knowledge about comparisons involving sets of objects and do not pose a
transformation between the quantities. An example of a Compare word

problem is the following:

Mary has 6 books. John has 4 books.
How many more books than John does Mary have?

In Equalize problems two quantities are compared to discover the
amount by which one of the quantities must be changed to make it equal to

the other. Thus, a quantity transformation may be achieved by involving an



"action” relationship where addition or subtraction make one quantity equal to
the other. Action relations embody actions that cause increases or decreases
in some quantity and pose a transformation within the quantities. An example

of an Equalize word problem is the following:

Mary has 6 marbles. John has 4 marbies.
How many more marbles does John need,
to have as many marbles as Mary?

Most children (ages 5 to 8) are able to perform Equalize problems
correctly, and yet fail to accomplish the same with Compare problems. The
literature contains two hypotheses regarding this difference between Equalize
and Compare word problems. The first (Riley, Greeno, and Heller,1983)
deals with the structural aspect of these types of problem and makes a claim
for the difference between static versus action relationships, as previously
mentioned. The second hypothesis (Hudson,1983) deals with the linguistic
difficulties of Compare problems and involves children's failure to understand
the comparative word "more" (and by the same token, the word "less" as
well).

An alternative hypothesis is proposed by this author in order to explain
the Equalize and Compare difference. This hypothesis involves a
combination of structural and linguistic factors and involves the two senses of
the word "more" (or "less"), as identified earlier by Moore and Frye (1986). In
an Equalize word problem, the "sequential" meaning of the word "more" is
semantically synonymous with "equalize", as it refers to an increase or
decrease within a quantity. A child understanding "more" in this particular
linguistic framework, understands structurally, that an "action” relationship is
taking place, as a comparison is made of the same quantity in two different

states. In a Compare word problem, the "simultaneous" meaning of the word



"more" is semantically synonymous with "compare”, as they refer to a
comparison between two distinct quantities. A child understanding "more" in
this particular linguistic framework, understands structurally, that a "static"
relationship or no transformation is taking place.

Previous studies have been carried out concerning the difference
between responses to Equalize and Compare questions utilizing
discontinuous quantities only. A discontinuous quantity is a disjoint element
(i.e. one which is made up of a number of separate parts). The opposite of
this is a continuous quantity which is a joint element (i.e. one which is not
made up of separate parts). However, word problems can be presented
utilizing discontinuous quantities or continuous quantities.

Moreover, previous research does not distinguish between word
problems involving discontinuous quantities and those involving continuous
quantities. If quantitative comparisons are number-specific, then children
should only be able to perform well with discontinuous quantities (which they
can, for example, count), and not with continuous quantities (which are not
number related). If quantitative comparisons are non-number-specific, then
children should be able to perform well with both discontinuous and
continuous quantities. This is important to examine in order to determine
whether the solving of word problems by children involves a basic
understanding of numerical concepts and a number-specific comparison. It is
not clear why children are willing to use that understanding of numbers when
solving Equalize questions and yet are reluctant to use that same
understanding of numbers when solving Compare questions.

Children's understanding of numbers includes such methods as: one-
to-one correspondence, counting, and addition and subtraction. Recent
research, reviewed in Chapter 1, demonstrates that children have a basic
understanding of numerical concepts (Bryant,1972; Gelman,1982;

Fuson,1988; Desforges and Desforges,1980). Studies indicate that although



children might realize that two quantities are unequal, they have difficulty in
comparing the relative composition of these two quantities, a task necessary
to determining which quantity is greater and which smaller. A basic
understanding of the above mentioned methods does not necessarily indicate
a full comprehension of number knowledge. Rather, the use of such methods
may indicate merely a general understanding of numerical concepts, without
a specific grasp of quantitative comparison (Cowan,1987; Fuson, Secada,
and Hall,1983; Michie,1984; Saxe,1977; Sophian,1987).

The aim of the experiments of this thesis is to investigate the Equalize
and Compare difference, and subsequently to investigate the effect of
discontinuous and continuous material, as well as the effect of different
comparative terms, on the Equalize and Compare difference. Also, children's
strategies will be observed in light of this difference.

Experiment 1 (Chapter 2) investigates whether children (ages 5-6 and
7-8) solve Equalize and Compare word problems involving continuous
quantities in the same way that they solve word problems involving
discontinuous quantities. Children's understanding of comparative terms in
arithmetic problems and their ability to make use of graphical information in
such problems is tested. Each child is shown a series of illustrations
containing two numerical quantities. In half of these illustrations, numerical
differences are represented continuously and in the other half,
discontinuously. The children are individually tested on three types of
quantities: continuous, discontinuous, and verbal discontinuous (where no
pictorial quantity is presented), and are asked a question about each
illustration. Half of the questions take the Equalize form, "How much more
does B need to have, to have the same as A?", and half take the Compare
form, "How many more does A have than B?". In all conditions, children
perform better on Equalize-type questions than on Compare-type questions.

Moreover, children perform best with discontinuous quantities, next best with



continuous quantities, and worst with verbal discontinuous quantities.
Therefore, the Equalize and Compare difference applies to both types of
graphical information (discontinuous or continuous). This indicates that the
Equalize and Compare difference is not specific to number, but more
fundamentally, to quantity in general. Such a finding has never before been
reported.

These findings suggest that the ability of young children to deal with a
mathematical problem is highly dependent on the way the problem itself is
presented. It seems that children do not make use of basic numerical
understanding when the problem requires the comparing of two continuous
quantities.

Experiment 2 (Chapter 3) repeats Experiment 1 presenting the
material on a BBC microcomputer and investigates strategies of quantitative
comparison. Children (5-6 years) are presented with both discontinuous and
continuous quantities. For both Equalize and Compare questions, two modes
of expression are used: "more" or "less". Children make more correct
responses in the Equalize-type question than in the Compare-type question in
the "more" mode. All the children make mostly incorrect responses in the
"less" mode. Children also make more correct responses in the Equalize-
type question than in the Compare-type question with discontinuous material,
but not, in this case, with continuous material. This finding is inconsistent with
the results of Experiment 1. It suggests that the Equalize problem seems to
be number-specific, whereas the Compare problem seems to be non-
number-specific, as the difficulty children have with it applies to both
discontinuous and continuous material. In making their quantity judgements
for Equalize-type questions, but not Compare-type questions, children use
strategies which involve one or more numerical methods. The strategies
frequently involve numerical methods in the "more™ mode, but never in the

"less" mode. Children mostly use an Equivalence Strategy for the Compare-



type problems. This strategy entails choosing the choice stimuli that was the
equivalent in height to one of the comparative pair. It seems that children
have different ways of representing each type of problem.

Experiments 1 and 2 establish an Equalize and Compare difference.
In pursuit of explaining this difference by the hypothesis which combines
structural and linguistic factors, Experiments 3, 4, 5, and 6 implement
structural manipulations. It is thought that by implementing these structural
manipulations, the Equalize and Compare difference will not occut.

Experiment 3 (Chapter 4) investigates the child's understanding of
part-whole relationships via equivalence. The experiment looks at children's
preference for quantity equalization over quantity comparison and is
concerned only with continuous quantities. This is done by setting up a
perceptual bias in favour of quantity comparison over quantity equalization.
This perceptual bias consists of lines, set up horizontally, dividing the larger
stimulus of the comparative pair into two parts. The area above this line is
denoted by A1; the area below this line is denoted by A2. The smaller
standard of the comparative pair is another rectangle (B). The elements of
the response set are vertical rectangles of same width, but different height
either in ascending or descending order of height. There are three
conditions: A1=B; A14; Control. The control condition is the same as the
experimental conditions with the exception that there is no line in the left-hand
element of the stimulus set. A nested design is used whereby, within each
condition, there are two types of questions and within each question there are
two modes of expression, either "more than" or "less than". The stimulus set
contains two elements. The response set contains five elements. The
elements are vertical rectangles, all with the same base line.

There is no significant difference between the three conditions.
Children perform better on Equalize-type questions than on Compare-type

questions. Children perform significantly better in the "more" mode on

Vi



Equalize-type questions. Hence, performance on Compare questions is not
affected by the part-whole manipulations which leads to the conclusion that
part-whole relationships have nothing to do with the Equalize and Compare
difference. Here, a structural hypothesis of children's difficulties with part-
whole relationships is not supported.

As part-whole manipulations do not have any effect on the Equalize
and Compare difference, Experiment 4 (Chapter 5) is then designed to look at
the effects that other types of material could have on this type of problem. It
investigates the differences between Equalize-type and Compare-type
questions in another context, that of word problems. A word problem is a
mathematical question disguised in a story. The terms "more" and "less" are
substituted by the terms: "bigger" and "smaller", "taller" and "shorter", "richer"
and "poorer". With each change in terminology, a story is narrated to the
child. Discontinuous and continuous quantity are presented. Equalize
questions are easier than Compare questions. Children perform better on
Equalize-type questions which use the term "more" and those terms related
to addition than to the term "less" and those terms related to subtraction. In
Equalize-type questions, children perform better on those which entail
discontinuous quantity than continuous quantity. These results replicate
those of Experiment 2. Finally, children's performance is better in story-telling
with continuous quantity than with discontinuous quantity. Story-telling,
however, does not have any effect on the Equalize and Compare difference,
indicating that the structural hypothesis cannot be explained in terms of this
type of manipulation.

Experiment 5 (Chapter 6) uses a different tactic to investigate the
Equalize and Compare difference. This difference is investigated by
attempting to make the Equalize problem difficult. The experiment consists of
spatial imagery manipulations which display two types of continuous graphical

information in four possible permutations of identical and/or non-identical

vii



quantity. As with Experiment 1, children perform better with questions which
ask them to equalize amounts than with those which asked them to compare
two quantities. Children also perform better with identical quantity than with
non-identical quantity. Hence, the Equalize and Compare difference applies
to both types of graphical information (same-type displays or different-type
displays). It is concluded that the results of the spatial imagery manipulation
do not support the structural hypothesis.

Experiment 6 (Chapter 7) further investigates the spatial imagery
manipulation by presenting the two types of continuous graphical information
in four possible permutations of identical and/or non-identical quantity
(Experiment 5) in different-level displays. A different-level display constitutes
the comparative and choice stimuli spatially arranged to begin at different
base levels. A same level display constitutes the comparative and choice
stimuli spatially arranged to begin at the same base level. It is thought that
the Equalize and Compare difference would be extinguished by presenting
the material on a different level, as children may be more prepared to be
flexible in spatial representation and manipulation of spatial images. Children
(6-8 years) are asked to identify which of the items of the choice stimuli is the
correct choice for the difference between the two items of the comparative
pair. There were five within-subject variables: Question Type (Equalize or
Compare), Comparative Term ("more" or "less"), Display Type (same-level or
different-level), Condition (same material or different material) and Material
(bars or lines in the comparative pair).

There is neither an Equalize and Compare difference, nor an overall
display effect. There is no difference between same-level and different-level
displays. These results indicate that the structural hypothesis is not
supported by this spatial imagery manipulation of the level of displays.
However, the fact that there is not an Equalize and Compare difference

suggests that children found Compare word problems easier to solve than in

viii



previous experiments. This is explained by the fact that the comparative pair
was not represented in the choice stimuli. Hence, the children are not able to
use the Equivalence Strategy in the Compare questions in order to arrive at
the correct solution of the problem. This supports, rather than negates, a
structural hypothesis as it seems that children are able to solve Compare
problems using a one-step process, rather than a multi-step process. They
do not have to keep in mind a representation of the initial quantity and hence
are able to solve the problem quite successfully.

In Chapter 8, a summary and integration of the experimental findings is
presented. The theoretical importance of the experimental findings is
discussed. There is a brief discussion of the implications of the present
findings for teaching and suggestions for further experiments are offered. A
major question emerges. Do children (5-8 years) use the same processes to
solve both Equalize and Compare word problems? The results in this thesis
suggest that children (5-8 years) use cognitive thought processes to solve
Equalize word problems, but not Compare word problems. Children use only
perceptual processes to solve Compare word problems. It seems that the
representational systems that young children at first use to solve Equalize
and Compare word problems are quite different. Hence, it seems that
Equalize and Compare problems may exist in two different domains as far as

young children are concerned.
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1.1 Introduction

This investigation concerns the ways in which young children (ages 5
to 8) compare quantities and how they work out the difference between them.
Although this may seem to involve a simple mathematical operation, this
thesis proposes that the processes involved are complicated and crucial to
the solving of addition and subtraction problems. Children have been shown
to have difficulty comparing quantities, and in particular, unequal quantities.
Yet, such a task is a fundamental part of mathematics.

Word problems are extensively used to test the mathematical abilities
of children. They are stories which present a mathematical problem. One
interesting empirical phenomenon concerns two types of word problems that
involve the same mathematical operation. These are known as "Compare"
and "Equalize" word problems.

"Compare" word problems engage the child in analyzing the
composition of two distinct quantities to determine if there is a difference
between these and, if so, what that difference is (i.e. 6-4=X). These problems
involve a "static” relationship between two quantities. Static relations embody
conceptual knowledge about comparisons involving sets of objects. An

example of a Compare problem is the following:

Mary has 6 books. John has 4 books.
How many more books than John does Mary have?

"Equalize" problems involve a comparison between two quantities to
discover the amount by which one of the quantities must be changed to make
it equal to the other. Thus, a quantity transformation is achieved, involving an

"action" relationship where addition or subtraction make one quantity equal to



the other (i.e. 4+X=6). Action relations embody actions that cause increases
or decreases in some quantity. An example of an Equalize problem is the

following:

Mary has 6 books. John has 4 books.
How many more books does John need,
to have as many books as Mary?

Previous studies have been carried out concerning the difficulty in
responses to Compare questions, using discontinuous quantities only (where
a discontinuous quantity is a whole made up of separate parts). This raises
the question of whether the results obtained are linked to a number-specific
context or to quantity in general. The use of continuous quantities (where a
continuous quantity is a whole), could determine whether children make use
of non-number-specific factors when solving word problems which require
comparisons of two unequal quantities.

This investigation examines word problems using discontinuous
quantities, as well as continuous quantities. It sets out to explore whether the
patterns that are picked up on Compare word problems with discontinuous
quantities are the same or different in Compare word problems with
continuous quantities, and in Equalize problems with both discontinuous and
continuous quantities. The difference between Equalize and Compare word
problems using both discontinuous and continuous quantities is examined in
order to find out whether there is a difference between the two, and if there is,
whether this difference is specific to number. If there is a difference between
Equalize and Compare word problems, and it is non-number-specific, then
children's difficulty with quantitative comparisons is more fundamental.

On the one hand, Briars and Larkin (1984) conclude that the difference
of word problems involve children's basic understanding of numerical

concepts and a number-specific comparison. This hypothesis, however, does



not clarify why children are dependent on counting and on using that
understanding of numbers in word problems, nor whether any difficulty
encountered in word problem solving is specific to counting and number.

On the other hand, Riley, Greeno, and Heller (1983) hypothesized that
children attempting to solve word problems requiring the comparing of
quantities make use of a non-number specific process in reaching a solution.
Hudson (1983) hypothesized the same for children attempting to solve
Compare word problems. Riley, Greeno, and Heller's hypothesis concludes
that children's differences in word problem solving are due to a
misrepresentation of the word problem structure. Hudson's hypothesis
concludes that children's difficulty with Compare word problems is due to a
misinterpretation or inadequate comprehension of the comparative
construction, thus linking his conclusion to a general linguistic factor.
However, Riley, Greeno, and Heller's, as well as Hudson's, experimental
results are limited to discontinuous quantities and the implications for non-
number-specific factors lack concrete evidence.

In this chapter, a review of the literature on children's understanding of
quantity in general will be presented. This is important as in order to know
about comparing quantities, one has to know about the estimation of single
quantities. Further on in this chapter, a review of the literature on children's
understanding of quantitative comparisons within word problems, particularly

that on Equalize and Compare word problems, will be discussed.

1.2 One-to-One Correspondence

Much research has been done on children's understanding of
"quantity”, which has yielded the conclusion that children as young as 3-
years-old are capable of realizing that two quantities are unequal

(Bryant,1972; Gelman,1982; Fuson,1988; Desforges and Desforges,1980).



Fundamental to addition and subtraction is the determination of which
quantity is the "greater", and which the "lesser", of the two.

Children may use a variety of strategies to compare two or more sets
of items. Some may be perceptual, such as comparing the lengths of two
rows or comparing the relative density of the objects in distinct sets. Such
strategies at times result in correct deductions; at other times, they can be
misleading. More reliable strategies include establishing one-to-one
correspondence between the objects in the different sets or counting these
and later comparing them by means of addition or subtraction.

One-to-one correspondence is one of the more reliable methods that
children may use in finding the difference between quantities. The method
involves matching each object in one set with a counterpart in another set,
and then determining how many objects remain after all matched objects
have been cancelled. Two sets are equivalent in number when there is
reciprocal correspondence between the objects in one set and the objects in
the other. Two sets are not numerically equivalent when after cancelling out
all objects in one set there is a remainder of objects not cancelled out in the
other set.

For example, one-to-one correspondence of the objects in Figure 1
shows that row B is more numerous than row A. After matching and
cancelling all objects in row A with those in row B, two objects are left over in
row B. Therefore, B is the row with the greater number of objects and there is

a difference of two between the rows.

A | 1 1) 1 1 1
B O 00 0 O0OOUO O
Figure 1.  lllustrating one-to-one correspondence.



The understanding of this principle is essential to the understanding of
numerical concepts, as no real understanding of the cardinal properties of
numbers can exist without an understanding of the one-to-one
correspondence principle.

One-to-one correspondence can involve spatial or temporal tasks.
Spatial one-to-one correspondence involves making a quantitative
comparison between two sets of objects laid out alongside each other.
Temporal one-to-one correspondence involves the distribution of items into
two or more sets. Most of the research carried out on children's
understanding of one-to-one correspondence has focused on spatial tasks.
Experimenters have concluded that children performing spatial one-to-one
correspondence tasks are easily misled by perceptual notions such as length
or density. This type of task has been found to be very difficult for children
under seven. Evidence suggests that children have a better understanding of
temporal one-to-one correspondence than of spatial one-to-one
correspondence, at a very early age. Sharing behaviour, a type of temporal
one-to-one correspondence, has been observed as early as 3 1/2-years of

age (Desforges and Desforges,1980).

1.2.1 Spatial One-to-One Correspondence

Piaget and Szeminska (1952) were interested in determining the age
at which children are able to use one-to-one correspondence successfully.
Testing children of two different age groups: 4- to 5-years-old and 5- to 6-
years-old, he instructed each child to construct a row made up of sweets
identical to a model row previously constructed.

Children aged 4 to 5 typically proceeded by placing two sweets
opposite each other, across from the sweets at the ends of the model row,

and then filling in the gap with sweets without regard for correspondence to



sweets in the model row. This resulted in a row of the same length as the
model row, but usually not containing the same number of sweets. The 5- to
6-year-olds, on the other hand, proceeded to make each row equal in both
length and number of sweets to the model row. However, when Piaget
proceeded to lengthen one row of sweets without actually changing the
number of sweets, children of both age-groups claimed that the rows were no
longer equal, and that the longer row had more sweets than the shorter row.
The children adhered to their claim, regardiess of whether they counted the
sweets or not.

Piaget concluded that children under the age of roughly 8 cannot use
one-to-one correspondence, but that children over the age of 8 can. He
further postulated that even though the oider children may make use of one-
to-one correspondence they may not fully comprehend numerical concepts.
Hence, he argued, a child may perform one-to-one correspondence and not
necessarily understand what this represents mathematically.

Piaget and Szeminska (1952) and Gréco (1962) argued that children
initially learn to count by rote; they merely parrot words without understanding
their significance nor their purpose.

Gréco (1962) differentiated between,

"quotité” (=counting by rote)

VS.

"quantité" (=counting with understanding).

He postulated that 5- to 6-year-old children who do not understand one-to-
one correspondence, and say, for example, that a longer row has more, even
though they may be counting, do so because they understand numbers in a
"quotité" fashion, and not in a "quantité" fashion. According to Gréco,
children do not understand what a number really means. Despite the fact that
children may be very good at counting, this does not mean that they

understand numerical concepts.



It may indeed be the case that children over the age of 5 do not
understand one-to-one correspondence. However, it may also be the case
that these children are simply using a wrong cue. In the above-mentioned
Piagetian task, length may be argued to be a conflicting perceptual cue and
one which should not be used as the basis for judgement of children's
understanding of one-to-one correspondence.

So, there was a need for studies where length would not be a
conflicting cue. Further studies were conducted by Bryant (1972), who
opposed Piaget's conclusions, and argued that children under the age of 5
can use one-to-one correspondence. Bryant affirms that these children
simply do not realize that one-to-one correspondence is a more reliable
strategy than length comparison. He presented 3- to 6-year-old children with
various displays, each one containing two rows of counters (see Figure 2),
and asked each child which row contained more. It is significant to note that
all rows were composed of a large number of counters (some contained 19
and 20) so that young children could not easily solve the problem by

counting.
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Examples of displays usedvby Bryant (1972) to assess

understanding of one-to-one correspondence.

Figure 2.



The A displays were arranged in such a way that one-to-one
correspondence between the counters was obvious. The B and C displays
were arranged so that one-to-one correspondence between the counters was
not obvious. In the B displays, length was a misleading cue, and in the C
displays neither length nor one-to-one correspondence was an obvious cue.

Children as young as 3-years-old, were consistently correct in judging
the A displays; consistently incorrect in judging the B displays; and performed
at chance level in judging the C displays. These results indicate that very
young children can use one-to-one correspondence in judging relative
numerosity, but they are also easily misled by length cues. The experiment
supports the argument that young children's difficulties with quantitative
comparisons stem from a distrust of one-to-one correspondence when
conflicting perceptual cues are available. |t seems to undermine Piaget's
hypothesis that children under 5 are inherently unable to use one-to-one
correspondence.

Bryant (1972) agrees that preschool children are easily misled by
length cues and that length is indeed a conflicting perceptual cue. However,
the length cue negates the one-to-one correspondence cue in Bryant's task in
the presence of another perceptual cue, that of density. It may have been
possible for children to understand both the one-to-one correspondence and
length cues, in the presence of this other perceptual cue: density.

Another study, assessing young children's ability to use one-to-one
correspondence when conflicting perceptual cues are present, was carried
out by Brainerd (1973).

Brainerd presented six displays to children (ages 5 to 7), each one
consisting of two rows of counters. Each display was in one of three
modalities: lengths equal-number unequal; lengths unequal-number unequal;
and lengths unequal-number equal (see Figure 3). The children were asked

to judge the relative numerosity of each row in the display without counting.
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Most of the kindergarten children (ages 5 to 6) and many of the first-
grade children (ages 6 to 7) were unable to perform the task at all. Slightly
under a third of the kindergarten children and slightly under half of the first
graders were able to respond correctly to "lengths equal-number unequal
displays and to "lengths unequal-number unequal” displays. However, very

few of these responded correctly to the "lengths unequal-number equal”

displays.
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Figure3. Examples of displays used by Brainerd (1973) to assess
understanding of one-to-one correspondence.

These results lend support to Bryant's conclusion that young children
(ages 5 to 7) tend to rely heavily on perceptual cues when comparing
quantities, as was demonstrated by the majority of the children, regardiess of

age, being deceived by the lengths unequal-numbers equal display. The fact
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that more than two-thirds of the children (ages 5 to 6) and more than half of
the children (ages 6 to 7) were not able to solve the lengths equal-numbers
unequal and lengths unequal-numbers unequal displays suggests that
children are not able to use one-to-one correspondence at an early
developmental stage, as Piaget had concluded, and seems to imply that the
acquisition and understanding of this method is directly correlated with
increasing age.

However, Cowan (1987) argued that most children fail Brainerd's
(1973) one-to-one correspondence tasks because they fail to pair counters in
the two rows correctly, not because they are unable to use one-to-one
correspondence, as Brainerd concluded. Cowan proposed that the problem
in previous research was that length and density were compounded. He
proceeded to attribute Bryant's (1972) results (where children as young as 3
correctly judged quantities in perceptual correspondence displays) to
children's use of relative density, rather than to children's use of one-to-one
correspondence.

He noted that if the children's main difficulty in solving such tasks lay in
their executing a pairing strategy, then their performance should be greatly
improved by providing pairing cues. On the other hand, if the children were
not able to perform a one-to-one correspondence task, then providing pairing
cues should not alter their performance.

To test his argument, Cowan presented 5-year-old and 7-year-old
children with the Brainerd displays, both in the original form and in a modified
form where guidelines were added to make pairing easier (see Figure 4).
Cowan's results duplicated those of Brainerd when the former made use of
Brainerd's displays in their unaltered form. However, when he used modified
displays, which provided pairing cues, the performance of the 7-year-olds

significantly improved; the performance of the 5-year-olds, however, did not.
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Figure4. Examples of Cowan's (1987) modified Brainerd displays,
with connecting guidelines.

These results indicate that children's difficulties with pairing items
correctly are a contributing factor to children's performance on one-to-one
correspondence tasks. In explaining the poor performance of the 5-year-olds
as compared with that of the 7-year-olds, Cowan concluded that younger
children, who are not helped by the pairing cues, rely on perceptual cues
such as length or density to determine quantity because they are unable to
use one-to-one correspondence. Older children, he argued, whose
performance is significantly improved by providing pairing cues, may make

use of these aids without fully comprehending why they work.
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Cowan has concluded that older children do not understand one-to-
one correspondence, despite the fact that they exhibit successful use of the
strategy in his task. Guidelines, seem to have worked as compatible
perceptual aids for the older children. It may be possible that they worked as
conflicting perceptual cues for the younger children, hence their inability to
use the one-to-one correspondence strategy to compare quantities
successfully.

Gelman (1982), from a rather different point of view, was interested in
assessing how the one-to-one correspondence principle could be made clear
to preschoolers (3- and 4-year-olds) who understood numerical principles, as
they demonstrated an ability to use a counting strategy, but could not
conserve. She showed the children pairs of rows of objects in one-to-one
correspondence that represented either equal or unequal quantities. A child
was asked to count one of the rows and state its cardinal value. The child
was next asked to count the other row and state its cardinal value. The child
was finally asked if both rows had the same number. This final question
dealing with equivalent judgments was not asked until the former two
questions dealing with cardinality had been answered. This was done
intentionally so as to demonstrate one-to-one correspondence in the
definition of cardinal number by pointing out and making explicit the fact that
displays which are (or are not) perceptual in one-to-one correspondence yield
the same (or different) specific cardinal values when counted. The training
included small set sizes of three to four items so that the young children could
count them. The post-tests included large set sizes beyond the range of
young children's counting capabilities.

Gelman's 3- and 4-year-old children were able to conserve on both
small set sizes (four and five items) and on large set sizes (eight and ten
items), after having been trained with the small set sizes. The training was

done so as to make sure the children were able to count the items and come
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up with the cardinal value. Since children of this age cannot accurately count
sets containing more than four or five items, it was assumed that they used
one-to-one correspondence in conserving the larger set sizes. Hence,
according to Gelman, preschool children do use one-to-one correspondence
when making judgments about equivalence. |

Gelman's criterion for assessing a child's understanding of one-to-one
correspondence is based on the child's ability to count. As long as the child
assigns a unique count tag to each and every object in an array, the child is
considered, according to Gelman, to exhibit an understanding of the one-to-
one correspondence principle. This is regardless of the fact that the child
may not recognize the equivalence relation between the number of count tags
and the number of items in a display, as only one of these sets can visibly be
seen; the other is represented in the mind of the child. Gelman concludes, on
the basis of her above-mentioned results, that preschool children have an
implicit knowledge of one-to-one correspondence when beginning to count,
but one cannot assume that this implicit knowledge is readily accessible. Her
results weakly substantiate her deduction that preschool children possess an

implicit numerical and quantitative understanding.

1.2.2 Temporal One-to-One Corr ndence

Temporal one-to-one correspondence involves the distribution of items
into two or more sets. Thus, the study of sharing behaviour is one example of
a temporal one-to-one correspondence task, which can provide important
insight into children's understanding of numerical equality and one-to-one
correspondence. It is also another way of showing how children arrive at
comparing quantities. Unlike, spatial one-to-one correspondence, temporal

one-to-one correspondence does not have the underlying limitations of
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conflicting perceptual cues, such as length and density. The temporal version
of one-to-one correspondence is fundamental to children's understanding of
quantitative comparisons.

Desforges and Desforges (1980) looked at age differences in young
children's (ages 3 1/2-6 1/2) sharing behaviour of equal and unequal
quantities and at the relationship between set size and sharing errors. They
also looked at children's sharing strategies for coping with remainders. In
view of the findings that children perform better on number conservation tasks
when set sizes are small (Gelman,1982), Desforges and Desforges varied the
set sizes in this task to observe number-based strategies in sharing.

The experimenters asked children to share 5,6,9,10,11,15,20, and 30
"Polo" mints fairly between 2,3, and 5 dolls. Three different strategies were
observed. Strategy A involved distributing the given mints one by one
between the dolls until the set of mints was finished. Strategy B involved an
attempt to divide the whole set into equal portions and allot one portion to
each doll. Strategy C involved distributing the mints to the dolls in small
groups of two or three rather than one at a time (e.g. "two for this doll, two for
that doll", etc.). Each of these strategies could be coded into two variants.
Type 1 involved no apparent attempt to check or count as the sharing took
place; children simply dealt the objects and apparently assumed that the
dealing would lead to a fair solution. Type 2 involved the same manoeuvre
as Type 1 but the process was accompanied by careful checking and
counting with an overt reference to number (e.g. “one for you, one for you,
and one for you" or "this doll has two, she has two, she needs two").

Children used a non-counting/non-checking strategy when they divided
the whole set of mints into equal portions and allotted one portion to each
doll. Hence, these results paired Type 1 and Strategy B. This strategy was

generally used by the younger children in the group. As children grew older,
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they were less likely to use Type 1 (non-counting/non-checking) strategies
and more likely to use Type 2 (numerical checking) strategies.

Use of Strategy C decreased significantly with age. Use of Strategy A,
however, increased significantly with age. Desforges and Desforges kept
records of the children's correct and incorrect answers including the way that
the children dealt with remainders. The experimenters labelled a solution as
correct if each doll received its proper share of the mints, or if, when a
remainder was present, it was dealt with in some numerically appropriate
way.

As the children's age increased, the tendency to remove the excess
mints in order to equalize shares also increased. This behaviour was
observed almost exclusively in the 5 1/2- to 6 1/2-year-olds. The youngest
group of children (age 3 1/2- to 4 1/2) usually either asked for more mints to
complete the share and make it even, or simply ignored the remainder and
shared the mints without regard for equality.

These results seem to suggest that children by the age of 5 1/2 are
quite competent at performing a task involving temporal one-to-one
correspondence, and are certainly more successful than many researchers
had found them to be at tasks involving spatial one-to-one correspondence
(Piaget and Szeminska,1952; Brainerd,1973; Cowan,1987).

Three problems can be pinpointed in Desforges and Desforges'
sharing experiment. (1) The negative results produced by the 3 1/2-year-old
children may have been due to the fact that the procedure had too many trials
(24: 8 set sizes x 3 divisors) and was too long. (2) Methodologically
speaking, there may also be other ways of breaking up children's sharing.
Perhaps other variants, other than Type 1 and Type 2 could have been
considered. (3) A contestable point in their experiment concerns children's
lack of sharing when failing to demonstrate appropriate distribution of mints

among three dolls. They would distribute the mints in a random way, such as
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"middle-1-1", instead of in a "1-1-1" way. These children demonstrated some
confusion and probably lacked appropriate sharing skills. Desforges and
Desforges provided no analyses for these observations.

It is possible, however, that the use of sharing as an indicator of
children's understanding of one-to-one correspondence may lead to an
overestimate of their understanding of this principle. Children may be able to
use one-to-one correspondence when sharing, without necessarily
understanding the quantitative significance of what they are doing. The one-
to-one sharing procedure may simply have been learned by rote as a
procedure that "works". If such is the case, then children should not be able
to compare quantities effectively at an early developmental stage; nor should
they do well in solving word problems which require such an ability.

To find out whether children do understand the quantitative
significance of their use of one-to-one correspondence in sharing, Frydman
and Bryant (1988) addressed the following questions:

(1)  If objects have been shared equally between two people, and if
children know how many items have been given to one person, will they know
how many items have been given to the other?

(2)  Can children adjust their sharing procedures when quantities have to
be shared by, for example, giving single units to one person but pairs to
another? In this case, the use of a "one for him, one for her" sharing
procedure will not work because the second person would end up with twice
as much as the first. Thus, if children have simply learned the one-to-one
sharing procedure by rote, they will not be able to succeed in this task.

Frydman and Bryant designed a series of experiments aimed at
assessing children's abilities to share and to make inferences about numbers
on the basis of sharing. They asked 4-year-olds to share a set of 12 or 24

blocks amongst 2,3, or 4 dolls.
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On 76% of the trials, the children performed in accordance with the
one-to-one principle by distributing the blocks, one to each doll, until all
blocks were distributed. The remaining 24% of responses comprised a
variety of errors. The most common error was assigning a different number
of blocks to the dolls at each turn. Another error was dividing the whole set of
blocks into different piles at the start of the experiment, without reference to
number. These errors involve a failure of temporal one-to-one
correspondence, equivalent to placing the blocks of each pile on top of one
another and using height to make them equal.

The 4-year-old children were, on the whole, able to share successfully
on a one-to-one basis. On the other hand, the answer to the above question
(1) appears to be negative: children, even after sharing sweets equally
between two dolls and being told how many sweets had been given to one
doll, were unable to state how many sweets had been given to the other doll.
All of the children attempted to count the second doll's sweets, and when the
sweets were hidden to prevent counting, only 10 out of 24 children gave the
right answer. It can be concluded from these results that preschool children
share by rote and do not understand the numerical significance of these
repetitive actions.

However, Frydman and Bryant pointed out that children may know that
sets that are shared on a one-to-one correspondence basis are equal (in
other words, may understand the quantitative significance of sharing), but
may not be able to express this knowledge in terms of numbers. They
therefore carried out a second experiment on the sharing behaviour of 4- and
5-year-old children, in an attempt to answer the above-posed question (2).
Here they varied the actual quantities that had to be shared out to two
different recipients. Children were asked to distribute "pieces of chocolate" to
dolls. These pieces of chocolate were blocks that a child could take apart to

distribute in one unit singles or assemble into larger blocks of 2 or 3 units
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stuck together. The children used four different strategies to complete the
tasks of giving each doll a portion of the chocolate to be shared.

Strategy 1 consisted of randomly giving some blocks to one doll and
some to the other, regardless of the numerical difference between the two
dolls' portions and with no serious attempt to check how many units had been
given to each doll. |

Strategy 2 consisted of giving a certain number of blocks first to one
doll and then to the second doll, after the number of portions to be given to
each doll had been counted. The amount of units given to each doll was not
verified.

Strategy 3 involved a simple quantity-based one-to-one
correspondence. The blocks were distributed on a one-to-one basis, but all
blocks were considered the same regardless of the number of units it had.
Each doll was given one block at a time but no attention was paid to the
difference between singles, doubles, or triples.

Strategy 4 (the correct strategy) involved a number-based one-to-one
correspondence. Each time one doll was given a double or a triple block, the
other one was given 2 or 3 single blocks, respectively. Alternatively, the child
could first assemble the singles into doubles or triples and then carry on a
simple one-to-one distribution.

Most of the children used strategy 3 for at least the first set of the two
sets of trials. After the instructions were restated, two of the 24 children
changed to using Strategy 4, the number-based one-to-one correspondence
strategy, and performed correctly. Another child did the same, but only for
the second trial. Two children adopted Strategy 2, the one involving counting,
which helped them for one trial, but then they got lost at one stage of the
counting process in the other trial and hence failed to distribute equivalent
portions to the dolls. However, the great majority of these 4- and 5-year-old

children persisted with the strategy with which they began.
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The children, according to Frydman and Bryant, were finding it difficult
to relate the outcome of Strategy 3, the one-to-one sharing strategy, to the
outcome of Strategy 2, based on counting, which served to verify Strategy 3.
Hence, the children found it very difficult to use their numerical knowledge in
this type of task. Frydman and Bryant also concluded that these children did
not have a good grasp of the sharing principle or of temporal one-to-one
correspondence in general as they persisted in using the simple one-to-one
sharing procedure throughout the experiment, as though by rote. Apparently,
even though 4-year-olds share quite well, they do not have a strong grasp on
the numerical or quantitative rationale of what they are doing. They fail to
realize that distributing an equal number of blocks to each doll will not
automatically result in both dolls getting equal portions. These children
considered the one-to-one allocation of blocks to be the key factor in
achieving equal portions, rather than considering the number of units that had
actually been allocated.

The 5-year-olds performed much better than the 4-year-olds. Most
used Strategy 4, the number-based one-to-one correspondence strategy,
immediately. Those who did not, and who began to share the sets on the
basis of Strategy 3 (disregarding the number of units making up a block),
switched without hesitation to Strategy 4, the appropriate pattern, as soon as
the mistake was pointed out by the experimenter.

Frydman and Bryant concluded that the understanding of the rationale
behind sharing and the principle of one-to-one correspondence does indeed
develop by around the age of 5. However, since most English children by the
age of 5 have undergone some form of formal teaching, it is possible that this
development is due to schooling.

Frydman and Bryant showed that children share well and way above
chance with different set sizes between two to three recipients. However, the

same underlying limitation that children may be adopting a procedure without
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understanding could apply. The issue of whether children really understand
the quantitative aspect of sharing remains.

Frydman and Bryant then decided to investigate whether 4-year-olds,
whose results would not be confounded by schooling, could be helped to
incorporate number into sharing. For this purpose, they designed an
experiment in which 28 children were asked to sharevcolour-cued blocks,
each made up of one, two or three units. Numerosity was represented by
colour: singles were one colour, doubles were another, and triples were of yet
another colour.

The children were given a pre-test in a first session and a training and
post-test in the second session. In the pre- and post-tests, the children had
to deal out single block portions to one recipient and doubles or triples to the
other. The blocks were red in colour.

In the training group, the blocks came in two different colours with
different arrangements and therefore the significance varied between two
groups. In the Experimental Group, the sets of single blocks included an
equal number of blue and yellow blocks; the doubles were all made up of one
blue block and one yellow block; and the triples had one blue block between
the yellows or one yellow block between two blues. In the Control Group, the
singles were the same as for the Experimental Group, but the doubles and
triples were made up entirely of blue blocks or of yellow blocks.

The majority of the children in the Control Group displayed a quantity-
based one-to-one correspondence strategy and only four out of 28 displayed
a number-based one-to-one correspondence strategy. Two children
unsuccessfully attempted to use counting in order to equalize the portion
shared. The remaining four children distributed the sets without any obvious
attempt at equality. In the Experimental Group, the colour cue led to a
significant improvement in the performance of about seven of the children

who had not done well in the task without the colour cue.



Frydman and Bryant concluded that the improvement of the children
who had formerly not done well without the colour cues shows that the colour
cues led them to take numerosity into account. They further concluded that
pre-school children can share discontinuous material accurately, as long as
the objects shared are all of the same number of units. However, the
children's notion of the numerical significance of sharing is not well developed
at this stage, as they were not able to share accurately when they had to deal
out blocks of varying units. The 5-year-olds, on the other hand, were able to
successfully incorporate numerical information into temporal one-to-one
correspondence, thus demonstrating an understanding of quantity.

It is important to note the developmental change that transpires in
children between the ages of 4 and 5. Frydman and Bryant suggest several
possible alternative explanations for the 4-year-olds' difficulties with the task.

It could be, they postulate, that 4-year-olds' sharing is a rote
procedure, learned by imitating others without any real understanding of how
it works. Children know that the procedure involves "one for you, one for
me", but they believe that the crucial factor is the successive allocation of
objects to each recipient, without regard for the amounts of the objects being
allocated.

A second explanation is that 4-year-olds initially do not realize that
there are differences in the amounts of the objects being shared, but when
they do they adjust their sharing procedure accordingly. The percentage of
children who abandoned the one-to-one strategy when colour cues were
used is so striking as to suggest that children do not always blindly follow the
"one for you, one for me" routine.

Furthermore, it could also be that the children's basic understanding of
one-to-one correspondence is more heavily influenced by perceptual than by

numerical cues. The children know that there has to be a one-to-one match
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when the quantities are shared, but their matching is guided by perceptual
notions.

However, children do share. Five-year-old children share very well
and have an understanding of temporal one-to-one correspondence; 4-year-
olds share too, and can, in some cases, learn to incorporate numerical

information into their behaviour when they share.

1.2.3 Conclusions about One-to-One Correspondence
Though it was previously suggested (Piaget and Szeminska,1952;

Brainerd,1973; Cowan,1987) that children are not able to use one-to-one
correspondence successfully, Bryant (1972) and Gelman (1982), claimed that
children can successfully perform one-to-one correspondence, particularly
when it is presented in temporal tasks (Desforges and Desforges,1980;
Frydman and Bryant,1988). This suggests that children have a functional
understanding of the numerical significance of one-to-one correspondence
and therefore, of one of the basic rules of number. They are then able to
implement one-to-one correspondence as a means of comparing two unequal

quantities and finding the difference between them.

1.3 Counting

Counting is another method that children can use to compare
numerical quantities. A child presented with two rows of objects can count
the objects in each row and conclude that one row is more numerous than the
other simply because it contains more objects than the other row.

Apart from its relevance to the comparison of two quantities, the
understanding of counting would seem to be essential to a general

understanding of numerical concepts. There is, however, considerable
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controversy as to the extent to which children who perform the action of
counting actually understand what counting means.

Counting works in a different way than does one-to-one
correspondence. Like one-to-one correspondence, it is an important means
for quantitative comparison. Unlike one-to-one correspondence, it is not a
relative strategy whereby a direct comparison of two quantities can
perceptually be made. Instead, it works as a measure whereby a child counts
to arrive at the absolute amounts of the two quantities to be compared.
Quantitative comparison may then be achieved by comparing the absolute

numbers obtained via counting.

1.3.1 Children th nt: Their Understanding of lute Amoun

It is essential to this investigation to review the evidence determining
whether children do understand that successful counting can aid them at
arriving at the absolute number of a quantity. It is also essential to review any
further evidence of whether children understand that arriving at the absolute
number of a quantity can help them to compare two unequal quantities and to
work out the difference between them.

Gelman and Gallistel (1978) considered that counting in preschool
children was important both in reflecting and in stimulating their
understanding of numerical concepts. They affirm that children can count at
the early age of two, argue that preschoolers do not totally lack appreciation
of number invariance, and stress that children are not as ignorant of counting
procedures as had been commonly thought.

Gelman and Gallistel analyzed children's counting processes and their
understanding of absolute number. They concluded that children by the ages
of 3 and 4 have some understanding of what they termed the four basic

"how-to-count" principles, which are necessary to their understanding of
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absolute number. The gne-to-one principle stresses that children tag each
object in a set just once; each item is given a number, or is counted, only one
time. The stable-order principle indicates that numbers have to be produced
always in the same order; it is always 1-2-3-4, and not 1-2-6-4 and later 1-2-
7-8. The cardinal principle is the knowledge that after counting the objects in
a set, the final number produced represents the number of objects in that set.
Finally, the grder-irrelevance principle states that the order in which the
objects in a given set are counted does not affect the outcome of the counting
process itself.

In their experiment, Gelman and Gallistel told 2-, 3-, and 4-year-old
children to count single sets of objects ranging in number from 2 to 19.
Nearly all the children, regardless of age, counted the small set sizes
correctly. However, increases in set size resulted in an increase in overt
counting and a tendency to err more frequently. The experimenters
concluded that children understand the first three basic "how-to-count”
principles of one-to-one, stable-order, and cardinality. In simpler terms,
Gelman and Gallistel affirm that children understand what they are doing
when they count.

However, it is not clear whether children have acquired a procedure
which they do not understand, which is Piaget's view, or whether they do
understand the principle of counting.

In another study, Gelman and Gallistel tested children's understanding
of the order-irrelevance principle. Children (ages 3, 4, and 5) were asked to
count objects in an unusual sequence. For example, the children were told to
count the third object as 1, or the fourth object as 2, etc. Almost all of the 3-
and 4-year-olds failed at this task; the 5-year-olds, on the other hand,
performed successfully. Gelman and Gallistel concluded that children by the
age of 5 understand the principle of order-irrelevance. The experiment,

however, fails to support this conclusion. The results indicate that the 5-year-
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olds are capable of successfully completing order-irrelevance tasks, not that
they understand the principle of order-irrelevance.

Gelman and Meck (1983) sought an answer to why young children
seem more successful at using counting principles, such as the order-
irrelevance principle, when dealing with small numbers than when dealing
with large numbers. They sought to explain whether children’s mistakes with
large set sizes were due to a conceptual difference or to carelessness. They
suggested that this may be due to children having production difficulties in
counting large quantities, even though they understand the basic "how-to-
count” principles. ' The experimenters attempted to remove production
difficulties by asking 3- and 4-year-old children not to count themselves, but
rather to evaluate the counting of puppets, which sometimes conformed to all
the counting principles, and sometimes violated one or more of them. The
puppets counted sets containing 5 or 7 objects. The children were asked to
judge if the puppets had counted correctly or not. An incorrect form of
counting would have the puppet skipping over an object or double-counting
an object. A second type of error - a pseudoerror - would have the puppet
begin counting from the middle of the row of objects, for example, or skip an
item in the middle of the row and at the end return to count it last.

Children's performance when they judged the counting performance of
puppets was not affected by the size of the sets as it was when they did the
counting themselves. They were actually very good at judging the counting
performance of puppets. Gelman and Meck concluded that children's
knowledge of the counting principles of one-to-one and cardinality may be
underestimated as a result of their production difficulties and carelessness
with large sets. They believe that children have an understanding of the
counting principles at the moment they begin to count, and increasing age

merely hones their skill at using these principles.
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However, their experiment does not lend support to this theory as the
children might have known the correct procedure and, therefore, have been
able to decide when the puppet had counted incorrectly, without
understanding the underlying principles. The design of the experiment was
not such as to prove the children's understanding of these principles. If
cardinality would have been assessed in its true meaning, and not in the
Gelman and Meck sense, perhaps children would have used counting as an
appropriate measure of quantitative comparison.

On the other hand, Schaeffer, Eggleston, and Scott (1974) found that
3- and 4-year-olds ‘gave evidence of not comprehending the cardinal rule
when counting an array containing more than 5 objects. Although the
children could recite the numbers as they counted the objects, when asked
for the total number of objects in the array, they often reported a number
other than the final number in their count sequence. The experimenters
concluded that the last number recited did not represent for the children the
cardinal value of the array, and hence, the children had no understanding of
cardinality.

Also assessing children's understanding of the basic counting
principles, Baroody (1984d) argued that Gelman and Gallistel's test of the
order-irrelevance principle (which states that the order in which the objects in
a given set are counted does not affect the outcome of the counting itself) did
not measure what it was intended to measure. On the one hand, children
might understand the order-irrelevance principle but fail at the task of making
the same object the "one", the "two", etc., because this rather unusual
procedure is bewildering to them. On the other hand, children might be able
to change the order in which they count, without realizing that this is irrelevant
to the number obtained.

Baroody presented preschool children (ages 5 and 6) with a row of 8

objects, which they counted from left to right. After being asked, "How many

28



are there?", the children were repeated the number obtained in the counting
sequence, "We got N counting this way" (i.e. where N is the number of
objects counted), then asked how many items there would be if they counted
in the other direction (from right to left). Most of the 5-year-old children, 55%,
did not respond with the same number. However, most of the 6-year-old
children, 87%, completed the task successfully. Baroody concluded that the
younger children did not understand the order-irrelevance principle.

Gelman, Meck, and Merkin (1986) argued that the mere fact that the
children in Baroody's experiment were asked the "how many are there”
question twice, might have given the children the idea that they were
expected to respond differently on the second occasion. So as to eliminate
this possibly confounding factor, Gelman, Meck, and Merkin designed an
experiment in which 4-year-old children were given a task similar to
Baroody's, and added two conditions. Children were asked, in one condition,
to count left to right 3 times (rather than just once). In the other, more crucial,
condition, children were asked how much they would get counting the other
way. The children performed significantly better under these latter conditions,
than under Baroody's. More children responded with the correct number.

Gelman, Meck, and Merkin concluded that preschoolers do understand
the order-irrelevance principle, and that Baroody's design biases the children
towards changing their answer. On the other hand, it is possible that the
children were successful in Gelman, Meck, and Merkin's study because they
had just counted up to a particular number, which they proceeded to reiterate
in response to the experimenters' question, and not because they really
understood the order-irrelevance principle.

The importance of counting and the "how-to-count" principles rests on
the concept of absolute number. However, a child may know how to use

counting to come up with an absolute number, but may not know how to
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make further use of it as an intervening measure for comparing two sets of

unequal quantities.

1.3.2 Children' f ntin mpar ntiti

If children know how-to-count, and if they understand the basic
principle of cardinality, then they should use this knoWledge and skill to
compare two or more sets of objects. However, counting is one aspect in the
numerical domain; knowing how to use counting to make a comparison is
another aspect in the numerical domain. One aspect does not guarantee the
other.

Michie (1984) addressed the problem of why preschool children, even
though they can count, frequently do not use counting to compare quantities.
She was patrticularly interested in finding out if children's judgments would be
influenced by counting, even if other cues to number, such as length and
density, were present.

Michie investigated 3- and 4-year-old children's judgments concerning
which of the two arrays contained more items. She asked them to make the
comparison under different conditions. The use of perceptual cues of length
and density was assessed by means of comparing arrays in which they
conflicted (and therefore provided contradictory information) with arrays in
which they did not conflict. The understanding and use of counting were
examined by comparing the accuracy of children's judgments when children
were and were not asked to count the arrays, as previous pilot studies had
shown that preschool children generally do not count unless asked to do so.
Finally, the use of the third potential source of information about numerosity,
subitizing (i.e. the abstraction of the actual number of items in a display by

directly perceiving the numbers), was investigated by comparing judgments of
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small numbers within the children's subitizing range with judgments of

numbers too large to subitize.
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Figure5. Examples of Michle's (1984) simple arrays for assessing
children's use of spontaneous counting.

Results indicated that both 3- and 4-year-olds were more accurate on
non-conflict than on conflict arrays. Greater accuracy was also found with
small numbers than with large numbers. The great majority of the errors was
due to children saying that the longer row had more, when in fact, it had less

than or an equal number of items as the shorter row. The 3-year-olds made
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463 length errors and only 50 density errors and the 4-year-olds made 307
length errors and only 37 density errors from a total of 1080 trials.

From these results, Michie concluded that preschool children used
information obtained through counting and subitizing small numbers, though
they preferred length cues, when making relative number judgments. Length
appears to be only one of the many cues by which children judge numbers.
This conclusion contrasts with previous conclusions that children base their
number judgments exclusively on length (Piaget and Szerpinska,1952;
Brainerd,1973). Furthermore, Michie found that children did not count
spontaneously in her task.

Michie did not discuss the fact that in her experiment, the two arrays were
presented simultaneously. It has previously been suggested (Wilkening,
Levin, and Druyan, 1987) that children may be more prepared to count with a
successive presentation rather than with a simultaneous presentation.

Michie suggests possible reasons for children's infrequent use of
counting. This accounts for their infrequent use of counting in comparing two
unequal quantities. She considers that it may be due to a lack of knowledge
about the value of counting as a cue to number, rather than to a lack of
understanding of what counting really means. In simpler terms, Michie states
that children may know that counting provides numerical information, but may
not realize just how reliable this information is in working out the difference
between two quantities, especially when compared with information from
other sources.

If children simply fail to count spontaneously in such spatial tasks, but
are capable, once instructed, of using the numerical information thus obtained
appropriately, then one would expect that when children count the items in
two arrays that are to be compared, their judgments of "which is more" shouid

be correct.
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Fuson, Secada, and Hall (1983) investigated children’s ability to use
one-to-one correspondence in making equivalence judgments in Piagetian
conservation of number tasks, and the extent to which they use these
techniques spontaneously. The use of matching to establish one-to-one
correspondence (and hence numerical equivalence) between objects in two
arrays can be very effective. Fuson et al. (1983) cited Brainerd (1973), who
suggested that children rarely use matching to establish one-to-one
correspondence, and that, when they do use it, they use it ineffectively.
Brainerd, however, did not address the question of whether young children
are able to use the correspondence information derived from matching to
make equivalence judgments in comparing two unequal quantities.
Therefore, Fuson et al. claim that Brainerd's study did not provide sufficiently
clear evidence to distinguish between the possibilities that:

(@)  children do not use one-to-one correspondence spontaneously (similar
to Michie's (1984) claim that children do not count spontaneously when
making relative number judgments, though they can do so);

(b)  they cannot apply one-to-one correspondence effectively; or

(c) they cannot use the information derived from one-to-one
correspondence, as they do not understand what it means.

They contrast this evidence with Whiteman and Peisach's (1970) findings that
children's performance on a Piagetian number-conservation task was
improved by a cueing procedure where corresponding pairs were connected
by lines. As previously mentioned in Section 1.2.1 of this chapter, Cowan
(1987) obtained similar results to those of Whiteman and Peisach (1970).

Little clear evidence has been obtained as to whether any children use
matching and counting simultaneously and spontaneously to make numerical
equivalence judgments nor to how young they are when they do so. Fuson et
al. (1983) carried out an experiment with 4- to 5-year-old children, aimed at

assessing the effectiveness of counting and matching in a Piagetian number
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conservation task involving judgments of numerical equivalence. There was
a standard conservation condition, which was set within a context of "feeding
the animals at the zoo".

Seven toy animals were lined up in a row in front of a child. A row of
peanuts was placed in front of the animals so that each animal had a peanut.
The child was asked an initial equivalence question. The child was then told
that the animals had to move to new places and helped the experimenter in
spreading the animals apart so as to make a longer row. The child was then
asked a conservation question, "Are there more animals than peanuts, the
same number of animals and peanuts, or more peanuts than animals?". The
child proceeded to be asked, "How do you know?". The same procedure was
used with the count condition, with the exception that after the animals had
been spread apart, the child was asked to count each row, with assistance if
needed. To ensure attention to the count information and memory for both
counts, the child was then asked, "How many animals are there?" and "How
many peanuts are there?". The child was reminded of the answer obtained, if
necessary. Then the conservation question and the justification question
were asked. The match condition was the same as the standard condition
with the exception that before spreading the animals apart, the child was
helped to place a string connecting each animal to a peanut. After the
transformation the child was asked three times which peanut went with which
animal. If the child gave an incorrect response for any of the three animals,
the child was told to "look at the string” and was asked the same question
about another animal. Again, the conservation question and the justification
question were asked.

The hypothesis was that children would initiate matching and counting
in such tasks prior to the acquisition of Piagetian conservation if indeed
matching and counting experiences do contribute to the acquisition of

Piagetian conservation.
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Fuson et al. (1983) reported that the only visible behaviours observed
before the children made equivalence judgments were counting (11 out of 16
children responded correctly in the count condition) and matching (12 out of
15 children responded correctly in the match condition). Hence, the
responses were consistent with the view that most children move from the
use of a perceptually based response strategy to the use of counting or of
matching with some Piagetian justifications before actually conserving (only 2
out of 14 children responded correctly in the standard condition). Fuson et al.
(1983) also suggested that the child who moves from incorrect perceptually
based responses directly to Piagetian reasoning responses may very well be
the exception rather than the rule. It is important to note that these
interpretations were also based on the finding that perceptually based
justifications were associated with incorrect responses, whereas Piagetian
justifications were always associated with correct equivalence judgments.

Fuson et al. (1983) confirmed the common observation that most
children aged 4;6 - 5;6 rely heavily on perceptual features of arrays (e.g.
length) in making numerical equivalence or nonequivalence judgments of
such arrays. However, when children were cued to use counting and/or
matching in making their judgments, correct equivalence judgments when
working out the difference between two unequal quantities were made. When
using this information, children exhibited little difficulty, if any, in executing the
counting and/or matching procedures and then making the correct
equivalence judgment, regardless of the fact that this information was in
direct conflict with the perceptually based information. Few children had any
difficulty executing the counting or matching strategies. What these children
did not do, with few exceptions, was to initiate such strategies spontaneously.
This finding is similar to Michie's (1984) finding (mentioned earlier) that
children can use counting rather than perceptual cues in relative number

judgments, if they are given feedback about its reliability. Children did not
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use these two procedures spontaneously, but once cued to use them, they
performed well. It was the older children who did demonstrate considerable
spontaneous use of both counting and matching in the number conservation
task leading up to correct conservation judgments in comparing two unequal
quantities. Fuson et al. (1983) stress the importance of a developmental
sequence which involves the use of counting and/or matching, as well as
awareness of the unreliability of perceptually based responding, in successful
performance of Piagetian conservation tasks. It is through the experience of
using counting and/or matching that children learn the principles underlying
the counting system and thus, transforms developmentally children's
understanding of number. Fuson et al.'s conclusions may be right. Children
originally learn to count as a rote procedure with little understanding of what it
means.

Cowan (1987) was interested in Michie's (1984) and Fuson et al.'s
(1983) conclusion that children can count two sets of items correctly, but fail
to make an accurate relative number judgment when working out the
difference between two unequal quantities. He wanted to see whether
children who were allowed to count the items in given rows would make
relative number judgments that were consistent with their counting but
inconsistent with relative length. He conducted four experiments with children
between the ages of 3 and 7.

There were two phases to his experiment where the children judged
small and large number displays, length consistent and length inconsistent
displays, as well as equal number displays and unequal number displays.
Displays were of 3, 4, 8, 9, 15, and 16 dots. In the first phase, children's
counting of objects in single rows was assessed in a context that tested their
consistency and established lower limits on their counting range. In the
second phase, children's counting of objects in two rows was assessed and

counting of the items in each row was done by either the children themselves
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or the experimenter. Results of the counts of each row were repeated to
reduce the likelihood of children forgetting how many items there were in the
first row after they or the experimenter had counted the second row. Then a
relative number judgment was elicited.

Results from the first phase demonstrated that 7 out of 65 children
counted the rows of 8 and 9 with assistance, but failed on the rows of 15 and
16; 12 children managed the rows of 8 and 9 without assistance, but failed on
the rows of 15 and 16. Eight children succeeded in counting the rows of 15
and 16, 2 of those 8 managed without assistance. The remaining 25 children
of the 65 had to have their sessions terminated due to a lack of interest or to
an inability to count the rows of 3 and 4 dots.

Results from the second phase demonstrated that, for the numerosity
displays, children made fewer correct judgments when comparing two
unequal quantities on the larger number displays than on the small number
displays whether or not the judgment suggested by relative length was
consistent. .For the length consistency displays, children were more likely to
make correct relative judgments of displays. For the length inconsistency
displays of unequal numbers, children were more likely to judge the lengths
equal displays correctly more than the lengths unequal displays. For the
equal vs. unequal numbers displays, children were more successful in
judging equal number displays than unequal number displays.

When judging the length inconsistent displays, 80% of the errors were
length-consistent. On the numbers unequal-length equal displays, 74% of the
errors were length-consistent. On the numbers unequal-lengths unequal
displays, 82% of the errors were length-consistent. Finally, on the numbers
equal-lengths unequal displays, 83% of the errors were length-consistent.

The main results of the second phase indicated that children did make
relative number judgments inconsistent with counting when working out the

difference between two unequal quantities. Children only made counting
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consistent judgments more frequently on small number displays than on large
number displays. Also, equal length displays were judged to be equal in
number and the longer row was judged as having the bigger number in
unequal length displays.

Cowan concludes, from his results, that counting is context-based by a
counting based system for quantitative comparison or a pre-existing
perceptual feature based system. Cowan further states that children, when
using counting to determine the relative number of two sets do need to know
how to count one set and stop, storing the last number counted, and then
count the second set and stop, storing the last number counted. Several
children counted both sets without pausing. Hence, children seemed to be
lacking an understanding of numbers that allows them to judge correctly
whether two sets have or have not the same number. With regards to
counting being a pre-existing perceptual feature based system, Cowan, like
Michie (1984), states that with small numbers, children may have two
systems, subitizing and counting, which yield the same relative number
judgment. On larger number displays, children may have counting and
estimating (which may yield discrepant judgments).

Hence, Cowan demonstrates that young children are more likely to make
accurate relative number judgments when comparing two unequal quantities
after counting than after simply looking at large number displays or attempting
to apply one-to-one correspondence to such displays. The difference in
performance according to whether children are allowed or not allowed to
count is striking. It seems, from Cowan's results, that children usually do not
spontaneously count to compare two sets.

Cowan, however, does not explain the set size effect. Counting, is
expected, to be affected by set size, whether it be spontaneous or not. He
did not give children, the possibility of re-counting the sets, so as to verify

cardinality. The experimenter reminded the children of the two numbers
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before asking them to judge relative numerosity. Perhaps, this was not
enough for children to perform an appropriate comparison between the sets,
especially when the numerical information conflicted with the perceptual
information. It is unclear whether Cowan regards children's incorrect
judgments as conceptual or procedural difficulties.

Another piece of evidence of children's reluctance to use counting
when comparing sets is a study by Saxe (1977). He regarded counting as an
essential element for comparing sets and working out the difference between
them. He gave several number tasks to 3-, 4-, and 7-year-olds. These
included a test of rote counting ability, where the children were asked to count
as far as they could; an object placement task, where the children were
presented with a linear array of nine beads and were then asked to "put out
just the same number" from an identical set of 15 beads; a drawing task,
where the children were presented with a linear array of nine cardboard
circles and were asked to "draw just the same number" of circles on a piece
of paper as there were in the model array; a remote placement task, where
the experimenter gave a puppet on the floor nine small toy animals to "eat"
and then instructed the child to give a puppet on a table "just as many" from
an additional set of 14 small toy animals; and a comparison task, in which
children were presented with two unequal linear arrays of nine horses and 11
pigs, so that the endpoints of two rows were aligned in spatial comparison.
The children were asked, "Are there just the same number of pigs and
horses, or does one have more?". In all tasks if children did not count
spontaneously, they were asked: "Would counting help?".

It is quite difficult to establish what actually is happening in Saxe's
research. At times, the theory cannot be distinguished from the results.

Saxe noted an extreme reluctance to count in order to compare the
two arrays on the part of the 3- and 4-year-olds. The remote object

placement task elicited the least amount of counting. As this task contained
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no other cues, such as perceptual or correspondence cues, it was assumed
that counting would be most necessary, but it was not. The 7-year-olds, on
the other hand, did count to compare both arrays. Saxe concluded, and
subsequently expanded into a complete theory (Saxe,1979), that with
increasing age, children progressed from what he termed "prequantitative
counting strategies” to "quantitative counting strategies”. Quantitative
strategies were hardly ever used by the 3-year-olds, and were practically
generalized to all tasks by the 7-year-olds. In his view, only children who use
counting in making numerical comparisons between two unequal quantities
are, in effect, counting "quantitatively". Until that stage, their counting is
"prequantitative”. By 4-years-old, 43%-t0-69% of the children, varied in their
use of quantitative strategies.

In prequantitative counting, Level 1, counting is not used as a means
to produce numerical comparisons or reproductions of arrays (where the child
makes an approximate copy of a model). When while performing a
quantitative task, the child is asked, "Would counting help?", the child counts
but does not adjust the copy on this basis. For comparisons, the child initially
counts only one set or both sets continuously as though they were one. At a
slightly more advanced stage the child counts both sets separately, but does
not use counting as a basis of comparison to work out the difference between
two unequal quantities.

At a transitional stage between prequantitative and - quantitative
counting, numerical comparisons based on counting and spatial perceptions
(i.e. length) compete with one another. The child either modifies counting to
make it conform to spatial perceptions or fluctuates between evaluations
based on counting and spatial perceptions. A third of the 4-year-olds were
rated as being at this transitional stage. The children counted both arrays,
but were unable to articulate their assessment of relative numerosity based

on counting with that based on spatial cues. Thus, the child would establish
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the number of items in both arrays, but disregarded the result of counting and
claimed that they were of the same number. Other children seemed to
overtly miscount the second array so as to end with the same number as in
the first array.

In quantitative counting, Level 2, counting is used to produce
numerical compaﬁsons and reproductions of arrays. The use of both these
strategies is closely related to general counting accuracy and to age, with
most 3-year-olds using prequantitative counting strategies, and most 4-year-
olds and all 7-year-olds using quantitative strategies.

As children .come to understand that in order to determine the
numerosity of an array, the number names must be applied in a serial one-to-
one correspondence to objects, they begin to count more accurately. From
this, Saxe concluded that as counting accuracy and counting strategy
develop simultaneously, they must be ruled by the same underlying cognitive
processes. This is due to a greater understanding of the logic of the counting
system and to the use of quantitative strategies, as the children come to
understand that counting is a way of extracting numerical information from
arrays when comparing two unequal quantities.

Saxe's theory has mostly been supported by experiments which
involve sets with large numbers of objects (more than nine objects) which are
not easy for a child to estimate without counting. It deals mostly with
children's manipulation of numerical information which is not "concrete" or
"perceptually salient". It is important to note that, as he himself points out,
different results might be obtained when sets with few objects are used. He
also does not distinguish between spontaneous counting and non-
spontaneous counting. It is then validly assumed that the children's use of
counting was triggered by the experimenter's cue.

A more convincing test of children's understanding of number as a

measure was devised by Sophian (1987). She investigated this type of
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variable by examining which would be the most sensitive measure of
children's knowledge about counting and numerical comparisons: counting
tasks or judgements about counting tasks. Sophian (1987) was particularly
interested in preschool children's judgements of other people's counting when
comparing two sets. Gelman and Meck (1983) had established with their
puppet experiments that preschool children are best at making judgements
about those aspects of counting that are reflected in their own counting.
Therefore, Sophian had previous evidence that young children would be good
at making judgements of other people's counting of single sets since they
themselves engage in this sort of counting without difficulty, but that they
would encounter difficulty when making judgements about the use of counting
to compare two sets, as they have difficulty with this sort of counting (Briars
and Siegler,1984; Gelman and Meck,1983; Gelman, Meck, and Merkin,1986).
Sophian wanted to find out why this was the case.

Sophian observed 3- and 4-year-olds making judgements about a
puppet's counting two distinct sets of objects. In one task, the puppet had to
say how many objects there were altogether, and in the other task, the
puppet had to compare the number in each set. For both tasks the puppet
counted all objects as one set, which would be the correct strategy for the
how-many task, or counted both sets separately, which would be the correct
strategy for the compare-sets task.

Sophian found that preschoolers were quite good at determining "how
many" in a count, but that this was not the case for determining "compare
sets" in a count. Children were good judging whether counting was done
correctly or incorrectly when a "how many" task was concerned, but were not
above chance level when a "compare sets" task was concerned. Sophian's
finding supports the claim that preschoolers do not yet understand the way in

which counting can be used to compare sets in order to work out the
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difference between them, and therefore concludes that they do not have a
real understanding of cardinality when they count.

Sophian's study provides evidence demonstrating that preschool
children have a limited understanding of how to use counting to solve
different types of problem. If children do not understand that counting is a
means of quantification, they will have extreme difficulty not only in using
counting to compare two sets, but also in using it for any meaningful
mathematical computation (Saxe,1977; Schaeffer et al.,1974; Sophian,1987).
This has important implications both developmentally and educationally.
Developmentally, it-supports the view that children do not have an innate
conceptual understanding of what they are doing, but only gradually acquire
that understanding presumably through their counting experiences. From an
educational point of view, limitations on children's understanding of counting
are fundamental because mathematical instruction may presuppose
knowledge of counting strategies and skills that children do not necessarily
have when they start school. It is then up to educators to provide children
with instruction in these crucial aspects of counting, either as part of the
standard mathematical curriculum or through a remedial program for children
who are at risk of mathematical failure, as knowing how to use counting to
compare two sets of unequal quantities and working out the difference
between them is highly relevant to an understanding of numerical concepts

and to mathematical word problems requiring just such a task.

1.3.3 Conclusions about Counting

It so seems that there are two main views with regards to children's
understanding of counting. On the one hand, Schaeffer, Eggleston, and Scott
(1974), Baroody (1984d), Michie (1984), Fuson et al. (1983), Cowan (1987),

and Saxe (1977), claim that children count not realizing what they are doing,
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because they do not understand the principles of counting. They eventually
understand these underlying principles by acquiring the appropriate logical
mechanisms. Before then, counting is unimportant and mere parroting. On
the other hand, Gelman and Gallistel (1978), Gelman and Meck (1983),
Gelman, Meck, and Merkin (1986), claim that children understand counting.
Furthermore, Sophian (1987) claims that children understand counting, but
do not understand its relation to number as a measure.

There seems to be little doubt that pre-school children do not have a
good understanding of counting. Gelman et al.'s (1978, 1983, 1986) data is
very unclear and doubtful. The quotité/quantité distinction is very powerful
evidence that children have to acquire basic logical skills in order to
understand number and may only do so several years after beginning to
count.

On balance, there is no good evidence, yet, about what leads to the
acquisition of counting skills or to the understanding of the principles

underlying counting. Hence, it is not clear which of the two views is right.

1.4 Addition and Subtraction

Finding out the difference between two quantities is bound to involve
addition and subtraction. Addition and subtraction are basic mathematical
operations that can also be used to work out the difference between two
quantities. Early in life children learn to increase and decrease single
quantities by adding (e.g. another brick on a pile of bricks) and subtracting. It
is important to consider how it is that children relate these operations to their
understanding of number so that we can subsequently determine how it is
that they use addition and subtraction to compare two unequal quantities. A

review of the literature on addition and subtraction will lend insight into the
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extent to which children understand these operations and the age at which

they begin to exhibit such an understanding.

From a very young age, children probably understand addition and
subtraction through the experience of increasing or decreasing a given
amount of concrete material. In an attempt to see whether young children
understand the relationship between number and the solution to addition and
subtraction problems, Starkey and Gelman (1982) asked 3, 4, and 5-year-old
children to determine how many pennies were being held in the
experimenter's open hand. Once this was established, the experimenter then
either added or removed some pennies from the same hand holding the initial
set, while specifying the number of pennies being added or subtracted. Each
child was then asked how many pennies were there altogether in the hand.
Throughout the various trials, the children were allowed to see only the
pennies being added or removed, but not allowed to see how many remained
in the experimenter's hand as these were covered.

Children in all age groups performed better with small numbers than
with large numbers (i.e. 2+1 vs. 2+4), with the percentage of correct answers
increasing with age (3-year-olds: 73% correct on "2+1", but only 7% correct
on "2+4"; 4-year-olds: 100% correct on "2+1", but only 25% correct on "2+4":
5-year-olds: 100% correct on "2+1", but only 69% correct on "2+4").
However, it was observed that most of the children used fingers to represent
the screened pennies and yet others counted aloud, either imagining the
pennies or working out the sequence of number names. They tended to
count even when the pennies were out of sight. Notwithstanding, and even

though the counting could be considered a confounding factor, Starkey and
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Gelman concluded that children between the ages of three and five can carry
out simple addition and subtraction, and understand the relationship between
number and the solution to these problems. In other words, the
experimenters attributed the children's success in solving these tasks to an
understanding of addition and subtraction, and not to the way that children
found the solution by means of counting. The children seemed to have been
counting quantitatively, in which case their understanding of number as
related to addition and subtraction seems to have been quite well developed.
Apparently, Starkey and Gelman (1982) thought their results conclusive with
regards to increasing or decreasing single quantities. One would assume the
same would apply to the comparison of two unequal quantities. This will be
investigated further on in this thesis.

In another study, Starkey (1983) set out to prove that even very young
children, ages 24 to 35 months, were capable of exhibiting an understanding
of simple addition and subtraction. Starkey asked the children to put two,
three, or four objects in a container. Then, he proceeded to either add more
objects to the container; take some objects out; or leave the number of
objects unchanged. The child was subsequently asked to remove all the
objects one by one from the container. The container was constructed in
such a way that the child could only remove one object at a time. The
number of reaches made by the child into the container was considered the
physical manifestation of the child's mental solution to the problem. Starkey
assumed that the mere fact that the child reached into the container was an
indication that the child was under the impression that at least one object was
there. The task did not require the child to understand the number words
"one", "two", and "three".

Most of the children performed a numerically correct search on most of
the problems that involved small numbers, that is, less than four. The

performance was above chance level. There was also no difference between
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problems involving addition and those involving subtraction. Starkey
concluded that even very young children have a basic understanding of these
two mathematical processes. However, it is possible that the children
successfully completed the task by counting the times that the experimenter
reached into the container to add or subtract an object. Objects in the first
addend should be put in simultaneously in another condition in order to clear
this possible confounding factor.

Hughes (1986) set out to assess children's understanding about the
relationship between number and the solution to simple addition and
subtraction problems, involving the increasing or decreasing of a single
quantity. To measure this understanding, Hughes gave children (ages 2;9 -
4;11) 5 different tasks.

In the first task, the experimenter put some bricks into an open box,
and asked the child how many bricks were in the box. After the child had
responded, the experimenter added or removed some bricks, and again
asked the child how many bricks were in the box. The second task
resembled the first except for the fact that the box was closed so that the
child could see the bricks being added or taken out but could not see how
many there were altogether in the box. The third and fourth tasks were
hypothetical in nature (the objects were not physically visible to the child).
Hughes asked a "hypothetical box" question: "If there was one brick in the
box and | added two more, how many would there be?". He also asked a
"hypothetical shop" question: "/f there was one child in a shop and two more
went in, how many children would be in the shop now?". The fifth and final
task presented the child with a formal mathematical problem: "What does one
and two make?".

Once again, children performed well with small numbers (i.e. three or
less) but not with larger numbers. Hughes also found that when the numbers

were small, the children, regardless of age-group, performed as well on
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subtraction problems as they did on addition problems. When numbers
became larger, however, addition was easier for the child to perform. Results
indicated that visible-object problems were the least difficult for the children;
followed by the hypothetical problems, with an intermediate level of difficulty;
and lastly by the formal problems, the most difficult.

Hughes concluded that concrete material and action help children
solve these kinds of problems. He argued and later postulated in 1986, that
the problem of children with arithmetic must be explained in terms of
abstraction, not linguistics.

Hughes' conclusions are strongly supported by the fact that when
children start school at around age 5, they are able to perform simple addition
and subtraction operations so long as these involve specific objects, people,
and events. When children in this age group are presented with similar
addition and subtraction operations without any reference to specific objects,
people, and events, they are unable to perform the task successfully.
Children at age 5 have a concrete understanding of things and events
enabling them to perform simple addition and subtraction operations; but
since they have not yet acquired abstraction, they are inhibited from
performing other non-specific types of addition and subtraction operations,
such as those involved in word problems. Hughes concludes that children's
concepts are formed through an interaction with the physical environment.
The child arbitrarily responds to a formally presented mathematical problem,
and yet quite easily solves the same problem when it is "made concrete",
related to specific, physical things.

Hughes, like Starkey and Gelman (1982), emphasizes the importance
of fingers and argues that fingers give a concrete reference to the use of the
language of arithmetic. Hence, fingers link up the abstract and the concrete
since they can be both representations of objects and objects in their own

right.
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Hughes begins a connection between counting and addition and
subtraction. There are two different ways in which the understanding of the
counting system and of addition and subtraction may be connected.:

(1)  Counting can act as a solution to addition and subtraction problems.
The child can exhibit counting strategies to concrete or verbal problems.
These strategies will be discussed in the next section (1 .4.2).

(2) The additive composition of number, or realising that numbers are
additive combinations of other numbers, (i.e. 7 is the additive combination of
4 & 3,and 5 & 2 [and of 3 & 4 and 2 & 5], which means that if 2 is subtracted
from 7 the result is 5), is another way in which children begin to understand
the connection between the counting system and addition and subtraction. In
order to understand the additive composition of number, the child must grasp
part-whole relations, and also the inverse relation between addition and
subtraction, as well as commutativity. Part-whole relations will be discussed
in subsequent chapters, as they are crucial to this thesis' central issue
regarding children's quantitative comparison. Inverse relations between
addition and subtraction and commutativity relations will not be discussed, as

they are not relevant to the central issue of this thesis.

1.4.2 Children's Strategies for Adding and Subtracting

What children learn in school about mathematics is not the beginning
but the continuation of the development of mathematical thinking. Children
are continually learning from their environment. From a very young age they
are already dealing with quantities: counting, dividing whole into parts, and
adding or subtracting objects to make "more" or "less".

When comparing quantities, very young children exhibit certain
additive strategies based on counting. In order to investigate the level of

children's understanding of correspondences and numerical differences,
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children's strategies for establishing correspondences between disjoint sets
must be examined. Fuson (1982) observed children's behavioural patterns
when performing addition and subtraction operations versus their reaction
time data. Previous research had reported either the former or the latter
separately, but never one aspect in contrast with the other. Based on her
observations, she developed a theory claiming that chilvdren's mathematical
behavioural patterns develop from a "counting-all" strategy (i.e. counting all
objects of the final quantity) to a "counting-on" strategy (i.e. counting on from
the initial quantity to the final quantity). This remarkable counting-on strategy
is one that seems not to be used in school, but to be "invented" or used
spontaneously by children for their own purposes and improves with age.

Part of the data supporting this idea came from studies conducted by
Groen and Resnick (1977), who observed the development of children's use
of the counting-on strategy. In their experiment 5-year-old children were
initially taught to solve simple addition problems, presented in written form, by
“counting-all" with blocks. For example, they were told to respond to "2+3" by
counting out two blocks, then by counting out three blocks, and then by
counting the combined set. After several practice sessions spread over a
period of a few weeks, the children were presented with more addition
problems and told to solve them without the blocks. Groen and Resnick
observed, via latency measures, that half of the children made a clear and
spontaneous transition from mentally counting-all the items to counting-on-
from-the-larger-addend (e.g. responding to "2+3" by counting on from 3).
This is known as the MIN Strategy (Groen and Parkman,1972), where MIN
stands for minimum, which is exactly what the child wishes to count (i.e. the
smaller of the two addends). The experimenters concluded that at age 5,
children will solve most addition problems through a MIN strategy, which will

develop spontaneously, without the aid of formal instruction. For the
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purposes of this investigation, the MIN strategy will only be dealt with in the
light of counting-on as a measuring strategy.!

As soon as a child begins to count-on, there is a recognition of the fact
that the addend consists of a quantity. Using the counting-all strategy, does
not necessarily demonstrate a recognition of the addend as a quantity.
Rather, these strategies suggest that a mathematical development takes
place when this occurs and is very relevant towards investigating how
children work out the difference between two quantities. For example, one
strategy the child may use for working out the difference between, for
example, A and B, where B is smaller than A, is to add on to B to make it the
same as A. By noticing how much should be added on, the child solves the
difference between the two quantities. This is also particularly relevant to
Equalize-type problems. In order to use the latter strategy, the child must
know the strategy of counting-on.

Baroody (1984c) investigated children's solving of addition problems
and their transition from a concrete counting strategy to a mental counting
strategy. He presented 17 children ranging in age from 4;11 to 6;7 (median
age 5;4) with three types of tasks.

The first task, or the initial addition task, made use of several 5 x 8 inch
cards each of which had one unsolved addition problem typed on it in
horizontal form. The addition problem on the card was read to the child. For
example, the problem "5 + 1" would be read as it was written and also as
follows: "This says five and one. How much are five and one altogether?".
The child had the option of either solving the problem mentally or using
concrete aids (blocks or fingers). If the child could not solve the problem

concretely, the child would then be taught concrete counting-all and would

then be asked to imitate that particular strategy. Concrete counting-all refers

1Apart from Groen and Resnick (1977), already mentioned, there is extensive literature on
the MIN method using latency measures, (particularly that of Hitch et al.,1987), which will not
be evaluated, as it is not directly related to the questions asked in this thesis.
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to children's use of concrete countable objects such as fingers or blocks,
which are counted one by one to represent an addend. This same process is
repeated a second time for the second addend. Then all the fingers or
countable objects put out are counted to determine the sum. Children were
deemed to perform successfully if they obtained the correct answer with or
without objects. Children would be given half credit if they knew a strategy
but simply miscalculated. Children were deemed to have responded
incorrectly if they had to be taught the concrete counting-all strategy.
Success was defined as 5/6 trials correct.

The second task was the addition-practice task, which consisted of ten
addition trials presented randomly. All these ten trials had the smaller term
first. This was done in order to differentiate between mental counting
strategies. The child was encouraged to use mental strategies, even
guessing.

Mental counting strategies require a single keeping-track process, as

Baroody explains. Mentally counting-all-starting-with-the-first-addend entails

starting with "one", counting up to the cardinal value of the first addend, and
then continuing the count for a number of steps to the cardinal value of the
second addend (e.g., 2 + 4: "1,2; 3(1 finger up), 4(2 fingers up), 5(3 fingers
up), 6(4 fingers up) = 6"). Mentally counting-on-from-the-first-addend is a
short cut to counting-all-starting-with-the-first-addend, as it starts with the
cardinal value of the first addend (e.g., 2 + 4: "2; 3(+1), 4(+2), 5(+3), 6(+4) =
6"). With the strategy, mentally counting-all-starting-with-the-larger-addend, a
child starts with "one", counting up to the cardinal value of the larger addend
and then counting on from there while the smaller term is enumerated (e.g., 2
+ 4: "1,2,3,4; 5(+1), 6(+2) = 6"). This strategy minimizes the cognitively
demanding double count required by mental addition strategies. Mentally

-on- -the- - , previously referred to as the MIN

strategy, is a shortcut to this procedure and it reduces mental effort, as it
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starts with the cardinal value of the larger term and hence it is the most
economical mental counting strategy (e.g., 2 + 4: "4; 5(+1), 6(+2) = 6").

Except in the case of a minor counting error, children were then
encouraged to solve the problem via blocks or fingers. Only a child's
predominant strategy was reported. The "predominant strategy" was defined
as a strategy that a child used more often than other strategies and used it on
at least 3/7 of the trials.

The third task was the commutativity task. As this task is not relevant
to the theme of this thesis, it has been omitted from the general review of the
literature.

Baroody carried out this experiment as a longitudinal study. He found
that in the initial addition task, 14 out of 17 children had to be shown the
concrete counting-all strategy. Two of the three, who did not have to be
shown the concrete counting-all strategy, used mental strategies instead.

After a child learned the concrete counting-all strategy, the child then
adopted shortcuts of concrete counting-all or mentally counting strategies.
After this, the child did not revert to using a less advanced strategy. Baroody
found, however, that the transition from concrete to mental addition was not
an easy one and was often delayed.

Only five of the children made the transition to relying on mental
strategies; one child had already made the transition. Only three children
who adopted mental strategies as their dominant approach did not do so until
after the fourth session.

Eleven out of 15 children who initially relied on concrete counting-all
strategies never adopted a concrete counting shortcut. One out of 15
children used a concrete counting shortcut as her predominant strategy for a
single session but then fell back on using concrete counting-all before
inventing a mental strategy. Three out of 15 invented mental strategies

without first relying on concrete counting shortcuts.
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When children mentally computed sums, their preference was for
strategies that disregarded addend order. Among the mental strategies,
counting-all-starting-with-the-larger-addend was used more frequently than
mental  counting-all-starting-with-the-first-addend, among the mental
strategies. For children who invent counting-all-starting-with-the-larger-
addend, counting-on-from-the-first-addend makes little sense as the next
developmental step because it does not minimize the number of steps in the
cognitively demanding keeping-track process. This suggests that even
among the kindergarten age children just developing a mental addition
strategy, there is a tendency to minimize the cognitively demanding keeping-
track process by starting with the larger addend. Hence, for some children,
counting-ali-starting-with-the-larger-addend may be an important transitional
step.

It is interesting to note that the strategy of counting-on-from-the-first-
addend was rarely observed. Baroody notes that only two children used this
strategy. Baroody points out that for 4 + 5, a five step keeping-track process
is relatively easy because the child only needs to count until all five fingers of
a hand are extended.

The strategy of counting-on-from-the-larger-term was not always easily
adopted (Baroody, 1984c; Carpenter and Moser, 1984). Two of the children
abandoned the use of all other strategies, when they began using the
strategy of counting-on-from-the-larger-term. However, three of the children
used a mixture of strategies before relying completely on this latter one.

Baroody's study resulted in different conclusions from those of Fuson
(1982) (see Section 1.3). Fuson had argued that the method of keeping-track
was an important transitional step to those methods that involve matching the
count or making a double count. However, Baroody almost never observed
counting strategies that involved creating a model to facilitate the keeping-

track process. However, he agreed with Fuson that perhaps there was an
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intermediate form between a true counting-entities strategy and a true mental
strategy, since even though fingers are extended successively, the child may
not actually count the fingers as they are extended, but may use an implicit
finger pattern to determine when to stop the sum count.

Baroody concluded from his results that one cannot assume that a
child will take for granted the concrete strategy for computing sums or
overestimate the extent of such knowledge among children entering school,
even though his study indicates that many children just beginning school do
have informal addition strengths. Very few children, in Baroody's experiment
used a concrete counting-all strategy to calculate sums. The majority of the
children on Baroody's task needed repeated demonstrations, (at least two or
three) of the concrete counting-all strategy before they mastered it.

Baroody (1984c), and Baroody and Ginsburg (1986), propose that one
reason why concrete counting-all is so difficult for some yound children to
learn may be that such a strategy more directly models a union-of-two-sets
view of addition - a binary conception. Children's view of addition may be that
of a change of state - a unary conception. Some children define addition in
terms of "action schemes" or changes of state (Baroody and Ginsburg,1983);
this is also considered as treating addition as a unary operation
(Weaver,1982). Hence 3 + 2 would be interpreted as "three and two more",
which is a unary conception, rather than as combining the cardinal number
three and cardinal number two, which is a binary conception. Some children
may have treated the larger addition trials as a counting task, as they may
have interpreted addition as a procedure for counting across two sets of
objects or numbers rather than a procedure for combining quantities.
Baroody proposes that, if this is the case, then a good way to teach addition
to children, especially to low-functioning children, would be to introduce it in a
manner consistent with their unary conception - for example, by starting with

problems in which 1 is added to an initial set.
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Baroody's investigation was a successful one. It provided a control
question, which was the initial addition task, and an addition-practice task,
which brought out a whole investigation of children's additive strategies.
Furthermore, his conclusions lend insight into the child’s cognitive processes
when performing addition problems.

Baroody (1984a) also investigated children's solving of subtraction
problems. He explored the counting-down procedure, parallel to the
counting-on procedure for addition. Counting-down involves (1) stating the
larger number, (2) counting backward a number of times equal to the smaller
numbers, and (3) announcing as the answer the last number counted. This
obvious demand for two simultaneous processes taking place at the same
time explains the complexity of subtraction vis-a-vis addition. An example of
this is illustrated when a child is asked to solve 5-2. Starting with "5, 4 (that's
one taken away), 3 (that's two taken away), = the answer is 3". As one can
see, counting-down invoives a mental number-before-N procedure. However,
with N-1, the child just has to know what number came before another in the
number word sequence. With N-2, N-3, and so on, the child must be able to
count backward from a specified point within the number word sequence. If a
child cannot use "preceding number" and "next number" relationships, then
the child cannot compute N-1. This will result in difficulty in employing the
counting-down strategy, as the N-1 algorithm is an essential component of
counting-down. If a child cannot compute the N-1 algorithm, then this will be
virtually impossible when confronted with minuends equal to or greater than
2. Moreover, if a child cannot count backwards, then the N-1 procedure
cannot be extended into a counting-down procedure. It is obvious that in
order to count down, the child must know how to count backwards and do so
with ease. Baroody (1983) pointed out that if the child is not efficient at
counting backwards, then counting-down and counting backwards

simultaneously may be too great a load. If a child cannot consciously keep
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track of the number of times backward counting is used, then it is not possible
for the child to perform the strategy of counting-down. To make this cognitive
process even more difficult and complicated, the child must be able to count
backward a specified number of steps. The procedure (5-2: five, four is one,
three is two), entails a forward count to keep track of the smaller numbers or
some other keeping-track method often dealing with the backward count by
using fingers, which in effect involves a forward count (i.e. 5-2: five, four (first
finger up), three (second finger up) (Fuson,1982). Counting-down thus
involves two simultaneous processes that in effect go in opposite directions.

Baroody (1984b) explains the problem in terms of the size of the
smaller number in the subtraction operation. For example, when a child is
given the problem 9-2, the double count or any other simultaneous keeping-
track process is relatively manageable, as it involves only two steps.
However, when the child is confronted with a more difficult operation, such as
9-7, the keeping-track process becomes relatively unmanageable, as it
involves seven steps. For a problem such as 19-17, the process becomes
virtually impossible. It has also been suggested that the difficulty may not only
involve the smaller number in the operation, but also the larger number in the
operation. As Baroody has pointed out, counting backward from 20 is
sometimes more difficult for primary school children than counting backward
from 10.

It is important to note that subtraction's counting-down method is more
difficult than addition's counting-all or counting-on methods. Even though
these two types of addition methods do involve simultaneous processes, at
least these two simultaneous processes go in the same forward direction.
Subtraction’'s simultaneous processes, as we have seen, go in opposite
directions. Counting backward is more difficult than counting forward.

Children tend to substitute the counting-down procedure with a

counting-up procedure, as a result of the difficulty they encounter with the
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former procedure when confronted with subtraction problems involving larger
numbers.

Woods, Resnick, and Groen (1975), for example, claimed that children
first discover the counting-down procedure and later discover the counting-up
procedure. Counting-up involves starting with the -smaller number and
counting forward until the larger number is reached, while keeping-track of
the number of steps in the forward count. For example, 19-17 would be
calculated in the following manner: 17; 18 (is one), 19 (is two) = so that
answer is 2. At times this counting-up procedure is more economical than
counting down. For example, when the smaller number and the larger
number are relatively close, as in for example, 9-7, counting-up greatly
reduces the amount of keeping-track (e.g. by double counting) that is
necessary, as it involves only 2 steps versus 7 steps. When the smaller
number and the larger number are relatively far apar, as in for example, 9-2,
counting-down greatly reduces the amount of keeping-track that is necessary,
as the keeping-track process involves only 2 steps versus 7 steps in the case
of counting-up. Woods et al. (1975) report that children by the age of 7-8 can
select the more economical procedure for a given subtraction problem.

Neither of the two procedures is more basic than the other. However,
the schools do emphasize counting-up more than counting-down. For
example, the Wynroth approach suggests that subtraction not be referred as
"take-away", and involves teaching the child to count up. This approach is
also known as the missing-addend approach. Baroody reports that even first
graders employ the counting-up procedure to solve subtraction problems. On
the other hand, many children do continue to use the counting-down
procedure to solve subtraction problems, despite being taught the counting-
up procedure at school. Children tend to continue using informal methods
that make sense to them, rather than adopting those methods taught in

school, which they find difficult to understand conceptually. They prefer
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counting-down as it is similar to their informal concept of take-away and
represents a natural extension of their number-before-N procedure.
Counting-down is also encouraged by the types of subtraction problem which
young children are given at school, usually involving small subtrahends, so
that counting-down is the more economical procedure. Hence teachers can
expect children to use a counting-down procedure when they do mental
subtraction.

Another strategy used by children in subtraction is the separating-from
strategy. This strategy consists of (1) representing the larger number, (2)
removing a number of items equal to the smaller numbers, and (3) counting
the remaining items to determine the answer. An example of this is illustrated
when a child is asked to solve 5-2. Firstly, the child counts out five fingers or
objects (making five marks), secondly, the child counts and removes two of
the items (crossing out two of the marks), and thirdly, the remaining items are
counted (marks) = "Three".

Siegler (1987) also investigated children's subtraction strategies and
videotaped the children's subtraction performances. He tested 17 five-year
olds and 17 six-year-olds. Children were presented with 25 subtraction
problems in which the smaller number (the subtrahend) ranged from 1 to 5
inclusive. The difference also ranged from 1 to 5. The 25 problems were
presented during a three day period; the child being given about eight or nine
problems a day. Afterwards the child was presented with the same problems
again, but in a different order.

Siegler observed that the strategy, ing- -from-the- .
number-the-number-of-times-indicated-by-the-smaller-number, was among
the most frequent strategies used by children in subtraction problems.
Counting-down, however, was not observed to be very frequent in Siegler's
experiment. Only 38% of the correct answers to the 25 problems was

accounted for by the total number of counts made in a problem (counting-up-
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to-the-larger-number and/or counting-up-to-the-difference-between-the-two-
numbers and/or counting-down). The size of the smaller number accounted
for 57% of the total number of counts. Siegler argues that a reason why
counting-down was not influential, may be due to the extremely high error
rate using this procedure. More than 80% of the children's errors in counting
on the counting fingers trials came when they were counting-down rather than
up, even though counting-down occurred in less than 30% of the total counts.
Siegler suggests that the higher error rate could be attributed to both the
unfamiliarity of counting-down and to the short term memory demands
imposed by the counting-down process. As previously reviewed, (Baroody,
1984a), counting-down needs keeping-track of the counts and keeping-track
of the intended arrival point.

Counting-down-the-number-of-times-indicated-by-the-smaller-number
does become difficult when the subtrahend increases in size. However, in
Siegler's task, this was not the case when the subtrahend equalled five.
When this was the case, children instead of decreasing the number one at a
time, lowered the whole hand (i.e. all of the five fingers). When the children
did this, they answered accurately and rapidly.

Siegler also reported predictor variables that accounted for 84% of a
child answering the 25 subtraction problems correctly:
(1)  Size of the smaller number (the subtrahend)
This predictor variable accounted for 7% of the 84% correct answers given by
the children on the 25 subtraction problems.
(2)  Smaller number equal to five
This predictor variable accounted for 13% of the 84% correct answers given
by the children on the 25 subtraction problems.
(3)  Associative strength of the correct answer to the exact inverse addition

problem
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An example of this predictor variable, is that for the problem 5-4, the
associative strength linking the problem to the exact inverse addition problem
is 1+4=5. This predictor variable accounted for 64% of the 84% correct
answers given by the children on the 25 subtraction problems.

There are other predictor variables which Siegler did not report, but are worth
mentioning.:

(4)  Size of the larger number (the minuend)

(6)  Size of the sum of the larger (the minuend) and
smaller numbers (the subtrahend)

(6) Difference between the larger (the minuend) and
smaller numbers (the subtrahend)

Siegler does not account for the possibility of children making number-
fact responses. In his task, it was observed that when the subtrahend
equalled five, children lowered the whole hand, and calculated the answer
accurately and rapidly. It must be taken into account that Siegler does not

give any leeway to attribute this type of observation to number-fact.

1.4.3 An Addition and Subtraction Model

Siegler and Shrager's (1984) model of distribution of associations
outlines children's performance of addition and subtraction. The model is so
called because within it, errors, solution times, and overt strategy use are all
functions of a single variable: the distribution of associations between
problems and potential answers. The process involved in this distribution of
associations model can be represented as consisting of three phases:
retrieval, elaboration of the representation, and counting. Development in this
distribution of associations model is influenced by three factors:‘ pre-existing
associations from the counting string, frequency of exposure to the problems,

and the sum of the two addends.
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Siegler and Shrager presented 50 trials of 25 subtraction problems to
34 children of ages 5-to-6-years-old. The problems were the direct inverse of
the addition problems. So for example, a problem given for addition in the
form of A+B=C, would then be given for subtraction in the form of C-B=A.
The children were videotaped.

Results indicated that children used visible and audible (i.e. ovenr)
strategies for subtraction in the same way as they did for addition problems.
Such strategies observed were:

(1)  Counting fingers

This strategy consisted of raising the fingers to represent the larger number
(the minuend), as well as lowering the fingers until the number of fingers
being tucked away equalized the smaller number (the subtrahend), and lastly,
counting the numbers making up the difference. Both the raising and
lowering of the fingers to count was done either all at once or one at a time.
However, when the lowering took place, it was usually carried out one at a
time.

(2)  Counting

This strategy consisted of more or less the same as the counting fingers
strategy with the exception that the children did not use fingers or other
objects as aids to counting. They just counted aloud.

(3)  Eingers

This strategy consisted of raising the fingers to represent the larger number
(the minuend) as well as lowering the fingers to represent the smaller number
(the subtrahend), and finally giving the answer without counting the fingers
left as the number making up the difference.

(4) Betrieval

This strategy involved no counting aloud or use of fingers or other objects as

aids to counting. Children simply stated the answer.

62



Hence, children subtracted more frequently on trials where they used
the retrieval strategy. This strategy was used on 58% of the trials. Children
subtracted more accurately on trials where they used the fingers strategy.
The counting fingers strategy was the next most accurate strategy, and
retrieval and counting were the least accurate. Another interesting result
concerned the mean solution time. Retrieval was a faster strategy than the
fingers strategy, which in turn was faster than the counting strategy, which in
turn was faster than the counting fingers strategy. As in addition, there was a
relationship between overt strategy use and errors: percentage of overt
strategy use was a reliable predictor of percentage of errors. Another
interesting result concerned the mean solution time. As in addition, the
longer the mean solution time on a problem, the higher the percentage of
overt strategy use on that problem.

Siegler and Shrager (1984) concluded, on the basis of their results,
that in subtraction, as in addition, the types of strategies that children used,
the relative solution times for the strategies, the correlations between
percentage of errors, mean solution times and percentage of overt strategy
use on each problem, as well as the errors and solution times on retrieval
trials, all matched the pattern predicted by the distribution of associations
model. Errors and solution times on the trials, like overt strategy use, could
be derived from the distribution of associations model. However, errors and
solution times on counting and counting-fingers trials would be expected to
relate to the size of the numbers being counted. In addition, the size of the
numbers being counted corresponds to the sum, whereas in subtraction, it
corresponds to the size of the larger number. Siegler and Shrager
concluded, that the frequency of overt strategy use was likely to be an
accurate predictor of errors and solution times on counting and counting-
fingers trials, especially when the contribution of the larger number was

partialed out.
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Siegler and Shrager's model of distribution of associations of children's
performance on addition and subtraction has a basic underlying limitation. It
does not account for other additive and subtractive strategies (previously
discussed in Section 1.4.2), other than the counting-fingers strategy, the
counting strategy, the fingers strategy, and the retrieval strategy. It is not

clear whether they consider their mentioned strategies exhaustive.

1.4.4 Conclusions about Addition and Subtraction

The link between counting and addition and subtraction in order to
compare two unequal quantities relies heavily on the fact that children have to
learn to choose particular types of counting appropriate to the solution of
patticular types of problem. For example, a child may choose to count
backward to solve a subtraction problem, or to count forward to solve an
addition problem. Hence, counting algorithms are used to solve addition and
subtraction operations. According to Baroody (1984d), Ginsburg (1982),
Groen and Resnick (1977), and llg and Ames (1951), preschool age children
have already discovered that the counting sequence helps them to solve
simple mathematical problems.

Baroody (1984a; 1984b; 1984c), like Ginsburg (1982), and others
discuss ways in which children, even when they are presented with basic
addition and subtraction combinations, still tend to use their informal counting
strategies to obtain the answers. Baroody (1984a; 1984b; 1984c), like Groen
and Resnick (1977), further explains that as time goes on, children invent
sophisticated counting strategies for adding and subtracting. The teaching of
formal mathematics gives the child a developmental basis for more advanced
strategies. For example, a child may deduce from 4+4=8, that 5+4=9,
because 5 is 1 more than 4, or s’/he may also deduce, for example, that 6-4=2

because 2 plus 4 is 6. Hence, a child may be able to deduce numerical
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relationships from number-fact, which is knowledge about other numerical
relationships, or from just a general knowledge of number. As mentioned
previously, one reason why primary school age children initially rely on their

informal mathematical procedures may be that these are meaningful to them.

neral

Having established children's understanding of quantity in general
within the context of one-to-one correspondence, counting, and addition and
subtraction, the next sections (1.6 - 1.8) will deal with children's
understanding of quantitative comparison within the context of word
problems. One-to-one correspondence, counting, and addition and
subtraction are ways that children use to compare quantities. The next
sections (1.6 - 1.8) will investigate the relevance of these afore-mentioned

ways to word problems.

1.6 Word Problems

Another way of investigating this thesis' central issue of how children
compare quantities and how they work out the difference between them is
through word problems. Word problems are sums embedded in stories.
They have been extensively used to test the mathematical abilities of
children. There are four categories of word problem: Compare, Equalize,
Change, and Combine. Two of these are essential for understanding the
difficulty that children have in comparing two unequal quantities and how they
work out the difference between them. These are Compare word problems
and Equalize word problems. The other two types of word problems are not
related to the theme of this investigation, as they do not test children's

understanding of quantitative comparison, but they nevertheless will be briefly
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mentioned and described. These are Change word problems and Combine
word problems.

Work, which has been reviewed already (Section 1.3), suggests that
the difficulties children have in comparing two unequal quantities might be
caused by a failure to count. The crucial question then is whether children
depend on counting in these word problems and whether any difficulty they
might have with them is specific to counting and number. Furthermore,
following from this crucial question is a second crucial one, which is, whether
these difficulties come up as much with continuous, as with discontinuous
material.

Compare and Equalize word problems deal directly with how children
compare two unequal quantities. These two types of problem are entirely
equivalent in nature, requiring the same computation and calculation,
involving the same mathematical operation in working out the difference
between two quantities, and yet children seem to have difficulty with one and

not so much with the other.

Examples of Compare problems are the following:

a. Mary has 6 books. John has 4 books.
How many more books than John does Mary have?

b. John has 5 comics. Mary has 2 comics more than John.
How many comics does Mary have?

In this category two distinct quantities are compared to find the difference
between them (i.e. 6-4=X). Hence, a Compare problem deals with a
"between-type" relation, as a comparison is made "between" two distinct
quantities. Such problem also involves a "static" relationship between two

quantities. Static relations embody conceptual knowledge about comparisons
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involving sets of objects and do not pose a transformation between the

quantities.

An example of an Equalize problem is the following:

Mary has 6 marbles. John has 4 marbles.
How many more marbles does John need,
to have as many marbles as Mary?

Two given sets are compared, and solving the problem involves finding the
amount by which one of the sets must be changed to make it equal to the
other (i.e. 4+X=6). Hence, an Equalize problem deals with a "within-type"
relation, as a comparison is made of the same quantity "in" two different
states. Such problem also involves an "action" relationship, where one set is
joined to or separated from another set. Action relations are different from
static relations in that they embody actions that cause increases or decreases
in some quantity and pose a transformation within the quantities.

From a rather different point of view, an example of a Change problem

is the following:

John had 4 marbles. He got 2 more.
How many marbles does John have now?

Problems in this category have an initial quantity and some direct or implied
action causes a change in the quantity. They involve an "action" relationship
where one set is joined to or separated from another set. The direction of
change can either be an increase (a join problem), or a decrease (a separate

problem).
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An example of a Combine problem is the following:

Mary has 2 apples. John has 4 apples.
How many apples do they have altogether?

Problems in this category involve two distinct quantities that are parts of a
whole and therefore must be considered in combination. Hence, a "static"

relationship between the two quantities is involved.

1.6.1 Evidence for the Difficulty of Compare Problems

Of the two kinds of word problem which deal with differences between
quantities, there is much more evidence on children's performance with
Compare problems. Equalize problems have been relatively neglected, and
as will be seen, there is a lack of proper systematic comparisons between
Compare and Equalize problems.

The most interesting finding resulting from research on Compare
problems is the fact that Compare problems are very difficult for young
children.

Riley (1981), for example, gave children sets of word problems to be
solved using blocks. The basic procedure involved having children
individually solve selected word problems that were read to them by the
experimenter. Memorial and computational difficulties were kept at a
minimum by reading the problems slowly, repeating them if necessary, and
by restricting the size of the numbers in the problems such that sums were
less than 10. In addition, concrete objects (blocks) were provided for children
to use in solving the problems.

Results demonstrated that for the 4- to 5-year-old group, Compare

problems (.11=[Proportion of Children who performed correctly using



Objects]) were more difficult to solve than either Combine (.61=[Proportion of
Children who performed correctly using Objects]) or Change (.62=[Proportion
of Children who performed correctly using Objects]). For the 5- to 6-year-old
group, Compare problems (.19=[Proportion of Children who performed
correctly using Objects]) were again more difficult to solve than either Change
(.67=[Proportion of Children who performed correctly. using Objects]) or
Combine (.70=[Proportion of Children who performed correctly using
Objects]). For the 6- to 7-year-old group, Compare problems
(.72=[Proportion of Children who performed correctly using Objects]) were
consistently more difficult to solve than Combine (.85=[Proportion of Children
who performed correctly using Objects]) or Change (.92=[Proportion of
Children who performed correctly using Objects]). Finally, children of 7- to 8-
years-old performed relatively well on the Compare problems
(.91=[Proportion of Children who performed correctly using Objects]), as well
as on the Change (.96=[Proportion of Children who performed correctly using
Objects]) and the Combine (1.00=[Proportion of Children who performed
correctly using Objects]) problems.

Hence, Riley's data show that young children do find particular
difficulty solving Compare problems. The evident difficulty of Compare
problems for young children cannot be due just to the difficulty of the sums
involved because they can often manage the equivalent sums in Combine
and Change problems. Therefore, it seems likely that their difficulty lies in
doing these sums in order to work out the difference between two quantities.
In that case, one needs to know if they have as much difficulty in the other
kind of word problem in which they have to work out the difference between
two quantities - the Equalize problems.

Unfortunately, there is very little evidence on this crucial question.
Carpenter, Hiebert, and Moser do indeed compare the two kinds of problem,

but the Compare and Equalize problems were not equivalent. They gave 43
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children, with an average age of 5 years, two kinds of Compare problem and

two kinds of Equalize problem. Examples of the two Compare problems
were:

(1). Ralph has a pleces of gum. Jeff has b more pieces than Ralph.
How many pieces of gum does Jeff have?

(2). Mark won a prizes at the fair. His sister Connie won ¢ prizes.
How many more prizes did Connie win than Mark?

Examples of the two Equalize problems were:

(1). Joan picked a flowers. Bill picked c flowers (a<c).
What could Joan do so she couid have as many flowers as Bili?
(Suggest, if necessary, that she pick some more.)
How many more would she need to pick?

(2). Fred has a marbles. Betty has ¢ marbles (a>c).
What could Fred do so he would have as many marbles as Betty?
(Suggest, if necessary, giving some away.)
How many would he need to get rid of?

They found that the children did quite well on both Equalize problems
and as well on Compare problem (2). However, they did very poorly on
Compare problem (1).

There are two difficulties here. One is that there is no Equalize
problem equivalent to the difficult Compare problem. In the difficult Compare
problem the child is given the difference between the two quantities as well as
one of the quantities and has to work out the other quantity. All Equalize
problems involve working out the difference between two quantities.

The second problem is that Carpenter, Hiebert, and Moser's results
with Compare problem (2), which was easy for the young children, seem to

be quite out of line with those of other experimenters, who, as previously
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shown, found that this was a difficult sort of problem for young children. So,
the Carpenter, Hiebert, and Moser finding, that there was no difference in
difficulty between Compare Problem (2) and the equivalent Equalize problem,
does not provide a satisfactory answer to our question whether Equalize
problems cause children the same difficulty as Compare problems.

Another study which involved Compare problems was done by
DeCorte and Verschaffel (1987a). They observed children's errors by giving
30 children of ages 5-to-6 eight word problems and a series of Piagetian
tasks, memory tasks, and counting tasks. The children were given these
batteries of tests three times during the academic year. The word problems
were read aloud and the children were asked: (1) to retell the problem, (2) to
solve it, (3) to explain and justify their solution methods, (4) to build a material
representation of the story with puppets and blocks, and (5) to write a
matching number sentence. At the end of the task, the child was then asked
to construct a word problem out of an unsolvable word problem.

They gave the 30 5-year-old children Compare problems in two forms:

Probiem A: Pete has 3 apples; Ann has 6 more apples than Pete; how
many apples does Ann have?, and

Problem B: Pete has 3 apples; Ann has some more apples than Pete;
Ann has 8 apples; how many more apples does Ann have than Pete

has?,

DeCorte and Verschaffel obtained the following results.: Four of the 30
children solved Problem A correctly; six of the 30 children solved Problem B
correctly; about half of the children gave the answer "6" to Problem A and
about half of the children gave the answer "8" to Problem B.

Thus, these experimenters confirmed the extreme difficulty young

children have with Compare problems.
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1.7 Theori he Difficul f Compare Problem

The answer to these questions might help in developing a theory of the
difficulty of Compare problems.

(1)  As Equalize problems are equivalent to Compare problems, in the
sense that they require the same mathematical operation, do children then
encounter similar difficulty with this other type problem.(?)

(2)  As the difficulty children have with Compare problems has been
proposed to be possibly due to children's difficulty with counting, does this
difficulty then apply to continuous, as well as discontinuous material.(?)

There are three main kinds of explanation of the difficulty that children
have when solving Compare-type problems, and all of them make definite
predictions about the relative ease they have when solving Equalize-type
problems. One hypothesis deals with the structural aspect of Compare
problems and involves the difference between static versus action
relationships (Riley, Greeno, and Heller,1983). A Compare problem, as
previously mentioned, involves a "static" relation, as no transformation occurs
among its quantities, whereas an Equalize problem involves an "action"
relation, as a transformation occurs among its quantities by increasing or
decreasing one of the quantities to make it equal to the other. The former-
type relation is more difficult than the latter, as children are more readily
capable of understanding relationships involving action than they are of those
involving static relationships. This hypothesis predicts that Equalize problems
should be easier than Compare problems.

A second hypothesis deals with the linguistic aspect of word problems
and involves children's failure to understand the comparative word "more"
(and by the same token the word "less" as well). Hudson (1983), for
empirical reasons which will be presented later, has argued that children's

difficulties with Compare problems stem from problems in understanding the
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word "more".  Since both Compare and Equalize problems involve
comparative terms, this hypothesis predicts that there should be no difference
in the level of difficulty of the two kinds of problem.

A third hypothesis, proposed by this author, argues that the difficulty of
Compare problems can only be explained by a combination of structural and
linguistic factors. According to this hypothesis a structural explanation on its
own cannot account for the difficulty of Compare problems because it is
possible to make the Compare problem a great deal easier without changing
its essential structure by not using comparative terms, as Hudson (1983), in
work to be described later, has demonstrated. However, the third hypothesis
argues that there are two senses in which the word "more" (or "less") can be
used. One, the sequential sense, is to compare the same quantity in two
successive states: sequential comparisons involve transformations.
Comparing the height of a tower of bricks, before and after some bricks have
been added to it, is one possible example: comparing the level of liquid in a
glass, before and after someone has drunk from it is another. The other
sense in which comparative terms are used is simultaneous: this means the
comparisons of two different quantities without a transformation to either.
Comparing the height of two different towers of bricks or the level of liquid in
two different glasses of water are examples of simultaneous comparisons.

There is some evidence from the work of Moore and Frye (1986),
which is to be reviewed later, that children understand comparative terms
used in the sequential sense more easily than in the simultaneous sense.
They understand the word "more" when it refers to an addition to one gquantity
better than when it refers to the difference between two quantities.

The reason why this difference in understanding the two senses of
comparative terms is relevant to Equalize and Compare problems is that the
wording in Equalize problems is in the sequential sense while in the Compare

problems it is in the simultaneous sense. In Equalize problems, the child is
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asked to imagine a transformation to a single quantity ("How many more
marbles does John need, to have as many marbles as Mary?"), while in the
Compare problems he is asked to estimate the difference between two
unchanged quantities ("How many more marbles than John does Mary
have?").

Therefore, this third hypothesis also predicts that Equalize problems

should be a great deal easier than Compare problems.

1.7.1 r ral H hese out the Difficulty of Compare Pr

There have been several attempts to account for the difficulty of
Compare problems in terms of the structural characteristics of these
problems. There are three structural hypotheses about the difficulty of
Compare problems. One is the hypothesis of Riley, Greeno, and Heller
(1983), the second is the hypothesis of Briars and Larkin (1984), and the third
is the hypothesis of Silver and Thompson (1984).

1.7.1.1 The Riley, Greeno. and Heller Model

The Riley, Greeno, and Heller model is concerned with factors that
account for children's difficulties in word problem solving. These factors
include the complexity of conceptual knowledge about the problem domain
and the sophistication of problem-solving procedures. These factors are
important to understanding how children compare unequal quantities and how
they solve the difference between them.

Riley et al. base their hypothesis on an extensive review of the
research on addition and subtraction word problems and factors that

influence their difficulty, such as the works of Carpenter, Hiebert, and Moser
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(1981), Fuson (1979), Nesher and Teubal (1975), Vergnaud (1982), Hudson
(1983), and others, previously described.

Unfortunately, Riley, Greeno, and Heller take as one of their starting
points, the assumption that Equalize problems are easier than Compare
problems. They base this assumption entirely on the Carpenter, Hiebert, and
Moser study, and yet as previously explained, there is no basis from this
study for concluding that the Compare problems are the harder of the two.
There was no Equalize problem equivalent to the difficult Compare problem in
this study.

Riley et al. begin by defining a word problem as involving identification
of some quantities and description of a relationship among them. There are
certain categories of word problems. These categories, previously defined,
are Change, Equalizing, Combine, and Compare. The global difference
between all these categories involves the "semantic structure", according to
Riley et al. Semantic structure, as they interpret, means conceptual
knowledge about increases, decreases, combinations, and comparisons
involving sets of objects. Change and Equalize word problems describe
addition and subtraction as actions that cause increases or decreases in
some quantity. Combine and Compare involve static relations between
quantities.

Riley et al. distinguish between problem schemata, action schemata,
and strategic knowledge. Problem schemata consist of elements and
relations among those elements. Action schemata refer to planning
operations to solve the problems. They present four types of action
schemata: the make-set, the put-in set (virtually makes more), the take-out
set (virtually makes less), and the count-all set. Strategic knowledge refers to
representation of production rules organized in a way that permits top-down
planning (choosing a general approach to a problem; then deciding about

action that is more specific; and only then working out the details). These
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three components of knowledge are needed for successful performance in
the domain of word problems. If children find it difficult to solve word
problems, it could be due to a failure in any one of these components of
knowledge.

From their review, Riley et al. developed three types of model that
simulate the different levels of children's performance on word problems.
These models vary in the way that information is represented and the way in
which quantitative information is manipulated. Model One (1) understands
quantitative relations by means of a simple schema that limits its
representations of problems to external displays of objects. Model Two (2)
has a schema for maintaining an internal representation of increases and
decreases in the sets of objects manipulated. Hence, the process of building
this representation is relatively bottom-up in the sense that it depends on the
external display of objects. Model Three (3) also has a schema for
representing features internally, but can use its schema in a more top-down
way than Model Two (2). A direct understanding can be achieved
independently of the external display of objects. Models Two (2) and Three
(3) have a richer set of action schemata for producing and manipulating
quantitative information and a richer understanding of certain relations
between numbers than Model One (1). It is Model Three (3), however, that
enables an understanding of part-whole relations. These models provide
hypotheses about how changes occur, developmentally, in children'’s ability to
understand relationships among quantities and how to use representations of
these relationships to solve problems. Riley et al. believe that successful
problem-solving performance by children and adults depends on their
understanding of certain concepts, which are characterized as schemata
used in representing information in problem situations.

Riley et al. described three main ways in which conceptual knowledge

and procedural knowledge interact when a child compares two unequal
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quantities and works out the difference between them. One is through the
role of schemata in the selection of actions. In the models, both problem
schemata and action schemata are necessary for relating the problem
statement to the actions required to solve the problem. Problem schemata
are involved in interpreting the problem text. They range from a simple
schema used to represent quantitative relations to a more complex Change
schema, and finally to the schemata required for representing the complex
relationships in Combine and complex forms of Compare problems. In all
these models, the schemata is associated with goals either to change the
current problem situation, to obtain some information from the problem
situation and hence planning procedures, or to identify an action whose
consequence matches the current goal. At times one of three things may
happen. There may be a direct match between the goal and one of the
model's action schemata while at other times, additional schemata are
required to infer important relations in the problem situation before the
appropriate action can be chosen. Secondly, there may be an interaction of
conceptual and procedural knowledge involving the use of schemata to
monitor the effects of selected actions on a problem situation. Lastly, there
may be the influence of conceptual knowledge on the actions that get
selected.

Solving a word problem, note Riley et al., requires an interaction of
conceptual and procedural knowledge. Once a model has represented a
problem situation (problem schemata), it must have some way of relating this
representation to its problem-solving procedures (action schemata).
Furthermore, in addition to problem schemata and action schemata, the
models also have a strategic knowledge for planning solutions to problems.
Riley et al. also suggest that a child's conceptual knowledge of the relations

between quantities in a word problem is related to the acquisition of more
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efficient counting procedures. Hence, necessity and efficiency are the two
motivations for acquiring a more advanced and sophisticated schemata.

The different types of word problems can be categorized into these
models. These models predict a difference between Equalize and Compare
word problems. Equalize word problems are represented in Model Two (2)'s
schema for representing quantity, as a change is represented by an increase
or a decrease in the amount manipulated. Compare word problems, on the
other hand, are represented in Model Three (3)'s schema for representing
quantities, as these are represented distinctly in part-whole relations between
the quantities. Riley et al.'s development of these models wherein problem
schemata, action schemata, and strategic knowledge determine the child's
performance in word problems implies that the solution to these problems
requires more than just knowing the operations and having some general skill
in applying them. According to these experimenters, it is the construction of
these schemata and the application of this strategic knowledge that allows a
child to successfully solve word problems. They conclude that if one of these
factors is missing s/he has difficulty in working out the solution between two
unequal quantities.

Although this model is in many ways an impressive and imaginative
one, it is partly based on an unproven assumption about the difference
between Equalize and Compare problems, as already seen. The best thing
to say at this stage is that the model predicts a difference between these two
problems: it predicts that Compare problems will be harder than Equalize
ones. It also predicts that the difference between Equalize and Compare

problems would apply equally to continuous and to discontinuous quantities.
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1.7.1.2. The Brlars and Larkin Model

Briars and Larkin (1984) produced a structural model of a different
kind: it is different in that it stresses the role of counting. They argued that
that solving of mathematical word problems links the ability to execute
mathematical operators and the ability to apply these operators in real-world
situations.  When given word problems, children are asked to use
mathematical knowledge to describe situations. Briars and Larkin (1984), like
Riley, Greeno, and Heller (1983), emphasized the importance of whether the
problems were described as static or active situations, and of whether they
were described as increasing or decreasing. This is why their hypothesis is
classified as a structural hypothesis here.

Their model also differentiates itself from other models in that it
assumes that when young children solve mathematical word problems by
using concrete materials, they do not form a mental schema to represent the
information for simple problems, as the concrete representation of the
problem information constructed "on the table" serves this function. Briars
and Larkin based their word problem theory on an information processing
view of cognitive psychology. The model involves ideas about "counters" and
"re-representation”.

(1)  Single-role counters

These are used in the following type of situation: A child is given a word
problem beginning with a statement such as, "Jan had twelve marbles.". The
child counts out a set of twelve marbles. When hearing, "She lost four of
them.”, the child removes four marbles from the mentioned set. When the
child is asked, "How many marbles did she have left?", the child identifies the
remaining set as "Those she had left". Hence, this remaining set is counted

and the number the child comes up with after counting this remaining set is

the answer given.
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Examples of these single-role counters are the following:

a. A+B=?
Joe has 5 marbles. Then Tom gave him 3 more marbles. How many
marbles does Joe have now? (Riiey,1979)

b. A-B=?
Fred had 11 pieces of candy. He gave 7 pieces to Linda. How many
pieces of candy did Fred have left? (Carpenter and Moser,1982)

C. A-?7=B
Joe had 8 marbles. Then he gave some marbles to Tom. Now Joe has 3
marbles. How many marbles did he give to Tom? (Riley,1979)

(2)  Double-role counters

Double-role counters are used in the problem:

a. A+7=B
"Mary has three marbles. She takes some more from a bag. She now
has eight. How many did she take from the bag?" (Steffe and
Johnson,1971)

"The ones taken from the bag" is a set whose numerical size is not
immediately specified so that it is impossible to immediately represent this set
with a collection of objects. The problem is therefore quite difficult. Briars
and Larkin argued that this set is virtually ignored initially and that the child
goes on to the problem of representing the next set mentioned, which is after
all the set with which Mary ends up. Mary's set is represented by increasing
Mary's first set to eight. Briars and Larkin use this term double-role to apply
to those chips that were in the bag initially and are also now in Mary's overall
set. The child is assumed to have somehow mentally tagged all the marbles
in the bag, in order to then attach a second tag to all the marbles currently in

Mary's set and then count all the marbles that have both these tags.

(3) Re-representing problems

Problems begin with an unknown set, such as for example,
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a. ?+A=B
"Biil had some marbles. Susan gave him three more marbles. Now he

has eight marbles altogether. How many marbles did Bill have to begin
with?" (Hiebert,1981)

There are two ways of solving this type of problem. One of the ways is to
realize that the problem can be restated. Hence C+A=B can be restated as
C=B-A. These formulae tell us that the answer is obtained by taking the
number of set A from the number of set B. The second way is to realize that
the problem can be converted into a double-role problem by switching the
first two sets around, giving A+C=B, which is the same as the double-role
problem discussed above.

Another example of the re-representation problem is the following:

b. ?2-A=B
Jane has some buttons. She lost 2 buttons. Then she had 7 buttons.
How many buttons did Jane have to begin with? (Tamburino,1980)

The Briars and Larkin model is largely based on Change problems, but
the distinction that it makes between action and static word problems leads to
a clear prediction that Equalize problems which involve action changes
should be easier than Compare problems which do not. Moreover its use of
the notion of "counters" leads it to a definite prediction about the use of
continuous and discontinuous material. The model concerns judgements
about discontinuous material only and, therefore, the difficulty that it assigns

to Compare problems should apply to discontinuous material or;i)L

1.7.1.3 il hesi f
Steps in a Probiem

Another hypothesis involving structural aspects is that of Silver and
Thompson (1984). Their hypothesis is about word problems in general and

does not deal specifically with the possibilty of a difference between
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Compare and Equalize word problems. However, their hypothesis can be
applied to this difference.

Silver and Thompson (1984) claim that data from the NAEP (National
Assessment of Education Progress mathematics assessments in the United
States of America), and from Carpenter et al. (1980,1984), show that children
have more difficulty with problems involving multi-step, as they require the
application of more than one operation, than those involving only one-step, as
they can be solved by a routine application of a single arithmetic operation.
Taking their hypothesis a step further, and applying it to the difference
between Equalize and Compare word problems, the following deduction can
be made.

An Equalize problem involves an action relationship where a
transformation occurs by increasing or decreasing a quantity so as to make it
equal to the other. This transformation seems to involve a one-step process
to arrive at the solution. By just knowing the amounts of the two quantities
involved, a child can increase or decrease one quantity to make it equal to
the other, hence arriving at the solution or the difference between the two
quantities.

A Compare problem, on the other hand, involves a static relationship
where no transformation occurs between the quantities. This type of problem
seems to require a multi-step process to arrive at the solution. The child has
to know first how much there is in the start-set quantity. The child then has to
know how much there is in the compare-set quantity. Then, the child has to
infer how much the start-set quantity was initially (on the basis of the
compare-set quantity), in order to decide a change and arrive at a solution
(the result-set quantity).

In other words, for an Equalize-type problem, the child may only use
the start-set and the result-set to arrive at the solution (the change-set), but

for a Compare-type problem, the child has to refer back to an initial state of
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the start-set in order to see what the difference between the two quantities
actually is.
One may draw a parallel with recent work on causal reasoning in

children by DasGupta and Bryant (1989). When young children are given a

sequence
BrokenCup ?  Wet Broken Cup

and asked what caused the wet broken cup, young children are unable to
solve this because they do not refer to the original state of the object (i.e.
dry). It is possible that in the same way, 5-to-6-year-olds are unﬂable to refer
back to an original starting point which is not actually represented. It seems
that children do not have to keep in mind representations for Equalize word
problems, but need to have the ability to infer representations of an initial
quantity and keep them in mind for a Compare word problem.

Thus it can be seen that the Silver and Thompson analysis also leads
to the prediction that Equalize problems should be much easier for children
than Compare ones and that the difference between Equalize and Compare

problems would apply both to continuous, as well as discontinuous quantities.

1.7.1.4 Conclusions abo ructural Hypotheses

There are three hypotheses about the difficulty of Compare problems.
Riley, Greeno, and Heller's hypothesis stresses action word problems and
static word problems, and its answer to the two questions that we posed are:
(1)  that Equalize problems should be easier than Compare problems,
(2) that the difference should be as great with continuous as with

discontinuous material.



Briars and Larkin's model stresses the role of hypothetical "counters”

and predicts:

(1)  that Equalize problems should be easier than Compare problems,

(2) that the difference should occur with discontinuous, but not with
continuous material.

Silver and Thompson stress the number of steps and predicts:

(1)  that Equalize problems should be easier than Compare problems,
(2) that the difference should be as great with continuous as with
discontinuous material.

Thus all three theories make the same prediction about Equalize and
Compare problems. However, they disagree about the effect of changing the
material to continuous material. None of the theorists has satisfaé:torily tested
his predictions about these two questions. We do not have a satisfactory
comparison between Equalize and Compare problems. Nor has there been
any attempt to compare children's performance in problems about continuous

material to their performance in problems about discontinuous material.

1.7.2 Linguistic Hypotheses about the Difficulty of Compare Word
Problems

Structural theories predict linguistic changes should have little or no
effect on the task, so long as the task structure remains the same. On the
other hand, there have been arguments that linguistic factors, and particularly
the use of comparative terms, like "more", are extremely important in word
problem solving. The fact that children find Compare word problems difficult
to solve is perhaps partly due to their linguistic factors. This hypothesis,
therefore, yields two entirely different predictions from structural hypotheses.
One is that linguistic chénges, such as introducing Compare problems without

comparative terms, should make the task much easier. The second is that
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Equalize and Compare problems both employ comparative terms, and
therefore, there should be no difference in difficulty between the two.

Hudson's (1983) explanation for the difficulty of Compare problems
fastened on the word "more". He wanted to investigate the difficulty that
children have with Compare problems. He presented 64 4-to-8-year-olds with
two kinds of Compare problems. Eight pictures were presented to the child,
showing for example, five birds and four worms. Two questions, separated
by a short interval, were asked about the pictures. The first question was:
"How many more birds than worms are there?". The second question was:
"Suppose the birds all race over and each one tries to get a worm!; How
many birds won't get a worm?".,

In the "Won't get"-type questions, 100% of the children responded
correctly, whereas, only 64% of the children responded correctly to the
"More"-type questions. This result demonstrated that the 5-year-olds were
able to use their knowledge of correspondence to determine exact numerical
differences between disjoint sets. Children used a one-to-one
correspondence strategy for the latter question in order to arrive at a solution,
and obtained the correct answer more frequently.

Hudson concluded from his results that children's errors in solving
word problems are not due to a lack of quantitative actions or procedures
necessary to perform a solution, but to an occasional failure to integrate
computation into the total solution of a word problem. This ability was
previously cited by Ballew and Cunningham (1982) as being essential to
successful problem-solving. Children's success in the "Won't get" questions,
mentioned above, indicates that they are skilled at establishing
correspondences and determining exact numerical differences between
disjoint sets. Children's unsuccessful performance with questions presented
in the "More"type form reflects their misinterpretation or inadequate

comprehension of comparative constructions of the general form, "How
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many...(comparative term)...than...?". Hudson concluded that linguistic
difficulties account for mistakes in Compare problems, particularly difficulties
with "More"-type questions. This study will be evaluated after mention of a
similar study.

Later, Hudson replicated this experiment with 30 4-to-5-year-olds. He
wanted to investigate children's solution strategies in answering the "Won't
get"-type questions. Children were observed to use a counting strategy
rather than a perceptually guided pairing strategy, as previously
demonstrated.

Hudson's study deals only with Compare-type problems. His study
gives an indication that the difficulty children have with word problems of this
nature, may be due to a lack of understanding of the linguistic component
"more". This explanation is a weak one and not necessarily valid. After all,
the same comparative word is present in both Equalize and Compare word
problems.

As he presented two types of Compare problems, children should have
encountered difficulty with both type problems, as Compare-type problems
are generally difficult for children to solve (i.e. Riley [1981]; Riley, Greeno,and
Heller [1983]). The fact that the children, in Hudson's study, did not
encounter any difficulty with the "Won't get"-type question, may have been
due to the type of structural operations that it triggered. The structural
characteristics of the "Won't get'-type question encompassed an action
relationship. The structural characteristics of a Compare-type question

encompassed a static relationship.

1.7.2.1 Conclusions about Linguistic Hypotheses

The only linguistic hypothesis about Compare problems (Hudson,

1983) predicts:
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(1)  that there should be no difference between Equalize and Compare
problems because both use the difficult term "more",
(2)  that there should be no difference between problems using continuous

and discontinuous material.

1.73 A is which i r ral i isti

In this section, this author's hypothesis which involves both structural
and linguistic factors to explain the difficulty of Compare problems will be
presented. This hypothesis also predicts that Equalize problems should be
easier than Compare problems. The hypothesis rests on a distinction
originally made by Moore and Frye (1986) between two senses of the word
"more". One sense is "sequential”, and the other "simultaneous". They claim
that the "simultaneous” sense is the harder of the two for children. This is
relevant to Compare problems because Compare problems use the word
"more" in the simultaneous sense. Equalize problems, on the other hand,
use it in the "sequential" sense, which according to Moore and Frye, is the
easier sense. Thus, their analysis predicts that Equalize problems should be
easier than Compare problems.

Moore and Frye (1986) did some work on children's performance on
quantity tasks relating to children's understanding of the concept, "more".
They noted that a "sequential" as well as a "simultaneous" meaning is derived
from this particular word. The sequential meaning refers to an addition over
and above the amount already present. This sequential meaning can be
attained as early as the age of two when the child begins to understand terms
such as "more milk". In terms of word problems, "sequential” is semantically
synonymous with "Equalize", where a quantity is increased or decreased.
The simultaneous meaning refers to "more" as being the greater of two or

more different quantities. In terms of word problems, "simultaneous" is
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semantically synonymous with "Compare”, where two distinct quantities are
compared.

Moore and Frye postulated developmental changes of the concept
"more". They hypothesized that children undergo a process whereby the
sequential meaning of "more" is the one which makes sense to them,
followed by a period where both the sequential and the simultaneous
meaning are integrated jointly, and finally by the process where the
simultaneous meaning is understood. Children under 5-years-of-age are not
able to understand the meaning of "more" in the simultaneous sense, but are
able to understand the meaning of "more" in a sequential sense. The use of
"more” in its sequential form is often said to be acquired within the first two
years, as in "more milk" (Bloom,1970). Hudson et al (1982) also found that
when water was poured from a larger amount to a lesser amount, still leaving
the former greater, children tended to choose the larger amount as having
more. Although the children would presumably understand "more" to mean
an addition, very few applied this meaning to the context of this task. Hence,
there is evidence (Bloom,1970) that the sequential meaning of "more" is
developmentally prior to the simultaneous meaning, but that the latter comes
to dominate in quantification tasks (Hudson et al., 1982).

Moore and Frye tested one hundred and forty-four children of ages 4-,
6-, and 8-years-old, in a task where the term "more" could be given different
meanings. They were presented with four types of problem which involved
quantity comparisons.

(1) A standard conservation of continuous quantity, in liquid form, where
one of two same-sized jars contained more water than the other. The water
from the jar with less was then poured into a taller, thinner jar sg that the level
rose above that in the comparison jar.

(2)  An addition task where one of two same-sized jars contained more

than the other. A small fixed amount was poured from the jar with more into
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the jar with less. This transformation left the jar that had previously contained
less with a still noticeable deficit.

(3)  Atrick task where the container utilized, a jar, had a false bottom, with
the water level higher than in the normal jar, but where, in fact, the former jar
contained less than the latter. The transformation consisted in pouring the
water from the trick jar into a new normal jar at the same time as some
additional water from a fourth jar. This transformation resulted in the original
normal jar having a higher level than the new jar.

(4) A fixed task with no transformation, where the two same-sized jars
resembled the end display of the addition task. Children were asked, "Which
has more?".

It was hypothesized that,

(1)  The 4-year-olds would mostly interpret the meaning of "more" in a
sequential sense, as they would be less likely to judge by appearance,
especially on tasks involving an addition (i.e. they would judge according to
addition). )

(2) The 6-year-olds would interpret the meaning of "more" in both the
sequential and simultaneous sense, as they are non-conservers and would
tend to judge by appearance in all tasks, just as they interpret "more”
simultaneously in tasks in the standard context.

(3) The 8-year-olds would apply the simultaneous meaning most
frequently, as they are within the conservation age range, and would be
expected to succeed on the shape change task, as well as show a greater
flexibility in their response strategies.

The following results were observed. In the addition task, the 4-year-
olds were less likely to base their judgement on appearance and interpreted
"more" in the sequential sense. In the fixed task, however, this younger
group showed that they could interpret "more" in the simuitaneous sense.

The 6-year-olds judged according to appearance on all tasks, and used
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height as the basis of their judgement. Some of the 8-year-olds, who were
conservers, interpreted "more" in the simultaneous sense and thus judged
according to appearance. In the addition task, they chose the highest
quantity rather than the quantity that had been added to. On the other hand,
it was observed that 8-year-olds are capable of applying the sequential
meaning, as they performed correctly on the trick task'by choosing the jar
with the lower level as "more". This indicated, they believed, that if there had
been an addition to an amount that was previously greater than another
amount, then the former must still be greater. Appearance was not relevant
here. The results support the hypothesis that in quantity tasks the child's
understanding of the word "more" changes developmentally.

Moore and Frye's findings have an important bearing on Compare and
Equalize problems. They indicate that the outcome of these stories which
present a mathematical problem might depend on the understanding of the
word "more”. This understanding, according to Moore and Frye's findings,
changes developmentally. Thus, as a child increases in age so does his/her
capacity to compare unequal quantities and solve word problems.

Moore and Frye claim that children's difficulty in solving problems is
due to a linguistic aspect. However, children's difficulty in their task may have
been due to a more basic problem, rather than to a linguistic one, as they
suggest. Children, in their task, may have been misguided by these
perceptual transformations and hence, performed as they did. The fact that
6-year-olds judged according to height only proves this point. Had these
perceptual transformations not been presented, children may have performed

differently. It is unclear whether the problem in Moore and Frye's task is

actually more fundamental than linguistic.
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