SPACES OF COMPLEX GEODESICS

& RELATED STRUCTURES

by

C.R. LeBrun, Jr.

Hertford Colilege, Oxford

x

A thesis submitted in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy

at the University of Oxford

1980



SPACES OF COMPLEX GEODESICS AND RELATED STRUCTURES
C.R. LeBrun, Jr., Hertford College, Oxford

A thesis submitted in partial fulfiliment of the
requirements for the degree of Doctor of Philosophy

Trinity Term, 1880

ABSTRACT

On a complex n-manifold with holomorphic projective connexion, any
point has a neighbourhood U of which the space of geodesics has naturally
the structure of a (Hausdorff) complex (2n-2)-manifold; it is shown that
the complex structure of this auxiliary space encodes, in a sense, the
original projective connexion by means of a complete analytic family of
'ﬁﬁ_]'s. Rather strikingly, small deformations of the space of geodesics
correspond precisely to small deformations of the projective connexion of
the primary space.

Similar results are obtained concerning the space of null geodesics of
a complex n-fold, n > 4, with conformal connexion, a geometrical structure
amounting to a holomorphic conformal structure plus a torsion tensor. For
n=3 the analysis is compiicated by the fact that the analytic family of
submanifolds (quadrics; in this case‘ﬂ?'s) representing the points of the
primary space fails to be complete; but it can be completed to give a 4-
dimensional family, effecting a unique embedding of the original 3-fold in
a 4-fold with conformal structure, of which the conformal curvature is self-
dual, in such a way that the induced conformal structure is the original
one and such that the conformal torsion is related to the second conformal
fundamental form of the hypersurface in a canonical linear fashion. In any
case, the small deformations of the compiex structure of the space of null

geodesics correspond precisely to the small deformations of the conformal



connexion. It is shown that a space of torsion-free null geodesics admits
a holomorphic contact structure, and that conversely, for n > 4, the
admission of a contact structure forces the conformal torsion to vanish;
for n=3, the contact form constructs automatically a unique metric on the
ambient 4-fold in the previously constructed self-dual conformal class
which solves Einstein's equations with cosmological constant 1 and blows
up on the 3-fold, which is a general umbilic hypersurface. These results
are in turm used to show that a real-analytic 3-fold with real-analytic
positive definite conformal structure and a real-analytic symmetric form
of conformal weight 1 can be embedded (in a locally unique fashion) in a
real-analytic 4-fold with positive-definite conformal structure for which
the conformal curvature is self-dual in such a way as to realize the given
structures as the first and second conformal fundamental forms of the
hypersurface; and it is shown that a real analytic 3-fold with positive-
definite conformal bounds a Tocally unique positive-definite solution of
Einstein's equations with cosmological constant -1 as its umbilic conformal
infinity. By contrast, these results fail when "real-analytic" is replaced

by "smooth".
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PREFACE

Complex analytic structures are comparatively rigid ones, sO much so
that the analcgy of geometrical structures often proves useful 1in thinking
about them. But there is more than an analogy here. It was first noticed
by Penrose [15] that certain types of (holomorphic) local geometrics
(specifically, self-dual conformal structures or self-dual metrics in four
dimensions) can be encoded into the global structure of auxiliary compicX
manifolds, and that small deformations of the complex structures of these
auxiliary manifolds correspond precisely to deformations of the original
geometrical structure; the crucial ingredient here is a theorem of Kodaira
[9) on holomorphic motions of compact submanifolds. In this thesis we
consider a much wider spectrum of geometrical structures, namely those that
are characterized by the specification of geodesic curves, whichare amenable
to an analogous treatment.

After presenting, in Chapter 0, a loose assortment of more or less
widely known results which will prove valuable in the course of our
investigations, we proceed, in Chapter 1, to examine holomorphic projective
connexions and their spaces of geodesics. We show that any complex
n-manifold with holomorphic projective connexion admits a.neighbourhood
basis such that the space of geodesics of any basis neighbourhood is a
complex (2n-2)-fold, and that the'Wh_]'s embedded in such a space of
geodesics, which consist of those geodesics through some fixed point of the
original n-manifold, form a complete analytic family - i.e. any small
holomorphic motion of such a submanifold gives another one. Small
deformations of the complex structure of such a space of geodesics are shown
to all be other spaces of geodesics.

In Chapter 2, the theory of holomorphic conformal connexions on
n-manifolds, n > 4, is seen to be much the same. This type of geometrical

structure amounts locally to the specification of a holomorphic conformal



(11)

metric along with an equivalence class of holomorphic affine connexions
preserving it, where two connexions are equivalent if they have the same
null geodesics, considered as immersed submanifolds. Further, it is
demonstrated that the null geodesics are those of torsion-free metric
connexions iff the space of null geodesics admits a contact structure; we
can thus restrict our attention, if we so desire, to the more familiar
class of conformal structures.

In Chapter 3, we investigate the rather remarkable breakdown of the
above results when n = 3. The submanifolds (WH'S) which represent the points
of a three-dimensional conformal connexion in its three-dimensional space
of null geodesics do not form a complete analytic family, but rather sit
naturally in a four-dimensional compiete family of ﬁ%'s; this embeds the
given 3-fold in a 4-fold with conformal structure for which the conformal
curvature is self-dual, and in such a way as to realize (in a locally
unique fashion) the original conformal metric as the induced one and the
“conformal torsion" that characterizes the null geodesics as, essentially,
the conformal part of the second fundamental form of the hypersurface.

When the conformal torsion vanishes (i.e. if the corresponding hypersurface
is umbilic), then the space of null geodesics admits a contact structure,
and this structure constructs for us a unique solution of Einstein's
equations with cosmological constant 1 which 1lies in the previously
constructed conformal class and which has a simple pole on the umbilic
hypersurface. If the original three-dimensional conformal structure admits
a positive-definite slice, so does the Einstein metric (if we renormalize
the cosmological constant to be negative). This construction is, in effect,
a cosmological constant analogue of Newman's H-space [27], but as it is
considerably better behaved one may hope that this new construction may

shed some light on that of Newman.

Chapter 3 also includes an analysis of the smooth analogue of the



(iii)

analytic embedding problem mentioned above; it is shown that such embeddirgs
give rise to embeddings of certain CR 5-folds which do not generally exist,
and so such geometricé] embeddings are generally equally impossible. In
the process, an interesting correspondence between smootZ geometry and
certain CR manifoids is brought out.

Finally, we point out in Chapter 4 a few of the interesting probiems
related to our investigations which remain unsolved.

Throughout, indices may (and often must) be interpreted as numerical
indices, except in equations involving both spinor and tensor indices.
The summation convention always applies.

The author has avoided the use of spinors whenever possible within
the bounds of sane behaviour; although spinor techniques shouid, in
principle, be mastered by anyone vaguely interested in these topics, it is
sometimes illuminating to see spinorial results and constructions from a
less exotic perspective. It is hoped that perhaps a reader or two may be
enticed into learming about spinors in order to understand a few points of
the argument more fully.

As for notation:

T7X Denotes the holomorphic tangent bundle of a complex manifold X,
as distinguished from its smooth tangent bundie TX. We usually
think of T“X as a sub-bundle of the complexified smooth tangent

bundle (TX.
¢E Denotes E ®‘K1: if £ > X is a real vector bundle.

1PE Denotes the projectivization of a complex vector bundle E - X:
in other words, E is obtained from E by excising the zero section
and modding out by the multiplicative action of the non-zero

complex numbers {*.

* Denotes the sheaf of germs of holomorphic functions on some

(understood) complex manifold.



GAE)

E(E)

¢ (m)

Denotes the sheaf of germs of holomorphic sections of a

holomorphic vector bundle E.

Denotes the sheaf of germs of smooth (C”) sections of a smooth

vector bundle E.
Denotes ¢f(T7X).

Denotes(}(Hm), where H is the hyperplane section line bundle
(Chern class + 1) over’ﬁ), for some k understood; or the

restriction of this sheaf to a projective variety.



§0.1 HOLOMORPHIC FOLIATIONS

Let M be a complex n-manifold. A holomorphic k-distribution D on M
is a k-dimensional holomorphic sub-bundle of the holomorphic tangent
bundie T"M. We say that D is <nmvolutive if the 1lie bracket of two sections
of D (considered as vector fields) is again a section of D: [6(D), &(D)1 =
(XD). Given an involutive holomorphic k-distribution D on M, there are
holomorphic coordinates @: U ;_¢n on some neighbourhood G<of any point x € M
with the property that D is everywhere spanned by {a/az], cees B/BEF}.
This follows from the usual smooth analogue of this st;tement, the Frobenius
theorem [71, since, by induction, we can find holomorphic vector fields
X], cers Xk spanning D in some neighbourhood of X such that [Xj’ le =0
for all j, & =1, ..., k, and then notice that [Xj’ izl = 0 aiso for all

j and &, since the fields are holomorphic; the real, smooth fields

=0 for &, m=1, ..., 2n. Take some complex (n-k)-fold

N transverse to D at x, with coordinates?é: N -~ ¢n-k; the usual proof of

now satisfy Yz’ Ym
the Frobenius theorem now shows that there exist local coordinates

/K U.44R?n for some neighbourhood U of x such that a/axz = YZ for £ = 1,
..., 2k, and wlN =0 xzﬁ, modulo the identification of]R?(n-k) and ¢n-k.

It then turns out that the coordinates zJ, j=1, ..., n defined by

+ix23,j=k+1, cees N

are holomorphic, since the pseudo-group of diffeomorphisms generated by the
real part of a holomorphic vector field consists of biholomorphisms.

The above result is the only one that we shall need regarding



holomorphic differential equations ("O®DE's").

Given an involutive holomorphic k-distribution D on a complex manifcld
M, a maximal connected holomorphic immersed k-fold L tangent to D is called
a leaf. The system of all such leaves is cailed the foliation of M tangent
to D, and constitutes a partitien of M. There is thus a quotient map q: M~ F
from M to the space of leaves of this foliation; F is given the quotient
topology. The projection q is an open map, since our special "Frobenius"
Tocal coordinates show that the set of points on a given leaf having
neighbourhoods meeting no leaf which does not meet some fixed open set V& M
is closed, and hence is the entire leaf. In particular, the topology of F
admits a countable basis.

F need not be a topological manifold, but if it is one, and if q
carries any submanifold transverse to the leaves locally homeomorphically
into F, then F has a natural structure as a complex manifold. Namely, we
give F the atlas consisting of those local homeomorphisms from F to ¢2,
where £ is thg codimension of a typical leaf, induced by the last
coordinateszg sufficiently small Frobenius chart. The transition functions
between such charts on F will be biholomorphisms; for if x, y € M are such
that q(x) = q(y), we can find a sequence of Frobenius charts about portions

of the leaf q']

(q(x)) with domeins of definition U], cees UN<:.M such that

. =1 . .
X € U], y € UN, and an Uj+1 N q (q(x)) #¢ forall j=1, ..., N-1,
and since the transition functions between the pair of charts for F induced
by those defined on Uj and Uj+1 will necessarily be biholomorphic near q(x),
it follows by composition that the given transition function is

biholomorphic near any arbitrary point q{x).



§0.2 SOME VANISHING THEOREMS

We shall need to know something about the cohomology of complex
projective n-space‘uziwith coefficients in the sheaf @(m) of germs of
holomorphic functions of homogeneity m, as well as something about the
cohomology of quadrics with the restrictions of these sheaves as

coefficients. The main result is that of Bott [2].

Theorem. ("Bott's Rule"). Hp(ﬁ%,(9(m)) =0if0<p<n,orifp=n

and m > -n,
This can be derived from the more general Kodaira-Nagano vanishing

theorem using Serre duality; see [3], [1ﬂ .

Corollary. If Q c'ﬂ%+] is a (non-degenerate) quadric, then HP(Q,C9(m)) =

0if0<p<mn,orifp=nandm2 -n+l.

Proof. This follows directly from the long exact sequence induced by

the short exact sequence
0 »&m-2) »m) »Cp(m) » 0
g

of sheaves on'ﬂz+], where C%(m) has stalk 0 at points not on Q, and
consists of germs of holomorphic functions on Q homogeneous of degree m,
and where.-g is multiplication by the defining function of the quadric;

HP(Q,GKm)) is a subspace of Hp+](ﬂz+],dkm—2)) for p > 0. 1



§0.3 RIGIDITY THEORY (113, [121

By a deformation of a compact complex manifold M we mean a proper
regular ho]omo}phic hap a: M > U between complex manifolds such that M is
biholomorphically equivalent to a-](x) for some specified x € U. (By
proper we mean that the inverse image of a compact set is compact; by
regular we mean that the rank of the Jacobian is everywhere maximal.
Elementary differential topology shows that such a projection is
differentiably trivial).

Let © denote the sheaf ¢(T°M) of germs of holomorphic vector fields

on M.

Theorem. If H'(0) = 0, any small deformation of M is trivial: if a: M > U
is a deformation of M = a'](x), then, for some neighbourhood V< U of x,
o V(V) = V x M biholomorphically.

For the proof, see either of the given references. One can think of
a Cech cochain with coefficients in © as an infinitessimal change in the
transition functions which define M as a complex manifold, and factoring
out by coboundaries‘just removes the ambiguity of infinitessimal changes
in holomorphic coordinates; thus the theorem can be thought of as saying
that there are no small deformations of M if there are no infinitessimal
ones. (This picture of H](O) as the infinitessimal deformation of the
complex structure is also rigorous when H](O) # 0 but HZ(O) = 0, in which
case there is a moduli space of complex dimension dim H](O) which classifies
small deformations of M; in any case, a l-parameter deformation has a
“derivative” in H'(9)).

When H1(0) = 0, we say that M is rigid.

There is an analogous theory of deformations of holomorphic fibre
bundles over a fixed base, as developed in [12]. This specialises to

give the following theorem, which is rather easier to prove than the first.



Theorem. If E »~ M is a holomorphic vector bundle over a compact complex
manifold such that H](E ® E*) = 0, then any small deformation of E is
trivial.

This should be interpreted as saying that if E is a vector bundle
over M x B, where B is a neighbourhood of 0 & ¢k, such that E/M x {0} % E,
then E = n* E, where m: M x B - M is projection to the first factor.

When H](E® E*) = 0, we say that E is rigid.

We will be interested in only two examples of the first theorem,
namely when M =7F; or M is a quadric in E;, for any n. We now quickly

demonstrate that the necessary hypothesis holds in each case.

Example 1. M =1 . The tangent bundle ofT?n is described by the exact

sequence

0O (ne)F(1) >0 0
A

where A multiplies a holomorphic function by the n+1 homogeneous coordinates
on . Bott's Rule tells us that H'(P,0(1)) = HZ(E%,GQ = 0, so H'(P ,0) =
0.

Example 2. M = Q, a quadric hypersurface in ﬁ;. Let T1=49(T'ﬂ;|Q), let
N:= T/0 = (3(2) be the sheaf of sections of the normal bundle of Q in ﬁ;.

" We have the long exact sequence
0 > Ho(0) » HO(T) > HON) > H'(0) » H'(T) » ...
Now T is given (cf. example 1) by the exact sequence
0+@K(MU&U)+T+O

and so our corollary to Bott's Rule demonstrates that H](T) = 0, while
the (n+1)2-1 dimensional space of global sections of T is filled out by
the 1ie algebra of SL(n+1, {), acting on ﬂ; in the usual way; we can thus

identify HO(T) with trace-free (n+1) x (n+1) matrices. The subgroup of



SL(n+1, ¢) taking Q to itself is just SO (n+l, {), and so the image of

HO(G) in HO(T) can be identified with the anti-symmetric matrices; so the

2 n+1
N ;

H°(0(2)) can be identified (via the exact sequence

image of u has dimension (n+1) ) = (n;2) - 1, while HO(N) =

0+ -+((2) ->(5‘Q(2) > 0

of sheaves on ﬁ;) with symmetric (n+1) x (n+1) matrices modulo the
symmetric form defining Q, and so has dimension (n;2) - 1. Hence u is

onto, and H'(0) = 0.



§0.4 COMPLETE ANALYTIC FAMILIES OF COMPACT SUBMANIFOLDS

By an analytic family of compact submanifolds of a complex manifold
M we mean a complex submanifold S of M X X, where X is some complex
manifold, such that the projection map My S > X to the second factor is a

regular proper surjection. For each x € X we say that the compact complex

submanifold [nz“

If SCTM XX is an analytic family of compact submanifolds, there 1is

(x)3< M belongs to the family X.

a natural linear map from TX‘X to holomorphic global sections of the normal
bund]e of Sx: = 'n][nz-](x)] < M, where the normal bundle 1is (T’M]SX)/T’SX.
Namely, the projection Ty sets up an isomorphism between the global sections
of the (trivial) normal bundle of né-](x) relative to S and the tangent
space TX’X, and global sections of this normal bundle give rise to global
sections of the normal bundle to SXCZ M via the Jacobian of - An analytic
family of compact submanifolds is said to be complete if this map is every-
where an isomorphism.

An analytic family S<M x X of compact submanifolds is said to be
maximal if for any other such fami]y'T'C:M x Y such that Sx = Ty as point
sets for some x € X, ye Y, there are neighbourhoods U< X of x and V< ¥
of y such that for every y~ € V there exists x“= U for which Sx’ = Ty, as
point'sets.

Kodaira [9] proved the following beaufifu] result, for which we shall

find many uses:

Theorem. Let K< M be a compact complex submanifold whose normal bundle N
satisfies H](K,C?(N)) = 0. Then there exists a complete analytic family
of compact submanifolds of M containing K. This family is maximal and is
of complex dimension dim, HO(K, C}(N)); moreover, it is locally unique.
This result is proved by working in local coordinates, expanding the
definihg functions of nearby compact submanifolds in terms of power series

on the parameter space, and using the vanishing of H](OKN)) to insure



agreement on the overiaps one order at a time.

As a consequence, we have the

Corollary [10). If K<M is a compact complex submanifold with normal

bundle N satisfying H](K,Cﬂ(N)) = 0, then small deformations of M do not
destroy the complete analytic family to which K belongs, i.e. if w: M-I

“p)

is a regular holomorphic surjection of complex manifolds such that M =z w
for some p € I, then there is a complete analytic family of compact
submanifolds containing K< M such that each fibre of w contains precisely
an m-dimensional subfamily, where m = dim HO(K,CF(N)).

The proof simply notes that the normal bundle of K relative to M is
Just N + E, where E is a trivial bundie whose dimension is the dimension
of I. Every compact submanifold of the complete family lies in a fibre

of w because holomorphic functions on a compact manifold are constant.



§0.5 CR MANIFOLDS (131, [14]

The holomorphic tangent space T°M to a complex n-manifold M is a
complex n-distribution (n-dimensional complex vector sub-bundle of the

complexified smooth tangent bundle ¢TM) which is

(a) totally complex: TMN TM = 0, where the complex conjugation is the

usual one in €TM;

(b) involutive: the lie bracket of two smooth sections of T M is again a

smooth section of TM: [E(T M), €(T M)1 = E(TNM).

Conversely, the Newlander-Nirenberg theorem [14] states that any complex
n-distribution on a smooth 2n-manifold M satisfying (a) and (b) is the

holomorphic tangent bundle for a (unique) complex structure on M; i.e.

there exist local complex coordinates z!

s, 1 =1, ..., n, such that the
a/azi<s (TM span the given distribution.

If XM is a smooth hypersurface (real codimension 1) in a complex
(. n+t)-manifold, then T°M M} {TX is a smooth totally complex, involutive
complex n-distribution on the smooth (2n+1)-fold X. More -generally, we
define a CR structure on a smooth (2n+1)-fold to be a smooth totally complex,
involutive complex n-distribution H. As it turns out, not every CR manifold
(i.e. odd-dimensional smooth manifold with CR structure) can be realised as
a smodth hypersurface of a complex manifold [131].

A crude classification of CR manifolds is given by the Levi-form; if

X is a CR manifold with CR distribution H, this is the line-bundle-valued

Hermitian form
L: H x H »~ ¢TX/(H + H)

(Vo W) > IV, W1+ (H+H)

X* "X
where V and W are any smooth sections of H taking on the values V and W,

respectively, at a given point x € X; this is well defined (i.e. independent

~ of the choice of extensions) since if f is a smooth function vanishing at



X one has

[fV, i—{nx = f(x)-ti{, »:ux - (ﬁf)(x)-\?xe: H
for any sections V and W of H.

A differentiable complex valued function f on a CR manifold X with CR
distribution H is said to be a CR function if dflg = 0. Clearly, if X
arises as a real hypersurface in a complex manifold M, then the restriction
of a holomorphic function on a neighbourhood of X in M to X is a CR function
on X; conversely, provided that the Levi-form of a smooth hypersurface X< M
in a complex manifold has, at each point, both positive and negative
eigenvalues, then every CR function on X is the restriction of a (locally
unique) holomorphic function on a neighbourhcod of X [181. (If the Levi-
form is merely non-vanishing, then a CR function will be the one-sided
boundary value of a holomorphic function). Notice that this extension
property holds more generally if the CR function takes values in a complex
manifold, since locally this is simply a generalisation to an m-tuple of CR
functions; we may define a smooth map f: X > N from a CR manifold to a |
complex manifold to be a CR map if‘its Jacobian carries the CR distributicn

of X into the holomorphic tangent space of N.



§1.1 HOLOMORPHIC AFFINE CONNEXIONS

For the sake of completeness, we give a brief exposition of
holomorphic affine connexions, which are related to the analogous objects
in the smooth category in the most obvious possibie manner. For holomorphic
affine connexions see (131, [51].

By a holomorphic affine connexion on a complex n-manifold M we mean a
sheaf morphism V:0 - Q] @4 0 (where 0: =(¥T’M) is the sheaf of holomorphic
vector fields on M and Q]: =(}(T"*M) 1is the sheaf of holomorphic 1-forms)

satisfying the Leibnitz Rule
V(f-X) = of @X + f-VX fe& Xeo.

Though we have defined V on the level of germs, we shall be completely
cavalier in using the same symbol to denote the induced morphism on sections
over an open set.

Let |M] denote the underlying smooth manifold of M; we define an
underlying smooth affine connexion |V| on |M| for an arbitrary holomorphic
affine connexion V on M. If X is a holomorphic vector field in some region

of M, we define
V] (X + X): = VX + VX

which is a real smooth (1, 1) tensor; by linearity and the Leibnitz Rule
we extend this to all smooth vector fields. One must now check that this is
well defined (i.e. entails no contradictions). To do so, we must simply

certify that if

N
Z

Jix. +%.) =0
2 PR

(i.e. if I fJXj = 0) for X holomorphic vector fields and fjreal smooth

functions, then

J g J v Oy -
zdf'® (Xj + XJ.) + I f (VXJ. + VXJ.) 0,



which is seen by using an arbitrary holomorphic basis yj, j=1, ..., N
for the holomorphic vector fields on some neighbourhood (e.g. a coordinate
n ,
frame)s writing Xj = ZAE Yk for some holomorphic N x n matrix A, and
k=1

noticing that 5 £ Ag =0, k=1, ..., n, we see that

) =

£J =Y J "
xf (VXj + VXj) + rdf (Xj + XJ

J /ak k Jsak -
rf (Aj vy, + dAJ. ®yk + c.c.) + df (Aj Yy * c.C.) =
zd( A?) ®y, + c.c. =0,

We will now define the geodesics of a holomorphic connexion and
presently see their intimate relationship with the geodesics of the
underlying smooth connexion. By a geodesic for the holomorphic connexion
V on tHe complex n-manifold M we mean a holomorphic curve with parameter ¢
such that for some, and hence for any, local holomorphic extension X of

d/dz about any point of the curve, one has
X 4 VX =0 (1.1.1)

on the curve. (If T is a holomorphic function vanishing on the curve,
then (X + feW) 4 V(X + feW) = XA (f-W + 3f @ W) = 0 on the curve if (1.1.1)
is satisfied; since any holomorphic vector field vanishing on the curve
can be written as a finite sum Zfi wi where the fi vanish on the curve
(the requisite number of terms being the codimension of the curve), we've
shown by induction that (1.1.1) does not depend on the extension. The
fact that there exist extensions X at all is easily seen by the holomorphic
implicit function theorem - see (31]).

Given any holomorphic tangent vector V on a complex n-manifold M with
holomorphic connexion V there is precisely one geodesic curve with parameter
g, defjned in any suitably small neighbourhood of the origin of the complex

. .. d )
line, for which g ]C=0 = V.



This is true because of the theory of ¢DE's previously expounded; in
local holomorphic coordinates (zj): U~ ¢n, u 228" M, defining holomorphic
Christoffel symbols Xﬁl’ js ks 2 =1, ..., n, by

) J k d
v d gke 2,
w2t kR 529

The geodesics are just the solutions to the equations

d° 5 a4t

2 ted @@ T

Now we come to the relation with the geodesics underlying smooth
connexion. If one restricts the parameter z of a complex geodesic T the

real axis, one gets a smooth (in fact, a real analytic) curve satisfying

d d
ag-_ilvl @& =0

where £ = Reg; i.e. one gets a geodesic of the underlying smooth (actually
real analytic) connexion. Conversely, one may use the exponential map of
the smooth connexion (see [7] or any book on differential geometry) to
find the complex geodesics; this fact is crucial to our proof of the
existence of geodesically convex ne%ghbourhoods in the holomorphic
category.

To finish off this section, we notice the form of the Christoffel
symbols of the underlying smooth connexion in the underlying real coordinates

of a complex chart. Let zJ, j=1, ..., n, be lTocal holomorphic coordinates,
let xJ = Re zJ, xJ : = Im zJ, j=1, ..., n. Then,letting hatted x's
denote the Christoffel symbois for the underlying smooth connexion of a

holomorphic connexion with Christoffel symbols x, we have
Reg = Re Xigr R = 1M Xip Ry = R Xig

i _ Jj J - J i _ J
Rie = ~Im Xjgo Rige = 1M Xiegs Rk-g- = ~IMm Xy



J _ _na LI N J
Rirg- = “Re Xips Rig- = Re Xy -

) . : n
Henceforth, "affine connexion" shall mean "holomorphic affine connexion

unless contraindication is given.
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§1.2 PROJECTIVE CONNEXIONS

Let M be a comp}ex n-manifold. By a holomorphic projective connexion
on M we mean a systeméﬁ of complex curves (inextendible immersed connected
complex 1-manifolds) such that there is a unique curve of the system tangent
to any holomorphic direction (i.e. to any element of the projectivized
holomorphic tangent bund1e®T°M) and such that the curve varies holomorphic-

ally with the "initial" direction, which is to say the "1ifted" curves
R:o= {(x, Tjo)|xetd, el

foliate ®T°M holomorphically. We call the curves of L geodesics.

Proposition (1.2.1). Let M be a complex n-manifold with holomorphic

projective structure L, and let (z], cees zn): U-¢ " be a Tocal chart.
n open
M

Then there exists a unique set of trace-free Christoffel symbols

i . _
ije C%J,1, j, k=1, ..., n

such that

i_ i 1 _

and such that the images of the solutions of the equations

2 4 R T
d z i dz dz

P - (1.2.1)
L

are the intersections of the curves ofﬁwith U.

Proof. We let @(m) denote the sheaf on PT'™Mef germs of  holomorphic

functions homogeneous of degree m in the fibres; i.e. O(m) has the complete
presheaf which assigns to a region V < PT"M  -the holomorphic functions f
on the corresponding region V in T°M - OM’ OM the image of the\zero section,

for which f(zw) = sz(w) for any vector weV and ze(*. Then we define a

sheaf S on TPT°U by the exact sheaf sequence



0+6(1) 3 nl(2) 3 s> 0 (1.2.2)

(w? 4

where o(f) ( al A ...
dz dz"'p dz

for any f€ ql(]), V<cTPT°U. We now define a global section o of S by

requiring that

dz? d _ dzza
O(az— (p) E;glp = B(azz:'p)

for any geodesic through any peU parametered by z. This is well defined
because a change from parameter ¢ to parameter ¢ = ¢ + ;2 a(z) (for g a

holomorphic function in ¢ near 0j simply forces

dz? 170 d® z=0 4 lz-0
. dzza dzza . e .
i.e. 522—- - -ggz— e IMa = KER B. Moreover, this is indeed a holomorphic

object, and not some other sort of section of the vector bundle whose
holomorphic sections are S; for since lifts of the curves of;f foliate PPT°M
holomorphically, we can find local coordinates on TPT°M such that varying
the first coordinate while holding the others fixed parameterizes a lifted
geodesic, and so we can choose dzza/dz;2 to be holomorphic functions (of
homogeneity 2) on WT°U, at least locally. But in fact (and this is the
whole point of the proposition) we can choose these functions over the

entire coordinate chart; this is true because, assuming for the moment

that U is stein,
' @®TU, (1)) =
since HP(U xi?n_], O(m)) = HP(]Pn_], 6’(m))®¢ OU

(as observed by inspecting the Leray cover {Nj x U, j=1, ..., n} where {Nj}

is a covering of‘ﬁ;_] by affine charts) and since H]GPH_],(9(1)) =0
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(see "Bott's Rule" in the Chapter of preliminary material); thus over

any Stein sub-region of the coordinate patch, the exactness of the sequence
' ‘ 1.2.3
0> TO(1) 3 nré(2) g TS >0 ( )

means there is a unique set of trace-free Christoffel symbols such that

the solutions of (1.2.1) parameterize curves ofge(notice that something

in the image of a, - that is, a pure trace term - does not change the

image curves of the solution, but only the parameterization); and we
therefore have a unique choice of such symbols over the entire patch
aictated by the requirement that it agrees with the unique choices on Stein

sub-regions. [

Remark: If (29): U - ¢" is another coordinate system such that Un U # 0,

the corresponding symbols E}k are related to the F}k on Un U by

~ 51 2 P .9
P}k ) azz 2@ §z o+ azj azk )
0z” 03903 o3 93¢ PA
] [ i azY i 529 ] 2 .
- | & +8 2L T (1.2.4)
L3 gk kel ] e

Conversely, an assignment of symbols to each coordinate system of a
cover{ng satisfying (1.2.4) on the overlaps defines a projective connexion
by taking the images of solutions of (1.2.2) to be the geodesics - noting
that this does not introduce inconsistencies on overlaps. This equivalent
~definition is perhaps the most common (cf. [51). (Notice, incidentally,
that the foliation of T°M by the lifted curves is automatically holomorphic
by the theory of ODE’s).

Given an affine connexion V on a manifold M, the projective class of
that connexion will mean the projective connexion whose geodesics are

the geodesics of L. Locally, every projective connexion arises this way—



for instance from the connexion defined on a coordinate patch by

V—%= I"'.k—")—i—®dzk -
0z J 0z

but of course one projective connexion locally represents many affine
connexions — namely, thos whose Christoffel symbols have the T''s as their
trace-free symmetric parts.

Finally, note that our approach to projective connexions is impossible
in the smooth category; nothing analogous to the above proposition would
be true of a general system of smooth curves depending smoothly upon
their tangent directions since a smooth homogeneous function onTRH; need
not be algebraic by any stretch of the imagination. Rather, one simply
imposes the existence of local representative affine connexions as an
extra hypothesis in one form or another. (For the theory of smooth
projective connexions see [81, which shows that they are indeed Cartan
connexions - on suitable sub-bundles of the second order frame bundle).

By "projective connexion", we shall henceforth always mean "ho]omorph{c

projective connexion".
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§1.3 COMPLEX GEODESICALLY CONVEX NEIGHBOURHOODS

Let M be a complex manifold with holomorphic projective connexion.
We will show that the topology of M has a basis of open sets of the
following type: If U is a basis set, any two points of U are joined by
precisely one geodesic, which is a simply-connected closed one-dimensional
submanifold of U. Open sets with this property are said to be geodesically
convex.,

Our proof exploits the well-known analogous result of Whitehead [20]
for the smooth category as applied to the underlying smooth connexion of a
local representative holomorphic connexion for the projective connexion.
We shall therefore spend some time recalling a few details about the
exponential map and the proof of Whitehead's theorem that will be of use
to us.

On the (real) smooth tangent bundle m:TN-N of a smooth n-manifold
with smooth affine connexion there is a smooth canonical horizontal vector
field W characterised by the fact that if y:(-e,e)»N is a geodesic, then
Y7 :(-e,e)>TN:t » (dy/dt) (t) is tangent to W; if (x], cers xn) are local

coordinates on M, then in the local coordinates (x], cees xn,i], ...,En)

where g‘: = dx' as a local function on ™M for i = 1, ..., n, one has
W(x,E) = & 2 -yl elek 2
X J og?

where the x's are the Christoffel symbols for the connexion. Let

{¢t|t€ﬁﬂ be the one parameter pseudo-group of maximal diffeomorphisms of
regions of TN to TN integrating W; since W vanishes on the zero section of
™, ¢4 is defined on a neighbourhood of the zero section for all t. The
exponential map exp:?}’-r N, where TN is the domain of 15 is given

by exp: = mod 13 it takes a vector V to the point having unit parameter
value on the geodesic with tangent V at parameter value nought.

Now let M be a complex n-manifold with holomorphic affine connexion v,

13



%: T°M > M the holomorphic tangent bundle, and let Re: T°M - TM be the
real-linear isomorphism X - (X + X). We define the complex exponential
map EXPV: Re'](ﬁm) > M to be exp|v|° Re; then EXPv (x) is the point of
parameter value units on the unique geodesic with holomorphic tangent
vector X at paraméter value nought. The important point to note, however,
is that EXP is a hoZom?pphic map, something perhaps not evident from the
way we have defined it; this is true because (ReL:] (W) is the real part
of a holomorphic field !:J The canonical holomorphic horizontal field
associated to V, given in local holomorphic coordinates (z], cees zn, ;],
“es cn) on T°M, where (z], cees zn) are local holomorphic coordinates for
;= dzi as local functions on T°M, by
W= 2 8—2—5 - o, 5%
where the x's are the holomorphic Christoffel symbols of v. (The
diffeomorpnisms integrating the real part of a holomorphic vector field
are always biholomorphisms. One sees this in local coordinates by letting

XJ, j=1, ..., n, be holomorphic functions of the coordinates and then

noticing that

. P j 9 cj 9 P
£ J 9 ( __TZ) = 1 [x — + XY —, ]
Re (X 5 j) oz 323 Y4 azk
ya
A
- 2 E >
. 3z% 3z

and hence the flow preserves the compiex structure).

What Whitehead actually showed for the smooth category was that the
exponential image of a sufficiently small ball about zero in any tangent
plane (fibre of w) is geodesically convex. Let U be such a geodesically
convex neighbourhood for |V|, and let V &T~U be the domain of EXP,.

Since EXPv takes every real line through zero in any fibre of % to a M

geodesic, and any two points of U are joined by one such geodesic, it



follows that ¥ is fibrewisely star-shaped about the zero section, and so,
in particular, every complex line through the origin of any fibre meets
Y in a bounded star-shaped set (so, by the Riemann mapping theorem, in a
biholomorphic copy of the disc in {), which in turn is mapped bihclo-
morphically onto a complex geodesic in U. We therefore see that every
two points in U are joined by precisely one complex geodesic.

We've actually proven something a bit stronger than our original
claim, and this stronger statement will prove useful. We define a complex
hanifo]d with projective connexion to be strongly geodesically convex it
it admits a compatible smooth affine connexion (i.e. the underlying smooth
connexion for a global holomorphic affine connexion representing the
projective connexion) for which it is geodesically convex. We've

demonstrated the

Fact. Every complex manifold with projective connexion admits a basis of
strongly geodesically convex neighbourhoods. []
The constructed strongly geodesically convex neighbourhoods are
biholomorphically balls in ¢n. In general, strongly geodesically convex
manifolds are biholomorphic to domains of holomorphy. Firstly, since any
two points can be joined by a unique complex geodesic, EXP restricted to

a fibre of m is a biholomorphism that show; us that the manifeld can be
embedded openly in ¢n. Secondly, the manifcid is hoiomorphically convex,
since if K is a compact subset, the geodesic convex hull E defined in

terms of the compatible smooth connexion is compact and has a domain of
holomorphy as interior - for if y € Bd[E], R geodesically convex, then
EXPy" E must avoid a hyperpiane through Qy’ and so we can define a
holomorphic function on INT[E] blowing up at y. (Here EXPy: = EXPIﬁ-](y)).

Hence the manifold is biholomorphically a domain of holomorphy(see [63).



§1.4 SPACES OF COMPLEX GEODESICS

Let M be a strongly geodesically convex n-fold with projective
connexion. (By our ﬁfevious work, this does not introduce any local 10ss
of generality). We shall show that the space L(M) of complex geodesics
in M is naturally a (Hausdorff) complex (2n-2)-fold.

By the definition of a projective connexion, the 1ifts

L= {(x, To2)|x € 2)

of geodesics €L foliate PT°M holomorphically. The space L(M) of
geodesics in M is, as a topological space, the space of leaves of this
foliation with the quotient topology. We shall see that this space is
Hausdorff, and that the Frobenius charts of the foliation induce charts
on L(M), giving it the structure of a complex manifold.

First let us see that the space of leaves is Hausdorff. Whitehead's
theorem [20], with our previously discussed additions, sets up a
biholomorphism { between W - OM, where WC T°M is a neighbourhood of the
zero section OM’ and M x M - A, where A is the diagonal such that the |

following diagram commutes:

W - 0M ——@+ M X M-A

EX;\\N J//pr]

M

where Pry is projection to the first factor. Now suppose that {Zi} is a
sequence of leaves of the foliation of PT°M by lifted geodesics which
converges to two distinct leaves 2 and 2. Then we can find distinct

points X, ¥ € &, %, W€, and X;, i, Z., W, € 2, such that X, » X,

yi > ¥, 21 ~ Z, Wi -+ w; projecting this into M we have geodesics Yis Ys Y

and distinct points Xis Yo Wis zié Yis X5 ¥ €y, and w, z € v~ such that

A -1 -1
Xi > Xs Y5 > ¥ 23> 2, and W, > win Mo Thus 7 (x., y.) > 7' (x, y) and



w'](xi, Zi) > w-](x, z) in W - Oy. Letting p:(T'M - 0y) >TPT”M be the

canonical projection, we see that pow°](xi, ;) = pow'](xi, Zi) for all i
because Xjs Yio and i& all lie on the geodesic Y since PT°M is Hausdorff
and pow'](xi, ¥;) converges to both pow'](x, y) and pow_1(x, z), it
follows that pow“](x, y) = pow-](x, z), and so z 1ies on the geodesic Y
joining x to y. Similarly, w lies on y. So Yy~ = vy by geodesic convexity.

Hence £° = &. This shows that L(M) is Hausdorff, since it has a countiable

basis.

Let ¢: U - ¢2n-1, where Y BT°M is open, be a Frobenius chart for
the foliation of IPT"M by 1ifted geodesics; by a Frobenius chart we mean
that (r )-](z) Ties in a singie leaf for each z é:¢2n-2, where r: ¢2n~1 ->
¢2n-2 is the projection to the last factors; suppose, without loss of
generality, that (p[U] is the unit polydisc. For some x€ U, find a
neighbourhood V of w(x), where m:PT°M - M is the canonical projection,
which is geodesically convex and so small that [n'](V)]fﬁ r-](r (x)) is
compact, where V denotes the topological closure of V in M. Then there
is some neighbourhood B of r (x) in ¢2n—2 such that [n_](V)Jf\ r-1(z) is
compact for all z € B, since [w-](V)](\ r'](z) is connected for all z
(otherwise there would exist a geodesic leaving and re-entering V, contrary
to ocur hypotheses, which state that both V and M are geodesically convex;
the unique geodesic joining two points of V must also be the unique

geodesic joining those points in M) and so the fact that [n'](V)]r\cz is

compact, where

Q:= {(zy, ...» ZZn-])l Iz]l< 1-¢, Izj|<§ vi>1}

and € is chosen so that Qﬂr-](O) = @, forces the compactness of
[n'](V)](\ r'](z) for all z sufficiently small. Since any geodesic
intersects V in a connected set, it follows that each (r )'](_z), z€ B, is

part of a different leaf of the foliation of RT°M. Letting q:TPT"M » L(M)
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denote the quotient map, we see that qo(r )-] defines an open one-to-one
map B > L(M). In particular, L(M) is a topological manifold. But, as
we saw in §0.1, this means that charts of the constructed kind give L(M)

a complex structure automatically. We've proven the

Theorem (1.4.1). If M is a strongly geodesically convex complex manifold

with projective connexion, then its space L(M) of geodesics is naturally

a (Hausdorff) paracompact complex manifold. (If dim¢M = n, then dim¢L(M)
2(n-1)). []

If x€Eé M, let PXC L(M) be the set of geodesics passing through x.
Then Px is the image under the (holomorphic) quotient map q:TPT*M - L(M)
of the fibre over x; since every leaf is transverse to the fibres of the
projection m:PT°M > M, this ﬂ%_] is immersed in L(M); but geodesic
convexity guarantees that there are no geodesic loops and hence Px is
in fact an embedded Ta_].

The family of Px's completely encodes the projective structure of M.
Namely, three points x, y, z €M are geodesically colinear iff PX/W By{\
P, # @ (it will then consist of just one point;#(_Pxn Py) = 1 for any
X and y since each pair of points are joined by just one geodesic). What
we shall soon see is that the family of Px's is in a certain sense defined
by the complex structure of L(M), and that, even more strikingly, it
survives any slight deformation of the complex structure of L(M) - i.e.
deforming the compiex structure of L(M) corresponds just to deforming the

projective connexion on M.



§1.5 THE NORMAL BUNDLE OF PX

Let M be a strongly geodesically convex complex n-manifold with

projective connexion. We have the following diagram

TTM

7N,

M L (M)

where m is the canonical projection and where q is the quotient map;

both w and q are holomorphic subjections with nowhere singular Jdacobians

(i.e. they are regular). We have defined PX: = q [ﬂ-](X)] for all xe M,

and have noted that each PX is an embedded'ﬂ%_]; we now proceed tc compute

the isomorphism type of the normal bundle of Px’ which turns out to be

not only independent of x, but also independent of the projective connexion.
Let % denote the holomorphic tangent bundle of PT°M restricted to

the fibre over x, and let T denote the holomorphic tangent bundle of L(M)

restricted to P.: T:= T’ﬂ?T’M)In'](x), T:= T’(L(M))IPX. The Jacobian q,

of q, restricted to 1!

(x), defines a morphism of holomorphic vector bundles
over PX (we shall not make the pedantic distinction between w—](x) and PX
since the identification of the two via q is clear) which has as its kernel

a one dimensional vector bundle K:

0K~ ? - T->0 (exact) (1.5.1)
o q* |

K consists of those vectors at w_](x) which are tangent to the foliation
by 1ifted geodesics. Now 1et1}) be tangent bundle to n-](x) (or Px; i.e.
Gx T,)»> and let N and N be the normal bundles to P, and n'1(x) respectively:

% N >0

0724,

< ¥

(exact) (1.5.2)

~o

(8]



(again, y = g,¥). We thus have a unique morphisme: N - N defined by

the commutativity of the diagram

0 (1.5.3)

which has exact columns as well as exact rows; the important fact is

that

0>K>N>No>0 (1.5.4)
8

is exact, where B: = ga, as follows directly from the exactness of (1.5.1)
and the fact that Tofﬁ K is the zero section of % (the leaves of the
foliation are transverse to the n-fibres).

Now the Jacobian of m sets up a natural isomorphism between ﬁ and the
trivial bundle n*(TX) where TX is the holomorphic tangent plane to M at «x,
thought of as a vector bundie over {x}; this is true because 7 is a regular

map, and so m, is onto, with kernel the tangent bundle of the fibres.

Recalling that K consists of vectors tangent to curves of the form
{(y, T;z)IYeQ} » . % a geodesic in M

it follows that1;(KZ), zen'](x) consists of those vectors in Tx that lie
on the line ze&TX; it follows that K is the Hopf bundle (Chern class-1) and

that the exact sequence (1.5.4) is equivalent to the sequence

0+8(-1) > nG+O(N) ~ 0 (1.5.5)
A
of sheaves on 7&_]; here O(N) is the sheaf of germs of holomorphic sections
of N, and (A(f)) (Lz', ..., 2"1): = (2} #(t2), ..., "), ..., 2"

f(lz', ..., zn])) for f a function of the homogeneous coordinates of



where (a) is derived from the original sequence by tensoring with &(N*),
while (b) is derived from the dual (c) of the original sequence by

tensoring with $¢(-1). The map X* is the adjoint of X and given explicitly

by

[X (F1s oes £01 (125 o0y 2"1) = (
J

W ™3

])zj fj([z1, cees ZM0)

where the fj are local functions of the homogeneous coordinates of
homogeneity zero. Now notice that on the ievel of global sections, A*

induces a surjection nHO(Q) > HO(CS‘(])), since every global section of

HO(G(l)) is a linear functional (z], cees zn) +~Zaj zj; so the long

exact sequence

> HO(nB) > HO(6(1)) > HY(G(N*)) » H'(n®) ~...
(0) .
derived from (c) tells us that HI(G(N*)) = 0. Meanwhile, the long exact

sequence derived from (b)

o H]I(|(3) > HE(G(N*) By0(-1)) » nH
0 0

2

shows that HS(G(N*) 62919(—1)) vanishes. So now the induced long exact

sequence of (a)

... (O(V)) - H(O(N ® N*)) > HE(O(N%) 80(-1)) ...
0 0 ‘
proves the claim. ]

Remarks: 1. The fact that the tensor product of a short exact sequence
of sheaves of germs of holomorphic sections of vector bundles with another
such sheaf is again exact is true because exactness is a local criterion,
and because such sheaves are locally free over &; locally, such a sequence
can be split as a direct sum (though in no preferred way), and then the
fact that "tensoring up" by another (locally) free sheaf causes no

difficulty is obvious. For the general problem in homological algebra of

2



homogeneity -1. However, we may notice that the sheaf of holomorphic

vector fields © on'ﬂ:_] is described by the exact sequence

0+ O—— n1)— 00 (1.5.6)
A id (15

and so we see the following
Theorem (1.5.1I) The normal bundle of Px < L(M) is isomorphic to the

tensor product of the holomorphic tangent bundle T’ﬁ;_] and the Hopf
bundle:

OGN z0 & & (-1). 0

Notice that this isomorphism is really canonical, up to a constant

overall factor, once the identification of Px with'n;_] is chosen.

27
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§1.6 RELEVANT COHOMOLOGY OF G(N) AND G(HOM(N,N))

We now use the exact sequence we derived in order to calculate
HO(G'(N)), H]((?(N)), and H'(U(N@N*)), as these are the groups needed to

apply the stability theorems which we will use.

Proposition (1.6.1) Let M be a complex n-manifold with projective

connexion for which M is strongly geodesically convex. Then
1. H @) =0
2. dim HO(@(N)) = n

3. H' (G(HOM(N,N)) = 0

where N - Px is the normal bundle in L(M) to the“ﬁ%_] of geodesics through

any arbitrary point xeM.

Proof

1, 2. The exact sequence of sheaves
0->08(-1) >n&~>@N) >0 (1.4.5)
A

gives rise to the long exact sequence

0+ HOB(-1)) » n°() > HO(0()) ~ H'(B(-1))
0 d:n = 0
nH! (@) > 1 (G(N)) > KE(B(-1)) ~
0 0

where all the cohomology groups are on Px (i.e. onfﬂk_]); we've used

Bott's Rule in noting that certain groups vanish; see Chapter O,

3. This is slightly more subtle, but again essentially straightforward.

One has the three exact sequences

(a) 0 >O(N*) @,0(-1) > nB(N*) > (N@N*) ~

(b) 0 > O(N*) ®,0-1) > nd(-1) > F~> 0 (1.6.1)
(c) 0 ~>O(N*) ~ r‘-()';;*()ﬂ) >



deciding to what degree the tensor ruins (left) exactness, see [16] or

any other reference book on algebraic topology.

2. We re-emphasise that the only vanishing result used in the

above proof is "Bott's Rule":

(P, 0(a)) = 0 for p>0 if q#koraz-k.
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§1.7 PROJECTIVE CONNEXIONS: THE MAIN THEOREM

Proposition (1.7.1I). Let L be a complex (2n-2)-manifold endowed with an

n-dimensional family of submanifolds, each an embedded‘ﬂ;_] with normal
bundle T”ﬁ;_]db H_]. Letting<N7denote the parameter space of the family,
there is a projective connexion induced onM by the rule that a curve is
geodesic iff the intersection of all the corresponding submanifolds is

non-void.

Proof. Let,GE be the submanifold of L corresponding to yeM, and let N

denote its normal bundle; by hypothesis,3(N) % @& (-1). The exact

sequence of sheaves
0 +((-1) 3 n(BBO(_N) >0 (1.4.5)

induces an isomorphism of ¢n with T(O(N)), since T(®¥(-1)) = fi]«?(-])) =0,
and one sees that the image of a non-zero (constant) section of nC vanishes
precisely when evaluated on the line in ¢n (point in ﬂi_]) on which that
vector lies; notice also that the map from T'(C(N)) to N E€Q§’ by
evaluation 1S onto - indeed, it is spanned by the image under p of (n-1)
vectors spanning a subspace of ¢n &omp1ementary to the 1ine in ¢n
corresponding to z. Now for any ZEQ; pick an (n-1) manifold B through z
transverse to 0&; let us say it's biholomorphically a ball in Qp_]. Then
define a holomorphic function Q on a neighbourhood U of y in Mwith vaiues
in B by taking xeTh to the point O; n B; this is well defined near y if

B n 0; is the single point z because of compactness of the 0;'5 and
holomorphic by the definition of an analytic family. This function is of
maximal rank at y because, by Kodaira's theorem, normal sections on Q; are
the derivatives of variations corresponding to curves in7l), and the
evaluation of a normal section at z (which is represented, so far as @ is
concerned, by the tangent vector to B in that equivalence class) is a

subjective linear map. Hence (ﬁl(w(y)) is a curve through y, at least
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near y, and we call this curve a segment of a geodesic, as is indeed in
accordance with our rule; applying this to all zeO; for all y then
generates a family of curves which are closed as immersed submanifolds of
M, and there is precisely one geodesic tangent to each vector, since the
corresponding normal field on the appropriate G; vanishes at some point.
It remains to see that the geodesics depend holomorphically on the initial
direction.

To do this, it is sufficient to check that the holomorphicity of the
map oPTM~> L which takes the projective class of a nonzero holomorphic
vector V at xe7to the place where corresponding normal field on Q;
vanishes. But, restricted to the submanifold of PTMwhich is the image
of the local section consisting of tangents to the fibres of ¢, the map o
is simply ¢ composed with the projection m: PT"M->M, and so holomorphic;
and, restricted to the fibres of w, o is holomorphic because the map
'TP(HO(G‘(N))) 5 Cf( is. Since we can find two transverse submanifclds through
any point of RT*Msuch that the sum of their tangent spaces is the tangént
space at the point, and such that o is holomorphic on each, it follows that
the real Jacobian d, is everywhere complex linear (with respect to the
complex structure tensor) and so q is indeed holomorphic. This proves the

claim. ]
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Corollary. (1.7.11) If {P [x€M} is a complete analytic family of'ﬁ%'s

in L with normal bundle T’ﬂ%‘ﬂ H-], then

V: = U 'W;

XED

is open and there is a discrete holomorphic surjection L(M) + V which is

biholomorphic on a neighbourhood of each Px'

Proof. Consider the map &: L(M) > L which takes a geodesic y « M to the

single point which comprises

n’{?x

XEY

then we've already shown that @ is holomorphic; in fact it's the unique

holomorphic map such that

TPT4W7& L

| i
L(m)

commutes. The Jacobian of & is everywhere of maximal rank because the

normal bundle of P, is taken isomorphically to that of‘ﬁ; by a* for

any x€”, and we can think of T”L(M) at y as canonically Nx|Y<9 NyIY’

where NXIY and NyIY are the fibres at y of the normal bundles of P and Py,
respectively, where x and y are on the geodesic y - any two such submanifolds
of L(M) intersect transversely. Thus & is at worst a discrete mapping, and

is a biholomorphism on a neighbourhood of any Px' ]
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Lemma (1.7.III). ("UNIFORM INVERSE FUNCTION THEOQREM")

Let M %Ck and M » C¥ be smooth fibre-n-manifolds and let{: M »~ M
5 i
be a fibre map (i.e. ﬁoq>= m) such that M0 =T ](o) is mapped diffeomor-
phically onto ¥_ = # '(0). Then there is a neighbourhood V > M_in M such

that qﬂM is a diffeomorphism.

Proof. The Jacobian of qus non-singular at each point of Mo’ so there's
some neighbeourhood V] on which ¢)is a local diffeomorphism, by the inverse
function theorem. Without loss of generality we may take M % (ﬁ(to be

ﬁ +-<fk where U ﬁ:ﬁo xdf is a neighbourhood of MO x {0}; this is true because
thg:g always exists a fibre manifold map ﬁ > ﬁo x(fk satisfying the
hypotheses of the theorem, as is most easily seen by induction on k using
the existence of non-vanishing vector fields everywhere transverse to MO;
for an-arbitrary Riemannian metric on Mo’ put the product metric on U,
where "product" is to be interpreted as stemming from j. Call this

metric g, and call the associated topological metric d; on qu(U) n V] =:
V2, we put the metric §: =<P*g and call the associated topological metric
p. Obviously, p(x.y) > d(@(x), P(y)).

For each point xeMo, there is an ¢(x) > o such that Be(x)(x): =
{er2|p(x,y) < g(x} is a fundamental region for @; i.e.<P|B€(X)(x) is a
diffeqmorphism. Then, letting V: = i:L Bé;(x)(x)’ qu is a diffeomorphism.
For if p(x,y) < £ e(x), p(x,y") < L e(X?), and if Q(y) = P(y"), then

)

- ( _L' P
p(y,y~) < E-e(x) t g e(x7) + p(X,x

Le(x) + £e(x7) + d(x,x7)
< Ze(x) + Ze(x)
< MAX (e(x), (x7))

Hence MAX (p(x5¥7)s p(x7,¥))

< MAX (e(x), e(x7))



and so p(x,y") < g(x) or p(x7,y) < g(x”). So both y and y~ lie within a
fundamental region (e.g. Be(x)(x))’ and soy = y~. Thustplv is indeed
a diffeomorphism. (]

Remark: A1l the mucking about with the product metric was to insure that

p(X,x ) = d(x,x).
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Theorem (1.7.7v). Let u: £ - U QEE“GZk,er, be a deformation of £O: =
u'](o)* L(M) the space of geodesics of a strongly geodesically convex
compiex n-manifold M with projective structure. Then there exists a -
neighbourhood VC £ of £o such that, for every t, u-](t){\ V is
biholomorphically the space of geodesics of some n-manifold Mt with

projective structure.

Proof. By Kodaira's theorem, each PXCZ £0 is a member of a maximal
complete (n+k)-dimensional analytic family of compact complex submanifolds
of £, since the normal bundle N of the P_in £ is just the sum of N with

a k-dimensional trivial bundle; each submanifold of the family lies in
some u'](t) because a holomorphic function on a compact manifold is constant;
and the map so defined from the parameter space of such a family to Q*

is everywhere of maximal rank since p, induces a surjection from HO«S(N))
to EF. Moreover, we can take the union of all these families to produce

a single connected (n+k)-dimensional family containing each Px<: £O since
each family is maximal, and the induced "transition functions" between the
various parameter spaces are biholomorphisms due to the fact that each
tangent space to a parameter space is identified complex linearly with
HOQQ(Q)) for the appropriate normal bundle. Sincelﬁk_] is rigid, we can
take each of the submanifolds of £ to be a‘ﬂ;_] by reducing the parameter
space M of £. (Actually this step is unnecessary - see [24)

for the "absolute" rigidity of Hi] ); and by a further reduction of the
parameter space, we can take the normal bundle relative to the fibres of

u of each ﬂ;_] of the family to be Tﬂ;_]éb ™1, since this bundle is rigid.
Now let V be defined as the union of all the submanifolds of the resulting
family, then V is an open set, just as in the corailary, the global
sections of the normal bundle of a submanifold of the family take on all
possible values at any point of the submanifold. Let E->Gﬂ< be the space

of geodesics in the fibres of the projecticn from the parameter space of



(93]
~d

the family to ¢¥; these fibres are indeed endowed with projective connexicns
by the proposition, and the space of geodesics is again clearly a compiex
manifold just as before. We get a discrete holomorphic surjection B: E >V
defined as in the corollary, but now done uniformly with respect toGZk.

This mapping is a biholomorphism on the fibre over zero, and also a
biholomorphism on a neighbourhood of any submanifold of the family. Hence,
by the "uniform inverse function theorem" there is a neighbourhood § of

the fibre over zero in § which is mapped biholomorphically into V, and which

has the property that there is a Px through each point V. L]



§1.8 EXPLICIT DEFORMATIONS

We have shown that a small deformation of a space of complex
geodesics is again a §pace of geodesics. We will now show that, if we
work sufficiently locally in the primary space, an arbitrary space of
geodesics can be deformed to its flat analogue (a neighbourhood of an
(m-1) plane in G(2, n+1) if n is the primary space dimension) through

spaces of geodesics.

Proposition (i1.8.1I). Let M be a complex n-manifold with projective

structure. Each point xéM has a neighbourhood U such that L(U) may be
deformed into the space L(B) of lines in the Euclidean ball B < ¢"
through spaces of geodesics; i.e. there exists a fibre-manifold w: L + W,
where W cOP€N ¢ is a neighbourhood of the unit interval, such that Lt: =

w-](t) is a space of geodesics for each t, and such that L] = L(U), L

2

0
L(B).

Proof. In a region on M admitting a connexion, use the exponential map

to identify a neighbourhood of the ordigin in ¢n with an open set in M in

such a way that the straight lines through the origin correspond to

geodesics; if ?}k are the trace-free symmetric Christoffel symbols in this

chart and F}k are the Christoffel of the underiying smooth connexion in
the underlying smooth chart, then these vanish at the origin by Jacobi's
equation of geodesic deviation [7]. Thus we can find a small ball B on

which, for some €>0,

2n ~s ..
z Plk (x) x1£J£k
i,j,k=1 9

<(3-¢) g (1.8.1)

for all &, and for xe€B; Whitehead [20] showed that such a ball is
geodesically convex. (Notice that, unlike in 81.7, we are letting i,j,k
range over both "primed" and "unprimed" values, so that x' can represent

either the real part or the imaginary part of a holomorphic coordinate).
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Now defining Christoffel symbols r;k(x,t) depending upon an extra complex
variable t by T}k(x,t): =t r}k, it follows that (1.8.1) holds on B x W
for some W a neighbourhood of [O, 1] in ¢ and possibly for a smaller €>0;

for (Cf. §1.1)

.i + i A'i ;,j((=]’ cs ey 2n,
|Tjk(x,») - Itlrjk(x)|<‘/2-|1mtlIrjk(xH Y

and so
2n ~ .. 2n e ..
3 Foon < el aevaim] 2 Feo < el €
'i,j,k=] J 'i,j,k-:] J

and this quantity is less that (} --%)Iglz if |t] <1+ % and |Imt| < ¢/4/2,
where eec(0,3) is the number appearing in (1.8.1). Thus, defining Lt to be
the space of geodesics of F}k(x,t) for t in this range, we have constructed

a deformation of the required type.
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§2.1 CONFORMAL STRUCTURES, CONFORMAL CONNEXIONS

A conformal structure on a complex manifold is a holomorphic
assignment of quadric.nu11 cones in the holomorphic tangent bundle,
which is the same as specifying, locally, a conformal class of metrics
under the reiation of multiplication by a non-vanishing holomorphic
function. By a metric we mean here a holomorphic symmetric covariant
(i.e. contrafunctorial) 2-tensor field which is everywhere non-degenerate
as a quadratic form on the holomorphic tangent space; if g is such a
hetric, we say that a non-zero holomorphic vector X is null if g(X,X) = 0,
and clearly this is independent of the choice of g within a conformal
class. The neatest but perhaps least intuitive definition of a conformal
structure on a complex n-fold 1is a holomorphic line sub-bundle of (T’*ijz,
® the symmetric tensor product, which is everywhere non-degenerate in the
sense that, for any local section g the induced local morphism of TM to T*M
by X ~ Xdg, where (Xdg)(Y): = g(X, Y) for any holomorphic vector Y, is
a local isomorphism. (Notice that for a manifold to admit a global metric
one must have TM = T*M, which is rafe indeed). For conformal structures
in the smooth category see [23].

A definition of a conformal structure which is simultaneously
reasonab]y intuitive and elegant is as follows: a conformal structure on a
complex n-fold is a holomorphic quadric bundle < PT”°M. By such a quadric
bundle we mean a complex submanifold of BT”°M which intersects each fibre
in a non-degenerate quadric. It is immediate that the projective image of
the null cones of a conformal structure in our original sense is a quadric
sub-bundle. The converse is rather more subtle, and calls for a short
diversion.

Let @ <PT°M be a holomorphic hypersurface which intersects each

fibre in a quadric. Then @ is biholomorphically an analytic fibre bundle

of quadrics over M by the Kodaira-Spencer theory espoused in Section §0.3



and by the rigidity of quadrics. Over a Stein region U< M on which it

is trivial, consider the exact sequence of sheaves on PT-U
0 +&Q(2)+@(2) 30&(2) > 0

defining the idea} sheaf of Q of homogeneity 2; p is the restriction map
to Q. Since H](Q,(S‘») = 0, the restriction of the Hopf bundle to & is just
the same as the Hopf bundle on Q x U, so the fact that H°(Q§(2)) =

H(Q x U, 0(2)) = H(U,0) & H(0.6(2))

_ 1
_(n n+ _])(}U

while H2(0(2))

_ n(n+} (%
- U

demonstrates that the kernel of p, acting on global sections is non zero,
so in fact there is a global defining function geHOQQQ(Z)); this function
is a local metric representing the conformal structure.
Armed with this equivalence, we can now hope to construct a theory
of spaces of null geodesics with some aesthetic virtues. In analogy to
our definition of a projective connexion we now define a conformal connexion
on M as consisting of a holomorphic conformal structure on M together with
a family 7] of null curves, one tangent to each null direction and varying
holomorphically in the sense that their canonicail 1ifts to PT'M, defined

as before, foliate the quadric sub-bundle of the conformal structure.

Proposition. Let M be a complex manifold with conformal connexion 7). If

g is a local representative metric for the conformal structure underpinning

?7, then there exists a local affine connexion V near any point such that
Vg =0

and such that the null geodesics of V are just the curves of 7).
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(Remarks: The expression "vg = 0" means that Z43(g(X,Y)) = g(ZvX,Y) +
g(Z., XdvY) for any holomorphic vector fields X, Y, Z; "parallel transport
is an isometry". Undér this condition, an initially null geodesic remains

null, for X4vX = 0 =>X4v(g(X,X)) = 0).

Proof. First we construct a local connexion ¥ near any point of M with

the property that the curves of 7) are ¢ geodesics. This is done in
essentially the same fashion as that occurring in our treatment of
projective connexions.

Let (zi): U~ ¢n, U a Stein regionAM, be a coordinate chart; on the
quadric bundle @ «c PT”M which defines tg; conformal structure, we define
a section f of the sheaf n®(z)/0(1) (the sheaf S of section 1.2, but

now restricted to Q) over the region w'1(U), where w: Q - M is the

canonical projection, by
d dzzl 2 n dz"
f(agl ) = (E—g—l s | ) MOD ( l IUIRREE EE?J _ )
- g - £=0
=0 L=0

for any curve of 7 with non-singular parémeter z; as before this is well

defined and holomorphic.

Since H (" ), o))

1R

H](Q, 0(]))®F@U = 0, by the same sort of
argument as before (see the quadric vanishing result in section 02), it
follows that f represents a global section of nCFQ(Z), where szn) is just

the restricticn of &(n) to @ from PT°M. We have the exact sequence

0 +(?;g@(2) + Gy(2) » 0 (2.1.1)

of sheaves on PT”V, V ¢ M the domain of definition of a metric g
representing the conformal structure, where %g is multiplication by g; we
may assume that U lies within some such region V. Since H](n—](LD,G) >
H (Q,¢) c(? = 0, it follows that f can be represented as a set of n
holomorphic symmetric forms; i.e. there exist sz = ‘sz(SU’ Js ks 2 =1,

.., N, such that the solutions of
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2] k 2
d~z J  dz dz” _ 2)
az?_. + Tkz dC & - 0 (2.1.2)

include all the curves of 7; the ambiguity of the I''s, widening our scope

to include the possibility of unsymmetrical T''s, is precisely

J J J
Arkk = kz + & Yy, * 6 wk +(p 3k2 (2.1.3)

where Aﬂ2 = ﬂ K and where w <PJ, and Ak9 are holomorphic.

Tangent to any null vector x there is a solution of (2.1.2) satisfying

T do gij = 0 Yz.

Thus
dz dz d ‘gz ij Sak’! =
and so the function o
i 9 i ik ,%; )
Yy — 2y yy ( -2r’. g,,) =0
321 BZE ij “Rk

of homogeneity 3 on the projectivized tangent space at an arbitrary point

o i
of the chart vanishes on the quadric y1 yJ 95 = 0; it follows (cf. [31)
that o is a multiple of the defining function of the quadric; i.e. that

for some 71 one has

2
(930 " T(igean =7 95
where round brackets denote symmetrization and were ai = 3/9z'. So
- ¥ X = + L

%95k " Ti5 e 7 Tik 950 =T 951 * Lisu ikj

for some Lijk = 'Ljik’ since all 3-tensors which are symmetric in two
indices but have no totally the symmetric part can be expressed as
L.., + L.

iJk ikJ

_ : g
= 0, then setting Lijk' =3

where Lijk LJ K indeed if B ik B1kJ and B{jk + Bjik +

B (B. ) one has

kij ijk = jik
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Bijk ~ (igk * Lig) = Bigi - %'Bijk * %'Ba1k v 3By = 0
Now setting f;k:= F}kVF gi2 szk + §f7j 6&, where giz ggj = 6;, we have
SS%E i f%j s ~ ?%k 932 =75 %ik * Ligk * Likj
- 17 (5§ Ie * 6& 959) Gi Loig * 5§: Loik =0
and so defining a c?nnexion on U by
(' 5279 - %%} i’ ® 527-+ f}k y$ 4@ 55%

we see that Vg, as defined by the Leibnitz Rule, vanishes, and that the

null geodesics of V are the curves of 7} in U.

We can now give a tensorial description of the extra information
that differentiates between the conformal connexion and its conformal
structure. Associated with an affine connexion V there is a torsion

tensor (cf. [71 for the smooth version)
TX,Y) =X 4w - X 1w -[X,Y] (2.1.4)

defined for two holomorphic vector fields X, Y, but depending only on
their values at the point of evaluation; T fs a holomorphic 2-form with
values in the tangent bundle. In terms of the Christoffel symbols X}k
of V, T is just the anti-symmetric part of the Christoffel symbols:
A B j k )
On a manifold M with conformal connexion, let g be a metric and let

V be an affine connexion, both defined in some region U < M, which

represent the conformal cornexion in the sense of the above proposition:



Vg = 0, and the null geodesics of V are the geodesics of the conformal
connexion. The conformal torsion T of the conformal connexion is the

holomorphic vector valued 2-form T}k = -T;j satisfying

L

L _
9ig Tik + 950 Tki ¥ iy = 0 (2.1.5)

(i.e. the totally skew part vanishes) and
oz 0 (2.1.6)
ji = 1.

which is defined by the equation

1T, _2-4 1 i m m, _
Tk T3 Tk 739 (I T + Ik Tyy)
1 12 i L2
=Ty [53- T,Qk + Gk Tj,Q,]' (2.1.7)

(We are uninterested in n=1 as there is only one conformal structure and
not a single null geodesics in this case; but one may simply define t1:= 0
if n =1. Notice that T always vanishes if n = 2, as it should, since in

this dimension, the only null curves are the torsion-free geodesics).

Fact. The conformal torsion T def%ned by (2.1.7) depends only on the

conformal connexion, and not on the representatives g and V. Moreover,
T (together with the conformal structure) completely determines the

conformal connexion. Finally, any holomorphic vector valued 2-form
Ti =
jk

conformal structure is the conformal torsion of some conformal connexion

-TZJ satisfying (2.1.5) and (2.1.6) with respect to some fixed

with the given conformal structure underlying it.

N

Proof. Fix for the moment some g, and consider an arbitrary connexion V

satisfying 69 = 0. Let V denote the unique torsicn—free connexion
symb. f

preserving g, with ChristoffelYgiven by the classical Levi-Civita formula

. co 90 . 99 99 ..
i _ 18 23 2k Jk

x . = % g [__r 4+ —_—— - .—_] :
Jk 9z azJ az£
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then the difference tensor A}k which distinguishes V from V (i.e. which is

the difference between the respective Christoffel symbols) satisfies

L L
Bk 9p1 * Byi Ypx =

H
o

because Vg - @g = 0. (The uniqueness of V follows because if’A?k = Aii’

then A%k 95 is symmetric in j and k but skew in k and i, and so

vanishes).
Now let
L _ 2 L
Ejk = Ajk Ajk
where
L _1,,% 21 m 21 m
A = 3085 *+ 97 G5n By + 97 Gp B45)

so that 9y A?k is totally skew and the totally skew part of E vanishes;

then the torsion of ¥ is given by

i _ i i T _ 4

ig m m m i
9 (9gm Esk * %km B * 95m Eak) Ay

_ iR m i
=9 Gp Eyp t Ay

which shows that t is indifferent to the totally skew part of A - as are
the geodesics of ¥, null or otherwise. Next we define
i _ i 1 e i im L
Fik = Esk ~ mem (B5p B - 97 95 Epy)
. . 1 _ i  qq s
so that F retains the antisymmetry 993 ij = gji sz, and so still is

the difference tensor distinguishing the torsion-free metric connexion

*» L -i Ad
from some metric connexion, but now Fji = 0; notice that

k 2

. . - [3 1 3 'i
(F}k - E}k) xJ x© = - aT (5 XJ) X
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if X is null, and so the null geodesics of the metric connexion
corresponding to F are the same as those of V. Now the conformal torsion
of V is
i m
Tk =9 9km Fig

and we must check that if F} is a holomorphic tensor field such that

k
i g L o i i i
such that
T yd vk
Fag X7 X0 = X7 VX null
1
then ij = 0.

To do this, we notice that

A. .

i3k - A... + A.

ijk ikJ

is an isomorphism between tensors skew in i and j with vanishing totally
skew part, and tensors symmetric in j and k with vanishing totally

symmetric part; in fact, the inverse function is just
B. . -rZ(B. - B...)
ijk 3 Yijk Jik’®

. 1 _ d . s
Now suppose that ij Gki satisfies

v

T yJ K
ij XY X

X' X null;
then G represents 0 & HO(Q,(nOKZ))ﬂ9(1)), where Q is the quadric of null
directions at any point, and so, as an element of HO(Q, n6(2)) is in the

image of H°(Q,0(1)) as represented by
J J .
Vi Yy Gk + Ve 61 d

on the other hand, the kernel of the restriction Ho(ﬁh_],c9(2))-A>H°(Q;}(2))

is spanned by the metric, while the restriction HO(F;_],Lﬁ(l))-—*HO(Q,G(I)) is
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zero, as we've previously argued from exact sequences; so, in short, G

is of the form

i R i

for some u and v. If we require that G have vanishing totally symmetric

part we get
i _ 5 i i
ij 2u gjk + My Gk tu Gj

where “j = g.. u]. Skewing over i and j, we get

i
Jk’
skew in i and j, trace-free in i and k, with vanishing totally skew part,

which has trace 3(n-1)uj over i and k; this proves the claim that F

and satisfying

F}k X9 X9 « X' VX null

must in fact vanish.
Thus we've demonstrated that, for fixed g, the conformal torsion T is
independent of the representative torsion metric connexion.

Making a conformal change in the metric g - ng just changes the

torsion free metric connexion V to V + S, where S}k is the tensor

i i i

i
i~ " Y5k

where n = Q'] d? and where ni:= nj gij, if U is a torsion connexion
preserving g and representing a given conformal connexion, then v+S
preserves ng and represents the same conformal connexion; but the torsion
of ¥ + S is just that of V. So the conformal torsion is indeed
independent of our choice of representatives.

To see that every holomorphic vector-valued 2-form T satisfying



(2.1.5) and (2.1.6) with respect to a given conformal structure is the
conformal connexion with the given underlying conformal structure, it

suffices to note that
V=V+F+A+8B

where V is the torsion free connexion preserving an element g of the given

conformal class of metrics, where

i _ iR m
Fik =9 9km i
i i im
Bjk = uj Gk g gjk U for some u

L

2 v
%5 Ak + 950 As T 9kg iy =0

preserves g and has conformal torsion t for any choice of A and B, is the
most general connexion (as A and B vary) preserving g and possessing

conformal torsion t, and has null geodesics independent of A and B.
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§2.2 SPACES OF NULL GEODESICS

We've previously seen that a complex n-manifold with affine connexion
has a neighbourhood bésis consisting of sets whose spaces of geodesics are
(2n-2)-manifolds in which the points of the primary space are represented
by embedded complex projective (n-1)-spaces with normal bundle T’ﬁ;]_]éD H_].
It follows that a complex n-manifold with conformal connexion has a
neighbourhood basis consisting of sets whose spaces of null geodesics are
(Hausdorff) (2n-3)-manifolds in which the points of the primary space are
represented by embedded copies of the non-degenerate quadric Q‘:T?n-l’ each
copy of which has normal bundle (T°f _, ® H'])|Q. We call a neighbourhood
meeting these requirements civilized.

The deduction is as follows: let M be a complex n-manifold with metric
g, connexion V such that Vg = 0, and Hausdorff space of V geodesics L(M).
Let QM<—TPT°M be the bundle of null directions as defined by g. Then the
quotient map q:TPT°M - L(M) has the property that y QM=?q-] (q(y)) < QM,
since an initially null geodesic is everywhere null; so q(QM) is a hyper-

surface N(M) ¢ L(M), and the quotient map q|QM: QM - N(M) induces the exact

sequence
0 +(-1) » nG->G(N") » 0

where N~ is the normal bundle to the image of a fibre of w: QM ~ M, by
precisely the same argument used to calculate the normal bundle of Px’ We
label the submanifold of N(M) consisting of those null geodesics through

XEM by Qx’
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§2.3 COHOMOLOGICAL CALCULATIONS: THE NORMAL BUNDLE TO QX

We carry out the calculations for the normal bundle to Qx analogous

to those done in Section 1.5 for that of Px’

Proposition. Let M be a complex n-manifold with civilized conformal

connexion, and let N” be the normal bundle to Qx<: N(M). Then
1. HY(s(N)) =0
2. dim Ho(6(N")) = n  ifnx 4 dim HO(O(N')) = 4 if n = 3.

3. H(O(HOM(N",N)) = 0.

Proof. 1, 2. The exact sequence of sheaves

0 =& (-1) » nU=O(N) » 0

gives rise to a long exact sequence

0> HOe(-1)) » n Ho(©) » HO@(N')) > K'(&(-1)) » n 1] (@)

cn

2

+ H o)) > W e(-1)) > 0

0

which proves the claim, provided that we remember that H]@}(-l)) vanishes

on a quadric in ﬂ;_] if n > 4, but that on a conic curve H]«}(-])) =
WP, &(-2)) = ¢. (The map [€,n] » [E5 + n*, E° -n°2en] which identifies

the conic x2 + y2 + z2

= 0 with ﬂH is of homogeneity two!). The vanishing
of all cohomoiogy groups is by the corallary to Bott's Rule given in the

preliminary chapter.

3. The proof is identical with that in Section 1.5 as the same

relevant cohomology groups vanish.
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§2.4 DEFORMATIONS OF SPACES OF NULL GEODESICS

Theorem. Let M be a complex n-manifold, n > 4, with civilized conformal
connexion; let N(M) be its manifold of null geodesics. Then any small
deformation of L(M) is a space of null geodesics; more specifically, if

p: 3~ ¢k is a regular holomorphic map such that p']

(0) = N(M)
biholomorphically, then there is a neighbourhood V of\N;:= p-1(o) such that,
for every te¢k,vt:= Von p-](t) is biholomorphically the space of null

geodesics for some complex n-manifold Mt with civilized conformal connexion.

Remark. We shallsee that this result holds water even Zf n < 4; but the

proof is rather different for n = 3, where the Qx's don't form a complete
analytic family. For n = 2 the result is trivial as the correspondence
between M and N(M) amounts to finding null coordinates (i.e. coordinates

such that the coordinate axes are null).

Proof. The proof is essentially the same as that given in Section 1.7

for the analogous theorem concerning projective structures. We merely
catalogue the crucial facts that allow it to work. They are:

a) HY(e(N")) = 0, dim HO(G(N")) = n; this allows us to find a complete
analytic family of submanifolds of X containing the Qx's as well as an
n-parameter of ‘submanifolds of each fibre of p.

b) H](Q,(9(T’Q)) = 0 (see Section 0.3); quadrics are rigid so we can

take the submanifolds of the family to all be quadrics, simply by restricting
our attention to an open subfamily.

c) H](Q,C9(END(N’))) = 0, so we can also take the normal bundles relative
to the fibres of p of each submanifold of the family to be N7:= (T°F .@
).

d) N has the property that every vector is the value of some global
section, which means that the subsets of the space Mt of submanifolds

of the family which lie in p'](t) defined as the set of submanifolds through
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a given point y € p-](t) which Ties on some manifold of the family
constitutes a holomorphic curve, since the codimension of a quadric of the
family relative to p-](t) is n-1. Moreover, since every section of N° is
a restriction to Q c]?n_] of a section of T’ﬁ;_léb H'], and since there is

a biholomorphic identification of P(I(T"P_,@ B!

)) with ﬁ;_] via
"[section] -+ zero set", it follows that precisely a quadric cone's worth
of sections of N” vanish at some point of Q, and thus the above defined
family of curves in Mt have the property that through every point x of Mt
there is precisely a quadric's worth of these curves; we call the
corresponding quadric cone in the holomorphic tangent space to Mt at x the
null cone at x and call the curves of the above defined family null

geodesics. To see this is all holomorphic, and thus defines a conformal
connexicn on Mt’ we proceed as follows: firstiy, there are, locally,
holomorphic foliations of Mt by "null geodesics" which include any null
geodesic desired; and so the space QMt cTPT’Mt of "null directions" contains
two transverse compiex submanifolds of I?T’Mt through any point y e‘QMt -
namely, the fibre of the canonical projection QMt > Mt’ which we've already
shown to be a quadric, and the tangent field to the mentioned fcliation;

so the tangent space of QMt (which is, in particular, a smooth submanifold)

is everywhere the real part of a complex subspace of the holomorphic

tangent bundle, and so QMt is a complex submanifold (e.g. by applying the
Newlander-Nirenberg Theorem [141); but the Jacobian of the quotient map

q: QMt > p—](t) is complex linear, since it is whén restricted to either of the
spanning submanifolds through any point; and so we do in fact have
"holomorphically varying null geodesics" in the desired sense.

e) Finally, we apply the "uniform inverse function theorem" (Lemma 1.7.III),
just as before, to show that the induced map from the space of null -

geodesics in all the Mt to X'is a biholomorphism on some neighbourhood of

N(M).



§2.5 SPACES OF TORSION-FREE NULL GEODESICS

When does a space of null geodesics correspond to a conformal
connexion without confbrma] torsion? This is a natural question to ask,
since the torsion-free nulil geodesics arise naturally out of a conformal
structure - they ére, for instance, critical points of such functionals

as
by dy
E(y):= J g(dC ’ dC) dz

defined on the space of holomorphic maps y: D - M, D the unit disc in ¢,
which take a, b ¢ D to two given points p, q € M where g is a conformal
metric. (The integral is to be evaluated on any path in D from a to b;
since the integrand is holomorphic, the integral does not depend on the
path. The torsion-free null geodesics are the only curves which can be
parameterized in such a way as to be critical for any choice of g in the

conformal class). In fact, one has the following:

Theorem (2.5.1) Let N(M) be a space of riull geodesics for a civilized

conformal connexion on the complex n-manifold M. The conformal connexion
has vanishing conformal torsion iff there is a holomorphic 2n-4

distribution D on N(M) to which every Qx’ x€M, 1s tangent:

T e Olg V.

(Remark. The existence of such a distribution just says that the tangents

to the Qx's nowhere span T°N(M)).

Proof. Pick a local metric g representing the conformal structure and a

connexion V preserving g and representing the conformal connexion. If
z ¢ N(M) corresponds to the null geodesic y < M, then a vector v T;N(M)
corresponds naturally to an equivalence class of holomorphic (Jacob?)

vector fields J along y satisfying
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X 4 U(X IV J) = R(X,d) X + X 1 V(T(X,J)) (2.5.1a)

and
g(X 1V J, X) = g(T(X,d), X)

(2.5.1b)
(= g(1(X,d)s X))

where X is a tangent field for y satisfying X_1 Vv X = 0 and where the
equivalence relation on the fields J is just J v J7 if J - 37 « X; the
tensors T and T are the earlier defined torsion and conformal torsion and

R is the Riemann tensor which is defined by

~ ~ ~

R(X,Y) Z=XJdVWYIVE -V (XJIVI) -(1X¥11V7Z

for any holomorphic fields taking on the desired values X, Y, Z; it is a
simple calculation to see that this is indeed well-defined (cf. [71).

The correspondence is seen as follows: if X is a holomorphic vector field
defined on some region of M satisfying X 1V X =0 and if J is another
vector field satisfying [X,J] = 0 (which can be arranged by simply

defining J tangent to a single surface transverse to the (geodesic) integral
curves of X, and then lie propagating J along by Re(eieX) for all ©

e [o, 2n]) then J satisfies

X Jv(XdvJd)=XJdvddv X + T(X,J))

X V(Tkx,J)) +

X IV JVX) -JdJv(XJVX)

R(>;,J) X + X Jv(T(¥,J))

(Jacobi's equation with torsion); if one additionally has g (X,X)= 0, then

also
0 = Jg(¥X,X) = 29(J LV X, X) =

2(g(X JV J + T(J,X),X));

now J and J° are tangent to the same one parameter family of geodesics iff



J - J7 is a multiple of X; and such fields satisfy the desired equations
even at their zeroes by continuity; finally, a dimension count certifies
that every solution to this pair of equations arises from a tangent vector
to N(M) because the solution space of the equations, modulo multiples of
X, is (2n-3)-dimensional since we can freely specify the initial vaiue
of J and the initial value of X _J V J subject only to the constraint that
g(X 4V Jd+ 1(J,X), X) is initially zero.

Now we can get down to business. Let VW be the (2n-1 dimensional)
space of solutions of the equations (2.5.1a), (2.5.1b)and let V< W be
the smallest linear subspace which contains every J which vanishes
somewhere along y. (J vanishes somewhere just if it's tangent to a one-
parameter family of null geodesics through the point at which it vanishes,
also by a dimension count). Thus V # W precisely if the desired
distribution exists. The crucial observation is that, for any point p €y,
and for any vectors Y, Z eTb’M such that <Y ,X> = <Z,X> = 0, the unique J
satisfying (2.5.1) with Jp =Y and (X._JY J)p =Z is an element of V. To
see this, first notice that it is obvious if ¥ = 0, so we must merely check
that it is also true for Z = 0, and Y general. Parameterizing vy by z such

that X = d/dz and p corresponds to ¢ = 0, let J. be the solution of (2.5.1)

€

such that

‘]slr,=-e =0, (XJV J€)|;=_€ = Y|C=_€
where X 1V ¥ =0 and~Yp =Y; then

1) = L € (T, )] + 0 (e3)

( e)p - E-y _2_ L4 C=-€

> 2
(X473 = (T + 0 ()

where O (sk) denotes a vector whose components in any frame are dominated
by K ek, for € < & for some 6§ > 0, where K and § may depend on the frame,

but not on £; here T(X,V)ICz_€ is parallel-propagated along y to p. Now

56
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~

since g(T(X,Y), X) = g(XJ vV JE, X) |

r=-¢ " g(Y’X)|C=-€ = 0, and since v
is linear, it follows that V contains the unique solution 3€ of (2.5.1) for
which
_ ] _
(ae)p =< (Je)p =Y + 0 (e),
A _] ) o~ _
(X Jv Je)p == (XdV Je)p T(X’Y)lc=-g =0 (g)

and so, since V is closed, it follows that V contains the unique solution
J of (2.5.1) such that Jp =Y, (X 4V J)p = 0.

Thus it is that V # W iff a solution J of these equations satisfies

X g(J,X) = 0,

which is to say iff g(t(X,J), X) = 0. Thus the existence of the desired

distribution on N(M) occurs just in the case that
g(X,X) = g(x,y) = 0 g(1(X,Y), X) = 0.

We shall now see that this is equalent to the vanishing of the conformal
torsion T.

Indeed, if ¥ is torsion-free and Vg = 0, then we've shown that the

null integral curves a vector field X satisfying
(X JTX) + (Xbo t(X))# =0
are null geodesics (cf. Eq. (2.1.6)), where

g((Xb I t(XD# 5 Y):= g(z(X,Y), X)

for any y (i.e. #, b denote "raising and lowering of indices" by the metric).
Moreover, we also showed that the null geodesics determine Tt - it vanishes

precisely when (Xp _J t(X))# « X for every null X. But since

g((Xb—-| T(X))# ) X) = g(T(XsX)a X) =0

by the anti-symmetry of 1, and because we know that the non-vanishing of

t forces the existence of a null X such that (Xb _Jt(X))# is not a muitiple



of X, it follows that, for such an X, there exists J such that g(X,J) =0
and g((Xb 1 t(X)) , J) # 0, since the degeneracy of g restricted to the
null hyperplane {Y|g(X,Y) = 0} is just the span of X. Hence 1 vanishes
precisely when g(t(X,J), X) = 0 for all X null and J orthogonal to X, from

whence follows the theorem. ]

Notice that the proof of this theorem does not rely on analyticity
in any way; the major reason for stating it as a theorem concerning complex
geodesics is that in the smooth category the Qx's are not rigidly determined
by the structure of N(M), but rather must be filled in by hand. Nonethe-
less, the smooth analogue will be of interest to us in our discussion of
hypersurface-twistor CR structures (Chapter 4).

There is something rather unsatisfactory about this criterion because
of the peculiar fashion it mixes local and global requirements. However,

when the dimension exceeds 3 one has a much nicer formulation.

Theorem (2.5.1I). Let M be a complex n-manifold, n > 4, with civilized

conformal connexion. The conformal torsion vanishes iff there exists a

*
holomorphic line sub-bundle E =« T” N(M) of the holomorphic cotangent bundle
to the space of null geodesics whose restriction to some (and hence to any)

Q, is isomorphic to the Hopf bundle ot

Proof. First suppose the conformal torsion vanishes. By the proposition

there exists a distribution D on N(M) of codimension 1 tangent to every Qx’
which is given by the set of Jacobi fields J along the corresponding

null geodesic in M such that g(X,J) = 0, for X a tangent field to the
geodesic. Let E be the annihilator of D; i.e. let wek < T’*N(M) iff

v_lw =0 for every veD. Letting g be a metric on some region of M in the
given conformal class, then for every autoparallel tangent field X,

X JV X =0, to a null geodesic, XP (the 1-formY » g(X,Y)) defines an

element of E, since, as we saw in the proof of the proposition, g (X,J) =



constant if J is a Jacobi field corresponding to a tangent vector on N(M)
(j.e. if J "connects null geodesics"), and this constant is unchanged by
adding a multiple of X to J. Thus, if x ¢ M is an element of the region
on which we picked a specific metric, then pr is simply described as
the bundle over the quadric of nuil directions at x whose fibre over a
null direction consists of nuil vectors pointing in that direction; i.e.
Equ is isomorphic to T

Conversely, suppose that we're given a holomorphic line bundle

* -
E < T° N(M) which restricts to every QX as H ]

, and where dim M > 4.
Then E® E* <« T"™*N(M)® E* 1is trivial, and so admits a non-vanishing
global section w. We want to show that wIT’QX = 0 for all x; this is
true because HO(Q, Q]8>C}(1)) = 0, where Q C]Pn—l is a quadric, as we

shall now demonstrate. Indeed, one has the exact sequences

0 >0 (-1) » 911? ® ¢ (1) » Q‘chm + 0
n-

0~ sﬂﬂ, & (*(1) > nl> &(1) » 0

n=-1 A*

of sheaves on Q C1PH-]’ where Q]Q =3(1°*Q), Q%fn_] =C9(T’*ﬂ;_]); the

first comes from dualising

(,) -+ GQ > Grpn_-‘ -(#(2) - 0

and tensoring by (#(1), while the second results from dualising
0—*0‘-{ n U~ Ofl)n_-l +0

and tensoring by ¢4(1); [x(f)]([z], cees zn)) = (z,f([z], cees zn]), s

z f(lzys ..o z 1), and so the adjoint A* is given by [A*(f,, ..., f)l
n

([z], ey zn3) = (121 fi zi) ([z], cees zn]). On the Tlevel of global

sections, A* is an isomorphism, SO HO(Q, Q%pn_]g>¢}(1)) = 0, and, since

H](Q,&(-1)) - 0 for n > 4, it follows that H°(Q, Qéa(}(])) = 0. Hence

the distribution annihilated by E is tangent to Qx'



A11 that remains to prove is that the type of EIQX is independent

1

of x. Line bundles, of course, are just elements of H (0*), and this

group can be caiculated from the famous exact sequence

q .
0> 7~ (}e;pé*—w,

Since H](Q,G) = Hz(Qxﬁ) = 0, it follows that the boundary (Chern Class)
operator H](Q,}*)-+ HZ(Q, Z ) is an isomorphism, showing that the holomorphic

type of line bundle on a quadric is determined by its topological type. [
It might seem that the 71ine bundle E in the above discussion need

bear no particular holomorphic relation to any other structure of the

manifold N(M); but in fact E is automatically the (n-1)-st root of the

canonical bundle of N(M) - a local section of N

is, up to a constant
overall scale, a (2n-3)-form. In fact, if’BeFQ](E*) is a non-zero section
of E® E* (there are just {'s worth of such sections; any holomorphic
function on N(M) is constant), then we shall show that the twisted (2n-3)-
form B /\(dG)A(n_Z) rgln=3 (E*(n-])) vanishes nowhere, and so identifies
E with the (n-1)-st root of the canonical bundle. Thus the structure we've
been discussing is just a contact form for N(M); cf. [25] for a discussion cof
the smooth analogue. (Notice, however, that the "twist" in our definition
of a contact form on a complex (éﬁTicl)—manifold X as a section w of
Q](Ej]/(P+1)), where k is the canonical bundle A°P*! T-%X, such that
w /\(dw)Ap vanishes ngwhergJis completely necessary, .Eince otherwise we
would be limited to the rare and boring cases in which k is trivial; by
contrast, in the smooth category the triviality of the canonical bundle is
just the requirement of orientability, which is hardly severe).

Let N(M) be the space of null geodesics for a civilized torsion-free
conformal connexion on a complex n-manifold M, let Q <P T°*M be the bundle
of projectivized holomorphic null cotangent vectors, and let q:ﬁ -+ N(M)

be the quotient map as before, where Q is identified with the projectivized

null tangent vectors by the use of the conformal structure. If E -+ { is
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the "Hopf" line bundle whose fibre over a codirection consists of covectors

"pointing" in that codirection, then there is a canonical form 6 & Q'(E*)

~

given on Q by
(VA E)] = (V) L

where m; Q ~ M is the canonical projection, w € E (i.e. a null covector)
and where V é.T’iw] 6 (i.e. a holomorphic vector on 5 at the direction
represented by w). Then 6 is of the form q*e for a twisted form 6 on N(M),
since the vanishing of torsion implies, as noted in our earlier discussion,
that if X is an auto-parallel tangent field to a null geodesic with respect
to the torsion-free metric connexion of the conformal metric g, and if J is
a Jacobi field along the null geodesic which "points to another null geodesic"
then g(X, J) is constant; but thinking of Xb: = X_J g as an element of E,
and J as m.V, this just says that 9 is the pull-back of a twisted form 6 cn
N(M). (Nofice, incidentally, that X is a conformally invariant object; if
V is the torsion-free metric connexion for the conformal metric g, and if

X 1V Xb=0, then replacing g by ng results in a change

_ <a « @ _ .ad ,
Bpe =9 Ve T O9c Vb T 9 Vd Ine

in the connexion, where v = Q"] de, and so, letting Vv be new torsion-free

metric connexion one has
X 19 X = (X AXp)v + (X1 v) Xp - g(X,vit) X g =0.

Thus we can, in good faith, define a line bundle E over N(M) whose fibre
over a given point consists of autoparallel "tangent" covectors along the
corresponding null geodesic; the t-form @ such that 6 = g*o takes its
values in E*).

Now given a 1-form ¥ with values in a line bundle L, let V, denote

Y
the annihilator of v - the set of vectors w such that Wl ¢y =0; if v is non-
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vanishing then Vw is a vector sub-bundle of the tangent bundle of codimension
1. Then d¥ is a well defined section of A2V¢*<3 L; for though by changing
the Tocal trivialization of L by multipiication by a nowhere vanishing

function f we can change dv , interpreted as taking values in L, to

1

£V d(fe) = dp + £ dfEA Y

the difference is unseen on Vw. Moreover, since dy, interpreted as an
honest-to-God 2-form taking values in L, is only ambiguous by a multiple

of ¥, it follows that
v A (do)"P

is a well defined (2p+1)-form with values in Lp+.I for any non-negative
integer p.

I now claim that the twisted volume element

vanishes nowhere on N(M). This would be true if do: Ve > Ve* were of
maximal rank; on the other hand, q* do = d(gq*6), so it suffices to check

that do: Vé > Ve* has rank n-2. Now 6 is obtained from the familiar contact
form on T°*M (cf. 25 ), by restricting to the null convectors and

projectivization; this contact form of T°*M is given in local coordinates by

8 = Py dz®

a

where z¢ are coordinates on M, pulied back to T°*M by the canonical

projection, and where the functions p, are just the 1-forms dz® considered

as functions on T~*M; thus we can compute d5|V5 by restricting d§ to a (2n-3)-

dimensional distribution tangent to gab Py Pp = 0, annihilated by ¢ and
0
transverse to Py 35; . Now

dg = dp, A dz®



is clearly non-degenerate; restricting to V@ will introduce a degeneracy,

"
o

namely in the direction p. ——, since
~ "a op,
cp 9 a _ G
P, TN .J dpa/\ dz® = P, dz” = o,
but restricting to a subspace transverse to Py ?g—-eliminates this. Now
a
restricting to tangents to gab Py Pp = 0 introduces another degeneracy,
but this one is just the span of the horizontal 1ift of gab Py —95 - that
0z

is, the tangent space to the fibre of q; this we can see explicitly by
taking all the derivatives of the metric at the origin of the coordinates
z% on M to vanish (by taking, for instance, the coordinates to be obtained

by exponentiating euclidean coordinates on a tangent space), so that the said

horizontal vector over the origin is just gab Py —§53 while the normal form
oz
ab

over the origin of g Py Pp = 0 is just

a

b ab
g py dp, = -9

d C
pa—a;[;..ldpc/\dz.

s

Thus the rank of df|vy, and hence that of d§|V,, is 2n-4, as claimed.

We've demonstrated the

Theorem (2.5.II1). A space of torsion-free null geodesics admits a contact

structure. Conversely, if M is a complex n-manifold, n > 4, with civilized
tohné€xion
conformal, the space N(M) of null geodesics admits a holomorphic contact

structure only if the torsion vanishes.

Notice that we have also shown that the total space of the line bundle
K]/(n-]) admits a symplectic structure if the conformal torsion vanishes.
The impiications of this result remain uninvestigated; we shall make no use
of it.

In Chapter 3 we shall seelthat for n=3 the existence of a contact
structure on a space of torsion-free null geodesics has remarkable

consegquences.
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§3.1. SPACES OF NULL GEODESICS IN DIMENSION THREE

Up until now we have been considering spaces of geodesics in which
the submanifclds consisting of all geodesics through a point of the primary
space form a complete analytic family. For null geodesics in three
dimensions, this fails to be the case, but because the normal bundle N

to a Q still satisfies n

(N“) = 0 (see 52.3), one can use Kodaira's
theorem to complete the family to yield a family of dimension 4 = dim HO(N/).
This fact catapults us into the realm of Penrose's twistor theory [22],
as shall be explained presently.

QX is a conic curve, and so [3] is a biho]omorphica]]y'ﬂD; this can
be seen from the fact that the map p:.ﬁ{{—?]F;: [a,b] S (@t + bzl
(a2 - bzx 2 abl is a biholomorphism onto the quadric z% + zg + zg = 0.
(Notice that, because this map is of homogeneity 2, Cé(m) z.C%ﬁ(Zm) for
all m ¢ Z ). But every vector bundle over'ﬁ% is a sum of line bundles [4].
Thus, (3(N™) s(}(m]) +0(m2) as sheaves on TP] for some integers mys M.
Then |

H (G(N @ N**)) = 211 (6) + H! (O(m;=m))
+ H (0(m,-my))
= H @ (-Img-myl))s

but we demonstrated in §2.3 that H]@9(END(N’)) =0 , and so Im]-mzl < 1.

Yet we also saw that dim H®(N") = 4, so 4 = Max (my + 1, 0) + Max (my + 1, 0)

2 Max (m-I +1,0), m = M.
2 Max (my + 1, my +1,0) -1, |m -mf = 1

and thus m =m, = 1; and
O(N") = 2¢41).

Now this is precisely the case familiar from the non-Tlinear graviton
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construction [151; the four dimensional complete analytic family of F}’s
with normal bundle H + H containing a given curve of this type has a
natural conformal structure with self-dual conformal curvature; and every
complex 4-manifold with self-dual conformal structure arises (locally)

in this manner. We shall briefly sketch why this is the case; cf. [15],
£211.

We define the conformal structure on the space of curves of the above
type by requiring that a vector be null iff the corresponding section of
the normal bundle (to the appropriate curve) vanishes somewhere; this is,
in fact, a quadric cone, because global sections of 26(1) are pairs of
linear functionals on CZ, and vanish somewhere on ﬁ? iff these two
functionals are proportional; thinking of this pair of linear forms as a
linear map A:tz > tz, the section vanishes somewhere precisely when
det A = 0, which is indeed a non-degenerate quadratic condition on the
rows of a 2 x 2 matrix. Now the set of curves of the family through
some fixed point constitutes a complex 2-manifold by an argument precisely
analogous to that used in the proof of proposition (1.7.1), the point being
that every point in the total space of H + H is the value of some global
holomorphic section, and so the codimension of the manifold of curves
through a point is the same as the codimension of a curve - that is, two.
Now these 2-folds are totally null - meaning that each vector tangent to
one is null - as follows directly from our definition of the conformal
structure; there is, moreover, precisely one such totally null 2-fold, or
twistor surface, tangent to each direction. (The set of tangent vectors
to a twistor surface at some point x corresponds, projectively, to a
generator in one of the two possible families of FH'S foliating the null
quadric, which, as a quadric in ﬁg, is biholomorphically ﬁ} x?P]; this is
the complex version of the familiar two family of straight lines on a

hyperboloid of one sheet, and is tied up with the structure of spinors in



four dimensions [213, [23]1. Conversely, it will become clear presently
that if a conformal structure admits such a family of twistor surfaces,
one tangent to each nh]] direction, then, at least if we work in a
suitable region, the space of twistor surfaces forms a complex 3-manifoild,
called the twistor space of the conformal structure, in which the points
of the original space correspond to ﬂﬁ’s with normal sheaf 20(1). (As

it turns out, the family of twistor surfaces is unique except in the case
of the flat conformal structure, where there are two families of such
‘surfaces corresponding to the two families of ﬁ%'s on a quadric in T% ,
both with twistor spaces biholomorphic to some neighbourhood of a Tine

in Fg).

We now remark that the existence of a family of twistor surfaces, one
surface tangent to each null direction, is precisely that the conformal
(Weyl) curvature be self-dual or anti-self-dual. By self-dual we mean
that the Weyl curvature C;kz’ which is the conformally invariant part of
the Riemann Tensor for torsion-free metric connexions with the given

conformal structure

SN B B i1

Cike = Rike ~ SreRkas ~ 95uRen * 3 ROpy9py0
i kK ok oo i

Rjk - = Rj_ikg RJ- .= Rj,Q, g Py R .= Ri )

(see [23] for the independence of C from the representative connexion)
satisfies

i _ ,.mn

;
jke T € ¢

C=*C; ie. C ke Cjmn

where ¢ is a preferred holomorphic 4-form such that e(X], X2, X3, X4) =1
if g(Xi, Xj) = Gij' (There are just two such forms, one the opposite of
the other. The Hodge star * so defined on vector-bundle-valued 2-forms

satisfies x2 . 1 and is conformally invariant; it suffers, though, the
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infirmity of depending upon an "orientation", for although GL{(n,{) is
connected, O(n,{) is not, and so “complex orientations" come into being
once a metric is introduced. A1l our discussion is equally valid for
anti-self dual curvatures, where C = - *C, but by switching the arbitrary
orientation we eliminate the need to include this other possibility).
This fact is most easily seen by spinor algebra {23], 211, but in
deference to those unfamiliar with these important techniques we will
sketch a proof using only tensor algebra.

We mentioned earlier that, in the hclomorphic tangent plane to a
point on a 4-manifold with coqforma]‘Etructure, there are two kinds of
totally null 2-planes; these are those with self-dual and anti-self-dual
volume elements, respectively. (And any 2-plane with self-dual or anti-
self-dual volume is totally null since the Hodge star takes a volume
element for a two plane onto a volume element of an orthogonal two plane).
The self-duality of the Weyl curvature is equivalent to the vanishing of
g(Y,R(X,Y)X) for every X and Y such that X AY = - * X A Y; again, R is
here the Riemann tensor of the torsion %ree connexion presgrving g.

Suppose the Weyl curvature is self-dual. Then consider the surface
swept out by the null geoﬁesics whose tangents at some point lie in an
anti-self dual plane. A Jacobi field J along such a null geodesic with

tangent X satisfies

g(X, X 4 9(X 1V J))

X(X(g(X,J)))

g(X, R(XsJ)X) = 0;

and if Y is parallel prcpagated along X and X AY - * X Ay (initially,

and hence always), then

X(X(g(Y,d))) = g(Y,R(X,J)X) = 0;

but since the Weyl curvature is self-dual, g(X,J) = g(Y,Jd) =0
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g(Y,R(X,J)X) = 0. So a Jacobi field along X vanishing at some point and
such that g(X,X 4V J) = g(y, XJ Vv J) = 0 at that point satisfies
g(X,d) = g(Y,d) = 0. 'So the surface we've described is everywhere
totally null, and so is a twistor surface.
Conversely, suppose that there are vector fields X,y satisfying
IX,¥Y1 =0, XAy =-*XAY; that is, suppose there exists a foliation
by twistor surfaces. Then g(X, X -1V Y) = g(X, Y 1V X) =1 Y(g(X,X)) =0,
and, similariy, g(Y, YV X) =g(Y, XdVY)=0; also g(XJ VX, X) =
3 X(g(X,X)) =0, and similarly g(Y JV Y, Y) =0; and g(X 1V X, Y) =
- g(X, X2 VY) =0, and similarly g(Y 4V Y, X) = 0. Thus, for some

functions o, B, Y, S, €, n one has

X JVX=oaX+BY
y IvX=XdVY =+vyX+ 8Y
y JVy =eX+nY

which means that the twistor surface is totally geodesic, and so, by the
inversion of the earlier Jacobi field argument, <R(X,Y) X, ¥> = 0; so

the existence of twistor surfaces tangent to each infinitesimal anti-self
dual plane is equivalent to the se{f-dua1ity of the conformal curvature.

We will henceforth say that a holomorphic conformal structure con a
complex 4-manifold is half-flat iff the conformal curvature is self-dual
or anti-self-dual (depending upon the chosen orientation).

We will say that a 4-manifold with half-fiat conformal structure is
polished if the twistor space of its twistor surfaces (of the "handedness"
corresponding to anti-self-duality if the conformal curvature is self-dual)
is a Hausdorff (paracompact three-) manifold. A region
which is geodesically convex for some conformal factor is clearly polished,
by an argument precisely analogous to that which shows that its space of

geodesics is Hausdorff.
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What our calculation of the normal bundle of Qxcz N(M) for dim M = 2
shows is that any three-dimensional conformal connexion can be realised,
at least locally, as éhat induced on a nowhere null hypersurface in a
complex 4-manifoid with half-flat conformal structure by defining the
null geodesics to.be the intersections of twistor surfaces with the hyper-
surface. The underlying conformal structure of this three-dimensional
conformal connexion is just the "conformal first fundamental form" - a
conformal metric restricted to the surface is a conformal metric for
this structure. Rather beautifully, it turns out that the torsion of
this conformal structure is, in essence, the conformally invariant part
of the second form.

The reader familiar with the differential geometry of hypersurfaces

[71 will recall that the second fundamental form of a hypersurface is given

by
IT(X,Y) = g(X,Y 2V V)
where X and y are tangent to the hypersurface and where V is a chosen

unit normal vector field (locally, one of two possible fields). This is

a symmetry form because

g(X,Y 4V V) = -g(Y 4V X, V)
-g(X 4V Y, V) + g([X,y1, V)

g(Y, X4 v V).

We Tlet IE denote the trace-free part of this form; for a hypersurface of
three-dimensions I} = IT - %(TrII)g.

Now consider the behaviour of II under a conformal transformation.
If we replace g by §:= ng, then it becomes necessary to replace V by
~ 1 ~ :

V:=Q 'V. The new symmetric connexion V preserving the metric differs

from V by
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Ajk—éjwk-!-ﬁkwj g

where w = d(logR), and so

(XY 17 V) = 2q(X,Y 4 7 o7

IT(X,y) V)

Rg(X,Y 1V V) - g(X,V) Y(2)

QIT(X,Y) + Qg(X,(V 4 w)Y)
+ Qg(X, (Y Jw)V - g(V,Y)w )

QIT(X,Y) + V(2) g(X.Y).

By monkeying with the normal derivative of Q we can thus make TrII what-
ever we like; but the trace-free part II simply transforms as a tensor

of conformal weight 1:

-
A A

II(X,y) = QII(X,y).
We call this conformally weighted tensor the conformal second fundamental
form of the hypersurface; it can be thought of as a section of the bundle
2 )1/3

A“T"*S ® (K » where S is the hypersurface and KS is the canonical

S
bundle whose sections are hclomorphic 3-forms. (The cube-root may only
exist locally. Notice that thinking about f} in this fashion eliminates
the sign ambiguity, since the sign of the volume 3-form e associated
with a metric can be chosen by convention such V A e is a standard

4-form on the ambient space).

We now can state the beguiling

Proposition (3.1.I). Let S < M be a nowhere null complex hypersurface

in a complex 4-manifold with polished half-flat conformal structures.
Define a conformal connextion on S by taking the null geodesics to be
the intersections of twistor surfaces with S. Then the conformal torsion

of this conformal connexion is

70
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i A
Tik = @ik II (3.1.1)

for any choice of the conformal factor; here e is the metric volume

element on the hypersurface, and II1j:= gig ng IIzk'

Remark. This expression for T is of conformal weight 0, since e has
weight 3 and II with raised indices has weight -4 + 1 = -3, There is
still a sign of ambiguity in this expression, which will be set straight

in a moment.

Proof. First let's notice that T is anti-symmetric in its downstairs
indices, as it should be, and that traces vanish, as does its totallyv

skew part, since

Jki SN ARG BN o
e ejkz 11 i = 26£ IIi = 2Trll = 0.

Now we must merely show that the null geodesics defined by this torsion
are just the intersections of twistor surfaces with S.
As noted earlier, the twistor surfaces are totally geodesic (for
any conformal factor). So if V is, for some choice of metric, representing
the conformal structure on M, the symmetric metric connexion, and if II'
is a twistor surface in M, it follows that a tangent field X toy =1 n S

satisfies
XAV XeTT.,
Also, the part of the covariant acceleration out of the surface is given
by
g(V,X 2V X) = -g(X VYV, X) = -II(X,X)
—-T1(X,X)

and so if V is the symmetric Riemannian connexion on S - that is, if V is

the connexion. on S induced by V - then
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X 19X =x 39X+ IT(X,X)V

where V is, as before, the preselected unit normal field to S. We choose

the orientation of S by requiring

e=V_e (i.e. e.., = Vze

i3k gijk!

where £ is the metric volume element for which the conformal curvature is

anti-self dual and the twistor surfaces are self dual. Now since X ana

X 4V X are tangent to the same twistor surface we have

e..

e X ode X)9 = Vi (X v x)d

®eijk

L

[i i1
AR TR S C T X)J

_ L
= 2V X (X J VX)),

= -g(V, X 4V X) Xg

= I (X,X) X,

where indices are lowered using the metric, and where square brackets

indicate projection to the anti-symmetric part. But if we define G}k

by
cgk: = eaig fizk
then
e ik XU ol X" = 2g, . o) finm x1 x% x™
=X, I, X' x™

for all null X, and so

X 49 X+ o(X,X) =X

when X is tangent to the intersection of a twistor surface with S.
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” . i o L ]
Because V + o preserves the metric, due to the skewness of Ujk in i and

J, it follows that the conformal torsion is T. ]

Remark: An alternate set of conventions for which the proposition is

true without sign change would be to take the twistor surfaces to be

anti-self dual with respect to € and to take

2

e = g, V™©.

ijk ijk&

This leads immediately to the

Theorem(3.1.11). Every complex 3-manifold with holomorphic conformal

first and second fundamental forms (i.e. with conformal s%ructure and a
trace-free symmetric two-tensor of conformal weight 1) can be embedded in
a complex 4-manifold with half-flat conformal structure in such a way

that these forms are realised. Moreover, this embedding is locally unigue

up to conformal biholomorphic mapping.

Proof. Define a conformal connexion on the given 3-manifold with under-

lying conformal structure the "first fundamental form" and with torsion
related to the "conformal second fundamental form" by (3.1.1). Cover the
manifold by civilized neighbourhoods. Then in the space of null geodesics
for each such neighbourhood use Kodaira's theorem to find a four-parameter-
family ofTPl‘s with half-flat conformal structure as described before; the
original neighbourhood sits in this family as a hypersurface. Then using
the maximality clause of Kodaira's theorem, there is a canonical
identification of curves sufficiently close to regions of such hypersurfaces
corresponding to the overiaps of neighbourhoods in our cover, and we can
thus glue all ‘these manifolds together; moreover, the resulting ambient
4-manifold can be assumed to be Hausdorff by restricting one's attention

to a neighbourhood of the original 3-manifold. Finally, we can again



use the maximality clause to assure that any other such embedding is
conformally biholomorphic to the one we've constructed in some neighbour-

hood of the 3-manifold.
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§3.2 THE HYPERSURFACE TWISTOR CONSTRUCTION

The hypersurface twistor construction [213, [22] is a rather
natural way of inducing a conformal connexion on a hypersurface of a
complex 4-manifold with conformal structure. (This construction arose
from consideration of the case in which the 4-manifold and hypersgitiiaJ
are obtained by analytic continuation from an analytic Lorentzian"with
Cauchy surface; and in fact, there's a bit of extra structure arising
the real slice that will be of importance in motivating certain later
sections).. As it turns out, the conformal torsion of this conformal
connexion is related to the second fundamental form of the hypersurface
by (3.1.1), and so this construction actually corresponds to embedding
the hypersurface in a complex 4-manifold with half-flat conformal
structure in such a way that the original conformal first and second
fundamental forms are realised.

Let S < M be a complex hypersurface in a complex 4-manifold with
holomorphic metric g and metric volume element ¢, and suppose there is
a global holomorphic unit normal vector field V on S. Let v denote the
torsion-free metric connexion of g. V naturally extends to a connexion
of holomorphic 2-forms, and, since V preserves the volume element ¢, it
follows that V defines a unique connexion on self-dual 2-forms, and this
connexion (also denoted V) preserves the n&ndegenerate quadratic form.

abcd cd

q(F[ab]’ G[ab]): - Fab ch N Fab G

on the self-dual 2-forms. Now V defines an isomorphism of the bundle of
self-dual 2-forms, restricted to S, with holomorphic tangent bundle to S
via

F,.>F_V

ab b

("taking the electric field"); the anti-symmetry of F guarantees that the

image is orthogonal to V, while the expression
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_ C cd
Fab =2 Fc{b Va] v+ 2 €ha Fed

v, Ve
for a self-dual 2-form at S shows that this isomorphism takes ig onto g;
V therefore defines a (torsion) metric connexion on S via this isomorphism.
The conformal connexion represented by this connexion is the "twistorial"
conformal connexion, and its null geodesics are called Aypersurface
twistors.

Let us see that our definition coincides with the usual definiticn of

hypersurface twistors. The null vectors correspond to degenerate F's

that can be written in spinorial [23] notation as
F... = €ip Tp- Ty
ab AB "A° "B

for some spinor w; the corresponding null vector tangent to S is

as in [211.

If X =V J4F, then X A (X JV X) is self-dual, as is most easily

. scen from the spinorial approach, since

BA- B~ cb~ -
V Tp- T Vpg- (v - n“ )

L g

while XAA o« nA also; from the strictly tensorial point of view one must

check that

is self-dual if F is. We also have that g(X, X .4V X) = -II(X,X), and so
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the same algebra used in §3.1 demonstrates that the conformal torsion of
thé "twistorial" conformal connexion is eijk f}kz, which shows,
incidentally, that this conformal connexion is independent of the original
conformal factor on M,

Thus, this rather natural conformal connexion on S © M is the same
one obtained by first embedding S in a 4-manifold ﬁ with half-flat
conformal structure in such a way as to realise the conformal first and
second fundamental forms of S, and then taking the null geodesics to be
the intersections of twistor surfaces with S. The half-flat embedding
space ﬁ is known in twistor folk-lore as "heaven-on-earth", a name
remarkably appropriate in terms of these rather unexpected paradisiacal

properties. (In fact, it was previously only recognised that "heaven-on-

earth" existed provided that the hypersurface was sufficiently "flat").



§3.3 DEFORMATIONS OF SPACES OF NULL GEODESICS: THE

IMPROVED RESULT

Theorem (3.2.1). Any small deformation of the space of null geodesics of

a complex manifold with civilised conformal connexion is again such a

space.

Proof. We have proved this for all dimensions except 3. In this dimension,

the result is essentially that of Penrose [15], which notices that a small
deformation of a twistor space is (in a fashion not made precise there, but
which can in fact be interpreted after the manner of our own results) again
a twistor space; a rigorous version of the proof is precisely analogous to
our proofs that small deformations of spaces of geodesics are again spaces
of geodesics, the informaticn required for the proof to work being that the

normal bundle N = 2H of a‘ﬁa of the initial family satisfies H](O%N)) = 0,

HO(G(N)) = ¢4, H](ﬁ(N ® N*)) = 0, and every vector in N is the value of a
global section, all of which we've noted previously. One now finds a
hypersurface in any of the 4-folds with half-flat conformal structure which
correspond to the deformed twistor spaces, and the deformed twistor space
is the space of null geodesics for the induced "hypersurface twistor"

conformal connexion.
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8§3.4 SPACES OF TORSION-FREE NULL GEODESICS IN

THREE DIMENSIONS AND SOLUTIONS OF EINSTEIN'S EQUATIONS

Let M be a complex 3-fold with civilized conformal structure (torsion-
free conformal connexion), and let N(M) be its space of torsion-free null
geodesics. We have seen (§2.5) that N(M) carries a contact structure such
that the annihilator distribution of the contact form is tangent to each'ﬁa
corresponding to a point of M, and this contact structure removes (at least
locally) the nagging ambiguity we formerly witnessed in reconstructing M
from N(M). But more importantly, this contact form is precisely the structure
needed to construct a metric satisfying Einstein's equations with cosmological
constant 1 on the complement of M in the previously fabricated ambient 4-fold
with half-flat conformal structure, in which M sits as the general umbilic
(i.e. conformally totally geodesic) hypersurface; M is the conformal infinity
for this Einstein metric. Conversely, the twistor space of a half-
conformally-flat 4-fold with Einstein metric and non-vanishing scalar
curvature carries a contact structure, and tangency to the annihilator
distribution of the contact form defines a (possibly empty) 3-fold with
torsion-free conformal connexion that is the conformal infinity of the given
Einstein metric. (The connexion between haif-conformally-flat Einstein
metrics and contact forms on the twistor spaces was ncticed independently
by Nigel Hitchin and by Richard Ward; in both cases this work remains
unpublished).

First, let us see that if X is a complex 4-foid of'ﬁﬁ's in a complex

1(K-%)), and if each curve of the

3-fold N with contact form 6 € HO(N,Q
family X has normal bundie 2H, then the set S of curves of X which lie
tangent to the annihilator of & constitutes an umbilic hypersurface in X.
First notice that S is given by the vanishing of a holomorphic section of a
line bundle over x; for if m: B » X is the ﬂﬂ bundie of self-dual 2-plane

elements tangent to X, and if q: B » N takec a 2-plane element to the tangent
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twistor surface, then q*o defines a global holomorphic section of the line

-1
bundle @) (q*K™%) » B of twisted 1-forms restricted to the fibres of m;

1

but the sheaf over X given by U - Ho(n-](U), Q (q*K-%)) is locally free

over &, and in fact, for suitably small U one has Ho(n'l(U), Ql(q*K-%))g
Cﬁ Qb¢ HO(WT,UO gfjh, so 6 defines a section of a line bundle over X which
vanishes precisely on S. (Notice that since each curve of the family X has
normal bundle 2H, it follows that K 2 restricted to such a curve is given
by (T".F’i &S /\2 2H)% = H2. Since the cotangent bundle of TP] is isomorphic to
H-Z, it follows that Ql (q*K-%) is trivial on each fibre of 7). Moreover,
this section vanishes in a non-singular fashion and has non-null normal; for
if vy is a'ﬂ% tangent to the annihilator of ¢, ¢ defines an element of the
dual of the normal bundle with values in K-% of the curve which never
vanishes, and, assuming the normal bundle is isomorphic to 2H, this is an
element of HO(fp, 26(-1)® ¢#(2)) = 2H°(TR , C3(1)), which we identify with a
pair (AA, nA) of spinors (just elements of ¢2 here), and the condition that
the section never vanishes is just that ) and 7 are linearly independent,
which is to say that Xap- = (XA, ﬂA) satisfies eAB eA)B)xAA, XBB’# 0 for
any non-zero skew epsilons; now any section of the normal bundle 2H which
Mo e a®mL o)),

which satisfies yAA XpA~ # 0 represents the first derivative of a 1-

vanishes somewhere, and so can be written as y

parameter family of'ﬂﬁ's which is initially tangent to the annihilator
distribution of o but is transverse to it at the first order, showing that
S < X is indeed non-singular; and the non-degenerate cone of null vectors

Yo € 210(P), 6(1)) such that yM

Xpp~ = 0 lies tangent to

S < X, since 1-parameter families of‘ﬁa's with these initial derivatives

are tangent, to first order, to the annihilator distribution of 6. It
follows that S is a nowhere-null hypersurface, and since the annihilator
distribution of €, thought of as a distribution on thé space of “hypersurface

twistor" null geodesics of S, 1ies tangent to each TPy representing a point

of S, it follows by (2.5.1) and the analysis in 83.1 that S is umbilic.



81

1

The form 6 & HO(N(M), Q](K-Z)) does a great deal more for us, however.
We take 6 to be normalized so that 6 A d6 e.HO(UD = € is 1, and then
define a metric on X - M, where X is the half-flat ambient 4-fold of §3.1,
as follows: on the ﬁﬁ Yy corresponding to any point x € X - M, we notice
the fact that elT;Yx is everywhere non-vanishing and view 6 as an isomorphism
between T’yx and K_%lYX, which in turn determines (up to sign) an isomorphism

-1

of (T’YX) and K 4|YX ~ H which is the "square root" of the isomorphism 6.

Now the annihilator distribution D of 6 is everywhere transverse to Yy and

Vi

SO D|Y can be identified with the normal bundle of Yy NOW we define two
X

2-dimensional spinor bundles $ and $” over X - M which come equipped with

an isomorphism y: $ ® $° = T°X (having the property that simple products

correspond to null vectors) by $X: = HO(YX,CS(D 8>K%)),=$;: = HO(YX,C9(K-

D

)) s

1 -1
Y being the natural isomorphism: Ho(yx,(}(D @ KY)) & HO(YX,Q(K ‘1‘)) =

1
Ho(y , @(D)) = TZX, since D& K* is trivial. Now d9 defines a non-
X X

v,
degenerate volume element on D with values in K

Mol

, and so a non-degenerate
l 2 . . » -
volume element on D @ K* with values in € ; since this element is holomorphic

1
it defines a volume element on $X: = Ho(yx,C9(D<8>K“)) for each x.

o)

1
Meanwhile, $;: = H (yx,Cﬁ(K4)) carries a volume element, too - the Wronskian;

Mol

1 1
for we've identified K4|Yx with (T’YX) via "02", and this converts the

skew form

1

o=

W: 2 (K3) > o' (K2)

(x> w) > wdy - xdw

(which is well defined, since a change of local trivialization of % by
multiplication by a non-vanishing holomorphic function f results in the new

expression

F2 [fx d(fw) - fw d(fx)]

W(xsw)

wdy-xdo)
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into a skew form with values in (... The product of these non-zero skew
forms on § and $~ defines a non-degenerate metric on X - M which lies in
the conformal class with which X came equipped. I claim that this metric

satisfies Einstein's equations (with cosmological constant):

Rap = 3 R 9ab

where Rab is the Ricci tensor Rgcb and where R is the curvature scalar
ab
g

Rab' (Bianchi'snjgizyities then imply that R is a constant, which can
be made any non-zerotwe like by multiplying g by a constant; this choice
of "cosmological constant" corresponds to the choice in normalization of 6).
Because D@ K% is trivial on each’ﬂ? of the family X - M, there is a
natural connexion on $, having the property that the connexion is flat on
any twistor surface, defined on any twistor surface o by taking a spinor
A €-$x to be obtained by parallel transport within a twistor surtace o from
a spinor X é;$§, where X, X ¢ a, iff the corresponding sections of
D Q;K%!YX and D GbK%lYi agree at the point Y, N Y5 (i.e. at the twistor a);
this does, indeed, define a unique connexion, since the "horizontal 1ifts"
so defined of null vectors to some spinor m& $ must all lie within a (unique)
4-plane because a section of m&1) on a quadric in ﬁ% extends uniquely to a
section of m&1) over the whole of ﬁ; via the usual exact seguence. (This
construction of a self-dual connexion is a special case of the Ward
construction [26] of self-dual Yang-Mills fields). Now this connexion
preserves the volume element € on $ induced by db because, by construction,
V JVe = 0 for all null vectors V, where V denotes the constructed connexion,
and hence Ve = 0. The other spin bundle also has a natural connexion, since
the realization of the normal bundle to YX as DIYx gives us a way, roughly
speaking, of identifying curves of the family which are first-order separated,
and thus identifying the square roots of their tangent bundles and hence,

via 0, identifying the associated spin spaces; this connexion will have

non-vanishing curvature everywhere, since the integrability obstruction d8 of
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D is everywhere non-degenerate. This connexion also preserves the volume
element constructed earlier, since the censtruction respects the Wronskian.

These connexions on the spin bundles define a metric-preserving affine
connexion on M via the Leibnitzgdpaemarkab1y enough, this connexion is
torsion-free. To see this, notice that torsion resides on the first order
neighbourhood of a point of M - it does not involve any derivatives of the
connexion. Now we can identify the first-order neighbourhood of any twc
curves with isomorphic normal bundles; moreover, we can choose to do this
~1’n such a way as to preserve given holomorphic splittings of the ambient
tangent bundles into transverse and tangent parts. Now the Griffiths
obstruction [31]1 to the uniqueness of the extension of a holomorphic vector
bundle E specified on a submanifold S to the first-order neighbourhoocd of
that submanifold lies in H'(S,(*(E @ E* @N*)), where N is the normal bundle
to S; in our case, this means that the extensions of the line bundle K_%

and the rank-2 sub-bundle D of the ambient tangent bundie to the first order

neighbourhood of a W? with normal bundle 2H are unique, since
WY, CH @i @an™hy) = 2H (R, 6(-1)) = 0

and

1 1

(T, G (21 @20 @ 2071)) = ' (B, 6(-1)) = o.

Now since the value at x of the connexion on $ depends only on the first-
order extension of D& K3 about Yoo while the value at x of the connexion

on $ depends only on the first extension of & about Yy and upon the
splitting of the ambient tangent restricted to Yy» @s determined by D, it
follows that all the affine connexions defined by our rules are torsion-free
provided that at least one is; we shall see before long that this is indeed
the case, but simply for the moment assume that it is true.

Now it follows immediately from the spinor calculus that the metrics
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that arise through the outlined construction satisfy Einstein's equations
with cosmological constant, since the unprimed spin bundle is flat on every

twistor surface with respect to the torsion-free connexion, which has

curvature

A

®Bc-D- €D
where [23] ¢ab is one-fourth the trace-free part of the Ricci curvature.
(The interested reader may wish instead to deduce the pure-trace nature

of the Ricci curvature from the fact that
XAY =-*XAYSR(X,Y) X=0

because there also exist solutions of the equation

A

~ B’
T VAA’ i

=0
on any 4-fold with self-dual conformal curvature; see below). And since
the connexion on the projectivized primed spin-bundle is the pull-back of
the contact form via the quotient map to the twistor space, it follows that
the curvature (i.e. Frobenius integrabi]%ty obstruction) of the connexion
on the primed spin-bundle vanishes nowhere, since 6 Ade # 0, and so the
(constant) scalar curvature of the constructed metric is always non-zero.
Moreover, it is not difficult to see that there exists a universal constant
by which our definition of the Wronskian could be multiplied to insure that
the cosmological constant is 1.

Now on any 4-fold with self-dual conformal structure every twistor
surface comes naturally equipped with an autoparallel "tangent" spinor

field ﬂA , determined up to an overall constant factor, so that the tangent

space to the twistor surface consists of vectors of the form



85

and such that

A° _
T VAA’ Tg- = 0.

(We have written TR~ with a Tower index because the equation is conformally
invariant in this form). This follows immediately from the expression [23]

@AB’CD ec-p- + A €(C'A €p-)B~ €CD
for the curvature of the primed spin-bundle when the conformal curvature is
self-dual. This defines a standard line bundie E over the twis?gr space,
with restriction to any "celestial sphere" isomorphic to H'] > /], whose
fibre over any point consists of covariantly auto-parallel "tangent" spinor
fields on the corresponding twistor surface. (The A in the above expression
is R/24, where R is the scalar curvature). If our 4-fold has an Einstein
metric, this gives the twistor space the additional structure of a non-
vanishing holomorphic 1-form 6 with values in E*2. To see this, we need to
find an analogue of Jacobi's equation, so as.to be able to realize the
tangent space to the twistor space as a space of fields defined on a twistor
surface.

Since every (torsion-free) null geodesic lies in a unique twistor

AA”

surface, a Jacobi field J defined along a null geodesic with tangent

XAA = uA ﬂA and satisfying

-

b

a -—
X Xb v, J- =0

defines a unique tangent vector on the twistor space; two such fields

define the same vector iff their difference is tangent to the twistor

surface. Thus the unprimed spinor field

which satisfies
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B” A
Mp Wg T Vg, w =0
completely cetermines. the tangent vector on the twistor space; moreover,
the value of wA is independent of our original choice of the null geodesic
within the given twistor surface, and so we in.fact have a field wA defined
over the entirety of the twistor surface which satisfies the twistor

equation (cf. [221)

We may identify a twistor surface with (a neighbourhood of the origin in)
the unprimed spin-space at some point upon it via AA > exp (AA ﬂA’), and
when the Ricci curvature is of pure-trace type this identifies veétor

fields on the spin-space, with their canonical flat connexion, with unprimed
spinors on the twistor surface, with the metric connexion; the solutions

of the twistor equation are then explicitly given by

A A A P
{w IAA: = W lo +a A}, a€fl
and one sees that nA’ Van- wA = Ty Mg Vﬁ JAB is constant, and thus
defines a holomorphic 1-form on the twistor space with values in E*2.
A~ .AB”

(The reader may also deduce the constancy of Ta- Mg~ Va J from Jacobi's
equation given the vanishing of the trace-free Ricci curvature). This
twisted 1-form never vanishes. The annihilator distribution of this 1-form
at some point in the twistor space corresponds precisely to the covariantly
constant spinor fields wA on the corresponding twistor surface.

Now if we consider the quotient map q:[P$‘+i7'from the projectivized
primed spin bundle to the twistor space which takes a spinor to the tangent
twistor surface, we notice that the Jacobian of this map takes horizontal

vectors to vectors in the annihilator distribution of the above 1-form.

For if we consider a l-parameter family of null geodesics with tangents
A _A°
u

-~

m connected by a vector field JAA we have



and so

JU Vppem =0

implies that
A A~ BB” _
wem mp VAA’ J = 0.
Thus the integrability obstruction of the censtructed 1-form fails to
vanish precisely if the scalar curvature is non-zero. This reverses the
original construction, and verifies that the connexion constructed in it

was in fact torsion-free. Thus we have the

Theorem (3.4.1). Every holomorphic three-dimensional conformal structure

is the umbilic conformal infinity of a unique holomorphic solution of
Einstein's equations with cosmological constant 1 and self-dual conformel
curvature, where by conformal infinity we indicate that the conformal
structure is reguiar across the hypersurface but that the metric has a
simple pole there. Converﬁe]y, every solution of Einstein's equations with
non-zero cosmological constant and self-dual conformal curvature has a

(possibly empty) non-null umbilic hypersurface as its conformal infinity.

This provides a cosmological constant.ana1ogue of Newman's "heaven"
construction [27]. As some of the properties of -our construction are
rather nicer than in the case of vanishing scalar curvature (due to the
non-null nature of the conformal infinity in the present case) it may be

hoped that this analogue may shed some light on the original construction.
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§3.5 HYPERSURFACE TWISTOR CR MANIFOLDS

We have now seen that a pair of holomorphic conformal fundamental
forms on a complex B—ﬁanifo]d gives rise, in a natural way, to the
construction of an auxiliary 3-complex-dimensional twistor space by which
one realises the fundamental forms as those of a hypersurface in a complex
4-manifold with half-flat conformal structure. It will now be shown that
the specificationof asmooth (i.e. C°; let's not quibble) pair of complex
conformal fundamental forms on a smootk 3-manifold gives rise to a CR
5-manifold of "twistors", and this CR 5-manifold can be embedded if these
fundamental forms can, in a suitable sense, be realised as those of a
smooth submanifold of a compiex 4-manifold with half-flat conformg] structure.
This latter fact will then be used to show that this geometric embedding
problem has, in general, no solution, even though it admits one whenever
the "data" are real analytic (as follows by analytic continuation and the
application of our results from §3.1). Meanwhile, we shall meet a rather
pleasing correspondence theorem that tells us precisely which abstract CR
manifolds arise via this constructidn when the first fundamental form is
required to have no real null vectors; and we can also identify the
abstract CR manifolds corresponding to real data.

Let us first begin by making precise the meanings attached to the terms
we've been bandying about. First of all, We wish to have a notion of first
and second fundamental forms for an appropriate class of n-dimensional
smooth submanifolds a complex (n+1)-manifold. The "appropriate class" is
that of totally real submanifolds; a smooth submanifold R M of a complex
manifold is said to be totally real if {TR n T°M = 0., the zero section.
(This is the smooth generalisation of a "real slice" of a complex
submanifold; the condition on the tangent bundle to the submanifold may
also be written as JITR]I n TR = 0 - that is, "multiplication by i" takes

the tangent plane to a transverse subspace). Associated with a totally real
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submanifold R < M of a complex manifold is a hypertangent bundle
TR < T’MIR, defined to be the smallest complex sub-bundle containing every
vector whose real parf 1ies tangent to R, and a canonical jsomorphism

¢@: ¢IR > TR of complex vector bundies such that Re OCPITR = (In terms

1dTR'
of the almost complex structure J, TR = {V - iJV|Ve¢TR}, and q7is given by
V> V- igV),
Now suppose that R < M is a totally real submanifold of a complex
manifold with holomorphic metric g. Then the first fundamental form of R
is the symmetric form ¢*g on ¢TR. We say that R is non-nuil if this form
is non-degenerate, and pseudo~spacelike if no null vector (null with respect
to Q*g) is real. The conformal first fundamental form of R is just the
equivalence class of the first fundamental form under complex muftip]ication
and is characterised by the quadric sub-bundle of PP§TR consisting of null
directions; if the fibres of this sub-bundle are all non-singular quadrics
then R is non-null, and if this sub-bundle never meets RTR < P¢TR then R
is pseudo-spacelike. Finally, the first fundamental form is said to be
real if its restriction to TR is a real form, and this conformally equivalent
to the invariance of.the null quadrics under complex conjugation; naturally
enough, a real pseudo-spacelike submanifold is called spacelike or definite.
Now suppose further that R < M is a totally real non-null submanifold,
and that dim¢ M =14 dim R. Then we define the second fundamental form

is the quadratic form on (TR given by

H(x,y): = 3 9K, ¥ 19 V)

where V is one of the two possible smooth sections of T"M|p such that

g(V,V) = 1 and such that g(V,z) = 0 for every 7 e TR, and where V is the
underlying smooth connexion of the holomorphic torsion-free metric connexion
V; to see that this is well-defined, notice that Y JV V is a smooth section

of T‘M|R. 11 changes sign when V is replaced with the other unit normal
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field, -V. The conformal second fundamental form of R is the trace-free
part f} of Ii, with conformal weight 1. (If you like, the actual object
is the corresponding totally symmetric 4-spinor f}ABCD with one raised
index; this is conformally invariant).

Notice that if Sc M is a complex hypersurface of a complex manifold
with holomorphic metric, and if R =S is a real slice (i.e. R is a real
analytic submanifold of half the real dimension of S) then the second
fundamental form (and more obviously, the first fundamental form) of S,
restricted to R, is, via QZ just the second (respectively, first) fundamental
form of R< M. This is true (in the case of the second fundamental form)
because for Y eTR and Z TR such that y = 1(Z + Z), one has Y 40 V =
W(Z+2Z) VvV =327 3VV =iqly)dVvV. Therefore, any twio analytic
of fundamental forms specified on ’IP\3 may be conformally realised, in a
local unique way, as those of a real analytic totally real non-null haif-
flat conformal structure; this follows immediately by analytic continuation
to a region of ¢3 and §3.1.

Now consider a smooth totally real non-null 3-manifold R in a complex
4-manifold M with half-flat conformal structure. The twistor surfaces
meeting R transversely form a real hypersurface £ in the twistor space of
any suitably small region U < M which meets R; this is true because any
local (holomorphic) foliation of M by twistor surfaces meeting R
transversely and ungiuely if at all has precisely a smooth 3-manifold of
leaves meeting R, and such a foliation corre5p6nds to a generic complex
hypersurface in the twistor space. We shall now manufacture an abstract
model of the CR 5-manifold we've given as a hypersurface T in the twistor
space.

Let G < [PCTR be the submanifold consisting of non-real complex null
directions with respect to the (conformal) first fundamental form of R, and

let D] be the 1-dimensional complex distribution of anti-holomorphic
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tangents to the fibres of the map Q -+ R which is the restriction of the
canonical projection??¢TR -+ R. Despite the fact that the metric (first
fundamental form) is éomp]ex, the classical Levi-C{Qita formula de%}nes
the unique torsion-free connexion V on the complex tangent bundle ¢TR

preserving the metric, and we define a torsion connexion ¥ preserving

the first fundamental form by adding, for some 1-form o, the defect

i i

sl e dl g -
Ajk = ej2 IIk + gjk aj Gk

where Il is the second fundamental form and where e is the metric (complex)
volume element; by letting II range over all smooth quadratic forms this
gives the most general smooth torsion metric connexion. There is a one-
dimensional distribution on {TR spanned at the complex vectbr V by the
horizontal 1ift of V with respect to ¥, and this distribution is tangent
to the null cone (when V is null); restricting this distribution to the
null cone and projectivizing, we get a 1-dimensional complex distribution
D2 on @, and since we've excised the real null directions (if there are any)
it follows that D2 is nowhgre real (D2 nTQ = 0), as is D]. Weno define
a 2-dimensional complex distribution H on Q by H: = D] + DZ‘ Notice that
this depends only on the conformal class of the fundamental forms. I elaim
that H s a CR structure on Q, and that @ is CR-isomorphic to L in the case
thai the given fundamental forms can be realised for a totally real
3-manifold in a complex 4-manifold with half-flat conformal structure.
First let's notice that H contains no real vectors, since D]rw 02 =
D.n D, =D,n D, =0. Now we must see that H is integrabie. Take an

1 1 2 2
orthonormal frame {V], V2, V3} for (TR, and define a complex coordinate ¢

on Q by

r > [(1 + ;Z)v] £ i(1 - ;2)\/2 +. 24 V)

which covers every null direction (including, actually, the real null
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directions we've removed) except V1 - iVZ (which corresponds to 7 = «);
this ¢ is painted on all fibres of Q >~ R and we thus identify Q with

'ﬁa x R (minus iso]atea points corresponding to real nuli directions).

The orthonormal frame is covariantly constant for some torsion metric
connexion, say co}responding to IIO; define, for convenience, f& = II - IIO.
Now ¢z = constant is canonically identified with R via the canonical

projection, and we define‘a vector field w on Q by requiring that it be

tangent to the foliation ¢z = constant and be given for any z by

w= (1+ 9V + (1 - gV, + 2i Vg

under the said identification. Then

H = span{i, W+ 1 I~I,(w, W) 'ai}
5T ¢

which we see as follows: clearly, all we need to check is that the vertical
part of the horizontal 1ift of W, at W, is given, modulo 5/9Z, by

IT(w, w) 9, since we are uninterested in the antiholomorphic part we can

. N> S

work in T-¢ T.Rs x eR, instead of in ¢T¢TXR and then identify this former
space with ¢TXR in the obvious fashion, now being saved from the horror
of having two kinds of "i's" floating around; now the horizontal 1ift of

W, tow e CTR has vertical part, relative to trivialization induced by

0
the chosen frame, given by -w><(f1‘J w), where the "x" is the familiar

3-vector product induced by the metric and volume element from the exterior

. . 9 _ _ T .
product; we're looking for o such that 5T = w0><(IL,J wo) mod W s which

is to say that

o —a% Xw = wx{wx(IT Jw))

IT(w, w) w - g{w, w)(IT 1 w)

I1(w, w) w;

but
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. . 2 . 2 .
—_— 2 - + - ;
X W 2(ze, ize, + ies] X [((1 + ¢ )e] +1i(1 - ¢ )e2 + 21ce3]

20(1 + .'gz

]

)e] + (1 - z;z)e2 + 2ice3]

= oW

-~

And so o = 3 IE;WO, wo)wo. But now the integrability is easy; it follows

immediately from the observation that

Ljé, w+ 3 IT(w, w) %ii = 0.
Ya | ¢

While we're at it, we can see that the Levi form of this abstract CR

structure is of type (1,1). Since [5%, 3%—] = 0, it follows that the Levi
oz
form is not positive definite; on the other hand
~ 3 d 0 o ow ¥
1 — /7 = — = - ==
w+ 3 II(w, w) 3¢ a?;] w, 82;] mod H + H Y ¢ H+H

so the Levi form is not zero, and we can find a second null direction by

adjusting the function o in

w+ 1 II(w, w)~§%-+ aj%3 w+ 3 II(w, w) i%-+ a%%] -
14 14

i, wl + o2 - 5% nod H + A.
57 oL

Now let us see that H (or rather H; we chose to work with H because
of the smaller number of complex conjugations) is the induced CR structure
on I when the fundamental forms can be realised for a totally real 3-
manifold R in a compiex 4-fold with half-flat conformal structure. Recall
that the diffeomorphism set up between Q <P¢TR and T took a complex null
direction [V] to the twistor surface to which q%V) is tangent; if we look
at the set of twistor surfaces through a point of R, we get a Tﬂ in the
twistor space which is contained (except perhaps at isolated excised points

corresponding to twistor surfaces tangent to R) in I, and this curve

93



corresponds holomorphically to the conic curve of complex null directions
tangent to R at that point, showing that our inclusion of the anti-
holomorphic tangent spaces to the fibres of Q into the induced conjugate
CR structure is in fact correct. If we let @+ M denote the ﬂa bundle
over M whose fibre at a point x &€ M consists of the self-dual 2-planes in
the holomorphic tangent space to x, we can identify dﬂR with Q, since a
self-dual 2-plane at a point x of R contains just one (null) direction in
TR; there is a canonical projection Q7 to the twistor space of M taking
a self-dual 2-plane in a tangent space to the unique twistor surface to
which it is tangent, and this projection takes Q onto ¥ via the previously
defined diffeomorphism; the kernel of the Jacobian of this map at a point
y of ® consists of the horizontal 1ifts to ® of tangent vectors of M which
1ie in the tangent 2-plane represented by y. Letting Q denote the null-
quadric sub-bundle of?P%R (i.e. Q carried over by ), letting m: Q ~ I be
the canonical projection induced by the projection & ~J, and letting J and
J denote, respectively, the almost complex structure tensors of B and 7/,

we sec that for any v, w < TQ, one has J(myV) = myw iff J_ - we KER m,.

v
Now since the connexion on M is holomorphic, the horizontal subspaces of
® are J-invariant, so that the horizontal 1ift U of a complex null vector

0 because U - 1JU is the

u e ¢TR to [P(u)] € Q satisfies m (U - iJi)

horizontal 1ift of u - iJu =¢ (u); so m(U) iJime(u)1, and so m,.(u) is
in the anti-holomorphic tangent space to ®, as claimed. (Notice that the
horizontal subspaces considered are just those of the hypersurface twistor
connexion, since B is the bundle of se]f;dua1 2-planes, which we may
consider as sitting in the projectivized self-dual 2-forms). Thus our
-abstract CR structure agrees with (the complex conjugate of) the concrete
one.

In particular, if the conformal first fundamental form is pseudo-

spacelike (i.e. if there are no real null vectors) then we've constructed

94
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a corresponding CR 5-manifold with non-degenerate Levi-form and a

foliation by Z?’s. Conversely, we have the rather remarkable

Proposition {3.5.1). Every smooth CR 5-manifold with non-degenerate Levi-

form and foliation by ﬂ%'s arises from this construction for a (unique)

pair of conformal fundamental forms, of which the first is pseudo-spaceiike.

Proof. Let X be the CR 5-fold, and let H cP¢TX be its CR tangent space;
let S be the 3-fold of leaves of the foljation by W}'s; we assume that
our conventions are such that H(Y?¢T?1 is the anti-holomorphic tangent
space for any leaf. Over each leaf there is a line bundle E: = H/T’ﬁﬁ,
which, by the non-degeneracy of the Levi-form (making it dual to the
holomorphic tangent bundle), has Chern class -2; this line bundle has a
natural structure as a holomorphic 1ine bundle over the leaf, which comes
from defining a local section f of E in a region of X to be holomorphic

on each leaf if

(v, wl =0

for all smooth sections v of the anti-holomorphic tangent bundles to the
fibres and vector fields w represeﬁting f (mod v), all of which is
independent of representatives and satisfies the necessary and sufficient
condition for the acceptability of such a definition that multiplication
of a "local holomorphic section" by a holomorphic function gives another
“local holomorphic section". Now the quotient map pr: X > S defines a
complex curve in the projectivized complexified tangent space1P¢TXS of
any point x €S consisting of the image of H under pr,, which is also

the image of E; but in fact, this curve is the holomorphic image of the
Ta which is the leaf over x, because, for any representatives v and w as

above, one has

v(pr, w) = pry Ev w = pr, [v, wl



where the expression on the left is to be interpreted as the ordinary
vector space derivative. Furthermore, pr, carries E onto the restricted
Hopf bundle of this h61omorphic plane curve, and since E has Chern class
-2 it follows that the curve is a conic. We define the first conformal
fundamental form By taking its null quadric to be this curve; notice that
this complex conformal metric is pseudo-spacelike, since H would otherwise
include a real vector.

We now identify X with the bundle of complex null directions and
remark that we've now two CR structures on X: H, and a second corresponding
to our eariier construction, taking the second conformal fundamental form
to be nought. The difference between the two defines a linear map from the
Hopf bundle over the bundle of null directions to the holomorphic tangent
bundles of the fibres of pr; since both CR distributions include the
anti-holomorphic fibre-tangents and are involutory, it follows that this
map is holomorphic. Such holomorphic maps form a five-dimensional vector

space:
HO(P) (0 (T°F @ (HT9)%)) = HO(Py, 2(4)).

But the trace-free symmetric forms sit in this space in the fashion used
in our earlier construction, and a dimension count shows that they fill it.

So the construction produces all such CR manifolds with foliation. L]

Let us emphasise the fact that, even for non-pseudo-spacelike first
fundamental forms, the CR structure and the foliation corresponding to
projection to the original 3-fold contain the full information of the
conformal fundamental forms, as is clear from inspection.

We conclude this detour by characterising those CR manifolds
corresponding to real (positive) definite first conformal fundamental form

and real second fundamental form.

O
(8}
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Proposition (3.5.1I). A smooth CR 5-manifold X with non-degenerate Levi-

form and foliation by(P]'s corresponds to a real pair of conformal
fundamental forms (thé first of which is (positive) definite) iff there
is an anti-CR (cf. "anti-holomorphic") map a: X + X preserving the

foliation, such that a2 = 1.

Proof. Let us make clear that a map between CR manifolds is anti-CR if

the Jacobian of the map takes the CR distribution onto the complex
conjugate of the CR distribution.

First, suppose we carry out our construction of a CR manifold
corresponding to real data on a 3-fold S with the conformal metric positive
definite. Then the map p: {TS - (TS by complex conjugation in the fibres
induces a map o: Q » Q of the null quadric bundle over S which takes the
anti-holomorphic tangents to the fibres to the holomorphic tangents to
the fibres. As for the complementary direction, we can best see that its
image is as desired by working in our previously constructed local
coordinates, taking the frame {ei} to be real, and thus taking IT to be

real; complex conjugation p induces a map on the fibres of Q given by

z(z) = -

W | -

since one then has

w(z) = (1 + cz)e] + 101 - zz)e2 + 2iges] =
1 2 . _ 2 . =w(z)
;? [(1 +z )e] + (1 - z )e2 + 21ze3] —;?—
: : 3 .. .2 9 . L T d .
while the image of — s z~ x5 SO the image of w(g) + 3 II (w(zg)) 3¢ 1
ag
1 =~ P 1 ~ 9
%Z_)" ¢ Iy TG, W) g = 27 ) + 3 TH(a), wlz) 2

(the Jacobian of p on tangents to S is, of course, the identity, and so

w(z) is indeed taken to itself, which can be rewritten as w(z)/EZ) which
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shows that our involution is anti-CR, as desired. (The real efficacy of
working in special local coordinates will become apparent in the proof of
the converse).

Conversely, suppose X is a CR manifold byjﬁa's preserved by an anti-CR
involution a: X + X; let H denote the CR distribution. If S is the space

of leaves of the given foliation and m: X -~ S is the quotient projection,

then o is a map over m:

XX

o
n\&z/wr commutes.
S

As in Theorem (3.5.1), X can be identified with the quadric bundle Q of S
for some pseudo-spacelike conformal metric, and H will then be given by our
earlier construction for some (trace-free) conform second fundamental form
f1; but since o is a map over m, it follows that a is just the map Q - Q
induced by complex conjugation in the fibres of ¢TS, because for any complex

null direction [v] € Q one has

[v] = my Hpyy = e o Hppom o By = o).

As for the second conformal fundamental form, we regress to our special
local coordinate calculation, taking {ei} to again be real and I1 to be

trace-free; our former calculation, stood on its head, shows that
IT (w, w) = IT (w, w)

for all complex null vectors w, which shows that 11 (and hence fi) is real,

since it is trace-free. []

Now for our non-embeddability result. Nirenberg [14]1 has shown that
there exist smooth CR-structures on1R? such that no neighbourhood of the

origin can be CR embedded in ¢N for any N; any CR function on such an
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example would have to vanish to infinite order at the origin, which implies
the non-embeddability. Now suppose that w is a non-vanishing nowhere real
complex vector field on R> which is a section of the said CR distribution.
Let ey = Re w, e, = Im w, and take eq to be some other non-vanishing real
vector field which is everywhere linearly independent from e, and e, define
a smooth positive definite metric on W? by taking {ei} to be an orthonormal
frame. In our local coordinates for the quadric of this metric, ¢z =0
corresponds to the null direction fieid spanned by w, and for some real
conformal second fundamental form (e.g. that corresponding to the conformal
torsion of the torsion metric connexion such that {ei} is a covariantly
constant frame), I1 (w, w) vanishes, and ¢ = 0 becomes a CR submanifold
which is isomorphic (via the canonical projection) to the Nirenberg example.
It follows that our CR 5-manifold cannot be embedded. We've demonstrated

the following

Fact (3.5.1I1). There exist smooth 3-manifolds with (positive definite)

conformal metric and (real) conformal second fundamental form, which cannot
be realised as totally real submanifolds of a complex 4-fold with half-flat

conformal structure.

If such an embedding exists, however, it is locally unique. This
follows from the fact that any two realisations of a CR manifold with mixed
non-degenerate Levi-form as a real hypersurface in complex manifolds are
equivalent in a neighbourhood of the hypersurface, as can be derived from

a generalised version [18] of an extension theorem of Lewy.



§3.6 REAL SLICES OF "HEAVEN-ON-EARTH"

Let M0 be a real analytic 3-fold with real-analytic positive-definite
metric 9% and (real) real-analytic symmetric form IIO. By analytic
continuation, we construct a (locally unique) complex 3-fold M which comes
equipeed with an anti-holomorphic involution Q: M~ M (complex conjugation)

and holomorphic metric g and symmetric form II such that g = Q*g, IT = Q*II,

as well as a2n identification of M0 with the fixed-point set of Q such tnat

9, = 2(g ¢ §)|Mo and II = 3(11 + TT)IMO. If we define a connexion V on 1

by adding
i o_ i 2

to“the torsion-free metric connexion associated with g, where e is obtained
by analytic continuation of the metric volume element (for some orientation)

of Mo’ then Qv = V, where the anti-holomorphic connexion V is defined by

yV: = (96)

for any anti-holomorphic vector field V on M; thus, if V4 V V = 0 one has

and so Q sends geodesics of V (with holomorphic affine parameters) to
geodesics of v (with anti-holomorphic affine parameters), in particular,
Q induces an anti-holomorphic involution o of the space N(M) of null
geodesics of M {which restricts to the CR manifold corresponding to MO to
give the anti-CR involution constructed in §3.5).

If M is the half-conformally-flat 4-fold in which M is embedded so as
to realise the conformal parts of (g,II) as the conformal fundamental forms
of M, then o constructs for us a real positive definite slice of M (cf.
[281) containing Mo' Namely, since the complex analytic family M of ﬂ}'s

in N(M) completing the family M is locally unique, o sends TP]'s of M to
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TF]'S of M since it preserves the family M; thus o induces an antiholomorphic
map Q on M, which will have a real-analytic 4-fold Mo as its fixed-point

set. Moreover, Q takes twistor surfaces to twistor surfaces, since if two
1?]'5 in N(M) belonging to the family M meet, then their images certainly

do also; thus Q carries the conformal metric on M to its complex conjugate.
Therefore the induced conformal metric on Mo is real. But since a has no

~

fixed points, the conformal metric on MO is positive-definite.

Theorem (3.6.1). Every real-analytic pair of positive-definite conformal

metric and real second conformal fundamental form specified on a real-
analytic 3-fold can be (locally) uniquely realized as those of a real-
analytic hypersurface in a real-analytic 4-fold with half-flat positive-
definite conformal metric. [

Similarly, it seems that one can realize a real-analytic Lorentzian
(++-) conformal metric, specified along with a real real-analytic second
conformal fundamental form as the conformal fundamental forms of an
analytic hypersurface in a real-analytic 4-fold with half-flat conformal
metric of signature (++--).

We may also consider the embedding probiem dealt with in (3.6.1) with
the supposition of data that is only smooth. In fact, if one can realize
the data in a complex 4-fold (cf. §3.5), then a generalization [18] of
the Hans Lewy exteésion theorem for CR funétions allows one to extend the
anti-CR real-structure map of §3.5 to an anti-holomorphic real-structure
map without fixed points on some neighbourhood of the CR hypersurface I in
the ambient twistor space, which then produces a real positive-definite
slice of the complex 4-fold in the manner previously explained. Our previous
results then show that general smooth data cannot be reaiized for smooth
hypersurfaces in real-analytic 4-folds with half-flat positive-definite
conformal metrics. However, any smooth half-fiat positive-definite metric

Zs real-analytic with respect to some analytic structure [28]1, because one
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can directly construct the twistor space as a ﬂ}-bund]e over such a 4-feld,
complete with an Zntegrable almost complex structure, which then introduces
a notion of rea]-analyticity via the Newlander-Nirenberg theorem. (The
construction of this almost complex resembles and is closely related to
our construction 6f CR manifolds from fundamental forms in §3.5). Thus we

have the

Theorem (3.6.1I). Theorem 3.6.1 becomes false if "real-analytic" is

replaced by "esmooth".

A particular consequence of these results is that the "heaven-on-earth"
construction, applied to an analytic hypersurface of a Riemannian
4-manifold, yields a half-flat 4-fold with positive definite slice. Notice
that one gets a positive-definite slice when applying the construction to
a positive-definite hypersurface in a Lorentzian 4-manifold precisely when
the hypersurface is umbilic; by our conventions, Lorentzian second

fundamental forms are imaginary.
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§3.7 POSITIVE-DEFINITE HEAVEN-WITH-A-COSMOLOGICAL-CONSTANT

Let MO be a real-analytic 3-fold with real-analytic positive-definite
conformal structure, and let the complex 3-fold M, equipped with an anti-
Conborma & s4rvcture praserved
holomorphic complex conjugation Q and a holomorphicrby Q, be the analytic
continuation of Mo' The annihilator distribution of the canonical contact
form 6 on the space N(M) of torsion-free null geodesics of M is taken onto
its complex conjugate by the anti-holomorphic involution a; N(M) = N(M)
induced by Q because this involution takes ﬁ%'s of the famiiy M to other
'ﬁﬁ‘s of the family, and the annihilator distribution of 9 is precisely

spanned by the tangent spaces of these’ﬁ?'s. Thus

0*6 = a 0

for some holomorphic function a on N(M); but such a function is

necessarily a constant. (There is actually a sign ambiguity in the compiex
-1

conjugate of 6, since 6 takes values in K 2, but this will prove to be no

difficulty). Hence

a9 Ado =o*0 Ad8).

But © A d 6 is just an ordinary complex number, and so

o* (6 AdB) =6 Ad8

2

and a“ =06 Ade6/6 Ado; therefore, by normalizing 6 so that 6 A d 6 is

real, we may assume that

6 = a*0.

Now suppose that y is a.Tﬂ of the family M completing M such that
a[y] = y. The tangent vectors to the real slice Mo of M at the point
corresponding to y will be represented by sections of D|y which are taken

onto their own complex conjugates by o, and such a section can be written

as
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EQ@m+ o,k @a,m

where £ & HO(y,6(D ® K%)), T e.Ho(y,GKK'%)), corresponding to the fact
that any tangent vector to the positive-definite slice is the sum of a
complex null vector and its complex conjugate. The length of such a

vector, as defined by the canonical Einstein metric, is

-1

do (E, 0, &)06 (ndo, m™=-oa,wdr) =

do 8 (og £5 E) » (0*8)) (0, 7 d7 - 7 d oy m) =

do (GrEE) » 87 (@ dr-ndorT)

and so the Einstein metric is weal on the positive definite slice ﬁo - Mo‘
It remains only to notice that picking the metric to be positive- (as
opposed to negative-) definite forces the cosmological constant (the
scalar curvature) to be negative, since this is the case for the "flat"
example of Lobachevskian geometry with S3 as the conformal infinity, and

since the entire construction will vary continuously with the initial

data. Thus we have the

Theorem (3.7.1). Every real-analytic positive-definite three dimensional
conformal structure bounds a unique positive-definite solution of Einstein's

equations with cosmological constant -1 as its (umbilic) conformal infinity.
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§4. PROBLEMS AND PROSPECTS

There remain any number of open questions as to the full ramifications
of the results presented in this thesis. We end this work on an unresolved

chord by stating a few of these.

a) Suppose M is a strongly geodesically convex complex n-manifo]d with
projective connexion. If S< L(M) is a complex submanifold biholomorphicaily
equivalent to ﬂ;_] and with normal bundle isomorphic to T’E;_]éb H'], is S
the submanifold canonically associated to a point of M? (This <s the case,
for example, if M is a region in CZ with its usual flat projective
connexion). If not, what if one posits that S is a member of a connected
analytic family containing a submanifold of the family M?

Analogous questions may be asked regarding complex n-manifolds, n > 4,

)

with conformal connexion.

b) Isenberg, Yasskin and Green [29] have shown that general solutions of
the Yang-Mills equations on @4 (with its usual flat conformal structure)
correspond précisely to holomorphic.vector bundles over the space of (torsion-
free) null geodesics that éxtend to the third-order formal neighbourhood

of the canonical embedding of this space in the product of the twistor and
"dual" twistor spaces of @4. (Each null line lies in precisely one self-

dual plane and one anti-self-dual plane; one can thus identify N(¢4) with

an open dense subset of the variety {([za], tw,1), a, B =1, ..., 4|zaw = 0}

B B
Ciﬁé x?P3). Is there a generalization of this to some reasonably general
class of conformal torsion structures? One expects that the conformal
torsion, at least, must vanish, as there should be an analogue of the contact
form Zadwa = —wadZa when the analogue of such a formal neighbourhood can be
defined; conversely, it would seem that the contact form of a space of

torsion-free geodesics should define an analogue of at least the first-order

neighbourhood.
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c) If M is an oriented Lorentzian 4-manifold, and S< M is a smooth Cauchy
surface, then the CR manifold that we constructed from the space of complex
null directions tangent to S can be identified with the space N(M) of null
geodesics of any conformal connexion on M. (For reasons detailed below,

the only sensible choice of the conformal connexion will be the one without
torsion). Namely, a null geodesic meets S in a single point and, choosing

a time orientation, has a unique future-pointing tangent n with unit component
normal to S; letting V denote the future pointing normal to S, there is,

up to multiplication by a non-zeroc complex number, a unique complex null

vector tangent to S which is orthogonal to n and which satisfies
ie(n, v, w, W) > 0

where ¢ is a volume element representing the chosen orientation; and every
complex null direction tangent to S arises in this fashion. The underlying
real distribution (H + H) 5 TN(M) of the CR tangent space H consists of
those Jacobi fields whose values at the Cauchy surface S are orthogonal to
the null geodesic along which they are defined; we saw in §2.5 that this
distribution is independent of S precisely if the conformal torsion
vanishes, as we shall henceforth proceed to assume.

We can describe the CR_structure defined on N(M) by S as follows: a
Jacobi field orthcgonal to the null geodesic along which it is defined is
taken by the action of the CR structure tensor ("multiplication by i") to
the Jacobi field orthogonal to the geodesic which has initial value and
first derivative at S obtained from the initial value and first derivative
of the first field by a "right-handed" rotation of 900, relative to the
future-pointing tangents to the geodesic. This is clear if the initial
value vanishes, since our prescription for the CR structure gives the
"celestial sphere" of null geodesics through a point of S the complex
structure such that PL (2,{) acts by Lorentz (0(1,3)) transformations; on

the other hand, the CR structure also acts by right orthogonal rotation on
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the horizontal lifts of vectors tangent to S and in the orthogonal space

to the given null geodesic, and it is rather easy to see that such
horizontal vectors correspond precisely to those Jacobi fields having
vanishing initial derivative. Notice that the CR tangent space at any null
geodesic depends on no other data than the point at which the geodesic meets
S; the surprising fact from this point of view is that the CR tangent

bundle is involutory for any choice of smooth Cauchy surface.

We have seen that the CR structure, along with its foliation by'ﬁ%'s
representing the points of S, determines the conformally invariant part of
the metric and second fundamental form of a hypersurface; but the metric
and second fundamental form, provided they satisfy certain constraint
equations, are just the data needed for the initial value formuiation of
Einstein's equations. Indeed, York [30]1 has shown that for a compact
Cauchy surface, the conformally invariant part of the data specifies the
rest via the constraint equations; such a formulation loses, however, the
local character that we normally associate with physical initial-value
problems, and for this reason one may think it unsatisfactory. At any
rate, it seems that a formulation of the (Lorentzian) general relativistic
initial-value problem is possible within the framework of CR manifolds, and
could be very interesting. Presumably, one would need some abstract
criterion for determining whether a foliated CR manifold corresponds to
data which are real in the Lorentzian sense, which is to say that the
conformal metric should be positive-definite and the second fundamental
form, if defined according to the conventions of Chapter 3, should be purely
imaginary; this would be some sort of analogue of the anti-CR involution

encountered in the positive-definite case, but would be of necessity rather

different in detail.

d) Can one show that an embedding as a hypersurface of a CR 5-manifold

with non-degenerate Levi-form and a smooth foliation by ﬂﬁ's necessarily
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gives the ﬁ?'s normal bundle 2H? (It does follow from the non-degeneracy

of the Levi-form that the normal bundle will have Chern class 2). If so,

our arguments against the possibility of performing certain smooth embeddings
might he turned around to construct certain classes of non-embeddable CR
manifolds, because one should expect that the general umbilic in a positive-
definite space with self-dual conformal structure will admit a real-analytic

Structure such that the induced conformal metric is real-analytic.

-e) The most important question that remains to be answered is by far the
most daunting. Namely, what extra structure on a complex 5-manifold of
torsion-free null geodesics corresponds to the existence of an Einstein
metric representing the conformal structure of the corresponding 4-fold?
It remains to be seen whether or not this problem admits an elegant

solution, but in a way it would seem rather odd if it did not.
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