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Abstract

While the quantum mutual information is a fundamental measure of quantum information, it is
only defined for spacelike separated quantum systems. Such a limitation is not present in the
theory of classical information, where the mutual information between two random variables is
well-defined irrespective of whether or not the variables are separated in space or separated in time.
Motivated by this disparity between the classical and quantum mutual information, we employ the
pseudo-density matrix formalism to define a simple extension of quantum mutual information
into the time domain. As in the spatial case, we show that such a notion of quantum mutual
information in time serves as a natural measure of correlation between timelike separated systems,
while also highlighting ways in which quantum correlations distinguish between space and time.
We also show how such quantum mutual information is time-symmetric with respect to quantum
Bayesian inversion, and then we conclude by showing how quantum mutual information in time
yields a Holevo bound for the amount of classical information that may be extracted from
sequential measurements on an ensemble of quantum states.

1. Introduction

The mutual information of two quantum systems A and B whose joint state is represented by a bipartite
density matrix pp is the real number I(A : B) given by

I(A:B) =S(pa) +S(ps) — S(pas) , (1)

where S(-) denotes the von Neumann entropy and p4 and pg are the reduced density matrices of pap [1, 2]. As
pap describes the joint state of two spacelike separated systems A and B, it follows that the quantum mutual
information is essentially a static measure of information. This non-dynamical nature of quantum mutual
information is in stark contrast with the notion of the classical mutual information I(X : Y) of two random
variables X and Y, which is defined irrespective of whether X and Y are separated in space or in time [3].

In this work, we make use of the pseudo-density matrix (PDM) formalism [4, 5] to define a temporal
extension of quantum mutual information, and we investigate its properties. A PDM is a generalization of a
density matrix that encodes correlations across both space and time, thus providing a single mathematical
formalism for the study of both static and dynamical aspects of quantum information (see [5-16] for further
development and applications of PDMs). In particular, PDMs provide a notion of a joint state R4p associated
with timelike separated quantum systems A and B whose reduced density matrices are the individual states
pa and pp. However, while R4p is Hermitian and of unit trace, it is not positive in general. Thus, the
extension of the density matrix formalism to include non-positive PDMs is akin to the way in which the
metric of space is extended into the time domain in special relativity, where such an extension results in a
metric of Lorentzian (as opposed to Euclidean) signature [17, 18].

As for defining quantum mutual information in time, note that since the logarithm is not uniquely
defined for non-positive matrices, simply replacing pap by Rap in equation (1) will not in general yield a
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well-defined notion of quantum mutual information in time. To circumvent this issue, we use an extension
of von Neumann entropy to Hermitian matrices given by [19-22]

S(X) = —Tr[Xlog|X|] . (2)

While there are various justifications for our choice of S over other alternatives (such as those used e.g. in
[14, 20]), a primary justification is that S satisfies [19]

o (Additivity) S(X® Y) = S(X) 4 S(Y) for all Hermitian matrices X and Y.
e (Orthogonal Convexity) If {X'} is a collection of mutually orthogonal Hermitian matrices of unit trace and
pi s a probability distribution, then

s (pr> :H<p>+2pis (X,

where H(p) is the Shannon entropy of the probability distribution p;.

While the properties of additivity and orthogonal convexity are certainly desirable from a purely
mathematical perspective, we show in section 6 that additivity and orthogonal convexity of S are also crucial
for establishing a temporal analog of the Holevo bound [23], thus providing an operational justification for
the use of S.

Employing such a Hermitian extension S of von Neumann entropy and replacing pag by a PDM Ryp in
equation (1) yields a well-defined notion of quantum mutual information for timelike separated quantum
systems. In what follows, we prove general statements regarding such a notion of mutual information in time
and present many examples. As in the spatial case, we find that such a mutual information in time provides a
natural measure of correlation between timelike separated systems, while also highlighting the way in which
quantum correlations distinguish between space and time. In particular, for sequential measurements
performed on a system of qubits at two times, we show in section 3 that the mutual information vanishes for
a system which is discarded and re-prepared between measurements, while it is maximized for a system
undergoing unitary evolution between measurements. However, contrary to spatial mutual information,
which for a pair of spacelike separated qubits can attain a maximum value of 2 in the presence of
entanglement, we show in section 4 that the mutual information in time between two timelike separated
qubits never exceeds a value of 1. We argue that this is a reflection of the fact that, unlike spatial correlations,
maximal correlations in time are non-monogamous [9], as a qubit at a fixed point in time may be maximally
correlated with a qubit both at a time in the future and a time in the past.

While for mutual information in space it is manifest from definition 1 that I(A : B) = I(B: A), for mutual
information in time the existence of such a symmetry is more subtle, as systems A and B may be related in
time by a non-reversible process. However, we show in section 5 that when the quantum channel establishing
temporal correlations between A and B is Bayesian invertible in the sense defined in [24], then it is fact that
case that I(A : B) = I(B: A), in accordance with the spatial case.

2. Pseudo-density matrices

Let o; denote the ith Pauli matrix for i =0,...,3, and let m > 0 be a positive integer. For every
a€{0,...,3}", welet a; € {0,...,3} denote the jth component of o for all j € {1,...,m}, and then define
T aS

Oq =0q, @ Q0q,, -

Suppose a sequential measurement of o, followed by o3 is performed on a system of m-qubits at times t,
and tg with 4 < t5, and denote the Hilbert spaces of the system at the two times by 74 and Hp, respectively.
If the system evolves according to the quantum channel N : £(H4) — L(Hp) between measurements (we
use L£(H) to denote the algebra of linear operators on a Hilbert space #), then the theoretical two-time
expectation value of the sequential measurement of o, followed by o3 is the real number (o, ,05) given by

(0as08) = Tr [N (T pI13) 0] = Te [N (T plIg ) 6]

where p is the initial state of the system, and I1Z = %(]1 =+ 04) is the orthogonal projection operator onto the
+1-eigenspace of o,.



10P Publishing

New J. Phys. 27 (2025) 064504 Z Wu et al

In such a two-time measurement scenario, the associated PDM is defined to be the bipartite hermitian
operator Ryp on H, ® Hp given by

1
Rup = 4—"126:@&,0@0&@05. (3)

It follows from the definition of PDM together with properties of Pauli matrices that for all « and S,
(04,08) =Tr[Rag (00 ®@0p)] . (4)

Thus, PDMs extend the operational meaning of bipartite density matrices to the temporal domain for Pauli
observables.

Although the definition of the PDM Ryp given by (3) is conceptually simple, it is not always practical for
calculations. In [5, 12, 25], it was shown that R4z may equivalently be given by the formula

Rus =3 {p®1, 7 N}, (5)

where {-,-} denotes the anticommutator and _# [N] =37, (i) (j| ® N (| j) (i) is the Jamiotkowski matrix of
the channel NV [26]. When we wish to emphasize the dependence of the PDM R, on the initial state p and
channel V' as part of a two-time measurement scenario, we denote the RHS of equation (5) by N+ p and
refer to it as the spatiotemporal product of the channel A and the initial state p.

The notion of PDM naturally extends to n-sequential measurements on a system of m-qubits for
arbitrary n > 0, yielding an operator Ry, ..., on the n-fold tensor product Ha, ® - - - ® Ha,, where A; denotes
the system at time #;, with #; < --- < t,,. We denote such an n-time PDM simply by R;...,.. If the system
evolves according to a channel V; between measurements at times ¢; and t;,1 fori = 1,...,n — 1, it was
shown in [12, 27] that R;...,, may be given by the recursive formula

Rl...n = (./\/'nflOTrl.“(n_z))*Rl...(n_l), (6)

where Tr,...(,—2) is the partial trace over the subsystems A, - - - A, _; and x denotes the spatiotemporal
product.

We note that while PDMs associated with multi-time measurement scenarios are not positive in general,
they are always Hermitian and of unit trace. Moreover, the reduced marginals onto a single factor L(H,,) are
always density matrices, representing the state of the system at time ;. Interestingly, PDMs as in (6) that are
positive admit dual interpretations as being extended across space on the one hand, and time on the other.
We refer to such PDMs as dual states.

3. Mutual information in time

Let R;..., be an n-time PDM as in (6), let A; denote the associated system at time ¢; fori = 1,...,n, let

ke {2,...,n—1},and let Ry..; and Ri4,..., be the PDMs corresponding to the first k measurements and
final n — k measurements, respectively, which may be obtained from the PDM R;...,, by tracing out the
associated complementary subsystems. We then define the mutual information in time between the joint
temporal systems A = A; -+ Ay and B= Ay -+ - A, to be the element I(A : B) € R given by

I(A : B) = S(le) + S(Rk+1..,n) - S(Rln) ,

where §(-) is the Hermitian extension of the von Neumann entropy given by S(X) = —Tr[Xlog|X]|].
We now present some examples of mutual information in time.

Example 1 (a dual state). Let pap be the bipartite density matrix given by

13/24 0 0 0

| o0 sp2a —1/6 0

Pap = 0 —1/6 5/24 0
0 0 0 1/24

The density matrix psp is an entangled state [28] that has been shown to also be a 2-time PDM [13], and
hence is a dual state. As such, the associated systems A and B may either be viewed as being spacelike separated
or timelike separated. Thus, their mutual information in space is equal to their mutual information in time,
which is approximately 0.2315.
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Example 2 (a single qubit at two times). Let R4p be the 2-time PDM associated with a maximally mixed qubit
that undergoes trivial dynamics between measurements, which is given by

Rup = 1S\«IAP—1
AB = 5 =5

S O O =
S = O O
S O = O
- o O O

As the eigenvalues of Rup are (1/2,1/2,1/2,—1/2), it follows that I(A : B) = 1, which coincides with the
von Neumann entropy of the initial maximally mixed state. We note that although the temporal correlations
between the qubit at two times in this example can violate CHSH inequalities [29], thus exhibiting maximal
correlations in time, the mutual information between the qubit at two times is not 2, as one might expect from
the case of a pair of maximally entangled qubits in space [1]. We will further address this disparity between
the temporal and spatial cases in section 4.

The previous example is a special case of the following:

Theorem 1. Suppose Rup = U * p is a 2-time PDM associated with a multi-qubit system initially in state p that
evolves according to a unitary channel U between measurements. Then I(A : B) = S(p).

Proof. Let m be the number of qubits of the system represented by Rug, let n = 2™, let mspec(X) denote the
multiset of eigenvalues of a matrix X, and suppose mspec(p) = {A1,..., A, }. It then follows from lemma 5.7
in [19] that

i+ A
mspec (U x p) = mspec(p) U {ih 0<i<j< n} .
Since f(x) = —xlog|x| is an odd function, it follows that
S(Rap) = SU=p) =S(p) =SU(p)), (7)

where the final equality follows from the unitary invariance of the entropy function S. We then have

I(A:B)=S(p)+SU(p)) —SUxp)=S5(p) ,
as desired. O

The next two examples illustrate cases when the evolution between measurements is non-unitary.

Example 3 (discard and prepare). Let A/ be the discard-and-prepare channel given by A (p) = Tr[p]o for
some state 0. It then follows that if Rsp is a 2-time PDM of the form Rap = N % p, then R4z = p® o (and
hence is a dual state). In such a case, the timelike separated systems A and B represented by the PDM R, are
such that I(A : B) = 0.

Example 4 (decoherence). Let Ryp be the 2-time PDM associated with a single qubit in an initial state p =
|—) (=, which between measurements is to evolve according to the decoherence map D given by

D(Poo Po1 >_(Poo 0 >
P10 P11 0 P11 '

The associated PDM Rup = D « p has eigenvalues

<1+ﬂ 1+ﬂ,1—\/i71—\/5)7

4 7 4 4 4

from which it follows that I(A : B) & 0.79824. In [19] a quantity referred to as ‘information discrepancy’ was
introduced, which turns out to coincide with —I(A : B) in this example. As negative information discrepancy
signifies information gain, the fact that —I(A : B) < 0 is consistent with the recent results in [30], where it is
argued that contrary to conventional wisdom, decoherence is a process of information flowing into the system
from its environment (as opposed to the other way around). Based on this, it seems plausible that I(A : B)
might quantify the information gained by a system due to decoherence.

In the next example, we consider a single qubit at multiple times, with a varying initial state.

4
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Figure 1. Mutual information between a single qubit at multiple times. In each of the above graphs, 7 is the depolarizing
parameter of the channel £, and p is the parameter defining the initial state as in example 5. (a) I(A; : A;A3) for n=3 and

N =Ny =&y. (b) I(Ay : AA3) forn=3,N| = &, and N> = id. (¢) I(A1A; : A3Ay) forn=4, N} = N3 =idand N, = &, (d)
I(A1A; : AsAy) for n=4, N1 = N3 = &, and N, = id. In all cases except (d), we find that the mutual information is maximized
when 7 =0 and p = 0.5, reflecting the fact that in such a case the output of the channel £, is maximally correlated with the input
of the channel (since in such a case the channel is the identity), and that the entropy of the input state is maximized. On the other
hand, when n = 1 the channel £, is completely depolarizing, and all information about the initial state is lost for all p, thus
resulting in the mutual information being minimized. In cases (a) and (d), there is some oscillatory behavior as 7 increases
beyond 0.5, reflecting a tradeoff between the noise of the channel and the uncertainty in the initial state.

Example 5 (a single qubit at multiple times). Let R;..., be a multiple time single qubit PDM with initial state
p = diag(p,1 — p) with p € [0,1]. Denote the channel responsible for the evolution of the system between times
t; and t;1, by NV, and let £, be the depolarizing channel given by

£(p) = (L=n)p+1Telp] 3

where 7 € [0, 1] is the depolarization parameter. We then consider several cases of mutual information in time
where V; is either the identity channel or the depolarizing channel £, for n = 3 and n = 4, the results of which
are plotted as functions of p and 7 in figure 1.

Remark 1 (lack of monotonicity). While the spatial quantum mutual information satisfies monotonicity,
namely, I(A : T'(B)) < I(A : B) for every local operation I" on the system B, local operations can either increase
or decrease mutual information in time. In particular, while tracing out a subsystem A; of a multipartite spatial
system A, - -- A, essentially discards the information contained in A;, tracing out a subsystem A; of a multi-
partite dynamical system A; ---A, results in a redistribution of information across time to form a distinct
dynamical system A; - - - Aj_1A;+1 - - - Ay, where A;_; then has direct causal influence on A; ;. As such, the local
operation of tracing out a subsystem of a dynamical system A; - - - A, may result in an increase in the mutual
information between different timelike separated subsystems, thus resulting in a failure of monotonicity.
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4. A single qubit at two times: the general case

For a single qubit at two-times we obtain the following theorem, whose proof can be found in appendix A.

Theorem 2. Let Ryp be a 2-time PDM associated with a single qubit whose initial state is maximally mixed and
which evolves according to a channel that is either unital or has Choi rank no greater than 2 between
measurements. Then 0 < I(A: B) < 1.

While we suspect that 0 < I(A : B) < 1 holds for an arbitrary qubit at two times, our proof of Theorem 2
relies on the hypotheses that the initial state is maximally mixed and that the channel corresponding to the
evolution between measurements is either unital or has Choi rank no greater than 2. We note that it already
follows from Theorem 1 that the bound 0 < I(A : B) < 1 also holds for arbitrary initial states provided that
the evolution between measurements is unitary.

Assuming 0 < I(A : B) < 1 holds for an arbitrary qubit at two times, such a feature of temporal
correlations is in stark contrast with the case of two qubits separated in space, which can achieve a maximum
mutual information of 2 in the presence of entanglement [1]. This is a reflection of the fact that, unlike the
monogamy spatial correlations, a single qubit can be maximally correlated both with a qubit in its immediate
future and its immediate past. In particular, given a 3-time measurement scenario, the qubit at time ¢, can
violate CHSH inequalities both with the qubits at times #; and #3, which is a consequence of the fact that
two-time correlation functions associated with Pauli observables are independent of initial conditions
(29, 31].

An interesting consequence of the bound I(A : B) < 1 for a qubit at two times, is that if a pair of spatially
entangled qubits has a mutual information greater than 1, then it follows that the two qubits do not admit a
dual description of being timelike separated. The converse to this statement however does not hold in
general. In particular, a pair of spatially entangled qubits not admitting a dual description of being timelike
separated can have mutual information less than one, as in the case of the entangled qubits described by the
pure state \/p|00) + /1 — p[11) for small p.

We also note that it follows from example 3 that the lower bound of 0 for the mutual information I(A : B)
in the context of theorem 2 is achieved when a qubit evolves according to a completely depolarizing channel
between measurements. This is consistent with the fact that all information about the initial measurement is
lost in such a scenario. On the other hand, we know from theorem 1 that the upper bound of 1 for I(A : B) is
achieved when a maximally mixed qubit undergoes unitary evolution between the two measurements, which
is consistent with the fact that no information is lost (or gained) under unitary evolution.

5. Time-reversal symmetry

For spatial mutual information, it is always the case that I(A : B) = I(B: A), as there is no preferred
directionality in space between spacelike separated systems. In particular, applying the swap transformation
S L(HA) @ L(Hp) = L(Hp) ® L(H,) to a bipartite density matrix pap vields a density matrix pp4 which
is an equivalent mathematical description of the state of the joint system consisting of A and B. Moreover, as
the swap transformation is unitary and p4p and pps and have the same marginals, it follows that
I(A:B)=1I(B:A)by(1).

When A and B are timelike separated, the situation is more subtle, as a quantum channel A establishing
temporal correlations between A and B may be non-reversible due to noise. In such a case, the
non-reversibility of NV is reflected in the associated PDM Rs3 = A * p by the fact that the swap .7 (Ry3) is
not a PDM. However, when .7 (R45) is in fact a PDM, so that . (Rap) = Rga = M x o, where 0 = N(p) and
M is a quantum channel from B to A, then M is said to be a Bayesian inverse of the channel N with respect to
the state p [24]. As such, the notion of a Bayesian inverse provides a novel form of reversibility for timelike
separated quantum systems, even when the systems are temporally correlated via a noisy channel.

As solving for a Bayesian inverse M involves solving a linear system, the number of solutions is either 0,1
or 0o, with 0 corresponding to no Bayesian inverse existing, 1 corresponding to a unique Bayesian inverse
and oo corresponding to the notion of Bayesian inverse being non-unique. Fortunately, in the case of
non-uniqueness, given two Bayesian inverses M and M’ of A/ with respect to p, it follows from the
definition of Bayesian inverse that M x ¢ = M’ x 0. Hence, the notion of a PDM Rg, corresponding to a
time-reversal of the process described by Ryp is well-defined.

In the context of mutual information in time, suppose we have a PDM Ry = N x p with A/ Bayesian
invertible with respect to p, so that the swap .#(Rap) = Rga = M x o, where 0 = N'(p) and M is a quantum
channel from B to A corresponding to a Bayesian inverse of N with respect to p. Now since the eigenvalues of
a matrix are invariant under the swap map ., it follows that S(Rag) = S(Rpa ). Moreover, since ¢ = N(p)
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and p = M(o), we have

I(B:A)=S(0)+S(M(c)) —S(Rpa)
=S(p) +SN (p)) — S(Rap)
=I(A:B).

Thus, the existence of a Bayesian inverse of a channel establishes a symmetry in time that extends the
symmetry I(A : B) = I(B: A) of spatial mutual information into the time domain, as well as the symmetry
I(A: B) =I(B: A) of classical temporal mutual information, the latter of which follows from Bayes’ rule [3].

6. A Holevo bound in time

Suppose Alice sends a state p' to Bob with probability p;, after which Bob performs a measurement on p'
corresponding to a POVM {M;}. Then the probability gj; of the measurement outcome M; given the state ol
is given by q;; = Tr[p’ Mj]. If X is a random variable associated with the probability distribution p;, and Y is a
random variable associated with the probability distribution g; = ), pigjj;> then the classical mutual
information I(X : Y) is bounded above by the Holevo quantity x given by

=S (;pipf) ~Sase). ®

The inequality I(X : Y) < x is referred to as the Holevo bound [23], and it provides a fundamental limit on
the amount of classical information that may be extracted from an ensemble of quantum states. Moreover, if
we form the joint classical-quantum state p,p associated with Alice’s classical register and Bob’s random
acquisition of the state p’, namely,

pas =3 pili)(i| @ 4, (9)

then it is straightforward to show that the mutual information I(A : B) associated with pp is such that

I(A : B) = x. This, together with the Holevo bound, provides an operational interpretation for the quantum

mutual information I(A : B). In this section, we obtain analogous results for mutual information in time.
For this, we first note that from a dynamical perspective, the state pap given by (9) is in fact the PDM

given by pap = P * pa, where P is the channel given by P(|i)(j|) = d;jp' and p, is the state given by

pa = y_;pili)(i|. In such a 2-time scenario, the channel P is viewed as a channel from Alice to Bob. If Bob

then makes two sequential measurements on p’, with the system evolving according to a channel A between

measurements, then it follows from (6) that the associated 3-time PDM (with N; = P and A, = N) is then

given by

Rags, = > _pili)(i| ®RY,, (10)

where Ri, = N % p' is the 2-time PDM associated with Bob’s sequential measurements. We then obtain the
following:

Theorem 3. Let R}, be the 2-time PDM associated with Bob’s sequential measurements of p', and let I(A : B, By)
be the mutual information associated with the classical-quantum PDM Ryp,, given by (10). Then the following
statements hold.

(i) I(A:BiBy) = S(ZiPiRliz) - ZiPiS(Rliz)-
(ii) If Bob’s system evolves unitarily between measurements, then I(A : B1B,) = x, where X is the Holevo
quantity (8).

Proof. First, we have Trp g, [Rap,s,| = >_;pi|i)(i| and Tra[Rag,5,] = >;piRi,, so that

I(A:BB,) :H(p)+s<2piR§2> —S(Ras,3,) » (11)

7
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where H(p) denotes the Shannon entropy associated with the probability distribution p;. Now since S is addit-
ive and orthogonally convex (as defined in the introduction), we have

S(Rag,z,) = (Zpl |®R’iz>
+Zp, )(i| @ R,)
+Zp, () + S (RL))
+Zp,'S Ri,).

Substituting S(Rag,5,) = H(p) + >, piS(Ri,) into equation (11) then yields

I(A:BB,) = (Zp%) = piS(R},) (12)

which proves item (i). Now if Bob’s system evolves according to a unitary channel{ between measurements, so
that Ri, = U % p', it follows from (7) that S(R},) = S(p’). Moreover, as the spatiotemporal product « is linear
in p, we have

S (z,':pin) = (Zp,- (u*p")> =5 (wzi:pipi)

()

where the final equation follows again from (7). It then follows from equation (12) that I(A : B;B,) = x, which
proves item (ii). O

Now let X be the random variable associated with Alice’s classical register, and let (Y7, Y,) be the bivariate
random variable corresponding to the joint statistics of Bob’s classical register when performing sequential
measurements of the POVMs {M;} and {N;}. We assume that after a measurement outcome of M; when
measuring p' that Bob’s system updates to U\/Mjpi\/ﬁj U' (suitably normalized) for some fixed unitary U
that is independent of i and j. It then follows that the joint distribution pj; corresponding to the bivariate
random variable (Y1, Y>) is given by pjx = > . pjxi» where the conditional distribution pjy; is given by

s = Te (UM /UG

Now, since the mapping M : L(Hp,) — L(Hp,) ® L(H3p,) given by

p) = ZTr [Uy/Mip/MUTN] ) (il @ k) (K]

is a quantum channel, it follows from lemma 1 of appendix B that the mutual information I(X : Y Y>)
between Alice’s classical register X and the bivariate register (Y;,Y;) corresponding to Bob’s sequential
measurements is also bounded above by the Holevo quantity . Thus, it follows from theorem 3 that

I(X:Y,Y,) <I(A:BB,),

where again I(A : B)B,) is the mutual information in time associated with the classical-quantum PDM Ryg, 5,
given by (10). By taking a supremum over all possible POVMs {M;} and {Ni}, it then follows that the
amount of classical information that may be extracted from such sequential measurements is bounded above
by the mutual information in time I(A : By B,).

8
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7. Concluding remarks

In this work, we have employed the PDM formalism to define an extension of quantum mutual information
into the time domain. Such a measure of quantum information naturally quantifies correlations between
timelike separated quantum systems, and recovers the usual spatial mutual information for systems that
admit a dual description of either being timelike or spacelike separated. We have proved such a notion of
mutual information in time satisfies various properties one would expect from such a dynamical measure of
information, highlighting the ways in which quantum correlations distinguish between space and time.

We note that while an alternative formulation of quantum mutual information for timelike separated
systems has recently appeared in [32], such a quantity is defined in terms of optimizing a relative entropy
over all possible system-ancilla coupling schemes, resulting in a quantity which can diverge, even for systems
consisting of a single qubit. From the dynamical perspective espoused in this work, the limitations of the
aforementioned approach stem from the fact that a spatial notion of relative entropy is being utilized, rather
than a dynamical extension of relative entropy using the entropy function S(X) = —Tr[Xlog|X]] [19].

As for the quantum mutual information in time defined in this work, we have shown that a single qubit
at two times can never exceed a mutual information of 1. This is consistent with the fact that for two qubits
to be correlated in time there must necessarily be a causal transfer of information between the two qubits via
a quantum channel, and hence two timelike separated qubits can share at most one bit of information. An
interesting consequence of such an upper bound for the mutual information between a qubit at two times is
that if two spatially separated qubits have mutual information exceeding 1, then it necessarily follows that the
correlations between such qubits may not be realized in a dynamical setting where the two qubits are
separated in time.

Another interesting aspect of quantum mutual information in time is that in all known 2-time examples
it is non-negative, despite the fact that the entropy function S(X) = —Tr[Xlog |X]|] is not subadditive on
general hermitian matrices of unit trace. In particular, in [19], an example of a unit trace bipartite Hermitian
matrix pap € L(H 4 @ Hp) was constructed whose marginals are density matrices, and yet

S(pa) +S(p) —S(pag) <0. (13)

In such a case, pap is of the form pap = N * pa with N not a CPTP map, which the entropy function S seems
to be detecting via the failure of subadditivity (13).

Finally, it is worth noting that quantum mutual information in time may be used to define a notion of
channel capacity for a quantum channel /' which is directly analogous to Shannon’s original definition in
the classical case, i.e. by taking a supremum of mutual information with respect to all possible input states for
the channel V. It would be interesting then to compare such a notion of channel capacity with other notions
of quantum capacity [33-35], especially since such a quantity is often computable.
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Appendix A. Proof of theorem 2

Let A and B denote quantum systems corresponding to a single qubit at times ¢4 and 5 with 4 < ¢, and
suppose the system which is initially in the state p evolves according to a quantum channel

N : L(Ha) — L(Hp) between measurements at times #4 and #p. In such a case, the mutual information
I(A : B) between the qubit at times #4 and 5 is given by

I(A:B) = S(p) +S(N (p)) = S(Ras) , (A.1)

where
Ris=Nxp=2{pe1, FIN} . FIN=Y Gl (p6D, (A2)
ij

9
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and
S(X) = —Tr[Xlog|X]]

for all Hermitian matrices X . In this section, we will prove theorem 2 in main text, which states that if
p = 1/2 is maximally mixed, and if V' is either unital or of Choi rank no more than 2, then 0 < I(A: B) < 1.
We note that under the assumption that p = 1 /2 is maximally mixed, it follows from (A.2) that

Rup = l/ V] (A.3)

2
for every channel N : L(H,) — L(Hp).

A.1. Reduction to Ay
Let N : L(H4) — L(Hp) be a quantum channel. As an arbitrary density matrix p € £(H4) may be written
with respect to the Pauli basis {o;}?_, as

1
with 7€ R? and |7] < 1, it can be shown that the quantum channel A\ takes the form
1 -
N(p)= [+ ({+T(®)-7]
where t € R® and T € R**? are such that |t + T(7)| < 1 for all 7with [7| < 1 [36] (more precise conditions
for positivity and complete positivity of A" in terms of t and T can be found in [36-38]). More generally, if
A=wyl +w-&,withwy € C and w € C?, then

This corrects a typo in equation (2) of [36]. Thus, a matrix representation N of the channel A with respect
to the ordered Pauli basis (09, 07,05,03) is of the form

1 0
v (1), »

ie ifA = Z?:o ;0 is an arbitrary 2 X 2 matrix with o; € C, then AVy(A) = Z?:o Bioi, where E = Na,
a = (ag,a1,0p,3), and 8 = (B, b1, 52, B3). Moreover, there exist unitary channels ¢ and V such that

N =VoN;olU, (A.6)

where the matrix representation of NV is given by

1 0 0 O
h A 0 O

N; = H 0 A 0 (A.7)
sz 0 0 X

Now let p = 1/2 be the maximally mixed state, and let R45 and R/(fg be the PDMs given by Rag = N x p
and R/(;? = Ny*p. Since N' =V o N ol, the covariance property of PDMs [39, 40] yields

U @V)(Naxp) =N*U"(p), (A.8)

where U* = U is the Hilbert-Schmidt adjoint of U. If U € £L(H,4) is the unitary operator such that
U(a) = UaU' foralla € L(H,), then

U (p)=UpU=U"(1/2) U= (1/2)UTU = p.
Thus, by (A.8), we have
U ®V) (Rgg) — (U @ V) (Nykp) =N % p=Raz.

10
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Moreover, since U(p) = p, we have N'(p) = V(N (U(p))) = V(N4(p)). It then follows by the
unitary-invariance of S that S(R4p) = S(RidB)) and S(NV(p)) = S(Na(p)). Now let I(A : B) and I(A : B)?
denote the mutual information associated with R4p and RE{?, respectively. We then have

I(A:B) =S (p) +S(N (9) = S (Ras) = S (p) +S(Na () = S (RR ) =14 BV .

Thus, I(A : B) = I(A : B)@ for any qubit channel A with initial state p = 1/2. As such, when proving
Theorem 2 in main text, we may compute I(A : B) in terms of I(A : B)(®), which we will refer to as ‘reduction

to Nd’

A.2. Unital channels
In this section, we consider the case when N is a unital channel. Before proceeding with the proof, we recall
that a real vector ¥ = (y1,- -+ ,y,) is said to majorize a real vector X = (x;,- -+ ,x,), written X < ¥, if and only if
ZLI xj < Zf:ﬁ’[i] fork=1,---,n— 1, where x;; > --- > x|, denotes the components of X in decreasing
order and y[;) = -+ > y|,) denotes the components of j/ in decreasing order. A function f is then said to be
Schur-concave if and only if X < ¥ = f(%) > f(¥) [41].

So now suppose N is a unital channel, in which case the vector t in (A.5) is zero. This then implies that
N is a Pauli channel, i.e. there exists a probability vector (po, p1,p2,p3) such that Ny(p) = Z?:o pioipo; for
all p € L(H4). Since N is unital, it follows that N (p) = p for p = 1/2 maximally mixed, so that the
associated mutual information I(A : B)(? is then given by

[(A:B)D =25 (R/(;Q) : (A.9)
where Rg}lg) = N * p. Now since
Po+p3 0 0 p1—p2
(@ (A3) 1 _ 1 0  pi+p po—ps O
Rip = 5/ Wi =3 0 po—ps ptpr O , (A.10)
p1—p2 0 0 Po+p3

it follows that the eigenvalues of R/(Sg) are

ptptlpo—ps| po+psElpi—pofy (1 1 1 1
< ) ) > ={3 Po,2 Pl»2 P272 b3

‘We now consider two cases:

(1) Ifall p; < 1/2 for all i, then the eigenvalues of Rg‘g are all non-negative and R/(Sg) is a dual state. Hence,

S(R/(é)) < log(4) = 2, which proves 0 < I(A : B)(9). We now show S(R/(fg) > 1. For this, let
X= (A1,...,A4) denote the probability vector of eigenvalues ofRyg with A} > -+ > \y. Since p; < 1/2
fori =0,...,3 it follows that A\; < 1/2 for j = 1,...,4. Thus, the probability vector y = (1/2,1/2,0,0)
majorizes X. Hence, 1 = H(}) < H(X) = S(Rg)) since the Shannon entropy is Schur-concave. It then
follows that I(A : B)(¥) < 1 by (A.9). Combining the two inequalities yields 0 < I(A : B) < 1 in the
case that p; < 1/2 for all i.

(2) Ifthere exists a p; > 1/2, without loss of generality, we can assume that py > 1/2 and p; < 1/2 for

i =1,2,3. We then have

) (1)) £ )

1 1
o mln3)-(on)e(ion)
( 2 3 2 2 2 (A1)
—(= 1
(2 *“)E;m *E\ 1+ 0,
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where we use the notion S (RES;) )p, When we want to emphasize that we may view S (RES;)) as a function of
Po- We now wish to bound S (Rg‘g) from above and below. To obtain a minimum value of S (R[(fg), we

only need compute the minimum value of S (R%S)) for every fixed py, i.e.

minS(R(d)) =min min S (R(d)> .

AB Po  P1,P2,P3 AB Po

Now for a fixed py, it follows from (A.11) that S (Rffg )po is minimized by finding pi, p,, ps which
minimize the entropy of the probability vector ¥ = (;({ _ﬁ% , ;{{ _2;% , ;({ i}% ). Asp; <1/2fori=1,2,3,it

follows that the vector i = (ig;iﬁ , pO:—/12/2 ; poi-/lz/Z ), which is the vector ¥ when p; = 1 — p and

p2 = p3 = 0, majorizes ¥. Hence,

po—1/2 (Po—1/2> 1 ( 1/2 ) B .
N 1 _ | <1
o128\ or1/2) peri2 B\ptis2 (i) < H(7)

E Al ol o

=1. (A.12)

so that

Therefore, for every fixed py, we always have S (RE{Q )po = 1sothat$S (Ryg) > 1. To bound S(R ( ) from
above, notice that the vector ¥ majorizes the vector w = (1/3,1/3,1/3) and w can always be attamed by
choosing p; = lgp",i = 1,2,3 for every fixed py > 1/2. Hence,

S (Rg%))po (po ) log (po - 1) - <; +po> log <; +po) + (; +p0) log(3) .

The maximum value of the right-hand-side of this inequality occurs in the limit py — (1/2)". Hence,
S(R(d) o < S(R,(LxB))I/Z < log(3) for all values of py > 1. Thus, 0 < 2 —log(3) < I(A : B)). Combining
this with (A.9) yields 0 < I(A : B) < 1.

By reduction to N, it follows that if A is unital, then 0 < I(A : B) < 1, as desired. We note that in such a
case we have I(A : B) = 0 if and only if N, is the completely depolarizing channel, i.e. when
po=p1 =pr=ps =1/4,and I(A : B) = 1 if and only if there are at least two p; in N/; equal to zero, i.e. when
the Choi rank of NV is no more than 2.

A.3. Channels of Choi rank no greater than 2
In this section, we consider the case when the Choi rank of A/ is no greater than 2. First, suppose that a
channel M : £L(Ha) — L(Hp) has a matrix representation in the same form as that of N as given by

equation (A.7). Since M(p) = %(Il + (t+T())- 6’) is positive, it follows that |¢;| + |A;| < 1fori =1,2,3.
Now we compute the Choi matrix of M, which is the matrix €[M] € L(H4) ® L(Hp) given by

CM]=(ZeM) ZI (el

where Z denotes the identity map on £L(#H,). Now, since (by using (A.4))

(I®M)(|O><0|®|0><O|):|0>(0|®;<1+t3+)\3 tl—itz)

h+it 1—13— X3

14+1t— X3 h—it )

@es b =aley (1A 1

and
(Z@M)(10)(1] ®[0)(1] + [1){0] ® [1)(0]) = %(I®M)(UX®UX*0Y®W) ;

12
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the fact that M(ox) = M\jox and M(oy) = Moy yields

The equations M, — My; = 0 and M3, — M3 = 0 yield (A

1+t3+ A3 t—it 0 AL+
_1 h+it 1—1t;— X3 Al — X\ 0
%[M]_Z 0 Al— N\ 1+1t3— X3 h—it
AL+ A 0 h+it 1—1t34+ X3

Z Wu et al

Now suppose that rank(%[M]) < 2. In such a case, it follows that the minors of order 3 and 4 must
necessarily vanish. Setting the principal minors of order 3 equal to zero yields

My = (1= 15 =) (1= (6= X" = (§ +8) ) = (4 = ) (1= 15+ 29) =0
My, = (t + i) (1 —(B5-M)—(B+ tﬁ)) + (M= A2) (h —it) =0;

Miz= (A= X)) (1 +it) (1—t+X3)+ (A +X) (b —ik) (1 — 13— A3) =

My = (A = X)) (6 +i6) + (A + \) ((1 AP B (N — )\2)2) —0;
tl—ztz)(l—(t3—/\3)2—(t§+t§))+(A§—/\§)(t1+it2)=o;
1+t3+/\3)(1—t3—)\3) (t%+t§))—(A1+A2)2(1+t3—A3)=0

2= )+ ) (0= i) = M+ ) (= Ao) ) =

(

) —
A=) T4+ 23) + (M +X) (1 + 18— A3) (0 —ity) =0,
(1
) —

)

) )
f—it) (A —Ap)
)\1—)\2) (( + A3 2 ) +()\1+>\2) ((tl-I-itz)z—()\1+)\2)()\1—)\2)> =

=
=(
(
(
( —t3+X3) + (M +X)(1—t5 = \3) (0 +ity) =0,
(
Mss=(1-t;+ 3)( —(+X) (tf+t§))—(A1+)\2)(1—t3—A3) 0;
(
(
(
=(
(

Mag = (1 + i) (1= (54 X)) = (1 = it) (1 + i0)7 = (A + X)) (A = X)) =0,
M41 = )\1 — Az)(tl — ltz) ()\1 =+ )\2) ((1 — )\3) — tZ ()\1 )\2) ) =0
My, = (t — ity ()\1 — )\2)(1 + 13 +)\3) + ()\1 + )\2)(1 + 13— )\3)(1’1 +it2) =0,

(1 (4 )\3)2> —(t +ity) ((t1 i) — (M M) — )\2)) —0,

1+t3—Aa)(l—(t3+A3)2—(t§+t§)) — (M =X (1454 A3) =0;

then A\; = A\, = 0, and to ensure M;; = 0, we have A3t3 = 0 (this is immediate from
M1 + My, — Ms3 — My, = 0 for example). We now consider various cases for \; and ¢;.

1.

Ift; #0,t, # 0 (so that \; =\, = 0), and A3 =0, then £ + £5 + #3 = 1. In this case, the matrix

representation is

1
cosu
sinucosv
sinusinv

S O O O
S O O O
S O O O

with cosu,sinucosv # 0.

Ift; #0, 1, # 0 (so that \; = X\, = 0), and t3 =0, then # + £ + A3 = 1. In this case, the matrix

representation is

1 0 0 0
cosu 0 0 0
sinucosv 0 0 0 ’
0 0 0 sinusinv

with cosu,sinucosv # 0.

— )\2)1’11’2 =0and ()\1 +/\2)f1t2 =0. Iftl ,h 7£ 0,

Now, suppose that t; =0 but #, # 0. Using M, — M3, = 0, we obtain A3t; = 0. If A3 =0, then the

condition M11 — Mzz — M33 + M44 =0 ylelds )\1/\2 =0.

13
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3. Ift; =0, t, #0,and A\, = A3 = 0, then 1 = £3 + £ + 2. In this case, the matrix representation is

1 0 0 0

0 sinusiny 0 0
cosu 0 0 0]’

sinucosv 0 0 0

with cosu # 0.

4. Ift;=0, t, #0,and \; = \; = 0, then My, = O yields 1 = 5 + £ — \}, while M;; + M, = 0 yields
1 = £ + 15 + \3. Together, these imply A\, = 0 and £ + #5 = 1, so that the associated matrix
representation is

1

0
cosu
sinu

S O O O
S O O O
S O O O

with cosu # 0.
5. Ift; =0, # 0, and t; =0, then M, = 0 yields 1 — A3 — £ — A\? + A3 = 0, and moreover, M;; = 0 yields
A2 = A1 ;. Therefore, the matrix representation is

1 0 0 0

0 cosu 0 0
sinusinv 0 COSUCOSV 0 ’

0 0 0 cosv

with cosucosv # 0.
If t; # 0 but r, =0, using M, = 0, M3z4 = 0, we obtain A3t; = 0.1f A3 =0, by M;; =0 fori = 1,2,3,4
implies A\; A, = 0.

6. fXa=X3=0,thenM;; =(1—8)1-B-£2-X)=0,Mp=(1+t)(1-£—1£—X)=0,and
M =1(1—8—£+A) =0.Since t; # 0, we have \; =0 and £ + £} = 1. In this case, the matrix
representation is

1
cosu
0
sinu

S O O O
S O O O
S O O O

with cosu # 0.
7. If A\ = A3 =0, then 1 = £ + t} + \3. In this case, the matrix representation is

1 0 0 0
cosu 0 0 0

0 0 sinusinv 0]’
sinucosv 0 0 0

with cosu # 0.
8. Ift; =0, then M, =0leads 1 — A3 — £ + A3 — \3 = 0 and M;3 = 0 yields A\; = A\, \3. Therefore, the
associated matrix representation is

1 0 0 0
sinusinv cosucosv 0 0

0 0 cosu 0 ’

0 0 0 cosv

with sinusinv # 0.
9. Finally, if f; = t, = 0, then the associated matrix representation is

1 0 0 0

0 cosu 0 0

0 0 cosv 0
sinusinv 0 0 COSUCOSV

14
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As cases 1,2,3,4,6 and 7 differ by unitary transformations, and cases 5,8 and 9 also differ by unitary
transformations, we arrive at the following:

Proposition 1. Suppose the channel Ny is of Choi rank no more than 2. Then the matrix representation of Ny is
unitarily equivalent to one of following matrices:

1 0 0 0
@) 8 o C(?SV g  withu € [0,27) v € [0, 7).
sinusinv 0 0 COSUCOSV
1 0 0 0
(ii) cosu 0 . 0 . , withu € [0,27),v € [0,7) and cosu # 0.
0 0 sinusinv 0
sinucosv 0 0 0

We now compute the mutual information of the PDM associated with cases (i) and (ii) as given by
proposition 1. In what follows, the initial state p = 1/2 is fixed.
Case (i): In this case is the matrix Ny is of the form

1 0 0 0
0 cosu 0 0
Na = 0 0 cosv 0 ’ (A.13)
sinusinv 0 0 COSUCOSV

with u € [0,27),v € [0,7). Since NV, is non-unital, we have sinusinv > 0, so that for p = 1/2 the PDM
Rap = Ny * pis then given by

A3) 1
Ryup @4 Ef V]
cos? 154 0 0 sin Y5 sin -4
1 0 sin? =4 cos L=4 cos LU 0
_ 2 2 2 2
2 0 cos *5* cos HTM sin’ VJFT” 0 (A.14)
s v—u o v 2 v+
sin *=* sin *T* 0 0 cos” =
Hence, the eigenvalues of Ryp are
1 1 cosucosv  cosucosv
272’ 27 2
It then follows that S(Ra5) = S(p) = 1, which yields
I(A+B) = S(p) +S(Na(p)) — S (Rag) = S (N (p) -
Case (ii): In this case the matrix Ny is of the form
1 0 0 0
cosu 0 0 0
Na= 0 0 sinusinv 0]’ (A.15)
sinucosv 0 0 0

with u € [0,27),v € [0,7) and cosu # 0. For p = 1/2 the PDM Ryp = N * p is then given by

15
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RAB = */ [./V'd}
1+ sinucosv cosu 0 —sinusiny
1 cosu 1 —sinucosv sinusinv 0 (A.16)
4 0 sinusinv 1+ sinucosv cosu ' )
—sinusiny 0 cosu 1 —sinucosv

Hence, the eigenvalues of Ry are

11
0,0, =
(0033)
It then follows that S(Rap) = S(p) = 1, which yields

I(A:B) =S(p) +S(Na(p)) = S(Rap) = S(Na(p)) -

Since Ny (p) is a density matrix, 0 < S(My(p)) < 1,and so 0 < I(A : B) < 1. By reduction to Ny, it follows
that if the Choi rank of AV is no greater than 2, then 0 < I(A : B) < 1, as desired.

Appendix B. Holevo bound for sequential measurements
In this section, we prove a lemma which implies that the Holevo bound also holds for sequential

measurements on an ensemble of quantum states.

Lemma 1. Let X be a random variable whose values are associated with a probability distribution p;, let pj; be a
family of bivariate probability distributions conditioned on i, and suppose there exists a quantum channel

N L(Ha) — L(Hz,) @ L(Hz,) and a finite collection of density matrices {p'} C L(H,), indexed by the same
set as the probability distribution p;, such that N'(p') = > xPiiil 1) (il @ |k) (k| for all i for some choice of
orthonormal bases {|7)} and {|k)} on Hz, and Hy,, respectively. Then for every bivariate random variable
(Y1,Y,) whose values are associated with the bivariate distribution pj = 3. pipik|i»

I(X:71Ys) < (Zp, )—Xi:pis (#)

where I(X : Y,Y3) is the mutual information of the random variables X and (Y1,Y,).

Proof. By Stinespring’s dilation theorem [42, 43], there exists an isometry V : L(Ha) = L(Hz, ) @ L(Hz,) ®
L(Hz,) and an operator V such that V(p) = VpV! for all p € L(Ha) and N(p) = Trz, [Vqu forall p €
L(Ha). Now let pxz, 7,2, be the density matrix given by

PX212,75 = ZP1|1> <1| Y Vpl VT )

where {]i)} is an arbitrary orthonormal basis on a Hilbert space of dimension equal to the index set for the
probability distribution p;. Then, let pxz, 7, be the density matrix given by

pxzz, = Y pirlid(il @ 1) (il @ k) (K],
i,j,k

where pjix = pipjxi- We then have

Zpl (i| @ Trz, [Vp'VT]

Trz, [pxzzz] = Trz, [ZPW (il @ Vp'Vi
i

:ZPi| Vi @N (p ZP: (il® ijk|i|j><j|®|k><k\

7.k
= > pipjili) (il @ i) Gl @ k) (K = pili) (il @ ) (il @ [ k) (k|
i,j.k irj,k
= PX2,2, -
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Hence, monotonicity of (spatial) quantum mutual information implies I(X : Z172,) < I(X : Z,Z,75), where
I(X : Z,Z,) is the quantum mutual information associated with the density matrix pxz,z, and I(X : Z,2,73) is
the quantum mutual information associated with the density matrix pxz, z,z,. Moreover, we have

[(X:212,23) =S| Y _pili)(il | +S(pzz2,) — S(pxzz.2,)
=Hp)+S( D> _pVo'Vl | =S > pili)(il @ vp' VI
=Hp)+S( > _pir' | = [HP)+>_piS(p)

=S ZPiﬂi - ZPiS ('),

where the third equality follows from the isometric invariance of von Neumann entropy. Finally, since I(X :
Y1Y,) =1(X: Z1Z,), we then combine these results to obtain

[(X:Y\Yo) =1(X: 2:2) < I(X: Z12Z5) =S| Y _pip | = > _piS (o),

as desired. O
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