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Abstract

This thesis is divided into the following three parts.

A categorical reconstruction of crystals and quantum groups at
¢ = 0. The quantum co-ordinate algebra A,(g) associated to a Kac-
Moody Lie algebra g forms a Hopf algebra whose comodules are direct
sums of finite dimensional irreducible U,(g) modules. In Part I we inves-
tigate whether an analogous result is true when ¢ = 0. We classify crystal
bases as coalgebras over a comonadic functor on the category of pointed
sets and encode the monoidal structure of crystals into a bicomonadic
structure. In doing this we prove that there is no coalgebra in the cate-
gory of pointed sets whose comodules are equivalent to crystal bases. We
then construct a bialgebra over Z whose based comodules are equivalent
to crystals, which we conjecture is linked to Lusztig’s quantum group at
v = 00.

A Tannakian Reconstruction Theorem for IndBanach Spaces.
Classically, Tannaka-Krein duality allows us to reconstruct a (co)algebra
from its category of representation. In Part II we present an approach
that allows us to generalise this theory to the setting of Banach spaces.
This leads to several interesting applications in the directions of analytic
quantum groups, bounded cohomology and Galois descent. A large por-
tion of Part II is dedicated to such examples.

On analytic analogues of quantum groups. In Part III we present

a new construction of analytic analogues of quantum groups over non-



Archimedean fields and construct braided monoidal categories of their
representations. We do this by constructing analytic Nichols algebras and
use Majid’s double-bosonisation construction to glue them together. We
then go on to study the rigidity of these analytic quantum groups as al-
gebra deformations of completed enveloping algebras through bounded
cohomology. This provides the first steps towards a p-adic Drinfel’d-
Kohno Theorem, which should relate this work to Furusho’s p-adic Drin-
fel’d associators. Finally, we adapt these constructions to working over

Archimedean fields.
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0.0 Introduction

This thesis is divided into three distinct parts, all of which have the common theme
of quantum groups. Quantum groups first appeared in the form of the quantised en-
veloping algebra U,(sly) in 1983 in the work of Kulish and Reshetikhin, which was
later given a Hopf algebra structure by Sklyanin. This is just one of a wide range of
examples of quantised enveloping algebras discovered independently by both Drinfel’d
and Jimbo in 1985. From the rigidity results of Chevalley, Eilenberg and Cartan of
the 1940s it was known that there were no non-trivial algebra deformations of the
enveloping algebra U(g) of a semisimple Lie algebra g. Nonetheless, the Drinfel’d-
Jimbo quantised enveloping algebras provided deformations of U(g) with interesting

non-cocommutative Hopf algebra structures.

Quantised enveloping algebras U,(g) are deformations defined over a parameter

q. The classical limit as ¢ approaches 1 recovers the enveloping algebra U(g). The



behaviour of U,(g) as ¢ approaches 0 was studied by Kashiwara and resulted in the
theory of crystal bases. Treating ¢ as a temperature parameter, Kashiwara was mo-
tivated by the idea that the representations of U,(g) should be simpler at absolute
zero. At ¢ = 0 he discovered that representations have bases resembling the standard
bases of U,(sl;) modules that behave well under the raising and lowering operators e
and f. These crystal bases then obtain a graph structure that reduces representation
theoretic problems to combinatorial ones. The first part of this thesis, which appears
in the preprint [40], discusses algebraic structures on crystal bases of U,(g) modules,
resulting in reconstructions of crystals as both coalgebras of a comonad U on pointed
sets and as based modules of a ring B. One of the most interesting properties of
crystal bases is their monoidal structure, which we encode into both a bi-comonad

structure on U and into a Z-bialgebra structure on B.

One of the most striking facts about quantised enveloping algebras is that, despite
not being quasi-triangular, there exists categories of representations with an interest-
ing braided monoidal structure. This gives a wealth of solutions to the Yang-Baxter
equation, and hence representations of braid groups and the resulting invariants for
knots. The third part of this thesis presents a construction of analytic analogues of
quantum enveloping algebras and describes a braided monoidal category of represen-
tations with a view towards obtaining new braid group representations on Banach

spaces.

Tannaka-Krein duality, or Tannakian reconstruction, considers when an algebra
(or other algebraic structure) can be recovered from its category of representations,
and which categories arise as categories of representations. The belief is that the
study of algebras and of their categories of representations should be interchange-

able. These ideas were introduced in the early 1930s by Pontryagin, although the



formalism has been named for the work of Tannaka and Krein from 1939 and 1949
respectively. The second part of this thesis, which appears in the preprint [26], gen-
eralises this Tannakian reconstruction theory to the context of IndBanach spaces and

explores some examples of applications.

Inspired by the ideas of Tannakian-Krein duality one can construct quantum en-
veloping algebras by deforming the categories of representations of enveloping al-
gebras. The Drinfel’d-Kohno Theorem shows that, over C, the category of repre-
sentations of a quantised enveloping algebra can be obtained from the category of
representations of the enveloping algebra by replacing the associator of the monoidal
structure with the Drinfel’d associator. In Part III of this thesis we prove some rigidity
results in the context of analytic quantum groups that provide the first steps towards

proving a p-adic Drinfel’d-Kohno Theorem.

Part I. A categorical reconstruction of crystals and quantum groups
at ¢ = 0. The quantum co-ordinate algebra A,(g) associated to a Kac-Moody Lie
algebra g forms a Hopf algebra that is dual to the quantum enveloping algebra U,(g).
Its comodules can be classified as direct sums of finite dimensional irreducible U,(g)-

modules. In Part I we investigate whether a similar result is true when ¢ = 0.

Crystal bases were introduced by Kashiwara as local bases of representations of
U,(g) as ¢ approaches 0. They were constructed to resemble the standard bases of
representations of U,(sly) that behave well with respect to the raising and lowering
operators e and f. As a result, crystal bases are endowed with a graph structure and
have interesting combinatorial properties. Perhaps the most interesting property of
crystal bases is their monoidal structure. The main results of this paper show that

crystal bases appear in the representation theory of a coalgebra B, and that their



monoidal structure of crystals can be encoded as a bialgebra structure on B. This
opens up new approaches to studying crystal bases through the representation theory

of this bialgebra.

In Section 1.1 we recall the definitions of quantum enveloping algebras, crystal
bases and Kashiwara’s category of crystals, and present some basic results. In Sec-
tion 1.2 we present our first result, Proposition 1.2.2, which asserts that there is an
algebra structure on the crystal base B of A,(g). This is followed by a discussion of
why a lack of rigidity in pointed sets prevents us from naively adapting the comulti-

plication on A,(g) to the setting of crystals.

In Section 1.3 we take a more categorical approach to the study of crystals. Using
the Barr-Beck Theorem our second result classifies crystal bases as coalgebras over a

comonad U on the category of pointed sets:

Corollary 1.3.12. There is an equivalence of categories Jy : Crys, — Setey between
the category of crystals and the category of algebras over the comonad U in the

category of pointed sets.

This is done in as broad generality as possible before being applied to the category
of crystals. This new reconstruction of crystals provides a new context in which to

study them. From this we also obtain the following result:

Corollary 1.3.13. There is no coalgebra in the category of pointed sets whose cat-

egory of comodules is equivalent to Crys, as categories fibred over pointed sets.

We end this section by encoding the monoidal structure of the category of crystals

into a bicomonadic structure on U.
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In Section 1.4 we endow the free abelian group B on the crystal base B of A,(g)
with the structure of a Z-bialgebra analogous to that of A,(g). In the case of sl, we
give an explicit presentation of this bialgebra. The main results of this section are

the following:

Theorem 1.4.16. There is an equivalence between the category of crystals and the

category of based B comodules.
Proposition 1.4.17. The above equivalence is an equivalence of monoidal categories.

This is followed by a study of the dual algebra to B, denoted Uy. A comparison
between the presentations of A,(sl;) and B in the case of s, allow us to rephrase the
multiplication on B in terms of the global basis of A,(sly). This leads us to conjecture

a relationship between Uy and Lusztig’s quantum group at v = 0o in [28].

Part II. A Tannakian reconstruction theorem for IndBanach spaces.
(Classically, Tannaka-Krein duality answers the questions of whether a compact topo-
logical group (or affine group scheme as in [13], [12]) can be recovered from its category
of linear representations, and of when a category (with an appropriate fibre functor)
is equivalent to representations of such a group. The answer to these questions can
be seen as an application of the Barr-Beck Theorem, along with the fact that a co-
continuous linear functor on the category of vector spaces must be of the form V & —
for some space V. This second point follows from the fact that any vector space is a

colimit of copies of the base field.

Unfortunately, the above is not true for the category of Banach spaces. However,
the contracting category of Banach spaces does have an analogous property, and so a
brief investigation of contracting colimits in Section 2.1 allows us to proceed as before.

We also note that the category of Banach spaces is neither complete nor cocomplete,

11



and so we instead work in its Ind completion. Using this, we deduce an analogue of
Tannaka duality for IndBanach spaces in Section 2.2. The main result of this section
is:

Theorem 2.2.6. Let C be a locally presentable, quasi-abelian category, enriched
over IndBany, equipped with a fibre functor F': C — IndBan,. Assume further that
T = FG commutes with ! for some left adjoint G' to F'. Then C is equivalent to the

category of left &7 modules in IndBan;, for some IndBanach algebra <7 .

If we assume that the category C has sufficiently nice contracting colimits, we may

improve on this result to obtain the following:

Corollary 2.2.8. Suppose C has constant contracting coproducts and is fibred over
IndBany such that that the fiber functor F' commutes with constant contracting
coproducts. Then C is equivalent to the category of left &/ modules in IndBany, for

some IndBanach algebra 7.

We also obtain a dual version for recovering coalgebras from their categories of co-

modules:

Theorem 2.2.13. Let C be a locally presentable, k-linear, quasi-abelian category,
equipped with a co-fibre functor F' : C — IndBan,. Assume further that U = FG
is cocontinuous and commutes with I!, where G is some right adjoint to F. Then
C is equivalent to the category of left Z comodules in IndBany for some IndBanach

coalgebra %.

In Section 2.3 we demonstrate some examples of applications of this theory. This
begins with the proof of an IndBanach version of the fundamental theorem of coalge-

bras:

Proposition 2.3.1. An IndBanach comodule of a Banach coalgebra is isomorphic to

a colimit of Banach comodules.

12



This is followed by a short exploration of different analytic gradings, which pro-
vides the first steps towards defining analytic Nichols algebras and analytic quantum
groups in Part III. The results of this subsection reconstruct certain categories of
graded IndBanach spaces as comodules of bialgebras of (strictly convergent and over-

convergent) analytic functions on polydisks.

Perhaps the most fruitful example in Section 2.3 involves representations of topo-
logical groups. In [9], Biihler shows that continuous bounded cohomology of a group
G comes from the derived invariants functor on a quasi-ableian category which we
denote G-Mod™. In Section 2.3.6 we show that this is a category of coalgebras over

a comonadic functor:

Proposition 2.3.21. G-Mod" is equivalent to the category of coalgebras over the

monoidal comonad C{%(G, —).
or as comodules of an IndBanach bialgebra when the group is compact:

Corollary 2.3.22. In the case where G is compact, G-Mod®? is equivalent to the

category of comodules over the bialgebra C{"(G, k).

We may therefore rephrase bounded cohomology in terms of cohomology of a monoidal

comonadic functor (or an IndBanach bialgebra).

We conclude with the example of Galois descent for categories of IndBanach
spaces. We start by showing that, given an extension of complete valued fields K C L,
we can recover an IndBanach space V over K from IndﬁV = L&V provided we

retain the coaction of L& L as descent data:

Proposition 2.3.36. IndBany is equivalent to the category of left (L& g L)-comodules

in IndBan; via the induction functor V — L& g V.
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We then compare this descent data to a strongly continuous action of the Galois

group and to the action of an Iwasawa algebra.

Part III. On analytic analogues of quantum groups. In 2007, Soibelman
gave a rough introduction to p-adic analogues of quantum groups in [41] as examples
of non-commutative spaces over non-Archimedean fields. Inspired by this, Lyubinin
explicitly constructs a p-adic quantum hyperenveloping algebra in [29] in the case of
sly. His construction involves using Skew-Tate algebras to construct completions of
the positive and negative parts of the quantum enveloping algebra. The disadvan-
tage of this construction is that it requires some work to generalise this to arbitrary
Kac-Moody Lie algebras. In Part III we present an alternative construction of an-
alytic analogues of quantum groups over non-Archimedean fields that works for any
Kac-Moody Lie algebra and construct braided monoidal categories of their represen-
tations. With this we hope to exhibit interesting new analytic representations of braid
groups. We then go on to use bounded cohomology to study the rigidity of these ana-
lytic quantum groups as algebra deformations of completed enveloping algebras. We
hope that this will provide the first steps towards a p-adic Drinfel’d-Kohno Theorem,

relating this work to Furusho’s p-adic Drinfel’d associators in [14].

In [27|, Lusztig constructs the positive and negative parts of quantum enveloping
algebras as quotients of tensor algebras by the radical of a duality pairing. This is an
example of more a general construction, a Nichols algebra, discussed in detail in [2].
Section 3.1 of this paper is devoted to presenting the definitions and results required
to define analytic analogues of Nichols algebras. All of this is done in the categories

of IndBanach spaces over both Archimedean and non-Archimedean fields.

Majid’s construction in [33] brings together dually paired braided Hopf algebras

14



B and C with compatible respective right and left actions of a Hopf algebra H to
form a new Hopf algebra U(B, H, C), the double-bosonisation. The motivation behind
this construction is that one can recover the quantum enveloping algebra U,(g) from
U(B,H,C) if B =Uj(g) and C = U, (g) are the respective positive and negative
parts of a quantum enveloping algebra and H = Ug (g) is the Cartan part. Section
3.2 of this paper recalls and rephrases Majid’s double-bosonisation construction in
the context of IndBanach spaces, which will allow us to construct analytic analogues
quantum enveloping algebras from analytic Nichols algebras in the subsequent sec-

tions.

In Section 3.3 we restrict ourselves to working over non-Archimedean fields. We
begin Subsection 3.3.1 by proving the existence of the analytic Nichols algebras de-
fined in Section 3.1 through two different constructions. The first, given in the proof
of Proposition 3.3.4, exhibits the quotient of a completed tensor algebra by a certain
universal Hopf ideal as an analytic Nichols algebra. The second, given in Proposi-
tion 3.3.10, constructs an analytic Nichols algebra as the quotient of a completed
tensor algebra by the radical of a duality pairing. In particular this second construc-
tion gives the duality pairing between Nichols algebras that allows us to use Majid’s
double-bosonisation construction. We show in Proposition 3.3.11 that these two con-
structions are equivalent. In Subsection 3.3.2 we apply these constructions to obtain
completions of the positive and negative parts of quantum enveloping algebras and
use Majid’s double-bosonisation to glue them together into completions of quantum
enveloping algebras. We call the resulting IndBanach Hopf algebras analytic quantum

groups.

Unfortunately, we see in Subsection 3.3.3 that the R-matrix of U,(g) still does not

converge in any of our analytic quantum groups. Nonetheless, in Subsection 3.3.4

15



we use an alternate description of our analytic quantum groups as quotients of a
Drinfel’d doubles to obtain a braided monoidal category of representations analogous
to the BGG category O. We then present an example in the case of g = sly of
such a braided representation with no highest weight vectors. The further study of
these braided representations should produce interesting new examples of braid group
representation on Banach spaces and may give a new context in which some special

analytic functions, such as p-adic multiple polylogarithms, naturally arise.

The classical rigidity results of Chevalley, Eilenberg and Cartan from the 1940s as-
sert that there are no non-trivial formal deformations (as an algebra) of the universal
enveloping algebra of a semisimple Lie algebra g. The proof relies on the vanishing of
certain Lie algebra cohomology groups. In Theorems 3.3.52 and 3.3.53 of Subsection
3.3.5 we prove an analogous result that, provided an unproven bounded cohomology
vanishing result holds, any algebra deformation of a completed enveloping algebra is
isomorphic to the trival one. In particular this implies Corollary 3.3.61 that asserts
that, modulo a bounded cohomology vanishing result, our analytic quantum groups
are isomorphic to the trivial algebra deformation of a completed enveloping algebra.
Furthermore, both of these isomorphisms are unique up to conjugation. In Subsection
3.3.6 we highlight the benefits of working over formal powerseries k[A] as opposed
to convergent powerseries. In particular this allows us to prove Theorems 3.3.67 and
3.3.68, rigidity results analogous to Theorems 3.3.52 and 3.3.53 that require weaker

assumptions on bounded cohomology.

In [23], Kassel uses algebraic analogues of the rigidity theorems of Subsections
3.3.5 and 3.3.6 to present a proof of the Drinfel’d-Khono Theorem over C. This the-
orem states that the category of representations of the quantum enveloping algebra

is equivalent, as a braided monoidal category, to the category of U(g)-modules with
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associativity constraint given by the Drinfel’d associator and braiding given by the
associated R-matrix. As a result of this, the associated braid group representations
are equivalent. This can be interpreted as a statement about the monodromy of
the Knizhnik-Zamolodchikov (KZ) equations that govern the Drinfel’d associator. In
[14], Furusho uses p-adic multiple polylogarithms to construct solutions to the p-adic
KZ equations and a p-adic Drinfel’d associator. In the future the author hopes to
expand upon the work in Subsections 3.3.5 and 3.3.6 to prove a p-adic analogue of

the Drinfel’d-Khono theorem and to investigate links to Furusho’s work.

Finally, in Section 3.4 we adapt these constructions to working over Archimedean
fields. We begin by proving the existence of some analytic Nichols algebras and then
use Majid’s double-bosonisation to form Archimedean analytic quantum groups. We
finish by constructing a braided monoidal category of representations as in Subsection
3.3.4. Again, we hope that the further study of these representations will produce in-
teresting new braid group representations in which we might see some special analytic

functions arising, such as the quantum dilogarithms that appear in [15].
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0.1 Preliminaries and notation

We begin by setting some notation and recalling some preliminary results that will

feature in various parts of this thesis.

0.1.1 Quantum groups

The following constructions of quantum groups can be seen in Kashiwara’s paper [19]
and in Jantzen’s book [10, p. 51|, or for a more detailed account, see Lusztig’s book

127].

Definition 0.1.1. Let g be the Lie algebra defined by the data of

i) a free Z-module ®, the weight lattice, a free submodule W C @, the root lattice,

and a free basis {a; | i € I} of W, the simple roots, indexed over some set [;

ii) a symmetric bilinear form (-,-) : ® x ® — Q such that (a;, ;) € 2N and

(aj,0) <0 fori,jel,i#j;and
iii) simple coroots \; € ®* = Homg(®, Z) such that \;(a) = 2222 for j e I, a € ®.

(O‘iva’b)

Then g is generated over QQ by elements e;, f;, h; for ¢ € I subject to the relations

[his hy]l = 0, lei, fil = 0ihiy [hiy e5] = Niag)es,  [hi, fi] = —Ailay) f
and for ¢ # 7,
(ade;) 1 Ail@e; =0, (adfy)! (@) f; =0,

where ad is the adjoint map (adz)(y) = [z, y].

Definition 0.1.2. We will denote by

\Ij+ = {anal

el




the positive roots, and W_ = —W, the negative roots. Let

O, ={aed|N(a)>0foralliel}

be the dominant weights. Then ® has a partial ordering given by a > ( if and only
ifa—p0ed,.

Definition 0.1.3. We define the quantised enveloping algebra U,(g) to be the algebra

generated over Q(q) by E;, F;, K, for i € I, A € ®*, with the defining relations

for A\=0 K,=1,
for A\j, Ay € &* K\, Ky, = K\, 12,5
fori € I,LA€® K\EK ,=¢E,
K\FK_\ = g M E,

EiF; — FE; = 0;; tiit{ll
qi—4q;
for i #j Sy (~)RED BT
= S D BT <0

)

)

where ¢; = ¢ 5, t; = Koo, s Ks = S, (K] = (12 [k, B = FE/IR),
and Ei(k) = EJ/[k];!. Let us denote by U/ (g) (respectively U, (g)) the subalgebra
of Uy(g) generated by {E; | i € I} (respectively {F; | i € I}). Similarly let U7"(g)
(respectively U="(g)) be the subalgebra of U,(g) generated by {E; | i € I} U {K} |
A € %} (respectively {F; | i € I} U{K) | X € D*}).

Example 0.1.4. If g = sl,, U,(sl,) is the algebra generated by E, F,t,t~" with defin-

ing relations

t—t1

tEt = ¢*E, tFt' =¢?F EF — FFE = —.
q—4q

For general g, the subalgebras of U,(g) generated by E;, Fy, t;,t;", denoted U,(g);, are

20



isomorphic to Uy(sl,).

Remark The subalgebras U, (;'E (g) naturally arise as Nichols algebras, as defined in [2].
This is the construction Lusztig gives in [27]. Given U/ (g), U, (g) and U(g) := (K} |
A € ®*) one can construct U,(g) using Majid’s double-bosonisation construction from

[33]. We shall use variations on these construction in Part III to construct analytic

analogues of quantum groups.

Definition 0.1.5. We say that a left U,(g) module M is integrable if M decomposes

into weight spaces M = @, ¢ Ma,

acd

M, ={m e M| Kym = ¢ “m for all A € d*},

and for each ¢ € I, M is a locally finite dimensional U,(g); module. We then define
Omt(g) to be the category of integrable left U,(g) modules that are locally finite
dimensional as U/ (g) modules. Likewise we define integrable right U,(g) modules,

and an analogous category Oin(g°P).

Remark We borrow the notation Oy (g) from Kashiwara in [19]. In [27], this cat-
egory is denoted C™ N C’. Note that this category is considerable smaller than the
Bernstein-Gelfand-Gelfand category O as it omits Verma modules. The following

proposition characterises representations in Oy, (g) completely.

Proposition 0.1.6 (|27]). Representations in Ou(g) are completely reducible, and
all irreducible objects are, up to isomorphism, indexed by o € ®*. These irreducibles,
denoted V(«v), can be expressed explicitly as the representation generated by a single

vector ug, called the highest weight vector, with the defining relations
Eiu, =0= E-H)‘i(a)ua, Kug = ¢ uy, forie LA € ®.

Proof. This is Corollary 6.2.3 of [27]. O
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Example 0.1.7. In the case of sly, these irreducible representations are V(n) indexed

by n € Z>o. They have a basis {ugn) | 0 <i < n} of t-eigenvectors with

™ = ¢ 2™ Bl = -+ ™, Ful =i+ 1]“1('?1-

qn _qfn

Here we use the notation [n] = £ =15, [0] = 0. We will use the notation B(n) :=

{ugn) |0 <i<n}u{0}. Note that, up to scalar multiplication, E decreases the index
1 of basis elements uE"), whilst F' increases this index. From this we define maps of
sets B(n) — B(n) that preserve 0,

u,(cn_)l, k>0, uggl, k <n,

é:u,(c")r—> f:uk —
0 k=0 0  k=n

These are often referred to as the Kashiwara operators.

Definition 0.1.8. Let A,(g) denote the quantum co-ordinate algebra defined as the
direct sum Ay(g) = P ep, V(@) @V (a)*, where V(a)* denotes the dual vector space
of V(a). The unit is 1 = vy @ v§ € V(0) ® V(0)* and multiplication is defined by the

composition
(@) @ V(B)
o}

(@) @ V(5)

Vi) e V() aV(@B) e V(B =V
5V

where the third arrow is given by the decomposition into irreducible components

and the fourth projects onto corresponding pairs of components. This algebra has a
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comultiplication given by

Vi) @V(a) " 2V(a) @ k@ V(a)*

= V()@ (V(e)" @ V(a)) @ V(a)" = Ay(g) @ Ay(g)

induced by the coevaluation maps k¥ — V(a)* ® V(a), and counit given by the

evaluation maps V(o) ® V(a)* — k.

Remark By the quantum Peter-Weyl Theorem (Proposition 7.2.2 of [21]), this can
be identified with a subalgebra of functions on the quantum enveloping algebra U,(g),
where u ® v € V(o) ® V(a)* is seen as the function = — (z - u,v). The image of
A,(g) is the subalgebra of all functions ¢ € U,(g)* such that the left and right U,(g)

submodules of U,(g)* generated by ¢,

Ug(g) - ¢ = {d(=-2) [ 2 € Uylg)} and ¢ - Uy(g) = {d(z - —) [z € Uy(g)},

are in Oiy(g) and Oy (g°P) respectively.

0.1.2 (Co)Monads and the Barr-Beck Theorem

We now present some preliminaries on category theory. We recall the definitions of
(co)monads, which generalised notions of (co)algebras in the setting of functors on
categories. For more details see Borceaux’s Handbook of Categorical Algebra 2 |8,

p. 189-197].

Definition 0.1.9. A monad on a category C is a triple T = (T',n, u) where T : C — C

is a functor and n :ide = T, pu : T o T = T are natural transformations satisfying

po(Id*p)=po(uxId) : TTT — T
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and

po(Id«n)=Idr =po(n*1d): T =T

where x denotes the horisontal composition of natural transformations. An algebra
on this monad is a pair (C,£) where C is an object in C and £ : T(C) — C'is a

morphism in C satisfying

EoT(§)=Eopuc:TT(C) — C and £ one = Ide.

A morphism of algebras f : (C,§) — (C',£') is a morphism f : C' — C” in C such
that fo& =¢ oT(f). These algebras in C over a monad T form a category, denoted

C", known as the Eilenberg-Moore category of the monad.

Definition 0.1.10. Dually, a comonad on a category C is a triple U = (U, e, A),
where U : C — C is a functor, and ¢ : U = id¢ and A : U = U o U are natural

transformations satisfying

(IdxA)o A= (AxId)o A: U = UUU

and

(Idxe)oA=Id=(exId) o A: U = U.

A coalgebra on this monad is a pair (D, ¢) where D is an object in C and ¢ : D — U(D)

is a morphism in C satisfying

U{)o(=Apo(:D —UU(D) and ep o ¢ = Idp.

A morphism of coalgebras g : (D,() — (D’,(’) is a morphism g : D — D’ in C such
that U(g) o ¢ = (' o g. Coalgebras in C over a comonad U form a category which we

shall denote Cy.
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Example 0.1.11. Suppose we have a pair of adjoint functors

F:C+—D:d.

with unit n : ide = G o F and counit € : F o G = idp. Then T = (T :=Go F,n, )

defines a monad where p is the horisontal composition

pw=1idg*exidp: GFGF = Goidpo F = GF.

Similarly, U = (U := F o G,e,A) forms a comonad where A := idp * 1 * idg.
Furthermore, we have comparison functors KT : D — C¥, Jy : C — Dy defined

respectively by
K'(A) = (G(A),G(ea)), K'(f)=G(f),

Ju(B) = (F(B), F(ns)), Julg) =F(9),

for all objects A in D and B in C, and for all morphisms f in D and g in C.

Definition 0.1.12. A functor G : D — C is called monadic if there exists a monad
T = (T,n, 1) on C and an equivalence of categories J : D — CT such that FoJ =G,
where F': CT — C is the forgetful functor. Equivalently, G is monadic if it has a left
adjoint F' : C — D, and so the pair form a monad T = (T := G o F,n, 1) on C, and
if the comparison functor K* : D — CT is an equivalence of categories. Dually, a
functor F' : C — D is comonadic if it has a right adjoint G : D — C, and so form a
comonad U = (U := F oG, e,A) on D, and if the comparison functor Jy : C — Dy is

an equivalence of categories.

The following result, sometimes known as Beck’s Monadicity Theorem, gives cri-

terion for when a functor is monadic.

Theorem 0.1.13 (The Barr-Beck Theorem [8]). A functor G : D — C is monadic if

and only if
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i) G has a left adjoint F;

ii) G reflects isomorphisms. That is, if G(f) is an isomorphism then f is an

isomorphism for all morphisms f; and

iii) given a pair f,g: A — B of morphisms in D such that G(f),G(g) have a split
coequaliser d : G(B) — D in C then f,g have a coequaliser ¢ : B — C in D

such that G(c) = d,G(C) = D.
Proof. This is Theorem 4.4.4 of [§]. H

A dual version of the Barr-Beck theorem then characterises comonadic functors

as follows.

Theorem 0.1.14. A functor F : C — D is comonadic if and only if
i) F has a right adjoint G
ii) F reflects isomorphisms; and

iii) given a pair f,g: A — B are morphisms in C such that F(f), F(g) have a split
equaliser h - H — F(A) in D then f,g have an equaliser e : E— A in C such
that F(e) = h, F(E) = H.

0.1.3 Banach, IndBanach and Bornological spaces

Fix a complete valued field k with non-trivial valuation, either Archimedean or non-

Archimedean.

Definition 0.1.15. Let Ban; denote the category of k-Banach spaces, each equipped
with a specific norm, and bounded linear transformations between them. If our field
is non-Archimedean then Banach spaces may be defined in two ways, depending on
whether we require norms to satisfy the usual triangle inequality or the strong triangle

inequality. For most of this thesis we will be able to treat both of these definitions
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uniformly, and will refer to them as the Archimedean and non-Archimedean cases

respectively when they differ.

Definition 0.1.16. Let IndBan, be the Ind completion of Ban,. That is, IndBan,
is the category whose objects are filtered diagrams X : I — Banj of Banach spaces,

with morphisms

Hom(X,Y') = lim;e colim e yHom (X (7), Y (5)).

We think of these diagrams as formal colimits, and hence use the notation "colim";¢; X (4)
for the diagram X. For a Banach space V' we will denote by "V" the object in IndBany,
represented by the constant singleton diagram at V', and often just as V' when there

is no ambiguity.

Definition 0.1.17. We will say that a category C is locally presentable if it is cocom-
plete and has a small full subcategory Cy of compact objects such that every object

in C is canonically a colimit of objects in Cy.

Proposition 0.1.18. The category IndBany is a complete and cocomplete, locally
presentable, quasi-abelian category, and can be given a closed monoidal structure ex-
tending that of Bany by defining

("colim ;e X;)R("colim ;e ;Y;) = "colim" i1 X;®Y7,
jEJ

Hom( "colim";e1 X;, "colim";c;Y;) == lim;er colimjc yHom(X;, Y;).

Proof. Since Ban,, has cokernels and finite direct sums, IndBany, is cocomplete. An
explicit construction of limits in IndBany, can be found in Section 1.4.1 of [34]. Propo-
sition 2.1.17 of [39] asserts that IndBany, is quasi-ableian. By construction, IndBan

is locally presentable with compact objects Bany. O
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Remark For an account of Ind completions see [22], and more on IndBany can be
found in [38], [4], [5] and [34] and numerous other excellent sources. A thorough
exposition of quasi-abelian categories can be found in [39]. Results about locally
presentable categories, including the Adjoint Functor Theorem (from which Theorem

2.2.2 in Part IT is adapted), can be found in [1].

Despite their very formal definition, IndBanach spaces can still be thought of as
vector spaces with some extra structure. We make this precise with the following

results from [3].

Definition 0.1.19. An IndBanach space X in IndBany, is essentially monomorphic
if it can be written as X = "colim";c;X; where (X;);c; is a diagram of Banach
spaces whose transition morphisms are all monomorphic. Let IndBanj;™ denote the

full subcategory of IndBan,, of essentially monomorphic IndBanach spaces.

Definition 0.1.20. A bornology on a set X is a collection Bx of subsets of X closed
under taking subsets and finite unions such that X = J, 5y B- A set equipped with
such a bornology is a bornological set and we call sets in Bx the bounded subsets of
X. A morphism f : X — Y between bornological sets is bounded if f(B) € By for all
B € Bx. The product of two bornological sets X and Y is X x Y with the product
bornology

Bxxy = {B x B’ | B e Bx,B/ € By}

Definition 0.1.21. A bornological vector space is a vector space V equipped with a
bornology By such that scalar multiplication £ x V' — V and addition V xV — V are
bounded. We will denote by Born the category of bornological vector spaces with
bounded linear transformations. A bornological vector space V is complete if there

exists a filtered diagram of Banach spaces (V});e; in Borny with colim;e;V; = V in
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Borng. We will denote by CBorny, the full subcategory of Born,, consisting of complete

bornological vector spaces.

Proposition 0.1.22. The category CBorny, is a closed, monoidal, complete and co-

complete, locally presentable, quasi-abelian category.
Proof. This is Lemma 3.46, Proposition 3.47 and Remark 3.49 of [3]. O

Proposition 0.1.23. The natural functor IndBany, — CBorny extending the natural

inclusion Ban, — CBorny, restricts to an equivalence of categories IndBanf" —

CBorny,.

Proof. This is Proposition 3.51 of [3|, a restatement of Theorem 1.139 of [34]. O
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Part 1

A categorical reconstruction of

crystals and quantum groups at ¢ = 0
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1.1 Crystal bases and crystals

1.1.1 The category of crystals

We now describe the category of crystals, a generalisation of crystal bases, as Kashi-
wara defines in [19]. See loc. cit. for the motivation and intuition behind the following

definitions.

Definition 1.1.1. A pointed set is a set with a distinguished element, which we shall
always denote by 0. A morphism between pointed sets is a map of sets which preserves

0. We denote this category Set,. We give this category the monoidal structure
A® B :={(a,b) e Ax Bla#0%#b}1U{0}.

We usually denote by a ® b the nonzero elements (a,b) in A ® B.
Definition 1.1.2. The category of crystals, denoted Crys, has as objects pointed sets
B equipped with maps

é&:B— B, fi:B— B, wt:B—®,

for all 7 € I such that, for a crystal B and b, b,,b, € B,
i) if €;(b) # 0 then wt(é;b) = wt(b) + ay;
i) if fi(b) # 0 then wt(f;b) = wt(b) — a;; and
iii) by = f;by if and only if by = &;b,.

We will call ¢; and ﬁ the Kashiwara operators on B. For crystals By, By, we say that a
map v : By — By is a morphism of crystals if, for all b € By and i € I, 1(€;b) = €;1(b)
and ¥(f;b) = fi(b). We will denote by ¢ and ¢ the functions B\ {0} — Z U {oco}
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given by £;(b) = max{n > 0 | &(b) # 0} and ¢;(b) = max{n > 0| f*(b) # 0} for
be B\ {0}.

Remark Some definitions of crystals, for example in [19], have a broader definition

of morphism and use the term strict to distinguish the class of morphisms we have

defined above.

Definition 1.1.3. We will call a crystal finite if its underlying pointed set is of finite
cardinality. A pointed subset of a crystal B is a subcrystal if it is closed under the
action of ¢; and fz for all © € I. We say that a crystal is irreducible if it has no

nontrivial proper subcrystals.

Definition 1.1.4. Let M be a U,(g)-module in Oy (g). Let Ay denote the subalgebra
of Q(q) of rational functions without a pole at ¢ = 0. A local base of M at ¢ = 0
is a pointed subset B C M containing 0 such that B\ {0} is a free basis of the A
submodule Lp := Aj - B that it generates and Q(q) ®4, Lp = M. Two local bases
B and B’ are equivalent if they generate the same Ay submodule Ly = Lp and the
base change matrix between B\ {0} and B’ \ {0} has entries in Ay and reduces to

the identity over Ag/qAg = Q. A local base of M at ¢ =0 is a crystal base if
i) B =[], ce Ba where B, = BN M,; and

ii) for each i € I there is an isomorphism of U,(g);-modules M = @._, V(n;) for

jed
n; € Z>o under which B is sent to [[,c; B(n;).

Definition 1.1.5. Given a crystal base B of a U,(g)-module M, we endow B with the

following crystal structure that is invariant under equivalence. Its decomposition into

homogeneous subsets B =[] 4 Ba allows us to define a weight function wt : B — .

For each ¢ € I the isomorphism of U,(g);-modules M — @._, V(n;) along with the

jedJ

Kashiwara operators from Example 0.1.7 on each V' (n;) allow us to define Kashiwara
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operators é;, f; : B — B as the respective compositions

BBy S ] Bwy) > B, BBy L[] B0y) > B.
jeJ jeJ jeJ jeJ
Theorem 1.1.6. (/20]) For each oo € ®, V(a) has a crystal base, B(«), unique up

to equivalence such that B(a), = {uq}. Furthermore,

B(a) ={ mfm..ﬁ;’“ua | 91,19, ..,0x € I,n1,n9,..,n > 0}.

12

Proof. This is Theorem 4.2 of [20]. O

Remark By Proposition 0.1.6 and Theorem 1.1.6 above, any integrable U, (g)-module
in Oiye(g) gives a unique crystal in Crys arising as a coproduct of crystals of the form

B(a).

Definition 1.1.7. We shall call crystals which are coproducts of crystals of the form
B(a), as described in the previous remark, the crystals arising from integrable U,(g)-

modules. We shall denote their full subcategory Crys,.

Definition 1.1.8. For a crystal B, we define the crystal BY := {b¥ | b € B} such
that &(0Y) = (fib)Y, fi(b¥) = (b)Y and wt(b") = —wt(b). For o € @, we will denote
B(—a) := B(a)".

Definition 1.1.9. For a crystal B we define its crystal graph to be the graph whose
vertices are the nonzero points in B with arrows labeled by ¢ € I, b 5 ¥ if and only

if o = f;b.

Remark Crystal graphs consist of disjoint unions of connected components. Since
each subgraph of a crystal graph gives a subcrystal of the corresponding crystal, a

crystal is irreducible if and only if its crystal graph is connected.
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Example 1.1.10. If g = sl,, each irreducible U,(sl,)-module V (n), n € Zsq, has a

corresponding crystal B(n) := {ulgn)}ogkgn. This has crystal structure defined by

ug_?l, k<n, B u;"_)l, k>0,

so that

e =k, o) =n—k wiul’)=n—2k.

[0}
E

©-
<

Thus we have B(—n) = B(n) for n € Zs.

The following important result characterises morphisms between irreducible crys-

tals.

Lemma 1.1.11 (Schur’s Lemma for crystals,[16]). A nonzero morphism between ir-
reducible crystals in Crys, is an isomorphism, and there is at most one isomorphism

between any two irreducible crystals.
Proof. This is Lemma 1 of [16]. O
Kashiwara defines the following monoidal structure on Crys in [18].

Definition 1.1.12. Let B;, Bs be crystals. Their tensor product is the pointed set
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Bl ®BQ = {bl®b2 | bl c Bl,bz c BQ} Wlth

(

éibl (29 b2 lf ¢l(b1) Z Ei(bQ)
éi(b1 ®by) =
b1 X ézbg if ¢z(b1> < 6i<b2),
’
- ]%1 ® by if ¢;(b1) > €i(b2)
filbi®by) =
by ® é;by if ¢;(b1) < ei(ba),

The unit for this monoidal structure is the crystal B(0) = {by, 0} where é;by = 0 = fibo
and wt(bg) = 0.

Example 1.1.13. In the sl, case, for the crystals B(n), B(m) this can be visualised

as follows:

B(n)o—0—0—0----- 0—0—0
B(m)

o) 0—0—3»0—0- - - - - o—0—0
% O—0—0—0--- - - 0—O %
A L
R .
o O0—O0—»0—0 : : @] @]
=31

Remark In Henriques and Kamnitzer’s paper on Crystals and Coboundary Cate-
gories [16] they describe a commuter for crystals op,ep, : B1 ® By — By ® B
for crystals By, By in Crys,. Given a crystal B in Crys, one defines a new crystal

structure on B := {b | b € B} by

&i(b) = f@(i)(b)a fi(b) = Eo(iy(b),  wt(b) = wp - wt(b),

where wy is the longest element of the Weyl group associated to the given root datum

and 0 : I — I is the automorphism defined such that o) = —wp - ;. By Lemma 2
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of [16] there is a canonical isomorphism of crystals B = B, and the composition

gives a bijection of pointed sets known as the Schiitzenberger involution. Then the

commuter of crystals is defined by b @ V' — ((((b") @ ((b)).

Proposition 1.1.14 ([19]). For o, 8 € O, there is an isomorphism of crystals
B(a) ® B() = [ [ Bla + wt(b))

where the coproduct ranges over all b € B(f3) such that £;(b) < \i(«) for alli € I.
Proof. This is Lemma 4.1 of [19]. O

Corollary 1.1.15. For o, 5 € &, B(a+ ) appears in the decomposition of B(a) ®

B(p) into irreducible components.

Proof. This follows from Proposition 1.1.14, since ¢;(ug) = 0 < \;(«) for each i. O

1.2 The crystal algebra B

1.2.1 The crystal associated to A,(g)

Recall the definition of the quantum co-ordinate ring A,(g) from Section 0.1.1. It is
known that its comodules are precisely the representations of U,(g) in Oiy(g). This
is because, as a coalgebra, A,(g) is a direct sum of coalgebras V(a) ® V(a)* whose
comodules are precisely direct sums of copies of V(a). The focus of this section is
to investigate whether an analogous result is true in the setting of crystal bases. We

will consider the corresponding crystal

B .= ]_[m+ B(a) ® B(—a).
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Definition 1.2.1. Let B be the crystal B := [] B(a) ® B(—a). For o, 3 € @,

acdy

we will denote by b - the image of b ® 0/ in B(a) ® B(f) under the decomposition

into irreducible components

B)eB@) =] . BO).

We then define maps

fop : B(@) ® B(—a) ® B(B) ® B(—8) = [[ B(y) @ B(—7)

Y€l 8

by mapping b @ V" @ d®@ d" to (b-d) @ (V- d')¥ whenever b ® d and ¥ ® d’ lie in
the same irreducible component of B(a) ® B(f) and to 0 if not. Collectively, these

induce a map B ® B — B, which we will denote p. Let n denote the embedding
n:B(0) = B(0)® B(0) — B.

Note that the maps p1, g above are not morphisms of crystals, just of pointed sets.
Proposition 1.2.2. The maps p and n define an algebra structure on B in Set,.

Proof. Let o, 5,7 € ®, and let b,/ € B(a), ¢, € B(f), d,d € B(y). By the
associativity of the monoidal structure in Definition 1.1.12, (b - ¢) - d corresponds to
b- (c¢-d) under the decomposition of (B(a) ® B(f)) ® B(v) = B(a) ® (B(5) @ B(Y))
into irreducible components. Thus both (¢ ® Id) oy and (Id ® p) o u map b ® 'V ®
cRRddY to(b-c-d)@W - -d)ifbRc®dand V @ ¢ ®d lie in the same
irreducible component of B(a) ® B() ® B(7) or 0 otherwise. So p is an associative
multiplication. Since B(0) ® B(a) — B(a), by ® ¥ + x, is an isomorphism, and

likewise B(a) @ B(0) = B(«a), n is a unit for this multiplication. O
Definition 1.2.3. For a symmetric monoidal category C with monoidal unit I, we
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say that an object AV is dual to an object A in C if there exist maps

1= AR A e AR AY =1,

called the coevaluation and evaluation respectively, such that the composition

AT A9 Ao AV oA L9 Ao1~A

is the identity on A. We will say that A is dualisable if such a dual AY exists.

Recall that, in Definition 0.1.8, the comultiplication of A,(g) is induced by coeval-
uation maps k — V(a)* ® V(«a). These exists since each V() is dualisable in the
category of vector spaces, with dual V(«)*. We do not, however, have dualisability

for B(«) in Set,.

Lemma 1.2.4. The pointed set B(«) is not dualisable in the symmetric monoidal

category Set, for nonzero a € @ .

Proof. Suppose we have a pointed set A along with evaluation and coevalutation maps
e and ¢ that exhibit A as a dual to B(«). The monoidal unit in Set, is the pointed
set I = {1,0}, and so the map ¢ is given by an element ¢(1) = a® b € A ® B(a).
Then for any ¢/ € B(«)

1@V =€ela®b)®@bel® Bla)

so b = b'. But this gives a contradiction as B(«) has more than one non-zero element

for av # 0. ]

The above lemma means we cannot proceed in direct analogy to A,(g) to give B a
bialgebra structure. In Section 1.4 we will work in Z-modules instead of pointed sets

where we regain dualisability and can construct a bialgebra structure on B := ZB.
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Before that, we will use a categorical approach to determine that Crys, cannot be
reconstructed as comodules over a coalgebra in Set, but can be reconstructed as

coalgebras over a comonad on this category.

1.3 A functorial approach to crystals

1.3.1 Crystals as coalgebras of a comonad

Definition 1.3.1. Suppose we have a set X and, for each x € X, a pointed set
B(z). Let Cx denote the category whose objects are sets A equipped with a map
ma : A — X. Morphisms in this category are defined to be morphisms of pointed sets
AUA{0} YAy {0} such that m4(a) = ma¢(a) whenever ¢(a) # 0. We will denote

by F' the functor

Cx — Sete, (A5 X) ]_[aeA B(ma(a)).
For a morphism A L {0} YA {0} in Cx, F(¢) maps B(ma(a)) isomorphically to
B(mar¢p(a)) whenever ¢(a) # 0, and maps B(ma(a)) to 0 when ¢(a) = 0.

Lemma 1.3.2. If X = &, and B(a) are as previously defined for o € &, then
Cx = Crys,. Furthermore, under this equivalence, F' is the forgetful functor to pointed

sets.

Proof. This equivalence is given by
Cx — Crysy,, (A X) =[] _ B(ma(a)),

where a morphism ¢ : AU{0} — A’U{0} in Cx is mapped to the morphism of crystals
[Hoca B(ma(a)) = Tlyeca B(ma(a’)) where B(ma(a)) is mapped isomorphically to

B(mar¢(a)) whenever ¢(a) # 0, and to 0 when ¢(a) = 0. Its quasi-inverse is given by
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the functor

Crys, — Cx, HJ_GJB(%‘) = (], = ).

By Lemma 1.1.11, a morphism of crystals [[,.; B(a;) — [[;c, B(8;) maps each
B(a) either isomorphically to some B(f;), where a; = f; € X, or to 0. The
resulting map J U {0} — J' U {0} maps j — j' in the former case and j — 0 in the

latter. O

Definition 1.3.3. Let GG denote the functor
G: Sety = Cx, X +— G(X)

where G(X) is the set J[,.x (Hom(B(z),X) \ {0}) equipped with the map 7¢(x)
which takes f € Hom(B(z), X) \ {0} to 2. A map of pointed sets ¢ : X — Y gives
the map G(¢) : G(X) — G(Y) taking f € Hom(B(z), X) to ¢ o f € Hom(B(z),Y).

Proposition 1.3.4. The functor G is right adjoint to F'.

TGX

Proof. Suppose we have a morphism (A ™% X) ER (GX — X)inCx. Eacha € A

is either mapped to 0 or to an element of
mex (ma(a)) = Hom(B(ma(a)), X) \ {0}.

That is, a is mapped to a function f, € Hom(B(m4(a)), X), which allows us to
define a map FFA = [[,., B(ra(a)) = X. Conversely, a map of pointed sets FF'A =

[ocn B(ma(a)) 2y X is given by a collection of maps

ga € Hom(B(7a(a)), X) = (Hom(B(m4(a)), X) \ {0}) U{0}.
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Thus we get a map
AU{0} — [ (Hom(B(ma(a)), X) \ {0}) U {0} = GX L {0}

by taking a € A to the function g,. These mutual inverses give the adjunction
Homg,, (FA, X) = Home, (A, GX).

Note that the unit of this adjunction is given by maps

FG(X) - HxEX HHom(B(x),X) B(QS’) — X’

for pointed sets X, where the copy of B(x) indexed by f € Hom(B(z), X) is mapped
to X via f. The counit of the adjunction is given by maps

A— GF(A) = Hom(B(x),

reX a€A

B(ma(a))),

for (A, 74) in Cx, where a € Ais mapped to the inclusion of B(m4(a)) into [, 4 B(ma(a’)).
[l

Lemma 1.3.5. The functor F reflects isomorphisms.

Proof. Let ¢ : AU {0} — A’ {0} be a morphism in Cx, and suppose that F(¢) :
FA — FAis an isomorphism. This precisely means that ¢(a) # 0 for all a € A and
each B(ma(a’)) for @’ € A’ is the image of some B(w4(a)) for some a € A. Thus ¢ is
both monic and epic, hence an isomorphism. Its inverse it just its inverse as a map

of pointed sets. O
Lemma 1.3.6. Cx has, and F' preserves, all equalisers.

Proof. Suppose we have parallel maps f,g : AU {0} — A" U {0} in Cx. Their

equaliser is just {a € A | f(a) = g(a)}. Likewise, the equaliser of F'(f) and F(g)
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in Sety is {b € FA | F(f)(b) = F(g)(b)}. On each component B(ma(a)) of FA, if

f(a) = g(a) # 0 then they are both the same isomorphism

B(ma(a)) = B(ra(f(a))) = B(ma(g(a))).

If f(a) =0 = g(a) then F(f) and F(g) are both the zero map. Otherwise F'(f) and
F(g) must disagree on all non-zero elements of the component. Hence the equaliser
of F(f) and F(g) is the union of B(mwa(a)) where f(a) = g(a). Thisis F({a € A |

f(a) = g(a)}), and the lemma is proved. O

Theorem 1.3.7. For the comonad U = (U = F o G,n, ) the comparison functor
Ju : Cx — Setoy s an equivalence of categories between Cx and the category of algebras

over the comonad U in Set,.

Proof. This follows from Theorem 0.1.13, using Proposition 1.3.4, Lemma 1.3.5 and
Lemma 1.3.6. [

Corollary 1.3.8. Setting X = &, and B(«) are as previously defined for a € @,
the comparison functor Jy : Crys, — Setey is an equivalence of categories between

Crys, and the category of algebras over the comonad U = (U = F o G,n, ) in Set,.

Proof. This follows from Theorem 1.3.7 and Lemma 1.3.2. [

Remark Explicitly, from the proof of Proposition 1.3.4, we see that

U=FG: A~ ][] 11 FB(a);

ac€dy feHom(FB(a),A)
f#0

with

NB() : Bla) — H H B(B)s,
BEDL feHom(FB(B),FB(a))
f#0

b (b) € B(a)

idrB(a) idpB(a)?
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and

I I FB)) - A

acdy feHom(FB(«a),A)

I#0
(b)s = f(b).
So
10 I FB)y— 1 [ FBG),
ac€dy feHom(FB(a),A) Be®4 geHom(FB(B),FG(A))
170 g7#0

maps the copy of F'B(«) indexed by f : FB(a) — A isomorphically to the copy of
FB(a) indexed by FB(a) = FB(a)f = FG(A). From here we can explicitly see the
coalgebra structure of each B(«) over F'G is given by a map

(: F(B(a)) = FG(F(B(a)), b~ (b)

dp(B(a))

which extends to the coalgebra structure of a general crystal X = [[;c; B(8;) as

follows:

(: F(X) = FG(F(X)), b () rps;)—rx) for b€ F(B(B;)).

Corollary 1.3.9. There is no coalgebra in Set, whose category of comodules is equiv-

alent to Crys, as categories over Set,.

Proof. Suppose there is a coalgebra C' in Set, whose category of comodules is equiv-
alent to Crys,, and suppose this equivalence preserves the forgetful functor to Se,.
Then the right adjoint to this forgetful functor, G, would be isomorphic to C' ® — :
Sete — C-comod = Crys,. Then U = C'® —, as a functor on Set,, preserves coprod-
ucts. However, by the explicit description of U, this is not the case and we reach a

contradiction. O
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1.3.2 Recovering the crystal structure

Given a pointed set A with a coalgebra structure (A, (4) over our comonad U = FG,
we know from the above that A carries a crystal structure that has been forgotten
by the functor F. In fact, there is a way of recovering this crystal structure from the

coalgebra structure.

Proposition 1.3.10. We regain the Kashiwara operator ﬁ (and similarly €;) on a

U-coalgebra A wvia the following composition:
A% Faa) iy para) 24 A,
We also regain the weight function via
A— FGA) — @

where the last arrow is the map (b) s — wi(b).

Proof. This follows from the explicit description of the U-coaction on a crystal as

described in the remark following Corollary 1.3.8. O]

1.3.3 The monoidal structure of U

Recall that a bialgebra is simultaneously an algebra and a coalgebra where the struc-
ture maps are compatible. In the setting of functors, there is no analogous notion of
a bimonad. The subtlety comes from the lack of symmetry when composing functors.
There is no natural twist Ao B = B o A for functors A, B on a category C, and so,
whilst the tensor product of two algebras in a symmetric monoidal category again
gives an algebra, the composition of two monads does not naturally give a monad. So,
if a functor 7" on a category is both a monad and a comonad, we cannot simply ask

that the comultiplication map 7' = TT" be a morphism of monads. Recall that, for a
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bialgebra H, the categories of comodules of H inherit a monoidal structure. We wish
to generalise this property of bialgebras that allows us to encode a monoidal structure
on comodules. To generalise this, we recall the definition of a monidal functor. For

more on these notions see [36], [7], [6] and [30].

Definition 1.3.11. Let 7' : C — D be a functor between monoidal categories. T' is

said to be monoidal if we equip T" with the data of a natural tranformation
Xa5:T(A)@T(B)=T(A® B)

and a morphism I — T'(I), where I is taken to be the identity of the tensor product,
satisfying the diagram

T(A)® (T(B) ® T(C)) —— (T(A) @ T(B)) ® T(C)

|Id® xB,c | xa8®Id
T(A)@T(B® () T(A® B)®@T(C)
| Xa,Bec | XawB,0

T(A® (B ())

T(A® B)® ()

and such that the compositions

T(A) = T(A) @1 — T(A) @ T(I) - T(AT) = T(A),

T(A) =TI T(A) » T(I) @ T(A) - T(I® A) = T(A),

are the identity on T'(A) for all A, B and C in C. We say that T is strong monoidal
if xa,5 and I — T'(I) are isomorphisms. If 7" is a monoidal comonad on a monoidal

category, we will call it is a bicomonad if the diagram

T(A) ® T(B) A T(A® B)
As® Ap AVTY:
TTA) & TT(B) e TTA) ©T(B) - TT(A @ B)
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commutes and X4 p 0 €app = €4 @ €p as maps T'(A) ® T(B) - A® B for all A and
BinC.

Remark For a comonad U, Proposition 1.4 of [36] shows that the property of being
a bicomonad gives a monoidal structure on the category of coalgebras. The coaction

on a tensor product of two coalgebras is given by the composition
A B —-T(A)®T(B) - T(A® B)

where the first arrow is given by the respective coactions of A and B, and the second

given by y. In fact, Moerdijk proves the following in [36].

Theorem 1.3.12 ([36]). Let U = (U,A,€) be a comonad on a monoidal category
C. Then monoidal structures on Cy such that the forgetful functor F to C is strong

monotdal correspond to bicomonad structures on U.

Proof. This is Theorem 7.1 of [36]. Suppose we have endowed Cy with a monoidal
structure (®,1I) such that F' is strong monoidal. Let G : C — Cy, C — (UC,A¢)
denote the right adjoint to F' mapping an object of C to its free coalgebra. Then
U = FG and we obtain x4 5 : U(A) @ U(B) — U(A ® B) as the image of €4 ® ep

under the composition

Hom(FGA® FGB,A® B) = Hom(F(GA® GB),A® B)

(F

~ Hom(GA® GB,G(A® B))

— Hom(F(GA® GB),FG(A® B))
(

12

Hom(FGA® FGB,FG(A® B)).

The morphism U(I) — I is given by the counit ;. O

Proposition 1.3.13. The monoidal structure on U corresponding to the monoidal

structure on Crys, under the equivalence in Corollary 1.5.8 is given as follows. For
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each b® b € FB(a); @ FB(8), C U(A) ® U(B) indexed by f : FB(a) — A and
g : FB(B) — B there is some vy € L'y such that the image b- b of b®@ b’ in the

decomposition B(a) @ B(B) =[] B(v) lies in the component B(vVpy). Then we

v€lq, 8

define
Xap:UA)@U(B) = UA® DB)

by mapping bRV to b- b in the copy of B(yy) indezed by the map

B(ww) = || B() = Bla)® B(B) ©% Ae B.

Y€l

We define a map I — U(I), where I = {0, 1} is the monoidal unit in Set,, by mapping
1 to by € B(0) indexed by the map FB(0) = 1, by > 1.

Proof. This result follows from the proof of Theorem 1.3.12. The image of the map

€4 ® g under the isomorphism

Hom(FGA® FGB,A® B) = Hom(F(GA® GB),A® B)
= Hom(GA® GB,G(A® B))

is the map taking b@¥V' € B(a);® B(f), C G(A) ® G(B) indexed by f : FB(a) — A
and g : FB(8) — B to b-V in the copy of the irreducible crystal B(v,; ) indexed by

the composition

Bwy) = [ B =B)eBB) L% A0 B.

Y€l w8
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1.4 A crystal bialgebra

1.4.1 The bialgebra B

Definition 1.4.1. For a € &, let B(«) be the free abelian group ZB(«). Let ¢, and

€, denote the homomorphisms

lo ¢ Z—=B(—a)®@B(a), 10 p,b" @0,

Ea ¢ Bla)@B(—a) = Z, bRV s dyyv,
called the coevaluation and evaluation respectively.

Proposition 1.4.2. The composition

B(a) = B(o) ® Z 2% B(a) @ B(—a) @ B(o) 22 B(a)

agrees with the identity. Hence B(—«) is dual to B(«) in the category of free abelian
groups.

Proof. This follows since the image of b® V' € B(a) ® B(—a) under this composition

iS ZdEB(a) 557dd®b/ = b®b’ D

Definition 1.4.3. Let B denote the free abelian group on the crystal B,
B :=7ZB = @aco, B(a) @ B(—a).

Let A : B — B ® B denote the homomorphism defined on each summand B(«) ®
B(—a) = B(a) ®Z®@B(—a) by id®t, ®1id, let € : B — Z be the sum of the maps ,.
Let p :B®B — B and : Z = B(0) ® B(—0) — B be the homomorphisms induced

by the multiplication and unit in Definition 1.2.1.

Proposition 1.4.4. The maps n, i, € and A make B a Z-bialgebra.
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Proof. The fact that (B, u,n) forms a Z-algebra follows from Proposition 1.2.2. Both
(A®Id) oA and (Id ® A) o A can be identified with the map Id ® ¢, ® ¢, ® Id on

B(a) @ B(—a) Z2B(a) Z® Z @ B(—a),

so the comultiplication is coassociative. Furthermore,

ZdeB(a) eb@d’)dal = ZdeB(a) Opa d @V
= bl
= ZdEB(a) Oapv b ® d’
= Yieneld®V) bed,

so € acts as a counit. It remains to verify that A and e are Z-algebra homomorphisms.
Let b,V € B(a) and d,d" € B(B). If (b-d) and (d' - b')" lie in different irreducible
crystals then Ao u((b® V) ® (d®d)) = 0. Also,

be¥)o[dod) 222 N el eded) ol oF ©d ©d),

b’ eB(a)
d"eB(8)

the nonzero terms of which only occur when both b ® d and (d"V @ b"V)" = V" @ d" lie
in the same component, and ” ® d” and (d' ® t')" lie in the same component. Since
this never occurs, this sum must also be zero. Now suppose that (b®d) and (d' @1')Y

do lie in the same irreducible component, B(+) say. In this case we have

b)) [dod) S b-dod-V)S Y (b-dec)o o d V)

c€B(v)
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whilst

(b ® b/) ® (d ® d/) '% Zb“eB(a) b ® b//\/ ® b// ® b/ ® d ® d//v ® d// ® dl
d"eB(B)
HUBRB Zb”eB(a) ,u(b ® b//\/ ® d ® d//V) ® M(b” ® b/ ® d// ® d/)
d"eB(p)
= 2 wep@ - -d") @@V -d") @ (d V)
d’eB(B)
v-d"€B(v)

= Deepmb-d)@c’@c@(d-V).

So A is an algebra homomorphism. Similarly, if we say b ® d and V'Y ® d'V lie in the

same component,

E((b ® b/) : (d &® d/)) = G(b -d ® d - b/) = 6(b-d)v,d’-b/
— 6dV~bV,d’~b’ — 6dV,d’5bV,b’
= ¢b@V)e(dad).

since dV -bY = d -V if and only if d¥ = d’ and 0¥ = Y. The case when they do not lie
in the same component is trivial, hence € is an algebra homomorphism too. Thus we

have our result. O
Definition 1.4.5. Let B, = Span,{b @0 € B | wt(b) + wt(t') = A} for X € ®.

Proposition 1.4.6. We have B = @, 4, By with By - By C Byin and A(By) C

Drni By @By, so B is a graded bialgebra.

Proof. Let b@ V' € B(a) ® B(—a) and d® d' € B(f) ® B(—f). Then their product
is either 0 or (b-d) ® (d'-¥'), and

wt(b-d) +wt(b' - d') = wt(b) + wt(d) + wt(D") + wt(d').
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So By - By C Byy. Also, A(b® V) = ZdeB(a)b@)d@dV ® b and

wt(b) + wt(d) + wt(d¥) + wt(t') = wt(b) + wt(d) — wt(d) + wt(b')

= wt(b) + wt(b').

SO A(B)\) C @)\:)\/+>\// B)\/ ® B)\//. D

Proposition 1.4.7. If we take a basis of ® of fundamental weights {A; | i € I} then
B is generated as an algebra by the B(A\;) ® B(—A;) fori € I.

Proof. Foreach ), n;A; € ., B(>,n;\;) appears in the decomposition of B(A;)®*™®
... ® B(Ag)®™ into irreducible crystals. Hence the basis B(>_, n;A;) @ B(— >, mi/\;)
of B(> ,niA;) @ B(—>_,n;/A;) is in the image of ®f:1(B(Ai) ® B(—A;))®™ under

multiplication. O

Proposition 1.4.8. Suppose g = sly. Then B is the quotient of the free algebra

Z{a,b,c,d) by the relations
cb=bc=db=dc=ba=ca=0, da=1

with comultiplication

Ala) = a®a+b®c, Ab) = a®b+b®d,
Alc) = c®a+d®c, Ald) = c®b+d®d.

Proof. In the case of sl,, the fundamental weight is 1 € N, and B(1) has crystal graph

uél) — ugl). So we have four generators in B(1) ® B(—1), namely

o = o), b = u e W)

¢ = u @), d = u®(u)".

These generators have the described comultiplication. It follows from Definiton 1.1.12
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and the diagram in Example 1.1.13 that

uy" " € Bim+n—2q) ifp+qg<n,

(m—n—2p)

oprgn € DB(m—n—2p) ifp+qg<n

Then B(1)®" — B(n) maps (ul")®F @ (u{"”)®"* to u{™. From this it follows that

alct=tdn=r if k> 1,

akbl=kdr=t if k<.

Furthermore, the multiplication in B can be computed as

;

m+n—2r m—+n—2r if p+r<n,
up '@ (ug )Y esn!
(m+n—2r) (m+n—2r)\y i ptr<n,
Uu Uu qg+s>n,
p ® ( 2q+s—n ) r=n-+q,
(n) (M)\VY . (5, (M) (m)yWVy — (m—n—2p) (m—n—2p)\y i p+r>n,
(Up & (Uq ) ) (UT ® (Us ) ) - u?p—i—r—n & (u2q+s—n ) q—;izn,
(m—n—2p) (m—n—2p)yy i PHr>m,
u ® (u q+s#n,
2p+r—m ( q ) ntp=s,
0 otherwise.
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Rewriting this in terms of the generators a, b, ¢ and d this becomes

(a'c?d¥) - (a"c*db)

(a'cdd) - (a"b*d?)

(a't/d¥) - (a"c*db)

(a’b/d*) - (a"b*d?)

¢

4

0

aicjdt+k:—r
ai+rfkcsdt
atcitsdt

0

aicj dt-i-k—r

ai+r—kbsdt

aibjdt+k—r
ai+r7kcsdt
0

aibjdt+k7r
ai+r—kbsdt

aibj+sdt

ifs=0,r<k
ifj=0,r>k
ifr==%
otherwise,
ifs=0,r<k
ifj=0,r>k
otherwise,
its=0,r<k
ifj=0r>k
otherwise,
ifs=0,r<k
iftj=0,r>k
ifr==F%
otherwise.

This shows that the multiplication is completely determined by the given relations.

O

Remark The presentation above for B is closely related to a presentation of the

quantum coordinate ring, which we discuss at the end of Part I.
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1.4.2 The comodules of B

Definition 1.4.9. For each o € &, we can give B(«) a B-comodule structure via the

following map:
B(a) =B(a) ® Z — B(a) @ B(—a) @ B(a) — B ® B(«a)

b Z babvel.
¥ eB(a)

This induces a functor Crys; — B-comod.

Definition 1.4.10. Let M be a B-comodule. For each @ € &, and each b, i/ €
B(a) let us denote by Ay}, the Z-linear endomorphism of M defined uniquely by the

property that

Ap(m) =" sea, bRV ® A, (m) forall m e M.
b’ €B(a)

Let us denote by M the image of M under Af, for b € B(a), a € @, and let

M = ZbeB(a) M.

Lemma 1.4.11. With notation as in Definition 1.4.10,

AL 4 Ay = Oagbu iy, Y Y Apy = Idy,
a€d beB(a)
as automorphisms of M for all o, € ., b, € B(«), d,d € B(). This latter
relation makes sense since, for each m € M, Ay, (m) = 0 for all but finitely many

b,b',«. Hence

M=EP,_, M =Docs, My

beB(a)

and Ay, restrict to isomorphisms Mgt — M.

o4



Proof. Since M is a comodule, we have

DD b@b’v®d®d’v®Add/ by (m)

acdy beB(a) BeP d,d'eB(B

=3 Y Y veded ot e Ay m)

a€d, by eB(a) dEB(a)

and

-2 2 Alm

a€® beB(a
for all m € M, from which the relations follow. These imply that Ay, form a
set of perpendicular idempotents, which give the direct sum decomposition. Also,
Ay yApy = Apy, which is the identity on My, and if m = Af,(m) € M then

Ab,b’ (m) = Ab’,b’Ab,b’ (m) S Mg} [l

Definition 1.4.12. Let us denote by B-comod™® the category whose objects are B

comodules M such that each My is a free Z-modules.

Lemma 1.4.13. For M in B-comod™ and a € ®, we may endow the pointed set

cm®) = | [T My\{oy | u{o}

beB(a)

with the structure of a crystal such that, for m € Mg,

3 As (m) if fib#0, A2, (m) if &b #£ 0,

fi(m) = éi(m) =

0 otherwise, 0 otherwise,

and wi(m) = wi(b). Hence we may endow the pointed set C(M) := [[,cq, C(M?)

with a crystal structure. Furthermore, C gives a functor B-comod™ — Crys, by
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restricting a morphism M — M’ in B-comod to the components

[T Mvfor— T a\ (o).

beB(a) beB(a)

Proof. The fact that we indeed have a crystal structure on C(M®) follows from the
observation that we may identify [] Mg \{0} B(a) = C(M®*) under the mapping that
takes b in the copy of B(a) indexed by a nonzero m € M to the nonzero Ay ,(m) €
M. Since comodule homomorphisms commute with the operators Ay, it follows

that the restriction of such a homomorphism gives a morphism of crystals. O]

Theorem 1.4.14. The functor Crys, — B-comod™ described in Definition 1.4.9 is

essentially surjective. Furthermore it has a right adjoint
C : B-comod™ — Crys,.

Proof. We first prove essential surjectivity. Let M be in B-comod™®, and let X be
a free basis of M;' for each a € ®,. Given o € ®; and b € B(a) let Xi* = Ay | X'

which is a free basis of M;'. We may endow

X = (]_[C@+ ]_[bEB(a) Xg) L1 {0}

with a crystal structure by viewing it as a subset of C(M) closed under the ac-
tion of the Kashiwara operators f; and &. Under the identification of C(M) with
[oco, 11 Mg\ {0} B(a), X corresponds to the disjoint union of copies of B(«) indexed
over elements of X . Its image in B-comod™® under the functor in Definition 1.4.9

is the free abelian group ZX = M with the B-coaction

T — Z b@b/v®Ab7b/(I>

beB(a)
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for z € X;*. This is just the usual coaction on M. So M is the image of X under the

functor in Definition 1.4.9.

We now prove the adjuction. It is enough to exhibit a natural isomorphism
Hom(B(«), M) = Hom(B(«a),C(M))

for each @ € ®,. First, note that a morphism f of B comodules f : B(a) — M
commutes with the operators Ay,,. Thus f maps B(a)j to M. In fact, f is entirely

determined by the restriction
Joo 1 2= B(a),, — M,

since, on B(a)g, f is given by Ay , fi, Af,, - Thus f amounts to a choice of element in
M . Likewise, since C(M) = [],cq, HM? \(0y B(@), a morphism of crystals B(a) —

C(M) is either 0 or corresponds to an element of M \ {0}. This correspondence

gives our natural isomorphism as required. O

Remark As a comodule, B = @B, @y cp(_o)Bla) via b@ V' — (b)y in the copy of

—a)

B(«) indexed by ¥ € B(—«). Under this isomorphism, multiplication becomes (b)y -
(d)¢ = (b- d)gy whenever this is well defined, and 0 otherwise, and comultiplication

becomes (b)b/ — Zb”eB(a)(b)b”v X (b”)b/.
Definition 1.4.15. A based B-comodule is a pair (M, X) such that

i) M is in B-comod™®, and X is a pointed set such that X \ {0} is a free basis of

M;
i) X =[l.co, [hen Xi where X = X N M*; and

iii) each Af, restricts to a bijection between the sets X — Xj.
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A morphism of based comodules (M, X) — (N,Y) is a morphism of comodules f :
M — N such that f(X) C Y. This forms a category which we denote B-comod"°?,
The direct sum of two based comodules is (M, X) @& (N,Y) = (M & N, X UY) and
their tensor product is (M, X)® (N,Y)=(M @ N, X ®Y).

Remark The data of a basis X in the above definition is equivalent to having chosen

a basis X* for each M for a € .

Theorem 1.4.16. The functor
Crys, — B-comod™*,  B(a) — (B(a), B(a)),

s an equivalence of categories.

Proof. 1t is clear that X — (ZX, X) is functorial. We shall construct a quasi-inverse
as follows. Given a based comodule (M, X), the pointed set X is a subset of C(M)
invariant under the Kashiwara operators, hence naturally forms a subcrystal. Given
a morphism of based comodules (M, X) — (M’, X') the restriction to X maps to X’
and commutes with the operators Ay, hence with the Kashiwara operators, so gives

a morphism of crystals. By the proof of Theorem 1.4.14, the composition

dbased dbased

B-como — Crys, — B-como

is naturally isomorphic to the identity. By construction, the composition

dbased

Crys, — B-como — Crys,

is naturally isomorphic to the identity. Hence we have an equivalence. O]

Proposition 1.4.17. The functor in Theorem 1.4.16 gives an equivalence of monoidal

categories.
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Proof. For «, 8 € &, the comodule structure of B(a) ® B(S) under the monoidal

dbased i

structure of B-Como S

bode Y (b-de @ el ed) =) b-del - d) eV ed)

where both summations are taken over all i’ € B(«a) and d' € B(f) such that b ® d
and (d"V @ VY)Y =V @ d’ lie in the same connected component, B(y) say. Since all
terms of this connected component appear uniquely as some product b’ - d’, we can
then rewrite this as }° p(b-d) ® ¢/ ® c. This is the same comultiplication of
b® d as when viewed as an element of Z(B(«a) ® B(f)) under its decomposition into

irreducible components. Our result then follows. O

1.4.3 Relation to the crystal functor

Recall from Corollary 1.3.8 that Crys, is equivalent to the category of coalgebras of

the comonad

U: Sety — Sete, X +— H H FB(a).

a€dy fiFB(a)—X
10

Definition 1.4.18. For pointed sets A, B, we define Homg,, (A, B) to be pointed set
Homg,,, (4, B) = {f : A~ B | [ #0}U{0: A — B},
Proposition 1.4.19. The comonad U s isomorphic to
U': X~ [[ FB(e) ® Homg,,, (FB(a), A).

OZG‘I>+

Under this identification, the comultiplication on U', A : U' = U'U’, becomes b® f —
bR f~ where f*(0') =0 @ f € U'(A).
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Proof. The isomorphism is given my the maps

FB(a) @ Homg,,,(FB(@), A) =[] FB(a)

f:FB(a)—X
70

taking b ® f to b in the copy of F' B(«) indexed by f. ]

Proposition 1.4.20. The comonad B ® — is isomorphic to

A P B(e) ® Hom,(B(), A).

acd

Under this identification, the comultiplication on B becomes b @ f +— b ® f~ where

again f~(V) =V ® f.

Proof. For a free abelian group A, we have

Be A= P Ble)®B(e)” ® A=~ P B(e) ® Homy (B(a), A)

acd acd
given by b®@ b @ a — b® [z — e(x @ V)al. O

Remark Note that the functor U’ clearly does not preserve coproducts, whilst the
functor in Proposition 1.4.20 does. As a result, the latter is isomorphic to tensoring

with a coalgebra whilst the former is not.

1.4.4 The dual bialgebra

Definition 1.4.21. Let

B*:=Hom(B,Z) = [[  B(a)"®B(-a)"

OéEq)+

be the dual of B. Let {¢py | b € B(a),b € B(—«)} C B(a)* ® B(—a)* denote the
dual Z-basis to B(Oé) X B(—a), ¢b,b’(d & d/) = 5b,d6b’,d’ for d c B(Oé), d € B(—Oé)
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We shall denote elements of this dual by formal sums Zb,b’ app Py Tanging over all

be B(a), € B(—a) and a € ¢,

Lemma 1.4.22. The coalgebra structure on B induces an algebra structure on the

dual B* given by

/ !/
(E ab,b/¢b,b/> : (E ab7b/¢b,b/> = E E Qb,dv Qg p ¢b,b’7

b, b,b acd deB(a)
beB(w)
beB(—a)

Fach B(«) is a B*-module where

Ggav b= Y Gaa(b@c”) ¢ =d4ud
ceB(w)
for b € B(a). Furthermore, the algebra structure on B induces algebra homomor-
phisms

AB - BeB) =] B(a)* ® B(—a)* @ B(8)" ® B(—A)"

a,pedy

and € : B* — Z given by

A (Z awqbb,b/) = Z Z apddt Gopy @ Qaa,

b,y acd,  Bed,
beB(a) deB(pB)
b eB(—a)d eB(—p)

€ ( E ab,b'¢b,b/> = pg by s

bY/
where B(0) = {bo}. Here, the algebra structure on (BQB)* is induced by the coalgebra

structure on B ® B.
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Proof. This is a straightforward verification given Definition 1.2.1 and Definition

1.4.3. [l

Definition 1.4.23. Let &7 be a Z-algebra and let 1., be a subset of .&7. We will say
that 1, forms a generalised unit for <f if, for each a € o7, there is a finite subset

X C 1, such that
i) a= (> ,cx ) a; and
i) z-a=0ifxely\X.

We will say that an .&/-module M is unital if, for any m € M, there is a finite subset

X C 1, such that
D) m=(Leex®) - m;
ii) x-m=0if z € 1, \ X; and additionally
iii) = - M is a free abelian group for all z € 1.

Definition 1.4.24. Let U, be the additive subgroup @ B(a)* @ B(—a)* of B*.

Oteq)+

Let 1 denote the collection {1, | @ € ®,} C Uy where 1, = D beB(a) DoV -

Lemma 1.4.25. U, is an ideal in B*, and hence both a non-unital subalgebra and a

B*-bimodule. Furthermore, the collection 1 forms a generalised unit in Us.

Proof. Given zb,b, appvPppyv € B* and ¢gav € B(a)* @ B(—a)* we have

<Z Gb,bN¢b,b/V> CQdav = Zab,b/v5b',d¢b,d'v = Z p,dv P,drv

by by beB(a)

which is in Up. Likewise, Ga.d - (Zbﬁ/ Ay prv P v ) € Us. Furthermore, multiplication
by 1, is the identity on B(8)* ® B(—/)* when 8 = « and is 0 otherwise. From this it

follows that 1 is a generalised unit. O]
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Remark We use the notation Uy to highlight the similarity with Lusztig’s construc-
tion of U in [27, p. 183]. In the subsequent subsection we shall conjecture a more

precise relationship between these two constructions.

Remark Note that A from Lemma 1.4.22 does not restrict to a comultiplication on
Us. For example, Ao py) € (B @ B)* takes the value 1 on each b ® b @ d ® d for
b a highest weight element and d a lowest weight element in B(a), a € &, of which
there are infinitely many. This is because b ® d corresponds to by in a copy of B(0)
under the decomposition of B(a) ® B(«) into irreducible components. However, we

do have the following collection of maps.

Definition 1.4.26. For o, 5,7 € ®; let
A3, B(a)" ®B(~a)" = B(5)" @ B(—5)" @ B(7)" 9 B(—)",

Oy > g E Ov,d-a Oy dm-ar Pa,ar @ Par .

acd Bed
deB(a) d"eB(8)
d'eB(—a) d"eB(-p)

Let ¢ be the restriction of the counit from Lemma 1.4.22 to UO.

Remark The maps in Definition 1.4.26 can be considered as a single map Uy —
(B ® B)* that agrees with the restriction of the comultiplication in Lemma 1.4.22.

They are therefore associative in the sense that
B’ a ! a
d (AT eId)oAg = > (Id®A] )0 A,
Bred, YD

for all o, B,7v,0 € ®,.

Proposition 1.4.27. The maps Af | and € induce a monoidal structure on the cat-
egory of unital Uy-modules where x € B(a)* @ B(—a)* acts on (15 ® 1,)(M @ N) as
AG_(z) for unital modules M and N.
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Proof. We first note that B(a)* ® B(—a)* are unital subalgebras of Uy with unit 1,,
and that Af | are algebra homomorphisms as a result of Proposition 1.4.4. Also, since
M = @ co, 1aM and N = Py, 15N, we obtain a well defined action of Uy on
M ® N. The associativity constraint observed in the previous remark ensures that

the monoidal structure in associative. Furthermore, the fact that the compositions
B(a)' @ B(—a)" =5 B(5)’ © B(—)" @ B(r)’ ©B(—)" 125 B(5) @ B(-p)'
and
B(a)* @ B(-a)" —5 B(B)’ 9 B(—0)° ©B(r)’ ®B(—)" <25 B(3) @ B(—)"

are the identity when o = [ or @ = y respectively or 0 otherwise ensures that Z with

the action of U, given by ¢ is a monoidal unit. O]
Definition 1.4.28. A based Uy-module is a pair (M, X) such that

i) M is a Uy-module and X is a pointed set such that X \ {0} is a free Z-basis of
M;

i) X =Jlpco, Hiep X where Xi¥ := X N @ppv - M for b € B(a); and
iii) the action of each ¢y pv restricts to a bijection between the sets X — XJ.

A morphism of based modules is a module homomorphism that preserves the free

basis. The tensor product of two based modules is (M, X)®(N,Y) = (MQN, X®Y).

Proposition 1.4.29. The monoidal category of based unital Uy-modules is equivalent

to Crys,.

Proof. By Theorem 1.4.16, it is enough to show that based unital Uy-modules are

equivalent to based B-comodules.
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Given a based unital Uy-module (M, X), the maps

M= Bla)@B(—a)@ M, m— >  bab' e (gpvm),

b,b'€B(a)

are non-zero for only finitely many o € ®,. Summing these gives a coaction of B on

M. This makes (M, X) a based B-comodule.

Conversely, given a based B-comodule (M, X)) we obtain a Us-module structure

via the composition

Oy M 2% TyoBe M —2 20 M~ M.
For each m € M, the coaction Ay(m) is a finite sum in the free basis B® X. Hence
there is a finite subset A C ®, such that the non-zero coefficients are for basis ele-
ments in (][], 4 B(a) ® B(—a)) ® X € B® X. Thus (3 .4 la)m = m under this

action of Uy and 15-m = 0 for 8 ¢ A. So (M, X) becomes a based unital Uy-modules.

These mutually inverse functors give the stated equivalence. The monoidal struc-
ture on Uy-modules is induced by the comultiplication maps Aj_, whilst the monoidal
structure on B-comodules is induced by the multiplication g on B. The duality be-

tween p and the maps Agﬁ ensures that this equivalence is monoidal. O

Definition 1.4.30. For ¢ € [ and a € &, let

Cai = D _beB(a) Peppvs fai = D _beB(a) Pippvs
&:b#£0 fib#0

in UQ.
Lemma 1.4.31. For alli € I and o € 4, é,,; and fa,z‘ act as & and f; on B(a),
and by zero on B(SB) for 5 # a.
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Proof. Recall that for by € B(f3), €, acts as

> benosr b= > Gaposb

beB(a) beB(a)
&ib#£0 éib#£0
which is €;by if @« = [ and 0 otherwise. Likewise for the action of faz n

Proposition 1.4.32. Uy is generated as an algebra by
{éa,iufa,i | 1€ ],Oé € @_;,.}

along with the generalised unit elements 1 = {1, | a € &, }.

Proof. Fix a € ®,. Forie I, 1, — fa,iéa,i is the sum of ¢ ;v such that ;b = 0. So,
for any ordering of I, [[,.;(1a — fméa,i) is the sum of ¢ v where €;b =0 for all i € 1.
That is,

Dby = H(la - fa,iéa,i)-

iel
The result then follows from the fact that if b = f;, fi,..f; ba and ¥ = fjl sz fjmba

then

¢b7b/\/ = fOé7i1 fOé77;2"fO¢7in (¢bo¢7bg>’éa7]’1 éava"éavjm

= fom'-foz,in (Hie](la - fa,iéa,i)> éa,jr-éa,jm‘

1.4.5 Relation to global bases

In [20] Kashiwara shows that the equivalence class of a crystal base B(«) contains a
canonical Q(g)-basis of the representation V' («), known as the associated global basis.

Using these bases, we obtain a global base of A,(g) from 5.

Example 1.4.33. Recall from Proposition 1.4.8 that, in the case of sly, the bialgebra
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B is generated by a, b, ¢, d which satisfy the relations
cb=0bc=db=dc=0ba=ca=0, da=1,

with comultiplication

Ald)=a®a+b®c, Ab)=a®b+b®d,
Alc)=c®a+d®c, Ald)=cb+d®d.

Similarly, the quantum coordiante ring A,(sly) can be realised as a quotient of the fee

algebra k{a,b, c,d) by the relations

cb = bc = qgad — ql, db= qbd, dc = qcd,

ba = qab, ca = qac, da = qcb+ 1,

again viewed as a bialgebra with an analogous comultiplication to the above. Kashi-

wara shows in [21] that

{a'ddd* | 4,7,k >0} U{a'bd* |i,j,k > 0,5 #0} C A,(sly)

is the global basis of A,(sly) given by the cystal base B, where a'c/d* = ugiJ;-jJrk) ®

(W)WY and b dF = u ™ @ (ufﬁ)v in B. Thus, for global basis elements x and y,

their product in A,(sly) can be written as

roy=> ez pi(g) € Qo)

where z ranges through the global basis. It follows from Proposition 1.4.8 that in fact

p>¥(q) € Z[q] and the product of x and y in B is

zoy =y pt¥(0)=.
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It is a goal of future work by the author to investigate whether this phenomenon
is exclusive to sly. In 28], Lusztig uses a similar procedure of multiplying global
basis elements (or canonical basis elements in his terminology) of a modified version
of U,(g), denoted U, to construct a bialgebra. He refers to his construction as a
quantum group at v = 0o, or ¢ = v~! = 0 in our notation. Since U is dual to
A,(g), this bialgebra at ¢ = 0 should be dual to B. We conjecture that it is U.

This should give some way of describing the (co)multiplication of B in terms of the

(co)multiplication of global basis elements of A,(g) in general.
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Part 11

A Tannakian reconstruction theorem

for IndBanach spaces
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2.1 Contracting (co)products

Fix a complete valued field k with non-trivial valuation, either Archimedean or non-

Archimedean. Recall the definitions of Section 0.1.3.

Definition 2.1.1. Let Ban,%1 denote the wide subcategory of Ban, whose morphisms
are bounded linear transformations of norm at most 1, the contracting category of

Banach spaces. By wide we mean that Baun,?1 contains all objects of Bany.
Definition 2.1.2. Let (V;);c; be a family of Banach spaces. Let us define the con-

tracting product of this family as the Banach space

<1
HZQVQ = {(vi)ier € XierVi | Sup;e/lvi]| < o0}

with norm |[|(v;)|| = Sup,¢/||lvi]| in both the Archimedean and non-Archimedean cases,

and the contracting coproduct as the Banach space

<1

i_GIV% = {(vi)ier € XierVi | Z Jvil| < oo}
i€l
with norm ||(v;)[| = >,/ [|vs]| in the Archimedean case and

<1 .
HZ,GIV; = {(vi)ier € XierVi | imyesl|vs|| = 0}

with norm |[|(v;)|| = Sup;¢;||vs|| in the non-Archimedean case.
Proposition 2.1.3. The category ch,fl has small limits and colimits.

Proof. Indeed, it has kernels and cokernels inhereted from Bang, and it is straight-
forward to check that Definition 2.1.2 describes products and coproducts in this cat-
egory. O
Definition 2.1.4. Limits and colimits in Ban,?l give objects in Bang. We shall refer
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to them as contracting limits and colimits respectively, and denotate them by limISl

. <1
and colimy

Remark Note that filtered contracting colimits are not left exact. For example, the
maps k — k1 are all isomorphisms in Ban, (and bimorphisms in Ban;') but taking

contracting colimits over n > 1 we obtain the morphism k& — {0}.

Contracting (co)products have the following universal property in Bany.

Lemma 2.1.5. For all collections of morphisms {f; : U — V;}ier (respectively {g; :
Vi = Whier) such that {||fil| }ier is bounded (respectively {||g;||}icr is bounded) by

some M > 0, there exists a unique map U — H Vi (respectively H Vi— W) of

el el

norm as most M such that f; is the composite U — H V; = Vi (respectively g; is

jel

the composite V; — [[-o; V; — U). That is,

jel

<1 <1
Hom(U, HEI Vi) & Hom(U, V;)

i€l

and

<1
HomH Vi, W) =T~ Hom(V;, W).

el

Proof. As the valuation on our field is assumed to be non-trivial, we may take M &€
|k | without loss of generality, so there is A € £* with |A| = M. Then we may rescale
our family of morphisms to {%}le 7 in Ban,fl. By the universal property we get a map
¢o:U— erll V; of modulus at most 1. Scaling by A gives our desired map, A-¢. The

proof for contracting coproducts is similar. ]

Definition 2.1.6. For aset I, let Baun,lg’b‘]l be the category whose objects are collections
(Vi)ier of Banach spaces V; indexed by ¢ € I and whose morphisms are uniformly
bounded,

Hom((Voer, (V))ier) i= [, Hom(V;, V).

i€l
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It follows from Lemma 2.1.5 that erll and erll define functors from Ban, ™ to

Bany. Furthermore, contracting products are right adjoints to the diagonal functors
A : Ban, — Bani’bd, V= (V)ier,

and likewise contracting coproducts are left adjoints to A’.

Remark Note that contracting products and contracting coproducts do not neces-

sarily commute. For example the natural map

<1 <1 <1 <1
|1 s [ I
icz LLjez jez 1 liez,

is not surjective, as (0; j); jez is not in the image.

Definition 2.1.7. We extend the definition of contracting (co)products to IndBany,

as follows. The contracting product and coproduct functors

<1 <1
S = I,bd

| | , | | : Ban,”™ — Bany,
I I

induce functors from the Ind completion of Bané’bd,

IndBan,"® := Ind(Ban,""),

to IndBany, which we will continue to denote as HISl and ngl respectively. There
is a faithful diagonal embedding functor A’ : IndBan;, — IndBani’bd induced by

A’ : Ban, — Bani’bd.

Remark The embedding Bané’bd < Banyj, induces a faithful embedding IndBani’bd —

Ind(Banj) = IndBanj. This allows us to think of objects of IndBan, " as certain

collections of IndBanach spaces indexed over I.
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Proposition 2.1.8. There are adjunctions
<1 I
Hom(HI X.,Y) = Hom(X;, AY)

and

<1
Hom(Y, HI‘ X;) = Hom(A'Y, X;)

for Xy in [ndBani’bd and Y in IndBany.

Proof. The result follows from the adjunction given in Lemma 2.1.5 by taking filtered

colimits. O

Definition 2.1.9. We will say that a functor F : IndBan; — IndBan; commutes with
contracting coproducts if the functors F! : IndBan; — IndBanj restrict to functors
Fr. IndBané’bd — IndBauni’bd under the embedding IndBani’bd < IndBanj, such

that the diagram of functors

IndBani’bd IndBani’bd
<1 j / ‘ <1
I I
IndBany, al IndBany,

commutes up to a natural isomorphism.

Remark It is important to note that, since contracting coproducts are not functorial
on IndBan,]g, or even on the full subcategory on the essential image of IndBani’bd, the
statement of whether or not a functor commutes with contracting coproducts is not
invariant under isomorphism. However, the following weaker notion is invariant under

isomorphism of functors.

Definition 2.1.10. For a set S we will denote by [*(S) the contracting coproduct

1'(S) :=[I5' k. We will say that a functor F' commutes with I' if the natural map



is an isomorphism. This map is the image of the identity under the composition

I

Hom([[5" &, LI5" #) 5 Hom(k, I 15" )
— TI5" Hom(F(k), F(II5" k))

= Hom([I[5' F(k). F(IT5" k))-
2.2 Categories of IndBanach (co)modules

2.2.1 IndBanach modules of IndBanach algebras

Definition 2.2.1. Let C be a locally presentable, quasi-abelian category enriched
over IndBany and let ' : C — IndBany be an enriched functor. We say that F' is a
fibre functor over IndBany if F' is bicontinuous, strongly exact, faithful and reflects

strict morphisms.

The following adaptation of the Adjoint Functor Theorem for locally presentable

categories (see [1]) tells us when an enriched adjoint functor exists.

Theorem 2.2.2 (Enriched Adjoint Functor Theorem [24]). Let .% : € — 2 be a
functor between locally presentable categories, enriched over IndBany. Then F has
an enriched right adjoint if and only if it preserves all small colimits. If € is complete

and F also preserves all small limits then F has an enriched left adjoint.
Proof. This follows directly from Theorem 5.32 and Theorem 5.33 in [24]. [
This gives us the following Lemma.

Lemma 2.2.3. Let C be a locally presentable, quasi-abelian category, and let F : C —
IndBany, be a fibre functor over IndBany. Then F satisfies the conditions of Barr-
Beck (Theorem 0.1.13), so C is equivalent to the category of algebras of a monadic

functor T' on IndBany,.
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Proof. By Theorem 2.2.2, since IndBany, is locally presentable and a fibre functor
F' is both continuous and cocontinuous it has a left adjoint, G. Hence property
(i) of Theorem 0.1.13 is satisfied. For property (ii), if f : A — B is a morphism
in C such that F'f is an isomorphism then it fits into a strictly coexact sequence
AL B Coker(f), the image of which under F is then also strictly coexact, so
F(Coker(f)) = 0. A similar argument shows F'(Ker(f)) = 0. Since F' is faithful, this
means that f has trivial kernel and cokernel. It then follows from the fact that F
reflects strictness that f is also an isomorphism. C is quasi-abelian and hence has
equalisers, and so (iii) follows from the strong exactness of F'. Thus, by Theorem

0.1.13, F' is monadic and C is equivalent to the category of algebras of T'= FG. [J

Lemma 2.2.4. With conditions as in the previous lemma, the monad T is cocontin-

uous.

Proof. This follows from the fact that F' is assumed to be cocontinuous and G is a

left adjoint, hence also cocontinuous. O

Lemma 2.2.5. A functor ¥V : IndBan, — IndBany, is naturally isomorphic to one of
the form V®@— for an IndBanach space V if and only if ¥ is enriched over IndBan,

cocontinuous and commutes with 1'.

Proof. For a Banach space V, V&— is a left adjoint on both Banj, and Ban/,f1 hence
is cocontinuous and commutes with contracting coproducts. Since contracting co-
products commute with colimits, this is also true for any IndBanach space V. Hence

V&— commutes with 1.

Conversely, suppose ¥ : IndBan, — IndBany is enriched, cocontinuous and com-
mutes with {'. Let W be a Banach space which, by Lemma A.39 of [5], can be written

as the cokernel of a morphism

fiP(W') = P(W)
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where

P(X) = [[oex k=0'{z e X | |l2] = 1})

llell=1
for any Banach space X, and W’ is the kernel of the natural map (W) — W. But,

since ¥ commutes with [},

Y (P(X) = [[oex ¥ (k) = ¥ ()&P(X)

flz[|=1

for all sets X. The map f is induced by uniformly bounded maps f, : k — P(W)
indexed over z € W' with ||z|| = 1. Each f, is a convergent sum ) ay Ly, dzy € K,
indexed over y € W with ||y|| = 1, where ¢, injects the copy of k indexed by y into
P(W). Since ¥ is enriched, if ¥/ (k) = "colim";c;X; and ¥ (P(W)) = "colim" ;¢ Y},
then the map

Hom(k, P(W)) L Hom(¥ (k), ¥ (P(W)))

is given by a compatible collection of continuous maps of Banach spaces
Hom(k, P(W)) 2 Hom(X;,Y;,)
for each ¢ € I and for some corresponding j; € J. Then

Hifo) = 10D toyly) = Y sy ¥ilLy)

Y Y

as maps X; — Y}, for each ¢ € I. By construction of the morphism in Definition

2.1.10, the map ¥'(v,) is equal to the composition

~

V (k) = ¥ K)ok 2% ¥ (k)QP(W) = ¥ (P(W)).

By potentially replacing each j; with another element in the filtered set J, we may
assume that the isomorphism ¥ (k)@ P(W) = ¥ (P(W)) is given by a collection of
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maps X;®P(W) — Yj,, where the composition
®Ly

X = X,®k —2% X,QP(W) = Y},

is equal to %;(¢,). Thus the diagram

X:&k
d® f, | | #(f2)
X;@P(W)

commutes, and hence so does the diagram

V(k)&k ———— V(k) V(P(W"))
d® f, | N |7 (f) L7 (f)
V(k)RP(W) — V(P(W)) —— V(P(W)).

Thus the diagram

V(k)&P(W') ——— V(P(W"))
do f| [ 7(f)
V(k)&P(W) —— V(P(W))

must also commute. From this we have that

I

V(W) ¥ (Coker(P(W') = ( )))

I

(
Coker(¥ (P(W')) 22 v (P(w)))

2

)L
)

Coker(¥ (k)& P(W') 225, v (k)& P(W))
(

I

¥ (k)®Coker (P W’) P(W))

124

v (k)W

for any Banach space W. Since any IndBanach space can be written as a colimit of
Banach spaces, and since both # and ¥ (k)®@— are cocontinuous, ¥ is isomorphic to

the functor V&— for V = 7 (k). O
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Theorem 2.2.6. Let C be a locally presentable, quasi-abelian category, enriched over
IndBany, equipped with a fibre functor F' : C — IndBang as in Definition 2.2.1.
Assume further that T = FG commutes with I*, as in Definition 2.1.10, for some left
adjoint G to F'. Then there exists an algebra </ in IndBany such that C is equivalent

to the category of left o/ modules in IndBany,.

Proof. By Lemma 2.2.3, C is equivalent to the category of alegbras of 7" in IndBany.
By Lemma 2.2.4, Lemma 2.2.5 and our assumption that 7' commutes with !, T is
isomorphic to &®— for & = T(k). Then the fact that T is a monad is equivalent
to & being an algebra, and the category of T' algebras in IndBan,, is then just the

category of &/ modules. m

Definition 2.2.7. Let C be a category enriched over IndBan,. We will say that C

has constant contracting coproducts if, for each set S, there is a functor

]_[?:c%c

and, for each map of sets S’ — S, there is a natural transformation

Hjl N Hj
such that
i) Homo([I5' X,Y) = [[5' Home(X,Y) for all X and Y in C;
ii) the assignment S — ]_[§1 is contravariantly functorial.

By property (i), if such functors exist then they exist uniquely. We will say that a func-
tor F': C — C’ between categories with constant contracting coproducts commutes
with constant contracting coproducts if we have a collection of natural isomorphisms

Fo ]_[§1 = H§1 oF compatible with the functoriality in S.
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Remark In the case where C = IndBan,,, the functor ]_[E1 is the composition
IndBany, A—S> IndBanS ba 15" —2— IndBany,.

Corollary 2.2.8. Suppose we have a category C with constant contracting coproducts
as defined above that is fibred over IndBany. Suppose further that the fiber functor F
commutes with constant contracting coproducts. Then there exists an algebra <7 in

IndBany, such that C is equivalent to the category of left &/ modules in IndBany.

Proof. Let G denote the left adjoint to F', which exists by Lemma 2.2.3. We have

that
Hom([[5' G(X),Y) = [[5'Hom(G(X),Y

IR
3
= @A
— |
o
“in B
A X
R IS
< S

= Hom(G (Hs

for all X in IndBany, and Y in C, hence G(][5' X) = 31 G(X) naturally for all X

in IndBan,,. The result then follows from Theorem 2.2.6. O

We may, in fact, give an alternate and perhaps more explicit description of the

algebra 7 from Theorem 2.2.6 and Corollary 2.2.8.

Definition 2.2.9. Let .# : C — IndBany, be a functor. As IndBan, is closed, we may

define the internal natural transformations Hom (%, %) from .Z to itself as the end

/ Hom (.ZV, ZV) (H Hom(ZV, . ZV) = [] Hom(ﬁV,ﬁV’)).
vVec

vecC V-V’

The maps k& — Hom(#V,.ZV) picking out the identity in Hom(.#V, . #V) induce a
unit map

k— Hom(#V, #V) = Hom(%#, %)
vec
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and the compositions Hom(.Z#V, . ZV)&Hom(FV,.ZV) — Hom(.FV,.ZV) induce a

multiplication

( / Hom(ﬁ’V,ﬁV})@( / Hom(ZV, 321/)) R / Hom(ZV, ZV)
vec Vel vec

from which we give Hom(.%#, %) the expected IndBanach algebra structure.

Proposition 2.2.10. Let o7 be an IndBanach algebra, let C be the category of its
IndBanach modules and let ' be the forgetful functor to IndBanach spaces. Then

o/ = Hom(F, F) as IndBanach algebras.

Proof. o/ naturally gives an object of C, and F' = Hom(«/, —). So, by the enriched
Yoneda Lemma (see Section 2.4 of [24]), &/ = Hom(F, F') cannonically. It is clear

from construction that this is an isomorphism of IndBanach algebras. O

Remark Suppose C is the category of IndBanach modules over an IndBanach algebra
/. Let F denote the forgetful functor to IndBany, G its left adjoint, and T = FG =
@/ ®—. Moerdijk proves in [36] that monoidal structures on C for which F is strong
monoidal correspond to comonoidal structures on 7', which in turn correspond to
coalgebra structures on /. For any given monoidal structure on C with F' strong
monoidal, the counit of the adjunction gives us a morphism 7'(k) — k. The image of

Ny @nw under

Hom(A®B, FGA®FGB) = Hom(A®B, F(GA®GB))
>~ Hom(G(A®B),GARGB).

gives a natural transfromation G(—®—) = G(—)®G(—). Then the composite T'(—®—) =
F(G(-)®G(-)) = T(—)®T(—) makes T comonoidal. This gives &/ a comultiplica-

tion compatible with its multiplication, from which the monoidal structure of C comes.
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2.2.2 IndBanach comodules of IndBanach coalgebras

(Classical Tannaka-Krein duality asks when a category C is a category of comodules

over a coalgebra, which we aim to provide an analytic analogue of here.

Definition 2.2.11. Let C be a locally presentable, quasi-abelian category, enriched
over IndBang, and let F' : C — IndBan, be an enriched functor. We say that F
is a co-fibre functor if it is cocontinuous, strongly exact, faithful and reflects strict

morphisms.

Lemma 2.2.12. Let C be a locally presentable, quasi-abelian category, enriched over
IndBany,, and let F : C — IndBan, be a co-fibre functor over IndBang. Then F
satisfies the dual conditions of Barr-Beck (Theorem 0.1.14), so C is equivalent to the

category of coalgebras of a comonadic functor U in IndBany,.

Proof. The proof is analogous to the proof of Lemma 2.2.3. m

Remark Since G is a right adjoint, it is not necessarily true that G or U is cocon-

tinuous.

Theorem 2.2.13. Let C be a locally presentable, k-linear, quasi-abelian category,
equipped with a co-fibre functor F : C — IndBany,. Assume further that U = FG is
cocontinuous and commutes with I*, where G is some right adjoint to F. Then there
exists a coalgebra %A in IndBany such that C is equivalent to the category of left A

comodules in IndBany,.

Proof. The proof is analogous to that of Theorem 2.2.6. O

Remark At first sight this result is less satisfying than Theorem 2.2.6 or Corollary
2.2.8, as U is not automatically cocontinuous and the assumption that it commutes

with [! is not automatic from a good notion of contracting coproducts. However,
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in applications, the adjoint G, and hence the comonad U, can often be described

explicitly and checked for (contracting) cocontinuity.

Remark Let C be the category of IndBanach comodules over an IndBanach coalgebra
A, and let us denote by F the forgetful functor to IndBany, G its right adjoint, and
U= FG = Z®—. As before, monoidal structures on C for which F is strong monoidal
were shown by Moerdijk in [36] to correspond directly to monoidal structures on U,
which in turn correspond to algebra structures on Z. This correspondence is dual to

the one outlined in the final Remark of Subsection 2.2.1.

2.2.3 Simultaneous modules and comodules

In the case where we have both left and right adjoints G and G’ as described in
Theorems 2.2.6 and 2.2.13, we relate & = FG(k) and # = FG'(k) as follows.

Proposition 2.2.14. < is dualisable with dual % in IndBany.

Proof. The adjunction gives an adjunction between T'= FG and U = FG’

Hom(7TV, W) = Hom(GV, G'W) = Hom(V, UW).

Then the unit and counit of this adjunction at k£ give the described duality. O]

Remark Conversely, suppose that o7 is a dualisable IndBanach algebra with dual 2.
Then £ forms an IndBanach coalgebra, and there is an adjunction as above between
the functors T = &/®— and U = %&®—. It then follows that the category of Ind-
Banach &7 modules and IndBanach % comodules are equivalent in a way compatible

with the forgetful functor.
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2.3 Examples

We now present some examples to highlight the possible applications of this theory.

2.3.1 Comodules of a Banach coalgebra

Proposition 2.3.1. Let B be a Banach coalgebra, viewed as an IndBanach space, and
let M be an IndBanach B-comodule. Then M 1is isomorphic to a colimit of Banach

comodules of B.

Proof. Let C be the Ind completion of the category of Banach B-comodules. The
forgetful functor from the category of Banach B-comodules to Ban; induces a co-
continuous, strongly exact, faithful functor F' : ¢ — IndBan; that reflects strict
morphisms. Hence F' is a co-fibre functor and C is equivalent to the category of coal-
gebras over a comonad U. The right adjoint of the forgetful functor B&— from Bany,
to Banach B-comodules induces a right adjoint G to F', and F'G is isomorphic to the
functor B®—. So it follows that C is equivalent to the category of B-comodules in

IndBang, from which the proposition follows. O]

2.3.2 Analytic gradings

This example is motivated by the prospect of defining analytic analogues of quan-
tum groups. In constructing the positive part of the quantum group through Nicholls
algebras, one works with graded vector spaces. The following gives an analytic ana-

logue of such a grading which we will use in Part III to define analytic Nichols algebras.

Definition 2.3.2. Let I' be a discrete group with identity e. Let GrrIndBan; be

the category of IndBanach spaces of the form H?l My for Mrp in IndBaml,;’bd with
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morphisms that preserve this grading, that is,

<

I—IO—mGrr (H;l

<1 . . <l . )
My, ]_[F M}) = lim;ercolime ngr Hom (M, (i), M} (j))

where My = "colim";er(M,(i))ger and M = "colim" e ;(M.(j))ger in IndBan, ™.
Let F' be the forgetful functor to IndBan, which maps morphisms via the natural

maps

[Tger Hom(M, (i), My (7)) — TTier I er Hom(M, (i), My (5)
= Hom(ITger My(i), Ier My (7).

GrrIndBany is monoidal, with tensor product

(I, ae) & (IT, M) = colimees TT (TT,, Mo 908205())-

Proposition 2.3.3. GrrIndBany, is equivalent to the monoidal category of k{I'} co-
modules in IndBany, where k{T'} is the bialgebra H;elrk -t9. Here, k{T'} has the
comultiplication t9 — t9 ® t9, with counit t9 — 1, and multiplication t9 - t9 = 99

with unit t°.

Proof. Since
=1 . . =1 . .
Hom(F(l |F My), X) = lim;ecolim;e s | |ger Hom(M,(7), X(j))

for Mp = "colim";e;(My(7))ger and X = "colim"jc ;X (j), we see that F is left adjoint
to the functor G : IndBan, — GrzIndBan, that takes X to the contracting coproduct
ngrX = colim; H?elr X(j). Then U = FG is cocontinuous and commutes with
contracting colimits, so is isomorphic to the functor k{I'}&®—. It is clear that the
monoidal comonadic structure on U induces the above bialgebra structure on k{I'}.

]
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Remark If we take I' = Z" we obtain a completion of k[t;,t;',... t,,t;}], the

coalgebra of analytic functions on the unit sphere in k™.

2.3.3 Gradings arising from strictly convergent and overcon-

vergent powerseries on the unit polydisk

In the previous example, we showed that analytically Z"-graded IndBanach spaces
are comodules over the bialgebra of analytic functions on the unit sphere in k™. There
are, of course, other bialgebras of analytic functions, and these give rise to other

analytic gradings.

Definition 2.3.4. Let Gry~vIndBan, be the category whose objects are IndBanach

spaces of the form HNN M for M € IndBaumN P with morphisms that respect the

grading
<1
Homgy,,, H H = hngcohmJEJH  Hom (M, (i), M, (7))
where M = "colim"jc;(My (7)) neny and M" = "colim" je ;(M},(j))nen~ in IndBamN ibd

Let us denote by F' the forgetful functor to IndBanj. Then Gr,IndBan is monoidal,

with

(H;; M)é (]_[;; M') = colimes H (Hm+m MM, ()

jeJ

Proposition 2.3.5. The category Gry~ IndBany, is equivalent to the category of k{t} =
E{ti,... tn} = HneNN k-2 comodules, where the comultiplication maps t* — 2@ 2

and the counit is t* — 1, and the multiplication maps t™ @ t% — t™2 with unit t°.

Proof. This is just a variation of Proposition 2.3.3. O
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Remark k{t} is the bialgebra of strictly convergent powerseries on the polydisk of
radius 1, {a = (a1,..,ay) € k™ | |a;) < 1}. Note that strictly convergent powerseries
on a polydisk of polyradius r does not have a bounded comultiplication unless all
r; < 1, and the counit is only bounded if all r; > 1, hence we are restricted to the

unit polydisk.

Definition 2.3.6. Let GrT’ IndBan, be the category whose objects are IndBanach

spaces of the form
<1

M = "colim",>1 H M(n,i)m

il ~—-neNy

for "colim";c; (M (n, 7)) eny in IndBan, “bd Here we use the notation M(n,i)m for
the Banach space M (n, i) with the norm scaled by r* > 0. Morphisms are defined by

Hom

<1
ot (M, M') = lim, 1 lim;e colim;e s H;Nn Hom(M (n, 1), M'(n, 7))z,

NN -

for

M = "colim",~1 ;er H M(n,i)m

neNN
and

<1
o ] n - / s
M' = "colim",/~1 jes | |n/€NN M0, ) -

Here, colimits and limits are taken over polyradii r = (r1,..,7n) with 1 < r; and

1 > r; respectively for ¢ = 1,.., N. The category GrIT\;}VIndBank is monoidal, with

. <1 <1 .

M&M' = "colim", B < M m, 1) QM (m/, j ) .
L (I Mmoo )
j

Proposition 2.3.7. The category Gry v IndBany, is equivalent to the monoidal cate-
gory of k{t}T := "colim "+, HnGN” yn comodules. The algebra structure comes from

that of each k{ } = HneNn rn, whilst the counit and comultiplication are induced by
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the maps
R e A e A Rt LAt e S

Proof. For M = "colim",~1 es HielNN M(n,i),n and for X = colim;c;X(j) an Ind-

Banach space we have

<1

Homg,+ (M, "colim",~1 H X(j)m)
N

jeJ neNn

, , <1 ‘ ,
= hmie]lcohmjeJ H@eN” HOHI(M(E7 @)a X(]))rﬂ

r< -

. . <1 . .
= hmégcohmjg H@eNn Hom(M (n,7), X (J))(1/r)n

<1
= lim;e;colimjey | | _yp Hom(M (1, i), X (7))

r>1

= Hom(FM, X),

<1

and so X +— "colim",~1 jes [

nenn X () 18 Tight adjoint to the forgetful functor.

The associated comonad is then isomorphic to k{t}'@—. The monoidal structure on

Grg vIndBan, gives k{t}' the described bialgebra structure. O

Remark k{t}' is referred to as the bialgebra of overconvergent powerseries on the
polydisk of radius 1. For similar reasons to the case of strictly convergent powerseries,
we are restricted on our choice of polyradius. Alongside the previous example of radius
1, we also have the following at radius 0, where we consider germs of analytic functions

at 0.

Definition 2.3.8. Let Gr};]’?vlndBank be the category whose objects are IndBanach

spaces of the form
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for "colim";e; (M (n,7))peny in IndBank ¥.bd . Morphisms are defined by

<1
Hom, o (M, M') = lim, olim;ecolim;e s H_ Hom(M (n,i), M'(n, j))n,
NN neN

for

M = "colim",~¢ 16]]_[ NeNy M(n,i),
and
M’ = "colim" >0j6,]_[

’ENN

As before, the category Grg?\,lndBank is monoidal.

Proposition 2.3.9. The category Grgg]ndBank 15 equivalent to the monoidal cate-

gory of k{:} == "colim",~q HnGN" kyn comodules.

Proof. This follows as in the proof of Proposition 2.3.7. O

2.3.4 Non-example: Contracting products

Let C be the category of IndBanach spaces of the form "colim";¢; HnGZ (1), for

N,bd

"colim" ;e (M, (7)) nen in IndBan, ", with morphisms similar to GrzIndBang,

<1 . . <1
Home ("colim"sc; [T~ My (0), "eolim ;e T]™. 24()

. . <1 . ;o
= lim;ercolim;e HneZ Hom (M, (4), M, (j)),
and again let I’ be the forgetful functor to IndBan,. Then as
<1
Hom (X, FM) & lim;e colimer | | _, Hom(X(5), M, (1))
for X = "colim";c;X(j) in IndBan, and M = "colim";¢s erlz M, (i), we see that
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F has as left adjoint the functor G' : X — H;LGIZX . However T' = FG' does not
commute with contracting coproducts, and so is not isomorphic to taking the tensor

product with an IndBanach algebra.

2.3.5 Representations of discrete groups

Definition 2.3.10. Let ' be a discrete group and let I'-IndBany, be the category of
representations of I' on IndBanach spaces. This has the obvious forgetful functor F'
to IndBan,, forgetting the action of I'. With the diagonal action of I, C is monoidal

and F'is strong monoidal.

Lemma 2.3.11. F has a left adjoint G : X — [[ . X where h € T acts on GX by

gel

mapping the copy of X indexed by g isomorphically to the copy indexed by hg.

Proof. The isomorphism Hom(X, F'Y)) & Homrp([[,cp X,Y), for X in IndBan; and
Y in I'-IndBany, that gives this adjunction takes f : X — Y to the morphism defined
on the copy of X indexed by g as X Ly % Y. The inverse to this map just restricts

a morphism || ger X — Y to the copy of X indexed by the identity 1 € G. H

Proposition 2.3.12. T'-IndBany is equivalent to the monoidal category of of =
ngp k modules in IndBany,. Here, the multiplication on < is determined by mapping
isomorphically the tensor product kXk of the copies of k indexed by g and ¢' to the
gq’ copy of k in o, with the unit being the map from k to the copy of k indexed by
e. The comultiplication on </ maps the copy of k indexed by g isomorphically to the

tensor product k®k of the copies of k indexed by g and g in o R4 .
Proof. This follows from Theorem 2.2.13, noting that FG = o/ ®—. O

Definition 2.3.13. Let F—IndBam,f1 be the full subcategory of I'-IndBan,, consisting
of IndBanach spaces V' with a bounded action of I'. That is, there is an inductive

system of Banach spaces (V;);e; and amap I — I, i — ¢', such that V = "colim";¢;V;
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and the action of I' is determined by maps I' — Hom(V;, V;) for each i € I with
{llg- : Vi = V|| | g € '} bounded for each i € I. We will continue to denote the
<1

restriction of F' to I'-IndBan; " as F'. Then F—IndBan,f1 is again monoidal, and F' is

strong monoidal.

Lemma 2.3.14. The forgetful functor F' again has a left adjoint, G' : X — ]_[ggelr X,
where h € T' acts on G'X by mapping the copy of X indexed by g isomorphically to

the copy indexed by hg.

Proof. The proof is similar to the proof of Lemma 2.3.11, with contracting coproducts

in place of coproducts. [

Proposition 2.3.15. F—]ndBan,?l is equivalent to 1'(T') modules for the Banach
bialgebra 11(T) := Hggelrk: -9, with bialgebra structure defined by t9 - t9 = 99
A(t9) =19 @19,

Proof. As with Proposition 2.3.12, this follows from Theorem 2.2.13, noting that

FG' =1 (D)&—. =
Remark [!(T) is often referred to as the Banach group algebra of T.

Remark Note that the forgetful functors from I'-IndBan; and F—IndBan,f1 also have
right adjoints, X + [[; X and X + [[=' X, with similar [-actions to G(X) and
G'(X). However these functors are not cocontinuous, so our monad is not isomorphic
to tensoring with a coalgebra, unless I' is finite. There are still natural morphisms
I X = X and X — [[p ][ X, and [I5' [[7' X — X and X — [[F' ][5 X,
exhibiting adjunctions. If T is finite then &/ = &’ = [!(T") is dualisable, with dual
1°(1) = [I5" &

2.3.6 Representations of topological groups

Definition 2.3.16. For a locally compact topological group H and a Banach space

V' let us denote by C(H,V) the topological vector space of continuous functions
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H — V. with the topology of uniform convergence on compact subsets. Let us
denote by Cy(H, V') the closed subspace of functions which are bounded on H, which
forms a Banach space with the supremum norm. Note that if H is compact then all
continuous functions are bounded, so Cy(H,V) = C(H,V). We will use C}*(H,V)
to denote the closed subspace of left uniformly continuous functions. That is, the
subspace of functions f : H — V such that, for each net (hy)ea in H converging to

the identity, Sup,c || f(haz) — f(z)|| converges to 0.

Remark It was remarked to the author by Anton Lyubinin that if H is compact
then all continuous functions must be left uniformly continuous, by a variation of the

Heine-Cantor Theorem, in which case C}"(H,V) = Cy(H,V) = C(H,V).

We fix a locally compact topological group G.

Topological groups with a bounded continuous action

Definition 2.3.17. Let G-Mod®® be the category of strongly continuous bounded
IndBanach G modules V. That is, there is an inductive system of Banach spaces
(Vi)ier and a map I — I, i+ ', such that V' = "colim";c;V; and the action of G is
determined by continuous maps G — Hom(V;, Vi) for each ¢ € I, where Hom(V;, Vy/)
is given the strong operator topology, and {||g- : V; — V|| | ¢ € G} bounded for
each i € I. The diagonal action of G makes G-Mod"® monoidal. We denote by F the

forgetful functor to IndBany,.

Definition 2.3.18. For a Banach space V, let C,(G,V) be the Banach space of
bounded continuous functions from G to V, and let C*(G,V) be the closed sub-

space of left uniformly continuous functions. For a general IndBanach space V =

"colim";e; Vi we set CIY(G, V) = "colim";c;C(G, V;).

Remark In Definition 2.3.17, our representations are in some sense locally Banach.

Likewise, our definition of C{*(G, —) in Definition 2.3.18 as a functor is in some sense
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local.

Lemma 2.3.19 (|9]). The functor CI*(G,—) is right adjoint to the forgetful functor
F.

Proof. This is proved by Biihler in [9] for Banach spaces but follows for IndBanach

spaces too. ]

Proposition 2.3.20. G-Mod™ is equivalent to the category of coalgebras over the

monoidal comonad C/(G, —).
Proof. This follows from Lemma 2.2.12. O

Corollary 2.3.21. In the case where G is compact, G-Mod* is equivalent to the cat-
egory of comodules over the bialgebra C*(G, k). Here, the multiplication is pointwise,

and the comultiplication is given by the composition
CH(GL k) 25 CIMG, ClMGL k) = G, F)ECHGL k),

with A(f)(g9)(g") = f(g99')

Proof. If G is compact, C{"(G, —) is cocontinuous and commutes with contracting
colimits, so is isomorphic to CI*(G, k)&— by Lemma 2.2.5, and G-Mod™ is equivalent
to IndBanach C["(G, k)-comodules. Then the monoidal structure gives Ci*(G, k) the

usual algebra structure arising from pointwise multiplication. O]

Topological Groups with a continuous action, not necessarily bounded

We now consider a wider class of representations of a topological group. Suppose,

for simplicity, that we can write G as a directed union of compact open subgroups

G - Uie[ Gz
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Definition 2.3.22. Let G-Mod be the category of k-IndBanach spaces V' with a
strongly continuous action of G. By this we mean an IndBanach space V' such that,
for each ¢ € I there is an inductive system of Banach spaces (V});e; and map J — J,
J + 7', such that V' = "colim" ;¢ ;V; and the action of G on V' is induced by continuous
maps G; — Hom(V}, V) where Hom(V}, V}/) is given the strong operator topology.
We will denote by F' the forgetful functor from G-Mod to the category of IndBanach
spaces. The diagonal action of G makes (G-Mod monoidal, with trivial action on the

monoidal unit k, and F' is strong monoidal.

Remark If V € G-Mod is a Banach space then this just means that the action by

G is strongly continuous in the usual sense.
Remark Note that G-Mod™ sits as a full subcategory of G-Mod.

Definition 2.3.23. For any i € I and for any Banach space V', C™(G;, V) is a Banach
space. For a general IndBanach space V = "colim"c;V; we can view C™(G;, V) as
the colimit "colim";c;C"(G;,V;) in IndBany, and we view C™(G,V) as the limit
lim;e ;O™ (G5, V). C™(G,V) has a left action of g € G induced by the right regular
actions of G; on C"(G;, V).

Lemma 2.3.24. C"(G,V) can be expressed as the colimit of spaces
<1 . o
= l For all 123" there exists j>j;,j;r
{(fl)le[ 6 Hq]e[ C u(Glﬂ V]z)"'z with ¢ji*jofi|c7;/ :¢ji/ onfi/ }

indexed over pairs ((ji)ier, (7i)ier) where (ji)ier is a collection of indecies in J and
(ri)ier is a collection of positive real numbers, both indexed over I. Here, ¢; i = V; —

Vi are the transition maps in the inductive system (V;);e.
Proof. Firstly, note that C™(G, V) is the kernel of the map

o: [[c"G. V)= ] ™G, V)

iel (i<’ el
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defined by m; s 0 ¢ = my — p; » om; where 7; » and 7; are the respective projections and
piir : C™(Gy, V) — C™(G;,V) is the restriction map. By the explicit description of
limits in [34],

<1

H Olu(Gi’ V)= ”COhm”(ji)ielv(ri)ieI H Clu(Giv ij)m

el

icl
and likewise

H Clu(G' V)_" lim", HSI Clu(G' V- )
iy = colim (]i,i/)(igi/)el i Jiit ITi40

(i<iher (rei)i<inyer (i<i)el
The result then follows by direct computation of this kernel, again using loc. cit. [J

Proposition 2.3.25. The action of G on C*"(G,V) is strongly continuous for any

IndBanach space V.

Proof. Note that, for any fixed ¢y € I, we may replace I with I>,,. In which case, G,

has a strongly continuous action on the spaces describes in Lemma 2.3.24. O]

Definition 2.3.26. For V' in G-Mod with action maps W%}j’jl : G — Hom(V;, Vy) we
get a collection of bounded linear map V; — C™(G;, Vi), v W%}j’jl(—)(v), where V' =
"colim";e;V;. These then induce morphisms V' — C™(G;, V) in IndBany, inducing in

turn a map 73, : V. — C"(G, V), the adjoint of the action.

Lemma 2.3.27. The forgetful functor F' : G-Mod — IndBany has a right adjoint
c@G, -).

Proof. For an object V' of G-Mod, with underlying IndBanach space F'V, and an

IndBanach space W, there is a natural map

Hompuggan, (FV, W) — Homg (V, C™(G, W)),
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taking f to the composite V/ v, C(G,V) Ehia C(G,W). Given i € I, the restric-

tion of the map
HomlndBan(V7 Cl“(G, W)) — HomlndBan(vv Clu(Gz‘, W)) — HOHlIndBan(Va W)

to Homg (V, C™(G,W)) provides an inverse, where the first arrow is induced by the
restriction map C™(G,W) — C™(G;, W) and the second arrow is induced by the
map C"(G;,W) — W that evaluates a function at 1 € G; C G (coming from
the maps C"(G;,W,) — W, for W = "colim";c;W;). Hence Hompapan, (V, W) =
Homg (V, C™ (G, W)). O

Proposition 2.3.28. GG-Mod is equivalent to the category of IndBanach spaces with

a coaction of the comonad C™(G, —).

Proof. This follows from Lemma 2.2.12. O

Remark Here, the comultiplication Ay : C(G,V) — C™(G,C™(G,V)) can be
thought of as A(f)(9)(¢") = f(g¢’) with counit f — f(1).

Corollary 2.3.29. If G is compact then G-Mod is equivalent to the monoidal category

of IndBanach C"(G, k)-comodules. Here, the multiplication on C'"(G, k) is pointwise.

Proof. If G is compact, this monad is isomorphic to C™(G, k)®y—. O

Remark The above Corollary is not true if G is not assumed to be compact, and

C"(G, k) is not a priori a coalgebra.

2.3.7 Analytic Galois descent

Let K C L be two complete valued fields, let IndBang and IndBan; be their

respective categories of IndBanach spaces, let Homy (—, —) and Homy(—, —) be their
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morphisms, and let @ and ©;, be their monoidal structures. We assume throughout
the following that L and K are non-Archimedean, which ensures that all IndBanach

spaces over either of them are flat by Lemma 3.49 of [4].

Definition 2.3.30. Let Resi : IndBan; — IndBang be the restriction functor that
restricts L-IndBanach spaces to K-IndBanach spaces, and let Ind% . IndBang —

IndBan;, be the induction functor X — L&y X.

Lemma 2.3.31. [nd% and Resf( form an adjunction,

Homy(Ind%X,Y) = Homg (X, ReskY),

for each K-IndBanach space X and L-IndBanach space Y .

Proof. This adjunction is clear when we restrict X and Y to being Banach spaces.

Taking colimits then gives the result. 0

~Y

Remark From the above Lemma we obtain a monad RestfIndk = L&x— on
IndBang, where the resulting K-algebra structure on L is the obvious one. It is
clear that the restriction functor satisfies the conditions of Barr-Beck. So, unsurpris-
ingly, IndBanj, is equivalent to the category of K-IndBanach spaces with an action

of L. This adjunction also gives the following result.

Proposition 2.3.32. IndBang is equivalent to objects in IndBany with a coaction

by U =2 L& — via the functor X — L& X for K-IndBanach spaces X .

Proof. We obtain a comonad U = Ind% Restf = L&y — on IndBan;, from the adjunc-
tion in Lemma 2.3.31. The comonad structure on U has comultiplication given by
the composition L&gY = LoxK®kY — LOxL®gY, with counit given by scalar
multiplication by L on each L-IndBanach space Y. By Lemma 3.49 of [4], L is flat
over K. Furthermore, if f : V' — W is a morphism of K-IndBanach spaces then the

diagram
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V- KégV — Indhv
/| | | Indf f
W — K& W — IndgW.

commutes, and the horisontal morphisms are strict monomorphisms. So if Ind% f is

strict then so is f. The proof of Lemma 2.2.12 then gives our result. O]

Remark Note that this differs from the theory outlined in Section 2.2 since U is not

L-linear, only K-linear. Thus we introduce the following framework to deal with this.

Definition 2.3.33. For algebras R and S in IndBang, let us denote by R-S-IndBang
the category of K-IndBanach spaces with a left action by R and right action by S
that are compatible. Then, for K-IndBanach algebras R, S, 7 and objects M €
R-S-IndBang and N € S-T-IndBang we obtain an object M®sN in R-T-IndBang
as the coequaliser of the two maps M®xS®xN = M&®gN. In particular, this
gives R-R-IndBang a monoidal structure, ®z. Suppose now that R and S are
commutative. For left R modules (respectively right S modules) M and N we may
view M ®p N as a left R module (resp. right S module) in two ways depending
on whether we act on M or N. Thus, for M, N € R-S-IndBang, there are four
morphisms ROx (Mg N)®rS — M&gN. The coequaliser of these four maps,
which we denote by M&x.sN, has a natural left action by R and right action by
S, hence gives an object in R-S-IndBany. In particular, this gives R-R-IndBang a

second monoidal structure, which we shall denote by ®z. %.

Lemma 2.3.34. A functor ¥ : IndBan;y, — IndBany is isomorphic to one of the
form V& — for some V € L-L-IndBang if and only if is it a cocontinuous functor,

enriched over IndBang, that commutes with [*.

Proof. This is entirely similar to the proof of Lemma 2.2.5. The main difference is

that ¥;(a, 4t,) is not equal to a,, #;(t,) with the usual left L action on Yj,. As a result
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V' = ¥(L) now has two actions of L. On the left, A € L acts by A -idy (1), whilst on

the right A\ acts by 7/(A -idp). O

Proposition 2.3.35. IndBang is equivalent to the category of left (L& L)-comodules
in IndBany, via the induction functor. Here, (L®KL) 1s not a bialgebra in IndBang,
but instead in L-L-IndBang with respect to the monoidal structure ®y. The comulti-

plication on (LQxL) is given by

(a®b)— (a®1)® (1®Db)

and the counit is just multiplication in L.

Proof. This follows from Proposition 2.3.32 and Lemma 2.3.34. O]

Remark The previous proposition says that we can recover an IndBanach space V'

over K from Ind%V provided we retain the coaction of L& L as descent data.

Remark In [12], Deligne refers to objects such as (L&xL) as groupoides, or, in this

particular case, cogebroides.

Proposition 2.3.36. With respect to the equivalence in the above Proposition, the
monoidal structure of IndBang corresponds to the algebra structure on (L& L) given
by (a®b)-(d @) = ad ®bY, with unit 1 ® 1. Note that this algebra structure is

with respect to the tensor product @y, on L-L-IndBan.
Proof. This is a trivial computation. O]

Definition 2.3.37. Consider Homg (L, L) as an object of L-L-IndBang with left
action (A - f)(a) = Af(a) and right action (f - A)(a) = f(A-a) for \,a € L, f €
Homy (L, L). Then composition gives Homg (L, L) an algebra structure with respect

to ®L~
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Proposition 2.3.38. We have a non-degenerate pairing

Homg (L, )& (L& L) — L, {f,a®0b) = f(a)b,

of an algebra with a coalgebra. That s, with the induced pairing between

Homg (L, L)®Homg (L, L) and (L& L)® (LR L) given by

(fef (a@b)®(@al) = (f(fawb),d @)= (f ([ a®bad @),

we have that (f o g,a®b) = (f ® g, Ala ®D)).

Proof. (f og,a®b) = f(g(a))b={f, (g(a)- 1)1 ®b) = (f @ g,Ala ®D)). =

Definition 2.3.39. Let A : Homg (L, L) — Homg (L& L, L) be the L-linear bounded
map A(f)(a®b) = f(ab). If L/K is finite then

HomK(L®KL, L) = HOH]K(L, L)@L_LHOIHK<L, L)

and so A can be viewed as a comultiplication.

Proposition 2.3.40. We can pair Homu (L& x L, L) with (L&x L)@ 1(LOx L), (f, (a®
b) @ (a/ @V)) = fla®d)bl, f € Homg(LRgL, L), a,d’,b,t/ € L. In which case
(AP, (a0 ) & (@ @) = (/. (a8 b) - (@ S V).

Proof. (A(f),(a®b)® (a/ @V)) = f(aa )bb' = (f, (a®Db)- (¢’ RV)). O

Remark As a bialgebra, L& L can be thought of as dual to Homg (L, L). Since the
Galois group, I' = '/, sits as the group-like elements within Homg (L, L), we may
think of L&k L as functions on the Galois group. We shall make this more precise.
Since I' is a profinite, hence compact, topological group, its strongly continuous L-
IndBanach representations should fit in the framework of Section 2.3.6. Since I' does

not act L-linearly, only K-linearly, we must modify the example slightly.
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Definition 2.3.41. Let I'-Modj, be the category of L-IndBanach spaces V' with a
strongly continuous action on Resj (V) as in Definition 2.3.22, given by 7y : I' —

Hom (V;, Vir) for V =2 "colim";c;V;, such that
v (o) (W) = oMy (v) for A€ Lyv e Vo €T

Let F' be the forgetful functor to IndBan;. The diagonal action of I' makes ['-Mod,
monoidal, with F strong monoidal. Let, for a Banach space W, C™(I', W) be the
K-Banach space of left uniformly continuous functions from I' to W extended to
an L-Banach space with the twisted action (- f)(o) = o(A\)f(o) for A € L and
f e C"™T,W). For W = "colim";c;W; an IndBanach space we define C'(I", W) =
"colim" ;e C™ (I, W).

Lemma 2.3.42. The forgetful functor F has a left adjoint C™(T", —).

Proof. The K-linear adjoint map 7 : V. — C"(I', V) extends to an L-linear map
m Vo= C"™(T, V). The rest follows as in the proof of Lemma 2.3.27. [

Proposition 2.3.43. The category I'-Mody, is equivalent to monoidal category of left
C"™(T, L)-comodules in IndBang,. Here, C"(T', L) is an object of L-L-IndBang with
left action by L as described for C’l“(F, L) and right action by L the usual pointwise
action on C™(T', L). The multiplication is pointwise, and with respect to @1, and

comultiplication given by the composition
C(T, L) 25 C™(T, C™(T, L)) = C"(T, L)&,C(T, L)

where A(f)(o)(7) = f(ro) for f € C*(T',L), 0,7 €T.

Proof. This follows from Lemma 2.3.42, Lemma 2.2.12 and Lemma 2.3.34. m
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Lemma 2.3.44. There is a morphism ¢ : L& L — C™(T', L), given by

¢(a ®@b)(0) = o(a)d,

that is compatible with the multiplication and comultiplication, and has norm ||¢|| = 1.

Proof. Firstly, the fact that ¢(a ® b) is left uniformly continuous is straightforward
to prove. In fact, if (z))xen is a net converging to 1 € I" then Sup,cp|¢(a ®b)(zr0) —

¢(a ®b)(0)| eventually becomes constant at 0. Secondly,
A - (a®0b) - p)(0) = a(Na(a)bp = (A-¢(a®@Db) - p)(o),

P((a@b)(a’ ®@V))(0) = o(a)a(a)bt = (p(a®b) - p(a’ @ V))(0),
and
Ap(a®b))(o)(1) = To(a)b = (0(a) - p(1 ®b))(T) = (¢(a ® 1) @ $(1 ® ))(0)(7)

for a,b,a’,b’\,u € L and 0,7 € I'. Also,

6D ai@bi)(0) =1 olai)bil < Sup;flo(ai)llbd} = Sup,{]asllbl}

for all a;,b; € L and o € I', hence

Suup,ep (16(0)(0)]} < Inf {Sup,{lad b} o = 3 o b}

for all @« € L& L. That is, ||¢|| < 1. The fact that ||¢|| = 1 follows since ¢ preserves

the unit, which is of norm 1 in both spaces. O]

Lemma 2.3.45. Let L/ K be an extension of complete valued fields such that the alge-

braic elements are dense in L. Then L = colimlg(ch,CLL’, where this is the contracting
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colimit taken in Bang over all finite extensions K C L' contained in L.

Proof. We have strict contracting monomorphisms L' < L for all finite extensions
K C L' contained in L. Suppose we are given a compatible collection of bounded
linear maps {fr : L' — V}kcpcr such that {||fr|}kcrcr is bounded by some
M > 0. Then we obtain a well defined bounded linear map f : Uxcp e L' =V
defined on each L' by fr,. The compatibility of the collection {fr/}xcrcr ensures
that this is well defined. By assumption, (Jy /-, L' is dense in L, hence we may
extend f to a unique map L — V such that f;, is the composition L' — L — V.

Clearly || f|| < M. O

Lemma 2.3.46. For an extension of complete valued fields, L/ K, such that the alge-

braic elements are dense in L, there is an isomorphism L& L = colim%cL,CLL’@)KL’.
Proof. This follows from Lemma 2.3.45. [

Lemma 2.3.47. For GG a profinite group and V a Banach space, the subspace of

locally constant functions is dense in C™(G, V).

Proof. Let f : G — V be a left uniformly continuous function. For a fixed g9 € T,

suppose, for a contradiction, that the net

(Supyegnllf(9) = f90)ll) nac

[G;N]<oo

does not converge to 0. Hence there is a net (gy)y<ag converging to go such that
| f(gn) — f(g0)|| does not converge to 0, which contradicts left uniform continuity of
f. Thus for all ¢ > 0 there exists N,, < G such that SupgegoNgOHf(g) — flgo)| < e
This means that, by looking at {goNy, | go € G} and f(go) € V/, for each € > 0 there
exists a cover U. of compact open subsets which has the property that each U € U
has some Ay € V for which Sup,;/[|f(g9) — Avll < e. By compactness of G' we may

assume that U. is finite, and furthermore we can take the sets in U. to be pairwise
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disjoint. We then have that the locally constant function ., Avxv approximates

Folf =X pau doxoll < e, in C™(G, V). O

Lemma 2.3.48. Let L/K be an extension of complete valued fields such that the
algebraic elements are dense in L and form a Galois extension over K. Then there
is an isomorphism colimilﬁFClu(F/H, L) = C™(T', L), where this is the contracting

colimit taken in Bang over all finite index normal subgroups H < T'.

Proof. A proof similar to that of Lemma 2.3.45 shows that the Banach space
colim3;.,-C™(I'/ H, L) is isomorphic to the closure of |J .. C™(I', L), since the image
of C"(T'/H,L) in C™(T', L) is just the H invariant subspace. It follows from the
definition of the profinite topology on I' that a function is locally constant if and
only if it lies in one of these invariant subspaces. By Lemma 2.3.47 this subspace is

dense. u

Lemma 2.3.49. For an extension of complete valued fields, L/K, such that the
algebraic elements are dense in L and form a Galois extension over K, there is an
isomorphism COZim?{lS]FCl“(F/H, L)y = C™(T, L), where the contracting colimit is

taken in Bang over all finite index normal subgroups H < T.

Proof. This follows from Lemma 2.3.45, Lemma 2.3.48, the fact that C'"(G, —) com-
mutes with contracting colimits for finite discrete groups G, and the fact that all

finite Galois extensions over K in L are of the form L for H < T of finite index. O

Lemma 2.3.50. If L/K is a finite Galois extension then the morphism ¢ in Lemma

2.8.44 1s an isomorphism.

Proof. By the open mapping theorem and Lemma 2.3.44, it is enough to show that
¢ is a bijection. First, by the Normal Basis Theorem, we may take be a normal basis
B of L over K. That is, B is a basis of L over K comprised of a single orbit of

the Galois group I'. Taking a basis {h® 1 | b € B} of L&k L over L (with its right
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action) and the basis {0 + d,, | 7 € T'} of C™(T', L) over L (with its right action)
we see that ¢ is given by the matrix with entries (7(b)) @ -epxr indexed over B x T
The columns of this matrix are all linearly independent since I' permutes B simply

transitively, hence it is invertible and so is ¢. O

Remark It is not clear whether ¢ is an isometry in the above finite dimensional case.
This means that the norm of ¢~! might become arbitrarily large as we range over
an infinite collection of such extensions. Hence ¢ may not remain an isomorphism
after taking contracting colimits over infinitely many of these finite extensions (using

Lemmas 2.3.46 and 2.3.49). We do, however, have the following result.

Proposition 2.3.51. Let L/K be an extension of complete valued fields such that the
algebraic elements, L®, are dense in L and form a Galois extension over K. Then ¢
restricts to a continuous bijection between the dense subspaces L* @y L C L&y L (the

algebraic tensor product of L* with L) and the subspace of locally constant functions

in C*(T, L).

Proof. By Lemma 2.3.45, there is an isomorphism
colimyr, o, L'k L = Loy L

in IndBanj;, under which the algebraic tensor product L* ®j L is the union of the

images of I'&xL = L' ®x L. By Lemma 2.3.48 there is an isomorphism
. <1 lu o . <1 lu ~ Iu
colimy -, C"(I'y/k, L) = colimp C*(I'/H, L) = C™(I', L)

under which the union of the images of C™(I'1//x, L) is the subspace of locally con-
stant functions. The result then follows from Lemma 2.3.50 applied to the maps from

each L' ® L to the corresponding C’lu(FL//K, L). O
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Remark The above proposition says precisely that L&xL is a completion of the
space of locally constant functions with respect to a stronger topology than that
inherited from C™(T', L). It is in this way that we may think of L&x L as functions

on the Galois group I'.

Definition 2.3.52. Let L/K be an extension of complete valued fields such that
the algebraic elements, L%, are dense in L and form a Galois extension over K with
Galois group I'. We think of L® as a formal colimit over finite extensions of K in
L in IndBang, hence as a K-IndBanach algebra. We define the IndBanach space of

locally constant L-valued functions on G, C'(T', L), to be the colimit

C(T', L) := "colim" yorC"™(T'/N, L)

taken over finite index normal subgroups of I'. Similarly we define the IndBanach

algebraic tensor product, L* ® L, to be the colimit

LY XK L= "COlim"KcL/CLL/®KL

taken over finite extensions L' of K in L. We may also define

C(T, L*) := "colim" yorC™(T'/N, L") = "colim" yar C™(T'/N, L)

KcL'cL
and
L* ®@p L :="colim" g cpcr L' @ L = "colim" e L'@x L
KcL'"cL

in a similar way.

Proposition 2.3.53. There is a commutative diagram
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Cl(T, L) LéL
T N 1
C*(, L) —— L* @ L
! [

C(I, L) —— L* @ L°

whose vertical arrows are bimorphisms.
Proof. This is just rephrasing Proposition 2.3.51. O]

Definition 2.3.54. Let Ind, be the induction functor
Indg : (L& L)-Comod — C™(G, k)-Comod = I'-Mody,, M + IndgM,

from the category of L&x L comodules in IndBany, to I-Modp,, where IndgM has the

same underlying IndBanach space as M but with the coaction
M — (LérL)&, M 229, oG k)&, M.

Lemma 2.3.55. The induction functor Indy is exact and fully faithful.

Proof. Exactness and faithfulness follows from the fact that the forgetful functors
from these categories are faithful and reflect exactness, and that composition of Indy
with the forgetful functor from I'-Mod, gives the forgetful functor from (L& x L)-Comod.
If f:IndgM — IndgN is a morphism of C™(G, k) comodules, where M and N are

(L@ L) comodules with respective coactions Ay, and Ay then
(p@Id)oAyof=(Id® flo(@@Id) oAy = (p®Id)o(Id® f)o Ay

By Lemma 3.49 of [4], C™(G, k) is a flat IndBanach space and so ¢ ® Id is monic.

Hence f : M — N is a morphism of (L&xL) comodules. O
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Remark The previous Lemma says that we can retain a strongly continuous action

of the Galois group T as descent data to recover a K-IndBanach space V from Ind% V.

Definition 2.3.56. Let GG be a profinite group, k£ be a complete valued field and A
be an IndBanach algebra over k. We define the IndBanach (or Bornological) Iwasawa

algebra, AB™(@), to be the limit
AB™(@) = limy<acA{G/N}

in IndBany, taken over all open normal subgroups of G, where A{G/N} is the Banach
group algebra ]_[é}N A over A defined similarly to the algebra in Proposition 2.3.15.
If A is a Banach algebra then we define the Banach Iwasawa algebra, AP ((), as the
contracting limit

AR (@) = nm]%lﬂGA{G/N}
in Bany.

Proposition 2.3.57. Let L/K be an extension of complete valued fields such that
the algebraic elements, L*, are dense in L and form a Galois extension over K with
Galois group T'. Then, as IndBanach spaces over L, AP*(T') is dual to C*(T', L),

and, as L* modules in IndBany, API™ () is dual to C*(T", L%) = L* @y L°.

Proof. The first statement follows from the isomorphisms

Hom(C™(I',L),L) = Homy(colimzL.C™(I'/N,L), L)

12

limyLHom (C"™(I'/N, L), L)

12

limﬁlﬂrHomL(Hﬁ}N L, L)

I

lim% 4y [ 15/ Homy, (L, L)

12

: <1 an
hngvlgr v L= AP,
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The second follows from

Homp.(C™(T, L%), L%) = Homp.(L*@C™(T'/N, K), L%)
>~ Homg(C™(T, K), L%)

and a similar argument to the above. O

Remark The above isomorphisms are not isomorphisms of algebras. The multi-
plications on ABa"(T") and AB™(T") induced by the respective comultiplications on
C"(T', L) and C'(T, L*) are twisted by the actions of ' on L and L®. Since there is a
faithful embedding of I'-Mody, viewed as C'(T", L)-comodules, into modules over the
twisted Iwasawa algebra AP**(T") we may alternatively take this action as our descent

data.
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Part 111

On analytic analogues of quantum

groups

109



3.1 Braided IndBanach Hopf algebras, analytic grad-
ings and Nichols algebras

Let k be a complete valued field throughout Part III. Recall Definitions 0.1.15 and
2.1.1 of Ban; and Ban,?l and the results of Section 2.1 in Part II on contracting
(co)products. The results in Part 11T will differ depending on whether we are working

in a non-Archimedean or an Archimedean setting. We shall therefore distinguish

between the following two cases:

(NA) £ is non-Archimedean and we require all norms in Bany to satisfy the strong

triangle inequality; and

(A) k is not necessarily non-Archimedean and we only require norms in Bany to

satisfy the weak triangle inequality.

3.1.1 Braided IndBanach Hopf algebras

Definition 3.1.1. Let V be an IndBanach space. We say that a morphism c :
VRV — VV is a pre-braiding on V if it satisfied the hexagon aziom, i.e. the
diagram

C®Idv

VRVRV VRVRV

Idv®7 \\I‘d\/@C

VRVRV VRVV

VRVRV VRVRV

Idv@C

commutes. We say that the pair (V,¢) is a pre-braided IndBanach space. If ¢ is an

isomorphism then ¢ is a braiding and (V, ¢) is a braided IndBanach space.
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Definition 3.1.2. Let V be a Banach space. We define the Banach tensor algebra,
T(V), to be the contracting coproduct

vy =1 ver

nEZZO

where V& := k. For r > 0 we will use the notation 7, +(V) for the Banach space
T(V,), where V, is the Banach space V' with its norm rescaled by r. For r <1’ there
is a natural map 7,.(V) — T,(V), and for all p > 0 we will denote by T,(V)' the
colimit "colim",,T;.(V') of this system. We will call this the dagger tensor algebra or

overconvergent tensor algebra of radius p.

Lemma 3.1.3. Given a pre-braiding ¢ of a Banach space V', there is an induced map
Crm » VEQVE™ 5 VERQVEM with ||cpmll < |lcl|™ for each n,m > 0 satisfying the
commutative diagram below:

R R Acl,m®[dVA . A A
V®l®v®m®v®n V®m®v®l®v®n

ldy ® Cmy \Mv @ Cn

V®l®v®n®v®m V®m®v®n®v®l

Cln ® ]dv\ /cmn ® Idy

V®n®v®l®v®m 2

An &1/ Om ST/ 91
i ® Cz,mv VEmRQV
Hence if ||c|]| < 1 then there is an induced pre-braiding ¢ on T(V) with ||¢|| = ||¢||.

Furthermore, ¢ is a braiding if and only if ¢ is an isometry.

Proof. Applying successively Id5" " @ ¢ @ Id5?~! for i = 1,...,n we obtain a map
Cn : VE'QV — VOVE with |c,|| < |le]|”. Then successive applications of Id% ! @
Cp ® Idgm*i for i = 1,...,m gives a map ¢, : Vengyem _y yeOmgyen with
lenmll < lleall™ < fl¢||™. The commutativity of the given diagram follows from

repeated applications of the hexagon axiom from Definition 3.1.1. O
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Definition 3.1.4. A pre-braided IndBanach bialgebra is an IndBanach space A with
both the structure of an algebra, (A, i, n), and a coalgebra, (A, A, ), and equipped

with a pre-braiding ¢ on A such that

coneld)=Id®n, co(ld®n) =n®]ld,

Id® p)(cId)(Id®c) =co (p®1d), (p@I)(Id®c)(c®Id)=co (Id® u),
(e®Id)oc=1ld®e, (Id®e)oc=ec®]Id,
(cI)Id@)(A@Id) =1d®A)oe, (Id®c)(c@ld)(Id®A)=(A®Id)oc,

the diagram

O A®A
ABA ARASABA
ﬁd®c®m
H ARARARA
=y
A l
A AR A

commutes and

Aon=n®mn, eon=Idy, eopu=coec.
If ¢ is an isomorphism then A is a braided IndBanach bialgebra.

Remark For any IndBanach algebra A with a (pre-) braiding ¢, we may define

morphisms

s Md®eRld e
ARARARA —— ARARARA — ARA,

Id®c®Id

ADA S5 AGARADA —— AQARASA

The first four relations in Definition 3.1.4 are equivalent to the first of these maps

making A®A an associative algebra with unit n ® . The next four relations are
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equivalent to the second of these maps making A®A an associative coalgebra with
counit e®e. Then the diagram and final three relations are equivalent to A and € being

algebra homomorphisms, or equivalently pu and n being coalgebra homomorphisms.

Proposition 3.1.5. Assume (NA). For V' a Banach space, T,,(V') is a Banach alge-
bra with multiplication p induced by the maps VT®"®VT®’” — Vr®”+m. Given a pre-
braiding ¢ on'V with ||c|| < 1, T,.(V') is a pre-braided Banach bialgebra with the comul-
tiplication A uniquely determined by A(v) = 1Qu+v®1 for allv € V, = Vr®1 c T, (V)

and the pre-braiding ¢ induced by c. Furthermore, A has norm at most 1.

Proof. The fact that T, (V) forms a Banach algebra is clear from construction, with
unit & — V. We have a map Ay : VO — T.(V)QT.(V), given by v — 1@u+v®1,
with [|A;]] < 1. Suppose we have a map A, : V" — T.(V)QT,(V) with ||A,| <

|c/|"~t. Then we define A, ;; as the composition

An‘@Al

yéntl _ yéngy, — T.(V)QT,(V)&T(V)RT,(V)
Id®c®Id N ~ N
—— T, (V)&T,(V)&T,(V)RT,.(V)

e A

— T,(V)RT.(V).

Then since the multiplication on 7,.(V') is of norm 1, we have [|A, 1] < [|An]l - [|Aq]] -

el < flel” 0

Proposition 3.1.6. Assume (A). For V' a Banach space, T,.(V') is a Banach algebra
with multiplication p induced by the maps K@”@K@m - Vr®”+m. Given a pre-
braiding ¢ on V with ||c| < 1, To(V)' is a pre-braided IndBanach bialgebra with

comultiplication A whose restriction to 'V is
"eolim "5V, 2V — T(V)QT(V) — To(V)I@To(V), v 1@ut+o®l,

for the pre-braiding ¢ induced by c.

113



Proof. The given map V — T(V)®T (V) induces maps V, — T (V)@T: (V) of norm
at most 1. By the same construction as in the proof of the previous proposition, we
obtain maps T,.(V) — T:(V)&®T: (V) which induce the desired comultiplication on
To(V)T. O

Remark Note that V' +— T'(V') is only functorial on the contracting category Banfl.
So, in the (NA) case, the diagonal embedding V' — V @&V induces the map T'(V') —
T(VaV)=T(V)XT(V). However, in the (A) case, the diagonal embedding is not

contracting, thus 7'(V') does not form a coalgebra.

Definition 3.1.7. Let A be a (pre-) braided IndBanach bialgebra. We say that A is
a (pre-) braided IndBanach Hopf algebra if the identity on A is convolution invertible.

That is, Id4 is invertible with respect to the convolution product * on Hom(A, A),
Frg: A2 AGA L2 464 5 A

for f,g € Hom(A, A) whose unit is o e. We will call the convolution inverse of Id 4

the antipode, and often denote it by S or Sy.

Lemma 3.1.8. Assume (NA). For a Banach space V' with a pre-braiding ¢ on'V with

lell <1, we have that, in T(V), A(V®") Cy VEQUVO—i  and so in particular

<1 . <1 . <1 .
- X1 - X1\ S 5 - ®1
A(Hign V) (]_[Zén_1 VONQT(V) + T(V)®(Hi§n_1 Vo)
for allm > 0.
Proof. This follows by induction using the proof of Proposition 3.1.5. m

Proposition 3.1.9. Assume (NA). Given a Banach space V' with a pre-braiding c

on V with ||c|| <1, T(V) is a pre-braided Banach Hopf algebra.
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Proof. We proceed as in Takeuchi’s proof of Lemma 5.2.10 presented in [37] to find a
convolution inverse to Idp(y). Let v =noe — Idpwy. Then |60 = 0. Now suppose

that 7*”|Hg1 ve: = 0 for some n > 1 and let z € ]_[Sl V& Here we use the

i<n—1 isn

notation v*" for the n-fold product of v under the convolution product. Since

veerw)+ T(V)&([ v,

i<n—1

<1

Az) e (]

1i<n—1

by Lemma 3.1.8, and since 7*"*1) = 4*" x v = 4 % 4™ we see that v*"*(z) = 0.
Hence, inductively, 7*"+1|H?S1n v = 0 for all n > 0. It follows that >~ ~*" is well

defined on the direct sum of vector spaces € V&, Furthermore, since ||c|| < 1

HGZZO
and so ||A] < 1 we see that ||v|| < 1, |[v*"|| < 1 and so || S0 || < 1 for all
N > 0. It then follows that »_°  v*" converges to a well defined function on 7'(V),

which is convolution inverse to Idp since

IdT(V) * ZZO:() ol

(77 © 5) * Zzozo Y=y ok Zzo:() 7"
= ZZO:O Y= "

= noe.

]

Definition 3.1.10. Assume (INA). Given a (pre-) braided Banach space (V, ¢) with
lell < 1 and 7 > 0 we denote by T)(V') the (pre-) braided Banach Hopf algebra de-
scribed in Proposition 3.1.5 and Proposition 3.1.9, or just 7,.(V') if the (pre-) braiding
is implicit.

Proposition 3.1.11. Assume (A). Given a Banach space V' with a braiding ¢ on V'

with ||c|| < 1, To(V)T is a pre-braided Banach Hopf algebra.

Proof. We take a slightly different approach to the proof of Proposition 3.1.9. The
linear maps S, : V, — T,.(V) defined by v — —v determine a unique algebra ho-

momorphisms S : T,(V) — T,.(V)°P, where T,.(V)° is the opposite algebra whose
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multiplication is p o ¢. The compositions

. Sr®Id

T,(V) 2 T (V)&T: (V) = T

13
13

(V)&T (V) = T (V)

M
N

agree with n o ¢ when restricted to V. It is then easy to check that they agree on
the subalgebra generated by V', which is dense in T,.(V). So they agree. Likewise
this is true for Id ® St in place of Sz ® Id. Taking colimits we obtain the antipode
S To(V)T — To(V)T. O

Definition 3.1.12. Assume (A). Given a (pre-) braided Banach space (V,c¢) with
lc]| < 1 we denote by T¢(V)' the (pre-) braided Banach Hopf algebra described
in Proposition 3.1.6 and Proposition 3.1.11, or just Tp(V) if the (pre-) braiding is

implicit.

Remark The main distinction between the cases (NA) and (A) is that the tensor
Hopf algebra can be defined on any radius in the non-Archimedean setting but in the
Archimedean setting can only be defined at radius 0. This is not entirely unexpected.
Analogously we see that, for a non-Archimedean field &, the balls of each radius in &

form additive subgroups, however the same cannot be said for Archimedean fields.

3.1.2 Analytic gradings

Definition 3.1.13. Let C' be an IndBanach bialgebra. We will say that an IndBanach
space V' is graded by C if it is a C-comodule. An IndBanach space V' with a (pre-)
braiding c is a graded (pre-) braided IndBanach space (graded by C') if ¢ is a morphism
of C®C-comodules. A graded (pre-) braided IndBanach bialgebra is a (pre-) braided
IndBanach bialgebra A such that A is a C-comodule, 7, i, ¢ and A are C-comodule
homomorphisms, and ¢ is a C®C-comodule homomorphism. If, in addition, the

identity on A has a convolution inverse S that is a C-comodule homomorphism then

Ais a graded (pre-) braided IndBanach Hopf algebra.
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The results in Sections 2.3.2 and 2.3.3 of Part II justify our definition of grading

above.

Definition 3.1.14. We say that an IndBanach space is analytically N¥ -graded, or
just analytically graded if N is implicit, if it is graded over k{t}. Likewise, we say
that an IndBanach space is dagger-1 N™ -graded, or just dagger-1 graded, (respectively
dagger-0 NN -graded, or dagger-0 graded) if it is graded over k{t}' (respectively over
k{t/0}T). We will occasionally just use the term dagger graded when there is no

ambiguity.

Lemma 3.1.15. Assuming (NA), for each 0 < r and each pre-braided Banach space
(V,c) with ||c|| < 1 the Banach tensor algebra TS(V) is naturally an analytically
graded pre-braided Hopf algebra. For any 0 < p, TS(V)1 := "colim",>,T¢(V) is
naturally a dagger-1 graded pre-braided Hopf algebra, and TS(V)T := "colim",~oT<¢(V)
is a dagger-0 graded pre-braided Hopf algebra. Likewise, assuming (A), for each pre-
braided Banach space (V,c) with ||c|| < 1 the dagger tensor algebra TS(V)T is naturally

a dagger-0 graded pre-braided Hopf algebra.

Proof. We define T,.(V) = k{1}&T, (V) by  — t"®uz for z € V& whenever 1 > 's.
For r =1/, s = 1, this gives T,.(V') an analytic grading for which it is an analytically
graded braided Hopf algebra. For fixed p > 0 and each r > p there exists s > 1
such that r > sp, so we may define a map T,(V)" — k{t}!&T,(V)I. Likewise we
can define a map To(V)T — k{t/0} @Ty(V)T. These give T,(V)! and Ty(V)' dagger-1
and dagger-0 gradings respectively. By construction all of the structure maps for the

pre-braided Hopf algebras T,(V'), T¢(V)" and Ti (V)" are graded. O

Definition 3.1.16. Let C be an IndBanach coalgebra. A generalised element of C
is a morphism X\ : k£ — C. We say that a generalised element is grouplike if it is a

coalgebra homomorphism. Let G(C') denote the set of grouplike generalised elements

of C.
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Lemma 3.1.17. Let C' be an IndBanach coalgebra. Then G(C) forms a monoid

under the composition law where X X' is the composition k = k®k AoX CC — C.

If C is an IndBanach Hopf algebra then G(C) is a group.

Proof. Note that this is just the restriction of the convolution product on Hom(k, C).
As with Hopf algebras over vector spaces, it is clear that the inverse to A is the

composition k Nyo J:INV6) O
Remark Note that G(k{t}) = G(k{t}!) = G(k{t/0}") = NV as monoids.

Definition 3.1.18. Let C' be an IndBanach coalgebra and V' be an IndBanach space
graded over C. Given \ € G(C) we define V(\) = eq(V = C®V) as the equaliser of

the given coaction of C' on V and the map

VeV "I csV.
We think of this as the degree \ graded piece. If n¢ is the unit of C' then we use the
notation V(0) := V(nc).

Lemma 3.1.19. Let C be an IndBanach coalgebra and (V,c) a C-graded, pre-braided
IndBanach space and let A\, N € G(C). Assume further that V and V(X') are flat as
IndBanach spaces. Then (VQV)(A@N) = V(A)QV(N) where A\@ X is the morphism
ke kok 22X oo,

Proof. The map V(N\)®V(N) — V&V induces a map
VIRV (N) = (VeV) (A X).

Suppose we are given a morphism f : W — V®V such that the compositions

WL vev ~ kékevey 22XEME Ao ooV eY
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and

w L vey 282 cevéecsdy MM cocevér

agree. Postcomposing both with ¢ ® Id ® Id ® Id we see that the compositions

WL vev & vekey 14N veogy

and

w L vey M9 veoéy

agree, so we obtain a map from W to the equaliser of Id ® Ay and Id ® X ® Id. Since
V is flat, this equaliser is V&V ()\). Thus we have a unique map f': W — V@V ()

such that the compositions

w L vevoy) = kevev ) 2299 oever ()

and

w L vevi) 22 cavev (V)

agree. Again, since V()') is assumed to be flat, the equaliser of A ® Id ® Id and
Ay ®1d is V(A\)®@V(XN) and we obtain a unique map f” : W — V(A\)@V(\). This
exhibits V(A\)@V (V) as the equaliser (V&V)(A® X) as required. O

Lemma 3.1.20. Let C' be an IndBanach coalgebra and (V,c) a C-graded, (pre-)
braided IndBanach space and let A € G(C'). Assume further that V' and V(\) are flat

as an IndBanach space. Then c restricts to a (pre-) braiding of C()\).

Proof. The braiding c restricts to a morphism (VRV)(A® \) = (VRV)(A® \). By
Lemma 3.1.19, this gives a braiding V(A\)@V(\) = V(A)@V (). O
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3.1.3 Analytic and dagger Nichols algebras

Theorem 4.3 of [2| shows that the positive and negative parts of quantum envelop-
ing algebras arise as Nichols algebras in the category of vector spaces. In this section
we introduce analytic and dagger analogues of Nichols algebras that will allow us to
construct the positive and negative parts of analytic quantum groups in Sections 3.3

and 3.4.

Definition 3.1.21. Given an IndBanach Hopf algebra H, we denote by P(H) the
equaliser of the two maps H — H®H, given by the comultiplication A on H and the

sum of the maps

H=k&H ™Y goH and H = Hok 2% HOH,

the primitive subspace of H.

Definition 3.1.22. Given an IndBanach algebra A and an IndBanach space V
equipped with a strict monomorphism V < A, we say that A is generated by V

if, for any diagram

where A’ is an IndBanach algebra and f is a morphism of algebras, f is an epimor-

phism.

Lemma 3.1.23. Given an IndBanach algebra A and an IndBanach space V' equipped
with a strict monomorphism V — A, A is generated by V if and only if the induced

map ano VOn 5 A s an eptmorphism.
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Proof. If V' generates A then the induced algebra map ano Ve 5 A is epic by
assumption. Conversely, suppose that we have an epimorphism ano Vén 5 A and

a diagram

as in Definition 3.1.22. Then for each n > 0 we obtain a commutative diagram

ven An — A
S ey
(A)F" — A

which induces a diagram
HnZO V®n A

\If

Al
which ensures that f is an epimorphism since the map [, -, V& 5 A is epic. n

Definition 3.1.24. Let V be a flat IndBanach space with pre-braiding c¢. Fix an
IndBanach bialgebra C' and a grouplike generalised element A : £ — C. Then a flat
braided graded IndBanach Hopf algebra R, graded over C, is called an IndBanach
Nichols algebra of V' if R(0) = k, P(R) = R(\) = V as a braided IndBanach space,
and R is generated by R(\). If C' = k{t}, A : 1 — t, we say that R is an analytic
Nichols algebra, and likewise if C' = k{t}T (respectively C' = k{t/0}), X : 1+ t, we

say that R is a dagger-1 Nichols algebra (respectively a dagger-0 Nichols algebra).

Remark We require flatness in the above definition so that the braiding on R auto-
matically restricts to R(A) by Lemma 3.1.20. In the (INA) case flatness is automatic
by Lemma 3.49 of [4].
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We will prove existence of these Nichols algebras in Sections 3.3.1 and 3.4.1, fol-
lowing a discussion of how to form quantum groups using Majid’s double-bosonisation

construction.

3.2 Double-bosonisation

In [33], Majid introduces a construction, double-bosonisation, which he uses to recon-
struct Lusztig’s form of the quantum enveloping algebra U,(g). We present here an
adaptation of this construction to the setting of IndBanach spaces. For more on these

ideas, see [31], a brief review of which is given in [33].

Definition 3.2.1. Let H and A be IndBanach Hopf algebras. A duality pairing is a

bilinear form (—, —) : H®A — k such that the following diagrams commute:

. deldeAs A
HROH®A HOHRA®RA H —— HSHA
T®Idl Id®<—,—>®1dl
H®H®A H®A - (=)
pr @1d | -y = -1
H&A k k
o Ap®Mdeld o
HOARA HOHRA®A A —— HSA
Id@ﬂ 1d®<—,—)®ldl
HRA&A H®A o (—,—)
Id @ pa | oy -)|
H®A k k
. Id® Sa .
H®A ®A
Sy ld| [
H®A k

If H and A have respective right and left actions (i and (4 of an algebra A then we

say that (—, —) is A-equivariant if the diagram
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HROARA H®
[d® Ca (= —)
H®A k

commutes. Likewise, if H and A have respective left and right coactions (y and (4

of a coalgebra C' then we say that (—, —) is C-equivariant if the diagram
. Cr ®1d .
CRH®RA
Id®§AJ d® (-, —)
H®A&C
P e
commutes.

Definition 3.2.2. Let H and A be IndBanach Hopf algebras with a duality pair-
ing (—,—) : H®A — k. Suppose we have a pair of convolution invertible maps
% and % in Hom(A, H) that are both algebra homomorphisms and anti-coalgebra

homomorphisms, such that the following diagrams commute:

. Ido %! .
ARA ARH
_ Tl
X ® 1d H®A
; (= =) !
H®A k
R AH(XJ((Id@AA)OAA) R R R R
H®A HRHRIARARA
[dereldeld)|
HOASHROADA
TRT®Id|
Ap®Id ASHOAGHG A
R (—,—)yldeo Z7|
HQHQH
i o (pp ®1d) |
HRQH®A H
d® (—,—)
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AH® ((Id@AA) OAA)

H®A HOHQARADA
r@ld)o(ld®7))®Ild®Id
A, oTd (( )o( ) ] AlA )
ARHOHSARA
HoHGA Zode (-, )R |
HRH®H
T®Id
prr o (py ®1d) |
HRH®A H
[d® (-, —)

In this case we call H and A a weakly quasi-triangular dual pair.

Definition 3.2.3. For an IndBanach Hopf algebra H, let us denote by H-Mod and
Mod-H the categories of left and right H-modules respectively. Given a dual pair
of IndBanach Hopf algebras, H and A, let us denote by A-Comod and Comod-A

the categories of left and right A-comodules respectively. There are faithful functors

A-Comod — Mod-H and Comod-A — H-Mod induced by the duality pairing.

Proposition 3.2.4. For a weakly quasi-triangular dual pair of IndBanach Hopf al-
gebras, H and A, A-Comod and Comod-A are braided monoidal, with braidings given

by the compositions
MM — ASM&AGM 22BN o M&AGM —s MM I M'&M,
where the third map is ((—, —) ® Id) o (Id® T ® Id), and
- [d2#Q1d1d

NON' 5 N' Q@ N — N'QAINS®A ——25% N'QHRQNKQA —» N'QN,

where the last map is (Id @ (—,—)) o (Id® 7 ® Id), for left A-comodules M and M’
and right A-comodules N and N'.

Proof. This follows from Theorem 1.16 of [31], using the remark from the preliminary
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section of [33] that A is dual quasi-triangular under the composition

A ZR1d

ARA —— H®A——+k

]

Proposition 3.2.5. For a weakly quasi-triangular dual pair of IndBanach Hopf alge-
bra, H and A, and an algebra B in Comod-A there is an algebra structure on B&H

with multiplication defined by

Id2A gIdR1d o
BRHRBRH ————— BRHXHRXBXH

1d®Id®T®1d R R R R
—— BXHXBXH®H
Id®(¢p®Idx1d N . .
——— BRBRXH®H
UM QU .
—— B®H.

Here, (g is the left action of H on B. Furthermore, if B is a braided IndBanach
Hopf algebra then we can give BQH a braided IndBanach Hopf algebra structure with

comultiplication defined by

A 149V 5 g ®Id
B®H —> BRBRHRH ———— BRQHRXBRQH

where W is the braiding on Comod-A. Likewise, for C' in Mod-H there is a (Hopf)

algebra structure on HRQC' defined analogously.
Proof. This follows from Theorem 2.1 of [32]. O

Definition 3.2.6. We denote by B x H the IndBanach (Hopf) algebra on B®H
as described above, and likewise we denote by H x C the (Hopf) algebra on H®C.

These are the bosonisations of B and H or H and C respectively.

Lemma 3.2.7. Let H and A be a weakly quasi-triangular dual pair of IndBanach

Hopf algebras, with maps Xy a, @H,A ging the weakly quasi-triangular structure.

125



Let C be a braided IndBanach Hopf algebra in Comod-A with invertible antipode
Sc. Then there is a weakly quasi-triangular dual pair H and A with the same Hopf
algebra structures as H and A but with weakly quasi-triangular structure given by
Kgz = @;A and ‘@F,Z = %I}}A. Furthermore, there is a braided IndBanach Hopf
algebra C' in Comod-A with the same algebra structure as C but with the opposite
comultiplication Ag = \Ifalc o A¢, where U is the braiding on Comod-A, and antipode

Se=S;".

Proof. This follows from Lemma 3.1 in [33], which was proven in [31], using Remark

3.9 of [33]. 0

Proposition 3.2.8. Let H and A be a weakly quasi-triangular dual pair of IndBanach
Hopf algebras, let B be a braided IndBanach Hopf algebra in A-Comod and let C' be
a braided IndBanach Hopf algebra in Comod-A with respective induced right and left
actions (g and (o of H. Suppose further that we have a H -equivariant duality pairing
between B and C, (—,—) : BQC — k. Then there is an IndBanach Hopf algebra
structure on COH® B such that the maps CxH — CRQH®B and Hx B — CRH®B

are morphisms of Hopf algebras, and the multiplication restricts to the composition

B&C sy  BRBRBRICRKCRC

T(124)(365)

AN — A AN — A

y CRBRCRBRHCRB
Q1@ IdQIdRSeld

sy C®BRCO®BRC®B
Id®R; QR ®1d

» CRBRC®BRC®B
(—,—)RIdRIdR(—,—)

C®B — CQH®B

between B — CRQH®B and C — CRH®B. Here, the first map is induced by

the coproducts Ap and Ag, T124y365) @5 a reordering given by the permutation
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(124)(365)€Ss, and Rgz and R];% are the respective compositions

o L RRQIAQIARR R .
BRC — ARBRCRA s HRBRC®H — BRC

and

o . #'®IdIdR7# o L
BC — AQBRC®A HRBRCRXH — BRC

where the first maps are the coactions of A and the last maps are the induced actions

of H.
Proof. This follows from Theorem 3.2, along with Remark 3.9, of [33]. O

Definition 3.2.9. We will denote by U(C, H, B) the Banach Hopf algebra C&H& B

as described in Proposition 3.2.8, the double bosonisation of B, H and C over A.

Definition 3.2.10. Let H be an IndBanach Hopf algebra. An R-matriz for H is
a convolution invertible generalised element of HQH, # : k — H®H, such that
(A (%9 Id) oKX = %13 * %23, (Id & A) oX = %13 * %12, and To A = %(A)%_l Here

we use the notation %, for the composition

. . . ldeldeny .
k— HoH = HOH®k —— HXH®H

and likewise for %213 and %3, and Z(A)%Z " for the composition

R . RRAgRRET! R R R R . .
H=k§HOKk — s (HOH)G(HOH)O(HOH) — HOH

where the last map is the multiplication on HQH. A quasi-triangular IndBanach

Hopf algebra is an IndBanach Hopf algebra H equipped with an R-matrix Z.

Lemma 3.2.11. Let H and A be Hopf algebras with a dual pairing (—, —) : HQA —

k. Suppose further that H is quasi-triangular, with R-matric #' - k — HQH. Then
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the maps

B A kA L peoneA 19 peoacH ST koH > H

and

A~ k@A Y popeA Y000, Hor~ 1

induce a weak quasi-triangular structure on the dual pair H and A.
Proof. This follows from the remarks in the preliminary section of [33]. O

Proposition 3.2.12. For a quasi-triangular IndBanach Hopf algebra H, H-Mod and
Mod-H are braided monoidal. The braiding on M and M’ in H-Mod is given by the

composition

. N . RR1dR1d A . To(CM®Cpyr )0 (1dRT®Id)
MM =2 kMM —— HOHQMRM' > M'QM,

whilst the braiding on N and N' in Mod-H is given by the composition

R . R IdQIdRR% o (Cnr®¢n)o(ldrT®1d) .
NN = NNQN —— N'QNQHRH s N'@N.

Proof. This is Theorem 1.10 of [31]. O

3.3 Non-Archimedean analytic quantum groups

We will assume (NA) throughout this section. The (A) case will be covered in the

subsequent section.
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3.3.1 Constructing non-Archimedean Nichols algebras

Definition 3.3.1. Let V' be an analytically N-graded Banach space, V' (n) := V(t"),
V = H;elN V(n). For W C V asubspace, not necessarily closed, let W (n) =V (n)nW.

We say that W is homogeneous if

<1

Wi(n) cW C W(n).

neN neN

Note that W = erlN W (n) if and only if it is closed and homogeneous.

Lemma 3.3.2. Let V' be an analytically graded Banach space as above. Suppose that
V(n) is finite dimensional for each n > 0. Then any closed homogeneous subspace is

complemented by a closed homogeneous subspace.

Proof. Let W = HTSL;N W(n) Cc V. Then each W(n) is complemented in V(n), by
W’(n) say. Then W is complemented by W’ = [[>L, W'(n) C V. O

neN

Lemma 3.3.3. Let V be a Banach space with pre-braiding ¢ of norm at most 1.
Suppose we have closed homogeneous coideals I C J C T(V). If the induced map
T(V)/I —T(V)/J is injective on P(T'(V')/I) then I = J.

Proof. We proceed similarly to Lemma 5.3.3 of [37]. Let us denote by R =T(V)/I,
R =T(V)/J, by R(n), R'(n) their respective nth graded pieces, and by R(< n) =
@D, (i) and R'(< n) = P,,, R'(i). Since I C J we have a strict graded epimor-
phism f : R — R’ which restricts to an isometry R(1) — R/'(1). Suppose that we
know that f restricts also to an isometry R(< n) — R/ (< n), and let x € R(< n+1).

We know that, by Lemma 3.1.8,

A(R(n+1)) < M R(E)SR(n — i)
C R(n+1)®k+k2R(n+1)+ R(<n)@R(< n),

so A(r) = y®1+1®y + 2 for some 3,9 € R(n+ 1), 2 € R(< n)®R(< n).
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But then z —y = (Id® e)A(z) —y = e(y) - 1 + (Id®¢)(2) € R(< n) and likewise
r—y €R(<n). SoAlr) =r®1+1®x+ 2 for some 2/ € R(Ln)QR(< n). If
f(z) =0 then (f ® f)(2') = 0, but, by assumption and by Lemma 3.49 of [4], f ® f
is injective on R(< n)®R(< n). So 2/ = 0 and = is primitive, hence x = 0. Thus f
is an isometry R(< n) — R'(< n) since the norms on R(< n) and R'(< n) are the
quotient norms from ]_[fgln Ve, Taking contracting colimits over n we see that f is

isometric. Hence I = J. ]

Proposition 3.3.4. Let V be a finite dimensional Banach space with pre-braiding c

of norm at most 1. Then an analytic Nichols algebra of V' exists.

Proof. Let Z(V') be the set of all homogeneous ideals of T'(V') contained in ]_[f; yen
that are also coideals. Let Z'(V) be the subset of ideals I in Z(V') for which I&T(V)+
T(V)®I is preserved by c. Let I(V) and I'(V) be the sums of all ideals in Z(V) and
T'(V) respectively, and let T(V) and T (V) be their respective closures. Clearly then
1(V) is a homogeneous ideal contained in ]_[f;Q Ve Also, A(I(V)) € A(I(V)) is
in the closure of T(V)&I(V) + I(V)®T(V). By Lemma 3.3.3 we have that I(V) is

complemented in T'(V') by some W, so

—_ ~

TWRI(V) + IV)QT(V)=WI(V)e I(V)RI(V) e (V)W

is closed. So I(V) is also a coideal in T'(V'), and hence is also in Z(V). So I(V) = I(V)

is closed. Likewise I'(V') is closed. We must check that

P(T(V)/L(V)) = (T(V)/I(V))(1).

This follows as in Lemma 5.3.3 of [2] since the closed ideal in T'(V') generated by I(V)

and

A(z) ex®1+1®x+I(V)®T(V)+T(V)®I(V)}

<1 .
< on
{:c € Hn22 |4
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must be in Z(V'). Likewise P(T'(V)/I'(V)) = (T'(V)/I'(V))(1). But I'(V') C I(V), so
by Lemma 3.3.3 we have I'(V') = I(V'). Hence ¢ descends to a braiding on T'(V') /I(V').
We then have that T'(V)/I(V) is an analytically graded braided IndBanach Hopf
algebra with (T'(V')/1(V))(0) = k and generated by (T'(V)/1(V))(1) = V. O

Definition 3.3.5. For a finite dimensional Banach space with pre-braiding ¢ of norm
at most 1 we will denote by B¢(V'), or ®B(V') when the braiding is implicit, the Banach
Nichols algebra defined in the proof of Proposition 3.3.4. For 0 < r, let us denote by
B,.(V), or BE(V), the analytically graded braided Banach Hopf algebra %¢(V;). For
0 < p, let us denote by B,(V)T, or SB;(V)T, the dagger graded braided Banach Hopf

algebra "colim",. ;BS(V).

Proposition 3.3.6. Let 0 <, 0 < p and let V be a finite dimensional Banach space
with braiding ¢ of norm at most 1. Then BE(V) is an analytic Nichols algebra of V
and %Z(V)T is a dagger Nichols algebra of V.

Proof. The fact that BS(V) is an analytic Nichols algebra follows from Proposi-
tion 3.3.4. If R = B,(V) then it follows from Proposition 3.3.4 that R(0) =
"colim",s k. = k and P(R) = R(1) = "colim",~,V, = V. It remains to check that
R(0) generates R. This follows since, for each 7 > p, the composition ][, yen

T.(V) — BS(V) is an epimorphism. O

Proposition 3.3.7. Let V be a finite dimensional Banach space with pre-braiding c
of norm at most 1. Let R be an analytically graded pre-braided Banach Hopf algebra
with contracting multiplication (i.e of norm at most 1) such that R(0) = k, R(1) =V
as pre-braided Banach spaces, and R is generated as an algebra by R(1). Then there
is an epimorphism of analytically graded braided Hopf algebras BS(V) — R extending

V — R(1) where r is the norm of this isomorphism.

Proof. Since V' — R(0) is of norm r, the map V, — R(0) is of norm 1. Since the

multiplication is contracting, we obtain contracting maps VT@’” — R®" — R which
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induce an algebra homomorphism 7,.(V') — R through which V' = R(0) — R factors.
Since R(0) generates R, this morphism is epic. Furthermore, by construction of the

analytically graded pre-braided bialgebra structure on 7,.(V') and since
A(R(1)) € R(0)®R(1) + R(1)&R(0)

implies that R(1) C P(R), the map 7,(V) — R is a morphism of bialgebras. Hence
the kernel of this map is a closed homogeneous ideal and coideal, so is contained in

I(V,). Hence we obtain an epimorphism B¢(V) =T(V,)/I1(V,) = R. O

Remark Note that the assignment (V,c¢) — BS(V) is functorial if we restrict to
morphisms (V,¢) — (V') given by maps V' — V' of norm at most 1 that respect
the braiding. Hence different norms on finite dimensional Banach spaces and different
values of  may give non-isomorphic analytic Nichols algebras. This differs from the

algebraic case where Nichols algebras always exist uniquely.

Definition 3.3.8. A bilinear form on a braided IndBanach space (V] ¢) is a morphism
(—, =) : V&V — k such that the diagram
VRV — VeV — (VOV)*

| E

VeV — VeV — (VeV)*

commutes for both of the induced maps V' — V*. A bilinear form is symmetric if
(—,—) o1 = (—,—), and is non-degenerate if the induced maps V' — V* are both
injective.

Lemma 3.3.9. Let V' be a Banach space with pre-braiding ¢ of norm at most 1, and
suppose we have a non-degenerate symmetric bilinear form (— —) : VQV — k of
norm C' > 0. Then for each r,s > 0 with C < rs there is a unique extension of this
bilinear form to a dual pairing of Hopf algebras TS(V)QT(V) — k. Furthermore,

the restriction to VE"QVE™ is symmetric if n = m and is zero if n # m.
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Proof. This is proved as in [27]. We construct this extension as follows. Our bilin-
ear form on V induces a continuous map V, — V. of norm %, whilst the natural
projection T¢(V) — Vi induces a map V) — T¢(V)* of norm 1, and composition

*

gives us a map V, — T¢(V)* of norm at most % < 1. The coalgebra structure on
T¢(V) induces an algebra structure on 75(V)* whose multiplication is contracting,
and we get a unique continuous algebra homomorphism T)5(V') — T¢(V)* extending

V, — T¢(V)*. This gives us our desired bilinear form on T¢(V)®T<(V). For this to

be a dual pairing we must also check that the diagrams
(V) (V) T(V) — TE(V)*

A | | E

TEV)RTE(V) = (Te(V)@T(V)) fp—

commute. By assumption all of these morphisms are algebra homomorphisms, and
so it is enough to check these diagrams commute on V', which is trivial. Since the
algebra homomorphism T¢(V) — T¢(V)* is graded we have (V& V&™) = {0} for
n # m. Since this is a duality pairing, symmetry on VERQV " can be reduced to the

case where n = 1 where it is true by assumption. O]

Proposition 3.3.10. Let V' be a Banach space with pre-braiding ¢ of norm at most
1, and suppose we have a non-degenerate symmetric bilinear form (—, =) : VRV — k
of norm C. Then for each 0 < r, let I, be the radical in TS(V') of the extension of this
bilinear form to T¢(V)QT(V) for some s > 0 such that C < rs. Then I, is a closed
ideal and coideal of T¢(V'), independent of the choice of s, and P(TS(V)/I,) = V.
Hence TS(V) /1, is an analytic Nichols algebra of V.

Proof. The fact that I, is a closed homogeneous ideal and coideal of T)(V') follows

from Lemma 3.3.9. It is independent of the choice of s since the vector subspace
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D..>0 Ve is dense in T¢(V) for all s, hence

I, = {;1: € Tf(V)‘(:c,y) =0forally € @n>0 V®"} :

Since the bilinear form on V' is non-degenerate, I, C ]_[5;2 V&, Clearly the quotient
T.(V)/I, is generated by V| and so it remains to check that the subspace of primitive
elements is just V. Given z € T°(V) homogeneous of degree n > 2 (i.e. in V") such
that its image in T°(V)/I, is primitive, we must have that (x,yy’) = (1,y){(z,y') +
(r,y)(1,y') = 0 for all y,y’ homogeneous of degree at least 1. It then follows that x
must be in the radical I, since (x, z) = 0 for any z homogeneous of degree at most 1.
By the assumption in Definition 3.3.8 the diagram

T.(V)QT(V) — (T(V)&Ty(V))*
¢l | &
T.(V)®T (V) — (T(V)&T(V))*
commutes, and so I,&T, (V) +T,(V)®I, is preserved by ¢ and the braiding on T¢(V)
descends to a braiding of 7.°(V)/1,. Hence this is an analytic Nichols algebra of
V. ]

Proposition 3.3.11. Let V be a finite dimensional Banach space with pre-braiding
¢ of norm at most 1, and suppose we have a non-degenerate symmetric bilinear form
(—, =) : V&V — k. Retaining the notation of Proposition 3.3.10, the induced map
BE(V) — T(V) /1L is an isomorphism for each O < r. In particular, I, is independent

of the choice of bilinear form.
Proof. This follows from Lemma 3.3.3, noting that I, C I(V}). O
Proposition 3.3.11 above justifies the following extension of notation.

Definition 3.3.12. Let V be a Banach space with pre-braiding ¢ of norm at most 1,

and suppose we have a non-degenerate symmetric bilinear form (—, —) : VQV — k.
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For each 0 < r we will denote by B¢(V') the quotient T°(V')/I, of Proposition 3.3.10.

We will also define B4(V)T = "colim",~,B¢(V) for 0 < p in this situation.

Proposition 3.3.13. Let V' be a Banach space with pre-braiding ¢ of norm at most 1,

and suppose we have a non-degenerate symmetric bilinear form (—,—) : VQV — k.

Then for each 0 < p, %z(v)T is a dagger Nichols algebra of V.
Proof. This follows as in the proof of Proposition 3.3.6. n

Proposition 3.3.14. Let V be a Banach space with a pre-braiding ¢ of norm at most
1 that restricts to an algebraic braiding V @ V. — V ® V' of vector spaces, and let
(—, =) : V®V — k be a non-degenerate symmetric bilinear form. Then the algebraic
Nichols algebra of V', as defined in Definition 2.1 of [2], is dense in the Banach space
BE(V) for each r > 0.

Proof. The algebraic Nichols algebra can be constructed as the quotient of the tensor
algebra of vector spaces, Eano V®" by the radical of the restriction of the induced
bilinear form on T,(V)®T,(V) for some sufficiently large s > 0. The result then
follows since P, V" is dense in T,.(V) for all r > 0. O

Proposition 3.3.15. Let V' be a finite dimensional Banach space with pre-braiding
c of morm at most 1, and suppose that R is a Banach analytic Nichols algebra of V.
Then the algebraic Nichols algebra of V', as defined in Definition 2.1 of [2], is dense
in R. Furthermore, R(n) is isomorphic as a vector space to the nth graded piece of

the algebraic Nichols algebra.

Proof. In the category of vector spaces, there is a unique braided N-graded Hopf
algebra structure on €P,-, V®" for which V is primitive and the braiding restricts
to ¢. The inclusion V' < R induces a morphism of braided graded Hopf algebras
@nzo V®" — R. The image of this morphism, which we denote by Ry, is a braided
graded Hopf algebra, generated by V, that is dense in R. Then V' C P(Ry) C P(R) =
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V and so P(Ry) = V. Likewise Ry(0) = k and Ro(1) = V. Thus Ry is an algebraic
Nichols algebra. Furthermore, each Ry(n) must be dense in R(n). Since these are

finite dimensional, they must be equal. n

3.3.2 Constructing non-Archimedean analytic quantum groups

The main motivation behind Majid’s work in [33], which we summarised in Section
3.2, is the reconstruction of Lusztig’s from of the quantum enveloping algebra. We
will use the same technique to construct analytic analogues of these quantum en-

veloping algebras.

Throughout the following, we will fix an element ¢ € £\ {0} of norm 1 that is not

a root of unity. We fix the root datum of a Lie algebra as in Definition 0.1.1.

Definition 3.3.16. Let H = ]_[felq)* k - Ky be the Banach group Hopf algebra of &*
with

K)\~K)\/:K)\+)\/, AH<K/\):K)\®K)\ and S(K)\):K_A.

We use the notation

which we borrow from [19]. Let H’ be the closed sub-Hopf algebra generated by

{tiliely, H =10 k-t~

Lemma 3.3.17. There is a duality pairing HQH' — k defined by
Ky, @ " qA(Z nioy)
and simultaneous algebra homomorphisms and coalgebra anti-homomorphisms

R:H — Hitivsty, Z:H — Hty—t"
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fori € I, making H and H' a weakly quasi-triangular dual pair.
Proof. This is Lemma 4.1 of [33]. O

Definition 3.3.18. We will say that a Banach H-modules M is a Banach weight
space of weight a € @ if Ky - m = ¢M¥m for all m € M. We say that an Banach
H-module M decomposes into Banach weight space if it is a contracting coproduct
of Banach weight spaces M, of weights a € &, M = H§é<1> M,. The weights of M
will be those a € ® such that M, # 0. We will say that an IndBanach H-module
M decomposes locally into Banach weight spaces if it can be written as a colimit
of Banach H-modules that decompose into Banach weight spaces. Given a subset

X C & we denote by H-Mody the full subcategory of H-Mod consisting of modules

that decompose locally into Banach weight spaces with weights in X.

Remark Lemma 3.3.17 above, along with Proposition 3.2.4 and Proposition 2.3.5 of
Part II, says precisely that H-Mody is braided monoidal. In the next section we shall

extend this braiding, under certain conditions, to H-Modg.

Definition 3.3.19. Let V = [[, k - v; with basis {v; | i € I}. This is a left H'-

icl
comodule with coaction v; — t; ® v;. The weakly quasi-triangular structure of H and

H’ then induces a braiding ¢ on V' given by

c(v; @ v;) = ¢ v; ® v;

of norm ||¢|[| = 1. Let (—, —) be the non-degenerate bilinear form on V' defined by

1 (ov5,04)
<Uiyv'> :5i,'—_ for ¢ =q 2
J J (qZ _ ql 1)

Given 0 < r or 0 < p we denote by f2" and f! the Nichols algebras B¢(V) and

r

B¢(V)T respectively. We will also use the notation U (g)2" = U, (g)*" = £ and
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Uf(g)l = U, (9)} = fI. Note that these are braided IndBanach Hopf algebras in

H'-Comod = Comod-H'.

Lemma 3.3.20. For each 0 < r, the positive part of the quantum group, as defined
in [27] and [33], is dense in the Banach space £°".

Proof. This follows from Proposition 3.3.15 along with Theorem 4.2 of [2], which is

a restatement of the constructions in Chapter 1 of [27]. O

Lemma 3.3.21. Suppose 0 < r,s such that 1 < |¢ — q;|rs for alli € I. Then
there is a duality pairing £o"@f*™ — k as Banach Hopf algebras in H-Mod = Mod-H
extending (—,—) in Definition 8.4.12. Likewise, for 0 < p,o with 1 < |g — ¢; *|po

for all i € I there is a duality pairing fj@fg — k.
Proof. This follows from Lemma 3.3.9. O

Definition 3.3.22. For 0 < r,s with 1 < |¢; — ¢; !|rs for all i € I we denote by
Uy(9)2% the analytic quantum group U(f2", H,£2*). We will denote by U=(g)2* and
quo(g)?n the respective sub-Hopf algebras f2* x H and H x fo of Ug(g)ihi. Let us
denote by F; the element v; ® 1 € £2" x H, and by F; the element 1 ®v; € H x @ for
i€ 1. For0<p,owithl<|g—gq *|po forall i € I we denote by Uq(g)jw the dagger
quantum group U (f1, H,£1). We will denote by U=(g)! and Uz%(g)!. the respective

sub-Hopf algebras f1 x H and H x £l of Uq(9)],o-

Proposition 3.3.23. U,(g)% and U,(g)}

T8

are analytically graded by 7.1 = ¥ (i.e

,0

are graded by the Banach group Hopf algebra of V).

Proof. Note that £2* and f*" are H'-comodules, both left and right since H’ is cocom-

mutative. If we give H the trivial H’-coaction,

N T]H/®IdH ~

H=~kxH "—" H®H,
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then all of the morphisms involved in defining U (f?>*, H, f**) are H’-comodule homo-
morphisms. The result then follows since H’ is isomorphic to the Banach group Hopf

algebra of ®. O]

Proposition 3.3.24. For each 0 < r,s with 1 < |g;—q; ‘|rs for alli € I, the quantum

an
T,87

enveloping algebra U,(g) is dense in the Banach space Uy(g)e", and the Hopf structure

on Uy(g)s restricts to the usual Hopf structure on U,(g).

Proof. This follows from Proposition 4.3 of [33], Lemma 3.3.20 and the triangular

decomposition of U,(g) given by the Poincaré-Birkhoff-Witt Theorem. O

Proposition 3.3.25. Suppose U is a Banach Hopf algebra in which U,(g) is a dense
sub-Hopf algebra, with U analytically Z1 graded (i.e are graded by the Banach group
Hopf algebra of V) extending the grading on U,(g). Then there is an epimorphism of
Banach Hopf algebras

Ug(g)rs = U

for some r,s > 0 with |¢; — ¢; '|rs > 1 for alli € I.

Proof. Let U=, U°, and U™ be the respective closured of U, (g), U (g), and U, (g) in
U. The ZI grading on U (g) is concentrated in degrees in the submonoid N/, and
hence so is the analytic grading on ™. The homomorphism of monoids from this
submonoid to N, .., n; -1 = Y., n; gives U' an analytic N grading compatible
with that of the algebraic Nichols algebra Uf(g). Since U™ is a completion of the
algebraic Nichols algebra UqJr (g) it must be an analytic Nichols algebra of V' as in
Definition 3.4.12, and hence by Proposition 3.3.25 we have an epimorphism f, — U™
for some s > 0. Likewise we obtain an epimorphism f, — U~ for some r > 0, and
without loss of generality we may take r and s such that rs|g; —q;'| > 1 for all i € I.
Finally, each K, € U, is grouplike, so since comultiplication on U, is bounded by

some constant C' > 0 we have ||Ky||? = ||K\® K,|| < C||Ky]|, so ||K)|]| < C. Thus we
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can define a bounded epimorphism H — U° by mapping each K, to the associated

element of Uc?(g) inside ¢°. This gives us an epimorphism
Uy(9)2 = E"QHOE™ — U GUSUT S U
that restricts to a Hopf algebra homomorphism on the dense subspace U,(g). O

3.3.3 Quasi-triangularity and the R-matrix

Suppose throughout this section that the symmetrised Cartan matrix associated

to our root datum in Definition 0.1.1, A = ((o,@;))ijer, is invertible (over Q).

Suppose further that ¢ = exp(h) for some A € k of sufficiently small norm such that
1

W(W -max; j|A; )" converges to 0, where A7} are the entries of the inverse of the

Cartan matrix.

Remark If k is an extension of @, the requirement that ﬁ(|ﬁ| - max; ;| A; jl )™ con-

verges to 0 is equivalent to |A| - max; ;|A; | < pﬁ. If k is such that |n| = 1 for all

integers n € Z then this is just the assumption that |A| < 1.

.t <1 .
Definition 3.3.26. Let us denote by % the Banach space 7 =[], k- Ho. This
has an algebra structure induced by the group structure of ZI, and we make 5 a

Hopf algebra by defining
AypH)=1H;+ H;®1 for i€l
We will denote by e : H' — 7 the morphism of Hopf algebras determined by

(Oém Oéi) ) (061‘, Oéz)nﬁn
2 = AL 03!
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Lemma 3.3.27. Under our assumptions, 7€ is quasi-triangular with R-matrix

Ry = exp(ﬁz AT H @ H;).

7]
7:7.]‘

Proof. Since ¢ is both commutative and cocommutative, it is trivial to check that
X is an R-matrix. It remains only to check that this converges, which follows from

our assumptions since
17 A H; @ Hyl| < |h] - max; 4| A7}
2

O

Proposition 3.3.28. There is a braiding on H-Modg extending that of Lemma
3.3.117.

Proof. Suppose M, and N, are Banach H-modules, and hence H'-modules, of weights
a and o in @ respectively. Then M, is a #-module where H; acts by the scalar

(ai, @), and likewise so is N. The action of Z, induces the braiding
M,&N.,, — Ny@M,, m®n+— qu,j A;jl(ai,a)(aj:a’)n ® m.

This braiding commutes not only with the action of H' but also with that of H. If

a=> nja; and o =Y nla; in ¥ then

> Aig (e a)(ag, ) = 30,0 0 Aijnami (o, o) (0, o)
= ijarg Ay maml (i, o) Ay

= Zi,i’ ni’n;<ai7 ai’) = (aa a/)7

so the braiding restricts to the one given by Lemma 3.3.17 on H-Mody. O]
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Proposition 3.6 of [33] gives criterion for when a double-bosonisation is quasi-

triangular. The Banach version of this would be the following.

Theorem. Let H be a quasi-triangular Banach Hopf algebra, let B be a braided
Banach Hopf algebra B in H-Mod and let C' be a braided Banach Hopf algebra in
Mod-H, equipped with a duality pairing between B and C, (—, —) : BRC — k.
Suppose there exists linearly independent subsets {b, | n € N} C B and {¢, | n €

N} C C that span dense subspaces and satisfy
(b, cm) = dpm  and  ||b,|| - [Jenl| — O.
Then U(C, H, B) is quasi-triangular with R-matrix

R = xXpop By = P (. @BV %Y @1) @ (10 %27 @ Sp(bs) - %)

zeX

where expe = >y €. @ Sp(by), and %) = S %Y @ %P and %, =Y. #Y @ %

are copies of the R-matrix Zy on H.

Unfortunately, as in [33], the conditions required for this theorem do not hold if B
and C are infinite dimensional, hence it does not apply to U(f2", .7, £*"). Indeed,
if such sets were to exist for infinite dimensional B and C' then )b, ® ¢, would

converge in B ® C' but its image under (—, —) would not.

If we allow ourselves to work over formal powerseries in A then we may define an

R-matrix for some analytic quantum groups, which we will see in Section 3.3.6.

3.3.4 Quantum groups as Drinfel’d doubles

Lemma 3.3.29. Suppose we have IndBanach Hopf algebras B and C' with a duality

pairing (—, —) : BRC — k. Then there is a Hopf algebra structure on C®B such
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that B — C®B and C — C®B are morphisms of Hopf algebras and the multiplication

restricts to the composition

B®C — B®BRBRCRCRC
— BRCORCQBRBRC

— C®B

where the first morphism is given by the respective comultiplications, the second is
a reordering given by the permutation (2 4)(3 5) € Sg and the last is given by
(=)@ Id® (—,—).

Proof. This construction is outlined in Section 8.2.1 of [25] and Section IX.5 of [23]
for (finite dimensional) vector spaces, but is easily generalised to the category of

IndBanach spaces. [

Definition 3.3.30. We will denote by D (B, C) the Hopf algebra on C®B described

in the previous lemma, the relative Drinfel’d double of B and C.

Lemma 3.3.31. There is a duality pairing (H x £a0)&(£9 x H')P — k such that

Ky®t; — qf)‘(aj), Ky®F; — 0,

El®tj — O, E1®F} — _(Si,j%-

qi—4q;

Proof. This follows as in Section 6.3.1 of [25]. We first define bounded algebra homo-

morphisms ¢; and 1; from H x 2" to k such that

1
6i( K\ ®@v;) = o Pi(Kx®@x) =0

and

(K @ y) = ¢ Ve(y)
foralli € I, z € f*"(a), a; # a € U, and y € f2*. Here ¢ is the counit on f2".
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We define contracting morphisms V, — (H x fan)* and [, t; — (H x f20)* defined
respectively by v; — ¢; and ¢; — ;. These induce algebra homomorphisms 7,.(V') —
(H x fan)* H' — (H x fan)*, Tt follows from the proof of Proposition 34 in loc. cit.
that the map 7, (V) — (H x fan)* factors as a composition T,.(V) — £2* — (H x fan)*,
From this we obtain a morphism 2" x H’ — (H x f2)* and hence a bilinear form as

desired. The fact that this is a duality pairing is checked on a dense subspace in [25],

and extends by continuity. m

Remark It is shown in Proposition 34 of 25| that this pairing can be expressed as

the composition

R . R Id®Id®S®Id . R . Id®(—,—)®Id o
Hf*@f*"@QH ———— HFf"RfF"QH ——-— HRkQH'
Id®S R (—=,—)
E— HeH' — k.

Definition 3.3.32. For an IndBanach Hopf algebra C', we will denote by ¢Cross® the
category of IndBanach spaces V' equipped with both a left action and right coaction of

C, py : C®V =V and Ay : V = V®C, such that the following diagram commutes:

. Ac®Id R
CrV CRCORXV
lA ® Ay lld & py
CRORVRC CRV
|[lder®ld |
CRVRCRC Vel
| v ® pic Ay ®1d
Vel 4@ e VeCxC.

We will refer to these as crossed bimodules, although they are sometimes also referred

to as Yetter-Drinfel’d modules.

Lemma 3.3.33. The category ¢ CrossC is pre-braided monoidal with braiding given

by

M&N 5 NoM "X NeosM "M N M
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for M and N in «Cross®. If C' has an invertible antipode then this is a braiding.
Proof. This is Theorem 5.2 and Theorem 7.2 of [42]. O
Lemma 3.3.34. There is a faithful functor ¢ Cross® — D(B, C')-Mod.

Proof. This follows from the proof of Proposition 6 in Section 13.1 of [25]. An object
V of ¢Cross® already has an action of C'. It gains an action of B using the duality

pairing, giving a map

o WdeAy 0 (1d&(—,—))o(r®Id)
Wy BV —— BRV&C > V.

Then B and C generate D(B,C'), and the fact that py and pf, together give a well
defined action of D(B,C) = C®B on V (given by puy o (Id ® uf,)) follows from the
commutativity of the diagram in Definition 3.3.32 as in the proof of Proposition 6 of

loc. cit. O

Proposition 3.3.35. There is a strict epimorphism of braided analytically graded

Banach Hopf algebras

D(H x fon, £2" x H') — Uy(g)"

s I or

whose kernel is the closed two sided ideal generated by
{lot,elel-1010t,®1|icl} CE"OHRH QF™.
Proof. This strict epimorphism can be written as
i & Hépp S2MHE, gan gy preypan
Corollary 15 of Section 8.2.4 of [25], along with Proposition 3.3.24, show that this
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restricts to a morphism of braided graded Hopf algebras between the dense subspaces

Uz (g) @ U7 (8) — Uy(g)

whose kernel is generated by t; ® 1 — 1 ®¢;. The result then follows by continuity. [J

Definition 3.3.36. Let us denote by C the full subcategory of (fgnNHl)CrOSS(f?nNH,)

consisting of IndBanach spaces V' equipped with both a left action and right coaction
of £ x H', py : (f* x H)®V — V and Ay : V — V(2 x H'), such that the

following additional diagram commutes:

HQV —— (H x f2)QV

J [ 'u/
My

(£ % H)QV

where 1, is the action described in the proof of Lemma 3.3.34.
Lemma 3.3.37. There is a fully faithful functor C — Uy(g)ys-Mod.

Proof. By Lemma 3.3.34 and Proposition 3.3.35 there is a faithful functor C —
Ug(g)ii-Mod. Let f : M — N be a morphism in U,(g);-Mod between two ob-
jects in the image of C. Then the action of H x fan on both M and N is induced
by a coaction of £*" x H’ via their dual pairing. Furthermore, f commutes with the
action of Uy(g)22, and hence with the actions of £2* x H” and H x f2*. The morphism
f must therefore preserve the locally Banach weight space decompositions of M and
N, so it preserves their respective coactions of H'. Since the pairing of £** and f*"
is non-degenerate, f must also preserve the coaction of £2" that induces the action of

f2*. Hence f preserves the coaction of £2" x H', so comes from a morphism in C. So

the functor is fully faithful. ]

Definition 3.3.38. We will denote by Oy the essentail image of C in U,(g)y;-Mod.

This is the full subcategory of U,(g)2% modules whose action of H gives a represen-

8
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tation in Comod-H" = H-Mody and whose action of U, (g)5" comes from a coaction
of £ via their dual pairing. Let us denote by O the full subcategory of U,(g):%-Mod
consisting of modules whose action of U (g)3" comes from a coaction of f2* and whose

action of H gives a representation in H-Modg. Note that Oy C O.

Remark Note that the conditions for a U,(g); module to be in O resemble the
conditions for a U,(g) module to be integrable, with the requirement that the action
of U q+ (g)2" comes from a coaction of £2" taking the place of a locally finite dimensional

action of U (g).

Corollary 3.3.39. The category Oy is braided monoidal.

Proof. This is a consequence of Lemma 3.3.33 and Lemma 3.3.37. ]

Remark A short computation shows that the braiding on Oy can be expressed as
performing the braiding on H’-comodules given by Lemma 3.3.17 followed by the
action of expgan gan as described at the end of Section 3.3.3, which is well defined
despite expgan gan nOt converging. This is expected given the description of the R-

matrix at the end of Section 3.3.3.

Proposition 3.3.40. Suppose that the symmetrised Cartan matriz associated to our
root datum, A = ((®,q;))ijer, has an inverse over Q with entries Ai_j. Sup-

pose further that q = exp(h) for some h € k of sufficiently small norm such that

),

ITl'I(’ﬁ‘ - mag; j|A; J|)" converges to 0. Then there is a braiding on the category O

extending that of Oy.

Proof. Given M and N in O, the braiding is given by the composition
M&N 5 N&M —s NRF"@M — NOM 2% N&M

where the second morphism is the coaction of £*" on N, the third is its action on

M, and the last in the action of the R-matrix as in the proof of Proposition 3.3.28.
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The computations in the proof of Proposition 3.6 of [33], alongside the previous

remark, ensure that this is a braiding. This is an extension of the braiding in Lemma

3.3.33. 0

Example 3.3.41. Let g = sly, and fix r,s > 0 with |g; —qi_1|7’s > 1 forallie . Let

ANEDP=Z, and let Wy = k{?} = Hn>0 - 2 with the action of Uy(sly) % given by

K. " q)\ ann7 F." = x”+1’ E . " = [n] [)\ — (n — 1)]56”71

1

where x~1 := 0. Alternatively, taking y" = {> ay" | |a’”; — 0} with

action
K‘yn:qA—Qnyn, Fyn: [n—i—l]ynH, Eyn: [)\_(n_l)]yn—l

where y~! := 0. Note that W, is isomorphic to the quotient of Uq(ﬁlg);}f; by the closed
left ideal generated by E and K — ¢*, and so we call it an analytic Verma module of

weight . This gives a representation in O where the coaction of £ is given by

1

o T(-DHeg
n _ n|l[A—n+k
= heo(—DMa—q 1)’“WF’€®$ ;

n n — )\ n+k n—
vt Y(-DMa—q l)k%k]'[;n% Fr eyt

Given N\, N € ® the braiding Wax@Wy — Wy W, is given by

n m n — n]![A—n+k]! m n— m .
@ S (—DM(g — g ) R ) gtk @ genh

n _ m4+k| [ A—n+k]! m n— m n—
YR Y™ — Zk;:o(_l)k(q —q 1)k[ [J!l[ﬂjn[ﬁ\[)ﬁz]lfl q2( +k)(n—k) y +k ® yv k.

Y

Example 3.3.42. Note that objects in O are not necessarily generated by highest
weight vectors. We give an example of a representation with no such highest weights.

Let g = sly, fivr,s > 0 with |¢;—q; |rs > 1 for alli € I, and suppose that q = exp(h)
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for |h| < 1. Then

e (58 ()

NE

|

e
N————

so lg —q~'[ = |2h[, and

n]—n = ¢ '+¢" 32+ +q¢" 1 —n
= Ay o mln =%+ (n=3)" + ...+ (—n + 1)k)Ak!

has norm strictly smaller than 1 for |h| sufficiently small, so |[n]| = |n|. Fixz some

A\ € Z>q. Let us define

’Oé@j'?”jii — O} .

<1
M = - k j—i * €Ti; — { O i
A | |i,j20 T 2, E 2,777

Then My becomes a U,(sl2)™ module with

7,8

K-ziy = ¢ %,

E-xzij = xiay,

F- Toj; = Tij+1,

Fozij = xijna—[{]A+i—1=2jlzi1; fori>0,

so that x; j = E'Fizyo and xo,0 45 of weight X\. Note that this action is bounded since
1K - @i = [J@i]],

o1
1B -zl ="t = =B - zigll < NE| - [l
rs

1F - il < maz{1, |[i[A +i— 1= 23] }r7 7" <0 = (1Pl -
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The map My — £ M, given by

-1
a:zjl—>z k: ) ~ L J Rk ® Titk,j
£>0

is well defined and bounded since \%V ri=ich = ||—‘ — 0. This shows that M)

15 indeed in O, since

(@—a " n
Z<—1>’“[—,)<E ) @ Tiggg = Tigny = B" - 1.

3.3.5 Rigidity results

Classical rigidity results of Chevalley, Eilenberg and Cartan from the 1940s assert
that there are no non-trivial formal deformations (as an algebra) of the universal
enveloping algebra of a semisimple Lie algebra g. The proof relies on the vanishing
of the second Lie algebra cohomology group. In this section we prove an analogous
result that relies on a bounded cohomology vanishing result that has yet to be proven.

We proceed as in Chapter XVIII of [23].

We fix a set of root datum as in Definition 0.1.1.

Definition 3.3.43. Let 77 := Him kH, be the Banach Hopf algebra generated by
H; for ¢ € I, where

Ay(H) =10 Hi+ H; ® 1.

Let Vo := [, k- v and let T,(V;) = ]_[n>0(V®”) n. For r > 0 we will denote by
both U~ (g)2" and U™ (g)2" the quotient of T,.(V5) by the closed ideal generated by the
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Serre relations

1—(ay,a5)

1 A, Q5 —(ay,05)—
(—1)’“( (k ])>U¢1 (@i07) kvjvf =0
k=0

for i # j.

Theorem 3.3.44. Let r,s > 0 such that 1 < rs. Then there is a Banach algebra
structure on

U(g)en := U (9)"@/4U " (g)"

s

such that U~ (g)™, # and UT(g)®™ are all subalgebras, and

[H;, Ej] = (v, ) By, [Hy, Fy] = —(ai, o) Fy, B, Fy] = 6, H;

where F; =10, 1 ®1 and E; =1 ® 1 ®v;. This becomes a Banah Hopf algebra with

) as a sub-Hopf algebra and

AE) = E;14+1F;, S(E;) = —E,
AF) = F1I+1®F, SF) = —F,.

Proof. By construction and the triangular decomposition given by the Poincaré-

an
r,s

Birkhoff-Witt Theorem the enveloping algebra U (g) sits as a dense subspace of U (g)
on which this Hopf algebra structure is well defined. It is therefore enough to check

that it extends continuously. Since

| H; - Fi|l = |[FjH; — (o, ) Fyl| < r = |[Hi|[[ F]
|Ei - Hyl| = ||H;E; + (i, 05) Bl < s = ||Eil||| Hjl
|Ei- Byl = |[FiE —0iHil| < rs = |[Ell||Fl

and since

[A@I =Nz +rel] <z
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for each generator x € {F;, H;, F; | i € I} we may define bounded linear transforma-

tions
(T, (Vo) @RTs (Vo)) @ (T, (Vo) @0 4T, (Vo)) — Ul(g)™
T, (Vo) @ 4@ T.(Vo) = U(g)r@U (0)7
which descend to the described multiplication and comultiplication maps. O]

Definition 3.3.45. We will denote by g, the closed Lie subalgebra of U(g), gen-

erated by {F;, H;, E; | i € I'}. This is a Banach Lie algebra with ||[z, y]|| < [|z| - ||yl|

for z,y € g,.

Proposition 3.3.46. Suppose we have a Banach algebra A and a morphism of Ba-
nach Lie algebras g,s — A of norm at most 1. Then this extends to a unique con-
tracting morphism of Banach algebras U(g);". — A. In particular, given a Banach
9rs module M whose action satisfies ||x - m|| < ||z|| - [|m|| for x € g, m € M, this
extends to a unique action of U(g) s on M such that the morphism U(g)fﬁ@M — M

18 contracting.

Proof. Taking the images of F}, H; and E; in A gives us a contracting map
(T, (V0)@ART(Vo)) — A.

The images of F; and F; must satisfy the Serre relations in A, and hence this descends
to a map U(g),s — A. This restricts to a well defined algebra homomorphism on
the dense subspace U(g), hence the result follows by continuity. Applying this to a

morphism g, ; — Hom(M, M) gives the rest of this result. O

Definition 3.3.47. Let M be a left Banach g, ; module whose action satisfies ||z - m|| <

|z|| - ||m]| for x € g, 5, m € M. Then we define the complex

Cy(grs, M) := Hom(A"g, s, M),
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the space of bounded antisymmetric n-linear maps from g,, to M, and let 9, :

Cr(grs, M) — CY(g,., M) be the map

5n<f)(l'1, N $n+1) = Zl§z§]§n+l(_1)l+Jf([x“ $J], Ty ey iLA'Z', N, f], .y l’n+1>

+ Zl§i§n+1(_1)i+1xif(xla .oy I'AZ‘, ey In+1).

Note that ||d,] < 1 and 6,41 0, = 0 for all n > 0. We define H}'(g, s, M) to be the
seminormed space Ker(6,)/Im(d,-1), the nth bounded Lie algebra cohomology of g,
with coefficients in M. We will say that C}(g,.s, M) is strictly exact at C}'(g,s, M) if
H}'(g,s, M) =0 and the induced map

OV (gys, M) /Ker(8,) — Im(6,_1) = Ker(s,,)

is an isomorphism.

Definition 3.3.48. Let M be as above. Then we say that a strict epimorphism
p: 8§ — g of Banach Lie algebras is an extension with kernel M if Ker(p) = M as
g, modules, where Ker(p) C g has the adjoint action. This extension is split if there

exists a morphism of Banach Lie algebras s : g, s — g with po s = Id.

Lemma 3.3.49. If HZ(g,s, M) = 0 then any extension p : § — g, with kernel M
and ||p|| < 1 which is already split in Bany, is split as an extension of Lie algebras.
Moreover, if C3(gy.s, M) is strictly exzact at CZ(g,.s, M), the splitting s has norm ||s|| <
C where C is the norm of the isomorphism Ker(ds) = Im(8;) — C(g,.s, M)/ Ker(dy).

Proof. This proceeds as in Proposition XVIIL.1.2. in [23]. Fix a splitting g = g, s& M

as Banach spaces, and let

f(x,y) = p([(x,0), (y,0)]) for z,y € gr.s,

so that f € C%(g,s, M) and | f|] < 1. Then it is easily checked that f € Ker(ds)
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and hence f = §;(a) for some a € C}(g,s, M). If Cg(g,s, M) is strictly exact at
CE(grs, M) then |af| < C|If|| < C. Then, as in loc. cit., s(x) = (z,—a(z)) gives
a splitting, and ||s|] < max{C,1}. Note that, as the inverse C}(g, ., M)/Ker(d;) =

Ker(d,) is contracting, we automatically have C' > 1. ]

Definition 3.3.50. Let M be a Banach g, ; bimodule. Then we denote by M the

gr,s module whose underlying Banach space is M with action z - m = xm — mx.

Lemma 3.3.51. Let M be a Banach g, s bimodule with ||[xm|| < ||z||||m|| and ||mz|] <
|z|||m]| for all x € g.s, m € M. Let f: U(g)in@U(g)s% — M be a bounded linear

map such that

f(lvx) = f(.l’,l) = 07 l’f(y,Z) - f(.’IIy,Z) +f<l’,y2) - f(QJ,Z/)Z = 07

for all x,y, 2 € U(g)%", and ||f]| < 1. Suppose that H3(g,., M) = 0. Then there is a

7,87

bounded bilinear map o : U(g)ys — M such that

a(l) =0 and f(z,y) = za(y) — a(zy) + a(z)y for all z,y € U(g),.

Furthermore, if we assume that Cf(g,.s, M) is strictly ezact at C2(g,., M), and the
isomorphism Ker(63) = Im(8y) = Cl(g,s, M)/ Ker(8,) is contracting, then we can

take o such that ||af] <1 .

Proof. We proceed as in Proposition XVIIL.1.3. in [23]. We may define a contracting

multiplication on U(g)y, © M by

(2,m) - (g m) = (wy, 2n +my + f(z,)) for 2,y € U(g)™, m,n € M.

7,87

Under the commutator bracket, g = g, s ® M C U(g)y ® M is a Banach Lie algebra,

and an extension of g, , with kernel M. Thus by Lemma 3.3.49, there exists s : Ors —
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g splitting the projection p : g — g,s, with ||s|| < 1 under the stronger assumption.
Then the map g, s 55U (9)7s © M induces a unique algebra homomorphism
s U(g)sy — U(g)¥ © M which splits the first projection. This map must be of the

form §'(z) = (2, —a(x)) for some o : U(g)a — M. But then, for all x,y € U(g):,

r,8)

(zy, —a(zy)) = s'(xy) = §'(2)s'(y) = (wy, —zva(y) — a(x)y + f(z,y))

which completes the proof. O]

Theorem 3.3.52. Let g, and g,, , be Banach Lie algebras, each coming from some
root datum. Let 1 > ¢ > 0. Suppose we have two morphisms of k{ﬁ} algebras
a,of U(g)@ {2} = U)o {2} such that a = o/ modulo b and [lo| < 1, [|/|| < 1.
Suppose that C§(gr.s, U(g)iry) is strictly evact at Cy(g,., U(g')&"y) and the isomor-

phism
Ker(01) = Im(do) = U(g)"y/ Ker(do)

is contracting. Then, for any € > €' > 0, there exists an invertible F' € U(g')", g}

such that o (x) = Fo(z)F~* for all z € U(g)@{L} where we now view o and o as
maps from U(g)i{ 5} = U(g)rid LY@y b{ 5} to U(e) 7 A5} = U@ A L@ k{51
Proof. We proceed as in Theorem XVIIL.2.1 of [23]. Fix 1 > ¢ > ¢ > 0 and a

sequence (&, ),>0 with

E>E >8> ... > 6y > Eppy > .. > £

Since «a is k{%}-linear, it is uniquely determined by its restriction to U(g)2%. We may

write o in the form

Zal )i for x € U(g)2

for a; : U(g)h — U(g)2,, |laulle’ < 1. Now, suppose we have ug,uy, ..., u, €

7,8
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U(g')2r, such that Usae = apU; modulo 7™, where
Ui = (1 + uzﬁ’)(l + Uz;lﬁiil)...(l -+ UO)7

and |Ju;|e} < 1. Note that (1 + u;A) is then invertible in U(g)i {2} for each i =

0,..,n, with inverse ). (—u;h')/, and hence so is Uj, in which case
oV (z) := U;a(x)U; ! = ap(z) modulo A
for all z € U(g). Note also that
11+ wh'|| = (1 +wh) | = Ul = U7 = 1,

and so [|o™| < [la| as maps U(g)2{Z ~} = Ug)y Ax ~}. Again, o™ is k{L -}

linear, and we may write the restricted map o™ : U(g)2 — U(g' )ﬂ?s,{a} as
o™ (x Za x)h' for € U(g)2

for aﬁn) cU(g)ys — U@

al™ = ag and o™ =0 for i = 1,...,n. Looking at the A" coefficient of o™ (zy) =

[oi™|lel < |la™]| < |la| < 1. By assumption,

o™ (z)a™ (y) we see that

o (@y) = o (@) (y) + a7 (@)l (y)

= ao(@)aly () + ol (2)ao(y)

for all 2,y € U(g). Thus

o)y ([, y]) = [oo(@), ol ()] — lao(y), ol ()]

for all z,y € g, .. Given that x € g, acts on U(g')i", via [ag(x), —], this is precisely
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the fact that aﬁﬁ@l restricted to g, is in Ker(d;). Hence there is a uny1 € U(g)3
such that o), (z) = [ao(x), ups1] for all z € gy and [[ung] < [[al,]], so that
funeallept < 1. Then, in U(g)2, =}, sl < Land (14w is

invertible with

o™ D(z) = (L4 upp b a(z) (1 + A
= ao(x) + (upr1a0(x) — ag(x)up + agﬁl(m))hnﬂ mod A"t

= a(x) mod A" 2.

Taking wug := 0 as our base case, we obtain inductively sequences (u,,),>0 and (Uy)n>0
in U(g')y g} The sequence (U,),>o converges to U := 1+ >~ v,h" where

= ) Uj Ujy...u;, Whose sum is taken over all finite sequences iy > iy > ... > i) with
i1+ 19+ ... + i = n. Since ||v,|[(e")" < 1 for all n > 0, U is invertible in U(g/)iﬁs,{g}
with inverse U™ =02 (= >0 v, h™)". 1t follows from the fact that

Una(2)U ' = ap(x) modulo A"

n

for each n > 0 that Ua(z)U ™! = ag(z) for cach x € U(g)2{%}. Similarly, there exist
mutual inverses U', U'~" in U(g')2" {£} such that U'e/(2)U'™ = af(z) = ag(x) for
cach z € U(g)*{%}. Thus taking F' = U'~'U gives our result. O

Theorem 3.3.53. Let € > 0. Suppose A is a Banach k{g} algebra with contracting
multiplication such that there is a bounded k;{ 'Y -linear isomorphism of Banach spaces
A= U(g)e{2} that preserves the unit, and that A/hA = U(g)% is an isomorphism

T8

of Banach algebras. Suppose that Cy (g, U(g)™") is strictly exact at CE(g,.s, U(g)")

T, 8

and the isomorphism

Ker(8,) = Im(61) = Cy (s, U(g)r,)/ Ker(d1)
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is contracting. Then for any e > &' > 0, there is an isomorphism of k{g—ﬁ,} algebras
a: Ay = A®k{g}k{§} = U(E)?Z{;ﬁ/}

inducing the given isomorphism Ao /hAs = A/hA = U(g).

Proof. We proceed as in Theorem XVIII.2.2 of [23]. As before, fix 1 > e > ¢’ > 0

and a sequence (&,),>0 with

/

E>EL>E> ...>ER > Epp1 > ... > E

The given isomorphism A = U(g)* {2} induces a multiplication
pe (U(e)roU(@{ 2 = Ul eU(a)i{tt — Ule)i{l}

which is k{2}-lincar and hence is determined by its restriction to U(g)*&U (g)2.

We may write this restriction as

w= 3"l s U@ReU @) — U@, Ilulle’ < 1.

Suppose we have maps ag, aq, ..., o, : U(g)?™ — U(g)™ such that ||o;llel < 1 and

r,s 7,8

Vi(p(z,y)) = po(Vi(x), Vi(y)) modulo At for all z,y € U(g)™, where V; is the

7,8

endomorphism of U (g)?};{g} with
Vilugen = (Id + h'ag)(Id + A o). (Id + ag).

Note that, since ||a;||e? < |las|le? < 1, the endomorphism of U(g)*2{ZX} whose re-
n 1 rslen

striction to U(g)2% is (Id 4 h'a;) is then invertible for each ¢ = 0,..,n, with inverse
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> jzo(—hiai)j, and hence so is V; as an endomorphism of U (g)iﬁ{%}, in which case
p () = Vi(u(V; (), Vi () = po() modulo A+
for all z,y € U(g)%. Note also that
11+ Aol = [|(1 + hlaq) 7 | = Vil = Vi = 1,

and so ||u™| < ||u|| as multiplication maps on U(g)i‘;{&} Again, p™ is k{%}—

linear, and we may write

p (@) =3 (@, y)i for w,y € Ulg)™

where 1" : U(@)m&U (@) — Ul 1™ e, < 1] < [lu]l < 1. By assump-
tion, ,u(()n) = po and ul(-n) = 0 for i = 1,...,n. Looking at the A" coefficient of
(" (), 2) = p (2, " (y, 2)) we see that
(n) (n) _ (n) (n)
:unJrl (xyv Z) + :unJrl (I, y)Z - /J“nJrl (I, yZ) + x:unJrl(y? Z)
for all x,y,z € U(g)¥. Here, we are using the simplified notation xy := po(z,y). So,
by Lemma 3.3.51, there exists a, 1 : U(g)ry — U(g)y% such that [[a, | < HuﬁlH,

r,s

an41(1) = 0 and

(n)

Mn+1(iﬂ7 Y) = 200 11(y) — any1(2Y) + ng1 (2)y.

Setting V,,+1 as the endomorphism of U (g)ig{%} whose restriction to U(g)2" is

8

(Id + A" ay41) Vi, we have that V4 is invertible since [|au,4q et} < 1. Let

M(n+1)(177 y) = Vn—i-l(ﬂ(vn_—i-ll (:L‘), Vn_—i-ll (y>))
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Then, modulo A2,

p(,y) = (Id+ ) o (o + pll )
(‘T — Opt1 (x)ﬁn+17 Y — Qpyq (y)ﬁn+1)

= 2y + (e (2y) + 17 (2,y) = Qe (2)y — 2 (y))

xy.

Taking ap = 0 as a base case, we inductively obtain sequences (a;,),>0 and (V;,)n>o-
The sequence (V,,)n0 converges on U(g)™2{%} to V :=1d + Y>>, h"B, where 3, =
>y, ..., whose sum is taken over all finite sequences i; > iy > ... > i with

iy + 42+ ... + i, = n. Since [|a,|[(¢)* < 1, V is invertible on U(g)22{%} with inverse

V=) (=) mB)"

=0 n=1

It follows from the fact that V,u(V,'(z),V, ' (y)) = po(x,y) modulo A" for each
n >0 that Vu(V (), V= (y)) = po(x,y) for each z,y € U(g)22{L}. It then follows
that

~ an Vv an
AE/ = U(g)r,s{g_ﬁ/} — U(g)r,s{g_ﬁ/}

is our desired isomorphism of algebras. O]

The following are slight variations of the above theorems.

Corollary 3.3.54. Let g, and g, , be Banach Lie algebras, each coming from
some root datum. Let ¢ > 0. Suppose we have two morphisms of k{fg}T alge-
bras o, : U(g)@ {2} = U(g)ar {2} such that « = o/ modulo h. Suppose that

Cr(gr.s,U(g),) is strictly exact at CL(g,s, U(g)%.,) and the isomorphism

Ker(6,) = Im(dy) — U(g')fffs,/Ker(éo)

15 contracting. Then there exists a convolution invertible generalised element F' : k —
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U(g’),‘f&,{f}T such that o/ = F x a % F~ 1.

Proof. The morphisms a and o are k{2}i-linear, so are determined by their re-
strictions U(g)2 = U(g)a,{2}7. Since U(g)2% is Banach, there is ¢ > & such
that the restrictions of & and o are determined by morphisms of Banach algebras
U(g)n = U(g)ar,{L}. By the proof of Theorem 3.3.52 there is &’ > ¢” > ¢ and
an invertible clement F € U(g')2,, {2} such that o/ (z) = Fa(z)F~' € U(g")¥, {Z}
for all z € U(g)™. It then follows that o = F x o/ * F~! as maps U(g)™ {2} =

T8

U(g')2r{2}T, where we denote by F the generalised element k =y (02 {5} —

E”

( /)an h}T ]

Corollary 3.3.55. Lete > 0. Suppose we have a Banach k:{e—ﬁ,}-algebm A.r, for some
e’ > ¢, equipped with a k{%}-linear isomorphism A. = U(g)@{L} that preserves the

unit such that Ao /hAs = U(g)%" is an isomorphism of Banach algebras. Suppose

r,s

further that Cy(g,.s, U(g)2") is strictly ezact at CZ(g,s, U(g)2") and the isomorphism

Ker(d2) = Im(1) = Cy(grs, U(@);"2)/ Ker(d1)
1s contracting. Then there is an isomorphism of l{;{g}T algebras
a: A5 U(g)n{t,

where A = k{g}Té@k{g,}Aa/, inducing the given isomorphism A/hA = A./hA. =

Ulg).

Proof. By Theorem 3.3.53 there is ¢ > &” > ¢ and an isomorphism of k{g}—algebras

OZE//ZAEN—)U() {h}

6//
where A.» = k{g}@k (& }Aa/, inducing the given isomorphism A.» /hA.» = Ao /hAL =
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U(g)s%- Then « is the composition

Id®a "

A2 {28, gy Ao 5 MUY @0, Ul ) = Ua)m {2},

]

Remark If we let k& = C with the trivial valuation then k{2} = k{2}' = C[#] and

we recover the classical rigidity results as stated in Section XVIIIL.2 of [23].

We may construct analytic quantum groups over k;{g} and k{g}T for a formal
parameter A, where ¢ = €”, to which the above deformation theory applies. For the
remainder of this section, assume that ¢ > 0 is sufficiently small such that exp(h)

converges in k{2}.

Definition 3.3.56. Let 7% = ]_[an[ k{%} - H, be the Banach Hopf algebra over

k{%} generated by H; for i € I, where
Ay(H;)=1® H;+ H; ® 1.

Let Vi := [, k{%} - v; and define

i€l
c: Vﬁ@k{ﬁ}VE — V@@k{ﬁ}‘/ﬁ, v; @ Vj in(aj)Uj X vy,

where ¢ = €. Let T, (Vﬁ) be the resulting braided analytically graded Hopf algebra on
Hn>0(Vﬁ®”)Tn defined using the tensor product ®, (1} over k{%}. We define a bilinear
form (—, —) : V§®k{§}V§ — k{%} by

h

Vi, Uj :51'7’—,
< ]> J (%’ _ qi 1)
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(ag,04)

where ¢; = ¢~ 2 . By Lemma 3.3.9 this extends to a bilinear form on 7,.(Vx). Let

B,.(Vx) be the quotient of T,.(Vi) by the radical of this bilinear form, which again is

a braided analytically graded Banach Hopf algebra.

Remark Note that

00 (Otuoéi)ﬁ 2k
o (==5h)
¢ —q; = (v, )h < E 0 )

k=0

is not invertible in k{g}, but %(qz — ¢;') is. Thus we have had to rescale the inner

product from Definition 3.4.12 in order to define it over k{?}

Theorem 3.3.57. Let r,5 > 0 such that 1 < |g; — q; *|rs. Then there is a Banach

algebra structure on
Un(g)77s := By (Vi) @y 1y 5 Dy 00y B (Vi)

such that B, (Vi), 4 and B5(Vi) are all subalgebras, and

ti—t; !
4 —q; "

[H;, Bj] = (aw, ) By, [Hy, Fj] = —(ag, 05) Fy, B, Fj] = 65

where F; =1, @11, B, =1®1Quv; and t; = exp(@ﬁ[{i). This becomes a Banah

Hopf algebra with 7 as a sub-Hopf algebra and

AE) = Bt +1®E;, S(E) = —Et
AF) = Fel+t'eF, S(F) = —tF.

Proof. The fact that this is a Hopf algebra is checked on a dense subspace in Proposi-

tion 7 of Section 6.1.3 of [25]. We must check that it extends continuously to Us (g)57.
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By construction

UE (@) = Be(Ve) x A4 and U (@) i= 24 < Bo(V2)

7,8
£

sit as sub-Hopf algebras in Ux(g)2", it is enough to check that the restriction of the

7,87

multiplication map

t;— ;!

1>
z_qz‘

B, (Va)2B, (Vi) = Us(9)?, E;® Fj— FE; + 6

7,87

is continuous. This follows from the assumption that

t;—t; !

1’71
a—q

=|¢—q; | <rs.

]

Theorem 3.3.58. Let r,s > 0 such that 1 < |q; — q; |rs. Then there is an iso-
morphism of k{%}-modules Ux (@)% = U(g)2"{2} that descends to an isomorphism of

Banach Hopf algebras Us(g)%/hUx(g)1% = U(g)s-

Proof. By Theorem 33.1.3 of [27| and Proposition 3.3.14, 9B,(Vx) is the quotient of

T, (V) by the closed homogeneous ideal generated by the quantum Serre relations

1_(04170’]')

. [1 — (ai7 O‘j)]q I—(evi,a)=k =k
(1) v, 7 Ty =0
P [K]q[1 = (0, 05) — kg !
for ¢ # j. Since Vi — Vb{g}, v; — v;, is an isomorphism there is an isomorphism
of k{%}-modules T}(Vx) = T,.(Vo){%}. By the Poincaré-Birkhoff-Witt Theorem this
descends to isomorphisms between the graded pieces B, (Vi)(n) = U~ (g)2(n){%},

hence B, (Va) = U~ (g)2*{}. Likewise % = 74{2}. So, as Banach spaces,

T

%T(VE)/ﬁ%T(VE) = U_(g)an and %/ﬁ% = I,
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and so Ux(g)3% /AU (g)i% = U(g)ys. By Remark 4 of Section 6.1.3 this restricts to a

Hopf algebra isomorphism on a dense subspace, hence is a Hopf algebra isomorphism

by continuity. O]

Definition 3.3.59. Let r, s > 0 such that 1 < |¢ — ¢; '|rs and let ¢ > 0. Then for

any € > ¢ we define

UL(@) = Us (0)i&y 1y k{A/<} .

7

Corollary 3.3.60. Let r,s > 0 such that 1 < |q¢; — q; '|rs. Then there is an isomor-
phism of k{%} -modules Ul (9)en = U(g)en{2}! that descends to an isomorphism of

Banach Hopf algebras U} (g)e/hU T (g) = U (g)e.
Proof. This follows from Theorem 3.3.58. O

Corollary 3.3.61. Suppose that the complex Cp(g,.s,U(8)%") is strictly exact at both

r,s

CHgr.s, U(9)™) and CE(g,.s,U(g)"), and that the isomorphisms

Ker(61) = Im(6g) — Ulg)s/ Ker(do)
and
Ker(dy) = Im(61) — Cy(gr.s, U(g)52)/ Ker(d)

are contracting. Then there is an isomorphism of algebras
Uk(a)is = Ule)a{tY!

that induces the isomorphism UL (g)ﬁf;/ﬁUi (g)7n = U(g)y of Corollary 3.3.60. Fur-

thermore, this isomorphism is unique up to conjugation by a convolution invertible

generalised element of U(g)im{2}7.

Proof. This follows from Corollary 3.3.54, Corollary 3.3.55 and Corollary 3.3.60. [J
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If g is finite dimensional then, as vector spaces, bounded Lie algebra cohomology
H}'(grs, M) agrees with the unbounded Lie algebra cohomology H"(g, M) as defined
in Chapter XVIII of [23]. Furthermore, if we also assume that k is algebraically closed
and g is semisimple then H™(g,U(g)) = 0 by Corollary XVIIIL.3.3 of [23] for n = 1, 2.
Unfortunately, it is unclear whether the same argument can be extended to show
that H}'(g,s, U(g);) vanishes when n = 1,2, or whether we have the strict exactness
required for Corollary 3.3.61 to hold. This is a goal of future work by the author. At
the end of the following section we show that if we allow ourselves to work over formal
powerseries in i then we may weaken these assumptions on bounded cohomology to

remove the requirement of strict exactness.

In [23|, Kassel uses an algebraic analogue of the rigidity theorems of this Section,
alongside another based on results of Drinfel’d from 1989 regarding quasi-Hopf algebra
structures on universal enveloping algebra, to present a proof of the Drinfel’d-Khono
theorem. This theorem states that the category of representations of the quantum
enveloping algebra is equivalent, as a braided monoidal category, to the category
of U(g)-modules with associativity constraint given by the Drinfel’d associator and
braiding given by the associated R-matrix. As a result of this, the associated braid
group representations are equivalent. This can be interpreted as a statement about the
monodromy of the Knizhnik-Zamolodchikov (KZ) equations that govern the Drinfel’d
associator. In [14], Furusho uses p-adic multiple polylogarithms to construct solutions
to the p-adic KZ equations and a p-adic Drinfel’d associator. In the future the author
hopes to prove a p-adic analogue of the Drinfel’d-Khono theorem and to investigate

this link to Furusho’s work.

166



3.3.6 Analytic quantum groups over k[A]

Definition 3.3.62. Let k[A] denote the IndBanach algebra of powerseries in f,

K] = lim k[R)/ (") = I%-n

n>0

For an IndBanach space V' let V[#] := [],, VA", which forms an IndBanach algebra

if V' is an algebra.

Lemma 3.3.63. Let (V(n))nen be a countable collection of Banach spaces, and W

be a Banach space. Then the natural map

(H V(n)> oW = [[ (V(n)ew)

n>0 n>0
18 an isomorphism.

Proof. Fix a summable sequence of positive real numbers a, € R.g. By the explicit

description of products in Section 1.4.1 in [34], we have that

~ : <1
o0 V(n) = colim,. ~g ano V(n),.
The maps
<1 <1
ano V(n), — >0 V(n)rs  (Un)nz0 = (Un)n>o0,
and
<1 <1
nZO V(n)""n — TLZO V(n)anrrw (UN)RZO — ('Un)nZOa
induce an isomorphism
<1 - . <1
colim,., ~¢ Hn>0 V(n),, — colim, g Hn>0 V(n),, .
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Hence
(o V) W = (colim, o [T Vi, ) 6V
= (colimy, 0 [T V(). )
= colim,, ~o Hgdv(”)@)w)m
colim,, ¢ HEO(V(”)@A@W)M

= ano(v(n)®w)-

~

O
Corollary 3.3.64. For a Banach space V, V[h] = V&.k[h]. Hence
VIr@wmWIA] = (VoW)[A]
for all Banach spaces V' and W'.
Proof. This follows from Lemma 3.3.63. O

Definition 3.3.65. Let r, s > 0 such that 1 < |¢ — ¢; '|rs. Then for any sufficiently

small € > 0 we define

Ui ()7 = Un(9)75 @y k1]

as an IndBanach Hopf algebra over k[A].

Quasi-triangularity

The following is essentially a restatement of a well known result of Drinfel’d.

Proposition 3.3.66. Suppose that g is a simple Lie algebra. Then the IndBanach

Hopf algebra Upp(g)en is quasi-triangular.

TS

Proof. Fix e > 0. By the proof of Lemma 3.3.63 we may write Up;(g)i as the colimit

<1

U[[ﬁ]] (g)?g — ”Cohm"(t’:‘n) Ug (g)?g@k{g} (H_ ksn . ﬁn)

n>0
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where the colimit is taken over all sequences of positive real numbers (g,),>0 such
that "¢,y > €,,4, for all n,n’ > 0. Note that the requirement on (g,),>0 ensures that

1152, k., - A" is naturally a k{%}-module. Theorem 17 of Section 8.3.2 of [25] exhibits

n>0

a formula for an R-matrix in the h-adic qunatum enveloping algebra over C. As in
loc. cit. this formula naturally converges in U (g)%&, (5 (]_[5;0 ke, - hn> for some
sufficiently small sequence (&,,),>0, which gives a generalised element of Upy(g)s7 that

makes Uy (9)2 quasi-triangular. O

Rigidity

Theorem 3.3.67. Let g and g’ be Banach Lie algebras. Suppose we have two mor-
phisms of k[h] algebras a,a’ : U(g)7i[h] — U(g')iry[R] such that o = o modulo h.

r.s

Suppose that H}(g,U(g')%",) = 0. Then there exists a convolution invertible gener-

r! s

alised element F : k — U(g")&"y[h] such that o/ = F xax F~",

Proof. This follows as in the proof of Theorem 3.3.52. By Corollary 3.3.64, « is

an
7,87

uniquely determined by its restriction to U(g)2%, which may be written as a formal

sum > Ao, for oy - U(g)™ — U(g');, bounded. We suppose we have ug, uy, ..., u, €

T8

U(g)2,, such that U;a = apU; modulo A as before, where U; = (1 + u;h*)(1 +

w1 h1).. (14 up) is now a generalised element of U(g')2, [h]. Since we are work-

ing with formal powerseries, both (1 + w;A?) and U; are automatically convolution

an
T8

invertible. Again, if o™ := U, % a * U;! whose restriction to U(g)™ is given by

the formal sum ﬁiagn), then "), restricts to a bounded 1-cocycle on g, hence is a

n+
(n)

ar s such that an ' (z) = [a(2), Unt1]

T,

1-coboundary. We therefore obtain wu,.; € U(g’)
for all z € g,s. Then (1+u,17""") is an invertible generalised element of U (g")2", [7]

and as in the proof of Theorem 3.3.52 we have

(14 U1 A" () (1 + U A" = ap(2) mod A" 2.
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Taking ug := 0 as our base case, as before, inductively gives a sequence of convolution
invertible generalised elements (U, )n>o that converge in each U(g)y - A" to give U :
k — U(g)2r [h] such that UxaxU~" = aq. Similarly there is a convolution invertible
generalised element U’ of U(g')2r, [h] such that U’ * o/ + U'™" = af, = ay. Taking

F =U""'% U gives our result. O

Theorem 3.3.68. Suppose A is an IndBanach k[h] algebra equipped with a k[h]-
linear isomorphism A = U(g)/.[h] that preserves the unit, and that the induced iso-
morphism A/hA = U(g)." is an isomorphism of algebras. Suppose that H(g,U(g)n) =

0. Then there is an isomorphism of k[h]-algebras A = U(g) % [Rh] inducing the given

algebra isomorphism modulo h.

Proof. This proof follows as for Theorem 3.3.53. The alternate multiplication p on
U(g) induced by A is again determined by its restriction to U(g)*,®U (g)2%, which

r,8)

may written as a formal sum pu = > h'y; for

i = U(g)m@U(g)2% — Ulg)en.

We again assume we have maps ag, o, ..., a, 2 U(g)5% — U(g)s such that Vi(u(z,y)) =

po(Vi(z), Vi(y)) modulo A" for all z,y € U(g)™, where

Vi = (Id + Ka)(Id + B oiy)...(Id + ag) : U(g)™ K] — U(g)™ [H].

Again, since we are working with formal powerseries, each V; is automatically invert-

ible and give new multiplication maps p := Vi o po (V"' @ V;™") on U(g)2[R].

We write the restriction of u to U(g)® as a formal sum Y h/ uy). As in the
(n)

proof of Theorem 3.3.53, p,/, satisfies the conditions of Lemma 3.3.51, so gives

anyr 2 U(g)sh — U(g)y such that

(Id + ap 1 A" o ™ o ((Id + ap A" 7 @ (Id + app A7) 7H)
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is equivalent to s modulo A"*1. Taking ag = 0 as a base case, we inductively obtain

an
.8

a sequence of morphisms (V,,),>0. Their restrictions to U(g)2% converges in each

U(g)h - A" to give a morphism V' : U(g)X[h] — U(g)ii[A]. It then follows that
A= U(g[R] = Ule)s ]

is our desired isomorphism of algebras. O]

Lemma 3.3.69. Letr,s > 0 such that 1 < |q;—q; *|rs. Then there is an isomorphism

of k[h]-modules Upy(g):% = U(g)%[R] that descends to an isomorphism of Banach

TS

Hopf algebras Uy (g)y7s/hUpy(9)r7s = Ul(g);s-
Proof. This follows from Theorem 3.3.58. O]

Corollary 3.3.70. Suppose that
H,(g,U(g)rs) = 0= H,(g,U(g);%)-
Then there is an isomorphism of algebras
Upi(g)rs — Ulg):ln]

that induces the isomorphism Upy(g)ys/hUpm (9)5s = U(g)s%. Furthermore, this iso-

rs ~

morphism 1s unique up to conjugation by a convolution invertible generalised element

of U(g)r:ln].

Proof. This follows from Theorem 3.3.67, Theorem 3.3.68 and Corollary 3.3.69. [

3.4 Archimedean analytic quantum groups
Throughout this section we shall assume (A).
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3.4.1 Constructing Archimedean analytic Nichols algebras

Lemma 3.4.1. Let V' be a finite dimensional Banach space with pre-braiding ¢ of
norm at most 1. Suppose we have closed homogeneous subspaces I, C J. C T,.(V)
for each v > 0 such that, whenever r > r', T.(V) — T, (V) maps I, and J. to
I, and J. respectively. Suppose further that A(1.) C [%®T%(V) + Tg(V)@Ig and
A(J,) C Js®T: (V) + T (V)®J5. If the induced map

P(colim,~oT,.(V)/1.) = colim,~oT.(V') /I, — colim,~oT,,(V')/J,

1s injective then I, = J,. for all r > 0.

Proof. This is similar to Lemma 3.3.3. We will denote by R, = T,.(V)/I., R, =
T.(V)/J., by R.(n), R.(n) their respective nth graded pieces, and by R,.(< n) =
Di<, Br(i) and R(< n) = D,., R(i). Since I, C J. we have strict analytically
graded epimorphisms f, : R, — R. which restricts to isometries R,(1) — R/ (1).
Suppose that f, restricts also to an isometry R,.(< n) — R.(< n) for all » > 0. Let

r>0and z € R.(<n+ 1). By the proof of Lemma 3.1.8, we see that

A(R.(n+1)) C YU R:(i))®R:(n — i)
C R:(n+1)®k +k®R:(n+ 1) + Rz (< n)OR: (< n),

so Alz) =y®@1+1®y + 2 for some y,y’ € Rr(n +1), 2 € Rz (< n)QR(<L n).
But then z —y = (Id®¢e)A(z) —y =¢(y) - 1 + (Id ® ¢)(2) € Rz(< n) and likewise
r—y € R:(<n). SoAlr) =r®1+1®x+ 2 for some 2’ € R (< n)@R: (< n). If
fr(z) = 0 then (f: @ fz)(2) = 0, but, since each R:(< n) is finite dimensional and
hence flat, fr ® f: is injective on R: (< n)®Rz(< n). So 2’ =0 and z is primitive,
hence x = 0. Thus f, is an isometry R,.(< n) — R.(< n) since the norms on R,.(< n)
and R, (< n) are the quotient norms from Hfgln VT@. Taking contracting colimits over

n we see that f,. is isometric. Hence I, = J,. ]
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Lemma 3.4.2. Let W = H%o W(n) be a Banach space where each W(n) is finite

dimensional. Then W is flat.

Proof. Let f: A — B be a morphism of Banach spaces. Then

Ker (W@A e, W®B> ~ Ker (HSI(W(TL)QAZ)A) — HSI(W(TL)@B))

12

[T Ker (W(n)@A =5 w(n)@B)
1= <W(n)®Ker (A EN B))
wéKer (45 B),

1

1%

where the second isomorphism is an easy computation and the third is because each

W (n) is finite dimensional. Hence W is flat. O

Proposition 3.4.3. Let V be a finite dimensional Banach space with pre-braiding c

of norm at most 1. Then a dagger-0 Nichols algebra of V' exists.

Proof. As a variation on the proof of Proposition 3.3.4, let Z(V') be the set consist-
ing of collections (1, ),egr., where each I, is a homogeneous ideals of 7}.(V') contained
in Hféz V& such that the maps T,(V) — T.(V) for r > 1’ send I, to a subspace
of I,; and the maps A : T.(V) — Ty (V)&T5(V) giving the comultiplication send
I, to a subspace of I:@T: (V) + T:(V)&I:. Let Z'(V)) be the subset of Z(V') con-
sisting of (I,.),er., for which I,&T (V) + T(V)®I, is preserved by ¢. Let I.(V) be
the sum of all ideals I, for (1,),er., € Z(V'), which is closed by a similar argument
to the proof of Proposition 3.3.4. Likewise let I/(V') be the sum of all ideals I/ for
(1))rer~, € Z'(V), which is again closed. We will denote by I(V') and I'(V') the collec-
tion (I.(V)),er., and (IL(V)),er.,, and let To(V)T/1(V) := "colim",~oT(V)/1.(V)
and To(V)T/I'(V) := "colim",~oT, (V) /I.(V). We must check that

P(To(V)T/1(V) = (To(V)T/T(V))(1).
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As before, the closed ideals generated by I.(V') and

Az)ez@1+1@z+1, (V)T (V)+T, (V)RI,. (V)
for some sufficiently small gzr’>0

<1
{x c anz

form an element of Z(V). So P(Ty(V)T/I(V)) = (To(V)T/I(V))(1), and likewise

P(To(V)T/T'(V)) = (To(V)T/I'(V))(1). So, by Lemma 3.4.1, we have I,.(V) = I'(V)
for all » > 0, and so the braiding ¢ descends to braidings of T,.(V)/I.(V). Hence
To(V)T/I(V) = "colim",-oT(V)/I,(V) forms a k{t}!-graded braided IndBanach
Hopf algebra with (T5(V)T/1(V))(0) = k and generated by (To(V)T/1(V))(1) = V.
Finally, by Lemma 3.4.2, T,.(V)/1,(V) is flat for each > 0. Hence the filtered colimit
"colim",~oT,.(V)/I.(V) is flat. O

Definition 3.4.4. Let B,(V) := T,(V)/I,(V). We shall use the notation B (V) for

the dagger Nichols algebra colim,~¢%, (V') defined in the proof of Proposition 3.4.3.

Remark Note that, in the proof of Proposition 3.4.3, each I.(V) is a closed ideal of
T,(V), and hence each B,(V) is a Banach algebra. So By(V)' is locally Banach as

an algebra.

Lemma 3.4.5. Let V' be a Banach space with pre-braiding ¢ of norm at most 1, and
suppose we have a symmetric non-degenerate bilinear form (—, =) : V&V — k. Then

this extends to a dual pairing (I, VEMNQTE(V)T — k such that the composition

n>0

is symmetric when n =m and is 0 if n # m.

Proof. Again, we proceed as in the proof of Proposition 1.2.3 of [27], as we did for
Lemma 3.3.9. The given bilinear form induces a morphism V — V* whilst the
projections T,.(V) — V induce a morphism V* — (Ty(V))*. The coalgebra struc-

ture on Ty (V)T gives (To(V))* an algebra structure, and so the composition V. —
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V* — (To(V)')* induces a unique algebra homomorphism [, Ven s (Ty(V))*
that gives our bilinear form. The fact that this is is a dual pairing that is symmetric
on VE"QVEm with V& perpendicular to VE™ for m = n follows as in the proof of

Lemma 3.3.9. O

Remark Suppose we have a Banach space V' with pre-braiding ¢ of norm at most 1
and a non-degenerate symmetric bilinear form (—, —) : V&V — k. Let r, s > 0 with
|{(—, =)|| < rs. The n-fold comultiplication T,,(V') — T}2n (V)" given by Proposition

3.1.6 induces an n-fold multiplication
(T jon (V))®" = T (V)™

Also, for each n > 0 the bilinear form (—, —) and the projection T} jon (V) = V, jon
induce contracting homomorphisms Vons — V5. and V), — Tyjon(V)*. Then the
compositions

Vst = (V)™ = (Tyan (V)" = (V)"

induce a bilinear pairing Z,(V)&T,.(V) — k, where

2, € V" and Z 2|27 s < oo} ,
n

7V) =TI (Vo) = {an

and hence a bilinear pairing Z,(V)&To(V)" — k, where Z,(V) = limeso.Z(V).
Furthermore, the restriction of these bilinear forms to @nZO V®" is a dual pairing by
Proposition 1.2.3 of [27]. Unfortunately, the algebra structure of €, ., V" neither

extends to 75 (V) nor Z (V). It does, however, extend to

2z, € VO™ and Z ||| s < oo}
n

<1 . ,
hmsn>0 Hn>0(‘/sn)®n — hmsn>0 {Z Tn
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which we may pair with Ty(V)T via the composition
<1 A\ .
(1m0 [T (Ve )*) ET5(V)' > Tu(V)ETo(V)! = .

The following lemma shows that limg, - ]_[TSL;O(VSH)@” is just [, Ve as in the

previous lemma.

Lemma 3.4.6. The natural morphism
&n , =1 &n
H Ve — limg, <o ano(‘/;n)
n>0
18 an isomorphism.

Proof. As in the proof of Lemma 3.3.63, for a sequence of positive real numbers a,, > 0

such that (a]'),>o is summable, the maps

<1 5 <1 N
H (V;n>®n — an()(‘/;yl)@na (xn)TLZO — (QJn)nZO,

n>0

and

<1 : <1 -
H (‘/Sn>®n — ano(%nsn)(@n’ (xn)nZO — (xn)nZ(b

n>0

induce an isomorphism

<1 . <1 R
. = XN~ 1 - Xn
hm5n>0 ano(‘/sn) - hmsn>0 HTLZO(‘/;R) :
For a Banach space W,

HOIH(W’ hm5">0 ]—[7%;0(‘/57)@”) = HOIn(W, hmsn>0 H§;0<%n)®n)
limg, >0 H%o Hom (W, (Vsn)@m)
= {(fn)n>o fn:W—=VE™ and (||fn||5n)n20}

is bounded for all s, >0
= {(fh)nzo

12

fn:W—>V®" and
frn=0 for n>>0
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where the last equality is because if s, : when f, # 0 and s, ;== 1if f, =0

= T
then (|| fullSn)n>0 is only bounded if f,, = 0 for n > 0. Hence the map of sets

. A <1 S
Hom(W, [ v*") = €D Hom(W, V") — Hom(W, lim, o H;>0(Vsn)®")

n>0 n>0

is bijective. Since this holds for all Banach spaces W we must have

[T ve" 2 lim, 0 ]_[f;(vsn)@

n>0
]

Proposition 3.4.7. Let V be a Banach space with pre-braiding ¢ of norm at most 1,
and suppose we have a non-degenerate bilinear form (—,—) : VQV — k. Then for

each 0 < r, let I, be the radical in T¢(V') of

<]_[ v®") QTE(V) — (]_[ v®"> RTE(V) — k.
n>0 n>0
Then the I, are closed homogeneous ideals in T(V') such that T,(V) — T,,(V') maps
I to Lo and A - T.(V) = T (V)&T= (V) maps I, to [: QT (V)+Tx(V)&Ix. Further-
more, P(colim.~o T5(V)/I,) =V, hence colim.~oT5(V)/I, is a dagger Nichols algebra
of V.

Proof. This is analogous to the proof of Proposition 3.3.10. The fact that I, are
closed homogeneous ideals compatible under restrictions to smaller radii with A(7,) C
[: QT+ (V) + T:(V)®I: follows from Lemma 3.4.5. As the bilinear form on V is
non-degenerate, I, C Hiz VT®”, and the quotient T,.(V')/1,. is generated by V. It
remains to check that the subspace of primitive elements is just V', which follows
from the same argument as for Proposition 3.3.10. Again, & preserves I,&T, (V) +
T,(V)®I, for all 7 > 0, so the braidings on T(V) descend to braidings of T(V)/I,
and colim,~oT¢(V')/I, is a dagger Nichols algebra of V. O
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Proposition 3.4.8. Let V be a finite dimensional Banach space with pre-braiding
¢ of norm at most 1. Let R = colim,~q Hgl R(n),n be a dagger graded pre-braided
IndBanach Hopf algebra. Suppose further that the algebra structure on R is deter-
maned by algebra structures on HSI R(n)m for each r > 0 which are generated by
R(1),. Then, if R(0) = k, P(R) = R(1) = V as pre-braided Banach spaces, there
is an epimorphism of dagger graded braided Hopf algebras B§(V) — R extending
V = R(1).

Proof. Without loss of generality, we may assume that the isomorphism V = R(1)
is of norm at most 1. Hence we obtain morphisms of Banach algebras T,(V) —
H;éo R(n),» that are epic since R(1), generate H;éo R(n),». Since P(R) = R(1),
this induces a morphism of Hopf algebras Tp(V)" — R. Hence the kernels of the
maps 1,(V) — ]_[%0 R(n),» form an element of Z(V'), in the notation of the proof of

Proposition 3.4.3. Thus we obtain a well-defined epimorphism B§(V) — R. O

Proposition 3.4.9. Let V be a finite dimensional Banach space with pre-braiding c
of norm at most 1, and suppose we have a non-degenerate symmetric bilinear form
(—, =) : V®V — k. Retaining the notation of Proposition 3.4.7, there is an isomor-
phism BE(V)T — colim,~oT(V)/I,.

Proof. By Proposition 3.4.8 there is an epimorphism B§(V') — colim,~7*(V')/1,. By
Lemma 3.4.1 the maps B5(V) — T°(V)/I, are all isomorphisms. Hence B5(V) —

colim,~oT*(V')/1, is an isomorphism. O

Definition 3.4.10. Let V be a Banach space with pre-braiding ¢ of norm at most 1,
and suppose we have a non-degenerate symmetric bilinear form (—, —) : V&V — k.
As justified by the previous proposition, we will extend the notation B¢(V') to the
algebra T°(V') /I, from Proposition 3.4.7 when V' is not necessarily finite dimensional.

We will then use the notation B5(V)T for the dagger Nichols algebra colim,¢B¢(V).

178



For each n > 0 let I(n) be the radical in V" of the composition

VereTE (V) — (]_[ v®"> STV — k

n>0

and let B, (V') be the braided graded Hopf algebra [, -, Ve /I(n). When V is finite

alg

dimensional this is the algebraic Nichols algebra of V', as defined in [2], by Proposition

2.10 of loc. cit. By Lemma 3.4.5 there is a dual pairing

which we also denote by (—, —).

3.4.2 Constructing Archimedean analytic quantum groups

Again, we will use ¢ to denote an element of &\ {0} of norm 1 and we fix root

datum as in Definition 0.1.1 for a Lie algebra g.

Definition 3.4.11. Let H = erlq)* k - K, denote the Banach group Hopf algebra of
®* with

K)\-K)\/:K)\+)\/, AH(K/\):K)\(@K)\ and S(K)\):K_/\.
We continue to use the notation
t; = ngai))\i

and let H' be the closed sub-Hopf algebra generated by {t; | ¢ € I'}. As before, there
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is a duality pairing HQH' — k, which we continue to denote by (—, —), defined by

Ky @t s A Eme)

and simultaneous algebra homomorphisms and coalgebra anti-homomorphisms

#:-H —H tit, Z:H —H ti—t"

for i € I, making H and H' a weakly quasi-triangular dual pair.

Remark Proposition 4.4 of [26] says that the category of IndBanach H-modules that
decompose locally into Banach weight spaces with weights in the root lattice ¥ C &,

which we will continue to denote by H-Mody as before, is braided.

Definition 3.4.12. Let V = [ [, k - v; with basis {v; | i € I} have the H'-coaction
v; — t; ® v;. Then V is a H-module with braiding ¢(z; ® z;) = q(“i’o‘j)xj ® z;. Let

(—, —) be the non-degenerate bilinear form on V' where

1 (org,00)
<Ui7U'> :5i,'—_ for ¢ =q 2
J J (Qz _ qz 1)

Given 0 < r we denote by £ the algebras B¢(V). We then use the notation f] for

the dagger Nichols algebra BE(V)T and f for the algebraic Nichols algebra 98¢, (V).

alg

Lemma 3.4.13. For each 0 < r, the positive part of the quantum group is dense in

the Banach space £2".
Proof. The proof of this is the same as for Lemma 3.3.20. O]

Lemma 3.4.14. Suppose 0 < r. Then there is a H'-equivariant dual pairing (—, —) :
fi&f — k extending (—, =) in Definition 3.4.12 such that (fl(n),f(m)) = {0} for

n # m.
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Proof. This follows from Lemma 3.4.5. O

Definition 3.4.15. We denote by U,(g)! the double bosonisation U(f], H,f). Let us
denote by F; the generalised element in fg x H represented by v; ® 1 € f2*"®H, and
by E; the generalised element in H x f represented by 1 ® v; € H®V for i € I. We

retain this notation when viewing £ x H and H x f as sub-Hopf algebras of U, (g)].

Proposition 3.4.16. U,(g)§", is analytically graded by ZI = V.

0,00

Proof. As in the proof of Proposition 3.3.23 we have that ", fg and f are H'-

comodules, and if we give H the trivial H'-coaction H = k& H % H'®H then all

of the morphisms involved in defining U (f(;r ,H,f) are H'-comodule homomorphisms.

]

3.4.3 Quantum groups as Drinfel’d doubles and braided monoidal

representations

Lemma 3.4.17. There is a duality pairing
(=, =) : (Hx )& x H)? - k

giwen by the composition

R . ~ Id®Id®S®Id R R ) IdQ(—,—)®Id o
H®f§”®f§"®H’ — H®f§”®f§"®H’ — 3 HRQkQH'
Id®S . (=)
—_ HoH' — k.

Proof. As with Lemma 3.3.31, this follows from Proposition 34 of Section 6.3.1 of

125]. O

Definition 3.4.18. We will denote by D(H x f, £ x H') the relative Drinfel’d double

of H x f and fg x H' as constructed in Lemma 3.3.29.
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Recall the definition of crossed bimodules from Definition 3.3.32.

Lemma 3.4.19. There is a fully faithful functor

Crossh*H' — D(H x £, x H')-Mod.

fJ><1H’

Proof. This functor is constructed in Lemma 3.3.34. Given a morphism M N,
in D(H x £, x H')-Mod between objects in the image of fng,CrosstNH/ then f
commutes with both the action of H" and f. Hence f must preserve the locally
Banach weight space decomposition, hence commutes with the coaction of H’'. Also,
since the bilinear pairing between the corresponding graded pieces of f and fOT is
nondegenrate, f must also commute with the coaction of fg. Hence f is a morphism

. f(;r xH'
in fgmq,(]ross . O

Proposition 3.4.20. There is a strict epimorphism
D(H x f,£l x H) = U,(g)}

whose kernel s

ot 01 —10t |ie HQf — fIQH' QHGE.

Proof. This follows as in the proof of Proposition 3.3.35. Again, this morphism can
be written as

fiOH QHGE 21, ¢1o G,

By Proposition 3.4.2, fg is flat. Also, since f is a colimit of finite dimensional spaces

it is also flat. The result then follows from the fact that (t; ® 1 —1®+¢; | i € I) is the

kernel of py : H'QH — H. O

fgle’)

Definition 3.4.21. Let us denote by C the full subcategory of (€]

)Cross(
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consisting of IndBanach spaces V' equipped with both a left action and right coaction

of £l x H', piy : (£l x H)&V — V and Ay : V — V&(£] x H'), such that the diagram

H'®V —— (H x f)oV

| ‘L//v

N
(£ 1 HYQV ——

commutes, where i}, is the action of H x f on V induced by Ay .
Lemma 3.4.22. There is a fully faithful functor C — Uy, (g)i-Mod.
Proof. This follows from Lemma 3.3.34 and Proposition 3.4.20. ]

Definition 3.4.23. Let us denote by Oy the essential image of C in Uq(g)g—Mod. By
the previous Lemma this is precisely the full subcategory of U, (g):}-Mod consisting
of modules, M, such that the action of H gives a module in H-Mody and the action

of f is induced by a coaction of fg via their pairing.
Corollary 3.4.24. The category Oy is braided.

Proof. This follows from Lemma 3.3.33. O

In time, the author hopes to study the representations in Oy further and compute
examples of the braiding. The hope is that this will produce interesting new braid
group representations in which we might see some special analytic functions arising.
For example, in [15], Goncharov exhibits an automorphism of a Schwarz space using
the quantum dilogarithm that satisfies a pentagon relation. This Schwarz space is
equipped with an action of the algebra of regular functions on a quantised cluster
variety, and this automorphism of the Schwarz space intertwines an automorphism of
this algebra of regular functions. The action of these regular functions gives a natural
action of the positive part of U,(slz). It would be interesting to see whether we can
use this to obtain a representation in Oy for g = sl, whose braiding is related to the

quantum dilogarithm and this work of Goncharov.
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