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Abstract

The question posed in this work is how one would model and predict the rotational spectrum

of open-shell open-shell van der Waals complexes. There are two secondary questions that

arise: the nature of radical-radical interactions in such systems and the modelling of the large

amplitude motion of the constituent molecules. Four different systems were studied in this

work, each providing part of the answer to the main question.

Starting with the large amplitude motion, there are two theoretical approaches that may be

adopted: to either model the whole complex as a semi-rigid molecule, or to perform quantum

dynamical calculations. We recorded and analysed the rotational spectrum (using Fourier trans-

form microwave spectroscopy) of the molecule of tertiary butyl acetate (TBAc) which exhibits

a high degree of internal rotation; and of the weakly-bound complex between a neon atom and

a nitrogen dioxide molecule (Ne-NO2). We used the semi-rigid approach for TBAc and the

quantum dynamical approach for Ne-NO2. We also explored the compatibility of these two

approaches. Moreover, we were able to predict and analyse the fine and hyperfine structure of

the Ne-NO2 spectrum using spherical tensor operator algebra and the results of our dynamics

calculations.

To explore the nature of the interactions in an radical-radical van der Waals complex we

calculated the PESs of the possible states that the complex may be formed in, when an oxygen

and a nitrogen monoxide molecule meet on a plane using a number of high level ab initio

methods. Finally, our conclusions were tested and applied when we performed the angular

quantum dynamics to predict the rotational spectrum of the complex between an oxygen and a

nitrogen dioxide molecule, and account for the effect of nuclear spin statistics in that system.
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“The most incomprehensible thing about the universe is that it is comprehensible”

Albert Einstein
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11.9 Semi-rigid Parameters for NO2-O2 . . . . . . . . . . . . . . . . . . . . . . . . 251

D.1 Energy level shifts due to fine and hyperfine interactions for Ne-NO2 with re-

spect to pure rotational energy levels . . . . . . . . . . . . . . . . . . . . . . . 285

D.2 Predicted and assigned spectrum of Kr = 0 . . . . . . . . . . . . . . . . . . . . 286

D.3 Assignment and error of the |Kr|= 2 N = 3← 2 transitions of Ne-NO2 . . . . 286

xi



Chapter 1

Introduction

“The underlying physical laws necessary for the mathematical theory of a large

part of physics and the whole of chemistry are thus completely known, and the

difficulty is only that the exact application of these laws leads to equations much

too complicated to be soluble.”

-PAM Dirac

1.1 Overview

In the effort to explain the natural world, the first approximation made (in high school science)

is to divide the natural phenomena into two extreme categories: the physical and the chemical

phenomena. These differ in that in the former, the participating species (these may be atoms,

ions, radicals, molecules etc.) retain their identity, while in the latter they do not. Thus, in

the first case the interactions between species may be approximated as separate to their internal

structure, while in the second the participating species may be divided into reactants and prod-

ucts. To a gross level, these define the domains of physics and chemistry, and although as our

understanding of the world developed subsequent approximations have moved these two do-

mains towards each other, the basic distinction remains. Physical chemistry however, lies in the

common ground between these two domains, and thus can examine physical phenomena, while

1
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a chemical reaction may take place. In that sense, physical chemistry is uniquely positioned in

the natural sciences not only to examine both kinds of phenomena, but more importantly, cases

that do not fall clearly in either category.

1.2 Van der Waals Complexes

In the case of gases, an extreme “physical phenomenon” perspective is the ideal gas law which

predicts molecules to co-inhabit the same space but with no interaction taking place between

them, as if they had no internal structure (i.e. nuclei and electrons arranged in a specific way):

pV = nRT (1.1)

where p is the pressure, V the volume, n the number of moles, R the ideal gas constant and T

the temperature. Introducing the concept of intermolecular forces is the first deviation from a

“purely” physical perspective, where while the particles do maintain their identities, there is a

perturbation of the bulk properties of the gas due to their internal structure. The ideal gas law

was modified by J. D. van der Waals in 1873 as to describe “real” gases with the equation [1]:

(
p+a

( n

V

)2
)
(V −nb) = nRT (1.2)

where a and b are the van der Waals coefficients, which are characteristic of each gas. a ac-

counts for a long-range attractive force, which brings the gas particles together and thus reduces

the pressure on the container walls, while b accounts for the non-zero size of the gas particles.

Equivalently, we can view b as accounting for a short-range repulsive force, which introduces

a limit to how close two gas particles may get. Although at the time that J. D. van der Waals

proposed his equation, these parameters were derived semi-empirically using classical (rather

than quantum) reasoning, it is remarkable that these two contributions (a long-range attraction

and a short-range repulsion) are still the basis of all intermolecular1 forces considerations. In-

1These forces are called intermolecular even between a pair of atoms, as for example in the case of the inter-

action between two argon atoms.
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Figure 1.1: A typical intermolecular potential energy curve [4]

termolecular forces are present in all real systems and are the origin of the condensed phases

of matter. Yet, it should be emphasised that that these are non-bonding interactions, and their

strength is approximately ≈ 1% that of a chemical bond [2, 3].

Figure 1.1 shows the overall effect of these contributions on the intermolecular potential

energy as two Ar atoms approach [4]. At the vertical axis is the interaction energy between

the two atoms, while at the horizontal the interatomic distance R. At short R the repulsive

interaction dominates, while at longer R there is an attractive force bringing the atoms together

which decays with distance. In the intermediate R there is a point, R0, that the two effects

counterbalance and close to it, a potential energy well is formed. If this well is deep enough, it is

able to support a weakly bound complex, called a van der Waals complex. Another perspective

is to view this molecular complex as a weakly-bound diatomic, and the large amplitude motion

of the atoms in the potential well as a low-energy vibration [5].

If instead of atoms we had considered molecules, there would be two major changes: the

first one is that there would be an angle dependence in the corresponding figure 1.1 and the

value of R0 would change according to the relative orientation of the molecules2. One way

this is can be modelled is by mapping the variation of the potential energy with respect to

the inter- and intra-molecular coordinates. If only one coordinate (such as the intermolecular

distance in figure 1.1) is varied then this is called a Potential Energy Curve (PEC), while if

more coordinates (such as angles) are also varied, this gives rise to a Potential Energy Surface

2Assuming a potential well is still formed in that orientation.
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(PES). The potential energy between groups of atoms in specific geometries may be calculated

using computer software, which will be explored in detail in chapter 4. Indeed, theoretical

investigations of van der Waals complexes have gained a lot of interest in the recent years,

thanks to the rapid increase of computational power.

The second effect is that each of the molecules (colloquially called “monomers”) may now

exhibit internal motion. The rotation of each monomer would correspond to a low-energy vibra-

tional mode of the complex, if the potential energy well is sufficiently deep to sustain it. These

monomer rotations are quenched due to the presence of the intermolecular potential [6].

Therefore, there are two approaches to study such complexes: either as a cluster of the

monomers, where each monomer retains their identity but its motions are quenched due to

the presence of its partner, or as an extremely weakly-bound molecule with pronounced large

amplitude motion of its components. When these two approaches meet and what is the optimal

way to model such complexes remains an open question.

Thus, van der Waals complexes can be viewed as intermediate species, positioned between

isolated molecules and strongly bonded compounds. Their structure and properties depend

very sensitively on the intermolecular forces holding them together. Apart from pure scientific

curiosity, the study of such complexes expands our understanding of intermolecular interactions,

which itself may find applications to other research areas, for example in collisional dynamics,

in atmospheric chemistry, interstellar chemistry, catalysis and biological systems [2, 3, 7, 8, 9,

10].

1.3 Open-shell Open-shell Complexes

While van der Waals complexes may be regarded as species positioned between strongly bound

molecules and independent monomers, their intermolecular interaction is clearly very weak.

Characteristically, the van der Waals forces are often called “non-covalent forces” to emphasize

the absence of strong chemical bonding. However, this simple picture becomes unclear when

one, or both, of the monomers are open-shell species. Open-shell molecules (or “free radicals”)
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contain unpaired electrons and when two of them meet, chemical intuition would expect them

to form strong chemical bonds. In fact one of the reasons that so few open-shell species van

der Waals complexes have been studied to-date is the difficulty of obtaining and sustaining a

significant population of free radicals without them reacting to form other products.

Yet, there are a handful of small radical species, namely NO, NO2, ClO2 and O2 [11],

that defy this trend and are relatively stable at room temperature. In the case of open-shell

open-shell van der Waals complexes, the bonding may be expected to be “intermediate between

van der Waals and chemical bonding” [12], but exactly what does that mean and how one

would model it, remains unclear. We also currently have no established way of treating the

interactions in such complexes, or predicting and explaining why some radicals react to form

strong molecular bonds and some do not. Given the abundance and importance of these species

in atmospheric chemistry [13] and biological systems [14], investigating these complexes may

not only reveal some fundamental chemistry, but also provide useful conclusions and pathways

to future research.

Therefore, there are two main challenges in the cases of open-shell open-shell van der Waals

complexes: understanding the nature of open-shell open-shell interactions in such systems,

and also the large amplitude motion of the monomers. Moreover, there are two approaches

to analyse such complexes: either by performing a quantum dynamical analysis of how the

monomers interact as they come together or by approximating the complex as a molecule with

pronounced internal rotation. In this work, we used both approaches to examine a range of

systems. Furthermore, we performed extensive experimental investigations as to compare our

theoretical results against “hard” data.

1.4 Thesis Outline

In this thesis, our work in investigating four separate systems is presented. If one thinks of the

question of open-shell open-shell van der Waals complexes as a two-axis problem, one of the

degree of large amplitude motion and one of the degree of radical-radical interaction, then each
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Figure 1.2: The four systems studied

of these systems targets a different part of the problem: Tertiary-butyl acetate is the simple case

of a covalently bound molecule, which nevertheless demonstrates a high degree of quenched

internal rotation3. On the diametric opposite is the case of the van der Waals complex of an

atom of neon (Ne) with a nitrogen dioxide molecule (NO2), which is held by a very weak

intermolecular interaction, barely perturbing the internal structure of NO2. The study of these

two systems examines the effect of large amplitude motion in either extreme. To target the

question of the nature of the intermolecular forces when two radicals form a van der Waals

complex, we studied the complex between a molecule of nitrogen oxide (NO) with a molecule

of oxygen (O2). Then, all the elements of the problem were combined to analyse the complex

between nitrogen dioxide and oxygen (NO2-O2).

All systems, except the NO-O2 complex, were also studied experimentally, as well as the-

oretically. This was done using microwave spectroscopy, as the high resolution of this method

is capable of probing some of the weakest interactions that arise due to presence of unpaired

electrons in radical species (characteristically named “fine” and “hyperfine” interactions).

The main investigation of this thesis is done in terms of rotational energy levels and rota-

tional spectroscopy and in the second chapter the theory needed to investigate and predict the

pure rotational spectra of a species is presented. In the third chapter, a short survey of the angu-

lar momentum and spherical tensor operator algebra that was used in this work is given. In the

fourth chapter, the ab initio computational methods used in this thesis are presented. Then, in

3Although it is clearly not the standard way of looking at it, one could potentially view this species as a very

strongly bound complex between a t-butyl acid radical and a methyl radical.
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the fifth chapter, the practical and theoretical aspects of the experimental work performed are

given. Following this, in the sixth chapter, our work to record and analyse the rotational spectra

of tertiary-butyl acetate is shown. In the seventh chapter, we present the theory used to describe

intermolecular forces, which will be used in chapter eight, where the NO-O2 complex is inves-

tigated. In chapter nine we present the theory of fine and hyperfine interactions, which is then

used in chapter ten where the Ne-NO2 complex is investigated, and chapter eleven, where we

look at the NO2-O2 complex. Finally, in chapter twelve, we present our collective conclusions

from this work.



Chapter 2

Pure Rotational Spectra Theory

“This all sounds fairly complicated, and so it is! It is not difficult to follow,

however, and this logical development is the only alternative to pulling terms out

of a hat”

- Alan Carrington [15]

2.1 Introduction

In this thesis, the rotational spectra of various species, mostly weakly bound van der Waals

complexes, are being predicted, recorded and analysed. Another way to view this work is as the

examination of the rotational spectra as we systematically deviate from the ideal rigidly-bound

rotating molecule, to a strongly-bound molecule with pronounced internal rotation to complexes

which are hardly bound at all. In either case, it is crucial to establish the standard theory to treat

a rotating species in a quantum mechanical way, before we discuss how this is challenged by

the different kinds of bonding.

There are two main approaches to analysing rotational spectra: The first is a rather analytical

approach which emphasises the reasons different terms come into play, and how these relate to

the rotational Hamiltonian and the perturbations of its energy levels. The second, more practical,

approach is by including corrections to an approximate Hamiltonian as a series expansion to

8
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its terms. This second approach has been of great use to spectroscopists over the years as

allows fitting empirical parameters directly related to observed spectra. The limitations of the

first approach are due to the extent that the required theoretical calculations may be practically

performed. These often require extensive knowledge of the excited states of a molecule or

complex, which is hard (if possible) to calculate. The limitations of the second approach is

that it assumes a physical reality (in our case of a semi-rigid molecule) which is a prerequisite

in order for the correction series to be convergent. For many of the complexes in this thesis,

neither approach is perfectly suited. For this reason both approaches are presented here, as both

will be used in later chapters. We will start with the more analytical approach before presenting

the practical one.

For the purposes of this chapter, the only source of angular momentum considered is that

of rotation, i.e. nuclear, orbital and electron spin angular momenta are all assumed zero. How

these effect the appearance of a rotational spectrum will be described in chapter 9. Moreover,

for the following discussion, space is considered isotropic. Finally, the motion of a molecule is

considered as the motion of its nuclei only1.

2.2 The Hamiltonian For A Rotating Molecule

Initially one can use the Cartesian coordinates of the atoms in the molecules, with respect to

some laboratory-fixed frame of reference.

2.2.1 The rotational Hamiltonian

If we start from the classical equivalent of rotational kinetic energy:

Erot =
1

2
Iω2 (2.1)

1This is the Born-Oppenheimer approximation, which will be presented analytically in chapter 4.
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This is the moment of inertia (I) times the square of the angular velocity, ω . The moment of

inertia matrix is defined as:

I =
N

∑
η

∑
i, j=x,y,z

ri jηmη (2.2)

where mη is the mass of particle η and rη its distance from the origin. This becomes a quantum

mechanical operator:

Ĥrot =
1

2

N

∑
η=1

mη(ω× rη) · (ω× rη) =
1

2
ωT Iω (2.3)

where now I is the moment of inertia tensor. In the case that the atoms are in their equilibrium

position, then the moment of inertia tensor is noted as Ieq. The axes system that gives a diagonal

Ieq is called the principal axes system, and the axes are labeled a,b and c. In this case the

rotational kinetic energy operator becomes:

Ĥrot =
1

2
ωT Ieqω =

1

2

(
Iaaω2

a + Ibbω2
b + Iccω2

c

)
(2.4)

Following the Mulliken [16] convention, this is taken so that:

Iaa ≤ Ibb ≤ Icc (2.5)

Finally, we can use the classical expression for angular momentum [1], as the product of the

moment of inertia of a body times its angular velocity:

L = Iω (2.6)

which in quantum mechanics can be written in tensor notation as:

Ĵ = Iω (2.7)



Chapter 2. Pure Rotational Spectra Theory 11

Therefore, we can re-write equation 2.4 as

Ĥrot = AĴ2
a +BĴ2

b +CĴ2
c (2.8)

where

A =
1

2Iaa
B =

1

2Ibb

C =
1

2Icc
(2.9)

are the definitions of the rotational constants2 around each principle axis. It should be remem-

bered that the expression (2.8) is only valid for the atoms being fixed in their equilibrium posi-

tion. The assumption that this “instantaneous” arrangement remains constant during rotation (in

other words that the rotational constants are constants) is called the rigid rotor approximation.

The eigenstates of Ĥrot may be characterised in Dirac notation using their rotational angular

momentum quantum number (J) and its projections. Although the projection may be taken with

respect to any axes system, usually the rigid rotor states are written as:

|φrot (θ ,φ ,χ)〉= |J,M,K〉 (2.10)

where M is the projection to the space/laboratory-fixed axes system and K to the molecule/body-

fixed axes system. The matrix elements therefore are, according to standard angular momentum

theory [1]:

Ĵ2|J,MJ〉 = J(J+1)|J,MJ〉 (2.11)

Ĵz|J,MJ〉 = MJ|J,MJ〉 (2.12)

where Ĵz is the projection along the axis of quantisation and depending on axes system chosen,

gives M or K. The projections of an angular momentum on different axis of the same frame do

not commute3:

[Ĵx, Ĵy] =−ıĴz (2.13)

2For frequency units one has to simply multiply by h̄
2π .

3We use ı =
√
−1 to distinguish this from i which is often used as an index.
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so only one projection may be specified per frame of reference, although all commute with the

total angular momentum operator squared, Ĵ2:

[Ĵ2, Ĵx] = [Ĵ2, Ĵy] = [Ĵ2, Ĵz] = 0 (2.14)

and projections on different frames also commute. The angles (θ ,φ ,χ) that appear in equa-

tion 2.10 and called the Euler angles and specify the orientation of the rotor with respect to the

laboratory-fixed frame. As the rotation of the molecule changes the relative orientation of the

molecule-fixed to the laboratory-fixed frame, these angles can be used as rotational coordinates

for the molecule. We will discuss the Euler angles in more detail in chapter 2.

A special note has to be made for linear rotors, whose eigenfunction strictly speaking only

depends on two Euler angles. This problem was solved by Hougen [16, 17], who introduced

an additional angle χ , for which all the standard equations apply, and the eigenstates of the

Hamiltonian (which will now have an artificial degree of freedom) are the same as before the

angle was introduced. This Hamiltonian is not strictly speaking the same as before the extra

angle was introduced, but is isomorphic to it. The way that Hougen’s isomorphic Hamiltonian

manages to alleviate this problem is beyond the scope of this thesis and for all practical purposes

we can simply regard the diatomic Euler angles as (θ ,φ ,0).

2.3 Classification Of Rotors

Under the rigid rotor approximation, it is possible to categorise the different rotating molecules

(called “rotors” or “tops”) according to their moments of inertia as:

2.3.1 Linear rotors

This group includes all diatomic molecules and polyatomic linear molecules, e.g. NO or OCS.

As the moment of inertia around the principle axis is zero and the other two axes are connected



Chapter 2. Pure Rotational Spectra Theory 13

via a symmetry operation4:

Iaa = 0 Ibb = Icc (2.15)

In this case B =C, the rotational Hamiltonian becomes:

Ĥrot = B(Ĵ2
B + Ĵ2

C) = BĴ2 (2.16)

and the energy levels simply are

Elinear(J) = BJ(J+1) (2.17)

The degeneracy of the levels depends on their M quantum number, and in absence of any fields

is (2J +1).

2.3.2 Symmetric tops

In this case, two of the moments of inertia are the same. Therefore, there are two possibilities:

1. Prolate tops: where

Iaa < Ibb = Icc (2.18)

Examples include NH3 and CH3CN. In this case, a is the “special” axis, which will be

used for the quantisation in the molecule, thus K = KA. The rotational Hamiltonian and

energy levels expressions now become:

Ĥrot = AĴ2
a +B(Ĵ2

b + Ĵ2
c ) = AĴ2

a +B(Ĵ2− Ĵ2
a ) = BĴ2 +(A−B)Ĵ2

a (2.19)

Eprolate(J,K) = BJ(J+1)+(A−B)K2 (2.20)

As A > B, the energy rises with |K|. All levels are degenerate with respect to the M

projection, i.e. they have a (2J+1) degeneracy. Additionally, as the energy only depends

on K2, all but the K = 0 levels also have a double (±K) degeneracy.

4It is traditional if two or more rotational constants are the same, for them to be noted as B.
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2. Oblate tops: where

Iaa = Ibb < Icc (2.21)

These molecule have a pancake-like shape, and examples include C6H6 and BH3. In

this case the unique axis is c, and this will be used for quantizing the rotational angular

momentum in the molecular frame, so now K = KC:

Ĥrot = BĴ2 +(C−B)Ĵ2
c (2.22)

Eoblate(J,K) = BJ(J+1)+(C−B)K2 (2.23)

The main difference is that as C < B, now the energy of the levels decreases with |K|.

2.3.3 Asymmetric tops

In this case no two moments of inertia are the same (Iaa < Ibb < Icc). This is the largest group of

molecules and examples include NO2 and C4H5N. As there is not a single unique axis, there is

no possible rearrangement as to obtain a Hamiltonian matrix diagonal in J and K. As only one

projection may be specified at any one time, we will use the axes system x,y,z, where z is the

axis of quantization which is to be decided what principle axis it corresponds to. The rotational

constants around axes x,y,z are noted as X ,Y,Z respectively.

The rearrangement that allows us to evaluate the Hamiltonian matrix elements is using the

creation and annihilation (or raising and lowering) operators:

Ĵ± = Ĵx± ıĴy (2.24)

with matrix elements [1]:

Ĵ±|J,Jz〉=
√

[J(J+1)− Jz(Jz∓1)]|J,Jz∓1〉 (2.25)
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Therefore, the rotational Hamiltonian becomes:

Ĥrot = XĴ2
x +Y Ĵ2

y +ZĴ2
z =

1

2
(x+ y)(Ĵ2

x + Ĵ2
y )+ZĴ2

z +
1

2
(x− y)(Ĵ2

x − Ĵ2
y ) (2.26)

= α Ĵ2 +β Ĵ2
z + γ(Ĵ2

++ Ĵ2
−) (2.27)

where the rotational constants in the last line are defined as:

α =
1

2
(X +Y ) β =C− 1

2
(X +Y ) γ =

1

4
(X−Y ) (2.28)

According to whether the molecule is closer to a prolate or oblate top, the corresponding rep-

resentation may be chosen and K is defined. Evaluating the Hamiltonian matrix using equa-

tion 2.27, we find there are diagonal elements:

〈J,K|Ĥrot|J,K〉= αJ(J+1)+βK2 (2.29)

and non-diagonal terms that link states with K′ = K±2:

〈J,K±2|Ĥrot |J,K〉= γ
√

(J∓K)(J±K +1)(J∓K−1)(J±K +2) (2.30)

Moreover, the asymmetric top Hamiltonian has the property that remains unchanged by any 180

degree rotation5 around the axes x,y,z, so two-fold rotations around any of the symmetry axis

(C2(i), where i = a,b or c) are symmetry operations.

When fitting an asymmetric top spectrum it is useful to gain an understanding by compar-

ing it to a symmetric top. One useful way to measure the asymmetry of the top is by Ray’s

asymmetry parameter, κ:

κ =
2B−A−C

A−C
(2.31)

where A,B,C are the principle axes rotational constants. This quantity equals −1 in the case of

the prolate top and κ = 1 for oblate tops. Therefore, plotting a correlation diagram of κ versus

the energy, one covers all the possible cases for asymmetric tops, with the energy diagrams

5Therefore, the Hamiltonian belongs to the D2 symmetry group, also called Viergruppe (V).
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Figure 2.1: The energy levels of symmetric and asymmetric tops [18]

Table 2.1: Symmetry species of asymmetric top energy levels

i.r. KAKC

A ↔ ee

Bc ↔ oe

Bb ↔ oo

Ba ↔ eo

for a prolate and oblate top at the ends. While the meaning of K is clear at either end of this

correlation diagram, in the intermediate stages it is unknown, but it may be labeled by the prolate

and oblate states it links. This notation is JKA,KC
, where J is the principle rotational quantum

number, KA is the prolate top projection and KC the oblate top projection. This way the levels are

labeled uniquely, although the Ki numbers do not actually correspond to any projections in the

molecule. Also, as both prolate and oblate top energies depend on |K|, only positive values of

K are used. Such a correlation diagram is given in figure 2.1 [18]. Now we can link this rotation

to the symmetry operations of the asymmetric top Hamiltonian. The following correspondence

between the D2 irreducible representation (i.r.) and whether KA and KC are even (e) or odd (o)

can be made, which is given in table 2.1. This symmetry characterisation will be useful when

later on we deduce the selection rules for transitions between the energy levels.
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2.4 Non-Rigid Rotation

The rigid rotor approximation introduced in the previous section is reasonable for tightly-bound

molecules, and in these cases it may be enough to predict the energy levels (and their splittings)

at low J values. However, as more flexible molecules are examined, its limitations become

apparent and the first step to correct this is to treat the molecules as semi-rigid. That is, to still

assume that the rigid rotor provides a good first approximation and then correct it by including

either additional terms (usually via perturbation theory) or by expanding the terms used in the

rigid rotor expressions in order to account for the effects of non-rigidity and from the so-far

neglected vibration and Coriolis operators. Coriolis forces couple the rotational and vibrational

motion as they depend on both rotational and vibrational coordinates6

The first step is to admit that the nuclei will not stay clamped into place during rotation. To

illustrate this point we can simply consider the moment of inertia of a diatomic molecule, as the

distance from between the atoms changes by displacement x from the reference distance re:

I = µr2 = µ(re + x)2 = Ie

(
1+

2x

re
+

(
x

re

)2
)

(2.32)

which when substituted in the expression

Ĥrot,diatomic =
Ĵ2

2I
=

Ĵ2

2Ie

(
1+ 2x

re
+
(

x
re

)2
) (2.33)

yields terms dependent on Ĵ2. If treated via perturbation theory [1], these terms become the

perturbing Hamiltonian Ĥ ′ and their first order contribution will be a correction to the rotational

constant as it has the same J dependency:

〈ψ|Ĥ ′|ψ〉 ∝ J(J+1) (2.34)

6Vibrational coordinates are distinguished from rotational ones, as they are subject to an interatomic poten-

tial [9].
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At second order, the correction will be via matrix elements:

−〈ψ|Ĥ
′|ψ ′〉〈ψ ′|Ĥ ′|ψ〉

∆E
∝ 〈ψ|Ĵ2|ψ ′〉〈ψ ′|Ĵ2|ψ〉 (2.35)

∝ J2(J+1)2 (2.36)

where the |ψ〉 is the ground state of the molecule, |ψ ′〉 is an excited state and ∆E is the en-

ergy difference between the two states. As in order to analytically evaluate the above matrix

elements one needs to know all the excited states and therefore it is simpler to fit the propor-

tionality constant, called the centrifugal distortion constant (D), to experimental data. Thus,

the expression for energy levels of a diatomic molecule, including a second order perturbative

centrifugal distortion correction, is:

Erot,diatomic = BJ(J+1)−DJ2(J+1)2 (2.37)

However, as the rotational frequencies are typically of the order of 109− 1012 Hz, while vi-

brational frequencies are typically 1013− 1014 Hz, there is at least one order of magnitude

difference between the two motions. This means that the spectroscopic constants (i.e. the fitted

rotational and centrifugal distortion constants) are averaged over the vibrational state.

Moving to polyatomic molecules, the situation becomes more complex, as there are possible

degeneracies (which could cause a breakdown of the perturbative approach due to the 1
∆E

depen-

dence) and many more terms to be considered. The same procedure that gave expression 2.37,

in the polyatomic case will give terms not dependent on the square of the total angular mo-

mentum operator but on the product of different projections7, i.e. the operators will be of the

sort

−C
Ĵα Ĵβ

2IααIββ

where the Greek letters can be any of the principle axes. These terms taken in second order

7Clearly in the case of linear rotors the two are equivalent.
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perturbation theory will yield a dependence as

−〈ψ|Ĥ
′|ψ ′〉〈ψ ′|Ĥ ′|ψ〉

∆E
∝

〈
ψ

∣∣∣∣∣
Ĵα Ĵβ

2Iαα Iββ

∣∣∣∣∣ψ
′
〉〈

ψ ′
∣∣∣∣

Ĵγ Ĵδ

2IγγIδδ

∣∣∣∣ψ
〉

(2.38)

Each set of axes (α,β ,γ,δ ) may be assigned a proportionality constant (ταβγδ ). Kivelson and

Wilson [19] showed that the asymmetric top centrifugal distortion Hamiltonian with second

order perturbation theory can be written as:

Ĥrot,CD = (X−4R6) Ĵ2
x +(Y −4R6) Ĵ2

y +(Z−4R6) Ĵ2
z

−DJ Ĵ4−DJK Ĵ2Ĵz−δ Ĵ2
(
Ĵ2
++ Ĵ2

−
)

+R5[Ĵ
2
z

(
Ĵ2
++ Ĵ2

−
)
+
(
Ĵ2
++ Ĵ2

−
)

Ĵ2
z ]+R6

(
Ĵ4
++ Ĵ4

−
)

(2.39)

where x,y,z are the axes used where z is the quantization axis, XY Z are the corresponding rota-

tional constants and all the other terms are centrifugal distortion terms which are connected to

the various values of τ . These terms are called quartic centrifugal distortion constants. However,

it has been shown that at most only five quartic terms may be determined from experimental

data [16, 20]. Therefore, there are two ways to represent the Hamiltonian: a “first principles”

way and a “reduced” Hamiltonian, which can be fitted from the spectra.

The most used reduced Hamiltonian for an asymmetric top was provided by Watson [21],

the “A-reduced Hamiltonian”. In his reduction, he eliminated the R6 terms. The Hamiltonian

may be separated to different contributions: the rigid rotor (Ĥr) and the quartic centrifugal

distortion Hamiltonian (Ĥ
(4)
D,a). The rigid rotor Hamiltonian is analogous to the first-principles

Hamiltonian presented earlier:

Ĥr = X ′Ĵ2
x +Y ′Ĵ2

y +Z′Ĵ2
z (2.40)

=
1

2
(X +Y ) Ĵ2 +

(
Z− 1

2
(X +Y )

)
Ĵ2

z

+
1

4
(X−Y )

(
Ĵ2
++ Ĵ2

−
)

(2.41)
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The quartic centrifugal distortion A-reduced Hamiltonian is:

Ĥ
(4)
cd,A = −∆J Ĵ4−∆JK Ĵ2Ĵ2

z −∆K Ĵ4
z

−δ j Ĵ
2
(
Ĵ2
++ Ĵ2

−
)
−δk

[
Ĵ2

z

(
Ĵ2
++ Ĵ2

−
)

2
+

(
Ĵ2
++ Ĵ2

−
)

2
Ĵ2

z

]
(2.42)

In the case of a symmetric top, another reduction is more useful, the so-called S-reduced

Hamiltonian. This is derived from a first principles Hamiltonian by eliminating R5 contribution.

Its difference from the A-reduced form starts at the quartic terms:

Ĥ
(4)
cd,S = −D′J Ĵ4−D′JK Ĵ2Ĵ2

z −D′K Ĵ4
z

−d1Ĵ2
(
Ĵ2
++ Ĵ2

−
)
−d2(Ĵ

4
++ Ĵ4

−) (2.43)

The coefficients appearing on equations 2.43 and 2.42 are linear combinations of the ones ap-

pearing on equation 2.39. Finally, as we will be using mainly the S-reduced Hamiltonian, it

is worth mentioning the next order centrifugal distortion terms, which are related to the third

order perturbation theory terms in a first principles Hamiltonian. These are the so-called sextic

terms:

Ĥ
(6)
cd,S = HJ Ĵ6 +HJK Ĵ4Ĵ2

z +HKJ Ĵ2Ĵ4
z +HK Ĵ6

z

+h1Ĵ4
(
Ĵ2
++ Ĵ2

−
)
+h2Ĵ2(Ĵ4

++ Ĵ4
−)+h3(Ĵ

6
++ Ĵ6

−) (2.44)

So, for a symmetric top, the overall rotational Hamiltonian with centrifugal corrections up to

sextic terms is:

Ĥrot−s = Ĥr + Ĥ
(4)
cd,S + Ĥ

(6)
cd,S (2.45)

2.5 Selection Rules and Rotational Transitions

The strongest interaction linking different states, and therefore allowing a transition, is that be-

tween the electric field gradient and the dipole moment of the molecule. This will be examined
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in more detail in chapter 5 (more information are also provided in the appendix section C.2),

and for our purposes here it is enough to note that the intensity of a transition between two states

is proportional to the corresponding matrix element squared:

I ∝ |〈J′,M′,K′|µ ·E|J,M,K〉|2 (2.46)

where J′,M′ and K′ are the quantum numbers for the excited rotational state and J,M,K are the

quantum numbers for the ground rotational state. From this we can already conclude that only

polar molecules are expected to have a rotational spectrum.

As the transitions between the rotational levels are accompanied by emission or absorption

of a photon, and since a photon has only a single unit of angular momentum, due to the law of

conservation of angular momentum we can conclude that:

J′ = J±1 (2.47)

However, there is no corresponding restriction on the orientation of the change of the angular

momentum operator. Therefore, the change on the projection quantum number may take all

three possible (quantised) values for both the body-fixed (K) and space-fixed (M) axes systems:

∆M = M′−M = 0,±1 (2.48)

∆K = K′−K = 0,±1 (2.49)

These selection rules may now be applied to determine the transition frequencies from the

corresponding energy levels for different rotors.

2.5.1 Linear and spherical tops

As there is no M dependence in the energy level expression, the transition energies are simply:

ν(J +1← J)linear = 2B(J+1)−4DJ2(J+1)2 (2.50)
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Consequently, the spectrum is composed by lines with approximately equal spacing of 2B.

2.5.2 Symmetric tops

For a symmetric top, according to symmetry arguments, the matrix element allowing a transition

on the unique axis (i.e. the quantization axis) can be non-zero only if there is a non-zero zeroth

component of dipole moment (µ0). Therefore only ∆K = 0 transitions are observed. This results

in both oblate and prolate tops having the same transition energy expressions:

ν(J +1← J)symmetric = 2(J +1)(B−DJKK2)−4DJ(J +1)3 (2.51)

where K = KA for prolate and K = KC for oblate tops. Therefore the general appearance of the

spectrum is close to that of linear rotors, but now different K levels are slightly separated due to

the centrifugal distortion.

2.5.3 Asymmetric tops

In the case of an asymmetric top now all three components of the dipole moment are potentially

non-zero. Moreover, as was seen in an earlier section, it is not possible to characterise the

states of an asymmetric top by a single projection quantum number. Therefore, attempting to

write out the transition energy expression simply by the so-far stated selection rules will be

very complicated if indeed possible. Instead, we can try to use symmetry arguments to obtain

specific (instead of gross) selection rules for a transition along each dipole moment component.

As the |J,K〉 basis is not sufficient to describe an asymmetric top wavefunction, this will be

expressed as a linear combination of oblate and prolate top functions, collectively indicated as

JKA,KC
. The symmetry of each level may be determined from the irreducible representation it

corresponds to found in the D2 (V) representation. By restricting the even/odd KA/KC combi-

nation between the initial and final states, the correct symmetry may be achieved to satisfy the

symmetry requirement for Γψ f ⊗Γψi . This has to be antisymmetric, so when the direct product
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Table 2.2: Asymmetric top selection rules according to transition type

Transition Type Dipole Component KA,KC↔ K′A,K
′
C ∆KA ∆KC

a-type µa 6= 0 ee↔ eo 0,±2, . . . ±1,±3 . . .
oe↔ oo

b-type µb 6= 0 ee↔ oo ±1,±3 . . . ±1,±3 . . .
oe↔ eo

c-type µc 6= 0 ee↔ oe ±1,±3 . . . 0,±2, . . .
eo↔ oo

with Γµ is taken, this would contain a final symmetric product, which is a prerequisite for the

integral in equation 2.46 to be non-zero.

In table 2.2, the restrictions on the changes in KA and KC are tabulated, depending on which

projection of the dipole moment induces the transition. An odd KA/C number is indicated as o

and an even one as e. As the state is a linear combination of functions with a KA/C value, rather

than a single one, the total KA/C may change by more than one unit each time.

2.6 Flexible Species And Internal Rotations

In this final section we are moving even further from our initial assumption of a rigid rotor, into

the domain of flexible molecules. To define what we mean by flexible molecules, and how these

are different from a rigid, or a semi-rigid molecule can use the instantaneous position vector

(dη ) for atom η . This is defined as:

dη = rη −aη (2.52)

where rη is the equilibrium position vector and aη the vector deviation from it [9]. Now we can

categorise the different types of molecules depending on the relative magnitude of the instanta-

neous displacement dη to the reference vectors rη , [16]:

• Rigid rotor: dη = rη −aη = 0

• Semi-rigid molecule: dη << rη
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• Flexible molecule: dη ≈ rη

Although there are obvious differences between these categories, the flexible molecules may

be seen as semi-rigid molecules with large amplitude motion. These large amplitude motions

are may be equivalently regarded as low-lying vibrations of the molecule, or internal rotations

of parts of the molecule. As was mentioned earlier, the mixing of vibrational and rotational

degrees of freedom is caused by the Coriolis interactions.

2.6.1 Internal vibration angular momentum

One approach capable of accounting for the effects of vibration is to introduce a “vibrationally-

induced” angular momentum, l̂. This now can be used to represent the Coriolis forces, thus

modeling the overlap of rotation and vibration. This angular momentum, l̂ will depend on both

the rotational and the vibrational degrees of freedom. It can be shown [16] that, if we define

the total rotational angular momentum (analogous to the classical angular momentum) as Ĵ

and the vibrational angular momentum as P̂, then Hamiltonian for the energy dependence of

the molecule with respect to both the vibrational and rotational degrees of freedom (Ĥ ′rv) for a

polyatomic rotor becomes:

Ĥrv = T̂rot + T̂vibr + T̂cor +V (2.53)

= Ĥ ′rot − T̂ ′vibr +V (2.54)

where

T̂ ′vibr =
1

2
∑
r

P2
r (2.55)

is the vibrational Hamiltonian based only on the pure vibrational angular momenta (no depen-

dence on the rotational coordinates). Now, following the same argument as in the beginning of

this chapter, we can re-define the modified rotational Hamiltonian:

Ĥ ′rot = A(Ĵa− l̂a)+B(Ĵb− l̂b)+C(Ĵc− l̂c) (2.56)
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which includes a Coriolis contribution due to internal rotation.

2.6.2 Internal rotation Hamiltonian

Thankfully, for all of the categories outlined at the beginning of this section, the approach just

described can be used, so that large-amplitude motion causing the deviation from the rigid rotor

picture can be considered as a separate source of angular momentum.

Considering the effects of internal rotation will also come useful when we later consider

van der Waals complexes: In the case of van der Waals complexes, the rotation of the con-

stituent molecules (“monomers”) may be quenched during complexation, but usually continues

in various degrees depending on the intermolecular potential. Therefore, we can distinguish

two extreme cases for the monomers: when the intermolecular potential is very strong thus

heavily hindering their motion and when the intermolecular potential is very weak thus barely

limiting their range of movement. The latter case is also called the “free-rotor” limit. Similarly

to the flexible molecules’ case, the monomers’ rotation corresponds to a vibration or an internal

rotation when the complex as a whole is considered.

Yet, although we are mostly interested in the rotation of monomers within a complex, most

of the theory of internal rotations has been developed with respect to organic group rotations

and for this reason, the approach presented here may seem “organic”-oriented. Actually in

chapter 6, we will consider the methyl group internal rotation, where the following is directly

applicable. For this reason, we will use the methyl group internal rotation in an organic molecule

as an example here and will concentrate on that from now on. The molecule is considered rigid

except for one torsional angle, τ . If ωτ , the angular velocity around the torsional angle, is zero,

then the expressions derived earlier are accurate, as the molecule is rigid. When ωτ 6= 0, then

we can separate the internal rotor from the rest of the molecule, and the latter is referred to as

the “frame”. From the frame’s perspective, the internal rotor is collapsed to a point with mass

equal to the sum of the masses of the rotor, but without any structure.

Now we can make the connection with the theory presented earlier in this section: at equa-
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tion 2.56, Ĵ is the frame rotation and l̂ the angular momentum for the internal rotation. Respec-

tively, we can define the rotational constants of the frame only as:

A→ A f B→ B f C→C f

Ignoring the purely vibrational Hamiltonian T̂ ′vibr in equation 2.55, and taking into account all

principle axes, the Hamiltonian may be expanded as8:

Ĥrot,int = A f Ĵ2
a +B f Ĵ2

b +C f Ĵ2
c︸ ︷︷ ︸

Ĥ f rame

−2A f Ĵal̂a−2B f Ĵbl̂b−2C f Ĵcl̂c︸ ︷︷ ︸
ĤCor

+be f f l̂2 +V (τ)︸ ︷︷ ︸
Ĥtor

(2.57)

where all the terms depending only on the internal rotor angular momentum are collected in

be f f l̂2. Using the directional cosines λi, which indicate the cosine of the angle between the axis

of the internal rotation and the principle axis of the frame:

be f f = b0 +A f λ 2
A +B f λ 2

B +C f λ 2
C (2.58)

where b0 is the rotational constant of the internal rotor. be f f practically projects the Hamiltonian

of the internal rotor to the principle axis system. The Hamiltonian for the internal rotor along

with the potential that hinders its motion is called the torsional Hamiltonian.

The eigenstates of Ĥrot,int , noted as |Ψ〉, can be taken as the product of the wavefunctions

for Ĥ f rame, noted as |ψr〉, with the wavefunctions of Ĥtor, noted as |ψτ〉:

|Ψ〉= |ψr〉|ψτ〉 (2.59)

and ĤCor mixes the two subsets of eigenstates. Both |ψr〉 and |ψτ〉 are symmetric top wavefunc-

tions.

8This Hamiltonian is the same as the one used by the programs SPFIT and SPCAT by Picket [22, 23].
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2.6.3 Perturbative correction to molecular energy levels

If we are interested in solving the Schrödinger equation for a molecule with internal rotation,

using the Hamiltonian in equation 2.57, we can do this by taking Ĥ f rame as the reference Hamil-

tonian and ĤCor as a perturbation. Then, the terms arising due to the Coriolis interaction can be

taken as effective centrifugal distortion terms in a least-squares fitting program, corresponding

to their dependence on ĴA, ĴB and ĴC.

The first order correction according to standard perturbation theory [1] is:

〈0|ĤCor|0〉=−2A f λA〈0|l̂|0〉︸ ︷︷ ︸
Da

Ĵa−2B f λB〈0|l̂|0〉︸ ︷︷ ︸
Db

Ĵb−2C f λC〈0|l̂|0〉︸ ︷︷ ︸
Dc

Ĵc (2.60)

The assignment of the operators here follows the assignment in the SPFIT program. Practically,

this enables us to fit a molecule with internal rotation as if it simply had a very large centrifugal

distortion. Moreover, it allows us to detect a large degree of internal rotation if the centrifugal

distortion constants are unphysically large.

The second order correction is:

−∑
n6=0

〈0|ĤCor|n〉〈n|ĤCor|0〉
En−E0

= −4A2
f λ 2

A ∑
n6=0

〈0|l̂|n〉〈n|l̂|0〉
En−E0

Ĵ2
a

−4B2
f λ 2

B ∑
n6=0

〈0|l̂|n〉〈n|l̂|0〉
En−E0

Ĵ2
b

−4C2
f λ 2

C ∑
n6=0

〈0|l̂|n〉〈n|l̂|0〉
En−E0

Ĵ2
c

−4A f B f λAλB ∑
n6=0

〈0|l̂|n〉〈n|l̂|0〉
En−E0

ĴaĴb

−4B fC f λBλC ∑
n6=0

〈0|l̂|n〉〈n|l̂|0〉
En−E0

ĴbĴc

−4A fC f λAλC ∑
n6=0

〈0|l̂|n〉〈n|l̂|0〉
En−E0

ĴaĴc (2.61)

Here some of the corrections depend on Ĵ2
A, Ĵ

2
B and Ĵ2

C, so these terms may be absorbed in

the rotational constants. The final three terms give off-diagonal elements with respect to the
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principle axis.

Finally, Ouyang [24] has derived the following expressions for the third order perturbation

theory corrections, W 3
i , for each of the principle axes, i. For i = A and A being the quantisation

axis, the correction is:

W 3
A = −


8A3

f λ 3
AΞ

︸ ︷︷ ︸
DA

A

Ĵ3
a +8A f B2

f λAλ 2
BΞ

︸ ︷︷ ︸
DB

A

(
Ĵ2

b Ĵa + ĴbĴaĴb + ĴaĴ2
b

)

+8A fC
2
f λAλ 2

CΞ
︸ ︷︷ ︸

DC
A

(
Ĵ2

c Ĵa + ĴcĴaĴc + ĴaĴ2
c

)

 (2.62)

where

Ξ = ∑
(n,m 6=0)

〈0|l̂|n〉〈n|l̂|m〉〈m|l̂|0〉
(En−E0)(Em−E0)

− ∑
(m 6=0)

〈0|l̂|m〉〈m|l̂|0〉〈0|l̂|0〉
(Em−E0)2

(2.63)

Equation 2.62 may be rearranged using the raising and lowering operators, in an analogous way

that the asymmetric top Hamiltonian was rearranged, in terms of J and Ja (K) as:

W 3
A =−




(
DA

A−
DB

A +DC
A

2

)

︸ ︷︷ ︸
DK

A

Ĵ2
A +

(
DB

A +DC
A

2

)

︸ ︷︷ ︸
DJ

A

Ĵ2 +

(
DB

A−DC
A

4

)

︸ ︷︷ ︸
D1

A

(
Ĵ2
++ Ĵ2

−
)




ĴA (2.64)

2.6.4 The solutions of the torsional Hamiltonian

Going back to equation 2.57, in order to have the complete picture, we also need to concern

ourselves with the energy levels coming from the purely torsional Hamiltonian, Ĥtor.

So far, we have considered the case that the Coriolis interaction was a perturbation to the

molecular Hamiltonian, i.e. the main energy level splittings came from Ĥ f rame. We now con-

sider the reverse case where the bonding between the frame and the internal rotor is so weak that

what would be an internal vibration then slows down enough that it occurs in the microwave

region and can be classified as an internal rotation. Furthermore, in this case the torsional
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Hamiltonian gives rise to the main energy level splittings [16].

Moving this case to extreme, it would correspond to a no-barrier (i.e. V (τ) = 0) free-rotor

case where the frame and rotor rotate freely and independently. We will actually start with that

and then come all the way back to the high barrier case where the internal rotation is again a

vibration.

If the internal rotor has a Cn symmetry axis around the torsional τ angle, then this will be

reflected in the potential, as rotation by 2π
n

should not change the energy. This means [9, 25]:

V (τ) =V

(
τ± 2π

n

)
(2.65)

Therefore any one-dimensional potential can be expanded in the Fourier form:

V (τ) =
1

2

∞

∑
m=1

Vnm (1− cosmnτ) (2.66)

This is applicable to any Cn axis, but for an example let us consider the case when n = 3, which

is the case for the methyl radical. Then, expanding the series we get:

V (τ) =
1

2
V3(1− cos3τ)+

1

2
V6(1− cos6τ)+ . . . (2.67)

Usually, this can be truncated after the first (V3) term to a good approximation. This can then

be used to solve the Schrödinger equation for the internal rotor:

Ĥrot,int |ψτ〉= Erot,int |ψτ〉 (2.68)

directly9, or may be used as a perturbative Hamiltonian.

In the case of very low barrier (free rotor limit) the Schrödinger equation becomes simply:

−b0
∂ 2ψτ

∂ 2τ
= Eψτ (2.69)

9The details of this approach may be found in reference [16].
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Table 2.3: The C3 point group character table [17]

C3 E C3 C2
3

A 1 1 1

E 1 e
2ıπ
3 e

−2ıπ
3

1 e
−2ıπ

3 e
2ıπ
3

which is analogous to the equation for a particle in a ring. The eigenstates and eigenvalues for

this are:

|ψτ〉 = |l,m〉= eımτ

√
2π

(2.70)

Em = b0m2 ; m = 0,±1,±2, . . . ,±l (2.71)

where l is the principal quantum number for the rotational angular momentum of the internal

rotor and m its projection to its unique axis. What this means is that in the free rotor limit, the

contribution of the internal rotor in energy is equivalent to adding the energy levels of another

independent rotating species.

Moreover, these eigenfunctions have to be invariant with respect to the C3 operation, and

thus can be categorised by the irreducible representations of the C3 character table [26]: That

is, the eigenvectors may either transform as the totally symmetric A irreducible representation,

or as part of the doubly degenerate E representation. If the m projection is any multiple of 3 or

0, then the irreducible representation of that state is A. Otherwise, the state transforms as one

of the degenerate E irreducible representations. Thus, m =±3 ∗ n levels are the only ones that

do not have to be degenerate for an C3 asymmetric top, while any other ±m value belongs to an

E and therefore is degenerate by symmetry.

Increasing the barrier from the free rotor limit to low barrier, the larger energy difference

still comes from the internal rotor splittings. The reference Hamiltonian matrix has elements:

〈m|Ĥrot,int|m〉 = be f f m2 +
V3

2
(2.72)

〈m±3|Ĥrot,int|m〉 = −V3

4
(2.73)
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Diagonalising this Hamiltonian matrix would give the torsional ground (|0〉) and excited

(|n〉; n 6= 0) states. The symmetry of the torsional energy levels alternates as “AEEAA . . .”.

At the high barrier limit on the other hand, the V3 potential becomes impenetrable. Now, the

wavefunctions are localised at each minima, and the situation resembles a harmonic oscillator

in each energy well. As they are not mixed, the states in identical minima are the same, and

therefore degenerate.

The potential function may be further expanded using a Taylor series:

1− cos3τ = 1−
(

1− (3τ)2

2!
+

(3τ)4

4!
− . . .

)
≈ (3τ)2

2!
(2.74)

Then, the torsional Hamiltonian has the form of Harmonic oscillator:

Ĥrot,int = be f f l
2 +

9V3τ2

4
(2.75)

Now, if we approximate the potential around the minimum as a parabolic harmonic oscilla-

tor potential with force constant k:

V =
1

2
kτ2 (2.76)

the frequency of the torsional oscillation, ωt , is:

ωt =
1

2π

√
k

Ir

(2.77)

The force constant may be related to the potential with Cn symmetry as:

k =

(
∂ 2V

∂τ2

)

τ=0

=
n2V

2
(2.78)

Finally, the contribution of the internal rotation to the energy levels expression now is a har-

monic oscillator:

Einternal rotation = ωt(v+
1

2
) (2.79)

where v is the torsional vibration quantum number. At this case, there is no distinction between
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A and E states. Therefore, it has been demonstrated how moving from a free rotor to a high

barrier case, the energy levels change with respect to the effect of internal rotation.

2.6.5 The methyl group rotation

As was demonstrated in the previous section, the internal rotation around a C3 barrier in a low

barrier (but not free-rotor) case gives rise to states with symmetry A and E. Normally, this

would increase the number of transitions recorded. However, internal rotation may also be

considered as a tunnelling motion between energy minima. As the hydrogen nucleus has an

angular momentum IH = 1
2
, for the rotation of the methyl group we also need to make sure it

obeys the Pauli Exclusion Principle. Since there are three indistinguishable spin 1
2

particles,

each with an ms = ±1
2 , there are eight possible spin states. By following an approach outlined

by Wilson [19], we can get the character table for the nuclear spin wavefunction. These can be

reduced to 4A⊕2E irreducible representations.

The total wavefunction needs to be antisymmetric with respect to the interchange between

two of the protons. Interestingly, a C3 rotation (and similarly a C2
3 rotation) is equivalent to two

successive interchanges of two protons. Therefore, the wavefunction needs to be symmetric

with respect to such a rotation, i.e. the direct product of the nuclear spin and the tunnelling

wavefunctions needs to contain the A representation.

From the direct product tables [26], we can see that for this to be the case, each irreducible

representation must be multiplied by itself. This means that the A and E tunnelling/internal

rotation states will have to be combined with the A and E nuclear spin states respectively. As

there are 4A and 2E nuclear spin functions and the direct product tables dictate:

A⊗A = A (2.80)

E⊗E = 2A+E (2.81)

there is in total an equal number (4) of A states from the combination of the 4A nuclear spin

states with the A tunnelling state and the combination of 2E nuclear spin states with the E
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internal rotation state. Therefore, the A and E tunnelling states have equal statistical weight,

although A states are lower in energy. Moreover, a transition between A and E states would

require a change of the nuclear spin, which is not feasible in our experimental setup. Therefore,

the two states do not mix and each produces a separate spectrum.

Unfortunately, as the separation between A and E transition frequencies is not a simple

analytical form of the rotational quantum numbers, their spectra cannot easily give information

about the internal rotation in the molecule. One way to obtain such information is presented in

chapter 6.



Chapter 3

Angular Momentum and Tensor Algebra

“The simplicities of natural laws arise through the complexities of the language

we use for their expression.”

- Eugene Wigner

3.1 Introduction

The aim of this chapter is to present some key results of angular momentum theory and spherical

tensor algebra, that will be useful for the reader in the following chapters. However, both of

the mentioned topics are vast. Therefore, the presentation here is not meant to be exhaustive,

and many results unfortunately are quoted without their derivation. Derivations and more detail

than provided here may be found in the references, although special care needs to be taken with

notation as it is not shared in all books.

In classical mechanics, the linear momentum vector p is defined by:

p = mv (3.1)

where m is the mass of the particle and v is its velocity. The angular momentum l is defined as

34
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the vector cross product between the position vector of the particle r and its linear momentum:

l = r×p (3.2)

By analogy to these expressions, the quantum mechanical operator for angular momentum can

be constructed from equation 3.2 by substituting the operator for linear momentum, p̂. The

Cartesian components of p̂ have the form:

p̂ j =−ı
∂

∂ j
(3.3)

where j is the corresponding Cartesian axis. The corresponding angular momentum operators

in a Cartesian system are labelled ℓ j, and the angular momentum operator squared is [27]:

ℓ2 = ℓ2
x + ℓ2

y + ℓ2
z (3.4)

It is often more practical to use spherical polar rather than Cartesian coordinates. The standard

transformation between them is:

x = r sinθ cosφ ; y = r sinθ sinφ ; z = r cosθ

where r is the distance of the from the origin of the Cartesian axes, θ is the (polar) angle from

the z axis and φ the (azimuthal) angle on the xy plane. Perhaps the best way to define angular

momentum operators is by their commutation relations:

[ℓx, ℓy] = ıℓz; [ℓy, ℓz] = ıℓx; [ℓz, ℓx] = ıℓy;
[
ℓ2, ℓ j

]
= 0

where j may again be any of the Cartesian axes.
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3.2 Legendre Polynomials and Spherical Harmonics

The eigenstates that satisfy the equations:

ℓ2|ℓ,m〉 = ℓh̄2 (ℓ+1) |ℓ,m〉 (3.5)

ℓz|ℓ,m〉 = mh̄|ℓ,m〉 (3.6)

are the spherical harmonics1:

|ℓ,m〉= Y
ℓ

m(θ ,φ) (3.7)

where ℓ is an integer greater or equal to zero, and m takes the values ℓ, ℓ− 1, . . . ,−ℓ. Con-

ventionally, the symbol ℓ is reserved for the orbital angular momentum operator, and general

angular momentum is written as j. However, spherical harmonics are also the eigenstates of the

Schrödinger equation for a particle on a sphere, and have the same functional form as the hydro-

genic atomic orbitals. For this reason, the (ℓ,m) notation is often used instead of the ( j,m j) [28].

The spherical harmonics are a product of two functions, each corresponding to a different angle

dependence:

Y
ℓ

m(θ ,φ) = Θℓm(θ)Φm(φ) (3.8)

where:

Φm(φ) = (2π)−1/2 exp(ımφ) (3.9)

Θℓm(θ) =
(−1)m

(2ℓ)ℓ!

[
2ℓ+1

2

(ℓ−m)!

(ℓ+m)!

]2

sinm(θ)

[
d

d cosθ

]ℓ+m

(cos2 θ −1)ℓ (3.10)

Spherical harmonics form a complete set of functions for the two angles they depend on. There-

fore, a theoretical infinite weighted combination of them can represent any function with a (θ ,φ )

dependence. The Θℓm(θ) function may also be connected to another complete set of functions,

now with a single angle dependence, the associated Legendre functions [27]:

P
ℓ
m(cosθ) = sinm θ

[
d

d cosθ

]m

P
ℓ(cosθ) (3.11)

1For clarity from here on we set h̄ = 1 for the rest of this chapter.



Chapter 3. Angular Momentum and Tensor Algebra 37

where

P
ℓ(cosθ) =

1

2ℓℓ!

[
d

d cosθ

]ℓ
(cos2 θ −1)ℓ (3.12)

are called the ordinary Legendre polynomials. The relation to the Θℓm(θ) function is:

Θℓm(θ) = (−1)m

[
2ℓ+1

2

(ℓ−m)!

(ℓ+m)!

]1/2

P
ℓ
m(cosθ) (3.13)

for m≥ 0. For m < 0, the following symmetry relationship may be used:

Θℓ−|m|(θ) = (−1)mΘℓ|m|(θ) (3.14)

which, in conjunction with equation 3.9, gives:

Y
ℓ∗

m (θ ,φ) = (−1)m
Y

ℓ
−m(θ ,φ) (3.15)

Spherical harmonics are normalised so that:

∫ 2π

0

∫ π

0
Y

ℓ,∗
m (θ ,φ)Y ℓ′

m′ (θ ,φ)sinθdθdφ = δℓ′ℓδm′m (3.16)

For some applications it is convenient to use Racah harmonics, which are defined as:

C
ℓ
m(θ ,φ) =

√
4π

2ℓ+1
Y

ℓ
m(θ ,φ) (3.17)

Racah harmonics have the additional property:

C
ℓ
m(0,0) = δm,0 (3.18)

These may now be used to define the regular (Rℓ,m) and irregular (Iℓ,m) spherical harmonics:

Rℓ,m = rℓC ℓ
m(θ ,φ) (3.19)

Iℓ,m = rℓ−1
C

ℓ
m(θ ,φ) (3.20)



Chapter 3. Angular Momentum and Tensor Algebra 38

Finally, we can use the spherical harmonics to define the real spherical harmonics. These are

similar functions that will prove useful later on in this work, especially in relation to intermolec-

ular forces:

S
ℓ

0 (θ ,φ) = Y
ℓ

0 (θ ,φ) (3.21)

=

√
2ℓ+1

4π
P

ℓ(cosθ) (3.22)

S
ℓ

m(θ ,φ) =





= 1√
2

(
Y ℓ

m(θ ,φ)+(−1)mY ℓ
−m(θ ,φ)

)

=
√

(2ℓ+1)(1−m)!
2π(1+m)! Pℓ

m(cosθ)cos(mφ)





for m > 0

= ı√
2

(
(−1)|m|Y ℓ

|m|(θ ,φ)−Y ℓ
−|m|(θ ,φ)

)

=
√

(2ℓ+1)(1+|m|)!
2π(1−|m|)! Pℓ

−|m|(cosθ)sin(−|m|φ)





for m < 0

(3.23)

3.3 Addition Of Angular Momenta

3.3.1 Coupling of two angular momenta

If we consider two separate but interacting sources of angular momenta, j1 and j2, with projec-

tions m1 and m2, then there are two possible representations of the system: the “coupled” and

the “uncoupled” representation. In the uncoupled (also called “decoupled”) representation, the

eigenstates are characterised by the angular momenta and projections of the components:

| j1,m1, j2,m2〉= | j1,m1〉| j2,m2〉 (3.24)

However, the states of this representation are not eigenstates of the total angular momentum

of the system (which classically would be the vector sum of j1 and j2). This becomes more

problematic as the interaction becomes stronger.

If there is just a single interaction that couples the two angular momenta, then they are

no longer eigenfunctions of the complete system and the coupled representation is the natural
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choice2. This is characterised by the total angular momentum j and its projection m. If the

latter one is stronger, then the uncoupled representation may be preferred.

The coupled eigenstates are written as:

| j, j1, j2,m〉

The two are linked by the fact that the projection of the total angular momentum on an axis has

to equal the sum of the projections of the constituent momenta on that same axis:

m = m1 +m2 (3.25)

and by the so-called triangle condition:

| j1 + j2| ≥ j ≥ | j1− j2| (3.26)

This is also written as ∆( j1, j2, j). Choosing between these representations, one practically

chooses what quantum numbers will be good, and therefore which interactions will appear on

the diagonal terms of an angular-momentum operator Hamiltonian matrix, and which in the

off-diagonal terms. Although if a complete basis set is used, the final numerical results will

be the same (the physical reality is the same in both representations), computationally this

is often difficult or impossible to do. Therefore, one often relies to the understanding of the

underlying physical interaction in order to choose the representation that will give the optimum

combination of the smallest basis set without neglecting any important effects. Since both

representations are complete, one can be expressed as a linear combination of the states of the

other. This is called the Clebsch-Gordan series:

| j, j1, j2,m〉= ∑
m1,m2

〈 j,m| j1,m1, j2,m2〉| j1,m1, j2,m2〉 (3.27)

where 〈 j,m| j1,m1, j2,m2〉 are called the Clebsch-Gordan coefficients and are the overlap in-

2However, it is often the case that more than one interaction is present, one that couples j1 and j2 and another

one that uncouples, e.g. by only involving one of them.



Chapter 3. Angular Momentum and Tensor Algebra 40

tegrals between the two states: the closer to unity a specific coefficient is, the more alike the

two states it links are. Clebsch-Gordan coefficients add up to one. A more symmetric way to

express them is using 3- j symbols:

〈 j1,m1, j2,m2 | j,m〉= (−1) j1− j2+m(2 j+1)1/2




j1 j2 j

m1 m2 −m


 (3.28)

This way, the symmetries of the 3- j symbols are easier to see:




j1 j2 j

m1 m2 m3


= (−1) j1+ j2+ j




j1 j2 j

−m1 −m2 −m3


 (3.29)

Moreover, they are symmetric to even and antisymmetric to odd permutations:




j1 j2 j

m1 m2 m3


 =




j2 j j1

m2 m3 m2


=




j j1 j2

m3 m1 m2


 (3.30)




j1 j2 j

m1 m2 m3


 = (−1) j1+ j2+ j




j2 j1 j

m2 m1 m3


 (3.31)

A useful formula if one of the angular momenta is zero is:




j j 0

m −m 0


= (−1) j−m

√
2 j+1 (3.32)

3.3.2 Coupling of more than two angular momenta

If more than two angular momenta need to be added, then the order that the addition occurs

is important, as different quantum numbers are maintained. For example, consider the case of

three interacting sources of angular momenta, j1, j2 and j3. The first possibility is to couple j1
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to j2 to give j12, and then couple j12 to j3 to give j. In this case, the final eigenfunctions are:

| j12, j3, j,m〉 = ∑
m12,m3

〈 j12,m12, j3,m3| j,m〉| j12,m12, j3,m3〉

= ∑
m1,m2,m12,m3

〈 j12,m12, j3,m3| j,m〉〈 j1,m1, j2,m2| j12,m12〉

×| j1,m1, j2,m2, j3,m3〉 (3.33)

Another possibility is to couple j2 to j3 to give j23, which is then coupled to j1 to give j. In that

case, the final eigenstates now are:

| j23, j1, j,m〉 = ∑
m23,m1

〈 j23,m23, j1,m1| j,m〉| j23,m23, j1,m1〉

= ∑
m2,m3,m32,m1

〈 j23,m23, j1,m1| j,m〉〈 j2,m2, j3,m3| j23,m23〉

×| j1,m1, j2,m2, j3,m3〉 (3.34)

These representations are related by a unitary transformation:

| j23, j1, j,m〉= ∑
j12

〈 j12, j3, j| j1, j23, j′〉| j12, j3, j′,m′〉 (3.35)

In equation 3.35 j′ = j and m′ = m due to orthogonality. The 〈 j12, j3, j| j1, j23, j′〉 coefficients

are called re-coupling coefficients as they link different coupling schemes. In an analogous

relationship to the one between Clebsch-Gordan coefficients and 3- j symbols, re-coupling co-

efficients are linked to the 6- j symbols:





j1 j2 j12

j3 j j23





=
(−1) j1+ j2+ j3+ j

√
(2 j12 +1)(2 j23 +1)

〈 j12, j3, j| j1, j23, j〉 (3.36)

One reason for using the 6- j symbols is that their symmetries are easier to see. 6- j symbols are

invariant to interchange of any two columns and also to the interchange of the upper and lower



Chapter 3. Angular Momentum and Tensor Algebra 42

argument in any two columns:





j1 j2 j3

j4 j5 j6





=





j1 j3 j2

j4 j6 j5





=





j4 j2 j3

j1 j5 j6





(3.37)

One may expand the 6- j symbol in terms of 3- j symbols:





j1 j2 j3

j4 j5 j6





= ∑
All mi

(−1) j1−m1+ j2−m2+ j3−m3+ j4−m4+ j5−m5+ j6−m6

×




j1 j2 j3

−m1 −m2 −m3







j1 j5 j6

m1 −m5 m6




×




j2 j6 j4

m2 −m6 m4







j3 j4 j5

m3 −m4 m5


 (3.38)

There are four triangle conditions in order for a 6- j symbol to be non-zero. Using the notation

of equation 3.38, these are ∆( j1, j2, j3),∆( j1, j5, j6),∆( j4, j2, j6) and ∆( j4, j5, j3).

As all but two indices (mi) are related to another, if a projection (for example m5) is not

summed over, then the following equality between a 6- j and 3- j symbols is true:





j1 j2 j3

j4 j5 j6





= ∑
m1,m2,m3,m4,m6

(2 j5+1)(−1) j1+ j2− j3+ j4+ j5+ j6−m1−m6

×




j1 j2 j3

m1 m2 −m3







j4 j5 j3

m4 m5 m3




×




j2 j4 j6

m2 m4 −m6







j5 j1 j6

m5 m1 m6


 (3.39)

Finally, if one of the ji component is zero, then the 6- j symbol collapses to





j1 j2 0

j4 j5 j6





=
(−1) j1+ j4+ j6

√
(2 j1+1)(2 j4+1)

δ j1 j2δ j4 j5 (3.40)
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As the coupling of two angular momenta has led us to a 3- j symbol and the coupling of three

to a 6- j symbol, unsurprisingly, the coupling of four angular momenta is best handled with the

use of a 9- j symbol. Similar to the 6- j symbol case, a 9- j symbol takes into account all possible

coupling schemes by linking their unitary transformations. To illustrate the point, consider the

interacting angular momenta j1, j2, j3 and j4. One case is that j1 and j2 couple to give j12,

while j3 and j4 couple to give j34. The final coupling is then between j12 and j34 to give j. This

coupling scheme may be denoted as |( j1, j2) j12,( j3, j4) j34, j,m〉.

One alternative coupling scheme is to couple j1 to j4 to give j14, and j2 to j3 to give

j23. Then j14 and j23 couple to give j, and the eigenstates can now be characterised as

|( j1, j4) j14,( j2, j3) j23, j,m〉.

Then, the transformation between these two schemes is again simply:

|( j1, j2) j12,( j3, j4) j34, j,m〉 = ∑
j14, j23

〈( j1, j2) j12,( j3, j4) j34, j,m|( j1, j4) j14,( j2, j3) j23, j,m〉

×|( j1, j4) j14,( j2, j3) j23, j,m〉 (3.41)

Now the 9- j symbol may be seen as simply one normalised expression of the re-coupling coef-

ficient above. One thing to note is that, in contrast to the 3- j symbols, in 6- j and 9- j symbols

there is no reference to the m projection. This is simply due to the implicit summation.

〈( j1, j2) j12,( j3, j4) j34, j,m|( j1, j4) j14,( j2, j3) j23, j,m〉=

=
√
(2 j12 +1)(2 j23 +1)(2 j34+1)(2 j14 +1)





j1 j2 j12

j3 j4 j34

j14 j23 j





(3.42)

9- j symbols are unchanged by even permutations of rows and columns, but in the case of an

odd permutation they are multiplied by the following phase factor:

(−1) j1+ j2+ j3+ j4+ j12+ j23+ j14+ j34

As a 9- j symbol takes into account the coupling of four different sources of angular momenta,
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it may be expanded in different combinations of coupling between three angular momenta, i.e.

6- j symbols:





j1 j2 j12

j3 j4 j34

j14 j23 j





= ∑
k

(−1)2k(2k+1)





j1 j4 j7

j8 j9 k





×





j2 j5 j8

j4 k j6









j3 j6 j9

k j1 j2





(3.43)

Moreover, when one ji is zero, the 9- j symbol collapses to:





j1 j2 j3

j4 j5 j6

j7 j8 0





=
(−1) j2+ j3+ j4+ j7

√
(2 j3+1)(2 j7+1)





j1 j2 j3

j5 j4 j7





(3.44)

3.4 Rotation Transformations

There are two ways to specify the rotation of a function or point with respect to some axis:

1. Active Rotation: In this case the function or object rotates with respect to the axis

2. Passive Rotation: In this case the axis rotates with respect to the point or function

The sense of the rotation reverses between an active and a passive rotation: an active rotation

by an angle (α), is equivalent to a passive rotation by (−α). The operation of rotating (right-

hand corkscrew) by α around the positive direction of the unit vector n, can be written as

P̂R(αn). Conventionally3 this is reserved for an active rotation. PR(αn) is related to the angular

momentum projected on the n axis as:

P̂R(αn) = exp
(
−ıα Ĵ ·n

)
= exp

(
−ıα Ĵn

)
(3.45)

3It is important to note that the convention in angular momentum books is notoriously controversial, differing

even between the most commonly-used ones as Brink and Satchler [17], Edmonds [29], Rose [30], etc. The

notation used here is following that of Zare [27] and of Brown and Carrington [17].
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Figure 3.1: The three Euler angle rotations [31]

where Ĵ is the total angular momentum operator and Ĵn is the angular momentum operator

around the axis of rotation. However, in the case of a three-dimensional molecule, three differ-

ent angles are required to describe a rotation, known as the Euler angles4: φ ,θ and χ .

The first two are used to define the orientation of an axis internal to the rotating molecule

(also called the “figure” axis) and the axis that the species rotates with respect to, while the

third is used to measure the rotation. Therefore, any rotation might be defined as the rotation

between two axis systems: the one molecule-fixed axis system (denoted xyz) and the external,

or space-fixed axis system (denoted XYZ). For this transformation, we need to define the line

of nodes, ON, as the line of intersection between the xy and the XY planes.

If these are defined as to have the same origin, O, then the Euler angles are defined as the

necessary values to rotate between the two axis systems in the following systematic way. There

are three successive finite rotations that can make the axis systems to coincide:

1. A counterclockwise rotation by φ around the Z axis, aligning Y to ON.

2. A counterclockwise rotation by θ around ON, which would carry Z into z.

3. A counterclockwise rotation χ around z/Z which would carry N into y.

4Another common way is to write the Euler angles as α,β and γ .
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These are illustrated in figure 3.1 [31]. The overall rotation to make the two axis systems

coincide can be written as a product of the three rotations:

P̂R(φ ,θ ,χ) = exp(−ıφJZ)exp(−ıθJY )exp(−ıχJZ) (3.46)

The range of the Euler angles is defined as:

0≤ φ ≤ 2π 0≤ θ ≤ π 0≤ χ ≤ 2π

As all operators in the above equation are angular momentum operators in the same frame

of reference (in this case the space-fixed frame) |J,M〉 can be used to charactise these states.

Moreover, a rotation cannot physically alter the angular momentum of the system, therefore

only M (and not J) may change. This can be written as:

P̂R(φ ,θ ,χ) |J,M〉= ∑
M′

D
J
M′,M(φ ,θ ,χ)

∣∣J,M′
〉

(3.47)

where M′ is the projection after the rotation and DJ
M,M′(φ ,θ ,χ) is called the Wigner rotational

matrix (or D-matrix). Post-multiplying by a specific final (after-rotation) state gives:

D
J
M′,M(ω) =

〈
J,M′

∣∣ P̂R(φ ,θ ,χ) |J,M〉 (3.48)

where ω is an abbreviation for all three Euler angles. So the D-matrix may be thought of a

Clebsh-Gordan coefficient between the states before and after the rotation. Substituting in the

expression from equation 3.46 in equation 3.48:

D
J
M′,M(φ ,θ ,χ) =

〈
J,M′

∣∣exp(−ıφJZ)exp(−ıθJN)exp(−ıχJZ) |J,M〉

= exp(−ıφM′)dJ
M′,M(θ)exp(−ıχM) (3.49)
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where dJ
M′,M is the “reduced” or “little” d-matrix, and practically corresponds to the operation

of making the z and Z axis coincide. Wigner showed that [27]:

dJ
M′,M(θ) = 〈J,M′|e−ıθJY |J,M〉

=
[
(J+M)!(J−M)!(J+M′)!(J−M)!

]1/2

×∑
ν

(−1)ν(cos(θ
2
))2J+M−M′−2ν(−sin θ

2
)M′−M+2ν

(J−M′−ν)!(J +M−ν)!(ν +M′−M)!ν!
(3.50)

where ν takes all possible values for which the factorials are not negative. The following sym-

metry relationships have proved useful [29]:

dJ
M′,M(θ) = (−1)M′−MdJ

−M′,−M(θ) (3.51)

dJ
M′,M(θ) = (−1)M′−MdJ

M,M′(θ) = (−1)M′−MdJ
−M′,−M(θ) (3.52)

dJ
M′,M(0) = δM′,M (3.53)

These may be used to derive the following symmetry relationship [32]:

D
J
M′,M(ω) = (−1)M−M′

D
J∗
−M′,−M(ω) (3.54)

The complex conjugate of a D-matrix is simply the reverse transformation, and naturally the

angle sense is reversed:

D
J
M′,M (φ ,θ ,χ)∗ = D

J
M,M′ (−φ ,−θ ,−χ) (3.55)

Wigner D-matrices form a complete set of functions for angles they depend on, and if one of

them is zero, they simplify to Racah or spherical harmonics:

D
J
M,0(φ ,θ ,0) = C

J∗
M (φ ,θ) =

[
4π

2J +1

]1/2

Y
J∗

M (φ ,θ) (3.56)

= (−1)M

[
4π

2J+1

]1/2

Y
J
−M(φ ,θ) (3.57)

= (−1)M
D

J
0,M(0,θ ,φ) (3.58)
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Actually, their similarity to spherical harmonics runs deeper: just as spherical harmonics can

be used as wavefunctions for a particle on a sphere (which requires two degrees of freedom),

D-matrices can be used to express the wavefunction of a rigid symmetric top [27]:

|J,K,M〉 =

[
2J +1

8π2

]1/2

D
J∗
M,K(φ ,θ ,χ) (3.59)

= (−1)M−K

[
2J +1

8π2

]1/2

D
J
−M,−K(φ ,θ ,χ) (3.60)

Moreover, a rigid asymmetric top may be expressed as a linear combination of symmetric top

wavefunctions, and thus a linear combination of D-matrices.

One of the reasons that equation 3.59 is useful is due to the integration properties of D-

matrices. If these are integrated over all space (i.e. dΩ = sinθdφdθdχ), the following formulæ

apply:

∫
D

J
M′,M(ω)dω = δJ,0δM,0δM′,0 (3.61)

∫
D

J1∗
M′1,M1

(ω)DJ2

M′2,M2
(ω)dω =

[
8π2

2J1 +1

]
δJ1,J2

δM1,M2
δM′1,M

′
2

(3.62)

∫
D

J3

M′3,M3
(ω)DJ2

M′2,M2
(ω)DJ1

M′1,M1
(ω)dω = (8π2)




J1 J2 J3

M′1 M′2 M′3




×




J1 J2 J3

M1 M2 M3


 (3.63)

3.4.1 Anomalous commutation relationships

A special note needs to be made about considering the rotation of a body from within its rotating

frame. When one examines the commutation relationships for the angular momentum operators

within the rotating frame, instead of the standard formulæ shown below:

[ jx, jy] = jx jy− jy jx = ı jz (3.64)

[ jz, j±] = ± j± (3.65)
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the curious result of the anomalous commutation relationships is met:

[ jx, jy] = −ı jz (3.66)

[ jz, j±] = ∓ j± (3.67)

Perhaps the neatest solution [17, 28] is re-defining the raising and lowering operators within the

rotating frame:

J± = Jx∓ ıJy (3.68)

which then gives the expected result

[
jz, j±

]
= ± j± (3.69)

It should be made very clear that this “anomaly” only occurs for the rotational angular mo-

mentum operators only, and all other angular momentum operators (such as orbital angular

momentum) obey normal commutation rules in both body-fixed5 and space-fixed axis systems.

3.5 Spherical Tensor Operators Algebra

So far the discussion has been centred around the eigenfunction part of the eigenvalue equation.

However, the same principles can be applied to operators that are expressed in spherical polar

coordinates. A generic (spherical) tensor operator of rank k and projection q can be defined as

one whose unitary transformation between different frames of reference is:

P̂R(ω)T k
q P̂R(ω)−1 = ∑

q′
D

k
q′,q(ω)T k

q′ (3.70)

where both q and q′ can take values k,k− 1, . . . ,1− k,−k, and each T k
q transforms as an irre-

ducible representation of a (2k+1) space. The spherical tensor of an operator Ξ̂ will be noted

as T k
q (Ξ), but if the argument is applicable for all cases, the operator sign may be ignored. An-

5The body-fixed frame is also often referred to as the “molecule”-fixed frame. Here both are used interchange-

ably.
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other way to define spherical tensor operators is via their commutation relations with standard

angular momentum operators:

[
Jz,T

k
p

]
= pT k

p (3.71)
[
J±,T k

p

]
=

√
k(k+1)− p(p±1)T k

p±1 (3.72)

In the special case where k = 0, then T 0
0 is invariant to rotation and it is a scalar operator. In the

case of k = 1, the operator is a vector. The spherical tensor operators are related to the Cartesian

operators as:

T 1
±1(J) = ∓Jx± ıJy√

2
=∓ J±√

2
(3.73)

T 1
0 (J) = Jz (3.74)

When moving between body-fixed and space-fixed frames of reference, the rank of the tensor

cannot change by a rotation, so we only need to consider its projections: q for the body-fixed

frame and p for the space fixed one. From equation 3.70, moving from molecule (body) to

space can be written as [27]:

T k
q = ∑

p

D
k
p,q(ω)T k

p (3.75)

The reverse transformation, requires the complex conjugate of the D-matrix:

T k
p = ∑

q

D
k∗
p,q(ω)T k

q (3.76)

The above equations allow us to transform any operators (as well as the basis set) from the

body-fixed frame to the space-fixed frame:

P̂R(ω)
[
T k

q | j,m〉
]

= P̂R(ω)T k
q P̂−1

R (ω)P̂R(ω) | j,m〉 (3.77)

= ∑
q′

∑
m′

T k
q′
∣∣ j,m′

〉
Dk

q′,q(ω)D
j

m′,m(ω) (3.78)
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From equation 3.78, it can be seen that the eigenequation is defined in the space Γk⊗Γ j. How-

ever, this is reducible, and we can define an irreducible space ΓK . Therefore, we can write an

eigenstate ensemble in the ΓK with projection Q as |K,Q〉. This will be related to the product

of equation 3.78 via a Clebsch-Gordan series as:

|K,Q〉= ∑
q,m

〈kq, jm | k j,KQ〉T k
q | jm〉 (3.79)

Post-multiplying by 〈 j′m′|, gives:

〈
j′m′ | K,Q

〉
= ∑

q,m

〈kq, jm | k j,KQ〉
〈

j′m′
∣∣∣T k

q

∣∣∣ jm
〉

(3.80)

Which may be rearranged to:

〈
j′m′
∣∣T k

q | jm〉= ∑
K,Q

〈kq, jm | k j,KQ〉
〈

j′m′ | KQ
〉

(3.81)

However the right-hand side of the above equation is a scalar and due to orthogonality vanishes

unless j′ = K and m′ = Q. Under these conditions, this is independent of m′. Therefore, this

can be written as:
〈

j′m′
∣∣∣T k

q

∣∣∣ jm
〉
= 〈kq, jm | k j,KQ〉

〈
j′
∣∣∣
∣∣∣T k
∣∣∣
∣∣∣ j
〉

where
〈

j
∣∣∣∣T k

∣∣∣∣ j′
〉

is called the “reduced matrix element”. Practically, this separates the eval-

uation of the tensor matrix element to a physical part (the reduced matrix element) and a geo-

metrical part (the Clebsch-Gordan coefficient). This is called the Wigner-Eckart theorem and is

usually expressed using a 3- j symbol as:

〈
j′m′

∣∣∣T k
q

∣∣∣ jm
〉
= (−1) j′−m′




j′ k j

−m′ q m



〈

j′
∣∣∣
∣∣∣T k
∣∣∣
∣∣∣ j
〉
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One way to evaluate the reduced matrix element is to evaluate the right-hand side expression of

equation 3.82, using a known matrix element. One such example is to evaluate for T 1
0 (J) = Jz:

〈
j′m′ |Jz| jm

〉
= δ j′, jδm′,mm (3.82)

= (−1) j′−m′




j′ 1 j

−m′ 0 m



〈

j′
∣∣∣∣T 1(J)

∣∣∣∣ j
〉

(3.83)

It is worth noting that the T 1
p (J) operator cannot link different j eigenstates, i.e. j′ = j. From

above it can be concluded that:

〈
j′
∣∣∣∣T 1(J)

∣∣∣∣ j
〉
= δ j′, j

√
j( j+1)(2 j+1) (3.84)

The reduced matrix element for the second rank angular momentum tensor may be found the

same way, by simply coupling the first rank tensor to itself:

〈
j′m′

∣∣T 2
0 (J,J)

∣∣ jm
〉

=

〈
j′m′

∣∣∣∣∣

[
3J3

z − J2
]

√
6

∣∣∣∣∣ jm

〉
(3.85)

= δ j′, jδm′,m
3m2− j( j+1)√

6
(3.86)

= (−1) j′−m′




j′ 2 j

−m′ 0 m



〈

j′
∣∣∣∣T 2(J,J)

∣∣∣∣ j
〉

(3.87)

which shows that:

〈
j′
∣∣∣∣T 2(J,J)

∣∣∣∣ j
〉
= δ j′, j

√
(2 j−1)(2 j)(2 j+1)(2 j+2)(2 j+3)

2
√

6
(3.88)

For any higher rank angular momentum spherical tensor reduced matrix elements, the following

result of Smith and Thornley [17] may be used:

〈
j′
∣∣∣
∣∣∣T k(J, . . . ,J)

∣∣∣
∣∣∣ j
〉
= δ j′ jk!

√
(2 j+ k+1)!

2k(2k)!(2 j− k)!
(3.89)
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Although the Wigner D-matrices are not strictly speaking spherical tensor operators, and one

may not simply apply the Wigner-Eckart theorem, an analogous expression may be derived:

〈
j′m′µ ′

∣∣∣Dk∗
p,q(ω)

∣∣∣ jmµ
〉

= (−1)m′−µ ′
√
(2 j+1)(2 j′+1)

×




j′ k j

−µ ′ q µ







j′ k j

−m′ p m


 (3.90)

= (−1) j′−m′




j′ k j

−m′ q m



〈

j′µ ′
∣∣∣
∣∣∣Dk∗

.,q(ω)
∣∣∣
∣∣∣ jµ
〉

(3.91)

where m,m′ are the projections to the space-fixed axis system and µ,µ ′ the projections to the

body-fixed one. Using equation 3.63, we can define the reduced rotation matrix element [17]:

〈
j′µ ′

∣∣∣
∣∣∣Dk∗

.,q(ω)
∣∣∣
∣∣∣ jµ
〉
= (−1) j′−ω ′

√
(2 j+1)(2 j′+1)




j′ k j

−µ ′ q µ


 (3.92)

where the dot represents the subscript of the projection that has been reduced.

3.5.1 Products of spherical tensor operators

Just as in the case of interacting angular momenta from different sources, spherical tensors may

transform between a coupled and an uncoupled representation via an expansion similar to a

Clebsch-Gordan series. In the case of angular momenta Â and B̂ coupling to give Ĵ, in spherical

tensor notation we can write:

T k
q (J) = ∑

q1,q2

〈k1,q1,k2,q2|k,q〉T k1
q1
(A)T k2

q2
(B) (3.93)
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The direct product T
k1

q1
(A)⊗T

k2
q2
(B) will give rise to tensors with rank k = |k1 + k2|, |k1 + k2−

1|, . . . , |k1− k2|. Selecting the tensor with rank k and projection q may also be written as:

T k
q (J) =

[
T k1(A)⊗T k2(B)

]k

q
(3.94)

= ∑
q1

(−1)k2−k1−qT k1
q1
(A)T k2

q−q1
(B)

×
√

2k+1




k1 k2 k

q1 q−q1 −q


 (3.95)

= ∑
q1

〈k1,q1,k2,q−q1| j,q〉T k1
q1
(A)T k2

q−q1
(B) (3.96)

In the special case where k = 0, i.e. where a scalar product (or “dot” product) is being computed,

according to equation 3.32, k1 =−k2:

[
T k1⊗T k1

]0

0
= ∑

m

〈k1,m,k1,−m|0,0〉T k1
m T

k1
−m (3.97)

which means that only tensors of the same order can combine to give a scalar product. For two

tensors of the same rank but different operators represented as T k1(A) and T k1(B), two useful

equalities are:

T k1(A) ·T k1(B) = (−1)k1(2k1 +1)
1
2

[
T k1(A)⊗T k1(B)

]0

0
(3.98)

= ∑
q

(−1)qT k1
q (A)T k1

−q(B) (3.99)

Now combining the above equations with:

| j1, j2, j,m〉 = ∑
m1,m2

〈 j,m| j1,m1, j2,m2〉| j1,m1〉| j2,m2〉 (3.100)

= ∑
m1,m2

(−1) j1− j2+m
√

2 j+1




j1 j2 j

m1 m2 −m


 | j1,m1〉| j2,m2〉(3.101)

allows us to evaluate the matrix elements between tensors acting on different parts of the system,

moving between coupled and uncoupled representations.
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More specifically, consider the tensor operators T
k1

q1
(A) and T

k2
q2
(B), acting on | j1,m1〉 and

| j2,m2〉. Coupling the two tensors may form a composite tensor T k
q (J), which would act on the

coupled representation of the eigenstates | j,m〉. In this case, using equations 3.93 and 3.28, the

composite tensor may be expressed as:

T k
q (J) = ∑

q1,q2

(−1)k1−k2+q
√

2k+1T k1
q1
(A)T k2

q2
(B)

×




k1 k2 k

q1 q2 −q


 (3.102)

and, using the Wigner-Eckart theorem of equation 3.82, its reduced matrix element as:

〈 j′1, j′2, j′,m′|T k
q (J)| j1, j2, j,m〉 = (−1) j′−m′

〈
j′1, j′2, j′

∣∣∣
∣∣∣T k(J)

∣∣∣
∣∣∣ j1, j2, j

〉

×




j′ k j

−m′ q m


 (3.103)

Then, using equations 3.102 and 3.101 this reduced matrix element can be evaluated by the

reduced matrix elements of its component tensors:

〈
j′1, j′2, j′

∣∣∣
∣∣∣T k(J)

∣∣∣
∣∣∣ j1, j2, j

〉
=

√
(2 j+1)(2 j′+1)(2k+1)





j′1 j1 k1

j′2 j2 k2

j′ j k





×
〈

j′1
∣∣∣
∣∣∣T k1(A)

∣∣∣
∣∣∣ j1

〉〈
j′2
∣∣∣
∣∣∣T k2(B)

∣∣∣
∣∣∣ j2

〉
(3.104)

In the special case of k = 0, using equation 3.44, the 9- j symbol collapses to a 6- j symbol:

〈
j′1, j′2, j′

∣∣∣
∣∣∣T k1 ·T k2

∣∣∣
∣∣∣ j1, j2, j

〉
= (−1) j1+ j′2+ j′

√
(2 j′+1)





j′1 j′2 j′

j2 j1 k1





×
〈

j′1
∣∣∣
∣∣∣T k1

∣∣∣
∣∣∣ j1

〉〈
j′2
∣∣∣
∣∣∣T k2

∣∣∣
∣∣∣ j2

〉
(3.105)

Finally, two very useful relations are when a tensor operator acts only on one of the component
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angular momenta. As in all cases, special care should be taken in the order of coupling, which

is well-illustrated by the difference between the phase factors in the two relations:

〈
j′1, j′2, j′

∣∣∣
∣∣∣T k1

∣∣∣
∣∣∣ j1, j2, j

〉
= δ j2, j

′
2

√
(2 j+1)(2 j′+1)(−1) j′1+ j′2+ j+k1

×





j′1 j′ j′2

j j1 k1





〈
j′1
∣∣∣
∣∣∣T k1

∣∣∣
∣∣∣ j1

〉
(3.106)

〈
j′1, j′2, j′

∣∣∣
∣∣∣T k2

∣∣∣
∣∣∣ j1, j2, j

〉
= δ j1, j

′
1

√
(2 j+1)(2 j′+1)(−1) j′1+ j2+ j′+k2

×





j′2 j′ j′1

j j2 k2





〈
j′2
∣∣∣
∣∣∣T k2

∣∣∣
∣∣∣ j2

〉
(3.107)

3.5.2 Evaluating body-fixed rotational tensor operators

The anomalous commutation relationships mentioned earlier in the chapter means that the ten-

sor representation of the rotational angular momentum (N̂) in the body-fixed axis of the rotation

it represents needs to be treated with special care.

This problem usually arises when an interaction between the rotational angular momentum

operator is coupled to another angular momentum operator in the molecule. To illustrate the

point, let us consider a spin-rotation interaction, T 1(N) ·T 1(S). Brown and Howard [28] showed

that these may be handled with tensor algebra as long as the matrix elements for the operators

are evaluated in the space-fixed axis system. The issue causing the problem becomes obvious

when one attempts to use equation 3.75 to transform the rotation operator of the molecule to

space. For our example, using equation 3.99:

T 1(N) ·T 1(S) = ∑
q

(−1)qT 1
−q(N)T 1

q (S) (3.108)

= ∑
p,q

(−1)q
D

1∗
p,−q(ω)T 1

p (N)T 1
q (S) (3.109)

while the matrix elements of T 1
q (S) can be clearly evaluated with the expressions presented in

the previous section, in D1∗
p,−q(ω)T 1

p (N), the rotation operator modifies the Euler angles that

the D-matrix depends on. Therefore the rotation D-matrix does not commute with the tensor



Chapter 3. Angular Momentum and Tensor Algebra 57

operator and their product is not Hermitian.

The easiest to solve this problem is:

1. Antisymmetrise the product of the D-matrix with the tensor operator. This can be done

by substituting:

1

2

(
D

1∗
p,−q(ω)T 1

p (N)+T 1
p (N)D1∗

p,−q(ω)
)

This makes the operator Hermitian6.

2. Now that the operator is Hermitian, in order to evaluate the matrix elements we can intro-

duce a resolution of the identity between the D-matrix and the spherical tensor operator.

Each one of them refer to a different eigenstate, and we can make use of the folmuæ

presented earlier. Therefore, the corresponding matrix element would be:

∑
p

〈 j′m′µ ′|D1∗
p,−q(ω)T 1

p (N)| jmµ〉 = ∑
p

∑
j′′m′′µ ′′

〈 j′m′µ ′|D1∗
p,−q(ω)| j′′m′′µ ′′〉

×〈 j′′m′′µ ′′|T 1
p (N)| jmµ〉 (3.110)

Although in equation 3.110 in theory an infinite sum is taken, the rotational angular mo-

mentum can only link states of the same j, therefore j′′ = j. Also, as µ ′′ = µ + p and

m′′ = m, the sum collapses to a single surviving state.

6In the special case that both the rotation matrix and the rotation operator have the same index but with different

sign, Howard [33] has shown that this is unnecessary. However, it is demonstrated here for all the other cases where

it still is necessary.



Chapter 4

Ab Initio Calculations

“Creativity is allowing oneself to make mistakes, art is knowing which ones to

keep.”

-Scott Adams

4.1 Introduction

Ab initio methods aim to calculate the energy of a system of electrons and nuclei by solving

an appropriate Schrödinger equation for that system. However, although for the hydrogen atom

this may be done analytically, as soon as one tries to calculate the energy levels of the helium

(He) atom, which is a three-particle system, approximations have to be used. Different ab initio

methods use different sets of approximations to calculate the energy of systems of nuclei and

electrons.

As different approximations are used, the numerical result of the calculations is not directly

comparable between different methods. The “art” of this kind of calculation is for the researcher

to select the method offering the best result accuracy for minimum computational effort.

58
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The aim of this chapter is to provide an outline of methods used in this project. From our

point of view, ab initio calculations are mainly used to either find the minimum energy geometry

of a system (which directly influences the value of its rotational constant), or to calculate how

the potential energy between the constituent species of a complex varies as they rotate with

respect to each other. In the latter case, the steepness of the potential around an energy well, as

well as the depth of that minimum, will determine the range of large amplitude motions these

species will be able to perform and therefore the effective rotational constants of the system.

In the following section the method that forms the basis of all ab initio calculations used in

this work, namely the Self-Consistent Field (SCF), is presented. The greatest omission of this

method is the so-called “electron correlation”, i.e. how the electron-electron repulsion affects

the relative motion of electrons with respect to each other. The various methods developed

to compensate for this omission (post-SCF methods) are presented in the third section. In

the fourth section, different approaches to approximate the wavefunction of the system are

investigated as a combination of what are called “basis-set functions”. Finally, in the fifth

section the computer systems used for the work presented in this thesis are discussed.

4.2 Self-Consistent Field Calculations

Ab initio methods are mathematical methods used to approximate the solutions of the time-

independent Schrödinger equation:

Ĥ|Ψ〉= E|Ψ〉 (4.1)

where Ĥ in this case is the Hamiltonian for the molecular system, |Ψ〉 is the wavefunction of

the system and E the energy for that wavefunction. To achieve this, there are some commonly

used approximations. In the next section two of the most fundamental ones, namely the Born-

Oppenheimer and the Adiabatic approximations, are presented.
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4.2.1 Born-Oppenheimer and Adiabatic approximations

The full molecular Hamiltonian can be written as [34]:

Ĥtot = T̂n + T̂e +V̂ne +V̂ee +V̂nn (4.2)

where T̂n is accounting for the kinetic energy of nuclei, T̂e for the kinetic energy of electrons,

V̂ne for the potential energy between nuclei and electrons, V̂ee for the potential energy between

electrons and V̂nn for the potential energy between nuclei. This may be re-arranged in a centre-

of-mass axis system as

Ĥtot = T̂n + Ĥe (4.3)

where now the first term is still the kinetic energy of the nuclei and the second term is:

Ĥe = T̂e +V̂ne +V̂ee +V̂nn (4.4)

The reason behind writing the Hamiltonian this way is to make a first approximation, which

is to assume that the total wavefunction of the system may be written out as a product of an

electron and a nuclear wavefunction:

|Ψ(R,r)〉= ∑
i, j

|φe,i(r;R)〉|φn, j(R)〉 (4.5)

Now the electron wavefunction |φe(r;R)〉 depends on the coordinates of the electrons (r) and

parametrically on the position of the nuclei (R), while the nuclear wavefunction |φn(R)〉 depends

only on the nuclear coordinates. By assuming such a product is sufficient, the time-independent

Schrödinger equation for the electronic Hamiltonian may be solved, yielding the electronic

energy levels, as a function of the nuclear coordinates (R). Plotting the energy of an electronic

state against one or more structural coordinates (for example the distance between nuclei) gives

a Potential Energy Surface (PES). If only one electronic energy surface is considered (one

solution of the electronic Hamiltonian), and all terms linking it to other surfaces are ignored,

this is called the adiabatic approximation. The next important approximation is the Born-
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Oppenheimer Approximation (BO) [35]. The logical argument for this approximation is that

the masses and timescale of the movement of electrons is of a different order of magnitude to

that of the nuclei, therefore the two motions may be separated to a good approximation.

There are two main uses of ab initio calculations: either to calculate a PES or to perform an

optimisation calculation, in which the nuclear coordinates are changed (within limits) to find the

energy minimum of the system. In both cases, some coordinates might be “frozen” to reduce

the computational cost. The description below applies equally for both PES and optimization

uses of ab initio calculations.

The next approximation is the “orbital approximation”: each electron may be assigned to

its own orbital, |φe〉 [36]. Moreover, we need to include the effect of spin of the electron. This

is done in an ad hoc manner by multiplying the orbital wavefunction of an electron with a

spin wavefunction, |φs〉, The |φs〉 is a spin-eigenstate, namely either |α〉 or |β 〉. This creates a

“spinorbital” which is a combined spin-space state of an electron. Then, we can approximate

the total electronic wavefunction as a linear combination of individual spinorbitals.

According to the Pauli Exclusion Principle, the total wavefunction has to be antisymmetric

with respect to the permutation of two indistinguishable half-integer spin particles (fermions,

e.g. electrons). One way to construct such an electronic wavefunction is to represent it as a

Slater determinant. This is a normalised determinant where every possible spinorbital is oc-

cupied by every electron. Different columns correspond to different spinorbitals (φi) while

different rows to different electron coordinates. The Slater determinant for a system of N elec-

trons with N spin-orbit functions is

ΦSD =
1√
N!

∣∣∣∣∣∣∣∣∣∣∣∣∣

φ1(1) φ2(1) . . . φN(1)

φ1(2) φ2(2) . . . φN(2)

...
. . .

...

φ1(N) φ2(N) . . . φN(N)

∣∣∣∣∣∣∣∣∣∣∣∣∣

(4.6)
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4.2.2 Self-consistent field calculations and supermolecular approximation

In Hartree-Fock theory, the trial wavefunction for electrons is a single Slater determinant, which

is optimised variationally to get the lowest energy. To achieve this, the potential energy between

the electrons and the nuclei of the system is calculated, using the operators in equation 4.4.

These can be re-grouped according to how many electron coordinates are required. Vnn is the

only one with no electron coordinate-dependency, while:

ĥi =−
1

2
∇2

i +
Za

|Ra− ri|
(4.7)

depends on the position of one electron and practically describes the motion of an electron in the

field created by the nuclei. Ra refers to the coordinates of nucleus a, ri refers to the coordinates

of electron i and Za to the charge of nucleus a, and all operators are expressed in atomic units.

Also:

ĝi j =
1

|ri− r j|
(4.8)

depends on the positions of two electrons. It is also useful to define the diagonal product of a

Slater determinant, Π:

Π = φ1(1)φ2(2) . . .φN(N) (4.9)

and a two-particle permutation operator P̂i j, which when applied interchanges the electron co-

ordinates i and j. Yet, for Π, the indices for electron coordinates are the same as the indices for

the spinorbitals. Using Π we can evaluate the expectation value of the potential energy between

electrons as: 〈
ΠSD

∣∣∣∣∣
Nelectrons

∑
i

Nelectrons

∑
j>i

ĝi j

∣∣∣∣∣ΠSD

〉
=

Nelectrons

∑
i

Nelectrons

∑
j>i

Ji j−Ki j (4.10)

where Ji j is called the Coulomb integral and it corresponds to the classic repulsion between two

electrons. For example, between electrons p and q this would correspond to:

Ji j = 〈Π|ĝi j|Π〉= 〈φi(i)φ j( j)|ĝi j|φi(i)φ j( j)〉 (4.11)
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Ki j is called the exchange integral and corresponds to the interaction between the non-diagonal

terms in the Slater determinant. To generate these from the diagonal product, we can apply the

permutation operator P̂i j successively applied on the diagonal product. This will generate all

the other possible occupancies:

Ki j = 〈Π|ĝi j|P̂i jΠ〉= 〈φi( j)φ j(i)|ĝi j|φi(i)φ j( j)〉 (4.12)

The exchange integral has no classical counterpart and its effect is to lower the energy of the

system. So far, the energy of the electronic wavefunction is given by:

E = 〈Vnn〉+
Nelectrons

∑
i

〈hi〉+
1

2

Nelectrons

∑
i

Nelectrons

∑
j

(Ji j−Ki j) (4.13)

where the factor of 1
2 is to avoid counting the interaction of electrons twice. The nuclear-nuclear

repulsion is constant in each molecular geometry and, given the position of the nuclei, the

nuclear-electron interaction can be optimised without any problems. The main issue occurs at

the electron-electron repulsion, which depends on two electron coordinates. Yet, if one assumes

that the positions and functions of all but one electron are known, then the following one-

electron energy operator, called the Fock operator, may be used to find the optimum function

for that last electron:

F̂i = ĥi +
Nelectrons

∑
j 6=i

(Ĵ j− K̂ j) (4.14)

where the Ĵ j and K̂ j now are the Coulomb and exchange operators defined as:

Ĵi|φ j(2)〉 = 〈φi(1)|ĝ12|φi(1)〉|φ j(2)〉 (4.15)

K̂i|φ j(2)〉 = 〈φi(1)|ĝ12|φ j(1)〉|φi(2)〉 (4.16)

It is worth noting that the sum of the Fock energies will be double-counting the interaction

between electrons. Performing an Hartree-Fock calculation is an iterative procedure: The coor-

dinates of all electrons but one are guessed initially and using the Fock operator, the optimum

space function is calculated for that one electron and saved. Then the calculation is repeated for
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all electrons, one by one, until the change in energy is below a pre-set threshold. A set of func-

tions that fits these criteria are called Self-Consistent Field (SCF) orbitals. These are organised

in energy order and filled according to the Aufbau principle, thus giving occupied and virtual

orbitals.

As the eigenstate of an electron’s motion is optimised in an average field (also referred to as

the “mean field” approximation), this means there is no direct electron correlation. Moreover,

as only occupied orbitals are included in a Slater determinant, only one electronic configuration

is included. For this reason, transition states, bi-radical species, or generally any species that

cannot be adequately described by a single electron configuration1, will not be well represented.

Moreover, the calculation may be restricted so that the each spatial orbital has two elec-

trons of opposite spin, which is called the “Restricted Hartree-Fock” (RHF). Similar to that

is the “Restricted Open-Shell Hartree Fock” (ROHF) where the restriction is applied on all

closed-shell orbitals. If no such restriction is applied, then the method is called “Unrestricted

Hartree-Fock” (UHF) and since there is practically one more degree of freedom per electron

pair to be variationally optimised, the energy of UHF is typically lower than for RHF. Yet, the

final wavefunction is no longer an eigenstate of the spin operator as the linear combinations

for the spatial wavefunctions of paired electrons differ and therefore are no longer necessarily

orthogonal. This is termed “spin-contamination” and results in the spin quantum number of the

calculated state no longer being well defined. This effect increases with the size of the basis set.

One problem of HF calculations that is especially important when dealing with radical

dimers is the dissociation problem. If a pair of electrons is shared between two nuclei, e.g.

in the case of H2, and the nuclei are pulled apart, this should physically result in a homolytic

bond cleavage. However, if the two electrons are sharing the same spatial wavefunction (as

in the case of RHF) they will have an equal chance to be found both around either nucleus.

Therefore half of the wavefunction represents an ionic bond which, when propagated to long

distance gives a 50% chance of heterolytic bond dissociation. This causes the energy of the

complex to increase too rapidly as a function of distance between the centres which raises the

1In this context, a configuration is a specific Slater determinant. As only occupied orbitals are used in a Slater

determinant, selecting which spinorbital to include is equivalent to selecting an electron configuration.
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bond stretching vibrational frequencies and may shift the minimum. This problem is somewhat

avoided in the case of UHF, as orbitals are allowed to “localise”.

Finally an important approximation to be noted is the supermolecular approximation: The

energy of a system of molecular species is taken as the energy of the system minus the energy

of each species separately.

∆EA−B = EAB−EA−EB (4.17)

4.3 Electron Correlation Methods

The main omission of HF methods is the neglect of electron correlation: the ability of electrons

to avoid each other. To some extent, the UHF calculations, by not restricting electron pairs

to have the same spatial orbital, include correlation in an average way: this is termed static

correlation. This is mainly the case of electrons having an averaged position shifted with respect

to each other.

The second type of correlation is “dynamic correlation”: this is the case where the electron

densities are the same, but electrons move away from each other and thus can minimise their

Coulomb repulsion. Although this interaction is neglected in HF calculations, they still offer

about 99% [34] of the total energy of the system. Therefore, the HF calculations’ results are

used as initial guesses for the more expensive correlation calculations. Usually, the ground state

wavefunction for an electron correlation method is taken as a linear combination of the HF

solution plus excited states,

Ψ = a0ψHF + ∑
i=1

aiψi (4.18)

where ψHF is the Hartree-Fock solution. The excited determinants ψi represent excited config-

urations: in their Slater determinants, one or more of the spinorbitals from the HF ground state

are replaced by one of higher energy. It is useful to characterise these determinants according

to the number of single (one electron moved to an unoccupied orbital) excitations required to

achieve their configuration from the ψHF (“ground state”): therefore there are the single (S),
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double (D), triple (T), quadruple (Q) etc. excited states.

If all possible excited states could be included2, then the motion of electrons could be de-

scribed precisely and all electron correlation would have been recovered. However, such a

calculation is not possible, and the larger the system and the number of nuclear geometries that

need to be calculated, the grosser the assumptions that have to be made. Limiting the number

of excitations leads to a “truncation error” in the correlation method.

A common assumption is to neglect the excitation (and therefore the electron correlation)

of the inner electrons (“frozen core”). This is not strictly speaking correct, but since most of

the chemically important interactions occur with the valence shell electrons, this will simply

provide a mainly systematic error.

4.3.1 Multi-Configuration SCF

In Multi-Configuration SCF (MCSCF), the wavefunction is taken as a linear combination of

the HF eigenstates, but both the coefficients of the linear combination as well as the HF states

themselves are variationally optimised. The wavefunctions now are called Configuration State

Functions (CSF).

By taking the appropriate combination of HF solutions, the use of CSFs predicts correctly

homolytic bond breaking. Moreover, as many HF electron configurations are taken into account

in each CSF, this method is appropriate for cases when more than one electron configurations

(“multireference” cases, MR) is required to describe the ground state.

Convergence in this method is much slower than in HF, however it is essential for systems

that cannot be accurately described by a single electron configuration. Although it could also

be used as a way to regain some of the electron correlation, and indeed some non-dynamical

correlation is recovered, it is very expensive and inefficient. The configuration space used at

2Here implicitly we assume that we are also using enough functions to represent numerically the ground and

excited states accurately. This assumption is usually wrong as for practical reasons we only use a limited number

of functions, leading to what is called “basis set incompleteness error”. This will be explored in more detail later

in this chapter.
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each calculation is called the “active space”.

In MCSCF, the orbitals are distinguished to active and spectator orbitals, with the active

being the ones that undergo substantial change in the process of interest. All CSFs are optimised

variationally, but only for the active orbitals there is some static electron correlation calculation.

Choosing which are the active orbitals is the main difficulty of this method. A calculation

that takes into account all possible electron configurations (called Complete Active Space Self

Consistent Field-CASSCF) becomes unmanageable very soon with increasing system size.

A quicker method is the Restricted Active Space SCF (RASSCF), where the active orbitals

are further split to RAS1, RAS2 and RAS3. RAS1 are usually doubly occupied (or with limited

vacancies), RAS3 are usually empty (or with limited occupation) and RAS2 are the orbitals

whose occupancy changes between important configurations (“fully active”). Then the full

calculation is run for RAS2, while interactions between RAS1-RAS2 and RAS2-RAS3 are

included to allow for orbital relaxation.

The problem of choosing the appropriate chemically important MOs unfortunately does not

have a standard solution. This is not aided by the fact that convergence to a value for any CAS

state is very rarely practically met [37]. Usually RHF calculations are performed before the

MCSCF as to indicate the important orbitals, their symmetry and occupancy.

4.3.2 Configuration Interaction

In Configuration Interaction (CI) calculations, the final wavefunction is a variationally opti-

mised linear combination of HF eigenstates, taken so that the overall spin of the final state is

the same as the ground state. In theory, a full CI calculation will take into account all possible

excitations and would recover all electron correlation for that basis set. However, this is too

expensive and usually CI calculations are truncated to the most important excitations.

According to Brillouin’s theorem [34], the single excitations by themselves cannot offer any

improvement to the HF solution, so the minimum excitation level that has to be included is D

(in which case the method is named CID). This theorem holds true for any post-HF method that
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uses the same ground state as HF (i.e. not MR methods). Qualitatively, CID can be thought of

representing the electron correlation between pairs of electrons while Q excitations represent the

products of CID. S excitations allow relaxation between the pairs of electrons after an excitation,

and therefore are important. CI is a variational method, so the calculated energy is always higher

than the true energy and the lower the energy, the better the calculation3.

As in the CI calculations the RHF eigenstates are combined, the dissociation problem is

resolved. Unfortunately, another problem arises: at long distances, the energy of a dimer should

be the same as the sum of the two monomers. Yet, this is not true for CI calculations. To see

why, we may consider a supermolecule AB: a CISD calculation would calculate a D excitation

of the supermolecule and then relax it with an S excitation. However, at a large distance between

A and B, the same calculation would be equivalent to a S excitation of A plus a D excitation

on B, giving an overall CISDT term. Therefore the order of excitations taken into account

changes with distance between the molecules. This gives an extra artificial binding energy and

the method is characterised as size inconsistent. Practically, the Size Consistency Error (SCE)

is assumed to be a constant that may be calculated at large distances and then subtracted from

everywhere, although there is no clear theoretical justification for it.

CI calculations can also be combined with MCSCF calculations. In these cases, Multiref-

erence CI (MRCI) calculations are performed where the excitations are taken out of all states

combined in a CSF.

4.3.3 Møller-Plesset Perturbation Theory

In this method perturbation theory (PT) is used between the HF ground state and excited state.

As PT is applied to a system of interacting bodies assuming they are independent, this is a

many-body perturbation theory (MBPT) method. In all perturbation theory approaches there is

the assumption that the ground state (the HF solution) is well-separated from any other (excited)

state. Therefore, this method is unsuitable for any cases of possible multireference character.

3Yet, it is important to note that if a supermolecular calculation is performed, although the energy of the

complex and each monomer is variational, there is no strict requirement for their difference to be.
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According to standard PT [36], the Hamiltonian of the system is separated as a reference

(Ĥ0) and a perturbative (Ĥ ′) operator:

ĤTotal = Ĥ0 +nĤ ′ (4.19)

where n is a parameter indicating the order of perturbation. The (Ĥ0) is taken as the sum of the

Fock operators

Ĥ0 =
Nelectrons

∑
i

F̂i (4.20)

However this means that the zeroth-order results would count all the interactions between the

electrons twice, and is actually worst than the HF result. The perturbation Hamiltonian is the

potential caused by the electrons. This is expressed as the difference between the true electron-

electron repulsion, minus twice the averaged repulsion:

Ĥ ′ = V̂ee,true−2×〈V̂ee〉 (4.21)

〈Φ0|Ĥ ′|Φ0〉 = V̂ee−2×〈V̂ee〉=−〈V̂ee〉 (4.22)

It may be noticed that the basic assumption of the perturbation being small compared to the

reference Hamiltonian is not really satisfied. The first order correction (n = 1) simply gives

back the HF solution. It is only from n = 2 that one improves the result. In honour of C.

Møller and M. S. Plesset that formulated the approach, this method is called Møller-Plesset

Perturbation theory of n-th order, or MPn.

Unfortunately, this is not a variational method: the energy calculated at a given order is not

necessarily higher than the true energy, as the importance of perturbation might be over or under

estimated. Moreover, the even n MPn methods tend to over-estimate binding energies, while

the odd ones tend to underestimate it. It is also generally thought better to perform even MPn

calculations as they have been found consistently closer to the full-CI solution [34].

One advantage of MPn methods is that they are size-consistent and also relatively inexpen-

sive to perform. If the system explored has no important MR contributions, the MP3 method can
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account for 90−95% of the correlation energy and MP4 typically accounts for 95−98% [38].

Although there are MP5 and MP6 methods available, these are rarely used in practice, due to

computational cost.

4.3.4 Coupled Cluster methods

In MPn methods, all possible excitations are included at n-th order. In the Coupled-Cluster

(CC) methods, on the other hand, the emphasis is placed on the specific excitations that link the

HF solution to the final wavefunction. The interactions then resulting from a specific kind of

excitation, are included precisely, which would correspond to infinite order correction in MPn.

It is useful to define the excitation operator T̂ :

T̂ = T̂1 + T̂2 + T̂3 + . . . (4.23)

where T̂i is the operator causing an i-th excitation. Relating back to CI methods, the excited

states can be constructed by acting on a ground state by the excitation operator:

(1+ T̂ )|Ψ0〉= (1+ T̂1 + T̂2 + T̂3 + . . .)|Ψ0〉 (4.24)

while in CC methods, the Taylor series of an exponential excitation operator is used:

Ψcc = eT̂ ΨHF = (1+ T̂ + T̂ 2/(2!)+ ...)ΨHF = (1+ T̂1︸︷︷︸
S

+(T̂2 +(1/2)T̂ 2
1 )︸ ︷︷ ︸

D

+...)ΨHF (4.25)

In the last form of the equation, all operators leading to the same order final excitation are

grouped together. This way, both connected (here T̂2 indicates the double excitation of a single

electron) and disconnected (T̂ 2
1 indicates two separate single excitations) are taken in the D

contribution. Then to calculate the energy of the system is calculated by:

ECC = 〈Φ0|ĤeT̂ |Φ0〉 (4.26)
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where Φ0 is taken as the HF solution. For CCD methods, only the D excitations are included4,

for CCSD both S and D excitations are included and so on. As both connected and disconnected

excitations are included, this method is size consistent.

However, although precise, this method becomes expensive (computationally) very fast, so

the “golden standard” that is thought to give the optimum accuracy for effort is CCSD(T), where

the parenthesis indicates that the triplet excitations are included non-iteratively, by perturbation

theory on the CCSD results.

Like MPn methods, CC is a single-reference method, although more forgiving in close-

degeneracies. The most common test for MR character is the so-called T1 diagnostic: the

contribution of S excitation over the square root of the number of electrons in the system. If that

is large (over 0.02 [34]) then this indicates that the energy of the system changes significantly if

electron pairs relax with respect to each other, so another configuration is important. Also, like

MPn methods, CC are not variational.

4.3.5 Multireference perturbation theory

Arguably the most successful method to include dynamic correlation to MCSCF wavefunction

has been the use of second order perturbation theory [39]. The usual approach consists of

applying a MBPT theory on either CAS (or RAS) wavefunctions, produced by an MCSCF

calculation.

The most widely applied method is the CASPT2 (also referred to as Rayleigh-Schrödinger

Second Order Perturbation Theory-RSPT2), which has also been extended to CASPT3 [40].

Practically it is MPn theory applied to a CASSCF wavefunction and this method is suitable for

near-degenerate states. There is also a way to truncate the number of CSFs taken into account,

thus speeding up the calculation, by using a RAS-PT: i.e. restricting occupation numbers for

specific orbitals in the same way as for RAS-SCF.

4Again, due to the Brillouin principle, S excitations by themselves cannot improve on the HF solution.
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CASPT3 also contains the perturbative Hamiltonian interaction between excited states that

practically means relaxation of the orbitals in the excited state. This has been shown to be very

important at some cases, although there is evidence that the oscillatory behaviour of MPn results

may be found at CASPTn as well, in which case CASPT2 might be closer to the solution5. Also,

a big change between the CASPT2 and CASPT3 results would indicate that the CSF taken as

the reference is inadequate.

One problem of CASPT methods is that they are not size consistent. Moreover, there is

the problem of intruder states: the cases where the degeneracies of the excited and ground

state cause a singularity in the calculation. One way to alleviate that problem is by shifting the

energy of the virtual orbital with respect to the active orbitals by a specific amount, however this

is not physically justified, especially in cases where the geometry changes and this can lead to

non-systematic errors. It has been found that for states separated by a small amount in energy,

choosing a shift parameter (σ ) that is too small, can lead to CASPT2 predicting a false ground

state [41]. This has again been attributed to intruder states and selection of active space [42].

Furthermore, it has been argued that CASPT predictions overestimate the dissociation energy,

and actually deteriorate at very large basis sets [43].

Another method is the CI-PT Method [43], which treats excitation only from the active

space with CI and the rest with PT. This eliminated the intruder state issue, however, as a CI

method, is not size consistent (even less size consistent than CASPT2). Along the same lines,

the active space interaction, which is the main contributor in terms of energy, is treated by

a variational method. Thus, CIPT2 is usually considered a variational method. In contrast

to CASPT2, CIPT2 usually underestimates the dissociation energy and the anisotropy of the

Potential Energy Surface (PES) with respect to a MRCI calculation.

Finally, the third method to be discussed in this section is the n-electron valence state second

order perturbation theory approach-NEVPT2. The big difference for this method is that it uses

a different zeroth order Hamiltonian, the Dyall Hamiltonian [44]. Dyall noticed that the use of

a one-electron Hamiltonian to build the reference function meant that, once post-HF corrections

5This also highlights another shortcoming of CASPT: that it is not a variational method.
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were applied, the ground state was allowed to include bielectronic interactions but the excited

states were not. This created an energy bias to the ground state, and to correct it, he proposed

a partly bielectronic Hamiltonian. All NEVPT2 theory is based on this work although there are

variants depending on the contraction of states, separating Strongly Contracted (SC) and Partly

Contracted (PC) methods. All work presented in this thesis is done with the most precise of

the two, the Partly Contracted method. The functional space of NEVPT2 is distinguished in the

same way as CASPT2, so a comparison between them is valid [45].

There are two big advantages in using NEVPT2: firstly, the method is size-consistent and

secondly, the states produced by NEVPT2 are so well separated, that the chance of an intruder

state is practically insignificant [46]. The results of NEVPT2 calculations tend to overestimate

the dissociation energy. Work on heterodimers comparing the CASPT2 with NEVPT2 methods

suggests that NEVPT2 is preferable, not only due to lack of intruder states and size inconsis-

tency, but also because of the accuracy of the final energy [47].

In the case of a closed-shell single-reference problem, all CASPT2, NEVPT2 and CIPT2

are equivalent to MP2, while CASPT3 is equivalent to MP3.

4.3.6 Combinations of methods

The “gold standard” method for computational effort to results is CCSD(T). However, this

method cannot handle multireference cases and as a result, a lot of innovative work has gone

into combining different ab initio methods. The main idea is that CC methods are used for

one state and another one is then derived as the difference from that first state with an MR-

able method. This way CC would “guarantee” a reasonable representation of the state it can

describe. Perhaps the most common combination is that of CC and MRCI methods [48, 49].

By approximating the size extensivity as the same in the two states, the difference in energy

between the ground and an excited state (∆EMRCI) can be added to the CC calculations. As any

corrections relating to the supermolecular approximation6 for the two states are the same, they

cancel at ∆EMRCI.

6For example, the counterpoise correction discussed in detail in the next section.
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A similar approach is to add the differences from CASPT calculations between different

states, again on CCSD(T) calculations [50]. This method is also more economical, and thus can

be used for larger systems or when more than one excited state is required. Some studies [51,

52], suggest that this method produces slightly better agreement with experimental results than

the MRCI combination with RCCSD(T), at a lower cost. One major advantage is that CASPT2

has a significantly smaller7 size inconsistency error and therefore, the approximation that this

cancels between the two states or produces a constant shift, is more valid.

However, there is a point to be made about combining different techniques both at the level

of operators used and of the wavefunctions representing these states. As CC methods will be

operating on a SCF state and MRCI or CASPT methods on a MCSCF state, the latter will

be operating not on the same state as the former, but on a weighted linear combination of the

ground and excited states. Even if one argues that the MCSCF ground state is predominantly

one SCF state, it is not clear how true that is for the excited states. Also, it goes against the

previous assumption that most of the potential between these states is the same and they are

close in energy. Moreover, applying excitations on a MCSCF state would be different than on

a SCF state, as the excitations to produce the states within the MCSCF wavefunction would be

automatically of higher order. There is also the comment that CC operators and CI operators

are not strictly speaking compatible [54].

4.4 Basis Sets

In this section the basis sets commonly used for ab initio calculations, emphasizing on the ones

used in this project, are presented. In theory, any complete set of functions with the appropriate

angle dependencies could be used as a basis set to describe the system’s wavefunction. However,

such a calculation is impossible and the basis sets have to be truncated, leading to the “basis set

truncation”, or “basis set incompleteness” error. The theoretical extreme where an infinite basis

7This is noted to be one order of magnitude difference, while in reference [53] the size inconsistency error is

noted to be “very small”.
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set is used is called the Complete Basis Set (CBS) limit. Using a CBS, the calculated energy

would be the best possible given the limitations of the method (e.g. HF) used.

Usually the coordinates of the electron are represented in spherical coordinates, where a

spherical harmonic (Y m
l (θ ,φ)) is used to represent the angle dependence and the radial coor-

dinate is commonly represented by either a Slater-type or a Gaussian-type function. Slater-type

function (or Slater-type orbitals, STO) have the general form:

χSTO = Nnℓmrn−1e−ζ r
Y

ℓ
m(θ ,φ) (4.27)

where n is similar to the principal quantum number used to describe atomic orbitals, Nnℓm

is a normalisation constant and ζ is called the orbital exponent. Gaussian-type functions (or

Gaussian-type orbitals, GTOs) have the form:

χGTO = Nnℓme−ζ r2

Y
ℓ

m(θ ,φ) (4.28)

The “true” orbital is approximated by a combination of functions in the calculation, and these

functions are called the basis set. The larger the basis set, the better the description of the orbital

(according to the variational principle), but the longer each calculation takes. Linear combina-

tions of STOs are better in modeling molecular (or atomic orbitals) and represent especially the

“tail” of the orbitals and the area near the nuclei more physically8. However, the integrals of

GTOs are far quicker to calculate and cheaper to store (mainly due to the property that sums or

differences of Gaussians is another Gaussian).

For this reason, in small systems STOs can offer good precision with fairly small basis sets,

but for larger systems (more than two to three atoms), larger basis sets of GTOs can offer the

same precision quicker. STOs and GTOs are routinely used to model atomic orbitals and these

are then used in calculations. The GTOs/STOs before any other modification are called the

“primitive” orbitals.

8The GTOs fall too quickly on the long and short extremes thus misrepresenting the electron cusp at the

nucleus and the long-distance overlap with other orbitals.



Chapter 4. Ab Initio Calculations 76

It should be noted that the concept of “orbital” is not as easy to define as is in the hydrogen

atom. Linear combinations of GTOs/STOs are used, that are modelled to Atomic Orbitals (AO),

but then a number or features are added. Here, an “orbital” is a set of functions that is aimed to

describe the motion of one electron.

A minimal basis set is one that only contains enough orbitals to accommodate all electrons

in a single configuration, so for example, for H atom it would be only the 1s orbital. A Double

Zeta (DZ) basis includes twice the number of orbitals of the minimal basis set, and so on.

However, as this increases computational effort it is common to “split” the basis set, so only

Valence (V) electrons have more than the minimal basis; for DZ this is noted as VDZ.

Following the same line of thought, the valence orbitals can be enhanced in order to rep-

resent better any deviations between atomic (after which they are modelled) and molecular

environments. Considering a single bond formed by s-atomic orbitals one can see the benefit

of including higher angular momentum functions (in this case p-orbitals) to replicate the effect

that in Valence Bond theory (VB) would be described as hybridisation, although in VB no extra

functions are introduced. These higher momentum functions offer a faster convergence in elec-

tron correlation calculations. Usually, (l−1) polarisation functions of l angular momentum are

included, eg. 3s2p1d. This is denoted with a p- in the name of the basis set, e.g. pVDZ.

Moreover, as in an ab initio calculation threshold is (usually) set in terms of energy, the

core-orbitals are far more significant than the valence, even though the orbitals of chemical

interest are the other way round. Thus, to emphasise on the valence electrons, the GTOs/STOs

used to express the core orbitals is fixed to a linear combination of the primitive GTOs/STOs,

called contracted GTOs/STOs. Once a specific Zeta contracted basis set has been computed for

an element, it can be used to speed up calculations. Segmented basis sets use a combination of

contracted and primitive functions. Example of such GTO basis sets are the most commonly

used Pople and Dunning basis sets [55]. The main practical difference between same-zeta

basis sets is that the Dunning ones do not have the restriction of s- and p- orbitals having the

same exponents, which applies to Pople Basis sets. This extra degree of freedom allows better

precision but comes at a computational cost.



Chapter 4. Ab Initio Calculations 77

However, the main reason that Dunning basis sets were used in this project was that they

can be chosen to be Correlation-Consistent (cc-). This means that the basis set is designed so

functions that contribute on a similar magnitude to the electron correlation are included in the

same stage, independently of the function type. That allows for a more monotonic convergence

to the CBS energy as basis set size increases. cc- functions can be “augmented” (aug-) by

diffuse functions, e.g. adding a p function of small exponent to an s function. Therefore, a

split-shell polarised-valence correlation-consistent augmented X zeta Dunning basis set can be

written as: aug-cc-pVXZ, where X=D,T,Q etc.

4.4.1 Basis set related errors and CBS extrapolation

If one could perform the calculation with a complete set of functions (CBS), then the energy of

the system would be described as well as possible for the level of theory applied. Unfortunately,

this is practically impossible and the error caused by the inadequacy of the basis set used is

called the basis set incompleteness error.

In the case of a molecular complex, calculated by the supermolecular approximation, the

assumption is that the basis set of each molecule (monomer) will be used to describe the orbitals

of that monomer only, so when the energy of individually calculated monomers is subtracted,

only the interaction energy remains. However, basis set functions that are not used by the

molecule they are intended for, may be used to describe another one. Since these will not be

available when the energy of each molecule is computed individually, this creates an artificially

stronger binding energy and it is called the Basis Set Superposition Error (BSSE).

The usual way to correct for the BSSE in a supermolecular system with monomer A and

B, is by the Counterpoise Procedure (CP) by Boys and Bernardi [56]: For the supermolecular

calculation of the binding energy of the system A-B, we can define the basis sets a and b as the

basis sets used to calculate the energy of the individual molecules, and ab as the basis set used

for the complex calculation. The binding energy is now given as:

Ebinding = EAB,ab− (EA,ab+EB,ab−E∗A,a−E∗B,b +EA,a +EB,b) (4.29)
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where A,B show that the calculation is carried out with the nuclei and electrons of species A or

B, while a,b indicate that the calculation used the basis set of A or B. The starred terms allow

for the possibility that the geometry of the molecules changes upon complexation. Therefore,

they are the respective energies in the changed geometry.

As the CP correction practically accounts for all the energy lowering of one molecule due

to the presence of a completely empty basis set of the other species (and not just the functions

that are free in the basis set of the other species), it over-compensates for the BSSE. Still,

it is considered a better estimate than the uncorrected energy. If the basis set used for each

molecule was sufficiently large (called a saturated basis set), then no extra functions from the

other molecule would be required and no BSSE would be noted. One side effect of the CP

overestimation is that it removes any charge transfer between the molecules9 that might be

occurring [58]. Therefore, CP is best regarded as an indication of the severity of the BSSE.

Especially when using cc- basis sets, one can extrapolate the energy to the CBS, based on the

assumptions that firstly, it is a converging series and secondly, the convergence is monotonic.

Halkier, Klopper et al. [59] argued for an exponential expression and also used much larger

basis sets.

EHF
X = EHF

cbs +AHFe−β ′X (4.30)

ECorr
X = ECorr

cbs +ACorre−βX (4.31)

The higher the zeta of the calculations used for extrapolation, the more accurate the result, as

the error limits with respect to the CBS result decrease. Adding diffuse functions (“aug-”) also

improves the extrapolation.

A previous member of the group, Kevin Back [60], agreed with Klopper’s scheme by notic-

ing that the ratio between energies of adjacent zeta is almost the same, and then improved on

that by adding a quadratic term on the exponential. This significantly improved the results,

9Another related issue that may arise here is that induction might be overestimated due to functions located

on the “inducing” partner. These basis functions are sometimes called the “far-bond” functions, and may lead to

unphysically large induction which could even be partly a charge-transfer effect [57]. A more detailed discussion

of the charge-transfer effect is given in chapter 7.
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which, using Klopper’s data, were closer extrapolated to the “CBS” limit with cc-DZ and cc-

TZ calculation than by cc-QZ and cc-5Z with Klopper’s formula. The formula Back suggested

is:

ECorr
X = ECorr

cbs +ACorre−β ′X+γ ′X2

(4.32)

with β = 1.201634,γ = 0.06154717 for MP2 and β = 1.302213,γ = 0.061319381 for CCSD.

More recently, another member of the group, Starkey [2], also expanded that for the HF cal-

culations, with the values β = 0.6154 and γ = −0.1474 and for RSPT2 energies with β =

1.2184,γ = 0.0629. This scheme is intuitive and also calibrated to the basis sets used here

(AVDZ and AVTZ) and therefore preferred. The assumption that CCSD and CCSD(T) ener-

gies [58] can be extrapolated with the same scheme is also assumed here.

4.5 The Computers Used

As a significant amount of ab initio calculations were performed, a combination of group, de-

partmental and national machines were used to make this possible. All machines described here

have 64 bit processor architecture. There are two main limiting factors for ab initio calculations:

the number of processors (as the speed of the calculation scales linearly for at least up to 8 pro-

cessors, for some programs and calculations even more) and the amount of memory (mainly

RAM as ideally where all pre-calculated integrals would be stored at, rather than having to be

retrieved from hard disk memory, which slows the calculation down by an order of magnitude).

Firstly, the group machines: The first machine used was BJH3, a single core, AMD Athlon

64 3500 machine with 2 GB of memory. That was actually the only machine available to

perform MRPT calculations during the first year of this study. The following year, BJH5 became

available, which has a 4 core processor (Intel Quad Core Q9550, each with a processing speed

of 2.83 GHz), and 4 GB of memory. Finally, the year after that BJH10 was introduced, with 8

cores (two Intel E5530 Xeon processors, each running up to 2.40 GHz) and 32GB of RAM.

In addition to these, it was fortunate to have access to the Espresso departmental machine,
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a multi-blade machine, each blade having a dual- core Intel Xeon processor, each operating at

2.40 GHz with 2 GB of memory. Moreover, via MPLS, access was granted to the Oxford Elec-

tronic Research Center (OeRC) supercomputers: HAL, SAL and Arcus. HAL has 8 2.8GHz

Xeon cores per blade and 16 GB of Memory, while SAL also has 8 cores of 2.53GHz and 24 GB

of memory. Arcus is the latest machine with 16 cores per blade and 64 GB of memory. Unfortu-

nately, due to the cost of using these machines, only limited calculations were performed there

until the end of the last year. Furthermore, the EPSRC UK National Service for Computational

Chemistry Software (NSCCS) was approached and a very productive trial period was agreed

upon. The Columbus cluster that was used has 8 cores per node, each operating at 2.66GHz

with 2TB of memory accessible by all 64 nodes.



Chapter 5

Experimental

“It doesn’t matter how beautiful your theory is. It doesn’t matter how smart you

are. If it doesn’t agree with experiment, it’s wrong.”

- Richard P. Feynman

5.1 Introduction

The true test of any theory or prediction is the comparison with experimental data and the

weaker the interaction investigated, the greater the precision required. We are interested in

ways to measure the intermolecular forces in van der Waals complexes at the greatest feasible

precision.

As was noted in chapter 1, the study of van der Waals complexes is largely the study of

intermolecular forces. There is a plethora of methods available to experimentally study the

intermolecular forces in the gas phase: On the one end, there are methods that determine the in-

teraction between molecules in a sample based on its bulk properties and on the other end, there

are the spectroscopic techniques, such as Infra-Red (IR) and Microwave (MW) spectroscopy.

Spectroscopic methods detect the way a sample interacts with radiation and MW radiation ex-

periments specifically probe the rotational transitions. In these techniques, the quantum me-

chanical structure and the energy level separations of the complexes is probed directly. As

81
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the energy scale of the transitions decreases, weaker effects can be observed. To put that into

perspective, one may consider that the results of ab initio calculations are usually quoted in

Hartrees, of photoelectron spectroscopy in electron volts (eV), of IR in wavenumbers (cm−1)

and of MW in MHz:

1 hartree≈ 27.2107 eV≈ 219,474.63 cm−1 ≈ 6.57966×109 MHz (5.1)

Thus, the reason that MW spectroscopy has been preferred is for its accuracy, as the errors in

the measurement (in our setup) are in the kHz scale. The experimental work undertaken in this

project was carried out using two pulsed-nozzle Fourier Transform Microwave Spectrometers

(FTMS), both constructed in the group according to the specifications given by Balle and Fly-

gare [61]. These specifications have also been modified to enhance sensitivity and automate

signal detection as well as target specific cases of species. Before going in detail about each

part of the experimental setup, it is helpful to have the general idea in mind: A gas sample con-

taining the species1 to be studied is introduced to a sealed high-vacuum chamber (the “cavity”)

through a pulsed nozzle. Next, a MW frequency pulse is released through an antenna, co-linear

to the nozzle. If the energy of the radiation corresponds to the energy of a rotational transition

of the sample, then this is absorbed. The chamber is then left for the input radiation to decay

(“ring down”) and the same antenna is used to collect the emitted radiation as the sample relaxes

back to its previous state. The collected signal (called the Free Induction Decay, FID) is then

amplified, digitised and Fourier transformed. The final spectrum displays both the frequency of

the emitted radiation and its intensity. A single data collection cycle like the one described is

referred to a “shot”. The cavity is constantly held in high vacuum by a pump system.

The most common problem for weakly-bound complexes is that the intensity of the emitted

radiation is very weak, and therefore difficult to differentiate from noise. This is quantified by

the Signal-to-Noise ratio (S/N) and many techniques, that will be explored below, are used to

optimise this. One way is to perform many shots in the same frequency, and add their signal,

which will increase the S/N as the signal will add proportionally to the number of shots (M)

1This could be a molecule or a van der Waals complex. As both cases were studied in this work, we use the

term “species”.
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while random noise will add as the square root of M. Therefore, the S/N increases with the

square root of the number of shots. Each shot has a length of approximately 1 MHz. It is possi-

ble to change stepwise the MW frequency and then add the resulting spectra as to both further

reduce noise and to obtain a more collective picture. Setting the frequency of the experiments,

number of shots as well as the processing of the signals (including adding the spectra) is done

via the FTMS program written in C++ by a previous member of the group, Ben Watson [62].

The final spectrum usually has resolution greater than 5 kHz. Two different spectrometers were

used for these experiments and their combined range covers from 2 GHz to 18 GHz.

In the following sections, each part of the experiments will be presented in detail. Firstly,

the ways to create the sample and how this is introduced into the cavity are discussed. Secondly,

the microwave components that create and regulate the excitation radiation as well as collect the

emitted radiation are presented. Thirdly, the signal itself and the practical aspects of recording

and displaying it are analysed. Finally, all the components are again considered collectively.

5.2 The Sample

5.2.1 The supersonic expansion

When a high-pressure gas is released into a lower pressure environment through a small hole

(in our case a nozzle orifice), this creates a directional gas beam. If the diameter of the hole

is much larger than the mean free path (λ ) of the gas in the high pressure environment, then a

large number of collisions will take place as molecules go through it.

These collisions have a double effect to the molecules: on the one hand they serve to transfer

energy between molecules, thus resulting in a nearly-homogeneous distribution of energy. On

the other hand, via collisional relaxation, the internal energy of each molecule is converted

to its translational degrees of freedom. Therefore, the resulting forward beam has a narrow

velocity spread. Moreover, as all molecules are moving in the same direction at the same speed,

the relative motion between the molecules is significantly reduced, thus effectively cooling the
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sample. In a typical nozzle beam, 50% of the gas molecules will have a velocity which is within

5% of the average, which is clearly a non-equilibrium distribution. In such an expansion, the

mean free path of the molecules may be calculated as:

λ =
kBT√
2σP

(5.2)

where kB is the Boltzmann factor, T is the temperature, P is the pressure and σ is the collision

diameter of the gas. The nozzle used in our experiments has an orifice diameter of 0.5 mm

and e.g. for a He expansion at 293 K and with 1.5 bar backing pressure, λ is about 140 nm.

Therefore, the condition for a supersonic expansion (λ ≪ d) is satisfied [62].

If the speed of the molecules in the forward beam is greater than the local speed of sound,

the expansion of the gas is called “supersonic”. Using a supersonic expansion creates a very low

temperature (only a few Kelvin) collision-free environment in the axis system of the beam [63].

The distribution of molecules with specific velocity (N (ν)) in a supersonic expansion is:

N (ν) ∝ e
−m(ν−ν)2

2kBT (5.3)

where ν is the mean flow velocity.

A useful quantity to describe the behaviour of the expansion is the Mach number (M) which

is defined as the ratio of the speed of the flow to the local speed of sound (α) [64]:

M =
ν

α
; α =

√
γkBT

m
(5.4)

where γ is the ratio of the heat capacities at constant pressure and volume:

γ =
Cp

Cv
(5.5)

For a circular orifice, the Mach number can be written as a function of distance in nozzle

diameters (d) away from the beginning of the expansion. A more precise expression can be
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obtained by expanding this dependence as a Taylor series:

M =
( x

d

)γ−1
(

C1 +C2

(
d

x

)
+C3

(
d

x

)2

+ . . .

)
(5.6)

where, for a monoatomic gas, C1 = 3.232, C2 =−0.7563 and C3 = 0.3937. The local pressure,

temperature and density (ρ) of the flow are related to the Mach number as:

T

T0
=

(
1+

γ−1

2
M2

)−1

;
P

P0
=

(
1+

γ−1

2
M2

)− γ
γ−1

;
ρ

ρ0
=

(
1+

γ−1

2
M2

)− 1
γ−1

(5.7)

where the T0,P0 and ρ0 are the temperature, pressure and density of the gas before the supersonic

expansion. The terminal Mach number is related to the mean free path at the nozzle as:

MT = 1.17

(
d

λ0

)0.4

(5.8)

According to the equipartition theorem [1], monoatomic gases have γ = 5
3 , while diatomic gases

have γ = 7
5 and the smaller γ is, the lower the achievable final temperature. For this reason, a

carrier gas is used: as monoatomic species cool faster and lower than diatomics or polyatomics.

In our experiments, a small percentage of the species of interest is seeded in a noble gas. During

the expansion, the seeded molecules acquire the flow and the temperature of the carrier gas.

Now, in order to see why there is a terminal Mach number, we need to see this expansion

from the perspective of the gas. Once the gas goes through the nozzle orifice, the probability of

collisions decreases as the beam diverges. Dimer formation requires a three-body collision (a

third partner is required take the extra energy according to energy and momentum conservation

laws) and thus only occurs close to the nozzle. After that, there is a region where the two-

body collisions are most probable and where the molecular complexes formed are relaxed or

destroyed. Further down the expansion, the cooling continues slowly as the probability of any

collision is small. Also, as the temperature is lowered, thermal collisions do not have enough

energy to destroy any clusters formed. This way, even complexes that are held by very weak

interactions are kinetically stable. This collision-free zone (or “zone-of-silence”) occurs about

30− 40 orifice diameters after the nozzle head and there the terminal temperature is reached.
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Reaching this collision-free zone where the conditions remain practically unchanged for the

molecules (unless they hit a cavity wall) gives the terminal Mach number. For our experiments,

this is around 20 mm from the nozzle head, and is also where the absorption of the microwaves

from the sample occurs. There is also the possibility of complexes of more than two partners to

be formed, but that likelihood decreases with the number of partners.

Another effect that we have to take into consideration is the complexes formed by the carrier

gas, either with the species in question or between its own atoms, as their formation releases

energy that heats up the sample. The larger the carrier gas, the more strongly it binds and

therefore the higher the terminal temperature obtainable. For this reason, a neon-expansion

would be producing spectra mainly of the lowest states, while more excited states would be

accessible using an argon-expansion.

While for recording molecular spectra, the above considerations are of relatively low im-

portance, for complexes it is crucial to have the right kinetics as to “trap” the desired complex

in the collision-free zone, with enough collisions to form the complex but not too many as to

destroy it. The conditions influencing these kinetics are the nozzle orifice diameter, the pressure

inside the cavity, the backing pressure of the sample before the nozzle and the composition of

the sample. Only the last two of these are easily modified between experiments. Regarding the

backing pressure, it has been repeatedly been found in the group that values between 1-2 bar

give optimum results for most complexes. Once a transition was detected, the backing pressure

used was optimised by observing the S/N ratio of the signal. The composition of the sample

will be examined in detail for each experiment individually later.

5.2.2 The pulsed nozzle

Due to limitations of the pumping speed, in order to maintain the high vacuum and the condi-

tions for the supersonic expansion, the introduction of the gas into the cavity is done using a

pulsed nozzle. This is illustrated in figure 5.1 [2]. The nozzle itself consists of a spring inside an

armature leading to a poppet that can seal the aperture. The aperture is the hole in the chamber
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Figure 5.1: The pulsed nozzle [2]

wall through which the gas is introduced. Around the base of the nozzle there is a solenoid coil,

that at the application of an electric current pulls the armature back, thus opening the aperture.

The current (that triggers the pulse) is regulated by a valve pulser and the pulses are typically at

500 µs with gaps of 100 ms between them.

5.2.3 The gas sample

A pre-made mixture of the desired concentration is made and stored in a cylinder from which

the experiment is run. The concentrations of the species in question are usually about 1−5 %

of the gas prepared. Moreover, there is the storing limitation which practically meant that at the

best case the sample had to be prepared daily.

If the sample’s standard state was liquid, then a bubbler was used: the carrier gas was

literally led through a line at the base of a closed metal container wherein the sample was

placed. The composition of the emerging gas was controlled by the adjusting the temperature

of the sample as to alter its vapour pressure, according to the Antoine equation:

T =
B

A− logP
(5.9)

where A and B are substance-specific parameters, T is the temperature and P is the vapour

pressure. To achieve that, the container of the sample is placed in a thermoelectric Peltier-effect

cooler, which allowed accurate and stable access to many temperatures. All the gas lines were
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Figure 5.2: The microwave circuit [2]

checked for leaks. All containers, mixing cylinders and gas line connectors are made of stainless

steel, while the gas lines were constructed from PTFE. At no stage was a pressure higher than

5 bar used, as this would exceed the safe limits of the setup.

5.3 The Microwave Components

The monochromatic microwave radiation used for the experiments is generated by low noise

Wiltron (6747A-20 or 6769B depending on the spectrometer used) swept-frequency synthesiser,

with power output set to 15 dBm, which equals 32 mW. If the experiment aims to use radiation

of frequency f , then a f −30 MHz locked-phase frequency radiation was produced initially.

This is then split into two (using a power splitter). For both parts an isolator is used to to

prevent back-reflection of the radiation. One part is mixed with a 30 MHz frequency to give the

desired frequency, produced by a single band frequency generator (SBG), and is first attenuated

and then amplified. Then, the first (of two) microwave switches is used to break the continuous

radiation to 1 or 2 µs pulses. This radiation is then attenuated, using a variable attenuator

which allows optimisation of the power without needing to significantly alter the setup, and is

introduced to the experimental chamber via a three-port circulator and the antenna.

A three-port circulator is a three-arm-device where microwaves entering arm one exit on

arm two, microwaves entering arm two exit on arm three and similarly microwaves entering

arm thee exit only on arm one. In our experiment, arm two is the excitation radiation, which is
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coupled into the cavity (arm three), and then the signal from the cavity exits from arm three and

is coupled to the arm one which is leading to the detector.

The antenna is practically a coaxial cable, whose central conductor has been exposed at the

one end, and is bend to a right angle with respect to the cable. For any radiation of wavelength

λ , the optimum length of the antenna is λ
2 . In our experiments two different antennas were used,

one of length of 3 cm for frequencies between 8-18 GHz and one of 1.25 cm for frequencies

between 4−8 GHz. The distance x of the antenna to the end of the cavity is also important as the

phase of the radiation coming towards the antenna and that reflected back to the antenna from

the end of the cavity have to interact constructively. Moreover, in order to minimise reflections

and get the most efficient setup, the impedance of the antenna has to match the impedance of

the cavity. This depends both on the distance between the antenna and the cavity wall and in the

length of the exposed part of the antenna. For the length dependence, ideally the length of the

antenna would correspond to half the wavelength of the radiation, which in the case of 10 GHz

is 1.5 cm. The distance of the antenna from the mirror is much harder to optimise in advance. In

practice, the antenna may be moved further in or out of the cavity, while vacuum is maintained

as the entrance of the antenna is sealed by an o-ring.

After a delay to allow for the excitation radiation to decay, the same antenna is used to

collect the emitted radiation, which is now f +∆, and ∆ ranges from −1 to 1 MHz. This is

normally a weak signal, so after going through the circulator, it is amplified. A directional

coupler then splits the power into two unequal parts, one of which (about 10%) is sent to the

computer via a crystal detector for cavity tuning2, while the other part continues to the second

microwave switch.

The second microwave switch, is used to protect the detecting part of the circuit from being

exposed to the intense radiation used to excite the molecules, and so only allows radiation

through after the excitation pulse finishes. This part of the signal is now mixed with the second

part of the initial f −30 MHz at the image reflection mixer (IRM), so the initial frequency (along

2This part of the signal is used for finding the resonant frequency, but is ignored when the signal of the emission

of the sample is detected.



Chapter 5. Experimental 90

with any initial noise) is subtracted3. This produces a radiation of 30+∆, which is filtered by a

30 MHz Bandpass Filter. This filter only allows frequencies within a narrow range of 30 MHz

to pass, and thus aids noise reduction. This is then mixed with a 27.5 MHz frequency signal

to give a final 2.5+∆ MHz signal. Isolators are also used in various places to reduce radiation

back-reflections that would lead to phase interactions.

This is then sent to a PC and digitised using a analogue-to-digital (A/D) card. The reason

that an 2.5+∆ MHz, rather than a ∆ MHz is send to the PC is both to reduce the noise that

dominates at low frequencies (and are proportional to 1
f
) and to know the sign of signal (∆).

The A/D can convert directly the microwave power to digital information, and the signal is then

managed by the FTMS program. This output is what is used for the detection of the spectra,

and the zero seen in the scan corresponds to the 2.5 MHz signal. A diagram of the microwave

circuit is given in figure 5.2 [2].

5.4 The Fabry-Perot Cavity

5.4.1 The cavity and modes

The chamber where the species interacts with the radiation in (“the cavity”) is a metallic enclo-

sure of hollow space that can store electromagnetic radiation, for a range of wavelengths which

fit the boundary conditions. This chamber is sealed in order to maintain vacuum. In our case,

it is a tunable Fabry-Perot cavity [63] made up by two near-confocal curved aluminum mirrors,

one of which carries the antenna in the centre, while the other is movable and carries the pulsed

nozzle. The movable mirror is controlled by a stepper motor.

While there is a clear requirement for the experiment to be carried out in high vacuum (so

only the spectrum of the species of interest is recorded and scattering of the sample introduced

with molecules already in the cavity is minimised), using a Fabry-Perot cavity offers a number

of extra advantages: The radiation is reflected back and forwards between the two mirrors, and

3Moreover, from the two possible image combinations, only one is enhanced-the one in phase with the original

excitation. Therefore, the other, which is just noise, is dumped leading to better S/N.
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Figure 5.3: The four lowest T EMmnq modes [2]

for a resonant frequency, the constructive interference amplifies the intensity. This way the

cavity also acts as a band filter. Furthermore, due to the curvature of the mirrors, although the

radiation will tend to diffuse as it propagates from the antenna, here it will remain focused in

the middle, where also the supersonic expansion is more directional as well.

If a frequency is resonant in the cavity, the radiation will form a static wave called a mode.

There are different transverse modes that may be constructed in the cavity, each of which can be

characterised by the number of nodes is each direction. The number of nodes in the radial axis

(the cavity axis) is noted as q, while the nodes on the plane perpendicular to that axis as m,n.

The total Transverse Electromagnetic mode is written T EMmnq. For a frequency to be resonant,

it must form a T EMmnq which satisfies:

ν =
c

2d

(
q+

1

π
(m+n+1)arccos

(
1− d

R

))
(5.10)

where c is the speed of light, d is the inter-mirror distance and R the radius of curvature of

each mirror. From the different T EMmnq modes, the T EM00q has the greatest power along the

cavity axis, i.e. along the direction of the supersonic beam, and therefore this is selected for the

experiments. The four lowest T EMmnq modes are shown in figure 5.3 [2].

At exactly confocal arrangement (d = R) of the mirrors, nodes with the same value of (q+

m+n
2

) have the same resonant frequency and thus cannot be distinguished. For this reason the

mirrors are held to close, but not exact confocal arrangement. In order to select the T EM00q,

pads of microwave absorbing foam are used. These are mounted on rotating plates in the corners

of the cavity and may be moved in front of the mirrors and back progressively, while the cavity

is under vacuum, from outside. By slowly introducing the pads, the intensity of different modes

is reduced, but the higher the m+ n of the mode, the faster the reduction occurs as its high
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Figure 5.4: The cavity chamber

amplitude points move further from the cavity axis. Thus, the T EM00q may be found by simply

seeing which mode’s intensity is reduced the slowest upon introducing the foams. The mirror

curvature focuses the radiation closer to the centre of the cavity, which is also where most of

the sample is located. One useful concept is that of the “beam waist”: this is the boundary

where the radiation field intensity equals to e−1 of its value on its axis of progression. The area

where the beam waist is the narrowest is where the radiation is more intense. This typically lies

along the centre of the cavity, which is also where the majority of the molecules released via

the supersonic expansion are.

5.4.2 The pumping system

The chamber is kept under high vacuum by a pump combination system, consisting of a rotary

and a diffusion pump. The diffusion pump has a pumping speed (volume of flow rate) of 2000

dm3s−1, while a rotary pump of 10 dm3s−1. The diffusion pump is placed right beneath the

cavity and leads to an exhaust connected to the rotary pump. The combination of these two

pumps gives a final pressure in the cavity of approximately 4−7×10−5 mbar during operation,

and even lower when no sample is introduced to the cavity. At these low pressures, a ion gauge

is used to monitor the pressure.
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The diffusion pump works by evaporating silicon oil which mixes with the gas sample,

and then condenses by contact with the cooled walls of the pump. In order to avoid acciden-

tal exposure of the hot oil to high pressure (above 10−2 mbar), pressure gauges are linked to

switches that automatically turn off the heating element if high pressure is detected. The specific

diffusion pump used in our experiments is a 25 cm Edwards Diffestak 250/2000M model.

The role of the rotary pump is to both provide a low-pressure environment for the diffusion

pump to work and as an exhaust. The rotary pump is a mechanical pump and therefore easy and

safe to use. The rotary pump used is Leybold Trivac D40B model. The pressure detection in the

cavity is done at the entrance of the rotary pump by Pirani gauges, which measure the thermal

conductivity of a gas by tracking the resistance of a heated filament.

5.4.3 The energy storage

The energy coupled into the cavity decays with time, and the time required for a cavity ring

down is approximately 300 ns to 1µs (when no attenuation is used). This is significantly faster

than the free induction decay (FID) of the radiation given by the species as they relax after

excitation, which is typically of the order of 50 µs. That difference is the window that allows

us to collect the FID free of cavity ring down radiation. The energy of a specific frequency (ν)

stored in the cavity at any one time may be quantified by the quality factor, Q:

Q = 2πν
ES

EL
=

ν

∆ν
(5.11)

where ES is the energy stored in the cavity and EL is the energy lost per unit time. An alternative

way of calculating Q is as the ratio of the frequency over the width of the frequency range to

which the stored energy drops to half-maximum of its peak value (Full Width Half Maximum,

FWHM), ∆ν . ∆ν may be adjusted by moving the absorbent pads. The main pathways leading

to energy loss are via:

The mirrors: This might be either due to imperfect reflection, which would cause a phase

difference between the forward and reflected radiation, or due to diffraction from the
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edges of the mirror if the wave is too large. The latter increases as the radiation wave-

length become larger in lower frequencies, and when the sum (n+m+q) of the T EMmnq

increases. Furthermore, the mirrors may themselves absorb part of the radiation.

The antenna: In every reflection, some of the radiation is coupled out of the cavity via the

antenna. This unfortunately cannot be helped, as the antenna acts symmetrically.

A good, typical, Q value for the experiments run for this work is approximately 104. With an

input power of the order of 100 milliwatts it is be possible to induce transitions from species

with dipole moments as weak as 0.03 Debye.

5.4.4 The Helmholtz coils

In the case of open-shell molecules, the magnetic moment of the unpaired electron interacts

with Earth’s magnetic field, resulting in a splitting of the energy levels due to the Zeeman

effect [1, 36]. These splittings are, at least in first instance, undesirable as they both complicate

the spectra and cause the intensity of each transition to be split at different components. Also,

if they are not resolved, they decrease the experimental accuracy by producing broader lines.

In order to counteract the Earth’s magnetic field, a set of three mutually perpendicular pairs

of square Helmholtz coils, which form a cage around the chamber have been arranged. The

current passing through these coils is calibrated as to create a nearly uniform field-free environ-

ment for the experiment. Once a transition is detected, its Zeeman structure may contain useful

information as well as help us assign it. For this reason, these coils can be switched off as well.

5.5 The Signal

5.5.1 Line shapes

The observed transitions are not infinitely sharp, but instead have a finite width, i.e. they span

a range of frequencies. This range arises either from perturbation in the energy levels between
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which the transition occurs, or due to the experimental conditions. The width of the transitions

limits the precision of the experiment, but at the same time can be used to differentiate a true

signal from noise. The factors that influence the line width are [15]:

Natural Line Width: This is due to the Heisenberg uncertainty principle, which requires that

the product of the uncertainty of the lifetime of a state (∆t) times the uncertainty of its

energy (∆E) cannot be zero:

∆t ·∆E ≥ h̄ (5.12)

Since the ∆t is the inverse of the Einstein coefficient for spontaneous emission, equa-

tion 5.12 can be solved for the uncertainty in terms of frequency:

∆ν = ∆E
h
≈ 1

2π∆t
; ∆t = 1

A
= 3ε0hc3

16π3ν3|µul |2 (5.13)

∆ν ≈ 8π2ν3|µul |2
3ε0hc3 ≈ 1.66×1020ν3|µul|2 (5.14)

For microwave transitions, ∆ν is of the order of 10−9 Hz. However, in coherent exper-

iments, this must be multiplied by the number of coherent emitters, which can be 1012

per gas pulse. This gives a limit of about 1 kHz to the possible precision of this kind of

experiment.

Pressure Broadening: Collisions between the molecules can be inelastic or elastic. In the

case of elastic collisions, the rotating molecule emerges with the same energy, but due to

this short interaction, its wavefunction may have changed phase. Although the emitted

radiation in this case is as strong as if no collision had occurred, the phase change intro-

duces slightly different frequencies. In the case of an inelastic collision, a radiation-less

transition may occur which would limit the lifetime of the excited state. Also, even if

molecules do not collide, intermolecular forces might lead to perturbations of the states.

These effects lead to a greater line width and increase with pressure. However, in the

experiments examined here, the spectroscopy occurs in an almost collision-free zone and

therefore this effect is also negligible.
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Doppler Broadening: Depending on whether the species is moving towards or away from the

microwave radiation, this creates an opposite Doppler effect on the emitted radiation.

The Doppler shift is ±ν (v/c), where ν is the resonant frequency, v is the speed of the

species and c is the speed of light. This results in two oppositely shifted frequencies being

detected instead of one, with the true transition frequency being in their geometrical mean.

Also, as there is a speed distribution with respect to the antenna in both directions, this

increases the line width. The frequency observed ( f ) is:

f =
ν

1+ v
c

(5.15)

For a gas at thermal equilibrium, the Doppler broadening ∆ν (full width at half maximum)

is:

∆ν = 7.15×10−7ν

√
T

M
(5.16)

where T is the temperature and M is the relative molecular mass of the species. The

Doppler broadening is the main effect contributing to line width in our experiments and

usually results in a spread of 4-10 kHz. However, having the antenna positioned coaxially

to the nozzle leads to symmetric Doppler doublets. This way, the geometrical mean can

usually be calculated at better precision than the line width.

Instrumental Effects: These are due to the use of the experimental apparatus. One such effect

is the collision with the cavity walls, which would also contribute to the line width in low

enough pressures that the mean free path of the species is greater than the length of the

cavity. Moreover, the microwave synthesizer has an inherent systematic instability. Yet,

both of these effects are not expected to contribute significantly4 in our experiments.

Residual Structure: Various other weak interactions can exist and thus perturb the energy lev-

els, thus resulting in slightly shifted transition frequencies. Examples of these might be

tunnelling motions between conformational minima, or large amplitude motions. More-

over, very small hyperfine splittings might not be resolvable thus different lines may

4For example, the Wiltron 6769B microwave synthesiser used in one of the experiments has a stability accuracy

of 0.0025 Hz, and therefore is beyond the experimental accuracy.
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Figure 5.5: An example FID in the time and frequency domain

merge to give a broader one. Finally, any kind of Zeeman splitting for open-shell com-

plexes will depend on the homogeneity of the field and a slightly inhomogeneous (or very

small) field could lead to broader lines.

5.5.2 Free Induction Decay

As has been mentioned in already, the signal actually recorded from the microwave circuit is

the decaying radiation from the emission of the species, called the free induction decay (FID).

A characteristic FID signal is shown in figure 5.5, both as recorded and after it has been Fourier

transformed. There, the Doppler broadening might be seen by the circular patterns of the signal.

This signal is then transformed from the time domain to the frequency domain via a Fourier

transformation. This represents the time-signal as linear combination of sine and cosine waves.

Thus, if the time-domain function is assumed to be g(t) and the frequency domain function is

written as f (ν), then the two may be related as:

f (ν) =
∫ ∞

−∞
g(t)e−i2πtν dt (5.17)

This is performed by the FTMS program [62], using a Fast Fourier Transform algorithm devel-

oped by Tukey and Cooley [65].
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5.6 Running the Experiment

Now that all the individual parts of the experiment have been explained, it is time to put them

all together and explore any final considerations about the running of the experiment.

5.6.1 Tuning the cavity

As it was mentioned briefly earlier, the cavity tuning is achieved by using the FTMS program

and the crystal detector, where approximately 10% of the signal ends. To find the cavity modes

a swept frequency is generated from the synthesizer, ranging ±200 MHz from the target fre-

quency. Any frequencies that are not resonant in the cavity are simply reflected back via the

antenna, while the resonant frequencies form standing waves. Through the crystal detector, the

power output is monitored and sharp dips are noted when the resonant conditions are met. This

process is referred to as “tuning the cavity”.

When a larger scan (of many sequential frequencies) is performed, the first step is a manual

tuning at the initial frequency. Then the maximum depth of the dip against the background

“minimum” is taken and then the motor moves the mirrors stepwise every time the measurement

for one frequency is completed until a fixed percentage of that depth (usually around 70%) is

exceeded in the new frequency.

5.6.2 Timing sequence

Each data collection is controlled by the FTMS program, through a multifunctional card (Am-

plicon PCI-30). Two digital bits are sent simultaneously, one to the valve pulser to release the

gas and the other to the first microwave switch to let through the radiation into the cavity. The

radiation is actually released about 750 µs after the gas pulse, to allow for the nozzle to open

(about 500 µs) and for the sample to reach the collision-free zone.

The first microwave switch remains open for 1-2 µs, and immediately after it closes, the

second one opens as to allow the FID of the sample to reach the detector. This second switch
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Figure 5.6: The timing sequence of running the experiment (schematic)

remains closed for 5-15 µs, to allow for a complete cavity ring-down, and after that the signal

is digitised. During 409.6 µs5, a total number of 4096 points are collected and transferred to

the computer. The timing in the microwave components is coordinated by a series of hardware

boxes, and is illustrated in figure 5.6.

Due to the pumping speed, at most 20 gas pulses can be released into the cavity per second,

which means a minimum interval of 50 ms between scans. During that time, background scans

(exactly the same as the normal scans but with no sample in the cavity) are performed. These

scans are then subtracted from the normal scans. This way any systematic noise is subtracted

from the signal. Ten background scans are performed between each foreground scan.

5This is longer than the emission duration so there is no danger of loss of data.
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The Rotational Spectrum of

Tertiary-Butyl Acetate

“You kind of alluded to it in your introduction. I mean, for the last 300 or so years,

the exact sciences have been dominated by what is really a good idea, which is the

idea that one can describe the natural world using mathematical equations.”

- Stephen Wolfram

6.1 Introduction

In this chapter, the work done recording and analysing the rotational spectrum of tertiary-butyl

acetate (TBAc) is presented. Tert-butyl acetate is an intriguing molecule to study as it has vari-

ous possible conformations, arising from different orientation of the t-butyl group with respect

to the ester group, and from different orientations of the four methyl groups it contains. More-

over, each one of these methyl groups, as well as the whole t-butyl group may also exhibit large

amplitude motion, such as internal rotation in the molecule. For this reason, each conformer’s

energy levels would be split in either A and E tunnelling states due to the methyl internal rotor,

as explained in chapter 2.

100
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Moreover, both the t-butyl cation and the acetate anions are stable radicals, so potentially

the C5H9O2-CH3 bond could elongate and/or weaken which would allow even greater internal

rotation and would lower the barrier height compared to what would be expected it the molecule

was rigid. All these effects are interesting to investigate as we take the first step away from the

rigid rotor picture, and at the same time they provide a rich spectrum which itself is challenging

to interpret.

There are many aspects to this work, which are presented in the following order: Initially,

the ab initio studies performed as part of the investigation are presented. This enabled us to

get a first approximation on the equilibrium structure of the molecule and its rotational con-

stants. Using them as a guide, the high-resolution microwave spectrum of the tert-butyl acetate

molecule was recorded experimentally. At the same time, by analysing the recorded transitions,

we were able to obtain information on the rotational constants of each state and therefore predict

the frequencies of yet unseen transitions.

This led to an iterative process where increasingly weaker transitions were recorded and

assigned, while obtaining a more and more precise information on the internal rotation states.

The final assignment obtained for each state, as well as a simultaneous assignment for all states,

is presented in the section after the experimental details.

Finally, a discussion of the assignment is presented. It has been possible to determine the

barrier height and the expectation value of the angle between the methyl group internal axis and

the molecule’s principle axis. These are also then compared with the corresponding values in

similar molecules.

6.2 The Experimental Investigation

All experiments were carried out using Fourier transform microwave spectrometers with a su-

personic pulsed nozzle. Details of this experiment were provided in chapter 5 so here we only

concentrate on how this setup was optimised for recording the spectra of this specific molecule.
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TBAc is a liquid at room temperature so in order to introduce the sample to the cavity a

bubbler was used. The carrier gas chosen was helium and this was bubbled through TBAc with

backing pressure of 1 atm. The container of TBAc was cooled down to approximately 3◦ C.

Helium was chosen for carrier gas as it is not very effective in cooling rotational states. This

produced a rich spectrum as many rotational levels were still populated at the time the molecules

interacted with the microwave radiation.

An initial scan was performed at the full frequency range between 5.5 and 16.5 GHz, with

500 shots. Following that, various regions were then rescanned with up to 5000 shots in order

to improve the signal to noise (S/N) ratio of the weaker transitions. The frequency steps taken

were approximately of 0.5 MHz and adjacent spectra were merged to further improve the S/N.

In total, more than 700 transitions with the appropriate Doppler splitting were recorded, the

complete list of which is given in the CD attached to this thesis. For most of the transitions the

S/N was less than 10, even at 5000 shots, yet there were notable exceptions with S/N greater

than 350 at 500 shots. These were used as an initial guide to assign the spectrum.

6.3 Ab Initio Calculation

As was mentioned in section 6.1, there are various conformations that the molecule may be

found in. Through the use of ab initio calculations we are able to find which ones are the

most stable. Moreover, part of the output of these calculations were the rotational constants for

the various conformers, which could then be compared with the most intense of the observed

transitions. Furthermore, the dipole moment expectation value for the ground state in each of

the three principle axes is given. Starting with chemical intuition, four different conformers

were chosen as candidates to be the most stable. These are shown in figure 6.1.

These were then set as the starting points for energy optimisation calculations. The com-

putational program Gaussian 03 [66] was used for this task and the method initially used was

Restricted Hartree-Fock as a self-consistent field method combined with MP2 theory for elec-
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Figure 6.1: The four initial guess geometries used in the energy optimisation ab initio calcula-

tions

tron correlation1. The basis set used has only been introduced briefly so far in chapter 4, and it

was a Pople basis set.

In Pople basis sets, Gaussian Type Orbitals (GTOs) are fitted to the, more physically accu-

rate, Slater Type Orbitals (STOs). The basis sets are named as

k−nlmG

where all k,n, l and m are integers. The numbers in the name of the basis set designate the

number of Primitive GTOs (PGTOs) used to represent a STO. This is a split valence basis and,

moving from left to right, we move from the core to outer orbitals: k is number of PGTOs used

to describe the core orbitals. If only nl are shown, then a single split valence is used, and if all

nml is shown then a doubly spin valence is used. G is simply indicating the use of GTOs.

In our calculation we used 6−311G(d, p) basis. This means that 6 PGTOs were contracted

1A subtle but important point is that the electron density from the MP2 method was used for the dipole moment

calculation.
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Figure 6.2: The two lowest energy conformers of TBAc.

to represent the core orbitals, and the valence shells are represented by three functions formed

by the contraction of 3, 1 and 1 PGTO respectively. Each construction gives rise to a single

function, a Contracted Gaussian Type Orbital (CGTO), and therefore, in our basis sets, three

different CGTOs were used to describe the valence orbitals. Moreover, the letters in the paren-

thesis after the name indicate that polarisation functions were also added to the basis, in this

case a p- and a d-type orbital analogues2.

Through the energy optimisation calculation, the four structures shown in figure 6.1, con-

verged to the two shown in figure 6.2. The rotational constants and dipole moments along the

principle axes of these are given in table 6.1. From table 6.1, we can see that both of these

conformers are very close to a prolate symmetric top. Therefore, to a first approximation, the

a-type transitions are expected to be located at frequency (B+C)J, where J is the rotational

quantum number of the final state.

The result that conformer (2) is the lowest in energy is in agreement with chemical intuition

as the steric factors are minimised. Their energy difference is 0.01833 Hartrees which signifi-

cantly more than room temperature (approximately 0.000943 Hartrees), so only this is expected

2In general, one could use a (k− nlm+G) or (k− nlm++G) basis. The (+) signs indicates the use of diffuse

functions (s- and p-orbitals) as well. One + signifies that diffuse functions were added to the heavy atoms, while

(++) indicates that diffuse functions were also added to the hydrogen atoms. However this was not deemed

necessary as we were not looking for intermolecular forces but rather the monomer structure.
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Table 6.1: Ab initio results for the energy, rotational constants and dipole moments of the two

lowest energy conformers of TBAc

Conformer 1 2

HF Energy /Hartrees -384.0227912 -384.0433603

MP2 Energy /Hartrees -385.3143977 -385.3327311

A / MHz 3179.6 3299.7

B / MHz 1434.6 1451.7

C / MHz 1279.2 1310.4

µa /Debye 2.76 0.75

µb /Debye 3.18 1.44

µc /Debye 0.24 0.00

to be populated in our experiments. Also, since this conformer has no permanent dipole mo-

ment along its c principle axis, any c−type transition would be forbidden and thus negligibly

weak.

6.4 Spectral Assignment and Analysis

Initially, the (B+C) rotational constant sum from the ab initio calculations was used to make

a rough prediction of the expected spectrum. At this stage we ignored any internal rotation

or b-type transitions, and only concentrated on the strongest ones, to simplify the assignment.

By examining the transitions close to the predicted values, we were able to assign a basic a-

type spectrum. From there on there was an iterative procedure of assignment/prediction, which

yielded converged values for rotational constants and centrifugal distortion constants, down to

quartic terms.

The Hamiltonian used for assigning the spectrum was Watson’s S-reduced Hamiltonian in-

cluding up to the sextic terms centrifugal distortion. This is given if one substitutes equa-
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tions 2.41, 2.43 and 2.44 into equation 2.45:

Ĥrot−s = AĴ2
A +

1

2
(B+C)

(
Ĵ2− Ĵ2

A

)
+

1

4
(B−C)

(
Ĵ2
+− Ĵ2

−
)
−DJ Ĵ4

−DJK Ĵ2Ĵ2
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A−d1Ĵ2
(
Ĵ2
++ Ĵ2

−
)
−d2

(
Ĵ4
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−
)

+HJ Ĵ6 +HJK Ĵ4Ĵ2
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Ĵ2
++ Ĵ2

−
)
+h2Ĵ2

(
Ĵ4
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−
)
+h3

(
Ĵ6
++ Ĵ6

−
)

(6.1)

The programs used for the least squares fitting of the Hamiltonian parameters and for predict-

ing the spectra (and the relative transition intensities) were Picketts’ SPFIT and SPCAT respec-

tively [22, 23]. Although in practice the lines were determined with an accuracy close to 1 kHz,

a conventional 5 kHz experimental uncertainty was assumed. At the end more than 60 lines,

including both a-type and b-type transitions, were assigned at this point.

The next stage was to consider the effects of internal rotation. From the literature [25], it was

known that the rotation of the tert-butyl group would have a high barrier (indicatively, in ethyl

pivalate the analogous barrier was measured [67] to be 1302 cm−1), and given the molecular

mass of the methyl groups, tunnelling of whole CH3- group was considered unlikely.

Instead, we concentrated at what was the most likely rotation to occur, i.e. of the hydrogen

atoms in the acetate methyl group. According to the theory presented in chapter 2, the effect

of internal rotation is to lower the rotational constant of the molecule, through the Coriolis

contribution. We noted that there was a similar pattern to the one we had assigned a few MHz

lower in energy, and therefore we could say that the spectrum we had been working on belonged

to the A state, while the one lower in energy to the E state. Next, the E state spectrum was

assigned independently, again down to sextic centrifugal distortion constants.

One big difference between the two states is that the E state, in contrast to the A state, has a

non-zero angular momentum around the internal rotor. Following the theory outlined in chapter

2, we can express the total Hamiltonian as a sum of the contributions from the frame (Ĥ f rame),
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the internal rotor (torsional Hamiltonian: Ĥtor) and the Coriolis interactions (ĤCor):

Ĥrot,int = Ĥ f rame + Ĥtor + ĤCor (6.2)

As was outlined in the same chapter, accounting for the effect of ĤCor through perturbation

theory yields the first order correction:

〈0|ĤCor|0〉=−2A f λa〈0|l̂|0〉︸ ︷︷ ︸
Da

Ĵa−2B f λb〈0|l̂|0〉︸ ︷︷ ︸
Db

Ĵb−2C f λc〈0|l̂|0〉︸ ︷︷ ︸
Dc

Ĵc (6.3)

where l̂ is the internal rotor angular momentum, λi is the directional cosine between the i prin-

ciple axis of the molecule and the internal rotor’s unique axis and |0〉 is the tunnelling ground

state. The parameters here noted as Da,Db and Dc may also be fitted to experimental data,

although in our case Dc is zero by symmetry. The second order perturbation theory correction

is given by equation 2.61, and its effect may be absorbed into the rotation constants.

At third order perturbation theory, the correction around the a axis is a correction to the Da

constant due to higher order effects:

W 3
A =−




(
Da
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a +Dc
a

2
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Ĵ2 +

(
Db

a−Dc
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a
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−
)


 Ĵa (6.4)

and analogous expressions hold for the b and c axis, with constants (DK
b ,D

J
b) and (DK

c ,D
J
c)

respectively. Therefore these terms may also be used in the fit.

These extra terms allowed more degrees of freedom in the fitting of the E with respect to the

A state, which led to more lines being fitted. At this final stage, we managed to assign 180 lines

for the E state and 138 lines for the A state. The error for the E state fit was 3.18 kHz and for

the A state 2.49 kHz, respectively. In table 6.2 the molecular constants for each state are given,

with the uncertainty quoted as one standard deviation with respect to the last decimal place, in

parenthesis. The HJK,HJ and HK parameters for the A state are put into square brackets since

they have not been satisfactorily determined. Two features stand out instantly from table 6.2:
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Table 6.2: Experimental constants for each of the two states, fitted individually

A State E State

A /MHz 3308.38267(52) 3293.87829( 40)

B /MHz 1442.68871(18) 1441.430087(152)

C /MHz 1304.06472(18) 1304.092928(149)

DJK /kHz 0.7530(56) 0.4340( 55)

DJ /kHz 0.0916(33) 0.08750(260)

DK /kHz 0.434(56) 0.784( 35)

d1 /kHz -0.007684(92) 0.006486( 77)

d2 /kHz 0.007140(26) 0.008863( 32)

HJ /Hz [-0.0332(172)] -0.0691(125)

HJK /Hz [0.0061(192)] 0.107(179)

HKJ /Hz -0.907(244) -1.286(270)

HK /Hz [-2.46(226)] -6.07(135)

Da /MHz 498.40726( 43)

Db /MHz 153.84427(118)

DK
a /MHz -0.1053917(308)

DJ
a /MHz -0.0159829( 41)

DK
b /MHz -0.14642( 50)

DJ
b /kHz -2.8585( 74)

The first is the similarity of the C rotational constant between the two states, which indicates

that even with internal rotation the molecule maintains its axis of symmetry on the A/B plane.

This means that the expectation value of the angular momentum of the internal rotor around this

axis is zero (averages out over the two directions), which simplifies the analytical expressions

of the centrifugal distortion terms, and sets some of them automatically to zero.

The second is the difference between the remaining centrifugal distortion terms between

the two states. Since most of the effects are included in constants present exclusively for the E

state and the rotational constants, any remaining effects would be of third order or beyond (in

perturbation theory terms). However, this is not what was observed, and it is believed that many

of these terms are practically fitting parameters rather than representing their exact physical

equivalent.

To improve this situation, a third fitting was made, this time including both states at the

same time. This was possible by assigning the A as the ground and the E as the first excited

vibrational state. This is valid as a hindered internal rotation is formally a vibration. Now,



Chapter 6. The Rotational Spectrum of Tertiary-Butyl Acetate 109

Table 6.3: Global fit experimental parameters

Common Terms A State E State

A /MHz 3308.3806(11) 3293.8983(11)

B /MHz 1442.68815(28) 1441.43012(29)

C /MHz 1304.06433(29) 1304.09096(28)

DJK /kHz 0.405(43)

DJ /kHz 0.0913(68)

DK /kHz 2.05(13)

d1 /kHz -0.00773(84)

d2 /kHz 0.00789(37)

HJ /Hz [ 0.018(51)]

HJK /Hz -1.67(27)

HKJ /Hz -16.0(26)

HK /Hz 152.1(91)

Da/MHz 498.4075(12)

Db /MHz -153.8510(32)

DK
A /MHz -0.10545(10)

DJ
A /MHz -0.016068(31)

DK
B /MHz 0.1903(49)

DJ
B /kHz 0.00439(15)

all the centrifugal distortion constants were forced to be the same for the two states, while

the rotational constants were fitted for each state individually. The terms corresponding to the

perturbation due to the Coriolis terms were fitted to the E state only. This time, only 156 lines

were fitted before the accuracy of the fit was reduced. However, this final fit is expected to have

the greatest physical significance and is given in table 6.3. Now the above constants may be

used to characterise both states of the molecules and all (but HJ) are well-determined. The final

error of this fit was 0.0182 MHz. The fitted lines are also given in the CD attached to this thesis.

6.5 Internal Rotation Analysis

Once we had these constants, we were able to describe the molecule in both states. Then, we

could take a more analytical approach to investigate the internal rotation by including the Ĥtor

effects.

As the C rotational constant is virtually the same in both states, the difference between the
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two numbers may be attributed to second order corrections due to the Coriolis perturbation.

Thus, we can logically assume that the unique axis of the methyl group lies on the plane created

by the AB principle axis of the molecule and there is virtually no contribution of the internal

rotation angular momentum around the c-axis (λc = 0). This simplifies the expressions for the

directional cosines, which are used in equation 6.3:

λA→ sinτ λB→ cosτ

where τ is the torsional angle. Therefore, from equation 6.3:

Da

Db

=
2A f λA〈0|l̂|0〉
2B f λB〈0|l̂|0〉

=
A f

B f

tanτ (6.5)

Also:

λa〈0|l̂|0〉=
Da

2A f

λb〈0|l̂|0〉=
Db

2B f

(6.6)

So, if the frame rotational constants are known, it is possible to calculate the torsional angle

and the expectation value of the torsional angular momentum. Taking into account only the

second order perturbation theory correction to the rotational constants, the A rotational constant

of either (A or E) state equals:

A = A f −4A2
f λ 2

A ∑
n6=0

〈0|l̂|n〉〈n|l̂|0〉
En−E0

(6.7)

If we approximate that the molecule is rigid, the rigid molecule rotational constants would be

given by Aav and Bav:

Aav =
AAstate +2AEstate

3
Bav =

BAstate +2BEstate

3
(6.8)

Aav and Bav differ from A f and B f by the contribution of the internal rotor (methyl group). This

is easier to show, if instead of the rotational constants, we consider the corresponding moments
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of inertia. Thus, around the a-axis:

IA, f = IA,av− Itorλa (6.9)

where IA, f is the frame moment of inertia around the a-axis, IA,av is the corresponding averaged

rotational constant and Itor is the rotational constant of the methyl group.

The obvious problem in using equation 6.7, is that we do not know the matrix elements

〈0|l̂|n〉 or the energy difference between the ground and excited states. However, if we had

a value for be f f and V we could calculate the required eigenfunctions and eigenvectors by

diagonalising the torsional Hamiltonian:

Ĥtors = be f f l̂
2 +V̂ (τ) (6.10)

where V̂ (τ) is the torsional potential, and the |n〉 states can be taken as the eigenstates of the

torsional Hamiltonian. The potential function may be taken to have, to a first approximation, a

V3 shape:

V̂ (τ)≈ 1

2
V3 (1− cos3τ) (6.11)

Since the A and E states do not mix, we can evaluate the terms of the torsional Hamiltonian

for each state individually, by constructing and diagonalising the corresponding Hamiltonian

matrices. Moreover, we can use the projection of the internal angular momentum operator (l̂)

onto the internal rotor unique axis (m) to construct the eigenstates for the Hamiltonian: For the

A state, m is zero or multiples of three, while the rest of the m values correspond to an E state.

Therefore, we can write the A state matrix elements for our basis functions |i〉 as:

|i〉= |m = i∗3〉+ |m =−(i∗3)〉 (6.12)

where i here may only take positive values or zero. For the E state, the basis set may be written

as:

|i〉= |m = i∗3+1〉 (6.13)
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And now i can take both positive and negative values. The Hamiltonian matrix elements in both

cases are:

〈i|Ĥtors|i〉= be f f m2 +
V3

2
(6.14)

〈i|Ĥtors|i±1〉=−V3

4
(6.15)

While the value of be f f is not known, this is related to the rotational constant of the methyl

group, for which we can take the literature value [25] b0 = 153,460 MHz, by:

be f f = b0 +A f λ 2
A +B f λ 2

B (6.16)

So we have four rotational constants (A and B for the A and E state) plus fitted values of Da

and Dc, and we need to find the frame rotational constants (A f and B f ), as well as the angle τ

and the barrier height to internal rotation V3. The way to solve this problem is by a many step

iterative procedure, starting with the assumption that be f f ≈ b0. Thus, if we start with the initial

value be f f = b0, then A f = Aav and B f = Bav, which allows one to calculate a first guess of τ

and 〈0|l̂|0〉. Next, we use the values of τ and 〈0|l̂|0〉 to calculate a new value for be f f . Through

this iteration we obtained a better value of be f f .

By also assuming an initial value of V3, we were able construct and diagolise the torsional

Hamiltonian, and the eigenstates and eigenvalues calculated were used to calculate 〈0|l̂|0〉 and

the rotational constants of the A and E states (using also A f ) via equation 6.7. The V3 value was

then iteratively refined until all results were consistent. The torsional Hamiltonian was set up

and diagonalised using Microsoft Excel. The basis set used for E state were −38 ≤ m ≤ 37,

avoiding any m value that was a multiple of three, and for the A state, 0 ≤ |m| ≤ 39 in steps of

|m|= 3. The final values obtained are given in the table 6.4.

Finally, we saw the limits of the accuracy of our results by trying to reproduce the exper-

imentally fitted DK
a ,D

J
a,D

K
b and DJ

b values from the third order perturbation theory corrections

using the calculated torsional Hamiltonian eigenvectors. However this time the agreement was

not good, and one explanation could be that our description of the potential as a simple V3
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Table 6.4: The frame rotational constants, V3 barrier to rotation and torsional angle for TBAc

A f /MHz 3346.18

B f /MHz 1446.41

V3/ cm−1 110.690

τ /Degrees 35

function (i.e. ignoring the higher terms, such as V6) is insufficient.

6.6 Conclusion

We have successfully recorded and analysed the spectrum for the ground (A) and the first excited

(E) rotational state of TBAc. The full frequency range from 5.5 GHz to 16.5 GHz was scanned

which yielded a large number of transitions.

The spectrum was analysed both in terms of rotational and centrifugal distortion constants

and in terms of the quantum effects these represent. In the former approach, the constants

for both states were fitted individually and at the same time with very low error. The fitting

accounted for all the strongest lines in the spectrum.

Through the latter approach, the expectation value of the torsional angle and the barrier

of the methyl group rotation were determined, by assuming a V3 potential. It is interesting to

compare our value (110.690 cm−1) with the value determined for acetic acid [68] (168 cm−1),

for methyl acetate [69] (99.6 cm−1) and for ethyl acetate [70] (101.6 cm−1). It seems that the

bonding in acetic acid is very strong, creating a very high barrier to internal rotation. After that

the barrier to rotation seems to drop sharply in methyl acetate and then, as expected, to slowly

rise with increasing steric hindrance. Therefore our value seems to agree with the general

trend. It would be interesting to conduct an analogous experiment to isopropyl acetate [71] to

determine the trend more precisely.

Finally, now we can assess the accuracy of the ab initio calculations used against the av-

eraged values of the rotational constants. For the A rotational constant the difference is only
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0.982 MHz, while for the (B−C) value, the difference is 3.47 MHz. The errors may be at-

tributed to basis set incompleteness and errors in the MP2 method, but clearly the results can

be used to predict and assign the spectrum satisfactorily. Upon completing this project, we dis-

covered that researchers in the Prof. Stahl group from the University of Aachen, Germany, had

also been working on the same topic and we are currently preparing a common manuscript for

publication.



Chapter 7

Intermolecular Forces and Potentials

“The reality we can put into words is never reality itself.”

- Werner Heisenberg

7.1 Introduction

The importance of intermolecular forces in nature would be hard to overestimate. The existence

of any state of matter other than plasma and ideal gas happens due to interactions amongst atoms

and molecules, which are here collectively referred to as intermolecular forces. Over the years,

there have been very different approaches to describing these forces, owing to the fact that

their effect is significant from an atomic scale (causing the potential between two atoms as they

approach each other) to polymers and macromolecules (for example influencing their viscosity).

Since here we are more interested in the former order of magnitude than the latter, the approach

taken in this work is more analytical. The aim of our study of intermolecular forces is to be

able to construct a potential function that can represent the Potential Energy Surface (PES) of

the system studied.

Intermolecular forces are traditionally distinguished between short and long range

forces [72]. The former can be represented as a negative exponential function of the dis-

tance while the latter as a negative inverse power of the distance. The easiest way to define

115
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mathematically the intermolecular potential between molecules A and B is to write the energy

of the system W (A,B) as:

W (A,B) =WA +WB +UAB (7.1)

where Wi is the energy of the i-th molecule when in isolation and UAB is their pair potential. For

a three member system this becomes:

W (A,B,C) =WA +WB +WC +UAB +UAC +UBC + UABC︸ ︷︷ ︸
Three−body correction

(7.2)

Forces are said to be pairwise additive if the three-body, or higher order, corrections can be

ignored for the level of precision desired. Then the energy of a system of more than two bodies

can be calculated as the sum of the two-body interactions. Also it should be noted that in the

following discussion the internal coordinates of the species will be considered constant, as will

their properties, although strictly speaking this is not correct. Moreover, to keep with the for-

mulation used in the rest of this work, the spherical tensor representation of the intermolecular

forces theory is mainly used.

7.2 Electrostatic Interactions Between Molecules

One way to consider the electrostatic interaction between molecules is to imagine the interaction

as that of molecule A responding to the field created by molecule B, and vice versa.

7.2.1 Molecules in electric fields

If we consider a molecule A in an external potential, V (r), then we can express that potential as

a Taylor series between the origin of that potential and its distance from A [72, 3]:

V (r) =V (0)+ rαVα(0)+
1

2
rαrβVα,β (0)+ . . . (7.3)
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where V (0) is the potential at its origin, ri is the distance between the origin of the potential and

molecule A along axis i and

Vα,β ,... =

(
∂

∂ rα

∂

∂ rβ
. . .

)
V (0) (7.4)

The Hamiltonian for a molecule in a field can be written in analogy to classical mechanics:

Ĥes = ∑
a

eaV̂ (rα) (7.5)

where the sum is taken over all nuclei and electrons of the molecule A and ea is the charge of the

corresponding particle interacting with the potential. Recognizing ∑a ea as the charge (zeroth

moment), ∑a eara is the dipole moment (first moment) and so on, this can be written as:

Ĥes = qV (0)+ µ̂αVα +
1

3
Θ̂αβVαβ + . . .+

1

2n−1
ξ̂ n

αβ ...νVαβ ...ν (7.6)

where Vα = raVα(0) and ξ̂ n is the 2n-pole moment:

ξ̂ n
αβ ...ν =

−1ν

n!
∑
a

ear2n+1
a

(
∂

∂ rα

∂

∂ rβ
. . .

∂

∂ rν

)
1

ra
(7.7)

The Einstein summation convention is used: if an index is repeated it implies a summation over

all its possible values. For example, if i could take only the values 1,2,3:

cixi = c1x1 + c2x2 + c3x3 (7.8)

From formula 7.7 it is obvious that the multipole moments are symmetric with respect to per-

mutations of the indices. It is also important to note that moments, of higher order than the

dipole moment, are usually constructed to be traceless.

The l-pole multipole moment of a molecule might also be represented in spherical polar

coordinates. To do this, we use the spherical harmonics (Y l
m) and regular spherical harmonics
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(Rlm), which were introduced in chapter 3:

Q̂l,m = ∑
a

eaRlm(a) = ∑
a

earn
aY

l
m (7.9)

where l is the rank and m the projection of that moment onto individual axes, ea is the charge of

the species and a is its position vector. Therefore, l = 0, m = 0, is the monopole (charge), l = 1,

m =±1,0 is the dipole, etc. Expressing equation 7.6 in terms of spherical tensors gives:

Ĥes = ∑
l,m

(−1)m
Q̂l,−mVl,m (7.10)

where

Vl,m = [(2l−1)!!]−1
Rl,m (∇)V |0 (7.11)

where Rl,m (∇)V |0 is a regular spherical harmonic whose argument is the vector gradient oper-

ator evaluated at the field at r = 0, multiplied by a normalisation function. Also, (2l− 1)!! =

(2l−1)(2l−3)...5×3×1.

Next, we introduce the concept of an interaction tensor, initially again in Cartesian coordi-

nates:

Tαβ ...ν =
1

4πε0
∇α∇β . . .∇ν

1

R
(7.12)

where R is the distance between the molecules1. Using interaction tensors, the field created by

the other molecule may be expanded in terms of its moments. For example, the interaction of

molecule A created by the charge in molecule B2 is

V A =
qA

4πε0R
= qAT (7.13)

Similar terms may be written for higher order interactions. The rank of the resulting tensor

in this case is zero (Γ0
q⊗Γ0

T , in group theory terms). From spherical tensor operator theory,

only the dot product of tensors of the same rank exists, therefore the rank of the product of the

1Here it can be seen that the T1,2,...,z has an R−z−1 dependence.
2Just to clarify that superscripts denote which molecule the term “belongs” to.
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interaction tensor with the multipole moment of one species must be the same as the rank of

the other multipole it interacts with. Therefore, the term in equation 7.13 can interact with the

0-rank multipole moment in molecule B, i.e. qB. This enables us to write the interaction intu-

itively as the interactions of the multipole moments of the two molecules, with the appropriate

interaction tensor as to give a non-zero scalar product. In Cartesian tensors that may be written

as:

Ĥes = qAT0qB +qATα µB
α +

1

3
qATαβ ΘB

αβ + . . . (7.14)

In spherical tensor formulation the analogous expression is:

Ĥes = ∑
l1,l2,k1,k2

Q̂A
l1,k1

T
l1,l2

k1,k2
Q̂B

l2,k2
(7.15)

where Ti is the appropriate interaction tensor and Q̂
j
li,ki

is the appropriate multipole moment

spherical tensor for molecule j.

One important point is that any interaction may only be evaluated in one axis system at a

given time. Therefore these expressions refer to a common interaction axis system, i.e. the space

fixed axis system. However, it is much more convenient to evaluate the multipole moments of

the molecules in their own axis system rather than in the space-fixed axis system. One of the

great advantages of the spherical tensor formulation is that the rotation between the two can be

simply achieved by a Wigner rotation matrix. This transforms the above equation to [72]:

Ĥes =
1

4πε0
∑

l1,l2,k1,k2

√
(2l1+2l2 +1)!

(2l1)!(2l2)!
Q̂A

l1,k1
Q̂B

l2,k2
S

k1,k2

l1,l2
R−l1−l2−1 (7.16)

where all the appropriate molecule orientation transformations between the axis systems are

grouped [73, 74] in S
k1,k2

l1,l2
:

S
k1,k2

l1,l2
= il1−l2− j ∑

m1,m2,m

D
l1
m1,k1

(Ω1)
∗Dl2

m2,k2
(Ω2)

∗D j
m,0(Ω12)

∗




l1 l2 j

m1 m2 m


 (7.17)

where l1, l2 are the multipole ranks of the tensors of the interacting species 1 and 2, k1 and k2
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their projection on the monomer axis system and j is the vector sum of l1 and l2. Ω1, Ω2 and

Ω12 are the Euler angles for species 1 and 2, and the vector joining their centres in the space-

fixed axis system. If the axis system is not space-fixed, but complex-fixed, m in the last equation

has to be zero [75], so m1 =−m2.

Note should be taken that the above expression is only valid for point charge representation

of the molecules, and therefore it fails (does not converge) if the charge distributions are not far

enough apart.

Although it is arguably more physical to place the charge densities at atoms or molecular

centres, in theory the above expression forms a complete representation of space and the multi-

pole moments can be distributed at will, as to make convergence faster (or even possible at all)

for small distances.

7.3 Long Range Forces

As mentioned in the introduction to this chapter, long-range forces vary as a negative inverse

power of the distance between interacting partners. The treatment given here is based on the

expressions derived in the previous section for representing the intermolecular potential as a

multipole moment expansion. Although this approach does allow for a quantum mechanical

treatment, the main limitation is that the overlap between the species is ignored.

There are three kinds of long range intermolecular forces: permanent electrostatic, induction

and dispersion. Using the expression for the electrostatic Hamiltonian, and assuming that the

charge density centres are far enough apart, the interaction between molecules in the long range

regime can be treated by perturbation theory. The reference Hamiltonian (Ĥ0) is taken as sum

of the Hamiltonians for the individual, separated molecules and the perturbation Hamiltonian
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(Ĥ ′) as the electrostatic Hamiltonian:

Ĥtotal = Ĥ0 + Ĥ ′ (7.18)

Ĥ0 = ĤA + ĤB (7.19)

Ĥ ′ = Ĥes (7.20)

The first order perturbation theory correction to the energy is simply:

〈0A0B|Ĥes|0A0B〉= 〈0A|Ĥes|0A〉〈0B|Ĥes|0B〉 (7.21)

where |0A0B〉 indicates that the ground state eigenfunction of molecule A and B is operated on.

An approximation used in the right hand side of the equation above is that as the overlap be-

tween the wavefunctions of the two molecules is negligible, we can take the total wavefunction

as the product of the functions of each molecule. Then 〈0A|Q̂A
l1,k1
|0A〉 is the expectation value

of that specific moment operator. Thus, the first order correction can be calculated by the ex-

pectation values of that moment of the molecules in their ground state. This clearly represents

the permanent electrostatic interaction between the molecules.

For the second order correction, the following matrix elements need to be evaluated, where

at least one of mA or mB needs to be non-zero:

W 2 =
′

∑
mA,mB

−〈0A0B|Ĥes|mAmB〉〈mAmB|Ĥes|0A0B〉
∆EmA−0A

+∆EmB−0B

(7.22)

where |mB〉 indicates the m-th excited state of molecule B, and ∆EmB−0B
is the difference in

energy of that state to the ground state, and the prime in the summation indicates that it does not

include the level ma = mb = 0. If only one molecule is excited (so either mA = 0 or mB = 0 in

equation 7.22), then this is classified as induction. Physically, this occurs when the ground state

moment of one species causing a mixing of ground and excited states of the other. Therefore,
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the perturbation due to molecule B inducing an electrostatic interaction with A is:

W 2
ind = ∑

mA 6=0

−〈0A0B|Ĥes|mA0B〉〈mA0B|Ĥes|0A0B〉
∆EmA−0A

(7.23)

On the other hand, if both molecules are excited (mA 6= 0,mB 6= 0), then it is dispersion. There

is no classical analogue to dispersion, which is caused by instantaneous fluctuations of the

electron clouds becoming correlated, thus lowering the energy. Both induction and dispersion

are attractive forces. The perturbation due to dispersion is given by:

W 2
disp = ∑

mA,mB 6=0

−〈0A0B|Ĥes|mAmB〉〈mAmB|Ĥes|0A0B〉
∆EmA−0A

+∆EmB−0B

(7.24)

As the electrostatic Hamiltonian now appears twice, the interaction tensors now appear twice

leading to higher order distance dependencies. For uncharged species, the leading dispersion

term has an R−6 dependence (and corresponding to first order interaction tensors). It is common

practice to group terms according to their radial dependence with a single fitting parameter.

In that case, if the angle-dependence of the multipole moments and the interaction tensors is

neglected, the leading dispersion term becomes:

U6
disp =−

C6

R6
(7.25)

However, equation 7.25 is clearly only correct for a spherical species-spherical species interac-

tion. That angle dependence becomes more complex the higher the inverse power as different

terms are grouped together3. It is important to note that the induction and, less so, the dispersion

energies are not additive.

3For example dipole-hexadecapole and quadrupole-octapole both have an R−12 dependence but different an-

gular dependencies.
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7.4 Short Range Forces

At short range, the overlap of the wavefunctions of the interacting species becomes significant

and regarding the molecules as point-charges (an assumption that the multipole expansion is

based on) fails. Conceptually there is a problem as the distance separating the molecules be-

comes shorter, as we can no longer represent each atom as a centre with multipole moments.

Also mathematically, the negative power dependence on the distance of the multipole moment

terms leads to unphysical values, which is called the “short-range catastrophe” [3, 72].

Moreover, the eigenstates that were used so far to treat the long range forces via perturba-

tion theory become problematic: in order to be able to describe the system AB as a set of states

|a〉|b〉, it is implied that the 〈a|b〉 spatial overlap integral for the same electron is close to, or

exactly zero. Otherwise, in order to obtain the one-electron wavefunction, the antisymmetrised

product of the two spacial functions would need to be taken, in accordance with the Pauli Exclu-

sion Principle. The closer the two species get, the more the orbitals of one become contaminated

by the other, and the less valid the approach of treating the interaction as a perturbation to the

original orbitals is.

Finally, at short range, the possibility of the electrons being found at the same place4 for the

two species introduces a new interaction, the exchange-repulsion, which is dominant. For these

reasons, a different approach needs to be taken. Except in cases of bond-formation, the overall

interaction becomes repulsive.

The exchange-repulsion is actually representing two opposing effects: exchange allows

electrons from one species to be attracted to the nucleus of the other significantly, while re-

pulsion (which dominates) is due to Coulomb repulsion between same charges. There is also

the effect of penetration to core shells which supplements the exchange effect. Penetration ac-

tually exists also as a correction to long range expansion, but as it decreases exponentially with

distance it is only significant at close range.

4This only applies in cases of same-spin electrons, as the overlap integral for coupled-spin electrons disappears

due to the orthogonality of the spin functions and therefore there is no exchange-repulsion.



Chapter 7. Intermolecular Forces and Potentials 124

Different perturbative treatments have slightly different definitions of the exchange pertur-

bation term [76], but to a good approximation it depends on the square of the overlap between

the orbitals of the molecules. As the electronic wavefunctions decay exponentially with dis-

tance, in general the short range effects can be represented collectively as:

Uexch−rep =Ce−α(R−ρ) (7.26)

where α describes the slope (steepness) of the function and is found to vary little between sys-

tems. ρ describes the separation at which the interaction reaches the pre-exponential factor and

is strongly dependent on the orientation of the system, i.e. it has an angular dependence. The

angular dependence can be expressed as a series of appropriate functions. In theory, α and even

C might also have an angular dependence, but might make it difficult to distinguish between

them. It should be noted that all of these parameters are a way to represent the interaction in a

simple way, and as they are correlated, they have no unique value.

Finally, another possible interaction is a charge transfer between the species, leading to an

ionic-like contribution to the energy. This has been shown to be small even if present, and

it originates from a short-range induction term where one species has excited its electron to

another species’ orbital.

7.5 Intermolecular Potentials

In general, we can distinguish two kinds of potential functions: first principle potentials derived

from theoretical analysis, including all potentials fitted exclusively to ab initio calculations,

and empirical potentials, which are fitted as to reproduce experimental data using a suitable

function. Also, combinations of these two categories are often met in literature. The main

“problem” of empirical potentials is that the parameters do not necessarily have a physical

underlying meaning and might not be uniquely defined: They could instead be just one of a

set of similar mathematical structures capable of fitting the data. First principle potentials may

not be more accurate, but generally are more explicit in their limitations and approximations.
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Moreover, the strictly theoretical potentials can cover all spectral regions, which is useful for

future research, and can highlight fortuitous degeneracies or resonance effects, and lead to a

better physical insight of the interaction [77]. The following analysis is not aimed at being

exhaustive but rather to act as a basis to explain the work presented in the following chapters.

For this reason, the main focus is placed on first principle potentials.

7.5.1 Complete set expansions

One approach is to note that a linear combination of a complete set of functions, with the appro-

priate variable-dependence, should be able to fit any function of the space it spans. Therefore,

a slightly crude method is to fit an ab initio calculated potential to a complete set of functions.

Furthermore, the space the potential needs to be represented in may be separated into sub-

spaces. Then, the potential can be represented as a product of the appropriate functions of

subspaces, e.g. a complete set of angular and radial functions:

Vtot(R,θ) = ∑
λ

Vλ ,radial(R)Vλ ,angular(θ) (7.27)

where R is the intermolecular distance and θ is a collective index for all the angles. The ap-

proach of representing the potential by a weighted complete set of functions of the space it spans

is called Linear Expansions in the Anisotropy of the Potential (LEAPOT) [78]. The Vλ ,radial are

also called radial strength functions [79]. The angular functions can be products of Wigner

D-matrices, one for each species, which is a further separation of subspaces.

One advantage of this approach is that any kind of function may be represented, given a

long enough linear combination. Moreover, the symmetry of the species involved can be taken

into account: In the case of a system of closed-shell linear molecules, the angular dependence

for each molecule may be represented by spherical harmonics5 [81, 82], while for closed-shell

linear molecule-atom systems the complete angular dependence can be represented by a linear

5Actually, since the rotation of the whole system in isotropic space does not have any effect on the energy,

only the dihedral angle is important and this expression simplifies to a pair of Legendre polynomials multiplied by

a cosine function [80].



Chapter 7. Intermolecular Forces and Potentials 126

combination of Legendre polynomials [83]. However, in the case of an open-shell species, ad-

ditional degrees of freedom for the orientation of the open-shell orbital need to be included [84].

Further simplification can occur if the species involved have some symmetry, e.g. in the case

of a homonuclear diatomic, the potential must be indistinguishable if the two nuclei are inter-

changed by rotation. This means that any function differentiating between the two geometries

cannot contribute, thus only even rank Legendre polynomials may be used.

The radial functions can also be any complete set of functions, e.g. Gaussians, polynomi-

als [85], cubic splines [86] etc.

7.5.2 Born-Mayer and Buckingham potentials

If a potential that resembles the physical reality is desired, then expressions for short and long

range forces can be used. Born and Mayer suggested that the repulsion between atoms can be

represented roughly as an exponential function of their distance, as it depends on the overlap of

their wavefunctions [3, 76, 72]:

UBM = Ae−BR (7.28)

where R is the intermolecular distance, usually taken between the centres of mass of the

molecules. The Born-Mayer potential practically includes the exchange-repulsion and penetra-

tion effects6, although a common criticism has been that due to its simplicity this expression

gives too stiff a potential.

Buckingham extended the Born-Mayer expression to include long-range attractive forces,

starting with the leading dispersion term − C6

R−6 . Later on, with Corner, they also included an

− C8

R−8 term. In theory, this can be extended to include as many terms for the long range terms as

appropriate, giving rise to the Modified Buckingham (MB) potential. However, this expression

was derived for atom-atom potentials. For non-centrosymmetric molecules where different

orientations contribute unequally to the interaction, odd power terms should also be included,

as well as the angular dependence of all terms.

6But only in the short-range regime.
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The induction terms are usually neglected, even for polar systems, due to their relatively

small contribution. Furthermore, part of what is actually induction can be practically accom-

modated in the “dispersion” fitted coefficients.

In the case of interactions between non-spherical species, the angular dependence must also

be included in the exponent. This can again be done as an expansion of a complete set of

appropriate functions. Moreover, the radial dependence of the exponent in the Born-Mayer

potential might be expanded to higher order terms, either as a positive or negative power of

R [87]. The negative power expansion is thought to be more physically accurate as at very long

distance it disappears naturally. In some models, a radial dependence is also included in the

pre-exponential factor.

7.5.3 Damping functions

As R→ 0, the expressions for the long range forces (R−n) go to minus infinity. To avoid this

short-range catastrophe, damping functions are used to suppress the singularity. These functions

are multiplied by the multipole moment expressions so the latter at short distances go to either

a constant or zero.

The most commonly used expression for this purpose was proposed by Tang and Toen-

nies [88] for atom-atom potentials:

fn(R) = 1− e−bR
n

∑
k=0

(bR)k

k!
(7.29)

where n is the inverse power of the long-range expression to be damped and b is the Born-Mayer

factor. As these functions were originally proposed for atom-atom potentials they are not valid

for damping induction terms. One of the most attractive features of this expression is that, if the

b parameter is set to be the same as in the Born-Mayer potential, there are no additional fitting

parameters.

Usually the angular dependencies of the damping functions are ignored when applied to
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multi-atom systems, so this was explored in the present work. What was discovered was that

setting b to the completely symmetric exponential term and then relaxing when convergence

is very near (i.e. getting the optimum fit when b was fixed to the Born-Mayer term and then

lifting this limitation) is a good approximation and allowed for a quick convergence. On the

other hand, if an angular dependence was included in the short range exponential term, and

this was also included in the damping functions, correlation between the long and short range

forces caused convergence problems. The possibility of including only the same kind of angular

dependence in the damping functions to the Cn term being damped was explored, however this

gave the same result. It should also be noted [7] that since the Tang and Toennies expression

is empirical, there is no strict requirement for the exponent in the damping functions to be the

same as for the short-range force.

Including the Tang and Toennies damping functions, the potential might be represented as:

U(R,θ) = A(θ)e−α(θ )(R−ρ(θ ))+Uind + ∑
n=3

f2n(R)
C2n(θ)

R−2n
(7.30)

where θ and R are collective indices for the angular and the radial dependence respectively, both

of which might be expanded as a series. R might also be expressed with respect to a reference

geometry7.

Correspondingly to LEAPOT, this kind of potential where the anisotropy of the Born-Mayer

and multipole factors is explored is also called Linear Expansion in the Anisotropy of Param-

eters (LEAPAR). As it is closer to the physical reality and also any LEAPAR exponential term

may be expanded as a series of LEAPOT terms, LEAPAR models potentially use fewer param-

eters which may have physical meaning. The physical meaning of the parameters is of multiple

importance: it can be used to assess whether the expansions are convergent and whether the

values of the parameters are reasonable or if some important effect is missed.

7For example as R−Rm
Rm

[78, 89].
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7.5.4 Atom-atom potentials

Here the same principles are applied as for the molecule-molecule potential, but the interaction

centres are the atoms. This approach helps with the problem of poor convergence of the multi-

pole expansion met in van der Waals complexes, where the intermolecular distance is no longer

large with respect to the charge distribution of the separate molecules [90], so the multipole

approach is not really valid.

Usually a Born-Mayer and a long-range part are fitted for each atom-atom pair. The main

problem of this approach is that the number of parameters can go up rapidly with the more

interacting centres [57] and these might be strongly coupled, which could lead to unphysical

values and fitting problems.

Values obtained by fitting similar systems can be used, best as first guesses, as to give the

parameters their appropriate relative size. Also, to avoid too many fitting parameters, terms that

contribute little (and can to an extent be included in other terms), for example induction, are

often neglected.

One method used in this work to avoid correlation between the short-range repulsion and

long-range damping functions is to keep the damping functions’ exponential value fixed at the

values obtained from the previous fitting cycle. Otherwise, small changes in exponential func-

tion can cause major changes in the value of the long-range coefficients. Also, it was noted that

the damping functions on atom-atom potentials are more isotropic (possibly more dominated

by the leading term) than those of intermolecular multipoles [57]. This meant neglecting the

angular dependence of the damping functions was more justified.

At close distances a redistribution of electron charge might occur, which can be dealt with

by adding another centre, e.g. at mid-bond. This was also explored in the present research but

no significant improvement in fitting the potential was gained by this approach.
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7.5.5 Scaling the potential

A full potential of a two-species complex would have to span from the very highly repulsive

region of short range interaction to the asymptotic-to-zero interaction at long range. If a function

is fitted to an ab initio PES, a least squares fit will tend to fit the greater deviations better and

average over the smaller ones. The measure of the quality of the fit used is firstly the Root Mean

Square Deviation (RMSD):

RMSD =

√√√√√
Nd

∑
i=1




[ycalc(i)−yobs(i)]2

u(i)2

Nd


 (7.31)

where yobs(i) is the i-th point to be fitted, ycalc(i) is the value the fit would predict the i-th point

to have, Nd is the number of points and u(i) is the statistical weight. When fitting an ab initio

potential, where all points are determined at equal precision by the calculation, setting u(i) = 1

seems logical.

Unfortunately this would mean that rather than fitting the well-region accurately and having

a large error at the close range, instead it will try to fit the short-range repulsion equally well to

the minimum. This can mean that a very large number of functions is required and may lead to

correlation problems between the parameters.

In the case of van der Waals complexes, assuming a strong enough interaction, only the

minimum region of the potential is important, as long as the very long and very short range

parts are fitted to a number of the right magnitude. For this reason, the approach of scaling

the potential is sometimes taken. This modifies the potential so that, up to a threshold V0, the

potential remains unchanged, and over that, the potential tends towards a pre-set value [91].



Chapter 8

The Electronic States of the NO-O2

Complex

“Computers are useless. They can only give you answers.”

- Pablo Picasso

8.1 Introduction

As was noted in the introductory chapter 1, one of the key motivations behind this work was to

understand what the interaction between the constituent molecules (“monomers”) of a van der

Waals complex when these are open-shell species. Chemical intuition would predict that when

two radicals meet a covalent bond is formed, and indeed this is usually the case.

However, there is a handful of diatomic and triatomic open shell species (such as NO, NO2

and O2 [11]) which do not follow this rule and instead form weakly-bonded molecular com-

plexes. At the same time, radicals that exhibit such behaviour are abundant and important in

atmospheric chemistry and biological systems, which makes these cases hard to ignore. To

131
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make matters even more intriguing, these species do react on occasion, for example:

2NO+O2→ 2NO2 (8.1)

2NO2→ N2O4 (8.2)

Yet, even then, the type of bonding the products of these reactions are held by is not always

a typical chemical bond. One example of this is the N2O3 molecule, formed in the following

reaction:

NO+NO2→N2O3 (8.3)

which is held together by a bond in-between a covalent bond and van der Waals bond [92].

This chapter falls under the “theoretical investigations” part of this thesis. Here we isolate

and target the question of bonding of such complexes using high level ab initio calculations.

The system that we chose to study these effects is the van der Waals complex formed between

the open shell molecules of nitric oxide and oxygen (NO-O2). This is particularly interesting

as in our investigations we have to take into account both the effects of symmetry and of spin

coupling between the two molecules, as will be shown later. Moreover, one of the PESs links

to the ground state of the nitrate radical NO3 [93]. Furthermore, the NO-O2 van der Waals

complex has recently been argued [94] to be an intermediate in reaction 8.1. The variety of

contributing factors and possible outcomes makes this a fascinating system to study.

In the following section, the complex in question and its constituent molecules are presented.

Then, the ab initio calculations performed are presented and these are discussed briefly. Finally,

a discussion is given as to how our results may be incorporated into the theory of intermolecular

forces and our conclusions are presented.

8.2 The NO-O2 Complex

As mentioned in the previous section, in this chapter we investigate the various electronic states

of the NO-O2 complex. In order to understand how these are formed we fist look at the monomer
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species, NO and O2 and then at the complex itself.

8.2.1 The NO molecule

The electronic configuration of NO is:

1σ 22σ 23σ 21π42π1

To characterise the ground state of NO, we can use its term symbol, 2Σ+1ΛΩ, where Σ,Λ and Ω

are the projections of the electron spin angular momentum SNO, the orbital angular momentum

LNO, and the total angular momenta JNO along the internuclear axis which are related by:

SNO +LNO +NNO → JNO (8.4)

Σ+Λ = Ω (8.5)

where NNO is the rotational angular momentum of NO. If there is more than one possible term

symbol, as in the case of NO where Ω may be either 1
2

or 3
2
, a guide to which term indicates

the state with the lowest energy is provided by Hund’s rules [36], which were proposed by

considering the effects of electron-electron repulsion. These are:

1. The rule of maximum multiplicity: The state whose term symbol has the maximum mul-

tiplicity will be lower in energy.

2. The rule of maximum angular momentum: The state with the greater orbital angular

momentum quantum number will be lower in energy.

3. If the valence shell is less than half-full, then a minimum total angular momentum is

lower in energy, and the opposite is true for a more than half-full valence shell.

These rules were originally drawn for atoms, however, within the limits of Molecular Orbital

(MO) theory, they have been successfully applied to molecules. The single unpaired electron

in the antibonding π orbital gives NO a ground state term symbol 2Π. Furthermore, according
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to Hund’s third rule the lowest energy state has term symbol 2Π1/2 and the first excited state

2Π3/2. The energy difference between these two states corresponds to the spin-orbit coupling

constant1 ζ = 123 cm−1 [2, 62].

As the nitrogen nucleus has spin angular momentum of IN = 1, there are in total four sources

of angular momentum in this molecule: the electron spin, the orbital, the nuclear spin and

the rotational angular momentum. However, for our purposes of distinguishing PESs of the

complex we will only use the electron spin angular momentum.

8.2.2 The O2 molecule

The electron configuration of the oxygen molecule is [95, 36]:

1σ 2
g 1σ 2

u 2σ 2
g 1π4

u 1π2
g

The term symbol of O2 may be calculated by the direct product of the irreducible representations

of the orbitals of the unpaired electrons:

Π⊗Π =
[
Σ−
]
⊕∆⊕Σ+

while the symmetry with respect to inversion is given by the direct product:

g⊗g = g (8.6)

According to the Pauli principle, the electronic part of the wavefunction should be antisymmet-

ric with respect to the exchange of a pair of electrons. Therefore, the symmetric spatial (orbital)

wavefunctions need to be combined with antisymmetric spin eigenstates. Therefore, accord-

ing to Hund’s rules, the term symbol for the ground state of O2 is 3Σ−g . Yet, the first excited

state, 1∆ is only 7,918 cm−1 higher in energy and the second excited state, 1Σ+
g is only 13,195

1The non-standard ζ symbol is used for the spin-orbit coupling constant to distinguish it from the A rotational

constant.
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cm−1 higher [17]. As the oxygen nucleus does not have any angular momentum (IO = 0) and

there is no orbital angular momentum in the ground state, there are only two sources of angular

momentum for O2: the electron spin (SO2
) and the molecular rotation.

8.2.3 The states of the complex

Even when the NO and O2 molecules are in their ground electronic states, there are four possible

electronic states that the complex may be formed in, with corresponding PESs. Assuming that

the complex is planar, we may use symmetry as well as spin multiplicity to distinguish them.

In terms of spin multiplicity, we define the total electron spin angular momentum, S of the

complex as:

SNO +SO2
→ S

Thus, the complex may be formed with S = 1
2

(a doublet spin state) or S = 3
2

(a quartet spin

state). While Hund’s first rule would predict that the S = 3
2 state is lower in energy, on the

grounds of electron-electron repulsion, there is another approach, based on the Heitler-London

theory [95] which would make the opposite prediction: namely that the minimum multiplicity

should be lowest in energy.

Heitler-London theory is the basis of Valence-Bond (VB) theory [36, 96] treatment of the

bonding in the hydrogen molecule (H2). While a detailed discussion of that treatment is beyond

the scope of this thesis, the key point for us is that covalent bonding occurs due to exchange

interaction between the two hydrogen atoms which is only possible when the spin magnetic

quantum numbers of the two species are of opposite sign2.

Therefore, we are faced with a dilemma, as Hund’s rule, based on electron-electron re-

pulsion and MO theory would predict maximum multiplicity as the most stable while Heitler-

London theory based on exchange interaction and VB theory would predict the minimum multi-

plicity but also a covalent bond which is not observed. At the same time, since both NO and O2

2In the original theory concerning two hydrogen atoms, as well as in subsequent discussions, the phrasing [97]

usually speaks of “spin pairing”, however this becomes problematic when three electrons are considered. For

clarity in the text we will refer to this case as the spins of the electrons being “coupled”.
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are radical species, chemical intuition would also expect a chemical bond. Finally, both Hund’s

rules and Heitler-London theory are stressed outside their original domain by being applied to

this case: Hund’s rules were originally stated for atoms, not molecules and one might expect

even less so for molecular complexes, while Heitler-London theory was derived for H2, which

has no core electrons and thus minimum electron-electron repulsion.

As mentioned earlier, we will use high level ab initio methods to examine this complex,

which (as described in chapter 4) are based on MO theory. Our hypothesis however is that, while

the dominant intermolecular interaction in NO-O2 is similar to other van der Waals complexes,

as described in chapter 7, there is also a “pseudo-covalent” contribution stemming from the

exchange interaction which is only possible if the spins are “coupled”, in a mechanism similar

to what is described by Heitler-London theory. If such a “pseudo-covalent” contribution is

present, then the ordering of the energy levels should follow the Heitler-London argument i.e.:

E
S= 1

2
< E

S= 3
2

(8.7)

This assumes an exchange interaction between the molecules, which lowers the energy via

nuclear-electron attraction and shielding of the nuclear-nuclear repulsion, and would shift the

electron density in the intermolecular region.

The reason we call this interaction “pseudo-covalent” is because the logic behind it is anal-

ogous to the Heitler-London theory for the covalent bond formation between two atoms, but in

our case the role of the atomic orbitals is played by molecular orbitals. Also, the final bond is

between two molecules that retain their identity rather than two atomic centres. This is clearly

different from a traditional covalent bond in that the shape of the molecular orbitals of NO and

O2 will determine the overlap between the molecules, rather than the atomic orbitals. Moreover,

it is described as a “contribution” rather than a “bond”, as the overall potential remains that of

a van der Waals complex.

If on the other hand no such contribution is found, then the main argument should be on

the grounds of electron-electron repulsion and the energy ordering of the states of different
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multiplicity would be as predicted by Hund’s first rule. The reasoning behind that argument is

that electrons sharing the same spin wavefunctions would not coincide in space due to the Pauli

Exclusion Principle. This effect of creating a Fermi hole [36, 96] in the electron distribution

leads to lower electron-electron repulsion.

In terms of symmetry, for a planar complex, the π orbitals of the monomers may be either

perpendicular to, or lie along the plane of the complex. A π orbital along the plane of the

complex is symmetric with respect to reflection on that plane, thus can be assigned A′ symmetry,

while if it is perpendicular, and thus antisymmetric with respect to reflection on the plane, the

orbital has A′′ symmetry.

O2 will have an unpaired electron in each of its π orbitals, i.e. both in A′ and A′′ orbitals,

thus its symmetry is always:

A′⊗A′′→ A′′

NO will have its unpaired electron either in a A′ orbital on the plane (thus giving an overall A′′

state), or in an A′′ orbital perpendicular to the plane (thus giving an overall A′ state). Thus, the

four states that the complex may be formed in are:

1. 2A′′: the orbital of the unpaired electron of NO lies in the complex plane, and has a spin

coupled to the spin of O2. If a pseudo-covalent contribution occurs, this would be the

most promising for favourable interaction as orbitals with unpaired electron spins from

NO and O2 meet on the plane of the complex.

2. 4A′′ : the orbital of the unpaired electron of the NO is on the plane of the complex, but

now its spin magnetic number is of the same sign as the spin of O2. Under the Heitler-

London argument this state would have the highest energy.

3. 2A′ : the spin magnetic quantum numbers of NO and O2 are of the opposite sign, but the

unpaired electron of the NO is on the orbital perpendicular to the plane of the complex.

Therefore, if a pseudo-covalent contribution occurs, the overlap between the molecular

orbitals would be lower than for the 2A′′ state and therefore weaker.
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Figure 8.1: The four electronic states of the complex, clockwise from the top left: Quartet A′,
Doublet A′, Quartet A′′ and Doublet A′′.

4. 4A′ : here the orbital containing NO’s unpaired electron is perpendicular to the plane,

but now all the spin magnetic quantum numbers are of the same sign. Thus, no pseudo-

covalent interaction can take place, but also the electron repulsion is weaker than in case

2, as the orbitals are parallel instead facing each other.

The four states are also illustrated in figure 8.1, where the plane of the complex is drawn as

a red plane. The orbitals on the plane are coloured green and the ones perpendicular gray:

This complex has previously been studied in the group by Starkey [2] who performed RSPT2

calculations on a limited configuration space (for both planar and non-planar geometries of the

complex) and myself during my Part II project [84], when I modelled and extended the PESs of

Starkey, aiming to perform quantum dynamics on them. Yet, there were various issues with the

previous PESs, both in the geometry specifications for when the complex was not planar and

in terms of unnatural values of the supermolecular binding energy. For this reason we decided

to perform a more extensive study of higher level calculations to understand the interactions

better and also formulate a suggestion for what ab initio methods to use when studying similar

systems.
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Figure 8.2: The coordinate system used for the NO-O2 calculations

8.3 The Ab Initio Calculations

In order to investigate the ordering of the different energy states, we have performed high level

ab initio calculations to obtain the PES of all different states.

In the figure 8.2, the axis system used for calculating the PES is presented. θ1 is the angle

between the line between the centre of mass of NO and O2 with the NO axis of symmetry, θ2

is the corresponding angle for O2, and φ is the dihedral angle between the principal axes of the

two molecules, where φ = 0◦ corresponds to a planar complex. R is the distance between the

centres of mass of the two molecules.

Yet, the symmetry distinction into A′ and A′′ states is only valid for planar geometries.

Therefore, in order to have an unambiguous characterisation of the different PESs, we have

restricted φ to zero. The θ1 angle was varied every 30◦ degrees between 0-180◦, while θ2 angle

was varied every 30◦ degrees between 0-150◦ degrees, as the rest of the points are related to one

of the calculated geometries by symmetry. R was varied from 2.9 to 4.9 Å in steps of 0.1 Å.

In choosing the ab initio methods to be used, the first question was whether a single refer-

ence method (such as MPn) would be suitable, or if it were necessary to use a multireference

method. The doublet complex spin state may be formed by either a combination of the ground

state of NO (SNO = 1
2
) with the ground state of O2 (SO2

= 1), or by a combination of the ground

state of NO with the first excited state of O2 (SO2
= 0). Thus, a multireference method is re-

quired to take both Slater determinants into account. The quartet state on the other hand may

only be formed by the ground states of NO and O2, so a single reference method seems appro-

priate.
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Although the aim of this project was to explore what happens when two radical species

meet, we also wanted our exploration to be of practical use for other parts of this project,

namely for the complex between nitrogen dioxide and oxygen (NO2-O2), which is presented

later, in chapter 11. For this reason, the electron correlation methods chosen are all based on

multireference applications of perturbation theory3, i.e. RSPT2, NEVPT2 and CIPT2. MRCI

methods were not used as their size inconsistency may lead to significant errors when used for

very weakly bound van der Waals complexes. Moreover, as RCCSD(T) is a reliable method

for systems that may be described by a single Slater determinant, this is also used to perform

calculations for the quartet spin states PESs, in order to use them for comparison with the

PESs from the multireference perturbation theory methods. Ideally, we would like to correct

for the Basis Set Superposition Error (BSSE) using the counterpoise procedure, as explained

previously in chapter 4. However, as will be explained when discussing the CIPT2 surfaces,

this was not possible, and instead we could only approximate the binding energy by subtracting

the energy of the complex at the intermolecular distance of R = 150 Å. However, it should be

noted that the question of whether the counterpoise procedure is appropriate for multireference

methods remains an open one. Furthermore, if one takes the difference between the PESs, as

the counterpoise correction is identical for all states, it would cancel.

In the following sections the PESs calculated by different methods are discussed in turn

and finally a comparison between them is made. All calculations were made using the MOL-

PRO2010 [98] package and the PESs are also given in the CD attached to this thesis. The basis

set used for all calculations was aug-cc-pVTZ, unless otherwise stated.

8.3.1 The RSPT2 PESs

The first method to be used is the RSPT2 method. As it was noted in chapter 4, this has been

perhaps the most widely implemented method for van der Waals complexes. This is because

it is one of the oldest and also computationally least expensive ways to perform multirefer-

3For a description of these methods please see chapter 4.
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Figure 8.3: RSPT2 PEC for the linear NO-OO geometry

ence electron correlation corrections. Moreover, this method has been used previously in the

group [2, 84], so it was a natural starting point.

The first observation to be made is that the ordering of the PESs depends on the orientation

chosen. It seems that, depending on the geometry of the complex, different effects are dominat-

ing the interaction. For the majority of the geometries calculated however, the splitting between

the surfaces of the two multiplicities for the A′′ state is greater than for the A′ state, which can

be rationalised in terms of increased overlap between the NO and O2 valence π orbitals.

The easiest way to discuss these observations and what they imply for the interaction be-

tween NO and O2 is by examining some key geometries. The first orientation to be examined is

where θ1 = θ2 = 0◦, which corresponds to the linear geometry NO-OO. At this geometry, there

are no separate A′ and A′′ states, so there are only two surfaces, due to the two multiplicities.

One important feature is that there is no potential well as the monomers approach each other.

In the long range, all the potential energy curves (PECs) coincide. At close distances however,

there is a separation between the four PECs into two groups depending on their multiplicity, the

doublet states being lower in energy. The PECs for this geometry are given in figure 8.3. Before

any further analysis, it should be noted that an interesting point was noted from this method:

The Size Consistency Error (SCE) depended on the multiplicity of the states, and states of the
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Figure 8.4: Ab initio (RSPT2) and fitted difference potentials between the doublet and quartet

states for the linear NO-OO geometry

same symmetry but different multiplicity had an energy difference of approximately 21.5 cm−1

at R = 150 Å. Therefore, one has to subtract the energy of the molecules at large separation in

a specific state in order to cancel the SCE difference, as we have done in figure 8.3, otherwise

different multiplicity states tend asymptotically to different values at large R.

What is interesting is to take the difference between the singlet and the quartet states. If we

plot the energy difference between the two spin states against the intermolecular distance, the

shape of the graph is exponential and, if we subtract the SCE, it can be fitted with the simple

expression:

∆Vdoublet−quartet = exp
[
a+bR+

c

R

]
(8.8)

with values a = 29.58,b =−5.42,c =−18.81. An inverse polynomial of distance was chosen

as this will naturally disappear in long distances rather than result in spurious minima. The ab

initio and fitted PECs are shown in figure 8.4. The RMSD of the fit was 14.4 cm−1, but this

was mostly in the values up the repulsive wall, where the difference between the PECs was

more than 1500 cm−1. Our interpretation of this graph and potential energy contribution is that

the difference between the two spin states originates from a pseudo-covalent contribution to the

doublet state binding energy, which is only possible when the spins of the unpaired electrons
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are coupled. The fact that this interaction is roughly exponential, mirroring a Born-Mayer

expression [7] but with the opposite effect, is to be expected as the origin of the interaction is

also the exchange-repulsion.

The next important geometries to discuss are those when one of the monomers is positioned

perpendicular to the intermolecular axis while the other lies at an angle up to but not including

90◦. Now, all four PECs are separated, and their energy ordering is:

E 2A′′ < E 2A′ < E 4A′ < E 4A′′

Once more, the doublet spin states are lower in energy than the quartet ones. The ordering in

terms of the different symmetries may be explained with the argument presented in the intro-

duction of this chapter, i.e. depending on the overlap. The A′′ state has greater overlap between

the O2 π orbital and the π orbital of the unpaired electron of NO, and therefore the splitting

of different spin states is greater. Another interesting examination is to take the spin-averaged

potential for the different symmetries:

Vav =
VDoublet +2VQuartet

3
(8.9)

where the weighting is according to the spin degeneracy of each state. When even one molecule

does not lie along the intermolecular axis, then the difference between the two states varies

exponentially, and in a similar magnitude to the difference between the two spin states. One

interesting thing to note is that the SCE cancels when the difference of the average potentials

for each symmetry is taken in this way.

For the geometry θ1 = 30◦ and θ2 = 90◦, the spin-averaged potential was fitted using the

function of equation 8.8 with a = 46.97,b = −7.98,c = −57.01 and RMSD=0.77 cm−1 (al-

though the largest energy difference fitted this time was only 68.38 cm−1). The ab initio and

fitted difference between the average potentials for this geometry is shown in graph 8.5. The

fact that the spin-averaged potential may be modelled using a second Born-Mayer-type contri-

bution is interesting. It represents the difference in the overlap of the two symmetries: even
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Figure 8.5: Difference between the spin-averaged RSPT2 potentials for the geometry θ1 =
30◦,θ2 = 90◦

if the effects of spin pairing are averaged out, there is an additional overlap in the A′′ symme-

try state with respect to A′ symmetry. As the difference between two exponentials is itself an

exponential, this may be fitted to a similar function.

Thus, one could model the PESs by taking into account three parts so far: The potential

function similar to what one would expect for a pair of closed shell molecules, plus a Born-

Mayer potential to represent the effects of spin coupling, plus another Born-Mayer term to

represent different symmetries. After Herzberg, it should be noted that when we refer to “spin

coupling” this is used as an indication of the states, which themselves are separated due to

exchange interaction [97]. The actual spin-spin effect is very small in comparison and will be

presented in chapter 9.

Another intriguing feature of these PESs is that, while on the whole the doublet states are

lower in energy than the quartet ones, this is reversed in very specific geometries and distances

and for the A′′ state only. More specifically, it happens only for distances up to R = 3.9 Å if O2

(but not NO) lies along the intermolecular axis, and for the angles θ2 = 30◦,120◦,150◦ and for

the geometry (θ1 = 150◦, θ2 = 30◦).

Before moving on however, there are two more important cases to consider. The first one
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Figure 8.6: RSPT2 PECs for the parallel arrangement of the NO and O2 (θ1 = θ2 = 90◦)

occurs when the molecules are parallel to each other. The PECs for this case are given in

figure 8.6. There is a number of points to consider in this graph. The first one is to observe that

in this geometry the effect of spin coupling is greater than the difference between the averages

for each symmetry: the difference between the two multiplicities in the A′′ state reaches 615.7

cm−1, while between the two averages barely 67.2 cm−1.

Moreover, the interaction for the 4A′′ state becomes repulsive much earlier than for the

4A′ state, which emphasises the importance of valence electrons. Perhaps the most surprising

finding however is that the 2A′′ state seems to go on directly to form NO3 without any barrier.

The main point of this graph is the clear ordering of the energy states: the doublet states are

lower than the quartet ones, demonstrating the pseudo-covalent contribution to the interaction,

and the splitting of the two A′′ states is larger than of the A′ states due to the increased overlap

of the valence orbitals of NO and O2.

The second extreme case is when θ1 = 180◦ and θ2 = 60◦/90◦. In these cases the energy

difference between the two spin states starts at approximately 28 Hartrees for the A′′ state and

16 Hartrees for the A′ state and decreases with distance. This is also the area where most of

the convergence problems were met. At all these geometries, the quartet states have values

typical of the PES (differing less than 0.1 Hartree between all different geometries) and it was



Chapter 8. The Electronic States of the NO-O2 Complex 146

the doublet state energies that are significantly lower.

A clue to this unnatural behaviour comes from the calculated dipole moments: while for

all geometries, apart from when θ1 = 180◦ and θ2 = 60◦/90◦, no dipole moment was over 1

Debye, in the geometry of θ1 = 180◦,θ2 = 60◦, R = 3 Å, the dipole moment |µz| = 10.383

Debye. A possible explanation is a charge transfer, which would also explain the large dipole

moment and the abnormal binding energy. Yet, the energy increases with distance, which is

clearly an artefact and shows that the RSPT2 method is not suitable for these geometries.

Finally, it is interesting to note the lowest energy geometry: If we ignore the cases where the

large dipole moment indicates a possible charge transfer, the global energy minimum occurs at

values θ1 = θ2 = 90◦ and at R = 2.9 Å, which is the smallest distance calculated for the 2A′′

state. This is reasonable as according to RSPT2 this state would lead to a formation of NO3.

8.3.2 The NEVPT2 PESs

The next method examined is NEVPT2. As explained in chapter 4, the two key advantages of

this method when compared to other multireference perturbation methods are its size consis-

tency and its virtual absence of any intruder states. Thanks to the former there is no difference

between the energies of the different states at R = 150 Å, unlike for RSPT2.

In general, different states are separated according to multiplicity and geometry along the

same lines as the RSPT2 PES, although for NEVPT2 the energy differences tend to be smaller at

close distances. Nevertheless, as the zeroth order Hamiltonian is different for the two methods,

the complex energy is not directly quantitatively comparable. One key geometry to compare

the NEVPT2 and RSPT2 PESs is when θ1 = θ2 = 90◦. The graph for this geometry is given in

figure 8.7.

As can be seen from the graph, the ordering of the PECs is the same as for RSPT2. One

difference is that the energy of the lowest state ( 2A′′) starts to increase at close distances. For all

surfaces, the repulsive wall seems to be much steeper with this method. Moreover, the binding

energy of all PECs goes to zero at large distances as expected. Still, the PECs do not look as
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Figure 8.7: NEVPT2 PECs for the parallel arrangement of the NO and O2 (θ1 = θ2 = 90◦)

smooth as they did for the RSPT2 method, and we will revisit this point later.

Another difference is that, with NEVPT2, this geometry does not lead to NO3 formation for

the 2A′′ state, but actually forms a shallow minimum at 3.2 Å. This geometry is also the global

minimum for this method.

The other important geometry to compare is when θ1 = 180◦ and θ2 = 60◦/90◦. Here the

same very large dipole moments are found again, which encourages us to believe that it may be

a charge transfer effect taking place. Moreover, the anomalous behaviour of RSPT2 where the

binding energy was increasing with distance is not met. Instead what is found is that the energy

of the complex is very high: 2.8-2.9 Hartrees higher than for the other geometries. This is in

contrast to RSPT2, that predicted the energy in these geometries to be significantly lower than

for the other geometries for the doublet spin states. Also, the quartet state seems to form again

a van der Waals minimum at close distances, while the doublet state energy keeps decreasing as

the molecules come closer.

The high dipole moments along with the high energy of the complex at this geometry are

intriguing. In [7] and [99], Stone et al. have argued that the contribution of charge transfer

in van der Waals complexes is very small and an exaggerated part of induction. However, this

comes from the assumption that the charge transfer should be originating from one molecule’s
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electrons being excited to the virtual orbitals of the other molecule. However, in our case

the “receiving” orbitals are not virtual but unfilled orbitals in the ground state configuration,

as the species are open shell. This is believed to only happen for θ1 = 180◦ rather than for

θ1 = 0◦, as the unpaired electron in mainly localised on the nitrogen rather than oxygen atom.

Because of the difference in ionisation energies (9.26 eV for NO versus 12.08 eV for O2 [100])

and electron affinities (0.02 eV for NO versus 0.44 eV for O2 [100, 101]) between the two

molecules, this interaction only occurs in the ON-OO linear geometry, i.e. giving an (ON+)-

(O−2 ) ionic contribution.

Finally, we return to the cases where the energy difference between the states of same sym-

metry and different multiplicity is favourable for the quartet rather than the doublet state. This

again remains the exception rather than the norm. However, there is a greater number of points

that this occurs in NEVPT2 calculations compared to RSPT2. To begin with the A′′ symmetry,

although there is a greater number of geometries where this is met (86 versus 21 points) the

angular geometries where this is met are the same, just the effect extends to larger distances,

up to R = 4.9 Å. The maximum difference of this effect here was 748.42 cm−1, which is sig-

nificantly larger than the 500.39 cm−1 for RSPT2. For the A′ state, there were no points where

this effect was observed in RSPT2, but there are 21 points where this occurs in NEVPT2, which

correspond to the geometry θ1 = 90◦,θ2 = 30◦.

8.3.3 The CIPT2 PESs

The next method to be examined is CIPT2. As this method treats the active space via CI, it is

expected to be the most accurate in terms of interactions between the different states, but also

the one with the worst SCE. Interestingly however, the energy difference between the two states

of different multiplicity at the θ1 = θ2 = 0◦ linear geometry is asymptotically tending to 6.91

cm−1, which is smaller than the corresponding number for RSPT2. Therefore, it seems the SCE

in this method is less dependent on multiplicity.

In terms of the global minimum and the minimum of the pseudo-covalent bond, both are
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Figure 8.8: CIPT2 PECs for the parallel arrangement of the NO and O2 (θ1 = θ2 = 90◦)

in line with the RSPT2 and NEVPT2, all predicting the same angular geometries. However,

for CIPT2, the lowest point in the PESs is at the same distance as RSPT2, R = 2.9 Å, which

indicates that the interaction is dominated by the spin-coupling effects. One would expect this to

lead to NO3 formation, although without counterpoise correction we cannot be certain. Unlike

RSPT2, all PECs converged to the same value in the long range, and unlike NEVPT2 all PECs

were smooth curves. The CIPT2 results for the parallel geometry are given in figure 8.8.

In the geometries θ1 = 180◦,θ2 = 60◦,90◦, we met severe convergence problems, as was

the case with all the previous methods. However, there were no unnaturally large exchange

contributions, as were noticed for the RSPT2 results, although the calculated energies for the

complex were approximately 2.8 Hartrees higher than for the rest of the geometries. The shape

of the PEC is similar to the NEVPT2 case, with the quartet state forming a van der Waals

minimum while the doublet states’ energy continues to drop as the intermolecular distance

decreases, again leading to NO3 formation.

Here we should note why no counterpoise correction was performed: the NO monomer has

one single valence electron, and to the CI program (which is used to treat the CIPT2 active

space orbitals), this is equivalent to NO being an one-electron species. Thus, no two-electron
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excitation is possible and no CI calculations may be performed with4 NO, and therefore no

counterpoise correction was possible. Thus, as was mentioned in the introduction, the binding

energies were approximated by subtracting the difference from a calculation of the same state

with R = 150 Å, which also corrected (uniformly) for the size consistency error.

Finally, like RSPT2, in the CIPT2 calculations there were no points that the quartet state was

lower in energy than the doublet state for the A′ geometry. For the A′′ states again it happens

only in the limited number of geometries specified before. The dependence of this effect on the

intermolecular distance is intermediate to the RSPT2 and NEVPT2 surfaces, as it now extends

to R = 4.3 Å. At most, the quartet state is lower than the doublet by 592.32 cm−1, which is

between the values predicted by the RSPT2 and NEVPT2 surfaces.

8.3.4 The Coupled-Cluster PESs

Finally, we examine the results from the coupled cluster calculations. As this is a single refer-

ence method, it is only possibly appropriate for the quartet states. At the geometry θ1 = θ2 = 0◦

there is no difference between the two symmetries. The PECs for all methods in this geometry

are shown in the figure 8.9:

As it can be seen from the graph, the shape of the PECs is roughly the same for all methods.

It is interesting that the RSPT2 and CIPT2 methods give practically the same energy, which is

lower than the RCCSD(T) result, while NEVPT2 gives a largest binding energy than all and is

furthest from the RCCSD(T) result. This ordering is representative of most geometries.

For the rest of the analysis, the energy difference between the two quartet states is used.

One surprising finding was that this was virtually the same (with a maximum difference of

8.23 cm−1, but typically with a deviation of less than 1 cm−1) between the CIPT2 and RSPT2

methods. It is believed that this was a result of the large active space used in these calculations.

For this reason, we will not discuss CIPT2 separately in this section, but any conclusions on

RSPT2 may be inferred for CIPT2 as well.

4The interested reader may find more information on [102], where a similar situation, this time for the lithium

atom, is explored.
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Figure 8.9: PEC of the quartet state as calculated by different methods for the NO-OO linear

geometry

Typically NEVPT2 seemed to give the largest difference between the two quartet states,

while RCCSD(T) the lowest, although in some cases RCCSD(T) became the lowest. Yet, as

RSPT2/CIPT2 and NEVPT2 operated on multireference wavefunctions, while RCCSD(T) op-

erated on a RHF wavefunction, as well as each having a different Hamiltonian, these results are

not directly comparable. What is comparable is the shape of the PECs at different geometries.

In most cases, all methods give an exponential difference between the two symmetries (except

when the complex is linear), as demonstrated in figure 8.10 for the θ1 = 120◦,θ2 = 30◦ geom-

etry. This graph is the typical for most geometries. Also, all PECs converge as expected at the

long range. This is also true for the critical θ1 = 90◦,θ2 = 90◦ geometry, as it may be seen from

figure 8.11.

Still, two issues were noticed. The first one concerned the NEVPT2 method, whose vari-

ation with distance sometimes did not give a smooth curve which was the case for the rest of

the methods5. This is particularly obvious in the case of the geometry where θ1 = 30◦ and

θ2 = 90◦, which is shown in figure 8.12. This is also one of the few cases that the RCCSD(T)

curve overtakes the RSPT2/CIPT2 curve at short range.

5It should be stated clearly that this only occurs when the difference between the two quartet states are consid-

ered. The complex energy PECs are a smooth function of distance.
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Figure 8.10: Difference PEC between the A′ and A′′ symmetry quartet spin states for θ1 =
120◦,θ2 = 30◦

Figure 8.11: Difference PEC between the A′ and A′′ symmetry quartet spin states in parallel

arrangement of the NO and O2 (θ1 = θ2 = 90◦)
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Figure 8.12: Difference PEC between the A′ and A′′ symmetry quartet spin states for θ1 =
30◦,θ2 = 90◦

The second issue found was that at specific geometries, namely (θ1 = 0◦,θ2 = 30◦),

(θ1 = 90◦,θ2 = 30◦) and (θ1 = 90◦,θ2 = 60◦), the multireference perturbation methods and the

RCCSD(T) method predict a different trend altogether for the energy. For the last two of these

cases, the RSPT2/CIPT2 curves are similar to the rest of the geometries, while the variation

of the RCCSD(T) curve is of the opposite sign, as is portrayed by the (θ1 = 90◦,θ2 = 60◦)

PECs in figure 8.13. It seems that the NEVPT2 curve is sampling both trends, giving overall a

non-smooth line. This unclear trend may be related to the result that for this geometry NEVPT2

predicted the energy of the 2A′ to be higher to the 4A′ state, which does not relate with the

rest of the observations made.

The difference between the RSPT2/CIPT2 and the RCCSD(T) PECs may be better ex-

plained by the (θ1 = 0◦,θ2 = 30◦) geometry, shown in figure 8.14. Here it is clear that in

the long range the RSPT2/CIPT2 and RCCSD(T) curves coincide, while the NEVPT2 curve is

not-smooth. By the appearance of this graph, it is possible that this is a case of curve crossing.

In that case, only the MR methods would be able to continue on the lowest energy curve as

seen, while the RCCSD(T) method will keep on the initial curve.

To assess this hypothesis we used the T1 diagnostic that may be calculated using coupled
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Figure 8.13: Difference PEC between the A′ and A′′ symmetry quartet spin states for θ1 =
90◦,θ2 = 60◦, where RCCSD(T) and MR methods predict an opposite energy trend

with respect to distance

Figure 8.14: Difference PEC between the A′ and A′′ symmetry quartet spin states for θ1 =
0◦,θ2 = 30◦, where RCCSD(T) and MR methods differentiate at small distances
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cluster methods. A value below 0.02 it usually taken to indicate a valid single reference case.

For the quartet states of NO-O2, the typical value is between 0.014-0.015, which is reassur-

ing. For the θ1 = 0◦,θ2 = 30◦ geometry, the T1 value increases as the intermolecular distance

decreases, reaching the value T1= 0.039 at R = 3.1 Å. Therefore, it is possible that the dif-

ference between the RSPT2/CIPT2 and RCCSD(T) PECs for (θ1 = 0◦,θ2 = 30◦) above can be

explained as the wavefunction gradually obtains a multireference character. It is also interesting

to note that the points calculated for all distances at the θ1 = 180◦ and θ2 = 60◦ geometry also

had T1 > 0.02. This is the distance that charge transfer is possibly occurring.

Finally, the PEC of RCCSD(T) for the (θ1 = 180◦,θ2 = 60◦,R = 2.9 Å) geometry had many

convergence problems for the aug-cc-pVTZ basis set. It was found however that this could

be overcome by increasing the basis set to aug-cc-pVQZ. This gave a smooth line, but the T1

diagnostic (although lowered) still remained in the multireference range. It is interesting to note

that the energies of the complex again were calculated approximately 2 Hartrees higher than in

the rest of the geometries. Thus the RCCSD(T) method is not suitable for the interactions found

at this angular geometry.

8.4 Discussion

In the previous sections we saw how different ab initio methods described the potential energy

between the NO and the O2 molecules when these meet in a planar configuration. It is clear

that all methods have their limitations and no single approach can provide the whole answer.

Nevertheless, by the combination of these methods we can obtain a good picture of the physical

reality.

We showed that, in general, it is the Heitler-London rule rather than Hund’s first rule that

predicts the energy order of the surfaces with respect to their multiplicity. Therefore, the deci-

sive interaction for the energy state ordering is the added exchange between the valence elec-

trons, rather than the electron-electron repulsion for the case of open-shell open-shell species.

As was shown earlier, this interaction, referred to as a pseudo-covalent contribution to the po-
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tential energy, may be modelled by a second Born-Mayer term. This may be rationalised if

we consider that the energy difference between these spin states only occurs when the spins of

the molecules interact, which depends on the corresponding orbitals overlapping, and at large

separations all spin states should be degenerate.

Previous work [103, 104, 105] has hinted at such an exponential interaction, for the O2-O2

complex, which was modelled using the Heisenberg effective Hamiltonian [50, 106]:

ĤHeisenberg = J(ω,R)Sa ·Sb (8.10)

where ω represents the angular coordinates of the system, R the intermolecular distance and

Sa,Sb are the spin quantum numbers of the two states. However, Dhont et al. [50] showed

that this expression cannot be used for more than two states, and since it is an effective Hamil-

tonian it offers no guiding principle in energy ordering of the states. Traditionally, different

orientations of the molecules with respect to each other were included in the ω term of equa-

tion 8.10. However, we have shown that different symmetries influence the strength of the

pseudo-covalent contribution due to the overlap of the electron orbitals. It was demonstrated

earlier that this interaction may also be modelled by an exponential expression.

All three of the multireference perturbative electron correlation methods agreed on the or-

dering of the states, both in terms of symmetry and spin at the global minimum geometry

θ1 = θ2 = 90◦. However, NEVPT2 predicted a van der Waals minimum for the 2A′′ state,

while RSPT2 and CIPT2 calculations suggested NO3 formation with no barrier.

RSPT2 and CIPT2 methods are also known to suffer from SCE. Although CIPT2 is expected

to be less size-consistent than RSPT2, when the difference between PESs of the same symmetry

but different multiplicity is taken, there seems to be a large degree of SCE cancellation, which

is not true for RSPT2. Namely, in the calculations with R=150 Å, the former has a difference

of SCE of 21.5 cm−1, while the latter of only 5.9 cm−1. The rest of the methods did not have

any difference in the energy of the states at R = 150 Å.

Particularly interesting are the geometries where θ2 = 180◦ and θ1 ≥ 60◦. In these geome-



Chapter 8. The Electronic States of the NO-O2 Complex 157

tries, a different effect seems to be taking place and a charge transfer between the two molecules

may occur. This agrees with the calculated dipole moments as well as with the monomer relative

ionisation energies and electron affinities, as well as with the large values of the T1 diagnos-

tic. Although previous research [7, 99, 107] suggests that usually this is a small effect, it was

argued how a complex of free radicals is a special case. In this case, RSPT2 unfortunately

provided unnatural results. The same calculation was attempted again with RSPT3, and the

results were still unnatural, and actually the SCE difference between the different multiplicities

seemed to increase. From these we decided that the RSPT3 was also unsuitable, however the

large difference between the RSPT2 and RSPT3 results indicates that the active space used may

be insufficient and higher energy states could contribute.

Finally, the energy difference between the two quartet spin states was used to compare the

multireference perturbation method results to the “gold standard” RCCSD(T) calculations. It

was found that the NEVPT2 approach sometimes gave PECs which are not a smooth function

of distance and contained false minima. This limited our trust on the results of the NEVPT2

method. Also, it was found that all the perturbative methods usually predicted a larger separa-

tion between the quartet states than RCCSD(T).

The concluding suggestion for modelling analogous systems is a combination of the dif-

ference between the CIPT2 surfaces superimposed on the RCCSD(T) surface for the single-

reference state. CIPT2 seems to provide the most consistent answers (in terms of fewer unnat-

ural results) than RSPT2 and also its SCE depends less on the multiplicity of the state. RSPT2

unfortunately gave unnatural results for some geometries and NEVPT2 showed inconsistent

separation between states of the same multiplicity but different symmetry, while CIPT2 suf-

fered from neither of these problems. However, CIPT2 unfortunately had problems in perform-

ing the counterpoise correction calculations, but this can be overcome if one uses the difference

between different PESs rather than the PESs themselves.

Finally, we have fitted the difference between the PESs of different spin but same symmetry

(calculated using the CIPT2 method), for both symmetries, as well as the difference between

the two spin-averaged potentials between different symmetries. For all cases, a global fit was
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Table 8.1: RMSD in global fits of the NO-O2 PESs

PES RMSD/cm−1

Difference of spin states in A′ symmetry 1.584

Difference of spin states in A′′ symmetry 1.462

Difference between spin-averaged potentials of different symmetries 1.680

performed, which covered all geometries. The function used was an exponential, with an inverse

polynomial expansion for the distance variable multiplied by an angular dependent function.

For the latter, we chose a linear combination of a product of associated Legendre polynomials

(P2
m(θ)), one representing the angular variable of each molecule. As only the case of φ = 0◦

was examined, no φ dependence was included in the potential, and also mNO = −mO2
= m.

The sum of the ranks of the associated Legendre polynomials was limited to 6. An odd-rank

associated Legendre polynomial for O2 would distinguish between configurations where the

two oxygen atoms were interchanged, so only even-rank polynomials were used.

Moreover, a constant C function was added to ensure all points were of the same sign so that

the fit could be done using the natural logarithm of the points, making the calculations easier:

V = C+ exp
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(8.11)

Therefore, 26 fitting parameters were required for approximately 860 points in every case (at

some points the calculation failed). The fit for all surfaces surfaces was performed using MATH-

EMATICA8 [108] and the RMSD values are given in the table 8.1. and the parameters for the
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fits are given along with the code used to perform the fitting in CD attached to this thesis. The

RSME values are good considering that the error is mostly localised at areas were the energies

fitted were in excess of 3,000 cm−1.

8.5 Conclusion

In this chapter we have examined the van der Waals complex formed by the open-shell

molecules NO and O2. The aim of this chapter was to understand the major contributions in

the energy ordering of the PESs, how different ab initio methods portray that ordering, how

could this be represented functionally and finally to formulate a suggestion for studying such

systems.

Three multireference perturbative methods were examined: RSPT2, NEVPT2 and CIPT2.

For each one in turn, their strengths and weaknesses were discussed, mainly with respect to the

energy ordering they predicted and the splitting of different spin states. Then, with reference to

the RCCSD(T) method, the splitting between different symmetries was discussed for the quartet

spin states. What was found was that for all the methods, the decisive contribution in energy

ordering was the added exchange interaction between the molecules, rather than the electron-

electron repulsion. This means that the energy state ordering is better predicted by the Heitler-

London rule rather than the Hund’s first rule. This was referred to as a “pseudo-covalent”

contribution to the potential energy of the monomers, as the orientations of the molecules were

not ordered to lead to classic covalent bonding between two atoms, but rather to maximise the

overlap between molecular orbitals.

Moreover, at certain geometries, a charge transfer interaction was found, which proved chal-

lenging for all the methods. Although charge transfer is usually considered a small contribu-

tion, in this case it was explained how open-shell open-shell complexes may be an exception.

Furthermore, it was demonstrated that both the difference between different spin states and dif-

ferent symmetries follows an exponential form. Using the function in equation 8.11, all of these

interactions were modelled with a limited number of parameters to a good level of precision.
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In closing, our suggestion for studying such systems is to take the difference between PESs

of the spin states calculated using the CIPT2 method and use this to generate the surfaces from

an RCCSD(T) PES. Also one should be careful of the points where the same surface varies

significantly between the CIPT2 and RCCSD(T) result. The T1 diagnostic was found to be a

reliable in predicting the multireference behaviour in various geometries. Future research may

wish to examine how our results compare to surfaces calculated using a full MRCI method, or

different basis sets.



Chapter 9

Fine and Hyperfine Interactions

“It is the harmony of the diverse parts, their symmetry, their happy balance; in a

word it is all that introduces order, all that gives unity, that permits us to see

clearly and to comprehend at once both the ensemble and the details.”

- Henri Poincare

9.1 Introduction

In chapter 2, the rigid rotor model was introduced, and it was shown how that gives rise to

the rotational spectra of various kinds of molecules. However, the only source of angular mo-

mentum considered at that stage was the rotational angular momentum of the molecule. Now,

having covered the necessary mathematics in chapter 3, we are equipped to explore the effects

of the coupling between the different angular momenta.

The different possible sources of angular momenta, apart from the rotation of the molecule,

are:

• The electron spin angular momentum, Ŝ

• The nuclear spin angular momentum, Î

161
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• The electron orbital angular momentum, L̂

Of course not all of the above are present in every molecule or complex. For example, in

closed electronic shells all electron spins are paired so there is no overall electron spin angular

momentum. Therefore, only open-shell species may have a non-zero spin angular momentum.

In these cases, the interaction of Ŝ with rotational and/or orbital angular momentum, gives

rise to what is called fine structure. If a nucleus has a non-zero angular momentum, then its

interactions with the rest of the angular momenta present gives rise to hyperfine structure. This

case will be explored first in this chapter.

Moreover, only in the case of atoms and linear molecules is the nuclear electric field sym-

metric enough to define an orbital angular momentum. For linear molecules, Hund [11] has

distinguished five extreme cases, two of which we will look at in more detail towards the end

of this chapter. However, until then, the orbital angular momentum will be ignored.

The discussion in this chapter is specific to the terms that will be of use to us later on, i.e.

those that arise in the van der Waals complexes of NO2 with Ne and/or O2. Therefore, only the

case of a single nucleus with a non-zero angular momentum is considered. Furthermore, many

terms are simplified due to the symmetry of the specific molecules studied1.

Finally, the expressions given in this chapter are only valid for the molecules in their own

principle axis system, and the complications that arise when used to evaluate the same matrix

elements of a molecule in a different axis system (e.g. a space or complex-fixed) will be ex-

amined in a later chapter. The evaluation of the matrix elements of the terms introduced here

depend on the coupling scheme used in every case. As this differs for the different complexes

considered, this will be done in later chapters for each case individually.

1The full expressions may be found in references [109] and [110].
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9.2 The Electric Quadrupole Interaction

If a nucleus has angular momentum I > 1
2 , then we can consider its interaction with the electric

field created by the electrons in an analogous way to how we treated the electrostatic forces

between molecules in chapter 7. That is, we can consider the interactions between the multipole

moments of the nucleus with the field created by electrons.

The first term in this expansion would correspond to the interaction of the nuclear total

charge (monopole) with the field, which is completely isotropic and thus produces no splittings

in a microwave spectrum. Furthermore, by symmetry arguments [16], all odd-rank nuclear

moments (e.g. dipole) are necessarily zero, thus the first surviving term with an effect on the

spectrum is the quadrupole interaction2. In order to have a quadrupole moment, the nucleus

needs to have an angular momentum I ≥ 1. Just as for a molecule, the quadrupole moment of a

nucleus transforms as a second rank spherical tensor operator, T 2
q1
(Q).

The interaction has to yield a scalar result, which can be obtained by the dot product of the

quadrupole tensor with the same rank field component. This corresponds to the electric field

gradient T 2
q2
(∇E):

ĤQ = eT 2(Q) ·T 2(∇E) (9.1)

where e is the electronic charge. The expectation value of T 2(Q) depends on the nuclear angular

momentum state of the molecule:

〈I′,m′I|T 2(Q)|I,mI〉

However, as the separation between different nuclear states is far larger than that of rotational

states, we can ignore all non-diagonal terms with respect to I. T
k2

q2
(∇E) represents the sec-

ond derivative of the potential created by the electrons at the nucleus and is a property of the

molecule in question, independent of its rotational state. For this reason, we can take the expec-

2As the quadrupole itself is often too weak to be resolved, the next surviving term, i.e. the hexadecapole

moment, is ignored.
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tation values of T 2
q2
(∇E) as:

〈η|T 2(∇E)|η〉

where |η〉 are vibrational and electronic states of the molecule. In theory these may be calcu-

lated by ab initio calculations, however these are subject to many errors as was explained in

chapter 4. Instead, for molecules that these have been measured experimentally3, as is the case

for NO2, it is best to relate these matrix elements to the experimental parameters [109].

In general, there are five independent components to a second rank tensor, but in the case of

NO2 being a planar molecule, there are only three [110]. Due to the symmetry axis of NO2, this

is further reduced to only two independent parameters. These are related to the experimentally-

defined parameters as:

aaQ =
2eQ

2I(2I−1)
〈T 2

0 (∇E)〉 (9.2)

1

2
(bbQ− ccQ) =

√
6eQ

2I(2I−1)
〈T 2
±2(∇E)〉 (9.3)

where Q = 2〈I, I|T2
0 (Q)|I, I〉.

9.3 Magnetic Hyperfine Interactions

Now we move to the case of an open-shell species. In this case, we have to consider the

interaction of the spin angular momentum with the other angular momenta. First we consider

the interaction between spin (Ŝ) and the nuclear angular momentum (Î): The motion of the

unpaired electron creates a magnetic field, which interacts with the magnetic moment of the

nucleus. This may be taken at two extreme cases, when the electron and the nucleus are far

enough apart as to be validly considered as point multipoles, and when the distance between the

two is too small for that assumption to be valid.

In the former case, the interaction may be considered in an analogous way to the multipole

3The matrix elements used for this fitting along with expressions on the intensities of the corresponding lines

may be found in reference [11].
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expansion used in chapter 7. Then, the interaction can be analysed as the interaction of a

nuclear multipole with an electron multipole via an interaction tensor. The first term in such an

expression would correspond to the Coulomb interaction between the nuclear charge and the

electron charge4. The next term, which dominates this interaction, is that between the nuclear

magnetic dipole with the electron spin dipole. This interaction will be examined first.

In the other case, i.e. when the distance between the electron and the nucleus is too close

for them to be considered as two point multipoles, we have the Fermi contact interaction. This

is dominated by the interactions between the nucleus and the electrons that can be found at the

nucleus, i.e. those in the s-orbitals. This interaction is examined later.

Therefore, the overall magnetic hyperfine Hamiltonian may be expressed as:

Ĥmagn = ĤFC + Ĥdd (9.4)

where the first term corresponds to the Fermi contact and the second to the dipole-dipole inter-

action.

9.3.1 The Magnetic Dipole-Dipole Interaction

This is a through-space anisotropic interaction between the dipole moments of an electron and

the nucleus. Therefore, in a similar way to the multipole expansion used earlier, we consider

both the nucleus and the electron as point multipoles. For this reason, the expressions derived

below are only valid when there is a large enough distance between the two.

Following similar arguments as those presented in chapter 7, this interaction may be consid-

ered as a scalar product between the second rank vector product of two first rank tensors (one

for the nuclear and one for the electron spin) and a second rank interaction tensor:

Ĥdd =−
√

10gµBgNµNT 2(S, I) ·T2(C) (9.5)

4In our case we take this interaction into account by the ab initio calculations.



Chapter 9. Fine and Hyperfine Interactions 166

where g and gN are the electron spin and nuclear spin g-factors respectively, µB and µN and the

Bohr and nuclear magnetons, and T 2(C) is the interaction tensor for this coupling. The g-factors

and the magnetons appear in the equation above as the relationship between the Cartesian dipole

and the angular momentum for the electron spin and the nucleus is:

µ̂S = gµBŜ µ̂I = gNµN Î

while the factor of
√

10 is the proportionality between Cartesian and spherical tensor coordi-

nates.

According to expression 3.102, the vector sum of the nuclear and electron spin angular

momenta is equal to:

T 2
p (S, I) =−(−1)p

√
5 ∑

p1,p2

T 1
p1
(S)T 1

p2
(I)




1 1 2

p1 p2 −p


 (9.6)

The expectation values of the nuclear and electron spin angular momentum depend on the cor-

responding quantum numbers in the basis set. Yet, as the energy separation between different

spin or nuclear states is very large, we can ignore all but the diagonal contributions. Finally, we

need to consider the interaction tensor T 2
q (C). The expectation values of this operator depend

on the electronic and nuclear wavefunctions, which are represented by |η〉:

〈T 2
q (C)〉=

〈
η

∣∣∣∣∣
C 2

q (θ ,φ)

R3

∣∣∣∣∣η
〉

(9.7)

where C 2
q (θ ,φ) is a second rank Racah harmonic, and the arguments (R,θ ,φ) are the polar co-

ordinates of the electron with respect to the nucleus. This expectation value is characteristic of

the molecule in question, and, where available, it is possible to connect the expectation values

of the various components of the operator to experimentally fitted constants. As with the elec-

tric quadrupole interaction, there are in theory five independent components to the interaction
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tensor, but in the case of NO2, this again simplifies to only two non-zero components:

gµBgNµN〈T 2
0 (C)〉 =

1

2
aaI =−

1

2
(bbI + ccI) (9.8)

gµBgNµN〈T 2
2 (C)〉 = gµBgN µN〈T 2

−2(C)〉= 1√
24

(bbI− ccI) (9.9)

There is a subtlety hidden in the indices used in the above expression: the spin and nuclear

angular momenta are usually quantised in space, while in equation 9.7, the projections are

taken on the molecular axis. As was noted in chapter 3, all spherical tensor operators must be

transformed in the same frame of reference before being evaluated. This can be done using the

formulæ 3.75 and 3.76.

9.3.2 The Fermi Contact Interaction

The approximation that the nucleus may be treated as a point charge, which was used in the

dipole-dipole case, fails when the electrons come into very close proximity to the nucleus. The

dominant effect comes from s-orbital electrons, as they have a non-zero probability of being

found at the nucleus. Due to the spherical distribution of the s-orbitals, this is an isotropic

effect. The Fermi contact interaction Hamiltonian is:

ĤFC = αFT 1(S) ·T 1(I) (9.10)

where the αF is the Fermi contact constant for the molecule in question. αF depends on the

electron distribution at the nucleus, and is characteristic of the molecule in a specific electronic

state.

9.4 Electron Spin-Rotation Interaction

This interaction physically represents the interaction of the magnetic moment of the electron

with the magnetic field generated by the rotation of the molecule (motion of the charged elec-
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trons and nuclei). As both the rotation of the molecule and the nuclear spin are represented by

first rank tensors, their vector product gives rise to a zeroth, a first and a second rank tensor:

T 1(S)⊗T 1(N) = T 0(N,S)⊕T 1(N,S)⊕T 2(N,S) (9.11)

Then, an interaction tensor of the same rank can be matched to each of the terms in the right

hand side (as to have the same rank) to give an overall scalar product. Therefore, we may write

this interaction as:

ĤSR =
2

∑
k=0

(
T k(ε) ·T k(N,S)

)
(9.12)

where T k(ε) is the interaction tensor for the spin-rotation Hamiltonian and T k(N,S) is the prod-

uct tensor of rank k from the coupling of the rotation and spin angular momenta:

T k
p (N,S) =−(−1)p

√
5 ∑

p1,p2

T 1
p1
(N)T 1

p2
(S)




1 1 k

p1 p2 −p


 (9.13)

The T k(ε) expectation values depend on the molecule’s electronic wavefunction, which is also

usually implicit:

〈η|T k(ε)|η〉

Again, these may be related to the experimentally-determined [111] constants. In the case of

NO2, due to symmetry only the following components survive:

〈T 0
0 (ε)〉 = −1

3
(εaa + εbb + εcc) (9.14)

〈T 2
0 (ε)〉 =

1

6
(2εaa− εbb− εcc) (9.15)

〈T 2
±2(ε)〉 =

1

2
(εbb− εcc) (9.16)

The above are defined in the molecule-fixed axis system. Yet, there is a problem that the rota-

tion of the molecule cannot be defined in the molecular frame, for reasons explained in chapter

3. Although at this stage we are not concerned with evaluating the matrix elements for the

operators introduced, it is worth noting that for this reason there is a necessary difference be-
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tween the frame that the rotation angular momentum, and the interaction tensor needs to be

transformed. This necessarily leads to including a D-matrix, in order to transform the rotational

angular momentum to the space-fixed frame. Since the D-matrix will depend on the Euler an-

gles between the two frames, which are the same angles that the rotational angular momentum

operates on, this will result in equation 9.12 being non-Hermitian. In order to resolve this, the

usual procedure is to symmetrise the operator as:

ĤSR = ∑
k=0,2

(
T k(ε)T k(N,S)+T k(N,S)T k(ε)

)
(9.17)

9.5 Electron Spin-Electron Spin

In the case that there is more than one unpaired electron, as is the case for the ground state

oxygen molecule, their interaction gives rise to additional fine structure. Here, we consider the

case of two electron spins (S1,S2). Once again, we can view this interaction as the interaction

between two point multipoles, one on each electron. Similarly to the nuclear-electron spin

angular momenta interaction, the dominant term when the two electrons are well separated is a

magnetic dipole-dipole interaction:

ĤSS =
√

6g2µ2
BT 2(C) ·T2(S1,S2) (9.18)

where g is the electron g-factor and µB the Bohr magneton. However, since the two spins are

interacting, we may couple their angular momenta as:

S1 +S2→ S (9.19)

and now we can express the interaction in terms of the total spin angular momentum, S. Thus,

in the coupled representation, the magnetic electron spin-electron spin interaction becomes:

ĤSS =
2

3
λSST 2

0 (S) (9.20)
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where λSS is the experimentally-defined spin-spin constant (again measured in the molecule-

fixed frame) and S is the total spin angular momentum.

9.6 Orbital Angular Momentum: Hund’s Cases

The one possible source of angular momentum that was mentioned in the introduction of this

chapter, but so far ignored in this chapter, is that due to the orbital motion of the electrons.

In linear molecules the electric field is symmetric around the internuclear axis (which is

different from non-linear molecules) and thus creates a directional field that interacts with the

orbital angular momenta. If the interaction between the electric field of the nuclei and the orbital

angular momentum is strong, then the projection of the orbital angular momentum L along the

internuclear axis (Λ) may be a good quantum number.

Furthermore, the spin angular momentum (S) interacts with the magnetic field created by

the orbital motion of the electrons (spin-orbit coupling). If both the spin-orbit coupling and the

interaction between the orbital angular momentum and the electric field around the internuclear

axis is strong, then not only Λ, but also the projection of S along the internuclear axis, Σ can be

good quantum numbers. It is worth noting that if S couples to the internuclear axis, it does so

via L and not directly.

Hund [16] defined five limiting cases for the possible order of coupling of L, S and R (the

rotational angular momentum of the molecule). From these, we will only examine the two first

ones, as these are the most common and of greater use to us.

Hund’s Case (a): In Hund’s case (a) the strongest interactions are between L and the electric

field around the internuclear axis and with S. Therefore, as L is strongly coupled to the

molecule, Λ is a good quantum number. Due to the strength of the S coupling to L, Σ is

also a good quantum number. Thus, in this case, we can define the intermediate quantum



Chapter 9. Fine and Hyperfine Interactions 171

number G, and the coupling scheme would be:

L+S → G (9.21)

G+R → J (9.22)

where J is the total angular momentum in absence of any nuclear spin. Moreover, the

projection of J along the internuclear axis (Ω) is a good quantum number:

Ω = Λ+Σ (9.23)

Hund’s Case (b): In Hund’s case (b), L is still strongly coupled to the internuclear axis, but

now the spin-orbit interaction is too weak to couple S to the nuclear motion. Therefore,

the coupling scheme now becomes:

L+R→G (9.24)

G+S→ J (9.25)

Therefore, Λ remains a good quantum number, but Σ and Ω do not. This is the case for

the oxygen molecule, where Λ = 0. Interestingly, it is possible for molecules to transits

from case (a) to case (b) in higher rotational levels, as the increased rotation of the nuclei

to be too fast and may uncouple S from the molecular axis.



Chapter 10

The Rotational Spectrum and Quantum

Dynamics of the Ne-NO2 Complex

“I knew I had to succeed, as I was running out of things to fail.”

- Thomas Edison

10.1 Introduction

In the introduction chapter, the motivation behind this thesis was explained: we wanted to in-

vestigate the grey area where the lines between van der Waals complexes and chemical species

become blurry. We concentrated on two parameters: the degree of internal rotation (which

are low-lying vibrational motions for the complex or hindered rotations for the constituent

monomers) and the nature of the bonding between radical species. Moreover, we separated

these two parameters to examine each one individually. The interactions taking place in a van

der Waals complex between two radical species were examined theoretically in detail and were

modelled using the NO-O2 complex in chapter 8. Using this system it was possible to investi-

gate both the effect of different spin states as well as of different symmetries.

In this chapter we concentrate on the effects of large amplitude motion within a van der

172
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Waals complex. To do this, we have chosen one very weakly bound system, where it is ques-

tionable whether the semi-rigid model will be sufficient: the complex between an atom of neon

and nitrogen dioxide (Ne-NO2). As neon has a low polarisability, the bonding in Ne-NO2 is

expected to be very weak and thus the dynamical effects should be significant. Moreover, the

unpaired electron of NO2, gives rise to a rich fine and hyperfine structure which is sensitive to

the intermolecular potential and thus may be used to probe the internal states of the complex in

great detail.

Furthermore, the Ne-NO2 complex falls into a series of Rg-NO2 complexes that have been

investigated by the group over the years, namely Ar-NO2 [112, 113], Xe-NO2 [114] and Kr-

NO2 [115], using the semi-rigid approach. This past experience in the group gave us confidence

that we are able to understand the spectrum of such complexes. Yet, when the past Part II stu-

dent, Lee Dyer [116], recorded a number of transitions of the Ne-NO2 complex, he discovered

that it was not possible to finish their analysis using the semi-rigid model. Therefore, it was

deemed necessary to perform the complete quantum dynamics for this complex, which, as will

be seen later, also offered new insight into the fitted constants of the previously investigated

complexes.

10.2 The Ne-NO2 Complex

Before presenting our approach and results, we will briefly discuss the NO2 molecule as well

as some key findings of previous research for the Rg-NO2 complexes.

10.2.1 NO2 molecule

In contrast to our approach to when examining the NO-O2 van der Waals complex in chapter 8,

here we are interested in predicting and assigning the rotational spectrum of the Ne-NO2 com-

plex including its fine and hyperfine structure, rather than simply investigating the energy order-
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Figure 10.1: Walsh Diagram for AB2 molecules [117]

ing of the states. For this reason we will use the full molecular Hamiltonian of the monomers.

Since neon is a rare gas atom with no internal structure, we only need to consider NO2.

The shape of the NO2 molecule can be correctly predicted to be bent (C2v point group

symmetry) by the Walsh diagrams for AB2 molecules [1], shown in figure 10.1 [117], with an

electron configuration [118]:

1b2
2,1a2

1,2a2
1,3a2

1,2b2
2,4a2

1,3b2
1,5a2

1,1b2
1,4b2

2,1a2
2,6a1

1

Thus, the term symbol of the ground state1 is 2A1. The angle of NO2 is unusually wide

(134.4◦ degrees) for the uncharged molecule, and changes dramatically with the occupancy of

the valence orbital: NO+
2 is linear with an electron configuration of:

1σ 2
u ,1σ 2

g ,2σ 2
g ,3σ 2

g ,2σ 2
u ,4σ 2

g ,3σ 2
u ,1π4

u ,1π4
g

while NO−2 has an angle2 of 114◦ degrees [120] with the electron configuration:

1b2
2,1a2

1,2a2
1,3a2

1,2b2
2,4a2

1,3b2
1,5a2

1,1b2
1,4b2

2,1a2
2,6a2

1

1The first excited electronic state is doublet B2, which is 1.289 eV higher than the ground state, and only mixes

with the ground state in high vibrational levels, so for our purposes it may be ignored [119].
2The bond length on the other hand only varies from 1.1934 Å in the uncharged molecule by 0.05 Å at most

in the ions.
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Table 10.1: NO2 rotational constants

Parameter Value /MHz

A 23 9905.41 (63)

B 13 002.262 (123)

C 12 304.888 (66)

This demonstrates that NO2 lies in the sensitive balance between linear and bent geometry. Be-

cause of this sensitive balance, it has proved challenging for ab initio calculations to correctly

predict the geometry of the ground state. It is generally accepted that a multireference method,

such as CASPT2 or MRCI [121] is required to achieve this, although in ref. [119] it was ar-

gued that RCCSD(T) is also able to provide the correct answer using a single configuration

approach3.

Experimentally, the question of the equilibrium geometry was settled by Bird [122, 123] in

1956. The NO2 rotational constants were later determined with higher precision by Cabana et

al. [124] and are given in table 10.1, where the numbers in the parenthesis give the uncertainty

as one standard deviation with respect to the last decimal place quoted. Since Ray’s asymmetry

parameter4 equals −0.99387 for NO2 and the value for a prolate symmetric top is -1, to a good

approximation, NO2 can be thought of as a near-prolate symmetric top.

10.2.1.1 Fine and hyperfine structure

Due to the presence of both an unpaired electron and a nuclear spin angular momentum, NO2

has a rich fine and hyperfine structure. Details about each interaction were given in chapter 9.

The unpaired electron’s spin interacts with the magnetic field created by the rotation of the

molecule, which gives rise to its spin-rotation interaction. This causes the largest splittings in

the NO2 spectra. Moreover, the nitrogen nucleus has a spin angular momentum IN = 1. This

interacts with the field created by the rest of the nuclei and the surrounding electrons, giving rise

3Although in all the PES that were calculated, the monomer geometry was fixed to its equilibrium value, it

is questionable whether a method that cannot predict the correct geometry for the monomer ground state could

describe the interaction accurately.
4See chapter 2



Chapter 10. The Rotational Spectrum and Quantum Dynamics of the Ne-NO2 Complex176

Table 10.2: Experimentally measured fine and hyperfine constants for the NO2 molecule

Parameter Value / MHz Parameter Value / MHz

εaa 5401.76 (7) aaQ 0.45(6)

εbb 7.65 (2) bbQ -1.7(8)

εcc -95.24(2) ccQ 1.26(5)

aaI -22.16 (7) aF 147.23(3)

bbI 39.85 (11) ccI -17.69(8)

to the electric quadrupole interaction. The interaction between the nuclear angular momentum

and the field created by the motion of the unpaired electron gives rise to the magnetic hyperfine

interactions, namely the dipole-dipole and the Fermi contact interactions. The Fermi contact

interaction is the strongest of the fine and hyperfine interactions in NO2.

Therefore the Hamiltonian for the NO2 molecule may be written as:

ĤNO2
= ĥrot + ĥSR + ĥDD + ĥQ + ĥFC (10.1)

where ĥrot is the rotational, ĥSR the spin-rotation, ĥDD the dipole-dipole, ĥQ the electric

quadrupole and ĥFC the Fermi contact operators5. All the fine and hyperfine molecular con-

stants used in this work are given in table 10.2 [125], following the notation used in chapter 9.

10.2.1.2 Nuclear spin statistics

According to the Pauli principle, the overall wavefunction of fermions (i.e. particles with half-

integer spin) must be antisymmetric with respect to the interchange of two indistinguishable

particles, whilst in the case of bosons (integer spin) it must be symmetric. The total wavefunc-

tion may be written as a product of the electronic (including the electron spin), the translational,

the vibrational, the rotational and the nuclear spin wavefunctions:

|ψtotal〉= |ψel〉|ψtranl〉|ψvibr〉|ψrot〉|ψns〉 (10.2)

5Analytic expressions for these terms may also be found in references [111] and [123].
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The vibrational wavefunction can be taken as the solution to the Schrödinger equation for a

harmonic oscillator, i.e. proportional to a Hermite polynomial, Hv:

ψvibr = NvHv(y)exp[y2/2] (10.3)

y =
x

a
; a =

(
h̄

mk

) 1
4

(10.4)

where v is the vibrational quantum number, x is the displacement from a reference position and

a is a scaling factor, which in the case of the harmonic oscillator depends on the force constant

of the parabolic potential (k) and the mass (m) of the object. Nv is a normalisation constant. The

formula for generating Hermite polynomials is:

Hv(x) = (−1)vex2 dv

dxv
e−x2

(10.5)

Therefore, for odd v, |ψvibr〉 is antisymmetric with respect to the vibrational coordinate changing

sign, while for even v (including the ground state) it is symmetric. In our case, all molecules

are in their ground states (v = 0), so |ψvibr〉 is symmetric. The translational wavefunction does

not depend on any internal coordinates, and therefore is symmetric to the interchange of any

identical particles.

As the oxygen nuclei have IO = 0, they are bosons, and the total wavefunction of equa-

tion 10.2 should be symmetric with respect to their permutation. A 180◦ degree rotation of NO2

around its b-axis is a symmetry operation and also corresponds to permuting two oxygen nuclei.

If the b-axis of the molecule is used as the quantisation axis, then taking the total wavefunction

as a linear combination of Wigner D-matrices6, the dependence of the wavefunction on that

rotation angle, χ , is:

exp[−ıχK]

To obey the Pauli principle, it is required that the wavefunction has the same value and sign

when χ changes by π , and therefore only even values of K may be taken.

6See chapter 3.
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Figure 10.2: The two tunnelling states due to the rotation of NO2 around its a-axis [126]

10.2.2 Tunnelling states of NO2

The nuclear spin statistics effect explained in the previous section has a very interesting con-

sequence when NO2 forms a van der Waals complex with a rare gas atom, as was discovered

by previous members of the group through the semi-rigid approach analysis. Due to the high

symmetry of the atom, the rotation of the NO2 molecule around its a-axis is also a symmetry

operation for the van der Waals complex. However, this motion is now an internal rotation be-

tween two minima, and is quenched by the presence of the rare gas atom (i.e. has a potential

energy barrier).

If we suppose that the barrier for the rotation around the a-axis is low enough that the

nitrogen nucleus can tunnel through, this introduces a new kind of vibration which can be

represented by its own (librational) wavefunction, |ψtunn〉. At the limit of high barriers, these

librational wavefunctions are separate and degenerate. For NO2, if we assumed no tunnelling

then we could assign a |φ1〉 and |φ2〉 wavefunction each corresponding to the nitrogen nucleus

being on one side of the oxygen nuclei line of the NO2 molecular plane. However, if the energy

barrier is low enough, the nitrogen nucleus can tunnel through and therefore these libration

wavefunctions mix to give a symmetric and an antisymmetric combination:

|ψtunn,±〉=
1√
2
(|φ1〉± |φ2〉) (10.6)

with an energy separation between them, ∆. The tunnelling motion may also be regarded as a vi-

bration of the NO2 molecule, i.e. v3 = 1. According to equation 10.5, the symmetric tunnelling
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|ψtunn,+〉 (v3 = 0) state is symmetric with respect to permutation of the two oxygen atoms, and

therefore only when combined with a symmetric (K even) state can the Pauli exclusion principle

be satisfied. Correspondingly, the higher tunnelling state (v3 = 1), may only be combined with

antisymmetric rotational wavefunctions, i.e. K = 1.

Therefore, in the |ψtunn,+〉 librational state, only even K are possible. This way, both the

librational and the rotational wavefunctions are symmetric, and for the antisymmetric |ψtunn,−〉

state on the other hand, only odd K values are allowed. Thus, a transition between even and odd

K values involves a rotation around the a-axis. Due to the large A rotational constant of NO2,

these lines appear at much higher frequency than we can access with the equipment described

in chapter 5. Therefore, practically for the Ne-NO2 complex only transitions between even K

values are detectable in our experiments.

10.2.3 Previous work on the Ne-NO2 complex

The investigation of the Ne-NO2 complex was started by a Part II student of the B. J. Howard

group, Lee Dyer [116]. For his project, he used ab initio calculations to estimate the minimum

geometry of the complex and performed extensive searches using FTMS with the apparatus

described in chapter 5. Using these estimates, and with the programs SPFIT and SPCAT [22,

23], Dyer was able to detect the a-type K = 0 transitions for N = 1← 0,2← 1 and N = 3← 2,

by approximating the complex as a semi-rigid asymmetric top. Also, by taking the A rotational

constant from ab initio calculations as a first estimate, he recorded additional transitions that

are believed to correspond to the |K|= 2 transitions of the complex.

For the fine and hyperfine constants, he scaled the constants of the other Rg-NO2 complexes

previously recorded and analysed by the Howard group [112, 113, 114, 115] to the mass of Ne.

With this effective approach, Dyer was able to record and assign 24 transitions for K = 0.

However, despite long efforts it was not possible to assign any transitions for either set of

|K|= 2 for N = 3← 2 transitions. It is believed that the reason the |K|= 2 transitions could not

be assigned lies with the large amplitude motion of NO2 and Ne in this weakly bound complex.
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For this reason we believe that, in order to understand and assign the spectrum, we need to

perform the full quantum dynamics, thus explicitly including the rotation of NO2.

In our approach the first stage was to obtain the counterpoise-corrected PES using high level

ab initio methods. This was then fitted to an appropriate function that could be included into an

effective Hamiltonian. Next we solved the Schrödinger equation for the Ne-NO2 complex us-

ing this effective Hamiltonian and from the calculated eigenvectors we obtained the calculated

values for the rotational transitions of the complex. Although these calculated values come

from a different approach to the semi-rigid model used previously in the group, they should still

reproduce the observed pattern, i.e. only have transitions between even K values in our exper-

imental range. In order to make the calculations more manageable, at this stage we neglected

the electron spin and nuclear angular momentum contributions.

Finally, taking the eigenfunctions and eigenvalues calculated by the quantum dynamics,

we predicted the expectation values of the fine and hyperfine operators. This yielded both a

predicted spectrum, as well as the energy levels and the fine and hyperfine constants of the

complex, which were then used to assign any remaining transitions. At the same time, an

extensive experimental investigation was carried out which both confirmed Dyer’s observations

and also revealed previously unrecorded transitions. Using the theoretical and experimental

results, a new assignment of the rotational spectrum of the Ne-NO2 van der Waals complex was

made.

10.2.4 The states of the complex and the coupling scheme

As neon is a rare gas atom with no chemically relevant internal structure or angular momenta,

the state of this complex is solely determined by NO2, which was presented earlier. Therefore,

the ground state term symbol of the complex is 2A1, and there are three sources of angular

momenta to consider: the unpaired electron’s spin (S), the nitrogen nuclear angular momentum

(I), the NO2 rotation (nNO2
), and the total rotational angular momentum (N).

As Lin [111] points out, there are different possible coupling schemes that may be adopted.
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The one we chose is given below:

I+S→G (10.7)

N+G→ F (10.8)

The reason for this coupling scheme is simply that of all the interactions, the Fermi contact,

which couples the electron spin and nuclear angular momentum together, is the strongest one.

The total Hamiltonian of the complex may be written as:

ĤNe−NO2
= T̂ +V̂ + ĥcompl,rot + ĥNO2

(10.9)

where the first term represents the kinetic energy of the complex, the second the potential energy

between the monomers, the third the end-over-end rotation of the complex and the fourth the

Hamiltonian for the NO2 molecule. The latter contribution may be expanded as:

ĥNO2
= ĥrot,NO2

+ ĥFC + ĥDD + ĥQ + ĥSR (10.10)

where the first term represents the rotation of NO2, the second term the Fermi contact interac-

tion, the third term the electron spin and nuclear spin dipole-dipole interaction, the fourth term

the nuclear electric quadrupole interaction, and the fifth term the electron spin interaction with

the electric field created by the rotation of the molecule7.

The basis set that we will use to solve the Schrödinger equation using the Hamiltonian of

equation 10.9 is:

|I,S,N,K,G,F,mF〉|nNO2
,µ,K〉 (10.11)

where I is the nuclear angular momentum of nitrogen, S is the spin angular momentum, N is the

complex end-over-end rotation angular momentum with K being its projection onto the complex

intermolecular axis and mF is the space-fixed projection of the composite angular momentum

F . nNO2
is the rotational angular momentum of NO2, with projections µ onto its b-axis, and K

7The last four terms are presented analytically in chapter 9.
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on the intermolecular axis of the complex.

As excitations of the nuclear angular momentum or changes of the spin state of NO2 require

high energy transitions that are outside the scale of our experimental setup, we only consider

the cases where I = 1,S = 1
2 , thus G = 3

2 ,
1
2 . Also it is worth noting that the projection of the

total rotation angular momentum (N) on the complex (intermolecular) axis (K) is the same as

the projection of the NO2 rotational angular momentum on the same axis.

10.3 The Ab Initio Calculations

The first step in our approach is to calculate the PES of the complex. Before us, Dyer performed

a number of ab initio calculations at single points as well as calculated part of the PES for this

complex. For the single points calculations the UHF with MP4(SDQ) level of theory was used

with aug-cc-pVXZ basis sets, where X = D,T,Q. He then extrapolated to the CBS limit with

the formulæ presented in chapter 4, using both aug-cc-pV(D/T)Z and aug-cc-pV(T/Q)Z points

and showed that the deviation between the extrapolated binding energies was less than 5 cm−1.

This was taken as an indication that the extrapolation formula can provide good results with the

aug-cc-pV(D/T)Z basis set. However, when Dyer tried to compute the PES of the complex using

the same method, he found a “nonsensical geometry” minimum which had an “unrealistically

high binding energy (of ca. 125 cm−1)” [116], and therefore he abandoned the PES calculation.

Given that, according to ref. [119], multireference or at least RCCSD(T) methods should

be used in order to correctly calculate the minimum geometry of the NO2 molecule, the reason

for the problems Dyer encountered may be due to that the MP4(SDQ) level of theory cannot

explain the monomer, let alone the PES. Thus, in our approach we used RHF with RCCSD(T)

method to calculate the full counterpoise-corrected PES with aug-cc-pVDZ and aug-cc-pVTZ

basis sets. The coordinate system used in our calculation is given in figure 10.3. R is the

distance between the neon atom and the NO2 centre of mass, θ is the angle between the NO2

b-axis (which is the C2 symmetry axis of the molecule) and the intermolecular axis, and χ is

the angle of rotation around the NO2 axis. Initially, θ was varied between 0◦ and 180◦ degrees
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Figure 10.3: The coordinate system used for ab initio calculations of the Ne-NO2 complex

Table 10.3: The geometry and binding energy of the lowest point of the RCCSD(T) PES for

Ne-NO2

Binding Energy/ cm−1 -78.5915

θ / degrees 120

χ/ degrees 90

R/ Å 3.1

in steps of 20◦, χ between 0◦ and 90◦ in steps of 30◦ and R took the values 2.9, 3.0, 3.1,

3.2, 3.3, 3.4, 3.5, 3.6, 3.7, 3.8, 4.2, 4.6 and 5 Å. Moreover, in the geometries (χ = 90◦,θ =

80◦/100◦/120◦/140◦/160◦), R also took the values 2.7 and 2.8 Å. In total 492 geometries

were included in the counterpoise corrected PES. Unlike the PES of Dyer, the RHF-RCCSD(T)

PES did not have any “nonsensical” values, and the strongest binding energy was found in the

geometry given in table 10.3 and depicted in figure 10.4.

Figure 10.4: The minimum energy geometry of the Ne-NO2 complex according to the

RCCSD(T) calculations
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Figure 10.5: Axis system used to transform the centre-of-mass coordinates to atom-atom coor-

dinates

10.4 Fitting Of The PES

The next step was to represent the calculated potential using an appropriate function. Three

different approaches were explored before achieving a satisfactory fit, however due to space

limitations we only concentrate on the most successful one which was finally used: the atom-

atom fit. Details of other approaches may be found in Appendix D. From our efforts to try

to fit the potential using a LEAPOT8 or a centre-of-mass model, it became clear to us that if

we wanted a physically meaningful fit, we needed a model capable of closely representing the

anisotropy around each nucleus, as neon’s small size enabled it to sample the potential around

NO2 in detail. For this reason, we decided to use an atom-atom potential.

To do this, initially the centre-of-mass coordinates that were used for the ab initio calcu-

lations had to be transformed into an atom-atom distance. Using the axis system shown in

figure 10.5, the coordinates of Ne with respect to the centre of mass of NO2 are:

ZNe = Rcos(θ) (10.12)

XNe = Rsin(θ)cos(χ) (10.13)

YNe = Rsin(θ)sin(χ) (10.14)

while the (X ,Y,Z) coordinates for the nitrogen atom are (0,0,ZN) and for the first oxygen atom

(XO1,0,ZO1) and for the second oxygen atom (XO2,0,ZO2), where XO1 =−XO2 and ZO1 = ZO2.

8LEAPOT is the acronym of Linear Expansion in the Anisotropy of the Potential, as described in chapter 7.
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The NO2 parameters with respect to the centre of mass are:

ZN = 0.326 Å (10.15)

XO1 = 0.775 Å (10.16)

ZO1 = 0.136 Å (10.17)

Thus, the distances between the Ne and each of the atoms may be calculated as a function of the

original coordinate R and the sines and cosines of the angles θ and χ . For example, the distance

between nitrogen and Ne may be taken as:

RN =
√

X2
Ne +Y 2

Ne +(ZNe−ZN)2 (10.18)

and RO1 and RO2 are similarly defined as the distances to the two oxygen atoms, and

XO1−Ne,XO2−Ne, etc., as the distance between pairs of atoms on individual axes. For example:

ZN−Ne = ZNe−ZN (10.19)

Moreover, in order to have a faster converging series, we rotated the oxygen coordinates by

π±α . The rationale behind this was that a potential expansion in the new rotated axis (i.e. on

the N-O bond) would mirror better the symmetry around each oxygen atom, thus giving a faster
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converging series. This introduced a second atom-atom axis system for the two oxygen atoms:

X ′O1−Ne = XO1−Ne cos(π−α)−ZO1−Ne sin(π−α) (10.20)

= (Rsin(θ)cos(χ)−XO1)cos(π−α)

− (Rcos(θ)−ZO1)sin(π−α) (10.21)

Z′O1−Ne = XO1−Ne sin(π−α)+ZO1−Ne cos(π−α) (10.22)

= (Rsin(θ)cos(χ)−XO1)sin(π−α)

+ (Rcos(θ)−ZO1)cos(π−α) (10.23)

X ′O2−Ne = XO2−Ne cos(π +α)−ZO2−Ne sin(π +α) (10.24)

= (Rsin(θ)cos(χ)+XO1)cos(π +α)

− (Rcos(θ)−ZO1)sin(π +α) (10.25)

Z′O2−Ne = XO2−Ne sin(π +α)+ZO2−Ne cos(π +α) (10.26)

= (Rsin(θ)cos(χ)+XO1)sin(π +α)

+ (Rcos(θ)−ZO1)cos(π +α) (10.27)

Thus, the potential now was separated into three parts as three pair-wise atom-atom interactions:

VNe−NO2 =VN−Ne +VO1−Ne +VO2−Ne (10.28)

where to be physically meaningful VO1−Ne and VO2−Ne are restricted to have the same parame-

ters, and only differ on whose oxygen atom’s coordinates each depends on. In using this model,

we assumed that any three body effects were negligible. Now, the potential between each pair

of atoms may be fitted to a Modified Buckingham potential with the Tang and Toennies damp-

ing functions, as given by equation 7.30. To a first approximation, the individual atom-atom

potentials could be modelled without any angular parameters, however this would be ignoring

the shift in electron density during the formation of the covalent bonds in NO2. To include the

angular dependence, a complete set of functions of the corresponding variables was chosen:

the Wigner D-matrices. However, as there are only two angles that the potential depends on
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(θ and χ), these D-matrices were reduced to spherical harmonics using equation 3.56 and then

to a product of an associated Legendre polynomial with a cosine function, according to equa-

tion 3.23. Thus, for the nitrogen atom, the potential function between itself and the neon atom

was modelled as:

VN−Ne = AN exp

[
−bN (RN−R0)+gN (RN−R0)

2 + ∑
ℓ=0,2

dN,ℓ,mP
ℓ
m (cosθN)cos(mχN)

]

−

(
1− e−bNRN ∑6

k=0
(bNRN)

k

k!

)

R6
N

(

∑
ℓ=0,2

c6N,ℓ,mP
ℓ
m (cosθN)cos(mχN)

)

−

(
1− e−bNRN ∑8

k=0
(bNRN)

k

k!

)

R8
N

c8N,0,0 (10.29)

Similarly, the oxygen-neon atom-atom potentials were modelled for each oxygen-neon pair

using the function:

VOi−Ne = AO exp

[
−bO (ROi

−R0)+gO (ROi
−R0)

2 + ∑
ℓ=0,2

dO,ℓ,mP
ℓ
m (cosθOi

)cos(mχOi
)

]

−

(
1− e−bOROi ∑6

k=0
(bOROi)

k

k!

)

R6
Oi

(

∑
ℓ=0,2

c6O,ℓ,mP
ℓ
m (cosθOi

)cos(mχOi
)

)

−

(
1− e−bOROi ∑8

k=0

(bOROi)
k

k!

)

R8
Oi

c8O,0,0 (10.30)

where i = 1,2 indicates which oxygen atom this potential refers to. One difference between

the potential functions of equation 10.29 and equation 10.30 is that, in the former only even

(including zero) values are allowed for m, while in the latter, both odd and even values were al-

lowed. The reason for this is that around the nitrogen atoms, the bonds have the same symmetry

as NO2: rotation of θN by 180◦ simply interchanges the two N-O bonds, so the potential should

be symmetric with respect to this operation. Around the oxygen atom though, the situation is

different as rotation of θOi
by 180◦ moves between where there is an N-O bond to where there

is none. Thus, zero, odd and even positive integer values were allowed for each m up to the

corresponding ℓ. For all cases R0 was chosen as 3.3 Å.
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While θN,χN,θOi
,χOi

are used in equations 10.29 and 10.30, what may be more con-

veniently calculated from the coordinates are the values of cos(θN), cos(θN)sin(χN) and

cos(θN)cos(χN) by the ratios:

cos(θN) =
ZN−Ne

RN

(10.31)

sin(θN)cos(χN) =
XN−Ne

RN
(10.32)

sin(θN)sin(χN) =
YN−Ne

RN
(10.33)

and the corresponding expressions apply for the oxygen angles. For this reason, the expres-

sions of equations 10.29 and 10.30 were rearranged in terms of the sines and cosines of the

corresponding angles, using the tables from [27] and [29].

Furthermore, a weighted fitting was used where the weights used were set using equation:

w j =

(
40

120+Vj

)2

(10.34)

where w j is the weight of point j, and Vj is the ab initio calculated point. This simple expression

ensures that the weight of the points decreases as they move away from the minimum of the

potential.

The fitting of the potential of equations 10.28, 10.29 and 10.30 was performed using

the Levenberg-Marquardt method [127] and a combination of the programs MATHEMAT-

ICA8 [108] and Microsoft Excel [128]. The RMSD of the final fit was 1.7 cm−1, and this error

was met mainly in areas remote from the energy minimum. In total 24 parameters were used,

which are given along with the coded potential expression in the MATHEMATICA8 files in the

CD attached to this thesis. Although more terms could have been added to this potential, this

fitting was found satisfactory and it seemed that more terms made the expressions unphysical.

For example, an anisotropic (R−8) term was added, and although this lowered the RMSD to

0.7 cm−1, the coefficients of the expansions did not appear to be part of a convergent series

and the terms did not have the expected relative magnitude. Thus, to our experience it proved

critical to have a physical significance behind the different fitting parameters, as this enabled
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us to decide whether the fitted coefficients were meaningful and if all major contributions had

been included.

In general, the potential was found to be highly anisotropic: while the radial variable (R)

changes the energy dramatically, a similar effect is caused by even small deviations in the angle

χ . However, the second angle (θ ) does not cause nearly such a strong effect. The reason behind

this is a combination of factors: the large angle of NO2 leads to a very small anisotropy around

the θ angle. Neon is small enough that can fit between the two oxygen atoms, as is demonstrated

in figure 10.4, but the effect of χ which brings the long bonds and oxygen atoms towards neon

is much larger, and similar in amplitude to the distance changing.

10.5 The Rotational Quantum Dynamics

Once we had fitted the potential, the next step was to perform the quantum dynamics using an

effective Hamiltonian. In reality this was done in two ways: at a single R value and including

all the degrees of freedom of the potential. However, due to space limitations, we will only

concentrate on the latter, more complete approach.

At first stage, we will neglect the effect of the unpaired electron spin and nuclear angular

momentum, in order to reduce the size of the basis set used. Therefore, the Hamiltonian used

for the dynamics is:

ĤNe−NO2,Dyn = T̂ + ĥrot,compl + ĥrot,NO2
+V̂Ne−NO2

(10.35)

where the first term is the kinetic energy operator for the molecular complex, the second term

corresponds to the complex’s end-over-end rotation, the third the NO2 rotation and the last the

intermolecular potential. The basis set used for the dynamics was:

|ΨNe−NO2,Dyn〉= |N,K,v〉|nNO2
,K,µ〉 (10.36)

where N is the total rotational angular momentum of the complex, K its projection on the
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Axis of equation 2.27 Principle axis of NO2

x c

y a

z b

Table 10.4: The correspondence between the NO2 principal axis and the dynamics monomer

axis system

internuclear axis, nNO2
is the rotational angular momentum of the NO2 molecule, with K being

its projection on the internuclear axis, µ being its projection on the NO2 b-axis, and v is the

vibrational state of the complex.

In the following sections, each of the terms of the Hamiltonian of equation 10.35 will be

examined in turn. Following this, the program written to perform the quantum dynamics calcu-

lation will be presented and discussed. In each of the following sections, only the relevant part

of the basis set will be discussed, and therefore the terms are diagonal to any quantum numbers

not shown. All results in the following subsections are quoted in cm−1.

10.5.1 The NO2 Rotation

NO2 is an asymmetric top and its rotational Hamiltonian was given in equation 2.27. The cor-

responding matrix elements are given in equations 2.29 and 2.30. The correspondence between

the axis (xyz) used in these equations and the principle axis of NO2 was given in table 10.4. The

kNO2
quantum number is the projection of the NO2 rotational angular momentum on the inter-

molecular axis, and µ its projection on the NO2 b-axis (corresponding to “K” in equations 2.29

and 2.30).

10.5.2 The complex rotation

We can describe the complex rotation as the rotation of a pseudo-diatomic, with Ne and NO2

each being a dimensionless “atom”. Then, the rotation of the complex is difference between the



Chapter 10. The Rotational Spectrum and Quantum Dynamics of the Ne-NO2 Complex191

total rotational angular momentum (N), from the rotation of the NO2 molecule (nNO2
):

ĥrot,compl = B̂compl

(
N̂− n̂NO2

)2
(10.37)

= B̂compl

(
N̂2 + n̂2

NO2
−
[
2N̂zn̂NO2,z

+ N̂+n̂NO2,−+ N̂−n̂NO2,+

])
(10.38)

where N± are the “anomalous” lowering and raising operators for the complex, while nNO2,±

are the normal raising and lowering operators. The complex rotational constant contains a 1
R

operator that depends on the expectation value of the vibrational level, and its expectation value

for each vibrational state is:

〈B̂compl〉=
〈

v′
∣∣∣∣

h̄

4πcµR2

∣∣∣∣v
〉

δv′v (10.39)

where c is the speed of light, µ is the reduced mass of the complex, R is the intermolecular

distance and δv′v is the Kronecker delta function. To model the vibrational energy levels we

used harmonic oscillator functions:

|v〉= NvHv (y)e−
(y)2

2 ; a =

(
h̄

µk

) 1
4

; y =
x

a
(10.40)

where x = R−R0 is the displacement from a reference position R0 = 3.3 Å, and Hv(y) is a

Hermite polynomial whose definition was given in equations 10.3, 10.4 and 10.5.

The rationale behind this choice is that if the complex geometry is fairly localised in the

radial direction, then the convergence should be faster if localised functions that represent devi-

ation from the equilibrium distance were used. Furthermore, as will be seen in the next section,

this choice also simplifies the treatment of the kinetic energy operator matrix elements. k in a

harmonic oscillator is the potential force constant. This was set at k = 560 cm−1, by fitting a

parabola at using the points with R = 3.0,3.1,3.2 Å, at the minimum energy angular geome-

try. This gave a value of classical amplitude a = 0.256 Å, indicating that the complex is quite

floppy, as expected. Using these results, we evaluated the expression of equation 10.39 using
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Gauss-Hermite quadrature [129].

Within each vibrational state, the diagonal matrix elements with respect to N,K and nNO2

are:

〈N,K,nNO2
|ĥrot,compl|N,K,nNO2

〉= 〈B̂compl〉
[
N(N +1)+nNO2

(nNO2
+1)−2K2

]
(10.41)

while the off-diagonal Coriolis forces contributions are:

〈N,K±1,nNO2
|ĥrot,compl|N,K,nNO2

〉 = −〈B̂compl〉
√
(N(N +1)−K(K±1))

×
√
(nNO2

(nNO2
+1)−K(K±1)) (10.42)

10.5.3 The kinetic energy

The next contribution to be examined is the kinetic energy operator:

T̂ =− h̄2

2µ

∂ 2

∂R2
(10.43)

The way we handled this was to add and subtract Hooke’s law: 1
2
kR2. Thus, the kinetic energy

operator plus Hooke’s law was equivalent to the harmonic oscillator Hamiltonian. Since the

vibrational wavefunctions employed were eigenfunctions of the harmonic oscillator, the matrix

elements of that part were simply the diagonal harmonic oscillator eigenvalues:

〈
v′
∣∣∣∣T̂ +

1

2
kx2

∣∣∣∣v
〉
=

(
v+

1

2

)
h̄

√
k

µ
δv′v (10.44)

where µ is the reduced mass of the complex, k the force constant as described in the previous

section and δv′v the Kronecker delta function. The remaining part:

〈
v′
∣∣∣∣−

1

2
kx2

∣∣∣∣v
〉

(10.45)
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can give non-zero matrix elements only if v′ = v, and was calculated using Gauss-Hermite

quadrature.

10.5.4 The potential energy

The final term that we need to consider is the intermolecular potential. The effect of the potential

is to mix different nNO2
and K states together. The NO2 molecule was approximated as a rigid

symmetric top, and therefore its wavefunctions could be represented using Wigner D-matrices.

Furthermore, the potential depended on the vibrational wavefunctions which were modelled

using harmonic oscillators eigenfunctions. It should be noted that for the evaluation of the

potential matrix elements, the coordinates used were the Euler angles (θ ,χ) of NO2 with respect

to the axis complex axis system, and the intermolecular coordinate, R, which were used in the

ab initio calculations. Given that the potential does not mix different vibrational states, we set

v′ = v. Setting y =
(

x
a

)
for clarity, the expression to be evaluated is:

〈
v′
∣∣〈n′NO2

K′µ ′
∣∣V̂Ne−NO2

∣∣nNO2
Kµ
〉∣∣v
〉

=
y

VNe−NO2
(θ ,χ ,y)Hv(y)H

∗
v (y)

× d
n′NO2

K′,µ ′(θ)d
nNO2
−K,−µ(θ)exp[−ı(K′−K)χ ]exp[−y2]

×

√(
2n′NO2

+1
)(

2n′NO2
+1
)

2vv!8a
√

π5

× sin(θ)dχdθdR (10.46)

The integral in equation 10.46, was then evaluated by Gauss-Legendre quadrature for the θ

variable, Gauss-Chebyshev quadrature for the χ variable, and Gauss-Hermite quadrature for

the R variable.

10.5.5 The program written

To perform the dynamics a program was written using the MATHEMATICA8 package. This

worked in two stages to optimise performance and avoid repeated calculations: Initially the user
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chose the maximum number of N,K,nNO2
,v to be used in later calculations. Then, the program

compiles and stores a look-up table for the matrix elements of the operators:

〈
v′
∣∣∣∣
〈

n′NO2,K
′,µ ′

∣∣∣∣V̂Ne−NO2
− 1

2
k(x)2

∣∣∣∣nNO2,K,µ

〉∣∣∣∣v
〉

and

〈v′|B̂compl|v〉

using the expressions shown in the previous sections. In the second stage, a MATHEMATICA8

function is defined that computes the Hamiltonian matrix and diagonalises it, to return the corre-

sponding eigenstates and eigenvalues. This way the user may repeat rapidly (under ten minutes

usually) the calculation on any set of N,K,nNO2
,v values up to what was originally selected,

without having to re-do the quadrature calculation.

Four versions of this program were written in total, to perform the dynamics for a sin-

gle R value or globally, and including or neglecting the off-diagonal Coriolis contributions

described in equation 10.42. To compute the reduced d-matrices and Hermite polynomials

internal MATHEMATICA8 functions were used. For the integral evaluation, 12 point Gauss-

Hermite, 30 point Gauss-Chebyshev and 64 point Gauss-Legendre quadrature points were used

and the corresponding subroutine was written from scratch. The abscissas and points were

taken from [129]. The code was also modified so that it could be executed in parallel whenever

possible, to improve performance. The code of these programs is given in the CD attached to

this thesis.

10.5.6 Discussion of the quantum dynamical results

Using the program described above, we were able to predict the rotational transitions of Ne-

NO2, and to compare our predictions to experimental data. There is one subtlety in the notation

of the K quantum number: in the dynamics, K is the projection of the nNO2
angular momentum

along the internuclear axis. This is slightly different to the K that would nominally be assigned

to the dynamic’s eigenvectors if they were analysed as an asymmetric top, i.e. the semi-rigid
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notation of K. We note this “semi-rigid K” as Kr, and we can now use it to define the eigenstates

computed by the dynamics. The difference lies in that the potential and the Coriolis interactions

mix in different K values in the same Kr: For example, if N = 2, what is nominally named

Kr = 0, actually will have a small part of K =±1,±2 mixed in by the Coriolis interactions and

the potential. Moreover, the upper |Kr| = 2 level will be noted as Kr = 2+, while the lower as

Kr = 2−.

One result obtained at this stage is that, in agreement with the measurements of Dyer and

all previously recorded Rg-NO2 complexes [112, 113, 114, 115], the |Kr|= 1 lines are found to

be much higher in energy than the Kr = 0 levels, and therefore outside our experimental range.

At the same time, the |Kr| = 2 levels are lower in energy than the |Kr| = 1 levels, and close to

the Kr = 0 ones. This was somewhat expected as the small size of neon and the small binding

energy of the complex do not significantly quench the rotation around the NO2 a-axis, and thus

the tunnelling splitting is high. Therefore, the Kr values that the complex can take are even

(including zero) for the ground tunnelling state as described in section 10.2.2.

The program written can perform the dynamics using the Hamiltonian matrix elements for

any chosen set of (N,K,nNO2
,v) values, and the main limitations were practical. There were

three main limiting factors: As the expression given in section 10.5.5 had to be calculated and

stored for all basis set states, if the table holding that information was stored in the HDD rather

than in the RAM this slowed down the calculations at least ten-fold. The second limitation is

the size of the actual Hamiltonian matrix which needs to be diagonalised. While the former

limitation only concerns the maximum possible numbers K,nNO2
,v, the latter also scales with

N. Finally, the number of quadrature points needed for the accurate calculation of the potential

matrix elements increases with nNO2
and v. Although this latest point is not a limitation on

storage space required but on the time each calculations takes, it can scale rapidly.

To find a suitable basis set size to achieve useful estimates of the energy levels, eigenstates

and transition frequencies, first we tested the convergence with respect to nNO2
, using the single-

R version of the program. The results are given in table 10.5. As it can be seen from table 10.5,

by taking the maximum value of nNO2
to be 19, the energy levels have converged a to better
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Table 10.5: Single-R quantum dynamics eigenvectors for the Ne-NO2 complex

Energy Level/cm−1

N = 0,Kr = 0 N = 1,Kr = 0 N = 2,Kr = 0 N = 2,Kr = 2−

nNO2,max = 8 -55.4789 -55.2719 -54.8584 -53.4643

nNO2,max = 10 -55.8899 -55.6872 -55.2830 -53.9487

nNO2,max = 12 -55.9514 -55.7500 -55.3486 -54.0231

nNO2,max = 14 -55.9560 -55.7549 -55.3539 -54.0292

nNO2,max = 16 -55.9562 -55.7551 -55.3541 -54.0295

nNO2,max = 18 -55.9563 -55.7551 -55.3541 -54.0295

nNO2,max = 19 -55.9563 -55.7551 -55.3541 -54.0295

N = 2,Kr = 2+ N = 3,Kr = 0 N = 3,Kr = 2− N = 3,Kr = 2+

nNO2,max = 8 -53.4637 -54.2397 -52.8436 -52.8404

nNO2,max = 10 -53.9476 -54.6791 -53.3422 -53.3369

nNO2,max = 12 -54.0218 -54.7494 -53.4211 -53.4149

nNO2,max = 14 -54.0280 -54.7554 -53.4279 -53.4217

nNO2,max = 16 -54.0282 -54.7557 -53.4282 -53.4220

nNO2,max = 18 -54.0283 -54.7557 -53.4283 -53.4221

nNO2,max = 19 -54.0283 -54.7558 -53.4283 -53.4221

than 0.001 cm−1. The convergence of the energy levels may be taken as an indication of the

convergence of the corresponding eigenstates, which will be useful for the next section, where

these are used to calculate the expectation values of the fine and hyperfine operators. However,

at the current stage we are more interested to the convergence of the transition frequencies,

which is illustrated in table 10.6. As it may be seen from table 10.6, the convergence in terms of

the transitions is even better, and already from using maximum nNO2
number 16, the subsequent

change in energy is under 1 MHz. Having established that using up to nNO2
= 19 gives us a good

angular convergence, we used nNO2
= 19 to examine the convergence in terms of the number of

vibrational functions (v) used. In table 10.7, the corresponding transition frequencies are given,

now calculated with the program including the kinetic energy operator.

In table 10.7, there are no numbers with v = 7 for the N = 3 levels as computing these

were beyond the capabilities of our machines. Unfortunately the convergence of the transitions

including the vibrational coordinates was only to tens of MHz, while the corresponding con-

vergence of the energy levels was at the 0.1 cm−1 level. One thing to note is that the energy

of the ground state systematically decreases (in accordance to the variation principle), while
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Table 10.6: Rotational transition frequencies calculated by single-R dynamics for the Ne-NO2

complex

Transition Frequency/ MHz

N = 1← 0,Kr = 0 N = 2← 1,Kr = 0 N = 3← 2,Kr = 0

nNO2,max = 8 6,206.59 12,395.63 18,549.98

nNO2,max = 10 6,075.56 12,119.92 18,102.53

nNO2,max = 12 6,036.05 12,035.59 17,962.65

nNO2,max = 14 6,029.90 12,022.31 17,940.18

nNO2,max = 16 6,029.61 12,021.64 17,938.98

nNO2,max = 18 6,029.61 12,021.65 17,938.99

nNO2,max = 19 6,029.60 12,021.63 17,938.96

N = 3← 2,Kr = 2− N = 3← 2,Kr = 2+

nNO2,max = 8 18,609.51 18,684.66

nNO2,max = 10 18,181.72 18,309.99

nNO2,max = 12 18,047.99 18,194.40

nNO2,max = 14 18,026.19 18,175.37

nNO2,max = 16 18,024.91 18,174.20

nNO2,max = 18 18,024.93 18,174.21

nNO2,max = 19 18,024.90 18,174.19

Table 10.7: Rotational transition frequencies calculated with many vibrational levels for the

Ne-NO2 complex

Transition Frequency/ MHz

N = 1← 0,Kr = 0 N = 2← 1,Kr = 0 N = 3← 2,Kr = 0

vmax = 0 6,016.83 11,991.68 17,900.58

vmax = 1 5,839.95 11,646.92 17,384.94

vmax = 2 5,771.00 11,503.02 17,169.09

vmax = 3 5,723.03 11,410.08 17,031.18

vmax = 4 5,684.06 11,332.14 16,914.26

vmax = 5 5,660.07 11,287.17 16,839.32

vmax = 6 5,642.09 11,254.19 16,794.35

vmax = 7 5,633.09 11,233.21 -

N = 3← 2,Kr = 2− N = 3← 2,Kr = 2+

vmax = 0 17,999.51 18,143.41

vmax = 1 17,450.89 17,582.80

vmax = 2 17,220.05 17,345.97

vmax = 3 17,070.16 17,199.07

vmax = 4 16,944.24 17,067.16

vmax = 5 16,866.30 16,986.21

vmax = 6 16,812.34 16,932.25
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Table 10.8: The experimentally measured Kr = 0 rotational transitions of Ne-NO2

Transition Frequency/MHz

N = 1← 0,Kr = 0 5,899.15

N = 2← 1,Kr = 0 11,761.98

N = 3← 2,Kr = 0 17,544.09

the average distance between the NO2 and Ne seems to increase, thus decreasing the transition

frequency.

Our best estimate for the Zero Point Energy (ZPE) comes as the difference of the energy of

the N = 0,K = 0 state with maximum v = 7 and nNO2
= 19 which is −42.79 cm−1 from the

potential minimum, which is -79.67 cm−1. Therefore, the ZPE of Ne-NO2 complex according

to our calculations is 36.88 cm−1. Similarly, as the average of the two N = 1,Kr = 1± levels

would (for an asymmetric top), coincide with the N = 1,Kr = 0 transition, we can calculate the

tunnelling frequency. This turns out to be 4.521 cm−1, or approximately 135.54 GHz.

If one averages over the fine and hyperfine splittings, the assigned transitions from Dyer are

given in table 10.8. These are approximately 258*N MHz higher than our predictions using

maximum nNO2
= 19 and up to v = 6 vibrational states. Physically, this means that our predic-

tion foresees a looser binding than what actually happens, which probably is because the fitted

potential is slightly less attractive than in reality. This could simply be due to our weighting of

the potential well region slightly skewing the parameters.

However, the real advantage of performing the full quantum dynamics is the prediction of

where the |Kr| = 2 transitions lie. According to the rigid asymmetric rotor picture, the inter-

action between ∆K = 2 states should separate the Kr = 0 and Kr = 2 transitions by the same

amount, thus resulting in having the same separation between Kr = 0 to Kr = 2− with Kr = 2−

to Kr = 2+. Any deviation from this picture should be small and modelled by the DNK con-

stant. However, if we take the average of the fine and hyperfine structure, the transitions that

Dyer recorded and are expected to correspond to |Kr| = 2, these are given in table 10.9. As it

may be seen from table 10.9 the pattern is not symmetric, and therefore it is not surprising that

fitting these values was very difficult for Dyer. The corresponding separation in the quantum
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Table 10.9: The experimentally measured |Kr|= 2 rotational transitions of Ne-NO2

Transition Frequency/MHz Separation from N = 3← 2, other Kr/ MHz

N = 3← 2,Kr = 2− 17,627.04 82.95

N = 3← 2,Kr = 2+ 17,765.03 137.99

Table 10.10: Fitting of experimentally measured and predicted (dynamics) transitions of Ne-

NO2 complex with semi-rigid model constants

Parameter Fitted Value (Error) Dynamics /MHz Value (Error) Experimental [116]/ MHz

A− (B+C)/2 10,336.393(70) 10,044.69c

B+C 5,643.705(600) 5,901.5028(46)
B−C 642.348(296) 710.584(132)d

DN 0.14969(297) 0.0691c

DNK 4.2744(97) 2.55c

dynamics’ results is 17.99 and 119.91 MHz, which is 46.07 MHz and 43.86 MHz smaller than

the experimental values. Therefore, we see that the effect of the dynamics is to make the K level

splitting asymmetric. Our results seem to overestimate the dynamical effects (by approximately

45 MHz), yet this effect is almost symmetric to the two splittings and thus, the dynamics effects

are modelled well.

In order to test the compatibility of the two approaches (semi-rigid and dynamical) we fitted

the experimentally predicted energy levels using the program SPFIT. The error in the fit was

0.44 MHz and the parameters obtained are given in table 10.10 along with the values obtained

by Dyer in his fit of the Kr = 0 transitions. The error quoted in the parenthesis is one standard

deviation with respect to the last significant figure of the value9.

The values marked with a “c” on Dyer’s data were not obtained by the fit, but rather were

fixed to a value reasonable if one considers the trend amongst the Rg-NO2 complexes and scales

the parameters by the mass of neon [112, 113, 114, 115]. However this is an inherently semi-

rigid approach. The values marked “d” on Dyer’s data are only determined by second order

9We were hesitant to also include hN at this stage, given the number of variables to constants fitted. However, it

was noticed that in order to fit the complete spectrum semi-empirically (including the fine and hyperfine structure,

as will be described later) this was needed. Thus, the agreement between the dynamics and the experimental results

may be even better than presented here.



Chapter 10. The Rotational Spectrum and Quantum Dynamics of the Ne-NO2 Complex200

Table 10.11: Centrifugal distortion constants for the Ar-NO2 and Kr-NO2 complexes

Parameter Fitted Ar-NO2 Kr-NO2

DN/kHz 19.909(5) 7.8825(37)

DNK /kHz 349.40 (8) 129.161(40)

effects, as only Kr = 0 transitions were fitted.

If one ignores the difference between the (B+C) values which just shifts the origin of the

transitions, the most interesting feature is the centrifugal distortion constants. Namely, in our

data it is obvious that DNK is much larger than in Dyer’s fit, and it becomes clear that it is a

fitting parameter able to mimic the effects of the dynamics in the Coriolis forces. These forces,

along with the potential, mix different K values thus introducing an angular-Coriolis effect. DN

on the other hand remains a “normal” centrifugal distortion constant, demonstrating that the

most important Coriolis contribution comes from the angular part of the potential.

It is also interesting to compare our results from the fit to similar species 10, namely Ar-NO2

and Kr-NO2. The corresponding data [113, 114] are given in the table 10.11. As it can be

seen from table 10.11, in all the complexes the values of DNK are somewhat anomalous (and

not in line with the corresponding values of DN), even though this has not been pointed out

in previous studies. As the Rg becomes smaller, this effect increases, as expected. Moreover,

the well-depth of Ar-NO2 (approx. [113] 120 cm−1) is deeper than what we calculated for Ne-

NO2 (79.67 cm−1), again as expected. The only unexpected result when comparing to other

complexes was that our tunnelling frequency (approx. 135 GHz) is less than the corresponding

one for Ar-NO2 (approx. 180 GHz), although the latter was only estimated by a semi-empirical

potential. What is possibly happening is that Ne is small enough to fit between the two oxygen

atoms and quench the motion around the a-axis of NO2 more effectively than Ar. It is noted that

in the limit of free NO2 rotation this frequency would correspond to the A rotational constant of

NO2, i.e. approx. 240 GHz.

10In all cases, the transitions of the van der Waals complex of NO2 with the major isotope of the rare gas are

quoted. For Xe-NO2, the DN and DNK values were estimated using the Ar-NO2 values, and therefore are not

quoted.
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10.6 The Fine and Hyperfine Structure

Once the pure rotational part of the problem had been solved, the next step was to predict and

analyse the fine and hyperfine pattern of these transitions. Our approach to achieve this was to

calculate the expectation values of the corresponding operators for each N,Kr energy level using

the results of the rotational dynamics, then solve the fine and hyperfine interaction Schrödinger

equation to compute the energy levels. Next we can take the appropriate differences to calculate

the transition frequencies. The fine and hyperfine interactions in NO2 were presented in chapter

9.

In order to use the experimentally determined constants of NO2 (which are quantified in the

NO2 molecular frame and are given in table 10.2) in predicting the fine and hyperfine splittings

of the Ne-NO2 complex, we need a transformation between the molecular and the complex

frame. What is more, as the nuclear and electron spin angular momenta refer to their laboratory-

frame definitions, I and S are quantised in the space fixed frame. Therefore, a total of two

transformations of the operators are needed: from the NO2 molecular frame (the projections of

the various spherical tensor operators in this frame are noted as q), to the Ne-NO2 frame (the

projections of the spherical tensor operators in this frame are noted as c) and then to the space-

fixed frame (the projections in this frame are noted by p). Following the work of Sears [109],

Brown, Bowater [110] and Howard [33], this is done using spherical tensor operator algebra.

To facilitate the transformation between different frames we derived the following useful

formula for transforming an operator T n
c (X), operating only on the angular momentum11 X

from a body-fixed frame (whose projection is noted as c) to a space fixed one (with projection

p). Normally, this includes use of a Wigner D-matrix and a summation over all possible p

values, as shown in equation 3.75, which can be computationally expensive. However, using

equations 3.27, 3.28, 3.37, 3.39 and 3.75, we were able to derive the following equality using a

reduced rotation matrix, as defined by equation 3.92. All the quantum numbers but N may have

11It is important to note that X cannot be the rotational angular momentum operator of the body. In our case

X = G,I or S.
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either integer or half-integer values. The coupling scheme used for the derivation is N+X→ F:

〈
F,mF ,X

′,N′,K′ |T n
c (X)|F,mF ,X ,N,K

〉
= (−1)N+F+X ′−3X−c





N′ X ′ F

X N n





×
〈

N′,K′
∣∣∣
∣∣∣Dk∗

.,−c

∣∣∣
∣∣∣N,K

〉

×
〈
X ′ ||T n(X)||X

〉
(10.47)

This expression is notably similar to equation 3.105, the only difference being the phase factor.

This occurs as strictly speaking the rotational matrices are not spherical tensor operators. Using

the formula of equation 10.47 along with the expressions presented in chapter 3, the expressions

for the expectation values of the different fine and hyperfine operators were calculated and will

be given in the following sections. It should be noted that F ′ = F in all cases.

10.6.1 The Electric Quadrupole Term

The first term to be examined is the electric quadrupole interaction. The Hamiltonian for this

interaction was given in equation 9.1, and the formula to evaluate this interaction when both the

nitrogen nuclear angular momentum and the unpaired electron’s spin are quantised in space is:

〈
F,mF ,G

′,N′,K′
∣∣∣
〈

n′NO2
,K′,µ ′

∣∣eT 2(Q) ·T 2(∇E)
∣∣nNO2

,K,µ
〉∣∣∣F,mF ,G,N,K

〉
=

√
(2G′+1)(2G+1)(2N′+1)(2N +1)(2n′NO2

+1)(2nNO2
+1)

×∑2
q,c




n′NO2
2 nNO2

−µ ′ q µ







n′NO2
2 nNO2

−K′ c K







N′ 2 N

−K′ c K








N′ G′ F

G N 2





×





I′ G′ S′

G I 2





(−1)N−3G+G′+N′+F−µ ′+I+Se〈T 2
q (∇E)〉〈I

∣∣∣∣T 2(Q)
∣∣∣∣ I〉 (10.48)

where in the summation c = ±2,±1,0 and q = ±2,0. The
(
e〈T 2

q (∇E)〉〈I
∣∣∣∣T 2(Q)

∣∣∣∣ I〉
)

values

are now related to the values measured experimentally for the NO2 molecules, by equations 9.2

and 9.3.
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10.6.2 The Dipole-Dipole Term

The second term we will examine is the interaction of the nuclear angular momentum with the

field created by the electron spin, the so-called dipole-dipole interaction. The Hamiltonian for

this interaction is given by equation 9.5 and the matrix elements in our representation can be

calculated with the formula:

〈
F,mF ,G

′,N′,K′
∣∣∣
〈

n′NO2
,K′,µ ′

∣∣−
√

10gµBgNµNT 2(S, I) ·T2(C)
∣∣nNO2

,K,µ
〉∣∣∣F,mF ,G,N,K

〉
=

−
√

50(2G′+1)(2G+1)(2N′+1)(2N+1)(2n′NO2
+1)(2nNO2

+1)

×∑2
q,c




N′ 2 N

−K′ c K







n′NO2
2 nNO2

−µ ′ q µ







n′NO2
2 nNO2

−K′ c K




×(−1)N−2G+′+N′+F−µ ′





N′ G′ F

G N 2









I I 1

S S 1

G′ G 2





×gµBgNµN〈T 2
q (C)〉

√
I(I+1)(2I+1)S(S+1)(2S+1) (10.49)

where the same range applies for c,q as for the electric quadrupole term in the previous sub-

section. Equation 10.49 is naturally similar to equation 10.48, the main difference being, apart

from the different proportionality constant, the presence of a 9- j symbol, as both I and S are

involved, which also changes the phase factor slightly. The reduced matrix elements for the spin

and nuclear angular momenta were evaluated using equation 3.88, and the
(
gµBgN µN〈T 2

q (C)〉
)

may be related to the experimentally determined values using equations 9.8 and 9.9.

10.6.3 The Spin-Rotation Term

The next term that we will examine is the interaction between the electron spin and the field

created by the rotation of the complex, the so-called spin-rotation interaction, whose Hamil-

tonian was given in equation 9.17. Unlike the previously examined terms, this has the added

complication explained in sections 3.5.2 and 9.4, arising from the fact that the argument of one
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of the interaction operators (the rotation of the complex, T 1(N)) is the same as that of the ro-

tation matrices, namely the Euler angles of NO2. For this reason, as described in section 3.5.2

these two do not commute and a resolution of the identity was used, which led to the following

final expression being a bit more complicated than the rest:

〈
F,mF ,G

′,N′,K′
∣∣∣
〈

n′NO2
,K′,µ ′

∣∣∑k=0,2
1
2

(
T k(ε)T k(N,S)+T k(N,S)T k(ε)

)∣∣nNO2
,K,µ

〉

|F,mF ,G,N,K〉= 1
2 ∑c,q,c1,c2

∑k=0,2

×
√

S(S+1)(2S+1)(2G′+1)(2G+1)(2N′+1)(2N+1)(2n′NO2
+1)(2nNO2

+1)

×




N′ 1 N

−K′ c2 K







1 1 k

c1 c2 c







n′NO2
k nNO2

−µ ′ q µ








N′ G′ F

G N 1









S G′ I

G S 1





×


(−1)K′+nNO2

−K
√

nNO2
(nNO2

+1)(2nNO2
+1)




n′NO2
k nNO2

−K′ c K + c1







nNO2
1 nNO2

−c1−K c1 K




+(−1)
n′NO2

√
n′NO2

(n′NO2
+1)(2n′NO2

+1)




n′NO2
k n′NO2

−K′ c1 K′+ c1







n′NO2
k nNO2

c1−K′ c K







×(−1)N′−K′+S+N−2G+F−c−µ ′〈T k
q (ε)〉 (10.50)

where c and q have the same range as before, k can be either 0 or 2, c1 and c2 can be±1 or zero

(as long as c1 + c2 =−c) and 〈T k
q (ε)〉 is related to the experimentally determined values of the

spin-rotation constants of NO2 by equations 9.14, 9.15 and 9.16.

10.6.4 The Fermi Contact Term

The final term to discuss is the Fermi contact interaction. Since this is an isotropic interaction,

there is no change to its expression as we move between the different frames of reference. The

Hamiltonian operator for the Fermi contact interaction was given in equation 9.10 and its matrix
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elements may be evaluated by using:

〈F,mF ,G,N,K
∣∣αFT 1(S) ·T1(I)

∣∣F,mF ,G,N,K〉=
αF

2

√
(G(G+1)−S(S+1)− I(I+1) (10.51)

where αF is the Fermi contact constant for NO2, and clearly this is a diagonal-only contribution

with respect to all the quantum numbers.

10.6.5 The Programs Written

To compute the expectation values of the fine and hyperfine operators for each N,Kr level,

a program was written using the package MATHEMATICA8. This operated on two stages.

From the quantum dynamics calculations described in section 10.5, the eigenvectors for each

of the N,Kr states had been calculated as a linear combination of NO2 functions. At the first

stage, the program evaluated the expressions 10.48, 10.49, 10.50 and 10.51 for each term in

the linear combination of each of the N,Kr states. This program obtained what practically is

the “rotated constants” from the monomer to the frame of the complex for each rotational state

of each fine and hyperfine contribution (spin-rotation, dipole-dipole etc.). Moreover, as the

eigenvectors may be obtained from any of the four versions of the dynamics program (one or

many vibrational levels, and with or without off-diagonal Coriolis contributions), this approach

enabled us to look in detail at individual effects.

Due to the large energy separation between levels of the same Kr but different N, relative

to the fine and hyperfine matrix elements, any off-diagonal elements were neglected. Also,

it was verified that, as would be expected from symmetry arguments, there are no surviving

contributions between Kr = 2− and Kr = 2+ states of the same N. Thus, we are only concerned

with the matrix elements where N′ = N and K′r = Kr.

At the second stage, the program used the values calculated from the first stage, to compile a

Hamiltonian matrix of all fine and hyperfine contributions for all the F and G levels for a given

N,Kr state. Diagonalising this matrix yielded the fine and hyperfine energy splittings for each
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of the N,Kr states. Finally, by combining these energy levels to the rotational energy levels

calculated by the dynamics and taking the corresponding differences, we predicted the fine and

hyperfine structure of each rotational transition.

10.6.6 Discussion of the fine and hyperfine structure results

As was noted in the previous section, four different sets of eigenvectors could have been used

to calculate the “rotated constant”, depending on the version of the dynamics program used

previously. The Fermi contact interaction is isotropic, so it is not influenced by inclusion or not

of different vibrational levels or Coriolis contributions, and thus will be not be discussed here.

For the rest of the terms, we may obtain the number before it is multiplied by the 6- j and/or 9- j

symbols in equations 10.48, 10.49 and 10.50, and these are quoted in table 10.12. In all cases,

nNO2
= 19 was used and all possible K levels were included.

As the numbers in table 10.12 are yet to be multiplied by the 6- j or 9- j symbols of expres-

sions 10.48, 10.49 and 10.50 to give the corresponding matrix elements for the different F,G

levels for each each N,Kr state, themselves are not easily interpretable. However, given that

what they will be multiplied with is the same for a given state irrespective of what eigenvec-

tors were used, one can qualitatively see the effect of vibrational states and Coriolis interactions.

The N = 0,Kr = 0 state constants are not included in the table as all contributions (but the Fermi

contact) are zero due to the triangle condition between the tensor operators and the rotational

angular momenta in the corresponding 3- j symbol.

The first thing to note is that even with full Coriolis, in the case of a single vibrational state,

both the dipole-dipole and the quadrupole interaction constants are very close to zero, and the

strong effect that the inclusion of more vibrational levels has on these values. This is somewhat

surprising as the main dynamical effects that mix different nNO2
states are expected to be due

to the angular (instead of radial) motion. However, including more vibrational levels allows the

Ne to adjust radially its position (move in and out) as NO2 rotates.

Next, we note the effect of the Coriolis interactions to the constants. According to the
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Table 10.12: The “rotated hyperfine constants”, as computed using different eigenvectors

Rotated Fine or Hyperfine Constant/MHz

One vibrational level, with full Coriolis

State Spin Rotation Dipole-Dipole Quadrupole

N = 1,Kr = 0 125.53 0.08 -0.36

N = 2,Kr = 0 -265.96 0.64 0.3

N = 2,Kr = 2− 324.13 0.01 -0.4

N = 2,Kr = 2+ 309.22 -0.71 -0.31

N = 3,Kr = 0 408.37 -1.95 -0.19

N = 3,Kr = 2− -23.51 0.14 0.01

N = 3,Kr = 2+ 38.54 2.19 -0.25

Four vibrational levels, with full Coriolis

State Spin Rotation Dipole-Dipole Quadrupole

N = 1,Kr = 0 90.43 1.99 -0.77

N = 2,Kr = 0 -186.74 -0.78 0.66

N = 2,Kr = 2− 763.43 2.22 -0.85

N = 2,Kr = 2+ 746.79 0.84 -0.67

N = 3,Kr = 0 273.78 -1.48 -0.45

N = 3,Kr = 2− -462.59 -0.24 0.04

N = 3,Kr = 2+ -392.57 3.69 -0.47

Four vibrational levels, only diagonal Coriolis

State Spin Rotation Dipole-Dipole Quadrupole

N = 1,Kr = 0 0.00 1.72 -0.73

N = 2,Kr = 0 0.00 -1.88 0.79

N = 2, |Kr|= 2 833.65 1.84 -0.79

N = 3,Kr = 0 0.00 2.14 -0.90

N = 3, |Kr|= 2 -697.25 0.00 0.00
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semi-rigid model it is the Coriolis interaction between the Kr = 0 and the Kr = 2+ level that

pushes them apart and thus separates the two |Kr| levels. This is mirrored here as both |Kr|= 2

levels have the same effective fine and hyperfine constants in absence of Coriolis interactions.

Also there is no spin-rotation contribution for the Kr = 0 level if no Coriolis contributions are

included: the contributions average out in both directions of the rotation, but this symmetry is

broken when Kr = 0 and |Kr|= 2 are mixed.

When no off-diagonal Coriolis contributions are included, there are no different K states

mixed into the Kr, and thus12 Kr = K. In this case, variation of the numbers for the dipole-

dipole and quadrupole contributions is simply mirroring the first 3- j symbol of equations 10.48

and 10.49: 


N′ 2 N

−K′ c K




This may be taken as independent of the nNO2
state and assumed constant for each N,Kr level.

Also, as now we can assume K′ = K, we only need to consider the case where c = 0. From [29]

we find that the dependence of the 3- j symbol on N and K is

(−1)N−K 3K2−N(N +1)

N(N +1)

This reproduces exactly the trend in both the dipole-dipole and the quadrupole constants in the

case where only diagonal Coriolis interactions are included. This agreement indicates that what

is reasonably expected from a semi-rigid model perspective is replicated in these results. It also

explains why there are no contributions in this case for the N = 3, |Kr| = 2 level. Comparing

these results now with the corresponding constants calculated from the eigenvectors with four

vibrational states and full Coriolis, we can see how significant these contributions are for Ne-

NO2.

Next we used the numbers in table 10.12 to calculate the fine and hyperfine energy level

splittings for each of the N,Kr states. These were then added to the calculated dynamics rota-

tional energy levels, to obtain the energy level diagram for the Ne-NO2 complex. Finally, we

12Although, strictly speaking Kr is a label, while K a quantum number, they both here have the same value.
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Table 10.13: Fitted fine and hyperfine constants from dynamics calculations spectrum

Parameter Value (Error) Dynamics /MHz Value (Error) Experimental [116]/ MHz

aaI 0.153 (53) 4.297 (35)

aF 147.23 (not fitted) 147.44 (128)

εaa -113.638( 53) 59 (not fitted)

εbb + εcc 38.07 (39) 37.781 (548)

εbb− εcc 50.97 (36) 59.530 (508)

aaQ -0.586 (253) 0.233 (41)

took the appropriate differences and used the program SPFIT to fit the predicted spectrum to

a semi-rigid model. It was interesting to discover that only once we had included both differ-

ent vibrational states and the off-diagonal Coriolis interactions, we were able to make the two

approaches compatible. However, once this was done, we were able to fit the predicted spec-

trum13 with an accuracy of 0.185 MHz. This demonstrates that the two approaches do meet and

thus, although fitting the rotational transitions with the semi-rigid approach for such a floppy

molecule was somewhat forced (as indicated by the very large DNK value), for the fine and

hyperfine structure the dynamics and semi-rigid approaches agree better. The fitted constants

are given in table 10.13, next to the values that Dyer obtained by fitting the Kr = 0 transitions,

while the predicted energy levels and spectrum may be found in appendix D. The Fermi contact

interaction constant was set to the value of the NO2 molecule.

Three things are to be noticed from this table: The first is the great agreement between the

spin-rotational constants that contribute to the spectrum of the Kr = 0 transitions (i.e. εbb±εcc)

between the dynamics and fitted values. Next is that, although the quadrupole contribution

is the correct order of magnitude, the dipole-dipole contribution is very different between the

experimentally fitted data and the dynamics result. However, it is worth mentioning that Dyer

also used the off-diagonal contributions of both the dipole-dipole and the quadrupole terms

(bbQ−ccQ and bbI−ccI) to obtain his fit to the experimental data (with error of approximately

6 kHz), while in fitting the dynamics predictions these contributions came too close to zero to be

determined. Therefore, overall the dynamics gave a very good agreement with the experimental

13To be precise this was done in two stages, where the pure rotational transitions were fitted first, and then the

fitted constants were used to predict the spectrum including the fine and hyperfine structure. This way the 0.185

MHz error is only due to the fine and hyperfine structure and not due to the rotational levels.
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data on the most significant contributions, although for the hyperfine structure the deviation

was not as good. Looking at the difference between Dyer’s fitted Fermi contact constant (aF )

and the dynamics analytically calculated one, there are two possible explanations: either the

assumption that the electron cloud of NO2 is not permuted by the complexation with Ne is not

correct even close to the nitrogen nucleus (thus the difference in aF ), or some of Dyer’s fitted

constants may also have been fitting parameters to allow such impressive agreement with the

fitted data. We suspect that the truth lies in a combination of these explanations.

It should also be noted that using only the predicted spin-rotation constants and the Fermi-

contact interaction, the energy ordering of the transitions predicted agreed with the experimental

observation (for the fitted Kr = 0 transitions) except in three (out of twenty-four) cases. This

demonstrates that the dynamics results are reliable enough to provide a first assignment of

the spectrum down to fine structure, even though to then obtain a kHz-level fit, the semi-rigid

approach is more appropriate.

Yet, the major difference between the sets in table 10.13, is noted on the εaa constant. While

in the dynamics this could be fitted exactly (by fitting virtual transitions to all energy levels

rather than only to the allowed ones), in the semi-rigid approach this was restrained to a “rea-

sonable” value, by scaling the values obtained in the Ar-NO2 and Kr-NO2 complexes. It is sad

to note that Dyer made an unfortunate sign error in his extrapolation, without which, as we will

see later, he may have been able to fit the Kr = |2| transitions as well. The correct extrapolated

number thus is εaa ≈−59 MHz. Therefore, the dynamics number came as a factor of two larger

than the extrapolated number. The decisive contribution to this number is the degree of rota-

tion that NO2 performs around its a-axis, and the larger the number, the higher the degree of

rotation. As was seen from the dynamics rotational transitions, our fitted potential has a lower

barrier with respect to this rotation than what happens in reality, and therefore this number may

be seen to represent the upper bound of εaa.
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10.7 Experimental Work

In parallel with the theoretical work detailed in the previous sections, an extensive experimental

search was performed for the Ne-NO2 rotational transitions using FTMS and the apparatus

presented in chapter 5.

The sample used contained 0.5% of NO2 in 99.5% Ne and the experiments were conducted

with 1.5 bar backing pressure. All of the lines that Dyer [116] recorded were verified. This

was successful for all Kr = 0 transitions, which were also assigned by Dyer, but some of the

lines reported by Dyer for |Kr| = 2 could not be reproduced. Instead, we were able to record

two new transitions, which proved critical in identifying a pattern and thus fitting the previously

unassigned transitions, as will be explained the next section.

10.8 Assignment Of The Spectrum

Thanks to the dynamics calculations, we were now fairly certain of which set of transitions

belonged to each N,Kr level, and also that we could fit the hyperfine structure using a semi-

rigid Hamiltonian. It should not be forgotten that before we performed the quantum dynamics,

the highly asymmetric splitting between the Kr = 0 and Kr = 2−, and the Kr = 2− and Kr = 2+

sets of transitions made it questionable if what was recorded did correspond to Ne-NO2 and if

this could be fitted in the same way as for the rest of the Rg-NO2 complexes.

Also thanks to the dynamics, we could identify what were the major contributions for the

fine and hyperfine structure. It was clear that the only parameter significantly contributing to

the Kr = |2| transitions that was not fitted by the Kr = 0 transitions was εaa, but a good initial

value was required to make an initial assignment. We decided to use an initial assignment of

the Kr = |2| transitions from the dynamics calculations and fit them along with Dyer’s Kr = 0

assigned transitions, but with the former having greatly higher errors assigned to them compared

to the later. This was actually a series of fits, where εaa was fixed and gradually varied from

the dynamics value towards the value calculated from extrapolating the Ar-NO2 and Kr-NO2
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Table 10.14: Experimentally fitted data for the Ne-NO2 complex for Kr = 0,2−,2+ transitions

Parameter Value (Error) /MHz Parameter Value (Error)/ MHz

A− (B+C)/2 10044.69 (not fitted) εaa -50.8663(220

(B+C) 5,901.933 (69) εbb + εcc 37.769 (72)

(B−C) 685.841(14) εbb− εcc 57.516 (76)

DN 1.779( 4) ×10−1 aaQ 2.413 (387) ×10−1

DNK 4.3008( 41) (bbQ− ccQ) 8.160 (6240) ×10−1

hN 4.407(185) ×10−3 aaI 4.305(22)

aF 147.223(193) (bbI− ccI) -38.668(364)

DaaI -2.046(56) ×10−2 D(εbb + εcc) 6.513 (63) ×10−1

numbers.

This way a pattern emerged, as the energy ordering of transitions proved to be essentially

unaffected by the absolute value of εaa, and, even more impressively, all but one splittings

between transitions were approximately constant. Furthermore, the pattern was shared between

the two Kr = 2± sets of transitions. Thanks to the two newly recorded lines, we could now

match the pattern to the observed lines. All but one (the weakest according to tables in ref. [11])

∆F = ∆N = 1 lines were assigned for both sets (five for each set). The assigned spectrum may

be found in appendix D, and the fitted numbers are given in table 10.14. The error in this fit

unfortunately is 0.025 MHz, which is significantly higher than Dyer’s, but that is also due to

the fact that the last set of transitions were recorded very close to the end of the range of our

spectrometer (at 17.8 GHz and our setup fails completely at 18 GHz) with great difficulty and

worse than the usual precision.

It is worth noting that this pattern was also reproduced in the predicted fine and hyperfine

spectrum from the dynamics calculations. In fact, the energy ordering of the assigned spectrum

was correctly predicted by the dynamics, and this may be seen in appendix D.

A few things may be noticed in table 10.14. The first one is that we also had to include the

off-diagonal contributions to the dipole-dipole and quadrupole interaction, but also centrifugal

distortion terms for the diagonal dipole dipole (DaaI ) and the dominant spin-rotation term for

the Kr = 0 transitions (D(εbb + εcc)) in order to fit all the transitions. Yet, this was also done

for both Ar-NO2 [112, 113] and Kr-NO2 [115], so it is reasonable to include these for the -even
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Table 10.15: Ar-NO2 and Kr-NO2 εaa values [112, 113, 115]

Parameter Ar-NO2 Kr-NO2

εaa /MHz -48.037(8) -43.171(3)

floppier- Ne-NO2.

The next thing to note is that the deviation of the Fermi contact constant from the NO2

molecular value is in the opposite direction to Dyer’s data (both given in table 10.13) and

smaller. This indicates that it probably is a fitting parameter and should not be taken as an

indication of permutation of the electron cloud.

One may also notice the large value (bbQ−ccQ) and mainly (bbI−ccI). However, these are

practically the same value that Dyer fitted. With respect to εaa , which proved to be the decisive

term for the |Kr| = 2 transitions, it follows the trend of the values obtained for Ar-NO2 and

Kr-NO2 (given in table 10.15), even though one may have expected a larger number based on

the relative masses of the Rg atom. It is more surprising that the dynamics results were out by a

factor of two, although unfortunately this was also the case for the dipole-dipole and quadrupole

constants.

10.9 Conclusions

In this chapter we examined the weakly-bound van der Waals complex Ne-NO2, by both the-

oretical and experimental methods. With respect to the theoretical analysis, we obtained the

PES of the complex using the RCCSD(T) method and extrapolated to the CBS limit. In that we

overcame the problems Dyer had in calculating the PES of the complex.

Next, a program was written (with several versions) to perform the rigid rotor quantum

dynamics for this system in MATHEMATICA8. This was able to reproduce the shape of the

experimentally measured spectrum, although the calculation had to be truncated due to the large

size of the basis set. Fitting the calculated energy levels via a semi-rigid approach, we found that
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the agreement was not as good as would be expected, possibly indicating that for very floppy

complexes the semi-rigid approach has some limitations. Moreover, we found it necessary to

accept an unphysically large value of DNK in order to even have a fit with 0.44 MHz error. Re-

examining the previously recorded Rg-NO2 spectra, we found that the large value of DNK is not

uncommon and correlates with the importance of dynamical effects.

Next we used the eigenvectors calculated for each N,Kr level to calculate the energy level

splitting due to the fine and hyperfine interactions. In order to achieve this we expressed these

interactions for the complex in terms of the experimentally determined fine and hyperfine con-

stants for NO2 using spherical tensor operator algebra. We also derived the useful expression

given in equation 10.47. A program was written to perform this calculation, and in combina-

tion with the different versions of the rotational dynamics program, we qualitatively highlighted

the importance of including many vibrational levels and the off-diagonal Coriolis interactions.

Once all these effects were included, the fine and hyperfine structure could be fitted to a semi-

rigid Hamiltonian with a relatively low error, showing that the two approaches are compatible at

this level. Although the calculated constants for the dipole-dipole and quadrupole interactions

were not in agreement with the previously fitted values, the major contributions for the Kr = 0

transitions (spin-rotation) were in very good agreement, which allowed the program to predict

the energy order of almost all of the previously assigned transitions, correctly.

However, for the Kr = |2| levels, the major contribution (εaa) was a factor of two different

from its finally assigned value. Yet, using this value, the pattern of the transitions was still

predicted correctly through the semi-rigid approach. Nevertheless, although the dynamics were

successful in the prediction of the pure rotational spectrum, for the fine and hyperfine structure

the results are best seen qualitatively and a semi-rigid approach is better suited. This is actually

a hopeful result as the fine and hyperfine programs were very demanding computationally, and

thus it is convenient that a semi-rigid Hamiltonian may provide an at-least as good an analysis.

Experimentally, long searches were performed up to the limits of our setup. These allowed

us to verify all the previously recorded transitions as well as record two new ones. With these

two transitions and the predictions from the dynamics calculations, we were able to identify a
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pattern and thus finally assign the ten strongest transitions for the Kr = 2± sets.



Chapter 11

The study of the NO2-O2 van der Waals

complex

“An expert is someone who knows some of the worst mistakes, which can be made,

in a very narrow field.”

- Niels Bohr

11.1 Introduction

This chapter presents our work to predict and record the rotational spectrum of the van der

Waals complex formed between a molecule of nitrogen dioxide (NO2) and of oxygen (O2). As

the motivation behind this thesis was to investigate van der Waals complexes between pairs of

open shell molecules, this system seemed like an ideal candidate: as will be explained in more

detail below, there are only two possible states that the species may be formed in, both of the

same symmetry but differing in their multiplicity.

The study of this complex was first undertaken by a previous D.Phil. candidate in the group,

Antony Starkey [2]. Starkey computed a section of the PES of the complex, to determine the

minimum energy geometry. That geometry was then used to obtain the molecular complex’s

216
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rotational constants and to transform the fine and hyperfine constants of NO2 and O2 to the com-

plex’s principle axis frame. Then an effective Hamiltonian was used to solve the Schrödinger

equation and calculate the energy levels assuming that geometry. Experimentally, Starkey used

a mixture of NO with O2 gases which was expected to produce the spectra of both NO-O2 and

NO2-O2. Although a number of transitions were recorded, no definite assignment was made for

either complex.

Following Starkey, we used the same ab initio method1 to calculate the full configuration

space PES of the complex. This yielded a different minimum energy structure to the one that

Starkey had predicted. Then, a previous Part II student of the group, Markus Frise [130], used

our new results in the same approach as Starkey. However, the major part of Frise’s work was

the extensive experimental investigation close to the region that the rotational spectrum of the

complex would lie if it were an asymmetric top with the predicted geometry. Frise used a gas

sample of the same composition as Starkey’s and six weak transitions believed to belong to this

complex were recorded. Yet, again, no definite assignment could be made.

The approach used in this work is drastically different. Learning from previous experience,

it was not assumed that the complex’s structure could be approximated to any semi-rigid geom-

etry. Instead, the full quantum dynamics were performed on ab initio PESs, which allowed us

to include in our predictions the large amplitude motion of the monomers. On the experimental

side, a different mixture was used, where the NO2 in our sample was provided directly from a

NO2 gas cylinder rather than from oxidation of NO, which was hoped to limit the presence of

by-products.

11.2 The NO2-O2 complex

Before diving into the computational details of how we approached this project, it is important

to know what kind of interactions need to be considered. For this reason, in this section we will

first present monomers and then the states that the complex may be formed in when these come

1The method used was RSPT2, the details of these calculations will be provided later in this chapter.
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together. As the NO2 monomer was presented in detail in chapter 10, here we only provide

some additional information on the O2 monomer.

11.2.1 O2 molecule

The electron configuration and term symbols for the ground state of O2 was derived in chapter

8, where it was shown to be 3Σ−g . Here we compliment that information by considering the

fine and hyperfine interactions. The interaction between the unpaired electrons gives rise to

the spin-spin interaction. There is also a spin-rotation interaction between the total spin and the

rotation of the molecule, which is analogous to the corresponding term in the NO2 Hamiltonian.

Therefore, the total Hamiltonian for O2 is given by:

ĤO2
= ĥrot + ĥSR + ĥSS (11.1)

where the first term corresponds to the rotational, the second to the spin-rotational and the last

to the spin-spin Hamiltonians. However, due to the lack of any orbital angular momentum in

its ground state, the coupling of the spin to the internuclear axis is very weak, and thus O2 is a

Hund’s case (b) molecule.

As the oxygen nucleus is a boson, we need to consider the nuclear spin statistics. The

translational and vibrational wavefunctions are symmetric for the same arguments as for NO2,

presented in chapter 10. The symmetry of the rotational wavefunction varies as:

(−1)N

where N is the rotational quantum number. As the combination of the rotational and electronic

(antisymmetric) wavefunctions need to be symmetric, only odd N values are possible for O2.

The molecular constants [53, 97] used in this work are given in table 11.1. where B is the rota-

tional constant, λ the spin-spin interaction constant and γ the spin-rotation interaction constant.



Chapter 11. The study of the NO2-O2 van der Waals complex 219

Table 11.1: O2 molecular constants

Parameter Value/MHz

B 43 099.795

λ 59 501.471

γ 252.5872

11.2.2 The states of the complex and the coupling scheme

As there are several sources of angular momenta in this complex (namely the nuclear angular

momentum of the nitrogen, the spins of the unpaired electrons and the rotational angular mo-

menta of the monomers and of the complex), there are many possible coupling schemes that

could be used. Our choice was based on the following reasons: The stronger interactions in this

complex are the spin-spin interaction in the oxygen molecule and the Fermi contact interaction

in nitrogen dioxide. Moreover, the oxygen spin is only weakly coupled to its intermolecular

axis. Furthermore, as it was seen in chapter 8, it is convenient to have the total spin to dis-

tinguish between different ab initio PESs. Therefore, we chose to couple oxygen’s unpaired

electron spins together, then with the NO2 electron spin, and finally with the NO2 nuclear an-

gular momentum. Thus the coupling scheme is:

SO2,1 +SO2,2 → SO2
(11.2)

SNO2
+SO2

→ S (11.3)

I+S → G (11.4)

N+G → F (11.5)

where SO2,1,SO2,2 are the spin angular momenta of the unpaired electrons in O2, SNO2
is the

spin of the NO2 unpaired electron, I is the nuclear angular momentum of the nitrogen nucleus

and N is the total rotational angular momentum of the complex. We will use nO2
for the rotation

of O2 and nNO2
for the rotation of NO2. The projection of nO2

,nNO2
and N onto the complex

axis will be noted as kO2
,kNO2

and K respectively, while the projection of nNO2
onto the NO2
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b-axis will be noted as µ . It follows that:

K = kO2
+ kNO2

(11.6)

The nuclear, electron spin and total angular momenta are quantised in the space-fixed axis

frame, and their respective projections are mI,mS and mF . Therefore, the total basis set to be

used in these calculations is:

|ΨNO2−O2
〉= |η,SNO2

,SO2
, I,S,G,J,K,F,mF〉|nO2

,kO2
〉|nNO2

,kNO2
,µ〉 (11.7)

where η represents any other quantum numbers here neglected. As was shown in chapter 9,

the O2 spin-spin interaction may be expressed in terms of SO2
, and therefore SO2,1,SO2,2 were

absorbed into η . The vector addition of the total O2 spin (SO2
) with the NO2 spin gives rise to

an overall quartet state (S = 3
2
), and a doublet state (S = 1

2
). Following the arguments presented

in chapter 8 for the NO-O2 complex, it is expected that the doublet state will be lower in energy,

due to the pseudo-covalent contribution in the potential energy.

11.2.3 Tunnelling of NO2 in the complex

In chapter 10, we saw that for Rg-NO2 complexes, the rotation of the NO2 around its a-axis is

equivalent to a symmetry operation that interchanges the two oxygen atoms (which are bosons)

and thus the complex wavefunction has to be symmetric with respect to this interchange. If

the potential energy barrier to that motion is low enough that the NO2 nitrogen nucleus may

tunnel through it, then this leads to only certain combinations of tunnelling states with the

rotational functions being permitted. More specifically, the symmetric tunnelling states can only

be combined with the symmetric rotational states of the complex (i.e. with K even, including

zero), while the antisymmetric tunnelling states may only be combined with the antisymmetric

rotational states of the complex (i.e. with K odd). This model agrees with the experimental

results for all detected Rg-NO2 complexes, and also with our predictions from the dynamics for

Ne-NO2, which were presented in chapter 10.
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However, this model becomes more complicated and unclear when O2 is substituted in the

place of Ne. There are two major factors that now come into play: The first is the strength of the

interaction and the energy barrier to the NO2 nitrogen tunnelling. If NO2-CO was considered,

then by the same arguments as before, the symmetry operation would include both the rotation

of NO2 around its a-axis and a corresponding rotation of CO, for the overall motion to be a

symmetry operation of the complex. This is expected to increase the energy barrier to this

symmetry operation and thus decrease the tunnelling frequency and bring the K = 0 and K = 1

levels closer in energy. If this is the case, similar pattern to the Rg-NO2 complexes would be

expected.

There is also the second possibility, that the larger energy barrier, along with the pseudo-

diatomic contribution and the larger non-covalent forces (dispersion and induction), would

quench completely the tunnelling motion. In this case, no nuclear spin statistical effects need to

be considered, and all K levels would appear in the spectrum as for any other asymmetric top.

Finally, as we are interested in O2, rather than CO, there is a third case: while interchange of

the oxygen atoms between the two monomers is unfeasible under our experimental conditions,

there is the possibility of the tunnelling of the O2 oxygen atoms. All previous arguments would

still apply, but due to the antisymmetric electronic wavefunction of the oxygen molecule, the

pattern would be reversed: i.e. the odd K levels would now be combined with the symmet-

ric tunnelling wavefunction and the antisymmetric oxygen electronic wavefunction to give an

overall symmetric wavefunction with respect to the interchange of bosons. The other combi-

nation would be the even K (symmetric) rotational wavefunction with the oxygen electronic

wavefunction (antisymmetric) and the antisymmetric tunnelling state. Therefore, if this case

corresponds to the physical reality, then the observed spectrum would have the opposite pattern

to what has been observed for the Rg-NO2 complexes: only the odd K levels should appear in

our experimental range.

The simple answer to which of these cases corresponds to reality is that we cannot predict it

in advance! Moreover, in the semi-rigid approach, only the second case would be valid, while

the first and third cases could be accommodated by artificially removing any non-observed
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levels. Yet, as the quantum dynamics calculations performed for Ne-NO2 in chapter 10 were

able to not only predict the pattern observed but also its deviations from the semi-rigid theory,

it is believed that a similar approach can provide the answer.

11.2.4 Research approach

The approach used to study this complex was to perform the complete quantum dynamics on an

ab initio calculated PES. This is expected to yield the complex’s rotational energy levels. The

steps to achieve this are:

1. The PES for complex in both multiplicities has to be calculated.

2. A functional form has to be fitted to the calculated PESs which can then be used in an

effective Hamiltonian.

3. The Schrödinger equation for the complex has to be solved using this effective Hamilto-

nian.

4. The energy levels and eigenvectors calculated may now be used for assignment and pre-

dictions of the microwave spectrum of the NO2-O2 complex.

5. At the same time with the theoretical investigation described above, an extensive experi-

mental investigation must be carried out.

Each of these steps will now be examined in turn in the following sections.

11.3 The Ab Initio Calculations

11.3.1 The choice of the RSPT2 method

The first question in deciding what ab initio methods to use to calculate the PESs, concerned

the choice of HF methods. As the different states are distinguished by their spin multiplicity, it
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was thought crucial to avoid any spin-contamination. For this reason all reference states were

constructed using the ROHF method.

The next choice concerned the electron correlation method. A single-configuration method,

such an MPn or a Coupled Cluster method, is in general easier to perform (as one does not

need to choose an active space) and less prone to errors. Yet, as it was noted in chapter 10,

the only single-reference method that correctly predicted the equilibrium geometry of NO2 is

RCCSD(T) [119].

Similarly to the case of the NO-O2 spin states discussed in chapter 8, while the quartet state

of the complex may only be formed between the ground states of SNO2
= 1

2 and SO2
= 1 (i.e.

from the vector addition of a triplet and a doublet spin state), the doublet state of the complex

may only be formed from the vector addition of the SNO2
= 1

2
with either a SO2

= 1 (ground

state) or a SO2
= 0 (low-lying excited state). Thus, as the interaction between the ground and

the low-lying excited states of O2 is important to take into account, a multireference method is

required in the PES calculation for the doublet spin state of the complex.

There are two main approaches when considering a multireference method: either an MRCI

approach, or an approach based on perturbation theory. At the point of setting up the original

calculations it was hoped2 that the dynamics could be performed directly on the calculated PESs

and in that case the size consistency error of the MRCI and CIPT2 methods could potentially

generate a serious error in calculating the binding energy.

As the NEVPT2 method was only available from 2010, while we started the calculation on

2008, the only remaining options were CASPT2 and CASPT3. We decided on the CASPT2

method for the following reasons: On the practical side, the computational effort increased

substantially by including the third order corrections. Moreover, as was explained in chapter 7,

induction and dispersion can be modelled as second order perturbation theory (PT2) corrections

to the energy, and thus, a PT2 method should be able to account for -at least- the major part of

the interaction.

2Later it was discovered that more calculations were required as will be explained shortly.
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Figure 11.1: The coordinate system used for the NO2-O2 calculations

Furthermore, by resemblance to MPn methods, it has been noted [38] that the MP2 method

tends to overestimate the interaction, while MP3 tends to underestimate it, but usually the for-

mer is closer to the correct answer [34]. Since for the single reference case, CASPT2 and

CASPT3 are reduced to MP2 and MP3, it was suspected that an analogous relationship might

hold. What is more, Werner et al. [53], have argued that the third order corrections are rarely

significant. Finally, our choice was supported by the previous research of Starkey [2], who also

used CASPT2 methods and obtained reasonable PESs.

As the active orbitals are expected to vary depending on the orientation and distance between

the monomers, a CAS approach was preferred to an RAS one. Thankfully, the system studied

was small enough that it was possible for all the 2p electrons of all the atoms to be included into

the active space, while the 1s and 2s shells of all atoms were kept closed for all configurations.

This method is expected to be accurate enough to identify all the major contributions, while fast

enough for the surfaces to be calculated in a reasonable time.

11.3.2 The coordinate system

For the calculations, a centre of mass system was used between the molecules. The main reason

for this choice was that it facilitated the use of symmetry to reduce the configuration space that

we needed to cover. The angles used are demonstrated in figure 11.1. θ1 is the angle between

the b-axis of NO2 and the intermolecular axis of the complex, θ2 is the angle between the O2

internuclear axis and the intermolecular axis, R is the distance between the centres of mass of
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the molecules, χ is the angle of rotation around the NO2 b-axis and φ is the dihedral angle

between the two molecules. Although Starkey [2] used the same ab initio method, he used a

different coordinate system and calculated only a part of the PES. For this reason, the PES for

each state was calculated from scratch and the PESs calculated by Starkey were only used for

reference and comparison.

There are four symmetry operations for the complex:

χ → χ +π (11.8)

θ2→ θ2 +π (11.9)

θ1→ π−θ1; φ → φ +π (11.10)

χ → 2π−χ; φ +π → φ (11.11)

These operations reduce the number of points to be calculated. Moreover, further reductions of

the number of points was achieved for geometries with higher symmetry3. The grid chosen for

the PES was to vary θ1 and θ2 in steps of 20◦ with range 0−180◦ and 0−80◦ respectively. χ

and φ were varied in steps of 30◦ with ranges 0−150◦ and 0−180◦ respectively, while R was

varied between 2.9 to 3.9 Å in steps of 0.1 Å. The final five-dimensional PES for each state of

the complex contained 26,950 geometries, although not all points were successfully calculated.

The convergence threshold used was 1.0×10−8 Hartrees, so that the results converged to better

than 1 cm−1.

11.3.3 The RSPT2 surfaces

The initial plan was to calculate the counterpoise-corrected PES for each complex state using

the Dunning aug-cc-pVDZ and aug-cc-pVTZ basis sets, and then extrapolate to the CBS limit

using the procedure described in chapter 4. This meant four PESs being calculated for every

basis set (one for each complex spin state and two for the counterpoise correction).

3For example, if θ2 = 0◦, then only one φ value needed to be calculated.
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Table 11.2: The geometry and binding energy for the lowest energy points calculated using

AVDZ basis set and RSPT2 method for each of the spin states

Doublet Quartet

Binding Energy/ cm−1 -308.633 -217.220

R/ Å 3.2 3.4

θ1/degrees 160 120

θ2/degrees 60 60

χ/degrees 90 90

φ /degrees 120 90

The aug-cc-pVDZ PESs were calculated using the program MOLPRO 2006.2 [98]. In line

with the arguments presented in chapter 8, the doublet state was consistently lower in energy

than the quartet, and therefore we observed a pseudo-covalent contribution in the potential en-

ergy of this van der Waals complex as well. Moreover, in contrast to the NO-O2 PESs, at no

geometry did RSPT2 give any unnaturally large binding or complex energy and the dipole mo-

ments were less than 1 Debye in all geometries. These are strong indications that the problems

met with RSPT2 in chapter 8 are not present in these calculations and this is a suitable method

to study this complex.

The counterpoise-corrected binding energies and geometries for the lowest energy points

calculated of the two states are given in table 11.2. The results seem to be consistent with

the discussion of the NO-O2 complex in chapter 8: the energy ordering follows the Heitler-

London [95] theory as the minimum multiplicity has the strongest binding energy. The attractive

pseudo-covalent interaction allows the monomers in the doublet spin state to get closer, thus the

minimum of the doublet surface occurs at smaller R. In contrast to NO-O2 though, there is no

PES that does not meet a repulsive wall in our PESs using the RSPT2 method. This is significant

as it would seem to agree with the explanation that the strongly binding NO-O2 PES leads to

bond formation and NO3, while there is no analogous NO4 species. Thus, NO2-O2 is predicted

to be a “pure” van der Waals complex at all geometries and no evidence of charge transfer was

found. Furthermore, the method used here, RSPT2, gave the strongest effect for NO-O2 of all

the methods investigated, so it is unlikely that we would be underestimating these effects.

The doublet spin state minimum geometry, which is also the global minimum, is shown in
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Figure 11.2: The energy minimum geometry for the doublet spin state of the NO2-O2 complex

figure 11.2. As it may be seen, this is a very close packed arrangement of the molecules, very

different to the parallel geometry preferred for NO-O2. This is possibly as the unpaired electron

in NO2 is in an A1 symmetry orbital, which allows good overlap with the π orbitals of O2 over

a greater range of angles. Therefore the molecules come closer to also increase the attractive

dispersion interaction between them.

In figure 11.3, the PECs of both states are plotted against the intermolecular separation at

the angular geometry of the doublet state minimum. As can be seen from the graph, the sepa-

ration between the states increases as the molecules come closer, which mirrors the increasing

overlap between the electron clouds, while at the long range limit their splitting decreases. This

interaction is analogous to the pseudo-covalent contribution to the potential energy met in NO-

O2, described in chapter 8. To demonstrate this, the energy difference between the two states in

the geometry of the doublet state lowest energy point was modelled by a Born-Mayer-type of

potential:

∆Vquartet−doublet = exp
[
a+bR+

c

R

]
(11.12)

with parameters: a = −20.1133,b = 3.9028,c = 36.4879, and the RMSD of the fit was 1.298

cm−1, while the range of the fitted data was 90.4 cm−1. The fittings were performed using

MATHEMATICA8 [108].

Once we obtained the aug-cc-pVDZ PES, the next step was to start working on the aug-cc-

pVTZ ones. However, as each aug-cc-pVTZ point required approximately ten times more CPU

time to the corresponding aug-cc-pVDZ point, a program was written to scan the aug-cc-pVDZ

PES of the doublet state and print to comma delimited files (.csv) the coordinates of the points
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Figure 11.3: The PECs of both spin states at the angular geometry of the global minimum:

θ1 = 160◦,θ2 = 60◦,χ = 90◦,φ = 120◦

with energy within some preset limits. This program was written in Visual Basic and was run

through MS Office Excel [128].

Using this program, the aug-cc-pVTZ PES was gradually calculated starting from the lowest

energies. The rationale behind this approach is that the complex wavefunction is more sensitive

to the shape of the potential close to the energy minimum, which has to be represented accu-

rately. The geometries higher in energy on the other hand are decreasingly influential, so the

difference in the value between the aug-cc-pVDZ and the aug-cc-pVTZ basis sets values (and

therefore between the aug-cc-pVDZ and extrapolated CBS value) is less important. Since the

doublet spin state PES is consistently lower in energy compared to the quartet state, we used

this to select the most important points.

Each of these geometries were then calculated for both the molecular complex’s doublet and

quartet spin states, and for the surfaces needed to perform the counterpoise correction. This way

a total of 6,758 points were calculated for each of the four PESs (two spin states and two for the

counterpoise correction). These PESs covered all geometries with negative binding energy and

positive binding energy up to 200 cm−1 for the doublet state. The aug-cc-pVTZ were performed

using the MOLPRO2010 [98] program. In performing these calculations, the help and resources
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Table 11.3: The size consistency error for the doublet spin state using the AVDZ and AVTZ

basis sets

aug-cc-pVDZ aug-cc-pVTZ

SCE /cm−1 -23.3 -24.6

of the NSCCS are gratefully acknowledged [131].

Moreover, the size consistency error (SCE) was calculated for both basis sets and is given in

table 11.3. These values are in agreement with reference [132], where it was argued that the SCE

increases with basis set size and that CASPT2 is only slightly size inconsistent. Unfortunately

however, two significant problems arose from the calculations described above: The first one

concerned the counterpoise correction, and the second the convergence of the RHF calculations.

As was noted in chapter 4, the question of how to perform counterpoise correction in mul-

tireference cases remains open. While increasing the basis set size had a stabilizing effect on

the complex and the monomers, this was greater for the monomers than for the complex, in-

cluding the counterpoise surfaces. This resulted in, when the counterpoise-corrected energies

were extrapolated to the CBS limit, only a few points still having a negative interaction energy.

This effect was partially attributed to the overcompensation that the counterpoise procedure

has been accused off: It is reasonable that the “ordinary” overcompensation is amplified if a

multireference calculation is performed.

To investigate this further, we calculated the complex energy, the monomer energies and the

counterpoise corrections for a small selection of points in aug-cc-pVDZ, aug-cc-pVTZ, aug-

cc-pVQZ and aug-cc-pV5Z basis sets. What was found was that the extrapolation expression

of Starkey was very good in all cases and the shape of the extrapolation curve follows the

calculated points. What is interesting though, which also demonstrates the problem found, is

that if one uses the extrapolation formula for the monomer energies and the complex energy

and then takes the difference between the extrapolated values, the binding energy calculated

is 6035.22 cm−1. This is quite different to the value of -951.9 cm−1 that is obtained if the

counterpoise corrected value is calculated in every basis set and then this is extrapolated. In both
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Figure 11.4: Fitted and ab initio PEC for the doublet spin state at the angular geometry θ1 =
θ2 = 60◦,χ = φ = 0◦

cases the extrapolation was made using aug-cc-pVDZ and aug-cc-pVTZ basis sets. This effect

is believed to again originate from the multireference nature of our calculation, but is different

to the overcompensation of the counterpoise procedure mentioned above. Instead, in this case

the convergence of the monomer energies is much faster than of the complex, and therefore

when extrapolated, the deviation in the rate of convergence may cause a significant error. One

possible solution is to note that, as pointed out in chapter 8, any counterpoise correction is

common to both states of the complex. Therefore, if one is to take the difference between these

states, this issue is avoided.

The second problem arose from the ROHF part of the calculations, which are single-

reference and were used before the RSPT2 calculations were performed. To demonstrate the

effect, the potential energy curve of the counterpoise-corrected doublet complex state at the

geometry θ1 = θ2 = 60◦ and χ = φ = 0◦ is given in figure 11.4. As can be seen from the

graph, there is a pronounced sudden change in energy between R = 3.2 Å and R = 3.3 Å. By

simply fitting a (fourth order) polynomial of distance to the points from R = 3.3 Å to 3.8 Å

and taking the difference of that function to the ab initio methods in the distances R = 2.9 Å

to 3.2 Å, we find that there the jump is approximately in the region of 6,000-8,000 cm−1. This

is an intruder state problem, which is a known problem for the RSPT2 method [133, 134]. In
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this particular case, the intruder state is coming from the first excited state of the O2, which is

nearly-degenerate to the ground state.

Removing by eye these “excited oxygen state” points adds an extra uncertainty to the PESs.

Interestingly, these points were found in both the doublet and the quartet surfaces. Yet, if at a

single geometry only one state was incorrectly calculated, then taking the energy difference be-

tween the two spin states would give an abnormally large number, which can be easily detected.

If both states were incorrectly calculated, then it was hoped that a cancellation of errors would

occur for the major part of the interaction. Thus, again the difference between the doublet and

quartet states was thought to be more reliable than the individual PESs.

11.3.4 The RCCSD(T) surfaces

The problems described at the end of the previous section cast a suspicion on whether the final

RSPT2 PESs would be accurate and robust enough to use.

For that reason, an expensive and time consuming new approach was taken: As was men-

tioned earlier, the quartet state of the complex can be adequately described by a single reference

method, as it is uniquely formed by the combination of the doublet state of NO2 with the triplet

state of O2. Moreover, at least a RCCSD(T) method is required for the NO2. Thus, the approach

taken was to calculate the PES of the quartet state of the complex using RCCSD(T). Then, the

difference between the states could be taken from the RSPT2 approach and that could be added

to the RCCSD(T) PES to generate the doublet spin state PES. This would allow for a large

cancellation of errors. Moreover, according to Bartolomei et al. [51, 52], this approach at least

sometimes provides a better answer than the similar procedure of taking the difference between

MRCI calculations and adding this to a Coupled Cluster PES.

The PES of the quartet complex state was calculated using the ROHF and RCCSD(T) meth-

ods and the aug-cc-pVDZ basis set. The same coordinate system was used, with the same steps

and ranges for the angular coordinates. However, a different range was selected for R, which

took the values 2.9, 3.1, 3.2, 3.3, 3.4, 3.6, 3.8, 4.2, 4.6 and 5 Å. A dense radial grid was used in
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Table 11.4: The binding energy and geometry of lowest energy point calculated with

RCCSD(T) method and the AVDZ basis set

RCCSD(T) Quartet State Minimum

Binding Energy/ cm−1 -159.747

R/ Å 3.3

θ1/degrees 120

θ2/degrees 80

χ/degrees 90

φ /degrees 90

the region of the minima of the complex, while we felt that we also need to expand the coverage

to represent regions governed only by long-range interactions4. The Gaussian09 [135] compu-

tational program was used to perform these calculations and the convergence criterion was set

to “Tight”.

However, the RCCSD(T) method is computationally expensive, and a single point aug-

cc-pVTZ calculation required approximately 10 times more than a RCCSD(T) aug-cc-pVDZ

calculation, and double that of an RSPT2 aug-cc-pVTZ calculation. For this reason, it was not

feasible with our computer resources to calculate the PES using a aug-cc-pVTZ basis set as

well. For these calculations, the help and resources of the Oxford Supercomputer Centre are

gratefully acknowledged [136]. All PESs (RSPT2 and RCCSD(T)) are given in the CD attached

to this thesis.

The coordinates of the lowest energy point calculated of the counterpoise-corrected

RCCSD(T) aug-cc-pVDZ PES is given in table 11.4. The first thing to note is that the geometry

is very similar to the minimum calculated by the RSPT2 method for the quartet state. As

RCCSD(T) is considered a robust method this may be seen to indicate that the RSPT2 method

is a suitable choice for the quartet spin state, at least in predicting the equilibrium geometry.

The small difference in the intermolecular distance may be attributed to contributions that in

perturbation theory terms would correspond to higher than second order corrections in the

dispersion and induction interactions, which are left out in the RSPT2 case but are taken into

4This decision was influenced by our experience with the Ne-NO2 complex that was described in chapter 10.

It may be interesting to the reader to know that we started the RSPT2 calculations on NO2-O2 before investigating

the Ne-NO2 complex.
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account in RCCSD(T). Moreover, the fact that a very similar geometry was predicted by both

methods increases our confidence that these may be combined.

Finally, we must notice that the minimum predicted by RCCSD(T) is much shallower, by

approximately 57.5 cm−1 which is slightly more that 25% of the binding energy predicted by

RSPT2. This could be due to the overestimation of the interaction that RSPT2/MP2 methods

have been noted5, and could contribute to the reasons why it has been so difficult to detect this

complex experimentally.

11.4 Fitting the PESs

Having calculated the PESs, the next step in our approach is to represent them by a suitable

function that may be included in an effective Hamiltonian. The approach taken here is the Linear

Expansion in the Anisotropy of the POTential (LEAPOT [78]), where the potential function is

constructed by a linear combination of a product of radial and angular functions6:

Vtot(R,θ) = ∑
i

Vi,radial(R)Vi,angular(ω) (11.13)

where ω is here a collective index for all the angles, and R is the intermolecular distance. In the

first stage, we will concentrate on the angular part of the potential.

11.4.1 The mathematical form

In order for the function to be able to represent the potential, it needs to have the same degrees

of freedom. The approach here is to represent the angular part of the potential by a linear

combination of a product of two complete sets of functions, one for each monomer.

5Similarly, for NO-O2 we noticed that the splitting between different states was greater in the RSPT2 in

comparison to the RCCSD(T) calculations in chapter 8.
6See chapter 7.
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The intermolecular potential may be expressed in terms of the coordinates of the molecules.

Since here we are interested for the angular part only, these coordinates correspond to the Euler

angles of the molecules with respect to the axis system of the complex. For NO2 these are

(φ1,θ1,χ), while O2 (being linear) can be characterised using only two angles, therefore its

Euler angles are (φ2,θ2,0). The quantum numbers mNO2
, lNO2

and λ are associated with the

NO2 Euler angles, and mO2
and lO2

with the O2 ones. Wigner D-matrices form a complete set

of functions that span the Euler angles, and therefore the angular potential may be written as a

linear combination of a product of D-matrices, one for each molecule:

Vangular = ∑
lO2

,lNO2
,mO2

,mNO2
,λ

C
lO2

,lNO2

mO2
,mNO2

,λ
D

lO2
mO2

,0(φ2,θ2,0)D
lNO2

mNO2
,λ
(φ1,θ1,χ)

︸ ︷︷ ︸
(−1)

mO2

√
4π

2lO2
+1 Y

lO2
−mO2

(ωO2
)D

lNO2
mNO2

,λ
(ωNO2

)

(11.14)

where we used equations 3.57 and 3.58 to substitute the D-matrix for the O2 for a spherical

harmonic. We also used the shorthand ωk to denote the Euler angles of molecule k.

As the potential depends only on the relative angle between the molecules (φ = φ1−φ2), it

follows that:

m =−mO2
= mNO2

(11.15)

For clarity, we will use the index i for the summation over all combinations of lO2
, lNO2

,mO2
,mNO2

and λ . We can now substitute the expressions 3.8, 3.9 and 3.49 in equation 11.14:

Vangular = ∑
i

Ci

√
2

2lO2
+1

ΘlO2
,m(θ2)exp[ım(φ1−φ2)]︸ ︷︷ ︸

exp[ımφ ]

d
lNO2

m,λ (θ1)exp[−ıλ χ ] (11.16)

Using equations 3.14 and 3.51, we can relate the Theta functions (Θl,m(θ)) and reduced D-

matrices to their value when the sign of m is reversed. Therefore, we can add the corresponding

functions and limit the range of m to m ≥ 0. Applying this and using equation 3.13 to express

the ΘlO2
m(θ2) function as an associated Legendre polynomial, the expression for the potential
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becomes:

Vangular = ∑
j

C j

√
(lO2
−m)!

(lO2
+m)!

d
lNO2

m,λ (θ1)P
lO2
m (θ2)

×


exp[ımφ ]exp[−ıλ χ ]+ exp[−ımφ ]exp[ıλ χ ]︸ ︷︷ ︸

=cos(mφ−λ χ)


 (11.17)

In deriving equation 11.17 we used the fact that, by symmetry, λ can only be even or zero. This

follows from the fact that, as will be seen in the next section, λ links the projections of the NO2

rotational angular momentum on its own axis (µ). As the quantisation axis chosen on the NO2

molecule is the b-axis, due to nuclear spin statistics [111], µ (and thus λ ) can only be even.

In equation 11.17, the summation over j now includes all non-negative integer values for m,

as long it is smaller than both lO2
and lNO2

, and all even integer of λ which are less than or equal

to lNO2
. In the case that m = 0, only positive values of λ are included. The factorial terms were

absorbed into the parameters, so the fitted coefficients (Wj) are related to the C j coefficients by:

Wj =

√
(lO2
−m)!

(lO2
+m)!

C j (11.18)

Finally, if lO2
was odd, then the potential would change if the two oxygen nuclei in O2 were

interchanged. As this is unphysical, lO2
was restricted to even values.

11.4.2 The program written

To fit the function of equation 11.17 to the calculated PESs, a double precision program was

written using FORTRAN90. The input to this program was a comma delimited file including a

potential energy surface cut at a single distance. Only one PES was fitted at each time. The user

specified the distance of this surface and the maximum values for lO2
, lNO2

, m and |λ |. These

were limited to 9, 8, 3 and 6 respectively, as to always be less than the number of θ2,θ1,χ and

φ values calculated at the PES. Moreover, the option was given for the user to specify only a

maximum value for (lO2
+ lNO2

) and the program created a set of all possible combinations for
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lO2
, lNO2

, m and λ .

Using that input, a linear non-weighted least squares fit was performed to determine the

coefficients of the potential expansion and the RMSD. In order to achieve this, all the functions

in the expansion were evaluated for all the points that were successfully calculated in the PES

via the following recurrence relations [32, 129, 137, 138]:

P
m
m (cosθ) =

2m+1

2m+2
sin(θ)Pm−1

m−1 (cosθ) (11.19)

P
l
m(cosθ) =

2l−1

[l2−m2]
1/2

cos(θ)P l−1
m (cosθ)

−
[
(l−1)2−m2

]1/2
P

l−2
m (cosθ) (11.20)

dl
l,0(θ) = −1

2

√
2l(2l−1)

l2
sin(θ)dl−1

l−1,0(θ) (11.21)

dl
l−1,λ (θ) = −2(l cos(θ)−λ )√

2l sin(θ)
dl

l,λ (θ) (11.22)

dl
m,λ (θ) =

2(λ − (m+1)cos(θ))

sin(θ)
√

(l+m+1)(l−m)
dl

m+1,λ (θ)

− (l−m−1)(l+m+2)√
(l +m+1)(l−m)

dl
m+2,λ (θ) (11.23)

dl
l,λ (θ) = −

√
l−λ +1

l+λ

l cos(θ)−λ

tan(θ)(l cos(θ)−λ +1)
dl

l,λ−1(θ) (11.24)

and using the fact that d0
0,0(θ) =P0

0 (cosθ) = 1 as a starting point. These were derived bearing

in mind the symmetry of the potential function, e.g. that λ is only even or zero. The dou-

ble precision matrix inversion subroutines were taken from the computational packages LA-

PACK [139] and BLAS [140, 141, 142, 143, 144, 145, 146, 147].

The program’s output came in the form of three comma delimited files. The first one, “re-

sults.csv”, contained the coefficients for the potential function. The second one, “index.csv”,

contained a table of the monomer basis functions used in the fit, in the same order that the coef-

ficients were printed. This enabled the user to assess how significant each function was to the fit

and truncate the series appropriately. Also, the coefficients calculated were used to predict the

potential at the input geometries, and this was printed in the file “vj2.csv”. Finally, the program

calculated the RMSD of the fit.
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Unfortunately, the RMSD of the linear fit for the RSPT2 surfaces at close distances (includ-

ing the distances of the energy minima for all PESs) was tens of cm−1, even when all possible

functions were used. This was simply not useful for predictions for microwave spectroscopy

of species trapped in a potential energy well. The main reason suspected for this was that the

potential at some geometries is very repulsive, which pulled the fit. As we were more interested

in the bottom of the well, the option was given to the user to scale the fit. The scaling function

used in the program was:

Vscaled =V0 tanh

(
Vor−Vmin

V0

)
(11.25)

where Vor is the original calculated potential and Vscaled is the scaled potential. Vmin was the

lowest value in the original potential, which is automatically found by the program, and V0 is

a scaling parameter set by the user. At small Vor−Vmin

V0
values, the potential remains unchanged,

while as the Vor tends to the V0 value, the potential smoothly goes to V0. For the scaling to take

place the potential is lifted so that its lowest value corresponded to 1 cm−1. However, now there

were a lot of points with the value V0 at physically important distances (R =3-3.4 Å), which

acquired a large statistical weight. Moreover, fitting many angular coordinates to the same

value required a large number of angular functions. Thus, although the RMSD was lowered

it was still not good enough. The next improvement implemented in the program was to give

the option of a non-linear weighted least squares fit. This allowed the user to specify weights/

uncertainties on points based on their energy. This was designed to be used in combination with

the scaling. The points were broken down to four groups, the first one being the unchanged

potential, and rest were separated gradually until the scaled final upper value.

For this, the Levenberg-Marquant [127] method was used and the linear least squares coef-

ficients were given as initial values. The user was probed at the end of every successful iteration

whether to continue and another similar checkpoint was added every ten iterations. The lowest

RMSD coefficients only were kept. The potential re-calculated by the non-linear weighted least

squares method is also printed by the program in the file “check3.csv”.
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Figure 11.5: The RMSD of the fit versus the number of functions used at R = 3,3.4 and 3.8 Å.

11.4.3 PES fitting discussion

The fitting program allowed a lot of flexibility in the choice of both the formulation of the

potential expansion as well as the method for the fitting. The user was informed at launching

the program of the number of parameters that would be fitted, the number of points to be used

in the fit and at the end, the RMSD of the linear non-weighted least squares fit. The program

also printed the minimum and maximum values of the potential to help with the selection of

scaling parameters.

Initially we will concentrate on the fitting of the RSPT2 surfaces, as these proved more

challenging, and then we will move to the RCCSD(T) surface. Moreover, as the doublet state

is physically the most important one (as it is the ground state), we will use it to demonstrate the

performance of the fitting program.

In figure 11.5, the RMSD of the linear non-weighted least squares fit is plotted as the number

of functions is increased. The number of functions rises as we increase the maximum (lNO2
+

lO2
) value by one, thus giving the 16 points plotted for all distances. In every case the maximum

possible number of m and λ values were used in the fit. The values for the diagram are given in

the table 11.5, RMSD is quoted in cm−1.
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Table 11.5: Linear Non-Weighted Fitting of the RSPT2 Doublet Spin State Potential

lNO2
+ lO2

No. of functions RMSD at R = 3.0 Å RMSD at R = 3.4 Å RMSD at R = 3.8 Å

2 5 75.4 67.3 49.0

3 9 71.9 62.11 47.8

4 21 47.5 37.2 32.6

5 34 45.1 31.5 28.9

6 60 30.2 26.7 15.8

7 90 27.7 23.4 13.9

8 139 21.4 16.4 8.6

9 192 19.9 14.3 7.7

10 261 17.8 9.8 4.7

11 333 16.2 8.0 3.6

12 401 15.0 7.1 3.0

13 469 14.0 6.4 2.7

14 519 13.4 5.9 2.5

15 569 12.9 5.6 2.5

16 594 12.8 5.6 2.3

For the fittings presented in this graph, the potential was scaled with a maximum value of

500 cm−1 relative to the lowest point. As it can be seen this trends asymptotically to a number

even over 10 cm−1 for part of the chemically important region. Sadly, this is simply not precise

enough for FTMS predictions. The asymptotic shape of the curve indicates that a very large

number of functions is required for convergence. Another interesting feature is that there is a

sharp drop every two (lNO2
+ lO2

) values until (lNO2
+ lO2

)= 6. This is because λ is restricted

to be even, and for this reason, only even values of (lNO2
+ lO2

) increase the possible values of

λ . This trend stops after (lNO2
+ lO2

)= 6 as this is the maximum possible λ value for the PESs

computed. Finally, one may notice that as the R value increases, the RMSD of the fit decreases.

This is logical as the potential becomes less anisotropic at larger separation of the molecules,

and thus easier to fit.

For the remaining diagrams, a cut of the RSPT2 surface of the doublet spin state is used, at

R= 3.2 Å, calculated using the aug-cc-pVDZ basis set and scaled with a maximum value of 500

cm−1. Figure 11.6 demonstrates visually the increasing quality of the fit as more functions are

used. The horizontal axis is simply an index of the number of the points as these are arranged

in order of increasing energy, and it is clear that the functions are following the shape of the

potential.
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Figure 11.6: Ab initio and linearly fitted potentials for R = 3.3 Å for the doublet spin state with

different number of functions

In figure 11.7 the difference between the weighted and non-weighted approach may be seen.

The points are arranged again in order of increasing energy. It is clear that the linear non-

weighted least square method provides an equally good fit for all the points, while the weighted

non-linear fit has large errors at high energies but is fits the lower energy points much better.

Yet, as may be seen in this graph, the lowest points are still not very well fitted. This occurs as

there is a greater number of points with binding energy 60-100 cm−1 from the minimum, than

in the lower regions of the potential. As these points are so close to the minimum, neither the

scaling nor the weighting may significantly distinguish them from it, and they acquire a large

statistical weight. For this reason, very severe scaling and weighting, as well as the maximum

number of functions was required to obtain an acceptable RMSD value of below 3 cm−1 which

represented the minimum region accurately.

Moving now to the RCCSD(T) PES fitting, table 11.6 represents the change of RMSD over

different distances as more functions were included. Again, the scaling was used to even out

any points with energy over 500 cm−1 from the minimum and equal weighting was used for

all points. What can be clearly seen is that the RMSD is generally lower than it was for the

RSPT2 surface. By observing the PESs, this is believed to be as the RCCSD(T) PES is much

smoother than the RSPT2 ones and therefore was easier to fit with periodic functions. Again,
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Figure 11.7: Ab initio, linearly fitted, and weighed fitted potentials for R = 3.5 Å for the doublet

spin state with lNO2
+ lO2

= 8

Table 11.6: Linear Non-Weighted Fitting of the RCCSD(T) Potential

lNO2
+ lO2

No. of functions R = 3.2 Å RMSD R = 3.4 Å RMSD R = 3.6 Å RMSD

2 5 105.1 98.5 78.4

3 9 97.0 85.5 64.7

4 21 50.8 51.6 46.27

5 34 42.0 42.6 41.45

6 60 28.4 30.4 21.9

7 90 21.8 25.4 17.2

8 139 15.5 14.4 11.6

9 192 11.3 10.0 8.8

10 261 7.3 6.5 5.4

11 333 5.1 4.6 4.8

12 401 4.1 3.0 3.0

13 469 3.6 2.3 2.2

14 519 3.4 1.8 1.7

15 569 3.3 1.6 1.6

16 594 3.2 1.5 1.6
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the fit RMSD decreases with the increasing number of functions used and also with larger

intermolecular distances.

11.5 The Dynamics Program

The program written and presented in the previous section is able to give the best possible fitting

for the potential function chosen. Now, that fitted function can be used to solve the angular part

of the Schrödinger equation. The computer program described in this section was designed to

achieve this. Apart from getting a first estimate of the eigenvalues to predict the spectrum, this

may be able to answer the question of what is the effect of the nuclear spin statistics on this

complex.

Also, assuming that the complex’s wavefunction would be fairly localized to its equilibrium

distance, using the eigenvectors calculated for the angular part of the Hamiltonian could give a

good indication of the frequency region that the microwave spectrum would lie, which will aid

our experimental investigation.

11.5.1 The angular Hamiltonian

The strongest mixing of the two spin states comes from the spin-spin interaction of O2. As the

separation between the states in the geometries close to the energy minimum is of the order of

100 cm−1, and the spin-spin constant in oxygen is approximately 1.9 cm−1, the two states are

not strongly mixed. Therefore, the effect of the quartet state on the doublet state may be taken

by perturbation theory at a later stage. For this reason, we can solve the Schrödinger equation

for one spin state at the time. Thus, the Hamiltonian of the molecular complex may be written

as:

Ĥtotal(ω,R) = T̂complex(R)+ ĥrot,compl(ω,R)+ ĥNO2
(ω)+ ĥO2

(ω)+Ûd/q(ω,R) (11.26)
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where the first term is the kinetic energy operator of the complex, the second the end-over-end

rotation of the complex, the third is the Hamiltonian of the NO2 molecule, the fourth is the

Hamiltonian of the O2 molecule, the fifth is the potential energy operator for the spin state

investigated. ω is used to indicate that the term depends on the angular coordinates, while R

indicates a radial dependence. We separate the Hamiltonian of equation 11.26 to an angular and

a radial part. The angular Hamiltonian is:

Ĥangular = ĥrot,compl(ω;R)+ ĥNO2
(ω)+ ĥO2

(ω)+Ûd(ω;R)+Ûq(ω;R) (11.27)

where now there are only terms that depend parametrically on the intermolecular distance. The

next approximation made was to ignore the fine and hyperfine components. This was decided as

it led to the basis set size being reduced by a factor of six, and hence reduce the computational

cost. Moreover, the fine and hyperfine terms are not critical in order to understand and predict

the basic rotational energy pattern of this complex, and hence the effects of dynamics, and thus

may be taken into account latter. Therefore, the Hamiltonian used to perform the dynamics is:

Ĥdynamics = ĥrot,compl(ω;R)+ ĥNO2,rot(ω)+ ĥO2,rot(ω)+Ûd(ω;R) (11.28)

and the basis set is:

|ΨNO2−O2,angular〉= |η,N,K〉|nO2
,kO2
〉|nNO2

,kNO2
,µ〉 (11.29)

where the motion of the monomers is quantised in the complex (rotating) axis system. In the

following sections, each of the terms in the Hamiltonian, and their evaluation will now be

examined in turn. For clarity, only the quantum numbers that are relevant to the evaluation of

the contribution of each term are included, and the expressions are diagonal to any quantum

numbers ignored.
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11.5.2 The O2 and NO2 rotation terms

For both of the monomers, as the fine and hyperfine structures are here ignored, the only surviv-

ing contributions are from their rotational Hamiltonians. For oxygen, which is a linear top, the

rotational energy operator was given in equation 2.16, while its matrix elements can be evalu-

ated using equation 2.17. The NO2 rotational Hamiltonian and its matrix elements were given

in chapter 10 and exactly the same apply here.

11.5.3 The complex rotation term

The next term to consider corresponds to the end-over-end rotation of the complex. Similar to

what was discussed in chapter 2, the motion of the NO2 and O2 fragments may be regarded

as internal rotations. Then, the rotation of the complex may be expressed as the rotation of a

pseudo-diatomic, where each of the monomers is one of the dimensionless “atoms”, separated

by distance R from the other.

In the absence of any nuclear or spin angular momentum, we can express the operator for

the pseudo-diatomic rotational energy, in a manner similar to what was used in equation 2.56,

as:

ĥrot,compl = Bpd

(
N̂− n̂NO2

− n̂O2

)2

= Bpd

[
N̂2 + n̂2

NO2
+ n̂2

O2
−2N̂z

(
n̂O2,z + n̂NO2,z

)
+2n̂O2,zn̂NO2,z

+ N̂+n̂NO2,−+ N̂−n̂NO2,++ N̂+n̂O2,−+ N̂−n̂O2,++ n̂NO2,+n̂O2,−

+ n̂NO2,−n̂O2,+

]
(11.30)

where Bpd is the pseudo-diatomic rotational constant, N̂z, n̂NO2,z and n̂O2,z are the rotational

angular momentum of the complex, the NO2 and the O2, onto the intermolecular axis respec-

tively. n̂NO2,± and n̂O2,± are the raising and lowering operators for the NO2 and O2 molecules

respectively, following the “normal definition” given in equation 2.24. N̂+ and N̂− are the

raising and lowering operators defined for the anomalous commutation relationships, given in
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equation 3.68.

The diagonal matrix elements of the operator 11.30 are given by:

〈N,K,nNO2
,kNO2

,nO2
,kO2
|ĥrot,compl|N,K,nNO2

,kNO2
,nO2

,kO2
〉=

= Bpd [N (N +1)+nNO2
(nNO2

+1)

+ nO2
(nO2

+1)+2
(
kNO2

kO2
−K2

)]
(11.31)

In addition to these, there are off-diagonal Coriolis forces matrix elements. These may be

diagonal in K:

〈N,K,nNO2
,kNO2

±1,nO2
,kO2
∓1|ĥrot,compl|N,K,nNO2

,kNO2
,nO2

,kO2
〉=

= Bpd

√
(nNO2

(nNO2
+1)− kNO2

(kNO2
±1))(nO2 (nO2

+1)− kO2
(kO2
∓1)) (11.32)

or off-diagonal in K:

〈N,K±1,nNO2
,kNO2

±1,nO2
,kO2
|ĥrot,compl |N,K,nNO2

,kNO2
,nO2

,kO2
〉=

= Bpd

√
(N (N +1)−K (K±1))(nNO2

(nNO2
+1)− kNO2

(kNO2
±1) (11.33)

〈N,K±1,nNO2
,kNO2

,nO2
,kO2
±1|ĥrot,compl |N,K,nNO2

,kNO2
,nO2

,kO2
〉=

= Bpd

√
(N (N +1)−K (K±1))(nO2

(nO2
+1)− kO2 (kO2

±1)) (11.34)

11.5.4 The potential energy term

The final term that we need to consider represents the intermolecular potential energy. This

is modelled using the fitting program described earlier, and it has the same functional form

for both the doublet and the quartet states. The intermolecular potential only mixes different

monomer states and is independent of N, therefore the only part of the basis set that it acts on

is:

|nNO2
,µ,kNO2

〉|nO2
,kO2
〉
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Conveniently, we can express these basis functions in terms of Wigner D-matrices using equa-

tions 3.59 and 3.60. The integration then to calculate the potential matrix elements can be done

using equation 3.63. Therefore the potential matrix elements are:

〈n′NO2
,µ ′,k′NO2

|〈n′O2
,k′O2
|∑

j

C j
(
D

lO2
−m,0(φ2,θ2,0)D

lNO2

m,λ (ω2)

+D
lO2
m,0(ω2)D

lNO2

−m,−λ (φ1,θ1,χ)
)

j
|nNO2

,µ,kNO2
〉|nO2

,kO2
〉=

= ∑
j

C j

√
(2n′NO2

+1)(2nNO2
+1)(2n′O2

+1)(2nO2
+1)

(8π2)2
(−1)K−µ

×
(∫

D
n′NO2

k′NO2
,µ ′(ω1)D

lNO2

m,λ (ω1)D
nNO2
−kNO2

,−µ(ω1)dΩ

∫
D

n′O2

k′O2
,0
(ω2)D

lO2
−m,0(ω2)D

nO2
−kO2

,0(ω2)dΩ

+
∫

D
n′NO2

k′
NO2

,µ ′(ω1)D
lNO2

−m,−λ
(ω1)D

nNO2
−kNO2

,−µ(ω1)dΩ

∫
D

n′O2

k′
O2

,0
(ω2)D

lO2
m,0(ω2)D

nO2
−kO2

,0(ω2)dΩ

)

= ∑
j

C j
√

(2n′NO2
+1)(2nNO2

+1)(2n′O2
+1)(2nO2

+1)(−1)K−µ

×







n′NO2
lNO2

nNO2

−k′NO2
m kNO2







n′NO2
lNO2

nNO2

−µ ′ λ µ







n′O2
lO2

nO2

−k′O2
−m kO2




×




n′O2
lO2

nO2

0 0 0


+




n′NO2
lNO2

nNO2

−k′NO2
−m kNO2







n′NO2
lNO2

nNO2

−µ ′ −λ µ




×




n′O2
lO2

nO2

−k′O2
m kO2







n′O2
lO2

nO2

0 0 0





 (11.35)

where (ω1) and (ω2) are the Euler angles for NO2 and O2 respectively with respect to the axis

system of the complex, and the integration is over all angles. In the above formula we used the

fact that:

kNO2
+ kO2

= K (11.36)

To evaluate the 3-j symbols, we used the programs provided by Zare [27].
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11.5.5 The angular dynamics program

To solve the angular Schrödinger equation for the complex, another FORTRAN90 double pre-

cision program was written. This computed the Hamiltonian matrix using the expressions given

in the previous sections. The calculations were performed for one N at the time, as N is a good

quantum number for the Hamiltonian given in equation 11.28.

At launching the program, the user chooses the rotational angular momentum of the complex

(N), and of the monomers (nNO2
and nO2

). Moreover, the user may select to limit the maximum

K and (nNO2
+nO2

) values in order to truncate the size of the basis set. Then the user is asked

to provide the choices used in the fitting program. The results of the fitting can be used directly

from the dynamics program if the two are placed in the same folder. Also, the intermolecular

distance R has to be specified, which is used to compute the pseudo-diatomic rotational constant.

The program then performs the calculation taking into account all possible basis sets within

the specifications given. The diagonalisation subroutines were taken from LAPACK and BLAS

and the eigenvalues are printed in energy order in the output file “levels.csv”, and the eigenstates

are printed in the same order in the file “states.csv”. The FORTRAN codes for the fitting and

the angular dynamics programs may be found in the CD attached to this thesis.

11.5.6 Angular dynamics results and discussion

Using the programs described, we were able to fit and perform the dynamics on the RSPT2 and

RCCSD(T) PESs, as well as at the combined PES taken as:

ERCCSD(T)+∆RSPT2 = ERCCSD(T)−
(
ERSPT2,Quartet −ERSPT 2,Doublet

)
(11.37)

Following the notation used in chapter 10 when discussing the Ne-NO2 complex, the quantum

number K is equal to kNO2
+ kO2

, while Kr corresponds to the state of the molecular complex

that would be assigned from a semi-rigid approach. Thus, the state (N = 1,Kr = 0) would be

primarily composed from (N = 1,K = 0), but will have a small degree of (N = 1,K = ±1)
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Table 11.7: The lowest energy level calculated by performing the angular dynamics on different

PESs and intermolecular distances

PES Distance/Å RMSD/ cm−1 Complex Ground State Energy/ cm−1

RCCSD(T) 3.2 0.94 107.4558

RCCSD(T) 3.3 0.81 88.43918

RSPT2- Quartet 3.2 2.06 103.7697

RSPT2- Quartet 3.3 2.01 96.7180

RSPT2- Doublet 3.2 2.70 118.9498

RSPT2- Doublet 3.3 2.48 107.0748

RCCSD(T)+∆ RSPT2 3.2 2.70 118.9497

RCCSD(T)+∆ RSPT2 3.3 1.56 95.9222

states mixed in due to the Coriolis interaction. Kr = 1±,2± will be used to signify the upper

and lower Kr = |1| and Kr = |2| doublets if the energy levels and the spectrum were assigned as

an asymmetric top.

In table 11.7, the results of the dynamics and the fitting are given for the region of the mini-

mum, R= 3.2−3.3 Å. As the potential was shifted with respect to its minimum, the eigenvalues

for the complex ground state (N = 0,Kr = 0 ) also correspond to the zero-point energy (ZPE).

For these calculations, the fitting was performed with (lO2
+ lNO2

) = 16 and potential was scaled

to even out for values above 500 cm−1 from the minimum. The RMSD in the table 11.7 refers

to the fitting. For the dynamics, (nO2
+ nNO2

) = 16 was used, which was the largest possible

calculation if one wants to include all N and K values up to 3 in our machine7. This resulted

in 2,912 basis functions being used for the dynamics for the ground state (N = Kr = 0), 8,704

for the first excited state (N = 1), 14,384 for the second excited state (N = 2) and 19,874 for

the third (N = 3) excited state calculation of the complex. As may be seen from table 11.7, the

combined PES (RCCSD(T)+∆ RSPT2) is fitted equally well, if not better, to the RSPT2 PES of

the doublet state, while the RCCSD(T) one is clearly providing the best fit. The ZPE is similar

from all surfaces, but it can be seen that it changes rapidly with distance.

If we assume that each angle (θ1,θ2,φ and χ) is a possible degree of freedom for vibrations,

this would mean that on average each one has approximately a ZPE of 22-30 cm−1. As the

7The computer used has 8 GB of RAM plus another 4GB of swap memory.
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Figure 11.8: Convergence of the N = 0,Kr = 0 ground state energy for R = 3.3 Å

minimum of the combined surface has R = 3.3 Å, this distance was used for further analysis.

The energy of the ground state of the complex versus the number of basis functions used in

the calculation is shown in figure 11.8. As may be seen from figure 11.8, a very large number

of functions (more than 9,500) are required for the convergence of the ground state energy to

below 1 cm−1. To our view this is related to the way that the potential is modelled and to the

high RMSD values of the fit: rotation of the monomers (in a given R) may change significantly

the distance between the atoms. For example, if the two monomers are arranged in parallel

with the N atom perpendicular to the oxygen plane, then the separation between the oxygen

molecules is approximately the intermolecular distance. If on the other hand the four oxygen

atoms are arranged in a line, then the distance of the two inner oxygen atoms is approximately

1.8 Å shorter. This effect leads to a large range of binding energies for each R, which in turn

creates an anisotropic potential that requires highly oscillating functions in order to be fitted.

Then, for the effect of these functions to be included in the potential, a large basis set is required.

We can now look at the predicted energy levels, using the RCCSD(T)+∆ RSPT2 PES. Again

we set (nO2
+nNO2

)=16. This was the largest possible calculation when including all N,K values

up to 3, which is necessary in order to have |Kr|= 2 transitions. For all calculations, all possible

K values were included. As can be seen from figure 11.8, the calculated energy levels are not
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Table 11.8: The NO2-O2 rotational transitions for R = 3.3 Å from fixed-distance dynamics

N = 1← 0 N = 2← 1 N = 3← 2

Kr = 0 4,524.9837 9,047.6121 13,565.5437

Kr = 1− 8,833.7490 13,249.6401

Kr = 1+ 9,274.1605 13,909.9117

Kr = 2− 13,601.8267

Kr = 2+ 13,611.7712

expected to be more converged than a couple of cm−1, but the transitions between them should

fare better. The calculated transitions are given in table 11.8, all numbers are quoted in MHz.

The first thing to note is that both the |Kr| = 1 and |Kr| = 2 are predicted to be in range,

so both sets should be seen experimentally. However, these splittings between the |Kr|= 1 and

|Kr| = 2 levels show a deviation from what would be expected if the molecular complex was

treated as an asymmetric top. What is happening is that the NO2 rotation around its a-axis is

taking place and the pattern is similar to the Rg-NO2 spectra. Yet, two effects have significantly

lowered the tunnelling frequency: the stronger interaction with O2, and also the fact that an

O2 rotation (which itself is quenched by the presence of the NO2) is required to complete the

symmetry operation. Thus, the tunnelling frequency has been sufficiently lowered, that the

|Kr| = 1 transitions are now in range. By taking the average difference between the Kr = 0

from the |Kr| = 1 and |Kr| = 2 states, we were able to calculate the tunnelling frequency to be

8,719.31 MHz. This is significantly lower than the value obtained for Ne-NO2. Moreover, this

shows that the possible tunnelling between the oxygen molecule’s atoms is not correlated to

the tunnelling of NO2, otherwise the |Kr| = 1 states would be lower in energy than the Kr = 0

states, which is not observed. One reasonable explanation for this, is that the oxygen molecule

plus the nitrogen nucleus has a much higher mass to tunnel, compared to the nitrogen nucleus

alone.

Finally, we were able to fit these values in a semi-rigid approach using the program SP-

FIT [22, 23]. The values fitted correspond to virtual transitions from the ground state to all

levels, thus containing 13 virtual lines. The results are given in table 11.9, and the RMSD of

the fit is 0.041 MHz, which is far better than the expected precision of the numbers (all values
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Table 11.9: Semi-rigid Parameters for NO2-O2

A− B+C
2 /MHz 14,640.646( 56)

B+C
2 /MHz 2,262.472(24)

B−C
4

/MHz 55.044( 5)

DN/kHz -5.80(218)

DNK /MHz -1.098( 6)

were given an uncertainty of 0.1 MHz). This means that this complex, in contrast to Ne-NO2

described in chapter 10, may be fitted using a semi-rigid approach. This is reasonable given

the stronger interaction between the monomers. However, like Ne-NO2, both of the included

centrifugal distortion constants are abnormally large, especially if one realises that since this

is a fixed-R calculation, there is no real centrifugal distortion! What is happening is that DN

and, mainly, DNK have suitable dependencies to accommodate the dynamical effects of the an-

gular Coriolis forces. An abnormally large value of DNK is again found to be an indicator of

significant dynamical effects, as also concluded in chapter 10.

Unfortunately, due to the very large size of basis set required to converge the energy levels,

it was not possible to include any vibrational levels as well. Moreover, another problem of the

PESs prevented us from treating the radial motion adiabatically: due to the RSPT2 predicting

a far greater interaction than RCCSD(T), the difference between the two spin states PESs in

RSPT2 was sometimes incompatibly large in relation to the RCCSD(T) binding energies. As

was predicted in chapter 8, the difference between the two spin states increases at closer dis-

tances, so this created an unphysical PES for RCCSD(T)+∆ RSPT2 at close range. For these

reasons, having obtained both an estimate of where the transitions should be and what the ex-

pected pattern is, we continued the investigation of the NO2-O2 complex experimentally.

11.6 Experimental Investigation

Prolonged experimental searches were performed over the course of this investigation in various

frequency regions from 7 to 18 GHz, using initially a mixture of NO and O2 gas and Ar as
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a carrier gas, then Ne as a carrier gas and finally a mixture of NO2 and O2 gases in a Ne

supersonic expansion with 1 bar backing pressure. Although the lines that Frise recorded were

not reproduced, experiments using the latter mixture yielded a total of more than 170 weak

transitions (most of them required between 5000 and 7500 shots) of the appropriate Doppler

splitting that appeared to be part of a rich hyperfine structure.

These appeared to correspond to the spectrum of a species with rotational constants approx-

imately in the right values for NO2-O2, as well as the right pattern. However, upon a closer

examination of the fine and hyperfine structure observed, it is now believed that these corre-

spond to another species, possibly an NO2 or NO polymer. All recorded lines are given in the

CD attached to this thesis.

11.7 Conclusion and Suggestions for Future Work

A large amount of theoretical work was performed in our investigation of the NO2-O2 van der

Waals complex. The PESs of the complex were computed using both RSPT2 and RCCSD(T)

methods in order to combine the strengths of these methods and achieve a large cancellation

of errors. The RSPT2 PESs were computed for the low-energy geometries using both aug-

cc-pVDZ and aug-cc-pVTZ basis sets which allowed extrapolation to the CBS limit. All the

PESs are given in the CD attached to this thesis. From these we obtained the approximated

minimum energy geometry of the complex. The PESs were in agreement to the arguments

presented in chapter 8 with respect to the energy ordering of the spin states and a pseudo-

covalent contribution to the potential energy was again found.

A program was written to fit an appropriate angular function to single-distance cuts of the

PESs. This program offers the user a lot of flexibility to how this function is constructed and

the options of performing a linear, scaled and weighted least squares fitting. A second program

was written to perform the angular quantum dynamics for the complex. From this we obtained

estimates of the zero point energies of the angular motion of the monomers. Moreover, we were

able to settle the question of the effect of the nuclear spin statistics in this complex, predict
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the pattern of the spectrum and also provide a first estimate of the tunnelling frequency for the

rotation of NO2 around its a-axis. The calculated fixed-R dynamics transition frequencies were

also successfully fitted using a semi-rigid approach, indicating that this approach is suitable for

this complex. In agreement to the conclusions of chapter 10, it was found that the centrifugal

distortion constants may be used as fitting parameters to accommodate the effects of dynamics

in the spectrum.

However, even after extensive search and although a large number of weak transitions were

recorded, it was not possible to find sets of transitions that could be unambiguously assigned to

this complex. This is not too surprising as its binding energy is small and the oxygen molecule

is very weakly polarisable. Therefore only a small amount of the complex would be formed and

any transitions would be very weak.

Yet, last year we were happy to learn that the spectrum of this complex has been recorded by

the Lehmann group at the University of Virginia, using helium droplet spectroscopy. According

to the results presented in the 67th Ohio State University International Symposium on Molecular

Spectroscopy [148], these researchers observed both odd and even K transitions, which is in

agreement with our analysis.



Chapter 12

Conclusion

“The actual process of arriving at one correct solution required some five years

time, and proceeded by a series of halting steps which may now be described with

deceptive economy”

- G. Bird et al. [123]

Although four different systems have been investigated in total in this work, they all fell under

the basic question introduced in chapter 1: how can one model the interactions in an open-

shell open-shell van der Waals complex? There are two questions that arise from this first

one: how can one model a van der Waals complex and how can one model the radical-radical

interactions in such a complex? The first of these questions is challenging due to the degree

of large amplitude motion that the constituent molecules demonstrate. Two main approaches

have been used to-date: the semi-rigid approach and the quantum dynamics approach. The

semi-rigid approach approximates the van der Waals complex as a semi-rigid top molecule with

internal rotation, and then one can fit the constants of an effective Hamiltonian to reproduce

the spectrum. This approach has been used extensively by spectroscopists as the constants

fitted have a direct relation to the spectrum’s appearance. In this approach the motion of the

“frame” is separated from that of the “internal rotor”, although the two are linked by Coriolis

interactions.
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In chapter 6 we used the theory of internal rotation in semi-rigid molecules to analyse

the rotational spectrum of t-butyl acetate (TBAc). A large number of lines were recorded ex-

perimentally using high resolution pulsed-nozzle Fourier-transformed microwave spectroscopy

(FTMS). One limitation of the semi-rigid approach that was already apparent was that it cannot

intrinsically account for the symmetry properties of the internal rotor. In the well-established

case of a methyl group rotation, this was done in a practical way by including the A and E

states as non-mixing vibrational levels. Although this is correct, the reason for not having any

transitions between them was implemented by setting the corresponding dipole moments as

zero, i.e. in an ad hoc manner. Moreover, in order to determine more information about the

system, such as the barrier to rotation and the expectation value of the torsional angle, we had

to perform what practically were dynamical calculations using second order perturbation the-

ory on an approximate V3 potential. This demonstrates the fact that even for a strongly-bound

molecule whose rotational spectrum may be fitted well by a semi-rigid effective Hamiltonian,

if one wants to understand the details of the internal rotation it is necessary to investigate the

dynamical effects and the mixing of excited internal rotor states, even if using a semi-empirical

expression for the potential.

Yet, TBAc is a strongly-bound molecule rather than a weakly-bound molecular complex,

so the other end of this continuum was explored in chapter 10, when investigating the van der

Waals complex between an atom of neon and a molecule of nitrogen dioxide (Ne-NO2). The

very weak binding energy of this complex (≈ 79 cm−1) indicated that the quenching of the

rotation of NO2 was going to be very weak. Indeed, the dynamical effects were so strong, that

the original researcher (Dyer [116]) could not even fit the rotational transitions using a semi-

rigid Hamiltonian. This was also in contrast to the rest of the Rg-NO2 complexes investigated

by the group, all of which were successfully (although not easily) fitted using a semi-rigid

approach. We performed high level ab initio calculations to obtain the PES of the complex and

fitted this PES to an appropriate function that could be used in a dynamics Hamiltonian. Fitting

the PES was itself challenging, and it became evident that only an atom-atom potential that was

able to represent the anisotropy of the interaction around each atomic centre accurately. This is

both because of the small size of neon, which enabled it to sample the space around the NO2 in



Chapter 12. Conclusion 256

detail, as well as due to the different motions of NO2: the large angle of the O-N-O bond meant

that any motion around the b-axis caused great shifts in energy, while the motion around the

a-axis was almost a free-rotation. Using our atom-atom potential we represented the PES in a

physically meaningful way (i.e. based on the theory explained in chapter 7), and the coefficients

of the function themselves reflected this (i.e. were part of convergent series).

To perform the dynamics at various levels of approximation (with or without Coriolis, in-

cluding or neglecting the radial motion) different programs were written using MATHEMAT-

ICA8. The results obtained from these programs were not only able to reproduce from first prin-

ciples the effects of the nuclear spin statistics that have been observed now in all the Rg-NO2

complexes, but also predict the shape of the spectrum including the uneven splitting between

between the Kr = 0 and |Kr|= 2 transitions that cannot easily be explained using semi-rigid the-

ory. It was found, however, that a very large number of functions were required for convergence

and the basis set used for these dynamical calculations had to be truncated, even in such a small

and weakly-bound system. The results of our quantum dynamics calculations were then fitted

to a semi-rigid Hamiltonian to test the compatibility between the two approaches. Interestingly,

the fitting was not as good as one would perhaps expect, with an RMSD of approximately 0.44

MHz. One insight was that, in order to fit the predicted transitions, the DNK value was very

large (4.3 MHz), and not in line with the value of DN (0.14 MHz), which itself was normal. Re-

examining the other Rg-NO2 complexes previously analysed by the group, we found that indeed

the value of DNK is often abnormally large (especially in the Ar-NO2 complex [113]) and corre-

lates well with the importance of dynamics in van der Waals complexes, and thus may be used

as an indicator. Therefore, one may use the semi-rigid approach to investigate such complexes,

but should be wary of the centrifugal distortion constants and their abnormally large values.

Moreover, we determined the tunnelling frequency, zero point energy and minimum geometry

of the complex from the dynamical calculations.

Studying the Ne-NO2 complex, we had already started crossing the boundary to the second

question: that of radical nature in the context of van der Waals complexes. As NO2 has an

unpaired electron, as well as a nuclear spin angular momentum, the spectrum of the Ne-NO2
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complex has a complicated fine and hyperfine structure. We analysed this via spherical tensor

operator algebra, which elegantly enabled us to use the eigenvectors of the dynamics calcula-

tions and the experimentally determined fine and hyperfine constants of the NO2 molecule to

calculate the expectation values of the fine and hyperfine operators for each state of the molec-

ular complex. To achieve this, another program was written in MATHEMATICA8 which oper-

ated in two stages. At the first stage, the program transformed the NO2 constants to the complex

frame. At the second stage, it uses these values to predict the fine and hyperfine energy level

splittings by composing and diagonalising the respective Hamiltonian matrix. Additionally, we

derived the very useful expression shown in equation 10.47, which may find more applications

in future research that uses spherical tensor algebra.

One insight gained by this analysis was the significance of both the different vibrational

states (the radial motion) and of the Coriolis forces. Both contributed to the effective fine and

hyperfine constants of the complex, and it was not until these were included that we could fit the

calculated fine and hyperfine energy levels using a semi-rigid approach. Yet, once this was done,

the two approaches proved compatible, and the predicted fine and hyperfine structure could be

fitted to an effective Hamiltonian with an RMSD of only 0.185 MHz. The reason for this is

probably that the origins of the interaction (i.e. the fields created by the motions of electrons,

either due to their spin or rotation with the molecular complex and the electron distribution

around the nitrogen nucleus) are only very slightly (if at all) perturbed by the presence of Ne,

and therefore, one must mainly account for the relative orientation of the NO2 moiety in the

molecular complex. This may be done analytically through dynamics or approximately in a

semi-rigid perspective. This is an encouraging result, as that part of the calculation was highly

demanding in terms of computing requirements, and it is positive that one may still successfully

use the semi-rigid approach even in such a floppy complex.

However, there are elements of the analysis that are not accessible through the semi-rigid

approach: because by performing the quantum dynamics one obtains all the eigenvalues and

eigenvectors of the fine and hyperfine Hamiltonian, the extra information enabled us to cal-

culate all the corresponding constants. This proved significant especially for the spin rotation



Chapter 12. Conclusion 258

around the a-axis (εaa), which is the dominant contribution for the Kr = 2± levels (through

second order perturbation theory effects) but which may not be fitted directly from the spec-

trum. Furthermore, we were able to highlight the Coriolis interaction as the main reason for the

spin-rotation splittings. At the same time, a large amount of experimental work was performed

which both reproduced the previously recorded spectrum and also found two new transitions.

Using the dynamically predicted spectrum, the new transitions and Dyer’s assignment of the

Kr = 0 spectrum, we were able to finally assign the Kr = |2| transitions of Ne-NO2. Although

the fitted values from the dynamically predicted spectrum did not agree well with the experi-

mental values for the hyperfine structure and εaa constants, our calculations were able give very

good agreement for the decisive εbb± εcc, and thus predict the energy ordering of all but three

transitions.

Next, we examined the nature of an open-shell open-shell interaction in van der Waals com-

plexes. Intriguingly, there has been no unified view on the ordering of the energy levels when

two radicals meet but do not form a bond. For this fundamental chemistry question, there are

two possible approaches: The Heitler-London theory (which is part of the Valence Bond theory,

VB) which would predict the lowest multiplicity state to be the lowest in energy and actually

form a covalent bond. A competing view comes from Hund’s first rule of maximum multiplic-

ity (which uses Molecular Orbital theory) and would predict the highest multiplicity state to

have the lowest energy. Both of these theories have been stretched outside their original domain

by being applied to van der Waals complexes (with the monomers having core electrons) and

there has been published work in support of both perspectives [100, 105]. Yet, to the best of

our knowledge these studies did not set out to investigate this question, but rather assumed an

energy ordering.

To answer this question, we studied the weakly bound complex of NO with O2, both of

which are radical species, relatively stable in room temperature. This system is also interesting

as there is the added question of different symmetry states (on top of different spin states) as

well as the possibility of forming NO3. Ironically, forming such a molecule is what chemical

intuition would predict! As our hypothesis agreed with the Heitler-London (VB) prediction, we
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used supermolecular MO theory in our calculations, as an agreement would signal an answer

from both perspectives. We investigated this complex using multireference second order per-

turbation theory ab initio methods. We discovered that indeed the Heitler-London theory does

predict the correct energy order, due to a “pseudo-covalent” exchange contribution to the po-

tential energy, which seems to align the molecules to maximise the overlap between molecular

orbitals. Hund’s first rule seems to correctly predict the energy ordering if the electrons are all

part of the same molecule, but in our case they belong to separate molecules and the dominant

effect is the exchange interaction rather the consequence of the Fermi hole. Indeed, the Fermi

hole argument strictly speaking is valid only if the electrons could potentially have all quantum

numbers the same, which is not the case for electrons on different molecules.

Moreover, we were able to model this pseudo-covalent contribution by a Born-Mayer-type

term to a good approximation. Also, through our survey of ab initio methods we highlighted

the strengths and shortcomings of each one, and compared their results to the “golden standard”

RCCSD(T) method when appropriate. One surprising insight was the possible contribution of

charge transfer, which previous research suggested to be negligible [7, 107] and a wrongly-

overestimated induction effect. Yet, using the same previous theory, it was argued that in the

case of open-shell open-shell species, there might be an exception to that rule. This was also

consistent with the ab initio predicted dipole moments.

Finally, all the previous arguments were combined to study one open-shell open-shell van

der Waals complex, NO2-O2. Like in the case of Ne-NO2 and NO-O2, high level ab initio

calculations were used to obtain the PES of this complex. Similarly to the NO-O2 complex,

the Heitler-London theory correctly predicted the energy ordering of the two spin states, and

we demonstrated that again we found a pseudo-covalent contribution to the potential energy.

For NO2-O2, a combination of ab initio methods (RCCSD(T) and RSPT2) was deemed more

reliable than a single method for the PES of both possible spin states, mainly due to the in-

truder state problems of RSPT2. Although we were not able to perform the radial dynamics,

we performed the angular dynamics on a composite PES. As the angular part of the potential is

the dominant contribution to the shape of the rotational spectrum (as we demonstrated on the



Chapter 12. Conclusion 260

Ne-NO2 complex) we were able to qualitatively predict the “shape” of the rotational spectrum

of the NO2-O2 complex and thus settle the question of the effect of the nuclear spin statistics.

We determined that the tunnelling motion of NO2 around its a-axis continues but as an accom-

panying rotation of the O2 is required to complete the symmetry operation and the bonding

between the monomers is stronger, the tunnelling frequency becomes low enough that both the

even and the odd Kr transitions fall within our experimental range. At the same time we pre-

dicted that the tunnelling motion of O2 is uncorrelated from the NO2 tunnelling, and determined

(approximately) the tunnelling frequency for NO2.

While a large number of weak transitions were recorded experimentally in the appropriate

spectral region using FTMS, upon closer investigation it became clear that these belonged to

another system with a more complex fine and hyperfine pattern. However, we were delighted

to hear that another experimental group in the University of Virginia have now recorded the

spectrum of NO2-O2 in helium clusters, and its appearance is in agreement with our predic-

tions [148]. However, they have not yet released any numerical results that would allow further

comparison. Finally, we were able to fit the predicted transitions using a semi-rigid approach

in a practically perfect fit, with a RMSD of 0.04 MHz. This demonstrates that in the case of

NO2-O2, which is more strongly bonded than Ne-NO2, the semi-rigid theory may be used to

analyse the spectrum, although the effects of nuclear spin statistics would have to be included

ad hoc. Moreover, the value of DNK was, in agreement to our analysis of Ne-NO2, abnormally

large (1.1 MHz) and not in line to the DN value, again suggesting that this may be used as an

indicator of dynamical effects. All the programs mentioned in this work, PESs and recorded

FTMS spectra are included in the CD attached to this thesis.
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Appendix A

Fundamental Constants and Conversion

Factors

A.1 Fundamental Constants

Quantity Symbol Value

Planck Constant h 6.62606876(52)×10−34 J s

Free electron g factor gs 2.0023193043737(82)

Atomic mass constant u=mu 1.66053873(13)×10−27 kg

Magnetic constant µ0 4π×10−7 N A−2

Bohr magneton µB 9.27400899(37)×10−24 J T−1

Nuclear magneton µN 5.05078317(20)×10−27 J T−1

Universal Gas Constant Ru 8.314472 J mol−1 K−1 1

Speed of light (vacuum) c 2.99792458×108 m s−1

Avogadro constant L,NA 6.02214199(47)×1023 mol−1

Boltzmann constant kB 1.3806503(24)×10−23 J K−1
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A.2 International System (SI) Units Conversion Factors (ap-

proximate)

unit Hartree eV cm−1 Hz

Hartree 1 2625.50 27.212 2.1947×105

6.57966 ×1015

eV 3.6749×10−2 1 8065.5 2.418 04×1014

cm−1 4.5563×10−6 1.2398×10−2 1 2.997 93 ×1010

Hz 1.519 83 ×10−16 4.135 58 ×10−15 3.335 65 ×10−11 1

1 J = 1 kg m2 s−2

1 Pa = 1 N m−2 = 10−5 bar = 10 dyne/cm2 = 7.501 µm Hg

1 Pa = 7.501×10−3 Torr = 9.869×10−6 std atm = 1.450×10−4 psi2

1 Bohr =0.529177249 Å

1 K = 1 ◦C=(F-32)/1.8

2psi is an abbreviation for the unit pound-force per square inch



Appendix B

Standard angular momentum formulæ

Here are quoted some fundamental formulæ, for reference purposes [1, 27, 96]. All symbols

hold their standard meaning.

B.1 Definitions of operators

j2 = j2
x + j2

y + j2
z (B.1)

J± = Jx± iJy (B.2)

j2 | jm〉 = j ( j+1) | j,m〉 (B.3)

jz | jm〉 = m | jm〉 (B.4)

j± | jm〉 = [ j( j+1)−m(m±1)]1/2 | j,m±1〉 (B.5)
〈

j′m′ | jm
〉

= δ j′, jδm′,m (B.6)

(B.7)
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In Cartesian axis, the orbital angular momentum operators are defines as:

lx = ypz− zpy (B.8)

= −i

(
y

∂

∂ z
− z

∂

∂y

)
(B.9)

ly = zpx− xpz (B.10)

= −i

(
z

∂

∂y
− y

∂

∂ z

)
(B.11)

lz = xpy− ypx (B.12)

= −i

(
x

∂

∂y
− y

∂

∂x

)
(B.13)

Spherical coordinates correspond to the Cartesian coordinates by:

x = r sinθ cosφ (B.14)

y = r sinθ sinφ (B.15)

z = r cosθ (B.16)

When expressed in spherical coordinates, the angular momentum operators become:

lx = i

(
sinφ

(
∂

∂θ

)
+ cotθ cosφ

(
∂

∂φ

))
(B.17)

ly = i

(
−cosφ

(
∂

∂θ

)
+ cotθ sinφ

(
∂

∂φ

))
(B.18)

lz = −i
∂

∂φ
(B.19)

Combination of the above gives an overall angular momentum operator, l2:

l2 =−
[

1

sin2 θ

∂ 2

∂ϕ2
+

1

sinθ

∂

∂θ

(
sinθ

∂

∂θ

)]
(B.20)



Appendix C

More Experimental

C.1 FID Processing

In order to achieve a higher S/N, the signal is also treated by two processes. The first one

happens before the Fourier transform and it consists of multiplying the signal by a Gaussian

“window” function:

G(t) = e
−
(

t−t0
k

)2

= e
2t×t0

k2 e
− t2

k2 e
− t2

0
k2 (C.1)

where t is the time of the FID, t0 is a positioning parameter for the Gaussian and k is the decay

constant of the function. As it is expanded in the far right hand side, the first exponential will

dominate in small t values, while the second at large. The last exponential is independent of t

and therefore is a constant that does not influence the shape or S/N ratio of the signal. One can

adjust t0 as to modify the first exponential, but here for clarity we set t0 = 1. If the FID signal is

expressed as

S (t) ∝ e−
t
τ (C.2)

where τ is the lifetime of the FID and which is related to the bandwidth of the signal (∆ν) as:

∆ν =
1

2πτ
(C.3)

Then, by multiplying the S (t) by G(t):

S (t)×G(t) ∝ e
−t
(

1
τ− 2

k2

)

e
− t2

k2 (C.4)

With this transformation, the lifetime of the emission at small t is artificially increased, while at

large t (when there is mainly noise) it is reduced. This helps to distinguish very close frequency
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peaks and overlapping signals.

The second process takes place after the Fourier transform and it is an application of the

Savitzky-Golay [149] smoothing method. This acts as a filter by performing a local N-th order

polynomial regression on the signal using, for each point,±M neighbouring points. The default

settings in the FTMS program are N = 2 and M = 2. This creates a smoother function, thus

reducing the noise. The main advantages of this specific technique is that it maintains the

relative maxima, minima and their width, therefore does not alter the position of the peaks or

the linewidth. This smoother function is then used to find (by calculating its turning points) the

peak positions. For automatic peak searching, a maximum of this function is compared to the

background noise, and if its S/N is high enough then it is deemed a peak.

C.2 Signal Generation

If the electric field generated by the radiation is considered classically, the interaction between

a molecule and the field can be written as:

V̂ (t) =−µ̂ε0 cos(ωt) (C.5)

where ε0 is the strength of the applied electric field, ω is the angular frequency with which

the field oscillates, t is the time variable and µ̂ is the dipole moment operator. This interaction

can be regarded as a perturbation to the energy levels of the molecule in absence of the electric

field. Then, the Hamiltonian of the species before the radiation (H0) can be used to solve the

time-independent Schrödinger equation (TISE):

Ĥ0|φ〉= E|φ〉 (C.6)

while to find the eigenfunctions of the full Hamiltonian:

Ĥ = Ĥ0 +V̂ (t) (C.7)

One needs to solve the time-depended Schrödinger equation (TDSE):

Ĥ|Ψ〉= ıh̄
∂

∂ t
|Ψ〉 (C.8)

The eigenvalues of the full Hamiltonian have the form

ψn = φne−ıωnt (C.9)
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where φn are the solutions of the equation C.6 and ωn are related to the energy of the levels at

t = 0 by

h̄ωn = En (C.10)

V (t) will perturb and mix the energy states of H0. The overall final state may be written as

Ψ(t) = ∑
n

cn (t)φne−ıωnt (C.11)

For a two-state system, |φl〉 and |φu〉 with El < Eu, both the TDSE and the TISE can be written:

(
Ĥ0− µ̂ε0 cos(ωt)

)
|Ψ〉 = ıh̄

(
ċlφle

−ıωlt + ċuφue−ıωut
)

+E0
l clφle

−ıωlt +E0
u cuφue−ıωut (C.12)

Ĥ0|Ψ〉 = E0
l clφle

−ıωlt +E0
u cuφue−ıωut (C.13)

If we take the difference between TDSE and TISE, and then post multiply by 〈φl|:

−


〈φl|µ̂ |φl〉︸ ︷︷ ︸

=0

cle
−ıωlt + 〈φl|µ̂|φu〉cue−ıωut


ε0 cos(ωt) =

= ıh̄


〈φl|φl〉︸ ︷︷ ︸

=1

ċle
−ıωlt + 〈φl|φu〉︸ ︷︷ ︸

=0

ċue−ıωut


 (C.14)

In above equation, the dipole moment matrix element is zero by symmetry, while the right-hand

side of the equation is simplified using the orthonormality of the functions. By repeating the

same process and post multiplying by 〈φu|, we obtain a pair of coupled differential equations:

ċl =
−〈φl|µ̂|φu〉ε0cu

2ıh̄

(
eı(ωl−ωu+ω)t + eı(ωl−ωu−ω)t

)
(C.15)

ċu =
−〈φu|µ̂|φl〉ε0cl

2ıh̄

(
eı(ωu−ωl+ω)t + eı(ωu−ωl−ω)t

)
(C.16)

At near resonance

ω ≈ ωu−ωl = ω0 (C.17)

and the terms depending on (ω +ωu−ωl) or (−ω−ωu +ωl) are very rapidly oscillating and

can be ignored. Assuming the initial populations:

cl (t = 0) = 1 cu (t = 0) = 0 (C.18)
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According to the Born interpretation of the wavefunction, the squared modulus of these

coefficients corresponds to the probability density of finding the system at that state:

c∗ucu =
〈φu|µ̂ |φl〉〈φl|µ̂ |φu〉∗ε2

0

4h̄2
f (ω0ωt) (C.19)

where

f (ω0ωt) =
sin2 (0.5(ω0−ω) t)

(0.5(ω0−ω))2
(C.20)

The above function peaks sharply at the exact resonance, therefore only then will a transition

occur1. From equation C.19 it can also be seen that only if there is a non-zero dipole moment

will a transition occur. In the case of exact resonance, the time-dependent coefficients become:

cl (t) = cos

(
ω ′t
2

)
cu (t) =−ısin

(
ω ′t
2

)
(C.21)

where

ω ′ =
〈φu|µ̂ |φl〉ε0

h̄
(C.22)

The probability of a transition being made to the any state at time t is given by:

Pl = |cl|2 = cos2

(
ω ′t
2

)
Pu = |cu|2 = sin2

(
ω ′t
2

)
(C.23)

However, a collection of molecules will not all be in the lower energy state, but rather

cl (t = 0) = am cu (t = 0) = bm (C.24)

This modifies the expressions in (C.21) to

cl = am cos

(
ω ′t
2

)
+ ibm sin

(
ω ′t
2

)
(C.25)

cu = bm cos

(
ω ′t
2

)
− iam sin

(
ω ′t
2

)
(C.26)

Transition dipole moment between these states now is:

〈Ψ|µ̂ |Ψ〉= c∗l cu〈φl|µ̂ |φu〉e−ıω0t + c∗ucl〈φu|µ̂ |φl〉e−ıω0t (C.27)

1To be precise, the function f (ω0ωt) becomes a normalised delta function. More details may be found in

reference [16].
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The macroscopic polarisation of the collection of molecules is related to their dipole moment

as

p = ∑
m

〈µ̂m〉 (C.28)

where 〈µ̂m〉 is the expectation value of the transition dipole moment (from here on assumed

real) and m is a running index for the molecules. When the sample is introduced into the cavity

(without any radiation field), the alignment of the dipole moments is random and therefore there

is no mass polarization (p = 0).

When the radiation is present, V̂ (t) mixes the states of H0 as described above. Taking the

expectation value of the dipole moment for a molecular assembly, with the time dependence of

the coefficients of the wavefunction is as derived, gives

p = (Pl−Pu) |〈φu|µ̂ |φl〉|sin
(
ω ′τ
)

sin(ω0t) (C.29)

The optimum conditions would be (ω ′τ) = π
2

, which is referred to as a “π
2

-pulse”. Under-

powering or overpowering the cavity would actually damage the polarisation, and a π pulse

would actually give no signal!

The power emitted2 from the relaxation of this pulse is

Power emitted = 2πQ(Pu−Pl)
2 ω0|〈φu|µ|φl〉|2 (C.30)

where Q is the quality factor of the cavity, which was explained earlier. One interesting

thing to note is that the signal power (power emitted) depends on the square of the popula-

tion difference.Using a supersonic expansion, as described earlier in chapter, helps to achieve

population cooling, which increases the signal.

2This equation is taken from electrophysics and its derivation is beyond the scope of this thesis.



Appendix D

More on the Ne-NO2 Complex

D.1 More Potential Models

D.1.1 The LEAPOT Approach

The first model we attempted was a LEAPOT expansion to represent the potential1:

Vtot(R,θ) = ∑
i

Vi,radial(R)Vi,angular(θ ,χ;R) (D.1)

where R,θ ,χ are the intermolecular coordinates used in the ab initio calculations. For the Ne-

NO2 case, there are only two intermolecular angular coordinates so the angular functions may

be modelled using a linear combination of spherical harmonics:

Vangular(θ ,χ;R) = ∑
ℓ,m

Cℓ,m(R)Y
ℓ

m(θ ,χ) (D.2)

We note that if m was allowed to take any odd values, that would mean there are functions in the

potential that differentiate between the two oxygen nuclei, which is unphysical. Therefore, m

can only take even values (including zero). Moreover, using equations 3.9, 3.13, 3.14 and 3.8,

we can express the potential as the following linear combination, with m only taking positive

integer values, and zero:

Vangular(θ ,χ;R) = ∑
ℓ,m

C′ℓ,m(R)P
ℓ
m(cosθ)cos(mχ) (D.3)

1LEAPOT is the acronym of Linear Expansion in the Anisotropy of the Potential, as described in chapter 7.
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Figure D.1: Fitted angular Ne-NO2 potential at R = 3.2 Å, energy is quoted in cm−1 and angles

in degrees

As there were only 4 values that the χ variable took, and 10 values that θ took, in the ab initio

calculations, the maximum value for ℓ was set at 9 and for m at 6. Since at any single R, the

PES was only three-dimensional, the fitting could be performed using the Surface Fitting Tool

of the MATLAB2010b [150] program.

It was found that by using an upper value of ℓ = 7 and m = 6 (20 parameters) and scaling

the potential using an arctan function to having values up to 1,000 cm−1 relative to the energy

minimum, we were able to fit the angular part of the potential with a RMSD=1.8-2.6 cm−1

(with the error scaling inversely with distance). A picture of the fitted potential at R = 3.2 Å is

given in figure D.1. The fit used was a linear least squares fit.

Having fitted the angular part of the potential, the next step was to fit the radial functions to

the angular function coefficients. The radial functions used were of the form:

Vradial = Aexp[−bR]−
12

∑
k=6; even

ckR−k (D.4)

where k only took even values. There were two reasons for this choice: Physically this is a

function analogous to the Modified Buckingham potential. The second reason is that the total

potential function could be used in conjunction with the program BOUND [151] by Hutson,

which could then be used to perform the dynamics. The fitting of the radial part of the potential

was performed using the Curve Fitting Toolbox of the MATLAB2010b program. The RMSE of

this fit was in the range of 3.5-7.1 cm−1.

Unfortunately, the angular coefficients changed significantly with distance. It is worth not-

ing that the relative magnitude of the coefficients of different terms in the fitted potential also

changed

What became obvious is that different angular functions were contributing in the fit in dif-

ferent ways at different distances, with little physical meaning. Moreover, there was aliasing

between the points, while in total the quality of the fit was still not very good.

Perhaps unsurprisingly, when this potential was used with BOUND, the result was unphys-

ical, with very low Zero Point Energy for the complex. A lot of effort went into finding better

radial functions, or iteratively obtaining the angular coefficients for their values to be more
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consistent over distance, yet the final results were still not satisfactory.

D.1.2 The Global Potential Approach

The poor quality of the fit obtained using the LEAPOT approach was seen as an indication of

the strong coupling between the angular and radial motions. For this reason, the next approach

taken was to perform a global fit, where the function is fitted simultaneously to an expression for

both the radial and the angular coordinates. Also now we changed our approach from LEAPOT

to LEAPAR2. This was as to obtain a more physically meaningful potential function, where the

coefficients indicate the relative importance of different effects.

The functional form of this potential is the same as in equation 7.30, i.e. it comprises of a

Born-Mayer term to represent the exchange-repulsion at short range and a Multipole Moment

expansion for the long range forces:

VNe−NO2
= Ae−α(θ ,χ)(R−ρ(θ ,χ))+

8

∑
n=6

fn(R)
Cn(θ ,χ)

R−n
(D.5)

In comparison to equation 7.30, it is worth noting that we have not included a angular depen-

dence on the pre-exponential factor, as to limit the correlation between it and the parameters

in the exponent. Now we will have a quick look at each of the contributions of the potential

function. Although various similar potential functions were attempted here we only present the

most successful one.

Following from the previous section, the angular dependence of the potential may be mod-

elled by a linear combination as the one in equation D.3. For the α(ω) the maximum ℓ was set

to 3 and m to 2, while for the ρ(ω), the maximum ℓ and m used were 4. The R dependence of the

exponential contribution was represented as a linear series of
(
bR+δbR−1

)
type expressions.

Therefore, a total of 13 parameters were used to model the short-range part of the potential.

The long-range part comprises of three terms:

• An R−6 term which aims to represent mainly the leading effect of dispersion between the

two species. For the angular dependence of this term it was multiplied by an expansion

with ℓ= 0,2

• An R−7 term that represents the leading induction contribution (except of the R−6 which

is absorbed in the previous term) in this complex. Its angular dependence was represented

by a linear combination of terms with ℓ= 1,3

2LEAPAR stands for Linear Expansion on the Anisotropy of the PARameters, and was introduced in chapter

7.
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• An R−8 term that aims to represent the higher order dispersion and induction effects

between the two species. Its angular dependence was modelled with a linear expansion

with ℓ= 4

For all the linear expansions above, the m projection took even integer values up to the cor-

responding ℓ. The functions of ℓ = 0,2 were not included in the R−8 term as to limit the

correlations between these parameters and the corresponding one with an R−6 dependence.

All terms representing the long range attractive forces were multiplied by damping functions

analogous to the Tang and Toennies functions mentioned in chapter 7. For these functions it

was explored whether it was necessary to include the whole exponential expression, or even the

part corresponding to the angular dependence of the function being damped. However, it was

found that as long as b >> δb and that both the α(ω) and ρ(ω) series were convergent, the

exp[bR] effect was dominant and sufficient for the damping.

Moreover, the value of R0 was fixed at 3.15 Å. This was chosen by fitting an parabola in the

energy minimum geometry of the complex and finding the minimum.

Thus the final expression for the potential was:

VNe−NO2
= Aexp

[
−
(

∑
1≤ℓ≤3;m

αℓ,mP
ℓ
m(θ)cos(mχ)

)

×
(

bR+δb(R)−1− ∑
0≤ℓ≤4;m

ρℓ,mP
ℓ
m(θ)cos(mχ)

)]

−
(

1− e−bR
6

∑
k=0

(bR)k

k!

) (
∑ℓ=0,2;m c6,ℓ,mPℓ

m(θ)cos(mχ)
)

(R)−6

−
(

1− e−bR
7

∑
k=0

(bR)k

k!

) (
∑ℓ=1,3;m c7,ℓ,mPℓ

m(θ)cos(mχ)
)

(R)−7

−
(

1− e−bR
8

∑
k=0

(bR)k

k!

) (
∑m c8,4,mP4

m(θ)cos(mχ)
)

(R)−8
(D.6)

where all m take only even integer values up to the corresponding ℓ. The fitting of the above

function was performed using MATHEMATICA8. The main problem met in fitting the potential

of equation D.6, was the high degree of correlation between different parameters. As it can be

seen from equation D.6, all the parameters are (directly or indirectly) multiplied by each other.

One way to reduce the correlation was to keep the parameters of the damping functions set

to the value calculated by the previous iteration. This way the short and long range forces were

separated. Then the long range forces were fitted at long distances first, and the short range

forces at short distances independently, and then a global fit was performed.

Our best fit had an RMSE value of 5.4 cm−1, using a total of 25 parameters. Yet, even this fit

was unsatisfactory, as the correlation between the parameters was high. Another worry was that
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the fitting was not natural, as the series were not convergent and the short range forces seemed

to contribute to the long range attraction. We could add more parameters to lower the RMSE

further, but when this was attempted the fitting became even less physical.

D.2 Vector Model for Spin-Rotation Analysis

Using a vector model, the spin-rotation interaction may be written as the sum of the interac-

tions between the spin and the rotational angular momenta on each of the principle axes of the

complex:

Ĥsr,vector = εaaN̂aŜa + εbbN̂bŜb + εccN̂cŜc (D.7)

where ε j j is the effective spin-rotation constant along the j principle axis of the complex. This

is also equivalent to summing the projection of the total spin-rotation interaction (N̂ · Ŝ) on the

three principle axes:

Ĥsr,vector = [εaaN̂2
a + εbbN̂2

b + εccN̂2
c ]︸ ︷︷ ︸

εaaN̂2
a+(εbb+εcc)

N̂b+N̂c
2 +(εbb−εcc)

N̂b−N̂c
2

N̂ · Ŝ
N̂2

(D.8)

The diagonal contribution of the term in the square brackets for the states Kr = 0 and |Kr| = 2

scales as:

εaaK2
r +(εbb + εcc)

N(N +1)−K2
r

2

while still using the vector model we may approximate

N ·S =
J(J +1)−N(N +1)−S(S+1)

2
(D.9)

where J in this model is given by the vector sum of N and S. Thus the complete expression for

the vector model for the even Kr states is:

〈Ĥsr,vector〉=
[εaaK2

r +(εbb + εcc)
N(N+1)−K2

r

2 ](J(J+1)−N(N +1)−S(S+1))

2N(N +1)
(D.10)

Moreover, the 6- j symbol which appears in equation 10.50 has an N,Kr dependence [29]:

(−1)N−K
√

N(N +1)(2N+1)

This expression mirrors exactly the trend observed in the spin-rotation constants in table 10.12,

when no off-diagonal Coriolis interactions are included.



Chapter D. More on the Ne-NO2 Complex 284

D.3 The Fine and Hyperfine Predicted Energy Levels

In table D.1, the calculated energy level splittings due to the fine and hyperfine interactions are

given. The eigenvectors used for this calculation came from performing the quantum dynamics

with four vibrational levels and nNO2
= 19.

D.4 The Predicted and Assigned for Kr = 0

In table D.2, the Kr = 0 spectrum predicted using the eigenvectors from calculation with four

and one vibrational levels (all with nNO2
= 19) are juxtaposed next to the spectrum as assigned

by Dyer [116].

D.5 The Assigned Spectrum

The assigned spectrum for the |Kr|= 2 transitions of Ne-NO2 is given in table D.3. The notation

used represents the semi-rigid asymmetric top approach used for the assignment.
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Table D.1: Energy level shifts due to fine and hyperfine interactions for Ne-NO2 with respect to

pure rotational energy levels

N Kr F G Energy level Shift /MHz

0 0 0.5 0.5 -147.2300

0 0 0.5 1.5 73.6150

1 0 0.5 0.5 -141.4800

1 0 1.5 0.5 -151.1740

1 0 0.5 1.5 58.6358

1 0 1.5 1.5 68.3301

1 0 1.5 2.5 82.8440

2 0 1.5 0.5 -140.1860

2 0 2.5 0.5 -154.9160

2 0 0.5 1.5 48.0446

2 0 1.5 1.5 58.0475

2 0 2.5 1.5 72.7774

2 0 3.5 1.5 90.6620

2 2− 1.5 0.5 -196.3810

2 2− 2.5 0.5 -155.3990

2 2− 0.5 1.5 178.1520

2 2− 1.5 1.5 157.6120

2 2− 2.5 1.5 116.6300

2 2− 3.5 1.5 3.9237

2 2+ 1.5 0.5 -195.1130

2 2+ 2.5 0.5 -154.6730

2 2+ 0.5 1.5 175.8730

2 2+ 1.5 1.5 155.5840

2 2+ 2.5 1.5 115.1440

2 2+ 3.5 1.5 5.4427

3 0 2.5 0.5 -139.8030

3 0 3.5 0.5 -157.5930

3 0 1.5 1.5 43.7432

3 0 2.5 1.5 58.7203

3 0 3.5 1.5 76.5099

3 0 4.5 1.5 96.0189

3 2− 2.5 0.5 -169.2520

3 2− 3.5 0.5 -143.4150

3 2− 1.5 1.5 124.0880

3 2− 2.5 1.5 108.2550

3 2− 3.5 1.5 82.4185

3 2− 4.5 1.5 35.7605

3 2+ 2.5 0.5 -165.3800

3 2+ 3.5 0.5 -142.8820

3 2+ 1.5 1.5 116.4480

3 2+ 2.5 1.5 102.4730

3 2+ 3.5 1.5 79.9757

3 2+ 4.5 1.5 41.4903
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Table D.2: Predicted and assigned spectrum of Kr = 0

Upper State Lower State Transition Frequencies/ MHz

N′ F ′ G′ N F G Predicted vmax = 3 Predicted vmax = 0 Experiment [116]

1 1.5 0.5 0 1.5 1.5 5628.1275 5621.2581 5883.7997

1 0.5 1.5 0 0.5 0.5 5639.1627 5636.1544 5897.2328

1 1.5 1.5 0 1.5 1.5 5637.8218 5635.4101 5897.5215

1 0.5 0.5 0 0.5 0.5 5648.8567 5649.8434 5906.9672

1 1.5 2.5 0 1.5 1.5 5652.3357 5654.8463 5910.2338

2 1.5 1.5 1 1.5 1.5 11242.3468 11239.8516 11750.6714

2 1.5 0.5 1 1.5 0.5 11242.0382 11239.1600 11752.1486

2 1.5 2.5 1 1.5 2.5 11242.5628 11240.9325 11754.3271

2 0.5 2.5 1 0.5 1.5 11248.8874 11248.0817 11759.0223

2 1.5 1.5 1 1.5 0.5 11252.0411 11254.0036 11764.38

2 0.5 1.5 1 0.5 0.5 11253.9234 11255.3097 11764.5098

2 1.5 2.5 1 1.5 1.5 11257.0767 11260.3687 11767.0335

2 1.5 3.5 1 1.5 2.5 11260.4474 11265.8694 11771.506

2 0.5 1.5 1 0.5 1.5 11263.6174 11268.9987 11774.2408

3 1.5 1.5 2 1.5 1.5 16780.7426 16772.2226 17529.814

3 1.5 2.5 2 1.5 2.5 16780.9898 16774.7542 17530.7705

3 1.5 3.5 2 1.5 3.5 16780.8948 16774.8292 17533.271

3 1.5 1.5 2 1.5 0.5 16790.7455 16787.0662 17542.0741

3 0.5 3.5 2 0.5 2.5 16792.3699 16789.1488 17543.3809

3 1.5 2.5 2 1.5 1.5 16795.7197 16795.2713 17547.1408

3 0.5 2.5 2 0.5 1.5 16795.4299 16794.0708 17547.5094

3 1.5 3.5 2 1.5 2.5 16798.7794 16799.7661 17550.4525

3 1.5 4.5 2 1.5 3.5 16800.4038 16803.9172 17553.7847

3 0.5 2.5 2 0.5 2.5 16810.1599 16814.9878 17562.7233

Table D.3: Assignment and error of the |Kr|= 2 N = 3← 2 transitions of Ne-NO2

N′Ka,Kc
G′ F ′ NKa,Kc

G F Observed/MHz Error/kHz Dynamics Prediction

32,2 1.5 2.5 22,1 1.5 1.5 17587.0399 1.53 16759.2244

32,2 1.5 3.5 22,1 1.5 2.5 17604.8098 1.03 16777.1671

32,2 0.5 3.5 22,1 0.5 2.5 17610.5404 3.74 16824.1264

32,2 0.5 2.5 22,1 0.5 1.5 17626.7665 4.47 16842.0684

32,2 1.5 4.5 22,1 1.5 3.5 17633.6552 1.41 16848.3830

32,1 1.5 2.5 22,0 1.5 1.5 17725.9711 151.00 16882.8952

32,1 1.5 3.5 22,0 1.5 2.5 17746.0386 9.26 16898.0407

32,1 0.5 3.5 22,0 0.5 2.5 17749.8360 97.69 16944.2362

32,1 0.5 2.5 22,0 0.5 1.5 17768.0654 42.22 16959.3812

32,1 1.5 4.5 22,0 1.5 3.5 17776.2563 130.58 16964.0890


