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Abstract

Treatment in advanced cancers often provides only temporary improvements due to

the emergence of drug-resistant tumour subpopulations. Standard-of-care regimens

seek to maximise cell kill in order to achieve a cure, but thereby inadvertently also

free resistant cells from the intra-tumoral competition which usually constrains their

growth. An emerging alternative strategy, called adaptive therapy (AT), aims to

tackle this problem by prioritising tumour control over cure. The idea is to leverage

intra-tumoral competition to slow, or even avoid, the expansion of resistance.

In this thesis we present an integration of mathematical modelling, clinical data

analysis, and biological experiments in order to investigate: i) the factors which

determine whether a patient will benefit from AT, and ii) how to best adjust treatment

to control resistance. We begin by studying a simple two-population model, which

we formulate first as an ordinary differential equation (ODE), and subsequently as

an agent-based, model. We dissect the impact of various model parameters on the

benefit of AT, and identify cell turnover as an important, but previously overlooked,

factor. Furthermore, we find that the tumour’s spatial organisation reflects, as well as

modulates, intra-tumoral competition, and we discuss implications for intermittent

androgen deprivation treatment in prostate cancer.

In the second part of this thesis, we investigate whether adaptive scheduling of

poly-adenosine di-phosphate ribose polymerase inhibitors (PARPis) can improve the

treatment of ovarian cancer. We develop a framework which uses an ensemble of

six ODE models to dynamically guide AT decision-making. In collaboration with

an experimentalist, we test our framework in an in vitro spheroid model, and find

that it compares favourably to other adaptive dosing algorithms. However, this work

also shows that high-dose, continuous treatment achieves the best overall outcome.

To conclude we therefore develop an ODE model of PARPi treatment, and discuss

implications for PARPi scheduling. Overall, this thesis provides novel insights into the

eco-evolutionary underpinnings of AT, and highlights some of the challenges involved

in translating AT to a new cancer type.



Acknowledgements

A PhD is a journey, and as any journey it comes with its ups and downs. I have been
very fortunate that along my path I have had the tremendous support of my mentors,
friends and family. Firstly, I would like to thank my supervisors, Professor Philip
Maini and Professor Alexander Anderson. You guided and stimulated me to discover
my abilities, and stood by unwaveringly whenever I faced difficulties. Thanks to you
I have grown not only as a scientist, but also as a person. Furthermore, I am greatly
indebted to Doctor Jeffrey West and Professor Mehdi Damaghi for their continued
encouragement and support. Thank you Jeffrey, for teaching me how to be more
patient and persistent in my work. Thank you Mehdi, for introducing me to the wet
lab, and for your inspiring passion for cancer research.

In addition, I’m grateful to Professor Mark Coles and Professor Joe Pitt-Francis
for their thoughtful feedback after my transfer of status examination. I would also
like to thank Professor Jose Conejo-Garcia and Doctor Carmen Anadon for letting me
experience immunology research, and Dr Robert Wenham for making the PARPi work
possible. Furthermore, my thanks goes to Ms Samantha Byrne, Mr Matthew Wicker,
and Mr Punit Borad for their assistance in the in vitro experiments. Next, I would like
to thank Tom Bury for his comment on the Mathonco blog which started me on the
path which made me realise the role of turnover in AT (http://disq.us/p/23j1825).
Finally, I’d like to say a great thank you to Professor Yannick Viossat for helping me
to develop a deeper understanding of the mathematics behind adaptive therapy.

This thesis was written across three countries and two continents, each of which
has become a home to me in its own way. I would like to thank the many friends,
new and old, who have accompanied me along this way. In particular, thank you to
the members of the Wolfson Centre for Mathematical Biology, the amazing people in
S04.16, and Doctor Andrew Krause, for providing my home base in Oxford. Further-
more I’m grateful to the members of the Department for Integrated Mathematical
Oncology at the Moffitt Cancer Center for being both inspiring colleagues as well
as great friends. Ryan, Becky, Rafael, Jill, Etienne, Gwen, Chandler, Greg, Mark,
Derek, Danae, the Therapy and DIYC crews, and everyone else, I will never forget
our many adventures in and around Tampa. I would also like to thank the H. Lee
Moffitt Cancer Center, the SABS DTC, and Jesus College for funding my travels
between Tampa and Oxford.

Finally, I would like to thank my family, who lovingly stood by my side every step
of the way (quite literally for the past 9 months). You gave me the strength to persist
and follow my passion, when doubts and stress were obscuring the path ahead.

To conclude, an excerpt from the thoughts of my furry, little helper, which the
margins of this thesis were otherwise too narrow to contain: trrrRrghhhhhh.

http://disq.us/p/23j1825


Glossary

• ABM: Agent-based model

• AIC: Akaike information criterion

• AT: Adaptive therapy

• BIC: Bayesian information crite-

rion

• CI: Confidence interval

• CT: Continuous therapy

• CTC: Circulating tumour cell

• ctDNA: Circulating tumour

DNA

• DMSO: Dimethyl sulfoxide

• DSB: Double strand break

• GFP: Green fluorescent protein

• HR: Homologous repair

• HRD: Homologous repair defi-

cient

• MPC: Model predictive control

• ODE: Ordinary differential equa-

tion

• PAR: Poly-adenosine di-

phosphate ribose

• PARP: PAR polymerase

• PARPi: PARP inhibitor

• PD: Pharmacodynamics

• PDE: Partial differential equation

• PFS: Progression free survival

• PK: Pharmacokinetics

• PSA: Prostate specific antigen

• RECIST: Response evaluation

criteria in solid tumors

• RFP: Red fluorescent protein

• RMSE: Root mean squared error

• RPMI: Roswell Park Memorial

Institute Medium

• SLD: Sum of longest diameter

• SS: Steady state

• ssDNA: single stranded DNA

• TDM: Therapeutic drug monitor-

ing

• TGI: Tumour growth inhibition

• TTP: Time to progression
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Chapter 1

Introduction

“Thus we may make the strange assertion that the more faulty the spraying this
year, the easier it will be to control the scale the next year.”

Axel Melander, 1914

“Can insects become resistant to sprays?” - this is the question entomologist Axel

Melander raised in an article of the same title in 1914 [2]. The answer seems obvious

today, when in the USA alone more than $2 billion are spent each year on managing

pesticide resistance [3]; but this was not true at the time. Melander reported that

farmers in Clarkston valley, USA, were increasingly struggling to control San Jose

scale, an insect pest which was damaging local orchards. Whilst normally scales

could be effectively killed with sulphur-lime pesticide, more and more insects were

found to survive the spraying each year. Construction of a local factory to ensure

correct manufacturing, and power spraying of the trees to drench them in pesticide,

brought temporary remission, but did not fix the problem. Thus, Melander reasoned

that something must have changed about the insects. He applied the same batch of

insecticide with the same protocol to scales from Clarkston valley and from orchards in

other regions. Remarkably, he found that while he was able to consistently eradicate

the scales from the surrounding regions, between 4% and 17% of the scales from

Clarkston survived the experiment [2].

This may seem like a strange start to a thesis on cancer research. Why should

the problems of fruit growers from 1914 matter to cancer patients today? The reason

is that both are battling similar opponents: ecological systems in which treatment

triggers Darwinian evolution. Motivated by this similarity, we will explore whether

concepts used in the management of resistant insects may also help to improve the

treatment of cancer. We will begin by reviewing the current state of cancer treatment,

focussing in particular on the scheduling of systemic therapies. We will discuss the
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important role which mathematical modelling has played in treatment scheduling, but

also how our approaches still often fall short in the metastatic setting. Subsequently,

we will show how an eco-evolutionary perspective of cancer can potentially explain

these failures, and review a novel paradigm, called “Adaptive Therapy” (AT). AT was

inspired by strategies from agricultural pest management, the foundations of which

were laid out by Melander in 1914 (see epigraph; [2]). This will motivate the four

questions which will form the focus of this thesis.

1.1 Overview of modern cancer therapy

Until the 1950s, the options for treating cancers were scarce and rarely successful.

Whilst certain tumours could be removed by surgery or radiation therapy, in advanced

cases these approaches often had little benefit [4]. Hippocrates, one of the fathers

of medicine, even suggested that cancer was “best left untreated, since patients live

longer that way”1. However, thanks to the development of systemic therapies over

the past 60 years, an unprecedented range of options exists today. In the following,

we will review how a cancer diagnosis is currently approached in the clinic, in order

to introduce key concepts and terminology which we will use within this thesis.

1.1.1 What is cancer?

Cancers are a group of diseases characterised by abnormal cell growth. A local cell

mass is called a tumour (Greek: burden), which can be either benign, if growth is re-

stricted to a small region, or malignant, if cells have started to invade the surrounding

tissue. If cells spread to multiple regions in the body, then this is termed metastatic

disease. In 90% of patients, the cause of death is not the primary tumour, but the

disruption of normal body function caused by pervasive metastatic growth [6, 7].

Cancers are distinguished by their tissue of origin [8]. Liquid tumours are can-

cers originating from the bone marrow (e.g. leukaemias), whereas solid tumours are

cancers which grow as masses in the patient’s tissues (e.g. breast or lung cancer).

Furthermore, cancers are graded and staged to describe the extent to which the tu-

mour cells differ from those in their tissue of origin, and the degree to which they have

begun to spread around the body. Localised tumours are early-stage, and typically

low-grade, whereas metastatic cancers are considered late-stage disease, and are of-

ten high-grade. In this thesis, we will focus on solid tumours, in particular advanced

prostate and ovarian cancer.

1Translation of Aphorism 38 as provided in [5].
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1.1.2 The oncologist’s arsenal

Modern cancer therapy is based on three main approaches: i) surgery, ii) radio-

therapy, and iii) systemic therapies. Surgery and radio-therapy allow effective lo-

calised treatment of individual tumour lesions, provided these can be identified and

accessed with existing technology [8]. Here, we will focus on systemic therapies.

These are drugs which are administered by infusion or are taken orally, and are

aimed at killing cells, which can not be reached by surgery or radio-therapy. There

are four main classes of systemic therapies: i) chemotherapies, ii) targeted therapies,

iii) anti-angiogenic therapies, and iv) immunotherapies. Chemotherapies, such as 5-

Fluoro-Uracil, carboplatin, or methotrexate, interfere with the cell division machinery

by causing DNA damage and cellular stress, which results in the arrest of division

(cytostatic therapies) or cell death (cytotoxic therapies). Targeted therapies take a

more nuanced approach and leverage specific weaknesses of a cancer. For example,

many prostate cancers exploit hormonal androgen signalling (e.g. testosterone) to

drive their growth. Anti-androgen therapies, such as Arbiraterone or Leuprorelin,

specifically target proteins in this pathway, and can thereby kill cancer cells in a

more targeted fashion [7, 8].

In contrast, anti-angiogenic treatment and immunotherapies are focussed not on

the tumour cells, but on their environment [7]. For example, anti-angiogenic agents,

such as bevacizumab, inhibit the formation of new blood vessels in the tumour,

thereby cutting-off the tumour’s nutrient supply. While these approaches have yielded

promising results in recent years, chemo- and targeted therapies remain the back stay

of treatment in most tumours, and will be the focus of this thesis.

1.1.3 First-line treatment

Following diagnosis, patients are typically treated with a combination of all three

treatment modalities. While the details depend on the type and stage of the disease,

the standard-of-care protocol for many solid tumours is organised in a similar fashion

(Figure 1.1). Treatment is centred around surgery, in which the primary tumour

and visible metastases are removed. In preparation for surgery, patients may receive

neo-adjuvant therapy to reduce the tumour size, and facilitate its removal. Following

surgery, patients receive adjuvant therapy to eradicate any remaining cells. Adjuvant

and neo-advujant treatment almost always includes systemic therapies, and may also

make use of radio-therapy [8, 7].
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Figure 1.1: Exemplary illustration of the clinical trajectory of a cancer patient, for
whom therapy is unable to cure the disease. While therapy may initially achieve
remissions, these are temporary, and shorten over the course of treatment. Note: the
details of each treatment, and its length will vary between cancer type, and between
patients. TTP: Time to Progression.

1.1.4 Evaluation of treatment response

To plan therapy and evaluate its effect, tumour burden is monitored during treat-

ment. Where tumours grow on or near the body’s surface, they may be palpated, or

evaluated using endoscopic or laparoscopic devices (e.g. colorectal tumours). More

quantitative information is provided by radiologic imaging using, for example, Com-

puted Tomography or Magnetic Resonance Imaging. High resolution molecular detail

can be obtained through tumour biopsies. However, most of these methods are ap-

plicable only once lesions reach a certain size, potentially require invasive procedures,

and are relatively expensive. As a result, clinical time-course data are often sparse

[8].

An alternative technology, which is becoming increasingly important, is blood-

based disease monitoring (so-called liquid biopsies ; [8, 9]). Firstly, certain cancers

shed specific proteins which can be detected in the blood. For example, prostate

and ovarian cancer burden can be monitored using serum levels of prostate specific

antigen (PSA) and CA-125, respectively. Moreover, thanks to advances in technology

it has become possible to extract and characterise circulating tumour cells (CTCs)

and circulating tumour DNA (ctDNA) from the blood. These provide a measure of

tumour burden, as well as details of the tumour’s molecular composition, and can, for

example, give early warning signals of developing drug resistance (e.g. [10, 11, 12]).

However, a key issue with blood-based measures is that they may not be representative

of the actual tumour dynamics, and can be confounded by other patient-specific

factors, such as age or diet [8, 9]. For example, while a PSA level greater than
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4ng/mL is indicative of prostate cancer, the association with actual tumour burden is

complex, and new metastases can emerge without a change in PSA level [13]. CTC-

and ctDNA-based methods are potentially more robust to such issues, but are only

just starting to make their way into the clinic [9, 14].

1.1.5 Outcomes: the challenge of recurrence

Based on an integration of these measures, the patient’s response is evaluated. In

clinical trials, this is typically done using the response evaluation criteria in solid

tumors (RECIST), which identify four categories of response [15]: Complete response

(CR), partial response (PR), stable disease (SD), and progressive disease (PD). As-

sessment is based on the sum of the longest diameter (SLD) of the target lesions. For

example, CR is a disappearance of all target lesions, whereas PD indicates a greater

than 20% increase in SLD relative to the nadir, or the appearance of a new lesion.

The nadir is the smallest SLD recorded since treatment started. Outside of clinical

trials, evaluation of response is more subjective and may also take into account the

patient’s symptoms [15, 8].

If the tumour shrinks or even disappears by the end of treatment (CR or PR),

then the patient is considered to be in remission. At this point the patient continues

to be monitored for signs of recurrence of the disease, and may take maintenance

therapy to try and eradicate any remaining disease (Figure 1.1). If the patient is

cancer free for several years, then they may be considered cured [8].

If the tumour does not respond, or even grows under treatment (refractory disease)

or recurs, then a second-line treatment is started (Figure 1.1). This follows similar

principles as the first-line treatment, but may use different, or additional, systemic

therapies. The time interval between starting a particular treatment and the disease

getting worse (again) is termed time to progression (TTP), and unfortunately often

becomes shorter the longer a disease has been treated (Figure 1.1; [8]).

1.1.6 Toxicity

Due to the close similarity between cancer cells and normal body cells, most anti-

cancer drugs also damage healthy tissue resulting, for example, in rashes, nausea, or

anaemia. So-called Phase I studies map out the toxicity spectrum of a novel drug,

and establish the maximum tolerated dose (MTD) to be administered. Side-effects

are constantly monitored during therapy and, if necessary, the drug dose is adjusted

accordingly, or treatment is delayed until it is safe to resume (Figure 1.1; [8]).
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1.2 Therapy scheduling: evolving paradigms

Recurrent and refractory disease are a major challenge in modern cancer therapy.

For example, in ovarian cancer, first-line treatment is extremely effective, achieving

responses in up to 80% of patients [16]. However, 60% of these patients will see their

disease return within 3 years, at which point it becomes increasingly harder to treat

[17]. For stage III or IV disease, 5-year survival rates are currently below 30% [18].

The main strategy to address this issue has been the development of new drugs

which either target the resistance mechanism, or kill the cell through a different route.

While great progress has been made, for example with the development of targeted

therapies, a “magic bullet” remains elusive. As an alternative, but complimentary,

approach, researchers and clinicians have explored the question of how the benefit of

existing treatments may be maximised through strategic treatment scheduling (Fig-

ure 1.2). In the following, we will review the key paradigms, their underlying math-

ematics, and the evolving understanding of resistance which they reflect. For this

discussion, in particular in Sections 1.2.2 - 1.2.5, we will closely follow the excellent

review by Benzekry et al [19].

1.2.1 The mathematics of treatment scheduling

A key challenge in schedule optimisation is that the number of possible candidates

is usually very large. For example, there are almost 600,000 ways in which 6 doses

of treatment could be given over a 6 week time frame (assuming no more than one

dose a day, and excluding weekends). Mathematical modelling has played a pivotal

role in helping to overcome this issue, and is a large and active area of research. An

exhaustive review is beyond the scope of this thesis, but we will highlight those papers

which have been important in shaping the thinking about scheduling, and the tools

which we will employ in this thesis.

Mathematically, the contributions to treatment scheduling may be broadly classi-

fied according to:

1. The nature and assumptions of the tumour model: Tumour models may

be discrete, if every cell is accounted for individually, or continuous, if it can be

assumed that cell densities are sufficiently large. In addition, they may explicitly

account for space, or not. Continuous, non-spatial models are most common, and

typically describe the tumour’s temporal evolution using one or more ordinary dif-

ferential equations (ODEs). Key spatial modelling techniques are partial differential
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equation (PDE) models, agent-based models (ABMs), or hybrids of these (see also

the excellent reviews by Araujo et al [20] and Altrock et al [21]). A further chal-

lenge arises in linking these models of tumour growth in individual patients to the

heterogeneity of dynamics observed in clinical cohorts in practice. This is the focus

of so-called Tumour Growth Inhibition (TGI) Models, which use statistical models

such as Cox-regression or hazard functions to link tumour models (typically simple

analytic or ODE models) to clinical measures of response and outcome. TGI models

have found particular application in pharmacometrics and industry and have been,

for example, used to inform clinical trial design (see Benzekry [22] and Bruno et al

[23] for reviews). In order to represent variability between patients in a clinical cohort

these approaches often make use of mixed effect models (also referred to as population

models) in which virtual patient cohorts are simulated by drawing a subset of model

parameters from statistical distributions [24, 25].

2. The objective function and its constraints: Most commonly, the objective

is to minimise tumour burden, either at the nadir or at some end point. Alternatively,

approaches may minimise cumulative tumour burden, the size of a particular subpop-

ulation (e.g. resistant cells), or toxicity, where the latter can also be implemented as

a constraint (see Engelhart et al [26] and Shi et al [27] for reviews). Multi-objective

approaches are also used, and can help to regularise the optimisation problem [27, 28].

A further important distinction is whether optimisation is carried out only once for

the complete treatment period (open-loop control) or whether the schedule is regu-

larly updated based on the tumour’s response (closed-loop control ; [27]). This is a

topic we will discuss further in Chapter 4.

3. The optimisation method: Scheduling can be framed either as a discrete or

a continuous optimisation problem, depending on whether treatment is represented

as a discrete set of doses given on specific days, or is allowed to vary continuously.

Continuous problems are often solved using optimal control theory. The Pontryagin

Maximum Principle enables the derivation of equations from which, either numerically

or analytically, an optimal solution can be computed (see Sharp et al [29] for an

introduction). Discrete problems are typically solved numerically, using, for example,

genetic algorithms. Alternatively, optimisation may be based on less formal, heuristic

or geometric arguments. We refer to Shi et al [27] for an excellent review of this topic.
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1.2.2 The log-kill hypothesis: Total therapy cures leukaemia

The first theory for treatment scheduling was proposed by Skipper, Schabel and

Wilcox [30] in the 1960s. They compared the effect of treating leukaemic mice with

either a daily, low dose of chemotherapy, or a single high dose. They found that the

single dose resulted in a greater tumour burden reduction and a higher probability

of cure, even though the low dose schedule administered a greater cumulative dose.

To explain their observations, they tested the effect of a single dose of treatment for

different tumour sizes (numbers of leukaemic cells), and found that always the same

proportion of cells was killed [30, 31].

Based on their observations, they formulated the log-kill hypothesis, which states

that the fraction of cells killed by treatment depends solely on the treatment dose

[30]. Mathematically, this may be formulated as follows: Let N(t) be the number of

tumour cells as a function of time, t, and assume that N(t) is a continuous function.

Further, let D(t) be the level of treatment over time. Then the dynamics of the

tumour in response to treatment may be described by the following ODE:

dN(t)

dt
= rf(N, t)N − d(D)N, (1.1)

where r is the cell division rate, f(N, t) is the fraction of dividing cells, and d(D)

is the rate at which tumour cells are killed at treatment level D. The relationship

between d and D is called the drug-effect curve.

Based on their results, Skipper et al [30] concluded that to maximise the chance

of cure, treatment should be given at the highest dose which toxicity permits, and

continue for as long as possible, even if the tumour disappears (Figure 1.2). While

at this point it had been possible to achieve tumour size reductions with chemother-

apy, these were only partial and short-lived [4, 5]. Based on Skipper’s observations,

Frei and Freireich proposed a new regimen in which four chemotherapies were given

simultaneously at maximum dose and at maximum frequency to treat children with

leukaemia. The side effects were excruciating, but the regime consistently produced

long-lived remissions, and in some cases even cures [32]. This revolutionised the treat-

ment of leukaemias, and established chemotherapies as a treatment option for cancer.

However, despite ever more aggressive regimes, referred to by some as “total therapy”

[33], some leukemia patients still relapsed, and the success in solid tumours remained

limited [4, 5].
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Figure 1.2: Key theories in cancer treatment scheduling. Figure re-drawn and modi-
fied with permission from Benzekry et al [19].

1.2.3 The Norton-Simon Hypothesis: Kinetic resistance

In the 1960s and 70s, detailed studies of tumour growth kinetics were carried out

(e.g. [34, 35, 36]). These showed that, unlike leukaemias, solid tumours grew in

a saturating fashion, where the fraction of dividing cells decreased with the size of

the tumour. Possible ways to describe this mathematically were explored, such as: i)

logistic growth (f(N) =
(
1− N

K

)
), which assumes a simple, linear density-dependence,

ii) the Gompertz model (f(N) = logK/N), which was adopted from the modelling of

human life spans [37], or iii) a power-law model (f(N) = N ν−1), where ν can be seen

to reflect the surface tumour’s geometry (e.g. ν = 2/3 for a sphere, which is a special

case of the von Bertalanffy model2). Here, K(> 0) denotes the tumour’s carrying

capacity. The Gompertz and power-law models were found to provide especially

good descriptions of tumour growth (e.g. [39, 40, 41]; see also Chapters 2 & 5).

In 1977, Norton and Simon [42] pointed out that saturating growth has important

implications for treatment scheduling (Figure 1.2). Many cancer drugs act on dividing

cells, so that the number of cells killed will depend on the tumour’s growth rate. To

explore how this affects scheduling, they proposed the following ODE model:

dN(t)

dt
= rf(N, t)N − d(D)rf(N, t)N = rf(N, t)(1− d(D))N. (1.2)

If one assumes that f(N, t) is a constant, as it would be in exponentially growing

leukaemias, then this recovers the model by Skipper et al (Equation (1.1)). However,

if one assumes saturating growth (e.g. Gompertzian growth), then Norton and Simon

showed using numerical simulation that treatment induces maximum size reductions

2The full von Bertalanffy model reads: f(N) = N2/3 − b, where b is the cell death rate [38].
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at intermediate tumour sizes (at the maximum of f × N). Importantly, this im-

plies that both large as well as small tumours experience a certain protection from

treatment, termed kinetic resistance. At large sizes this occurs because only a small

fraction of cells is actively dividing, and at small sizes because it is unlikely that one

treats at exactly the time when one of the few remainig cells divides [42].

The aggressive approaches motivated by Skipper’s work often require dose reduc-

tion over the course of treatment due to toxicity. Using numerical simulations of

their model, Norton and Simon [42] showed that this is problematic because it means

that by the end of treatment, when the tumour population is small, treatment is

insufficient to eradicate the disease. Moreover, they argued that the benefit of high

initial doses is limited due to kinetic resistance. Instead they proposed that treatment

should gradually be escalated so that small tumours are treated at MTD and maxi-

mum frequency [42]. Moreover, when several drugs are administered, these should be

given sequentially to allow maximal intensification of each drug (maximum dose and

frequency).

The guidelines proposed by Norton and Simon have been successfully tested in

a number of clinical trials (see [43] for an overview). For example, in breast cancer

it was found that densification of adjuvant treatment, from a three week to a two

week interval, decreased the annual probability of disease recurrence by 26% and the

annual probability of death by 31% [44]. As such, this work represents an important

success, and has inspired further theoretical investigations of kinetic resistance [4, 19].

In particular, explicit modelling of the cell cycle using, for example, ODE or age-

structured PDE models, has shown possible resonance and interference effects between

cell and treatment cycles, with implications for tumour kill and toxicity (see Gaffney

[45] for a review).

1.2.4 The Goldie-Coldman model: Molecular resistance

Around the same time, Goldie and Coldman considered how to tackle a different type

of resistance: molecular resistance. Through a variety of mechanisms, cancer cells can

reduce, or even eliminate, their sensitivity to treatment. While the details depend on

the particular drug and cancer, the routes to resistance may be broadly summarised

as follows (adopted from Holohan et al [46]):

1. Drug elimination and metabolism: Drugs can be pumped out of a cell

through efflux pumps (e.g. ATP-binding cassette transporter proteins), or can

be deactivated, or prevented from being activated, by metabolic enzymes.
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2. Alterations in drug targets or pathways: Mutations in the targeted pro-

teins or pathways can leave the drugs unable to bind, or stop their down-stream

effects (e.g. deregulation of apoptosis).

3. Oncogenic bypass and pathway redundancy: Many cellular tasks can be

carried out by multiple pathways, and this redundancy ensures that function

can continue should one of them fail, for example, due to poisoning or infec-

tion. Cancer cells can exploit this redundancy, to bypass pathways targeted by

treatment.

4. Other survival mechanisms: Cells can also make use of generic survival

enhancing mechanisms, such as up-regulation of pro-survival signalling (e.g.

EGFR signalling), autophagy, or transition to a more adaptable and motile,

mesenchymal phenotype (epithelial to mesenchymal transition).

These various resistance mechanisms may become activated through genetic muta-

tions, or simply through changes in gene expression (epi-genetic changes), and often

cells employ more than one resistance modality. Also, within a tumour, different cells

may make use of different mechanisms, which is termed poly-clonal resistance. For

further details, we refer to the reviews by Holohan et al [46], and Burrell and Swanton

[47].

To investigate how to best tackle molecular resistance, Goldie and Coldman [48,

49, 50] explored stochastic branching process models, in which they assumed that

resistance arises randomly through mutation. Their numeric and analytic studies

showed that the probability of there being at least one resistant cell within the tumour

is very sensitive to tumour size and, importantly, increases non-linearly over a short

period of time as the tumour expands [48]. They extended their model to consider

more realistic growth models [50], and the possibility of multi-drug resistance [49].

Based on their results they concluded that treatment should be started as early

and aggressively as possible to minimise the chance of resistance (Figure 1.2; [48, 49]).

Moreover, if toxicity does not permit simultaneous administration of multiple drugs,

they proved analytically that the treatments should be rapidly alternated to maximise

the chance of cure [51]. By rapid alternation, the sizes of different sub-populations,

which are resistant to one of the treatments, can be kept as small as possible, thereby

reducing the chance of multi-drug resistance [51, 52].

However, clinical testing of the Goldie-Coldman hypothesis has yielded mixed

results. Multiple analyses have indeed confirmed that drug-tolerant, or resistant,
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cells often exist prior to any treatment (see [47] for a review), and some studies

in breast cancer have reported that a delay between surgery and adjuvant therapy

is associated with a shorter TTP [52]. However, Bonadonna et al [53], for example,

found that sequencing of drugs, rather than alternation, achieved longer survival time

in breast cancer.

As such, the management of molecular resistance remains an important, and open,

question in oncology. The work by Goldie and Coldman has been expanded, for

example, by Day [54], and later Murray [55], to consider possible asymmetry in the

efficacy of the two treatments. Such asymmetry, resulting in an improvement in

some, but a worsening in other, patients could explain the mixed clinical success [55].

More recently, Chmielecki et al [56] derived a 2-population model of drug-sensitive

and resistant cells from in vitro experiments of targeted treatment of lung cancer.

Through numerical simulations they predicted that the best control of resistant cells

would be achieved by a combination of high and low doses, as the short bursts of

intense treatment would help to kill resistant cells whilst also being better tolerated

[56]. The proposed schedule outperformed standard of care in a mouse model [56], but

did not have the desired effect in patients [57]. Due to these mixed results, there is a

growing understanding that while aggressive treatment may help to avoid resistance,

it may not be the most effective method to contain it once it has emerged [58, 59, 60].

This idea will be a key focus of this thesis.

1.2.5 Metronomic therapy: Targeting the environment

The discovery that genetic mutations are a root cause of cancer was a pivotal break-

through in cancer research, and underlies many innovations in treatment and preven-

tion. However, increasingly it has become clear that cancer is not simply a “genetic

disease” [61]. Tumours contain a plethora of normal body cells, which have been

recruited either to support tumour growth, for example, by the construction of vas-

culature, or to suppress it (immune cells; [7]). For example, in pancreatic cancer, up

to 90% of the tumour is made up of such non-tumour cells [62].

Adminstration of drugs at their MTD, as recommended by the prior paradigms,

often requires significant rest periods between administrations to allow the patient to

recover. However, in the late 1990s, Folkman, Hannahan, Kerbel and others argued

that such breaks also allow the tumour vasculature to recover, thus providing the

ground for recurrence [63, 64, 65]. To avoid these breaks, they proposed metronomic

therapy (MT) in which treatment is given at a lower dose, but higher frequency, “akin

to the uninterrupted ticking of a metronome” [66] (Figure 1.2).
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MT has since been investigated in a series of modelling, pre-clinical and clinical

studies (see also [19] and [67] for in-depth reviews). Hahnfeldt et al [68, 69] developed

two simple ODE models of the effect of treatment on angiogenesis, and showed an-

alytically that frequent, low-dose treatment indeed outperforms an MTD approach.

d’Onofrio et al [70], and Ledzewicz and Schättler [71], have carried out more formal

optimal control analyses, and demonstrated, for example, that MT may benefit from

personalisation to individual patients [71]. Important experimental validation was

provided by two seminal studies in 2000, which showed that metronomic chemother-

apy, in combination with anti-angiogenic therapy, could eradicate tumours in vivo,

even if these tumours had previously developed resistance to chemotherapy [63, 64].

One challenge in developing metronomic schedules is identification of doses, which

can be given at a high frequency, but remain effective against the tumour (minimum

effective dose; [72]). Recently, a group in France has demonstrated how mathematical

modelling can help to address this problem. They carefully developed and calibrated

an ODE model of vinorelbine chemotherapy, and used simulations to derive a metro-

nomic schedule, which has yielded promising results in a Phase I study in lung cancer

and mesothelioma [72, 73].

Moreover, investigation of MT has revealed other benefits. It is cheaper and better

tolerated, thus it is easier to carry out in poorer countries [67]. Furthermore, it has

immuno-stimulatory effects. The lower doses cause less damage to immune cells,

and induce a more immunogenic form of cell death [66, 74]. This observation has

motivated modelling efforts which also study the effects of therapy on the immune

system (e.g. [75, 76, 77]). In addition, modelling by Benzekry and Hahnfeldt [78],

using a combination of ODEs to describe the primary tumour and PDEs to capture the

metastatic burden, has suggested that MT may be better able to control metastatic

disease than an MTD approach. While MTD approaches remain the mainstay in the

clinic, successes in Phase I and II trials are spurring a growing interest in metronomic

strategies, and are starting to change the paradigm that “more is better” [67].

1.2.6 Pharmacokinetics: Challenges of drug delivery

While this thesis will focus on the effect of treatment on the tumour, the so-called

pharmacodynamics (PD), a further crucial aspect of scheduling is pharmacokinetics

(PK). This describes how a drug circulates throughout the body, and how it is removed

by the different drug clearance mechanisms [79]. Insufficient drug delivery into the

tumour is an important obstacle in therapy development [80]. For example, in Frei and

Freireich’s study, most of the recurrences originated not in the bone marrow, but in
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the patients’ brains, a pharmacologic sanctuary protected by the blood-brain barrier

[32]. As such, pharmacokinetic modelling and quantitative systems pharmacology

(integration of PK with PD models) have become key steps in the industrial drug

development process [79, 22, 23]. For example, Morrissey et al [81] recently developed

a combined PK and TGI model for the immunotherapy atezolizumab. Using model

simulations they compared the approved protocol which administered treatment once

every 3 weeks, with alternative protocols which administered treatment every 2, or

every 4, weeks. Their simulations predicted that all three schedules would achieve

comparable drug exposure and tumour response, which helped pave the way for FDA

approval of the bi-weekly and four-weekly schedules [81, 23].

In addition, drug delivery into tumours is impeded by the fact that tumours are

often poorly perfused, due to their disordered vasculature. PDE and ABM modelling

has provided important insights into the dynamics of tumour angiogenesis and its

impact on nutrient and drug distributions within the tumour (e.g. [82, 83, 84]).

1.2.7 Safety

Finally, a key factor in the development of treatment schedules is the management of

side effects. As we discussed in Section 1.2.3, the proposition by Norton and Simon

[42] to gradually escalate treatment over time was motivated by the observation that

toxicity often prevents the completion of the regular, high-dose schedules foreseen by

Skipper et al [30]. Over time, these verbal models have been formalised into mathe-

matical models, such as the seminal paper by Friberg et al [85] which provides an ODE

model of the haematological toxicity of chemotherapeutic agents. Today, models play

an important role in optimising the safety of new agents and of drug combinations

[22, 86]. For example, Meille et al [87] recently used a multi-compartment TGI ODE

model to optimise the scheduling of the combination of docetaxel and epirubicin in

breast cancer, which prior studies had shown to be effective but which had also caused

lethal side effects in some patients. A subsequent clinical trial validated the model’s

ability to accurately predict the time-course of different markers of haematological

toxicity, and demonstrated that the model-derived schedule indeed achieved a more

acceptable toxicity profile [88, 87].

A key challenge in managing side effects is inter-patient variability in PK param-

eters, such as the rate of drug clearance. This variability arises from physical (e.g.

body weight), genetic (e.g. drug transporter polymorphisms), and environmental fac-

tors (e.g. diet or concurrent medications) and means that a dose/schedule may be

well tolerated in one patient but can result in toxic drug levels in others [86]. In
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order to more carefully tailor treatment to the individual patient, so-called thera-

peutic drug monitoring (TDM) and adaptive dosing approaches have been developed

[80, 86]. These monitor drug levels (or surrogates) and/or markers of toxicity (e.g.

neutrophil or platelet counts), and dynamically adjust treatment to ensure both effi-

cacy as well as safety. There is a strong tradition in this area that goes back as far as

the 1970s [89], of using mathematical modelling to guide decision-making. In oncol-

ogy, these approaches are most established in treatment with the chemotherapeutic

agent methotrexate, where there is a high risk of lethal side effects, in particular in

paediatric patients [90, 91, 92, 93, 94]. For example, Evans et al [90] found in a

clinical trial that adaptive dosing based on predictions of a simple PK model, cali-

brated with data from the first treatment cycle, was superior to dosing based simply

on body weight. With the increasing role of personalised treatment in oncology, and

the use of combination therapies, these approaches are also finding interest in other

clinical settings [95, 86]. For example, in the aforementioned work by Meille et al

[87], the model was fitted to the data from the first treatment cycle using a Bayesian

framework and used to generate personalised predictions to decide on each patient’s

subsequent treatment plan. But not all adaptive dosing approaches succeed, as illus-

trated by the clinical study by Ratain et al [96] which did not find any additional

benefit in model-guided adaptive etoposide treatment. Importantly the authors were

able to attribute this lack of benefit to the fact that the chosen model did not cor-

rectly capture the treatment’s impact on myelosuppression, which shows that great

care needs to be taken in choosing how to adapt treatment and the reasons for doing

so [96].

1.3 Adaptive therapy

Comparing the development of cancer therapy with the report by Melander [2] at the

start of this chapter, the similarities are striking: Treatment is initially effective, but

looses its efficacy over time; maximising exposure through more effective and intensive

treatment only brings limited, usually short-lived, improvements. These similarities

were first pointed out in 2009 by a group headed by Robert Gatenby, who argued

that the problem in both cases was the same: Darwinian evolution [60, 98]. They

proposed a new treatment approach, called adaptive therapy (AT; Figures 1.2 & 1.3).

In the following, we will review its motivation, and the current state of this relatively

young field. This will motivate the questions addressed within this thesis.
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Figure 1.3: The principles of AT. (a) Tumours as ecosystems in which drug-sensitive
and resistant cells compete for resources. (b) Aggressive treatment causes the com-
petitive release of resistant cells. (c) AT dynamically reduces treatment to delay
competitive release whilst maintaining the tumour at a tolerable burden. Illustrated
is the AT algorithm used in the first-in-human AT trial in androgen-deprivation treat-
ment of metastatic prostate cancer, carried out by Zhang et al [97].

1.3.1 The rationale behind adaptive therapy

Cancer as an eco-evolutionary system: The paradigms reviewed in the previous

section reflect an evolving understanding of cancer. As new theories and treatments

have emerged, it has become increasingly clear that cancer, in particular metastatic

disease, is a highly complex system. No two tumours, even of the same type, share

the same molecular make-up [99]. Nevertheless, all share certain “hallmarks” [100].

They are composed of cancer cells in different stages of the cell cycle, with different

sensitivities to treatment, which interact with normal tissue cells in order to engineer

themselves an environment which supports their growth, and which protects them

from the body’s defence mechanisms, and from clinical treatment [100, 101].

To explain these observations, an eco-evolutionary theory of cancer has begun to

emerge [99, 102, 103, 101, 104]. In this theory, tissues are viewed as ecosystems in

which cells compete with each other for space and resources, are predated upon by the

immune system, and can enter symbiotic or parasitic relationships with each other.

Genetic mutations and epi-genetic changes generate diversity between cells. The

removal of cells through turnover, starvation, predation, or wounding, then induces

selection for the fittest cell type, or the fittest collective of cells [99, 102, 103, 101, 104].

The competitive release hypothesis: Based on this “Darwinian” view of cancer,

Gatenby and others [58, 59, 98, 104] have argued that the failure of aggressive MTD

approaches in metastatic cancers is no surprise. The fact that cancers respond, at least
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temporarily, shows that resistant cells are usually suppressed by their environment,

for example, by competition with other cancer cells (Figure 1.3a). In fact, resistant

cells may even be at a fitness deficit prior to treatment due to the fact that they may

be paying a resistance cost, such as the energy required to run drug-efflux pumps

(see also Chapter 2). However, aggressive treatment rapidly removes large portions

of the tumour, leading to the competitive release of these resistant cells, and their

rapid expansion (Figure 1.3b).

Control and conquer: Cancer is a devastating disease, and it is only natural

that research and clinical practice have gravitated towards radical approaches for its

eradication. However, a growing body of literature, and the success of MT, show that

“less may be more”, especially if cures are unlikely. Indeed, as the quote by Melander

at the beginning of this chapter illustrates, similar conclusions have been drawn also in

other fields, such as in pesticide or antibiotic resistance [105, 106, 107]. For example,

in the management of insecticide resistance, untreated “refugee patches” are used

to maintain sensitive insect populations, which breed and compete with emerging

resistant strains [108].

Drawing on this analogy, Gatenby [98] proposed that in cancers, in which cures are

rare, the focus should switch from eradication to management. This means that rather

than trying to eliminate resistant cells, the aim should be to slow their expansion,

and ideally turn the cancer into a chronic disease. To do so, treatment should be de-

escalated in order to maintain sensitive cells, which will competitively inhibit resistant

cells (Figure 1.3c). Similar to the MT paradigm, this de-escalation may also help to

target the tumour’s environment, and reduce toxicity and financial costs [98, 60].

Evolving treatment for an evolving disease: The concept that treatment de-

escalation may forego the chance of a cure, but increase survival, has previously

been suggested by others, in particular theoreticians. Most notably, Martin et al [58]

proved, using optimal control theory, that in a simple ODE model of sensitive and

resistant cells the best way to avoid the tumour exceeding some maximum size is to

maintain the tumour at the largest tolerable size for as long as possible [58]. Similar

conclusions were also drawn by researchers investigating MT, such as Hahnfeldt et

al [69], Monro and Gaffney [59], and Carrere [28]. Moreover, in certain clinical set-

tings, such as prostate cancer [109, 110, 111] or melanoma [112], clinical trials have

investigated intermittent treatment schedules where treatment is withdrawn at reg-

ular points in time (see also Section 2.5). However, in all the aforementioned cases,
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treatment is assumed to be administered according to fixed, pre-determined sched-

ules. But Gatenby et al [60, 98] argued that if tumours are evolving systems, then our

treatment also has to evolve. This means that timing and dosing are driven not by

a calendar, but by the current state of the individual patient’s tumour, i.e. adaptive

therapy (Figure 1.3c). As such, AT advocates dynamic personalisation of treatment

similar to the TDM or adaptive dosing approaches discussed in Section 1.2.7. The

novelty of AT is that dosing is driven not by considerations of drug exposure, safety,

and maximal tumour size reduction, but by eco-evolutionary principles seeking to

maintain tumour control via competition.

1.3.2 The current state of the field

Pre-clinical experiments: To illustrate AT, Gatenby et al [60] proposed a treat-

ment algorithm which increases dosing when the tumour grows, but decreases, or even

withdraws it, if the tumour regresses. In their seminal paper they demonstrated the

ability of this algorithm to outperform MTD treatment in a mouse model of ovarian

cancer chemotherapy treatment [60]. Over the past ten years, these results have been

corroborated in in vivo models of breast cancer [113] and melanoma [114].

In addition to testing whether AT works, research has also investigated how it

works. Enriquez-Navas et al [113] showed in vivo that AT helps to normalise the

tumour vasculature, thereby improving drug perfusion. Bacevic et al [115] demon-

strated that they could control drug resistant cells in a spheriod, but not in a less

constrained 2-D in vitro model of targeted therapy, indicating the importance of spa-

tial competition [115]. Smalley et al [114] observed that in both mouse and human

samples of melanoma there was a re-sensitisation of the tumour cells after a drug

holiday. Finally, a recent pre-print by Farrokhian et al [116] has demonstrated com-

petitive release in vitro, although the dynamics appear to be more complex than

predicted by current models.

Modelling: Mathematical modelling has played an important role in the develop-

ment of AT. We will review the details of prior modelling studies in the chapters to

which they pertain, and so restrict ourselves here to a broad overview. The first two

models of AT, an analytic, stochastic model, and a discrete, computational model,

were presented in the seminal study by Gatenby et al [60]. They provide proof-

of-principle illustrations of how AT can improve control of resistant cells through

competition, and by modifying the tumour environment. Silva et al [117] simpli-

fied the computational model by dropping the tumour-environment interactions, and
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focussing just on the competition between drug sensitive and resistant cells. Subse-

quently they discussed how AT can be improved by inducing a resistance cost via

drugs which starve tumour cells [117]. Zhang et al [97] introduced a 3-population

ODE model of the eco-evolutionary dynamics of androgen-deprivation treatment in

prostate cancer, which helped to motivate the first clinical trial of AT. This model

has been analysed more formally by Cunningham et al [118, 119], and has been ex-

tended to include the effect of chemotherapy by West et al [120]. West et al [121, 122]

have also studied a more game-theoretic formulation of this model. An alternative,

stem-cell focussed, model of prostate cancer was recently proposed, and carefully cal-

ibrated with clinical data, by Brady-Nicholls et al [123]. Via numerical simulations

the authors made quantitative predictions on the benefit of AT for prostate cancer

patients, and suggestions of how it may be further improved [123].

To gain a deeper understanding of the mechanisms behind AT, Bacevic et al

[115]3 studied a 2-population model, first as an ODE, and subsequently as an ABM,

and highlighted the importance of spatial constraints on resistant cell growth. This

conclusion was corroborated by Gallaher et al [124], who also considered the role

of intra-tumoral heterogeneity, cell movement, and phenotypic drift in an off-lattice

ABM. Concurrent with publication of work from this thesis [125], Viossat and Noble

[126, 127] have presented a general theory of AT in 2-population ODE models, inspired

by work by Hansen et al [1]. The latter have recently also extended their work to

consider the role of stochasticity in AT [128], and how competitive inhibition may be

maximised [107, 129].

A final line of research has focussed on how therapy should be modulated. Smalley

et al [114]4 used an ODE model to directly guide AT decision-making in a melanoma

mouse model. Newton and Ma [130] and Gluzman et al [131] have recently illustrated

how optimal control theory may be used to formalise decision-making. Finally, West

et al [132], Yoon et al [133], and Ma and Newton [134] have proposed frameworks for

multi-drug AT.

Clinical trials: Five clinical trials of AT have been launched so far, all carried out

at the Moffitt Cancer Center. The most advanced of these is a trial in metastatic

castration resistant prostate cancer, which investigates an adaptive algorithm for

the administration of androgen-deprivation treatment (clinicaltrials.gov identifier:

NCT02415621; [97]). This algorithm, which was derived via integration of numerical

3Modelling work carried out by Dr Robert Noble.
4Modelling work carried out by Dr Eunjung Kim.
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simulation of the game-theoretic model by Zhang et al [97] and clinical considera-

tions, administers treatment until the blood PSA level has dropped by 50% relative

to the pre-treatment value. Subsequently, treatment is withdrawn and only restarted

if the PSA level again exceeds pre-treatment levels (see Figure 1.3c for an illustra-

tion). While data collection has not yet finished, an interim analysis in 2017 [97]

reported a 10 month increase in median TTP compared to standard-of-care continu-

ous treatment, and a 53% reduction in cumulative drug usage. A trial using the same

AT algorithm in the chemotherapeutic treatment of rhabdomyosarcoma is ongoing

(NCT04388839), and one in osteosarcoma, is in preparation [135]. A trial using this

algorithm in targeted treatment of thyroid cancer had to be stopped in September

2020 due to failures (NCT03630120). Motivated by insights from theoretical stud-

ies [97, 120, 126], a modified form of the algorithm, which allows PSA to exceed

twice the baseline value before treatment is applied and also adapts which of two

lines of treatment is used based on testosterone levels, is currently being tested in

castration sensitive prostate cancer (NCT03511196). Finally, the experimental and

modelling work by Smalley et al [114] has provided the base for a trial of AT (albeit of

a pre-determined 3w-on/2w-off/3w-on protocol) in targeted treatment of melanoma

(NCT03543969).

1.4 Outline of the thesis

Motivated by the aforementioned promising pre-clinical and clinical results, there is

growing interest in extending AT to other cancers. However, in order to do so it

is crucial to understand the factors which determine whether a patient will benefit

from AT, or not, and how to best adjust treatment. In this thesis we present four

studies which integrate mathematical modelling, clinical data analysis, and biological

experiments to investigate these questions. The first two of these are more theoretical,

and leverage historical data from prostate cancer, in order to better understand the

factors which are important to AT. In the second part of this thesis, we then seek

to translate AT to PARP inhibitor (PARPi) maintenance therapy for ovarian cancer.

This work was carried out in collaboration with Professor Mehdi Damaghi at the

Moffitt Cancer Center, and includes wet-lab experiments done by myself:

• Chapter 2: We analyse a simple 2-population ODE model in order to explore

the role of resistance costs in AT. Our analysis shows that the impact of resis-

tance costs depends strongly on the characteristics of the tumour, as described
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by the model parameters, and we identify cell turnover as an important, but

previously overlooked, factor in AT.

• Chapter 3: We extend our prior work to consider the impact of space on AT.

We develop a simple ABM and show that, while the ABM qualitatively repli-

cates our ODE results, there are significant quantitative differences. Moreover,

we carefully dissect the spatial competition between cells in the ABM. This

shows that the tumour’s spatial organisation shapes intra-tumoral competition

and is a further important factor in AT.

• Chapter 4: We then ask whether we can use mathematical modelling to

directly guide treatment decision-making in AT. We develop a model-guided

framework which uses an ensemble of six ODE models to inform decision-

making. In collaboration with Professor Damaghi, we test this framework in

vitro in the context of PARPi maintenance therapy for ovarian cancer. While

our approach shows promise, the experiments indicate that continuous MTD

treatment does best.

• Chapter 5: To conclude, we investigate why the experimental results in Chap-

ter 4 suggest that MTD treatment does best. We carry out in vitro experiments

in order to build and calibrate a more detailed model of PARPi action. Our

analyses indicate that treatment breaks are problematic in this case, and we

discuss preliminary results on a possible alternative scheduling strategy.

To conclude, in Chapters 6 & 7 we will critically review our results, and discuss

how they may be extended.
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Chapter 2

On the Role of Resistance Costs in
Adaptive Cancer Therapy

2.1 Introduction

An important topic in the development of novel therapies is the identification of

patient selection criteria. Success in prostate cancer has spurred interest in extending

AT to other cancers, and, for example, trials in melanoma or rhabdomyosarcoma are

already ongoing (NCT03543969 and NCT04388839, respectively). However, how do

we identify which cancers, patients and drug combinations will benefit from AT and

which will not? In a recent review paper, Gatenby and Brown, two key figures behind

AT, stated that: “In evolutionary cancer treatment, a major component of Darwinian

dynamics is the cost of resistance.” [104]. Motivated by this statement, the aim of

this chapter is to explore whether the presence of a fitness cost of resistance would

provide a useful selection criterion for AT. To do so, we study a 2-population ODE

model to investigate whether the presence of a cost is a necessary condition for AT

to extend the TTP beyond that of a standard-of-care CT. We find that for tumours

close to their environmental carrying capacity, such a cost of resistance is not required.

However, for tumours growing far from carrying capacity, a cost may be required to

see meaningful gains. Notably, we show that in such cases it is important to consider

the cell turnover in the tumour and we discuss its role in modulating the impact of a

cost of resistance. Overall, this chapter helps to clarify under which circumstances AT

may be beneficial, and suggests that turnover may play an unexpectedly important

role in the decision-making process 1.

1The work in this chapter is based on the publication Strobl et al, 2021. Turnover modulates the
need for a cost of resistance in adaptive therapy. Cancer Research. 81(4), 1135–1147. Figures and
parts of the text have been re-used.
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Figure 2.1: The three types of experiments typically conducted to test for a cost of
resistance. All experiments are carried out in the absence of drug, either in vitro or
in vivo. (a) Mono-culture experiments study the resistant strain in isolation, exam-
ining changes in growth rate, size, migration rate etc. (b) Competition experiments
compare the abundance of sensitive and resistant cells over time. The higher the cost,
the faster the resistant population is expected to disappear. (c) Reversal experiments
examine the rate at which drug resistance is lost, if the drug is withdrawn. To do so,
the resistant population is cultured in a drug-free environment and its drug response
is tested at regular time intervals.

2.1.1 What is the cost of resistance?

The cost of resistance refers to the notion that a resistance adaptation not only confers

a fitness advantage under drug exposure, but that it might also come at the cost of

a fitness disadvantage in a treatment-free environment [98, 136]. This is because it is

assumed that there is a trade-off between the traits required for life under drug, and

life under drug-free, conditions, and that a cell cannot be perfectly adapted to both.

For example, the running of drug-efflux pumps requires energy which leaves the cell

with fewer resources to support proliferation [137].

Resitance costs are experimentally measured in one of three ways (Figure 2.1):

i) Mono-culture experiments, which measure the growth rate (or other characteris-

tics) of the resistant population in the absence of drug in isolation, ii) Competition

experiments, which study the relative frequency of sensitive and resistant cells over

time when cultured together, and iii) Reversal experiments, which explore how long

it takes for resistant cells to lose their resistance mechanism if grown in absence of

drug for long times. Interestingly, while it has only recently become a focus of study

in cancer, it is a concept that dates back to Dobzhansky [138] in the 1950s, and

has received significant attention in the agricultural pest and antibiotic resistance

communities [139, 140].
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2.1.2 A brief review of resistance costs in cancer

While a comprehensive review is beyond our scope, we will briefly provide examples of

experimental evidence for resistance costs in the cancer literature. This will serve to

illustrate that while costs have been reported by a number of authors, the magnitude

of these costs appears to depend strongly on the drug, the experimental model system,

and even the cell line. This explains the controversy around the topic and shall

motivate the work in this chapter.

To the best of our knowledge, some of the largest costs have been reported by

Gallaher et al [124] who found that the doubling time of chemotherapy (doxorubicin)

resistant MCF7DOX breast cancer cells is increased by 50% in in vitro 2-D cell culture

when compared to their sensitive counterparts. Consistent with this significant fitness

cost, the authors further reported that in competition experiments the sensitive cells

rapidly out-competed the resistant cells in absence of the drug [124]. That being said,

others have reported more moderate differences. For example, Jensen et al [141] and

Kanzawa et al [142] have also reported increases in doubling times in chemotherapy-

resistant colorectal and lung cancer cell lines, respectively, but their cost estimates are

more on the order of 20%. Even lower values have been reported in experiments on

targeted therapies, with studies in lung cancer [143, 28, 144], colorectal cancer [115],

or melanoma [114] reporting differences of only 5-10%. This potentially suggests that

chemotherapy resistance may be more costly than resistance to targeted agents. This

intriguing hypothesis was outside our scope, but warrants further investigation.

However, importantly, not all resistance mechanisms appear to come at a cost.

For example, Behrens et al [145] reported that A2780 cis-platin resistant ovarian

cancer cells grew even faster than the sensitive parental cell line (doubling times of

22.1h compared to 25.3h). Furthermore, Kaznatcheev et al [144] observed that even

though their resistant cells grew more slowly in mono-culture, these cells were in fact

supported by co-culture with sensitive cells [144]. Moreover, even within the same

study, there can be significant heterogeneity between cell lines, indicating that costs

also depend on the specific genetic and histologic origin of the cell [141, 114].

In addition, even if a resistance cost is present in the mono-culture growth rates,

this does not necessarily guarantee a swift return to sensitivity. For example, Bacevic

et al [115] found that even though their resistant cells paid a resistance cost of 10%,

there was no clear dominance of sensitive over resistant cells in in vitro 2-D cell culture

competition experiments (although there was in 3-D). Furthermore, several authors

have reported that there is no return to sensitivity, even if resistant cells are cultured

in drug-free medium for many months [143, 115, 114].
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2.1.3 Are resistance costs necessary for AT?

In his original essay on AT, Gatenby [98] argued that resistance costs are one of the

main reasons why it might be possible to control resistant cells through intra-tumoral

competition. Indeed, it is intuitive that a cost would facilitate keeping resistance at

bay. However, given how strongly resistance costs appear to depend on the specific

environmental and genetic context of the cancer cells, two important questions arise:

how much of a cost is required, and can AT succeed even if it is absent?

The first study to consider the role of resistance costs in AT was carried out

by Silva et al [117]. They modelled the growth of a chemotherapy-sensitive and

resistant breast cancer population using a set of two difference equations, and showed

through numerical simulations that the larger the cost and the smaller the initial

frequency of resistant cells, the greater the benefit of AT over aggressive treatment.

This work was subsequently extended by Bacevic et al [115], who recast the model as

two ODEs, and assumed that instead of growing exponentially, the cells were growing

in a Gompertzian fashion. Furthermore, they explored different hypotheses on how

the fitness of resistant cells (their growth rate) may change with the frequency of

resistance in order to reflect different assumptions about intra-tumoral competition.

The authors concluded that a relatively large cost of around a factor of 2 would be

required for AT to show meaningful benefits [115]. That being said, Bacevic et al [115]

also subsequently considered an ABM model in which they find that removing the cost

has relatively little effect on their ability to control resistant cells with competition.

Overall, this indicates that while resistance costs generally appear to confer a benefit

to AT, the extent to which they are necessary to see a meaningful benefit depends

on other characteristics of the tumour, such as the initial resistance fraction. Further

characterisation of these factors and their interactions with resistance costs in AT

remains an important, but open, question.

2.1.4 Outline

The aim of this chapter is to clarify the role of resistance costs in AT. We will use

a simple mathematical model in which we divide the tumour into drug-sensitive and

drug-resistant cells and model their growth with a pair of ODEs. We will compare

the TTP under two treatment strategies: i) continuous treatment (CT) at MTD,

representing an aggressive approach aimed at curing the cancer and often used in

the dosing of targeted therapies, and ii) the AT algorithm used in the clinical trial
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by Zhang et al [97]. We will compare the two treatment strategies first in the ab-

sence, and subsequently in the presence, of a cost of resistance. This will allow us

to develop a mathematically rigorous understanding of AT, and of the impact of a

cost of resistance. Moreover, through our analysis we show that cell turnover is a

key factor to consider to understand the impact of resistance costs and to assess the

ability to control a tumour with AT more generally. To conclude, we present evidence

for this hypothesis from an analysis of longitudinal data from 67 patients undergoing

intermittent androgen deprivation therapy for prostate cancer.

2.1.5 Note

Working in parallel to us, Professor Yannick Viossat and Professor Robert Noble [126]

also studied simple 2-population models with the aim of characterising the “logic of

AT” (see [127] for the final version of this work, published after submission of this

thesis). We had a brief discussion in the summer of 2019, in which Professor Viossat

directed me to the work by Hansen et al [1]. However, we did not realise the close

overlap of our interests until I sent him a copy of a first draft of our manuscript in

January 2020. As a result, there is a certain overlap between the work presented in

Section 2.3.1 and their paper [126, 127], as we both independently arrived at similar

conclusions from reading the manuscript by Hansen et al [1]. In acknowledgement

of his contribution to our work, we included Professor Viossat as a co-author on our

paper, and he helped us to refine some of our arguments in Section 2.3.1. All other

work, including identification and characterisation of the role of turnover, and the

fitting to patient data were carried out solely by myself.

2.2 The Mathematical Model

Tumours are heterogeneous populations of cells with differential responses to drug,

indicating a degree of pre-existing resistance in most tumours [46, 146, 147]. To model

this heterogeneity, we divide the tumour into two competing cell types: drug-sensitive

cells, S(t), and fully resistant cells, R(t), and we make the following assumptions

(Figure 2.2):

• The initial densities of sensitive and resistant cells are given by S0 and R0,

respectively.

• In isolation each population grows logistically with proliferation rates rS and

rR, and with environmental carrying capacities KS and KR, respectively. That
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Figure 2.2: The mathematical model. Drug-sensitive (S) and resistant cells (R)
proliferate and die at rates, rS and rR, and dS and dR, respectively. Proliferating
sensitive cells die at a rate dD when exposed to drug, D. Finally, both populations
compete for resources, and are assumed to have environmental carrying capacities KS

and KR, respectively.

is, KS and KR represent, respectively, the densities of sensitive and resistant

cells which could hypothetically be supported by the resources available in the

environment (e.g. the available space). Furthermore, we assume cells die at

density-independent death rates dS < rS and dR < rR, respectively.

• The tumour cells compete with each other for resources and space according

to a Lotka-Volterra competition model. This means that the presence of the

competitor reduces a population’s growth rate in a fashion that is linearly pro-

portional to the competitor’s population density. Here, we will assume that

competition only affects the proliferation rate (for analysis of a model in which

competition affects the death rate, see our publication [125]). For simplicity we

will further assume that the strengths of inter- and intra-species competition are

the same. While arguably these are both oversimplifications, as many tumours

have been found to experience a non-linear form of density-dependence (e.g.

Gompertzian [39, 148, 41]), the aim of our work was to develop qualitative un-

derstanding, for which the simple and well-known nature of the Lotka-Volterra
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model was more suitable. For an analysis of more complex models we refer to

the recent work by Viossat and Noble [126].

• Only actively dividing cells are killed by the drug. Many chemotherapies induce

DNA damage or inhibit the division machinery, which induces apoptosis only

in cells that attempt to divide [7]. We will adopt the classical Norton-Simon

model [42] which assumes that cell kill increases linearly with the drug dose,

D(t), so that at MTD a fraction dD of dividing cells are killed.

• Progression is driven primarily by pre-existing resistant cells, and resistance

acquisition during treatment is negligible. Viossat and Noble [126] have recently

shown that high acquisition rates would be required to alter the qualitative

dynamics of the model, faster than what would be plausible through genetic

mutation. Incorporating results on phenotypic cell plasticity (e.g. [149, 150,

151]) will be the subject of future research (see also Appendix C).

These assumptions translate into the following set of ODEs:

dS

dt
= rS

(
1− S +R

KS

)(
1− 2dD

DMax

D(t)

)
S − dSS, (2.1)

dR

dt
= rR

(
1− S +R

KR

)
R− dRR, (2.2)

N(t) = S(t) +R(t), (2.3)

with initial conditions:

N(0) = N0, S(0) = S0, and R(0) = R0,

where N0 = S0 + R0. Note that the factor of 2 in the drug response accounts for

the fact that if a cell dies during mitosis not only the potential daughter but also the

mother are lost. We observe also that the total tumour density is fully determined by

the density of sensitive and resistant cells, so that it suffices to study Equations (2.1)

and (2.2) to obtain N(t). Thus, in the following analysis we will primarily focus on

Equations (2.1) and (2.2).

The current drug concentration, D(t), is determined by the treatment schedule

and the drug’s PK. For simplicity, we will assume that the latter can be neglected and

the concentration over time follows exactly the levels foreseen by the drug schedules.

We will consider two treatment schedules:

1. CT at the MTD, DMax: D(t) = DMax∀ t.
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2. AT which withdraws treatment once a 50% decrease from the initial tumour

size is achieved as implemented in the AT trial by Zhang et al [97] (see also

Figure 1.3c for an illustration):

D(t) =

{
DMax, until N(t) < 50%N0

0, until N(t) = N0

(2.4)

We will compare treatment schedules based on their TTP, which is the time be-

tween the start of treatment and progression. According to the RECIST criteria

[152, 15] tumour progression is defined as a 20% increase in tumour size (SLD) from

the nadir (see also Section 1.1.4). However, as tumour size is expected to oscillate

during AT due to the treatment changes, this definition is of limited use in evaluat-

ing AT. As such, we slightly modify this definition, and define progression as a 20%

increase in tumour size from the pre-treatment baseline, akin to the criterion used in

most prior AT modelling studies (e.g. [117, 115, 124]).

2.2.1 Non-dimensionalisation

In order to reduce the number of free parameters, we will non-dimensionalise Equa-

tions (2.1) - (2.3). Given that we are interested in studying the treatment dynamics

if we change the characteristics of the resistant cells relative to the sensitive cells, we

base our scales on the sensitive population. In addition, we note that dD and D(t)

are redundant in that the same proportion of dividing cells may be killed by either

increasing the drug efficacy, dD, or the dose, D(t). Thus, we will combine these two

parameters into a single measure of treatment level (or drug-induced cell kill), c(τ).

This yields the following set of transformations:

τ = rSt, s =
S

KS

, r =
R

KS

, c =
2dDD

DMax

, and n =
N

KS

.

Equations (2.1)-(2.3) then re-scale to:

ds

dτ
= (1− s− r) (1− c(τ)) s− d̂Ss, (2.5)

dr

dτ
= r̂R

(
1− 1

k̂
(s+ r)

)
r − d̂Rr, (2.6)

n(τ) = s(τ) + r(τ), (2.7)

where:

r̂R =
rR
rS
, d̂S =

dS
rS
, d̂R =

dR
rS
, and k̂ =

KR

KS

.
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Table 2.1: Parameters and their ranges used in the numerical simulations of the
model.

Parameter Description Value Reference

rS Sensitive cell prolifera-
tion rate and model time
scale

0.027d−1 Adopted from [97].

r̂R := rR
rS

Resistant cell prolifera-
tion rate (as a percentage
of sensitive cell prolifera-
tion rate)

50 - 100% Lower limit: [124];
Upper limit: no cost

d̂S := dS
rS
,

d̂R := dR
rS
,

d̂T := dT
rS

Cell turnover rates (as
a percentage of sensitive
cell proliferation rate)

0 - 50% Lower limit: no turnover;
Upper limit: see Section
2.3.2.1.

c := 2dDD
DMax

Drug-induced cell kill
(see text for further
explanation)

1.5 Adopted from [120].

k̂ := KR
KS

Carrying capacity of re-
sistant cells relative to
sensitive cells

0.5 - 1 Lower limit: Guess;
Upper limit: equal car-
rying capacities

n0 := N0

KS
Initial tumour cell den-
sity (as a percentage of
sensitive cell carrying ca-
pacity)

10 - 75% Values within this range
reported by [153].

fR := r0
n0

Initial resistant cell frac-
tion (as a percentage of
initial cell density)

0.1 - 10% Values within this range
reported by [147].

fS := s0
n0

Initial sensitive cell frac-
tion (as a percentage of
initial cell density)

90 - 99.9% Determined by 1− fR.

The initial conditions transform to:

n(0) =
N0

KS

:= n0, s(0) =
S0

KS

:= s0, and r(0) =
R0

KR

:= r0,

and the treatment schedules are adjusted accordingly (not shown). Finally, for nota-

tional convenience we will define fS := s0/n0 and fR := r0/n0 as the initial fractions

of sensitive and resistant cells, respectively.

2.2.2 Model parameters

Given the key role which prostate cancer has played in the development of AT we

parametrise our model according to this disease. As such, we adopt the proliferation
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rate for sensitive cells given in [97] (rS = 0.027d−1) as our time scale and the treatment

level parameter c = 1.5 from [120]. For the other parameters we perform parameter

sweeps within their biologically realistic ranges. All parameters, their definitions and

their ranges, are summarised in Table 2.1.

2.2.3 Numerical methods

We solve the equations using the RK5(4) explicit Runge-Kutta scheme [154] provided

in Scipy (specifically, the scipy.integrate.ode class). AT was implemented as a

sequence of intervals of length ∆τ with CT at level c, where c is adapted between

intervals according to the algorithm in Equation 2.4. In preliminary experiments

we tested different values of ∆τ and found ∆τ = 1/rS to provide a good trade-off

between computational speed and numerical accuracy (not shown). All simulations

were carried out in Python 3.6, using Scipy 1.1.0 and Numpy 1.15.1. Visualisations

were produced with Pandas 0.23.4, Matplotlib 2.2.3, and Seaborn 0.9.0.

2.3 Impact of a cost in the proliferation rate, rR

In principle, differences between sensitive and resistant cells can occur in any of the

three parameters that describe the kinetics of the resistant population (rR, dR and

KR). For example, Gallaher et al [124] report a reduced growth rate, rR, whereas

Carrere [28] observes an increased size of the resistant cells which would correspond

to a decreased carrying capacity, KR. In order to develop a baseline understanding

of the model under AT, and how this is altered by a resistance cost, we will initially

focus on a cost in the proliferation rate, rR. This is also the most common way in

which a cost is modelled (e.g. [115, 124, 146]). In Section 2.3.2 we will subsequently

extend our insights to consider other types of cost. As such, throughout this section

we will make the following simplifying assumptions:

1. Sensitive and resistant cells share identical turnover rates, d̂S = d̂R := d̂T .

2. Sensitive and resistant cells have a common environmental carrying capacity,

KS = KR := K, so that k̂ = 1.

Thus, in this chapter we will primarily study the following system of equations:

ds

dτ
= (1− s− r) (1− c(τ)) s− d̂T s, (2.8)

dr

dτ
= r̂R (1− s− r) r − d̂T r, (2.9)
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We make the observation that in the absence of turnover (d̂T = 0%), we can

rewrite Equations (2.8) & (2.9) as:

1

1− s− r
ds

dτ
= (1− c(τ))s,

1

1− s− r
dr

dτ
= r̂Rr,

so that the term representing competition, (1 − s − r), essentially acts as a time

scale, which will facilitate analysis. Thus, we divide our discussion in this section

into two parts: Firstly, in Section 2.3.1 we will consider the dynamics in the absence

of turnover, and subsequently, in Section 2.3.2 we will extend our results to the

treatment response in the presence of turnover.

2.3.1 Dynamics in the absence of turnover

The AT algorithm used by Zhang et al [97] in the prostate cancer AT trial alternates

between two drug doses: c = 0 and c = cMax, where cMax denotes the treatment effect

at the maximum tolerable dose, D = DMax. Thus, we can think of the treatment

trajectory under AT as the solution of a piece-wise dynamical system, where off-

treatment phases are governed by the dynamical system given by Equations (2.8) &

(2.9) with c(τ) = 0, whereas on-treatment phases are governed by the system defined

by Equations (2.8) & (2.9) with c(τ) = cMax. In order to build an understanding of

the dynamics of each of these systems we will, in the following, perform a phase plane

analysis of Equations (2.8) & (2.9) and examine how the phase flow changes as we

increase the treatment level, c(τ).

2.3.1.1 Phase plane analysis of tumour response to continuous treatment
at treatment level, c(τ) = c∗

We summarise the steady states of our model in Table 2.2 and show examples of

phase planes for different values of c∗ in Figure 2.3. As we increase the treatment

level, c∗, through 1, we see that the steady state corresponding to tumour elimination

transitions from being an unstable node to a saddle. As such it always has at least one

unstable manifold, so that tumour elimination is possible if and only if no resistant

cells are present, and c∗ > 1 (Figure 2.3). Moreover, all other steady states lie along

the line r = 1 − s where at one extreme, SS2, describes a tumour composed only of

sensitive cells, whereas at the other extreme, SS3, corresponds to a tumour made up

completely of resistant cells (see also Figure 2.3). All other solutions along r = 1− s
describe tumours composed of a mixture of sensitive and resistant cells. Due to the
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Label Description State Eigenvalues
SS1 Tumour

Elimination
s∗ = 0,
r∗ = 0

λ1 = 1− c∗

λ2 = r̂R
SS2 Sensitive

Tumour
s∗ = 1,
r∗ = 0

λ1 = 0
λ2 = c∗ − 1

SS3 Resistant
Tumour

s∗ = 0
r∗ = 1

λ1 = 0
λ2 = −r̂R

SS4 Coexistence r∗ = 1− s∗ No simple form
available

Table 2.2: Steady states and linear stability for the model (Equations (2.5) and
(2.6)) under CT at treatment level c(τ) = c∗, assuming resistance costs only in the
proliferation rate (d̂S = d̂R := d̂T and k̂ = 1), and no turnover (d̂T = 0%). Bolded
values indicate eigenvalues which are negative in at least part of the parameter space.

zero eigenvalues of SS2 and SS3, we can not use linear stability analysis to examine

the stability of these steady states. Instead, we study the dynamics by inspecting

Equations (2.8) & (2.9) and their associated phase flow (Figure 2.3). From this we

can see that between c∗ = 0 and c∗ = 1, the tumour will keep growing until it reaches

a point on SS4 and saturates (Figure 2.3). The greater the value of c∗, the larger the

proportion of resistant cells at equilibrium. When c∗ = 1, ds/dτ becomes exactly 0

everywhere (Figure 2.3; see also Equation 2.8). As c∗ is increased above 1, the sign

of ds/dτ switches (Figure 2.3). Moreover, the lower section of the line SS4 becomes

unstable, and we observe the formation of heteroclinic orbits connecting the unstable

portions of SS4 to the stable portions of SS4 (Figure 2.3).

We can formalise these observations by deriving a closed-form expression for the

solution in s− r space2

Theorem 1. Let s(τ) and r(τ) be the normalised densities of sensitive and resistant

cells, starting from initial densities s0 and r0, respectively. Then in the absence of

turnover (d̂D = 0) and under continuous treatment at effective dose c(τ) = c∗ we

have:
s

rα
=
s0

rα0
= constant, (2.10)

for all time, τ , where:

α =
1− c∗

r̂R
.

2We acknowledge the help of Professor Viossat in deriving this result.
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Figure 2.3: Phase plane analysis of the model (Equations (2.5) and (2.6)) under CT
with increasing levels of treatment level, c∗ (other parameters as in Table 2.1). We
assume no turnover (d̂T = 0%) and no cost of resistance (r̂R = 100%). SS stands
for steady state. Grey zones correspond to tumours which are greater than their
carrying capacity and, thus, not biologically realistic. There is a continuum of steady
states (SS4) given by s + r = 1. For c∗ < 1 the tumour continues to grow until it
reaches carrying capacity on SS4. For c∗ > 1, sections of SS4 become unstable and
we see the formation of heteroclinic orbits between unstable and the stable section of
SS4 (see text for details). These orbits represent tumours which are, initially, largely
sensitive so that they will experience tumour shrinkage when treatment begins, but
will subsequently recur due to the outgrowth of resistance.

Proof. Comparing the rate of growth of sensitive cells, s (Equation (2.8)), to that of

resistant cells, r (Equation (2.9)), we find that:

ds
dτ
dr
dτ

=
(1− s− r) (1− c∗)s
r̂R (1− s− r) r

=
(1− c∗)
r̂R

s

r
,

which we can integrate with respect to τ . This gives:

ln(s) = α ln(r) + C,

where α = 1−c∗
r̂R

and C is the integration constant. Applying the initial conditions

completes the proof.

Based on this we can now assert the following observations: Assuming the tumour

is initially composed of a mixture of sensitive and resistant cells (s0, r0 > 0), we have:

Observation 1. The final tumour composition is given by (s∗, r∗), where s∗ is the

solution of the equation: s+
(

s
C0

)1/α

= 1, where C0 = s0/r
α
0 ; and r∗ = 1− s∗.
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Proof. Equation (2.6) has steady states r∗ = 0 or s∗ + r∗ = 1. Given our assumption

that r0 > 0, we conclude we must have s∗ + r∗ = 1. In combination with Equation

(2.10) we can solve for s∗ which yields the above-stated result.

Observation 2. Neither the sensitive nor the resistant population will ever go extinct

(except asymptotically).

Proof. For c∗ ≤ 1, inspection of Equations (2.8) & (2.9) shows that everywhere within

the feasible region (s + r ≤ 1) we have ds/dτ > 0 and dr/dτ > 0. Thus, neither

population can decrease in size.

Similarly, if c∗ > 1, then we still have dr/dτ > 0 everywhere, so that the resistant

population will not shrink. As for the sensitive population, we observe from Equation

(2.6) that r(τ) ≤ 1,∀τ ≥ 0. Using Equation (2.10) and noting that c∗ > 1 implies

that α < 0, we conclude that s = s0
rα0
rα ≥ s0

rα0
> 0.

Biologically, the transition through c∗ = 1 represents a transition from when the

drug only reduces the growth rate of the tumour to when it actually decreases the size

of the sensitive population. Thus, unless c∗ > 1 we can not actually achieve a decline

in the tumour size following treatment. The heteroclinic orbits represent tumours

which initially shrink in size but subsequently recur due to the emergence of resistance.

Moreover, as will become clear in the remainder of this chapter, Observation 2 has

important implications for the tumour’s treatment response. Firstly, it implies that in

the absence of turnover we can never eliminate all sensitive cells, because the growth

of the resistant cells saturates the environment which blocks the division of sensitive

cells and, thus, protects them from drug. Secondly, and more subtly, Observation 2

implies that in the absence of turnover, the resistant population will not diminish in

size despite competition by the sensitive cells and a resistance cost. As we will see,

this has important ramifications for AT.

2.3.1.2 AT does not per se require a resistance cost

Previous work has shown that both the abundance of resistance (fR) and the prox-

imity to carrying capacity (n0), which reflects the intensity of resource competition,

determine the benefit of AT over CT [59, 115, 124, 122]. To test whether this holds

true also in the current model, we simulate treatment under each approach for 9

different tumours representing three different levels of a priori resistance and three

different levels of proximity to carrying capacity ((r̂R, d̂T ) = (100%, 0%)). We find

that the benefit of AT is greatest when there is little resistance (fR = 0.1%) and the
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Figure 2.4: AT can extend TTP compared to CT even in the absence of a cost of
resistance. We are assuming no turnover here (d̂T = 0%). (a) Simulations of AT
for a cohort of tumours with different initial compositions. Vertical lines mark the
time of progression of CT (yellow, solid) and AT (blue, dashed), respectively. Black
bars indicate that the treatment is on. (b) Gain in TTP by AT compared to CT
as a function of initial proximity to carrying capacity and abundance of resistance.
(c) dr/dτ as a function of s and r, together with treatment trajectories for Tumours
1 ((n0, fR) = (25%, 0.1%)) & 4 ((n0, fR) = (75%, 0.1%)) from (a). Crosses indicate
progression. This illustrates how AT extends TTP by reducing dr/dτ via competition,
and demonstrates that for certain tumours AT can extend TTP even if no cost of
resistance is present.
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tumour is close to K (n0 = 75%; TTPAT - TTPCT = 211d; Figure 2.4a). To further

characterise this relationship, we extend our analysis to 18 tumours and plot the gain

in TTP under AT as a function of the tumour composition parameters in Figure 2.4b.

We find that if the abundance of resistance is high, then AT provides no benefit over

CT, independent of how close the lesion is to its carrying capacity (Figure 2.4b). In

contrast, if resistance is low, then AT prolongs TTP in a non-linear manner depen-

dent on both the abundance of resistance and the ratio n0. We conclude that AT can

improve TTP, even in the absence of a cost, and that this gain is greatest the closer

the tumour is to carrying capacity and the lower the initial abundance of resistance.

2.3.1.3 Treatment vacations provide a benefit only if intra-tumoral com-
petition is strong

Moreover, we find that each of the two characteristics of the tumour’s initial compo-

sition has a distinct impact on the treatment dynamics. As we increase the initial

abundance of resistance from 0.1% to 10%, we decrease the number of completed AT

cycles (Figure 2.4a). In the most extreme case, at 10% initial resistance, treatment

can not decrease the tumour burden sufficiently to trigger any treatment withdrawal

in the three tumours. In contrast, increasing the level of growth saturation in a tu-

mour (proximity to carrying capacity) does not alter the AT cycle number, but does

increase the benefit delivered by each cycle. For example, even though all tumours

with 1% initial resistance complete one AT cycle, a meaningful benefit in TTP is only

achieved in the case when the tumour is 75% saturated (Figure 2.4a). The reason

for this is that the competition exerted by sensitive cells only has significant impact

on the growth of the resistant cells if the tumour is close to K. This implies that

because of the discrete thresholds built into the AT algorithm, we require not just

competition, but also that the tumour burden can be decreased sufficiently to trigger

treatment withdrawal before we can hope to see a benefit of AT.

2.3.1.4 AT extends TTP by minimising the resistant population growth
rate

How can we explain the benefit of AT over CT in the absence of a resistance cost?

To address this question, we will adopt an argument which was recently proposed

by Hansen et al [1] in the study of antibiotic resistance in bacteria3. The authors

analysed a 2-population ODE model which was almost identical to ours, except that

they additionally included mutation of sensitive to resistant cells. They then asked

3We acknowledge the assistance of Professor Viossat in deriving this result.
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when it would be beneficial to maintain sensitive bacteria to suppress resistant bac-

teria, and when it might be better to minimise the bacterial burden, even if this

causes competitive release (although unlike us they did not study any explicit dosing

algorithm to achieve control). To address this question, they assumed that the drug

is sufficiently effective, so that drug-sensitive cells can be easily removed whenever

there are too many (c∗ > 1). This then implies that progression is driven only by the

expansion of the resistant population, and it suffices to study the governing equation

of r(τ) (Equation (2.6)) to determine TTP. The more a treatment strategy can inhibit

the resistant population growth rate, dr/dτ , whilst also maintaining control of the

tumour size overall, the longer TTP. We can re-write Equation (2.6) as follows:

1

r̂R

dr

dτ
(s, r, τ) =

(
1− d̂T

r̂R

)
r︸ ︷︷ ︸

Growth

− r

k̂
r︸︷︷︸

Intra-Specific
Competition

− s

k̂
r︸︷︷︸

Inter-Specific
Competition

. (2.11)

While we cannot alter the growth term with treatment, we can change intra- and

inter-specific competition. In particular, we can see from Equation (2.11) that the

larger we maintain s, the more we can slow down dr/dτ . Moreover, this holds true

even in the absence of a cost.

More formally, we can say that if sCT (t) and sAT (t) denote the density of sensitive

cells after t subsequent days of treatment under CT and AT, respectively, then we have

that sCT (t) ≤ sAT (t) because CT does not provide sensitive cells with an opportunity

to recover. Assuming that the tumour is still far from progression (r << s) so that

the resistant cells primarily compete with sensitive cells, the resistant growth rate is

greater for CT ( dr
dτ

∣∣
CT

) than for AT ( dr
dτ

∣∣
AT

):

dr

dτ

∣∣∣∣
CT

≈
(
r̂R − d̂T

)
r − r̂RsCT

k̂
r

≥
(
r̂R − d̂T

)
r − r̂RsAT

k̂
r ≈ dr

dτ

∣∣∣∣
AT

,

This implies that while a cost extends overall TTP, AT will be superior even in the

absence of a resistance cost. Moreover, this benefit increases with increased initial

tumour density as sAT can be maintained large for longer. In addition, this implies

that the most effective AT would maintain the tumour at its original size for as long

as possible in order to maximise the effect of competition.

To illustrate this, we plot dr/dτ from Equation (2.6) as a function of the tu-

mour composition (s(τ), r(τ)) (Figure 2.4c). In this representation a tumour lesion is

thought of as a point in a two-dimensional space, where its x-position represents the
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current density of sensitive cells s(τ), and its y-position the current density of resis-

tant cells, r(τ). Each point is coloured according to the resistant population growth

rate. This representation clearly illustrates how high tumour densities (see inset grey

arrow) are generally associated with lower resistant growth rates. Furthermore, we

show trajectories of CT (yellow) and AT (blue) for two tumours corresponding to

Tumours 1 & 4 from Figure 2.4a. As can be seen, CT trajectories tend to traverse

regions of high resistant growth (dark green shading). In contrast, these same regions

are avoided under AT regimens, especially for Tumour 4 (Figure 2.4c).

To sum up, this implies that if we have perfect control over the sensitive cells,

if there is no mutation from sensitive to resistant cells, and if CT gains no benefit

over AT from intra-specific competition, then AT will always be non-inferior to CT

in delaying progression. This is a profound insight. It ascertains that AT can work

under a broad range of conditions. For example, we can conclude from this that if

we changed the logistic growth law in our model to a Gompertzian one, then we may

see different quantitative predictions, but the qualitative conclusions would remain

the same (see also Viossat and Noble [126]). At the same time, it also identifies three

assumptions which, if not met, may result in a situation in which AT can perform

more poorly than CT (perfect control, no mutation, intra-specific competition). Their

study will be an important aspect of the subsequent chapters of this thesis.

2.3.1.5 In the absence of turnover, cost of resistance increases time gained
by AT only for low levels of resistance

Next, we examine whether a cost of resistance enhances the benefit of AT. We still

assume that no turnover is present but now assume a 30% decrease in proliferation

rate of the resistant population (r̂R = 70%) and simulate CT and AT for the four

corner cases from Figure 2.4a. We choose a value of 30% as this lies at about the mid-

point of the assumed range of plausible cost values. As expected, TTPAT increases

in all four cases (Figure 2.5a; compare vertical blue dashed line in top and bottom

row). Moreover, the effect is much more pronounced when the tumour is close to

carrying capacity and the initial fraction of resistance is small (Tumour 4; Figure

2.5a). However, TTPCT increases as well, so that significant gains compared to CT

are only seen for Tumour 4 (difference in TTP extended from 211d to 330d; Figure

2.5a). To further quantify this observation we compute the difference between TTPAT

and TTPCT for each of the four tumours in Figure 2.5a for costs ranging from 0%

to 50%. This shows that in the absence of turnover, a resistance cost significantly
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Figure 2.5: In the absence of turnover (d̂T = 0%) a cost of resistance enhances AT only
when resistance is rare and tumours are close to carrying capacity. (a) Simulations of
Tumours 1-4 from Figure 2.4a with and without a 30% cost of resistance (r̂R = 70%;
Tumours 1 & 4 given in Figure 2.4; Tumour 2: (n0, fR) = (25%, 10%); Tumour 3:
(n0, fR) = (25%, 10%)). (b) & (c) Absolute (TTPAT - TTPCT) and relative ((TTPAT

- TTPCT)/TTPCT) gain in TTP by AT compared to CT for different magnitudes of
resistant costs for Tumours 1-4. Only Tumour 4 sees a significant gain.

increases the benefit of AT only for Tumour 4, that is, only if resistance is rare and

the tumour is close to carrying capacity (Figure 2.5b & c).

2.3.2 Dynamics in the presence of turnover

So far we have assumed that death of tumour cells is negligible. However, whilst

tumour cells are known for their excessive proliferation rates, they are also subject

to significant resource starvation and immune predation. In addition, homeostatic

human tissues continuously renew, so that there still is a degree of natural turnover

40



also in tumours [36]. Although it is less often discussed, and it is harder to quantify,

a number of authors have therefore argued that cell turnover may play an important

role in tumours [34, 36, 155]. Our analysis will further support this claim.

2.3.2.1 What is the rate of cell death in human tumours?

Pathological
Type

TV (in days)
(95% CI)

TPot (in days) Estimated
Growth
Fraction (in
%)

Cell Loss
Factor, φ (in
%)

Estimate for
d̂T (=GF×φ)

Embryonal
tumours

27 (22-33) 1.66 90 94 84.4%

Hemato-
sarcoma

29 (23-37) 1.7 90 94 84.4%

Mesenchymal
Sarcomas

41 (35-50) 13.2 11 68 7.48%

Squamous
cell
carcinoma

58 (48-70) 6.0 25 90 22.5%

Adeno-
carcinoma

83 (72-96) 23.8 6 71 4.3%

Table 2.3: Examples of growth rates and cell loss factors measured in human tu-
mours (taken from the meta-analysis by Malaise and colleagues in [36]). GF: Growth
fraction.

A number of studies have set out to address this question using a method devel-

oped by Steel in 1960s [34, 156, 35]. The idea is to estimate the theoretically possible

(“potential”) doubling time, TPot, achieved in the absence of any cell death, and the

actually observed volumetric doubling time of a tumour, TV. By comparing these

values one can compute the “cell loss factor”, φ, defined as φ = 1 − TPot/TV, which

represents the proportion of cells being born to cells dying or leaving the tumour.

The greater the value of φ, the greater the loss of cells due to cell death, predation,

or emigration [34, 156, 35].

TV is estimated from x-ray, CT or MRI images. TPot is obtained by measuring the

fraction of cells in S-phase in the tumour via halogenated pyrimidine, bromo- or iodo-

deoxyuridine labelling. Cells carrying out DNA synthesis incorporate these agents

into their DNA, and can subsequently be identified using histological techniques or

flow cytometry. The proportion of labelled cells is termed the labelling index (LI).

To obtain TPot, the LI is adjusted to account for proliferating cells which are not

currently in S-phase and is multiplied by an estimate of the cell cycle time, based

on the time required for DNA synthesis (TS). This gives TPot = λTS/LI, where λ
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denotes the proportion of the cell cycle spent in the S-phase. For a detailed review

of the process of estimating TPot see [157].

In Table 2.3 we show estimates for the cell loss factor for a range of human tumours.

These are all well in excess of 50% - an observation which has been corroborated by

a large number of studies over the years (see [156, 36, 158] for extensive reviews).

This implies that at any point in time the number of cells produced in the tumour

closely matches the number of cells lost. To translate estimates for φ to values of

our model parameter d̂T we need to note that φ compares the cell turnover rate to

the effective proliferation rate of the population (which takes into account the actual

fraction of proliferating cells), not the proliferation rate. To illustrate this, consider

a logistic model of a growing tumour. Let N(t) denote the total number of cells

and assume that cells divide and die at rates rT and dT , respectively, where the

proliferation rate decreases linearly as the tumour approaches its carrying capacity,

K. Then: dN/dt = rT (1 − N/K)N − dTN . If we were to measure this tumour at

time t∗ we would observe a growth fraction of (1 − N(t∗)/K) and estimate (making

the assumption of the Steel method that this growth fraction remains constant), that

TPot = ln(2)/rT (1−N(t∗)/K). The actual volumetric doubling time (again assuming

the growth fraction remains constant) would be TV = ln(2)/(rT (1−N(t∗)/K)− dT ).

Thus, φ = dT/(rT (1 − N(t∗)/K)). To obtain d̂T := dT/rT , we therefore need to

scale the observed values of φ by the observed growth fraction, GF: d̂T =GF×φ. This

yields values between 4% and 81%, with rates for solid tumours (the settings in which

AT has been mostly studied) clustered below 25% (Table 2.3). Given the variability

between cancer types, and the back-of-the-envelope nature of our calculations, we

choose to consider values of up to 50%. Future research should investigate turnover

rates in tumours in more detail to obtain more accurate estimates.

2.3.2.2 Phase plane analysis

In order to build an understanding of how turnover changes the dynamics of our

model, we will again begin with a phase plane analysis under constant treatment

level, c∗. We summarise the steady states and their linear stability in Table 2.4.

Initially, let us assume that there is no cost of resistance (r̂R = 100%). In Figure

2.6 we show a bifurcation analysis of the non-trivial steady states for s and r. If

c∗ = 0, then we again observe the line of steady states formed by the overlap of the

non-trivial s- and r-nullclines (Table 2.4 and Figure 2.6a & b). However, this time

the tumour saturates below the carrying capacity (s∗, r∗ < 1) and, if the treatment
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Label Description State Eigenvalues

SS1 Tumour
Elimination

s∗ = 0,
r∗ = 0

λ1 = 1− c∗ − d̂T

λ2 = r̂R − d̂T
SS2 Sensitive

Tumour
s∗ = 1− d̂T

1−c∗ ,
r∗ = 0

λ1 = d̂T

(
r̂R

1−c∗ − 1
)

λ2 = (c∗ − 1)
(
1− d̂T

1−c∗

)
SS3 Resistant

Tumour
s∗ = 0
r∗ = 1− d̂T

r̂R

λ1 = d̂T

(
1−c∗
r̂R
− 1
)

λ2 = d̂T − r̂R

SS4 Coexistence r∗ = 1− 2d̂T
1+r̂R−c∗

−s∗ No simple form available

Table 2.4: Steady states and linear stability for the model (Equations (2.5) and
(2.6)), assuming cellular turnover and resistance costs only in the proliferation rate
(d̂S = d̂R := d̂T and k̂ = 1). For discussions of the singularities at c∗ = 1 and
c∗ = 1 + r̂R see the main text. Bolded values mark eigenvalues which are negative
in at least part of parameter space.

level, c∗, is increased to some value 0 < c∗ < 1, then the s-nullcline, given by:

s(τ) = 1− d̂T
1− c∗

− r(τ),

is translated downwards (Figure 2.6a & b-c). The result is that SS4 ceases to exist

for c∗ > 0. Instead, SS3 becomes stable (λ1, λ2 < 0) whereas SS2 becomes unstable

(λ1 > 0; Figure 2.6c - f). Thus, in the presence of turnover the tumour evolves to

become fully resistant even if treated at a very low dose.

When c∗ = 1− d̂T , the sensitive steady state (SS2) merges with the trivial steady

state (SS1), so that the resistant steady state (SS3) remains the only attracting and

biologically feasible steady state (Table 2.4 and Figure 2.6d - f). If c∗ > 1, then SS2

takes on a value above 1 which converges to 1 from above as c∗ → ∞ (see Table

2.4 and Figure 2.6f). Whilst positive, this state is not biologically realistic as it

implies that the population can grow beyond the environmental carrying capacity.

Indeed, for any initial tumour size less than the carrying capacity, it is trivial to show

mathematically that it stays bounded above by the carrying capacity.

Next, we consider the impact of a cost of resistance in this setting (d̂T < r̂R <

100%). From Table 2.4 we see that for c∗ < 1 − r̂R, SS2 is stable whereas SS3 is

unstable (note that in this case (1− c∗)/r̂R > 1). Thus, in the presence of a cost, low

dose treatment can shrink the tumour to a fully sensitive, stable steady state (Figure

2.7a). However, if the treatment level is intensified beyond 1− r̂R, SS2 again becomes

unstable, SS3 becomes stable (Figure 2.7a) and the tumour will turn fully resistant

over time (Figure 2.7d - f).
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Figure 2.6: Bifurcation analysis of the model (Equations (2.5) and (2.6)) for increasing
levels of treatment, c∗, assuming turnover, but no cost of resistance (r̂R = 100%). (a)
Steady states, and their stability, as a function of c∗ (shown is the density of the non-
zero population in each case). Colour indicates whether the line shows the steady
state density of sensitive (green) or resistant cells (red), respectively. (b)-(f) Phase
planes corresponding to specified values of c∗ ((b) c∗ = 0, (c) c∗ = 0.5, (d) c∗ = 0.7,
(e) c∗ = 1, (f) c∗ = 2). In the absence of treatment both non-zero nullclines collapse
to give a continuum of steady states (SS4 in (a) & (b)). When c∗ > 0 the sensitive
steady state (SS2) becomes unstable and eventually biologically infeasible ((a) & (c)-
(f)), so that the tumour evolves to be fully resistant. The tumour-free state (SS1) is
always unstable. Parameters: r̂R = 100%, dT = 30%, k̂ = 1.

2.3.2.3 Turnover mediates the impact of a cost of resistance

The steady state analysis showed that turnover causes growth to saturate before

the tumour reaches the environmental carrying capacity, so that there is continuous

cycling of cells in the tumour. This has two important implications for treatment:

Firstly, it increases the drug kill, and thereby the selection for resistance under treat-

ment. Figure 2.6 illustrates how the sensitive cells are slowly killed off until the

tumour is completely resistant, even under a very low dose of treatment.

Secondly, turnover also increases selection against resistance in the absence of

treatment. To illustrate this, we simulate a competition experiment in which we

seed sensitive and resistant cells at equal proportions (fR = 0.5) and monitor their

abundance over time in the absence of drug (Figure 2.8). Without turnover, both
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Figure 2.7: Bifurcation analysis of the model (Equations (2.5) and (2.6)) for increasing
levels of treatment level, c∗, assuming turnover, and a cost of resistance (r̂R = 70%).
(a) Steady states, and their stability as a function of c∗ (shown is the density of the
non-zero population in each case). Colour denotes the dominant population. (b)-
(f) Phase planes corresponding to specified values of c∗ ((b) c∗ = 0, (c) c∗ = 0.3,
(d) c∗ = 0.5, (e) c∗ = 0.7, (f) c∗ = 2). For c∗ < 1 − r̂R, the sensitive steady
state (SS2) is the attracting steady state (a). The resistant cells are outcompeted
by the sensitive cells and the tumour becomes fully sensitive over time (b). When
c∗ = 1− r̂R, the non-trivial s- and r-nullclines overlap to give a continuum of steady
states (c). For c∗ > 1 − r̂R, the sensitive steady state (SS2) becomes unstable and
eventually biologically infeasible ((d)-(f)), so that the tumour evolves to be fully
resistant. Parameters: r̂R = 70%, dT = 30%, k̂ = 1.

populations grow until they make up a fixed proportion of the tumour given in the

limit by (s, r) = (s∗, 1 − s∗), where s∗ satisfies the conservation equation (Equation

(2.10); Figure 2.8a). Importantly, while a cost of resistance reduces the number of

resistant cells, these cells never go extinct (Figure 2.8a). In contrast, if we introduce

turnover (d̂T > 0%), resistant cells paying a cost go extinct over time (Figure 2.8b

& c; see also Figure 2.7). Turnover is, thus, a key modulator of the impact of a

resistance cost.
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Figure 2.8: Turnover modulates the impact of a resistance cost. Model simulations
of a competition experiment between sensitive and resistant cells seeded at equal
proportions (fR = 0.5), and grown in the absence of drug (c∗ = 0). (a) In the absence
of turnover (d̂T = 0%), even a significant cost does not result in the elimination of
the resistant cells. (b) & (c) In contrast, if we increase the natural death rate, then
resistant cells paying a cost are more and more quickly outcompeted by the sensitive
cells ((b) d̂T = 10%; (c) d̂T = 50%).

2.3.2.4 Tumours with high turnover may show better response to AT
than tumours with low turnover

How do these insights translate to AT? To address this question, we compute the

time gained by AT as a function of turnover and cost for Tumour 1 (Figure 2.9). This

shows that when turnover is low, even a large cost of resistance does not guarantee

that AT will significantly extend TTP (compare Cases i and ii in Figure 2.9a). In

contrast, if turnover is high, then AT generates significant benefits even if the cost

is small, or completely absent (Case i vs iii in Figure 2.9a). We conclude that high

turnover may help to control a tumour with AT.

Figure 2.9a also shows an area of parameter space where the tumour becomes

indefinitely controllable in the model, so that CT and AT can maintain it from pro-

gressing forever. This is because in the presence of turnover, the final tumour size

under CT is limited by n(t) = 1− d̂T
r̂R

:= kEff, where we are assuming that the treat-

ment effect is sufficiently strong to outweigh any resistance cost (c∗ > 1 − r̂R; Table

2.4). Thus, if kEff < 1.2n0, then a tumour can not progress under CT nor AT ac-

cording to our definition of progression as a 20% increase from pre-treatment size.

To illustrate this we show an example in Figures 2.10a & b. This kind of indefinite

tumour control is likely unrealistic, as we would expect the tumour’s environmental

carrying capacity not to remain constant over time, but to slowly increase due to,
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Figure 2.9: Turnover increases the time gained by AT. (a) TTP gained by AT as a
function of cost and turnover for Tumour 1. Turnover increases the benefit of AT
and amplifies the effect of a cost. (b) Simulations of the treatment dynamics for four
combinations of cost and turnover corresponding to the four case studies highlighted
in (a). (c) Turnover increases TTP gained by AT (TTPAT-TTPCT) both in the
presence and absence of a resistance cost for a range of different tumour compositions
(Tumours 1 and 2 as in Figure 2.4a; Tumour 3*: (n0, fR) = (50%, 10%); Tumour 4*:
(n0, fR) = (50%, 0.1%)). Above a cost of 30% Tumours 3* and 4* become indefinitely
controllable and so no TTP can be obtained.

for example, angiogenesis. Thus, in reality the tumours in this domain would still

eventually progress. Nevertheless, this shows mathematically what we would have to

do to achieve indefinite tumour control: We have to change the system dynamics so

that the tumour is above the r-nullcline. This may be achieved either by increasing

the density of sensitive cells, or by changing the position of the r-nullcline.

Finally, we examine how these results generalise as we change the initial tumour

density and resistance fraction. We repeat the cost-gain relationship analysis from

Figure 2.9b with a turnover rate of d̂T = 25%. As Tumours 3 & 4 are indefinitely
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Figure 2.10: As a consequence of the assumption that carrying capacity is constant,
the model allows for indefinite tumour control when (1−d̂R/r̂R) < 1.2n0. (a) Example
simulation illustrating indefinite control under CT for Tumour 1. While the tumour
becomes completely resistant it can not grow above the 20% size increase required for
progression, as the effective carrying capacity of the resistant population is too low.
Parameters: n0 = 25%, fR = 0.1%, r̂R = 70%, d̂R = 50%. (b) Same tumour as in
(a), but treated with AT. In this case also the tumour can never meet the threshold
for progression. (c) The gain by AT as a function of turnover and cost for Tumours
2-4. As Tumour 2 is far from carrying capacity (n0 = 25%) and has a high resistance
portion, strong turnover and/or big resistance costs are required to see significant
benefits of AT. Conversely, since they are close to K (n0 = 75%) Tumours 3 & 4 are
indefinitely controllable for a large parameter regime.

controllable in this parameter regime (see Figure 2.10c), we replace them by tumours

with a slightly lower initial density (n0 = 50%), denoted by Tumours 3* & 4*, re-

spectively. We find that all cases except for Tumour 2, which is far from carrying

capacity and has a high resistance fraction, benefit from AT even in the absence of

a cost (Figure 2.9d). In particular, note that Tumour 3* does not benefit from AT

at all in the absence of turnover (Figure 2.4a), but gains 37 days when d̂T = 25%.
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Moreover, in all cases a cost of resistance increases the gain of AT. This shows that

turnover relaxes the need for the tumour to be close to environmental carrying capac-

ity for AT to be successful, and that it amplifies the gains obtained even from small

resistance costs. However, it also shows that the initial resistance fraction remains

an important determinant of TTPAT.

2.3.2.5 Resource availability, turnover and cost combine to define the
competition in the tumour

Why does turnover increase the benefit of AT? In Section 2.3.1.4 we showed that AT

extends TTP by slowing the growth of the resistant population through competition.

As can be seen in Figure 2.4c, this competition is modulated by the proximity of

the tumour to environmental carrying capacity. The closer the tumour is to K, the

smaller dr/dτ . To investigate the impact of turnover on competition, we rewrite

Equation (2.2) as:

dR

dt
= (rR − dR)

(
1− 1

(1− dR/rR)

S +R

K︸ ︷︷ ︸
C(S,R,K, dR, rR)

)
R,

where we have chosen to consider the dimensional form of the equation to explicitly

discriminate the role of each parameter.

The function C(S,R,K, dT , rR) describes the combined growth inhibition of the

resistant population through intra- and inter-specific competition. A value of C = 0

corresponds to no inhibition, whereas a value of C = 1 results in the complete growth

arrest of the resistant population. We see that the strength of competition is deter-

mined by three factors: i) The available resources, K; ii) the total cell density, S+R;

and iii) the ratio of turnover to proliferation, dR/rR, known as the cell replacement

rate. Thus, an increased cell replacement rate - due to either increased turnover or a

proliferative cost - results in stronger competition. Alternatively, one can say that the

resistant population’s growth is limited not by the environmental carrying capacity,

K, but by the effective carrying capacity KEff = (1− dR/rR)K.

Mathematically, we can think of this using the phase plane representation from

Figure 2.4c. The closer a tumour is to the r-nullcline, the smaller dr/dτ . The r-

nullcline of the full model (Equations (2.5)-(2.6)) is given by:

r(τ) =

(
1− d̂R

r̂R

)
k̂︸ ︷︷ ︸

kr;Eff

−s(τ), (2.12)
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where kr;Eff denotes the resistant population’s effective carrying capacity. We see

that turnover translates the r-nullcline downwards, thereby reducing the distance of

a tumour from the nullcline. In the absence of turnover, a resistance cost merely

re-scales time and the dr/dτ surface. In its presence a cost also shifts the r-nullcline,

further reducing the distance of a tumour to the nullcline and extending the time for

which a tumour may be controlled (see also Figure A.1).

2.4 Extension to other types of cost

So far we have assumed that the resistance cost manifests itself in the proliferation

rate of the cells. However, it is plausible that it might manifest itself also in one of the

other population parameters. In this section we will extend our analysis to consider

the implications of a cost in the death rate (dR) and the carrying capacity (KR).

We will begin by considering the impact of each parameter on the effective carrying

capacity of the resistant population, before subsequently comparing the impact on

treatment dynamics.

2.4.1 Impact on the effective carrying capacity

In the previous section we saw that the r-nullcline provides a useful framework for

understanding the impact of a cost on the resistant population. Thus, we will begin

by comparing how dR and KR affect this nullcline. Equation (2.12) shows that costs

in dR and KR also act by decreasing the r-intercept, that is the resistant population’s

effective carrying capacity, kr;Eff (recall that d̂R := dR
rS

and k̂ := KR
KS

). As such, any

of the three types of cost will bring the resistant population closer to its effective

carrying capacity, which will increase the benefit of AT. However, due to the different

functional relationship of each parameter with kr;Eff, the magnitude of the impact

caused by a cost in each differs. With the following theorem we establish the relative

impact of each. That being said, we will subsequently find that this order does not

quite hold true in practice, as the treatment dynamics are not solely governed by the

proximity to kr;Eff.

Theorem 2. Let σ ∈ [0, 1) be the relative cost experienced by the resistant popu-

lation. Further, denote by r∗r =
(

1− d̂R
(1−σ)r̂R

)
k̂, r∗d =

(
1− (1+σ)d̂R

r̂R

)
k̂, and r∗K =(

1− d̂R
r̂R

)
(1− σ)k̂ the population equilibria under a relative cost σ ∈ [0, 1] in rR, dR,

and KR, respectively. Then:
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1. The impact of a cost in rR on the equilibrium value of r will always be greater

than the impact of a cost in dR. That is, r∗r < r∗d,∀σ ∈ (0, 1).

2. Provided d̂R
r̂R

< σ
1+σ

, the impact of a cost in KR on the equilibrium value of r

will be greater than the impact of a cost in dR (r∗K < r∗r). Otherwise a cost in

dR will have a greater impact.

3. The impact of a cost in KR on the equilibrium value of r will be greater than

the impact of a cost in rR (r∗K > r∗r) provided d̂R
r̂R
< 1−σ

2−σ . Otherwise a cost in rR

will have a greater impact.

Proof. Claim 1: Comparing r∗r and r∗d we find:

r∗r < r∗d

⇔

(
1− d̂R

(1− σ)r̂R

)
k̂ <

(
1− (1 + σ)d̂R

r̂R

)
k̂

⇔(1 + σ) <
1

1− σ
⇔σ2 > 0,

so that r∗r > r∗d,∀σ ∈ (0, 1).

Claim 2: Similarly, comparing r∗K and r∗d:

r∗K < r∗d

⇔

(
1− d̂R

r̂R

)
(1− σ)k̂ <

(
1− (1 + σ)d̂R

r̂R

)
k̂

⇔− σ(1 + σ)d̂R − r̂R(1 + σ) + σ r̂R(1 + σ) > −r̂R

⇔ d̂R
r̂R

<
σ

1 + σ
,

where we have skipped some steps for brevity.

Claim 3: Finally, comparing r∗K and r∗r :

r∗K < r∗r

⇔

(
1− d̂R

r̂R

)
(1− σ)k̂ <

(
1− d̂R

(1− σ)r̂R

)
k̂

⇔− (1− σ)2 d̂R
r̂R
− σ(1− σ) < − d̂R

r̂R

⇔ d̂R
r̂R

<
1− σ
2− σ

,

where we again have skipped some steps for brevity.
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Figure 2.11: Comparison of the impact of different manifestations of resistance costs
on the resistant population equilibrium, r∗. The smaller the value of r∗, the longer the
tumour can be controlled. Shown are the effects of a cost in rR (r∗r(σ)), dR (r∗d(σ)),
and KR (r∗K(σ)) as functions of a relative cost, σ ∈ [0, 1). Note that when r∗ ≤ 0 the
resistant population will always go extinct. (a) When there is no turnover, only a
cost in KR has an impact on r∗. (b) For values of d̂R/r̂R < 0.5, there are two possible
cases. For σ ≤ 1 − 1

r̂R/d̂R−1
, a cost in KR has the greatest impact. Otherwise a cost

in rR has a greater impact. (c) For d̂R/r̂R > 0.5, a cost in rR always has the greatest
impact, followed by costs in dR and KR.

There are two important conclusions to draw from Theorem 2. Firstly, a cost

in the proliferation rate will always have a greater impact than the same relative

increase in the death rate (unless d̂R = 0). Secondly, the relative importance of each

of the three parameters depends on the ratio d̂R/r̂R. In Figure 2.11 we provide a

visual illustration of Theorem 2, by plotting r∗r , r
∗
d, and r∗K as functions of σ for three

values of d̂R/r̂R (Figure 2.11a). When d̂R/r̂R = 0, only a cost in KR has an impact

on the effective carrying capacity (Figure 2.11a). In contrast, when d̂R/r̂R > 0.5 (so

that d̂R
r̂R
> σ

1+σ
and d̂R

r̂R
> 1−σ

2−σ for all σ ∈ [0, 1]), a cost in KR will have the least impact

- that is the largest value of r∗ (Figure 2.11c). Finally, for intermediate replacement

rates (0 < d̂R/r̂R ≤ 0.5), there are two regimes (Figure 2.11b). Small costs will have

the greatest impact if they are in KR. If the costs are larger, then they will have

more impact in rR. The transition occurs when the r∗r(σ) and r∗K(σ) lines intersect at
d̂R
r̂R

= 1−σ
2−σ (Figure 2.11b). Based on our discussion in Section 2.3.2.1, it seems most

likely that in patients d̂R/r̂R < 0.5, so that our calculations predict that costs in KR

will have the greatest impact, followed by costs in rR and dR.
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Figure 2.12: Simulations illustrating the impact of a 10% resistance cost in each of
rR, dR and KR on the AT treatment dynamics for Tumour 1 ((n0, fR) = (25%, 0.1%)).
(a) Simulations corresponding to Figure 2.11b, in which a cost in KR has the greatest
effect on kr;Eff. However, we see that here, due to the small value of n0, a cost in rR
has the biggest impact on TTP. (b) Simulations corresponding to Figure 2.11c. Here,
the results match those expected from Theorem 2 with, again, a cost in rR being the
most impactful. This illustrates that the comparison of different types of costs also
depends on the density of sensitive cells in the tumour. Note that in the simulations
of a cost in death rate, dR is adjusted to take on values 10% greater than in the cases
when there is no cost in death rate (so 0.33 or 0.66).

2.4.2 Comparison of the AT treatment dynamics

How do the different possible manifestations of a cost affect treatment dynamics?

In Figure 2.12, we show the AT treatment dynamics for a cost of σ = 10% in each

of rR, dR and KR for Tumour 1 ((n0, fR) = (25%, 0.1%)). Firstly, we consider the

regime d̂R/r̂R = 0.3 < 0.5 so that a cost in KR will have the greatest impact on kr;Eff.

53



Interestingly, we find that - contrary to our expectations from Theorem 2 - a cost in

rR has the largest impact on TTP (Figure 2.12a). As we can see from Figure 2.12a

the resistant population takes longer to expand and more AT cycles can be completed

when there is a cost in rR compared to when there is a cost in KR (4 vs 5 cycles). To

explain this, we rewrite Equation (2.6) as:

1

r̂R

dr

rdt
=

(
1− d̂R

r̂R

)
︸ ︷︷ ︸

Density-Independent
Expansion

− s

k̂︸︷︷︸
Density-Dependent

Inhibition

(2.13)

where we again are assuming that intra-specific competition can be neglected until

close to progression (r << s). We see that the benefit from the reduced carrying

capacity (smaller k̂) depends on the density of sensitive cells. If the tumour is far

from carrying capacity, as is the case in Figure 2.12 (s ≤ 0.25), then the benefit is

small as the competition is not very strong. In contrast, costs in rR (and dR) have an

impact independent of the proximity to carrying capacity.

In the second case, we assume that the replacement rate is greater than 0.5 (d̂S =

d̂R = 0.6). While this is probably not biologically realistic, we include this case for

completeness. We find that here the order in which cost extends TTP coincides with

what would be expected from Theorem 2 (Figure 2.12b). This is because the costs in

rR and dR reduce both the density-dependent, and independent, growth rates more

than the cost in KR (Figure 2.12b).

This analysis further demonstrates that in order to understand the impact of

a resistance cost we have to consider not only the cost itself, but also the context

in which it occurs (here death rate and initial proximity to carrying capacity). It

also suggests two ways in which treatment can seek to maximise the impact of any

resistance cost (regardless of its type). Firstly, we may decrease KR. Secondly, we

may aim to increase d̂R/r̂R. These insights may be helpful in designing multi-drug

AT approaches in the future.

2.5 Application to intermittent androgen depriva-

tion therapy in prostate cancer

The key result of the modelling in the previous sections was that cellular turnover is an

important factor in AT. In particular, we predicted that higher turnover facilitates

control of drug-resistance and that if a resistance cost is present, then its benefit

depends not on its absolute value, but on its value relative to the turnover rate. In
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Figure 2.13: Treatment protocol and example trajectories from patients in the trial
by Bruchovsky et al [109]. (a) Intermittent treatment algorithm used in the study.
Re-drawn and modified with permission from Bruchovsky et al [109] (Copyright ©
2006 American Cancer Society). (b) Exemplary patient trajectories from a patient
continuously responding for over 5 years, and one patient with progression after 3.5
years.

the following section we will return to our assumption that the fitness cost manifests

itself in the cell’s proliferation rate and aim to test this hypothesis. To do so, we will

analyse longitudinal tumour response data from 67 patients undergoing intermittent

androgen deprivation therapy for recurrent, locally advanced prostate cancer. The

data were collected as part of a Phase II trial by Bruchovsky et al [109] and were

subsequently made publicly available. We will fit our model (Equations (2.8) & (2.9))

to the serum levels of PSA (recall that this stands for Prostate Specific Antigen)

measured in these patients over time. We will show that both cost and turnover

are required as model parameters in order to explain the observed patient dynamics.

Moreover, some of the patients progress during the trial and, consistent with our

hypothesis, we find that these patients are not characterised by low resistance costs

or low turnover alone, but by a combination of both. Together these results provide

evidence for our modelling predictions, and illustrate how our insights can help to

improve our understanding of resistance management in a specific disease setting.

2.5.1 The data

Prostate cancer is the most common cancer in men, and the second most deadly [159].

It is treated by surgery and radiation to eliminate primary and metastatic lesions, fol-

lowed by hormonal treatment to suppress cancer growth in a systemic fashion. Many

prostate cancers are initially dependent on androgen-driven growth stimulation, and
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inhibition of this pathway slows their expansion. However, androgen-deprivation

treatment is rarely curative due to the emergence of androgen-independent popu-

lations, and represents a significant burden on patients’ finances and quality-of-life

[109, 160].

In an attempt to address these issues, in the 1990s Bruchovsky and colleagues

[161, 109] proposed to cycle treatment, with the aim of aleviating side-effects and

better controlling cancer stem cells (as such, in fact, based on arguments quite simi-

lar to those for AT). Following promising results in a mouse model [161] Bruchovsky et

al launched the “Canadian Prospective Phase II Trial of Intermittent Androgen Sup-

pression for Men in Biochemical Recurrence after Radiotherapy for Locally Advanced

Prostate Cancer” which was carried out at four Canadian centres between 1995 and

2001. Its aim was to test the feasibility of treatment cycling, its safety, and its impact

on patients’ quality-of-life. The study enrolled a total of 109 patients and followed

them until the end of the trial period or until disease progression, using serum PSA

levels to monitor disease burden. Patients were treated with cyproterone acetate and

leuprolide acetate according to the algorithm shown in Figure 2.13a. Progression was

defined as a series of three sequential increases of PSA above 4.0µg/L despite castrate

levels of serum testosterone [109]. Example trajectories of two patients without and

with progression are shown in Figure 2.13b.

There are two key differences between this schedule and the one used by Zhang

et al [97] in the AT clinical trial: 1) The lead-in phase, and ii) use of an absolute,

instead of a relative, threshold for treatment modulation. The effect of the latter is

that in many patients the PSA level is reduced much further than the 50% level in

the AT study (Figure 2.13b). Furthermore, some [97, 123] have argued that the lead-

in phase eliminated most of the sensitive cells and accelerated competitive release.

Nevertheless, most patients completed at least one cycle (93/109 patients) with the

average number of cycles completed being 2.3 ±0.1 cycles (median, 3.0 cycles; range,

1-5 cycles). In total, 12 patients progressed during the trial, and a further 6 con-

tinued to respond but developed a metastasis [109]. While overall survival was not

one of the end points of this study, it was evaluated in subsequent Phase III trials.

These concluded that intermittent treatment provided neither an advantage, nor a

disadvantage, in survival, but did improve quality-of-life [110, 111].

2.5.2 Data processing and data fitting

The data were downloaded from http://www.nicholasbruchovsky.com/

clinicalResearch.html on July 15th 2020. Only those data from patients who
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qualified for the intermittent arm were available (n=72). From these patients we

excluded those who developed a metastasis during treatment (n=5), so to avoid po-

tentially confounding effects from a change in the number of lesions. This yielded a

total of 67 patients for analysis.

Subsequently, we fitted the model (Equations (2.8)-(2.9)) to each patient by min-

imising the root mean squared error (RMSE) between the normalised PSA measure-

ments, ŷ(t)/ŷ(0), where ŷ(t) is the PSA measurement at time t, and the normalised

predicted cell density, n(t)/n0. The values for rS and d̂D were fixed as in Table 2.1, and

the remaining four parameters (r̂R, d̂T , n0, and fR) were allowed to vary freely between

the following bounds: r̂R ∈ [0, 1], d̂T ∈ [0, 1], n0 ∈ [0.1, 1], and fR ∈ [1 × 10−5, 0.25].

Fitting was done using the Levenberg-Marquardt algorithm, and repeated 25 times

for each patient starting from different initial parameter combinations, with the best

fit according to the Akaike Information Criterion (AIC) taken forward for analysis.

Fitting was done using the lmfit package in Python [162].

2.5.3 The model is able to recapitulate treatment dynamics

In Figure 2.14 we show the best fit for each patient as determined by AIC. We find

that even though our model was constructed as a conceptual tool, it can recapitulate

individual patient dynamics for the majority of patients, and that it can describe

patients who continuously respond, as well as those who eventually progress. Fur-

thermore, we find that for each patient the optimal fit is well defined, as we do not

observe evidence for multiple optima amongst the 25 independent runs for each pa-

tient and because model selection with a different model selection criterion (Bayesian

Information Criterion (BIC)) yields the same optimum as selection via AIC in all

patients.

That being said, while for some patients, such as Patient 41, the model describes

the quantitative change in PSA over time almost exactly, in others the fit is more

qualitative (e.g. Patient 55; Figure 2.14). Moreover, in 15 patients, marked by a

grey background in Figure 2.14, we find that the model either fails to describe one

or more cycles (e.g. Patient 77 or Patient 105), or predicts resistance where none

was observed (Patient 104 or Patient 6). Investigating why the fits are poor for these

patients was outside the scope of this work, however, based on a visual examination it

appears that in patients for whom the model fit well the cycle timing remained fairly

constant over time, whereas in patients for whom the model struggled there was a

rapid change in the speed of cycling (e.g. Patient 77). Because of their poor fits we

excluded these 15 patients from further analysis.

57



Ti
m

e 
in

 D
ay

s

PSA (Relative to Baseline)

s(
t)

r(t
)

n(
t) 

un
de

r A
T

D
ru

g 
on

O
bs

er
va

tio
n

F
ig

u
re

2.
14

:
O

ve
rv

ie
w

of
al

l
67

p
at

ie
n
t

fi
ts

ar
ra

n
ge

d
b
y

th
e
r2

va
lu

e
of

th
e

b
es

t
m

o
d
el

fi
t.

T
it

le
co

lo
u
r

in
d
ic

at
es

w
h
et

h
er

a
p
at

ie
n
t

p
ro

gr
es

se
d

(o
ra

n
ge

)
or

n
ot

(g
re

en
).

P
at

ie
n
ts

w
h
o

w
er

e
ex

cl
u
d
ed

fr
om

fu
rt

h
er

an
al

y
si

s
d
u
e

to
p

o
or

m
o
d
el

fi
ts

ar
e

m
ar

ke
d

w
it

h
a

gr
ey

b
ac

k
gr

ou
n
d
.

58



b

Ak
ai

ke
 In

fo
rm

at
io

n 
C

rit
er

io
n 

(A
IC

)

No Cost &  
No Turnover- Cost - TurnoverWith Cost &  

Turnover

***
***

***

Cost Turnover n0 fR

Va
lu

e 
in

 %

Progression (0=no; 1=yes)

a

Figure 2.15: The role of cost and turnover in describing patient dynamics. (a) Distri-
bution of fitted parameters for patients with and without progression. Dashed lines
mark the limits imposed on the parameters during fitting. (b) Removing turnover or
cost as a variable in the model significantly decreases the goodness-of-fit across the
patient cohort, indicating both variables are important in explaining response. Stars
denote p-values of less than 1% in paired student t-tests. This suggests that both
cost and turnover are important for describing treatment response in these patients.

2.5.4 Cost and turnover are required for describing patient
dynamics

Next we examined what role cost and turnover play in the response dynamics. In

Figure 2.15a we plot the distributions of the estimated parameters for the 52 patients

analysed. In most patients the estimate for both cost and turnover is far from 0, which

suggests that both parameters are important for describing the treatment dynamics.

To further corroborate this finding, we performed a systematic model comparison

analysis in which we removed first cost from the model, then turnover, and finally

both. In each case we fitted the reduced model to the 52 patients carried forward

for analysis using the same protocol as before. It is clear that removing a degree-

of-freedom will reduce the fit of the model. So we used AIC to perform the model

comparison for each patient, which penalises the extra complexity in the more com-

plicated models. A difference in AIC of more than 2 is typically seen as evidence that

the model with the smaller AIC is a better descriptor of the data [163]. In Figure

2.15b we plot the AIC values for all four models across the patient cohort. This

shows that for the majority of patients removing cost and turnover from the model

significantly reduces the fit, more than would be expected from simply removing a

degree-of-freedom. The only exceptions are Patients 56 and 102 for whom the model

without cost fits as well as the more complex four parameter model. Consistent with

this observation, we find that dropping cost from the model increases AIC less than

removing turnover, suggesting that while both play a role the latter is more important
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than the former. Repeating the comparison using the BIC yields identical results (not

shown). Overall, this supports our hypothesis that both resistance costs and turnover

are important for explaining the time-course of response to treatment in patients.

2.5.5 Neither cost nor turnover in isolation correlate with
outcome

Having established a role of cost and turnover in describing treatment response, we

next asked whether they could predict outcome. To do so we compared the estimated

values for both parameters for patients with and without progression (Figure 2.15a).

Interestingly, we do not detect a significant difference for neither cost (Mann Whitney

U test, U = 134, p-value > 0.05), nor turnover (Mann Whitney U test, U = 164, p-

value > 0.05). The fact that cost in isolation is not predictive by itself (although there

is a trend towards a difference) is consistent with our theoretical analyses in Section

2.3, in which we showed that a cost is not necessary nor sufficient for being able

to manage resistance. However, the finding that there is no difference in turnover

is contrary to our expectations. Based on our modelling in Section 2.3 we would

have expected to see higher turnover in patients without progression. A possible

explanation for why our prediction does not hold is that tumours with higher turnover

may also harbour more resistance as these tumours will have passed through more

generations before detection [155]. However, testing for a correlation between turnover

and fR we do not find evidence for this explanation either (Pearson’s Correlation

Coefficient: -0.038, p-value > 0.05).

For completeness, we also examine differences in the other two parameters (see also

Figure 2.15a). This yields a statistically significant difference in n0 (Mann Whitney

U test, U = 104.5, p-value > 0.035), but not in fR (Mann Whitney U test, U = 121,

p-value > 0.05). The fact that patients without progression have a higher estimate

for n0 is consistent with the result from Section 2.3 that tumours are controllable for

longer the closer they are to carrying capacity. However, one should be somewhat

careful with this interpretation, as it is unclear what carrying capacity means in this

context. PSA is a serum marker reflecting the systemic disease burden to which

multiple tumour lesions may be contributing. As such it is probably more helpful to

interpret this result in terms of the nature of the growth curve that it produces. A

large value of n0 in the model corresponds to tumour trajectories which do not grow

much above their initial size and/or show sub-exponential growth. Conversely, small

values of n0 suggest that such tumours do not exhibit signs of growth inhibition.
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Figure 2.16: The importance of combining cost and turnover to predict outcome of
intermittent therapy in the Bruchovsky et al trial [109]. (a) Plot of the estimates
for turnover and cost (each point represents one patient; colour indicates whether or
not a patient progressed on the trial) showing clustering of fits in a defined region of
parameter space consistent with the study inclusion criteria. Moreover, patients who
progress (yellow) tend to fall into the upper half space, indicating that these patients
are defined not by small values of cost or turnover but by a small combination of
the two. (b) Examples of patient fits along three transects through the space in (a),
showing how turnover and cost separate patients with different cycle dynamics, and
patients with and without disease progression.

2.5.6 Context matters: Cost and turnover in combination
predict outcome

The key result of our modelling analysis in Section 2.3 was the observation that

the impact of a resistance cost is modulated by the turnover in the tumour. Given

that neither cost nor turnover was predictive in isolation, we thus examined their

interaction. This reveals a strong negative correlation, with most patients clustering

closely along a line in parameter space (Pearson’s correlation coefficient: -0.77, p-value

< 0.01; Figure 2.16a). Comparing this observation with our theoretical predictions of

how cost and turnover affect the treatment dynamics in Figures 2.9a & b we propose

the following explanation. We hypothesise that this trade-off, which is not imposed

but emerges from the fitting, reflects the study’s inclusion criteria. Firstly, no patient

falls into the region in which both turnover and cost, and so response, are small,

because such patients would not have achieved PSA level normalisation in the lead-in

phase required for study inclusion. Similarly, no patients are seen in the bottom right

corner where our model predicts long term tumour control, consistent with the fact
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that all patients in the study were refractory after initial therapy.

Moreover, when we colour patients by whether or not they experience disease

progression, we observe that patients with progression (orange) tend to fall along

the upper edge of the patient cluster (Figure 2.16a). This means that patients who

progress have a smaller combination of cost and turnover than patients who do not

progress. Consistent with this observation we find that if we compare the sum of

turnover and cost between the two groups, this difference is highly statistically sig-

nificant (Mann Whitney U test, U = 82, p-value < 0.01). Furthermore, when we

examine Patient 56 and Patient 16, who contradict this pattern as they are respon-

ders but far above the upper edge of the cluster, we see that for neither is it actually

known whether they are still responsive to treatment (top two points along Transect

2 in Figure 2.16). Both have just concluded an off-treatment phase and have not yet

re-started treatment. In fact for both of these patients the last off-phase has been

shorter than the previous one, so that it is plausible that they might have developed

resistance (Figure 2.16b).

In addition, when we examine the treatment dynamics at different points in the

cost-turnover space, a distinct pattern emerges (Figure 2.16b). As we move left to

right along the turnover axis patients are sorted in an unsupervised fashion according

to their cycling speed. As we move top to bottom along the cost axis, patients are

increasingly likely to respond for longer. We see that depending on their turnover

value, patients may cycle at different speeds, and that their TTP is determined by

the cost of resistance. This shows that multiple factors have to be considered to

understand response to intermittent treatment, and would explain why Bruchovsky

et al [109] did not find that the cycling speed per se was predictive of outcome.

To sum up, while there is no evidence in these data that higher turnover by itself

is correlated with longer resistance control, our results provide strong support for

the notion that the interaction between cost and turnover is important. Our analysis

suggests that patients who progress are characterised not by a lack of a resistance cost

or slow turnover, but by a value of the combination of the two that is too small. For

example, if turnover is small patients will progress even if the cost is high, whereas

if turnover is high, a much lower cost may be required to see long term response

(Figure 2.16a). Moreover, we find that the cost-turnover combination of a patient

also correlates with their cycling dynamics, so that different areas of parameter space

correspond to different types of cycling dynamics. This observation may help to

better understand the biology underlying the different speeds of cycling observed in

patients, and we will return to it in the next chapter.
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2.6 Improving AT by amplifying competition

To conclude this chapter, we will discuss how, based on our insights, one may be able

to improve AT. Specifically, we deduce that there are three ways in which one may

be able to amplify intra-tumoral competition:

1. Reduction of the AT threshold: Firstly, one can lower the threshold for treat-

ment withdrawal, so that treatment is withdrawn earlier and more frequently,

assuming the increased tumour burden is acceptable. This conclusion is based

on Section 2.3.1.4 which showed that in our model the competitive suppression

of resistance is maximised the closer the tumour is to its carrying capacity.

2. Targeting the environmental carrying capacity, K: Secondly, one can target the

environmental carrying capacity, for example by administering an anti-angiogenic

drug to reduce the supply of nutrients.

3. Increasing cell turnover: Finally, one can increase cell turnover to reduce the

growth of resistant cells and amplify the strength of selection against them.

This may be done, for example, by adding low-dose chemotherapy.

In Figure 2.17 we illustrate each strategy on Patient 99 who relapses during inter-

mittent androgen deprivation treatment (see Figure 2.13B). Interestingly, while it is

Strategy 1 which optimises the gain of AT over CT, it is Strategy 3 which maximises

absolute TTP. This shows that each strategy has a unique effect on the treatment

response, and motivates further research into multi-drug AT protocols.
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Figure 2.18: The interplay between resistance costs and turnover in AT. Sensitive
cells slow the growth of resistant cells through competition, but are killed by treat-
ment. A cost of resistance reduces the resistant growth rate. Turnover modulates
the speed of selection against drug-resistance by amplifying the effects of competition
and resistance costs.

2.7 Discussion

The aim of this chapter was to develop a theoretical understanding of AT, and gain

insights into the circumstances under which a resistance cost is required, and under

which circumstances it is not. To do so, we developed a simple two-population Lotka-

Volterra competition model and treated it according to the AT algorithm from Zhang

et al [97]. We showed that a resistance cost is not necessary for AT to extend TTP,

and used the work by Hansen et al [1] to provide an explanation for why this is

the case: If we assume that sensitive cells competitively inhibit resistant cells, and

there is no harm from the larger tumour burden, then the presence of sensitive cells

will always slow down the growth of the resistant cells. This point is trivial, but it

has a crucial implication which is not as clear in the more complex models analysed

previously: As long as we assume no harm from the increased tumour burden, and

that growth is deterministic, AT will perform no worse than CT. This point is also

discussed in more detail by the recent works by Viossat and Noble [126] and Hansen

and Read [129].

That being said, how much we actually gain depends on the following four factors:

i) the initial fraction of resistant cells (fR), ii) the proximity of the tumour to envi-

ronmental carrying capacity (n0), iii) the resistant cell proliferation rate (rR), and iv)

the rate of cellular turnover (dT ). While the importance of the first two factors has

been previously recognised [115, 1, 124], it has not been clear what exactly it means

for a tumour to be close to its carrying capacity. Carrying capacity is defined as the
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population size at which growth saturates [164]. As such it is a multi-faceted concept

which may be defined at different spatial scales, and which may vary over time and

space. For example, one can define a systemic carrying capacity for the whole body,

or local carrying capacities for individual tumour lesions. Moreover, carrying capac-

ity is determined by space and resource availability, which will change as the tumour

recruits vasculature and stromal support, or gains the ability to invade surrounding

tissue. In addition, it is determined by the ratio of birth to death in the tumour.

Working with the popular r − K form of the logistic growth equation this fact is

easily overlooked, and results in the misleading perception that r and K are indepen-

dent. A key contribution of this chapter is to highlight that not only environmental

constraints, but also cell proliferation and death rates, determine the impact of intra-

tumoral competition. The shorter a cell’s life span, the fewer opportunities it will

have to divide, and the greater will be the impact of interference through intra- and

inter-specific competition. Changes in proliferation or death rates, due to mutation,

immune predation, or treatment, will alter the tumour’s carrying capacity and so

change the competition between tumour cells. The relationship between r and K has

been an area of intense debate in ecology, centred in particular around the so-called

r −K selection hypothesis [164]. Realisation of their inter-dependence has been an

important step in consolidating ecological and evolutionary theory [165, 166, 167], and

may similarly help to improve our understanding of tumour evolution and treatment.

An important implication of this dynamic view of carrying capacity is that tis-

sue turnover plays a role in AT (Figure 2.18). Specifically, our modelling indicates

that higher turnover facilitates the control of drug-resistance and that if a resistance

cost is present, then its benefit depends not just on its absolute value, but on its

value relative to the turnover rate. We tested this hypothesis by fitting our model

to response data from prostate cancer patients undergoing intermittent androgen de-

privation therapy. This showed that both cost and turnover are required to explain

the treatment dynamics, as their removal significantly reduces goodness-of-fit, even

when a penalty for the additional degrees-of-freedom is applied. Interestingly, and

contrary to our expectations, we did not find a difference in turnover when we tested

for differences between patients who progressed and those who did not. This may be

due to tumours with higher turnover also acquiring more resistance as these tumours

will have passed through more generations before detection [155], although we did

not detect such a correlation ourselves. However, when we examined both cost and

turnover together, we saw that patients who progressed tended to be defined by a

smaller combination of cost and turnover than patients who did not progress. While
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these results should be viewed with some caution, as neither cost nor turnover were

measured directly, they are consistent with our hypothesis, and show how our insights

may help to understand treatment response.

One reason why it was difficult to test our hypothesis more directly was that

relatively little is known about turnover rates in human tumours. Most available

data were collected between the 1960s and 1990s based on a method pioneered by

Steel [156]. While the measures are indirect and have to be interpreted with caution,

most of these studies found that tumours grew significantly slower than expected

based on cell proliferation rates, suggesting that the rate of cell death closely matches

that of cell production [156, 36, 168]. In light of our findings we advocate that more

focus should be put on quantifying the turnover rates in tumours. Not only may

information on turnover rates help to identify suitable candidates for AT, it may also

be important in interpreting data from experimental model systems. While in vitro

no resistance cost may be observed, tumour control may still be possible in vivo or in

patients as turnover, via greater nutrient deprivation, and immune suppression, will

intensify competition, and amplify even small fitness differences.

While we focussed our attention on the impact of a cost in the proliferation rate,

it is clear that it may also manifest itself in other ways. We showed that our analysis

easily extends also to costs in the turnover rate and carrying capacity, where either

costs in the proliferation rate or costs in the carrying capacity will have the greatest

impact depending on the cell replacement rate.

In aiming to keep our model simple we made a number of important simplifica-

tions. Firstly, similar to previous studies [115, 1], we assumed that the tumour is

not curable. However, including a resistance cost and greater turnover also results in

fewer cells at the nadir during CT. This implies that the tumours in which AT will be

most effective are those in which CT just misses being curative, an observation also

made elsewhere [59, 124]. Thus, the very long gains predicted under AT have to be

viewed with some skepticism, since in a proportion of these patients CT would have

potentially cured the tumour. That being said, AT is intended for advanced settings

in which the available treatment is rarely curative, which suggests that such cases

will be rare [98, 169]. Moreover, it seems plausible that if one finds that AT controls

the tumour very well, one could then decide to switch to a curative approach.

A further important caveat of our study is that we did not account for the potential

health-risks associated with the increased tumour burden under AT. As a result,

our model predicts that the longest TTP can be achieved by keeping the tumour

as close to its initial size as possible. This is true for most studies in this area
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[60, 115, 122, 114, 120]. However, a higher tumour level increases the potential for

de novo resistance acquisition and metastasis, and under certain circumstances these

costs may outweigh the benefits of AT [1, 126, 170]. Investigating the risks of AT is

an important direction of future research.

Finally, in this chapter we neglected the impact of space. However, previous work

[115, 124] has demonstrated that the tumour’s spatial architecture is an important

factor in AT. For example, if resistant cells can be “trapped” by surrounding sensitive

cells, then the tumour may be controlled for a long time [115, 124], as resistant cells

are close to their local carrying capacity. In the next chapter we will address this

shortcoming, and examine whether and how spatial effects impact our conclusions.
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Chapter 3

The impact of space and
stochasticity on intra-tumoral
competition and adaptive therapy

3.1 Introduction

In the previous chapter we analysed a simple ODE model of AT to develop a basic

understanding of its guiding principles. However, in doing so, we assumed perfect

mixing of cells, and neglected the impact of spatial constraints on the growth and

interaction of cells. Furthermore, by using a deterministic modelling framework we

neglected the potential role of stochastic events. The aim of this chapter is to address

these issues. We will re-formulate our ODE model as a 2-D, agent-based model

(ABM) and test to what extent our conclusions from the previous chapter translate,

and where the two models differ.1

3.1.1 Spatial modelling of AT

While a number of modelling studies have been carried out in order to elucidate the

eco-evolutionary principles of AT [60, 115, 122, 124, 120, 132], so far only two of these

have considered the role of space [115, 124]. Bacevic et al [115] developed a 2-D hybrid

cellular automaton model, in which each cell occupies a site on an equi-spaced grid.

Cells in this model proliferate and die at a rate which depends on the local oxygen

concentration, which is modelled by a PDE. Moreover, cells compete for space, in that

division is only possible if there is a vacant space in the cell’s neighbourhood. Finally,

1A publication based on this chapter, titled “Spatial structure impacts adaptive therapy by shaping
intra-tumoral competition”, is in preparation (see [171] for a pre-print). Both the work and the writing
of this publication were carried out by myself under supervision of my supervisors, and guidance
from our co-authors.
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the authors also model pushing of cells by allowing a cell to displace its neighbours in

order to generate space for proliferation. They divide the tumour into drug-sensitive

and resistant cells and calibrate their model using in vitro data from a colorectal

cancer cell line undergoing CDKi treatment. Subsequently, Bacevic et al [115] use

their model to investigate the importance of spatial structure for controlling resistance

with competitive inhibition. While they use continuous low dose, and not adaptive

scheduling, their results are nevertheless relevant to AT, as the mechanism through

which resistance is controlled is competition. Bacevic et al [115] show that if resistant

cells are initially near the centre of the tumour, where competition for space is strong,

then control via low dose treatment is much more likely to be successful than if cells

are located near the periphery of the tumour, or seeded randomly. Moreover, to test

their prediction that spatial constraints on resistant cell growth are important, they

carry out in vitro experiments in which they treat a mixture of sensitive and resistant

cells either at MTD or at low dose. In accordance with their theoretical predictions

they find that low dose therapy results in a smaller final resistance fraction than

MTD treatment in a more constrained, 3-D in vitro spheroid, but not in a relatively

unconstrained, 2-D in vitro cell culture system.

The second study which has examined the role of space in AT is the work by

Gallaher et al [124] who study a 2-D off-lattice model of tumour growth. Cells are

modelled as discs which repel each other with a force that depends linearly on the

distance between the cell centres, and whose movement is dampened through friction.

Cells divide after they have completed a cell cycle, where progression through the cell

cycle is interrupted if local crowding exceeds a certain threshold. Gallaher et al [124]

do not include natural turnover or a nutrient in their model so that cells only die when

exposed to drug. Drug kills dividing cells where a cell’s sensitivity to drug is modelled

as a continuous trait. Finally, the authors assume a resistance cost, so that cell cycle

time is inversely related to the cell’s drug sensitivity. In their study, Gallaher et al

[124] compare continuous MTD treatment with the two adaptive strategies trialled

by Enriquez-Navas et al [113] in a breast cancer mouse model. The first of these

strategies modulates the dose of the treatment according to the tumour’s response,

whereas the second always applies MTD but skips doses if the tumour responds well,

akin to the algorithm used in the prostate cancer clinical trial [97]. Gallaher et al [124]

corroborate the findings of Bacevic et al [115] that AT is most likely to be successful if

the resistant cells are spatially constrained at the centre of the tumour. Furthermore,

they show that both cell migration and genetic mutation represent challenges for

resistance management because they allow resistant cells to move to, or emerge at,
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the edge of the tumour, thereby weakening spatial constraints. Moreover, they find

that the initial degree and heterogeneity of drug sensitivity in the tumour determine

which of the three treatment strategies will be most successful, an observation which

we will discuss in more detail in the next chapter.

In summary, these studies have shown that the spatial distribution of resistant cells

and their ability to escape crowding through pushing or movement determine how well

they may be controlled via competitive inhibition. As such, this work helps to provide

an interpretation of the result from non-spatial models that the “initial proximity to

carrying capacity” (n0 in Chapter 2) is an important factor in AT. Furthermore, they

corroborate the role of the initial resistance fraction, and the observation that AT

may be beneficial under a wide range of conditions. However, because both these

studies involve rather complex assumptions about cell physics and metabolism, it is

not clear which aspects of their findings are due to the spatially explicit nature of the

models, and which due to these extra assumptions. It is also not known how these

results compare quantitatively to those obtained by non-spatial models. Moreover,

neither of these papers has examined the role of turnover, which we showed in the

last chapter to have great impact on the response to AT.

The aim of this chapter is to address these questions. We develop a 2-D, on-lattice,

ABM using the same set of assumptions as for the ODE model studied in Chapter

2. In doing so, we hope to bridge the non-spatial and spatial AT modelling litera-

ture, and tackle the following three questions: Firstly, we seek to examine whether

turnover remains a facilitator of AT if space and stochastic effects are taken into

account. In particular, we will make use of the fact that in the ABM we can mon-

itor cell-cell interactions which allows us, for the first time, to quantify competitive

inhibition during AT, and characterise the impact of resistance costs and turnover on

competition. Secondly, we will perform a quantitative comparison of the spatial and

non-spatial model in order to test to what degree predictions on the benefit of AT

agree. Together, these analyses will allow us to dissect more clearly how space affects

AT. Finally, we will re-visit the treatment responses of the prostate cancer patients on

the intermittent androgen-deprivation trial by Bruchovsky et al [109]. By examining

the data through the lens of the ABM we will corroborate our findings from Chapter

2, and show that there may also be differences in the tumour spatial architectures

between patients. Overall, this chapter helps to provide a more detailed understand-

ing of the spatial competition between sensitive and resistant cells during AT, and

shows that both the spatial architecture of the tumour, and stochastic effects, may

significantly affect treatment outcomes.
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Figure 3.1: The agent-based tumour model: (a) The tumour is modelled as a mixture
of drug-sensitive and resistant cells, where each cell occupies a square on a 2-D equi-
spaced lattice. Cells divide and die at constant rates. Daughter cells are placed
in empty squares in a cell’s von Neumann neighbourhood. Drug will kill dividing
sensitive cells at a rate dD. (b) Flow diagram of the simulation algorithm.

3.2 The computational model

3.2.1 Model assumptions and parameters

We will simulate the spatio-temporal evolution of the tumour using a 2-D, on-lattice,

ABM. In this model each cell occupies a single site in an l × l square lattice, and

behaves according to a set of rules which are defined on the level of the individual cell.

We choose this type of model over alternative approaches such as PDEs or stochastic

differential equations as it will allow us to explicitly study cell-cell interactions such

as competition for space. Moreover, both previous spatial models in this area have

been ABMs, so that this way the comparisons we draw between the spatial and the

non-spatial model will be more easily translatable to the existing literature.

This is also the reason why we choose to model tumour growth in 2-D and not

3-D. In addition, this choice has the benefit that it reduces the computational costs of

the simulations, while remaining biologically relevant as it can be seen to model the

dynamics in an in vitro, flat-bottom cell-culture flask. Moreover, a 2-D model can, in

a sense, be seen as an upper bound for the potential impact of space as it maximises

the spatial separation between cells. Baker and Simpson [172], for example, have

shown that a 3-D on-lattice model of a birth-death process is in greater agreement

with the corresponding mean-field equations than the equivalent 2-D model. This is
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due to the greater scope for cell-cell interaction and mixing in 3-D [172].

In order to allow a comparison with our results from Chapter 2 we carry over

most of our model assumptions and parameters. As such we assume that the tumour

is composed of a mixture of drug-sensitive and resistant cells, each of which occupies

a single site in an l × l square lattice with no-flux boundary conditions. Further, we

assume that cells behave according to the following rules (Figure 3.1a):

• Initially, there are a total of N0 cancer cells spread randomly in the tissue, of

which a fraction fR is resistant.

• Sensitive and resistant cells attempt to divide at constant rates rS and rR (in

units: day−1), respectively. If there is at least one empty site in the cell’s von

Neumann neighbourhood, then the cell will divide and the daughter will be

placed randomly in one of the empty spaces in the neighbourhood.

• Cells die at a constant rate δT (in units: d−1). For notational convenience,

we will express this rate relative to the sensitive cell growth rate, so that dT =

rS/δT . In addition, we will make the simplifying assumption that both sensitive

and resistant cells die at the same rate, dS = dR = dT .

• Movement of cells is neglected.

• The domain is sufficiently small so that drug concentration D(t) ∈ [0, DMax] is

assumed homogeneous throughout the tissue.

• A sensitive cell which is currently undergoing mitosis - that is, it has attempted

division and has space available in its neighbourhood - is killed by drug with

probability dDD(t), where dD < DMax.

• Dead cells are immediately removed from the domain.

We denote the number of cells in each population at time t by S(t) and R(t), and the

total number by N(t) = S(t) + R(t), respectively. We parameterise the model using

the same parameter values for cell proliferation and death rates as in Chapter 2. A

summary of all parameters is shown in Table 3.1.

AT is aimed for advanced disease settings in which the tumour has invaded sur-

rounding tissues and has also likely metastasised. To model such invasive disease we

assume that the tumour cells are initially dispersed randomly throughout the domain,

where empty space can be thought of as representing normal tissue or tumour stroma.

The other reason we make this choice of initial condition is that it will allow us to
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Table 3.1: Summary of mathematical model variables and parameters.

Parameter Description Range Comment
l Grid size (Total

number of sites:
l × l)

100

dt Simulation time
step

1d

S(t) Number of sensitive
cells

0.0 - l2

R(t) Number of resis-
tant cells

0.0 - l2

N(t) Total number of
cells

0.0 - l2 Determined by
N(t) = S(t) +R(t)

rS Sensitive cell prolif-
eration rate

0.027d−1 Adopted from [97].

cR Resistance cost (re-
sistant proliferation
rate:
rR = (1− cR)rS)

0 - 50% Range as in Chap-
ter 2.

dT Cell death rate (as
a percentage of rS)

0 - 50% Range as in Chap-
ter 2.

dD Drug-induced cell
kill probability of
sensitive cells at
D(t) = DMax

0.75 Adopted from
[120].

n0 = N0

l2
Initial cell density
(as a percentage of
total carrying ca-
pacity)

25 - 75% Parameter sweep;
values within this
range reported by
[153].

fR := R0

N0
Initial resistant cell
fraction (as a per-
centage of initial
cell density)

0.1 - 10% Range as in Chap-
ter 2.

fS := S0

N0
Initial sensitive cell
fraction (as a per-
centage of initial
cell density)

90 - 99.9% Determined by
fS = 1− fR.
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understand whether AT can still work even if resistant cells are not initially fully

encircled by sensitive cells, as was the case in the work by Bacevic et al [115] and

Gallaher et al [124].

Finally, we will again consider the same two treatment schedules as in the previous

chapter:

1. CT at MTD, DMax: D(t) = DMax∀ t.

2. AT as implemented in the Zhang et al [97] prostate cancer clinical trial: Treat-

ment is withdrawn once a 50% decrease from the initial tumour size is achieved,

and is reinstated if the original tumour size (N0) is reached:

D(t) =

{
DMax, until N(t) < 50%N0

0, until N(t) = N0

(3.1)

3.2.2 Stochastic simulation algorithm

We simulate our model using the following fixed time-step, stochastic simulation

algorithm (see also Figure 3.1b):

while t ≤ tEnd do

for all cells in the population do

Select parameter set (k = sensitive or resistant)

Let z1 ∼ U(0, 1)

if z1 ≤ (rk + dk) dt then . Check if an event occurs

Let z2 ∼ U(0, 1)

if z2 ≤ rk
rk+dk

then . Check if cell divides

if cell has space in neighbourhood then

Let z3 ∼ U(0, 1)

Let σ = 1 if the cell is sensitive, otherwise σ = 0

if z3 ≤ σdDD then . Drug-induced death

Cell dies from drug

else . Cell division

Cell divides into randomly chosen spot

in neighbourhood

else . Check if cell dies

Cell dies

t← t+ dt
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Here, U(0, 1) denotes the uniform distribution on [0, 1], and tEnd the end time of the

simulation in days. The model is implemented in Java 1.8 using the Hybrid Automata

Library (HAL) [173]. Data analysis was carried out in Python 3.6, using Pandas

0.23.4, Matplotlib 2.2.3, Seaborn 0.9.0, and openCV 3.4.9. To test the algorithm’s

convergence and implementation we carried out a convergence analysis. In addition,

we performed a consistency analysis to determine how many stochastic replicates

would be required to obtain a representative sample of outcomes [174, 175]. The

details of these studies can be found in Appendix B. Based on these analyses we

chose to use a time step of dt = 1d, and a sample size of n = 250 for plots in which

we show treatment dynamics, and a value of n = 1000 for all quantitative analyses.

The reason we use the smaller sample size for the time-series plots is to reduce the

computational burden on the plotting routine.

3.3 Comparison of AT and CT in the ABM

The analysis of the ODE model in Chapter 2 provided us with an understanding of

the basic principles underlying AT. We will now extend our understanding by testing

to what extent our conclusions still hold if space and stochastic effects are taken into

account. We begin our discussion by performing a similar analysis to that in Chapter

2. This shows that both models qualitatively agree in their behaviour but that, due

to the stochastic nature of the ABM, it is possible in this case for AT to result in

a shorter TTP than CT. Moreover, we will use the fact that in the ABM we can

track individual cell-cell interactions to study competitive inhibition during AT. This

allows us to gain a deeper understanding of precisely how different factors change

intra-tumoral competition.

3.3.1 AT can be superior to CT despite random initial seed-
ing of cells

In Figure 3.2 we show an example of the treatment responses observed in the ABM.

We assume that there are initially N0 = 7, 500 cells present of which R0 = 7 are

resistant, corresponding to an initial density of n0 = 75% and resistance fraction of

fR = 0.1%. To compare the two treatment strategies we carry out matched simula-

tions in which the same “tumour”, as defined by its parameters, the initial spatial

distribution of cells and the random number seed for the stochastic simulations, is

treated once with CT and once with AT. In order to examine the distributions of

outcomes that are possible for a given initial tumour composition (n0, fR) we carry
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Figure 3.2: Example of the treatment dynamics under CT and AT in the ABM
((n0, fR, cR, dT )=(75%,0.1%,0%,0%)). (a) Sensitive, resistant and total cell numbers
over time for CT and AT across 250 independent simulations. Shown are the mean
and standard deviation (shading) of the tumour cell numbers. Black bars illustrate the
treatment schedule with the most common number of cycles. Horizontal dotted lines
show the initial cell number, and the cell number at progression. Vertical lines and
associated shading mark the mean, and the 1st and 3rd quartile of the distribution of
TTP. (b) Simulations grouped by the total number of AT cycles undergone. Despite
having identical model parameters there is significant variability in the response to AT
between replicates, due to differences in the initial seeding of cells and the stochastic
nature of the simulations. (c) Snapshots from one of the replicates, illustrating how
AT delays the competitive release of resistant tumour nests (this replicate undergoes
5 cycles).

out 250 independent replicates, each of which uses a different random number seed

for the initial spatial cell configuration and for the stochastic simulation. Similar

to Chapter 2, progression is defined as a 20% increase in total tumour cell number

relative to the start of treatment.

In the simulations in Figure 3.2a we assume neither a resistance cost nor turnover.

Moreover, cells are seeded randomly so that resistant cells are not necessarily fully

surrounded by sensitive cells. Nevertheless, we find that AT extends TTP by 15.3m

(95% CI: [14.81m,15.86m]). This corroborates our result from Chapter 2 that AT can
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Figure 3.3: Quantification of competitive inhibition during AT. (a) Fraction of blocked
resistant cell divisions as a function of time for CT and AT for the simulations in
Figure 3.2. This shows how drug holidays help to slow the emergence of resistance
by increasing the blocking of resistant cell divisions. Lines mark the mean value and
shading the standard deviation. (b) Impact of reducing the initial proximity of the
tumour to carrying capacity (n0) on competitive inhibition ((n0, fR, cR, dT )=(25%,
0.1%, 0%, 0%); 250 replicates). While there are still drug holidays, these have little
effect on resistant cell growth. (c) Impact of increasing the resistant cell fraction (fR)
relative to (a) ((n0, fR, cR, dT )=(75%, 1%, 0%, 0%); 250 replicates). This results in
only a single drug holiday, but this holiday nevertheless decreases the resistant cell
growth rate.

improve on CT under very general conditions, assuming resistance is rare and the

tumour is close to its carrying capacity. That being said, we also see significant vari-

ability in the response to AT between replicates. While in some cases treatment goes

through 4 cycles, in other cases we observe 7 cycles, with corresponding differences in

TTP (Figure 3.2b). This indicates that there is potentially significant inter-patient

variability in response to AT.

3.3.2 Quantification of competitive inhibition of resistant cells
during treatment

While competition is thought to be a driving mechanism behind AT, it is challenging

to quantify its role in real tumours. This is because it is difficult to rule out con-

founding factors such as paracrine interactions or immune predation, and because no

simple biomarkers exist for measuring the strength of competition. Within the ABM

we have precise control over experimental conditions and we can measure quantities

which are not accessible in real life. As such, the ABM provides a unique oppor-
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tunity to study competitive inhibition during AT. Firstly, in Figure 3.2c we show

representative images from one of the simulations for CT and AT, respectively. We

can see how CT very rapidly eliminates all sensitive cells, which subsequently allows

for the expansion of the resistant nests. Conversely, we can see how AT maintains

sensitive cells for longer. Importantly, while only a small proportion of sensitive cells

are actually adjacent to resistant cells, the presence of these cells does visibly inhibit

the expansion of the resistant colonies.

To further quantify this, we measure what proportion of attempted resistant cell

divisions is blocked by the presence of another cell at different time points during

treatment. During CT this fraction is initially low and gradually increases as the

resistant tumour nests become larger, and cells at the centres of these nests are

blocked by cells at the edge (Figure 3.2c & Figure 3.3a). While this gradual increase

due to intra-specific competition also occurs during AT, we additionally observe rapid

intensification of inhibition whenever treatment is withdrawn (Figure 3.2c & Figure

3.3a). This results in a level of growth inhibition which is consistently higher than

that during CT until late in the course of treatment, and demonstrates how AT

leverages inter-specific competition.

3.3.3 High tumour cell density and low initial resistance frac-
tion maximise competition from sensitive cells

One of the basic results about AT, which has been described by us in the previous

chapter, and others [59, 124, 126], is that the initial proximity of the tumour to

carrying capacity (n0) and the initial fraction of resistant cells (fR) are important

determinants for the success of AT. To test whether this is also the case for the

current spatial model, we perform a parameter sweep over different values of n0 and

fR. This confirms that a close proximity of the tumour to its carrying capacity and a

small resistance fraction maximise the benefit of AT also in the current model (Figure

3.4 and Figure 3.5a). Moreover, we see that fR primarily modulates the number of

AT cycles and n0 determines the benefit gained from each cycle, similar to the ODE

model (Figure 3.4a). That being said, the distinction here is not as clear as in the

ODE model as an increase of n0 also increases the average cycle number (Figure 3.4a;

top row).

When we examine intra-tumoral competition we find that, consistent with the

competitive inhibition hypothesis of AT, large values of n0 and small values of fR

maximise the difference in the average rate of blocking of resistant cell divisions

between CT and AT (Figure 3.5b). In addition, we observe that n0 and fR have
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Figure 3.4: Benefit of AT over CT as a function of the initial proximity to carrying
capacity, n0, and the initial resistance fraction, fR. Resistance cost and turnover
are assumed to be 0. (a) Example simulations at different points in n0-fR space (250
replicates per parameter combination). Legend as in Figure 3.2a. (b) & (c) Snapshots
from simulations in (a) showing how the dynamics changes as the resistance level is
increased. Parameters: (b): (n0, fR) = (75%, 1%), (c): (n0, fR) = (75%, 10%). For
simulations with an even smaller resistance level, see Figure 3.2c.

distinct effects on the competition experienced by resistant cells during AT. When

we reduce n0, the tumour still cycles, but the impact of each cycle on the reduction

of the resistant cell growth rate is greatly diminished (compare Figures 3.3a & b; for

a plot of the cell numbers over time see Figure 3.4a). Conversely, if we increase the

initial resistance fraction, treatment fails after only a single cycle (compare Figures
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Figure 3.5: Quantification of the effect of the initial resistance fraction and prox-
imity to carrying capacity on AT in the simulations in Figure 3.4. (a) TTP gained
by AT relative to CT as a function of n0 and fR. Negative values denote cases
in which CT achieves a longer TTP (1000 independent replicates per condition).
This shows that also in this model the benefit of AT is maximal if tumours are
close to their carrying capacity and resistance is rare. (b) Effect of n0 and fR on
competitive inhibition. Shown is the mean difference in the rate at which resistant
cell divisions are blocked by the two protocols in the simulations in (a), given by

1/TTPCT

∫ t=TTPCT

t=0
CAT(t) − CCT(t)dt. CCT(t) and CAT(t) denote the rate of blocking

under AT and CT as illustrated in Figure 3.3 (i.e., the fraction of attempted resistant
cell divisions that have been unsuccessful due to the presence of another cell). This
shows that high density and low resistance fractions also maximise the difference in
growth inhibition due to competition between the two protocols (1000 independent
replicates per condition).

3.3a & c; for a plot of the cell numbers over time see Figure 3.4a). However, this

single cycle still induces blocking of resistant cells.

These results show that while both the case of small values of n0 and the case

of large values of fR result in circumstances in which AT has little benefit over CT

they do so for different reasons. If n0 is small, then resistant cells are only mildly

constrained in their growth by sensitive cells, so that maintaining the latter does not

have much of an effect. In contrast, if fR is large, then it will take less time for

the resistant cells to make up the majority of the tumour and cause progression, but

maintaining sensitive cells may still help to slow down this process. In particular, in

this case further treatment de-escalation can help to extend control (not shown).

To sum up, this section has corroborated our result from Chapter 2 that neither

resistance costs nor turnover are necessary per se for AT to be superior over CT.

However, we see again that the tumour has to be close to its carrying capacity and

resistance has to be rare. If these conditions are not met, then the benefit of AT

may be small, and in some cases CT may even be superior (Figure 3.5a). This raises
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the ABM. (a) Simulations illustrating the role of resistance costs and turnover on the
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Legend as in Figure 3.2. (b) Relative benefit of AT over CT as a function of resistance
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modulates AT and increases the impact of a resistance cost. Shown are the mean
(lines and points) and the 95% confidence intervals (CIs; shading) from 1000 replicates
per condition. (c) Snapshots at time t = 250d from one of the replicates in (a). All 8
simulations were started from the same initial conditions, and use the same random
number seeds.

the question of whether in such cases a resistance cost or turnover may increase the

benefit of AT.

3.3.4 Turnover also increases the benefit of AT in the ABM

A key aim of this chapter was to investigate whether the result from Chapter 2

that turnover is a facilitator of AT and modulates the impact of resistance costs

also holds true if space is taken into account. To investigate this, we show a set of
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Per-capita growth rate of resistant cells as functions of time, corresponding to the
simulations in Figure 3.6a. This illustrates how turnover reduces net-growth in a
density independent fashion and helps to amplify the effects of competition on the
resistant population’s net-growth rate.

example simulations in Figure 3.6a, in which we vary both cost and turnover. We

find that, consistent with our results from Chapter 2, addition of turnover increases

the benefit of AT. Furthermore, we observe again that a resistance cost slows down

the progression of the tumour under both therapies but in the absence of turnover

it only mildly increases the benefit of AT (Figure 3.6a). In contrast, in the presence

of turnover, resistance costs significantly increase the benefit of AT. Performing a

parameter sweep to map out this relationship in more detail corroborates these results

(Figure 3.6b). We conclude that in the spatial model increased turnover is also

predicted to result in more effective resistance control with AT. That being said, we

can see in Figure 3.6b that turnover also increases the variability in outcomes, which

suggests the observed benefit of AT may be a lot more, or a lot less, than expected.

3.3.5 Turnover amplifies the impact of competitive inhibition
on resistant cell growth

To better understand why turnover facilitates the control of the drug-resistant pop-

ulation, we examine its impact on the tumour’s spatial architecture. In Figure 3.6c

we show snapshots from a simulation after 250 days of treatment with CT or AT
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under different conditions. We see that the addition of turnover results in fewer and

smaller independent resistant cell nests under both treatments, and a larger remain-

ing sensitive cell population at 250 days under AT. In addition, we see gaps within

the nests where cells have recently died. Conversely, the addition of a resistance cost

also results in smaller resistant cell colonies, but their number does not change as no

cell dies. When both cost and turnover are present their effects are combined and we

see the fewest and smallest colonies, and the largest remaining sensitive population

under AT. This suggests that cost and turnover reduce the number of independent

nests from which resistance can emerge, and slow the growth of resistant cells. Fur-

thermore this slower growth allows for the drug to be withdrawn more often which,

in turn, helps to maintain a greater number of sensitive cells for longer (compare to

Figure 3.6a). This then results in additional inhibition of resistant cell growth.

Next we asked how cost and turnover affect intra-tumoral competition. To do

so, we quantified the competition experienced by resistant cells in the presence, or

absence, of turnover. Surprisingly, we find that both cost and turnover decrease the

average rate of blocking of resistant cell divisions (Figure 3.7a). This is because

with a cost it takes longer for cells to fill up the domain, and cell death opens up

space for division, especially at the centre of colonies where previously no division

was possible. That being said, when we consider the difference in blocking between

AT and CT, we see that both cost and turnover increase the relative difference in

competitive inhibition between the two strategies. Thus, while the absolute levels

of competitive inhibition might be smaller, cost and turnover allow AT to exploit

inter-specific competition for longer, which yields a greater benefit of AT.

The results in Figure 3.7a raise a question: if the absolute rate of blocking is

smaller with cost or turnover, why do both increase the overall TTP? The answer

to this is that progression in this model is driven by the net-growth rate of the

resistant cells which depends on the birth and the death rate of the cells (Figure

3.7b). Competition for space reduces the birth rate in our model, but only once a

certain density is reached. In contrast, resistance costs and cell death reduce the

net-growth rate independent of density. To illustrate this, we show the resistant cell

net-growth rate in the simulations in the presence and absence of turnover in Figure

3.7c. We can see that in the presence of turnover the mean net-growth under AT

is consistently lower than that under CT if turnover is present. Only later in the

course of treatment does it drop to comparable levels in the two treatment arms. In

addition, we observe that in the presence of turnover, drug holidays result in more

pronounced drops in the per-capita growth rate than in its absence. This suggests that
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competitive inhibition has a greater impact on resistant cell growth in the presence

of turnover, and illustrates how turnover increases the impact of competition as it

reduces the number of opportunities a cell has to divide in its life time.

To sum up, cost and turnover affect AT through the interplay of the following

three factors: Firstly, they reduce the net-resistant growth rate and the number of

independent nests from which resistance arises, which results in slower overall resis-

tance growth and longer control. Secondly, this slower growth allows more frequent

drug withdrawal which helps to maintain more sensitive cells and allows AT to ex-

ploit inter-specific competition for longer. This yields a greater relative competitive

inhibition under AT compared to CT. Thirdly, turnover amplifies the impact blocking

has on resistant cell growth. Overall, these results corroborate our hypothesis that

the rate of tumour cell death is an important factor and help to shed light on how it

affects intra-tumoral competition.

3.3.6 AT can be inferior to CT

So far we have focussed on the benefit of AT. However, an equally, if not potentially

more, important question is whether AT can result in inferior outcome compared

to CT. We showed in Chapter 2 that this is not possible in the ODE model as the

presence of sensitive cells will always slow progression (Section 2.3.1.4). In the “worst”

case, AT will be non-superior to CT. That being said, Figure 3.5a shows that in the

ABM this is not the case. Here it is possible that a lesion will progress faster under

AT than if it had been treated with CT. In the following we will study this problem

in more detail in order to understand why AT fails in these cases.

3.3.6.1 How often does AT yield inferior results?

To begin with, we quantified how frequently AT yields inferior results in our simula-

tions. To do so, we categorised the outcome of a set of matched simulations into one

of five categories. Firstly, if the tumour progresses under CT within the simulation

time frame (10 years) then there are three possible outcomes: i) AT is superior to

CT, ii) AT and CT progress at the same time, and iii) AT is inferior to CT. Secondly,

if CT does not progress, then we can have that either iv) the tumour is cured, or

v) the tumour has not progressed under either approach, so the outcome is not yet

known.

In Figure 3.8a we show the frequency of these outcomes for different parameter

combinations. The initial tumour composition here was chosen to be the one with the
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Figure 3.8: Distribution of possible outcomes in the model simulations. While cures
are rare, AT can yield inferior TTP compared to CT in a non-insignificant fraction
of simulations. (a) Outcome distribution for different values of cost and turnover
for an initial tumour composition of (n0, fR) = (25%, 0.1%) (n = 1000 replicates per
condition). (b) Example simulation of a case in which the tumour progresses faster
under AT than under CT ((n0, fR, cR, dT ) = (25%, 0.1%, 0%, 30%); single simulation).
(c) Outcome distribution for the same resistance fraction but a higher initial density
compared to (a) (n0, fR) = (50%, 0.1%). With more initial resistant cells present, the
probability of inferior outcomes decreases. (d) Distribution of the time gained for the
tumour in (a) for different domain sizes. As the domain size increases the variation in
outcomes decreases, and inferior outcomes become less frequent. This suggests that
the failures of AT in this model are due to stochastic events.

largest fraction of simulations with inferior results for AT in Figure 3.8a ((n0, fR) =

(25%, 0.1%)). We make three observations from this. Firstly, we see that, overall, cure

is rare. Only if there is a considerable rate of turnover and resistance costs, do cures

account for a noticeable fraction of the outcomes. Secondly, while in the majority of
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simulations AT is superior to CT, there is a consistent fraction of between 10% and

27% of simulations in which it is not. Importantly, in this case the drug holidays

prescribed by the adaptive protocol shorten TTP compared to if the patient had

received CT. An example of this is shown in Figure 3.8b. Finally, we observe that

the fraction of simulations in which AT is non-superior increases as we add cost and

turnover (Figure 3.8a). This implies that while cost and turnover amplify the average

benefit of AT over CT, they also increase the variance in outcome and the potential

for detrimental results.

In addition, the likelihood of inferior outcomes also depends on the initial tumour

composition. For example, in a tumour with a higher initial cell density, inferior

outcomes for AT become much less likely (Figure 3.8c), and the same holds true for

larger initial resistance fractions (not shown). To sum up, the probability for AT

to worsen a patient’s outcome is highest when the initial tumour cell density and

resistance fraction are small, and cost and turnover rates are high.

3.3.6.2 The frequency of inferior outcomes decreases with the number of
cells in the simulation, suggesting stochasticity causes failure

The observation that AT can result in inferior outcomes in a non-insignificant pro-

portion of simulations is important. Even though in principle the argument from

the previous chapter that sensitive cells only slow the growth of resistant cells holds

true also for the current model, and AT is in fact non-inferior to CT on average, this

new observation implies that there are circumstances in which AT can still result in

poorer outcome. The ABM incorporates not only the effects of space but also those of

stochastic events. The fact that the initial tumour composition in which AT is most

likely to be non-superior is also the one with the smallest initial number of resistant

cells and smallest average benefit of AT suggests that stochasticity plays a role in

driving the failures. To test this we repeated the simulations in Figure 3.8a with

smaller and larger domain sizes. We find that the variance in outcomes decreases as

the domain size increases, suggesting that the failures of AT observed in our simula-

tions are primarily driven by stochastic effects (Figure 3.8d). We conclude that when

cell numbers are large the intuition from the ODE model about the non-inferiority of

AT holds up, but if initial resistant cell numbers are small, then it is possible for AT

to yield worse outcomes because of stochastic events.
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Figure 3.9: Two ways in which AT can cause faster progression than CT in the model.
(a) In the presence of turnover, resistant nests can randomly go extinct in one but not
the other treatment branch. As a result of the larger number of nests, AT progresses
more quickly ((n0, fR, cR, dT ) = (25%, 0.1%, 0%, 30%); corresponds to Figure 3.8b).
(b) Correlation between the difference in the number of resistant nests after 150d of
treatment and the gain of AT (r is Pearson’s correlation coefficient). This shows that
random extinctions are an important factor in explaining failure at high turnover for
low, but not for high, initial cell density ((fR, cR, dT ) = (0.1%, 0%, 30%), n = 1000
replicates). (c) In the absence of turnover, certain failures in AT can be explained
by the fact that AT induces a more branched growth morphology ((n0, fR, cR, dT ) =
(25%, 0.1%, 0%, 0%)). (d) Correlation between the difference in the average resistant
nest convexity after 150d of treatment and the gain of AT (convexity computed using
Equation (3.2); r is Pearson’s correlation coefficient). A positive difference means that
resistant nests under AT are smoother (more convex) than under CT and vice versa.
This shows that nest shape is a factor in explaining failure in the absence of turnover
at low, but again not at high, initial cell density ((fR, cR, dT ) = (0.1%, 0%, 0%),
n = 1000 replicates).

3.3.6.3 Differences in resistant cell nest numbers due to random extinc-
tion can cause failure of AT

The finding that stochasticity plays an important role in the observed failures raises

the question of whether these failures are biologically relevant. Cell numbers in human

tumours are orders of magnitude larger than those in our simulations, and our model

is a highly simplified representation of the dynamics within a tumour lesion. In order
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to understand whether the failures predicted by our model are plausible in practice

we characterised the mechanisms by which they occurred.

We identify two main causes for inferior performance of AT. Firstly, in the presence

of turnover, we find that it is possible that individual nests go extinct under CT

but not AT. We show an example of this in Figure 3.9a, which corresponds to the

simulation in Figure 3.8b. As can be seen, under CT all but one resistant nest go

extinct early during treatment, so that progression is driven by this single nest, which

is additionally constrained by being located in the corner of the domain. This explains

the very slow re-growth we see in Figure 3.8b. In contrast, during AT two additional

nests survive which allow for much faster overall expansion of the population and

explains why AT progresses much earlier than CT in this case.

In order to quantify to what extent this difference can explain the observed failures,

we counted the numbers of resistant nests after 150 days for both treatment protocols,

and assessed the correlation between the difference in this number and the relative

gain of AT. To do so, we used the openCV [176] library in Python to read-in the

images from our simulations and identify the number of independent colonies via the

connectedComponentsWithStats() function. In Figure 3.9b we show the results of

this analysis for 1000 simulations with two initial tumour compositions (n0 = 25%

and 50%), corresponding to Figures 3.8a and 3.8c. For the smaller initial density

value we see a clear correlation between the differences in nest numbers and outcome

(Pearson’s correlation coefficient, r = −0.56, p-value < 0.01), showing that it is one

of the factors determining outcome. However, there remains a large proportion of

unexplained variance (r2 = 0.26), and in the case of n0 = 50% there is no evidence

for a correlation at all (Pearson’s correlation coefficient, r = 0.02, p-value = 0.5).

This indicates that other factors are at play as well.

3.3.6.4 AT induces a more branched growth pattern which can accelerate
progression

A second factor which we identified as playing a role in the failure of AT is the tumour

morphology induced by AT. We illustrate this in Figure 3.9c. Here, the initial tumour

composition is the same as in Figure 3.9a but there is no turnover, so that random

extinction can not be the reason for the failure of AT (note that the two simulations

also have different random number seeds). Instead, we observe that the obstruction

from sensitive cells induces a branching growth pattern under AT as resistant cells

are forced to grow around obstructing sensitive islets (see the central resistance nest

at t = 250d and t = 500d during AT). While this slows down resistant cell growth
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initially, once the sensitive cells are killed off by drug the more branched structure

allows the resistant colony to expand more rapidly as a larger fraction of cells has

access to space for division.

In order to test to what degree this can explain the performance of AT we com-

pared the average “ruggedness” of resistant nests at 150d after treatment initiation

with either AT or CT. To quantify how branched a nest was we measured its convexity,

given by:

Convexity =
Perimeter of Convex Hull

Perimeter
, (3.2)

where the convex hull is the minimal convex region which contains the resistant nest,

and convexity means that the line segment joining any two points in the region is

fully contained within that region. To compute a nest’s convexity we used first the

connectedComponentsWithStats() function in openCV [176] to identify individual

nests, followed by the convexHull() function to find their convex hull. Finally, we

calculated each nest’s perimeter and used Equation 3.2 to obtain the nest’s convexity.

In Figure 3.9d we show the results of this analysis which yields a positive corre-

lation between the relative gain of AT and the difference in the mean nest convexity

(Pearson’s correlation coefficient, r = 0.42, p-value < 0.01). This means that in-

stances in which nests under AT are more branched than nests under CT are associ-

ated with poorer performance of AT. That being said, again this factor only explains

part of the observed variance in outcomes (r2 = 0.17), and it has little explanatory

power at higher n0 values (Pearson’s correlation coefficient, r = 0.02, p-value < 0.46;

Figure 3.9d).

To sum up, we have found that due to the stochastic nature of our simulations it

is possible that AT results in inferior outcomes compared to CT in the ABM. This

occurs even though AT is beneficial on average, and even though the simulations

share the same model parameters. These findings agree with those made recently by

Hansen and Read [128] using a non-spatial stochastic model and suggest that there

may potentially be significant inter-patient variability in AT responses. Moreover,

while the highly simplified nature of our model means that the predicted frequencies

of different outcomes are unlikely to be accurate, the mechanistic nature of our model

allowed us to propose two plausible mechanisms by which failure may occur. In

particular the concept that AT may result in a different tumour morphology than CT

has, to the best of our knowledge, not been discussed before and warrants further

investigation in the future.

89



3.4 Comparison between the ODE model and the

ABM

The previous section has shown that the ABM behaves similarly to the ODE model in

many ways. This is consistent with the fact that prior ODE and ABM studies of AT

have yielded qualitatively similar conclusions. However, our results have also indi-

cated that there may be differences as we observe, for example, that AT can perform

worse than CT, which is not possible in the ODE model from Chapter 2. To identify

the differences between the two models and develop a more detailed understanding of

how space impacts AT, we will now carry out a quantitative comparison of the two

models. To do so, we will compare matched simulations with the same parameters,

so that both models make identical assumptions about the rate of cell proliferation,

death, and drug kill. This way any discrepancies we observe will be due to difference

in the interactions between cells in the two models. We will organise our discussion in

the same fashion as in the previous section and will first discuss the role of the initial

tumour composition, followed by a discussion of the impact of cost and turnover.

3.4.1 The impact of the initial tumour composition

3.4.1.1 The ABM predicts longer TTP but less relative benefit of AT

In Figure 3.10a we show matched simulations of the two models for different initial

resistance fractions. While these qualitatively agree that AT prolongs TTP over CT,

there are important quantitative differences. Firstly, we see that when fR is small

(fR = 0.1%) the TTP of both CT and AT is almost twice as long in the ABM as

in the ODE model. In contrast, if fR is large, then progression occurs more rapidly

in the ABM. To further quantify this observation, in Figure 3.10b we compare the

predicted TTPAT for different values of fR and for different initial densities, n0. This

corroborates our finding that the ABM predicts faster progression when the fR is

large, and shorter TTPs when fR is small. Furthermore, we can see that increasing

the initial density increases the TTP in both models, but has a relatively stronger

effect in the ODE model compared to the ABM (note how the curves bend towards

the right in Figure 3.10b). For the corresponding simulations the interested reader

may compare Figure 3.4a to Figure 2.4a from Chapter 2.

A second observation we make in Figure 3.10a is that even though the absolute

TTP of AT may be larger in the ABM, its benefit is relatively smaller. We quantify

this in Figure 3.10c, where we compare the relative time gained by AT in both models.
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This confirms that on average the relative benefit is smaller in the ABM, and that

this discrepancy increases the closer the tumour is initially to its carrying capacity.

3.4.1.2 The ABM predicts faster cycling dynamics than the ODE model

A third difference we identify between the two models is in the predicted speed of

cycling. This is best illustrated by the case fR = 0.1% where we observe that in the

time in which the ODE model predicts completion of two cycles, the ABM predicts

completion of almost four cycles (Figure 3.10a). To understand whether these differ-

ences are due to difference in the on-drug or off-drug dynamics, or both, we consider

the case fR = 1% in Figure 3.10a. While both models predict completion of only a

single cycle, we can see that in the ABM both the on-treatment and off-treatment

times are shorter than in the ODE model. In addition, we can see that the final com-

position of the tumour in the two models is different, with the ODE model predicting

a higher remaining fraction of sensitive cells than the ABM.

3.4.1.3 The number of independent starting colonies determines the re-
sistant population’s growth kinetics

How can we explain the observed differences? Similar to the ODE model, progression

in the ABM is caused by the resistant population, as drug-sensitive cells can always

be removed by drug. So, to understand why the progression dynamics differs between

the two models we compare the growth kinetics of the resistant population under the

three conditions in Figure 3.10a. We observe that when fR is small the resistant

population in the ABM grows much more slowly than in the ODE model, while the

converse holds when the initial resistance fraction is large (fR = 10%).

To explain these differences in growth kinetics we examine the spatial architecture

of the tumour in the ABM. We observe that when the initial resistance fraction is

low (fR = 0.1%), the resistant population emerges from only a handful of initial nests

(Figure 3.2c). In contrast, when the resistant fraction is large (fR = 10%), progression

is driven by many small, independent colonies (Figure 3.6c). This suggests that it

is the initial number of independent resistant cell nests that causes the differences

between the two models. When there are initially few resistant cells present, the

overall growth dynamics is slow as only the resistant cells at the rims of the expanding

colonies have access to space for division. In contrast, if there are many independent

resistant nests, then growth is much faster as many more cells have the potential for

division (large surface-to-volume ratio).
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To test this hypothesis we compared the growth kinetics resulting from four differ-

ent starting populations (Figure 3.10c). For simplicity, we consider just the resistant

population in this case and do not include sensitive cells or the drug in these simula-

tions. Our results show that when initiated from two cells, the resistant population

grows much more slowly than predicted by logistic growth. As the number of cells,

and so the number of independent nests and the surface to volume ratio, is increased,

the growth of the population speeds up until it exceeds that of logistic growth (Fig-

ure 3.10c). This explains why progression occurs sooner in the ABM when the initial

resistance fraction is large, but later when it is small. It also explains why the pre-

dicted benefit of closer proximity to carrying capacity is greater in the ODE model:

while it helps to increase competitive inhibition of resistant cells, a larger value of n0

also implies the presence of more independent resistant nests which allows for faster

growth.

3.4.1.4 Differences in the predicted sensitive cell growth fraction explain
discrepancies in predicted cycling behaviour

A similar mechanism also explains the differences in the cycling dynamics, and the

final tumour composition. In both models, drug only kills dividing sensitive cells.

Because of the random seeding this fraction is again higher in the ABM than in the

ODE model. For example, consider the starting conditions shown in Figure 3.2c,

when n0 = 75%. In the ODE model it is assumed that only 1 − S(t)+R(t)
K

= 25% of

cells have an opportunity to divide. However, in the initial snapshot shown in Figure

3.2c 69% of cells have space available for division. This explains why not only the

drug response, but also subsequent re-growth, is faster in the ABM, and why more

sensitive cells are killed overall.

3.4.2 The impact of resistance costs and turnover

3.4.2.1 The ODE model predicts a larger benefit from resistance costs
and turnover than the ABM

Having studied how the predictions of the two models differ depending on the initial

tumour composition, we next turn to consider the roles of cost and turnover. In

Figure 3.11a we show a series of matched simulations in which we gradually add first a

resistance cost and subsequently turnover. In the absence of either factor, both models

predict a single AT cycle and a small benefit in TTP for AT. In addition, consistent

with our previous observations, the ABM predicts a longer overall TTP than the

ODE model. When we add a cost but assume that turnover is zero both models
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Figure 3.11: Comparison of the treatment predictions of the ODE and the ABM for
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dard deviation, respectively. (a) Matched simulations for different combinations of
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progression but this difference becomes smaller in the presence of cost and turnover
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AT ((TTPAT-TTPCT)/TTPCT) predicted by the two models. The ABM predicts a
significantly smaller benefit for AT from cost and turnover than the ODE model. (d)
The two models predict different steady states of the resistant population (“effective
carrying capacities”) in the presence of turnover. Shown are simulations of resistant
cells grown in isolation (no drug) under different conditions (n = 250 replicates).
The dashed line gives the steady state expected in the ODE model (Equation (3.3)).
(e) Effective carrying capacity as a function of cost and turnover in the ABM model
(points; colour reflects turnover) and ODE model (dashed line; Equation (3.3)). Val-
ues for the ABM were obtained by taking the final population size after 3650 days as
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Eff derived by Kimmel et al (Equation (3.4); in prep).
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predict an extension of TTP for both CT and AT, but little extra benefit for AT.

Quantifying these effects in more detail we find that both models predict relatively

similar extensions to TTPAT (the 0% turnover line (pink circles) runs almost parallel

to the 45 degree line in Figure 3.11b), and agree closely on the predicted relative gain

of AT (Figure 3.11c).

In contrast, there are significant discrepancies in the two models’ predictions on

the impact of turnover (Figure 3.11a). Firstly, while higher turnover results in later

progression in both models, the impact is predicted to be larger in the ODE model.

This can be seen in the examples in Figure 3.11a, where addition of both turnover and

cost yields indefinite control in the ODE model but not in the ABM. Quantification

of these observations for a wider range of parameters confirms that turnover extends

TTPAT more in the ODE model than in the ABM (curves bending to the right in

Figure 3.11b). Moreover, this shows that turnover has a significantly greater predicted

benefit for AT in the ODE model than in the ABM, and that this discrepancy increases

if, additionally, a resistance cost is present (Figure 3.11c).

3.4.2.2 Weaker relationships between cost, turnover and effective carry-
ing capacity explain the discrepancies

Overall, these observations confirm our hypothesis that the benefit of turnover for AT

will be smaller in a spatial model than in the ODE model. While turnover reduces

the net-growth rate it also makes it easier for resistant cells to escape trapping in the

spatial model as it opens up space into which resistant cells can divide (see also the

discussion in Section 3.3.5). But why do also resistance costs have so little impact

(Figure 3.11c)? When we compare the ODE model and ABM simulations for the case

(cr, dT ) = (30%, 30%) in Figure 3.11a we see that the two models predict different

steady states. One of the insights we gained in Chapter 2 was that cost and turnover

reduce the “effective carrying capacity” of the resistant population (Section 2.3.2.5).

This was important because it meant the resistant population was effectively closer

to carrying capacity than would be suggested by the available space/resources, which

was why cost and turnover increased the benefit of AT. Thus, the simulations in

Figure 3.11a indicate that the reason why the benefit of cost and turnover is smaller

in the ABM is because they have less impact on the effective carrying capacity.

In order to test this hypothesis, we carried out simulations of just the resistant

population for different cost and turnover values, and compared the steady state seen
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in the ABM, KABM
Eff , with that in the ODE model, KODE

Eff . The latter is given by:

KODE
Eff =

(
1− dT

rR

)
l2. (3.3)

This analysis shows that in the absence of turnover both the ABM and the ODE model

predict that the population will saturate at the environmental carrying capacity,

K = l×l, also when a cost is present (Figure 3.11d). However, if turnover is introduced

then KABM
Eff is significantly larger than KODE

Eff , and this discrepancy increases further

when we add a cost (Figure 3.11d). To quantify this, in Figure 3.11e we show the

resistant population’s steady state as a function of resistance cost for different values

of turnover. This demonstrates that while both KABM
Eff and KODE

Eff have a similar

relationship with cost, the impact of turnover on KABM
Eff is much larger than that on

KODE
Eff (Figure 3.11e).

Working on a different project, two colleagues at the Moffitt Cancer Center (Dr

Gregory Kimmel and Dr Jeffrey West) have derived expressions for the steady state

in the ABM. Using a master equation approach they have shown that:

KABM
Eff ≈

(
1− dT

rR

) 1
a

l2, (3.4)

where a denotes the number of neighbourhood sites a cell can potentially access

for division (a = 4 in the case of the von Neumann neighbourhood used here). A

publication with the details of their work is in preparation2. Figure 3.11e shows that

this expression approximates the observed relationship very well (solid lines). Based

on this result we propose the following explanation for why the benefit of cost and

turnover is reduced in the ABM: Because a cell has four potential sites into which it

can divide, there is more opportunity for division in the ABM. As such, the impact

of both cost and turnover is reduced relative to the ODE model because the higher

cell production partially compensates for the cells lost due cost or turnover.

3.4.2.3 The ABM predicts faster cycling than the ODE model also in the
presence of cost or turnover

A final observation we can make in the simulations in Figure 3.11a is that the dif-

ferences in the cycle dynamics between the two models persist. Specifically, we can

see that turnover changes the ratio of on- to off-treatment times in both models, but

the frequency of cycling remains faster in the ABM. Again, this difference can be

explained by the larger fraction of dividing sensitive cells in the ABM.

2Permission to discuss this result here was granted by Dr Kimmel.
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3.4.2.4 Summary

To sum up, we have found stark quantitative differences in the predictions between

the two models. Importantly, while both models agree that AT will provide benefits

over CT, the ODE model predicts a larger relative benefit than the ABM. This sug-

gests that the benefit of AT in practice may be smaller than expected from models

based on logistic growth. Moreover, we have shown that these differences are due to

the fact that the two models make different predictions about the fractions of dividing

cells in the tumour, and that additionally in the ABM this fraction is dependent on

the tumour’s spatial architecture. In particular, we showed that the initial number of

independent sites from which resistance emerges is a key determinant of the progres-

sion dynamics. This is an important observation as it suggests that resistance which

is derived from mutations in a single cell will have a different response to AT than

resistance which arises through phenotypic adaptation and so may occur in multiple

locations at once. We will investigate this idea further in the following section.

3.5 Impact of the initial resistant cell distribution

Most previous work has focussed on analysing AT in a spherical model of tumour

growth [115, 124]. Importantly, this assumes that resistance arises only in a sin-

gle location within the tumour. However, for most drugs more than one resistance

mechanism is known [46], and in light of the emerging role of phenotypic plasticity

and environmental factors, there is increasing evidence that resistance may arise in

multiple locations in parallel [47]. Evidence for such poly-clonal resistance has been

observed, for example, in colorectal cancer [10], lung cancer [177], or melanoma [178].

We have already seen that the number of independent sites changes the tumour’s

growth and cycling kinetics, so that controlling multiple sites will likely represent a

challenge for AT. In the following we will therefore perform a more systematic analysis

of this problem, which will provide us with one of the key insights from this chapter:

namely, that AT isn’t just about competition of resistant with sensitive cells, but that

competition of resistant cells with each other also plays an important role.
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Figure 3.12: As a result of parallel mutation events or because of environmental
factors mediating resistance, resistance can arise in multiple locations at once. This
poses a number of challenges for resistance management. Simulations assume neither
cost nor turnover ((cR, dT ) = (0%, 0%)). (a) To investigate the impact of the initial
spatial distribution of resistance on treatment response we seeded eight resistant
cells either as a cluster in the centre, or as two nests at varying distances apart.
Shown are representative snapshots from simulations for three different initial levels
of separation. (b) TTP of CT and AT decreases as the separation between the
nests increases (n = 1000 replicates per conditions). (c) Similarly, the benefit of AT
decreases the more separated the nests (n = 1000 replicates per conditions). Error
bars mark one standard deviation. (d) Representative snapshots from a simulation in
which the nests are initially 16 lattice sites apart, which illustrate one of the reasons
why control of multiple nests is more challenging. While the left nest can initially be
controlled, the right nest escapes, and in turn triggers release of the left nest. This
shows that the distribution of resistance, in particular the presence of resistance in
multiple locations, represents a challenge for resistance management.
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3.5.1 Mono-clonal resistance is more effectively controllable
because it allows AT to leverage both inter- and intra-
specific competition

We conducted a series of computational experiments in which we seeded the same

number of resistant cells either as a single cluster or as a set of two clusters (Figure

3.12a; top row). To simulate the single cluster we placed eight resistant cells as a 2

× 4 rectangle in the centre of the domain. Subsequently, we compared this scenario

to those in which we split this cluster into two nests of size 2 × 2 which we placed

at varying distances apart from each other. Sensitive cells were seeded randomly

in the domain to achieve a total initial density of n0 = 50%. An example of the

initial conditions for three different levels of separation is shown in Figure 3.12a. We

repeated this experiment with four instead of two nests, and with different values of

n0, both of which gave qualitatively similar results. Thus, for brevity only the results

for two nests and a value of n0 = 50% will be discussed here.

In Figure 3.12a we illustrate the tumour growth patterns under CT and under

AT for three different levels of separation between the nests. For simplicity we are

assuming the presence of neither a cost nor turnover. Our results show very clearly

that the speed of progression is determined, not only by the initial number of resistant

cells, but also by their distribution. For example, even though all three simulations

started from eight resistant cells, the further apart the two nests, the more resistant

cells are present at 700 days. Computing TTP confirms this (Figure 3.12b).

Moreover, with increasing separation also the benefit of AT declines (Figure 3.12c).

This is not unexpected, but has important implications. Based on the hypothesis that

AT is driven by inter-specific competition between sensitive and resistant cells, we

would have expected the opposite to hold true, as placing the nests apart maximises

the opportunity for interaction between the cell populations. As such, these new

findings indicate that not only inter- but also intra-specific competition plays a role

in AT. This is because competition with sensitive cells is, in a sense, a double-edged

sword. We can control the sensitive cells with treatment, and in the absence of

treatment they may even have a competitive advantage over resistant cells. However,

in the presence of treatment this advantage is lost, and by clearing sensitive cells

we, in fact, open up space which allows resistant cells to expand. In contrast, when

resistant cells grow adjacent to other resistant cells, any successful division is a zero-

sum game, as it simply replaces a resistant cell which was previously in this position.

As such, while there is more competition with sensitive cells when the resistant nests
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Figure 3.13: The spatial distribution of resistance modulates the impact of cost and
turnover. Experimental setup as in Figure 3.13. (a) TTP as function of separation
between nests in the presence of turnover (dT = 30%; compare to Figure 3.13b).
Turnover can cause extinction of one of the two nests, which significantly increases
TTP (1000 replicates per condition). Insets show illustrative snapshots at t = 1500d.
(b) Effect of the initial spatial distribution of resistance on the relationship between
cost, turnover and gain of AT (n = 1000 replicates per condition). Error bars show
one standard deviation.

are seeded apart, better control is achieved when they are clustered together because

it allows AT to leverage both inter- as well as intra-specific competition.

Another reason for why AT is less effective when there are two separate nests,

rather than one, is illustrated in Figure 3.12d. While the left of the two nests is

initially constrained by sensitive cells (t = 250d), the right nest is not and is able to

expand (t = 500d). This triggers more and more treatment which eventually results

in the competitive release also of the left nest (t = 1000d). We conclude that the

spatial distribution of resistance plays a significant role in the response to AT, and

its potential benefit.

3.5.2 The spatial distribution of resistance modulates the im-
pact of cost and turnover

Next, we repeated the previous experiment in the presence of cell turnover. This

shows a similar decrease in the mean TTP, and the benefit, of AT with increasing

separation of the nests as seen in the absence of turnover (Figure 3.13a). That being

said, there is a subtle, yet important, difference: turnover can cause the random

extinction of one of the two nests, which significantly extends TTP and results in a

high variability in outcomes (insets in Figure 3.13a). The impact of this is largest, the

greater the separation between nests. Conversely, when we consider the relationship
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between resistance costs and gain from AT, we find that this is adversely affected by

the separation between the nests. The further the nests are apart, the smaller the

benefit from resistance costs, even in the presence of turnover (Figure 3.13b).

Finally, we note that AT and CT again result in different growth patterns, similar

to what we had reported in Section 3.3.6.4. While under CT the resistant population

expands in circular fashion, under AT the obstruction from sensitive cells induces a

branching structure (Figure 3.12a). That being said, as more and more treatment

is administered and sensitive cells are cleared, this branching structure is lost, and

this is also true if turnover is increased (not shown). Nevertheless, this supports the

notion that AT may alter the tumour’s spatial structure.

We conclude that resistance arising in multiple locations within a patient poses a

significant challenge to resistance management. This raises an important, but so far

overlooked, point: not only inter-specific competition between resistant and sensitive

cell determines the outcome of AT, but also the intra-specific competition between

resistant cells plays a critical role. The better control is achieved not by maximising

contact between sensitive and resistant cells (large separation of resistant nests) but

by blocking growth of the few resistant cells on the edge of a nest, and leveraging

intra-specific competition to control the rest in its centre.

3.6 Further investigation of patient responses to

intermittent androgen-deprivation treatment

Through the analyses in this chapter we have developed an in-depth understanding of

intra-tumoral competition. This has revealed that the spatial structure of the tumour,

in particular how resistant cells are distributed in space, is a key determinant of the

benefit of AT. Moreover, we have found that this distribution modulates the impact

of resistance costs and turnover and is, in turn, itself shaped by these factors. In light

of our novel insights, the aim of this final section is to refine our understanding of the

treatment dynamics of intermittently treated prostate cancer patients. In Chapter 2

(Section 2.5), we studied longitudinal PSA data from 67 patients from a Phase II study

of intermittent androgen-deprivation therapy by Bruchovsky et al [109]. The trialled

algorithm mimicked AT in that it administered treatment until the levels of PSA, a

blood-based biomarker used for tracking tumour burden, were reduced below some

threshold. Subsequently, treatment was withdrawn until PSA levels again exceeded

some upper limit, when treatment was re-instated (recall Figure 2.13). Interestingly,

we observed that some patients were cycling rapidly under treatment whereas others
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were cycling more slowly. By fitting the ODE model from Chapter 2, we found that we

were able to explain the cycling dynamics by using different combinations of the level

of resistance cost and the rate of tumour turnover, suggestive of different underlying

disease biology. In light of our new insights, we hypothesise that these differences may

manifest themselves not only on the cell scale, but also as differences in the spatial

structure of the tumours. In order to test this hypothesis, and gain further insight

into how fast and slow cycling patients may differ, we fitted the ABM to these same

data. In the following, we will first describe our fitting protocol, and subsequently

discuss our results.

3.6.1 Model fitting

In order to examine whether the ABM can explain differences in the cycling speed

of patients undergoing intermittent androgen deprivation therapy, we fit the ABM

to the data by Bruchovsky et al [109] using a similar protocol to that employed in

Chapter 2. The data are the same as those in Chapter 2, and we refer to Section 2.5.1

for further details. So as to avoid potentially confounding effects from a change in

the number of lesions, patients who developed a metastasis were again excluded from

this analysis. This yielded data from a total of 67 patients. The ABM was fitted to

the normalised PSA measurements of each patient by minimising the RMSE between

the data and the predictions. The predictions were based on the total cell number

predicted by the ABM, N(t), normalised relative to the initial cell count, N0. Given

the stochastic nature of the ABM, each prediction was assembled from the mean of

25 independent stochastic replicates.

Initially we attempted to carry out optimisation using the same Levenberg-Marquardt

algorithm from Chapter 2. However, we found that the stochastic nature of the op-

timisation problem caused problems in finding appropriate step sizes, and often re-

sulted in premature termination (not shown). As a workaround, we employed the

basin-hopping algorithm in Scipy [179] using default search parameters and a maxi-

mum of either 50 (when fitting 2 parameters) or 75 optimisation steps (when fitting

4 parameters). To escape potential local minima, optimisation was repeated 10 times

for each patient from different, randomly chosen initial conditions, with only the best

fit according to the AIC taken forward for analysis. Fitting was done using the lmfit

package in Python [162].
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Figure 3.14: Representative fits of the ABM to the longitudinal PSA data of two
prostate cancer patients undergoing intermittent androgen deprivation therapy from
the trial by Bruchovsky et al [109]. (a) Tumour burden dynamics over time, as mea-
sured by PSA, and ABM fits. Solid line and shading mark the mean and standard
deviation of 250 replicates. (b) Snapshots from the simulations in (a), showing dis-
tinct patterns of resistance growth in the two patients.

3.6.2 The ABM recapitulates fast and slow cycling patients

Our first question was whether the ABM could fit the dynamics observed in the

patients. To test this, we fitted the model allowing n0, fR, cR, and dT to be patient-

specific parameters, as we had done for the ODE in Chapter 2. All other parameters

were set to the values shown in Table 3.1. In Figure 3.14a we show example fits for

two patients, one (Patient 75) who is cycling quickly, and one (Patient 88) who is

cycling slowly. We find that in both cases the ABM can capture the cycling dynamics

of the patients, although it provides a more accurate description of the slower cycler.

In Patient 75, the model struggles to recapitulate the heights of the peaks in burden

at the end of off-treatment intervals, an observation that also holds true for the other

fast cyclers in the cohort. An overview of all fits is shown in Figure 3.15.

Having established that the model can fit the data, we next considered the spatial

dynamics predicted to take place within each of the two patients. We find that fast

and slow cyclers are associated with distinct spatial dynamics in our simulations

(Figure 3.14b). In fast cycling patients, we predict that the tumour has a “carpet-

like” structure with many small, independent, sensitive and resistant nests (Patient

75). In contrast, in slowly cycling patients growth is driven by only a handful of

large, “patch-like”, colonies (Patient 88). This supports our hypothesis that not only

variations at the cell-scale (e.g. resistance costs, turnover), but also at the tissue-scale,

may contribute to the different behaviours of these tumours.
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3.6.3 Inter-patient variability is driven by differences in the
resistance cost and turnover

In order to understand what was driving these differences, we explored two possible

explanations: i) The differences are due to the initial conditions (n0 and fR), or ii)

the behaviour is driven by differences in the cell kinetic parameters (cR and dT ). To

test these hypotheses, we fitted the ABM while keeping either the initial conditions

(n0 and fR) or the cell kinetic parameters (cR and dT ) fixed across the cohort. In

each case we set the two parameters which we fixed to the mean of the values we

had obtained when fitting all four parameters (n0 = 0.59, fR = 0.04, cR = 0.78, and

dT = 0.14). Note that when computing these mean values we excluded 11 patients, for

whom we had obtained only poor representations of the observed treatment dynamics

(e.g. Patient 105), as the parameters associated with these fits are unlikely to be

biologically meaningful (marked by grey boxes in Figure 3.15).

We find that allowing just cost and turnover to be patient-specific can explain

the data almost as well as the full four parameter model (paired Student t-test:

t67,67 = 0.11, p = 0.91). In contrast, the model assuming that inter-patient variability

is caused by different initial conditions fits poorly (paired Student t-test: t67,67 = 3.66,

p < 0.01; 95% CI for mean difference in r2: [0.24, 0.84]). For an overview of the fits,

and a detailed patient-by-patient comparison we refer to Figures B.4 & B.5 in the

Appendix. Overall, we conclude that according to the ABM resistance costs and

turnover are the key parameters explaining the differences in the dynamics between

patients.

3.6.4 Cycling speeds may reflect intra-tumoral organisation

In the next step we asked how cost and turnover relate to the differences in cycling

speeds between patients. In Chapter 2, we found that fast cyclers were associated

with large values of cost and small values of turnover, and vice versa for slow cyclers.

Repeating this analysis with the ABM corroborates this result (Figure 3.16a). Firstly,

we observe a negative correlation between the fitted values for the resistance cost and

turnover (Pearson’s correlation coefficient: r = −0.76, p < 0.01). Secondly, we find a

positive correlation between turnover and the mean time taken per cycle (Pearson’s

correlation coefficient: r = 0.74, p < 0.01). Note that also in this case, 11 patients

with unrepresentative fits were excluded from the analysis (see Figure B.4). Although

weaker, a similar correlation is also seen when fitting all four parameters (not shown).
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Figure 3.16: Analysis of the cycling dynamics in the full patient cohort. This suggests
that different cycling speeds are linked to differences in the cost and turnover levels
as well as in the spatial structure. Shown are the results for the 2-parameter model
in which only cost and turnover were fitted. (a) Negative correlation between the
estimated values of cost and turnover. Note that while Patients 75 and 88 are marked
for reference, their fits here are not those shown in Figure 3.14a, which were fitted
with all four parameters being allowed to vary. (b) Treatment trajectories, simulation
snapshots and neighbourhood composition, illustrating the dynamics for patients in
different areas of the parameter space in (a), ranging from what we term “carpet”-
like appearance (many small, resistant colonies) to “patch”-like appearance (few,
but large, resistant colonies). Treatment trajectories and neighbourhood analyses
are based on 250 independent replicates. Neighbourhood plots were generated using
EvoFreq [180].

Moreover, as we hypothesised, we observe a difference in the spatial structure of

the tumour between slow and fast cycling patients (Figures 3.16a & b). Similar to

our results from Figure 3.14, we find that fast cyclers are characterised by a diffuse

structure with many small resistant nests, whereas in slow cyclers resistant colonies

(and also sensitive colonies) are more defined and larger. The reason for this is that

when turnover is low and cost is high (fast cyclers), most resistant cells present at

the start of treatment will survive, but only expand very slowly, which yields the

carpet-like appearance of these tumours. In contrast, when turnover is high and cost

low (slow cyclers), many initially present resistant colonies will go extinct, but those

that do survive will be able to expand more rapidly. Thus, the patch-like appearance

of these tumours.
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This observation has two implications. Firstly, it suggests that fast and slow

cyclers may be characterised by different disease pathologies, with fast cyclers rep-

resenting a more advanced stage of the disease with more invasive growth and/or

metastasis, whereas slow cyclers represent an earlier, more confined stage. Secondly,

it indicates that there may be differences in intra-tumoral competition and, thus, the

benefit a patient can be expected to derive from an intermittent or adaptive approach.

In order to illustrate this second point, we quantified the average neighbourhood com-

position of a resistant cell for different patients, i.e. what proportion of a cell’s four

neighbours is made up of which cell type. This shows that in slowly cycling pa-

tients almost all competition is intra-specific, whereas in fast cyclers, competition

with sensitive cells plays more of a role (Figure 3.16b).

3.6.5 A combination of relatively smaller cost or turnover
correlate with progression

To conclude, we revisit a final observation we made in Chapter 2, namely that patients

who progressed on the trial were characterised not by a lack of cost or turnover but

by a smaller combination of the two. The ABM analysis corroborates this context-

dependence of the resistance costs. Progressors (yellow points) cluster along the upper

boundary of the line of fits (Figure 3.16a). Accordingly, we detect no statistically

significant difference in the turnover estimate (Mann-Whitney test, U47,9 = 210, p =

0.5), but a significant difference in the sum of the two (cR + dT ; Mann-Whitney test,

U47,9 = 95, p < 0.01). That being said, we do observe a statistically significant

difference in the estimated cost values (Mann-Whitney test, U47,9 = 45, p < 0.01),

which indicates that the resistance cost plays more of a role in the spatial ABM than

it did in the non-spatial ODE model.

3.7 Discussion

In this chapter we extended our analysis of AT to consider the impact of space and

of stochasticity. To do so, we developed a simple, 2-D ABM, based on the same set

of assumptions as the ODE model in Chapter 2. The ABM is assumed to represent

a small region of tumour tissue as a 2-D lattice, in which each tumour cell occupies

one site, and is classified as either drug-sensitive or resistant. Using this model, we

compared the 50% AT schedule from the prostate cancer clinical trial [97] with CT.

We find that high initial tumour cell density, and low initial resistance fractions,

maximise the benefit of AT, assuming a cure is not possible. This result corroborates
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our findings from the previous chapter and is consistent with previous non-spatial

[59, 1, 115, 122, 125, 126] and spatial theoretical studies [115, 124], and experimental

evidence in cancer [115] and bacteria [107].

A question which was of particular interest to us was whether, and how, the

impact of resistance costs and cell turnover is modified by space. We find that our

conclusion that a resistance cost is not required for AT holds true also for the ABM.

In combination with the work by Hansen et al [1] and Viossat and Noble [126], these

results corroborate the hypothesis that AT can work even if there is uncertainty about

the presence of resistance costs in patients. This is important given that resistance

costs depend on the genetic [114, 150] and environmental context [181], and are, thus,

likely to vary between, and possibly also within, a patient.

Similarly, we find that our key result from Chapter 2 that turnover may help

resistance control by amplifying the impact of competition carries over to the ABM.

In fact, in general, we conclude that there is good qualitative agreement between

the ABM and the ODE model. Both agree that AT is, on average, beneficial when

compared to CT, under a wide range of parameters. Theoretical studies to-date have

employed either ODE models or ABMs, and even though reading of the literature

indicates qualitative agreement, to the best of our knowledge this is the first time a

direct comparison has been carried out.

That being said, when we perform a more detailed, quantitative, comparison of

the two models, we observe significant differences. In particular, while AT is superior

in both models, its relative benefit compared to CT is smaller in the ABM, and

there is less gain from the presence of resistance costs and turnover. This is because

the two models make different assumptions about spatial competition. In the ODE

model, cells are assumed to be perfectly mixed, so that all cells experience the same

competitive growth inhibition, which is simply a linear function of the total cell

density. In contrast, the lack of migration in the ABM results in spatial segregation of

different colonies, so that the competitive inhibition experienced by a cell depends on

the cell’s local neighbourhood, and varies across the tumour. Consequently, sensitive

cells in the ODE model will always be able to competitively suppress resistant cells,

whereas in the ABM this is only possible if the sensitive colony grows in close vicinity

to the resistant colony. This indicates that the tumour’s spatial organisation is likely

to be an important factor in AT. Moreover, it shows that a detailed understanding of

intra-tumoral competition is required, in order to determine whether or not a patient

will receive a clinically meaningful gain from AT. This point is also supported by the

recent work by Viossat and Noble [126], and Farrokhian et al [116], who found that
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Figure 3.17: The two key results from this chapter. (a) The current paradigm fore-
sees that AT keeps resistant cells in check by inter-specific competition from sensitive
cells, which can be controlled via treatment [98, 104]. Here we show that intra-specific
competition within each population is a further important factor. (b) Our analysis
suggests that the more diffusely growing a tumour, the greater the fraction of inter-
specific competition. In addition, this may be reflected in faster cycling frequency
under intermittent treatment. Going forward, we propose that incorporating knowl-
edge of the tumour’s spatial architecture and resulting competition structure will help
to design more effective AT strategies.

while different ODE models of AT agree qualitatively, there are significant differences

in their quantitative predictions depending on how competition is modelled.

In order to gain a better understanding of intra-tumoral competition during treat-

ment, we leveraged the individual-based nature of our model to explicitly measure,

for the first time, spatial competition between cells during therapy. This allowed us

to visualise and quantify how treatment breaks during AT increase the competitive

inhibition of resistant cells. Furthermore, we capitalised on this to explore how differ-

ent model parameters affect competition, and to build on some of the ideas developed

in the previous chapter. For example, we showed how reducing the initial cell density

diminishes competition during AT, whereas a higher initial resistance fraction results

in a similar level of inhibition per AT cycle, but fewer cycles.

Moreover, this analysis revealed that intra-specific competition of resistant cells

with each other is an important, but so far overlooked, factor in AT. As a resistant cell
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expands, most of its daughters will end up trapped in the central core of the resistant

colony, able to divide only upon the death of another resistant cell (or upon migration

out of the centre). As such, AT is most effective when resistance is clustered in a

single location, and surrounded by sensitive cells, because it can leverage inter-specific

competition at the edge of the resistant colony to maximise intra-specific competition

between resistant cells at the core (Figure 3.17a).

An important implication of this observation is that it matters how resistance

is distributed across the tumour. If resistance arises in a single location it can be

controlled more effectively with AT than if resistance is present at multiple sites,

either within the same lesion, or at different metastatic sites within the body. As such,

we extend previous results by Bacevic et al [115] who showed in their computational

model that resistant cells arising near the surface of a spheroid are harder to control

than resistant cells arising near its core, and we characterise in more detail the non-

trivial relationship between a tumour’s spatial organisation and AT.

How may we infer the spatial distribution of resistance? Tissue biopsies would

provide the most direct and detailed measurements, but are invasive and often im-

practical. As an alternative, we show that it may be possible to use mathematical

modelling to gather spatial insights from the patient’s longitudinal response dynamics

(Figure 3.17b). We fit our ABM to PSA data from prostate cancer patients under-

going intermittent androgen deprivation therapy. We find that the speed at which

patients cycle between treatment on- and off-periods correlates with distinct spatial

organisations of the tumours in our simulations. While experimental validation of

this hypothesis will be a question for future research, we do note that Bruchovsky et

al [109] reported a “suggestive trend that a Gleason score <6 may be associated with

a slightly longer time off treatment in the initial 2 cycles”. Indeed, lower Gleason

scores indicate a more defined tissue architecture, which would be consistent with the

more patch-like structure our model predicts for slowly cycling patients. As such,

this hypothesis warrants further investigation.

In addition, it may also be possible to gather some information about the spatial

distribution of resistance from the characteristics of the resistant population. In

particular, if resistance is driven by a single clone, then it will likely be initially

confined to a single, or at most a small number of, sites within the tumour. In

contrast, if resistance is driven by multiple clones, as has, for example been observed

in colorectal cancer [10], then it is likely to exist in multiple locations simultaneously.

As such, liquid biopsies, which are showing promise at detecting and characterising the
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clonality of emerging drug resistance, may allow inference of not only the abundance,

but also the distribution of, resistance [47, 10].

But, so what? While we cannot easily alter it, understanding the spatial distribu-

tion of resistance in a patient may be relevant in the design of AT schedules. Gallaher

et al [124] found in their off-lattice ABM that the rate of cell migration (and therefore

of spatial mixing) determined whether a modulation-based adaptive algorithm (treat-

ment is modulated in small increments, rather than withdrawn), or a vacation-based

algorithm (treatment is either on or off) was more effective. In particular, spatially

confined tumours favoured modulation, whereas in invasive tumours more benefit was

derived from the vacation-based strategy [124]. As such, an important next step in

extending this work would be investigation of how treatment should be adapted in

light of different tumour architectures.

A final observation we make is that there can be significant variation in the benefit

of AT between stochastic replicates despite identical model parameters. Variance

depends on the number of resistant cells initially present in the simulations, and

their distribution, which further highlights the importance of the spatial distribution

of drug resistance within the tumour. Moreover, even though resistance costs and

turnover increase the average benefit of AT they also increase variability in outcomes.

As a result, the greater the average benefit of AT the more likely we are to see a

patient fair much better or worse than expected. While the cell numbers in our

simulations are unrealistically small, and as such our simulations are not suited to

make quantitative statements about the magnitude of this problem, Hansen and Read

[128] have recently raised similar concerns. We, thus, advocate further study of the

impact of inter-patient variability in AT in order to inform future clinical trial design.

In aiming to keep our model tractable we have again made a number of simplifying

assumptions. We assume no movement and no pushing of cells, which has been shown

by Gallaher et al [124] and Bacevic et al [115] to reduce the benefit of AT, as it allows

resistant cells to squeeze through surrounding sensitive cells. This may be another

explanation as to why Bacevic et al [115] were unable to control resistance in 2-

D cell culture, even though our work here suggests that control should have been

possible. Moreover, for computational reasons, we restricted our analysis to a 2-D

setting, which is arguably more representative of in vitro cell culture than a 3-D

human tumour. We hypothesise that the extra dimension will hinder tumour control

as it will allow resistant cells to more easily find space into which they can divide.

That being said, we have herein also neglected the role of non-tumour tissue, which
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acts as an additional competitor for space and resources, and may help to control

resistant subpopulations.

A final, important caveat is that we have not explicitly modelled the mechanism by

which resistance arises. Depending on whether it arises through mutation, phenotypic

switching, or is environmentally induced, this may drive different initial distributions

of resistant cells, and will also result in different dynamics during treatment due to

de novo resistance acquisition (see also [1, 124, 126, 182]). Furthermore, our model

cannot explain how some of the initial tumour compositions we have analysed would

have arisen prior to treatment. For example, if resistance costs and turnover are

assumed to be high, then resistance will disappear in our model, if the tumour is

left untreated (not shown). This disconnect of the model of tumour evolution and

treatment should be addressed in future research.

To sum up, in this chapter we have shown that the tumour’s spatial architec-

ture will likely be an important factor in AT, as it determines the balance of inter-

and intra-specific competition. In addition, stochastic events may cause significant

intra-patient heterogeneity, even when all tumour characteristics are the same. This

strengthens the argument for patient-specific AT protocols. In the next chapter we

will elaborate on this point by exploring whether we can use mathematical models to

directly guide the treatment decision-making, in order to deliver a treatment schedule

that is better tailored to each patient and their disease.
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Chapter 4

Using modelling to guide adaptive
therapy decision-making: two case
studies in ovarian cancer

4.1 Introduction

In current clinical practice, cancer therapy is administered according to pre-determined

treatment schedules. These are typically designed to maximise cell kill by administer-

ing as high a dose as frequently as toxicity permits [183]. Changes to these schedules

are made only in the case of untolerable toxicity, or if the tumour progresses. In the

previous two chapters we have shown how AT, which proposes to adjust treatment

based on the tumour’s drug response, can help to extend TTP. But, this requires a

treatment algorithm to decide when, and how, to modulate treatment. So far we have

investigated the algorithm used by Zhang et al [97] in their first-in-human clinical trial

of AT in prostate cancer. While a mathematical model informed the trial, the final

algorithm was a compromise of what the model suggested and what was clinically

feasible (Bob Gatenby; personal communication). In fact, both the ODE model in

Chapter 2, and the ABM in Chapter 3, predict that smaller burden reductions would

have yielded longer tumour control, a finding also made by others [123, 126, 182]. To

follow up on this observation, we will here consider the question of whether we can

improve resistance management by integrating mathematical models directly into the

decision-making process. We will use extensions of the ODE model from Chapter 2

to develop a framework for model-guided AT, and test it in vitro in the treatment of

ovarian cancer spheroids with PARP inhibitors.
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Figure 4.1: Overview of the different AT dosing algorithms proposed to-date. (a) AT1
modulates the treatment level, increasing it when the tumour grows (red), decreasing
it when it shrinks (blue), and maintaining it the same when tumour size changes
are small (grey). (b) AT2 takes a “bang-bang” approach, applying treatment when
the tumour has grown (red), and withdrawing it when its expansion is under control
(white). (c) The model-guided approach by Smalley et al [114] bases AT decisions on
predictions of a mathematical model, which is continuously re-calibrated on the fly.

4.1.1 A review of AT dosing algorithms

While we have so far focussed on the 50% rule because of its clinical relevance (Equa-

tion (2.4)), this is not the only adaptive algorithm which has been proposed in the

literature. Specifically, there are three others (Figure 4.1): i) dose-modulation (AT1),

ii) dose-skipping (AT2), and iii) a model-driven algorithm by Smalley et al [114]. Be-

fore discussing how we may use modelling to improve AT, we will review each of these

strategies, and discuss what is known about their relative merits. Subsequently, we

will introduce the experimental system in which AT1 and AT2 will serve as bench-

marks, and upon which we will seek to improve by extending the model-driven ap-

proach by Smalley et al [114].

Throughout this chapter we will assume that treatment is administered at k time

points tn, for n = 0 . . . k, where we will refer to tn as a treatment day. We will define

V (tn) as the tumour volume on day tn, and denote the dose administered at time

point tn by, D(tn), or short, Dn. Administration could be as frequent as every day,

but is more likely several days apart. The length of time between treatment days will

be referred to as the treatment interval.
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4.1.1.1 Dose Modulation (AT1)

AT1 was pioneered in the first paper on AT [60], and was subsequently refined in

an in vivo study on breast cancer by Enriquez-Navas [113]. It modulates the dose

administered at the current time point, D(tn), based on the change in tumour volume

compared to the last treatment day, V (tn) − V (tn−1), and may be summarised as

follows (Figure 4.1a):

D(tn) =


0, if V (tn) < Vmin

(1 + α)D(tn−1), if V (tn) > (1 + β)V (tn−1)

(1− α)D(tn−1), if V (tn) < (1− β)V (tn−1)

D(tn−1), otherwise

(4.1)

where α (> 0) describes the relative change in dose, and β (> 0) is the relative tumour

size change which triggers treatment modulation. Vmin denotes a minimum tumour

volume below which treatment is withdrawn completely. Therapy is started at some

initial dose D(t0) = D0, and doses may not be escalated beyond the MTD, DMax.

While D0 and DMax are determined by the experimental model system, it is, as of

yet, not clear how the values of α and β should be chosen. In their study on ovarian

cancer, Gatenby et al [60] used a decision threshold of β = 10%, and modulated dose

in absolute increments of 10 mg/kg. The subsequent study in breast cancer allowed

for greater changes in tumour size (β = 20%), and also made larger changes in the

drug dose (α = 50%).

4.1.1.2 Dose Skipping (AT2)

The dose skipping strategy was developed by the same authors and is similar in

spirit, except that treatment is withdrawn rather than modulated (Figure 4.1b). In

addition, decisions are made based on volume changes over two treatment intervals,

rather than just one:

D(tn) =

{
D?, if V (tn) ≥ (1 + β)V (tn−2)

0, otherwise
(4.2)

where again β denotes the relative change in tumour volume that triggers adaptation,

and D? is the administered drug dose. Therapy is started at D(t0) = D?.

This algorithm has only been experimentally tested once before, namely in the

study by Enriquez-Navas et al [113], which used a value of β = 25%. That being

said it shares the vacation-based structure of the 50% rule from the clinical trial

[97], which is further evidence that such a “bang-bang” approach can be effective in

delaying progression.
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4.1.1.3 Modulation vs skipping?

Which of these two approaches performs better? So far there have been two direct

comparisons, one in vivo and one in silico, which indicate that the answer may depend

on the tumour biology. Enriquez-Navas et al [113] benchmarked both AT1 and AT2

in the treatment of breast cancer with the chemotherapy paclitaxel in mice. They

repeated the experiment with two human cell lines, one of which produced a fast

growing and highly invasive cancer (MDA-MB-231/luc), and one of which was less

aggressive (MCF7). The authors found that in both cases AT1 performed better

than AT2, which was explained by the fact that the breaks during AT2 allowed for

uncontrolled tumour growth, which could not be undone by subsequent treatment.

They also found that AT1 resulted in less necrosis and better blood flow within the

tumour [113].

In order to gain a deeper understanding of how different tumour characteristics

may impact the choice of strategy, Gallaher et al [124] developed an off-lattice, ABM.

Drug resistance of a cell was modelled as a continuum and assumed to be inversely

correlated with the cell’s proliferation rate (for more details on the model, see Chap-

ter 3). The authors found that dose modulation did best when the mean level of

resistance across the tumour was low and cells could not migrate nor mutate to a

more drug-resistant phenotype. In contrast, in more resistant and invasive tumours,

dose skipping was more effective. Indeed, also in the experiments by Enriquez-Navas

et al [113], the difference between AT1 and AT2 was smaller in the invasive MDA

cells than in the less aggressive MCF7 cells.

To sum up, the optimal strategy likely depends on the characteristics of the tu-

mour. As such it is not surprising that Enriquez-Navas et al [113] observed significant

heterogeneity in treatment responses, with some tumours being kept in check with

ease, whereas others were never really brought under control, despite being treated

according to the same strategy [113]. Together, these observations suggest that for

AT to be most successful we should adapt not only treatment in a tumour-specific

manner, but also the decision-making algorithm.

4.1.2 Use of mathematical models in treatment decision-making

4.1.2.1 Smalley et al: Model-guided AT

A first demonstration of how we may personalise AT using mathematical modelling

was presented by Smalley et al [114] in an in vivo model of BRAF inhibitor treatment

in melanoma (Figure 4.1c). The authors used a 2-population Lotka-Volterra ODE
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model, similar to that studied in Chapter 2, to guide treatment individually for each

mouse. A key ingredient of the model was the assumption that treatment induces

the switching of cells from sensitive to resistant, and that in the absence of treatment

this process is reversed. This was motivated by the observation of such phenotypic

switching in in vitro experiments [114]. Each treatment day the model was fitted to

the tumour’s growth data, and used to predict tumour growth over the subsequent

treatment interval. If this exceeded a given threshold, treatment would be applied.

To capture uncertainty in the model parameters, the predictions were based on an

ensemble of 200 fits, obtained via a genetic algorithm [114].

Smalley et al [114] compared their approach to a continuous and an intermittent

schedule (2-weeks on followed by 1-week off). The individualised approach outper-

formed both, yielding the smallest tumour volume after 40 days of treatment [114].

In addition, there were noticeable differences in the treatment schedules between the

mice, with those mice whose tumours were growing quickly receiving more treatment

than those mice whose tumour had been effectively stabilised. Overall, this shows

that modelling can be used to directly guide AT, and that it can yield better out-

comes than fixed treatment schedules. Yet, it remains unknown how this approach

compares against the simpler, more easily implemented, AT1 and AT2 algorithms.

4.1.2.2 Other model-guided treatment approaches

While the research by Smalley et al [114] is so far the first and only study to employ

a model to directly drive decision-making in the context of AT, a number of other

studies have explored similar concepts and are relevant to the work in this chapter. As

we discussed in Section 1.2.7, there is a long tradition in the pharmacometrics com-

munity to use mathematical models to dynamically guide treatment schedules. This

dates back to pioneering work by Lewis Sheiner [89] who proposed a Bayesian frame-

work to estimate and to regularly update parameters of PK models from a patient’s

blood measurements, and to use the models to guide drug dosing for maximal safety

and efficacy. In oncology, such model-guided TDM approaches have found particular

applications in methotrexate treatment and in paediatric patients [90, 91, 92, 93, 94],

but have been explored also in other settings [96, 87]. We note that while initially

these models were often relatively simple (regression models or single compartments

(e.g. [96, 90, 92])), increasingly more complex models of drug metabolism and side

effects have been developed (e.g. [93, 94, 87]). The recent work by Meille et al [87]

demonstrates how, through careful calibration and validation, comprehensive models

can help to tackle more complex situations, such as combination treatment.
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In parallel, a second community that has investigated dynamic treatment schedul-

ing comprises researchers who have applied control theory to cancer therapy. When

treatment is changed in response to its effect on the tumour, or the body, this can be

translated into a “closed-loop” control problem in control theory. If a model is used

to drive the decisions, as in the work of Smalley et al [114], this is known as Model

Predictive Control (MPC). These approaches differ to those from the pharmacomet-

rics community in that they have typically focussed on models with more details of

the tumour biology and fewer considerations given to PK. In addition, very rarely

have MPC approaches been tested in real life (wet-lab or clinic). To the best of our

knowledge, some of the first contributions in this area came from Florian et al [184]

and Chareyron et al [185], who performed MPC on a 2-state cell cycle ODE model

of tumour growth, and an ODE model of tumour-immune interactions, respectively.

Both concluded that MPC approaches are superior in silico to pre-determined sched-

ules in addressing patient heterogeneity and uncertainty about model parameters, a

result which has since been corroborated in several other studies [186, 187, 188].

The MPC work which is most pertinent to the current study can be found in the

papers by Beckman et al [189] and Yeang and Beckman [190]. Beckman et al [189]

performed MPC on a stochastic model of tumour evolution with two (or three) types

of drugs and associated resistant states, in which cells become increasingly resistant

through spontaneous mutation. They optimised treatment over intervals of 45 days

allowing the model-based controller to choose between mono-therapy or combination

therapy (the latter at reduced doses of the individual drugs). An interesting feature

is that the authors compared different strategies. For example, they compared a

strategy that always seeks to minimise predicted tumour size, to one in which the

prefered treatment reduces the predicted level of multi-drug resistance, unless the

tumour burden exceeds an intolerable level (named Strategy S2.2.). Subsequently,

Beckman et al [189] carried out a large scale parameter sweep and found that MPC

with Strategy S2.2. doubled median survival and increased cure rates from 1% to 15-

20%. In a follow up study, Yeang and Beckman [190] investigated whether extending

the optimisation horizon from 45 days to several months or years could help to further

improve treatment. They found that this does not improve survival over their single-

step approach but could further increase cure rates [190].

Together, these studies demonstrate that MPC in cancer treatment is in prin-

ciple feasible and can yield superior tumour control compared to standard of care

approaches. However, many studies assumed perfect knowledge of the underlying

model, and to some extent model parameters, which is unrealistic in practice. This
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may explain why in a majority of cases, experimental testing of the proposed frame-

works is lacking. Moreover, relatively few studies have considered MPC in the context

of drug resistance, and even though the work of Beckman and colleagues [189, 190] is

comprehensive, they did not include cell-cell competition in their model.

4.1.3 Summary

To sum up, we draw three main conclusions from this review:

1. The choice of AT algorithm matters: The works of Gallaher et al [124]

and Enriquez-Navas et al [113] demonstrate that it is not sufficient to simply

maintain tumour burden, but that how this is done (skipping vs modulation)

affects outcome.

2. The superior adaptive algorithm depends on the underlying tumour

biology: This is shown by Gallaher et al [124] and suggests that to be most

successful, AT should be carefully tailored to the particular clinical setting.

3. Personalising schedules using modelling is per se feasible and can

outperform standard-of-care regimes: This is demonstrated, for example,

by Smalley et al [114] in vivo, and Meille and colleagues [87, 88] in the clinic.

4.1.4 Outline

While the concept of using mathematical modelling to directly guide AT decision-

making is appealing, and the in vivo results by Smalley et al [114] are encouraging,

a number of open questions remain:

1. How does a model-driven approach compare to the simpler AT1 and AT2 algo-

rithms? Is the additional complexity justified?

2. How can we address uncertainty about the underlying biology? Can we integrate

predictions from multiple plausible models into decision-making?

In the following, we will present theoretical and experimental work aimed at ad-

dressing these questions. This project was a close collaboration with Professor Mehdi

Damaghi from the Department for Cancer Physiology at the Moffitt Cancer Center.

All wet-lab work was performed by him and his assistant, Samantha Byrne, whereas

data analysis (unless otherwise stated) and modelling were carried out by myself.

We will begin by introducing the experimental spheroid model system and the in
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vitro data which motivated this project. Subsequently, we will present a first study

in which we use the ODE model by Smalley et al [114] to perform open-loop opti-

misation of the treatment schedule and test this schedule against AT1 and AT2 in

the wet lab. As this performs poorly and we see significant heterogeneity between

spheroids in their treatment response, we next develop an MPC approach to allow for

individualised scheduling. To account for uncertainty in the underlying biology we

propose a MPC framework which makes its decisions based not on a single, but on

an ensemble of different ODE models, and we test this framework in vitro. Although

the complexity of this project means that a number of unanswered questions remain,

we gain useful insights into the practicalities of using mathematical models to drive

treatment decisions in the real world.

4.2 Open-loop optimisation of PARPi treatment

in ovarian cancer

4.2.1 Background

Ovarian cancer is one of the deadliest cancers in women, with a 5-year survival rate

of 30% [18]. The primary reasons for the poor prognosis are the difficulty in de-

tecting the cancer early and its high rate of recurrence [16]. Upon diagnosis, the

current standard-of-care foresees cyto-reductive surgery to remove as much primary

and metastatic tumour mass as possible, followed by platinum-based chemotherapy

[16]. While ovarian cancer shows initially some of the highest platinum response rates

seen in solid tumours, with up to 80% of patients responding, most patients will see

their disease return within 3 years [16, 17]. Despite large-scale research efforts, the

survival rate has changed little over the past 30 years [16, 191].

However, the recent introduction of PARP inhibitors (PARPis) is promising to

revolutionise the field [192, 193, 191]. These agents target the PARP (poly-adenosine

ribose polymerase) family of proteins, which are key orchestrators of single strand

DNA repair [193, 191]. This results in the rapid accumulation of double strand DNA

damage in proliferating cells, and eventually causes cell death [194, 195, 191]. Ovarian

cancers are particularly sensitive to PARPis because their DNA repair is frequently

deficient as a result of mutations in the Breast Cancer Associated (BRCA) genes

(BRCA1 and BRCA2; [191]). As our approach in this chapter is relatively generic,

we will defer a more detailed discussion of the molecular biology to the next chapter.
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There are currently four FDA-approved PARPis on the market, all of which are

given orally, and are primarily used as maintenance therapy after chemotherapy [191].

This means that treatment is administered after chemotherapy has been completed,

in an attempt to eradicate the disease or, at least, push back progression. In the

following, we will focus on the best characterised PARPi, Olaparib, which has been

shown to increase TTP by between 3.6 months [196] to more than 30 months [197],

depending on the BRCA status of the disease, and depending on prior treatment

history. While this is a significant achievement, most patients still see their tumour

recurring within 5 years (see also Section 5.1.1.2 for more details; [198, 197, 199]). In

addition, around 40% of patients require dose adjustments due to serious Grade 3 or

4 adverse events, such as anaemia [17], and the cost for one month of treatment in

the USA is about $14,000 [200]. Thus, there is a need to develop strategies to further

extend TTP under Olaparib, and to investigate whether, and how, cumulative drug

use may be reduced.

4.2.2 A pilot experiment comparing continuous and adaptive
Olaparib treatment in vitro

Given the promising AT results from our work and from the literature, we won-

dered whether we could extend TTP by scheduling Olaparib adaptively. To test

this, Professor Damaghi carried out an experiment in which he compared continuous

Olaparib treatment (CT) of in vitro ovarian cancer spheroids at MTD with three

different schedules: two adaptive and one intermittent. The intermittent schedule

(IMT) alternated between one week on MTD and one week off treatment. The adap-

tive schedules consisted of the dose-modulation schedule (AT1) and the dose-skipping

schedule (AT2) from Enriquez-Navas et al [113] (see also Section 4.1.1), with starting

doses D(0) = DMax and D(0) = 1/2DMax. Treatment was administered as part of the

culture medium in which the cells were immersed, at an MTD of DMax = 10µM . The

culture medium was replaced twice a week, allowing treatment adaptation every 2-3

days. Eight spheroids were treated according to each schedule (16 for control), where

the decisions for the adaptive approaches were based on the average growth observed

across the cohort. Growth was monitored for a total of 80 days.

4.2.2.1 Experimental methods

Professor Damaghi carried out this comparison on two cell lines, which are commonly

used as ovarian cancer models: UWBWT and UWB+BRCA. UWBWT possesses a
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mutation in BRCA1 making it homologous repair deficient (HRD) [201], and thus

representative of the type of patient in whom PARPis would be strongly recommended

in the clinic [191]. In contrast, UWB+BRCA is a derivative of UWBWT in which BRCA1

activity has been restored via transfection with a plasmid containing an intact copy

of the brca1 gene [201]. Both UWBWT and UWB+BRCA are quite slow growing, with

2-D culture doubling times of around 50 hours [201].

The spheroids were grown by seeding 5000 cells per well in a non-adherent 96

well U-bottom plate (Corning), covering them with Matrigel (ThermoFisher), and

immersing them in culture medium. As culture medium, a 1:1 mixture of Roswell

Park Memorial Institute Medium (RPMI) (ThermoFisher) and Mammary Epithelial

Cell Growth Medium (PromoCell) was used, which was supplemented with 10% Fetal

Bovine Serum and 1% penicilin/streptomycine. Cells were cultured for ten days in

drug-free medium to allow aggregation into spheroids before treatment was started.

Throughout the experiment cells were kept at 37◦C and 5% CO2.

Tumour growth was measured every 6 hours with an IncuCyte ZOOM time-lapse

microscopy system (Essen BioScience). Phase-contrast white light, as well as green

and red fluorescent channels, were recorded. Alive cells were found to be red auto-

fluorescing (Figure 4.2a), possibly because of indigestion of the phenol in the medium.

This information, together with the phase-contrast information, were used to segment

the images to obtain the spheroid size (measured as the size of the fluorescing area in

the images). Image processing was carried out by Mr Matthew Wicker who was a sum-

mer intern at the Anderson lab at the time, using openCV [176]. His algorithm first

pre-processed each colour channel by using binary and Otsu-thresholding, followed by

a blurring and dilation step to enhance the regions in which cells were present. Next,

it segmented these regions using the findContours() method in openCV. Finally,

it filtered the identified regions and removed those which were too small (less than

35 px wide or high), or which were close to the edge of the image, and as such were

unlikely to be part of the spheroid. All subsequent data analysis (e.g. comparison of

treatment arms) was performed by myself.

4.2.2.2 Results

In Figure 4.2 we show the results of this initial experiment. When they were grown in

the absence of treatment, the spheroids expanded until they reached carrying capacity,

at which point most of the cell mass was fluorescing and there was only a small corona

of debris from dead cells around the outside (Figure 4.2a). In contrast, when treated

with continuous Olaparib, growth was slowed down and there were many more dead
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Figure 4.2: Pilot experiment comparing continuous Olaparib treatment to intermit-
tent and adaptive administration. (a) Example microscopy images of UWB+BRCA

tumour spheroids from different treatment conditions at different time points. Pic-
tures show overlaid phase, red, and green channels. (b) Representative growth curves
of individual spheroids under different treatment conditions. For UWB+BRCA, these
correspond to the images in (a). Pink shading indicates Olaparib concentration in
the culture medium. (c) Comparison of average tumour size across the different
treatment strategies. While for UWBWT continuous treatment tends to do best, for
UWB+BRCA there appears to be an opportunity to improve control via alternative
scheduling. Markers indicate daily averages, and error bars denote 95% CIs.

cells (Figure 4.2a). The same held true for the adaptive strategies and for intermittent

treatment (the latter is not shown). Furthermore, both AT1 and AT2 spheroids saw

adaptations of their treatment over time (Figure 4.2b).

In most spheroids we saw an initial expansion followed by a rapid regression

over the first month of the experiment (Figure 4.2b). As this regression occurred in

both treated and untreated cases, we reasoned that this must be part of the growth

dynamics of these spheroids, rather than being an effect of treatment. As such,

we decided to focus on the time period after this initial “bump” to compare the

performance of the different treatment schedules (day 42 of the experiment). We find
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Figure 4.3: The virtual cohort approach to treatment optimisation. Using the ex-
perimental data from the pilot experiment, we calibrated a mathematical model to
each individual spheroid (Steps 1 & 2). Next, from the best fit for each spheroid we
assembled a “virtual cohort” of spheroids (Step 3). Finally, we carried out in silico
treatment optimisation on this cohort, seeking a schedule that performed well across
the different “virtual spheroids” (Step 4).

that in the UWBWT spheroids, CT tended to keep the tumours smallest throughout

the experiment, followed by AT1 and IMT which performed similarly, whilst AT2

performed poorest (Figure 4.2c). That being said, none of the differences between

treated and un-treated tumours at 80 days was statistically significant (Student t-

tests, all p-values > 0.05). On the other hand, in UWB+BRCA spheroids, CT and AT2

only yielded very short-lived tumour size regression, whereas, AT1 and, in particular

IMT, were able to better control tumour growth (Student t-test of the difference

between Ctrl and IMT at day 80: t16,8 = 2.69; p = 0.013 Figure 4.2c).

Finally, we noticed that in both cell lines there was significant heterogeneity in

treatment response. Despite identical experimental conditions and treatment sched-

ules, some spheroids responded much better to treatment than others (Figure C.1).

Together, these observations indicated that by expanding on the success of the IMT

and AT1 schedules, and by better addressing the heterogeneity in drug responses, we

may be able to improve TTP.

4.2.3 A virtual cohort approach to improve scheduling

Given these results, we asked whether we could use a mathematical model to derive

an even better treatment schedule than IMT or AT1. To test this, we carried out

model-based schedule optimisation and organised for Professor Damaghi to test our

improved schedule in the next round of his in vitro experiments.
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We identified two key challenges which our approach had to overcome. Firstly,

while we had data available taken every 6 hours from a range of treatment conditions,

all they provided us with were a measure of spheroid size. In addition, the data were

quite noisy (see Figure 4.2b). We did consider re-analysing the images to characterise

the tumours in more detail, by, for example, measuring the number of the dead

cells over time, but we decided against this as we only had 6 weeks available before

Professor Damaghi had scheduled the next set of experiments. This meant that even

with a simple model we would likely face uncertainty in certain model parameters.

The second issue we needed to address was the heterogeneity in treatment re-

sponse. This implied that even if we were to identify all parameters of our model,

different spheroids would likely require different parameter combinations, and that,

ideally, any schedule we found should perform well over a range of these combinations.

To address these issues we decided to employ a virtual cohort approach [202, 203].

This meant that rather than choosing a single set of model parameters for which

to carry out treatment optimisation, we evaluated the performance of each candi-

date schedule on a set (“cohort”) of plausible parameter combinations simultaneously

(Figure 4.3a). To assemble our virtual cohort we leveraged the structure of the pilot

experiment. Specifically, we fitted the model to each of the spheroids in the pilot

experiment individually to obtain a “virtual representation” of that spheroid, defined

by the inferred parameters. In the next step we then carried out numerical optimisa-

tion to find the schedule that best controlled tumour growth across the cohort. We

repeated this independently for the UWBWT and UWB+BRCA cells and subsequently

handed our optimised schedules to Professor Damaghi for in vitro testing.

4.2.3.1 The mathematical model

Model of the intra-tumoural, eco-evolutionary dynamics: To the best of our

knowledge, no mathematical model of the dynamics under PARPi treatment exists

(see also discussion in Section 5.3). We therefore decided to adapt the model used by

Smalley et al [114] as this had been successful in improving drug scheduling in their

in vivo experiments whilst being sufficiently general to be a plausible model also for

our current setting. The model is very similar to that which we analysed in Chapter

2, and assumes that we can divide the tumour into drug-sensitive cells (S(t)) and

fully drug-resistant cells (R(t)), where competition between the two is described by
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Table 4.1: Summary of mathematical model variables and parameters for the logistic
model of spheroid growth (Equations (4.3), (4.4) and (4.7)). Also shown are the
bounds imposed during model fitting and treatment optimisation.

Parameter Description Lower bound Upper bound
S(t) Density of sensitive cells (in

cells/well)
0 K

R(t) Density of resistant cells (in
cells/well)

0 K

rS Sensitive cell growth rate
(in d−1)

1 ×10−7 5 ×10−1

rR Resistant cell growth rate
(in d−1)

1 ×10−7 5 ×10−1

K Spheroid carrying capacity
(in cells/well)

1 ×103 5 ×104

dD Drug-induced kill rate of
sensitive cells (in d−1 µM−1)

1 ×10−7 5 ×10−1

DMax Maximum tolerated dose (in
µM; not varied)

10 10

α Drug-induced resistance ac-
quisition rate (in d−1 µM−1)

1 ×10−7 5 ×10−1

β Re-sensitisation rate of re-
sistant cells (in d−1)

1 ×10−7 5 ×10−1

S0 Initial density of sensitive
cells (in cells/well)

0 7500

R0 Initial density of resistant
cells (in cells/well)

0 7500

D0 Initial drug concentration
(in µM)

0 10
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Figure 4.4: The mathematical model used to describe spheroid growth and drug
response (Equations (4.3), (4.4) and (4.7)). (a) Tumour cells are divided into drug-
sensitive and resistant sub-populations, which compete with each other according to
Lotka-Volterra dynamics. Treatment kills sensitive cells and can induce resistance
in the survivors. If treatment is withdrawn, then some resistant cells may loose
resistance and re-sensitise. For a description of all model parameters, see Table 4.1.
(b) To translate cell numbers to the fluorescent area seen on the images we assume
that cells aggregate into a perfect sphere. On the images we then see a projection of
this sphere onto a 2-D plane, so that the observed fluorescent area is approximately
that of a plane section through the sphere.

a Lotka-Volterra model. The full model reads as follows (see also Figure 4.4a):

dS

dt
= rS

(
1− S +R

K

)
S︸ ︷︷ ︸

Growth

− dDD(t)S︸ ︷︷ ︸
Drug Kill

− α

DMax

D(t)S︸ ︷︷ ︸
Acquisition

of Resistance

+ β

(
1− D(t)

DMax

)
R︸ ︷︷ ︸

Re-Sensitisation

, (4.3)

dR

dt
= rR

(
1− S +R

K

)
R︸ ︷︷ ︸

Growth

+
α

DMax

D(t)S︸ ︷︷ ︸
Acquisition

of Resistance

− β
(

1− D(t)

DMax

)
R︸ ︷︷ ︸

Re-Sensitisation

, (4.4)

where D(t) describes the drug concentration in the medium, and the definitions of

all other parameters are given in Table 4.1. The initial conditions are given by

S(0) = S0, R(0) = R0 and D(0) = D0.

As before this model assumes that cells divide at rates rS and rR, respectively,

which may differ from each other to account for a cost of resistance. Furthermore, for

simplicity, we assumed that both populations share the same carrying capacity K, and

that both affect each other’s growth equally (Lotka-Volterra competition coefficients

set equal to 1).

There are two key differences in this model compared to that in Chapter 2. Firstly,

this model assumes that treatment kills cells independently of their division status,
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as proposed by Skipper et al [30]. While this is a strong assumption to make, it

yields the simplest and possibly most common treatment law in the literature (see

e.g. [28, 122, 146]), and it was successful in the work by Smalley et al [114]. Secondly,

it assumes that cells can switch between drug-sensitive and resistant phenotypes and

vice versa. With this assumption we can represent a wide range of plausible biological

scenarios. For example, a current key discussion is about whether resistance is pre-

existing or arises during treatment [46]. We did not know which was the case in the

spheroids, but using this formulation we could explore both possibilities by varying

the values of α, β, and R0.

The drug concentration, D(t), is assumed to be that in the growth medium. As

the medium is replaced frequently, and there is no enzymatic system which may clear

drug, it is assumed D(t) remains constant between medium changes.

Measurement model: While Equations (4.3) and (4.4) describe the total number

of cells in the well, the microscopy images provide us not with a cell number, but

with a measure of the size of the tumour spheroid. To translate the tumour cell

numbers predicted by our model to the fluorescent area we would see on the images,

we developed the following measurement model (Figure 4.4b). We assumed that all

cells in the well aggregate into the spheroid, so that the volume of the spheroid at

time t is given by:

V (t) = VCell(S(t) +R(t)),

where VCell is the volume of an individual cell, and we are assuming that both sensitive

and resistant cells have the same size. Next, we assumed that the shape of the spheroid

was approximately that of a perfect sphere, so that:

VCell(S(t) +R(t)) =
4

3
πr3(t), (4.5)

where r(t) is the radius of the spheroid. The IncuCyte machine takes a picture of

the spheroid from below, which means that what we see on the image is a projection

of the sphere onto a 2-D plane. Thus, we assume that the fluorescent area which we

observe on the images, AF(t), is approximately the area of a plane section through

the sphere at its equator, i.e.:

AF(t) = πr2 (4.6)

Solving Equation (4.5) for r(t) and substituting the result into Equation (4.6) we

obtain the following expression for AF(t):

AF(t) =

(
3
√
π

4
VCell(S(t) +R(t))

)2/3

. (4.7)
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Based on Professor Damaghi’s reports that UWB cells were approximately spher-

ical with a diameter of 20µm, we used the following estimate of cell volume in our

calculations:

VCell =
4

3
π103µm3. (4.8)

Finally, to convert from the observed area in µm2 to its size in pixels on the image,

we obtained from the IncuCyte Zoom manual [204] that: 1px = 10µm2.

In order to allow plotting of the total predicted tumour size as well as the propor-

tions of sensitive and resistant cells on one axis, we introduce ASF(t) = S(t)
S(t)+R(t)

AF(t)

and ARF (t) = R(t)
S(t)+R(t)

AF(t) to denote the fluorescent area accounted for by sensitive

cells and resistant cells, respectively.

The model was solved using the Runge-Kutta 4(5) scheme implemented in Scipy

[179] with default solver options.

4.2.3.2 Model calibration

In the next step we fitted the model to the data from the pilot experiment by min-

imising the RMSE between the observed and the predicted fluorescent areas. We

fitted a total of eight parameters, ~θ = (rS, rR, K, dD, α, β, S0, R0). The reason why

we included the initial conditions for S(t) and R(t) (S0 and R0, respectively) as

parameters was to account for the imprecision in seeding precisely 5000 cells. The

bounds imposed on each parameter are shown in Table 4.1. These were derived from

a combination of discussions with Professor Damaghi, and a review of the literature.

Optimisation was carried out using the basinhopping() routine in Scipy [179], with

default settings and a maximum number of 50 optimisation steps. For each spheroid

we performed 25 independent fits from different initial conditions, and the best fit

(lowest RMSE) was taken forward for further analysis. An overview of the best fit

for each spheroid is shown in Figure C.1 in the appendix.

As we discussed in Section 4.2.2.2, most spheroids underwent an initial expansion

and contraction which could not be explained as being the result of cell kill caused by

treatment. In preliminary experiments we found that this can cause problems for the

fitting routine as the model struggles to reconcile these rapid initial dynamics with

the slower subsequent growth (not shown). We, therefore, decided to calibrate the

model based only on the data from day 35 onwards, in line with our earlier analysis

focussing on this second part of the experiment. In order to reduce the noise in the

data we averaged it over 2 day intervals.
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4.2.3.3 Schedule optimisation

Having fitted the model, we next assembled our virtual spheroid cohort and used it

to predict an improved treatment schedule. For each of the two cell lines, the cohort

consisted of the best fits for each of the 32 spheroids which had been subjected to

treatment. That is, if ~̂θj denotes the best fit parameter combination for spheroid in

well j, then the cohort for UWBWT cells is given by C =
(
~̂θj

)
j∈SWT

, where SWT
is

the set of treated UWBWT spheroids, and similarly for the UWB+BRCA cohort. Fits

from untreated tumours were excluded because no treatment information had gone

into calibrating their treatment parameters.

We then carried out optimisation to find the treatment schedule, ~x, which min-

imised the following two-part, objective function:

J (~x; C) =
∑
~̂θj∈C

1

TEnd

TEnd∑
t=0

AF(t; ~̂θj)︸ ︷︷ ︸
Mean Spheroid Size

+wAF(TEnd; ~̂θj)︸ ︷︷ ︸
Final Spheroid Size

, (4.9)

where C is the cohort for which we were carrying out optimisation, and TEnd is the

length of the experiment in days. The reason why we chose to minimise both the

time-averaged tumour size as well as the final size was that if we only targeted the

latter, then the resulting schedules would simply delay treatment until the end of

the experiment (not shown). This is because the tumours then finish at their nadir,

as resistance has not had time to emerge, but it leaves the spheroids to grow in an

uncontrolled fashion for most of the experiment. The multiplier w ∈ R+ sets the

relative weight that is given to minimising the average and final tumour size. We

tested different values of w and finally settled on a value of w = 1.25, which we found

to provide a good trade-off between global and final size reduction.

The plan for the experiments was as follows: after letting the spheroids aggregate

for a week, they would be treated every Tuesday and Friday for a total of TEnd = 73d,

starting on a Friday. We therefore explored candidate schedules that consisted of a

sequence of 19 treatment intervals, ~x = (
{
tStart
n , tEnd

n , Dn

}
)19
n=0, where tStart

n and tEnd
n

are, respectively, the start and end time of each interval. Dn is the drug concentra-

tion in the medium, which is administered on day tStart
n and is assumed to remain

constant until tEnd
n . Since the timing of the treatment is fixed by the Tuesday/Friday

schedule of the experiment, this yields a discrete optimisation problem consisting of

the identification of the optimal sequence of the 19 doses to administer. To reduce

the size of the search space and to ensure that the prescribed doses were practical to

130



administer, we restricted the possible values for Dn to be one of Dn ∈ {0, 5, 10}µM.

Despite these constraints this still left over 1 million candidate schedules to explore.

To solve the resulting discrete optimisation problem we employed a genetic algo-

rithm (GA). These algorithms gradually evolve a population of candidate solutions

through a process mimicking Darwinian evolution. At each generation, the best

performing (“fittest”) candidates within the population are selected, and then re-

combined and mutated to produce the offspring population for the next generation.

We implemented the GA using the DEAP package in Python [205], using as simple a

structure as possible. We carried out selection using so-called “tournaments” in which

five schedules are randomly picked at a time and the fittest is allowed to contribute

one offspring to the next generation. Tournaments are sampled with replacement

so that a schedule can potentially contribute multiple offspring. Subsequently, vari-

ation is introduced into the offspring. We implemented two types of variation: i)

“mutation” in which one of the doses in the schedule is changed randomly, and ii)

“cross-over” in which two schedules randomly exchange their recommendations for

one of the treatment intervals. During the variation step, cross-over is applied first,

followed by mutation, where, each time, a solution has a 50% chance of being al-

tered. We carried out optimisation using a population size of 500 schedules, initiated

randomly, and evolved it for a total of 100 generations. We also tested alternative op-

timisation parameters to those above, but found none which improved on the results

(not shown). The final schedule for each cell line is given in Table 4.2.

4.2.3.4 Experimental methods

The experimental protocol was the same as in Section 4.2.2.2, except that this time the

cells had been fluorescently labelled using red fluorescent protein (RFP). In addition,

the initial treatment-free aggregation period was shortened from 10 days to 7 days.

As before, images were analysed by Mr Wicker using a re-calibrated version of the

algorithm from Section 4.2.2.2. All post-hoc analysis was carried out by myself.

4.2.4 Results

4.2.4.1 The model recapitulates tumour growth and yields plausible treat-
ment schedules

To begin with, we attempted to fit the model to all spheroids using a single, shared

parameter set. This failed to provide a good fit (not shown). To address this issue, we

fitted the model to each spheroid individually. In Figure 4.5a we show example fits for
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Table 4.2: The improved treatment schedules predicted by the mathematical model.
Columns labelled UWBWT and UWB+BRCA give the recommended dose.

Interval Date Week Day UWBWT

(in µM)
UWB+BRCA

(in µM)
0 27.07.2018 Friday 10 10
1 31.07.2018 Tuesday 10 5
2 03.08.2018 Friday 10 10
3 07.08.2018 Tuesday 0 0
4 10.08.2018 Friday 10 10
5 14.08.2018 Tuesday 0 5
6 17.08.2018 Friday 10 0
7 21.08.2018 Tuesday 5 10
8 24.08.2018 Friday 10 0
9 28.08.2018 Tuesday 0 10
10 31.08.2018 Friday 10 0
11 04.09.2018 Tuesday 0 10
12 07.09.2018 Friday 10 5
13 11.09.2018 Tuesday 0 10
14 14.09.2018 Friday 10 10
15 18.09.2018 Tuesday 10 0
16 21.09.2018 Friday 5 10
17 25.09.2018 Tuesday 10 10
18 28.09.2018 Friday 10 10
19 02.10.2018 Tuesday 10 10
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spheroids from each of the different treatment branches for the UWB+BRCA cell line.

We find that despite its generic nature, the model can now describe the dynamics for

most spheroids well (median r2 = 0.58; see also Figure C.1 for an overview of all fits).

At the same time, we also find evidence for issues with parameter identifiability. For

example, for the spheroid in well A1, the model predicts that it consists entirely of

resistant cells (Figure C.1). This is unlikely to be true, but because no treatment was

administered in this well there is no information for the model on the basis of which

to differentiate between drug-sensitive and resistant cells. As a result, we decided to

exclude fits from untreated tumours when predicting an improved schedule.

In order to model the heterogeneity in treatment response and address the un-

certainty in the model parameters, we assembled a virtual cohort, composed of the

fits of each treated spheroid. Based on this cohort we derived the schedules shown in

Table 4.2, which are intended to minimise tumour growth across the cohort. We find

that, even though the two schedules are designed for different cell lines, they share a

similar structure: To begin with, there is a treatment intense, lead-in phase, which

is followed by a period of intermittent treatment in which doses alternate between

0 and DMax. Towards the end of the experiment, both regimens then recommend

CT at MTD. The intermittent-like structure of the proposed schedule is consistent

with the success of IMT in the UWB+BRCA cells. Similarly, the fact that the UWBWT

schedule recommends a slightly higher cumulative dose than the UWB+BRCA schedule

(140µM vs 135µM, respectively) matches the better performance of high dose CT in

the UWBWT cells. That being said, the overall similarity between the two schedules

for the two cell lines is unexpected, given the differences between the cell lines in

the in vitro experiments. Furthermore, we note that the intermediate dose of 5µM is

recommended only rarely and without a clear pattern, even though AT1 performed

well in both experiments. This suggests that the model predicts that a dose skipping

approach is superior to dose modulation in this setting.

4.2.4.2 The virtual cohort approach captures both quantitative and qual-
itative differences in treatment response between spheroids

To better understand why the schedules in Table 4.2 were predicted to improve out-

come, we studied the associated treatment responses in more detail. We will discuss

here the results for UWB+BRCA, but similar observations hold true also for UWBWT.

We find that the model predicted a range of different outcomes across the spheroids

in the virtual cohort (Figure 4.5b). In addition, whilst in some cases the optimised
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Figure 4.5: Analysis of the model-derived schedule for the UWB+BRCA cells. (a)
Representative model fits to spheroids from the pilot experiment from each of the
different treatment branches. Shown is the best fit in each case. (b) Prediction of
the tumour’s trajectory under the model-derived treatment schedule, based on the
fits shown in (a). (c) Model parameters associated with the fits in (a) and (b). To
allow plotting on one axis, each parameter is scaled relative to its range (0%: lower
bound; 100%: upper bound). For the definition and bounds of each parameter, see
Table 4.1.

schedule was predicted to perform significantly better than the schedule that was ac-

tually administered to this spheroid in the experiment (Figures 4.5a & b; left panel),

in other cases the opposite was true (Figures 4.5a & b; right panel). While we did

not have data to validate the proposed intra-tumoral dynamics, this showed that,

at least phenomenologically, our cohort approach had been successful in capturing

possible heterogeneity in treatment responses. Moreover, the modelled heterogeneity

was both quantitative as well as qualitative: not only were there quantitative differ-
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ences in how much an individual spheroid was predicted to benefit from the optimised

schedule but, in fact, some spheroids were predicted to require a different schedule to

others.

4.2.4.3 Differences in model predictions are driven by differences in the
treatment schedule of the training data

Next, we investigated what was underlying the heterogeneity in the virtual cohort.

We found that how a spheroid was predicted to respond to the optimised schedule de-

pended strongly on the calibration data underlying that fit (Figure 4.5a & b). When

trained on data from a spheroid treated with CT, the model inferred dominance of

sensitive over resistant cells in the absence of treatment (S0 > R0 and rS > rR; Figure

4.5, left column). Thus, for CT it predicted competitive release, whereas for the opti-

mised schedule it predicted that drug sensitivity in this spheroid would be maintained

by a combination of competitive suppression, and re-sensitisation during the breaks

(Figures 4.5a & 4.5b; left panel). In contrast, if the model was calibrated with data

from a spheroid that underwent IMT, the model predicted an initial dominance of

resistant cells (R0 > S0 and rR > rS; Figure 4.5c). Because of the long breaks and

the high re-sensitisation rate, β, the resistant population was predicted to be held at

bay during IMT. However, when treated with the optimised schedule, the breaks were

shorter and treatment was escalated towards the end, so that the model predicted

that the “optimised” schedule would actually perform poorer on this spheroid than

IMT. Two further scenarios were observed in fits derived from spheroids treated with

either AT1 or AT2.

These results provide two insights. Firstly, there is a strong influence of the

training data, in particular the treatment schedule, on the subsequent treatment pre-

dictions. This is likely because it determines which parameters can be identified, and

indicates that careful thought is required when selecting the data for calibrating a

treatment model. Secondly, this shows that the final schedule obtained by our optimi-

sation is not optimal in that it yields the best result for every spheroid in the cohort.

Instead it is a compromise between the requirements set by different possible scenar-

ios. Depending on whether these scenarios actually occur in the experiment, and at

what frequency, we may see the schedule perform better or worse than expected.

4.2.4.4 The model-predicted schedule fails to improve outcome in vitro

In the final step, we asked Professor Damaghi to test our model-derived schedules

in vitro. Because of insufficient resources, the experiment had to be limited to only
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one of the two cell lines. We decided to test the UWB+BRCA schedule because of

the promising results of IMT in these cells during the pilot experiment. Aside from

the model-derived schedule (Math; Table 4.2, right column), Professor Damaghi also

trialled the CT and the AT1 adaptive schedule. Figure 4.6 shows the results of this

experiment. We find that the model-predicted schedule (Math) performs more poorly

than either CT or AT1. Whilst both CT and AT1 were able to induce temporary

reductions in the tumour growth rate, the Math treated spheroids grew almost iden-

tically to the untreated tumours. That being said, the treatment effect was relatively

small and after about 40 days the different treatment branches were all indistin-

guishable from each other, and from untreated tumours. In addition, whenever the

medium was changed, the spheroids were moved slightly, which could make them look

bigger or smaller, or bring them out of the plane of focus of the camera (Figure C.2).

Given that the resulting measurement error was on the order of magnitude of the

differences between treatment branches, it was difficult to draw strong conclusions

about the performance of each schedule. As a result, Professor Damaghi decided to

terminate the experiment early.

4.2.4.5 Heterogeneity in response to Math schedule in vitro agrees with
that predicted by the model

In order to understand why the Math schedule performed poorly, we studied the

treatment trajectories of individual spheroids in the experimental cohort. We find

that, as expected, there was heterogeneity in the responses, with some spheroids

being controlled by treatment, whereas others escaped (Figure 4.7). Moreover, there

was qualitative agreement between the different types of responses observed in vitro

and those predicted by the model (compare Figure 4.7a to Figure 4.5b). While

this observation does note validate the mechanism by which the model predicts how

heterogeneity arises, it does show that the heterogeneity captured within the virtual

cohort is realistic.

4.2.5 Discussion

The aim of this section was to test whether we could use a simple mathematical model

of the interactions between sensitive and resistant cells to develop a more effective

PARPi treatment schedule in ovarian cancer. We adapted the mathematical model

by Smalley et al [114], which is similar to that which we had studied in Chapter 2,

and calibrated it using data from an in vitro spheroid model, provided to us from a

collaborator. We found that despite its simplicity, the model was able to represent the
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spheroid growth dynamics, and we were able to derive a plausible treatment schedule,

which was subsequently tested back in the wet lab.

One of the key challenges we faced in our approach was calibrating the model.

Even though the data were collected frequently, they only provided us with a measure

of the total tumour size. As a result it was difficult to identify certain parameters

with confidence (e.g. switching rates), and there was a strong influence of the calibra-

tion treatment schedule on the values of the inferred parameters. The latter can be

explained by the fact that a schedule with both on- as well as off-treatment periods

provides more information on both sensitive and resistant cell growth, than one in

which treatment is mostly on or off. This indicates that it is likely we were overfitting

the data. One approach to overcome this problem could have been, for example, to

more carefully integrate the data from different treatment branches via a hierarchical

or mixed effect model [25, 206, 207]. This would have also allowed us to make use of

the untreated control data, which we have neglected in our current approach.

To account for the uncertainty in the model parameters, we optimised the treat-

ment schedule not for a single, but for a cohort, of different model fits. Virtual cohort

approaches are increasingly being used to compare different treatment protocols in

the pharmacometrics community and in industry (e.g. [87, 208, 203, 81, 209]). Again,

mixed effect models provide a very intuitive and powerful approach for capturing inter-

subject variability. To do so, distributions are estimated for the relevant parameters

which are then sampled to simulate the range of plausible dynamics. However, this

requires detailed understanding of the correlation between model parameters, in order

to ensure that the sampled parameter combinations still produce realistic behaviour

[209]. Because of the time constraints (we only had 6 weeks available), we instead

decided on a simpler approach in which we assembled our cohorts directly from the

best fit for each of the treated spheroids. This was meant to ensure that each “virtual

spheroid” was reflective of responses which had actually been observed in vitro. That

being said, if this work was to be repeated it would be better to use a mixed effect

framework. Software packages, such as Monolix©(Lixoft) or NONMEM©(ICON),

provide powerful tools for the development of mixed effect models, and facilitate

access also to those not familiar with the technique.

Nevertheless, our results show that the virtual cohort we assembled in this fashion

does successfully capture heterogeneity in treatment response in which some spheroids

will be controlled by the model-predicted schedule, and others will not. Moreover, the

predicted trajectories do phenomenologically mimic those observed in vitro. While
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the mechanisms by which the model predicts heterogeneity to arise remain to be

validated, this does suggest the approach has potential.

However, just because we can account for heterogeneity does not mean we can

manage it. Our aim was to find a schedule that works robustly for different assump-

tions on the spheroid’s eco-evolutionary dynamics. To do so, we minimised tumour

growth across the cohort. We identified two challenges: Firstly, careful choice of

the objective function is required. Secondly, when optimising across several different

model parameterisations simultaneously, the final schedule was a compromise between

the requirements set by the different scenarios. As a result, it was predicted to im-

prove outcome only for certain conditions, whereas in others it made little difference

or was even predicted to worsen outcome. With more knowledge of the underlying

biology, we could potentially weigh the different parameterisations to ensure outcome

is improved in those scenarios which are most common in reality. That being said,

the problem that treatment remains optimised only for a subgroup of cases persists.

To sum up, in this section we performed open-loop control on a simple model of

sensitive-resistant cell competition in order to try to derive a better treatment sched-

ule for PARPi treatment of ovarian cancer spheroids. We found that even though the

model described overall tumour growth well, the predicted schedule did not improve

on CT or an adaptive AT1 schedule. A key issue was heterogeneity in the treatment

response. This is what we will seek to address in the next section.

4.3 Individualised, closed-loop optimisation of PARP

inhibitor treatment in ovarian cancer

4.3.1 Introduction

AT is a multi-faceted concept, which incorporates both the notion that treatment

should be adapted based on the tumour’s response, as well as the idea that by de-

escalating treatment we can leverage intra-tumoral competition for resistance control.

In the previous section, we attempted to do the latter without the former. We aimed

to leverage competition by incorporating it into the model with which we determined

the treatment - but once the schedule was set we did not modify it. A key issue

with this approach was that in silico, as well as in vitro, the schedule worked well for

some spheroids whereas for others it did not. This suggests that treatment should

be more carefully tailored to the competition and response dynamics of an individual

spheroid.
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Figure 4.8: Spaghetti plot showing different model predictions for the trajectory
of Hurricane Irma in September 2017. Each line represents a different model, or
model parametrisation. Examining different models allows us to gage the uncer-
tainty in the predictions, and perform more robust emergency preparations. Repro-
duced with permission from the South Florida Water Management District webpage
(www.sfwmd.gov).

Our work in the previous section also revealed that it was difficult to determine

with certainty, from the data at hand, what mechanisms were driving the treatment

response. To address this issue we had based our predictions, not on a single model

parameter set, but on a cohort of plausible values. However, given we were unable

to fit all the data with one parameter set, this suggests that the model we used

provided an incomplete description of the underlying dynamics. Traditionally, in

mathematical oncology, at this point we would carefully review the biology and seek

to develop a more accurate model. While we subsequently did so (see Chapter 5),

we first wondered whether we could get around this problem by working, not with a

single, but with an ensemble of different models.

Independent of how carefully we refine models, they will always remain simplifi-

cations, and as such falsifications, of the reality [210]. As mathematical models make

their way into clinical decision-making, even with carefully chosen models and model

systems, there will always be uncertainty about whether the model captures all the

relevant dynamics within a particular patient. A cautionary example of this can be

seen in weather forecasting: Despite the huge amount of effort that has gone into

model development, and the vast amounts of data that are collected for calibration
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every day, uncertainty in the predictions remains. Nevertheless, these models are

used to guide important decisions, such as which regions to evacuate when a hurri-

cane approaches. To take into account the uncertainty about the precise underlying

physics, or model parametrisation, the predictions of different models are considered.

These are typically visualised as “spaghetti plots” as shown in Figure 4.8, where each

line represents a plausible path the hurricane may take. The predictions are then

compared with the observed trajectory of the storm, in order to determine which

model (or models) capture the dynamics most accurately. Based on this assessment,

guidance is then issued, and decisions are made.

Given that mathematical models of human cancers are less advanced than weather

models, and given that available data for calibration are a lot sparser, we hypothesise

that uncertainty about whether a model accurately describes a patient’s disease will

be an important challenge to overcome in integrating models into clinical decision-

making. In light of this, we decided to explore whether we could adapt the idea of

using a model ensemble, in order to address the uncertainty about the biology in

the current experiment. We developed a simple proof-of-concept algorithm which we

tested in the next round of Professor Damaghi’s experiments. In the following, we

will first describe our framework, and subsequently discuss its performance relative

to CT, AT1 and AT2 in vitro. To the best of our knowledge, this is the first time

an ensemble has been used in cancer treatment modelling, and while our results are

preliminary, they do demonstrate some of the potential benefits of such an approach.

Moreover, our work identifies important questions which require future investigation.

4.3.2 The framework

4.3.2.1 Overview

The aim of our approach was to deliver individualised treatment recommendations,

which were updated each treatment day, based on the most recent data. Moreover,

to account for the uncertainty about the underlying biology we wanted to base our

decisions not on a single model, but on an ensemble of different models. In this

fashion we could explore different plausible scenarios about the biology, and consider

the treatment recommendation in each case.

Importantly, what was of interest to us was the degree to which the models agreed

on which treatment decision was the best to take. If all models agree on a sched-

ule as being the best way to treat the spheroid, then we can adopt this schedule

with confidence: independent of the exact spheroid biology, as represented by the
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Figure 4.9: A closed-loop, ensemble-based method for treatment decision making.
Decisions are made not based on a single, but on an ensemble of models, representing
different assumptions about the underlying biology. At each decision point, each
of the models in the ensemble is calibrated with the most up-to-date data, and is
used to make a prediction about the optimal treatment schedule. Subsequently, these
predictions are compared with each other, to identify the schedule with the most
support, which is then administered.

different models, there is no alternative decision which will yield a better outcome.

Importantly, this does not imply that the models necessarily agree on the quantita-

tive benefit of the predicted schedule, or even that the proposed schedule achieves

a particularly good tumour size control. But it does mean that within the options

available to us, there is no better alternative. Conversely, if the recommendations

vary between models, or even between fits of the same model, then this indicates that

the models need to be scrutinised carefully, to choose the one in which we have the

most confidence.

With this in mind we developed a proof-of-principle framework based on an en-

semble of six ODE models. Broadly, our approach involved four steps, which were

carried out individually for each spheroid every 3-4 days in order to determine which

dose to administer next (Figure 4.9):

1. Data Processing: To begin with, we processed the most recent imaging data

to obtain up-to-date information on the spheroid’s treatment response.

2. Model Fitting: In the next step, we fitted each of the models in our ensemble

to the available data.

3. Treatment Prediction: Subsequently, we carried out in silico optimisation

on each of the models in order to obtain their treatment recommendation.
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Figure 4.10: The typical weekly schedule during the course of the experiment. Treat-
ment decisions were made on Mondays and Thursdays, when the growth medium was
changed. Data export and transfer took 2-3 days and so was started as soon as the
medium change had been carried out. Once processing of the most up-to-date data
was completed, the fitting and optimisation pipelines were started. When these steps
had been completed (12-24 hours), the treatment decision for the next time interval
was made, the treatment administered, and the process repeated.

4. Ensemble Decision-Making: Finally, we integrated the recommendations of

the different models to decide which treatment dose to administer.

In the following, we will first introduce the model ensemble, and subsequently

discuss each of the steps in detail. The typical weekly schedule of the experiment

is illustrated in Figure 4.10, indicating the timing of the different steps. One added

complexity in carrying out this experiment was that the laboratory work was carried

out by Professor Damaghi in Tampa, whereas I was based in Oxford at the time.

By making use of the high performance computing facilities at the Mathematical

Institute in Oxford, I was able to carry out all computations within a day. However,

transferring the images, so that I could process them, represented a significant time

bottleneck (Figure 4.10).

4.3.2.2 The model ensemble

While, in principle, there are many different models one could explore, our main

hypothesis was that it would be intra-tumoral competition which would allow us to

improve TTP. Thus, we assumed in all models that the spheroid was divided into

drug-sensitive and resistant cells, and we focussed on two aspects which Chapters 2

& 3 had identified as being crucial in choosing a treatment schedule which aims to

exploit competition: i) the strength of competition, and ii) the rate at which cells

switch between sensitive and resistant states.

We explored a total of six different models (Table 4.3). These represented a

combination of three different models of competition, and two assumptions about
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Table 4.3: The ensemble of models used to guide treatment decisions. Model: Name
of model; GL: growth law; Swg: Switching; #Ps: Number of parameters; D̂(t) =
D(t)/DMax. For a description of each model parameter, see Table 4.1.

Model GL Swg? #Ps Equations

E-NS Exp. No 4

dS

dt
= rSS − dDD̂(t)S

dR

dt
= rRR

E-S Exp. Yes 6

dS

dt
= rSS − dDD̂(t)S − αD̂(t)S + β

(
1− D̂(t)

)
R

dR

dt
= rRR + αD̂(t)S − β

(
1− D̂(t)

)
R

L-NS Log. No 5

dS

dt
= rS

(
1− S +R

K

)
S − dDD̂(t)S

dR

dt
= rR

(
1− S +R

K

)
R

L-S Log. Yes 7

dS

dt
= rS

(
1− S +R

K

)
S − dDD̂(t)S − αD̂(t)S + β

(
1− D̂(t)

)
R

dR

dt
= rR

(
1− S +R

K

)
R + αD̂(t)S − β

(
1− D̂(t)

)
R

S-NS Sph. No 4

dS

dt
= rS

S
3
√
S +R

− dDD̂(t)S

dR

dt
= rR

R
3
√
S +R

S-S Sph. Yes 6

dS

dt
= rS

S
3
√
S +R

− dDD̂(t)S − αD̂(t)S + β
(

1− D̂(t)
)
R

dR

dt
= rR

R
3
√
S +R

+ αD̂(t)S − β
(

1− D̂(t)
)
R
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switching (either it was possible, or not). The reason we chose to vary the strength

of competition was that in Chapter 3 we found that the Lotka-Volterra model can

provide a poor representation of the competition within a tumour, resulting in the

over- or under-estimation of the benefit of treatment breaks. In addition, several prior

studies have shown that the logistic growth model provides a poor fit to spheroid

growth data (e.g. [148, 41]). Therefore, we explored the following three models:

1. Exponential Growth: Both populations grow exponentially and indepen-

dently from each other. This model was meant to serve as a “worst case”

scenario, both in terms of the speed of tumour growth, as well as in terms of

the gain from competition (more specifically, the lack thereof).

2. Logistic Growth: Both populations grow logistically and interact in a Lotka-

Volterra fashion, which assumes growth inhibition from competition is linearly

proportional to overall cell density. This was chosen because it is the most

common model to have been used for AT, and because it was successful in the

in vivo experiment by Smalley et al [114].

3. Spherical Growth: The cells are assumed to grow as a sphere in which only

the cells on the surface of the sphere can divide. As such, competitive inhibi-

tion is proportional to both the spheroid’s surface area as well as the relative

abundance of each population (see below for details).

While the first two options are classical choices from the literature, the spherical

growth model was specifically designed by us to provide a more accurate representa-

tion of the spheroid’s growth dynamics. It is inspired by the von Bertalanffy growth

law [38], which has been shown to fit tumour growth well [148, 41]:

dV (t)

dt
= rV 2/3,

where V (t) is the tumour volume, and r its growth rate. The assumption underlying

this model is that the tumour grows as a perfect sphere, and that only the cells

on its surface are able to divide. Thus, the number of dividing cells is taken to be

proportional to the sphere’s surface, V 2/3 [38].

To incorporate the interaction between two cell populations, we extended this

model as follows. Assuming the spheroid is composed of sensitive and resistant sub-

populations, its volume is given by V (t) = VCell(S(t) + R(t)). Thus, its surface area

and so total number of dividing cells is proportional to (S(t)+R(t))2/3. Assuming that
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sensitive and resistant cells are homogeneously distributed throughout the spheroid,

the fraction of sensitive cells on the surface is proportional to:

S(t)

S(t) +R(t)
(S(t) +R(t))2/3,

and vice versa for resistant cells. Assuming no switching between cell states, this

yields the following set of equations for S(t) and R(t):

dS

dt
= rS

S(t)

S(t) +R(t)
(S(t) +R(t))2/3 − dDD̂(t)S

dR

dt
= rR

R(t)

S(t) +R(t)
(S(t) +R(t))2/3

where D̂(t) = D(t)/DMax, rS and rR are the cell growth rates, and dD is the drug kill

rate. Simplifying the first term in each equation, and optionally adding switching,

then gives the equations in Table 4.3.

We note that both the exponential and the spherical model allow for unbounded

growth of the spheroid. While this is unrealistic in the long run, it is is plausible for the

shorter time periods over which we will seek to perform optimisation. Conversely, the

logistic model makes the more realistic assumption of a maximum size K. However,

inferring this size before it is reached is difficult, and the logistic growth model has

been shown to be prone to underpredicting growth as a result [41, 211]. We reasoned

that by including all three options (fast unbounded, slow unbounded, and saturating

growth), the models might balance out each others’ weaknesses, and we would be

able to select the most appropriate model and treatment strategy.

The other aspect we decided to vary between our models was the rate of drug-

induced switching between sensitive and resistant cells. The reason why this distinc-

tion is important is our result from Chapter 2, that if there is no switching from one

state to the other, then it is always beneficial for resistance control to maintain sensi-

tive cells at the largest possible population size. In contrast, as Hansen et al [1, 126]

and Viossat and Noble [128] have shown, if a drug induces resistance in sensitive

cells, then it can be beneficial to reduce the size of the sensitive population (see also

Section C in the Appendix for an illustration of this). Thus, depending on the rate

of switching, we may want to take opposite treatment approaches.

While in principle the non-switching models in Table 4.3 are special cases of the

switching models (with switching rates set to 0), we decided to include them explicitly,

as we were uncertain whether we would be able to infer switching, or lack thereof, from

the data (see also the identifiability analysis by Greene et al [146]). By considering
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both options explicitly, we reasoned that we would be able to gain greater confidence

in our decisions.

Finally, we note that for all models we carried over the assumptions from the

previous section that the treatment level, D(t), was constant between treatment days

and changed in a step-wise fashion upon medium replacement.

As before, we implemented all models in Python and solved them using the

solve ivp() method in Scipy [179]. During the fitting, problems with stiffness could

sometimes arise, so we used the implicit, backwards differentiation method provided

in Scipy (BDF) to solve the ODEs.

4.3.2.3 Experimental setup

The experimental protocol remained similar to that used before. Cells were grown

as spheroids, with medium changes twice a week (Mondays and Thursdays), and

time-lapse imaging every 6 hours. However, because of their slow growth and weak

treatment response, Professor Damaghi decided to exchange the cell lines for faster

growing alternatives and increase the MTD to DMax = 100µM. UWBWT was sub-

stituted with A2780s, which also carries a mutation in BRCA, albeit BRCA2 [201].

UWB+BRCA was exchanged with TOV112d, which does not have a BRCA mutation

[201]. Their doubling times are about half those of the UWB cell lines (18h and

23h, respectively), and both produce a durable response to Olaparib when treated at

MTD (see also Figure 4.18). Due to the fast growth of the cells, no mammary ep-

ithelial growth supplement was used, and only two days were required for the cells to

assemble into spheroids. The cells were transfected with RFP to allow for fluorescent

imaging. Otherwise the same reagents and protocols were used as in Sections 4.2.2.2

& 4.2.3.4.

In addition to the model-driven AT strategy, Professor Damaghi also tested the

CT (at MTD), AT1, and AT2 schedules. The sample size for each cell line was 12

spheroids as untreated control, and 8 spheroids for each treatment branch, except for

AT1 where only 4 spheroids were treated. The experiment took 50 days.

4.3.2.4 The lead-in phase

At the beginning of treatment no data were available with which to calibrate the

models, so, initially, a different algorithm was required to decide which dose to ad-

minister. For this “lead-in phase” we decided to treat the spheroids for 1 week with

CT, followed by 2 weeks with the AT2 schedule. The 1 week of CT was recommended

to us by Professor Damaghi in order to establish initial control over the spheroids.

148



1. Data 
Processing

a) Export and 
Decrypt Images b) Transfer Files c) Segment 

Images
d) Check 

Segmentation

Figure 4.11: Overview of the steps involved in data processing.

The 2 weeks of AT2 were chosen to provide us with both on- as well as off-treatment

data. After this 3 week lead-in period, all decisions were driven by the model.

4.3.2.5 Data processing

In the first step of our pipeline, we obtained and processed the most recent imaging

data. While conceptually simple, this was the most time consuming step of all (Figure

4.10). Firstly, the images had to be exported from the IncuCyte machine via its

proprietary software suite (IncuCyte Zoom 2). Next, the images had to be decrypted

in order to allow them to be transferred to a non-Moffitt computer. File encryption

had been introduced just a few weeks before the start of our experiments to improve

cyber security at Moffitt. As the system was still in its early stages, and it had not

been foreseen that large amounts of raw data would be exported, this step was quite

slow: exporting 2-3 days worth of images took itself 2-3 days. All these steps were

carried out by Professor Damaghi, or his assistant, Ms Byrne.

Subsequently, we transferred the images to my computer in Oxford, where I seg-

mented them using the Python script written by Mr Wicker. During the pilot ex-

periments in Section 4.2 we had sometimes encountered problems with imaging or

segmentation, which resulted in distortion of the tumour’s growth trajectory (Figure

C.2). As the data in the current experiment would directly drive treatment deci-

sions, it was vital that they were accurately reflecting the growth dynamics of the

spheroid. To ensure the integrity of the data, I therefore manually checked each image

and its associated segmentation, and corrected distortions as necessary. Similar to

the previous experiments, we found that after a change in medium there was usu-

ally a discontinuity in the reported spheroid size (Figure 4.12a). One reason for this

was that after a change of medium, the fluorescence often temporarily dropped, but

then rapidly recovered (Figure 4.12b). Even though this resulted in discontinuities

in the data we decided not to alter or neglect these jumps, as they were part of the
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growth dynamics of the spheroids, and occurred at slightly different speeds for each

spheroid (see also Figure C.3). More problematic discontinuities were caused when

the spheroid was accidentally moved when aspirating the medium, so that it was now

imaged in a different orientation or from a different plane. This could result in the

analysis pipeline falsely reporting decreases or increases in tumour size, where there

were none. For example, when after a change of medium the image quality increased,

the segmentation algorithm could falsely indicate a decrease in tumour size, as it was

now able to detect the outline of the spheroid in finer detail (Figure 4.12c). Con-

versely, if the image was blurred, then this could inflate the reported spheroid size

(Figure 4.12d). Depending on how many images were affected, we either excluded

misleading (usually poor quality) images, or corrected the fluorescent area values so

that they more accurately reflected the size on the image.

Unlike what may be suggested by Figure 4.12, which was chosen for representative

purposes, there were relatively few problems overall (see Figure C.3 for an overview

of all spheroids). Generally, there were more problems with the A2780s cell line than

TOV112d, because of its more diffuse growth pattern. However, in both cases data

acquisition became more reliable as the tumour size increased. Where we did have to

make corrections, the modified values are typically consistent with the data observed

at subsequent times, indicating that our alterations were appropriate (Figure C.3).

4.3.2.6 Model fitting

After having processed the data, we used them to calibrate each model in the en-

semble. In trying to keep the complexity of the framework manageable, we decided

to drop the measurement model from Section 4.2. Instead we assumed that the ob-

served fluorescent area, ÂF(t), was simply directly proportional to the total tumour

cell density, N(t) = S(t) +R(t). Thus, the predicted fluorescent area, AF(t), is given

by:

AF(t) = θ(S(t) +R(t)),

where θ is a scaling factor, which we allowed to vary to account for differences in the

spatial organisation and fluorescence between spheroids. We justify the choice of the

linear model in three ways. Firstly, it is still able to fit the data. Secondly, a linear

model is often and successfully used in the literature, even when the relationship

between the measurement and the cell density is likely more complex (e.g. [148,

212, 114]). Finally, adding a non-linear measurement model may blur the differences

between the different growth laws in the ensemble.
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Figure 4.13: Overview of the steps involved in model fitting. Each of the six models
was fitted 100 times from different initial parameter guesses, which were selected using
an importance sampling based approach.

We fitted the model by minimising the RMSE between the observed fluorescent

area, ÂF(t), and the predicted areaAF(t). To do so we employed the least squares()

routine in Scipy [179], which uses a trust region method for minimisation. In pre-

liminary experiments we found this method to be faster performing than the basin-

hopping routine we used in Section 4.2 (not shown). Default optimisation options

were used for the least squares() method.

For each model we fitted all parameters, in addition to the scaling factor, θ.

Because we did not have data available from the first days of the experiment, we

found that the fitting routine struggled to delineate the impact of θ from that of the

initial conditions. We therefore constrained the initial conditions so that the initial

cell number equalled that which was seeded, S0 + R0 = 5000, and only allowed S0

to vary. The bounds imposed on each parameter were the same for all models, and

were decided on in consultation with Professor Damaghi. A summary can be found

in Table 4.4.

In order to account for the possibility that there may be multiple parameter

combinations which yield equally good fits, and in order to capture some of the

uncertainty in the parameter estimation, we fitted each of the six models 100 times

from different initial starting positions. Subsequently all 600 fits were taken forward

to the treatment prediction step.

Table 4.4: Bounds on the model parameters when fitting the models in the ensemble
(Table 4.3). The same bounds were used for all models. ∗Note: R0 was determined
from S0 as R0 = 5000− S0.

Bound rS rR K dD α β S0 R∗0 θ
Lower 0 0 0 0 0 104 0 0 10
Upper 10−2 10−2 10−2 10−2 10−2 107 5× 103 5× 103 200
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The challenge in selecting the 100 guesses from which to start the optimisation, is

to choose these in a fashion which provides as good a coverage of the parameter space

as possible. In Section 4.2 we selected these randomly, but this carries the risk that

some regions of parameter space with good fits may be completely missed, whereas

other, poor fitting regions may be over-represented. An alternative to this approach

is to take the guesses from an even-spaced grid in parameter space. But given the

dimensionality of our problems (the minimum number of parameters to be fitted was

five), this still typically produced more candidates than could be examined. As a

workaround, we adopted an approach inspired by importance sampling (Figure 4.13;

see Lambert [213] for an introduction to importance sampling). In the first step we

probed the parameter space by evaluating the fit of the model from all grid points on

an equi-spaced grid spanning the space. We constructed this grid by taking a sample

at each first and second tertile of each parameter value (1/3 and 2/3 the value along

its range). This gave two possible values per parameter, and a total of 2k candidate

initial conditions, where k is the number of parameters to be fitted. Next, from these

2k conditions we chose those 80 with the best fit and 20 with the worst fit to serve as

initial conditions for the fitting. The motivation to include the 20 poor fits was so as

to find possible alternative optima. If 2k < 100, then we used all points from the grid,

and chose any extra required guesses by repeating the points from the grid in order

of their goodness-of-fit. The parametrisation of this algorithm (number of samples

per parameter, proportions of good and bad candidates) were chosen in preliminary

experiments as a trade-off between balancing exploration of the parameter space and

computational cost.

4.3.2.7 Treatment prediction

In the next step, we used the 600 fits to assess different treatment options for the

upcoming treatment interval. In developing this part of the framework there were

three key design choices to make. Firstly, we had to decide over what time frame to

optimise treatment, the so-called optimisation horizon, H. If this horizon is too short

for resistance to arise, then the best choice will always be to treat as harshly as pos-

sible, as this will minimise tumour size in the short term. Conversely, the further we

predict into the future, the better we can leverage the ability of the models to foresee

the possible emergence of resistance, but also the greater the computational burden

of the optimisation problem. After discussions with Professor Damaghi we settled

for an optimisation horizon of H = 14d (four treatment intervals), as a biologically

reasonable time frame which was still computationally feasible.
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Figure 4.14: Overview of the steps involved in assessing possible treatment schedules
for the upcoming treatment interval. For each model and fit (600 total) all possible
vacation-based treatment schedules were simulated (D(t) ∈ {0, 100}µM), and evalu-
ated according to time-averaged spheroid size (Equation (4.10)).

The second question to address was the choice of objective function. Section 4.2

showed that optimising the final spheroid size will select for schedules which intensify

treatment towards the end of the optimisation horizon. This was true even when we

added the time-averaged spheroid size as a regularisation term. The success of late

intensification relies on the fact that the experiment finishes before the resistance it

releases becomes a problem. However, this approach is problematic in a closed-loop

setting, which does not finish at the end of the optimisation horizon. To avoid mis-

guided treatment intensification, we therefore decided to optimise schedules not by

the final, but by the time-averaged, size of the spheroid:

J (~x) =
1

H

∫ tn+H

t=tn

N(t; ~x) dt (4.10)

where ~x is the treatment schedule, and tn is the current treatment day.

Finally, we had to decide on the complexity of schedules to explore. Again, the

timing of treatment was predetermined by the experimental protocol, so that each

schedule was simply a vector of ~x ∈ ({Dn})3
n=0, where Dn is the treatment dose to

give n = 0, 1, 2, 3 treatment days from today. We decided to constrain ourselves to

vacation-based schedules, so that Dn ∈ {0, 100}µM, which we did for two reasons.

Firstly, it significantly reduced the size of the search space to 16 candidates, so that we

could avoid heuristic optimisation, and could instead examine all possible treatment

schedules. Secondly, for simplicity, the models in the ensemble assumed a linear

dose-response relationship. While this could capture switching between two drug

doses, it was likely to be inaccurate for predicting the effect of intermediate doses, as

dose-response curves are typically non-linear [214].
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Figure 4.15: The algorithm used for assembling the decision from the ensemble. We
chose a simple “majority rule” approach, in which the option which was recommended
by most of the fits was the one selected. In the case of ties, we manually reviewed
the evidence for each choice to make the decision.

To sum up, on each treatment day we leveraged the 600 model fits to simulate all

16 possible vacation-based schedules for the next two weeks (Figure 4.14). Based on

these predictions, we ranked the schedules according to the predicted mean tumour

size across the 14 day period, and selected the top schedule from each fit. In the final

step of our pipeline we then integrated these 600 recommendations to decide what

dose to administer.

4.3.2.8 Ensemble decision-making

The motivation to use an ensemble of different mathematical models was to gain an

understanding of the robustness of the predicted treatment schedule. In the final

step, we therefore compared the treatment recommendations made by each of the

600 fits (Figure 4.15). In the interests of simplicity, we employed a simple “majority

rule” approach. To do so, we counted for each of the four treatment days in the

two week optimisation window, how many of the fits recommended treatment that

day (Dn = 100µM) compared to a treatment vacation (Dn = 0µM). We then based

our treatment decision for that day on which of the two options was supported by

a greater number of fits. In the case of ties, we manually reviewed the evidence

for each choice. To do so, we followed the principle of AT and, unless the spheroid

was growing, or there was a significant difference in the goodness-of-fit between the

models advocating breaks or treatment, we selected breaks. This occurred a total of

six times during the experiment: four times in spheroid D5 (TOV112d), and twice in

spheroid G11 (A2780s; see also Figure 4.19).
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4.3.2.9 Statistical analyses

In order to compare the performance of our framework to that of the other treatment

strategies, we obtained and segmented the images using the image analysis pipeline.

However, we did not have the resources to manually check these images in the same

way in which we had checked those for the model-guided strategy. To avoid a bias in

the analysis due to the curation, we therefore used the raw, uncurated segmentations

when comparing the model-guided strategy to other schedules. All statistical analyses

were carried out in Python 3.6, using Scipy 1.5.1 [179] and statsmodels 0.9.0 [215].

4.3.3 Results

4.3.3.1 An example of the framework in action

The aim of this work was to test, in an in vitro setting, whether we could use an

ensemble of mathematical models to guide individualised, AT decision-making. In

Figure 4.16 we illustrate the application of our framework to one spheroid. To begin

with, the spheroid was subjected to a lead-in treatment in order to obtain calibration

data for the models. During this time we see an expansion when treatment is with-

drawn and a contraction when it is re-applied (Figures 4.16a & b). This indicates

that the spheroid can be successfully re-challenged after a break, which is encouraging

for AT.

After the lead-in period, we switched to model-guided AT to determine the next

drug dose. Following data processing, we fitted each of the six models 100 times to

the data, which yielded the fits shown in Figure 4.16c. There was close agreement

between the different fits of the same model for all but the E-NS model, indicating that

there was a single, well-defined optimum in each case. Moreover, all models concurred

in their prediction that the spheroid was made up almost entirely of sensitive cells,

although the E-NS model predicted more resistance than the other models (Figure

4.16c).

Aside from the inferred resistance fractions, there were also other differences be-

tween the models (Figure 4.16c). Firstly, the exponential and logistic models pre-

dicted a slightly larger initial spheroid size than the spherical models. One reason for

this uncertainty in the initial conditions was the paucity of data from the first days of

the experiment. This was because Professor Damaghi only started imaging the cells

on Day 4 of the experiment, as the machine was not available earlier. In addition, the

image quality was initially poor, so that reliable data for this spheroid were available
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Figure 4.16 (previous page): Example of using the ensemble framework to guide
individualised treatment decisions. (a) Tumour growth trajectory up to the current
day (here Day 23). As it was the first time the framework was used, only data from the
lead-in phase were available. The grey box depicts the upcoming treatment interval
for which a decision was required, together with the framework’s recommendation
to treat. (b) Representative images of the spheroid over time. (c) Fits of each of
the different models to the data (solid, blue lines), together with inferred size of the
resistant population (dashed, red lines). Each line represents one of the 100 fits, with
the hue of the colour representing the fit’s index (bright: 0, dark: 100; difficult to
see here because all fits concurred closely). Shading marks a 95% CI. Generally there
was close agreement on spheroid growth dynamics and resistant fractions between the
models and the runs of each model. (d) Optimal treatment schedule for the next 14
days according to each of the 100 fits for each of the six models. As all recommended
treatment, it was decided to treat that day.

only from Day 8 onwards. Thus, aside from the knowledge that a total of 5000 cells

were seeded, there was little to constrain the initial conditions with.

A second difference could be seen in the predicted rate of re-growth during treat-

ment breaks (Figure 4.16c). As would be expected, the exponential models (E-NS

and E-S) predicted the fastest, and the spherical model (S-NS and S-S) the slowest,

re-growth. That being said, all models over-predicted the growth seen during the

second treatment break, suggesting that none of them could fully explain the data.

Subsequently, we used each of the 600 fits to determine which combination of

treatment and vacation was predicted to minimise the mean tumour size over the

next two weeks. In this case, all fits agreed that the optimal strategy was to treat at

MTD for all four upcoming treatment intervals (Figure 4.16d). This held true even

for those E-NS fits which predicted a larger fraction of resistance. Given the strong

concordance between the model predictions, we decided to treat this spheroid that

day.

4.3.3.2 An example of disagreement in the model predictions

However, it was not always the case that the models agree closely. For example, in

Figure 4.17 we show the model predictions for a different spheroid from the same cell

line and from the same day. While this spheroid also responded to the re-challenge

during the lead-in phase, its response was slightly weaker and it remained on treat-

ment until the end of the lead-in period (Figures 4.17a & b). Interestingly, in this case

all models indicated a large fraction of resistant cells within the spheroid, although

the estimates for the size of the resistant population varied both within, and between,
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Figure 4.17 (previous page): Example of disagreement on the recommended treatment
strategy between models. (a) Tumour growth trajectory up to the current treatment
day (Day 23). The grey box depicts the upcoming treatment interval for which
a decision was required, together with the framework’s recommendation. In this
case, there was strong disagreement between whether one should treat or not. (b)
Representative images of the spheroid over time. (c) Fits of each of the different
models to the data (solid, blue lines), together with inferred size of the resistant
population (dashed, red lines). Each line represents one of the 100 fits, with the hue
of the colour representing the fit’s index (bright: 0, dark: 100). Shading marks a
95% CI. All models predicted a substantial resistance fraction, although the estimate
for its size and dynamics varied between models. (d) Optimal treatment schedule
for the next 14 days according to each of the 100 fits for each of the six models.
There was strong disagreement, with non-switching models advocating treatment
followed by breaks, whereas switching models recommended the opposite. Given the
continued drug response of the spheroid in (a), it was decided to follow the majority
recommendation and withhold treatment.

different models (Figure 4.17c). We observe that models with switching tended to

infer a slightly higher resistance fraction than the corresponding non-switching model

(e.g. S-NS vs S-S). In addition, the switching models predicted a re-sensitisation of

the spheroid during the treatment break, whereas in the non-switching models the

break was not predicted to have much of an effect. Accordingly, there were conflict-

ing treatment recommendations, with switching models suggesting treatment breaks

followed by a re-challenge, whereas non-switching models recommended the oppo-

site approach (Figure 4.17 d). Nevertheless, given that a slight majority of models

recommended a break (328 vs 272), and that between Days 15 and 20 the spheroid

had continued to respond well to treatment, we decided to withhold treatment in the

coming interval.

4.3.3.3 Model-guided AT can match, and even outperform, rule-of-thumb
based AT algorithms

By applying our framework as illustrated in Figures 4.16 & 4.17, we guided treatment

for 16 spheroids (8 per cell line) for a total of 27 days. In this process we made a total

of 8 decisions per spheroid. To assess the performance of our individualised approach

we compared it to CT, as well as AT1 and AT2 (Figures 4.18a &b). This showed that

our framework outperformed AT2, producing both smaller mean tumour sizes and a

smaller final tumour size (Table C.1). Also the comparison to AT1 was favourable,

especially in the A2780s cell line (Figure 4.18a). That being said, the sample size
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of the AT1 branch was small (4 spheroids), and the differences were not statistically

significant (Table C.1), so it was not possible to draw definite conclusions. Neverthe-

less, these results are promising, and indicate that it is feasible to use mathematical

modelling to guide AT decision making, and that doing so may produce better results

than simple “rule-of-thumb” algorithms such as AT1 or AT2 (see also Figure C.4 for

an overview of all spheroids).

4.3.3.4 Not adaptive, but continuous, PARPi administration maximises
tumour control

A somewhat unexpected result from our experiment was that the schedule that best

controlled the spheroids overall was CT (Figures 4.18a &b). This was contrary to

our hypothesis that CT would cause competitive release of resistant cells. While

spheroids under CT began to regrow, they did so at a very slow rate. In line with

this we note that the ranking of the schedules correlates with the cumulative amount

of drug administered (Figure 4.18c). CT, which performed best, administered the

most drug, followed by the model-guided schedule, AT1, and finally AT2.

4.3.3.5 Model-guided AT adaptively intensifies treatment

In the light of this observation, we note that the model-guided strategy administered

the most drug out of all adaptive strategies (Figure 4.18c). Moreover, when we

examine the schedules produced by our framework in more detail, we see that therapy

typically begins with a long period of CT (Figures 4.19a & b). This suggests that

the reason for the success of the model-driven strategy was not that it leveraged

competition more effectively than AT1 or AT2. Rather, these results indicate that

it was successful because it detected that treatment breaks did not have the desired

effect, and that a treatment-intense approach would be more successful.

Nevertheless, while the model-guided AT administered more intensive treatment,

it still did so in an adaptive fashion. Firstly, the more slowly growing TOV112d

spheroids saw earlier treatment withdrawal than the faster growing A2780s spheroids

(Figures 4.19a & b). In addition, there were differences between spheroids of the

same cell lines. For example, A5 was treated continuously, whereas B5 was treated

only sporadically (Figure 4.19b). We also note that even though the model-guided

schedule administered more treatment than the other adaptive schedules, it still used

significantly less drug than CT (Figure 4.18c).
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Figure 4.19: The treatment schedules produced by the model-guided AT framework.
(a) & (b) Schedules for the A2780s and TOV112d spheroids, respectively. (c) &
(d) Model recommendations for each spheroid for the two cell lines, respectively. ∗
denotes ties. In line with the superior performance of CT in the experiment, the
model-guided AT treated more intensely than the other adaptive strategies. That
being said, the degree of intensification was specific to each spheroid. For a plot of
the growth dynamics of each spheroid over time, see Figure C.3.

4.3.3.6 While in some spheroids there is strong concordance between
models, in others there is continued disagreement

One aim of using an ensemble of different models was to try to quantify the con-

fidence in treatment decisions. The more models agreed with a decision, the more

confident we could be that it would be the most effective action to take at this point

in time. In concordance with the observation that CT performed well, we find that

the recommendation to treat was regularly supported by all models (Figures 4.19c &

d ). Conversely, the decision to withhold treatment was typically contested. Only

twice did all models recommend a break (Spheroid H11). Moreover, we also here

observed heterogeneity between the cell lines and individual spheroids. Whereas in

the A2780s spheroids there was typically strong agreement between the models about

how to treat at each step (e.g. A11 or H11), in the TOV112 cells there was more

disagreement (e.g. B5 or D5). To sum up, this illustrates how examining not just a

single model, but an ensemble of different models, may potentially provide warning

signs, when a treatment approach is not working as planned.
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4.3.4 Discussion

In this section we presented proof-of-principle data on using an ensemble of models to

drive AT decision-making. Importantly, not only did we develop a theoretical pipeline,

but we also tested it on a real-life in vitro system. Our framework fitted six different

ODE models to each spheroid on every treatment day, and subsequently used each of

the 600 fits to predict the best vacation-based treatment strategy for the upcoming

two week time period. We find that our algorithm delivers individualised treatment

schedules which are unique to each spheroid and which, in a direct comparison with

the rule-of-thumb AT1 and AT2 algorithms, perform favourably.

To the best of our knowledge, this is the first time that an ensemble of different

models has been used to guide cancer treatment decisions. We assembled our ensemble

by varying two assumptions which Chapters 2 & 3 showed to be key for AT: i) the

growth law which describes the strength of intra-tumoral competition, and ii) the

rate of switching between sensitive and resistant cells. We find that the models could

fit the data, and provided scrutiny of the treatment decisions. While in some cases

all models agreed with a treatment decision, in other cases there was discord.

Interestingly, the decisions which tended to be contested were those on adminis-

tering treatment breaks. While this was contrary to our hypothesis that treatment

de-escalation would help with long-term tumour control, it does match our in vitro

result that not AT, but CT, is the best performing strategy in this case. This indi-

cates an unexpected, but important, potential benefit of model-driven AT: if designed

correctly, then such a framework could act as an early-warning system of when not to

proceed with AT. That being said, at this point we do not have sufficient evidence to

conclude whether the algorithm tested here “detected” that CT was the more advanta-

geous route, or whether its parametrisation biased it towards more treatment-intense

schedules. In subsequent extensions, it would be important to test our framework on

an experimental model system in which AT is known to be superior to CT.

However, before proceeding with more practical testing of the framework, this

pilot experiment has shown that there are a number of issues which should be ad-

dressed first. While the models can fit some of the dynamics, they are unable to

fully describe the spheroid’s treatment response, as shown in Figures 4.16c & 4.17c.

Also predictions, such as those in Figure 4.17c, that a majority of the spheroid is

resistant, seem unlikely to be true. Furthermore, a method should be developed to

account for the discontinuities in the growth curve caused by medium replenishment,

so that the model can distinguish these more reliably from treatment-induced changes
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in spheroid size. Perhaps a Hidden Markov Model [216] might provide a way to more

accurately connect predicted and observed spheroid sizes.

Moreover, a parameter sensitivity analysis should be carried out to better under-

stand the confidence with which the different model parameters may be inferred. In

particular, focus should be put on how to infer the initial resistance fraction and the

switching rates, which are important factors in deciding a treatment strategy. Greene

et al [146] have recently proposed an experimental protocol based on an identifiability

analysis on a model similar to Equations (4.3)-(4.4). It would be useful to incorporate

their work, also with a view towards identifying a schedule for the lead-in phase which

provides as much information about the tumour as possible, whilst not foregoing the

chance of a cure or of tumour control.

A further issue which should be addressed, is the timing of data acquisition.

Because of the delay caused by the decrypting process, we did not know the current

size of the spheroid, when making a treatment decision. Nor did we know its response

to the most recent treatment decision. This meant that we could not incorporate

the models’ predicted power into the decision-making, as would be done in weather

forecasting. There are two ways to address this issue: Firstly, the logistics should be

streamlined to avoid costly data transfer. Secondly, if lags remain, the timing of the

decision-making should be aligned with that of data acquisition. For example, we

could have updated our decisions every two treatment intervals, so that at least the

feedback on our first decision was available before making the next one.

Finally, an important question which warrants further investigation is how the

predictions of the different models in the ensemble should best be integrated. As

a proof-of-concept, we chose here a simple, majority-rule approach. However, our

work shows a number of pitfalls of this strategy. Firstly, it does not take into ac-

count how well each of the models fit, or predict the data. Even poor fits contribute

equally. Secondly, there is no memory of prior decisions in our framework which is

problematic in pursuing more long-term strategies. For example, while the switching

models in Figure 4.17 recommend a break for the upcoming two treatment intervals,

they subsequently advise to re-apply treatment. How can we ensure that such longer-

term plans are remembered in making subsequent decisions? Also, what should be

the relationship between the time horizon over which predictions are made, and over

which they are applied? Yeang and Beckmann [190] have shown that longer pre-

diction horizons yield better outcomes in their MPC framework. But the longer the

horizon, the greater also the computational burden of the optimisation problem [190].
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Future research should investigate this problem, drawing from experience with closed-

loop control systems in other areas of medicine, such as glucose control (the “virtual

pancreas” [217, 218]) or anaesthesia [219].

4.4 Concluding remarks

This collaboration provided us with valuable insights not only into how to improve

AT decision-making, but also into the challenges of translating treatment plans from

the screen to the lab bench. To conclude, we want to reflect on this unique and

formative experience.

We identify three main challenges. Firstly, we observed significant heterogeneity in

treatment responses between individual spheroids. This means that the parameters in

the model fits varied significantly, and what was predicted to be the best way to treat

one spheroid was not necessarily the best for another. While the field has developed

great expertise in optimising the schedule for an individual parameter set, little is

known about how to choose treatment schedules in light of this heterogeneity. How

robust are our schedules to such heterogeneity? Moreover, should we be optimising

the mean outcome, or should we be trying to reduce the extremes? Virtual cohort

approaches, which have become widely used in industrial PK/PD modelling, may

provide a tool kit to address these questions [79, 208].

A second important question is how do we respond to unforeseen interruptions,

and how do we proceed at the end of the optimisation period? For example, what

do we do if there is a data lag, or loss, as we saw in the ensemble experiment? Or if

treatment has to be given a day late or early, due to, for example, a holiday (or illness

in case of a patient)? These are problems not typically encountered when optimising

treatment in silico, but which play an important role as we move from the screen, to

the bench, or even bedside. It may be possible to learn strategies from the control

theory literature to address these problems, especially from closed-loop control.

Thirdly, while we have tight control over the mechanisms driving treatment re-

sponse in our models, this is not the case in real biological systems. Even in a well

controlled experimental system, we can never be sure that our model will capture

all relevant biology. As such, it is important to investigate how we can address

this uncertainty. Here we proposed an ensemble approach, inspired by ideas from

weather forecasting. While our framework has a number of limitations, our results

are promising, and we believe that they warrant further investigation. That being

said, the in vitro experiments are expensive and take a long time to run, which makes
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Figure 4.20: While essential, the in vitro experiments are time-consuming and costly.
As a work-around, we propose to next fine-tune our framework on other in silico
models before re-applying it in vitro. This will also allow us to explore how well
the framework would work if there was a mis-match between the models in the en-
semble and the tumour biology. As a proof-of-concept, we here present preliminary
work applying the framework to treat the ABM by Gallaher et al [124]. (a) Growth
trajectories of CT, AT1, and the model-driven strategy. Bars denote the treatment
schedule. (b) Snapshots from the simulations in (a). Here we only used 10 fits of
the L-S model to form the ensemble, which resulted in over-treatment of the tumour.
Next, it would be interesting to test whether the ensemble could overcome this prob-
lem.

it challenging to develop our framework further. As a work-around, we have started

experimenting with optimising it in silico first, by applying it to other tumour mod-

els. This allows us to run experiments in a number of days rather than weeks, and it

allows us to investigate what is the impact of having models in the ensemble that do
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not represent the true underlying biology. As an example, in Figure 4.20 we use the

L-S model to guide treatment of the ABM by Gallaher et al [124]. The ABM assumes

a spectrum of drug resistance, which is pre-existing, and which correlates inversely

with the cells’ division rates (see also Section 3.1.1). We find that the model-driven

AT performs similarly to CT, whilst using less drug, but worse than AT1, as it ad-

ministers treatment breaks too late. In the next step, it would be interesting to test

whether using the full ensemble of models can help to overcome this problem.

Furthermore, trialling model-derived schedules in the wet lab also comes with

experimental challenges. One needs to select a model system in which one can reliably

distinguish between the perturbation caused by the administration of treatment, and

the treatment effect. Moreover, for adaptive approaches, one requires timely and

reliable data. These are both points which we underestimated, and which are a

weakness of the work in this chapter. While the in vitro spheroid model provided a

good trade-off between realism and costs, changing the growth medium caused large

perturbations which confounded the true treatment effect. Animal experiments are a

more robust alternative, but are more costly and allow for less insight into the intra-

tumoral dynamics. Perhaps flow chamber systems [220], could provide work-arounds

in the future.

Finally, there are the challenges of building inter-disciplinary collaborations. For

example, while ideally we would have liked to work with an experimental model

system which was well understood, and for which plenty of data were available on

which to build a model, this was not what our collaborator was working on. Similarly,

while we would have liked to collect more calibration data and explore our models

in more detail before applying them, this would have been beyond the time scale of

our collaborator’s grant. We could have waited for a better opportunity to arise, but

it is questionable whether one would have appeared. By seizing this opportunity, we

learned valuable lessons, and established a connection which has allowed us to have

a more active say in the subsequent follow-up work.

In the next chapter, we will present this follow-up work. While we have focussed

so far on the merits of different AT strategies, in almost all experiments CT performed

as well, if not better than, AT. This suggests that treatment de-escalation of PARPis

has to be carefully planned. To conclude this thesis, we will investigate why this is the

case, and develop a more specific mathematical model to aid with future exploration

of PARPi scheduling.
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Chapter 5

Integrated experimental and
mathematical evaluation of the
opportunities for adaptive PARPi
treatment

5.1 Introduction

Ovarian cancer is a leading cause of cancer death in women [159]. For stage III or IV

disease, which comprises the majority of patients (70%), 5-year survival rates remain

below 30% [221]. PARPis have shown great promise, but recurrence remains a signif-

icant problem, especially in patients who have failed on first-line therapy [191, 222].

In the previous chapter, we investigated whether AT could help to delay progression

compared to CT, which is the current standard-of-care. However, we found that this

was not the case, and that CT provided the best tumour size control over the time

frame of the in vitro experiments. We now investigate why this is the case. Thanks

to the collaboration we had established with Professor Damaghi, I was able to receive

training in 2-D cell culture techniques in his laboratory. Under his supervision, I car-

ried out three sets of experiments aimed at better understanding PARPi treatment

response. Our results show that cells recover quickly once treatment is withdrawn, so

that treatment de-escalation has to be carefully planned. To help with this, we lever-

age our data to develop a mathematical model of PARPi response, and we present

preliminary results on how one might address the issues that we encountered with

the AT algorithms in the previous chapter. Overall, our work stresses the impor-

tance of carefully tailoring the AT algorithm to the clinical setting, and has potential

implications for the management of PARPi-related toxicities.
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Figure 5.1: The mechanism of PARPi-mediated cytotoxicity. PARPs are important
proteins in the repair of single strand DNA (ssDNA) breaks. But PARPis can trap
PARPs on the DNA, which results in stalled replication forks and DSBs during DNA
replication. Only cells with intact HR pathways can repair this damage, but tumour
cells are typically HR-deficient, and are thus killed (see the main text for abbrevi-
ations). Figure re-drawn and modified with permission from Noordermeer and van
Attikum [222].

5.1.1 Review of PARPi biology and clinical use

As we used relatively generic mathematical models in Chapter 4, we introduced little

of the biology underlying PARPi treatment. However, given that even an ensemble

of six different models was insufficient to adequately describe the dynamics, this

indicates that a more in-depth understanding is required. In the following we will

review the key principles of PARPi biology, resistance, and clinical use. Based on

this, and the set of experimental results in Section 5.2 we will propose an explanation

for the results from the previous chapter, and develop a more accurate mathematical

model of PARPi treatment.

5.1.1.1 The biological mechanisms of PARPi action

Tags consisting of short sugar chains, called poly-Adenosine Di-Phosphate Ribose

(PAR) chains, are important signals in managing the access to and the organisation

of the genome [191]. The family of 17 proteins responsible for attachment of these

tags to the genome are known as PAR polymerases (PARPs), and play a key role in

DNA repair [223, 191, 222]. PARPs, in particular PARP1 and PARP2, help to detect

single strand DNA (ssDNA) damage, and orchestrate the subsequent repair (Figure

5.1).
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PARPis inhibit this process and cause cell death through a combination of two

processes (Figure 5.1): i) PARP trapping, and ii) synthetic lethality (Figure 5.1).

Firstly, PARPis obstruct the catalytic site which is required for releasing PARPs from

the DNA [224]. Importantly, this not only prevents repair, but also traps PARPs on

the DNA, so that they become an obstacle to further repair, regulation and replication

efforts [191]. In particular, if the cell attempts to divide, the replication fork will stall

in this position, which causes cell cycle arrest, and can potentially also lead to double

strand breaks (DSBs; [223, 191, 222]).

The second important aspect of PARPi action is so-called synthetic lethality (Fig-

ure 5.1). The cell cycle arrest and DSBs caused by PARP trapping are not per se

lethal, but can be repaired via the homologous repair (HR) pathway. However, HR

is deficient in many tumours due to, for example, mutations in BRCA1 or BRCA2,

which are key orchestrators of HR [195, 194]. As such, HR-deficient (HRD) tumour

cells have to rely on more error prone backup mechanisms, and are likely to die from

the damage caused by PARPis [223, 191, 222]. It is estimated that around 50% of

ovarian cancer patients have mutations affecting HR [225].

5.1.1.2 PARPis in the treatment of ovarian cancer

There are currently three FDA-approved PARPis for ovarian cancer (Olaparib, Ru-

caparib, Niraparib), which differ mostly in which members of the PARP family they

target, and how well they are able to trap PARPs on the DNA [223, 191]. We focussed

our work on Olaparib, as it has been approved for the longest, and is the best studied

among the four. Olaparib is taken orally for two years after chemotherapy, unless

unacceptable toxicity occurs or the tumour progresses [226]. Because it is poorly

soluble and is cleared rapidly, with a half life of only 5-7h [227], pills have to be taken

twice a day. The MTD is 400mg per administration, although the recommended dose

is 300mg due to toxicity [228, 226]. The therapeutic window of Olaparib appears

to be quite wide, with reductions in efficacy reported only for doses below 200mg

[227, 229, 228]. Most patients (98%) report adverse events, such as nausea, fatigue,

and gastro-intestinal problems [17]. Around 40% of patients require dose adjustments

due to more serious Grade 3 or 4 events such as anaemia [17].

The benefit of single agent Olaparib maintenance in patients with BRCA mu-

tations has been demonstrated in two major Phase III trials. In newly diagnosed

patients, SOLO1 (NCT01844986) showed that Olaparib maintenance for two years

after the end of chemotherapy treatment increased median progression free survival

(PFS) from 14 months under placebo to 56 months [17, 197]. Similarly, SOLO2
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(NCT01874353) showed that in patients who were treated for recurrent disease, Ola-

parib maintenance was able to push back progression from a median PFS of 5.5

months to 19.1 months and, in addition, found a 12.9 month benefit in median over-

all survival [198, 199].

There are two key biomarkers of PARPi response in patients. Firstly, there is the

presence of BRCA mutations or other HRDs. For example, while Lederman et al [196]

found a significant PFS benefit of Olaparib for patients with a BRCA mutation, they

did not detect a benefit for patients who lacked a BRCA mutation. A second impor-

tant biomarker is the response to the prior round of platinum-based chemotherapy,

as these share common resistance mechanisms [191]. As such, the currently recom-

mended use for Olaparib maintenance is in patients with a BRCA mutation who have

shown at least a partial response in the previous round of platinum-based chemother-

apy [226].

5.1.1.3 PARPi resistance

Despite the success of PARPis in prolonging TTP, the majority of patients still see

their disease returning within five years, either whilst under PARPi treatment, or

after maintenance has stopped [197, 199]. Four main types of resistance mechanisms

have been identified, which interfere with PARPi action at different points during its

mode of action (Figure 5.2). For brevity, we will only outline these here, and we refer

to the excellent reviews by Noordermeer and van Attikum [222] and by d’Andrea

[223] for more biological detail.

Firstly, cells can up-regulate efflux pumps, such as the ABC transporters, which

allows them to clear drug from the cell. Secondly, the efficacy of PARP trapping

can become reduced, either through mutations in PARP1/2, or by changes in the

pathways which are responsible for triggering PARP release (loss of PARG). Thirdly,
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Figure 5.3: Representative microscopy images illustrating the phenotypes of the four
human cell lines which we investigated. Cells were seeded sparsely (5-10% confluence),
and left to grow, or treated at MTD for 3 days (5 days in the case of TOV112d).

cells can stabilise stalled replication forks, which allows more time for repair and

helps to prevent DSBs (e.g. loss of EZH2). Finally, cells can restore HR, either

through restoration of BRCA1/2 activity, or via re-routing of HR pathways to work

without BRCA1/2 support (e.g. down-regulation/loss of Shieldin factors, or 53BP1)

[223, 222].

Given the diversity of mechanisms by which cells may achieve resistance, hetero-

geneity is a significant problem in developing strategies to overcome PARPi resistance.

While re-establishment of HR is thought to be the most important mechanism [222],

Labrie et al [230] found that different cells even within the same patient may adopt

different ways to do so. Similarly, different cell lines show distinct gene expression

patterns in response to prolonged PARPi exposure [230]. Currently, the main strat-

egy to combat PARPi resistance is combination with other agents, such as CDK1 or

PI3K inhibitors, to suppress re-establishment of HR [223]. However, these approaches

suffer from the possibility of double resistance, and increased toxicity [223, 222].

5.2 Characterisation of in vitro PARPi response

Given the many steps involved in the action of PARPis, it is perhaps not surprising

that the “out-of-the-box” AT algorithms and simple models in Chapter 4 were insuf-
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ficient to control the spheroids - a more tailored approach is required. We therefore

carried out three sets of experiments aimed at elucidating the treatment response

dynamics of the cells. We performed these in 2-D in vitro cell culture in which cells

adhere to the bottom of the flask or the culture plate. While less realistic than the

3-D spheroids studied in Chapter 4, this system is easier to handle and to image, and

allowed me to carry out the experiments myself1.

We investigated four commonly used human ovarian cancer cell lines: A2780s,

TOV112d, Ovcar3, and Ovcar4 (Figure 5.3). The former two were those which we had

investigated in the spheroid cultures in Chapter 4, which represent a BRCA-mutated

and a BRCA wildtype cell line, respectively. In addition, we included Ovcar3 and

Ovcar4 because they were derived not from primary tumour but from the ascites of

patients, and as such are more representative of metastatic disease [201]. In addition,

A2780s and TOV112d were collected from patients who likely had endometroid cancer

whereas Ovcar3 and Ovcar4 were obtained from patients with high grade serous

ovarian cancer [201], which represents around 70% of ovarian cancer patients [16].

Images illustrating the distinct phenotype of each cell line are shown in Figure 5.3.

We had originally planned to carry out all experiments with all four cell lines, but

because of the Covid-19 pandemic this was not possible. In the following we present

the experimental results as far as we were able to complete them.

5.2.1 Experimental methods

Cell culture: Cells were maintained in RPMI (ThermoFisher) supplemented with

10% Fetal Bovine Serum and 1% penicilin/streptomycine. Every 3-4 weeks the

medium was additionally supplemented with MycoZap (Lonza) to prevent mycoplasm

contamination. At all times cells were kept at 37◦C and 5% CO2.

Drug preparation: To prepare growth medium with the MTD drug concentration

of 100µM, we diluted 24mg of Olaparib (AstraZeneca) in 1mL Dimethyl sulfoxide,

filtered the solution using a 0.22nm syringe filter, and added it to 555ml of culture

medium. Lower concentrations were obtained by dilution of this MTD stock with

normal culture medium.

1We acknowledge Mrs Samantha Byrne and Mr Punit Borad for helping to maintain the cell
cultures.
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Imaging: Cell growth was monitored once per day using an IncuCyte ZOOM time-

lapse microscopy system (Essen BioScience). Phase-contrast white light images were

recorded, and analysed using the IncuCyte ZOOM software.

Dose response assays: Cells were seeded in triplicates, either at low (5,000 cells),

or high density (60,000 cells), in 48 well flat-bottom plates (Costar Corning), and left

to attach overnight in untreated culture medium. During the 9 day experiment the

medium was changed every 3 days.

Drug withdrawal experiment: Cells were seeded in triplicates at 10,000 cells per

well, in 48 well flat-bottom plates (Costar Corning), and left to attach overnight in

untreated culture medium. During the 22 day experiment the medium was changed

every 3 days, or when it was time to withdraw drug from a well. Towards the end of the

experiment most Ovcar4 cells treated at 100µM were dead, but the remaining debris

caused an inflation of the measurements reported by the image analysis pipeline. We

removed such measurements from the analysis.

Evolution of drug resistance: To evolve drug resistant cells, we cultured cells

at 25 µM for 3.5 months in 275ml culture flasks. In the first two months, when cell

density dropped below 20% after re-plating, we supported growth for 3-4 days by

supplementing the growth medium with Mammary Epithelial Growth medium (at

1:1 ratio).

Dose response of resistant cells: Dose response was measured using the same

protocol as above, but starting from 10,000 cells per well. Resistant cells were left to

attach overnight in treated medium (25 µM).

5.2.2 Response to continuous treatment

Firstly, we characterised the dynamics of cell growth in the absence of treatment,

and under continuous drug exposure at different drug concentrations. To do so,

we seeded the cells, and let them grow for 9 days, monitoring their growth using

time-lapse microscopy (Figure 5.4a). In the absence of treatment, the populations

expanded in a typical, sigmoidal fashion, overgrowing the plate in 7-9 days. Addition

of drug slowed population growth, but a regression in size was only observed once

drug concentration exceeded 50µM. Furthermore, we found that there was a delay
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Figure 5.4: Dynamics in response to continuous drug exposure. Error bars denote
95% CIs, based on 3 replicates per condition. (a) Growth over time when cells are
seeded sparsely (5-10% confluence). (b) Enlarged illustration of the dynamics at
MTD, showing the delay in the drug response. (c) Drug response dynamics when
cells are plated more densely (60% confluence), suggesting higher cell densities re-
duce the drug effect (no TOV112d data available due to experimental error). (d) &
(e) Dose-response curves at low and high seeding density based on the data in (a)
and (c), quantifying the protective effect of higher densities. Response measured as
n(9,D)−n(0,D)
n(9,0)−n(0,0)

, where n(t,D) denotes the confluence at time t and dose D.

in the drug response. Even at MTD the population initially expanded for 2-3 days

before it regressed (Figure 5.4b).

In addition, we hypothesised that, because DNA replication is an important po-

tentiator of PARPi action, higher seeding density may protect cells by restricting

proliferation in the population. To test this, we repeated the experiment with cells

seeded at 60% confluence. The results confirm our hypothesis (Figure 5.4c). For ex-

ample, at 25µM there is a large difference between the treated and untreated cultures

if they were seeded sparsely, but almost no difference when they are seeded more

densely (Figures 5.4a & c). Quantifying dose response by plotting the relative growth
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Figure 5.5: Dynamics following treatment withdrawal. Error bars denote 95% CIs,
based on 3 replicates per condition. (a) Cells were exposed to treatment (50µM) for
varying lengths of time, after which it was withdrawn. This shows that cells recover
very quickly from drug exposure. (b) Same as (a) but at MTD (100µM). ∗ : the final
measurements for Ovcar 4 under CT were unreliable, due to debris from dead cells,
and were excluded from the analysis.

under drug compared to the untreated control illustrates how both drug sensitivity

(concentration at which there is a 50% growth reduction) and efficacy (maximum

observed reduction) are diminished at higher seeding density (Figures 5.4d & e). In

addition, this effect is more pronounced in Ovcar3 and Ovcar4 cells, which grow as

defined colonies, than in A2780s cells, which grow more diffusely (see also Figure 5.3).

5.2.3 Response to treatment withdrawal

A key aspect of AT is that treatment is withdrawn, or modulated, over time. Next,

we therefore asked how the cells would respond to such treatment withdrawal. We

exposed cells to drug for a varying duration of time, after which we removed treatment,

and monitored how quickly the population recovered. We repeated this for two of the

cell lines (Ovcar3 and Ovcar4), and two drug concentrations (50µM and 100µM).

Our results show that the cells recover very rapidly from drug exposure, especially

if this exposure has been shorter than 7 days (Figures 5.5a & b). Even if the popu-

lation has started to regress during treatment, it will expand again within 24 hours

after drug withdrawal. Only after 7 days of treatment does there appear to be a delay
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Figure 5.6: Cells show no evidence of resistance even after having been continu-
ously cultured in 25µM of drug for 3.5 months. “Resistant” refers to cells being
cultured under drug, and “Sensitive” refers to their parental, untreated counterparts,
respectively. Error bars denote 95% CIs, based on 3 replicates per condition. (a)
Dose-response curves, showing almost no difference in the sensitivity to treatment
(calculated as in Figure 5.4e, based on growth over 10 days (A2780s) and 6 days
(Ovcar3), respectively). (b) Growth in the absence of treatment over 48 hours.

before the population is able to resume its expansion. This delay is greater in the

more drug sensitive, and faster dividing, Ovcar4 cell line than in the less sensitive,

and more slowly dividing, Ovcar3 cells (Figures 5.5a & b).

5.2.4 Characterisation of drug resistant cells

The final set of experiments was aimed at characterising Olaparib resistant cells. We

sought to artificially evolve drug resistance by culturing cells at 25µM for 3.5 months.

However, we found that even after this prolonged exposure, there was little change

in the drug sensitivity of the cells (Figure 5.6a). That being said, we also observed

that in the absence of treatment the growth rate of the “resistant” populations was

reduced compared to that of their “sensitive” counterparts (Figure 5.6b). Together

this suggests that over the time frame of our experiment, CT had primarily selected

for more slowly growing cells and molecular resistance had not yet emerged.

5.2.5 Discussion

The aim of our experiments was to gain an understanding of why adaptive strategies

had performed so poorly in the spheroid experiments in Chapter 4. To do so, we

simplified the experimental system to a 2-D, adherent cell culture model which is

more robust to the issues with growth medium changes and measurement which had

confounded our analysis in the spheroids. Overall, we make four key observations.
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Firstly, we find that intense, continuous treatment at drug levels in excess of 50

µM is required to induce tumour size regression in our cell lines. This observation is

consistent with prior drug sensitivity measurements in the literature. For example, the

IC50 values (the dose at which the population grows to 50% the size of the untreated

control) for Olaparib, reported for 25 different ovarian cancer cell lines in the database

by Yang et al [231], range from 13.9µM to 1,010µM with a mean of 150µM. This may

explain why we observed relatively small differences between the different treatment

arms in the initial spheroid experiments in Section 4.2, as there we used a maximum

dose of 10µM.

Moreover, at this point we should recall that one of the key assumptions, which

asserts the benefit of AT according to the argument from Chapter 2 (Section 2.3.1.4),

is that we have complete control over the sensitive population. If this is not the case,

then the benefit of AT depends on a trade-off between, the gain in TTP from increased

competitive suppression of resistant cells and the loss from reduced suppression of

sensitive cell growth. For example, Monro et al [59] found in their simulation study

of a 2-population ODE model, akin to that studied in Chapter 2, that de-escalation

shortens TTP if treatment can not decrease the size of the sensitive population. As

such, our data indicate that the scope for dose reductions or long treatment holidays

may be limited, because it is difficult to reverse the sensitive population growth that

these will cause.

A further factor which may explain why AT approaches were inferior in our ex-

periments is a 2-3 day delay in drug response. Importantly, during this time the

population continues to expand, so that even after 7 days of treatment at, or near,

MTD, the net growth is still positive. In contrast, when treatment is withdrawn, re-

gression stops almost immediately. We draw two conclusions from this. Firstly, drug

has to be administered for a prolonged period of time before a size reduction can be

achieved (at least 7 days, but likely longer), even if given at high doses. Secondly,

drug vacations (if any) will have to be shorter than drug on-times. This implies that

the time-scales over which treatment decisions are made have to be carefully adapted

to the treatment dynamics. In the spheroid experiments in Chapter 4 we were re-

evaluating treatment decisions every 3-4 days, which was likely too short an interval

for on-times, and too long for off-times.

A characteristic of AT approaches is that they maintain a higher tumour burden

than an aggressive CT regime. Our experiments suggest that this may represent

an additional challenge for AT, as more densely seeded cell populations appear to

experience significant protection from treatment in this setting. This may also explain
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why the spheroid cultures were more resilient to treatment at 100µM than the 2-D

cell cultures, an observation also made elsewhere [232].

Finally, we note that while AT aims to avoid the emergence of molecular drug

resistance, we failed to observe evidence for such resistance over the time course of

our experiments. That being said, molecular resistance to Olaparib does arise in

patients (see Section 5.1.1.3), and has been derived by other groups using similar

protocols to ours (e.g. [233, 234, 235]). An explanation for this discrepancy may

be the time of exposure. For example, Kim et al [235] cultured their cells for 1.5

years to evolve Olaparib resistance. As such, there may still be a benefit to carefully

administered AT to suppress resistance in the long term. But in order to investigate

this, a different experimental model to our spheroid or 2-D system will be required,

as it is not possible to culture cells for such a long time without changing the culture

plate and thereby confounding measurements. One solution would be to start the

experiment with a mixture of fluorescently-tagged sensitive and evolved resistant cells

to directly evaluate how well resistant cells can be suppressed by competition, similar

to the work of Bacevic et al [115]. Furthermore, any findings should be validated in

appropriate in vivo models, as in vitro conditions provide a very limited representation

of the conditions in real tumours. Evidence for this from our experiments is the fact

that the estimate for the Olaparib dose achieved at MTD in tumours in the clinic is

only around 20µM [236, 237] yet, unlike what is predicted by our data, this induces

tumour size regression in patients.

To sum up, our experiments indicate that while there may be scope for AT in

PARPi treatment, careful thought is required as to how dosing is adjusted. In fact,

our data show very clearly that if one de-escalates too much or too early, then there is

a risk of accelerating recurrence, and this is likely what happened in Chapter 4. That

being said, our work also shows that a different experimental setup will be required

to assess whether AT can delay progression. Given such experiments will be both

time consuming and expensive, we will dedicate the second part of this chapter to

developing a mathematical model of PARPi response. Using this model will allow in

silico exploration of whether or not there is likely to be a benefit of PARPi-driven

AT, which will be helpful in planning further experiments.

5.3 A mathematical model of PARPi treatment

To the best of our knowledge, there exists only a single study which has so far mod-

elled PARPi treatment. In this study, the authors used a multi-type branching process
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model to explore the evolution of BRCA mutations before and during treatment of

ovarian cancer with PARPis and chemotherapy [238]. They assumed that the tumour

can be divided into six different, exponentially growing, cell populations, differing in

their BRCA mutation status (which determines drug sensitivity), their growth rate

(fast or slow), and whether they arise prior to, or during, treatment. Treatment was

assumed to reduce the proliferation rate of sensitive cells, and was applied continu-

ously until progression. Yamamoto et al [238] showed that their model could quali-

tatively recapitulate a number of clinical observations (e.g. tumour heterogeneity at

the start of treatment), but they did not directly compare it against any time-series

data. In light of this limited amount of prior work, we decided to use the data we

had collected to develop and calibrate a mathematical model of PARPi response.

5.3.1 The previously used ODE model is insufficient to de-
scribe the experimental data

As a first step, we assessed whether the ODE model we had studied in Chapters

2 & 4 (Equations (2.1)-(2.3)) could describe the in vitro dynamics. To do so, we

fitted the model to the growth data collected in the absence of treatment and under

MTD from Figure 5.4a, and we tested how well the model could predict the response

to treatment at a lower dose, or to drug withdrawal (data from Figures 5.4c & 5.5,

respectively). Given the short time-scale of our cell culture experiments, and the

results of our artificial evolution experiment, we assumed that the contribution of

any emerging resistant population was negligible. As such, we simplified the model

to the equation for the sensitive population:

dN

dt
= r

(
1− N

K

)
(1− dDD(t))N − dN, (5.1)

where N(t) denotes the confluence of the cells (in %), r is the cell proliferation rate

(in d−1), K is the carrying capacity (in % of the well’s area covered by cells), d is

the death rate (in d−1), and dD represents the drug-induced kill fraction (in µM−1).

Similar to Chapter 4, we assumed that the drug concentration in the medium, D(t) (in

µM), was exactly equal to that administered experimentally, and remained constant

between medium changes.

5.3.1.1 Numerical methods

Model simulation and fitting: We fitted the model in a 2-step procedure. Firstly,

we estimated the parameters describing growth in the absence of treatment (r, K).
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Subsequently, we set r and K to their inferred values and calibrated the treatment

term by optimising the value of dD to fit the data from treatment at 100µM. We

tried also to infer d, but found that because of its strong correlation with the other

parameters it was difficult to obtain reliable estimates. As including d did not change

the conclusions of our analysis, we decided to remove it from the model for simplicity.

Fitting was carried out by minimising the RMSE between the solution to Equation

5.1, and the mean value of the observed confluence across the three experimental

replicates for each condition. To solve Equation 5.1 we set the initial conditions equal

to the mean initial confluence in the plate, and integrated forward in time using

the explicit Runge-Kutta method of order 8 (DOP853) in scipy [179]. Minimisation

was carried out using the lmfit package [162] and the scipy implementation of the

Levenberg-Marquardt algorithm (least squares()).

Predictions: In order to validate the model we assessed its accuracy in predicting

response to experimental conditions different to those on which it had been trained.

To do so, we set the initial conditions exactly equal to those in the experiment, and

subsequently simulated the model forward using the identical protocol (i.e. drug

concentration/changes) to that used in the experiment. In order to capture variation

which may arise due to differences in the initial seeding density, we repeated this

once for each of the three experimental replicates. When displaying our results (e.g.

Figure 5.7b) we show the mean and 95% CIs obtained by bootstrapping these three

predictions (2500 bootstraps).

Data: As we had most data available for the Ovcar3 and Ovcar4 cell lines, and these

are thought to be more representative of serous ovarian cancer [201], we focussed on

these two cell lines for our analysis. However, the final model we developed also works

well for A2780s and TOV112d (see Tables 5.1 & 5.2 for the fitted parameters).

5.3.1.2 Results

In Figure 5.7a we show the results of fitting this simple model to our cell line data.

We find that even though logistic growth is generally thought to be a poor descriptor

of tumour growth, a result corroborated by our work in Chapter 3, it provides a good

representation of the cell growth dynamics in this case (Figure 5.7a; left column).

Similarly, its predictions of the % confluence after 9 days of treatment is fairly accu-

rate (Figure 5.7a; right column). That being said, its description of the time-series
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Figure 5.7: The model of sensitive cell growth and treatment response, studied in
previous chapters of this thesis (Equation 5.1), is insufficient to describe the exper-
imentally observed PARPi response. Error bars denote 95% CIs (based on 3 exper-
imental replicates). (a) Fitting of the model to the data of untreated and treated
growth (100µM) from Figure 5.4a. (b) Predictions of the calibrated model for the
response to treatment withdrawal after 7 days of exposure, or treatment at a lower
dose (50µM), in comparison to experimentally observed dynamics. Green lines show
means, and green bands denote 95% CIs based on variation in initial seeding numbers
(see Section 5.3.1.1 for details).

dynamics under treatment is poor, as it fails to capture the non-monotonic, delayed

response shown by the cells.

In order to investigate how reliably one may use the model to draw conclusions

about AT, we next tested how accurately it predicted response to treatment with-

drawal or modulation. We find that in both cases the accuracy of the predictions

is poor (Figure 5.7b). In predicting response to treatment withdrawal, the model

under-estimates growth under treatment, and over-estimates growth once treatment

is withdrawn. Although it still correctly predicts the % confluence at the end of the

experiment, it is questionable whether this would still hold true after several rounds

of intermittent treatment. Similarly, when used to predict growth under a lower dose

of treatment, the model greatly under-estimates the drug-induced kill (Figure 5.7b).

Overall, we conclude that the simple model we had studied in previous chapters

of this thesis is insufficient to accurately describe the experimentally observed drug

response. As such, we will dedicate the next section to developing a more accurate
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Figure 5.8: Evaluation of 5 different plausible growth models identifies the GLog
model as the most descriptive and predictive growth model (see text for abbrevia-
tions). Error bars denote 95% CIs. (a) Comparison of the descriptive ability of the
5 models in fitting untreated growth data from cells seeded at low density. (b) Pre-
dictions of the calibrated models for the growth curve when cells are seeded at near
60% confluence, in comparison to the experimentally observed dynamics. Lines show
means, and bands denote 95% CIs based on variation in initial seeding numbers (see
Section 5.3.1.1 for details).

model of PARPi treatment.

5.3.2 Model development

5.3.2.1 The growth model

To begin with, we carefully selected a model for the growth of the cells in the absence

of treatment. PARPi action depends on cell division, and one of the key experimental

observations was that the cells’ treatment response depended on their seeding density.

While the logistic model had performed well in fitting growth starting from a low

seeding density (Figure 5.7a), we wanted to ensure that we chose a growth model

which could accurately represent the growth dynamics of the population at different

densities. To do so, we evaluated five plausible, and commonly used, growth models:

i) Exponential growth (Exp; dN
dt

= rN), ii) Von Bertalanffy growth (vBfy; dN
dt

=

rN
2
3 ), iii) Gompertzian growth (Gomp; dN

dt
= r log

(
K
N

)
N), iv) Logistic growth (Log;

184



Table 5.1: Estimated growth parameters assuming a GLog growth model. ∆AIC is
the difference in AIC to the best fitting model for that cell line. Values smaller than
-2 would indicate that a different model provides a more parsimonious fit to the data,
and should be preferred to the GLog model.

Cell Line ∆AIC r (in d−1) K (in %) ν (no dims)
A2780s -1.53 0.88 100 0.91

TOV112d 0 0.51 99.8 2.16
Ovcar3 0 0.47 98.8 2.6
Ovcar4 -2.0 0.73 100 1.0

dN
dt

= r
(
1− N

K

)
N), and v) Generalised logistic growth (GLog; dN

dt
= r

(
1−

(
N
K

)ν)
N).

As before, N(t) is the % confluence of the cells in the well, r is the cell growth rate,

K is the carrying capacity, and ν is an exponent determining the curvature of the

relationship between density and growth rate. Model fitting and prediction were

carried out using the same methods as in Section 5.3.1.1.

In Figure 5.8a we show the results of fitting each model to the untreated growth

data. Interestingly, we find that the best fitting model depends on the cell line, which

might be reflective of the different spatial morphology of the cells (see also Figure

5.3). That being said, the GLog model performs well across all cell lines, even when

a penalty for its extra parameter is applied (AIC score; Figure 5.8a, and Table 5.1).

A summary of the inferred parameters and the goodness of fit of the GLog model for

all four cell lines is shown in Table 5.1.

Next, we tested how well the models could predict the growth dynamics when cells

are seeded at a higher density. As testing data we used the untreated control from

the drug sensitivity experiment in which we had seeded cells at 60% initial confluence

(Figure 5.4c). We find that the GLog model provides the most accurate predictions,

although for both cell lines it slightly under-predicts the observed cell growth rate

(Figure 5.8b). Based on the convincing results in both fitting and predicting growth

data we therefore decided to use the GLog model.

5.3.2.2 The drug response model

Next, we developed a mechanistic, mathematical model of the cells’ drug response.

Based on our review of the biological basis of PARPi action (Section 5.1.1.1), we made

the following assumptions about the mechanisms underlying treatment response:

• PARPis do not kill cells directly, but induce cell cycle arrest.
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Figure 5.9: The mathematical model of PARPi response (Equations (5.2) - (5.4)).
PARPis are assumed to induce cell cycle arrest in actively proliferating cells (P ).
Arrested cells (A) then attempt to repair the damage, or undergo apoptosis.

• Arrest is induced primarily in those cells which are actively undergoing division,

due to the stalling of replication forks as a result of PARP trapping.

• Arrested cells will attempt to repair the damage caused by PARPis. If they

succeed, they can recover and continue proliferation.

• Only if a cell cannot complete repair, will apoptosis be induced.

Based on these assumptions, we propose a simple, 2-compartment ODE model

(Figure 5.9). We divide the population into actively proliferating cells, and cells in

cell cycle arrest, whose % confluence we will represent as continuous functions of time

denoted by P (t) and A(t), respectively. Furthermore, we assume that the temporal

dynamics of the two populations is governed by the following ODEs:

dP

dt
= r

(
1−

(
P + A

K

)ν)
(1− α(D))P + βA, (5.2)

dA

dt
= α(D) r

(
1−

(
P + A

K

)ν)
P − βA− dA, (5.3)

N(t) = P (t) + A(t), (5.4)

where N(t) is the total confluence of the population (in %), as observed in the ex-

periment. Here we assume that proliferating cells follow the GLog growth model we

identified in the previous section (with the inferred parameter values given in Table

5.1), whereas arrested cells either recover from the drug-induced damage at rate β (in

d−1), or die at rate d (in d−1). To represent the fact that PARPis preferentially induce

cell cycle arrest in those proliferating cells which are currently undergoing mitosis, we
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Figure 5.10: Fits and predictions of the proposed 2-population ODE model for PARPi
response (Equations (5.2) - (5.4)). Error bars denote 95% CIs. (a) Fitting of the
model to the experimentally observed dynamics under continuous treatment at 100µM
(compare also to Figure 5.7a). (b) Predictions of the calibrated model for three un-
seen experimental protocols, in comparison to the experimentally observed dynamics
(compare also to Figure 5.7b). Left: treatment withdrawal after 7 days; Centre: con-
tinuous treatment at 100µM, but with cells seeded at higher initial density; Right:
continuous treatment at a lower dose (50µM). Lines show means, and bands denote
95% CIs based on variation in initial seeding numbers (see Section 5.3.1.1 for details).

assume that the rate of arrest induction is proportional to the population growth rate

of P (t), where the proportionality constant is the drug-effect, α(D) (dimension-less).

In this section we will, for simplicity, assume that the drug-effect is a linear function of

dose (α(D) = σD, where σ has units µM−1), although we will revisit this assumption

in the next section. Finally, we assume that, because cells were grown in treatment-

free medium before the drug was added, the initial population is entirely composed of

proliferating cells, so that P (0) is exactly equal to the confluence observed at t = 0d,

and A(0) = 0%.

In Figure 5.10a we show the results of fitting the model to the experimentally

observed drug response at 100µM. Fitting was done using the same methods as in

Section 5.3.1.1, leaving σ, β, and d as free (cell line-specific) parameters. We find

that the model can capture the observed non-monotonic behaviour well, in particular

in the Ovcar4 cells (compare also to Figure 5.7a). The fits suggest that treatment

induces cell cycle arrest in the majority of cells by the end of the experiment. However,
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because this process occurs only gradually, there is still a transient initial burst of

proliferation, which causes the observed peak.

Next, we tested the ability of the model to predict the dynamics under treatment

protocols which are different to those on which it was trained (Figure 5.10b). This

shows that the model can predict the dynamics in response to treatment withdrawal

with high accuracy. Similarly, the model is also able to capture the protection from

higher seeding densities, which we had observed in the experiments. However, for

both cell lines we see that it tends to slightly over-predict cell kill during treatment.

Conversely, when we examine its predictions for treatment response at a lower drug

dose, it significantly under-predicts drug kill (Figure 5.10b). We conclude that while

the model provides an accurate representation of the time dynamics in response to

treatment, it does not capture correctly the dose-effect relationship.

5.3.2.3 The dose-effect model

For simplicity, we assumed in the previous section that the relationship between the

drug concentration, D(t), and its instantaneous effect on the cells, α(D), is linear

(α(D) = σD). However, as there are many molecular processes involved in the in-

duction of cell cycle arrest by PARPis, this is likely an over-simplification. In order to

investigate what the dose-effect relationship may be in our data, we devised the fol-

lowing method to measure it. We fixed β, and d at the values which we had estimated

in the previous section, and allowed α(D) to be a constant which was independently

defined for each dose (α(D) = σD for D ∈ [0, 1, 10, 25, 50, 100] µM). Next, we deter-

mined σD by fitting the model (Equations (5.2) - (5.4), assuming α(D) = σD) to the

data from treatment at dose, D, with σD as the only parameter allowed to vary (other

numerical methods as in Section 5.3.1.1; for the fits, see Figure 5.11a). By doing so,

we obtained what we will refer to as the empirical dose-effect relationship (Figure

5.11b). This is for each dose, D, the value of α(D) which would give the best model

fit to the data, and this is the relationship which analytic expressions for α(D), such

as α(D) = σD, are trying to approximate. For brevity, we will in the following focus

on the results for Ovcar3. Analysis of the Ovcar4 data yields the same conclusions.

In Figure 5.11b we show the thus measured empirical relationship for the Ovcar3

data, as well as the linear model from the previous section (α(D) = σD). We see

that the empirical relationship is clearly concave, which explains why the linear model

was under-estimating cell kill at lower doses in Figure 5.10b. To address this issue we

investigated whether a non-linear EMax model (also referred to as the Hill equation),
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dose-effect curve (points), together with the linear model from Section 5.3.2.2 (dotted
line), and the EMax model (Equation (5.5)). Shown are two parametrisations of the
EMax model: One based on fitting only to the data at 0, 50, and 100µM (dashed line),
and one based on fitting to the data at 0, 10, 50, and 100µM (solid line), which was
the one taken forward for analysis. (c) Fits and predictions of the EMax model for
the treatment response when starting from low seeding densities. Starred data were
used for calibrating the model. (d) Predictions of the EMax model for the treatment
dynamics at a higher seeding density. (e) Predictions of the EMax model for the
treatment dynamics upon treatment withdrawal. In the predictions in panels (c)-(e),
lines show means, and bands denote 95% CIs based on the variation in initial seeding
numbers (see Section 5.3.1.1 for details).
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Table 5.2: The fitted parameters for the EMax model (Equations (5.2) - (5.5)). For
the model parameters associated with untreated growth parameters, see Table 5.1.

Cell Line EMax (no dims) k50 (in µM) n (no dims) β (in d−1) d (in d−1)
A2780s 0.95 14.3 1.8 3× 10−6 0.68

TOV112d 1.22 12.0 1.28 1× 10−6 0.42
Ovcar3 1.32 16.0 1.17 2× 10−8 0.15
Ovcar4 1.97 11.7 0.59 4× 10−13 0.08

which is a commonly used model of dose-response in the literature [79], could provide

a more accurate approximation. This is given by:

α(D) =
EMaxD

n

kn50 +Dn
, (5.5)

where EMax is the maximum drug effect (dimensionless), k50 is the drug concentration

at which 50% of the drug effect is achieved (in µM), and n is a parameter governing

the slope of the curve (dimensionless). As we will use Equation (5.5) only in con-

junction with the equations for P and A, we will in the following adopt the name

EMax model also to refer to the full model (Equations (5.2) - (5.5)). Due to the two

extra parameters in this model in comparison to the prior linear model, we employed

a 2-step process to fit it (numerical methods as before). Firstly, we calibrated EMax,

β, and d by fitting the model to the experimental data from continuous treatment at

MTD, allowing these three parameters to vary, and assuming that α(D) = EMax (for

the fit see Figure 5.11c; 100µM). In the next step, we obtained n and k50 by fixing all

other parameters, and fitting the model to the data from several drug concentrations

simultaneously by minimising the combined RMSE. We experimented with different

choices of which, and how many different, concentrations to use in this step, and found

that at least two interior points (concentrations between 0 and 100µM) are required

to obtain a good fit. With just a single interior point, the system is under-determined

and yields a poor approximation of the dose-effect relationship (Figure 5.11b; dashed

line). Furthermore, the particular combination of interior points affects the inferred

curve (not shown).

In Figure 5.11b we show the curve inferred using the data from treatment at 0,

10, 50, and 100µM (solid line), which provides the most even spread of error which

we could obtain, and which we carried forward in our analysis. The associated fits

are depicted in Figure 5.11c and show that the EMax model provides an accurate

description of the dynamics under all four drug concentrations (denoted by *; for

inferred parameters, see Table 5.2). Moreover, the model provides highly accurate
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Figure 5.12: Quantitative comparison of the goodness-of-fit of the three different
models (Ovcar3 data). For each experimental replicate the model prediction was
computed, and compared to the experimental data using the r2 value. Shown are the
means (bars) and 95% CIs (error bars) based on these three replicates per condition.
For visualisation purposes, negative r2 values were set to 0 for the analysis.

predictions of the response of cells treated at other drug concentrations, cells grown

at higher densities, cells subjected to treatment withdrawal, and combinations thereof

(Figures 5.11c-e). To quantify this, in Figure 5.12 we show the goodness-of-fit of the

EMax model, which corroborates that the model predictions match the data closely

in most cases (typically achieving an r2 value of greater than 0.6). Moreover, when

we compare this to the linear drug-effect model from Section 5.3.2.2, and the single

Equation model from Section 5.3.1, we find that the EMax model is typically the most

accurate out of the three models, and in cases where it is not, the difference to the

best model is small (Figure 5.12). The same holds true for the other three cell lines,

although for A2780s and TOV112d we did not have data to test the predictions of

the response to treatment withdrawal (not shown). Overall, we conclude that the

EMax model provides a simple, yet descriptive and predictive, model of the PARPi

response observed in our experiments. In the final section of this chapter, we will

use this model to investigate different drug scheduling protocols with the aim of

identifying alternatives which reduce toxicity, and may help to delay the emergence

of PARPi resistance.

5.3.3 Application to adaptive PARPi treatment

5.3.3.1 Exploration of strategies for treatment de-escalation

The motivation for constructing this model was to explore whether AT may allow

better control of PARPi resistance on time scales which are longer than those we

examined in our experiments. While an exhaustive investigation of this issue was
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outside the scope of this thesis, we will in the following present preliminary results to

motivate and guide further research. One of the key assumptions of AT is that one

can control the sensitive population at will, so that one can leverage it to competi-

tively suppress resistance. However, our experimental work in the first part of this

chapter indicated that in the case of PARPis this assumption is not necessarily true.

Instead, our results showed that great care has to be taken in the timing and degree of

treatment de-escalation. To begin with, we therefore explored whether it is possible

to maintain control over the sensitive cells whilst also de-escalating treatment.

Experimental evidence that this may be possible is provided by the spheroid ex-

periments we carried out in Chapter 4 (Figure 4.18). While the two adaptive strate-

gies performed more poorly than CT, the difference in tumour size was relatively

small, given the adaptive protocols used only about half as much drug as CT. At the

same time, the modulation-based strategy (AT1) appeared to perform better than the

vacation-based algorithm (AT2), indicating that how treatment is de-escalated mat-

ters. To investigate this further, we used the calibrated model to simulate CT, AT1,

and AT2 (Figure 5.13a). From this, we make two important observations. Firstly, we

find that even though the model was calibrated with 2-D cell culture data, its pre-

dictions qualitatively match the treatment responses in the spheroids (compare plots

to insets in Figure 5.13a). For example, under CT at 100µM, the tumour briefly

expands before it retracts and remains at a small size, whereas under AT1 its size

cycles in response to treatment de- and re-escalation. Although there are differences,

likely due to the different growth dynamics of the spheroids, this further corroborates

the model’s ability to predict response to different treatment schedules.

Secondly, the model predicts that while it is possible to reduce the dose and

still achieve tumour regression, withdrawing treatment completely results in rapid

re-growth which is challenging to undo (Figure 5.13a). Again this behaviour is qual-

itatively consistent with that seen in the spheroids under AT1 and AT2 treatment

(insets in Figure 5.13a), and formalises the verbal model we developed in the ex-

perimental section of this chapter. Moreover, when we simulate CT using only half

the MTD (50µM), we find that we can still achieve a comparable outcome to that

of treatment under MTD, although the dynamics are slightly slowed down (Figure

5.13b). Together this suggests that it is possible to reduce treatment whilst main-

taining control over the sensitive population, but that one should avoid treatment

vacations.
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Figure 5.13: Preliminary results on how to de-escalate treatment whilst maintaining
control over the drug-sensitive cells (model parametrised based on TOV112d cells).
(a) Simulations of the different treatment schedules investigated in the spheroid ex-
periments in Chapter 4. This shows that dose reductions may be possible, but that
complete dose withdrawal should be avoided, which may also be why the adaptive
strategies performed poorly in the experiments. Insets show example data from the
TOV112d spheroids (see also Figure C.4). (b) Simulation showing that CT at half
MTD can still drive tumour eradication. (c) Application of the 50% rule investigated
in Chapters 2 & 3 (Equation (2.4)), illustrating that it is possible, but challenging, to
maintain the higher tumour burden required for competitive suppression of resistance.
(d) The proposed PARPi AT algorithm (Equation (5.6); τAT = 50%, DMin = 30µM),
demonstrating robust control of the sensitive cell population whilst administering a
reduced cumulative dose. Parameters: P (0) = 50%, A(0) = 0%; others as in Tables
5.1 & 5.2; treatment updates every 3 days.

5.3.3.2 The challenges of maintaining a tolerable tumour burden

While the simulations in the previous section assert an important requirement for

AT, we note that in all cases where control is achieved the final tumour size is small

(Figures 5.13a & b). However, if the density of sensitive cells is so low, it is unlikely

that they will be able to exert meaningful competitive suppression on the resistant

cells. As such, in the next step, we investigated whether we could maintain the sensi-

tive cell population also at a higher level. To do so, we applied the AT algorithm from
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the prostate cancer clinical trial by Zhang et al [97] (Equation (2.4) and Figure 1.3c),

which we had investigated in the first part of this thesis. We find that this protocol

induces cycling of the tumour population around its initial size, which indicates that

maintaining a higher burden is possible in principle (Figure 5.13c). That being said,

the amplitude of these oscillations is large, so that the population regularly exceeds

its original size significantly. This overshoot is again driven by the withdrawal of

treatment, and makes this protocol unlikely to be suitable for practical use.

5.3.3.3 A new AT algorithm for PARPi treatment

Based on our insights from the previous sections, we hypothesised that it may be pos-

sible to address this issue by modifying the Zhang et al [97] algorithm. In particular,

we propose that once the desired tumour size reduction, τAT, is achieved, treatment

is reduced, but not completely withdrawn:

D(t) =

{
DMax, until N(t) < τAT N0

DMin, until N(t) = N0,
(5.6)

where N0 = N(0), and DMin is chosen so that the tumour slowly regrows (dN/dt > 0).

In Figure 5.13d we show an example of this modified algorithm, assuming the same

tumour parameters as before. Under this new algorithm, the tumour cycles in a

fashion that is similar to the dynamics we saw in Chapters 2 & 3, with only short

intervals of high intensity treatment, followed by prolonged periods of slow re-growth

under lower drug doses. As such, we propose that this modified algorithm may provide

a more effective AT protocol for PARPis than those we have trialled so far.

To provide a proof-of-principle illustration, we extended the EMax model to include

a fully resistant cell population which is in competition with the proliferating and ar-

rested cells (Figure 5.14a). This provides a simple model of patients who initially

respond but subsequently experience disease progression whilst still under treatment.

Indeed, simulations of this model under CT at MTD yield the typical picture of

competitive release: temporary remission, followed by regrowth despite continuing

treatment(Figure 5.14b; TOV112d, Ovcar3, and Ovcar4). In contrast, application of

the newly proposed AT algorithm is predicted to result in reductions in cumulative

drug use in three out of the four cell lines, and extensions of TTP in two. Interest-

ingly, there are significant differences in the response between the different cell lines,

with A2780s predicted not to respond much under either CT or AT. In addition, we

find that we require a large resistance cost (rR = 10% r), and a very small initial

resistance fraction (R(0) = 5×10−3%) to obtain at least temporary remissions in our
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Figure 5.14: Proof-of-principle investigation of the proposed PARPi AT algorithm
(Equation (5.6)). (a) A simple model of PARPi resistance, assuming it is driven by a
fully drug-resistant population, which is initially rare, and competes for resources with
the proliferating and arrested cells (α(D) given by Equation (5.5)). (b) Simulations
of the model in (a) for different cell lines treated with either CT at MTD or the new
AT algorithm (τAT = 20%, DMin = 30µM). Progression defined as a 20% increase in
size from pre-treatment levels. This shows that the new algorithm may be able to
improve toxicity by reducing the cumulative drug use, whilst also potentially helping
to slow the expansion of resistance. As such, we propose further research into this
direction. Parameters: N(0) = 50%, A(0) = 0%, R(0) = 5 × 10−3%, rR = 10% r;
others as in Tables 5.1 & 5.2; treatment updates every 3 days.

simulations. As such, further work is required to model resistance and intra-tumoral

competition more accurately and to investigate, for example, the choice of DMin (the

value of DMin = 30µM used here was chosen simply for illustration). Nevertheless

these results indicate that the proposed new algorithm is a promising candidate for

a potentially better tolerated PARPi schedule which may also help to delay the ex-

pansion of resistance, and warrants further investigation.

5.4 Discussion

The aim of this chapter was to investigate why AT had yielded inferior results to

CT in the spheroid experiments in Chapter 4. To do so, we carried out 2-D in vitro

experiments in which we systematically interrogated the cell’s treatment response.

Our results indicate that the reasons for the inferior performance of AT are two-fold:

i) the tested AT algorithms reduced treatment too much or too often, thereby losing

control over the drug-sensitive cells, and ii) the time frame of the experiments was

too short to detect any benefit in controlling resistance, even if one was present.
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To investigate whether it is possible to de-escalate treatment whilst maintaining

control of the sensitive population, and whether there may be a benefit to AT in

the long term, we leveraged the data we had collected to develop a mechanistic,

mathematical model of PARPi treatment. To the best of our knowledge this is the

first such model, and it is carefully derived from, and validated with, experimental

data. Its key feature is that we explicitly account for the fact that PARPis do not

directly induce cell death, but first cause cell cycle arrest. In this way we can explain

why the population initially continues to expand during treatment, and why prolonged

treatment is required before a size reduction is achieved. Interestingly, while arrested

cells can also recover from the drug-induced damage in principle, our model fits

suggest that this is not the case in our cell lines (values of β around 0 in Table 5.2).

This is contrary to our expectations, given that nominally all cell lines but A2780s

have functioning BRCA [201] and should, to some extent, be able to recover. While

we did not sequence our cells to verify this, and it is possible that HR capabilities

might have been lost due to mutations in other genes, a more plausible explanation

is that this is due to an issue with parameter identifiability in the model. As such,

an important next step would be to carry out a parameter identifiability analysis to

determine an experimental protocol which allows robust inference of all parameter

values. In addition, it would be useful to further validate the model by comparing

the model’s predictions against experimental measurements of PARPi-induced arrest,

such as the abundance of γH2AX foci [222].

A second defining feature of our model is that we assume a non-linear drug-effect

relationship. While we did not have direct experimental validation, we found that

we were unable to fit our data when assuming a linear model. Moreover, when we

devised a simple method to estimate the relationship from the data at hand, we

found a non-linear curve, which we could fit with a Hill function. Interestingly, the

curvature of the observed relationship is concave, which suggests that there may be

synergistic interactions between different PARPi-induced lesions in a cell. That being

said, some care should be taken with the biological interpretation of the dose-effect

relationship. It does not directly represent a biological mechanism, but rather is a

phenomenological summary of the multi-step and multi-scale process that is drug

action. In addition, the relationship depends on the particular assumptions of the

model, such as that it is only the induction of cell cycle arrest, but not the repair

or the rate of apoptosis, which depends on the drug concentration. Going forward

it would be useful to obtain experimental data on the relationship between these

processes and drug concentration, therefore allowing direct validation of our model
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assumptions. Moreover, in our analysis we find that the choice of training data (how

many different concentrations, and which concentrations to use) strongly influences

the inferred treatment parameters. In particular, our measurements at 50µM appear

to show less treatment effect than would be expected from the model. This experiment

should be repeated to establish whether it is an erroneous measurement, or whether

the dose-effect relationship is more complex than currently proposed. Furthermore,

the uncertainty in the parameters should be incorporated into the model predictions.

In the next step, we used our model to carry out preliminary investigations into

PARPi scheduling. This showed that it is possible to reduce treatment whilst main-

taining control over the tumour, but that complete withdrawal should be avoided. The

first conclusion is consistent with the wide therapeutic window of Olaparib observed

in the clinic (see Section 5.1.1.2). The second conclusion has potentially important

implications for the management of drug-related toxicities. The current toxicity man-

agement plan for Olaparib allows for either dose reduction or interruption, and, for

example, in the Phase III study by Moore et al [17] interruptions (52% of adjustments)

were more common than reductions (28% of adjustments). Furthermore, some prac-

tical guidelines have recommended interruptions over (long-term) dose reductions in

managing side effects [239, 240]. In light of our findings, we strongly advocate further

research into the effects of interruptions, and whether short-term dose reductions (if

possible) should be preferred instead.

While our work corroborates that CT at MTD is very effective at managing the

disease initially, emergence of resistance is a challenge in the clinic. Based on our in-

sights, we propose an alternative adaptive algorithm, which is a simple modification of

the 50% rule by Zhang et al [97]. Although significant further research is required, this

protocol is potentially appealing for a number of reasons. Its lower cumulative dose

may reduce toxicity, whilst it may also slow resistance through competitive suppres-

sion. Furthermore, it is plausible that because the periods of high dose treatment are

short, one might be able to administer higher doses than current MTD, and thereby

target cells which are only partially resistant to treatment, as has been discussed in

targeted therapies [56]. In the next step of this research we propose to test whether

our model can describe the treatment dynamics in patients, and to extend the model

to capture the emergence of resistance and treatment-related toxicity. Extraction of

suitable data from Moffitt’s research database is already in progress. Based on this

we will be able to draw a more accurate picture of the feasibility and potential benefit

of the proposed algorithm in the clinic, and decide on future experimental testing.
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Chapter 6

Discussion and Future Work

The aims of this thesis were to improve our understanding of which patients may

stand to benefit from AT, and to investigate how we might tailor existing protocols

to increase this gain. To do so, we performed a series of studies using different

mathematical modelling techniques, which we integrated with analysis of clinical data

and experimental work. Our work was split into two parts: the first part (Chapters 2

& 3) in which we performed a more theoretical analysis of AT and focussed on prostate

cancer, and the second part (Chapters 4 & 5), in which we contributed to preclinical

experiments and new models for resistance management in ovarian cancer. Overall,

this thesis has made contributions to the theoretical understanding of AT, but has

also brought to light practical issues which may be encountered in the translation of

theory into practice.

To begin with, in Chapter 2 we aimed to establish a better understanding of

the factors which determine whether or not AT will be successful. While a number

of studies had shown that AT could significantly extend TTP, the diversity in the

theoretical and experimental model systems made it difficult to identify precisely

which factors were required. In particular, the role of resistance costs was a subject

of controversy. As such, we set out to develop a minimal working example of AT, for

which we chose to study a simple extension of the classical Lotka-Volterra competition

model. By leveraging the work by Hansen et al [1], we were able to develop a deep and

general understanding of AT, which can also be easily extended to other AT models.

Since then, Viossat and Noble [126] have formalised the same approach to propose an

elegant and comprehensive theoretical framework for AT, and we highly recommend

their manuscript to new and experienced modellers in the field (see [127] for the

final, published version of this work). Nevertheless, we believe that our manuscript

[125] will also play its part, in particular by helping to communicate this insight to

experimental and clinical colleagues by illustrating it using phase planes. In fact,
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our artistic collage based on these phase planes was chosen as the cover of the print

edition of the Cancer Research issue in which the paper will appear (February 15th,

2021), which will help raise awareness of this result and the field more generally.

In addition, the second key result from Chapter 2 was that cell death may be an

important factor in AT, as it sets the pace of evolution in the tissue. The higher it is,

the more strongly suppression by resistance costs or competition will affect resistant

cells. While its impact is weaker in the ABM, this conclusion is confirmed also by

our subsequent analysis in Chapter 3. There are two implications of this result. On

the one hand, it indicates that turnover is a factor which should be accounted for

when drawing inference on AT from different in vitro or in vivo experiments. On the

other hand, it suggests a potential target to help improve AT. For example, while

Abiraterone was given adaptively in the Zhang et al [97] prostate cancer AT trial

(NCT02415621), patients were concurrently receiving a continuous dose of Lupron.

Lupron suppresses systemic testosterone production, thereby reducing the cancer’s

environmental carrying capacity (supply of growth factors) and increasing cell death

due to starvation. In light of our findings, it would be useful to investigate what role

this secondary drug has had in the success of the trial, to help with the design of

future multi-drug strategies.

In Chapter 3 we sought to corroborate our insights, and study the impact that

space has on AT. Again, spatial models had been considered before, but as these had

involved additional assumptions about nutrients and resistance, it was not clear which

results were due to these extra assumptions, and which were due to space. We, thus,

built an ABM realisation of our ODE model and repeated our analyses from Chapter

2. This showed that the models are qualitatively consistent, and provides evidence

that the principles which we (and Hansen et al [1] and Viossat and Noble [126]) have

developed will be also applicable to spatial systems. That being said, our analysis also

revealed significant quantitative discrepancies. This is not unexpected, but it shows

that an in-depth understanding of intra-tumoral competition for the specific clinical

setting will be required to evaluate whether the theoretically predicted benefits of AT

will be practically meaningful.

What does intra-tumoral competition during AT actually look like? To address

this question, we explicitly quantified competitive suppression of resistance in our

model, the first time this has been done in AT. While it is theoretical, and not em-

pirical evidence, our results do help to illustrate and validate the theory underlying

AT. Moreover, our analysis shows that a key difference between the non-spatial ODE
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model and the spatially explicit ABM is the intra-specific competition between re-

sistant cells. The ODE assumes homogeneous spatial mixing, so that the balance of

inter- vs intra-specific competition simply reflects the relative frequencies of the two

cell populations. In contrast, in the ABM there is no mixing, so that cells segregate,

and competition of resistant cells with each other becomes an important factor. A

key implication of this observation is that in solid tumours, in which the extent of

cell mixing is limited, the spatial distribution of the resistant cells will likely play

a role in how well we can control them with AT. In the future, it would therefore

be interesting to compare how different modes of resistance evolution, which will re-

sult in different spatial distributions (e.g. mutation-driven vs phenotype-driven vs

environmentally-driven), affect outcome under AT. Moreover, the role of non-tumour

tissue should be explored, both as an important further competitor for resources, as

well as for its role in shaping tumour architecture.

In addition to developing theoretical understanding of AT, the first part of this

thesis investigated the cycling dynamics of prostate cancer patients undergoing in-

termittent androgen deprivation therapy. Our analysis provides evidence for the

hypothesised relationship between resistance cost and cellular turnover, and makes

two predictions which warrant further investigation. Firstly, we observe a strong cor-

relation between the cycling speed of the patients and the fitted cell death parameter,

and secondly, fitting the ABM suggests that these differences may also be reflected

in distinct spatial tumour architectures. While the inferred cost and turnover values

are larger than suggested by the literature (although this could reflect the harsher

conditions in human tissue compared to laboratory settings), and the models are

highly simplified depictions of the biology, the strength of the correlation is striking.

Ideally, these predictions should be tested by analysis of clinical data, or via wet-lab

experiments, although costs and data availability make this more of a long term goal.

A more short term validation could be provided by testing if these predictions can be

replicated in more realistic in silico models of prostate cancer (e.g. [241]). Overall,

we advocate further research into previous intermittent treatment studies in prostate

cancer - the majority of which found neither a benefit nor a disadvantage of treatment

cycling over CT [110, 111, 242] - in order to solidify our understanding of why the

Zhang et al AT trial [97] was successful.

In the second part of this thesis we turned our attention to ovarian cancer and

the question of whether adaptive PARPi maintenance protocols may help to delay

progression in this setting. In particular, in Chapter 4 we tested adaptive strategies

in which the treatment decision was not made by a pre-determined “rule-of-thumb”
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but was guided by the predictions of one, or more, mathematical models. Notably, we

performed this work not in the abstract, but in collaboration with an experimentalist

using in vitro spheroids. Given the complexity of the problem, it feels like this part of

the thesis raised more questions than it provided answers. That being said, we believe

that the concept of using not a single, but an ensemble of models, and the challenges

we highlighted in the practical testing of AT, represent valuable contributions to the

field. Going forward, we propose to further develop our ensemble approach, starting

by testing it on in silico models from the literature, as outlined in Chapter 4. In this

way we will have precise control over the characteristics of the tumour we treat, and

we can evaluate how mis-matches in assumptions affect the predicted treatment. In

fact, testing a new “optimal” treatment schedule on other in silico models, much like

the way in which new drug candidates are tested on multiple experimental models,

could be a strategy for evaluating the robustness of theoretical findings more generally.

Finally, Chapters 4 & 5 also make contributions to our understanding of Olaparib

treatment of ovarian cancer. In particular, our results suggest that while there may be

scope for dose reductions, complete treatment withdrawal should be avoided. This ob-

servation has potentially important implications for toxicity management, and should

be further investigated. Moreover, this work demonstrates that when developing AT

protocols in practice the specific treatment and disease dynamics have to be taken

into account. We learned this the hard way in Chapter 4, where even an ensemble

of different models only has limited success in maintaining control of the tumour.

This is partially because none of the models we chose accounted for the delay in drug

response, and partially because we only allowed for treatment to be modulated in a

binary on/off fashion.

To address this problem, we carried out in vitro experiments in Chapter 5 in which

we carefully dissected the treatment response, and we leveraged the self-collected

data to develop, calibrate, and test a more accurate mathematical model of PARPi

response. To the best of our knowledge, this is the first model of PARPi treatment,

and we believe that because of its good ability to fit, and predict responses to different

treatment schedules, it will be a valuable tool for the study of PARPi scheduling in the

future. In fact, by leveraging this model, and integrating the various insights we had

gained throughout the thesis, we developed a new AT algorithm which we propose

warrants further investigation. Going forward we suggest that our model should be

further validated in the wet-lab, for example, by testing its response predictions for

more complex schedules. In addition, it should be compared against clinical data

to test whether it translates to patients, and so to help us learn more about the
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strength of intra-tumoral competition in patients and to integrate the emergence of

resistance into the model. Furthermore, inclusion of PARPi-induced toxicity, and

drug PK would be valuable model extensions. Together such an holistic model will

allow for a more reliable assessment of whether or not AT may be able to help delay

PARPi resistance, and will provide guidance for the design of subsequent validation

experiments.

To conclude, we want to highlight what we consider to be the two greatest weak-

nesses of this thesis, and suggest how these could be addressed. Firstly, throughout

this thesis we have given only limited consideration to the issue of parameter iden-

tifiability when fitting our models to data. While we have always repeated model

fitting from different initial conditions to address the issue of possible local optima,

we have not quantified the confidence in our parameter estimates. This leaves open

the possibility that different parameter sets to the ones identified by us may fit the

data equally well. This is problematic in Chapters 2 & 3 because it is possible that the

correlation between cost and turnover estimates may in fact be due to structural or

practical identifiability issues within the model, rather than being a real phenomenon.

While parameter sweeps, such as that in Figure 2.9, show that the two parameters do

have distinct impact on the cycling dynamics, it would be important to ascertain the

confidence in our parameter estimates by, for example, computing confidence intervals

based on the Fisher information matrix [243, 41, 244].

Similarly, in Chapter 4, knowing the possible error in the parameter estimates,

and incorporating this uncertainty into the model predictions, would have allowed

for more informed decision-making, and would have helped in deciding how to weigh

the suggestions of different models in the ensemble. An elegant and powerful way

to perform such error propagation would be through the use of mixed effect models.

This means certain parameters would be drawn from statistical distributions which

are learned from the data and which allow us to predict the range of possible outcomes

[24, 25]. Such an approach would also allow us to better leverage the structure of the

data in Chapter 4 (multiple independent replicates per condition; different related

conditions), and improve parameter identifiability. Finally, mixed effect models can

also be combined with Bayesian inference methods. This approach, in which “prior”

knowledge from historical data or early time points is gradually updated as more data

for the individual patient become available, is regularly employed in model-guided

TDM (e.g. [89, 96, 87]), and would be a valuable extension to our model-guided AT

framework.
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The second key limitation of our work is that most of the models studied in this

thesis do not account for the potential risks associated with maintaining a higher tu-

mour burden, an issue also raised in the wider AT literature [126, 170, 129]. Indeed,

a higher tumour burden may, for example, result in a higher rate of de novo resis-

tance acquisition via mutation, or a higher rate of metastasis. If these rates become

sufficiently high, then it may in fact be preferable to reduce tumour burden via MTD

treatment [1, 126]. As such, it would be important to better quantify these risks. This

could be done by explicitly including mutation in the model, as done by Viossat and

Noble [126] or Hansen et al [1, 129] (see also Appendix C), or by extending models

of metastasis, such as that by Iwata et al [245]. In addition, as recently highlighted

by Mistry [170], by building on the work of the TGI modelling community (see e.g.

Benzkry [22] or Bruno et al [23] for reviews) we may directly link tumour burden

with clinically calibrated and validated statistical models of survival. For example,

Cao et al [246] recently developed a joint model to capture the time-course dynamics

of CA-125 levels in ovarian cancer patients and predict patient survival. Interfacing

such a model with models of intra-tumoral competition may provide a means to more

accurately quantify the benefit of AT in ovarian cancer. More generally, building

on the tools in the TGI literature may allow us to better connect our models with

clinical data, and would encourage interaction with the pharmacometric modelling

community and their expertise in model calibration and TDM.

When we began working on this thesis, many of the basic principles of AT were just

beginning to be understood. In order to tackle this problem, mathematical (and ex-

perimental) models have often had to make highly simplifying assumptions about the

tumour biology, the action and delivery of treatment, data availability, and possible

risks of de-escalation (this thesis being no exception). We believe that the remark-

able progress over the past ten years has now put us in a position from which we can,

and should, engage with this extra complexity. Metastatic cancers are highly hetero-

geneous diseases, requiring simultaneous control of multiple, independently growing,

and evolving, tumour lesions. In addition, the growth of these tumours shapes, and is

shaped by, the microenvironment and the immune system, and these interactions are

altered by treatment. Moreover, cancer therapy typically involves not a single, but a

combination of different, drugs. As such, developing frameworks for multi-drug AT,

studying how to adapt treatment in the light of multiple target lesions, and investi-

gating how to integrate other aspects of quality of life (e.g. toxicity or psychological

factors) should be key questions to address in the future.
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Chapter 7

Conclusion

“Can insects become resistant to sprays?” - This was the question with which we

started this thesis, and as Melander [2] had predicted, the answer turned out to be a

resounding yes. Similarly, antibiotic resistance is becoming an increasingly pressing

problem [247], and it is a strange turn of events that, at the time of writing this, the

emergence of vaccine-resistant Covid19 strains is dominating global headlines.

Also in cancer treatment, resistance is a key challenge. Treatment options exist

for most cancers, but all too often they only provide partial and/or temporary remis-

sion. In this thesis, we explored a new approach in which the objective of treatment is

shifted from minimising burden to delaying resistance by capitalising on competition

between tumour cells. The guiding questions throughout our work were: i) when will

such an approach be successful?, and ii) how do we adapt treatment to maximise this

benefit? Using an integration of mathematical modelling, wet-lab experiments, and

clinical data analysis, we showed that key factors in answering these questions are:

i) the efficacy of treatment, ii) the initial resistance fraction, iii) the environmental

carrying capacity, iv) resistance costs, v) the tumour’s turnover rate, vi) the tumour’s

spatial organisation, and vii) potential harm caused by the higher tumour burden.

Importantly, our work also showed that these factors interact in a non-linear fashion

so that this isn’t a simple “tick-list”, but that careful assessment is required when

choosing whether, and how, to apply AT. A century after Melander’s first report, the

San Jose scale is approached today through integrated pest management, in which a

combination of interventions is strategically tailored to the local environmental and

economic context [248]. We believe that, similarly, in cancer we will be able to achieve

the best outcomes by adapting treatment modality and, importantly, objective, ac-

cording to the eco-evolutionary characteristics of the tumour and the wishes of the

individual patient. Given the complexity of this problem, inter-disciplinary team

science which integrates, and learns, from other disciplines, will be the key to success.
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Appendix A

Appendix for Chapter 2
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Figure A.1: The resistance growth rate, dr/dτ , as a function of s and r with and
without cost and turnover. Overlaid on top are the treatment trajectories for Tumour
1 under AT and CT. A) The closer the tumour (blue dot) is initially to the r-nullcline
(red line), the longer AT can reduce dr/dτ and prevent progression (dashed grey line).
B) Turnover shifts the nullcline, thereby reducing the distance of the tumour from
the nullcline. C) In the absence of turnover, a cost of resistance merely rescales dr/dτ
but does not change the distance to the nullcline, so has less effect. D) In contrast, in
the presence of turnover, a resistance cost both reduces the distance to the nullcline
and re-scales the surface.
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Appendix B

Appendix for Chapter 3

B.1 Convergence and consistency analysis

Since we are interested in performing quantitative, as well as qualitative, comparisons

between the ODE and the ABM, we performed a number of tests to verify the cor-

rect implementation of the ABM. Furthermore, we carried out a convergence and a

consistency analysis, in order to choose an appropriate model time step and sample

size.

B.1.1 Testing the model implementation

In our ABM we are assuming that the rates at which cells attempt to divide are

independent of time. As such, if we were to seed a cell in isolation, so that its division

is not constrained by neighbouring cells, we would expect the time between divisions

(the cell cycle time) to be exponentially distributed [249]. Furthermore, we would

expect that as dt→ 0, the mean of this distribution would converge to 1/rS or 1/rR,

respectively. In Figure B.1 we show that this is indeed the case. When dt > 1/rS,

the cell will divide after one time step, so that the only observed value for the cell

cycle time is dt (Figure B.1a). Once dt < 1/rS we see a range of values, which

approaches the expected distribution as dt → 0 (Figure B.1a). To test whether the

mean of this distribution converges to the expected value, we plot the mean value of

the observed cell cycle time distribution against the time step, dt (Figure B.1b). This

shows that the algorithm produces mean cell cycle times that are within 10% of the

true value for a large range of time steps and confirms convergence. To ensure the

algorithm is accurate across the range of proliferation rates we assessed in Chapter

3, we repeated the above analysis for the smallest value of the proliferation rate in

our range of interest (rS = 0.0135d−1, corresponding to a 50% fitness cost). The

results are shown in Figure B.1c and confirm the algorithm’s robustness. Since we
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Figure B.1: Testing the implementation of the ABM. (a) Cell cycle time distributions
of cells in the ABM for different time steps, dt. Single sensitive cells were seeded and
the time to division recorded (shown are the results from 10,000 independent simula-
tions). As dt is decreased, the cell cycle times approach an exponential distribution
with mean 1/rS = 37.03d (the probability density function of this distribution is
shown as a solid orange line). (b) Mean of the observed cell cycle distributions as a
function of the time step, dt (dt ∈ {20., 15, 12.5, 10., 7.5, 5., 2.5, 1.}; 10,000 indepen-
dent simulations per value of dt). This shows that the algorithm produces average
cell cycle times which are close to the expected value (dashed line), for a large range
of time steps, dt. (c) Same as (b) but with rS = 0.0135d−1, corresponding to a 50%
fitness cost. This confirms that the algorithm is accurate across the range of prolif-
eration rates examined in Chapter 3. Parameters: dT = 0, D(t) = 0. Domain size:
l = 100.

assume constant death rates, we also expect the life time of a cell (time to natural

death) to be exponentially distributed with a mean which approaches 1/dT as dt→ 0.

Analogous tests to the ones performed above confirm this (not shown).

B.1.2 Convergence analysis

An important aspect of the simulation algorithm is the time step, dt. It needs to be

small enough to provide stochastically accurate results yet also be large enough to

minimise run time. In order to study the sensitivity of the model results to the time

step, and identify a suitable time step for our analysis, we performed a convergence

analysis. In this analysis we compared the distributions of treatment results for a set

of different time steps. Specifically, for each value of dt, we computed the distribu-

tion of relative time gained (TTPGained = TTPAT−TTPCT

TTPCT
) based on 1000 independent

replicates, where each replicate was seeded with a different random number seed and

a different random initial condition. We repeated this three times to obtain three

independent estimates of the TTPGained distribution per value of dt. We considered

four different tumour parameter sets, which were the four edge cases of possible initial
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Figure B.2 (previous page): Convergence analysis. (a) Convergence was assessed
based on the distribution of relative time gained by AT (TTPAT−TTPCT

TTPCT
). For each value

of the time step, dt, three independent estimates of this distribution were obtained,
each based on 1000 independent runs of the model. Shown here are the distributions
obtained for Tumour 2 ((n0, fR) = (25%, 10%)), assuming a 30% turnover rate. As
the time step is refined, the shape of the distribution converges. Moreover, there is
little variation between the three independent replicates at each time step, suggesting
this result is consistent across runs. (b) To quantify the effect of dt on the outcome
distribution we compare the mean relative time gained. This value remains relatively
unchanged by dt, except for Tumour 4 with turnover. (c) As a second way of quan-
tifying convergence, we compare the proportion of runs in which CT outperforms
AT (P(TTPAT < TTPCT)). This is again only moderately affected by dt, except for
Tumour 2 in the presence of turnover. We conclude that while the time step does
affect the results, under most circumstances it has relatively little impact. In the
cases where it does have a strong impact, a value of dt = 1 provides representative
results, whilst still allowing for fast simulations, and is thus chosen for all analyses in
the chapter. Points correspond to individual replicates. Lines and shading indicate
the mean value and 95% confidence interval. Tumour 1 ((n0, fR) = (25%, 0.1%)),
Tumour 2 ((n0, fR) = (25%, 10%)), Tumour 3 ((n0, fR) = (75%, 10%)), and Tumour
4 ((n0, fR) = (75%, 0.1%)). We assume no resistance cost (cR = 0). Domain size:
l = 100.

tumour compositions from Chapter 2. We studied each in the absence of turnover

(dT = 0) and in the presence of turnover (dT = 30%). In all cases, we assumed no

resistance cost (cR = 0), since a time step which can accurately capture the faster

dynamics in the absence of cost will also be suitable for the slower dynamics when a

cost is present.

In Figure B.2 we show the results of our analysis. As we decrease the time step, we

see convergence of the TTPGained distribution (Figure B.2a). We quantify convergence

using two measures which are of interest in Chapter 3. Firstly, we consider the mean

value of the TTPGained distribution. This shows that the mean value changes relatively

little in response to changes in dt. Secondly, we compare the proportion of runs in

which CT outperforms AT (P(TTPAT < TTPCT)). In 7/8 cases this proportion

changes by less than 10% as a result of refining dt (Figure B.2b). The exception to

this is Tumour 2 with turnover (Figure B.2b). However, in this case the sudden jump

in P(TTPAT < TTPCT) can be explained by the fact that 2954/3000 simulations

predict a difference in TTP of less than 10d, which can only be resolved accurately

when dt is sufficiently small (see also Figure B.2a).

We conclude that the predictions of the model are reasonably robust to the specific
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time step used. We choose to use a time step of dt = 1d, as this yields accurate

results, while simulations are still relatively fast (100 simulations can be run in about

2 minutes on a desktop computer).

B.1.3 Consistency Analysis

A second factor which is important in the analysis of stochastic processes is the sample

size. On one hand, we would like to perform sufficiently many replicates in order to

obtain a sample of realisations which is representative of the stochastic process. On

the other hand, we are required to again balance this with the computational burden.

To identify an appropriate sample size for our analysis we performed a consistency

analysis. In this analysis one chooses a candidate sample size, n, and then obtains k

independent groups of n replicates. If the k outcome distributions thus obtained are

statistically equivalent, then n produces a representative sample. If not, then a larger

sample size is required. For a more detailed discussion of this technique we refer to

the review by Hamis et al [175].

We again examined the same corner cases of the parameter space which we consid-

ered in the convergence analysis and, for each, obtained k = 10 groups of n samples,

where we considered values for n of n = 10, 50, 100, 250, 500, 1000, and 1500. For each

of the n replicates we simulated both CT as well as AT in order to obtain one estimate

of the value of the relative TTPGained. The same random number seed was used for

the two matched simulations of CT and AT, but was changed between every repli-

cate. In Figure B.3a we show the thus obtained series of estimates for the outcome

distributions for one parameter set. While for small values of n the 10 estimates for

the outcome distribution differ significantly, these differences disappear as we increase

n. For n ≥ 250 the distributions closely resemble each other.

Consistency can be quantified using measures of the distance between distribu-

tions, such as the A-measure, or the Kullback-Leibler divergence [175]. However,

how do we decide that the distributions are sufficiently similar for our application of

interest based on these rather abstract metrics? Thus, instead of using one of these

statistical measures, we decided to assess consistency based on the metrics which we

knew would be of interest in our study. As such, we again compared the mean relative

time gained, and the proportion of runs in which AT performs worse than CT. The

results of this analysis in the presence of turnover are shown in Figures B.3b & c,

respectively, and corroborate that for n ≥ 250, independent groups of replicates yield

very similar results. Based on these results we choose to use a value of n = 250 for
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Figure B.3: Representative results of the consistency analysis: (a) Increasing consis-
tency in the distribution of time gained by AT for one parameter set ((n0, fR, cR, dT ) =
(25%, 0.1%, 0%, 30%) as the number of independent replicates per sample, n, is in-
creased. For each value of n, 10 independent samples of sample size n were collected.
(b) Mean value of the outcome distribution as a function of sample size, n, for four
parameter sets (Tumour 1: (n0, fR) = (25%, 0.1%); Tumour 2: (n0, fR) = (25%, 10%);
Tumour 3: (n0, fR) = (75%, 10%); Tumour 4: (n0, fR) = (75%, 0.1%)). Lines indicate
the mean value, shading a 95% confidence interval. Markers show values of individual
replicates. For sample sizes upwards of 250, the different replicates produce very con-
sistent results. (c) Proportion of runs in which AT failed as a function of the sample
size, n, for the same four parameter sets. Again for n ≥ 250 we see consistent values
between independent replicates indicating that a sample size n ≥ 250 will yield a
representative outcome distribution.

plots in which we show treatment dynamics, and a value of n = 1000 for all quanti-

tative analyses. The reason we use the smaller sample size for the time-series plots is

to reduce the computational burden on the plotting routine.
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Figure B.5: Comparison of fitting the ABM by allowing either the initial tumour
composition (n0, fR), the cell kinetics (cR,dT ), or all four parameters to vary (“4
params”). (a) Comparison of the r2 values for each patient for each model. We
observe that allowing only cost and turnover to be patient-specific can explain the
data almost as well as the full 4-parameter model. This is not true for the model in
which the initial conditions are patient-specific. (b) Difference in AIC between the
2-parameter models compared to the 4-parameter models for each patient. This cor-
roborates that for most patients the cost-turnover model provides the best description
of the data. 213



Appendix C

Appendix for Chapter 4
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Figure C.1: Overview of the best model fit for each spheroid in the pilot experiment
(best fit out of 25 independent trials per spheroid).
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Figure C.2: Issues with imaging and data acquisition in the open-loop optimisation
experiment. (a) Fluorescent area provided by the image analysis pipe line, showing
discontinuities in the trajectory and tumour size decreases even though no treatment
was administered. (b) Some jumps can be explained by temporary loss of fluorescence
after medium change which, however, quickly re-established. (c) In other cases the
spheroid was accidentally moved and is now out of focus, resulting in an inflated
estimate of its size, due to the blurry image. (d) In some instances some cells were
accidentally removed when the medium was aspirated (arrows). (e) Finally, due
to sharing of the machine with other groups, sometimes the camera settings were
changed, causing problems for the segmentation algorithm. Note: while Mr Wicker
had written the Python script for the image analysis, this post-hoc analysis was
carried out by me.
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Table C.1: Spheroid growth under different treatment branches. Mean size is the
average size across the length of the experiment. Square brackets denote 95% CIs
and ∗ indicate a statistically significant difference to the Math schedule at the 5%
level in a Student t-test. All values are in units 105 px2.

A2780s TOV112d

Tx Branch Final Size Mean Size Final Size Mean Size

Ctrl 5.25∗ [4.76, 5.74] 3.95∗ [3.87, 4.03] 4.81∗ [4.14, 5.49] 4.32∗ [4.25, 4.39]

CT 1.95 [0.71, 3.18] 1.21∗ [1.18, 1.24] 1.99 [1.3, 2.68] 1.6∗ [1.58, 1.62]

AT1 3.32 [2.68, 3.95] 2.34∗ [2.24, 2.43] 2.66 [1.89, 3.43] 1.8 [1.77, 1.83]

AT2 3.46∗ [3.02, 3.9] 2.33∗ [2.27, 2.39] 2.72∗ [2.2, 3.23] 2.37∗ [2.34, 2.4]

Math 2.72 [2.1, 3.35] 1.59 [1.55, 1.64] 2.24 [1.91, 2.57] 1.82 [1.8, 1.84]
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C.1 The impact of cell plasticity on AT

In their first-in-human clinical trial of AT, Zhang and colleagues [97] chose a 50%

reduction in serum PSA levels as the threshold for treatment withdrawal. Treatment

was re-started once PSA levels returned to pre-treatment levels, where the assumption

was that the changes in PSA reflect corresponding changes in tumour burden. How-

ever, we show in Chapters 2 & 3 that this treatment algorithm may not be optimal.

Both the ODE model and the ABM predict that smaller burden reductions would

have yielded longer tumour control, a finding also made by others [123, 126, 182].

That being said, the reason why tumour control is maximised by the adaptive

algorithm with the smallest burden reduction is because of our model assumptions.

As we discussed in Chapter 2, we assume that there is no “cost” associated with

maintaining drug sensitive cells, but only the benefit of reduced resistant cell growth.

It follows that in order to maximise control we should maintain tumour burden at

the maximal allowable level. Yet, with an increased tumour burden there may, for

example, be an increased chance of the formation of new resistance mutations. Hansen

et al [1] have shown that this can mean that maintaining sensitive cells may actually

speed up progression and that one should, instead, aim to eradicate as many cells as

possible - even if this results in the competitive release of resistance.

To illustrate this let us consider a simple extension of the ODE model studied

in Chapter 2 (Equations (2.1)-(2.3)) which includes the possibility of drug-induced

switching from sensitive to resistant cells:

dS

dt
= rS

(
1− S +R

K

)
(1− dDD(t))S − dSS − αD(t)S, (C.1)

dR

dt
= rR

(
1− R + S

K

)
R− dRR + αD(t)S, (C.2)

N(t) = S(t) +R(t), (C.3)

where α denotes the rate of switching. The initial conditions are given as before by:

N(0) = N0, S(0) = S0, and R(0) = R0.

We will use the same model parameters as in Chapter 2 (Table 2.1) and assume that

there is no resistance cost (rS = rR).

Such switching may occur either due to genetic mutation, or changes in cell phe-

notype. For example, Smalley et al [114] found that changes in mRNA expression

correlated with resistance to BRAF inhibitors in melanoma and that cells may switch

between states upon drug exposure at rates that depend on the cell line or the patient.
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Figure C.5: Optimising the threshold for treatment withdrawal in the AT protocol.
(a) Simulations of the total tumour burden, N(t), under three different AT proto-
cols according to the two-population Lotka-Volterra model (N0/K = 0.7;R0/N0 =
10−3; rR = rS = 0.027d−1; dR = dS = 0.0027d−1). Vertical lines denote the time point
of progression. Horizontal bars illustrate the treatment (filled: treatment on; blank:
treatment off). The smaller the threshold, the longer the TTP. (b) Relationship be-
tween the gain in TTP by AT compared to CT with the AT threshold for four tumours
with different characteristics (Tumour 1: (N0/K,R0/N0) = (30%, 0.1%) Tumour 2:
(N0/K,R0/N0) = (30%, 10%); Tumour 3: (N0/K,R0/N0) = (30%, 10%); Tumour 4:
(N0/K,R0/N0) = (70%, 0.1%); other parameters as in A). This confirms the negative
correlation between AT threshold and TTP. (c) Comparison of three AT protocols
in the presence of de novo resistance formation (α = 0.05rR). Now, an intermediate
threshold achieves the highest TTP. (d) Relationship between TTP and AT threshold
for different values of α for the tumour in C (values of α are relative to rS). While
the window in which an intermediate AT threshold is preferred is small, α strongly
modulates the sensitivity of the gain by AT on the threshold. Overall, our results
indicate opportunities for treatment personalisation if R0/N0, N0/K and α could be
known.
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Furthermore, they found that they can describe treatment response using a model

akin to the one in Equations (C.1)-(C.3).

Let us now compare how the benefit of AT over CT changes as we reduce the

threshold at which treatment is withdrawn. In the absence of switching (α = 0), we

reproduce the results from Chapter 2 that the smaller the threshold, the longer the

TTP (Figures C.5a & b ). However, when we set α = 5%rS, this is no longer the case.

Now, an intermediate threshold of 40% achieves the longest tumour control (Figures

C.5c & d). While the difference is small and the window of α values over which

this occurs is narrow, a finding also made by Viossat and Noble [126], this result

is conceptually important: It shows that the optimal choice of adaptive schedule

changes with the rate at which treatment induces resistance.
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N., & Ciccolini, J. (2015). Metronomic reloaded: Theoretical models bringing

chemotherapy into the era of precision medicine. Seminars in Cancer Biology ,

35 , 53–61.

223

http://www.cancerresearchuk.org/health-professional/cancer-statistics/statistics-by-cancer-type/ovarian-cancer
http://www.cancerresearchuk.org/health-professional/cancer-statistics/statistics-by-cancer-type/ovarian-cancer


[20] Araujo, R. P., & McElwain, D. L. S. (2004). A history of the study of solid

tumour growth: The contribution of mathematical modelling. Bulletin of Math-

ematical Biology , 66 (5), 1039–1091.

[21] Altrock, P. M., Liu, L. L., & Michor, F. (2015). The mathematics of cancer:

Integrating quantitative models. Nature Reviews Cancer , 15 (12), 730–745.

[22] Benzekry, S. (2020). Artificial Intelligence and Mechanistic Modeling for Clin-

ical Decision Making in Oncology. Clinical Pharmacology and Therapeutics ,

108 (3), 471–486.

[23] Bruno, R., Bottino, D., De Alwis, D. P., Fojo, A. T., Guedj, J., Liu, C., Swan-

son, K. R., Zheng, J., Zheng, Y., & Jin, J. Y. (2020). Progress and opportunities

to advance clinical cancer therapeutics using tumor dynamic models. Clinical

Cancer Research, 26 (8), 1787–1795.

[24] Mould, D. R., & Upton, R. N. (2013). Basic concepts in population mod-

eling, simulation, and model-based drug development - Part 2: Introduction

to pharmacokinetic modeling methods. CPT: Pharmacometrics and Systems

Pharmacology , 2 (4).

[25] Lavielle, M. (2014). Mixed effects models for the population approach: models,

tasks, methods and tools . CRC Press.

[26] Engelhart, M., Lebiedz, D., & Sager, S. (2011). Optimal control for selected

cancer chemotherapy ODE models: A view on the potential of optimal schedules

and choice of objective function. Mathematical Biosciences , 229 (1), 123–134.

[27] Shi, J., Alagoz, O., Erenay, F. S., & Su, Q. (2014). A survey of optimiza-

tion models on cancer chemotherapy treatment planning. Annals of Operations

Research, 221 (1), 331–356.

[28] Carrère, C. (2017). Optimization of an in vitro chemotherapy to avoid resistant

tumours. Journal of Theoretical Biology , 413 , 24–33.

[29] Sharp, J. A., Browning, A. P., Mapder, T., Burrage, K., & Simpson, M. J.

(2019). Optimal control of acute myeloid leukaemia. Journal of Theoretical

Biology , 470 , 30–42.

[30] Skipper, H. E., Schabel, F. M., & Wilcox, W. S. (1964). Experimental Evalua-

tion of Potential Anticancer Agents. Cancer chemotherapy reports., 35 , 1–111.

224



[31] Skipper, H. E. (1965). The Effects of Chemotherapy on the Kinetics of Leukemic

Cell Behavior. Cancer Research, 25 , 1544–1550.

[32] Freireich, E. J., Karon, M., & Frei III, E. (1964). Quadruple combination

therapy (VAMP) for acute lymphocytic leukemia of childhood. In Proc. Am.

Assoc. Cancer Res., vol. 5, (p. 20).

[33] Pinkel, D. P., Simone, J. V., Hustu, H. O., & J, R. (1971). “Total therapy” of

childhood acute lymphocytic leukemia. Pediatric Research, 5 (8), 408–408.

[34] Steel, G. G., Adams, K., & Barrett, J. C. (1966). Analysis of the cell population

kinetics of transplanted tumours of widely-differing growth rate. British Journal

of Cancer , 20 (4), 784–800.

[35] Steel, G. G. (1968). Cell loss from experimental tumours. Cell Proliferation,

1 (3), 193–207.

[36] Malaise, E. P., Chavaudra, N., & Tubiana, M. (1973). The relationship between

growth rate, labelling index and histological type of human solid tumours. Eu-

ropean Journal of Cancer (1965), 9 (4), 305–312.

[37] Gompertz (1825). On the nature of the function expressive of the law of human

mortality, and on a new mode of determining the value of life contingencies.

Philosophical Transactions of the Royal Society of London, 115 , 513–583.

[38] Von Bertalanffy, L. (1957). Quantitative Laws in Metabolism and Growth.

Source: The Quarterly Review of Biology , 32 (3), 217–231.

[39] Laird, A. K. (1964). Dynamics of tumor growth. British Journal of Cancer ,

18 (3), 490–502.

[40] Norton, L., & Simon, R. (1977). Growth curve of an experimental solid tumor

following radiotherapy. Journal of the National Cancer Institute, 58 (6), 1735–

1741.

[41] Benzekry, S., Lamont, C., Beheshti, A., Tracz, A., Ebos, J. M., Hlatky, L., &

Hahnfeldt, P. (2014). Classical Mathematical Models for Description and Pre-

diction of Experimental Tumor Growth. PLoS Computational Biology , 10 (8),

e1003800:1–19.

225



[42] Norton, L., & Simon, R. (1977). Tumor size, sensitivity to therapy, and design

of treatment schedules. Cancer treatment reports , 61 (7), 1307–1317.

[43] Simon, R., & Norton, L. (2006). The Norton - Simon hypothesis: Design-

ing more effective and less toxic chemotherapeutic regimens. Nature Clinical

Practice Oncology , 3 (8), 406–407.

[44] Citron, M. L., Berry, D. A., Cirrincione, C., Hudis, C., Winer, E. P., Gradishar,

W. J., Davidson, N. E., Martino, S., Livingston, R., Ingle, J. N., Perez, E. A.,

Carpenter, J., Hurd, D., Holland, J. F., Smith, B. L., Sartor, C. I., Leung, E. H.,

Abrams, J., Schilsky, R. L., Muss, H. B., & Norton, L. (2003). Randomized

trial of dose-dense versus conventionally scheduled and sequential versus concur-

rent combination chemotherapy as postoperative adjuvant treatment of node-

positive primary breast cancer: First report of Intergroup Trial C9741/Cancer

and Leukemia. Journal of Clinical Oncology , 21 (8), 1431–1439.

[45] Gaffney, E. A. (2004). The application of mathematical modelling to aspects

of adjuvant chemotherapy scheduling. Journal of Mathematical Biology , 48 (4),

375–422.

[46] Holohan, C., Van Schaeybroeck, S., Longley, D. B., & Johnston, P. G. (2013).

Cancer drug resistance: An evolving paradigm. Nature Reviews Cancer , 13 (10),

714–726.

[47] Burrell, R. A., & Swanton, C. (2014). Tumour heterogeneity and the evolution

of polyclonal drug resistance. Molecular Oncology , 8 (6), 1095–1111.

[48] Goldie, J. H., & Coldman, A. J. (1979). A mathematic model for relating

the drug sensitivity of tumors to their spontaneous mutation rate. Cancer

Treatment Reports , 63 (11-12), 1727–1733.

[49] Goldie, J. H., Coldman, A. J., & Gudauskas, G. A. (1982). Rationale for the

use of alternating non-cross-resistant chemotherapy. Cancer Treatment Reports ,

66 (3), 439–449.

[50] Goldie, J. H., & Coldman, A. J. (1986). A Stochastic Model for the Origin and

Treatment of Tumors Containing Drug Resistant Cells. Bulletin of Mathemat-

ical Biology , 48 (4), 279–292.

226



[51] Coldman, A. J., & Goldie, J. H. (1983). A model for the resistance of tumor cells

to cancer chemotherapeutic agents. Mathematical Biosciences , 65 (2), 291–307.

[52] Goldie, J. H., & Coldman, A. J. (1984). The Genetic Origin of Drug Resistance

in Neoplasms: Implications for Systemic Therapy. Cancer Research, 44 (9),

3643–3653.

[53] Bonadonna, G., Zambetti, M., & Valagussa, P. (1995). Sequential or Alter-

nating Doxorubicin and CMF Regimens in Breast Cancer With More Than

Three Positive Nodes: Ten-Year Results. JAMA: The Journal of the American

Medical Association, 273 (7), 542–547.

[54] Day, R. S. (1986). Treatment sequencing, asymmetry, and uncertainty: Protocol

strategies for combination chemotherapy. Cancer Research, 46 (8), 3876–3885.

[55] Murray, J. M., & Coldman, A. J. (2003). The effect of heterogeneity on optimal

regimens in cancer chemotherapy. Mathematical Biosciences , 185 (1), 73–87.

[56] Chmielecki, J., Foo, J., Oxnard, G. R., Hutchinson, K., Ohashi, K., Somwar,

R., Wang, L., Amato, K. R., Arcila, M., Sos, M. L., Socci, N. D., Viale, A., De

Stanchina, E., Ginsberg, M. S., Thomas, R. K., Kris, M. G., Inoue, A., Ladanyi,

M., Miller, V. A., Michor, F., & Pao, W. (2011). Optimization of dosing for

EGFR-mutant non-small cell lung cancer with evolutionary cancer modeling.

Science Translational Medicine, 3 (90), 90ra5990ra59.

[57] Yu, H. A., Sima, C., Feldman, D., Liu, L. L., Vaitheesvaran, B., Cross, J.,

Rudin, C. M., Kris, M. G., Pao, W., Michor, F., & Riely, G. J. (2017). Phase 1

study of twice weekly pulse dose and daily low-dose erlotinib as initial treatment

for patients with EGFR-mutant lung cancers. Annals of Oncology , 28 (2), 278–

284.

[58] Martin, R. B., Fisher, M. E., Minchin, R. F., & Teo, K. L. (1992). Optimal

control of tumor size used to maximize survival time when cells are resistant to

chemotherapy. Mathematical Biosciences , 110 (2), 201–219.

[59] Monro, H. C., & Gaffney, E. A. (2009). Modelling chemotherapy resistance in

palliation and failed cure. Journal of Theoretical Biology , 257 (2), 292–302.

[60] Gatenby, R. A., Silva, A. S., Gillies, R. J., & Frieden, B. R. (2009). Adaptive

therapy. Cancer Research, 69 (11), 4894–4903.

227



[61] Vogelstein, B., & Kinzler, K. W. (2004). Cancer genes and the pathways they

control. Nature Medicine, 10 (8), 789–799.

[62] Xie, D., & Xie, K. (2015). Pancreatic cancer stromal biology and therapy.

Genes and Diseases , 2 (2), 133–143.
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