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Abstract

Deep reinforcement learning (RL) has achieved some remarkable successes in the
past decade, from super human performance in games to real world problems such
as robotics and even Nuclear Fusion. Indeed, given its generality, many prominent
researchers in the field believe RL alone may be sufficient for producing Artificial
General Intelligence (AGI). It is easy to see why, RL is in theory an open-ended
process where an agent never stops learning from its own experiences, given a
suitably complex environment. In this thesis we posit that the key factor limiting
RL agents is the requirement for static, human designed configurations. On the
agent side, we typically tune a single set of hyperparameters for a specific agent
with a specific architecture, ignoring the fact these may need to adapt over time.
At the same time, even if we did have a powerful RL agent, we lack a sufficiently
complex environment that could facilitate the learning of general behaviors.

We hypothesize that the only way to get past this problem is to embrace open-
endedness, by designing systems with infinite capacity to produce new, interesting
things. In the first part we introduce new methods for adapting several important
agent hyperparameters on the fly, using a population of agents. We show this
makes it possible for agents to adapt several of their own hyperparameters over
time. Next we introduce a new approach for automatically designing environments,
evolving a curriculum that constantly proposes new challenges at the frontier of
the student agent’s capabilities. Combining these two advances could produce an
open-ended learning system where agents and environments co-adapt over time,
producing increasingly complex problems and an agent that can solve them.

However, even this would not be truly open-ended, as it would eventually plateau
once the agent can solve every task from a human-specified distribution. In the
second part of the thesis we propose directions to make this system unbounded. First,
we introduce two new approaches for encouraging the discovery of diverse solutions,
which we show can help avoid deceptive local optima and discover a broader set
of behaviors. Finally, we posit that one path towards a truly open-ended system
is to remove the need for human-designed simulated environments altogether and
instead train agents inside learned world models. We discuss several contributions
in this area including active data acquisition to improve the world model, as well as
an approach to produce synthetic experiences inside the world model that increase
the robustness of our agents. We conclude with a proposal for a future system
combining these insights, which we believe could be truly open-ended.
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1
Introduction

“Give a man a fish, and you feed him for a day. Teach a man to fish, and you

feed him for a lifetime."

—Proverb

1.1 Is Reward Enough for Artificial General In-
telligence?

Reinforcement learning (RL, Sutton & Barto [290]) is a paradigm where agents

learn entirely from their own interactions in an environment to maximize expected

cumulative reward. This differs from other settings in machine learning in that

agents can learn to plan and reason, in order to take actions with long term

consequences. In theory there is no limit to an agent’s ability to learn from its own

experience, thus RL offers the potential for open-ended learning.

Over the past decade, the combination of RL with deep neural networks [87,

144, 252], has led to a series of remarkable achievements. The first major triumph

for so-called deep RL1 agents came when researchers showed it was possible to learn

to play Atari games at a human level, solely from pixels [190]. Other successes came

in quick succession, as the AlphaGo agent famously defeated one of the world’s
1From now on when we refer to “RL” we mean “deep RL”.

1
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best Go players [271] while RL also proved capable of competing with humans in

competitive esports games [22, 312]. It has not only been games where RL has had

a significant impact, in robotics, RL has been used to transfer from simulation to

the real world [7, 118, 209, 226, 298] and for training from large datasets [126, 166].

In recent times, RL has even led to impact outside of its traditional domains, for

example navigating in the real world [19] or controlling plasma [53].

With such rapid progress in the field, it is possible to extrapolate further and

consider what may be possible using RL in the future. RL has already shown the

ability to find totally new solutions to problems studied by humans for centuries,

for example the famous “move 37” by AlphaGo in the second match against Lee

Sedol. Indeed, given its generality, some of the most prominent researchers in the

field believe RL alone may be enough to produce Artificial General Intelligence

(AGI) [274]. In this thesis we will take this claim at face value, and focus on the

missing ingredients required to produce general agents with RL. Further, we seek

to establish research directions that when solved could bridge this gap.

Before we begin investigating future research directions we need to (briefly)

clarify what we mean when we refer to AGI. First a caveat, there are many possible

definitions of intelligence [90, 157], and it is not the goal of this thesis to propose a

new one. More as a guide than a specific objective, in this thesis we take inspiration

from the work pioneered by Hutter [110] and Legg & Hutter [158], who originally

referred to the universal intelligence of an agent π. Concretely, Legg & Hutter

[158] propose the following definition:

Υ(π) :=
∑
µ∈E

2−K(µ)V π
µ (1.1)

Or informally: “Intelligence measures an agent’s ability to achieve goals in a wide

range of environments”. Here a “wide range of environments” is represented by

E, the space of all well-defined reward summable environments inversely weighted

by K, the Kolmogarov complexity [139] of a binary string used to describe an

environment, from an agent’s perspective. The success of the agent π is represented

by the value function V π
µ , which we will define more rigorously in Section 2.1.
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The benefit of viewing AGI this way is that it is no longer a binary label, but

instead takes a continuous range of values. Thus, we can make progress towards

AGI, however distant it may be, by looking to increase the value of Equation 1.1.

So what might this look like for current RL methods? It is clear that while we

have achieved great successes, many of these have been a more narrow form of

AI, for example solving individual games. Further, many agents fail to generalize

to even minor variations in their environments [45, 136, 214], often overfitting to

specific components of the training environment [276, 339] or other agents acting

in the environment [106]. Thus, to increase the value of Equation 1.1, we must

focus on increasing the diversity of tasks that agents can solve, make agents robust

to variations in the environment and also to other agents.

The next question is how can we achieve this with RL? If we look more

closely at Silver et al. [274], the authors conjecture that “powerful reinforcement

learning agents, when placed in complex environments, will in practice give rise

to sophisticated expressions of intelligence. If this conjecture is correct, it offers

a complete pathway towards the implementation of artificial general intelligence.”

Thus we can clearly see the issue here—we do not yet have “powerful reinforcement

learning agents” or “complex environments”, or definitions of either.

In this thesis we posit that the key limiting factor in achieving more general

agents with RL is the reliance on specific hand-coded agent and environment

configurations, which lack the ability to increase their complexity over time. If

we train our agents on simple problems, then we can quickly achieve mastery but

ultimately achieve a low value in Equation 1.1. However, placing an agent in a

highly complex environment makes learning challenging [100]. Instead, we believe

a possible path towards generally capable agents is a system that begins with

simple configurations but makes it possible for them to automatically become more

complex over time. To achieve this, we propose methods to automatically discover

increasingly challenging problems for our agents to solve, while also introducing a

way for our agents to adapt to solve them. This is the problem of open-endedness.
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1.2 The Grand Challenge of Open-Endedness

The problem we seek to address in this thesis is making our RL training systems

more open-ended, which we hypothesize is the key missing ingredient to produce

more generally capable agents. Indeed, open-endedness could arguably be seen

as the most important grand challenge remaining in AI [281]. But first, what

constitutes open-endedness and how can we measure progress towards this goal?

Defining open-endedness remains a challenge and an open research question in

itself. There have been many efforts to do so, for example Soros & Stanley [277]

set out four conditions for evolutionary systems to be open-ended. For brevity, in

this thesis we simply refer to an open-ended learning system as one that continues

to learn new, interesting things up to the limit of modern computation. Note that

while this may appear vague, many modern systems clearly fail to meet this criteria.

Indeed, this can be seen if we consider the dominant paradigm in current RL

research, an agent learning to play a single game. Once the agent has achieved

mastery, there is nothing more to learn. Thus, under most intuitive definitions of

“interesting” there would be a limit to the capability of the agent with hundreds

or thousands of GPU hours (i.e. the limit of modern computation).

In general, the approach we take to design open-ended RL systems is to allow

the system to learn more [42], a recipe which has a proven track record of success.

A canonical example of this is the AlphaGo agent, that famously beat one of

the world’s best Go players after training with RL alongside human data [271].

Researchers found that the agent actually got stronger when the human data was

removed, as the new AlphaZero agent was able to learn its own, novel strategies

with self-play [272, 273]. AlphaZero was subsequently beaten by MuZero, which

not only learned its own strategies but also the rules of the game itself [264].

However, even MuZero will reach a plateau once it has mastered every possible

strategy discoverable in Go. Thus, in this thesis we aim to build systems that don’t

just solve individual problems, but also discover their own problems altogether

(see: Chapter 4). Further, we introduce methods that allow agents to adapt their

configurations on the fly, making it possible for them to discover new, effective



1. Introduction

strategies to solving the stream of problems encountered (see: Chapter 3). This

forms Part I, which we generally refer to Automated Reinforcement Learning, since

multiple components of the RL pipeline are learned by the algorithm during training.

In recent times, methods similar to those proposed in Part I have been combined

to form a powerful, more open-ended learning system that produces agents with

general capability across a broad distribution of environments [296]. This offers

promise that these methods may scale, but alone it may still produce a system

that eventually stops learning new things once the agent can solve every world

in the procedural task distribution.

Indeed, much like AGI, open-endedness is not a binary label we can place on a

system. In a recent paper, Lehman et al. [159] point out that these state-of-the-art

systems are only a “weak” form of open-endedness—they are capable of producing

new, interesting things for a brief period of time but will still eventually plateau. By

contrast, a “strong” open-ended system should be capable of producing interesting

things even a million years later. There are many hypotheses for how to produce

such a system, with decades of research in Artificial Life focusing on designing

simulated worlds that can produce it [89, 213, 295], while Lehman et al. [159]

propose that “conditional invention” may be required, i.e. the ability for agents

to place their innovations back into the environment.

In Part II we present an alternative route to the strong form of open-endedness,

in what we refer to as truly open-ended RL. Concretely, we propose to learn world

models directly from data (see: Chapter 6). The methods we present operate from

RL agent trajectories, but demonstrate a path to learning from human-generated

data—bootstrapping an existing open-ended system that has been operating for

millennia, human cultural evolution. To drive innovation in this setting, we also

present two distinct methods for generating diverse solutions (see: Chapter 5), which

we believe will be critical to produce unbounded innovation in an open-ended system.
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1.3 Overall Structure

The rest of this thesis is structured as follows:

Preliminaries

We begin by reviewing the necessary background material on deep reinforcement

learning and methods for automating underspecified components, referred to as

Automated Reinforcement Learning or AutoRL. We include many details from

the following survey:

• Jack Parker-Holder?, Raghu Rajan?, Xingyou Song?, André Biedenkapp,

Yingjie Miao, Theresa Eimer, Baohe Zhang, Vu Nguyen, Roberto Calandra,

Aleksandra Faust, Frank Hutter, Marius Lindauer Automated Reinforcement

Learning (AutoRL): A Survey and Open Problems JAIR, 2022

Contributions: Jack co-led this effort, contributing to the original concept and

writing sections of the paper.

1.3.1 Part I: Automated Reinforcement Learning

In this part we make the following contributions:

• We introduce Population Based Bandits (PB2), an algorithm for learning and

adapting agent configurations on the fly during a single training run.

• We propose a new method for evolving adaptive curricula, capable of producing

robust generalist agents within a given task distribution.

We hypothesize that sizable improvements towards making RL systems more

open ended is via automatically discovering and adapting large components of the

system’s hyperparameters. We break this problem down into two pillars: agents tune

themselves and environments continuously propose new challenges. In Chapter 3

we first focus on developing agents that can learn and adapt a large component of

their configuration on the fly in a single training run. This, we believe, can lead

to powerful RL agents that never stop learning. Next, in Chapter 4 we discuss
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approaches for evolving an adaptive distribution of training environments. As we

show, this makes it possible to automatically discover a curriculum that leads to

the discovery of complex environments, while training an agent that can solve them.

We end Part I by discussing the potential for combining these two components into

a coevolutionary [26] system where environments get increasingly challenging and

agents adapt to solve them. See below for a more specific list of the contributions.

Agents that Tune Themselves We introduce approaches for automatically

discovering several components of an RL agent configuration in a single training

run. We focus on two publications:

• Jack Parker-Holder, Vu Nguyen, Stephen Roberts Provably Efficient Online

Hyperparameter Optimization with Population-Based Bandits NeurIPS, 2020

• Jack Parker-Holder, Vu Nguyen, Shaan Desai, Stephen Roberts Tuning

Mixed Input Hyperparameters on the Fly for Efficient Population Based

AutoRL NeurIPS, 2021

Contributions: Jack conceived the ideas, ran experiments and wrote the papers.

All theoretical results were provided by Vu.

Environments that Continuously Propose New Challenges We discuss

how we can automatically design environments to learn a curriculum for a deep

RL agent. The primary focus is the following publication:

• Jack Parker-Holder?, Minqi Jiang?, Michael Dennis, Mikayel Samvelyan,

Jakob Foerster, Edward Grefenstette, Tim Rocktäschel Evolving Curricula

with Regret-Based Environment Design ICML, 2022

Which is related to and builds upon a previous publication:

• Minqi Jiang?, Michael Dennis?, Jack Parker-Holder, Jakob Foerster, Ed-

ward Grefenstette, Tim Rocktäschel Replay-Guided Adversarial Environment

Design NeurIPS, 2021

Contributions: Jack contributed to the ideas, experiments and paper writing.
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1.3.2 Part II: Achieving Open-Endedness

This part includes the following contributions:

1. We introduce two new algorithms for discovering diverse solutions, via behav-

ioral (DvD) and genotypic (Ridge Rider) diversity.

2. We propose novel information theoretic approaches for collecting data to

produce effective world models, inspired by active learning.

Combining methods from Part I should produce a powerful coevolutionary

system, where the environment constantly proposes difficult challenges for an agent

that can adapt to solve them. However, as we point out, this alone may not be

enough for open-endedness—it will likely converge to a single solution to a single

distribution of environments. Further, this solution may not even be optimal, since

in many cases direct optimization does not find the most powerful behaviors [268,

325]. The second part of the thesis is more speculative in nature, again broken

into two chapters, each of which proposes a possible direction to make our RL

training systems unbounded. First in Chapter 5 we introduce methods to encourage

diversity in the learning dynamics, by inducing the discovery of a greater breadth

of creative and maybe even unexpected behaviors. The final hurdle we seek to

overcome in Chapter 6 is the reliance on human-designed simulated environments,

where instead we propose to train agents inside world models, learned directly

from data. This essentially provides sufficient foundations for an “AI generating

algorithm” [42], which can fully learn its own environments, while learning RL

algorithms and configurations to solve them.

The Need for Diversity Emphasizes the importance of diversity in open-ended

reinforcement learning systems by introducing two distinct approaches for producing

diverse solutions, using behavioral and parameter-based or genotypic diversity:

• Jack Parker-Holder?, Aldo Pacchiano?, Krzysztof Choromanski, Stephen

Roberts Effective Diversity in Population-Based Reinforcement Learning

NeurIPS (Spotlight), 2020
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• Jack Parker-Holder?, Luke Metz, Cinjon Resnick, Hengyuan Hu, Adam

Lerer, Alistair HP Letcher, Alex Peysakhovich, Aldo Pacchiano, Jakob

Foerster? Ridge Rider: Finding diverse solutions by following eigenvectors of

the Hessian NeurIPS, 2020

Contributions: Jack contributed to the ideas, experiments and paper writing. Aldo

led the effort on the theoretical side. Jakob conceived the “ridge rider” concept.

Learning World Models We discuss the possibility of learning simulators, by

training world models. The contributions in this area revolve around two components,

optimally selecting data to improve the model:

• Philip Ball?, Jack Parker-Holder?, Aldo Pacchiano, Krzysztof Choromanski,

Stephen Roberts Ready Policy One: World Building Through Active Learning

ICML, 2020

• Yingchen Xu?, Jack Parker-Holder?, Aldo Pacchiano?, Philip Ball?, Oleh

Rybkin, Stephen Roberts, Tim Rocktäschel, Edward Grefenstette Learning

General World Models in a Handful of Reward-Free Deployments NeurIPS,

2022

And augmenting the model to generate synthetic experiences for improved

agent generalization:

• Philip Ball?, Cong Lu?, Jack Parker-Holder, Stephen Roberts Augmented

World Models Facilitate Zero-Shot Dynamics Generalization From a Single

Offline Environment ICML, 2021

Contributions: Jack contributed to the concepts and paper writing in all three

efforts. Jack also co-led experiments in the cases with equal first authorship.

Conclusion We conclude the thesis by proposing to combine many of the pre-

sented contributions to produce a truly open-ended reinforcement learning system.
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This chapter is a self-contained primer on the main topics covered in the thesis.

We begin by defining the RL problem, before introducing the predominant paradigms

in the field.1 Next we move to the AutoRL problem, which seeks to automate

key components of the RL training pipeline. This latter discussion comes from

a recent survey on the topic [219].

1Much of this introduction comes from existing resources (e.g. OpenAI [208]).
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2.1 Reinforcement Learning

Reinforcement learning (RL, Sutton & Barto [290]) considers the problem of an

agent interacting in an environment, learning from its own experience to maximize

cumulative extrinsic reward.

2.1.1 Markov Decision Processes

At each timestep t in an episode, an agent receives a state st ∈ S and takes

an action at ∈ A. Decisions are typically taken by a stochastic policy π, thus

the action is sampled at ∼ π(st). The environment is comprised of transition

and reward functions, denoted by P : S × A → S and R : S × A × S → R

respectively. P takes both the state and action and returns a distribution over

next states, st+1 ∼ P (st, at), while R takes a state, action, next state triple and

returns a scalar reward rt = R(st, at, st+1). Finally, initial states are sampled from

a start-state distribution s0 ∼ ρ0(.).

The combination of a state and action space, reward and transition function and

start-state distribution defines a Markov Decision Process (MDP, Puterman [236])

which we denoteM = (S,A, P, R, ρ0), typically referred to as an environment. A

policy π, acting in the environment, produces a trajectory τ = {s1, a1, . . . , sH , aH}

for an episode with horizon H. Given that the per-timestep reward rt is a function

of each (st, at, st+1), we can then define the cumulative reward of a trajectory as

the sum of the per transition rewards, i.e.

R(τ) =
H∑
t=0

rt (2.1)

We can also consider infinite-horizon episodes. In this case we consider discounted

returns, making rewards earned in the short term worth more than those in the

future. We do this using a discount factor γ ∈ (0, 1), producing the following

cumulative return:

R(τ) =
∞∑
t=0

γtrt (2.2)
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Since actions in the trajectory are sampled from a policy, we can then define

the reinforcement learning problem as finding a policy π? that maximizes expected

returns in the environment, i.e.

π? = arg max
π

Eτ∼π[R(τ)] (2.3)

2.1.2 Partial Observability

An MDP observes the Markov property, which means that the state st ∈ S

contains all necessary information to select the optimal action at ∈ A in the

environment. However, this is not always achievable in practice, either because

information is not available to the agent or because processing every piece of

relevant information may be intractable.

To address this setting, we further define a partially-observable MDP (POMDP)

with two additional components: O represents the set of observations and Ω :

S × A × O → R+ describes the probability density function of an observation

given a state and action.

In practice most environments we deal with will be POMDPs, where it may be

beneficial to accumulate knowledge from previous observations to inform a belief of

the current state. This increases the challenge for learning an optimal policy π?,

since we typically need to consider policies that can infer the true state st from

the observation ot, as well as then choosing the correct action to take.

2.1.3 Value Functions

Given a policy π we can define the return from a state s as follows:

V π(s) = Eτ∼π[R(τ)|s0 = s] (2.4)

The value function is a central component of many RL algorithms. In some cases,

we also wish to quantify the return from a state s, given an action a:

Qπ(s, a) = Eτ∼π[R(τ)|s0 = s, a0 = a] (2.5)
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Thus we have ways to define both the value of a state and the value of an action

given a state. These two quantities are linked via the Bellman equation:

Qπ(s, a) = Es′∼P (s,a)[R(s, a, s′) + γV (s′)|s0 = s, a0 = a] (2.6)

In other words, the value of an action is equal to the single step return plus the

expected future value of the next state. Now we have a notion of the value

of a state and action, we may return to the optimal policy π?, defining the

optimal value function as:

V ? = max
π

Eτ∼π[R(τ)|s0 = s] (2.7)

Finally, we define an advantage function as the improvement over the expected

return from taking an action a:

Aπ(s, a) = Qπ(s, a)− V π(s) (2.8)

Equipped with these definitions we will move to two classes of model free RL

algorithms, either directly optimizing a policy (policy gradient algorithms) or

seeking to learn a value function (off policy methods).

2.1.4 Policy Gradient Algorithms

Policy gradient algorithms seek to directly learn a policy by maximizing the proba-

bility of taking actions that led to good outcomes. Given a policy parameterized by

θ, our objective is to maximize the expected total reward of a trajectory, namely:

J(πθ) = Eτ∼πθR(τ) (2.9)

Since, in deep RL, we typically use a neural network policy, we thus optimize θ

by taking the following gradient steps:

θt+1 = θt + α∇θJ(πθt) (2.10)
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in which α ∈ [0, 1] is a learning rate hyperparameter. Using the fact that the MDP

may be factorized as a product of transitions and expected actions given states, it

is possible to derive a gradient for Equation 2.9 as follows [228, 291, 324]:

∇θJ(πθt) = Eτ∼π
[

T∑
t=0
∇θlogπ(at|st)R(τ)

]
(2.11)

However, note that this assigns credit rather clumsily. Each action is given the

reward of the entire trajectory it took place in. In fact, it is not important to

consider the rewards before an action is taken, so many use the more useful

reward-to-go formulation:

∇θJ(πθt) = Eτ∼π
[

T∑
t=0
∇θlogπ(at|st)

T∑
t′=t

R(st′ , at′ , st′+1)
]

(2.12)

Going further, it has been shown [291] we can subtract a baseline from the reward-

to-go, further reducing variance. i.e.

∇θJ(πθt) = Eτ∼π
[

T∑
t=0
∇θlogπ(at|st)

(
T∑
t′=t

R(st′ , at′ , st′+1)− b(st)
)]

(2.13)

which is typically the value function of the state: V π(st). In this thesis we will con-

sider estimating the value function with a neural network, for example by minimizing

mean squared error between the model prediction and the true reward-to-go.

Thus, the objective in Equation 2.13, seeks to increase the probability of taking

actions which lead to improved performance when compared to the predicted returns.

Interestingly, we can also use the Q-function, and have b(s) = Qπ(s, a). These

methods are generally known as actor-critic algorithms because the critic comes

in the form of the value function which in a sense scores the performance (by

subtracting its expected reward from that state) [290]. Indeed, we can use the

learned Q-values to produce an advantage A, defined as A(s, a) = Q(s, a)− V (s),

in other words, the increase in value for taking an action in a given state.

Even with reduced variance from a baseline, policy gradient methods remain

challenging to work with, since a small update can lead to a change that catastroph-

ically harms learning. A significant breakthrough came with TRPO [265], a method

that showed monotonic improvement guarantees by optimizing a policy with a
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constraint to remain close to the previous (or default) policy in the behavior space.

This method was simplified with a first order approximation in PPO [267]. Given its

prominence in the literature, and relative simplicity, many works in this thesis build

upon PPO. In particular, we make use of the clipped PPO objective, as follows:

LPPO(θ) = min
πθ(a|s)
πµ(a|s)A

πµ , g(θ, µ)Aπµ
, (2.14)

where g(θ, µ) = clip
(
πθ(a|s)
πµ(a|s) , 1− ε, 1 + ε

)
(2.15)

for a previous or behavior policy πµ, an advantage function A and a clipping

hyperparameter ε. Essentially, PPO seeks to maximize the advantage such that the

policy does not deviate too far from the behavior policy (measured as a likelihood

ratio). The clip parameter specifies the size of a permissable deviation. Despite this

relative simplicity, PPO has achieved tremendous success, for example by scaling

to play esports games at a competitive level [22].

2.1.5 Off Policy RL

Since policy gradient algorithms learn from data collected from the current policy,

they are referred to as being on policy. We can also learn from off policy data,

for example with the Q-learning algorithm [318]. In its most basic form, Q-

learning maintains an estimate Q : S ×A → R of the optimal value function, and,

given a sequence of transition tuples (s, a, r, s′), updates Q(s, a) towards the target

r + γmaxa′∈AQ(s′, a′), where γ ∈ (0, 1) is the discount factor.

One of the first breakthroughs in deep RL came in combining Q-learning with

deep neural networks, to produce the Deep Q-Learning algorithm, known as DQN

[190]. The cornerstone of DQN is a deep neural network learned to approximate

the Q-values by optimizing the following objective:

L(θ) = Es,a[(y −Q(s, a; θ))2] (2.16)

Where the target y = Es′∼P [rt + γmaxa′ Q(s′, a′)], θ corresponds to the neural

network weights and γ is the discount factor. DQN was the first RL agent to



2. Preliminaries

achieve strong performance across the full suite of Atari games [20]. Since then,

there has been an explosion of interest in the field, with a swathe of improvements

to the original DQN algorithm proposed [103, 260, 307].

Given that off policy methods like DQN are typically an order of magnitude

more sample efficient than the policy gradient algorithms discussed previously, there

has been great interest in producing off policy actor critic algorithms. The canonical

method is DDPG [172], which, like DQN, tries to learn an optimal Q function

Q∗(s, a), such that it can follow it to take actions, via a = maxaQ∗(s, a). However,

while DQN uses this greedy policy to act in the environment, DDPG instead seeks

to learn a separate policy network µ(s), and shows that maxaQ∗(s, a) ≈ Q(s, µ(s)),

i.e. the action taken by the policy can be the optimal action. Learning this policy

is simple, a neural network is trained to output actions that maximize the expected

Q values given a state. This framework has been used to produce state-of-the art

off policy actor critic algorithms [80, 95, 141, 331].

2.1.6 Model-Based RL

Thus far, the methods described are designed to learn online from experience

generated in an environment, which is typically an MDP, i.e. M = (S,A, P, R, ρ0).

Instead, model-based methods seek to learn a model of the environment, by

approximating both the transition and reward functions, denoted by P and R

respectively. This model, referred to henceforth as a world model, is typically a

deep neural network. In this thesis we will use ψ to represent the model parameters,

hence we denote the approximate dynamics and reward functions as Pψ and Rψ.

Thus, the world model induces a new “imaginary” MDP,Mψ = (S,A, Pψ, Rψ, ρ0).

We focus on Dyna-style model-based RL [289], whereby we train a policy

(πθ) using “imagined” transitions, solely insideMψ. We can use any model free

algorithm to optimize the policy, and further, we can train the policy on a single

hardware accelerator with parallelization since the simulator is now a neural network

world model [148]. When training from low dimensional states (such as lidar), the
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common paradigm is to use an ensemble of probabilistic dynamics models, originally

introduced in [204] and shown to be effective for learning world models [40, 119].

World models have also shown to be effective from high dimensional observations

such as pixels, typically making use of variational encoders [135]. The first work

to show this was Ha & Schmidhuber [94], with several methods building on

this architecture in a series of works introducing PlaNet [98], Dreamer [97] and

DreamerV2 [99]. These works rely on a model with two components: an Encoder

which maps sensory inputs to latent codes and a Recurrent State Space Model or

RSSM, which predicts future latent codes given actions and the previous latent.

2.1.7 Evaluation

It is non trivial to evaluate the performance of deep RL agents and compare them

across tasks and benchmarks [102]. Indeed, when combining scores from multiple

environments it is common to use a mean or median score, both of which contain

issues. The mean can be overly influenced by a handful of large (or small) scores,

while the median is robust to these outliers but will ignore the majority of the

data, for instance an agent could get a score of zero in 49% of environments but

the median would not capture this. In this thesis we will largely adopt recent

practices recommended by Agarwal et al. [2] in the rliable library. In particular

we will make use of the Inter-Quartile Mean (IQM), which corresponds to the mean

performance after removing the outliers. This is essentially a compromise between

the mean and median, it ignores outliers but then averages over the middle quartiles

rather than taking a single point estimate at the 50th percentile.

2.2 Automated Reinforcement Learning

While deep RL has achieved many successes, one of its biggest drawbacks is the

large number of underspecified parameters, requiring significant RL expertise to

use it for each new problem. In this section we introduce the emerging field of

Automated Reinforcement Learning (AutoRL, Parker-Holder et al. [219]), the topic

of the first major contributions in the thesis (see: Part I).
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To formalize the AutoRL problem, recall the RL objective of Equation 2.9,

which is to maximize the expected return of a trajectory sampled by a policy, i.e.

Eτ∼πθ [R(τ)]. We now define an additional set parameters ζ relating to unspecified

components of the RL training objective, such as unknown agent hyperparameters

(including architecture and algorithm) and environment configuration. This produces

the following optimization objective:

max
θ
J(θ; ζ) where J(θ; ζ) = Eτ∼πθ [R(τ)] (2.17)

Note that this is a maximization over θ, i.e. given a fixed training configuration ζ, the

best agent parameters are θ∗ζ ∈ arg maxθ J(θ; ζ). To optimize ζ, we have a separate

evaluation objective F (ζ) that refers to the performance of θ∗ζ in a given distribution

of MDPs [321]. In the setting where ζ only represents agent configurations (such as

architecture or learning rate), then the evaluation will simply be F (ζ) = J(θ∗ζ ; ζ).

Thus, AutoRL can be defined as a maximization over ζ, as follows:

max
ζ
F (ζ) (2.18)

This is a bilevel optimization problem, where an outer loop seeks to find the optimal

setting for ζ, but each evaluation of F (ζ) requires training an agent with that given

configuration using an inner loop, to maximize J(θ; ζ).

2.2.1 What Needs to be Automated?

Recall that the key objective in this thesis is to make RL systems more open-ended.

To do this we propose methods to automatically discover and crucially also adapt

both agent and environment configurations, to produce a system which can increase

complexity over time. In order to prepare for the later chapters we will briefly

discuss both of these areas here before expanding significantly on them in Part I.

When seeking to discover powerful RL algorithms, the first question is: what

algorithm do we use? As we have seen, this can be model based or model free, and

if the latter it could use an on policy or off policy approach. Even if we have a fixed

algorithm such as PPO, we need to decide the policy architecture. In practice this
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is typically a small feed forward neural network for MDPs with a low dimensional

state space, a convolutional neural network for pixel-based environments [64], or

a recurrent network for POMDPs.

Further, there are a multitude of other choices, such as he type of exploration

strategy [12, 13, 75, 231, 261], data augmentation type [154, 240] or even the

choice of optimizer [34]. One level below these choices, the success of many RL

algorithms hinges on finding optimal hyperparameters. Returning to on policy

actor critic algorithms such as PPO, recent work has shown that hyperparameters

can play a large role [6]. Concretely, PPO requires hyperparameters such as the

learning rate α, the clip parameter ε, and decay γ, along with a hyperparameter in

the advantage function, λ [266]. As if this wasn’t enough, a recent study showed

we also need to consider code level hyperparameters [63] after recent work found

nine implementation details (such as reward scaling) had a significant impact on

performance. Thus, it is clear that although PPO can be effective, it requires

careful tuning if it is to be used across multiple problems.

2.2.2 Bayesian Optimization

There are many different approaches for maximizing F (ζ). In this work, we primarily

focus on blackbox optimization based approaches, which do not consider the structure

of the inner loop and thus cannot exploit it. The most common approaches to

this problem in the RL literature are grid search and, less frequently, random

search [21]. These methods sample values of ζ from the full distribution and train

agents end-to-end using the sampled configurations. The blackbox function F (ζ)

simply returns the final performance.

By contrast, Bayesian Optimization (BO, Brochu et al. [27] and Shahriari et al.

[270]) is a sequential model-based blackbox optimization method [108]. Since it is

sequential, after each trial (or batch of trials) the model is updated and a new set of

points are selected based on all the knowledge acquired thus far. As a result, BO has

been shown to be dramatically more sample efficient than competing approaches.

This is crucial when evaluating the blackbox function is expensive, which is often
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the case in RL. A canonical example of this is with the AlphaGo agent, where

BO was shown to significantly increase the win rate [37].

BO is a global optimizer, thus it can propose to evaluate any point ζ in the

domain, which is typically considered to be a compact, convex subset D ∈ Rd where

d is the number of hyperparameters. At each step t of the optimization process,

BO will propose a new ζt and receive as feedback a noisy label yt = Ft(ζt) + εt

where ε ∼ N (0, σ2), for a Gaussian with mean zero and variance σ2. Thus, the

samples are unbiased and in expectation, y = F (ζ). In our setting, the function F

corresponds to training an RL agent with the parameters ζ, which will inevitably

contain noise for example through the random seed.

The core component of BO is a surrogate model of the blackbox function, which

is typically a Gaussian Process (GP, Rasmussen & Williams [245]). A GP is a

nonparametric model, fully specified by a mean function µt : D → R and a kernel

(covariance function) k : D ×D → R. The choice of kernel plays a crucial role in

the GP, with a variety of options proposed [59]. In this work we focus on one of

the most well-known, the squared exponential kernel, given as:

kSE(ζ, ζ ′) = exp
(
−‖ζ − ζ ′‖2

2l

)
(2.19)

for a lengthscale hyperparameter l. After we have observed T data points {(ζt, F (ζt))}Tt=1,

the GP posterior belief at new point ζ ′t ∈ D, Ft(ζ ′t) follows a Gaussian distribution

with mean µt(ζ ′) and variance σ2
t (ζ ′) as:

µt(ζ ′) := kt(ζ ′)T (Kt + σ2I)−1yt (2.20)

σ2
t (ζ ′) := k(ζ ′, ζ ′)− kt(ζ ′)T (Kt + σ2I)−1kt(ζ ′), (2.21)

where Kt := {k(ζi, ζj)}ti,j=1 and kt := {k(ζi, ζ ′t)}ti=1. Thus, the GP provides us with

an approximate mean prediction for a new point ζ ′, as well as a corresponding

uncertainty estimate. To select a new point trading off these two quantities, BO

uses an acquisition function. In this work, we use the Upper Confidence Bound
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(UCB), first proposed in this context by Srinivas et al. [278]. UCB combines the

posterior mean and variance as follows:

UCB(ζ ′) = µt(ζ ′) +
√
βtσt(ζ ′), (2.22)

where β ∈ R is a scalar weighting the exploration-exploitation trade off in the

search space. Equipped with this acquisition function we have a principled way

to sample new points, balancing exploration (high uncertainty) and exploitation

(high predicted mean). When the model subsequently updates with F (ζ ′), the

posterior uncertainty will reduce at ζ ′.

2.2.3 Population-Based Training

Exploit

Explore

Figure 2.1: An overview of the PBT framework. We have a population of B
agents, each with weights θbt and hyperparameters xbt , where b ∈ B is the agent
index and t refers to the number of training increments. The performance of the
agent is represented by Ft. At each t, the weakest agents are terminated, and
replaced with copies of the strongest agents, in what is known as the exploit step.
The hyperparameters of these new copied agents are then updated in an explore
procedure.

Recall that with BO we typically select a ζ and fully evaluate it before re-selecting

a new point. By contrast, some methods adapt ζ on the fly during training (the

inner loop J(θ; ζ)). In particular, the Population-Based Training (PBT, Jaderberg

et al. [116]) algorithm, which trains a population of B agents in parallel.
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If we define x ⊂ ζ to be the hyperparameters of an RL agent, then each agent

b ∈ B has both hyperparameters xbt and weights θbt , where t now refers to the number

of training steps elapsed in a single training run. At every tready interval (i.e. if t is

a multiple of tready), the agents are ranked based on their performance and each of

the lowest ranked agents is replaced with an agent uniformly sampled from the top

of agents. The fraction defining the top/bottom groups is a hyperparameter, in this

thesis we keep it fixed at 25% for simplicity. This is referred to as the “exploit” step.

We not have duplicate agents in the population, so to ensure adequate coverage

of the hyperparameter space, PBT subsequently conducts an “explore” step, by

randomly perturbing the hyperparameters of the newly copied agents. This is

typically done by multiplying or dividing continuous values by a fixed value, or

randomly assigning categorical variables to a new category. Once this process is

complete, the agents continue training.

This leads to the learning of hyperparameter schedules—a single agent can have

different configurations at different time-steps during a single training process. This

is important in the context of training deep RL agents as dynamic hyperparameter

schedules have been shown to be effective [64, 116, 220]. On the other hand, most

of the existing hyperparameter optimization approaches aim to find a fixed set

of hyperparameters over the course of optimization.

2.2.4 Unsupervised Environment Design

The traditional MDP framework as introduced in Section 2.1.1 assumes a single

reward and transition function, which are fixed throughout training. In many real-

world problems, agents may experience variations not seen during training. Thus it

is crucial agents are capable of robust transfer to these novel, unseen variations.

To address this issue, we use the recently introduced Underspecified POMDP,

or UPOMDP [54], given by UPOMDP = (O,Ω,S,A,Ξ, P, R, ρ0). We may consider

the UPOMDP identical to a POMDP with the addition of Ξ ⊂ ζ representing

the free parameters of the environment, similar to the context in a Contextual or

Hidden Parameter MDP [133, 191]. These parameters can be distinct at every time
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step of an episode and incorporated into the transition function P : S ×A×Ξ→ S,

for example if the dynamics vary in different regions of the state space. Following

Jiang et al. [120] we define a level Mξ as an environment resulting from a fixed

ξ ∈ Ξ. We define the value of a policy π inMξ to be V ξ(π) = [∑T
i=0 rtγ

t] where

rt are the rewards achieved by π inMξ. UPOMDPs benefit from their generality,

since Ξ can represent possible transition dynamics (for example in sim2real [7,

209, 226]), changes in observations, different reward functions, or world topology

in procedurally generated environments.

Unsupervised Environment Design (UED, Dennis et al. [54]) seeks to produce a

series of levels that form a curriculum for a student agent, such that the student

agent is capable of systematic generalization across all possible levels in the space

defined by Ξ. UED typically views levels as produced by a generator (or teacher)

maximizing some utility function, Ut(π, ξ). For example, uniform sampling (or

domain randomization [298]) corresponds to a teacher with a constant utility

function, for any constant C:

UU
t (π, ξ) = C. (2.23)

Recent UED methods use teachers that maximize regret, defined as the difference

between the expected return of the current policy and the optimal policy. The

teacher’s utility is then defined as

UR
t (π, ξ) = argmax

π∗∈Π
{Regretξ(π, π∗)} (2.24)

= argmax
π∗∈Π

{V ξ(π∗)− V ξ(π)}. (2.25)

Regret-based objectives are desirable, as they have been shown to promote the

simplest possible levels that the student cannot currently solve [54]. More formally,

if St = Π (the set of policies) is the strategy set of the student and St = Ξ

(the set of environment parameters) is the strategy set of the teacher, then if the

learning process reaches a Nash equilibrium, the resulting student policy π provably

converges to a minimax regret policy, defined as:

π = argmin
π∈Π

{ max
ξ,π∗∈Ξ,Π

{Regretξ(π, π∗)}}. (2.26)



2. Preliminaries

However, without access to π∗, UED algorithms must approximate the regret. One

approach introduced by Dennis et al. [54] in the PAIRED algorithm is to estimate

regret as the difference in return attained by the main student (or protagonist)

agent and a second (antagonist) agent. By maximizing this difference, the teacher

maximizes an approximation of the student’s regret. It is important to note that

even with an accurate regret estimate multi-agent learning systems may not always

converge in practice [186], so we may never reach the Nash equilibrium.

2.2.5 Summary

In this section we introduced the automated reinforcement learning (AutoRL) prob-

lem, which seeks to learn unspecified components of an RL system, parameterized

by ζ. As we have discussed, ζ can correspond to agent or environment components,

while it could also represent both. We described contrasting approaches for learning

ζ, either using Bayesian Optimization or Population Based Training. In the first

part of this thesis we will delve further into the frontier of AutoRL, first discussing

new hybrid approaches for tuning agent configurations on the fly, before finishing

with a new approach for unsupervised environment design.
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3.1 Introduction

In this chapter we focus on approaches to adapt reinforcement learning (RL) agent

hyperparameters, for example the learning rate, exploration parameters or neural

network architecture, which we denote by x ⊂ ζ. It has been repeatedly shown
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that the success of RL agents relies on careful tuning of these parameters, often

making the difference between success and failure [6, 34, 63, 102, 114, 201]. This

problem is only becoming more prevalent—as new and more complex algorithms

are introduced, the number of components to tune continues to grow [6]. As a

result, it is often challenging to reproduce RL results given the significant number

of degrees of freedom in modern algorithms [6].

Crucially for this thesis, this dependence on fixed, tuned hyperparameters means

RL agents often lack the ability to continuously increase their representation capacity

in complex, open-ended environments. This is in clear violiation of the fourth

necessary condition proposed for open-endedness (see: Chapter 1, [277]). Indeed, the

capability of current methods may be severely understated, as better hyperparameter

configurations alone could boost performance [37, 338]. For example, Zhang et al.

[338] showed that when effectively tuning on a model-based RL algorithm it is

possible to actually break the MuJoCo simulator [299]. Further, Lu et al. [175]

showed that it is possible to significantly improve the performance of an offline RL

algorithm by using Bayesian Optimization rather than grid search.

In this chapter we focus on the recent impressive results for Population Based

Training (PBT, [116, 167]), which has been a key component of several prominent

works in RL [64, 115, 173, 263, 338], including one of the most large scale examples

of open-ended learning [296]. PBT works by training agents in parallel, with an

evolutionary outer loop optimizing hyperparameters, periodically replacing weaker

agents with perturbations of stronger ones (see: Sec 2.2.3).

However, since PBT relies on random search to explore the hyperparameter

space, it requires a large population size to tune a small number of parameters,

limiting its potential to learn an entire agent configuration. Indeed, the original

PBT results required 20 agents to successfully tune three hyperparameters, one of

which had to have a narrow range to improve performance [116]. In this chapter we

propose a new class of model-based PBT algorithms. Rather than rely on random

search in the hyperparameter space, the methods we propose make use of Bayesian

Optimization (BO, see: Sec 2.2.2). During training, the BO algorithm uses all data
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from previous agents to select a configuration most likely to lead to the biggest

improvement in performance for the agent for that stage of training.

We call this new class of methods Population Based Bandits or PB2, since it

relies on a special form of BO called GP-bandit optimization [278]. We show that

PB2 is capable of effectively tuning several continuous hyperparameters with a

small population size, while also tuning mixed input hyperparameters for optimizing

agents with data augmentation in challenging procedurally generated environments.

3.2 Related Work

One of the primary challenges in AutoRL is the inherent nonstationarity of the RL

problem, as agents explore different behaviors and corresponding regions of the state

space over time [112]. Thus, adaptive methods have become increasingly popular, but

they are certainly not new. Indeed, adaptive methods for selecting hyperparameters

in RL have been prominent since the 1990s. Sutton & Singh [288] proposed three

alternative methods for adaptive weighting schemes in TD algorithms. Kearns &

Singh [128] derived upper bounds on the error of temporal-difference algorithms,

and used these bounds to derive schedules for the bootstrapping hyperparameter λ.

Downey & Sanner [57] used Bayesian Model Averaging to select the λ bootstrapping

hyperparameter for TD methods. More recently, White & White [320] proposed

λ-greedy to adapt λ as a function of the state and achieve an approximately

optimal bias-variance trade-off. Paul et al. [220] proposed HOOF which uses

random search with off-policy data to periodically select new hyperparameters

for policy gradient algorithms.

Several algorithms make use of bandits to adapt hyperparameters. In a

distributed setting, Schaul et al. [259] proposed to adapt several behavioral hy-

perparameters, such as the degree of stochasticity of an agent, using a notion of

learning progress as feedback. This idea inspired Agent57 [12] which adaptively

selects from several exploration policies to become the first algorithm to achieve

human level performance on all 57 games in the Arcade Learning Environment

[20]. Moskovitz et al. [194] showed that adapting the degree of optimism in off



3. Agents that Tune Themselves

policy actor critic methods could lead to significant improvement in continuous

control tasks. In particular, Moskovitz et al. [194] observed that their algorithm

was able to use different levels of optimism not only across different environments

but also at different stages of training in a single environment. Finally, Riquelme

et al. [247] considered adaptively switching between Temporal Difference (TD)

learning and Monte Carlo (MC) policy evaluation using learned confidence intervals

that detect biases of TD estimates.

Another approach that is recently growing in popularity is meta-gradients [70], a

class of methods that considers tuning differentiable hyperparameters using second

order gradients. Meta-gradients have been shown to be highly effective for tuning

hyperparameters for RL agents [71, 327, 335], while they have also been used to

discover auxiliary tasks [310], discover options [311] and learn RL objectives online,

demonstrating strong asymptotic performance [328].

For the rest of this chapter we will focus on Population Based Training (PBT,

Jaderberg et al. [116]), an Evolutionary Algorithm (EA, [8]). PBT is most similar

to Lamarckian EAs [322] in which parameters are inherited whilst hyperparameters

are evolved. Meanwhile, other methods learn both hyperparameters and weights [33,

107]. These works motivate the recently introduced PBT algorithm [116], whereby

network parameters are learned via gradient descent, while hyperparameters are

evolved. Its key strengths lie in the ability to learn high performing hyperparameter

schedules in a single training run, leading to strong performance in a variety

of settings [64, 167, 173, 263]. PBT works by focusing on high performing

configurations, however, this greedy property means it is unlikely to explore areas of

the search space which take longer to perform well, even if they are asymptotically

superior. In addition, the core components of the algorithm rely on handcrafted

meta-hyperparameters, such as the degree of mutation. These design choices mean

the algorithm lacks theoretical guarantees. We address these issues in our work.

In the BO community there has recently been increasing focus on distributed

implementations [4, 86] which seek to select a batch of configurations for concurrent

evaluation. Despite this increased efficiency, these methods still require multiple
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training runs. Another recent method, Freeze-Thaw Bayesian Optimization [292]

considers a ‘bag’ of current solutions, with their future loss assumed to follow an

exponential decay. The next model to optimize is chosen via entropy maximization.

The method, however, makes assumptions about the shape of the loss curve, does

not adapt hyperparameters during optimization (as in PBT) and is sequential rather

than parallelized. Our approach takes appealing properties of both these methods.

First and foremost we select hyperparameters using Bayesian principles i.e. we

seek to select points that are maximally informative given current beliefs before

updating the model to form a new posterior. However, we also wish to adapt agent

configurations in an online fashion. We note that alternative uses of BO for AutoRL

have considered a multi-fidelity setting [68, 253]. This considers a fixed configuration

but for shortened time periods, rather than an adaptive one over a longer time period.

Finally, we note that we are not the first to consider combining Bayesian and

Evolutionary approaches. In Pelikan et al. [223], the authors demonstrate that

using an early version of BO improves a simple Genetic Algorithm. These ideas

were extended for a number of years [222, 224], but have not recently been extended

to modern, deep learning-based settings. We hope this chapter can provide a

platform for a renewed focus in this direction.

3.3 Efficient Population Based Training

Throughout this chapter we will be focusing on a specific class of algorithms,

introduced in Parker-Holder et al. [216, 217]. These methods combine ideas from

both PBT and BO to produce an efficient population-based AutoRL algorithm that

can tune multiple components of the agent configuration on the fly. Recall that

we defined x ⊂ ζ to be the set of agent hyperparameters. In this section we will

use xt to refer to the agent hyperparameters after t training steps.

The key theoretical formalism in this chapter is that of regret. To formalize this

problem, let Ft(xt) be an objective function under a given set of hyperparameters at

timestep t. In this context we consider Ft(xt) to be the cumulative reward for a deep
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RL agent.1 When training for a total of T steps, our goal is to maximize the final

performance FT (xT ). We formulate this problem as optimizing the time-varying

black-box reward function ft, over D. Every tready steps, we observe and record noisy

observations, yt = ft(xt) + εt, where εt ∼ N (0, σ2I) for some fixed σ2. The function

ft represents the change in Ft after training for tready steps, i.e. Ft − Ft−tready . We

define the best choice at each timestep as x∗t = argmaxxt∈D ft(xt), and so the regret

of each decision as Regretx(xt, x∗t ) = ft(x∗t )− ft(xt). We denote the cumulative

regret as simply RegretxT , which refers to RegretxT = ∑T
t=1 Regretx(xt, x∗t ).

Lemma 1. Maximizing the final performance FT of a model with respect to a given

hyperparameter schedule {xt}Tt=1 is equivalent to maximizing the time-varying black-

box function ft(xt) and minimizing the corresponding cumulative regret RegretxT ,

maxFT (xT ) = max
T∑
t=1

ft(xt) = min
T∑
t=1

Regretx(xt, x∗t ). (3.1)

In subsequent sections, we present a time-varying bandit approach which is

used to minimize the cumulative regret. Lemma 1 shows this is equivalent to

maximizing the final performance/reward of a neural network model (see: Section

A.2 in the appendix for the proof).

3.3.1 The PB2 Algorithm

We now introduce Population Based Bandits (PB2) for optimizing the hyperparam-

eter schedule
(
xbt
)
,∀t = 1, ..., T using parallel agents b = 1, ..., B. After each agent

b completes tready training steps, we store the data (ybt , t, xbt) in a dataset Dt which

will be used to make an informed decision for the next set of hyperparameters.

We below present the mechanism to select the next hyperparameters for parallel

agents. Motivated by the equivalence of the maximized reward and minimized cumu-

lative regret in Lemma 1, we propose the parallel time-varying bandit optimization.

1The framework is general enough to consider other applications, but we focus on RL in this
thesis.
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3.3.2 Parallel Gaussian Process Bandits for a Time-Varying
Function

We first describe the time-varying Gaussian process as the surrogate models, then

we extend it to the parallel setting for our PB2 algorithm.

Time-varying Gaussian process as the surrogate model. Following previ-

ous works in the GP-bandit literature [278], we model ft using a Gaussian Process

(GP, Rasmussen & Williams [245]). Recall from our previous discussion (see Section:

2.2.2) that a GP is specified by a mean and kernel (or covariance) function. When

we introduced GPs we assumed that we were training models end-to-end,

To represent the non-stationary nature of a neural network training process, we

cast the problem of optimizing neural network hyperparameters as time-varying

bandit optimization. We follow [25] to formulate this problem by modeling the

reward function under the time-varying setting as follows:

f1(x) = g1(x), ft+1(x) =
√

1− ωft(x) +
√
ωgt+1(x) ∀t ≥ 2, (3.2)

where g1, g2, ... are independent random functions with g ∼ GP (0, k) and ω ∈ [0, 1]

models how the function varies with time, such that if ω = 0 we return to GP-UCB

and if ω = 1 then each evaluation is completely independent. This model introduces

a new hyperparameter (ω), however, we note it can be optimized by maximizing the

marginal likelihood. This leads to the extensions of Equation 2.20 and 2.21 using the

new covariance matrix K̃t = Kt◦Ktime
t whereKtime

t = [(1−ω)|i−j|/2]Ti,j=1 and k̃t(x) =

kt ◦ktimet with ktimet = [(1−ω)(T+1−i)/2]Ti=1. Here ◦ refers to the Hadamard product.

Selecting hyperparameters for parallel agents. In the PBT setting, we

consider an entire population of parallel agents. This changes the problem from a

sequential to a batch blackbox optimization. This poses an additional challenge to

select multiple points simultaneously xbt without full knowledge of all {(xjt , yjt )}b−1
j=1.

A key observation in Desautels et al. [55] is that since a GP’s variance (Eqn. 2.21)

does not depend on yt, the acquisition function can account for incomplete trials by
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updating the uncertainty at the pending evaluation points. Concretely, we define

xbt to be the b-th point selected in a batch, after t timesteps. This point may draw

on information from t + (b − 1) previously selected points. In the single agent,

sequential case, we set B = 1. Thus, at the iteration t, we find a next batch of B

samples
[
x1
t , x

2
t , ...x

B
t

]
by sequentially maximizing the following acquisition function:

xbt = argmax
x∈D

µt,1(x) +
√
βtσt,b(x), ∀b = 1, ...B (3.3)

for βt > 0. In Eqn. (3.3) we have the mean from the previous batch (µt,1(x))

which is fixed, but can update the uncertainty using our knowledge of the agents

currently training (σt,b(x)). This significantly reduces redundancy, as the model

is able to explore distinct regions of the space.

3.3.3 PB2 Algorithm and Convergence Guarantee

Algorithm 1 Population Based Bandits (PB2)
Input: Rank threshold parameter λ, population size B.
Initialize: Network weights {θb0}Bb=1, hyperparameters {xb0}Bb=1, dataset
D0 = ∅
(in parallel) for t = 1, . . . , T − 1 do

1. Update Models: θbt ← step(θbt−1|xbt−1)
2. Evaluate Models: ybt = Ft(xbt)− Ft−1(xbt−1) + εt for all b
3. Record Data: Dt = Dt−1 ∪ {(ybt , t, xbt)}Bb=1
4. If t mod tready = 0:

• Copy weights: Rank agents, if θb is in the bottom λ% then copy
weights θj from the top λ%.

• Select hyperparameters: Fit a GP model to Dt and select hyper-
parameters xbt ,∀b ≤ B by maximizing Eq. (3.3).

Return the best trained model θ

To estimate the GP predictive distribution in Equations (2.20, 2.21), we use the

product form k̃ = kSE ◦ ktime [25, 142], which uses the squared exponential kernel

from Equation 2.19 while also considering the time varying nature of training a

neural network. Then, we use Equation 3.3 to select a batch of points by utilizing

the reduction in uncertainty for models currently training. As far as we know, this
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is the first use of a time-varying kernel in the PBT-style setting. Unlike PBT, this

allows us to efficiently make use of data from previous trials when selecting new

configurations, rather than reverting to a uniform prior, or perturbing existing

configurations. The full algorithm is shown in Algorithm 1.

Next we present our main theoretical result, showing that PB2 is able to achieve

sublinear regret, the first such result for a PBT-style algorithm.

Theorem 2. Let the domain D ⊂ [0, r]d be compact and convex where d is

the dimension and suppose that the kernel is such that ft ∼ GP (0, k) is almost

surely continuously differentiable and satisfies Lipschitz assumptions ∀Lt ≥ 0, t ≤

T , p(sup
∣∣∣∂ft()
∂(d)

∣∣∣ ≥ Lt) ≤ ae−(Lt/b)2 for some a, b. Pick δ ∈ (0, 1), set βT =

2 log π2T 2

2δ + 2d log rdbT 2
√

log daπ2T 2

2δ and define C1 = 32/ log(1 + σ2
f), the PB2

algorithm satisfies the following regret bound after T time steps over B parallel

agents with probability at least 1− δ:

RegretxTB =
T∑
t=1

ft(∗t )− max
b=1,...,B

ft(t,b) ≤
√
C1TβT

(
T

ÑB
+ 1

)(
γÑB +

[
ÑB

]3
ω
)

+ 2

the bound holds for any block length Ñ ∈ {1, ..., T} and B � T .

The proof of this result is in the Appendix (see: Section A.2.2). This result

shows the regret for PB2 decreases as we increase the population size B. This

should be expected, since adding computational resources should benefit final

performance (which is equivalent to minimizing regret). We demonstrate this

property in Figure 3.1. Note that when using a single agent B = 1, our bound

becomes the time-varying GP-UCB setting in [25].

In our setting, if the time-varying function is highly correlated, i.e., the in-

formation between f1(.) and fT (.) does not change significantly, we have ω → 0

and Ñ → T . Then, the regret bound grows sublinearly with the number of

iterations T , i.e., limT→∞
RegretxTB

T
= 0. On the other hand (in the worst case),

if the time-varying function is not correlated at all, such as Ñ → 1 and ω → 1,

then PB2 achieves linear regret [25].
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Remark. This theoretical result is novel and significant in two folds. First, by

showing the equivalent between maximizing reward and minimizing the bandit regret,

this regret bound quantifies the gap between the optimal reward and the achieved

reward (using parameters selected by PB2). The regret bound extends the result

established by [25, 278], to a more general case with parallelization. To the best of our

knowledge, this is the first kind of convergence guarantee in a PBT-style algorithm.

Our approach is advantageous against all existing batch BO approaches [55, 86]

in that PB2 considers optimization in a single training run of parallel agents while

the existing works need to evaluate using multiple training runs of parallel agents

which are more expensive. In addition, PB2 can learn a schedule of hyperparameters

while the existing batch BO can only learn a static configuration.

3.3.4 Empirical Results

We consider optimizing a policy for continuous control problems from the OpenAI

Gym [28]. In particular, we seek to optimize four continuous hyperparameters for

Proximal Policy Optimization (PPO, Schulman et al. [267]), for the BipedalWalker

and LunarLanderContinuous tasks (see: Table A.2 in the Appendix for the full

ranges). Our primary baseline is PBT, where we use an identical configuration to

PB2 aside from the selection of xbt (the explore step). We also compare against a

random search (RS) baseline [21]. Random search is a challenging baseline because

it does not make assumptions about the underlying problem, and typically achieves

close to optimal performance asymptotically [109]. Finally, we also compare our

results against a recent state-of-the-art distributed algorithm (ASHA, Li et al.

[168]). ASHA is one of the most recent distributed methods, shown to outperform

PBT for supervised learning. We believe we are the first to test it for RL. We

evaluate population sizes of B ∈ {4, 8}, which means the algorithm can be run

locally on most modern computers. This is significantly less than the B > 20

used in the original PBT paper [116].
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All experiments were conducted using the tune library [170, 171].2 Our GP

implementation is extended from GPy [88], where we use the squared exponential

kernel in combination with the time kernel as described in Section 3.3.2. We optimize

all GP-kernel hyperparameters, as well as the block length Ñ , by maximizing

the marginal likelihood [245].

Figure 3.1: Final performance of the best PPO agent when training with different
hyperparameter optimization algorithms. Agents are trained for 1M steps, plots
show the mean and the standard error of the mean for ten independent runs.

As we see in Figure 3.1, PB2 performs consistently well in both environments

with both population sizes. By contrast, with a population size of four we see

that PBT is worse than random search, despite the ability to produce a dynamic

schedule. This example demonstrates the possibilities of PB2 for tuning more

hyperparameters with fewer resources.

3.4 PB2 with Mixed Inputs

In the previous sections we showed it was possible to increase the number of

continuous hyperparameters we can tune on the fly with a population of agents.

However, our goal is much grander—to tune the entire agent configuration.
2See code here: https://github.com/jparkerholder/PB2 and in an open source demo as a

part of ray tune https://docs.ray.io/en/latest/tune/examples/pb2_example.html

https://github.com/jparkerholder/PB2
https://docs.ray.io/en/latest/tune/examples/pb2_example.html
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In this section we discuss approaches to extend these ideas further, dealing with

mixed-input hyperparameter spaces, consisting of both continuous and categorical

variables. This could represent multiple possible components of an RL agent,

for example the choice of optimizer or even the type of exploration strategy [12].

Crucially, as we will see, the methods we propose can model the dependence

between the hyperparameters.

3.4.1 Problem Setting

Recall in the previous section we proposed a method for optimizing continuous

hyperparameters x, a subset of the full unspecified component of the RL training

pipeline, ζ. In this section we increase the search space, defining c ∈ N to be a

vector of categorical agent hyperparameters. We then seek to search over a hybrid

space z = [x, c] containing both continuous and categorical variables. This allows

us to increase the proportion of the agent configuration we are able to tune.

3.4.2 Extending PB2 to Categorical Variables

We propose a new class of hierarchical population based approaches for handling

continuous and categorical variables. To the best of our knowledge, this is the first

provably efficient approach for optimizing the categorical variables in the PBT family.

First we introduce a new time-varying version of the parallel EXP3 algorithm, which

we call TV.EXP3.M, used in all of our methods to select categories. We then present

three alternative approaches to subsequently select the continuous variables in a

hierarchical fashion, varying in their degree of dependence on the categorical choices.

3.4.3 Time-varying Parallel EXP3

We introduce TV.EXP3.M, a new algorithm for parallel multi-armed bandits (MAB)

in a time-varying setting with adversarial feedback. TV.EXP3.M is an extension

of the multiple play EXP3 algorithm (or EXP3.M, Uchiya et al. [306]) for time-

varying rewards. At each round, TV.EXP3.M takes multiple actions from the

set of all possible choices [306], making it possible to use this approach with a
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population of agents. See Algorithm 2 for a high level summary and Algorithm

13 in Section A.3.1 for further details.

Algorithm 2 TV.EXP3.M (brief)

Input: γ =
√

C ln(C/B)
(e−1)BT , α = 1

T
, C #categorical choice, T #max iteration, B

#multiple play
Initialize: wc = 1,∀c = 1...C and denote η = ( 1

B
− γ

C
) 1

1−γ
for t = 1 to T do

1. Normalize w to prevent from over exploitation
2. Compute the prob for each arm pct ,∀c
3. Select a batch of B choices: St = [c1

t , c
2
t , ..., c

B
t ] = DepRound

(
B,
[
p1
tp

2
t ....p

C
t

])
4. Observe the reward after evaluating St
5. Update the weights using η for each arm wct ,∀c

end

We treat each categorical choice as an arm in the bandit setting. Given a

collection of C categories, we select a batch of B points

St = [c1
t , c

2
t , ..., c

B
t ] = TV.EXP3.M(Dt−1). (3.4)

To efficiently select a set of B distinct arms from [C], we use the technique of

dependent rounding (DepRound) while satisfying the condition that each arm

c is selected with probability pc exactly [81]. TV.EXP3.M is provably efficient,

with a sublinear regret bound.

Theorem 3. Set α = 1
T

and γ = min
{

1,
√

C ln(C/B)
(e−1)BT

}
, we assume the reward

distributions changes at arbitrary instances, but the total number of change points

is no more than V �
√
T times. The expected regret of TV.EXP3.M satisfies the

following sublinear bound

E [RegretxTB] ≤ [1 + e+ V ]
√

(e− 1)CT
B

ln CT
B
.

3.4.4 New Exploration Strategies

Now we are ready to present two novel hierarchical exploration strategies. Both

methods use TV.EXP3.M to select categories before subsequently choosing con-

tinuous variables.
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Algorithm 3 PB2-Mult: explore
1. Select {cbt}Bb=1 using TV.EXP3.M
2. Filter dataset.
3. Select xbt by optimizing Eqn. (3.3).
Output: {cbt}Bb=1, {xbt}Bb=1

PB2-Mult (Algorithm 3): We consider a special version of dependency in

which the presence of the continuous variables entirely depends on if the correspond-

ing category is switched on. This not only allows us to fully incorporate dependence

between hyperparameters, but also allows us to have different hyperparameters

depending on the category. For example, if our categorical variable is the choice

of neural network optimizer, then the current optimal learning rate may vary

significantly if using Adam [134] or SGD. Furthermore, Adam requires additional

hyperparameters, β1 and β2. We handle this dependency by constructing multiple

time-varying GP surrogate models, each corresponding to a choice of category.

We call this method PB2-Mult. PB2-Mult is the best choice if the continuous

variables are highly dependent on the category, or if there are differing numbers

of continuous variables for each category.

Algorithm 4 PB2-Mix: explore
1. Select {cbt}Bb=1 using TV.EXP3.M
2. Select xbt by optimizing Eqn. (3.3), using the kernel from Eqn. (3.6)
Output: {cbt}Bb=1, {xbt}Bb=1

PB2-Mix (Algorithm 4): We also propose a mechanism to incorporate

dependence between continuous and categorical variables directly into the GP

kernel, in what we call PB2-Mix. To do this, we first introduce a kernel between

C-dimensional categorical inputs, c ∈ NC , as follows:

kc = σ2

C

∑
I(c, c′) (3.5)

where σ2 is the kernel variance, and I(c, c′) returns 1 if c = c′ and is zero otherwise.

This kernel was originally used in Ru et al. [249], who note the similarity with

the squared exponential kernel. However, in our setting we must also consider the
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time varying nature of the problem, since we are optimizing hyperparameters for

a changing agent. We thus define our time-varying categorical kernal as follows:

kct = kc ◦ktimet , where ktimet is defined in Section 3.3.2 and ◦ refers to the Hadamard

product. Now we have a way to quantify similarity between categorical choices,

we wish to jointly model the continuous and categorical variables. In a similar

fashion to Ru et al. [249], we wish to consider a mixture of both sum and product

kernels, weighted by λ ∈ [0, 1], as follows:

kz(z, z′) = (1− λ)
(
k̃t(x, x′) + kct(c, c′)

)
+ λk̃t(x, x′)kct(c, c′) (3.6)

where k̃t(x, x′) is defined in Section 3.3.2. Note that λ can be optimized alongside

other kernel hyperparameters, using gradients defined in Appendix A.3.3. Indeed,

this choice of λ decides whether to prioritize modelling dependence (high λ) vs.

reducing λ if there are many zero entries in one of the kernels (making the

product zero).

To make use of Equation 3.6, we first select a batch of B categorical choices

cbt ,∀b ≤ B using TV.EXP3.M. Next we utilize the new kernel to learn the time-

varying GP model and select the next batch of continuous points xbt ,∀b ≤ B

following Equation 3.3, as in PB2-Rand. Each agent b will then train with [xbt , cbt ].

Thus, PB2-Mix in principle achieves the best of both worlds: it is able to learn

the relative importance of the continuous and categorical kernels, while including

all of the data when making decisions.

3.4.5 Main Theoretical Results

We extend the sublinear regret bound from PB2-Rand to PB2-Mult, providing

performance guarantees. Under the categorical-continuous setting, we show the

equivalence that minimizing the cumulative regret RT is equivalent to maximizing

the reward, presented in Lem. 1 in the appendix. Our main theoretical result

is to derive the regret bound for PB2-Mult.

Theorem 4. The PB2-Mult algorithm has cumulative regret bounded with high
probability
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E [RegretxTB] . O

V
√
CT

B
lnT +

√
T 2
c∗t

ÑB
(γÑB +

[
ÑB

]3
ω)


for Ñ → Tc∗t , ω → 0, and V �

√
T .

From Theorem 3, we have Tc∗t →∞ when T →∞. Asymptotically PB2-Mult

achieves sublinear convergence rate, i.e., limT→∞
E[RegretxTB]

T
= 0. We refer to

Sec. A.3.2 in the Appendix for proofs.

3.4.6 Empirical Results

There has recently been increased interest in testing RL algorithms in procedurally

generated environments [44, 202]. These typically consist of a set of parameters

which are used to generate levels, consisting of changes to the observation or layout

of the environment, requiring agents to generalize [124, 248]. In this paper we

focus on the Procgen benchmark [44], a set of 16 environments with visual input

and a fixed number of procedurally generated levels. Given the recent success

of data augmentation in Procgen, we adopt the author’s implementation of data

regularized actor critic or DrAC [240], using a ResNet architecture [101] as originally

introduced in IMPALA [64]. As well as the categorical data augmentation, we

also tune the regularization coefficient αr introduced in DrAC, as well as more

classically well-studied PPO hyperparameters such as the clip parameter ε, the

learning rate and entropy exploration coefficient. The bounds for each, as well

as the fixed hyperparameters, are given in the Appendix (Table A.3). We learn

these hyperparameters, as well as the categorical data augmentation on the fly

in a single training run, starting with random values.

We train a population of B = 4 agents, each for 25M steps, with tready = 500k

steps, thus the explore step is called approximately fifty times. All of the PBT-style

methods use the same truncation selection approach, whereby the bottom 25%

of agents are replaced with copies of the top 25%. Since we have a population

size of B = 4 this equates to replacing the worst agent with the best. We use

seven Procgen games: BigFish, CaveFlyer, CoinRun, FruitBot, Jumper, Leaper

and StarPilot. At the end, each agent is evaluated on 100 train and test levels
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Table 3.1: Test performance for seven Procgen games. † indicates training was conducted

for a single agent for 25M timesteps. Hyperparameters were initialized at optimized

values, meaning the effective number of timesteps is much higher. Final performance is the

average of 100 trials and results were taken from [240]. ‡ indicates training was conducted

by a population of four agents for 25M timesteps each, with several hyperparameters

initialized at random. Each agent is evaluated for 100 trials on train and test levels and

we present the mean test performance of the agent with the best training performance.

The “Normalized” returns are with respect to the PB2-Rand baseline, ? indicates p < 0.05

in a t-test over PB2-Rand. Bold = within 1 std of the best mean.

Environment PPO† UCB-DrAC† PBT‡ PB2-Rand‡ PB2-Mult‡ PB2-Mix‡
BigFish 4.0± 1.2 9.7± 1.0 6.6± 2.4 8.2± 0.1 9.6± 1.7 10.6± 1.9
CaveFlyer 5.1± 0.9 5.3± 0.9 4.4± 1.0 5.8± 1.8 5.6± 0.8 6.0± 0.7
CoinRun 8.5± 0.5 8.5± 0.5 6.8± 1.0 8.1± 0.1 8.5± 0.4 8.1± 0.2
FruitBot 26.7± 0.8 28.3± 0.9 25.6± 0.2 29.5± 1.9 29.6± 0.8 29.0± 0.6
Jumper 5.8± 0.5 6.4± 0.6 6.2± 0.3 5.4± 0.5 5.9± 0.1 6.2± 0.3
Leaper 4.9± 0.7 5.0± 0.3 3.6± 0.6 5.0± 2.4 5.0± 1.4 6.6± 1.9
StarPilot 24.7± 3.4 30.2± 2.8 26.9± 7.9 33.6± 3.1 35.3± 1.5 36.3± 2.4

Normalized (%) 85.6± 22.4 100± 23.8 105.3± 14.6 112.1± 20.4?

and we present the test performance from the agent with the best final training

performance in each population. Our primary baseline is PB2-Rand, which we note

was already shown to improve upon both Hyperband [168, 169] and vanilla BO [27]

when optimizing continuous agent hyperparameters (see: Section 3.3.4). As such,

we choose to use our computational resources to run five trials for all seven games

rather than by confirming this result. Instead, we do include the original PBT

algorithm as a baseline, as well as single agent results from Raileanu et al. [240].

All of the PBT results can be replicated using our open source codebase, which was

designed to make use of our single GPU available and thus is not parallelized.3

The final results are shown in Table 3.1, where each agent is evaluated for 100

trials, a common protocol in Procgen [121, 240]. For population-based methods, we

select the agent with the best training performance and show its test performance.

Given the challenge of comparing results, we present an additional metric which

is a score normalized by the PB2-Rand performance. For each seed in each game,
3https://github.com/jparkerholder/procgen_autorl

https://github.com/jparkerholder/procgen_autorl
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Figure 3.2: (a) Aggregate performance statistics across all seven Procgen
environments. (b) The probability of improvement on a new task from the same
distribution. Shaded areas represent 95% confidence intervals.

the score is divided by the mean PB2-Rand score for that given game. We then

show the mean of these normalized scores, comprising of 35 results. In addition,

we note the challenge in comparing aggregate metrics in RL, and as such, we also

make use of the recently introduced rliable library, designed to provide robust

metrics that take into account the uncertainty in experimental results [2]. In

Figure 3.2 we show aggregate performance statistics across all tasks, where we

clearly see that PB2-Mix and PB2-Mult outperform PB2-Rand. Our other results

confirm what was already known—with limited data (B = 4) the original PBT

performs poorly (worse than PPO without data augmentation), while PB2-Rand

provides large improvements over this.

Despite using a small population size, we are able to train policies that perform

competitively with state-of-the-art methods which used a much larger grid search.

We see that PB2-Rand significantly outperforms PBT, and furthermore our new

approaches modeling categorical variables improve upon PB2-Rand. Notably, we see

the strongest performance from PB2-Mix, which is able to exploit the dependence

between all variables in a joint kernel. The average gains for PB2-Mix over PB2-

Rand are statistically significant, with p = 0.044 in Welch’s t-test [319], used since

it is more reliable when the two samples have unequal variances.

Do we need to model dependence? To explore the dependence of the

parameters in the Procgen setting, we tested relationship between each continuous
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Figure 3.3: T-values for univariate regressions predicting reward change given a
continuous hyperparameter, conditioned on category. We see that the relationship
between continuous variables and training performance often exhibits a dependence
on the data augmentation type. These plots use data from all runs of all algorithms.
Plots show critical t-values for p < 0.05.

hyperparameter and the subsequent change in reward (ft(.)). For each individual

hyperparameter, we conditioned the data on the category currently being used, and

fit a linear regression model. In Figure 3.3 we show the t-values for all environment-
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hyperparameter pairs. As we see, the relationship between continuous variables

and learning performance varies depending on the category selected, confirming

a dependence in Procgen [275]. In particular, we see for BigFish and Jumper

the clip parameter relationship with training performance is heavily dependent on

the data augmentation type used. Interestingly we also include an example from

FruitBot, where the dependence seems to be weaker as the clip param is positively

related with improving policies for all but one category. This is likely the reason

for relatively stronger performance for PB2-Rand in FruitBot.

0 1 2
Average R t-Statistic

grayscale
cutout-color

random-conv
cutout
rotate

crop
color-jitter

flip
Category Efficacy

0-12.5M
12.5M-25M

0 20 40
Iteration

TV.EXP3.M Arm Pulled

Figure 3.4: Left: The t-statistic for the mean reward change for each category
in the BigFish environment, across all experiments, in the first and second half
of training. This is calculated by taking the mean reward and normalizing by
population size and standard deviation. Right: All arms selected by TV.EXP3.M.

We also investigate the effectiveness of TV.EXP3.M in selecting the data

augmentation type. In Figure 3.4 we show the t-statistic for the mean change

in reward for each category in the BigFish environment, as well as all the categories

selected by the new PB2 variants using TV.EXP3.M. We see that flip is the

most selected augmentation, especially in the first half of training when it has a

particularly large t-value. Interestingly, we also see that cutout-color is frequently

selected at the beginning, but not used at all at the end when it is less effective,

thus demonstrating TV.EXP3.M is able to adapt effectively.

Now we have seen there is clear evidence of dependence between the hyperpa-

rameters, we seek to answer this question on the downstream task by training RL

agents. We introduce an ablation of our method called “PB2-Indep” which uses



3. Agents that Tune Themselves

0.4 0.5
PPO
PBT

PB2-Rand
PB2-Indep

PB2-Mix
IQM

0.48 0.56 0.64

Optimality Gap

Min-Max Normalized Score

(a) Aggregate Statistics

0.3 0.4 0.5 0.6 0.7
P(X > Y)

PB2-Indep

PB2-Mix

PB2-Mix
Algorithm X

PB2-Rand

PB2-Indep

PB2-Rand
Algorithm Y

(b) Probability of Improvement

Figure 3.5: Ablation Study:(a) and b) show aggregate performance statistics vs.
an ablation “PB2-Indep” which independently (yet efficiently) selects continuous
and categorical variables.

TV.EXP3.M to select the data augmentation type but then ignores this information

when using the GP to select continuous hyperparameters. We once again evaluate

this method with five runs on all seven Procgen games, and show the aggregate

results in Figure 3.5. Indeed, we see that PB2-Indep does improve upon PB2-Rand,

since selecting the best data augmentation should provide performance gains, but

we do not see the full benefit of PB2-Mix which is able to select continuous variables

conditioned on this information. We see that the probability of improvement for

PB2-Mix over PB2-Indep and PB2-Indep over PB2-Rand are both equal (just over

56%), which indicates the gain for PB2-Mix comes equally from efficiently selecting

the data augmentation type and then subsequently conditioning on the output of

that selection when selecting continuous variables. When combined, we get over

69% probability of improvement vs. the baseline.

3.5 Discussion and Future Extensions

The key benefit of PBT algorithms is the ability to make use of large population sizes

with the same wall clock time of a single agent. Thus far, we have only considered

the resource constrained setting which is important but not representative of a

setting that would be useful for labs with access to more resources. Thus, the

question remains: how do these new methods scale? To test this we train with a

population size of 12 for PB2-Rand, PB2-Mult and PB2-Mix on the BigFish task.

We repeat the experiment for three seeds and report the mean test return from the
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agent with the best training performance in 3.5c). As we see, PB2-Mix remains

the strongest method, with final performance of 16± 1.15. This is comparable to

the state of the art performance [121, 239]. Since our method is orthogonal to

these, it is likely combining them could provide further gains.

Figure 3.6: Scaling up: shows the test curves with B = 12 agents, plots show
the mean of three runs with error bars showing the standard error of the mean.

We are particularly excited by many future directions from here. The most

natural is to adapt a greater proportion of the agent configuration: in that light, a

very recent work [314] proposed to extend PB2 using “generational learning” [296] to

adapt architectures on the fly. This leads to sizable gains on the brax environment

[77], with agents learning complex architectures that would be challenging to train

from scratch. But to achieve a truly open-ended RL system we may need to go even

further. Can we learn and adapt entire algorithms altogether, extending recent work

[43, 137, 207]? Outside of increasing the search space, improvements can be made on

the algorithm itself, for example exploring whether it is possible to share experience

across agents [76]. We can also consider whether we can benefit from encouraging

these agents to be diverse with respect to one another [218, 235]. Finally, we are

also curious to see whether recent innovations in other areas of AutoML can be

combined in a PBT-style framework [246]. We think the combination of these ideas

could lead to dramatic gains in performance for RL agents, ultimately making it

possible to go beyond the capability of human-designed configurations. If we can

achieve this, the only thing missing may be a sufficiently complex environment.
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“Everyone has a plan until they get punched in the mouth.”
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4.1 Introduction

In our discussion so far, we assumed that our agent was given a fixed environment,

or distribution of environments, and was able to tune itself to achieve strong

performance. But what happens next? Unless our environment already captures

all of the intricacies of the real world, it is likely that our agent is limited in its

48
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generality and the system will plateau, no longer producing new, interesting problems.

Furthermore, if we instead place an agent inside an already complex environment it

may be too challenging to learn for even the most sophisticated RL algorithms [100].

This chapter focuses on the use of adaptive curricula for training more generally-

capable agents. By adapting the training distribution over the parameters of an

environment, adaptive curricula have been shown to produce more robust policies

in fewer training steps [121, 233]. For example, these parameters may correspond

to friction coefficients in a robotics simulator or maze layouts for a navigation task.

Each concrete setting of parameters results in an environment instance called a level.

Indeed, adaptive curricula have played a key role in many prominent RL agents,

either over opponents [312], game levels [296], or parameters of a simulator [7, 209].

Unsupervised Environment Design (UED, Dennis et al. [54]) formalizes the

problem of finding adaptive curricula, whereby a teacher agent designs levels

using feedback from a student, which seeks to solve them. When using regret as

feedback, Dennis et al. [54] showed that if the system reaches equilibrium, then the

student must follow a minimax regret strategy, i.e. the student would be capable

of solving all solvable environments. Empirically, this approach produces student

policies exhibiting impressive zero-shot transfer to challenging human designed

environments [54, 92, 120]. However, training such an adversarial teacher remains a

challenge, and so far, the strongest empirical results come from curating randomly

sampled levels for high-regret, rather than learning to directly design such levels

[120]. Such a curational approach is unable to take advantage of any previously

discovered level structures, and its performance can be expected to degrade as

the size of the design space grows.

An important benefit of adaptive curricula is the possibility of open-ended

learning [277], given the curriculum can be steered toward constantly designing

novel tasks for the agent to solve. While generating truly open-ended learning

remains a grand challenge [281], recent works in the evolutionary community have

taken the first steps in this direction, through methods such as Minimal Criteria

Coevolution (MCC, Brant & Stanley [26]) and POET [315, 316]. These approaches
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Figure 4.1: The evolution of a level in three different environments: MiniHack
lava grids, MiniGrid mazes and BipedalWalker terrains. In each case, the far left
shows a base level, acting as a parent for subsequent edited levels to the right.
Each level along the evolutionary path has a high regret for the student agent at
that point in time. Thus the level difficulty co-evolves with the agent’s capabilities.
In each environment, we see that despite starting with simple levels, the pursuit
of high regret leads to increasingly complex challenges. This complexity emerges
entirely without relying on any environment-specific exploration heuristics. Note
that since the agent can move diagonally in the lava environment, the final level is
solvable.

show that evolving levels can effectively produce agents capable of solving a diverse

range of challenging tasks. In contrast to prior UED works, these evolutionary

methods directly take advantage of the most useful structures found so far in

a constant process of mutation and selection. However, the key drawback of

these methods is the reliance on domain specific heuristics, while also requiring

vast computational resources, making it challenging for the community to make

further progress in this direction.

In this work, we seek to harness the power and potential open-endedness of

evolution in a principled regret-based curriculum. We introduce a new algorithm,

called Adversarially Compounding Complexity by Editing Levels, or ACCEL. ACCEL

evolves a curriculum by making small edits (e.g. mutations) to previously high-regret

levels, thus constantly producing new levels at the frontier of the student agent’s

capabilities (see: Figure 4.4). Levels generated by ACCEL begin simple but quickly
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become more complex. This benefits both the beginning of training [23, 262], where

the student begins learning much faster, while rapidly co-evolving the policy with

the environment to solve increasingly complex levels (see Figure 4.1).

We believe ACCEL provides the best of both worlds: an evolutionary approach

that can generate increasingly complex environments, combined with a regret-based

curator that reduces the need for domain-specific heuristics and provides theoretical

robustness guarantees in equilibrium. ACCEL leads to strong empirical gains in

both sparse navigation tasks and a 2D bipedal locomotion task over challenging

terrain. In both domains, ACCEL demonstrates the ability to rapidly increases level

complexity while producing highly capable agents. ACCEL produces and solves

highly challenging levels with a fraction of the compute of previous approaches,

reaching comparable performance to POET while training on less than 0.05% of

the total number of samples on a single GPU.

4.2 Related Work

The inability of deep RL agents to reliably generalize has drawn considerable

attention [1, 44, 84, 111, 214, 339], with policies often failing to adapt to changes

in the observation [276], dynamics [17], or reward [337]. In this work, we seek to

provide agents with a set of training levels to produce a policy that is robust

to these variations.

In particular, we focus on the Unsupervised Environment Design (UED, Dennis et

al. [54]) paradigm, which aims to design environment directly, such that they induce

experiences that result in learning the more robust policies. Domain Randomization

(DR, Jakobi [117] and Sadeghi & Levine [254]) can be viewed as the most basic

form of UED. DR has been particularly successful in areas such as robotics [7,

118, 209, 298], with extensions proposing to actively update the DR distribution

[187, 244]. This chapter directly extends Prioritized Level Replay (PLR, Jiang

et al. [121]), a method for curating DR levels such that those with high learning

potential can be revisited by the student agent for training. PLR is related to

TSCL [183], self-paced learning [62, 138], and ALP-GMM [233], which seek to
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maintain and update distributions over environment parameterizations based on

the recent performance of the agent. Recently, a method similar to PLR was

shown to be capable of producing generally capable agents in a simulated game

world with a smooth space of levels [296].

Dennis et al. [54] first formalized UED and introduced the PAIRED algorithm,

a minimax regret [258] UED algorithm whereby an environment adversary learns to

present levels that maximize regret, approximated as the difference in performance

between the main student agent and a second agent. PAIRED produces agents

with improved zero-shot transfer to unseen environments and has been extended

to train agents that can robustly navigate websites [92]. Adversarial objectives

have also been considered in robotics [230] and in directly searching for situations

in which the agent sees the weakest performance [66]. POET [315, 316] considers

co-evolving a population of minimax environments and agents that solve them. We

take inspiration from the evolutionary nature of POET but train a single agent,

which is beneficial as it takes significantly fewer resources, while also eliminating

the agent selection problem.

UED is inherently related to the field of Automatic Curriculum Learning (ACL,

Baranes & Oudeyer [18], Florensa et al. [74], and Portelas et al. [234]), which seeks

to provide an adaptive curriculum of increasingly challenging tasks or goals given

a (typically) fixed environment [5]. This setting differs from a general UPOMDP,

where a task or goal specifier is not provided. Furthermore, UED approaches seek

to fully specify environments, rather than just goals within a fixed environment.

In Asymmetric Self-Play [285] one agent proposes goals for another, leading to

effective curricula for challenging robotic manipulation tasks [210]. AMIGo [32]

and APT-Gen [69] provide adaptive curricula for hard-exploration, goal-conditioned

problems. Many ACL methods emphasize learning to reach goals or states with

high uncertainty [232, 237, 343], either using generative [73] or world models [188].

Automatic environment design has also been considered in the symbolic AI

community as a means to shape an agent’s decisions [340, 341]. Automated

environment design [129, 130] seeks to redesign specific levels to improve the
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agent’s performance within them. In contrast, UED adapts curricula that improves

performance across levels.

Our work also relates to the field of procedural content generation (PCG, Justesen

et al. [124] and Risi & Togelius [248]), which seeks to algorithmically generate diverse

levels. Popular PCG environments used in RL include the Procgen Benchmark

[44], MiniGrid [38], Obstacle Tower [122], GVGAI [227], and the NetHack Learning

Environment [149]. This work uses the recently proposed MiniHack environment

[256], which provides a flexible framework for creating diverse environments. Within

the PCG community, automatically generating game levels has been of interest for

more than a decade [301], with recent methods making use of machine learning

[24, 286]. PCGRL [60, 131] frames level design as an RL problem, whereby the

design policy makes incremental changes to the level to maximize some arbitrary

objective subject to game-specific constraints. Unlike ACCEL, it makes use of

hand-designed dense rewards and focuses on the design of levels for human players,

rather than as an avenue to training highly-robust agents.

4.3 Methods for Unsupervised Environment De-
sign

The work in this chapter builds primarily on three related works, which we discuss

below. The first is Paired Open-Ended Trailblazer (POET) [315], which coevolves a

population of agent-environment pairs using a minimal criterion [26]. POET uses a

“stepping stone” procedure to transfer agents across environments, making it possible

to learn highly complex behaviors that would not likely be discovered from scratch.

One of the main drawbacks for POET is its complexity—the method requires a

population of 20 agents training in parallel, with a goal switching process that

involves evaluating agents on several different environments. In total the procedure

uses several hundred billion timesteps. Secondly, POET requires handcrafted

heuristics, since it uses an adversarial objective it pre-filters levels to be within a

given reward range. If this range was removed, the adversarial objective would simply

propose unsolvable levels rendering the process ineffective for learning strong policies.
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In contrast to POET, Dennis et al. [54] proposed an approach that avoids using

heuristics to select environments. Instead, they introduce an adversary that designs

environments to maximize regret, defined as the difference in return between a new

antagonist agent and the student policy (referred to as the protagonist). Their

approach is called Protagonist Antagonist Induced Regret Environment Design or

PAIRED. Since the antagonist must get a positive reward to incur positive regret,

this means the PAIRED adversary proposes solvable levels. Further, since regret

is highest for simpler levels, the curriculum naturally discovers the simplest set

of levels the student policy cannot currently solve. Indeed, Dennis et al. [54] also

showed theoretically that if the process reaches a Nash Equilibrium, the student

policy is following a minimax regret strategy. However, PAIRED is not without

flaws. In particular, PAIRED often falls into local optima, and is susceptible to

cycling. It is easy to see why, the adversary has to learn from sparse rewards (regret

at the end of an episode), with challenging credit assignment. For example, it is

not clear which block placed by the adversary impacted the regret.

The third approach is the most simple. Rather than seek to design new levels

from scratch, the Prioritized Level Replay (PLR, Jiang et al. [121]) algorithm

samples random levels from the domain randomization distribution and then replays

those with high learning potential. This is proxied by “value loss”, taken as the

sum of the per time step TD errors in an episode. Despite its simplicity, PLR

was shown to provide large performance gains on the Procgen benchmark [44] by

generating an automatic curriculum over level seed.

While PLR offers promising performance, it does not have the same theoretical

properties of PAIRED, and it has not yet been used for large scale unsupervised

environment design. In this section, we propose an extension to PLR to make

both of these things possible.

4.4 Robust Prioritized Level Replay

In Jiang et al. [120] we introduce a new perspective on PAIRED and PLR. Rather

then seeing them as distinct methods, we instead view them as instantitations of



4. Environments that Continuously Propose New Challenges

a novel class of algorithms, which we refer to as Dual Curriculum Design (DCD).

DCD algorithms contain both a generator (producing new levels) and a curator

(replaying them). Thus, PAIRED can be seen as an regret-based generator without

a curator, and PLR is a random generator with a value-loss based curator.

Before introducing new algorithms, we provide a brief overview of the theoretical

foundation underpinning this new class of algorithms. We formalize DCD as a three

player game between a student and two teachers (generator and curator), which we

call a dual curriculum game. Recall from Section 2.2.4 that in UED the teacher

follows a utility function Ut. With two teachers, the first teacher plays this game

with probability p and the second with (1− p), thus, the combined “teacher” now

maximizes the joint reward of pU1
t + (1− p)U2

t . This can be seen as a joint strategy

for a single teacher. In Jiang et al. [120] we show that when we reach a NE of the

dual curriculum game, the teachers arrive at approximate best responses for both

the base game with the joint objective and with their own objectives, meaning they

are also in an approximate NE of the base game with either teacher.

When looking specifically at PLR, we have U1
t = C since the first teacher

is following a domain randomization strategy, and U2
t is seeking to maximize

value loss. The first change we make is to switch the second teacher (curator)

objective to approximate regret, UR
t . One way to do this is to change from using

the value loss (which captures both upside and downside surprises) to the Positive

Value Loss, defined as follows:

UR
t = 1

T

T∑
t=0

max
(

T∑
k=t

(γλ)k−tδk, 0
)

(4.1)

where λ and γ are the Generalized Advantage Estimation (GAE, Schulman et al.

[266]) and MDP discount factors respectively, and δt, the TD-error at timestep t.

With this change, by Corollary 1 of Jiang et al. [120] we see that PLR can

achieve theoretical guarantees at NE, in a similar vein to PAIRED. However,

the guarantees are weaker. Concretely, we have the new PLR instantiation of a

dual curriculum game then the first teacher maximizes regret U1
t = UR

t and the

second teacher plays randomly U2
t = UU

t . Recall that ξ ∈ Rd corresponds to a
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d-dimensional vector encoding the environment parameters for a UPOMDP (see

Section 2.2.4). Let V ξ(ξ) be bounded in [B−, B+] for all ξ, π. Then the student

policy π is 2(B+ −B−)(1− p) close to having optimal worst-case regret (see Jiang

et al. [120] for a more detailed discussion).

This result immediately leads to a new insight—if we set p = 0 then the student

policy will follow a minimax regret strategy at equilibrium. Thus, counter intuitively,

the student learns more effectively by training on less data, i.e. by applying a stop

gradient when collecting experience on samples from the random generator and

only updating the policy on curated, high regret levels. This new algorithm, which

we call Robust PLR or PLR⊥ is shown in Algorithm 5.

Algorithm 5 Robust PLR (PLR⊥)
Randomly initialize policy π(φ) and an empty level buffer, Λ of size K.
while not converged do

Sample replay-decision Bernoulli, d ∼ PD(d)
if d = 0 then

Sample level ξ from level generator
Collect π’s trajectory τ on ξ, with a stop-gradient φ⊥ i.e. Do not update π

else
Use PLR to sample a replay level from the level store, ξ ∼ Λ
Collect policy trajectory τ on ξ and update π with rewards R(τ)

end
Compute PLR score, S = score(τ, π)
Update Λ with ξ using score S

end

4.4.1 Empirical Results

We tested Robust PLR in both a partially observable navigation environment

and a continuous control CarRacing environment from OpenAI Gym [28]. For all

experiments we train the student via Proximal Policy Optimization (PPO, Schulman

et al. [267]), see the background (Section 2.1.4) for more details. Here we focus on

the CarRacing domain, with navigation results presented in the next section.

This environment entails continuous control with dense rewards, a 3-dimensional

action space, and partial, pixel observations, with the goal of driving a full lap
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Figure 4.2: CarRacing F1 Benchmark.

around a track. To enable unsupervised environment design of any closed-loop

track, we reparameterize CarRacing to generate tracks as Bézier curves [192] with

arbitrary control points. The teacher generates levels by choosing a sequence of up

to 12 control points, which uniquely defines a Bézier track within specific, predefined

curvature constraints. After 5M steps of training, we test the zero-shot transfer

performance of policies trained by each method on 20 levels replicating official human-

designed Formula One (F1) tracks, shown in Figure 4.2. Note that these tracks are

significantly out of distribution, as they cannot be defined with just 12 control points.

In Figure 4.3 we show the progression of zero-shot transfer performance for the

original CarRacing environment, as well as three F1 tracks of varying difficulty,

while also including the final performance on the full F1 benchmark. For the final

performance, we also evaluated the state-of-the-art CarRacing agent from [294] on

our new F1 benchmark. As we see in these results, Robust PLR (blue) provides

a significant performance boost over PLR (pink), outperforming the state-of-the-
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Figure 4.3: Zero-shot transfer performance. Plots show mean and standard error over

10 runs.

art Attention Agent. Interestingly, PAIRED struggles in this setting due to the

challenges of designing environments using RL.

To conclude, this section, we introduced Robust PLR, a simple regret-based UED

algorithm that empirically produces policies with strong generalization capabilities.

However, it is clear to see this method remains limited—it can only curate randomly

sampled levels. Indeed, Robust PLR’s inability to build off of previously discovered

levels may make it challenging to sample complex structures with the frequency

required to train agents capable of solving them. Further, random search will

suffer from the curse-of-dimensionality in higher-dimensional design spaces, where

randomly encountering levels at the frontier of the agent’s current capabilities

can be highly unlikely.

4.5 Adversarially Compounding Complexity by
Editing Levels

As we have seen so far, a simple curation strategy can be highly effective for

UED. However, it lacks creativity and the ability to build complexity from existing

knowledge. In this section we draw inspiration from POET, and seek to harness the

power of evolution in a regret-based curriculum. We introduce a new method, which

we call Adversarially Compounding Complexity by Editing Levels or ACCEL [215].
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4.5.1 ACCEL Algorithm

In this section we introduce a new algorithm for UED, combining an evolutionary

environment generator with a principled regret-based curator. Unlike Robust

PLR which relies on random sampling to produce new batches of training levels,

we instead propose to make edits (e.g. mutations) to previously curated ones.

Evolutionary methods have been effective in a variety of challenging optimization

problems [235, 279], yet typically rely on handcrafted, domain-specific rules. For

example, POET manually filters BipedalWalker levels to have a return in the range

[50, 300]. The key insight in this work is that regret serves as a domain-agnostic

fitness function for evolution, making it possible to consistently produce batches

of levels at the frontier of agent capabilities across domains. Indeed, by iteratively

editing and curating the resulting levels, the levels in the level replay buffer quickly

increase in complexity. As such, we call our method Adversarially Compounding

Complexity by Editing Levels, or ACCEL.

Update buffer

Generator

Editor

Select for editing

Curator

Student
Replay level

Figure 4.4: An overview of ACCEL. Levels are randomly sampled from a generator
and evaluated, with high-regret levels added to the level replay buffer. The curator
selects levels to replay, and the student only trains on replay levels. After training,
the replayed levels are edited and evaluated again to compute regret for level replay.

ACCEL does not rely on a specific editing mechanism, which could be any

mutation process used in other open-ended evolutionary approaches [277]. In this
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paper, editing involves making a handful of changes (e.g. adding or removing

obstacles in a maze), which can operate directly on environment elements within

the level or on a more indirect encoding such as the latent-space representation

of the level under a generative model of the environment. In general, editing may

rely on more advanced mechanisms, such as search-based methods, but in this

work we predominantly make use of simple, random mutations. ACCEL makes

the key assumption that regret varies smoothly with the environment parameters

Ξ, such that small mutations in the levels lead to equally small changes in regret.

If this is the case, then small edits to a single high-regret level should lead to

the discovery of entire batches of high-regret levels—which could be an otherwise

challenging task in high-dimensional design spaces.

Following Robust PLR, as described in the previous section, we do not im-

mediately train on edited levels. Instead, we first evaluate them and only add

them to the level replay buffer if they have high regret, estimated by positive value

loss (Equation 4.1). We consider two different criteria for selecting which replayed

levels to edit: Under the “easy” criterion, we edit those levels which the agent

can currently solve with low regret, approximated as the agent’s return minus its

regret. Under the “batch” criterion, we simply edit the entire batch of replayed

levels. The full procedure is shown in Algorithm 6.

ACCEL can be seen as a UED algorithm taking a step toward open-ended

evolution [281], where the fitness is approximate regret, as levels only stay in the

population (that is, the level replay buffer) if they meet the high-regret criterion

for curation. However, ACCEL avoids some important weaknesses of evolutionary

algorithms such as POET: First, ACCEL maintains a population of levels, but

not a population of agents. Thus, ACCEL requires only a single desktop GPU

for training. In contrast, evolutionary approaches typically require a CPU cluster.

Moreoever, forgoing an agent population allows ACCEL to avoid the agent selection

problem. Instead, ACCEL directly trains a single generally-capable agent. Finally,

since ACCEL uses a minimax regret objective (rather than minimax adversarial as
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Algorithm 6 Adversarially Compounding Complexity by Editing Levels (ACCEL)
Input: Level buffer size K, initial fill ratio ρ, level generator
Initialize: Initialize policy π(φ), level buffer Λ
Sample K ∗ ρ initial levels to populate Λ
while not converged do

Sample replay decision d ∼ PD(d)
if d = 0 then

Sample level ξ from level generator
Collect π’s trajectory τ on ξ, with stop-gradient φ⊥
Compute regret score S for ξ (Equation 4.1)
Update Λ with ξ if score S meets threshold

else
Sample a replay level, ξ ∼ Λ
Collect policy trajectory τ on ξ
Update π with rewards R(τ)
Edit ξ to produce ξ′
Collect π’s trajectory τ on ξ′, with stop-gradient φ⊥
Compute regret score S (S ′) for ξ (ξ′)
Update Λ with ξ (ξ′) if score S (S ′) meets threshold
(Optionally) Update Editor using score S

end
end

in POET), it naturally promotes solvable levels at the frontier of agent’s capabilities,

without relying on domain-specific knowledge (such as reward ranges).

Note that just like Robust PLR, ACCEL can also be seen as an instatiation of

Dual Curriculum Design. Once again, the first teacher is playing a regret-based

strategy, but now the second teacher is combining a random and evolutionary

approach. However, since the student policy only trains on levels from the curator

(the regret-based teacher), ACCEL inherits the robustness guarantees in equilbrium

from Robust PLR:

Remark 1. If ACCEL reaches a Nash equilibrium, then the student follows a

minimax regret strategy.

In stark contrast, other evolutionary approaches primarily justify their appli-

cability solely via empirical results on specific domains. As we will show next, a

key strength of ACCEL is its generality, as it can produce highly capable agents

in a diverse range of environments, without domain knowledge.
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4.5.2 Experiments

In our experiments we seek to compare agents trained with ACCEL with several of

the best-performing UED baselines. In all cases, we train a student agent via PPO.

To evaluate the quality of the resulting curricula, we show all performance with

respect to the number of gradient updates for the student policy, as opposed to

total number of environment interactions, which is, in any case, often comparable

for PLR and ACCEL (see Table B.6). For a full list of hyperparameters for each

experiment please see Table B.7 in Section B.3.3. Our primary baseline is Robust

PLR [120], which combines the random generator with a regret-based curation

mechanism. Note that we will simply use “PLR” to refer to the robust form of

the algorithm from here onwards. The other baselines are domain randomization

(DR), PAIRED [54], and a minimax adversarial teacher. The minimax baseline

corresponds to the objective used in POET without the hand-coded constraints.

We leave the comparison to population-based methods to future work due to the

computational expense required. We report results in a consistent manner across

environments—in each case, we show the emergent complexity during training

and report test performance with the aggregate inter-quartile mean (IQM) and

optimality gap using the recently introduced rliable library [2].

We begin with a partially-observable navigation environment, where we test

our agents on challenging out-of-distribution environments. Next, we compare each

method on the continuous-control environment from Wang et al. [315], featuring a

highly challenging distribution of training levels that requires the agent to master

multiple behaviors to achieve strong performance.

Partially Observable Navigation We begin with a maze navigation environ-

ment based on MiniGrid [38], originally introduced in Dennis et al. [54]. Despite

being a conceptually simple environment, training robust agents in this domain

requires a large-scale experiment: Our agents train for 20k updates (≈350M steps,

see Table B.6), learning an LSTM-based policy with a 147-dimensional partially-

observable observation. Our DR baseline samples between 0 and 60 blocks to
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place, providing a sufficient range for PLR to form a curriculum. For ACCEL

we begin with empty rooms and randomly edit the block locations (by adding or

removing blocks), as well as the goal location. After replay, we edit levels selected

via the “easy” criterion—essentially moving levels back to the learning frontier

once their learning potential has been reduced. In Figure 4.5, we report training

performance and complexity metrics. We see that ACCEL rapidly compounds

complexity, leading to training levels with significantly higher block count and

longer solution paths than other methods.
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Figure 4.5: Emergent complexity metrics for maze navigation levels during
training. Plots show the mean and standard error across five training seeds.
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Figure 4.6: Maze navigation aggregate test performance. Plots show the inter-
quartile mean (IQM) and optimality gap, with 95% confidence intervals shaded.

We evaluate the zero-shot transfer performance of each method on a series of held-

out test environments, as done in prior works. For DR, PLR, and ACCEL, evaluation

occurs after 20k student PPO updates, focusing the comparison on the effect of the

curriculum. The minimax and PAIRED results are those reported in Jiang et al.

[120] at 250M training steps (≈30k updates). As we see, ACCEL performs at least
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as well as the next best method in almost all test environments, with particularly

strong performance in Labyrinth and Maze. As reported in Figure 4.6, ACCEL

achieves drastically stronger performance than all other methods in aggregate across

all test environments: its IQM approaches a perfect solved rate compared to below

80% for the next best method, PLR, with an 80.2% probability of improvement

over PLR. In Appendix B.1 we show the individual test levels in Figure B.1, with

full test results in Table B.1. Example levels generated by each method are shown

in Figure 4.7, where we see ACCEL produces mazes that qualitatively appear to

exhibit more structure than the baselines. Indeed, it seems highly challenging to

sample solvable levels with this high block count and complexity at random, but

it occurs naturally with ACCEL since complexity compounds over time, building

on previously solvable levels.

   DR      PLR                     ACCEL

Figure 4.7: Example levels generated by DR, PLR and ACCEL.

Next, we consider an even more challenging setting—we use a larger version of

“PerfectMaze”, a procedurally-generated maze environment, shown in Figure 4.8.

Each randomly-generated maze has 51 × 51 tiles, an order of magnitude larger

than training levels, with a maximum episode length of over 5k steps. We evaluate

each agents for each training seed for 100 episodes, using the same checkpoints

used to produce Figure 4.6. The evaluation results in Figure 4.8 show ACCEL

significantly outperforms all baselines, achieving a success rate of 53% compared

to the next best method, PLR, which attains a success rate of 25%, while all
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Figure 4.8: Zero-shot performance on a large procedurally-generated maze
environment. The bars show mean and standard error over 5 training seeds,
each evaluated over 100 episodes. ACCEL achieves over double the success rate of
the next best method, despite beginning with empty rooms.

other methods fail. Notably, ACCEL learns to approximately follow the “left-hand”

rule for solving single-component mazes.

We seek to understand the key drivers of ACCEL’s outperformance: Incremental

changes to a level can lead to a diverse batch of new ones [284], which may move

those that are currently too hard or too easy towards the frontier of the agent’s

capabilities. This diversity may prevent overfitting. For example, in Figure 4.9, we

see three edits of the same level produced by ACCEL. Each has a similar initial

observation, yet requires the agent to explore in different directions to reach the

goal, thereby pressuring the agent to actively explore the environment. Making

edits such as these outside of the direct trajectory of the agent can also be seen

as a form of data augmentation that changes the observation but not the optimal

policy. Such data augmentations have been shown to improve sample efficiency

and robustness in RL [141, 154, 240].
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Figure 4.9: Despite sharing a common ancestor, each of these levels require
different behaviors to solve. Left: the agent can go up or left and reach the goal.
Middle: the goal is on the left, while on the right the left path is blocked.

Walking in Challenging Terrain Finally, we evaluate our approach on a

continuous-control environment with dense rewards, using the BipedalWalker

environment from Wang et al. [315]. As in Wang et al. [315] we use a modified

version of the BipedalWalkerHardcore environment from OpenAI Gym [28]. We

include all eight parameters in the design space, rather than the subset used in

Wang et al. [315], making our setting more complex. This environment is detailed

at length in Appendix B.3.1. We run all baselines from previous experiments,

alongside an additional baseline, ALP-GMM [233], which was originally tested on

BipedalWalker. We train agents for 30k student updates, equivalent to between 1B

to 2B total environment steps, depending on the method (see Table B.6). During

training we evaluate agents on both the simple BipedalWalker and more challenging

BipedalWalker-Hardcore environments, in addition to four environments testing

the agent’s effectiveness against specific, isolated challenges otherwise present to

varying degrees in training levels: {Stump, PitGap, Stairs, Roughness}, shown

in Figure 4.10.

After 30k PPO updates, we conduct a more rigorous evaluation, using 100 test

episodes in each test environment, and report the aggregate results in Figure 4.11

(normalized assuming a return range of {0,300}). ACCEL significantly outperforms

all baselines, achieving close to 75% of optimal performance, almost three times the

next best baseline (PLR). All other baselines struggle, likely due to the challenging

environment design space containing a high proportion of levels that are not

conducive to learning. Faced with such challenging levels, agents may learn to
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Figure 4.10: Top: Examples of the four individual challenges tested in
BipedalWalker, Bottom: Performance on BipedalWalker test environments during
training. Results show mean and standard error. Returns below zero are omitted.

resort to the locally optimal behavior of preventing itself from falling (avoiding

a -100 penalty), rather than attempt forward locomotion. Finally, we see ALP-

GMM was unable to perform well when the design space was increased from 2D

(as in Portelas et al. [233]) to 8D.
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Figure 4.11: BipedalWalker aggregate test performance. Plots show the inter-
quartile mean (IQM) and optimality gap, with 95% confidence intervals shaded.
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Figure 4.12: Emergent Complexity in BipedalWalker. Top: Rose plot of
complexity metrics of BipedalWalker levels discovered by PLR and ACCEL. Each
line represents a solved level from the associated checkpoint. All levels are among
the top-100 highest regret levels for the given checkpoint. Bottom: Two levels
created and solved by ACCEL.
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Next we seek to understand the properties of the evolving distribution high

regret levels. We include all solved levels from the top 100 regret levels after 10k, 20k

and 30k student updates. For each level we show all eight parameters in Figure 4.12

(top), with the PLR agent as a comparison. As we see, ACCEL solves a vast quantity

of difficult levels, of comparable difficulty with other methods such as POET, but

using a fraction of the compute. For comparison, ACCEL used 2.07B timesteps to

get to 30k student updates, which is less than 0.5% of what is used in Wang et al.

[315]. In the next section we seek a more direct comparison with results from POET.

POET Comparison For a more direct comparison with POET1 we ran an

experiment using the smaller 5D BipedalWalker environment encoding used in

Wang et al. [315]. We train each method for ten independent runs for 50k student

PPO updates. For evaluating the difficulty of generated levels, we use the thresholds

provided in Wang et al. [315], summarized in Table 4.1. A level meeting none of

these thresholds is considered “Easy”, while meeting one, two or three is considered

“Challenging”, “Very Challenging” or “Extremely Challenging” respectively.

Table 4.1: Environment encoding thresholds for 5D BipedalWalker.

Stump Height (High) Pit Gap (High) Ground Roughness

≥ 2.4 ≥ 6 ≥ 4.5

In Figure 4.13, we show the composition of the ACCEL level replay buffer

during training. As we see, ACCEL produces an increasing number of “Extremely

Challenging” levels as training progresses. This is a significant achievement given

that Wang et al. [315] showed it was not possible to create levels in this category with

their evolutionary curriculum, without including a complex stepping stone procedure.

We thus see regret-based UED offers a computationally cheaper alternative to

producing such levels. Moreover, POET explicitly encourages the environment
1It is important to note that the purpose of these two methods is different—POET seeks to

discover a population of diverse specialists that can solve individual, extremely challenging levels,
while the goal of ACCEL is to train a single generalist. We can attempt to compare these methods
in terms of the complexity of levels generated, but it does not present the full picture.
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parameters to reach high values through an explicit novelty bonus, whereas the

complexity discovered by ACCEL is completely emergent, arising purely through

the pursuit of high-regret levels.
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Figure 4.13: Percentage of the ACCEL level replay buffer falling into each difficulty

category. Note the complexity is purely emergent in the pursuit of high-regret levels.

We further evaluate agents trained in the 5D BipedalWalker environment on

the settings outlined in Figure 4.10, and report the results in Table 4.2. Note that

the Stairs environment is now out-of-distribution, as the agent never experiences

stairs during training. As we saw in the higher dimensional setting, the ACCEL

agent is able to perform well across all settings, outperforming both baselines.

Table 4.2: Test solved rate after 50k updates: all ten runs of each method are
evaluated on held out environments for 100 episodes. Extremely Challenging
evaluations use 1000 episodes due to the diversity of the levels produced. Mean and
sem shown. Bold indicates performance within a standard error of the best mean.

PLR ALP-GMM ACCEL
Stump 0.04± 0.02 0.07± 0.02 0.44± 0.08
PitGap 0.2± 0.09 0.58± 0.08 0.61± 0.08
Roughness 0.23± 0.04 0.13± 0.03 0.73± 0.03
Stairs 0.02± 0.0 0.01± 0.0 0.12± 0.02

Hardcore 0.21± 0.04 0.2± 0.04 0.65± 0.02
Extreme 0.01± 0.01 0.02± 0.01 0.12± 0.02



4. Environments that Continuously Propose New Challenges

Taking our evaluation one step further, we also test all methods on a held

out distribution of “Extremely Challenging” levels. In this case, each time the

environment is reset we resample the parameters, such that they meet all three

criteria in Table 4.1. This inevitably leads to a highly diverse set of test levels.

To mitigate the risk of stochasticity influencing the outcome, we evaluate each

method for 1000 episodes. We compare the solved rate for each method in Table 4.2.

Finally, we seek to evaluate our agents on specific levels produced by POET. We

used the rose plots in [315] to create six “Extremely Challenging” environments,

each solved by one of the three POET runs. Unsurprisingly our agents found

these levels challenging, with low success rates. We note that this is not a perfect

comparison—POET fixes the environment seed, thereby solving one level from

each parameterization, while we repeatedly sample from the same distribution.

However, despite this, 9 out of 10 of our independent runs solved at least one of

the six environments at least once out of 100 trials per run. See the Appendix

(Table B.3) for more detail on this experiment.

To summarize, we believe ACCEL is capable of producing levels of comparable

complexity to POET, without a novelty bonus or handcoded heuristics, and using a

fraction of the computational cost. Moreover, we train a single agent that is robust

across environment challenges, while POET selects multiple agents, each tailored

to individual challenges. Therefore, we believe our method produces agents that

are more robust, and thus, more generally capable. That being said, there may

be cases where this is not desirable—and in some settings it may be preferred to

have a population of diverse specialists. This contrast presents exciting research

questions which are beyond the scope of this thesis, where instead we focus on

a single agent with general capability.

Do we need to start simple? To provide a better understanding of ACCEL,

we conduct a simple ablation study to test the importance of the editing mechanism

(E) and the inductive bias of starting simple (S). In Figure 4.14 we show the

performance of three approaches: 1) sample and replay DR levels (PLR), 2) sample,

replay and edit DR levels (PLR+E) and 3) sample simple levels, replay and edit
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(this is ACCEL but for clarity we refer to it here as PLR+E+S). As we see, editing

levels leads to improved performance, while starting simple is more important

in the BipedalWalker environment.

0.0

0.5

MiniGrid

0

100

200
BipedalWalker

PLR PLR+E PLR+E+S

Figure 4.14: Aggregate returns for editing ablations in MiniGrid and Bipedal-
Walker. E=editing, S=start simple. Plots show the mean and standard error.

4.6 Discussion

In our experiments we have demonstrated that first Robust PLR and then ACCEL

can form highly effective curricula in challenging and diverse environments. In

particular in the BipedalWalker setting we were able to match the complexity of

POET using a single agent, with a small fraction of the computational cost. We

thus believe we have shown evidence that ACCEL would be an effective method

for training agents in more open-ended UED design spaces.

Importantly, the goal of the methods in this chapter differs from the work of

Wang et al. [315]. The primary motivation of Robust PLR and ACCEL is to

produce a single robust generalist agent that can solve a wide range of challenges.

Regret-based curricula seek to prioritize the simplest levels that the agent cannot

currently solve. In contrast, POET co-evolves agent-environment pairs in order to

find specialist policies for solving a single highly complex level. POET’s specialized

agents may likely learn to solve challenging environments outside the capabilities of

even ACCEL’s generalist agents, but at the cost of potentially overfitting to their

paired levels. Thus, unlike ACCEL, the policies produced by POET should not be

expected to be robust across the full distribution of levels. The relative merits of

POET and ACCEL thus highlight an important trade-off between specialization

and generalization.
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We note that ACCEL does come with limitations. First, while the simplicity

of the method is appealing, ACCEL includes an inductive bias with the ability

to begin with a simple base case (e.g. an empty room). This may not always

be possible in practice, as in some settings the simplest example (in terms of the

entities placed in the environment) may actually be a more difficult environment to

solve, for example, in a game where an agent must hide from an opponent it will

actually be more challenging with fewer obstacles [14]. Finally, it is possible that

larger design spaces will require additional mechanisms, such as actively encouraging

diversity in the level space. In the next chapter we discuss this further, with possible

future directions to yield more open-ended learning.



Part II

Achieving Open-Endedness
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The Need for Diversity

“Insanity is doing the same thing over and over again and expecting different results.”

— Attributed to a Narcotics Anonymous pamphlet
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5.1 Introduction

In the previous chapters we described methods to automate both an agent and

environment configuration, operating on the fly in a single training run. Combining

approaches for adapting both agent and environment configurations may lead to
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high performance on challenging tasks, but it may not be truly open-ended. Indeed,

the coevolutionary process between the agent and environment remains inherently

greedy, with environments seeking out levels that are currently high regret, and

agent configurations being selected for immediate improvement. Thus, it may be

susceptible to converging to one type of solution, failing to discover a diversity of

levels and as a result lacking the diverse behaviors required to solve them.

The discovery of diverse solutions has long been known to play a crucial role in

the evolutionary community [185]. A canonical example is improved robustness, for

example work showing that an agent can adapt to damage if it possess a repertoire

of gaits [50]. Indeed, if we want our systems to be open-ended, it may also be

crucial to maintain “stepping stones”, that may not initially be selected if purely

filtering by an objective function [315, 316, 325]. Indeed, components that are

crucial for future success may not be discovered if we are optimizing exclusively

for reward [280]. This was demonstrated in the canonical picbreeder experiment

[268], where humans provided the selection mechanism for images to evolve. Several

interesting images emerged, each requiring intermediate steps that looked nothing

like the final result. The means for producing diverse solutions varies depending

on the community—in RL, it is common to use state-based representations for

policies [67], in multi-agent RL there have been a series of works using diversity

in the responses [15, 82], while in the Quality Diversity community it is common

to make use of a domain specific behavior descriptor [50, 203].

In this chapter we introduce two distinct approaches for producing diverse

solutions, each with its own unique trade-offs. First, in Section 5.3 we discuss

behavioral diversity [196], which focuses on producing agents that take different

actions in the same regions of the state space. This has the benefit of being data

efficient since we do not need to collect additional samples from the environment,

while it is also task agnostic. This approach builds directly on recent work and

emphasizes the importance of jointly optimizing over an entire population as

opposed to considering the pairwise distance of agents.
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Next in Section 5.4 we revisit an area that has been less popular in recent

times–parameter-based or “genotypic” diversity. This is typically challenging due to

the challenge of searching through a high dimensional weight space. We solve this

problem by introducing structure, by following different directions (or ridges) in the

parameter space. This approach does not require a (human) specified behavioral

objective and thus offers promise as being a general way to find diverse solutions.

Finally, we note that while the methods we propose offer a promising route

to discover diverse solutions or agents, they may not be sufficient for discovering

diverse environments. It will likely require additional innovations to ensure the

entire coevolutionary process maintains diversity [26].

5.2 Related Work

In this chapter we focus on training diverse populations of agents, which has been

an active area of research in a wide range of communities.

In evolutionary computation, forms of parameter-based (or genotypic) diversity,

have been considered for several decades, for example by modifying the fitness of

each individual based on proximity to others [85, 180, 185, 257, 300]. More recently,

behavioral diversity has been the dominant approach [195, 196, 303, 304]. A seminal

idea in this space is novelty search, which seeks to only optimize for diversity, ignoring

task reward [160, 162]. This has been shown to be effective in several deceptive

environments which cannot be solved by optimizing for reward (or fitness) alone.

More recently, the field of Quality Diversity (QD, Pugh et al. [235]), has risen

to prominence, with a suite of methods for discovering a set of high performing

diverse solutions. A key motivation for QD has been to learn a set of policies

that are robust to changes in the agent or environment, for example an agent can

adapt to damage if it possess a repertoire of gaits [50, 203, 297]. QD methods have

also been shown to improve exploration, for example Conti et al. [47] combined

novelty search and reward in a large-scale RL setting with deceptive rewards.

Indeed, novelty search itself is one of the primary QD algorithms, especially when

combined with local competition [161].
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In recent times diversity has become a more prominent theme in the RL

community, with similar motivation albeit differing terminology. In particular,

diversity has also played a key role in aiding exploration [104, 182, 229, 344] and

robustness [147, 333, 334], with additional work proposing to use diversity for

unsupervised skill discovery [104].

Finally, in multi-agent RL, diversity has been crucial to explore the space of

possible co-players, both in competitive [10, 15, 82, 152, 312] and cooperative

games [177, 283]. As RL is being used for larger and more complex settings, the

need for diversity is ever increasing, and will likely play a more prominent role

in more large scale applications [312, 329].

5.3 Behavioral Diversity via Determinants

This section focuses on behavioral diversity, which seeks to encourage agents to take

different actions given the same observation. Our key contribution is to introduce

a new joint population update, measuring the diversity of the entire population

with a formulation inspired by Determinantal Point Processes [145].

5.3.1 Task Agnostic Behavioral Embeddings

Many popular policy gradient algorithms [265, 267] consider a setting whereby a

new policy πθt+1 is optimized with a constraint on the size of the update. This

requirement can be considered as a constraint on the behavior of the new policy

[212]. Despite the remarkable success of these algorithms, there has been little

consideration for action-based behavior embeddings for novelty search methods.

Inspired by this approach, we choose to represent policies as follows:

Definition 5. Let θi be a vector of neural network parameters encoding a policy πθi

and let S be a finite set of states. The Behavioral Embedding of θi is defined

as: φ(θi) = {πθi(.|s)}s∈S .

This approach allows us to represent the behavior of policies in vectorized form,

as φ : θ → Rl, where l = |a| ×N , |a| is the dimensionality of each action a ∈ A and
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N is the total number of states. When N is the number of states in a finite MDP,

the policies are determimistic and the embedding is as in Definition 5, we have:

φ(θi) = φ(θj) ⇐⇒ πθi = πθj , (5.1)

where θi, θj are vectorized parameters. In other words, the policies are the same

since they always take the same action in every state of the finite MDP. Note

that this does not imply that θi = θj.

5.3.2 Joint Population Update

Equipped with this notion of a behavioral embedding, we can now consider a means

to compare two policies. Consider a smooth kernel k, such that k(x1,x2) ≤ 1,

for x1,x2 ∈ Rd. A popular choice of kernel is the squared exponential (SE),

defined as follows:

kSE(x1,x2) = exp
(
−||x1 − x2||2

2l2

)
, (5.2)

for some length-scale l > 0. Now moving back to policy embeddings, we extend our

previous analysis to the kernel (or similarity) between two embeddings, as follows:

k(φ(θi), φ(θj)) = 1 ⇐⇒ πθi = πθj (5.3)

We consider two policies to be distinct if k(φ(θi), φ(θj)) = 0. With a flexible way

of measuring inter-policy similarity at hand, we can define the population-wide

diversity as follows:

Definition 6. (Population Diversity) Consider a finite set of M policies,

parameterized by Θ = {θ1, ..., θM}, with θi ∈ Rd. We denote

Div(Θ) def= det(k(φ(θit), φ(θjt ))Mi,j=1) = det(K) (5.4)

where k : Rl × Rl → R is a given kernel function. Matrix K is positive semidefinite

since all principal minors of det(K) are nonnegative.
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This formulation is heavily inspired by Determinantal Point Processes (DPPs,

[145]), a mechanism which produces diverse subsets by sampling proportionally

to the determinant of the kernel matrix of points within the subset. From a

geometric perspective, the determinant of the kernel matrix represents the volume

of a parallelepiped spanned by feature maps corresponding to the kernel choice. We

seek to maximize this volume, effectively “filling” the feature (or behavior) space.

We take a multi-objective approach [51, 52] to optimizing each agent in the

population, combining individual agent rewards and population-wide diversity. Note

that there are multiple ways this can be optimized, but we follow Conti et al.

[47] and opt for the simplest formulation combining both components to form

a single objective as follows:

J(Θt) =
M∑
i=1

Eτ∼πθi [R(τ)]︸ ︷︷ ︸
individual rewards

+ λtDiv(Θt)︸ ︷︷ ︸
population diversity

(5.5)

where λt ∈ (0, 1) is the trade-off between reward and diversity. This fundamentally

differs from the original novelty search formulation, since we directly optimize for

Θt rather than separately considering {θi}Mi=1. We call our method Diversity

via Determinants, or DvD.

Figure 5.1: Determinant vs. pairwise distance. (a): populations of agents split into four

clusters with agents within cluster discovering similar policies. (b): embedded policies

φ(θ1), ..., φ(θ6) lie in a grey hyperplane. In (a) resources within a cluster are wasted

since agents discover very similar policies. In (b) all six embeddings can be described as

linear combinations of embeddings of fewer canonical policies. In both settings the mean

pairwise distance will be high but diversity as measured by determinants is low.
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Using the determinant to quantify diversity prevents the undesirable clustering

phenomenon, where a population evolves to a collection of conjugate classes. To

illustrate this point, consider a simple scenario, where all M agents are partitioned

into clusters. By increasing the distance between the clusters one can easily make

the novelty measured as an average distance between agents’ embedded policies

as large as desired, but that is not true for the corresponding determinants which

will be zero if the similarity matrix is low rank. Furthermore, even if all pairwise

distances are large, the determinants can be still close to zero if spaces where

agents’ high-dimensional policy embeddings live can be accurately approximated

by much lower dimensional ones. Standard methods are too crude to measure

novelty in such a way (see: Fig. 5.1).

5.3.3 An Illustrative Example: Tabular MDP

s0

s1 s2 s3

+1 −1 +1 −1 +1

Figure 5.2: A simple MDP.

Consider the simple MDP in Fig. 5.2. There are four states S = {s0, s1, s2, s3},

each has three actions, A = {-1, 0, 1} corresponding to left, down and right

respectively. In addition, there are five terminal states, three of which achieve the

maximum reward (+1). Let φ∗ = {φ(θi)}5
i=1 = {[-1, -1], [-1, 1], [0, 0], [1, -1], [1, 1]},

be the set of optimal policies. If we have a population of five agents, each achieving

a positive reward, the determinant of the 5 × 5 kernel matrix is only > 0 if the

population of agents is exactly φ∗. This may seem trivial, but note the same is

not true for the pairwise distance. If we let d(Θ) = 1
n

∑n
i=1

∑
j>i ||φ(θi)− φ(θj)||2,

then φ∗ does not maximize d. One such example which achieves a higher value

would be φ′ = {[-1, -1], [-1, 1], [1, -1], [1, 1], [1, 1]}. See the following link for a colab

demonstration of this example: https://bit.ly/2XAlirX.

https://bit.ly/2XAlirX
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5.3.4 Practical Algorithms

In most practical settings the state space is intractably or infinitely large. Therefore,

we must sample the states {si}ni=1, where n < N , and compute the embedding

as an expectation as follows:

φ̂(θi) = Es∼S [{πθi(.|s)}] (5.6)

In our experiments we choose to randomly sample the states s, which corresponds to

frequency weights. Other possibilities include selecting diverse ensembles of states

via DPP-driven sampling or using probabilistic models to select less frequently

visited states. We explore each of these options in the experiments where we show

the representative power of this action-based embedding is not overly sensitive

to these design choices. However, it remains a potential degree of freedom for

future improvement in our method, potentially allowing a far smaller number

of states to be used.

An Evolutionary Algorithm: DvD-ES

We begin with an algorithm based on Evolution Strategies (ES, Salimans et al.

[255] and Wierstra et al. [323]). ES methods treat the cumulative reward of a

single episode (Equation 2.1) as a blackbox function, parameterized by the policy

weights. Concretely, consider J(πθ) to be a blackbox function F : Rd → R taking

as input parameters θ ∈ Rd of a policy πθ and outputting R(τ). Rather than take

gradients of F , we can instead consider the Gaussian smoothing [200] Fσ of F ,

and then obtain stochastic gradients as follows:

∇Fσ(θ) = 1
σ
Eg∼N (0,Id)[F (θ + σg)g]. (5.7)

where σ > 0 is a hyperparameter quantifying the smoothing level. This equation

leads to several Monte Carlo gradient estimators that can be used for practical ES

algorithms (see: Choromanski et al. [39] for several examples).

Extending the single policy update of ES to a population, we now simultaneously

perturb an entire set of M policies Θt = {θit}Mi=1, with rewards computed locally
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and diversity computed globally. These two objectives are combined to produce a

blackbox function with respect to Θt. At every iteration we sample Mk Gaussian

perturbation vectors {gmi }
m=1,...,M
i=1,...,k . We use two partitionings of this Mk-element

subset that illustrate our dual objective, high local rewards and large global diversity.

The first partitioning assigns to the mth cpu worker a set {gm1 , ...,gmk }. These

are the perturbations used by the worker to compute its local rewards. The

second partitioning splits {gmi }
m=1,...,M
i=1,...,k into subsets: Di = {g1

i , ...,gMi }. Instead of

measuring the contribution of an individual gmi to the diversity, we measure the

contribution of the entire Di. This motivates the following definition of diversity:

Divt(i) = Divt(θ1
t + g1

i , ..., θ
M
t + gMi ). (5.8)

Thus, the DvD-ES gradient update is the following:

θmt+1 = θmt + η

kσ

k∑
i=1

[(1− λt)Rm
i + λtDivt(i)]gmi . (5.9)

where σ > 0 is the smoothing parameter [200, 255], k is the number of Monte Carlo

samples used to compute the gradient, η is the learning rate, and the embeddings

are computed by sampling states from the most recent iteration.

An Off-Policy RL Algorithm: DvD-TD3

It is also possible to compute analytic gradients for the diversity term in Equation

5.5. This means we can update policies with respect to the joint diversity using

automatic differentiation.

Lemma 7. The gradient of log (det(K)) with respect to Θ = θ1, · · · , θM equals:

∇θ log (det(K)) = (∇θΦ(θ)) (∇ΦK) K−1, where φ(θ) = φ(θ1) · · ·φ(θM).

The proof of this lemma is in the Appendix, Section C.1. Inspired by [123], we

introduce DvD-TD3 [80], using multiple policies to collect data for a shared replay

buffer. This is done by dividing the total data collection by the number of policies.

When optimizing the policies, we use an augmented loss function, as in Equation

5.5, and make use of the samples in the existing batch for the embedding.
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5.3.5 Discussion

In this section we introduced DvD, a novel approach for computing the behavioral

diversity of a population of policies. DvD represents behaviors as the actions

taken for a set of states (off policy) and computes a population-wide similarity (or

kernel) matrix. The population diversity is then the determinant of this matrix.

We show in a toy problem that DvD can reduce redundancy in a population

and introduce two practical algorithms for using these ideas at larger scale, with

experiments included in [218].

While this approach benefits from tractability, it may often lead to redundancy,

particularly in large action spaces. Future work may consider learning dimensions of

the action space to prioritize for diversity, for example by finding impactful actions

[241]. Alternatively, we may seek to be diverse in a more meaningful space, for

example we could attempt to learn the behavioral embeddings [49], or seek to make

use of language as a summary of agent trajectories [197, 293].

5.4 Genotypic Diversity by Riding Ridges

In the previous section we introduced a new approach for measuring and subsequently

rewarding diverse behaviors. The form of this objective is commonly used in RL,

whereby reward is augmented by an additional loss to produce a multi-objective

loss function. However, while many works have successfully relied on this formation,

one must consider Goodhart’s law: “When a measure becomes a target, it ceases

to be a good measure.” [282]. For example, consider the famous case of a deep

network that achieved high accuracy in detecting pneumonia from X-ray scans.

When it was applied in new, unseen hospitals it was ineffective, as it had learned

to make use of hospital-specific tags in the training images to minimize the loss

[336]. This is a specific case of a “shortcut solution” [83], which often occurs

in deep learning since we make use of high capacity models and simply seek for

them to minimize a single number, regardless of the mechanism to do so. Thus, it
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may be possible that simply changing the objective may not give us the desired

outcome—qualitatively diverse, high quality solutions.

In this section we take a step towards addressing such issues using parameter-

based (or genotypic) diversity, making it applicable across modalities. One might

imagine a plausible approach to finding different minima of the loss landscape

would be to initialize gradient descent near a saddle point of the loss in multiple

replicates, and hope that it descends the loss surface in different directions of

negative curvature. Unfortunately, from any position near a saddle point, gradient

descent will always curve towards the direction of most negative curvature (see

Appendix C.2.1), and there may be many symmetric directions of high curvature.

Instead, we first seek to find a saddle point and then subsequently force different

replicates to follow distinct, orthogonal directions of negative curvature by iteratively

following each of the eigenvectors of the Hessian until we can no longer reduce

the loss, at which point we repeat the branching process. Repeating this process

hopefully leads the replicates to minima corresponding to distinct convex subspaces

of the parameter space, essentially converting an optimization problem into search

[153]. We refer to our procedure as Ridge Rider (RR). RR is less “greedy” than

standard SGD methods, with Empirical Risk Minimization (ERM, [309]), which will

always take the most locally loss reducing step. This greediness in SGD stems from

it following the path with highest expected local reduction in the loss. Consequently,

some minima, which might actually represent the solutions we seek, are never found.

5.4.1 The Ridge Rider Method

Throughout this section we assume a smooth, i.e., infinitely differentiable, loss

function Lθ = ExiLθ(xi), where θ ∈ Rn = Θ are typically the weights of a DNN. In

the supervised setting, xi = {xi, yi} is an input and label for a training data

point, while Lθ(xi) could be the cross-entropy between the true label yi and

the prediction fθ(xi).

We use ∇θL for the gradient and H for the Hessian, ie. H = ∇2
θL, representing

the matrix of second order derivatives. The eigenvalues (EVals) and eigenvectors
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(EVecs) of H are λi and ei respectively. The computation of the full Hessian

is prohibitively expensive for all but the smallest models, so we assume that an

automatic differentiation library is available from which vector-Hessian products,

Hv, can be computed efficiently [221]:

Hv = ∇θ

(
(∇θL)v

)
.

We begin with a description of symmetries and invariances, before moving to the

intuition behind RR where we present both exact and approximate (scalable) algo-

rithms. Indeed, real world problems commonly contain symmetries and invariances.

For example, in coordination games, the payout is unchanged if all players jointly

update their strategy to another equilibrium with the same payout. We formalize

this as follows: A symmetry, φ, of the loss function is a bijection on the parameter

space such that Lθ = Lφ(θ), for all θ ∈ Θ.

If there are N non-overlapping sets of m parameters each, ki = {θk1
i
, ..θkmi }, i ∈

{1, ...N} and the loss function is invariant under all permutations of these N sets,

we call these sets “N-equivalent”. In a card-game which is invariant to color/suit,

this corresponds to permuting both the color-dependent part of the input layer and

the output layer of the DNN simultaneously for all players.

The goal of RR is as follows. Given a smooth loss function, L(θ), discover

qualitatively different local minima, θ∗, while grouping together those that are

equivalent or, alternatively, only exploring one of each of these equivalent policies.

While symmetries are problem specific, in general equivalent parameter sets lead

to repeated eigenvalues (EVals). If a given loss function in Rn has N -equivalent

parameter sets (N > 2) of size m and a given θ is invariant under all the associated

permutations, then the Hessian at θ has at most n−m(N − 2) distinct eigenvalues

(proof in Appendix C.2.6). Thus, rather than having to explore up to n orthogonal

directions, in some settings it is sufficient to explore one member of each of the groups

of distinct EVals to obtain different non-symmetry-equivalent solutions. Further,

the eigenvectors (EVecs) can be ordered by the corresponding EVal, providing a

numbering scheme for the classes of solution.
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To ensure that there is at least one negative EVal and that all negative curvature

directions are locally loss-reducing, we start at or near a strict saddle point θMIS. For

example, in supervised settings, we can accomplish this by initializing the network

near zero. In RL, we wish to begin at a point that facilitates exploration, thus

we optimize θMIS to maximize entropy in the state distribution. We refer to this

point as the Maximally Invariant Saddle (MIS), but note that in high dimensional

(e.g. deep RL) settings it may be challenging to find. Formally,

θMIS = arg min
θ
|∇θL(θ)|, s.t. φ(θ) = θ, ∀φ,

for all symmetry maps φ.

In tabular RL problems the MIS can be obtained by optimizing the following

objective (Proof in Appendix C.2.7):

θMIS = arg min
θ
|∇θL(θ)| − λH(πθ(a)), λ > 0

where H corresponds to the entropy of the policy. From θMIS, RR proceeds as

follows: We branch to create replicas, which are each updated in the direction

of a different EVec of the Hessian (which we refer to as “ridges”). While this is

locally loss reducing, a single step typically does not solve a problem. Therefore,

at all future timesteps, rather than choosing a new EVec, each replicate follows

the updated version of its original ridge until a break-condition is met, at which

point the branching process is repeated. For any ridge this procedure is repeated

until a locally convex region without any negative curvature is found, at which

point gradient descent could be performed to find a local optimum or saddle. In

the latter case, we can in principle apply RR again starting at the saddle (although

we did not find this to be necessary in our setting). We note that RR effectively

turns a continuous optimization problem, over θ, into a discrete search process,

i.e., which ridge to explore in what order.

During RR we keep track of a fingerprint, Ψ, containing the indices of the EVecs

chosen at each of the preceding branching points. Ψ uniquely describes θΨ up
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to repeated EVals. In Algorithm 7 we show pseudocode for RR, the functions it

takes as input are described in the next paragraphs.

Algorithm 7 Ridge Rider
1: Input: θMIS, α, ChooseFromArchive,UpdateRidge,EndRide, GetRidges
2: # Initialize Archive of Solutions
3: Archive A = [{θΨ=[i], ei, λi} for i, ei, λi ∈ GetRidges(θMIS)]
4: while |A| > 0 do
5: # Select a Ridge from the Archive
6: {ei, θΨ

0 , λi}, A = ChooseFromArchive(A)
7: while True do
8: # Step along the Ridge with learning rate α
9: θΨ

t = θΨ
t−1 − αei

10: # Get updated Ridge
11: ei, λi = UpdateRidge(θΨ

t , ei, λi)
12: # Check Break Condition
13: if EndRide(θΨ

t , ei, λi) then
14: break
15: end if
16: end while
17: # Add new Ridges to Archive
18: A = A ∪

[
{θΨ.append(i), ei, λi} for i, ei, λi ∈ GetRidges(θΨ)

]
19: end while

UpdateRidge computes the updated version of ei at the new parameters. The

EVec ei is a continuous function of H ([127], pg 110-111).1 This allows us to “follow”

ei(θΨ
t ) (our “ridge”) for a number of steps even though it is changing. In the exact

version of RR, we recompute the spectrum of the Hessian after every parameter

update, find the EVec with greatest overlap, and then step along this updated

direction. While this updated EVec might no longer correspond to the i-th EVal,

we maintain the subscript i to index the ridge. The dependency of ei(θ) and λi(θ)

on θ is entirely implicit: H(θ)ei(θ) = λi(θ)ei(θ), |ei| = 1.

EndRide is a heuristic that determines how long we follow a given ridge for.

For example, this can consider whether the curvature is still negative, the loss

is decreasing and other factors.

1We rely on the fact that the EVecs are continuous functions of θ; this follows from the fact
that L(θ) is continuous in θ, and that H(L) is a continuous function of L.
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GetRidges determines which ridges we explore from a given branching point

and in what order. Note that from a saddle, one can explore in opposite directions

along any negative EVec. Optionally, we select the N most negative EVals.

ChooseFromArchive provides the search-order over all possible paths. For

example, we can use breadth first search (BFS), depth first search (DFS) or random

search. In BFS, the archive is a FIFO queue, while in DFS it is a LIFO queue.

Other orderings and heuristics can be used to make the search more efficient, such

as ranking the archive by the current loss achieved.

It can be shown that, under mild assumptions, RR maintains a descent direction:

At θ, its EVals are λ1(θ) ≥ λ2(θ) · · · ≥ λd(θ) with EVecs e1(θ), · · · , ed(θ). We

denote the eigengaps as ∆i−1 := λi−1(θ) − λi(θ) and ∆i := λi(θ) − λi+1(θ) = ∆i,

with the convention λ0 = ∞.

5.4.2 Proof of Concept Experiments

In this section we seek to evaluate Ridge Rider in toy problems to assess its

effectiveness in a controlled setting. We begin with a simple synthetic function,

before moving to tabular RL.

Figure 5.3: Comparison of Ridge Rider (solid squares) with gradient descent
(hollow circles) on a two-dimensional loss surface.
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In Figure 5.3 we show a comparison of gradient descent (GD, hollow circles)

and Ridge Rider (RR, solid circles) on a two-dimensional loss surface. GD starting

near the origin only finds the two local minima whose basin have large gradient

near the origin. RR starts at the maximum and explores along four paths based

on the two eigenvectors of L. Two paths (blue and green) find the local minima

while the other two explore the lower-curvature ridge and find global minima.

Following the eigenvectors leads RR around a local minimum (orange), while

causing it to halt at a local maximum (brown) where either a second ride (dotted)

or GD may find a minimum.

Moving to our next experiment, we test whether we can find diverse solutions in

RL. We use a toy binary tree environment with a tabular policy (see Fig. 5.4). The

agent begins at s1, selects actions a ∈ {left, right}, receiving reward r ∈ {−1, 10}

upon reaching a terminal node. For the loss function, we compute the expectation

of a policy as the sum of the rewards of each terminal node, weighted by the

cumulative probability of reaching that node. The maximum reward is 10.

s1

s2

+ −

s3

− s4

s5 −
s6 +

+ −

Figure 5.4: A tabular tree environment. Decisions (left or right) are made at each
round grey state and the episode terminates at a square leaf node.

We first use the exact version of RR and find θMIS, by maximizing entropy. For

the ChooseFromArchive precedure, we use BFS. In this case we have access to exact

gradients so can cheaply re-compute the Hessian and EVecs. As such, when we call

UpdateRidge we adapt the learning rate α online to take the largest possible step

while preserving the ridge, similar to Backtracking Line Search [205]. We begin with

a large α, take a step, recompute the EVecs of the Hessian and the maximum overlap

δ. We then and sequentially halve α until we find a ridge satisfying the δbreak criteria
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(or α gets too small). In addition, we use the following criteria for EndRide: (1) If

the dot product between ei and e′i is less than δbreak (2) If the policy stops improving.

We run RR with a maximum budget of T = 105 iterations similarity δbreak = 0.95,

and take only the top N = 6 in GetRidges. As baselines, we use gradient descent

(GD) with random initialization, GD starting from the MIS, and random norm-one

vectors starting from the MIS. All baselines are run for the same number of timesteps

as used by RR for that tree. For each depth d ∈ {4, 6, 8, 10} we randomly generate

20 trees and record the percentage of positive solutions found.

0

1
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nd

Tree Depth=4 Tree Depth=6 Tree Depth=8 Tree Depth=10

Gradients (Random) Gradients (MIS) Random (MIS) Ridge Rider

Figure 5.5: Results from running each method on trees with depths. A “solution”
corresponds to a leaf node with a positive reward, and the y axis here shows the
proportion of the total number of solutions found. Each plot shows the mean and
standard error of 20 independent runs.

In Figure 5.5, we see that RR outperforms all three baselines. While RR often

finds over 90% of the solutions, GD finds at most 50% in each setting. Importantly,

following random directions performs poorly, indicating the importance of using the

EVecs to explore the parameter space. To run this experiment, see the notebook

at https://bit.ly/2XvEmZy.

5.4.3 Discussion

We have introduced Ridge Rider, a novel method for finding specific types of

solutions, which shows promising results in a diverse set of problems. There is

clearly a long way to go before RR is practical for real world or larger scale settings.

Scaling RR to more difficult problems will require a way to deal with the noise and

https://bit.ly/2XvEmZy
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stochasticity of these settings. It will also require more efficient ways to compute

eigenvalues and eigenvectors far from the extreme points of the spectrum, as well as

better understanding of how to follow them robustly. Finally, RR hints at conceptual

connections between generalization in supervised learning and zero-shot coordination,

which we are just beginning to understand. Clearly, symmetries and invariances in

the loss surface play a crucial, but under-explored, role in this connection.

While overall RR is largely a proof of concept, it is important to consider ideas

that are interesting and different even if not yet state of the art. Indeed, it is

possible that the challenge of achieving open-endedness will require entirely new

classes of methods that we haven’t even considered yet. Thus, in this light, it is

easy to see the importance of pursuing directions (or ridges) such as RR, where

we can find diverse solutions without a hybrid objective or a means for measuring

diversity. As Goodhart’s law suggests, doing so may be counterproductive.

5.5 Future Work

In this chapter we have discussed two distinct approaches for discovering diverse

solutions. First we proposed DvD, which seeks to find a set of policies that fill a

behavior space, defined as the actions taken by a set of policies. Then we introduced

Ridge Rider, which rather than proposing a new diversity-inducing loss function,

optimizes for the original objective but updates the policy by following eigenvectors

of the Hessian in the parameter space.

The goal of this part of the thesis is not to present finished methods that

work off the shelf, but instead to propose future directions that can increase the

open-endedness of our algorithms. Thus, the question is, how can we use DvD or

Ridge Rider to make the system described in Part I unbounded in its potential

for discovering interesting new behaviors? The most obvious application is seeking

the divergent properties of POET by utilizing methods such as DvD in our agent

populations. This could be especially useful for multi-agent learning, where it

is crucial to generate a diverse set of co-players [164, 329] and RR has already

been shown to discover diverse equilibria [174]. Further, we may wish to develop
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representations that make it possible to use multi-objective approaches such as DvD

for producing diverse levels as part of a UED curriculum. Doing this requires us to

define behavior embeddings for levels rather than agents, which is likely non trivial.

Finally, it may be possible to combine insights from each of these approaches, for

example by following ridges of the original loss, but using the subsequent behavioral

diversity to guide search. Given the challenge of producing diverse, high quality

solutions, it is likely that we need multiple diverse methods [65]. This chapter

(and many other works [235]) is just the start.
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Learning World Models

“It aint the things you don’t know that get you into trouble, its the things you

know for sure that just aint so.”

— Attributed to Mark Twain

Contents
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 94
6.2 World Building via Active Learning . . . . . . . . . . . 96

6.2.1 Information Theoretic Exploration . . . . . . . . . . . . 96
6.2.2 Ready Policy One . . . . . . . . . . . . . . . . . . . . . 97
6.2.3 Coordinated Active Sample Collection . . . . . . . . . . 104
6.2.4 Discussion and Limitations . . . . . . . . . . . . . . . . 112

6.3 Augmented World Models . . . . . . . . . . . . . . . . . 113
6.3.1 Random Dynamics Augmentations . . . . . . . . . . . . 114
6.3.2 Self-Supervised Policy Selection . . . . . . . . . . . . . . 116
6.3.3 Empirical Results . . . . . . . . . . . . . . . . . . . . . . 117
6.3.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 119

6.4 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . 120

6.1 Introduction

The methods described thus far in the thesis provide us with the tools required to

produce an agent that can solve a diverse range of challenging tasks, possibly even

solving every solvable level produced by an environment (denoted by a UPOMDP).

94
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However, what if the environment itself is the bottleneck for AGI [198, 302]? In

some cases simulated environments may be of sufficient quality to transfer agents

to the real world [146, 189, 209, 298]. However, in many prominent settings

the human-designed simulator is likely at best an approximation, and it may

not be possible to fully incorporate all of the intricacies of the real world into

a human-designed environment.

Consider the example of autonomous vehicles. It is incredibly challenging for an

environment to cover every possible edge case, including the physical properties of

every road, the nuance of each individual intersection, and the complexity of the

other agent behaviors. To produce agents that can perform safely, and preferably

at a super-human level in these settings, it is almost certain that we would require

our environment to learn from real world data. How may this work? There have

been works in the field already exploring learned simulators [93, 250], but thus

far they remain limited in scope, requiring components to be manually defined.

Further, these often focus on more accurate simulation rather than increasing the

diversity of possible scenarios in an environment.

In this chapter we push forward the notion that learning a world model offers

the potential for open-ended learning beyond the confines of a human-designed

environment. In particular, we focus on Dyna-style model-based RL [289], whereby

a policy is learned entirely in “imagination” (see Section 2.1.6). From now on

when we refer to imagination, we refer to an agent learning in an environment

with a parameterized neural network producing both the transition and reward

functions, i.e. Mψ = (S,A, Pψ, Rψ, ρ0). This approach has led to impressive

performance for RL, both from proprioceptive states [30, 41, 119, 148] and pixels

[94, 97, 99, 125]. However, all of these works rely on an agent collecting data

from a human-designed RL environment.

The key goal for this chapter is to reduce our reliance on training in simulation

in a human-designed environment, instead learning from data, as in many other

prominent fields of machine learning such as self-supervised learning [29]. In an

RL context this is often referred to as offline RL [165]. In this paradigm, world
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models have once again been shown to be highly effective [132, 238, 332], making

use of penalized objectives to train policies where the model is confident [175].

Interestingly, if a world model has sufficiently diverse data, then it can be used

(without a simulator) for zero-shot generalization to novel, unseen tasks [9, 188, 269].

But first, a useful dataset must be acquired. We begin by discussing approaches

for actively acquiring useful samples from a human-designed simulated environment,

which we would hope can generalize in future work to unstructured datasets such

as videos. We show that by doing so, we can learn general models that facilitate

learning effective policies for previously unspecified tasks in an offline fashion. We

then focus on this second part of the problem in more detail. Given a fixed dataset

we introduce an approach for generating synthetic transitions that make it possible

for a policy to generalize to unseen dynamics.

6.2 World Building via Active Learning

In this section we discuss a general approach for training policies that can acquire

useful data for building a world model. We begin in the sequential setting, given

access to a reward function, before moving to the batch, reward-free paradigm.

6.2.1 Information Theoretic Exploration

We consider the problem whereby we have a world model, producing an imaginary

MDPMψ (see: Section 2.1.6). In this section we consider the case where our world

model is an ensemble of individual models, such that we can produce epistemic

uncertainty estimates [150]. We wish to train an exploration policy πEXP such

that the data we acquire is useful for our desired objective. If given access to

no other information, a sensible approach is to seek data maximizing expected

information gain as follows [269]:

πEXP = argmax
π
I
(
dπMψ

;Mψ

)
= H(dπMψ

)−H(dπMψ
|Mψ) (6.1)

where I is the mutual information, H is the entropy and dπMψ
is the distribution of

states visited by the policy π in the imaginary MDPMψ. This objective produces
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πEXP, a policy whose visitation distribution has a high entropy when computed

over model samples, but has low entropy for each individual MDP model (i.e.,

high epistemic/reducable uncertainty). To make this objective more general, we

represent the trajectory data collected by a policy with a “summary” embedding

space [193, 212]. Let Φ : Γ→ Ω be a summary function mapping trajectories from

a trajectory space Γ into an embedding (or summary) space Ω. PΦ
π [Mψ] denotes

the embedding distribution generated by policy π in imaginary MDP Mψ. We

can now write the objective from Eq. 6.1 as follows:

πEXP = argmax
π
I
(
PΦ
π [Mψ];Mψ

)
= H(PΦ

π [Mψ])−H(PΦ
π [Mψ]|Mψ) (6.2)

This more general framework allows us to consider multiple representations for

trajectories, in a similar fashion to behavioral characterizations in quality diversity

algorithms [235].

6.2.2 Ready Policy One

In the first setting we consider, we have access to a single environment with a

specified reward function. The goal is thus to collect batches of data to maximally

improve our model with the reward function in mind. Concretely, we will try to

maximize the performance of our model with only a limited number of samples

from the environment. As such, we choose a behavioral embedding Φ that is simply

the predicted reward of our policy for each timestep.

Online Active Learning

We consider the setting where we jointly optimize πEXP for both reward and

information gain, since we initially focus on environments where a reward function

is provided so we wish to avoid focusing on stochastic or challenging regions of the

state space which have no impact on the task at hand. Therefore policies used

for data collection also perform well in the true environment, and means we can

use these policies for evaluation. Consequently, a separate “exploit” agent does
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not need to be trained. Concretely, since we also have the reward function, we

optimize our policy for a hybrid objective as follows:

πEXP = argmax
π

λI
(
PΦ
π [Mψ];Mψ

)
+ (1− λ)Eτ∼π [Rψ(τ)] (6.3)

where Rψ(τ) is the cumulative (undiscounted) reward from an imagined trajectory

and λ ∈ [0, 1] is chosen before training the policy in theMψ (see: Section 2.1.6).

Indeed, we can see that this objective takes very different forms depending on

the value of λ. If λ = 0, we will simply explore using a greedy policy, maximizing

expected return inside the imagined MDP. By contrast, λ = 1 means we maximize

the disagreement from our model ensemble, analogous to acquiring data maximizing

expected information gain [178, 179]. As we will show next this can be framed as an

online active learning problem, where we pose the choice of λ as the choice of

policy for exploration.

We use the Exponential Weights [11] framework to derive an adaptive algorithm

for the selection of λ. In this setup we consider k experts making recommendations

at the beginning of each round. After sampling a decision it ∈ {1, · · · , k} from a

distribution pt ∈ ∆k with the form pt(i) ∝ exp (`t(i)) the learner experiences a loss

ltit ∈ R. The distribution pt is updated by updating `t as follows:

`t+1(i) =
`t(i) + η

lti
pt(i) if i = it

`t(i) o.w.
(6.4)

For some step size parameter η.

In our case we consider the case when the selection of λt is thought as choosing

among k experts which we identify as the different values {λi}ki=1. The loss we

consider is of the form lit = Ĝψt(θt+1), where Gψt(θt+1) is the RMSE of the model

under parameters ψt on data collected using πθt+1 , and θt+1 is the parameter of

the policy trained under the choice λit , after incorporating into the model the

data collected using the previous policy πθt . We then perform a normalization of

G1, hence Ĝ. Henceforth we denote by ptλ the exponential weights distribution

over λ values at time t.
1We first subtract the mean of the past five observations then divide by the previous observation.
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Algorithm 8 Online Learning Mechanism
Input: step size η, number of timesteps T .
Initialize: p1

λ as a uniform distribution.
for t = 1, . . . , T − 1 do

1. Select it ∼ ptλ and λt = λit .
2. Use Equation 6.4 to update ptλ with

ltit = Ĝψt(θt+1)

Our version of Exponential Weights algorithm also known as Exponentially

Weighted Average Forecaster [35] is outlined in Algorithm 8.

In practice and in order to promote more effective exploration over λ values we

sample from a mixture distribution where ptλ is not proportional to exp (`t) but it

is a mixture between this exponential weights distribution and the uniform over

[k]. In other words, let ε > 0 be a small parameter. With probability 1 − ε the

produce it as a sample from an exponential weights distribution proportional to

exp (`t), and with probability ε it equals a uniform index from 1, · · · , k.

Diverse Sample Collection

Consider the problem of online data acquisition from a policy in an environment.

Let x refer to the concatenation of a state s and action a, and H refer to the horizon

of an episode. At each timestep we receive a set of datapoints {x1, . . . , xH} ∼ πEXP

corresponding to the concatenation of each state and action in a trajectory. At

timestep t we have a dataset Xt = {x1, . . . , xn} ⊂ Rd, where Xt ∈ Rd×n sampled

from the sampling policy. We represent this data in the form of the Singular Value

Decomposition (SVD) of the symmetric matrix, Covt = 1
n
XtX>t = Q>t ΣtQt ∈ Rd.

Equipped with this representation, we take the top k eigenvalues ei of Covt,

where k is smallest such that: ∑k
i=1 ei ≥ (1−δ)∑d

i=1 ei for some parameter δ ∈ [0, 1],

and take nt = k. Next we take the corresponding eigenvectors u1, ...,uk ∈ Rd and let

U ∈ Rd×k be obtained by stacking them together. We define the Active Subspace [46]

Uact ∈ Rd×k as Lactive
def= span{u1, ...,uk}. Uact is an orthonormal basis of Lactive.

We use Uact to evaluate new data. After we collect n′ new samples Vt+1 ∈ Rd×n′ ,

we form a covariance matrix with this new data as 1
n′

Vt+1VT
t+1 ∈ Rd×d and project
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it onto Uact. We define the residual at timestep t, residualt, as follows:

residualt = tr(Vt+1VT
t+1 −UUTVt+1VT

t+1UUT )
tr(Vt+1VT

t+1) (6.5)

Where tr denotes the trace operator. After evaluating residualt we append the

new data Vt+1 to Xt to form Xt+1 ∈ Rd×(n+n′). In words, residualt tells us how

much of the new data could not be explained by the principal components in the

data collected thus far. We stop collecting data and proceed to retrain the model

once residualt < α. The full procedure is presented in Algorithm 9.

Let qt be the probability that at timestep t, step 4. of Algorithm 9 is executed

(i.e., qt = P(residualt < α)). The evolution of qt operates in roughly two phases.

First, the algorithm tries to collect data to form an accurate estimate of the

covariance matrix Covt and a stable estimator Uact. During this phase, qt is small

as it is roughly the probability of two random samples X,X′ ∈ Rd×n′ aligning.

After t0 steps when the algorithm has built a stable estimator of Uact, the stopping

probability stabilizes to a value q∗ that solely depends on the trajectories intrinsic

noise. Both the values of t0 and q∗ scale with trajectory noise. If the trajectories

have little noise, both t0 and q∗ are small. On the other hand, if the trajectories

have high noise, the early stopping mechanism will take longer to trigger.

Algorithm 9 Early Stopping Mechanism
Input: thresholds α, δ, maximum number of samples T .
Initialize: training set X = ∅
Collect initial samples X1 = {x1, . . . , xH}.
for t = 2, . . . , T − 1 do

1. Compute Active Subspace Uact as the result of stacking together some
orthonormal basis of Lactive

def= span{u1, ...,ur} where the vectors ui correspond
to the top k eigenvalues of the covariance matrix Covt.
2. Produce samples Vt+1 via the sampling policy
3. Calculate the residual residualt using Equation 6.5.
4. Stop collecting data if residualt < α

This dynamic approach to determining the effective “batch size” of the incoming

labeled data is similar to [36], whereby feedback from unsupervised learning is used

to control the amount of data collected per batch. However, we do this in a more

instantaneous fashion, leveraging data collected so far to determine when to stop.
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The Algorithm

We now present our algorithm: Ready Policy One (RP1). At each iteration we select

a policy objective (λ) to maximize sample utility, and train a policy on this objective.

The policies are trained using the original PPO [267] loss function, but we use the

training approach in [265] as this combination delivered more robust policy updates.

Once the policy has been trained inside the model, we use it to generate samples

in the real environment. These samples continue until our early stopping mechanism

is triggered, and we have sufficiently diverse data to retrain the model. The full

procedure is outlined in Algorithm 10.

The overall aim is to therefore determine which part of the model space is both

high value and unknown, so that our trained sampling policy can obtain enough

data samples pertaining to those regions of the environment.

Algorithm 10 RP1: Ready Policy One
Input: Number of initial samples N0, number of ongoing samples Nt, number of
policies in the ensemble M , number of time steps T .
Initialize: Initial World Model f̂0 comprised of M models.
Collect N0 samples with a random policy and initialize data set D0 =
{(st, at), st+1}N0

t=1.
for t = 1, . . . , T − 1 do

1. Train f̂t−1 with Dt to derive f̂t.
2. Select λ using Algorithm 8.
3. Train exploration policy πEXP using Equation 6.3 in f̂t.
4. Collect new samples Dnew = {(st, at), st+1}Ntt=1 in the environment with πEXP,
where Nt is defined as the number of time steps required for Algorithm 9 to
return.
5. Dt+1 ← Dt ∪ Dnew
6. Set αt = L(f̂t(Dnew))

Experiments

Recall that the goal of this section is to efficiently train a world model from a

human-designed simulated environment. Thus, the primary goal of our experiments

it to evaluate whether our active learning approach for learning world models is

more sample efficient than existing approaches. In particular, we test RP1 on
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the following MuJoCo continuous control tasks [299]: HalfCheetah, Ant, Swimmer

and Hopper. Rather than individual algorithms, we compare against the two

approaches most commonly used in MBRL:

• Greedy: We train a policy to maximize reward in a learned model, and

subsequently add noise to discover previously unseen states. This is the

approach used in many recent works [148].

• Variance + Reward (V+R): We train a policy with λ = 0.5, producing a

fixed degree of priority for reward and model entropy. This resembles methods

with information theoretic exploration bonuses such as [105].

In all cases model-based approaches are learning both the model and policy

from scratch in each environment, using the same base RL algorithm and model

architecture. Thus, the only difference is the objective of the RL agent when learning

inside the imaginary MDP induced by the model. We also compare against a model

free baseline, which we train for 106, 5× 106 and 107 timesteps. This provides an

indication of the asymptotic performance of our policy, if trained in the true envi-

ronment. For more details on our implementation, see the Appendix (Section D.1).

Table 6.1: Median best performance at a given timestep for ten seeds. Bold
indicates the best performing algoirthm. T1 corresponds to the t-stat for RP1 vs.
Greedy, T2 corresponds to the t-stat for RP1 vs. V+R. * indicates p < 0.05.

Timesteps Greedy V+R RP1 T1 T2
HalfCheetah 104 -0.95 -1.1 100.51 5.39* 4.34*

Ant 104 94.72 95.07 113.63 4.02* 3.08*
Swimmer 104 1.08 1.07 3.24 1.2 1.98
Hopper 104 76.5 139.03 322.22 4.32* 3.42*

HalfCheetah 105 260.92 283.27 390.49 3.89* 2.62*
Ant 105 186.36 217.08 238.4 3.83* 3.11*

Swimmer 105 61.76 62.89 64.19 -0.11 -1.09
Hopper 105 487.25 570.09 619.73 3.52* 2.21

Table 6.1 shows the main results, where RP1 outperforms both the greedy

baseline and the fixed variance maximizing (V+R) approach. Furthermore, we
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perform Welch’s unequal variances t-test (two-sided) and see that in most cases

the results are statistically significant (i.e. p < 0.05), aside from Swimmer at 105

timesteps where all three methods have converged to the optimal solution. In

addition, we observe that RP1 is able to achieve strong performance vs. model-free

in fewer timesteps than the existing baselines.

Interestingly, we see that simply adding a fixed entropy term (V+R) into the

reward function gives improved performance over the baseline greedy approach.

This corroborates with findings in [78], where there is, in most tasks, a correlation

between regions that are difficult to predict and regions of high reward. However our

findings also suggest that this is not always the case, and having the ability to adjust

how much we focus on such regions of disagreement is vital. We hypothesize that

the fixed V+R approach may collect too many high-variance samples for certain

tasks, since we do not tune λ, nor limit batch size. As a result, the trajectories

gathered do not necessarily result in strong policy performance, unlike RP1, which

aims to maximize policy performance through the data collected.

0.0
0.1
0.2
0.3
0.4
0.5

HalfCheetah Hopper Swimmer Ant

Mean Change in Return (T-stat)

Figure 6.1: Mean one-step policy improvement after a given λ value, for all ten
seeds of RP1. Plots show the t-statistic for all runs.

We support this hypothesis with Figure 6.1 where, we show the normalized

change in reward for different λ values in each task. In particular, we observe for

HalfCheetah, Swimmer and Ant, a greater focus on uncertainty appears positively

related to faster learning. However, the opposite is true for Hopper. The benefit

of our mechanism is the ability to dynamically learn this preference, and thus

adapt to the current optimization landscape.
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6.2.3 Coordinated Active Sample Collection

We now consider a setting that is more closely aligned with our goal of making

open-ended reinforcement learning systems [326]. We seek to design a system

that continuously collects diverse batches of data without a specific task in mind.

This can, in theory, make it possible to learn policies that can transfer to any

MDP within a family of MDPs, for example those with differing reward functions,

dynamics or state spaces. In this work we focus on the case where the reward is

unknown, and use the formalism of a Contextual MDP [136], where the observations

and dynamics are consistent but the reward function is decided by the context.

If the context is unknown at training time, we must collect data that sufficiently

covers the space of possible reward functions.

To facilitate scalability, we operate in the deployment efficient paradigm [184],

whereby policy learning and exploration are completely separate, and during a given

deployment, we gather a large quantity of data without further policy retraining

(c.f. online approaches like DER [308], which take multiple gradient steps per

exploration timestep in the real environment). Taken together, we consider the

reward-free deployment efficiency problem.

This differs from previous work as follows: 1) unlike previous deployment

efficiency work, our exploration is task agnostic; 2) unlike previous reward-free RL

work, we cannot update our exploration policy πEXP during deployment. Thus, the

focus of our work is on how to train πEXP offline such that it gathers heterogeneous

and informative data which facilitate zero-shot transfer to unknown tasks.

A Population of Diverse Explorers

Recall that in Equation. 6.2 we provided a formulation for maximizing information

gain with respect to a specified policy embedding. For the rest of this discussion, we

will use the final state embedding as our summary representation, whereby Φ(τ) =

hH , since in the case of the RSSM, the final latent state from the imagined trajectory

is a compact representation of the entire trajectory collected by the policy [251, 287].
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We now consider a population-based version of Equation. 6.2, using B agents:

{π(i)
EXP}

B
i=1 = argmax

πB∈ΠB
I
(

B∏
i=1

PΦ
π(i) [Mψ];Mψ

)
= H

(
B∏
i=1

PΦ
π(i) [Mψ]

)
−H

(
B∏
i=1

PΦ
π(i) [Mψ]

∣∣∣Mψ

)
(6.6)

where πB = π(1), · · · , π(B) and ∏B
i=1 PΦ

π(i) [Mψ] is the product measure of the poli-

cies’ embedding distributions inMψ. By definition, the conditional entropy factor-

izes as:

H
(

B∏
i=1

PΦ
π(i) [Mψ]

∣∣∣∣Mψ

)
=

B∑
i=1
H
(
PΦ
π(i) [Mψ]

∣∣∣∣Mψ

)
. (6.7)

It is now possible to show that maximum information gain is achieved with a

diverse set of agents:

Lemma 8. When all models Mψ in the support of the model posterior are de-

terministic and tabular, and the space of policies Π consists only of deterministic

policies, there always exists a solution {π(i)
EXP}Bi=1 satisfying π(i)

EXP 6= π
(j)
EXP∀i 6= j.

Moreover, there exists a family of tabular MDP models, such that the maximum

cannot be achieved by setting πEXP(i) = π for a fixed π.

The proof of Lemma 8 is in the Appendix (see Section D.2).

Since the objective in Equation 6.6 is submodular, a greedy algorithm yields a

(1− 1
e
) approximation of the optimum [199]. Leveraging this insight, let us assume

that we already have a set of policies π(1), · · · , π(i−1); we then select the next policy

π(i) based on the following greedy objective:

π(i) = argmax
π̃(i)∈Π

I

 i∏
j=1

PΦ
π̃(j) [Mψ];Mψ

∣∣∣∣π̃(j) = π(j) ∀j ≤ i− 1


= H
 i∏
j=1

PΦ
π̃(j) [Mψ]

∣∣∣∣π̃(j) = π(j) ∀j ≤ i− 1
−H

 i∏
j=1

PΦ
π(j) [Mψ]

∣∣∣∣Mψ, π̃
(j) = π(j) ∀j ≤ i− 1


Which can be factorized in similar fashion to Equation 6.7 (See Appendix D.2).

A Tractable Objective for Deep RL

Inspired by [269], we make approximations to derive a tractable objective for

{πEXP}Bi=1 in the deep RL setting. First, we assume that the final state em-

bedding distributions are Gaussian with means that depend on the policies and

sampled worlds, and variances that depend on the worlds, i.e. PΦ
π [Mψ = w] =
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N (µ(w, π),Σ(w)). In this case,H(PΦ
π [Mψ]|Mψ = w) = ρ(w), and Eq. 6.8 reduces to

solving π(i) = arg maxπ̃(i)∈ΠH
(∏i

j=1 PΦ
π̃(j) [Mψ]

∣∣∣∣π̃(j) = π(j) ∀j ≤ i− 1
)
for a policy

that maximizes the resulting joint entropy of the embedding distribution when

added to the policy population. This produces the following surrogate objective,

maximizing a quadratic cascading disagreement:

PopDivΦ(π|π(1), · · · , π(i−1)) = Eτ∼Pπ [Mψ ]

 1
|D(i−1)| − 1

∑
τ̃∈D(i−1)

‖Φ(τ)− Φ(τ̃)‖2


whereD(i−1) is a dataset of imagined trajectories sampled from policies π(1), · · · , π(i−1)

in the model, and PopDiv is short for Population Diversity.

Finally, following [16, 269], we also add a per state model-disagreement/information

gain component to each policy’s reward to encourage a richer landscape for

data acquisition: InfoGain(π) = Eτ ∼Pπ [Mψ ]
[∑

(s,a)∈τ σ(s, a)
]
where σ(·, ·) is the

variance across the ensemble latent state predictions (for details see the Appendix,

Section D.2). Taken together, these objectives form our approach, which we

call Coordinated Active Sample Collection via Diverse Explorers or cascade.

cascade trains agents to optimize: 1) a diversity term (PopDiv) that takes into

account the behaviors of the other agents in the population; 2) an information

gain term (InfoGain) that encourages an individual agent to sample states that

maximally improve the model:

π(i) = argmax
π∈Π

[
λPopDivΦ(π|{π(j)

EXP}i−1
j=1) + (1− λ)InfoGain(π)

]
(6.9)

where 0 ≥ λ ≥ 1 is a weighting hyperparameter that trades off whether we favor

individual model information gain or population diversity. Finally, we train the B

agents in parallel using (policy) gradient descent over θ, which makes it possible

to achieve the same wall clock time as training a single agent [48].

Experiments

In our experiments we test whether cascade facilitates the learning of generalist

agents by evaluating their zero-shot transfer to unseen tasks, given a limited

number of reward-free deployments. In all experiments, agents cannot train online
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in the environment, and instead execute a fixed exploration policy to gather

new data during each deployment. We focus on training from visual domains

to test our methods in a high dimensional setting that is closer to real-world

problems. All methods make use of a DreamerV2 world model [99] and use

the same hyperparameters for model and agent training (more details in the

Appendix, Section D.2).

We test against three baselines. The first is random exploration, which is used

in the majority of RL publications. Our next baseline is Plan2Explore [269] (p2e),

which trains a single exploration policy that optimizes for expected information gain

inside a world model. This resembles RP1, and was published concurrently, but the

main difference is that P2E considers does not train with rewards and therefore

uses state-based disagreement. We then include a population-based version of p2e,

which we call Population Plan2Explore (pp2e). pp2e trains a set of randomly

initialized agents that independently seek to maximize expected information gain.

We test all methods in two separate settings: Exploring Worlds where we seek to

collect data in challenging exploration environments. We test how well the explorers

cover the state space and discover sparse rewards (also known as “deep exploration"

[206, 211]). Next we consider Exploring Behaviors where we consider collecting

data in continuous control environments. In both settings we test zero-shot transfer

as follows: 1) we provide reward labels to the model; 2) we train a separate reward

head; 3) we train a task specific behavior policy and test it in the environment.

This tests whether our model is general enough to facilitate learning downstream

policies for previously unknown tasks [151, 269, 330].

Exploring Worlds In many cases we may not know a priori which states in an

environment are highly rewarding. Thus, if we wish to use our world model to

subsequently train agents to solve tasks, it is crucial that we accurately model as

much of state space as possible. Here we consider exploring worlds in three different

environments: MiniGrid [38], Atari [20] and Crafter [96]. In all settings, we start

with a random deployment before beginning reward-free exploration.
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Figure 6.2: MiniGrid Results. Left: Performance statistics for both FourRooms

and MultiRoom. For reward-free exploration we show both “state coverage”, which
corresponds to the the percentage of states visited on a fixed set of levels, and
“rewarding episodes” which is the count of total solved episodes found after 1M steps.
Finally for zero-shot transfer we show the success rate of a task-specific behavior
policy trained with labels provided only at test time. All plots show the mean of
ten seeds with SEM shaded. (Random achieves 0 zero-shot success rate). Right: we
show the state coverage on a fixed level in FourRooms, using the exploration policy
πEXP for each deployment (Test time goal state indicated by the red dot).

We begin with MiniGrid, a set of sparse-reward, partially observable navigation

environments commonly used to test state-of-the-art exploration methods [32, 72,

241, 342]. MiniGrid environments are procedurally generated, which provides an

additional generalization challenge [124, 248]. We consider the canonical FourRooms

and the more challenging MultiRoom. In each case we are limited to 5 deployments

of 200k transitions, for a total of 1M environment interactions.2 We score the

reward-free exploration in two ways: 1) state coverage, where we evaluate the

percentage of the states visited by the exploration policies after each deployment

on the same set of held out test levels; and 2) rewarding episodes, where we show
2Zero-shot success rates of p2e, pp2e and cascade increase with more training steps, and

cascade achieves a near 100% success rate at 1M steps in both FourRooms and MultiRoom.
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the number of rewarding episodes collected during the training process. Note that

these two objectives are not useful in isolation, as solved levels may only include a

narrow set of observations, while state coverage alone could be maximized without

performing deep, goal-seeking exploration in the environment.

We show the results in Figure 6.2, where we see the cascade exploration policies

cover the state space far more effectively than all baselines. In FourRooms, both

cascade and pp2e find the goal an equal number of times, while cascade finds

almost double the number of rewarding episodes in the MultiRoom environment.

We also test zero-shot performance, where cascade achieves almost 100% success

rate. Interestingly, in both settings the Random policy does cover a large proportion

of the state space, but finds fewer rewarding episodes and subsequently does not

have a sufficient quantity to train a policy to solve the task (and accordingly

achieves 0% success rate).

Next we consider four Atari games: Montezuma’s Revenge, Frostbite, Hero

and Freeway, often used as barometers for exploration capabilities [61]. We use

15 reward-free deployments, each consisting of 200k steps, and use the final model

to train a behavior policy with task reward. We test these agents in a zero-shot

fashion, with results shown in the first three columns of Figure 6.3. We see that

cascade gets statistically significantly stronger zero-shot returns compared to

the baselines. Furthermore, the baseline methods display no clear trend, with

random exploration sometimes offering the strongest performance. On the other

hand, we see that cascade performs consistently well, providing further evidence

of it being a strong general exploration strategy.

Finally, we consider the Crafter environment [96], a procedurally generated

grid world based on the game of Minecraft. This more complex setting requires

the agent to master a variety of compositional skills to fully explore all possible

behaviors. Online p2e represents the state of the art reward-free agent, achieving a

“Crafter Score” of 2.1. To convert this environment to our reward-free deployment

efficiency setting, we deploy only 20 distinct exploration policies, each collecting

50k timesteps, which leads to weaker performance for p2e vs. the reported result
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Figure 6.3: Exploring Worlds: Atari and Crafter: Plots show RLiable
metric performance aggregated across all seeds. Note that the ‘Probability of
Improvement’ lower CIs all exceed 0.5 for Atari, indicating cascade provides a
statistically significant improvement (under the Mann-Whitney U test) over all
baseline methods [2]. For Atari we show five seeds of zero-shot test performance,
for Crafter we show ten seeds of Crafter Score, the geomean of skills discovered in a
purely reward-free fashion.

in [99]. However, as we see in Figure 6.3, adding a population of diverse explorers

recovers the majority of this performance. We find this result encouraging as the

behaviors required to achieve a higher Crafter score are non-trivial. We believe

this opens the door to further gains with more active tuning of the behavioral

representation used in cascade.

Exploring Behaviors Now we have shown our agents are capable of exploring

the state space in challenging navigation settings, the next thing we wish to test

is whether they sufficiently explore a range of behaviors. To test this, we move

from discrete to continuous control, using the DeepMind Control Suite [305]. In

these experiments we operate from pixels, and assume access to an initial dataset

of 200k transitions. We then conduct two further reward-free deployments, each

collecting 200k additional transitions. To test the ability of our methods to improve

the generality of a model when given access to prior data, we test three different

initial datasets commonly used in the offline RL literature: random, medium and

expert. When using random data, this represents learning from scratch. We focus
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on the walker environment and evaluate our agents on the four tasks proposed

in Unsupervised RL Benchmark (URLB, Laskin et al. [155]).
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Figure 6.4: DMC Zero-Shot Aggregate Results: Plots show RLiable metric
performance aggregated across all three initial datasets (random, medium, expert)
for a total of 30 seeds. Note that the ‘Probability of Improvement’ lower CIs all
exceed 0.5, indicating cascade provides a statistically significant improvement
(under the Mann-Whitney U test) over all baseline methods [2], even after a single
deployment.

After each deployment, we test the generality of the world model by training

a separate agent from scratch for each of the four individual tasks: stand, walk,

run, flip. This demonstrates whether the world model is capable of producing

an imaginary MDP that facilitates learning specific behaviors, i.e. it is sufficiently

accurate at modelling the dynamics. To compare the performance of cascade and

the baselines, in Figure 6.4 we show the aggregated statistics from the rliable

library [2] for a given number of deployments. To do this, we combine the results

across all datasets (random, medium, expert) and all downstream tasks (stand,

walk, run, flip) and compute the following: 1) the Inter-Quartile Mean (IQM) of

the normalized scores (the robust statistic recommended in [2]); 2) the Probability of

Improvement, the likelihood of one method outperforming another on a new, unseen

task. We show the results for each deployment in Figure 6.4. As we see, cascade

shows clear and consistent gains over the next best baseline (pp2e) throughout

15 deployments, showing statistical significance under the Mann-Whitney U test
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[181]. Note that here the single agent P2E performs poorly, likely due to only

collecting data with a single mode of exploratory behavior.

6.2.4 Discussion and Limitations

In this section we have introduced two new approaches for actively acquiring new

data. First, RP1 sought to combine an information gain bonus alongside the task

reward when training a policy for a specific environment. This makes learning

significantly faster on a series of simple environments, but it does not lead to

open-ended learning for a generally capable agent. To address this, cascade takes

us a large step further by both using reward-free exploration and focusing on the

more scalable deployment efficient setting.

Across a variety of environments we have shown that cascade is the most

effective method in training generally capable agents. This is because cascade

provides the best of both worlds: deep exploration by seeking the frontier of the

current knowledge (via InfoGain), while covering the space of possible behaviors

(via PopDiv). Each of our baselines lacked in one of these two key properties.

For example, Random exploration fared poorly when exploring worlds, which

requires deep exploration. However, it can be a highly effective method for

exploring behaviors. This is likely why boosting entropy in the action space

is so effective for robotics tasks [95], but less so in deep exploration tasks [206].

Furthermore, the information theoretic baselines were more effective than Random

in Exploring Worlds, but the disappointing performance for p2e in DMC is

likely caused by a lack of data diversity, while despite diversity from random

initialization, the pp2e populations were still not sufficiently heterogeneous to

match the coverage of cascade.

Returning to the goal of this chapter: how does cascade help us remove the

reliance on human-designed simulated environments? We now have a potentially

open-ended process whereby diverse data can be collected in parallel to train a world

model that is sufficiently general to learn a wide range of downstream behaviors.

However, the main limitation here is clear—we still rely on a human-designed
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simulator to both collect data and test our agents. In practice if we have access to

this then our methods remain constrained to the confines of a potentially inaccurate

simulator and a narrow set of environments. In future work we can instead seek

to design active learning systems that can scour the Internet for useful video data,

to produce a model that can learn about a diverse range of real world tasks in an

unbounded fashion. Once we have access to this type of open-ended data acquisition

process, we can build world models that span a wide range of possible tasks. The

next question is, what do we do with the model?

6.3 Augmented World Models

It is likely that once we have a world model, we may wish to use it to train agents

that can generalize to a wide range of unseen tasks from the same distribution [31].

However, our goal in this thesis is to produce an open-ended RL system, and we

have shown that if we have access to a parameterized environment represented as a

UPOMDP (see: Chapter 4) we can automatically generate increasingly complex

problems. But how do we do this if our agent is no longer training in a parameterized

environment, but instead a learned world model?

In this section we describe an initial approach for doing just that—concretely, we

focus on the problem where tasks can vary with respect to their underlying dynamics,

but share the same state space and reward function. We seek to train a world model

from a single offline dataset, and augment the model dynamics such that the policy

trained inside it is robust to a variety of unseen dynamics. We call this method

Augmented World Models or AugWM [17]. AugWM can be seen as the first method

to propose domain randomization inside a learned model, which it does through a

naive, random scaling approach. This essentially boils down to sampling “imaginary”

tasks that do not exist, to robustify an agent against variations that do arise when

transferring to a new setting. As we will see this is enough to get non-trivial gains

when seeking to generalize from an offline dataset to a range of unseen dynamics.
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a) World Model b) Augmented World Model c) Unseen Dynamics

Figure 6.5: An illustration of our approach, each figure shows a transition
P (s, a) → s′. In a) we show the World Model dynamics P̂ , trained from Denv, a
single offline dataset. In b) we show the Augmented World Model, blue represents
P̂ , while each green agent illustrates an instantiation of augmented dynamics, which
is sampled at each timestep: P̂z, z ∼ Z, where z is a latent context vector and P̂z is
a new dynamics function consistent with this context. The goal is to approximate
c) where we show an unseen test environment, with transition dynamics P ? (the
“optimal” or “true” dynamics of the test task).

6.3.1 Random Dynamics Augmentations

Recall that we are training an agent fully offline inside an imaginary MDP defined

by a model, which we denoteMψ. The goal of this work is to increase the breadth

of tasks that can be generated by the model via synthetic, augmented dynamics

functions. After training a model to fit an offline dataset, we consider three

approaches to subsequently augment the dynamics function (and corresponding

imaginary MDP) when training the policy (see Figure 6.5).

We begin with Random Amplitude Scaling as in Laskin et al. [154], which

we refer to as RAD. RAD scales both st and st+1 as follows:

Pz : (st, at, rt, st+1) 7→ (z � st, at, rt, z � st+1) (6.10)

for z ∼ Unif([c, d]|S|), for constants c and d, where � refers to the Hadamard product.

Given that our focus is on changing dynamics (vs. observational overfitting), we

also propose to scale only the next state, i.e., Random Amplitude Nextstate

Scaling (RANS):

Pz : (st, at, rt, st+1) 7→ (st, at, rt, z � st+1) (6.11)
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for z ∼ Unif([c, d]|S|). Note that while RANS is more focused on augmenting

dynamics than RAS, it still suffers from a dependence on the magnitude of st+1. As

such, we further propose a more targeted augmentation, which we call Dynamics

Amplitude Sampling (DAS). Rather than directly scale the state, DAS scales

the change in the state which we denote with δt = st+1 − st, as follows:

Pz : (st, at, rt, st+1) 7→ (st, at, rt, st + z � δt) (6.12)

for z ∼ Unif([c, d]|S|). The full training procedure is shown in Algorithm 11.

Algorithm 11 Augmented World Models: Training
Input: Offline data Denv, Penalty λ, horizon h, batchsize B, augmentation Z.
Initialize: Ensemble of N dynamics models P̂ , policy π. Empty replay buffer
Dênv
1. Train P̂ in a supervised fashion using Denv.
for epoch = 1, 2, . . . do

(i) Sample initial states: {s1
1, . . . , s

B
1 } ∼ Denv

(ii) Rollout policy (in parallel) in model MDP, using λ-penalized reward, storing
all data in Dênv
(iii) Train policy using Denv ∪ Dênv. For each (s, a, r, s′), sample z ∼ Z, apply
Pz.

Return: Policy π

One crucial addition to our method is the use of context. Concretely, when we

are optimizing the policy using a batch of data, we concatenate the next state with

the augmentation vector z. This allows our policy to be informed of the specific

augmentation that was applied to the environment and thus behave accordingly.

We show the full procedure in Figure 6.6.

Dynamics Augmentation
Agent

Figure 6.6: Training policies in Augmented World Models. For each state-action
pair sampled from the buffer, a new augmentation zt ∼ Z is sampled to produce an
augmentation operator Pz, which is applied to the transition. The policy is then
trained with the new tuple of data, with the context concatenated to the state.
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However, at test time we do not know z, so what can we use to condition the

policy? Next we propose a solution to this problem, approximating the context

on the fly for zero-shot adaptation.

6.3.2 Self-Supervised Policy Selection

In the meta-learning literature there have been many recent successes making use of

a learned context to adapt a policy at test time to a new environment [242, 345, 346],

typically using a blackbox model with a latent state. Crucially, these approaches

require several episodes to adapt at test time, making them unfeasible if we wish

for our learned policy to be able to adapt in a zero-shot fashion.

What makes our setting unique is we explicitly know what the context represents:

a linear transformation of st, or δt. Using this insight, we are able to learn an

effective context on the fly at test time. Concretely, we observe that from a state st
drawn from M?, we can sample an action at ∼ π and then compute an approximate

ŝt+1 using our model P̂ . With ŝt+1, we have a sample estimate of the state change

under P̂ , i.e. δ̂t = ŝt+1 − st. We can make this approximation of the next state

without interacting with the environment, but once we do take the action at in

the environment, we then receive the true next state st+1 and can store the true

difference δt = st+1−st. Using the DAS augmentation, we can approximate z as δt/̂δt.

Algorithm 12 Augmented World Models: Testing
Input: Initial state s1, horizon H, policy π, world model P̂ , initial context ẑ = 1|S|
Initialize: Linear model fψ, dataset D = Ø, return R0 = 0.
for step = 1, 2, . . .H do

Select action: at ∼ π(st, ẑt)
Take action: st+1 ∼ P ?(st, at)
Update return: Rt+1 = Rt +R?(st, at, st+1)
Update Dataset: D ∪ (st, δt).
Update Linear model by minimizing LMSE(ψ,D).
Predict new context using ẑt = δt/̂δt.

Return: RT

This however is retrospective; we can only approximate z having already seen

the next state, by which time our agent has already acted. Furthermore, we

believe under changed dynamics the true z likely depends on s, thus we cannot
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use a previous z for future timesteps. Therefore, we learn a forward dynamics

model using the data collected during the test rollout. After h timesteps in the

environment, we have the following dataset: D = {(s1, s2), . . . , (sh−1, sh)}. This

allows us to learn a simple dynamics model fψ : (st) 7→ δt = st+1−st, by minimizing

the mean squared error LMSE(ψ,D). Notably, since we never actually plan with

this model, it does not need to be as accurate as a typical dynamics model in

MBRL. Instead, it is crucial that the model learns quickly enough (in the order

of hundreds of timesteps) such that we can use it in a zero-shot evaluation. Thus,

we choose to use a simple linear model for f .

Agent

World 
Model

Linear 
Model

Online Context 
Learning

Figure 6.7: Self-supervised policy adaptation via learned context. At each timestep,
the state st is fed into a linear model (trained online at each timestep) to predict
the change in state δt, and also passed to the fixed World Model (trained on the
offline data) to predict the change in state under P̂ , δ̂t. The approximate context is
then zt = δt/̂δt, which is concatenated with st and passed to the agent to produce
an action.

6.3.3 Empirical Results

In our experiments we seek to evaluate whether Augmented World Models provide

a sufficiently rich and effective distribution of imaginary MDPs. To test this we

train Augmented World Models from a single offline environment and evaluate the

subsequent ability of agents trained in them to generalize to unseen dynamics. To

answer this question we perform a detailed analysis, using multiple benchmarks

from the D4RL dataset [79]. Namely, we consider the Random, Medium, Mixed and

Medium-Expert datasets for both Walker2d and HalfCheetah. For each dataset
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we train on the original dynamics, but then test the trained policy on a set of varied

dynamics where we change both the mass of the agent and damping coefficient

by a multiplicative factor. In this work we consider a grid of the following values

for HalfCheetah: {0.25, 0.5, 0.75, 1.0, 1.25, 1.5, 1.75} and {0.5, 0.75, 1.0, 1.25, 1.5}

for Walker2d, representing a significant out-of-distribution shift compared to the

standard environment (both in Gym and D4RL) which corresponds to both mass

and damping being set to 1.0.

In each setting, we compare AugWM against a state-of-the-art offline model-

based RL approach, Model-based Offline Policy Optimization (MOPO, Yu et al.

[332]). All results will be zero-shot performance from a single offline environment,

i.e. training solely using the data provided, and not seeing the test environment

until evaluation. The results are shown as a total return number averaged over

both dimensions in Table 6.2. For additional implementation details (e.g., hyperpa-

rameters) see Appendix D.3. Using Welch’s t-test, AugWM provides statistically

significant improvements in zero-shot performance v.s. MOPO in many cases,

achieving successful policies where MOPO fails.

Table 6.2: Each entry for HalfCheetah is the mean of 49 different dynamics,
while for Walker2d it is over 25 dynamics. Results are mean ±1std. ? indicates
p < 0.05 for Welch’s t-test for gain over MOPO (5 seeds).

Dataset Type Environment MOPO AugWM (Ours)

Random HalfCheetah 2303± 112 2818± 197 ?
Random Walker2d 569± 103 706± 139
Mixed HalfCheetah 3447± 218 3948± 122 ?
Mixed Walker2d 946± 95 1317± 206 ?
Medium HalfCheetah 2954± 89 2967± 106
Medium Walker2d 1477± 337 1614± 440
Med-Expert HalfCheetah 1590± 766 2885± 432 ?
Med-Expert Walker2d 1062± 334 2521± 316 ?

In addition, we note that dynamics may change during an episode; consider a

robot that suffers a motor fault, reducing the power delivered to its joints. Evidently

the underlying dynamics have been altered, and being robust to such changes when



6. Learning World Models

0 500 1000 1500
0

5000

10000

Cumulative Return

0 500 1000 1500

0

5

10
Rolling Mean 1-Step Return

MOPO Default Context Learned Context Dynamics Change

Figure 6.8: Performance under changing dynamics. We alter the dynamics by
reducing the mass and damping coefficients during an episode, after 500 timesteps.
Note that this corresponds to an “easier” test task but the baseline MOPO agent
is unable to adapt so falls over. Instead, AugWM is able to adapt its gait and run
faster with the reduced mass. Left = cumulative returns, right = rolling average
single step reward. All results are averaged over twenty seeds, shaded area shows
the standard error of the mean.

only training from a single dataset of offline experience is challenging. To illustrate

this, we perform a 1500 step rollout in the HalfCheetah environment, starting with

offline dynamics (mass/damping = 1), before changing to mass = 0.75, damping =

0.5 after 500 steps; performance is shown in Figure 6.8. Observe that after 500 steps,

MOPO performance is dramatically reduced. This is because the agent continues

to apply the same force and thus falls forward with lighter mass. For our AugWM

agent, performance initially drops, then when the new context is learned we achieve

higher performance than before, making use of the lighter torso.

6.3.4 Discussion

We believe that our experiments provide significant support to the claim that training

with an Augmented World Model improves zero-shot dynamics generalization from

a single offline environment. In a broad set of commonly used datasets, and with

a wide range of out-of-distribution dynamics, our algorithm learns good policies

where a state-of-the-art baseline fails.3 This is due to two novel contributions: 1)
3For videos see: https://sites.google.com/view/augmentedworldmodels/

https://sites.google.com/view/augmentedworldmodels/
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using dynamics augmentation rather than observation augmentation; 2) training and

testing with a context-based policy. In essence, Augmented World Models represents

the first step towards learning in truly imaginary or synthetic tasks. It is possible

that none of the random augmentations produce genuinely reasonable dynamics, and

yet, training on them produces an agent that is robust to unseen physics at test time.

Regarding limitations, we note that in more complex settings we may not see

the same performance for this simple approach. This could be because the dynamics

changes are out of the distribution of the augmentations proposed in this work,

or due to the difficulty of modeling the task with a linear model. We note that

linear models have achieved success in planning [91] and meta learning [225], and

are effective in our case due to their data efficiency, but can be replaced by more

flexible models to deal with different augmentations. Indeed, given our work is the

first of its kind, we believe significant improvements are possible, such as using

more complex and problem-specific augmentations.

6.4 Future Work

In this chapter we have focused on both building world models and then subsequently

using them to generate new, synthetic tasks. In both cases we have only achieved

proof of concept results, thus, the future work is clear—we need to scale these

methods to larger problems. Doing so will likely be a challenge, requiring many

future innovations.

For active world building, we need to use larger models trained on much larger,

more diverse datasets, for example from the Internet. When training agents inside

a world model, we can consider building upon Augmented World Models with

more sophisticated means to sample environments (or levels) from the world that

can robustify our trained agent. We could also consider sampling different styles

or distracting backgrounds to robustify vision-based agents from observational

overfitting [176, 276]. In the next chapter we conclude the thesis with a discussion

of how these approaches could combine with other contributions from the thesis

to produce a truly open-ended system.
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Conclusion

“We should expect surprises.”

— Kenneth O. Stanley, Why Open-Endedness Matters

The core belief in this thesis is that reinforcement learning (RL), the paradigm

of agents learning from autonomous interaction in an environment, may indeed

be “enough” for training generally capable agents. However, as we argue, the

key missing ingredient is open-endedness.

We began in Part I by discussing the tendency for RL systems to rely on

static, handcrafted configurations. We introduced methods that can learn and

adapt multiple agent hyperperameters on the fly in a single training run. We also

proposed an approach to automatically evolve an increasingly complex curriculum

of environments, producing a generally capable agent within the given domain.

This shifts the emphasis from manually designing learning algorithms and human-

engineered environments to designing systems which coevolve both environments

and agent configurations. However, as described, this alone cannot be considered

truly open-ended, since we can only maximize the agent performance in a single

environment distribution. This process may produce interesting new things for a

moderate amount of time, but would likely eventually plateau. Indeed, if we wish
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for our systems to be truly open-ended, and give them the chance of discovering

things that can surprise us, we need to go even further.

In Part II we propose two pathways to fully remove the shackles from our

RL agents. First, in Chapter 5 we posit that diversity will play a crucial role,

both in the form of diverse exploration agents that can capture a wide range of

experiences, and subsequently by learning diverse behaviors such that our agent

is robust to possible changes in the world. Indeed, diversity may be the only

way to ensure our agents can cover all possible degrees of variability they may

encounter in the real world. Further, without diversity in our environments and

agent behaviors we may miss vital “stepping stones” that would be ignored with

greedy optimization [163, 280], but play a key role in future progress towards more

sophisticated forms of intelligence [268, 315].

Finally, in Chapter 6 we argue that one path to true open-endedness is via

learning world models and training agents inside imaginary MDPs they induce. To

build these world models we propose new methods capable of collecting diverse

batches of task-agnostic data. Once trained, these models could could endow our

agents with the ability to generate their own imaginary worlds, possibly via an

infinite array of creative interpretations of the real world [243]. We showed the

first proof of concept for this approach by training agents inside Augmented World

Models, which make it possible to generalize to new, unseen dynamics.

7.1 A Recipe for Open-Ended RL

To conclude, we seek to unify many of the ideas from this thesis into a single vision

for a large scale, open-ended learning system. We could combine our approaches

in Part II to both collect new data for a world model and then subsequently use

it to generate imaginary environments. Naturally, with this ability to sample

environments, we can use Unsupervised Environment Design to create an adaptive

distribution over the samples (see: Chapter 4). Further, we can also utilize methods

from Chapter 3 to adapt agent configurations inside the model, which could be

computationally efficient given that models run on hardware accelerators [99].
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Combining these pieces of the puzzle, we can envisage a system whereby a

world model gets more accurate on a broader set of environments, and an agent

is robustified against all possible imagined worlds. We can seek to scale this

system as compute continues to get cheaper, data becomes more abundant and

novel architectures continue to emerge [3, 29, 56, 243]. In theory, if data can

automatically be collected from a sufficiently rich source then this process could

have no bounds, as both the agent and world model coevolve indefinitely by seeking

to surprise each other. In practice, this could produce increasingly novel, interesting

things as well as a generally capable agent. It might even be open-ended.
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A
Appendix for Population Based Bandits

A.1 Implementation Details

Continuous Control Experiments For all experiments we set βt = c1 +log(c2t)

with c1 = 0.2 and c2 = 0.4, as in the traffic speed data experiment from [25]. In Table

A.1 and we show hyperparameters for the PPO experiments in the BipedalWalker

and LunarLanderContinuous environments. In Table A.2 we show the bounds

for the hyperparameters learned by PBT and PB2. All methods were initialized

by randomly sampling from these bounds.

Table A.1: Fixed

Parameter Value

Filter MeanStdF ilter
SGD Iterations 10
Architecture 32-32
ready 5× 104

Table A.2: Learned

Parameter Value

Batch Size [1000, 60000]
GAE λ [0.9, 0.99]
PPO Clip ε [0.1, 0.5]
Learning Rate η [10−5, 10−3]

Procgen Experiments In Table A.3 we show the the fixed parameters, taken

from UCB-DrAC [240]. In Table A.4 we show the continuous hyperparameters

optimized by our methods. For the categorical variables, we use the data augmen-

tations used in [141, 154, 240]: crop, grayscale, cutout, cutout-color, flip, rotate,

random convolution and color-jitter. For PB2 use the same UCB hyperparameters
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as in the continuous control experiments, which come from [25]. Concretely, we

set c1 = 0.2, c2 = 0.4. We believe performance may be increased by selecting

these parameters more carefully. However, it is promising to see that this fine

tuning is not crucial for performance.

Table A.3: Fixed

Parameter Value

Bootstrapping γ 0.999
GAE λ 0.95
# timesteps per rollout 256
# epochs per rollout 3
# minibatches per epoch 8
optimizer Adam

Table A.4: Learned

Parameter Value

PPO Clip (ε) [0.01, 0.5]
Learning Rate [10−5, 10−3]
Entropy Coeff [0, 0.2]
Regularization (αr) [0.01, 0.5]

A.2 PB2 Theoretical Results

A.2.1 Derivation for Lemma 1

Proof. We have a reward at the starting iteration F1(x1) as a constant that allows

us to write the objective function as:

FT (xT )− F1(x1) = FT (xT )− FT−1(xT−1) + · · ·+ F3(x3)− F2(x2) + F2(x2)− F1(x1)
(A.1)

Therefore, maximizing the left of Eq. (A.20) is equivalent to minimizing the

cummulative regret as follows:

max [FT (xT )− F1(x1)] = max
T∑
t=1

Ft(xt)− Ft−1(xt−1) = max
T∑
t=1

ft(xt) = min
T∑
t=1

rt(xt)

where we define ft(xt) = Ft(xt) − Ft−1(xt−1), the regret rt = ft(x∗t ) − ft(xt) and

ft(x∗t ) := max∀x ft(x) is an unknown constant.

A.2.2 Convergence Analysis

We minimize the cumulative regret RT by sequentially suggesting an xt to be used

in each iteration t. We shall derive the upper bound in the cumulative regret

and show that it asymptotically goes to zero as T increases, i.e., limT→∞
RT
T

= 0.
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We make the following smoothness assumption to derive the regret bound of

the proposed algorithm.

Assumptions. We will assume that the kernel k holds for some (a, b) and

∀Lt ≥ 0. The joint kernel satisfies for all dimensions j = 1, ..., d,

∀Lt ≥ 0, t ≤ T , p(sup
∣∣∣∣∣∂ft(x)
∂x(j)

∣∣∣∣∣ ≥ Lt) ≤ ae−(Lt/b)2
. (A.2)

These assumptions are achieved by using a time-varying kernel ktime(t, t′) =

(1− ω)
|t−t′|

2 [25] with the smooth functions [25]. For completeness, we restate

Lemma 9, 10, 11, 12 from [25, 278], then present our new theoretical results in

Lemma 13, 14, 15 and Theorem 16.

Lemma 9 ([278]). Let Lt = b
√

log 3daπt
δ

) where ∑T
t=1

1
πt

= 1, we have with

probability 1− δ
3 ,

|ft(x)− ft(x′)| ≤ Lt||x− x′||1,∀t,x,x′ ∈ D. (A.3)

Lemma 10 ([278]). We define a discretization Dt ⊂ D ⊆ [0, r]d of size (τt)d

satisfying ||x− [x]t ||1 ≤ d
τt
, ∀x ∈ D where [x]t denotes the closest point in Dt to x.

By choosing τt = t2

Ltd
= rdbt2

√
log (3daπt/δ), we have

|ft(x)− ft([x]t)| ≤
1
t2
.

Lemma 11 ([278]). Let βt ≥ 2 log 3πt
δ

+2d log
(
rdbt2

√
log 3daπt

2δ

)
where∑T

t=1 π
−1
t = 1,

then with probability at least 1− δ
3 , we have

|ft(xt)− µt(xt)| ≤
√
βtσt(xt),∀t,∀x ∈ D.

Proof. We note that conditioned on the outputs (y1, ..., yt−1), the sampled points

(x1, ...,xt) are deterministic, and ft(xt) ∼ N (µt(xt), σ2
t (xt)). Using Gaussian tail

bounds [313], a random variable f ∼ N (µ, σ2) is within
√
βσ of µ with probability

at least 1 − exp
(
−β

2

)
. Therefore, we first claim that if βt ≥ 2 log 3πt

δ
then the

selected points {xt}Tt=1 satisfy the confidence bounds with probability at least 1− δ
3

|ft(xt)− µt(xt)| ≤
√
βtσt(xt),∀t. (A.4)
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This is true because the confidence bound for individual xt will hold with

probability at least 1− δ
3πt and taking union bound over ∀t will lead to 1− δ

3 .

We show above that the bound is applicable for the selected points {xt}Tt=1. To

ensure that the bound is applicable for all points in the domain Dt and ∀t, we can

set βt ≥ 2 log 3|Dt|πt
δ

where ∑T
t=1 π

−1
t = 1 e.g., πt = π2t2

6

p(|ft (xt)− µt (xt)| ≤
√
βtσt (xt) ≥ 1− |Dt|

T∑
t=1

exp (−βt/2) = 1− δ

3. . (A.5)

By discretizing the domainDt in Lem. 10, we have a connection to the cardinality

of the domain that |Dt| = (τt)d =
(
rdbt2

√
log (3daπt/δ)

)d
. Therefore, we need to

set βt such that both conditions in Eq. (A.4) and Eq. (A.5) are satisfied. We simply

take a sum of them and get βt ≥ 2 log 3πt
δ

+ 2d log
(
rdbt2

√
log 3daπt

2δ

)
.

We use TB to denote the batch setting where we will run the algorithm

over T iterations with a batch size B. The mutual information is defined as

Ĩ(fTB; yTB) = 1
2 log det

(
ITB + σ−2

f K̃TB

)
and the maximum information gain is as

γ̃T := max Ĩ(fTB;TB ) where fTB := fTB(xTB) = (ft,b(xt,b), ..., fT,B(xT,B)) ,∀b =

1....B, ∀t = t...T for the time variant GP f . Using the result presented in [25],

we can adapt the bound on the time-varying information gain into the parallel

setting using a population size of B below.

Lemma 12. (adapted from [25] with a batch size B) Let ω be the forgetting-

remembering trade-off parameter and consider the kernel for time 1−Ktime(t, t′) ≤

ω |t− t′|, we bound the maximum information gain that

γ̃TB ≤
(

T

Ñ ×B
+ 1

)(
γÑ×B + σ−2

f

[
Ñ ×B

]3
ω
)
.

Uncertainty Sampling (US). We next derive an upper bound over the maxi-

mum information gain obtained from a batch xt,b,∀b = 1, ..., B. In other words, we

want to show that the information gain by our chosen points xt,b will not go beyond

the ones by maximizing the uncertainty. For this, we define an uncertainty sampling

(US) scheme which fills in a batch xUS
t,b by maximizing the GP predictive variance.

Particularly, at iteration t, we select xUS
t,b = arg maxx σt(x | Dt,b−1),∀b ≤ B and
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the data set is augmented over time to include the information of the new point,

Dt,b = Dt,b−1 ∪ xUS
t,b . We note that we use xUS

t,b to derive the upper bound, but

this is not used by our PB2 algorithm.

Lemma 13. Let xPB2
t,b be the point chosen by our algorithm and xUS

t,b be the point

chosen by uncertainty sampling (US) by maximizing the GP predictive variance

xUS
t,b = arg maxx∈D σt(x | Dt,b−1),∀b = 1, ...B and Dt,b = Dt,b−1 ∪ xt,b. We have

σt+1,1
(
xPB2
t+1,1

)
≤ σt+1,1

(
xUS
t+1,1

)
≤ σt,b

(
xUS
t,b

)
,∀t ∈ {1, ..., T} ,∀b ∈ {1, ...B} .

Proof. The first inequality is straightforward that the point chosen by uncertainty

sampling will have the highest uncertainty σt+1,1
(
xPB2
t+1,1

)
≤ σt+1,1

(
xUS
t+1,1

)
=

arg maxx σt(x | Dt,b−1).

The second inequality is obtained by using the principle of “information never

hurts” [143], we know that the GP uncertainty for all locations ∀x decreases with

observing a new point. Therefore, the uncertainty at the future iteration σt+1 will

be smaller than that of the current iteration σt, i.e., σt+1,b
(
xUS
t+1,b

)
≤ σt,b

(
xUS
t,b

)
,∀b ≤

B, ∀t ≤ T . We thus conclude the proof σt+1,1
(
xUS
t+1,1

)
≤ σt,b

(
xUS
t,b

)
, ∀t ∈ {1, ..., T} ,∀b ∈

{1, ...B}.

Lemma 14. The sum of variances of the points selected by the our PB2 algorithm

σ() is bounded by the sum of variances by uncertainty sampling σUS(). Formally,

w.h.p., ∑T
t=2 σt,1 (xt,1) ≤ 1

B

∑T
t=1

∑B
b=1 σt,b

(
xUS
t,b

)
.

Proof. By the definition of uncertainty sampling in Lem. 13, we have σt+1,1 (xt+1,1) ≤

σt,b
(
xUS
t,b

)
,∀t ∈ {1, ..., T} ,∀b ∈ {2, ...B} and σt,1 (xt,1) ≤ σt,1

(
xUS
t,1

)
where xt,1 is

the point chosen by our PB2 and xUS
t,1 is from uncertainty sampling. Summing all

over B, we obtain

σt,1 (xt,1) + (B − 1)σt+1,1 (xt+1,1) ≤ σt,1
(
xUS
t,1

)
+

B∑
b=2

σt,b
(
xUS
t,b

)
T∑
t=1

σt,1 (xt,1) + (B − 1)
T∑
t=1

σt+1,1 (xt+1,1) ≤
T∑
t=1

B∑
b=1

σt,b
(
xUS
t,b

)
by summing overT

T∑
t=2

σt,1 (xt,1) ≤ 1
B

T∑
t=1

B∑
b=1

σt,b
(
xUS
t,b

)
.
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The last equation is obtained because of σ1,1 (x1,1) ≥ 0 and (B − 1)σT+1,1 (xT+1,1) ≥

0.

Lemma 15. Let C1 = 32
log(1+σ−2

f ) , σ
2
f be the measurement noise variance and

γ̃TB := max Ĩ be the maximum information gain of time-varying kernel, we have∑T
t=1

∑B
b=1 σ

2
t,b(xUS

t,b ) ≤ C1
16 γ̃TB where xUS

t,b is the point selected by uncertainty sampling

(US).

Proof. We show that σ2
t,b(xUS

t,b ) = σ2
f

(
σ−2
f σ2

t,b(xUS
t,b )

)
≤ σ2

fC2 log
(
1 + σ−2

f σ2
t,b

(
xUS
t,b

))
,∀b ≤

B, ∀t ≤ T where C2 = σ−2
f

log(1+σ−2
f ) ≥ 1 and σ2

f is the measurement noise vari-

ance. We have the above inequality because s2 ≤ C2 log (1 + s2) for s ∈
[
0, σ−2

f

]
and σ−2

f σ2
t,b

(
xUS
t,b

)
≤ σ−2k

(
xUS
t,b ,xUS

t,b

)
≤ σ−2

f . We then use Lemma 5.3 of [55]

to have the information gain over the points chosen by a time-varying kernel

Ĩ = 1
2
∑T
t=1

∑B
b=1 log

(
1 + σ−2

f σ2
t,b

(
xUS
t,b

))
. Finally, we obtain

T∑
t=1

B∑
b=1

σ2
t,b(xUS

t,b ) ≤ σ2
fC2

T∑
t=1

B∑
b=1

log
(
1 + σ−2

f σ2
t,b

(
xUS
t,b

))
= 2σ2

fC2Ĩ = C1

16 γ̃TB

where C1 = 2
log(1+σ−2

f ) and γ̃TB := max Ĩ is the definition of maximum information

gain given by T ×B data points from a GP for a specific time-varying kernel.

Theorem 16. Let the domain D ⊂ [0, r]d be compact and convex where d is

the dimension and suppose that the kernel is such that f ∼ GP (0, k) is almost

surely continuously differentiable and satisfies Lipschitz assumptions for some a, b.

Fix δ ∈ (0, 1) and set βT = 2 log π2T 2

2δ + 2d log rdbT 2
√

log daπ2T 2

2δ . Defining C1 =

32/ log(1 + σ2
f ), the PB2 algorithm satisfies the following regret bound after T time

steps:

RTB =
T∑
t=1

ft(x∗t )− max
b=1,...,B

ft(xt,b) ≤
√
C1TβT

(
T

ÑB
+ 1

)(
γÑB +

[
ÑB

]3
ω
)

+ 2

with probability at least 1− δ, the bound holds for any Ñ ∈ {1, ..., T} and B � T .

Proof. Let x∗t = arg max∀x ft(x) and xt,b be the point chosen by our algorithm at

iteration t and batch element b, we define the (time-varying) instantaneous regret
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as rt,b = ft(x∗t )− ft(xt,b) and the (time-varying) batch instantaneous regret over B

points is as follows:

rBt = min
b≤B

rt,b = min
b≤B

ft(x∗t )− ft(xt,b),∀b ≤ B

≤ ft(x∗t )− ft(xt,1) ≤ µt(x∗t ) +√κtσt(x∗t ) + 1
t2
− ft(xt,1) by Lem. 10

≤ µt(xt,1) +√κtσt(xt,1) + 1
t2
− ft(xt,1) ≤ 2√κtσt(xt,1) + 1

t2
(A.6)

where we have used the property that µt(xt,1) +
√
βtσt(xt,1) ≥ µt(x∗t ) +

√
βtσt(x∗t )

by the definition of selecting xt,1 = arg maxx µt(x) +
√
βtσt(x). Next, we bound the

cumulative batch regret as:

RTB =
T∑
t=1

rBt ≤
T∑
t=1

(
2√κtσt(xt,1) + 1

t2

)
byEq. (A.6)

≤ 2√κTσ1(x1,1) + 2√κT
B

T∑
t=1

B∑
b=1

σt,b
(
xUS
t,b

)
+

T∑
t=1

1
t2

byLem. 13 andκT ≥ κt,∀t≤ T

≤
4√κT
B

T∑
t=1

B∑
b=1

σt,b
(
xUS
t,b

)
+

T∑
t=1

1
t2

(A.7)

≤ 4
B

√√√√κT × TB T∑
t=1

B∑
b=1

σ2
t,b(xUS

t,b ) + 2 ≤
√
C1
T

B
κT γ̃TB + 2 (A.8)

≤

√√√√C1
T

B
κT

(
T

ÑB
+ 1

)(
γÑB + 1

σ2
f

[
ÑB

]3
ω

)
+ 2 (A.9)

where C1 = 32/ log(1 + σ2
f ), xUS

t,b is the point chosen by uncertainty sampling – used

to provide the upper bound in the uncertainty. In Eq. (A.7), we take the upper

bound by considering two possible cases: either σ1(x1,1) ≥ 1
B

∑T
t=1

∑B
b=1 σt,b

(
xUS
t,b

)
or 1

B

∑T
t=1

∑B
b=1 σt,b

(
xUS
t,b

)
≥ σ1(x1,1). It results in:

2
B

T∑
t=1

B∑
b=1

σt,b
(
xUS
t,b

)
≥ 1
B

T∑
t=1

B∑
b=1

σt,b
(
xUS
t,b

)
+ σ1(x1,1).

In Eq. (A.8) we have used ∑∞t=1
1
t2
≤ π2/6 ≤ 2 and ||z||1 ≤

√
T ||z||2 for any vector

z ∈ RT . In Eq. (A.9), we utilize Lem. 12.

Finally, given the squared exponential (SE) kernel defined, γSE
ÑB

= O(
[
log ÑB

]d+1
),

the bound isRTB ≤
√
C1

T
B
βT
(

T
ÑB

+ 1
)(

(d+ 1) log
(
ÑB

)
+ 1

σ2
f

[
ÑB

]3
ω
)

+2 where

Ñ ≤ T and B � T .
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In our time-varying setting, if the time-varying function is highly correlated,

i.e., the information between f1(.) and fT (.) does not change significantly, we have

ω → 0 and Ñ → T . Then, the regret bound grows sublinearly with the number

of iterations T , i.e., limT→∞
RTB
T

= 0. This bound suggests that the gap between

ft(xt) and the optimal ft(x∗t ) vanishes asymptotically using PB2. In addition, our

regret bound is tighter and better with increasing batch size B.

On the other hand in the worst case, if the time-varying function is not correlated,

such as Ñ → 1 and ω → 1, then PB2 achieves the linear regret [25].
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A.3 PB2-Mix Theoretical Results

Table A.5: Notation used in the theoretical analysis.

Variable Domain Meaning

C N number of categories (number of arms)
T N maximum number of bandit update (the number of tready in PB2)
V N number of time segments, how many times the function has been shifted
B N batch size (number of parallel agents)
St list a list of B selected categories [ct,1, ct,2, ..., ct,B]
e R+ this is Euler’s number 2.71828[

p1
t , ...p

C
t

]
list probability vector at iteration t and category c = 1....C

wc R weight for categorical c (or arm c)
Wt = ∑C

c=1wc R+ sum of the weight vector at iteration t
ct,b ∈ {1...C} N a selection at iteration t at agent b

ct = [ct,1, ..., ct,B] list a batch of B categorical selections at iteration t
c∗t ∈ {1...C} list an optimal selection at iteration t

A∗v list a list of B elements taking the (same) optimal selection c∗t at iteration/segment v
gt(c) [0, 1] a gain (reward) occurred at iteration t by pulling an arm c

ĝt(c) = gt(c)
pct+γ

(c = ht) R+ a normalized gain

α = 1
T
, η = 2γ =

√
2 lnC
CT

R+ hyperparameters, set by Theorem 3

γ =
√

lnC
2CT ∈ [0, 1] R+ is the exploration parameter

GT (c) = ∑T
t=1 gt(c) R+ a total gain if we select an arm c entirely

A.3.1 Time-varying EXP3 Multiple play (TV.EXP3.M)

We present a new algorithm for parallel (or multiple play) multi-armed bandits

in the time-varying setting with adversarial feedback. Particularly, we extend the

multiple play EXP3 algorithm (or EXP3.M, Uchiya et al. [306]), to the time-varying

setting where the unknown reward distribution of each arm can change arbitrarily,

but the total number of change points is no more than V times. We refer to Table

A.5 for the notations used in the proofs.

We summarize the TV.EXP3.M in Algorithm 13 – this is complementary to

the brief Algorithm 2 in the main paper. In Algorithm 13, we maintain a set

of probability vectors for each arm which will be specified and weighted in the

optimal way derived by the theory. Then, at each round we select a batch of

B arms for parallel evaluations, observe the reward and update the model. The
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normalization steps are to prevent from being biased toward a single arm which

performs overwhelmingly well, thus overly exploiting.

Algorithm 13 tv.exp3.m algorithm

Input: γ =
√

C ln(C/B)
(e−1)BT , α = 1

T
,C #categorical choice, T #max iteration, B #

multiple play choice
Initialize: ωc = 1,∀c = 1...C and denote η = ( 1

B
− γ

C
) 1

1−γ
for t = 1 to T do

if arg maxc∈[C] ωc ≥ η
∑C
c=1 ω(c) then

ν s.t. ν
η

= ∑
ωt(c)≥ν ν +∑

ωt(c)<ωt(c) ωt(c)
Set S0 = (c : ωt(c) ≥ ν) and ωt(S0) = ν

else
Set S0 = ∅

end

1. Compute pct = B
(

(1− γ) ωc∑C

c=1 ωc
+ γ

C

)
,∀c

2. Select a batch of B choices: St = [c1
t , c

2
t , ..., c

B
t ] = DepRound

(
B,
[
p1
tp

2
t ....p

C
t

])
3. Observe the reward after evaluating St
4. ĝt(c) = gt(c)

pct
,∀c ∈ St and ĝt(c) = 0 otherwise

5. ∀c /∈ S0 : update ωc = ωc × exp (Bγĝt(c)/C) + eα
C

∑C
i=1 ωc,

6. ∀c = S0 : update ωc = ωc + eα
C

∑C
i=1 ωc

end

Next we will provide proofs for the main theoretical results in the paper.

Theorem 17. (Theorem 3 in the main paper) Let T > 0, C > 0, set α = 1
T
and

γ = min
{

1,
√

C ln(C/B)
(e−1)BT

}
, we assume the reward distributions to change at arbitrary

time instants, but the total number of change points is no more than V times. The

expected regret gained by TV.EXP3.M in a batch satisfies the following sublinear

regret bound

E [RTB] ≤ [1 + e+ V ]
√

(e− 1)CT
B

ln CT
B
.

Proof. We refer to Table A.5 for notations. We follow the proof technique presented
in [11] and [306] to derive the regret bound. Let Wt = ∑C

c=1 ω
c
t and using step 9 in
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Algorithm 13, we have
pct
B
− γ
C

1−γ = ωct
Wt

. This equation will be used below.

Wt+1

Wt
=
∑C
c=1 ω

c
t+1

Wt
=
∑
c/∈St(0) ω

c
t+1

Wt
+
∑
c∈St(0) ω

c
t+1

Wt
+
∑C
c=1

eαWt

C

Wt

=
∑

c/∈St(0)

ωct
Wt
× exp

(
Bγ

C
ĝt(c)

)
+
∑
c∈St(0) ω

c
t

Wt
+ eα

≤ eα+
∑

c/∈St(0)

ωct
Wt

[
1 + Bγ

C
ĝt(c) + (e− 2)

(
Bγ

C

)2
ĝ2
t (c)

]
+
∑
c∈St(0) ω

c
t+1

Wt
by ex ≤ 1 + x+ (e− 2)x2

= eα+
∑

c/∈St(0)

ωct
Wt

+
∑

c∈St(0)

ωct+1
Wt︸ ︷︷ ︸

1

+
∑

c/∈St(0)

pc
t

B −
γ
C

1− γ

[
Bγ

C
ĝt(c) + (e− 2)

(
Bγ

C

)2
ĝ2
t (c)

]

≤ eα+ 1 + Bγ

C (1− γ)
∑

c/∈St(0)

(
pct
B
− γ

C

)
ĝt(c) + (e− 2)

1− γ

(
Bγ

C

)2 ∑
c/∈St(0)

(
pct
B
− γ

C

)
ĝ2
t (c)

= eα+ 1 + γ

C (1− γ)
∑

c/∈St(0)

pct ĝt(c)−
Bγ2

C2 (1− γ)
∑

c/∈St(0)

ĝt(c)

+ (e− 2)γ2B

(1− γ)C2

∑
c/∈St(0)

pct ĝ
2
t (c)− (e− 2)γ3B2

(1− γ)C2

∑
c/∈St(0)

ĝ2
t (c)

≤ eα+ 1 + γ

C (1− γ)
∑

c/∈St(0)

pct ĝt(c) + (e− 2)γ2B

(1− γ)C2

∑
c/∈St(0)

pct ĝ
2
t (c)

≤ eα+ 1 + γ

C (1− γ)
∑

c∈St−St(0)

gt(c) + (e− 2)γ2B

(1− γ)C2

∑
c/∈St(0)

ĝt(c) byx2 ≤ x, ∀x ∈ [0, 1]

Wt+1

Wt
≤ eα+ 1 + γ

C (1− γ)
∑

c∈St−St(0)

gt(c) + (e− 2)γ2B

(1− γ)C2

∑
c∈[C]

ĝt(c). (A.10)

To demonstrate the time-varying property in our bandit problem, we assume the
reward distributions change at arbitrary time instants, but the total number of
change points is no more than V times. We split the sequence of total decisions T
into V segments such that within each segment we have the time-invariant reward
function.

We can write V segments as [T1, ...T2), [T2, ...., T3), [TV , ..., TV+1) where Tv in-
dicates the starting index of the v-th segment, Tv+1 is the ending index of the
v-th segment which is also the starting index of the v + 1-th segment – using
the same notation in exp3.s [11]. Similarly, we can write the optimal sequence
[c∗T1 , ...c

∗
T2)︸ ︷︷ ︸

=c∗T1

, [c∗T2 , ...., c
∗
T3)︸ ︷︷ ︸

=c∗T2

, [c∗TV , ..., c
∗
TV+1

)︸ ︷︷ ︸
=c∗TV

where the reward function does not change

in each segment, thus takes the same optimal choice c∗Tv .
We consider an arbitrary segment v and denote the length ∆v = Tv+1− Tv. Fur-

thermore, let define the cumulative gain (or reward) achieved by using TV.EXP3.M
strategy within a segment v that the indices are ranging from Tv to Tv+1 − 1

GTV.EXP3.M(v) =
Tv+1−1∑
t=Tv

∑
c∈St

gt(ct = c).
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Taking ln of Eqn. (A.10), we get:

ln Wt+1

Wt
≤ ln

eα+ 1 + γ/C

1− γ
∑

c∈St−St(0)

gt(c) +
(e− 2)

(
γ
C

)2
B

1− γ

C∑
c=1

ĝt(c)


≤ eα+ γ/C

1− γ
∑

c∈St−St(0)

gt(c) +
(e− 2)

(
γ
C

)2
B

1− γ

C∑
c=1

ĝt(c) by 1 + a ≤ ea.

Summing over all indices t = Tv, ...., Tv+1 − 1 within a segment v-th:

lnWTv+1 − lnWTv
≤ ∆veα+ γ/C

1− γ

Tv+1−1∑
t=Tv

∑
c∈St−St(0)

gt(c) +
(e− 2)

(
γ
C

)2
B

1− γ

Tv+1−1∑
t=Tv

C∑
c=1

ĝt(c)

≤ ∆veα+ γ/C

1− γ

Tv+1−1∑
t=Tv

∑
c∈St−St(0)

gt(c) +
(e− 2)

(
γ
C

)2
B

1− γ

Tv+1−1∑
t=Tv

C∑
c=1

ĝt(c).

Let j = c∗Tv = ... = c∗Tv+1−1 be the optimal choice in the sequence v, we have
ω

(Tv+1)
j = ω

(Tv+1−1)
j × exp

(
Bγ
C
ĝt(j)

)
+ eα

C
WTv+1−1,∀j /∈ STv+1−1(0) and ω

(Tv+1)
j =

ω
(Tv+1−1)
j ,∀j ∈ STv+1−1(0)

ω
(Tv+1)
j = ω

(Tv+1−1)
j × exp

(
Bγ

C
ĝt(j)

)
+ eα

C
WTv+1−1

≥ ω(Tv+1−1)
j × exp

(
Bγ

C
ĝt(j)

)
≥ ω(Tv+1−2)

j × exp
(
Bγ

C
ĝt(j)

)
exp

(
Bγ

C
ĝ(Tv+1−2)(j)

)

≥ ω(Tv)
j × exp

Bγ
C

Tv+1−1∑
t=Tv|t:j /∈St(0)

ĝt(j)


≥ eα

C
WTv × exp

Bγ
C

Tv+1−1∑
t=Tv|t:j /∈St(0)

ĝt(j)


≥ α

C
WTv × exp

Bγ
C

Tv+1−1∑
t=Tv|t:j /∈St(0)

ĝt(j)

 .

We now consider the lower bound by taking the optimal (batch) set A∗v ⊂ [C] for B
elements with the maximum total of reward within the segment v: ∑c∈A∗v

∑T
t=1 gt(c).

Since we have the fact that ∑j∈A∗v ω
(Tv+1)
j ≥ B

(∏
j∈A∗v ω

(Tv+1)
j

)1/B
by the Cauchy
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Schwarz inequality, we continue the above formula

ln
(
WTv+1−1

)
− lnWTv ≥ lnB + 1

B

∑
j∈A∗v

lnω(Tv+1)
j − lnWTv

= lnB + 1
B

∑
j∈A∗v

ln α

C
WTv + 1

B

∑
j∈A∗v

Bγ

C

Tv+1−1∑
t=Tv |t:j /∈St(0)

ĝt(j)− lnWTv

= lnB + 1
B

∑
j∈A∗v

ln α

C
+
∑
j∈A∗v

γ

C

Tv+1−1∑
t=Tv |t:j /∈St(0)

ĝt(j)

= ln Bα
C

+
∑
j∈A∗v

γ

C

Tv+1−1∑
t=Tv |t:j /∈St(0)

ĝt(j).

Combining both the lower bound and upper bound, we get

ln Bα
C

+
∑
j∈A∗v

γ

C

Tv+1−1∑
t=Tv |t:j /∈St(0)

ĝt(j) ≤ ∆veα + γ/C

1− γ

Tv+1−1∑
t=Tv

∑
c∈St−St(0)

gt(c)

+
(e− 2)

(
γ
C

)2
B

1− γ

Tv+1−1∑
t=Tv

C∑
c=1

ĝt(c).

Summing over all segments v = 1....V

V ln Bα
C

+
V∑
v=1

∑
j∈A∗

v

γ

C

Tv+1−1∑
t=Tv|t:j /∈St(0)

ĝt(j) ≤Teα+ γ/C

1− γ

V∑
v=1

Tv+1−1∑
t=Tv

∑
c∈St−St(0)

gt(c)

+
(e− 2)

(
γ
C

)2
B

1− γ

V∑
v=1

Tv+1−1∑
t=Tv

C∑
c=1

ĝt(c)

V C

γ
ln Bα

C
+

V∑
v=1

∑
j∈A∗

v

Tv+1−1∑
t=Tv|t:j /∈St(0)

ĝt(j) ≤
C

γ
Teα+ 1

1− γ

V∑
v=1

Tv+1−1∑
t=Tv

∑
c∈St−St(0)

gt(c)

+
(e− 2)

(
γB
C

)
1− γ

V∑
v=1

Tv+1−1∑
t=Tv

C∑
c=1

ĝt(c)

V∑
v=1

Tv+1−1∑
t=Tv|j∈St(0)

∑
j∈A∗

v

gt(j) +
V∑
v=1

∑
j∈A∗

v

Tv+1−1∑
t=Tv|j /∈St(0)

ĝt(j) ≤
C

γ
Teα+ 1

1− γ

V∑
v=1

Tv+1−1∑
t=Tv

∑
c∈St(0)

gt(c)

+ 1
1− γ

V∑
v=1

Tv+1−1∑
t=Tv

∑
c∈St−St(0)

gt(c)

+
(e− 2)

(
γB
C

)
1− γ

V∑
v=1

Tv+1−1∑
t=Tv

C∑
c=1

ĝt(c)

− V C

γ
ln Bα

C
. (A.11)

Let us denote the optimal gain over all iterations and all parallel agents G∗TB =∑V
v=1

∑Tv+1−1
t=Tv

∑
j∈A∗v gt(j). We also denote the cumulative gain achieved by using
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TV.EXP3.M algorithms Gtv.exp3.m = ∑V
v=1

∑Tv+1−1
t=Tv

∑
c∈St gt(c). Then, we continue

Eqn. (A.11) as

G∗TB ≤
C

γ
Teα + 1

1− γGtv.exp3.m +
(e− 2)

(
γB
C

)
1− γ

V∑
v=1

Tv+1−1∑
t=Tv

C∑
c=1

ĝt(c)−
V C

γ
ln Bα

C

(A.12)
where the number of element in a batch |St| = |A∗j | = B. Let take expectation both
sides of Eqn. (A.12), we have E [ĝt(c) | S1, S2, ..., Si−1] = gt(c) from the fact that
DepRound [81] selects action c with probability pc(t), we obtain

G∗TB ≤
1

(1− γ)E [Gtv.exp3.m] +
(e− 2)

(
γB
C

)
1− γ

V∑
v=1

Tv+1−1∑
t=Tv

C∑
c=1

gt(c) + C

γ
Teα− V C

γ
ln Bα

C
.

We finally have

(1− γ)G∗TB ≤E [Gtv.exp3.m] + (e− 2)
(
γB

C

)
C

B
G∗TB + (1− γ)

γ
CTeα− (1− γ)V C

γ
ln Bα

C
(A.13)

G∗TB − E [Gtv.exp3.m] ≤(e− 1)γG∗TB + (1− γ)
γ

CTeα+ (1− γ)V C
γ

ln C

Bα

≤(e− 1)γTB + (1− γ)
γ

CTeα+ V C

γ
ln C

Bα
− V C ln C

Bα
by G∗TB ≤ TB

≤(e− 1)γTB + 1
γ
CTeα+ V C

γ
ln C

Bα
. (A.14)

In Eqn. (A.13), we use the fact that:∑V
v=1

∑Tv+1−1
t=Tv

∑C
c=1 gt(c) ≤ C

B
G∗TB = C

B

∑V
v=1

∑Tv+1−1
t=Tv

∑
c∈A∗ gt(c).

Set γ = min
{

1,
√

C ln(C/B)
(e−1)BT

}
and α = 1

T
. Then, we have the cumulative regret

over all iterations and considering the best element in a batch

E [RTB] = E

 V∑
v=1

Tv+1−1∑
t=Tv

optimal arms︷ ︸︸ ︷
max
∀c≤C

gt(c)

− E

 V∑
v=1

Tv+1−1∑
t=Tv

best arm in a batch St︷ ︸︸ ︷
max
∀c∈St

gt(c)

 (A.15)

≤ 1
B
G∗TB −

1
B
E [Gtv.exp3.m] (A.16)

≤ 1
B

√
C(e− 1) ln(C/B)

BT
T + 1

B

√
C(e− 1)BT√

ln(C/B)
e+ 1

B

V C√
C ln(C/B)
(e−1)BT

ln CT
B

(A.17)

≤ [1 + e+ V ]
√

(e− 1)CT
B

ln CT
B

(A.18)

where we obtain Eqn. (A.16) because the best gain should be greater than the
average gain of a batch ∑V

v=1
∑Tv+1−1
t=Tv max∀c∈St gt(c) ≥ 1

B

∑V
v=1

∑Tv+1−1
t=Tv

∑
c∈St gt(c).

Given the number of changing points in our reward function is bounded V �
√
T

and the number of category C is a constant, our regret bound achieves sublinear
regret rate with the number of iterations T , i.e., limT→∞

E[RTB ]
T

= 0.
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In the above derivation, T refers to the number of bandit updates which is

equivalent to the number of tready in PB2 setting [217].

A.3.2 Theoretical Derivations for PB2-Mult

We adapt Lemma 1 to handle categorical variables. We first restate some notations

used in the proofs for the original PB2 (above). Let F ct
t (xt) be an objective function

under a given set of continuous hyperparameters xt and categorical variable ct
at timestep t. An example of F ct

t (xt) could be the reward for a deep RL agent.

When training for a total of T steps, our goal is to maximize the final performance

F cT
T (xT ). We formulate this problem as optimizing the time-varying black-box

reward function ft, over D.

Lemma 18. Maximizing the final performance FT of a model with respect to a

given continuous hyperparameter schedule {xt}Tt=1 and a categorical hyperparameter

schedule {ct}Tt=1 is equivalent to maximizing the time-varying black-box function

ft(xt) and minimizing the corresponding cumulative regret rt(xt),

maxF cT
T (xT ) = max

T∑
t=1

fct(xt) = min
T∑
t=1

rt(xt). (A.19)

Proof. At each tready, we select a categorical variable ct ∈ {1, ..., C} and a continuous

variable xt ∈ Dct . We would emphasize that the continuous variables are conditioned

on the choice of ct. We observe and record noisy observations, yt = fct(xt)+εt, where

εt ∼ N (0, σ2I) for some fixed σ2. The function ft represents the change in Ft after

training for tready steps, i.e. fct(xt) = F ct
t (xt)−F

ct−tready
t−tready (xt−tready). We define the best

choice at each timestep as x∗t = arg maxxt∈Dct fct(xt), and c∗t = arg maxct,xt fct(xt).

The intermediate regret of each decision is defined as rt = fc∗t (x
∗
t )− fct(xt) where

fc∗t (x
∗
t ) is an unknown constant.

We have a reward at the starting iteration F c1
1 (x1) as a constant that allows us

to write the objective function as:

F cTT (xT )− F c1
1 (x1) =F cTT (xT )− F cT−1

T−1 (xT−1)︸ ︷︷ ︸
fcT−1 (xT−1)

+...+ F c3
3 (x3)− F c2

2 (x2)︸ ︷︷ ︸
fc2 (x2)

+F c2
2 (x2)− F c1

1 (x1)︸ ︷︷ ︸
fc1 (x1)

.

(A.20)
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Therefore, maximizing the left of Eqn. (A.20) is equivalent to minimizing the
cummulative regret as follows:

max [F cTT (xT )− F c1
1 (x1)] = max

T∑
t=1

F ctt (xt)− F ct−1
t−1 (xt−1) = max

T−1∑
t=1

fct(xt) = min
T−1∑
t=1

rt(xt)

where we define fct(xt) = F ct
t (xt)−F ct−1

t−1 (xt−1), the regret rt = fc∗t (x
∗
t )−fct(xt).

Next, we are going to derive the main theorem of the paper, building on the

main regret bound for the original PB2 (Theorem 2).

Theorem 19. (Theorem 4 in the main paper) Let the domain for continuous

variables D ⊂ [0, r]d be compact and convex where d is the dimension and suppose

that the kernel is such that ft ∼ GP (0, k) is almost surely continuously differentiable

and satisfies Lipschitz assumptions ∀Lt ≥ 0, t ≤ T ,∀j ≤ d, p(sup
∣∣∣∂ft(x)
∂x(j)

∣∣∣ ≥ Lt) ≤

ae−(Lt/b)2 for some a, b.
Assume the reward distributions to change at arbitrary time instants, but the total

number of change points is no more than V . Set α = 1
T
, γ = min

{
1,
√

C ln(C/B)
(e−1)BT

}
,

βT = 2 log π2T 2

2δ +2d log rdbT 2
√

log daπ2T 2

2δ , pick δ ∈ (0, 1) and define C1 = 32/ log(1+
σ2
f ), the PB2-Mult algorithm satisfies the following regret bound after T time steps

over B parallel agents with probability at least 1− δ:

E [RTB] ≤ [1 + e+ V ]

√
(e− 1)CT

B
ln CT

B
+

√
C1Tc∗t βTc∗t

(
Tc∗t
ÑB

+ 1
)(

γÑB +
[
ÑB

]3
ω

)
+ 2.

The bound holds for any Ñ ∈ {1, ..., Tc∗t } and V �
√
T .

Proof. We expand the cumulative regret and optimize it using time-varying GP

bandit optimization [25, 217]:

RTB =
T∑
t=1

f ∗ − max
b=1...B

T∑
t=1

fct,b(xt,b)

= max
b=1,...,B

T∑
t=1

fc∗
t,b

(xt,b)− max
b=1,...,B

T∑
t=1

fct,b(xt,b) +
T∑
t=1

f ∗ − max
b=1,...,B

T∑
t=1

fc∗
t,b

(xt,b)

where b ∈ {1, ..., B} is an agent’s index being trained in parallel, fc∗t (xt) =

max∀ct∈{1,...,C} fct(xt) and c∗t = arg max∀c∈{1,...C} fc(xt) is the optimal categorical

choice at iteration t.
We bound the two terms separately as follows. The first term is bounded by

Theorem 3. We assume the process of generating the arm ct’s reward fct(.) := fct(xt)
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is by the “adversary” that TV.EXP3.M does not have the direct control on the
selection of xt. Particularly, xt will be chosen by tv-gp-bucb (as part of PB2) in
Eqn. (3.3). We take the expectation of the first term to have:

E

 max
b=1...B

T∑
t=1

fc∗
t,b

(.)︸ ︷︷ ︸
pull optimal arm

− E

 max
b=1...B

T∑
t=1

fct,b
(.)︸ ︷︷ ︸

pull arm ct

 = E

 T∑
t=1

fc∗
t
(.)︸ ︷︷ ︸

pull optimal arm

− E

 max
b=1...B

T∑
t=1

fct,b
(.)︸ ︷︷ ︸

pull arm ct


= E

[
R̃TB

]
≤ [1 + e+ V ]

√
(e− 1)CT

B
ln CT

B

where RTB is cumulative regret of the TV.EXP3.M, defined in Theorem 3.
Assuming the best arm (the best categorical choice) c∗t can be identified by

TV.EXP3.M in Theorem 3. The second term is the regret bound presented in
Theorem 2:

T∑
t=1

f ∗t − max
b=1...B

T∑
t=1

fc∗
t,b

(xt,b) =
T∑
t=1

f ∗t − max
b=1...B

T∑
t=1

fc∗t (xt,b)

≤

√√√√C1Tc∗tβTc∗t

(
Tc∗t
ÑB

+ 1
)(

γÑB +
[
ÑB

]3
ω
)

+ 2
︸ ︷︷ ︸

O(PB2)

where Tc∗t denotes the number of times the optimal category c∗t (or optimal arm)
is selected. We follow [25, 217] to denote a block length Ñ ∈ {1, ....Tc∗t } in which
the function does not change significantly. In the above equation, ω ∈ [0, 1] is
a time-varying hyperparameter which is estimated by maximizing the GP log
marginal likelihood, B is a batch size or the number of population agents, γÑB
is the maximum information gain [278] defined within a block Ñ over B parallel
agents.

Note that the theoretical result for PB2 comes with the additional smoothness
assumption on the kernel k that holds for some (a, b) and ∀Lt ≥ 0. The kernel
satisfies for all dimensions j = 1, ..., d

∀Lt ≥ 0, t ≤ T , p(sup
∣∣∣∣∣∂ft(x)
∂x(j)

∣∣∣∣∣ ≥ Lt) ≤ ae−(Lt/b)2
. (A.21)

We combine the two terms to obtain the final regret bound of the PB2-Mult
algorithm:

E [RTB ] ≤ [1 + e+ V ]
√

(e− 1)CT
B

ln CT
B

+

√
C1Tc∗

t
βTc∗

t

(
Tc∗

t

ÑB
+ 1
)(

γÑB +
[
ÑB

]3
ω
)

+ 2.

The final regret bound is a summation of two sub-linear terms. Therefore, the regret
bound grows sublinearly with the number of iterations T , i.e., limT→∞

E[RTB ]
T

= 0.
This is under a common assumption [25, 217] that the time-varying function is
correlated, i.e., we have ω → 0, thus Ñ → T . We also note that when T → ∞,
then Tc∗T →∞ due to Theorem 3.
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A.3.3 Kernel Hyperparameter Gradients

We optimize the GP hyperparameters by maximizing the log marginal likelihood

[245]. We fit the GP hyperparameters by maximizing their posterior probability

(MAP), p (σx, σt | x, t, ) ∝ p (σx, σt,x, t, ), which, thanks to the Gaussian likelihood,

is available in closed form

L := ln p (,x, t, θ) =1
2
T (

+σ2
yIN

)−1
− 1

2 ln
∣∣∣+σ2

yIN
∣∣∣+ ln phyp (θ) + const (A.22)

where IN is the identity matrix in dimension N (the number of points in the

training set), and phyp(θ) is the prior over hyperparameters. We optimize Eqn. (A.22)

with a gradient-based optimizer, providing the analytical gradient to the algorithm.

Our time-varying CoCaBO kernel is defined as

kz(z, z′) = (1− λ) (kxt + kct) + λkxtkct

where kxt = kContinuous(x, x′) × ktime1(t, t′), kct = kCategorical(c, c′) × ktime2(t, t′),

kContinuous(x, x′) = σ1 × exp
(
− ||x−x

′||2
l

)
, kCategorical(c, c′) = σ2

C

∑(c, c′), ktime1(t, t′) =

(1 − ε1)
|t−t′|

2 and ktime2(t, t′) = (1 − ε2)
|t−t′|

2 .

Our hyperparameters include θ = {ε1, ε2, l, σ1, σ2, λ}. We need to compute the

gradients of ∂L
∂ε1
, ∂L
∂ε2
, ∂L
∂l
, ∂L
∂σ1
, ∂L
∂σ2
, ∂L
∂λ

as follows:

• The gradient of ∂L
∂ε1

∂L
∂ε1

= ∂L
∂kz
× ∂kz
∂ε1

∂kz
∂ε1

= (1− λ) kContinuous(x, x′)
∂ktime1

∂ε1
+ λkctkContinuous(x, x′)

∂ktime1

∂ε1
∂ktime1

∂ε1
= −|t− t

′|
2 (1− ε1)

|t−t′|
2 −1

• The gradient of ∂L
∂ε2

∂L
∂ε2

= ∂L
∂kz
× ∂kz
∂ε2

∂kz
∂ε2

= (1− λ) kCategorical(c, c′)
∂ktime2

∂ε2
+ λkxtkCategorical(c, c′)

∂ktime2

∂ε2
∂ktime2

∂ε2
= −|t− t

′|
2 (1− ε2)

|t−t′|
2 −1
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• The gradient of ∂L
∂l

∂L
∂l

= ∂L
∂kz
× ∂kz

∂l
∂kz
∂l

= (1− λ) ktime1(t, t′)∂kContinuous

∂l
+ λkctktime1(t, t′)∂kContinuous

∂l
∂kContinuous

∂l
= ||x− x

′||2

l2
kContinuous(x, x′)

• The gradient of ∂L
∂σ1

∂L
∂σ1

= ∂L
∂kz
× ∂kz
∂σ1

∂kz
∂σ1

= (1− λ) ktime1(t, t′)∂kContinuous

∂σ1
+ λkctktime1(t, t′)∂kContinuous

∂σ1
∂kContinuous

∂σ1
=kContinuous(x, x′)

• The gradient of ∂L
∂σ2

∂L
∂σ2

= ∂L
∂kz
× ∂kz
∂σ2

∂kz
∂σ2

= (1− λ) ktime2(t, t′)∂kCategorical

∂σ2
+ λkxtktime2(t, t′)∂kCategorical

∂σ2
∂kCategorical

∂σ2
=kCategorical(c, c′)

• The gradient of ∂L
∂λ

∂L
∂λ

= ∂L
∂kz
× ∂kz
∂λ

∂kz
∂λ

=− (kct + kxt) + kctkxt



B
Appendix for Evolving Curricula with

Regret-Based Environment Design

B.1 Full Experimental Results

Partially-Observable Navigation Next we show the extended results for the

MiniGrid experiments. We use a series of challenging zero-shot environments

(see Figure B.1), introduced in the UED literature [54, 120]. We include the

full results in Table B.1.

We also include an additional version of ACCEL using a the same generator as

the DR and PLR baselines, thus editing more complex base levels. This removes

the prior that it is beneficial to begin with simple empty rooms. As we see, both

versions of ACCEL significantly outperforms the baselines. Particularly in the more

complex environments like Labyrinth we see large gains vs. the baselines. Also

note that PLR outperforms all other baselines, and ACCEL outperforms PLR.

We show this in the Table with a statistically significant point estimate, but also

using the more robust metrics in rliable [2].

144
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   Labyrinth               Labyrinth2                  Maze                      Maze2                   Maze3             PerfectMaze*

SixteenRooms      SixteenRooms2      SmallCorridor*        LargeCorridor*     SimpleCrossing*    FourRooms*

Figure B.1: MiniGrid Zero-Shot Environments. Those with an asterisk are
procedurally generated: For Small and Large Corridor, the position of the goal
can be in any of the corridors, for SimpleCrossing and Four Rooms see Chevalier-
Boisvert et al. [38] and for PerfectMaze see Jiang et al. [120].

Table B.1: Zero-Shot transfer to human-designed environments. Each data point
corresponds to the mean (and standard error) of five independent runs, where each
run is evaluated for 100 trials on each environment. † indicates the generator first
samples the number of blocks to place, between zero and sixty, then places that
many. ‡ indicates the generator produces empty rooms. Bold indicates being within
one standard error of the best mean. ? indicates p < 0.05 in Welch’s t-test against
PLR. Note that all methods are evaluated after 20k student updates, aside from
PAIRED and Minimax which have 30k updates.

Environment PAIRED Minimax DR† PLR† ACCEL† ACCEL‡
16Rooms 0.63± 0.14 0.01± 0.01 0.87± 0.06 0.95± 0.03 1.0± 0.0 1.0± 0.0
16Rooms2 0.53± 0.15 0.0± 0.0 0.53± 0.18 0.49± 0.17 0.62± 0.22 0.92± 0.06
SimpleCrossing 0.55± 0.11 0.11± 0.04 0.57± 0.15 0.87± 0.05 0.92± 0.08 0.84± 0.16
FourRooms 0.46± 0.06 0.14± 0.03 0.77± 0.1 0.64± 0.04 0.9± 0.08 0.72± 0.07
SmallCorridor 0.37± 0.09 0.14± 0.09 1.0± 0.0 0.89± 0.05 0.88± 0.11 1.0± 0.0
LargeCorridor 0.27± 0.08 0.14± 0.09 0.64± 0.05 0.79± 0.13 0.94± 0.05 1.0± 0.0
Labyrinth 0.45± 0.14 0.0± 0.0 0.45± 0.23 0.55± 0.23 0.97± 0.03 0.86± 0.14
Labyrinth2 0.38± 0.12 0.0± 0.0 0.54± 0.18 0.66± 0.18 1.0± 0.01 1.0± 0.0
Maze 0.02± 0.01 0.0± 0.0 0.43± 0.23 0.54± 0.19 0.52± 0.26 0.72± 0.24
Maze2 0.37± 0.13 0.0± 0.0 0.49± 0.16 0.74± 0.13 0.93± 0.04 1.0± 0.0
Maze3 0.3± 0.12 0.0± 0.0 0.69± 0.19 0.75± 0.12 0.94± 0.06 0.8± 0.1
PerfectMaze (M) 0.32± 0.06 0.01± 0.0 0.45± 0.1 0.62± 0.09 0.88± 0.12 0.93± 0.07

Mean 0.39± 0.03 0.05± 0.01 0.62± 0.05 0.71± 0.04 0.88± 0.04? 0.9± 0.03?
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BipedalWalker For the BipedalWalker environment we test agents on each

of the individual challenges from the environment parameterization. Concretely,

we use the following four environments:

• Stairs: the stair height parameters are set to [2,2] with the number of steps

set to 5.

• PitGap: the PitGap parameter is set to [5,5].

• Stump: the Stump parameter is set to [2,2].

• Roughness: the Roughness parameter is set to 5.

Each of these is visualized in the main body of the paper, in Figure 4.10. We also

test agents on the simple BipedalWalker-v3 environment and the more challenging

BipedalWalkerHardcore-v3 environment. For the “Hardcore” version, we note

that none of our agents officially solve the environment, which is considered to be

a reward over 300 for 100 independent evaluations. To test whether it is possible

with our setup, we trained an identical PPO agent directly on the environment for

1B steps. The reward achieved was 239—indistinguishable from what is achieved

by ACCEL using a far more challenging design space. In addition, the ACCEL

agent is robust to individual challenges.

Table B.2: Test performance on a variety of challenges. Each data point
corresponds to the mean (and standard error) of ten independent runs, where
each run is evaluated for 100 trials on each environment. † indicates the generator
first samples the number of blocks to place, between zero and sixty, then places
that many. ‡ indicates using the low value generator. Bold indicates being within
one standard error of the best mean. All methods are evaluated after 30k updates.

Environment PAIRED Minimax ALP-GMM DR† PLR† ACCEL† ACCEL‡
Basic 206.5± 30.3 154.3± 59.2 301.5± 11.6 261.9± 19.3 304.1± 1.8 316.9± 2.1 318.1± 1.0
Hardcore −47.2± 10.6 −44.3± 1.6 29.7± 9.9 23.8± 8.3 82.6± 8.5 163.3± 30.9 236.0± 8.9
Stairs −27.4± 12.1 −2.6± 2.6 22.1± 6.3 23.3± 4.4 48.0± 4.3 59.4± 10.5 91.7± 8.9
PitGap −68.2± 9.7 −79.3± 0.5 98.8± 24.9 11.0± 7.6 46.2± 11.3 49.6± 12.6 133.3± 39.1
Stump −76.0± 10.3 −65.0± 18.4 −22.4± 17.2 −5.4± 5.5 7.5± 6.4 44.6± 49.8 188.8± 10.9
Roughness −5.1± 25.9 −1.2± 7.7 44.7± 11.6 52.3± 9.0 126.7± 7.3 211.7± 21.5 248.9± 12.3

Mean −2.9± 14.5 −6.3± 24.6 79.1± 17.5 61.1± 12.6 102.5± 13.0 140.9± 23.0 202.8± 13.6
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POET Generated Levels We also evaluated our agents on the six “Extremely

Challenging” environments highlighted in the original POET paper. These represent

some of the most difficult environment parameterizations produced by POET.

Since each run of POET has a population of 20 agents, it is not clear if a single

agent from any of their runs can solve more than one of these challenges. In

addition, POET only solves a single fixed seed of these environments. Instead,

we report the mean performance over a hundred random samples for each given

parameterization, for all ten runs of ACCEL with the mean and max performance

(across seeds) shown in Table B.3.

Table B.3: Test performance on levels produced by POET. In each case we run
100 trials with different random seeds. Mean shows the mean performance across
all ten ACCEL runs. Max shows the best from the ten runs per environment.

1a 1b 2a 2b 3a 3b
Mean 0.01 0.01 0.00 0.03 0.01 0.12
Max 0.03 0.05 0.00 0.08 0.03 0.31

B.2 Additional Experiments

In this section we show a series of additional experiments to understand the

performance of ACCEL

Ablation Studies To investigate the design choices that led to the success

of ACCEL, we consider a variety of ablations:

• ACCEL Using the DR generator.

• Edit Batch The same ACCEL algorithm but editing the entire replay batch

rather than the “easy” levels from the batch.

• Learned Editor The same algorithm changing only the editor, which is

optimized for positive value loss.

• No Editor This is an ablation on the algorithm structure, we use Algorithm

6 but sample more DR levels instead of editing.
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Table B.4: Zero-Shot transfer to human-designed environments. Each data point
corresponds to the mean (and standard error) of five independent runs, where each
run is evaluated for 100 trials on each environment. All methods use a DR generator
which places between zero and sixty blocks.

Test Environment ACCEL Edit Batch Learned Editor No Editor
16Rooms 1.0± 0.0 0.76± 0.19 0.9± 0.07 0.84± 0.06
16Rooms2 0.51± 0.28 0.23± 0.16 0.41± 0.19 0.68± 0.18
SimpleCrossing 0.8± 0.05 1.0± 0.0 0.9± 0.1 0.75± 0.05
FourRooms 0.85± 0.05 0.85± 0.06 0.88± 0.04 0.88± 0.05
SmallCorridor 0.72± 0.1 0.74± 0.1 0.6± 0.17 0.7± 0.18
LargeCorridor 0.91± 0.05 0.75± 0.08 0.56± 0.18 0.63± 0.18
Labyrinth 0.98± 0.02 0.85± 0.11 0.99± 0.01 0.67± 0.19
Labyrinth2 0.97± 0.03 0.83± 0.11 0.7± 0.15 0.48± 0.2
Maze 0.78± 0.21 0.87± 0.05 0.57± 0.18 0.15± 0.08
Maze2 0.5± 0.24 0.67± 0.18 0.65± 0.15 0.23± 0.15
Maze3 0.79± 0.14 0.9± 0.08 0.95± 0.05 0.56± 0.17
Mean 0.79± 0.04 0.76± 0.04 0.74± 0.04 0.58± 0.05

Each of these uses the same exact structure, sampling levels from the DR

distribution 10% of the time, and editing levels after replaying from the curator.

For the first, we edit the entire replay batch, rather than just the top four easiest

(high return minus positive value loss) that we use in the main experiments. The

results after 10k updates are shown in TableB.4. As we see, Editing the batch levels

performs slightly worse than easy, while there is also a decrease in performance for

the learned editor. Note however that all of these ablations still outperform the

next best baseline (PLR, mean = 0.69). Finally, the ablation using additional DR

levels instead of edited ones performs poorly, showing the strong performance for

ACCEL comes from editing rather than the structure of the algorithm.

B.3 Implementation Details

In this section we detail the training procedure for all our experiments. Training

for all methods is conducted on a single V100 GPU, using ten CPUs. The

codebase is built on top of open source repos. For PAIRED and Minimax in
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the partially-observable navigation environment we use results from the authors

of Jiang et al. [120].

B.3.1 Environment Details

Partially-Observable Navigation Each maze consists of a 15× 15 grid, where

each cell can contain a wall, the goal, the agent, or navigable space. The student

agent receives a reward of 1−T/Tmax upon reaching the goal, where T is the episode

length and Tmax is the maximum episode length (set to 250). Otherwise, the agent

receives a reward of 0 if it fails to reach the goal.

BipedalWalker The BipedalWalker environment we use is a modified version

of the BipedalWalkerHardcore environment from OpenAI Gym. The agent learns

from a proprioceptive state with 24 dimensions consisting of lidar sensors, angles

and contacts but notably the agent does not have access to its map coordinates.

The action space is four continuous values controlling the torques of its 4 motors.

The environment design space is shown in Table B.5, where we show the value of

the initialization for ACCEL, the edit size, and the maximum values. DR levels

are sampled between zero and the maximum value. For PLR, we combine the

environment parameterization with the specific seed of the sampled level, making

the replay deterministic. For ACCEL we make an edit by randomly sampling

one of the eight parameters and then adding or subtracting the quantity shown

in the “Edit Size” row of Table B.5.

Table B.5: Environment design space for the BipedalWalker environment. Where
values are shown as ranges, both the low and high end of the range are learned
parameters, and when the level is created each obstacle size is sampled from the
range.

Stump Height Stair Height Stair Steps Roughness Pit Gap

Easy Init [0,0.4] [0,0.4] 1 Unif(0.6) [0,0.8]
Edit Size 0.2 0.2 1 Unif(0.6) 0.4
Max Value [5,5] [5,5] 9 10 [10,10]
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Table B.6: Total number of environment interactions for a given number of student
PPO updates.

Environment PPO Updates PLR ACCEL
MiniGrid 20k 327M 369M
BipedalWalker 30k 1.96B 2.07B

B.3.2 Environment Design Procedure

The environment design procedure works as follows: at each timestep the adversary

agent receives an observation consisting of a map of the entire level and then takes

a two dimensional action, consisting of an object and a location, which can be

anywhere in the grid. This is similar to several recent works [54, 120, 121, 131].

For MiniGrid the object is always a wall. For both methods, the goal and agent

location are placed in the final two steps.

When editing, the editor has five steps to alter the environment. For the lava

environment we only edit to add or remove lava tiles, while for MiniGrid we allow

the editor to also change the goal location. If lava or walls (or lava) are placed in the

current location of the goal or agent, then these replace the goal or agent, which must

then be relocated in the final two steps of the editing episode. If the editor attempts

to remove the goal or agent location in the final two steps then the action is void.

B.3.3 Hyperparameters

The majority of our hyperparameters are inherited from previous works such as

[54, 120, 121], with a few small changes.

For MiniGrid we maintain the replay buffer size from Jiang et al. [120] and only

conduct the ACCEL grid search over the edit objective, running both {random,

positive value loss}, as well as the levels to edit from {easy, batch} and replay rate

from {0.8, 0.9}. For MiniGrid, we follow the protocol from Jiang et al. [120] and

select the best hyperparameters using the validation levels {16Rooms, Labyrinth,

Maze}. The final hyperparameters chosen are shown in Table B.7.
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For BipedalWalker we used the continuous control policy from the open source

implementation of PPO from Kostrikov [140], as well as many of the hyperparameters

used in the recommended settings for MuJoCo. This involves a simple feedforward

neural network with two hidden layers of size 64 and Tanh activations. We tuned

the hyperparameters for our base agent using domain randomization, and conducted

a sweep over the learning rate {3e-4, 3e-5}, PPO epochs {5,20}, entropy coefficient

{0, 1e-3} and number of minibatches {4,32}, using the validation performance on

BipedalWalkerHardcore. We then used these base agent configurations for all UED

algorithms. For PLR we further conducted a sweep over the buffer size {1000,

5000}, replay rate {0,9, 0.5} and staleness coefficient {0.3, 0.5, 0.7}, using the same

settings found for both PLR and ACCEL. Finally, for ACCEL we tuned both the

number of edits {1, 2, 3, 4} and whether to edit the easy or batch levels.
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Table B.7: Hyperparameters used for training each method in the maze and car
racing environments.

Parameter MiniGrid BipedalWalker
PPO
γ 0.995 0.99
λGAE 0.95 0.9
PPO rollout length 256 2000
PPO epochs 5 5
PPO minibatches per epoch 1 32
PPO clip range 0.2 0.2
PPO number of workers 32 16
Adam learning rate 1e-4 3e-4
Adam ε 1e-5 1e-5
PPO max gradient norm 0.5 0.5
PPO value clipping yes no
return normalization no yes
value loss coefficient 0.5 0.5
student entropy coefficient 0.0 1e-3
generator entropy coefficient 0.0 0.0

ACCEL
Edit rate, q 1.0 1.0
Replay rate, p 0.8 0.9
Buffer size, K 4000 1000
Scoring function positive value loss positive value loss
Edit method random random
Levels edited easy easy
Prioritization rank rank
Temperature, β 0.3 0.1
Staleness coefficient, ρ 0.5 0.5

Robust PLR
Scoring function positive value loss positive value loss
Replay rate, p 0.5 0.5
Buffer size, K 4000 1000



C
Appendix for Diversity Algorithms

C.1 Appendix for Diversity via Determinants

In the case of deterministic behavioral embeddings, it is possible to compute

gradients through the whole objective. Notice that det(K) is then differentiable as

a function of the policy parameters. In the case of trajectory based embeddings,

differentiating through the determinant is not that simple. Actually it may make

sense in this case to use a log(det(K)) score instead. This is because of the

following lemma:

Lemma 20. The gradient of log (det(K)) with respect to θ = θ1, · · · , θM equals:

∇θ log (det(K)) = − (∇θΦ(θ)) (∇ΦK) K−1

Where Φ(θ) = Φ(θ1) · · ·Φ(θM)

Proof. We start with:

∇K log (det(K)) = K−1

This is a known result1.

Consequently,
1see for example https://math.stackexchange.com/questions/38701/

how-to-calculate-the-gradient-of-log-det-matrix-inverse

153

https://math.stackexchange.com/questions/38701/how-to-calculate-the-gradient-of-log-det-matrix-inverse
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∇θ log (det(K)) = (∇θΦ(θ)) (∇ΦK) (∇K log (det(K)))

= (∇θΦ(θ)) (∇ΦK) K−1

Each of the other gradients can be computed exactly.

C.2 Appendix for Ridge Rider

C.2.1 Behavior of gradient descent near a saddle point

We will illustrate how gradient descent dynamics near a saddle point moves towards

the most negative eigenvector of the Hessian via two different derivations. These

are not novel results but provided as an illustration of a well known fact.

First, let θ0 be a saddle point of L(θ), and consider T steps of gradient descent

θ1, ..., θT . Let H(θ0) be the Hessian of L at θ0. We will use the first-order Taylor

expansion, ∇θL(θt) = H(θt − θ0) + o(ε2) ignoring the error term to approximate

the gradient close to θ0.

We can decompose θt − θ0 into the basis of eigenvectors of H(θ0): θt − θ0 =∑
i ai,tei(θ0) where {ei(θ0)} are the eigenvectors of H(θ0). After one step of gradient

descent with learning rate α,

θt+1 = θ0 +
∑
i

ai,tei(θ0)− α
∑
i

λiai,tei(θ0) (C.1)

= x0 +
∑
i

(1− αλi(θ0))ai,tei(θ0) (C.2)

i.e. ai,t+1 = (1 − αλi(θ0))ai,t

It follows by simple induction that if T isn’t too large so the displacement

θT − θ0 is still small, ai,T = (1− αλi)T . In other words, the component of θ1 − θ0

corresponding to more negative eigenvalues of H(θ0) will be amplified relative to

less negative eigenvalues by a ratio that grows exponentially in T .
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In the limit of small step sizes, we can also consider the differential limit of

approximate (up to first order terms as defined above) gradient descent dynamics

dθ

dt
= −αH(θ0)θ,

assuming the saddle is at θ0 = 0 wlog. The solution to this system of equations

is θ(t) = θ(0) exp(−αH(θ0)t). If we write the eigendecomposition of H(θ0),

H(θ0) = QΛQ−1, then exp(−H(θ0)) = −Q exp(Λ)Q−1. So if θ(0) = ∑
i aiei(θ0),

then θ(t) = ∑
i e
−αλi(θ0)taiei(θ0).

C.2.2 Structural properties of the eigenvalues and eigen-
vectors of Smooth functions

Definition 21. We say a function f : Rd → R is β−smooth if for all pairs of

points θ, θ′ ∈ Rd:

|∇2
θf(θ)−∇2

θf(θ′)| ≤ β‖θ − θ′‖

We show that for β−smooth functions f , the i−th eigenvalue function:

λi(θ) = i− th largest eigenvalue of ∇2
θf(θ) (C.3)

And (an appropriate definition of) the i−th eigenvector function:

ei(θ) = i− th largest normalized eigenvector of ∇2
θf(θ) (C.4)

are continuous functions of θ.

Lemma 22. If f is β−smooth‘ λi(θ) is continuous.

Proof. We show the result for the case i = 1, the proof for i 6= 1 follows the same

structure, albeit making use of the more complex variational characterization of

the i−th eigenvalue / eigenvector pair. Recall the variational formulation of λ1:

λ1(θ) = max
v∈Sd(1)

v>∇2
θf(θ)v (C.5)

Let θ′ = θ + ∆θ. It is enough to show that:
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lim
∆θ→0

λ1(θ′) = λ1(θ)

Let v1 be a unit vector achieving the max in Equation C.5 and let v′1 be the

maximizer for the corresponding variational equation for θ′, then:

|λ1(θ)− v>1 ∇2
θf(θ′)v1| = |v>1

(
∇2
θf(θ)−∇2

θf(θ′)
)
v1|

(i)
≤ β‖∆θ‖

Inequality (i) follows by β−smoothness. Similarly:

|λ1(θ′)− (v′1)∇2
θf(θ)v′1| ≤ β‖∆θ‖

Since by definition:

λ1(θ) ≥ (v′1)>∇2
θf(θ)v′1

And:

λ1(θ′) ≥ v>1 ∇2
θf(θ′)v1

We conclude that:

λ1(θ′) ≥ λ1(θ)− β‖∆θ‖

And:

λ1(θ) ≥ λ1(θ′)− β‖∆θ‖

Consequently:

λ1(θ) + β‖∆θ‖ ≥ λ1(θ′) ≥ λ1(θ)− β‖∆θ‖

The result follows by taking the limit as ∆θ → 0.

In fact the proof above shows even more:

If L is β−smooth and θ, θ′ ∈ Rd then the eigenvalue function is β-Lipschitz:

|λi(θ′)− λi(θ)| ≤ β‖θ − θ′‖

And therefore:

‖∇θλi(θ)‖ ≤ β
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Proof. With the exact same sequence of steps as in the proof of Lemma 22, we

conclude:

λi(θ) + β‖∆θ‖ ≥ λi(θ′) ≥ λi(θ)− β‖∆θ‖

And:

λi(θ′) + β‖∆θ‖ ≥ λi(θ) ≥ λi(θ′)− β‖∆θ‖

The result follows. The gradient bound is an immediate consequence of the Lipschitz

property of λ1(·).

Let’s define a canonical i−th eigenvector path ` : [0,∞)→ R starting at θ as fol-

lows:

`(0) = θ

∂`(t)
∂t

=
ei(θ) if liml→t〈ei(θ), ∂`(l)∂l

`(l)〉 > 0
−ei(θ) o.w.

We proceed to show that the curve traced by ` is continuous.

Lemma 23. Let θ be such that λi−1(θ)− λi(θ) = ∆i−1 > 0 and λi(θ)− λi+1(θ) =

∆i > 0. Then:

min(‖ei(θ)− ei(θ′)‖, ‖ei(θ) + ei(θ′)‖) ≤

√√√√ 4β‖θ − θ′‖
min(∆i,∆i−1) (C.6)

For all θ′ such that ‖θ′ − θ‖ ≤ min(∆i−1,∆i)
4β

Proof. By Proposition C.2.2, for all θ′ such that ‖θ′ − θ‖ ≤ min(∆i−1,∆i)
4β :

max(|λi(θ′)− λi(θ)|, |λi−1(θ′)− λi−1(θ)|, |λi+1(θ′)− λi+1(θ)|) ≤ β‖θ′ − θ‖ (C.7)

In other words, it follows that:

λi+1(θ), λi+1(θ′) < λi(θ), λi(θ′) < λi−1(θ), λi−1(θ′)

Where this sequence of inequalities implies for example that λi+1(θ′) < λi(θ).
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Let H = ∇2
θf(θ) and H ′ = ∇2

θf(θ′). Let ∆ = H −H ′. By β−smoothness we

know that ‖∆‖ ≤ β‖θ − θ′‖.

Again for simplicity we restrict ourselves to the case i = 1. The argument for

i 6= 1 uses the same basic ingredients, but takes into account the more complex

variational characterization of the i−th eigenvector.

W.l.o.g. define e1(θ) and e1(θ′) such that 〈e1(θ), e1(θ′)〉 = α ≥ 0. We can

write e1(θ′) = αe1(θ) +
(√

1− α2
)
v with ‖v‖2 = 1 and 〈v, e1(θ)〉 = 0. Notice that

‖e1(θ) − e1(θ′)‖ = ‖(1 − α)e1(θ) −
(√

1− α2
)
v‖ ≤ (1 − α) +

√
1− α2. We now

show α is close to 1. Recall:

e1(θ) = arg max
v∈Sd

v>Hv

and

e1(θ′) = arg max
v′∈Sd

(v′)>H ′v′

Equation C.7 implies λ1(θ) ≥ λ2(θ′) + ∆1 − β‖θ − θ′‖ and λ1(θ′) ≥ λ2(θ) + ∆1 −

β‖θ − θ′‖. The following inequalities hold:

λ1(θ′) ≥ e1(θ)>H ′e1(θ) (C.8)

= e1(θ)>[H −∆]e1(θ)

= e1(θ)>He1(θ)− e1(θ)>∆e1(θ)

= λ1(θ)− e1(θ)>∆e1(θ)

≥ λ1(θ)− ‖∆‖

≥ λ1(θ)− β‖θ − θ′‖ (C.9)

Write e1(θ) = ∑
i αiei(θ′) with ∑i α

2
i = 1. Notice that:

e1(θ)>H ′e1(θ) =
∑
i

α2
iλi(θ′)
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Since λi(θ′) < λ1(θ)− 3∆1
4 for all i > 1:

∑
i

α2
iλi(θ′) ≤ α2

1λ1(θ′) +
(

d∑
i=2

α2
i

)
(λ1(θ)−∆1 + β‖θ − θ′‖)

≤ α2
1(λ1(θ) + β‖θ − θ′‖) + (

d∑
i=2

α2
i )(λ1(θ)−∆1 + β‖θ − θ′‖)

≤ λ1(θ) + β‖θ − θ′‖ −∆1(1− α2
1) (C.10)

And therefore, combining Equation C.9 and C.10:

λ1(θ)− β‖θ − θ′‖ ≤ e1(θ)>H ′e1(θ) ≤ λ1(θ) + β‖θ − θ′‖ −∆1(1− α2
1)

Therefore:

α2
1 ≥

∆1 − 2β‖θ − θ′‖
∆1

= 1− 2β‖θ − θ′‖
∆1

This in turn implies that ∑d
i=2 α

2
i ≤

2β‖θ−θ′‖
∆1

and that 1 − α ≤ 1 − α2 ≤ 2β‖θ−θ′‖
∆1

.

Therefore:

‖e1(θ)− e1(θ′)‖2 = (1− α1)2 +
d∑
i=2

α2
2

≤ (1− α1)2 + 2β‖θ − θ′‖
∆1

≤ 4β2‖θ − θ′‖2

∆2
1

+ 2β‖θ − θ′‖
∆1

≤ 4β‖θ − θ′‖
∆1

The result follows.

As a direct implication of Lemma 23, we conclude the eigenvector function is con-

tinuous.

C.2.3 Convergence rates for finding a new eigenvector, eigen-
value pair

Let θ′ = θ + ∆θ, ridge riding minimizes the following loss w.r.t e and λ to find

a candidate e′ and λ′:

L(e, λ; θ′) = ‖(1/λ)H(θ′)e/‖e‖ − e/‖e‖‖2 (C.11)
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Notice that:

L(e, λ; θ′) = 1
λ2‖e‖2 e

>H(θ′)2e+ 1− 2 1
λ‖e‖2 e

>H(θ′)e

Therefore:

∇eL(e, λ; θ′) = 1
λ2∇e

(
1
‖e‖2 e

>H(θ′)2e

)
− 2 1

λ
∇e

(
1
‖e‖2 e

>H(θ′)e
)

= 2
λ2‖e‖

(
H2(θ′)− ẽ>H2(θ′)ẽI

)
ẽ− 4

λ‖e‖
(
H(θ′)− ẽ>H(θ′)ẽI

)
ẽ

=
(

2
λ2‖e‖

H2(θ′)− 4
λ‖e‖

H(θ′)
)
ẽ+

(
4

λ‖e‖
ẽ>H(θ′)ẽI − 2

λ2‖e‖
ẽ>H2(θ′)ẽI

)
ẽ

Where ẽ = e
‖e‖ .

Now let’s compute the following gradient:

∇λL(e, λ; θ′) = − 2
λ3‖e‖2 e

>H(θ′)2e+ 2
λ2‖e‖2 e

>H(θ′)e = 2
λ2‖e‖

(
e>H(θ′)e− e>H(θ′)2e

λ

)

We consider the following algorithm:

1. Start at (e, λ).

2. Take a gradient step e→ e− αe∇eL(e, λ; θ′).

3. Take a gradient step λ→ λ− αλ∇λL(e, λ; θ′).

4. Normalize e→ e
‖e‖ .

It is easy to see that the update for e takes the form:

e→
((

1 + αe

(
2e>H(θ′)2e

λ2 − 4e>H(θ′)e
λ

))
I + αe

(
4H(θ′)
λ

− 2H(θ′)2

λ2

))
︸ ︷︷ ︸

U

e

e→ e

‖e‖

Where we think of U as an operator acting on the vector e. In fact if we consider

T consecutive steps of this algorithm, yielding normalized eigenvector candidates
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e0, · · · , eT and eigenvalue candidates λ0, · · · , λT , and name the corresponding

U−operators as U1, · · · , UT it is easy to see that:

eT = ET
‖ET‖

Where ET =
(∏T

i=1 UT
)
e0. In other words, the normalization steps can be obviated

as long as we normalize at the very end. This observation will prove useful

in the analysis.

Let’s assume L is β−smooth and let’s say we are trying to find the i−th

eigenvalue eigenvector pair for θ′: (ei(θ′), λi(θ′)). Furthermore let’s assume we start

our optimizaation at the (ei(θ), λi(θ)) pair. Furthermore, assume that θ′ is such that:

‖ei(θ)− ei(θ′)‖ ≤ min(∆i

4 ,
∆i−1

4 ) and ‖λi(θ)− λi(θ′)‖ ≤ min(∆i

4 ,
∆i−1

4 ) (C.12)

Where λi(θ) − λi(θ) = ∆i−1 > 0 and λi(θ) − λi+1(θ) = ∆i > 0. The existence of

such θ′ as in C.12 can be guaranteed by virtue of Lemmas C.2.2 and 23.

Notice that as long as αe = min(1/4,∆i,∆i−1) is small enough the operator

U attains the form:

U = AI + αe

(
4H(θ′)
λ

− 2H(θ′)2

λ2

)

Where αe/A is small.

Notice that the operator
(

4H(θ′)
λ
− 2H(θ′)2

λ2

)
has the following properties:

1.
(

4H(θ′)
λ
− 2H(θ′)2

λ2

)
has the exact same eigenvectors set {ej(θ′)}Tj=1 as H(θ′).

2. The eigenvalues of
(

4H(θ′)
λ
− 2H(θ′)2

λ2

)
equal {4λj(θ′)

λ
− 2λj(θ′2

λ2 }dj=1.

Consequently, if |λ− λi(θ′)| < min(∆′i
4 ,

∆′i−1
4 ) ) we conclude that the maximum

eigenvalue of
(

4H(θ′)
λ
− 2H(θ′)2

λ2

)
equals 4λi(θ′)

λ
− 2λi(θ′)2

λ2 with eigenvector ei(θ′).

Furthermore, the eigen-gap between the maximum eigenvalue and any other one

is lower bounded by min(∆i,∆i−1)
2 . Therefore, after taking a gradient step on e, the

dot product 〈ei(θ′), et〉 = γt satsifies γ2
t+1 → γ2

t + γ2
t ∗ (1 − α2

e

min(∆i,∆2
i−1)

4 )
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If |λt − λi(θ′)| < min(∆′i
4 ,

∆′i−1
4 ) ), and the eigenvalue update satisfied the

properties above, then λt+1 is closer to λi(θ′) than λt, thus maintaining the invariance.

We conclude that the convergence rate is the rate at which γt → 1, which is

captured by the following theorem:

Theorem 24. If L is β−smooth, αe = min(1/4,∆i,∆i−1), and ‖θ−θ′‖ ≤ min(1/4,∆i,∆i−1)
β

then |〈et, ei(θ′)〉| ≥ 1−
(
1− min(1/4,∆i,∆i−1)

4

)t
C.2.4 Staying on the ridge

In this section, we show that under the right assumptions on the step sizes, Ridge

Riding stays along a descent direction.

We analyze the following setup. Starting at θ, we move along negative eigenvector

ei(θ) to θ′ = θ − αei(θ). Once there we move to θ′′ = θ′ − αei(θ′). Let L : Θ→ R

be the function we are trying to optimize. We show that:

Theorem 25. Let L : Θ→ R have β−smooth Hessian, let α be the step size. If at

θ RR satisfies: 〈∇L(θ), ei(θ)〉 ≥ ‖∇L(θ)‖γ, and α ≤ min(∆i,∆i−1)γ2

16β then after two

steps of RR:

L(θ′′) ≤ L(θ)− γα‖∇L(θ)‖

Proof. Since L is β−smooth, the third order derivatives of L are uniformly bounded.

Let’s write L(θ′) using a Taylor expansion:

L(θ′) = L(θ − αei(θ))
(i)
≤ L(θ) + 〈∇L(θ),−αei(θ)〉+ 1

2(−αei(θ)>H(θ)(−αei(θ)) + c′α3β

= L(θ)− α〈∇L(θ), ei(θ)〉+ α2λi(θ)
2 + c′α3β

Inequality (i) follows by Hessian smoothness.

Let’s expand L(θ′′):

L(θ′′) = L(θ′ − αei(θ′))

≤ L(θ′)− α〈∇L(θ′), ei(θ′)〉+ α2

2 λi(θ
′) + c′′α3β

≤ L(θ)− α〈∇L(θ), ei(θ)〉 − α〈∇L(θ′), ei(θ′)〉+ α2λi(θ)
2 + α2λi(θ′)

2 + (c′ + c′′)α3β
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Notice that for any v ∈ Rd it follows that 〈∇L(θ′), v〉 ≤ 〈∇L(θ), v〉−αv>∇2L(θ)ei(θ)+

c′′′βα2 = 〈∇L(θ), v〉 − αλi(θ)v>ei(θ) + c′′′βα2. Plugging this in the sequence of

inequalities above:

L(θ′′) ≤ L(θ)− α〈∇L(θ), ei(θ)〉 − α〈∇L(θ′), ei(θ′)〉+ α2λi(θ)
2 + α2λi(θ′)

2 + (c′ + c′′)α3β

≤ L(θ)− α〈∇L(θ), ei(θ)〉 − α〈∇L(θ), ei(θ′)〉+ 3α2λi(θ)+α2λi(θ′)
2 + (c′ + c′′ + c′′′)α3β

= L(θ)− 2α〈∇L(θ), ei(θ)〉+α〈∇L(θ), ei(θ)− ei(θ′)〉+ 3α2λi(θ)+α2λi(θ′)
2 + (c′+ c′′+ c′′′)α3β

≤ L(θ)− 2α〈∇L(θ), ei(θ)〉+α〈∇L(θ), ei(θ)− ei(θ′)〉+ 3α2λi(θ)+α2λi(θ′)
2 + (c′+ c′′+ c′′′)α3β

(i)
≤ L(θ)− 2α〈∇L(θ), ei(θ)〉+α‖∇L(θ‖

√
4β‖θ−θ′‖

min(∆i,∆i−1) + 3α2λi(θ)+α2λi(θ′)
2 + (c′+ c′′+ c′′′)α3β

Where inequality (i) follows from Cauchy-Schwarz and Lemma 23 since:
‖ei(θ)− ei(θ′)‖ ≤

√
4β‖θ−θ′‖

min(∆i,∆i−1) =
√

4βα
min(∆i,∆i−1)

Recall that by assumption 〈∇L(θ), ei(θ)〉 ≥ ‖∇L(θ)‖γ and γ ∈ (0, 1) and that
α ≤ min(∆i,∆i−1)γ2

16β . Applying this to inequality C.2.4 :

L(θ′′) ≤ L(θ)− 2α〈∇L(θ), ei(θ)〉+ α‖∇L(θ‖
√

4βα
min(∆i,∆i−1)

+ 3α2λi(θ) + α2λi(θ′)
2 + (c′ + c′′ + c′′′)α3β

≤ L(θ)− 2α〈∇L(θ), ei(θ)〉+ γα

2 ‖∇L(θ‖+ 3α2λi(θ) + α2λi(θ′)
2 + (c′ + c′′ + c′′′)α3β

≤ L(θ)− γα‖∇L(θ)‖+ 3α2λi(θ) + α2λi(θ′)
2 + (c′ + c′′ + c′′′)α3β

≤ L(θ)− γα‖∇L(θ)‖

The last inequality follows because term 3α2λi(θ)+α2λi(θ′)
2 ≤ 0 and of order less

than the third degree terms at the end.

C.2.5 Behavior of RR near a saddle point

The discussion in this section is intended to be informal and has deliberately been

written in this way. First, let θ0 be a saddle point of L(θ), and consider the steps

of RR θ1, ..., θt, · · · . Let H be the Hessian of L at θ0. We will start by using the

first-order Taylor expansion, ∇θL(θt) = H(θt−1)(θt− θt−1) + o(ε2) ignoring the error

term to approximate the gradient close to θt−1.
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We will see that ∇θL(θt) = α
∑t−1
l=0 λi(θl)ei(θl) + o(tε2) for all t. We proceed by

induction. Notice that for t = 1, this is true since∇θL(θ1) = H(θ0)(θ1−θ0)+o(ε2) =

αλi(θ0))ei(θ0) + o(ε2) for some lower order error term ε.

Now suppose that for some t ≥ 1 we have ∇θL(θt) = α
∑t−1
l=0 λi(θl)ei(θl) + o(tε2),

this holds for t = 0. By a simple Taylor expansion around θt:

∇θL(θt+1) = ∇θL(θt) +H(θt)(θt+1 − θt) + o(ε2)
(i)= α

t−1∑
l=0

λi(θl)ei(θl) + o(tε2) +H(θt)(θt+1 − θt) + o(ε2)

= α
t∑
l=0

λi(θl)ei(θl) + o((t+ 1)ε2)

Equality (i) follows from the inductive assumption. The last inequality follows

because by definition H(θt)(θt+1 − θt) = αλi(θt)ei(θt). The result follows.

C.2.6 Symmetries lead to repeated eigenvalues

Let L :d→d be a twice-differentiable loss function and write [n] = {1, . . . , n} for

n ∈ N. For any permutation φ ∈ Sd (the symmetric group on d elements),

consider the group action

φ(th
1, . . . ,

th
d) =

(
th
φ(1), . . . ,

th
φ(d)

)
and abuse notation by also writing φ :d→d for the corresponding linear map. For

any N,m ∈ N, define the group of permutations

Φm
N =

{
m∏
i=1

(i, i+mk) | k ∈ [N − 1]
}

2 .

Now assume there are N non-overlapping sets

{θk1
i
, . . . , θkmi }

ofm parameters each, with i ∈ [N ], which we can reindex (by reordering parameters)

to

{θ1+m(i−1), . . . , θmi}
2For m = 1 we have Φ1

N = {(1, 2), . . . , (1, N)}, which together generate all N ! permutations on
N elements. For larger m, ΦmN also generates N ! permutations, but the m elements within each
set are tied to each other. For instance, Φ2

3 = {(1, 3)(2, 4), (1, 5)(2, 6)} which together generate
{(1), (1, 3)(2, 4), (1, 5)(2, 6), (3, 5)(4, 6), (1, 3, 5)(2, 4, 6), (1, 5, 3)(2, 6, 4)} .
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for convenience. Assume the loss function is invariant under all permutations of

these N sets, namely, L ◦ φ = L for all φ ∈ Φm
N . Our main result is that such

parameter symmetries reduce the number of distinct Hessian eigenvalues, cutting

down the number of directions to explore by ridge riding.

Theorem 26. Assume that for some N,m we have L ◦ φ = L and φ(th) = th for

all φ ∈ Φm
N . Then ∇2L(th) has at most d−m(N − 2) distinct eigenvalues.

We first simplify notation and prove a few lemmata.

Definition 27. Write Φ = Φm
N and H = ∇2L(th). We define an eigenvector v

of H to be trivial if φ(v) = v for all φ ∈ Φ. We call an eigenvalue trivial if all

corresponding eigenvectors are trivial.

Lemma 28. Assume L ◦ φ = L for some φ ∈ Φ and φ(th) = th. If (v, ) is an

eigenpair of H then so is (φ(v), ).

Proof. First notice that Dφ (also written ∇φ) is constant by linearity of φ, and

orthogonal since

(DφTDφ)ij =
∑
k

DφkiDφkj =
∑
k

δφ(k)iδφ(k)j = δij
∑
k

δφ(k)i = δij = Iij .

Now applying the chain rule to L = L ◦ φ we have

DL = DL|φ ◦Dφ

and applying the product rule and chain rule again,

D2L = D(DL|φ ◦Dφ) = DφTD2L|φDφ+ 0

since D2φ = 0. If φ(th) = th then we obtain

H = DφTHDφ , or equivalently, H = DφHDφT

by orthogonality of Dφ. Now notice that φ acts linearly as a matrix-vector product

φ(v) = Dφ · v ,
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so any eigenpair (v, ) of H must induce

Hφ(v) = (DφHDφT )(Dφv) = DφHv = Dφv = Dφv = φ(v)

as required.

Lemma 29. Assume v is a non-trivial eigenvector of H with eigenvalue λ. Then

has multiplicity at least N − 1.

Proof. Since v is non-trivial, there exists φ ∈ Φ such that φ(v)i 6= vi for some i ∈ [d].

Without loss of generality, by reordering the parameters, assume i = 1. Since

φ = ∏m
i=1(i, i+mk) for some k ∈ [N − 1], we can set k to N − 1 after reindexing

of the N sets. Now u = v − φ(v) is an eigenvector of H with u1 6= 0 and zeros

everywhere except the first and last m entries, since k = N − 1 implies that φ keeps

other entries fixed. We claim that{
m∏
i=1

(i, i+mk)u
}N−2

k=0

are N − 1 linearly independent vectors. Assume there are real numbers a0, . . . , aN−2

such that
N−2∑
k=0

ak
m∏
i=1

(i, i+mk)u = 0 .

In particular, noticing that u1+mj = 0 for all 1 ≤ j ≤ N − 2 and considering the

(1 +mj)th entry for each such j yields

0 =
N−2∑
k=0

ak

(
m∏
i=1

(i, i+mk)u
)

1+mj
=

N−2∑
k=0

akjku1 = aju1 .

This implies aj = 1 for all 1 ≤ j ≤ N − 2. Finally we are left with

0 = a0

m∏
i=1

(i, i)u = a0u

which implies a0 = 0, so the vectors are linearly independent. By the previous lemma,

each vector is an eigenvector with eigenvalue , so the eigenspace has dimension at

least N − 1 as required.

Lemma 30. There are at most d−m(N−1) linearly independent trivial eigenvectors.
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Proof. Assume v is a trivial eigenvector, namely, φ(v) = v for all φ ∈ Φ. Then

vi = vi+mk for all 1 ≤ i ≤ m and 1 ≤ k ≤ N − 1, so v is fully determined by its first

m entries v1, . . . , vm and its last d−mN entries vmN+1, . . . , vd. This implies that

trivial eigenvectors have at most m+ d−mN = d−m(N − 1) degrees of freedom,

so there can be at most d−m(N − 1) linearly independent such vectors.

The theorem now follows easily.

Proof. Let k and l respectively be the number of distinct trivial and non-trivial

eigenvalues. Eigenvectors with distinct eigenvalues are linearly independent, so

k ≤ d−m(N − 1) by the previous lemma. Now assuming for contradiction that

k + l > d−m(N − 2) implies

d−m(N − 2) < k + l ≤ d−m(N − 1) + l =⇒ l > m .

On the other hand, each non-trivial eigenvalue has multiplicity at least N−1, giving

k + l(N − 1) ≤ d linearly independent eigenvectors. We obtain the contradiction

d ≥ k + l(N − 1) = k + l + l(N − 2) > d−m(N − 2) + l(N − 2) > d

and conclude that k + l ≤ d−m(N − 2), as required.

C.2.7 Maximally Invariant Saddle

In this section we show that for the case of tabular RL problems, the Maximally

Invariant Saddle (MIS) corresponds to the parameter achieving the optimal reward

and having the largest entropy.

We consider θ ∈ R|S|×|A| the parametrization of a policy πθ over an MDP with

states S and actions A. We assume θ = {θs}s∈S with θs ∈ R|A| and (for simplicity)

satisfying3 ∑
a∈A θs,a = 1 and θs,a ≥ 0.

Let Φ denote the set of symmetries over parameter space. In other words, φ ∈ Φ

if φ is a permutation over |S| × |A| and for all θ a valid policy parametrization, we

have that J(θ) = J(φ(θ)) such that φ(θ) = {φ(θs)}s∈S acting per state.
3A similar argument follows for a softmax parametrization.



C. Appendix for Diversity Algorithms

We also assume the MDP is episodic in its state space, meaning the MDP has

a horizon length of H and each state s ∈ S is indexed by a horizon position h.

No state is visited twice during an episode.

We show the following theorem:

Theorem 31. Let Θb be the set of parameters that induce policies satisfying J(θ) = b

for all θ ∈ Θb. Let θ∗ ∈ Θb be the parameter satisfying θ∗ = arg maxθ∈Θb
∑
sH(πθ(a|s)).

Then for all φ ∈ Φ it follows that φ(θ∗) = θ∗.

Proof. Let θ ∈ Θb and let’s assume there is a θ′ ∈ Θb such that φ(θ′) 6= θ. We will

show there must exist θ′′ ∈ Θb such that:
∑
s

H(πθ′′(a|s)) > max
(∑

s

H(πθ(a|s)),
∑
s

H(πθ′(a|s))
)

Let s be a state such that θs 6= θ′s and having maximal horizon position index

h. In this case, all states s′ with a horizon index larger than h satisfy θs′ = φ(θs′).

Therefore for any s′ having index h+ 1 (if any) it follows that the value function

Vθ(s′) = Vθ′(s′). Since the symmetries hold over any policy and specifically for delta

policies, it must be the case that at state s and for any a, a′ ∈ A such that there is a

φ′ ∈ Φ with (abusing notation) φ′(s, a)→ s, a′ it must hold that Qθ(s, a) = Qθ(s, a′).

Therefore the whole orbit of a under φ′ for any φ′ ∈ A has the same Q value under

θ and θ′. Since the entropy is maximized when all the probabilities of these actions

are the same, this implies that if θ does not correspond to a policy acting uniformly

over the orbit of a at state s we can increase its entropy by turning it into a policy

that acts uniformly over it. Applying this argument recursively down the different

layers of the episodic MDP implies that for any a ∈ A, the maximum entropy

θ ∈ Θb assigns a uniform probability over all the actions on a′s orbit. It is now easy

to see that such a policy must satisfy φ(θ) = θ for all φ ∈ Φ.

We now show a result relating the entropy regularized gradient-norm objective:

arg min
θ
|∇θJ(θ)| − λH(πθ(a)), λ > 0
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In this discussion we will consider a softmax parametrization for the policies.

Let’s start with the following lemma:

Lemma 32. Let pi(θ) = exp(θi)∑
j

exp(θj))
parametrize a policy over K reward values

{ri}Ki=1. The value function’s gradient satisfies:

∇ K∑
j=1

pj(θ)

i

= pθ(i)(ri − r̄)

Where r̄ = ∑K
j=1 pi(θ)ri.

Proof. Let Z(θ) = ∑K
j=1 exp(θj). The following equalities hold:

∇ K∑
j=1

pj(θ)

i

= Z(θ) exp(θi)ri − exp2(θi)ri
Z2(θ) +

∑
j 6=i

− exp(θj)rj exp(θi)
Z2(θ)

= Z(θ) exp(θi)ri
Z2(θ) −

∑
j

exp(θi)
exp(θj)
Z2(θ)

= exp(θi)ri
Z(θ) − exp(θi)

Z(θ)

∑
j

exp(θj)rj
Z(θ)


= pi(θ) (ri − r̄) .

The result follows.

We again consider an episodic MDP with horizon length of H and such that

each state s ∈ S is indexed by a horizon position h. No state is visited twice during

an episode. Recall the set of symmetries is defined as φ ∈ Φ if for any policy

π : S → ∆A, with Q−function Qπ : S × A → R, it follows that:

Qπ(φ(s), φ(a)) = Qπ(s, a). (C.13)

We abuse notation and for any policy parameter θ ∈ R|S|×|A| we denote the

parameter vector resulting of the action of a permutation on φ on the indices

of a parameter vector θ by φ(θ).

We show the following theorem:
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Theorem 33. Let Θb be the set of parameters that induce policies satisfying

‖∇J(θ)‖ = b for all θ ∈ Θb. Let θ∗ ∈ Θb be a parameter satisfying θ∗ =

arg maxθ∈Θb
∑
sH(πθ(a|s)) (there could be multiple optima). Then for all φ ∈ Φ it

follows that φ(θ∗) = θ∗.

Proof. Let θ ∈ Θb and let’s assume there is a φ ∈ Φ such that θ′ = φ(θ) 6= θ.

We will show there must exist θ′′ ∈ Θb such that:

∑
s

H(πθ′′(a|s)) > max
(∑

s

H(πθ(a|s)),
∑
s

H(πθ′(a|s))
)

Since we are assuming a softmax parametrization and φ is a symmetry of the

MDP, it must hold that for any two states s and s′ with (abusing notation) s′ = φ(s):

Ea∼πθ [Qπ(θ)(s, a)] = Ea∼πφ(θ) [Qπ(φ(θ))(s, a)]

We conclude that the gradient norm ‖∇J(φ(θ))‖ must equal that of ‖∇J(θ)‖. This

implies that if φ(s) 6= φ(s′) and wlog H(πθ(a|s)) > H(πθ(a|φ(s))), then we can

achieve the same gradient norm but larger entropy by substituting θφ(s) with θs.

Where θs denotes the |A|-dimensional vector of the policy parametrization for state

s. The gradient norm would be preserved and the total entropy of the resulting

policy would be larger of that achieved by θ and θ′. This finalizes the proof.
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D.1 World Building: Ready Policy One

Table D.1: Hyperparameters used in the Policy

Hyperparameter Name Value

Optimizer Adam
Learning Rate 3e-4

Loss PPO
Discount Factor 0.99

Batch Size 50,000
Epochs per Batch 10

ε-clip 0.2
Default Action σ 0.5
Hidden Layer Size 32

Number of Hidden Layers 2
Activation Function ReLU

In terms of implementation, we follow ME-TRPO [148] with some adjustments.

Instead of using the TRPO loss [265], we leverage the first-order approximation

loss in PPO [267]. We do not apply parameter noise, and we modify policy

training slightly by ensuring at least 10 updates are performed before termination

is considered, which we find helps to improve convergence. We do not apply

GAE nor the overall training approach in Schulman et al. [267], as this introduced

instabilities. We instead found that generating large batch sizes gave better and

171
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Table D.2: Hyperparameters used in the World Model

Hyperparameter Name Value
Optimizer Adam

Learning Rate 1e-3
Train/Validation Split 2:1
Number of Models 5

Batch Size 1,024
Hidden Layer Size 1,024

Number of Hidden Layers 2
Activation Function ReLU

Early Stopping α in PCA 0.0005

more consistent performance, which corroborates the findings in Ilyas et al. [113]

with respect to true policy gradients.

We augment each environment with an additional state which contains velocity

information. This is also done in the ‘FixedSwimmer’ environment in Wang et al.

[317], and allows us to infer the reward from the states directly. It must also

be noted that in the original ‘rllab’ [58] environments used in Kurutach et al.

[148], one of the observable states was the velocity state used to calculate rewards,

and we therefore mirror this in our OpenAI Gym [28] implementation; we do

not anticipate there to be any problem integrating reward prediction with our

framework. Furthermore, we provide this state in both the model-free and model-

based benchmarks to ensure there is no advantage, and do not notice any noticeable

improvement in the model-free setting when this is provided; we hypothesize that

some close proxy to the true velocity state already exists in the original state-space.

We remove contact information from all environments, and instead of ‘Swimmer-v2’

we use the aforementioned ‘FixedSwimmer’, since this can be solved by our policy

in a model-free regime. We remove early stopping from Hopper since we found

it was necessary for convergence, but left the early stopping in for Ant since it

was possible to train performant policies. We train the policy for 100 time steps

in HalfCheetah and Ant, and for 200 time steps in Swimmer and Hopper. In

experiments without the early stopping mechanism, data collection defaults to 3,000

timesteps per iteration. Full hyperparameter values can be found in Table D.2.
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We use the following approach to normalize G to produce Ĝ; for convenience,

we write Ĝφt(θt+1) as Ĝt.

Ĝt =
Gt − 1

5
∑t−1
τ=t−5(Gτ )
lval

(D.1)

where lval is the final model validation loss from the iteration t − 1.

Attention should be drawn to the α parameter used to determine early stopping

in Algorithm 9. For the tasks we test on, we choose to fix this to 0.0005, and

therefore do not tune it to be task specific. We found that at this setting of α,

the early stopping mechanism generally collects significantly fewer than the default

3,000 samples (which acts as an upper bound in RP1), but can still expand the

batch size collected to the full amount where appropriate (i.e., under policies that

provide non-homogenous trajectories).

D.2 World Building: Coordinated Active Sam-
ple Collection

Implementation Details

DreamerV2 consists of an image encoder that uses a Convolutional Neural Network

(CNN, [156]), a Recurrent State-Space Model (RSSM [98]) that learns the dynamics,

and predictors for the image, reward, and discount factor. The RSSM uses a

sequence of deterministic recurrent states ht. At each step, it computes a posterior

state zt conditioned on the current image xt, as well as a prior state ẑt without

the current image. During world model training, the concatenation of ht and zt is

used to reconstruct the current image xt, and predict the reward rt and discount

factor γt. Once the world model is trained, it can be used to roll out “imaginary"

trajectories where the model state is instead the concatenation of the deterministic

state ht and prior stochastic state ẑt.

RSSM


Recurrent model: ht = fψ(ht−1, zt−1, at−1)
Representation model: zt ∼ qψ(zt|ht, xt)
Transition predictor: ẑt ∼ pψ(ẑt|ht)
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Image predictor: x̂t ∼ pψ(x̂t|ht, zt)

Reward predictor: r̂t ∼ pψ(r̂t|ht, zt)

Discount predictor: γ̂t ∼ pψ(γ̂t|ht, zt).
Our implementation (https://github.com/ainomearod/divwm) was built on

top of the official DreamerV2 repository https://github.com/danijar/dreamerv2.

We used the default hyperparameter values in the DreamerV2 repository. Table D.3

lists the additional hyperparameters used in our experiments.

Table D.3: cascade hyperparameters

Environment Parameter Value

MiniGrid-FourRooms

cascade weight (λ) 0.1
batch size 200k
deployments 5
explorer train steps 10k
offline model train steps 20k

MiniGrid-MultiRoom-N4S5

cascade weight (λ) 0.3
batch size 200k
deployments 5
explorer train steps 10k
offline model train steps 20k

Montezuma’s Revenge

cascade weight (λ) 0.8
batch size 200k
deployments 15
explorer train steps 10k
offline model train steps 5k

Walker

cascade weight(λ) 0.1 (Random)
0.3 (Medium/Expert)

batch size 200k
deployments 2
explorer train steps 250
offline model train steps 5k

We also incorporate a latent disagreement ensemble, following Plan2Explore

[269]. This involves training, alongside the RSSM model, an MLP ensemble with 10

members (each having 4 hidden layers, 400 units per layer, and different parameter

initializations). These one-step models take action at and latents zt, ht as inputs,

and try to predict the next stochastic latent zt+1. The variance across these outputs

during imagined rollouts is then used as the reward signal that forms the Information

https://github.com/ainomearod/divwm
https://github.com/danijar/dreamerv2
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Gain (InfoGain) objective. Note that this ensemble is otherwise unused, and is

solely trained for the purposes of the exploration objective.

Proof of Lemma 8

In the proof of Lemma 8 we will make use of the following supporting result,

Lemma 34. Let p ∈ (0, 1] and p1, p2 > 0 satisfying p1 + p2 = p then,

p log(1/p) < p1 log(1/p1) + p2 log(1/p2).

Proof. Let p1 = αp with α 6= 0, 1, then,

p1 log(1/p1) + p2 log(1/p2) = αp log(1/(αp)) + (1− α)p log(1/((1− α)p))

= p log(1/p) + p

α log(1/α) + (1− α) log(1/(1− α))︸ ︷︷ ︸
>0


> p log(1/p).

Lemma 34 implies the following result,

Lemma 35. Let ∈ [0, 1]K be a vector satisfying ∑K
i=1 i = 1 and let C be a partition

of [K] such that |C| ≤ K − 1. For all C ∈ C denote (C) = ∑
i∈C i. The following

inequality holds, ∑
C∈C

(C) log(1/(C)) ≤
K∑
i=1

i log(1/i).

If i > 0 the inequality is strict,

∑
C∈C

(C) log(1/(C)) <
K∑
i=1

i log(1/i).

Proof. W.l.o.g we call C1 the partition set containing 1 and assume 1 > 0. If i > 0

for only one element of C1, it must be the case that 1 log(1/1) =C1 log(1/C1).

We now assume that |C1| > 1 and that C1 has at least two indices i 6= j such

that i,j > 0. Let l denote the size of C1 and w.l.o.g. let’s say C1 = {1, 2, · · · , l}.

Lemma 34 implies the following inequalities,
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(C1) log(1/(C1)) <1 log(1/1) + (C1\{1}) log(1/(C1\{1}))

< · · ·

<
∑
i∈C1

i log(1/pi).

Applying this reasoning to each element in the partition C yields the desired

result.

Lemma 8. When all models Mψ in the support of the model posterior are de-

terministic and tabular, and the space of policies Π consists only of deterministic

policies, there always exists a solution {π(i)
EXP}Bi=1 satisfying π(i)

EXP 6= π
(j)
EXP∀i 6= j.

Moreover, there exists a family of tabular MDP models, such that the maximum

cannot be achieved by setting πEXP(i) = π for a fixed π.

Proof. First let’s observe that when the models and policies are all deterministic,

the conditional entropies satisfy,

H
(

B∏
i=1

PΦ
π(i) [Mψ]

∣∣∣∣Mψ

)
=

B∑
i=1
H
(
PΦ
π(i) [Mψ]

∣∣∣∣Mψ

)
= 0.

We assume the set of policies Π is of size at least B. Otherwise, the result

cannot be true. The first result follows immediately by Lemma 35. For any fixed π,

the product distribution ∏B
i=1 PΦ

π [Mψ] is a distribution over ‘diagonal’ tuples of the

form (b, · · · , b)︸ ︷︷ ︸
size B

where b is an embedding.

Consider an arbitrary set of policies π(2), · · · , π(B) satisfying π(i) 6= π(j) 6= π for

all i, j ∈ {2, · · · , K}. Call π(1) = π. The distribution over embeddings induced by

the product distribution ∏B
i=1 PΦ

π(i) [Mψ] is made of tuples of the form (b1, · · · , bB).

Call (b1, · · · , bB) the probability under the product measure ∏B
i=1 PΦ

π(i) [Mψ] of the

tuple (b1, · · · , bB). Notice the ‘projection measure’ onto the first coordinate satisfies

B∏
i=1

PΦ
π(i) [Mψ](b1) =

B∏
i=1

PΦ
π [Mψ](b1, · · · , b1) :=1 (b1)
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and that ∑b2,··· ,bK (b1, b2, · · · , bK) =1 (b1). This induces a partition over the outcome

space (b1, · · · , bK) corresponding to C(b1) = {(b1, b2, · · · , bK)}b2,··· ,bK .

A direct use of Lemma 35 implies the entropy of the product distribution over

finer grained tuples is larger than the entropy over the diagonal of the product

distribution having all coordinates equal to each other. In fact this result also

informs when the inequality will be strict. This happens when (for example the

measure overMψ is the counting measure) there exists two worldsM(1)
ψ andM(2)

ψ

such that the embedding tuples (b(1)
1 , · · · , b(1)

B ) and (b(2)
1 , · · · , b(2)

B ) satisfy b(1)
1 = b

(2)
1

and (b(1)
2 , · · · , b(1)

B ) 6= (b(2)
2 , · · · , b(B)

B ).

We will use this observation to prove the second claim. Consider a family of

MDPs formed of depth L binary trees. In this family, the paths leading to the L− 1

layer are the same, but the connections from layer L− 1 to layer L are unknown.

The ‘posterior’ distribution is assumed to be uniform over all plausible trees. Layer

L− 1 has size 2L−1 and layer L has size 2L. W.l.o.g. we assume the set of nodes in

layer L is labeled as [1, 2, · · · , 2L]. The distribution over models is supported over

the set of partitions of size 2L−1 of [1, · · · , 2L] where each partition set has size 2.

We assume 2L ≥ B so that there are at least B distinct policies.

Let π be a fixed policy. It is enough to show there exist two worldsM(1)
ψ and

M(2)
ψ such that policy π ends in the same state for bothM(1)

ψ andM(2)
ψ but that

there exist distinct policies π(2), · · · , π(B) such that their endpoints (b(1)
2 , · · · , b(1)

B )

and (b(2)
2 , · · · , b(2)

B ) in worldsM(1)
ψ andM(2)

ψ satisfy (b(1)
2 , · · · , b(1)

B ) 6= (b(2)
2 , · · · , b(2)

B ).

The latter always holds because among the set of models that maintain the same

endpoint for π, there is a pair of models that has different endpoints for π(2) for

any arbitrary π(2) 6= π. This suffices to show the entropy of the ensemble of distinct

policies is strictly larger than the entropy of the ‘diagonal choice’ (π, · · · , π)︸ ︷︷ ︸
size B

.
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D.3 Augmented World Models

D.3.1 Hyperparameters

Our algorithm is based on MOPO [332] with values for the rollout length h and

penalty coefficient λ shown in Table D.4.

Table D.4: Hyperparameters used in the D4RL datasets.

Dataset Type Environment MOPO (h, λ)

random halfcheetah 5, 0.5
random walker2d 1, 1
medium halfcheetah 1, 1
medium walker2d 1, 1
mixed halfcheetah 5, 1
mixed walker2d 1, 1
med-expert halfcheetah 5, 1
med-expert walker2d 1, 2

AugWM specific hyperparameters are listed in Table D.5. For each evaluation

rollout, we clear the buffer of stored true modified environment transitions to

measure zero-shot performance. We adapt using the context after a set number of

steps, k, in the environment to train the linear model. The two ranges used for the

context z during training and test time are different. At test time, the estimated

context is clipped to remain within the given bounds.

Table D.5: AugWM Hyperparameters

Parameter Value

evaluation rollouts 5
MOPO offline epochs 400
AugWM offline epochs 900
k, steps for adaptation 300
z train range [0.5, 1.5]
z test range [0.93, 1.07]
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D.3.2 D4RL dataset

We evaluate our method on D4RL [79] datasets based on the MuJoCo continuous

control tasks (halfcheetah and walker2d). The four dataset types we evaluate on are:

• random: roll out a randomly initialized policy for 1M steps.

• medium: partially train a policy using SAC, then roll it out for 1M steps.

• mixed: train a policy using SAC until a certain (environment-specific)

performance threshold is reached, and take the replay buffer as the batch.

• medium-expert: combine 1M samples of rollouts from a fully-trained policy

with another 1M samples of rollouts from a partially trained policy or a

random policy.

This gives us a total of 8 experiments.
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