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Abstract

Warm dense matter is an area of the phase diagram between solids and

classical plasmas, but poorly described by theoretical descriptions of both.

Collective oscillations and quantum effects all play significant roles in its

structural behaviour and equations of state. Aside from its complexity,

work on this state is significant as a stepping stone towards achieving

energetically viable nuclear fusion, as well as representing a laboratory

analogue for planetary cores and other astrophysical phenomena.

X-ray scattering, using beams from X-ray free electron lasers, is used to

probe the structure of samples in this state, and is shown to compare

well to theoretical descriptions. Angle-resolved scattering showed sharper

than expected peaks, suggesting stronger interparticle correlation than ex-

pected. Using the beam in self-seeded mode, scattering from ion acoustic

waves in warm dense matter was observed for the first time, confirming

theoretical descriptions of the phenomena but raising further questions

due to an elastic peak in the spectra. Similar experiments in the future

will allow models of ionic behaviour to be tested directly, and potentially

determine the source of this feature.

X-ray diffraction was used to study the evolution of samples heated by

proton, electron or photon irradiation, with the aim of resolving the tem-

perature evolution of the species within the sample. The results suggest

that, although the behaviour in metallic samples is well described by low-

temperature approximations, that of graphite is more complex and does

not agree with the models available.
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Role of the author in this work

The work in this thesis comprises experimental and theoretical results relevant to

the state of warm dense matter, and high energy density physics in general. Much of

the work has been carried out as part of callaborative efforts, and so this section will

endeavour to clarify the extent of the author’s contributions to the work presented.

Chapter 1 is an introductory chapter, reviewing the physics background to some

of the work contained in the thesis. It is consequently not novel, and sources used

are identified in the text.

Chapter 2 is a largely theoretical chapter, and the definitions for the structure fac-

tors are taken from the identified sources, as is the description of molecular dynamics.

The final part of the chapter, looking at memory functions, was carried out with the

help of J. Mithen and B. Crowley, under the guidance of G. Gregori, and comprises

work carried out by the author in evaluating dynamic structure factors under this

approach and comparing it to others.

Chapter 3 presents results from two experiments on the Linac Coherent Light

Source. The first, looking at the static structure factor, was proposed by P. Neumayer,

who was principal investigator for the experiment. The author was a collaborator on

the experiment and carried out analysis on the diffraction and scattering data as it

was collected, with further analysis after the experiment led by P. Neumayer. The

second measured the ion fluctuations in a dense plasma for the first time, in an

experimental campaign conceived by G. Gregori and proposed by J. Hastings. The

campaign was led by J. Hastings and G. Monaco, with the author participating as

part of a significant international collaboration. Analysis of the data has been led

by G. Monaco, with work in Oxford centring on reproducing the data obtained with

theoretical approaches including OF-DFT, by T.White, and with hydrodynamics,

which the author has carried out for this thesis.

Chapter 4 is again theoretical, presenting results from different cited sources re-

lating to the rate of electron-ion energy exchange in energetic samples. These were

used to develop computational methods to analyse experimental data, specifically

that from the Titan experiment presented in Chapter 5.

Chapter 5, after describing well-known methods using a variety of cited sources,

presents results from four experiments:

• Temperature equilibration in proton-heated graphite. This experiment, con-

ceived by G. Gregori and performed on the Titan laser, took place in 2011

and consequently before the author joined this research group. The analysis



was performed by T. White, and published in Scientific Reports (White et al.

[170]); it is included here as context for the following experiments.

• Temperature equilibration in electron-heated graphite. This experiment was

conceived by G. Gregori, P. Neumayer and T.White, aiming to follow on from

the Titan experiment. It was performed on the Phelix laser in 2012, with

the author working as part of the experimental team led by P. Neumayer, being

responsible for target construction. The author also participated in the analysis,

led by T. White, which was published in Physical Review Letters (White et al.

[167]).

• Temperature equilibration in laser-irradiated gold nanofoils. This experiment

was conceived by A. Higginbotham and carried out on the TW Ti:Sapphire

laser in the HEDP laboratory in Oxford in 2013, with an experimental team

consisting primarily of the author and T. White. The author also participated

in the analysis published in Physical Review B (White et al. [168]).

• Temperature equilibration in proton-heated tantalum. This experiment was

conveived by G. Gregori, T. White and the author, and performed on the Titan

laser. The experimental team of seven people was led by the author, who also

performed the analysis published in HEDP (Hartley et al. [73]).

As part of the research culminating in this thesis, the author has had the op-

portunity to participate in a number of further experimental campaigns, leading to

co-authorship of a number of other articles. A complete list of publications involving

the author is given in Appendix C.
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Chapter 1
Introduction

The mid-1990s saw a milestone in laser technology; for the first time, a beam with a

peak power exceeding the entire global power output was fired. Focussed down onto

micron sized spots, this allowed conditions otherwise only found in the interiors of

massive planets or in the heart of nuclear explosions to be created and studied in

the laboratory. Even now, nearly two decades on, the physics and behaviour of such

systems is poorly understood and there is still a huge amount to learn.

The extreme conditions generated by the interactions of such high power beams

with matter are now generally considered to be part of a broad area of research known

as High Energy Density Physics. This is encompasses physics from fields as diverse

as plasma physics, condensed matter, astrophysics, fusion energy and laser physics

among others. One definition [127], from the National Plasma Science Committee,

puts it as referring to any system or material with an energy density above 1011 J

m−3, equivalent to a pressure on the order of 1 Mbar. Such pressures are comparable

to the internal energy of a hydrogen atom, and so it is at this energy that solid density

matter begins to show significant compression.

The impetus for studying such systems comes a variety of sources. Since the partial

adoption of the comprehensive nuclear test ban treaty, nuclear detonations as a way

to study generate these conditions are not possible and so using other methods to

probe the behaviour of matter under these conditions, and benchmark computational

codes, has been eagerly seized upon[119]. Many of the largest laser facilities, such

as the Orion laser at AWE, LMJ in France and the NIF in California, were funded

partly or primarily with the goal of stockpile maintenance.

Another rapidly growing area within HEDP is the study of laboratory astro-

physics. Much of this relies on using scaling laws [28] to relate high energy phenomena

in the laboratory to astrophysical analogues - this can include shocks [51], supernovae
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[132], magnetic fields [103] and many more. Work can also be carried out to better

understand the behaviour of the matter inside stars and exoplanets [104] [112]. With

thousands of planets already found [142], but generally little more than their mass

and radius known, being able to take their densities and extrapolate the possible

behaviour of the material within them gives a far greater insight than is otherwise

possible.

Perhaps most excitingly, though, work is ongoing to create energetically viable

nuclear fusion as a source for energy generation. Work at the National Ignition

Facility has seen results edge ever closer to the break even point [81], and much of

the progress has been through the greater understanding of the material behaviour

[88] under the phenomenal energy flux of the 192 beamlines.

1.1 Warm Dense Matter

The work in this thesis is largely concerned with a particular state within the more

general definition of high energy density physics, known as warm dense matter (WDM).

The properties, both equilibrium and dynamic, have been studied throughout this

work, and so before proceeding a definition of this state will be attempted. Such a

definition is complicated by the fact that is is generally described negatively, in that

it is neither a solid nor a plasma. We can consider the coupling constant Γ for a

sample to be the ratio of the Coulomb potential between the ions to their kinetic, or

thermal, energy [37], such that:

Γ =
PE

KE
=

Q2

4πε0a
× 1

kBT
(1.1)

with Q the charge on an ion in the sample, ε0 the permittivity of free space and a

the average ion separation.

Using this expression, we can see that a solid will have Γ � 1 as the interionic

potential energy is much greater than the ion kinetic energies. At the other extreme,

an ideal gas or plasma assumes no interaction between the constituent particles, giv-

ing Γ � 1 for the sparse samples that these models reproduce well. Between these

extremes, we find the warm dense state. With densities ranging from 0.1 - 1000 g/cc,

and temperatures within a factor 10 of 1 eV, it has Γ ∼ 1, meaning that the simpli-

fying assumptions that are so important for describing solid and gaseous samples are

no longer valid. Instead, entirely different approaches are needed, with neither energy
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Figure 1.1: Temperature-density phase diagram, showing the relationship of warm
dense matter to other well-known states. Reproduced from Los Alamos National
Laboratory (lanl.gov).

treated perturbatively, and with electron degeneracy and non-equilibrium species tem-

peratures properly dealt with. For these reasons, much of the most successful work

has been computational rather than analytic [16].

Figure 1.1 shows how this state relates to better understood states, and indicates

some of the systems that the results are relevant to. We can see that planetary

cores, especially of larger, Jovian planets, fall within this range, motivating the study

of iron [165] and silicates [147], as well as lighter elements [174][113] found in the

gassy envelopes about the high density cores in white dwarf stars and other stellar

remnants. In inertial confinement fusion experiments, the deuterium-tritium capsule

passes through the warm dense state en route to potential ignition in a ’hot dense’

state [97], and so understanding WDM is important for modelling the instabilities

and energy transfer in this transient state [93].

The warm dense states studied here are, without the mass of a planet or similar

to contain it, naturally going to expand or explode outwards, and so creation of the

samples has to happen over very short timescales, which is generally done either by

compression or heating. Much of the work on (cold) compressed matter uses diamond

anvil cells, or other static compression techniques. These techniques, however, cannot

reach the pressures of HEDP and so instead, dynamic compression techniques using an
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intense shock driven into the material must be used; early experiments used gas guns

and flier plates to reach pressures approaching 10 Mbar, and underground nuclear

tests created matter with pressures up to 100 Mbar. Now, however, such shock

driven experiments typically use energetic laser pulses to drive a shock through a

sample. Similar sources can also be used to directly heat a sample, or to create

charged particle beams to give secondary heating, methods which are described in

more detail later.

Within samples like this, where there is a significant degree of ionization, the

behaviour of the electrons relative to the ions is worth considering. Outside of the

very hottest samples, or lightest elements, many of the electrons will remain bound

to the ions in their orbitals, a complication rarely considered in plasma theory and

a source of complexity in modelling the electron-ion interaction, as we will see when

we look at density functional theory and molecular dynamics in Chapter 3.

The complexity of the free electrons is very different again. The first quantity

to define is that of the plasma frequency, this being the frequency of collective ex-

citations set up due to instantaneous electric fields within the plasma. Such a field

will displace electrons from their equilibrium positions, driving a harmonic oscillation

with characteristic frequency

ωpe =

√
nee2

meε0

(1.2)

Before going further into the electronic behaviour, we will note that such an oscillation

also exists from the ion species, with a correspondingly lower frequency equal to

ωpi =

√
ni(Zfe)2

miε0

(1.3)

with Zf the degree of ionization of the ions. In the section on ion dynamics, this

quantity is sometimes referred to as ωp in the assumption of the one-component

plasma.

Apart from the collective oscillations, the other primary driver of the electron be-

haviour is the presence of the ions. While the ions can, under the Born-Oppenheimer

assumption, be considered to be stationary on the timescale of the electron motion,

the field surrounding them exerts a great effect, unlike in an ideal plasma where there

is considered to be no direct interparticle interaction. The effect of the ion fields is

to cause the electrons to cluster around the ions, screening the Coulomb force be-

tween the charges over long distances. The length scale above which such an effect is
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significant is the Debye length, equal to

λD =

√
ε0kBTe
nee2

(1.4)

The corresponding Debye number, ND, equal to the average number of electrons

within a sphere of radius λD centred on a given ion, serves as another measure of

the extent to which a plasma can be approximated as an ideal plasma. For an ideal

plasma, ND � 1, as they have heavily populated Debye spheres, meaning that there

is almost no Coulomb interaction between the ions due to the electronic screening,

an effect known as quasi-neutrality. The dense plasmas considered here, on the other

hand, have very few electrons within this radius such that significant interionic forces

remain. The electrons do still exert some screening, however, and so the interaction

is often described by a Yukawa potential:

Vscr =
Zfe

2

4πε0r
e−r/λD (1.5)

Potentials of this form appear again in the discussion on classical molecular dy-

namics, as ways to better approximate WDM behaviour within those models.

1.1.1 Laser Developments

Much of the work in this field relies on very high energy and intensity laser sources.

These generally fall into one of two broad categories, both of which are relevant for

the work presented in this thesis:

• high energy lasers, with long (ns) pulse lengths, used for shock compression of

samples

• high power lasers, amplified by CPA with ps-fs pulse lengths, used to drive

charged particle beams or atomic transitions as X-ray sources

As the development of laser technology played such an important role in allowing

access to the systems studied here, a brief overview of some of the developments in

laser technology will be given.

Since the first laser was built in 1960 by T H Maiman [100], the technology has

advanced in leaps and bounds, with the peak intensities reaching 1019 in the mid-1990s

[9] and now even exceeding 1020 W/cm2, as shown in Figure 1.2. Early improvements

included Q-switching [101] and modelocking [71], both of which allowed systems to

5



Figure 1.2: History of peak laser intensity, with significant developments highlighted.
The continuing rise from the development of CPA is clear. Figure reproduced from
[91].

move away from continuous wave (CW) laser operation to pulsed power, allowing

access to irradiance on the order of 1013 W/cm2.

Possibly the biggest breakthrough, though, was the development of chirped pulse

amplification. Prior to this, reaching higher laser intensities was inhibited by the

effects of non-linear processes such as self focussing in the gain medium, which would

both damage the laser and ruin the beam quality. Originally used for increasing the

power of radar, CPA works by stretching the beam in time. This can be done with

prisms or gratings, giving an optical element with different path lengths for different

wavelengths, giving a typical increase in pulse length of ∼ 104 from the original. For

a fs beam, stretching to ∼ 100 ps requires a path difference on the order of cm to

give the required ’chirp’.

This longer pulse can be amplified, with the beam able to contain much more en-

ergy without reaching the intensities that causes self-focussing and other non-linear

effects. After amplification, it can be passed through a compressor, with the oppo-

site path difference to the stretcher, to reproduce the original fs beam duration with

far more energy, and consequently power, than is otherwise possible[150]. Such ap-

proaches are now used in almost all of the largest laser systems, and are continuing

to allow access to ever higher peak laser powers.
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Figure 1.3: Schematic of a typical X-ray scattering experiment.

1.2 X-ray Diagnostics

While high power optical lasers are necessary to create many the HED systems, much

of the diagnostic workload, at least in the work of this thesis, relies on X-rays. The

utility of X-rays for probing matter in the warm dense state comes from the fact

that their wavelengths, on the order of 0.1-10 Å, are comparable to the inter-ionic

distance. Consequently, the X-ray Thomson Scattering (XRTS) diagnostic described

here is frequently in experiments on dense plasmas [89] and compressed matter [87].

For the same reason, energetic neutrons with de Broglie wavelengths on a similar

scale are frequently used, and much of the early work on the structure within liquids

was derived for work on neutron scattering, see e.g. [69].

For the experiments considered here, a schematic of which is shown in Figure 1.3,

the x-rays are generated by either an X-ray free electron laser (XFEL) or a laser driven

source, the details of which will be given later in Chapters 3 and 5, respectively.

An incoming beam of X-rays of energy E0, wavelength λ0 and wavevector kI =

2π/λ are incident on a sample, and are scattered through an angle θs, being left

with energy EF and wavevector kF . The values that control the scattering are then

the transferred energy and momentum: E = E0 − EF = ~ω and ~k = ~|kI − kF |,
where the vector nature of k can be ignored for warm dense samples because they

are isotropic. In the low energy (non-relativistic) limit, there is a simple relationship

between the momentum transfer and scattering angle such that:

~k = 2~|kI | sin
(
θs
2

)
(1.6a)

= ~
4π

λ0

sin

(
θs
2

)
(1.6b)
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Figure 1.4: Representation of Bragg diffraction. For the scattered rays to interfere
coherently, the paths must satisfy the Bragg relation nλ = 2d sin θB.

Scattering occurs when an electron is accelerated by the electric field on an incom-

ing photon, causing it to oscillate and emit light with, to a first approximation, the

same energy. If the frequency of the incoming photon is significantly higher than any

characteristic resonance frequencies of the atom, which is true for the ’hard’ X-rays

(E0 & 1 keV) which are used here, the scattering cross section per unit solid angle

dΩ is:
dσT
dΩ

=

(
e2

4πε0mec2

)2
1 + cos2 θs

2
(1.7)

Integrating over the solid angle gives an expression for the Thomson cross section

value:

σT =
8π

3

(
e24πε0mec

2
)2

(1.8)

=
8π

3
r 2
e (1.9)

= 6.652...× 10−25cm2 (1.10)

which can be seen to be proportional to the square of the classical electron radius re.

With such a low cross section, obtaining sufficient signal is difficult, even with the

very bright sources available from free electron lasers.

A much simpler case, and one that gives a much brighter signal, is from the

interaction of X-rays with a crystalline solid. In this case, the scattering from the

bound electrons will, at particular angular displacements, interfere constructively to

give a very strong signal. In the simplest formalism, we merely require that the path

difference between the scattered light from the top layer of a crystal, and that of the

next layer, shown in Figure 1.4, is equal to an integer number of wavelengths such
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that they waves intefere constructively:

nλ = 2d sin(θB) (1.11)

with d the lattice parameter and n the order of the diffraction. Other properties of

the signal derived from Bragg diffraction will be discussed at the start of Chapter 5,

as it is an important diagnostic for the experiments described there.

Returning to the general case, we want to know how to link the scattering spectrum

to the structure of the sample that is being probed. We first note that the scattered

power is proportional to the structure factor of the electrons in the material [145]:

d2σ

dΩdω
∝ See(k, ω) (1.12)

The precise definition of the structure factor will be given later in the thesis, but in

qualitative terms it is given by the Fourier transform of the time-dependent positions

of the particles in the sample. In the case of the Bragg diffraction given above, the

positions are a series of δ-functions and so the Fourier transform is similarly restricted

to sharp peaks at particular values.

We are interested in the electron structure factor (rather than that of the ions, or

of the entire sample) because the strength of scattering from a particle is inversely

proportional to its mass, and so the effect of the ions is negligible. A widely used

approximation for the quantity has it split into three separate terms, as described by

Chihara [25]:

See(k, ω) =|f(k) + q(k)|2Sii(k) + ZfS
0
ee(k, ω)

+ Zb

∫
Sce(k, ω − ω′)Ss(k, ω′) dw′ (1.13)

This gives the electron correlations in terms of three distinct effects. The first term

describes the electrons whose movement is correlated with that of the ions, as the term

Sii(k, ω) is the ion-ion structure factor. The prefactor consists of the form factor f(k),

describing the reciprocal positions of the bound electrons around the nucleus, and

the screening factor q(k) describing the effect of the screening cloud. One assumption

which is frequently made in work using this expression [61, 65] is to assume that this

term is entirely elastic and that therefore Sii(k, ω) = Sii(k)δ(ω). However, the work

on warm dense matter described in this thesis is primarily concerned with ion motion

and dynamics, and so this term will prove to be of most interest to us.

The second term describes the dynamic structure factor of the free electrons in

the system, with Zf the average degree of ionization. The main feature of this is the
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collective oscillations, known as plasmons, at frequency ωpe as explained earlier. These

give rise to up- and down-shifted energy peaks in scattered spectra as the incoming

photon scatters from a collective mode. The height of these peaks is modified by the

effect of ‘detailed balance’: the occupation of electron modes in the sample follows

a Bose-Einstein distribution, and at the temperatures considered in the warm dense

regime the higher energy states are likely to be sparsely occupied. Consequently,

there are few excited plasmons which could potentially lose energy in a scattering

interaction, but many possible zero-energy states which can be excited, giving a much

stronger down- than up-shifted signal.

The final term describes transitions between bound states and the free electrons,

with the quantity Zb the average number of bound electrons in each ion. This term is

frequently ignored in XRTS experiments, as it tends to be significantly smaller than

the other two terms, or adds a small contribution to the downshifted peak. It does be-

come more significant in denser plasmas, and plasmas of heavier ions, where there is a

strong dependence on the degree of continuum lowering. This phenomenon, described

by Stewart and Pyatt [149] and others [178], is still poorly understood, although there

is increasing interest in research to better explain the behaviour[48],[26].

Figure 1.5: XRTS spectrum showing the
pseudo-elastic central peak, from the ions, and
the shifted plasmon peaks from the electron
species.

An example of the kind of spec-

trum that Equation (1.13) describes

is given in Figure 1.5, taken from

the paper by S. Glenzer [59] which

first demonstrated the observation

of plasmons in warm dense matter.

The central peak is scattering from

the electrons that move with the

ions, and does not exhibit any sig-

nificant shift from the original Cl

Lyman-α energy at 2.96 keV. The

peaks on either side are due to inter-

actions with the collective electron

oscillations, with the down-shifted

peak favoured due to the principle

of detailed balance described above.

It is also interesting to look at the

range of possible inelastic processes

present in X-ray - matter interactions, which are shown in Figure 1.6. One further
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Figure 1.6: Inelastic interactions of X-rays with matter, with order of magnitude
values for the energy shifts, taken from the thesis of S. Galambosi [55].

distinction to be made is how these different shifts depend on the angle of scattering

being observed; in general, we can characterise a process as either collective or non-

collective depending on the relationship between the length scale and the scattering

k value [42]. Single-particle processes like Compton scattering become important

for ka > 1, while the collective effects of plasmons and phonons are important for

ka < 1, where a the Wigner-Seitz unit radius [171] for the system i.e. the average ion

separation, taken as a typical length scale.

XRTS can be used as a diagnostic for the temperature and density of a sample

([58][56][77]). One such method, and that used in Chapter 3 of this work, is done by

measurements of the Compton peak, the properties of which depend strongly on the

temperature and density of the system [60].

1.3 Structure of the Thesis

The main body of the thesis is divided between two major themes. The first looks in

much greater detail at the structural properties of warm dense matter, with Chapter 2

starting by deriving definitions for the structure factors, which were mentioned briefly

above. Although such derivations are common to any work on fluids or liquids, their

inclusion here is to highlight their significance in describing the equilibrium properties

of warm dense systems. It continues with an introduction to molecular dynamics, an

important method for modelling these systems and extracting computational values

for the structure factors under a variety of different assumptions. It concludes with a

very different approach to calculating structure factors, based on a wholly analytical
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model originally developed for fluids but shown to work in dense plasmas such as

those studied here.

The theme of ion dynamics and structure is continued in Chapter 3, which begins

with an overview of the operation of X-ray free electron lasers, the development of

which has revolutionised the study of solid density materials such as these. Results

from two different experiments on the LCLS facility are then presented. One looks at

the static structure factor resolved over a wide range of angles, as well illustrating how

XRTS can be used as a diagnostic for the density and temperature of a sample. The

other experiment studied the dynamic structure factor with unprecedented energy

resolution, allowing the ion acoustic peaks to be resolved. This is in contrast to the

pseudo-elastic assumption in the XRTS description above, and represents the first ob-

servation of such a phenomenon in warm dense matter. The chapter, and this section

of the thesis, concludes by comparing the results to theoretical and computational

values, and discussing possible sources of error.

The latter half of the thesis looks at temperature equilibration in solid and warm

dense samples. Chapter 4 outlines the motivation for better understanding the tem-

perature equilibration in such samples, then describes the formalism used to describe

the temperature evolution in the samples studied, as well as the assumptions made

in doing so, and their validity. It continues by giving the derivations for the rates of

energy exchange and temperature equilibration under different methods, as well as

discussing the materials and conditions for which they are appropriate.

Before presenting the results of the experimental campaign, Chapter 5 outlines

some of the experimental and analytical methods used to obtain said results. The ex-

periments themselves are then presented, in chronological order, with the campaigns

on Titan (2011) and Phelix (2012) looking at results from graphite, and those at

Oxford and Titan (2013) mainly concerned with metallic samples. Analysis is pre-

sented alongside each set of results, and the chapter culminates with some overall

conclusions from the entire body of work.

Finally, the final chapter reviews the work presented, drawing final conclusions

and suggesting possible directions for future work.
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Chapter 2
Ion Dynamics

2.1 Introduction

As described in the Introduction, using X-rays to study systems with densities compa-

rable to or greater than those of solid materials has a variety of advantages. In lower

temperature cases, where the original solid crystalline structure is still intact, this is

frequently done by diffraction. In higher temperature systems, the crystal structure

has been lost and there is no long range order within the system and consequently

we instead see incoherent scattering, with much lower intensity. The angular and

spectral variation of the scattered radiation is then contained within the static and

dynamic structure factors, respectively.

In this chapter, we will start by looking at the definitions and derivations of these

values, to show how they relate the behaviour of the ions to the functions which can

be measured in experiments. We will then look at ways of evaluating the structure

factors, first using simulations of the particles within a system, and then using an

analytic approach based around the memory function formalism for hydrodynamics.

2.2 Distribution Functions

What differentiates the states studied herein from those described by well understood

classical plasma dynamics, and what is at the root of their difficulty to model, is the

presence of short range order between the ions within the system. This is generally

considered to be a defining property for liquid structures, and we will see that in fact

many aspects of hydrodynamics are appropriate for these descriptions.

The level of structural order in a static system is contained within the radial dis-

tribution function g(r) which, in isotropic systems, can be generalised to the pair
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Figure 2.1: Radial distribution functions from systems with increasingly strong inter-
particle coupling. Reproduced from Ma et al. [98].

distribution function g(r). This quantity can be thought of as describing the prob-

ability of finding another ion at a distance r from a nominal reference ion at r = 0,

although a fuller derivation will be given later in the chapter. The number of ions

contained in a spherical shell of thickness dr is then:

Nshell = 4πn

∫ r+δr

r

r2g(r)dr (2.1)

Distribution functions from systems with different coupling strengths are shown in

Figure 2.1. The ones of greatest interest here are those in the strong coupled, liquid-

like regime, which exhibit several significant characteristic features. What is perhaps

easiest to explain is the zero-valued region at low values of r. Whereas in an ideal

gas the function takes a constant value of unity for all values of r, as the positions

of any two atoms exhibit no correlation, in this state the interionic interactions are

significant, and so the repulsive Coulomb force means that the probability of two

atoms being in close proximity is very small.

Moving to larger radii, we see a broad peak in the function, centred about the

mean separation value. Here again, we can compare to an ideal state; in a zero

temperature solid, the function would consist of a series of sharp peaks, with each

atom found very close to its position in the crystal lattice. Instead, warm dense

systems have much weaker correlations, which decrease to a gas-like constant value

for large r, beyond a few times the mean separation. Indeed, this is very similar to a

liquid structure, with broad peaks corresponding to loosely correlated ’shells’ of ions,

giving way to no correlation at all (g(r) = 1) at large r.
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In general, the pair distribution function is important in describing such non-ideal

systems because a variety of different thermodynamic quantities can be expressed as

integrals over it. The simplest is, of course, the number of ions in the system which

is fairly easily seen to be

N = 1 +

∫
V

g(r)dr (2.2)

= 1 + 4π

∫
V

r2g(r)dr (2.3)

However, similar expressions exist for the average energy of the ions, by integrating

over a product of g(r) with the potential v(r), and for the pressure. Another quantity

that can be calculated is the compressibility χT , defined as [22]:

1 + 4πρ

∫
r2 [g(r)− 1] dr = ρkBTχT (2.4)

The significance of this particular approach to describing non-ideal plasmas, as

opposed to any other, is that g(r) can be easily derived from experimental results, and

so models of it verified. The quantity directly measured in x-ray or neutron scattering

experiments is the static structure factor (SSF), which is the one-dimensional Fourier

transform of the pair distribution function and therefore depends on k = 2π/r:

S(k) = 1 + 4πρ

∫
r2g(r)

sin kr

kr
dr (2.5)

It can be seen that, if we obtain the values of this function over a range of k-values,

this allows us to derive all of the macroscopic properties of the system, including that

on the equation of state (EOS), one of the main drivers behind such experiments. We

also note that the limit of S(k) for k → 0 can be derived from (2.4) and is [67]:

S(0) = ρkBTχT = χT/χ
0
T (2.6)

where χ0
T = β/ρ is the compressibility of an ideal gas. This quantity, which is not

easily estimated, can therefore be directly extracted from a measurement of the low-k

limit of the static structure factor.

2.2.1 Time Dependence

While many properties of the system can be usefully studied in a wholly static case,

it is only natural to try and extend our description to account for time dependence in

the system. If the pair distribution function g(r) described above is taken to describe
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the correlations in the (point particle) density between two points in the system, it

is easy to see that we can equally look for a similar function that describes density

correlations at points separated by time instead. If we then take the Fourier transform

of this, we would again expect to find a quantity that can be experimentally measured,

as we did with the static structure factor before.

This extension of g(r) to include both space and time is known as the Van Hove

function [158]. If the Fourier transform of this is taken, now in time rather than space,

we obtain the dynamic structure factor (DSF) which is a quantity of prime impor-

tance throughout this work. The additional frequency dependence of this quantity

compared to the earlier static structure factor manifests as an energy shift in scattered

light, which can be observed by spectral resolution.

To fully describe these quantities, we need to begin with the formal definition of a

time correlation function for dynamical variables; that is, variables that are functions

of any or all of the particle coordinates ri and momenta pi. For this case, a time

dependent correlation function CAB is defined as

CAB(t′, t′′) = 〈A(t′)B∗(t′′)〉 (2.7a)

CAB(t) = 〈A(t)B∗(0)〉 (2.7b)

where 〈·〉 denote an equilibrium, or thermal, average over the given ensemble,

and the second expression is obtained by putting t′′ = t′ + t, which can be done as

an equilibrium average is, by definition, invariant under time translation. For the

correlation functions of interest here, we always have A = B such that these are

autocorrelation functions - we are, for instance, interested in how the density at one

point in space and time changes and affects the density at another point.

If we now consider the simplest dynamical variable, the microscopic number den-

sity, we start by writing it as

n(r, t) =
N∑
i=1

δ(r− ri(t)) (2.8)

We can use this expression in (2.7a) to obtain an equilibrium density-density time

correlation function

G(r, r′, t) =
1

N
〈n(r′ + r, t)n(r′, 0)〉 (2.9)

As we are working in a homogeneous system, we can integrate over the variable

r′ with no loss of generality, obtaining the time and space dependent distribution

16



function - the van Hove function referred to above.

G(r, t) =
1

N

〈∫
n(r′ + r, t)n(r′, 0)dr′

〉
(2.10)

=
1

N

〈
N∑
i=1

N∑
j=1

δ[r + rj(0)− ri(t)]

〉
(2.11)

We can also look at the zero time value, which serves as a formal definition of the

radial distribution function as it is the spatial correlation with no time difference.

G(r, 0) =
1

N

〈
N∑
i=1

N∑
j=1

δ[r + rj(0)− ri(0)]

〉
(2.12)

= δ(r) + ng(r) (2.13)

To move from the definition for density autocorrelation in real space to the values

in experimental results, we know that we need to move to Fourier space. We begin

by taking the Fourier components of the number density

n(k, t) =

∫
exp(−ik · r)n(r)dr (2.14)

Returning to the definition of a general correlation function in (2.7a), we can

choose

A = B =
1√
N
n(k, t) (2.15)

Substituting this, we find:

F (k, t) =
1

N
〈n(k, t)n(−k, 0)〉 (2.16a)

=

∫
G(r, t) exp(−ik · r)dr (2.16b)

The function F (k, t) is the intermediate scattering function, and the relationship

in (2.16b) can be shown for correlation functions in general by e.g. Hansen [69].

This quantity is of great significance, because it can now be related to the dynamic

structure factor (DSF) which, as mentioned earlier, is the generalization of the static

structure factor to include frequency dependence. We can now ignore the vector

nature of k, because the systems dealt with in this work are isotropic, so we find the

following expression for the DSF:

S(k, ω) =
1

2π

∫ ∞
−∞

F (k, t) exp(iωt)dt (2.17)

=
1

2π

∫
dr

∫ ∞
−∞

dtG(r, t) exp(−ik · r) exp(iωt) (2.18)
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We have now defined the quantity that is of greatest importance to this section

of the thesis, with this equation showing clearly how it is uniquely defined by, and

uniquely defines, the density correlation function, and consequently the equilibrium

behaviour of the system. However, it is also worth pointing out further properties

before proceeding to look at models for calculating it. Integrating the DSF over all

frequencies, which in an experiment would be equivalent to measuring the scattered

light without spectral resolution, gives, by Fourier inversion of (2.17)∫ ∞
−∞

S(k, ω)dω = F (k, 0) (2.19)

We can then return to the general definition of a time correlation function in

(2.7a) and, by taking a zero time value, obtain a new definition of the static structure

factor.

F (k, 0) =
1

N
〈n(k, 0)n(−k, 0)〉 (2.20)

= S(k) (2.21)

This shows that, as had previously been stated, the static structure factor is

proportional to the total scattered light at a given angle.

2.3 Molecular Dynamics

One of the primary ways that values for the structure factors in this thesis have

been calculated is through the use of molecular dynamics (MD) simulations. This

allows the behaviour of a system at known density, pressure and ionization to be

simulated and values for a variety of different material properties to be obtained [31].

This section will first qualitatively describe how such a simulation is carried out, and

consider some of the ways in which it can be made to model physical systems.

2.3.1 Concepts of MD

In the simplest terms, modelling a material using an MD simulation consists of solving

the equations of motion for N particles with defined masses and a given interaction

potential. Although beguilingly simple, this method can reproduce much complex

behaviour and allow insight into regimes which are difficult or even impossible to

probe experimentally.
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For an N -body system, the (Newtonian) equations of motion can be written as

mr̈i = Fi(t)

i = {1...N}
(2.22)

with the force dependant on the positions of all the other particles in the system and

given by

Fi(t) = −∇i

N∑
i 6=j

v(rij) (2.23)

where v(rij) is the interaction potential between the particles {i, j}. The idea behind

such a process is diagrammatically explained in Figure 2.2, where the effect of the

forces is used to evolve the position, which then causes the force between the particles

to change.

For evolving the particle positions, the forces need to be converted into a motion

with an integration algorithm. The simplest example would be an Euler method

ri(t+ ∆t) = ri(t) + vi(t)∆t

vi(t+ ∆t) = vi(t) +
Fi(t)

m
∆t

(2.24)

This is a first order method, such that the error scales as ∆t - completely unsuit-

able for large-scale simulations which huge numbers of timesteps such as these. An

improvement is the leapfrog method

ri(t) = ri(t−∆t) + vi(t−
∆t

2
)∆t

vi(t+
∆t

2
) = vi(t−

∆t

2
) +

Fi(t)

m
∆t

(2.25)

Although similar, it is a second order method with error scaling as (∆t)2, and is more

suitable for oscillatory simulations. Instead, a more generalised version of methods

such as this, known as Verlet integration, has been utilised in our MD simulations.

Calculate
forces from
Eq. (2.23)

Define
initial

conditions

Evolve
particle

positions

Figure 2.2: Diagrammattic representation of MD simulation
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By considering a Taylor expansion in time around the particle position, we obtain

the following expressions.

ri(t+ ∆t) = ri(t) + vi(t)∆t+
Fi(t)

2m
∆t2 +

...
r i(t)

3!
∆t3 +O(∆t4)

ri(t−∆t) = ri(t)− vi(t)∆t+
Fi(t)

2m
∆t2 −

...
r i(t)

3!
∆t3 +O(∆t4)

ri(t+ ∆t) ≈ 2ri(t)− ri(t−∆t) +
Fi(t)

m
∆t2

(2.26)

Such a method is frequently used in simulations as a balance between speed of com-

putation and fidelity to real systems.

Since these methods are based on the Newtonian equations of motion they will,

by definition, maintain the total energy of the system. Although at first glance this

seems both obvious and necessary, it in fact makes them a worse model in some

cases. This is because many of the systems that are modelled using MD are not

isolated systems, but can instead exchange energy, and often mass as well, with the

surroundings. Consequently, a system at constant temperature, rather than energy,

is frequently a better model. This can be achieved by applying a thermostat to the

system. There are various models for this, which are discussed in Appendix 1, and

results from them considered as part of the experimental analysis in the following

chapter.

From the results of these simulations, values for the structure factors in which

we are interested can be calculated. This was done using a program written in the

Python scripting language by T. White as part of his thesis work. This evaluates

the discrete Fourier transforms in space for each position timestep within the output

from an MD simulation, giving the intermediate scattering function, then performs

a discrete Fourier transform in time to obtain the dynamic structure factor. The

presence of numerical noise at high time values in the ISF is generally smoothed out,

a process which, as shown by Mithen [105], does not affect the final result but acts

as a high frequency filter.

2.3.2 Choice of Potential

In modelling a dense plasma, the choice of interparticle potential makes a significant

difference to the results obtained [82]. The simplest potential is the Coulomb potential

- the point particles of the simulation are identical positive ions with charge +Zfe,

with e the charge on an electron, and mass M , such that the force between them is:

v(rij) =
(Zfe)

2

r
(2.27)
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The most significant omission in this approach is, of course, the electrons, and

consequently this approach is referred to as the one component plasma (OCP) model.

To neutralize the positive ions, the electrons can be assumed to take the form of a

uniform background which is not explicitly considered in the calculation. Such an

approach is not, in most cases, realistic and the electrons can instead be assumed to

cluster towards the positive ions, acting as a screening cloud around them. This adds

an additional decay term to the potential, which now takes the form:

v(rij) =
(Zfe)

2

r
e−κr (2.28)

κ is a screening constant: it can take the value of the Debye length, in plasmas

closer to ideal plasmas (low Γ), or the Thomas-Fermi screening length for more degen-

erate systems. Potentials of this form are described, in general, as Yukawa potentials,

and plasmas modelled as such referred to as screened OCP (SOCP) or Yukawa OCP

(YOCP).

One further modification suggested in recent work ([173]) is to use the Yukawa

potential with an additional short-range repulsion term to account for the strong

repulsive force due to overlapping 1s orbitals at small separations. This potential

now also depends on the total nuclear charge Zc, and takes the form

v(rij) =

[
(Zfe)

2

r
+

(Z 2
c − Z 2

f )e2

r
e−br

]
e−κr (2.29)

This has shown better agreement with full DFT simulations for calculating both

static [173] and dynamic [159] structure factors, as well as agreeing with experimental

results [98].

2.3.3 Density Functional Theory

Before looking at a very different approach to the calculation, the DFT calculations

referred to in the previous section will be discussed in more detail. Although some

such simulations have been run as part of this work, using the Abinit software pack-

age [62][157], the lion’s share have been of the simpler MD form with the potentials

described. However, the use of DFT simulations to benchmark these simpler results is

necessary for their use, and so a brief qualitative description of this method is given.

The basic idea behind the density functional theory method, when deployed along-

side molecular dynamics, is that the potentials between particle pairs are recalculated

at each time step, rather than taking fixed values as described above. This is done
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by finding the approximate ground state solution of the Schrödinger equation for the

many body electron system:

ĤΦ =
[
T̂ + V̂ne + V̂ee

]
Φ (2.30)

= EΦ (2.31)

with Ĥ the total energy operator, decomposed as the sum of the kinetic energy

operator T̂ , the electron-nucleus interaction potential V̂ne and the electron-electron

interaction potential V̂ee. The expected value of the energy in a state Φ can then be

written as

E =
〈Φ|Ĥ|Φ〉
〈Φ|Φ〉

(2.32)

In the ground state, this energy takes the minimum value with respect to allowed

wavefunctions. Consequently, we can consider this in terms of the variational princi-

ple and look for the point at which δE[φ] = 0. Such a minimization procedure, while

technically possible, proves to be exceptionally difficult for any but the simplest sys-

tem. In DFT, what is used instead of a wavefunction is a functional of the electron

density.

Consequently, the operators for the kinetic energy and interparticle potentiasl

can be written as functionals of the electron density with no loss of generality i.e.

T̂ = T [ne], V̂en = Ven[ne]. The simplest term is that due to the nuclear potential,

Ven[ne], as under the Born-Oppenheimer approximation the nuclei are assumed to be

static on the timescale of the electron motion, and so this is equivalent to a fixed

background field.

In Kohn-Sham DFT [86] the kinetic energy term is expressed in terms of the

wavefunctions of a fictitious system - the Kohn-Sham system - of non-interacting

particles moving in an effective potential. Although these wavefunction solutions

have little explicit physical meaning, it reduces the problem from a calculation in

terms of 3N spatial coordinates to only 3 spatial coordinates.

The effective potential used in these calculations contains not only the effect of the

(static) background ions, but also terms accoutning for the electron-electron effects.

The inter-electron term can be further decomposed into a classical Coulomb interac-

tion between the electrons VH [ne], known as the Hartree energy, and the exchange

correlation Vxc[ne] that includes all many-particle interaction contributions.

If an initial ansatz is taken for ne(r), the effective potential can be calculated,

assuming an appropriate model for the exchange correlation term. This allows values

for the occupations of thefictional Kohn-Sham orbitals to be found, yielding the total
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energy and a new value for ne(r). This process is then iterated to find the minimum

for the total energy.

This process does rely heavily on the form of the exchange correlation used, and

models for this are still an active area of research [72]. The simplest form, known as

the local density approximation (LDA), is exact for a homogeneous electron gas and

assumes that the value on the functional depends only on the density at the point of

evaluation:

ELDA
xc [ne] =

∫
εxc(ne)n(r)dr

This has shown significant success in modelling, despite the simple assumptions be-

hind it, and is often the best approach to reproduce behaviour in solids.

Another broad group of approaches are the generalised gradient approximations

(GGA) which, while still local, account for the gradient of the density as well as the

value:

EGGA
xc [ne] =

∫
εxc(ne,∇ne)n(r)dr

Such methods have shown significant improvements over the LDA for explaining,

among other things, the binding energy and geometry of molecules, and consequently

it enjoys a wide use in MD work on quantum chemistry.

While numerous functionals exist for such work, further discussion will be cur-

tailed as the use of DFT in this work has been limited. A better review of exchange

correlations in condensed matter systems can be found in Kurth, Perdew and Blaha

[90].

2.4 Memory Functions

We now turn to a very different approach to describing the behaviour of ion dynamics

in warm dense systems. Rather than modelling the behaviour of the electrons and ions

in the system over an array of timesteps, we consider the system as a fluid, and apply

a hydrodynamic description to it. This is most appropriate, in the nomenclature of

XRTS, in situations where ka� 1 such that the length scales probed are much longer

than the screening length. However, work by James Mithen [106] has suggested that

such a description could remain valid for a wider range of k values.

The approach described here relies on memory functions. While these can, in

principle, be used for any correlation function, we are concerned here with the be-

haviour of density correlation functions. For consistency of notation, therefore, we

will follow the work of Ranganathan & Yip [129], itself based on the series of papers
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by Hansen and others [54][68][128][70], and consider the behaviour of the intermedi-

ate scattering function F (k, t), defined such that its Fourier transform is the dynamic

structure factor. The Fourier transform can also be described as the real part of the

Laplace transform F̃ (k, s) with an appropriate value for s

S(k, ω) =
1

2π

∫ ∞
−∞

dt eiωtF (k, t)

=
1

π
<
[
F̃ (k, s)

]
s=−iω

(2.33)

We can define the memory function of F (k, t), which we will call M(k, t), by

∂F (k, t)

∂t
= −

∫ t

0

dt′M(k, t− t′)F (k, t′) (2.34)

with the intial condition required for closure found from the definition in (2.33)

F (k, 0) =

∫ ∞
−∞

dωS(k, ω) ≡ S(k) (2.35)

which is of course the static structure factor of the system. The definition of the

memory function chosen in (2.34) shows that the instantaneous evolution of the sys-

tem is entirely determined by a convolution of the historical states of the system with

the memory function. It is also the case that defining either the memory function

or the correlation function uniquely defines the other; a fact which becomes obvious

when the equation is transformed into Laplace space using known identities, with the

∼ indicating transformed values:

∂F (k, t)

∂t
= −

∫ t

0

dt′M(k, t− t′)F (k, t′) (2.36)

sF̃ (k, s)− F (k, 0) = −M̃(k, s)F̃ (k, s) (2.37)

F̃ (k, s) =
F (k, 0)

s+ M̃(k, s)
(2.38)

This same definition for the memory function of a functional of the system can

then be applied again, such that we take the memory function of M(k, t) in the same

way, giving a second-order memory function, defined as N(k, t):

M̃(k, s) =
M(k, 0)

s+ Ñ(k, s)
(2.39)

with the closure condition found to be
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M(k, 0) =

∫ ∞
−∞

dωM(k, ω) (2.40)

=

∫ ∞
−∞

dω
w2S(k, ω)

S(k)
(2.41)

≡ Ω2(k)

S(k)
(2.42)

This also serves as the definition of the general moment of S(k, ω) as

Ωn(k) =

∫ ∞
−∞

dω ωnS(k, ω) (2.43)

By combining the definitions in (2.33),(2.36),(2.39) we can obtain an expression

for the DSF in terms of either the first- or second-order memory function:

S(k, ω) =
1

π

Ω2

S(k)
N ′(k, ω)[

ω2 − Ω2

S(k)
− ωN ′′(k, ω)

]2

+ [ωN ′(k, ω)]2
(2.44)

=
1

π

M ′(k, ω)

[ω −M ′′(k, ω)]2 + [M ′(k, ω)]2
(2.45)

with the ′ and ′′ indicating the real and imaginary parts of the Laplace transform,

respectively. This equation is in fact identical to the generalised hydrodynamic de-

scription of the dynamic structure factor in a fluid, if we allow N(k, ω) = k2φ(k, ω),

motivated by the fact that such a substitution allows the memory function φ(k, ω) to

play the role of a ’generalised viscosity’. This can be shown using approaches to the

DSF from the macroscopic Navier-Stokes equations, and can be seen in work by e.g.

Mithen [108].

Before moving on to the specific description of the ansatz used in this work, and

the approximations made to allow it to be analytically modelled, it is worth noting

how the dynamic structure factor derived here relates to those derived from other

approaches. Significantly, the same equation reproduced as (2.44) above can instead

be found from the definition of the density response function (DRF) in the memory

function approach:

χ(k, ω) =
k2n/m

ω2 − Ω2(k)
S(k)

+ iωk2φ(k, ω)
(2.46)

dependant on the ion number density n and mass m.

This can then be used in the fluctuation-dissipation theorem, which links the

response of the system and the DSF.
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S(k, ω) = − kbT
πnω
=(χ(k, ω)) (2.47)

An alternative way to describe such systems, and one which has previously been

used to some success in systems such as quantum electron gases, is to use local field

corrections (LFCs) to extend the description of an ideal gas to include the non-ideal

effects which play such an important role in these denser systems. In this approach,

the response function is written as:

χ(k, ω) =
χ0(k, ω)

1− v(k) [1−G(k, ω)]χ0(k, ω)
(2.48)

χ0(k, ω) = − n

kBT
Z

(√
m

2kBT

ω

k

)
(2.49)

Within this description, χ0 is the density response function of an ideal gas and

Z(x) = [1− 2xD(x)] + i
√
πx exp(−x2) with the Dawson function defined as D(x) =

exp(−x2)
∫ x

0
exp(y2)dy. We also have v(k) = 4π(Ze)2/k2 is the Fourier transform of

the Coulomb potential.

With G(k, ω) = 0 you return to the mean field approximation, which only works

well to describe systems with Γ� 1. Although models for G(k, ω) exist which allow

it to better match observed results at higher Γ, they are generally significantly more

complex than memory functions which produce similarly good results. Consequently,

this line of enquiry was not pursued further in this work, and results using such

methods are not presented.

2.4.1 Modelling the Memory Function

Returning to the memory function approach, we see in the work by Hansen that

results from MD simulations of the one-component plasma are well-reproduced with

a Gaussian second order memory function [70]. Due to the success of this approach,

it has also been adopted here:

N(k, t) = N(k, 0) exp(−πt2/4τk) (2.50)

=

[
Ω2

Ω4

− Ω2

S(k)

]
exp(−πt2/4τk) (2.51)

For convenience, we will denote Ω2
P = Ω2

Ω4
− Ω2

S(k)
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From this ansatz, we apply a Laplace transform to obtain values for the real and

imaginary parts of the memory function.

N ′(k, ω) = Ω2
P τke

−τ2kω
2/π (2.52)

N ′′(k, ω) =
2τk√
π

Ω2
PD(τkω/

√
π) (2.53)

where D(x) is the Dawson function used in the LFC description at the end of the

previous section.

This leaves us with two quantities as yet undefined: the fourth moment of the

DSF, Ω4, and the characteristic ’relaxation’ time for the ansatz chosen, τk. The first

of these is well-known[6], and is written as:

Ω4 = 3Ω 2
2 + Ω2 [1− I(k)] (2.54)

An additional term due to quantum effects omitted here as the effect is negligible

on the systems considered. The term I(k) is the short wavelength (high k) limit of

the local field correction mentioned before, and depends on the static structure factor

S(k):

I(k) = − Z

4π2ne

∫ ∞
0

ds s2 [S(s)− 1]×
[

5

6
− s2

2k2
+

(k2 − s2)2

4sk3
ln

∣∣∣∣k + s

k − s

∣∣∣∣ ] (2.55)

The latter, the relaxation time τk, is constrained in order to be self-consistent

within the model [66] to be:

τ 2
k =

Ω2
P

2
(

Ω6

Ω2
− Ω4

Ω2

) (2.56)

This now requires us to find an expression for the sixth moment, which is complex

as exact forms are difficult to evaluate. Instead, we follow the work of Gregori &

Gericke in taking an approximate form in terms of lower frequency moments [64]:

Ω6 ≈
1

3

Ω 2
4

Ω2

(
2 +

Ω4Ω0

Ω 2
2

)
(2.57)

What we have now obtained is a description of the dynamic structure factor of a

one component plasma in the memory function formalism. Unlike the work done by

Mithen, we have used analytic, if approximate, expressions for the higher moments

and for the relaxation time, rather than treating these as fitting parameters to match

the results to those from MD simulations. However, there is still not a model included

for the static structure factor S(k), which is crucial not just for scaling the values in
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(2.44), but also as a quantity that is integrated over in the correction factor I(k) in

(2.55).

From Debye-Hückel models we know that, in the small-k limit, the value of S(k)→
0 as k2

k2+k 2
D

, where kD is the inverse Debye length. It is also the case that at large values

of k the value must tend to 1. Clearly, the simplest form that fulfills both of these

requirements is just the Debye model, which was derived for the long-wavelength, and

therefore low-k, limit:

SD(k) =
k2

k2 + k 2
D

(2.58)

While this does meet both of the simple criteria, for any dense plasma the results

from it are grossly inaccurate. As an additional computational difficulty, using it

in the local field correction I(k) gives an integrand which is proportional to k 2
D as

k →∞, and is consequently non-convergent. This problem can be overcome, without

losing the correct behaviour in the low k limit, by adding an exponential term to the

screening. This gives us the expression:

S1(k) =
k2

k2 + k 2
D exp

(
− k2

k 2
D

) (2.59)

At low k the exponential term goes to 1, recovering the expression in (2.58).

However, at large k the integrand decreases faster than the k−4 required for the term

to converge. Since we maintain the low-k limit behaviour that defines the Debye

model, this expression could be used without loss of generality.

We now have a convergent integral, and a model which works fairly well at small

values of Γ, corresponding to large values for the Debye length and therefore smaller

values of kD. What it cannot do, however, is reproduce the static structure at high

coupling strengths, where there is a characteristic peak in S(k) due to the degree of

order between the proximate ions. This can be added into the model with a further

exponential term of the form:

f =

(
kD
k

)2α

∗

(
1− exp

(
− k

kD

)2β
)

S2(k) =
S1(k)

1− f ∗ S1(k)
(2.60)

This expression produces results which agree in the low- and high-k limit, as long

as α < (β + 2). In qualitative terms, as α increases the position of the correlation

peak moves to small k, while increasing β gives a sharper and higher peak. However,
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Figure 2.3: Values for the static structure factor, in terms of the dimensionless param-
eter q = ka, using the expressions in (2.58, 2.59, 2.60), with α = β = 1, compared to
those from MD simulations in the same coupling conditions with a Yukawa potential.
It can be seen that none of the models accurately reproduce the observed shape.

the form is such that they will always contain a peak and consequently do not reduce

to the simpler forms for any choice of α, β.

Results from these different approaches are given in Figure 2.3, with α = β = 1

for the final model. It can be seen that at the moderate coupling values with which

we are concerned it could be possible to vary the parameters to reproduce the results

from MD, but that is not possible to find one single analytical model that reproduces

the static structure factor in these systems, a fact which has been previously reported

[14]. This is especially clear if one considers the models only in terms of the peaks

in the system - none of the models presented here are capable of giving results both

with and without a peak, depending on the Debye length, and consequently none

are capable of spanning the entire range of conditions of interest. This problem

would become even more pronounced at larger coupling strengths where the degree

of interionic order results in multiple peaks.

Instead, we can still significantly reduce the computational load in calculating

dynamic structure factors by using MD, or full DFT-MD, to find the static structure

factor and then using this as an input for the analytic form of the dynamic structure

factor obtained through the memory function formalism. This requires a much shorter

simulation, as it is only needs to be sufficiently large in space to give small values of

k, without also needing the long timescales to get to small w-values. We will see in
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the next section that this has given good agreement with time dependent simulations

with significantly higher computational cost.

Another approach to calculating structure factors analytically, which has not been

considered here but is included for completeness, is using the HyperNetted Chain

(HNC) equations, based on the Ornstein-Zernicke equation [120][8] for a two compo-

nent plasma:

h12(r) = c12(r) +
∑
c

nc

∫
dr′c13(r′)h32(|r− r′|) (2.61)

with h(r) = g(r)−1 the total correlation function for two particles and c(r) the direct

correlation function1. To be solved, it requires a closure relation, one choice for which

is specified by the HNC approximation, giving a pair distribution function:

gab(r) = exp (−βVab(r) + hab(r)− cab(r)) (2.62)

Such an approach can effectively reproduce results from MD (see e.g. [13] [172],

[144]) in an analytic formalism, with the same dependence on the choice on poten-

tial. HNC models were used in the following chapter for predicting the results from

the experiment probing the static structure factor, but are otherwise not considered

further here.

2.4.2 Memory Functions - Results

With the equations outlined in the previous section, we are now in a position to

attempt to reproduce results from MD simulations. The calculations were performed

in terms of dimensionless variables with ω′ = ω/ωp and q = ka, with the strong

coupling constant determining the state of the system being probed.

the plasma frequency ωpi =
√

4π(Ze)2n/m

the Wigner-Seitz unit radius a = (4πn/3)−1/3

the strong coupling constant Γ = Ze2/akBT

The first results give an overview of the typical values obtained, and are shown

in Figure 2.4. As expected, the peak is generally centred around ω = ωp, with a very

sharp peak at small ka and broadening as it increases. The effect of the factor Γ is,

in a one component plasma, mainly just to scale the variation in the k direction, as

1As this approach explicitly considers interparticle interactions, the term c(r) describes the cor-
relation due to direct interactions, while h(r) includes the effect via through other particles in the
system
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Figure 2.4: Results for the dynamic structure factor calculated using the memory
function formalism described, from a range of k, ω values, with coupling strengths of
Γ = 0.1, 1, 5.
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Figure 2.5: Ion acoustic peak position ω(k)/ωp as a function of ka in the low ka limit;
symbol values are taken from MD simulations and lines from best fits for the sound
speed. λs∗ is the screening length - for the OCP system considered in this work, this
is infinite. Graph reproduced from Mithen [107].

there are no screening effects. For plasma models including screening effects, then

as we approach k → 0 we reach the limit ω = csk with cs the sound speed in the

material, as shown in Figure 2.5, a fact which we expect to also hold true in real

WDM systems.

Although the OCP does have significant limitations for reproducing results in real

systems, especially in terms of the acoustic wave behaviour at low k, it is still possible

to results obtained with other systems that make the same assumption. Within an

MD simulation, a purely Coulomb interionic potential can be used, and the results

analysed to produce values for the DSF, as shown in Figure 2.6.

We can see that the memory function and MD results generally agree for lower

ka values, and higher Γ values. As ka gets larger, the memory function continues to

predict a peak which has already been lost in MD simulations. Similarly, at low Γ the

results are better fitted by the random phase approximation[50], an approach which

ignores strong coupling effects.

In the paper by Mithen [108] we see that with fitted values, the memory function

approach can be made to agree with the results from MD simulations over a wide

range of (Γ, ka) values, including those shown. What is clear from these results,

however, is that the approximations made limit this range quite significantly and,

not unexpectedly, work significantly better in the low-k, hydrodynamic limit. With
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(a) Comparison of the DSF values from the memory function approach and MD calculation
at the shown values of Γ, with ka = 1.02. Additionally, for the low coupling value Γ = 1
the random phase approximation is included for comparison.

(b) Comparison of the DSF values from the memory function approach and MD calculation
at the shown values of ka, with Γ = 5.

Figure 2.6: Comparison of MD and memory function results at (Γ, k) values relevant
to warm dense matter.

appropriate approximations for the parameters, we would also expect to be able to

obtain analytic expressions for the values with SOCP models, which would be more

applicable to real systems.

2.5 Conclusions

This chapter has considered a variety of different concepts, united under the broad

heading of ion dynamics. Firstly, definitions for the correlation functions in a system

were derived and considered. These expressions which, although applicable to any

physical system, are of interest in this work for describing the behaviour of strongly
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coupled ions, codify the link between the microscopic behaviour and the spectra

observed in X-ray Thomson scattering, as we will see in more detail in the next

chapter.

One of the main ways in which values for these structure factors are predicted

was then presented, in a description of molecular dynamics. This is a framework for

modelling the behaviour of an atomic or ionic system computationally, with generally

very high computational costs. This is due to the tracking and evolving of position of

often very large numbers of particles, in order to probe long length scales, and many

timesteps, to probe long timescales. In classical MD the interparticle interactions are

described by a single potential, which can be purely Coulombic, in the case of the one

component plasma, screened Coulombic, for the SOCP, or further screened with the

addition of another repulsive term, which appears to give the best agreement with

more comprehensive simulations.

Alternatively, DFT-MD recalculates the interparticle forces at each step as a func-

tional of the electron density. Although significantly more accurate than classical MD,

the calculation of orbital occupations increases the computational cost even further,

which generally makes running sufficiently large simulations impractical.

Finally, a very different approach to calculating structure factors was described

in the form of hydrodynamic memory functions. These treat the warm dense system

as a liquid with the correlation functions evolving according to a convolution of their

past states with the eponymous memory function. This has previously been shown

to give relatively good agreement with MD results when various parameters of the

model are used as fitting constants, but we saw that with models for these values

chosen, agreement is restricted to a smaller area of the plasma phase space.

34



Chapter 3
FEL Results

3.1 Introduction

The previous chapter gave definitions for the structure factors of materials, and ex-

plained how they relate to the results obtained from XRTS diagnostics. In this

chapter, results from experiments probing warm dense samples will be presented, and

related to the quantities derived. Both of these experimental campaigns, one looking

at the angularly-resolved static structure factor and the other at the dynamic struc-

ture factor with ultra-high energy resolution, were carried out on the LCLS facility

in California. Therefore, we will start with a description of the physics of free elec-

tron lasers in general, as the advent of such sources has allowed previously impossible

insight into the behaviour of dense materials (e.g. [46],[26],[75]). The results from

the experiments will then be presented and discussed, and some of the attempts to

model and explain the data observed will be described.

3.2 XFELs and LCLS

Prior to the development of free electron lasers capable of producing x-ray radiation,

i.e. Eγ & 0.1 keV, experiments probing structure factors in warm dense matter

generally used laser produced x-ray sources. These are described in more detail in

Chapter 4, as they were used for the experiments on temperature equilibration. For

diffractive diagnostics these have been relatively successful, as the well-defined crystal

structure allows signal to be built up coherently through Bragg diffraction. In warm

dense systems, however, where there is little to no long range order, the signal from

Thomson scattering is very much lower, and it is here that the radiation obtained

from an XFEL is so revolutionary for this work. They can produce beams of coherent

35



x-rays, at a tuned wavelength and with little extra radiation or background noise.

This alone gives a huge increase in contrast, but in addition the beams produced

are orders of magnitude brighter than any other x-ray source available, as shown in

Figure 3.1.

Figure 3.1: Comparison of peak spectral
brightness (brilliance) - when it was first
turned on, LCLS was around nine orders of
magnitude brighter than any other source
at x-ray energies.

Despite the name, it is not a ’laser’ in

the normal use of the word, as there is no

gain medium from which a beam draws

energy, and the stimulation of emission

is radically different from that in a quan-

tum laser. In addition, what makes the

beam obtained coherent is the fact that

the electrons are not ’free’ at all.

However, the operation of a free elec-

tron laser is, at least in qualitative terms,

relative easy to describe (a more detailed

description can be found in Saldin et

al. [138]). An electron bunch is ac-

celerated to high energy before being

passed into an oscillating magnetic field,

known as an ’undulator’ or ’wiggler’.

This electron is forced to follow a sinu-

soidal path due to this field, and there-

fore emits energy as synchrotron radia-

tion, as first observed in the 1940s [39].

The emission is incoherent, as the elec-

trons are distributed randomly, but is the

source of radiation in third generation

light sources. The difference in FELs is

that the electron beam interacts with a

co-propagating photon beam of the de-

sired wavelength, causing the electrons

to form bunches with spacing equal to that of the wavelength. The radiation emitted

by these electron bunches is then in phase, giving coherent radiation, like that from a

conventional laser[139]. As the coherent intensity grows, it caused additional bunch-

ing, with the process continuing until it reaches saturation at a power many orders

of magnitude higher than that from pure undulator emission.
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The wavelength produced by an FEL, λ0, depends on several parameters, and can

be calculated by

λ0 =
λU
2γ2

(
1 +

K2

2

)
(3.1)

K =
eBUλU
2πmec2

(3.2)

with λU , BU the period length of the magnetic undulator and the peak magnetic field,

respectively, and γ the relativistic factor of the electrons. The value K is known as

the undulator parameter, and relates the length of the undulator period to the radius

of the curve that the electron follows in the field.

It is clear from this that, by choosing the parameters of the electrons and the

undulator, radiation at any desired wavelength can be produced, within the limits of

the machine. In the case of optical light, the undulator can be between two mirrors,

such that the light emitted is kept inside the cavity, seeding each new bunch of

electrons such that the power grows to saturation over the course of multiple passes.

What we are interested in, however, is producing X-rays from such facilities. In

this case, there are no effective mirrors that can be used and so the radiation much be

produced over a single pass of the undulator system. This generally requires higher

energies - in LCLS, the electrons are at around 10 GeV - and much longer undulator

sections. In the simplest case, electrons are injected in and the initial noise from

their entering the undulator is amplified over its length - so-called Self Amplified

Spontaneous Emission (SASE)[3]. Although this does still produce X-ray bursts far

brighter than any earlier facilities, the bandwidth is relatively large (∼ 0.5%) and the

temporal coherence correspondingly poor.

The challenge of producing a seed beam at such a high energy seemed immense -

there were suggestions of using high harmonic generation (HHG) to produce a seed

beam, which was successfully demonstrated for an FEL in the extreme ultraviolet

Figure 3.2: Schematic of the setup used at LCLS to give self-seeding in the hard x-ray
regime. Diagram taken from [2].
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Figure 3.3: X-ray spectrum from SASE (left) and self-seeded (right). Data adapted
from [2] by Greg Stewart, LCLS.

range [156]. However, work at the DESY facility in Hamburg demonstrated, for

ultraviolet light, the possibility of self-seeding, where the SASE beam from the first

half of the undulator is used as the seed beam for the latter half.

The full details are presented in Amann et al. [2], but the essential parts of the

setup shown in Figure 3.2 are the diamond, which acts as an x-ray monochromator by

diffracting only the x-rays within a small (chosen) energy range. To account for the

delay that this induces in the X-ray path length, the electrons are deflected by magnets

before the crystal to send them through a chicane, such that they remain temporally

overlapped with the x-rays in the second half of the undulator. This remaining

undulator section is still sufficiently long to allow the FEL to reach saturation, so

that the beam produced is still exceptionally bright. The magnets after the undulator

deflect the electrons into a beam dump, giving the desired x-ray beam onto target.

This self-seeding reduced the bandwidth by a factor of 40-50, relative to that from

SASE, as can be seen in Figure 3.3.

Having described the basic operation of an XFEL, we can now move on to seeing

some of the results obtained from their application to studying structure factors in

warm dense matter. Both of the experiments presented were carried out at the MEC

endstation of LCLS - as well as the XFEL beam, available between 4 - 10 keV, this

has a frequency doubled Nd:glass system, delivering ns long beams at 527 nm, with

a power on the order of GW, as well as a short pulse Ti:Sapph laser giving ∼ 10 TW

at 800nm. This allows the creation of the warm dense systems that we wish to probe.
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Figure 3.4: Arrangement of the diagnostics and beams for the experiment, in a) side
and b) top elevation.

3.3 MEC L592 - Static Structure Factor

This experiment aimed to measure the static structure factor of warm dense alu-

minium over a wide range of scattering angles (θ = 5◦-85◦), corresponding to a range

of k-values up to and beyond the first peak in the structure factor. The novelty in

this proposal came from the possibility to probe the low-k, and consequently long

wavelength, region with greater fidelity than had been previously been possible, po-

tentially giving much more accurate data on the compressibility of the material in the

warm dense state. As it was only the static structure factor being measured, energy

resolution was not important, giving a large integrated signal for measurement on

this forward XRTS spectrometer.

The other diagnostics deployed were a VISAR (Velocity Interferometer System

for Any Reflector) laser line to measure the shock breakout time (as in e.g. [18]),

as well as a backward XRTS spectrometer, arranged as shown in Figure 3.4. We

aimed to probe the sample at the breakout time, as at this point we have the most

homogeneous sample, as can be seen in the simulated density in Figure 3.5.

In the experiment, we had two 3 ns beams with ∼16 J of energy in each, focused

onto overlapping spots of 100 µm using phase plates, giving an incident laser intensity

of approximately 50 TW/cm2. These values were used in the 1-dimensional radiation

dynamics code Multi to give expected values for the temperature and compression

to be reached in the experiment. These results suggested that we would reach tem-

perature of 3-5 eV with a maximum density of around 7 g/cc, corresponding to a

compression ratio (ρ/ρ0) between 2-2.5. It also predicted ionization of Zf ∼ 3, a

value which is obviously important for evaluating the strong coupling parameter Γ

and therefore determining whether we are probing a warm dense sample.
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Figure 3.5: Results from 1-dimensional radiation hydrodyamics simulation (using
the radiation hydrodynamics code Multi) of the density expected to be reached in
the target due to the incident laser intensity (5.0×1013 W/cm2). The corresponding
temperature and ionization at the probe (shock breakout) time were Te = 5 eV,
Zf = 3.

Figure 3.6: Modelled downshifted Comp-
ton peak from aluminium at ρ=5.4 g/cc,
equivalent to ρ/ρ0 = 2, with Zfree=3.
Values are normalized to their respective
Rayleigh (elastic) peaks.

The backward XRTS spectrometer

was used to probe the conditions of the

plasma created, as in earlier experiments

on this facility e.g. [92][47]. This spec-

trometer was energy resolved and mainly

focused on looking at the downshifted

Compton peak. This is described as a

Compton rather than plasmon peak as

we are at a very large (θ = 150◦) scat-

tering angle, giving a large k-value and

consequently small length scale (non-

collective effects).

In general, we would expect a Comp-

ton peak to broaden in width with in-

creasing electron temperature, due to

Doppler effects, an effect that can be exploited as a temperature probe [36]. However,

we can see in Figure 3.6 that the change in peak width over a range of temperatures

around the expected value of 4 eV is very small, according to modelled results from
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the XRTS code of Gregori et al. [65]. This is due to the relatively low electron

temperature, and high density, giving a high degree of electron degeneracy in the

system. In such cases, increasing the temperature makes a much smaller difference

to the electron velocity distribution than in a less dense plasma.

Figure 3.7: Modelled downshifted Comp-
ton peak from aluminium at T = 4 eV,
varying either the level of compression,
with Zf fixed at 3, or the degree of ioniza-
tion, with ρ/ρ0 = 2. As before, the values
are normalized to their respective elastic
peaks at 8000 eV.

Now moving to look at the theoret-

ical effect of density, we first note that

the width of the Compton peak for a

Fermi degenerate plasma scales with the

Fermi energy [60]. Consequently, be-

cause the Fermi energy is related to the

electron number density as EF ∼ n
2/3
e ,

and by ionization balance it is obvious

that ne = Zfni, the width of the peak

will change with both the sample den-

sity and the degree of ionization. The

effects of these can be seen in Figure 3.7.

As expected, the width can be seen to

increase with both the compression and

the ionization, although the effect is sig-

nificantly more pronounced in the case

of higher average ionization. However, a

much more noticeable change is observed

in the ratio of the peak signal strength

between inelastic and elastic with in-

creasing ionization, as the height of the

Compton peak increases when there are

more free electrons from which to scatter.

Consequently, this diagnostic was mainly

used to characterize the ionization of the

material.

While this backward spectrometer allows us to start diagnosing the plasma con-

ditions reached in the experiment, it is the forward spectrometer that will probe the

static structure factor that we are interested in. As can be seen in Figure 3.8, different

models for the potential1 give quite different forms of the structure factor under the

1In this case, the potentials were used in the HNC equations to obtain the SSF, but similar results
would be found from MD simulations.
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Figure 3.8: Modelled static structure factors for the predicted plasma conditions,
with the range of k-vectors accessible in this experiment highlighted.

predicted conditions (equivalent to Γ ∼ 30). These will then be modified by the form

of the atomic form factor f(k) and screening factor q(k) as described above, and by

Chihara [25]. This also allows us to constrain the density and temperature, as the

static structure factor changes significantly with these - significantly, the position of

the first peak is inversely proportional to the Wigner-Seitz unit radius (a = (ni)
−1/3)

and so gives a strong measure of the density.

The height of this peak is controlled by the coupling factor Γ and so, with the

density and ionization constrained, we can also find a value for the temperature from

this data. However, we also know that the temperature and density of a shocked

material are constrained by the Hugoniot relations (see Appendix 2). Although these

depend on the equation of state for the material, this is relatively well-characterised

for aluminium and so provides another measure of the temperature.

Moving now to the results from the experiment, initial analysis by P. Neumayer,

which is yet to be published, indicates a beam bandwidth of between 20 and 30 eV,

corresponding to ∆E/E ∼ 0.25 %, in line with expected values. Early runs used a Cu

target to cross-calibrate the spectrometers using Cu K-α, which is of almost the same

wavelength as the XFEL beam (8047 eV vs. 8000 eV, respectively). After correcting

for losses due to the finite thickness of the target, which significantly improved the fit

of the models to the data, best agreement was found for a peak position of (48± 2)◦,

as shown in Figure 3.9. This corresponds to ρ = (5.2 ± 0.6) g/cc, which is slightly

lower than predicted but could be due to lower energy in the pump beams therefore

driving a weaker shock.
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Figure 3.9: Experimentally obtained S(k) values, demonstrating best fit to data at
48◦ scattering angle.

Figure 3.10: Experimentally obtained S(k) values, compared to results from SOCP
simulations at a constant density of ρ = 5.2 g/cc and temperature varying from
= 1− 5 eV.
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Data on the Hugoniot in aluminium, taken from equation of state data in Propaceos,

suggests that this corresponds to a temperature of T = 3(+2/−1.5) eV. Results from

SOCP at the measured density with a range of temperatures around this value are

compared to the experiment results in Figure 3.10.

Calculations of the elastic/inelastic ratio in the backward spectrometer shows a

large spread of values, with the best estimate of Zf = 2.8± 0.6. Although this does

agree with the predicted value of Zf = 3 it does not constrain it very well.

Although the height of the scattering peak is best matched by a temperature of 3

eV, the shape of the graph as a whole differs significantly from that expected, making

a confident statement of the temperature difficult. The most striking result is that

the peak is significantly sharper, with the structure factor decreasing after the peak

much faster than any predicted results, and with a corresponding shallower slope at

low k. The value at k → 0 is also higher than the values predicted in the SOCP

model, indicating a higher compressibility, and analysis is ongoing to quantify the

uncertainty in this result.

In conclusion, this shows some of the capabilities of the LCLS platform. No

previous experiments had measured the structure factor in warm dense matter over

such a range of k values, as the collimation of the beam allowed probing at shallower

angles, and so longer spatial scales, than any earlier work. There is significant scatter

in the data, especially around the peak values, but this is not necessarily surprising

as any shot-to-shot variation in the drive beam will change the degree of compression

and hence the peak position. Further experiments have managed to measure a wide

range of angles in a single shot [49], which could in future mitigate the reproducibility

problem and allow greater confidence in observations of the ion-ion coupling strength

in such samples.
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Figure 3.11: Results from 1-dimensional radiation hydrodyamics simulation (using
Multi) of the density expected to be reached in the target due to the incident laser
intensity, with a corresponding electron temperature of ∼10 eV and ionization of 4
at the centre.

3.4 MEC L708 - Dynamic Structure Factor

As we saw in the computational work in the previous chapter, the ionic portion

of the dynamic structure factor in warm dense matter has up- and down-shifted

peaks due to collective oscillations of the ions. These are, in some ways, similar to

the collective electron oscillations, known as plasmons, which were experimentally

observed for the first time in 2007 [59]. This observation has allowed models for

collisional damping[176], temperature relaxation[162][19] and many other properties

to be tested.

Due to the high much higher ionic mass, however, the corresponding ion waves

are much lower frequency and so result in much lower energy shifts - on the order of

tens of meV, rather than tens of eV - meaning that measurements had not previously

been possible. However, with the self-seeding upgrade at LCLS and the corresponding

decrease in bandwidth with minimal photon number loss, photometric calculations

suggested that observation of this phenomenom is now possible.

The setup for the experiment was similar to that of L592 described earlier, though

with the two laser beams driving separate, coalescing shocks, rather than a single

shock; the optical lasers, with energies of 5 J in 3 ns, are passed through phase plates

to give a flatter spatial profile, and focused to 50 µm spots on either side of a 50 µm
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thick aluminium target coated with a 2 µm thick plastic tamper layer. These launch

converging shocks into the system, with the expected density and temperatures again

modelled with a radiation hydrodynamics simulation package, in this case Multi,

with the results shown in Figure 3.11. With the spot size and target thickness for

this setup being similar, the assumption that a one-dimensional simulation will be

accurate is less valid, and so care must be taken in using these results.

The X-ray beam was incident on the now-compressed target 2 ns after the optical

heating beams, to ensure that the shocks have coalesced but with the trade-off that we

are not probing at the point of highest density. This is necessary since 1-D simulations

tend to overestimate the shock speed, such that the coalescence time might be slightly

later than predicted. Indeed, the results from Multi gave faster shock speeds than

those from Helios, and consequently higher ρ and Te at the shock centre. However,

both codes give similar predictions for the values at 2 ns, with ρ ∼ 7 g/cc and Te ∼ 5

eV.

As described above, the X-ray beam in self seeded mode has a spectral resolution

of ∆E/E ∼ 10−4, equivalent to a width of around 1 eV. While this is a hugely

less than the SASE spectrum, it is still not small enough to resolve the ion peaks,

which we predict to be separated by just a few hundred meV at the predicted target

conditions. To reduce the bandwidth further, the beam was passed through a Si (444)

monochromator, used at a Bragg angle of nearly 90◦. At such high orders and angles,

the change in wavelength over the width of the crystal rocking curve is very low,

giving a reduction in the bandwidth to around 50 meV, at the cost of a significant

(approximately order of magnitude) drop in the photon number.

The spectrometer used to resolve the scattered light contained a spherical diced

Si (444) crystal, shown in Figure 3.12. While in toroidally bent crystals, the strain

from the bending can reduce the energy resolution of the crystal, the diced crystallites

are arranged such that each produces the same spectrum, which then overlap on the

detector to increase the signal. It was deployed in Johann geometry, such that each

of the diced crystals lies on the Rowland circle. With the crystal placed at a distance

of 1 m from the target, the maximum energy bandwidth from a single shot was 300

meV. Consequently, the crystal was rotated (by 0.2◦) after each series of shots to

allow observation of both the up- and down-shifted peaks.

The x-rays diffracted from the spectrometer crystal were detected using Cornell-

SLAC Pixel Array Detectors (CS-PADs). Each ’pad’ contains 2.3 million pixels, each

100 µm wide, in a 20.3 × 44.0 mm area. Using their high gain mode, they have
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Figure 3.12: The Si (444) crystal used in the spectrometer for this experiment, and
a schematic of how it can give the ultra-high resolution needed to observe the ion
peaks.

Figure 3.13: Instrument function of the spectrometer, measured from 500 shots of
scattering from cold CH sample.
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Figure 3.14: Energy resolved X-ray scatter from warm dense aluminium at ρ = 6.3
g/cc and T = 3 eV. Also shown, as the dotted line, is the instrument function with
width 100 meV.

a signal-to-noise ratio of 6 and can detect single photons to give absolute photon

numbers.

Initial measurements were taken from cold CH samples, built up over 5000 shots

from the FEL, to give a measurement of the instrument function, shown in Figure

3.13. With a width of around 100 meV, this was low enough that we expected it to

be capable of resolving the peaks due to ion-acoustic waves.

Shown in Figure 3.14 are the results obtained from the aluminium sample, centred

on E = 0 being the incoming X-ray energy. The spectrum was obtained by averaging

data taken from sixteen shots, eight each looking at the up- and down-shifted peaks,

with the results stitched together. On either side of the central peak, peaks can be

seen at ±150 meV, corresponding to the ion acoustic waves, and representing the first

experimental observation of such a phenomenon in warm dense matter.

3.4.1 MD Analysis

To compare the results to models from DFT-MD simulations, values for the tem-

perature and density are needed. As has already been mentioned, one-dimensional

simulations are not necessarily reliable for targets for a setup such as this, however

a very similar experiment to this one had been carried out two months prior to this

work with identical laser parameters and targets. Without the use of a monochro-

mator, a wider bandwidth allowed the measurement of the SSF, obtaining values of

temperature at 3 eV and density at 6.3 g/cc [49]. Although not exactly the same
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(a)

(b)

Figure 3.15: a) Experimental data of inelastic scatter, compared to results from MD
simulation using OFDFT, with a Nosé Hoover thermostat. b) Comparison of OFDFT
simulations with Nosé-Hoover and Langevin thermostats.

as those used in modelling, they were sufficiently close, especially in the case of the

density that defines the positions of the peak, that the analysis carried out with the

original values of 5 eV and 7 g/cc was used.

First, the results are compared to the OFDFT-MD work done by T. White. This

reduces the computational cost of running DFT simulations by considering the elec-

tron energy functional to be described entirely by the electron number density. Rather

than requiring the consideration of the Kohn-Sham orbitals, pseudopotentials for the

electron interactions with the ions were found by inverting the Kohn-Sham equations.

A fuller discussion of the derivation of this approach can be found in the excellent

paper by T. White [169].
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Using this approach to model the system, and calculating the dynamic structure

factor extracted from the simulation, the results shown in Figure 3.15a are obtained.

The simulated spectrum was scaled to fit the experimental spectrum, as the results

are presented in arbitrary units. While we are confident in saying that the simulation

fits the ion acoustic peaks, at least within the error of the experimental data, the

central peak which is observed is not present in the OFDFT simulation.

Since these results were obtained, different suggestions have been put forward to

explain the absence of the central peak in the MD simulations. The first was that it

may be due to the ensemble used in the MD simulation, or the use of an unphysical

thermostat. The thermostat is, as explained in Appendix 1, necessary to keep the

’temperature’ of the MD simulation the same between timesteps, as the equations

that govern such simulations only guarantee the conservation of energy. The Nosé

Hoover thermostat used in obtaining the OFDFT results in Figure 3.15a restricts the

possible phase space that can be reached by the system and, although its formulation

should prevent low frequency dynamics being lost, it could be unrepresentative of the

physical system it models in this respect.

This was tested by running an identical simulation with a Langevin thermostat.

The random ‘kicks’ that change the velocity appear as the central peak in the DSF, as

increasing the friction parameter caused the central peak to grow in size. By varying

this parameter in Abinit simulations a best fitted result can be obtained, shown

in Figure 3.15b, with a friction parameter of 0.003 in atomic units (Ha/~ ≈ 4.13 ×
1016s−1). This agreement is encouraging, and the viscosity obtained is comparable to

that predicted, as we will see below. One possible explanation for the applicability of

this method, which was formulated to describe the effects of a solvent on a dissolved

sample, is that by treating the ions as static in the timeframe of the electrons, direct

interaction between them is ignored. Consequently, the Langevin thermostat could

model the effect of electron-ion collisions on the DSF, a possibility which is explored

in a paper by Mabey et al. to be published later this year.

Although varying the thermostat can give a better agreement with the experi-

mental data, another possibility is that simulations such as this should not be able to

recreate this feature of the data. As increasingly low-frequency effects correspond to

increasingly long timescales, it may be the case that this cannot be recreated without

much longer simulations. Additionally, in the process of obtaining the DSF from the

output of the simulation, the intermediate scattering function F (k, t) is smoothed

at large t values to remove noise, but potentially also removing the low-frequency
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behaviour. Further work, with increasing simulation lengths, has not yet shown a

central peak appearing with the usual Nosé thermostat.

Finally, this may be due to the uncertainty with which the conditions are known.

Although the results from Fletcher et al. suggest that at least some of the sample

is under conditions close to what we expect, this does not preclude the possibility

of the signal we obtain coming from both that and a region at a different density.

A larger, lower density region (giving a similar total scattered flux) would give two

peaks which much smaller energy shifts, which would possibly not be resolved and

appear as the central peak in our results. Future experiments would therefore benefit

from better diagnosed, and more uniformly generated, target conditions, to help rule

out explanations such as this.

3.4.2 Hydrodynamic Analysis

As well as the MD approaches that have been mainly used to explain the observed

experimental data, hydrodynamic approaches have also been suggested. Although

such descriptions would only generally be relevant for liquid-like conditions, and con-

sequently could only describe warm dense conditions when k � κ, the screening

length, the work by Mithen et al. [107] referenced above suggests that the range of

applicability could be greater.

A generalised form for the DSF in hydrodynamics can be taken, and the param-

eters varied to fit the experimental data. Although such an approach cannot be

predictive, it does yield values for the thermodynamic and transport properties of

the system. The equation for this generalised hydrodynamic DSF takes the form

described by Schmidt et al. [141], with explicitly quantum terms ignored:
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(3.3)

This generalised description accounts for the screening effects of the electrons

without explicitly needing to describe them, with κ the screening parameter in the

system. In this case, ws is the screened plasma frequency, cq the peak position, εQ the

peak width parameter and Γ the sound attenuation constant, all defined in Equation

(3.4) below. Other parameters are the sound speed, cs, the thermal diffusivity DT ,

the ratio of heat capacities γ and the bulk and shear viscosities, η and ζ respectively.
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Figure 3.16: Experimental data spectrum with hydrodynamic fit, of the form de-
scribed in Equation (3.3). Shaded region represents fit to experimental data ± ex-
perimental error.
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In the expression (3.3) the first term broadly controls the middle peak, and the

latter term controls the side peaks with cq the position and Γ controlling the width.

The wide range of parameters, combined with the error bars on the experimental

data, means that there is a large degree of uncertainty in the fitted values.

To obtain the values, the difference between the experimental values and the

hydrodynamic form was minimized in a Python program using a Nelder-Mead simplex

algorithm over the variables in the model, plus a scaling constant to account for the

fact that the values are in arbitrary units. This was repeated for the experimental

data plus/minus the experimental error, to give the ranges of the fitted values.

The best-fit spectrum is shown in Figure 3.16, with the corresponding parameters

given in Table 3.1. There is a range of earlier work looking at extracting values for

the thermodynamic properties of systems described with a Yukawa potential from

MD simulations, and some of the results for the quantities fitted for are given for

comparison. The most significant deviation from modelled results is in the value γ,
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Units Fitted value Fitted range MD Results
γ 1.88 1.43-2.29 1.08†, ∼ 1‡
DT 10−7 m2/s 1.58 1.34-1.48 10.1 [35], 7 [118]
cs km/s 13.56 13.28-13.66 6.54† , 9.67 ‡
η mPa s 1.038 0 - 2.417 2.97[137], 1.16 [140]
ζ mPa s 0.859 2.45-0.854 [44]

Table 3.1: Thermodynamic properties obtained by fitting a generalised hydrodynamic
form of the DSF to the experimental values for an aluminium plasma at T =5 eV
and ρ = 7 g/cc. Also given are values for the quantities from molecular dynamics
simulations.
Results marked † were calculated by White [166], using the Hamaguchi EOS for the
internal energy and thermodynamic properties calculated as described by Mithen
[105]. Those marked ‡ are taken directly from MD simulations Mithen [105]. Other
values are taken from references given, except for the bulk viscosity ζ, as references
including [44] generally only give it as being less than the shear viscosity η by factors
of 1-2 orders of magnitude.

the ratio of specific heats, with the result here closer to that for an ideal monatomic

gas (γ = 5/3) than that of a liquid (γ & 1).

From Equation 3.3 it is obvious that, for a significant central peak to be present,

we require γ 6= 1 such that the term (γ − 1)/γ > 0. While there is good agreement

between the Hamaguchi model and the MD simulations, the significantly lower value

for γ from the experiment is merely a restatement of the fact that previous work did

not predict the existence of a central peak, and so returns to the question of whether

this feature is due to the ion dynamics or is an artefact of the experiment.

The sound speed, cs, also varies significantly from theoretical values obtained from

MD simulations. Although previous work has suggested that the Hamaguchi EOS

model does not recreate the value for systems with κ > 1 [105], the fact that the

fitted value also exceeds that from explicit numerical evaluation is more concerning.

While a further increase in theoretical models could be obtained from changing the

Yukawa potential to a Yukawa + SRR potential [166], work similar to that of Mithen

with this new potential has not yet been carried out.

The other three properties, best described as transport properties of the system,

do not show particularly good agreement, although the uncertainty in their values is

greater than that estimated in the table as they, broadly, control the width of the

peaks. In this case, where the peak widths are comparable to that of the instrument

function, the values obtained must be treated with a degree of caution. While papers

such as Feng et al. [44] suggest that ζ < η, which is not definitive in the values
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Figure 3.17: Experimental data spectrum with values calculated from the memory
function approach in Equation (2.44). The dimensionless values obtained from that
approach are then scaled to the peak position cq from the generalised hydrodynamic
description, defined in Equation (3.4a).

we have obtained, the fact that the only dependence of the fit on these quantities is

through (4
3
η + ζ) suggests that they can be varied with respect to each other with

very little effect. Consequently, drawing any conclusions about the shear viscosity

within the system is risky. We can note that the obtained value for the viscosity from

Langevin dynamics (equivalent to 2.63 mPa s) does fall within the fitting range.

Another hydrodynamic approach is, of course, using the memory functions de-

scribed in the previous chapter. Although these were formulated for a one component

plasma and neglected the effects of screening, the fact that the values obtained are

dimensionless means that we can choose to scale it by the peak position value in the

generalised hydrodynamics approach cq. This produces the results shown in Figure

3.17.

The positions of the peaks are, of course, correct, as we have chosen the scaling

such that they agree. The shape of the peaks also seems to agree, which is more

encouraging, although the width of the instrument function being comparable to the

side peak widths means that this agreement is not necessarily significant. The other

important feature to note is that, like the initial MD approach above, there is no

central peak, although the value at zero energy shift is greater.

Given the lack of certainty about the physicality of the central peak, and the ease

with which the memory function results can be obtained compared to the compu-

tational cost of even the relatively quick OFDFT-MD, this is an encouraging result

for the use of memory functions in modelling warm dense matter. Without more
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experimental validation in this regime, memory functions and hydrodynamic models

in general should not be used as stand-alone predictors, but are not without their

advantages in modelling ion behaviour.

3.5 Conclusions

This chapter has presented results from two experiments carried out on the MEC

endstation of the LCLS XFEL facility, demonstrating some of the capabilities of this

revolutionary new technology.

The first experiment looked at the angularly resolved scattering from warm dense

aluminium, probing much smaller angle scattering than would be possible with other

x-ray sources. Such scattering, corresponding to long length scales within the system

and consequently highly collective effects, can potentially give a direct measurement

of the compressibility at the low-k limit. The results do indicate that this is higher

than that predicted from SOCP models, but are not clear enough to give an absolute

value. The experiment also gave an example of how energy resolved XRTS can be

used for diagnosing the temperature, density and degree of ionization in the plasma,

especially in combination with measurements of the static structure factor. It suggests

that being able to routinely measure static structure factors and test models for

equilibrium behaviour in warm dense matter is within reach.

The second experiment used the beam in self-seeded mode with a Si (444) monochro-

mator to obtain a previously impossibly narrow bandwidth, capable of resolving the

scatter from a warm dense aluminium sample to unprecedented resolution. This al-

lowed the observation of the ion acoustic modes in a warm dense sample for the

first time, with the energies of the mode agreeing with predicted values. The experi-

mental results were compared to molecular dynamics simulations, with a significant

disparity in the matter of a large central (elastic) peak which was not present in any

simulations.

Other approaches to analyzing the data came in the form of fitting the observed

spectrum to a generalised hydrodynamic form, which accounts for the screening ef-

fect of electrons. This allowed values for a variety of thermodynamic quantities to

be obtained. There were significant disparities between these obtained values and

those predicted from simulations with a Yukawa potential, even accounting for large

experimental errors in the data due to low photon flux.

Further analysis will seek to confirm whether the observed central peak is due

to the ion dynamics or is from another phenomenon in the experimental technique.
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Now that such a technique has been demonstrated successfully, we can also hope

that similar experiments can be carried out again. Such campaigns could look at

measuring the shift at a range of k-values, either on separate shots or by deploying

multiple spectrometers. This would allow better characterisation of the dispersion

function of the ion modes in and beyond the acoustic regime.
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Chapter 4
Temperature Equilibration

4.1 Context

As seen in the previous chapter, warm dense matter can be created by using shocks

to compress solid materials, with associated P dV heating due to driving the sample

along the Hugoniot. Many other techniques for creating such states, though, rely

much more heavily on heating, whether through direct laser irradiation or heating by

charged particle beams, a method pioneered by Patel et al.[124]. These allow access

to a range of states not restricted by the Hugoniot relations, but can introduce other

effects to be considered.

In the case of direct laser irradiation, a wide variety of effects inhibit the accurate

characterization of the electron and ion species temperatures. In general, an optical

pump will heat electrons in the first few nm of the material, setting up a non-thermal

distribution which then transfers energy into the phonon modes of the ions. However,

there are expected to be non-negligible contributions from direct coupling of the pump

into phonon modes, as well as inhomogeneities in the initial heating profile.

An alternative method, and that used in most of the experiments described below,

is to instead use the optical laser to drive a charged particle beam which then heats

the sample. As with the optical pump, this will deposit energy into the electrons, but

without the complicating factor of phonon coupling as the stopping power of the ions

is much less than that of the electrons1. In addition, the heating is largely isochoric

and, with appropriate charged particle spectra, able to deposit energy much more

homogeneously throughout the sample.

Using such a heating mechanism, the ’initial state’ of the heated system is very

far from equilibrium, with an ionic lattice which is still near to room temperature,

1For example, in the experiments considered they generally differ by a factor of &1000.
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but an electron subsystem at a greatly elevated temperature. If results obtained are

being assumed to represent those of long-lived warm dense states, then clearly it

is necessary for the system to be allowed to reach equilibrium before being probed.

There is a danger in assuming that the equilibration happens very quickly (∼ps or

even less) as some of the results we have obtained suggest that such an assumption is

not necessarily correct. Consequently, experiments are being carried out to measure

the rates of temperature equilibration in strongly coupled plasmas both in the warm

dense matter regime [24], and in low temperature plasmas [7].

However, work on such non-equilibrium systems also has merits of its own, beyond

measurements of the equilibration rate. Such systems appear to exhibit unusual phase

transition behaviour [5] and show significant changes to thermodynamic [10] and

electrical [23][126] properties. Consequently, this an area of increasing theoretical

and computational exploration (e.g. [32],[29],[78]) with applications ranging over

many of the areas in which warm dense matter is significant, including in ICF [175].

This chapter looks at ways to model the rate of energy exchange in such systems.

First, the two temperature model is briefly described, which treats the electrons and

ions as separate systems, with a term to described the energy exchange between them.

Different approaches to evaluating this exchange term are then described, with their

relative merits considered. Results from these models are presented in the following

chapter, alongside relevant experimental values.

4.2 Two Temperature Model

The energy exchange behaviour of the out-of-equilibrium states described above has,

throughout the work discussed here, been modelled using the two-temperature model.

This treats the electrons and ions as separate systems, linked only by an energy

exchange term, and can be summarised by the coupled equations:

Cele
∂Tele
∂t

= ∇ · (Kele)−G(Te) · (Tele − Tion) + S(r, t) (4.1a)

Cion
∂Tion
∂t

= ∇ · (Kion) +G(Te) · (Tele − Tion) (4.1b)

The use of this approach to such systems has been common since early work

described by Elsayed-Ali et al. and others [40][4]. It relies on treating the electrons

and ions as independent subsytems, with the only interaction taking place between

them contained in the electron-ion coupling factor G(Te). Energy transfer within
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the system is described by the conduction term ∇ ·Ka, but in the systems studied

here the time- and length-scales are sufficiently small that these terms can usually be

ignored, as they take much smaller values than the electron-ion coupling term2. This

means that, energy deposition from the source term S(r, t) is finished, the behaviour

of the system is controlled solely by the electron-ion coupling factor G(Te).

Many models for the energy transfer take it to depend primarily on electron-

ion collisions or electron-phonon interactions, and so the factor G is assumed to

depend only on Te [1]. However, an explicit dependence on Ti is found within models

considering coupled electron-ion modes, as we will shortly see [33, 162, 161].

One significant assumption made in this two temperature model is that the sub-

species have a well defined ’temperature’. This definition implies that the particles

have had sufficient time to exchange energy with each other and reach an equilibrium

distribution, whether this is Maxwellian, Fermi etc., with this process described as

thermalization. As we have already said, the timescales of these experiments are very

short and so assuming that the distributions are thermal at every point is not easy

to justify. Interestingly, however, there is experimental evidence [53, 40, 143] from

solid density systems that the two temperature model still gives physical results for

non-thermal distributions, by assuming a thermal distribution at the same energy.

Consequently the overall behaviour of the system is not likely to be significantly

affected by small deviations from thermal distributions.

One other point to briefly consider is the behaviour in the limiting cases of high and

low interspecies coupling, i.e. large and small values of G(Te). When it is very low,

the initial heating of the system contained in the term S(r, t) occurs on a timescale

over which almost no interspecies energy transfer has taken place. Consequently, the

source term can be approximated as a δ-function, with the subsequent evolution of the

system determined wholly by the coupling parameter. At the other extreme, however,

with either high coupling or slow energy deposition, energy can be transferred between

the species almost as fast as it is being deposited by the source term. In such cases,

the electron and ion temperatures can remain almost identical throughout the energy

deposition, with no initial highly non-equilibrium state. This makes finding an exact

value for the coupling parameter much more difficult, as larger values will make

increasingly little difference.

2As an example, the relevant energy transfer rates in the tantalum sample used at Titan were
∼103 W for conduction, compared to ∼1010 W from the electrons into the ions
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4.3 Forms for G(Te)

We will now consider some of the approaches to obtaining values for the coupling

parameter G(Te). Although they are, in general, appropriate for different systems,

they will be presented for comparison and to illustrate the different ways that the

physics can be approached.

4.3.1 Metallic Relaxation

This first model, that of Allen [1], was developed to describe the energy exchange

between the electrons and lattice in metallic materials at low temperatures by con-

sidering electron-phonon collisions. We begin by taking the Bloch-Boltzmann-Peirels

formulæ, the derivation of which can be found in e.g. Ziman [177]:[
∂fk
∂t

]
=− 2π

~
∑
Q

|Mk k′ |2×{
fk(1− fk′)

[
(nQ + 1)δ(εk − εk′ − ~ωQ) + nQδ(εk − εk′ + ~ωQ)

]
(4.2a)

− (1− fk)fk′
[
(nQ + 1)δ(εk − εk′ + ~ωQ) + nQδ(εk − εk′ − ~ωQ)

]}
[
∂nQ
∂t

]
=− 4π

~
∑
k

|Mk k′ |2fk(1− fk′)
[
nQδ(εk − εk′ + ~ωQ)− (nQ + 1)δ(εk − εk′ − ~ωQ)

]
(4.2b)

These describe the evolution of the distribution functions for the electrons (fk) and

phonons (nQ) in terms of their quantum numbers k,Q, within one unit cell. |Mk k′|
are the electron-phonon matrix elements, which describe the probability of scattering

an electron from the initial state k with energy εk to final state k′ with energy εk′

by interaction with a phonon of energy ~ωQ = εk − εk′ . The factor of 2 difference

between the equations accounts for the electron spin degeneracy.

These equations fully characterise the future evolution of the distribution functions

as long as three conditions are met: that diffusion due to spatial inhomogeneity, i.e.

conduction, is negligible; that acceleration due to both external and internal fields is

negligible; and that no other collision processes are important. The first, as mentioned

above, is assumed to be true due to the short time- and length-scales of the systems

probed, and the second is true after the initial heating is completed. For the third

assumption, the only effect of other collisions (within, rather than between, species)
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is to keep the individual distributions thermal (Fermi for the electrons, Bose-Einstein

for the phonons), and characterised by a single temperature for each species Te or Ti

i.e.:

fk = {exp[(εk − µ)/kBTe(t)] + 1}−1 (4.3a)

nQ = {exp[~ωQ/kBTi(t)]− 1}−1 (4.3b)

with µ the chemical potential or, at low energies, the Fermi energy. As described

above, the differences due to non-thermal distributions are relatively small, and so

we will take this third assumption to be valid for the systems considered.

From Equation (4.2), a form for the rate of change on energy in the electrons due

to electron-phonon scattering processes can be derived:

∂Ee
∂t

∣∣∣∣∣
ep

=
4π

~
∑
k k′

~ωQ|Mk k′|2 [S(k, k′)] δ(εk − εk′ + ~ωQ) (4.4a)

[S(k, k′)] = (fk − fk′)nQ − fk′ (1− fk) (4.4b)

with S(k, k′) the so-called ’thermal factor’ which accounts for phonon absorption and

emission.

At low temperatures, the electron interactions will all take place near to the Fermi

surface, and work done in superconductivity theory can be used to simplify the form

of Equation (4.4), as is done by Allen [1]. This uses the Eliashberg spectral function

α2F :

α2F (εk, εk′ , ω) =
2

~g(εF )

∑
k k′

|Mk k′ |2 (4.5)

with g(εF ) the density of electron states at the Fermi energy.

This function varies with εk, εk′ on much larger scales than the variation with ω,

such that these can be neglected leaving α2F (εk, εk′ , ω) = α2F (ω). When substituted

into Equation (4.4) we obtain, after performing the integrals over εk and εk′ :

∂Ee
∂t

∣∣∣∣∣
ep

= 2πg(εF )

∫ ∞
0

α2F (ω)(~ω)2 [n(~ω, Ti)− n(~ω, Te)] dω (4.6)

By Taylor expanding the Bose-Einstein distribution, this can be further simplified

with the assumption that ~ω � kBTe and ~ω � kBTi. This leads to:
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∂Ee
∂t

∣∣∣∣∣
ep

≈ G0(Ti − Te) (4.7a)

G0 = π~kBλ〈ω2〉g(εF ) (4.7b)

Comparing to the two-temperature model above, we see that the constant value

G0 is just the electron-ion coupling parameter already defined. The quantities 〈ω2〉
and λ are, respectively, the second moment of the phonon spectrum and the electron-

phonon mass enhancement parameter. The former is defined by McMillan [102],

again in work looking at superconductivity, while the latter is the first reciprocal

moment of the spectral function defined above: λ〈w2〉 = 2
∫∞

0
dΩ Ωα2F (Ω). Values

for the product of these quantities can also be found in [102]. This means that we

can calculate values for the strength of the electron-ion coupling under conditions

with ’low’ temperatures, such that the collisions occur near to the Fermi surface, but

sufficiently high that the assumption made in expanding the distribution is justified.

To better account for the behaviour at high temperatures, electrons beyond the

Fermi surface, i.e. with ε > εF , need to be accounted for, and therefore the energy

dependence of |Mk k′ |2 needs to be calculated, or at least approximated. The work of

Wang et al.[163] proposes an approach based on the assumption that the quantity is

independent of electron states when summed over scattering angles. This leads to:

α2F (ε, ε′,Ω) =

[
g(ε) g(ε′)

g2(εF )

]
α2F (εF , εF ,Ω) (4.8)

with g(ε) the density of states at energy ε. Substituting this in, we obtain a relatively

simple form for a temperature dependent version of the expression found in (4.7)

G(Te) =
π~kBλ〈ω2〉
g(εF )

∫ ∞
−∞

g2(ε)

(
−∂f
∂ε

)
dε (4.9a)

= G0

∫ ∞
−∞

g2(ε)

g2(εF )

(
−∂f
∂ε

)
dε, (4.9b)

Near to room temperature, where electrons above the Fermi surface can be ig-

nored, −∂f/dε ≈ δ(ε − εf ) and the expression reduces to simply G0. At higher

temperatures, however, the term becomes non-negligible as electrons with energies

significantly far from the Fermi level contribute.
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In the original paper by Wang that proposed this method, this change in occupa-

tion levels was equivalent to d-band electrons being excited into the conduction band,

giving a significant change in g(ε) at the energies reached. This in turn led to an

increase in G(Te) of around a factor of 6 between room temperature and Te = 1 eV.

Further results using this approach are found in the paper by Lin et al. [96]. This

gives examples of G(Te) increasing, decreasing or behaving non-monotonically with

increasing electron temperature in different elements. What should be noted, though,

is that these values are only reasonable while the ions in the materials still have a

lattice structure; once it melts there are, of course, no longer phonons to interact with

and other models must be sought to calculate the exchange rate.

4.3.2 Landau-Spitzer Theorem

While the model described above considers energy transfer due collisions between

electrons and the lattice phonons, the collective oscillations of the ions in the mate-

rial, at the opposite end of the spectrum of materials for consideration is Spitzer’s

theory[148]. In this model, the energy transfer occurs between the electrons and

freely moving ions. Clearly, this is not relevant for the solid metallic elements de-

scribed above, but rather, best describes the behaviour of ideal plasmas (or fully

ionized gases, in the nomenclature of the time).

Following the original derivation of Spitzer, and working from the diagram of a

pairwise collision given in Figure 4.1, the angle φ is given by tanφ = Mpu2

ZZ1e2
with the

reduced mass M = (1/m + 1/m1)−1, the relative velocity u = v − v1 and Z,Z1 the

respective charges on the particles. p, the impact parameter, is the distance of closest

approach in the absence of interparticle forces.

Since we are looking at electron-ion energy exchange, we choose Z = e, Z1 = Zie

and M1 � m. We consider a significant deflection to be one where χ > 90◦, and find

that maximum the impact parameter for such a ’close collision’, defined as p0, is:

p0 =
Zie

2

mev2
(4.10)

with v the electron velocity throughout this derivation.

In this case, the potential energy at closest approach is twice the initial kinetic

energy of the electron, and the cross section for the scattering is πp2
0. We can then

define the time interval between collisions as tc = (πnivep
2
0)−1 with ni the ion number

density. While this is a reasonably accurate model for gases, it is a very poor model

for even ideal plasmas as the biggest effect on the electron paths is not infrequent,
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Figure 4.1: Values relevant for defining scattering of two particles, initial velocities v
and v1, due to Coulomb repulsion. The impact parameter p is the distance of closest
approach in the absence of the repulsive force.

large-angle interaction, but instead large numbers of small angle deflections. This

is because the potential between the electrons and ions in a plasma is much longer

range than the Lennard-Jones potential that governs the interaction between neutral

particles in a gas.

To describe the behaviour in a plasma, Spitzer uses diffusion coefficients which

quantify the change in a test particle, i.e. electron, velocity due to cumulative inter-

actions. If we consider the change in velocity perpendicular to the original direction,

the average will, by symmetry, be 0, so instead we can calculate the average square

change in the velocity:

(∆v⊥)2 = v2 sin2 χ

= v2 sin2(π − 2φ)

= 4v2 sin2 φ cos2 φ

=
4v2(p/p0)2

[1 + (p/p0)2]2
(4.11)

To get an average value, we then integrate over the range of impact parameters,

with the rate of impact per second between p and p+ dp being 2πvnidp.
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〈(∆v⊥)2〉 = 8πniv
3p2

0

∫ pm/p0

0

x3dx

(1 + x2)2

≈ 8πniv
3p2

0 ln

(
pm
p0

)
(4.12)

The full integral is in fact divergent, so a limit must be chosen for the value inside

the logarithm, which is the ratio of the maximum and minimum impact parameters

considered. Work by Cohen et al. [27] suggests that the Coulomb length λD is an

appropriate choice for the maximum value, as beyond this point the repulsive force is

screened by other charges in the system, an effect which is otherwise not accounted

for here. The minimum is chosen here as p0 as values below that lead to the large

angle scattering which this model assumes to not contribute significantly (due to their

infrequency). We also replace the kinetic energy with the average value, such that

mv2 → 3kTe. This gives a value for the quantity inside the logarithm:

Λ ≡ λD
p0

=
3

2Zie3

(
k3T 3

e

πne

)
(4.13)

The quantity ln Λ is known as the Coulomb logarithm, and varying the minimum

and maximum values to account for additional interaction effects is one of the primary

ways to attempt extend the validity of this model beyond the ideal plasma regime.

However, we will remain within the intial ideal plasma assumptions, and reproduce

the expressions for each of the dispersion functions of the velocity distribution. These

are given in terms of the error function Φ(x) = 2π−1/2
∫ x

0
exp(−y2)dy, the derived

function F (x) = [Φ(x)− xΦ′(x)] /(2x2) and the quantities AD = 8πe4Zi ln Λ/m2
i and

x =
√
mv2/(2kTe):

〈∆v‖〉 = −AD
me

2kTe

(
1 +

me

mi

)
F (x) (4.14a)

〈(∆v‖)2〉 =
AD
v
F (x) (4.14b)

〈(∆v⊥)2〉 =
AD
v

[Φ(x)− F (x)] (4.14c)

The first of these equations describes the change in velocity parallel to the initial

direction - this is generally going to be negative, and describes the slowing, or viscous,

effect of the plasma on the electrons. The other expressions govern the rate at which

the electron velocity distribution approaches the equilibrium Maxwell-Boltzmann dis-

tribution.

65



Now, having expressions for the changes in velocity, we can calculate how much

energy is being lost from the electrons due to these processes. From simple expressions

for the kinetic energy we see that:

∆E =
m

2

{
2v∆v‖ +

(
∆v‖

)2
+ (∆v⊥)2

}
(4.15)

Expanding this equation and multiplying by the electron number density, we find

an expression for the coupling constant G:

G =
8(2π)1/2neniZ

2
i e

4

3memi

(
kTe
me

+
kTi
mi

)−3/2

ln Λ (4.16)

We can see that, in this case, the dependence is on both the electron and ion

temperatures, as both species are moving, although except in the case of systems

with Ti � Te the inverse masses mean that the ion temperature makes a much

smaller difference to the value.

Approaches to extending the validity of this model generally focus on varying the

parameters in the Coulomb logarithm e.g. Brysk [15], Gericke et al. [57]. Values for

these can be chosen to fit values obtained from molecular dynamics situations, but

this is still limited to values of Γ . 0.1. Consequently, other models are still needed

when attempting to describe the dense ionized systems that are considered in this

work.

4.3.3 Quantum Statistical Approaches

The final models considered are significantly more complex that the previous ones,

but are also the most relevant in the materials and under the conditions that are of the

greatest interest. Rather than considering the motion of a single test particle, they

treat the whole system quantum statistically to evaluate 〈Ḣe〉, the rate of change of

the expected value of the electron subsystem Hamiltonian. The linking between the

electron and ion subsystems distinguishes the Fermi Golden Rule (FGR) and Coupled

Mode (CM) approaches - in FGR, they are treated as weakly coupled such that the

response function of one can be calculated without considering changes in the other.

In CM, on the other hand, interactions between density fluctuations in each of the

subsystems are considered dynamically.

These approach is fundamentally different from that using single-particle kinemat-

ics, although the values obtained will converge in appropriate limiting situations[21].
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Results from the FGR and CM models tend to agree with each other, only diverg-

ing in extreme conditions where the effects of interspecies mode coupling become

significant.

To obtain an expression for 〈Ḣe〉, we take the commutator mean value:

〈Ḣe〉 = 〈[He, H]〉 (4.17)

with H the Hamiltonian for the entire (electron and ion) system.

In the simplest evaluation, this become a FGR calculation, the derivation of which

was first done by Dirac [34]. It says that, if a system described by a given Hamiltonian

H in eigenstate |i〉 is perturbed by an additional Hamiltonian that oscillates with

frequency ω, then the system can move to a state |f〉 ∈ |F 〉, where |F 〉 is the set of

states with energy ±~ω different from the original state. The probability per unit

time of this occurring, to first order in the perturbation, is

Pi→f∈F =
2πρ

~
|〈f |H ′|i〉|2 (4.18)

with ρ the density of possible final states per unit energy.

In the systems we are considering, the perturbing Hamiltonian can be an oscilla-

tion in either the ion or electron subsystem, with the frequencies for the possible col-

lective modes being contained in the respective spectral functions Ai(k, ω), Ae(k, ω).

These spectral functions are defined uniquely by the dynamic structure factors for

the electron and ion subsystems (a = e, i) through

Sa(k, ω) =
1

2π
NB(−ω, Ta)Aa(k, ω) (4.19a)

Aa(k, ω) = −2 Imχa(k, ω) (4.19b)

with a denoting the subsystem and NB(ω, Ta) a Bose distribution describing the

occupation of the possible spectral states at the temperature of the system [33]. The

value χa(k, ω) is, as defined in Chapter 2, the density response function for the system

being considered and so it can be seen that, at small ω then NB(ω, Ta) → kBTa/~ω
and these expressions reduce to the fluctuation-dissipation theorem, Equation (2.47).

In the work by Dharma-Wardana and Perrot [33] they start by assuming an ion

spectral function consisting of a single mode at frequency wq:

Ai(k, ω) = −2π [δ(ω − ωq)− δ(ω + ωq)]

This gives an expression for the energy exchange with the electrons due to this single

mode, which is then integrated over the frequency range to give the full expression,

which is reproduced here:
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∂Eele
dt

=

∫ ∞
0

ω dω

2π

∫
dq3

(2π)3

∣∣Uie(q)
∣∣2∆NeiAeAi (4.20a)

∆Nei = [NB(ω, Te)−NB(ω, Ti)]

with Uie(q) the electron-ion pseudopotential.

We can see that the rate of energy exchange is proportional to the population

imbalance in modes that share an energy, and that we can therefore define a relaxation

time for the population of each mode Pqω according to the rate equation

∂Pqω

∂t
=

[NB(ω, Te)−NB(ω, Ti)]

τqω
(4.21a)

τqω =
[∣∣Uie(q)

∣∣2Ae]−1

(4.21b)

In the limit where the energies of the modes ~ω are significantly smaller than the

thermal energy kBTa, which is relevant for the dominant modes in the system, then

the Bose distribution reduces to a fraction and the temperature difference can be

factorised out, to give an expression in the form of the two temperature model

∆Nei →
Te
ω
− Ti
ω

(4.22)

G→
∫ ∞

0

dω

2π

∫
dq3

(2π)3

∣∣Uie(q)
∣∣2AeAi (4.23)

This expression can be used as a value for modelling or analyzing experimental

data, with the additional assumption that G is constant throughout the experiment.

Other approaches would be to recalculate the spectral function and pseudopotential

as functions of temperature across the parameter space of the experiment, which

would rapidly become computationally prohibitive for even a simple model.

Turning now to the case of considering the coupled modes within the system, we

find an expression that is very similar to (4.20). However, instead of separate spectral

function Ae, Ai coming from well-defined, non-interacting density response functions

for each species, a DRF for the entire system has to be considered. Rather than the

DRF, this is generally ([160],[21]) written in terms of the dielectric functions, both

those for individual species, εa(k, ω) ∝ χ−1
a (k, ω), and that for the system as a whole

ε(k, ω), with a corresponding definition.
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For comparison, we now have values for the rate of energy exchange under the

FGR and CM approaches, written in comparable terms:

∂Eele
dt

∣∣∣
FGR

=

∫ ∞
0

ω dω

2π

∫
dq3

(2π)3

∣∣Uie(q)
∣∣2∆Nei Im ε−1

e (k, ω) Im ε−1
i (k, ω) (4.24)

∂Eele
dt

∣∣∣
CM

=

∫ ∞
0

ω dω

2π

∫
dq3

(2π)3

∣∣Uie(q)
∣∣2∆Nei

Im εe(k, ω) Im εi(k, ω)

|ε(k, ω)|2
(4.25)

Due to the presence of a peak when ε(k, ω) = 0, corresponding to the plasmon peak

in the DSF, calculating values using these expressions can be very computationally

expensive. There exist a variety of approaches to simplifying the calculation, which

are outlined in e.g. [20], but will not be considered further here. Suffice to say that,

even with simplifying assumptions made, these approaches considering the dynamics

of both the electrons and ions in the system are significantly more robust than earlier

calculations for systems under warm dense conditions.

4.4 Conclusions

This chapter has presented the basic model used to describe temperature equilibration

in the systems considered in this thesis. Although it is a relatively simple model,

various different approaches to quantifying the rate of energy exchange produce results

which agree with the basic premise that ∂E/∂t ∝ (Te − Ti).
These different approaches deal with very different situations and, as we will see

in the next chapter, produce very different results. The metallic model is based on

a low-temperature approach and, as it considers energy exchange between electrons

and phonons, cannot be applied to materials outside of the solid state. However, one

of the main temperature diagnostics used in the following chapter is diffractive, and

consequently can also only be used when a crystalline lattice still exists. Consequently,

this model is one of the easiest to test in the experiments carried out.

The Landau-Spitzer model quantifies the energy exchange between free electrons

and ions, and so is relevant for low-Γ plasmas. Although this is not expected to

produce meaningful results for the systems that have been studied, it is informative

to see how the problem was approached by the earliest work on the subject. It is also

the case that, in the ideal plasmas that it is most suited to, it produces results which

agree well with experimental results.

Finally, quantum statistical models based on the structural properties described

earlier in the thesis were presented. These have been shown to produce results which

agree well with molecular dynamics simulations of warm dense systems. The maths
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of calculating values through these approaches is more complex, but the range of

validity is correspondingly much greater.
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Chapter 5
Equilibration Results

In the introduction to the previous chapter we saw that, to study the properties of

warm dense matter produced by charged particle heating, sufficient time must be

allowed for the material to reach temperature equilibrium if the results obtained are

to be related to natural cases. The chapter went on to outline models for describing

the rate of energy exchange between the ion and electron species in the materials,

and consequently the timescales needed for the material to reach equilibrium.

This chapter looks at the experiments we carried out to directly measure the rate

of energy exchange, with the results compared to some of the models described. We

begin with descriptions of some of the experimental methods used to study these

phenomena, including the method used to generate proton beams, and how x-ray

diffraction can be used to measure the temperature of the ion subsystem.

We then move onto the experiments themselves; the first two campaigns studied

graphite, using first proton heating, on the Titan laser, and then electron heating, on

the PHELIX laser. The next was carried out on a smaller facility, in our own lab in

Oxford. This used direct laser irradiation and only probed very weak sample heating.

The final experiment was again on the Titan laser, looking at a variety of materials,

but with quantitative results only obtained for tantalum.

5.1 Experimental Methods

5.1.1 X-ray Line Radiation

In the description of FELs we noted that, prior to their development, monchromatic

X-rays were mostly generated from laser-matter interactions. The particular sources
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used here are generally K-α sources, meaning that they are due to emissions from

electrons moving from the L-shell (J = 2) to the K-shell (J = 1) [155].

Such emissions are generated when an intense, ultrashort (sub-ps) pulse is incident

on a solid target; this is absorbed within the skin depth at the laser wavelength,

heating the electrons to hundreds of eV and creating a plasma. Over the timescale of

the laser pulse, the laser-plasma interaction drives fast electrons into the material and

excites inner shell electrons. As these holes are filled, the characteristic line radiation

is emitted [136].

Without other sources available, much work was done in improving the yields and

conversion efficiencies of such sources. This found that the best results were obtained

away from best focus [134] and with thin (∼ µm) foils [131], due to the significance

of refluxing in generating the desired radiation [121]. This occurs when electrons are

driven from the far side of the target, leaving a net positive charge in the target and

attracting the electrons back into the sample, where they then emit further radiation

[114]. This lengthens the duration of the emission, but also significantly increases the

total flux.

These sources were used on many experiments in the warm dense and high en-

ergy density regime e.g. [122] [59] [97], including Thomson scattering experiments,

and continue to be so used due to the scarcity of XFELs. The main drawback,

apart from the lower brightness, is the other radiation produced, both in the form of

bremsstrahlung X-rays across a broad range of energies, and charged particle radia-

tion, both of which add significantly to the noise in any results obtained. Although

shielding can be used to mitigate these effects, they do still present a significant

challenge to experimental design and analysis.

5.1.2 Target Normal Sheath Acceleration

While the benefits of using charged particles to heat samples have already been ex-

pounded, the use of protons in particular is highly advantageous. The reasons for

this include being easy to measure using diagnostics such as Thomson spectrometers

or radiochromic film, and the deposition of energy in different materials being well

understood [124].

Such beams can be generated in the lab by interacting a high-intensity laser with a

solid target.The x-rays that we then use to probe the heated sample can be generated

in a similar way and so this process, known as target normal sheath acceleration, is
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frequently used in experiments where an incoming laser is split in a ’pump-probe’ con-

figuration. One part of the beam creates the heating source, and the other generates

X-rays as a diagnostic.

Accelerating protons in this specific way was first observed by Hatchett et. al.

in 2000 [74], although ion acceleration from ps laser interactions had been observed

previously [45],[146]. Hatchett used beams of 1 µm light, delivering several hundred

joules with intensities up to 3 × 1020 W cm−2 onto solid targets, and diagnosed the

emitted photon, electron and ion beams. Nearly half of the laser energy was converted

to a broad beam of hot electrons, but they also saw a highly luminous beam of ions,

comprising mainly protons, that travelled almost exactly normal to the target rear

surface, and containing particles up to several MeV. This was explained by the hot

electrons forming a Debye sheath with fields of ∼MV/µm, accelerating protons and

ions from contaminant layers of water vapour and hydrocarbons on the surface.

Target normal sheath acceleration (TNSA), is now a well-established (e.g. [12],

[99]) method for creating highly collimated beams of protons with smooth angular

distribution and very short duration (on the order of the drive beam, i.e. ∼ps).

Further work by e.g. Fuchs et al. [52] and Passoni et al. [123] has looked at how the

emitted spectra scale with laser energy, target thickness and other parameters. They

found that a fluid model for the sample, derived from the work of Mora [109], can fit

observed data with a good degree of reproducibility.

The results that they found relied on the fact that, in generating such a powerful

laser pulse, the laser will also naturally produce amplified spontaneous emission,

giving long-duration, lower energy laser irradiation before the main pulse. This ionizes

the target, generating a pre-plasma, the electrons of which are then accelerated by

the main pulse. Experimental results suggest that these electrons are accelerated

thermally, with spectral temperature Thot equal to the laser ponderomotive potential

Tp = mec
2
[
(1 + Iλ2

µm/1.37× 1018)1/2 − 1
]

(5.1)

where I is the laser intensity in W cm−2 and λµm the wavelength in microns, with

me and c the electron mass and speed of light, as usual. The quantity Iλ2 appears

frequently in work on laser-matter interactions, and is a significant scaling quantity in

laser-matter interactions, as it is equal to the kinetic energy of a particle accelerated

by the radiation field.
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The form of the spectrum in the fluid model is:

dN/dE =
[
ne0cstaccSsheath/(2EThot)

1/2
]

exp
(
−(2E/Thot)

1/2
)

(5.2)

=
[
A/(2EThot)

1/2
]

exp
(
−(2E/Thot)

1/2
)

(5.3)

where ne0 is the accelerated electron density, cs the sound speed in the material,

tacc = 1.3 tlaser the effective acceleration time and Ssheath = π(r0 + d × tan θ)2 the

surface area of the ’sheath’ of accelerated electrons on the target rear surface. The

value A is fixed for a given laser intensity, and is later used as a fitting parameter.

The model also predicts a maximum proton energy depending on the effective

acceleration time, normalized to the period of ion osciallations in the plasma. This

maximum energy is equal to:

Emax = 2Thot
[
ln(tp + (t2p + 1)1/2)

]2
(5.4)

tp =
ωpitacc
(2e)1/2

(5.5)

At the laser energies and pulse lengths considered within this work, this model

has been found to agree well with published results, and consequently is used as a

model for fitting in the work on the experiment at Titan.

5.1.3 Debye-Waller Effect

In his book on X-ray diffraction [164], Warren describes the effect of temperature on

diffraction results as ‘a nuisance’. This is because it tends to reduce the intensity

of the crystal reflections, and can be difficult to account for in determining crystal

structure from obtained spectra. In the work carried out here, on the other hand,

this reduction in intensity is incredibly useful, as it allows a direct measure of the

lattice temperature in the sample being probed, at a temporal resolution equal to the

duration of the X-ray pulse. This is because the relationship between the reduction in

diffracted intensity and the temperature is well understood, although far from trivial

to calculate, and so by observing this drop in intensity we obtain the temperature of

the lattice.

To show this, we follow the derivation of Warren and begin with the definition of

the diffracted intensity from a simple crystalline sample:

I0 = Iin
∑
n

Fne
ik·rn

∑
n

F ′ne
−ik·r′n (5.6)
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In this equation, Fn are the atomic form factors, describing the distribution of

electrons around the atom, rn are the (zero temperature) ion positions i.e. the lattice

sites, and k is the wavevector of the diffraction, as defined in (1.6a).

Although it will not be considered in this discussion of the Debye-Waller factor,

which accounts for the effect of ion motion on the diffracted intensity, the quantity

Fn also varies directly with temperature; as the ion gains energy, the electrons favour

more excited states and so the ion becomes, on average, more ionized. This effect is

discussed, where relevant, in the results obtained from experiments but is found to

be small on the temperature scales probed.

The direct effect of temperature on the above expression is introduced by allowing

the atomic position to vary due to thermal motion such that rn → rn + δn where δn

is the instantaneous displacement due to thermal motion. In this case, the change in

intensity due to considering the effect of thermal motion will be:

I/I0 =
〈
eik·(δn−δn′ )

〉
(5.7a)

=
〈
eik(un−un′ )

〉
(5.7b)

where un is the component of the displacement parallel to the scattering vector k,

and therefore perpendicular to the diffracting plane.

In the case that the exponent in (5.7b) is small, identities for exponential functions

allow us to write

〈
eik·(un−un′ )

〉
= e−

1/2k2〈u2n〉 × e−1/2k2〈u2n′ 〉 × ek2〈unun′ 〉 (5.8a)

= e−Me−M
′
ek

2〈unun′ 〉 (5.8b)

This can then be incorporated into the expression for the intensity, with M = M ′

for the case where only one type of atom is present, such as in the diffraction from

elemental samples considered here. This leaves us with:

I/I0 = e−2M + e−2M
(
ek

2〈unun′ 〉 − 1
)

(5.9)

with M = −1/2 k
2〈u2

n〉. The first term describes the reduction in intensity of the main

diffracted peak due to the lattice temperature: the Debye-Waller effect that we are

most interested in. The second term represents temperature diffuse scattering and is

itself a very interesting phenomenon which allows measurement of the spectrum of

waves which can be supported by the lattice. However, the contributions are negligible

in the situations considered here, and will therefore be ignored in this work.
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We now have a relationship relating the diffracted intensity to the ion motion, but

this is not, in and of itself, enough to give us a measure of the temperature. Indeed,

relating the temperature of the system to the ion motion is not trivial, especially

in crystals such as graphite with an anisotropic structure. To do so, we begin by

considering any given wave in the sample to be composed of modes travelling parallel

to the three base vectors of the crystal ej with j = 1, 2, 3, with respective amplitudes

aj. The factor M then takes the form

M =
1

2

∑
j

(k · ej)2〈a2
j〉 (5.10)

We can see from this that the reduction in intensity due to a given wave is greater

when it is parallel to the wavevector of the diffraction, k, and is proportional to

the intensity, i.e. the average displacement of the atom out of the plane. Now, by

assuming that the waves are sinusoidal with a frequency ωj, we find that the average

energy associated with a given wave is:

〈Ej〉 =
1

2
nimiω

2
j 〈a2

j〉 (5.11a)

=

[
1

exp(~ωj/kT )− 1
+

1

2

]
~ωj (5.11b)

with ni,mi the ion number density and mass, respectively, and the second expression

written under the assumption that the energy per wave follows that of a simple

harmonic oscillator.

Combining Equations (5.10) and (5.11) allows us to find an expression that relates

the factor M to the ion temperature, by summing over all the waves in the lattice.

Treating this directly as a sum is challenging, but the method of Debye, presented

by James [84], allows this to be converted to an integral over the Brillouin zone,

considered to be a sphere of radius gm. Each wave is treated as either wholly transverse

or longitudinal, and all waves of the same type assumed to have the same, averaged

velocity Vj, a reasonable assumption in an isotropic crystal.

For each type of wave, the vibration direction ej is oriented randomly relative to

k, and so for each wave terminating in the Brillouin zone, we can take the average

for the term in (5.10):

〈k · ej〉2 = |k|2〈cos2(θ)〉 =
k2

2
(5.12)
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With the volume1 VBZ = 4
3
πg3

m, volume element dV = 4πg2dg and density of points

in the sphere Ni/VBZ , the expression for M becomes:

2M =
k2~
Nimi

∑
j

∫ gm

0

1

ωj

[
1

e(~ωj/kT ) − 1
+

1

2

]
3Ni

4πg3
m

4πg2dg (5.13)

To rewrite this equation such that the integral is performed over the frequency wi,

we note that, in terms of the constant velocity for each type of wave, ωj = Vj × 2πg.

The maximum frequency is therefore ωjm = Vj × 2πgm, which can be used to rewrite

the equation in terms of ωj.

2M =
k2~
mi

∑
j

1

ω3
jm

∫ ωjm

0

[
1

e(~ωj/kT ) − 1
+

1

2

]
ωjdωj (5.14)

This is then simplified by expressing the frequencies in terms of characteristic

energies for the (dummy) variable ωj in the integral and for the maximum frequency,

which now corresponds to a maximum energy mode, such that ε = ~ωj/kBT and

xj = ~ωjm/kBT , with kB the usual Boltzmann constant. By substituting these into

the equation, and with the definition of Φ(x) introduced by Debye:

Φ(x) =
1

x

∫ x

0

εdε

eε − 1
(5.15)

Equation (5.14) becomes

2M =
k2kBT

m

∑
j

1

ω2
mj

[
Φ(xj) +

xj
4

]
(5.16)

This is now approaching a usable form, but the final step is to relate the maxi-

mum allowed energies εm to the characteristic temperatures, or Debye temperatures,

Θ = ~ωm/kB. However, these temperatures depend on the lattice structure, and

consequently can be different for longitudinal and transverse waves, and in the case

of anisotropic crystals such as graphite, can also depend on the relative angle of the

diffraction plane to the crystal.

To account for the types of wave, we define separate Debye temperatures xl =

Θl/T , xt = Θt/T , and the expression for the factor 2M becomes

2M =
k2kBT

m

{
1

Θ2
l

[
Φ(xl) +

xl
4

}
+

2

Θ2
t

[
Φ(xt) +

xt
4

]]
(5.17)

The factor 2 in the second term within the curly brackets is due to the fact that

two of the three transverse wave directions give rise to particle motion normal to the

1NB This is a volume in the Brillouin Zone, and so has units [m−3]
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diffraction plane, as opposed to only one longitudinal wave direction. For simplicity,

we use this fact to introduce an average Debye temperature ΘM :

3

Θ2
M

=
1

Θ2
l

+
2

Θ2
t

(5.18)

This method of taking the average, while different from that in the Debye theory

of specific heats, produces values which generally differ little from those obtained

through the formal method, denoted ΘD
2 We can then obtain a final expression for

the Debye-Waller factor, with x = ΘM/T :

I/I0 = e−2M (5.19a)

2M = k2 3~2

mkBΘM

1

x

[
Φ(x) +

x

4

]
(5.19b)

One further consideration to note is that this calculation has been performed

assuming only a small crystal sample, whereas in experiments the intensity measured

will be the sum of diffraction from a larger crystal face. While accounting for this

does change the value of the total diffracted intensity, it does not alter the change

in intensity with increasing temperature - i.e. the intensity still decreases as e−2M .

Consequently, in experiments we can consider not the absolute value of diffracted

radiation, but instead compare the intensities from heated and unheated regions of a

sample to see the relative decrease. This also allows variation in the source intensity,

which is often significant in laser-driven X-ray sources, to be accounted for.

5.1.3.1 Dynamic Diffraction

We now have an expression which described the change in diffracted intensity from a

single crystalline layer; the effect of an extended face crystal is, as described above,

accounted for and consequently the temperature can be extracted from diffracted

X-rays if some part of the sample is at a known temperature. Another effect of

the calculation above, though, is that this assumes that the crystal is only one single

layer thick. This, perhaps surprisingly, remains a relatively good assumption for thick

imperfect crystals with a high mosaicity. In these cases, a single X-ray is only likely

to find one crystallite within the sample at the correct (Bragg) angle from which

to diffract, so the other layers present have no effect, except to slightly decrease

2As Warren notes, the example of Germanium, where ΘM ∼ 0.8×ΘD is a significant exception,
but as that element has not been used in any of this work, it will be ignored.

78



Figure 5.1: Illustration of the possible paths for a beam entering a perfect crystal. It
can be seen that the intensity will be the sum of reflections off many planes.

the intensity due to absorption effects. These will be, on average, the same for any

temperature and so the proportional decrease remains unchanged.

In the case of a perfect crystal, though, each plane of the crystal is at the same

angle and consequently an X-ray which meets the Bragg condition with one layer

will also do so with all the further layers below it, as illustrated in Figure 5.1. Using

the above approximation, characteristic of the so-called ’kinematic’ approach, can

produce results which can deviate significantly in some crystals. Instead, a wholly

different approach can be followed using a more rigorous ’dynamical’ theory.

The full derivation will not be given here, but can be found in Warren, which

itself takes it from the original work by Darwin in 1914 [30]. Much of the complexity

comes from deriving the absolute value of the diffracted energy, which is found to be:

I/I0 =
8

3π

(
e2

mc2

)
Nλ2|Fe−M |

sin 2θB

(
1 + | cos 2θB|

2

)
(5.20)

This accounts for the diffraction summed over small crystal cells, with N the

number of cells per unit volume, and λ the wavelength, θB the Bragg angle and F

the atomic form factor as before. It is interesting to note that the diffracted intensity

from an entirely dynamic system is, in general, significantly less than that from the

kinematic case due to the inherent angular dispersion of an incoming beam.

The most significant thing to note in Equation (5.20) is that the change in intensity

with temperature, which is once again contained in the factor M , now only goes as

e−M . Therefore, not only do we have a small diffracted intensity, but it also changes

less as the temperature increases.
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5.2 Experiments

In the experiments here, the method of measuring the rate of temperature equili-

bration remains broadly similar. A laser beam is split between two arms in the

‘pump-probe’ configuration mentioned earlier in this chapter. One of these arms, the

pump, heats the crystal target, either directly by laser irradiation, or by driving a

beam of charged particles. The other arm, the probe, illuminates a thin metal foil

to produce pseudo-monochromatic x-ray line radiation. This production takes place

at a known delay after the probe beam has heated the target, and the strength of

the diffracted signal is measured. This diffraction strength can then be related to the

temperature of the ions in the target, as it decreases with temperature according to

the Debye-Waller effect. This delay can be varied to give measurements of the evo-

lution of the ion temperature over time. Correspondingly, the electron temperature

can be calculated from simulations of the heating mechanism. As we will see in the

analyses below, this is sufficient to define the electron-ion coupling parameter G.

5.2.1 Titan - August 2011

Although this experiment was carried out prior to my joining the experimental group,

the results that were obtained are what motivated much of the work that follows,

and so is included to give an appropriate context for the later results. Much of the

discussion is taken from the paper by T. White et al. [170], who led the analysis of

the results.

This experiment looked at the rate of electron-ion coupling in the high temperature

limit of graphite - that is, close to the melting point but with the lattice structure

still intact. This is significant because the structure of the ions potentially plays an

important role in determining how quickly energy can be transferred, and because

the structure of graphite gives it a variety of unique properties. Previous experiments

which had investigated the interspecies energy transfer utilised an optical pump to

heat the sample [83] [94] [151], creating a nonthermal distribution of electron in a nm-

thick layer on the surface. As has already been mentioned, this method has a variety

of potential drawbacks and so for this experiment a TNSA-driven proton beam was

used instead.

The experiment took place on the Titan laser, using a 150 J beam in 10 ps, with

a fundamental wavelength of λ = 1054 nm. 30% was incident onto a 10 µm thick

Al foil, driving a proton beam through TNSA. These accelerated protons heated a

graphite (HOPG) sample, below a 30 µm thick layer of polypropylene, used to stop
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Figure 5.2: Schematic of experimental setup for Titan 2011 experiment.

low energy protons and heavy ions from giving additional heating, while also acting

as a tamper to prevent expansion of the sample over the timescale of the experiment.

The proton spectrum was measured on shots without a crystal in place, and scaled

by the laser intensity. This spectrum was then used in a ray tracing simulation with

energy deposition modelled with known stopping powers. This irradiation raised the

electron temperature to Tmax ∼ 1.5 eV.

The remainder of the laser energy was focused onto a Cu foil, at a delay of 225 ps

after proton creation, to drive the Cu K-α transition and give X-rays at E0 = 8047

eV. These diffracted off the crystal sample at the Bragg angle of 27.4◦ and were

detected on an image plate 30 cm away at a magnification of 138. The diffracted line

on the detector was, as expected, observed to have a decrease in signal intensity in

the regions corresponding to the heated area of the sample due to the Debye-Waller

effect.

In these results, the intensity decreased to . 20% of that from the unheated re-

gions. Using a Debye temperature of ΘD = 800 K taken from density functional the-

ory calculations, it was found that the drop in intensity was consistent with an ionic

temperature of around 0.3 eV at this delay. This was used in the two-temperature

model, along with values for the heat capacities taken from Propaceos 4.2, an equa-

tion of state code based on a chemical model with additional adjustments taken from
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Figure 5.3: a) Electron and ion temperature evolution plotted for the best-fitting
value for the electron-ion coupling (in red), and values a factor of two higher and
lower (green and blue, respectively), with the experimental data point and error bars
in black. b) EOS values for electrons and ions, calculated from Propaceos and
DFT-MD. The flat region of the DFT-MD line is due to the latent heat of melting.

experimental data, and also from ab initio simulations of the electrons in a density

functional theory calculation.

Figure 5.3 a) shows the evolution of the species temperatures from the proton

arrival time at t ∼ 50 ps. The best fit is found for G = 0.54 − 0.66 × 1016 W K−1

m−3, with higher and lower values plotted for comparison. These results use the

DFT-MD equation of state values for the lattice heat capacity, shown in 5.3 b), as

those obtained from Propaceos do not account for the effect of latent heat, which

is significant as the sample is close to melting.

Although the model used does not account for the variation of G with Te over

the timescale probed, the result can be reasonably interpreted as an average over this

period. In Table 5.1 the results from the models outlined in the previous chapter,

averaged over the temperatures probed, are presented. Those from the metallic cou-

pling model are not included, due to the difficulty of accounting for the anisotropy of

graphite in that model. It is clear that the models describe the behaviour of graphite

very poorly. However, this cannot be considered to be entirely surprising - the Spitzer

model should not work at solid densities, and the FGR and CM models depend on

the existence of collective modes in both the electron and ion subsystems. While at

least some of the electrons in graphite are delocalized, the ions are still in a lattice

structure throughout the experiment, and so these models are also not appropriate
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Model G (W K−1 m−3) τ (ps)

Spitzer 2× 1018 0.5

Fermi Golden Rule 6× 1017 1.5

Coupled Mode 5× 1016 18

Experimental 6.0± 0.6× 1015 150

Table 5.1: Predicted (averaged) values of G from models outlined in the previous
chapter, compared to the experimental result obtained.

for the states probed. Adapting the metallic model for the more complex graphite

hexagonal lattice could give better agreement, but such work is beyond the scope of

this thesis.

5.2.2 PHELIX - May 2012

Following on from the work carried out at Titan, we wanted to once again probe the

rate of energy exchange at the high-temperature limit of graphite, but with the addi-

tion of temporal resolution; that is, obtaining measurements of the ion temperature

at a variety of delays to more accurately characterise the rate.

The experiment was carried out on the PHELIX laser (Petawatt High-Energy

Laser for Heavy Ion Experiments), at the GSI Helmholtz Institute in Darmstadt,

Germany. As the name suggests, this is most often used in combination with the

accelerator facility onsite (UNILAC), but also allows beam time for stand-alone laser

beam experiments such as ours. The beam is a lower energy than that available at

Titan (80 J vs. 150 J) but the shorter pulse length available (0.7 ps vs. 10 ps) makes

for a significantly higher incident power.

As before, the beam was split in a pump-probe configuration, with the energy

in this case split evenly between the heating drive and the Cu K-α X-ray source.

Rather than protons, this experiment used electrons to heat the sample. Like protons,

this avoids issues associated with direct laser heating, and also allows a more rapid

creation of the heated state than that caused by proton time of flight effects. The

drive beam was incident on the 200 µm thick Ti substrate in a 30 µm spot, driving

electrons through the titanium and into a 50 µm thick highly oriented pyrolytic
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Figure 5.4: Relative Bragg scattering from heated region at delays of t = 75 ps
and t = 500 ps, in blue, with experimental error indicated by the shaded region.
The drop in intensity has grown significantly, indicating an increase in the temper-
ature of the heated region. We can also see that it broadly agrees with the dashed
line corresponding to predicted results from the Zephyros code, using a value of
G = 0.20± 0.05× 1016 W K−1 m−3 in the two-temperature model. The absorption,
temperature and angle values characterise the fast electron distribution within the
sample.

graphite layer on the rear surface (far side from the laser), which was the sample

to be probed. The interaction of the pump laser arm with the Ti sets up strong

radiation fields accelerating electrons to energies between 1 keV - 1 MeV. This non-

thermal fast electron current passes into the sample, setting up resistive fields and

return currents and losing energy to the surrounding material though collisions and

Ohmic heating. At the same time, the energetic electrons produce x-ray radiation

through bremsstrahlung and K-shell emission. This line radiation was detected on a

spectrometer and used to derive an on-shot measurement of the temperature, energy

and divergence of the hot electron population.

The second arm of the laser was delayed by up to 1 ns and irradiated a Cu

foil in a 30 µm spot to drive the K-α transition at 8.047 keV. These x-rays then

diffract off the target at first order (θB = 13.3◦) onto an image plate detector 10

cm away, at a magnification of 38. The foil was aligned such that it was edge-on

to the target to reduce source broadening effects in the observed line. Similarly to

the experiment at Titan, the reduced intensity from the heated region relative to

the ambient surrounding gives a measure of the ionic temperature due to the Debye-

Waller effect.
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To fit the ion temperature data extracted from the diffraction, we use the 3D

hybrid code Zephyros to model the energy deposition from the hot electrons in the

sample, generating the source term in the two-temperature model. This code treats

the electrons as the particles in a PIC (particle-in-cell) code, with the background

of electrons and ions treated with a fluid model. The resistivity is taken from a

reduced Lee-Moore model, matching room-temperature values in graphite. Zephy-

ros also includes a K-shell emission rate, which was used to match the initial hot

electron population to the K-α emission observed on the target rear surface. Since

the absorbed energy, spectral temperature and angular divergence can be uniquely

defined with this method, it can be used to generate the initial source term in the

two temperature model.

This gives a source term of SR(t) ∼ δ(t)6.9 J mm−3, and is assumed to be in-

stantaneous compared to the timescale of equilibration, and homogeneous through

the sample. Best agreement between the deposited energy from hot electrons and the

measured ion temperatures was found with G = 0.20± 0.05× 1016 W K−1 m−3.

The assumptions mde about the heating are worth examining in more detail, as

the mechanisms for energy deposition in this case are significantly more complicated

than in the previous case of protons [85]. Alongside the generation of the intense

fast electron current, strong electric and magnetic fields are formed which could po-

tentially produce large-scale instabilities and inhomogeneities in the sample heating.

Despite these strong fields, though, the observed Ti K-α emission does not show the

possible macro structure, and the simulations suggest that the current has decayed

to negligible amounts within 2 ps, validating the assumption of instantaneity.

Once again, the measured value for the electron-ion equilibration is significantly

lower than the predicted values. Although this is even lower than that obtained from

the Titan experiment, this is to be expected from the lower electron temperatures

as G is expected to increase with Te. These results suggests that, while the energy

relaxation does appear to be inhibited by the nonequilibrium condition of the sample,

the mechanism by which it is put into such a condition may not affect the outcome.

5.2.3 Oxford Lab - October 2012

This experiment aimed to probe the rate of electron-ion equilibration in solid density

gold, at near room-temperature conditions, using our own laser in the laboratory at

Oxford. Rather than lasers delivering 10s of joules to heat systems, this delivers up

to 40 mJ in a duration of 40-80 fs, giving an average power on the order of 1 TW.

While this is still enough to give measurable effects on interacting with matter, and
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Figure 5.5: Electron and ion temperatures taken from the two temperature model
with the best fit for the coupling coefficient. The red line was found with a source
term of SR = 7 J mm−3, and the shaded region represents varying this value between
6− 8 J mm−3.

crucially is still enough to drive the K-α transition and so give a usable X-ray probe,

the range of conditions that it is possible to reach are significantly lower.

The experiment that we hoped to carry out was similar by that of Nicoul et.

al. [116], from the University of Duisberg-Essen, albeit with the focus being on the

electron-ion energy exchange. As shown in the schematic of the setup in Figure 5.6,

the sample is a thin gold foil (∼200 nm), mounted on a mica substrate, heated by

direct irradiation from the laser at 810 nm. The laser delivered 40 mJ per pulse,

split equally between the pump and probe arms. The spot size on the gold foil was

approximately 3 mm, giving an incoming laser fluence of 0.28 J/cm2 and initial energy

flux of 0.01 J/cm2, after accounting for the high reflectivity of gold at 810 nm. The

energy is initially deposited almost entirely into the electron subsystem, heating it

isochorically and with thermalization of the electrons occurring over ∼0.25 ps. Energy

is transferred from these heated electrons into the ion lattice modes, at a rate which

we hoped to determine.

The other arm of the laser passed through a mechanical delay stage, with the

difference in arrival time varying from -5 to +250 ps after the pump beam, with an

error of ±1 ps (± 0.3 mm in the delay stage). It was focused by a f/10 parabola to
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Figure 5.6: Schematic of the experimental setup used on our laser at Oxford. The
pump beam heats the electrons in the single crystalline gold, and the plane separation
is probed at a known delay by Ti K-α X-rays (4.51 keV) driven from a thin foil, and
detected on a CCD.

a 50 µm spot on a 12.5 µm thick titanium foil, generating K-α X-rays at 4.51 keV.

These then diffracted off the target, at a Bragg angle of 19.7◦, and were detected on

a CCD 10 cm from the crystal.

As the lattice gains energy and increases in temperature, the pressure correspond-

ingly increases at a rate which, on the timescale of the ionic motion, is near in-

stantaneous. This triggers a strain wave, giving an expansion in the material and

consequently an increase in the lattice parameter a. This can be measured by observ-

ing a translation in the Bragg diffracted peak to smaller angles as the lattice expands,

and then a periodic motion in the peak as the sound wave reverberates through the

sample. For each shot, a Gaussian was fitted to the diffracted line and the central

point used to calculate the diffraction angle. Multiple shots at each delay were used

to estimate the uncertainty, with 12 shots taken for each delay from -5 ps to 40 ps,

and 6 shots at other delays; these results are shown as the black points in Figure 5.7.

As in the earlier experiments, we use the two temperature model to describe the

rate of energy flow from the heated electrons into the ions. Due to the very small

changes of temperature involved, G was assumed to take a constant value. The

heating was also assumed to be one-dimensional, as the pump laser spot was much

larger than the thickness of the gold foil, giving a homogeneous sample for probing.
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Figure 5.7: Observed change in angle of diffraction of the X-rays from the gold crystal,
as a function of time and compared to MD simulations with different parameters
varied. These are, respectively: a) final lattice temperature b) energy absorption by
the sample c) the damping coefficient and d) the thickness of the gold. In each case,
the solid line represents the best-fit value.
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The response of the gold foil was modelled by a classical molecular dynamics

simulation using the Lammps package. To match the experimental results, the rate

at which energy is transferred into the ions was varied, with the result of the two

temperature model assumed to be an exponential function such that the rate of

energy deposition decreases as e−τ with τ = Ce/G and the electron heat capacity

Ce = Te ∗ 67.6 × 105 J m−3 K−2. At each time step, the predicted diffraction line is

found from the Fourier transform of the ion positions.

Within the observed variation in the lattice parameter, there are two regions of

interest. Initially, the behaviour is controlled by the parameter of interest, G, as

energy flows from the electrons into the ions and the lattice expands. Once this has

ceased, however, the long-term mechanical response is related to the reverberation of

the wave caused by the initial perturbation.

For this longer-term response, there are a variety of parameters that must be

varied to give the best fit; these are

• The final lattice temperature, Tf

• The total energy per cubic nanometre absorbed by the sample, Ein

• The damping coefficient, γ, used to account for the energy loss to the mica

substrate

• The thickness of the gold, l, which is assumed to be within ±20 % of the quoted

value of 200 nm

The results of fitting the observed data to each of these parameters is seen in

Figure 5.7, and the best fit values are found to be Tf = 320 K, Ein = 5.2 eV/nm3,

γ = 90 ps and l = 211 nm. With these values now determined, we can return to the

short-timescale behaviour and see the effect of varying the rate of energy deposition τ ,

as shown in Figure 5.8. This shows that the best fit occurs for τ = 5 ps, corresponding

to a coupling coefficient of G = 2± 1.2× 1016 W m−3 K−1.

We can compare this to the result calculated from the metallic model, which we

would expect to agree in this low-temperature, solid density regime. Indeed, we see

that the predicted value is G0 = 2.8× 1016 W m−3 K−1, in very good agreement with

the results obtained. This also agrees with other experiments on gold in this regime,

such as Hohlfeld et al. [76] and Ligges et al. [95], which also used optical excitation

to heat the sample.

While it is clear, from these citations, that this work is not wholly novel, it does

serve to illustrate two important points. First, that the metallic model can accurately
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Figure 5.8: Results from MD fitted by varying the characteristic equilibration time
for the electrons and ions, with the other values chosen as best fits from before (see
Figure 5.7. The best fitting value of 5 ps corresponds to G = 2.0± 1.2× 1016 W m−3

K−1.

describe electron-ion equilibration rates in room temperature materials. Secondly, it

was an important proof-of-principle experiment for successfully carrying out an exper-

iment on a much lower power laser system, and was the first published experimental

results from our laboratory at Oxford.

5.2.4 Titan - August 2013

Having now obtained data from graphite with two different heating mechanisms,

which both demonstrated significantly lower interspecies coupling in the high tem-

perature limit of the material, an experimental campaign was planned to attempt to,

first, reproduce the results in proton-heated graphite but with the temporal resolu-

tion that was possible on the experiment at GSI, and then to obtain similar data for

diamond and metallic samples. Although we were successful in observing electron-ion

coupling in a metallic sample, specifically tantalum, results from graphite and dia-

mond proved harder to obtain. This was largely due to the inconsistency with which

we could produce proton and x-ray sources for heating and probing the samples, and

possible defects in the crystalline samples themselves.
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Figure 5.9: Schematic of experimental setup at Titan (August 2013). The incoming
beam from above drives the proton beam (in purple) which heats the Ta sample. At
a known delay, the backlighter beam strikes the Cu foil, driving the k-α transition
and producing x-rays at 8.047 keV. These diffract from the sample and are detected
on the image plate, with a Au-Pb shield to prevent direct illumination.

5.2.4.1 Experimental Setup

The setup was again similar to previous experiments, and is shown schematically in

Figure 5.9. We split the Titan laser, operating at ∼100 J in this experimental run

and with a pulse length of 10 ps, in a pump-probe configuration. 40% is focused to

a 50 µm spot on the Al foil, driving a proton beam through the TNSA mechanism.

Half of this proton beam passed through a 30 µm polypropylene layer, removing low

energy protons and giving more homogeneous heating through the sample, which was

either 30 µm thick graphite or diamond, or 5 µm thick tantalum. The other half

was detected on a stack of radiochromic film, which darkens in response to absorbed

radiation dose. This allows an on-shot, energy-resolved image of the beam to be

collected, as in [117], and used as the source term for the heating of the sample. An

example of such data, in this case taken from a shot without a sample in place, is

shown in Figure 5.10.

The RCF film is read out by scanning it with visible light through separate colour

filters, which each respond differently to the same dose, with the relationship depend-

ing on both the type of film and the scanner used. For analysing this data, we used a

scanner at the Rutherford Appleton Laboratory, calibrated with films irradiated by

known doses. The results of this calibration are shown in Figure 5.11a. We can see

that, at the doses relevant to this experiment, the red channel shows the highest sen-

sitivity to incoming dose and consequently the fitting process took a greater weight
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(a)

(b)

Figure 5.10: Raw image of radiochromic film after being exposed to raidation, and
converted images with energies and areal dose at each layer. This data was taken
without a sample in place in order to fully characterize the proton beam.

of these results.

This then allows us to convert the measured optical densities of the irradiated

films shown in Figure 5.10a into an equivalent dose. The results of this conversion,

from each of the colour channels separately, are shown in Figure 5.11b. Also shown is

the dose from a best-fitted spectrum; this was found by taking the form of the spec-

trum from the fluid model used by Fuchs, Equation (5.3) above. The characteristic

spectral temperature Tp and coefficient A were then varied, and for each spectrum

the energy deposition into the stack modelled with known stopping powers in the

different components of the RCF, taken from the SRIM database. This produced a

dose in each layer, which could be compared to the doses observed in the real data.

By minimizing the difference between the modelled and observed values, with the red

channel more strongly weighted as outlined above, we obtained the best-fitting form

of the spectrum, with A = 6.4 ± 0.8 × 1014 and T = 0.31 ± 0.04 MeV. The quoted

error comes from comparison of the results from fitting to different colour channels.

With the proton spectrum now known, as well as the angular distribution also

being measured from the RCF film data, the deposition of the energy in the sample

can be modelled. As in the work from the previous Titan experiment, this used a
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(a) (b)

Figure 5.11: a) Calibration data for the EBT2 film and scanner used
b) Observed dose on RCF, as measured by each colour channel, compared to dose
calculated by varying A, Thot in proton spectrum model Eq.(5.3), used with a ray-
tracing simulation. Best fit with RCF data was found for Thot = 0.31 ± 0.04 MeV,
A = (6.4± 0.8)× 1014.

ray tracing simulation with known stopping powers of the protons in the materials.

This gives the evolution of the energy in the electron subsystem as a function of time

- effectively, the source term SR(t) in the two-temperature model - with the average

heating rate being ∼2 ×109 W m−3 in tantalum, and around a factor of two lower in

graphite and diamond due to the reduced stopping powers.

This can be converted into a temperature, as the heat capacity of the electrons

can be calculated from the density of states (DOS), which is itself found from density

functional theory calculations on a unit cell of tantalum with appropriate boundary

conditions. The heat capacity is found from the DOS by

Ce(Te) =

∫ ∞
−∞

∂f(ε, µ, Te)

∂Te
g(ε)dε (5.21)

with f(ε, µ, Te) the finite temperature Fermi distribution function and g(ε) the DOS

for the material. It is simple to see that, if
∫
f × g is the energy in the sample at a

given temperature,
∂(

∫
f×g)
∂Te

is the change in internal energy with temperature, which

is the heat capacity, giving the relationship in (5.21). This gave a maximum electron

temperature of Tmax ∼ 4 eV in tantalum.

While this proton heating occurred, the remaining energy from the Titan beam

was focused onto a backlighter foil to a spot of around 30 µm, corresponding to an

intensity of ∼ 6× 1016 W cm−2. This drives the K-α transition - in this experiment,

copper and zirconium backlighters were used, corresponding to x-ray energies of 8047

eV and 15775 eV, respectively. These diffracted off the heated target at a known
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Figure 5.12: Examples of data taken from scanned image plates, with the scale giving
the distance on the crystal sample.
a) Diffraction from tantalum crystal (002) plane, showing both K-α and K-β, with
the difference in strength due to the source. The signal appearing to extend beyond
the edge of the crystal is due to the finite X-ray source size.
b) Diffraction from a diamond sample in the (400) plane, taken without a proton
source. The dark vertical line is due to a scanning error.

delay, and were observed using an image plate detector placed 200 mm away. The

response of such image plates to X-rays, and their utility in experiments such as this,

is discussed in [125].

As in the previous experiments at Titan and GSI, this diffracted line weakens in

response to the increasing ion temperature, as energy is transferred from the electron

subsystem into the ion phonon modes. We might also expect a change in the diffracted

signal due to variation in the form factor F with increasing ionization, but calculations

using a Thomas-Fermi equation of state model suggest that the change in average

ionization is small, and consequently the change in the form factor is negligible.

Finally, using the DFT code Abinit for the crystals probed in this experiment,

and with appropriate band occupations and Fermi-Dirac smearing due to finite-

temperature effects, we can see the effect on the Debye temperature ΘD in the

tantalum crystal. These results show changes in ΘD of around 5% over the range

of Te probed. The effect of Ti as assumed to be negligible, as the Debye temperature

characterises the potential ‘well’ around the ions; on the timescales considered the

surrounding ions do not have time to move, and a tamper layer is used to prevent

expansion, therefore the Debye temperature in the tantalum samples was considered

to take a constant value of 225 K. Values in the other crystals were not considered,

as we did not obtain diffraction data for analysis.

5.2.4.2 Results

Examples of the raw data from the scanned image plates with diffraction from tan-

talum (a) and diamond (b) targets are shown in Figure 5.12. The tantalum shot was

at delay of 70 ps after the proton drive beam, whereas the diamond shot was taken

without the pump (cold shot). Clear lines can be seen on both, with the curvature

due to the geometry of the Bragg diffraction setup.

There are several things to note in comparing the data from the tantalum and

diamond cases. Firstly, on shots with the protons also being driven, the noise on

the image plate was significantly greater as any laser-matter interaction will produce
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Figure 5.13: Theoretical diffraction profiles of tantalum, diamond and HOPG. Di-
amond has significantly lower values, and a narrower peak, than the single crystal
tantalum. The wide HOPG peak assumes perfect mosaicity of 0.4◦ in the crystallites.

radiation of many different types. Although the TNSA process does drive a strong

proton beam towards the sample target, x-rays and electrons are also emitted. Despite

shielding being added to mitigate these effects, this needs to be balanced against still

being able to observe the probe radiation. The diffraction orders are also significant,

as the difference in reflectivity between the Ta (200) and diamond (400), the values

of which can be seen in Figure 5.13, is very large, with the integrated reflectivity in

tantalum around a factor of 100 larger. This also explains the difference in energy

resolution on the image plates - while the tantalum produces very broad lines due to

the shape of the reflectivity curve, in the case of diamond, with a very narrow peak, it

is possible to distinguish the K-α1 and K-α2 peaks, due to the fine-structure splitting

of the L-shell into J = 1/2 and J = 3/2 energy levels.

Finally, the conversion efficiency from laser energy to x-rays in the short pulse

interactions used here to drive the probe beam also decreases with increasing photon

energy - the empirical model of Green and Cosslet [63] suggests that the number of

x-rays generated by an electron with energy E is:

N(E) = 4× 10−5(E − E0)1.63 (5.22)
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Figure 5.14: Diffraction of Cu K-α radiation from a graphite sample; the background
has been subtracted to showthe signal more clearly and the scale is that of the crystal
sample. Although the general shape of the Bragg line can be made out, with the
curvature due to expected geometric effects, the breaking of the line, assumed to
be due to misalinged crystallites, makes it unrealistic to observe weakening due to
heating of the sample.

where E0 is the K-shell ionization energy. With the ionization energies for Zr being

twice that of Cu, the difference between the two materials will be significant except

at temperatures well beyond those reached in this experiment.

We can consider how each of these effects explains what can be seen on the IPs

shown in Figure 5.12. Despite the diamond data coming from a cold shot, it shows

much lower contrast due to the weaker x-ray source and lower diffraction efficiency.

Consequently, on shots with the protons being fired at the diamond sample, it was

not possible to distinguish the diffracted line from the background signal on the IP,

and therefore we did not obtain data for analysis from the diamond samples. The

tantalum, on the other hand, is clearly visible, and in fact shows weakening towards

the edge of the crystal beyond that due to the averaging over the source, and it

was this data that was used for further analysis of the temperature evolution in the

sample.

Before considering this further analysis, however, we will also note that we were

not able to obtain data in the case of the graphite samples either. Unlike in diamond,

there was visible diffraction on both cold and driven shots, which is expected due to

the large integrated reflectivity found in highly oriented pyrolytic graphite (HOPG)

samples. As can be seen in Figure 5.13, this is due to it exhibiting strong reflection

over a broad range of angles.

However, this did not translate into observable weakening of the signal, due to

poor crystal quality. Figure 5.14 shows an example of the diffraction pattern seen,

and although the broad shape of a Bragg line is seen, with the curvature due to the
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geometry of our setup, the line is broken several times. We would expect to see the

signal weaken or even disappear near to the centre, where the protons are heating the

crystal, but because of the line also disappearing at other points, it is not possible to

confidently attribute the change in signal to the effect of lattice temperature.

Consequently, detailed analysis of the data obtained was only carried out for the

tantalum samples. Even for these, the only data showing the temperature evolution

was at a pump-probe delay of 70 ps, which is that shown in Figure 5.12. Data at

0ps delay showed no change in the diffracted signal from cold shots, although did

still have a significant increase in noise due to the proton generation, and at 140ps

there was no observable signal from the heated region, which we ascribe to the sample

having entirely melted. From the lineout of the signal, we first account for geometric

effects due to the variable source-detector distance, and for the filters placed in front

of the image plate to reduce noise from other x-ray energies and charged particles.

To improve the signal to noise ratio on the image plate, we subtracted the averaged

background on either side of the diffracted K-α line shown in Fig. 5.12. This was then

further smoothed over a 30 µm length due to the finite size of the X-ray source. The

signal was integrated across the width of the diffracted line, with different choices of

the width giving only minor (<5%) corrections from the values shown in Fig. 5.14b).

Imperfections in the crystal surface and inhomogeneities in the proton beam spectrum

uniformity account for the spatial variation of the signal. From the deviation of the

signal around a fitted curve, we estimate an overall error in this data of 11.8%.

This lineout is then normalized to the averaged signal from the unheated region

because, as described in the section on the Debye-Waller effect, the approach used

assesses relative diffractive strength rather than absolute values. For the Debye-

Waller analysis, we are in the dynamic regime because the sample is a perfect crystal

and multiples of the extinction length thick, such that any incoming beam will meet

many layers at the correct Bragg angle. Consequently, the signal decreases much

less than in the graphite cases in the previous experiments at GSI and Titan, with a

maximum decrease of 33%, evaluated at the melt temperature of tantalum (3293 K)

using Equation (5.19) and the factor e−M . This temperature-dependant factor can

be used for the observed decreases in intensity to obtain the temperature lineout at

the delay of 70 ps, shown alongside the signal in Figure 5.15. The temperature is

expected to decrease from a maximum to just above ambient temperature, and it can

be seen that it does tend toward this value.

The ion temperature inferred from the decrease in Bragg diffraction intensity can

also be compared to the results predicted by a two-temperature model by taking the
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(a) (b)

Figure 5.15: a) Signal lineout, normalized to the unheated region at r > 1 mm.
b) Equivalent temperatures calculated from the Debye-Waller factor e−M under the
assumption that the diffraction is fully dynamic. The error bar in the temperature
graph is representative of the relevant errors for the temperature conversion, account-
ing for the Debye-Waller effect and uncertainty in the signal strength.

energy deposited into the electrons by the proton beam, along with values for the

electron-ion coupling parameter taken from different models. The strength of the

coupling predicted by the models at the temperatures reached in the experiment are

are presented in Figure 5.16.

We can see from the results in Figure 5.17 that the values for the electron-ion

coupling from both the metallic model and the Fermi Golden Rule imply temperatures

which agree with the measured results to within the experimental error. The metallic

model gives the value G0 = 3.08 ×1017 W K−1 m−3. Beyond the melt point, so

at distances lower than ∼ 0.3 mm, the sample is expected to have melted and so

this diffractive diagnostic would not produce reliable results; instead, the apparent

flattening off of the line could be due to the x-rays passing through the molten top

layer and instead probing the still solid surface beneath.

The shape of the graph, with the rising temperature towards the centre of the spot,

is due to proton time of flight (TOF) effects. The energy is deposited into the centre

of the sample sooner than to the edges due to the greater path length to the spot

edges. At the delay probed, the only protons to have reached the edges of the spot

are the high-energy tail (>10 MeV) which do not deposit energy as efficiently as the

low energy protons which have reached the centre, therefore the energy distribution

across the spot is very inhomogeneous.
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Figure 5.16: Values for the temperature-dependant coupling factor G(Te) in tantalum,
over the temperature range relevant for the experiment as calculated by the quantum
statistical Fermi Golden Rule approach (FGR), the metallic relaxation formalism and
Spitzer’s equation.

Figure 5.17: Ion temperature measured across the sample at a delay of 70 ps from pro-
ton creation, in red. Other lines show the expected temperatures from the measured
proton spectrum and varying coupling models: Fermi Golden Rule (FGR), Spitzer,
and the metallic formula with λ = 0.65 [102], with and without temperature depen-
dence. Values above the melt temperature are calculated in the same way, neglecting
the changes in Ce and G(Te) that would occur.
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At lower coupling strengths, this effect would have little significance, as the

timescale of the electron-ion energy transfer is 100s of ps, which is long compared

to proton heating over ∼ 10 ps. In this case, however, the coupling timescale is suf-

ficiently short, being on the order of picoseconds or even less, that it is comparable

to the proton TOF and consequently the temperature evolution at a given point in

the sample is dominated by the source term, rather than the coupling. Therefore the

centre of the spot, having already experienced a greater proton flux, is at a much

higher temperature than the edges of the spot because the energy is transferred from

the heated electron to the ions so quickly.

Since the error bars on the data are large, care must be taken when drawing

conclusions. We are confident in saying that the much lower coupling strengths pre-

dicted by Spitzer are incorrect, as the temperatures these predict in Figure 5.17 are

well outside the error bars of data observed, which is very much expected given the

solid density conditions probed. We are therefore confident in putting a lower limit

on the coupling needed to explain the observed results. However, values from the

metallic approach with higher values of λ made increasingly little difference and gave

similarly good fits: at these coupling strengths, the electron and ion temperatures re-

main almost identical throughout the evolution, because the rate of energy deposition

due to proton TOF is less than the coupling time.

5.3 Conclusions

From the theoretical results in the previous chapter, and the experimental results

here, it is clear that the equilibration of electron and ion temperatures is a complex

subject in WDM research. In Table I we have compiled a summary of our own, and

other groups’, experimental results. They show large differences in the equilibration

rates and corresponding times, depending on the material probed and the heating

mechanisms. The results we have obtained for the coupling strength in tantalum

are high, although this is not unexpected from Eq. (4.9) as it has a high value of λ

compared to other materials, as can be seen in Ref. [102].

As explained in detail in the appendix to Ref. [96], the metallic model assumes

a high-temperature approximation to the Bose-Einstein distribution function, and

would be significantly affected by changes to the density of states g(E). The electron

distribution changed from the assumed finite temperature Fermi distribution f(E, Te)

would also make a difference [111], but only to the temperature-dependant part of Eq.
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Sample Heating τ (ps) G0 (WK−1m−3)

Graphite Protons 150 5.4− 6.6× 1015

Graphite Electrons 450 2× 1015

Gold Laser
Irradiation

5 1.96× 1016 (∗)

Tantalum Protons <0.5 > 3.08 ×1017

Graphite [75] X-rays 0.032 (∗) 2.7 ×1019 (∗)

Silicon [17] Shock 200 (∗) 1× 1016

Aluminium [135] Shock 900 (∗) 2.1× 1015 (∗)

Aluminium [133] Laser
Irradiation

< 1 3.1× 1017 (∗)

Gold [41] Laser
Irradiation

3.5 (∗) 2.8× 1016

Table 5.2: Comparison of coupling strengths and corresponding characteristic equili-
bration times (τ = Ce/G0) from the work described, and previous work from other
groups (in italics). Metals can be seen to generally couple more strongly, but drawing
stronger conclusions is difficult.
(∗)Inferred from values given in the reference.
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(4.9). Although we are confident in these assumptions for our work here, situations

where they are not applicable would require a different model.

Overall, the field is obviously still emerging, and experimental data is somewhat

lacking. Although the work presented here contributes towards the necessary under-

standing of materials at these temperatures and densities, there are still many open

questions to be resolved. The metallic model does seem, from our research, to be very

good at describing materials both at the relatively low temperatures that it was orig-

inally envisged for, and at the high-temperature limit of the solid phase. Although

some of the work on lower-Z materials - for instance the results from Riley [135] and

Rethfeld [133] - shows that is it not universally applicable, it does appear to be one

of the best options at the moment.

Although previous work has shown agreement between the quantum statistical

approaches and results from MD simulations, there is a lack of experimental data from

the warm dense regime due to the difficulty of probing electron and ion temperatures

in such materials on these timescales. The diffractive techniques used here are no

longer applicable, and there are few other methods to obtain temperatures at sufficient

temporal resolution. Streaked optical pyrometery, such as that used in [43] or [110],

could potentially give a measure of the electron temperature, but such techniques do

not generally have a fast enough streak to resolve the electron cooling. In conclusion,

progress in experimentally validating models for energy exchange in this regime looks

to be gradual.
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Chapter 6
Conclusions and Further Work

The work described in this thesis has considered, from a variety of perspectives,

research into the behaviour of warm dense matter. This state, generally having

temperatures in the range of eV and densities similar to those of solids, is characterised

by having a coupling parameter on the order of unity, such that neither the interionic

potential nor the ion kinetic energy dominates the behaviour of the system. Work on

matter in this state is relevant in a variety of contexts, from studying states of matter

and phase transitions inside astrophysical objects, to the evolution of DT capsules in

ICF and heavy ions in nuclear fusion weapons.

In the first half of the thesis, the properties of structure factors in warm dense

matter were considered from theoretical and experimental perspectives. Chapter

2 worked through the derivations of the static and dynamic structure factors of a

sample. It then moved on to look at approaches to finding computational or modelled

values for these quantities. Firstly, using molecular dynamics simulations with either a

fixed potential (classical MD) or using density functional theory to better approximate

physical systems, and then by describing the sample in liquid terms and using memory

functions as an attempt to approximate the behaviour analytically.

This was continued in Chapter 3 with two experiments that aimed to experi-

mentally measure structure factors in samples of warm dense aluminium. Both were

carried out on the LCLS X-ray free electron laser, and consequently the chapter began

with a description of the operation of such facilities. The first experiment measured

the static structure factor at a wide range of angles, giving a well-resolved peak and

estimates for the limiting value as S(k → 0), which allows the compressibility of the

sample to be estimated. The experiment also included the use of spectrally resolved

XRTS to estimate the plasma conditions, an increasingly important diagnostic for

experiments on XFEL facilities.
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The second experiment used a monochromator with the self-seeded beam, giving

an exceptionally small bandwidth and allowing resolution of energy shifts due to ion

acoustic waves in the sample. This was the first observation of such a phenomenon

in a warm dense sample, and although the low photon flux gave significant errors in

the data, the agreement between simulated values and experimental results was very

encouraging. The presence of a central elastic peak, however, presents a challenge for

explanation as it is not present in any of the predicted values. Although approaches

can fit the data obtained, more experiments to see whether such a feature is repro-

duced, and work to look for alternative explanations, would be very productive in

advancing the field and confirming the applicability of the models used.

The latter half of the thesis examined a very different question in the study of

warm dense matter: that of the rate of energy exchange and temperature equilibration

between the electrons and ions in recently-heated samples. In many studies of warm

dense systems, a sample is heated using laser energy deposition, charged particle

heating or shock heating. All of these methods deposit energy very inhomogeneously

between the species, with direct laser irradiation and charged particles heating the

electrons, and shocks heating the ions. Consequently, if an experiment using such a

method probed the sample created before the species have been allowed to equilibrate,

the results are unlikely to match those of an equilibrium system. Since many such

experiments are aiming to reproduce the behaviour of the material in astrophysical

objects, this would obviously be unphysical and lead to inaccurate conclusions.

Chapter 4 first looked at theoretical models for describing the rate of energy ex-

change, under the assumptions of the two temperature model; this requires that the

individual species have well defined temperatures, and that the energy exchange can

be contained within a single coupling term. The first model considers the primary

source of energy exchange to be electron-phonon coupling, and derives an expression

for the coupling parameter. Initially, this is restricted to low temperatures where

scattering only occurs at the Fermi energy, and was then expanding to higher tem-

peratures, but still in samples with an intact crystalline lattice. At the other extreme,

the Spitzer model considers electron-ion collisions, with the initial assumption of an

ideal gas or plasma, and an expression for the coupling was derived with this frame-

work. Finally, a brief overview of methods considering collective oscillations with

quantum statistical mechanics in a warm dense state was given, encompassing the

Fermi golden rule approach and the full coupled mode theorem. Expressions for the

coupling in these schemes were presented.
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The final chapter dealt with experiments looking at measuring the rates of tem-

perature equilibration in rapidly heated samples. To begin, some of the methods used

were presented and explained, before moving on to the experiments themselves. The

first measured the rate of equilibration in proton-heated graphite up to the melt point

on the Titan laser at Livermore, California. This found an average value much below

that predicted by the quantum statistical approaches, a result which was replicated

in an experiment on the PHELIX laser in Darmstadt. The latter experiment used

electron heating rather than proton, but found a result that agreed to within exper-

imental error, given the different range of conditions probed. The lower coupling in

graphite remains unexplained, although it does suggest that the models used may not

be appropriate for graphite samples with an intact lattice.

The next experiment looked at gold, with direct laser irradiation causing heating

of only a few kelvin. This probed the energy exchange by measuring the oscillation of

the lattice constant in a perfect crystalline sample, deriving a value which agreed well

with that predicted from the electron-phonon coupling model. The final experiment,

which was led by the author, used proton heating on a variety of samples, but with

the temperature equilibration rate only determined for single crystalline tantalum.

This had a very high coupling constant, and although the results did agree with that

of solid density metallic materials, they did not constrain it well.

What is clear from the work on temperature equilibration is that it is far from

being fully understood. Consequently, experimentalists relying on models to deter-

mine the timescale needed between pump/probe should be aware that these are not

necessarily trustworthy. Further experiments on samples, especially in the fully warm

dense regime, and so beyond the melt point that was the limit in this work, would

help constrain models and improve their reliability.
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Appendix A
Thermostats in Molecular Dynamics

With particles in MD being defined solely by microscopic properties, the temperature

is not an intrinsic property of the system, but can be extracted from the data at any

given timestep by relation to the particles’ instantaneous momenta

N∑
i=1

|pi|2

2mi

=
kBT

2
(3N −Nc) (A.1)

with Nc the number of constraints on the system, and so 3N −Nc = Ndf the number

of degrees of freedom.

An MD simulation will naturally remain in a microcanonical ensemble - also de-

scribed as (NVE), it means that the number of particles, occupied volume and total

particle energy will remain constant. This constraint is due to the physics of New-

ton’s equations, in which all collisions are elastic and no energy can be gained or lost.

However, in many situations this is not a good model for a physics system, which

will, rather than behaving as an isolated system, behave as a closed one, in which

energy can be exchanged with the surroundings, such that a constant temperature is

maintained. This (NVT), or canonical, ensemble requires some form of thermostat

to ensure that the system behaves as one at a constant temperature[80].

A.1 Velocity Rescaling

The simplest approach to this is by velocity scaling. If the velocities in a system

are scaled by a factor χ then the consequent temperature change can be found by

application of Eq. (A.1)
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∆T =
1

2

∑
i=1

2
mi (χvi)

2

NdfkB
− 1

2

∑
i=1

2
miv

2
i

NdfkB

=
(
χ2 − 1

)
T (A.2)

This then suggests that, if the temperature at a given timestep T (t) is different

from the inital temperature T0, the required velocity scaling to correct for this change

is

χ =
√
T0/T (t) (A.3)

While this does, as required, maintain a constant temperature, it does not allow

for the fluctuation in temperature which would naturally be present. One way to

correct this is using the Berendsen thermostat. Rather than setting the temperature

to that of the heat ’bath’, this scales the change by the temperature difference between

the bath and the system, giving a rate of change equal to

dT (t)

dt
=

1

τ
(T0 − T (t)) (A.4)

where τ determines the strength of the bath-system coupling, giving an exponen-

tial decay towards the desired temperature. Eqs. (A.2) and (A.3) therefore become

∆T =
δt

τ
(T0 − T (t)) (A.5)

χ2 = 1 +
δt

τ

[
T0

T (t− δt
2

)
− 1

]
(A.6)

This uses the leapfrog algorithm to evolve the temperatures, hence the presence

of the T (t− δt
2

), for evolving the system.

In the case that the coupling parameter τ = δt this reduces to the simple velocity

scaling, and for τ → ∞ it becomes a microcanonical ensemble, with no velocity

scaling occurring. Between these extremes, however, the parameter can be chosen

empirically to alter the strength of the coupling and reproduce observed temperature

fluctuations. It is worth noting that, while this thermostat can recreate physical

behaviour, the ensemble it generates is definitively not canonical.
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A.2 Nosé-Hoover Thermostat

Whil the previous method describes how a system relaxes to a target temperature,

it is ineffective at probing the behaviour at equilibrium. The central concept of

Nosé’s work, which was then further developed by Hoover, is the introduction of an

additional co-ordinate s, behaving as an imaginary extra particle in the system with

a corresponding ‘mass’ Q, which acts as the necessary heat bath.

L 0 =
N∑
i=1

1

2
miṙ

2
i − V (rN)

Lext =
N∑
i=1

1

2
miṡ

2ṙ2
i − V (rN) +

Q

2
ṡ2 − g

β
ln s (A.7)

Taking the initial Lagrangian for the system L 0 we can see that the addition of

the extra coordinate results in the extended Lagrangian in Eq. (A.7). With s = 1

this easily reduces to the original form.

The momenta follow from L as

p =
∂L (q, q̇)

∂q̇
(A.8)

pi =
∂Lext

∂ṙi
= mis

2ṙi (A.9)

ps =
∂Lext

∂ṡ
= Qṡ (A.10)

with (A.8) the general definition in terms of arbitrary co-ordinate q, and the further

equations the values for the relevant co-ordinates within this sytem. From the defi-

nitions of the momenta, we can construct the Hamiltonian for the extended system,

containing as it does N particles, giving 6N degrees of freedom, and a further two

from the co-ordinate s.

H =
∑
i

q̇ipi −L (A.11)

Hext =
N∑
i=1

1

2

ṗi
mis2

+ V (rN) +
p2
s

2Q
+ g

ln s

β
(A.12)

With the definition of the microncanonical partition function as
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Zext =
1

N !

∫
dpsdsdp

NdrNδ(E −Hext) (A.13)

and defining p′ = p/s this becomes:

Zext =
1

N !

∫
dpsdsdp

′NdrNs3N × δ

[
N∑
i=1

1

2

p′2i
mi

+ V (rN) +
p2
s

2Q
+ g

ln s

β
− E

]
(A.14)

=
1

N !

∫
dpsdsdp

′NdrNs3N × δ
[
H (p′, r) +

p2
s

2Q
+ g

ln s

β
− E

]
(A.15)

By treating the argument of the delta function as a function of s, h(s), with a

root at s = s0, we can use the relationship

δ [h(s)] =
δ(s− s0)

h′(s)
(A.16)

In the case considered here

h(s) =
g

β
ln s+ H (p′, r) +

p2
s

2Q
− E (A.17)

≡ g

β
ln s+X (A.18)

where X has no direct s dependance. This gives a root at

s0 = exp

[
−β
g
X

]
(A.19)

which means that Eq. (A.16) becomes

δ [h(s)] = δ(s− s0)
βs

g
(A.20)

Returning to the partition function in Eq (A.13) we see that this can now be

written as

Zext =
1

N !

∫
dpsdsdp

′NdrNs3N × δ
{
s− exp

[
−β
g

(
H (p′, r) +

p2
s

2Q
− E

)]}
(A.21)

=
1

N !

β

g
exp

[
β

g
E(3N + 1)

]
×
∫
dps exp

[
−β
g

p2
s

2Q
(3N + 1)

]
(A.22)

×
∫
dp′

N
dr′

N
exp

[
−β
g
H (p′, r)(3N + 1)

]
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The second equation is obtained by integrating over the co-ordinate s. In the

equation obatined, the integration over ps is a Gaussian integration, which will take

a constant value, leaving an extended ensemble equal to:

Zext = C
1

N !

∫
dp′NdrN exp

[
−βH (p′, r)

3N + 1

g

]
(A.23)

This ensemble is now suitable to be used in a simulation, with N particles and

the additional parameter s.

A given quantity within the system, A = A(p′, r), will then take an expectation

value

lim
τ→∞

1

τ

∫ ∞
0

A[p(t)/s(t), r(t)]dt = 〈A[p/s, r]〉ext (A.24)

We have not used p′(t) because, as we will see, the value of the timesteps in

the extended system is not necessarily constant. This ensemble average (within the

defined microcanonical ensemble) is given by

〈A[p/s, r]〉ext =

∫
dp′NdrNA[p′, r] exp

[
−βH (p′, r)3N+1

g

]
∫
dp′NdrN exp

[
−βH (p′, r)3N+1

g

] (A.25)

If we now choose to define the parameter g = 3N + 1 this becomes

〈A[p/s, r]〉ext =

∫
dp′NdrNA[p′, r] exp [−βH (p′, r)]∫

dp′NdrN exp [−βH (p′, r)]
(A.26)

We can see that this quantity, which is the average in the defined ensemble, is

exactly equal to the canonical average of the quantity, in the phase space spanned

by p′ and r. Conversely, if we had remained in the original microcanonical ensemble

then this expectation value would be:

〈A[p/s, r]〉ext =

∫
dp′NdrNA[p′, r] δ [E −H (p′, r)]∫

dp′NdrN δ [E −H (p′, r)]
(A.27)

From this, we see that carrying out a simulation with this newly defined ensemble

will produce results which replicate those of a canonical system. If we return to look

at the kinetic energy term in the Hamiltonian, we see that it has the form

1

2
ms2ṙ2 =

p′2

2m
= frac12mṙ′2 (A.28)

110



Therefore, the factor s can, rather being seen as an extra co-ordinate, instead be

interpreted as a scaling to the timestep, such that the timestep used in the simulation

will vary as s does.

To use this ensemble for an equation, we need to derive the equations of motion,

both for the real and virtual variables. These can be derived in by standard methods

from the definitions of the Hamiltonian and Lagrangian, giving results as follows:

dri
dt

=
∂Hext

dpi
=

pi
mis2

(A.29a)

dpi
dt

= −∂Hext

∂ri
= −∂V (rN)

∂ri
(A.29b)

ds

dt
=
∂Hext

∂ri
=
ps
Q

(A.29c)

dps
dt

= −∂Hext

∂s
=

1

s

[
i=1∑
N

p 2
i

mis2
− g

β

]
(A.29d)

With the simulation now proceeding in units of virtual time, corresponding to a

varying amount of real time, new expressions are obtained for the time averages with

no great complexity. Hoover insight to simplify the calculation was introduce the

value ξ = s′p′s/Q, giving expressions for the equations of motion with no explicit s

dependance:

ṙ′i = p′i/mi (A.30a)

ṗ′i = −∂V (r′N)

dr′i
− ξp′i (A.30b)

ξ̇ =
1

Q

[
i=1∑
N

p′ 2i
mi

− g

β

]
(A.30c)

ṡ′

s′
=
d ln s′

dt′
= ξ (A.30d)

A.3 Langevin Dynamics

Langevin dynamics use a stochastic approach, rather than the analytic equations

above, to maintain a constant temperature. This is done by introducing additional

force terms, one a friction term and the other a random force R. Such a description

can, for instance, reproduce the effects of a viscous solvent. The equation of motion

for the particles in this model is:

Fi − γmiṙi + Ri(t) = mir̈i (A.31)
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Fi is the sum of forces from the other atoms, calculated as described in Chapter

2. The second term is the friction term, proportional to the aprticle velocity and

controlled by the quantity γ. The random force, to account for the energy lost

through the friction, is a Gaussian random force with mean 0 and variance 2γmikBT .
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Appendix B
Laser Driven Compression

As mentioned in the main text, HEDP samples can be created by driving a high-

pressure shock wave in a sample with a long-pulse (∼ ns) laser beam, for example on

the National Ignition Facility[11]. If the incident laser beam has an intensity on or

above the order of 109 W cm−2, this will rapidly heat the sample, the outer layer of

which expands to produce a plasma. This can either be done by directly heating and

ablating the sample to be compressed [154], or by using a separate ablator layer[153],

frequently consisting of a plastic, which then delivers the shock into the sample.

A shock is defined as a near-discontinuity in one or more thermodynamic variables

in a flow. The behaviour of material across the shock front is governed by the Rankine-

Hugoniot relations [130] [79]:

ρ1us = ρ2(us − u2) (B.1a)

p2 − p1 = ρ2u2(us − u2) = ρ1usu2 (B.1b)

p2u2 = ρ1us

(
u 2

2

2
+ E2 − E1

)
(B.1c)

In these equations, us is the shock speed, and the subscripts denote values up-

stream (1) and downstream (2) of the shock for the density, ρ, pressure, p, fluid

particle velocity, u, and specific internal energies, E. The equations can be derived

from conservation of mass, momentum and energy, respectively. The final equation

requires the equation of state for the material, such that the internal energy can be

expressed as a function of the other properties of the system. This is generally a

non-trivial calculation, and some of the contributions to the energy must be approx-

imated. Interestingly, this relationship also means that measurement of a shock can

be used as a diagnostic for the EOS of a material, as in the work by Celliers et al.

[18].
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In general, however, determining the EOS of a material under shock compression

is a significant challenge, and a large body of work exists studying precisely this

problem through a variety of different methods - see for example [38] [43].

For a given material, and for defined values of the internal energy, there exists a

one-to-one relationship between the density and temperature as implied by the Hugo-

niot relations [115]. This means that, for a shock compressed sample, a measurement

of one value is enough to give a measure for the other, within experimental error.

However, this also means that one a single ’line’ of points of the ρ − T phase space

are accessible in shock compression experiments.

Other approaches to creating HEDP states include using ramp compression, where

the pressure increases more gradually than in the shock case [152], albeit still on ns

scales. This allows the material to be compressed quasi-isentropically, keeping the

temperature much lower while still reaching high pressures and densities. In the

other extreme, the methods outlined in the text, including direct laser irradiation

and charged particle heating, allow creation of states with high temperatures without

compression of the sample.
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• N J Hartley, P Belancourt, D Chapman, T Döppner, R P Drake, D O Gericke,

S H Glenzer, D Khaghani, S LePape, T Ma, P Neumayer, A Pak, L Peters,

S Richardson, J Vorberger, T G White, G Gregori, Electron-Ion Temperature

Equilibration in Warm Dense Tantalum, HEDP 14 (2015).

• T G White, P Mabey, D O Gericke, N J Hartley, H W Doyle, D McGonegle,

DS Rackstraw, A Higginbotham, G Gregori, Electron-phonon equilibration in

laser-heated gold films, Physical Review B 90 1 014305(2014).
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(2014).
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Roth, Investigation of the solid-liquid phase transition of carbon at 150 GPa

with spectrally resolved X-ray scattering, HEDP (accepted) (2015)
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