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1 Introduction

Recently the first of the authors [2] proved the following theorem.
There are infinitely many primes of the form a® 4+ 2b% with integer a, b.
More specifically, there is a positive constant ¢ such that, if

n=n(X) = (log X)™,
then the number of such primes with X < a,b < X(1+17n) is

2v2

—1/6
Slog X {1+ O((loglog X) )}

00

as X — oo, where

UO:H(l_Vp_l)

» D

and v, denotes the number of solutions of the congruence z* =2 mod p.

Our goal in the present paper is to treat a general binary cubic form,
making use of the technique developed in [2]. The main result of this paper
can be stated as follows.

Theorem 1.1 Let f(x) be a binary cubic form with integral rational coeffi-
cients irreducible in Z[x]. There are infinitely many primes of the form f(a)
with a € Z* unless f(a) is divisible by 2 for each a in Z?, in which case there
are infinitely many primes of the form % f(a) with a € Z2.

In point of fact, we shall obtain an asymptotic formula for the relevant
number of primes as in [2]. The proof follows the pattern set up in [2]. Large



parts of the argument in [2] carry over almost verbatim. We shall not repeat
these, but rather, emphasize those points where additional work is necessary.
In consequence, the reader is advised to familiarize himself with [2] before
studying the present paper. The most novel parts of the present paper are
to be found in sections 2, 6, and 7.

Notation. As usual, C,R,Q,Z stand for the fields of complex, real,
rational numbers, and the ring of rational integers, respectively; A* denotes
the group of invertible elements in a commutative ring A. We write # I to
denote the cardinality of the set 91. The letters p and 7 denote the Mobius
and the divisor functions respectively; sometimes we write, for brevity, 7(a)
for the number of divisors of the ideal («) over a field which will be clear
from the context, and similar for u. Let e (x) := exp(2miz/q). If a denotes

the array (aq,...,a,), for instance a € R™, we let a; stand for the i—th co-
ordinate, and write ab := > | a;b; for {a,b} C R"; let 0;f(x) := W
Notation a; = as mod R, or simply a; = as(R), means that R divides

a1 — as. In what follows, X denotes a sufficiently large positive real number;
the implied constants in upper estimates and asymptotic formulae depend
at most on the coefficients of the form f. We shall maintain the convention
introduced in [2], according to which ¢ (respectively ¢(A)) denotes a positive
absolute (resp. depending only on A) constant, potentially different at each
occurence. Let n := (log X)~¢, where c is a suitable positive constant defined
as in [2].

2 (General set-up; the statement of the main
result

Let K be a number field of degree n = r; + 215 over Q, and let ¢, : K — C,
1 <i < n, be the distinct isomorphic embeddings of K into C numbered in
such a way that ¢;(K) C R if and only if i < r;, and (™" = al® for
r1 < i < ri+rg, where o) := g;(a) fora € K. Let o(K), D(K), h(K), R(K),
and Z(K) denote the ring of integers, the discriminant, the class number, the
regulator matrix of K, and the monoid of integral ideals in K respectively.
Let us recall that R(K) = (aij)1<ij<r+1, ¥ =711 +1r2 — 1 with ay; = 1/n for
1<j<ry,ay=2/nforj>r,and a;; = log e ], 2 <i <r+1,
1 <j<r+1, where {g :1<i<r}is aset of fundamental units of K, cf.
[7], p-94. Finally, let

Ck(s)= > Nua™

AT (K)



be the zeta-function of K, and let ¢(K) = 2'7"2D(K)~'/2h(K)|det R(K)|
be the residue of (k(s) at s = 1, see for instance [7, p.129].

Let k be a cubic number field, that is an extension of Q with [k : Q] = 3;
write, for brevity, o := o(k). We fix a Z-submodule F of o of rank 2, and
write F' = {ayw; + asws : a € Z?}, so that k = Q(), 0y := wow; . Let
0 = (w1, ws) be the ideal in o generated by F, and let

f(l’) = Nk(x)/@(:p)<xlwl + .CEQLUQ)ND_l.

Let £(f) denote the highest common factor of the integer values {f(a) : a €
Z*} of f, and let hy = f(1,1). Without loss of generality, it may be assumed
that hy > 0. The following lemmata are to be proved at the end of this
section.

Lemma 2.1 f(z) is an integral binary cubic form irreducible in Z[z|, in
particular primitive, and any such form is of this shape. Moreover, e(f) =1
unless each of the four integers N(0 'wy), N(0 'wq), N(0 71 (w; +ws)) is even,
in which case e(f) = 2.

Let 6 = 0yN(w;071), and let v = (o0 : Z[f]). A rational prime, resp. a prime
ideal in o, dividing ¥ N (wjw,) is said to be singular. Let P, Py, P, and Py
denote the set of rational primes, the set of singular rational primes, the set
of prime ideals in o, and the set of singular prime ideals in o, respectively;

the sets Py and Py being finite, write C' = [] p. Let 1(X) denote the square
pEPy
X <21, < X(1+4n) in R% Given a € Z2, let A, := (a1w1 + aswz)071; let

Ao = {1 a €72 (ay,a) = 1},

and let
A={2,: A, € Ap,a € I(X)}.

Lemma 2.2 Suppose that p;|B, pi|p, p; € P for some B in Ay, and some
pin P, i=1,2. If p is not singular, then p; = po and Np, = p.

Lemma 2.3 Suppose that {2,, Ay} C A. Then f(a) = hyX?*(1+ O(n)) and
A, =AU = a = 0.

As an immediate consequence of these two lemmata, one obtains the following
result.

Corollary 2.1 If2, € A, then f(a) e P < A, € P.



We are now ready to state our main result. Let

m(A):=#{p:pe P, p= fla), a € I(X)}

be the number of rational primes p of the form p = f(a) with a € I(X). By
Corollary 2.1,
7m(A) = card (ANP). (2.1)

Theorem 2.1 Let f be a binary cubic form irreducible in Z[z] with e(f) = 1;
suppose f(1,1) > 0. Then

7]2X2

Tiog X {1+ O((loglog X)~1/6)} (2.2)

m(A) =0a(f)

as X — oo, with o(f) > 0.

Corollary 2.2 Let f be a binary cubic form irreducible in Z|x] with e(f) =
2; suppose f(2,1) > 0. Then the number of rational primes p of the form
p = 1f(a) with b(a) € I(X), where bi(a) = a1, ba(a) = as, is equal to

T]QXQ

() 3o (1 Ollloglog X)7/9),

Proof. It suffices to remark that if (f) = 2 then f(z) = 2¢(y), where
x1 = 2y1, T3 = Y, and g is a binary cubic form irreducible in Z[z] with
e(g) = 1. Since f(2,1) = 2¢(1,1), the assertion follows from Theorem 2.1
applied to g.

We conclude this section by proving Lemmata 2.1-3. Let us begin with
Lemma 2.1. The binary cubic form f(z) is integral, for each of the coefficients
of the form Ny /@) (Z1w1 + Taws) is divisible by No. Since & = Q(6p), the
form f(z) is Q—irreducible. If

p[h.c.f.(N(D_lwl), N(D_lwg), N(D_l(wl + wg))>
and p € P, then p = p1pop3, where
prlwid ™t palwad ! psl(wr Fwa)o 7t pEeP, 1< <3,

and it follows that p = 2; moreover, the coefficients of x5 and of z123 in f(x)
are easily seen to be odd in this case. It follows therefore that f is primitive.
Conversely, let f(x) be an integral binary cubic form irreducible in Z[x], then
f(x) = aNyw)/o@)(z1 + nre) with a € Z, n € k. Suppose mn € o, m € Z,
and let g(z) = Nyw)/o@) (mzr + wza) N0, where w = mn, 0 = (m,w).
Since g(x) is an integral binary cubic form irreducible in Z[z], it follows that

4



f = g. Clearly, e(f) # 0 mod 4. Moreover, the above argument shows also
that e(f) = 2 if and only if the following condition holds:

2 =pipaps, Pi € P, pi # 9, pidw;, 1 <0< j <3, p3df(wr + wo).

This completes the proof of Lemma 2.1.
Suppose now that p;, po|%a, A, € Ag. Then if n = —aja; ' mod p with
n € Z, we will have

b = —ara;" =n (p;), (i =1,2).

Since p1, po|p, and p is non-singular, it follows that p; and ps do not divide v.
Thus N(p1) = N(p2) = p. Let ¢(u) = Nyw)/ow)(u — 8) be the characteristic
polynomial of 6y, so that

p(n) = —a;° N 'w) "' N(2,) = 0 mod p.

It follows from a theorem of Dedekind (see, for instance [5, Lemma 1]) that
the ideal (p,0y — n) is prime. Since both p; and py divide (p,0y — n) we
deduce that p; = po, as Lemma 2.2 asserts.

Finally, let 2, € A. Then f(a) = X3f(a/X) and a;/X =1+ O(n), i =
1,2, so that f(a) = hyX3(1 4 O(n)) since hy > 0. Suppose 2, = 2, and let

a = (a1w; + agwy) (bywy + bywsy) ™1, (2.3)
then o € 0*. Tt follows from (2.3) that
Tr o = (0101 f(b) + azda f (b)) f (b)Y,
and therefore
Tr v = (b101f(b) + 020 £ (6)) f(0) ™" + O X f(b) (0L (B)] + |02 (B)1)),

or Tr @« = 3+ O(n). Since Tr a € Z, it follows that Tr a = 3; analogously,
Tr ! = 3. Thus o = 1, and Lemma 2.3 follows.

3 Preparatory lemmata; calculation of o(f)
Write, for brevity, Z := Z(k). Given a sequence D of rational integers, and a
sequence D of ideals in Z, let Dy = {c:c € D,d|c}, and Dy = {c: ¢ € D, a|c}
ford € Z, and a € Z. Let

A= {f(a’) fa e ]<X) N Z2a (alaa2> = 1}a

bt



or what amounts to the same thing, A = {Na|a € A}. Let
R={R:RcZ,u(R)?*=1R=RyRy,u(NR,)* =1},
where Ry = (R, C), so that (Ry,C) = 1. It follows from Lemma 2.2 that
({R:RecZ,u(R?*=1}n Ay CR.
For R e R, let
(R X)=#{a:acZ’n I(X),RA,},
let
m(R) = {u:u € Z* umodr, R|2,},
where r := NR, and let
a(R) =~ # m(R), 3(R) =~ a(R) (3.1)

r

Following [2, § 5] we may conclude that

O(Rv X) = T_Q Z UO(Rv CZ)GT(—CLJ?),
a mod r

zel(X)

where o¢(R,a) = > e.(au). One remarks that the sum o¢(R, a) is weakly
uem(R)

multiplicative, that is og(ab,a) = o¢(a,a)oy(b, a), whenever (Na, Nb) = 1,

and a(R) = a(Ry)a(Ry) = a(Ry) for R € R. As in [2], it follows that

2X2
(R, X) = """ a(Ro) + p(R, X), (3.2)
with
X
where
So=r" Y oo(R a)e(—ax). (3.4)
a#0 mod r
zel(X)
Let
Si= Y (R p(R,X)|.
Q<NR<2Q
ReER

We prove the following analogue of [2, Lemma 5.1].
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Lemma 3.1 If A is any positive integer, there exists ¢(A) such that
1 < (X +Q)(log Q).

Proof. It follows from (3.3) that 3; < X3 + X2, where

Su<X > 7(R)NRT < X(log Q)™

Q<NR<L2Q
and
Yig = Ay
2= > (RS (3.5)
Q<NR<L2Q
RER
By (3.4),

So<r? Y Joo(Ra)l| > e(—az)l.

a#0 mod r zel(X)

SiIlCG |O'0(R, a)] = |00(R0,a)] |0'0<R1,CL)‘ S NR(% |0'(](R1,CL)| < ‘O'(](Rl,a,”, it
follows that

loo(Ry,a)| . r , r
Sol< ) PP B in{ X, —— Y min{ X, — }. 3.6
| 0| = r2 { |a1‘} { |a2‘} ( )
a;ﬁ(;

Further, if NRy =p, p€ P, a # 0 mod p, then

oo(Ry,a) = Z ep(tua) = Z ep(tua)

tuem(R1) u€m(Ry)
as soon as t #= 0 mod p; therefore

(p—1) oo(Ri.a) = > eyftua)

uem(Ry)
1<t<p

= p#{u:uem(Ry),plua} —# m(Ry).

If aswy # ajws mod Ry, this gives (p — 1) og(R1,a) = p — # m(R;) =0; in
view of the weak multiplicativity of o¢(Ry,a), it follows therefore that

oW1 # a1Wwo mod Rl = O'O(Rl, CL) =0 (37)

for any R. Let us substitute estimate (3.6) in the equation (3.5) and divide
the range of summation over a into two parts, summing first over those a
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with a;as = 0 and then over those with ajas # 0. This gives Y150 < 313+ 214,
where

1 c1(4)
iz <X Y - Yoo ot <X Y % < X (log Q)™

0<a<@ Q<NR<2Q 0<a<@
Rila
and
R
Sy = > M min{X, ﬁ} min{X, |L|}.
T aq a9
1<]a1l,az|<r/2
Q<NR<2Q,RER
One obtains
loo( Ry, a)l T(R)"
by RyA 0T
1< Z T( ) |@1a2| «@ Z |CL16L2| 7
Q<NR<2Q,RER Q<NR<2Q,RCR
a€N acf
where
Q={a:1< a],|az] £ Q, asw; = ajws mod Ry};
this gives
T(aswy — ajwy )t
S < Q Z (@own 1Wa)

1<]a1 | |az|<Q 10|

= Q Z Z (M M) 7 (agw; — alwg)cl(A)
M

Mi<|a1|<2M;
Mz<|az|<2M>

with M, My ranging over the set {2™ : 1 < 2™ < @}. Making use of the
following analogue of [2, Lemma 4.7]

Z T(aswr — aywy)? < z129 (log(z122))™, (3.8)
la1|<z1,]az|<z2

a1a27#0

one obtains

S < QUog Q)™ ) |1 < Qlog Q).
M

8



This concludes the proof of Lemma 3.1.
By definition,

Ar={,:a € [(X)NZ? (ay,a0) =1, R|A,}.

Assuming R € R, it follows then that

#An = ;Md)a((&d),d)
_ X a(RO)Z“fl? B(R,d))"" + pi(R, X),
where -
M&ngywmé%éd
Thus 22
S, « aq 1
# Ag ) (Ro) a1 (R) + p1(R, X),
where 1 1
()= 1 =570 Gy
Let
Sa= Y. T(R)Ap(R X))
Q<NR<2Q

The following lemma is our analogue of [2, Lemma 3.2].

Lemma 3.2 If A is any positive integer, there exists ¢(A) such that

S < (Q+ XQY? + X*2)(log QX ).
Proof. It follows from (3.10) that ¥y < ¥ + Xo9, where

R X
Y1 = Z T<R)A‘P<ma E)’,
Q<NR<2Q 7
RER, d>A
and R X
Yoo = Z T<R)A|P<ma E>|
Q<NR<2Q ’
RER,A<A

(3.10)

(3.11)

(3.12)



It follows from (3.2) that Y9y < Y3 + oy, where

R X
_ A
Q<NR<2Q
RER, d>A
and
N((R,d)) Ry
)y — 2X2 R A )
2 g 2. "B HNg STiL
Q<NR<2Q
RER, d>A
22 T(R>A N((R, d))
<X D N e
Q<NR<2Q
ReR, d>A
Let

911 == (Rl,d), R1 == Q[ﬂlg, d= mNQll

In this notation

P < X7 DT 7)) N (@) AN ()

>

Q<N (20122 R0)<2Q m>AN ()1

< PX2A ! (log X)W,

and

Sy < S @) (@) o
Q<N (222 R0)<2Q
d>A, N(2)|d

IN

d>A, N(20)|d Q<N (12 R0)<2Q

< D or(d)er N (),

d>A acI(X/d)
In view of (3.8), this gives
Yog € X2A H(log X)W,

thus
Y1 < A7 X2 (log X)W,

10

Ry X
(T, ™ 0

>, ! > 7()" |0 (As, i

(3.13)



Let now 2 = (R,d), R = 2A%; with this notation,

X
Ygo < Z T(2A)47(B)|p(B, E)L
Q<N (AB)<2Q
d<A, N(24)|d

where we write 2 = Ao, with Ay = (A, C), as at the beginning of this
section. Therefore it follows from Lemma 3.1 that

Tmo€ Y T+ g

d<A, N(2)|d

< Y ) e+ ) og Q)

N2y
d<A, N(24)|d
< A (X +Q)(log Q)™ (log X).

As in the proof of [2, Lemma 3.2], we combine this estimate with (3.13) and
let A =14 min{X"2, XQ 2} to conclude the proof of the lemma.

To estimate # A, we start, as in [2, § 5], with the following identity in
which p € P :

1, p|NZ,
w(p) Z p(R) = { 0, otherwise.
R|(%p), pINR
For ¢ square-free, this gives
1, qIN,
1(q) Z uR) = { 0, otherwise.
R[(2,q), q|NR
Therefore
# A= D 1=upulq D, p®=plq Y ulR)#Ax
Ac A, g|NU R|(2,q), ¢/ NR R|q, q|NR
QleA ReR

On substituting equation (3.11) into the last equation, one obtains

# A, =) 774{)2() t pa(0, X), (3.14)
where
ORI SR LIS § ETEERE)
Rlg, q|NR pla

11



with

v(p) = — Z p(R)a(Ry) ai(R)

NR ’
R|p, R#1
RER
and
p(, X)=plg) Y ulR)p(R,X). (3.16)
Rlq, qINR
RER
Let

L= Y 7(@)*w(@)lpa(q, X)|.
Q<q<2Q

We can now prove an analogue of [2, Lemma 2.1].
Lemma 3.3 If A is any positive integer, there exists c(A) such that
Sy < (Q + XQY? + X32)(log QX))
Proof. It follows from (3.16) that
Ss< ) @@ Im(RX) < Y r(R) [pi (R, X)),

Q<q<2Q Q<NR<L2C3Q
ReR(q) ReR

where
R(q) ={R: R €R,q|NRo, Rolgo, NR1 = q1,9 = qoq1, 90 = (q,C)}.

Therefore the asserted estimate follows from Lemma 3.2.
We let, by definition,

dn=11u+§a—v@» (3.17)

peP

Lemma 3.4 The infinite product in (3.17) converges, v(p) > 0 for each
p, and there is a positive real number ¢, depending at most on f, such that
1 —~(p) > ¢ as soon as p > 3; moreover, v(2) =1 < e(f) = 2.

Proof. If p is not singular, that is if it does not divide C, then
v, — 1

(1+%M1—7@D=1—-p; , (3.18)

12



where v, denotes the number of prime ideals p in P with Np = p. It follows
from (3.18) that there is a positive real number ¢, depending at most on f,
such that 1 — y(p) > ¢ for all non-singular primes p > 3. Moreover, the
product in (3.17) differs from the product

H(]' - i 1)7

peP p

convergent in view of the Prime Ideal Theorem, by finitely many factors.
Suppose p is singular. It follows from the definitions (3.1) and (3.12) of G(R)
and a;(R) that

W =— Y uRBR) (B = —— Y uRGBR) - 1).

Let b(R) = p*3(R), then

1_

-1
p Rlp

since u(R) #0 = R € R. It follows from (3.1) that
b(R) = # {u:u € Z*,u mod p, R|A,}

if R|p. Therefore

Z,u = # {u:u € Z%u mod p, h.cf.(A,,p) =1}

Rlp

The above quantity is at most p?, whence v(p) > 0, and it is strictly positive
if and only if p 1 (f). Since there are only finitely many singular primes,
this completes the proof of the lemma.

To state the analogues of [2, Lemma 2.2] and [2, Lemma 3.3], let

B={2:A€T hX*<NA<h;X*(1+n)},
and let B = {N2(: 2 € B}.
Lemma 3.5 If A is any positive integer, there exists ¢(A) such that

hf?]X3

S @) pl@)? [# B, - o(k) i(9)] < X2Q"*(log Q)Y

Q<q<2Q

13



where

i@ =ma) g Y %Zq IT a- ]I (1—]\%))

R|q, q|NR pePplq peP,plp

Lemma 3.6 If A is any positive integer, there exists ¢(A) such that

§ R A Br — ok han3 X2 1/3 1 c(A)
Q<NRL2Q

These two statements can be proved in exactly the same way as Lemma 2.2
and Lemma 3.3 in [2].

4 Sieve methods

Let
T(B)=# (BNP).

By the Prime Ideal Theorem,

_ hmX®

w(B) = 3log X (1+0(1/log X)).

Therefore (2.2) is equivalent to the following asymptotic formula, to be

proved by a version of the sieve method developed in [2],

772)(2
log XT

w(A) = kr(B) + O( ), (4.1)

where

k= o(f)n(h; X)), 7 := (loglog X )~/

We adopt the following notation. Choose a total ordering < on P in such a
way that
Npy < Npy = p1 < p2.

Then, given a sequence D of rational integers, and a sequence D of ideals in
7z, let
S(D,z)=#{a:a€ D, pla=p>=zpe P},

S(D,2)=#{a:aeD, pla= Np>=zpeP}
and

S(D,p1)=#{a:aeD, pla=p=p,p <P}

14



for any real z > 1. Clearly,
m(D) = S(D, h  X3/?), (4.2)
where hy := 2,/hy and D stands for either of the sequences A, B. As in [2],

we write
5

S(D, mX*?) = 8,(D) - Y Si(D), (4.3)
1=2
where
Si(D) = S(D,X7), Si(D):= Y S(Dpp), 2<i<5,
aigN(p)<bZ~
and

s =X", a3 =by= X", ay=by = X'V a5 = by = X3?>7T, by = hh X2
For p € P, let A(p) = [[—, p:. Let
Jp(A)={p:peP", X" <Np,<...<Np, < X'}
and
Ju(B)={p:pEP " pp<...<p;, Npp < X7, Np, > X"}.
One defines

TM(D) = Y S(Dap. X7),
pEJn(D)
N)\(p)<X1+T
and
U™ (D) = > S(Dagy)> Prt1)
p€Jn+1(D)

NA(p)p, 1) <XHT<NA(p)

for n > 0; let T(O(D) := S;(D). The combinatorial argument used in [2, § 2]
shows that

S(D)= Y ()" HT"(D) - U™ (D)), no <77, (4.4)

1<n<ng
Following [2, § 3] we put
UM (D) = > S(Dap): p2),

peJa2(D)
X1+T§N)\(p)§X3/277
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uPm) = > S(Daw, ).

peJ2(D)
N)\(p) Zx3/2+7'

UI(Q) (D) = Z S(D)\(p)a p3)7

peJ3(D)
N(A(p)p3 H<XHT<NA(p)<X3/2-7

S@ (D) = Z S<D)\(p)7 p?)a
pEJ2(D)

X3/27T§NA(p)§X3/2+T

and

S7(D) = > S(Digy), p3)-

p€J3(D)
N(A(p)ps 1)< X1+7, NA(p)>X3/2-7

It follows that
UD(D) = UN(D) + S(D) + ULV (D) (4.5)

and
U (D) = UP (D) + S:(D). (4.6)
Lemma 4.1 We have

m(A) —kr(B) < Y [T™M(A) - kT (B)

0<n<ng

U (A) — kU (B)| + [USD (A) — kU (B)]

HUP(A) = U (B) + Y [U™(A) — sU™(B)|

3<n<ng

+ ) (Si(A) + 58;(B)) + |Sa(A) — Sy (B)].

J=3,5,6,7
Proof. It follows from the equations (4.2-6).

Lemma 4.2 We have
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Proof. One may assume that no prime p with p > X7 is singular; then the
analogue of the equation (6.1) in [2] can be proved in exactly the same way
as in [2, § 6]. Thus
IO = Y S X TOA) = SAXT). ()
XT<pp<..<p1<X1—7

p1--pn<X1TT

By the ‘Fundamental Lemma’, [1, Theorem 7.1], with ‘w(p)’= py(p), ‘X'=
%, ‘©=X16 and ‘2’= X7, it follows from (3.14) that

S(Ag, X7) = M(q){1+ O(exp(—7"))} + O(E(q)),

where
Mo = JT 0 - o)
and
E(g)= > u(d)’r(d)’|pa(qd, X)].
d<Xx1/3
pld=p<XT™

In view of Lemma 3.3 this gives, cf. [2, equation (6.3)],

772)(2

A =

[T @ =2@)EdL + O(exp(=77"))}

p<XT

+ O(X"4(log X)°), (4.8)

where
Yy = Z Y(p1---pn)-
XT<pp<..<p1 <X 7

p1‘..pn<X1+T

The analogue of the relation (6.6) in [2] can be deduced from Lemma 3.6 in
exactly the same way as in [2, § 6]. This gives

TOB) = skhmx® I] <1—‘%>z5{1+0<exp<—f-l>)}

p<XT

+O(X37/3), (4.9)

17



where

J(p1. .. pn)
Y = R
; 2 T
X" <pp<..<p1<X1—7

pl---pn<Xl+T

The upper estimate of Lemma 4.2 can be deduced from the relations (4.8)
and (4.9) in exactly the same way as the analogous estimate in [2, § 6].

Lemma 4.3 Let Q) be a set of square-free integers q with N < q < 2N.
Suppose that z > X™ and N < X?~". Then

2 y2
Ui X 2—7/5
Y S(Agr) <) . s T
NSO aeT g qlogmin(z, X2-7/N)

and
3

77X 3—7/5
E S(Bq, z) < E - +X )
NQEO QET qlog min(z, X277 /N)

This lemma can be proved in exactly the same way as the analogous Lemma
7.1 in [2] because no singular primes enter into discussion. Moreover, neither
the formulation, nor the proof of the following analogue of [2, Lemma 3.6]
need be changed.

Lemma 4.4 We have
2X2

, A il
S;(A) + kS;(B) < TlogX

for 7 =3,5,6 or 7.

5 Some approximations

Let ¢ = 7°, and let J(I) = {a : a € R, X¥ < a < XY} following
the approxunatlon procedure introduced in [2], we define two functions d,
Ix7Z" - R, and b, : Z x Z"" — {0,1}. Let

n+1
log p;
do(m) = || — >
(A, m) gmiflogX
if

n+1
A = sz, =p,pi€ PNJ(m;),m; >0,1<i<n+1, (5.1)
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and let d,,(2(, m) = 0, if conditions (5.1) do not hold; let

1, #fAER, plA= N(p) > X8 peP,
bn (%A, m) = { 0, otherwise.

Asin [2, § 3], let

(D) = 37 ba(@,m)d (B, m);
ABED

further let
vy = > U"m(D)
meu(n)
for n > 3,
0Dy = > U"(D)

méeu(n)

forn =1,2, and

S(D)= 3 0O(D),

me(0)

where, as in § 4, D stands for either of the sequences A, B and

t(n)={m:mezZ" | my>.. . >mu >71E
n+1 n+1 3
;mi >(1+7)e ;(mﬂrl) < (3 -7
Domi+) <40t mi+1< (1=,
i=1
if n > 0;
(0)={m:meZ 1+t <m< (2—7)5_1—1.

Finally, one defines a function b™") : Z(k) x Z? — {0,1} by the equation

b2, 1) = { 0

otherwise.

Let
Uem(D) = Y b1 d, (B, m), vi=(I,m),
ABeD
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and let ) )
U3 (D) = > Um(D), ng < 77, (5.8)

(lam)GLI (n)’ 0<n<ng

where

un) ={(l,m): (I,m)€Z*xZ"™ | my>...>mpp > ls,
T<bE<lE<l—T1—¢6 , (L+b)E>3/2+1)

Lemma 5.1 We have

R 2X2
M) (p) — ™ (p "l —4
>_IU(D) - UD)] < pr ™,
n>3
R 2X2
U(") D _U(”) D Ui -3
Uf(P) ~ U1 (D)) < 3t
form=1 and 2,
R 772)(2 5
D) — D —E&T
S4(P) = $4(D)] < s e
and 2 x2
(py — 0Oy « T s
U3(D) = (D)) < -,

where D stands for either of the sequences A, B.

Being analogous to Lemma 3.7 in [2], this lemma can be proved in exactly
the same way. In particular, to deduce an analogue of the estimate (7.6) in
[2] one may use the following estimate

X
card {a; 1 a; € Z,X < a; < X(1+1n), B|(a1w; + agw)0 '} < 1+ %
valid under the assumption that h.c.f.(w;,B) = 1.
Write now
where e, is given by
w'(NA) L
en(RA,m) = —— > u(B)log ——. (5.10)
Hi:+1 (m’bg log X) ‘B|Ql, N(SB)<L N(%)
Here
L=X"? (5.11)
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and

with

n+1
Gm,t)={r: 2 e R"™ z;€ J(my), 1<i<n+ 1,Hxi <t}
i—1

Let
Us(A) = ) baen(B,m), (5.12)

ABec A

where by denotes either 8™ (2, 1), or b, (2, m); on substituting decomposition
(5.9) in (5.3) and (5.7), one obtains

U(A) = Ua(A) + U, (A), (5.13)

where U stands for any of the symbols Umn) - 7m). further, on substituting
(5.13) in (5.4-6) and (5.8) we get the decomposition

V(A) = Ve(A) + Vy(A)

with V e {U™, o™ &, UMY
We can now state our analogue of [2, Lemma 3.9].

Lemma 5.2 There is a constant ¢ depending at most on f and such that
U.(A) — kU(B) < M~ 2 X?%(log X),
where M = T[] m;. Moreover,

Ve(A) = £V (B) = O("2X?(log X)),

and ) )
D UMA) = kUM (B)| = O(n* X>(log X)°).

n>3

Proof. It follows from (5.12) and (5.10) that

1 L
= "(N log — .
ABe A
¢B,Ne<L
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Just as in [2, § 10], one can deduce from [2, relation (8.3)] and (3.8) in the
case n > 0 and from (3.11) in conjunction with Lemma 3.2 when n = 0 that

5/2 y2
U= Y a0 Aael + O(T——(log X)),
ACER,NC<L
where ’(h X3/N(Ql)) ’
_ w\ny =

It should be remarked that h.c.f.(A,&) = 1, as soon as AC € R,NC < L
and by # 0. Since it may be assumed that N(A¢) < X277/2 it follows from
(3.11), Lemma 3.2, and the relation (8.4) in [2] that

n2X? Z w'(hy X3 /N2L)
C(2)M (Elog X )+t &= N9
?75/2X2

U(A) = ap () Xg

+ O( (log X)"),

where © I
So= Y. Hre a(€) an(@)log 1z

N¢
CER,NC<L
It follows from Perron’s formula that
1 1+i00 Ls

26 = — Z(S + 1)§d8,

270 J1 oo

where

a(€y)
; (€ Neos o (€ Hl
ER peEP

As in [2], it follows from (3.15) and (3.17) that

S = Res(l(s+ 1)L°s %), + O(exp(—c(log L)'/?))

1 L 1/2
= o) [[Hm 11 (1—W) + O(exp(—c(log L)'/?))

peP plp,peP

= Tla-b Y MO oexp(—cog 1))

- Jla- %)—1(1 = 7(p)) + Olexp(—c(log L)'/?))



with ¢ > 0, where Res(u(s))s—o stands for the residue of u(s) at s = 0. This
gives

Ue(A) = o (f)n?X*Sr{1 + O(exp{—c(log L)/*})} + O(M 1”2 X*(log X)°),

where

"(hy XP/N(2L)) 1
%Zﬁbm glog Xy N oy (),

and, moreover,

a@) =[] a+nN5@E)H

peEP,p|A
as soon as by # 0. As in [2, § 10], it follows now that

Uc(A) = o(f)n*X*Sg + O(M 19?2 X?(log X)°), (5.14)

where

(g XP/N D)) o1
%an glog Xy N

The analysis of U(B) goes through along the lines of [2, § 10] and gives

2X3
U(B) = hnX3Ss + 0(’7M

). (5.15)

A comparison of (5.14) and (5.15) then establishes the first part of Lemma
5.2. The second part of the lemma can be proved in the same way as at the
end of [2, § 10].

The following proposition is an immediate consequence of Lemmata 4.1,
4.2, 4.4, 5.1, and 5.2.

Proposition 5.1 We have

(A) — kr(B) < 772X2+ 2 X?(log X)©
T KT TlOgX 7] og
+ O A) + YU (A + [Sag(A)] + T3 (A)]-
n>3 n=1,2

6 The type Il estimates

To complete the proof of Theorem 2.1 we have to estimate the sums Uy(.A),
and V,(A). We shall establish the analogues of [2, Lemma 3.8] and [2, Lemma
3.10], following the plan of the proof of these results in [2]. These consider-
ations require techniques from E. Hecke’s multidimensional arithmetic, [3],

23



[4], [6]. Since, as it was once remarked, [7, p.v], ‘to improve upon Hecke, in
a treatment along classical lines of the theory of algebraic numbers, would
be a futile and impossible task’, we shall describe the properties of the ideal
numbers following [3] rather closely.

Let K be a number field of degree n = r{+2r; over QQ, as at the beginning
of § 2. The class group of K being finite, one can choose ideals a,, ..., a; so
that every (non-zero) fractional ideal 2 has a unique decomposition

A= (a)a,...dt, a e K* 1 €7 0<1; <hy;

let
t

0 = (o), 1<j <t, h(K)=]]hy

j=1

Let L = K(f1,. .., ), where (; satisfies the equation ﬁj’»” = a;, and suppose

the complex numbers ﬁj(»i), 1 < 5 <'t, are chosen to satisfy the equations

and

6J(»i+r2) = ﬂ](l), r1 <1<ry+re.

Let J(K) = {0} UJ(K)*, where J(K)* stands for the subgroup of L* gener-
ated by K* and {f; : 1 < j < t}; by definition, J(K) is the domain of ideal
numbers of K. The factor-group J(K)*/o(K)* is clearly isomorphic to the
group of fractional ideals of K. For § € J(K), let (3) denote the correspond-
ing ideal in K let N3 :=[]_, 8%, then |N3| = N(83). Moreover,

(B) e Z(K) & 5 € o(L).

Two ideal numbers «, § are said to lie in the same class if the corresponding
ideals (), () belong to the same class of ideals; thus the domain of ideal
numbers J(K) splits into A(K) classes. A class of ideal numbers, say A, has
an integral basis {wy,...,w,}, so that

A={aw + ...+ a,w, :a € Q"},

and
Ano(L) ={aw; + ...+ a,w, :a € Z"};

moreover, the discriminant of an integral basis of A is equal to D(K), the
discriminant of K. For any « in A, one may note that {w; : 1 < i < n} is
a Q-basis of A if and only if {a !w; : 1 < ¢ < n} is a basis of K|Q. This
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simple observation is implicit in our considerations; it shows, in particular,
that there is a unique basis {w; : 1 <1i < n} of A1 defined by the condition

Tr(w;w;) = 0,5, where

5. — 1, ifi=y

71 0, otherwise;
these two bases are said to be dual to each other. In what follows, cl a
and cl a stand for the class of ideals containing a and for the class of ideal

numbers containing «, respectively. The following analogue of [2, Lemma
4.6] can be proved along the same lines as that lemma.

Lemma 6.1 Let © > y > 2 be given, and let o, be two integral ideal
numbers of K with cl o = ¢l 3. Suppose that h.c.f.(a, ) < 1, and there is
an integer r such that

W], 18V <a", 1< 5 <n.

Then given any positive integer [, there is a positive constant c(l, 1) such that

Z 7(ma + np) < zy(log ).
Im|<z, |n|<y
n#0

Let now K = k; let, for brevity, J := J(k), and gy := ¢,(A, m). Let
0 = (8), 0 € TJ; choose an integral basis {w;, wy, w3} of cl §~! and a
basis {w;, wo} of the Z—module F (cf. §2) in such a way that w6 ! =
Wi, wed 1 = bwy with b € Z. Let us fix an integral basis in each class A of
ideal numbers of £ subject, when A = ¢l 67, to the above condition. Given
B € 7, let b; = Tr(Bu;ws), where {vy, vy, vs} is the fixed integral basis of
cl (86)71, so that Bv; = ajwy + apws + byws; write § = (by, ba, by). The
restriction hy of the map h : 3 — @ to a class A of ideal numbers is easily
seen to be an invertible Q—linear transformation hy : A — Q3; moreover,

{ha(B): B € A, (B) € Z(k)}
is a sublattice of Z? of finite index (equal to det h4). We extend this map to
an R—linear transformation hy : Ag — R?, where Ag := A ®¢ R, by letting

3

3
hA(Z a;w;) = ZaihA(wi)a a€R’,

i=1 i=1
where {w;, Wy, w3} is the fixed integral basis of A. Write

3 3

3= ha(B), B9 = Z H ) Tr 3= Zﬁ
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for g € Ag, B = Zle a;w;; we write further & := h,'(x) for z € R® and let
AV ={a:ac A, (a) e Z(k)}.

The following proposition is our analogue of (the conjunction of) [2,
Lemma 3.8 | and [2, Lemma 3.10].

Proposition 6.1 Let C C R3 be a cube of side Sy > L?, and suppose that
a; < V3.1<i<3, and Na>V foracC.

(i) There is a positive constant ¢ depending at most on f and such that
the following estimate

Z 9 < Vexp(—cy/log L)

[B=a mod ¢q
Bec, Be A

holds uniformly in a range 1 < q < (log X)! for any | > 0, any class A of
ideal numbers, and any ideal number o in A.

(15)If a bound of the form

Z g < Vexp(—cy/logL), ¢ >0, (6.1)

B=a mod ¢
pec, peA©)

holds uniformly in a range

1 <q <@ <exp(y/logX)
for any class A of ideal numbers and any ideal number o in A, then
ST bage < X2Q ' (log X)°

abe A
V<NBL2V

for X1 <« V < X3277 with a suitable positive constant ¢ depending at
most on f; here notation by has the same meaning as in equation (5.12).

In this section we shall prove (ii). Choose V as in (ii), and let ¥ : R* — {0, 1}
be the characteristic function of the square I(X); let

Yo(V) = Z bagp-

abe A
VN2V
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We have
EQ(V) = Z bagb\IJ(a).
ab=2,,V<Nb<2V

a€Z?, (a1,a2)=1

The argument at the beginning of § 11 in [2] shows that

S(V) = > bage ¥ (a) + O(X? 7% (log X)°), (6.2)
ab=2,,V<Nb<L2V
a€Z?, {a,b}CQ

where Q stands for the set of those integral ideals in 0 which are not divisible
by a rational prime. An integral ideal number [ is said to be primitive if
(8) € Q. Clearly, if 3 is a primitive vector then 3 is primitive. Without loss
of generality, we may assume in what follows that £k C R. If »r = 1, let O,
denote the set of primitive ideal numbers 3 satisfying the conditions:

B=(NB)3, —1/2<2<1/2, B>0,

where g is the fundamental unit of k with ¢y > 1. If k is a totally real cubic
field, i.e. if » = 2, we choose two multiplicatively independent fundamental
units €1, &9 of k with Ne; = Ney = 1, and let Qg be the set of primitive ideal
numbers 3 defined by the conditions:

189 = (NS e |1 |52, —1/2 < 21,20 <1/2, 1< j <3, NG >0,
where () = 3. Let

G(ﬁ) _ { g(ﬂ)’ lf/B € QO

0, otherwise.
Equation (6.2) can now be rewritten as follows:

S(V) = > b(ayG(B)¥(a) + O(X?/?(log X)),

pla)=daf, (a)€Q
a€Z?, V<NB<L2V

where ¢(a) := ajw; + asws. As in [2], an application of Cauchy’s inequality
yields
So(V) < X272 (log X)° + (X3 /V)/25107,
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where

Yy = Z| Z G(B)¥(a)|®

(@eQ ¢(a)=5a
a€Z?, V<NB<L2V

- Z G(B1)G(B2)¥(ar)¥(az)(ar, ag; B, B2),

a; €72, i=1,2
V<Np1,NB2L2V

with
Y(ay, az; 1, f2) = card {a : (a) € Q, p(a;) = d0af;, i = 1,2},

so that 1 takes values in {0,1}. Further, as in [2], one may remove the
diagonal terms in X1y and write

210 = 211 + O(X2(10g X)c),
where

X = Z G(B1)G(32)¥(a1)¥(az)(ar, az; B, fa).

B1#£B2, a; EZ2,
V<NB; <2V, i=1,2

For b € 77, let d(b) := h.c.f.(b,by,bs3) and let [} = d(b)~"b. Suppose
w<a1,(12;61,ﬁ2> = 1, then

daf; = apwy + apws = d(agwy + a;2(bws)),

or
Oéﬁi = a;1wq + aiQ(bUJg), 1= 1, 2.

Therefore
Z oz]b(z
where {vy, v, v3} is the fixed 1ntegra1 basis of cl(3;0)~!, and
béi) = Tr(v;3iw3), o = a1v1 + agvy + agvs, @ =1,2.
Thus @ = C[Bl A ﬁg] with some integer ¢, where
B = (67,08, 6Y), @ = (o, g, as).
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Since («) € Q, the vector @ is primitive and, consequently, ¢ = £ 1. Thus
(cf. [2, § 11))

By =cl By, a€cd(df)7, @= [0 AB. (6.3)

Let
hi1(B1, B2) = Tr(BiB1at01), hia(Br, B2) = b~ Tr(B;B1a1a), (6.4)

where 612 = Z?:l (Bl /\BQ)j/Uj; then a; = + d_lhi(ﬂl, 62) with hz = (hila hZQ),
d = d(ﬁ} A 32), 1 =1, 2. since « is primitive if and only if @ is primitive, we
produce exactly the required set of ideal numbers « in this way.

The argument leading to the proof of Lemma 11.2 in [2] results in the
following analogous statement.

Lemma 6.2 Let 1 <Y <« X7/3. There is a constant ¢, depending at most
on f, and a class B of ideal numbers, such that

Se(V) < X2Y "2 (log X)¢ + X3V 12812,

with
Yip = Z G(ﬁl)G<62>\Ij(a1)qj(a2)w(alaa2;51752)>

B1,82,a1,a2

subject to the conditions
a; €Z? B e BO V< NB <2V, i=1,2 d(fiAB) > VXYL

The argument at the beginning of [2, § 12] shows that

L1 =2 G(B)G(B)U(d 0 (B, 52)) U (d " ho(, B2)  (6.5)
B1,P2

subject to the conditions
3 eBY V< NG <2V,i=12 dfiAB)>VXY
For y > 0, let

Uly) = {(B1,0h): i€ BO, V< Np; <2V,
yX < hi(B,B2) <yX(1+n), i,5=1,2}.

With this notation, equation (6.5) may be rewritten as follows:

Se=2 > GB)G(B), d:=d(BiAB).

(31732)611(‘1)
d>VXx-ly-1
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Subdividing the range of summation over d into subintervals

—1
I = (mTA, %A], T< X3 T<m<2T, AN« VX",

one obtains
212 < (log X) T 213<m, A) (66)

for at least one pair (m, A), where

Si(m,A) =Y | Y GB)G(B) (6.7)

helm (6, Gr)e Udr)
d(B1ABa2)=d1

The argument proceeds, as in [2, § 12]. One must prove, for example, that

the cubic polynomials h;;, 7, j = 1,2, are non-singular in the relevant region.

As in [2, § 12], we do it for the polynomial h;;, the rest being analogous.
Let &£ stand for the set of the three distinct embeddings o : k — (C and

let Biy :== 0(f;), i = 1,2, 0 € &; write, for brevity, s; := bgl), = b

that

s; = Tr(Bvjws), t; = Tr(Bovjwg), 1 < j < 3,01 = (s1,59,53), fa = (t1,ta, t3).
It follows from (6.4) that
ha1(B1, B2) = Tr(B11 (v1(sats — ssta) + va(ssts — sits) + vs(sita — sat1))).

Let p € &; we have

10h11 -
(piis) 5o = (sapvs — s3pva)Tr(Briivy)
aﬁ?p

+ (83P01 - 81PU3)TT(511711U2) + (810712 - 82001)T1"(ﬁ1w11}3)-
On writing
Tr(B1wv;) = ZﬁlaCT(iji), 1<i<3, 5=1,3,
oe€

substituting this identity in the previous equation, and rearranging the terms
in the resulting sum, one obtains

LOh o o
(pw3)~ aﬁll BioBrir (03T0) — oy T3) D(v),
p
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where €& = {p, 0,7}, and where D(v) := det(7(v), o(v), p(v)). Therefore

Z(P@z&)_l(m%)ﬁmahn = —(NB1)D(v)D(w) = £Nf

peE aﬁ 2p

since the discriminant of a class of ideal numbers is equal to the field dis-
criminant, and we may conclude, as in [2, § 12], that

IVhll(n)l >>T27n = (n17'--7n6)7 (68)
for (1, 3;) € U(d), d € I,,, where

n;
T Y
assuming n; < T', 1 < j < 6. For r = 1 we may handle the cubic polynomials

(3 — (Np;)e*?2 in the same way. Thus, for 7 = 1 we may follow [2]. We
cover the region of summation in (6.7) by means of cubes

s = V13 t,:VW%, 1<i<3,

n; n;

. e —1
Cn) = {(B,f): V3 7 <81§V1/3T

e A TR}

and say that a cube C(n) is of class I if it lies completely inside U(d) for each
d € I,,, and of class IT if there is at least one d € I,,, for which U(d)NC(n) # ()
but C(n) does not lie inside U(d). Making use of the estimate (6.8) and its
analogues, one deduces from Lemma 4.9 in [2] that there are O(T?) class II
cubes if r = 1.

If r = 2, one has to consider a condition of the form

31 = (NB)" Pl 2lea), (j = 1,2 and 3).
This can be expressed as an equation of the form
Alog |B1p| + Blog |51-| + C'log |51+ = 0,

where A, B, C' are non-zero constants (involving log |¢;| etc.). Such an equa-
tion can be handled directly, without appealing to Lemma 4.9 in [2].
It then follows from Lemma 6.2 that there is a class I cube C such that

So(V) < X2Y M2 (log X)° + X2V 127512 (log X ), (6.9)

where
Yy = Z | Z G(81)G(B2)],

d1€lm (Br,B2)E C
d(B1AB2)=d1
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cf. relation (12.8) in [2]. Further,

Yy = Z ’ZM(d) Z G(61)G(B2)l,

di€lym  d=1 N
1€ (Br,B2)e C
d1d|B1 NG

and it follows that
Z14 S Z Z15(-E[7 U))
1<H<oo

veZ3

where H runs through the powers of 2, and 73 stands for the set of primitive
vectors in Z3; here

Sp(e)= 31 Y ) Y GG

d1€lm dyd|r, rveC B1ABa=rv

H<d d<2H

Moreover, the argument in [2,§12] shows that

Sip(Ho) < (log X2 30 72", (6.10)

Bi€A, Bi€Q
i=1,2, yel'

where A is a lattice generated by z1, z5 such that
{21, 2} CZ% 21 A2y =, |21| < |2] < V3,

and R
['= {01, B2, bica — bac1}, Bi = bizi + cize, i = 1,2,

so that 7 = £(bjcy — bacy). To estimate the sum in the right hand side of
(6.10), we may apply Lemma 6.1; the argument used at the end of [2, § 12]
leads then to the following analogue of Lemma 12.2 in [2]:

So(V) < X2Y Y2 (log X)¢ + X3V 12512 (log X)°, (6.11)

where
Ss= Y, | Y, GB)G(B) (6.12)

di1€lm, (B1,82)e C
did<do dldlﬁl/\gz

32



with dy := X 'VY' + V6, Further, the sum ¥4 can be estimated as in [2,
§ 13]. Given a cube D in R? and a point a in Z3, let

o(a;G, D)= Y exp(2miaB)G(B).

BeDNZ3

One first obtains an analogue of the estimate (13.2) in [2]:

log V/ 7(q) —17. 2
g < XY = > > elg GG, (6.13)

q<do q beJ (q), i=1,2

where J(q) = {b: b € Z3, bmod q, h.c.f.(b1,bs,b3,q) = 1}, and the cube
C in (6.12) is regarded as a product C; x C; of the two 3-dimensional cubes,
in a natural way. An application of the large sieve argument in the form of
Lemma 13.1 in [2] allows then to deduce from (6.13) that, cf. estimate (13.4)
in [2],

Y1 < Tir 4+ XV(YQy? + YX /) (log X)°.

where

log V/ 7(q) L, )
Sir = XY =2 > p Z o(q7'b; G, C) .
9<Qo beJ(q), i=1,2

Clearly,
olg'b:G,C) = Z exp(QMbc) Z G(p).

q )
c mod g Bec

cez? ﬁ:c mod ¢
Moreover, on recalling that

BO = {3 e B:(B) e (k)

we see that
Yo G = D> ge > ud),
gec Bec, BeBO dis
,@:c mod ¢ ,@:c mod ¢
so that

olg:GO< Y I Y gl (6.14)

¢ mod q Bec, BeB©®
c€Z3,d>1 d|s, B=c mod q
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Since [ — B is an invertible transformation, whose matrix depends at most
on f and B, the conditions d|3 and B = c¢mod ¢ are equivalent to a set of
congruence conditions on 3 modulo lq,d], cf. [2, § 13]; consequently, the inner
sum in (6.14) can be bounded above with the help of (6.1). To conclude the
proof of (ii) in Proposition 6.1 as in [2, § 13] we need the following analogue
of Lemma 4.5 in [2].

Lemma 6.3 Let C = (a1, a1 + So] X (az,as + so] X (a3, as + so] be a cube of
side sy, and suppose that max |a;| < s) for some positive constant . Then
there is a constant c(l) such that

S (9 < sillogso).

Bec,3eA0)

The proof of this lemma coincides with the proof of Lemma 4.5 in [2, § 4].

7 Completion of the proof of Proposition 6.1
and Theorem 2.1

Part (i) of Proposition 6.1, to be proved in this section, is our analogue of
Lemma 3.8 in [2]. As in [2], we begin by considering the function e, (A, m).

Lemma 7.1 In notation of Proposition 6.1, let

1
I——— [ W(N#)d
| det hA|/Cw( 1) dz,

and suppose o € A let e(a,q) = 1 if a and q are coprime, and (o, q) =0
otherwise. The following asymptotic formula

_ “apr-1(¢lo -l M
Yo al@m) = ok M log X)

B = amod q
Bec, Be A

+O(SgM ™' 7(q)° exp(—cy/log L)),

holds uniformly for 1 < q¢ < L'/S. Here M = H?:ll m; as in Lemma 5.2, ¢y
stands for the Fuler function over the field k, and c is a positive constant
depending at most on f.

This lemma can be proved along the lines of the proof of Lemma 8.1 in [2].
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Turning to the analysis of d,, (2, m), let us note that for any ¢ < L'/6 we

have
> dul(8),m)=0

[ =amod q
Bec, Be(cl a)©®
whenever o and ¢ have a common factor, since in this case () will be a
product of prime ideals p with N(p) > X7 > L > N(q). Thus we can assume

that h.c.f.(a, q) = 1. It suffices therefore to prove the following analogue of
Lemma 9.2 in [2].

Proposition 7.1 Letl >0, a € A, q € Z, and suppose that h.c.f.(a,q) =
1. The following asymptotic formula

S dl®m) = (k)M () (Elog X)

B = amod q
pec, peA©)

+ O(V exp(—cy/log L)),

holds uniformly for 1 < q < (log X)!, where c is a positive constant depending
at most on f.

Proof. Let
J(q) ={a:a €T, he.fa,q) =1},

let 31(¢) = J(q) Nk, and let
Jo(q) ={a:a €k, a=1mod g},

where h.c.f.(a,q) = 1 means that (a) = [[,cp p"®) with n(p) € Z, n(p) =0
for plg. Let H denote the set of characters of the factor-group J1(q)/J0(q);
write dy := d,, (2, m) for A € Z(k). It follows that

Yoo dlB)m) = e w@) Y dpx(®.  (7.1)
B =amodq X€H Bec, BeAO)

Bec, e A©)

where each Y is extended to a character of the group J(q); since fa~! €
k*, the sum in the right hand side of (7.1) does not depend on the chosen
extension. As usual, let {a} denote the fractional part of a real number «.
For § € Ag and x € H, choose functions as follows. When r = 1 let

_ log || B

V1(B) = log |eo| exp(2mia(8)) = 139

exp(—2mify (5))
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with Farke exp(2mif), and let
o

X(g0) = exp(2mit), 0 <t <1, vy(x, ) = exp(—2mit{u1(F)}).

If r = 2, let 11, %5 be defined by the equation I(3)R(k)™' = I(+), where

[(B) := (log |8V, 1og |8®)], log [B™]), (y) == (log [N, 41 (8), ¢2(8)),

with R(k) denoting the regulator matrix of k as in § 2, and let

vo(x, B) = exp(—2mi(t:1{v1(B)} + t2{t2(3)})),
where
x(g;) = exp(2mit;), 0<t; <1, j=1,2.
Now let

V(. B) = x(ﬁ)(%)%(x,ﬁ),

where x(—1) = (—=1)%, s =0, 1. The characters \;(a) = exp(2mivp;(«)), j =
1,2, generate the group of Grossencharacters of k. Let

_ [ 1= ATl [lull < A,
nw={ M RS
where ||u|| ;== min{|u — n| : n € Z} for u € R. Following [2], let us introduce

a weight function W(3; A, x), defined for 0 < A < &, z € R®, (3) € Z(k) by

W(B; A, x) = H(1(B) — ¥u(2))H(Y2(B) — 2(T)),

and consider the sum

S(x,x) = > dayv(x; )W (3; A, ),
Ni<N(B)<Ni+AV
BeA©)

where x € C, so that V < N& < V. Clearly,

X(x, ) = mzﬁl(fl) > Ay ((B)v(x, )W (8; A, x),

n N#<N(B)<Ni+AV

where 1y ranges over the characters of the class group of k.
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Lemma 7.2 Let x € C and suppose that q < (log L)!. Then

A2
0 7) = e0)m(@) 37 (Elog X) ™" + O(AT MV exp(—cy/log L)),
(7.3)
where
m(z) = w(Ni + AV) —w(Nz)
and (x) = h(k)™ or 0 depending on whether x is trivial or not.

Proof. The asymptotic formula (7.3) can be deduced from (7.2) along the

lines of the proof of Lemma 9.3 in [2]; if the character x is trivial, the con-

tribution to the main term comes from the summand in (7.2) with v, = 1.
Let now

Y (x,z) = o(x, B) ' E(x, @),
and let

j= / S (y, 2)da.

c
Following [2], one deduces from Lemma 7.2 that

A3V
M

(€log X) ™" det hall +O(A* VM)
+O;(A2M 'V SP exp(—cy/log L)). (7.4)
Lemma 7.3 Let a € 3, and suppose that W(a; A, x) # 0, and that

j = e(x)

Ni < N(a) < Ni+ AV, V< N(a) < V.

Then (o) = (3) for some B € J with = (1 + O(A))z. Moreover, there
exists y € R® and e € o* such that & = ge and & = (1 + O(A))y.

An analogue of Lemma 7.3 is valid for any number field; its proof is an exercise
in the multidimensional arithmetic of E.Hecke, [3], [4], [6], and we omit it
here; one can also prove this lemma by a direct calculation, generalising the
proof of Lemma 9.5 in [2]. Denoting by ¢ the constant implicit in the O—
symbols of Lemma 7.3, let

C'={t:tcR3 |t—ux| <cV'Y3A for some z € C}.
It follows from Lemma 7.3 that

X(z) = > dipyx(B)W (5; A, 2)(1+ 0(4)),
Bec’, Be A
Ni<NB<Ni+AV
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and therefore

= Y dex(®1+0() / W (3 A, 2)dr.

Bec. BeA® 2€C, Ne<NB<NZ+AV
As in [2], it now follows that

i= > dex(B)1+0(A)I(B) + O(AV? log X),

where

In(B) = W(3; A, x)dz,

/xef, Ni#<NB<Nz+AV
and F is a fundamental domain of the group of units o* in R3?. If » = 1, the
integral Iy(/3) can be evaluated in the same way as in [2]; if r = 2, to evaluate
this integral one makes a substitution

T 1) R(k) ™ = (log [N, 91 (7), 2 ().
This gives Io(3) = A’V ¢(k)h(k)™'|det hal in either case; therefore

j = AV (k)h(k) | det hal D dx(B)(1+ O(A)) + O(A*V?log X).
fec, peA
(7.5)
On comparing relations (7.1), (7.4), and (7.5) one concludes the proof of
Proposition 7.1 along the lines of [2, § 9]. This completes the proof of Propo-
sition 6.1.

As it has been explained at the end of [2, § 3], Theorem 2.1 and therefore
Theorem 1.1 can be deduced from Proposition 5.1 and Proposition 6.1 by a
suitable choice of the parameters n and ).
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