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Abstract

We consider two branching processes: a Galton-Watson process and a branching Brownian
motion.

In Chapter 2 we study behaviour of a minimax recursion defined on Galton-Watson trees.
This recursion corresponds to a two-player combinatorial game. The value associated to the
root of a tree truncated at some level 2n corresponds to the probability that the first player
wins a game played on such a truncated tree. We study convergence of the value at the
root as n — oo, in particular we give distributional limits under suitable rescaling in various
cases. We address also a question of endogeny, which can be seen as a property that holds if
the game can be played close to optimally for large n by inspecting only the initial section
of the tree.

In Chapter 3 we consider a branching Brownian motion in R%. We prove that there exists
a random subset © of S*1 of full measure such that the limit of the derivative martingale
exists simultaneously for all directions in © almost surely. This allows us to define a random
measure on S%! whose density is given by the derivative martingale. We argue that this
measure should correspond to the distribution of the direction of the furthest particle and
we prove this claim in dimension one.

In Chapter 4 we present conclusions and further research directions, in particular we
discuss a conjecture on the form of the extremal point process of the multidimensional BBM.
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Chapter 1

Introduction

Rooted trees are a class of discrete mathematical objects of fundamental importance in com-
puter science, combinatorics and probability. They can be used to model situations involving
fragmentation, splitting etc. A simple example is presented in Figure 1: we start with an
object Ny (the ‘root’), which then splits into three objects Nii, N12 and Ni3, which then

split again.

N1 Nii2 N1z N1z Niz1 time

Figure 1.1: A tree rooted at Np

In this work we shall consider random rooted trees and the basic assumption that we
shall make is as follows: numbers of offspring of each node in the tree are i.i.d. random
variables supported on {0,1,2,3,...}. Such an object is called a Galton-Watson tree — one
can think of it as a simple example of a discrete time branching process. It is also a basic
population model and therefore natural questions that arise are those of population growth
and extinction, when time is indexed by successive generations. For example, if u is the
expected number of offspring generated by each individual, then the population goes extinct
almost surely if and only if ¢ < 1. We can also answer the question about growth: if Z,, is the
number of individuals in generation n, then Z,,/u™ is a non-negative martingale. Therefore,

the martingale convergence theorem tells us that Z,,/u™ converges almost surely.



Suppose we want to study a spread of population in its habitat. Then in addition to the
genealogical structure of the population we need to record the position of each individual.
We could model it by adding a spatial location to each node (which would reflect the position
of the corresponding member of the population). We could further assume that each node
splits into offspring nodes that are located at positions given by i.i.d. displacements with

respect to the position of the parent node (see Figure 1.2).

location

time

Figure 1.2: A branching random walk.

This model can be extended even further relaxing the assumption that splitting occurs
at integer times. We assume instead that each node (now called a particle) lives for an
exponential amount of time during which it moves according to a Brownian motion (see
Figure 1.3). This model is known as a branching Brownian motion (BBM). In its standard
version, the BBM is assumed to only have binary splitting, i.e. each particle gives birth to

two new particles located at the final position of the trajectory of their parent.

location

WNMW v WV ! time

Figure 1.3: A branching Brownian motion.



The rest of this chapter gives a brief overview of the main results in this thesis. There are
two main chapters, corresponding to two distinct projects. In Chapter 2 we study a minimax
recursion associated with Galton-Watson trees and in Chapter 3 we prove weak convergence
of a family of direction-wise derivative martingales in a multidimensional branching Brownian
motion. Both chapters are based on submitted articles: Chapter 2 is based on [51] (accepted
to Combinatorics, Probability and Computing) and Chapter 3 is based on [63] (accepted to

Annales de UInstitut Henri Poincaré). In Chapter 4 we discuss further research directions.

1.1 Minimax trees and their connection to games on graphs

Random trees are often used as a structure on which a random process might be built, or as
an approximation to more complicated random graphs.

In the first case, a process may be built on a tree by assigning random values to each
node and imposing some recursive structure upon them. Let T &) be the set of nodes of a
rooted tree that are located at level k, i.e. are separated from the root by k£ edges. Fixn > 0
and erase all nodes at levels larger than n (we will refer to such an operation as ‘truncating
at level n’). Denote by L™ the set of leaves of the resulting tree, i.e. the set of nodes with
no descendants (note that the leaves can be located at all levels 0 < k < n) and assign to

each u € £ an ii.d. random variable X . For each u € T®) \ £ k < n we define
XW = (X p e Ty < v), (1.1)

where u < v denotes the set of offspring of node w.

This allows us to calculate recursively, starting from the leaves and backtracking to the
root, all the values in the tree. Note that if the tree we are considering is a Galton-Watson
process, then for each k£ < n we obtain that (X (U))UET(k) are i.i.d. random variables. This is a
starting point for many questions. For example, let X,, be the random variable corresponding
to the value at the root of the tree truncated at level n. Does then X,, converge in distribution

as n — oo? Note that if X, 4 x , then X must satisfy a fixed point equation:
X =g(X i < N), (1.2)

where N is generated according to the offspring distribution of the Galton-Watson tree



and X are i.i.d. copies of X. A thorough survey of such models where the function
g(+) is essentially a maximum or minimum was given by Aldous and Bandyopadhyay [4].
Other studied models in this class include the following ones (the list is non-exhaustive).
Collet, Eckmann, Glaser and Martin [28] considered a binary tree and a function g(z1,x2) =
max(z; + x2 — 1,0). A generalisation of this model to Galton-Watson trees was studied by
Chen, Dagard, Derrida, Hu, Lifshits and Shi in [27] and [26]. Recursions where the function
g takes values in a finite set and the tree is a critical Galton-Watson tree conditioned on size
tending to infinity were investigated by Broutin, Devroye and Freiman [20].

In Chapter 2 we study minimax trees, which use the following propagation rule: at even
levels the value at the node is equal to the minimum of the values at their children, at odd
ones it is equal to the maximum. We shall assume that the random variables put at the
leaves of the tree are distributed uniformly on [0, 1] (note that there is nothing particularly
special about uniform boundary conditions; by a simple rescaling we can map between this
case and the case of i.i.d. boundary values from any other continuous distribution). If by
Wa, we denote the value at the root of a Galton-Watson tree with offspring distribution
concentrated on positive integers and truncated at level 2n, then we obtain the following
distributional recursion:

d

min max Wz(;i)Q (1.3)

WQn ; .
1<i<M 1<5<M;

Here M and My, My, M3, ... are i.i.d. draws from the offspring distribution, and WQ(;i )2,
i,7 € N, are i.i.d. copies of the random variable Ws,,_o, independent of M and {M;}. For

an illustration of the structure of a minimax tree see Figure 1.4.

level 0
level 1
level 2

level 3

level 4

Figure 1.4: An example of a minimax tree with 4 levels. Uj,...,Usq are i.i.d. random
variables which were assigned to the leaves of the tree. All non-leaf nodes have 1, 2 or 3
children. A and V correspond to taking a minimum and maximum respectively.

This minimax procedure summarised in equation (1.3) has the following natural inter-

pretation in terms of a two-player game on finite rooted trees with values assigned to the



leaves of the tree. Two players alternate turns: a token starts at the root of the tree and
each move consists in moving the token along an edge of the tree that has not been used
yet (i.e. each move increases the distance between the token and the root). The game stops
when the token reaches one of the leaves, and the outcome of the game is given by the value
corresponding to that leaf. Player 1 is trying to minimise the outcome, whereas player 2 is
trying to maximise it. Wa, corresponds to the outcome of the game under ‘optimal play’.
One can observe (see equation (2.3)) that the cumulative distribution function of Wa,

satisfies the following identity:
P(Wap < z) = f(P(Wap—2 < )), (1.4)

with f(s) = R(R(s)), R(s) =1 — G(s) and G(s) the probability generating function of the
offspring distribution.
In Chapter 2 we describe possible limits of Ws,, generalising results of Pearl [57]. We
say that a fixed point g of f is unstable from the right if ¢ < 1 and lim lim f"(q+¢€) > g;
e—0n—o0
similarly unstable from the left if ¢ > 0 and liII(l) ILm f"(qg—€) < q. We say that a fixed point
e—0nN—00

is stable (from one or both sides) if it is not unstable (from the corresponding sides). We

obtain the following theorem:
Theorem 2.2. Wy, LW oasn— o0, for some random variable W. There are two cases.
(a) If f is the identity function, then Wa, ~ UI0,1] for all n.

(b) Otherwise, let Q be the set of fixed points of f that are unstable from at least one side.

Then W is discrete and has atoms precisely at the elements of Q).

For q € Q, define

sup{z:x < q,x = f(x)}, if ¢ >0 and q is unstable from the left
q_ =

q otherwise

inf{z:x >q,x = f(x)}, ifq<1 andq is unstable from the right
4+ = :

q otherwise

Then P(W =¢q) = q+ — q—.

Note that when each node has almost surely exactly one child, then f is the identity



function. Perhaps surprisingly, this is not the only such situation — another example is a
geometric offspring distribution (see Section 2.2.2). The question of describing the class of
distributions for which f is the identity is one of open problems mentioned in Chapter 2.
We consider also fluctuations around atoms of limiting distributions obtained in Theo-
rem 2.2. This generalises the results of Ali Khan, Devroye and Neininger [5] from the case
of regular trees to the case of Galton-Watson trees. Denote the probability mass function
of the offspring distribution of the considered tree by pi,pa,ps, ... (recall that we assumed

that each node has at least one child almost surely). We obtain the following result:

Theorem 2.3. Assume that f is not the identity function and let Q be the set of fixed points
of f unstable from at least one side.

Let q € Q. Define q— and q+ as in Theorem 2.2, and let £ = f'(q). Then:

(a) If 1 < & < o0, then
L€ (Wan —q) | Wap € [g—,q+]) = L(V) as n — oo,

where V' is a random variable with a continuous distribution function.

(b) Suppose &€ =1, and k > 2 is such that f")(¢) =0 for 1 <r <k and f*)(q) #0. Then

£ (07T (Wap — q) | Wan € [g-,44]) = £(V),

a4+—q
1 a wp. -H=L
where for a = (k(k_Q)!) "1 we have V = B
F®)(q)
—a w.p. LTI
4+ —a-
(¢) If & = oo, then q € {0,1}. Assume now that
n

E(MIy<p) = Z kpg ~ cn” asn — oo (1.5)

k=1

for some ¢ > 0 and p € (0,1), where M is distributed according to the offspring distri-
bution of the Galton-Watson tree, and let K = min{i : p; # 0}. Then K < 1/(1 — p),
and |f(t) —q| ~ Clt — q|KO=P) ast — q (ie. t L0 if =0, and t 1+ 1 if ¢ =1) for some

C > 0. Moreover,

L(—[K(1—p)]"log|Way, —q| | Wap € [q—,q+]) = L(Y),

10



where Y is a random variable such that P(Y € (0,00)) = 1.

0015

oo1 |

0005 |

0

0005 |-

001 |

0015 |-

002 |-

0025

Figure 1.5: An example of a situation described by Theorem 2.2(b) and Theorem 2.3(a). The
plotted function f(z)— z for = € [0, 1] corresponds to an offspring distribution supported on
{1,3} with p; = 0.45 = 1 — p3. The point 0 is stable from the right and the point 1 is stable
from the left. The set () consist of one point ¢, which is unstable from both sides, located
in (0,1) with ¢ = 0 and ¢y = 1. Moreover, f’(q) > 1, hence an exponential scaling from
Theorem 2.3 applies.

We also discuss a concept of endogeny. If instead of putting uniform random variables
at the leaves we put Bernoulli(1 — z*) random variables, where z* is a fixed point of f, then
this distribution is preserved when propagated in the tree, i.e. Woyy 4 Wa,, for all k,n. To
see this assume that P(Wy, = 0) = z*, which clearly holds for n = 0. From (1.4) we obtain

that
P(Wani2 = 0) = PWanio < 2%) = f(P(Wan < 27)) = f(P(Wan = 0)) = f(z") = 2" (1.6)

Consider a tree of depth 2n (given by the Galton-Watson tree corresponding to the function
f, truncated at level 2n) with the terminal values drawn independently from Bernoulli(1—z*).
Then (1.6) implies that the distribution of the value at the root is also Bernoulli(1 — z*).
More generally, consider the structure of the first £ levels of the tree: the distribution of
these first k levels is the same for any n (such that k£ < 2n).

As a result, by Kolmogorov’s extension theorem we may construct an infinite tree with
Bernoulli(1—2z*) marginals at each node. The question one may ask now is when the Bernoulli
random variable at the root is measurable with respect to the tree structure — if this is the
case, we call the process ‘endogenous’. Endogeny can be interpreted as follows: if one observes

the structure of a large neighbourhood of the root, but not the values at the nodes, then

11



the value at the root is still a random variable. If one can predict it with high probability
then endogeny holds. In the case of our game-on-tree interpretation, endogeny means that
the first player can play (on average) close to optimally by inspecting just the structure of
the first few levels of the tree. Therefore, studying such properties (i.e. relative importance
of the local tree structure) can be used to understand which tree-search algorithms converge
quickly towards good lines of play.

We give a simple characterisation of endogeny in our model.

Theorem 2.5. Let z* € (0,1) be a fized point of f, and consider the stationary recursive
tree process with Bernoulli(l1 — x*) marginals for the values at even levels. The process is

endogenous if and only if f'(z*) < 1.

As we mentioned before, random trees can be used as an approximation to random graphs
in certain situations. This is because many random graph models exhibit a local tree-like
structure, i.e. when the graph is large enough, an observer placed in one of its vertices with
high probability is going to see a tree as their neighbourhood. One can in general consider
a sequence of graphs and use the notions of local weak convergence to describe the limiting
behaviour of the sequence. A great introduction to this topic with many insightful examples
was given by Aldous and Steele [3].

Let us recall the definition of local weak convergence. By m-neighbourhood of a vertex
v in a graph G we shall denote a subgraph of G, where all vertices that cannot be connected
to v by a path of at most m edges are removed. Denote by G the set of all locally finite
connected rooted graphs (by a rooted graph we mean a graph with one distinguished node)
considered up to a rooted isomorphism (i.e. a graph isomorphism preserving the root). We
say that in G a sequence of rooted graphs (G, vy,) converges locally to a rooted graph (G, v),
if for every m there exists n,, such that for all n > n,, the m-neighbourhoods of v, in G,
and v in G are isomorphic. One can equip G with a metric inducing this converge, and which
turns G into a complete separable metric space. We can now use the standard notion of weak
convergence on Polish spaces. We denote the space of probability measures on G by P(G),
and we associate with a finite graph G a probability measure U(G) € P(G) corresponding
to choosing a vertex v uniformly at random to be the root of the graph, and restraining G
to the connected component of v. We say that a sequence of finite graphs (Gy,)nen admits a

local weak limit p € P(G), if U(Gy,) converges weakly to p.

12



Recall that a matching in a graph is a set of edges such that no two edges share a common
vertex. A mazimum matching is any matching of the maximum cardinality. It is known that
in some cases asymptotic properties of a graph sequence may be deduced directly from the
graph limit. One of the examples is the size of a maximum matching: Bordenave, Lelarge and
Salez [15] proved that if a sequence of graphs admits a local weak limit p, then the proportion
of vertices covered by a maximum matching in those graphs converges to a quantity that can
be determined directly from p.

Minimax trees are related to limiting properties of a game called ‘Trap’ played on graphs
[10] and further to the number of vertices belonging to every maximum matching of the
graph on which the game is played. Before we make this vague statement precise, let us
introduce the game itself.

Let G = (V, E) be a simple finite graph, choose v € V', and consider the following two-
player game: a token starts at v and two players take turns moving it. Each move consists
of moving the token along an edge of the graph and deleting the previous vertex and all
neighbouring edges from the graph. A player looses when they cannot make any further
moves (i.e. they are ‘trapped’). Since the graph is finite, the game must end, and so one
of the two players has a winning strategy. Let W be the set of starting vertices for which
the Trap is a win for the first player. The following characterization of W (see for example

Basu, Holroyd, Martin and Wastlund [10], Proposition 4) is known:

Theorem 1.1. Let G = (V, E) be a finite, connected, simple graph. ‘Trap’ on G starting
fromv €V is a win for the first player if and only if v is contained in all maximum matchings

of G.

Consider now a configuration model with a degree distribution (by)g>2, i.e. a random
graph with n nodes generated as follows. First assign to each node a random number of
half-edges following the graph degree distribution and then randomly match the half-edges
to create full edges (possibly creating loops and multi-edges). It is known (see e.g. Montanari
[53]) that as n — oo, such a graph sequence converges almost surely in the sense of local weak
convergence to a unimodular Galton- Watson tree, i.e. an infinite tree where the root has the

offspring distribution (by)x>2 and all other nodes have the offspring distribution given by the

13



size-biased distribution shifted by 1:

T R kb

Note that we assumed that there are no vertices of degree one, thus the limiting tree is an
infinite tree with no leaves. Now let us get back to the ‘Trap’ game played on a board being
a realisation of such a configuration model with n vertices. Choose uniformly at random a
starting vertex v. Consider removing v from the graph with all pendant edges, and then
consider games started from each of the neighbours of v. Local weak convergence means
that for each neighbour w of v, after removing v, the m-neighbourhood of w behaves like a

Galton-Watson tree with offspring distribution (?)k) k>1- Thus
P(w wins in G) = 1 — P( all neighbours of w win ) ~ R(P( neighbour of w wins in G)),

where R(z) :=1— Y%, bpaF.

If the outcome of the game is indeed decided locally (which corresponds to the endogenous
situation), then by recursion the winning probability when starting from w should be close
to z*, where z* is a stable fixed point of f and f(z) = R(R(x)). Therefore, the ‘Trap’
game started from w may be seen approximately as an instance of the minimax tree with
appropriate values at leaves — independent Bernoulli random variables with parameter x*.

Finally, with high probability these m-neighbourhoods do not intersect, hence the win-
ning probability starting from v should be approximately equal to R(z*), where R(z) =
1 — 3229, bra® corresponds to the distribution of the offspring of the root in the limiting
unimodular Galton-Watson tree (which is different from the distribution at higher levels).

If f has a single stable fixed point, this suggests that the proportion of vertices from
which ‘Trap’ is a win for the first player (this proportion being equal to |W,|/n, where
[Wh| denotes the size of the set W,,) should almost surely converge to R(z*) as n tends to
infinity. If f has multiple stable points, it may happen on the other hand that there is some
global information (for example the parity of the largest component) that determines the
distribution of win/loss events. This would lead to almost sure divergence, in the sense that
almost surely the sequence of proportions of vertices appearing in every maximum matching

would not converge as n tends to infinity.

14



1.2 Branching Brownian motion

Branching Brownian motion (BBM) has been studied using both probabilistic and analytic
methods. It is closely related to the Fisher-Kolmogorov-Petrovsky-Piscounov (F-KPP) equa-

tion:

Oyu = %&mu +g(u),

9() = a(z — 1), (L.7)

u(0,x) = I;>0,

where u(t,z) : Ry x R — R. This PDE was introduced and first studied by Fisher [32]. In
the same year Kolmogorov, Petrovsky and Piscounov [42] studied a version of equation (1.7)
with a more general form of the ‘forcing term’ g(x). They showed that once appropriately
centred by m(t), the solution of equation (1.7) settles down to a ‘travelling wave’, i.e. there

exists a function w(x) such that
u(t,m(t) +z) - w(z) as t — oo (1.8)

uniformly in z. The limiting shape w(z) is the (unique up to a translation) solution of the
ODE

1
0= Ew” + V20w 4 w(w —1).

Moreover, they observed that the centering term m(t) has to grow almost linearly, i.e.
m/(t) = V2 as t — oo.

The connection between the F-KPP equation and the BBM is often attributed to McKean
[52], who observed the remarkable fact that the solution u(¢,z) of the F-KPP equation may
be expressed in terms of the branching Brownian motion, but it was actually first proved
by Skorohod [62] for a more general class of branching models. They derived the following
Feynman-Kac representation:

u(t,z) =P {max Xi(u) < x} ,

ueNy

where N, is the set of particles alive at time ¢t and X;(u) is the position of a particle u

15



at time ¢, when the BBM starts from one particle located at the origin. This observation,
together with convergence (1.8), implies that max,eca;, X¢(u)—m(t) converges in distribution.
Moreover, to the first order of accuracy, the position of the rightmost particle of the BBM
grows like v/2t. Note that it does not imply that there is one single line of particles that
is the right-most at all times. On the contrary, each particle is going to have one of their
descendants in the lead at some point!

A more precise form of the centering term m(t) (often referred to as the location of the
front of the BBM) was given by Bramson [18] who established that for (1.8) to hold, m(t)

has to be of the form

mit) = V2t - 2\3/5 log t + b(t) + C., (1.9)

where C' is any constant and b(¢) = O(1). In the subsequent work [19] he showed that in
fact b(t) = o(1). Bramson also determined the right tail of the travelling wave solution w of

(1.7). He proved that there exists a constant ¢, such that
1—w(x) ~ coze V2 (1.10)

Bramson’s proofs are rather analytical and later on alternative proofs of existence, asymp-
totics and uniqueness of the travelling wave solution to (1.7), using probabilistic methods
alone, were obtained by Harris [36] and Kyprianou [43]. Further work on the fluctuations was
carried out, among others, by Nolen, Roquejoffre and Ryzhik [55] who showed analytically
that b(t) in the equation (1.9) is of the form —3/7/v/t + O(t?~1) for any v > 0.

One of the key ideas behind the probabilistic analysis of the BBM was to study two

particular martingales. The first one, called ‘exponential additive martingale’

Wt)\ = Z e/\Xt(u)—%/\2t—t7 (111)

u€N;
appears in work of Doney [29], Kingman [41] and McKean [52], but the first systematic study
of this martingale is due to Biggins [12]. Clearly, W} is a non-negative martingale and hence
it converges almost surely, but Biggins determined when the limit W2 of W} is non-trivial;

he proved in particular that the critical martingale (with A = 1/2) converges almost surely
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to 0. This implies that

0 = lim Z eV2Xe(w)—v20) > lim sup eV 2maxuen, Xt(“)_ﬁt),
70 N t=o0
which means that almost surely for all large times all particles are below the line v/2t.
Therefore, one could kill particles at level v/2t + A, and for A sufficiently large with high
probability none of the particles would hit this barrier. This procedure is known as ‘shaving’
and an example of its application will be given later.

In [13] Biggins showed that in a suitable parameter set the convergence of the additive
martingale is in fact uniform, and the limit is an analytic function of the parameter. Later
on Lyons [45] gave a short proof of Biggins’ theorem using a ‘spine decomposition’, while
Hardy and Harris [35] considered the LP convergence of W}\.

The second important martingale for the BBM is the so-called ‘derivative martingale’
(the name comes from the fact that it is a derivative of W} with respect to \ taken at the

critical value A = /2):

Zyi= 3 (V2 — Xy(u))eY2(Xelw=v20),
ueN;

It was first studied by Neveu [54] and Lalley and Sellke [44] who proved that its limit Zo
exists and is positive almost surely. Another way of showing that Z; converges was described
by Kyprianou [43], who applied the aforementioned ‘shaving’ technique as follows. Kyprianou

considered the process

7 = Y (V2t - Xy(u) + A)eY2Xew =20y
UuEN:

Vs€[0,t],Xs (u)<v/2s+ A

He observed that for each A, Z is a non-negative martingale, hence converges almost surely
to some Z:;. On the other hand, for large A with high probability none of the particles ever
reach the barrier v/2¢t + A and on this event ZtA = Zy + AW,. Since W; converges almost
surely to 0, on this event Z; converges to Z;ij which proves that Z; converges with probability
one.
Recently fluctuations of Z; around its limit Z, were described by Maillard and Pain [49].
Further interesting results were obtained for the discrete analogue of the BBM: a branch-

ing random walk. This is a branching process characterised by two random variables: M and
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D corresponding to the offspring and displacement distributions. It starts with one particle
at the origin and is defined recursively as follows: a particle located at time n at position ,
at time n 4+ 1 gives birth to M particles located at positions x + D1, x + Da, ...,z + D)y,
and all random variables used in the construction are independent (recall Figure 1.2). Hu
and Shi [40], and Aidékon and Shi [2] considered W,;ﬁ — an analogue of the additive mar-
tingale for the branching random walk, defined as in (1.11). They proved that after an
appropriate deterministic rescaling (found by Aidékon and Shi to be /n), it converges in
probability to \/2/7Zs, but the convergence does not hold in the almost sure sense, as
limsup,,_,., vAW,Y2 = +oo almost surely. The picture was completed by Hu [39], who
proved that liminf,, . \/EVV,;/5 = \/2/7200 a.s. Another connection between W;L\ and Z;
was found by Madaule [48] who recovered Z., as the limit of W2 /(v/2 — A) with A 7 v/2.
Along the way several important methods applicable to general branching processes have
been developed. In [54] Neveu introduced the idea of stopping lines, which generalise stopping
times (see also [23] for more details). Another important tool, the spine decomposition,
appeared in multiple articles, for example in [24] in the context of the branching Brownian
motion or in [31] for measure-valued Markov processes, but had not received much attention
until the seminal paper by Lyons, Pemantle and Peres [46]. It was subsequently extensively
used, among others in [45], [43] and [37]. The main idea relies on the following observation:

if one uses some non-negative mean one additive martingale M, (for example W, introduced

dQy 7, —
dP| 7,

earlier) to define a new probability measure Q by My, where (F;,) is the filtration of
the underlying BBM, then under the measure Q the BBM behaves as a process with one line
of particles moving and branching differently to the rest — this line of particles is referred to
as a ‘spine’. A canonical application of this technique relies on the following fact (see e.g.
Theorem 5.3.3. in [30] stated for discrete time): let Foo be the smallest o-field containing all
Fi. Let P,Q be two probability measures on (§2, Fo). Assume that for any ¢, Qr, < P,

and let X; := i%% and X := limsup;_,., X; which is P-a.s. finite. Then
t

Q(A) = EP(XH{A}) + Q(A N {X = OO})’ VA € Fo,

where Ep denotes the expectation under P. As a result, to prove uniform convergence of X,
under P it’s enough to prove that X; converges almost surely under Q.

All the techniques mentioned above have been applied to describe more precisely the
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behaviour of the rightmost particle of the BBM. Lalley and Selke [44] proved that

1
max X;(u) —my — 7 log Zw

ueEN f

converges in distribution towards a Gumbel random variable. They also conjectured that
the empirical (time-averaged) distribution of the maximal displacement converges — this
was confirmed by Arguin, Bovier and Kistler [8], who described the limit as the Gumbel
distribution shifted by % log Zso.

The next step was to describe the fluctuations of the position of the rightmost particle
around the expected location. This question was first addressed in the case of the branching

random walk: Hu and Shi [40], Aidékon and Shi [2], and Hu [39] proved that

. 3
et o (e 00— v ) <o
. 1 (1.12)
li X —V2n— —=1 = —.
e logn (urenj\z%();) w(u) = V2n 2V/2 ©8 n) V2

A simple proof of (1.12) in the BBM case was later given by Roberts [60].
Further research was done on the broader picture emerging around the position of the
maximal particle. In particular, it was of interest to find out what could be said about the

point measure of the properly centred positions of the extremal particles, i.e.

It was recently shown in a series of papers by Arguin, Bovier and Kistler [6, 7, 9] and by
Aidékon, Berestycki, Brunet and Shi [1] that this centred point process converges in distri-
bution towards a decorated Poisson point process (a Poisson point process where each atom
is replaced by some point process). The underlying Poisson point process of this decorated
Poisson point process has (random) intensity c*Zooe_ﬂxdx, where ¢, is the constant appear-
ing in (1.10). The decoration is constructed as the limiting process of the BBM conditioned
on the event that the maximal displacement exceeds v/2t. These results were further en-
hanced by Bovier and Hartung [17], who proved the extended version of the convergence
containing information about locations of particles in the underlying Galton-Watson tree.

Significant effort has been put into understanding of the one-dimensional BBM, but so
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far not much attention has been given to the multidimensional case. Currently only the
approximate position of the furthest particle is known: Mallein [50] proved that

(m%c X, ()] — 7ot > o)

ueNg

is tight, where r; = ft—i— logt Note that ry = m+ 2ft Llogt+C+o(1) (see (1.9)). One
could interpret this as follows: in dimension d > 1 at time ¢ large enough we expect to see a
cloud of points of radius v/2t —

logt with spikes of height 4=L logt tossed uniformly at

2\/ 2\/
random. This result shows that the dimension has direct impact on the typical behaviour of
the maximal displacement. It also shows that in dimensions d > 4 at time ¢ we expect to see
particles further away from the origin than v/2¢, which means that the standard ‘shaving’
procedure where we kill particles reaching level /2t + A cannot be applied directly.

Note that a projection of the multidimensional BBM onto any line (i.e. the process
(Xt(u) - 0,u € Ny)) is a one-dimensional BBM. Since the derivative martingale Z; plays
an important role in the description of the behaviour of the right-most particle in the one-
dimensional case, it’s therefore interesting to understand its direction-wise behaviour in the
multi-dimensional case. This turns out to be a non-trivial problem: even though the limit
of the derivative martingale of the projection of the BBM onto each direction 6, which we
denote by Z;(6), exists almost surely, it does not imply that the process (Z;(0))gcga—1 seen

as a process on the sphere converges. It nevertheless turns out to be true and this is stated

as our main theorem of Chapter 3. For two measurable functions f,g: S* !+ R we define

= [, 1)),

where o(df) stands for the surface measure of S¥~1. We obtain the following result:

Theorem 3.3. Almost surely there exists a measurable subset © of S™=' of full measure (i.e.
o(©) = o(ST1)), such that Zoo(0) = limy_so0 Z4(0) exists for § € ©, and for any bounded

measurable function f
tli>m <Zt7f> = <ZOO7f> a.s., (113)

writing Zs(0) = 0 for all 8 ¢ ©. Additionally, 0 < limy_,(Z;, 1) < 0o almost surely.

We conjecture that if D(t) is the direction of the maximal particle at time ¢, then for a
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measurable set B ¢ S%1

§—00 t—00

lim lim P(D(t) € B | G,) — /B Zoo(6)(d6) / /S  Ze(®)o(dt)

We prove this claim in dimension one, with M;", M;” denoting the position of the maximal
and minimal particles at time ¢, and Z1, Z being limits of the derivative martingales of the

processes (X¢(u),u € N) and (=X (u),u € Ny) respectively. We state this results below:
Corollary 3.2. We have

Z5%

o ———— a.s.
Z5 + 7%

lim lim P (AMI,/+ > —M, ’ gs) -

S§—00 t—00
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Chapter 2

Minimax functions on

Galton-Watson trees

Based on joint work with James Martin [51]

Abstract

We consider the behaviour of minimax recursions defined on random trees.
Such recursions give the value of a general class of two-player combinatorial
games. We examine in particular the case where the tree is given by a Galton-
Watson branching process, truncated at some depth 2n, and the terminal
values of the level-2n nodes are drawn independently from some common
distribution. The case of a regular tree was previously considered by Pearl
[57], who showed that as n — oo the value of the game converges to a constant,
and by Ali Khan, Devroye and Neininger [5], who obtained a distributional
limit under a suitable rescaling.

For a general offspring distribution, there is a surprisingly rich variety of
behaviour: the (unrescaled) value of the game may converge to a constant,
or to a discrete limit with several atoms, or to a continuous distribution. We
also give distributional limits under suitable rescalings in various cases.

We also address questions of endogeny. Suppose the game is played on a
tree with many levels, so that the terminal values are far from the root. To
be confident of playing a good first move, do we need to see the whole tree

and its terminal values, or can we play close to optimally by inspecting just
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the first few levels of the tree? The answers again depend in an interesting
way on the offspring distribution.

We also mention several open questions.

2.1 Introduction

In this chapter we consider the behaviour of minimax recursions defined on random trees.

Consider a finite rooted tree with depth m. We will call the root ‘level 0’, the children
of the root ‘level 1’, and so on. Suppose every node at levels 0,1,...,m — 1 has at least one
child; the nodes at level m are all leaves. Suppose every leaf node (i.e. every node at level
m) has some real value associated to it. Then recursively propagate the values towards the
root in a minimax way: each node at an odd level gets a value which is the max of the values
of its children, and each node at an even level gets a value which is the min of the values of
its children.

This minimax procedure has a natural interpretation in terms of a two player game.
Two players alternate turns; a token starts at the root, and a move of the game consists of
moving the token from its current node to one of the children of that node. The leaf nodes
are terminal positions; the outcome of the game is the value associated to the leaf node
where the game ends. Player 1 is trying to minimise this outcome, and player 2 is trying
to maximise it. The outcome of the game with ‘optimal play’ is the value associated to the
root.

Suppose the terminal values are random, drawn independently from some common dis-
tribution.

Pearl [57] considered the case where the tree is regular (every non-leaf node has d children
for some d > 2) and the terminal values are independent and uniformly distributed on the
interval [0,1]. For simplicity assume that the depth of the tree is even; write Wy, for a
random variable representing the value at the root of a tree of depth 2n. Pearl showed that
Wa,, converges in distribution to a constant as n — oo. This result was refined by Ali Khan,
Devroye and Neininger [5], who derived an asymptotic distribution for W, after appropriate
rescaling.

In this chapter we consider the case where the tree is given by a Galton-Watson branching

process, truncated at level 2n. This generalisation leads to a surprisingly rich variety of
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behaviour, depending on the offspring distribution of the branching process. For example,
the limiting distribution of W5, may be concentrated at a single point (as in the regular
case), or may now have several atoms, or may even be continuous.

There is also a rich interplay between the two sources of randomness now present in the
model (the tree itself, and the terminal values at the leaves). Suppose we play the game on
a tree with many levels, so that the terminal values are far from the root. In order to be
confident of playing a good first move, do we need to see the whole tree and terminal values,
or can we play close to optimally by inspecting just the structure of the first few levels of
the tree? Such questions can be formulated precisely in terms of the endogeny property
for certain recursive tree processes, as introduced by [4]. The answers again depend in an
interesting way on the offspring distribution.

Such questions concerning the relative importance of local tree structure and terminal
values are of considerable interest in understanding the effectiveness of certain tree-search
algorithms such as Monte Carlo tree search (MCTS) — see [22] for a survey. MCTS has
famously been applied in recent years to games such as go, where it provided a considerable
increase in playing strength [33] even before being allied with powerful deep learning tech-
niques [61]. For some games, simple versions of these algorithms, without local evaluation
functions, and with only very crude input from the terminal values (given for example by
‘random rollouts’ through unexplored parts of the tree), are nonetheless able to converge
quickly towards good lines of play. Understanding which aspects of a game’s structure make
such convergence possible is an interesting challenge both in theoretical and in practical
terms.

Our main results concerning distributional limits are presented in the next section. In
Section 2.2 we discuss a range of examples and mention some open problems. The results
about endogeny are given in Section 2.3. The main proofs are given in Section 2.4 and
Section 2.5.

Before that we mention some recent related work. Broutin, Devroye and Fraiman [20]
consider recursive distributional equations (including those of minimax type) defined on
Galton-Watson trees conditioned to have a given total size n. Holroyd and Martin [38] con-
sider minimax-type games (and various misere and asymmetric variants) defined on (perhaps
infinite) Galton-Watson trees, with particular emphasis on the nature of phase transitions

for the outcomes of the game as the underlying offspring distribution varies (see Section 2.2
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level 0

level 1

level 2

level 3

level 4

Figure 2.1: An example of a minimax tree, with 4 levels. Here all non-leaf nodes have 1, 2
or 3 children. Uy, ..., Uy are i.i.d. random variables uniform on [0, 1].

for further comments). Note that in both [20] and [38], unlike in the case of this chapter,
the offspring distribution puts positive weight at 0, so that there are leaves close to the root.

Similar questions arise in the context of random AND/OR trees and random Boolean
functions. For example the model of Pemantle and Ward [58] involves a regular tree in
which each node independently is a max or a min with equal probability; see Section 2.2.2
for comments on the relation to a particular case of our model. See for example Broutin
and Mailler [21] for a variety of recent results in a more general setting, and many relevant

references.

2.1.1 Main results

Consider a Galton-Watson tree with an offspring distribution with mass function p1, p2, p3, . . .
on {1,2,3,...} (note that every individual has at least one child). Let G(z) = .32, pra* be
the probability generating function of the offspring distribution (which is a strictly increasing

function mapping [0, 1] to [0, 1] bijectively). We will also write throughout

and

f(2) = R(R(x)). (2.1)

Truncate the tree at level 2n, so that all the vertices at level 2n are leaves. Let the terminal
values associated to the leaves be i.i.d. uniform on [0, 1] (independently of the structure of
the tree). Recursively, assign values to the internal nodes of the tree (in particular, to the

root) using the minimax procedure defined above. See Figure 2.1 for an illustration.
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(Note that there is nothing particularly special about uniform boundary conditions. By
a simple rescaling we can map between this case and the case of i.i.d. boundary values from
any other continuous distribution. Later we will also consider discrete boundary values, for
example those taking only values 0 and 1, where we can interpret 0 as a win for the first
player, and 1 as a win for the second player).

We denote by Wy, the random variable associated with the root of a tree of depth 2n.
Then we have a distributional recursion:

d . (4,9)
LL = min max [/[/ ’ 2.2
M GieM1gie, 2 (22)

where M and My, My, M3, ... are i.i.d. draws from the offspring distribution, and WQ(;]_ )2,
i,7 € N, are i.i.d. copies of the random variable Wo,_o, independent of M and {M;}.

Note that for any given i,
P( max W9 >z :1—P<W(i’j) <zforj=1,... M)
1<j<M; 2n—2 2n—2 = ) » P
=1- mep (W2n72 < x)m
m

= R(P(Wap—2 < 2)).
So from (2.2) we have

3 (27.])
P(Won <) =P <1§?l<nM 158 2 = x)

= 1—P<1g1%)§4 WQ(ZL]_)Q >z for all i = 1,...,M>
SJsMy

=1 pm[R(P(Way_s < z))]™ (2.3)

= R(R(P(Wan—2 < 2)))

= f(P(Wap—2 < 2)).

Equation (2.3) implies that to describe the behaviour of Wy, for large n, we will be
interested in the function f and in particular its fixed points.

We begin with the results for the case of a regular tree.

Theorem 2.1. Suppose pg =1 for some d > 2.
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(a) (Pearl [57])

d
Wan — q as n — 00,

where q is the unique fized point in (0,1) of the function fqreg defined by
frngle) =1 (1= )"
(b) (Ali Khan, Devroye and Neininger [5]) Let & = f; ,..(q). Then
f”(Wgn—q)gW as n — 0o,
where W has a continuous distribution function Fyy which satisfies

FW(*T) = fd—reg(FW(x/g))'

Now we will consider general offspring distributions. Since G is increasing and bijective
as a function from [0, 1] to [0, 1], we have that R = 1 — G is decreasing and bijective, and
f = Ro R is again increasing and bijective. Also G is analytic on [0, 1), so that f is analytic
on (0,1).

We'll be particularly interested in fixed points of the function f. The function R itself
has a single fixed point, which is obviously also a fixed point of f. Otherwise the fixed points
of f come in pairs: if g is one then so is R(q). One such pair are the points 0 and 1. We will
say that a fixed point g of f is unstable from the right if ¢ < 1 and l1_r>r(1) HIL%O f"g+e€) > q;
similarly unstable from the left if ¢ > 0 and 151(1) nh_)ngo (g —e€) <gq.

For a regular tree, Theorem 2.1 tells us that the distribution of Wy, converges to a
constant. For general distributions, we still have convergence in distribution, but now we
may have a ‘genuinely random outcome’ in the limit as the tree becomes large; the limiting
distribution may have more than one atom (and in some surprising cases, the distribution

of Wa,, can simply be the same uniform distribution for all n).
Theorem 2.2. Wy, LW oasn — oo, for some random variable W. There are two cases.

(a) If f is the identity function, then Wa, ~ UI0,1] for all n.

(b) Otherwise, let Q be the set of fixed points of f that are unstable from at least one side.

Then W is discrete and has atoms precisely at the elements of Q).
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For q € Q, define

sup{z : x < ¢,z = f(x)}, if g >0 and q is unstable from the left
q_ =
q otherwise
(2.4)
inf{z:x>qx=f(x)}, if¢<1 and q is unstable from the right
4+ = .
q otherwise

Then P(W =¢q) = q4+ — q—.

It’s not hard to show that x € @ if and only if R(x) € Q). Hence again the atoms of the
distributional limit W come in pairs, with the possible exception of the fixed point of R. In
Section 2.2.1, we comment in particular on the case where W has atoms at 0 and 1.

For ¢ € (0,1), we may write (2.4) alternatively as ¢ = lim lim f"(q — €) and ¢ =

e—0n—o0

lim lim f"(g+e¢) (this follows straightforwardly from the monotonicity and continuity of f).

e—0n—o0

In the next results we consider fluctuations around the atoms of the limiting distributions
obtained in Theorem 2.2(b). The appropriate rescaling around a point ¢ € @, where @ is
defined in the previous theorem, depends on the derivative of £ = f'(q). If ¢ € @ then we

must have £ > 1.

Theorem 2.3. Consider the model defined by (2.2). Assume that f is not the identity
function and let Q) be the set of fized points of f unstable from at least one side.

Let g € Q. Define q— and q+ as at (2.4), and let £ = f'(q). Then:

(a) If 1 < & < o0, then
L(E"(Wap —q) | Way € [q—,q4]) = L(V) as n — o0,

where V' is a random variable with a continuous distribution function.

(b) Suppose & =1, and k > 2 is such that f")(q) =0 for 1 <r < k and f*)(q) #0. Then

L (nﬁ(Wgn — Q) ‘ W2n € [q77Q+]) — £(V)v

7+—q

1 a  w.p. -1

_ k(k—2)!)k71 _ q+—q-
where for a (f(k>(q) we have V . .
-4 w.p. F—
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(¢) If & = oo, then q € {0,1}. Assume now that

n
E(MIy<p) = Z kpy ~ cnf asn — oo (2.5)
k=1

for some ¢ > 0 and p € (0,1), where M is distributed according to the offspring distri-
bution of the Galton-Watson tree, and let K = min{i : p; # 0}. Then K < 1/(1 — p),
and |f(t) —q| ~ Clt —q|KO=P) ast — q (ie. t L 0if =0, and t 11 if ¢ = 1) for some

C > 0. Moreover,
L(=[K(1 = p)]" log [Wan —q| | Wan € [q-,q+]) = L(Y),
where Y is a random variable such that P(Y € (0,00)) = 1.

The scaling limits in part (a) are the closest ones to the result for the regular tree from
Theorem 2.1. Note that when ¢ is an endpoint of the interval, the limiting distribution V' is
now one-sided, supported on (0,00) when ¢ = 0 and on (—o00,0) when ¢ = 1.

For part (b), recall that f is analytic on (0, 1) so certainly if ¢ € (0,1), such a k exists.
Conceivably, there might be no such k& in some cases where ¢ = 0 or ¢ = 1 (although we
know of no example where analyticity fails at 0 or 1 except when the derivative is infinite).

On the other hand, many cases with £ = oo are not covered by part (c). It seems
challenging to describe all possible asymptotics; however, the assumption (2.5) is satisfied for
an important class of power-law distributions with infinite mean, satisfying P(X > x) ~ z1=¢

with a € (1, 2).

2.2 Examples, discussion and open questions

Our final main results, concerning the endogeny property, will be stated in Section 2.3. Before
that, we discuss a variety of examples illustrating the results of Theorems 2.2 and 2.3.
First consider a case where each node has 1 or 3 children. This simple family already
displays an interesting range of behaviours. Let p; = p and pg = 1 — p, for p € [0,1]. In
Figure 2.2, we plot the function f(z) — x for x € [0, 1], for a variety of values of p. Fixed
points of f correspond to zeros of the curve. A crossing from negative to positive corresponds

to an unstable fixed point.
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RVE

Figure 2.2: The function f(z) — x for z € [0,1] for the family of distributions with p; = p
and ps = 1 — p, with (a) p = 0.45, (b) p = 0.5, (¢c) p = 0.55, (d) p = 0.598, and (e) p = 0.7.

When p < 0.5, the points 0 and 1 are stable and there is a unique unstable fixed point in
(0,1), just as in the case of a regular tree; Wy, converges to a constant. At p = 0.5, we have
1/(0) = f'(1) = 1; the slope of f’(x) —x at 0 and 1 is 0, but the points are still stable. For
p > 0.5, the points 0 and 1 are unstable, and the limiting distribution of W in Theorem 2.2
puts positive mass at 0 and 1. At first, there is also positive mass at another fixed point in
(0,1). However above a critical point at roughly p = 0.598, two of the fixed points disappear,
leaving only a stable fixed point in (0, 1), and the limiting distribution is concentrated only
on the points 0 and 1.

Some further illustrative examples are shown in Figure 2.3. For these distributions (the

Figure 2.3: The function f(z)—x for x € [0, 1] in three further cases: (a) p; = 0.5, p2 = 0.25,
pa = 0.25; (b) p2 = 0.783, p3o = 0.217, and (c) p2 = 0.705 and p12 = 0.295.

second and third are only approximate), we see points ¢ € @ with f'(¢) = 1, and so the
rescalings of Theorem 2.3(b), which are polynomial rather than exponential, apply. In Fig-

ure 2.3(a) the relevant fixed points are at 0 and 1, and in Figure 2.3(a), they appear as
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‘touchpoints’ in the graph of f(x) — x and so are unstable from one side only; in these cases
only one of the points a and —a in Theorem 2.3(b) receives positive mass. By contrast, in
Figure 2.3(c), the point of inflection gives a fixed point that is unstable on both sides.

In passing, we mention briefly another interesting aspect of some of the above examples,
concerning phase transitions. As we vary the offspring distribution, we see points where, for
example, the number of atoms of the limiting distribution W changes. Often, the transition
can be continuous (in the topology given by the L' distance on the space of probabilistic
measures on N): as the offspring distribution is varied, an existing atom may split into several
new atoms (as may happen when a point of inflection occurs as in Figure 2.2(d) or Figure
2.3(c)), or new atoms may appear whose weight grows continuously from 0 (such as happens
at the points 0 and 1 in Figure 2.2(b)). On the other hand, we can also see discontinuous
transitions in cases such as Figure 2.3(b); one can perturb the offspring distribution in an
arbitrarily small way to remove the ‘touchpoints’ seen there, so that the atoms of W inside
(0,1) disappear and all there mass jumps to the endpoints 0 and 1. Such ideas, expressed

only vaguely here, are studied in a closely related context in [38].

2.2.1 Atoms at endpoints

The limiting distribution W in Theorem 2.2 may have atoms at 0 and 1. We note the

following simple criterion:
Proposition 2.4. Let i be the mean of the offspring distribution.
(i) If pip < 1 then P(W =0) =P(W =1) =0.

(it) If pip > 1 (including the case p1 > 0 and p = oo0) then P(W = 0) > 0 and P(W =
1) >0.

If pyjpu = 1, or if p; = 0 and p = oo, either case is possible. The proof of the result is
straightforward. Since f = R o R we have f'(x) = R'(R(z))R'(z). Then since R(0) = 1
and R(1) = 0, and since R’ = —G’, we have f'(0) = f'(1) = G'(0)G'(1) = up1 (assuming
pu < o0); and we know that a fixed point ¢ of f is an atom of W if f'(¢) > 1, and not if
f'lg) <1.

There is a rather direct interpretation of the condition pyu > 1 in terms of the Galton-
Watson tree and the play of the game. Consider the set of paths in the tree, starting at the

root, with the following property: every vertex along the path at an odd level has only one
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child. The union of these paths gives a subtree containing the root. For a vertex at an even
level (such as the root), the expected number of grandchildren in the subtree is p;pu, since
the vertex itself has an average of u children, and each of those has precisely one child with
probability p;. Considering only even levels, this then gives a branching process with mean
offspring pip; if p1p > 1, then this branching process is supercritical and survives for ever
with positive probability. In that case, by keeping the game within this tree, the first player
can ensure that the second player never has any choice at all; all the second player’s moves
are forced. For the game truncated at level 2n, the first player can choose between all the
nodes at level 2n that are within the subtree; from this it can be shown that P(WW = 0) is at

least as big as the probability that this branching process survives.

2.2.2 The case f(z) =z, and related open questions

Suppose the offspring distribution is such that f is the identity function. Then from (2.3), if
we put independent values at the leaves from any given distribution, then the value at the root
has that same distribution (hence the statement in Theorem 2.2(a)). Perhaps surprisingly,
this property is not restricted to the trivial case where p; = 1.

Here are some families of examples where f = Ro R = (1 — G) o (1 — G) is the identity

(i.e. R is an involution):

(a) Any geometric distribution. If pr = p(1 — p)*~! for p € (0,1), then G(z) = ﬁ

and so R(z) = 1_%1_7_””1))93, and one can check f(z) = .
(b) Let G(x) = {1 —(1- x)l/”]n, for n =1,2,3,.... Via a binomial expansion, one can
express G as a power series expansion with non-negative coefficients, and G(1) = 1,

so G is indeed a probability generating function. The coefficient of 2* is non-zero for

k> n.

(c) Let G(z) =1— (1 —a™)"™ forn=1,2,3,.... Again G has a power series expansion
with non-negative coefficients summing to 1. The coefficient of z* is non-zero when k

is a multiple of n.

These are far from the only cases. For a general source of examples, consider a function
S(z,y) from [0, 1]? to [0, 1] that is symmetric, increasing in each coordinate, and has S(1,0) =
S(0,1) = 0. If we define a function R by setting S(x,y) = 0 and writing y = R(z) (which by

the symmetry of S gives that z = R(y)), then R is indeed an involution: for any = € [0, 1],
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R(R(z)) = R(y) = z. Some such functions R have power series expansions, and in some of

those cases G = 1 — R has all coefficients positive, as needed for a probability generating

function. For example, S(x,y) = y? +y+2%+2—2 =0 gives R(z) = [V/9 — 4z — 422 —1]/2,

in which case one can obtain straightforwardly that G = 1 — R is a generating function.

We note several questions that it might be interesting to understand further:

(1)

Can one describe in some nice way the class of all distributions for which f is the
identity? For the class of examples described in the previous paragraph, can one
describe nicely which functions S(z,y) lead to functions R which have power series

expansions, and then which of those yield a generating function G?

Are the geometric distributions in example (a) above the only such distributions with
finite mean? More generally, what types of tail decay are possible? For (a), the tail

5290 p, of course decays exponentially in k, while for (b) and (c) it decays as k—1/".

To see the polynomial decay in cases (b) and (c) note that it’s enough to show that
H(z) =1 — (1 —2z)" is a generating function with a polynomially decaying tail, as
then both H(z") and [H(z)]" have this property. Now H(z) = > p;z’, where

1 a-hHe-H..G-1-1
Pi= 5 G-

02 )

1 1 1 1
:,exp[—n (1++...+,>+Cl+o(1)]

njJ 2 j—1
1 1,

= —exp [—(bgj + Cy) + 0(1)}
nj n

~ Gy

for some C3. Finally, >322, p; ~ 041(% for some Cjy.

Are there direct probabilistic arguments explaining the fact that f becomes the identity

in these cases, in terms of the underlying process on the tree?

One case where it’s possible to make such an argument is the n = 2 case in (b) above.
Here p; is the probability that the cluster containing the origin has size k for critical
percolation on the binary tree (these coefficients are closely related to the Catalan
numbers). Having made this identification, one can connect the minimax recursion

on our random tree to an analogous recursion in the model studied by Pemantle and
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Ward [58], of a binary tree in which each node independently is a max or a a min with

probability 1/2 each.

We end this section with two further open questions about the form of f in more general

cases:

(4) Can f have an arbitrarily large number of fixed points in [0, 1]?

(5) Can f have infinitely many fixed points in [0, 1] (without being equal to the identity)?
Since f is analytic on (0, 1), this would require the set of fixed points to accumulate at

0 and at 1.

2.3 Endogeny

Suppose we play the game on a tree where the depth 2n is large, so that the boundary values
are far from the root. To be confident of making a good first move, do we need to see a
large part of the structure of the tree, and the boundary values? — or can we play close
to optimally by inspecting just the structure of the first few levels of the tree? This is a
so-called endogeny question [4]. The answer to this question again depends on the offspring
distribution and the distribution of the boundary values.

To formalise the question, first define an operator on distributions corresponding to the
recursion given by (2.2). For a distribution p on [0, 1], let T'(x) be the distribution of the
left-hand side of (2.2) when the random variables WQ(;]_)n on the right-hand side are i.i.d.
with distribution u. Equivalently, rewriting (2.3), T'(1)[0,y] = f(u]0,y]) for all y.

We will be interested in fixed points of T'. For example, for offspring distributions such
that f is the identity, every u is a fixed point of T'. For more general offspring distributions,
whenever z is a fixed point of f, the Bernoulli distribution which puts mass z at 0 and 1 —x
at 1 is a fixed point of T’; for a game with Bernoulli terminal values, there are only two
possible values of the outcome and we can interpret 0 as a win and 1 as a loss (from the
perspective of the first player).

Suppose indeed that p is a fixed point of the operator 1. Consider a tree of depth 2n
(given by the Galton-Watson tree truncated at level 2n) with the terminal values drawn
independently from p. Then the distribution of the value at the root is also p. More
generally, consider the structure of the first k levels of the tree; the distribution of these first

k levels is the same for any n (such that k& < 2n).
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As a consequence of this consistency over different values of n, we may let n — oo and,
applying Kolmogorov’s extension theorem, obtain a distribution of the entire infinite Galton-
Watson tree along with values attached to each node that obey the minimax recursions (min
at even levels, max at odd levels).

This gives a stationary recursive tree process in the language of [4]. The relevant sta-
tionarity property is the following: condition on the structure of the first two levels of the
tree, and write vy, ..., v, for the level-2 nodes. Conditional on the structure of the first two
levels, the structure of the subtrees rooted at v, ..., v,, along with the values associated to
the nodes of those subtrees, are given by r i.i.d. copies of the original tree process. (More
precisely, we might describe the tree process as ‘2-periodic’ rather than stationary, since even
and odd levels differ; we can recover a genuinely stationary process by considering only even
levels.)

For a more formal and more general set-up, see for example [4] or [47].

We have defined a joint distribution of the structure of the tree and the values associated
to each node of the tree. Now the recursive tree process is said to be endogenous if the value
associated to the root is measurable with respect to the structure of the tree. Note that
for the same offspring distribution, this endogeny property may hold for some fixed point
distributions p and not for others.

Being measurable with respect to the structure of the tree is equivalent to being approx-
imable to any given degree of accuracy using the information only of some finite portion of
the tree. That is, for any random variable X (in particular, the root value), X is measurable
with respect to the structure of the tree if, for any x and any € > 0, there exists k such that
with probability 1 — e, the conditional probability of the event {X < x}, given the structure
of the first k levels of the tree is in [0, €] U[1 — ¢, 1], where X denotes the value at the root.

For a more concrete interpretation, we can concentrate only on the case of finite trees,
truncated at some level 2n. Then the property in the previous paragraph can be reformulated
to say that the value at the root can be approximated arbitrarily closely using information
from the structure of some appropriate number of levels at the top of the tree, uniformly in
the value of n.

Note that endogeny does not indicate that the value at the root is insensitive to arbitrary
changes in the boundary conditions. In our case, that would be trivially false. Rather, for

a given distribution of boundary conditions, endogeny expresses the property that, if the
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boundary is far away, the root is typically not much affected by the difference between
various realisations drawn from that distribution. In particular, endogeny may hold for
some boundary distributions and not for others, as is indeed the case for our model.

Consider in particular the Bernoulli (‘win/loss’) boundary conditions described above.

Theorem 2.5. Let x € (0,1) be a fized point of f, and consider the stationary recursive
tree process with Bernoulli(l — x) marginals for the values at even levels. The process is

endogenous if and only if f'(z) < 1.

So, approximately speaking, the endogenous processes with Bernoulli marginals corre-
spond to the stable fixed points of the function f, which are those fixed points that do not
appear as atoms in the distribution of the limiting random variable W in Theorem 2.2. (An
exception may occur when the derivative of f at a fixed point is precisely 1; further, in the
cases ¢ = 0 and = = 1 the values are constant and the process is trivially endogenous.)

To prove Theorem 2.5, we use a characterisation of endogeny in terms of uniqueness
of bivariate distributions, introduced by Aldous and Bandyopadhyay in [4] and proved in
somewhat more generality by Mach, Sturm and Swart [47]. See Section 2.5 for details.

For offspring distributions where f is the identity, any distribution p gives rise to a
recursive tree process. In particular, we can take y to be the uniform distribution on [0, 1],

as we did in previous sections. We have the following corollary of Theorem 2.5:

Corollary 2.6. Suppose f is the identity. Then for any u, the recursive tree process with

marginals p for the values at even levels is endogenous.

2.4 Proofs: convergence and scaling limits

Proof of Theorem 2.2. From equation (2.3) and the monotonicity of f we see that

lim P(Wsy, < z)= lim f"(z)

n—oo n—oo

exists for all z, and therefore Ws,, indeed converges in distribution as n — oo, to a limit W
with a distribution function Fyy (z) = lim, o f™ ().

Part (a) is immediate from (2.3). For part (b), note that since f is analytic in (0,1)
and f is not the identity function, the set of fixed points of f cannot have an accumulation

point in (0,1). Therefore, this set of fixed points of f defines a partition of the interval
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(0,1) into a disjoint union of open intervals plus the set of fixed points, each of which is an
endpoint of exactly two intervals from the partition. Since f is monotone and continuous,
Fy (z) = limy,—,o0 f™(x) is constant on those intervals; therefore W can have atoms only at
fixed points of f.

Suppose ¢ € (0,1) is such a fixed point. Then

P(W=z)=lmP(g—e<W <z +e¢)
e—0 (2,6)
=lim lim f"(q+e¢€) —lim lim f"(q —e¢).

e—0n—o00 e—0n—o00

Since f is monotone and continuous, the quantity above is equal to 0 precisely if and only if
the fixed point ¢ is stable. Hence indeed W has an atom at ¢ precisely if ¢ is unstable from
at least one side. As commented immediately after Theorem 2.2, the right-hand side of (2.6)
is equal to ¢+ — g, as required.

The cases where ¢ = 0 or ¢ = 1 follow in a similar way. O

The rest of this section is devoted to the proof of Theorem 2.3.

2.4.1 Proof of Theorem 2.3(a): 1 < f'(¢) < o0

Firstly we assume that ¢ is the unique fixed point of f in (0,1) and that it is unstable from
both sides. In the second part of the proof we show how Lemma 2.7 below implies the general
case.

Suppose & = f'(q) > 1. An example of this case is presented in Figure 2.2(a), where
p1 = 0.45 and p3 = 0.55.

We will prove the following result:

Lemma 2.7. Consider the recursion (2.3) and assume that q is the unique fized point of f

in (0,1) and that it is unstable from both sides. Set & = f'(q). If £ > 1, then
§"(Wap — q) LV asn — 00,
where the distribution function Fy of V' is continuous and satisfies

Fy(z) = f(Fv(z/€)), zeR.
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Lemma 2.7 extends the result of Ali Khan, Devroye and Neininger [5] to the case of
random trees. Note that Lemma 2.7 corresponds directly to the part (a) of Theorem 2.3 for

f having a unique fixed point in (0, 1) that is unstable, as then ¢_ = 0 and ¢4 = 1.

Proof of Lemma 2.7. We follow the lines of [5] but in our case the analysis is slightly more
complicated because of the more general form that f can admit. We first prove that there
exists a pointwise limit of distribution functions of £"(Ws,, — ¢), which is not identical to 0

or 1, and then show that it is continuous, which completes the proof. Define
gn(x) =P (" (Way —q) <z), z€R
Therefore, for each x for sufficiently large n (such that 0 < g+ Ei" <1),

9n($)=P<W2nSq+§1) = f" (q+gn).

Note that g,(0) = ¢ for all n. We need some local uniform bound for g,, around x = 0. This

will be supplied by the following lemma:

Lemma 2.8. Under the assumptions of Lemma 2.7, let k be the smallest number larger than
1 such that f%)(q) # 0. Denote hi(z) = ¢+ x and ha(z) = q + x + ca® for x € R. Then
there exist ¢ and an € > 0 such that for all n and |x| < g, either hi(z) < gn(z) < ho(x) or

ha(x) < gn(x) < ha(z).

Note that such a number k exists since we assumed that f is not the identity function

and f is analytic at q.

Proof of Lemma 2.8. Take any ¢ such that ¢ has the same sign as f*) (¢) and |c| > ‘% ‘
From analyticity of f, f*) (x) does not change sign on some neighbourhood of g.

For simplicity assume that k is even and f(*) (¢) > 0. We would generally need to consider
four cases depending on the parity of k and the sign of f®*) (q). For the other three cases the
steps of the proof of the lemma are identical modulo the change of sign in the inequalities.

The proof is by induction on n and makes use of Taylor’s formula up to order k. For

n = 0 the assertion is true, as we have

hi(z) = ¢+ = go(z) < ha(z).
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Note that the above holds for all ¢, thus we will choose ¢ later. Assume now that

hi(z) < gn—1(z) < ho(x)

for some n—12> 0, |z| <eand e > 0. Since |£| < ¢, as |z| <ecand > 1, and f is increasing,

z
3

we have

z/§
gnfl

gn(z) = f" (q + x) =f <f"1 (q +

T )) = 7 (01 /) = £ (2/9))

and analogously

gn(x) < f (ha (x/€)).

The induction proof will be completed if we can show that for some ¢ > 0, for |z| < ¢,

hi(x) < f (b (2/€)),  f(ha (x/€)) < ha(x). (2.7)

Taking the Taylor expansion of f around ¢ at points ¢ + /¢ and q + z/€ + ¢ (z/€)F, we

obtain
Flin(a/€) = 0+ 2+ g5 (F9@) * + ofa®),
Fbal@/) = 4+ + e (19(0) + €te) a* +o(a*)
Since

11

fBq) ¢ 1t-1 1

0 + Cgk—l

(f®(q) + gkle) = AR

<c

and by assumption f*)(q) > 0, we are therefore able to pick € > 0 such that (2.7) holds for

|x| < e. This completes the proof of Lemma 2.8. O

Note that if we show that for some g, g,(z) — g(z) for all z, then the above lemma will
imply that g(x) is continuous and differentiable at x = 0 with ¢’(0) = 1. We now claim
that for each z, (g,(x)) is a monotone sequence for n > n,. This is implied by the following

lemma:
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Lemma 2.9. Under the assumptions of Lemma 2.7, for each M there exists nyr such that

for |x| < M, (gn(z)) is a monotone sequence for n > nyy.

Proof of Lemma 2.9. As in the proof of Lemma 2.8, we consider the case where k is even
and f (k)(q) > 0 — the other cases are identical. Using Taylor expansion up to order k, there

exists £ > 0 such that for |y| < ¢,

fla+y) > flo+ f(ay (2.8)

(recall that f)(q) = 0 for 1 < i < k). Now let ny; = [log (%)} and note that for any

|x| < M and n > nyy, |x/€"| < € and therefore by (2.8),

f(q+g;> > f(q)+f’(q)§n =q+£nx—_1-

Finally, since f"~! is monotone increasing,

gula) = £ (a+ ;) = (1 (o ;)) > (ot ;1) = gni1(2).

This proves the claim. O

Since g (z) € [0,1] for all n, by Lemma 2.9 g,(x) converges for all  — we denote the

limit by g(x). The continuity of f and the fact that g,(x) = f(gn—1(z/£)) imply that

g9(x) = fg(x/E))- (2.9)

Therefore, from the continuity of f and the monotonicity of g, lim,—,_~ g(x) and lim,_,~ g(x)
are fixed points of f. Using the fact that {0,q,1} are the only fixed points of f, g is non-
decreasing, g(0) = ¢ and ¢'(0) = 1, we deduce that lim,,_~ g(x) = 0 and lim,_, g(z) = 1.
When we show that g is continuous at all x, it will then imply that Fy, = g, i.e. that the
limiting random variable V' has a continuous distribution function.

We apply the following strategy to show that g is continuous: we showed that g(z) is
continuous at 0 and now we show separately that it is continuous on some (—¢,0) and on
some (0,e). The identity (2.9), together with the continuity of f, then implies that g is
continuous on all of R (since £ > 1).

We still work under the assumption that f*)(q) > 0, where k > 2 is such that ) (q) =0

40



for 1 <7 < kand f®)(q) # 0, and that k is even (if k is odd then reasoning in the two cases
below should be swapped). Note that to prove that g is continuous on some interval I, it is

sufficient to show that

supsup g;,(y) < . (2.10)
yel n>0

By the chain rule we obtain

(@) H f <fz <q+ §n>) : (2.11)

We consider first g/, (y) for y < 0. Since f(k)(q) > 0, there exists an € > 0 such that
fl(g+y) <& for y € (—¢,0). Since f(q) = g, f is increasing and £ > 1, this implies that for

y€ (—e,0)andi<n

Plov)=r (v ) >t (oveds) > > avefima—e

Therefore f° (q—i— S") € (q—&,q), hence f’ (fZ (q—i— 5%)) < ¢ By (2.11) we conclude that
gn(y) <1 for all n and y € (—&,0). This implies that (2.10) holds with I = (—&,0), hence g
is continuous on (—¢,0).

Now we turn to the case of y > 0. The function f is non-decreasing, and £ > 1; hence

forall0<i<mnandall 0 <y <z,

q_f"( £n> < f <q+§i>. (2.12)

Note also that

£ (o 5n) £ (o gZ) — gi(a). (2.13)

Now by the assumption f*) > 0 there exists an e > 0 such that f’ (q+x) is strictly increasing
for z € (0,¢). By the continuity of g at 0, there exists v > 0 such that g(x) < ¢ + ¢ for
z € (0,7). By Lemma 2.9, there exists n, such that for 0 < < v, (gi(z)) is a monotone

sequence (an increasing one, since we assume f*)(¢q) > 0) for i > n.. Therefore, for i > n.,
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and for 0 < = < 7,
gi(x) < g(x) < qg+e. (2.14)
On the other hand, for i < ny An, since f(q+z) > g+ for x € (0,1 —q),

I (q - g;;) < (q - ;) <fMla+a). (215)

f™ is continuous and non-decreasing, hence we may pick 4 > 0 such that for 0 < z < #,
fMg+z)<qg+e. (2.16)

Finally, combining (2.12) — (2.16), we obtain that for all 0 <i <nand forall 0 <y <z <

YA,

qgfi<q+§)§fi<q+é>gq+e. (2.17)

Recall that ¢ was chosen to be such that f’ is strictly increasing on (g,q + ¢). Combining

this with (2.11) and (2.17) we obtain that

gn(y) < g (). (2.18)

We are now going to use (2.18) to show that (2.10) holds for I = (0,¢) with e = 3(y A 7).

For each z € (g,2¢) and all n > 0, by (2.18) we have

sup g (y) < g,,(2).
y€(0,¢)

Therefore,

1 2e
sup sup gy (y) < sup — / gn(2)d2
n>0ye(0,e) n>0 € Je

where the last inequality follows since each g, is a distribution function. This proves that
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g(y) is continuous on (0, ). This completes the proof of Lemma 2.7.

Multiple atoms

In the previous section we found the correct order of fluctuations when f had a single fixed
point in the interval (0,1). When f has more than one fixed point in the interval (0, 1), we
cannot simply consider the quantity Wa, — ¢, since the limiting distribution has multiple
atoms, but it turns out that we can condition on W, being close enough to one of the atoms
and straightforwardly apply Lemma 2.7. Note that the set of fixed points of f cannot have
an accumulation point in the interval (0,1). To see this, recall that f is a composition of
functions analytic in (0,1). Therefore, f(x) — z is also analytic in (0,1) and we justify the
claim using the fact that zeros of an analytic function not identical to 0 cannot have any
accumulation points in the domain in which the function is analytic.

The case of multiple atoms of V' is summarized in the following lemma:

Lemma 2.10. Consider the recursion (2.3) and assume that q_,q,q+ are fized points of f

satisfying the following conditions:
o q€(0,1) is unstable and f'(q) > 1,
o - <q<qy,
o q is the only unstable from at least one side point of f in the interval (q—,q4).

Then,

L(E" (Wan —q) | Wayp € [q—,q4]) = L(V),

where £ = f'(q) and V is a random variable with a continuous distribution function.

Note first that since f’(¢q) > 1, the definitions of ¢_ and ¢ coincide with those given in
(2.4).
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Proof of Lemma 2.10. Fix x € [0,1]. Then

Plg- < W, <x(qy —q-) +q-)
P(g- < Wa, < q4)

JPWap—2 <x(q+ —q-) +q-) —q-

P Wanqf Sx
q+ — g—

Wa, € [q—7q+]> =

4+ — 4- (2.19)
Wan—2—q— :
() -
g+ — 4—
~ Won—9 — q—
=f (P <22q <z|Wo_o € [CI—,Q+]>> ;
g+ — g-

where

7 Sf@lgy —g-) +q-) —q-
d+ — q-
Furthermore, f(z) is a continuous bijective mapping from [0,1] to [0, 1] with a single fixed

point § = q(i_—q;, in (0,1) and

fl@)=r@=¢

F® @) = fPq) (g4 — q-)F .

(2.20)

Consider a sequence of random variables (Wgn);’ozo such that

= d [ Wo, —q_
Way, = (2 g Won € [(J—,q+]> .
g+ — 4-

We check that Wy ~ U(0,1), P(Wa, < z) = f(P(Wa,_2 < ). Combining this with (2.20),

we may apply Lemma 2.7 to (Wa,,)3%, to conclude that

LE"(Wan —q) | Wan € la—, q4]) = L((¢+ — q-)V),

where W is a random variable with a continuous distribution function g that satisfies §(x) =
f(g(z)). Finally, we note that the distribution function of (¢4 — ¢_)V is also continuous,

which completes the proof. ]
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Boundary fixed points

To finish the proof of part (a) of Theorem 2.3 we need to consider the case when one of
g—,q+ is equal to ¢. This may happen either if ¢ is at the boundary (i.e. ¢ € {0,1}) or
when ¢ € (0,1), but ¢ is stable from one side. These cases can be treated simultaneously
by repeating the reasoning from the proofs of Lemma 2.7 and Lemma 2.10. Note that the

limiting distribution V' is now concentrated on either the positive or negative half-line.

2.4.2 Proof of Theorem 2.3(b): f'(¢q) =1

We have already described the fluctuations of W5, when we know that it converges to some
fixed point ¢ of f with f’(q) € (1,00). If the point was unstable from both sides, we obtained
a two-sided continuous limiting distribution.

If ¢ is a fixed point of f such that f'(¢) = 1, it may be unstable, stable or unstable from
one side and stable from the other. In this case it is more convenient to consider each side
of q separately. For simplicity, we state and prove a lemma for the case where ¢ is unstable
from the right and then comment on the general case.

Note that the set of fixed points doesn’t have an accumulation point in (0,1), but it is
not known whether this behaviour may be exhibited at the boundary, hence the additional

assumption in the lemma.

Lemma 2.11. Consider the recursion (2.3) and assume that q is a fixed point of f, that it
is unstable from the right and let ¢4 = inf{z : x > q,x = f(x). Suppose that f'(¢) =1 and
k is such that f)(q) =0 for 1 <r < k and f®)(q) #0. If ¢4 # q, then

1
£ (T (Wan = q) | Wan € [g,44]) = a,

1
k(k—2)! =
where a = (J}(T(Qq)))k '

Figure 2.3(a) gives an example where Lemma 2.11 applies.

1

Proof of Lemma 2.11. We are going to show that the distribution function of nF-1 Wan=g

9+—q

conditioned on the event W, € [¢, q+] converges to some limit as n tends to infinity. Define

4+ —4q

Wo, € [q,q+]> . (2.21)
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By calculations similar to those (2.19) in the proof of Lemma 2.10, we obtain that for

WS [Oa 1]7
W — F(p(Wen =
P(qi_qqu WZTLe[q’q_‘_]):f(P(qi_qufI} WQn—Qe[qaq-i-]))a
where
Fa) = f(:c(q+q—+q) ;; a) —q
Note that
f(0)=o,
fy =1,

FD(0) = (¢4 — )" fD(q),

and f has no fixed points in (0,1). Since for every z > 0, for sufficiently large n, —%— € [0, 1],

nF-1

for such n we have

Wopn — 1
gn(l') =P <2q <zn kil Way, € [qa Q+]>
49+ —4q
. Wo — _ 1
(e wen)) e
= f” (a:n_k%l) .

The proof consists of two parts:

I We show that for each = < a, for sufficiently large n, (g, (z)) forms a decreasing sequence,

and for each x > a, for sufficiently large n, (g, (z)) forms an increasing one,

IT we show that for z < a, gn(z) — 0, and for z > a, g,(x) — 1.

Part I Fix x # 0. Using Taylor’s expansion, we may expand f(z) as follows:

Fla) = o)+ + L0

zF + rk(x):vk,
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where lim,_,o 7, () = 0. Therefore,

f( ;1> < : _i)kll (2.23)

is equivalent to

and to

F®0) 4y T k1 < n )‘“11_
A x + 7 nﬁ x <n 1 1].

Letting n — oo, the right-hand side of the last formula converges to ﬁ, whereas the left-

f(k) . . . .
hand one converges to ! k!(o) z*~1. Therefore, the last inequality is satisfied for large n

if

and similarly

f( ”i) > % (2.24)

for large n if

. (k(k—Q)!)xil 1

f®)(q) 4+ —q

This yields the claim, as f*~! is a strictly increasing function, hence recalling (2.22), the

inequality (2.23) is equivalent to

gn(z) = f"( ‘i ) < ((_"1)) = gn_1(z),

and the inequality (2.24) is equivalent to

gn(@) = " ( - ) > ((_”i)) = g (@).
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This completes the proof of the claim.

Part IT Since each g, is a distribution function, and by Part I above for each z, (g,(z)) is
a monotone sequence for large n (decreasing for x < a and increasing for x > a), hence the
limit g(z) = lim,,—00 gn(z) exists for all z. To show that for x < a, g(x) = 0, assume that

for some 0 < x < a, g(x) = > 0. This implies that

f‘”( xl>25>0 (2.25)

nk-1

1
for large n. Take y € R, € N such that y = = (ﬁ) *~! < a. Note also that g(y) < 1, but

since (gn(y)) is a strictly decreasing sequence, the inequality is in fact sharp, thus

lim g,(y) < 1. (2.26)

n—oo

On the other hand,

lim g,(y) = lim ¢y(y) = lim f”l< Y : >

n—oo n—oo n—oo (nl)m
1
-1\ *1
. . Yy\—7
= lim f"o -1 (Z>1 (2.27)
e (n(l—1))F1

and by (2.25),

lim f"o frU-1 <331> > lim f"(e) =1,

as 1 is the only stable fixed point of f in the interval [0,1]. But this contradicts (2.26) and
thus g(x) = 0.

Similarly, to show that for x > a, g(x) = 1, fix any such = and take y € R, € N such
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1

that y = (1—71) s By calculations similar to (2.27),

. _ . _ . rnl
i gn() = lim g(w) = lim_ f ( )

— lim fnofn(l—l) ( Yy i )
e (n(l —1))%7

= lim "o g,q-1)(¥),

n—00

but since (gn(y)) is a strictly increasing sequence for large n, for these n, g, (y) > ¢ for some

6 > 0, hence
Jim f" 0 gy-1)(y) = lim_ f*(6) =1,

as again, 1 is the only stable fixed point of f in [0, 1].

Recall now the definition of g, (x) (2.21). Parts I and II prove that

L (nkllmw } W2n S [Qanr]) — 6(17

4+ —4q
and thus
1
L (nkl (W2n - Q) ’ Wan € [qa q+]) - 5a(q+—q)7
where
1
k(k —2)1\ *1
o0 = (T )

This completes the proof of Lemma 2.11. O

To finish the proof of part (b) of Theorem 2.3 we apply Lemma 2.11 and its counterpart

for points unstable from the left to [¢,¢+] and [¢_, ¢] respectively. Checking that for each n

q+ — g
P(WQW« S [(Lq-‘r] ’ Wan € [Q—7Q+]) = +7>
q+ — g-

q—q-
P(Wap € [g—,q] | Wan € [g-,q+]) = ,
4+ — q-

shows that the masses in the formulation of the theorem are chosen appropriately, hence
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completes the proof.

2.4.3 Proof of Theorem 2.3(c): f'(q) = >

Note first that f’(q) = oo can happen only at ¢ € {0,1}.
We start by describing behaviour of f near 0. The first step is supplied by the following

technical lemma:

Lemma 2.12. There exist functions H(x) and b(x) defined on (—1,1) such that f(z) ~ H(x)

as x — 0 and

() ~ (Z npnb(:v)”_1> Kpga"~,
n=1

where 1 — b(x) ~ pga’ as x — 0.

Proof of Lemma 2.12. By simple calculations,

f(z) = R(R(x)) = M(l — R(z)) = 1 - zl:n_ 1P R an

(
(e} — x€X n e © n-! ) =
= Zn_1fn_(1R(9§( . Yo ppr = (p" > R(xy) > poa” (2.28)

=0 n=1

= S (R(w)Z i pn) ipnx” = i [R(x)’IP(M > z)} ipnx",
n=1

=0 n=t+1 n=1 =0

where M is a random variable with law P(M = i) = p;. Furthermore, recalling that K =

min{i : p; # 0},

R(:J:):Z?lpn - anzx_zx an

1—=x 1—=x

=0 n= z+1
— i , K-1_, K i—K , (2.29)
=Y dPM>i)=1+z+...+z" ' +a le P(M > ).
i=0 i=K
denote by h(z)
Therefore, substituting (2.29) into (2.28),
f@) =Y [A=o)(1+z+...+ 2" 4 25h@)| P(M > i) Y paa”, (2.30)

Il
=)

% n=1
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where

o0
=Y " FP(M>i) - P(M>K)=1-px asz—0. (2.31)
=K

Observe that h/(z) - P(M > K + 1) as x — 0. Now for any b < 1,

> VP(M > i) Z Pn Z b = ( Z pnbn>
i=0
and thus, setting
bz)=1—2)1+z+...+285 1+ 25n(2) =1 — 2% + 28h(z) — 25 h(2),

from (2.30) we obtain

fl@) =+ _lb(x) (1 - nzlpnb(x)"> ;pnx”. (2.32)

Observe that

hence by (2.31),
1—b(z) ~pgz™ asz —0.

Moreover, from (2.32),

1

K(1 - h(z)) + oK +1h(x ( an );pna:"_

1

~ 1 h(z) + ah(z) ( an >n;(p”xn_K'

fla) =~

Note that as x — 0, the first fraction on the right-hand side converges to Ii, and the final

sum converges to px. Thus

F@) ~ (1 - ipnbw)
n=1
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as ¢ — 0. Therefore, denoting H (z) := (1 — Y 7= pnb(x)"), we have
f(z) ~ H(z) (2.33)

and, recalling that lim, o h'(z) = P(M > K + 1),
00 / 00
H,@:) = (1 - anb(x)n> ~ (Z npnb(x)n_1> KpK«TK_l
n=1 n=1
as ¢ — 0T which completes the proof of the lemma. O
Equipped with the relation from Lemma 2.12 we may now connect f with the underlying

offspring distribution via Karamata’s Tauberian Theorem for Power Series (a proof may be
found e.g. in [14]). Recall first the theorem:
Theorem 2.13 (Karamata’s Tauberian Theorem). If a, > 0 and the power series A(s) =
Yoo ans™ converges for s € [0,1), then for c¢,p > 0 the following are equivalent:

n

Zakwcn” as n — 0o

k=0

and

1 +p)

(1= sy as s 1T 1.

Recall the assumption (2.5) of Theorem 2.3: for some p € (0, 1),
E(MIy<p) = Z kpy, ~ cn”.
k=1

By Theorem 2.13 applied to a = kpg and (2.5) we obtain that as we let  — 0 (which

implies b(z) — 1),

1 > _ c'(1+p) I(1+p) 1
————H'(z) ~ > nppb(z)" ' ~ ~ .
KpgaK-1 (@) — npab(z) (1 —b(x))r p% xKp
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Therefore,

I(l+p) 1 r(1 o
Pk akr I—p

as t — 0, hence, by (2.33) and (2.34),

(1 + p)pi? _
f(t) ~ ( - _p[)) K 75K(1 p)

as t — 0. This implies that for f’(0) = oo to hold it is necessary that K < flp.

To provide the criterion for ¢ = 1, we are interested in the behaviour of the quantity
1 — f(t) when t — 1. Now
1 - f(t) =1~ R(R(t)) = G(R(t)) ~ prR()". (2.35)
By definition, R(z) = 1 — 332, ppa*, thus

o0
— >k
k=1

and again by Theorem 2.13 applied to ar = kpy and (2.5),

) _cI'(1+p)
B (z) (1 —2x)r
as r — 1, and thus
/ R(x 'l +pp) (1—t)". (2.36)

Substituting (2.36) into (2.35) we obtain that

K
1= 50 ~ o () g

as t — 1. Thus again, for f/(1) = oo to hold it is necessary that K(1 — p) < 1.

We've shown that f(t) ~ CotX0=) ast — 0and 1 — f(t) ~ C1(1 — )K= as t — 1 for
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some positive constants Cy, C'; that we determined explicitly. Note that
k, 1-K(1-p)

and since K(1 — p) < 1, at least one of the constants Cy, C is different from 1. The proof
of Proposition 2.3(c) is completed by the following two lemmas applied as follows: Lemma
2.14 applied with a = K(1 — p) proves existence of the distributional limit at either point ¢
with C; # 1, and Lemma 2.15 shows that the limit exists at ¢ = 0 if and only if it exists at

q=1.
Lemma 2.14. Consider the recursion (2.3);
1. Assume that f(t) ~ Ct* with C # 1 and a € (0,1) ast — 0. Let ¢4 = inf{z : = >
0, x = f(x)}. Then

L (a™log Way, | Wap € [0,q4]) % Va, (2.37)

where Vy is a random variable with P(Vy € (—o0,0)) = 1.
2. Assume that 1 — f(t) ~ C(1—t)* withC #1 and o € (0,1) ast — 1. Let ¢ = sup{z :
x <1, = f(z)}. Then
£ (a"log(1 — Wan) | Wan € g, 1]) % Vi, (2.38)

where Vi is a random variable with P(V} € (—o0,0)) = 1.

Lemma 2.15. Consider the recursion (2.2). For o € (0,1) convergence (2.37) holds for
some Vo with P(Vy € (—00,0)) = 1 if and only if convergence (2.38) holds for some Vi with
P(V; € (—00,0)) = 1.

Note that in Lemma 2.15 we do not assume anything about f; in particular we do not

assume that C' # 1.

Proof of Lemma 2.14. Firstly we show how the second part can be obtained from the first

one and then we prove the first part of Lemma 2.14, which corresponds to ¢ = 0.
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Assume that 1 — f(t) ~ C(1 —t)® and set Wa,, = 1 — Wa, and f(t) = 1 — f(1 —t). Then,

P(Wy, <) =P1—Wa, <z)=1-P(Wy, <1—2)=1— f(P(Wapn_2 <1—2z))
=1—f(1—P(Wap_o <)) = f(P(Wap_o <)) =...= fUP(W < x))

= f"(x)

and f(t) =1— f(1 —t) ~ Ct* as t — 0. Hence it is enough to prove the result for the case
q=0.

Fix some x < 0. Note that for n large enough exp ((f—n) < g4, hence for these n,

P(alogWa, <z | Way, € [0,¢4]) =P <W2n < exp (;) ‘ Wan € [O,Q+]> =

o (= ()
Define
fily) = log(f (exp(y))),
and observe that
fi'(y) = log(f" (exp(y)))- (2.40)

The idea behind f;(y) is to linearise f(y): note that f; is a monotone function, f;(loggy) =

log ¢+ and that

fily) = ay+0(1)

as y — —o0, hence there exist constants D, F such that for y < log q+ <0,

D+oay< fily) < E+ ay. (2.41)

In the first part of the proof we show (assuming that the limit (2.37) exists) that P(V €
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Figure 2.4:  hq(x), fi(x), he(x) together with their (stable) fixed points %,logq+,%
respectively. For x <logqy, hi(z) < fi(z) < ha(z). The dashed line represents the identity
function.

(—00,0)) = 1. Define

hi(y) = D+ ay,
ha(y) = E + ay.
Now
D
lim_ A} <yn) =yt
n o0 J—
@ EO‘ (2.42)
(YN
Ji 1 () <o+
where 157&, 1§a are the (unique) fixed points of h; and hg respectively.
Equations (2.39), (2.40), (2.41) and (2.42) together imply that
, . 1 E
lim sup P(a" log Way, < x|Way, € [0,¢4]) < —exp |z +—— |,
n—00 q+ l—-«a
and therefore
lim limsupP(a"logWa, <z | Wa, € [0,¢4]) = 0.
T—=—00 n—oo
We shall now show that
lim liminfP(a" log Wa, < | Wa, € [0,¢4]) = 1. (2.43)

z—0— n—00
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To do so, note first that by (2.39) and (2.40)

1 x
P(a"log Wa, < x| Way, € 0,q4]) = — exp <on <n)> ’
q+ o

hence (2.43) is equivalent to

lim liminf f" (;) = logqy. (2.44)

z—0— n—00

Note that log g, is a fixed point of f;(x). Equation (2.44) indicates that the scaling o is

not strong enough to compensate the attraction of the fixed point log g4 of f;.

Let k;, be the smallest k such that hf (%) = £~ — 1. Note that k,, is properly

l—«

defined as % is the only fixed point of h; and is stable. Moreover, by (2.42) we have that

for x € (—1,0),

D D
lim A} ((fn):m—&— > -1,

n—00 l—a~" 1-a

hence for these =, n — k;, > 0 for large n. Define also

K, = liminf(n — k; )

n—oo

and note that since

lim lim A} <x>: D ,

e0-no00 L \an) T 1—a

and the right-hand side is a fixed point of hi, we obtain that

lim K, = cc.
x—0~

Now define similarly k., to be the smallest k such that fF (%) > L — 1. Since

[0}

fity) > hi(y) for y <logqy, we have kg, > kg, and therefore

lim liminf(n — ky,) = oo.
z—0— N0
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This implies that

lim liminf /" <Oi”n> = lim liminf ;""" (fl =i <5n)>

z—0— M—00 r—0— n—00

e D
> lim liminf f K, ( -1

z—0= N—o0 11—«

= loggqy.

To finish the proof it is now enough to justify that the limit lim, o P(a™log Wa, <
x|Way, € [0,¢4]) exists for all x; recalling (2.39) it is enough to check that the sequence

f™ (exp (Z%)) is monotone for large n. Since f is a strictly monotone function, the statements

o fon (s2)) = (o (2)

and

f (exp (a:+1>> > exp <o§> . (2.45)

are equivalent. We set y = —%& and z = exp(y) (therefore y — —oc corresponds to z — 0)

obtaining that (2.45) is equivalent to:

f(z) > 2%

Therefore, if f(z) ~ Cz* for C' # 1 we observe that for each x < logg; the sequence
fr (exp (ﬁ)) is monotone for n large enough which yields existence of the limit. This

completes the proof of Lemma 2.14. O
Up to now we only defined W,, for even m. Before we prove Lemma 2.15 we extend it
to odd m. Define the distribution of a random variable W,,_; as follows:

d (4)
W In—1 = Imax W
" 1<i<M =2

where M is a random variable drawn from the tree’s offspring distribution and WQ(Q_Q are
independent copies of Wy, _o (independent of M). The quantity Wa,_1 corresponds to the

value at the root of a tree of height 2n — 1, with levels alternating between max and min,

o8



starting and ending with a max. One has similarly

Lemma 2.16 below provides a useful identity which we are going to apply in the proof of

Lemma 2.15.
Lemma 2.16. Wy, 4 G711 — Wa,_o).

Proof of Lemma 2.16. G is the probability generating function of the offspring distribution of
the tree, so G(t) = P(max;<;j<n U; < t) where U; are independent uniform random variables
and M follows the offspring distribution (independently of (U;,i > 1)). Decomposing the
minimax tree of height 2n — 1 with maximum at levels 1 and 2n — 1, we see that random
variables at level 2n — 2 (i.e. one level above the leaves) are distributed as max;<;<as U;.

Therefore

Wop_1 2 Wynast (2.46)

where W5, 3™ is a random variable corresponding to a max-min tree (i.e. with maximum

at the even levels and minimum at the odd ones) where at the leaves instead of uniform
random variables we put random variables with distribution function G. Noting that if U is

a uniform random variable then G~1(U) has distribution function G, we see that

WG 4 gl (pymax (2.47)
Now, since
U= i (120D S 1 i U
and

. d
min U; =1— max (1-U;) =1— max U,
1<i<M 1<i<M 1<i<M
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we obtain that
Wi, L1 — Wap . (2.48)

Finally, combining (2.46), (2.47) and (2.48) completes the proof. O
We are now ready to prove Lemma 2.15.

Proof of Lemma 2.15. The convergence (2.37) is equivalent to the convergence of
nhango P(an 10g W2n <z | W2n € [07 Q-i-])' (249)

at all the continuity points of the corresponding limiting distribution function and similarly

the convergence (2.38) is equivalent to the convergence of
nli_)ngo]P’(a” log(1 — Wa,) < x| Way, € [¢—, 1]). (2.50)

at all the continuity points of the corresponding limiting distribution function. Fix =z < 0.

For large n,

1
P(a™log Way, < x | Way, € [0,q4]) = q—IP’(oz” log Wa, < x, Wa, € [0,q4])
+

1
= ?P(WQH < eXp(.’IJ/CKn)7 WQn € [Oa Q—&-D
+

1
= —P(Wa, < exp(z/a™)).
q+
Now by the branching structure of the tree,
P(Wa, < exp(z/a")) =1— G(P(Wap_1 > exp(z/a"))).

Since G is a continuous function, the convergence (2.49) is equivalent to the convergence

Jim P(Wan—1 > exp(z/a™)).
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By Lemma 2.16,

P(Wan—1 > exp(z/a™)) = P(G1(1 — Way,_2) > exp(x/a™))
=P(1 — Wap_2 > G(exp(z/a™)))
= P(a" 2log(1 — Wap_2) > o™ ?log(G(exp(z/a™))))

=1 —P(a"?log(l — Way,_») < a"?log(G(exp(z/a™)))).
Since G(t) ~ pxt™ as t — 0, we observe that

_ _ zK
0" 2 log(Glexp(z /™) = a" log(prc exp((aK)/a") + o(1) = 25+ (1)
This implies that if the convergence (2.50) holds at some point CEOC—IQ( that is a continuity point
of the limiting distribution function, then the convergence (2.49) holds at x. Similarly, if the
convergence (2.49) holds at some point z that is a continuity point of the limiting distribution
function, then the convergence (2.50) holds at ”;—12( Since the set of discontinuity points of

any distribution function is at most countable, this completes the proof. ]

2.5 Proof of the endogeny result

To prove Theorem 2.5 we use the idea of bivariate uniqueness introduced by Aldous and
Bandyopadhyay [4].

Informally, the idea is as follows: suppose we allow two values at each node. Each
coordinate evolves separately, according to the minimax recursions (and using the same
realisation of the tree structure). If we put bivariate values at the leaves of the tree, we
then get a bivariate value at the root of the tree. Let us consider for the moment the case
where the values are discrete (as for the Bernoulli case in Theorem 2.5). If the process is
endogenous, and the tree is large, then with high probability the two components at the
root agree with each other. On the other hand, if the process is not endogenous, then the
probability that they disagree stays bounded away from zero as the size of the tree goes to
infinity, and in fact we can obtain a bivariate process on the infinite tree that is two-periodic
and non-degenerate (in the sense that the two components are not identically the same).

To formalise this we rewrite some of the ideas around (2.2) in new notation.

Let p be a distribution on [0,1]. We defined T'(x) to be the distribution of the LHS of
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(2.2), given that the random variables W2(;LJ_ )2 on the RHS of (2.2) are i.i.d. with distribution
1.

So T is a map from P to P, where P is the space of distributions on [0, 1]. For Theorem
2.5 we assume that the Bernoulli(1 — z) distribution is a fixed point of 7.

Now consider the space P@ of distributions on [0,1]%. Define the map T @) from P?
to itself as follows. As before let M and M, Ms,... be ii.d. draws from the offspring
distribution. Let (Xi’j,X;’j), for each 4,7, be i.i.d. with distribution ;(?) (and independent
of M and {M;}). Then let T(® (1(?)) be the distribution of (X, Xs), where

(i.5)

X1 = min max X;"/,
1<isSM 1<5<M;

Xo = min max Xz(w).
1<i<M 1<5<M;

Note particularly that the recursions for X; and Xo use the same realisation of M and {M;}.

If 4 € P then we can define a diagonal distribution p” on PP by " = dist(X, X) if
p = dist(X), i.e. u is a joint distribution of two identical copies of X.

If u is a fixed point of T, then certainly p/” is a fixed point of 7). The question is
whether there can be any fixed point of T?), whose marginals are equal to p, and which is
not of the form of the diagonal distribution x/". Mach, Sturm and Swart [47, Theorem 1],
refining Aldous and Bandyopadhyay [4, Theorem 11], show that the recursive tree process is
endogenous if and only if there are no such non-degenerate bivariate fixed points (i.e. if the

‘bivariate uniqueness property’ holds).

Proof of Theorem 2.5. We apply Theorem 1 of [47] (or indeed Theorem 11 of [4], since the
additional technical condition relating to the continuity of the operator T3 does in fact
hold in this setting). To prove our result it is enough to show that the bivariate uniqueness
property holds if and only if f/(z) < 1.

Let us write p for the Bernoulli(1 — x) distribution on {0,1}. We look for a distribution
12 on {0,1}? that is a fixed point of T(?, and whose marginals are both g, but that is not
the diagonal distribution ;. Once these marginals are specified, we only need to specify one
further parameter, say b = u(?)(1,0), since then we can deduce p(?(1,1) = 1—z—p?(1,0) =
1 — 2 — b, and similarly 4 (0,1) = b and p(®(0,0) = z — b. Note b € [0, min(z, 1 — z)].

To show that p(? is a fixed point of T, again it suffices to check just one entry of
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T@ (u®?). To look at this we can consider a random tree with two levels, with bivariate
marginals according to x(? at level 2 of the tree; we wish to see the distribution ;2 again
at the root. Then write also (?) for the corresponding distribution of the marginals at level
1. Let us write o for the root and ¢ for a typical level-1 node.

So consider the probability of seeing values (1,0) at the root. For this to happen, all
children of the root must have 1 in the first coordinate, but at least one child of the root
must have 0 in the second coordinate. That is, all children have values (1,0) or (1,1), but
not all of them have values (1,1). We obtain

P(values(1,0) at o) = G(¥?(1,0) + 1P (1,1)) — G(»P(1,1))

(2.51)
= R(v?(1,1)) - R(»?(1,0) + v@(1,1)).

We examine both terms on the RHS. First note that v(2)(1,0) + v(?(1,1) is the probability
that ¢ has value 1 in the first coordinate. This is the probability that at least one child of ¢
has value 1 in the first coordinate, i.e. that not all the children of + have value 0 in the first

coordinate. Hence

=1-G(x) (2.52)

Similarly, for ¢ to have values (1, 1), we need to exclude the two events that all its children have
value 0 in the first coordinate or that all its children have value 0 in the second coordinate.
Both of these events have probability G(x), while their intersection, i.e. that all children

have values (0,0), has probability G(z — b). So applying inclusion-exclusion,

v (1,1) =1-G(z) — G(z) + Gz —b)
(2.53)
=2R(x) — R(z — b).

Combining (2.51), (2.52) and (2.53), we have that if the probability of values (1,0) at

level 2 is b € [0, min(z,1 — z)], then the probability of values (1,0) at the root is h(b) €
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[0, min(z, 1 — x)], where

h(b) := R(2R(z) — R(z — b)) — R(R(z)). (2.54)

For 1?) to be a fixed point of (), we therefore need b = h(b). Also u® is diagonal iff
b = 0. So non-endogeny is equivalent to the existence of a fixed point of h in the interval
(0, min(z, 1 — x)].

From (2.54) we have h(0) = 0, and differentiating with respect to b we get

W (b) = R'(R(z) — [R(z — b) — R(z)))R(z — b) (2.55)

so that

Differentiating once more we obtain

'(b) = R"(2R(z) — R(z — b)) R (x — b)% — R'(2R(z) — R(x — b))R"(x —b).  (2.56)

Since R is positive, decreasing and strictly concave, it follows that (2.55) is positive and
(2.56) is negative, hence that h is increasing and strictly concave.

So if f'(x) <1, giving A/(0) < 1, then h(u) < u for all uw > 0. In that case the only non-
negative fixed point of A is 0, and we must obtain b = 0. In that case the distribution p(?
must be a diagonal distribution, and we have bivariate uniqueness (and hence endogeny).

On the other hand, suppose that f’(x) > 1, so that h’(0) > 1. Then for sufficiently small
e > 0, h(e) > e. Starting from some such e and iterating h repeatedly gives an increasing
sequence which is bounded above by min(z, 1 —z). Its limit is a fixed point of A which lies in
(0, min(z, 1 — z)]. Hence in this case there does exist a non-degenerate bivariate fixed point,

and the process is non-endogenous, as required. ]

Proof of Corollary 2.6. Since f'(x) = 1 everywhere, Theorem 2.5 tells us that all the pro-

cesses with Bernoulli marginals are endogenous. This implies that for any u, for the process
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with marginals u, the event {Y < y} is measurable with respect to the structure of the tree,
for any y, where Y is the value at the root. But then in fact the random variable Y is

measurable with respect to the structure of the tree, as required. ]
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Chapter 3

Derivative martingale of the
branching Brownian motion in

dimension d > 1

Based on joint work with Julien Berestycki and Bastien Mallein [63]

Abstract

We consider a branching Brownian motion in R?. We prove that there exists
a random subset © of S*1 of full surface measure, such that the limit of the
derivative martingale exists simultaneously for all directions 8 € © almost
surely. This allows us to define a random measure on S?~! whose density is
given by the derivative martingale.

The proof is based on first moment arguments: we approximate the mar-
tingale of interest by a series of processes, which do not take into account
particles that travelled too far away. We show that these new processes are
uniformly integrable martingales whose limits can be made to converge to the

limit of the original martingale.

3.1 Introduction

Consider a branching Brownian motion in dimension d > 1. This is a particle system in

which independent particles move in R% as Brownian motions and branch independently at
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rate 1 into two particles. This system behaves as a growing cloud of diffusing particles.
Let us fix the notation. We denote by P, the law of the branching Brownian motion, or
the Brownian motion (which will be clear from the context), starting from one particle at
position 2 € RY, (writing P for Py for simplicity). To avoid ambiguity, we shall write Ep for
the expectation under the measure P, and E, for expectation under the measure P,. The
Brownian motion at time ¢ will be denoted by B;. For all times ¢t > 0, we denote by N; the
set of particles alive at time ¢, and for each particle 5 € N; and s < ¢, we write X(j) for the
position that j, or its ancestor at time s, occupied at time s. The natural filtration of the
branching Brownian motion is denoted by (G, t > 0).

In [50], Mallein studied the maximal displacement of this model, i.e. the quantity
Ry = max [ X:(7)|l, t=>0.

He showed that as t — oo

d—4
Ry =V2t+ —=1logt+ O(1 3.1
= Va4 S logt + 01, (31)

where O(1) is a process Y; such that limg_ o P(sup, |Y¢] > K) = 0, thus generalising a

famous result of Bramson [18] for d = 1.

Imagine now that we want to know in which direction D(t) is the particle at distance R
at time ¢. Under Py, the process is completely spherically symmetric and it is thus evident
that the distribution of the direction D(¢) of this extremal particle is uniform on the sphere
S%=1. However, if we first observe the process up to time s and then try to guess the direction
of the furthest particle at a later time ¢, the answer obviously depends on the configuration
we observe at time s, even in the limit ¢ — oo. Advantages gained or delays incurred early
in a given direction are never forgotten.

It is believed that almost surely, for all measurable sets A C S¢1

lim lim P(D(t) € A | Gs) = p(A),

S—00 t—00

where p is a random probability measure which captures what happens early on in the life
of the process. What should this measure be?
To answer this question, it is instructive to look at the one-dimensional case. When

d =1, it is well-known that the asymptotic behaviour of the extremal particles (i.e. particles
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within distance O(t'/?) from the maximal displacement at time t) is mainly driven by the

limit of the so-called derivative martingale, defined by

ZF =3 (Vat = Xy(j))eV2X @ -,
JEN:
Although (Z;",t > 0) is known to be a non-uniformly integrable martingale, and clearly
takes both positive and negative values, Lalley and Sellke [44] proved that it does have an
almost sure limit ZF = limy_ Zt+ which is positive almost surely, and moreover

V2
X — “Zlog Z+
max () — 5 108 Z

converges in law to a Gumbel random variable, where m; = /2t — logt
We introduce the maximal and minimal displacements, i.e. the largest displacement in

the positive and negative direction:

M = X, d M = X,
¢ = max Xy(j)  an ¢ = min Xi(y),

as well as the derivative martingale in the negative direction, which is the derivative martin-

gale of the BBM (—X4(j),7 € N:). In other words, we set

Zi = Y (V24 X (j) e VRV
JEN:

and Z3 := limy o Z; . As far as we are aware, the joint convergence in distribution of

(M, M;”) had not been considered until now.

Theorem 3.1. There exists a constant c, such that for all y,z > 0 almost surely

§—00 t—00

lim 11mIP><M+—mt<y, —M; —my <z

Qs> = exp (—C*Z;roe_‘/iy — c*Zo_oe_*/iz> .

In other words, (Mt+ —my — @ log (. Z2%) , —M; —my — i log (e, 23, )) converges in dis-

tribution towards a pair of independent Gumbel random variables with scale parameter @

As a consequence, conditionally on (Z%,Z5) the probability that the direction of the

furthest particle at a large time is in the positive direction is proportional to Z1 .

68



Corollary 3.2. We have

Zs%

lim lim P (M;r > — M, ’ gs) =Lt
oo oo

§—00 t—00

a.s.

It is straightforward from the definition of the branching Brownian motion, that for all
6 € S?1, its projection on the direction @ (the process (X;(j) - 6,5 € N})) is a branching
Brownian motion in dimension one. Thus, for each 6 € S¥ ! we can define the derivative

martingale of X in direction 6 as

Z(0) == 3 (V2t — X, (j) - 0)e¥2Xel)0-v2) (3.2)
JEM:
and for each § € S¥!, the limit lim; o0 Z;(0) = Zoo () exists a.s.

Coming back to the direction D(¢) of the extremal particle, it is natural to think that, as
in dimension one, the random measure p should give more mass to regions where Z, () is
large. In fact, u should have a density given by the normalized version of 6 — Z,(#). That is,
for a measurable set B C S9!, we would expect u(B) = [ Zoo(0)0(d0)/ [si-1 Zoo(0)a(dh),
where o(df) stands for the surface measure of S~

However, the problem is that we do not have a.s. existence of the limit Z,,(0) for all
0 € S ! simultaneously and so the above integrals are not a priori well defined. Observe

for instance that by (3.1) one has

,dnf | Z,(0) < ~C(log )t 4=9/2 with high probability,
b

hence the derivative martingale may be very small in exceptional directions, at least in di-
mension d > 4. This is due to the fact that in higher dimensions particles travel farther away
from 0 than in dimension one (which follows from the Pythagoras’ Theorem and an obser-
vation that coordinates of a multidimensional Brownian motion are i.i.d. one-dimensional
Brownian motions), which has the effect of lowering the value of Z;(#) in the (random) direc-
tion at which these far away particles are located. As a result, one cannot hope for uniform
convergence to hold for the process (Z;(#)). It is nonetheless the main object of this chapter

to show how one can make sense of the limit of the function 6 — Z;(#) in a weak sense.
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We also prove that almost surely the limit of Z;(0) actually exists for all 6 in a set of full

measure. Hence a rigorous meaning can be given to the associated measure p.

In this chapter we prove the weak convergence of (Z;(0)o(df),0 € S¥1);>¢, seen as a

random measure on the sphere. For two measurable functions f,g: S% !+ R we define

{f.9) = f(0)g(0)o(ab),

gd—1

where ¢ is the Lebesgue measure on the sphere S¥~1. We sometimes write (f(6),g(#)) to
clarify how functions f and g depend on # € S?~1,

The main result of this chapter is the following.

Theorem 3.3. Almost surely there exists a measurable subset © of S™=' of full measure (i.e.
o(©) = o(ST1)), such that Zoo(0) = limy_so0 Z;(0) exists for § € ©, and for any bounded

measurable function f

i (Z,, ) = (Zeos f) a5 (33)

writing Zso(0) =0 for all 8 ¢ ©. Additionally, 0 < limy_,~(Z;,1) < 0o almost surely.

Although we only consider the case of a binary branching mechanism (particles always
split into two daughter particles), it would be straightforward to generalise our results to
a situation in which an independent random number L of children is produced at each
branching event, at least under the assumption E(L(log L)?>T) < oo for some 6 > 0. Note
that it was shown by Yang and Ren [66] that, in the case of the one-dimensional branch-
ing Brownian motion, the limit of the derivative martingale is non-degenerate if and only
if E(L(log L)?) < oo. This result was then extended by Chen [25] to the case of branching
random walks and recently Boutaud and Maillard simplified and streamlined the proofs of
these limit theorems in [16]. We believe Theorem 3.3 would hold under similar optimal inte-
grability conditions, but the proof would require additional control on the law of a Brownian
motion conditioned to stay below a curve.

Let us now formulate a conjecture regarding the full extremal point process, from which
the predicted behaviour of D(t) follows. This conjecture is a multidimensional version of
the description of the extremal point process of the one-dimensional branching Brownian

motion obtained by Arguin Bovier and Kistler [9], and Aidékon, Berestycki, Brunet and Shi

70



[1]. Recall from [50, Theorem 1.1] that

d—4
=2t + log ¢
Tt 2\/§ g

is, up to an O(1) error, the median of the maximal displacement of the d-dimensional branch-

ing Brownian motion, i.e. there exists Cy = O(1) such that for all t > 0
P <1I}3\}/§ || Xe(w)|| <7+ C’t) =P (71}%% [| Xe(u)|| > re + Ct> =1/2.

We also define the direction of a particle u at time ¢ by Di(u) := X¢(u)/||X¢(w)|| for ¢ > 0,
u e N

Conjecture 3.4. There exists c; > 0 such that

lim Z 5Dt(u),HXt(u)||—Tt = ﬁ(d@,d:ﬁ) mn law,

t—o00

uEN;

where L is a decorated Poisson point process that can be constructed as follows. Let (0;,&;)>1
be the atoms of a Poisson point process with intensity chw(H)a(dH)e*ﬂxdx and (Dj,j > 1)

be i.i.d. point processes on R with common distribution D. Then

L= Z Z 00;.&;-+a-

j>1azeD;

To be more explicit, the decoration point measure D above can be constructed as the
weak limit of 37, rs, 9)x,(u)|—r, (the extremal process of moduli seen from the largest dis-
placement) conditioned on Ry > ry + % logt (c.f. [64] for a general result of convergence
towards decorated Poisson point processes). In particular, D only charges (—oo, 0].

Let us discuss briefly some implications that would follow from Conjecture 3.4. Firstly,

an easy Poisson point process computation would yield that
; _ _ _x —V2z
tllglo P(R; —r <x)=Ep {exp( i Zoo, L)e )} .

This is the multidimensional version of [44] that gives the convergence in law of the maximum

of the branching Brownian motion. Similarly, it would imply the following convergence for
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the law of the direction of the furthest particle at time ¢:

§—00 t—00

lim lim P (D(t) € B | G,) = <211> /B Z(6)0(d8) as., BCSY

3.2 Proof strategy

Let us now review briefly how these results are proved in dimension d = 1. The idea is
to get rid of all particles that ever reach level /2t + A at some time ¢ (this is sometimes
referred to as a shaving argument). However, as we push the barrier away by letting A — oo
the probability that any particle ever hits the barrier decreases to zero. More formally, one

introduces the martingale

Z{ = 3 (V2t+ A — X, (j))eY2Xel)-vV20),
JENA
where Nt = {j € M; : X5(j) < v2s + A,s < t}. This martingale is non-negative (and

uniformly integrable) and therefore converges to some Z;i. Since in dimension one

sup sup | X;(j)] — V2t < oo almost surely,
t>0 jeN:

hence taking A large enough ensures that no particle is killed with high probability. This
proves that the derivative martingale converges and that almost surely Z,, = lim 4o Zgg.
Note that in higher dimensions similarly to the derivative martingale Z;(0) defined in equa-
tion (3.2) we can define Z1(6) as a function of the process (X;(j) - 0,5 € Ni). Therefore, in
every direction the limit Z,(#) = lima ;o0 Z24 (6) exists almost surely.

In larger dimensions (d > 4), however, one has

sup sup || X;(5)| — v/2t = oo, (3.4)
t>0 jeN

and this is the moment where the standard argument breaks. Even though for every direction
6 we have that Z;() converges almost surely and Z,(0) = lim4 ;0o Z2, in larger dimensions
(d > 4) at each time ¢ there are directions with displacements larger than v/2¢, and therefore
in these directions the value of Z;(f) is much lower than the one of Z/(9).

To overcome this difficulty we need to introduce a different way of removing particles
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that fly too high in the one-dimensional branching Brownian motion. This is done by killing
particles that reach a curved boundary v/2t + (¢(t) V A) at some time ¢, with ¢ a well-chosen
non-decreasing function. In particular, if ¢ grows fast enough, we can ensure that no particle
will be removed with high probability by letting A — oo. The difficulty is then to find an
analogue of the martingale Z4 for this curved boundary. We shall then apply this non-linear
shaving to the projection of the BBM onto each direction separately.

The outline of the chapter is as follows: In Section 3.3 we study the standard one-
dimensional Brownian motion killed when hitting the barrier ¢ — ¢(¢) V A. In Lemma 3.9 we
prove in particular existence of some function Rd’(a:, t) allowing us to describe the Brownian
motion conditioned to stay below ¢ V A as a Doob h-transform. In Lemma 3.12 we show
that this conditioned process behaves similarly to the Bessel process, i.e. its trajectory is
asymptotically of the form —t!/2+°()_ In the next step we study properties of the function
R? mentioned above. We shall use R? later to construct an approximation of the derivative
martingale Z;, therefore in Lemma 3.17 we prove its key property, i.e. that R?(x,t) is
asymptotically linear in —x, uniformly in ¢. This allows us to show that when ¢t — oo,
the limit of our approximation agrees with the limit of the derivative martingale with high
probability.

In Section 3.4 we move to the setting of the branching Brownian motion. In Propo-
sition 3.18, based on R? we define for the one-dimensional BBM an approximation Zt‘z) of
the derivative martingale Z;. We then define Zf (f) in each direction # analogously to the
definition of Z;(#) in equation (3.2). In Lemma 3.20 we find a sufficiently slowly increasing
function 7(t) such that with high probability non of the projections on 6 € S 1 of any of
the particles of the BBM ever reaches #. This implies that for a function ¢ growing faster
than 7, only for finitely many particles there exists a direction € such that this particle hits
the barrier /2t + ¢(t), which means that our non-linear shaving overcomes the main issue
of the linear shaving when applied in higher dimensions.

In Lemma 3.23 we use a spinal decomposition for the multidimensional branching Brow-
nian motion and Bessel-type fluctuations for the one-dimensional Brownian motion condi-
tioned not to hit ¢, which we proved in Lemma 3.12, to show that the integrated martingale
(72, f) = Jsa—1 Z2(0) f(8)o(df) is uniformly integrable. In Proposition 3.26 we show that
ZfS (6) almost surely converges simultaneously for all 6 from a random subset of S~ of full

measure, and that limy_,(Z¢, f) = (Z2, f) almost surely. We use this result for a sequence
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of shaved martingales based on functions (¢(t)V A) g4en to complete the proof of Theorem 3.3.
In Section 3.5 we treat the one-dimensional case and look at the joint law of the leftmost

and rightmost particles in the branching Brownian motion.

3.3 One-dimensional Brownian motion conditioned to avoid
(1)

To prove Theorem 3.3, as explained in Section 3.2, we will need some estimates on the one-
dimensional Brownian motion, which we shall denote by B, conditioned to stay below a
curve. Unless otherwise stated, we assume that By = 0. In this section we gather several
results on this process, using Doob’s h-transform theory.

Let ¢ be a C'-class increasing function [0, 00) — R such that ¢(t) = o(t'/?>~¢) for some
€ > 0. We start by studying the Brownian motion conditioned not to hit the function ¢ from
below until some finite time ¢. As the fluctuations of By, which are of order t'/2, are much
larger than ¢(t), we expect that for 1 < s < t the Brownian motion on [0, s] conditioned
on not hitting ¢ until time ¢ behaves roughly like a reflected Bessel process (i.e. a Brownian
motion conditioned to stay below 0). More precisely, in Lemma 3.9 we introduce the relevant
non-negative h-transform function R? defined as the renormalized probability of avoiding ¢,

and show that

(R¢(Bt7 t)H{Vs<t,Bs§d)(s)})t20

is a P-martingale. In other words, R? is a harmonic function for the Markov process (B, t)
confined to {(z,t) : x < ¢(¢t)}. The Doob h-transform obtained then describes a Brownian
motion conditioned to stay below ¢; we are going to denote the corresponding measure as
P?. Tt will also be important to show that there exists C' > 0 such that R?(z,t) ~ —Cx as
x — —00, as this will entail the ‘Bessel-like’ behaviour, i.e. that under P? the trajectory of
the Brownian motion is asymptotically of the form —¢1/2+0(1),

Note that we want to condition the Brownian motion to stay below ¢(t), where ¢(t) =
o(t'/?), and not below v/2t + ¢(t). This is because we shall apply these results later on to
the spine of the BBM (i.e. some distinguished particle), which under some new measure in

some direction 6y is going to behave like a Brownian motion with a drift /2 conditioned to
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stay below /2t + ¢(t), i.e. effectively a Brownian motion conditioned to stay below ¢(t).
The function R? will then be used to define approximations of the derivative martingale
of the one-dimensional branching Brownian motion. Indeed, we wish to define a uniformly

integrable martingale that approximates the derivative martingale

Zi=Y (V2t — X, (j))eV2 X )=v20), (3.5)
JEN:

that would be of the form

Z H(X,(j) — ﬁt,t)eﬂ(xt(j)fﬁt) (3.6)

JENY
where H is some function and ./\/'t(b ={j €Ny : Xs(j5) <V2s+¢(s), Vs <t} (so that the sum
in (3.6) is taken only over the particles that did not hit the boundary v/2s + ¢(s)). Recall

the many-to-one lemma (a corollary of Lemma 1 in [37]):

Lemma 3.5. For any t > 0 and for any measurable function & we have

Ep | Y &(Xu(4),0 <u<t)| = eEp§(By,0 < u < t)].
JEN:

Applying the many-to-one lemma and using the Girsanov transform to add drift v/2,
one can see that assuming that (3.6) is a P-martingale is equivalent to assuming that
(H(Bt, t)lys<t,B,<o(s)} )0 18 itself a P-martingale. Hence, setting H(z,t) = C1R?(x,t)

gives the desired approximation of (3.5).

The rest of the section is organised as follows. After proving Lemma 3.9, we define the
measure P? in equation (3.11). We characterise P? in Lemma 3.10 as a limit of conditional
distributions. In Lemma 3.11 we define a new measure P, that corresponds to a Girsanov
transform adding a drift /2 applied to a process with law P?. That is, we can interpret PV
as a measure of a Brownian motion with a drift v/2 conditioned on never hitting /2t + ¢(t).
In Lemma 3.12 we formalize the ‘Bessel-like’ behaviour under P?. Finally, in Lemma 3.17

we study asymptotics of R?(x,1).
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3.3.1 Brownian motion and non-linear barriers

For any continuous function ¢ : [0,00) — R set 74 = inf{u > 0 : B, > ¢(u)}, where B is
a standard one-dimensional Brownian motion. The aim of this section is to give a precise
asymptotic of the quantity P,(r, > t) as t — oo for ¢ in a certain class. We are also
interested in the dependence of this quantity on the shift of ¢, i.e. we are going to consider
functions ¢ (u) := ¢(t + u).

It is well-known that if ¢ grows slower than ¢'/2 as t — 0o, in a sense to be made precise
soon, then 74 < 0o a.s. and P(7y4 > t) decays as t=1/2. More precisely, Uchiyama proved the

following upper bound.

Theorem 3.6 ([65], Proposition 3.1. (i)). Let ¢ be a C'-class increasing function such that
#(0) = 0 and limy_,o0 ¢(t)t~1/2 = 0. If

o(u) — %qﬁ(t) >0 forO<u<t,

then there exists a constant C' such that for allx € R andt > 1

Py(rs > 1) < 2 oxp (m AP c/lt ¢(u)2du> . (3.7)

1172 4 )] w32 u2

Novikov [56] obtained a precise asymptotic of P(7, > t) as t — oo, expressed as a function

of the law of By, = ¢(7y).

Theorem 3.7 ([56], Theorem 2). If ¢ is a continuous non-decreasing function such that

[ o(t)t~3/2dt < 0o and ¢(0) > 0, then

: 2
Jlim VIP(1y > t) = \/;IEJPBqu < oo.

We apply these two theorems to define and give the first property of the aforementioned
function R?, which will be a key object of interest in the rest of the chapter. We will restrict

ourselves to functions ¢ satisfying the following assumptions:
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Assumption 3.8.

¢ increasing, concave, C*-class with ¢(0) > 0,

o(t)

and there exists o € (0,1/2) such that lim =0.
t—00

Recall that 74, = inf{u >0 : B, > ¢(t +u)}.

Lemma 3.9. Let ¢ be a function satisfying Assumption 3.8. Then the following limit exists

for allt >0 and x € R:
T .
RO t) = \E Tim V3P, (7, > 5). (3.9)
Moreover, there exists C > 0 such that for allt > 0 and x < ¢(t),
R(x,t) < C(1 4 (¢(t) — x)).

Finally, (R¢(Bt,t)H{T¢>t}>t>o is a P-martingale.

R?(x,t) can be seen as a renormalized survival probability of a Brownian motion starting
at time ¢ from position x. The idea of using the renormalized survival probability to define
an h-transform is classical. Here we draw inspiration from [11] (in which the law of a
random walk conditioned to stay positive was constructed). There, as in the present work,
we condition a random process not to hit some region (in our case the process of interest is
(Bt, t)t>0 and the region to avoid is defined by J = {(x,t) : @ > ¢(t)}).

In this setting the probability that the process (Bi,t):>0 never hits J is equal to 0,
irrespectively of its starting position (zg,tg). As a result, to define the h-transform in the
sense of Doob, we need to renormalise the probability for the process (B, t) not to hit the
region J for ¢ units of time by t'/2 so that the limit, that we denote by R®(zg,tg), is non-
degenerate. It remains to check that the function R? which we defined is indeed a harmonic

function for (B, t) on the domain J¢, i.e. that (R¢(Bt, t)H{T¢>t}>t>0 is a P-martingale.

Proof. The assumptions on ¢ guarantee that Theorem 3.6 and Theorem 3.7 can be applied
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to the function ¢; for all £ > 0. We note that for all t > 0, s > 0 and = > ¢(t), we have
Pw(Td)t > S) =0.

Note that 74, _,) = inf{u >0 : B, +x > ¢(t + u)}. Applying Theorem 3.7 to the function

¢+, we deduce that for all z,¢ such that z < ¢(t),
R(x,t) =Bz (Br,, ) € (0,00),

which proves that R? is well-defined and finite. Additionally, using that ¢ is concave, and
hence that ¢(t +u) — ¢(t) < ¢(u) — ¢(0), we observe that for all x € R, t > 0 and s > 0, we

have

VEPx (T, > 8) = VPa_ge) (Toi-s00) > 5) < V3Pt (To-ot0) > 5) -

Using Theorem 3.6, and observing that the exponential term in bound (3.7) is increasing in
t, and hence may be bounded from above by its limit as t — oo, we obtain for z < ¢(t) and

s >0,

ViPastty (To—p(0) > ) < C(1+ (6(1) — 2)), (3.9)

where C' > 0 is a constant that does not depend on x,t, s.
Thanks to this bound, we can now prove that (R?(B;, )]s, >4, t > 0) is a P-martingale
using the Dominated Convergence Theorem. Indeed, using the Markov property, note that

it is enough to prove that for all ¢,s > 0 and x < ¢(t),
RO(z,1) = By [R?(Bo,t + 5)l7,, 5] -
Observe that by the Markov property of the Brownian motion, for all » > 0

]P)I(T@ > 5+ ’r‘) =E, |:H{T¢t>8}]P)Bs (7‘¢ths > T)} . (3.10)
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By definition, we have \/rm /2P, (74, > s + 1) — R?(x,t) as r — 0o, and similarly, we have
TILIgO r/2PB, (T4, >T) = R?(Bs,t + s) a.s.

We now observe that by (3.9) we can bound /rPp, (74, , > 7) uniformly in r > 0 by
C(1 + |Bs| + |¢(t + s)|). This quantity being integrable, letting r — oo, and applying

Lebesgue’s Dominated Convergence Theorem in (3.10) we get
Rd’(a?,t) =E, {Rd’(Bs,t + S)H{T¢t>s}} ,

which completes the proof. O

As mentioned above, the function R? can be used to construct the Brownian motion

conditioned to stay below ¢ in the sense of Doob, as a process with law P? defined by

dp¢ R?(By,t)

_ = 7]1{7- >t}, (311)
P |, R(0,0)

using the fact that R?(By, t)]I{T¢>t} is a non-negative P-martingale with mean R?(0,0). The
law P? corresponds to the limit of the law of the Brownian motion on the time interval [0, ¢]
conditioned on 74 > s when s — oo. More precisely, it can be characterized in the following

way.

Proposition 3.10. Assume that ¢ satisfies Assumption 3.8. For anyt > 0 and A € Fy,

P?(A) = lim P(A | 74 > s).

S5—00

The proof of Proposition 3.10 is inspired by ideas from the proof of Theorem 1 in [11].
Proof. Let A € F;. We observe that for s > t,

P(A’Taﬁ > ) . EP(HAH{T¢>t}PBt (T¢t >s—t))

P(A ’ 6> S) - P(Td, > S) N P(T¢ > 8)
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Then by (3.8), we have that lims_,o (/s5P(74 > s) = R?(0,0) and

lim Sg]P)Bt (T, > s —t)) = R(By,t) as.

§—00

Moreover, using (3.9), we can apply Lebesgue’s Dominated Convergence Theorem to obtain

. T
lim SgEP(HAH{T¢>t}PBt (T¢z > 8 — t)) = EP(HA]I{T¢>t}R¢(Bta t))

5—00

As a result, for any fixed t we have

: 1
lim P(A |74 > s) = WEP(HA]I{T¢>t}R¢(Bt,t)) =P?(A),

by definition. O

To complete the section, note that one can make a Girsanov-type change of measure
to give the Brownian motion we consider a linear drift. This additional change of measure
will be used when working with a multidimensional BBM. In particular, in Lemma 3.22 we
describe a decomposition of the size-biased law of the BBM with a spine particle that in some
randomly chosen direction 6y behaves like a Brownian motion with drift v/2 conditioned not
to hit /2t + ¢(¢) for all ¢ > 0.

More precisely, we introduce the hitting time
Fp o= 1inf{u >0 : By, > V2u+ ¢(u)}

and the process

R?(B; — /2t 1) 3Bt

Vi= R¢(0, 0) H{%¢>t}e

The following result then holds.

Lemma 3.11. Assuming that ¢ satisfies Assumption 3.8, (Vi,t > 0) is a mean one P-
martingale. Defining PV by %uﬁ =V, PV is a probability measure corresponding to the
law of a Brownian motion with drift /2 conditioned to stay below /2t + ¢(t) at all times

t >0 (in the sense of Proposition 3.10).
Proof. Set Y; := eV2Bi—t 1t is then well-known that Y is a P-martingale and that the law
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P = Y -P corresponds to the law of a Brownian motion with drift v/2, by Girsanov’s Theorem.

Observe that

d]P)V . Rd)(Bt - \/§t7 t)H{T¢>t} e\/iBt—t . R(b(Bt - \/Etv t)]I{?¢>t} @
P | N R%(0,0) B R%(0,0) dP| .

Using that under P, (B; —/2t,t > 0) is a Brownian motion, we obtain immediately from
Lemma 3.9 that (R?(B; —v/2t, )z, >4, ¢ > 0) is a non-negative P-martingale, and therefore
that V is a P-martingale.

Additionally, we have that

dpv R¢<Bt - \/it, t)]:[{‘l'¢>t}

P | R%(0,0)

hence by Proposition 3.10 we have that under PV, (B, — V2t t > 0) is a Brownian motion

conditioned on not hitting the curve ¢, which completes the proof. O

3.3.2 Behaviour of the conditioned process

We describe here the behaviour of the one-dimensional Brownian motion B; under the law
P?. We prove that for the Brownian motion conditioned to stay below ¢, the process localizes
at time ¢ at position —t'/2+°(1) " In other words, for any € € (0,1/2), for all ¢ large enough
one has tY/27¢ < —B, < t/2t¢ Pé_as. This result is similar to what happens with the
Bessel process, i.e. as the Brownian motion typically has v/t fluctuation, conditioning it to
stay below 0 or a smooth enough function of order o(t'/2=¢) does not make a difference,

asymptotically.

Lemma 3.12. Let ¢ be a function satisfying Assumption 3.8. We have

log(—
i 08=B) _Lope o
t—oo  logt 2
i.e. By = —t1/2t°o() g5t — 00, P?-a.s.

We split this lemma into several pieces. We begin with an upper bound for the probability

for B to be close to ¢(t) at time ¢ under the law P?.

Lemma 3.13. Let ¢ be a function satisfying Assumption 8.8. There exists C > 0 such that
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for allt,x > 0 we have

x 3
P(By > ¢(t) —a) < C <(11++t)1/2>

Proof. Let x > 0 and t > 1. Using the definition of P? we have

P?(B; > ¢(t) — x) = Ep (R(Bt, t)H{Bt2¢(t)—x,T¢>t})

< Sup R(¢(t) - Zat)P (Bt > ¢(t) — T, T > t)
z€[0,x]

<C(l+z)P(B; > ¢(t) —x, 74 > t),
by (3.9). By the Markov property at time ¢/2, we have

P(By > ¢(t) — x, 75 > t)

< P(ry > t/2)supP, (Bt/2 > p(t) —x,Bs < p(t/2+ 5),Vs < t/2>
zeR

< Ct™V2supP. (Byjy > ¢(t) — 2, By < 6(t), 5 < 1/2),
zeR

using Theorem 3.6 and Assumption 3.8.

We now use time-reversal of the Brownian motion, observing that under P,, By :=

Bi/3 — Byja—, is a Brownian motion started from 0. We use it to estimate

supP.(Byj2 = ¢(t) — @, Bs < ¢(t), s < ¢/2)
z€R

= sup P.(Byo+2 > @(t) — 2, Byja + 2 — By < ¢(t),s < 1/2)
z€R

< sup Pz(ét/Q > o(t) —z — a;,Bt/Q +z< qﬁ(t),BS > —x,s <t/2)
z€R

= sup ]P)(Bt/g €2, 2 +x],B, > —x,5<t/2)
Z’€R

<P(By > —x,s < t/4) SupP(Et/4 € [z, 2+ x]),
z€R

using the Markov property at time ¢/4. Then, using again Theorem 3.6, there exists C' > 0

such that for all z > 0 and ¢t > 1,

P(Bs > —x,s < t/4) < C(1 4 z)/t'/2.
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Additionally, we have P(B, /4 € lz,2+7]) </ %x for all z € R, noting that the density of

f?t /4 1s bounded by ,/%. Finally, we obtain the existence of C' > 0 such that for all ¢,z > 0

1+2)3

PY(B, > o(t) — z) < O O
( t—¢() CU)_ (1—|—t)3/2

We now use this result to bound from below the asymptotic behaviour of logli;ft)

Lemma 3.14. Given ¢ a function satisfying Assumption 3.8, we have

liminfM > L

ZopP_
m in logt 5 P a.s.

Proof. To prove this result, we begin by using the Borel-Cantelli lemma to show that P?

almost surely, for all v < 1/2,
log(—By,,) <

lim inf
n—00 log t,,

(3.12)
along a well-chosen sequence t, growing to oo. We then use the observation that with
high probability the Brownian motion between times t, and t,41 stays within a distance
O(tns1 — tn)Y/? from By,. Therefore, as long as (tpy1 — tn)Y/?/t] — 0, we can extend (3.12)
to any sequence growing to oo, which completes the proof.

Let v < 1/2. We assume without loss of generality that v is close enough to 1/2, such

that ¢(t) = o(t7). Using Lemma 3.13 we have
PY(B, > —t7) < C3(1-2).

5
As a result, setting t,, = n60-2v) | we have

P? <1°g1£);ft”) < 7> < Con, (3.13)

hence, by the Borel-Cantelli lemma,

lim inf 710g(_Bt")

> a.s.
n—00 logt,, =7

To complete the proof we now need to bound the maximal displacement of the Brownian

motion in the time intervals [ty,t,4+1]. Write a = ﬁ so that t, = n® and compute for
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neN

P? < sup  Bs > —t)/2,B,, < t%)
s€|

tn 7tn+1]

=Ep (R¢(Btn+1 sttt B <~ supacn o, Bsztz/2}> :

We can decompose this quantity depending on whether By, , is smaller or larger than

—ti/fl. Observe that for all £ > 1 we have

Ep (R¢<Bt,t)ﬂ{3t<_t2/3}) < CEp ((1 + B + ’¢(t)‘)H{Bt<—t2/3})
A/3

< CBp (|Bill g, _gar0y) < Ce™ 71,

using that |p(t)| = o(t?/3) as t — oo and integrating with respect to the Brownian density.

Thus, there exists C' > 0 such that for all n € N

1/3
EP <R¢(Btn+1’tn+1)]l{3t 2/3 }> S CeXp <_tn{|-1/2> N

n+1<_¢n+1

Hence, using that there exists C' > 0 such that R?(z,t,41) < C’ti/jl for all z > —ti/fl,

]EIP (R¢(Btn+l Y tn+1)H{T¢>tn+1,BtnS—tz}ﬂ{supse[tn’tn+1] Bsz_t%/2}>

< C’ti/leF’ <T¢ >tpt1, sup Bs>—t)/2, By < —t%)
SE[tn,tn+1]

+Cexp (=t,2/2) . (3.14)

We now bound P (T¢ > ln41,SUPgg| Bs > —t)/2, By, < —t;YL). Using the Markov

tn 7tn+1}

property at time t,, we have

IED <T¢ > tn+1’ [Sup ]BS Z _t2/27 Btn S _tz> S EP (Gn(Btn)]I{T¢>tn}H{BtnS—t;{}) il
SE[tn,tn+1

where G, (x) := P, (]I{Supsq,ﬁl—tn Bs>t2/2}>. As Gy (z) is non-decreasing in x, using the

Brownian scaling, for all z < —t) we have

Gn(z) < Gup(—t))=P_4 ( sup Bs > —1/2) :

<(tng1—tn)/tn)
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By definition of a and ¢,, we note that

1/6

lnt1 —tn _ (n + 1)a —n® na—1—2wa

5 — ) ~ X as n — oQ.
n’y neey

=an

As the maximum of a Brownian motion on [0, s| is distributed as the absolute value of a
Gaussian random variable with parameter s, and using standard Gaussian estimates, we

have

P_y sup By > —1/2 §]P’< sup B321/2>
$<(tng1—tn) /t2Y s<Can—1/6
< 1 ( 1 >
—_—exp| ————— | .
~ VrCan~1/6 P\ 7 8Can-1/6

Thus we deduce that for all x < —t) we have G, (z) < Ce="° Since t, has polynomial

growth, we therefore obtain from (3.14) that there exists C,0 > 0 such that

)

Ep (R¢(Btn+vtN+1)H{T¢>tn+1,Bms—tZ}H{supse[tn, ]Bsz—tm}) < Ce™™.

tn+1

We now conclude, using (3.13), that

P( sup B, >—t]/2)
neN Se[tnyth»l]

< Y P(By, = -t + Y P? (Btn < —t), sup Bs> —t;{/2>

neN neN $€[tn tny1]

<C Z noM4 4+ Z e < 00,

neN neN

which completes the proof, by the Borel-Cantelli lemma. O
A similar simpler proof also gives an upper bound for log(—B;)/logt under the law P?.

Lemma 3.15. Given ¢ a function satisfying Assumption 3.8, we have

log(—B
lim sup M <

1
— P?—q.s.
{— 00 logt 2
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Proof. Let o > 1/2. We observe that for all n € N we have

. 1
P¢(s€[1111,17f+1] By < =) < mEP(Rd)(BnH’n + Dlfint g, ) Be<—no})
< CeicTLQa—l

using that R?(x,n 4 1) grows at most linearly in —z, and the Gaussian concentration of

inf,c(nny1] Bs. As a result, by the Borel-Cantelli lemma we conclude that

log(—B
limsupM <a as.
t—oo  logt
We complete the proof by letting av — 1/2. O

The proof of Lemma 3.12 is then a combination of Lemmas 3.14 and 3.15.

3.3.3 Linear growth

In this section we prove the key property of R?: the function grows linearly in —z uniformly
in t. We begin with the following lower bound on R?, which is a straightforward consequence

of the definition in Theorem 3.7.

Lemma 3.16. Let ¢ be a function satisfying Assumption 3.8, then for allt > 0 and x < ¢(t),
R?(x,t) > (t) — .

Proof. Recall that for all s > 0 we have ¢:(s) = ¢(t + s) > ¢(t), as ¢ is increasing, and also
that 7(y,_») = inf{u >0 : By, > ¢(t + u) — x}. Therefore, by Theorem 3.7 we obtain that

for z < ¢(t) we have 7(y,_5) < o0 a.s. and
R(x,t) =EpBr, _, > ¢(t) — =,

completing the proof. O

To obtain a uniform upper bound on R?, we need to add an assumption on the growth

rate of the derivative of ¢.

Lemma 3.17. Let ¢ be a function satisfying Assumption 3.8, and assume additionally that

¢ (t) = o(t=1/27¢) for some € > 0. Then for all § > 0 and D > 0 there exists tg > 0 such

86



that
Yt > to, Yz € [¢(t) — Dt, ¢(t) — Dto], R®(x,t) < (p(t) —z)(1+6). (3.15)

Proof. Observe that by the assumption on the function ¢, there exists v < 1/2 and a > 0
such that for all ¢ > 0 we have 0 < ¢'(t) < (wﬂ_l. By integration we immediately obtain

that for all s, >0

Pt +5) — o) < P(t+s) —¥(t),
where we have set 1(t) = at?. It is then straightforward to note that for all s,¢ > 0 and
x < o(t)
Py (Bu < ¢(t +u),u<s) <Py (By < ¢p(t+u) —¢(t) + ¢(t),u < s).
As a result, by Theorem 3.7 and using that R?(z,t) = 0 for > ¢(t), we obtain that

RO(z,t) < RY(z + ¥(t) — ¢(t),1) (3.16)

forallz € Rand t > 0. Therefore, we shall work with RY which will simplify some arguments,
and use (3.16) to prove (3.15).
For t,x > 0 set

SY(x,t) == RY(Y(t) — x,t) —x = E_o(Br,, )

Observe that as 1) is concave, for all s > 0 we have that 1;(s) — 1(t) is decreasing with ¢.
Therefore ¢ — S¥(x,t) is decreasing, hence for all D > 0 one has S¥(z,t) < S¥(x,2/D) as
long as z < Dt. We shall show that for any D > 0 we have S¥(Dt,t)/t — 0 as t — oc.

Fix D > 0. For all A\,t > 0 define

D) = WO+ NH) — BV,

and observe that by the scaling property of the Brownian motion we have
SY(AD,)\) 1

= TE-an(Bry, ) =E-p(Br,). (3.17)
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Observe that (), A > 1) decreases to 0 as A — co. We can also note that the convergence

is monotone outside of a compact set. Indeed, for all u > 0,

LdypMu) d (1 Sy
a d)E):d)\(/\(()\er\z) —A))

= % (VA ((1+ 200 (A4 un?) =t = 2071
— (A +ur?yr =) )

(=X = A+ w27 (A1 =) + uX?(1 - 27)))

!
Y
_ % ((1 — AT = (1 = 29)(A +ud?)? — ’7)\()\+u)\2)"f—1) |

In particular, it appears there exists A\g > 0 such that for all © > 1 and A > A\g we have that

7dw;)5u) < 0. Therefore, setting 1/_1)‘(u) =yMuV 1), we have
OSE,D(BTU)A) SE*D(Bsz\)_)O asA—)oo,

by the monotone convergence theorem, using that 1)* decreases to 0 when A — oco. Therefore,
(3.17) yields
; Y _
tlgéloS (Dt,t)/t = 0.

Choose § > 0. There exists to > 0 such that for all ¢ > to we have S¥(Dt,t) < §Dt.

Then, recalling (3.16), for all Dty < y < Dt we have
R ((t) —y,t) < RV($(t) —y,t) =y + 5 (y, 1) <y + 5%(y,y/D) < (1 + )y,

which, setting x := ¢(t) — y, completes the proof. O

3.4 Multidimensional Branching Brownian Motion and uni-

formly integrable approximations of the martingale

In this section we prove Theorem 3.3, showing that the derivative martingale almost surely
converges in almost every direction simultaneously. As we mentioned in the introduction, the
techniques are based on a shaving argument: removing all particles that travel too far away

from the origin, and therefore carry most of the fluctuations of Z. It turns the derivative
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martingale into a uniformly integrable martingale. We use here the results obtained in the
previous section to construct a shaving argument with a function satisfying Assumption 3.8.

Before moving to the multidimensional setting, we are going to define the martingale
Z¢ in dimension 1, that will serve as a uniformly integrable approximation of the derivative

martingale Z. To be precise, set
NE = 1{j € Ny Xo(4) < V25 + ¢(s), 5 < t}.

The martingale Z? is then defined in the following way.

Proposition 3.18. Let ¢ be a function satisfying Assumption 3.8. We set R® as in (3.8).

Then the process defined for all t > 0 by
Z =% RO(XG() — V2, t)eV 2K =v20
JENY
is a non-negative P-martingale with mean R?®(0,0).

Proof. We first note that by definition, EPZ(? = R?(0,0), and that for all ¢,z, we have
R?(x,t) > 0. We thus only need to check that Zfs is a P-martingale. By the branching

property, for all s,¢ > 0 we have

Ep(Z{s | F) = Y. Go(X:(5)),
JENY

where we have set

Gs(x)

=Ep | Y RN o — V2(t+s),t + s)eV 2K rvales)
JENY Pt

= eﬁ@ﬁth@@( S RUX,(j) +x— V2t +s),t+s)
jGNS\/ﬁt‘Hf’t*I

: eﬁ(xsm—ﬂs))

= e\/i(x_\/it)esE]p(qu(Bs +x— \/ﬁ(t + 3)7 t+ 8)

\/535_2
-e SH{VUSS7Bu+x_\/§tS\/§u+¢t(u)}>7
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by Lemma 3.5 (many-to-one). Thus by Lemma 3.11 we obtain
Ga(x) = V2V RO (o — V21, 1),
from which we deduce that EP(Z,?JFS | F4) = Z{ a.s., completing the proof. O

3.4.1 Construction of (Z(6),t > 0): radial shaving

We may now turn to our main object of interest : the d-dimensional branching Brownian
motion X; = (X¢(i),7 € M). Recall that this is a d-dimensional branching particle system
in which particles move according to i.i.d. Brownian motions and split into two at rate one.

For a direction 6 € S ! recall that we denoted

Zi(0) = 3 (Vat — Xy(j) - 0)eV2Xe 0=V,
JEN:
We now introduce the shaved martingale Z¢, where the shaving is done along a curve ¢
satisfying Assumption 3.8. Set N = {j € N} : X,(j) -0 < 25+ ¢(s),s < t} for t > 0 and
¢ e S,

We now set

Z20) = Y RO(Xu(j)- 0 — V2, 1)eV2X(0)0-v2), (3.18)
jeN?

The function ¢ will be chosen to grow fast enough to guarantee that

lim P (vt > VAN | =1
A, (Vfov () N =

fesSd-1

We will show in Section 3.4.2 that choosing ¢ growing faster than % logt as t — oo is

enough.

In Section 3.4.3 we prove (using classical spinal decomposition techniques along the lines
of [43] and [59]) that for all measurable bounded functions f the process ((Z7, f),t > 0) is a
uniformly integrable P-martingale. We then use convergence of these martingales in Section
3.4.4 to show that lim_,e0 Zf (6) exists for almost all § € S*! almost surely. Finally, we
complete the proof of Theorem 3.3 by using that, with high probability, Z and Z? coincide

asymptotically as ¢ — oo, for which we shall apply Lemma 3.17.
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3.4.2 Bounds on the maximal displacement of the BBM

We prove here that with high probability all particles in the multidimensional BBM are at
all times ¢ within a ball of radius v/2t + ¢ 3 Llog(t + 1) + A. First, recall the following lemma

due to Mallein:

Lemma 3.19 ([50], Lemma 3.1). Let

3 t+1
rby . —\fs+ 10 5+ lo +
f g(s+y) — Nk
Then there exists C > 0 such that for any t > 1 and y € [1,/1]

P (Ej € Ny, 3s <t || Xs(h)|| > ré’y) < Cye V.
We use Lemma 3.19 to prove the following result.
Lemma 3.20. Let 7(s) := v/2s + log(l + s). For any € > 0 there ezists C, such that

P(3t>0,3j € Ny : || X ()] = 7(t) + Ce) < €

Proof. Observe first that by Lemma 3.19, for any y > 0 and t > 0, we have

P(asgt,aje/\/ 1 X ()| >fs+ f log(s+y)+y>

P(3s <t,3j €Ny« || X0)| = ) < Cye V2.

Hence, choosing y large enough such that C’ye*ﬁy < € and letting t — 0o, we deduce that

d—1
P(3s > 0,5 € Ny : || Xs(5)]| > vV2s + log(s+y)+y) <e
2v/2
To complete the proof, it is therefore enough to choose C, as

-1 d—1
sup log(t+y)+y— log(t+1) < oo. O]

>0 2v/2 2V/2
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3.4.3 Uniform integrability of (Z7,t > 0)
Let f be a non-negative function such that [ga—1 f(€)o(df) = 1. By Fubini’s theorem, it is
a straightforward calculation to verify that the process defined by

(z0. ) = Z{(0)£(0)o(d0)

Sd—1

is a non-negative P-martingale. To prove its uniform integrability we use a spinal decompo-
sition method. This technique, appearing earlier e.g. in work of Evans [31], but popularised
by Lyons, Pemantle and Peres [46] for studying Galton-Watson processes, and adapted by
Lyons [45] to spatial branching settings, consists in an alternative description of the law of

the branching Brownian motion biased by the martingale <ij , ). More precisely, we define

dp/

dP G

= R%(0,0)7(Z¢, f).

The spinal decomposition consists in a construction of the BBM under the law P/, where
a distinguished particle, called the spine, moves and reproduces differently to typical BBM
particles. The offspring of that spine particle then start independent copies of the original
BBM with law P, from their birth time and position.

Thanks to the spinal decomposition we will be able to show that under the measure P/,
lim sup, _N)O(Zf> , f) is almost surely finite, which will allow us to deduce that the P-martingale
(Z?, f) is uniformly integrable.

Before presenting the spinal decomposition for the branching Brownian motion, we in-
troduce the law of the multi-dimensional Brownian motion biased by a martingale similar to
the one introduced in Lemma 3.11. This will allow us to describe the trajectory of the spine
under the biased law P7.

Let B be a Brownian motion in R?. For all § € S*~! we define a non-negative P-martingale

(Ve(0),t > 0) as

R?(B; -6 — V/2t,1) VEBuO—t

Vi(0) := R7(0.0) Liry0)>t3€

where 7,(0) := inf{u > 0 : B, -0 — 2u > ¢(u)}. Writing BY = B -6 and B? for the

projection of B on 6, we note that these are two independent Brownian motions. Applying
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Lemma 3.11 to BY, we deduce that under the law defined as

dpV ()
dP

= V4(0)
Gt
the process B is a d-dimensional Brownian motion with drift v/26, conditioned on B; - 6 <
V2t 4 ¢(t) for all t > 0 (in the sense of Doob).
The key point of Theorem 3.3 is to consider several directions at the same time. To do so,
we will consider integrated versions of the martingale V(). Given f a non-negative function

satisfying [qa—1 f(0)o(df) =1, we set

Ut = <‘/ta f>
and we define the measure PV by
dpY
di}P) = Ut.
Gt

Lemma 3.21. Let f be a non-negative function with [sa—1 f(8)o(d) = 1, then the process
U is a non-negative P-martingale. Moreover, setting 0y a random variable in SP1 with law

f(0)a(df) and writing (B;) for a process with law PV (%) conditionally on 6y, the process
(Bi,t > 0) has law PY.

Proof. The process U is a P-martingale using Fubini’s theorem. Additionally, for all ¢t > 0

and G € G; we have

26 = [(in)ap=( [ vidp.f) = [ BOG)10)0(0)

which justifies the description of B under the law PV, O

Observe that one can decompose

(Z0, 1) = R*(0,0) 3" Ui(j)e ™,
JEN:

where

Ui) = <R¢<Xt<j> 0V,

V2Xi(5)-0—t
R¢(O, 0) {Vu<t,Xu(j)-07\/§t<¢(u)}e W 7f> .
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Thanks to this decomposition we can describe the BBM under the law P/ in terms of a spinal

decomposition, which follows e.g. from [34, Lemma 6.7].

Lemma 3.22. Let f be a non-negative function with [sa—1 f(0)o(df) = 1. The law of the

BBM under P! can be constructed as follows

1. we pick a direction 8y according to a random variable on S=' with density f(0)o(df);

2. conditionally on this direction we sample a trajectory (Z¢) with law PV (%) that will be

followed by the spine particle;
3. the spine particle creates offspring at rate 2;

4. every child of the spine then starts an independent standard BBM with law P.

An analogous decomposition in dimension one was given in [24] or in [43]. We are now

ready to present the key lemma that states the uniform integrability of Zf’ .

Lemma 3.23. Let ¢ be a function satisfying Assumption 3.8. For any bounded measurable

function f the P-martingale ((Zf), f>)t>0 is uniformly integrable.

Before we present the proof of Lemma 3.23, note that applying it in dimension one with

the binary function f (i.e. f(—1) =0 and f(1) = 1) we obtain the following corollary.
Corollary 3.24. For any § € S, (Zf(@))po is a uniformly integrable P-martingale.

Proof of Lemma 3.23. Note first that without loss of generality we may assume that f > 0
and that [qu—1 f(#)o(df) = 1, as otherwise we may write f as a linear combination of
functions satisfying these assumptions and consider each of these functions separately.

Set Z :=lim supt%oo<Zfs, f) (which is also equal to limt%oo<Zf>, f) P-a.s. because <Zfs, i)
is a non-negative P-martingale). Recall the following measure theoretic dichotomy (see e.g.

Theorem 5.3.3. in [30]):

Theorem 3.25. Let (F,) be a filtration, and let Foo be the smallest o-field containing all
Fn. Let P,Q be two probability measures on (S, Foo). Assume that for any n, Qr, < Pz,

and let X, := “U7n gnd X := lim SUDP,,_s 00 Xn which is P-a.s. finite. Then

ne dPy g,

Q(A) = EP(X]I{A}) +QAN{X =0}), VA€ F..
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From Theorem 3.25 we obtain that

Z Z
pf S e / dP =1
(R¢<o,0> < °O> R#(0,0) ’

thus instead of proving that EpZ = 1, we shall prove that under P/, Z is almost surely finite.
To show that, we are going to use the spinal decomposition from Lemma 3.22.

Let Fo be the filtration generated by the movement and the branching of the spine =,
and B; be the set of branching times of the spine until time t. For the ease of notation we
shall write P/ for the expectation under the measure P/. From the decomposition mentioned

above and the martingale property from Proposition 3.18 we see that

PI(ZY, £)| Foo] = <Z RO(Z, -0 — V25, 5)eV2E0-V29), f>

SEB:

+ (RO(Zy 0 — Vat, t)eV2E0-V20 )
To complete the proof it is enough to show that

limsup P/ [(Z2, f) | Foo] < 00, (3.19)

t—o00

as by Fatou’s lemma we have

i inf (7®
P [lim inf (2, f) | Foo)

IN

. fr/79
h}géglfp {Z5 1) | Fool

< limsup P [(Z], f) | Fuo] < 00,

t—o00

which implies that
liminf(Z7, f) < oo, P/ —as. (3.20)

Recalling the definition of P/, ((Zf5 ,f)~ ! is a non-negative P/-supermartingale, hence it
converges to a finite limit P/ almost surely. Combined with (3.20) this implies that P/

almost surely

liggior.}ﬂZf’, )= limsup<Z,?, ),

§—00
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from which we would deduce that limy_,o(Z¢, f) < 0o P/-a.s.

It remains to show (3.19). We first upper bound ||Z;|| = supy E; - 0. Fix the direction
fp in which the movement of the spine is altered. Observe that we can decompose the spine
as = = &0 + Y, where & and Y; are independent processes such that & is a Brownian
motion with drift v/2 conditioned on never hitting v/2t + ¢(t) and Y; is a (d — 1)-dimensional

Brownian motion living in the space 3. Thus

1Zell = /1€ + 1Y >

By Lemma 3.12 almost surely for any § > 0 there exist C1,ty such that for all ¢ > ¢g,
|| < V2t — C1t1/279. Similarly, by e.g. the law of the iterated logarithm, for any ¢ > 0
there exists Cy such that up to enlarging to, for all t > tg, ||Y;|| < Cot'/>*". Choose 4, &’

such that § + 20’ < 1/2, then for ¢ large enough,

||Et‘| < \/2t2 + 02t1725 _ 2\@01153/275 + 022t1+26’

< \/2152 + (C1/2)21-20 — 21/2(Cy /2)t3/2—5

=2t — Cy /21279, (3.21)

Let Cf = supga—1 f(#). By Lemma 3.9 we know that for some C > 0, R®(z,t) < C(1 +|z| +

¢(t)) for all x € R, ¢ > 0, thus since the spine particle has zero contribution in the limit,

limsup]P’f[(Zfb,ﬁ | Fool

t—o00

=¢ < 3 (14 V25 — By - 0] + (s))eV2E0-V29), 0f>

SEBOO

< PiiCCy S (14 V25 + [|24]] + ¢(s))eV 2 IEsl1=v29),

SeBoo

where P;_1 is the surface area of a d dimensional sphere. Combining it with (3.21) we obtain

that almost surely there exists a constant C; such that

limsupP/[(Z7, ) | Foo] < ParCCr Y (14 2V2s + g(s))e > /2,

t—o00 5E€Bos

which is almost surely finite, as B is a Poisson point process with intensity 2 and hence s; € B

are 1.i.d. spaced and (s;/i);>1 satisfies the Strong Law of Large Numbers. The proof is now
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complete. O

3.4.4 Simultaneous limits on the sphere

The main aim of this section is the proof of the following proposition, which shows that
(Z¢(0)) converges a.s. both on a random set of full Lebesgue measure, and as a random

measure.

Proposition 3.26. Let ¢ be a function satisfying Assumption 3.8. Then almost surely there
exists © C S of full Lebesgue measure (i.e. o(©) = o(S%1)) such that for all 6 € O,

Z2(0) == limy_,o Zf’(@) exrists a.s., and for any bounded measurable function f,
. ¢ o\ _ b
tllglo<Zt 7f> <Zoo7f> a.s.

Moreover, the limit is almost surely finite.

Proof. Without loss of generality we may and will assume that f > 0 and [se—1 f(8)o(df) = 1.
The integrated P-martingale (Zfb , ) is non-negative, hence it converges a.s. to some limit,
and we set Z := liIIltHOO(Z,;Zb , ). Furthermore, by Lemma 3.23 this martingale is uniformly

integrable, thus
EpZ = Ep(ZJ, f) = R%(0,0).
We want to show that
VAT ¢
Z = <tli>rgo Zt ’ f>

but a priori we don’t even know that the right hand side is well defined.

As Z2(#) > 0 a.s., we observe that by Fatou’s lemma,
T P )
Z= htn_l)glﬂZt ) > <hg(1)£1f Z7 L f). (3.22)

Note that lim inf;_ o Z,? () exists simultaneously for all # € S

On the other hand, by the uniform integrability of (Zt‘z’ , f) (Lemma 3.23) and Fubini’s
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theorem,
_ 1 ¢ — 1 ¢
EpZ = th_gloEp(Zt ) = tlg{}o(IEpZt ).

Since the distribution of Zf) (0) does not depend on 6 (used in the first equality), and again

using the uniform integrability, but of ZlfS (#), and also Fubini’s theorem, we obtain that

lim (BpZ}, f) = (lim EzZ{, f) = (Ep lim Z}, f)

= (Eplim inf Z0f) = Ep (lim inf Z2. f).
Thus we have shown that
EpZ = Ep(liminf z2, 1),
and recalling (3.22) this means that almost surely
Z = (liminf Z2, f).
By Fubini’s theorem
Ep(limsup Z{, f) = (Ez lim Z7, f) = Ep(liminf Z7, f),

t—00

hence almost surely for almost all 6

limsup Z7(6) = liginf Z2(8).

t—o00

Therefore, almost surely lim; o Zf’ (0) exists simultaneously for all § besides a random set

of Lebesgue surface measure 0, and

b B i 79
Jim (27, f) = (lim. 2/, f).
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3.4.5 Proof of Theorem 3.3

We start with the following technical lemma:

Lemma 3.27. Let ¢ be a function satisfying Assumption 3.8. If the function ¢ additionally
satisfies limy_, 00 @(t) — 2\[ Llog(1 +t) = oo and ¢'(t) = o(t~Y/27), then for any bounded

measurable function f,

hm< > (V2t = Xi(j) - 0 + g(8))eV X072 f>

t—00 0
je./\/’td’a

t—o00 o
je./v’td’y

:<nm > (V2= Xi(§) -0+ (1)) X0V f> (3:23)

almost surely and the limit is finite with probability one.

Note that there are two differences between Lemma 3.27 and Theorem 3.3: firstly, we
don’t take a sum over all particles, and secondly we have an additional term ¢ appearing.

We solve both of these issues in the remainder of this section.

Proof of Lemma 3.27. Since

o0,

d—1
Jim (t) — W log(1 +1)
from Lemma 3.20 we obtain that

lim inf (\ft—||Xt( )H+¢(t)) = 400

t—)OOJG

and (since (—X¢(j),7 € N¢) has the same distribution as (X¢(j),j € Ny))

lim sup sup 1(\/it - Xi(y)-0) = 2v/2

=00 geSd-1 jeN;

almost surely. Recall the definition (3.18). We are now going to make use of the asymptotic
behaviour of R?(x,t): we apply Lemma 3.17 with D > 24/2 and an arbitrarily small § to

obtain that almost surely

(28, f) = (lim 37 (V2= Xi(j) - 0 + 6(1))eVZ XG0V ), (3.24)

je./\/'t'j)’@
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From Proposition 3.26 we know that
and again, applying Lemma 3.17 with D > 2v/2 and an arbitrarily small §, we obtain that

<Zfo’f>:£f£o< S (V2= Xi(j) - 0+ (1)) PN 0=V f> (3.25)
jeny?
Combining (3.24) and (3.25) completes the proof. O

We now get rid of the term involving ¢ in (3.23):

Lemma 3.28. Let ¢ be such that ¢(t) = o(t'/2=€) for some € > 0. Then

§)-0—/2t) _
tlggoqzﬁ <Z€ 1>_0

JENM:
almost surely.

Proof. Without loss of generality assume that ¢(t) is an increasing, concave, C!-class function
such that lim; o ¢(t) — 2\/ Llog(1+1t) = oo and ¢/(t) = o(t~1/27¢). Set v (t) := t'/2=</2 and
observe that by Lemma 3.20, for any § > 0 we can choose A such that with probability 1 —¢
none of the particles ever hit the sphere of an increasing radius /2t + ¢ f log(l +1t) + As,
thus conditioning on this event

lim sup < Z (Xt(5) -0 — \[t) (X0 0>\ft}e\[(xt(j)'9—\/§t)’1>

t—o0

jeMw+A5
< limsup < Z (o(t) —|—A(S)]I{Xt(j).ezﬂt}eﬁ(){t(]‘)ﬂ—\/ﬁw’1> (3.26)
t—o00 ) Y+Ag,0
JEN,
P(t) + As V(X4 (5)-0—/2t
< li RSN t)+ A +(9) ) 1),
< lmsup T a, | 2, WO+

Ag,0
e/\/’f}//’"‘ 5

Consider the following decomposition:

V2t = X4(§) - 0+ (1) + As = (V2t — X4 (j) - 0L x, ()05 vat)
+(V2t = Xi(5) - Ol x, (jyo<vany (3.27)

+ ’gZ)(t) + As.
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Note that only the first term on the right-hand side of (3.27) is negative. Since by Lemma
3.27

lim < S (V2= X)) - 0 + (t) + Ag)eV2Xe0) 0=V, 1> (3.28)

t—o0 A0
. b s
JEN, s

exists almost surely, from (3.27), (3.26) and lim;_, ig?)iﬁ‘; = 0 we deduce that the limit

lim sup < Z (¥(t) +A6)€\/§(Xt(j)~9—\/§t),1>

t—o00 A< 0
je/\/ZH 5o

is finite with probability 1 — §: if it wasn’t finite with probability larger than §, then by
(3.26) and (3.27), with positive probability (3.28) would diverge to infinity, as its negative
part is negligible in comparison to the positive one.

Since lim; ;o % = 0, this implies further that with probability 1 — §

lim (¢(t) + A5)< Y VX0V, 1> =0.

t—o0
. Ags,0
Je./\/'j”r s

Taking Aj arbitrarily large completes the proof. O

We are now ready to present the last step of the proof of Theorem 3.3. Recalling Lemma
3.27 we show that in fact we can sum over all the particles and we can still swap integration
with taking the limit. As was mentioned before, this is the step where we consider a sequence

of functions ¢ V A for A € N.

Proof of Theorem 3.3. Set ¢ = t1/27¢ for some € € (0,1). By combining Lemma 3.27 with

Lemma 3.28 we obtain that almost surely for all A € N

i — N L) eV2(Xe(5)-0-V2t)
tlgglo< > (Vat— X(j) - O)e 7f>

je/\/—t(va,G

:<lim 3 (\/it—Xt(j)'G)eﬁ(Xt(j)'e\/it),f>. (3.29)

t—o0
jENt¢\/A,9

By Lemma 3.20 for any J we can choose As such that the event defined by By := {Vs >
0,u € N : || Xs(§)|| < v2s+ ¢(s) vV As} happens with probability P(Bs) > 1 — 6. Therefore,
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conditioning on Bs and taking A > As in (3.29), we obtain that

lim < Z (\@t — X¢(5) - g)ex/i(Xt(j).e—\ﬁt)7 f>

t—o00
JEN:

= <LI}30 EJIV (V3t — X,(j) - )V XD 0=v20), f> . (3.30)
J t

holds almost surely on Bs. Taking § arbitrarily small we conclude that (3.30) holds with
probability one, which proves (3.3).

Finally, to show that (Z(6),1) > 0 we observe that by Fubini’s theorem

0= [, B(Zu(0) = 0)0(@0) =Bz | [ Tz 0-0)(d0)|.

gd—1

which completes the proof. O

3.5 Direction of the largest displacement in dimension one

In this section we prove Theorem 3.1 but we start by showing how Corollary 3.2 follows from

Theorem 3.1. Set

GF = V2(M; —my — g log Z)

and Gj = V2(-M; —my — ?log Z).

Then we can rewrite
P(M; > My | F) =P (Gj“ +1log Zoo > Gy +log Z3, ’ gs> .

Theorem 3.1 tells us that (G;,G; ) conditioned on G5 converges in the double limit, first
letting t — oo and then s — o0, to a pair of independent standard Gumbel random variables.

Thus the proof of Corollary 3.2 is a consequence of the following lemma.

Lemma 3.29. Let G1,...,G, be independent standard Gumbel-distributed random variables.

Then for any ay,...,an,

e™

]P(G]_ + a1 > maX(CLQ +G27...,an +Gn)> = W
1=
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Proof. Recall that the pdf of the standard Gumbel distribution is given by e~(@*t¢™") and

e

the cdf is given by e™® . Then by simple computations, setting K := log(1 + Y., e%~),

we have

P

/N

a1 + G1 > max(ag + Go, ..., a, —i—Gn))

T~ 5

n
e (g1+e791) H ee*aﬁgl*%)dgl
i=2

e—g1—e 9 (1+E?:2 e%i—%1 )dg1

:e_K/ e~ —K)—e= @17 g
R

1 et
= n el - O
L+ et @ i=1€"
We now prove the main theorem of this section.
Proof of Theorem 3.1. Let y,z > 0. Note that for all 0 < s <t we have
P (Mt+ —mg < Y, _Mt_ —my < 2 ‘ gs) = H Vs,t(XS(j)ay7 Z) (331)

JEN

by the branching property, where we have set
vsi(z,y,2) =P (Mtts —my <y—x,—M;_,—my < z+:n> .

We now bound v, from above and from below to obtain an asymptotically tight estimate
for the joint cdf of (M;", M;”) given G,. We begin by computing a lower bound. Observe first
that since my — my_s = V25 + 2\% log =2, from the inequality z/(z + 1) < log(1+z) < =

we obtain that
3 s 3 s
V2s— 2 <my—my_s < V25— —_Z. (3.32)
s

Therefore, noting that for any events F, G one has P(FNG) > 1 —P(F°) —P(G®), we obtain

that

3 s
>1-P(M" . —mps >y — (2 —V28) — ——
Var(@9,2) 2 ( o =M 2y — (= V25) 2\/§t—s>

(3.33)
—P (—Mt_s —my_s > 2+ (z+ \/58) —

33)
20/2t—s)"
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From [19, Theorem 1] we know that P(M," —m; > z) converges uniformly as t — co to w(z),

which further satisfies

2z

1 —w(x) ~ cowe as & — 00.
Hence, (3.33) yields
litrgigf H Vs (X Y, %)
JEN;
=l {1—“’(\[8— s() +y) — w(V2s+ X,(j )+Z))}
JENS
> [T [1 - {e(vVas - X.(5) + y)eV2E0-v2w
JEN:

(V28 + X (§) + 2))e PCRDVETD (1 4 (s)),

where s — €(s) is a random process such that lims_ , €(s) = 0 a.s., where we used that
liminf,_,o minjep, {\@5 - |X3(j)|} = 0o a.s. This result follows plainly from the fact that
the additive martingale converges to 0 a.s. which can be found in [44].

Therefore, since for any numbers a; € (0,1)"

7 n _a;
H(lia’l) Ze_zi 1—a; >6 1— maxalz (ZZ

=1

and recalling also that

lim max {|v/2s — X,(j)[e"2X0=V2L —

$—00 jEN

almost surely, we obtain from (3.31) that

lim inf lim inf P (Mt —my <y,—M; —my <z ‘ .7:8)

S—00 t—00

> Jiminfexp (— e Y (5 — (Xo(j) — V2s))e™ V20 (X0)=v2)
JEN;

— e Y (2 (Xa(j) + V2s))e VHEHEOVED),

JENS

Using again that the additive martingale > ;cp., eV2(Xs()=V29) converges to 0 a.s. we even-
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tually obtain that

hgigflig(i)gfﬂ” (M;r -—m <y, —M —my <z ‘ .7-"5)

(3.34)
> exp (—C*Zooe*ﬁy — c*Z;oe*\/iZ) )

To obtain a similar upper bound, we use that for any pair of events F,G, P(F N G) =
1 —P(F°) —P(G°) + P(F°NG°), hence recalling (3.32),

3
Vs,t($7y72) < 1_P(Mtts_mt—s Zy—(:c—\@s)— S>

22t

3 s

CP(-Mo, —my > 2s) — —_2

< t—s mts_z“‘(l"{'\fS) 2\/§t>
+C8,t(x7yvz)a

where

G2, y, 2) = ]P’(Mj_s —mps 2y — (x— V2s) — 2\3/5:,
— M —my_s > 2+ (x4 V2s) — 2%?)
Note that
+ 3 s
Cot(m,y,2) < P<Mt_s — My > YAz V25— 2\/575>7
hence

limsup Ca (2,5, 2) < w(y A z +V/2s).

t—o00

As a result, with similar computations as in the proof of the lower bound, there exists a

process €(s) converging a.s. to 0 as s — oo such that,

limsup H Vs,t(Xs(j)vyvz)
t—o0 jENs

< H [1 - {c*(\@s - X(j) + y)ex/i(xs(j),\/ﬁs,y)
JEN

+ (V2 + X, () + 2))eV 2K ()=V25=2)

— (V25 +y A z)eﬂ(_‘/ﬁs_y/\z)}(l + e(s))}
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Using that for any numbers a; < 1, [} (1 —a;) < e~ 20 % and noting that for any C' € R

lim Z (V2s + C’)e‘/i(_ﬂs_c) =0

5—00

JEN
almost surely, we obtain that

limsup limsup P(M;" —my <y, —M; —my < z | F)

5§—00 t—o00

< exp(—eyZme V¥ — 0, 7 e V%)

)

which, together with (3.34), completes the proof. O

Remark 3.30. With similar computations to the ones made in the proof of Theorem 3.1 we

would be able to prove joint convergence in distribution of

(Z 5Xt(j)—mt’ z 5_Xt(j)_mt)

JEN: JEN:

towards a pair of decorated Poisson point processes with random intensities c*Zooe*\/izdx
and c*ZO_Oe_‘/iIdx respectively, and such that these processes are independent conditionally

on (Zoo, Zy,). This result can be thought of as a unidimensional version of Conjecture 3.4.
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Chapter 4

Conclusions

Minimax functions on Galton-Watson trees In Chapter 2 we studied minimax func-
tions on Galton-Watson trees. Our main object of interest was the distribution of the value
assigned to the root in such trees. In Theorem 2.2 we described possible limits of such dis-
tributions as the height of the tree tends to infinity. We proved in particular that if f (recall
the definition in equation (2.1)) is not the identity function, then the limiting distribution
is discrete with atoms located exactly at fixed points of f unstable from at least one side.
In Theorem 2.3 we fixed one such atom and conditioned the random variable at the root of
the tree to be close to this atom. For this setting we determined the rate of convergence in
different regimes (i.e. for different offspring distributions of the tree). Finally, in Theorem

2.5 we provided a condition for the stationary minimax tree to be endogenous.

Multidimensional branching Brownian motion In Chapter 3 we defined the derivative
martingale as a process on the sphere. In Theorem 3.3 we proved that it converges weakly,
which was the main result of this chapter and a stepping stone for future studies.

The long-term goal would be to prove a multi-dimensional analogue of the convergence of
the extremal process of the branching Brownian motion. Such a result in the one-dimensional

case was proved in [9] and [1]. Set

d—4
logt.

=2t +
Tt 2\/§

From [50] we know that, up to an O(1) error, 7 is equal to the median position of the maximal
displacement of the d-dimensional branching Brownian motion at time ¢. Define the direction

of a particle u at time ¢ by Dy(u) := X¢(u)/||X¢(u)|| for t > 0,u € N;. We conjectured the
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following:

Conjecture 3.4. There exists c; > 0 such that

lim Z 5Dt(u)7HXt(U)”*Tt = ,C(da,dl’) mn law,

t—o00

ueNy

where L is a decorated Poisson point process that can be constructed as follows. Let (0;,&;)j>1
be the atoms of a Poisson point process with intensity c} o(0)o(d0)eV22dz and (Dj,j>1)

be i.i.d. point processes on R with common distribution D. Then

L= Z Z 59j’£j+w'

j>1zeD;

This conjecture can be interpreted as follows. Recall that the extremal process of the

one-dimensional BBM, i.e. the limit of

Z 6Xt (u)—my

uENt

can be constructed as a decorated Poisson point process with (random) intensity

C*Zooe_‘/%dx,
where ¢, is a positive constant. The decoration is constructed as the limiting process of a
BBM conditioned on the event that the maximal displacement exceeds v/2t.

In the multidimensional case we claim that we should again recover a Poisson point
process, since for any two angles 6,605, particles with large projections on 6; and 6 at
time ¢t form with high probability two disjoint families. Therefore, the behaviour in two
distinct directions can be seen as almost independent (conditionally on the initial behaviour),
which should lead to a Poisson point process. Secondly, we claim that the intensity at
direction 6 of the limiting process should be proportional to Z.(6), since the projection
of the multidimensional BBM on 6 is a one-dimensional BBM, in which case the limiting
intensity is proportional to Z,,. Moreover, we believe that the factor e~V2% comes from the
fact that for any direction 6 and for any constant A, if we look at particles with projections

on # at time t exceeding r; — A, then with high probability projections of these particles

onto the space orthogonal to @ will be of order O(v/t). Therefore, the radial size of a cone
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in which all such particles are located tends to zero as t goes to infinity. On the other hand,
in direction 6 we see exactly the one-dimensional BBM, we thus expect to see the same
decoration emerging, which results in the intensity factor e~V To sum up, we expect to
see an intensity proportional to ZOO(H)a(dQ)e_‘/izda:, and we claim that the proportionality
constant will depend on the dimension (recall that in the multidimensional case we centre
at r¢, and not at my).

We believe that Conjecture 3.4 could be proved using the concept of ‘clan leaders’ intro-
duced in the proofs of the one-dimensional case. More precisely, for all s € [0,t] we say that

a particle is an s-clan leader if it belongs to the set
C; :i={ue N, :Yv e N, || Xi(v)]] < || Xe(u)]| or MRCA(u,v) > s}, (4.1)

where MRCA (u,v) is the age of the most recent common ancestor of u and v. In other
words, u € C; if and only if || X;(u)|| is maximal among the individuals that share a common

ancestor with w in the last s units of time. The point process of the s-clan leaders is defined as

L} =D 0w/ X ()12 () |- (4.2)

ueCy
We thus conjecture the following intermediate step.

Conjecture 4.1. If s satisfies limy_, oo $(t) = limy_y00 t — s(t) = 00, then we have
lim Lf(t) = Lo in law,

t—o00

where Lo is a Poisson point process on S~1 x R with (random) intensity ¢4 Zs (dﬁ)e*ﬁxdx.

This conjecture can be seen as a multidimensional version of Theorem 1.1 of [7]. Moving

one step backwards, to prove Conjecture 4.1 one needs to show that

(smaps 16w = 7t = 0) (4.3)

is not only tight (which was proved by Mallein [50]) but that it converges in distribution.

This is a subject of our ongoing work.
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