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Tissue level cardiac electrophysiology is usually modelled by the bidomain equations, or the monodomain

simplification of the bidomain equations. One assumption made when deriving the bidomain equations is

that both the intracellular and extracellular space are in electrical equilibrium. This assumption neglects

the disturbance of this equilibrium in thin regions close to the cell membrane known, as Debye layers.

We first demonstrate that the governing equations at the cell, or microscale, level may be adapted to

take account of these Debye layers with little additional complexity, provided the permittivity within the

Debye layers satisfies certain conditions that are believed to be satisfied for biological cells. We then

homogenise the microscale equations using a technique developed for an almost periodic microstructure.

Cardiac tissue is usually modelled as sheets of cardiac fibres stacked on top of one another. A common

assumption is that an orthogonal coordinate system can be defined at each point of cardiac tissue, where

the first axis is in the fibre direction, the second axis is orthogonal to the first axis but lies in the sheet

of cardiac fibres, and the third axis is orthogonal to the cardiac sheet. It is assumed further that both

the intracellular and extracellular conductivity tensors are diagonal with respect to these axes, and that

the diagonal entries of these tensors are constant across the whole tissue. Using the homogenisation

technique we find that this assumption is usually valid for cardiac tissue, but highlight situations where

the assumption may not be valid.
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1. Introduction

The bidomain equations, or their monodomain simplification, are commonly used to describe tissue

level cardiac electrophysiology. As is the case for all mathematical models, several assumptions are

made when deriving these equations. We begin by describing some of these assumptions.

At the cell level, cardiac tissue may be modelled as consisting of a fully connected intracellular

space, a fully connected extracellular space, and a cell membrane separating these two regions. A

first assumption usually made when deriving the bidomain equations is that both the intracellular space

and extracellular space are in electrical equilibrium (Bruce et al., 2014; Hand and Griffith, 2010, 2011;

Keener and Sneyd, 1998; Keener and Panfilov, 1996; Neu and Krassowska, 1993; Richardson and Chap-

man, 2011), which implies that the intracellular current density ji and extracellular current density je are

given by Ohm’s law:

ji =−σi∇φi, je =−σe∇φe,

where σi,σe are the scalar conductivities of the intracellular and extracellular space, and φi,φe are the

potentials of intracellular and extracellular space. Although this is a good approximation in most of the

intracellular and extracellular regions, it is not a good approximation in very thin layers in both spaces

c© The author 2008. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.
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that are adjacent to the cell membrane, known as Debye layers; see, for example, Richardson (2009). To

avoid explicitly taking account of these Debye layers, the cell membrane and the Debye layers on either

side of the cell membrane are usually modelled as a capacitor of zero thickness, with surface charge

density Q given by

Q =CmV, (1.1)

where V is the potential difference across this capacitor, and Cm is the capacitance (which is assumed

to be constant). If we neglect the motion of cardiac tissue due to the heart beating, and use the capaci-

tance assumption encapsulated by Eq. (1.1), homogenisation allows us to derive the familiar bidomain

equations:

∇ ·
(

Σ (i)∇Φi

)

= χ

(

Cm

∂V

∂ t
+ Im

)

,

∇ ·
(

Σ (e)∇Φe

)

= −χ

(

Cm

∂V

∂ t
+ Im

)

,

V = Φi −Φe,

where Φi,Φe are the tissue level intracellular and extracellular potentials, V is the transmembrane po-

tential, Σ (i),Σ (e) are the intracellular and extracellular conductivity tensors, χ is the ratio of membrane

surface area to total volume, and Im is the transmembrane current density flowing into the cell from

extracellular space.

For the purpose of tissue level electrophysiological modelling, cardiac tissue is usually assumed

to comprise sheets of cardiac fibres stacked on top of each other. An orthogonal coordinate system is

defined at each point where the first axis lies in the direction of the cardiac fibre, the second axis lies

in the sheet in which the fibre lies (but is orthogonal to the first axis), and the third axis is orthogonal

to the sheet. It is then assumed that the both the intracellular and the extracellular conductivity tensors

are diagonal with respect to these axes, with entries that are constant across cardiac tissue. Using this

assumption, at each point in cardiac tissue a rotation matrix P exists such that

Σ (i) = P⊤





Σi,1 0 0

0 Σi,2 0

0 0 Σi,3



P, Σ (e) = P⊤





Σe,1 0 0

0 Σe,2 0

0 0 Σe,3



P, (1.2)

where constants Σi,k,Σe,k, for k = 1,2,3, are the intracellular and extracellular conductivities in the

direction of axis k in the axes aligned with the tissue microstructure.

In this paper we investigate the validity of the assumptions described above. We begin by removing

the assumption that intracellular space and extracellular space are in electrical equilibrium by explicitly

modelling the ions present using the Poisson-Nernst-Planck (PNP) equations (Newman and Thomas-

Alyea, 2004). Richardson (2009) considered the similar problem of modelling the electrophysiology

of the squid giant axon. Asymptotic analysis was used to derive a nonlinear capacitance relationship

between charge density Q and transmembrane potential V . Although a linear approximation to this rela-

tionship may be adequate for transmembrane potentials in the range normally seen, this model predicts

that nonlinear effects may have an effect when the transmembrane potential is outside the normal range,

such as defibrillation studies; see, for example, Bishop et al. (2007). The derivation of the nonlinear

relationship between Q and V assumes that the permittivity of both intracellular space and extracellular

space are constant, and that the cell membrane has a much lower permittivity than either of these two
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regions. A more physically detailed description of the permittivity (Cherepanov et al., 2003) takes ac-

count of a significantly lower permittivity in both the intracellular and extracellular space in the vicinity

of the cell membrane. We extend the model described in Richardson (2009) to take account of this

more detailed description of the permittivity of the intracellular and extracellular spaces, which allows

further simplification of the governing equations. As a consequence, rather than asymptotic analysis

yielding a nonlinear relationship between charge density Q and transmembrane potential V , we obtain a

linear approximation to the relationship between Q and V which is valid over a much larger range than

previously realised.

Having derived a model of the electrical activity in the cell membrane and Debye layers, we then

homogenise the governing equations in both the intracellular and extracellular spaces to derive a tissue

level model of electrophysiology. Homogenisation of cardiac tissue usually assumes that the microstruc-

ture is periodic (Bruce et al., 2014; Hand and Griffith, 2010, 2011; Neu and Krassowska, 1993). This

is, however, not the case for cardiac tissue where tissue level variations in fibre direction and sheet ori-

entation result in a microstructure that is almost periodic, rather than periodic. We follow Richardson

and Chapman (2011) who developed a technique for homogenising an almost periodic microstructure.

This homogenisation technique allows the specification of tissue level intracellular and extracellular

conductivity tensors when given a tissue level transformation between the almost periodic microstruc-

ture and a periodic microstructure. We may then compare the conductivity tensors derived from the

homogenisation technique with those arising from making the assumptions that underpin Eq. (1.2).

The remainder of this paper is structured as follows. In Section 2 we write down the PNP equations

in both the intracellular and extracellular space, and then non-dimensionalise these equations. We then

exploit several pertinent limits in Section 3, allowing us to derive a model of electrical activity in the cell

membrane and Debye layers. We then use homogenisation in Section 4 to derive tissue level bidomain

equations, allowing the investigation of various assumptions on the conductivity tensors. Finally, in

Section 5, we present our conclusions.

2. The microscale mathematical model

We partition the tissue into an intracellular region Ωi, an extracellular region Ωe, and a cell membrane

region Ωm that separates the intracellular region from the extracellular region. Detailed models exist for

the transport of many individual ions across the cell membrane to form the transmembrane current; these

are reviewed in Noble and Rudy (2001). Rather than use one of the more recent physiologically detailed

models we will use the Beeler-Reuter model (Beeler and Reuter, 1977) to model the transmembrane

current as comprising contributions only from sodium, potassium and calcium ions. By modelling only

these ions we may explictly write down the governing equations concisely. The extension to more

complex models follows naturally from that presented here. We note that these ions all have positive

charge. Other ions, some with a negative charge, must be present to allow electroneutrality in both the

intracellular and extracellular spaces away from the Debye layer. We follow Plonsey and Barr (2000)

by making the assumptions that all other ions are monovalent negative ions, and the cell mebrane is

impermeable to these ions.

We will make the further assumption that the radius of curvature of the cell membrane is much

larger than both the width of the Debye layer, and the thickness of the cell membrane. We verify that

this is indeed a valid assumptiuon in Section 3. Under these conditions, Richardson (2009) notes that

the derivation of the governing equations may be streamlined by the use of regular Cartesian coordinates

rather than general curvilinear coordinates.
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2.1 The governing equations

In the remainder of this study we use superscript asterisks to denote dimensional variables; variables

without this superscript are the corresponding dimensionless variables.

2.1.1 Intracellular space. The Nernst-Planck equations governing the intracellular concentrations of

the three ions Na+, K+ and Ca2+, and the other monovalent negative ions, denoted by N∗
i , K∗

i , C∗
i , A∗

i ,

may be written, for x∗ ∈ Ω ∗
i :

∂N∗
i

∂ t∗
= ∇∗ ·

(

D∗
Ni

(

∇∗N∗
i +

F

RT
N∗

i ∇∗φ ∗

))

, (2.1)

∂K∗
i

∂ t∗
= ∇∗ ·

(

D∗
Ki

(

∇∗K∗
i +

F

RT
K∗

i ∇∗φ ∗

))

, (2.2)

∂C∗
i

∂ t∗
= ∇∗ ·

(

D∗
Ci

(

∇∗C∗
i +

2F

RT
C∗

i ∇∗φ ∗

))

, (2.3)

∂A∗
i

∂ t∗
= ∇∗ ·

(

D∗
Ai

(

∇∗A∗
i −

F

RT
A∗

i ∇∗φ ∗

))

, (2.4)

where φ ∗ is the potential, D∗
Ni
,D∗

Ki
,D∗

Ci
,D∗

Ai
are the diffusivities of sodium, potassium, calcium and other

ions in intracellular space, F is Faraday’s constant, R is the universal gas constant, T is the absolute

temperature, and t∗ is time. The electric potential satisfies Poisson’s equation:

−∇∗ · (ε∗(x∗)∇∗φ ∗) = F (N∗
i +K∗

i +2C∗
i −A∗

i ) , (2.5)

where ε∗ is the permittivity of intracellular space. As discussed earlier, we emphasise that we permit

spatial variations in the permittivity and write ε∗(x∗), where x∗ are the coordinates of a point in space.

2.1.2 Extracellular space. Using similar notation to that used in Eqs. (2.1)-(2.5) the Poisson-Nernst-

Planck equations in extracellular space are, for x∗ ∈ Ω ∗
e :

∂N∗
e

∂ t∗
= ∇∗ ·

(

D∗
Ne

(

∇∗N∗
e +

F

RT
N∗

e ∇∗φ ∗

))

, (2.6)

∂K∗
e

∂ t∗
= ∇∗ ·

(

D∗
Ke

(

∇∗K∗
e +

F

RT
K∗

e ∇∗φ ∗

))

, (2.7)

∂C∗
e

∂ t∗
= ∇∗ ·

(

D∗
Ce

(

∇∗C∗
e +

2F

RT
C∗

e ∇∗φ ∗

))

, (2.8)

∂A∗
e

∂ t∗
= ∇∗ ·

(

D∗
Ae

(

∇∗A∗
e −

F

RT
A∗

e∇∗φ ∗

))

, (2.9)

−∇∗ · (ε∗(x∗)∇∗φ ∗) = F (N∗
e +K∗

e +2C∗
e −A∗

e) , (2.10)

where the subscript e is used to represent extracellular space.

2.1.3 Cell membrane. In the cell membrane the electric potential satisfies, for x∗ ∈ Ω ∗
m:

−∇∗ · (ε∗(x∗)∇∗φ ∗) = 0. (2.11)
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We note that a surface charge on the inner leaflet of the membrane adjacent to the intracellular space is

observed in many biological cells (Brown and Noble, 1978; Cherepanov et al., 2003; Elul, 1967; Kass

and Krafte, 1987; Kell and DeFelice, 1988; Richardson, 2009). We include this term in the boundary

conditions discussed in the next section.

2.1.4 Boundary conditions. Let ni be the unit vector, normal to the interface between the intracellular

space and the cell membrane and pointing from the intracellular space into the cell membrane, and ne

be the unit vector, normal to the interface between the extracellular space and the cell membrane and

pointing from the extracellular space into the cell membrane. The assumption, stated in Section 2, that

the radius of curvature of the cell membrane is much greater than the width of the cell membrane allows

us to define a single unit normal vector n, where

n = ni =−ne.

Boundary conditions at the interface between the intracellular space and cell membrane are given by,

for x∗ ∈ ∂Ω ∗
i ∩∂Ω ∗

m:

(

−D∗
Ni

(

∇∗N∗
i +

F

RT
N∗

i ∇∗φ ∗

))

·n = g∗N , (2.12)

(

−D∗
Ki

(

∇∗K∗
i +

F

RT
K∗

i ∇∗φ ∗

))

·n = g∗K , (2.13)

(

−D∗
Ci

(

∇∗C∗
i +

2F

RT
C∗

i ∇∗φ ∗

))

·n =
1

2
g∗C, (2.14)

(

−D∗
Ai

(

∇∗A∗
i −

F

RT
A∗

i ∇∗φ ∗

))

·n = 0, (2.15)

[ε∗∇∗φ ∗] ·n = − f ∗, (2.16)

[φ ∗] = 0, (2.17)

where g∗N ,g
∗
K ,g

∗
C are the contributions to the ionic current density across the cell membrane into the

intracellular space from sodium, potassium and calcium ions respectively (such as that described by

Beeler and Reuter (1977)), f ∗ denotes the surface charge density on the inner leaflet of the membrane

adjacent to the intracellular space, and the jump of a quantity across the cell membrane boundary, [·], is

defined to be the jump of a quantity from outside the membrane to inside the membrane. Similarly, at

the interface between the extracellular space and cell membrane we have, for x∗ ∈ ∂Ω ∗
e ∩∂Ω ∗

m:
(

−D∗
Ne

(

∇∗N∗
e +

F

RT
N∗

e ∇∗φ ∗

))

·n = −g∗N , (2.18)

(

−D∗
Ke

(

∇∗K∗
e +

F

RT
K∗

e ∇∗φ ∗

))

·n = −g∗K , (2.19)

(

−D∗
Ce

(

∇∗C∗
e +

2F

RT
C∗

e ∇∗φ ∗

))

·n = −
1

2
g∗C, (2.20)

(

−D∗
Ae

(

∇∗A∗
e −

F

RT
A∗

e∇∗φ ∗

))

·n = 0, (2.21)

[ε∗∇∗φ ∗] ·n = 0, (2.22)

[φ ∗] = 0. (2.23)
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2.1.5 The permittivity. The permittivity is specified using the relationship proposed by Teschke et al.

(2001), using parameters suitable for biological cells given by Cherepanov et al. (2003):

ε∗(s∗) =

{

εbε0

(

1+
(

εb
εm

−1
)

e−s∗/λ ∗
)−1

, x∗ ∈ ∂Ω ∗
i , x∗ ∈ ∂Ω ∗

e ,

εmε0, x∗ ∈ ∂Ω ∗
m,

(2.24)

where εm is the dielectric constant in the cell membrane, εb is the dielectric constant in the intracellular

and extracellular spaces away from the cell membrane, s∗ is the distance from the cell membrane, and

λ ∗ is a constant. Following Cherepanov et al. (2003) we set εm = 4 (giving a permittivity in the cell

membrane of 4ε0, where ε0 is the permittivity of free space), εb = 78, and λ ∗ = 10−9 m. A plot of the

permittivity described by Eq. (2.24) is given in Figure 1.
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FIG. 1. The spatially varying permittivity. The dashed lines represent the boundaries of the membrane. Intracellular space lies to

the right of the membrane, extracellular space to the left of the membrane.

2.2 The dimensionless equations

We use a similar nondimensionalisation to Richardson (2009):

N∗
i,e = Π0Ni,e, K∗

i,e = Π0Ki,e, C∗
i,e = Π0Ci,e, A∗

i,e = Π0Ai,e,

φ ∗
i,e =

RT

F
φ , g∗N = GgN , g∗K = GgK , g∗C = GgC,

D∗
Ni,e

= D̄DNi,e , D∗
Ki,e

= D̄DKi,e , D∗
Ci,e

= D̄DCi,e , D∗
Ai,e

= D̄DAi,e , (2.25)

t∗ = τt, x∗ = Lx, ε∗ = ε̄ε , f ∗ =
RT ε̄

FLδ
f ,

λ ∗ = Lλ , s∗ = Ls,

where τ is a representative timescale, L is representative of the solution lengthscale, Π0 is representative

of an ion concentration, D̄ is representative of the diffusivities of the ions present, G is representative of
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the transmembrane ionic fluxes, ε̄ is representative of the permittivity, and δ is a dimensionless param-

eter that will be defined later. The parameters given in Appenix A suggest choosing D̄ = 10−9 m2 s−1,

Π0 = 140 mol m−3 and RT/F = 2.41×10−2 V. Further, Eq. (2.24) suggests taking ε̄ = εbε0; the value

of ε0 given in Appenix A then yields ε̄ = 6.9×10−10 F m−1.

As explained earlier we model only the ions present in the electrophysiological model described by

Beeler and Reuter (1977) to aid the clarity of this manuscript. When estimating the value of G used in the

nondimensionalisation we will, however, consider a more recent model (Luo and Rudy, 1994) to ensure

applicability of the results presented here to more recent data. The fast sodium current is the transmem-

brane current with the largest magnitude for myocytes, and operates on the most rapid timescales. We

therefore use this current when estimating a value for G, in contrast to Richardson (2009) who used

the potassium current for this purpose when modelling the squid giant axon. We plot the fast sodium

current density from the model described by Luo and Rudy (1994) in Figure 2. This figure suggests

setting G = 3.5 A m−2. However, if we use this value of G to estimate the natural timescale arising from

the governing differential equations and boundary conditions, as used by Richardson (2009), we obtain

τ =

√

ε̄RT Π0

G2F2
≈ 4.3×10−3 s,

and see that this natural timescale is much slower than that on which the fast sodium current acts. Instead

we set τ = 10−3 s to give a more realistic timescale, and define

G =

√

ε̄RT Π0

τ2F2
, L =

D̄Π0

G
, δ =

√

ε̄RT

L2F2Π0
.

This yields G = 15.0 A m−2, L = 9.01×10−4 m, and δ = 1.23×10−6. The maximum modulus of the

dimensionless fast sodium current density then takes the value gN = 0.233.
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FIG. 2. The fast sodium current density from the electrophysiology model described by Luo and Rudy (1994).

The dimensional parameter that appears in the nondimensionalisation of the surface charge takes the

value RT ε̄/FLδ = 1.5× 10−2 C m−2. Reported values of f ∗ lie in the range between −10−3 C m−2

and −6×10−2 C m−2, (Brown and Noble, 1978; Cherepanov et al., 2003; Elul, 1967; Kass and Krafte,
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1987; Kell and DeFelice, 1988), and so the dimensionless parameter f lies in the range between ap-

proximately -0.06 and -4. Further, the scaling used for the potential results in dimensionless potential

differences across the alveolar membrane varying in the range between roughly -3 and 1 under normal

circumstances.

Using Eqs. (2.1)-(2.5) we may write the dimensionless equations in the intracellular space as, for

x ∈ Ωi:

∂Ni

∂ t
= δ∇ · (DNi

(∇Ni +Ni∇φ)) , (2.26)

∂Ki

∂ t
= δ∇ · (DKi

(∇Ki +Ki∇φ)) , (2.27)

∂Ci

∂ t
= δ∇ · (DCi

(∇Ci +2Ci∇φ)) , (2.28)

∂Ai

∂ t
= δ∇ · (DAi

(∇Ai −Ai∇φ)) , (2.29)

−∇ · (ε∇φ) =
1

δ 2
(Ni +Ki +2Ci −Ai) . (2.30)

Similarly, we may use Eqs. (2.6)-(2.10) to obtain the dimensionless equations in the extracellular space.

For x ∈ Ωe we have:

∂Ne

∂ t
= δ∇ · (DNe (∇Ne +Ne∇φ)) , (2.31)

∂Ke

∂ t
= δ∇ · (DKe (∇Ke +Ke∇φ)) , (2.32)

∂Ce

∂ t
= δ∇ · (DCe (∇Ce +2Ce∇φ)) , (2.33)

∂Ae

∂ t
= δ∇ · (DAe (∇Ae −Ae∇φ)) , (2.34)

−∇ · (ε∇φ) =
1

δ 2
(Ne +Ke +2Ce −Ae) . (2.35)

In the cell mebrane, Eq. (2.11) allows us to write the dimensionless equation for the potential as, for

x ∈ Ωm:

−∇ · (ε∇φ) = 0. (2.36)

We now write Eqs. (2.12)-(2.17) and Eqs. (2.18)-(2.23), the interface conditions at the interface

between both intracellular and extracellular space with the cell membrane, in dimensionless form. These

equations become, for x ∈ ∂Ωi ∩∂Ωm:

(−DNi
(∇Ni +Ni∇φ)) ·n = gN , (2.37)

(−DKi
(∇Ki +Ki∇φ)) ·n = gK , (2.38)

(−DCi
(∇Ci +2Ci∇φ)) ·n =

1

2
gC, (2.39)

(−DAi
(∇Ai −Ai∇φ)) ·n = 0, (2.40)

[ε∇φ ] ·n = −
f

δ
, (2.41)

[φ ] = 0, (2.42)
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and for x ∈ ∂Ωe ∩∂Ωm:

(−DNe (∇Ne +Ne∇φ)) ·n = −gN , (2.43)

(−DKe (∇Ke +Ke∇φ)) ·n = −gK , (2.44)

(−DCe (∇Ce +2Ce∇φ)) ·n = −
1

2
gC, (2.45)

(−DAe (∇Ae −Ae∇φ)) ·n = 0, (2.46)

[ε∇φ ] ·n = 0, (2.47)

[φ ] = 0. (2.48)

Finally, the dimensionless permittivity is given by

ε(s) =







(

1+
(

εb
εm

−1
)

e−s/λ
)−1

, x ∈ ∂Ωi, x ∈ ∂Ωe,
εm
εb
, x ∈ ∂Ωm,

(2.49)

where λ ≈ 1.11×10−6, and s is the dimensionless distance to the membrane.

3. The simplified microscale model

The existence of the factor of 1/δ 2 on the right hand side of both Eqs. (2.30) and (2.35) suggests that

a boundary layer, of dimensionless width δ , may exist in the solution of the governing equations for

both the intracellular and extracellular regions, adjacent to the cell membrane. These boundary layers,

known as Debye layers, are regions where ions are not in electrical equilibrium. A detailed derivation of

this simplified model is given by Richardson (2009); we focus on the introduction of spatially varying

permittivity in the Debye layers, and give only a summary of the derivation when it is identical to that

given in Richardson (2009). We note that both the Debye layer thickness and cell membrane thickness

are of O(10−9) m; the assumption, stated in Section 2, that the radius of curvature of the cell membrane

is much larger than these values is therefore not particularly restrictive.

The leading order solution of the microscale problem may be derived by considering three regions:

(i) the intracellular space away from Debye layers; (ii) the extracellular space away from Debye layers;

and (iii) a region comprising the Debye layers from both intracellular and extracellular space, and the

cell membrane. We begin by deriving the solution in each of these regions, before matching these

solutions.

3.1 The outer solution in the intracellular region

We write the solution in the outer region of intracellular space as a regular asymptotic expansion in

powers of δ :

N
(o)
i = N

(o)
i,0 +δN

(o)
i,1 + . . . , K

(o)
i = K

(o)
i,0 +δK

(o)
i,1 + . . . ,

C
(o)
i =C

(o)
i,0 +δC

(o)
i,1 + . . . , A

(o)
i = A

(o)
i,0 +δA

(o)
i,1 + . . . ,

φ = φ
(o)
i,0 +δφ

(o)
i,1 + . . . .
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Substituting these asymptotic expansions into Eqs. (2.26)-(2.30), the leading order terms imply

N
(o)
i,0 = N̄i, K

(o)
i,0 = K̄i, C

(o)
i,0 = C̄i, (3.1)

A
(o)
i,0 = Āi, N̄i + K̄i +2C̄i − Āi = 0, (3.2)

where N̄i, K̄i,C̄i, Āi are constants, and denote the concentrations Ni,Ki,Ci,Ai away from the Debye layer.

Terms in Eqs. (2.26)-(2.30) of O(δ ) then give

∂N
(o)
i,1

∂ t
= ∇ ·

(

DNi
N̄i∇φ

(o)
i,0

)

, (3.3)

∂K
(o)
i,1

∂ t
= ∇ ·

(

DKi
K̄i∇φ

(o)
i,0

)

, (3.4)

∂C
(o)
i,1

∂ t
= ∇ ·

(

2DCi
C̄i∇φ

(o)
i,0

)

, (3.5)

∂A
(o)
i,1

∂ t
= −∇ ·

(

DAi
Āi∇φ

(o)
i,0

)

, (3.6)

N
(o)
i,1 +K

(o)
i,1 +2C

(o)
i,1 −A

(o)
i,1 = 0. (3.7)

Summing Eqs. (3.3) & (3.4) with twice Eq. (3.5), subtracting Eq. (3.6), and then using Eq. (3.7) gives

∇2φ
(o)
i,0 = 0. (3.8)

Using Eqs. (3.3)-(3.7) we may deduce that the leading order dimensionless intracellular current

density, ji,0, is given in terms of the dimensionless intracellular conductivity, σi, by:

ji,0 = −σi∇φ
(o)
i,0 , (3.9)

where σi = DNi
N̄i +DKi

K̄i +4DCi
C̄i +DAi

Āi, (3.10)

giving Ohm’s law at leading order. Using the nondimensionalisation

j∗i,0 = Gji,0, σ∗
i = σ̄σi,

the nondimensionalisation in Section 2.2 suggests choosing

σ̄ =
GLF

RT
≈ 0.56 S m−1,

resulting in dimensional conductivities in line with those reported elsewhere (Clerc, 1976; Sommer,

1983).

3.2 The outer solution in the extracellular region

The outer solution in the extracellular region may be derived in a similar fashion to the solution in

the intracellular region. Using notation that follows naturally from that introduced in Section 3.1, the

leading order terms from Eqs. (2.31)-(2.35) give

N
(o)
e,0 = N̄e, K

(o)
e,0 = K̄ie, C

(o)
e,0 = C̄e, (3.11)

A
(o)
e,0 = Āe, N̄e + K̄e +2C̄e − Āe = 0, (3.12)
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where N̄e, K̄e,C̄e, Āe are constants, and denote the concentrations Ne,Ke,Ce,Ae away from the Debye

layer (which may be different to those in intracellular space). As with the outer solution in the intracel-

lular region, terms of O(δ ) then imply

∇2φ
(o)
e,0 = 0, (3.13)

and that the leading order current flux je,0 satisfies Ohm’s law:

je,0 = −σe∇φ
(o)
e,0 ,

for σe = DNe N̄e +DKeK̄e +4DCeC̄e +DAe Āe,

where σe is the dimensionless extracellular conductivity.

3.3 The solution in the Debye layers and cell membrane

As noted by Richardson (2009), making the assumption that the radius of curvature of the membrane is

much larger than the width of the Debye layer allows us choose coordinates where the vector n points

along the negative x-axis, and to approximate the membrane as occupying the region −δa < x < δa,

with the Debye layer in the intracellular space occupying x> δa, and the Debye layer in the extracellular

space occupying x < −δa. The presence of the term in 1/δ 2 on the right hand side of Eqs. (2.30) and

(2.35) suggests rescaling the x-coordinate in the Debye layers and cell membrane by writing

x = δX . (3.14)

The membrane now occupies the region −a < X < a. Using the parameters given in Table 1 we take

a = 3.4 dimensionless units. On using Eq. (2.49) we see that permittivity in the cell membrane and

Debye layers is given by

ε(X) =



















(

1+
(

εb
εm

−1
)

e−(X−a)/Λ
)−1

, X > a,
εm
εb
, −a < X < a,

(

1+
(

εb
εm

−1
)

e(X+a)/Λ
)−1

, X <−a,

(3.15)

where Λ = λ/δ ≈ 0.9.

We now describe the solution in the Debye layers and cell membrane, before using the interface

conditions Eqs. (2.37)-(2.48), re-scaled using Eq. (3.14), to generate a relationship between the outer

solutions and the solutions in the Debye layers.

3.3.1 The Debye layer solution in the intracellular region. We write the solution in the Debye region

of intracellular space as an asymptotic solution in powers of δ :

N
(D)
i = N

(D)
i,0 +δN

(D)
i,1 + . . . , K

(D)
i = K

(D)
i,0 +δK

(D)
i,1 + . . . ,

C
(D)
i =C

(D)
i,0 +δC

(D)
i,1 + . . . , A

(D)
i = A

(D)
i,0 +δA

(D)
i,1 + . . . , j = 1,2, . . . ,M, (3.16)

φ = φ
(D)
i,0 +δφ

(D)
i,1 + . . . .
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Using the rescaling given by Eq. (3.14), the leading order terms in Eqs. (2.26)-(2.30) are:

∂N
(D)
i,0

∂X
+N

(D)
i,0

∂φ
(D)
i,0

∂X
= 0, (3.17)

∂K
(D)
i,0

∂X
+K

(D)
i,0

∂φ
(D)
i,0

∂X
= 0, (3.18)

∂C
(D)
i,0

∂X
+2C

(D)
i,0

∂φ
(D)
i,0

∂X
= 0, (3.19)

∂A
(D)
i,0

∂X
−A

(D)
i,0

∂φ
(D)
i,0

∂X
= 0, (3.20)

−
∂

∂X



ε(X)
∂φ

(D)
i,0

∂X



 = N
(D)
i,0 +K

(D)
i,0 +2C

(D)
i,0 −A

(D)
i,0 . (3.21)

The solutions to Eqs. (3.17)-(3.20), satisfying the condition that these solutions match the outer solution

given by Eqs. (3.1) and (3.2) as X → ∞, are given by

N
(D)
i,0 = N̄i exp

(

φ
(o)
i,0 −φ

(D)
i,0

)

, (3.22)

K
(D)
i,0 = K̄i exp

(

φ
(o)
i,0 −φ

(D)
i,0

)

, (3.23)

C
(D)
i,0 = C̄i exp

(

2
(

φ
(o)
i,0 −φ

(D)
i,0

))

, (3.24)

A
(D)
i,0 = Āi exp

(

φ
(D)
i,0 −φ

(o)
i,0

)

. (3.25)

We note that these solutions do not yet satisfy the conditions at the interface between the Debye layer

and the cell membrane, and will return to this point when matching the outer solution with the Debye

layer solution in Section 3.6.

3.3.2 The Debye layer solution in the extracellular region. Using notation for the extracellular re-

gion that follows from that used in the intracellular region, and a similar procedure to that used in

Section 3.3.1, we may deduce that the leading order potential in the Debye layer satisfies:

−
∂

∂X



ε(X)
∂φ

(D)
e,0

∂X



= N
(D)
e,0 +K

(D)
e,0 +2C

(D)
e,0 −A

(D)
e,0 , (3.26)

where

N
(D)
e,0 = N̄e exp

(

φ
(o)
e,0 −φ

(D)
e,0

)

, (3.27)

K
(D)
e,0 = K̄e exp

(

φ
(o)
e,0 −φ

(D)
e,0

)

, (3.28)

C
(D)
e,0 = C̄e exp

(

2
(

φ
(o)
e,0 −φ

(D)
e,0

))

, (3.29)

A
(D)
e,0 = Āe exp

(

φ
(D)
e,0 −φ

(o)
e,0

)

. (3.30)
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Similar remarks apply to these solutions as were made on the solution in the Debye layer in the in-

tracellular region: the solutions given by Eqs. (3.27)-(3.30) satisfy the matching conditions with the

outer solutions in the extracellular space as X →−∞, but are not yet guaranteed to satisfy the boundary

conditions at the cell membrane.

3.3.3 The solution in the cell membrane. Using the rescaling given by Eq. (3.14), the leading order

potential in the cell membrane satisfies

−
∂

∂X

(

εm

εb

∂φ
(M)
0

∂X

)

= 0. (3.31)

3.3.4 Conditions at the boundaries of the membrane. At the interface between the intracellular space

and the cell membrane, and between the extracellular space and the cell membrane, Eqs. (2.41), (2.42),

(2.47) and (2.48) give the following conditions for the leading order potential:

φ
(D)
i,0

∣

∣

∣

X=a
= φ

(M)
0

∣

∣

∣

X=a
, (3.32)

φ
(D)
e,0

∣

∣

∣

X=−a
= φ

(M)
0

∣

∣

∣

X=−a
, (3.33)

εm

εb

∂φ
(D)
i,0

∂X

∣

∣

∣

∣

∣

∣

X=a

=
εm

εb

∂φ
(M)
0

∂X

∣

∣

∣

∣

∣

X=a

− f , (3.34)

εm

εb

∂φ
(D)
e,0

∂X

∣

∣

∣

∣

∣

∣

X=−a

=
εm

εb

∂φ
(M)
0

∂X

∣

∣

∣

∣

∣

X=−a

. (3.35)

3.3.5 An approximate analytic solution in the Debye layers and cell membrane. We now derive an

explicit approximate solution for the leading order potential in the Debye layers and cell membrane,

which we later verify by comparison with the numerical solution to the full system of governing equa-

tions. Writing

Mi = φ
(D)
i,0

∣

∣

∣

X=a
, Me = φ

(D)
e,0

∣

∣

∣

X=−a
, (3.36)

the solution to Eq. (3.31), that satisfies the continuity conditions at the boundaries of the membrane

given by Eqs. (3.32) and (3.33) is, for −a < X < a,

φ
(M)
0 =

Mi +Me

2
+

Mi −Me

2a
X . (3.37)

Recalling the typical values for εm,εb, f given in Sections 2.1.5 and 2.2, and solution for φ
(M)
0 given

by Eq. (3.37), we see that the dimensionless surface charge on the inner leaflet of the membrane adjacent

to the intracellular space is normally such that

∣

∣

∣

∣

∣

εm

εb

∂φ
(M)
0

∂X

∣

∣

∣

∣

∣

≪ | f | ,
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and so we may approximate the boundary condition Eq. (3.34) by

∂φ
(D)
i,0

∂X

∣

∣

∣

∣

∣

∣

X=a

= −
εb f

εm
. (3.38)

We may then solve Eq. (3.21) for φ
(D)
i,0 subject to the boundary condition Eq. (3.38) at the cell membrane

that is now independent of the potential in the cell membrane, i.e. both the differential equation and

boundary conditions satisfied by φ
(D)
i,0 are independent of φ

(M)
0 .

Using the parameters given in Table 1 we see that C∗
i ≪ N∗

i ,K
∗
i . The nondimensionalisation given

by Eq. (2.25) then allows us to make the approximation that Ci = 0. Furthermore, if we are sufficiently

close to the cell membrane, the intracellular permittivity given by Eq. (3.15) may be approximated by

ε = εm
εb

. Using these approximations Eq. (3.21) becomes, on using Eqs. (3.2) and (3.22)-(3.25),

−
∂ 2φ

(D)
i,0

∂X ′2
=

2εb

εm
(N̄i + K̄i)sinh

(

φ
(o)
i,0 −φ

(D)
i,0

)

,

with solution, satisfying the boundary condition at X = a given by Eq. (3.38),

φ
(D)
i,0 =

φ
(o)
i,0 +2log



tanh





√

εb (N̄i + K̄i)

2εm
(X −a)+

1

2
sinh−1





4

− f

√

εm (N̄i + K̄i)

2εb











 . (3.39)

The magnitude of the logarithmic term on the right hand side of this expression decays rapidly away

from X = a, with the magnitude of this term being less than 0.01 for X > a+0.01; it is valid to use the

approximation ε = εm
εb

on this interval. For X > a+0.01 we may approximate Eq. (3.39) by φ
(D)
i,0 = φ

(o)
i,0 ,

which satisfies Eq. (3.21), as φ
(o)
i,0 is independent of X . The solution given by Eq. (3.39) is therefore

valid in the whole Debye layer and satisfies both the boundary condition Eq. (3.38) and the matching

condition with the outer solution. We observe that Eq. (3.39) gives

Mi = φ
(o)
i,0 +2log



tanh





1

2
sinh−1





4

− f

√

εm (N̄i + K̄i)

2εb











 , (3.40)

indicating that there is a fixed difference between the intracellular potential at the interface with the cell

membrane, and the outer solution for the intracellular potential. We note further that the solution for φ
(D)
i,0

given by Eq. (3.39) varies over a dimensional lengthscale of 10−10 m. This lengthscale is comparable to

the size of ions, and so it is possible that the continuum model described by partial differential equations

does not hold. We discuss this further in Section 5.

Using a similar argument the solution for φ
(D)
e,0 is given by

φ
(D)
e,0 = φ

(o)
e,0 −2log



tanh



B−

√

εb (N̄i + K̄i)

2εm
(X +a)







 ,
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where Me and B are specified by the boundary conditions Eqs. (3.33) and (3.35):

√

εm

8a2εb (N̄i + K̄i)
(Me −Mi) = 1− e(Me−φ

(o)
e )/2, (3.41)

B = tanh−1 e(φ
(o)
e −Me)/2. (3.42)

Noting that

√

εm

8a2εb (N̄i + K̄i)
= O(10−5),

we see that an approximate solution for φ
(D)
e,0 and an expression for the constant Me are given by

φ
(D)
e,0 = φ

(o)
e,0 , (3.43)

Me = φ
(o)
e,0 , (3.44)

indicating that there is no Debye layer in extracellular space.

We now investigate the accuracy of the approximate solutions in both Debye layers and the cell mem-

brane, given by Eqs. (3.37), (3.39) and (3.43), by comparing these approximate solutions to the numer-

ical solution of Eqs. (3.21), (3.26) and (3.31), subject to the boundary conditions given by Eqs. (3.32)-

(3.35). The numerical solution was calculated in two steps. First, for given values of Mi and Me (that are

initially unknown), we may solve Eqs. (3.21), (3.26) and (3.31), subject to the two boundary conditions

given by Eqs. (3.32)-(3.33) and also to matching with the outer solutions as X →±∞, by using the finite

difference method. The second step is to find the two values Mi and Me so that the finite difference

solution calculated satisfies the two remaining boundary conditions, given by Eqs. (3.34)-(3.35). This

second step requires the solution of two simultaneous nonlinear algebraic equations, and was achieved

by using Newton’s method with numerical approximations to the derivatives. The mesh used for the

finite difference method was chosen to ensure that doubling the number of nodes in the mesh would

change the solution for φ at each node by less than the specified tolerance of 10−5.

We set the dimensionless charge on the inner leaflet of the cell membrane, f , to -1.5. The dimen-

sionless transmembrane potential typically varies in the range from -3 to 1. In the left hand column of

Figure 3 we set φ
(o)
e,0 = 0,φ

(o)
i,0 = 1, giving a dimensionless transmembrane potential (based on the outer

solutions for the potential) of 1. The plots in the right hand column show the corresponding plots when

φ
(o)
e,0 = 0,φ

(o)
i,0 = −3, giving a dimensionless transmembrane potential (based on the outer solutions for

the potential) of -3. Plots (a) and (b) show the solution in both Debye layers and the cell membrane.

Solid lines represent the numerical solution of the full system of equations, broken lines represent the

approximate analytic solution, and dotted lines indicate the location of the boundaries of the cell mem-

brane. In plots (c) and (d) we expand the solution in the intracellular Debye layer and cell membrane

in the vicinity of the boundary between these regions. Plots (e) and (f) show the solution in the ex-

tracellular Debye layer and cell membrane in the vicinity of the boundary between these regions. It is

apparent that the approximate analytic solution is a very good approximation to the numerical solution

of the full system of equations. In plots (e) and (f) we note that the numerical solution in the vicinity of

the boundary between the cell membrane and extracellular space is much smoother than the analytical

approximation. This is due to the approximation used when deriving the approximate analytic solution

given by Eqs. (3.43) and (3.44); the resulting approximation of constant extracellular potential in the
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Debye layer will be unable to satisfy exactly the boundary condition given by Eq. (3.35). By contrast the

numerical solution does satisfy this boundary condition and will therefore exhibit a smoother solution.

3.4 The transmembrane potential

Due to the presence of Debye layers, we need to be precise on our definition of the transmembrane

potential. We define the transmembrane potential, Vm, to be the difference in leading order potential

across the membrane, i.e.

Vm = φ
(D)
i,0

∣

∣

∣

X=a
− φ

(D)
e,0

∣

∣

∣

X=−a
.

Using the approximate analytic solution for the leading order potential given by Eqs. (3.36), (3.40) and

(3.44), we obtain

Vm = Mi −Me (3.45)

= φ
(o)
i,0 −φ

(o)
e,0 +2log



tanh





1

2
sinh−1





4

− f

√

εm (N̄i + K̄i)

2εb











 (3.46)

= V
(o)
m +2log



tanh





1

2
sinh−1





4

− f

√

εm (N̄i + K̄i)

2εb











 , (3.47)

where

V
(o)
m = φ

(o)
i,0 −φ

(o)
e,0 . (3.48)

We see that, when using the approximate solution derived here, Vm and V
(o)
m differ by a constant value.

We now verify the relationship given by Eq. (3.47), for the range of values of f given in Section 2.2.

In Figure 4(a) we plot the relationship between V
(o)
m and Vm, where solid lines represent the solution

of Eqs. (3.21), (3.26) and (3.31), subject to the boundary conditions given by Eqs. (3.32)-(3.35), and

broken lines represent the approximation given by Eq. (3.47). We use three values of f : f =−0.06 (the

top pair of lines); f =−1.5 (the middle pair of lines); and f =−4 (the bottom pair of lines). We noted

earlier that Vm typically varies in the range between -3 and 1. We see in Figure 4(a) that Eq. (3.47) is an

excellent approximation to the solution of the full system of equations for a wide range of Vm, including

those typically seen, and also for the range of values of f believed to occur.

3.5 The surface charge density on the membrane

When matching the outer solutions with the Debye layer solutions we will see that it is convenient

to work with the charge density on the membrane. We define Q to be the leading order dimensionless

surface charge density per unit dimensionless area of membrane in the Debye layer at X = a. Integrating

Eq. (3.21) across the Debye layer, using the boundary condition given by Eq. (3.34), and the matching

condition with the outer solution gives

Q =
εm

εb

∂φ (M)

∂X
= f +

∫ ∞

a
N
(D)
i,0 +K

(D)
i,0 +2C

(D)
i,0 −A

(D)
i,0 dX . (3.49)



AN EVALUATION OF SOME ASSUMPTIONS UNDERPINNING THE BIDOMAIN EQUATIONS 17 of 40

φ
(o)
e,0 = 0, φ

(o)
i,0 = 1 φ

(o)
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FIG. 3. The solution for the dimensionless potential in the cell membrane and Debye layers. The solid lines represent the numerical

solution of Eqs. (3.21), (3.26) and (3.31), subject to the boundary conditions given by Eqs. (3.32)-(3.35), and the dashed lines

represent the analytical approximations given by Eqs. (3.37), (3.39) and (3.43). Dotted lines represent the boundaries of the

membrane. In the left hand column φ
(o)
e,0 = 0,φ

(o)
i,0 = 1, in the right hand column φ

(o)
e,0 = 0,φ

(o)
i,0 = −3. Plots (a) and (b) show the

solutions in both Debye layers and the cell membrane. Plots (c) and (d) show the solutions in the vicinity of the boundary between

the intracellular Debye layer and cell membrane. Plots (e) and (f) show the solutions in the vicinity of the boundary between the

extracellular Debye layer and cell membrane.

Similarly, using Eqs. (3.26) and (3.35) we may deduce that the leading order dimensionless surface

charge density per unit dimensionless area of membrane in the Debye layer at X =−a is given by −Q,
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FIG. 4. (a) The true relationship between Vm and V
(o)
m (solid line), and the approximation given by Eq. (3.47) (broken line). (b)

The true relationship between Q and V
(o)
m (solid line), and the approximation given by Eq. (3.52) (broken line). In both figures

the top pair of lines were generated with f =−0.06, the middle pair of lines with f =−1.5, and the lower pair with f =−4. All

variables plotted in this figure are dimensionless variables.

and that

−Q =−
εm

εb

∂φ (M)

∂X
=
∫ −a

−∞
N
(D)
e,0 +K

(D)
e,0 +2C

(D)
e,0 −A

(D)
e,0 dX . (3.50)

Using Eqs. (3.36), (3.37), (3.47) and (3.49) we see that the approximate solution for the potential in

the cell membrane allows us to approximate the charge by

Q = CmVm (3.51)

= Cm



V
(o)
m +2log



tanh





1

2
sinh−1





4

− f

√

εm (N̄i + K̄i)

2εb















 . (3.52)

where the dimensionless capacitance Cm is given by

Cm =
εm

2aεb

.

In Figure 4(b) we compare the value of Q calculated by solving the full system of equations (given

Eqs. (3.21), (3.26) and (3.31), subject to the boundary conditions given by Eqs. (3.32)-(3.35), repre-

sented by the solid lines) with the approximation given by Eq. (3.52) (represented by the broken lines).

The top pair of lines were generated using f = −0.06, the middle pair with f = −1.5, and the lower

pair with f =−4. We see in Figure 4(b) that Eq. (3.51) is an excellent approximation to the full system

of equations for all sets of parameters considered.

For consistency with the nondimensionalisation performed in Section 2.2 we write the dimensional

capacitance C∗
m as

C∗
m = C̄mCm,

where C̄m =
ε̄

Lδ
.
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The parameters given in Section 2.2 give C̄∗
m ≈ 4.2× 10−3 F m−2, which is of the same order as the

values reported elsewhere; see, for example, Beeler and Reuter (1977); Ebihara and Johnson (1980);

Luo and Rudy (1994).

It is worth commenting upon the linearity of the capacitance relationships given by Eqs. (3.51) and

(3.52), as this is an assumption made when deriving the bidomain equations. In Eq. (3.51) a capacitance

relation is given for the quantity Vm which, on appealing to the definition given by Eq. (3.45), we see

is the true definition of the transmembrane potential. In this case, Eq. (3.51) predicts that the charge is

proportional to Vm. In contrast, the quantity V
(o)
m represents the transmembrane potential between the

outer solutions for both intracellular and extracellular spaces, and neglects the Debye layers. In this

case Eq. (3.52) predicts a linear relationship between Q and V
(o)
m with non-zero offset, rather than a pro-

portionality relationship. However, when deriving the bidomain equations the capacitance relationship

is differentiated with respect to time to give the capacitive current. Differentiation of Eqs. (3.51) and

(3.52) with respect to time yields

∂Q

∂ t
=Cm

∂Vm

∂ t
,

∂Q

∂ t
=Cm

∂V
(o)
m

∂ t
,

and so the extra constant that appears in Eq. (3.52), which arises due to the constant charge on the inner

leaflet of the membrane adjacent to intracellular space, does not affect the capacitive current.

3.6 Matching the outer solutions with the Debye layer solutions

We have solutions for the leading order potential in the Debye layers, given by Eqs. (3.39) and (3.43)

that: (i) satisfy the conditions at the cell membrane given by Eqs. (3.32)-(3.35); and (ii) match the

leading order outer solution for the potentials given by Eqs. (3.8) and (3.13). We also have leading order

solutions for the ion concentrations, given by Eqs. (3.22)-(3.25) in intracellular space and by Eqs. (3.27)-

(3.30) in extracellular space, that match the leading order outer solution for these ion concentrations.

The one task remaining is to satisfy the flux boundary conditions on the leading order ion concentrations

at the membrane, given by Eqs. (2.37)-(2.40) and Eqs. (2.43)-(2.46). This may be done using a similar

method to that described by Richardson (2009), and so we give only an overview of this matching

process and refer the interested reader to Richardson (2009) for more details.

Using the expansion given by Eq. (3.16), the first order term in Eq. (2.26) when using the rescaling

given by Eq. (3.14) is

∂N
(D)
i,0

∂ t
+

∂F
(D)
N

∂X
= 0, (3.53)

where the O(1) flux of sodium ions in the intracellular Debye layer is given by

F
(D)
N =

∂N
(D)
i,1

∂X
+N

(D)
i,1

∂φ
(D)
i,0

∂X
+N

(D)
i,0

∂φ
(D)
i,1

∂X
.

Integrating Eq. (3.53) across the Debye layer and applying the boundary condition Eq. (2.37) gives

∂

∂ t

∫ ∞

a
N
(D)
i,0 dX = gN − lim

X→∞
F

(D)
N . (3.54)
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Similarly,

∂

∂ t

∫ ∞

a
K
(D)
i,0 dX = gK − lim

X→∞
F

(D)
K , (3.55)

∂

∂ t

∫ ∞

a
C
(D)
i,0 dX =

1

2
gC − lim

X→∞
F

(D)
C , (3.56)

∂

∂ t

∫ ∞

a
A
(D)
i,0 dX = − lim

X→∞
F

(D)
A . (3.57)

where F
(D)
K ,F

(D)
C ,F

(D)
A are the O(1) fluxes of potassium, calcium and other ions in the Debye layer.

We may then use Eqs. (3.49) and (3.54)-(3.57) to deduce that

∂Q

∂ t
= gN +gK +gC − lim

X→∞

(

F
(D)
N +F

(D)
K +2F

(D)
C −F

(D)
A

)

. (3.58)

Richardson (2009) matched the leading order outer solutions to the leading order Debye layer so-

lutions in both the intracellular and extracellular spaces by identifying an intermediate layer through

which the potential, ion concentrations and total flux of ions is constant to leading order (although the

fluxes of individual ions are not constant). The model used in the current study is slightly different to

that used in Richardson (2009) as: (i) the permittivity is allowed to vary within the intracellular and

extracellular spaces; and (ii) ions are modelled that do not have a valency with unit modulus. A very

similar analysis can be carried out to deduce the existence of a very similar intermediate layer by using

the same scaling as in Richardson (2009):

x = δa+δ 1/2w.

Under this scaling, the leading order solution is independent of the permittivity, and so spatial variations

in the permittivity have no effect. Further, it can be shown that, to leading order, the quantities φ , Ni, Ki,

Ci, Ai and

F
(int)
N +F

(int)
K +2F

(int)
C −F

(int)
A

are all constant, where F
(int)
N ,F

(int)
K ,F

(int)
C ,F

(int)
A are the O(1) fluxes of sodium, potassium, calcium

and other ions in the intermediate layer. The intermediate layer then allows us to satisfy Eqs. (3.54)-

(3.57). Noting that the leading order fluxes of ions out of the intermediate layer as X → ∞ will be

balanced by the leading order intracellular current density in the outer region we can use Eqs. (3.9) and

(3.58) to match the outer solution with the intermediate layer at leading order by demanding that

∂Q

∂ t
= gN +gK +gC −σi

∂φ
(o)
i,0

∂n
. (3.59)

A similar argument may be used in the extracellular space, giving

∂Q

∂ t
= gN +gK +gC −σe

∂φ
(o)
e,0

∂n
. (3.60)

Combining Eqs. (3.59) and (3.60) we see that, across the cell membrane,

σi

∂φ
(o)
i,0

∂n
= σe

∂φ
(o)
e,0

∂n
. (3.61)
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3.7 The microscale equations

We have derived a system of equations for the leading order outer solutions for the potential, which we

now adapt so that they are in identical form to those used in other studies (Bruce et al., 2014; Hand and

Griffith, 2010, 2011; Keener and Sneyd, 1998; Keener and Panfilov, 1996; Neu and Krassowska, 1993;

Richardson and Chapman, 2011). Writing

φ̃
(o)
i,0 = φ

(o)
i,0 +2log



tanh





1

2
sinh−1





4

− f

√

εm (N̄i + K̄i)

2εb











 , (3.62)

we see that, using Eq. (3.40) and noting that the logarithmic term in Eq. (3.62) is constant, the partial

differential equations satisfied by φ
(o)
i,0 ,φ

(o)
e , Eqs. (3.8) and (3.13), become:

∇2φ̃
(o)
i,0 = 0, x ∈ Ωi, (3.63)

∇2φ
(o)
e,0 = 0, x ∈ Ωe. (3.64)

Using Eq. (3.51), the boundary conditions Eqs. (3.59) and (3.61) become

Cm

∂Vm

∂ t
= gN +gK +gC −σi

∂ φ̃
(o)
i,0

∂n
, x ∈ Ωi ∩Ωe, (3.65)

σi

∂ φ̃
(o)
i,0

∂n
= σe

∂φ
(o)
e,0

∂n
, x ∈ Ωi ∩Ωe, (3.66)

where, from Eq. (3.46),

Vm = φ̃
(o)
i,0 −φ

(o)
e,0 . (3.67)

These equations and boundary conditions differ only to those used in other studies (Bruce et al., 2014;

Hand and Griffith, 2010, 2011; Keener and Sneyd, 1998; Keener and Panfilov, 1996; Neu and Kras-

sowska, 1993; Richardson and Chapman, 2011) through the re-definition of the intracellular potential;

the definition of φ̃
(o)
i,0 given by Eq. (3.62) is the intracellular potential in the Debye layer adjacent to the

cell membrane rather than the outer solution for the intracellular potential.

4. The macroscale equations

Having derived our microscale model, we now utilise the homogenisation technique for an almost pe-

riodic microstructure described by Richardson and Chapman (2011) to derive the tissue level bidomain

equations.

4.1 The bidomain equations

We define x to be the coordinates of a point in cardiac tissue, and assume that a transformation B(x, t)
exists such that the microstructure is periodic in the coordinate system x′, where

x′ = B(x, t),
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and we define the matrix F by

Fi j =
∂B j

∂xi

.

We acknowledge that this is a slight abuse of notation, as F has previously been used to denote Faraday’s

constant. However, as F is natural notation to use in the context above, and Faraday’s constant will

not be required for the remainder of this paper, this should not cause confusion. We note that x′ is a

coordinate system in which the microstructure is periodic, and is not a coordinate system that represents

the undeformed cardiac tissue before the onset of a heartbeat.

The purpose of the transformation B defined above is to transform the tissue microstructure in the x

coordinate system so that it consists of identical repeating cardiac cells in the x′ coordinate system. We

define x to be the macroscale coordinate, and assume that variations in the orientation of the microstruc-

ture occur over a lengthscale L that is much longer than the length of an individual cardiac cell, Lmicro.

As a consequence we have

ε =
Lmicro

L
≪ 1.

We again note a slight abuse of notation, as ε has been used to denote a permittivity earlier; this should

not cause confusion as the permittivity is not under consideration in this section. Defining the microscale

coordinate y′ by

y′ =
x′

ε
=

B(x, t)

ε
,

we see that components of y′ are O(1) over a single cardiac cell.

We now rescale some variables so that all current densities and potentials have magnitude that usu-

ally lie between 0 and 1. Remembering the scaling for the current density used in Section 2.2 we rescale

as follows, where carats denote scaled variables:

Ĵ =
1

0.233
(gN +gK +gC) ,

φ̂
(o)
i,0 =

φ̃
(o)
i,0 +3

4
,

φ̂
(o)
e,0 =

φ
(o)
e,0 +3

4
,

V̂m =
Vm +3

4
.

We also rescale time so that

t̂ =
0.233t

4Cm

.
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Eqs. (3.63)-(3.67) then become, on dropping carats:

∇2φ
(o)
i,0 = 0, x ∈ Ωi, (4.1)

∇2φ
(o)
e,0 = 0, x ∈ Ωe, (4.2)

∂Vm

∂ t
= J−Z

∂φ
(o)
i,0

∂n
, x ∈ Ωi ∩Ωe, (4.3)

σi

∂φ
(o)
i,0

∂n
= σe

∂φ
(o)
e,0

∂n
, x ∈ Ωi ∩Ωe, (4.4)

Vm = φ
(o)
i,0 −φ

(o)
e,0 , x ∈ Ωi ∩Ωe, (4.5)

where J = O(1) and

Z =
4σi

0.233
.

Noting that myocytes are typically around 10−4 m long, and using the value of L given in Section 2.2,

we have

ε =
Lm

L
≈ 0.1.

Using the definition of σi given by Eq. (3.10), and the parameters given in Section 2.2, we obtain Z =
O(1/ε), and so Eqs. (4.1)-(4.5) are precisely the distinguished limit of the microscale model investigated

by Richardson and Chapman (2011), allowing us to obtain the tissue level bidomain equations

∇ ·
(

Σ (i)∇Φi

)

= χ

(

J+Cm

(

∂V

∂ t
+(U ·∇)V

))

, (4.6)

∇ ·
(

Σ (e)∇Φe

)

= −χ

(

J+Cm

(

∂V

∂ t
+(U ·∇)V

))

, (4.7)

where Φi is the tissue level intracellular potential (which is actually representative of the intracellular

potential adjacent to the cell membrane), Φe is the tissue level extracellular potential,

V = Φi −Φe, (4.8)

χ is the ratio of the dimensionless myocyte surface area to the dimensionless volume of the unit that

we homogenise over, U is the velocity of the tissue, and Σ (i),Σ (e) are the tissue level intracellular and

extracellular conductivity tensors that arise from the homogenisation procedure.

The conductivity tensors may be written in terms of the solution of differential equations that would

normally be termed “cell problems”. However, as the use of the word “cell” in this context could cause

confusion with cardiac cells, we abandon this convention and will refer to these problems as being

defined on the unit that we homogenise over. These problems may be specified in several equivalent

forms, see Richardson and Chapman (2011) for a full discussion. For the purpose of interpreting the

homogenised conductivity tensors we define the conductivity tensors as having entries given by, for
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p,r = 1,2,3:

Σ
(i)
pr =

Θσi

V ′
Fp j

(

∫

Ω ′
i

δ jk +
∂W

(i)
k

∂y′j
dV ′

)

F−1
kr , (4.9)

Σ
(e)
pr =

Θσe

V ′
Fp j

(

∫

Ω ′
e

δ jk +
∂W

(e)
k

∂y′j
dV ′

)

F−1
kr , (4.10)

where Θ = εZ, and, here and throughout the remainder of this paper, we will use the summation con-

vention. The vectors W(i),W(e) are periodic in y′ and satisfy, for r = 1,2,3:

Fi jFik

∂ 2W
(i)
r

∂y′j∂y′k
= 0, y′ ∈ Ω ′

i , (4.11)

Fi jFikn′j
∂W

(i)
r

∂y′k
= FpqFprn

′
q, y′ ∈ ∂Ω ′, (4.12)

Fi jFik

∂ 2W
(e)
r

∂y′j∂y′k
= 0, y′ ∈ Ω ′

e, (4.13)

Fi jFikn′j
∂W

(e)
r

∂y′k
= FpqFprn

′
q, y′ ∈ ∂Ω ′, (4.14)

where, in the y′ coordinate system, n′ is the unit normal pointing from intracellular space into extracel-

lular space, Ω ′
i is the intracellular region, Ω ′

e is the extracellular region, and ∂Ω ′ is the cell membrane

(now assumed to have zero thickness). We prove in Appendix B that the conductivity tensors defined

above are both symmetric and positive definite. This ensures the existence of an orthonormal change of

coordinates, with respect to which a conductivity tensor is diagonal with positive entries on the diagonal.

A common assumption is that the convection term in Eqs. (4.6) and (4.7) may be neglected. An

evaluation of this assumption would require us to calculate the tissue velocity U which would, in turn,

require a description of the forces generated; see, for example Hunter et al. (1998); Niederer et al.

(2006). This would add significant complexity into the discussion, and we postpone a discussion of the

effects of neglecting this term to future work.

4.2 Analytic predictions on entries of the conductivity tensors

We now present some observations on the entries of the conductivity tensors, and some approximations

that are relevant to cardiac tissue. Further observations arising from calculating the numerical solution

of Eqs. (4.11)-(4.14) are given in Section 4.3.

We use the singular value decomposition theorem (see, for example, Trefethen and Bau (1997)) to

write F as the product of linear transformations. This theorem allows us to factorise any square matrix

F with real entries as

F = QDP, (4.15)

where P,Q,R are square matrices of the same size as F and

P⊤P = I , Q⊤Q = I , D is diagonal with non-negative entries, (4.16)
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where I is the identity matrix. Furthermore, the values that appear on the diagonal of D are uniquely

defined. We may then interpret F as a combination of a rotation and a reflection (represented by P),

followed by a stretch along each coordinate axis (represented by D), followed by a further combination

of a rotation and reflection (represented by Q). We now interpret the conductivity tensors in terms of the

matrices P,Q,R.

4.2.1 The effect of Q. The differential equations and boundary conditions on the unit that we ho-

mogenise over, given by Eqs. (4.11)-(4.14), depend on F only through terms of the form Fi jFik, which

is the j,k entry of F⊤F . It is therefore F⊤F , rather than F , that is of interest when solving Eqs. (4.11)-

(4.14). The singular value decomposition of F given by Eq. (4.15), together with the properties of Q and

D given by Eq. (4.16), allow us to write F⊤F = P⊤D2P, which is idependent of Q, and so the solution of

Eqs. (4.11)-(4.14) is also independent of Q. Suppose Σ (i,DP),Σ (e,DP) are the conductivity tensors arising

when F = DP. We then have, on using Eqs. (4.9) and (4.10),

Σ
(i)
pr = QΣ (i,PD)Q⊤, Σ

(e)
pr = QΣ (e,PD)Q⊤.

This is expected; it is a statement that if tissue is rotated after stretches have been carried out, with

the rotation matrix represented by Q, then this rotation simply aligns the conductivity tensor with a

coordinate system that has been rotated using the same matrix Q.

4.2.2 The special case that F =D. Suppose the repeating unit that we homogenise over is symmetric

in the planes y′1 = y
(0)′

1 , y′2 = y
(0)′

2 and y′3 = y
(0)′

3 . We will now demonstrate that if F is a diagonal matrix,

then these symmetries allow us to deduce that the conductivity tensors defined by Eq. (4.9) and (4.10)

are diagonal. If F is given by

F =





D11 0 0

0 D22 0

0 0 D33



 ,

then the unit problem given by Eq. (4.11) for W
(i)
1 becomes, for y′ ∈ Ω ′

i :

D2
11

∂ 2W
(i)
1

∂y′21
+D2

22

∂ 2W
(i)
1

∂y′22
+D2

33

∂ 2W
(i)
1

∂y′23
= 0, (4.17)

and the boundary condition given by Eq. (4.12) becomes, for y′ ∈ ∂Ω ′:

D2
11

∂W
(i)
1

∂y′1
n′1 +D2

22

∂W
(i)
1

∂y′2
n′2 +D2

33

∂W
(i)
1

∂y′3
n′3 =−D2

11

∂W
(i)
1

∂y′1
n′1. (4.18)

Suppose a solution W
(i)
1 is found that satisfies both the differential equation given by Eq. (4.17) and the

boundary conditions given by Eq. (4.18) in the region y′2 > y
(0)′

2 . We may then extend the definition of

W
(i)
1 by setting, for y′2 < y

(0)′

2 :

W
(i)
1

(

y′1,y
′
2 − y

(0)′

2 ,y′3

)

=W
(i)
1

(

y′1,−
(

y′2 − y
(0)′

2

)

,y′3

)

.
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We see that this extended definition of W
(i)
1 satisfies the differential equation given by Eq. (4.17) and the

boundary conditions given by Eq. (4.18) at all points in the domain under consideration. The solution

W
(i)
1 is then an even function of y′2 about the plane y′2 = y

(0)′

2 , and so the partial derivative ∂W
(i)
1 /∂y′2 is

an odd function of y′2 about this plane. If we define B to be the matrix with entries given by

B jk =
∫

Ω ′
i

δ jk +
∂W

(i)
k

∂y′j
dV ′, j,k = 1,2,3,

then using Eq. (4.9), and recalling the symmetry of the region of integration about y′2 = y
(0)′

2 , we may

deduce that B12 = 0. Other off-diagonal entries of B can be shown to be zero using similar arguments.

Noting that DAD−1 = A for all diagonal matrices A,D (provided D−1 exists), Eq. (4.9) allows us to

deduce that the intracellular conductivity tensor is diagonal. A similar argument may be used to deduce

that the extracellular conductivity tensor is also a diagonal matrix.

4.2.3 The special case that PD = DP and P is a rotation matrix. Let P be a 3×3 orthogonal matrix

representing a non-trivial rotation, and D be a 3×3 diagonal matrix D. In Appendix C we prove that P

and D commute provided that either: (i) the axis of the rotation lies along one of the coordinate axes,

and the entries of D that represent the stretch along the other two axes are equal; or (ii) D is a multiple

of the identity matrix.

Assuming that the property that PD = DP holds we obtain

F = QDP = Q̂D,

where Q̂ = QP is an orthonormal matrix. The discussion in Section 4.2.1 then allows us to deduce that,

if Σ (i,D),Σ (e,D) are the conductivity tensors arising when F = D, we then have, using Eqs. (4.9)-(4.10):

Σ (i) = (QP)Σ (i,D)(QP)⊤, Σ (e) = (QP)Σ (e,D)(QP)⊤.

In this special case when the matrices P and D commute we may calculate the conductivity tensors

by first compute the conductivity tensors arising from the stretches, and then applying the composite

rotation and reflection described by the matrix QP.

4.2.4 An approximation relevant to cardiac tissue. Models of cardiac tissue deformation are often

singular outside the region 0.85 < λ < 1.2, where λ is the stretch ratio in the direction of the cardiac

fibre of the deformed tissue relative to the undeformed tissue; see, for example, Hunter et al. (1998).

If we assume that this stretch is representative of the maximum stretch in all directions, and is also

representative of the stretch in all directions between the deformed tissue and a periodic microstructure,

the matrix D that appears in the singular value decomposition of F given by Eq. (4.15) may be written

D = I +δ





D̂11 0 0

0 D̂22 0

0 0 D̂33



 , (4.19)

where δ = O(0.1), and D̂11, D̂22, D̂33 = O(1). We note another slight abuse of notation; δ was pre-

viously used to denote a small parameter when deriving the microscale model in Sections 2 and 3.

However, this new use of δ is confined to this short subsection, and we feel the discussion in this section
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will be clearer if we use a symbol that is commonly used for a small parameter. Using Eq. (4.19) we

have, for any matrix P with entries that are all O(1):

DP = PD+B,

where all entries of the matrix B are O(δ ). Using the singular value decomposition of F , and noting

that all entries of P and P are O(1), we obtain

F = QDP

= QPD+QB

= QP+C, (4.20)

where all entries of the matrix C are also O(δ ). We now expand W
(i)
r , r = 1,2,3, as a regular asymptotic

expansion in powers of δ :

W
(i)
r =W

(i)
r,0 +δW

(i)
r,1 + . . . ,

and see, on using Eqs. (4.11) and (4.12) that the leading order term satisfies

∂ 2W
(i)
r,0

∂y′j∂y′j
= 0, y′ ∈ Ω ′

i ,

n′k
∂W

(i)
r,0

∂y′k
= n′r, y′ ∈ ∂Ω ′,

and so the leading order term for W
(i)
r,0 is given by the solution of Eqs. (4.11) and (4.12) with F = I .

Substituting the asymptotic expansion for W
(i)
r,0 , and the expression for F given by Eq. (4.20), into

Eq. (4.9) gives, on neglecting terms of O(δ ):

Σ (i) = (QP)Σ (i,I )(QP)⊤,

where Σ (i,I ) is the intracellular conductivity tensor obtained when F = I . Similarly, neglecting terms

of O(δ ) allows us to approximate the extracellular conductivity tensor by

Σ (e) = (QP)Σ (e,I )(QP)⊤,

where Σ (e,I ) is the extracellular conductivity tensor obtained when F = I .

The assumption given by Eq. (4.19) — that the stretch ratios in all directions are given by 1+O(δ )
for δ ≪ 1 — allows us to verify the more general assumption used when modelling cardiac tissue using

the bidomain equations: given principal values of the conductivity tensors, the conductivity tensors

at a given point may be approximated by rotating the diagonal conductivity tensor to align with the

microstructure, and that the diagonal entries are constant across the tissue. We will verify the validity of

this assumption numerically in Section 4.3.

4.3 Numerical predictions on entries of the conductivity tensors

We now extend some of the ideas given in Section 4.2 by calculating a numerical solution of Eqs. (4.11)-

(4.14), the differential equations and boundary conditions on the unit we homogenise over, and then

using Eqs. (4.9) and (4.10) to compute the conductivity tensors. In all calculations we set Θ = σi =
σe = 1 in Eqs. (4.9) and (4.10).
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4.3.1 The repeating unit that we homogenise over. Before we may calculate a numerical solution of

Eqs. (4.11)-(4.14) we first need to generate a repeating unit to homogenise over. Myocytes are roughly of

a long cylindrical shape, and we align the axis of the cylinder with the y′3-axis. The repeating periodic

unit in y′ coordinates that we homogenise over occupies the region −L1 < y′1 < L1, −L2 < y′2 < L2,

−0.5 < y′3 < 0.5. The unit is then constructed in three steps. As a first step we define the cell membrane

to be a cylinder, with axis in the y′3 direction, with radius r(y′3) given by

r = R1 +
1

2
(R0 −R1)

(

1+ tanhK(|y′3|−Z0)
)

,

where R0 < R1, and R1 < L1,L2. We define the intracellular region to be the interior of this cylinder, the

extracellular region to be the exterior of this region, and use the parameters R0 = 0.1,R1 = 0.11,K =
20,Z0 = 0.45, L1 = 0.111, L2 = 0.111. The second step is to incorporate connectivity between the

intracellular region of adjacent repeating units in the y′1 direction. To this end, we first remove the

regions where (y′2)
2 +(y′3)

2 < r2
23 from the cell membrane, and add surfaces where (y′2)

2 +(y′3)
2 = r2

23

that join the cell membrane to the boundary of the unit that we homogenise over. The third step is to

add connectivity of the intracellular region of adjacent repeating units in the y′2 direction in a similar

manner to that done in the second step for the y′1 direction. To do this we remove the regions where

(y′1)
2+(y′3)

2 < r2
13, from the cell membrane, and add surfaces where (y′1)

2+(y′3)
2 = r2

13 that join the cell

membrane to the boundary of the unit that we homogenise over. We use two different sets of parameters

for r23 and r13 in our simulations. For the first set, we use r23 = 0.05,r13 = 0.04. For the second set we

use values with a more marked difference and set r23 = 0.06,r13 = 0.02.

We give an exemplar plot the unit that we homogenise over in Figure 5. To illustrate this unit clearly

we plot the unit using values of exaggerated values of R0,L1,L2,r23,r13, taking R1 = 0.15, L1 = L2 = 0.4,

r23 = 0.06, r13 = 0.03. We emphasise that these values are for clarity of illustration of the unit only.

The values specified earlier result in a unit that we homogenise over that is more representative of the

configuration of myocytes reported elsewhere (Guyton and Hall, 1996).

FIG. 5. The repeating unit that we homogenise over. Note that the parameters used in this figure are chosen for clarity; see text

for more details on the parameters used in simulations.
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4.3.2 The special case that F =D. We noted in Section 4.2.2 that when F =D, representing stretches

in the direction of the coordinate axes, both the intracellular and extracellular conductivity tensors are

diagonal matrices. In Figure 6 we plot the diagonal entries of the intracellular and extracellular conduc-

tivity tensors when

F =







λ1 0 0

0 λ
−1/2

1 0

0 0 λ
−1/2

1







for 0.8 < λ1 < 1.2, i.e. the range of stretches for cardiac tissue discussed in Section 4.2.4. We begin by

using the first set of parameters given in Section 4.3.1 to generate the repeating unit that we homogenise

over. The diagonal entries of Σ (i) and Σ (e) that are generated using this repeating unit are plotted

Figures 6(a) and 6(b). We see that the entries vary very little over these values of λ1, in agreement with

the predictions in Section 4.2.4. We then consider the second set of parameters given in Section 4.3.1 to

generate the repeating unit that we homogenise over, and plot the diagonal entries of Σ (i) and Σ (e) that

are generated in Figures 6(c) and 6(d). There is slightly more dependence on λ1 than for the first set of

parameters, although the dependence is still modest.

4.3.3 Effect of shearing. We now investigate the effect of a transformation between a periodic mi-

crostructure and an almost periodic microstructure that is given by

x1 = x′1, x2 = x′2, x3 = x′3 + γ
(

x′1 + x′2
)

. (4.21)

This represents a shear, and the matrix F that represents this shear is given by

F =





1 0 −γ
0 1 −γ
0 0 1



 .

We note that this shear does not change the fibre direction, sheet direction or normal to these two

directions, and recall that these directions are commonly assumed to determine the principal directions

of the conductivity tensors.

We begin by using the first set of parameters in Section 4.3.1 to generate the repeating unit that

we homogenise over, and generate Σ (i) and Σ (e) by solving Eqs. (4.9)-(4.14). As Σ (i) and Σ (e) are

symmetric and positive definite we may calculate the principal values and principal directions. The

principal directions are given by the eigenvectors of Σ (i) and Σ (e). We use spherical polar coordinates

to represent the principal directions, where a point in space is defined by coordinates

(r cosφ sinθ ,r sinφ sinθ ,r cosθ),

where r > 0, 0 6 θ < π and 0 6 φ < 2π . Using spherical polar coordinates, the coordinate axis x1 is in

the direction given by θ = π/2,φ = 0, x2 is in the direction given by θ = π/2,φ = π/2, and x3 is in the

direction given by θ = 0, with φ undetermined.

We plot the eigenvalues of Σ (i) and Σ (e) as a function of γ in Figures 7(a) and 7(b), and the values

of θ for the principal directions in Figures 7(c) and 7(d). We see that these vary very little with γ ,

and that the value of θ is the expected value. We plot the values of φ for the principal directions in
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FIG. 6. The diagonal entries of the conductivity tensors as a function of the stretch λ1; see text for more details on the definition of

the stretch. (a) The entries of Σ (i), and (b) the diagonal entries of Σ (e) when using the first set of parameters given in Section 4.3.1

to generate the repeating unit that we homogenise over. (c) and (d) show the diagonal entries of Σ (i) and Σ (e) when using the

second set of parameters to generate the repeating unit that we homogenise over. In all figures the solid line represents the

conductivity in the x3 direction (i.e. the entry in row 3 and column 3 of the conductivity tensor), the broken line the conductivity

in the x1 direction, and the dotted line the conductivity in the x2 direction.

Figures 7(e) and 7(f). In this figure we do not plot the values of φ when θ = 0, as under these conditions

φ is not determined (or needed). We do see some variation in φ with γ , particularly for the extracellular

conductivity tensor. However, we saw in Figures 7(a) and 7(b) that two of the conductivities are very

similar, again especially for the extracellular conductivity tensor. Noting that the principal direction

associated with the two similar conductivities has θ = π/2, under these circumstances variations in φ
for these two conductivities will have very little effect on the conductivity in a given direction. As a

consequence these variations in φ are likely to have only minimal effect on the solution of the tissue

level bidomain equations.

We now repeat the calculation of Σ (i) and Σ (e) presented in Figure 7, using the second set of pa-

rameters described in Section 4.3.1 to generate the repeating unit that we homogenise over. We plot the

eigenvalues of Σ (i) and Σ (e) as a function of γ in Figures 8(a) and 8(b). In common with the calculations

presented in Figures 7(a) and 7(b) we see that the dependence of the eigenvalues on γ is very weak. In
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FIG. 7. (a), (b) the eigenvalues of Σ (i) and Σ (e); (c), (d) the θ coordinate in spherical polar coordinates of the eigenvectors of Σ (i)

and Σ (e); (e), (f) the φ coordinate in spherical polar coordinates of the eigenvectors of Σ (i) and Σ (e). The first set of parameters in

Section 4.3.1 was used to generate the repeating unit that we homogenise over. In all figures the solid line represents the principal

component corresponding to the fibre direction, the broken line the sheet direction, and the dotted line the sheet normal direction.
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contrast to Figures 8(a) and 8(b), however, the eigenvalues are more widely separated. In Figures 8(c)

and 8(d) we again see that the values of θ calculated vary very little with γ , and take expected values.

As the eigenvalues are now more separated than those in Figure 7 we see in Figures 8(e) and 8(f) that the

values of φ vary far less with γ . As a consequence, the principal directions of both conductivity tensors

are very close to being aligned with the axes of the x coordinate system, as would be expected when

the microstructure orientation is unchanged. Given the weak dependence on γ , use of the conductivity

tensors generated when γ = 0 — i.e. the microstructure that has not been sheared — is an excellent

approximation to the conductivity tensors that are calculated using other values of γ .

4.3.4 Larger stretches that are not along coordinate axes. In our final set of calculations we investi-

gate stretches that are larger than those considered so far, and that are large enough that the approxima-

tions derived in Section 4.2.4 are not valid. Although these may not normally be seen when modelling

cardiac tissue, they may be representative of a precordial thump (see, for example, Pellis and Kohl

(2009)) where an attempt is made to restart the heart through a violent impact.

We use F = DP, where

D =







λ1 0 0

0 λ
−1/2

1 0

0 0 λ
−1/2

1






, P =





cos 1
4
π 0 −sin 1

4
π

0 1 0

sin 1
4
π 0 cos 1

4
π



 ,

and so F represents an anti-clockwise rotation through an angle π/4 about the positive x2 axis, followed

by stretches along the original directions of the coordinate axes. Under the given rotation the x1 axis is

rotated to point in the direction θ = π/4,φ = 0, the x2 axis in the direction θ = π/2,φ = π/2, and the

x3 axis in the direction θ = π/4,φ = π .

We calculate Σ (i) and Σ (e) using the second set of parameters described in Section 4.3.1 to generate

the repeating unit that we homogenise over. We plot the eigenvalues of Σ (i) and Σ (e) as a function of λ1

in Figures 9(a) and 9(b), and see that these eigenvalues are more dependent on λ1 than those in earlier

simulations, especially the eigenvalue representing the conductivity in the sheet direction, perpendicular

to the fibre direction. We also see, in Figures 9(c) and 9(d), that the values of θ also varies from the

value that would occur if the matrices P and D commuted. Finally, for the choice of P and D used in

these calculations, we see in Figures 9(e) and 9(f) that φ is largely unaffected by changes in λ1. This

may, of course, not be the case if we used a different rotation; the rotation described by the matrix P

does not change the value of φ when applied to a point in space.

The key point to note from the calculation presented in this section is that, for large stretches, both

the principal conductivities of the conductivity tensors, and their principal directions, depend on the

stretch. When λ1 is close to the value 1, the analysis in Section 4.2.4 allows us to write F ≈ QD with

Q = P. Furthermore, when using this approximation, the result from Section 4.2.1 allows us to deduce

that the principal directions are then determined by the rotation matrix P, and we see the principal

directions in Figure 9 when λ1 = 1 are indeed those predicted earlier in this section. However, as λ1

moves away from the value 1, these values diverge from those predicted by assuming that the rotation

and the stretch matrices commute. Under these circumstances it is therefore no longer valid to assume

that the principal values of the conductivity tensor are uniform across tissue, and that the principal axes

of these tensors may be aligned with the microstructure orientation.
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FIG. 8. (a), (b) the eigenvalues of Σ (i) and Σ (e); (c), (d) the θ coordinate in spherical polar coordinates of the eigenvectors of Σ (i)

and Σ (e); (e), (f) the φ coordinate in spherical polar coordinates of the eigenvectors of Σ (i) and Σ (e). The second set of parameters

in Section 4.3.1 was used to generate the repeating unit that we homogenise over. In all figures the solid line represents the

principal component corresponding to the fibre direction, the broken line the sheet direction, and the dotted line the sheet normal

direction.
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5. Discussion

In this study we set out to investigate the validity of two assumptions embedded within the tissue level

bidomain equations: firstly the assumption that the charge on the membrane is proportional to the po-

tential difference across the membrane; and secondly the assumption that the conductivity tensors had

constant principal values across tissue, with the principal axes of the conductivity tensors being aligned

with the orientation of the tissue microstructure.

To investigate the first of these assumptions we extended the model of the electrophysiology of

the squid giant axon presented by Richardson (2009) that uses the Poisson-Nernst-Planck equations to

model ionic concentrations and potential. We incorporated a more detailed model of the permittivity in

the Debye layers given by Cherepanov et al. (2003). Provided the tissue level intracellular potential was

defined to be that adjacent to the cell membrane — which may be significantly different to that away

from the cell membrane — we saw that the assumption that the charge on the membrane is proportional

to the potential difference across the membrane is a valid assumption for a range of membrane potentials

far wider than seen under normal conditions. This definition of the intracellular potential is unlikely to

cause any difficulties in practice, as the intracellular potential is usually eliminated from the tissue

level bidomain equations, allowing the familiar formulation in terms of the extracellular potential and

transmembrane potential. We should recall, however, that the analysis predicted changes in the potential

across lengthscales that are of the same order as the size of individual ions. As a consequence we should

highlight that it is possible that the continuum limit doesn’t hold in these regions, and an analysis of

discrete ions may be necessary.

The second asumption that we investigated was whether a simple ad hoc form of the tissue level

intracellular and extracellular conductivity tensors commonly used in the bidomain equations was valid.

It is usually assumed that the principal values of these tensors are constant across tissue, and that the

principal directions are aligned with the microstructure, with one axis in the direction of cardiac fibres,

a second axis perpendicular to the fibre but lying within the fibre sheet, and the third axis perpendicular

to this sheet. Using the homogenisation technique for an almost periodic microstructure described by

Richardson and Chapman (2011), and noting that the stretches usually seen in cardiac tissue are rela-

tively small, we demonstrated that this approximation is a reasonable approximation. We did, however,

illustrate that this assumption isn’t always valid when larger stretches are seen, such as in cardiac tissue

when a precordial thump is performed (Pellis and Kohl, 2009), and so some care must be taken when

using the bidomain equations.

A. Parameter values for the microscale model

Values of some parameters that appear in the model presented in Section 2 are given in Table 1.
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Parameter Value Reference

D∗
Ni

7.7×10−10 m2 s−1 Niederer (2013)

D∗
Ki

7.7×10−10 m2 s−1 Niederer (2013)

D∗
Ci

1.5×10−10 m2 s−1 Niederer (2013)

D∗
Ne

1.29×10−9 m2 s−1 Niederer (2013)

D∗
Ke

1.29×10−9 m2 s−1 Niederer (2013)

D∗
Ce

1.5×10−10 m2 s−1 Niederer (2013)

F 9.65×104 C mol−1 Richardson (2009)

R 8.31 C V mol−1 K−1 Richardson (2009)

T 280 K Richardson (2009)

N∗
i 4 mol m−3 Niederer (2013)

K∗
i 135 mol m−3 Niederer (2013)

C∗
i 8×10−5 mol m−3 Niederer (2013)

N∗
e 140 mol m−3 Niederer (2013)

K∗
e 4 mol m−3 Niederer (2013)

C∗
e 1.2 mol m−3 Niederer (2013)

Membrane thickness 7.5×10−9 m Plonsey and Barr (2000)

λ ∗ 10−9 m Cherepanov et al. (2003)

ε0 8.85×10−12 F m−1 Urban et al. (2013)

f ∗ Between −10−3 C m−3 Brown and Noble (1978)

and −6×10−2 C m−3 Cherepanov et al. (2003); Elul (1967)

Kass and Krafte (1987); Kell and DeFelice (1988)

Table 1. Parameter values for the microscale model

B. Proof that the conductivity tensors are symmetric and positive definite

We first show that the intracellular conductivity tensor given by Eq. (4.9) is symmetric. Remembering

that F is constant over the unit we homogenise over we have

Fp j

∫

Ω ′
i

∂W
(i)
k

∂y′j
dV ′ F−1

kr

=
∫

Ω ′
i

Fp j

∂W
(i)
k

∂y′j
F−1

kr dV ′

=
∫

Ω ′
i

Fp j

∂W
(i)
k

∂y′j
F−1

kr +W
(i)
k F−1

kr Fm jFmn

∂ 2W
(i)
s

∂y′j∂y′n
F−1

sp dV ′ using Eq. (4.11)

=
∫

Ω ′
i

∂

∂y′j

(

FmsF
−1
sp Fm jW

(i)
k F−1

kr +W
(i)
k F−1

kr Fm jFmnF−1
sp

∂W
(i)
s

∂y′n

)

−

∂W
(i)
k

∂y′j
F−1

kr Fm jFmnF−1
sp

∂W
(i)
s

∂y′n
dV ′

=

∫

∂Ω ′
W

(i)
k F−1

kr F−1
sp

(

FmsFm jn
′
j +Fm jFmn

∂W
(i)
s

∂y′n
n′j

)

dS′−

∫

Ω ′
i

∂W
(i)
k

∂y′j
F−1

kr Fm jFmnF−1
sp

∂W
(i)
s

∂y′n
dV ′

=−
∫

Ω ′
i

∂W
(i)
k

∂y′j
F−1

kr Fm jFmnF−1
sp

∂W
(i)
s

∂y′n
dV ′ using Eq. (4.12).
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Interchanging the indices r and p, and repeating the argument above, allows us to deduce that

Fp j

∫

Ω ′
i

∂W
(i)
k

∂y′j
dV ′ F−1

kr = Fr j

∫

Ω ′
i

∂W
(i)
k

∂y′j
dV ′ F−1

kp .

It then follows from Eq. (4.11) that Σ
(i)
pr = Σ

(i)
rp , and so the intracellular conductivity tensor is symmetric.

The symmetry of the extracellular conductivity tensor follows using a similar argument.

We now prove that the intracellular conductivity tensor is positive definite. Let u be any vector, and

define the vector v by

vp =

(

δpr +Fp j

∂W
(i)
k

∂y′j
F−1

kr

)

ur.

We then have

0 6 ‖v‖2

= ut

(

δpt +Fpm

∂W
(i)
n

∂y′m
F−1

nt

)(

δpr +Fp j

∂W
(i)
k

∂y′j
F−1

kr

)

ur

= ut

(

δtr +Frm

∂W
(i)
n

∂y′m
F−1

nt +Ft j

∂W
(i)
k

∂y′j
F−1

kr +Fpm

∂W
(i)
n

∂y′m
F−1

nt Fp j

∂W
(i)
k

∂y′j
F−1

kr

)

ur

= ut

(

δtr +Frm

∂W
(i)
n

∂y′m
F−1

nt +F−1
kr F−1

nt

∂

∂y′j

(

W
(i)
k FanFa j +FpmFp j

∂W
(i)
n

∂y′m
W

(i)
k

)

−

F−1
kr F−1

nt FpmFp j

∂ 2W
(i)
n

∂y′j∂y′m
W

(i)
k

)

ur

= ut

(

δtr +Frm

∂W
(i)
n

∂y′m
F−1

nt +F−1
kr F−1

nt

∂

∂y′j

(

W
(i)
k FanFa j +FpmFp j

∂W
(i)
n

∂y′m
W

(i)
k

))

ur,

where we have used Eq. (4.11) in the last line above. We then integrate the final equation above over

Ω ′
i , apply the divergence theorem and the boundary condition Eq. (4.12), and obtain

ur

(

∫

Ω ′
i

δrt +Frm

∂W
(i)
n

∂y′m
F−1

nt dV

)

ut > 0,

and, using the definition of the intracellular conductivity tensor given by Eq. (4.9), it follows that

urΣ
(i)
rt ut > 0,

for all vectors u, and so the intracellular conductivity tensor is positive definite. A similar argument can

be used to show that the extracellular conductivity tensor is positive definite.
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C. Conditions under which rotation matrices and diagonal matrices commute

Suppose P is a 3×3 orthonormal matrix with det(P) = 1, D is a 3×3 diagonal matrix, and that P and

D have entries given by

P =





P11 P12 P13

P21 P22 P23

P31 P32 P33



 , D =





D11 0

0 D22 0

0 0 D33



 ,

where the diagonal entries of D are non-zero. Suppose the matrices P and D commute, i.e. PD = DP.

We then have P = D−1PD, and so





P11 P12 P13

P21 P22 P23

P31 P32 P33



=







P11
D22
D11

P12
D33
D11

P13
D11
D22

P21 P22
D33
D22

P23
D11
D33

P31
D22
D33

P32 P33






.

This equation is clearly satisfied if D11 = D22 = D33, i.e. D is a multiple of the identity matrix. Suppose

D is not a multiple of the identity matrix and D11 6= D22. Clearly from the matrix equation above we

must have P12 = P21 = 0. Furthermore we see that if one of P13 and P31 is non-zero we would require

D11 = D33, and if one of P23 and P32 is non-zero we would require D22 = D33 — the combination of

these would then require D11 = D22, which would contradict D11 6= D22.

One way to allow P and D to commute, with D11 6=D22, is to set P12 =P21 =P13 =P31 = 0. Allowing

P23 and P32 to take non-zero values, we have D22 = D33. The entries of P and D are then given by

P =





P11 0 0

0 P22 P23

0 P32 P33



 , D =





D11 0

0 D22 0

0 0 D22



 .

Remembering that P is an orthonormal matrix with det(P) = 1 we may write the entries of P as

P =





1 0 0

0 cosθ −sinθ
0 sinθ cosθ



 .

We then see that P represents a rotation with axis along the first coordinate direction, and that the

stretches represented by the diagonal matrix are identical in the coordinate directions perpendicular to

the axis of rotation. All other combinations of P and D that commute follow this pattern — the axis of

rotation is along one of the coordinate axes, and the stretches are equal in the directions perpendicular

to this axis.
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FIG. 9. (a), (b) the eigenvalues of Σ (i) and Σ (e); (c), (d) the θ coordinate in spherical polar coordinates of the eigenvectors of Σ (i)

and Σ (e); (e), (f) the φ coordinate in spherical polar coordinates of the eigenvectors of Σ (i) and Σ (e). The second set of parameters

in Section 4.3.1 was used to generate the repeating unit that we homogenise over. In all figures the solid line represents the

principal component corresponding to the fibre direction in the unit we homogenise over, the broken line the sheet direction, and

the dotted line the sheet normal direction.


