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ABSTRACT

2



The notion that wave-following buoys provide less accurate measurements

of extreme waves than their Eulerian counterparts is a perception commonly

held by oceanographers and engineers (Forristall 2000, J. Phys. Oceanogr.,

30, 1931-1943). By performing a direct comparison between the two types of

measurement under laboratory conditions, we examine one of the hypotheses

underlying this perception and establish whether wave measurement buoys

in extreme ocean waves correctly follow steep crests and behave in a purely

Lagrangian manner. We present a direct comparison between Eulerian gauge

and Lagrangian buoy measurements of steep directionally spread and crossing

wave groups on deep water. Our experimental measurements are compared to

exact (Herbers and Janssen 2016, J. Phys. Oceanogr., 46, 1009-1021) and new

approximate expression for Lagrangian second-order theory derived herein.

We derive simple closed-form expressions for the second-order contribution

to crest height representative of extreme ocean waves, namely for a single nar-

rowly spread wave group, two narrowly spread crossing wave groups, and a

strongly spread single wave group. In the limit of large spreading or head-on

crossing, Eulerian and Lagrangian measurements become equivalent. For the

range of conditions we test, we find that our buoy behaves in a Lagrangian

manner, and our experimental observations compare extremely well with pre-

dictions made using second-order theory. Generally, Eulerian and Lagrangian

measurements of crest height are not significantly different for all degrees of

directional spreading and crossing. However, second-order bound-wave en-

ergy is redistributed from super-harmonics in Eulerian measurements to sub-

harmonics in Lagrangian measurement, which affects the ‘apparent’ steepness

inferred from time histories and poses a potential issue for wave buoys that

measure acceleration.
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1. Introduction34

Wave-following buoys are commonly used as devices to measure free surface elevation in the35

oceans. This is, in part, owing to their relative ease of installation; unlike the majority of Eulerian36

measurement devices, buoys do not require a supporting structure. Measurements made with both37

buoys and Eulerian devices are used in operational oceanography and ocean engineering in various38

forms. Summary statistics such as significant wave height Hs and peak period Tp are commonly39

used to calibrate phase-averaged ocean forecast and hindcast models (Janssen et al. 1997; Bidlot40

et al. 2002) and to characterise environmental conditions across the oceans (Hasselmann et al.41

1980; Pontes 1998; Mork et al. 2010; Fedele and Arena 2010; Lenee-Bluhm et al. 2011). Time-42

domain measurements are used to investigate wave dynamics and to gain insight into processes43

such as wave breaking and freak wave formation (Holthuijsen and Herbers 1986; Soares et al.44

2004; Waseda et al. 2014; Whittaker et al. 2016). In such studies, the two types of measurement45

are often used interchangeably.46

However, within the oceanographic and ocean engineering communities, it is generally per-47

ceived that wave buoys are less accurate, particularly when concerning the measurement of ex-48

treme waves (Allender et al. 1989; Forristall 2000; Dysthe and Müller 2008; Collins III et al.49

2014). Various explanations are offered for this perceived inaccuracy, such as a lack of compli-50

ance in the mooring configuration or the ability of a buoy to move horizontally causing it avoid the51

highest crests (Allender et al. 1989; Krogstad and Barstow 2000), the cancellation of second-order52

super-harmonic contributions to crest height owing to their Lagrangian motion (Longuet-Higgins53

1986; Rademakers 1993), and low sampling frequencies resulting in wave crests being missed54

(Forristall 2000). For completeness, we note the probability of observing extreme waves in single-55
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point observations (Eulerian or Lagrangian) is different from spatial-temporal observations (e.g.56

Benetazzo et al. 2017), although we do not focus on this herein.57

In principle, a floating wave-following buoy measures the Lagrangian free surface elevation58

ηL(xH(t), t), which is function of time t both directly and indirectly through its dependence on its59

time-varying horizontal position xH(t), unlike a Eulerian measurement ηE(xH,0, t), which is made60

at a fixed location xH,0. In the limit in which waves are of small amplitude and their behaviour61

is approximated well by linear theory, Lagrangian and Eulerian measurements are identical. The62

nonlinearity associated with steep waves can cause the two types of measurement to differ.63

Longuet-Higgins (1986) examined this for regular progressive waves on deep water, showing64

how measurements may differ owing to nonlinear effects that occur at second-order in amplitude.65

The horizontal motion of a Lagrangian observer serves to cancel out the sharpening of crests66

and broadening of troughs, observed in a Eulerian frame of reference that is a result of second-67

order super-harmonic wave components. This also results in an increase in the position of the68

mean free surface in Lagrangian measurements by approximately a2k/2, when compared to a69

Eulerian measurement, where a is the amplitude of a wave, k = 2π/λ is its wavenumber, and λ its70

wavelength (Longuet-Higgins 1986). Additionally, the Stokes drift velocity uS causes a Doppler71

shift of the wave speed c (in the Eulerian reference frame), and the measured wave period in the72

Lagrangian reference frame TL increases compared to the period in the Eulerian reference frame73

TE (Longuet-Higgins 1986),74

TL−TE

TE
=

uS

c−uS
, (1)

which has recently been studied experimentally by Grue and Kolaas (2019) for finite depth.75

Following on from Srokosz and Longuet-Higgins (1986), Herbers and Janssen (2016, henceforth76

HJ16) investigated how second-order effects apply to irregular waves on finite depth by extending77

existing Eulerian multi-component second-order theory (see Hasselmann 1962; Longuet-Higgins78
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and Stewart 1962; Sharma and Dean 1981; Dalzell 1999) to a Lagrangian reference frame through79

the inclusion of an additional term to account for horizontal motion of surface-following particle.80

HJ16 illustrated that for irregular waves on deep water, much like regular waves, the position of the81

‘mean’ or ‘wave-averaged’ free surface (sub-harmonic bound-wave components at second order)82

is shifted up. Where a ‘set-down’ (negative depression) is observed in a Eulerian measurement83

of a wave group, a ‘set-up’ (positive hump) is observed in the corresponding Lagrangian mea-84

surement. Similarly, as for a regular wave, super-harmonic components disappear in a Lagrangian85

measurement. HJ16 note that for waves on shallow water, the Eulerian sub-harmonic second-order86

bound wave components approach resonance and are strongly amplified, dominating over the La-87

grangian components, which are not amplified by water depth in the same way. Thus, Lagrangian88

measurements in shallow water are approximately equal to their Eulerian equivalents.89

A number of studies have considered the contribution that second-order nonlinearity makes to90

the crest height of extreme waves in a Eulerian frame of reference, finding that the local direc-91

tional conditions have a strong effect. For steep wave groups in unidirectional and weakly spread92

conditions, bound second-order sub-harmonic or ‘difference’ waves form a depression in the wave-93

averaged surface elevation often referred to as a set-down (Longuet-Higgins and Stewart 1962). In94

the case of crossing and strongly directionally spread wave systems, the set-down of sub-harmonic95

bound waves underneath a wave group can turn into a set-up, enhancing the maximum crest am-96

plitude, as theoretically predicted (Okihiro et al. 1992; Herbers et al. 1994; Toffoli et al. 2006;97

Christou et al. 2009) based on second-order interaction kernels (Hasselmann 1962; Sharma and98

Dean 1981; Dalzell 1999; Forristall 2000), observed in field data (Santo et al. 2013; Walker et al.99

2004; Toffoli et al. 2007) and recently in detailed laboratory experiments (McAllister et al. 2018).100

Wave measurement buoys are positively buoyant and float partially submerged on the water101

surface. Datawell’s Waverider buoy and other simple spherical buoys operate approximately half102
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submerged and typically have densities in the range 0.55− 0.66ρw, where ρw is the density of103

sea water. As these buoys are neither neutrally buoyant nor completely submerged, they will not104

necessarily behave in a purely Lagrangian manner. In different physical contexts, enhanced Stokes105

drift has been predicted due to the particle’s inertia for very small submerged particles (Santamaria106

et al. 2013), due to the particle sliding down the slope for floating plates (Meylan et al. 2015) and107

due to wave breaking (Pizzo et al. 2019). Additionally, wave measurement buoys are often moored108

(to the seabed); the force provided by a mooring system may also cause buoy motion to deviate109

from purely Lagrangian.110

In practice, measurement buoys can be deployed without a mooring, but are most commonly111

moored. Measurement buoy moorings are designed to have minimal effect on their motion; the112

resulting designs are complex and vary significantly depending on the depth of water they are113

installed in. Their general design comprises a slack buoyant inflexible section connected to the114

seabed, which allows for a large range of lateral motion. From this, a section composed of a115

flexible material then connects to the buoy itself. The flexibility of this second section reduces its116

effect on the heave motion of the buoy.117

Short of side-by-side comparison, it is difficult to establish to what extent a buoy will behave in118

a true Lagrangian manner in the ocean and how its measurements will compare to measurements119

of the Eulerian free surface elevation at the same location. Various studies have made comparisons120

of in-situ measurements between various buoy designs (Allender et al. 1989; O’Reilly et al. 1996;121

Ashton and Johanning 2015; Raghukumar et al. 2019) and with other types of sensors (O’Reilly122

et al. 1996; Forristall et al. 2004; Herbers et al. 2012). Liu et al. (2015) carried out experiments123

to investigate the performance of slack-moored disc-type wave buoys, which they compared to124

nearby gauge measurements, finding good agreement when considering the spectral parameters125

significant wave height and peak period.126
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To the authors’ knowledge, there are no studies that make a direct comparison between Eule-127

rian and Lagrangian wave-following measurement devices and that focus on second-order aspects128

of the motion. In this paper, we perform a series of laboratory experiments with a scaled model129

buoy to make exactly this comparison and thus provide experimental validation of the Lagrangian130

second-order theory of HJ16. Using the multiple-scales method, we derive new narrow-banded ap-131

proximations to the multi-chromatic theory of HJ16 for three cases: a single weakly directionally132

spread wave group, two crossing weakly directionally spread wave groups and a single strongly133

directionally spread wave group. The resulting expressions are simple and allow a direct appreci-134

ation of the magnitude of the second-order sub- and super-harmonic bound waves, as well as their135

physical origins in different cases.136

In carrying out our experiments, we set out to (partially) answer the question whether wave-137

following buoys (without mooring) behave in a purely Lagrangian manner. In particular, we con-138

sider the behaviour of scaled spherical model buoys in steep directionally spread and crossing139

wave groups on deep water. We focus on wave groups, as they provide a good approximation of140

the shape of extreme waves in the ocean (Lindgren 1970; Boccotti 1983; Phillips et al. 1993; Santo141

et al. 2013; Gemmrich and Thomson 2017).142

This paper is laid out as follows. First, in §2, we review and compare existing Eulerian and143

Lagrangian second-order theory, and present our novel approximate second-order expressions de-144

rived for waves groups. We then give details of our experimental method in §3, and present our145

results in §4. Finally, we discuss the generality of our findings and draw conclusion in §5.146

2. Second-order theory147

In this section, we introduce existing Eulerian and Lagrangian multi-chromatic second-order148

theory (§2.b). We then present our new narrow-banded approximations, derived using the multiple-149
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scales method, for three cases: a single weakly directionally spread wave group (WSG) (§2.c), two150

crossing wave groups (CGs) (§2.d), and a single strongly directionally spread wave group (SSG)151

(§2.e). We also evaluate the Stokes drift velocity and the resulting change in the Lagrangian152

frequency for each of these three cases. Motivated by ocean applications, we focus on cases where153

the water is deep relative to the wavelength of the carrier wave (i.e. k0d� 1 with k0 = 2π/λ0 the154

carrier wavenumber and d depth).155

a. Governing equations156

We assume a three-dimensional body of water of depth d and indefinite lateral extent with a co-157

ordinate system (x,y,z), where x and y denote the horizontal coordinates, and z the vertical coordi-158

nate measured from the undisturbed water level upwards. Inviscid, incompressible and irrotational159

flow is assumed and, as a result, the velocity vector can be defined as the gradient of the velocity160

potential, u =∇φ , and the governing equation within the domain of the fluid is Laplace,161

∇
2
φ = 0 for −d ≤ z≤ η(x,y, t), (2)

where η(x,y, t) denotes the free surface. The kinematic and dynamic free surface boundary con-162

ditions at z = η(x,y, t) are, respectively,163

w− ∂η

∂ t
−u

∂η

∂x
− v

∂η

∂y
= 0, gη +

∂φ

∂ t
+

1
2
|∇φ |2 = 0, (3a,b)

where gravity g acts in the negative z direction and |∇φ |2 = u2 + v2 +w2. Finally, there is a no-164

flow bottom boundary condition requiring that ∂φ/∂ z = 0 at z = −d. By retaining terms up to165

quadratic in the amplitude of the waves, the two free surface boundary conditions in (3) can be166

combined into two forcing equations for the second-order potential and free surface, respectively167

(e.g. Longuet-Higgins and Stewart (1964); McAllister et al. (2018)):168 (
∂

∂ z
+

1
g

∂ 2

∂ t2

)
φ
(2)
E

∣∣∣∣
z=0

= ∇H ·
(

u(1)
H η

(1)
)∣∣∣∣

z=0
(4)
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−1
g

∂

∂ t

(
∂ 2φ (1)

∂ z∂ t
η
(1)+

1
2
|∇φ |2

)∣∣∣∣
z=0

,

169

η
(2)
E =

−1
g

(
∂φ

(2)
E

∂ t
+
(

∂ 2φ (1)

∂ z∂ t
η
(1)+

1
2
|∇φ |2

))∣∣∣∣∣
z=0

, (5)

where the superscripts denote the order in amplitude and we use (superfluous) subscripts E to170

denote Eulerian in order for distinction with Lagrangian (L) to be made below (n.b. we only171

introduce these subscripts for second-order quantities). For simplicity, we will refer to fields or172

quantities recorded by a Lagrangian observer as Lagrangian, e.g. Lagrangian free surface ηL and173

Lagrangian frequency ωL. The subscript H denotes horizontal components only, so that uH =174

(u,v,0).175

b. Multi-component second-order theory (review)176

Assuming independence between the directional Ω(θ) and amplitude η̂(ω) distributions, the177

linear free surface can be given by a summation over Nk discrete components in Nθ directions:178

η
(1)(x, t) =

Nk

∑
n=1

Nθ

∑
i=1

Ω(θi)η̂n cos(ϕn,i)δkδθ , (6)

where ϕn,i = kn,i ·xH−ωnt+µn,i and the wavenumber vector kn,i = kn
(

cos(θi),sin(θi)
)

has magni-179

tude kn, and θ is measured anti-clockwise from the positive x-axis. Frequencies and wavenumbers180

are related by the linear dispersion relationship ωn =
√

g|kn| tanh(|kn|d). Similarly, the linear181

potential is,182

φ
(1)(x, t) =

Nk

∑
n=1

Nθ

∑
i=1

ωn

|kn|
Ω(θi)η̂ne|kn|z sin(ϕn,i)δkδθ . (7)

Evaluating (4) and (5) using these linear solutions results in the following expression for second-183

order free surface elevation,184

η
(2)
± (x, t) =

Nk

∑
n=1

Nk

∑
m=1

Nθ

∑
i=1

Nθ

∑
j=1

η̂nη̂mΩ(θi)Ω(θ j)B±m,n,i, j

cos(ϕn,i±ϕm, j)(δk)2(δθ)2,

(8)
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where the subscript ± denotes bound waves which occur as the sum (+) or difference (−) of185

the frequencies of their interacting parent waves, and B± represent the respective second-order186

interaction kernels. The structure of these second-order interaction kernels may be defined to187

account for Eulerian B±E (e.g. Dalzell (1999)) or Lagrangian B±L (Herbers and Janssen 2016) free188

surface motion.189

Although expressions for the ‘frequency-difference’ terms in a multi-directional sea can be dis-190

tilled from Hasselmann (1962) (cf. Okihiro et al. (1992)), Sharma and Dean (1981), Dalzell (1999)191

and Forristall (2000) are commonly credited for extending the work of Longuet-Higgins and Stew-192

art (1962) to finite depth directional seas, allowing for interactions between-parent wave compo-193

nents of different frequencies and travelling in different directions (see Pellet et al. (2017) for a194

recent re-derivation that also includes pressure).195

Restricting our attention to terms up to second-order in amplitude, the Eulerian and the La-196

grangian free surface are related by:197

η
(2)
L = η

(2)
E +∆η

(2)
L with ∆η

(2)
L = ∆x(1)H ·∇Hη

(1), (9)

where ∆x(1)H is the linear horizontal motion (i.e. ∂∆x(1)H /∂ t = u(1)
H ). Resulting expressions for198

the second-order interaction kernels for a Lagrangian observer were derived in a unidirectional199

framework by Srokosz and Longuet-Higgins (1986) and Prevosto et al. (2000) and, more recently,200

in fully directional seas by HJ16.201

Distinguishing super- and sub-harmonic (or ‘mean’) terms, we will now consider the Eulerian202

and Lagrangian surface elevation when the spectrum is narrow banded for three cases: a single203

weakly directionally spread wave group (WSG) (§2.c), two crossing wave groups (CGs) (§2.d),204

and a single strongly directionally spread wave group (SSG) (§2.e). Our intention here is to de-205

velop an understanding of the behaviour at second-order that cannot be directly inferred from the206

11



complicated kernels. In doing so, we derive simple expressions for the second-order Eulerian and207

Lagrangian free surface elevations and frequencies. To do so, we thus focus on narrow-banded208

spectra and derive results using the method of multiple scales, considering only leading-order209

terms.210

In each case, we implement the following non-dimensionalisation: η̃(2) ≡ η(2)/(k0a2
0/2), where211

the notation η̃(2) also indicates that our expressions are evaluated at the point of focus (x = 0,212

y = 0), only the dependence on the fast time scale of of the linear waves is maintained, and a0 ≡213

|A(t = 0,y = 0, t = 0)| is the focused linear amplitude of the surface elevation envelope A. We214

choose this point because the second-order surface elevations reach their extrema here. Results215

are summarized in table 1 and compared to exact multi-component second-order theory in §2.f.216

c. A single weakly spread wave group (WSG)217

If we consider a weakly directionally spread wave group (WSG) as a carrier wave with frequency218

ω0 and wavenumber k0, which is slowly modulated by the envelope A(X ,Y ), we may express the219

linear free surface elevation and potential as,220

η
(1) = A(X ,Y )cos(ϕ0), φ

(1) =
ω0

k0
A(X ,Y )ek0z sin(ϕ0), (10a,b)

with ϕ0 = k0x−ω0t + µ0. We have assumed that the linear waves propagate on deep water221

(k0d� 1), so that the linear dispersion relation becomes ω2
0 = gk0. The water depth is not truly222

infinite. In our experiments, the water depth is shallow to intermediate with respect to our wave223

group (d/σx� 1 or d/σx = O(1), respectively). To leading-order in the multiple-scales parameter224

ε (εx ≡ 1/(k0σx) = O(ε) and εy ≡ 1/(k0σy) = O(ε) with σx and σy denoting the characteristic225

spatial scales of the group in its direction of propagation and the direction orthogonal to it, re-226
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spectively), the group is a function of the slow variables: X ≡ εx
(
x− cg,0t) and Y ≡ εyy, where227

cg,0 = dω0/dk0 = ω0/(2k0) is the group velocity.228

1) EULERIAN229

From (5), it is clear that there are two contributions to the Eulerian second-order surface η
(2)
E :230

from the (time derivative of the) second-order potential φ
(2)
E and from a combination of first-order231

terms,232

η
(2)
E,LF ≡

−1
g

(
∂ 2φ (1)

∂ z∂ t

∣∣∣
z=0

η
(1)+

1
2
|∇φ |2

∣∣
z=0

)
, (11)

which we term the linear forcing term η
(2)
E,LF. Its super-harmonic component can be obtained from233

substituting (10) into (11):234

η
(2)
E,LF,+ =

k0A(X ,Y )2

2
cos(2ϕ0), (12)

and its sub-harmonic component is zero in deep-water (k0d � 1) unless waves cross (hence this235

sub-harmonic component was termed the crossing wave term in McAllister et al. (2018), i.e.236

ηE,CW ≡ η
(2)
E,LF,−; see §2.d). We can thus ignore it in the case of a single weakly spread wave237

group. Substituting (10) into (4) and solving for φ
(2)
E yields a leading-order expression for the238

Eulerian second-order potential,239

φ
(2)
E =

ıω0

8π2

∞∫
−∞

∞∫
−∞

κ cosh
(√

κ2 +λ 2(z+d)
)

√
κ2 +λ 2 sinh

(√
κ2 +λ 2d

)
× Â2 exp(ı(κ x̃+λ ỹ))dκdλ ,

(13)

where x̃ ≡ x− cg,0t, ỹ ≡ y, and Â2 denotes the Fourier transform of the square of the packet. As240

is well known, the potential does not have a super-harmonic component (φ (2)
E = φ

(2)
E,−, e.g. Stokes241

(1847)). Equation (13) can then be substituted into (5) and combined with (12) to give the Eulerian242
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free surface elevation:243

η
(2)
E =

−1
16π2

∞∫
−∞

∞∫
−∞

κ2Â2 exp(ı(κ x̃+λ ỹ))√
κ2 +λ 2 tanh

(√
κ2 +λ 2d

)dκdλ

+
k0A(X ,Y )2

2
cos(2ϕ0).

(14)

If we further assume that depth is shallow with respect to the group scale (d/σx� 1), the double244

integral in (14) can be explicitly evaluated at X = 0, Y = 0 to give in non-dimensional form (i.e.245

η̃(2) ≡ η(2)(X = 0,Y = 0)/(k0a2
0/2)) (McAllister et al. 2018):246

η̃
(2)
E =− 1

2k0d
1

1+R
+ cos(2ϕ0), (15)

where R = σx/σy is the aspect ratio of the group and a measure of directional spreading, with247

R→ 0 corresponding to unidirectional waves.248

Equation (15) gives the familiar result for the second-order bound waves of a weakly direction-249

ally spread wave group. The slowly-varying part represents a set-down of the free surface, which250

diminishes as the amount of directional spreading R increases, noting that (15) is only valid for251

weak directional spreading. The rapidly-varying super-harmonics are unaffected by weak direc-252

tional spreading and take the same form as for a unidirectional monochromatic wave. In fact,253

without loss of generality, the dependence of the super-harmonic term on the rapidly-varying 2ϕ0254

with ϕ0 = k0x−ω0t +µ0 and on the slowly-varying envelope A(X ,Y ) can be maintained. This is255

not true for the slowly-varying mean term representing a set-down, which can only be explicitly256

evaluated at the point and time of focus (X = 0, Y = 0) (McAllister et al. 2018).257

2) LAGRANGIAN258

From (10), we can readily obtain the leading-order Lagrangian correction term to the second-259

order free surface elevation ∆η
(2)
L , as defined in (9), which accounts for the horizontal motion a260
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Lagrangian observer:261

∆η
(2)
L =

k0A(X ,Y )2

2
(1− cos(2ϕ0)) , (16)

which comprises a mean set-up term and a super-harmonic term that is out of phase with its262

Eulerian super-harmonic counterpart in (14). Combining this with η
(2)
E in (15), we obtain in non-263

dimensional form:264

η̃
(2)
L = 1− 1

2k0d
1

1+R
. (17)

For a single weakly spread wave group, the Lagrangian and the Eulerian super-harmonic terms265

exactly cancel each other out, as is well known (Longuet-Higgins 1986), leaving only mean terms,266

as predicted in Herbers and Janssen (2016). For a Lagrangian observer, these mean terms take the267

form of a set-up, which is only weakly diminished by the effect of the Eulerian set-down. The268

Lagrangian correction term ∆η
(2)
L does not depend on depth d, whereas the Eulerian term depends269

inversely on depth d (and is small, noting that k0d� 1 here).270

3) STOKES DRIFT VELOCITY AND LAGRANGIAN FREQUENCY271

For a Lagrangian measurement device, the measured linear wave period is increased by a272

Doppler shift induced by Stokes drift (Longuet-Higgins 1986), which is generally given by:273

uS ≡ ∆x(1) ·∇u(1), (18)

which is the product of the linear displacement vector ∆x(1) and the gradient of the linear velocity.274

For a single weakly spread wave group on deep water, the Stokes drift (18) only has a leading-order275

term in the x-direction (the direction of propagation of the carrier wave):276

uS = k0ω0A2. (19)
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Using the Doppler shift ωL,0 = k0(cp,0−uS) with cp,0 = ω0/k0 the phase velocity, we obtain the277

Lagrangian frequency278

ωL,0 = ω0
(
1− k2

0A2) , (20)

which is equivalent to the result by Longuet-Higgins (1986) for a unidirectional monochromatic279

wave (except for slow dependence of the envelope and an apparently superfluous 1/2 in (2.4) of280

Longuet-Higgins (1986)), indicating that the presence of a group or (weak) directional spreading281

does not play a leading-order role.282

d. Two crossing wave groups (CWGs)283

If we now consider two crossing wave groups, with the first group travelling in the x-direction284

(θp = 0) and the second travelling in the direction θp = ∆θ , the linear free surface elevation and285

potential are, respectively,286

η
(1) = A1(X1,Y1)cos(ϕ1)+A2(X2,Y2)cos(ϕ2), (21)

287

φ
(1) =

ω0

k0
A1(X1,Y1)ek0z sin(ϕ1)+

ω0

k0
A2(X2,Y2)ek0z sin(ϕ2), (22)

with phases ϕ1 = k0x−ω0t + µ1 and ϕ2 = k0xcos(∆θ)+ k0ysin(∆θ)−ω0t + µ2. Both groups288

have identical frequencies ω0 and wavenumber magnitudes k0, satisfying the deep-water linear289

dispersion relationship ω2
0 = gk0. Group 1 is a function of the slow scales X1 = εx(x− cg,0t)290

and Y1 = εyy and group 2 of X2 = εx(xcos(∆θ) + ysin(∆θ)− cg,0t) and Y1 = εy(−xsin(∆θ) +291

ycos(∆θ)), so that X1 and X2 are in the directions of propagation of their respective groups. For292

simplicity, we will consider the case A1(X1 = 0,Y1 = 0) = A2(X2 = 0,Y2 = 0) = a0/2, so that the293

linear amplitude at the point and time of focus η(1)(x = 0,y = 0, t = 0) = a0.294

16



1) EULERIAN295

At the sub-harmonic level, the second-order surface is again made up from a Eulerian set-down296

η
(2)
E,SD ≡−(1/g)∂φ

(2)
E,−/∂ t and a cross-wave term η

(2)
E,CW ≡ η

(2)
E,LF,− (11). Both have been evaluated297

by McAllister et al. (2018). As for the case of the weakly spread group, the magnitude of the set-298

down depends inversely on depth k0d and is generally small in deep water. The expression for the299

set-down is only marginally marginally less cumbersome than the multi-chromatic second-order300

theory reviewed in §2.b and we thus do not evaluate it here. The cross-wave term gives (McAllister301

et al. 2018):302

η
(2)
E,CW =

1
2
(1− cos(∆θ))k0A1A2 cos(ϕ1−ϕ2) , (23)

where ϕ1−ϕ2 = x(1− cos(∆θ))− ysin(∆θ)+ µ1− µ2. Although the set-down is always slowly303

varying in both time and space, the crossing-wave contribution (23) responsible for a set-up is304

slowly varying in time, but rapidly varying in space. A partial standing wave pattern forms with305

lines of constant phase at an angle ∆θ/2 to the x-axis, namely in line with the bisection of the306

paths of travel of the two groups. Non-dimensionally, we thus have for the sub-harmonic part of307

the Eulerian second-order free surface elevation at the crossing point (i.e. η̃(2) ≡ η(2)(x = 0,y =308

0)/(k0a2
0/2) with A1(X1 = 0,Y1 = 0) = A2(X2 = 0,Y2 = 0) = a0/2),309

η̃
(2)
E,− = η̃

(2)
E,SD +

1
4
(1− cos(∆θ))cos(µ1−µ2). (24)

At the super-harmonic level, terms arise from both the second-order potential φ
(2)
+ and the linear310

forcing η
(2)
E,LF,+ (cf. (5)). For the latter, we obtain from substituting (21) and (22) into (11):311

η
(2)
E,LF,+ =

k0A1(X1,Y1)
2

2
cos(2ϕ1)+

k0A2(X2,Y2)
2

2
cos(2ϕ2)

− k0A1(X1,Y1)A2(X2,Y2)

2
cos(∆θ)cos(ϕ1 +ϕ2).

(25)
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Substituting (21), (22) and (25) into (4) gives to leading order for φ
(2)
+312

φ
(2)
E,+ =− 2(1− cos(∆θ))ω0A1(X1,Y1)A2(X2,Y2)

4−
√

2+2cos(∆θ) tanh(kzd)

× cosh(kz(z+d))
cosh(kzd)

sin(ϕ1 +ϕ2),

(26)

where kz ≡
√

2+2cos(∆θ)k0. It is clear from (26) that the potential only has super-harmonics313

in the case of crossing (∆θ 6= 0). Substituting (26) into (5) combined with (25) gives the total314

Eulerian super-harmonic second-order free surface elevation. In non-dimensional form, we thus315

obtain at the crossing point (i.e. η̃(2) ≡ η(2)(x = 0,y = 0)/(k0a2
0/2) with A1(X1 = 0,Y1 = 0) =316

A2(X2 = 0,Y2 = 0) = a0/2),317

η̃
(2)
E,+ =

1
4

cos(2ϕ1)+
1
4

cos(2ϕ2)

+

(
1
4
(3− cos(∆θ))− 2(1− cos(∆θ))

4− (kz/k0) tanh(kzd)

)
cos(ϕ1 +ϕ2),

(27)

where kz ≡
√

2+2cos(∆θ)k0 as before. When two waves travel in the same direction (∆θ = 0)318

and have the same phase (µ0 ≡ µ1 = µ2), we obtain η̃
(2)
E,+ = cos(2ϕ0), as for the case of a weakly319

spread group (cf. (15)). When two waves travel in the opposite direction (∆θ = 180◦) and have the320

same phase (µ0 ≡ µ1 = µ2), we obtain η̃
(2)
E,+ = (1/2)cos(2ϕ0), which is equivalent to the super-321

harmonic terms derived for standing waves by Tadjbakhsh and Keller (1960) (their equation (46),322

see also Rayleigh (1915); Penny and Price (1952)).323

2) LAGRANGIAN324

Using the linear solutions for two crossing groups (21-22) to evaluate the Lagrangian second-325

order correction defined in (9) gives in non-dimensional form (i.e. η̃(2) ≡ η(2)(x = 0,y =326

0)/(k0a2
0/2) with A1(X1 = 0,Y1 = 0) = A2(X2 = 0,Y2 = 0) = a0/2),327

∆η̃
(2)
L =

1
2
− 1

4
cos(2ϕ1)−

1
4

cos(2ϕ2)

+
1
2

cos(∆θ)(cos(ϕ1−ϕ2)− cos(ϕ1 +ϕ2)) .

(28)
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When combined with the Eulerian free surface (27), the total Lagrangian second-order super-328

harmonic contribution is given by:329

η
(2)
L,+ =(1− cos(∆θ))

(
3
4
− 2

4−
√

2+2cos(∆θ)

)

× cos(ϕ1 +ϕ2).

(29)

which is only non-zero when waves cross (∆θ 6= 0), as the super-harmonics due to self interaction330

are not present in the Lagrangian signal.331

If we consider only mean terms, we obtain the total Lagrangian second-order sub-harmonic332

contribution,333

η
(2)
L,− = η̃

(2)
E,SD +

1
2
+

1
4
(1+ cos(∆θ))cos(µ1−µ2), (30)

which decays with increasing crossing angle.334

3) STOKES DRIFT VELOCITY AND LAGRANGIAN FREQUENCY335

To estimate the change in the Lagrangian frequency, we obtain the Stokes drift from (18) and336

evaluate the component travelling in the x-direction at the crossing point (x = 0, y = 0) and at337

z = 0,338

uS =
1
4

a2
0k0ω0

(
(1+ cos(∆θ))+2cos4(∆θ/2)

)
, (31)

where we have set A1(X1 = 0,Y1 = 0) = A2(X2 = 0,Y2 = 0) = a0/2. For ∆θ = 0, we recover339

the Stokes drift of a weakly spread group (19) and for ∆θ = 180◦, the Stokes drift is zero. The340

corresponding Doppler-shifted Lagrangian frequency is,341

ωL,0 = ω0

(
1− 1

4
a2

0k2
0
(
(1+ cos(∆θ))+2cos4(∆θ/2)

))
. (32)
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e. A single strongly spread wave group (SSG)342

When the degree of spreading becomes large, the model for a weakly spread group, in which343

directional spreading is captured by the modulation (in the y-direction) of a planar carrier wave344

(travelling in the x-direction), becomes invalid. To examine what is predicted for a strongly spread345

wave group (SSG), we consider the continuous generalization of (6-7), in which the directional346

and frequency (wavenumber magnitude) distributions are assumed independent, a standard as-347

sumption. In polar coordinates, r =
√

x2 + y2 and θp = atan(y/x), we obtain for the linear free348

surface,349

η
(1) =

∞∫
−∞

π∫
−π

Ω(θ)η̂(k)cos(kr cos(θ −θp)−ωt +µ)dθdk, (33)

and the corresponding linear potential,350

φ
(1) =

∞∫
−∞

π∫
−π

ω

k
Ω(θ)η̂(k)ekz sin(kr cos(θ −θp)−ωt +µ)dθdk, (34)

where k = |k| and ω(k) and µ(k) in general. We will now consider the limit of a spectrum that is351

narrow-banded in frequency (wavenumber magnitude) but has arbitrary directional spreading, so352

that (33-34) become353

η
(1) = a0

π∫
−π

Ω(θ)cos(k0r cos(θ −θp)−ω0t +µ0)dθ , (35)

354

φ
(1) =

a0ω0

k0

π∫
−π

Ω(θ)ek0z sin(k0r cos(θ −θp)−ω0t +µ0)dθ , (36)

where ω0 and k0 are the frequency and wavenumber of the carrier wave. We have not retained any355

of the group structure, so that (35-36) present crossing periodic wavetrains. To enable closed-form356

solutions where possible, we will make use of a wrapped normal spreading distribution centered357

around θ = θ0 with characteristic spreading width σθ :358

Ω(θ) =
1√

2πσθ

∞

∑
n=−∞

exp
(
−(θ −θ0 +2πn)2

2σ2
θ

)
. (37)
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1) EULERIAN359

At the sub-harmonic level, the second-order surface is again made up from a Eulerian set-down360

η
(2)
E,SD ≡ −(1/g)∂φ

(2)
E,−/∂ t and a cross-wave term η

(2)
E,CW ≡ η

(2)
E,LF,− (11) (cf. (5)). As for the361

crossing wave groups, the Eulerian set-down term is driven by the return flow, and its magnitude362

will depend inversely on depth k0d and thus be comparatively small for the deep-water conditions363

(k0d � 1) considered here. Because of this and since the set-down term can only be evaluated364

in the form of a triple integral that is only marginally less cumbersome than the multi-chromatic365

second-order theory reviewed in §2.b, we do not evaluate it here.366

The linear forcing term η
(2)
E,LF is not directly affected by depth, and we can find an expression for367

a narrow-banded frequency distribution by substituting (35-36) into (11). Retaining both sub- and368

super-harmonic terms, we obtain at the crossing point r = 0 and after non-dimensionalization (i.e.369

η̃(2) ≡ η(2)(r = 0)/(k0a2
0/2)):370

η̃
(2)
E,LF =

1+3cos(2ϕ0)

2

π∫
−π

π∫
−π

Ω(θ1)Ω(θ2)dθ1dθ2

− 1+ cos(2ϕ0)

2

π∫
−π

π∫
−π

Ω(θ1)Ω(θ2)cos(θ1−θ2)dθ1dθ2,

(38)

where ϕ0 = ϕ0(r = 0) = −ω0t + µ0. For the wrapped normal distribution (37), the integrals in371

(38) can be evaluated explicit to give:372

η̃
(2)
E,LF =

1
2

(
1− e−σ2

θ

)
+

1
2

(
3− e−σ2

θ

)
cos(2ϕ0), (39)

where we can confirm, in the limit σθ → 0, the sub-harmonic term vanishes and the super-373

harmonic term approaches its weakly spread counterpart (12).374

Considering only sub-harmonic terms, for a strongly spread wave group we thus have,375

η̃
(2)
E,− = η̃

(2)
E,SD +

1
2

(
1− e−σ2

θ

)
. (40)
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From comparison with the weakly spread group ((15), for which η̃
(2)
E,SD = −1/(2k0d(1+R))), it376

is evident that non-weak directional spreading introduces a set-up of the Eulerian sub-harmonics377

free surface, as is predicted for crossing groups (see McAllister et al. (2018) and §2.d). This set-up378

vanishes in the limit σθ → 0, increases monotonically with the degree of spreading σθ and reaches379

a maximum for axisymmetric waves σθ → ∞.380

Considering only super-harmonic terms, it is possible to solve Laplace subject to (4) and the381

bottom boundary condition to give:382

φ
(2)
E,+ =−ω0a2

0

π∫
−π

π∫
−π

cosh(kz(z+d))
cosh(kzd)

2(1− cos(∆θ))

4− (kz/k0) tanh(kzd)

× sin(k0r cos(θ1−θp)+ k0r cos(θ1−θp)−2ω0t +2µ0)

×Ω(θ1)Ω(θ2)dθ1dθ2,

(41)

where ∆θ ≡ θ2−θ1 and kz ≡
√

2+2cos(∆θ)k0. We note that super-harmonics only appear for383

non-zero spreading. We can then obtain for the super-harmonic free surface elevation at second384

order in non-dimensional form:385

η̃
(2)
E,+ =

(
3
2
+F (k0d,σθ )−

1
2

e−σ2
θ

)
cos(2ϕ0), (42)

where, for the wrapped normal distribution (37), the function F (k0d,σθ ) is given by:386

F =
−2√
πσθ

∞∫
−∞

e−(∆θ/σθ )
2/4 1− cos(∆θ)

4− (kz/k0) tanh(kzd)
d∆θ , (43)

with kz ≡
√

2+2cos(∆θ)k0 as before. We can recover the limit η̃
(2)
E,+ = cos(2ϕ0) for σθ → 0387

(F → 0) (cf. (15)). In the limit of an axisymmetric wave (σθ → ∞), we obtain a small in-phase388

contribution to the free surface by the super-harmonic of η̃
(2)
E,+≈ 0.19cos(2ϕ0) in the limit k0d→∞389

(F ≈−1.31, from numerical integration).390
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2) LAGRANGIAN391

Using the linear solutions for a strongly spread group (35) and (36) to evaluate the Lagrangian392

second-order correction defined in (9) gives in non-dimensional form (i.e. η̃(2) ≡ η(2)(r =393

0)/(k0a2
0/2)),394

∆η̃L =

π∫
−π

π∫
−π

Ω(θ2)Ω(θ1)cos(θ1−θ2)(1− cos(2ϕ0))dθ2dθ2, (44)

which can be evaluated explicitly for the wrapped normal distribution (37):395

∆η̃
(2)
L = e−σ2

θ (1− cos(2ϕ0)). (45)

The total Lagrangian free surface elevation for a strongly spread group is:396

η̃
(2)
L = η̃

(2)
E,SD +

1
2

(
1+ e−σ2

θ

)
(
−1

2
+F (k0d,σθ )+

1
2

e−σ2
θ

)
cos(2ϕ0).

(46)

3) STOKES DRIFT VELOCITY AND LAGRANGIAN FREQUENCY397

To estimate the change in the Lagrangian frequency, we obtain the Stokes drift from (18) and398

evaluate the component travelling in the x-direction at the crossing point (r = 0, θp = 0) and at399

z = 0 for the wrapped normal distribution (37):400

uS(r = 0,z = 0) =
a2

0k0ω0

4

(
3e−σ2

θ
/2 + e−5σ2

θ
/2
)
. (47)

We thus obtain for the Lagrangian wave frequency:401

ωL,0 = ω0

(
1−

a2
0k2

0
4

(
3e−σ2

θ
/2 + e−5σ2

θ
/2
))

, (48)

which becomes equal to the analogous result for the weakly spread group (20) in the limit σθ → 0.402

As σθ → ∞, the Stokes drift disappears, and the Lagrangian period becomes equal to the Eulerian403

period (ωL,0→ ω0).404
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f. Comparison with multi-component second-order theory405

Table 1 summarizes the results for the three cases considered above. We will now compare our406

approximate second-order expressions to exact multi-component second-order theory from HJ16407

for narrow-banded spectra (§2.f.1) and for realistic broad-banded spectra (§2.f.2).408

1) NARROW-BANDED SPECTRA409

Figures 1.a-c compare the normalised amplitude (ã(2) = a(2)/(k0a2
0/2) with a(2) denoting the410

amplitude of η(2)) of sub- and super-harmonics predicted using exact second-order theory (solid411

lines) to our approximate expressions (dotted lines) for a single wave group as a function of the412

degree of directional spreading σθ . Red lines show the magnitude of the Eulerian components413

ã(2)E , grey the Lagrangian correction ã(2)
∆L , and blue the magnitude of the Lagrangian components414

ã(2)L . We choose the water depth k0d = 3.94 to correspond to our experiments, and the discrepancy415

between our approximate solutions (dotted lines) and exact second-order theory (solid lines) in416

figure 1 comes from excluding the set-down in our approximate solutions. Figures 1.d-f are anal-417

ogous to figures 1.a-c, but illustrate the second-order amplitude for two crossing wave groups as a418

function of the crossing angle ∆θ . As expected, our approximate expressions compare well with419

exact theory for wave groups with a narrow underlying spectrum (∆k/k0 = 0.05) given explicitly420

by:421

η̂(k) =
a0√
2π∆k

exp
(
−1

2

(
k− k0

∆k

))
. (49)

Examining trends in figure 1, in the limit of no spreading or crossing (σθ → 0, ∆θ → 0), the422

amplitude of the Eulerian second-order sub-harmonics (figure 1.a,e) is small and equal to the set-423

down η̃
(2)
E,SD, which vanishes for truly deep water (k0d→ ∞). The Lagrangian correction is at its424

maximum. As the degree of spreading or the crossing angle is increased, a positive Eulerian set-425

up forms and the Lagrangian correction tends to zero. Therefore, in the limit (σθ → ∞, ∆θ →426
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180), Eulerian and Lagrangian second-order components become equal. The same is true for427

super-harmonic components (figure 1.c,f), which also tend towards each other in the limit of large428

spreading or head-on crossing (∆θ → 180). However, without spreading or crossing, Eulerian429

super-harmonic components are at their largest and are completely cancelled out by the Lagrangian430

correction, which is negative. When combined, the sub- and super-harmonic components of the431

Lagrangian correction completely cancel out (figure 1.c,f). Thus, for narrow-banded wave groups432

on deep water, the total second-order contribution to crest height for Eulerian and Lagrangian433

measurements is equal.434

2) REALISTIC BROAD-BANDED SPECTRA435

Our approximate expressions for second-order contribution to crest-height are derived using436

the assumption that the spectra that underlie our wave groups are narrow-banded in frequency.437

In reality, ocean waves typically follow relatively broad-banded frequency distributions with a438

slowly decaying high-frequency tail. To estimate how well our approximate expressions perform439

for realistic broad-banded spectra, we compare these with predictions made using exact second-440

order theory for a focused wave groups based on a JONSWAP spectrum (Hasselmann et al. 1980):441

η̂(ω) = βω
n exp

[
n
4

(
ωp

ω

)4
]

γ
exp
[
−(ω−ωp)2

2σ2ω2p

]
, (50)

where γ is the peak enhancement factor, ωp is the peak frequency, n is the slope of the high442

frequency tail, σ(ω < ωp) = 0.07 and σ(ω > ωp) = 0.09, and β is a scale parameter which443

is adjusted to give the desired amplitude. We emphasize again we let the amplitude spectrum444

to be proportional to the energy spectrum in (50), as this provides a good (and commonly used)445

approximation to the shape of extreme waves in the ocean (Lindgren 1970; Boccotti 1983; Phillips446

et al. 1993).447
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In Fig. 2, we compare predictions made using our approximate expressions (29) and (30) (dotted448

lines) to predictions made using exact second-order theory for wave groups based on Gaussian449

(∆k = 0.6 m−1, dashed lines) and JONSWAP spectra (γ = 3.3, n =−5, solid lines). The relatively450

broad-banded Gaussian spectrum (∆k/k0 = 0.30) is what we use in our experiments. For the451

relatively broad-banded Gaussian spectrum, our approximate expressions for the super-harmonic452

components follow predictions made using exact second-order well. However, when considering453

sub-harmonic components, a clear offset is observed. This offset occurs because we do not include454

in our approximate expressions the Eulerian set down term η̃E,SD (without crossing and spreading,455

we can readily estimate η̃E,SD =−0.13 for k0d = 3.9 from (15)). For the JONSWAP spectrum in456

Fig. 2, our approximate expressions perform very well with only a small error from not including457

the set-down. When the same calculations are performed for an increased water depth (k0d = 7.9),458

this offset is reduced (dot-dashed lines). Our approximate expressions become more accurate459

for realistic spectra when the water depth becomes truly deep and the set-down can be entirely460

ignored, as expected. Examining directionally spread groups gives qualitatively and quantitatively461

similar results.462

3. Experimental method463

In this section, we first introduce our experimental set-up (§3.a). We then detail the input pa-464

rameters we use for our experiments and the process used to estimate the spectral and directional465

parameters achieved in the tank (§3.b). Finally, in §3.d we discuss sources of measurement error466

and the repeatability of our experiments.467
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a. Experimental set-up468

The experiments presented herein were carried out in the FloWave Ocean Energy Research469

Facility at the University of Edinburgh. This is a circular wave basin, which is 2 m deep and sur-470

rounded by 168 actively-absorbing force-feedback wavemakers, which allows for the creation of471

waves that travel in any direction. With the exception of the Lagrangian wave measurements, the472

experimental set-up and procedure follows exactly that of McAllister et al. (2018). Eulerian mea-473

surements of free surface elevation were made using resistive wave gauges, which were calibrated474

at the start of each day of testing. Any Eulerian measurements presented herein are at the intended475

point of focus in the centre of the tank (x = 0, y = 0).476

Although waves are in principle absorbed by the wavemakers, this process is not perfect, and477

reflections may still occur. To avoid reflections, we set the run time of our experiments to 32 s,478

and allowed for 10 min of settling time between each experiment to ensure the dissipation of any479

background motion in the tank.480

To measure free surface elevation, wave-following buoys first measure acceleration, which is481

then integrated twice to give displacement. These displacements are projected onto the coordinate482

system of heave, North, and East displacements. In our experiments, we assume that there is no483

error in this process (see Van Essen et al. (2018); Raghukumar et al. (2019) for a discussion of this484

assumption), and consider the position of our model buoy to be what a wave buoy in the ocean485

would measure.486

We measure the position of our model buoy using a Qualisys motion tracking system, consist-487

ing of four calibrated infra-red cameras located above the tank, which simultaneously track the488

position of the buoy. To aid its detection, the spherical model buoy was covered in a coating489
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that reflects the specific band of infra-red light emitted and recorded by the cameras. The buoy’s490

position in each set of images is then triangulated to measure its global position within the tank.491

1) MODEL LAGRANGIAN BUOY492

Wave-following measurement buoys are in general spherical to avoid sensitivity to yaw, pitch,493

and roll motion. These properties are measured by other types of, typically larger, weather buoys,494

which often measure a range of metocean conditions, such as wind speed in addition to wave495

height. As the latter of these two types of buoys behaviour is far from Lagrangian, they will not496

be considered in this study.497

Wave-following buoys typically have diameters in the range of 0.5−1 m and operate on water498

depths from tens to thousands of metres, in waves of 1 to 30 m in height and 1 to 20 s in period.499

This wide range of operating conditions presents a challenge for scaling. If a floating body’s500

characteristic length (diameter) is of the same order as the length of the waves incident on it,501

its motion will cause diffraction and radiation. To correctly scale these effects, similar ratios of502

buoy diameter to incident wavelength, D/λ , must be maintained between our model and a buoy503

operating in the ocean. The density of our buoy was chosen to be approximately half that of the504

water, to match that of a real measurement buoy.505

The diameter of a buoy will also affect the forces that dominate its motion. If the fluid velocity506

relative to a buoy’s size is large, drag forces will dominate and, conversely, if velocity is low,507

inertial forces will dominate. The Keulegan-Carpenter number, which can be approximated for a508

stationary body in periodic linear waves as KC = 2πa0/D, is often used to characterise the relative509

importance of these two forces. A wave-following buoy will not be stationary, and if purely510

Lagrangian its velocity relative to the fluid will tend to zero. This makes it difficult to correctly511

evaluate the KC number a priori. In light of this, we do not directly evaluate the KC. However, it is512
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worthwhile checking that the ratio of our buoy’s diameter to wave amplitude D/a0 is of a similar513

order to that of a real buoy. Finally, the water depth k0d on which a buoy operates will affect the514

kinematics of the incident waves.515

Our study is motivated by extreme ocean waves. Our experiments have k0d ≈ 4, representative516

of deep-water conditions (typically, k0d & 3). Increasing water depth further will not affect the517

resulting linear kinematics and will, at second-order, only affect the magnitude of the set-down,518

which is already small (cf. figures 1 and 2), and very slightly the Eulerian super-harmonic for519

large crossing angles and degrees of spreading. Mooring designs will change with increasing520

water depth, but we do not consider the effects of mooring herein. Extreme ocean waves will521

typically have long periods in the range 10-20 s; for a 1.0 m buoy on deep water, this gives the522

range D/λ = 1.6× 10−3-6.4× 10−2. The diameter of our model buoy is 0.07 m, and the peak523

period of the waves we test is 1.43 s, which gives D/λ = 3.6× 10−2. Therefore, at both scales,524

D/λ � 1, meaning diffraction, radiation, and hydrodynamic resonance will not play a significant525

role. Extreme wave crest heights or amplitudes may range between 5−15 m; for a 1.0 m buoy this526

gives ratios of a0/D = 5-15. The wave amplitudes we tests result in ratios of around a0/D = 2.14-527

2.86. These values are somewhat lower than the most extreme waves. Testing with a smaller buoy528

was not possible, as reliably tracking the motion of very small buoy becomes difficult, and the529

auxiliary mooring forces discussed below become dominant and start to affect buoy motion.530

Ideally, to perform a comparison of predicted Lagrangian motion to the actual Lagrangian mo-531

tion of our buoy, the buoy would have no mooring. However, an auxiliary mooring was necessary532

to achieve readily repeatable experiments. Additional experiments were carried out with no auxil-533

iary mooring, and it was found that the mooring had no observable effect on the measured freesur-534

face elevation including bound wave components. We emphasise that the effect of a mooring on535

buoy motion in a realistic configuration is not the objective of the present study.536
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b. Matrix of experiments and input parameters537

To recreate conditions representative of extreme events that occur in the oceans, we examine538

focused wave groups (Lindgren 1970; Boccotti 1983; Phillips et al. 1993). We carry out two539

categories of experiments (see table 2): experiments with (weakly and strongly) spread wave540

groups (§3.b.1) and experiments with crossing wave groups (§3.b.2). In the first category, we vary541

the degree of directional spreading for a single group and, in the second category, the angle at542

which two wave groups cross.543

For all experiments, we produced focused wave groups based on a input Gaussian amplitude544

distribution in wavenumber k = |k|,545

η̂(k) =
a0√
2π∆k

exp
(
−1

2

(
k− k0

∆k

))
, (51)

with peak wavenumber k0 = 1.97 m−1 (based on a frequency of 0.7 Hz) and standard deviation546

∆k = 0.6 m−1. The value a0 is adjusted to give the desired wave steepness. We carry out ex-547

periments at two steepness, a0k0 = 0.3 and 0.4; these high steepnessess were chosen to replicate548

extreme ocean waves and generate large and hence readily measurable second-order bound com-549

ponents without causing wave breaking. We define our inputs using this form to allow for consis-550

tency with the second-order theory presented in §2. The input parameters we use are a chosen to551

fit within the optimum generation range of the wavemakers, whilst achieving a relatively spatially552

compact wave group to minimise the influence of reflections and error waves associated with lin-553

ear wave paddle motion. We define directional spreading using a Gaussian amplitude distribution554

in angle θ ,555

Ω(θ) =
Ω0√
2πσθ

N

∑
n=−N

exp
(
−(θ −θ0 +2πn)2

2σ2
θ

)
, (52)

where we set the normalising coefficient Ω0 so that the sum of Ω(θ) over the finite number of556

components N is unity. For crossing wave groups, two amplitude distributions with different557
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values of θ0 are superimposed. It should be noted that our value of σθ applies to an amplitude558

distribution and not the commonly used energy spectrum for which the degree of spreading will559

be equal to σθ/
√

2.560

1) EXPERIMENTS WITH SPREAD WAVE GROUPS561

We first examine single directionally spread wave groups (see table 2). We vary spreading from562

unidirectional (σθ = 0◦) to axisymmetric (σθ →∞) at an input steepness of a0k0 = 0.3. We repeat563

experiments for an unmoored buoy at spreading widths of 20,40, and ∞◦. We also carry out564

additional experiments for our moored buoy at increased steepness a0k0 = 0.4.565

2) EXPERIMENTS WITH CROSSING WAVE GROUPS566

In addition to single wave groups, we examine the Lagrangian measurement of extreme crossing567

wave groups (see table 2). For these experiments, we set the directional spreading of each group568

σθ = 20◦ and vary the angle at which the two wave groups cross ∆θ between 0 and 180◦ at 45◦569

intervals. The steepness of the two combined wave groups was set as a0k0 = 0.3.570

c. Estimation of spectral and directional parameters571

To verify the test conditions achieved in the tank, we estimate the spectral parameters of our mea-572

sured free surface elevation. This is carried out for both Eulerian and Lagrangian measurements573

(see table 3). To estimate the linear amplitude a?0 of each wave group, we take the zeroth moment574

of the measured linear spectrum, as this provides an estimate of amplitude that is less sensitive575

to focusing than using crest amplitude. For both the Eulerian and the Lagrangian measurements,576

we estimate peak frequency ω?
0 and quantify the spectral bandwidth ∆ω? as the variance of the577

measured spectra.578
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To estimate the degree of directional spreading achieved for each experiment σ?
θ

, we use Eulerian579

measurements made with an array of 14 wave gauges. Owing to the non-ergodic nature of our580

experiments, we cannot apply conventional methods of spreading estimation. Instead, we use a581

least-squares approach combined with linear wave theory to determine the degree of spreading σ?
θ

582

(see McAllister et al. (2018)). Input and estimated parameters are reported in table 3.583

d. Measurement error and repeatability584

To quantify the sources of error affecting our comparison between experiments and theory, we585

examine the role of the various sources of error and uncertainty involved in our experiments. For586

the Eulerian measurements, McAllister et al. (2018) found that the leading source of error was587

most likely associated with wave gauge calibration (±∆ηE ≈ 0.4 mm), with residual tank motion588

and experiment repeatability resulting in errors of approximately±0.025 and±0.023 mm, respec-589

tively (two standard deviations). For the Eulerian measurements, McAllister et al. (2018) noted590

that tests carried out at larger amplitudes reduce the variation between repeat experiments. We591

carry out the majority of our experiments at the larger of the two amplitudes tested in McAllister592

et al. (2018).593

Our Lagrangian measurements will be subject to similar sources of error. To understand these594

sources of error, we assess the repeatability of these measurements (error measure I) and compute595

the accuracy of the Qualisys motion tracking system (error measures II and III). The repeatability596

of our experiments was extremely high with twice the standard deviation of repeat experiments597

ranging from ±0.08 to ±1.00 mm. The error calculated when calibrating the Qualisys system598

error was slightly larger at approximately±0.5 mm, when measuring a distance of 300 mm, which599

is approximately the height of our waves. The leading source of error was associated with locating600

the buoy’s position during experiments, where time-varying residual values ranged from around601
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±0.5 to ±1.5 mm. At every time stamp when the Qualisys system measures the position of the602

centroid of our model buoy, a residual value is returned. This value represents the diameter of603

a sphere, inside which all the centroids identified by each camera pair lie. We use these residual604

values measured during each experiment to calculate error bounds for the results we present herein.605

4. Results606

In this section, we present the results of our experiments and compare Eulerian and Lagrangian607

measurements of directionally spread and crossing wave groups. In §4.a, we examine differences608

in the measured linear free surface elevation. In §4.b, we then examine the second-order sub- and609

super-harmonics and their contribution to measured crest height; we also compare our results to610

predictions based on the theory we present in §2. Throughout, because of the near-perfect agree-611

ment, we will refer to measurements obtained from the model buoy as Lagrangian measurements.612

a. Linear free surface elevation613

We begin by comparing the linear free surface elevation measured by our Lagrangian buoy and614

Eulerian wave gauges (see McAllister et al. (2018) for details of our linearisation procedure).615

Figures 3.a, b show the linear free surface elevation measured by our Lagrangian buoy η
(1)
L (red616

dashed lines) to the corresponding Eulerian measurements η
(1)
E (black solid lines) for single di-617

rectionally spread wave groups as the degree of spreading is increased from narrowly spread to618

near-axisymmetric. This figure shows the steepest wave groups we created, for which the input619

steepness was a0k0 = 0.4. Panels c and d illustrate changes to the linear spectra η̂(1); these changes620

are also quantified in Tab. 3. In Fig. 3, for narrow directional spreading σθ , the period of the La-621

grangian measurements is increased; this is visible when considering the measured free surface622

elevation and the resulting amplitude spectrum.623
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Performing a direct comparison between values of Lagrangian frequency predicted by our ap-624

proximate expressions to those measured during our experiments is challenging. The relativity625

broad-banded wave groups we create have an envelope that varies quickly, and hence so does the626

Lagrangian frequency, making it difficult to measure reliably. Instead, we include vertical dashed627

and dotted lines in Fig. 3.c and 3.d that show the measured peak frequency and corresponding628

approximate Lagrangian peak frequency obtained from (48). The comparison is intended to be629

qualitative. In narrowly-spread conditions (Fig. 3.c), our expression predicts a down-shift of the630

Lagrangian frequency, which compares well to the down-shift we observe in our experiments. On631

the contrary, in the limit of σθ → ∞ (Fig. 3.d) no Doppler shift is observed, which is also in line632

with our predictions. In general, as spreading is increased, either for a single group or two crossing633

waves, the difference between the Lagrangian and Eulerian period tends to zero.634

Figure 4.a compares the amplitude of the waves measured by our model buoy (aL) to their635

Eulerian equivalent (aE) measured at the position of intended focus (x = 0, y = 0) across the full636

range of conditions we test (see Tab. 2). The red markers show the full crest amplitude amplitude637

measured by each device, and the black markers show the linearised crest amplitude. In general,638

for the smaller waves, both are approximately equal. However, for the larger amplitude waves,639

some of the Lagrangian measurements are greater than their Eulerian counterparts.640

In Fig. 4.b, we compare the ratio of the linearised Lagrangian and Eulerian amplitudes a(1)L /a(1)E641

as a function of the degree of directional spreading σθ (circles and triangles) and crossing angle ∆θ642

(crosses). It should be noted values of a(1) we present are measured crest amplitudes, unlike values643

of a?0, which are based on the zeroth spectral moment. A small increase in measured Lagrangian644

amplitude (compared to Eulerian) is only observed for unidirectional and very narrowly spread645

wave groups. We measured waves of equivalent amplitudes with large degrees of spreading and646

found no difference between Eulerian and Lagrangian measurements in that case (shown by the647
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triangles in upper portion of Fig. 4.a which lie on the line aL = aE. Therefore, we hypothesize648

this difference in linear amplitude is a phenomenon associated with the horizontal transport of649

the buoy beyond what is predicted by any second-order theory. The wave groups we create are650

broad-banded in frequency, meaning that they disperse and change shape significantly and rapidly651

as they propagate across the wave tank. When our wave groups are unidirectional or narrowly652

spread, the resulting horizontal transport of the buoy is at its largest. It is also the case that the653

most steep and narrowly spread wave groups we create focus slightly downstream of our central654

wave gauge. Hence, as Stokes drift causes the buoy to be transported downstream, it measures a655

slightly larger wave group than the Eulerian gauge, which is fixed at x = 0, y = 0.656

b. Second-order free surface elevation657

Figures 5 and 6 present the second-order sub- (top row) and super-harmonic (bottom row) bound658

waves from our experiments. In each panel, the black solid line shows the measured Eulerian free659

surface elevation at the intended point of focus (x = 0, y = 0), and the black dashed line shows660

the corresponding Lagrangian free surface elevation for the same incident wave group. The red661

dashed and blue dotted lines show predictions made using exact Eulerian and Lagrangian multi-662

component second-order theory, respectively. Both sets of predictions are based on the measured663

Eulerian linear free surface elevation η
(1)
E .664

1) DIRECTIONALLY SPREAD WAVE GROUPS665

In figure 5, we consider directionally spread wave groups and we vary the degree of directional666

spreading. Moving from left to right, the input value of σθ is increased from 0 to 50◦ in 10◦667

increments; the actual degree of spreading measured in the tank σ?
θ

is displayed above each panel.668

The input amplitude a0 of these wave groups was set to 0.15 m giving a steepness of a0k0 = 0.3.669
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For both sub- and super-harmonic bound waves, the Eulerian measurements agree remarkably670

well for all degrees of spreading shown. As σθ initially increases, the amplitudes of both sub- and671

super-harmonic bound wave components decrease. However, as spreading is further increased, the672

Eulerian sub-harmonic components become large and positive, corresponding to the set-up studied673

in McAllister et al. (2018) (see also figure 7.b). Excluding the unidirectional case in figure 5.a,674

the measured Lagrangian bound wave components also match theoretical predictions very well.675

This discrepancy is a result of the increased linear amplitude measured by the buoy discussed676

above, as calculations are based on the linear Eulerian measurement. For all degrees of spreading,677

we observe a positive set-up when considering the Lagrangian sub-harmonic bound wave compo-678

nents, which decreases in amplitude as the degree of spreading is increased. The amplitude of the679

measured Lagrangian super-harmonic bound wave components is negligibly small for these exper-680

iments, as predicted for a perfectly Lagrangian observer for up to moderate degrees of directional681

spreading.682

2) CROSSING WAVE GROUPS683

In figure 6, we consider two crossing wave groups, each with input directional spread σθ =684

20◦ and a combined input steepness of a0k0 = 0.3. We vary the angle at which the two wave685

groups cross. Moving left to right, the crossing angle is increased from 0 to 180◦ in increments686

of 45◦. For these experiments, theoretical predictions match our experimental observations very687

well. At low crossing angles, the Lagrangian second-order bound wave components are similar688

to those observed in figure 5. When the waves cross at large angles, the Lagrangian bound wave689

components tend to their Eulerian equivalents; this also occurs for a single directional spread wave690

group when σθ → ∞ (cf. figure 7.b-d).691
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When waves cross at large angles or are highly directionally spread, the horizontal velocity692

they induce cancels out at the point of focus. Therefore, there is no horizontal motion, and the693

Lagrangian surface elevation recorded by a buoy is equivalent to the Eulerian surface elevation.694

At moderate crossing angles and degrees of spreading, Lagrangian measurements lie between two695

extremes, where on the one hand we essentially have standing waves with horizontal motion of696

the buoy tending to zero (ηE = ηL), and on the other hand we have the unidirectional limit where697

horizontal motion is the largest (ηE 6= ηL).698

3) CONTRIBUTION TO CREST AMPLITUDE699

In figures 7 and 8, we examine the behaviour of the Eulerian and Lagrangian second-order bound700

components as functions of σθ and ∆θ in more detail. In these figures, we present the magnitude701

of the second-order bound components normalised by the measured wavenumber k?0 and amplitude702

a?0 (see table 3). By combining sub- and super-harmonics, we also consider the total second-order703

contribution to crest amplitude. The continuous lines in these figures represent theoretical predic-704

tions of the magnitude of second-order bound components for perfectly focused Gaussian wave705

groups with the same parameters as our experiments. When normalised in this way, it becomes706

clear that the combined Lagrangian bound wave components do not decrease in magnitude mono-707

tonically with increasing σθ or ∆θ (cf. figures 7.d and 8.d). Furthermore, when combined, the708

total second-order bound wave contribution of Eulerian and Lagrangian measurements do not dif-709

fer significantly. Figures 7.a and 8.a illustrate that, under the conditions we test, the second-order710

motion of our buoy is the same as that of a perfectly Lagrangian observer.711
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4) TOTAL FREE SURFACE ELEVATION712

Finally, figure 9 compares the total measured Eulerian ηE (black lines) and Lagrangian ηL (red713

dashed lines) free surface elevation for the steepest input waves we created (a0k0 = 0.4). For714

steep near-breaking moderately spread wave groups (figure 9.a,b), we see differences between715

Eulerian and Lagrangian measurements, namely an apparent broadening of the wave crest. As716

spreading is further increased (figure 9.c), we do not observe differences in the measured time717

series. The observed difference in local wave steepness for moderately spread wave groups occurs718

as a result of two effects. First, changes to the Lagrangian linear waves makes their period longer719

than their Eulerian equivalents (cf. figure 3). Second, super-harmonic components make the720

measured Eulerian crests narrower and troughs broader. Therefore, although the total second-order721

contributions to crest amplitude do not differ significantly, for moderate degrees of spreading, the722

time series of Lagrangian and Eulerian measurements are different.723

5. Conclusion724

Wave measurement buoys are widely used to provide in-situ wave measurements. These mea-725

surements are used to calibrate ocean models, inform engineering design, and study ocean wave726

phenomena. Particularly when studying extreme waves, measurements generated by wave buoys727

are perceived to be less accurate than Eulerian measurements (Dysthe and Müller 2008). It should728

be noted that in the field, Eulerian wave measurements also fall prey to issues such sea spray and729

beam scattering that affect their accuracy (Forristall et al. 2004). In the field, as both sensor types730

are imperfect and are rarely located together, it is very difficult to directly assess their accuracy731

and identify particular sources error.732

In lieu of direct comparison, various explanations are commonly given to explain why buoy733

measurements may underreport extreme wave crests. It is well understood that as waves become734
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steep, and their behaviour nonlinear, Eulerian and Lagrangian free surface measurements become735

fundamentally different (Longuet-Higgins 1986; Srokosz and Longuet-Higgins 1986; Herbers and736

Janssen 2016; Grue and Kolaas 2019). Therefore, it is often suggested that differences between737

Lagrangian and Eulerian measurements may cause the underestimation of extreme waves crest.738

In this paper, we have derived a series of approximate second-order expressions that may be739

used to predict Eulerian and Lagrangian free surface elevation and Stokes drift velocity for ex-740

treme waves, which we compare to exact multi-component second-order theory of Herbers and741

Janssen (2016) (HJ16). The leading-order nonlinear effect of Lagrangian motion is a cancellation742

of second-order bound super-harmonics and a corresponding increase in amplitude of second-743

order sub-harmonic components. Although this constitutes a change in the frequency content of744

the second-order contributions to crest height measured by the two types of device, our theoreti-745

cal predictions show that in deep water this does not result in a significant change to wave crest746

amplitude. This phenomenon essentially constitutes a shift of second-order bound energy from747

high (super-harmonics) to low (sub-harmonics) frequencies, as identified by HJ16. For devices748

that measure acceleration, where integration is required to convert to displacement, and data is749

implicitly high-pass filtered, this shifting of energy content may cause the underestimation of750

crest height (Marthinsen and Winterstein 1992; Prevosto et al. 2000; Forristall 2000). If a wave-751

following buoy behaves in a purely Lagrangian manner, there should be no significant differences752

in measured wave crests, assuming no error in the measurement acquisition process (see Van Essen753

et al. (2018)).754

This raises an additional question whether wave-following buoys do in fact behave in a purely755

Lagrangian manner. Wave measurement buoys float on the surface, and have densities of approx-756

imately half that of sea water and hence may be subject to inertial (Santamaria et al. 2013; Pizzo757

et al. 2019) and slope sliding effects (Meylan et al. 2015) identified by these authors in different758
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physical contexts. Therefore, wave-following measurement buoys may not behave in a purely La-759

grangian manner and, as is commonly perceived, they may avoid extreme wave crests (Krogstad760

and Barstow 2000).761

We have carried out a series of laboratory experiments to assess whether the motion of a scaled762

wave-following buoy in extreme ocean waves is purely Lagrangian and have carried out a direct763

comparison between Eulerian and buoy measurements of steep directionally spread wave groups at764

laboratory scale. We have done so in a range of directionally spread conditions, including crossing.765

The second-order motion of our model buoy compares extremely well with predictions made using766

existing exact Lagrangian second-order theory (HJ16) and our novel approximate expressions. It is767

only in the most extreme cases we test, where the waves are unidirectional, that we note observable768

differences. In such cases, we see an apparent modification to the linear waves measured by the769

buoy, which we believe is a result of the fact that the buoy’s displacement becomes large enough770

for our wave group to have dispersed and changed shape during its measurement. Otherwise, we771

find that buoy motion at the scale we test is well predicted by approximate and exact Lagrangian772

second-order theory. In the range of conditions we test, excluding near unidirectional conditions773

as discussed above, any deviation from Lagrangian motion of measurement buoys in the field is774

most likely a result of mooring forces or an artefact of internal signal processing. Future work will775

address the application of the findings in this paper to random sea states and real buoy data.776
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F (k0d,σθ ) is defined in (43) and lies between 0 (σθ = 0) and −1.31 (σθ → ∞) for k0d→ ∞. The Eulerian sub-

harmonic set-down for the weakly spread group is evaluated at the time of focus t = 0. The steepness is denoted

by α = k0a0.
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TABLE 2. Experimental matrix († represents experiments carried out without auxiliary mooring).

Category D (m) a0 (m) σθ (.deg) ∆θ (.deg)

Spreading 0.07 0.15 0,10, 20†, 30, 40†, 50, ∞† 0

0.07 0.20 20, 40, ∞ 0

Crossing 0.07 0.15 20 45, 90, 135, 180
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TABLE 3. Input and estimated spectral parameters, where the estimated spectral parameters are denoted by

a ?, a † represents tests which were repeated 3 times and a - tests which were omitted (black rectangles are an

artefact of compiling in single column mode ).

931

932

933

Input Eulerian Lagrangian

Test no. σθ

(.deg)
∆θ

(.deg)
ω0
(rad/s)

a0
(m)

∆k
(m−1)

σ?
θ

(.deg)
ω?

E,0
(rad/s)

a?E,0
(m)

∆ω?
E

(rad/s)
ω?

L,0
(rad/s)

a?L,0
(m)

∆ω?
L

(rad/s)

1.1 0 0 4.4 0.3 0.6 0 4.19 0.157 1.18 4.05 0.159 1.17

1.2 10 0 4.4 0.3 0.6 7.8 4.18 0.137 1.11 4.08 0.137 1.10

1.3† 20 0 4.4 0.3 0.6 15.7 4.18 0.123 1.05 4.10 0.121 0.99

1.4 30 0 4.4 0.3 0.6 28.0 4.25 0.127 1.07 4.17 0.134 1.10

1.5† 40 0 4.4 0.3 0.6 38.0 4.25 0.127 1.08 4.19 0.134 1.10

1.6 50 0 4.4 0.3 0.6 47.6 4.25 0.126 1.06 4.20 0.13 1.09

1.7† ∞ 0 4.4 0.3 0.6 - - - - 4.24 0.121 0.62

2.1 0 0 4.4 0.4 0.6 0 3.98 0.206 1.37 3.89 0.212 1.48

2.2 20 0 4.4 0.4 0.6 17.6 4.13 0.165 1.17 4.00 0.165 1.21

2.3 40 0 4.4 0.4 0.6 38.6 4.25 0.168 1.08 4.14 0.176 1.08

2.4 ∞ 0 4.4 0.4 0.6 ∞ 4.24 0.169 1.04 4.24 0.170 1.08

3.1 20 45 4.4 0.3 0.6 17.8 4.25 0.129 1.09 4.17 0.133 1.02

3.2 20 90 4.4 0.3 0.6 18.6 4.25 0.129 1.09 4.21 0.133 1.02

3.3 20 135 4.4 0.3 0.6 19.1 4.23 0.131 1.09 4.23 0.134 1.00

3.4 20 180 4.4 0.3 0.6 18.6 4.24 0.130 1.04 4.24 0.136 1.01
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Description Test parameters Error

±∆η
(2)
− (mm) ±∆η

(2)
+ (mm)

Two standard deviations of the σθ = 20◦ 0.20 1.00

measured wave-averaged surface σθ = 40◦ 0.08 0.22

amplitude a(2)M from repeats σθ → ∞ 0.09 0.32

TABLE 4. Quantification of errors associated with repeatability (error measure I).
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FIG. 1. Comparison of our approximate expressions (dotted lines with solid circles for clarity) to exact multi-

chromatic (solid lines) second-order sub- (left column), super-harmonic (middle column) bound wave compo-

nents and their sum (right column), for directionally spread (a-c) and crossing (d-f) focused wave groups based

on narrow Gaussian spectra (spectral width ∆k = 0.1 m−1) on a water depth d = 2 m, with peak wavenumber

k0 = 1.97 m−1 and for focussed crests (µ0 = µ1 = µ2 = 0). The red, grey and blue lines respectively denote

the magnitude ã(2) = a(2)/(k0a2
0/2) of the Eulerian components η

(2)
E , the Lagrangian corrections ∆η

(2)
L and the

Lagrangian components η
(2)
L . Open circles are used in panels c and f for visual clarity.
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FIG. 2. Amplitude of Eulerian (red) and Lagrangian (blue) second-order bound wave components from exact

multi-chromatic second-order theory for crossing focused wave groups with Gaussian (∆k = 0.6 m−1, repre-

sentative of our experiments) and JONSWAP spectra (γ = 3.3, n = −5), as shown by solid and dashed lines,

respectively. The groups have input degrees of directional spreading of σθ = 20◦, peak frequencies of 0.7 Hz,

and a depth of 2.0 m (k0d = 3.9). The dot-dashed lines show predictions using exact multi-chromatic second-

order theory for a JONSWAP spectrum with an increased depth of d = 4.0 m. Dotted lines show predictions

using our narrow-banded approximations. Panels a, b, and c plot the amplitude of sub-, super-, and total bound

wave components as a function of the crossing angle ∆θ .
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FIG. 3. Eulerian (black lines) and Lagrangian (red dashed lines) linear free surface elevation η(1) for a

weakly spread group (WSG, σθ = 20◦, panel a) and a strongly spread group (SSG, σθ → ∞, panel b) and their

amplitude spectra η̂(1) (panels c and d, respectively) for steepness a0k0 = 0.4. The Lagrangian peak frequency

ωL,0 is calculated using (48), noting that we obtain ωL,0→ ω0 for σθ → ∞.
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FIG. 4. Measured wave crest amplitude for directionally spread wave groups with input steepness a0k0 = 0.3

(circles) and a0k0 = 0.4 (triangles) and crossing wave groups (a0k0 = 0.3, crosses). Panel a compares the crest

amplitude aL measured by our Lagrangian buoy to Eulerian measurements aE with red markers showing fully

non-linear measured crest amplitudes and black markers showing linearised crest heights. Panel b shows how

the ratio of linearized amplitudes a(1)L /a(1)E varies as a function of directional spreading and crossing angle.
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FIG. 5. Second-order bound wave components for weakly and strongly spread wave groups with input degrees

of directional spreading σθ = 0− 50◦ in increments of 10◦ and input steepness a0k0 = 0.3. Estimated degrees

of directional spreading σ?
θ

are given in the figure. The top row (panels a to f) shows sub-harmonic bound wave

components, and the bottom row (panels g to l) shows super-harmonic bound wave components. In all panels

black solid lines show Eulerian measurements, and black dot-dashed lines show Lagrangian measurements. Red

dashed lines and blue dotted lines show predictions made using Eulerian and Lagrangian second-order theory,

respectively. Grey envelopes show measurement error bounds.
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FIG. 6. Second-order bound wave components for two crossing wave groups with input degrees of di-

rectional spreading σθ = 20◦, input steepness a0k0 = 0.3, and crossing angle between the two wave groups

∆θ = 45,90,135 and 180◦. Estimated degrees of directional spreading σ?
θ

are given in the figure. The top row

(panels a to d) shows sub-harmonic bound wave components, and the bottom row (panels e to h) shows super-

harmonic bound wave components. In all panels, black solid lines show Eulerian measurements, and black

dot-dashed lines show Lagrangian measurements. Red dashed lines and blue dotted lines show predictions

made using Eulerian and Lagrangian second-order theory, respectively. Grey envelopes show measurement

error bounds.
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FIG. 7. Amplitudes of Eulerian and Lagrangian second-order bound wave components for weakly and

strongly directionally spread focused wave groups. Panel a compares theoretical predictions (T) to the mea-

sured (M) amplitude of both super- and sub-harmonic components (crosses and circles, respectively). Panels

b, c, and d plot the amplitude of sub-, super-, and total bound wave components as a function of the estimated

degree of directional spreading σ?
θ

. Throughout, blue markers represent Lagrangian measurements and black

represent Eulerian measurements. Similarly, the blue and red dashed lines represent theoretical Lagrangian and

Eulerian predictions, respectively.
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FIG. 8. Amplitudes of Eulerian and Lagrangian second-order bound wave components for two crossing

focused wave groups with input degrees of directional spreading σθ = 20◦. Panel a compares theoretical pre-

dictions (T) to the measured (M) amplitudes of both super- and sub-harmonic components (crosses and circles,

respectively)). Panels b, c, and d plot the amplitude of sub-, super-, and total bound wave components as a

function of the crossing angle ∆θ . Throughout, blue markers represent Lagrangian measurements and black

represent Eulerian measurements. Similarly, the blue and red dashed lines represent theoretical Lagrangian and

Eulerian predictions, respectively.
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FIG. 9. Comparison of total measured Eulerian (black lines) and Lagrangian (red dashed lines) free surface

elevations for weakly and strongly spread wave groups (WSG and SSG, respectively) of input steepness a0k0 =

0.4.
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