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In this paper, uniform pointwise regularity estimates for the solutions of conductivity equations
are obtained in a unit conductivity medium reinforced by a e-periodic lattice of highly conducting
thin rods. The estimates are derived only at a distance '™ (for some 7 > 0) away from the
fibres. This distance constraint is rather sharp since the gradients of the solutions are shown to be
unbounded locally in LP as soon as p > 2. One key ingredient is the derivation in dimension two of
regularity estimates to the solutions of the equations deduced from a Fourier series expansion with
respect to the fibres direction, and weighted by the high-contrast conductivity. The dependence on
powers of ¢ of these two-dimensional estimates is shown to be sharp. The initial motivation for
this work comes from imaging, and enhanced resolution phenomena observed experimentally in the
presence of micro-structures [23]. We use these regularity estimates to characterize the signature of
low volume fraction heterogeneities in the fibred reinforced medium assuming that the heterogeneities
stay at a distance e!*7 away from the fibres.
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1. Introduction

Consider a material contained in 2 = w x (—L,L) C R? where w is a bounded domain in R?
with smooth boundary dw. Given some fixed wyg € w, we assume that inside 2y = wg x (—L, L), the
material contains small cylindrical rods of high conductivity. A sketch of the domain is represented
in Figure 1. For € > 0, r. < ¢, and (m,n) € Z2, let

Dm,n,e = Dare (me,n&‘) )
Qm,n,e = Dm,n,s X <_L7L) )

where D.,_(me,ne) is the disc of radius er. centered at (me,ne). Introduce the index set

I. = {(m,n) € Z* : Dy e Cwo},
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Fig. 1. Sketch of a domain 2 = w x (=L, L) containing cylindrical rods.

and set

D, = U Dm,n,e y QE = U Qmm,e .

(m,n)el. (m,n)el.

We will assume that the conductivity parameter of (2 is of the form

aE:{l in 2\ Q- ,

e in QE 5
where
0</i_§04571'7"§§l€+.

Additionally, we assume

2 2
O<l§—e2lnr6 gl.
T+ V-

We consider, for @, € C*(2) and F € L*(§2), the solution ¥. € H(£2) of

—div(a. V&) =F in 2,
WE = st on 012 .

(4)

This model, initially introduced by Fenchenko & Khruslov [19], has been studied in the context
of homogenization by several authors [21,5,12,9,27]. It is known to have a non-standard behaviour
when ¢ tends to zero. Namely, the homogenized limit is not of divergence form, and admits a non-
local term (see Theorem 3 for the precise form of the limit). While it is clear that, thanks to the
ellipticity, a global W12 (§2) bound holds, one can show that except for special boundary data @y,
the solutions ¥, of (4) are unbounded in W,2P(£2) for any p > 2, see Corollary 2. This makes
the situation very different from the case of bounded coefficients: Meyers’ Theorem [28] shows that
solutions are bounded in Wﬁ)f for some p > 2 in that case. In the case of periodic composites with
bounded coefficients, Li & Vogelius [25] and Li & Nirenberg [24] showed one can in fact obtain
W estimates. However, such improved regularity estimates strongly depend on the contrast of

the coefficients as shown for example in [22,3,4].
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The first goal of this work is to establish interior C1' estimates, uniformly in e, for ¥, away
from Q.. We show that in a set {2, = w. X (—[,1) improved regularity estimates can be obtained.
The set w, is “almost” the complement of the high conductivity fibres in the sense that w. N D, =
and the measure of wy \ w. tends to zero with . Introducing V' the solution in H}(§2) of

—AV = F,

we show that
[¥e = Vlcrr(o.) < CllF||r2),
see Theorems 1 and 2 for precise statements.

The assumption that wy is strictly contained in w is used in an essential way throughout the proof.
With this assumption, the contribution from the vertical boundary data is smoothed before it reaches
the fibres. It is possible that our approach could perhaps be extended to the case where wg = w. We
have not attempted to address that case, as the interaction between the vertical boundary and the
highly conducting fibres would require additional technical developments.

Conditions (2) and (3) correspond to a critical regime from an homogenization point of view.
It is known that under different asymptotic regimes for a. and r., non-local terms usually do not
appear, see e.g. [34].

We can think of several applications for this work. One could for example use this result to
establish a posteriori error estimates for the numerical solutions of (4). Our initial motivation came
from a question related to imaging. In a recent work, Ammari et al. [1] showed that the signature of
small inclusions inside a periodic medium was determined by the effective properties of this medium,
in the limit when both the period and the size of the inclusions tend to zero. The motivation for this
study was to provide a mathematical perspective on the so-called “resolution beyond the diffraction
limit” verified experimentally [23].

Recent developments in material sciences, see Bouchitté et al. [7], have shown that very high
contrast composite materials, with scalings similar to the ones used in this paper, could be used to
construct meta-materials with particularly interesting properties (such as materials with negative
optical indices). Such composites are out of the scope of [1]. This work relies on elliptic regularity
estimates shown by Li & Nirenberg which do not apply for large contrast. These imaging problems
involve either the Helmholtz equation, or the full Maxwell equation. We limited our study to the
case of a real valued conductivity coefficient in this work. Assume a perturbation of small volume
G. is located inside (2. with conductivity v, € C9(£2). The conductivity of the defective medium is

1 in 2\ (Q:UG:),
Qe d = § 71 in G, 5 (5)
a. in Q. .

For &, € C1(£2), consider W, 4 the solution of
div(aad VWs,d) =0 in 2 5 (6)
We.a =Py on 012,

and compare it to the unperturbed solution W, of

div(ae VIW;) =0 in 2, M)
WE = @b on 012 .

The signature on the boundary of the defect is characterised by the quadratic form Z. : H/?(982) —
R defined by

B(By) = /a ) aE% (Wea — W) ()B4 (s)ds.
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We show in Theorem 4 that at first order, for &, € C1(£2), it is of the form
B.(B,) = \GE\/ MYW, - VW, dj+ 0 (G.])
Q

where W, is the solution of the homogenized problem (13) associated with (7). This can be seen as
an extension of [13] to (7). At first order, the signature of the defect is similar to what would be
observed if defect was introduced in the effective medium, instead of the homogeneous substrate:
the only difference is the formula of polarisation tensor M. This is what was observed in [6] for finite
conductivities.

Theorem 4 has another interpretation, probably of equal if not greater importance for applica-
tions. Theorem 4, compared with the main result of [1] or [6] shows that impurities in the substrate
do not affect the overall properties of the composite material more than impurities would affect a
regular composite, provided these impurities are located in (2., that is, not too close to the highly
conducting fibres but not necessarily at a distance proportional to the size of the microstructure. As
far as the authors are aware, this is the first result of this nature. If such highly contrasted structures
are used to manufacture meta-materials, as suggested in [7], this result is of practical importance.

Another very related question is the regularity of the solution of a problem similar to (4) where
cavities replace inclusions. This problem shows a similar non-standard effective behaviour, the cel-
ebrated “strange term” of Cioranescu and Murat [17]. This will be the subject of a forthcoming
paper.

Our paper is structured as follows. In Section 2, we state our main results concerning the regu-
larity of (4) away from the highly conductive fibres. First, we consider for F' € L2?(2), the solution
U. € H} () of

{ —div(a. VU,) = F in 2, (8)
U.=0 on 0f2 .

Our result concerning problem (8) is Theorem 1. We then turn to the boundary value problem
(7), and obtain an estimate for W, in Theorem 2. To highlight the fact that excluding a buffer
zone around the highly conducting fibres is necessary, for any p > 2 we provide an explosive lower
bound for the W1 norm of W in Corollary 2 (see also Remark 3). This result is a corollary of the
homogenization result given by Theorem 3.

In Section 3, we show how these results can be used to obtain a representation formula for
inclusions of small measure located away from the fibres. This part was the initial motivation of this
work. Because outside of the highly conducting fibres the substrate is homogeneous, we provide a
self-contained proof.

Our approach relies on the fact that one can perform a partial Fourier series decomposition of
U. and W, in z3. In Section 4 we prove Theorem 1 and Theorem 2 starting from the regularity of
the Fourier coefficients. Note that translating the interior regularity results from U, to W, is not
obvious. A natural idea is to study W. = nW., where 7 is a cut-off function. Provided the cut-off
function is chosen carefully, this leads to an interior problem in Hg (£2),

—div(a. VWE) = —2a. VW, -Vn —a.AnW, in (2.

Let us focus on the first right-hand side term. Remembering that the only bound uniform in € is the
energy bound, [, a-|VW,|* < Cl|Pllcr (), since VW, is not bounded uniformly in € in any LP(§2)
for p > 2, we are then left with a problem of the form

—div(a. VW.) = —a.f, in H}(2) with / ac f2dr < oc.
o)
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Unfortunately, without additional information on f, this is not enough to guarantee that W, is
bounded in L*°(§2). In Proposition 7, we show that the best one can hope for in this case is

elWellL < Cllvacfllze-

We then turn to the more technical part of the paper. Section 5 contains the proof of the regularity
results for the Fourier coefficients associated with U.. Section 6 is the counterpart of Section 5, for
We. Section 7 is devoted to the proof of Lemma 2, a supremum estimate of De Giorgi-Moser-Nash
type adapted to our problem. The proof of this Lemma uses a Poincaré-Sobolev inequality proved
in Lemma 12. Finally, we prove the homogenization Theorem 3 in Section 8. Several intermediate
technical results are proved in Appendix A.

2. Main interior regularity estimates

The main part of this paper is devoted to the derivation of interior regularity estimates for
problem (4), outside of the highly conducting rods.
For a fixed wy € w; € w, define wt by

wE ={z € wy : dist (x, D) > e7}. (9)
Our result concerning problem (8) is the following.

Theorem 1. For x > 0, 7 > 1152(11;”") with n € (%, 1), and 0 < v < 2 (7] - %), the solution U, of
(8) satisfies
||Ue - V”Clv“(wix(fL,L)) < C(ana V)”FHL"’(Q)a

where V€ H(82) is the solution of
—AV =F.

This result is proved in Section 4.

Remark 1. It should be noted that, generically, V' may not belong to any W (£2) for p > 6. The
above result asserts that the difference U, — V enjoys a better regularity in most of the domain since
w1 \wE| = 0 as e — 0.

We use the notation C for various constants in the paper which are always independent of ¢.
When appropriate, we highlight the dependence on the parameters appearing in the statements of
the results by writing C(a,b,...).

As a direct consequence of the above theorem, we have

Corollary 1. Under the assumptions of Theorem 1 we have
UEl oo (we x (—,1)) T IVUE Lo (e x (— 1,1y r3) < C(EIIFll2(02)- (10)
Next, we derive an estimate for the solution W of (7), given by the following proposition.

Theorem 2. Let (¢ = we x (=1,1), withl < L. For k > 0, 7 > I{E2(11_+nn) with 1 € (%,1), and
O<rv<?2 (77 — %), the solution W, of (7) satisfies

[Wellorw sy < Ckym, v, 1) (1@ 01 (-

This result is proved in Section 4.
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Remark 2. Once again, as ¢ — 0, we have |wy \ wi| = o(1), therefore the solution of (8) enjoys a
uniform C'**-bound in almost the whole domain.

It is natural to ask whether a uniform global C**¥-bound exists for 2. To answer this question,
first we consider the limit homogenized problem corresponding to (7). To state our homogenization
result, we need to introduce a capacity function. The function ¢? is defined, for some ¢ > 1, in {2 by

0 if 7 = /(z1 —me)? + (zo —ne)?2 < er,
ol Inr —In(ers) .
(x) = = if 7/2), f I (11)
< (e /2) — In(er2) if r € (ere,e7/2), for (m,n) € I,

1 elsewhere.

In fact, we choose o so that €7 > 7. Note that ¢ does not depend on the variable z3, is periodic
of period [—£/2,¢/2]® in §2y, and is equal to 1 outside of 5. This capacity function has been
ubiquitous in the derivation of homogenization results related to conductivities of the form (1) since
its introduction in [17].

We have the following homogenization result, proved in Section 8. Note that a. is only reinforced
in the cylinder 2y = wg x (=L, L).

Theorem 3. Assume in addition to (2), (3), that

2m
1 2 = 1 —
gll% Qe Trs = K € [k, k4], gg% Zr] v € [y—,74). (12)

Let &, € C1(£2). Then, the solution W. converges weakly in H(£2) to the unique solution W, of the
coupled system

— AW, +y (W, = Vi) 1, =0in 2
— k0B +y (Vi = W,) =01n 2y =wy x (—L, L)
W, = @y, on 0f2
Vi(-,£L) = &p (-, £L) in wp.

(13)

The pair (W, V,) satisfies W, € Coﬂ(f])ﬂWif(()) and V,, € C%*(5)NC2.($20) for some a € (0,1)
and for any p > 2.
Moreover, the following corrector result holds:

lim [ a.|[VW. = VeZ (W, = V,) = ZYW, — (1 — ) 85Vi es]” dx = 0. (14)
2

e—0

Because of the non-local nature of the problem it solves, it is not clear that W, is analytic inside
29. The following proposition shows that it enjoys partial analyticity, that is, with respect to the
3 variable.

Proposition 1. Under the hypothesis of Theorem 3, the solutions W, and V, of (13) are analytic
with respect to the x3 variable in (2.

This result is proved in Appendix A.1. We are now in position to answer the global regularity
question. Theorem 3 and Proposition 1 imply that one cannot expect an ¢ independent bound for
the sequence W, in a space better than H'({2) in general, as the following Corollary shows.
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Corollary 2. Let &, € C%(£2) be such that the sets
S.(®y) = {2’ € wy such that Ay®y(-,+£L) =0}, where Ay = 07, + 035,

have an intersection of zero measure. Then, the sequence W, is unbounded in Wﬁ)’f(ﬁo) for any
p > 2. More precisely, for any non empty open set 2 C Xy, there exists a positive constant C'(£2,®y)
independent of € such that for any p € (0,1) and p > 2,

liminf (r270-2/D| VW, |2, 00 g, 5 ) = (1= p)C (2,1).

Proof. Working with a subsequence if necessary, we can assume that (12) holds.
Fix p € (0,1) and let O, be the open subset of {2y defined by

O. ={z €wp:0<dist (z,D.) <erf} x (L, L), (15)

By the definition (11) of ¢Z combined with (12), and by the periodicity of ¢Z and 1¢_ in {2y, we have

er?
lo, V2> — lim <27r/ dr)) =v(1 —p) weakly-* in M(£2),
£

=0\ €2 /., rin*Q2l-r,
which by virtue of the continuity of V, — W, implies that
lo, |V [* (Ve = W)2de — ~(1 —p) (Vi — Wi)?  weakly- x in M(£). (16)

Let us show that this last term does not cancel on any non-empty open subset 2 C (25. By
contradiction, suppose that the continuous function V., — W, = 0 on a ball Br(p°), centred in
p° = (p9,p9,p9) and of radius R > 0, such that Br(po) C (2. This implies that for example that for
any 2’ € Cg, with Cr = (p? — R/2,pY+ R/2) x (p§ — R/2,p9+ R/2), the function W, (z',-) — Vi (a',-)
is identically zero on (pJ — v3R/2,p3 + v/3R/2). As we have shown in Proposition 1, this function
is analytic on (—L, L) therefore W, = Vi, on Cr x (—L,L). The system (13) then shows that
02V, = AV, = AW, = 0 in Cr x (—L, L). Hence, taking into account the boundary conditions of
(13) we would have

7L+CE3
2L

L*l‘g
2L

We(z) = Vi(z) Dy(2', L) + @y(2',—L) for any x € Cg x (=L, L).

Since W, is harmonic in Cr x (=L, L), it follows that both functions @;(-,+L) are harmonic in Cg,
therefore | S, (Py) N S_(Pp)| > |Cr| > 0 which contradicts the hypothesis.
Next, since VW,, 03V, € L?(§2y) and 0 < cZ <1in {2y, we have

lim [ [cZVW, + (1 - ¢2) 83V, es) da = 0.
Oa

e—0
Hence, by the convergence (14) and the fact that a. =1 in O,, we deduce that

YW, —VeZ (W. = V,)|° — 0 strongly in LL(£2).

lo.
This combined with convergence (16) implies that

Lo [VW* = ~y(1 = p) (V. — W,)?  weakly-* in M(£2p). (17)
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To proceed, fix 2" €@ 2 C (2 and select a smooth cut-off function ¢ € C°(£2’) such that
0<(¢<1land(¢=1in £2”. Note that, for some C; > 1

Crlrr <0 < Cyr2r.

Thus, (17) shows
| Ao =W [ 50 pv. - W

:lim/ VW, |? ¢ dx
e—0 0.

< lim inf / VW, |? dx
e—0 O.N
< liminf (|07 VWe [F1an 0. 20
. : 2p(1-2 2
S Cl hgi}(r)lf (Tap( /p)||vw5||Lp(Q’\QE,R3)) .

Since this is valid for all £2” € §2', we conclude the proof. 0O

Remark 3. Note that Corollary 2 shows that gradient blow-up occurs outside of the highly con-
ducting rods. A variant of the proof shows that one can obtain the following estimate

lim inf (Tgﬂ(lpr)||VW€||2LP(Q,\Q27,,R3)> > (o) — p)C (2, By),

where 0 < p < p/ <1 and
Q’E’/ = {z € wp : dist (z,D.) < ergl} x (=L, L),

which shows that the blow-up is not localized on the surface of the rods.

3. Application to structures with defects of small volume

We now consider the case when a defect of small volume is present in the medium. In that case,
the conductivity of the defective medium is given by (5). We assume that the defect of support
G. stays away from the high conductivity fibres. To fix ideas, given 0 < I < L and w; such that
wy € w1 € w, suppose

Ge C 2. = {x € wy : dist (z,D.) > 517/16} x (=1,1). (18)

Note that the set {2, grows as ¢ tends to zero. Furthermore, in the language of Section 2, 2, = (22
for 7 =¢&'/16 k=1, n = 7/9. This guarantees a C'""¥ estimate with 0 < v < 1/18.
Throughout the section, we will assume that (12) holds, namely

lim a.7r? =k € [k, k4], lim L v E =, V4]
en0 o F ’ " &0 e2|Inr| ’

When e — 0, Theorem 3 shows that the sequence W converges weakly in H}(£2) to the solution
W, of the coupled system (13) when &, € C*(£2).
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We proceed to derive an asymptotic formula for the difference response operator (the difference
of Dirichlet-to-Neumann operators on 942)

HY?(002) - H Y%(00)

(151, — Qg % (Ws,d — WE)

0 o0

As this operator can be recovered by polarisation, we limit ourselves to the study of the quadratic
form

Z.: HY*(002) - R

Dy, — asﬁ (We,a — We) (8)Pp(s)ds. (19)
on On

We can now state the main result of this section.

Theorem 4. Assume that |Ge| — 0, and |G<| ™11, converges weakly-+ to a Radon measure p on

2. There exist a subsequence, still denoted by €, and a matriz-valued function M € L?(£2,p)3*3

such that the bilinear response form Z. given by (19) has the following asymptotic form
BBy = |GE|/ MYW, - VW, du+0(G.]) for any &, € CM(2), (20)
2

where W, denotes the solution to the homogenized problem (13) with boundary condition @y, and

G
lim sup o(|Ge])
=0 )@y |1 <t |Gel

=0.

In addition, the matriz-valued function M is symmetric, independent of @y, and satisfies
. 1 1
(1 = Dymin (1, ) < M(y)¢-€ < (1 - Dmax (1,— ) p-ace.
" "

Remark 4. Due to the definition (18) of (2., the measure y has actually support in &y x [=1,1] € {2.
This gives a sense to the integral term of (20) since W, € CL _(2).

Remark 5. We have characterised the signature of a defect provided that the boundary condition
@y, is in C'(£2). The natural space for @, is H'/2(92), but we do not know if our result holds in this
space as well.

Our strategy is inspired by [13,1]. The first key element is the following Lemma.
Lemma 1. There ezist a positive constant C independent of @y, and £ such that
VW = Weallzzi) + G2 IWe = Weallz2(2) < C G2 [@b]lcr0)-
Proof. Write x..q = W. — W, 4 € H}(£2), we have
div(ac,aVxe,a) = div((ae,a — a-)VW.) = div((y1 — 1) 1g. VL)
Thus, by testing against x. q, we get

IVXz,dllz2(0) < CIVWelz2(a. re) < C G2 [VWe |l L (6. o) -
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Next note that, thanks to Theorem 2, we have
IVWellL=(c. r5) < [Wellerv (o, < Cll®oller (), (21)

with v = 1/20. Thus
IVX=.dllz2(ors) < C G Dol (s - (22)

This proves the first half of the desired estimate, namely
IV(We = Wea)llz2(0,25) < C |G @bl o1 (-
To prove the second part of the estimate, introduce the solution X. € Hg(£2) of
—div (a:VX,) = Xe,a -
Thanks to Corollary 1, we have

HVXEHLG(QE,RS) < ClIXe,dll2(2)-
On the other hand, note that
div(aeVxe,a) = div((ae,a — ae)VWe q) = div((y1 — 1) 1, VIVe q).

After an integration by part, we see that

e 22y = /Q 0.VX. - Vyeqds

= / (’71 - ].) 1Ga VXE . VWE’d dx

€

= —/ (11 —1) VX, - Vxeadz +/ (1 —1) VX, - VIW. dz
G, G,

<C HVXEHLG(_QE,]R3) (”VXe,dHLG/S(GaW) + ||VWEHL°°(GE,R3)|G6|5/6>
< COllxedllz2 (o) (HVXe,dllm((z,]RB)|Ga|5/6_1/2 + ||VWE||L°°(G€)‘GE‘5/6)
< Clixe.dllL2 @) G= 6 l|Bsllor ().

where we have used (22) in the penultimate inequality. The proof is complete. O

The second ingredient is a pointwise uniform estimate on W, —W.,.. We use the following extension
of Theorem 3 with varying boundary data, the proof of which consists of a straightforward adaptation
of the first step of the proof of Theorem 3.

Theorem 5. Assume that the conditions (2), (3) and (12) hold. Consider a sequence p. € C(£2)
which converges strongly in C°(£2) to some p € C%1(£2). Then, the solution W, of problem (7) with
the boundary condition ®, = p. converges weakly in H'(§2) to the solution W, of (13) with the
boundary condition @, = . Furthermore, W, € I/Vlif(()) and V, € W2P(2y) for any p > 2.

loc

Proposition 2. The solutions W and W, to respectively (6) and (13) satisfy the following conver-
gence in the set {2 of (18),

lim sup HVWE — VW*HCO,l/ZO(Q R3) = 0 (23)
e—0 1/ =5
P, e C (Q)
[ollcr(oy <1
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Proof. By contradiction, suppose that there exist a constant ¢g > 0, a sequence (en)nen, and a
sequence ¢, € C'(£2) such that

lenllcroy = 1L,

and
VWi = VWianllconrzoo. rsy = o,

where W, is the solution of
div(ae, VW,) =01in £2, and W,, = ¢,, on 012,
and W, ,, is the solution of

— AW +7 Wi —Vin)lg, =0in 2
—6033Vin +7(Vin —Wipn)=0in 2y =wy x (=L, L)
Wi.n = ¢n on 012
Vin(s,£L) = op (-, £L) in wy.

The regularity Theorem 2 shows that there exists a constant K, independent of n, such that
HVWn||Co,1/19(QER3) <K ”"O”HC“(()) < K.

Then, by virtue of the extension theorem for Holder functions (see, e.g., [30]) there exists an extension
&n of VW, to the set 21 = wy x (—1,1), such that

1€nllco1r10 (0 3y < K,

with the same constant K. Note that the embedding C*/19(2;,R3) «— C%/20((2;,R?) is compact.
Therefore we can extract a convergent subsequence &, (and the associated sequence ¢,) such that

€p — 5”00,1/20(91711@3) — 0.
Thanks to the Ascoli-Arzela Theorem, we can extract yet another subsequence &, ¢, such that
loqg — goHCO(Q) — 0 for some p € C*1(0).
Now, the homogenization Theorem 5 shows that
VW, = VW, in L?(£2,R?),
where W, is uniquely defined by

— AW, +y (W, —=V,)1g, =0in 2
—k0LVi+ v (Ve = W,) =0in 5 = wo x (—L, L)
W, = @ on 052
Vi(-,£L) = (-, £L) in wo.

A uniqueness argument shows that VW, = £ on {2;. In particular,

||VWq - VW*”CO,I/?O(QS’IRL;) = 0(1)'
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On the other hand, thanks to Theorem 3, the linearity of the homogenized system W, , — W, €
W24(£21) and the Sobolev embedding Theorem we have,

VW = IWel oo, 59y < C lleq = Pllooge = o(1)
for a constant C' independent of ¢, ¢ and . We therefore have obtained that
co < [[VW, — VW*,cho,l/?O(QE,RS) =o(1),
which is a contradiction. 0O

The third ingredient is an asymptotic representation formula for V (W, 4 — W;) in the set G,

Proposition 3. (a) Let vl and v. ; be solutions to (7) and (6), respectively for & = x;. Then,
there exist a subsequence, still denoted by e, and a matriv-valued function M* € L*(§2, 1)>*3, such
that

a (vl , — ot
. 1a ( e,d 5)
1 = dx = M pd 24
Y ren B e /Q v dp, (24)

for all ¢ € C°(R2). Furthermore, the matriz M* is symmetric, and satisfies

0< M*(y) < (%7_11)2 p-a.e. (25)

(b) We have, for all w € W24($2),
/ (00 — ac0) V (Weg — W) - Ve da = |GE|/ MYVW, - Vwdp + oGe]) 0]y
(%} (9]

where o (|Ge|) / |Ge| converges to zero uniformly for H@bHcl(Q) <1.

Remark 6. It is natural to ask if the extraction of a subsequence is necessary, even in the case of
bounded conductivities. The answer is positive. In the case of domains G, shrinking to a point, there
is an entire set of possible polarisation tensors for a given constant 7y, delimited by the so-called
Hashin-Strikman bounds, see e.g. [26,29,14,2].

Remark 7. We can use a compactness argument to derive from (24) that

1o 0 (v;d - U;)
lim sup / : Q/def/ M dp| =0
Q Q

S0 o o<t /0 |Gl Ox;

for any 0 < v < 1. We remind the reader of Remark 4: p has compact support in (2. Indeed, if this
fails for some v, then there exist some ¢y > 0 and a sequence 1,, € C%”(£2) such that (along some
subsequence € — 0)

1G5 0 (Ué’d B ’U;) ,(/J d / MF 1/} d >
n AT — i Un > cp.
o |G Ox; o 7 : 0

On the other hand, as the embedding C%(§2) < C°(£2) is compact, we can assume that ¢, — 1,
in CY(£2), which implies a violation to (24).
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Proof. The proof of this proposition is a variant of that of the main theorem of [13]. We provide
the proof here for sake of completeness, adapted to the case at hand.

(a) Introducing v} and v? ; solutions of solutions to (7) and (6), respectively for a given &} = x;, we
know thanks to Theorem 3 and Proposition 2 that

tim |[[vf = vt 2y + [V0E = Vokllgoasaoga, ms)] =0,

where v! is the solution of W, of (13) corresponding to @, = z;. It is immediate to verify that
vl = x;. In particular, we have

[ ol — miHWm@(QE) <C (Hv”; - ei”co,l/%(rzg,R% + vz — xiHLZ(Q)) =o(1), (26)

Here and in the sequel, o(1) denotes any quantity going to zero with e, independently of @,. On the
other hand, using Lemma 1 we have

HVv;d—vaHLQ <C |G€|1/2 and Hv;d—véﬂw(m §C’|G€|5/6. (27)

(£2,R3)

Applying the Cauchy-Schwarz inequality yields
1/2
x| / |Vl g — Vi < |G | G| 7 ||Vl 4 — Vol HLQ(GERg) <C, (28)
thanks to (27). We may therefore extract a subsequence, still denoted by e, such that
-1 9 i
|G| 1, (1 — 1) e (1167(1 — vs) dz — dM,;, (29)
J

where M, ;, 1 <i,j < 2 is a Borel measure with support in wo x [—[,]. The above convergence
results hold in the weak-* topology of M (@ x [~1,[]) (the set of Radon measures on @ x [/, ]).
Note that 1 —v; € CY(£2). We see that, for any f € C°(£2),

o . 9 .
. : -1 _ [
[ ran| = e [ a0 (it i) s

€

. Hl _’Yl”L"C(Q) i i 1 2 1/2
< limsup —————= vae,d — VUEHLQ(GE,D@) W . fedx .

e—0 \/ ‘GE‘

Since |G6|71/ fPde — f?dp, we conclude, using (27) that
G. 2

1/2
’/ fdMy| < C (/ |f|2du> . (30)
(e} 29

It follows that dM;; is absolutely continuous with respect to u and thus, there exists a 3 x 3 matrix
valued function M* € L?(£2, 1)3*3 such that

fd./\/llj - M{;fdﬂ
Q() -QO
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Let us now turn to the properties of the matrix valued function M*, following [13]. The matrix M*
is characterised by

¥ 1 i i
[t vdi= o [ =)V (uhy ) Vg da o)
n | €| Ge
for any ¢ € C° (£2). Note that v} ; — vl is the solution in Hg(£2) of
div (ae,qV (11;(1 — o)) =div ((1 — y)le Vo). (31)
Using this identity together with Proposition 2 and Lemma 1, we obtain
* 1 i i j
/ M pdp = G / (1 =7)V ((vlg—0L)9) - Vulde +o(1)
9] el JG.
1

=161/, ae,aV ((vlq—0l) ) -V (Ug,d — vg) dz + o(1)

1 . ) . )
- / 0V (vl g~ v1) - (014 — o) wda + o(1),
€ 2

Under this last form, it is apparent that M;; = Mj;. Furthermore, given ¢ € R3, introducing
V. = Z?Zl(v;d —v?)&;, this last identity yields

1 2
[ [ S M eudn= o [ acal VP vde o) (32)

1<i,5<3

This shows that M* > 0, p-almost everywhere. Alternatively, from (31) we derive, using Proposi-
tion 2 and Lemma 1, that for ¢ > 0,

/ag,d|vve|2wdx:/ 4o dVV. -V (Votb) da + o(|G.))
(93 0
3
= /9«1*%)1@) (ZVU;&) -V (Vatp) dz + o(|G.])
=1

- /Q((l—71)1cg)§w-VVsdx+0(|GeD (33)

(1771)2 ) >1/2< ) )1/2
< (/Q 2P sggpodr) ([ aalwvlvde)  +oca)

where we have used (26) to derive (33). This shows that M* < (1_7%)2, p-almost everywhere.

(b) Let us now show that
|G5|71/ (ae — ae,q) V(We g — We) - Vwde = |G5|71/ M*VW, - Vwdy + err, (34)
2 Q

where err satisfies
lerr| = o(1) |Ge| |Po]lc1 () lwl[w=1(0)-

Identity (34) can be interpreted as a ‘separation of scales’ result. On the left-hand side, the per-
turbation induced by the defect is present both in the ‘microscopic’ term a. — a. 4 and in the
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‘macroscopic’ term VW, 4 — VW,. On the right-hand side, the ‘macroscopic’ term VW, is inde-
pendent of the defect. To prove this result, we follow the adaptation of the oscillating test function
method in homogenization of Murat & Tartar [31] proposed in [13]. In the following computation,
v 4 — vs plays the role of the corrector function in homogenization. By a chain of integration by
parts, we will transfer the derivatives from V(W. 4 —W.) to V(v. ; —v.), and then pass to the limit.
To express the left-hand side of (34) in terms of M*, we introduce v} ; — v. in the computation
as follows. Using Einstein summation convention for the index i and noting that v’ = x;, we have

/ (ae — ae,q) V(Weq— We) - Vudz = / (1—71)V (Weq—We)- Vol Ow dx (35)
Q

*
G. a(El

.0
:/ 1=y)VWeq—We)- Vol wda:—&—errh
Ge

€ 311
with
jerr1| < O Vet — Vi oo, &) IVl (i) |Gl 2 IV (Wesd = We)l 2 6, g
=0o(1) |Ge] [|o]lcr () llwllw24(0),

thanks to (27) and Lemma 1. Continuing the transformation, we write

/ <1—wl>v<wgd—ws>-w;a‘”dw=/ =)V (2% (Wey— W) Veide ey (36)
G, ’ 8% G. ail,'l ’

0 ) .
= / ae,aV (w (Wea — WE)) -V (vl g —vl) dz + errs,
17 0x; ’
with
. 13
lerra| < C|Vulllooa. v IVl L2(6. 7o) [(Wed = We)ll L2 gy < C G| [Bollcr @ wllwz1(0)
= o(1) |G<| | ®oll 1 (y lwllwza(2)

thanks to Lemma 1 and Holder’s inequality. To remove the W, 4 term, we write

/ Y, <3“’ (Weq — Ws)) -V (vl g —0l)dz (37)
Q Ox; ’

ow
Bxi

— / (ac —acq) VW, -V (8w (U; 0= vé)) dx + errs,
Q Ox; * ©

= / acaV Wea—W.)-V ( (vig— vg)> dz + err3
2

with
lerrs| < c/ V2| (|W5,d — W |V (vl g —vl)| + |V Wea = Wo)l [0l 4 — o] ) dx
0

13
< Cllwllwza@) Gl |®bllcr (o)
= 0o(1) |Ge| 1®o]|cr () 1wl w2302y

using Lemma 1, together with the interpolation inequality

4 4
1f sy < CUAIA o) 1 £ 1oty
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Expanding this last expression, we have

ow , i
/Q (ae — ac,q) VW - V <8m1 (vl q— vs)) dx

- / (1—y)VW.-V (v;d — v;) Ow dx + erry,
G. ’ al'i

with
erra] < Ol g — vl ) [V We o= s G2 follwr.e )
= o(1) |Ge| 1ol cr () lwllw=.a(02).-

Using the convergence of W, to W, we get

/ (1—m) VW, -V (vz_ q— v;) 8—wdx
G. ? (9301

ow

z/ VW, (g, (1 =)V (vl g —0l)) dz + errs,
Q ' 0x;
with
i iy Ow
lerrs| < O (16.V (v24 = v2)) o, 121 @r [VWe = VWl 1= (G. 22)
< ClGe lwllw2a0) [VWe = VWi L 6. R2)-
Note that thanks to Proposition 2, we know that
IVWe = VW.||L= (G r3) = o(1)[Ps]lc1(0),
therefore |errs| = o(1) |Ge| || Pol|c1 () wllwz1(). Finally, by Remark 7,

1 ; iy O
—/ VW, (Le. (1 —m)V (vlg—0l)) Wiz = / VW, - (M*)" Vw dp + errg
1Ge| Jo ' Ox; Q

where
\err6| = O(].)”vW*”CO,l/%)(_Q,R.?)||VU)||CO,1/2O(QE,R3) - 0(1) ||§pb||cl(_())||w||wz,4(_q).
Combining (35),(36),(37),(38),(39) and (40), we obtain (34). O

Proof of Theorem 4. A straight-forward integration by parts shows that

%E(qsb)z/ (y1 — 1) VW, 4- VW. dx,

€

which we rewrite in the form

Re(Py) :/ (v — 1) VW, - VW, dx
G,
+/ (ae,qa—ae)V(Weq— W) VW, dx + err,
Ge
with err; = / (= 1) (VW,. - VW, — VW, - VW,) dx
G.

+/ (ac,d —ae) V(Wea—We)  V(We — W,)dz.
Gs
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By Proposition 2, Lemma 1, Theorem 3 and (21), we have
lerrr| < C|Ge| [|[VWe = VW, |[coo. re2) |Pollcr(a) = o(|Gel)-

On the other hand, Proposition 3 shows that
/ (aeq —ac)V (Weq— W) - VW, dz = — |G| / M*VW, - VW.du+ o(|Ge) ||W*||W2,4(Q) ,
Ge 0

and this establishes the representation formula given by Theorem 4, thanks to Theorem 3 with
M;j = (y1 — 1)dij — M.

The bounds (25) on M* imply the announced bounds on M. O
To conclude this section, we now provide an alternative characterisation of M*, following [15].

Proposition 4. Let M™* be the polarisation tensor introduced by Proposition 3. Let v be a uniformly
positive, smooth function on £2, and &€ € R3. Then M* satisfies

2
[ e evan= [ DLy
(9] (9] Y1

7 —1

2
Vw + 1¢.&| Ydz+o(1),

1
"G wetiton /n e
where o(1) may depend on 1 but goes to zero with .
Proof. Let (. be the solution in H{ (£2) of
div (ac a9 V(o) = div (¢ (1 =) 16.€) - (42)
Note that (. is the unique minimizer of

7 —1
At

2
Vw + Y dx.

1c.¢

min /asyd
weH(2) Jo

In particular,

1

-1
/ e d (VCS + 1 1GE§> -V dr =0,
Q y

and therefore, as v, € C°(92),

2
/ae,d Ve + 2l e pde
(9] 1
o 2
:f/ as,d\vca%w/ 01 = o2y
(9] Ge 71
- 2
- / e [VCI b da + / 01217 2 g gy 4+ 0(1). (43)
0 0 71

Let us prove that (. satisfies an estimate similar to that of Lemma 1, namely

IVCall o (omoy + 1Gel 2 NCellLa(y < C1GE[Y2, (44)
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where C' may depend on %, but is independent of €. Testing (42) against (., and integrating by
parts, we obtain

2 1 2
||VC€||L2(Q,R3) < minz/J /Qaa,dq/)|vce| dzx
1
- min ¢ /GE (L=m)¢ Ve

<C |Ge|1/2 ||VC8HL2(Q,R3) )

using the Cauchy-Schwarz inequality. On the other hand, using Hoélder’s inequality followed by
Poincaré-Sobolev’s inequality,

I¢llz2(eo) < 1G=Y? Iellzoc) < C G [V 2 (0 89),
and (44) is established. Introducing V. = Z?Zl(v;d —v1)&;, the identity (33) shows that
[ acal 9V o = [ (1= )16, €0 TVido + of|G)
Q Q
= / e, a V(. - VVedz 4 o(|Ge]).
Q

On the other hand, using Proposition 2, followed by (44), used twice,

/ e VG| iz = / (1 —m)le.) €0 Veede
0 0
3
= /Q«l—w)lag (sz'fi) - Vietpdr + o(|Ge))
=1

3
= /Q (1 —m)1c.) (Zw;’&) -V (¢¥) dz + o(|G.])
=1

— [ 4t vV Veds + oG
Q
We have obtained that
/ Ge.a [TV e :/ 0.0 [V G2 oz + o(|G ).
Q 0
The conclusion then follows directly from the above identity, (32) and (43). O
4. Regularity estimates in two dimensions for weighted equations and
three-dimensional consequences
In this section, we state the regularity results we have obtained for two-dimensional companion

problems of problem (4). To highlight the sharpness of the supremum estimate provided by Lemma 2,
which provides an L° upper bound of the form C(s)e™* for any 2 > s > 1, we construct in

Proposition 7 an example where the L>° norm is bounded from below by Ce~'. Then, we prove
Theorem 1 and Theorem 2.
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4.1. Towards the proof of Theorem 1

Let us now turn to the proof of Theorem 1. Because none of the coefficients depend on x3, we
can, as in [10], reduce the study of this three-dimensional problem to that of a two-dimensional
problem by separating variables. We write

(2, 23) Z Ue,n(z') sin (%(% + 1)) , (45)

F(2',z3) an (@(% + 1)) , (46)

and (8) becomes

. n27-r2 .
—diva(ae Vaue n) + 5z Qe Uen = fr inw, (47)
Uen = 0 on Ow .
In the above, dive and Vg denotes the horizontal divergence and gradient operators. We are thus
led to consider, for A > 7,
—diva(as Voue) + Aaz ue = f +a-. g+ dive(h) inw,
(48)
ue =0 on Jw ,

where f € L?(w), \/a-g € L?(w) and h € L>(w,R?). Problem (48) is equivalent to Problem (47) if
g = 0,h = 0; the additional a. g + diva(h) term will prove useful for the study of boundary value
problem (7).

Section 5 is devoted to the proof of the following result.

Proposition 5. Assume that A > Ag > 0. For k > 0, n € (0,1), and 7 > ke the solution Ue
to (48) enjoys the following bound
lue — vllLoo (we) + [IVaue — Vav| oo (e r2)
< C()‘O,nlivn)
SToT
where v € Hy (w) is the solution of

1
It (1112 @)y + IWae gll 2wy + Il oo wr2)) + el L w)

—Av+ A = f + g+ diva(h).
Furthermore, for 0 < v <mn,

[Vaue — Vav]ew e r2)

C(AONI’@T]?V) 1
St e (1f1122(w) + 11Vae gll 2wy + [l Lo w,r2)) + luell o @)

Throughout the paper []¢v will be used to denote the v-Hélder semi-norm. The second ingredient
for the proof is a supremum estimate for wu..

Lemma 2. Assume that conditions (1),(2) and (3) hold. Assume that p. € H} (w) satisfies,
—div (a:Ve) + Aacp: = a.f + div (a:ch) . (49)
Then, for any 1 < a <2,0< 8 <1—«a/2, we have

Clas )
el < S (el oy + 5 IV ) -
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This variation on the standard De Giorgi-Moser-Nash estimates is proved in Section 7. As a direct
consequence we have the following proposition.

Proposition 6. Assume that A > X g >0, g =0 and h =0. We have

C >\Oa
fuclzmor < C02D o (50)

for any q > 2.

Note that Lemma 2 does not show that ||¢c||z () is bounded independently of . The following
counter-example documents the sharpness of our estimate, as it shows that it must be at least

O(e™1).

Proposition 7. Assume that conditions (1), (2) and (3) hold. Let ¢. € H}(w) be the solution of
(49). Let 1p, . be the indicator function of the disk Do C R? centred at the origin and of radius
ere. Set fo = '1p,, . and h =0. Then, we have

1k_ K_

< d >z ,
[Vae fellzw) < VEg,  and  [[¢ell ooy = iy 7g + ARy +o(1)

(51)

where lim._,g o(1) = 0.
Proof of Theorem 1. Fix some [ € (0, L) and let 25 = we x (—1,1). It suffices to provide the required

estimates in {22 with a constant that is independent of I.
Together with (45) and (46) we consider the Fourier decomposition

V(x' x v ) sin oL +1 )

5 Z () sin (5 (7 +1)
Note that U, — V is harmonic, thus regular, in 2\ Q.. Therefore, by Dirichlet’s theorem on the
convergence of Fourier series, the Fourier expansions of U, — V and V(U — V) converge pointwise
to U. — V and V(U. — V) in 2¢. Proposition 5 and Proposition 6 combined with the choice ¢ = %
show that

C(k,
e = ill ity + 1Vt~ Pt e 2y < S, (52)
C(k
[Vaue,n — Vavp]ov (we r2) < (2,, l,) | fnllL2(w)s (53)

with 0 <v <n <1 Forn> %, (52) shows that the sums

L' 23) = 3 (@) — va(a")) sin (%(% +1)),

n

Il
A

NE

12(1'/, CCS) = (Vzus,n(x') _ VQ’Un(:E/)) sin (%(E + 1))

3
Il
_

are absolutely convergent,

1] poe 22y + 2]l poe (02 R2) < CZ Sl fnllL2 )

N

o0

1 C
< C|Flz2o) <Z n477> < FHFHLZ(Q)-
4

n=1
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This shows that

[Ue = Voo 22y + IV2Ue = VoV oo (2 g2y < ClIF|12(02)-
We turn to the Hélder estimates of VoU, — VoV By (53) with > % + 1 we have

122, 23) = Io(y s 23)] < D [(Vaue (@) = Vavn(2)) = (Vouen(y') = Vv (y'))]

n=1

o0 1 .
<C Z T I fall2 ) 2" — 9]
n=1

C
<

NPl 2’ — 1"
271
By (52) but with n > % + 1 we obtain,

|I2(y,7 953) - IQ(y/a y3)|

<Z|v2uen — Vaun(y)]

Z ngn [ fnllL2 [n@3 — nys|”

ol I

< —— 1 IFllr2o) lws — ysl”
2

JM»—A

From these last two estimates, we deduce

[VaUs — VaVlgw (e ey < ClIFll2(0).

Next, we estimate 0,,U. — 05, V. Choosing n > % in (52) shows that the sum

Zn Ue p(2) — vy (2')) cos (n27r(x3 + 1))

L
converges absolutely with bound

=1 C
3]l oo (0s) <C —at Mnllre ) < - 1FlL2(02)
n=1 4

This proves that

||813UE - 8$3V||L°°(Q$) < C”FHLz(Q)
For the Holder estimate, we proceed as before. First, with n > % in (52) we obtain

Ia(a’ s 3) = Iy, 23)] < D | (uen(@') = vn(2)) = (e (y') = va(y))]

n=1

=1
< CZ T [ fallz2) 2" =¥/
n=1

<

—5 |1 Fllr20) 2" — ¥/
4
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Also by (52) but with n > & + %7

[Is(y', x3) — Is(y', ys)|

< S ) ) s (2 1) o (2 )

(oo}
1
<Cy =t Iallze) Inas —nys|”

n=1

<

n—

HF||L2(Q) |$3 - y3|y-

NN )

_3
4

We have shown
[amgUs - a:rgV]CV(Qf_) < CHF”Lz(Q)’

which concludes the proof. 0O

Proof of Proposition 7. The bound on fe in (51) is straightforward, from the definition of a., (1),
and (2). Integrating (49) against . and using (2), we find

/a€|Vgpe|2dx+/)\aegoidx:/agfggogdx:/ ag(pgf:"_ldwgIiJrEH(PEHLOQ(w).
w w w Do,o,e

Let Y = (—1/2,1/2)? be the unit period cell, and set
ge = (1 —-c)1y € H}(w), (54)

where c! is defined by (11) for o = 1. An easy computation using (2) and (3), shows that

/a5|VgE|2dx+/)\aEg?da::/ ’Vciﬁe_de—i—/ Nae (1 —ch)?e2da
w w ey ey
S Y+ + )\I’\?+ + 0(1)

Then, the Cauchy-Schwarz inequality combined with the two previous estimates yields
1
2

w

1
/ Qe VSOE : ng dx + / e Pe Ge dx < <1€+ € ||§06||L°°(w)) ’ (’Y+ + )‘KJr + 0(1))
On the other hand, integrating (49) against g., we find

/GEVLPE'v.gedx“"/aeﬁpegsdx:/asfsgedx:/ a55_2d$21‘€—~
w w w Do,o0,e

Combining these two inequalities provides the announced bound. 0O
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4.2. Towards the proof of Theorem 2

Let us now turn to the proof of Theorem 2. Our approach is to decompose the boundary data
@y, into three parts. We first define
T3

¢L('ax3) = 2L

(B L)~ B~ 1) + 5 (o L) + (-, 1), (53)

which agrees with @,(-, L) on & x {+L}. We now freeze the variations of ¢, in the z’-direction on
the highly conducting fibres by decomposing ¢y, into

oL = o1+ P,

where

¢1 = prcd + Z (1= ¢2) 1{j(a1,20)— (mon)e|<e 2} (T) O (Mme, ne, 23), (56)
(m,n)el.

the capacity function ¢Z being defined in (11). We finally define ¢¢ to be the trace of @, on the
lateral boundary of the cylinder {2,

b0 =Dy — ¢, =Dy — Pp1 — P2 on OS2.

Note that ¢g vanishes on @ x {£L}.
The properties of ¢, and ¢ we will use are described by the following proposition.

Proposition 8. The function ¢, given by (56)

— belongs to C*°([-L, L]; C%(@)),

1s independent of x1 and x4 inside each connected component of Q.,
— satisfies 0331 = 0 in (2,

— s globally Lipschitz,

H¢1||co,1((g) < OH¢L||C1(Q)~
The function ¢o = ¢, — ¢1 where ¢r, is defined in (55)

— 15 globally Lipschitz,
192l cor(a) = ClidLlicr(a):

— 15 supported by

(’I’TL,’IL) el.

Wg, = {x € (2 such that min |(x1,22) — (me, ne)| < z—:"} ,

— and satisfies
lélle@) < O 0l

The proof is straightforward and given in Appendix A.2.
Proof of Theorem 2. We will study three boundary problems separately. For i = 0,1, 2, we introduce
We.;, the solution of

{le (ae VW, ;) =0 in £2, (57)

Ws,i = (bl on 89 .
By linearity, W. = W, o + W.1 + We 5.
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Consider Ws,o = (o W0 where (p is a cut-off function (y € C2°(ws), such that
OSC@Sl&HdC@EliHWg, (58)

with w; € we € w3 € w. Since {y = 1 on wy, V~Vg70 € Hi () satisfies
_div (as vVVE,O) = —2V(o - VWe — (ACy) Weg in £2. (59)

The maximum principle shows that [[We ollL=(2) < [|¢ollco(g). Furthermore, on £2§ = (w \ wo) x
(=L,L), u. = W is the solution of

Au, =0 1in (25,
ue =0 on (w\wp) x {—L, L},
Ue = Wep on O(w\ wp) X (—L, L).

Classical regularity estimates then show that
Weollee (@ronxczmy < Clwzws, D) [Weoll oo ) - (60)

Thus, the right-hand side of (59) is in C'(§2), and we can apply Theorem 1 to conclude that for

ton 3 3
T > Kke20FD with n € (17 1), and 0 < v <2 (77 — 1)7 we have

|Weo = Vo

<C HWE,OHLoo(Q) )

Cv(022)
where Vj € H} () is the solution of
—AVy = —2V(y - VIW. g — (Alo) Weyo in £2.
Since the right-hand side is C1(£2) , Vo enjoys interior regularity, and we have obtained
Weollorv oz < ClPsllcoa) - (61)

Next, we consider W, ;1. We note that for any v € H}(£2),
/ a:V(Wer—¢1) Vo= 7/ a:V¢1 - Vo,
2 o)
:/ (1—a5)V¢1'Vv—/ V1 - Vo,
7

€

= / (1 —ac) 031 - O3v +/ Agprv,
Qe n

= A¢1U.
Q

We used first that ¢, is independent of x1 and x5 in each connected component of ()¢, and then that
it satisfies J33¢1 = 0 (see Proposition 8). In other words, introducing W, 1 = W, 1 — ¢1, we have

—div (aEVVN[/E,l) = Agy € 0. (62)

Following the strategy used for the interior source problem, we introduce V; € H}($2), the solution

—AVl = A¢)1 in Q,
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-
In Section 6, we will show in Proposition 9 that, for 7 > Pt e== ) % <n<1,0<v<2n-— %) that

.. 5|

Crv(02) <C ||§bb||cl(f2) :

On the other hand, as V; + ¢ is harmonic in £2, we have

|72+ o]

S CO|Pol| ooy -
crv(oe) = [ b||L (2

As W, = (WEJ — ‘71) + (‘71 + ¢1), we have thus shown that
||WE,1| ClLv(0s) <C ||¢b||L°o(Q) . (63)

Finally, for W, 2, we shall consider instead the function W&g = ( W, o where ((z) = p(z3){o and
(o is the cut-off function given by (58), and p € C°(—1',1") with [ <!’ < L is such that

0<p<landp=1in (-II). (64)

We compute
—div (aEVWE,Q) = 4. (20505 Weg + 933¢ We2) + e (65)

where g. has support in (w3 \ wo) x (=1I',1’), and is given by
ge = (011C 4 022Q) We 2 + 201 01 We 2 + 202 02 W 5.
By the standard maximum principle,

IWeall ey < 12l ey - (66)

Just like VVE,O enjoys additional regularity away from the support of the rods as shown by (60),
we have, for any I’ <1” < L,

||Ws,2||c2(m) < Clwa,ws, 1) ||W€,2HL00(Q) . (67)

Next, notice that d,,W. 2 and W, 5 are both a.-harmonic, a standard energy estimate shows that,
for any 2" € 2" € 2, we have

/ Qe |V(83W5’2)|2d$ S C/ Qe ‘83W5’2|2dx S C/ Qg |W5’2|2 dx S C ||Wg’2||LOO(_Q)~ (68)
! Q// Q

Note that the regularity estimate (67) yields in particular that
I9:llcr (@) < Clld2ll o) - (69)
The companion problem to (65) is
—AV.o =203C03We 2 + 933 We g + g- in 2, (70)

Thanks to (67), the right-hand side of (70) is in C''(£2) uniformly in €, and therefore V. 5 enjoys
interior regularity. Proposition 10 proved in Section 6 on the regularity of the difference W, o — V. o

1
implies a regularity result of W, 2. For k >0, 7 > keI with n e (%, 1), and 0 < v <3 (77 — %)7
the solution W, 5 of (57) satisfies

Weallgro(aey < C” 19ollcr ) (71)

The claim of the Theorem is a consequence of the three bounds (61), (63) and (71). O
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5. Proof of Proposition 5

All of this section is in the two-dimensional setting. We will therefore drop the subscript 2 to
denote two-dimensional gradients or divergences. We consider the solution u, of (48), for A > A\g > 0,

—div(a. Vue) + Aacu. = f +a. g+ div(h) inw,
u: =0 on Ow .

Let us start with a simple energy bound.

Lemma 3. We have
/ ae [|Vu8|2 + A |u5|2} dz < %/ [1fI? + aclg?] dz + C / |h|? da. (72)

Proof. Integrating (48) by parts against u. yields
/ Qe {|Vu€|2 + )\\usﬂ dx = / [fuE + a.gue —h- Vue} dz

Using the Cauchy-Schwarz inequality on the right-hand side we obtain (72). O

We now turn to the main part of our estimate. Our strategy, inspired by the limit case when
the conductivity tends to infinity independently of the periodic structure [18,8,16], is to consider
three contributions to u.. The first one is the contribution of the right-hand side when no highly
conducting fibres are present. We introduce v € H{ (w), the solution to

—Av 4 Xv = f 4 g+ div(h). (73)

The second is the contribution coming from the average of u. — v on the cross section of the fibres.

Set .
Uy = = ue(x) —v(x)] do(z),
"= D] aDm,,E[ (z) —v(z)] do(z)

and define i, € H'(w\ D.) as the solution to

—At.+ At =0 inw\ D,
. =0 on dw , (74)

Us = Um,n on 0Dy, e -

The third is simply the remainder, given by 4. = u. — v — @ on w \ D.. We will consider each
contribution separately. Intuitively, our estimates show that, outside the fibres, u. consists “mainly”
of two parts: v, the contribution of the background medium, and ., the contribution from the high
contrast.

Proof of Proposition 5. Fix 7 > 55231?"0.
Since @ + Ue = u. — v, Lemma 5 (with 8 = 1/2) and Corollary 4 show that

|lue — v||Loo(w$) + [Vue — Vv||Loo(w$7R2)

C [&?
<7 (5 Wl + Va2 + Ihllm o) + e = vl )
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where wy € W’ € w. Using the L estimates on v given by Lemma 4 (with ¢ = 2/n), we obtain
||”U,5 — U”Loo(w_sr) —+ ||Vu5 — VU||L®(W$7R2)

C 1
<7 (57 U120 + Va2 + Ml o) + el )

Lemma 8 together with Corollary 4 show that provided v < n,

C g2
[Vue — Volow e r2) < )\gi_%llue — V| oo () + C/\*f (1F 22 @) + V/acgllL2(w) + Il e o r2)) -

3
2
Using again the L°° estimates on v given by Lemma 4, we obtain

c 1
Vi = Volowiura < 13 (37 () + IWaEal20) + Il uzo) + ucllz=on )

which concludes the proof. 0O

5.1. Estimates for v

It is quite straightforward to obtain estimates on v, as the following Lemma shows.
Lemma 4. There holds
VAVl 2@ + Aol g2y < C [||fHL2(w) +llgllz2w) + ﬁ||hHL2(w7R2)] ;
VUl Law,r2)y < C(q) [||f||L2(w) +llgllz2 ) + ||hHL<>°(w,R2)] ) 2 < g <oo.
Furthermore, for any ¢ > 2, and any w' € w,

C(q,w")
V]| Lo (wry < )\7; [||f||L2(w) +lgllz2 ) + ||h||L°°(w,R2)] .

q

Proof. The L? estimate for Vv and v follows directly by testing (73) against v. To obtain the L4
gradient estimate, we write v = v1 + vy where v1, vy € H}(w) are the solutions of

—Avy =Av+ f+g=fand — Av, = div(h).
Next, by standard elliptic estimates, we have
lorllie < Cllflzae) < CA oIz + 1 + gllizew | < C (12 + lgllzzew)
[v2llwraqw) < ClhllLa(w r2)-

Since H?(w) — Wh4(w), the second estimate in the lemma follows. The last assertion follows from
Lemma 11. O

A direct consequence of the above result is a local L? bound on Vv.

Corollary 3. For any w' €Ew, < % and o < 1_425, there holds

1
V]l 2w 2y < C |w'[® N (1f11 2wy + 11Vae gllL2w)) + Il Lo wr2) | -
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Proof. We split v = v, + vp where v,, vy € H& (w) are the solutions to
—Avg + Avg = f 4+ g and — Avy + Avp = div(h).
By the L9 gradient bound in Lemma 4 and the Sobolev embedding theorem,
IVvallLe@rz) < C (Ifllz2w) + lgllz2w)) and [[Vop Lo rz) < C bl L (o r2) for any p > 2.
Thus, by Holder’s inequality, we have, for any w’ C w and ¢ € (0, 1),
IVvall 2w r2) < C (1fllz2w) + l9llL2(w)) o']' ™2 and [[Vop|l L2 (wr g2y < C [Bl| Lo (wg2) o'

On the other hand, by Lemma 4, we also have
C
[VvalL2w,r2) < 7 (1f 1122wy + 19l z2@wy) and [Vos||p2(wrz)y < C hllL2 @ r2).

The conclusion follows by an interpolation. 0O

5.2. Estimates for .

The first part of our estimate for u. is given by the following Lemma. The second part, concerning
the Holder regularity of its gradient, is given by Lemma 8.

Lemma 5. For any 0 < 8 <  and 7 > K€%, the solution @. of (74) satisfies

- _ 5 C
||UEHL°°(w$) + /\5 1/2||vue||L°°(w$,]R2) < W%EWWL,H s

where the constant C depends on (3, k and w only, and wt is defined in (9).

Here and below sup,,, ,, refers to the supremum taken as (m,n) varies in I..
We shall use two local estimations. We first estimate the gradient Vi, on the outer boundary dw.

Lemma 6. There holds
HVﬁEHLOO(aw,R?) < Csup ‘Um,n|-
m,n
Proof. By the maximum principle,

sup |te| < sup |[tmn] - (75)

w\ D, m,n

Fix wy € w’ € W’ € w. Let n be a cut-off function which is one in w \ w’ and vanishes in wy.
Using 72 @i. as a test function in (74), we obtain

/ n“'\va5|2+/ Mt = —2/ NtV - Vi,
w\wo w\wo w\wo
1 _
o[ wwape2 [ e,
w\wo w\wo

IN

Thanks to (75), we conclude that

||Va6||L2(w\w’,]R2) < C sup |u7n,n| . (76)

m,n
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Let ut € H'(w \ w’) be the solution to

—Aut =0 inw\w',

utF=0 on Jw ,

ut =af  ondu,

where ﬂsi = max(+i.,0). By HZ?-estimates, valid up the boundary dw thanks to the vanishing

boundary condition and the regularity of dw, u* € H?(w \ w”), with
Hui ||H2(w\w”) <C ||ra6||H1(w\w’)-

This, in turn, because u* satisfies a homogeneous equation in w \ w’, implies a better estimate,
namely a W?P-estimates for an arbitrary p [20, Lemma 9.16]. For p large enough, thanks to the
Sobolev embedding Theorem, u® € W2P(w \ w”) — W1 (w\ w”) and we deduce that

”uiHWl"’O(u}\w”) <C ”ﬂa”Hl(w\w’) .
Inserting (75) and (76) in this last estimate, we obtain

||ui||W1,oo(w\wH) < C'sup [t nl - (77)

As an application of the maximum principle we note that u* > 0 and so
—Aut +Aut > 0= At + M. > —A(—u") + A (—uT) inw\ W' .
Applying the maximum principle again, we thus get
ut > d. > —uT inw\W.
Since the three functions agree on dw, the required estimate follows from (77). O

Next, we estimate the trace of the gradient Vi, on the boundary of each rod Dy, ,, .

Lemma 7. There holds

IVie|[L< 0D, r2) < COA, €) sup [um nl ,
m,n

where
£ FVA< T,
Te €
Bre) =4 ———— if VA= — with0<a<1 (78)
' re(1—a+e2) ere -
VA z’fi <V
ETe
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This result is proved in Appendix A.3.
We are now in position to prove Lemma 5. Note that the fundamental solution @ of —A + A
on R? is given by

B(r) = #(la)) = 5 Ko(VAlz]) . (79)

where K is the second modified Bessel function of order zero. In what follows we will make extensive
use of well known facts concerning Ky and its derivatives, easily recovered from the recurrence

relations and asymptotic properties, see e.g. [32]. Let K(()n) denote de n-th derivative of Ky, n > 0.
Then |Ké")\ is decreasing, and, for all z > 0 and o > 0,

| In(z)]

n C(n,a)
e and (K (2)] < > 1. (80)

|Ko(z)| < C(a) = man =

Proof of Lemma 5. Our argument uses layer potentials. We set M = sup,, ,, [tm n|- Let @ be given
by (79). We have

- Ot .
)= [ [0 =)~ ) gt )] o). (s1)

Here n(y) denotes the outward unit normal to d(w \ D) at y. Fix any multi-index J € Z2. Differ-
entiating (81) we obtain

O, ovId

Vi) = [ [y ) Ve ) ) et )] ol
1+ 1+ 1, (82)
where
1= [ o) Ve —y) doty)
Be- % [, ww T o~ ) oty
B- ¥ L, any @ VieE v i),

Fix z € wS. We now estimate the right-hand side of (82). We begin with the easy estimates for
I{ and I . Thanks to (80) and Lemma 6,

11| < WM for all § > 0. (83)
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To bound I3, we estimate the contributions of inclusions located “radially” between eT + je and
eT+ (j+ 1)e for j =0,1,... We obtain using (80),

Ce™?t
J|+1
l<c Y MG+ VAT RSO G+ r)e)| e
j=0
Ce?!
<CM e ST (VA +7)e) 1 ]Ké”‘+”(ﬁ(j+¢)s)

- AB 7T +1+28 2| J|+28

<CM IV \J\+1+ZEB Siias 5P t|J|+1+2BKé|J\+1)(t)
T el 0<t<oo
=CM & B >0. (84)

AB 7l +1428 £ J|+1+28

Let us now turn to the third integral, IJ. Using Lemma 7 and counting contributions from “rings”
of inclusions as above, we have

Ce !t
<0 Y o) MG+ 1) VA KD + )] e

Jj=0

Since 6(), €) can be “large”, we proceed to decompose I3 into two parts: one counts the contribution
from the ring of inclusions closest to x, where the dependence on 7 is dominant, and the other counts
the contribution of the further away inclusions, where 7 does not play a role. Proceeding in this way,

we compute, using the decay properties of Kéljl) for the second term,

Ce !t
<0 S 00ne) M(j+1) VA" KD (VA G+ 7)e)| e

Jj=0

<CMO(Ne)ere \F/\M ’Kém)(\ﬂre)‘

X J=near neighbour terms, i.e. j = 0
Ce ! 1]
+C MO\ e)er. Z FVAT ‘Kéljl)(\[\je)’.

j=1

Y 7/ =distant neighbour terms

The near term X” can be bounded as follows,

XJ <OM— 0()‘15) Te _
- 2B rlJ1+28 5\.]\714»2&

com— dNere supt\JH?B‘K(lJl)(t)‘
o A3 711428 ¢l J|=1428 ¢ 0

b\ e)re 3> 0. (85)

(VAT )28 (D (VAT )|

<CM— 2 =,
B 7171428 gl | —1+25
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Similarly, we have

Ce™

O\ e)r 3

J e s N J[+28 | (T .

Y gmwwgm - §1 (VAje) ‘KO (VAje)
p

cou e up {11425 ’K(m )‘
- N elJ|+28 t>0

O\, e)re ~

<CM B> 0. (86)

- B gl +25”
We then insert estimate (78) in (85) and (86). For A > i, we can choose 3 = 1 and obtain

11| §CMmax($,\&) oz (o + 1)

- NelJl+2 \ 71J[+2
1 Te €
= ¢ M max (57';/271) VelJl+2 (7-|J|+2 + 1)
ri/? €
SOM == (z7 +1)- (87)
For A < i we can take 3 = % to get
€
| <CM——— \AEU\ (W +1). (88)

These estimates are enough to conclude for the case J = (0,0). Adding (83), (84) (with 8 = 1),
(87) and (88), we obtain, for all A > Mg,

/
i (2 )|<(’:%<1+ 62+i+:§;(;+1>),

—2p
which proves the first desired estimate as 7 > ke =T > €.
For |J| =1 and A < L, estimate (88) deteriorates. We keep the near estimate (85) for X7 and

improve the far estimate (86) for Y'/. First, we write

ce?!
YO Ly — oMo\ e)er. Z JVA ‘Kél)(\ﬁ\j 5)’
=1

ce !
(N e)re : .
< CM% g (VXje) ‘Kél)(\/XjE)‘ €
=1

Note that since t — t|Kél)(t)| is decreasing and summable on (0, 00), its lower Riemann sum is
bounded from above by the continuous integral. Thus

YO 4 y10 < o pp % / Vat KD (V) dt
0

O\ ) re

=CM
Ve
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This inequality together with (78) and (85) yields that for A < i,

1-23
(1,0) 01 o cM (5 ) 3
|I3 |+|IB |7 /\B Tl+2§+1’ 0<ﬂ<
Choosing 3 = 8 in the above estimate and in (83), (84) and recalling (87), we conclude for all A > Aq
that

1
. (89)

Te gl—28 r;/z €
72428 2428 + 71428 + el (ﬁ + 1))’
1—23

which provides the remaining estimate as 7 > ke1#26. 0O
We now turn to the derivation of Holder estimates for the gradient of ..

CM
B

V(@) < <5 (1+

1—28
Lemma 8. For any 0 < 8 < %, 0<v <28, k>0 and ™ > Kke2@+25-v) there holds
. C
[VUE}C”(w$7R2) < \B—% i?:£)|um,n|

for some constant C independent of €, T and A.

This Lemma is proved in Appendix A.4.

5.3. Estimates for .

The residual term 4. satisfies

—Ale + A4 =0 inw\ D, (90)
Ue =Us — VU — Um,n ON ODpy o, (M, n) € I .

We derive the following estimate, which shows that . is negligible compared to other contributions
to u..

_2+4|J]42n L R .
Lemma 9. For any J € Z%, n >0, and 7 > ke U|+2"n7’§°(“”“">, the solution . of (90) satisfies

1
Cris
P\

where the constant C depends on J, n, k and w only, and wS is defined in (9).

V7 i || poo () < [1F1l 22wy + 11V/aegll 2wy + [l Lo w.r2)] 5

For the proof of Proposition 5, we shall use the following simple consequence of Lemma 9.
Corollary 4. For any T > ke?, the solution i. of (90) satisfies
Ce?
A2

where C > 0 depends on k and w only, and w is defined in (9).

e || oo (we) + [ Vile]| oo g r2) + [Vite] o (rme) < 122wy + 1Vacgll 2wy + Dl Lo wr2)]

A2
B > 0. However, we chose those powers to fix ideas, since, for example, ||v]|pe () and [|tc| Lo (we)
have slower decay in A, and the restriction on 7 (with respect to €) is more stringent.

Remark 8. A similar statement is possible with % replaced by f\—; with arbitrary > 0 and

The proof will use the following result, whose proof will be given later.
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Lemma 10. Given o € H'/? (S), and s > 0, there exists a unique solution in H*(R?\ B(0,1)) on
the exterior of the unit disk of R? of
—Au+su=0inR*\ B(0,1) u=a onS,
still denoted by o, which decays at infinity. It satisfies
la(@)| < Ce™VE 114 |lal| oy for o] > 3. (1)

Remark 9. We do not claim that this estimate is in any way optimal, but it is sufficient for our
purpose.

Proof of Lemma 9. We first derive a bound for 4. away from D.. For a given (m,n) € I, let a;',’l,n

be the solution to
—Aat , + Ao, =0 inR*\ Dyype
+

O‘j;L,n = ae on aDm,n,s s
o (@) =0 as |z'| = o0

By the maximum principle, o, . 18 non-negative in w\ D. Thus, again by the maximum principle,
i< > af,inw\D.. (92)
(m,n)el.

Now, thanks to Lemma 10 we have

\567> 1

||u5 — U= u7”7n||L2(aD7n,n,E) in wf’/4 .

16 \ET:

On the other hand, by Poincaré’s inequality, (72) and Corollary 3,

|O[7J;L,n| S C exp <

[t =~ 20D ) < CVETE [Vl ) + V0 20, )]
< C\ere (re+ (e7e)?) ¥
1
<5 (2 + VA glz) + Ml |

=

for = ; € (0, %) and o = == € (0, 1_25). Inserting this estimate in the upper bound of afmn gives

2
A
a;’n < C exp <_\/;657> (rs + (57‘6)29) ¢ in wi/4 .

=

Substituting the above estimate into (92) results in

ﬁﬁ) (re + (e72)%)

Cinwyy.

ﬁ5<Cexp<— 16 =

A similar lower bound is derived by repeating the argument. We have obtained

Vet (re + (e72)*)
16 g2 ¢

||ﬂ€||L°°(wi/4) S C exp <_
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We now proceed to prove the required derivative estimate for ..
We will only bound & = 9, .. The other (higher) partial derivatives can be bounded similarly.
Fix o € wi. Note that the disk B, 4(z) C wi/4. Using a suitable cut-off function which is one in

B.; /() and zero outside Bs../4(x) and a standard energy estimate, it is easy to show that

. C,.
Vel z2(p.. 2@ k) < ltellL2(Bsera(o\Ber 2 (w0))

which together with (93) implies

(94)

16 g2

. Vet (r- + (ere)?@
||VUEHL2(BET/2(TI:),R2) < C exp (— ( <+ (e7e) ) ¢

On the other hand, by differentiating (90),
—AE+AE=0inw)\ D, .
Usual interior De Giorgi estimates then show that
C
1€l o (B.., 4 (2)) < po 1€l 2B, ()

Combining this bound with (94) and noting that x is arbitrary in w, we get

ﬁ57> (re + (e72)?) c

wo(ey < O —
€]l Lo (we) < eXP< 16 -

The required estimate for ¢ then follows from the simple inequality e~ |*l < (";(l",) Further higher

derivative estimates are obtained by repeating the above process. 0O
To conclude, we now provide the proof of Lemma 10.

Proof of Lemma 10. 1t is straightforward to check that if o € L? (S') has the Fourier expansion

a(f) = Z [ay, cos kO + by, sin k6] ,
k=0

then it extends to a solution of (—A + s)a = 0 on R? \ D; which vanishes at infinity by

a(r,0) = kzzo AN [ak, cos kO + by sin k0] Kj,(v/sT)

where K}, is the second modified Bessel Function of order k. The function K} has a representation
as follows (see e.g. [32])

Ki(t) = / et ST cosh krdr .
0

This implies the obvious bound

KolVs1) o —se-1 ks
Ki(vs) — ’ -
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On the other hand, for k > 1, we also have

- . ok [ 2k (k —1)!
Kk(t)ﬁ/ ete edeT:fk/ 6777k71d7:¥,
0 t* Jo t

and

1 - —te” kT 1 >~ -7 _k—1 (k_]-)'
Kk-(t)z A e e dT:ﬁ/o e T dT:W

It follows that
Kk(\/g’l") - 2k+1
Ki(vs) = rk

This is also valid for k& = 0.

In particular, the above two bounds show that the series for «(r, 8) converges absolutely for r > 3
and,

o

2k/2
0(r,0)) < €V S 20 o
k=0

o P (S
- r2 —4 ke Tk
k=0

< CeVEr/d lol| 2 sy for v >3 (95)

as announced. 0O

6. Interior estimates for the boundary value problem

In this section, we detail regularity estimates for the solutions We,l and Wa,g of the boundary
value problems (57) which appear in the proof of Theorem 2.

6.1. Regularity of Ws’l
Our result is the following

Proposition 9. Let 7 = w? x (=L, L). For k >0, 7 > KT with ne(3,1), and 0 <v <
2(n—3), the solution We1 of (62) satisfies

U S ST < Cls0)|Bsllcr (),

Lo (0= Lo (02<,R3)

(TWei = VW oy S Clmmn) |21l

Proof. We apply a Fourier series decomposition in x3. We write

Wa,l(x/a 373) ~ Z ws,l,n(x/) sin (@(B + 1))7
n=1

Vi(z',x5) ~ i #1. (') sin (T(% + 1)).
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As WEJ — V; is harmonic therefore smooth in {2 \ Q¢, the Fourier expansions of WEJ —V; and
V (W, 1 — Vi) converge pointwise to themselves in 2¢.
Now 1.1, € H} (w) satisfies

n?m?

dng(CLEVQﬁ}E’Ln) + m Qe we,l,n = leQ(hn)

where h,, = (hl,h2) is given by

n)»''n

L
: . (NT T3
= [ dgvn (M5 ),
. /_L ¢1 sin 5 (L + )
and ¢; is given by (56). Since d33¢; = 0, we see from an integration by parts that

¢
n

i C
IAn o w) < —[IVé1llLeo(ars) < g”%”m(fz)- (96)

Lemma 11, applied with p = oo, shows that for any n < 1,
. cC ..,
1@ 1nllLe @) < 5 IhnllLee @) (97)

Proposition 5 together with (96) and (97) now shows that, for every 0 < v <n < 1,

. . . - C
W1, — D1nl Lo (we) + [[Vae 1,0 — Va1 n |l oo (we g2y < FOTESY 1@olc1 (2
and
. C
[V2w€711n - V2v]0”(“i7R2) = n2n+1-v ||¢bHCl(Q)’

Following a variant of the proof of Theorem 1, we obtain consecutively the following estimates using
the indicated choice of 7,

[ - VlHL‘”(ﬂi) + |72 W - VQV1HLOO(Q$7R2) < C| Byl o with any 7 > 0,
~ - . v
[VQWEJ - VQW]CV(Q$7R2) S C”@bHCl(Q) with any 7 > 5,
- . . 1

’ OpsWe 1 — 3I3V1HLOO(Q£) < Cl|Pvller () with any n > 3
- - . 1 v
[&EBWEJ - 8x31/1]cu(9$) < C”@b“cl(f)) with any n > 5 + 5

This completes the proof. 0O

6.2. Regularity of V~V572
Our result is the following

Proposition 10. Let £2° = wt x (=L,L). For k > 0, 7 > ke with ne(3,1),and0<v<
3 (77 — %), the solutions W&g and \75,2 of (65) and (70), respectively, satisfy

|Wez = Ve < O, m)e” |9,

Lm(inRs) -

R
Lo(22)

(VW = VVen] | o < Ol ) [ n]lcn )
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Proof. As before, we decompose WE’Q in a Fourier series along the third direction, i.e.

- = . o/nm
Weo ~ Z We 2, I (E (x5 + L)) ,

n=1

- = . /nm

Ve~ Z Dg,p, Sin (E (z3 + L)) .
n=1

As usual, We,g — ‘7572 is harmonic and regular in {2\ Q.. Thus, we can sum the estimates on the

Fourier coefficients to obtain estimates on W, o — V. 2 and V(W, 2 — V. 2) in £25.
The problem satisfied by ;. 2, is now, in H}(w),

—divy (asVZwe,Q,n) + )\aswe,Q,n = Q¢ As,n + asBs,n + Cs,nv

2_2
where \ = %, and

A = /L sin (A(H L)) 03¢ (-, 1) 95 We o (-, )dlt,

—L

B., = /L sin (A(H L)) Ds3C (- ) Wea (-, t)dt,

—L
Cp = /_LL sin (ﬁ(t + L)) (-, t)dt.

Proposition 5 together with Proposition 11, now shows that for all 0 < v <7 < 1,

. . - . C
[We 2,0 — D20l Lo (we) + (| Vae 2.0 — Vaba | oo (we r2) < 5‘7%”@)”01(9),
and o
[Vate 2.n — Val2n]ov (we r2) < 50%”¢b”cl((})-

Following a variant of the proof of Theorem 1, we obtain consecutively the following estimates using
the indicated choice of 7,

- . - - . . 1
HWE,2 - VQHLW(%) v vawa,2 - %v&HLm(QiRQ) < Ce| Byl with any 5> =
- - . 1 v
[VQW;;-,Q - v2‘/2}CV(Q§,R2) <Ceg° H@b‘lcq(g) with any n > g + g,
- . Y _ )

’ Ops We 2 — am%”mc(ni) < Ce7(|Poll e () with any 7 > 3
- - . 2 v
[Ops We 2 — azg_VQ]Cu(Qi) < CEUH@I;HC1(Q) with any n > 3 + 3

which concludes our argument. O

Proposition 11. We have the following estimate

¢
I V asAs,nl|L2(w) + |l V asBE,n”L2(w) + |l V asc’e,n”LQ(w) < \?/\5 Jr2H43||C’1(Q)'
As a consequence,

_ e’
10e 2nll 2~ (@) < €)1 1Pl (2)-
for any n < 1.
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Proof. Note that (69) shows that C. , satisfies
C
ICenllimio) < = Il -

Turning to B, , an integration by parts shows that

C L
|Be.n| < 7 <||W6,2||L°°(Q) + /L 1w3><(l’,l’)63W€,2('7t)|dt> ;

which in turn shows that

c
/as |B€’n‘2d$/ < X <||Wg’2||Loo(_Q) +/ a533W572|2d1'> .
w wa X (=1",1")

Thanks to (66) and the interior estimate (68), we have obtained that

C
”\/asBe,nHLZ(W) < ﬁ ||¢2HL°O(Q) :
We proceed with A, ,, in a similar way. After an integration by parts, we derive that

C L
1Al < By (/ Logs(— 1) (10sWea(,8)]? + |033We 2 (-, t)|?) dt)
-L

Multiplying this quantity by a., and integrating we obtain thanks to (66) and (68)
C
[VaeAenllL2(w) < 7 162l oo () -
We have obtained that

IVacAenllL2w) + [IVaeBenllL2w) + 1Cenllzw) < —= 02l 1< (o) -

Slo

A

The first assertion now follows from Proposition 8.
Finally, using Lemma 2, we know that for any 1 < a < 2, and any 8 < 1 — «/2,

C(a, B)
oo S T a8 vV aeAe n
‘L (w) €o¢)\ﬂ (|| s
€U+2—a
< C(avﬁ)m 2l ()

< C(B)eTNT2P 2]l () -

‘Lz(w) + ||\/@Be,n |L2(w) + ||Ce,n

e 2,n

|12(w))

39
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7. On supremum estimates

A less ad hoc version of Lemma 2 is given below. It is probably known to the experts.
Lemma 11. For 2 C R", assume that w € H(2) satisfies
—0; (A" (2)0;w) + c(z)w < f +div(h) in 2,

for some f € LP(£2), h € L?’(2,R"), p,p > 5. If the coefficients A and c are locally bounded and
satisfy

A (z) & &5 > vIE|* for any x € 2 and £ € R™

c(x) > X for any x € 2,

then wt € L>®(2) and, for any q > 2pzfn and § > 2;—51,

1
o e < C0a,0) |5 I lznen + 5 laanom]

1
24

Proof of Lemma 2. We follow De Giorgi’s method for the proof. For the sake of Lemma 11 we will
assume that

/agfpda:<ooand /a5h25dx<oo

w

for some p, p > 1; note that n = 2 in the present proof.
We will only bound ¢, from above. The lower bound is similar. For k > 0, let A(e, k) = {z € w:
e (x) > k}. Let B(e, k) represent the quantity

B(s,k):/ aE|V(g05—k)+|2+)\/ ae(%—k)2++>\/ azk (pe — k) .
Ale,k) Ale,k) Ale,k)

Integrating (49) by parts against (¢. — k), we obtain
B(e,k) = / aeflpe —k)s — / ach-V(ge — k)s. (98)
Ale,k) Ale k)

We shall use the notation conventions that given X € LP(w,R9),

1/p 1/p
X ey = (/A( ' a€X|de> and | X| e = (/ a5|X|de> .
€, w

To simplify notations, we will write L(p, e, k) in lieu of L(p, e, k,1). We will also use the notation

N(e, k) = / azdx.
Ale,k)

Using the weighted Sobolev embedding given by Lemma 12 we obtain

He H(gos - k)+H25(s,e,k) +A H(% - k)+H2L(2,e,k) < B(e, k),

where
pe := C(s)2(1=2/9) (99)
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Using Young’s inequality, we have, for any 1 > 6; > 0 and 05 = 1 — 64,

He H(Qpe - k)+||i(57€’k) +A H(Sﬁs - k)+||i(2157k)

91 02
1 A 0 )
= (916> (92> ||(<Ps H2 lsa,k) H( +H2£22€ k)

(5 () ot

L(s/(r01),e,k)
On the other hand, Holder’s inequality shows that

2/r

£(2/(r02),e,k)

7‘01

(pe — )+

2 17 Oar 2/r
T R [ S R I
2/r
_ k 011” H . — k 927‘ ,
H L(my,e,k) (v )+ L(ma,e,k)

for any 1 < mj,ma < oo such that —- -+ % = 1. Choosing m, = % yields mo = % provided
1 6, 6
r s + 2"

We have obtained

0, 05
Pe A 2
<91) <92> H(‘Pe - k)+||£(r,s,k)
2
<[V (e )+||[J(2,s,k,2) + A | (e +||[:(251c) B(e, k). (100)

Let us now turn to the right-hand side.
Case 1: h = 0. We have

B(e, k) < ||f (¢ — k)-i-”[:(l,a,k)
< ||fH[:(p,E,k) ||(‘F’E - k>+”£(r,s,k) HIHK(K,&’G)

with % + ]% + % = 1. We require that 61,62 be chosen so that x > 1. Here n = 2, and for p = 2 and
s > 2, this requirement is fulfilled by any 6; > 0 since r € (2, s). For the general case n > 2, when
p > 5, we can satisfy the above requirement by selecting s sufficiently large (but smaller than the
Sobolev exponent) so that % + % < 1. We have obtained

0.\ /6,\%
H(QDE - k)+“£ re.k S - N ||fHL D,E,w N((C:?k)X/r? (101)
( & ) /,LE )\ ( )
where y =7 (1 —p~! —r71) =r/k. Now, for all h < k,

(QOE - h>r r 1
Ne, k :/ ad:vg/ ety = s —h _—.
( ) Aek) € Alek) € (k _ h)r ||( € )-‘rHL',(r,e,k:) \k _ h\

Therefore

06\" (0:\" 1 x
e =Bl ey < 5 ) o M lewew e =Mz (102)



42 M. BRIANE, Y. CAPDEBOSCQ, L. NGUYEN
To proceed, we select 67 such that 6; > (S 57 Then x > 1.

Let
. 1 0 0 x—1
d=2%7 2, — H(%)Jrllﬁ"r,go :
(Pew) \ g, BY (1,€,0)

If (¢:)+ =0 or f =0, there is nothing to prove. We thus can assume that d > 0.
Let kj =2d (1 —27771) and

01 02\ " 1
_fHLpsw)( ) (/\) 2Xd_X7 andxj:XF

Then (102) takes the form

(90 J)+ L(reks)

Tj41 < Qan?;-(.
By our choice of d, z¢ < 2-x/(x=1 ' An induction shows that
< 2” 32T Xg.

Therefore, lim;_,o x; = 0 and so H(cpE)JrHLoo(w) < 2d.

Using the L* bound just derived in the expression for d, we have

ES 91 92 X x—1 x—1
< X = ' X
d < COO N2 p e <M> <A> d°x |N(e,0)|

<C(Jwl,wt,x,m)

61 0
d < C(lw|, kT, x, )||f||£(p7€w)< ) <)\2>

Altogether, we have obtained

0, 05\ 2
oo < Ol o4 U g (2 ) (%)

For p = 2, we write §; = u5—=5, with 1 < p < 265=2) 2 and use (99) to obtain
2(s—2) s

which implies

1

”SDsHLoo(w) <C(u,s) Hf”ﬁ(z@,w) m

Now, for a fixed 1 < o < 2, we can choose s > 2 sufficient large so that we can choose u = «

in the above estimate. By further enlarging s, we see that we have obtained the assertion for 5 as

close to 1 — 5 as we wish. The conclusion for smaller 3 also follows.

Case 2: f = 0. Using Holder’s inequality we get

1

11
B < ||h| z2p,ew,2) V(0 = k)4l 2(2,6,6,2) N(g, k)2 25,

Together with (100), this shows that

91 01/2 02 02/2
=B = () (%) Mlleea Mok (103)
€
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where X = 1— 2%. Note that (103) is a reverse Holder inequality of the same type as (101). Therefore,

arguing as above, and provided % - 2% > %, to ensure that x > 1, we obtain

o, 01/2 0, 02/2
[@ell oo () < CUwls ks X5 7) (1]l £2p.c.0.2) (u) (A>
€

1-6;
2

Considering now the case p = oo, introducing 6; = (o — 1)@, with 1 < a < 23;—27 and 3 =
we obtain

1
lpell ooy < Cles B) 1Bl £i2p.e02) ca=ty7238°

as announced. 0O

Proof of Lemma 11. The proof is similar to the one above, with a. replaced by v. The constant p(s)
is now independent of €. Some of the details are provided in the proof of Lemma 2 for the reader’s
convenience. [0

Lemma 12. Assume that conditions (1), (2) and (3) hold. Then, for any s € [2,00), there exists a
constant C(s) > 0 such that

/ ac |v|* dz < O(s)e*~* (/ ac |Vol? dx) Vo€ Hi(w). (104)

Proof. As a first step of the proof, we establish a rescaled version of (104) in the cell Y =
(—1/2,1/2)2. Define a rescaled conductivity A.(y) = a.(ey), for y € Y. Using a r.-rescaling and the
Sobolev embedding of H'(D5) into L*(D3) applied to the unit disk Dy, we get that

vf][ V| dy < Crt (f |VV|2dy>
D("'s) D(Ta)

Moreover, by estimate (3.13) in [11] we have

V—][ V| dy<Cllnr? (/ |VV|2dy> :
D(r.) Y

Then, combining the two previous estimates it follows that for any V € H(Y),

][ Vf/V /def][ V dy +C’][ vf][ 1%
D(r.) Y Y D(re) D(re) D(re)
§C|ln7“5|§</ |VV|2dy) +Crs (f |VV|2dy>
Y D(Ts)

Hence, by the definition of A, and (1),

/ Ae V—/ v
D(re) Y

Since the Sobolev embedding inequality in Y gives

/ V—/V dygc(/ |VV|2dy> gc(/ AEVV|2dy> ,
Y Y Y Y

S
2

YV e HY(Y), ][
D(TE)

YV e HYY), /Y

S

dy <C dy

2

dy < Cllnr|? (/ A5|VV2dy> .
%
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we thus deduce the following estimate in Y,

V_/YV 3 (/YAEVVde)z. (105)

We now turn to the proof of (104). Let v € H{(w) and extend it by zero outside w. Rescaling
estimate (105) in each square € (n + YY), for n € Z?, we obtain that

%
/ ac|v — 0. dx < Ce*|Inr.|? Z / a. |Vov|* dz
R2 e(n+Y)

nez?
s

i 5
<Ce?|nr.|2 (/ a€|Vv|2dx) (since s > 2),
R2

dy < C|Ilnr,

YV e HY(Y), / A,
Y

where ¥, is the piecewise function which takes the average value of v in each square £(n+Y).

Moreover, we have
S
][ vdz
e(n+Y)

ac || dz = / a. dz
/RQ o n§< cnty)

< Z Ce? |[v|*dx (by the Jensen inequality)
nez? e(n+Y)

< C/ |v|® dx

<C (/ |Vo|? dx) (by the Sobolev embedding of Hj(w) into L*(w)).

Finally, combining the two previous inequalities we find

_ 5
/ ac [v|*dz < C (¢ |Inr.|? + 1) </ a5|Vv|2dx) ,
R2 w

which yields the desired estimate (104) taking into account (1). O

Remark 10. The constant in the weighted inequality of [33] provides an estimate from above of
the constant appearing in (104). It is not clear that this constant is optimal. The dependence in e
of the constant in (104) is optimal: this can be verified with the choice v = g., where g. is given by
(54).

8. Proof of the homogenization result

This section provides a proof of Theorem 3. The proof is divided in three steps. The first step is a
simple variant of [5,12] with different boundary conditions. In that step, we detail the limit behavior
of several quantities, which will be used to prove the corrector estimate (14). This corrector result
seems less known and is an essential ingredient to prove Corollary 2.

First step: Derivation of the homogenization problem (13).
This step uses the same ingredients of [12] and [5], but the boundary conditions are different.
Choosing W, — @, € H}(£2) as a test function in equation (7), we obtain

/a5|VW5|2dac:/ aEVWs~V@bdx:/ aEVW€~VsZ3bd:E+/ VW, - V&, da.
Q Q e 2\Q-
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This combined with (3), (12) and the Cauchy-Schwarz inequality yields

1/2
/a5|vw6|2dxgc||v¢b||Lm(Q,R3) </ CLEVW€|2dx> ,
(9} (9]

hence the energy estimate
/ 0| VWL do < ||V |2 0 (106)
Q

Estimate (106) implies that VW, is bounded in L?(£2). Due to the Dirichlet boundary condition
and the regularity of £2, the sequence W, is bounded in H'(§2), and thus converges weakly to some
function W, in H'(£2) up to a subsequence.

Integrating along vertical lines, we can prove (see [5], [12] for further details) that the rescaled
function V. = (mr2)~! 1g, We converges weakly-* in M(£2) (i.e., in the sense of measures on §25) to
some function V. € H*((—L, L); L?(wo)). Moreover, the uniform repartition of the highly conductive
cylinders @, n,. and the continuity of @, imply that V, inherits of the Dirichlet boundary condition
on wo x {£L}.

On the one hand, by (12) and (106) we have

a. 0sWe1g, = 03 (71'7’? o Vg) — k03V, weakly-* in M(£2),

and there is no transverse diffusion induced by the cylinders Q. (see [12]). Moreover, due to the
energy estimate (106) and the periodicity of a., there is no concentration effect of a. VW, on 9£2.
Therefore, we obtain the convergences of the flux

a:VWe.c? — VW,  weakly-* in M(£2,R?) (107)
a:VWe (1 — ¢2) — k 93V, e3 weakly-+ in M (29, R3).
On the other hand, the sequence ¢? defined by (11) satisfies the convergences (see [12])
¢Z = 1 weakly in H'(£2) and |VcZ|? — v weakly-* in M(£2). (108)

Then, thanks to [12, Lemma 2] combined with (3), and again using the fact that there is no concen-
tration effect on 042y, we get the convergence

VW, -Vl — (W, —V,) weakly-+ in M({), (109)

which induces the non-local effect in the homogenization process.
Let 19, v1 € CH(£2). Choosing 1 cZ + 11 (1 —cZ) as a test function in equation (13), and passing
to the limit as € — 0 thanks to the convergences (107), (108), (109), we obtain the equality

/ VW*VT,ZJodIC+/ /<;83V*831/11dx+/ ")/(W*fv*) (1/)071/)1)(11’:0,
2 20 20
which corresponds to the weak formulation of problem (13).

Second step: Proof of the local regularity of W, and V.
Rewrite the first and the second equations of problem (13) as

— AW, = —y1g, W, = Vi) in £, (110)

and
—ROVi+ Ve =W, in 2 =wo x (=L, L). (111)
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As W, € HY(2) and &, € C1(2), V. € H'({2). By the Sobolev embedding theorem, the right-hand
side of (110) is in L(2). Thus, as 942 is Lipschitz thus satisfies the exterior cone condition, the
De Giorgi - Nash - Moser estimate (see e.g. [20, Theorems 8.22, 8.27]), W, € C%%(£2) for some
€ (0,1). Consequently, Vi, 05, Vs, 02, V., € C%*(£2).
Going back to (110), the right-hand side belongs to L>°(§2). Thus, W, € I/Vlicp(Q) for any p > 2.
Bootstrapping between (110) and (111) we obtain W, € C2.(£20) N C2.(£2\ £2) and V.. € CL2.(£20).

loc loc
Third step: Proof of the corrector result (14).
Denote by E. the left-hand side of (14). By equation (7) we have

/a€|VWE|2dx:/ ac VW, - V&, da.
2 2

Hence, by the definition (11) of ¢Z, it follows that
E. :/ aEVWE-V%d:U—&—/ Ve |2 (W, — Vi) dx
I7) 2

+/ ()% | VW, |? dx + / ac(1—¢2)? (03V.)? da
n 20

-2 VW, -V (W, —V,)dx — 2/ ¢ VW, - VW, dz
2 Q

72/ as(1 —¢2) 03W, 93V, dx + o(1).
20

Then, passing to the limit as ¢ — 0 thanks to the convergences (107), (108), (109) combined with
the continuity of the functions W, — V, and 95V, we obtain

limsup E, < Ey = / VW, - V&, daz—l—/ Kk 03V, 03Py, dx
e—0
+/ v (W, — Vi) dx+/\vw |2d:c+/ Kk (03V.)% dx
.QO QO

2| (W, —=V,)?dx—2 /|VW*|2 de —2 | k(03V,)?dx

0 n 20
VW*~Vq5bdx+/ Kk O3V, agqsbdx—/ vy (W, = Vi) da
(% 20 20
—/ |VW*|2da:—/ 1 (B5V2)2 da
N 20

Here we have used

1 _
ac(1—c2)* = lim <E2 /Y ac(1—c2)? dcc) = lim (a. mr?) =k  weakly-* in M(£2).

e—0 e—0

On the other hand, choosing W, — @, as test function in the first equation of (13) and Vi — &} in
the second equation of (13), it follows that

/VW*-V(W*—éb)da:—&-/'y(W*—V*)(W*—Q)b)dx:O
2 2

/ n83V*83(V*7(Pb)dx7/ 'y(W*fV*)(V*fdib)dx:O
Qg QO

Therefore, adding the two previous equalities we obtain that Ey = 0, which gives the thesis.
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Appendix A. Proofs of technical lemmas and propositions

Appendiz A.1. Proof of Proposition 1

Note that we have
— AW, +~ (W, = V,) =01in {2,
—k03,Vi + v (V. = W,) =0 in £2.

And a simple induction shows that W, and V, are infinitely differentiable with respect to z3 in 2.
To gain analyticity, we resort to estimates. Fix a ball B(p®, R) in £2y. We first derive an integral
representation for W, (p°). For any r > 0, the function

sinh(y/y]z — p°)

Ar|z — p°|

cosh(y/7lz — p%))
— coth
prp— coth(y/7r)

Gpo r(z) :=

satisfies

( + ) :6170 in B(p07r)7
G, =0 on dB(p°,r).

A direct application of Green’s formula then yields that for 0 < r < R, there holds

_ Al
W*(po) - ’Y/B(p“ " GPO,T(:E) V*(.’L') dx + m /8B(p0m) W*(:’IJ) dO’(QT)

Here we have used

EG o — _L
on P e o, 4mr sinh(,/4r)

It follows that

W, (p°) /ORT sinh(y/yr) dr
= fy/ORr sinh(y/77) dr/

Gpo r(x) Vi(z) do —|— / W (z)dx.
B(p%r) B(p°,R)
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Applying this identity to ﬁg(rZH)W* we obtain
R R
6£Z+1)W*(p0)/0 r sinh(\/4r) dr = 'y/o r sinh(\/r) dr /B( . )Gpom(x) oIV, () d
pO,r
el / OO, () da
4 B(p°,R)
R
= 7/ r sinh(y/77) dr/ Gpo () 8§UZ+1)V*($) dx
0 B(p°.r)
_ .0
el DIW, (z) L3 o ().

ar dB(p°,R) |z — pol

0
Where we used the notation p° = (p}, p3, p3). Noting that 0 < Gpo .(z) < W, we deduce
that

R
n+1 0 :
5‘56; YW.(p )‘ /0 r sinh(y/yr) dr
R r
< C’[/ r sinh(y/7r) dr/ s cosh(y/7s) dsHa,,(UZH)V*HLm(B(po’R))
0 0
+R? 0% W*IILMB(pO,R))}’

and we have bounded 8£Z+1)W* (p°) in terms of lower derivatives by

xr3 xr3

1
O HIW. (1) < C[R2OUH Vel e (i) + 108 W e (5, (4.112)

Let us now turn to Vi. For 3 € (p} — R,p3 + R) we have

O Vi(p), 5, ws) = oy exp (\/Zx3> + a_ exp (—\/st)
x3
+ 1/ sinh <\/7(s — m3)> 5§:Z)W*(p?,p3,s) ds
K Jp3—R K

1 n n
] < C[E“afcs)v*|\Lw<B(p0,R)) + RO Wl (5001

n ¥ v v v
oIV, (p) = oy \/; exp (ﬁpg) —a_ \/; exp (—\/;pg)
P3
2 C“h<¢7®—p$)3$ma@%£www
K pg—R K

which provides a bound of (99(!.;“)%(1)0) in terms of lower derivatives given by

where the constants oy satisfy

In particular,

1
IV ()| < C RIS Wl miyo,my + F 108 Vel o (5,1 | (A.113)

x3
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Using (A.113) for the first term on the right hand side of (A.112), we see for all R sufficiently
small that

1
aéZH)W*(PO)‘ < C[RH@E;Z)KHLOO(B(,;O,R)) + EHaa(c:)W*HLx(B(Po,R))}-
This inequality together with (A.113) shows that
L WL () + [0 OV 0| < T2 (IO Wellz (moo.my + 105 Vall e (oo, |- (A1)
To conclude, we will show by induction that (A.114) implies

n cont
UV (p°)| < 2 [IWe e (o, ) + IVl e (00,0 |- (A.115)

OLIW. ()| +

Since this holds for any value of n, analyticity of W, and V, in the x3 direction then follows from
Sterling’s formula.

By (A.114), the above estimate holds for n = 1. Assume that it holds for some n. Using estimate
(A.114) we find,

8;3+1)W*(p0)‘ —+ 8£3+1)V*(p0)‘ S 7R |:||a£3)W*||LOO(B(pO’nL+1)) + ”aﬂ(vz)V*HL“(B(POa%)) .
Note that every point in B(pp, n—fl) is contained in a ball of radius 7%21 which is contained in

B(p°, R). Thus, applying (A.115) to the right hand side we obtain

HIW, (1) + [0 IV, (1)

Co(n+1) CIn"
< R Gy [ Weleseonm + Vel )
n+1
Crtli(n +1)ntt
== Rn+1 [”W*”LW(B(pD,R)+||V:~<|‘L°°(B(po,3)]

which is our induction thesis.

Appendiz A.2. Proof of Proposition 8

Most properties are easily verified by inspection. Regarding ¢, let us check its regularity in the
support of VcZ x [—L, L]. The definition of ¢; being local, it suffices to look at one cell, centered in
(0,0). We have

O3¢1 = 03¢, ¢ + (1 —cZ) 03¢ (0,0,73),

and for i =1, 2,

1 i
i (e /(25 r0)) 2 gj_ o (210101 (€, x3) + 220201 (€, 73))

< C (1010l ) + 19201 1)

since, thanks to (3),

|0ip1| = |0ipr cZ +

e In (7' /r.) < C.

The conclusion for ¢; follows.
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Regarding ¢9, note that

o2(2) = D (1=¢) Lne (@) (61 (e, ne, z3) — $r()) .

(m,n)el.
Again, the definition of ¢ is local. In the cell [—¢/2,¢/2]3, we have

|¢2] < Cr (VL oo (op3y for m <ere,

In(e?/2) —Inr
In(e/2) — In(ere)
@9 = 0 for €7 < 2r,

2] < Cr VoLl Lo (2 sy for ere <7 <7/2,

with r = y/x? + z3. Thanks to (3), this yields the global bound

62| < C"2 [ VLl o (g5 -

Appendiz A.3. Proof of Lemma 7

Without loss of generality, we can assume that the centre of D,, , . is the origin.
Note that from (75) we know that

l|te | oo (w\ D2y < SUD [tm,p| = M .

m,n

Remember that two linearly independent radial solutions of
—Au+Au=0

for |z| > 0 are I (\F)\) and K (\A), the modified Bessel functions of the first and second kind.
They are defined by

KQ(T‘) _ / e’ cosh t dt , (A116)
0

(e’e] 7_2 n
Io(r)=Y_ ( n/';lg) : (A.117)

n=0 (

see, e.g. [32]. Introduce
U(x) = P(|2]) = a Io(VAlz]) + B Ko(VA|z]),
where o and 8 are chosen so that
Y(ET) = Um,n, Y(e/2) = M.

Thanks to the maximum principle, .(x) < ¢(z). Since the two functions agree on 0Dy, ., the
normal derivative of ¢ at |z| = er. gives an upper bound for the normal derivative of @, at Dy, «:

Ol ,
< . A1l
agup o = [V (ere) (A.118)
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We thus proceed to estimate [¢)'(e7¢)|. The constants a and 3 are given by

o Ko (\FAE/Q) — MK, (ﬁm)

I (\fme> Ko (ﬁg/Q) e (ﬁras) I (ﬁe/2) ’
o (ﬁg/z) + M, <\/Xr€5)

- Iy (ﬁrge) Ko (ﬁs/z) — K, (ﬁrgs) I (ﬁg/z) '

«

The proof relies on precise estimates on a and 3 for various regime of .
It is convenient to introduce the notation z = v/Ae. Let us first consider the case when

1
z2<re ?,

We shall use an ad-hoc bound, easily verifiable using the Frobenius decomposition of Ky, see e.g.
[32]. For all > 0, we have

Hz) )Ro(x)) , (A.119)

Ko(z) = Io(z) <_ In (g) — 7+ In(z+ e)m

where t(x) = mex and Ry satisfies 2 < Ro(x) < 2 for all > 0. We now compute

— I (2r) +1n (z + e> 162 g (lz> o (rez +e) mRO (r.2).

Note that

In(z/2 + e)i(x/j)}zo(m)’ < |max(1, In(z))|

1 1
< §|1n(r€)| when z < F
Therefore we have
1 1 1
Iy (rez) Ko (2z> — Ky (re2) Iy (2z> =1 <2z> Iy (rez) In(re) (1 + E¢), (A.120)

with

2
|E| < 3 for all z < r71/3.
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We can now estimate « and [ as follows
Umn,n Ko (2/2)
Iy (re2) Ko (%z) — Ky (re2) Iy (%z)
Ky (re2)
Iy (r-z) Ko (%z) — Ko (rez) In (%z)
—In (%) —v+In(% +¢) 15;/22/)2)1%0(2/2)‘
Iy (re2) | In(r.)| (1 4+ E:)
—In(rez) — v + In(rez + ) L&) Ro(rgz)‘

1+t(zre)
To (r22) [ ()| (1 + Bz)

lal <

+ |M

<M

<3 +9 when z < 72 1/3.

M
- IO (7”52) IO (%Z)

Therefore

Similarly, we obtain

M |1y (2/2)| + M |Io (re2)| < M <C M

18] = |I0 (rez) Ko (32) — Ko (r-2) Iy (%z)| = " Io(re2) |In(re)] = 7 |In(ro)|”

We are now in position to bound %)/, namely

/(O] < Valalh (VAt) + VB (Vat) .

At t = er,, since ﬁsrs < rg/?’ < 1, we deduce that I (\F)\t) < 7’3/3. Using the fact that for all
x>0, 2K (x) < 1, we obtain

1 1
<VACM (r?3 + > <CM—-———.
B ( ) Vere|In(r.)|/) ~ ere|In(re)|

We have thus shown that

0/ ()| < CO(N, €) M for » < 2 3. (A.121)
Let us now turn to the case when z > r. Y 3 In this case, we easily show that
a~ M and B = Um.p 1
Iy (32) Ko (rez)
leading to the bounds
I (rez Ky (rez
Y (ere)| < VACM (1;(( ;z)) + K; EHD : (A.122)
For 7{1/3 <z< ’I“E_l, we have

\5[1 (rez) ﬁﬁ 0 as 0.
nG) =L avay
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On the other hand, it is easy to check that for 0 < x < 1,

K1 (I) 1
<2 .
Ko(z) = zln (%)
We thus obtain for z = r_ ¢, % <« <1, that
1 1 €
! <CM |1+ ——i— | <CM————=CO(\,e)M. A.123
[ (ere)| < +r€€1n( ; ) > re(l— o+ £2) (Ae) ( )
ri=e

For the remaining case z > r_ L note that

Li(rex) < Ip(rez) < Iy <;x> for z > 0,
Ki(z) <2Ky(z) for z > 1.
Inserting these inequalities in (A.122), we obtain
[0 (ere)| < CMVX for z > 7L, (A.124)
From (A.118), (A.121), (A.123) and (A.124), we conclude that
Ot

sup

< / < '
GBI Gy S WErl S OO0 ) M

The lower bound for %a; is obtained by similar arguments. Since 4. is constant on 0D, ¢, this

concludes the proof.

Appendiz A.4. Proof of Lemma 8

We continue to use M = sup,,, ,, [tm,n|- Fix a multi-index J € {(0,1), (1,0)} and split V7. (z) =
I () + I (z) + I () as in (82).
We first show that
[Vite] oo (we g2y < C M for 7> k™72, (A.125)

Recall that we have shown using (83) and (84) with 3 = 0 that

CM r,
|VI](z)] < CM and |V (z)| < e

Fix z and z in w¢ and v € (0,1). Then the above estimates implies that

|1 () = I (2)] + |15 () — 15/ (2)]

|z —2[”

<OM(Z5+1).

To establish (A.125), it remains to bound

H@) -5

|z = 2|

_ du. , \ [ViP(z —y) — VIP(2 —y)]
- Y [ Fw do(y).

(m,n)el. m,n,e |;[; _Z‘IJ

Az, z) :
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For A > i, thanks to (87), we have

1/2
< JH < . :
Alw.2) < CVE| = Ol < €M (5 41)

which is sufficient provided 7 > ke? for example. We henceforth assume that A < ~. We first bound

the derivatives of I3 . For £ € wS, we use Lemma 7 and count contributions from “ rmgs ” of inclusions,
distinguishing near and far contributions as before, to get

Ce™t
VI (¢ \<C’Z M(j+1)A ’K(Q) ﬁ(j+7)€)‘5r€
SCM@()\,E)&‘TE/\’K(?)(\&T&)‘
Ce? 5
+OMO(Ne)er. S MjVA ‘KéQ)(\[\je)‘
j=1

1 1
<CMO(\e)er, TT€2+ ; T2

< CMO(Ne)ere <7_1 + |loga|>.

22 e2

Noting that 6(A, ) < ;= by (78) and our restriction on A, we thus have

VI (6)] < CM( + |10g6|> (A.126)
From (A.126) we deduce in particular that
1-v 1

Alz,z) <CMe (; + \log5|> for |z — 2| < 10e. (A.127)

We turn to bounding A when |z —z| > 10e. Pick Z and Z in wS such that |z —Z| < 2¢, [z —Z| < 2¢,
dist (%, D.) > ¢/10, dist (2, D¢) > /10 and |Z — Z| < |z — z|. Then by (A.127),

1
Az, 2) < Az, @) + A(F,2) + A(5,2) < A(7,2) + C Ml (ﬁ 4 10g5|).

Thus, provided 7 > /-@5177", can focus on case when dist (z, D.) > €/10 and dist (z, D.) > ¢/10.
Split A(z, 2) = Ay(x, 2) + As(x, z) where

U TP(x —y) — VId(z —
D VI B

(m,n)€l.(z,z)

Ue Jp(x —y) — VId(z —
Ag(z,2) = Y /BDME%H(@/) Va2 é)_jj’“’@( v) do(y).

(m,n)€l.(z,z)

and

I.(x,2z) = {(m,n) € I, : dist (x, Dy ne) < dist (2, Dynone)} -
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In the sequel we bound A;(z, z) independently of x and z. Switching the role of x and z, we can
therefore use the same bound for As(z, 2).
Using Lemma 7 and the expression for 8(\, ) for A < i, we have

|A1(z, 2)| < Z CMe*  sup [Vib(z —y) = Ve(z — y) . (A.128)

T =z
(m,n)el.(x,z) YEODm n e | |

It is convenient to introduce

. K(l) _K(l) /
K(()H' )(t) = sup | 0 (S) 0 (S)|

s,8' >t |5_5/|V

We will use the following inequality, which is easily proved using the monotonicity properties of K él)

and KéQ), the derivative of Kél),

1+v C
K < sy for t>0. (A.129)

To bound A;(z, z), we proceed as before by counting contribution from inclusions located in the
rings centred at x with radii (j + 1/10)e and (j + 1 + 1/10)e. For example, consider an inclusion
Dy, e which is closer to x than to z and lying in the above j-th ring. For y € 0Dy, 5, -, we estimate

Vio(z —y) — Vid(z —y)|

=P
|x_ o VAR Wl =) S22 AR WA -y E 2
B (—y)-J (z-y)-J
< g VA O - | - G
b VAR Rl = o - VAR AL )| | €2
C

< VKD (VA G+ 1/10)€)] VAT KM (VA G+ 1/10) €)

< C
~((+1/10)e)t

((G +1/10))”

Inserting this estimate in (A.128) and summing over all inclusions we end up with

Ce™

CMel~ 10Ce 1
<CMet™v — <CM.
;jj+1/101+”_ RPN
— =
Likewise
Ag(x,2) < C M.

We have thus established (A.125).
1-23
To establish the result, we note that, by Lemma 5, we have, for 0 < ﬂ <3 Land 7 > ke20+25)

C
U oo g < 7~M.
Vi Lo (we) < N
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This implies that
|Vie(z) — Vi (2)] < ¢ M

|z — 2 T a2

On the other hand, for some small § > 0 to be determined, (A.125) implies that for 7 > ke? that
Vit (z) — Ve (2)]

|{E — Z|V S [V’&/g]clf(s(wi’]RZ) |l‘ — Z|1_6_y S CM ‘.Z‘ — Z‘l—é—u.

It follows that, provided 0 <1 —§ — v,

1—6—v

~ _ ~ M -5 v
|Viie (z) — Vi (2)] < g {CM |z — Z|1757U} -5
|z — 2|~ N | — z|Y
C in( 8,125
= —5-; M provided T > nsmm(Q’Hw :
AT
Picking 3 = ‘fj and § = ;zg = %7 we get the assertion, provided v < 28.
2
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