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Abstract

In this work I demonstrate the interference of three photons, a gener-

alisation of the famous Hong Ou Mandel (HOM) interference. I show

that three photon interference is governed by four parameters and mea-

sure three photon interference independent of two-photon interference.

Surprisingly, even when the states of the photons are highly distinguish-

able they can still exhibit strong quantum interference, challenging our

intuition formed by the double slit and HOM interference. This will be

followed by a demonstration of four photon interference, where surpris-

ingly we can still observe a fringe, when involved particles are pairwise

orthogonal. To explain these effects, I will be presenting a new frame-

work to describe multi-photon interference in terms of a graph-theoretical

approach, which illustrates the origin of different orders of multi-photon

interference. My work leads to a more general definition of what we re-

gard as an interference fringe in multi-photon scattering. This study of

multi-photon interference is followed by an interdisciplinary work between

photonics and solid state physics in the newly developing field of topolog-

ical photonics. Interference phenomena are inextricably tied to exchange

symmetries of the particle. I realise a simulation of the Jackiw-Rossi

model, as a localised topological mode in a photonic-crystal analogue of

the 2D graphene lattice. These modes have previously been shown to obey

non-abelian exchange statistics. I succeed in the experimental demonstra-

tion of a single such excitation and am able to study the detailed mode

structure for the first time. The mode is a result of a topological defect

and is as such protected against errors that do not change the topology of

the system. Furthermore, I demonstrate adiabatic transport of the mode

across the crystal lattice and show first attempts towards a demonstra-

tion of their non-abelian braiding statistics. To realise these experiments,

I developed a new method based on a spatial light modulator to excite

large modes in photonic crystals.
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Chapter 1

Introduction

Quantum interference lies at the heart of quantum theory. The famous double slit

experiment gave a first glimpse of the exotic behaviour of quantum particles. Light

hitting two slits and forming an interference pattern on a screen, for the first time

revealed its wave-like behaviour. Seemingly, this wave picture is in conflict with the

corpuscular theory of light, which was demonstrated for the first time in a measure-

ment of the photo effect [1]. Another landmark experiment came in 1987 when Hong,

Ou and Mandel (HOM) [2] demonstrated the interference of two photons. They

showed that when two identical photons enter the two arms of a 50:50 beamsplit-

ter, they interfere in such a way that they will always emerge as a pair from one of

the output arms. More accurately: the probability amplitude for the different paths

the photons take through a beamsplitter interfere [3]. Two-photon interference has

been explored extensively [4, 5, 6, 7]. Their scattering behaviour is linked to the

bosonic nature of the particles. Indeed, for fermions the behaviour is the opposite:

they always emerge separately [8]. The strength of the interference is linked to how
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distinguishable [9, 10] the participating particles are. If the photons are prepared

in completely distinguishable states, the interference disappears and the photons be-

have as classical particles. If we “mark” a particle by preparing it in a distinguishable

state, we can retain information about which path it took through the interferometer.

The availability of “which-way” information removes interference capability [11, 12].

Surprisingly, which-way information also destroys the interference pattern, when ob-

tained after the particle is detected [13]. In classical single photon interference at a

double slit, as well as in the two-photon HOM effect, interference disappears gradually

as the particles are made more distinguishable. Our intuition is largely shaped by

these two hallmark experiments. In this work, I challenge this intuition by showing

that in the case of three photon interference, particles can be made very distinguish-

able and still exhibit strong interference [14, 15, 16, 17], and that in the case of four

photon scattering the participating photons can even be made pair-wise completely

distinguishable, while still interfering collectively [18, 19, 20]. Various extensions and

generalisations of HOM interference to more photons have been suggested [21, 22, 23].

In this work, I present evidence for the observation of three photon interference by

showing that it occurs independently of lower order interference [24, 14, 10]. Fur-

ther, I present theoretical motivation and experimental evidence that four photon

interference exists independently of two and three photon interference [20].

Another important factor in governing the scattering behaviour is the exchange

symmetry of the participating particles: for fermions and bosons this behaviour is

quite different. How can we probe such behaviour using tools of photonics? Photons

are bosons, at a first glance it seems impossible to study the influence of other ex-
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change statistics. However, there are a few ways around this limitation. The first

approach uses independent photons in partially distinguishable states. It was noted

in [25, 26] that when a measurement is performed on a system of photons, where

certain degrees of freedom are not resolved1, the reduced state of the system obtained

by tracing over the unresolved modes is no longer completely symmetric. This can

give access to fermionic (corresponding to the anti-symmetric subspace) and in prin-

ciple exotic non-abelian statistics (higher-dimensional invariant sub-spaces). We can

also access different exchange symmetries by using entangled states [27]. A pair of

photons can be prepared in an anti-symmetric superposition of states and exhibit

purely fermionic behaviour [28, 29, 30, 27, 8]. To probe other more exotic statistics

we would require large, well controlled entangled states [27].

My interest in particles with non-abelian statistics motivated me to pursue yet

another avenue: Particles of exotic exchange statistics are known to exist as quasi-

particle excitations in two-dimensional solid state systems. These “anyons” can

possess exotic non-abelian exchange statistics [31], where exchanging two particles

changes the state of the wavefunction and not by just a global phase, as in the

bosonic and fermionic case. These exotic particles are linked to topological defects in

the band structure of solid state systems [32, 33]. By virtue of an analogy between

the Schrödinger equation of the tight binding model governing a solid state system

and the par-axial equations of light travelling in a photonic crystal, we can simulate

solid state effects in a photonic system [34]. Indeed this analogy has spawned an

1As in the HOM experiment, where the measurement is strictly performed on the two spatial
modes of the interferometer and temporal, spectral, polarisation modes are not resolved.
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entirely new research field of “topological photonics”, which has led to remarkable

results, simulating topological features such as topological insulators and protected

“edge states” [35, 36, 37].

The topological modes we want to investigate occur in a non-interacting tight

binding model. They possess a remarkable property: because they are “tied” to

a topological feature, they are robust to perturbations [38] that leave the topology

invariant to “homotopic” changes of the system Hamiltonian. This could make them

suitable to protect photonic quantum information [39].

I demonstrate experimentally a single localised photonic topological mode [40, 41]

in the bulk of a 2D+1 material (photonic graphene), show its topological protection

and demonstrate that it can be adiabatically translated across the graphene lattice.

Previous work has mostly studied topological modes at the edge of a the crystal mate-

rial “edge states” [35, 36, 37, 42], here I study an excitation that is localised within the

bulk. Enabled by major advances in femtosecond-laser waveguide-fabrication tech-

nology [43] and by implementing a new experimental method to excite modes that

are spread over many lattice sites, I am able for the first time to study the spatial

features of such bulk topological states.

This is a first experimental implementation of the Jackiw Rossi model [41], which

describes a solution to the Dirac equation in the presence of coupling to a scalar field

containing a vortex, with a localised excitation at the centre of the vortex. Further,

these modes are similar to Majorana bound states [32, 44, 45] in solid state systems

and have been shown to obey non-abelian exchange statistics [40] (Appendix). As

two of these modes are braided around each-other, one accumulates a relative phase
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with respect to the other mode [31]. This is different from for example the fermionic

case, where the whole wavefunction gains a phase.

1.1 Thesis structure

In the first part of this thesis, I will probe the exchange symmetry of photons, which

obey bosonic statistics, in multi-photon scattering experiments. In Chapter 2 I am

going to give an introduction to the theory of multi-photon scattering. I motivate how

their exchange symmetry gives rise to non-classical quantum interference and develop

new concepts to describe multipartite correlations in single photon measurements in

terms of a graph theoretical approach [20, 46]. In Chapter 3 I demonstrate three

photon interference. I first show how three photon interference [14] is governed by

a geometric phase “triad phase”. Surprisingly, we can achieve a strong interference

fringe even for very distinguishable photons by tuning this phase. Next, I demonstrate

how the three photon interference contribution is isolated from two photon interfer-

ence. In Chapter 4 I illustrate how four photon interference can be understood in

terms of a graph theoretical picture and develop a state configuration which allows

to isolate four photon interference. At the end of the chapter I present experimental

evidence for the observation of four photon interference in independent photons. In

Chapter 5 I first give a brief introduction to basic concepts in topological solid state

physics, I then illustrate an analogy between crystals in solid state physics and pho-

tonic crystals comprised of waveguides. I proceed to discuss the theory of “topological

zero modes” of the Jackiw-Rebbi [47] and Jackiw-Rossi model [41, 48], the latter of
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which I want to realise in a photonic crystal. In Chapter 6 I discuss how photonic

crystals are manufactured from individual femtosecond laser written waveguides and

how optical modes that spread over many lattice sites can be excited. I present an

experimental tool which allows to excite large modes in photonic crystals by individ-

ually exciting waveguides with directed, phase stable beams projected by a Spatial

Light Modulator (SLM). I show how this method is used to excite topological modes.

After establishing experimental methods and theoretical concepts, in Chapters 5 and

6, in Chapter 7 I present an experimental implementation of a photonic simulation of

the Jackiw-Rossi model [41, 48]. The realisation in a photonic system was proposed

in [40]. I succeed in the measurement of a single topological mode, demonstrate that

it is topologically protected and that it can be adiabatically translated across the lat-

tice. These modes have in a recent proposal [40] been shown to exhibit non-abelian

exchange behaviour; I show a first attempt towards measuring this exotic exchange

statistics that is exhibited when “braiding” two of these modes around each other.
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Chapter 2

Theory of single photon scattering

2.1 Introduction

In this chapter we are going to examine the fundamentals of single photon scattering.

Richard P. Feynman once remarked in a public lecture that it is a hallmark of any

good physicist to always keep a set of several distinct theoretical models explaining the

same physical phenomena in their mind. Following this philosophy I will demonstrate

a few different approaches to the problem of multi-photon scattering.

2.2 Exchange symmetry

The influence of particle exchange statistics in single photon interference experiments

has been studied in previous experimental works [49, 8] and theoretical studies [30,

26, 25]. In 3+1 dimensional space-time there exist two species of particles, bosons

and fermions which are distinct in their behaviour under particle exchange. When

10



2.2 EXCHANGE SYMMETRY 11

interchanging the position of two identical fermions/bosons, the two-particle wave-

function receives an additional phase factor of -1 in the case of fermions and is left

unchanged in the case of bosons.

Mathematical preliminaries

Let us consider a state of individual quantum particles described by a vector |α1, ..., αN〉

in a Hilbert space that is a product of single particle Hilbert spaces: H⊗N = H1⊗H2⊗

...⊗HN , where N is the number of particles. The N quantum numbers αi uniquely

define the vector. To formally describe the exchange of single particle Hilbert-spaces

I introduce the symmetric group SN , which contains all permutations σ of a set of N

elements. For a thorough introduction to the symmetric group see for example: [50].

We write elements of the symmetric group in terms of “cycles”. A cycle corresponds

to a cyclic permutation of elements of a list. Let us take S2 as a simple example.

It contains two members: the swap and identity. The swap is written as the cycle:

σ2 = (1, 2) :→ (1→ 2, 2→ 1) and the identity is written as the product of two cycles

of one element. σ1 = (1)(2) :→ (1 → 1)(2 → 2). The action on a list of numbers is

then: (1, 2){1, 2} → {2, 1} and (1)(2){1, 2} = {1, 2}.

The representation of permutation operators on a tensor product space is defined

by the following action σ ∈ SN 1: σ|α1〉⊗|α2〉⊗...⊗|αN〉 = |ασ(1)〉⊗|ασ(2)〉⊗...⊗|ασ(N)〉.

Where σ ∈ SN and σ(i) = σ{1, ..., N}(i).
1In my notation I do not differentiate between the abstract group element and its representation.
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Particle exchange

We can write a two-particle state as: |x1,x2〉, where x1,x2 are the quantum num-

bers of the first and second particle respectively. Swapping two particles should

be indistinguishable by measurement, we can therefore at most gain a global phase

[51]: σ2|x1,x2〉 = eiφ|x1,x2〉, where σ2 ∈ S2. Furthermore, executing the swap op-

eration twice should yield the initial state σ2
2|x1,x2〉 = ei2φ|x1,x2〉. It follows that

φ = {0, π}. Thus we have σ2|x1,x2〉 = |x1,x2〉 for bosons and σ12|x1,x2〉 = −|x1,x2〉

for fermions. A general two-particle wave-function that ensures this property takes

the form:

|Ψ〉 = |α1, α2〉 =
1√
2

(|α1〉 ⊗ |α2〉 ± |α2〉 ⊗ |α1〉). (2.1)

α1/2 signifies a complete set of eigenvalues for particle 1 and 2 respectively, which will

encompass spatial modes x. In general:

|Ψ〉Boson ∈ S (H1 ⊗H2 ⊗ ...HN) (2.2)

|Ψ〉Fermion ∈ A (H1 ⊗H2 ⊗ ...HN), (2.3)

where S and A are the symmetriser and anti-symmetriser of the tensor product.

They are projectors on the symmetric/ anti-symmetric sub-spaces of the full tensor

product space [50]. The swapping operation can be regarded as a formal action on

Hilbert space. However, we can also physically realise a particle swap: we swap the

position of a particle in Hilbert space H1 with the position of a particle in H2, where

the particles are in the same state ψ except for their position x ∈ R3. |x1〉 ∈ H1
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and |x2〉 ∈ H2. A particle swap is then realised by changing the state |x1〉 → |x2〉

and simultaneously moving the second particle |x2〉 → |x1〉. This can be realised by

moving the particle adiabatically from state x1 to state x2 as illustrated in Figure 2.2.

An experimental realisation of this could be two fermionic/bosonic atoms in optical

traps which are slowly translated. This was suggested recently in [52].

Figure 2.1: Swapping two identical particles at different positions x1 and x2

A generalisation of this concept are (abelian) anyons where under such an exchange

the entire wave function gains an arbitrary phase:

|Ψ〉 =
1√
2

(|α1〉 ⊗ |α2〉+ eiφ|α2〉 ⊗ |α1〉) (2.4)

Scattering statistics of abelian anyons has been simulated using entangled states [8].

In principle we could also imagine a type of particle, that when exchanged in this

way not only imparts a global phase on the multi particle wavefunction but can also

change the state. To capture this case we define a set of orthogonal states ψα α = 1...d

spanning subspace of dimension d of the multi particle Hilbert space. N Particles

are localised at positions r1...rN . Upon particle exchange each component of the
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many-particle wave function is transformed in the following manner:

ψα → U(τ)βαψβ (2.5)

Where U(τ) can be a matrix representation of the element τ of the symmetric group of

N particles SN [50, 28, 53] or a matrix representation of an element of the braid group

BN [54, 55]. This action on the particles’ wavefunction under exchange can be used

to realise quantum gates in a “topological quantum computer” [55]. In both cases

particles exhibiting this behaviour are called non-abelian, since the wave function of

the particles exists in a degenerate irreducible subspace of the Hilbert space. It turns

out that in 3 + 1 dimensions (3 spatial dimensions + time) particles are only either

bosonic or fermionic [51]. However, in certain solid state systems quasi-particles live

on lower-dimensional surfaces (such as a 2-D crystal lattice), these quasi-particles

may exhibit non-abelian behaviour.

2.3 The photon: state description and evolution

Photons are excitations of the electromagnetic field. A photon in a single temporal

or spectral mode τ with polarisation σ =H/V is excited from the vacuum through

the action of the creation operator in the following manner:

a†(τ, σ)|0〉 = |1(τ, σ)〉. (2.6)
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This amounts to a single (delta-function normalised) excitation. For a photon at

a single frequency this corresponds to plane-wave. The operators obey the usual

commutation relations:

[a(τ, σ), a†(τ ′, σ′)] = δ(τ, σ)δ(τ ′, σ′). (2.7)

In quantum optics literature the validity of the concept of a photon wavefunction is

discussed extensively, see for example [56, 57]. In principle, the wavefunction of a

photon cannot be defined in the context of a relativistic field theory. This is because

it does not yield a valid probability density to calculate certain average quantities,

such as the photon’s momentum. However, for photons of sufficiently narrow band

spectrum, when their spectral width ∆ω is much smaller than their average frequency

ω̄, ∆ω ≪ ω̄, a single photon wavefunction can be defined. This means that to

a good approximation the wavefunction yields the correct probability density for

calculating all average quantities of the photon. In the experimental work discussed

in the following chapters this approximation is always well met.

The wavefunction of the photon can then be written as a superposition of the

different amplitudes for the time/frequency and polarisation modes:

∑
σ

∫
dτψ(τ, σ)a†(τ, σ)|0〉 = ψ†|0〉 = |ψ〉 (2.8)

I will now discuss a specific example for a single photon mode, a time delayed gaus-

sian wavepacket. Photons with a gaussian shape are of particular relevance as they
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approximate well the state of a photon generated in the experiments presented in this

thesis. I will also demonstrate how to calculate the overlap integrals of wavepackets

at different times. These overlap integrals are of particular relevance in calculating

event probabilities in multi-photon interference experiments, as will be discussed in

the next section. Taken from [14] (Appendix): The state of a single photon in the

time-frequency modes (τ, ω), delayed by time t is given by:

|t〉 =

∫
dτφ(τ − t)a†(τ − t)|0〉. (2.9)

For a Gaussian wave-packet delayed by time t, central frequency Ω and variance in

time σ2, φ(τ ; t) takes the form:

φ(τ − t) =
( 1

πσ2

)1/4

e−
(τ−t)2

2σ2
+iΩ(t−τ). (2.10)

We can express the overlap of the temporal modes of two photons with identical

Gaussian spectra at times t1 and t2 as:

〈t1|t2〉 =

∫ ∞
−∞

φ∗(τ − t1)φ(τ − t2)dτ = e−
(t1−t2)

2

4σ2
−iΩ(t1−t2). (2.11)

Photon evolution in multimode interferometers

We now introduce a mode index to label a discrete set of spatial modes the photon can

occupy e.g. the different modes of an interferometer. We treat this index differently,

since we are going to assume that the interferometer only acts on the spatial modes
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and does not change the polarisation or the time-frequency degrees of freedom of the

photon. We choose our notation such that the order of the entries in the ket label

the spatial modes, while the state the individual photons are in is indicated by their

wavefunction symbol (e.g. ψ/φ):

a†k(τ, σ)|0〉 = |01, .., 1k(τ, σ), ..0m〉 (2.12)

ψ†k|0〉 = |01, .., ψk, ..0m〉 (2.13)

Modes can also be occupied by more than one photon:

ψ†kφ
†
k|0〉 = |01, .., ψkφk, ..0m〉. (2.14)

We can now establish commutation relations for the operators ψ†k and φ†j:

〈0|[ψk, φ†j]|0〉 = δk,j〈ψ|φ〉. (2.15)

This is an important insight as it tells us that the properties of the photons under

exchange are related to the scalar product of their wavefunctions. We now examine

what happens if we send the photons through a linear optical interferometer. We can

describe an interferometer with m inputs and m outputs as a unitary transformation

U∈ SU(m). We evolve the operators in the Heisenberg picture under the action of
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the unitary in the following way [58]:

ψ†k →
∑
l

Uklψ
†
l (2.16)

For two photons in states ψ and φ sent into port 1 and 2 the output state of an

interferometer would then be:

(∑
l

U1lψ
†
l ·
∑
m

U2mφ
†
m

)
|0〉. (2.17)

2.4 Multi-photon interference of partially distin-

guishable photons

In this section we introduce a formalism to describe the detection event statistics

of multiple partially distinguishable photons in pure, separable states in multimode

optical interferometers.

2.4.1 Interference of two partially distinguishable photons

In the Schrödinger picture we let the unitary transformation U act directly on the

states. Consider a single photon in state ψ being inserted into the first port of a two-

port interferometer. In a simplified approach we again regard “internal” states of the

photon such as polarisation and time-frequency modes separate from a set of spatial

modes which the interferometer acts on. The total Hilbert space then decomposes

into a product: Hint⊗Hspatial. When the unitary transformation of the interferometer
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Figure 2.2: Single photons in states |ψ〉 and |φ〉 entering a two-port interferometer.
Detectors record events at the output.

acts on the spatial degree of freedom of the single photons states, the output-state

becomes a superposition across the two output modes, where the weights are given

by the components of the unitary transformation:

|ψ, 1〉 → U11|ψ, 1〉+ U12|ψ, 2〉 (2.18)

The first position in the ket contains the “internal” state, while the second labels the

spatial modes. For a second photon in state |φ〉 inserted into the second port, we

obtain analogously:

|φ, 2〉 → U21|φ, 1〉+ U22|φ, 2〉 (2.19)

The two-photon state is then in first quantisation:

(U11|ψ, 1〉+ U12|ψ, 2〉) ∨ (U21|φ, 1〉+ U22|φ, 2〉) (2.20)

Where ∨ is the symmetrised tensor product

|a〉 ∨ |b〉 =
1√
2

(|a〉 ⊗ |b〉+ |b〉 ⊗ |a〉) (2.21)
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We now use the notation:

|ψ, i〉 ∨ |φ, j〉 = |01, ..., 0i−1, ψi, ..., 0j−1, φj, ..., 0m〉 (2.22)

|ψ, i〉 ∨ |φ, i〉 = |01, ..., 0i−1, ψiφi, ..., 0m〉. (2.23)

This is the wavefunction expressed in terms of mode occupations (second quantisa-

tion). For example, a two-photon state, where an H-polarised photon occupies spatial

mode 1 and a V-polarised photon occupies spatial mode 2 is then written using this

notation: |H1, V2〉. The state 2.20 in this notation then becomes, arriving at the

same result as in the previous section (equation 2.17) (dropping position indices on

the states for clarity):

U11U21|ψφ, 0〉+ U11U22|ψ, φ〉+ U12U21|φ, ψ〉+ U12U22|0, ψφ〉. (2.24)

We aim to find the probabilities of all the possible detection outcomes. The first and

last term in equation 2.24 correspond to events where two photons end up in the same

mode (bunched events). In the second and third term the photons occupy different

modes at the output of the interferometer. We can collect the terms for all possible

events:

|1; 1〉u = U11U22|ψ, φ〉+ U12U21|φ, ψ〉 (2.25)

|2; 0〉u = U11U21|ψφ, 0〉 (2.26)

|0; 2〉u = U12U22|0, ψφ〉 (2.27)
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The kets are named with respect to the detection outcome, e.g. |1; 1〉u collects parts

of the two-photon wavefunction, where both output spatial modes are occupied. Note

that the kets in the previous expressions are not normalised, hence the subscript u.

The total state at the output of the interferometer is:

|ψ〉out = |1; 1〉u + |2; 0〉u + |0; 2〉u. (2.28)

And corresponding output probabilities become:

P11 = 〈1; 1|1; 1〉u (2.29)

P20 = 〈2; 0|2; 0〉u (2.30)

P02 = 〈0; 2|0; 2〉u. (2.31)

We could also have written the state as:

|ψ〉out =
√
P11|1; 1〉+

√
P20|2; 0〉+

√
P02|0; 2〉, (2.32)

where the kets are normalised to 1. Here, we can apply the familiar Born-Rule to

obtain the probabilities for different detection outcomes:

〈ψ|Π|ψ〉. (2.33)
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The projectors onto different detection events are:

Π11 = |1; 1〉〈1; 1| (2.34)

Π20 = |2; 0〉〈2; 0|

Π02 = |0; 2〉〈0; 2|.

We now explicitly calculate the probabilities.

P11 = |U11U22|2 + |U12U21|2 + U11U22U∗12U∗21〈ψ, φ|φ, ψ〉+ c.c. (2.35)

P20 = |U11U21|2〈ψφ, 0|ψφ, 0〉 (2.36)

P02 = |U12U22|2〈0, ψφ|0, ψφ〉 (2.37)

To write the equations in a more compact form we introduce the permanent of a

matrix:

perm(M) =
∑
σ∈SN

∏
i

Mi,σ(i). (2.38)

SN is the symmetric group. SN contains as elements all possible permutations σ of

a list of N objects. S2 contains two elements which can act on a list of integers: The

identity σ1{1, 2} → {1, 2} and the swap σ2{1, 2} → {2, 1}. σ(i) then refers to the ith

element of the list of integers permuted by the action of σ. The permanent of a 2x2

matrix M is then:

perm(M) = M11M22 + M12M21. (2.39)

We make the observation that in equation 2.35 the first two terms correspond to
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perm(|U|2). The remaining terms are a bit more difficult to interpret but we can read

off: U11U22U∗12U∗21 + U∗11U∗22U12U21 = perm(U ? U∗σ2,1), where the ? product between

the two matrices is the entry-wise matrix or Hadamard product and U∗σ2,1 is the

matrix U∗ with rows permuted by σ2. We can now proceed to write equation 2.35 in

terms of matrix permanents:

P11 = perm(|U|2) + perm(U ? U∗σ2,1)〈ψ, φ|φ, ψ〉. (2.40)

Lastly, we need to evaluate the overlap 〈ψ, φ|φ, ψ〉. We have previously introduced

the symmetrised tensor-product ∨ and used the notation: |ψ, φ〉 = |ψ, 1〉 ∨ |φ, 2〉 =

1√
2
(|ψ, 1〉 ⊗ |φ, 2〉+ |φ, 2〉 ⊗ |ψ, 1〉). The overlap 〈ψ, φ|φ, ψ〉 is therefore:

1/2 (〈ψ, 1| ⊗ 〈φ, 2|+ 〈φ, 2| ⊗ 〈ψ, 1|) · (|φ, 1〉 ⊗ |ψ, 2〉+ |ψ, 2〉 ⊗ |φ, 1〉)

= |〈ψ|φ〉|2. (2.41)

Finally, we obtain:

P11 = perm(|U|2) + perm(U ? U∗σ2,1)|〈ψ|φ〉|
2. (2.42)

The probabilities for P20 and P02 events are calculated analogously. We have now

a complete description of the click statistics of two independent, non interacting,

partially distinguishable bosons in states |ψ〉 and |φ〉 scattering in a unitary interfer-
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ometer with matrix U. At this point we may ask how this generalises to particles of

different exchange symmetry. To investigate the scattering statistics of fermions we

have to replace the symmetrised tensor product 2.21 with an anti-symmetric tensor-

product ∧.

|a〉 ∧ |b〉 =
1√
2

(|a〉 ⊗ |b〉 − |b〉 ⊗ |a〉) (2.43)

To account for this in the formula for the coincidence probability, we replace the

permanent with the determinant:

P Fermion
11 = det(|U|2) + det(U ? U∗σ2,1)|〈ψ|φ〉|

2. (2.44)

Another interesting question we might ask is if we had decided to not symmetrise the

Hilbert-spaces at all. In other words abandoning the postulate of identical particles.

The two-photon overlap then vanishes:

〈ψ, φ|ψ, φ〉 = (〈ψ, 1| ⊗ 〈φ, 2|) · (|ψ, 2〉 ⊗ |φ, 1〉) = 0 (2.45)

PClassical
11 = perm(|U|2). (2.46)

We can see that two-photon interference arises as a direct consequence of the exchange

symmetry of the particles involved.

2.4.2 HOM-Interference

A special case of equation 2.42 is where the unitary matrix is that of a 50:50 beam

splitter 2.47. This of course describes the classic Hong Ou Mandel experiment [2].
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U =
1√
2

1 1

1 −1

 (2.47)

The probability of detecting a coincidence is then:

P11 =
1

2
(1− |〈ψ|φ〉|2). (2.48)

If we choose a Gaussian wave-packet with

|〈ψ|φ〉|2 = e−τ
2

(2.49)

τ is the time-difference (or difference in mean frequency for the spectral domain)

-4 -2 2 4
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Figure 2.3: Hong Ou Mandel dip between two Gaussian shaped photon wave-packets

between two gaussian shaped photon wave-packets, we obtain the Hong Ou Mandel

dip in Figure 2.3. When the overlap integral is small the function asymptotically

approaches a constant value of 0.5, which is the “classical”, uncorrelated per-shot

probability of finding the two photons in different output ports. As the overlap
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increases the coincidence probability decreases and approaches 0 when the photons

are completely indistinguishable (the wavepackets completely overlap in time).

2.4.3 Interference of more than two photons

Equation 2.42 can be generalised to an arbitrary number of photons impinging on

an arbitrary interferometer. This was done in [15]. Tichy defines a distinguishability

matrix S, 2.50 containing all mutual overlaps between the N photons sent into the

interferometer:

S =



1 〈φ1|φ2〉 . . . 〈φ1|φN〉

〈φ2|φ1〉 1 . . . 〈φ2|φN〉

. . . . . . . . . . . .

〈φN |φ1〉 〈φN |φ2〉 . . . 1


. (2.50)

Furthermore, he defines a scattering matrix M which is constructed from the uni-

tary interferometer matrix U. For an input state configuration with photon number

occupations ni, r = (n1, n2, .., ni, ...nm) and a measured output state configuration

s = (l1, l2, .., li, ...lm) mode assignment lists d(s/r) are defined

d(r) = (

n1−times︷ ︸︸ ︷
1, .., 1 ,

n2−times︷ ︸︸ ︷
2, .., 2 , ...,

nm−times︷ ︸︸ ︷
m, ...,m), which contain the mode indices for each photon

as many times as the number of photons occupying that mode. The scattering matrix

M is then M = Ud(r),d(s). The distinguishability matrix is also modified by the input

state configuration: G = Sd(r),d(r). The probability of detecting a click event s with

an input configuration r of N photons with distinguishability matrix S is then given
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by [15]:

P (s, r, U,S) = N
∑
σ∈SN

[ N∏
j=1

Gj,σ(j)

]
perm(M ?M∗σ,1), (2.51)

whereN = 1/(
∏

j sj!rj!) is a constant normalising factor. To calculate the probability,

the first step is to construct the Matrices G and M from the distinguishability matrix S

and the unitary matrix of the interferometer U. For the earlier example of two photons

entering in separate modes into a 2x2 interferometer and detecting coincidences, we

have: r = (1, 1), s = (1, 1), d(r) = (1, 2), d(s) = (1, 2), N = 1, G = S and M = U.

Inserting these into equation 2.51 we can easily retrieve equation 2.42. Let us consider

the case of sending three photons into the same 2x2 interferometer. For the input

state occupation numbers we take: r = (2, 1) and measure the outputs s = (1, 2),

i.e. sending two photons into the first mode and one into the second, while detecting

one photon in the first output mode and two in the second. The mode-assignment

lists are d(r) = (1, 1, 2) and d(s) = (1, 2, 2) respectively. As described previously, to

construct these lists the mode index i is repeated ni times, where ni is the number of

photons occupying mode i. The matrix G then becomes Gkl = S(1,1,2)k,(1,1,2)l . Where

k and l run from 1..3 and (1, 1, 2)k denotes the kth element of the mode assignment

list (1, 1, 2). We can also visualise how the matrix G is constructed in terms of block
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matrices:

(2.52)

For every entry of the distinguishability matrix Skl, we construct a block of size nk×nl,

where nk/l is the number occupation of input port k/l. In an analogous manner the

M matrix is constructed from the interferometer matrix U . Here, we use both, input

and output mode assignment lists d(r) and d(s). Mk,l = U(1,1,2)k,(1,2,2)l :

(2.53)

The outer sum of equation 2.51 is executed over all elements of the symmetric

group σ ∈ SN . I will examine more closely what each term of this sum for a given

permutation σ looks like. First, we have a product over the entries of the matrix G,

which we constructed from the distinguishability matrix:
∏N

j=1 Gj,σ(j). Let us take

σ = (1)(2, 3) (swap of the last two elements) as an example. We let σ act on a

list of mode indices: (1)(2, 3){1, 2, 3} = {1, 3, 2} and denote as σ(j) the jth entry
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of the permuted list and obtain:
∏N

j=1 Gj,{1,3,2}(j) = 1 ∗ 〈φ|ψ〉〈ψ|φ〉 = |〈φ|ψ〉|2. This

corresponds to the product of diagonal elements of the matrix G with the order of

columns permuted by σ. The next term contains the permanent of the entry wise

product between the matrix M and its complex conjugate, where the order of rows has

been permuted by σ. perm(M ?M∗σ,1). For our example of σ = (1)(2, 3) this amounts

to the permanent of the absolute values of the matrix squared, since permuting rows

2 and 3 of M leaves it invariant: perm(M ? M∗σ,1) = perm(|M |2). Collecting the

contributions from the distinguishability matrix and the interferometer, we obtain for

a single term in the sum over permutations in equation 2.51 : 1/4·perm(|M |2)|〈φ|ψ〉|2.

Where we have also included the normalisation: N = 1/(
∏

j sj!rj!) = 1/4.

2.4.4 Classifying interference terms

We now examine more closely the form of equation 2.51. The outer sum is executed

over all elements of the symmetric group SN . Each of the terms in of the sum contain

a product of entries of the distinguishability matrix i.e. a product of overlaps between

the wave-functions of the photons involved. The order of the overlaps in this product

is determined by the specific permutation σ. To illustrate, I will more closely study

the example of three photons. If σ is a simple swap σ{1, 2, 3} → {2, 1, 3} we obtain

a term which only depends on the modulus of the overlap between two photons i.e.

something that has the same dependence on the state of the photons as HOM two-

photon interference: 〈φ1|φ2〉〈φ2|φ1〉 = |〈φ1|φ2〉|2. The term which corresponds to a full

permutation i.e. σ{1, 2, 3} → {2, 3, 1} is proportional to: 〈φ1|φ2〉〈φ2|φ3〉〈φ3|φ1〉. The
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structure of the product of overlap integrals in these terms depends on the particular

permutation σ that is applied. We write the permutations in cycle form: The two-

cycle, or swap, acts like: (1, 2)(3){1, 2, 3} → {1 → 2, 2 → 1, 3 → 3} = {2, 1, 3}

and a three cycle has the following action on a list of numbers: (1, 2, 3){1, 2, 3} →

{1 → 2, 2 → 3, 3 → 1} = {2, 3, 1}. Cycles of the same structure belong to the same

“conjugacy class”. The 3! = 6 elements of S3 fall into 3 conjugacy classes:

(1)(2)(3) → Identity (2.54)

(1, 2)(3); (2, 3)(1); (1, 3)(2) → Swaps (2.55)

(1, 2, 3); (2, 3, 1) → Full permutation (2.56)

It is immediately clear that the form of the terms in the sum of equation 2.51 also

fall into the same groups as the conjugacy classes. We can classify the structure

of the terms appearing in the formula for the coincidence probability in terms of

the conjugacy class σ belongs to. The first conjugacy class consists of one element,

the identity, that contributes a constant, probability. There is no dependence on

the state of the photons - as if each particle acts completely independent of the

other particles in the interferometer -. There is still interference of the photon with

itself (cf. double slit interference). In quantum optics this type of interference is

often referred to as “classical”. The second conjugacy class contains three members,

all possible swaps between three elements. The terms in the scattering probability

that correspond to this class are the HOM-like two-photon interference terms, which

depend on the modulus of the overlap between two photons. The third class is that



2.5 GRAPH-THEORY OF MULTI-PHOTON SCATTERING 31

of full permutations of three elements. The corresponding terms in the scattering

probability depend on the product of three overlaps, we refer to this as the three

photon interference contribution. For some arbitrary interferometer the probability

P111 thus has the following form:

P111 =
Self interf.︷︸︸︷
c1 +

Two-photon interf.︷ ︸︸ ︷
c2|〈φ1|φ2〉|2 + ...+c5

Three-photon interf.︷ ︸︸ ︷
〈φ1|φ2〉〈φ2|φ3〉〈φ3|φ1〉+ ... (2.57)

2.5 Graph-theory of multi-photon scattering

In this section I will discuss an approach that I developed to describe the terms

appearing in equation 2.51. This method was also independently developed by V.

Shchesnovich et. al. around the same time [19, 20]. There have been other approaches

to describe multi-photon interference in terms of graph-theoretical approaches [59]

and even to solve graph theoretical problems [60]. I need to emphasise here that

this formalism is unrelated to graph or cluster states which are used to describe

entangled states that are resources in a measurement based quantum computation

scheme [61, 62]. We can interpret equation 2.51 in terms of a graph. Each state is

assigned a vertex on a 2D graph, a directed edge between vertices is identified with

the overlap between the two states. If the overlap is zero, the edge is not drawn. Two

states |a〉 and |b〉 are connected by a single directed edge 〈a|b〉, where the direction of

the edge is given by which state is a bra which a ket. In this case the edge points from

|a〉 to |b〉. The overlaps appearing in equation 2.51 correspond to all possible coverings

of the a graph with closed, directed paths. Each path is allowed to cross each vertex
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Figure 2.4: Single directed edge and a three vertex path over closed loop

only once. The analogy to graphs stems from the fact that any permutation of N

elements is isomorphic to a covering of a graph of N vertices with closed, directed

paths. We identify for example the cycle (1, 2, 3){a, b, c} → {a → b, b → c, c → a}

with the loop along the three vertices a,b,c with the direction a → b → c → a,

as illustrated in Figure 2.4. In Figure 2.5 all possible coverings of the three photon

graph are depicted. We assign to each overlap its complex phase φab = arg(〈a|b〉) and

modulus rab = |〈a|b〉|. The phase cancels in case of a two photon path, leaving only

a dependence on the modulus squared of the overlap. For a path connecting three

vertices however, we get a contribution from the sum of the complex arguments along

the three edges. The path with reversed handedness also contributes a term with an

argument of opposite sign. We have coined the term “triad phase” for this collective

three photon phase. In the experimental work of the next chapter this phase will play



2.5 GRAPH-THEORY OF MULTI-PHOTON SCATTERING 33

Figure 2.5: Graph theoretical description of three photon interference. All possible
closed paths on the three vertex graph are illustrated. a) Constant “classical” contri-
bution. b) Two-photon Hong ou Mandel - like interference terms. c) Three photon
interference terms, with clockwise and counter clockwise paths.

a prominent role in the demonstration of three photon interference.

Now we are in a position to give a more precise notion of multi photon interference.

M-photon interference arises if there exists a closed path traversing M-vertices exactly

once. For N photons entering an interferometer there will be N-photon interference

if there exists a path traversing every vertex once. This path is also called Hamilton

path in graph theory. The question if there exists a Hamilton path for a given

graph is a prominent problem in graph theory. The answer to this question for the
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kind of graphs we have introduced here can therefore be answered experimentally by

demonstrating N-photon interference in an ensemble of N-photons which have been

prepared to exhibit some interesting graph. If there is a quantum advantage to solving

this problem using partially distinguishable photons is an interesting question which

could merit further investigation.

Figure 2.6: A possible complete covering of a graph with closed paths
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2.5.1 Mixed states

A mixed state is given by an ensemble of pure states |ψk〉 that are prepared with

probability pk. The density matrix is defined as:

ρj =
R∑
k=1

pj,k|ψj,k〉〈ψj,k|, (2.58)

where R is the dimension of the density matrix. We can generalise our previous

approach to calculate click probabilities to incorporate mixed states. For simplicity I

will restrict myself to the case where each input i of the interferometer is occupied by

exactly one photon with density matrix ρi. I will not give a rigorous proof but rather

motivate the formalism through basic observations. A more rigorous description can

be found in [16]. We have already discussed that the form of the overlaps follows the

cycle structure of the symmetric group (conjugacy classes). Furthermore, we know

that a cycle is cyclically invariant e.g. (1, 2, 3) = (3, 1, 2) = (2, 3, 1). We are looking for

a way to combine the density matrices describing some mixed input states ρi in such a

way that their order is also cyclically invariant. We know that the trace of a product

of matrices is cyclically invariant Tr(M1M2M3) = Tr(M3M1M2) = Tr(M2M3M1).

The most straightforward approach therefore seems to be to make the replacement:

〈φ1|φ2〉〈φ2|φ3〉〈φ3|φ1〉 → Tr(ρ1ρ2ρ3). (2.59)
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We can further strengthen our position by noting that for pure states our rule also

holds true. ρi = |φi〉〈φi|

Tr(|φ1〉〈φ1||φ2〉〈φ2||φ3〉〈φ3|) = 〈φ1|φ2〉〈φ2|φ3〉〈φ3|φ1〉 (2.60)

We take the product over disjoint cycles. (1, 2)(3) → Tr(ρ1ρ2)

1︷ ︸︸ ︷
Tr(ρ3), (1, 2)(3, 4) →

Tr(ρ1ρ2)Tr(ρ3ρ4). We are now in a position to reformulate equation 2.51.

Pρ1,...,ρN = N
∑
σ∈Sn

[ a∏
j=1

Tr(ραj1 · ... · ραjn)

]
perm(M ?M∗σ,1) (2.61)

Where (αj1, .., αjn) is the structure of the jth disjoint cycle of σ. a is the number of

the disjoint cycles in σ and n is the length of the jth cycle.

Tichy also derives a formula for general mixed states [15] (Appendix F).

Pρ1,...,ρN (s, r, U) =
R∑

k1...kn

(
n∏
j=1

pj,kj

)
P (s, r, U,S(k)), (2.62)

which can be understood as an ensemble averaged probability. We prepare a photon

entering port j in state |ψj,k〉 with a probability of pj,k. ρj =
∑R

k=1 pj,k|ψj,k〉〈ψj,k|.

Then a sum over all possible input state realisations {k1, ..., kn} is performed, which

occur with probability
∏

j pj,kj . The distinguishablility matrix for a specific realisation

is given by S(k)j,l = 〈ψj,kj |ψl,kl〉.
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2.6 Independent parameters in multi-photon scat-

tering

When performing multi-photon interference experiments on independent photons one

important question that arises is: what are the experimental degrees of freedom

that need to be controlled in order to fully characterise the scattering dynamics

of the process? For example, in two photon scattering we know that there is one

parameter that we need to adjust. This parameter may be a time delay between

two photon wavepackets. As a function of the time delay we measure a change

in coincidence counts, observing two photon bunching in a HOM dip, for example.

Note that we could have also adjusted the polarisation of the photons; preparing one

photon in horizontal polarisation and scanning the polarisation of the second from

vertical to horizontal polarisation. It is obvious from the previous discussion that the

only thing that matters is the change in the overlap integral between the photons.

This is for two photons the single independent parameter that we need to adjust.

We may ask: how many free parameters do we need to adjust for more than two

photons? For three photons we might guess that the number of parameters may be

the number of all mutual overlaps between the three photons, i.e. three. However,

it turns out this intuition is incorrect. To find the correct answer, we investigate the

scattering probabilities for multi-photon coincidences. The scattering probability for

some coincidence event is completely determined by the S matrix (equation 2.50)

S(x1, ...xL), which is in general a function of L parameters xi. We are going to

need an explicit form of the distinguishability matrix S. To do so we need to find a
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representation for the states |φi〉. We define a set of orthogonal basis vectors |αi〉 and

perform a Gram-Schmidt decomposition to construct a set of states in terms of this

basis:

|φi〉 =

√√√√1−
i∑

k=2

s2
i,k|α1〉+

i∑
k=2

si,ke
iγi,k |αk〉 (2.63)

We can easily see that these vectors are normalised. For three photons the distin-

guishability matrix takes the form:


1 cc. cc.√

1− s2
2,2 1 cc.√

1− s2
3,2 − s2

3,3

√(
s2

2,2 − 1
) (
s2

3,2 + s2
3,3 − 1

)
+ e−i(γ2,2−γ3,2)s2,2s3,2 1


(2.64)

This form contains the constraints for the choice of parameters. We can imme-

diately read off the ranges for s2
2,2 ≤ 1 and s2

3,2 + s2
3,3 ≤ 1 (2D disk). The only

redundant parameter is going to be one of the phases γ, leaving us with four inde-

pendent parameters. In a more rigorous approach to determine the number of free

parameters we can in a first step we write the S matrix as a continuous vector ~S=

(〈φ1|φ2〉, 〈φ2|φ3〉, .., 〈φi|φj〉). We may imagine this vector as pointing along a surface

in some high dimensional space. We want to ask what is the dimension of this sur-

face? It is sufficient to determine the dimension of the tangent vector space for each

point. The tangent vectors are defined as ∂
∂xi

. Where the xi encompass all degrees

of freedom of Matrix 2.64: si,j and γi,j. The dimension of the space spanned by

the tangent vectors is then rank( ∂
∂xi

~S(x1, ...xL)). Generally the number independent

parameters is found to be at most (N − 1)2. Where N is the number of photons.
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2.6.1 Overlap integrals with time-delays

Next, we show that for time-delays the products of overlaps that appear in the ex-

pressions for the multi-photon coincidence probabilities are always real and positive

and hence do not give rise to a collective multi-photon phase, such as the three pho-

ton “triad phase”. In the case of the two photon interference terms, which contain

expressions of the form

〈t1|t2〉〈t2|t1〉 = |〈t1|t2〉|2 (2.65)

this is easy to see, as the expression is purely real. For the three photon interference

term:

〈t1|t2〉〈t2|t3〉〈t3|t1〉 = e−((t1−t2)2+(t2−t3)2+(t3−t1)2)/(4σ2)−iΩ(t1−t2+t2−t3+t3−t1)

= e−((t1−t2)2+(t2−t3)2+(t3−t1)2)/(4σ2)

(2.66)

As we can see this expression is also real. This also holds for any number of photons.

This illustrates that in order to access all independent parameters of multiphoton

interference it is necessary to exploit different degrees of freedom, other than time

delays between gaussian wavepackets. As we shall see in the next chapter, we can con-

veniently access multi-photon phases by preparing the interfering particles in different

polarisation states.
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2.7 Conclusion

If have presented the reader with the necessary tools to understand the interference

effects that occur in multiple, independent single photons [15, 16]. I motivated how

the exchange symmetry of particles gives rise to non-classical interference. Further,

I described a new theoretical tool to characterise interference terms that appear in

the multi-photon coincidence probability: each term can be associated with a closed

path traversing a graph where the vertices represent states of interfering photons

[46, 20]. Using the graph theoretical picture allows us to clearly identify contributions

arising from in multi-photon interference. I discussed the parameters which determine

multi photon interference and found that for N photons (N − 1)2 parameters are

independent. Further, I have shown that interference time delays between gaussian

shaped wavepackets does not give access to all parameters governing multiphoton

interference.



Chapter 3

Three-photon interference

This chapter is in parts taken from a recently published paper [14]. I conceived

the state configuration (illustrated in Figure 3.3) allowing to isolate three photon

interference with help from A.E. Jones. A.E. Jones and I conducted the experiment,

with myself in the experimental lead. A.E. Jones and I modelled and analysed the

experimental data. The paper [14] was written with contributions from all authors.

3.1 Introduction

Two photon interference has extensively been studied after first discovered by Hong

Ou and Mandel [2]. A natural question that arises is, how in multi-photon scattering

phenomena extend beyond the interference of two photons. Several previous experi-

mental [63, 25, 64] and theoretical studies [18, 65, 17, 66, 67, 68, 69, 70, 16, 68] have

investigated this subject. Spagnolo et. al. [63] and later Tillman et. al. [25] probed

the three photon coincidence landscape with time delays between otherwise indis-

41
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tinguishable photons. Spring et. al. [64] mapped the entire coincidence landscape

of three time-delayed photons. In [17] it was already noticed that in the interfer-

ence of three or more photons the interference fringe is non-monotonic as a function

of distinguishability. The theoretical framework developed by Tichy [15] especially

illustrates the inadequacy of bi-partite distinguishability, as measured by the over-

lap integral of the wavefunctions, for characterising multi-photon interference. For

example, we can increase multi-partite correlations even as we increase (mean) dis-

tinguishability. This goes against our intuition for interference phenomena, which is

shaped by the double-slit and HOM experiments. The origin of this is multi-photon

interference. The conventional perception in preceding experiments has been that

in observing multi-photon interference it does not matter how distinguishability is

realised. For example in HOM interference it does not in principle matter in what

degree of freedom of the electrical field you make the two photons distinguishable,

as you observe the two-photon interference fringe. You may vary polarisation, time

or spectral modes of the photons. The value range for the multi-partite correlation

(coincidence probability) will be the identical. As we have shown previously in section

2.6.1 restricting a multi-photon interference experiment to varying time delays only,

will not enable one to explore the entire range of possible values for the multi-photon

coincidence probability. The underlying reason is that the interference of three in-

dependent photons is governed by a collective geometric phase between the single

photon states which can not be accessed through time delays. In this work I aim to

access the previously unexplored range of multipartite interference using polarisation

as an additional degree of freedom besides time delays. In a first experiment I will
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demonstrate how three photon interference is determined by a multi-photon collective

phase. The second experiment will isolate 3-photon interference: we can observe a

variation in probability of the coincident measurement of three photons, while at the

same time all two-photon interference is kept constant.

3.2 Theory

3.2.1 A balanced unitary 3x3 interferometer

Firstly, I will show how the matrix of the balanced 3x3 unitary interferometer or

tritter, which will serve as the unitary interferometer for our experiments, can be

constructed. We first require that all the amplitudes are identical to 1√
3

to ensure an

equal 1
3

splitting across all ports. Input phases of the interferometer are irrelevant

for the scattering scenario we are examining, since the Fock state we send through

the interferometer is only defined up to a global phase (the sum of all input phases of

the interferometer). Likewise, output phases do not change the scattering statistics.

This allows us to reduce the scattering matrix to a unit-bordered form. There are

four free phases remaining:

Utritter =
1√
3

1 1 1
1 eiφ1 eiφ2

1 eiφ3 eiφ4

 . (3.1)

From the unitarity condition UtritterU
†
tritter = 1 we obtain a set of three equations:
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(
eiφ1 + eiφ2 + 1

)
= 0 (3.2)(

eiφ3 + eiφ4 + 1
)

= 0 (3.3)(
ei(φ1−φ3) + ei(φ2−φ4) + 1

)
= 0. (3.4)

To find a combination of phases which satisfy the above equations consider the cubic

roots of unity: zj = ei2π/3(j−1), which satisfy:

3∑
j=1

zj = 0. (3.5)

We substitute into equations 3.2 and 3.3: eiφ1 → z3, eiφ2 → z2, eiφ3 → z2, eiφ4 → z3.

Equations 3.2, 3.3 and 3.4 then satisfy equation 3.5. The unitary matrix describing

the interferometer is then, using z3 = z2
2 :

Utritter =
1√
3

1 1 1
1 z2

2 z2

1 z2 z2
2

 , (3.6)

with z2 = ei2π/3. It is straightforward to see that no other set of phases yields a

balanced unitary. The unitary itself comes in two possible configurations 3.6 and its

complex conjugate [71].

3.2.2 Detection event probabilities

We can write the state overlap integrals in terms of the real moduli and a complex

phase: 〈a|b〉 = rabe
iφab . The three photon coincidence probability for a balanced 3x3
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unitary interferometer (equation 3.6) can be obtained from equation 2.51:

P111 =
1

9

[
2 + 4 rabrbcrca cos(ϕ)− r2

ab − r2
bc − r2

ca

]
. (3.7)

We define the collective “triad” phase as: ϕ = φab +φbc +φca. Note that as discussed

in section 2.6, three photon interference depends on (3 − 1)2 = 4 free parameters.

Three of these are all possible modulus-squared overlap integrals |〈φi|φj〉|2 = r2
i,j and

i, j ∈ (a, b, c); i 6= j. The fourth parameter is the “triad-phase” ϕ. In terms of the

graph theoretical approach discussed in section 2.5, the individual contributions can

be easily understood and interpreted. In Figure 3.1 the paths on the three vertex

graph which contribute to the P111 detection probability are illustrated. Note that

there are two distinct three-vertex paths (clock- and anti-clockwise), which have a

eiϕ and e−iϕ dependence. The sum of these two paths results in the overall cos(ϕ)

dependence in equation 3.7. The output event probabilities for all detection events

are:

P111 =
1

9

[
2 + 4 rabrbcrba cos(ϕ)− r2

ab − r2
bc − r2

ca

]
(3.8)

P300 = P030 = P003 =
1

27

(
1 + r2

ab + r2
bc + r2

ca + 2rabrbcrca cos(ϕ)
)

(3.9)

P120 = P012 = P201 =
1

9
(1− 2rabrbcrca cos(ϕ+ π/3)) (3.10)

P021 = P210 = P102 =
1

9
(1− 2rabrbcrca cos(ϕ− π/3)) . (3.11)
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Figure 3.1: Graph picture of three photon interference. i) Two-photon directed edge.
ii) Closed loop path with modulus squared overlap contributions. iii) Three vertex-
paths in clockwise and anti-clockwise directions which together contribute a cos(ϕ)
dependence.

The coincidence probability for the detection of two photons only depends on the

modulus squared overlap of the inserted photons:

P011 = P101 = P110 =
1

9

(
2− r2

ij

)
, i, j ∈ (a, b, c); i 6= j. (3.12)

3.3 Constant triad phase

In a first experiment we aim to show the effect of the triad phase and demonstrate how

non-zero values for ϕ can be accessed. When preparing states in identical polarisations

and only varying time delays, the triad phase will be zero ϕ = 0. As was shown

in section 2.6.1 all products over overlap integrals in this case will be purely real,

leading to an overall real and positive three photon interference term: 〈a|b〉〈b|c〉〈c|a〉 =

〈ta|tb〉〈tb|tc〉〈tc|ta〉. For example, we can prepare the photons in different temporal
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states and identical polarisations:

|a〉 = |ta〉 ⊗ |H〉 (3.13)

|b〉 = |tb〉 ⊗ |H〉

|c〉 = |tc〉 ⊗ |H〉.

If, in contrast, we prepare the polarisations in a “Mercedes-Star” configuration, as

shown in Figure 3.2, we obtain a triad phase of ϕ = π:

|a〉 = |ta〉 ⊗ |H〉 (3.14)

|b〉 = |tb〉 ⊗
1

2
(|H〉+

√
3|V 〉)

|c〉 = |tc〉 ⊗
1

2
(|H〉 −

√
3|V 〉).

This can be seen straightforwardly by considering the values of the overlap integrals

of the states defined in equation 3.14: 〈a|b〉 = 1
2
〈ta|tb〉 and 〈c|a〉 = 1

2
〈tc|ta〉, but

〈b|c〉 = −1
2
〈tb|tc〉. This leads to a real, negative three photon term: 〈a|b〉〈b|c〉〈c|a〉 =

−1
8
〈ta|tb〉〈tb|tc〉〈tc|ta〉, which implies: cos(ϕ) = −1 or ϕ = π. This sign flip in the three

photon interference term that occurs when we set ϕ = π has a profound consequence:

since the two photon and three photon terms now both contribute negatively to

the coincidence probability (equation 3.7), their effects compound, enhancing the

interference.
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Figure 3.2: “Mercedes Star” configuration illustrated on the Bloch-sphere of polari-
sation.

3.4 Isolating three-photon interference

We want to investigate the question whether we can observe three photon interfer-

ence independently of lower order interference contributions. In other words: can

we observe a variation in the three-fold coincidence probability P111 as we vary some

parameter in the preparation of the three photon input state, while all lower or-

der interference terms are kept constant? The two-photon coincidence probabilities

(equations 3.12) are only functions of the moduli squared overlaps |〈a|b〉|2. The three

photon coincidence probability (equation 3.7) depends on an additional independent

parameter, the triad phase. Therefore, we should always be able to keep second or-

der correlations constant by keeping the moduli squared overlaps constant. We can
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then simultaneously vary the three-fold coincidence probability by changing the triad

phase. We have noted previously that the triad phase can be accessed through polar-

isation and identified ϕ = π with the “Mercedes-star” configuration of polarisations

on the Bloch-Sphere. It is possible to vary the triad phase continuously from 0 to 2π

by rotating the polarisation of state |a〉 in the plane orthogonal to the plane spanned

by vectors |b〉 and |c〉. This particular path is also favourable since at all times the

moduli overlap integrals of the two stationary states with the rotating one are iden-

tical: |〈a|b〉|2 = |〈a|c〉|2. This means we only have to keep one remaining parameter

constant. The polarisation configuration is illustrated in Figure 3.3.

|a〉 = |ta〉 ⊗ [cos (2θ)|H〉+ i sin (2θ)|V 〉] (3.15)

|b〉 = |tb〉 ⊗
[

1

2
(
√

3|H〉+ |V 〉)
]

|c〉 = |tc〉 ⊗
[

1

2
(
√

3|H〉 − |V 〉)
]
,

How do we keep the overlap integrals |〈a|b〉|2 = |〈a|c〉|2 constant? We have one

more degree of freedom in the preparation of our state, which we have not used so

far: time. The idea is relatively simple: As the polarisation vector of state |a〉 is

rotated the overlap integral will vary, when θ = 0 it will be at a maximum value

of |〈a|b〉|2 = |〈a|c〉|2 = 0.75 and when 2θ = π the minimum of 0.25 is reached.

Consider starting the path on the polarisation Bloch sphere at 2θ = π as we rotate

the polarisation vector by a small amount the overlap starts to increase. In order to

maintain the previous value of 0.25 we can reduce the overlap in the temporal degree

of freedom. At 2θ = π all photons will be completely indistinguishable in time. As the
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Figure 3.3: Polarisation configuration on the Bloch-sphere, enabling to access triad
phases between 0 and 2π by rotating the polarisation vector |a〉.

polarisation angle changes, we walk off |a〉 in time and reduce the temporal overlap

|〈ta|tb〉| = |〈ta|tc〉| by the same amount the overlap increases in the polarisation degree

of freedom.

The moduli overlap between the states are with the polarisation configuration of

equations 3.15:

rab =
1

2
|〈ta|tb〉|

√
2 + cos(4θ) (3.16)

rca =
1

2
|〈tc|ta〉|

√
2 + cos(4θ) (3.17)

rbc =
1

2
|〈tb|tc〉| (3.18)

We assume for the temporal shape of the photons a gaussian wavepacket with standard
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deviation σ. The overlap integral then becomes: |〈ta|tb〉| = exp(− |ta−tb|
2

4σ2 ) (cf. section

2.3 and 2.6.1). To find the time delays that maintain a constant overlap of 0.5, we

need to solve:

1

2
exp(−|ta − tb|

2

4σ2
)
√

2 + cos(4θ) = 0.5. (3.19)

The solution is given by:

|ta − tb| = |ta − tc| = σ
√

2 ln[2 + cos(4θ)]. (3.20)

The triad phase is straightforwardly obtained from equations 3.15:

ϕ = arg(〈a|b〉〈b|c〉〈c|a〉) = 2 arg
(√

3 cos(2θ) + i sin(2θ)
)
. (3.21)

3.5 Experimental setup

3.5.1 Interferometer

A balanced three mode interferometer can be realised in several ways. Here, we use a

fibre integrated tritter. Three fibres are fused together in such a way that their cores

are in close proximity such that light can couple between the fibres. In Appendix D

and section 6.3 couplers in integrated photonic circuits, which also consist of evanes-

cently coupled waveguides are discussed in more detail. In Figure 3.4 the basic layout

of the coupler is illustrated. The matrix of the fibre tritter was determined by insert-

ing single photons into each input port and measuring the detection probability at
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Figure 3.4: Three-mode coupler “Tritter”

each of the outputs. The phases were obtained by requiring unitarity of the matrix

for the measured set of amplitudes.

Ureal =


0.6 0.6 0.53

0.6 −0.28 + 0.48i −0.27− 0.48i

0.6 −0.28− 0.5i −0.27 + 0.48i

 (3.22)

The measured unitary interferometer matrix 3.22 has a high fidelity of 0.99 with

respect to the ideal tritter matrix 3.6. The influence of slight variations in coupling

strength between different ports is negligible.

3.5.2 Single photon creation, preparation, and detection

The experimental setup is depicted in Figure 3.5. A detailed description of the her-

alded three photon source can be found in [72]. We use a mode-locked pulsed laser

at 740 nm, 80 MHz, with 130 fs pulse-width. The pump beam is first split into three
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Figure 3.5: Scheme of the experimental setup. The relative temporal delays of the
three photons are adjusted using delay stages. We use sets of quarter-wave plates
(QWPs) and half-wave plates (HWPs) to prepare the polarisation state of each photon
and to compensate for polarisation rotations in the fibres. The outputs of the fibre
tritter are monitored using multiplexed commercial avalanche photodiodes.

separate beams using bulk-optic components. The three beams pass through two

delay stages which apply relative time-delays between the pump-pulses. The beams

are then focussed and coupled into three separate silica wave-guides within a silica on

silicon chip. The on-chip waveguides were fabricated in a uv-writing process described

in [73]. The third order non-linearity of glass gives rise to a four wave mixing process

(described in more detail in Appendix A.1), creating spectrally separate signal and

idler photons at 680 and 817 nm. These photons are orthogonally polarised to the

pump beam. After the silica on silicon source chip, a polarising beam splitter is used

to separate the pump light at 740 nm from the signal and idler photons. Subsequently

a pair of angle tuned dielectric filters is used to filter the bandwidth of signal and
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Figure 3.6: Detector configurations for a) constant triad phase b) isolating three
photon interference.

idler photons.

Next, the idler photons at 817 nm are prepared in polarisation using sets of half

and quarter waveplates. After preparing the polarisations the photons are injected

into the tritter. At the end the photons are detected using a series of avalanche

photo-diodes. The detector configuration is shown in Figure 3.6. Placing beam-

splitters or additional tritters at the output of the interferometer affords pseudo

number resolution: with some probability, depending on the interferometer used,

bunched outputs of two or three photons separate in the additional beam-splitter

or tritter and can be resolved. Configuration a) in Figure 3.6 allows for the detec-

tion of (1, 1, 1), (3, 0, 0), (2, 1, 0), (2, 0, 1) events. Configuration b) allows us to detect

(1, 1, 1), (2, 1, 0), (2, 0, 1), (1, 0, 2), (0, 1, 2) events (see Appendix B.1).

3.6 Experimental data

3.6.1 Constant triad phase

In this section I present the experimental data collected. The first experiment ex-

plores three photon interference by choosing two distinct values of the triad phase,
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Figure 3.7: Measured three fold coincidence event rates for two polarisation config-
urations a) and b), corresponding to values of 0 and π for the triad phase. The
time delays of the three photons are varied as illustrated in the lower part of the
figure. We plot the three-fold coincidence events as a function of the time delay τ :
t1 = t2− τ/2, t3 = t2 + τ/2. The dotted lines indicate the ideal, simulated curve. The
solid line is a fit to the experimental data, using a model discussed in Appendix B.2.
The total number of heralded three photon counts is between 200 and 350 for a and
between 250 and 450 for b. Figure from [14].

ϕ = 0, π. In Figure 3.7 the results are shown. In each case we vary the relative

time delays between two of the photons symmetrically around the third, which is

kept stationary. This is illustrated beneath the experimental data in Figure 3.7. For

all identical polarisations, as a function of the relative time delay τ , we observe a

“W” shape. The origin of this feature can be explained by the effect of contribu-

tions from different terms in the three-fold detection probability in equation 3.7. For

large τ there is no overlap between any of the states and the detection probability

asymptotically approaches a constant value. As τ decreases, the negative two-photon
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interference terms, which scale quadratically in the overlap-integral, contribute and

we start to see a dip. As τ approaches zero, the positive three-photon term, which

scales as the cube of the overlap dominates over the negative two-photon terms and a

peak forms. In contrast, when we choose a triad phase of ϕ = π, by preparing polar-

isations in the “Mercedes-star” configuration on the Bloch sphere, the three photon

term will contribute negatively, adding to the effect of the two-photon interference

terms. The result is an enhanced dip in the third order correlations, shown in Figure

3.7 on the right. This is rather surprising, since the participating photons are have

a maximal modulus squared overlap of only 0.25, indeed they are in a “maximally”

distinguishable configuration in polarisation space (excluding two being orthogonal).

This highlights especially the importance of the triad phase in multi-photon interfer-

ence and challenges our perception on the relationship between distinguishability and

strength of interference.

3.6.2 Isolating three photon interference

Here I present experimental results demonstrating that we can isolate three photon

interference from lower order interference. As previously discussed we prepare polar-

isation and time in such a way that we keep all moduli squared overlap integrals and

hence all second order correlations constant. The triad phase is adjusted from 0 to

2π by rotating the polarisation around the Bloch sphere. In Figure 3.8 b), we can

clearly observe a dip at a ϕ = π. The four-photon coincidence probability rate has

the expected cosine dependence on the triad phase. At the same time two-photon
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Figure 3.8: Experimental data for three and two-fold detection events a) Each po-
larisation configuration corresponding to a specific triad phase is illustrated. Two
photons remain at a constant polarisation while the third polarisation is rotated in
the plane of mirror symmetry. As the polarisation of the photon (marked in red) is
rotated it is simultaneously delayed in time. b) Rate of three-fold coincidences as a
function of the triad phase. We clearly observe a dip at ϕ = π. c) Rate of two-fold
detection events. A representative sub-set, corresponding to the input/output con-
figurations is shown. The total number of heralded three photon counts is between
330 and 550 per point. Figure from [14].

coincidence measurements are constant (Figure 3.8 c)). Their average variation is

6%. For single counts (not shown), the variation is 3%. I have chosen to display

three representative two-fold coincidence measurements. In contrast, the visibility of

the three-fold coincidence dip is 43%.
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3.7 Conclusion and outlook

In this chapter I have demonstrated three-photon interference in independent photons

and presented two separate experiments. I have shown how three-photon interference

is governed by a collective phase, the “triad” phase, which can not be accessed through

time delays. A surprising consequence of three photon interference is that three pho-

tons can interfere strongly, even when they have a very low state overlap. Further, I

have demonstrated that I can isolate three-photon interference from contributions of

lower order correlations. In a simultaneous work this was also demonstrated by Agne

et. al. [24], however using three entangled photons. This experiment shows the rich-

ness of multi-photon interference and opens up new avenues in studying fundamental

effects in multi-photon interference. Beyond the study of foundational physics three

photon interference could have implications in quantum technologies. The HOM ef-

fect is a widely used in linear optical quantum computation to realise quantum gates

between photonic qubits [74] and is an essential ingredient to achieving entanglement

of atomic qubits in remote locations [75]. Extending these protocols to utilise the kind

of multi-photon interference we demonstrate here could be an exciting perspective.

Further, I note that the triad phase bears similarity to a geometric phase. This will

be more closely explored in Chapter 5. In the next chapter I will explore an extension

of the triad phase to four photons and show how four photon interference can likewise

be demonstrated.



Chapter 4

Four photon interference

In this chapter I will examine the interference of four independent single photons

[18] in an eight mode interferometer or “quitter”. This work was done together with

A.E. Jones. A.E. Jones lead the experiment. I worked on the theory of four photon

interference. Specifically, I worked on the development of the state configuration

which exhibits four photon interference (shown in Figure 4.3). I also worked on

a graph theoretical approach to multi-photon interference which was independently

developed by me and V. Shchesnovich [19, 76]. The data presented here was collected

by A.E. Jones, I assisted with the data analysis, we both worked on modelling the

experimental results. The results discussed in this section are currently in preparation

for publication [76].

59
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4.1 Introduction

Having examined three photon interference, the question arises, whether adding more

photons will still reveal new physics that was not captured in three (and two) photon

interference. We have already seen that three photon interference challenges our in-

tuition about interference phenomena. Very different photons can interfere strongly

in collective three photon interference. For four photon interference [18, 46], this is

taken to an extreme. I will demonstrate how we can see collective four photon in-

terference even if some of the photons involved are in orthogonal states. The graph

theoretical picture illustrated in Chapter 2.5 is particularly suitable to describe this

type of interference. Four photon interference phenomena have been studied in previ-

ous works [77, 78, 79, 80]. We succeed in demonstrating for the first time four photon

interference that is independent of two photon and three interference contributions.

In Figure 4.2 all possible closed paths on the four vertex graph contributing to

four photon interference are illustrated. When the graph is fully connected i.e. all

photons have some finite overlap, as illustrated in Figure 4.1 c), the four-fold coinci-

dence probability function will contain contributions from two, three and four photon

interference. However, the astute observer will notice that the four photon phase,

which is associated to the path a → b → c → d → a is redundant. Namely, it can

be expressed as a sum over the two triad phases, as shown in Figure (4.1 c). As a

result it is not an independent parameter of the interference. Performing only two

and three photon experiments, with photons prepared in all combinations of the four

states appearing, we could infer the four photon phase. However, as was first pointed
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Figure 4.1: Graphs a) Single path connecting two states b) Three photon closed loop,
c) Fully connected graph of four photons d) partially disconnected circular graph

.

out in [19] if the photons on the four photon graph are made pair-wise orthogonal

[20], i.e. severing diagonal connections between the vertices, the triad phase becomes

undefined. As a result we obtain another interference phenomenon, for which V.

Shchesnovich coined the term “Circle-dance-interference” [46]: Photons interfere on

a circular graph.

In order to observe four-photon interference, we are faced with a similar challenge

as in three photon interference. We need to keep all coincidence detection probabilities

for less than four photons constant as we vary the four-fold coincidence probability. In

principle this is only possible when the four photon phase appears as an independent

parameter in the scattering probability, which we accomplished by preparing the

states in a circular graph, as illustrated in Figure 4.2 d). In four photons this state
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Figure 4.2: Four-photon graph with possible paths illustrated, sorted by total number
of photons exchanged. a) the contribution from single photon (self-interference) is
illustrated. b) closed paths contributing two-photon interference are shown. c) Paths
containing four vertices are depicted. The last two paths are dependent on the four-
photon phase θ = φabcd.

configuration can be achieved with polarisation and temporal degrees of freedom. In

Figure 4.3 it is illustrated how the state is prepared. Photons a, b and c are kept

static at 90 deg. angles in the Bloch-sphere, in polarisation states: |H〉, |+〉, |V 〉. The

fourth photon (d) is rotated in the plane orthogonal on the |H〉 polarisation Bloch

vector. In time, photon 1 and 3 are in an identical broad temporal profile, while

photon 2 and 4 are narrow in time and non-overlapping with each other, but with

some overlap with photons 1 and 3. This configuration realises the path connections
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Figure 4.3: Illustration of the four-photon state-configuration in polarisation and
temporal degrees of freedom.

in the graph illustrated in Figure 4.1 (d). We can write the state configuration as:

|a〉 = |H, t1〉 (4.1)

|b〉 = |+, t2〉 (4.2)

|c〉 = |V, t1〉 (4.3)

|d〉 =
1√
2

(|H, t3〉+ eiθ|V, t3〉) (4.4)

The different paths on the four photon graph that yield contributions to the

four-fold coincidence probability are illustrated in Figure 4.2. The contribution to

four photon interference comes from the paths which is illustrated in Figure 4.2 c).

The clockwise and anti-clockwise paths contribute a cosine dependence on the multi-

photon phase, as was the case for three photon interference. All other contributions

are either constant (2 photon interference) or vanish (three-photon interference). The
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non-vanishing overlap integrals of the photons are:

〈a|b〉 =
1√
2
〈t1|t2〉 (4.5)

〈b|c〉 =
1√
2
〈t2|t1〉 (4.6)

〈c|d〉 =
1√
2
eiθ〈t1|t3〉 (4.7)

〈d|a〉 =
1√
2
〈t3|t1〉. (4.8)

As we can see, the 〈c|d〉 overlap is responsible for contributing the four photon phase.

There is a further important aspect. We note that the phase θ can be measured by

observing four-photon coincidence events. However, if we examine the state config-

uration as depicted in Figure 4.3 this seems rather surprising since the “reference”

state on the Bloch-sphere |+〉/|b〉 is orthogonal to |d〉 (in time), further the states

|H〉 and |V 〉 alone can not provide a phase reference since they are orthogonal to the

plane in which |d〉 rotates. Indeed, in this configuration we measure a phase between

orthogonal states. The |H〉 and |V 〉 merely act as a “mediator”. This situation has

been explored in [81].

We realise the interference by sending the photons through a balanced four-port

interferometer or “quitter”. The unitary matrix of the quitter is:

Uquit =
1

2


1 1 1 1
1 1 −1 −1
1 −1 eiχ −eiχ
1 −1 −eiχ eiχ

 , (4.9)

The balanced quitter, unlike the tritter has a free phase χ [82]. Other represen-

tations of the quitter matrix shown here can be obtained by permuting rows and
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columns. The form of this matrix be obtained in a similar fashion to the tritter

matrix discussed in the previous chapter. First we set the moduli of all entries to

1/2, ensuring a balanced output. We can again remove phases at the borders of the

matrix, since we are free to choose input and output phases of the interferometer.

From the unitarity condition UquitU
†
quit = 1 a set of equations can be obtained. We

examine one of these equations as an example:

1 + eiφ1 + eiφ2 + eiφ3 = 0. (4.10)

Possible solutions are: φ1 = 0, φ2 = π, φ3 = π, corresponding to row 2 of the quitter

matrix 4.9. Another possible solution is: φ1 = π, φ2 = χ, φ3 = χ+ π, corresponding

to rows 2 and 3 of the quitter matrix.

The visibility of four photon interference crucially depends on the internal phase

χ. The fourfold coincidence probability as a function of the overlap integrals between

the single photons r, the internal phase χ of the quitter and the four-photon phase θ

(cf. Figure 4.3) is given by:

P5678 =
1

32
[3− r2

ab − r2
bc − r2

cd − r2
ad + (2 + cos(2χ))(r2

abr
2
cd + r2

adr
2
bc) (4.11)

+ 2(cos 2χ− 2)rabrbcrcdrad cos(θ)]

Input ports are labelled 1234 and output ports 5678 the port configuration in the

bulk-optic quitter is illustrated in Figure 4.5. The overlap integral is written as:

〈a|b〉 = rabe
iφab . The injection order is given by expression 4.12. Each of the terms
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appearing corresponds to a covering of the four photon graph in closed loops as

illustrated in Figure 4.2.

4.2 Experimental methods

To generate a four-photon state we used two KDP bulk crystal down-conversion

sources [83]. Each of the crystals is pumped with light at 415 nm. A pump photon

in a type II spontaneous parametric down conversion process (SPDC) is converted

into two orthogonally polarised signal and idler photons with a central wavelength

at 830 nm (ωp=ωs + ωi). Due to the elliptical shape of the joint spectral amplitude,

the idler photon is spectrally broader than the signal. The difference in spectral

width means that their Fourier transformed temporal modes are narrow for the spec-

trally broad idler and broad for the spectrally narrower signal. This allows us to

implement the temporal modes illustrated in Figure 4.3 with only small adjustments

to the bandwidth of the photons. In deciding the experimental bandwidth of the

photons a balance between four photon interference fringe visibility and maintaining

orthogonality between the temporal modes needs to be found. In the experiment

the bandwidth ratios for the photons are 2.2:1. They are temporally walked off as

illustrated in Figure 4.3 to realise orthogonality between the |t2〉 and |t3〉 temporal

modes. The residual overlap is 〈t2|t3〉 ≤ 0.1 In Figure 4.4 the experimental setup is

illustrated.
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Figure 4.4: Experimental setup: i) Pump light at 415 nm is sent into two KDP
crystals ii) filters remove the pump light iii) signal an idler photons are split by
polarising beamsplitters. iv) Polarisation and spectral states are prepared through
dielectric filters and waveplates v) Single photons are sent through the interferometer
(Quitter) and detected using avalanche photo diodes (APDs). Figure from [76].
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Figure 4.5: Illustration of the folded bulk-quitter design. A piezo-stage is used to
adjust the internal phase of the quitter. Figure from [76]. Credit: A.E. Jones.

In the experiment the order of injection is given by:

|a〉 → input 4

|b〉 → input 2

|c〉 → input 3

|d〉 → input 1.

(4.12)
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Since unlike in the three photon interference experiment, where we had three heralded

single photons available, the photons are only detected after passing through the

interferometer. This means we cannot distinguish between events where each source

creates a signal-idler pair and where a single source generates two pairs of signal

and idlers [84]. These events are equally likely and scale with λ4, where lambda is

the squeezing parameter. By distributing the preparation of the single photon states

across the two sources where, each PDC source generates the pairs |a〉/|d〉 and |b〉/|c〉

any interference that might occur in the double emission event would never depend

on the four photon phase. Thus, these events will contribute a constant background

which reduces the overall visibility significantly.

4.2.1 Locking on quantum signal

We are presented with the challenge of stabilising the bulk interferometer i.e. fixing

the phase χ at a value that maximised the visibility of the four photon interference

fringe (π/2). It can be easily verified that some of the two-fold HOM dips depend

on the internal phase and can thus be used as a monitor. The two-fold coincidence

probability for photons inserted into port 1,3 and detected in ports 5,7 is:

P 57
13 =

1

8
(1− r2

αβ cos(χ)). (4.13)

We can change χ by adjusting the internal path-length inside of the folded interferom-

eter by tilting one of the retro-reflectors using a piezo-motor as illustrated in Figure

4.5 c). We then plot the counts in the P 57
13 channel as a function of time. A locking
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algorithm can then be used to lock the value of the two-photon interference signal to

the required phase of χ = π/2, as illustrated in Figure 4.6

Figure 4.6: Normalised locking signal. A single two-fold channel, sensitive to the
interferometer phase is observed as a function of time. As the interferometer phase
χ drifts the coincidences vary. As soon as the locking is turned on the phase is kept
at a constant value of π

2
.

4.3 Experimental data

In Figure 4.7 the experimental data is shown. The theoretical maximum visibility

of the four-photon interference fringe is 30%. The lower observed visibility results

mainly from the flat double-emission background as well as imperfect preparation of

the interferometer phase. The total counts for the entire duration of the measurement

are shown. As expected, the state configuration of Figure 4.3 leads to a flat signal

in the case of single, two and three-fold counts, while a peak with the expected

cosine shape can be observed in the four-fold counts. Similarly to the three photon
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interference which was presented in the previous chapter, this demonstrates four-

photon interference independent of three and two-photon interference.

Figure 4.7: In this figure measurements of singles, two-, three- and four-fold coin-
cidences are shown. As expected singles, two-folds and three-fold coincidences are
flat, while we observe a significant peak in the four-fold coincidences. The visibility
of four photon interference is 5.9% ± 1% for the raw counts and 17.2% ± 2.8% after
background subtraction.
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4.4 Concluding remarks and Outlook

4.4.1 Interference in independent particles

In the last two chapters I have investigated the quantum interference of three and four

photons in optical interferometers. I presented a generalised notion of interference.

Our conventional intuition is shaped by the classic double slit experiment where in-

terference fringes are formed when two beams of coherent light, two indistinguishable

paths, interfere and give rise to a varying pattern on a screen. In this experiment

the intensity of the electrical field is measured by a detector capturing light from a

single point at some distance from the slit. As we vary some degree of freedom of the

field, such as the relative phase between the two interfering paths (for example by

adding a variable retarder at one of the slits), we observe an interference fringe. We

can imagine that we trace a path γ(τ) in the space of all field parameters and record

detector events as a function of τ . In the case of the double slit, we use a single de-

tector to measure intensity. Let us now generalise this notion of interference fringe to

include coincident events measured by multiple detectors in different optical modes.

For a two-photon interference fringe we measure two-photon coincidences with asso-

ciated detection probability P12(τ), where detectors are capturing light in modes 1

and 2. However, observing a fringe in the coincidence probability is not a sufficient

condition for claiming to have observed a two-photon interference effect. Consider

that we could have performed the classical Hong Ou Mandel experiment with two

completely distinguishable photons (say in H and V polarisations), but varying the

intensity of single photon events as a function of the time delay as well, turning it
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down to zero when the photons completely overlap in time. This would deliver the

false impression of having observed two-photon interference. Therefore it becomes

clear that in addition to requiring an interference fringe in the P12(τ), we must also

verify that we have kept all single photon detection events constant as a function of

the parameter τ . Extending this requirement to more than two photons, we note that

when observing three photon interference we must also demonstrate that we have kept

both single and two-fold detection events constant. Since, in a similar way we could

have observed a fringe in the three-fold detection probability having resulted from

two-particle interference. For asserting interference between n photons, we therefore

need to demonstrate that there are no fringes in all m-fold coincidence measurements

with m < n.

We need to clarify a bit our intuition as to what we mean when we talk about

n-particle interference. Let us construct a fully connected unitary interferometer

Unxn with n input and n output ports. We can build an interferometer composed of

two fully connected interferometers which are not inter-connected. Let us take four-

photon interference as an example: There are three ways in which we can construct a

unitary interferometer U4x4, U2x2

⊕
, U2x2, U3x3

⊕
U1x1. We now measure coincidence

events at the output of all of these interferometers and vary some parameter of our

input field (how we prepare the photons) in an attempt to observe a variation of the

four fold coincidence probability, a four photon interference fringe. In the case of the

interferometer U2x2

⊕
U2x2 we will find that indeed a fringe in the four-fold coinci-

dence probability can be observed as we tune for example the time delay between the

photons sent into the first/second independent 2x2 interferometer. The same applies
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to the U3x3

⊕
U1x1 interferometer. Here we can vary both the intensity on one source

(connected to the single optical mode U1x1) or two-/three-fold coincidences by varying

time delays and polarisations. These features in the four-fold coincidence probability

evidently cannot be a signature of four photon interference, since at no point do the

paths of all four photons interfere in these partially disconnected interferometers. A

variation of the four-fold coincidence probability can only be observed when vary-

ing either three-fold, two-fold coincidences or singles. In the fully connected U4x4 in

contrast, it is always possible to observe a fringe in the four fold coincidence events,

independent of changes in lower order interference. This motivates and defines our

notion of n-particle interference for independent photons.

4.4.2 Interference of entangled particles

So far we have restricted ourselves to describing the interference of independent par-

ticles, where the input state can be written as a product of the single photon states.

However, the requirement for n-photon interference: to observe a variation in the

n-particle coincidences while all lower order coincidence counts are kept constant as

a function of some field parameter, applies of course generally to any field. We may

therefore ask ourselves if there are other states that satisfy the requirements of ex-

hibiting n-photon interference, if we include entangled states. Indeed, the answer was

given in [85]. Here it was noted that a fully n-partite entangled state can exhibit

“genuine” n-particle interference. Subsequently this was demonstrated experimen-

tally in [24] for the case of three photons. This work was published together with our
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work [14]. In Figure 4.8 an n-particle GHZ interferometer introduced in [86, 85] is

Figure 4.8: n-particle GHZ-Interferometer adapted from [85]

depicted. The state produced by the source S is:

|ψ〉 =
1√
2

(|a1, a2, .., an〉+ |b1, b2, .., bn〉) (4.14)

When sending this GHZ-state into the interferometer, the probability of detecting

n photons, where k are detected in modes B and n − k are detected in modes A is

derived to be [85] (for even n1):

P (n-k A, k B events) = (1/2)n(1 + (−1)k+n/2 cos(Φ)) (4.15)

1We restrict ourselves to the case of even n for simplicity, all arguments also apply for an odd
number of total photons



4.4 CONCLUDING REMARKS AND OUTLOOK 75

With the total n-particle phase Φ =
∑n

j=1 φj. Further, the lower order correlations

were also calculated: the probability of detecting j photons in detectors A and k

photons in detectors B, with the number of photons detected m = j+k less than the

total number of photons m < n (and an even number of total photons) was derived

to be:

P (A, k B events) = (1/2)n
q∑
p=0

(
q

p

)
+ (1/2)n(−1)k+n/2 cos(Φ)

q∑
p=0

(−1)p
(
q

p

)
(4.16)

With q = n− j − k and noting that by the binomial theorem

q∑
p=0

(−1)p
(
q

p

)
= 0, (4.17)

the authors of [85] find that the detection probability is constant as a function of the

phase Φ:

(1/2)n
q∑
p=0

(
q

p

)
= (1/2)j+k (4.18)

for all lower order correlations. Thus, a fully entangled state observed through a GHZ

interferometer as illustrated in Figure 4.8 also allows the observation of n-photon

interference, independent of lower order correlations.



Chapter 5

Topological photonics

The work on this project was done with myself in the lead, together with D. Felce. He

contributed to writing routines in the SLM control-software, built the experimental

setup with me and helped with data taking and analysis. The results of this project

are currently in preparation for publication [87].

5.1 Introduction

Topology is a field in mathematics that describes the properties of objects up to a

deformation. If an object can, by smooth changes, be deformed into a different shape,

they are topologically equivalent. (A sphere can be deformed into an ellipsoid but

not a torus, because the torus contains an additional hole). Phenomena associated

with the topological characteristics of physical systems are of wide-reaching interest

in many fields in physics, with applications ranging from condensed matter physics

to particle physics [41] and cosmology [88]. Most prominently topology has been

76
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applied in condensed matter physics, where the importance of the topology of the

band structure was first recognised in the discovery of the integer quantum Hall ef-

fect [89]. Recently, work by Haldane on the topological effects in the band structure

of Graphene was recognised with a Nobel prize [90]. Subsequently many classes of

topological insulators and superconductors have been discovered [32]. In photonics

we are able to investigate topological effects through an analogy between crystals in

solid state-physics and photonic crystals [34]. Thus, topological effects also govern the

way light propagates in photonic crystals. This realisation has spawned an entirely

new research field of “Topological photonics”.

A key characteristic of a system with non-trivial topology is the presence of topological

invariants, integer numbers that classify the topological structure. They are preserved

under smooth, ‘homotopic’ deformations of the Hamiltonian. At the boundary be-

tween domains governed by different such invariants, where the topology abruptly

changes, a topological defect occurs. Localised at these defects are states protected

by the topology of the system: they are robust to errors in the underlying Hamil-

tonian. These ‘edge states’ have been investigated extensively in photonic platforms

[91, 92, 93, 38, 94]. Their study generated important insight into the physics of topo-

logical insulators and spawned technological advances such as the development of

topological lasers [95], where lasing occurs in edge states, protected from imperfec-

tions.

In this chapter I will first introduce some basic notions of topology and its signif-

icance in describing crystal systems. I present the concept of topological invariants

and discuss the “Chern-number” as an example. I will then draw a connection be-
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tween this invariant and the multi-photon phases we have encountered in previous

chapters. Further, I will illustrate the analogy between non-interacting atoms in a

crystal lattice and photons in a lattice of waveguides. The dynamics of the “tight

binding model” which describes this situation in a solid state system will be shown

to be analogous to the coupled-mode equations of light in a photonic crystal. I will

then proceed to investigate a simple tight binding model for a chain of sites with

anisotropic hopping, the SSH model [96]. I then introduce the “winding number” as

a topological invariant of this model and demonstrate how localised modes appear

at interfaces between regions that are governed by different topological invariants. I

motivate that these modes are protected by the topology of the system. Informed by

this example I will then outline the basic band theory of graphene and motivate the

existence of topologically protected modes in this two-dimensional system.

5.2 Topology

In this section I will introduce the central concepts of topology. I will rely more on

delivering intuitive notions instead of giving a stringent mathematical description.

For a more rigorous treatment of the matter I recommend [97]. Topology describes

the properties of objects up to a continuous deformation. A deformation is continuous

if it does not contain any cuts or pasting operations. An example of this is given in

Figure 5.1: a teacup can be deformed continuously into a torus. In mathematical

terms we say that the teacup and the torus are homotopic. As a counterexample

consider the two objects in Figure 5.2 which can not be continuously deformed into
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Figure 5.1: Continuous deformation of a cup into a torus. (Pictures taken from
Wikipedia article on topology)

each other. One could construct the object in Figure 5.2 b) by attaching two tori at

the sides, this however requires both a cutting and a pasting operation.

a) b)

Figure 5.2: Example of two objects that are not homotopic, of genus 1 and 2
.

A specific topology can be associated with a topological invariant. This is a

quantity which is preserved under a continuous deformation of the object carrying

the topological structure. A topological invariant for a torus and objects that are

obtained by successively stitching tori together could for example be the number of

“holes” in the geometry, which is one for a torus and two for the object shown in

Figure 5.2 b). This invariant is called the ‘genus’ of the manifold M, g. The genus

of a closed, Riemannian manifold can be calculated with the Gauss-Bonnett theorem

[98]: ∫
M

ΩdA = 2π(2− 2g) (5.1)
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Where Ω is the Gaussian curvature of the surface. In solid state physics we are

interested in the topological structure of the energy bands. A major challenge is the

search for suitable topological invariants. As we shall see in the following chapter,

specific (topological) modes in solid-state systems can be associated with a topological

invariant. Because the invariant is unaffected by a change of the Hamiltonian which is

topology preserving, these modes are robust: even if large distortions are introduced

to the Hamiltonian of the system, these modes persist. This can for example be used

in the context of quantum information science to protect quantum states against gate

imperfections [99, 39].

5.3 Berry curvature and Chern Number

I will summarise the main points from [34] and [97]. A Hamiltonian Ĥ(r̂, p̂) (with

momentum and position operators r̂, p̂) which is translation invariant Ĥ(r̂ + ai, p̂) =

Ĥ(r̂, p̂) (with lattice vectors ai) has eigenfunctions which can be written in terms of

the Bloch basis:

ψn,k(r) = eikrun,k(r) (5.2)

n is the index of the band and k is a momentum vector defined within the Brillouin

zone (BZ). un,k(r) is an eigenstate of the Bloch Hamiltonian. un,k(r) has the same

translation invariance as the Hamiltonian.

Ĥ(r̂,k) = e−ikr̂Ĥ(r̂, p̂)eikr̂ (5.3)
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The eigenstates are

Ĥ(r̂,k)un,k(r) = En(k)un,k(r) (5.4)

In optics we are already familiar with the concept of the Berry phase γ which is

defined for a state that is a function of a continuous parameter as the closed line

integral over Hilbert space

γ =

∮
An(k)dk (5.5)

The “Berry connection” is defined as:

An(k) = 〈un,k|∇k|un,k〉 (5.6)

An associated quantity is the “Berry Curvature”, which in 3 dimensions is:

Ωn = ∇k ×An(k) (5.7)

The Berry curvature has the property that it is gauge invariant. In this case this

implies that it is invariant under the U(1) gauge transformation: |unk〉 → eiΦ(k)|unk〉

[97]. We can define the Chern number with the Berry curvature for each band n as:

Cn =
1

2πi

∫
BZ

ΩndV (5.8)

This is analogous to the Gauss-Bonnet theorem but applied to the band structure of

a solid state system. The Manifold we execute the integration over is the Brillouin

zone and the Gaussian curvature is replaced with the Berry curvature [90]. It can
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similarly be shown that the Chern number is always an integer (see Appendix C).

The Chern number is a topological invariant associated with an energy band of a solid

state system. It is widely used to characterises systems such as topological insulators

and superconductors.

5.3.1 The multiphoton phase as Berry phase

We have already alluded to a the fact that the triad phase bears similarity to a Berry

phase. We define the (discrete) Berry phase between two quantum states as [33]:

γ12 = arg(〈ψ1|ψ2〉) = arg(r12e
iγ12) (5.9)

And the Berry phase for a set of states:

γ1..N = arg(
N∏
i=1

〈ψi|ψi+1〉) (5.10)

An important property of the Berry phase is that it is U(1) gauge invariant when

taken over a closed loop of states:

γ(1..N) = arg(
N−1∏
i=1

〈ψi|ψi+1〉〈ψN |ψ1〉) (5.11)

The gauge transformation on the states corresponds to applying a phase:

|ψi〉 → eiαi|ψi〉. (5.12)
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For three states:

arg(〈φ1|φ2〉〈φ2|φ3〉〈φ3|φ1〉) = φ(123) + α2 − α1 + α3 − α2 + α1 − α3 = φ(123) (5.13)

The gauge invariance can even more readily be seen, if we write the above expression

as a trace over projectors, which are gauge invariant:

φ123 = arg(Tr(|ψ1〉〈ψ1||ψ2〉〈ψ2||ψ3〉〈ψ3|)) (5.14)

This should remind us of the type of overlap integrals we have seen to appear in

multi-photon coincidence probabilities. Indeed, we have determined that the terms

appearing in equation 2.51 are the product of overlaps over a closed path of states.

This type of invariant has been previously investigated by Bargmann [100, 101]. To

explain the presence of these invariants let us make a general observation: Consider

a number of single photons in states |ψ1〉, ..., |ψN〉, which describe a separable state

of N photons inserted into an interferometer. The requirements on any measurement

of that ensemble should necessarily be that it is independent of any single photon

phase. In other words independent of a U(1) gauge transformation: |ψi〉 → eiαi |ψi〉.

The presence of terms Tr(|ψ1〉〈ψ1|, ..., |ψm〉〈ψm|), where the indices 1...m are taken

over any loop on the multi-photon graph, is thus simply a consequence of gauge

invariance. In solid state physics we are interested in the gauge invariant quantities

that determine the topology of the band structure for a given material. We consider

therefore a continuous analogue of the Berry phase, where the states are defined over
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a continuous parameter R, such as a momentum vector in the Brillouin zone. We

can make the transition from the discrete case of the Berry phase to the continuous

case [33]:

ei∆φ =
〈ψ(R)|ψ(R + dR)〉
|〈ψ(R)|ψ(R + dR)〉|

(5.15)

∆φ = i〈ψ(R)|∇R|ψ(R)〉dR (5.16)

And find the the Berry connection to first order: A(R) = 〈ψ(R)|∇R|ψ(R)〉. Products

of overlaps for different states then become line integrals.

5.4 A photonic crystal as model for a solid state

system

A photonic crystal in our applications is comprised of a large set of waveguides which

are in close proximity such that light fields are allowed to couple between them. There

is a straightforward analogy with a solid state system of non-interacting electrons on

a lattice of atoms which tunnel from atom-site to atom site. In solid state physics this

model is referred to as “tight binding model”, because the electron wavefunctions are

assumed to be tightly confined to each atom site. The electron can tunnel between

atom sites A and B with a ‘hopping’ probability that is given by a transition element

which is proportional to the overlap of the initial state wavefunction at location A

and the final location B. The analogous case is that of non-interacting photons which

are tightly confined to waveguides. In section 6.3 the mode-coupling theory of light is
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described in more detail. Here, similarly the probability of a photon hopping from site

to site is given by the mode-function overlap of the waveguides. The time dimension

in the Schrödinger equation takes the role of the propagation direction of the light

through the crystal.

A Hamiltonian describing such a system is given simply by:

H =
∑
i,j

tri,rja(ri)a
†(rj) + h.c. (5.17)

Here, tri,rj is the ‘hopping’ probability of a photon coupling to a waveguide/an elec-

tron at lattice site ri tunnelling to another atom lattice site at location rj. The

operator a(ri) annihilates the particle at lattice site ri and a†(rj) creates it at site

rj.

In the case of nearest-neighbour only coupling:

H =
N∑
i

M∑
j

tri,ri+sja(ri)b
†(ri + sj) + h.c. (5.18)

N is the number of lattice sites, M is the number of nearest neighbours, b(ri + sj) is

an operator annihilating a particle on a nearest neighbour site at position ri + sj. In

this work we frequently regard a single particle basis of a crystal system comprised

of two lattices, which do not couple to each other and contain the sites that are the

nearest neighbours of every site it the other lattice. In Figure 5.3 this is illustrated

for graphene.

We can interpret the scattering of classical light in a photonic crystal of waveg-
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uides, where only the nearest neighbour waveguides couple as the single particle

solution to the Hamiltonian 5.18. The coupled mode equations of light propagating

in a crystal lattice, including only nearest neighbour coupling, take the form:

i∂zψr(z) =
M∑
j=1

Hr,r+sjψr+sj(z), (5.19)

where ψr(z) is the wave-function at lattice site r and z is the length of the crystal in

the direction of light propagation. This is a purely classical expression, describing a

beam of light propagating in a photonic crystal (or equivalently a single photon)

To find the evolution of the wave-function 5.19 we can exponentiate the coupling

matrix/Hamiltonian 5.17 (expressed in a single particle basis).

ψ(z) = ψ0 exp(iĤz) (5.20)

With Ĥi,j = tri,ri+sj and ψ(z) = (ψr1 , ...,ψrN ) Here, tri,ri+sj is the ‘hopping’ prob-

ability of a photon coupling to a waveguide/an electron tunnelling to another atom

lattice site.

We conclude this section by noting that whenever a system is described by equa-

tions of the form 5.17, we can model its behaviour (for bosons) in a system of photonic

waveguides. In the following sections, I will discuss Hamiltonians of the form 5.17.

By the analogy detailed above, we can always regard for these an implementation in

a system of waveguides.
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Figure 5.3: Graphene lattice with two triangular sublattices in blue and red, lattice
vector r and vectors between the (M=3) nearest neighbours sj indicated. Hopping of
electrons between lattice sites is analogous to photons hopping between the waveg-
uides comprising the lattice.

5.5 The SSH model

Here, I present the Su-Schrieffer-Heeger (SSH) model [96] to illustrate the basic con-

cepts of topological phases of matter and demonstrate how topological properties of

the crystal structure give rise to localised, topologically protected modes. The SSH

model is a simple 1D example of a tight binding model. It was originally introduced

to describe an acetylene chain, where alternating single and double bonds between

carbon atoms result in a difference of the hopping strengths between left and right

hops. Here, I develop important concepts which transfer onto the more elaborate

two-dimensional tight binding model of graphene. In [96, 33] the Hamiltonian of a

1D chain of sites in the basis of two sub-lattices A/B is expressed in the following
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Figure 5.4: SSH lattice. Two sub-lattices A/B indicated in red/blue. Anisotropic
hopping between sites tL and tR. Unit cell containing two sites indicated by box

way:

H =
∑
r∈A

tLa
†(r)b(r −RL) + tRa

†(r)b(r +RR) + h.c., (5.21)

where a(r) and b(r) annihilate particles on sublattice A/B and with tL/tR the transi-

tion elements for making a left/right hop1. In [33] a Fourier transform to momentum

space is performed:

a(r) =
1√
N

N∑
n=1

e
i 2π
N(RR+RL)

nr
a(k) (5.22)

=
1√
N

∑
k∈BZ

eikra(k)

With: k(n) = 2π
N(RR+RR)

n. k is 1-dimensional and runs from 0 to 2π in the 1D

Brillouin zone (BZ) of this system.

H =
1

N

∑
r∈A

∑
k,q

tLa
†(k)e−ikrb(q)eiq(r−RL) + tRa

†(k)e−ikrb(q)eiq(r+RR) + h.c.

=
∑
k∈BZ

tLa
†(k)b(k)e−ikRL + tRa

†(k)b(k)eikRR + h.c. (5.23)

=
∑
k∈BZ

q(k)a†(k)b(k) + h.c.

1Left and right hops are defined as such from an atom in sub-lattice A. Viewed from sub-lattice
B left and right would be interchanged.
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We substitute: q(k) = tLe
−ikRL + tRe

ikRR and note that 1
N

∑
r∈A e

i(q−k)r = δq,k is the

Dirac delta function to eliminate one of the sums over momentum space.

The total Hamiltonian can be written in the following compact form:

H =
∑
k∈BZ

(a†(k), b†(k))H(k)

(
a(k)

b(k)

)
, (5.24)

with

H(k) =

(
0 q(k)

q∗(k) 0

)
. (5.25)

We can make the simplification that sites are at the same distance (the hopping

is still anisotropic) R/2 = RL = RR. We choose k ∈ BZ and k = 2πn
RN

. The distance

is set to 1, R = 1 for convenience. We obtain: q(k) = tR + tLe
−ik (up to a phase).

The Hamiltonian 5.25 can be expressed in terms of Pauli-Matrices.

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
.

H(k) = (tR + tL cos(k))σx + tL sin(k)σy (5.26)

One can expand H to first order in a Taylor series expansion in p: p = k ± π, to

obtain a linearised expression [33].

H(p) = (tR − tL)σx − tLpσy (5.27)

The dispersion can be found by determining the eigenvalues of the linearised Hamil-

tonian 5.27. The two eigenvalues are:

E(k) = ±
√

(tLp)2 + (tR − tL)2 (5.28)
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We can recognise this a the dispersion relation of a massive relativistic particle, in-

terpreting m = tL − tR as “mass”. The hopping anisotropy gives rise to a massive

(relativistic) dispersion relation, a band gap opens around k = π, as shown in Figure

5.5.

Figure 5.5: Band structure of the SSH model with linearisation around the band-gap
in red

5.6 The topological invariant of the SSH model

My discussion of topological invariants will deliberately be kept brief. For more infor-

mation I recommend [33] for a short introduction in the context of solid state physics

and [97] for a very detailed treatment and applications to many fields in physics.

For the present system we need to find an adequate topological invariant. This in-

variant plays an important role in explaining the origin of localised “topological”

modes, which occur at boundary regions, where the topological invariant changes.

These modes are discussed in the next section. I will briefly explain the origin of the
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topological invariant, which is different from the Chern number. It is clear that the

topology of the band structure does not change under a pure deformation. However,

the situation is different when two bands cross: there will be a discontinuity at the

point of band degeneracy, where the gap closes. For our Hamiltonian this happens if

q(k) (defined in equation 5.23) is zero. Because q(k) is a complex function we can plot

the path it traces in the complex plane as a function of k [33]. Since q(k) = q(k+2π),

the path will be closed. The integer Z topological invariant we are looking for is the

“winding number”:

Q(H) =
1

2πi

∫ 2π

0

dk
d

dk
log(q(k)) (5.29)

It counts the number of times that q(k) winds around the origin of the complex plane

[33]. In Figure 5.6 the band structure of the SSH Hamiltonian and the path winding

Figure 5.6: Band structure and winding number of the SSH model for different values
of tR and tL. Adapted for current example from [33]

.
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number for different value of the hopping strengths tR and tL are illustrated. What

the precise path traced in the complex plane is, does not matter. For the winding

number it is only relevant if the origin of the complex plane is enclosed by the path or

not. The topology of the band structure only changes when the path passes through

the origin and so does our winding number, (the band gap closes), all other changes

are homotopic. It is thus a suitable topological invariant associated with each band.

The meaning of this rather abstract quantity will become clear in the next section.

The key insight is that the invariant is a quantity that only changes when the bands

cross.

The classification of topological defects is an active field of research. Teo and Kane in

their paper [32] discuss more generally different classes of invariants associated with

topological defects in different dimensions.

5.7 Bulk-Edge correspondence and the Jackiw-Rebbi

model

I now want to illustrate how a simple, localised topological defect can be introduced

to a solid state system. The “Bulk-Edge correspondence” [102] states that whenever

there are two materials governed by different topological invariants put into contact,

there will be a localised state at their boundary. We can understand this by remem-

bering that we can introduce a topological change to the band structure only if we

produce a crossing between two bands. Any other shift or deformation will neces-
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sarily be homotopic. Imagine we vary the “mass” term slowly from a negative to

a positive value as a function of lattice position. The band-gap will close at zero

energy (cf. Figure 5.6) when m = 0 and then reopen again. Since the energy is

zero where the band-crossing occurs, there will be a localised mode at zero energy, a

“zero-mode”. A prominent example of this is the Jackiw-Rebbi model [47]. We take

the SSH Hamiltonian and vary the mass term continuously as a function of the lattice

coordinate m(r), such that it changes sign. We have noted in the previous section

that the winding number of the SSH chain changes by 1 when the sign of the mass

term switches [33, 34]. Our starting point is the linearised equation of the SSH model

H(p) = m(r)σx − tLpσy (5.30)

In the continuum approximation we make the replacement p→ −i∂r.

H(p) = m(r)σx + itL∂rσy (5.31)

We then search for the expected zero mode by explicitly looking for solutions at 0

energy:

H(−i∂r)ψ = 0 (5.32)

The only normalisable solution to the first order system of differential equations is

[34]:

ψ(r) ∼ exp(− 1

tL

∫ r

0

m(r′)dr′)

(
1
0

)
(5.33)
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Figure 5.7: Illustration of the shape of the localised zero-mode and the corresponding
mass-term

.

As an example we can take a simple Heaviside function for the mass term.

m(r) = m0(θ(r)− 1/2) (5.34)

|ψ(r)| ∼ | exp(− 1

tL
x(θ(r)− 1/2)

(
1
0

)
| (5.35)

This also serves as a good example for topological protection. The energy of the

zero-mode and its position are unaffected by the exact shape of the mass term m(x)

in the Hamiltonian (or indeed any other perturbation to the system which preserves

the symmetry of the Hamiltonian [103, 32]). The only important factor is that the

topological invariants left and right of the boundary retain the same value. In a

photonic system the Jackiw Rebbi model has already been demonstrated [104].
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5.8 Graphene tight binding model

In this section I will briefly revise the electronic band structure of graphene. The

discussion in this chapter will closely follow and summarise the results discussed in

[105, 48, 40]. The discussion is kept analogous to the Jackiw Rebbi model.

In graphene carbon atoms are arranged in a hexagonal pattern. We can decom-

pose the lattice into two triangular sub-lattices A and B, marked in Figure 5.8 in

red and blue. The nearest neighbour lattice vectors of r are: s1 = a0

(
0,±1

)
, s2 =

a0

(√
3/2,∓1/2

)
s3 = a0

(
−
√

3/2,∓1/2

)
. The choice of the sign depends on the

sub-lattice the site r is on, + for sublattice A − for sublattice B.

Figure 5.8: Graphene lattice with two triangular sub-lattices in blue and red, lattice
vector r and vectors between nearest neighbours sj indicated.
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In this part we follow [48]. The tight binding Hamiltonian takes the form:

H0 = −t
∑
r∈A

3∑
i=1

a(r)†b(r + si) + h.c. (5.36)

t is the hopping strength. a and b are annihilation/creation operators acting on

sub-lattice A and B respectively. We introduce momentum-space operators{
a(r)

b(r)

}
=

1√
N

∑
k∈BZ

eikr

{
a(k)

b(k)

}
(5.37)

The Hamiltonian is diagonal in momentum space representation. We insert equa-

tion 5.8 into 5.36 to obtain:

H0 = −t 1

N

∑
r∈A

3∑
j=1

∑
k,q∈BZ

ei(q−k)reiqsja(k)†b(k) + h.c. (5.38)

We note that 1
N

∑
r∈A e

i(q−k)r = δq,k is the Dirac delta function, and eliminate one of

the sums over momentum space.

H0 = −t
3∑
j=1

∑
k∈BZ

eiksja(k)†b(k) + h.c. (5.39)

H0 =
∑
k

Φ(k)a(k)†b(k) + Φ(k)∗a(k)b(k)† (5.40)

Φ(k) = −t
3∑
j=1

eiksj (5.41)

For a single particle the dispersion relation is then E(k) = ±|Φ(k)|. In Figure 5.9

E(k), the band structure of Graphene in the Brillouin zone is plotted. We consider
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Figure 5.9: Band structure of graphene. a) The two bands of graphene. b) contour-
plot of the positive energy band with the Dirac points indicated. c) Cut along ky = 0,
as indicated by dotted line in sub-figure b). Blue curve: positive energy band |Φ(k)|
Red curve: linearisation |φ+(p)| of |Φ(k)| around K+

.

the two Dirac points at opposing sides in the Brillouin zone K± = ±( 4π
3
√

3a0
, 0) and

linearise Φ(k) around p± = k − K±. The linearised function φ±(p±) is depicted in

Figure 5.9 c).

φ±(p±) = vF (px ± ipy) (5.42)

With vF = 3ta0/2. The linearised Hamiltonian H0 then takes the form (dropping ±
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signs of the momentum vectors for clarity):

H0 =
∑
p

φ+(p)a†+(p)b+(p) + φ−(p)a†−(p)b−(p) + h.c. (5.43)

Where a†±(p), b†±(p), a±(p), b±(p) are operators which create/annihilate particles

around the K± Dirac points. In a single particle basis, we can express the Hamil-

tonian H0 at one of the two Dirac points (in a basis of the two sub-lattices A/B)

as:

H0 = ±vF (pxσx ± pyσy) (5.44)

5.9 Jackiw-Rossi model

The Jackiw-Rossi model [41] that we examine in this work is similar in nature to

the Jackiw-Rebbi [47] model. We study again a topological defect, this time however

the “mass-term” henceforth labelled as ∆(r) to differentiate it from the Jackiw-Rebbi

case has a dependence on both x and y lattice coordinates and it introduces a coupling

between the two Dirac points instead of the two sub-lattices. The authors of [105]

have studied this situation by introducing an additional term Hc to the Hamiltonian

in equation 5.43 which couples the two Dirac points K+ and K− with a coupling

strength ∆0.

Hc =
∑
p

∆0a
†
+(p)b−(p) + ∆∗0a

†
−(p)b+(p) + h.c. (5.45)
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The total Hamiltonian is then:

H = H0 +Hc (5.46)

C. Chamon first demonstrated in [106] how the coupling 5.45 could be introduced to

the graphene Hamiltonian by applying small distortions to the position of the sites

in the hexagonal lattice (Kekule distortion). This was expanded on in subsequent

works: [105, 40, 48]

Figure 5.10: Graphene lattice displacement with two triangular sub-lattices in blue
and red, vectors between nearest neighbours sj and displacement vectors uA(r) and
uB(r) indicated.

In Figure 5.10 the modification of the graphene lattice is illustrated. uA(r) and

uB(r) are the displacement vectors on the respective sublattice A and B. The dis-

placements in [40] (Appendix) are taken of the form:

uA(r) =
i

2
γ∆0e

−iK+r

(
1

i

)
+ c.c. (5.47)

uB(r) =
i

2
γ∆0e

−iK+r

(
1

−i

)
+ c.c. (5.48)

γ is a constant of units [length2]. A detailed derivation of the waveguide distortion

can be found in Appendix E. The effect of the coupling is to introduce a band-gap
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at the Dirac points. The energy dispersion is again modified:

ε(p) = ±
√
|p|2 + |∆0|2 (5.49)

The authors [105] now generalise the expression 5.45 by replacing the constant ∆0

with a complex scalar field which varies as a function of the lattice coordinates r:

∆0 → ∆(r). In a position representation we can write the Hamiltonian 5.46 in terms

of the “Bogoliubov-De-Gennes” matrix H(r,p) in a more compact form [105]:

H =

∫
drΨ(r)∗H(r,p)Ψ(r) (5.50)

, where r is the position coordinate on the 2D surface of the lattice r = (x, y) and p

is the momentum in the Brillouin zone p = −i(∂x, ∂y)

Introducing a four component “spinor”:

Ψ =


ψa+
ψa−
ψb+
ψb−

 , (5.51)

which has components:

ψa+ =

∫
d2r ua(r)a+(r) (5.52)

ψa− =

∫
d2r va(r)a−(r) (5.53)

ψb+ =

∫
d2r ub(r)b+(r) (5.54)

ψb− =

∫
d2r vb(r)b−(r) (5.55)
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taking the annihilation operators in position representation as:

a±(r) =

∫
d2p e−ipra±(p) (5.56)

b±(r) =

∫
d2p e−iprb±(p) (5.57)

and the matrix H(r,p), which is first introduced in [105], takes the form:

H(r,p) =

(
02x2 q(p, r)

q†(p, r) 02x2

)
(5.58)

q(p, r) =

(
−i2∂∗z ∆(r)

∆(r)∗ i2∂z

)
(5.59)

with p = −i(∂x, ∂y) and ∂z = 1
2
(∂x − i∂y).

5.9.1 Solutions of the Dirac Kernel

We now aim to find zero-energy solutions: As in the Jackiw-Rebbi case, we need to

solve:

H(r,p)Ψ = 0 (5.60)

Upon transforming the partial derivatives ∂z, ∂x, ∂y which appear in H(r,p) into a

cylindrical coordinate frame ∂r, ∂θ, this leads to two coupled equations for the spinor

components:

(∂r − ir−1∂θ)ua(r) + ieiθ∆(r)va(r) = 0 (5.61)

−(∂r + ir−1∂θ)va(r) + ie−iθ∆∗(r)ua(r) = 0, (5.62)
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which are identical to the equations of the continuous Dirac theory explored in [47].

The authors of [105] take the complex valued function ∆(r) to contain a vortex of

the following form, where n is called the vorticity:

∆(r) = ∆0(r)ei(α+nθ) (5.63)

∆0(r) = tanh (r/l0) (5.64)

We will later motivate that this is actually the topological invariant of this system.

Equations 5.61 and 5.62 then have the solution [105] for a choice of n = 1

va =
ei(α/2+π/4)

2
√
π

e−
∫ r
0 dr

′∆0(r′)√∫∞
0
drre−2

∫ r
0 dr

′∆0(r′)
(5.65)

The zero-mode is tightly localised near the core of the vortex. The spatial depen-

dence of the mode equation 5.65 is reminiscent of the Jackiw-Rebbi case. Indeed the

dependence on the mass term ∆0 is identical. In 5.11 the spatial dependence of the

mode is depicted on the graphene lattice. The amplitude at each lattice site is given

by the value of the function at that lattice site. The solution shown is localised only

on sublattice A (red sites in the figure). The additional modulation of the wavefunc-

tion originates from our initial momentum translation to the K+ Dirac point around

which we linearised p± = k −K±. ua(r)→ ua(r)eiK+r.
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Figure 5.11: Hexagonal lattice with zero mode at the centre. Red and blue sites mark
A/B sub-lattices. The absolute value of the zero-mode wavefunction is shown.

5.9.2 The topological invariant of the Jackiw-Rossi model

The band gap in the Jackiw-Rebbi case closes as the sign of the mass switches, this

results in a defect in a 1-dimensional chain, at which a zero mode forms. The Jackiw-

Rossi case can be regarded of an extension of this concept to 2D, where a vortex in

the mass results in a defect at the centre of the vortex (with the mass vanishing and

the band gap closing in the centre of the vortex), around which, again, a zero mode

forms. The relation to the Jackiw Rebbi model is explored in more detail in [32].

Although the derivation of the winding number for the Jackiw-Rossi model [32] is

beyond the scope of this work and will not be discussed here, the end result of how

it can be calculated is relatively simple and is expressed, as before as a function of

the underlying Hamiltonian. In the present case the winding number is expressed as
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a function of the mass term in the Hamiltonian ∆(r), which contains the vortex.

∆(r) = ∆0(r)eiφ (5.66)

The winding number takes the form:

Q(H) =
1

2π

∫
S1

dφ (5.67)

In our case with φ = (α+ nθ) the winding number is simply the vorticity Q(H) = n.

5.10 Conclusion

In this chapter I have introduced the reader to basic concepts in topology and their

relation to photonics. I introduced topological invariants as quantities that are left

unchanged if the underlying space is subjected to smooth “homotopic” changes. The

Chern number as an example of such an invariant was discussed. I demonstrated that

it can be identified with a gauge-invariant quantity: the Berry phase over a closed

loop of states. I related this gauge invariant to the closed loop of overlap integrals

which appear in the graph theory interpretation of multi-photon interference, as dis-

cussed previously. Next, I demonstrated how the tight binding model of solid state

physics maps onto the coupled mode equations describing the propagation of light in

a photonic crystal. A simple example for such a tight binding system was discussed:

the SSH model. I then introduced the winding number as topological invariant for

the SSH model. It is shown how localised bound states at zero energy appear at
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the interface between regions governed by different winding numbers. Finally, the

Jackiw Rossi model for localised topological states in graphene is reviewed. I present

a solution for a zero-mode that appears at the centre of a vortex in the “mass” ∆,

where similar to the Jackiw-Rebbi case the band-gap closes to produce a defect.



Chapter 6

Fabrication, excitation and

characterisation of photonic

crystals

In this chapter I will first illustrate how the graphene photonic crystal is fabricated

through femtosecond laser writing. I will then show how to excite the localised pho-

tonic topological modes. To this end I developed a new method of exciting large modes

localised over many sites of a photonic crystal lattice. I will in detail describe this

tool, which relies on controlling the light field using a spatial light modulator (SLM).

Further, I illustrate how the coupling strengths between individual waveguides can be

measured and I show how this data can be used to construct a numerical simulation

of the photonic crystal.

106
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6.1 Femtosecond-laser fabrication of photonic crys-

tals

Femtosecond writing is a method to inscribe wave-guide structures in a transparent

substrate using pulsed laser light [107, 42]. Strong laser pulses cause a change in the

base substrate which manifests as an increase or decrease in the index of refraction in

the vicinity of the laser focus. We use a regeneratively amplified Yb:KGW laser. The

laser light at 1030 nm is frequency doubled in a second harmonic generation stage

(SHG) to 515 nm. It is mode locked and emits pulses which are on the order of 170

fs. We use around 90 nJ per pulse to write the waveguides. As a substrate we use

a Borosilicate glass (Eagle2000). This material was chosen since the required expo-

sure time to cause a refractive index change is much lower compared to fused silica,

resulting in a faster fabrication process [108]. The laser is focussed by a microscope

objective. The material change occurs a threshold area intensity which is reached at

the focus. The focus spot is scanned along a programmed trajectory at a speed of 15

mm/s, creating a waveguide in its path.

One of the main challenges in fabricating the large arrays of waveguides used in

our experiments lies in making them homogeneous across a wide range of depths.

To achieve this an SLM-based aberration correction [43] is employed. To write the

photonic crystal into the glass substrate a precision stage moves the sample Eagle2000

glass wafer along a pre-programmed set of trajectories. In Figure 6.2 a microscope

image of showing the top of the photonic crystal lattice is shown. In Figure 6.3

the front face photonic crystal lattice is depicted. The lattice is inscribed into the
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Figure 6.1: Waveguide written in the focus of a focussing lens. Substrate omitted
.

Figure 6.2: Top view of the waveguide lattice. The layer closest to the top is brought
into focus.

glass chip, 150 µm beneath the surface. The photonic crystals were fabricated in

collaboration with Martin J. Booth’s group at the Oxford University Department of

Engineering Science.
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Figure 6.3: a) i wide field microscope image of the front face of the silica chip, the
lattice is located at 150 µm depth. The chip is 2.1 mm thick. ii zoomed in image,
showing the entire lattice. iii) Narrow field microscope image of the centre of the
lattice showing the structure of individual waveguides. b) Comparison with desired
placement of waveguides. Blue dots mark the positions of wave-guides as designed.

6.2 Controlling the light field with a spatial light

modulator

6.2.1 Preparing the light field

To be able to excite eigen modes of the lattice Hamiltonian, such as the zero modes,

we need to simultaneously illuminate multiple waveguides at specified amplitudes and

phases. This can be achieved by means of a spatial light modulator. A spatial light
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FLC-SLM

Figure 6.4: a) Schematic illustration of the FLC-SLM. The SLM pixels are grouped
in a 2D array at a pixel pitch of pp = 15µm. Optical axis orientation of each pixel
indicated by arrow. b) The optical axis orientation is smoothly controlled by applying
a voltage to the pixels. The voltage is specified by an 8-Bit value. The curve shows
a typical pixel response, relating optical axis orientation to applied voltage value.

modulator consists of an array of pixels that allow some control over the lights phase

and amplitude a the pixels’ location. This control is typically achieved by means of

optically active liquid crystals. A voltage applied across the pixel induces a change

in the orientation of the liquid crystal, changing phase or polarisation of the light

interacting with the pixel. We use a reflective ferroelectric liquid crystal SLM. This

SLM allows control over the optical axis orientation of each pixel.

Each pixel effectively acts as a half-wave plate. The optical axis can be rotated

smoothly as a function of control voltage. In Figure 6.4 a schematic of the SLM and

the pixel response function is depicted.
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Amplitude control

It is straightforward to see how we can can use this SLM to control the field amplitude

for each pixel. We illuminate the SLM with a defined polarisation and position a

polariser in the beam reflected from the SLM. The proportion of transmitted light

then depends on the orientation of the optical axis in each pixel. In the experiment we

prepare H-polarisation before the SLM. For an optical axis orientation of 22.5◦/−22.5◦

the light will be rotated to diagonal/anti-diagonal polarisation upon reflection. After

the SLM we position a fixed HWP at an optical axis orientation of 22.5◦. If the optical

axis of the pixels is −22.5◦, the combined action of the SLM and HWP takes the input

H-polarised light to V polarisation: H → V . Conversely, If the pixels’ optical axis is

at 22.5◦ H → H. For any other orientation of the pixels’ optical axis between −22.5◦

and 22.5◦ we obtain a linear polarisation between H and V . A subsequent PBS acts

as a polariser, rejecting the V -polarised component of the light, enabling a smooth

variation of light amplitude from completely dark to maximum transmission.

Phase control

We also need to be able to control the phase of the field. We can achieve this in a

4-f configuration illustrated in Figure 6.5. We recall that a lens performs a Fourier

transform of the light in the focal plane [109]. g(νx, νy) is the amplitude of the light

field after the lens.

g(νx, νy) = sF (
νx
λf
,
νy
λf

) (6.1)
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Figure 6.5: Setup: As a coherent source of light, we use a CW laser diode at a
wavelength of 785 nm. 1. We send the light through a Polarising Beam Splitter
(PBS) to to prepare a horizontal polarisation. 2. The beam is reflected from the
surface of the Ferroelectric Liquid Crystal Spatial Light Modulator (FLC-SLM); each
pixel rotates the light’s polarisation according to its optical axis orientation. 3. After
passing through a Half Waveplate (HWP), the vertically polarised component of the
light is rejected, implementing the desired field amplitude. 4. The light passes through
a 4 f-system with an off-axis pinhole, setting the phase gradient and enabling phase
control. 5. The polarisation of the light is prepared by a half-wave-plate (HWP). 6.
The light beam is imaged onto the surface of the chip. The total (de-) magnification
is 1/35. 7. The light at the output-facet is imaged onto a camera.
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Figure 6.6: Illustration of how the field amplitude and phase are realised: Field am-
plitude in the complex plane (left) with coloured arrows corresponding to individual
pixels of different phase (red: 0, green=π/2, yellow=3π/2, blue=π). Spatial arrange-
ment of a single 2x2 super pixel (right)

Where s = i
λf
e−2if2π/λ and F is the Fourier transform of the light amplitude h before

the lens:

F (vx, vy) = F(h)(vx, vy) =

∫ ∫
h(x, y) exp[2πi(vxx+ vyy)]dxdy (6.2)

Furthermore, a shift in position corresponds to a linear phase in the Fourier transform.

1/sF−1(g(νx + dνx, νy + dνy))(x, y) = h(x, y) exp[2πi(
x

λf
dνx +

y

λf
dνy)] (6.3)

If we insert a pinhole in the Fourier plane of the first lens after the SLM (cf. Figure

6.5) at an offset, we impart a linear phase onto the surface of the SLM, resulting

in each pixel contributing light at a different phase. We have adjusted the phase

gradient across the SLM such that for a group of four pixels each pixel has a phase

as shown in Figure 6.6.

The phase gradient imparted is π/2/[pixel] in the x-direction and π/[pixel] in the
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y-direction. We can see (Figure 6.6) that this phase configuration is such that the

field of each pixel in the complex plane can be represented by a vector along all four

negative and positive complex coordinate directions. We aim to get a specific electric

field by adding the field contributions from each pixel. To achieve this we need to filter

the Fourier components of the beam such that individual pixels within a superpixel

cannot be resolved and are in effect ‘blurred’ together. This can be accomplished if we

chose the radius of the aperture r < λf/(2pp) (or π [rad/pixel]) where f is the focal

length of the first lens placed after the SLM. We can now set a specific electrical field,

amplitude and phase, choosing the amplitudes contributed by each pixel which for a

desired electrical field vector are given by its projection onto the pixel basis-vectors,

as illustrated in 6.6.

The pixel pitch (distance between adjacent pixels) is pp = 15 µm. With an imaging

lens f = 15 cm, which images the plane of the SLM onto the Fourier plane, the Fourier

filter has to be placed at an offset of dνx = λf
4pp

= 1.9 mm and dνy = 3.9 mm. To

determine the position of the pinhole centre, we realise a beam with constant phase by

switching on only the pixel corresponding to a phase of 0 in every 2x2 “superpixel”.

Effectively, this realises a tilted grating across the SLM with a maximum at the

desired dνx, dνy. The position of maxima in the Fourier plane for a grating in 2D

with a period of ∆x in x and ∆y in y is: nx/yλf/∆(x/y) with integer n(x/y) . As we

can see in Figure 6.7, the grating period in x is 2 superpixel = 4pp and 1 superpixel

in y = 2pp. Thus, we expect the first order (nx = 1, ny = 1) maximum of this grating

at λf
( 1

4pp
1

2pp

)
, which is what we previously determined for

(
dνx
dνy

)
.

Our work draws on that by Goorden et.al. [110], who introduced the “superpixel”
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Figure 6.7: Distribution of phases across the SLM a single superpixel is marked in
red

method we use here. However, we adapted their method to work with continuous

amplitude control, this allows us to operate with smaller superpixel sizes and retaining

the same or better control over the light field at a higher resolution.

Generating individual beams

We want to be able to control individual beams with a Gaussian intensity profile.

There are eight parameters that can be set for each beam:

e2x e2y Amplitude Phase φ x y kx ky

In Figure 6.8 an amplitude (a) and phase image (b) of the desired field in the

plane of the SLM are shown. e2x/y is the e2 width in x and y [pixels] of the gaussian

beam on the surface of the SLM. The phase φ is a constant offset which is added to

the phase profile. By applying a phase gradient locally around the position of the

beam we adjust the pointing k as is shown in 6.8 for a particular k. In order to verify
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a) b)

Figure 6.8: a) gaussian intensity profile. b) phase gradient applied in direction k

that we indeed control the phase φ of our light field we can interfere two separate

beams. When inserting two coherent laser beams of identical intensity Iinp into a

50:50 beam-splitter, we expect the output intensity to obey:

Iout1(∆φ) = Iinp sin2(∆φ/2) (6.4)

Iout2(∆φ) = Iinp cos2(∆φ/2) (6.5)

Where ∆φ is the relative phase of the two beams. In Figure 6.9 I plot the output

intensity at one of the ouptut ports of a femtosecond written 50:50 beamspitter, as we

scan the relative phase of the two beams. We can clearly see the expected sinusoidal

behaviour, confirming that we can control the full phase range for the input beams.

To verify that we have control over the pointing, I measure a single Gaussian beam

in the Fourier plane.

In Figure 6.10 the camera image of the beam is shown for several different k-

vectors. The circular halo is an image of the pinhole aperture placed in the Fourier
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Figure 6.9: Output intensity on a single output port of an integrated 50:50 beam-
splitter. One input beam is kept at a constant phase while the other phase is scanned
from 0 to 4π

plane. We notice that given the size of the aperture, the maximum |k| is around 0.5

[rad/pixel], which is significantly smaller than the required π [rad/pixel].

6.2.2 Coupling to waveguides

Having established how we can exert full control over the light field, I want to now

describe how we utilise this powerful experimental tool to excite waveguides. Firstly,

we note that the amplitude and phase degrees of freedom of the light field are acces-

sible entirely through the software controlling the SLM. This enables a great deal of

automation in procedures which otherwise would have been performed manually. I

will show how we can find the position of the waveguides on the surface of the PIC

and how to optimise coupling into a waveguide. We have already stated that we im-

age the surface of the SLM onto the surface of the chip. We need to first verify that

the chip is indeed in the Fourier plane of the optics. This is done by scanning a beam
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‘

Figure 6.10: Fourier plane camera image of a single beam with different k = (kx, ky)
applied. The units of the k vector are [rad/pixel]. The circular halo marks the edge
of the pinhole aperture.

across the surface of the chip (by moving a dot across the SLM). Simultaneously, the

total light intensity at the output is recorded and plotted in a diagram as a function

of the beam position on the chip (dot position on the SLM). The result is shown in

Figure 6.11. We can clearly see the individual waveguides of the chip’s hexagonal

waveguide lattice. As the beam crosses a waveguide on the surface of the chip, light

is transmitted through the waveguides, the better the coupling, the greater the inten-

sity of the transmitted light. If the chip is out of focus, the resulting image will be

blurred, as seen in Figure 6.11 a). We can then adjust the focal position to achieve
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a) b)

Figure 6.11: Scan of the chip surface: a) sample out of focus b) sample in focus

better coupling. Once the focus is adjusted, the waveguides are sharply imaged as

seen in 6.11 b). So far we have only scanned the position by moving a dot across the

surface of the SLM. To optimise coupling to a waveguide we also need to access the

pointing of the beam. The position coordinates are labelled (x, y) and the direction

of the beam (kx, ky). To optimise coupling to a waveguide, we need to utilise all four

of these degrees of freedom. In Figure 6.12 the result of the optimisation is shown.

Both, the position of the individual beams (in SLM pixel coordinates) as well as the

pointing (kx, ky) have been optimised using a gradient descent method. As initial

values for the optimisation we can obtain the beam positions x, y from scanning the

beam across the chip, as shown in Figure 6.11 and for the initial values of (kx, ky),

I start with a constant value across the chip. The values for (kx, ky) as a function

of position are then fitted linearly. The variation of the values for (kx, ky) across the

surface of the chip are likely due to an offset from the main optical axis an a small

aberration error in the optics.
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Figure 6.12: Result of the optimisation of the k-vectors. a) Blue vector-field, repre-
senting the direction of the applied k vector that optimises coupling to each waveg-
uide. On the x and y axes the location of the waveguides is noted (as pixel coordinates
on the SLM). The orange vector-field represents a linear fit. b) and c) Linear fits to
kx and ky components.

6.3 Introduction to mode-coupling theory

In this section I will discuss the basics of mode-coupling theory. A waveguide guides

light because of a refractive index difference between the waveguide and the sur-

rounding material. In our case the refractive index difference is caused by a material

change in the silica substrate induced by a strong femtosecond laser. There are two

distinct regions, within the waveguide (refractive index n1) and outside (refractive

index (n0)). In Figure 6.13 the configuration is illustrated. In the following section
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we are going to assume a constant refractive index change across the waveguide.

Figure 6.13: Illustration of the different regions of solutions to Maxwell equations.
The waveguide depicted has a rectangular profile and refractive index n1 while the
surrounding material has refractive index n0.

Solving Helmholtz equations leads to solutions for the electrical field. For the

transverse component we obtain:

Ψsym
I (x) = E0 · cos(kxx) (6.6)

Ψasym
I (x) = E0 · sin(kxx) (6.7)

ΨII(x) = E0 · exp(γm(x− r)) (6.8)

ΨIII(x) = E0 · exp(−γm(x+ r)) (6.9)

A derivation of these equations can for example be found in [109]. γm is called the

decay constant of evanescent field. Within the waveguide the solution is a cosine/sine,

while outside of the waveguide the light decays exponentially from the waveguide. In

Figure 6.13 the different solutions are illustrated. Within the waveguide the 0th

order cosine is sketched (with 0 nodes), one speaks of single mode excitation of the

waveguide. In the longitudinal direction the wave oscillates at a frequency given by
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the propagation constant βm, which is proportional to an effective refractive index

that depends on the shape of the waveguide and mode of the light field. Even for

a rectangular waveguide of constant refractive index there is no analytic solution,

however βm can be determined numerically [109]. When two waveguides are brought

close to each other, such that the evanescent light field of one waveguide overlaps

with the mode of the other waveguide, light can couple between them. The coupling

strength of two waveguides i, j is expressed in terms of the coupling coefficient kij. Its

value for two waveguides i, j of rectangular refractive index profile can be calculated

with the waveguides’ refractive indices nj, the refractive index of the surrounding

material n, the propagation constant βi and the shape of modes Ψi,j [111, 109]:

kij ∼ k2
0

1

βi

∫
(n2

j − n2)ΨiΨ
∗
jdA, (6.10)

with k0 = 2π
λ

. The integration is executed over the plane transversal to the propaga-

tion direction. The input/output relation of an electrical field entering two coupled

waveguides can be written in terms of a matrix equation:

E =

(
E1

E2

)
(6.11)

K̂ =

(
k1,1 k1,2

k2,1 k2,2

)
(6.12)

Eout(l) = exp(i · K̂ · l)Ein, (6.13)

where l is the distance the two waveguides propagate next to each other (coupling

region). We can choose k1,2 = k2,1 = k and k1,1 = k2,2 = 0 for identical waveguides,

as these only contribute an additional phase that is identical for all waveguides. The
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solution is: (
Eout

1

Eout
2

)
=

(
cos(kl) i sin(kl)

i sin(kl) cos(kl)

)
·

(
Ein

1

Ein
2

)
(6.14)

An interesting special case is that of a single input beam into port 1. The inten-

sities at the output are then going to be:

Iout1 = cos2(kl) (6.15)

Iout2 = sin2(kl) (6.16)

I define 2π
k

as the beat length. Another important characteristic is the dependence of

the coupling coefficient on the distance between the waveguides. The field is decaying

exponentially outside of the waveguide. Solving equation 6.10 by inserting 6.8 and

6.9, we obtain that the coupling coefficient will behave as kij ∼ e−γ(d−2r), where r is

the waveguide radius and d is the distance between waveguides. In the next section

we are going to use this relationship to characterise the coupling coefficients between

waveguides. We will be measuring the beat length 2π/ki,j between different sets of

waveguides. Further, we notice that the relation 6.8 also gives us some information

about the waveguide itself. By fitting the exponential dependence, we can determine

the waveguide radius r (in the direction of the axis that connects the two waveguides),

this is however going to be only a rough estimate since real waveguides do not have

a constant refractive index distribution, as was assumed in our calculation.
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6.4 Characterising coupling strenghts

In order for us to be able to design the desired Hamiltonian of the lattice and verify

beforehand that the desired mode-structure is indeed present, we need to find an

adequate model which closely resembles experimental reality. There are two main

effects we need to consider: waveguide mode ellipticity and waveguide variation across

different depths. While we expect the waveguides to have a near circular mode, even a

slight ellipticity of the evanescent mode field could lead to different coupling strengths.

This will depend on the waveguides’ relative orientation with respect to each other.

Thanks to the aberration corrected waveguide fabrication process, we achieve a great

deal of homogeneity across the entire lattice. However, there are still small differences

in the waveguides as a function of depth. In order to characterise these differences

we measured the coupling strength between waveguides across the entire depth of

the lattice. To characterise mode ellipticity and variation across depth we fabricated

a large array of two-mode couplers (beamspitters) with three different orientations

of the waveguides in the coupling region, at four different depths in the chip. For

each depth and configuration twelve beams spitters at different coupling lengths were

manufactured. In order to characterise the exponential mode decay away from the

waveguide we additionally fabricated them at five different distances from each other.

In total the number of beam splitters is therefore:

Orientations Depths Coupling lengths l Distances d Total Number of couplers
3 4 12 5 720

Since the lattice we are investigating is a hexagonal one (with small distortions),
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the coupling strength between wavguides at orientations that appear in this lattice

are measured.

a) b)

Figure 6.14: a) Waveguides in horizontal orientation with coupling length and waveg-
uide distance illustrated. b) Vertical and 60 Degree orientations with their placement
within the hexagonal lattice shown.

In Figure 6.15 example data for a depth of 100 µm is shown. The exponential

decay of the mode is reflected in an increasing beat-length as a function of the distance

between waveguides.

Figure 6.15: Left panel: exponential fit to beat length for different waveguide dis-
tances. Right panel: sinusoidal fit to measurement data of beamsplitters at twelve
different coupling lengths. The waveguides are in a horizontal configuration. The
light polarisation is horizontal with respect to the waveguide axis
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In Figure 6.16 the depth dependence of the exponential fitting parameters is

shown. As we can see there is a smooth dependence of the parameters as a func-

tion of depth, allowing us to linearly interpolate the respective parameter between to

adjacent depths. Within the approximation of rectangular waveguides we can inter-

Figure 6.16: Plots of the three fitting parameters of the exponential shown in 6.15 as
a function of writing depth. Horizontal and vertical configurations are shown.

pret the parameter 2r as the diameter of the waveguide in the direction of a vector

connecting the two waveguides. A value of 2r = 2 − 2.8 µm is consistent with mi-

croscope and THG images. In Figure 6.17 microscope images of the waveguides at

various depths are depicted. The width of the whole structure is on the order of 5

µm with a smaller core region. We can clearly see the trend of increasing waveguide

width between depths of 50 and 600 µm as suggested by the measurement of the

waveguide diameters through coupling coefficients (Figure 6.16, rightmost panels).

We also note that the coupling is asymmetric in horizontal and vertical directions.
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Figure 6.17: Microscope images of the waveguides (waveguide going into the plane)

This is due to the elliptical shape of the waveguide profile. This can be clearly seen in

the microscope images shown in Figure 6.17. When comparing parameters a and 2r

in Figure 6.16 between the different configurations, we note clear differences. Param-

eter a, which can be thought of as the beat length, when the waveguides are closest

to each other, is significantly smaller (by about 30%) for the vertical configuration,

indicating a stronger coupling of the waveguides in this configuration. Secondly, the

waveguide diameter 2r is also larger in the vertical dimension.

6.5 Simulating the Lattice Hamiltonian

In the previous section we have discussed the characterisation of coupling strengths

between waveguides at different depths. We can now use these data to reconstruct

the coupling matrix for a given spatial arrangement of waveguides. This allows us

to predict the mode structure we can expect in the experiment. The 25 lowest lying



6.5 SIMULATING THE LATTICE HAMILTONIAN 128

Figure 6.18: Spatial modes and eigenvalues of the 25 lowest lying modes. The desired
zero mode is in the centre panel with a beat length of 15 meters.

eigenmodes of a lattice with a vortex distortion, giving rise to a localised zero mode

are shown in Figure 6.18 (nearest neighbour coupling only). From this modelling I

was able to correct the real lattice geometry such that is exhibits the zero mode. I

choose to optimise the value of the zero mode to be as close to zero as possible. I
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can achieve a sufficiently low energy zero mode by stretching the lattice by around

two percent in the vertical direction. This compensates for the slight mode-ellipticity

in the vertical direction as discussed in the previous section. If we did not apply

this correction, the zero mode would additionally be slightly stretched in the vertical

dimension.

6.6 Conclusion

I this chapter I have presented ot the reader the experimental methods employed to

fabricate photonic crystals. I have then discussed an experimental method I conceived

based on a spatial light modulator which allows for the excitation of modes in the

photonic crystal that span multiple waveguides. This method offers a great flexibil-

ity in exciting integrated photonic structures. I have also utilised the experimental

setup to characterise large sets of integrated components to determine the coupling

behaviour of a photonic crystal lattice. The high degree of automation and flexibility

in the setup presented here offers an exciting perspective for further use cases. In

Appendix D I also discuss how the SLM based method can be used to determine the

unitary transformation of large integrated photonic circuits. I anticipate that this

experimental method will also enable further studies of topological features in a wide

variety of photonic structures.



Chapter 7

Experimental demonstration of

topological zero modes in photonic

graphene

The work in this chapter is in parts based on a paper in preparation for publication

[87].

7.1 Introduction

Topological photonics sheds light on some of the surprising effects seen in condensed

matter physics that arise with the appearance of topological invariants [32]. Opti-

cal waveguides provide a well-controlled platform to investigate effects that relate

to different topological phases of matter, providing insight into phenomena such as

topological insulators and superconductors by direct simulation of the states that are

130
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protected by the topology of the system. Whereas previous work [91, 92, 93, 38, 94]

has focused on realising protected edge states in topological insulators, here, we ob-

serve a topologically protected mode within the bulk of a 2+1D photonic material

by introducing a vortex distortion into a graphene lattice [40, 41, 105]. The observed

modes lie mid-gap at zero energy. This is the first experimental demonstration of a

mode that is a solution to the Dirac equation in the presence of a vortex defect, as

proposed by Jackiw and Rossi [41, 48]. Further, we show adiabatic transport of the

mode as the vortex is moved, as well as robustness of the mode to imperfections in

the waveguide lattice. These vortex modes exhibit non-abelian exchange statistics

[112], similar to Majorana bound states [32], and could therefore be used to realise a

simulation quantum logic gates in a topological quantum computer [55]. Our research

promises to open new avenues in the rapidly developing field of topological photonics

[34] and provide new insights in the physics of topological solid state systems.

7.2 The Jackiw-Rossi model in photonic graphen

By virtue of the analogy between light propagating through a photonic crystal and

the tight binding Hamiltonian of an electronic system, topological effects can be ob-

served in their photonic counterpart. A photonic platform allows for a high degree of

control over the system parameters and is thus a powerful tool to investigate topo-

logical effects. In solid state systems this degree of control is notoriously difficult.

We demonstrate a stationary zero mode in the bulk and show full control over the

topological mode by adiabatically translating it on the 2D surface of the graphene
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lattice. We also demonstrate it is topologically protected against random errors. En-

abled by major advances [43] in femtosecond-laser waveguide-fabrication technology

and by implementing a new experimental method to excite modes that are spread

over many lattice sites, we are able for the first time to study the spatial features

of photonic zero modes and benchmark their topological protection in a photonic

crystal. Our photonic crystal is fabricated by writing waveguides in a glass substrate

with a femtosecond laser.

The hexagonal lattice can be decomposed into two different triangular sublattices

A and B as shown in Figure 1 in blue and red respectively. The sj are vectors

connecting a site from sublattice A to its nearest neighbours, which lie on sublattice

B.

Figure 7.1: Graphene lattice with two triangular sublattices in blue and red, lattice
vector r and vectors between nearest neighbours sj indicated. Hopping of electrons
between lattice sites is analogous to photons hopping between the waveguides com-
prising the lattice.
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It has recently been proposed [40, 105] that that effect of introducing a distortion

in the coupling between lattice sites, δr,sj , which is a function of a spatially varying

complex order parameter ∆(r) to the tight binding Hamiltonian of the honeycomb

lattice gives rise to localised topological modes. The Hamiltonian reads in terms of

lattice coordinates.:

Hr,r+sj = −t− δr,sj (7.1)

−δr,sj =
1

2
∆(r)eiK+sje2iK+r + c.c. (7.2)

It was first shown in [106] that a modulation of this form couples the two Dirac points,

leading to the Hamitonian in momentum space (equation 5.46), as was discussed in

Chapter 5. K+ = (4π/(3
√

3a), 0) points to a Dirac point in the reciprocal lattice of

the undistorted graphene lattice with lattice constant a, t is the nearest neighbour

hopping strength. For a constant ∆0(r) = ∆0, a band gap at the Dirac points in

graphene opens, realising the dispersion relation of a Dirac fermion with mass ∆0.

ε(p) = ±
√
p2 + ∆2

0. If we introduce a position dependent order parameter which

contains a vortex, we obtain a localised mode at the centre of the vortex.

∆(r) = ∆0(r)ei(α+Narg(r−R0)) (7.3)

∆0(r) = ∆0 tanh(|(r −R0)|/l0) (7.4)
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The arg(r − R0)) signifies the polar angle of the connecting vector between the

centre of the vortex R0 and the lattice site at position r. N is called vorticity in

this work we set its value to 1. The sign of the vorticity determines which sublattice

supports the mode (+1 for sublattice B, −1 for sublattice A). l0 is the width of the

vortex. The mode is confined to sublattice A whereas the distortion is applied to

sublattice B. These topological modes are lattice analogues of Dirac fermions which

acquire mass through the coupling to a scalar field [41] (cf. Higgs mechanism). If

that field contains a vortex this additionally leads to charge fractionalisation and

non-abelian exchange symmetry [105]. ∆(r) in the lattice theory takes the role of the

scalar field. The solution of the Dirac equation of a single electron in the presence of

a vortex. ∆(r) is, as previously discussed: [41, 105, 48, 40]

u(r) ∼ ei(α/2+π/2)e−
∫ r
0 dr

′∆0(r′) (7.5)

For photons in a lattice, the wavefunction is additionally modulated by eiK+r giving

the expression for the electrical field strength as a function of the lattice vector [40]:

E(r, z, t) ∼ Re[(u(r)eiK+r + c.c.)eikωz−iωt], (7.6)

where r points to a lattice site on the supporting sublattice A. The shape of a vortex

∆(r) and the mode of the is visualised in Figure 7.1 a). The perturbations δr,sj

of the graphene coupling Hamiltonian which realise the vortex are implemented by

small shifts in the wave-guides’ positions, assuming exponential decay of the field
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away from the waveguides. The exponential decay was measured experimentally

for different waveguide positions and relative orientations. These data allow us to

implement the Hamiltonian faithfully. In [106, 40] an analytic expression for the

waveguide displacement implementing the Hamiltonian 7.1 is given. For a vector rA

on sublattice A of the undistorted graphene lattice and the displacements uA(r), the

displaced vector is given by: r′A = rA + uA(r). Where

uA(r) =
i

2
γ∆(r)e−iK+r

(
1

i

)
+ c.c. (7.7)

and γ a dimensionful constant of units [length2]. A plot illustrating relative shifts of

the waveguides from the hexagonal lattice configuration is shown in Figure 7.2 b).

It is important to note here, that it is the the collective effect of small distortions

applied to every lattice site which gives rise to the topologically confined mode at the

centre of the vortex defect.

7.3 Experiment

In order to excite the topological mode, we developed a method based on a SLM

(Spatial Light Modulator) to simultaneously excite multiple waveguides. We succeed

for the first time to excite an optical mode consisting of more than a dozen sites

by illuminating multiple waveguides with beams of independently controlled phase,

amplitude and mode shape. This approach provides a more direct and complete ex-

citation of the mode than has been previously possible by the expedient of exciting
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a single lattice site at the centre of the topological mode. The photonic crystal con-

sists of 1192 waveguides that make up the hexagonal graphene lattice. The distance

between lattice sites is around 10 µm. This is sufficiently large to ensure suppression

of next nearest neighbour coupling. We estimate the ratio of nearest to next near-

est neighbour coupling strength to be less than 5%. The lattice has a rectangular

boundary of approximately 400x400 µm.

We excite up to 13 of the waveguides carrying appreciable intensity of the zero

mode. Coupling to the zero mode is optimised by varying the input phases and am-

plitudes of the exciting beams. In a first experiment we demonstrate a stationary

topological mode. The vortex distortion is located at the centre of the lattice. In

Figure 7.2 c), comparing the experimental result (left) to the theoretical calculation

(right), we can see that the shape of the simulated mode and the experimental re-

sult match very well. The brightest peaks are in each case the central one and six

peaks that form a large hexagon around the central mode. Most of the intensity is

confined to the sublattice which carries the topological mode, as designed. In order

to quantify the degree to which this intensity pattern represents the zero-order mode,

we introduce the ratio of light intensity between the two sublattices γAB=(Light in-

tensity in sublattice A)/(Light intensity in sublattice B) as a measure of fidelity for

the excitation of the mode, which should be confined to one sublattice only. For a

mode supported by sublattice A, we expect γAB > 1. The measured mode displayed

in Figure 2 c) has γAB = 5.9. The light in the zero mode is tightly confined to the

centre of the vortex and decays quickly outside the radius of the vortex l0 = 20 µm.

Next, we numerically calculate the energy spectrum of the real lattice Hamilto-
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a) b)

c)

10 μm

Figure 7.2: a) Photonic crystal lattice with ∆(r) represented by red arrows. Zero-
mode intensity for dominant modes indicated at the centre of the vortex. The phase
offset is α = π/2. For visualising ∆(r), the complex plane has been identified with 2D
surface of the crystal. b) Shift of the waveguides from the graphene lattice configura-
tion, which implements the topological vortex distortion. The direction of the shift is
indicated by green arrows. c) Left: Experimental result for a stationary topological
mode Right: theoretical simulation. The mode has been convolved a with a Gaussian
to approximate the modes of the waveguides. The ratio of light intensity in the centre
waveguide to the averaged intensity in a waveguide lying on the outer bright hexagon
is approximately 3:1, consistent with the expected mode decay of the vortex-bound
wavefunction (equation 7.5)

nian from the waveguide positions, using experimental data to obtain the coupling

strengths. Comparing 7.2 a) and b), we can clearly see a band gap opening around

zero energy, as the vortex distortion is introduced to the graphene lattice. The topo-

logical mode has zero energy and lies together with the edge-states at the centre of
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Figure 7.3: a) Numerically calculated density of states of a graphene lattice with 1192
sites. b) Density of states with central vortex distortion. The energy is given in terms
of the beat length of the mode. Inset images of eigenmodes at different energies are
shown. The energy of the zero mode varies on a length scale of several centimetres.
In contrast high energy bulk modes oscillate in the range of a less than a millimetre.

the band gap. When there is a zero mode present, this also gives rise to a correspond-

ing state at the edge with opposite vorticity (-1), such that the total vorticity of the

system vanishes. The energy of the zero-mode is not exactly zero primarily due to

the finite size of the lattice. In terms of the oscillation length it is on the order of a

few centimetres for a lattice of 1192 sites. Next, we translate zero mode across the

lattice by adiabatically shifting the vortex distortion from one side of the lattice to

the other by around 100 µm. A chip of 9 cm length is sufficient to ensure adiabaticity

as the quasiparticle is translated. For the mode to move 100 µm across the lattice we

need at least 4 cm of propagation distance, this was verified by propagating the mode

numerically. We can observe transport of the zero-mode with most of the transmitted

intensity measured confined around the centre of the shifted vortex and in the correct

sublattice (with a ratio of γAB = 4.7) (7.4 a), top panel). The mode is no longer

symmetrically excited - this is due to small variations in fabrication which easily can
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shift the relative intensities with which waveguides in the supporting sublattice are

excited -. In 7.4 a), bottom panel, we illustrate what happens if we try to excite the

mode at a position in the lattice where there is no vortex present. We attempt to find

a set of input phases and amplitudes that maximises light confinement at an output

position indicated by the arrow, however, as expected we fail to excite a mode and

see no light transport. The ratio of intensities γAB = 0.67 is consistent with a random

excitation of waveguides.

a) b)

Figure 7.4: a) Top: mode is translated from left to right on the lattice. The circled
waveguide marks the position of the centre of the input light field. We optimise the
phases and amplitude of the input light across 13 waveguides around the white circle
and optimise on the amount and confinement of light at the expected output (centre
of the vortex at the output indicated by arrow). We observe light transport from left
to right as the light emerges at the output vortex in the correct sublattice . γAB = 4.7.
Bottom: Same region as above, mode is excited on the other side of the lattice, where
no vortex is present. The circled waveguide again marks the centre of the input light
field in the top picture and . γAB = 0.67 in the bottom picture. b) Illustration of
mode shifting by adiabatically translating the centre of the vortex as a function of
depth z. Image credit: D. Felce and A. Menssen

To demonstrate that the mode is topologically protected against random errors of
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the lattice, we introduce a distortion to the position of the waveguides by shifting them

by a random distance, sampled from a two-dimensional uniform distribution, where

the radius rd of the distribution corresponds to the maximum shift applied. In Figure

7.5, we show four different distortions, rd = 0, 200, 400, 600 nm. The systematic

distortion introduced to the hexagonal lattice due to the vortex is of order 800 nm.

We can observe that the mode remains visible even for random errors that are on the

order of the change introduced by the topological order parameter itself. The larger

the distortion the more light leaks into the other sublattice. We measure a steadily

decreasing amount of light in the correct sublattice γAB = {3.8, 2.9, 2.2, 2.1} as the

random distortion increases. The protection is a consequence of the symmetries of the

Hamiltonian [103] and the band gap opening due to the vortex distortion. The zero

mode lies far away in energy from other states that might be excited. To illustrate the

effect of the distortion, we average the output state over several input configurations,

all of which have large overlap with the distorted mode. The averaged pictures are

shown in Figure 7.5.

7.3.1 Excitation of the topological mode

The excite the topological mode, we illuminate up to 13 waveguides around the ex-

pected location of the zero mode. A gradient descent optimisation routine varies the

input phases and amplitudes of the beams. The objective of the optimisation is to

maximise the light intensity within a set of waveguides at the expected location of

the mode at the output of the chip. The waveguides over which the output light is
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Figure 7.5: Topological mode with random distortions Top left: no error, Top right:
100 nm, Bottom left: 200 nm, Bottom right: 300 nm. The ratios of light in the
correct sublattice to the wrong one are γAB = 3.8, 2.9, 2.2, 2.1.

integrated are deliberately chosen on both sublattices, such that we can exclude the

possibility of exciting a faux mode simply because the number of available parame-

ters might be large enough to excite a mode that looks like the zero mode. In Figure

7.6 an optimisation result is shown. For the adiabatically shifted mode we use 13

input beams, marked in locations in Figure 7.6 a). The gradient descent algorithm is

started with a set of 13 random phases and amplitudes. The optimisation function

to be minimised is the ratio of light intensity within the region, where the zero mode

is expected (green circle in Figure 7.6 a)/b)) and the light intensity spread over the

entire lattice. Each trial either leads to a successful or unsuccessful excitation of the

zero mode. Once the mode is found, the procedure is terminated. In Figure 7.6 c)

the phase of a single one of the 13 excitation beams is plotted vs. the value of the

optimisation target. Each point corresponds to a trial. It took ∼ 150 trials to excite

the zero mode successfully. We can clearly see that once the mode is found the value

of the optimisation function jumps to a significantly lower value. There is a threshold
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(marked by the red line in Figure 7.6) which marks the light confinement to a specific

region which is achievable without the presence of a localised mode.

Figure 7.6: a) Successful excitation of the zero mode. Excitation pattern indicated
by 13 red dots. Green circle marks region of confinement for which the light intensity
is maximised. The characteristic pattern of the zero mode is visible within the green
circle. Value of the optimisation function is below the critical threshold. b) Unsuc-
cessful excitation of the zero mode. Value of the optimisation function is above the
critical threshold. No mode structure is visible c) Phase of one of the exciting beams
vs. the ratio of light intensity in the entire lattice and confined within zero-mode
region. Points correspond to trials with varying random initial values for the phases
and amplitudes passed to the gradient descent algorithm. Threshold indicated by
red, dotted line separates values of the optimisation function where the excitation of
the zero mode was successful/unsuccessful.
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7.4 Outlook: Braiding of two modes

The authors of [40] have suggested that the multi-particle exchange-statistics of these

photonic zero modes is non-abelian I will be showing first efforts aimed towards

demonstrating their non-abelian statistics. Non-abelian anyons are quasi particles

that appear in low dimensional systems, such as planar solid state materials where

particles can only travel in 2 (spatial)+1(time) dimensions [51]1; they exhibit exotic

exchange statistics which is neither fermionic nor bosonic. Non-abelian anyons have

been at the centre of considerable attention due to their potential applications in

realising a topological quantum computer [55]. So far we have investigated in great

detail a single topological zero-mode. In this section I will document first attempts

at investigating the particle exchange statistics of two of these modes as proposed in

[40]. Following their proposal, I attempt an implementation of a braiding operation

on two photonic zero modes. We have previously stated that these modes should

exhibit non-abelian exchange statistics. They are related to Majorana bound states

that occur in superconductors [44, 32, 45].

7.4.1 Simulating the Braiding operation

I simulate the braiding of two modes using the data measured for the coupling coeffi-

cients to reconstruct the coupling matrix as discussed in Chapter 7. Time propagation

is achieved by implementing the unitary evolution operator for a small length step

1it has been suggested that in some circumstances [113] there exist non-abelian exciations in 3D
materials
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[40] (Appendix):

U(L) =

L/δl∏
n=0

exp(iH(nδl)δl) (7.8)

L is the length of the chip and δl is the distance between adjacent layers in the depth

of the chip. To realise the evolution of the mode, at each length δl the waveguide

configuration is adjusted to accommodate the new position of the two vortices. The

waveguides in between are linearly interpolated. In the present set I use 19 time steps

over a lattice of 6 cm length.

Figure 7.7: Comparison of two zero-modes as they are either braided (bottom left
panel) or propagate along a straight path (bottom right panel). Shown is the real
part of the wavefunction. The phase difference between sites at the braided vortex is
π, while there is no phase difference in the non-braided case.

The propagated initial state is then:

vfinal = U(L)vinitial (7.9)
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We consider a two-particle state with photons occupying either of the two vortex

zero-modes (“left” or “right” (L/R)). The state in one vortex is a superposition of

being occupied by a single photon, or vacuum:

1√
2

(|0〉L/R + |1〉L/R) (7.10)

The ket represents the number occupation of the vortex zero mode. For two vortices

the initial state will be2:

|ψ〉 =
1√
2

(|0〉L + |1〉L)⊗ 1√
2

(|0〉R + |1〉R) (7.11)

Upon a braiding operation, where the two vortices are swapped, as in Figure 7.7, the

state transforms as [40]:

1√
2

(|0〉L + |1〉L)⊗ 1√
2

(|0〉R + |1〉R)→ 1√
2

(|0〉L − |1〉L)⊗ 1√
2

(|0〉R + |1〉R) (7.12)

The bosonic creation operators for a zero mode in the right/left vortex transform as:

b†L → b†R (7.13)

b†R → −b
†
L

2Formally this should be a symmetrised tensor product. However in slight abuse of notation we
interpret the tensor product as operating on occupation number (Fock) space. |n〉 ⊗ |m〉 = |nm〉.
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After a second swap the state becomes:

1√
2

(|0〉L − |1〉L)⊗ 1√
2

(|0〉R + |1〉R)→ 1√
2

(|0〉L − |1〉L)⊗ 1√
2

(|0〉R − |1〉R) (7.14)

The initial state before swapping and the final state after a complete exchange are

orthogonal. This is quite different from the case of bosons or fermions, where af-

ter swapping the particles twice, the original state is restored. We remember our

requirement of a non-abelian exchange:

ψα → Uβ
αψβ (7.15)

I.e. the wave-function changes state when the particle exchange occurs.

Here, U = 1
2

(
−1 0
0 1

)
⊗
(
−1 0
0 1

)
and |ψ〉 = 1

2
(|00〉+ |01〉+ |10〉+ |11〉)

In contrast, an abelian exchange is characterised by the accumulation of only a

global phase in the multi-particle wavefunction:

ψ → eiφψ (7.16)

7.4.2 Experimental Implementation

The experimental challenge lies in coherently exciting the two zero-modes at the input

of the lattice and then measuring their relative phase at the output, which in the case

that the modes have been braided should be different by π. The two vortex-modes

need to be phase-stably excited at the same intensity. To achieve this I use a set
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of 50:50 beamsplitters which are inscribed into the chip before the lattice, while the

lattice itself is shifted deeper into the chip. In Figure 7.8, this design is illustrated. A

series of four beam-spitters (blue) is used to couple to the zero mode at each site. For

each beamsplitter the output arm on the left goes to the vortex mode on the left and

the right arm to the vortex on the right hand side. An identical set of beamsplitters

is positioned at the output to measure the phase difference. In essence this is a series

of Mach-Zender interferometers surrounded by a lattice, where the task is to measure

a phase offset on one of the arms. Using the SLM setup we couple light into one

input arm at each beam-splitter and maximise coupling to the mode by maximising

throughput to the other side of the lattice. When comparing a lattice where the two

modes braid to lattices where the vortices are stationary, we should observe a phase-

shift of π at the output, the signature of which would be that the light intensity is on

the opposite arm of the output beamsplitter, compared to where the modes have not

been braided. This is experimentally quite challenging, as this requires a consistent

phase across the 9 cm propagation length (6 cm of lattice and 1.5 cm for the couplers

on each side of the lattice) of the chip. Even small variations of the waveguides are

detrimental.

7.5 Conclusion and Outlook

I have demonstrated that we can simulate a bulk topological zero mode in photonic

graphene, which binds to a vortex. Through coherent excitation of multiple waveg-

uides we were able to investigate the spatial features of this zero-mode. We could
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a) b)

Figure 7.8: Design for exciting two photonic topological modes using two-mode cou-
plers. lattice waveguides in white, two-mode couplers in blue a) top perspective b)
view from the side

demonstrate that it is topologically protected and showed adiabatic transport. The

high degree of control we have demonstrated over these localised, protected topologi-

cal modes may in the future enable applications such as the protection of information

encoded in quantum states [39, 37] against inevitable fabrication errors in linear op-

tical circuits by injecting multiple entangled particles into different protected vortex

modes. This is also the first experimental realisation of the Jackiw-Rossi model, open-

ing the possibility for further studying models employed in high energy physics, using

this platform. Furthermore, a promising use for applications could lie in systems that

make use of protected topological modes such as topological lasers [95, 114], which

have already been demonstrated in edge-states. While experimentally challenging,

demonstrating a braiding operation by showing the accumulation of a relative phase,

as suggested in [40], may be feasible. I have presented a possible experimental reali-
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sation for such an experiment.



Chapter 8

Conclusion and outlook

8.1 Multiphoton Interference

I have studied three and four photon interference effects. Are there any new physical

effects that can be explored in the investigation of even greater number of photons?

Generally, the question of computational complexity of partially distinguishable scat-

tering arises and was studied in a recent publication [115]. This work investigates the

effects of partial distinguishability in “boson sampling” [116]. It is noted in [115] that

as distinguishability is increased, the higher order interference terms do not contribute

to the particle statistics. N -photon interference terms scale as rN , where r is the mod-

ulus overlap between photons (assumed identical for simplification) and for large N

and small overlaps r, these contributions vanish exponentially in the number of pho-

tons. However, in [115] the new degrees of freedom of multi-photon interference that

arise from multi-photon phases are not exploited, as all overlap integrals are assumed

real. It may be worth studying the implications of these phase degrees of freedom
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for complexity theory. Further studies could investigate the possibility of solving

graph-theoretical problems through multi-photon interference, such as the “Hamilton

Path” problem, which asks if there is a path that traverses every vertex for a given

graph. Some instances of this problem have been shown to be NP-complete [117].

Such a graph could be prepared using partially distinguishable photons. However, a

potential issue could be the diminishing contribution from higher order interference

terms as necessary degrees of distinguishability are introduced. When investigating

multi-particle indistinguishability an important task is to verify for a given ensemble

if the participating photons are distinguishable or indistinguishable. This question

was investigated recently by Viggianiello et. al. [118]. Notably, “Sylvester” type

interferometers [119] are identified as an optimal device for discriminating fully dis-

tinguishable and indistinguishable states for two photons in four modes. We have

previously noted that for four photon interference the fringe visibility is optimal for

a certain phase of the quitter. The visibility of four photon interference is maximised

for the Fourier configuration of χ = π/2. In the case of χ = 0 the interferometer

is represented by a Sylvester matrix and the interference visibility is minimal. An

interesting question to investigate could be what optimal indistinguishability tests are

for an ensemble of partially distinguishable photons. In [10] a more general criterion

for multi-particle indistinguishability is developed. A state exhibiting “genuine n-

particle indistinguishability” is defined as a convex combination of an n-photon state

with only indistinguishable photons and a state with at least two orthogonal pho-

tons, where the contribution from the set of fully indistinguishable photons cannot

vanish. The question arises as to what the relationship between “genuine n-particle
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indistinguishability” as defined in [10] and multi-photon interference is. Interestingly,

as we have shown in Chapter 4, photons in orthogonal states can exhibit genuine

multi-photon interference. The absence of “genuine n-particle indistinguishability”

as defined in [10] does not seem preclude genuine n-particle interference. However

the converse argument holds: when “genuine n-particle indistinguishability” has been

demonstrated, there will be n-particle interference.

8.2 Topological modes and light-control using a

Spatial Light Modulator

The experimental SLM based method for exciting complex modes in photonic struc-

tures, I conceived, promises a wide range of further studies to be conducted. There

are several interesting characteristics of the Jackiw-Rossi model which merit further

investigation. It has for example been noted1 that for higher winding numbers sets

of orthogonal, localised zero modes exist [47]. In other words a multimode-optical

structure where all modes have the same dispersion. This is unlike in a multicore

fibre, where every mode has a different propagation constant. Further uses of this

experimental technique include the characterisation of large unitary interferometers.

In Appendix D I demonstrate how the control of the light field provided by our experi-

mental method allows for the implementation of an algorithm for the characterisation

of unitary interferometers introduced in [120]. Currently the light efficiency is < 10%.

The reason for this is that most of the light is filtered out by the spatial filter. Due

1Internal communication with Claudio Chamon
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to the high losses a single photon use of this setup would be problematic. However,

one could conceive to make use of phase SLMs which, in contrast to the Ferroelec-

tric Liquid Crystal (FLC) SLM used here, control the phase of the light field. If we

use two separate phase SLMs that are placed in the real and Fourier plane respec-

tively, one could achieve low-loss control of position, direction and phase of individual

beams. This could enable studying quantum interference effects in large photonic

lattices. Currently, most experiments in the field have been limited to classical ex-

citation of photonic topological structures. An exciting prospect would be to take

topological photonics into the quantum realm [121, 39] and investigate non-classical

multi-photon interference effects in photonic topological structures. For example one

could demonstrate protection of quantum information in photonic systems, where

qubits are transmitted through multiple topologically protected modes.
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Appendix A

Work on single photon sources

To enable the type of multi-photon interference experiments which are discussed in the

first part of this thesis, we require a source of single photons. The type of source that

I have used in multi-photon interference experiments relies on a non-linear process in

silica: Spontaneous Four Wave Mixing (FWM). Two photons from a bright, coherent

“pump” beam are converted into a signal and an idler photon. The signal photons are

detected immediately after their creation and herald the presence of an idler photon

in the other spectral mode. The idler photon is then sent into the experiment, a

multimode-interferometer in our case, and measured thereafter. In the following, I

will first give a brief introduction to non-linear light generation and four-wave mixing.

I do not execute a full derivation but rather motivate and present the final result: the

bi-photon state generated in a four wave mixing process. A complete derivation can

be found in [122, 72, 123]. I then present the source setup used for measuring three-

photon interference which has been described in [72, 64] as well as a setup I built for

the generation of single photons in the telecom range together with measurements of
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the spectral characteristics of that source.

A.1 FWM Theory

A.1.1 Non-linear effects in polarisable media

The polarisation density P (t) in a medium can be written in terms of the electrical

field E(t) and the non-linear coefficients χ of the material

P (t) = χ(1)E(t) + χ(2)E(t)2 + χ(3)E(t)3 + ...+ (A.1)

If we choose E(t) = E1e
iω1t + E2e

iω2t + c.c., a plane wave electrical field with two

frequencies, and examine the second order term in the polarisation χ(2)E(t)2. Sub-

stituting field results in:

χ(2)E(t)2 = χ(2)(|E1|2 + |E2|2 + E2
1e
i2ω1t

+E2
2e
i2ω2t + 2E1E2e

i(ω1+ω2)t + E1E
∗
2e
i(ω1−ω2)t) + c.c.

(A.2)

We can see that the dipole density P (t) oscillates at frequencies of the higher har-

monics 2ω1, 2ω2, as well as the sum and the difference of the two input fields ω1 +ω2,

ω1− ω2. Since the polarisation density acts as a source of the electrical field, light at

these frequencies is generated.
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A.2 Four wave mixing

In a similar fashion the third order non-linearity χ(3) gives rise to FWM, where the

frequencies of four fields (two pump field as well as signal and idler) E(t) = E1e
iωp1t+

E2e
iωp2t + E3e

iωst + E4e
iωit + c.c. are combined. The number of different frequencies

is much larger than in the previous case. However, due to the constraints imposed

by a phase matching condition-the fields generated at every point in the medium

need to constructively interfere to contribute an output signal- only a small range of

frequencies is allowed. Also, energy conservation holds between the two input pump

photons and the two output signal and idler photons: ωp1+ωp2 = ωs+ωi. We consider

here a waveguide source with a single spatial mode. The propagation direction of the

light is along the z-axis.

The phase matching function φ(ωs, ωi) at each point in the waveguide is:

φ(ωs, ωi) =

∫ L

0

dzei(ks+ki−kp1−kp2)z = Lei∆kL/2sinc(∆kL/2) (A.3)

with ∆k = ks + ki − kp1 − kp2.

The output state of the signal and idler photons is given by:

|ψs,i〉 = c

∫ ∫
dωsdωiF (ωs, ωi)a

†(ωs)a
†(ωi)|0〉 (A.4)

Where F (ωs, ωi) is call the “joint spectral amplitude” (JSA). Assuming identical
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pump fields ωp1 = ωp2 the JSA is given by:

F (ωs, ωi) =

∫
dωpφ(ωs, ωi)α(ωp)α(ωs + ωi − ωp) (A.5)

Where α(ωp) is the spectral envelope of the pump beam. The factorability of the JSA

determines the purity of the heralded single photon. If F (ωs, ωi) = fs(ωs)fi(ωi) the

bi-photon state is completely separable and the heralded state is pure. If the state is

not factorable the state has spectral entanglement between the signal and idler.

A.3 Spectral data NIR

I measured signal and idler spectra using a single photon spectrometer. We notice

that the idler has a larger background than the signal. The heralded g
(2)
H ∼ 0.1 and

Figure A.1: Spectrum of signal and idler photons. Spectral filters indicated by shaded
area. The pump is at 740 nm. Signal and idler photons are at 680 nm and 817 nm .

Figure A.2: Spectrum of signal and idler photons with background subtraction.
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the unheralded g
(2)
U ∼ 1.8 [64].

A.4 Experimental Setup Telecom

In Figure A.4 The experimental setup, realising FWM in the telecom range is de-

picted.

Figure A.3: Experimental setup.

A.5 Data Telecom

I measured the Joint Spectral Intensity (|F (ωs, ωi)|2) of the FWM process using a

method introduced in [122]. Along with the classical pump beam at 1030 nm a

second classical “seed beam” around the idler wavelength of 1550 nm is inserted into

the waveguide. This seed causes in a difference frequency generation process (DFG)

between the pump and the seed to enhance emission into the signal mode. Since

the JSI is the same for the FWM and the DFG processes, this allows us to probe
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spectral correlations in FWM. The seed beam is narrow band and tunable. We scan

the frequency of the seed beam across the spectral width of the idler photon and

simultaneously record the spectrum at the signal wavelength. In this way we can

build up, slice by slice the JSI. The measurement is shown in figure A.5. We can

see in this measurement with remarkable resolution the detailed features of the JSI.

As anticipated we observe lobes which are a result of the sinc dependence of the

phase-matching function.

Figure A.4: Measured JSI with projection of signal and idler photons



A.5 DATA TELECOM 161

Figure A.5: Joint spectral amplitudes with different filter-widths
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Figure A.6: Pump spectrum



Appendix B

Three-photon interference: Raw

experimental data and simulation

of the experiment

Taken from [14] Appendix

B.1 Raw experimental data

Polarisations set for ϕ = 0

HOM dips for temporal alignment of photons

In order to align the generated photons temporally and verify their indistinguisha-

bility, we perform heralded HOM measurements for the three possible pairs injected

into the tritter. We also use these to verify our polarisation state preparations. The
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results are shown in the Figures below.
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Figure B.1: Plot of normalised heralded two-photon coincidences through the tritter
when the injected photons have identical polarisations. In this case we inject photons
into the first and second tritter inputs and monitor the first and second output ports.
The solid line is the model curve, whilst the dashed line is an ideal theory curve. The
model yields a visibility of 36%, while for the ideal curve the visibility is 50%. The
FWHM of the model dip is ∼ 150 fs.
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Figure B.2: Plot of normalised heralded two-photon coincidences through the tritter
when the injected photons have identical polarisations. In this case we inject photons
into the first and third tritter inputs and monitor the first and third output ports.
The solid line is the model curve, whilst the dashed line is an ideal theory curve. The
model yields a visibility of 36%, while for the ideal curve the visibility is 50%. The
FWHM of the model dip is ∼ 300 fs.
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Figure B.3: Plot of normalised heralded two-photon coincidences through the tritter
when the injected photons have identical polarisations. In this case we inject photons
into the second and third tritter inputs and monitor the second and third output
ports. The solid line is the model curve, whilst the dashed line is an ideal theory
curve. The model yields a visibility of 36%, while for the ideal curve the visibility is
50%. The FWHM of the model dip is ∼ 300 fs.
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Additional output event plots

Here we present plots for count rates corresponding to P210, P201, P300 in the case

where all photons are injected into the tritter with the same polarisation. In the

ideal case when all photons are completely indistinguishable in time and polarisation,

P210 = P201 = 0 and these outputs are completely suppressed [124]. Our simulations

demonstrate this is not the case when taking into account experimental imperfections,

and the visibility is reduced from 100% to around 57%. The theory and simulation

curves have been rescaled for comparison with experimental count rates.
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Figure B.4: Plot of mean counts for the outputs corresponding to P210 as illustrated
in Figure 3.6 b). The model yields a visibility of 57%, while for the ideal curve the
visibility is 100%. The FWHM of the model dip is ∼ 180 fs.
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Figure B.5: Plot of mean counts for the outputs corresponding to P201 as illustrated
in Figure 3.6 b). The solid line is the model curve, whilst the dashed line is an ideal
theory curve. The model yields a visibility of 57%, while for the ideal curve the
visibility is 100%. The FWHM of the model dip is ∼ 180 fs.
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Figure B.6: Plot of count rates corresponding to P300 as measured using the setup in
Figure 3.6 a), when all photons have the same polarisation.
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Polarisations set for ϕ = π

HOM dips for temporal alignment of photons

Again to align the three photons temporally before injection into the tritter, we per-

form HOM measurements for the three pairs of photons. We expect 12.5% visibility

but record closer to 10%, again due to the effects mentioned in the main paper. The

dip in Figure B.7 is twice as narrow as the others, corresponding to the dip between

two photons which are both being translated in time on injection. The other two dips

are from when only one of the photons injected into the tritter is translated in time

(see Figure 3 in main text). The dips are all centred such that the three photons

overlap in time when the stages are at their zero positions.
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Figure B.7: Plot of normalised heralded two-photon coincidences through the tritter
when the injected photons have polarisations as in Equation 3.14. In this case we
inject photons into the first and second tritter inputs and monitor the first and second
output ports. The solid line is the model curve, whilst the dashed line is an ideal
theory curve. The model yields a visibility of 10%, while for the ideal curve the
visibility is 12.5%. The FWHM of the model dip is ∼ 150 fs. The slight gradient
in the wings of the distribution is due to a change in coupling as a function of the
translation stage position.

We also recorded coincidences for the outputs corresponding to P210, P201, P300
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Figure B.8: Plot of normalised heralded two-photon coincidences through the tritter
when the injected photons have polarisations as in Equation 3.14. In this case we
inject photons into the first and third tritter inputs and monitor the first and third
output ports. The solid line is the model curve, whilst the dashed line is an ideal
theory curve. The model yields a visibility of 10%, while for the ideal curve the
visibility is 12.5%. The FWHM of the model dip is ∼ 300 fs.
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Figure B.9: Plot of normalised heralded two-photon coincidences through the tritter
when the injected photons have polarisation as in Equation 3.14. In this case we
inject photons into the second and third tritter inputs and monitor the second and
third output ports. The solid line is the model curve, whilst the dashed line is an
ideal theory curve. The model yields a visibility of 10%, while for the ideal curve the
visibility is 12.5%. The FWHM of the model dip is ∼ 300 fs. The slight difference in
counts in the wings of the distribution is due to a change in coupling as a function of
translation stage position.

but these statistics are all predicted to have lower visibilities for this case of ϕ = π

compared to ϕ = 0. Our recorded statistics are not sufficient to resolve these features.
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Probing the triad phase

Polarisation dependence of the tritter

For isolating three-photon interference, we scan the triad phase by varying the polar-

isation of one of the photons. In order to study the polarisation-dependence of the

tritter, we send heralded single photons into different tritter inputs and record the

output counts (see Figures B.10 and B.11).

Figure B.10: All input and output combinations for heralded single-photon events.
The y-axis labels the count rates for a particular output configuration, and the x-
axis is the triad phase we scan. The input port for the injected photon is labelled
above each plot. The variation of the counts for the case where the polarisation
of the photon is varied before injection (first row) shows that the tritter is slightly
polarisation dependent: the coupling between spatial modes varies as a function of
the triad phase. The slight drop of counts shown in the second row (where a single
photon is injected into the second tritter input) is due to imperfect fibre coupling.

The total number of counts is relatively constant (see Fig. B.11), whilst some

individual heralded singles events in the top row of Figure B.10 vary as the triad
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Figure B.11: We plot the sum of all heralded single counts for different inputs into
the tritter (total counts=N100+N010+N001, corresponding to summing the counts
in the rows appearing in Figure B.10).

phase (and thus polarisation of the photon injected into the first input) changes.

This suggests that the couplings of the tritter have a slight polarisation dependence.
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Heralded two-photon coincidences

We monitored the heralded two-fold coincidences to verify that we have as little

variation as possible as a function of the triad phase. In Figure B.12 all possible

combinations of heralded two-photon events are displayed. The largest variation in

counts is observed for channels containing the first input channel, arising, as discussed

in the previous section, from the tritter’s polarisation dependence.

Figure B.12: All input and output combinations for heralded two-photon events. We
plot the number of heralded two-fold coincidences in the first and second (N110), first
and third (N101), and second and third (N011) spatial output modes when changing
the triad phase (and thus polarisation of the photon injected into the third input).
The channels with the highest variation are those involving the first input channel,
and this suggests it is due to the tritter’s polarisation dependence.
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Additional output event plots
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Figure B.13: Plots for count rates corresponding to cases where two photons exit the
same output port, whilst the third exits in a different port. From Eqns. 3.10 and
3.11 we expect cosine curves shifted by −π/3 for (2,1,0) and (1,0,2), and by +π/3
for (0,1,2) and (2,0,1). The solid lines are simulation curves and the dashed lines
are ideal theory, and both have been normalised to fit the data at ϕ = 0, 2π via a
multiplicative scaling factor for comparison.

B.2 Simulation of the experiment

Our experimental data show the expected behaviour, but there are some deviations

from the probabilities given by theory. These are primarily due to an imperfect tritter

operation, imperfections in the photon preparation (polarisation, purity (P > 90%),

distinguishability), and higher-order photon emission. Further, along with photons

that are produced by the SFWM-process, uncorrelated photons are created in other
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processes such as Raman scattering and fluorescence [64]. To understand the influence

of all these effects on the measured visibilities, we performed a simulation of our

experiment. We used the formalism developed in [15, 16] to simulate general mixed,

squeezed states, contaminated with distinguishable noise photons, that are input into

a lossy unitary. Our model includes terms corresponding to up to N = 8 photons

in total (signals and heralds) and up to 3 uncorrelated noise photons. This provides

sufficient accuracy as terms corresponding to higher photon numbers are negligibly

small.

Impure input states

It was noted previously in [15, 16] that the counting statistics for a mixed state input

can be expressed as a function of the density matrices ρi for each photon in input

mode i. For three photons input to an interferometer described by the unitary U this

leads to the following expression for the coincidence probability P111:

P111 = perm(U ∗ U?) + Tr(ρ1ρ2)perm(U ∗ U?
2,1,3)

+Tr(ρ1ρ3)perm(U ∗ U?
3,2,1)

+Tr(ρ2ρ3)perm(U ∗ U?
1,3,2)

+2Re(Tr(ρ1ρ2ρ3))Re(perm(U ∗ U?
2,3,1))

−2Im(Tr(ρ1ρ2ρ3))Im(perm(U ∗ U?
2,3,1))

(B.1)

For simplicity in the simulation we make the assumption that we can decompose
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the density matrix into a mixed and a pure subspace, where the full density matrix

for each photon is given by their tensor product:

ρi = ρpure,i ⊗ ρmixed,i (B.2)

ρpure may be represented as the tensor product of a density matrix which contains

the temporal modes and another containing the polarisation degree of freedom.

ρpure,i = ρtemp,i ⊗ ρpol,i (B.3)

For general temporal modes |t1〉, |t2〉, |t3〉, we find a representation of the states in

terms of orthonormal modes |τ1〉, |τ2〉, |τ3〉 using the Gram-Schmidt decomposition:

|t1〉 = |τ1〉 (B.4)

|t2〉 = 〈t1|t2〉|τ1〉+
√

1− |〈t1|t2〉|2|τ2〉 (B.5)

|t3〉 = 〈t1|t3〉|τ1〉+ α|τ2〉+
√

1− |α|2 − |〈t1|t3〉|2|τ3〉 (B.6)

Where α = 〈t2|t3〉−〈t2|t1〉〈t1|t3〉√
1−|〈t1|t2〉|2

and |t1〉, |τ2〉, |τ3〉 are a set of orthonormal vectors. We can then construct the

density matrices in mode basis:

ρtemp,i = |ti〉〈ti| (B.7)
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The polarisation density matrix is constructed from basis states |H〉 and |V 〉.

Mixedness is modelled on a two dimensional Hilbert-space which is chosen to be

orthogonal to time-frequency and polarisation modes.

Higher order photon contributions

The state of a single ideal two-mode-squeezer is given by:

|Ψ〉 =
√

1− λ2

∞∑
n=0

λn|nsni〉 (B.8)

Furthermore, we assume each source generates uncorrelated photons which are

created with probabilities PI for the idlers and PS for the signals. In particular

(1− PI)(1− PS) is the probability of producing no uncorrelated noise photons. (1−

PI)PI(1− PS)PS is the probability of creating exactly one uncorrelated photon pair.

We can then construct the density matrix for one source’s emission:

ρ̂ = (1− λ2) · (1− PI) · (1− PS)
∞∑

n,k,l=0

λ2nP k
I P

l
S|nsni, ksli〉〈nsni, ksli| (B.9)

where for each total number of photons 2n+ k+ l, we include cases where they come

from four-wave mixing or noise processes. The indices k and l label the number of

signal and idler noise photons which are assumed to be completely distinguishable

from all other photons.
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Parameter values

In the following table we give the parameter values that were used for the simulation:

Name Symbol Value

Squeezing-parameter λ 0.16

Purity P 0.9

Fluorescence probability idler PI 0.035

Fluorescence probability signal PS 0.009

The squeezing parameter was taken to be the same as in [64]; the experiment re-

ported in [64] was performed with the same power of the pump beam). The purity is a

lower bound estimate and primarily affected by our ability to filter out non-factorable

components in the (signal/idler) joint spectral distribution. We were limited in the

signal/idler filtering bandwidth as we used a single pair of angle tuned bandpass

filters in the beam path of signal and idler photons, immediately after a dichroic

mirror. Since the three beams pass through the filters at slightly different angles the

filters’ spectral edges are slightly shifted with respect to each other, effectively limit-

ing our tuning range. We calculate the degree of spectral purity for the given filter

bandwidth of 10 − 15 nm and obtain a value of approximately ≈ 90% purity. The

uncorrelated noise probability is obtained from a measurement of the heralded g(2)(0)

in [64] (supplementary). We perform a fit of the g(2)(0) to our model and use PI as a

free parameter. PS is chosen to be 1/4 of PI as the background noise for the signals is

significantly smaller. The ratio of PS
PI
≈ 0.25 was obtained by comparing background

noise levels of signal and idler photons with a single photon spectrometer. When the



B.2 SIMULATION OF THE EXPERIMENT 178

pump polarisation is rotated by 90 degree we lose phase-matching, allowing us to

observe the background noise only at the given input power.



Appendix C

Proof Integer Chern Number

Equation 5.8 due to the Stokes theorem is zero for continuously defined function An:

Cn =
1

2πi

∫
∂BZ

An (C.1)

This is due to the Brillouin zone being equipped with torus topology T d. Since

the Torus has no boundary the integral vanishes as it is executed over an empty set

∂BZ = ∂T d = ∅. The requirement for a non-zero Chern-number is therefore that

the Berry connection An cannot be continuously defined over the Brillouin zone. The

authors of [34, 97] partition the integral into two regions,

Cn =
1

2πi
(

∫
∂S

An +

∫
∂S′
A′n) (C.2)

where different gauges are chosen An, A′n in the regions S and S ′, which remove

the singularity over the integration region. ∂S = −∂S ′ is a boundary between the
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regions. This can be expressed in terms of the Berry phase as

Cn =
1

2πi
(γ − γ′) (C.3)

where the difference (γ−γ′) will be an integer multiple of 2πi, since the Berry phases

are integrated along the same path ∂S and the Berry phase along a closed path is

defined up to a an integer multiple of 2π. To illustrate this, I will give a brief example

from [97]. They consider a vector on the Bloch-sphere, the underlying manifold in

this case is S2. This could for example describe the polarisation state of a single

photon.

|ψ〉A =

(
cos(θ/2)

eiφ sin(θ/2)

)
(C.4)

The state is singular for θ = π, since the φ becomes undefined as θ passes through

the pole. We are free to choose a phase for every point on the Bloch-sphere eiΦ(θ,φ).

This corresponds to a U(1) gauge freedom. The vector expressed in another possible

gauge is then:

|ψ〉A′ =

(
e−iφ cos(θ/2)

sin(θ/2)

)
(C.5)

Here, the singularity appears for θ = 0. We note that the Berry connection takes the

function of a U(1) gauge field, which can be seen in the way it behaves under a gauge

transformation. The Berry gauge potential A and A′ become:

A = A〈ψ|d|ψ〉A =
1

2
i(1− cos(θ))dφ (C.6)

A′ = A′〈ψ|d|ψ〉A′ = −1

2
i(1 + cos(θ))dφ
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Here, d is the Cartan exterior derivative. It is also noted in [97] that the transforma-

tion from one U(1) gauge to another takes the familiar form of the original potential

to which the gradient of a scalar field is added:

A′ = A− idφ (C.7)

We execute the integration over the Berry curvature on the two hemispheres of S2. We

choose for each integration a gauge that removes the singularity in each integration

region. This means we select A for θ ∈ [0, π/2] and A′ for θ ∈ [π/2, π]. This is a

valid approach, because of the gauge invariance of the Berry curvature. Using Gauss’s

theorem we can replace the integration of the Berry curvature over the hemisphere

by an integration of the Berry phase over the edge of the hemisphere (cf. Equations

5.8,C.1), which is the equator at θ = π/2. We now integrate the Berry phase in both

gauges A and A′ along the equator θ = π/2 and calculate the Chern number C.2.

C =
1

4π
(

∫ 2π

0

dφ−
∫ 0

2π

dφ) = 1 (C.8)

We indeed obtain an integer value for the Chern number.



Appendix D

Developing femtosecond written

multimode interferometers for

multi-photon interferometry

D.1 Multimode interferometers

We can also use femtosecond writing to fabricate integrated interferometers [125, 126,

127, 63, 128] for use in multi-photon interference experiments. To this end I developed

a Matlab based function library enabling the design of integrated circuits. In Figures

D.1 and D.2 examples of a 4x4 “Quitter” and an 8x8 “Octopus” are shown.

This 4x4 interferometer consists of a series of four evanescently coupled beam-

splitters connected by path-length matched waveguides.
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Figure D.1: 4x4 integrated interferometer “Quitter”

Figure D.2: 8x8 integrated interferometer “Octopus”
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D.2 The SLM as a characterisation tool for large

multimode interferometers

Since we can easily adjust the phase, position and intensity of the beams projected

by the SLM we can implement a characterisation method suggested by Rahimi et.

al. [120]. In a first step individual beams are inserted into each arm of the on-chip

interferometer to obtain the splitting ratios. Then a reference beam is coupled to

one port of the interferometer, while a moving second probe beam couples to every

other port, simultaneously sweeping the phase offset between the reference and the

probe beam. At the output of the device the variation in intensity is recorded for

each input configuration and relative phase angle. If we insert coherent states |α1〉

and |α2〉 = |eiφα2〉 into port 1 and j of the interferometer, the intensity Ik at the kth

output port is given by [120]:

Ik = I(r2
1k + r2

jk + 2r1krjk cos(φ+ θjk)) (D.1)

Where rjk and θjk are amplitude and phase of the unitary interferometer respectively.

Ujk = rjke
iθjk . In Figure D.3 several input configurations and measured output beams

for a random 4x4 coupler are illustrated.

In Figure D.5 the characterisation data for a 4x4 unitary interferometer is shown.

To verify the unitarity of the matrix obtained, I calculate UU †. The result is shown

in Figure D.6. As expected the resulting matrix is close to unity.
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Figure D.3: 4x4 four coupler.Left panel: SLM image of the input beams. Right
panel: Camera image of the output beams a) Single input beam b) Reference and
probe beam c) Probe beam with a π phase offset.

Figure D.4: Recorded output intensity at two ports, as the relative phase between
reference and probe beam is scanned.
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Figure D.5: Characterisation data of a 4x4 unitary interferometer

Figure D.6: |UU †|



Appendix E

Derivation of waveguide distortion

Following and elaborating [106]: Our starting point are displacements of the hexag-

onal lattice sites of the form: uA(r) = AeiG·r, uB(r) = Be−iG·r, where we have

written the vectors uA(r), uB(r) as complex numbers. G = K+ −K− = 2K+. The

associated displacement vector is simply: uAB(r) =
(

Re[uAB ]
Im[uAB ]

)
. In Figure E.1 the site

Figure E.1: Graphene lattice displacement with two triangular sub-lattices in blue
and red, vectors between nearest neighbours sj and displacement vectors uA(r) and
uB(r) indicated.

displacements are illustrated. For a lattice site in sublattice A at position rAB the

site is displaced to rAB → rAB+uAB(r). We now introduced the cubic roots of unity:
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zj = ei2π/3(j−1), which satisfy:

3∑
j=1

zj = 0 (E.1)

3∑
j=1

z2
j = 0 (E.2)

3∑
j=1

z3
j = 3 (E.3)

The same set of relations applies to their complex conjugate z∗j . We can also write

them in the form zj = eiK+·sj and z∗j = eiK−·sj . Another useful relation is: z2
j = z∗j .

Furthermore, we can write the complex nearest neighbour vectors as: sj = −ia0zj.

Using z2
j = z∗j we obtain: uB(r + sj) = uB(r)z∗j A change in bond length along the

jth bond can then be written as:

δsj/a0 =
1

a0

|sj − (uA(r) + uB(r + sj)| − 1 (E.4)

=
1

a0

{(sj − (uA(r) + uB(r + sj))) (E.5)

· (s∗j − (u∗A(r) + u∗B(r + sj)))}1/2 − 1

≈ {1− 1

a2
0

s∗j(uA(r) + uB(r + sj)) + c.c.}1/2 − 1 (E.6)

≈ −1

2

s∗j
a2

0

(uA(r) + uB(r + sj)) + c.c. (E.7)

We have made two approximations, first we ignored terms quadratic in the displace-

ments and then we expanded the square root to first order in the displacements. We

then substitute the explicit expressions for the displacements and using sj = −ia0zj
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as well as z2
j = z∗j , we write:

δsj = − i
2
{z∗j (AeiG·r + Be−iG·rz∗j )}+ c.c. (E.8)

= − i
2
z∗j e
−iG·r(A+ B∗) + c.c. (E.9)

Let us now assume that we have an exponential coupling between sites at r and r+sj,

which is of the form: tr,sj = te−γδsj

tr,sj ≈ t− γtδsj (E.10)

= t+ δr,sj (E.11)

δr,sj = αzje
iG·r + α∗z∗j e

−iG·r, (E.12)

where α = − i
2
γt(A∗ + B). The Hamiltonian Hc then reads:

Hc =
∑
r∈A

3∑
j=1

(αzje
iG·r + α∗z∗j e

−iG·r)a†(r)b(r + sj) + h.c. (E.13)

We now insert the Fourier transform of the ladder operators:{
a(r)

b(r)

}
=

1√
N

∑
k∈BZ

eikr

{
a(k)

b(k)

}
(E.14)
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and obtain:

Hc = 1/N
∑
r∈A

∑
k,k′

3∑
j=1

(ei(k
′−(k−G))reik

′sjαzj + ...)a†(k)b(k′) + h.c.. (E.15)

With the definition of the delta function we obtain:

Hc =
∑
k

3∑
j=1

(ei(k−G)sjαzj)a
†(k)b(k−G) + ...+ h.c.. (E.16)

Next, we separate the sum over k into two parts around the two Dirac points. k =

p+K+ and k = p+K−.

Hc =
∑
p

3∑
j=1

(ei(p+K−)sjαzj)a
†(p+K+)b(p+K−) + ...+ h.c. (E.17)

≈
∑
p

3αa†(p+K+)b(p+K−) + h.c. (E.18)

=
∑
p

3αa†+(p)b−(p) + h.c. (E.19)

In the second step we have used that p � K− and
∑3

j=1 z
∗3
j = 3. Next, we identify

3α = −3i
2
γt(A + B∗) = ∆(r) and read off A = 1i

3γt
∆(r), B = A∗. The complex

displacements vectors are then:

uA(r) =
1i

3γt
∆(r)eiG·r (E.20)

uB(r) = − 1i

3γt
∆∗(r)e−iG·r (E.21)
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And the vector valued displacements are:

uA(r) =
1i

6γt
∆(r)eiG·r

(
1

+i

)
+ c.c. (E.22)

uB(r) =
1i

6γt
∆(r)eiG·r

(
1

−i

)
+ c.c. (E.23)
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A. Szameit, “Strain-induced pseudomagnetic field and photonic Landau levels

in dielectric structures,” Nature Photonics, vol. 7, no. 2, p. 153, 2013.

[37] M. C. Rechtsman, Y. Lumer, Y. Plotnik, A. Perez-Leija, A. Szameit, and

M. Segev, “Topological protection of photonic path entanglement,” Optica,

vol. 3, no. 9, pp. 925–930, 2016.

[38] J. Noh, W. A. Benalcazar, S. Huang, M. J. Collins, K. P. Chen, T. L. Hughes,

and M. C. Rechtsman, “Topological protection of photonic mid-gap defect

modes,” Nature Photonics, p. 1, 2018.

[39] A. Blanco-Redondo, B. Bell, D. Oren, B. J. Eggleton, and M. Segev, “Topo-

logical protection of biphoton states,” Science, vol. 362, no. 6414, pp. 568–571,

2018.

[40] T. Iadecola, T. Schuster, and C. Chamon, “Non-abelian braiding of light,”

Physical review letters, vol. 117, no. 7, p. 73901, 2016.

[41] R. Jackiw and P. Rossi, “Zero modes of the vortex-fermion system,” Nuclear

Physics B, vol. 190, no. 4, pp. 681–691, 1981.

195



[42] A. Szameit and S. Nolte, “Discrete optics in femtosecond-laser-written pho-

tonic structures,” Journal of Physics B: Atomic, Molecular and Optical Physics,

vol. 43, no. 16, p. 163001, 2010.

[43] L. Huang, P. S. Salter, F. Payne, and M. J. Booth, “Aberration correction

for direct laser written waveguides in a transverse geometry,” Optics Express,

vol. 24, no. 10, p. 10565, 2016.

[44] C. Chamon, R. Jackiw, Y. Nishida, S.-Y. Pi, and L. Santos, “Quantizing

Majorana fermions in a superconductor,” Physical Review B, vol. 81, no. 22,

p. 224515, 2010.
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