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Abstract

This thesis is concerned with applications of sieve methods to two Dio-

phantine problems.

The first problem requires us to prove the existence of a certain infinite
configuration of sums of two squares. Namely, the aim is to exhibit two
increasing sequences of integers a; and m; such that m; —a;, = O+ O for
every 1 <4 < j. This set-up has a geometric interpretation which arises
naturally in the field of quantum chaos. We tackle this problem using a
modified half-dimensional Maynard-Tao sieve, and present details of the

argument in Chapter 2.

The second problem asks us to show that a certain Diophantine equa-
tion has few integer solutions. We approach this problem by adapting
the polynomial sieve developed by Browning and using the work of Weil
and Deligne to obtain appropriate estimates for various exponential sums
which naturally arise. As a corollary to the main result, we will deduce
that polynomials with integer coefficients have “small asymmetric addi-
tive energy,” a result which has various applications in the literature. We

give the details of this argument in Chapter 3.
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Chapter 1

Introduction

The most fundamental objects in mathematics are the prime numbers. These elemen-
tary objects have fascinated mathematicians since the time of Euclid, and have proved
to be an exceptionally good source of simple-to-state, yet seemingly intractable, math-

ematical problems.

In recent times, the field of prime number theory has enjoyed immense progress.
The development of powerful sieve methods has enabled analytic number theorists
to shed new light on these elementary, yet mysterious, objects. In particular, in the
last two decades there has been a flurry of activity concerning small gaps between
primes. Although plenty of questions continue to elude us - are there infinitely many
twin primes? - we now have a much greater understanding of the local statistics of

primes.

The story by now is familiar; it begins in 2005, when Goldston, Pintz and Yildirim [11]
(henceforth referred to collectively as GPY) succeeded in showing that there exist con-
secutive primes which are closer than any arbitrarily small multiple of the average
spacing. This was a huge breakthrough, which brought us ever closer to answering
questions about prime numbers which have confounded us for millennia. Moreover,
GPY could obtain bounded gaps between primes provided one could go slightly be-
yond the square-root barrier in the Bombieri-Vinogradov theorem. Later, in 2013,
Zhang [29] spectacularly succeeded in doing this exactly this, for a special type of
moduli. This weaker result proved to be sufficient to establish, for the first time,

bounded gaps between primes.

Later that same year, Maynard [21] (and independently Tao, unpublished) pushed
the theory in another direction. They developed the so-called Maynard-Tao sieve;



a powerful new sieve method which was considerably more flexible than the sieve
method inherent in the work of GPY and Zhang. Using this, Maynard was able to
establish vastly superior results (even without requiring one to extend the Bombieri-

Vinogradov theorem).

As is well known, sieve methods are very flexible tools, and so the same method-
ologies inherent in the works above can be transferred to other problems which may
look superficially quite different. Thus, although the work in this thesis is not directly
related to bounded gaps between primes, to convey the ideas accurately it is instruc-
tive to begin by reflecting on some of the main ideas underlying the works above. In
particular, the work of GPY and Maynard is directly relevant and applicable to the

problems I will focus on in later chapters.

Thus, the contents of this introductory chapter are as follows: in Section 1.1 we
will give a broad overview of what sieves are, and how they are used in analytic
number theory. In Section 1.2 we will describe a particular sieve method called the
Selberg sieve. In Section 1.3 we will describe the GPY method for detecting small
gaps between primes, and in Section 1.4 we will discuss the Maynard-Tao sieve. Fi-
nally, in Section 1.5 we will look at how sieves can be used to count solutions to

Diophantine equations.

1.1 Sieves

Sieves are tools used by analytic number theorists to count prime numbers and more
generally patterns in prime numbers. As mentioned above, sieves are flexible tools
and may also count patterns in other sets of arithmetic interest. For example, we
may use sieves to count numbers representable as a sum of two squares; a case of
particular interest to us in this thesis. As observed by Hooley [15], we may also use
sieves to count solutions to Diophantine equations. We will discuss this in more detail

in Section 1.5.

The first sieve technique on record can be traced back to a Greek polymath by the
name of Eratosthenes of Cyrene, who was active in the third century BC. We note
the trivial fact that any composite integer less than X (say) necessarily has a prime
factor less than v/X. Using this, Eratosthenes realised that one could compute prime

numbers up to X by writing all the integers up to X in a long list and “crossing



off” the multiples of primes less than v/X. The terminology arises as this algorithm

clearly resembles a “sieving process” in which only the prime numbers survive.

An analytic implementation of this process is due to the French mathematician Leg-
endre. We can realise the above algorithm as an inclusion-exclusion process. Let us

introduce the Mdbius function pu(n), defined to be

(1.1.1)

(—=1)* if n=p;...pg is square-free,
p(n) = .
0 otherwise

and satisfying the important convolution identity

1 ifn=1,
%Mw:{o (1.1.2)

otherwise.

We begin with a finite set of integers A C Z, a set of primes P C P, and a parameter

z > 1. From this data we form the product

P(z) =[] » (1.1.3)
=

We would like to count the elements of A which are free from prime factors less than
z. Let us call this count S(A, z), the sifted set. We may express this quantity succintly
as

S(A,z) =#{ne A: (n,P(2)) =1}. (1.1.4)

Using (1.1.2), one immediately derives the following identity, which is often referred

to as the Legendre identity:

S(A z)= ) uld)#{n e A:dn}. (1.1.5)

d|P(z)

For special choices of parameters, it would be desirable to obtain good estimates for

the sifted set. For example, up to negligible errors, we have the following:
1. Primes: if A= {n < X} and P = P then S(A, X'/?) counts primes up to X.

2. Patterns in primes: if A = {n(n+2) < X} and P = P then S(A, X'/?) counts

twin primes up to X.

3. Sums of two squares: if A={n < X} and P={p e P:p=3(mod4)} then

S(A, X'/2) counts sums of two squares up to X.



Legendre’s identity tells us that we can can get a handle on these sets provided that
we can understand A well in arithmetic progressions; in modern parlance, we call this

Type I information about A.

To proceed, we typically make the assumption that we have estimates of type
4{n € A:dln} = #Ag(d) + 14 (1.1.6)

available. Here, g is a multiplicative function and ry is a remainder term which we
think of as being small. Such an approximation is true for most sets .4 which arise
naturally. One should have in mind the example ¢g(d) = 1/d and r4 = {X/d}, which

is the case of interest when we sieve for primes less than X like in example (1) above.

Typically we cannot use any information about the numbers r; other than their size;
in particular, exploiting cancellation with sign changes of the Mobius function is as-
sumed to be out of the question. Thus, with assumption (1.1.6) we rewrite Legendre’s

identity as follows:

S(42) = #4 Y w(g@) + O Y ). (1.17)
d|P(z) d|P(z)

Unfortunately this means, in practice, to control the error terms we are forced to
take z to be quite small. In particular, for the three interesting examples considered
above, we are taking z substantially larger than any error term estimates would allow

us to, and we cannot conclude anything non-trivial about S(.A, z) via equation (1.1.7).

In some sense, this simple identity is the starting point for modern sieve theory.
One now attempts to come up with alternative set-ups which allow one to obtain
estimates valid for larger ranges of z, by modifying the underlying inclusion-exclusion
process and introducing various auxiliary parameters. Typically, this involves finding
majorants and minorants to the convolution identity (1.1.2). We call such objects
sieve weights. In the next section I will introduce a particularly elegant upper bound
sieve method due to Selberg, which is a vital building block for the theory which will

follow.



1.2 The Selberg sieve

Let (Ag)52, be any sequence of real-valued weights such that \; = 1 and Ay = 0

whenever d > R (say). From equation (1.1.2) it is clear that we have an upper bound
2
> p(d) < (ZAd> . (1.2.1)
dn dn

All we are using here is the fact squares of real numbers are non-negative. This simple
observation, due to Selberg [25], allows one to obtain upper bounds on the sifted set
S(A, z). Indeed, we have

S(A,z)§Z( > /\d) = > Mda#{n € A:di, do]n}

neA “d|(n,P(z)) d1,d2|P(z)
44 Y Madaalldnd) +0( X Dalbalraal). (122)
di1,d2|P(2) d1,da<R

where we have used assumption (1.1.6) to estimate A in arithmetic progressions.

Provided the function g is suitably regular, the main term can be viewed as a quadratic
form in the coefficients Ay, which can then be minimised using standard techniques
(with the idea being the error term takes care of itself and is suitably small). For

example, if the function g satisfies the natural regularity hypothesis

Z g(p)logp = Klog% +O(1) (1.2.3)

w<p<y
peEP

for all 2 < w < y and some constant k > 0, called the sieve dimension, one can show

the optimal weights \; are (asymptotically) of the form
A = pu(d)(log R/d)" (1.2.4)

i.e. a smoothed Mobius function.

For instance, in the example where we sieve for primes, we take our sieving func-
tion to be g(p) = 1/p and hence, by standard Mertens-type estimates for sums over

primes, we satisfy (1.2.3) with k = 1. In view of the convolution identity

A(n) == p(d)logd, (1.2.5)

dln



where here A(n) denotes the von Mangoldt function

1 if n = pk
Afn) = 8P B =D (1.2.6)
0 otherwise,

we can interpret this smoothing as dampening the contribution from highly compos-
ite integers, and hence a natural weight in light of the (arithmetic) sifted set we are

trying to estimate.

When we sieve for sums of two squares - a case of particular importance in this
thesis - our sieving function satisfies (1.2.3) with x = 1/2. Thus, from the point of
view of sieve theory, primes form a “one-dimensional” (or simply “linear”) problem
whereas sums of two squares form a “half-dimensional” problem. This reduction in

the size of k has some benefits which we will discuss later.

1.3 The GPY set-up

The authors GPY [11] employed a variant of the Selberg sieve in order to detect primes
which are close together. To frame things in a slightly more general context which will
be useful later, we first recall the following conjecture due to Hardy and Littlewood,

which completely describes the small-scale structure of the prime numbers.

Conjecture (Hardy-Littlewood prime k-tuple conjecture). Fiz a k-tuple of integers
H={hi,...,h}. We have

X
(log X)*

sH) =] (1 - U”;p)) (1 - zl?) B (1.3.2)

#{n<X:n+hy,...,n+ hg are prime} ~ S(H) (1.3.1)

where

and

vn(p) = {1 <@ <p: J[(@+hi) =0 (mod p)}. (1.3.3)

We recall that H is called admissible if vy (p) < p for every prime p. In particular, this
conjecture implies that whenever H is admissible, there exist infinitely many integers
n for which the translates n + h; are simultaneously prime. In the special case when
our admissible set is H = {0, 2}, this conjecture reduces to the famous twin prime

conjecture.



In order to analyse this conjecture, GPY considered the following set-up: let us
examine the sum i
S = Z ( Ip(n + h;) — m> W, (1.3.4)
N<n<2N N i=1
where w,, are non-negative weights. If one could show S was positive for all sufficiently
large N, then, by positivity, one obtains infinitely many integers n for which at least
m + 1 of the linear forms n + h; are simultaneously prime. Thus, one would like
to choose weights concentrated on when “many” of the translates n + h; are prime,
whilst being analytically tractable enough so one can handle the sieve sums which

arise. (This last point should not be understated!)

Naturally, this led GPY to consider using sieve weights. In clear reference to the

optimal Selberg sieve weights (of dimension k), GPY chose their weights to be of the

wn:< > )\d)2 (1.3.5)

d| TTi=y (nthe)

form

where

M = p(d)(log R/d)**. (1.3.6)

The GPY weights are slightly more general than the optimal Selberg sieve weights (of
dimension k). Here 0 <[ < k is a parameter which they were free to optimise, subject
to the constraint [ = o(k). This extra degree of freedom is in fact important for their
argument, and arises because the GPY set-up is not a pure k-dimensional sieving
problem (as one may expect when sieving for primes in a k-tuple). In actuality it is
slightly more complicated, due to the fact there is a optimising step in the argument:
one must balance the sieve estimates coming from the terms corresponding to primes

and the terms corresponding to integers.

As mentioned at the beginning of this section, these weights just missed being able
to prove bounded gaps between primes, yet were still able to prove interesting and

novel results such as

liminf 22— P _ g (1.3.7)
n—oo  logpy

Here, by the prime number theorem, log p,, is understood to be the size of the average

gap near the n’th prime. This result was then improved upon in subsequent papers.



Having said this, any improvement on the range of moduli allowable in the Bombieri-
Vinogradov theorem would yield bounded gaps between primes via this method. This
is the aspect of the GPY method which Zhang [29] improved upon: it turns out one
can improve the range of moduli in certain special situations which is sufficient for
the GPY argument to go through as before. This important work goes in a somewhat
orthogonal direction to the rest of this thesis, and so we will not discuss Zhang’s in-
sightful contributions to the subject any further; suffice to say, the main result proved,
namely

lim glf(pn+l — pn) < 70 million, (1.3.8)

n—

was a landmark achievement in analytic number theory.

Before moving on, we remark here that there exists a famous fundamental obstruc-
tion to producing primes via sieves called the parity problem, which informally says
that sieves cannot distinguish between numbers with an even or odd number of prime
factors solely using Type I information. The GPY method circumvents this issue by
producing primes via the pigeonhole principle. In this context, the parity problem
manifests itself as saying the expected “main term” contribution from the 1p(n + h)
terms can be at most the contribution from the constant term 1/2. (In particular, one
could never prove the existence of infinitely many twin primes via the GPY method

as presented above.)

1.4 The Maynard-Tao sieve

The key insight of Maynard [21] (and Tao independently, unpublished) was to consider
more general sieve weights in the GPY set-up which were considerably more flexible.

The Maynard-Tao sieve weights take the form
2
d¢|n+h,~ Vi

where now

k R R
~ VF| log —. ... log — 1.4.2
)\d1,...,dk :J;Il:,u(dz) ( og dl’ , 108 dk) ( )

and F' is a suitably smooth function which one is free to optimise at the end of the

argument.

It is the extra flexibility afforded by considering divisors of each translate n + h;



individually which allows the Maynard-Tao sieve to go much further than the GPY

sieve considered above. For instance, it is shown that
lim inf(p,+1 — p,) < 600, (1.4.3)
n—oo
and, more generally, for any integer m > 2 we have

HmAnf (ppym — pn) < m°e*™. (1.4.4)

n—oo

These bounds were subsequently improved by the Polymath8b project [24] which in-
troduced lots of fine refinements to the Maynard-Tao sieve and optimised many minor
arguments. They can also be improved further, conditionally, if one assumes exten-
sions to the Bombieri-Vinogradov theorem (such as the Elliot-Halberstam conjecture)
hold.

In Chapter 2 we will look at a problem which is reminiscent of the prime k-tuples
conjecture, except we are now interested in sums of two squares rather than primes.
Hence, from the perspective of sieve theory, the sieving dimension is halved and our
problem becomes easier. A natural tool to use in this context is the half-dimensional
Maynard-Tao sieve. For our purposes, this means that one can obtain quantitatively

far superior results when dealing with sums of two squares instead of primes.

For example, let us fix an admissible set {hy, ..., hx}. Then the (standard) Maynard-
Tao sieve, applied as in [21], can be used to show that > logk of the translates
n+ hy,...,n+ hy are simultaneously prime, infinitely often. On the other hand, the
half-dimensional Maynard-Tao sieve, applied in exactly the same way, can be used to
show that > k'/2 of the translates n+ hq,...,n+ h; are simultaneously sums of two

squares, infinitely often - a substantial improvement.

However, it should be emphasised that this boost in the numerics is not the rea-
son why our argument works for sums of two squares and not for primes. Rather,
crucially, it relies on the fact that one can estimate two-point correlations of sums of

two squares. Such estimates are of course not available for primes.

Our problem additionally requires us to have some extra control over which ele-
ments survive the sieving process. This necessitates a modification of the sieve and a
second moment estimate (thus going beyond the GPY set-up, which is a first moment
method). This problem will be described fully in Chapter 2.

9



1.5 Detecting solutions to Diophantine equations
with sieves

As a further indication to their versatility, one can use sieves to count solutions to
Diophantine equations. The philosophy is straightforward and reminiscent of the fa-
mous “local-global” principle: one can attempt to show that a certain Diophantine
equation has few integer solutions by showing that it doesn’t have lots of local solu-

tions for “many” primes p.

This idea was first observed by Hooley [15] in the 1980s, who used a generalised

Selberg sieve to count solutions to the equation
4w =2l 2l (1.5.1)

where x; € [1, BINZ for each i. This degree 3 equation has 4 variables, and thus lands
awkwardly outside the range of Diophantine equations treatable via traditional meth-
ods such as the circle method or the determinant method. In this regime, one notes
that there are 2B? “trivial” solutions of the form (a, b, a,b) and (a,b,b,a), and one
would expect there to be very few (if any) other solutions (an expectation supported
by standard heuristics in the field of arithmetic geometry). Indeed, Hooley showed
that there are at most o(B?) “non-trivial” solutions, and in later work [16, 18], he

generalised his method to work for equal sums of two k’th powers for any k& > 3.

Today, a particularly clean sieve method in this context has been developed by Brown-
ing [4], known as the polynomial sieve. This sieve method extends the square sieve
of Heath-Brown [12] and the power sieve of Munshi [22], and will be presented in
Chapter 3. In particular, it allows us to take a set A C Z™ and a polynomial
F € Z[xg,x1,...,2y], and detect solutions to the equation F(yo,%1,...,Ym) = 0
where yo € Z and (y1,...,ym) € A.

We will apply the polynomial sieve to count solutions to the equation

f(@1) + f(22) = flws) + fza) + K (1.5.2)

where f is a polynomial with integer coefficients, and k is a fixed non-zero integer. We
call this the asymmetric additive energy of the polynomial f (with respect to k), and
recently it has been realised by various authors that estimates for this quantity would

have applications in the literature. We will discuss this in more detail in Chapter 3.

10



To demonstrate how the sieve method works in this context, it is instructive to study
the cubic equation (1.5.1) considered by Hooley in more detail. One first makes a
change of variables which allows us to easily isolate the trivial solutions described

above: rewriting our equation in the factorised form
(z1 — 23) (27 + 2173 + 23) = (T4 — T2) (2] + Doy + 73), (1.5.3)
an appropriate substitution of variables yields the equivalent equation

yi(yt + 3y3) = ys(y3 + 3y3). (1.5.4)

We now fix y3 # 0 and count solutions to the simpler equation which remains. There
are some extra complications which arise whenever y; and y3 have a large ged, relating
to “trivial” solutions modulo the ged which we have to work a bit harder to rule out.
For simplicity, let us suppose that these variables are coprime. The benefit of this

set-up is that we can restrict our attention to the set
{(y1,92) € ([1, BINZ)* : yi + 3y5 = 0 (mod y3)}, (1.5.5)

thereby retaining the trivial bound of O(B%*") when we apply the sieve. This means
we only need to win a tiny amount via the sieve to show the desired estimate of o(B?)
for the number of non-trivial solutions. (Typically, one obtains power-savings via this
method.)

The sieve method works in this context provided one has good estimates available for
the local counts of solutions. These local counts manifest as exponential sums over

certain algebraic varieties, such as

> e(@) (1.5.6)

z,y€F,

22 +3y%=0
(here, M and N are integers reduced modulo p). One requires square-root cancellation
for these exponential sums (in the generic case). Hence, to continue, it is necessary to
invoke the work of Weil [28] and Deligne [9] concerning the Riemann Hypothesis for
varieties over finite fields. Thus, although the sieve method as presented is ostensibly
a tool belonging to the realm of analysis, to execute it effectively one has recourse to

deep methods in algebraic geometry.

11



Chapter 2

A variation of the prime k-tuples
conjecture with applications to
quantum limits

Let H* = {hq, ha, ...} be an ordered set of integers. We give sufficient conditions for
the existence of increasing sequences of natural numbers a; and ny such that ng + hy,
is a sum of two squares for every £ > 1 and 1 < j < k. Our method uses a novel
modification of the Maynard-Tao sieve together with a second moment estimate. As
a special case of our result, we deduce a conjecture due to D. Jakobson which has

several implications for quantum limits on flat tori.

2.1 Introduction

We say that aset H = {hy,. .., hi} of distinct integers is admissible if #{H (mod p)} <
p for every prime p. An outstanding problem in analytic number theory is the prime

k-tuples conjecture, which asserts the following.

Conjecture 2.1.1. Let H = {hq,..., hi} be admissible. Then there exists infinitely

many integers n such that the translates n + hy, ..., n + hy are prime.

A proof of this conjecture is far out of reach of current techniques. However, we
have been successful in establishing various weak versions of this result using sieve
methods. For example, the Maynard-Tao sieve can be used to show that > log k of
the translates are simultaneously prime infinitely often, when k£ is sufficiently large
(cf. [21, 24]).

We extend the definition of admissibility to infinite ordered sets and say H* =

12



{h1, hs,...} is admissible if the finite truncation {hi,...,ht} C H* is admissible
for every k£ > 1. In this chapter, we are interested in the following variation of this

conjecture, for numbers representable as a sum of two squares.

Conjecture 2.1.2. Let H* = {hq, ho, ...} be admissible. Then there exists an increas-
ing sequence of integers ny such that, for every k > 1, the translates np+hq, . .., ng+hs

are sums of two squares.

We remark that if we replaced “sums of two squares” with “prime” here, then this
would simply be a reformulation of Conjecture 2.1.1. (It is easy to show that any

finite admissible set can be extended to an infinite admissible set.)

Our interest in this version of the conjecture stems from a problem which appears
towards the end of D. Jakobson’s “Quantum limits on flat tori” paper [19]. In this
paper Jakobson is concerned with characterising the possible quantum limits that can
arise on the standard flat d-dimensional torus T? = R?/Z%. A complete classification
of such objects is established in two dimensions, with possible behaviours in higher
dimensions described unconditionally for d > 4, and conditionally for d = 3 on a

weak version of Conjecture 2.1.2 (cf. [19, Conjecture 8.2]).

In this chapter, we establish Jakobson’s conjecture.

Theorem 2.1.3. There ewists increasing sequences of natural numbers a; and M,
such that My — a? is a sum of two squares for 1 < j < k. Moreover, the sequence a;

18 such that:
1. ry(a;) < raajyr) for all j > 1.

2. The even parts are uniformly bounded; that is to say, if we write a; = 2bﬂ'mj
where (m;,2) =1, then b; = O(1) uniformly for j > 1.

Here, ro(n) denotes the number of representations of n as a sum of two squares. We

deduce Theorem 2.1.3 from the following general result.

Theorem 2.1.4. Let H* = {hy, ha,...} be admissible such that each h; is divisible
by 4. Then there exists increasing sequences of natural numbers a; and ny such that

Ny + ha; s a sum of two squares for every k > 1 and 1 < j < k.

13



For example, Theorem 2.1.4 applied to the admissible set H* = {hq, ho,...} with

elements h; = —(2 - 5%)?, yields a solution to Theorem 2.1.3.

As mentioned above, Theorem 2.1.3 allows us conclude results about quantum
limits on flat tori. Let (););>1 be a sequence of eigenvalues of the Laplace operator
V on T? such that A\; — oo, and let ¢; be corresponding eigenfunctions with
]|, = 1. If the sequence of probability measures dp; = |¢;|*dz has a weak-* limit

dv, then we call dv a quantum limit. (Here dz is the normalised Riemannian volume.)

It can be shown that all limits of such sequences du; are absolutely continu-
ous with respect to the Lebesgue measure on T? (cf. [19, Theorem 1.3]), and so one

can consider the Fourier expansion

dv = Z e, 2™ g (2.1.1)

TeL?
Among other things, Jakobson shows that in two dimensions all quantum limits are
necessarily trigonometric polynomials (cf. [19, Theorem 1.2]). The same result isn’t
true for d > 4, and conjecturally not true for d = 3 either (cf. [19, Conjecture 8.2
and the following discussion). With Theorem 2.1.3, we can now complete this aspect

of the classification of quantum limits on flat tori.

Theorem 2.1.5. There exists quantum limits on T3 that are not trigonometric poly-

nomials.

As further consequences to Theorem 2.1.3 we are able to show the following results

for quantum limits whose Fourier expansions are described as in (2.1.1).
Theorem 2.1.6. Let € > 0. We have the following.

(i) For d > 4 there exists quantum limits dv on T with densities that are not in
>~¢ (i.e. for which Yy _|c;|*>~¢ diverges).

(ii) For d > 5 there exists quantum limits dv on T? for which

X(p)

d—4—e

lim sup
p—oo P

= +OO,

where X(p) is defined as
20 = 3 Jedl 2.12)

Tezd
ITI<p

14



The results contained in Theorem 2.1.6 improve upon various results found in [19].
Part (i) was previously shown for d > 5, and has now been extended to the case d = 4
where it is now optimal (cf. [19, Theorem 1.4]). Part (ii) improves on the weaker

X(p)

lim sup ——— = 400
A

lower bound

which was shown for d > 6. The lower bound we prove is believed to be optimal for

all d > 5 (cf. [19, Proposition 1.2] and comments shortly after).

Remark 2.1.7. It is well-known that the eigenvalues of V on T? are the numbers
47?k for non-negative integers k, and they occur with multiplicity r4(k) (the number
of representations of k as the sum of d squares). This means various constructions
associated to quantum limits on flat tori can be translated to problems in number

theory involving sums of squares.

Remark 2.1.8. Jakobson shows how Theorem 2.1.3 follows from weak form of the
prime k-tuples conjecture, essentially by using the fact primes p = 1 (mod 4) are the
sum of two squares (cf. discussion at the end of [19, Section 8]). We note that the

weak form of the conjecture Jakobson uses is still far out of reach of current methods.

2.2 Outline of new sieve ideas

In this section, let A C N denote a set of arithmetic interest, which for our purposes is
the set of numbers representable as a sum of two squares (but the following discussion
holds more generally). We will denote random variables by boldfaced letters, for
example X. We will let P(-) denote a probability measure and by E[-] the expectation

operator.

2.2.1 A model problem

Our aim is to prove Theorem 2.1.4. By a pigeonhole argument (see Proposition 2.5.1),

it suffices to consider the following model problem.

Model Problem. Fiz an admissible set H* = {hy, hs, ...} of integers and a partition
H* = By U By U... where each bin B; is a fized, finite size k;. Is it the case that for
every M > 1 there exists elements hg,, ..., hq,, and infinitely many integers n such
that he; € Bj andn+hy; € A for 1 <j < M?

15



We realise the above set-up as the output of a sieving process. For notational purposes
we order B; = {hkgt. +ki_ 1415 - - - » Pkot..+k; } fOr i > 1, with the convention that ky = 0.
Let k = ko + ...+ ks for some large M. Given n € [N,2N) for some large N, let X
denote the random variable that counts the number of h € B; such that n + h € A,
and let X = X +...X},,. The current method we use to detect primes in k-tuples is

the GPY method. For general sets A, the aim is to show the first moment inequality

k
Sa= Y ( ILA(n—I—hi)—m>w(n) >0 (2.2.1)
N<n<2N N i=1
holds for some integer m > 1, where 14 denotes the indicator function of the set
A and w(n) are non-negative weights (cf. [11, 21, 24]). If we normalise the weights
to sum to 1, then this is saying “if we choose n randomly from the interval [N,2N)
with probability w(n), then E[X] > m.” From this we can deduce the existence of an
n € [N,2N) for which m + 1 of the translates n + h; € A. We say such a translate
has been “accepted.” Exactly which translates are accepted is unknown. This is a

limitation of the first moment method.

It is clear that for our model problem, we require more information about
which translates n + h appear. Namely, we need to be obtaining an accepted
translate from each of the M bins By,..., By (recall k = ko + ... + kyp). This

presents two obvious difficulties.

1. For any 1 < ¢ < k the probability of the event n + h; € A depends on k, and
tends to 0 as k — oco. This would mean any bin of fized size expects to get

fewer and fewer elements as k gets large. In particular, we cannot hope the
hypotheses hold for every M > 1.

2. Even in the situation where E[X;] > 1 holds for each 1 < i < M, we cannot
conclude anything about P((X; > 0)N...N (X > 0)) unless we input some

information about the joint distribution of the bins.

We are able to overcome these issues by modifying the sieve weights and using a

second moment estimate.

2.2.2 Choice of sieve weights

We solve the first problem by modifying the sieve weights to put more emphasis on

the earlier bins. This way, we can guarantee that P(n + h € A|lh € B;) = ¢; where

16



the constant ¢; depends solely on the bin. This also means that we can guarantee
E[X,] is large for each i (provided k; is large enough in terms of ¢;). We will consider

Maynard-Tao sieve weights with a fixed factorisation

M 2
= (2)
w(n) - ( Z )\dk0+..<+ki1+1,...,dk0+m+ki) ) (2,2,2)

di,...,d =1

where

ko+...+k;
(4) ~
)\dk0+.4,+ki,1+17-'~7dk0+.,.+ki ~ H :u<dj) fi<dk0+-~~+ki71+17 e 7dk’0+~--+k’i)’

j=ko+...+ki—1+1
(2.2.3)

and f; is a suitable smooth function supported on the simplex
ko+...+k;

RBini = {(xko+---+kz‘—1+17 e ’xk0+---+ki> € [O’ 1]]% 0< Z Z; < 61} (2'2°4)
j=ko+...+ki—1+1

Here (;);>1 is a sequence of real numbers such that >~ 3; <1 (cf. the sieve weights
defined in [21, Proposition 4.1]). We will take 8; = 27, and in this instance one might

say “we have allocated 50% of the sieve power to B;.”

2.2.3 Concentration of measure

We can deal with the second problem by showing the random variables X; exhibit
“enough” independence. This is precisely what concentration of measure arguments
are used for. For example, an application of the union bound and Chebychev’s in-

equality tells us that

M
E[X; — E[X;]]2
P(IX; — E[X;]| <t; forall i) >1—) X, t2[ i (2.2.5)
i=1 i

where t; > 1 are concentration parameters. Thus, if we can show the variances
E[X; — E[X;]]* are small, then we should be able to show each random variable
concentrates in a (small) interval about its mean with high probability. In particular,
we should be able to show that we get (at least) one accepted translate coming from
each bin after the sieving process. We implement this analytically by using a second

moment estimate (see Proposition 2.5.2).

Remark 2.2.1. A similar second moment estimate was considered by Banks, Freiberg
and Maynard in their paper [2]. They showed a partition result (for primes), where
the bins are allowed to grow with k. A key aspect of our work is that the bin sizes
are fixed. Moreover they only needed upper bounds of the correct order of magnitude

for the sieve sums, whereas we require precise asymptotics.
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2.2.4 Hooley’s p function.

In practice, utilising a second moment estimate requires an understanding of the

two-point correlations

Y paln+h)paln+n) (2.2.6)

N<n<2N
where p4 is a non-negative function supported on A. This means our methods are
limited to cases in which estimates of the above type are known. In particular we
cannot deal with the case of primes, as evaluating the above sum asymptotically with

1p or the von Mangoldt function A (say) is equivalent to the twin prime conjecture.

One can do much better when working with sums of two squares. We cannot
evaluate (2.2.6) asymptotically using the indicator function, but we can if we work
with the representation function 75(n) instead. Unfortunately ro(n) is too large for
our purposes, and it proves necessary to consider a weighted version instead. In
Hooley’s work [14] on the distribution of numbers representable as the sum of two

squares, he considers a weighted representation function p(n) = t(n)re(n) where

) =ty =y Y (1—1"”), (v=N") (2.2.7)

g2(a) log v

aln, a<v
pla=p=1 (mod 4)

and 6, is a suitably small, fixed constant (for example Hooley takes 6; = 1/20). Here
g2(p) is the multiplicative function defined on primes by

{2—% if p=1 (mod 4),

92(p) = (2.2.8)

1 if p =3 (mod 4).

p
The t(n) factor acts to dampen down the oscillations due to rq(n). Thus p(n) acts
a proxy for the indicator function 1,-p;n and moreover asymptotics for (2.2.6) are

available for p(n). This is the function we will be working with.

2.2.5 Outline of the chapter.

In Section 2.3 we deduce the results about quantum limits contained in Theo-
rem’s 2.1.5 and 2.1.6 from Theorem 2.1.3. In Section 2.5 we state a few preliminary
lemmas that will be needed in the sieve calculations. We defer the proofs of these
results to the Appendix. In Section 2.6 we state our main sieve results, and from
them we deduce Theorem 2.1.4. We isolate a key lemma (see Lemma 2.6.6) from
which all of our sieve estimates follow. Section 2.7 and Section 2.8 are dedicated to

proving this lemma.
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2.3 Proofs of quantum limit results

In this section we deduce the results of Theorem 2.1.5 and Theorem 2.1.6 from The-
orem 2.1.3. Following [19], we note that ¢y is an eigenfunction of the Laplacian on
T? with eigenvalue A\, = 47%n;, for some ny, € N if and only if its Fourier expansion is
of the form

orp(x) = Z age? &) (2.3.1)

Al
€12 =ny,

for a¢ € C. Moreover |lg]l, = 1 if and only if ) |ac|* = 1. Tt follows that

en(@)” = 3 b (k)

Tezd

(k)= Y ac, (2.3.2)

E—n=7
|€I2=[n|*=nk
Let dv be a quantum limit on T¢ with Fourier expansion as in (2.1.1). By
lor|?dz — dv weak-x as k — oo we mean that for every 7 € Z? we have

cr = limg_yo0 b (K).

Fix a1 < ao < ... and M; < My < ... as in the statement of Theorem 2.1.3,
and let bg»k), cg-k) € 7 be such
My, = a2+ (b)) + ()2 (1 <4 <k). (2.3.3)

Let € > 0 be sufficiently small, and let FF = F, : N — N be a rapidly increasing
function whose rate of growth will be specified later. As we are assuming both
a; — oo and r(a;) — 00, by passing to a subsequence if necessary (and relabelling

the indices of the sequence M}), we may suppose a;, r(a;) > F(i).

We will require information about the number of integer points on the surface
of the d-dimensional sphere. For this we recall the following results: writing n = 2¢m

and letting o(n) = >_,,, d denote the sum-of-divisors function, we have the identities

rs(n?) =6 [ (o) — (=1)"= o (p* 1)),

plim
r4(n?) = 240(m?),

ra(n?) = Cg(n*)n?% for d>5.
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Here Cy(n?) is a singular series which satisfies Cy(n?) =<4 1.

We prove each statement similarly - in each case we consider a suitable se-
quence of L2-normalised eigenfunctions with eigenvalues \;, = 472M,, and show that

the limit has the desired property.

Proof of (Theorem 2.1.8 = Theorem 2.1.5). Consider the sequence of L?-normalised

eigenfunctions on T? that arise by choosing coefficients

ae = {”%'W if £ = (j:aj,bg-),cé )Y for some 7,

0 otherwise.

Fix ¢ > 1. With this choice, for any k£ > i we obtain

o
b(2a¢,0,0)(k) = Z Aglny = ok _ 1 ) %’

because the a; are distinct and so the only contribution to the sum comes from
¢ = (ay, b(k), cgk)) and n = (—ay, M c(k)). Hence

) 101

] 1
C(24;,0,0) = ]}ggo b(zai,o,o)(m = Qi+1 >0,

which proves the theorem. O

Proof of (Theorem 2.1.3 = Theorem 2.1.6). 1t suffices to prove part (i) for d = 4, by
identifying the eigenfunctions on T¢ with the eigenfunctions on T4+ all of whose non-

zero frequencies lie in the subspace {(z1,...,2441) : Tgp1 = ... = g4 = 0} C Z4F

Consider the sequence of L?-normalised eigenvectors on T* that arise by choosing

0 — ,/2,3; - (2]'7«((113))1/2 if ¢ =(X,Y, bg- ),c§ )) for some j and X? +Y? = a?,

0 otherwise.

Fix ¢ and suppose k > i. From (2.3.2), and using positivity of the coefficients, we see
that

£nezs

ner
e=(X,Yp{" M)
n=(X",y" 6" )

i 07
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|bf<k>|2—ez(2k2f1>“.%. ( S 1)26

Enezd
E—n=r1

z’z

(X’ Y/ b(k) (k))

2k \*7C (2ir(a2))"
> — N E 1.
- (2’“ - 1> 4ir(a7)?
¢mezd
§—n=r1
£= (XYb(k) (k))

z’z

n=(X"Y"b (k) (k))

Given two non-zero coefficients ag,ae, corresponding to vectors of the form § =
(X,Y, b(k ) and ¢ = (XY, b( ) (k)), we see the difference vector is

7Z ’7,

5_5/: (X_X,7Y_Y/7070)7

and the norm of this vector is < 2a; by the triangle inequality. It follows that if we

sum b, (k) over all |7] < 2a; then we pick up all such differences, and there are r(a?)?

of them. From the lower bound above, we conclude that

SITSNESE

ez
|71<2a;

Taking the limit as k& — oo we conclude that

S o ez QAN Tl PO

rezd
|T1<2a;

Now we can choose F' = F so that the expression on the right hand side is unbounded

as i — o0o. It follows that > _|c,|*~¢ doesn’t converge, proving part (i).

For part (ii), fix d > 5. We proceed as in part (i), except this time because
d > 5 we have the lower bound 74_5(a?) >4 a?™*. We remark that to obtain this
bound for d € {5,6} we are using property (2) given by Theorem 2.1.3. For d > 7

the bound holds without this extra assumption on our sequence.

Now consider the sequence of eigenvectors on T¢ with densities

\/ kail &g 21(a2))1/2 if & =(Xq,..., Xq o, b(k ) for some j and X7 +
- J
ag = ...X§_2:a§,

0 otherwise.
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Fix 7 and suppose k > i. As above we can conclude

> > (5 ) A,

rezd
|T|1<2a;

Taking the limit as £k — oo we conclude that

Td_Q(CL2> ad*
D el = =2 0
g,
T|Sza4

It follows that ]
2 rl<2a; |67 (2a;)°  (2F(3))"
(2ai)d_4_€ >d i >d 2i ’

Choosing F' = F, appropriately and letting ¢ — oo, we see that for this choice of

quantum limit we have

by
lim sup d_(fz = +09,
p—oo P
where 3(p) is defined as in (2.1.2). This proves part (ii). O

2.4 Notation

We will use both Landau and Vinogradov asymptotic notation throughout this chap-
ter. N will denote a large integer, and all asymptotic notation is to be understood as
referring to the limit as N — oo. Any dependencies of the implied constants on other
parameters A will be denoted by a subscript, for example X <4 Y or X = 04(Y),
unless stated otherwise. We let € denote a small positive constant, and we adopt the

convention it is allowed to change at each occurrence, and even within a line.

We will denote the non-trivial Dirichlet character (mod 4) by x4, and we may
omit the subscript and simply write x. As usual, we let p(n) denote the Euler-
Totient function, 7,(n) denote the number of ways of writing n as the product of r
natural numbers, p(n) denote the Mobius function, and rg(n) denote the number
of representations of n as the sum of d squares. For the rest of the chapter we will
write r(n) when d = 2. For integers a,b we let (a,b) denote their highest common

factor, and [a, b] denote their lowest common multiple.

We define the Ramanujan-Landau constant

A:% 11 (1_%)_; (2.4.1)

p=3 (mod 4)
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which will appear in many of our results.

2.5 Preliminaries

In this section, we formalise some of the notions discussed in Section 2, and state a

few key estimates that will be required later in the sieve calculations.

2.5.1 A pigeonhole argument

The following proposition allows us to go from the set-up in Theorem 2.1.4 to the

model problem discussed in Section 2.

Proposition 2.5.1 (Pigeonhole argument for infinite bin set-up). Fiz A C N and
a set H* = {h1,ha,...} of integers. Suppose that there exists a partition H* =
ByUByU. .. where each bin B; is a fized, finite size, such that for every M > 1, there
exists infinitely many n and M translates n+h; pp € A with hip € B; for 1 <1 < M.
Then there exists increasing sequences a; and ny such that for every k > 1 we have
Nk + ha; € A for 1 < j <k and moreover ho, € B; for all j.

Proof. With the above set-up, obtain translates n + h; p € A with h; yy € B; for
1 <1 < M for each M > 1. Record this process in the following infinite table:

B, B, | Bs |...| By | Buu
hia

hig ho.o

b3 hao 3 hs 3

ha hoae | han | oo | huwm

hinesr | horsr | haprsr | oo | Pvvisr | Do v

Look at the first column. By the pigeonhole principle, since B is finite, there must
exist an element h,, € B; which appears infinitely many times. Choose the smallest
such h,,, and choose any n; € N for which n; + h,, € A. Now erase all the rows that
do not start with h,,, and look at the remaining (infinite) table. Again, since Bs is
finite, some element h,, € By must occur infinitely many times in the second column.
Choose the smallest such h,,, and choose any ny > ny such that ny + h,, € A (which
we can do because there are infinitely many such ns). By construction this ny will be
such that ny + h,, € A. Now erase all rows that don’t start with hg,, he,, and repeat
this process for Bs, and so on. We will end up with increasing sequences a; and ny,

which by construction satisfy the required conditions. O]
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2.5.2 A second moment estimate

As discussed in Section 2, our work will require input about the joint distribution of
the bins, which we will achieve via concentration of measure arguments. The following

second moment estimate will suffice for our purposes.

Proposition 2.5.2 (Second moment estimate). Fiz A C N and H ={hy,..., h} a
set of integers. Suppose we have a partition H = By U...U Byy. Let p;, t; > 1 be real
numbers for 1 <1 < M. Let py be a non-negative function supported on A and w(n)

be non-negative weights for each integer n. If

3 L’—min “_3 B i (ZheBi pa(n+h) — m)Q]w(n) - s

; li
N<n<2N =1

then there exists an n € [N,2N) and elements h,, € B; such that n + h,, € A for
1< < M.

Proof. By positivity we deduce the existence of an n € [N,2N) such that

i EheBi pa(n+h) — pi\? . M?
omin - —.
t; j=1,...M tj

i=1

If n+h ¢ Afor all h € B;, then by assumption on the support of p4 the left hand

side of the above expression is > p?/t?, a contradiction. O

Thus, if the second moment estimate (2.5.1) holds for all M > 1 and sufficiently large

N, then we are in a situation where the hypotheses of Proposition 2.5.1 are satisfied.

2.5.3 Estimates in arithmetic progressions

We require an understanding of how p(n) and p(n)p(n + h) behaves in arithmetic
progressions for our sieve calculations. Essentially this reduces down to understand-
ing the corresponding sums for r(n) and r(n)r(n + h), where the estimates we need
are known with power-saving error terms. This means that the error terms in the
sieve calculations can be bounded trivially (cf. with the case of primes [21, 11], where
we have to use equi-distribution results such as the Bombieri-Vinogradov theorem to

bound the error terms that arise).

We have the following lemmas. We note that the functions g,...,g; defined
in this section will be used frequently throughout the rest of the chapter.
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Lemma 2.5.3. Suppose (a,q) = (d,q) = 1 where d,q are square-free and odd, of size
< N°O| Then we have

d
Z T(n) _ gl<q)92( )7TN+ Rl(N,d, q)7
n<N
n=a (mod q)
n=1 (mod 4)
din

where go is defined as in (2.2.8), g1 is the multiplicative function defined on primes
by g1(p) =1 = x(p)/p, and

Ry(N;d,q) <. ((qd)? + N3)dz N

Lemma 2.5.4. Suppose that (a,q) = (a + h,q) = (d1,q) = (ds2,q) = (d1,d2) =1 and
41h, where dy,dy, q are square-free and odd, of size < N, Moreover suppose h > 0
is fized such that p|h = p|2q. Then we have

S rrin by = 2T

n<N q
n=a (mod q)
n=1 (mod 4)
diln
d2|n+h

7T2N + R2(N; d17d27 q)7

where

dl 92 dQ M dl, d?ar>X[(d%,T)]X[(d§,T’)]
I'(dy, d —
( 15 2;61) d1d2 r; . 7
and
1 : 11
Ro(Nsdy, da, q) <c q2didy N+ + dfdi N,

Lemma 2.5.5. Let (a,q) = (d,q) = 1 where d,q are square-free and odd, of size
< NO°W Then we have

Z TQ(n) = M(logN+Ag + 2295(])) — 2296(]9))N+ OE(QN%+6)7

n<N qd pla pld
n=a (mod q)
n=1 (mod 4)
din
where 11 @) 4
Ay =2y 1ol xa) TR

L(1xa) ¢(2) 3

Here g3, g4 are the multiplicative functions defined on primes by

g3(p) = g()z:)lj if p=1 (mod 4), as(p) = % if p=1 (mod 4),
3(p) = , = _
ap)  ifp=23 (mod 4), o(p)  ifp=3 (mod4),
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and gs(p), go(p) are defined by

(2p+l)logp  r (p=1)°(2p+l)logp ¢ _
g5(p) = pQ——l pr: 1 (mOd 4)7 gﬁ(p _ m pr: 1 (m0d4),
boen if p=3 (mod 4), log p if p=3 (mod 4).

We will prove each of these results in Appendix A. Lemma 2.5.3 follows from two
known results. Lemma 2.5.4 follows by adapting the method used by Plaksin in [23],
where a similar sum is considered. Finally Lemma 2.5.5 can be shown using standard
Perron’s formula arguments, together with a fourth moment estimate for Dirichlet

L-functions.

When finding the corresponding estimates for p(n) the following sums naturally
appear (for the definitions of W, W, and Dy see (2.6.1) below the fold):

_ pla), v
Xnw = ; " loga, (2.5.2)
(a,W):l
pla=p=1 (mod 4)
pla)u(d) . v w
Yvw = ————~log —log —, 2.5.3
o a;v g7(a’)g7(b) ga gb ( )
(a,W);(Z,W):l
(a’vb):]-
pla,b=p=1 (mod 4)
Dgallat), v v
Z0 = (@) p( ——=log —log —, 2.5.4
o ; g92(a)g2(b)[a,b] " a Db (2.5.4)
(a,W)=(6,W)=1
pla,b=p=1 (mod 4)
b)g4([a b]) v v
Zihe = aba " log —log— Y gs(p). 2.5.5
" a%v g2(a)ga(b)[a, b] a b Z 6(p) ( )

a,b
(a,W)=(b,W)=1 plla,b]
pla,b=p=1 (mod 4)

Here g7 is the multiplicative function defined on primes by g7(p) = p+1. The following

lemma evaluates the auxiliary sums above.

Lemma 2.5.6 (Auxiliary estimates for p(n)). We have

8Alog%v
Xyw = (14 0(1)) 2220870
ww = @) mg1(Wh)
64A%log v
Y, = (1 1) ——=
v = (1 of1) 5o B,
324%1og? v
ZW (14 0(1)) 22208 Y
N = ( (1)) 72g,(Wh)?
1643 log2 v

Z(Q) =—(14o0(l)————,
Nw ( ( )) 7T291(W1)3
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where A is defined as in (2.4.1). In each case one may take the o(1) term to be
O(Dy").

We remark that the estimate for Xy ; appears in Hooley’s work (after correcting a
misprint - cf. [14, Lemma 5] and note his slightly different definition of A). We prove
Lemma 2.5.6 in Appendix B. Each sum can be evaluated by the Selberg-Delange
method.

2.6 The sieve set-up

We now state our sieve results and use them to deduce Theorem 2.1.4. For the rest
of the chapter, k is fixed, H = {hy,...,hi} is a fixed admissible set such that 4|h;
for each 7, and N is sufficiently large in terms of any fixed quantity. We allow any
of the constants hidden in the Landau notation to depend on k, without explicitly

specifying so.

We will employ a 4W-trick in our sieve calculations. Let

w= ][ » (2.6.1)

where Dy = (loglog N)?, so that W < (log N)2(oslsN)* «  N¢ for any fixed € > 0

by the prime number theorem. It will prove useful to define

wi= [ » ws= [ » (2.6.2)

p<Do p<Do
p=1 (mod 4) p=3 (mod 4)

so that W = W Ws.

By admissibility of H there exists a fixed residue class vy (mod W) such that
(vo + hiy W) =1 for each i. Fix 1 < m,l <k with m # [. We consider four types of
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sums:

S, = Z ( Z Ay dk>27 (2.6.3)

n=vg (mod W)  d;|n+h; Vi
n=1 (mod 4)

ss= > p(n+hm)( > A dk)2, (2.6.4)

N<n<2N i, dy,
n=vg (mod W) d;|n+h; Vi
n=1 (mod 4)

Sémvl) — Z p(n + hm)p(n + hl) < Z )\d1 77777 dk> , (265)

N<n<2N di,..., dg
n=vo (mod W) di|ln+h; Vi
n=1 (mod 4)

sM= > pQ(n+hm)< > A dk)2. (2.6.6)

N<n<2N di,....dy,
n=vg (mod W) d;|n+h; Vi
n=1 (mod 4)

Because k is fixed, we may assume that D, is sufficiently large so that

Remark 2.6.1. For the second moment estimate, it proves important to control the
residue classes of the translates n+ h (mod 4), hence the condition n = 1 (mod 4) in
our sieve sums and also the assumption 4|k for our admissible set. This is because of

the inherent bias numbers representable as a sum of two squares have modulo 4.

Our first Proposition evaluates these sums for general half-dimensional Maynard-Tao
sieve weights. Fix 0 < 6; < 1/18 in the definition of p(n) (see (2.2.7)). We also define

the normalisation constant

A p(Ws)(log R)z 24 p(Ws)(log R)=
- ['(1/2)\/L(1, x4) . Ws T W3 ’ (2:6.8)

Proposition 2.6.2 (Half-dimensional Maynard-Tao sieve estimates). Let R = N%/2
for some small fized positive constant 6y such that 0 < 61 + 6y < 1/18. Let Ay,

.....

defined in terms of a fixed smooth function I by

A = : d.\d N(Hf:l Tz‘)2F log ry log 7,
e H“( o Z [T, () \logR" logR)’

i=1 ¥

p|ri=p=3 (mod 4)Vi
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whenever i, d; < R is squarefree, ([[i_;di, W) = 1 and p|][i_,di = p =
3 (mod 4), and let A4, _a, = 0 otherwise. Moreover let F' be supported on Ry =

{(z1,...,2) €[0,1)%: S°F & < 1}. Then we have
kN
$1 = (14 0(1)) o Li(F),
4,/ RER Bk
S = (14 o(1) e Ly (F),
W

64 (28l Br N

m,l logv
8™ = (1 o(1) 25— Ligma(F),
- 2\ /L (EY + 1)BN
S = (1+o0(1)) T Ly (F)

provided Ly(F'), Lim(F) and Ly, (F) are non-zero, where

1 1r dZL'
= F(zy, ...,z -
[ f o] T

Lk;m(F):/Ol.../O /Ommjiﬁm“jj;

1

Zh
L,WL,,(F):/01.../01 :/01(/0117(351,...,%)3@> dxl} f[ 31’_2.

z;ém l

From this, one can deduce the corresponding results for the modification of the

Maynard-Tao sieve described in Section 2.

Proposition 2.6.3 (Modified Maynard-Tao sieve estimates). Suppose in addition to
the hypotheses of Proposition 2.6.2 we have a partition H = {hy,..., hy} = ByU...U
By into bins B; of fixred and finite size k;. Write B; = { Ryt 4k; 141y« - Phgt..tk: }
with the convention that kg = 0. Suppose further we have a corresponding factorisa-

tion
M

F('xlv . axk‘) - H E(ajko—i-...-i—ki,l-i-la cee 7x]€0+---+k‘i)7

=1

where each F; is smooth and supported on the simplex

ko+...+k;

RBi,ﬁi = {('Ik0+---+ki71+17 s 7$k0+---+ki) € [07 l]ki 0< Z Z; < 61}
j=ko+..+ki—1+1
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Here ()72, is a sequence of real numbers such that Y>>, B; < 1. Then for hy,, by € B;

we have

k M
5= 1+ o) (T Lm0

=1
4 logRBkN M I (F)
S = (14 0(1) LB ( Lip, 171-)—'3””” 2

log R\ pk M
500 = (14 o(1y) Haos BTV <HL|Bi|<Fi)> Lizytmi(F5)

W il L\le(Fj) ’
log R /log N k
S(m) _ (1 4 0(1))2 V IOgF( 10%871 - 1)B N ﬁL (F) L‘Bj|§m<}7j)
i I 1) )L ()

i=1

Proof. The hypotheses imply F' = Hf\il F; is also smooth and supported on Ry, and
hence the results of Proposition 2.6.2 apply. It suffices to to show the functionals
factorise in the forms stated. Because our set-up ensures that supp(F) = supp(F}) X

... x supp(Fi) one can easily check that if h,,, hy € B; then

Le(F) = [ [ Lim (F),

O (@ )LBj:m(Fj)

E§ l
~

=1 lBl‘ L|BJ|(E7) ’
M
LB 1:ma(F})
- ©) |B;[:m, (L'
Ligm(F) = (HLlBi(F"OW'
i—1 !

With the following lemma we will be in a position to prove Theorem 2.1.4.

Lemma 2.6.4 (Evaluation of sieve functionals). Let F(ty, ... ) = [15_, g(kt;) where

o(6) = {ﬁ ift < B,

0, otherwise.

Then for any m,l we have

Lk,m(F) . ’/T2 ﬁ

Le(F) w+2 VEK

L) _(2) £
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Proof. The definition implies F' is supported on the cube [0, %]k C Ry p. In this case

the functionals factorise completely and the lemma follows from the fact

™+ 2 15}

/5 dt
o Vi(1+1%)? 4 k’

/QL_E.\/?
o Vii+E) "2 Vi

]

Remark 2.6.5. We have restricted the support of our functions to the cube |0, %]k -
Ry, 3 so that the integrals can be evaluated exactly. This essentially means we are
using weights of similar strength to the original GPY weights (cf. [11]). For the half-
dimensional case one can show that for large k these weights are essentially optimal.
(In particular, following a similar optimisation process as in [21, Section 7] one arrives

at the same results as above.)

We are now in a position to prove Theorem 2.1.4.

Proof of Theorem 2.1.4. Let H = {hy, hs,...} be a fixed admissible set. Fix real
numbers 61, 0, subject to 0 < 61 + 0 < 1/18 and define the constant

V2(T+2)1+ 6,
321 vV 8192.

With notation as above, consider a partition H = B; U By U ... where k; > 2A% and
for i > 2 we choose B; such that k; > 27. By Proposition 2.5.2 we will be done if we

A = A(Gl, (92) -

can show, for every M > 1, the inequality

2 M 2 2
M D nep, PN+ h) —
S [ e (Bt 5 )

N<n<2N i = diyesdye
n=vg (mod W) d;|n+h; Vi
n=1 (mod 4)

(2.6.9)
for all sufficiently large N and some choice of real numbers p;,t; > 1.

Choose weights A4 4, as in Proposition 2.6.2, and let F(zy,...,25) =

Hi]\il Fi(Tho+..4ki 1415 - Thot..+k;) Where each F; is supported on Rp, o-i. Let
ko+...+k; .

E($k0+...+ki_1+1, cee ,$ko+...+ki) = HjO:]gO+_,_+k;i71+1 9(7%'%‘) where for j € {bQi—la ce 7521‘}
we define

_1 i ) —i

g(x;) = 1+202;” if z; <2
J .
0, otherwise
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Expanding out (2.6.9), we have to evaluate the expression

M
<‘min ) Z%{ Z S?(,h’h/)vLZSi ZMZZSM—FMZ ]
t —7 L

h,h'€B; heB; heB;
h£h!

(where by abuse of notation we have written Séh) for Séi) where h = h; say). A

convenient choice of p;, \; is

(RN, (kY
,ul—C 22 9 z—c 21 )

1 20 2
= C<91,92> = 0 92/ ! < T )

N|—=

where

s T+ 2
Evaluating these sums using Proposition 2.6.3 and Lemma 2.6.4 we see that this is

asymptotically

(M) {(3) -6 0]

Hence (2.6.9) will be satisfied for all sufficiently large N provided

AZ (2) (k1> (2.6.10)

But now our choice of bins ensures that
Mo k
A Z) <AY <A< (X
2 (z@) Z <(3 ) ’

and so (2.6.10) is satisfied for all M > 1. O

It remains to prove Proposition 2.6.2. FEach sum can be treated similarly. The
following lemma handles all of them at once. First, given a function F satisfying the

hypotheses of Proposition 2.6.2, we define

Fuax = sup (|Ft1,... |+Z )|). (2.6.11)
0,14

(t1,-rt)€

The lemma can now be stated as follows.
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Lemma 2.6.6 (General sieve lemma). Let J C {1,...,k} (possibly empty) and
p1,p2 € PU{1} be fized. Write I = {1,...,k}\J. Define the sieve sum Sy, pym =
Sprpem.f.g OY

SJ,Pl,Pz,m: Z )\dl ----- dk)\el ~~~~~ €kHf([divei])Hg([djvej])a

---------

W,[d1,e1],...,[dk.ex] coprime
p1ldm,p2lem

with weights Ag, . a, defined as in Proposition 2.6.2. If J = 0 we define f(p) = 1/p

(and there is no dependence on g in the sum). Otherwise, f and g are non-zero

,,,,,

multiplicative functions defined on primes by

1 1 1 1
f(p =—+0<—)7 9(p) = —+O(—>,

(p) p e (p) e e
and moreover we assume that f(p) # 1/p. We write Sy for Sj11.m. Suppose Aa, ... a,
satisfy the same hypotheses as in Proposition 2.6.2. Then for |J| € {0,1,2} we have

the following:

(i) If m € J then
F?_ B*l(loglog R)?

max

(p1p2/(p17p2))2

SJ,Pl,Pz,m <

(i) If m & J then
F2  Bktll(loglog R)?
SJ,m,m,m L — ( 508 )
p1p2/(php2)

(11i) We have
S;=(1+0(1))B*VIL,(F),

where the integral operators are defined by Proposition 2.6.2 above, and we write
L;(F) as shorthand for Ly je;(F).

We now show how this implies Proposition 2.6.2.

Proof of (Lemma 2.6.6 = Proposition 2.6.2). We consider each sum in turn. First

we note that using the definition of A4 4,, the exact same calculation as in [21,

.....

p. 394] gives

N E

2(w) e (u
_____ NPT S O O
d1,eeid <R o(u)
plu=p=3 (mod 4)

< Frax(logR)z,
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and so we have a trivial bound!

2 2
> i el <<< sup |)\d1,...,dk|) ( > Tk(d))

divdi d1,...,di d<R
CloesCh pld=p=3 (mod 4)
< F2 R*(log R)** < F N"* (2.6.12)

As mentioned in Section 4, because we can obtain power-saving in the error terms

for the formulae stated there, this trivial bound will suffice for our purposes.

(i) Rewrite S} in the form

Si = Z Adioooidi Aer e Z L

dy,...,dg N<n<2N
€1,..4€L n=vg (mod W)
n=1 (mod 4)

n=—h; (mod [d;,e;])

We may assume W, [dy, e1],...,[dg, ex] are pairwise coprime, as otherwise the inner
sum is empty. In this case, by the Chinese Remainder Theorem, these congruences
are equivalent to a single congruence (mod ¢) where ¢ = 4W Hle[di, e;]. The inner
sum evaluates to

N
g + O(1).

The error term contributes O(F2, N%%¢) which is negligible. The main term is

k
N \ \ 1
Ny e [[
4W ! R k ! [di,ei]
di,...,d =1
€1,-,Ck
Wv[d1761]7"'7[dk76k] coprime

This is of the form S; where |J| = 0. Evaluating it according to Lemma 2.6.6 we

obtain BEN
0
S =(1+0(1) LO(F).
!By Rankin’s trick we have
> m(d) <R > T’“C(id) < R(log R)*/2.
d<R d<R
pld=p=3 (mod 4) pld=p=3 (mod 4)
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(ii) Rewrite Sém) in the form

S = Z Adi,.ody Neren Z p(n+ hpy).

di,....dy, N<n<2N
€15,k n=vo (mod W)
n=1 (mod 4)

n=—h; (mod [d;,e;]) Vi

By definition of p(n + h,,) this is equal to

logv Z Ny dp Aer e Z pua) logg Z r(n =+ hp).

di,odi a<v g2(a) N<n<2N
€1,--,€k pla=p=1 (mod 4) n=vo (mod W)
n=1 (mod 4)

n=—h; (mod [d;,e;]) Vi
n=—hm, (mod a)

From considering the support of A4 . 4, we see that for non-zero contribution we
may assume W, [dy, eq], ..., [d, er] and a are pairwise coprime. In this case the inner
sum can be evaluated according to Lemma 2.5.3, taking ¢ = W], [di,e;] and
d=aldy,en]. As ¢ < WR? <, N%7¢ and d < vR? < N%*% we see that the inner

sum evaluates to (@aald)
g1\4q)92 ; +1(61+62)+e
N + O, Ta01t02 .
20d " + O (N3 )

Bounding the sum over a trivially by vlogv and using (2.6.12), we see the error term

contributes O (N3T2@+02)+¢) which is negligible. We obtain a main term

XNng(W)TFN 91 dl,GZ 1
’ )\ € e Y
2W log v dzd i Ner ek H [di,e;]  [dm,em)?
1yl

€10,k
W,[d1,e1],...,[dx,ex] coprime

where we have defined

pla) v

X = E —Z log —

N,W 2 a 0g a
(a,W)=1

pla=p=1 (mod 4)

as in (2.5.2). The sieve sum above is of the form S; with |J] = 1. We can evaluate
this by Lemma 2.6.6 to obtain

XN,ng (W)?TBkJrlNL(I)

5" = (1+ o) = L,

(F).

Recalling the definition of B in (2.6.8), evaluating Xy according to Lemma 2.5.6,

and using the fact

%ﬁ)(%): I (1_%):21?%(1?51),

p|W3 p
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we obtain

4 ‘logRBkN
S — (1 4o 2" 1M (),
5 (1+0(1)) T fo ()

(iii) Rewrite Sém’l) in the form

S(ml Z )‘dl, 7dk €1,..s€ Z p(n—i—hm)p(n—i—hl).

dy,....dg N<n<2N
€1;--,€k n=vg (mod W)
n=1 (mod 4)

n=—h; (mod [d;,e;]) Vi

Expanding out the definition of p this is

1 a) (b
Z AdyodiNer.on Z Mlog log—

2
IOg v di,...,dy a,b<v QQ(G)gg(b) b
€1,...,6k pla, bip—l (mod 4)
Z r(n+ ho)r(n + h).
N<n<2N
n=vo (mod W)
n=1 (mod 4)

n=—h; (mod [d;e;]) Vi
n=—hm (mod a)
n=—h; (mod b)
Similarly to the above, for non-zero contribution we may restrict to the case
W, [dy,e1], ..., [dk, €], a, b are pairwise coprime (note that the last two congruences are
solvable if and only if (a, b)|h; — Ay, and in the case (a, 2W) = (b,2W) = 1 this is true
if and only if (a,b) = 1). We evaluate the inner sum according to Lemma 2.5.4. Using
the same notation as in the statement of the lemma, we take ¢ = WH#m,l [d;, e,
dy = a[dp, en) and dy = bld;, ¢;]. We note that ¢ <, N7 and d;, dy < N %, Using
the fact ;4605 < 1/18, we see the second error term in the definition of Ry(N; dy, ds, q)
dominates, and so the inner sum evaluates to
91(9)*I'(d1, d2, q)
q

7T2N + O€(Ng+91+492+e)'

Bounding the rest of the sum trivially, we obtain a total error of size O, (N s T301+202+)
which, again, is negligible in the range 6; + 62 < 1/18. We obtain a main term
g (W)*r°N 3 p(a)p(b)

W log? v ot 92(a)g2(D)
p|a,bép75f(mod 4)

91([di, ei])?
Z )\dl, ,dk €1,..,CL H ! d 6] ([dm7em]a7 [dlvel]b7W H [dl7€7,])

v v
log — log —
oga ogb

d1,y..,dg i#Em,l i£m,l
€1,.-,Ck
W[dl 761]7"'7[dk7€k] coprime
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For arbitrary (square-free) moduli dy,d; and ¢, we can write I'(dy, ds, q) as a prod-
uct over primes (cf. the definition of I'(dy,ds,q) given in Lemma 2.5.4 and
note that we are summing a multiplicative function). By considering the Euler-

product and the various support restrictions on the variables d;, e;, a, b, one can write
U([dms emla, [di, ei]b, W [ 1,4,,[dis €i]) in the form

1 _192(a>92(b) d;, €] 1
H (1 p2) g7(a)g(b) Z1_[ g1([d;, es]o([d;, ei]) jl;[J [d;, e510([d;, e5])

pl2W i#m,l

leaving us with a main term

1 (1 1 )191<W>2YN,WW2N

W p? W log?v

1
W,[d1,e1],...,[dg,ex] coprime

Here we have defined

pla)ud) . v, v
Yuw = V) og 2 log -
2 )
(a,W)=(b,W)=1
(a,b)=1
pla,b=-p=1 (mod 4)

as in (2.5.3). The main term is of the form S, for |J| = 2. By Lemma 2.6.6 it can be

evaluated as
Yvwg (W)*m? BN (5

Sél’m) =(1+0(1)) Wlog? o Lk;mvl(F),

where we have written
1\ .
2w

Evaluating Yy w as in Lemma 2.5.6, this simplifies to

64 (88 Bk N
Il,m logv 2
S5 = (L o(1) 2 Li5, ().

(iv) Rewrite Sim) in the form

Z /\d1 ..... dp. )\el ..... ek Z p2(n + hm)

dy,...,dy N<n<2N
€1,eenrCh n=vg (mod W)
n=1 (mod 4)

nE—hi (mod [di,ei]) Vi
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Expanding out the definition of p?(n) we see this is equal to

1 a)p(db
2 Z Adl ..... dk /\61 ..... €Lk Z &(2 log ]-Og g Z 7"2 (7’L —I— hm)

log”v dy a,b<v 92(a)ga(b) N<n<2N
€1,0sEk n=vg (mod W)
n=1 (mod 4)
n=—h; (mod [d;,e;]) Vi
n=—hm (mod [a,b])
Again, we may restrict to the case W, [dy, e1],. .., [dk, ex], [a,b] are pairwise coprime.

In this case the inner sum can be evaluated according to Lemma 2.5.5, taking ¢ =
W I Lizmldi, €] and d = [a, b][d;n, €m]. We note that g < N%*€ and d < N?1+% and
so the inner sum becomes

93(q)ga(d) (1

4 ogN+A2+22g5(p) —QZgG(p)>N+O€(Ni+92+E).

plq pld

Bounding the rest of the sum trivially, we see the error term contributes
O (N 1+201+02)+¢) which is small. For the main term, let

(a)u(b)ga([a,b]) v og -
AYROITR) log al g b’

)
(
P u(agu(b>g4<[a,b]) 1og§10g % S g6(p)

plla,b]

be as in (2.5.4) and (2.5.5). We can express Sim) = Ay + Ay + A3 + Ay where

(1)
A= WT];:)V log N + A2 +2> g5(p) | T,
& p|W
BIDZUN S 5
Ay = g5(p) TP,
Wlog v i#Fm  Do<p<v
p=3 (mod 4)
293(W)Z )y N -
Ng=——ma— 3 )T,
08 v Do<p<v
p=3 (mod 4)
- 2g5(W) 20w N
T W log? v
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and

)\ )\ gl dla 67, 1
T - dl,...,dk €1,...,€Lk 9
[di, el [dm, em)?
dl,-..,dk 1y~ m m
€1,eerCh
W[dlvel]v---v[dkvek] Coprime
T(p:i) — A 91 dl) ez 1
- di,.. »dk €1,.-,€k d d 2°
P 75 ez ms em]
€1, ek
pl[d;,e;]
W,[d1,e1];...,[dg,ex] coprime

T is of the form S; for |J| =1, and so by Lemma 2.6.6 it can be evaluated as
1
T = (1+0(1)) B L), (F).

To evaluate T®%_ note by inclusion-exclusion we can write it as
)

d;, € 1
(dz Z Z )Adl’ e, ’engl dl,eze [d 27

e ]
my ~m
Tyl diyeyd diyendy
€1,5Ck  €ly,Ck  €1,e,Ck

pld; ple; pldi.e;
/
where Z denotes the condition W, [dy,e1],. .., [dg, €] are pairwise coprime. Thus
we see it is of the form Sj,1; + Sy1pi — Sypps for |J| = 1. By Lemma 2.6.6 we
conclude et ,
. FZ..B (loglog R) , if g 7& m
TWw) i
FiaxB*(loglog R)? ..
= , ifi=m

Now we note that

| l D
<<Z ng 0og 0’

>

D

Do<p<v p p>Do 0
p=3 (mod 4)

lo lo D

DR St
0
Do<p<v p>Do

p=3 (mod 4)

and so, with our choice Dy = (loglog N)3, the contributions from Ay and Az are

negligible. Because

lo
295(17) < 5P < log D,

p|W p<Do
we see that the only contribution to the main term comes from the A; term corre-

sponding to log N, and A4, leaving us with

gs(W)B*'N {Zu)

Sim) = (1+o0(1)) 2 nw log N — 221(3,)14/ qu)n(F)
W log® v
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Evaluating these according to Lemma 2.5.6, and using the fact

AN (1_i)_1:3<<2)+O(D01) m oWy,

= ——+
3 2 2 2
g1 (Wh) n<Do D 8A 16A
p=1 (mod 4)
we obtain
1ogR(1ogN+1)BkN
m logv \ logwv (
S = (14 0(1 LY ().
" = (1+0(1)) e ()
This finishes the proof of Proposition 2.6.2. O]

Thus it remains to establish Lemma 2.6.6. First we require a few technical sieve

lemmas. We list these in the following section.

2.7 Technical sieve sums lemmas

In the various sieve calculations that appear in the proof of Lemma 2.6.6, we will

frequently encounter sums of the form

> m)f(n),

n<X
p|n=p=3 (mod 4)
where f is a multiplicative function satisfying f(p) = O(1/p). We can evaluate sums

of this type with the following lemmas.

Lemma 2.7.1 (Technical sieve sum lemma). Let Ay, Ay, L > 0. Let v be a multi-

plicative function satisfying the sieve axioms

Ogmgl_Al7

p

and

v(p)logp 1 z
_ < - - J—
L 5 5 log ” < A

w<p<z

for any 2 < w < z. Let g be the totally multiplicative function defined on primes by

g(p) = pj(vp(;). Finally, let G : [0,1] — R be a piecewise differentiable function, and

let Glyae = SUPepo 1 (|G(8)| 4 |G'(1)]). Then

;ﬁ(d)g(d)c;(ﬁf) = [ 6L+ On e LGullon ) ),

40



where

) )

p

Here, the implied constant in the Landau notation is independent of G and L.
Proof. This is [10, Lemma 4] with slight changes to notation. O

To use this lemma in practice, we need to be able to evaluate the singular series c,
which appears. In the next lemma we do this for a function v(p) which covers the

cases of interest to us.

Lemma 2.7.2 (Evaluation of singular series). Let

(o) = {(1)+0<1/p> Y pIW,p=3 (mod 4)
otherwise,

With the notation of Lemma 2.7.1, we have

A o(Ws)
L(1,x) Ws

(1+0(Dy ")

Cy
where A is the Ramanujan-Landau constant defined in (2.4.1).

Proof. Let v(p) = 1+ a(p) where a(p) = O(1/p). Define the auxiliary function

1 if p=3 (mod4),
é(p) = . ( )
0 otherwise.

One can easily show ¢s = A/+/L(1, x). The result follows because

o N

p|W pW
p=3 (mod 4) p=3 (mod 4)
The latter product is 1 + O(Dy') by our assumption a(p) = O(1/p). O

The next lemma collects both of these results together. First we recall the definition

of the normalising factor from (2.6.8):

_ 24p(Wy)(log R):

B
7TW3

(2.7.1)
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Lemma 2.7.3 (Evaluation of sieve sums). Let f be a multiplicative function such

that . .
——+0(=).
/) p - <p2)

Then for any piece-wise smooth function G we have

log d ! dz G masB
2 : 2 _ B max )
: (d)f(d)G(logw) /0 G(x)\/i+0( Dy )
d<R

(d,W)=1
pld=p=3 (mod 4)

Proof. Let f(p) = 1/p + g(p) where g(p) = O(1/p?), and consider the function
defined on primes by
if pt W,p=3 (mod 4),

0, otherwise.

With this choice of v(p) we have

7(p)
TP — f(p).
p—(p) )
We wish to evaluate this sum by applying Lemma 2.7.1. We need to check the

constraints on ~y(p) are satisfied. First, note that, for any 2 < w < z, we have

Z'y(p)plogp: 3 logp+0< 3 10gp>

wp<z wp<z p wp<z p2
p=3 (mod 4) p=3 (mod 4)
ptW ptw
lo lo
= ¥ gp+o< S gp)+o<1)
w<p<z p w<p<z p
p=3 (mod 4) p=3 (mod 4)
p[W
1 z
=35 log s O(log Dy) + O(1).

Therefore the lower bound in Lemma 2.7.1 holds with some L bounded by L <
1 + log Dy. For the corresponding upper bound, simply note that

Z v(p)plogpS Z logp+0(1)

wp<z wSp<z p
p=3 (mod 4)
W
lo
< Y 2Pioq
wp<z p
p=3 (mod 4)
1

ya
— Zlog = +0(1
5log (1),
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since we have 7(p) < 1 (whenever p =3 (mod 4) and p t W) for all but at most O(1)
values of p. Thus the upper bound in Lemma 2.7.1 holds with A a suitably large
constant. Hence we can apply Lemma 2.7.1. We obtain
logd\ ¢ (logR)z [* dz GinaxC(1 +log D
> @6 (i) = SR [ aw oo el IRaD) ),
<r log x I'1/2) Jo vV (log R)>

(d,W)=1
p|ld=p=3 (mod 4)

We can evaluate c, by Lemma 2.7.2 to find

A ) (Ws)

—— Erasomy)

Cy

When we substitute this back into our expression we see the error incurred here
contributes O(GmaxB/Dy) and dominates. The result follows as I'(1/2)y/L(1,x) =
/2. O

We highlight the following two results, the first of which follows immediately from

Lemma 2.7.3, and the second of which is trivial.

1. For multiplicative functions f satisfying f(p) = 1/p + O(1/p?) we have the upper
bound

§ p2(d)f(d) < B. (2.7.2)
d<R
(d,W)=1
p|d=p=3 (mod 4)

2. For multiplicative functions g satisfying g(p) = O(1/p*) we have the upper bound

§ j 12 (d)g(d) < 1. (2.7.3)
d<R
(d,W)=1
p|d=p=3 (mod 4)

These sums will appear frequently in our calculations, and we will use these bounds

without comment in the arguments which follow.

2.8 Establishing Lemma 2.6.6

Our attention now turns to establishing Lemma 2.6.6. We follow the combinatorial

arguments used by Maynard - the steps which follow mirror those found in [21].
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2.8.1 Change of variables.

Our first step to evaluating the sums appearing in Lemma 2.6.6 is to make a change

of variables. We do so in the following proposition.

Proposition 2.8.1 (Diagonalising the sieve sum). With notation as in Lemma 2.6.6,

denote by f*,g* the convolutions

. 1 . 1

JT=pux—, g =px—

f g

Define the diagonalising vectors y(Jp, m) yq(nip’,r,;f :9) by

iz = (TLuear 60 ) (Tas' ) 3 s T [T ot
i€l jeJ d,o.d icl jeJ

ri|d; Vi

pldm

J7p9 Jp’
Let yfmz ) = = SUP,, .. |Yrs.
Tm,P)=

™ and Glan™ = SUP i, P | (Note that these

coincide if p=1.) Then we have

) (J,p2,m)
(i) (i)
SJ’ pa.m — PREEE) PRERE) + E,
o ulzuk Hielf (Ui)Hjng (uj)
(U"up1p2):1
u;=1 vjiedJ

If m € J then the (error) term E satisfies

~ J, ,M ~ J, ,m J s J7 ,m
E<<B|I||:<y7(nagl ))( T(nagcQ )) (ygnagl ))(ygna};f ))

Dy (p1p2/(p1,p2))?
L wnd ™) ™) | (@) (™)
2 2 :
b1 D3

If m ¢ J then E satisfies a similar estimate, namely that which is obtained upon re-
placing all occurrences of p? with p; in the above expression, fori € {1,2}. Moreover,
in both of these cases, we adopt the convention that if p; = 1 then any term in our

expression for E involving p; in the denominator may be omitted.

Proof. Recall the definition of S, »,m given in Lemma 2.6.6:

Siprpam = > At Neren | | f(dived) [T o(lds e5).  (2.8.1)

d1,ody il jeJ
€1,-,Ck
w, [d17el}7"'7[dk 76k} coprime
P1 |dmap2|em
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We can write this in the form

B f(di) f(ei) 71 9(d;)g(e;)
Smen= 2 el <<dz,ez>>H odye) >

€1,.-,€k .
w, [dl 761}""7[dk’ek} coprime
p1ldm,p2lem

using multiplicativity of the functions f and g, together with the fact [d;, e;] is square-
free for each i. We remark that because f, g are non-zero, the functions 1/f,1/g are

well-defined. We note the convolution identities

1 *
f((dzaez Z f UZ m: Z g (uJ)

uzldzyez uj|dj7ej

for f* and ¢g*. Substituting these into (2.8.2) and swapping the order of summation,

we obtain

> (1 w) (o w)

UL seeny Uk i€l jeJ
E )‘d1, 7dk €18k Hf ei)Hg(dj)g(ej)
di,...,dg el JjeJ
€1,.-,€k
W,[dl,@l],-..,[dk,&k] coprime

u,-|di,ei Viel

uj|d]-,ej V]GJ

P |dm P2 ‘€m
From the support of the A4, . 4,, we see the only restriction coming from the pairwise
coprimality of W, [dy,e1], ..., [dk, €] is from the possibility (d;,e;) # 1 for i # j. We
can take care of this constraint by Mobius inversion: multiplying by ZSM‘ dies (i ;)

for all ¢ # j, we obtain

> (Ire) (o) X (I se)

UL yeeey Uk 1€l jeJ 81,2,--,Sk—1,k 1<4,5<k
i#]
Z Ady . dpNer,..en H f(di)f(e:) H 9(d;)g(ey). (2.8.3)
di eyl i€l =Y

€1,--,€k
ui\di,ei viel
uj|dj,ej vied
si,5ldisej ViEj
p1ldm,p2lem
We may restrict to the case where s; ; is coprime to s; 4, 53 and u;, uj, for a # j and
. . k
b # i, because the vectors g, 4, are supported on square-free integers d = [[,_, d;

/
Denote the sum over s;; with these conditions by Z Define the diagonalising
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vectors

itz = (TLwoar o) (TLnts e ) 5 A L@ TTot0)

iel jel 7 di,., iel jeJ
n|d Vz
pld'm
(2.8.4)
From the support of A4, 4, we see that yq(nlnﬁ,z is also supported on rq,...,r, with

r =[5, ri square-free, (r, W) = 1 and p|r = p = 3 (mod 4). We claim this change of
variables is invertible. Indeed, from the definition (2.8.4), for dy, ..., d; with Hle d;

square-free, we have

(J,p,m)
Jri i >‘e e i
TZ,:TIC Hie]f <T’)HJ€J9 TJ Tlg,:m]]l:lur Z; o kgf ; Eg 6]
di|ri Vi di|ri Vi rile; Vi
plem
Z ]-p|em €1,..., ekaez Hg 6] Z HM Tz
~~~~~ icl jedJ r‘['e'-"\?i i=1
dle: Vi
= Lpjd, Ady, s Hﬂ(dz)f(di) H 1(d;)g(d;) (2.8.5)
i€l jeJ

With this transformation our sum (2.8.3) becomes

> (I17 ) (IIs'tw)

~~~~~ Uk i€l JjeJ
! M(aj):u(b) (J,p1,m), (Jip2,m)
S (L wts ) (TT A0 ) (TL el Yot
51,2408k —1,k (1<?;g<k el f ) jEJg (ij)g (b]) 1 '
i#]

where we have defined a; = wu; H#i s;; and b; = u; H#j s;j. Because of our con-

straints on the s; ; variables, we can use multiplicativity to write this as

2 () (Ies)
Hﬁ” ()

i,j€J
i i#£]

)H’(S z) Tprm). (Jp2.m)
( H ) (;”)g*(sji) y‘glfl-»ak)yblfik' (286)

We now wish to reduce to the case when (an,p1) = (bm,p2) = 1. Indeed, we will

show the contribution from the alternative cases is negligible. Of course, depending
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on whether of not p; = 1 and/or p; = 1, some (or all) of the analysis which follows is
not necessary, and this accounts for the convention we assert in the statement of the

proposition. First let us note the estimate

—), (2.8.7)

and similarly

ok 1% + o(i). (2.8.8)

Now, there are three cases to consider.

1. Suppose that pi|a,, and ps|b,,. This occurs if and only if py|u,, or pi1|s,; for
some j # m, and pa|uy, or pa|s; ., for some i # m. Suppose, for example, that
P1|ty, and po|u,,. Moreover let us assume that m € J. Then one can bound the

contribution as follows:

2(,)\ 1
<obzmogen( X H)
u<R
(u,W)=1
plu=p=3 (mod 4)

(xS (X )

u<R um <R
(u,W)=1 (. W)=1
plu=p=3 (mod 4) p1,p2|Uum

plum=-p=3 (mod 4)

(Tr) (ziw) (Sre)

(e ™) (e ™) B

max

<

(p1p2/(p17p2))2

It is easy to see that this bound also holds in any of the other possible cases in
which p1|a,, and ps|b,, and m € J. If instead m ¢ J, then again it is easy to see

the contribution is
( (J7P1,m))(yr(nJ£{27m)>B|I|

Ymax

<
p1])2/(p17 p2)

in all possible cases.

2. Suppose that pi|am, and ps 1 by,. If m € J, then similarly to the above, one can
bound the contribution by

(™) (gke™) B

<
pi
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If m ¢ J then likewise one obtains a contribution

Ymax max

- ( (J7p17m))(g(Jap2,m)>B|I|

N
3. Finally, the case p; t a,, and ps|b,, proceeds as above, interchanging the roles

of p; and p».

Thus, we may now suppose that (am,p1) = (bm,p2) = 1. From the support of the
yé{’f ﬂ’;’,:) we see there is no contribution from (s;;, W) # 1 and so either s;; = 1 or

si; > Dyp. The contribution from s; ; > Dy with 7,5 € I is

coummen( T (5 )

u<R u<R
(u,W)=1 (u,W)=1
plu=p=3 (mod 4) plu=p=3 (mod 4)
I12—|1|-1 J|2—|J 2(1|J
( Z ’uz(si’j)>< MZ(S))H 11| (Z ,uz(s)>| I*— I(Z M2<3) ) 171171
2 Tt )\ & PP 2 g (s)? 2 T ()9 (5)

o @) @) B
Dy ’

This contribution will be negligible. The cases¢,7 € J and i € I,j € J can be treated

the same way. This leaves us with a main term

( (J,p1 ,m)) ( (J7p2,m))

Yu,...oup )\Yua,..up,

ulz:uk Hie[ f*(ui) HjeJ g*(u;)

(um,p1p2)=1

To finish, we claim the contribution from w; > 1 is small whenever j € J. Indeed if
w; > 1 then it must be divisible by a prime p > Dy (with p = 3 (mod 4)). So suppose
|J| > 1 and let j € J. If u; > 1 we get a contribution

<agzmase( ;igg)'”(ggfgg)"’“ > (e

< p>Do uj<R
(u7W):1 p=3 (mOd 4) p|uj
i i 1 12 (uy)
< Y (e
= T\ ()
p=3 (mod 4)
~(J,p1,m ~(J,p2,m
< (yr(naz)jcl ))(yr(nalzc2 ))Bm
Dy ’

which is small. Putting all of these facts together establishes Proposition 2.8.1. [



2.8.2 Transformation for yﬁl’p’ rk) and proof of Lemma 2.6.6

parts (i) and (ii)
Define

Yrnrory = (ﬁu(n)so(n)) > %

di,...,dp 1 Li=1""
ri|d; Vi

and let Ymax = Sup,, . |Yr,..r.|- By the inversion formula (2.8.5), our definition of
Ad

4, in Proposition 2.6.2 is equivalent to taking

log 4 log
gy = F e . 2.8.
y17~"7k <IOgR 10gR) ( 89)

1yeees

We now wish to relate the more complicated diagonalisation vectors yq(n‘l{p T,Z to these
simpler vectors. We first deal with the case when J = (), which is straightforward. By
inspecting the proof of Proposition 2.6.2, it is clear that we only need to understand
this case when f(p) = 1/p.

Lemma 2.8.2 (Relating ylIpm) g Yry...r, When J = (). Suppose gm0, ] =)

andm € {1,...,k}. Moreover suppose f( ) = 1/p for all primes p. Then the following
hold.

1. If p1|ry, then

(Jp17 )
yrl, STk _yrl, T

2. If py {ry then

(Jp1, ) Yriypirm,ere

pp)e(pr)
Proof. 1t f(p) = 1/p then f*(p) =p — 1 = p(p). Hence we are assuming

A
= (Tutet) 3 s

di,...,dp LLi=1""
ri|d; Vi
pldm

The result then follows by comparing with the definition of y,, . given above. [
Thus, proceeding, we may suppose that |J| > 1. We may further suppose that f(p) #

1/p as this case is of no interest to us (again, this is clear by inspecting the proof of

Proposition 2.6.2). The following proposition gives the result in full.
Proposition 2.8.3 (Relating yﬁffﬁ’ﬂg) to Y, r, When |J| > 1). Suppose yT;],pljf,f) £

0,|J| > 1 and f(p) # 1/p. Then the following hold:
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(i) If m € J and (rp,p) = 1 we have

yem) _ p(p1)prg(p1) (H Tjg(rj)g*(rj))

w(p1) B )

9**(€j)> (g**(eﬁn)) <ym,wB|" loglog R
€1,...,p1€r ,....e + O
Z Y 1y-sP1€4p5-+5€k ( H 90(6]) (’0(6, ) Dop%

m

(i) If m ¢ J and (1, p) = 1 we have
(pramy _ BPUPL (P1) (H 7”3‘9(7"3')9*(7"]'))

Yrorr ;
1reeoTk 90(101) iy g (7"])
9" (e;) Ymaz B loglog R
Z Yey,..., D1€N sk (6) + D
€1 5eeerChyseeerChe jeJ PLEj oP1

rile; Vi#Em
e;=r; VieI\{m}
/

€rn="m

(13) If pi|rm we have

b = (™)

jeJ g* (TJ)
g**(e) ymazB‘Jl lOg 1OgR
S ek(n<__3)+o( | |
s jes A 0
eizrizwlel

Here f** and g** are defined by the convolutions
[T =wf 1 g7 =g x 1
where v is the identity function, ((p) = p.

Proof. We prove (i), with the rest proved in exactly the same way. Directly from the
definition (2.8.4) we have

(Sip1,m)
yrl 7777 Tk
= Adi,...d fld) || g(d;). (2.8.10)
[ier n(ra) f*(ra) I e 1(rs) g (ry) d;,dk kg J];c[] ’
ri|d; Vi
p1ldm

From the inversion formula (2.8.5) and the definition of y,, .., we see that the right
hand side of (2.8.10) equals

> (T uadssa@)(IInwde@)) - Bt

di,..., dy el JjeJ €1yeeey €k

20

)



Swapping sums we obtain

> h > (Hu i>)<Hu(dj)djg<dj)>. (2.8.11)

€1,--,Ck di,...dp i€l jeJ
Tile; Vi ri|d; Vi
p1lem d;le; Vi

p1 Idm

We can evaluate the inner sums using the convolution identities

=" u(d)df(d), g*(n) =Y u(d)dg(d)

dln dln
We note that
[ (p)=1-pflp) = O(%>, (2.8.12)
and similarly
97 (p)=1-pglp) =1+0 (%) (2.8.13)

With our assumption f(p) # 1/p, we may suppose both of these functions are non-

zero. Now, recall that we are assuming m € J. Using these identities transforms

(2.8.11) into
plplg <Humm )( w“; ng )

a5

,,,,, ., is supported on square-free integers e = [[5_, e;.
Hence, from (2.8.10), it follows that

gz 1(p1)p1g(p1) (H ](C **)(r* (n)> (H Tjg(zi)(i/f)(rj))

Here we are using the fact y,,

Sp(pl) el ) jed 9
> e (H C >) ( T g**(e») 9" (¢))
€1,nes €l Ch et icl (,0(60 jed 90(6]') (20(6;71)
rile; Vi#Em J#EmM
rm|€eh,

Here we have substituted e, = pye/, and used the fact (r,,,p) = 1. Now, since

pf(gz;)(g(p) :pfl(l_f(p)) :]%{1—2—9+O(1%)] = 1+O(]%)7

it follows that

swp [ M <1 (2.8.14)



Similarly, since

759(r;)g* (r;) < sup H

< loglog R. (2.8.15)
LTk G g ‘P(ﬁ‘) LTk G o( j)

Here we have used the fact r = Hle r; < R and the standard estimate

n
—— < loglogn.
p(n)
Now, if ¢ # m then either e; = r; or e; > Dgr;. Suppose e;, > Dyr;, for some
19 € I. By first using multiplicativity of the sum over the e; variables, and then using

estimates (2.8.14) and (2.8.15), we see that that this gives a contribution

maxlo log R (e:,) [ (e;
« Ymaxloglog ( 3 HCH 0))
elo)
€; >D0
(610 W)=1
( 3 p(u) f <u>)' ( 3 1 (u)g <u>) |
= p(u) = p(u)
(u,W)=1 (u,W)=1
plu=p=3 (mod 4) plu=p=3 (mod 4)

< Ymax B! 102g logR,
Dopy
where we have used the fact f**(p)/¢(p) = O(1/p?) and g**(p)/p(p) = 1/p+O(1/p?),
which follows from (2.8.12) and (2.8.13) respectively. This is small. Thus
prm) _ BP1)P1g(p1) (H f(ri) f(rs )) (H rjg(rj)g*(rj)>
) g (r;)

yr T -
btk ©(p1) o(r;

el jeJ
g *(e; g™(el, Ymax B!’ log log R
> s T (55 0
, tLoo(eg) plen,) Dop?
€100y Emseny €k JjE€J
rile; Vi#Em J#Em
6127:7,'(;76]

From the support restrictions on y7(»1 ,,,,, ’ﬂz) we necessarily have (r;, W) = 1. From the

above, we see the first product may be replaced by 14 O(Dy'). This incurs an

acceptable error

b

ymax loglog R ( Z w2 (u)g** (u) ) Il < Umax B!’ loglog R

Dop? =, p(u) Dop?
(u,W)=1
plu=p=3 (mod 4)

which gives the result stated. O]
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We record the following useful corollary.

Corollary 2.8.4. With notation as in the statement of Proposition 2.8.1, the follow-

ing estimates hold.

1. If m € J then

/loglog R
~(J,p1,m ymazB 0g 10g
T ™ < 7 :

2. If m & J then
Ymaz B’ log log R

T ™ <
b1
3. We have
y;r;,]lﬁ;m) < ymaxBlj‘ 10g log R.

Proof. This follows easily from Lemma 2.8.2 and Proposition 2.8.3. (We note that in
the special case J = (), in items (2) and (3) we could drop the extra loglog R factor
if required.) O

We are now in a position to prove the first two parts of Lemma 2.6.6.

Proof of Lemma 2.6.6 parts (i) and (ii). We prove part (i), in the case m € J. The
rest of the argument proceeds along the same lines. From Proposition 2.8.3 we have
PR o QR 1610 (70 B (y?naxB“'J(log log R)?)

o — [Ticr f*(w) HjeJ 9*(u;) (p1p2/(p1,p2))?

(um,p1p2)=1
uj=1 vjedJ

Here we have used Corollary 2.8.4 to control the various error terms in the statement
of the proposition. We have also used the fact |I| 4 |J| = k. It follows that

2 1] 2 Bk+|J|<lO lo R)2
S m ~(J,p1,m)\ (7 (J,p2,m) K (U) Ymax g 10g
J,p1,p2, < (ymax )(ymax ) UESR f* (U) + (p1p2/(p1’ p2))2

(u,W)=1
plu=p=3 (mod 4)

Ymax B 17! (log log R)?
(p1p2/ (p1,p2))?
again using Corollary 2.8.4. This gives the result, as required. O]

<

Y

From now on we are only interested in the sums S; = Sj11m, and in particular

J) (J,1,m) (J)
1

the cases |J| € {0,1,2}. For ease of notation we let <) . = ¢ and y{l) =

SUDy, |y,§f)rk| For future reference we note the bound
() <& Ymax B loglog R, (2.8.16)

ym ax

proved above.
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2.8.3 Relating vectors to functionals and proof of
Lemma 2.6.6 part (iii)

We first prove the following corollary that follows from Proposition 2.8.3.

Corollary 2.8.5 (Relating yﬁf) ~ to integral operators). Let y,,

-----

,,,,, re be defined in
terms of a fived, smooth function F, supported on Ry = {Z € [0,1]* : Zf:l 2 <1},

by
_ log 4 log 7y,
Iricene = T\ og R Tog R )
Let )
oF
Free = sup |F(t17atk)|+ ’ (tl”tk>|
(t1,,tk)€[0,1]F ; ot

Define the integral operators

1 log 1 logry \ dz
Lyian(F)= | F ey Ty e -,
JRTEEY) k> ( ) /0 (logR T IOgR) /—:I;m

1 1 1 | d m d
[7'1,...,7"k§m»l<F) _/ (/ F( Ogrl)-.-axlj..-jxmg-.., Ogrk) € ) xl .
; ; log R log R ) \/Twm ) /71

Then

(i) if J ={m} we have

90(7”@)> FmaxB
- 5( ) + 0 (2222,
r;=1VjeJ g T ' * DO

(i) if J = {m,l} we have

2
A FmaacB2
=2 (TT222) 1t + 0 E222),
rj=1VjeJ iel T DO

Proof. First suppose J = {m}. From Proposition 2.8.3 we have

) _ g (em) ” log ry loge,, log . 0 FoaxB
y?”l ..... ’r‘k‘rjzl VJGJ ez (p(em) logR,7 logR P lOgR _'_ DO

(2.8.17)

Consider the function

() W iprWHielri and p =3 (mod 4),
1 = g (p

0 otherwise.
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With this choice of v, (p) we have
np) g7 (p)

p=mp)  #p)
and one can easily check v, (p) = 1+ O(1/p). By an argument identical to the proof

of Lemma 2.7.3, we can evaluate the sum in (2.8.17) as
1
o(r; log logry \ dt,, F.xB
=B F R O
klrj=1vjer (g T )/0 <logR7 logR)\/ - ( Dy
which proves (i). If J = {m, [} then, again using Proposition 2.8.3, we find

) g e] log 1 log e, log ¢, log 74,
yrl ..... Tk’m—leE] Z(H ) (logR,-.-,IOgR,-.-,logR,...alogR

-----

€m,€r  j=m,l
Fmasz
+O( > ) (2.8.18)
0

Take the sum over ¢; first. Consider the function

if pt W1l riem and p =3 (mod 4),

<P(P)
1+ ** <p)

0 otherwise.

Y2(p) =
Reasoning as above, the sum on the right hand side of (2.8.18) becomes
H (1) Z g (em) / log ry log em b log re \ di
oy logR> " 7 logR’™ "’ logR ) VE
Foax B?
O max )
i ( Dy )
We can evaluate this sum in much the same way, this time using the function

p
73(]3) = {1+g*f(p)

0 otherwise,

if pf W1l,e;ri and p =3 (mod 4),

to get the stated result. O

If we define the (identity) operator

log 4 log 7y,
I, (F)=F|——,...,—— |,
oo (F) <1ogR 1ogR)

then the results of Corollary 2.8.5 can be concisely written as
AN F __BWl
— B|J|(HM> Lyoreis (F) +O<&)
ry=1VjeJ ier i Dy

for |J| € {0,1,2}. Here we have used I, _,..;(F) to denote I, ;. .;jes(F). We are

now in a position to prove the remaining part of Lemma 2.6.6.
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Proof of Lemma 2.6.6 part (i1i). We can write the operators in the statement of
Lemma 2.6.6 as follows:
1 1r 2 k
dz;
L(F):// [(F)} =,
L P 1L
1 1r 2 k
dz;
Lm(F):/ / Im(F)] L
o | 1177
1 1y 2k
dz;
Lml(F):/ / LM(F)] ‘
o L Hl N
i#m,l
where we have defined
I(F) = F(xy,...,xx),
! dz
]m(F):/ F(I’, ,.Tk) m7
0 ' vV Em
1 1
dx,, \ dz;
[m,lF :/ (/Fxl,...,xk) )—
(F) VA ( o ) 7
From Proposition 2.8.1 we see that
(i) ((yﬁfsx)?B'f)
Sy = Sete) o Ame] 2 (2.8.19
! u1Zuk Hiel f*(ul) DO )

u;=1 viedJ

From Corollary 2.8.5, for |J] € {0,1,2

— B2|J|(
ri=1 vieJ

Substituting this into (2.8.19), and us

.....

i€l

I1 @) v [Im ..... W(F)} 4 o(

}, we have

2 2|J
FmaxB‘ |

)

(]

ing (2.8.16), yields

20V o ()21 2
e (g ) ()
s, =B ] s | Lo (F)
N J UL seeey Uk;
u,...,Ug iel f (ul>uz| |
U,j=]. vied
(ui,uj)=1 Vi#£j
plu;=p=3 (mod 4)
F2 g2l 2(a;. F2_Bktll(loglog R)?
co(Be 3 [T o Bl
DO Ul,..., Uk i€l f*<ul> DO
uj-:l viedJ

plu;=>p=3 (mod 4)



The first error contributes

2 g2l 2(y, 7] F2 gkt
< maB ( Z ,LL*< )) « max .
0 w<R S (ws)
(u,W)=1
plu=p=3 (mod 4)

For the main term, if (u;, u;) # 1 then they must be divisible by a prime ¢ > D, with

g = 3 (mod 4). In this case we get a contribution

LD VD VI |

1yeeeryU i ’L ul
q53q(>rr€)Od 4) u3—71 Vjé] el )
(ug,W)=1 Vi
plui=p=3 (mod 4)
qlug, uUj
I
< F? BQ'J< > M)' el ER B
max = <U>u2|J| st f*( ) 41J| Do
(u,W)=1

plu=p=3 (mod 4)
Thus this constraint can be removed at the cost of a negligible error and we are left

with

2 (1) (10, )21] ([ FaaB ) loglog R)®
12 (u;)o(u; max 0g 108
S; = B2 Z H ( L ( 2?” [Im ,,,,, Uk:§J(F):| +O( D )

(us,W)=1 Vi
plu;=-p=3 (mod 4)

Now, since
o(p)?” —1+0<1)
f()pl - p p?)’

we can evaluate this multidimensional sum by applying Lemma 2.7.3 |I| = k — |J|

times. We obtain

F2  Bk(loglog R)?
SJ _ Bk—HJILL](F) —|—O( max l)(Og 0og ) )
0

This completes the proof of Lemma 2.6.6. O
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Chapter 3

On the asymmetric additive energy
of polynomaials

We prove a general result concerning the paucity of integer points on a certain family
of 4-dimensional affine hypersurfaces. As a consequence, we deduce that integer-

valued polynomials have small asymmetric additive energy.

3.1 Introduction

Given a non-zero polynomial f € Z[x] of degree d > 3, an integer k € Z, and a
parameter B > 1, we let Ef(B;k) denote the number of integer solutions to the
equation

f(x1) + fz2) = fw3) + f(2a) + K (3.1.1)

inside the multi-dimensional box
S(B) = {(x1, 9,23, 14) € Zio :maxz; < B}. (3.1.2)

Following Baker, Munsch and Shparlinski [1], when k is a fixed, non-zero integer,
we call Ef(B;k) the asymmetric additive energy of the polynomial f inside the box
S(B) with respect to k. If &k = 0 we simply call E¢(B;0) the symmetric additive
energy of the polynomial f inside the box S(B).

The latter case has been particularly well-studied in the literature, and here
we have results available for any polynomial f. In this case, we immediately see there
are 2B?% diagonal solutions to equation (3.1.1) of the form (a,b,a,b) and (a,b,b,a).
Based on standard probabilistic heuristics, one would expect there to be very few

other solutions. Indeed, it is now known that one has an asymptotic of the form

E¢(B;0) = 2B* + O4(B*™) (3.1.3)
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for some explicit constant 6 > 0. This was first established in the special case
f(x) = 2% by Hooley [16, 18], with results for more general polynomials f being
established later by various authors. We refer the reader to Browning’s excellent

paper [4] for a brief history of this interesting problem.

The case where k is a fixed, non-zero integer has received less attention. However,
recently, it is has been realised that estimates in this alternate setting would have
interesting applications. This is the regime we study. In this case, in the absence of
any diagonal solutions, one would simply expect there to be very few solutions to
equation (3.1.1). The estimate E;(B;k) <. B**¢ is essentially trivial and follows
from an application of the divisor bound. Hence in this situation one expects a
bound of the form

Eq(B;k) <; B> (3.1.4)

to hold. We remark that this estimate is uniform in %k, and this is important in the
interest of applications. Currently, a bound like (3.1.6) is only known in the special
case when f(z) = 2% and either d = 3 or d > 5. This is essentially due to Hooley [16]

in the former case and Marmon [20] in the latter.

In this chapter, we prove a bound of type (3.1.4) holds for an arbitrary poly-
nomial f. In other words, we establish that polynomials have small asymmetric

additive energy.

Theorem 3.1.1. Fiz a polynomial f € Z|x] of degree d > 3. For any non-zero integer
k we have
Eq(B; k) <; B> 1/60), (3.1.5)

The zero-set of equation (3.1.1) defines a 4-dimensional affine hypersurface over Q. It
is natural to consider this geometric object abstractly. In doing so, we are led to con-
sider a family of 4-dimensional affine hypersurfaces which generalise equation (3.1.1).
We are then able to prove the following result concerning the family, from which
Theorem 3.1.1 will follow as a corollary. This general result may have independent

interest.

Theorem 3.1.2. Fiz a polynomial f € Z[x,y| of degree d with zero constant term,
a polynomial g € Zlx,y| of degree (d — 1), and non-zero integers abk # 0. Write f,
(resp. ga—1) for the top-degree homogenous parts of f (resp. g), and let My ,(B; k)

denote the number of integer solutions to the equation
fz1,22) = (axs — bry)g(xs, x4) + k (3.1.6)
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inside the multi-dimensional box S(B) defined in equation (3.1.2). Suppose, in addi-

tion, the following constraints hold:
1. The affine curve { f(x,y) = k} C Ag does not contain a line.

2. The projective variety { fa(z,y) =0} C IF’}@ 1s smooth and does not contain any

non-constant repeated components.

3. The projective variety {(ax — by)ga—1(x,y) = 0} C P, does not contain any

non-constant repeated components.
If d = 4 we additionally suppose:
(4) The projective variety
10941z y 19941z y 1
- -, = —— (=) =0, CP
{a or \a'v) b dy \a’b ©

does not contain any non-constant repeated components.

Then,
Myy(B:k) <;gan B>, (3.1.7)

We remark here that one can show the estimate M ,(B; k) < g5 B> via a divisor-
bound argument, and without constraints on f and ¢ this is essentially optimal. Thus,
one may wonder which of the assumptions of Theorem 3.1.2 are necessary in order
for there to be significantly fewer solutions. We clearly require (1), as otherwise
we would be able to generate O(B?) “trivial solutions” lying on lines contained in
the hypersurface. Interestingly, (1) is not sufficient; one also requires (3). This is

illustrated by the following example: there are O(B?) solutions to the equation
x] — x5 = (13 — 24) (23 — 25 — 322 — 324) + 1

of the form (a,a,b + 1,b). In this example (1) is satisfied (see Lemma 3.1.5
below) but (3) is not, as the top-degree homogenous part of the RHS contains
the square-factor (z3 — x4)%. On the other hand, (2) and (4) are present purely
to facilitate our proof method. Presumably, both of these assumptions could be

removed if one had a different approach. We discuss this in more detail in Section 3.2.

We have written the conclusion (3.1.7) of Theorem 3.1.2 in the form stated

for simplicity; in view of applications, the most important aspect is that we obtain
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a power saving over the trivial bound. However, our proof actually yields the better

bounds:

B 1/Bd)+e if d € {3,4},
Myg(B; k) <fgabe {Bl-l—e(Bl/Q + Bz/ﬁ+1/(d—1)—1/((d—2)\/8)) if d > 5.

The bounds present in Theorem 3.1.1 can be improved accordingly. We will deduce
Theorem 3.1.1 from Theorem 3.1.2 in Section 3.1.2 below. As mentioned above,

Theorem 3.1.1 has various applications in the literature. We discuss these now.

3.1.1 Applications

In [7] Chen, Kerr, Maynard, and Shparlinski were interested in showing that Weyl
sums typically exhibit square-root cancellation. A key input to their method was an
estimate of the form
Z Ef(§3 k) <5 B2*d
0<|k|<4B4

for the monomial f(z) = x¢, where k4 > 0 is a constant depending only on d (cf. proof
of [7, Lemma 4.3]). In the paper they establish such an estimate when d = 3 and
d > 5, using work of Hooley [16] and Marmon [20]. This just left the case d = 4. It
is clear that, with Theorem 3.1.1 applied to the polynomial f(x) = x?, we can now
extend [7, Theorem 2.1] to cover the case d = 4 and hence complete this aspect of

the classification of Weyl sums.

Corollary 3.1.3 (Square-root cancellation in Weyl sums almost always). There exist
positive constants ¢ and C such that, for any d > 3 and any sequence of complex

weights (a,)2, with |a,| = 1, the set

N
fod
E :an€27mxn

n=1

{:1:' €[0,1): eNY2 <

< CNY2 for infinitely many N € N}

has full Lebesgue measure.

As a further application of Theorem 3.1.1, in recent work Baker, Munsch and
Shparlinski [1] proved a general result which enables one to establish large sieve
inequalities for a general class of sparse sequences, provided that one has good
estimates available for the symmetric and asymmetric additive energy of the
sequence. Using the work [7] described above, the authors were able to establish
large sieve inequalities for the monomial sequences f(z) = 2% when d = 3 or d > 5.

The authors also proved a weaker result about general polynomial sequences by
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alternative methods [1, Theorem 1.5].

By using the new estimates contained in Theorem 3.1.1, we are able to estab-
lish their first result for the monomial f(z) = z* (albeit with a slightly weaker
exponent), and also improve their result concerning polynomial sequences. A direct

application of [1, Theorem 1.1] to the appropriate sequence yields the following.

Corollary 3.1.4 (Large sieve inequality for polynomial sequence). Fiz e > 0. For any
sequence of complex weights (a,)%, and f € Z[x] of degree d > 3 and Q¢ < N < Q*

we have

Q fa) M+N omian\ |12 M+N
Z ane( f( ) ) ‘ <<f,e (NQ1/2 +N3/4Qd/2+2—1/(50d))Q5 Z |an|2‘
q=1 ( a(:l)i1 n=M+1 q n=M+1

It is likely that further applications of Theorem 3.1.1 will appear in the literature.

We now show how Theorem 3.1.2 implies Theorem 3.1.1.

3.1.2 Deducing Theorem 3.1.1 from Theorem 3.1.2

Fix a polynomial p € Z[z] of degree d and a non-zero integer k. Let us write p(z) =
27:0 a;x'. We would like to apply Theorem 3.1.2, taking

flz,y) = (x —y)g(x,y) = p(z) — p(y). (3.1.8)

First let us check the constraints on f are satisfied. The homogenous polynomial

fa(z,y) is clearly smooth, and moreover over Q we have the factorisation

fal,y) = aa(z® —y*) = aa [ ] (= — &y), (3.1.9)

gi=1

which shows that f; has no repeated factors. Thus we just need to check that the
curve f(x,y) = k contains no rational lines. For this we have the following lemma.
Note that in this special case we can prove the stronger assertion that f(x,y) = k

contains no lines over Q.

Lemma 3.1.5. For any p € Z[x] and non-zero integer k, the affine curve

{p(x) —ply) =k} C A

contains no lines.
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Proof. Suppose for a contradiction that this affine curve contains a line. It is clear
that in this case there must exist a parametrisation of this line of the form (z,y) =
(t,at + ) with o, 3 € Q. This leads us to the polynomial identity

p(t) =plat + B) + k (3.1.10)

in Q[t]. Comparing leading-term coefficients, we see that a? = 1. Then comparing
the coefficients of t¢~!, we may solve for 3 and find that 8 = ay_1(a — 1)/(dag). If
a = 1 then we must have § = 0, and then setting t = 0 in (3.1.10) yields & = 0, a

contradiction. Otherwise, setting ¢ = —(/(cav — 1) yields the same contradiction. [

It just remains to check our constraints on g. It follows from the above that (z —
Y)ga—1(x,y) is square-free. Finally, when d = 4, we must additionally check that the
gradient of g4 ; is square-free. In this case, g3(x,y) = as(2® + 2%y + 29> + y3) and we

have

0
(z,y) + ai;j(m, y) = 4a4(x2 + zy + y2) = day(x — wy)(z — Wy) (3.1.11)

99s
ox

where w = (—1+4+/3i)/2. Hence the gradient is square-free. This completes the check
of all the constraints. Since E,(B; k) = My ,(B; k), it is now clear that Theorem 3.1.1

follows from Theorem 3.1.2.

3.2 Proof outline of Theorem 3.1.2

The proof of Theorem 3.1.2 will split into two cases, depending on whether d € {3, 4}
or d > 5. In the former case we will apply a sieve method, and in the latter we will

apply the determinant method.

The following notation will be useful in this section and throughout the chap-
ter: whenever F' € Z[xy,...,x,] is a polynomial in n variables, we let Mg(B)
denote the number of solutions to the equation F(zi,...,z,) = 0 inside the
multi-dimensional box S(B) defined in equation (3.1.2). (Although this overloads
the notation My ,(B;k) used in Theorem 3.1.2, it will always be clear from the

context which quantity we are referring to.)
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3.2.1 The case d € {3,4} and the polynomial sieve method

When d € {3,4}, we will establish Theorem 3.1.2 via a sieve method. The sieve can
be viewed as a “local” method, where one attempts to rule out the existence of lots
of “global” solutions by ruling out the possibility of lots of “local” solutions modulo
p for “many” primes p. Hooley [15, 16, 18] was the first to appreciate how sieves
could be applied in this context. We will find it convenient to use a particularly
flexible sieve method called the polynomial sieve due to Browning [4]. We defer the

statement of the main sieve proposition to Section 3.5.

Let us recall equation (3.1.6) where for simplicitly we assume a =b=1:

f(z1,20) = (23 — 24)g(23,24) + k. (3.2.1)

A key property of the above equation which enables the sieve method to work is the
presence of a linear factor on the RHS. If we let h = (z3 — z4) and eliminate x4 (say)

in the above equation, we may equivalently examine
f(z1,20) = hg(xs, 23 — h) + k. (3.2.2)

The argument then proceeds by first fixing the value of h, and then counting
solutions to the simpler equation in (1,9, z3) which remains. We can then apply
the polynomial sieve to detect solutions to this equation where the variables (z1, x2)
are constrained to satisfy the congruence f(x;,z5) = k (mod h). By applying the
sieve to a congruenced set in this manner, we are able to retain the trivial bound at
this step of the argument. This is crucial, as it allows one to obtain a power sav-

ing for My ,(B; k) provided one gains only a small power of B from the sieve estimates.

This means we would like to sieve by primes p of size O(B°) (say), which in
turn requires one to understand our variables in arithmetic progressions with modu-
lus of size O(B'*2°). The modulus is slightly larger than the length of summation, but
this difficulty can be overcome by a completion of sums argument. This leaves one
with certain exponential sums over algebraic varieties to estimate. Hence, to execute
the sieve method effectively, one has recourse to the deep work of Weil [28] and
Deligne [9] concerning the Riemann Hypothesis for curves and higher dimensional
varieties over finite fields. This argument works for a generic value of h, but in
practice there might exist some exceptional values of A for which certain auxiliary

varieties (depending on h) fail to be smooth. However, using elimination theory, it
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is possible to show that there can’t be too many of these exceptional values. One
can then estimate the contribution from these cases via other methods, such as the

Bombieri-Pila method (see below).

3.2.2 The case d > 5 and the determinant method

For the complementary case, when d > 5, we will use the determinant method. The
determinant method can be viewed as a “global” method. The general philosophy is
that any “large” contribution to the count My (B) must come from rational points
lying on lower dimensional varieties contained inside the hypersurface. This method
has its origins in the pioneering work of Bombieri-Pila [3]. It was then greatly
developed at a later date by Heath-Brown [13], and has enjoyed various refinements

since due to a variety of authors.

Again, recalling equation (3.1.6) with a = b = 1, we wish to count points on

the 3-dimensional surfaces
f(z1,29) = (x3 — n)g(z3,n) + k C A‘?Q (3.2.3)

for each fixed integer n. Thus, as in the sieve method, we begin by considering a
simpler object of smaller dimension. However, in the former case it was crucial
we had the linear factor on the RHS and our change of variables incorporated this
information. This is less important here (however we will still make use of the linear

factor later).

We will apply the determinant method to equation (3.2.3) in the form of the

following result, which is implicit in the proof of [5, Theorem 3].

Proposition 3.2.1 (Browning and Heath-Brown). Let F' € Z|x,y,z| be a non-
singular polynomaial of degree d > 4. Then

MF<B) e M[lgnes(B)_'_Bl/2+6+B2/\/¢§+1/(d71)71/(\/E(d72))+67

where M%5(B) counts the number of integer points lying on lines contained in the

hypersurface {F = 0} C A% inside the box S(B) defined by equation (3.1.2).

We note that the last error term exceeds B when d < 5. This is the reason we cannot
apply the determinant method when d € {3,4}.

65



Therefore, to obtain a power saving for M ,(B;k) via the determinant method,
it is sufficient to have control over the possible lines which can appear in the
surfaces (3.2.3). Here it is important we are averaging over n; for certain values of
n lines may exist and hence contribute a larger amount to My ,(B; k), however, one
can show via elementary means that there cannot be too many values of n for which
this can occur. We note that our argument will also make use of the linear factor on
the RHS of (3.2.3).

We remark that Proposition 3.2.1 only applies when the surface (3.2.3) is smooth.
This will be true for a generic choice of n. Thus we arrive at a similar situation to
that described above with the sieve argument, where we must handle exceptional
cases via different methods. For these values we will use the Bombieri-Pila method.

We state the main result we will use here. The following appears as [3, Theorem 5.

Proposition 3.2.2 (Bombieri-Pila). Let F' € Z[x,y| be an absolutely irreducible curve
of degree d > 2. Then
Mp(B) <aq. BY*e.

3.2.3 Some basic facts about discriminant polynomials

Throughout the proof of Theorem 3.1.2 we will encounter various auxiliary curves and
surfaces which depend on an integer parameter h (say). For both the determinant
method and the polynomial sieve method to work, we require these varieties to
be smooth for“most” choices of h. This in turn amounts to showing that certain
discriminant polynomials, which by definition will be polynomials in the parameter

h, are not the zero polynomial.

Our method of proving this is to extract the leading coefficient using limiting
arguments. This leading coefficient will generically be non-zero, and only vanish if
our polynomials are degenerate in some way. Our additional assumptions (2) and
(4) in the statement of Theorem 3.1.2 ensure that we avoid these cases. It is possible
that these additional assumptions could be removed if one had a different way of

proving these discriminant polynomials didn’t vanish.
With this in mind, we collect here a few basic facts about discriminant poly-

nomials which we will use without comment throughout this chapter. Given a

polynomial f € Q[z] of degree d, leading coefficient a4, and roots A;, ..., s € Q, we
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form its discriminant polynomial with respect to x, which we write as Disc,[f(x)] by
the formula
Disc,[f(2)] = (—1)"@D2a5 D TN = A)). (3.2.4)
i
The discriminant polynomial satisfies the following properties:

(i) Disc,[f(x)] is a polynomial in the coefficients of f.

(ii) Disc,[f(x)] vanishes if and only if f and f’ possess a common factor over Q. In
particular, if f has no non-constant repeated factors over Q then Disc,[f(x)] #
0.

(iii) For any real numbers a, b and ¢ we have the transformation formula

Disc,[af(bx + ¢)] = a® 2% VDisc,[f(z)). (3.2.5)

3.3 Notation

We will use both Landau and Vinogradov asymptotic notation throughout this
chapter. B will denote a large integer, and all asymptotic notation is to be
understood as referring to the limit as B — oo. We allow any implied constants to
depend implicitly on the variables f,g,a and b, without specifying so. By this, we
mean dependencies on the coefficients of f and ¢g and also on the degree d. Any
dependencies of the implied constants on other parameters A will be denoted by a
subscript, for example X <4 Y or X = O4(Y), unless stated otherwise. We let €
denote a small positive constant, and we adopt the convention it is allowed to change

at each occurrence, and even within a line.

If £ is a field, we let A} (resp. P}) denote n-dimensional affine (resp. pro-
jective) space over k. If F' € Zlry,...,xz,| we let {FF = 0} C Af denote the
n-dimensional affine hypersurface generated by F over Q. By slight abuse of nota-
tion, we may write this as F' = 0 C A, or even simply F' C Af. We adopt similar
conventions whenever F' is homogenous and generates a projective hypersurface. The

hypersurface defined by F' is said to be smooth over Q if the system of equations

OF OF
Fy, .. .syn) = —W1,--s¥n) = ... = —(U1,---,Yn) =0
(s ym) = 5 (W) D, s Un)
has no solutions with (yi,...,y,) € Af in the affine case or [y; : ... : y,] € P in the

projective case.
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We let f; (resp. g¢;) denote the homogenous part of f (resp. g¢g) of degree i.

Thus, we may write

d d—1
fz,y) = Zfi(l‘,y% glz,y) = Zgi(x,y)

We will frequently use assumption (1) in Theorem 3.1.2 which says that the curve
{f(z,y) = k} C A? contains no lines. We note that the curve may well contain lines
over the larger field Q, but these lines cannot simply be reparametrisations of lines
over Q (e.g. v2z ++/2y = v/2). To this end, the following definition is useful: we say
aline {ax+Py+~v =0} C A% is definable over Q if there exists A € Q and a,b,c € Q
such that ax + fy + v = AMaz + by + ¢). With this definition, our assumption is

precisely that the curve f(z,y) = k doesn’t contain any lines definable over Q.

3.4 Proof of Theorem 3.1.2 in the case d > 5.

Fix f,g € Z[x,y] as in the statement of Theorem 3.1.2, with d > 5. In this section we
prove the Theorem 3.1.2 in this regime. Recalling equation (3.1.6), we wish to count

integer points on the affine hypersurface
f(w1,22) = (axs — bry)g(xs, x4) +k C Afl@ (3.4.1)

The method proceeds by fixing the value of x4, which we now call n, and considering

the resulting 3-dimensional affine surface
[z, 22) = (axs — bn)g(xs, n) + k C A, (3.4.2)

which we call T',,. For later purposes, we let TP™i(xy, x5, 23, w) C IP% denote the

projectivisation of this surface. Recalling our notation so far, we can write

Myy(Bik)= > Mr(B). (3.4.3)

1<n<B

First let us deal with a degenerate situation, where n is such that g(x3,n) vanishes

identically (as a polynomial in x3).
Lemma 3.4.1. Suppose n is such that g(xs,n) vanishes identically. Then

My, (B) <. BY**.
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Proof. Clearly
Mr, (B) < B-#{x1,20 € [1,B|NZ: f(x1,22) = k}. (3.4.4)

To evaluate this count, we can decompose our curve into O(1) absolutely irreducible
components and majorise by summing over each component. We can then ap-
ply Proposition 3.2.2 to each component. Components of degree > 2 contribute
O(BY/?*€). By assumption, any components of degree 1 (i.e. lines) are not definable
over Q and therefore contain at most 1 integer point, and so these contribute in total
O(1). Thus, this count is O.(BY/?%€), which yields the lemma. O

There can be at most O(1) such values of n for which g(x3,n) vanishes identically,
and so (3.4.3) becomes

Myo(Bik) = > Mr,(B)+ O(B**). (3.4.5)

1<n<B

g('an)#o

For these remaining values of n we would like to use Proposition 3.2.1 to estimate the
corresponding M (B). To do this we require the surface I',, to be smooth. Generically

this will be the case, as the following lemma demonstrates.
Lemma 3.4.2. T2™ s singular for at most O(1) values of n.

Proof. Write g(x3,24) = 3, icq s e; jax). We first deal with possible singular points

with w = 0. We can write ['P™ as

fa(x1, 22) + w1 (21, 22) = aed_l,oxg + (aeq—21m — bneq_19 + Ged—2,0)$g_1w

+ (terms involving w?).

If [r:s:t:0]is a singular point, by considering the z; and zy derivatives, we see

that necessarily

dfa 0fa
8_131<T’8) 85(72(

By Euler’s identity, we see that f;(r,s) = 0 also. As we are assuming f; is smooth

r,s) = 0.

we must have r = s = 0. If eq_1 9 7# 0 then the equation above yields ¢t = 0, which is a
contradiction. If e;_; ¢ = 0 then necessarily eq_o 1 # 0 as otherwise g4_1 (3, x4) would
contain a square factor of 3. In this case the w derivative evaluated at [0: 0 : ¢ : 0]
yields

a(ed_len + ed_270)td_1 = 0.
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Unless n = —eg_00/€4—21 we conclude again that ¢ = 0. Thus there is at most 1

value of n for which T'P™J contains a singular point with w = 0.

This leaves us to examine possible singular points with w = 1. For ease, let
us write G,(z3) = (axs — bn)g(xs,n) and denote by G/ (z3) the derivative with
respect to x3. Again, by examining derivatives, it is clear that any singular point

[r:s:t: 1] must satisfy, in particular,

0 0
8_ai(r’ s) = a—fo(r, s)=0and G/(t) =0

Now, our assumption that f; is square-free implies that the partial derivatives 0f/0z4
and Of/0xy are coprime and hence, by Bézout’s theorem, they have at most O(1)
common zeros." Thus, this system constrains r and s to at most O(1) possible values.

For each pair we must then solve the system

We would like to show that this system is only solvable in ¢ for at most O(1) choices
of n. If this were the case, it would follow that there are at most O(1) values of n
for which TP} contains a singular point with w = 1. This, together with the above,

would yield the conclusion of the lemma.

We will prove this via the following strategy, which will be used numerous

times throughout the chapter: if the system is solvable then the discriminant
Discy[Gn(t) — f(r, )]

will vanish identically. However, by definition, this will be a polynomial in n which
generically will be non-zero and so only vanish for O(1) values of n. Hence it is
sufficient to prove that this discriminant is not identically zero. We prove this by
extracting the leading coefficient. Our assumptions on f and g will then imply this

leading coefficient doesn’t vanish.

f 8f /Ox1 and Of /Oxa have a common factor p then f must be of the form f = p?q+ ¢ for some
constant ¢. By comparing homogenous parts of top-degree we see fy will be divisible by a square in
this case.
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Now we have

Gn(nt)  (at —b)g(nt,n)

nd nd-1
t_b>d 1

gi(nt,n)
1=0

= (at —b)ga_1(t, 1) +0(n1).

Thus, taking limits, we see that

lim Gn(t)

n—oo nd

= (at — b)ga-1(t,1). (3.4.6)

By standard properties of discriminant polynomials, as detailed in Section 3.2.3,

whenever n # 0 we can write

[Gn(nt) -

nd

f(r, 3)} _ Discy[Gn(t) — f(r,s)]

Disc, n(D—1)(2d-D) )

where 1 < D < d is the degree of G,(t) as a polynomial in ¢. This is valid for any
n # 0, and moreover both sides of equation (3.4.6) have the same degree D in t. Thus
we may take the limit as n — oo inside the discriminant, and it follows that

Disc[Gn(t) — f(r, s)]

n(D—1)(2d—D)

lim

n—oo

— Disc,[(at — b)ga_i(t,1)]

The RHS is non-zero by our assumption that {(az—by)gs—1(z,y)} C Pé is square-free.
Thus, the discriminant polynomial has a non-zero leading coefficient. This completes

the proof of the lemma. n

Before we can dispense with those values of n for which I',, is singular, we require
some information about the possible lines which can be contained in level sets of the
curve {f(z,y) =0} C A%.

Lemma 3.4.3 (Lines contained in level sets of f). Let f € Z|xy, x5 be such that fy
is not divisible by a square and let | € Q. Then, if the variety

{f(z1,22) =1} C A%
contains a line, this line must be equal to one of the possible lines listed below:

1. The line parametrised by (x1,z2) = (t,at + B) where fy(1,a) = 0 and [ =
—fa-1(1,)/(0fa/0y)(1, ).
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2. The line parametrised by (x1,x2) = (7,t) where v = —fq-1(0,1)/(0f4/0x)(0,1).
(This case requires fq(0,1) =0.)

Proof. Let us suppose that the level set f(zq,22) = [ contains a line. This line can
be parametrised by (11, 72) = (At + g1, Aot + p12), where all coefficients lie in Q and
A1, Ao are not both zero. We have the Taylor expansion

d i
FOut+ i, Mt + pin) =Y ) O, o)l |77 (3.4.7)

i=0 j=0

{ 11 0f;
T | Gokiqym
s k! m! OxFy

We consider two cases, depending on whether or not \; is zero.

1. If A; # 0 then our line may be parametrised by (x1,x2) = (t,at + () for some
a and . Now since we are assuming f(t,at + ) = [, we arrive at the following

polynomial identity in Q[t] :

9fa

—S(L,a) [t . =1
ay(,a) +

fa(La)t + | faoi(1,0) + B

Since fy is smooth, f4(1, @) is a non-zero polynomial in « of degree at most d.
Therefore, there are at most O4(1) choices of « for which the leading coefficient
vanishes. For every such «, we must have (0f;/0y)(1,«) # 0 as otherwise the
discriminant Disc,[f4(1,y)] would vanish, contradicting the fact f; is square-

free. The result follows by looking at the vanishing of the coefficient of ¢4~

2. If A\ = 0 then necessarily Ay # 0. In this case our line may be parametrised by

(x1,m9) = (7,1). Now
df.

FOnt) = f200, 1)t + | f4-1(0,1) +78—;(0,1) At

For the coefficient of t¢ to vanish we must have f4(0,1) = 0. It follows that
(0f4/0x)(0,1) # 0 as otherwise fy(z1,z2) would be divisible by the square z?.
The coefficient of t?~! vanishing then implies v = —f4_1(0,1)/(0f4/0x)(0, 1),

as required.

O

From now on we let A C Q consist of the set of a, 3,7 defined in Lemma 3.4.3 above,
whenever they exist. These numbers depend only on f; and f; 1, and it is clear
that |A| = O(1). In case (1) we must have [ = f(0,5) and in case (2) we must have

L= f(,0).
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We are now finally in a position to deal with the contribution from those n

for which I'P*® is singular.

Lemma 3.4.4. We have

Z MFn (B) < B3/2+6'
1<n<B
2™ singular
g(vn)760
Proof. There are O(1) choices of z3 for which (axs — bn)g(zsz,n) = (I — k) and [ €
{£(0,8), f(7,0)}~en. For these values of z3 we use the trivial bound O(B) for the
number of possible values of 1, x5 € [1, BJNZ for which f(z,22) = [. For the other

O(B) values of x3, we claim that
#{I17$2 S [].,B] NZ: f(ZEI,J]Q) = (agj3 — bn)g(l’?”n) + k} <, Bl/2+6,

Indeed, this follows from Proposition 3.2.2 in much the same way as Lemma 3.4.1. We
split our curve into absolutely irreducible components and sum over each component.
By Lemma 3.4.3 we are avoiding any level set which could potentially contain a line
over Q, and hence every absolutely irreducible component of our curve must have
degree > 2. By Proposition 3.2.2 we can therefore bound this count by O(BY/?*°),
as required. We are done as there are only O(1) choices for n by Lemma 3.4.2 and
only O(1) choices for 3,y by Lemma 3.4.3. ]

Lemma 3.4.4 together with equation (3.4.5) yields

Myo(Bik)= Y Mp,(B)+O(BY*"). (3.4.8)
1<n<B
2™ smooth
g('vn)#o
We are now in a position to apply Proposition 3.2.1 to estimate each term in the sum.
Let us analogously define MF:GS(B) to count the number of integer points lying on
a line contained in the surface {I';, = 0} C Ag,. From Proposition 3.2.1, we conclude

that

Mf,g(Ba k) _ Z MII‘ITI:eS(B> + OE(Bl+6(Bl/2 + BZ/\/aJrl/(d 1)—1/((d 2)\/&)))
1<n<B
2™ smooth
g(-m)#0
(3.4.9)

We turn to understanding the lines which can appear in I',,. The reason we work
projectively is so that we can apply the following lemma due to Colliot-Thélene,

which can be found in [13, Appendix].
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Lemma 3.4.5 (Colliot-Thélene). Suppose that X C IP’% is a smooth projective surface
of degree d > 3. Then there are Oy4(1) lines contained in X .

The following proposition, reminiscent of Lemma 3.4.3 above, summarises our infor-

mation about possible lines contained in the affine surfaces I',,.

Proposition 3.4.6 (Analysis of lines contained in I',). Suppose f and g satisfy
the hypotheses of Theorem 3.1.2 and let A be defined as in the remarks following
Lemma 3.4.3. Fix a positive integer n for which g(x3,n) is not identically zero as a

polynomial in x3. Then, if the variety
{, =0} C A3
contains a line, this line must be equal to one of the possible lines listed below:

1. The line xo = axy + B, where o, € A and x3 and n satisfy the equation
(axs —bn)g(xzs,n) + k = f(0, B) with f(0, ) # k.

2. The line x1 = v, where v € A and x3 and n satisfy (ax3 — bn)g(xs,n) + k =
f(v,0) where f(vy,0) # k. (This case requires fq(0,1) =0.)

3. Lines which contain at most 1 integer point (1, xs,x3).

Proof. Any line in the surface can be parametrised by x; = A\t 4+ p; for i € {1,2,3},
where A, t; € Q and the )\; are not all zero. This then leads to an equality of
polynomials in Q[t] :

Ft + g, Aot + p2) = [a(Ast + ps) — bnlg(Ast + pis,m) + k.
Our proof proceeds by a careful case analysis.

1. Suppose that A3 = 0 and A\; # 0. Then, by Lemma 3.4.3, our line must be equal

to the line with parametrisation
Ty =1, ry=at+ 5, r3=p3

where o, f € A and z3 = p3 must satisfy (axs — bn)g(zs,n) + k = f(0,5). If
f(0, 8) = k then, because we are assuming the curve f(x,y) = k doesn’t contain
a line definable over Q, we must have at least one of a, 5 € Q\Q. But now the

line xo = aury + f contains at most one integer point (xy, 7).
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2. Suppose that A3 = 0 and A\; = 0. Then, by Lemma 3.4.3, our line must equal

the line with parametrisation
Ty =7, T2=1, T3 = U3

where v € A and we see x3 = g must satisfy

f(7,0) = (axs — bn)g(xs,n) + k.

This case requires fy(0,1) = 0. From the definition of v in Lemma 3.4.3, we see
that v € Q. We are assuming that f(x,y) = k doesn’t contain any lines definable

over @, and so it follows that in this situation we must have f(v,0) # k.2

3. Suppose that A3 # 0. We may parametrise our line as follows:
T = 5\1t+/ft1, To = S\Qt—l—/’lg, r3 =1,
where :\1, [, 5\2, o € Q. Then we must examine
FOUt + fin, Mot + fi2) = (at — bn)g(t,n) + k.

Recall we are supposing that g(¢,n) is not the zero polynomial. In particular,

as polynomials in ¢, we must have the factorisation
at — bn|f (Mt + fin, ot + fia) — k

over Q[t]. Now, because we are assuming that the curve f(z,y) = k doesn’t
contain a line definable over Q, it follows that at least one of the variables
5\1,/11,5\2,,&2 € @\Q But then, since x; = N3 + f; for i € {1,2}, it is clear

that any line which arises in this way contains at most 1 integer point.
O

Our last technical estimate is the following lemma. We note that our assumption

(ax — by)g(x,y) is square-free means that, in particular, we have g4_1(1,a/b) # 0.

Lemma 3.4.7. Suppose g € Z[x,y| is such that g4—1(1,a/b) # 0. Then for any | # 0
we have
#{z,y € [1,B|NZ: (ax — by)g(z,y) = 1} < BY**<.

2For otherwise we would have f(v,t) = k identically in ¢, and then f(x,y) = k would contain the
rational line (x — 7).
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Proof. This is proved along the same lines of Lemma 3.4.1. We will be done by Propo-
sition 3.2.2 provided that we can show this curve doesn’t contain any lines defined
over Q. As [ # 0, any line contained in this variety must have a parametrisation of the
form (z,y) = (t, A\t + p). In this case we must have the following polynomial identity
in Q] :

[((a — bA)t — bu)g(t, X\t + p) = L.
Since [ # 0, for this to be true clearly the first factor must be constant, i.e. A = a/b.

Now, by Taylor expansion, we have
gt A+ 1) = gaa (L, )t

For the leading term to vanish we must have g4_1(1, \) = gq—1(1,a/b) = 0. This is a

contradiction. O

The following lemma, together with equation (3.4.9), completes the proof of Theo-
rem 3.1.2, in the case d > 5.

Lemma 3.4.8. We have

E Mléz:es(B) <, B3/2+e
1<n<B
2™ smooth

g(~,n)7£0

Proof. This follows by assembling the information gathered thus far. Consider again
Proposition 3.4.6. It is easy to see that the contribution from lines in cases (1) or (2)
is O.(B3/*t€) by Lemma 3.4.7 together with the fact |A| = O(1), and the contribution
from lines in case (3) is O(B) by Lemma 3.4.5. O

We conclude that
M;4(B; k) <. BY¢(BY? 4 BVa+1/(d-1)-1/(d-2)Vd) (3.4.10)

One can check the exponents appearing here are strictly less than (2 — 1/(50d))

whenever d > 5, and so the bound stated in Theorem 3.1.2 follows.

3.5 Proof of Theorem 3.1.2 in the case d € {3,4}.

We now proceed to prove Theorem 3.1.2 in the remaining cases when d € {3,4}. As
discussed in Section 3.2, we will use the polynomial sieve developed by Browning in
this regime. We state the main sieve proposition here. By slightly adjusting the set-

up, we are able to make the implied constant absolute and transfer any dependencies
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into our choice of P, the set of sieving primes. This is a technical convenience which
will prove useful to us, as for our applications to asymmetric additive energy of

polynomials we wish to explicitly keep track of any dependencies on the constant term.

It is clear that the following result follows from the proof of [4, Theorem 1.1].

Proposition 3.5.1 (Browning). Let A C Z?, and let F' € Z[x, X1, X»] be a polynomial
of the form

F(l’, Xl,XQ) = Cd[Ed + Cd—l(Xla Xg)l’d_l + ...+ Co(Xl, XQ),

where cq s a non-zero integer and ¢; € Z[ Xy, Xa| for every i € {0,...,d — 1}. Let P
be a set of primes such that (cq,p) = 1 for every p € P and / X? + X2 < exp(#P)
whenever (X1, Xy) € A. Then, for any integer a > 1, we have

#{(X1,Xo) € A: F(2; X1,X32) =0 for some x € Z} <

2.

p,q€P

Z ¢ij(@)Si;(p, )|,

1736{07172}

1
#P?

where

Sij(p:q) = Z Up(X17X2)qu(X1>X2>j7
(Xl,XQ)E.A

the v, (X1, X2) denote the “local counts” of solutions
up(X1, X2) = #{x (mod p) : F(x; X1, X3) =0 (mod p)},

and the coefficients ¢; ;(«) are given by

(o —d)? if (i,7) = (0,0),
a+(a—10)d—d> if(i,5) = (1,0) or (0,1),

¢ (a) = (1+d)? if (i,7) = (1,1),
! —a—d if (i,7) = (2,0) or (0,2),
~1-d if (i,7) = (2,1) or (1,2),

(1 if (i,7) = (2,2).

The implied constant is absolute.

The purpose of the o parameter will become clear later. We will choose it in such a

way as to eliminate the “main term” contribution.

Before we begin, we first make an observation. If |k| > B! (say) then, by
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size considerations, we must have My (B; k) = 0. Thus, continuing, we may assume
that
0 < |k| < B (3.5.1)

The fact that we can restrict to the case when k is polynomially bounded in terms

of B will be useful later on.

To apply the determinant method, we began by making a change of variables
and proceeded to count points on the simpler 3-dimensional surface I',,. We will do
a similar transformation now for the sieve method. Recall, we wish to count integer

points on the affine hypersurface
f(l’l, 372) = (CL.T:), — bx4)g(:€3,x4) +k C A?IQ (352)

Unlike the determinant method, the sieve method we will use makes crucial use of
the factorisation properties of the above equation. Thus we make a different change

of variables. In spite of this change, much of the preliminary work is the same. Let

us write
Xl = T,
X2 = T,
X3 =ars+ bl‘4,
h = axs — bxy. (3.5.3)

We view h as fixed and consider counting integer points on the affine surface

Xs+h Xs5—h
2  2b

(2ab) (X1, Xy) = (Qab)d_lhg( ) + (2ab)" 'k C A} (35.4)

Here we multiply through by suitable powers of 2, a and b to ensure that our polyno-
mials have integer coefficients. Let us denote by Kj(x,y, z, w) the projectivisation of

this surface in IP)%. We can write

Mpg(Bik) < ) > 1. (3.5.5)

0<|h|<B  1<X1,X2<B
1<X3<B
Kp(X1,X2,X3,1)=0

Exactly as above, we first deal with the degenerate case when h is such that

X X5 —
hg( st h Xs h):o (3.5.6)

2¢ = 2b
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identically (as a polynomial in X3). There are O(1) values of h for which this is the
case. For these values of h we conclude the contribution to (3.5.5) is O.(B%/?*), by
Lemma 3.4.1. Our aim is to estimate the remaining terms using the polynomial sieve.
The sieve method works most effectively when K}, is smooth. Generically this will be

true, as the following lemma demonstrates.

Lemma 3.5.2. The varieties K C IP’(?@ are smooth for all but at most O(1) values of
h.

Proof. This is proved in the same way as Lemma 3.4.2 with minor differences. O

It will also be important to have control over various auxiliary curves which arise in

the argument. In particular, we will need to have control over the the curves

(2ab)d—1h[g(x;h, xz_bh) - g<yz+ah, %)] /(x —y)CcAY (357)

We let Py (z,y,w) denote the projectivisation of this curve in ]P’?@. For future conve-

nience, we note that

Py(z,y,w) = gg_1(b,a)h(z? > + 2Py + .. 4 2y 4+ y*?)

+ (terms involving w) (3.5.8)
and h h
_ r+h x—
Py(z,2,1) = (2ab)* lhg’( TR ) (3.5.9)
Here, by the dash notation on the RHS we mean the derivative of the function

g(m;; h %) with respect to z. We would also like to restrict to the generic case when

Py, is smooth. For this we require the following lemma.

Proposition 3.5.3. The varieties P, C ]P’(%Q are smooth for all but at most O(1) values
of h.

Proof. We split into two cases, depending on the degree d. In this proof ¢;(h), co(h)
and c3(h) will denote polynomials in h whose coefficients will depend on those of g, a
and b. We note that our assumption the variety (az — by)gq—1(z,y) C Pg does not

contain any non-constant repeated components implies that, in particular, we have
ga—1(b,a) # 0.

The case d = 3 is simple, as here we have
Pu(z,y,w) = ga1(b, a)h(z + y) + 1 (h)w
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for some polynomial ¢;(h), and it clear that we do not have any singular points
whenever h # 0.

Let us now examine the case d = 4. Here we are going to use the additional

assumption (4) we make in the statement of Theorem 3.1.2. We have
Py, y,w) = ga-1(b, a)h(2* + zy +y*) + e2(h) (@ + y)w + c5(h)w?

for some polynomials c¢o(h) and cz(h). From this it is clear that there are no singular

points when w = 0 and h # 0.

Thus we consider possible singular points with w = 1. It is easy to check that
for the partial derivatives to vanish we must have x = y, and so any singular point

is necessarily of the form [z : x : 1] where z satisfies, in particular, the system
Py(x,z,1) = P/(z,2,1) = 0.

Here the latter quantity denotes the derivative of P, (x,x,1) with respect to z.> Now,
if this is the case, the discriminant Disc, [Py, (x, z, 1)] must vanish identically. However
this is a polynomial in h which generically will be non-zero. Arguing as above, we
prove this is non-zero by extracting the leading coefficient and showing this doesn’t

vanish. From (3.5.9) we obtain

Py(ha, bz, 1) (2ab)*! di (hx+h hx—h
hd—1 - hd-2 "\ 22 7 2b

1=0

_ r+1 z—1 B
= a g (o T ) ot

Hence, by a similar limiting argument to the proof of Lemma 3.4.2, we have

. Disc,[Pu(z,x,1)]) . a1, [x+1 x—1
A ) = Disc | (2a0) gai\ 5= 57 ) |1

, (r+1 x—1Y\ 18gd,1+1agd71 r+1 z—1
Yo\ "94 "2 ) T |24 0z 20 ay 2 ' 2 )
Hence it is clear that this discriminant doesn’t vanish from our assumption that the

1 9941 10gaa]|(x y 2
- L9941 ) (T YY) p
[2@ or 2 Jy ) e

is square-free. n

Note that

projective variety

Note Pf(t,t,1) = 52 (t,t,1) + 52 (t,1,1).
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We now deal with the contribution from those values of h for which either K, or P,

is singular.
Lemma 3.5.4. Suppose that h is constrained to lie in a set of size O(1) and moreover

h is such that
h’g(Xg‘i‘h’Xg —h)
2a 2b
doesn’t vanish identically as a polynomial in X3. Then the contribution from these
values of h to (3.5.5) is at most O (B%?+¢).

Proof. This follows in much the same way as the proof of Lemma 3.4.4. O]

With this lemma, we can rewrite (3.5.5) as

My (Bik) < ) ST 1+ 04BYF). (3.5.10)
0<|h|<B 1<X,X2<B
K}, Py, smooth 1<X3<KB

Kp(X1,X2,X3,1)=0

For each fixed h we will apply the polynomial sieve to count the inner sum, by detect-
ing solubility of the equation in the X3 variable. In the notation of Proposition 3.5.1,

we will take
A= {(X1,X5) € (1, B]NZ)*: (2ab)* ™ (X1, X3) = (2ab)* 'k (mod |A])} (3.5.11)

and
F(ZL’;Xl,XQ) = Kh(Xl,XQ,ZE,]_>. (3512)

After unravelling the definition of K} we find that
F(x; X1, Xs) = hgg_1(b, @)z 4 (lower order terms in z). (3.5.13)

We are assuming that hgy_1(b, a) # 0. In particular, F is of the correct form to apply
Proposition 3.5.1. We define

P={p<Q:pf6abgy_1(b,a)cont(f;)Disc|fq|Disc[K]|Disc|P,|h} (3.5.14)

for some large value of ). By cont(f;) we mean the content of the polynomial f,
(i.e. the ged of all the coefficients). Here, whenever F' is a homogenous polynomial
we denote by Disc[F] its discriminant. This choice is important, as it will ensure our

varieties remain smooth when viewed over F, (for any p € P).

4Recall that our assumption that the projective variety {(az — by)ga_1(z,y)} C ]P’(b is square-free
implies, in particular, that gq—1(b, a) # 0.
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We need to be careful here, as this set clearly depends on h and will also de-
pend (in some complicated manner) on k. Now, it is a standard fact that the
discriminant of a homogenous polynomial of degree N is a homogenous polynomial
of degree (2N — 2) in the coefficients. This, together with the size bounds |h| < B
and |k| < B! (recall (3.5.1)) imply that

Disc|[K]Disc[Py]h < B

uniformly in h and k (say). We will eventually take Q = B’ for some small § > 0.

This means, by the prime number theorem, we will have the asymptotic

#P ~Q/logQ (3.5.15)

uniformly in A and k, whenever B > 1.

Thus, applying Proposition 3.5.1 with our choices above to each term in the
sum (3.5.10) yields

1
Mpg(Bik) <e Y s Do | D Gs(@)Sipa)| + B (3.5.16)

'P 2
0<|h|<B (#P) pg€eP 4,j€{0,1,2}
K}, , Py, smooth

where
Siip) = Y (X1, Xa)'w, (X1, Xa), (3.5.17)
(X1,X2)eA
Up(X1, X2) = #{x (mod p) : Kx(X1, Xz, 2,1) =0 (mod p)}, (3.5.18)

and the constants ¢; j(«) are defined as in the statement of Proposition 3.5.1.

We evaluate the sums S;;(p,q) following the method of Browning [4], by first
restricting to congruence classes modulo pg|h| and then completing exponential

sums. We have

Sij(pyq) = Z Z vp (X1, XQ)qu<X1; Xo)
r,s (mod pq|hl) (X1,X2)eA
X1=r (mod pq|hl)
Xa=s (mod palh)

= >, vl s)vrsy S 1 (35.19)

s (mod pqlh|) 1<X1,X2<B
(2ab)@=1 f(r,5)=(2ab)?~ 1k (mod |h|) X1=r (mod pq|h|)
Xo=s (mod pqlh|)
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We can detect the congruence condition in the inner sum using additive characters,

as follows:

) DIEEEEL D SED DI G-y

h
1<X,<B 1<X1<Bm (mod pq|hl|) palhi

X1=r (mod pqlhl|)
1 ( mr ) ( le)
palh| 2 palh| 1%;3 palh|

—pqlh|/2<m<pq|h|/2

= zﬁ Yy P(B,m)e< mr ) (3.5.20)

—pqlh|/2<m<pq|h|/2 pq|h|

where we have defined

L(B,m):= Y_ e(;ﬁ) . (3.5.21)

1<I<B
We note the well-known bound here
h
[(B,m) < min{B,%}, (3.5.22)
m
which will be used later. A similar identity holds for the sum over X,. Putting these

facts together, and then swapping sums, we obtain the expression

1
Sii(P,0) = T > D(B,m)T(B,n)¥;;(m,n), (3.5.23)
—pglhl/2<m,n<pq|h|/2

where

U, j(m,n) = > vy (1, 8) v, (r, S)je(

r,s (mod pg|h|)
(2ab)4=1 f(r,8)=(2ab)?~ 1k (mod |h|)

mr + ns
pq|h|

>. (3.5.24)

By our choice of P we have (pg,h) = 1. This allows us to deduce the following

multiplicativity property for the exponential sums ¥, ;.
Lemma 3.5.5. The following factorisations hold.

1. Supposep # q and letp', ¢, pq, h € Z be defined by pgpg+|h|h = 1 and pp'+qq =
1. Then

W, ;(m,n) = Xi(p; hg'm, hq'n)S;(q; hp'm, hp'n)®(|h|; Dgm, pan).
2. Suppose p = q and let b, h € Z be defined by pp + |h|h = 1. Then

P*Yii(p; k! hn)®(|h|; !, pn’) if (m,n) = p(m’,n'),
0 otherwise.

U, i(m,n) = {
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Here

M N
Sps M,N) = Y vp(m,y)te<u) (3.5.25)
p
z,y€lfp
and v N
r+ Ny
d(h; M,N) = — . 5.2
(1 M. ) 5 (M) (3.5.20
z,y (mod h)
(2ab)?~1 f(x,y)=(2ab)¢ 1k (mod h)
Proof. This is [4, Lemma 3.4] with slight changes to notation. O

Recall 4,5 € {0,1,2}. Thus, to examine the exponential sums W, ; we may restrict

our analysis to the exponential sums >; for 0 < ¢ < 4 and .

For the former, it is important that we have restricted to the case where our
varieties are smooth; the desired bounds will then follow relatively straightforwardly
from the work of Weil and Deligne. We will make use of Hooley’s method of
moments, which allows us to estimate an exponential sum over an algebraic variety
by counting points on the variety over finite fields. The following result originates

in [17] and appears in the form stated here as [4, Lemma 3.5].

Lemma 3.5.6 (Hooley’s method of moments). Let F, Gy, ..., Gy be polynomials over
Z of degree at most d, and let

= 2 ()

G1(x)=...=G(x)=0

for any prime p. For each j > 1 and 7 € F; we define the sets

Ni(m)=#{x €F,; : Gi(x) = ... = Gx(x) =0 and F(x) = 7}.

Suppose there exists Nj € R such that
D INi(T) = Ni | < P
TEij

where k € Z 1s independent of j. Then S <gpn P2,

Once we have reduced to this point-counting problem over finite fields, we may employ
the work of Weil [28] to count points on curves, and the work of Deligne [9] to count
points on higher-dimensional varieties. The following two results will be sufficient for

our purposes.
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Lemma 3.5.7 (Deligne). Let W C Pg be a non-singular complete intersection of

dimension 2 and degree d. Then
#{xel,: [x]eW} = ¢+ Ogn(q?).

Lemma 3.5.8 (Weil). Let V C Ay, be an absolutely irreducible curve of degree d.
Then
#{x € Fy:xe Vi=q+ Od,n(ql/z).

Recall that a projective variety W C IP’(FZP is a complete intersection if it is generated

by exactly codim(W) elements.

We will estimate the exponential sums ®(h; M, N) by using multiplicativity to
reduce to studying the sums ®(p'; M, N) for p'||h. We will then obtain square-root
cancellation when | = 1 (the generic case), and obtain a (weaker) power saving
bound for higher powers. This is the part of the argument where we will use the fact

the curve f(x,y) = k doesn’t contain any lines definable over Q.

In both cases, care must be taken to ensure that our results have no dependence on
the constant term k. We recall our convention, adopted in Section 3.3, which says
all implied constants are allowed to depend on f,g,a and b without specifying so,

and this includes dependencies on the coefficients of f and g as well as on the degree d.

Finally, the following two sections will require us to perform arithmetic in F,.
To this end, we adopt the convention that any rational number a/b whose denomina-
tor is coprime to p may be viewed as an element of Fp, namely 65_1, where T denotes
the reduction map modulo p and ZZ' = 1 (mod p). In particular, the rational

number a/b vanishes when viewed as an element of Fp if and only if p|a.

3.6 Estimation of exponential sums (I)

Recall the definition of ¥; given by (3.5.25). In this section we are going to estimate

the exponential sums

Sips M,N) = > Up(l“,y)t@(@) (3.6.1)

z,y€Fp

for 0 < ¢ < 4 and integers M, N. We argue in much the same way as Browning [4]

did for the analogous sums he encountered when investigating the symmetric additive
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energy of quartic polynomials, with a few changes. Our main result is the following
(cf. [4, Lemma 4.3]).

Proposition 3.6.1. Let p € P. For 0 <t <4 we have
Xe(p; M, N) < p(p, M, N)
and for 0 <t < 2 we have
Zi(p; 0,0) = max{L, t}p* + O(p).

We will prove this result in stages. The case t = 0 follows immediately from or-

thogonality of additive characters. Thus we turn our attention to the case t = 1,

where Mot N
Sip M N) = Y G(M) (3.6.2)
P
z,y,z (mod p)
Kp(z,y,2,1)=0
We begin by proving the following lemma.
Lemma 3.6.2. For any integers N and M we have
Disc,[fa(Nz,1 — Mz)] = NPDisc,[fa(z,1)] (3.6.3)

for some integer D depending on fq, M and N.

Proof. The result is true if NV = 0 as then both sides equal zero. Thus we may suppose

that N # 0. We have
Disc,[fs(Nz,1 — Mz)] = NPDisc,[fo(x,1 — Mz/N)]

where D :=[(l — 1) and [ is the degree of fy(x,1 — Mxz/N) as a polynomial in z. To
prove the lemma, it suffices to show that the discriminant Disc,(fq(x, 1 — tz)), which
by definition is a polynomial in ¢, is in fact constant in ¢. To do this, we require two
further properties of discriminant polynomials which we state here. Namely, for any

polynomial F' we have
Disc, [z F(z)] = F(0)*Disc,[F ()]
and, if in addition F" has degree d and F'(0) # 0, we have
Disc,[F(z)] = Disc, [z F(1/z)].
We split into two cases.
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1. Suppose f4(0,1) # 0. In this case, provided ¢ is such that f,(1,—t) # 0, we have
Disc,[fa(x, 1 — tz)] = Discy[z?f4(1,1/x —t)]
= Disc,[fa(1, 2 — 1)]
= Disc[fa(1, z)].

As both sides are polynomials in ¢, we conclude this identity in fact holds for
all . The result follows.

2. Suppose f4(0,1) = 0. Then we must have (9f;/0x)(0,1) # 0 as otherwise
fa(x,y) would be divisible by x?. Again supposing ¢ is such that f;(1, —t) # 0,

we have

Disc,[fa(z, 1 — tx)] = Discy[z?fs(1,1/x — t)]

_ [}QL% M} 2Discz[$d_1fd(1, 1z —t)]
. [%(o, 1)]2Discx[fd<1,x>]

The result follows, as above.

We isolate the ¢t = 1 case of Proposition 3.6.1 in the following lemma.

Lemma 3.6.3. Let p € P. Then

p*+O0(p) if pl(M,N),

Sy (p: M, N) =
i ) {O(p) otherwise.

Proof. First we consider the case p|(M, N). We may write
1
¥1(p;0,0) = —1#{x,y, z,w e, : Ky(z,y,z,w) =0 and w # 0}.
D—

Our set-up ensures that Kj(z,y, z,w) is a non-singular projective surface over F,,.

The hypotheses of Lemma 3.5.7 are satisfied, and so we obtain
#{z,y,2,w € Fy: Kn(z,y,2,w) = 0} = p° + O(p?).
We have Kj(x,y,2,0) = (2ab)? ! f4(x,y). Assuming p € P, it follows that
#{r,y,z € F,: Kp(x,y,2,0) =0} <« P2
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Putting these facts together yields
21(p;0,0) = p* + O(p).

Now let us suppose p 1 (M, N). We will use Lemma 3.5.6 to show that (generically)
we have square-root cancellation. To this end, fix an integer j > 1 and 7 € F,,;, and
define

N;(1) :==#{x,y,2 € Fp : Ki(2z,y,2,1) =0 and Mx + Ny = 7}.

We may suppose WLOG that p{ N, with the case p{ M being treated similarly. We

may rewrite the above as
Ni(t) = #{x,z € Fpy : Kp(z, (1 — Mx)N~', 2, 1) = 0}.
We claim the following.
Claim. Ky(z,(t — Mz)N7' 2,1) = 0 defines an absolutely irreducible curve

for all but at most O(1) values of 7.

Proof (of claim). To examine whether the curve Kj(z,(r — Mx)N~' 2,1) = 0 is
absolutely irreducible, we investigate the smoothness properties of its projectivisation

over F,. By Taylor expansion (see e.g. (3.4.7)), and using the fact p { N, we may

write
— fd(Na _M)
f(z,(r — Mz)N™') = Txd
Jaor (N, —=M)  (0fa/O0y)(N,—M)] 44
+ { N1 - T Nd x 4+....
We also have
+h z—nh
2ab) g ( = = gu_ =1y
(2ab) hg( 50’ 3 ) ga—1(b,a)hz""" +
There are two cases to consider.
1. Suppose f4(N,—M) = 0 in F,. In this case, since f; is smooth and

N # 0 we have (0f;/0y)(N,—M) # 0. We exclude the value 7 =
Nfa1(N,—M)/(0fa/0y)(N,—M), as we may, and then we see the projectivi-
sation of this curve can be written as

fd—l(N7 _M) - T(afd/ay)(N7 _M) xdfl
Nd—l Nd

= ga_1(b,a)hz*"* + (terms involving w).
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It is then clear, by considering vanishing of partial derivatives, that there cannot
be any singular points with w = 0. This leaves us to investigate singular points of
the form [r : s : 1]. By considering the z-derivative, we see that s is constrained
to at most O(1) values. For each such value, there will be a solution in r if and

only if the discriminant

s+h s—h
2a 7 2b

Disc, | f(z, (T — Mz)N™') — (2ab)d—1hg< ) — (2ab)d_1k} (3.6.4)

vanishes. This will be a polynomial in 7 which generically is non-zero, and
so will only vanish for O(1) values of 7. As previously, we will prove this by
extracting the leading coefficient and showing this is non-zero. We have

flrz,(r — M7z)N~!

d = fa(x, (1 = Mz)N~) +O(r 7).

T

By similar arguments to the proof of Lemma 3.4.2, it follows that the leading

coefficient of the dscriminant (3.6.4), as a polynomial in 7, is
Disc,[fs(z, (1 — Mx)N~1].
By Lemma 3.6.2 and our assumptions on p, this doesn’t vanish.

. Suppose f4(N,—M) # 0 in F,. Then the projectivised curve can be written as
fd(N’ _M> d

Na e = ga—1(b,a)hz"""w + (terms involving w).
In exactly the same way as above, we conclude that there are no singular points
with w = 0 and for any singular point of the form [r : s : 1], s is constrained to
at most O(1) values and for each such value there exists an r if and only if the
discriminant defined by (3.6.4) vanishes. This can only occur for at most O(1)

values of 7.

This finishes the proof of the claim. O]

Now, for the O(1) values of 7 for which the curve Kj(z,(t — Mx)N~1 2,1) = 0
is not absolutely irreducible, we will apply the trivial bound N;(7) < p’. In the

complementary case, by Lemma 3.5.8, we obtain

N(r) =p’ + O(p'?)

We may therefore take N; = p’ and x = 2 in the statement of Lemma 3.5.6, and the

result follows. O]
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For the case t = 2, we must examine the exponential sum

Mz + N
So(ps MUN) = Y e(u> (3.6.5)
p
z,Y,21,22 (mod p)
Kp(z,y,21,1)=0
Kp(z,y,22,1)=0
Recalling the definition of P, in (3.5.7), we see that
Kn(z,y,21,1) = Kp(z,y,20,1) <= (21 — 22) Pu(21,22,1) = 0. (3.6.6)
Thus we may equivalently write
Mz + Ny
Yo(p; M, N) = e(—). 3.6.7
2 ) > ) (3.6.7)

Z,Y,21,22 (mOd p)
Kh(m7y7z171):0
(21—22) Py (21,22,1)=0

We isolate the ¢t = 2 case of Proposition 3.6.1 in the following lemma.
Lemma 3.6.4. Let p € P. Then

2p? + O if p|(M, N),
S(p: M. N) = 1 2P () i PI(M,N)
O(p) otherwise.
Proof. Separating out the contribution from z; = 25, and recalling the definition of

Y1 (see (3.6.2) above), we may write

So(p: M,N) = Si(ps M, N) + Y %M). (3.6.8)
)

x,y,21,22 (mod p
21#22
Kh(x7y721,1):0
Ph(zl,zz,l):(]
In this last sum we may add back in the terms with z; = 25, as these contribute

< Yy Yoool<p Y 1<y (3.6.9)

z (mod p) z,y (mod p) z (mod p)
Ph(Z,Z,l):O Kh(‘r,yvz71):0 Ph(zvz)l):()

Overall, we obtain

M N
Yo =X+ Z 6(%) + O(p).

x,y,21,22 (mod p)
Kh (CC,y,Zl 71):0
Pp(21,22,1)=0

Let us call this inner sum 7T'(p; M, N). The following claim is important.

Claim. For any p € P the variety
{Kn(z,y,21,w) = Py(z1, 29, w) =0} C P%p (3.6.10)

is smooth.
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Proof (of claim). Any singular point by definition must solve the system
Kh = Ph = 0, )\VKh = ,uVPh

for some (A, u) # (0,0). By the work above we know that both K} and P, are non-
singular over Q. It follows that we must have Ay # 0. Now, the gradient identity

implies the following equations must be solved:

0K},

o

0K,

oy Y
)\aKh _ %

821 —# 621 ’

oP,

B
)\_aKh _ %

ow H ow

We first rule out the possibility of any singular points with w = 0. If [r:s:¢:wu: 0]

is a singular point, then the first two equations imply that

Oz, o) O
or 7 Oy

By Euler’s identity we conclude that f;(r,s) = 0. As we are assuming fy is smooth

(r,s) =0.

over F,,, we must therefore have r = s = 0. Now 0K},/0z vanishes when w = 0.
Recalling the definition of P, (see (3.5.9)), we have

Pu(z,y,w) = ga_1(b,a)h(z2 + 293y + . oyt )+

If d = 3 then the third equation (say) cannot be satisfied, and so there are no singular
points in this case. Thus we may suppose that d = 4. In this case the third and fourth
equation imply that

2t+u=0
t+ 2u =0,

whence we must have ¢ = v = 0. This is a contradiction, and so there cannot be any
singular points with w = 0. We now consider singular points of the form [r : s : ¢ :
u : 1]. The fourth equation implies that (0P, /0z)(t,u) = 0. Likewise, on replacing
K(x,y,z1,w) by K(x,y, 22, w) and using the symmetry of Pj,(z1, 22, w) in the first two
variables, we see that (0F,/0z1)(r,s) = 0 also. Since we are assuming P, (r,s,1) =0,
by Euler’s identity we see that (0F,/0w)(r,s) = 0. But now we have produced a

singular point on the curve P, a contradiction. O
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With this claim proven, we move on to estimating the exponential sum 7'(p; M, N)

defined above. We begin by considering the case p|(M, N). By definition,
T(p;0,0) = #{x,y, 21,22 € F, : Kjp(x,y, z1,1) = Pp(21, 22,1) = 0},
which we write as
T(p;0,0) = p%l#{x,y,zl, zo,w € Fyy 2 Kp(2,y, 21,w) = Pp(21, 22, w) = 0 and w # 0}.

This set defines a non-singular, complete intersection, projective variety of dimension

2. Thus, we may apply Lemma 3.5.7 to conclude that
#{2,y, 21,20, w €Fp 1 Ky(2,y, 21,w) = Pp(21, 22, w) = 0} = P+ O(p2).

The contribution from points with w = 0 is

> dYoooikp ) 1<p

21,22€Fp x,y€lFp 21,22€Fp
Py (21,22,0)=0 Kp(2,y,21,0)=0 Pp,(21,22,0)=0

It follows that
T(p;0,0) = p* + O(p).

Now let us suppose p t (M, N). We will use Lemma 3.5.6 to show that (generically)

we have square-root cancellation. Fix 7 > 1 and 7 € ;. Then we must count

N;(1) = #{x,y, 21,2 € Fpi : Kp(x,y,21,1) = Pp(21,2,1) =0 and Mz + Ny =71},

We may suppose WLOG that p { N. Then we may write this as

N;(1) = #{x, 21,20 € Fpy : Kp(z, (T — Mz)N ' 21, 1) = Py(z1, 22,1) = 0}.

We claim the following.
Claim. Kp(z,(r — Mz)N~',21,1) = Py(21,29,1) = 0 defines an absolutely
irreducible curve for all but at most O(1) values of 7.

Proof (of claim). This proceeds much the same way as the analogous claim contained
in Lemma 3.6.3. We examine the absolute irreducibility of this curve by investigating
the smoothness properties of its projectivisation over Fp. There are two cases to

consider.
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1. If fu(N,-M) = 0 in F, then we exclude the value 7 =

Nfa—1(N,—M)/(0fa/0y)(N,—M), as we may, and consider the equations

Jao1(N, —M) _T(afd/a?/)(Na —M) 201
Nd—1 Nd

= g4_1(b,a)hz" + (terms involving w)
and
Pr(z1, 22, w) = 0.
Call the first equation ¥ (x, z;, w) = 0. We must examine the system
=P, =0and A\V¢ =uVPp,

for some (A, u) # (0,0). Clearly A # 0 as P, is smooth. Let us suppose that
i = 0. We consider possible singular points of the form [r : s : ¢ : 0]. The
equations (0Y/0x)(r,s) = (0 /0z)(r,s) = 0 yield r = s = 0, and then the
equation P,(0,¢,0) = 0 yields ¢ = 0, a contradiction. Thus we may look for
singular points of the form [r : s : ¢ : 1]. The equation 0v/0x = 0 becomes
f(z,(r — Mx)N~) = 0 and, as above, the equation 9v)/0z; = 0 constrains s
to at most O(1) values. In this case, there exists a valid r if and only if the

discriminant

Disc, | f(a, (1 — Mz)N~1) — (zab)dlhg<32+ah, i Z_bh) - (2ab)d1k1

vanishes. This is the same discriminant as defined in the proof of Lemma 3.6.3
(see (3.6.4)), and we showed there that this vanishes for at most O(1) values

of 7. Hence the claim holds in this case.

Thus we may suppose that Ay # 0. Our equations become

oY

o
oy P,
o Fom
P,

9
81p_ opP,
7w " ow

On replacing ¥ (z, 21, w) with ¢ (x, 23, w) and using the symmetry of P, (21, 22, w)

in the first two arguments, we may adjoin to this system the equation 0P, /0z; =
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0. Now, if [r : s: ¢ : 1] is a singular point then the equations (0P,/0z)(r, s) =
(0P, /0z2)(r, s) = 0 together with Euler’s identity and the equation Py(s,t,1) =
0 yield (0P, /0w)(r,s) = 0. This is a contradiction as P, is smooth. Thus we
may restrict ourselves to looking at singular points of the form [r : s : ¢ : 0].
But now our first equation implies that » = 0, and similar to the proof of the
claim above, the equations (0P,/0z1)(r,s) = (0P,/0z)(r,s) = 0 either cannot
be satisfied in the case d = 3, or imply that s =t = 0 in the case d = 4. In both

cases we arrive at a contradiction.

2. If f4(N,—M) # 0 in F,, then we must instead consider the equations

fd(N7 _M)

e 2% = gq_1(b,a)hz"'w + (terms involving w).

and
Py (21, 29, w) = 0.

One can proceed exactly as above and conclude there are at most O(1) values

of 7 for which this system is singular.

This completes the proof of the claim. n

Now, for the O(1) values of 7 for which the curve Kj(z,(r — Mz)N~' 2,1) =
Py(z1,29,1) = 0 is not absolutely irreducible, we will apply the trivial bound
N;(7) < p’. In the complementary case, by Lemma 3.5.8, we obtain

Nj(1) = ¢ +O('"?)

Thus we may take N; = p/ and k = 2 in the statement of Lemma 3.5.6, and the result
follows. m

We are left to proof Proposition 3.6.1 in the cases when ¢ € {3,4}. In this regime we
only require an upper bound for ¥;(p; M, N) whenever p € P. To do this we follow

the argument of Browning [4]. By definition, we have

Mx+ N
Si(p; M, N) = 3 e (ﬂ) . (3.6.11)
p
m1y7z17"'7zt (mOd p)
Kh(x7y7zl71):0
(zi—2;) Py(24,24,1)=0 for i#j
Let o(z) denote the number of distinct elements in the set {z1,..., 2}, so that 1 <

o(z) < t. We may split our sum according to the value of o(z). The contribution from
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those z1,. ..,z for which o(z) = 1 is ¥, and this event arises in precisely one way.
The contribution from those 2, ...,z with o(z) = 2 is ¥ — 3y by (3.6.8) and this
event arises in ¢; ways, for some appropriate constant ¢; depending only on . Let us
now consider the contribution from those z with o(z) = 3. We claim the following.

From the definition of P, it is easy to see the following:

1. If d = 3 we have
Py(z,y,1) = Py(z,2,1) < y==z.

2. If d =4 we have
Ph(xa Y, 1) = Ph(!lf, Z, 1) — y=zorzxw + Yy +z= gd—l(b7 a)_lh_lc(h)
for some polynomial ¢(h) whose coefficients depend on g, a and b.

With this, it is clear there is no contribution from the case o(x) > 3, whenever d = 3.
Hence, we obtain
Se(ps My N) = (1 — ¢)%1 + 2 (3.6.12)

whenever t € {3,4} and d = 3, and Proposition 3.6.1 follows. Thus we may suppose
that d = 4. In this case it is clear that there is no contribution from o(x) > 4. This
just leaves us to examine the case o(x) = 3. This event will arise in d; ways, for some

appropriate constant d; depending only on £. We must examine the exponential sum

> %@). (3.6.13)

Z,Y,21,22 (mOd p)
(z1—22)(2z1+22—c(h))(z1+222—c(h))#0
Kp(z,y,21,1)=0
Py, (z1,22,1)=0

As p € P and so, in particular, p t 6hgs1(b,a)), the polynomials
Py(z,2,1), Py(z,c(h) —22,1) and Py,(z,27(c(h) — z), 1) are non-zero quadratic poly-
nomials in z. It follows that the terms omitted contribute O(p) altogether. In other
words, this equals

Mz + Ny
E el ——= ) +O(p). (3.6.14)
) ( P )

Z,Y,21,22 (mOd p
Kh(x7y7z171):0
Py (21,22,1)=0

This exponential sum is precisely Yo — 31 + O(p) by (3.6.8) and (3.6.9). Thus, we

obtain
ie(py My N) = (1 —¢p — d)Z1(ps M, N) + (¢ + di)Za(p; M, N) + O(p)  (3.6.15)
whenever t € {3,4} and d = 4. This completes the proof of Proposition 3.6.1.
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3.7 Estimation of exponential sums (II)

Recall the definition of ® given by (3.5.26). In this section we will estimate the

exponential sums

Mx + Ny
O(h; M,N) = = 3.7.1
(1 M. ) > (H) e
z,y (mod h)
(2ab)4—1 f(x,y)=(2ab)% 'k (mod h)

where h is a fixed, positive integer and M and N are integers. We first note the
following multiplicativity property of these sums: if (j,1) = 1 and jj + 1l = 1 is it not
difficult to show that

®(jl; M,N) = ®(5; IM,IN)®(I; M, jN). (3.7.2)

Thus is suffices to study ®(p'; M, N) for some prime p and integer [ > 1. To tackle
these exponential sums we will obtain square-root cancellation in the generic case

for [ = 1, and use elementary bounds for higher powers.

We now consider estimating ®(p; M, N). This exponential sum will be sensi-
tive to whether or not the curve {f(z1,75) = k} C Ai contains a line. In this case,
if this line can be parametrised by Mx + Ny = 7, for some constant 7 € IF,, we
will get zero cancellation and hence the sum will be large. Because we are assuming
the curve f(z,y) = k contains no line definable over Q, this should be a rare event.
Our aim is to define a non-zero integer Ay(M, N, k) such that whenever this occurs,
we must have that p|A;. This, together with size bounds on Ay, will be enough to
control the cases where this exponential sum is large. This is the content of the

following lemma.

Lemma 3.7.1. Let f,k be as in the statement of Theorem 3.1.2. Fix integers
(M, N) € Z2, not both zero. Fiz a prime p such that pt (M, N) and p is sufficiently
large in terms of d. Let T € Fp. Then there exists a non-zero integer Ap(M, N, k)
such that whenever the curve {f(z,y) = k} C A%p contains the line Mx + Ny = T,
we must have p|Ag(M, N, k). Moreover, Ar(M, N, k) satisfies the size bound

A S (M, N, k)| < [k masc{| M, N[}, (3.7.3)

Proof. We may suppose WLOG that N # 0. (If M # 0 then an identical case-analysis

argument holds with minor adjustments.) With notation as above, let us suppose that
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the curve f(z,y) = k contains the line Mx + Ny = 7 over F,. In other words, we

have the polynomial identity
flz,(r = Mz)N') =0 (3.7.4)

in F,[x]. By Taylor expansion (see e.g. (3.4.7)), and using the fact pt N, we see our
assumption is that the identity

JaN. —M) 4 | faa(N.=M) _(0fa/Oy)(N, =M) ] 4

A N i +...=k  (3.7.5)

holds in F,[x]. The proof now proceeds by careful case-analysis.

If fa(N,—M) # 0 in Q, then for the leading term to vanish we must have
p|fa(N,—=M). Thus in this case we define Ay(M, N, k) := fs(N,—M) and the size

bound is easily satisfied.

Thus, proceeding, we may suppose that fy(N,—M) = 0 in Q. In this case,
by Euler’s identity, and the fact f; is assumed to be smooth and N # 0, we must
have (0fq/0y)(N,—M) # 0 in Q.

If p[(0fs/0y)(N,—M) then we set Ap(M,N,k) := (9fa/0y)(N,—M) and we

are done; again the size bound is immediate.

Now let us suppose that p {1 (9fs/0y)(N,—M). The vanishing of the coefficient of
24" implies that
Nfd—l(N7 _M) o

T = in IF,. 3.7.6
@f/on) (. —3) "7 (370
Substituting (3.7.6) back into (3.7.5), we obtain
d
> Ej(M,N)2) =k in F,[z], (3.7.7)
=0
where, for each j € {0,...,d}, we have defined the rational numbers

1)i_j(( Ja—1 (N, —M) )ijai_jfi(N,—M)

_ N
E;(M,N) -—ﬁg(i_j)g dfa/0y) (N, —M) y*—i

S B (N = MY 04/ Oy) (N, = M) (07 £/ 0y ) (N, = M)
- N3(9faf0y) (N, =M)*7(d = j)!

e Aj (Mv N)
= m (3.7.8)
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Note that A;(M, N) and B;(M, N) are both integers, B;(M, N) is non-zero and our
assumptions imply that p 1 B;(M, N) (for every j).

Suppose that E;(M,N) # 0 in Q for some j € {1,...,d — 1}. Let J be the
maximal such integer. Then, in particular, we must have that p divides A;(M, N)
and in this case we set Ay(M, N, k) := A;(M,N). Note

(M, N, )| < ymas { | M, [ N[H DD D04 mase{ 1], [N]}

and so the size bound is satisfied.

Otherwise, we arrive at the identity
Eo(M,N) =k in F,.

If Eo(M,N) =k in Q, then, together with all of our assumptions thus far, we arrive
at a bonafide identity over Q :

d
E;(M,N)z’ =k in Q[z].

=0

Translating everything back, this says that f(z,y) + k contains the line

N f41(N, —M)
(0fa/Oy)(N, —M)

This is a rational line, which is a contradiction.

Mx+ Ny =

Thus, we must have that Eyg(M, N) # k in Q. In this case we must have p divides the
numerator of Eo(M, N)—k, and so we define A¢(M, N, k) := Ag(M, N)—kBy(M, N).
As above, we have |Ag(M, N)| < max{|M|,|N|}¥. Note that

| Bo(M, N)| < max{|M]|, N[}V < max{| M|, N[}

As

the stated bound follows. O
With Lemma 3.7.1, we can prove the following.

Lemma 3.7.2. For any integers M and N we have
O(p; M, N) < p*?(p, Aj(M, N, k)2, (3.7.9)

98



Proof. We may suppose that p is sufficiently large in terms of f,a and b as otherwise
both sides are O(1). We note that

#{x,y € F,: (2ab)* ' f(x,y) = (2ab)* 'k (mod p)} < p.

Thus, by bounding trivially, we may apply the bound ®(p; M, N) < p whenever
M = N = 0,p|(M,N) or p|A¢(M, N, k). By inspecting the proof of Lemma 3.7.1,
it is clear that As(0,0,k) = 0 and (M, N)|As(M, N, k). Thus (3.7.9) holds in these
cases. Proceeding, we may suppose M and N are not both zero and p { Ay(M, N, k).

In this regime, we will obtain square-root cancellation in ®(p; M, N) using

Lemma 3.5.6. For any j > 1 and 7 € F;, we define

pis
N;(7) = #{z,y € F,y : (2ab)"* f(z,y) = (2ab)* 'k and Mz + Ny = 7}.
We may suppose WLOG that p{ N. We can write
N;(1) = #{z € Fy : (2ab)* ' f(z, (1 — Mx)N™') = (2ab)*~'k}.

Since we are assuming p { Ay(M, N, k), it follows from Lemma 3.7.1 that the curve
f(z,y) = k contains no lines over F,;. Hence f(z, (7 — Mz)N 1) — k is never the zero
polynomial in F;[z], and we can bound N;(7) <« 1. Thus we may take N; = 0 and

r = 1 in the statement of Lemma 3.5.6, and the result follows. O]

We now turn our attention to bounding ®(p'; M, N) when [ > 2. To do this we will
bound trivially and forego any cancellation in our exponential sum. In other words,

we bound
d(p's M,N) < #{x,y € Z/p'Z : (2ab)* ' f(x,y) = (2ab)* 'k (mod p")}  (3.7.10)

and aim to estimate the count on the RHS. To do this we need some understanding

of the number of solutions to polynomial congruences over the finite rings Z/p'Z.

To this end, let @ € Z[z] be a polynomial of degree d with leading coefficient
ag. We will make the dependencies on implied constants explicit for the following

estimates involving (). We are interested in general bounds for the count
#{r € Z/p'Z : Q(x) = 0 (mod p')}. (3.7.11)
As a first estimate, whenever p { cont(Q), we have
#{x € Z/p'Z : Q(x) =0 (mod p')} <4 p' . (3.7.12)
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This is easily proven by induction; there are O4(1) roots when [ = 1 and, when [ > 2,

any element of Z/p'~17Z has exactly p lifts to an element of Z/p'Z.

By using p-adic arithmetic, we can improve on this bound for large [.

Lemma 3.7.3. With notation as above, for any prime p and integer | > 1, we have
#{x € Z/P'Z : Q(z) =0 (mod p')} <4 p'~V/d+erlea/d (3.7.13)
where v,(aq) denotes the p-adic valuation of the non-zero integer a,.

Proof. We will prove this by using the fact any root must be “p-adically close” to
one of the d (not necessarily distinct) roots of @) in an algebraic closure of Q,, the
p-adic numbers. To this end, we define the following (standard) notation. We let |- |,
denote the usual norm in @p and p denote the Haar measure. For any g € @p and
m € Z we define

B(B,p") ={yeQ,:|y— 8, <p"},

i.e. the (closed) ball of radius p™ centered at §, so that p(B(B8,p™)) = p™. The

estimate (3.7.13) is true for [ = 1 since in this case we can use the bound Oy4(1).

Proceeding, we fix an integer [ > 2 and roots fi,...,8; of () in an algebraic

closure Q,. In Q,[t] we have the factorisation

Qt) = adH(t — B).

We can partition the set we are interested in as follows:

d
U #{x € Z/p'Z : Q(r) =0 (mod p') and |z — B;], minimal}.
i=1

Suppose we are looking at the set corresponding to the root . For an element z €

Z/p'Z to be counted we must have

d
|aalylz — Bl < ‘ad‘pH |z — Bil, = [Q(x)], <p~".
i=1

Suppose m = w,(aq) so that |a4[, = p~™. The line above equivalently says that
r € B(B,p~=™/4) By reduction, we see that z must take the form z = o + Ap for
some root a € Z/pZ and X\ € Z/p'~'7Z. There are Oy(1) choices for a. Suppose that
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a+Ap € B(B,p~=™/4) for A € A C Z/p'~'Z. Our aim is therefore to bound |A|.
We claim the following:
Claim: If X\ # X € Z/p'~'Z then the balls By := B(a + Ap,p~') are disjoint.
Proof (of claim). For any distinct elements \ # X € Z/p'~'Z we have
R
Now, if z € By N By we have

p~ Y < (a+2p) — (a+Np)l,
=[(a+2Ap) —a —(a+Xp—z)|,
< max{la+ Ap — . o+ Np — oy}
<p
a contradiction. Here we have used the fact | - |, is non-Archimedean. O

With this claim proven we can complete the proof. Fix a.. As ||, is non-Archimedean,

whenever a + Ap € B(3, p~(=™)/4) we must actually have
Bla+ Ap,p~ /) = B(8,p~ 7™/,
Hence we are assuming that

U B(a+Mp,p ") C U Bla + Ap,p~4=m/4) = B(g, p~ /e,
AEA AEA

From the claim, these sets on the LHS are disjoint. Using the fact p is a measure, it
follows that

u( U Bla+ Apl,pl)) = u(Bla+ X' p™) =[A]p™.

AEA AEA

On the other hand

w(B(B,p~ ™Iy = (B(B, p~ [t=m/dly) = p=T=m)/d],

Putting these facts together, and using monotonicity of u, we obtain

IA| < pl=mdl < i=tfdm)d,

We are done as there are only O,4(1) possibilities for o and f. O
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These results can easily be extended to the case p™||cont(Q).
Corollary 3.7.4. Suppose p™||cont(Q). Then

Pl if 1 < m,

#{r € Z/p'Z : Q(x) =0 (mod p')} <4a, {pmin{l—u—l/d}) ifl> m. (3.7.14)

Proof. The statement is clear when [ < m and so we suppose that [ > m. Write
Q(z) = p"R(x) where cont(R) = 1. Then we have

#{w € Z/p'L: Q(z) = 0 (mod p')} = p™ - #{y € Z/p'""Z : R(y) = 0 (mod p'~™)}.
Hence, using (3.7.12) and (3.7.13), we can bound this by

<y pm . pmin{l—m—l,l—m—(l—m)/d+vp(adp_m)/d} _ pmin{l—l,l—l/d+vp(ad)/d}'

The result follows upon noting the p»(%)/? factor can be absorbed into the constant

term, which we allow to depend on ay. O

The following estimate will also be convenient for us: for any A, B € Z such that
A#0and pt A, one has

if m <,

) (3.7.15)
ifm > 1.

l—m
#{x € Z/p'Z : p™|Ax + B} < {]1)

To proceed we require the following lemma.

Lemma 3.7.5. Let f € Z|x,y] be such that the projective variety { f4(z,y) = 0} C }P’@

has no non-constant repeated factors. Then the polynomial
Disc,((2ab) ! f(x,t) — (2ab)* k)
s not identically zero, and the leading coefficient is independent of k.

Proof. We wish to show a particular resultant polynomial is not identically zero. We
will follow the strategy adopted in Lemma 3.4.2: once again, we will extract the

leading coefficient and show this is non-zero. Since

d

fla,ot) = filw,at) = Zmifi(l,t),

i=0
it follows that

d—1 _ d—1

lim (2ab)* ' f(x, xt) — (2ab)* 'k

T—00 xd

= (2ab)* f4(1,1).
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By a similar argument to the proof of Lemma 3.4.2, it follows that our discriminant

polynomial has the leading coefficient
Disc,((2ab) f4(1,1)).

Now this discriminant is non-zero by our assumption on f;(z,y), and it is clearly
independent of k. []

Let us write f(z,y) = 3., <4 Cij2'y’, so that
fa(x,y) = caor® + car112% Yy + . F eramyT + coay’ (3.7.16)

If both cqo = c4-11 = 0 then fy(x,y) will contain a a square factor. Thus with our
assumptions at least one of ¢4_11 or cqp is non-zero. (Similarly for cp4 and ¢ 4-1.)
We will make use of this fact in what follows. Our main result is the following. We
recall our convention that implied constants may depend on f,g,a and b without
specifying so, and this includes dependencies on the coefficients of f and ¢ as well as

dependencies on the degree d.
Lemma 3.7.6. Fizl > 2. We have

p*? if2<1<d,

d(p';0,0) <
(p ) {pQZl/dl Zfl > d.

Proof. For this proof it will also be helpful to define the polynomial
F(z,y) = (2ab)d’1f(x, y) — (2ab)d’1k. (3.7.17)

We may assume that p is sufficiently large in terms of f,a and b as otherwise the
result holds trivially. In particular, in view of Lemma 3.7.5, in this regime we may
assume the polynomial disc,(F'(x,t)) has content coprime to p. By Hensel’s lemma,
if z € Z/p'Z is such that disc;(F(x,t)) #Z 0 (mod p), then any of the < p' choices for

x will lead to at most O(1) solutions in y. Hence we have

o(p';0,0) = > 1+ 0. (3.7.18)
z,y€L/p'Z
F(z,y)=0 (mod p')
disct (F(z,t))=0 (mod p)

Let us take the sum over x on the outside. The last constraint restricts x to O(1)
values modulo p and hence O(p'~!) values modulo p!. We would like to use the
estimates proved above to tackle the inner sum over y. To do this, we need some

understanding of how p divides the content of F'(x,y) as a polynomial in y. We write
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this as cont,(F(z,y)).

If f4(0,1) = cpq # 0 we have
F(x,y) = (2ab)**co 4y + (lower order terms in y). (3.7.19)
In the regime under consideration, p { ¢4, and so we get an overall bound
B(p'0,0) < pl + pl-iHminti-Li-/d} (3.7.20)

by Corollary 3.7.4. This agrees with the result stated.

Now let us suppose that f;(0,1) = c¢yq = 0. From the remarks above, we
must therefore have ¢; 41 # 0. In particular, we are assuming p { ¢; 4-1. It follows
that

F(z,y) = (2ab)*(c1.4-12 + coq—1)y* " + (lower order terms in y) (3.7.21)

for some cp4—1 € Z. We now split the sum in (3.7.18) according to the power p™
which divides cont,(F(x,y)). Write this sum as

> > > 1. (3.7.22)

2€Z/P'T yEL /P
disct (F'(x,t))=0 (mod p) F(z,y)=0 (mod p')
p™||conty (F(z,y))

The term with m = 0 contributes <y p!~m{i=LI=/d} by Corollary 3.7.4. To tackle
the remaining sums we will majorise by replacing the condition p™||cont,(F(x,y))
with the simpler condition p™|(2ab)¢~(ci 4-17 + co4-1). The terms with m > [ + 1

contribute
<y > 1<yt > 1<y (3.7.23)
x€Z/p'Z T€L/p'L
discy (F(z,t))=0 (mod p) Pt (2ab)? " (e1,q—12+c0,d—1)

P!t conty (F(x,y))
by (3.7.15). To finish we need to estimate the contribution to (3.7.22) from when

m € {1,...,1}. To do this, we split into two cases.

1. Suppose that | < d. Fix 1 < m < [. By Corollary 3.7.4 we may bound the sum
over y by O(p'~!). We therefore get a contribution

<Y Y

m=1 z€Z/p'Z
p™|(2ab)?~ ! (c1,a—12+c0,4-1)

~
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Using (3.7.15) we may bound this by

Putting everything together, in this case we get
B(p';0,0) < pA=2 4 pi-tHmin{i=Li=l/d} 4 1 o202 (3.7.24)

This agrees with the stated result.
2. Now suppose that [ > d. In this case we split our sum at m =1 — d.

(a) Fix 1 < m < [ —d. We can bound the sum over y by O(p'~"/?) using

Corollary 3.7.4. These terms therefore contribute

l—d
< plfl/d Z Z 1.
m=1

x€Z/p'Z
p™e1,d—12+Cco,d—1

Using (3.7.15) we can bound this by

l—d
< pl—l/d Zpl—m < p2l—l/d—1‘

m=1

(b) Fix I —d < m < I. We can bound the sum over y by O(p'~!) using
Corollary 3.7.4. These terms therefore contribute

l

< pit Z Z 1.

m=l—d+1 z€ZL/P'L
P le1,d—12+Co,d—1

Again, using equation (3.7.15) we see the overall contribution in this case
is
< ! Z P phtd?,
m=l—d+1

Now, since [ > d the first term dominates. Putting everything together, we

conclude that
o(p’;0,0) & PV g i tbmin{l=Li=l/dy L g 20-1/d=1 (3.7.25)
This agrees with the result stated.
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Finally, we have the following.

Proposition 3.7.7. Fiz e > 0. For any integers M, N we have

®(h; M, N) .
Z |h|2—1/d+e <L Af(Mv N7 k) B*. (3726)
0<|h|<B

Proof. Fix 0 < § < 1/d. By multiplicativity, and the fact ®(—h; M, N) = ®(h; M, N),

we can bound our sum by
®(h; M, N) p,M N) & p 0,0)
I (= ]
0<|h|<B p<LB =2

We first deal with the contribution from higher powers. Using the bounds established

in Lemma 3.7.6, this contribution is bounded by

<5 Ed: o i SR S —
SN 2 _ L 5 1
p? — Wl pl/d=ol p2=dd T p2+1/d—(d+1)s »

using the fact 6 < 1/d. Now, fix positive constants A; > 0 which may depend on
f,a,b and . We recall Lemma 3.7.2, which says that

[®(p; M, N)| < p'2(p, A (M, N, k))'/2.
We see the contribution from those primes dividing A¢(M, N, k) is bounded by
Al A2 €
11 14+ ==+ =) <5 T(Ap(M,N, k) <s¢ Ap(M, N, k)".
p p
plAf(M,N,k)
The contribution from the remaining terms is bounded by

A A4 AS
[T (1+oms 5t < I (1+5)

p<LB p<LB

As
<5 H <1+ ) <ge B¢

pLB

by Mertens’ estimate. The proof of the proposition is completed upon taking § =
1/d —e. O
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3.8 Final estimates

Let us recall our work so far. Putting together equations (3.5.10) and (3.5.16) we

arrive at the bound

My q(Bi k) < Z F;W Z Z ¢ii(@)Sij(p,q)| + B¥*< (3.8.1)

0<|h|<a s B p,q€P '4,5€{0,1,2}
Kh,Ph smooth
where
1
Si.i(p,q) = > I'(B,m)T'(B,n)V; ;(m,n). (3.8.2)

h)2
(pq ) —pqlh|/2<m,n<pq|h|/2

Using Lemma 3.5.5 we were able to decompose the exponential sums W, ; into the
simpler exponential sums ; and ® which we were able to estimate individually. In

this section we aim to bring everything together.

Firstly, we isolate the main term contribution to the above sum. To this end,
let L; ;(p,q) denote the the contribution from the term (m,n) = (0,0). Note that
I'(B,0) = |B], and so, with the estimate | B| = B + O(1), we obtain

B2V, ;(0,0) (B\Ifi,j(o, 0))
(pgh)? (pgh)? )"

Let us concentrate our attention on this first term. If p # ¢, then for i, 5 € {0, 1,2},

Lij(p.q) = (3.8.3)

we have

¥;.5(0,0) = %i(p; 0,0)%5(g; 0,0)@(h; 0, 0)
= max{1,4} max{1, j}[p* + O(p)][¢° + O(q)]®(k;0,0) (3.8.4)

using Lemma 3.5.5 for the decomposition of ¥; ; and Lemma 3.6.1 for the asymptotics
for ;. Recalling the definition of the constants ¢; ;(«) in Proposition 3.5.1, we obtain

an expression

 B23(h;0,0) ,
Z Ci,j(a)Li,j(pa Q) = T(a — 1) + O(

Z7j€{07172}

B2®(h;0,0)
min{p, ¢}h?

>. (3.8.5)

Thus we may take a = 1 to eliminate the main term. In this case, including the error
present in equation (3.8.3) and using the bound ¥, ;(0,0) < p*¢*®(h;0,0) which
follows from our work so far, we obtain
B?®(h;0,0) B®(h;0,0)
(L (p. .
Z ¢ 7.7( ) )J(p Q) < n-,un{})7 q}h2 + h2

1,j€{0,1,2}

(3.8.6)
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for the total contribution to the main term from terms with p # q. We see the first

term dominates in our range of p and ¢. If p = ¢ then we bound trivially, to obtain

B2®(h: 0,0
> Ly < 22000 387)

ije{0,1,2}
Now note that, from Lemma 3.7.2 and Lemma 3.7.6, it follows that we can bound
®(h;0,0) < A“MA2/rad(|h|), where A > 0 is a constant and rad(|h|) denotes the

radical of the non-zero integer h. Thus

®(h;0,0) Av()
P DD rad (1))

0<|h|<B 0<|h|<B
Aw(h)
¢ B¢ PSEVIEREY
< B D, herad(|h))
0<|h|<B
Al1 1
< B ] (1+_{_6+E+'”D
bk plp p
€ A €
< B[ (1+ 5= e ) < BY (3.8.8)
p<LB

Thus, the total contribution from the main term, using the asymptotic #P ~

Q/logQ, is

Y P RN

0<|h|<B p,qi mm{p’ g} peP
bFq

B?log Qlogl O (h; O 0

< g Qloglog Q Z )
Q
0<|h|<B

BQ—i—e ( )

<, . 3.8.9
Q

We now focus on the contribution from the remaining terms. From now on we put
E,j = Sl’] — LZ,] It follows that

1 : h : h
Ti(p, q) < (pgh)? E mm{B,}%”}mm {B,%}\\D”(m,nﬂ
PE™ —pain) 2<mm<pain /2
(m,n)#(0,0)
(3.8.10)

We would like to find a pointwise estimate for the exponential sums V; ;. There are

two regimes to consider.
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1. If p # q, then recalling Lemma 3.5.5 and Lemma 3.6.1 we obtain
| Wi,;(m,n)| < pa(pg, m, n)|®(h; pgm, pgn)|.
Here pg is the multiplicative inverse of pg modulo |A|.
2. If p = q, then again recalling the results above we have
Wy 5(m, )| < Lyjmmp®(, m/p, /)@ (h; B /p. Bn/p).
Here p is the multiplicative inverse of p modulo |h|.

Now if p = ¢ then 1. p*(p,m/p,n/p) < pg(pg, m,n). We conclude that the first

bound holds in all cases. Thus we may write

1 . h . h
Ty<— % mm{B,p—q' '}mm{B, palh] '}<pq,m,n>|d><h;p—qm,p—qn>r.
pgh® ud n|
pqlh|/2<m,n<pq|h|/2
(m,n)#(0,0)
(3.8.11)

There are now 3 regimes to consider.

1. The contribution from when m = 0 is

B ®(h; 0, pg
1) 5 <mepainl 2 Il
n#[)i
2. The contribution from when n = 0 is
B ®(h; pgm, 0
B 3 (pg, m)|@(h; pgm, 0)| (3.5.13)
Bl s !
m#£0
3. The contribution from when mn # 0 is
(pg, m, n)|®(h; pgm, pgn)|
P > py . (3.8.14)

—pqlh|/2<m,n<pq|h|/2
mn=#£0

To evaluate these sums we will now bring the sum over h on the inside. Recall

Proposition 3.7.7, which states that for any € > 0 we have

®(h; M, N) .
Z ’h’271/d+e <e Af(Ma Na k) B ) (3815)
0<|h|<B
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and the corresponding results which follow by partial summation. From Lemma 3.7.1

we have the size bound
|Af(M, N, k)| < |k| max{|M|, |N|}d2. (3.8.16)

We are also assuming 0 < |k| <; B*! (see (3.5.1)). In our range of variables we
thus have

A¢(pgm, pgn, k)¢ < B (3.8.17)
It follows that the total contribution from the terms 7; ; is bounded by

B2-Vdte )02 { (pg,n) (pg,m, n)
oDVl D DR - e S !

P,q€P = —pq|h|/2<n<pq|h|/2 —pq|h|/2<m,n<pq|h|/2

n#0 mn#£0
(3.8.18)
This in turn is bounded by
B2-1/d+e g2
QQ og Q Z g <, Q2B2_1/d+6. (3819)
»,q€EP

Putting together equation (3.8.9) and equation (3.8.19), we get a final bound
B2
Mj4(B; k) <. B° (Q2B“/d + 5) < B2 /Gt (3.8.20)

where we take @ = B39 to balance the error terms. The result stated in Theo-

rem 3.1.2 follows upon noting that the exponent here is strictly less than (2—1/(50d)).
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Appendix A

Estimates for r(n) and r(n)r(n + h)

In this appendix we sketch proofs for Lemmas 2.5.3, 2.5.4 and 2.5.5 contained in
Chapter 2. The first follows immediately from the following two results, due to
Tolev [27, Theorem] and Plaksin (cf. discussion just before [23, Lemma 4]) respec-

tively.

Lemma A.0.1. We have

A 1 1 1
Z r(n) = 77(%72 )7TN +0((Q2 + N3)(A,Q)274(Q) log* N), (A.0.1)
nEAn(SrrJL\c[)d Q)
where

NQ,A)=#{1<a,3<Q:a*+3*=A (mod Q)}.

Lemma A.0.2. We have

>, )= %WN +O(P(N;Q, A)), (A.0.2)
nEAn(Srr]L\([)d Q)
where
AQ,A) = {1+ > X(i—f)] Z@CT(A), (A.0.3)

k
425|(Q.44)
and P(N;Q,A) satisfies

N 3
/1 P2(y:Q, A)dy <. (QN) (N} + QN).

Here ¢, (A) =37 (1)1 e* % denotes the Ramanujan sum.
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Proof of Lemma 2.5.3. Equating (A.0.1) and (A.0.2), dividing through by 7N, and
letting N — oo we see that

n(@,48)  AQA)

Q@2 Q
holds for any fixed @, A. Thus we may write
A(Q, A 1 1 1
S )= % L OUQF + NH(A,QF(Qlog' N).  (A04)
n<N
n=A (mod Q)

Let @ = 4¢gd and A (mod @) be the solution to the congruence system A =
a (mod ¢), A = 1 (mod 4), and A = 0 (mod d), where (a,q) = (d,q) = 1 and
q,d are square-free and odd. Then by multiplicativity of the Ramanujan sum and

our assumptions about A, ¢ and d from (A.0.3) we obtain

X(r)p(r x(r)e(r
AQ.8) =2y WD A XA o (i), (a05)
rlg rld
and so we obtain the result of Lemma 2.5.3 on dividing through by @) = 4qd. O

For Lemma 2.5.4 we have the following result.

Lemma A.0.3. Suppose that (a,q) = (a+ h,q) = (d1,q) = (da, q) = (d1,da) = 1,4|h
where dy,dy, q are square-free and odd, of size < N°O . Then for 0 < h < N1 we

have
_ g1(q)? 2
> it h) = D(h,di,ds, q)7°N + Ro(N,d1,da,q),  (A.0.6)
n<N q
n=a (mod q)
n=1 (mod 4)
d1|n,d2|n+h
where
Ro(N,dy, dy, q) < q3dyds N1+ d2dZNHe,
where

[y, o g) = 2UEIRUR) 57 SR T (a8 r)
(r,2q)=1 ’ 2

and gy is the multiplicative function defined on primes by ¢1(p) = 1 — % and

V(dy,7) = g2((dy, 7/ (r, dv))).
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Proof of Lemma 2.5.4. Under the additional assumption that p|h = p|2q, then we
see for r considered in the sum ¢,.(h) = u(r). But now restricting to square-free r,

since dy, dy are square-free W(dy,r) = ¥(dy, ) = 1. Thus in this case

2(d1)g2(d>) d, (do, 7
T(h, di, dy, q) = 22 ;z 2) Z:“ L") 2 )] (A7)

This is the form stated in Lemma 2.5.4. Il

Now we briefly outline the proof of Lemma A.0.3. In [23, Lemma 4] a similar sum
to (A.0.6) is considered, this time under the hypotheses p|d;,dy = p = 3 (mod 4),
g = 1 and the congruence n = 1 (mod 4) is omitted. The proof of Lemma A.0.3 is
similar to the proof found there, with few minor changes. The key point is to note
that, using the convolution identity r» = 4(x * 1) and complete multiplicativity of y,

for n =1 (mod 4) we can write

=S xm)= Y xm)+ 3 xm)= Y xm)+ > ()
mln

mln mln mln lin
m<VF VN m<VR 1<
=2 ) x(m)— > x(m) (A.0.8)
mln mln
m<vN ﬁﬁmﬁ\/ﬁ

Using this we may expand out r(n) in the sum (A.0.6). We obtain (after swapping

the order of summation)

Z r(n)r(n+h) =4 Z x(m) {2 Z r(n+h)— Z r(n+ h)}

n<N m<VvN n<N n<mv'N
n=a (mod q) n=a (mod q) n=a (mod q)
n=1 (mod 4) n=1 (mod 4) n=1 (mod 4)
di|n,d2|n+h di|n,da|n+h dyi|n,d2|n+h
m|n mln

These congruences have a solution if and only if (m,q) = 1 and (m,ds)|h. In this

case we can use the Chinese Remainder Theorem and write

Z r(n)r(n+h) =4 Z x(m) [2 Z r(n) — Z r(n)]

n<N m<vVN n<N mv N
n=a (mod q) (m%q\)/; n=A (mod Q) nz?(m\é;Q)
n=1 (mod 4) (m,dz)|h
d1 |n,d2\n+h
+ O (N2 + h)N°), (A.0.9)

where Q = 4q[m, dy,dy] and A (mod Q) satisfies the congruence system A = a +
h (mod ¢),A =1 (mod 4), A = h (mod m), A = h (mod d;) and A = 0 (mod dy).
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The error term arises by estimating the intervals of length h left over: taking absolute
values, using the divisor bound r(n) < n¢, and noting that in this regime h < N3/4,
we have to estimate sums of type

Ny Y L

<N X<n<X+h
= n=h (mod m)

Applying the standard estimate h/m + O(1) to the inner sum and then carrying

out the summation over m yields the desired estimate (after redefining our choice of ).

Now the inner sums in (A.0.9) consist of estimating r(n) in arithmetic progressions.

It proves convenient to proceed using formula (A.0.4). We obtain

2N —mv N 1
dn Y x(m) {Tm}fl(@,mwz(zv;dl,dmq>+og<<N2+h>N6>, (A.0.10)
mgx/ﬁ
(m,q)=1
(m,d2)[h

where Ry is an error term. Using the fact (A, Q) < dyds(m, h) and Q < mqd;ds one

can show Ry contributes
11
Ro(Nsdy, da, q) < q2didp N3+ dFd3 NET,

and so this error term dominates. Now one can estimate the main term in (A.0.10)

using the same techniques found in [23, Lemma 4].

For Lemma 2.5.5 we have the following result.

Lemma A.0.4. Let (a,q) = (d,q) = 1 where d,q are square-free and odd, of size
< NO°W | Then we have

16H(1,d,4q) H'(1,d,4q) 3
r’(n) = ———2—|logr+2y—1+—"—"—|2+0.(qz1™), (A.0.11
; () o(4q) H(1,d,4q) ( h )
n=a (mod q)
n=1 (mod 4)
d|n
where
L? 4q)A(s, d
His,d 4q) = 2 18x0)05 40)Als, &)
¢(2s)
1 1\~ ><4(p)>2
G S, 4q) = 1—— 14+ — 1- ’
(5:40) H( ps)( ps) ( P’
pldq
1 4p* — 3p* 4+ 1
A(s,d) = — AT
(5. 4) g p* g p*(p*+1)

p=3 (mod 4) p=1 (mod 4)
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Proof of Lemma 2.5.5. One obtains the main term as stated in Lemma 2.5.5 by tak-
ing the logarithmic derivative of H(s,d,4q) (taking an appropriate branch-cut) and

evaluating at s = 1. O

We now outline the proof of Lemma A.0.4. The proof uses a standard application of
Perron’s formula. The following lemma, which combines [26, Theorem I1.8.20] and

[26, Theorem I1.8.22], will prove necessary.

Lemma A.0.5. Let £ =log (|t| + Q + 1) and let xo (mod Q) be a Dirichlet charac-
ter. For o > 1 we have the following

1. If x3) is complex then L(s,x3) " < L.

2. If ng is real, non-trivial, then there exists an absolute constant co > 0 such that

LOLA+1/It)  if|t] > Q2 (log2Q) 2,

L 2\—1 . )
(o1 X0) <<{Q2 if It < c0Q 7 (log2Q) .

Write @ = 4¢ and let A (mod @) be the unique solution to the congruences A =
a (mod ¢) and A = 1 (mod 4). Since (A, Q) = 1 by character orthogonality we can

S 2m=— Y XA Y Pmxem).
©(Q)

n<lx Xq (mod Q) n<x
n=A (mod Q) dln
dln

write

We study these sums by considering their generating series

i xa) = 3 ()

Write F'(s, xq) = Fi(s, xq)- Then
F(s,xq) = 16L*(s, xq)L*(s, xaxo)L(2s, XzQ)_l.

Here x4 denotes the unique non-trivial character (mod 4), and L(s, xp) denotes the

L series corresponding to the Dirichlet character xp (mod D). It follows that

ks
pld k=1 p
_Ap* 3p®
STl Xa(p)® [ = o +1 — A(5.d.0)
p2s L( P4 1) T
pld pld xQ ()2 “\xq ()
p=3 (mod 4) p=1 (mod 4)
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say, using the fact d is square-free and (d,Q)) = 1. We note the divisor bound
logn

r2(n)xq(n)| < 72(n) < e“Teloen for some explicit C' > 0. We can apply an effective

form of Perron’s formula (for example [26, Corollary 11.2.4]), averaging over the height
T, to obtain

2
S 2n) = [(TQ,A,d) +0(M+e?fg{ogm (1+ xlogT)))

n<x T T
n=A (mod Q)
dln
where
=L 3 m{l /2T (L /C”t” 16L2(57XQ)L2(57X4XQ)A(&d7Q)$3d8)dt0}
o) 2 T ) o, L(25.)s

Here ¢ = 1+ 1/log . We move the contour to the region defined by [c — itg, ¢ + ito],
[1/2 +itg, c + ito), [1/2 — ity,1/2 + ity] and [1/2 — ity, ¢ + itp]. The integrand has a
pole of order 2 at s = 1, coming from the trivial character yo (mod Q). The residue

of this pole is

H(l,d,Q)(logx+27_ 1+ %)L
where
’ A
His,d.Q) 16L (s,mzé(j), Q) (s,d)’
(e k) (- uwy
G - - — —
(s, Q) g(l ps)(1+ps> (1 )
1 4p23 _ 3p3 + 1
A(s,d) = 1 4 =3 1
(3; ) 1;(1[ p25 gd[ p25<ps + 1)

p=3 (mod 4) p=1 (mod 4)

We need bounds for the integrand in the region o > 1/2 and || < 27" One can easily
check the trivial bound |A(s,d, Q)| < 1 (uniformly in d and ¢). We require a lower
bound for |L(2s, x3)| in this region. If xq is real then x3 is the trivial character, and

vesod) e T (1- )

2s
plQ p

so we have

In the region o > § we can bound the product from below by ¢(Q)/Q. Standard

bounds for ((s) on the 1-line (see for example [26, Theorem I1.3.9]) then tell us that

L(2s,x5) ' < %log (Jt] + 2) < (QT)".
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If xg is complex then we have to be more careful. We use Lemma A.0.5, and see
there is a minor technical complication where we must bound the contribution from
s = 1/2 + it with [t| < 2¢y (say) separately (with this choice of cut-off we can use
the bound L(2s, x3) < (QT)° uniformly in xq for all the other contours). One can

easily show the contribution from these values of s is < Q%, which is small.

To bound the contribution from the other integrals, we can use the fourth-moment

estimate for Dirichlet L-functions on the critical line in the form

1
(D)T

> /TQT |L(1/2 +it, x)|*dt < (DT)",

X (mod D)

(cf. [6, Theorem 1]) together with the Cauchy-Schwarz inequality. One can show that,

with the choice T = xi, the contours contribute <, Qx%“.
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Appendix B

Auxiliary estimates for p(n)

In this appendix we sketch the proof of Lemma 2.5.6 appearing in Chapter 2. We use
the Selberg-Delange method.

Lemma B.0.1 (Selberg-Delange method). Let F(s) = > .~ a,n"* be a Dirichlet
series such that the function G(s;z) = F(s)((s)™* can be cmalytzcally continued to
the region
o>1-— 0 (B.0.1)
1+ log (2 +|t])
for some positive ¢cg > 0 and z € C with |z| < A, and moreover satisfies the bounds
|G(s;2)] < M(14 [t)'=° for some § > 0 in this region. Let Zi(s;2) = [((s)(s —

D7, Za(s;2) = @ (both holomorphic in the disc |s — 1| < 1) and let

G(s;2)Z1(s;2) = Z,uk (s — 1)"

G(s;2)Zs(s;2) = an (s —1)*

be the Taylor series in this region. Then for any N > 0 and |z| < A we have
N

3 %" log% — (log )1 {Z X 1ix(2) n O(MRN(:::))}, (B.0.2)

242 —k)(logx)k

n<x

and moreover if a,, > 0 then we also have

k=0

n<x

where

N+1
= . — ¢~ 1Vlogz 02N—+1 B.0.4
Rn(x) = Ry(x;c1,c0) = € + O(log @+ 1) (B.0.4)

for some suitable constants c1,co > 0. These positive constants, and the implicit

constants in the Landau symbol, depend at most on co,d and A.
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The second statement is exactly [26, Theorem I1.5.2]. The first statement follows by

the same proof with a few minor changes.

Lemma 2.5.6 follows from suitable applications of Lemma B.0.1. We sketch

the details in each case.

Proof of Lemma 2.5.6. (i) For Xy recall from (2.5.2) the definition

pla) v
X = —Z log —. B.0.5
NW ; a og a ( )
(a,W)=1

pla=p=1 (mod 4)
Consider the generating series, for o > 1

movs= > M ] (1_i>:K(s>G1<W,

1 w
(n,W)=1 pzlp(Tmod 4)

where

p=3 (mod 4)
1 -1
GI(W7 S) = H ( - _s>
pIW P
p=1 (mod 4)

(taking the positive determination of the square-root in the first instance). Both of
these functions are analytic for o > 3/4 (say). Ki(s) is bounded in this region, and
G1(W, s) satisfies

| (1_]9_12)‘1:(3@[— > (15

p|W p<Do
p=1 (mod 4) p=1 (mod 4)
1 1 Dy
—ow 3 o)< T2
p<Do p<Dy
p=1 (mod 4) p=1 (mod 4)

< exp(Dé/4 loglog Dy).
We remark that with the choice Dy = (loglog N)3, we certainly have the bound

exp(Dy/*loglog Dy) <. (log N)¢
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for any fixed € > 0, and using this estimate, it is a simple task to verify that all the

error terms which follow are indeed controlled. (Recall v = N? for some fixed § > 0.)

1

From the classical zero-free region for Dirichlet L-functions, L(s)™' can be an-

alytically continued to a region of the form (B.0.1) for some ¢y and moreover satisfies
a bound L(s)™' < log(2+ [t]) in this region (cf. [8, Chapter 14]). Thus we can

apply Lemma B.0.1 with M = exp(Dé/4 loglog Dy), 2 = —%, N = 0 and some suitable

29
choices of ¢y, 9, to obtain

__K@GY) o (exp(Dy loglog Do)
N = ) I e +O< (logv)? )

Here we have written G1(W) = G1(W, 1) (and this convention will be continued below
the fold). This simplifies to the stated result. Note that

aw)= ]I (1 - 1) . (log Dy)?

p<Do p
p=1 (mod 4)

by Mertens’ theorem.

(ii) For Yy w recall from (2.5.3) the definition

pla)u(b) -~ v w
Yvw = ————"log — log —. (B.0.6)
2 e e
(a,W)=(b,W)=1
(a,b)=1
pla,b=p=1 (mod 4)
Take the sum over b on the inside. We can evaluate
b
Z p(b) logg
b<v g7(b) b
(b,aW)=1
p|lb=p=1 (mod 4)
using the generating function, for o > 1
. p(n)n
ha(aW, s) = = hy(aW, 5) Ky(s)Ga(aW, s),
2 )
(n,aW)=1
pln=p=1 (mod 4)
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where

GQ(CLVV, S) =
plaW
p=1 (mod 4)

Arguing as above, Lemma B.0.1 yields
Yvw =11+ 1o + O(T3),

—1/2 and N = 1. Here

this time taking M = exp(D(l)/4 loglog Dy), z =
M 2(a)7(a v 2
T3: 3 Z Mlog_<< T H ( +—>
(log /U)§ a<v g7(a) a (lOg U)§ p<v p + 1
(a,W)=1 p=1 (mod 4)
= exp(Dé/4 log log Dy) (log U)% :

pla=p=1 (mod 4)
M 1\’
H (1—1——) < M(logv)?

<
(IOg U) p<v
p=1 (mod 4)
To evaluate T5, we need a handle on the second Taylor series coefficient. With notation

as in the statement of Lemma B.0.1, this is labelled p;(—1/2) and is precisely equal

N|=

G(1)Z1(1;-1/2) + G'(1) Z1(1; —1/2),

to
K1(s)G1(aW, s)Ky(s)Ga(aW, s)

L(s, x4)'/?

where
G(s) =
(taking an appropriate branch-cut). Here all derivatives are taken with respect to s.

By a series expansion, one can directly show that Z;(1; —1/2) = 1 and Z](1; —-1/2) =
—~v/2, where v is the Euler-Mascheroni constant. We now note the following:

G (p)Galp) = T2
log p
p
pld
p=1 (mod 4)
logp

Gy(d) = Ga(d)
pld
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Here we have defined G(d) = % ., fori € {1,2}. These results are valid for

primes p = 1 (mod 4), and for any square-free d. Thus one can write T as a finite

linear combination

5 Czaz Wl 7y

i

log v

where ¢; € R are bounded,

gr(W1)  g7(Wh) log p 97 (W) logp

7 W ) )

Qo ( 1) € { W W p|EW 1 E
1

and R; is one of

2. @ log 2 < (log Dg)'*(log v)?

a<v
(a,W)=1
pla=p=1 (mod 4)
or
1
Z qofql Z NE} @) log < exp(D, 14 log log Do) (log v)"/2,
Do<g<v a<lv
g=1 (mod 4) (a,W)=1
qla
pla=p=1 (mod 4)
or finally
lo a v log Dy)3/?(log v)'/?
Z (giql) Z MEL)IOga«(g 0)D2(g) ‘
Do<g<v g a<v 0
g=1 (mod 4) (a,W)=1

qla
pla=p=1 (mod 4)

Here ¢ denotes a prime variable (a convention that will also be used below the fold).
The first estimate follows directly from our expression for Xy y found above. For

the last two estimates, we note that the inner sum appearing in both is precisely

Xnw — Xnqw, and from our work above it follows that
B (iog)
L(3/2)V/L(1,x4)

(log Do)z (log v)2 exp(D§ loglog Dy)
< + =R
q (logv)2

N

1
exp(D¢& log log D
Ny — Xy p(Dg loglog 0))

(GIV) Gy (a1 + O P EES

Now, standard estimates for sums over primes such as

lo log D
Z gql < % o’
o dla—=1) 0
g=1 (mod 4)
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yields the results stated.

Now, using the fact

lo
Z fzi < log Dy,
p|W1

and

gr (W) _ 11 (1 +%) < (log Dy)?,

W
p<Do
p=1 (mod 4)

it follows that the total contribution from 75 is
Ty < (log Dg)*/? exp(D(l)/4 loglog Do) (log v)'/?

which is negligible.

Finally, we can write

T, = Kl(1)K2(1)G1(W1)G2(W1)(10gv)% Z u(a) logg

[(3/2) /L1, x0) 2o Ta ™
(a,W)=1
pla=p=1 (mod 4)

This last sum is exactly X . Using our bound from part (i), and also the fact

p>Do
p=1 (mod 4)

1 _
Yoo

we arrive at a final estimate of

Yyw = (1+ O(Do_l))[ SIOICIUD )] log v

[(3/2)/L(1, x4
+ O((log D)*'? exp(Dy/* log log Dy) (log v)'/?).

(iii) For Z](\}’)W recall from (2.5.4) the definition

. pla)p)ga((a, )
A2 e

(a,W)=(b,W)=1
pla,b=p=1 (mod 4)

ogslog%. (B.0.7)
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We write this as

pla)ga(a) v d p(0)ga(b) , - v
2o T algl) X wbp

a<lv g b<v
(a,W)=1 (b,W)=1
pla=p=1 (mod 4) (b,a)=d

p|lb=p=1 (mod 4)

Now substitute b = md. The inner sums can be rewritten as

pi(d)
% g2(d)

ga(m)m md’

Z p(m)ga(m) log —2
m<wv/d

(m,aW)=1
plm=-p=1 (mod 4)

where we have used the fact a is square-free. To handle the inner sum we consider
the generating series

_ - p(n)ga(n) — Ks(s)Ky(s)Gs(aW, s)Ga(aW, s)
U D D C)L (s, xa) ’

n=1

(n,aW)=1
p|ln=p=1 (mod 4)
where
1\ 1\' 1
o =(-5) T () I (- gtp)
p=3 (mod 4) p=1 (mod 4)
op — 3
Kis)= ][ (1+ - )
o (o 0 (P+1)2p—1)(p° - 2)
9\ !
Gs(aW,s) = ] (1 — —s) ,
plaW P
p=1 (mod 4)
5p — 3 -
Gy(aW,s) = 1 .
v =11 1+ Grom=1w=3)
p=1 (mod 4)

These four functions are analytic in the region o > 3/4 (say), where they all
satisfy the bound O(1) except for Gs. Since (a, W) = 1, by multiplicativity we
can write G3(aW,s) = Gs(a, s)Gs(W,s). As above, we can bound |G3(W,s)| <
exp(Dé/ "loglog Dy) in this region. On the other hand, note that

92 -1
1§(1_W> <2

whenever p > 7. Since we are assuming a is square-free, it follows that we can bound

|Gs(a, s)| < 7(a).
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By similar arguments to part (i) we can apply Lemma B.0.1 taking
z = —=1,M = 7(a) exp(Dé/4 loglog Dy) and suitable d,cg. Note that for N > 1
the terms yy,(2)(logz)*™17%/T'(z + 2 — k) are 0 for 1 < k < N. Hence we can choose
N = |(logz)/eci| (for some suitable ¢; > 0) to balance the error terms, yielding a
stronger error term of the form O(Me=<1V1°¢%) Using this choice of N we obtain

ga(mym  Cmd LT, xa)

p(m)ga(m) v K3(1)Ky(1)G3(aW)Gy(aW) —err/log0/d
Z —~ 27— ‘o +0| Me )

m<v/d
(m,aW)=1
plm=-p=1 (mod 4)

This error term contributes

< exp(Dé/4 loglog Dy) Z /12(@;3?;;27(@) log g Z %gqﬁ'

a<v

dla
pla=p=1 (mod 4)

Swapping sums yields

P (d)ga(d)7(d) _c\\fisgora 2 (m)ga(m)T(m) v
dgzv 92(d)*d mgzv/d

p|d=p=1 (mod 4) (m,d)=1
plm=-p=1 (mod 4)

The inner sum can be bounded by

v 2(4p* — 3p+1) v 4
e log — 14 =
<logg 1] <1+p(p+1)(2p—1) <8y i )

pgv/d pgv/d
p=1 (mod 4) p=1 (mod 4)
4 3
v 1 v
< log (_Z H (1 + _) < (10g a) < 6cm/logv/d
p<v/d p
p=1 (mod 4)

for some suitably small ¢ > 0. Note this final bound is valid for all d < v. Using the
fact g4(d)/g2(d)? < 1, we see the total error is

1/4

2(d)(d o
< exp(D,’ " loglog Dy) Z Me’c3 logv/d (B.0.8)

d
d<wv
pld=p=1 (mod 4)

for some 0 < ¢3 < ¢;. For this sum, we use the generating series, for o > 1

I I

e - 1+ P C(25)L(2s, x4)

n=1 p=1 (mod 4)
pln=p=1 (mod 4)
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where

- ()" 1,0+ L ()

p=1 (mod 4)

By the second part of Lemma B.0.1, taking z = 1 and N = |(logz)/ecs| for some

suitable ¢4 > 0 we get

d<v C(2

pld=p=1 (mod 4)

Now by splitting the sum at v!~¢ and using partial summation one can show that

2(d)r(d /

d<wv
p|d=p=1 (mod 4)

(log log v)3
logv ’

O(eXp(D(l)/4 log log Dy)(loglog v)?), which is small. Let v;(a) = 2 da 1M(d)/g2(d). We
obtain a main term
K3(1) Ky (1)G3(W) Gy (W) $ #a)ga(a)n(a)Gs(a)Gala) | - v
L(1, x4) g2(a)a

Hence, taking € we see the error (B.0.8) is

a<v
(a,W)=1
pla=p=1 (mod 4)

For this sum we consider the generating series, for o > 1

v = 3 MGG k() Ga1)
(nli7)=1

where

- - (p—1)*
Ks(s)= ][] <1 (ps—l)(Qp—l)(2p2—p+1>>7

- - (p— 1) -
Gs(W,s) = H (1 (ps—l)(zp—l)(2p2—p+1)>'

plW
p=1 (mod 4)

Applying Lemma B.0.1 with N = 0 gives
Zy = Cw(logv)7 + O(exp(Dy'* loglog Dy) (loglog v)?),
where
K (D) K3(1) Ky (1) E5(1) G (W) G3(W) G (W) G5 (W)

Cw = P(3/2)L(1, 1)} (309)
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which reduces to the stated result (note that

A? 1 A? -1
A | (1= G=7) = et - 0wiM)

p=1 (mod 4)

to get the form stated). We note for future reference that |Cyy| < (log Dg)%/2.

(iv) For Zz(\?)w recall from (2.5.5) the definition

5 w@)u(d)gs(la,b]) v, v
Zw= 2 L pmen a8y 2 60 (B0

(a,W)=(b,IW)=1
pla,b=p=1 (mod 4)

We can write

Z](\?,)W = Z 96(q) Z u(@)n(b)g(la, b)) log 2 log v

Do<g<v a,b<v QZ(Q)gg(b) [a’ b] b
g=1 (mod 4) (a,W)=(b,W)=1
‘I|[a’b]

pla,b=p=1 (mod 4)

= Z gG(g) |:T1 + T2 - T3:| .
Do<q<v
g=1 (mod 4)

where ¢ is prime, and

(@Ol Ea %y

T, = 3 pa)p(0)ga([a b)) |~ v v

a,b<v
(a,W)=(b,W)=1
qla
pla,b=-p=1 (mod 4)

p(@)pd)ga(fa, b)) . v v
L= log — log —,
i a;'u QQ(Cl)gg(b) [CZ, b] a b
(a,W)=(b,W)=1
qlb

pla,b=-p=1 (mod 4)

p(a)p(d)ga(la, b)), v v
Ty = log — log —.
’ a;v 92<a>gg(b) [av b] a b
(a,W)=(b,W)=1
qla,b

pla,b=-p=1 (mod 4)
T can be evaluated similarly to part (iii) to give

_ Cwhi(9) exp(Dy/* loglog Dy)(log log v)3)
q q ’

T (logv/q)5—|—0<
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where

Bu(g) = M9 @M ©G9)Cs(OCa9)Gsla) _ q(49° =3¢ +1)
1 9:(0) 2 - )¢~ 20+ 1)

T, can be evaluated similarly. For T3, write a = a’q,b = 0'q then [a,b] = [qd/, gb'] =
qla’, V'] so that

11%(q)94(q) 3 p(a) (b )ga([a’, 0'])

L= (0% 92() 9> (V) [/, ]

log — log —
0og ; og y
a' W' <v/q
(a/,gqW)=(t',qW)=1
pla’,b'=p=1 (mod 4)

This is the same form as Zz(\},)w' By the same considerations as above we obtain

_ Cwh(a) oo v/a)? eXp(DéM10gIOgD0)(10glogv)3
Ty = = 5 (o v/a) +0< : )
where

flg) = @90(@G(DG@)C(@)Gsle) _ (e’ =g +1)

92(q)? C2(q—1)2(2¢2 —2q+ 1)

Thus we obtain

Ziw=cw S OB g)0g (0/a)!

’ Do<g<v q
g=1 (mod 4)
1/4 3 96(q)
+ O\ exp(D,’ " loglog Dy)(loglogv) E =,
Do<q<v q
g=1 (mod 4)

where Cyy is defined as in (B.0.9). Recalling the definition of gg(q), we see the error
term contributes

< exp(D(l)/4 log log Dy)(log log v)* log v.

Now note that
2 — 3g—2)(2g+1)l1o 3lo lo
pi(q) Bz(q)%(q):_ (3¢ —2)(2¢+ Dlogg gq+0( quq)

q 2(q+1)(2¢> — 2+ 1) 2¢q

This error contributes

N|=

1 1
< Cw Z qu(log v)? < Cy(logv)

2
Do<gq<v
¢=1 (mod 4)
which is small. We are left with a main term

3Cw log q v 2

Do<q<v
g=1 (mod 4)
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By partial summation one can show

1 :o
E qu(log E) = g(logv)g + O((log v)? log Dy),
Do<q<v q q

¢=1 (mod 4)

so that
C
ZJ(\?)W = _TW (logv)? + O(exp(Dy/*loglog Dy)(loglog v)? log v).
This simplifies to the stated result.
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