
Using routinely collected data
to inform infection-prevention

policy decisions

Mark Geoffrey Pritchard

Worcester College
University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy in Clinical Medicine

Michaelmas Term, 2024



The diseases of the epidemic class follow laws of their own; they
remain nearly stationary during months, years, and, as we learn
from medical history, centuries; then suddenly rise, like a mist
from the earth, and shed desolation on nations—to disappear as
rapidly or insensibly as they came. The pestilences of ancient
history, the plagues of England, cholera, influenza, small-pox,
and typhus, are examples of this peculiar tribe of diseases. Epi-
demics have furnished much matter for discussion, and still offer
large scope for inquiry.

William Farr, Causes of death in England and Wales (1840)
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Abstract

Measures to reduce transmission are a vital response to infectious disease
epidemics. Collectively such measures are effective in reducing the burden
of infectious disease but effectiveness of individual interventions is less cer-
tain. Methodologies for causal inference from observational data are well
developed, but many methods have requirements that are not met by epi-
demic data. They may require an individual’s outcome to be independent of
anyone else’s treatment, but the very purpose of infection-prevention meas-
ures is to break chains of transmission, benefiting both treated and untreated
individuals.

I combine causal inference methods, mechanistic models, and observa-
tional data to estimate effects of interventions that were used to reduce the
spread of severe acute respiratory syndrome coronavirus 2 in the United
Kingdom. I combine difference-in-differences methodology with a renewal-
equation model. If its assumptions are met, this can detect effects of in-
terventions on transmissibility, but if assumptions are violated, erroneous
results can arise with no indication that an error is occurring. I apply the
method to mass testing and mandatory use of face masks. Difference-in-
differences results suggest that interventions increased incidence of detected
infections.

I investigate optimal timing of vaccination against respiratory viral infec-
tions with models incorporating immune boosting from re-exposure to the
virus. Boosting can lead to synchrony in susceptibility and cause periodic
outbreaks even without seasonal variation in infectiousness. In scenarios
with more immune boosting, vaccinating sooner tends to lead to fewer in-
fections, while in scenarios with less boosting, later vaccination is beneficial.

Analyses in this thesis highlight potential problems with causal analyses
that disregard mechanisms of disease transmission, and with models that
oversimplify immunity. These analyses suggest that greater understand-
ing of changing immunity over time is necessary to determine optimal ap-
proaches to reducing transmission of these respiratory viral infections.

x
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Chapter One

Introduction

If the purpose of biomedical research is to effect improvements in health

then it is vital to have good understanding of causal relationships between

interventions and outcomes. Ideally we wish to be able to tell decision

makers – be they government officials or private individuals – what outcome

to expect without an intervention and what to expect if they intervene. Any

intervention has opportunity costs (resources could have been spent else-

where) and risks of harm. Decision makers therefore need reliable estimates

of the effectiveness of interventions.

Interventions explicitly intended to reduce the spread of infectious dis-

ease have been used since at least the seventeenth century when isolation,

quarantine and beak-shaped face masks were adopted to reduce the spread

of Yersinia pestis/plague (Coleman, 1986; Pan et al., 2020; Shaw-Taylor, 2020).

Together with improvements in nutrition, housing and healthcare, infection-

prevention measures have played a vital role in improving human health

(Mackenbach, 2021). The burden of disease has shifted from a situation

in which most people died of infectious diseases, often in childhood, to

one where most people can expect to live to old age and only a minority of

deaths are attributed to infections (GBD 2013 Mortality and Causes of Death

Collaborators, 2015; Shaw-Taylor, 2020).

1



1. Introduction 2

Despite evidence for their collective importance, individual interven-

tions’ effects are less certain (Aiello and Larson, 2002; Dancer, 2016). Some

interventions clearly offer large benefits for small costs and a low risk of

harm. Estimated effects of handwashing vary between studies and are sub-

ject to possible biases, but there is general consensus that improving hand

hygiene produces net health benefits (Freeman et al., 2014; Mo et al., 2022). If

an intervention’s benefits are smaller, they might not justify the costs, or may

even fail to outweigh its harms. If public-health practice is to be evidence-

based, we need to understand the magnitude of proposed interventions’

effects.

Routine practice in community communicable-disease control includes

advising people with infections such as measles, whooping cough and in-

fectious diarrhoea, that they must stay away from work or school for a

period of time (Hawker et al., 2019). Local authorities in England can ap-

ply to have someone involuntarily detained to protect public health but

these powers are very rarely used, almost exclusively to reduce spread of

multidrug-resistant tuberculosis (Arnold et al., 2019). Most routine isolation

therefore takes place with affected individuals’ consent. If people are to

be compelled to comply with public-health policy, the Nuffield Council on

Bioethics (2007) argues that there is a stronger requirement for evidence of

effectiveness. Such compulsion has been legislated during epidemics and

pandemics such as the influenza pandemic of 1919 (Bootsma and Ferguson,

2007), the Ebola epidemic in Guinea, Liberia and Sierra Leone between

2013 and 2016 (Farmer, 2020), and the severe acute respiratory syndrome

coronavirus 2 (sars-cov-2)/covid-19 pandemic since 2020 (Hale et al., 2021).

Policy makers need reliable evidence to guide decisions about such inter-

ventions but evaluating measures during a public-health emergency may be

even more challenging than evaluating routine measures.
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Randomized controlled trials (rcts) are experimental studies designed

to answer causal questions. Well-conducted rcts can provide unbiased es-

timates of causal effects (Rubin, 1974). Collins et al. (2020) refer to this as ‘the

magic of randomization’. They argue that the risk of drawing biased con-

clusions from observational studies means that observational data cannot be

substituted for rct results. Frameworks to assess quality of evidence typ-

ically rank results from rcts higher than those from observational studies

(e.g. Guyatt et al., 1995, 2008), and new medicinal products must generally be

assessed in rcts before their use is approved (Stratford et al., 2020). Many

other – non-pharmaceutical, or physical – interventions have never been

tested in trials. Ogilvie et al. (2005) found evidence for an ‘inverse evidence

law’, in which interventions with the greatest effect on population health

may be least likely to have high-quality evidence of effectiveness.

Transmission of microparasites1 – viruses, bacteria, fungi and protozoa –

requires them to move from an infectious host into tissues of a susceptible

individual. Infection-prevention measures may affect numbers of infectious

and susceptible individuals, or disrupt microparasites’ routes between them.

Some infection-prevention measures use medicinal products to reduce

spread of infection. Effective treatment can reduce the number of infec-

tious individuals. Usually prevention of further cases is secondary to the

objective of reducing symptoms, severity or sequelae for the person receiv-

ing treatment, but some treatments – such as antibiotics given to people

with Bordetella pertussis/whooping cough – have a greater role in reducing

transmission than in benefiting the recipient (Kilgore et al., 2016). Vaccines

given on a population-wide scale can protect recipients from infection and

reduce population-wide transmission (Anderson and May, 1982; Halloran,
1In contrast to macroparasites (helminths and arthropods); Anderson and May

(1979) and May and Anderson (1979) introduced the term ‘microparasite’ to em-
phasize parallels between infectious-disease dynamics and parasite ecology.
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2019). And post-exposure medications can prevent microparasites from in-

vading tissues, such as secondary prevention with rabies vaccine and im-

munoglobulin to prevent rabies virus from entering motor neurones (Fooks

et al., 2017).

Many measures to block routes of transmission are physical interven-

tions. These are diverse. Some can be used by individuals to protect them-

selves, such as hand washing, insecticide-treated nets and barrier contra-

ceptives. Others require changes in behaviour for the purpose of protect-

ing others, such as requirements to isolate or stay away from school or

work with infectious diarrhoea. Still others can only be conducted at a

region-wide scale, such as provision of sewerage, and microbiological test-

ing and contact-tracing processes. Measures may be used across communit-

ies, or may be limited to specific settings, such as hospitals, nurseries or care

homes.

For most physical interventions, there is no evidence of effectiveness

from rcts (Dancer, 2016), mostly because they have never been tested in

rcts. Trials that have been conducted may have poor adherence to allocated

treatment (Jefferson et al., 2023) or imprecise descriptions of interventions

(Hoffmann et al., 2013). But an absence of evidence from trials does not

remove the need to make decisions about potential interventions.

‘Causal-inference’ methods and mathematical models trade the magic of

randomization for assumptions about unobserved underlying processes that

connect observations. Inferring causal effects from observational data can

be seen as controversial (Dowd, 2011). Pearl (2000) writes that there was a

‘century of neglect within the study of causal inference’ following Karl Pear-

son’s objections to cause-and-effect conclusions (also see, Pearl and Mack-

enzie, 2018). The journal JAMA prohibits causal language outside reports of

rct results (Livingston, 2020). But causal conclusions will be drawn by read-
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ers regardless of whether they are explicitly stated in a manuscript. Hernán

(2018) argues that it is much more useful to describe causal assumptions and

conclusions explicitly, allowing the audience to assess their validity, rather

than ambiguously report associations and hope readers interpret them ap-

propriately.

1.1 Motivation and outline of the thesis

Memories of the public-health response to the covid-19 pandemic remain

fresh. The conditions of 2020 and 2021 are unlikely to repeat exactly, but

it remains useful to assess the effects of interventions used in response

to sars-cov-2. Firstly, those interventions may be suggested for future

outbreaks of respiratory-virus infection and policy makers will need high-

quality evidence. Secondly, retrospective analyses – removed from pres-

sures of attempting to inform urgent decisions – can explore the usefulness

of tools available to assess effectiveness of interventions. This can help to

maximize researchers’ ability to respond efficiently and reliably to future

outbreaks.

In this thesis, I use causal-inference methods, mathematical models and

publicly available data from the United Kingdom (uk) to explore how we

can understand effects of interventions used to reduce the spread of covid-

19.

For the remainder of this chapter, I introduce the background that this

thesis aims to build upon. I summarize infection-prevention measures used

to reduce transmission of respiratory-tract viruses and steps taken in the uk

to reduce the spread of covid-19 (Section 1.2). In Section 1.3 I discuss the

role of ‘potential outcomes’ in causal inference, and introduce notation and

assumptions that I use to describe causal effects. Then I introduce concepts
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related to mechanistic modelling of infectious disease dynamics that are

used for analyses and simulations in later chapters (Section 1.4).

In chapter 2, I consider the role of the difference-in-differences causal in-

ference method in infectious-disease epidemiology. I combine this method

with a renewal-equation model to produce causal estimates of interventions’

effects that are linked to our understanding of microparasitic-disease dy-

namics. I explore how violation of the method’s assumptions in simulated

datasets affects results. Then I apply the method to two publicly available

datasets, estimating the effect of changes in policy regarding use of face

coverings in the uk in 2020, and the effect of mass testing of asymptomatic

people for sars-cov-2 in the Liverpool City region in late 2020.

In Chapter 3 I discuss ‘natural immune boosting’,2 a hypothesized effect

of exposure to a microparasite that prolongs immunity to reinfection. I use

a simple compartmental epidemic model to explore the role that immune

boosting could have for a microparasite that induces only brief immunity,

as is common for viral infections of the respiratory tract. I apply the model

to respiratory syncytial virus (rsv) diagnoses in Scotland before and during

the period of social distancing measures introduced to reduce the spread of

covid-19, and consider how our assumptions regarding immune boosting

affect conclusions about the effectiveness of interventions.

In Chapter 4 I consider the implications of natural immune boosting

on healthcare workers’ immunity and the optimal timing of repeat vaccin-

ation. I use data from acute National Health Service (nhs) hospitals in the

Midlands of England to inform a model of the effects of counterfactual vac-

cination programmes in the second half of 2021.
2The phrase ‘natural immune boosting’ is often used to refer to interventions in

complementary and alternative medicine. My use of the phrase in this thesis refers
to boosting by (unintended) exposure to the pathogen, in contrast to intentional
immune boosting by repeat vaccination.
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Table 1.1: Common respiratory viruses

Syndromes†

C
oryza

Pharyngitis

C
roup

Brochiolitis

Pneum
oniaVirus Classification∗

Rhinovirus A–C +++ ++ + +
Coronavirus 6 species‡ ++ + + +
Respiratory syncytial virus A–B ++ + ++ +++ +++
Human metapneumovirus A–B + + + ++ ++
Parainfluenza 1–3, 4a, 4b + ++ +++ + ++
Influenza A–C + ++ ++ + ++
Adenovirus A–G + ++ ++ ++ ++
Bocavirus 1–4 ++ ++ ++ ++ ++

* Including species, groups, subgroups, types and serotypes.
† +++, represents the major cause; ++, a common cause; +, an occasional cause;
and blank is a rare cause or not reported.
‡ Including severe acute respiratory syndrome coronavirus 2.
Data from Peiris, 2020, and for bocavirus from Chakraborty and Bhukya, 2023.

The final chapter contains conclusions from my work and suggestions

for future areas of study.

1.2 Preventing viral infections of the respiratory tract

Respiratory-tract infections are ubiquitous. Adults typically experience two

to three ‘common colds’ per year, and ten per cent of children experience

twelve or more infections per year (Turner, 1997). Respiratory infections typ-

ically cause non-specific symptoms with overlapping syndromes of disease

(Table 1.1). Clinically, it may not be possible to distinguish bacterial from

viral infections, let alone identify specific pathogens (Lydon et al., 2019).

Many infections of the upper respiratory tract are mild and pass un-

noticed. Up to seventy per cent of viral respiratory infections in healthy

adults cause no symptoms (Galanti et al., 2019). But infections of the lower

respiratory tract (pneumonia and bronchiolitis) are the main infectious cause
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of disability-adjusted life years.3 Their burden is particularly high in the first

year of life and for adults over seventy years of age (GBD 2016 Lower Respir-

atory Infections Collaborators, 2018). rsv caused an estimated 100 thousand

childhood deaths in 2019 (Li et al., 2022) and may cause up to a quarter of

excess winter deaths among adults (Thompson et al., 2003). The influenza

pandemic of 1918–1920 and, one hundred years later, the sars-cov-2 pan-

demic, each caused more deaths than the First World War,4 demonstrating

ongoing vulnerability to newly emergent strains of virus.

Many systemic infections (including measles and varicella zoster, which

are transmitted via aerosols to the respiratory mucosa before replicating in

other tissues; Gershon et al., 2015; Moss and Griffin, 2012) cause long-term

immunity, which may be lifelong. In unvaccinated populations, most sus-

ceptible individuals are children. Consequently these are often childhood

infections. In contrast, viral infections of mucosa lead to transient immunity

(Slifka and Ahmed, 1996). Reinfection is possible at all ages, and severe dis-

ease is common among the elderly (Thompson et al., 2003). Vaccine-derived

immunity to respiratory viruses is similarly temporary and frequent repeat

vaccination may be recommended for people vulnerable to severe disease

(UK Health Security Agency, 2022d, 2023).

Transmission routes

Transmission requires transfer of virions from one individual’s respiratory

mucosa to another’s. Four main routes of transmission are classically de-

scribed (Kutter et al., 2018; Leung, 2021):
3Lower respiratory tract infections collectively before 2020, and sars-cov-2 spe-

cifically in 2020 and 2021; GBD 2021 Diseases and Injuries Collaborators, 2024.
4Approximately 8.5 million military deaths and 13 million civilian deaths

caused by the First World War (Showalter and Royde-Smith, 2024); 50–100 mil-
lion deaths attributed to the influenza pandemic, and 27 million to sars-cov-2 by
the end of 2023 (Dattani, 2023)
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1. direct contact,

2. indirect contact via fomites (objects contaminated with virions),

3. via droplets, sometimes termed ‘droplet contact’, and

4. airborne via aerosols.

Influenza virus, coronaviruses, rhinoviruses and bocavirus are also found in

stools and may be transmitted via a faecal–oral route or may be aerosolized

by flushing lavatories (Chakraborty and Bhukya, 2023; Leung, 2021). The

relative importance of each route of transmission is uncertain, but infection-

prevention guidance tends to recommend considering all routes as import-

ant for all respiratory viruses (Kutter et al., 2018).

The first three routes listed above each involve a susceptible individual’s

hands being contaminated, followed by self-inoculation of their respiratory

mucosa. The difference between these routes is whether their hands were

contaminated from (1) an infectious person’s hands, (2) an object that an

infectious person had touched, or (3) an object that had been contaminated

by respiratory droplets. Good hand hygiene is expected to interrupt all three

routes (Mo et al., 2022). Physical separation of people, either by distance or

barriers, should also reduce direct contact and droplet transmission (Chu

et al., 2020).

Aerosols are small particles that can stay in the air for a long time and

travel a long distance, being moved more by air flow than by gravity. Tradi-

tionally, an aerodynamic diameter of 5 µm was considered the threshold dis-

tinguishing aerosols from droplets. Behaviour of small particles depends on

environmental conditions such as air movement and humidity, and particles

up to 100 µm can behave as aerosols (Tellier et al., 2019; Wang et al., 2021).

Aerosols can be inhaled, depositing virions into the nasopharynx or, for

particles smaller than 10 µm, directly into alveoli (termed ‘respirable’ vs. ‘in-
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spirable’ by Larson and Liverman, 2011). Aerosol transmission is possible

via ventilation so does not require infectious and susceptible individuals to

share a space (Hwang et al., 2021). Use of face masks by both infectious and

susceptible individuals is proposed to reduce aerosol transmission (Wang

et al., 2021).

Evidence of effectiveness of physical interventions

As with infection-prevention measures in general, there is substantial evid-

ence that measures taken in response to the covid-19 pandemic were effect-

ive in reducing transmission of infectious disease. Hatoun et al. (2020) found

that implementation of physical interventions in Massachusetts in March

2020 was associated with reductions in a range of viral and bacterial infec-

tions among children. The much smaller observed reduction in diagnoses

of urinary-tract infections, which are generally not transmitted from person

to person, suggested that the effect was due to changes in transmission and

not solely due to difficulties accessing healthcare (ibid.). Further evidence of

an effect came after the first year of interventions when reduced numbers of

rsv infections were reported from multiple countries (Friedrich et al., 2021;

van Summeren et al., 2021; Yeoh et al., 2021).

Evidence for individual interventions is less certain. Of six systematic

reviews in the Cochrane Library that are particularly relevant to this ques-

tion (Table 1.2), only one included evidence from rcts. Jefferson et al. (2023)

including 78 rcts of masks and hand hygiene. They found considerable

uncertainty in results and a high risk of bias (especially due to a lack of

blinding of participants to interventions). They found no evidence of a be-

nefit from face masks. Hand hygiene was associated with a reduction in

acute respiratory illness but not with a reduction in influenza-like illness or

laboratory-confirmed influenza (ibid.). Viswanathan et al. (2020) identified
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Table 1.2: Cochrane reviews relevant to non-pharmaceutical interventions to re-
duce the spread of viral infections of the respiratory tract

Citation Interventions Disease Studies

Anglemyer et al., 2020 Digital contact tra-
cing

Epidemics 6 observational, 6

modelling
Nussbaumer-Streit et
al., 2020

Quarantine / isola-
tion

Covid-19 8 observational,
43 modelling

Viswanathan et al.,
2020

Universal screening Covid-19 17 observational,
5 modelling

Burnsa et al., 2021 Restrictions on inter-
national travel

Covid-19 13 observational,
49 modelling

Kratzer et al., 2022 School-based meas-
ures

Covid-19 3 laboratory, 5

observational, 5

modelling
Jefferson et al., 2023 Masks and hand hy-

giene
ari 78 rct

ari, acute respiratory infections; rct, randomized controlled trial

two modelling studies of effectiveness of universal screening for covid-19

to reduce spread of transmission. All other studies in their review con-

sidered accuracy of screening tests but not their effect on disease transmis-

sion. All observational studies of restrictions on international travel identi-

fied by Burnsa et al. (2021) were assessments of numbers of infections de-

tected by screening tests, with no discussion of onward transmission. Most

observational studies of quarantine measures had no control group, and

many were reports of situations in which multiple measures were being

introduced, so these studies were unable to quantify the effect of quarant-

ine (Nussbaumer-Streit et al., 2020). In May 2020, Anglemyer et al. (2020)

found few studies using digital contact tracing during outbreaks or epidem-

ics. During the covid-19 pandemic, smartphone applications that identified

proximity to other smartphones through Bluetooth connections were widely

used. Kendall et al. (2023) estimate that in its first year of use in England

and Wales, this application averted one million covid-19 infections and al-

most ten thousand deaths.
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Jefferson et al. (2023) found that few trials assessed harms from inter-

ventions. Kratzer et al. (2022) were particularly interested in unintended

effects of measures used in schools. They found the evidence base to be

very patchy, concluding that, ‘There is no deliberate, systematic research ef-

fort to identify, quantify, and/or theorise the unintended consequences of

school-based sars-cov-2/covid-19 prevention measures’ (ibid.).

The covid-19 pandemic in the United Kingdom

The first cases of pneumonia caused by the novel coronavirus that is now

known as sars-cov-2, emerged in Wuhan, China, in December 2019 (Huang

et al., 2020). The first cases in the uk were diagnosed in England at the end of

January 2020 (Wright, 2021). Infections were diagnosed in Northern Ireland

and Wales in late February 2020, and in Scotland on 2 March (BBC News,

2020a,b,d).

Figure 1.1A shows recorded incidence from January 2020 to the end of

December 2022. Availability of testing for sars-cov-2 in the uk increased

dramatically during the pandemic. Initially tests were only available to in-

dividuals who met clinical and epidemiological criteria. By April 2021, rapid

testing for sars-cov-2 antigen with lateral flow devices was freely available

for anyone who wanted a test in England, Scotland or Wales. This free test-

ing ended in 2023, as did the facility to self-report results (Hale et al., 2021).

Recorded incidence is therefore not expected to be a constant proportion of

infections.

The Office for National Statistics (2023a,b) covid-19 infection survey in-

vited participants randomly sampled from addresses in the uk, and the

‘real-time assessment of community transmission (REACT)’ study sampled

individuals registered with nhs general practitioners (Ward et al., 2023).

Response rates were sometimes low (only twelve per cent of households
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Figure 1.1: Covid-19 cases in the United Kingdom, 2020–2022. A. Weekly repor-
ted incidence per 10 000 people; calculated from cumulative confirmed case num-
bers in Hale et al., 2021. B. Estimated prevalence, with 95% confidence intervals
shaded; data from Office for National Statistics, 2023a.

in some rounds; Office for National Statistics, 2023c) so results needed to

be adjusted to match the target population (Office for National Statistics,

2023b), but this should give a less-biased estimate of sars-cov-2 prevalence.

Reported incidence is qualitatively similar to results from the covid-19 infec-

tion survey for 2020 and 2021 (Figure 1.1B), but in 2022 the survey revealed

several peaks in prevalence that were not apparent in numbers of reported

cases.

Measures taken against covid-19 in the United Kingdom

Health policy is devolved in the uk so each constituent nation could re-

commend or mandate different measures. All four nations introduced equi-

valent emergency regulations and support measures in March 2020. Their

policies then diverged during late spring and summer 2020 as restrictions
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were variously introduced and relaxed in response to changes in prevalence

of infection.

From June 2020, districts within England had different levels of restric-

tion, with ‘local lockdowns’ introduced where the highest levels of transmis-

sion were identified. ‘Tiered’ restrictions were introduced in October and

again in December 2020, mandating different levels of restriction for differ-

ent local authority areas. These were replaced by national (England-wide)

restrictions in November 2020 and January 2021 (Brown and Kirk-Wade,

2021).

In December 2020, the first mass-vaccination programme against covid-

19 started in the uk (Baraniuk, 2021). AstraZeneca COVID-19 ChAdOx1-S

and Pfizer BioNTech COVID-19 BNT162b2 were the first vaccines in use

(Baraniuk, 2021; UK Health Security Agency, 2023). Moderna mRNA-1273

was added to the programme in 2021 (UK Health Security Agency, 2023).

By October 2021, forty million people, or ninety per cent of the population

over eighteen years of age in the England, had received at least one vaccine

dose (NHS England, 2021a). A third, booster, dose was offered to health-

care workers and people who were elderly or clinically vulnerable from

September 2021, and to everyone over sixteen years of age from November

2021. Since then, spring and autumn vaccination campaigns have invited

those who are susceptible to severe disease to have further doses of vaccine

against covid-19 (UK Health Security Agency, 2023). The success of this

vaccination campaign contributed to the ‘Roadmap out of lockdown’ (Cab-

inet Office, 2021), as mandatory restrictions were gradually lifted from early

2021 onwards.

Hale et al. (2021) compiled an extensive dataset of governments’ policies

in response to covid-19 from the start of 2020. They collected data on twenty-

four policy measures and reported them with daily resolution. For each
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measure, a code of 0 indicates that the measure was not in use. Higher

values are given for greater levels of restriction. The number of levels var-

ies between measures. For example, measure H6, facial coverings, has five

levels (Hale et al., 2021):

0 No policy;

1 Recommend;

2 Required in some specified public spaces or some situations

when social distancing is not possible;

3 Required in all public spaces or all situations when social dis-

tancing is not possible; and

4 Required at all times outside the home.

The codes for different measures are combined into policy indices, that give

a score of 0 if all components are coded as 0, and a maximum score of 100

if all components are coded at their highest level (ibid.). The Government

Response Index used sixteen measures (those displayed in Figure 1.2) and the

Stringency Index used a subset of nine of these (C1–C8 and H1). Figure 1.3

shows the Government response index and Stringency index for each con-

stituent nation of the uk between January 2020 and December 2022.

1.3 Causal inference for infectious disease

Understanding causal relationships between co-occurring events has been

vital for people making decisions since pre-history (Woodward, 2003). To

adopt a behaviour that correlates with favourable outcomes but does not

cause them is essentially a form of superstition (Scheibe and Sarbin, 1965).

This leads to wasted efforts and possible harms. Non-human animals also

appear to base decisions on causal beliefs (Woodward, 2003).
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Figure 1.2: Use of interventions to reduce spread of severe acute respiratory syn-
drome coronavirus 2 in the United Kingdom. Thick bars represent periods when
interventions were used at the maximal level, thin bars when interventions were
present at a lower level, and no bars when interventions were not in use or no
data are available. Dates marked on the horizontal axis represent 1 January of
each year. Data from Hale et al. (2021).
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Figure 1.3: Levels of government response to covid-19 in the United Kingdom
between 2020 and 2023. Left-hand plots show Government response index, and
right-hand plots show Stringency index. Dates marked on the horizontal axis rep-
resent 1 January of each year. Data from Hale et al. (2021).

Philosophers and statisticians have sometimes struggled to define a cause

(see, Holland, 1986; Woodward, 2003). In a legal context, the question of

whether an act caused an outcome (such as an injury) depends on an as-

sessment of whether the outcome would still have occurred without the

act, all else being equal (Steel, 2012). This is similar to Woodward’s (2003)

‘manipulationist’ approach to causation, or Schulz’s (2011) title: ‘If you’d

wiggled A, then B would’ve changed.’ Rubin (2005) describes this in terms

of ‘potential outcomes’.

Potential outcomes

Consider an individual deciding between two treatment options, A = 0 vs.

A = 1, intended to affect an outcome, Y. At the time of making such de-

cisions we might consider possible outcomes in terms of probabilities, such
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as a 10 per cent chance of cardiovascular disease in the next five years vs.

a 15 per cent chance. But retrospectively, having taken, or not taken, the

treatment for five years, we would either observe a cardiovascular event or

we would not. In hindsight, the outcome is deterministic. Our consideration

of what might have been under different circumstances might still be prob-

abilistic but if the individual had in fact made a different choice five years

earlier, there would still have been exactly one observed outcome. Potential

outcomes are outcomes that could have been observed. They are therefore

events or non-events, not probabilities.

Let YA=0
j represent the outcome individual j would experience if they

chose treatment Aj = 0, and YA=1
j their outcome if they chose Aj = 1. I

refer to YA=0
j as YA=1

j ‘potential outcomes’ because at the time the decision

is being made, they are possibilities in the individual’s future. Some authors

(e.g. Hernán and Robins, 2020) refer to them as ‘counterfactual outcomes.’ I

reserve the word ‘counterfactual’ for outcomes that do not occur. In partic-

ular, I wish to emphasize that exactly one potential outcome will occur,

Aj = aj ⇒ Yj = Y
A=aj
j = yj. (1.1)

This relationship – that the outcome we observe is the potential outcome

corresponding to the treatment option that was followed – is referred to as

‘consistency’ (Hernán and Taubman, 2008).

Causal estimands and the fundamental problem of causal inference

The causal estimand is the causal effect to be estimated (Rubin, 2005). With

data on potential outcomes for a series of n participant,such as in Table 1.3,

we could calculate individual-level causal effects (more generally, these are

termed ‘unit-level effects’ to include situations in which proposed interven-

tions are for populations rather than individuals). The causal effect of the
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Table 1.3: Data table for causal estimands

Potential outcomes
Units Covariates Control Treatment Unit-level causal effects

1 x1 YA=0
1 YA=1

1 δ1 = YA=1
1 −YA=0

1
2 x2 YA=0

2 YA=1
2 δ2 = YA=1

2 −YA=0
2

...
...

...
...

...
j xj YA=0

j YA=1
j δj = YA=1

j −YA=0
j

...
...

...
...

...
n xn YA=0

n YA=1
n δn = YA=1

n −YA=0
n

Based on Rubin, 2005

intervention for individual j is,

τj := YA=1
j −YA=0

j . (1.2)

We could equivalently calculate causal effects in terms of a ratio of outcomes,

YA=1
j /YA=0

j . The sharp null hypothesis is that the treatment has no effect

on any individual’s outcome, τ1 = τ2 = · · · = τn = 0. We could calculate

population-level effects, such as the mean population causal effect,

τ̄ := E
(

YA=1 −YA=0
)
=

n

∑
i=1

YA=1
i −YA=0

i
n

, (1.3)

where E(·) represents the expected, or mean, value. This can trivially, but

usefully (Holland, 1986), be rearranged as,

τ̄ = E
(

YA=1
)
−E

(
YA=0

)
=

n

∑
i=1

YA=1
i
n
−

n

∑
i=1

YA=0
i
n

. (1.4)

We can summarize causal effects for any subset of the cohort, such as a

specified age group or those with a particular comorbidity, provided we

compare control and treatment potential outcomes for the same individuals

(Rubin, 2005),

τ̄c := E
(

YA=1 −YA=0 | C = c
)

= ∑
i∈Sc

YA=1
i −YA=0

i
|Sc|

, Sc = {i | Ci = c} , (1.5)
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Table 1.4: A more realistic data table

Potential outcomes
Units Covariates Control Treatment Unit-level causal effects

1 x1 YA=0
1 missing unknown

2 x2 missing YA=1
2 unknown

3 x3 missing YA=1
3 unknown

4 x4 YA=0
4 missing unknown

...
...

...
...

...

where C represents a covariate of interest, and |Sc| is the cardinality (number

of members) of Sc.

Since we can only ever observe one potential outcome for each indi-

vidual, a more realistic dataset might look like Table 1.4. With this dataset,

we cannot observe unit-level causal effects, or test the sharp null hypothesis,

or calculate population causal effects as described in equations 1.3–1.5. Hol-

land (1986) describes this as the ‘fundamental problem of causal inference’.

To estimate causal effects we must make inferences about missing potential

outcomes.

Causal inference in randomized controlled trials

In an rct, individuals, or clusters of individuals, are assigned to treat-

ment and control groups at random. Assuming all participants adhere to

their allocated treatment, observed outcomes for individuals who received

the treatment, {yi | Ai = 1}, are a random sample of the whole cohort’s

set of treated potential outcomes. Greenland and Robins (1986) describe

this in terms of exchangeability between the groups, E
(
YA=a | A = a

)
=

E
(
YA=a | A ̸= a

)
. The mean of the observed outcomes is an unbiased estim-

ator of the mean of the whole cohort’s potential outcomes, E(Y | A = a) =

E
(
YA=a). Substituting these sample means into the equation for the mean
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population causal estimand (equation 1.4),

τ̂RCT = E
(

YA=1 | A = 1
)
−E

(
YA=0 | A = 0

)
= ∑

i∈S1

yi

|S1|
− ∑

i∈S0

yi

|S0|
, Sa = {i | Ai = a} . (1.6)

Note that this equation differs from the analysis of potential outcomes in a

subset of the population (equation 1.5), as the values being compared de-

scribe different individuals. Jerzy Neyman proved that this is an unbiased

estimator of the causal effect (discussed by Rubin, 2005). Although the es-

timate is unbiased, it could differ substantially from the true causal effect,

depending on the play of chance (Rubin, 1974).

Causal inference in observational studies

When using observational data, we expect those who receive an intervention

to differ systematically from those who do not receive it. For instance, in a

study of therapeutic treatments, those who are treated might have more

severe disease than those who are not treated, or they might have a different

set of comorbidities. Outcomes for those who do not receive treatment are

not a random sample of the cohort’s untreated potential outcomes. Even

if the sharp null hypothesis is true we could, wrongly, infer evidence for a

causal effect, E (Y | A = 1)−E (Y | A = 0) ̸= 0. An objective to infer causal

effects can therefore be rephrased as an objective to find unbiased estimates

of the potential outcomes.

Causal diagrams and adjustment for covariates

We can consider differences between exposed and unexposed cohorts in

terms of ‘confounding variables’. A causal diagram can help to identify con-

founders. Causal diagrams are graphical models of relationships between

variables. Often these are represented as directed acyclic graphs (Greenland
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C

A

M

Y

X

Figure 1.4: Example causal diagram. For the A → Y causal effect, C is a con-
founder, M is a mediator and X is a collider.

et al., 1999; Pearl, 1995), as in Figure 1.4. In these graphs, all connections

between nodes are directed (arrows) and no directed paths (following the

direction of the arrows) pass through the same node more than once. When

two nodes are connected by an arrow, such as A→ M, we can describe them

as a parent (in this case, A) and child (M). More generally, any nodes on a

directed path leading into a node are described as ancestors, and any on a

path away are described as descendants (e.g. node M has ancestors C and A,

and descendants Y and X; Greenland et al., 1999). Note that the absence of

an arrow is more informative than its presence as an arrow does not rule out

a relationship with magnitude zero (i.e. no effect) but absence of an arrow

always rules out any causal effect (Pearl, 1995). In Figure 1.4, if Y has no

effect on X, the magnitude of the effect represented by the arrow Y → X

is 0, but this is still consistent with the assumptions encoded in the causal

diagram.

A confounder is a common cause of both the putative cause and the

outcome. In a causal diagram, this is represented as a variable that is an

ancestor of both the exposure and the outcome (Greenland et al., 1999). A

descendant of both the putative cause and the outcome variables is termed

a collider. They are commonly identified by two arrows meeting at a node,
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such as X in the path, A → X ← Y. Any descendant of X would also

be a collider. A path between two nodes is considered ‘open’ (regardless

of the directions of the arrows) unless there is a collider on it. Variables

represented on an open path are expected to be correlated. Controlling for

a variable on an open path, for example by stratification, closes the path

and removes the correlation. Controlling for a collider opens a path. If we

assume the causal diagram is correct, it provides the necessary information

to determine the minimum set of variables that must be controlled for an

unbiased analysis of causal effects. We can also test the implications of the

causal graph by assessing whether variables are conditionally independent

when not connected by any open paths (Pearl et al., 2016). Note that the

causal diagram does not inform the shape of any relationship. For instance,

knowing that C causes A does not imply a linear relationship between them.

Assume that Figure 1.4 is an accurate causal representation of our re-

search question, and we are interested in the total causal effect of A on Y.

The diagram shows three open paths between A and Y,

1. A→ Y, the direct causal effect;

2. A→ M→ Y, an indirect effect, where M is a mediator; and

3. A ← C → Y, which Greenland et al. (1999) term a ‘back-door path’,

where C is a confounder.

Assuming C is a binary variable and the only confounder then if we strat-

ify the data by C, any remaining variation in the outcome must be due to

chance, so

E
(

YA=a | A = a, C = c
)
= E

(
YA=a | C = c

)
. (1.7)

This condition is variously described as ‘exchangeability’ (Greenland and

Robins, 1986), ‘ignorable treatment assignment’ (Rubin, 1978), or simply ‘no

unmeasured confounding’ (VanderWeele, 2008). If this condition holds then
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we can analyse observational data in a similar way to the analysis of an rct.

We could report a result for a subgroup of interest only, such as,

τ̂obs,c = ∑
i∈S1c

yi

|S1c|
− ∑

i∈S0c

yi

|S0c|
, Sac = {i | Ai = a, Ci = c} , (1.8)

or we could produce a weighted mean across all values of C,

τ̂obs = ∑
c∈C

|Sc| τ̂obs,c

n
. (1.9)

Note that if there is any value of c for which there is not at least one treated

individual and one untreated individual, this calculation includes a term

0/0, and cannot be calculated. This leads to the requirement of ‘positivity’,

that all treatments must be possible under all combinations of confounding

covariates (Hernán and Robins, 2020).

We could also use a statistical model to calculate causal effects. Still

assuming that C is binary, we could use linear regression to solve,

E (Y | A = a, C = c) = ϕ0 + ϕ1 a + ϕ2 c. (1.10)

Given the assumption of consistency, so yj = Y
A=aj
j , and equality 1.7, we

find,

E
(

YA=a | C = c
)
= ϕ̂0 + ϕ̂1 a + ϕ̂2 c ⇒ τ̂obs = ϕ̂1. (1.11)

We can take the same approach with a continuous variable if we know

how it is related to the outcome. If it has a linear relationship then the same

regression equation (1.11) could be used. This can be expanded to account

for multiple confounding variables. Further complexity is added if there in

an interaction, for example if the intervention’s effectiveness is dependent

on values of other covariates (see, VanderWeele, 2015).

A similar approach is possible if we know the relationship between C

and the intervention, A. For a binary intervention, if we knew that the log
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odds of A = 1 were linearly related to C, we could use logistic regression to

solve,

logit Pr(A = 1 | C = c) = θ0 + θ1 c. (1.12)

Then let,

wj :=
1

Pr(A = aj | C = cj)
=


1 + exp

(
θ̂0 + θ̂1 cj

)
, aj = 0,

1 + exp
(
−θ̂0 − θ̂1 cj

)
, aj = 1,

(1.13)

be ‘inverse-probability of treatment weights’. Weighting each observation by

wj generates a pseudopopulation in which A and C are independent (Robins

et al., 2000). We can then calculate an unconfounded estimate of the causal

effect,

τ̂iptw =
∑i∈S1

wi yi

∑i∈S1
wi
− ∑i∈S0

wi yi

∑i∈S0
wi

. (1.14)

These methods can each be expanded for greater numbers of measured con-

founders, provided that the positivity assumption is met, i.e. Pr(A = a | C =

c) ̸= 0 for all a and c. Doubly-robust methods that model the relationship

of confounding variables with both the intervention and the outcome are

accurate if either of the modelled relationships is correct (see Hernán and

Robins, 2020 for more detailed description, including calculation of confid-

ence intervals).

The feature shared by all of these methods is that confounding variables

must be identified and measured. It is impossible to prove that all relev-

ant confounders have been identified, and the no-unmeasured-confounders

assumption is often violated (VanderWeele, 2008). If a known confounding

variable has not been measured, this strongly suggests that these methods

will not be appropriate.
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Challenges for infectious disease: The stable-unit–treatment-value
assumption

Comparison of potential outcomes, YA=0
j and YA=1

j , relies on there being

only one value for each unit–treatment combination. If the value of YA=1
j

depends on other variables, we cannot assert that the magnitude of any

difference between YA=0
j and YA=1

j is the causal effect of the treatment. Ru-

bin (1980, 1990) named this requirement the ‘stable unit–treatment value

assumption’, or simply the ‘stability assumption’. The requirement of ‘con-

sistency’ (see page 18) necessarily follows from the stability assumption.

Given a requirement that there is only one value for the potential outcome

YA=a
j , then this must be the value observed when Aj = a. Note that the

requirement of only one potential outcome per unit per intervention does

not require that there is only one intervention option. There can be many

possible treatments, each with a corresponding potential outcome. For ex-

ample, the HIV-CAUSAL Collaboration (2011) estimated a series of causal

effects of using different thresholds of CD4-positive T cell–counts to guide

decisions to start antiretroviral therapy for human immunodeficiency virus

infection. This assumption also does not require that multiple units will

have the same outcome.

For the stability assumption to hold, two subsidiary assumptions must

be true:

(1) There must be only one form of the intervention

Hernán and Taubman (2008) describe this as a ‘well-defined intervention.’

How well it needs to be defined depends on the research question. If our

only objective is to discard the sharp null hypothesis, all that is needed is to

demonstrate that some difference in potential outcomes exists, YA ̸=0
j ̸= YA=0

j

(Rubin, 1986). To estimate the magnitude of interventions’ effects, we need
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more precise understanding of the intervention.

‘Weight loss’ would not be a well-defined intervention (Hernán and

Taubman, 2008). We do not expect an individual who lost weight through

increased physical activity to have the same outcome as if they had lost

weight through cachexia associated with severe disease. ‘Running for 60

minutes, three times per week’, could be a well-defined intervention. It is

always possible to add to the definition – running at what speed? on what

surface? at what elevation? – but what is necessary is that it is defined suf-

ficiently well that we can expect the intervention to be associated with only

one outcome per individual (Hernán, 2016).

There may be several causal questions for a single intervention. Are we

interested in the effect of an individual taking a treatment or the effect of

them being prescribed it? The effect of being allocated to a treatment in an

rct may differ from the effect of it being prescribed once trial results are

known (Hernán and Hernández-Dı́az, 2012). For policies at a population-

level, there could be different outcomes for personal use of an intervention

vs. official recommendations to use it vs. legal mandates. Analyses must be

clear which potential outcomes they are comparing.

The ‘well-defined intervention’ must also incorporate an understanding

of what else changes, similar to the legal definition’s requirement that ‘all

else is equal’. The treatment may affect other variables. Cox (1986) gives

an example of an agricultural treatment that was so successful that more

birds came and consumed the crop. Should the causal effect be that the

treatment increased the yield or reduced it? An epidemiological example

is provided in Saad-Roy and Traulsen’s (2023) model of use of infection-

prevention measures which suggested that making one intervention man-

datory could lead to reductions in use of other measures, resulting in a

constant overall risk of infection. If the treatment causes a change in other
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variables then these are mediators of the treatment’s effect. How these are

handled depends on whether we are interested in total effects of the inter-

vention, or in separating direct effects from indirect effects (VanderWeele,

2015).

(2) There must be no interference from treatment of other units

If the effect of giving a treatment to individual j depends on whether the

treatment was also given to other individuals, then there are multiple pos-

sible values of the potential outcome. This is a particular issue for studies

of infection-prevention measures. Not only do we expect one individual’s

treatment to affect other people’s outcomes, that may be the very effect we

are attempting to estimate.

One approach is to consider interventions at the level of clusters of in-

dividuals. Cluster-rcts randomly allocate collections (clusters) of people to

treatments, rather than individuals. To analyse these studies, the cluster is

the unit to consider for the stable unit–treatment value, so that the stabil-

ity assumption is met so long as there is no interference between clusters,

regardless of interference within clusters.

Consider a household with two individuals, k = 1, 2. Without a vaccine,

individual 1 gets infected then infects individual 2. If either individual were

vaccinated, individual 2 would not be infected. Let Ak = 1 if individual k

is vaccinated and Ak = 0 otherwise. What is the causal effect of vaccinating

individual 2?

τ2 = YA=1
2 −YA=0

2 =


0− 1 = −1, if A1 = 0,

0− 0 = 0, if A1 = 1.
.

Our estimate of the causal effect for individual 2 changes with the treatment

of individual 1.
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VanderWeele and Tchetgen Tchetgen (2011) considered this scenario, al-

lowing interference within households of two people but no interference

between households. In each of j households, the kth individual, k ∈ {1, 2},

had four potential outcomes, YA1=a1,A2=a2
jk , a1, a2 ∈ {0, 1}, depending on

whether the first and second members of the household were vaccinated.

Halloran and Struchiner (1995) considered interference among three indi-

viduals, giving eight potential outcomes per person. As the number of indi-

viduals whose treatment may cause interference increases, n, this approach

rapidly becomes impractical as the number of potential outcomes increases

exponentially, 2n.

Another approach described by Halloran and Struchiner (ibid.) is to con-

sider transmission as a two-part intervention:

1. Is this individual exposed?

2. If exposed, is this individual infected?

An individual’s potential outcomes conditional on having been exposed are

then independent of other individuals’ treatments. For unexposed individu-

als, neither of the post-exposure potential outcomes is observed.

Halloran (2019) describes multiple measures of vaccine efficacy, includ-

ing effects for the recipient of the vaccine and indirect effects for people who

are not vaccinated.5 Vaccinated individuals may also benefit from indirect

effects if the vaccine does not offer complete protection. Hudgens and Hal-

loran (2008) proposed a two-stage rct. In that trial, clusters are allocated to

having a high or low proportion vaccinated. Then within each cluster, indi-

viduals are allocated to receive the vaccine or not at a ratio that results in

the assigned proportion. This allows estimates of the direct effect of vaccin-
5‘Indirect effect’ here refers to effects for other community members and the

‘direct effect’ is the effect of receiving the vaccine. This is distinct from the defini-
tions of direct and indirect used in mediation analyses, as discussed on page 23.
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ation on the recipients of the vaccine, and community-level indirect effects

on transmission.

Difference-in-difference methods

In Chapter 2 I combine the difference-in-differences method with a math-

ematical model of infection dynamics to estimate the effects of interventions

during the covid-19 pandemic in the uk. Difference-in-differences methods

attempt to estimate causal effects of exposures applied to groups or popu-

lations. The causal effect being estimated is the effect of the intervention on

the group. This has a benefit for infectious-disease transmission as the unit

is the group so interference of an individual’s treatment on other individuals

does not affect the causal question. The stability assumption requires only

that outcomes in each group are independent of other groups’ treatments.

Difference-in-differences analyses rely on an assumption that, without

treatment, groups’ potential outcomes would have moved in parallel. The

causal effect of the intervention is therefore the difference between the ob-

served outcomes for the treated groups and a counterfactual that moved in

parallel with the untreated groups’ outcomes. I discuss this method in more

detail at the start of Chapter 2.

1.4 Mechanistic modelling of infectious disease

Models are simplified representations of the world. The most frequently-

quoted statement about models is: ‘All models are wrong’ (Box, 1976). Tak-

ing a globe as a somewhat literal model of the world (inspired by McElreath,

2020, ch. 2), we find many features of the real world are missing. We could

describe the globe as wrong. But we can use the globe to infer things about

the real world (McElreath, 2020; Thompson, 2022). Indeed, inference from
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the model may be much easier than inference from the real world. With

a globe, we can very quickly determine whether London is further north

or south than Ottawa. Determining this from the real world would take a

lot more time and effort. It will always be possible to make a model more

realistic by making it more complicated. But if we tried to correct our globe,

until we had eventually created a full-scale replica of the world, it would

provide no additional insight beyond direct observation of the real world.

Box recognised that it was not necessary or desirable to change every aspect

of a model that differed from reality when he wrote: ‘The scientist must

be alert to what is importantly wrong. It is inappropriate to be concerned

about mice when there are tigers abroad.’ (Box, 1976)

Thompson (2022) uses the metaphor of ‘Model Land’ to describe the dif-

ference between models and the real world. In Model Land, we can make

any assumptions we desire. These may be intentionally contrary to know-

ledge about the real world. Nothing is inherently wrong in Model Land.

The challenge lies in determining whether results in Model Land can be

used to draw conclusions about the real world. She concludes that the ac-

curate interpretation of a model takes the form: ‘X will happen, conditional

on this model being adequate for the purpose of predicting X’ (ibid.).

Phenomenological and mechanistic models

One of the earliest mathematical representations of infectious disease out-

breaks was made by Farr (1840). Studying epidemic smallpox between 1837

and 1839, he found that the rate at which numbers of deaths from smallpox

increased, was decreasing over time (i.e. the second derivative was negative).

In 1866 he applied this finding to an epizootic of rinderpest and predicted

the timing of its peak to within two weeks of its subsequently observed true
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date.6 Farr’s model, often referred to as ‘Farr’s law’, is,

x(t1)/x(t2)

x(t3)/x(t4)
=

x(t2)/x(t3)

x(t4)/x(t5)
= K < 1, (1.15)

where x(t) is disease-specific mortality at time t; t1, t2, . . . , are equally-

spaced time points; and K is constant (Fine, 1979). An alternative form is,

x(t) = exp
(
−at2 + bt + c

)
, a > 0, which describes the epidemic as following

a normal curve (ibid.).

Farr’s model can be described as ‘phenomenological’ as it describes a

relationship between observations but does not incorporate biologically-

meaningful understanding of why this relationship might be seen (Santil-

lana et al., 2018). It is worth recalling that Farr was trying to understand

epidemics without the germ theory of infectious disease.7 Santillana et al.

(ibid.) argue that phenomenological models may be sufficient for generat-

ing forecasts or for recognising when underlying disease dynamics have

changed. Farr’s method remained in use into the twenty-first century. It

has been used to predict trends in acquired immunodeficiency syndrome

(Bregman and Langmuir, 1990) and covid-19 diagnoses (Pacheco-Barrios et

al., 2020; Xu et al., 2020), and has been applied to the non-infectious epi-

demic of deaths from drug overdoses in the United States (Darakjy et al.,

2014). Its application to acquired immunodeficiency syndrome diagnoses

was particularly unsuccessful (Nishiura, 2007). Changes in characteristics

of the disease, such as the incubation period (time from exposure to dis-

ease), contributed to substantial errors in the prediction (Brookmeyer, 1996;

Gail and Brookmeyer, 1990). Even in the original report of their predictions,

6Farr’s prediction in a letter to Daily News, 17 February 1866, and follow-up
with information about how the epizootic progressed in the Journal of Social Science,
20 March 1866, are reprinted in full in Brownlee, 1915.

7Farr (1840) wrote a lengthy footnote about the hypothesis that epidemics could
be caused by transmissible animalcules, before concluding that this hypothesis
‘does not satisfactorily explain the cause of epidemics.’
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Bregman and Langmuir recognised that changes in diagnostic criteria would

affect numbers of diagnoses, but they were unable to adjust their projection

to account for this. More generally, given that phenomenological models do

not explain why disease numbers progress as they do, they cannot predict

or explain situations when the pattern changes. They have no parameters

to manipulate so cannot be used to answer ‘what if?’ questions. In the lan-

guage of causal inference, they cannot encompass counterfactual scenarios.

In contrast, mechanistic models attempt to incorporate a description of

processes that cause disease transmission. Limitless variation in such mod-

els is possible. I limit my introduction to types of model that I use in this

thesis.

Characteristics of models used in this thesis

Before discussing details of specific models, I summarize characteristics

shared by all models used in this thesis:

(1) All are population-level models

None of the models in this thesis attempt to trace individuals’ outcomes. In-

stead they simplify populations into groups that share some characteristic –

such as those who are susceptible or infectious or immune – and describe

how numbers in these groups are expected to change over time.

(2) All assume a constant population size

This may often be an unrealistic assumption but it greatly simplifies models.

It is achieved by forcing birth and mortality rates to equal each other. This

has two important consequences:

1. there can be no mortality due to the infection (unless infection also

caused an increase in birth rates); and
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2. attempts to use the model to explore changes in birth rates simultan-

eously change modelled life expectancy, not through any biological

process but as an inevitable consequence of the model maintaining the

constant population.

(3) Transmission is assumed to be prevalence-dependent

Prevalence-dependent transmission (which is also referred to as frequency-

dependent or mass-action transmission)8 assumes that infectiousness is not

dependent on population size. Let i(t) be the number of infectious individu-

als at time t, and n be the (constant) population size, so prevalence is i(t)/n.

We can describe infectiousness in terms of a per-capita force of infection,

λ(t) ∝
i(t)
n
⇒ λ(t) = β

i(t)
n

, (1.16)

where β is a transmission coefficient. If transmissibility changes over time,

either due to seasonal changes or in response to an intervention, we can

substitute a time-varying β,

λ(t) = β(t)
i(t)
n

. (1.17)

For the remainder of this section, I describe types of model used in this

thesis.

Deterministic compartmental models in continuous time (ordinary
differential equation models)

Compartmental models are widely used to describe physical and biological

processes (Godfrey, 1983). For chemical reactions, compartments can repres-
8Names for different forms of transmission have not been used consistently

(Keeling and Rohani, 2008). Begon et al. (2002) inadvertently coined my preferred
term when they wrote of their ‘wish not to introduce new terms – such as the lo-
gical “prevalence-dependent transmission” [. . . ] – if this can be avoided.’ I support
the principle of trying to avoid ballooning numbers of terms, but the meaning of
‘prevalence-dependent’ seems so immediately clear that I feel it cannot help but aid
understanding.
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Figure 1.5: Example flow diagrams for compartmental models with susceptible, s,
infectious, i, and resistant, r, categories. Model A has a single infectious compart-
ment, giving an exponential duration of infectiousness (C); B has two sequential
infectious compartments, giving an Erlang-distributed duration of infectious-
ness (D). Compartments that contribute to the force of infection are shaded in
red; events that occur in proportional to the force of infection are represented by
dashed red lines. Parameters are described in the text.

ent concentrations, in pharmacokinetics they can represent amounts of drug

in different tissues, and in ecology they can represent numbers of predat-

ors and prey. In epidemic models, compartments often represent numbers

of individuals who share a state with respect to history of infection by a

pathogen, such as being susceptible, infectious or immune.

Figure 1.5A represents a susceptible–infectious–resistant (sir) compart-

mental model. This is based on models initially described by Kermack and

McKendrick (1927, 1932, 1933). Let s(t) represent the number of individuals

who are susceptible to infection at time t, where s(t) ≥ 0 for all t ≥ t0.

Equivalently, let i(t) represent the number who are infectious, and r(t) the

number who are resistant (immune) to infection. Each compartment is as-

sumed to be homogeneous so for any given number of individuals who are

infectious, disease dynamics do not depend on which individuals these are.

Rates of change of each compartment size are described by ordinary
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differential equations (odes). For example, let,

ds(t)
dt

= µ [n− s(t)]− β
s(t) i(t)

n
,

di(t)
dt

= β
s(t) i(t)

n
− [γ + µ] i(t),

dr(t)
dt

= γ i(t)− µ r(t),


(1.18)

where µ is both the birth and mortality rate, γ is the recovery rate, and

t ≥ t0. In contrast to the force of infection, which varies with the num-

ber of infectious individuals, the recovery and birth rates are unaffected by

compartment sizes. I refer to these rates that are independent of other com-

partments as ‘transitions’.

We can demonstrate that the model has a constant population size by

calculating the rate of population change,

dn
dt

=
ds(t)

dt
+

di(t)
dt

+
dr(t)

dt
= 0.

We can simplify the model by removing one differential equation, since we

know, r(t) = n − [s(t) + i(t)]. This makes the problem two-dimensional,

rather than three-dimensional, simplifying analysis of the model (Strogatz,

2018).

The model has a Markov property. This means that, given conditions at

time t, progression of the model is independent of conditions at any previ-

ous time, τ < t. Transitions out of any compartment follow an exponential

distribution (equivalent to radioactive decay). For instance, the mean dura-

tion of infectiousness is 1/[γ + µ] (approximately 1/γ when γ ≫ µ), with

an exponential distribution (Figure 1.5C). ‘Memory’ can be added to the

model by dividing durations in one state between a series of compartments.

For example, we could represent infectiousness with two serial infectious
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compartments (the siir, or si
2
r model; Figure 1.5B),

ds(t)
dt

= µ [n− s(t)]− β s(t)
i1(t) + i2(t)

n
,

di1(t)
dt

= β s(t)
i1(t) + i2(t)

n
− [2γ + µ] i1(t),

di2(t)
dt

= 2γ i1(t)− [2γ + µ] i2(t),

r(t) = n− [s(t) + i1(t) + i2(t)] .


(1.19)

Assuming µ is much smaller than γ, the mean duration of infectiousness

in this model is 1/γ, as in the sir model. In the siir model, this duration

follows an Erlang distribution (a Gamma distribution with an integer shape

parameter; Figure 1.5D). This is more biologically realistic for an infectious

period than the exponential distribution (Lloyd, 2001; Wearing et al., 2005).

Further compartments can be added as needed. A common variation is

the susceptible–exposed–infectious–resistant (seir) model, in which a latent

(non-infectious) period is modelled in the exposed compartment,

ds(t)
dt

= µ [n− s(t)]− β s(t)
i(t)
n

,

de(t)
dt

= β s(t)
i(t)
n
− [ς + µ] e(t),

di(t)
dt

= ς e(t)− [γ + µ] i(t),

r(t) = n− [s(t) + e(t) + i(t)] ,


(1.20)

where 1/ς is the mean duration of the latent period. Latent periods can also

be given an Erlang distribution by use of serial exposed compartments. A

general form of these models with m exposed compartments and k infectious

compartments can be described with the acronym se
m

i
k
r.

Infectiousness of respiratory viruses varies seasonally (Moriyama et al.,

2020; Shek and Lee, 2003; Tamerius et al., 2011). One way to represent this is

to replace the transmission coefficient, β, with a time-varying version, such

as,

β(t) = β0[1 + β1 cos(2πt− φ)], (1.21)
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where β0 is the mean transmission coefficient, β1 ∈ [0, 1] is the proportional

amplitude of seasonal forcing, φ ∈ [0, 2π) is a phase offset, and t is time in

years. Strogatz (2018) suggests that analysis is simplified if each differential

equation is time-invariant, which can be achieved by adding a compartment,

x(t),

β(t) = β0[1 + β1 cos x(t)],

dx(t)
dt

= 2π, x(0) = −φ.

 (1.22)

A more computationally-efficient version is achieved by substituting,

d(cos(2π t))
dt

= −2π sin(2π t),

giving a model with two additional equations and additional parameters

x1(t) and x2(t),9

β(t) = β0[1 + β1 x1(t)],

dx1(t)
dt

= −2π x2(t), x1(0) = cos φ,

dx2(t)
dt

= 2π x1(t), x2(0) = − sin φ.


(1.23)

Note that this approach to seasonal variation is essentially phenomenolo-

gical, as we have not ascribed any meaning to the parameters β1 or φ. Al-

ternative approaches to seasonal forcing attempt to incorporate reasons for

changes in transmission. Schenzle’s (1984) model of measles transmission

assumed that seasonal changes were due to changes in contact rates among

children when schools were open vs. closed. In his model, age-specific

transmission rates among children switch between two levels depending

on whether or not schools are open (switching to a lower level during holi-

days and on each Sunday). Shaman et al. (2010) included specific humidity

in a transmission model to incorporate measurable environmental effects on

transmissibility.
9Described in documentation for the DifferentialEquations.jl package;

Rackauckas and Nie, 2017.
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Generation interval

The generation interval is the time that passes from when one individual

is infected, to the time they infect a secondary case (labelled transmission

interval by Fine, 2003). The generation interval is not constant throughout an

epidemic (Svensson, 2007). Kenah et al. (2008) described generation interval

contraction in terms of a ‘race’, such that when there are many infectious

individuals, an initially susceptible individual may have many contacts with

infectious individuals, only the first of which leads to infection.

Svensson (2007) investigated and formally defined generation intervals.

Assuming constant infectiousness throughout the infectious period, for an

infectious individual who causes at least one secondary infection, the mean

time to a secondary infection is,

E(Tp) = E(X) + E(Y)/2, (1.24)

where Tp stands for ‘primary’ generation interval, X is the duration of the

latent period and Y is the duration of the infectious period. As not all in-

fectious individuals will cause a secondary infection, infectious individuals

must be weighted by number of secondary cases, or equivalently we choose

a secondary infection event at random and define the generation interval

Ts (‘secondary’ generation interval) as the time since the infector was them-

selves infected. This weighted mean generation time is given by,

E(Ts) = E(X) +
E(Y2)

2 E(Y)
. (1.25)

For a Gamma-distributed infectious period with shape parameter k, this

equates to,

E(Ts) = E(X) + E(Y)
k + 1

2k
. (1.26)

For se
m

i
k
r models, assuming µ is much smaller than γ, this gives,

E(Ts) =
1
ς
+

k + 1
2kγ

. (1.27)
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This is not affected by the number of exposed compartments, m. For models

with exponential-distributed infectious periods, k = 1, the expected genera-

tion interval equals the mean latent period plus the mean duration of infec-

tiousness. For models with serial infectious compartments, k > 1, the mean

generation time is less than the sum of the times in the latent and infectious

compartments. Krylova and Earn (2013) found that if sir models were para-

meterized so that 1/γ equals the microparasite’s infectious period then the

ability of the model to reproduce real-world–like dynamics depends on the

number of infectious compartments. However, if 1/γ is calibrated to the

mean generation interval then models with any number of infectious com-

partments, including those with a single infectious compartment, perform

equally well.

Basic and effective reproduction ratios

The basic reproduction ratio (or number), R0, is the expected number of

secondary infections that would arise from each infectious individual in a

fully-susceptible population (Dietz, 1993; Heesterbeek, 2002). In general

form, it can be described as,

R0 =
∫ ∞

0
p(τ) f (τ) dτ, (1.28)

where p(τ) is an individual’s probability of surviving, and f (τ) is expected

infectiousness, at time τ since infection. For models discussed so far, this

is simply the product of the rate of secondary infections and the expected

duration of infectiousness. In a fully-susceptible population, s(t) = n, so

the rate of new infections from each infectious individual is β. Given the

duration of infectiousness is 1/[γ + µ], R0 = β/[γ + µ]. Using the sir

model, we can show that this intuitive result matches the general form in
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equation 1.28, with p(τ) = exp(−µ τ), and f (τ) = β exp(−γ τ),

R0 =
∫ ∞

0
β exp(−[γ + µ] τ) dτ =

[
−β exp(−[γ + µ] τ)

γ + µ

]∞

0
= 0 +

β

γ + µ
.

Diekmann et al. (2010) describe how to calculate the basic reproduction

ratio from more complicated compartmental models using next-generation

matrices. It can also be estimated from the epidemic growth rate or the final

size of an epidemic (Dietz, 1993). For a pathogen causing lifelong immunity

and R0 > 1, it can be estimated as R0 = 1+ L/A, where L is life expectancy

and A is mean age at infection (Anderson and May, 1982).

Microparasites do not have consistent basic reproduction ratios. It can

differ for urban vs. rural settings, summer vs. winter, schools vs. healthcare

settings vs. the wider community (ibid.). Assuming sir-like dynamics, any

disturbance to β, γ or µ would change the basic reproduction ratio. Authors

such as You et al. (2020), differentiate between a basic reproduction ratio,

which they define as the expected number of secondary infections without

any infection-control measures, and a ‘controlled reproduction ratio’, which

is the equivalent value when infection-prevention measures are in use. I feel

this is an unnecessary complication given the variation in R0 from meas-

ures not under human control, such as seasonal changes in transmission.

It also requires us to define a control-free situation for the basic reproduc-

tion ratio. For instance, does routine hand washing affect the basic or the

controlled reproduction ratio? Throughout this thesis, I assume that R0 can

vary between locations and over time, just as the parameters used in its

calculation do.10 However, I do not follow Alexander et al. (2006) in defin-
10Reluctance to consider time-varying basic reproduction ratios may come from

the subscript 0 in its symbol. This does not refer to the reproduction ratio at time
0 or when 0 per cent of the population has been infected. Rather, in its original
use it referred to the zeroth order moment (i.e. total mass) of the maternity function
(Dietz, 1993).
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ing the basic reproduction ratio such that effective vaccination programmes

(i.e. reductions in the number susceptible) reduce it.

The effective reproduction ratio, Re(t), is the expected number of sec-

ondary infections per infectious individual, given the population level of

immunity at time t. For the models I have shown above, this is simply,

Re(t) =
s(t)

n
R0. (1.29)

If Re(t) > 1 then the outbreak is growing, and if Re(t) < 1 the outbreak is

shrinking. This leads to the ‘herd-immunity threshold’,

Re(t) < 1 ⇔ s(t)
n

<
1
R0
⇔ r(t)

n
> 1− 1

R0
.

If R0 < 1 then Re(t) is always less than 1.

Equilibrium points

Equilibrium points are conditions under which the model’s conditions will

remain constant over time. These are found when each differential equation

equals 0. The sir model (equation 1.18) has two equilibrium points. The

disease-free equilibrium is, s∗ = n, i∗ = r∗ = 0. The endemic equilibrium is,

s∗ =
[γ + µ] n

β
, i∗ =

µ n [β− γ− µ]

β [γ + µ]
, r∗ =

γ n [β− γ− µ]

β [γ + µ]
.

The endemic proportion susceptible, s∗ = n/R0, is a common result in com-

partmental models. It gives an effective reproduction ratio of 1 so that, on

average, each infectious individual gives rise to one replacement infection,

maintaining the equilibrium.

The endemic equilibrium cannot be reached if R0 < 1 but the disease-

free equilibrium is mathematically possible for any set of parameters. We

can test the stability of each equilibrium point to determine whether popu-

lations would remain near these values if they were perturbed slightly away

from the equilibrium. Firstly we calculate the Jacobian matrix (a matrix
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of partial derivatives with respect to each compartment) at the equilibrium

point, and find the eigenvalues of the Jacobian. These eigenvalues may be

real or complex, often appearing as complex conjugate pairs, Λ1,2 = a± ib,

where i is the imaginary unit, i2 = −1. Letting x = (s, i, r), and assuming

two eigenvalues, Λ1,2 = a± ib, we can express x(t) as a linear combination

of eigenvectors, v1 and v2 (Strogatz, 2018),

x(t) = c1 eΛ1 t v1 + c2 eΛ2 t v2

= c1 eat eibt v1 + c2 eat e−ibt v2.

Without attempting to solve fully, we see that if we substitute in Euler’s

formula, eiθ = cos θ + i sin θ, we have terms of the form, eat cos bt. From this

we infer that if,

1. all eigenvalues are real and negative (a < 0, b = 0), there are no os-

cillations and with time the term will tend toward 0 (the equilibrium

point is a stable node);11

2. if all eigenvalues are real and any are positive (a > 0, b = 0), there

are no oscillations and with time the term will tend toward ∞ (the

equilibrium point is an unstable node);

3. if all complex eigenvalues have a negative real parts (a < 0, b ̸= 0),

there are sinusoidal oscillations that tend toward 0 with time (the equi-

librium point is a stable spiral);

4. if any complex eigenvalues have a positive real part (a > 0, b ̸= 0),

there are sinusoidal oscillations that tend toward ∞ with time (the

equilibrium point is an unstable spiral); and

5. if all eigenvalues are imaginary (a = 0, b ̸= 0), there are sinusoidal

oscillations with a fixed amplitude (the equilibrium point is a centre).
11Names of equilibria in this list are from Strogatz, 2018.
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Numerical solutions

These models are deterministic. A set of parameters and initial conditions

are sufficient to infer the size of each compartment for any time t ≥ t0.

The canonical approach to find numerical solutions is the Euler method (see

Butcher, 2016). For an initial-value problem, dy(t)/dt = f (t, y(t)), y(t0) =

y0, we can estimate subsequent values at small time-intervals h, by assuming

that the gradient of the slope between any time tx and time tx + h is constant

and equal to the gradient at time tx. This gives a vector of estimated values

such as, 

y(t0 + h)

y(t0 + 2h)

y(t0 + 3h)
...


≈



ŷh

ŷ2h

ŷ3h
...


=



y0 + h f (t0, y0)

ŷh + h f (t0 + h, ŷh)

ŷ2h + h f (t0 + 2h, ŷ2h)
...


.

If dy(t)/dt is constant, the Euler method gives the exact solution (but this

is an equation for a straight line so numerical methods are probably not

needed). For time-varying rates, numerical errors are introduced. Smaller

values of h give smaller errors but incur greater computing costs. Runge–

Kutta methods calculate intermediate values of f (t, y(t)) between time tx

and tx + h. Methods with more intermediate steps (higher-order methods)

can provide greater accuracy for lower computational costs (Butcher, 1996,

2016). When these methods are implemented, the step size h can be auto-

matically adjusted to give an optimal balance of speed and accuracy in the

estimates (Butcher, 2016; Rackauckas and Nie, 2017). All numerical solu-

tions of odes in this thesis are calculated using Runge–Kutta methods in

Julia (Bezanson et al., 2017) using DifferentialEquations.jl (Rackauckas

and Nie, 2017).
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Deterministic compartmental models in discrete time

Compartmental models in discrete time are similar to ode models, but com-

partment values and time-varying parameters are defined only at discrete

times (t0, t1, t2, . . . ), where tk+1 = tk +∆t. We can translate an ode model to

a discrete-time version, by integrating across the interval [tk, tk +∆t]. For ex-

ample, if members leave a compartment x at a rate α, where α, xk, xk+1 > 0,

dx
dt

= −α x(t),

⇒
∫ xk+1

xk

−1
α x(t)

dx =
∫ tk+∆t

tk

dt

=
ln xk+1 − ln xk

−α
= ∆t,

∴ xk+1 = xk exp(−α ∆t). (1.30)

To simplify notation, constant transitions can be represented by a new con-

stant, such as µ′ = 1− exp(−µ ∆t). A discrete-time version of the sir model

(equation 1.18) is therefore,

st+1 = µ′ [n− st] + st exp(−β it ∆t/n),

it+1 = st [1− exp(−β it ∆t/n)] + it
[
1− γ′ − µ′ + γ′µ′

]
,

rt+1 = n− [st+1 + it+1] ,


(1.31)

where the γ′µ′ term in the equation for it+1 prevents double-removal of

individuals who would have both recovered and died during the interval

[t, t + ∆t]. Similar analysis can be performed with discrete-time models

as with ode models. For example, equilibria are found when s∗ = sk =

sk+1, i∗ = ik = ik+t, and so forth (see Keeling and Rohani, 2008, pp. 46–48).

Renewal equations

The renewal equation is conceptually similar to compartmental models but

an individual’s infectiousness is not required to be constant over time. Equi-

valently, the generation interval does not have to follow an exponential or
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Erlang distribution. Let g(x) be the distribution of the generation time such

that, ∫ ∞

0
g(x) dx = 1, g(0) = 0, g(x) ≥ 0 for all x > 0.

In a fully-susceptible population, the expected rate of causing secondary

infections at a time x after the primary infection is R0 g(x). At a time, t,

when s(t) may be less than n, the expected rate of secondary infections from

an infectious individual who was infected at a time x < t, is Re(t) g(t− x).

Let i(t) be the number of new infections at time t (note this is an incid-

ence and differs from the prevalence represented by i(t) in compartmental

models above), then

i(t) = Re(t)
∫ t

−∞
i(x) g(t− x) dx. (1.32)

If g(x) is defined with a domain of natural numbers and ∑∞
0 g(x) = 1, then

a discrete-time version of the renewal equation is given by,

it = Re(t)
t−1

∑
x=−∞

ix g(t− x). (1.33)

If the generation interval function is an exponential distribution then the

renewal equation gives the same result at the ode sir model. Champredon

et al. (2018) calculated formulae for g(x) to make renewal equations equal

any form of the se
m

i
k
r model.

Identification of parameters

Structural identifiability

In a general form, let ŷ =M(u0, Θ, t) represent an epidemic model, where

u0 is a vector of initial conditions, Θ is a vector of parameters, and t is

time. If M(u0, Θ, t)=M(u0, Θ′, t), and Θ ̸= Θ′, then the parameters are

not uniquely described by the output ŷ. Given a vector of observations,

y, we might reasonably infer parameters Θ or Θ′, and would not know
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which more accurately described the disease process. In this case we say

the parameters are structurally non-identifiable. Castro and de Boer (2020)

describe an example of a model in which there are two parameters, the

product of which gives a mortality rate,

dx(t)
dt

= −a b x(t).

Even if we were able to infer a total mortality rate, µ, the parameter a could

take any non-zero value, with b = µ/a.

To test for identifiability, Castro and de Boer (ibid.) propose replacing all

unknown parameters (and unobserved compartment sizes) with new para-

meters of the form θ′ = uθ θ, then assume that M(u0, Θ, t)=M(u0, Θ′, t).

If this requires each uθ to take a value of 1 then θ′ = θ. If uθ ̸= 1 then

θ′ ̸= θ, and the parameter is not uniquely identifiable. Taking the mortality

example,

−a b x(t) = −ua ub a b x(t) ⇒ ua ub = 1,

ua and ub can take values other than 1 so a and b are not identifiable.

Consider a very simple ode epidemic model with no mortality and no

immunity, a susceptible–infectious–susceptible (sis) model,

di(t)
dt

= β s(t)
i(t)
n
− γ i(t),

st = n− i(t).

 (1.34)

Castro and de Boer’s (ibid.) method allows equations to be separated into

functionally-independent summands. In this equation the term β s(t) i(t)/n,

containing the product of two compartments, can be separated from γ i(t),

containing only a single compartment. Assuming prevalence of infection is

observed and the total population size is known, so we can fix ui = un = 1,

β s(t)
i(t)
n

= uβ us β s(t)
i(t)
n

⇒ uβ us = 1,
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γ i(t) = uγ γ i(t) ⇒ uγ = 1,

n− i(t) =
n− i(t)

us
⇒ us = 1, ∴ uβ = 1.

Each u coefficient must equal unity so the model parameters are identifiable.

Grid-search methods

If parameters are identifiable, the next task is to estimate their values. Let

y = (y1, y2, . . . , yn) be a vector of observed prevalence over time. For the

sis model, we could run the model with a range of possible values for the β

and γ parameters, and find the values that produce an output most similar

to the dataset, for example,

min
β, γ

n

∑
t=1

[
yt − î(t)

]2
.

Figure 1.6A shows how well different parameters fit to simulated data. The

parameters used for the simulation were β = 0.48 and γ = 0.21, which are

correctly identified.

Bayesian methods and Markov chain Monte Carlo

For models with greater numbers of parameters the grid-search method be-

comes computationally prohibitive. We may also wish to estimate uncer-

tainty around parameter estimates. Bayesian methods and Markov chain

Monte Carlo (mcmc) allow both.

Bayesian inference of model parameters combines the prior plausibility

of parameter values with the likelihood of the observed data to generate a

posterior probability distribution (McElreath, 2020). Estimates of the prior

plausibility of parameter values may be formally elicited from subject ex-

perts (Johnson et al., 2010) or calculated from published literature (Tan et

al., 2008). Alternatively, a prior distribution may be chosen to indicate no
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Figure 1.6: Fitting parameters to models. A Contour plot of log square error
between simulated data and fitted model for a grid-search of β and γ paramet-
ers. B Simulated data (black points) and model output using β and γ parameters
with least square error identified by grid-search. C Chains and density plots for β
and γ parameters found using no-U-turn sampler. D Contour plot of density for
parameters found using no-U-turn sampler. E Median (solid line) and 90% cred-
ible interval of model output using parameters from no-U-turn sampler. Dotted
red lines represent ‘true’ values used to generate the simulated data.

prior knowledge about a parameter. For instance, if a parameter θ rep-

resented a proportion, then a prior distribution θ ∼ Uniform(0, 1) would

imply that all values between 0 and 1 were equally likely. Between these

extremes, weakly-informative prior distributions can be chosen to constrain

the model to a reasonable probability space. Prior predictive simulations

indicate whether the prior distributions would produce plausible outcomes,

where the aim is to exclude parameters that lead to obviously impossible
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outcomes but to include a full range of possible values (McElreath, 2020).

Prior distributions may also need to be constrained due to structural iden-

tifiability of model parameters, where a fixed value of a parameter may be

considered an extreme prior distribution in which all probability mass lies

on a single parameter value.

For some combinations of data and prior distributions (termed ‘conjug-

ate priors’), a precise posterior distribution can be calculated analytically

(Sugiyama, 2016). However, these are not available for most models. Rather

than attempting to calculate an analytical solution, mcmc methods take

series of samples from the posterior distribution (McElreath, 2020). Given

sufficient time, the distribution of these samples matches the target posterior

probability distribution.

The Metropolis–Hastings algorithm is an mcmc method. Staying with

the sis model example, from a starting point of possible parameters β1, γ1,

the algorithm chooses nearby parameters, β′ = A(β1), γ′ = B(γ1), where A

and B are choosing random samples from a probability distribution centred

on the previous value of β and γ. If β′, γ′ fit the data better than β1, γ1

then β2 = β′, γ2 = γ′. Otherwise, an acceptance probability is calculated

based on the relative fit from the two parameter sets. If a random value X ∼

Uniform(0, 1) is less than this probability then β2 = β′, γ2 = γ′, otherwise

β2 = β1, γ2 = γ1. The next proposals are based on the values β2, γ2, and

a chain of accepted parameter values is constructed. Given a sufficiently-

long chain, accepted parameter values reproduce the posterior likelihood

distribution of the parameters. This is a Bayesian method. The calculation

of fit depends on both the distance between the estimates and the data, and

the prior distribution for each parameter.

Hamiltonian Monte Carlo and the no-U-turn sampler are similar meth-

ods. Instead of a random walk to propose parameter values, the posterior
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distribution is modelled as a surface and new values are identified as a func-

tion of a modelled particle’s kinetic and potential energy moving across this

surface.

Although the samples generated by an mcmc algorithm will eventually

converge on the posterior distribution, there is no guarantee that a finite set

of samples has yet converged. Evidence for convergence may be gained by

examining trace plots of the chains (McElreath, 2020). Figure 1.6C shows

a trace plot for three chains estimating parameters from a simulated data-

set. These chains are stable, well mixed, and the separate chains appear to

have converged on the same distribution. Diagnostic R̂ values quantify con-

vergence of mcmc chains (Vehtari et al., 2021). An R̂ value calculated from

multiple chains approximately equals 1 when chains have converged and is

greater for chains that have not yet converged. A threshold value of less

than 1.05 is typically used to indicate that chains converged sufficiently.

mcmc methods can struggle to map a posterior distribution if its gradient

suddenly changes or if there are large plateaux in which there is little change

in the posterior density. Syed et al. (2022) describe a parallel-tempered mcmc

method. Parallel chains sample the posterior, the prior distribution, and a

series of intermediate distributions. These distributions should be increas-

ingly easy to sample the more they resemble the prior distribution. Samples

from simpler distributions are assessed against the next more complicated

distribution. The sample from the simpler distribution may be substituted

into a chain sampling from a more complicated distribution according to a

Metropolis–Hastings acceptance probability. This helps to ensure that the

algorithm samples the whole posterior distribution even if it has a very ir-

regular shape. The algorithm is implemented in Pigeons.jl (Surjanovic et

al., 2023).

I used mcmc methods for each analysis in this thesis. Prior distributions
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were selected to reflect subject knowledge (for example plausible basic re-

production ratios and generation intervals) and to produce reasonable prior

predictive simulations. Where parameters were structurally unidentifiable

(Chapter 3), I fixed values of these parameters at each of a range of values

to assess how these affected conclusions drawn from the model. I initially

used the no-U-turn sampler but found that this was unable to sample to

posterior distributions for the models in Chapters 2 and 3, despite attempts

to reparameterize the model and constrain prior distributions. I therefore

used the parallel-tempered method in Pigeons.jl (version 0.4.5) for each

analysis presented in this thesis. For some models, problems with chain

convergence persisted. Where trace plots indicated that a chain had not

converged with other chains, that chain was discarded. In an extreme case

where only one chain produced a stable result, that chain was used alone as

an estimate of the posterior distribution.

Stochastic models

In contrast to the deterministic models described so far, stochastic models

produce a different output each time they run. In this thesis I use stochastic

models to simulate datasets with noise but do not attempt to fit parameters

to stochastic models.

Gillespie (1977) described a stochastic compartmental model in continu-

ous time. I used this model to generate the simulated sis-like data on page

48. To run this algorithm, each transition rate (including those proportional

to the force of infection) is described. For the sis example,

S
α1−→ I, α1(t) = β S(t) I(t)/n,

I α2−→ S, α2(t) = γ I(t).

 (1.35)

The event that occurs next is determined in proportion to their calculated
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rates, so

Pr(next event = x) =
αx

∑i αi
.

The time interval until the next event is given by,

∆t =
− ln X
∑i αi

, X ∼ Uniform(0, 1).

So for the sis example, if the next event is event 1 (S→ I), then S(t + ∆t) =

S(t) + 1, I(t + ∆t) = I(t)− 1.

1.5 Ethical considerations

The research in this thesis uses publicly available data that did not allow

identification of individuals. Ethics committee approval was not required.

See supplementary section A.1 for correspondence with the medical sciences

ethics committee confirming this.

1.6 Software and code

All analysis was performed in Julia (version 1.9.3; Bezanson et al., 2017).

I used DrWatson.jl (version 2.16.0; Datseris et al., 2020) to produce a re-

producible environment for each chapter’s analysis. Figures from analyses

are plotted with CairoMakie.jl (version 0.12.9; Danisch and Krumbiegel,

2021). Code for each chapter is available online. Code to reproduce the

figures in this introductory chapter is available at https://github.com/

markgpritchard/IntroductoryFigures.

https://github.com/markgpritchard/IntroductoryFigures
https://github.com/markgpritchard/IntroductoryFigures


Chapter Two

Difference-in-differences methods for epidemic
diseases

Various infection-prevention measures were applied in different countries

and regions during the covid-19 pandemic (Hale et al., 2021). A natural

question when seeking to understand effects of these interventions is: How

did outcomes in treated regions differ from those in untreated regions? It is highly

likely that underlying differences (heterogeneity) between treated and un-

treated regions would have led to differences in outcomes, even under the

sharp null hypothesis that the intervention had no effect on any outcomes.

It is also likely that some relevant confounding variables are unmeasured.

Bollyky et al. (2023) and COVID-19 National Preparedness Collaborators

(2022) included vast numbers of covariates, including health-related, social,

environmental and economic variables, in regression analyses of differences

in sars-cov-2 cumulative incidence and mortality between countries and

between states in the United States. They included vaccine uptake and use

of non-pharmaceutical infection-prevention measures as potential predict-

ors, along with variables without a direct causal path to outcomes, such as

proportions voting for each candidate in the 2020 United States presidential

election. Within the United States, vaccine uptake and mask use were es-

timated to have large effects on infections but estimates of effectiveness of

54
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most public-health policy responses showed very large uncertainty intervals

(Bollyky et al., 2023). Flaxman et al. (2020) and Liu et al. (2024) performed

regression analyses to estimate effects of non-pharmaceutical interventions

on the time-varying (effective) reproduction ratio, as a measure of trans-

missibility. Flaxman et al.’s (2020) analysis considered transmission in el-

even European countries until May 2020. They found a substantial effect

on transmissibility from large-scale lockdowns but were unable to identify

specific effects for most other interventions as the timing of their implement-

ation had been so rapid in most European countries. Liu et al. (2024) con-

sidered interventions in forty-seven European countries between 2020 and

2022. They divided their analysis into separate periods defined by changes

in the most prevalent sars-cov-2 variant of concern. For most interventions,

estimated effects on transmission differed in both magnitude and direction

at different times during the pandemic. They also found temporal cluster-

ing of interventions, making estimates of individual interventions’ effects

difficult to interpret.

We can suppose that some variables affecting outcomes differ between

groups. For instance, a densely-populated city might have different levels of

disease transmission to a sparsely-populated rural area (Buckee et al., 2021).

Other variables will change over time, such as those affected by evolution

of a new strain of the virus. If all group-specific variables are constant over

time, and all time-varying variables apply to all groups, then in the ab-

sence of any intervention, groups’ outcomes should vary in parallel. This

is the parallel-trends or common-trends assumption (Roth et al., 2023; Wing et

al., 2018). If this holds, we can generate a counterfactual outcome for each

treated group that moves in parallel to the untreated groups’ observed out-

comes (Figure 2.1A). The mean difference between this counterfactual and

the observed outcomes for treated groups is termed the average treatment
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Figure 2.1: Representations of the parallel-trends assumption for two groups. Ar-
rows indicate when Group 1 (green) starts an intervention. Solid lines represent
observations, and the dashed yellow line represents a counterfactual outcome for
Group 1 parallel to Group 0’s (black) observed outcome. The shaded area rep-
resents the difference between Group 1’s observed and counterfactual outcomes.
A. Hypothetical representation with an effective intervention. B. Simulated data
with identical transmission parameters for both groups (no effective intervention;
see supplementary text A.2). C. Natural logarithms of the simulated data with no
effective intervention.

effect in the treated (att) (Rothbard et al., 2024).

John Snow’s study of the causes of cholera in London in 1855 has been

described as the first difference-in-differences analysis (Caniglia and Mur-

ray, 2020). Much of the work developing these methods has taken place in

the field of econometrics, but differences in differences remain popular in

studies of healthcare interventions (Rothbard et al., 2024). Feng and Bilin-

ski (2024) identified twenty-nine studies of interventions against sars-cov-2

that used difference-in-differences methods to estimate effects. Most of these
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studies assumed parallel trends in numbers or proportions infected or dy-

ing from infection. But we should not expect parallel trends in incidence.

Figure 2.1B shows two simulated outbreaks following sir dynamics. Both

simulations use the same parameters with different initial conditions. No

intervention is sumulated but prevalence and incidence are never parallel.

A counterfactual outcome for one group (in green) that moves in parallel

with the other group initially suggests that an intervention has caused addi-

tional infections. After the epidemic has reached its peak, the counterfactual

suggests that an intervention averted infections. Logarithms of incidence or

prevalence (the second-most popular strategy found by Feng and Bilinski,

2024) initially appear to follow parallel trends, but once the epidemic has

reached its peak, the counterfactual again predicts that without an interven-

tion there would have been many more cases (Figure 2.1C). Callaway and Li

(2023) show that economic effects of an epidemic follow similar non-parallel

trends when costs are proportional to prevalence.

I propose that a pathogen’s effective reproduction ratio is the target of

infection-prevention interventions and should be considered in difference-

in-differences analyses of such interventions. Vaccines aim to reduce it by

reducing the proportion susceptible to infection. Physical interventions aim

to reduce it by reducing the basic reproduction ratio. In this chapter I pro-

pose a method of investigating a physical intervention’s effect on the basic

reproduction ratio. I apply the method to a series of simulated datasets,

which are intended to be progressively more like real-world data and less

consistent with the parallel-trends assumption. I then apply it to two in-

terventions: recommendations and mandates to use face coverings in the

uk in summer 2020; and a community-testing pilot using rapid antigen-test

lateral-flow devices in Liverpool City Region in autumn 2020.
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2.1 Background and data

Community testing

In early 2020, microbiological diagnosis of sars-cov-2 was available only

with reverse transcription–polymerase chain reaction testing (UK Health Se-

curity Agency, 2022c). People who met symptomatic and epidemiological

criteria visited a hospital for testing. During the following months, avail-

ability of testing greatly increased, with testing sites opened nationally. By

mid-June 2020, 100 000 tests were performed daily across the uk (ibid.). The

proportion of infections that were recorded is estimated to have been 40–55

per cent by September 2020 (ibid.). Tests in the uk were classified into four

‘pillars’ (Department of Health and Social Care, 2020b):

1. tests of patients in nhs hospitals, and health and care workers;

2. antigen testing of the wider population;

3. serology testing; and

4. testing for the purpose of surveillance.

After the first national restrictions were relaxed in summer 2020, local

restrictions were introduced in areas of England with the greatest levels of

transmission. From 3 October the six local authorities in the Liverpool City

Region (Halton, Knowsley, Liverpool City, Sefton, St Helens and Wirral)

and neighbouring Warrington were placed at a higher level of restriction

(The Health Protection (Coronavirus, Restrictions) (Protected Areas and Restric-

tion on Businesses) (Amendment) Regulations 2020). On 14 October 2020, new

regulations were introduced with different levels of restriction for each of

three different ‘tiers’ or ‘alert levels’ (Brown and Kirk-Wade, 2021). The six

local authorities in the Liverpool City region were all in the highest level of

restriction (University of Liverpool, 2021b). These restrictions were replaced

by national regulations on 5 November (Brown and Kirk-Wade, 2021).
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The Liverpool mass testing pilot started on 6 November 2020 (Univer-

sity of Liverpool, 2021b). This pilot allowed asymptomatic people to take a

rapid antigen test for sars-cov-2. Tests were used to identify infections in

vulnerable people such as residents of care homes, to allow key workers to

reduce their isolation period if they were recovered, and to allow events to

take place that would otherwise have been prohibited under national regu-

lations.

A second set of tiered restrictions was introduced on 2 December, when

the Liverpool City Region local authorities were placed in tier 2 (on a scale

1–3; Green et al., 2021). On 3 December, rapid testing was rolled out across

the Liverpool City Region (University of Liverpool, 2021a; Zhang et al.,

2022). The six Liverpool local authorities moved to tier 3 of restrictions

on 31 December (Department of Health and Social Care, 2020a). On 6 Janu-

ary 2021, all parts of England moved to tier 4 (the third national lockdown;

Brown and Kirk-Wade, 2021). The neighbouring districts of Warrington,

West Lancashire and Wigan did not have mass testing during 2020, and are

included as untreated groups in each analysis.

Total and pillar 1 numbers of sars-cov-2 diagnoses for each lower-tier

local authority are publicly available from the Department of Health and

Social Care (2021).

Face coverings

When sars-cov-2 first spread to the uk in late January 2020, face coverings

were not recommended for the general public due to a lack of evidence of ef-

fectiveness (Ruppel Shell, 2020). They were still not recommended in March

2020 when emergency regulations were imposed across the uk. Their use

was officially recommended first in Scotland on 28 April, then in England

on 12 May, and in Wales on 9 June (Hale et al., 2021). These recommenda-
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Table 2.1: Changes in the United Kingdom government’s response to covid-19

during 2020 that are included in this analysis

Mask End of
Mask recom- stay-at-home Reopening

Nation mandate mendation restrictions businesses∗

England 15 June 12 May 15 June 13 May
Northern Ireland 10 July 10 July 31 July 18 May
Scotland 22 June 28 April NA 29 May
Wales 14 September 9 June 16 August 11 May

* These are dates that any businesses that had been closed were first allowed to
reopen, typically outdoors-based businesses such as garden centres.
NA, not applicable (only dates between January and 14 September 2020 are
shown)
Data from Hale et al., 2021.

tions became requirements to wear face coverings in at least some settings

in Scotland from 22 June, in England from 26 August, and in Wales from

14 September. In Northern Ireland, a requirement for facial coverings was

instituted on 10 July, with no prior recommendation for their use having

been in place (Hale et al., 2021). Other policies changed at the same time as

changes in requirements for face coverings. For instance, recommendations

to use face coverings in England accompanied reductions in stay-at-home

guidance (ibid.). Dates of events included in this analysis are shown in Table

2.1.

The dataset collated by Hale et al. (ibid.) includes daily incidence of re-

corded covid-19 diagnoses for each of constituent nation of the uk since

January 2020, which I used for the analysis of face coverings.

Evolution of severe acute respiratory syndrome coronavirus 2

Several changes in sars-cov-2 were observed during 2020. In April 2020, a

point mutation, d614g, in the spike protein was associated with increased

infectiousness. This mutation spread across all parts of the uk within a

month of emerging, rapidly becoming the dominant variant in all parts of
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the country (Korber et al., 2020). In autumn 2020, the first ‘variant of con-

cern’, Alpha/B.1.1.7, was detected in Kent (Grint et al., 2021). Again, this

was associated with greater infectiousness, and the variant rapidly became

dominant across the uk (Leung et al., 2021).

Serial interval of severe acute respiratory syndrome coronavirus 2

Cori et al. (2013) describe a method for calculating a microparasite’s effective

reproduction ratio and serial interval. They applied this to a sars-cov-2

dataset and published an estimated serial interval distribution for the virus

(Figure B.1; Cori et al., 2022).

2.2 Simulated data

I simulated data with an event-driven stochastic seir-type model, using

Gillespie’s (1977) method. A proportion, θ ∈ (0, 1) of infectious individuals

enter a diagnosed compartment, I′. The model’s rates are,

S
α1−→ E, α1(t, j) = β(t, j) S(t, j)

[
I(t, j) + I′(t, j)

]
/n(j),

E α2−→ I, α2(t, j) = ς E(t, j),

I
α3−→ I′, α3(t, j) =

θ γ

1− θ
I(t, j),

I
α4−→ R, α4(t, j) = γ I(t, j),

I′
α5−→ R, α5(t, j) = γ I′(t, j).


(2.1)

The number of I → I′ transitions was recorded for each day as the simulated

incidence of diagnosis. For all simulations, ς = 0.5, γ = 0.4. The serial

interval distribution was calculated using Champredon et al.’s (2018) result

for an seir model,

g(x) =
ς γ

ς− γ
[exp(−γ x)− exp(−ς x)] , x ∈N, ς, γ > 0, ς ̸= γ, (2.2)

shown in Figure B.2.
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For simulations with an effective intervention, the transmission para-

meter was reduced by 20 per cent. I generated ‘true’ counterfactual scenarios

by repeating simulations without the intervention.

The first simulation represents the ‘canonical’ difference-in-differences

conditions (Roth et al., 2023), with two locations, and a transmission para-

meter that changes once, on day 50. Subsequent simulations have additional

interventions, non-parallel trends and changes in proportions of cases dia-

gnosed. Details of these simulations are given with the results.

2.3 Common trends in a renewal equation model

Renewal equation model

Assume that new infections in group j arise at time t according to a discrete-

time renewal equation,

ijt = Re(j, t)

[
t−1

∑
x=1

ijx g(t− x)

]
ε jt, (2.3)

where ijt is the daily incidence, Re(j, t) is the effective reproduction ratio,

g(x) is the serial-interval distribution, ∑∞
x=1 g(x) = 1, and ε jt is a noise term,

E(ln ε jt) = 0. This assumes that all new infections in a group are caused by

infectious individuals within that group.

Assume that the outbreak, or period of study, is sufficiently brief that

numbers of births, deaths and migrations do not contribute significantly

to disease dynamics, and that each group has a constant population, nj.

Also assume that immunity lasts for at least the remaining duration of the

epidemic so no one returns to susceptibility during the period of study. Let

ρj(t) be the basic reproduction ratio for group j at time t, so

Re(j, t) = ρj(t)
sjt

nj
= ρj(t)

[
sj0 −∑t−1

x=0 ijx

nj

]
, (2.4)



2. Difference-in-differences methods for epidemic diseases 63

where sjt is the number of susceptible individuals. The value of ρj(t) is only

evaluated at discrete values of t but is allowed to vary continuously so that

a cubic spline can be fitted to it. In this chapter I assume a fully-susceptible

population at time t0, sj0 = nj, so

Re(j, t) = ρj(t)

[
1−

t−1

∑
x=0

ijx

nj

]
. (2.5)

Let yjt = θ ijt be the number of infections recorded in group j at time t,

where θ ∈ (0, 1] is the constant proportion of infections that are diagnosed.

Substituting into the renewal equation (2.3),

yjt = Re(j, t)

[
t−1

∑
x=1

yjx g(t− x)

]
ε jt, (2.6)

and substituting into the effective reproduction ratio (2.5),

Re(j, t) = ρj(t)

[
1−

t−1

∑
x=0

yjx

θ nj

]
. (2.7)

Causal estimand and the average treatment effect in the treated

Let Ajt = 1 indicate that the infection-prevention intervention being studied

is in use in group j at time t, and Ajt = 0 otherwise. If the intervention

is effective, it is expected to alter the basic reproduction ratio. Let ρj(t)A=a

represent the potential value of ρj(t) if Ajt = a. Assume infection-prevention

interventions have a proportional effect on disease transmission, so the unit-

level causal effect of the intervention is the ratio,

τjt =
ρj(t)A=1

ρj(t)A=0 , (2.8)

where the ‘unit’ is the group of individuals.

The parallel-trends assumption allows us to estimate an untreated coun-

terfactual outcome for the groups that were treated. It does not allow estim-

ation of a treated counterfactual for those groups that were untreated. We
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therefore estimate the att, τATT = E
(
τjt | Ajt = 1

)
. By the requirement for

consistency, E(ρj(t)A=a | Ajt = a) = E(ρj(t) | Ajt = a), so

τATT = E

(
ρj(t)

ρj(t)A=0 | Ajt = 1
)

. (2.9)

To estimate a ‘difference’, groups can be included in the analysis only if

they are observed before the intervention starts, so Aj0 = 0 for all groups. If

a mandate is reversed, we do not necessarily expect that transmission will

return to its pre-transmission level. For example, individuals who started

using masks because of a face-covering mandate may continue to use them

after the mandate ends (Adjodah et al., 2021). I therefore add a requirement

that Aj(t+1) ≥ Ajt.

Parameters for the common-trends assumption

For the common-trends assumption to hold, any differences between groups

must be constant over time, and any changes with time must apply equally

to all groups (Caniglia and Murray, 2020). I assume that such effects are

multiplicative. Let ζ j be a time-invariant parameter to account for location-

specific effects on transmission and let η(t) be a time-varying parameter to

account for population-wide changes in transmission. The expected basic

reproduction ratio for each group and time without the intervention is,

E(ρj(t)A=0) = ζ j η(t). (2.10)

From equations 2.9 and 2.10,

E(ρj(t)A=1 | Ajt = 1) = τATT E(ρj(t)A=0 | Ajt = 1),

⇒ E(ρj(t)A=a′ | Ajt = a) = ζ j η(t) τATT
a′ , a, a′ ∈ {0, 1}, a′ ≤ a. (2.11)
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Identifying parameters

Let zjt := lnRe(j, t). From equation 2.7,

zjt = ln ρj(t) + ln

(
1−

t−1

∑
x=1

yjx

θ nj

)
. (2.12)

From the renewal equation (2.6),

zjt = ln yjt − ln

(
t−1

∑
x=1

yjx g(t− x)

)
− ln ε jt. (2.13)

If the generation interval, g(x), is known, zjt can be estimated from incidence

data,

ẑjt = ln yjt − ln

(
t−1

∑
x=1

yjx g(t− x)

)
, (2.14)

provided yjt > 0 and ∑t−1
x=1 yjx g(t − x) > 0. When Ajt = ajt, ρj(t) is the

potential value ρj(t)A=ajt . Substituting this into equation 2.12,

E
(
zjt | Ajt = ajt

)
= ln ρj(t)A=ajt + ln

(
1−

t−1

∑
x=0

yjx

θ nj

)
. (2.15)

From equation 2.11,

ln ρj(t)A=ajt = ln ζ j + ln η(t) + ajt ln τATT, (2.16)

so,

E
(
zjt | Ajt = ajt

)
= ln ζ j + ln η(t) + ajt ln τATT + ln

(
1−

t−1

∑
x=0

yjx

θ nj

)
. (2.17)

Taking the estimated value of ẑjt from equation 2.14, and this equation

for E
(
zjt | Ajt = ajt

)
(2.17), I estimate values of ζ j, η(t) and τATT. Not all

values of ζ j and η(t) can be uniquely identified, as their product would

be unchanged if all ζ coefficients were multiplied by some non-zero con-

stant and all η coefficients divided by the same constant. I fix one value of

ln η(k) = 0. I solve for the remaining parameters in a Bayesian regression,

defining the model in Turing.jl (version 0.34.1; Ge et al., 2018), and solving
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with the parallel-tempered mcmc method (Syed et al., 2022) implemented in

Pigeons.jl (version 0.4.5; Surjanovic et al., 2023). I use a hierarchical model to

estimate values of ζ and η. For location-specific parameters, I assume the

mean has a normal (N ) distribution, then that each location’s parameter is

normally distributed about that mean,

µζ ∼ N (0, 1), σ2
ζ ∼ Exponential(1),

ln ζ j ∼ N (µζ , σ2
ζ ), j ∈N>0.

I use a similar approach for time-varying parameters. For the initial sim-

ulation, I assume that the time-varying parameter moves between discrete

values so,

µη ∼ N (0, 1), σ2
η ∼ Exponential(1), ln η(t) =


0, t < ϕj,

ηk ∼ N (µη , σ2
η), t ≥ ϕj,

where ϕj is the time that the intervention is introduced in group j. It is more

plausible that the transmission parameter will vary continuously over time.

To account for this, I fit a cubic spline (Akima, 1970). The values of ln ηk at

each knot are fitted with a hierarchical model, equivalent to that used for ζ,

with the second value fixed to 0 to allow unique identifiability.

The prior distribution for θ is assumed to follow a Beta distribution

with a mean value equal to the simulated θ when applied to simulations,

and equal to 0.4 (matching the 40% estimated detected; UK Health Security

Agency, 2022c) when applied to sars-cov-2 data. This distribution is then

truncated to ensure that,

θ > max
j

(
∑t yjt

nj

)
,

preventing θ being less than the proportion of any group’s population that

has been diagnosed, which would imply ∑t ijt > nj. The prior distribution

for the causal effect is ln τATT ∼ N (0, 1).
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Estimating effect on incidence

Renewal-equation models need to be primed with a history of previous in-

fections. I expect the time-varying parameter to be unreliable for early time

points when a large proportion of infections are likely to have been imported

rather than arising from infectious individuals within the group. I therefore

set the modelled incidence to equal recorded incidence for a period at the

start of each analysis (the first ten days for simulated datasets; until 1 April

2020 for analysis of the effects of face coverings; and for eight weeks from

the start of June 2020 for analysis of the effect of community testing in Liver-

pool). For subsequent times I use fitted parameters in the renewal equation

to estimate trends in infection numbers.

Running the model with samples from the prior distributions includes

most calculated values of the logarithm of the effective reproduction ratio

within the central 90% credible interval (CrI) for both the testing (Figure B.3

and B.4) and face coverings (Figure B.5) analyses. Note that the width of the

CrI reduces near the knot where the time-varying parameter is fixed at 0,

and increases after the intervention as the uncertainty of the τATT parameter

is added.

2.4 Application to simulated data

‘Canonical’ difference in difference in transmission (Simulation 1)

In these ‘canonical’ difference-in-differences conditions, the control group’s

basic reproduction ratio is 1.5 for the first 50 days, then increases to 1.65. In

the intervention group, without an effective intervention the basic reproduc-

tion ratio is 1.15 times the other group’s. If the intervention is effective then

on day 50 the basic reproduction ratio reduces by 20 per cent compared to

the untreated potential outcome.
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Figure 2.2: Difference-in-differences analysis for simulated groups with two dis-
crete levels of transmission. A Simulation with an ineffective intervention; B Sim-
ulation with an intervention that reduces transmission by 20%. Black dots show
simulated data. Yellow dots show values that are known from the simulation
but would not be known from data: basic reproduction ratio, simulated coun-
terfactual number of cases, and simulated causal effect on cumulative number of
cases. Green lines show results fitted to the data, and purple lines show inferred
intervention-free counterfactuals. The bottom panel shows the estimated causal
effect as a cumulative difference in numbers diagnosed per 100 000 population.
Shaded areas represent the central 90% credible interval. Vertical dotted red lines
show times interventions start. lnRe is the natural logarithm of the effective re-
production ratio; R0 is the basic reproduction ratio.

Fitting with discrete time-varying transmission parameters gives a qual-

itatively good fit to the logarithm of the effective reproduction ratio (Fig-

ure 2.2). For the simulation with no effective intervention, i.e. true τATT = 1,

fitted parameters give an estimated value of τ̂ATT = 0.95 (90% CrI 0.86,

1.06). For the simulation with an effective intervention, true τATT = 0.8,
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the fitted parameter was τ̂ATT = 0.80 (90% CrI 0.72, 0.88). Similar results

were found with the spline-based method for estimating parameters (Fig-

ure B.6). Fitted parameters for the simulation without an effective interven-

tion gave τ̂ATT = 0.97 (90% CrI 0.87, 1.08), and with an effective intervention,

τ̂ATT = 0.82 (90% CrI 0.75, 0.90).

Known confounding variables (Simulation 2)

A challenge to using difference-in-differences methods during an epidemic

is that multiple interventions may be implemented. If other interventions

are effective and are introduced in different places at different times, this

violates the common trends assumption.

Simulation 2 includes three groups. The intervention of interest is used

from day 50 in group 2, and from day 30 in group 3. An additional exposure

in group 3 increases transmission by 15% from day 70, representing relax-

ation of an infection-control measure after the peak of the outbreak. This

violates the common-trends assumption.

Fitted parameters map closely to the logarithm of the effective repro-

duction ratio but do not give a good fit to the basic reproduction ratio

(Figure 2.3A). This is despite the second intervention coming after most

cases have been diagnosed. The estimated effect of the main intervention

is τ̂ATT = 0.84 (90% CrI 0.79, 0.91).

Consider that we know when the additional exposure occurred but do

not know the magnitude of its effect. In the same way as for the intervention

of interest, we can represent its effectiveness in terms of a change in the basic

reproduction ratio. I add an additional parameter to the formulation of ρj(t)

to account for two possible interventions,

E
(

ρj(t)A1=a1, A2=a2
)
= ζ j η(t) τATT 1

a1 τATT 2
a2 , a1, a2 ∈ {0, 1}. (2.18)
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Figure 2.3: Difference-in-differences analysis for a simulation with an additional
known intervention (day 70 in group 3). A Parameters fit without including de-
tails of other intervention; B Parameters fit with an additional parameter included
for the other intervention. See caption to Figure 2.2 for description of colours.



2. Difference-in-differences methods for epidemic diseases 71

More generally, we could consider n interventions,

E
(

ρj(t)A1=a1, A2=a2, ..., An=an
)
= ζ j ηt

n

∏
x=1

τATT i
ax ,

ax ∈ {0, 1} for all x ∈ {1, 2, . . . , n}.
(2.19)

Substituting this form of ρj(t) into Equation 2.17 gives,

E
(
zjt | Ajt 1 = ajt 1, . . . , Ajt n = ajt n

)
=

ln ζ j + ln η(t) +
n

∑
x=1

(
ajt x ln τATTx

)
+ ln

(
1−

t−1

∑
x=1

yjx

θ nj

)
.

(2.20)

Applying this formula to the simulation gives a better fit for the basic repro-

duction ratio and the effect on the number of infections (Figure 2.3B), and

estimates of effectiveness closer to the simulated values of τ̂ATT = 0.81 (90%

CrI 0.75, 0.88).

Non-parallel transmission trends (simulation 3)

In simulation 3, I add non-parallel trends to the transmission parameter.

Such a trend could be due to an unknown time-varying confounding vari-

able, or it may be that location- and time-specific parameters do not have

the simple multiplicative relationship described in the model. For this sim-

ulation, the basic reproduction number for group 1 is,

ρ1(t)A=0 = 1.25 + 0.25 cos(2π(t− 20)/365).

For group 2, without an intervention,

ρ2(t)A=0 = 0.9 + 0.005t ρ1(t)A=0.

Fitting parameters to simulated data with no effective intervention gives a

result suggesting that an intervention increased the infectiousness, τ̂ATT =

1.12 (90% CrI 1.01, 1.25; Figure 2.4A). Note that although we can see in

the simulation that the fitted basic reproduction ratio and intervention-free
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Figure 2.4: Difference-in-differences analysis for a simulation with a non-parallel
trend and an ineffective intervention. A Parameters fit without including consider-
ation of non-parallel trend; B Parameters fit with assumed unobserved changes to
infectiousness 14 days before and after the intervention. See caption to Figure 2.2
for description of colours.

counterfactual do not follow the simulated values, the fit to the logarithm of

the effective reproduction ratio and to the number of cases with the inter-

vention would not raise any concerns.

The parallel-trends assumption is untestable after treatment (Rambachan

and Roth, 2023; Roth et al., 2023). ‘Dummy’ interventions can be added to

the analysis to test for parallel trends prior to the intervention (Callaway

and Sant’Anna, 2021; Ryan et al., 2019). If the coefficients for these dummy

interventions are large, this suggests that groups are diverging before the in-

tervention (i.e. the trends are not parallel). Often a statistical significance test
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is performed to compare the value to a null hypothesis that the coefficient

is zero (Kahn-Lang and Lang, 2020; Roth, 2022). Demonstration of parallel

trends before the intervention is not sufficient, or necessary, to demonstrate

that trends would be parallel after the intervention, but it provides some

reassurance (Kahn-Lang and Lang, 2020; Sun and Abraham, 2021). Lagged

dummy interventions can also be added after the intervention to explore

whether groups are diverging further over time (Wing et al., 2018). In this

simulation, the parallel-trends assumption is known not to hold before or

after the intervention. I added dummy interventions fourteen days before

and after the ‘true’ simulated intervention to explore how these affected the

estimate of the intervention’s effectiveness. Analysis with the dummy in-

terventions gives a better fit, but still underestimates the basic reproduction

ratio (Figure 2.4B). The estimated effect of the intervention in this analysis is

τ̂ATT = 1.08 (90% CrI 0.95, 1.23). The dummy interventions on days 36 and

64 have estimated effects τ̂ATT 1 = 1.07 (90% CrI 0.96, 1.21) and τ̂ATT 2 = 1.00

(90% CrI 0.86, 1.17).

For the equivalent analysis with an intervention that reduces transmis-

sion by 20 per cent (Figures 2.5 and B.7), without dummy interventions,

the non-parallel trend effectively cancelled the estimated causal effect of the

intervention, τ̂ATT = 1.00 (90% CrI 0.92, 1.10). With assumed additional

interventions, this changed to τ̂ATT = 0.95 (90% CrI 0.83, 1.08).

Changes in proportion detected (simulation 4)

I have assumed that the proportion of cases diagnosed, θ, is constant over

time. In reality, this assumption might be violated. For example, changes

in availability of testing or awareness of symptoms could lead to changes

in the proportion tested and therefore in the proportion diagnosed. Even if

this time-varying proportion were known, incorporating it into the model
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Figure 2.5: Estimated effect on number of infections for a difference-in-differences
analysis for simulated data with a non-parallel trend and an effective intervention.
A Parameters fit without including consideration of non-parallel trend; B Para-
meters fit with assumed unobserved changes to infectiousness 14 days before and
after the intervention. See caption to Figure 2.2 for description of colours.

would be cumbersome. With a known θ(t),

E(zjt) = ln yjt − ln θ(t)− ln

(
t−1

∑
x=1

yjx

θ(x)
g(t− x)

)

= ln ρj(t) + ln

(
1−

t−1

∑
x=0

yjx

θ(x) nj

)
,

so at each time, estimated numbers infected and immune depend on the

vector of all previous values of θ. It would be even more troublesome if a

time-varying θ(t) function needed to be estimated.

I do not incorporate a time-varying value of θ(t) into the analyses here

but I simulate a group with a time-varying proportion diagnosed to explore

the effects of this on parameter estimates. In simulation 4, group 1 has a

constant proportion diagnosed, θ1(t) = 0.3. Group 2 has the same pro-

portion diagnosed until time 50, from which point it is increased to 0.36.

The simulation’s immediate change in diagnosis leads to a discontinuity in

numbers diagnosed and in the effective reproduction ratio, which the model
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Figure 2.6: Difference-in-differences analysis for a simulation with a time-varying
proportion of cases diagnosed. In group 2, there is a 20% increase in the propor-
tion diagnosed at the same time as the intervention. A Parameters fit without in-
cluding consideration of time-varying proportion diagnosed; B Parameters fit with
assumed unobserved changes to infectiousness 14 days before and after the inter-
vention. See caption to Figure 2.2 for description of colours.

fitting does not follow in simulations with or without an effective interven-

tion (Figures B.8 and 2.6A). Fitting to the basic reproduction ratio is poor.

The estimated causal effect for the simulation with no effective interven-

tion is close to the ‘true’ value, τ̂ATT = 1.03 (90% CrI 0.86, 1.22). For the

simulation with a 20 per cent reduction in transmission, the point estimate

suggests a smaller reduction than the ‘true’ value, although the true value

is included in the 90% CrI, τ̂ATT = 0.91 (90% CrI 0.78, 1.08). When para-

meters for additional hypothetical interventions were added (as in the case
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with non-parallel trends), fitted parameters were very slightly closer to the

simulated values, τ̂ATT = 0.89 (90% CrI 0.74, 1.07; Figure 2.6B).

2.5 Application to the covid-19 pandemic

Community testing

For the primary analysis of the effect of community testing I used pillar 1

data for residents of each local authority. All chains mixed well (Figure

B.9). Fitted parameters gave very high estimates of the basic reproduction

ratio (Figure 2.7; local authorities included in the analysis that did not have

testing in 2020 are shown in Figure B.10). This led to a large peak in mod-

elled incidence in all districts in August 2020 which far exceeded observed

data. The estimated effect of the intervention was τ̂ATT = 1.20 (90% CrI 1.04,

1.39). This had a minimal effect on the modelled change in incidence as the

expected number of susceptible individuals was so low by the time of the

intervention.

Chains for analysis using all recorded diagnoses (including any asymp-

tomatic infections that were diagnosed by the testing programme) mixed

well (Figure B.11). These gave basic reproduction ratios between 1 and 3

(Figures 2.8 and B.12). The estimated effect of the intervention was τ̂ATT =

1.14 (90% CrI 1.03, 1.27).

Face coverings

Chains for analysis of masking mandates in the uk mixed well (Figure B.13).

Parameters gave a qualitatively good fit for data in England and Scotland,

but appeared to underestimate incidence in Northern Ireland and overes-

timate it in Wales (Figure 2.9) The estimated effect of the intervention was

τ̂ATT = 1.23 (90% CrI 1.08, 1.39).
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Figure 2.7: Difference-in-differences analysis for the effect of community testing
on pillar 1 severe-acute-respiratory-syndrome-coronavirus-2 diagnoses in North
West England between June and December 2020. Dotted red lines indicate the
start of the testing pilot. See caption to Figure 2.2 for description of colours.

Adding parameters to allow changes in the basic reproduction ratio

when stay-at-home rules ended, businesses reopened, and masks were re-

commended in advance of the mandates had little effect on the estimated

effect of the masking mandate, τ̂ATT = 1.18 (90% CrI 1.04, 1.36; Figure 2.10).

The estimated effects of the secondary interventions were:

1. τ̂ATT 1 = 1.11 (90% CrI 0.98, 1.27) for the effect of ending stay-at-home

requirements;

2. τ̂ATT 2 = 1.01 (90% CrI 0.83, 1.23) for the effect of businesses reopening;

and
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Figure 2.8: Difference-in-differences analysis for the effect of community testing
on covid-19 diagnoses in North West England between June and December 2020.
Dotted red lines indicate the start of the testing pilot. See caption to Figure 2.2 for
description of colours.

3. τ̂ATT 3 = 1.12 (90% CrI 0.99, 1.28) for recommendations to use face

coverings.

2.6 Discussion

In this chapter I have presented a method combining the common-trends as-

sumption from difference-in-differences methods with a mechanistic model

of epidemic disease transmission. Previous difference-in-differences ana-

lyses of interventions to reduce infectious disease transmission have used
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Figure 2.9: Difference-in-differences analysis for the effect of masking mandates
on covid-19 diagnoses in the United Kingdom between January and September
2020. Dotted red lines indicate the start of the testing pilot. See caption to Fig-
ure 2.2 for description of colours.

incidence or simple transformations such as logarithms as the outcome (see

Feng and Bilinski, 2024). These outcomes cannot follow a parallel trend

during an outbreak unless groups have identical transmissibility and pro-

portions susceptible and infectious. The use of a mechanistic model does

not relax the need to meet other assumptions of difference-in-differences

analyses, but through a series of simulations I showed that if certain con-

ditions were met, the method could accurately infer the causal effect of

interventions that reduce the basic reproduction ratio. I also showed that

violations of the common-trends assumption can lead to inference of causal
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Figure 2.10: Difference-in-differences analysis for the effect of masking mandates
on covid-19 diagnoses in the United Kingdom, with parameters fit for additional
interventions of the end of stay-at-home rules, businesses reopening, and recom-
mendations to use masks in advance of the mandates. Dotted red lines indicate
the start of the testing pilot. See caption to Figure 2.2 for description of colours.

effects when the null hypothesis is true, and apparently null effects when

causal effects are present.

Attempts to fit the model to interventions used during the covid-19 pan-

demic estimated that the intervention increased transmission, with a ten to

twenty per cent increase in the basic reproduction ratio each time. The only

intervention not associated with an inferred increase in transmission was

the reopening of businesses, included as a secondary intervention in the

analysis of the effect of face coverings.

For the main analysis of the effect of asymptomatic community testing,
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I intended to use pillar 1 data. Reductions in severe disease sufficient to

require testing in hospital, and reductions in infection among healthcare

workers, are both objectives of public-health policy during an epidemic.

That analysis suggested that sars-cov-2 would have been almost elimin-

ated after a huge spike in infections in September 2020. Given that these

results appeared implausible, I also presented an analysis using all recor-

ded cases. Some infections in this analysis were only recognised because

they were diagnosed by the testing programme. This violates the assump-

tion of a constant proportion of cases detected. Even more importantly, in

this analysis it is unclear whether recording more infections reflects a good

result (better detection) or a poor one (more transmission). My finding of

a 14 per cent increase in diagnoses (90% CrI 3%, 27%) is similar to Univer-

sity of Liverpool’s (2021b) estimate that the testing programme led to an 18

per cent increase in detection of infections (95% confidence interval (ci) 7%,

29%).

It is possible that the interventions did cause an increase in transmission.

A concern in community-level infection control is that adoption of a measure

will lead to an inappropriate feeling of security, reductions in adherence to

other infection-prevention measures, and a consequent increase in infections

(Guglielmi, 2021). Saad-Roy and Traulsen (2023) combined a susceptible–

infectious–resistant–susceptible (sirs) model with a game-theory model of

adherence to interventions, and found that new mandates might have no

net effect on transmission when individuals down-titrated their use of other

interventions to maintain a constant level of risk. With incomplete informa-

tion, individuals might reduce adherence such that their risk increased.

Alternatively, the analysis may have been incorrect and the interventions

did not cause an increase in transmission. For instance, Zhang et al. (2022)

estimated that it led to a 43 per cent reduction in covid-related hospital
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admissions (95% ci 29%, 57%). The analysis relies on many assumptions

and we must be cautious in interpreting the output.

The central assumption of the difference-in-differences method is the

common-trends assumption. This assumption requires an outcome that has

a linear relationship with time-varying parameters. I showed that incidence

and prevalence, and natural logarithms of these, do not have this property.

The basic reproduction ratio could plausibly have this property, making it

an appropriate outcome for difference-in-differences analyses, but we can-

not be certain that this relationship is linear. A component of the parallel-

trends assumption is the ‘common-shocks’ assumption (Ryan et al., 2015,

2019). This requires that any events that affect the outcome have the same

effect for all groups. This might not be plausible. For instance, relaxation

of social-distancing regulations might have a greater effect on transmission

in densely-populated urban districts than in rural areas. Similarly, the ef-

fect of school closures on transmission could depend on the age structure

of each group’s population. Despite applying to all groups, these interven-

tions could violate the common-trends assumption. We also cannot be cer-

tain that we are correctly inferring the basic reproduction ratio. Erroneous

assumptions about the duration of immunity or the proportion of infections

reported would lead to errors in the estimate. Such violations would be

demonstrated most clearly if the number of infections exceeded population

size due to reinfection.

The common-trends assumption is untestable after the intervention is

initiated (Rambachan and Roth, 2023; Roth et al., 2023). In each simulated

dataset in my analysis, the fitted parameters, which enforced a parallel trend

in the basic reproduction ratio, followed the data well before and after in-

terventions, even when the simulation was designed to violate the parallel-

trends assumption. However, in the analysis with the pillar 1 data, and
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in the plots for Northern Ireland and Wales before masking mandates, the

inferred trend had a poor fit to the data.

This analysis assumes that once an intervention is in place, it has a con-

sistent effect over time. The applicability of this assumption is a challenge

to all difference-in-differences analyses which, like this one, include mul-

tiple time periods (Callaway and Sant’Anna, 2021). As the pandemic pro-

gressed, so-called ‘pandemic fatigue’ was observed, in which adherence to

interventions decreased over time (MacIntyre et al., 2021). Also, individual

choices to use interventions depend on changes in perceived risk of infec-

tion (Saad-Roy and Traulsen, 2023). Therefore, effectiveness of providing

or recommending an intervention may be inversely related to prevalence of

infection.

The model assumes that all infections arise from infectious individuals

within the group. This clearly cannot be the case for the first individual

infected. Some number of imported cases is likely inevitable, even when re-

strictions on movement are in place. A Hawkes process is self exciting (Riz-

oiu et al., 2018). From an epidemic-modelling perspective, a Hawkes process

allows for new infections to arise from existing infectious individuals and

also from importation of new cases. However, if we retain a multiplicative

relationship between the intervention and the untreated counterfactual, ad-

dition of a constant import rate would lead to a non-parallel trend as the

relative contribution of imported cases would be greater when transmission

was reduced. The rate at which new infections are imported into an area

may also depend on prevalence of neighbouring areas. In that case the sta-

bility assumption is violated. In the Liverpool City Region, many people in

neighbouring districts may visit Liverpool City. Visitors could import cases

into the city, or they could be infected during their visit and appear as im-

ported cases for their home districts. In this case, even a Hawkes-process
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model with a constant rate of imports would not reproduce true infection

dynamics.

A strength of using the difference-in-differences method was that the

basic reproduction ratio could be allowed to change constantly over time.

Other regression-based estimates of changes in transmissibility assumed

piecewise-constant reproduction ratios that changed only when infection-

prevention measures were introduced or removed (Flaxman et al., 2020; Liu

et al., 2024), or when a new variant of concern reached a threshold pre-

valence (Liu et al., 2024). Piecewise-constant transmissibility may be viol-

ated if changes in behaviour occur between official changes in policy. If

these analyses had allowed reproduction ratios to change independently

between interventions then causal effects of interventions would not have

been identifiable. By constraining groups to follow parallel trends between

any interventions, the difference-in-differences analysis explicitly produced

an untreated counterfactual scenario for groups that received interventions.

This allowed the basic reproduction ratio to change in response to unmeas-

ured influences (such as changes in behaviour or new variants of concern)

without impinging on the ability to estimate interventions’ causal effects.

An alternative to this analysis would be to discard the difference-in-

differences method and simply fit parameters to a mechanistic model. The

greatest challenge for that approach with these datasets would be that there

do appear to be temporal changes in infectiousness, presumed to be due

to changes in restrictions and spread of the Alpha variant. These changes

would need to be incorporated into any model. This could be attempted by

applying the location- and time-dependent form of the basic reproduction

ratio that I have described, but such an approach would then be dependent

on the same assumptions as this analysis.

An alternative to differences in differences used in econometric stud-
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ies is the ‘synthetic control’ (Abadie et al., 2010). Weightings are given

to untreated groups’ outcomes to create time series of untreated poten-

tial outcomes for the treated group. Such an analysis still assumes that

time-dependent ‘shocks’ will affect treated and untreated groups equival-

ently. It also requires that we identify and measure relevant covariates to

generate appropriate weights. Synthetic control methods have been used

in evaluations of interventions to reduce infectious disease transmission.

Notably, University of Liverpool (2021b) and Zhang et al. (2022) used syn-

thetic controls to evaluate the effect of community testing in Liverpool. As

with the difference-in-differences analyses described in the introduction to

this chapter, these analyses use infections and hospital admissions as out-

comes. Incorporation of mechanistic understanding of disease transmission

into synthetic controls is an attractive future step for assessing effects of

infection-prevention interventions. However, adding weights to each un-

treated group adds further complexity to the analysis. There is currently no

consensus about how covariates should be chosen to generate weights, and

decisions about variables to use for weighting may allow manipulation of

results toward a preferred result (Ferman et al., 2020). I therefore feel that

further work would be needed to understand how difference-in-differences

methods can apply to infectious-disease transmission before attempting to

expand into synthetic control analyses.

2.7 Data and code

Hale et al.’s (2021) dataset is available at https://github.com/OxCGRT/

covid-policy-tracker/tree/master/data/United%20Kingdom, using

OxCGRT GBR differentiated withnotes 2020.csv, shared under a Cre-

ative Commons Attribution 4.0 International Public Licence. Local-

https://github.com/OxCGRT/covid-policy-tracker/tree/master/data/United%20Kingdom
https://github.com/OxCGRT/covid-policy-tracker/tree/master/data/United%20Kingdom
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authority-level data are available at https://www.gov.uk/government/

publications/coronavirus-cases-in-england-5-january-2021, using

‘North West epidemiological charts, data set’, and https://www.gov.uk/

government/publications/coronavirus-cases-by-local-authority-

epidemiological-data-9-june-2021, using ‘North West epidemiological

charts by LTLA, data sets’, both shared under the Open Government Licence

v3.0. Cori et al.’s (2022) estimates of the serial interval for sars-cov-2 are

available at https://github.com/mrc-ide/EpiEstim/tree/master/data,

using covid deaths 2020 uk.rda, shared under a GNU General Public

License, version 2.

Code to reproduce the analysis in this chapter is available at

https://github.com/markgpritchard/RenewalDiffInDiff.

https://www.gov.uk/government/publications/coronavirus-cases-in-england-5-january-2021
https://www.gov.uk/government/publications/coronavirus-cases-in-england-5-january-2021
https://www.gov.uk/government/publications/coronavirus-cases-by-local-authority-epidemiological-data-9-june-2021
https://www.gov.uk/government/publications/coronavirus-cases-by-local-authority-epidemiological-data-9-june-2021
https://www.gov.uk/government/publications/coronavirus-cases-by-local-authority-epidemiological-data-9-june-2021
https://github.com/mrc-ide/EpiEstim/tree/master/data
https://github.com/markgpritchard/RenewalDiffInDiff


Chapter Three

Effect of natural immune boosting on dynamics of
infections with rapidly waning immunity1

Natural immune boosting is a hypothesis first proposed by Hope-Simpson

(1965) in the context of varicella zoster virus. This virus causes chickenpox

(varicella) and shingles (zoster). In unvaccinated populations, chickenpox is

a common childhood illness. It usually causes a mild, self-limiting illness,

but can cause more severe disease, especially if contracted as an adult (Ger-

shon et al., 2015). Following clinical recovery from chickenpox, the virus

lies dormant in sensory nerve ganglia. Re-infection is rare, but the dormant

virus can reactivate to cause shingles, a painful rash that follows the dermat-

ome of the affected nerve root (Hope-Simpson, 1965). Hope-Simpson’s (ibid.)

hypothesis was that re-exposure to the virus during adulthood could re-

potentiate the immune response and prevent onset of shingles. This hy-

pothesis contributed to the development of the first shingles vaccine, a live

attenuated vaccine that reduced shingles incidence in adults over sixty years
1Results in this chapter were partly presented at the 9th International Confer-

ence on Infectious Disease Dynamics, M. G. Pritchard, C. A. Donnelly, P. W. Horby,
and B. S. Cooper, Natural immune boosting leads to synchrony in immunity and
cyclic outbreaks of disease for pathogens with rapidly waning immunity (2023,
abstract available at https://ssrn.com/abstract=4654932); and in the pre-print,
M. G. Pritchard, S. M. Cavany, S. J. Dunachie, G. F. Medley, L. Turtle, C. A. Don-
nelly, P. W. Horby, and B. S. Cooper, Natural immune boosting can cause synchrony
in susceptibility and outbreaks of respiratory infections with rapidly waning im-
munity, medRxiv 2023.11.23.23298952 (2023).

87

https://ssrn.com/abstract=4654932


3. Natural immune boosting with rapidly waning immunity 88

by 51 per cent (Oxman et al., 2005).2

Similar immune patterns are seen in Plasmodium/malaria epidemiology.

In areas with a consistently high burden of malaria, severe disease is most

often seen in childhood or in people who have arrived from an area without

a high prevalence. People born in high-prevalence areas who have moved

away and returned also tend to have a high risk of reinfection (Struik and

Riley, 2004). In contrast, in areas where malaria is seasonal, incidence is

more evenly distributed across ages (Carneiro et al., 2010).

Immune boosting effects have also been seen for B. pertussis (Clark, 2014).

Immunity induced by measles and mumps vaccines is also boosted by sub-

clinical exposure (Whittle et al., 1999). Vaccine-induced protection against

measles and mumps infections has reduced over time as prevalence of the

viruses has decreased, although the risk of severe disease remains much

lower than it was in unvaccinated populations (Yang et al., 2020).

De Angelis et al. (2021) found that repeated exposure to sars-cov-2

might promote immunity and help to reduce the risk of severe disease. Im-

mune boosting could potentially be very important for viral infections of

the respiratory tract. These infections cause very brief immunity (Slifka and

Ahmed, 1996). Even among people who receive an annual influenza vaccin-

ation, immunity can wane during the influenza season leaving people who

were vaccinated early in the season vulnerable to infection by the season’s

end (Domnich et al., 2024; Rambhia and Rambhia, 2019). If natural boosting

prolonged immunity, this could have implications for optimal vaccination

timing.

In this chapter, I summarize previous mathematical models of natural

immune boosting. I then use an ode model to investigate the effect of boost-
2Since September 2023, the uk shingles vaccination programme uses a recom-

binant varicella zoster glycoprotein E vaccine with efficacy against shingles of 97

per cent (Lal et al., 2015; UK Health Security Agency, 2024b)
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ing on disease dynamics for respiratory viruses, using rsv incidence before

and during periods when physical distancing measures were in place to

reduce the spread of covid-19 as an example.

3.1 Background and data

Respiratory syncytial virus

rsv infection elicits remarkably brief immunity (Slifka and Ahmed, 1996).

Reinfection is possible within two months (Hall et al., 1991). Almost all chil-

dren are infected in the first two years of life (Glezen et al., 1986), then four to

ten per cent of adults are reinfected each year (Falsey et al., 2005). It is a sea-

sonal infection, with different regions experiencing peaks twice annually,

annually or biennially (Bloom-Feshbach et al., 2013). In the uk, infections

typically peak in December each year (UK Health Security Agency, 2021).

In 2020 and 2021, non-pharmaceutical interventions to reduce the spread

of sars-cov-2 disrupted rsv transmission, and the typical annual outbreaks

were not seen in 2020 (Friedrich et al., 2021; van Summeren et al., 2021; Yeoh

et al., 2021). Unusually early and large outbreaks of rsv occurred in the

following two years, attributed to increased susceptibility in the population

(Bardsley et al., 2023; Foley et al., 2021; Nygaard et al., 2023).

rsv is not a notifiable pathogen or a cause of a notifiable disease in

Scotland (Public Health etc. (Scotland) Act 2008). In infants it causes bronchi-

olitis, which is generally a clinical diagnosis (Dalziel et al., 2022). After in-

fancy, symptoms are non-specific and rsv infections are often undiagnosed

(Rozenbaum et al., 2023). In Scotland, weekly numbers of rsv diagnoses con-

firmed by microbiology laboratories are made publicly available by Public

Health Scotland (2023).
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Governmental response to the covid-19 pandemic

Hale et al. (2021) recorded details of recommendations and mandates to

reduce the spread of covid-19. Across a range of policy measures, they

allocated zero points when a measure was not in place and greater num-

bers of points when measures were recommended or mandated. The strin-

gency index is a composite measure, calculated as the points allocated across

nine measures compared to the maximum possible points available for those

measures, giving a score between 0 (none of these measures recommended)

and 100. I used a threshold of 50 to represent the period with a high levels

of restrictions. In Scotland, this lasted from 21 March 2020 to 8 August 2021,

and corresponded with notable step-changes in increasing and decreasing

stringency index (see Figure 1.3, page 17).

3.2 Mathematical modelling of natural immune boosting

The susceptible–infectious–resistant–susceptible compartmental model

Waning immunity can be represented in a compartmental model by allow-

ing movement from the resistant compartment to the susceptible one, as in

the sirs model. An ode form of this model is,

ds(t)
dt

= µ [n− s(t)] + ω r(t)− β
s(t) i(t)

n
,

di(t)
dt

= β
s(t) i(t)

n
− [γ + µ] i(t),

r(t) = n− [s(t) + i(t)] ,


(3.1)

where s(t), i(t), r(t) are respectively numbers susceptible, infectious, resist-

ant (immune) to infection at time t, n := s(t)+ i(t)+ r(t), β is a transmission

coefficient, γ is the recovery rate, µ is both the birth and mortality rate, and

ω is the rate of immune waning. This gives an exponential distribution to

the duration of immunity with a mean duration 1/ω.
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Models of immune boosting for varicella zoster

Models of immune boosting for varicella zoster include Korostil et al.’s

(2015) ode model with a waned compartment from which individuals could

be reinfected, immune boosted (returned to full immunity) or could develop

shingles. Bakker et al. (2022) used a discrete-time model. They assumed that

boosting reduced the current risk of shingles, but in their model it did not

reduce future risks.

Three models of immune boosting have particularly influenced policy

regarding varicella vaccination in the uk. Brisson et al. (2010) and van Hoek

et al. (2011) used ode models to model immune boosting of varicella zoster.

Recovered and vaccinated individuals could have their immunity boosted

in proportion to the force of infection. This informed a cost–effectiveness

analysis that concluded that benefits of varicella vaccination would be offset

by increases in shingles for the first thirty to fifty years after starting a vac-

cination programme (van Hoek et al., 2012). An updated model (currently

unpublished, discussed in Joint Committee on Vaccination and Immunisa-

tion, 2023) assumed that boosting provided three years of protection against

shingles, in contrast to the twenty years’ protection assumed by Brisson et

al. (2010) and van Hoek et al. (2011). This led to a conclusion that varicella

vaccination is cost-effective, and the Joint Committee on Vaccination and Im-

munisation (2023) recommended that varicella vaccination should be added

to the childhood vaccination schedule.

Immune boosting for other microparasitic infections

To represent natural immune boosting for other microparasitic infections

that do not have a post-recovery dormant phase, we might imagine different

forms of boosting. The boosting effect could simply be a result of reinfection

that causes no symptoms or is sufficiently mild that people do not seek
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medical attention. Modellers might assume that people experiencing such

reinfection might be less infectious than those being infected for the first

time. Alternatively, we might consider boosting as a process that returns an

individual to full immunity without causing any secondary infectiousness.

Some models label a process as ‘immune boosting’ but allow immune-

naı̈ve susceptible individuals to undergo it. Stout et al. (2020) describe col-

onization with Listeria monocytogenes as a form of immune boosting. In their

model, immune and susceptible individuals undergo such colonization. Al-

exander et al. (2021) describe boosting against dengue virus in terms of im-

munity generated by a low level of exposure that is insufficient to cause

clinical disease. This could be experienced by susceptible individuals who

would have been infected if exposed to a larger exposure. Owusu-Ansah

et al. (2019) included immune boosting to norovirus, moving individuals

between partially- and fully-immune compartments, but the mechanism of

boosting in their model was unclear.

Mossong et al. (1999) produced an ode model of immune boosting for

measles. They discuss the possibility that immune waning without natural

immune boosting could lead to a return to susceptibility and reinfection at

older ages, but they did not explicitly model immune boosting. Glass and

Grenfell (2003) created an ode model for immunity to measles virus. They

represented population-level changes in antibody levels in a separate set of

differential equations which gave the first model a time-varying proportion

of those vaccinated or recovered who were vulnerable to infection.

Heffernan and Keeling (2009) explicitly included immune boosting and

waning in a single set of model equations. Their ode model of measles im-

munity had an unlimited number of discrete levels of immunity. People at

the lowest level were completely susceptible. Those in the next fifteen levels

would become less infectious if infected than those who were completely
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susceptible. In the remaining levels of immunity, individuals could not be-

come infectious until they had first waned to a lower level of immunity.

Barbarossa and Röst (2015a,b) created a pathogen-agnostic partial differen-

tial equations model with immunity on a continuous scale. They also cre-

ated a delay differential equation model with the duration from recovery to

susceptibility affected by boosting (Barbarossa et al., 2017).

Lavine et al. (2011) modelled immune boosting in B. pertussis by adding

a waned compartment to an sirs model. Immune individuals enter the

waned compartment at a rate 2ω. From there they can return to the fully-

immune compartment at a rate proportional to the force of infection, or they

become fully susceptible at a rate 2ω. Without immune boosting, the expec-

ted duration of immunity is 1/ω, as in the sirs model. Individuals being

boosted from the waned compartment do not cause secondary infections.

Further analysis of the model for B. pertussis has been conducted by Dafilis

et al. (2012, 2014a,b) and Lavine et al. (2013). Leung et al. (2018) added com-

partments for vaccinated individuals, with vaccine-induced immunity also

susceptible to boosting. Opoku-Sarkodie et al. (2022) modified Lavine et al.’s

(2011) model so that the rate of movement into the waned compartment

could differ from the rate of waning into the susceptible compartment.

Wearing and Rohani (2009) describe a model with a second set of sus-

ceptible, exposed and infectious compartments representing people who

have previously been infected with B. pertussis then had their immunity

wane. A similar model is described by Blackwood et al. (2013). This model

allows reinfected individuals to cause fewer secondary infections than those

who are infected for the first time. Although not described in terms of im-

mune boosting, a similar model is commonly used to represent repeated rsv

infection (Lang, 2022).

Hoyer-Leitzel et al. (2023) use a within-host flow–kick model (see Meyer
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et al., 2018) in which dynamics generally evolve according to odes but are

periodically perturbed (kicked) by an added viral load, representing an in-

fection event. These kicks could either boost immunity or cause reinfection,

depending on the size of the exposure and the degree of immune waning.

Heffernan and Keeling (2009) noted that in simulations with high levels

of vaccination, when an outbreak ended a large proportion of the popula-

tion was immune. Prevalence was then low while immunity waned. This

could then be followed by further outbreaks each time the susceptible frac-

tion became large enough. They found that these cyclical outbreaks could

only be maintained by a large number of immunity levels giving a gamma-

distributed immune duration. If immunity instead had an exponential dis-

tribution then the disease dynamics converged on a stable equilibrium.

Since that result, models without large numbers of immune levels have

found equilibria to be unstable when vaccination coverage is high (Lavine

et al., 2011, 2013; Leung et al., 2018), and also when the boosting coefficient

is large (Barbarossa et al., 2017; Korostil et al., 2015; Lavine et al., 2011, 2013)

or life expectancy is high (Barbarossa et al., 2017; Dafilis et al., 2012, 2014b).

Dafilis et al. (2014b) and Korostil et al. (2015) found cyclic epidemics when

immune duration was short, and Barbarossa et al. (2017) and Leung et al.

(2018) when immune duration was long.

Except for Hoyer-Leitzel et al.’s (2023) within-host model, all models of

natural immune boosting have been for microparasites with immune dura-

tions typically measured in decades. Here I explore dynamics for micropa-

rasites eliciting immunity of short duration, such as viral infections of the

respiratory tract.
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Figure 3.1: Model flow chart. Compartments are, s, susceptible; i, infectious; r1
to r3, resistant (immune). Compartments that contribute to the force of infection
are shaded in red; events that occur in proportional to the force of infection are
represented by dashed red lines. See text for parameter definitions.

3.3 Description of the model

I assume sirs-like dynamics with two additional compartments for indi-

viduals with partially-waned immunity (Figure 3.1). The model has a con-

stant population of 1 so s(t), i(t) and r(t) are respectively proportions sus-

ceptible, infectious and resistant. All newborns are susceptible. A series of

three immune compartments, r(t) := r1(t) + r2(t) + r3(t), represent waning

immunity. The probability of immunity being boosted is proportional to the

force of infection. This is represented by a boosting coefficient, labelled ψ,

describing the relationship of boosting to the force of infection, such that

ψ = 0 represents no immune boosting and ψ > 1 implies that boosting oc-

curs more readily among those with waning immunity than infection does

among those susceptible. The model is described by odes,

ds(t)
dt

= 3ω r3(t)− β s(t) i(t) + µ [1− s(t)] ,

di(t)
dt

= β s(t) i(t)− [γ + µ] i(t),

dr1(t)
dt

= γ i(t) + β ψ i(t) [r2(t) + r3(t)]− [3ω + µ] r1(t),

dr2(t)
dt

= 3ω r1(t)− [3ω + β ψ i(t) + µ] r2(t),

r3(t) = 1− [s(t) + i(t) + r1(t) + r2(t)] .



(3.2)

All parameters are non-negative.
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Figure 3.2: Proportions in each compartment at equilibrium. Note that the max-
imum proportion infectious is much less than proportions susceptible or resistant,
and that plot’s colour scale is different.

3.4 Analysis

The basic reproduction ratio, R0 = β/(γ + µ). To find equilibria, set each

ode in 3.2 to equal 0. This is solved by disease-free conditions, s∗ = 1,

i∗ = r1∗ = r2∗ = r3∗ = 0. Eigenvalues at the disease-free equilibrium are

ΛDFE = {−µ, β− γ− µ,−3 ω− µ} so the disease-free equilibrium is stable

if and only if β < µ + γ, meaning R0 < 1.

Endemic equilibrium values are given by,

s∗ = [γ + µ] /β, (3.3a)

i∗ = 1− [s∗ + r∗1 + r∗2 + r∗3 ] , (3.3b)

r∗j =

[
[i∗ + µ/β] [γ + µ]− µ

3ω

][
1 +

β ψ i∗ + µ

3ω

]3−j

, j ∈ {1, 2, 3}. (3.3c)

The endemic equilibrium proportion susceptible is 1/R0 (with R0 > 1), so

is independent of waning and boosting parameters (Figure 3.2). Without

immune boosting, the model follows sirs dynamics, with the serial im-

mune compartments giving an Erlang-distributed duration of immunity.

In this case, the equilibrium proportion infectious increases monotonically

with greater values of the basic reproduction ratio. With immune boosting,

ψ > 0, there is a turning point beyond which greater infectiousness is associ-
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ated with smaller equilibrium proportions infectious and larger proportions

immune.

I calculated eigenvalues for endemic equilibria numerically in Julia (ver-

sion 1.9.3; Bezanson et al., 2017). With no immune boosting, the stationary

points are stable. Greater values of the boosting coefficient lead to a Hopf

bifurcation beyond which equilibria are unstable. I denote the threshold

boosting coefficient value that separates stable and unstable equilibria as

ψ∗. For a pathogen eliciting immunity that would last approximately two

years without boosting, I found low values of ψ∗, suggesting that boosting at

a similar level of exposure as required for infection could lead to instability

(Figure 3.3). The magnitude of ψ∗ increases rapidly as the unboosted im-

mune duration approaches zero, meaning that as the model approaches sis

dynamics, equilibria are stable even if immune boosting requires much less

exposure than infection. For large values of the basic reproduction value

and long durations of immunity, equilibria are stable for any value of the

boosting coefficient.

3.5 Simulations and seasonal forcing

I performed numeric simulations using Verner’s (2010) 9th order Runge–

Kutta method in DifferentialEquations.jl, version 7.13.0 (Rackauckas

and Nie, 2017). I set µ = 0.0087, approximating Scotland’s annual birth

rate (Scottish Public Health Observatory, 2023), and assumed a mean gen-

eration time of 7.5 days. When the boosting coefficient was greater than

ψ∗, simulated compartment sizes did not converge on the calculated equi-

librium values. Instead they approached a limit cycle, oscillating between a

larger and a smaller proportion infectious (Figure 3.4). I estimated discrete

Fourier transforms using the fast Fourier transform algorithm in FFTW.jl
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Figure 3.3: Critical values of the boosting coefficient threshold, ψ∗, between
stable and unstable equilibria. Values calculated assuming 1/γ = 7.5 days,
µ = 0.0087/year. Areas where ψ∗ > 10 are shown in yellow. Areas where there is
no value of ψ∗ (equilibria are always stable) are shown in white. Red shaded areas
show approximate parameter regions for microparasites that have commonly been
included in models of natural immune boosting, and respiratory viruses (based
on data from Anderson and May, 1982; Slifka and Ahmed, 1996; Wearing and Ro-
hani, 2009).

(version 1.8.0; Frigo and Johnson, 2005) to examine the relationship between

the boosting coefficient and the frequency of simulated outbreaks. The inter-

val between outbreaks increased (reduced frequency) with greater boosting

coefficients (Figure 3.5A).

To compare cyclical effects of natural immune boosting to any seasonal

effects on transmissibility, I allow infectiousness to vary sinusoidally, substi-

tuting β in equation 3.2 with,

β(t) = β0 [1 + β1 cos(2π t− φ)] , (3.4)

where β0 is the mean transmission parameter, β1 ∈ [0, 1] the proportional

amplitude of seasonal forcing, φ ∈ [0, 2π) a phase offset, and t is time meas-
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Figure 3.4: Simulations with different boosting coefficients. A Simulated pro-
portions in each compartment, in simulations with a basic reproduction ratio,
R0 = 1.6, and a critical boosting coefficient threshold, ψ∗ = 1.18. Recovered sub-
compartments R1 to R3 are entered in order, with R1 representing those with the
greatest expected time before returning to susceptibility. B Infectious–susceptible
planes for simulations with the same parameters as above. Black loops indicate
limit cycles. In each plot, birth rate is 0.087 per year, mean generation time is 7.5
days, and mean immune duration without boosting is 400 days.

ured in years. I generated qualitatively indistinguishable patterns of incid-

ence in simulations with no seasonal forcing and a large boosting coefficient,

and in those with seasonal forcing and no immune boosting (see the period

before simulated intervention in Figure 3.6). With intermediate values, if

the frequency of seasonal forcing was close to the resonant frequency of the

unforced system then stable annual outbreaks were seen (strong signals cor-

related with annual or biennial outbreaks for a range of boosting coefficients

in Figure 3.5B). Simulations with more immune boosting required greater

mean transmissibility to generate equivalent incidence patterns. Greater im-

mune boosting led to greater proportions in the first resistant compartment

during each outbreak. This was followed by a rapid, synchronized return to

susceptibility between outbreaks. The proportion susceptible was smaller in
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Figure 3.6: Simulated interventions. Left-hand plots show incidence for a series
of simulations. Right-hand plots show proportions in the susceptible and resist-
ant compartments for each simulation. The shaded grey area represents a period
when the transmission coefficient is reduced for a non-pharmaceutical interven-
tion.
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simulations with more immune boosting, which is an expected consequence

of a larger basic reproduction ratio.

I simulated adoption of non-pharmaceutical interventions by transiently

reducing the transmission parameter by twenty per cent (shaded grey area

in Figure 3.6). In all simulations, non-pharmaceutical interventions led to a

reduction in incidence and an increase in the proportion susceptible. Once

non-pharmaceutical interventions were lifted, simulations with the greatest

boosting coefficient (and the greatest basic reproduction ratio) exhibited the

largest and soonest rebound outbreaks.

3.6 Fitting model parameters

Using Castro and de Boer’s (2020) scaling method I found that model para-

meters with seasonal forcing were not uniquely identifiable from prevalence

data unless the immune waning rate, ω, was known (see supplementary

text A.3). I therefore explored a range of scenarios between ω = 0.1/year

(assuming a mean duration of immunity of ten years without boosting), and

ω = 6/year (mean immunity of two months). I fit two additional parameters

to represent the proportional reduction in transmission when the stringency

index exceeded 50 and when it returned to less than 50, and a parameter to

represent the proportion of all infections that are reported,

β(t) = β′(t) β0 [1 + β1 cos(2πt− φ)] , (3.5)

β′(t) =


1, t < 21 March 2020,

β′1, 21 March 2020 ≤ t < 8 August 2021,

β′2, 8 August 2021 ≤ t,

(3.6)

where β′1 and β′2 are coefficients to identify.



3. Natural immune boosting with rapidly waning immunity 102

I used the parallel-tempered mcmc method (Syed et al., 2022) implemen-

ted in Pigeons.jl, (version 0.4.1; Surjanovic et al., 2023). I generated five

chains of fitted parameters for each value of ω. Chains that failed to gener-

ate at least 512 samples or that showed a log likelihood consistently below

other chains’ results were classified as failing and were discarded. I gen-

erated a simulated weekly incidence for each sampled parameter set, and

calculated the median and central 90% CrI for the incidence from these sim-

ulations.

3.7 Results for respiratory syncytial virus in Scotland

Between 2016 and 2019, rsv diagnoses in Scotland peaked each year between

November and January (Figure 3.7A). There was a secular trend of increas-

ing numbers of diagnoses each year, from 3100 to almost 5000 (as outbreaks

span calendar years, I count each year’s cases from 1 April onwards). In the

twelve months from April 2020, 61 rsv infections were reported. In 2021,

case numbers started to increase in August, leading to an earlier peak in rsv

diagnoses but a total number similar to pre-pandemic years (3581 cases).

In 2022, reports started in June and the total number of cases reported was

7331. Results stratified by age group (Figure 3.7B) showed greater numbers

of diagnoses in 2022 for all age groups, suggesting that reinfection was an

important contributor to the size of that year’s outbreak.

Prior predictive plots showed greater predicted incidence with greater

immune waning rates (Figure B.14). Simulations with immune waning rates

up to 0.2/year predicted a very low incidence. Chains for fitting paramet-

ers with low waning rates did not mix as well as those with greater wan-

ing rates (Figures B.15 to B.21). Despite this, each simulation with fitted

parameters mostly gave qualitatively good fits to the data (Figure 3.8A). In
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Figure 3.7: Incidence of laboratory-confirmed respiratory syncytial virus infection
in Scotland. A Weekly incidence. The grey shaded area represents the period of
high stringency index (>50) in Scotland. B Cumulative incidence (from April each
year) stratified by age.

terms of model likelihood, parameters for ω = 0.1/year had the best fit,

but these chains were also most likely to fail, apparently because the prior

probability of such extreme basic reproduction ratios was very low. These

parameters gave a median basic reproduction ratio of 27 (90% CrI 24, 33).

Models with more rapid immune waning had progressively lower median

basic reproduction ratio estimates. The simulation with ω = 1/year had

the greatest proportional magnitude of seasonal forcing in transmissibility,

β1 = 0.178 (90% CrI 0.175, 0.182), and the lowest immune boosting para-
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Figure 3.8: Fitted parameters and model outputs for respiratory syncytial virus
transmission in Scotland. A Purple lines show simulations using fitted paramet-
ers for a range of waning rates (ω). The grey shaded area represents the period
of high stringency index (>50) in Scotland. Black dots show recorded incidence.
B Median and central 90% credible intervals of fitted parameters for a range of
waning rates. R0, basic reproduction ratio; ψ, boosting coefficient.

meter, ψ = 0.0013 (90% CrI 0.0001, 0.0057). The greatest boosting parameter

was for the simulation with ω = 10/year, ψ = 820 (90% CrI 790, 850). All

simulations with ω ≥ 2/year had a fitted boosting parameter greater than

1.

The fitted effect of the greater stringency index varied with rates of im-

mune waning. For a waning rate of ω = 0.4/year, the estimated effect of
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non-pharmaceutical interventions was a 43 per cent (90% CrI 42, 44%) re-

duction in transmission. If ω = 2/year, the estimated effect was a 26 per

cent (90% CrI 26, 29%) reduction.

3.8 Discussion

These results suggest that natural immune boosting to viral respiratory-tract

infections with rapidly waning immunity could lead to synchrony in pop-

ulation immunity and susceptibility. With sufficient boosting, this could

cause periodic peaks of infection even with no seasonal changes in trans-

missibility. At lower levels of immune boosting, these inherent oscillations

could resonate with, and amplify, effects of seasonal changes.

I demonstrated that observed patterns of rsv infections, before and after

restrictions for sars-cov-2, could be consistent with a very wide range of

boosting coefficients. Modelled scenarios included possibly implausible

parameters, such as those requiring a basic reproduction ratio greater than

20 or a boosting coefficient of 800. Nevertheless, within a plausible range of

parameters, significant variation in levels of natural immune boosting were

possible. The relationship between these parameters showed that mischar-

acterization of immune boosting could lead to errors in estimates of other

parameters. If the effect of immune boosting were assumed to be lower

than it is, we could underestimate the pathogen’s basic reproduction ratio,

and underestimate the magnitude of reduction in transmission required to

control spread.

Synchronous and oscillatory dynamics are widely recognised in epi-

demiology (Earn et al., 1998), and more broadly across biological processes

(Strogatz, 2018). Even when disease dynamics tend toward stability, if peri-

odic environmental effects resonate with the system’s intrinsic oscillations,
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this can lead to large seasonal variation in the incidence of infection (Dushoff

et al., 2004). In systems without immune boosting, more frequent outbreaks

are predicted when susceptible numbers are rapidly replenished by high

birth rates (Earn et al., 2000; Grenfell et al., 2001) or short durations of im-

munity (Dushoff et al., 2004; Wilson and Worcester, 1945). If these rates are

non-constant then outbreaks may synchronize with the susceptible replen-

ishment. For instance, seasonality of animal birth rates contributes to oscil-

latory dynamics of their diseases (Hosseini et al., 2004). In my model, the

effective rate of immune waning is inversely related to the prevalence of in-

fection (boosting prolongs immunity). Immune boosting reduces the return

to susceptibility during outbreaks. These outbreaks are followed by more

rapid immune waning, and synchrony in the return to susceptibility, prim-

ing the population for another large outbreak. Dafilis et al. (2012) found that

increasing life expectancy in a model of boosting immunity to B. pertussis

led to oscillatory dynamics. In their model, birth and mortality rates were

fixed to be equal so increasing life expectancy equivalently reduced the birth

rate. This increased the relative contribution of immune waning to the size

of the susceptible compartment, in a similar way to increasing the waning

rate (reducing the duration of immunity) does in my model.

Oscillatory behaviour in disease dynamics may be desirable if it is suf-

ficiently extreme to cause local elimination of a microparasite (Earn et al.,

1998). However, for viruses such as rsv with rapidly waning immunity

and globally high prevalence, reintroduction is expected to occur so readily

that local elimination is impossible (Agoti et al., 2015). Rather than bene-

fiting from oscillations, large peaks in numbers infected may overwhelm

healthcare systems, and public health authorities may instead need to direct

efforts to ‘flattening the curve’. This motivated some interventions dur-

ing the covid-19 pandemic (Kenyon, 2020). The potential for an outbreak
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driven by the return to susceptibility suggests a possible strategy for repeat

vaccination to be timed with the nadir of the force of infection. Explicit

consideration of the balance between the effects of immune waning and sea-

sonal forcing would be needed to determine optimal vaccination strategies

(vaccination strategies in the presence of immune boosting are explored in

Chapter 4).

Considering rsv specifically, two monoclonal antibodies and two vac-

cines have recently been licensed in the uk (UK Health Security Agency,

2024a). The global need to reduce the burden of rsv infection is clear. It

caused an estimated 100 000 childhood deaths in 2019 (Li et al., 2022) and

causes up to a quarter of excess winter deaths among adults (Thompson

et al., 2003). Modelling suggests that both the monoclonal antibodies and

vaccination would be cost effective (Hodgson et al., 2020, 2022). These mod-

els did not include natural immune boosting. If a widespread intervention

among infants reduced exposure to the virus among adults, this could po-

tentially cause a paradoxical increase in infection due to reduced immune

boosting, similar to that reported for measles and mumps (Yang et al., 2020).

rsv tends to be under-diagnosed among adults, including those with severe

disease, due to its non-specific symptoms (Zheng et al., 2022). Since Septem-

ber 2024, vaccination against rsv is routinely offered to pregnant women

and adults aged 75 to 79 years in the uk (UK Health Security Agency, 2024a).

Systematic surveillance for rsv infection among adults admitted to hospital

with acute respiratory-tract infections may be needed to identify any unin-

tended consequences of reducing transmission among infants.

This analysis has many simplifying assumptions. I assumed all-or-none

immunity, with those whose immunity waned being indistinguishable from

those who were immune-naı̈ve. I also assumed all-or-none immune boost-

ing that either fully returned immunity or did not affect it. These do not
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reflect realistic patterns of immunity for rsv, influenza (Fonville et al., 2014),

or sars-cov-2 (COVID-19 Forecasting Team, 2023). This model also neglects

clinically-important protection against severe disease and death, which per-

sist after mucosal immunity to infection has largely waned (Moore et al.,

2023). Even while systemic protection against severe disease persists, mu-

cosal immunity can wane sufficiently for infectious virus to be present in

respiratory secretions (Russell and Mestecky, 2022).

I assumed that effects of starting and stopping non-pharmaceutical in-

terventions were immediate, but during the covid-19 pandemic levels of en-

gagement with restrictions varied over time (Smith et al., 2022). My model

differs from many rsv-specific models that include distinct sequential sus-

ceptible, infectious and immune states to represent accumulating effects of

re-exposure (Lang, 2022). I assumed the pathogen was homogeneous, with

no variation in strains and no evolution over time. Even for rsv, in which

the immunogenic F protein is highly conserved (Ascough et al., 2018), this

may not accurately capture all relevant effects, as the dominant rsv group

varies between outbreaks (Holmdahl et al., 2024; Waris, 1991).

In models with sirs dynamics, loss of immunity due to waning is equi-

valent to loss of immunity due to pathogen evolution (Gomes et al., 2004).

Given that exposure to new strains of influenza virus can boost immune re-

sponse to multiple previous strains (Fonville et al., 2014), it may be plausible

that a similar equivalence exists for this model of immune boosting. Altern-

atively, if a new variant caused infection rather than boosting immunity to

previous variants then the model would need to distinguish between im-

munity lost due to waning vs. immunity lost due to virus evolution.

Mathematically, I showed that identification of model parameters re-

quired knowledge of the waning rate or observation of each resistant com-

partment size. These compartments are intended as a discrete abstraction
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of continuous changes in immunity. Serial measurements of immune mark-

ers such as antibodies and T cells could offer a practical approach toward

estimating how immunity changes over time. If we assume a relationship

between markers of immunity and the discrete resistant compartments, this

could allow estimation of all parameters.

The wide range of plausible boosting coefficient values in our model

replicates general uncertainty about dynamics of rsv transmission. White

et al. (2007) were able to fit dramatically contrasting models to rsv datasets,

including one with lifelong partial immunity and R0 = 9.3, and another

with expected immunity lasting less than 7 months and R0 = 1.3. Baker

et al.’s (2020, 2022) model of the effects of non-pharmaceutical interventions

on transmission produced qualitatively equivalent results to my model, but

assumed lifelong immunity and R0 ≈ 7. Each model specification and set

of parameters can lead to different predictions for disease dynamics. Un-

derestimating natural immune boosting leads to underestimates of trans-

missibility and overestimates of the effect on incidence of a reduction in

transmission. It is therefore vital to establish more robust understanding of

natural immune boosting for respiratory-tract infections to inform success-

ful disease control interventions.

3.9 Data and code

Data used in this analysis are available at https://www.opendata.nhs.

scot/dataset/viral-respiratory-diseases-including-influenza-

and-covid-19-data-in-scotland/resource/5032c2b9-a206-4024-9536-

5fdf345c8483, released under the Open Government Licence for public

sector information.

Code to reproduce the analysis in this chapter is available at

https://www.opendata.nhs.scot/dataset/viral-respiratory-diseases-including-influenza-and-covid-19-data-in-scotland/resource/5032c2b9-a206-4024-9536-5fdf345c8483
https://www.opendata.nhs.scot/dataset/viral-respiratory-diseases-including-influenza-and-covid-19-data-in-scotland/resource/5032c2b9-a206-4024-9536-5fdf345c8483
https://www.opendata.nhs.scot/dataset/viral-respiratory-diseases-including-influenza-and-covid-19-data-in-scotland/resource/5032c2b9-a206-4024-9536-5fdf345c8483
https://www.opendata.nhs.scot/dataset/viral-respiratory-diseases-including-influenza-and-covid-19-data-in-scotland/resource/5032c2b9-a206-4024-9536-5fdf345c8483
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https://github.com/markgpritchard/ImmuneBoostingODEs.

https://github.com/markgpritchard/ImmuneBoostingODEs


Chapter Four

Should natural immune boosting inform vaccination
schedules for healthcare workers?

Healthcare workers are highly exposed to respiratory infections (Mo et al.,

2021; Quigley et al., 2021; Xiao et al., 2020). In the first year of the covid-19

pandemic they had the greatest excess mortality of any occupation group

in England and Wales (Matz et al., 2022). Healthcare workers’ vulnerability

differs from that of other groups at high risk of severe disease. Most in-

dividuals prioritized for vaccination against sars-cov-2 are expected to be

vulnerable to severe disease if infected (UK Health Security Agency, 2023).

Healthcare workers do not necessarily share this elevated risk (although

some healthcare workers will also be in a clinical risk group; Suárez-Garcı́a

et al., 2020). Instead, the risk for healthcare workers relates to their high level

of exposure to the virus and high probability of infection.

When the uk’s covid-19 vaccination programme started in December

2020, healthcare workers were among the first priority groups to be vac-

cinated (Hall et al., 2021). For primary vaccination, two doses were given

three months apart (UK Health Security Agency, 2023). By September 2021,

six months had passed since many healthcare workers had received their

second dose. Concerns about waning immunity and spread of the Omicron

variant led to roll-out of a third dose from September 2021 (Hall et al., 2024).

111
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In Chapter 3 I used a mathematical model to explore potential effects

of immune boosting by re-exposure to a microparasite that induces rapidly-

waning immunity. In that model, boosting could lead to a lower prevalence

of infection. Immune boosting also led to cycles of infection as numbers

in the most-immune compartment increased during outbreaks, followed by

an increase in susceptibility as immunity simultaneously waned, fuelling a

subsequent outbreak.

The force of infection experienced by healthcare workers need not be

proportional to the prevalence of infection among their colleagues. Even if

most healthcare workers were immune, they could experience a high force

of infection from contact with patients. This could allow a situation in which

immune boosting by a consistently high force of infection maintained a low

level of susceptibility and a low incidence of infection among healthcare

workers.

Immunity following vaccination against influenza can wane within a

season (Domnich et al., 2024; Rambhia and Rambhia, 2019). This suggests

that people should not be vaccinated too early in the season (unless within-

season repeat vaccination is available). However, with sufficient immune

boosting, we might prefer to recommend early vaccination that will be main-

tained by re-exposure to the virus. This leads to two related questions:

1. What is the effect of natural immune boosting on healthcare workers’

immunity to sars-cov-2? and,

2. If re-exposure to respiratory viruses substantially increases immunity

without causing infection, how should this affect vaccination sched-

ules?

In this chapter I explore how natural immune boosting and vaccination

might interact in a series of simulations. I use publicly available data from
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acute nhs hospitals in the Midlands of England between March 2020 and

June 2022 to inform a compartmental model of infections among health-

care workers. I use this to explore counterfactual booster vaccination pro-

grammes for healthcare workers starting between July and November 2021.

4.1 Background and data

Vaccination

The first mass vaccination programme against sars-cov-2 started in the uk

on 8 December 2020 (BBC News, 2020c). Healthcare workers started being

vaccinated that very day (Hall et al., 2021). They first became eligible for

booster doses from 16 September 2021 (ibid.).

Trials of the BNT162b2 (Polack et al., 2020) and mRNA-1273 (Baden et

al., 2021) vaccines both found little effect on incidence in the first ten days

after vaccination. In their trial of the ChAdOx1 vaccine, Voysey et al. (2021)

assumed no effect in the first fourteen days after vaccination so excluded

events during that period from their analysis. The SIREN study of 20 thou-

sand staff at nhs hospitals in England included questions on vaccination

history (Hall et al., 2021). That study estimated that BNT162b2 had an ef-

fectiveness among healthcare workers of 70 per cent twenty-one days after a

first dose, and of 85 per cent seven days after a second dose (ibid.). Effective-

ness after a third dose in the booster programme from September 2021 was

estimated as 63 per cent against the Delta variant and 35 per cent against the

Omicron variant (Hall et al., 2024). Protection against the Omicron variant

waned within four months. The ChAdOx1 vaccine was estimated to have a

lower effectiveness, but this was received by only eight per cent of SIREN

study participants (Hall et al., 2022).

In Wales, uptake of the sars-cov-2 vaccine among healthcare workers



4. Immune boosting for healthcare workers 114

was rapid until February 2021, at which time 69 per cent had received at

least one dose (Bedston et al., 2022). Coverage then increased more gradu-

ally, with 85 per cent receiving at least one dose by June 2021. By April

2022, 68 per cent of frontline healthcare workers across England had re-

ceived three doses of the sars-cov-2 vaccine (UK Health Security Agency,

2022a).

Testing and isolating healthcare workers

A pilot of routine testing of asymptomatic nhs staff was conducted in late

2020 (NHS England, 2020). Throughout 2021, asymptomatic staff were ex-

pected to test themselves twice weekly with sars-cov-2 rapid antigen tests

(NHS England, 2021d). Isolation rules for healthcare workers changed sev-

eral times during the covid-19 pandemic. At the start of 2021, healthcare

workers needed to isolate away from work for ten days if they tested posit-

ive for sars-cov-2 infection (UK Health Security Agency, 2022b). They also

needed to isolate if they were close contacts of someone with sars-cov-2.

Any contact while wearing appropriate personal protective equipment –

which most contacts in healthcare settings were assumed to be – did not

lead to isolation. From 16 August 2021, healthcare workers who were con-

tacts of an infected individual did not need to isolate if they were fully

vaccinated and had daily negative tests for sars-cov-2 antigen (NHS Eng-

land, 2021b). From 17 January 2022, healthcare workers who had tested

positive for sars-cov-2 could return to work within ten days if they were

consistently testing negative for sars-cov-2 antigen (NHS England, 2022b).

Numbers of patients and healthcare workers with covid-19

NHS England (2022a) published daily covid-19 situation data for all nhs

hospitals in England from 2 April 2020. Data included total numbers of beds
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occupied, numbers of beds occupied by a patient with a positive sars-cov-2

test, numbers of staff working in the hospital, and numbers of staff absent

due to sars-cov-2 infection or exposure. I estimated proportions of infec-

tious patients as the ratio of numbers of beds occupied by patients with

confirmed sars-cov-2 and total numbers of occupied beds, and proportions

of isolating healthcare workers from numbers of staff absent due to infection

or exposure to sars-cov-2 and total numbers of staff.

4.2 Causal estimands

Effect of immune boosting on healthcare workers’ immunity

Assume that the force of infection experienced by healthcare workers is a

function of proportions of infectious healthcare workers, patients, and mem-

bers of the community. This force of infection is expected to cause infections

among susceptible healthcare workers. They will go on to become immune.

The hypothesis of natural immune boosting suggests that the force of infec-

tion can also prolong immunity without causing infection (as in the model

in Chapter 3).

Figure 4.1 represents causal relationships of infections, and immune

waning and boosting for staff in one hospital. Subscript numbers represent

times as generations of the virus’s reproduction, so the relationship between

numbers of infectious healthcare workers at time k and k + 1 is explained

by transmission, not by individuals remaining infectious over multiple time

points. The diagram shows four time points, but healthcare workers’ im-

munity should be assumed to be dependent on many previous generations

of infections. The force of infection for healthcare workers and the propor-

tion immune are explicitly represented on the causal diagram. They are

shown in circles to signify that they are unobserved. Equivalent intermedi-



4. Immune boosting for healthcare workers 116

ic0 ip0 ih0

x0 λ0 rh0

ic1 ip1 ih1

x1 λ1 rh1

ic2 ip2 ih2

x2 λ2 rh2

ic3 ip3 ih3

x3 λ3 rh3

ic4 ip4 ih4

Figure 4.1: Causal diagram showing relationships between numbers of infectious
patients (ip), healthcare workers (ih), and members of the community (ic), and
immunity among healthcare workers (rh). Subscript numbers represent times in
multiples of the virus’ generation interval. The force of infection experienced by
healthcare workers is λ, and x is a vector of covariates. Variables in circles are as-
sumed to be unobserved. Dashed red lines represent natural immune boosting.

ate steps would apply for infections in the community and among hospital

patients but explicitly listing them would not affect the conclusions drawn

about healthcare workers’ immunity. Connections between infectious com-

munity members and hospital patients also incorporate effects of infectious

individuals being admitted or discharged from hospital.

The dashed red line represents natural immune boosting. This is a direct



4. Immune boosting for healthcare workers 117

path from the force of infection to healthcare workers’ immunity, without

intermediate infections. For the objective of estimating the effect of natural

immune boosting, consider causal routes between the number of infected

patients at time t1 and the number of infected healthcare workers at time t3,

1. ip1 → λ1 → ih2 → λ2 → ih3,

2. ip1 → λ1 → ih2 → rh2 → ih3,

3. ip1 → ip2 → λ2 → ih3,

4. ip1 → ic2 → λ2 → ih3, and

5. ip1 → λ1 → rh2 → ih3.

Routes 1 and 2 are mediated by infections among healthcare workers, route 3

by infections among patients, and route 4 by infections in the community.

Route 5 operates via natural immune boosting. Without the unobserved

nodes these paths are,

1. ip1 → ih2 → ih3,

2. ip1 → ih2 → ih3 (identical to route 1),

3. ip1 → ip2 → ih3,

4. ip1 → ic2 → ih3, and

5. ip1 → ih3.

Route 5 has no observed intermediate steps. To estimate the magnitude of

natural immune boosting as a ‘direct effect’, we would need to adjust for the

‘mediators’, ih2, ip2 and ic2. However, there is mediator–outcome confound-

ing via ih1 (see VanderWeele, 2015). Following Greenland et al.’s (1999) rules

for causal diagrams, if we attempted to close route 1 by controlling for ih2,

we open a path,

ip1 → λ1 → ih2 ← rh1 → rh2 → ih3,
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as ih2 is a collider (the box around ih2 indicates that the variable is being

controlled for in the analysis).

Without being able to observe the force of infection or the immunity of

healthcare workers, it is impossible to account for the mediator–outcome

confounding and calculate the direct effect of immune boosting. I therefore

use an epidemic model that estimates the force of infection and immunity

among healthcare workers. This model has a coefficient for the magnitude

of natural immune boosting as a proportion of the force of infection. I use

estimates of this coefficient as an estimate of the effect of immune boosting.

Effect of changing booster vaccination dates

In this chapter I use hospital-level data and consider hospitals as units being

treated. The intervention is a booster vaccination programme, lasting for 90

days. Let A = {−2,−1, 0, 1, 2} represent policies of starting the vaccination

programme between two months sooner than the actual start on 16 Septem-

ber 2021, and two months later. Let Ψ = ψ represent the immune boosting

coefficient.

Staff at all nhs hospitals in England were eligible for booster vaccination

at the same time. I do not have access to daily uptake data per hospital,

so methods such as target-trial emulation (Hernán et al., 2008) are not pos-

sible. By varying the date of vaccination in an epidemic model I can explore

outcomes with counterfactual vaccination dates.

The model assumes that vaccination is effective at moving individuals

from susceptibility or waned immunity to the fully-immune state. It is

trivial to deduce that vaccination in July reduces the number of infections in

July and August, compared to starting vaccination in September. For each

scenario, I assume the same rate of vaccination and the same duration of

the vaccination programme. I estimate the effect of vaccination on the total
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number of infections among healthcare workers between the start of July

2021 and the end of June 2022. Let,

Yj :=
30 June 2022

∑
x=1 July 2021

ihxj, (4.1)

where Yj is the total number of infections in hospital j and ihxj is incidence

among healthcare workers in hospital j at time x. Then YA=a, Ψ=ψ
j is the

potential value of Yj if the hospital followed a policy A = a, and the immune

boosting coefficient Ψ = ψ. The potential force of immune boosting is not

amenable to manipulation but the value of the boosting coefficient can be

varied between simulations. Here, I explicitly state it in the notation for

potential outcomes. The causal effect of a vaccination programme A = a is,

[
τa j | Ψ = ψ

]
= YA=a, Ψ=ψ

j −YA=0, Ψ=ψ
j . (4.2)

4.3 Description of the model

The model in this chapter is a modified discrete-time version of the pre-

vious chapter’s model. Added compartments represent an exposed (lat-

ent) period and a ten-day isolation period following diagnosis (Figure 4.2).

For this model, I focus on the effect of the force of infection on health-

care workers. I do not attempt to model the effect of infectious healthcare

workers on infections among patients (Cooper et al., 2023, found that very

few sars-cov-2 infections among patients were directly caused by infectious

healthcare workers).

Susceptible healthcare workers are exposed to a force of infection from

infectious healthcare workers, patients, and people in the community. Let

nc be the population size of the community, npj the number of patients in

hospital j, and nhj the number of healthcare workers at hospital j, each of

which is constant over time. Let ict be the number of infectious community



4. Immune boosting for healthcare workers 120

ic

i′1hj

i′2hj

1

i′3hj

1

.

.

.

1

i′10hj

1

shj

ehj

λ

ihj

ρ

r1hj

γ

r2hj

3ω

r3hj

3ω

ipj

ν

γ θ
1−θ

1

ν

ψ λ

ν

ψ λ

3ω

Figure 4.2: Model flow chart. Compartments of healthcare workers are, s, suscept-
ible; e, exposed (latent period); i, infectious, i′, diagnosed and isolating; r, resistant
(immune). Infectious community members, ic, and patients, ip, contribute to the
force of infection, but their infection and recovery are not modelled. The purple
shaded rectangle contains compartments within the hospital. Events that occur in
proportion to the force of infection are represented by dashed red lines. See text
for parameter definitions.

members at time t, ipjt the number of infectious patients, and ihjt the number

of infectious healthcare workers who are not isolating at home. The force of

infection experienced by healthcare workers is,

λjt := βct
ict

nc
+ βhj

ihjt

nhj
+ βpj

ipjt

npj
, (4.3)

where β coefficients represent infectiousness from each infectious source.

The community transmission coefficient can vary over time. The healthcare

worker and patient transmission coefficients vary between hospitals but are

assumed constant over time. The probability of infection for a healthcare
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worker during a period (k, k + ∆t) is,

λ′jt = 1− exp
(
−λjt ∆t

)
. (4.4)

I run the model with a daily time interval so ∆t = 1.

To avoid exponential terms of constant values, I transform transition

probabilities that do not depend on the force of infection. Undiagnosed in-

fectious healthcare workers have a probability, θ ∈ (0, 1), of being diagnosed

before recovering and a recovery rate of γ. To maintain the mean infectious

period for those who are not diagnosed as 1/γ and the total probability of

diagnosis as θ, the daily probability of diagnosis before recovery is,

θ′ = θ

(
1− exp

(
−γ

1− θ

))
, (4.5)

and the daily probability of recovery before diagnosis is,

γ′ = (1− θ)

(
1− exp

(
−γ

1− θ

))
. (4.6)

When diagnosed, healthcare workers isolate away from the hospital for ex-

actly ten days. This isolation is represented by a series of ten sequential

isolating compartments, i′1hj to i′10hj. While isolating, healthcare workers do

not contribute to the force of infection in the hospital but are still counted in

the (constant) cohort size, nhj.

Immunity is represented by three sequential compartments, r1hj to r3hj

(as in Chapter 3). Immunity wanes between compartments at a rate 3ω,

ω ∈ (0, 1/3], and can be boosted by natural immune boosting or vaccination

at a rate,

φjt = 1 + (νjt − 1) exp
(
−ψ λjt

)
, (4.7)

where ψ is the boosting coefficient, and νjt is the time-varying vaccination



4. Immune boosting for healthcare workers 122

rate.1 Disease dynamics for healthcare workers are therefore described by,

shj(t+1) =
(

1− λ′jt − νjt + νjt λ′jt

)
shjt + 3ω

(
1− φjt

)
r3hjt,

ehj(t+1) = (1− ς) ehjt + λ′jt shjt,

ihj(t+1) = (1− γ′ − θ′) ihjt + ς ehjt,

i′1hj(t+1) = θ′ ihjt,

i′khj(t+1) = i′(k−1)hjt, k ∈ {2, 3, . . . , 10},

r1hj(t+1) =
(
1− 3ω + 3ω φjt

)
r1hjt + νjt (1− λ′jt) shjt

+ γ′ ihjt + i′10 hjt + φjt
(
r2hjt + r3hjt

)
,

r2j(t+1) =
(
1− 3ω− φjt + 3ω φjt

)
r2hjt + 3ω (1− φjt) r1hjt,

r3hj(t+1) =
(
1− 3ω− φjt + 3ω φjt

)
r3hjt + 3ω (1− φjt) r2hjt,



(4.8)

where e represents the number exposed who are in the latent (pre-infectious)

period, and 1/ς is the mean duration of the latent period. Terms such as,

+νjt λ′jt, avoid double-counting of individuals who experience two events

during an interval [k, k + ∆t]. The term +3ω φjtr1hjt in the equation for

r1hj(t+1) accounts for individuals who both waned to r2hj then were boosted

within the time interval [k, k + ∆t].

Vaccination rates

The modelled vaccination rate, νjt, is intended to move people to immunity

ten days later than their vaccination date. It is therefore equal to 0 until ten
1Vaccination coverage (the proportion of eligible people who are vaccinated) is

sometimes described as a ‘vaccination rate’. Here, νjt is the rate (number per unit
time) at which healthcare workers become vaccinated.
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days after vaccination became available on 8 December 2020. I use,

νjt =



0.035, 18 December 2020 ≤ t ≤ 3 January 2021,

0.055, 8 January 2021 ≤ t < 28 January 2021,

0.025, 28 January 2021 ≤ t ≤ 15 February 2021,

0.0125, ξ ≤ t < ξ + 90,

0, otherwise,

where ξ is 10 days after the start date of the booster vaccination programme.

These rates give a pattern similar to that seen for the initial vaccine roll-out

among SIREN-study participants (Hall et al., 2021) and result in 89 per cent

of healthcare workers being vaccinated by 5 February 2021 (immune by 15

February). The rate for the booster vaccination programme results in 64 per

cent of healthcare workers receiving a booster vaccine (Figure B.22).

4.4 Modelled outcomes

In each case, ς = 0.5/day and γ = 0.2/day so the generation time of the

virus is 7 days, and ω = 0.01/day giving an immune duration of 100 days

without boosting. In simulations I set θ = 0.5 so half of all infectious health-

care workers are diagnosed and isolated.

Simulation with sinusoidal changes in force of infection

In the first simulation, I generate a sinusoidal force of infection, β j = βpj = 0,

ict = nc = 1, λjt = βct = 0.01 + 0.005 cos(2π (t− 31)/365), where t is days

since 1 January 2020 and the force of infection peaks on 1 February each year.

This force of infection is independent of the number of infected healthcare

workers. I produced five simulations with immune boosting coefficients

between 0 and 10 (Figure 4.3A).
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Figure 4.3: Simulated compartments. A Simulation with a sinusoidal force of in-
fection that is independent of numbers of infected patients or healthcare workers.
B Simulation with a force of infection experienced by healthcare workers with
parameters for infection from the community, infected patients and other health-
care workers. In each, the top row shows the proportions susceptible, infected (in-
cluding latent period, undiagnosed and diagnosed) and resistant, the second row
shows the per capita force of infection experienced by healthcare workers, and
the third row shows the proportion of the force of infection caused by infectious
healthcare workers. Columns represent different modelled boosting coefficients.

Simulation with infection from community, patients and healthcare workers

For the second simulation I used recorded prevalence of sars-cov-2 infec-

tion in the community and one hospital’s recorded numbers of diagnosed

patients. I set β j = βpj = 0.075, βct = 0.02. Some of the force of infection
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was generated by infectious healthcare workers, but most was from patients

and the community (Figure 4.3B).

Parameters fit to data from one hospital

I assumed that all healthcare workers were initially susceptible. I assumed

that the force of infection from the community was related to the level of

intervention in place to reduce transmission in the community,

βct = max(0, α1 + α2 κt), (4.9)

where κt is the stringency index (see page 15) on day t. The prior dis-

tribution for α1 was normally distributed, α1 ∼ N (0.2, 1), and truncated,

α1 ∈ (−1, 10), so that the mcmc algorithm would not explore extremely

negative values of α1 that would not affect the transmission parameter. The

prior distribution for α2 was also normally distributed, α2 ∼ N (0.1, 0.1),

and truncated, α2 ∈ (0, 10), to ensure that greater stringency did not cause

a greater force of infection. Prior distributions for β j, βpj and ψ were each

Exponential(1), and for θ was Beta(1, 1).

Parameters fit to data from multiple hospitals

Parameters were fit for multiple hospitals in the same way as for a single

hospital. Additionally, β j and βpj parameters were selected from a hier-

archical model. For each there was assumed to be a shared mean parameter

across all hospitals, with additional parameters related to the heated volume

of the hospital and proportion of beds in side rooms (variables found to be

associated with extent of transmission in hospitals by Cooper et al., 2023).

Each hospital’s transmission coefficients were sampled from a normal distri-

bution with this calculated mean, truncated to ensure all β coefficients were

greater than 0.
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Estimating effect of changing vaccination dates

I re-ran simulations with counterfactual vaccination start dates between two

months sooner and two months later than the actual start in September

2021. When using fitted parameters, I ran simulations with each sampled

parameter set for each counterfactual vaccination start date and report the

median and central 90 per cent of outputs.

4.5 Effect of changing vaccination dates in simulations with

different levels of natural immune boosting

Simulation with sinusoidal changes in force of infection

Figure 4.4A shows cumulative difference in incidence for simulations with

different start dates, each compared to starting on 16 September (which I

refer to as the ‘prime’ simulation). Simulations with earlier vaccination ini-

tially had fewer infections. Simulations with later vaccination diverged from

the prime simulation on 26 September 2021 when that simulation started to

show the effect of vaccination.

With no immune boosting, ψ = 0, all counterfactual simulations had a

greater total number of infections by July 2022 than the prime simulation.

With greater levels of immune boosting, the initial effect of earlier vaccin-

ation was reduced and the final (by July 2023) effect of early vaccination

was reversed, showing a lower total number of infections with early vac-

cination and a large boosting coefficient. Initial differences caused by later

vaccination were also reduced, but by July 2023 each simulation with later

vaccination and immune boosting had a greater total number of infections

among healthcare workers than the simulation with no immune boosting.
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Figure 4.4: Cumulative difference in incidence for simulated compartments,
compared to a simulation with vaccination of healthcare workers starting on 16

September 2021. In each plot, the prime simulation and the counterfactual have
the same immune boosting coefficient, ψ, as shown at the top of each column. A
Simulations with a sinusoidal force of infection. B Simulations with a force of in-
fection experienced by healthcare workers with parameters for infection from the
community, infected patients and other healthcare workers.

Simulation with infection from community, patients and healthcare workers

The simulation with infections caused by community members, patients and

healthcare workers initially showed broadly similar results (Figure 4.4B) but

simulations without immune boosting and a later start to the vaccination

programme ended with a net reduction in the total number of infections.

Greater levels of immune boosting had the equivalent effect as in the pre-
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vious set of simulations. Simulations with earlier vaccination and more

boosting had a net reduction in total numbers of infections, and those with

later vaccination had a net increase in infections.

Varying the immune boosting coefficient affected the magnitude of the

effect of vaccination (Figure 4.5). With lower values of ω (longer-lasting

immunity without boosting), there are fewer infections than in simulations

with more rapidly waning immunity. The trend that earlier vaccination

leads to fewer infections in the presence of natural immune boosting is

seen across all simulations. The results for later vaccination are less consist-

ent. For simulations with immunity lasting for 500 days without boosting,

greater levels of boosting lead to fewer infections for all vaccination dates,
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and later vaccination leads to more infections than earlier vaccination across

all values of the immune boosting coefficient.

4.6 Results

Data from one hospital

Not all chains mixed well. The well-mixed chains are shown in Figure B.23.

Fitted parameters for the model with one hospital’s data were βhj = 0.013

(90% CrI 0.0010, 0.059), βpj = 0.031 (90% CrI 0.029, 0.033), α1 = −0.50 (90%

CrI −0.96, 0.61), α2 = 0.040 (90% CrI 0.022, 0.054), θ = 0.97 (90% CrI 0.91,

0.996). The median boosting coefficient was ψ = 5.2 (90% CrI 3.92, 6.80).

Modelled numbers of diagnosed healthcare workers are broadly similar to

the observed numbers, but the model has a large peak in prevalence in late

2020 followed by a rapid reduction in infections, and it underestimated the

size of the peak in early 2022 (Figure 4.6).

The proportion of the force of infection attributable to infectious health-

care workers varied over time. The 90% CrI included the possibility of a

very large proportion, but the median estimate was always less than 0.5.

Estimating the effect of changing the start time of vaccination gave a

similar result to the simulations. By July 2022, predictions for all vaccination

start dates had similar total numbers infected but each was slightly greater

than numbers predicted for a vaccination programme that started on 16

September 2021,

τA=−2, j=1 = 0.019, 90% CrI 0.0074, 0.029,

τA=−1, j=1 = 0.0080, 90% CrI 0.0014, 0.014,

τA=1, j=1 = 0.011, 90% CrI 0.0019, 0.020,

τA=2, j=1 = 0.042, 90% CrI 0.023, 0.060.
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Figure 4.6: Results for healthcare workers with parameters fitted to data from a
single hospital. A Size of each compartment in simulations using fitted paramet-
ers. B Total force of infection, λ and fraction of λ caused by community members,
λc, patients, λp, and other healthcare workers, λh. C Counterfactual scenarios
with different start dates for vaccination of healthcare workers. In each plot, the
dark line represents the median values and shading represents the central 90% of
values.

Data from all hospitals in the Midlands

Chains mixed well (Figures B.24 and B.25). Fitted parameters for most hos-

pitals give a good fit to observed numbers of cases (Figure B.26). The median

estimated boosting coefficient, ψ = 3.5 (90% CrI 3.3, 3.7), was lower than that

estimated for a single hospital, but still greater than 1, suggesting that boost-

ing occurred more readily among immune-waning healthcare workers than

infection did among susceptible staff. The trend for most hospitals matched

that for the single hospital (Figure 4.7). Almost all hospitals had greater

total numbers of infections in counterfactual scenarios than in the model

with vaccination starting on 16 September. Point estimates of total effects

were that two hospitals would have had fewer infections if vaccination had
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Figure 4.7: Counterfactual scenarios for different vaccination start dates with para-
meters fitted to data from all hospitals in the Midlands of England. A Median
estimated cumulative difference in incidence for simulations with different start
dates, each compared to starting on 16 September, with colours representing mean
number of absences per healthcare worker in the data between 1 July 2021 and 1

July 2022. B Median (black points) and central 90% range (black bars) predicted
difference in total numbers of infections against observed absences per healthcare
worker, with linear trend and 90% credible interval shaded.

been sooner, and one hospital would have had fewer infections if vaccina-

tion had started one month later. In general, hospitals with greater numbers

of absences among healthcare workers had smaller increases in numbers

of infections in scenarios with earlier vaccination, and greater increases in

scenarios with later vaccination.

4.7 Discussion

Simulations in this chapter suggest that understanding natural immune

boosting could be important for determining optimal schedules for boost-

ing vaccination against respiratory-tract viruses for healthcare workers. For
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pathogens with rapidly waning immunity, vaccination too soon or too late can

lead to greater total numbers of infections. A schedule that would lead to

greater numbers of infections in scenarios without immune boosting could

lead to fewer infections in those with a greater boosting coefficient. Equi-

valently, a time that was not too late without boosting could lead to a net

increase in infections in the presence of natural immune boosting.

Application of this model to numbers of infections in acute nhs hospit-

als in the Midlands of England suggested that starting booster vaccination in

July, August, October or November 2021, rather than September, would have

led to greater numbers of infections among healthcare workers. Although

changing the start date appeared detrimental for almost all hospitals, those

with the greatest number of absences among staff (presumed to have the

greatest mean force of infection) tended to show smaller increases in infec-

tions from vaccinating earlier and larger increases from vaccinating later.

This analysis does not provide guidance on absolute times that are either

too early or too late. Rather, it suggests that sooner vaccination will tend to

be more beneficial for groups experiencing greater levels of natural immune

boosting. In simple simulations, this is produced with greater boosting coef-

ficients. In results fitted to hospitals’ data it is seen in the trend that hospitals

with more infections have fewer additional infections predicted in counter-

factual scenarios with early vaccination and more in counterfactuals with

later vaccination.

This analysis suggests that in the presence of immune boosting, key

workers – including healthcare workers – whose work cannot be paused or

conducted remotely during a pandemic would benefit from earlier booster

vaccination. My analysis has not attempted to prioritize people for vac-

cination in terms of benefits to wider public health. The model expli-

citly excluded any effects of vaccinating healthcare workers on transmission
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to patients. Previous models, which included onward transmission from

key workers but not natural immune boosting, concluded that key workers

should be prioritized during initial vaccine roll-out against pandemic influ-

enza (Mylius et al., 2008) and sars-cov-2 (Lee et al., 2021; Mulberry et al.,

2021). Key workers’ greater numbers of contacts mean they have a high risk

of being infected and, if infected, a high probability of onward transmission.

This is especially true when transmission in the community is otherwise

suppressed by restrictions on social contacts (Cooper et al., 2023). However,

these models were considering prioritization of vaccines as a scarce resource.

They guide the decision to prioritize healthcare workers for inclusion in a

booster campaign but do not inform timing of that campaign.

Rosenstrom et al. (2022) considered timing of booster doses and initial

vaccination for children. In the United States, initial sars-cov-2 vaccination

for children and booster vaccination for adults were both offered from the

same month, November 2021 (ibid.). Similarly, vaccination of some children

in England started in the same month as some booster vaccination for adults,

September 2021 (NHS England, 2021c). Rosenstrom et al. (2022) found that

starting primary vaccination of children sooner would have had a greater ef-

fect on mortality from sars-cov-2 than changing the start date of the booster

campaign. The benefit of vaccinating children was attributed to their large

number of contacts and high chance of being in a chain of transmission.

In some simulations, later vaccination led to greater numbers of infec-

tions during autumn and winter but a lower total number of infections in

the twelve-month period starting in July 2021. This is shown explicitly in

plots comparing later vaccination with programmes starting in September,

but is also present for vaccination in September compared to programmes

starting earlier. This raises a question of how short- and long-term effects

should be balanced. Castioni et al. (2024) used a model to assess optimal use
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of a limited number of vaccine doses to minimize numbers of infections and

deaths. They found that rapid vaccination strategies that caused a large de-

crease in infections could cause a synchronized return to susceptibility and

a large second peak in infections. There, vaccination played a similar role

in causing cyclic outbreaks as natural immune boosting did in my model in

Chapter 3. Castioni et al. (2024) found that a slower vaccination programme

that lasted for longer had less risk of causing a rebound outbreak. They

also found that starting vaccination after an outbreak has reached its peak

maximizes the chance of ‘flattening’ the subsequent outbreak’s peak. This

fulfils a utilitarian objective of maximizing benefit from available resources

(Savulescu et al., 2020). However, the models simplify time-varying condi-

tions. By the following spring there could be changes in use of physical

measures to prevent transmission, new variants of the virus that evade ex-

isting immunity, or availability of better vaccines and treatments. Accepting

short-term harms in the expectation of long-term benefits based on a com-

partmental model risks net harms from unanticipated violations the model

assumptions. In the uk, people at the greatest risk of severe disease have

been offered vaccination against sars-cov-2 twice per year since spring 2022

(UK Health Security Agency, 2023). In that setting, it is more reasonable to

minimize short-term numbers of infections.

I described the question of optimal timings for vaccination in terms of

the first booster programme in the uk in 2021. It might be better considered

in terms of regular annual vaccination against respiratory viruses. Akhtar et

al. (2023) report a comparison from an rct vaccinating people with acute

coronary syndrome against influenza. They compared those vaccinated

early in the season to those who were vaccinated late in the season. But this

was not a randomized comparison. All participants were vaccinated within

72 hours of admission or percutaneous coronary intervention. Observed
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differences might be due to confounding variables (such as differences in

background risk in those who remained unvaccinated late in the influenza

season, compared to those who were eligible for the trial at the start of

the season but would soon have gone on to be vaccinated), or might be

due to seasonal differences in outcomes following acute myocardial infarc-

tion (e.g. see Vallabhajosyula et al., 2020). Costantino et al. (2019) modelled

waning of immunity following influenza vaccination. They concluded that

changing vaccination dates in Australia from March to May or June would

prevent more infections. They also considered how changing vaccination

policy might affect vaccination coverage. If a delay led to a reduction in

vaccine uptake this could offset any advantages of optimizing timing.

This analysis provides preliminary evidence on the possible role of nat-

ural immune boosting in determining optimal timing for booster vaccina-

tion. It suggests the direction that any change to vaccination timing should

take. Simulations consistently suggested that immune boosting leads to be-

nefits from vaccinating sooner. Given sufficient evidence of immune boost-

ing, changes in timing of vaccination programmes might be justified. Al-

ternatively, it might simply be an encouragement for those who are most

exposed to access the vaccine as soon as it is available. This is an intuit-

ively reasonable proposal even without natural immune boosting, so might

be more acceptable than attempts to enforce changes to the vaccination pro-

gramme for all healthcare workers.

The results also lead to a question: Given a choice between avoiding

exposure with high-quality personal protective equipment or maintaining

immunity by ensuring ongoing exposure to the virus throughout the winter

season, which should a healthcare worker choose? Deliberately increasing

exposure is clearly a high-risk strategy and there is currently no evidence

to recommend it. If a healthcare worker could always avoid exposure there
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would be no need for boosted immunity so it is unlikely that deliberate ex-

posure would ever be advocated. However, intermittent use of high-quality

personal protective equipment, alternating periods of exposure and protec-

tion, could potentially lead to paradoxical increases in infection that might

warrant further study.

This preliminary investigation clearly has limitations. Many important

features were assumed. Key among these is that vaccination rates were as-

sumed equal for all hospitals. If differences in numbers of infections were

due to differences in uptake of vaccination then fitted transmission coeffi-

cients for hospitals with lower uptake could over-estimate the force of in-

fection and lead to incorrect conclusions in counterfactual scenarios. The

model also had many simplifying assumptions, such as constant rates of

transmission and detection within hospitals. It did not include differences

in vaccine efficacy which are observed for different variants of sars-cov-2

(Hall et al., 2024).

To gain greater understanding of the relationship between natural im-

mune boosting and effectiveness of booster vaccination, it would be useful

to collect individual-level data on vaccination, workplace exposure and in-

fection history. Serial measures of antibodies and T cells would also help

to understand trajectories of immunity. I propose that analysis of immune

markers would be an important next-step in determining whether assess-

ment of natural immune boosting should be considered in recommendations

regarding boosting vaccination.

4.8 Data and code

Numbers of beds occupied by someone with covid-19 and numbers of

healthcare workers absent due to covid-19 are available from
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https://www.england.nhs.uk/statistics/statistical-work-

areas/covid-19-hospital-activity/, shared under an Open Government

Licence, v 3.0. I took numbers from the ‘Monthly COVID Publication’ files.

Details about hospitals’ sizes and numbers of side rooms are from Cooper

et al.’s (2023) repository, https://github.com/BenSCooper/nosocomial_

COVID_England/tree/code-for-resubmission, shared under an MIT

licence. Hale et al.’s (2021) dataset is available at https://github.com/

OxCGRT/covid-policy-tracker/tree/master/data/United%20Kingdom,

using files OxCGRT GBR differentiated withnotes 2021.csv and

OxCGRT GBR differentiated withnotes 2022.csv, shared under a Creative

Commons Attribution 4.0 International Public Licence.

Code to reproduce the analysis in this chapter is available at

https://github.com/markgpritchard/ImmuneBoostingHealthcare.

https://www.england.nhs.uk/statistics/statistical-work-areas/covid-19-hospital-activity/
https://www.england.nhs.uk/statistics/statistical-work-areas/covid-19-hospital-activity/
https://github.com/BenSCooper/nosocomial_COVID_England/tree/code-for-resubmission
https://github.com/BenSCooper/nosocomial_COVID_England/tree/code-for-resubmission
https://github.com/OxCGRT/covid-policy-tracker/tree/master/data/United%20Kingdom
https://github.com/OxCGRT/covid-policy-tracker/tree/master/data/United%20Kingdom
https://github.com/markgpritchard/ImmuneBoostingHealthcare
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Parameter identifiability



Chapter Five

Discussion

The greater our knowledge increases,
the greater our ignorance unfolds.

John F. Kennedy

Address at Rice University (1962)

Perhaps the clearest conclusion from this thesis is that uncertainty about ef-

fects of infection-prevention measures persist. These results do not allow us

to conclude that any intervention should be used or avoided or delayed. But

the results do provide a step along the pathway to improved understanding

of how interventions and behaviour and immunity interact.

In Chapter 2 I explored use of difference-in-differences methods to eval-

uate infection-prevention measures. I modified the method to account for

person-to-person transmission dynamics, then applied it to two datasets.

The results suggest that widespread community testing and mandatory use

of face coverings each increased diagnoses of sars-cov-2. I discuss inter-

pretation of this result in more detail below. In Chapter 3 I showed that

unless we know the effect of natural immune boosting, magnitudes of inter-

ventions’ effects are not identifiable. Different assumptions about the rate

of immune waning led to very different estimates of model parameters and

of the effectiveness of restrictions to reduce the spread of sars-cov-2. In

Chapter 4 I demonstrated that – subject to a model’s assumptions – chan-

139
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ging the date when healthcare workers started to receive booster vaccina-

tions would have had different effects on total numbers infected depending

on the strength of natural immune boosting.

5.1 Interpretation

Difference-in-differences analyses

Analyses in Chapter 2 suggested that mass testing for sars-cov-2 and man-

dated mask use increased incidence of diagnosed sars-cov-2. These results

cannot simply be dismissed but they also must not be accepted without

question.

The first consideration for the results of testing in Liverpool is that my

preferred analysis would use pillar 1 data, which are results of testing pa-

tients in nhs hospitals, and testing health and care workers (Department of

Health and Social Care, 2020b). That analysis failed to provide plausible

results. It suggested that sars-cov-2 would have been practically elimin-

ated due to almost-universal immunity by late 2021, clearly failing to match

observed outcomes. An analysis of total numbers of reported cases gave

results that appeared more plausible. These data include cases diagnosed

by the testing programme. As discussed in that chapter, the inferred effect

that testing caused greater numbers of diagnoses might represent detection

of a greater proportion of asymptomatic infections so may reflect success of

the testing programme.

From a perspective of wanting to minimize the burden of sars-cov-2,

the worst-case interpretation would be that these results show an increase

in incidence, not merely in detection. If we assume that interpretation, how

should we interpret the causal results?

One possibility is that the interventions caused harm. This may be plaus-
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ible. Early in the pandemic, official advice in the United Kingdom was that

masks used incorrectly might do more harm than good (Baynes, 2020), and

false reassurance following a negative test result while infectious might lead

to more risky behaviour. Jon Deeks expressed concern that widespread test-

ing could lead to unintended harms, saying, ‘If people get a false sense

of security, they could actually spread the virus around’ (Guglielmi, 2021).

Batteux et al. (2022) estimated that almost thirty per cent of people misun-

derstood the chance of being infectious following a negative rapid antigen

test for sars-cov-2, although they found no evidence that this changed ad-

herence to infection-prevention measures. However, if testing and masking

were indeed harmful, we would expect to see evidence of that harm in other

forms of research (see Lawlor et al., 2016, for discussion of triangulation of

causal results from multiple sources).

A second possible explanation is that numbers of infections increased for

a reason unrelated to the intervention. Infectious disease outbreaks can cycle

between peaks and troughs without any intervention (e.g. see Dushoff et al.,

2004; Finkenstädt and Grenfell, 2000; and my result in Chapter 3). Such

a peak could have coincided with the introduction of infection-prevention

measures. Policy makers may have identified areas that were about to exper-

ience an increase in infections and, like Rubin’s (2004) hypothetical ‘perfect

doctor’, intervened where additional measures were needed most. Such in-

tervention may be an optimal public health approach but it would violate

this analysis’ common-trends assumption.

Reliance on the common-trends assumption seems to be the fatal weak-

ness of a difference-in-differences analysis. We do not expect populations

to respond identically during an epidemic. Inevitably, some groups will be

more affected by developments during the epidemic, either by chance or

due to background socio-economic and health differences between groups
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(Upshaw et al., 2021). Attempts to divert resources to disproportionately

affected areas violates the assumptions of the difference-in-differences ana-

lysis. Collins and Pinch (1998) describe science as being like the golem

of Jewish mythology, a ‘bumbling giant’ that thoughtlessly follows instruc-

tions even when that causes harm. The difference-in-differences method

is in danger of being such a golem. It is simple to perform, we are reas-

sured that we do not need to account for confounding variables, and the

analysis supplies an answer without complaint. But we do not know if that

answer reflects a true causal effect. I have shown that incidence and preval-

ence data are unlikely to follow parallel trends in an outbreak or epidemic,

and such outcomes should be avoided in difference-in-differences analyses

of infection-prevention measures. The basic reproduction ratio is a more

feasible target for a difference-in-differences analysis but the belief that this

measure follows parallel trends remains an untestable assumption.

Natural immune boosting

A common admonition for mathematical modellers is that their models,

‘Should be as simple as possible, but no simpler’ (Keeling and Rohani, 2008).

The art lies in finding this threshold. My model in Chapter 3 adds complex-

ity to an sirs epidemic model by incorporating natural immune boosting.

This makes the model parameters unidentifiable from prevalence data. Out-

comes could be consistent with a boosting coefficient of 0, meaning that no

natural immune boosting occurs. In that case the added complexity of in-

corporating possible boosting has not improved the model. With different

assumptions about immune waning, the boosting coefficient is estimated

to be greater than 800. This value is implausibly extreme but it certainly

suggests that boosting should not be ignored.

Adding immune boosting to the model has two notable effects on pre-
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dicted disease dynamics. Firstly, it contributes to cyclic changes in preval-

ence. This could help to explain why respiratory infections have similar

seasonal frequencies in locations with very different climates. Secondly,

it affects estimates of infection-prevention measures’ effectiveness and ex-

pectations of how disease dynamics will change when restrictions are lifted.

When policy makers are weighing costs and benefits of an intervention, inac-

curate predictions could lead to suboptimal infection-prevention strategies.

I further explored potential implications of natural immune boosting in

Chapter 4. Immune boosting allows longer durations of immunity in the

presence of a greater force of infection. I used simulations to explore how

possible levels of waning and boosting could affect optimal timing of vac-

cination for healthcare workers. In simulations with hypothetical paramet-

ers, and in simulations with parameters fitted to data from nhs hospitals,

greater levels of immune boosting led to benefits from vaccinating sooner.

This could have practical implications for optimal timing of vaccination for

a variety of seasonal infections, both for healthcare workers, people vulner-

able to severe disease, and members of the wider community.

5.2 Implications for future research

Causal inference from observational data must, to some extent, substitute

assumptions for the magic of randomization (see Collins et al., 2020). It is

therefore worth considering whether rcts should be performed to answer

these causal questions. Indeed, trials have been conducted for some phys-

ical interventions. Bundgaard et al. (2021) conducted a trial of mask use in

Denmark with 6000 participants. Of those allocated to wear a mask, less

than half reported adherence to this intervention. This led to large confid-

ence intervals around the estimated effect of the intervention. It may be
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that allocation to mask use in an rct does not lead to a useful reduction

in infection, but this does not necessarily translate into equivalent conclu-

sions about the effect of consistently using a mask, or about the effect of

regulations mandating mask use.

A trial comparing different booster vaccination schedules for health-

care workers might be able to determine the optimal schedule, provide in-

sight into the extent of natural immune boosting, and test the feasibility of

Hudgens and Halloran’s (2008) two-stage trial design. The answers to these

questions are intellectually interesting. But to justify the expense of a trial,

we would need an expectation that the results could change practice. The

date on which healthcare workers get vaccinated is likely to be a result of

a variety of factors including availability, convenience and personal prefer-

ence. Pilot work would be needed to determine whether a trial had the

potential to change behaviour before its cost could be justified. While rcts

remain the canonical method for answering causal questions, they cannot be

our sole means of informing public health decisions.

To conduct causal inference with observational data, a common assump-

tion is that there is no unmeasured confounding. The assumption cannot

be tested but for some analyses we might have confidence that unmeasured

confounding is unlikely to affect the results. The strength of association

between cigarette smoking and lung cancer is so strong that Hill (1965) as-

serted that any confounding variable that explained the association would

need to be so closely linked to cigarette exposure that it would be easy to

detect. He wrote: ‘In such circumstances I think we are reasonably entitled

to reject the vague contention of the armchair critic “you can’t prove it, there

may be such a feature” ’ (ibid.). Mathur and VanderWeele (2020) quantified

the magnitude of unmeasured confounding that would be needed to change

the estimate of a causal effect.
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In an outbreak or epidemic, there is considerable chance of confound-

ing. When multiple infection-prevention measures are being introduced, it

is plausible that other measures will have an effect at least as large as the

intervention under study. To gain confidence that there is no unmeasured

confounding, we need to have made every effort to identify confounders.

Even in a difference-in-differences analysis, which accepts unmeasured con-

founders provided they do not violate the common-trends assumption, we

need to understand the effects of any time-dependent variables. A tremend-

ous effort went into data collection during the covid-19 pandemic. I used

Hale et al.’s (2021) dataset in each chapter of this thesis, along with routinely

collected data that were published by government agencies. ISARIC Clin-

ical Characterization Group et al. (2022) collected individual-patient data

for more than 700 thousand patients admitted to hospital with covid-19,

demonstrating the possibility of collecting data for research purposes during

a pandemic. Such data were very useful in describing clinical characteristics

of the disease (e.g. Docherty et al., 2020; ISARIC Clinical Characterization

Group, 2021; Kartsonaki et al., 2023; Swann et al., 2020). Retrospective causal

analyses can help to inform data collection for future epidemics to maximize

the usefulness of collected data.

A crucial variable for estimates of disease dynamics is the number of

susceptible individuals. In each chapter of this thesis I relied on assump-

tions about susceptibility. The time-series–sir model can be used to estimate

numbers susceptible to childhood infections that lead to lifelong immunity

(Finkenstädt and Grenfell, 2000), but for microparasites with rapidly-waning

immunity, estimation of the proportion susceptible is more difficult. Even

the word ‘susceptible’ describes a simplified model of reality. People may be

susceptible to infection but not to severe disease, or may be susceptible to in-

fection following a large exposure but not following a small one (Alexander
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et al., 2021; Halloran, 2019). This suggests a future avenue of research seri-

ally measuring markers of immunity. These data could be incorporated into

a variety of models, from within-host models of immunity to population-

wide models, to explore how immune waning and boosting interact with

interventions against respiratory-tract infections.

5.3 Conclusion

Analyses in this thesis highlight potential problems with causal analyses

that disregard mechanisms of disease transmission. When an analysis de-

pends on assumptions, we should maximize the chance that such assump-

tions are accurate. While difference-in-differences analyses combined with

mechanistic models may still give inaccurate results, they at least avoid er-

rors caused by assuming implausible linear relationships between interven-

tions and incidence of infections during epidemics. Similarly, assumptions

about immunity that may be valid for understanding childhood infections

with lifelong immunity may be too much of a simplification for long-term

dynamics of respiratory viral infections with rapidly waning immunity. Bet-

ter understanding of changing immunity over time is necessary to determ-

ine optimal approaches to reducing transmission of these respiratory viral

infections.
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Castioni P., S. Gómez, C. Granell, and A. Arenas (2024). Rebound in
epidemic control: How misaligned vaccination timing amplifies infection
peaks. NPJ Complex 1: 20. [133, 134]

Castro M., and R. J. de Boer (2020). Testing structural identifiability by a
simple scaling method. PLOS Comput Biol 16: e1008248. [47, 101, 172]

Chakraborty M., and P. L. Bhukya (2023). Human Bocavirus. In: P. L.
Bhukya, S. T. Mhaske, and S. C. Sonkar, editors. Emerging human viral
diseases, Volume I: Respiratory and haemorrhagic fever. Singapore: Springer,
pp. 227–245. [7, 9]

Champredon D., J. Dushoff, and D. J. Earn (2018). Equivalence of the
Erlang-distributed SEIR epidemic model and the renewal equation.
SIAM J Appl Math 78: 3258–3278. [46, 61]

Chu D. K., E. A. Akl, S. Duda, et al. (2020). Physical distancing, face masks,
and eye protection to prevent person-to-person transmission of SARS-
CoV-2 and COVID-19: a systematic review and meta-analysis. Lancet 395:
1973–1987. [9]

https://www.gov.uk/government/publications/covid-19-response-spring-2021/covid-19-response-spring-2021-summary
https://www.gov.uk/government/publications/covid-19-response-spring-2021/covid-19-response-spring-2021-summary


Bibliography 151

Clark T. A. (2014). Changing pertussis epidemiology: everything old is new
again. J Infect Dis 209: 978–981. [88]

Coleman M. P. (1986). A plague epidemic in voluntary quarantine. Int J
Epidemiol 15: 379–385. [1]

Collins H., and T. Pinch (1998). The golem. 2nd Edition. Cambridge, United
Kingdom: Cambridge University Press. [142]

Collins R., L. Bowman, M. Landray, and R. Peto (2020). The magic of
randomization versus the myth of real-world evidence. N Engl J Med
382: 674–678. [3, 143]

Cooper B. S., S. Evans, Y. Jafari, et al. (2023). The burden and dynamics
of hospital-acquired SARS-CoV-2 in England. Nature 623: 132–138. [119,
125, 133, 137]

Cori A., N. M. Ferguson, C. Fraser, and S. Cauchemez (2013). A new
framework and software to estimate time-varying reproduction numbers
during epidemics. Am J Epidemiol 178: 1505–1512. [61]

Cori A., Z. N. Kamvar, J. Stockwin, et al. (2022). EpiEstim v2.2-4: A tool
to estimate time varying instantaneous reproduction number during epidemics.
url: https://github.com/mrc-ide/EpiEstim (visited on 2 October
2024). [61, 86, 174]

Costantino V., M. Trent, and C. R. MacIntyre (2019). Modelling of op-
timal timing for influenza vaccination as a function of intraseasonal wan-
ing of immunity and vaccine coverage. Vaccine 37: 6768–6775. [135]

COVID-19 Forecasting Team (2023). Past SARS-CoV-2 infection protection
against re-infection: a systematic review and meta-analysis. Lancet 401:
833–842. [108]

COVID-19 National Preparedness Collaborators (2022). Pandemic pre-
paredness and COVID-19: an exploratory analysis of infection and fatal-
ity rates, and contextual factors associated with preparedness in 177

countries, from Jan 1, 2020, to Sept 30, 2021. Lancet 399: 1489–1512. [54]
Cox D. R. (1986). Statistics and causal inference: Comment. J Am Stat Assoc

81: 963–964. [27]
Dafilis M. P., F. Frascoli, J. G. Wood, and J. M. McCaw (2012). The influ-

ence of increasing life expectancy on the dynamics of SIRS systems with
immune boosting. ANZIAM J 54: 50–63. [93, 94, 106]

Dafilis M. P., F. Frascoli, J. McVernon, J. M. Heffernan, and J. M. McCaw

(2014a). Dynamical crises, multistability and the influence of the dura-
tion of immunity in a seasonally-forced model of disease transmission.
Theor Biol Med Model 11: 1–10. [93]

— (2014b). The dynamical consequences of seasonal forcing, immune boost-
ing and demographic change in a model of disease transmission. J Theor
Biol 361: 124–132. [93, 94]

Dalziel S. R., L. Haskell, S. O’Brien, et al. (2022). Bronchiolitis. Lancet 400:
392–406. [89]

Dancer S. J. (2016). Infection control: evidence-based common sense. Infect
Dis Health 21: 147–153. [2, 4]

https://github.com/mrc-ide/EpiEstim


Bibliography 152

Danisch S., and J. Krumbiegel (2021). Makie.jl: flexible high-performance
data visualization for Julia. J Open Source Softw 6: 3349. [53]

Darakjy S., J. E. Brady, C. J. DiMaggio, and G. Li (2014). Applying Farr’s
Law to project the drug overdose mortality epidemic in the United States.
Inj Epidemiol 1: 31. [32]

Datseris G., J. Isensee, S. Pech, and T. Gál (2020). DrWatson: the perfect
sidekick for your scientific inquiries. J Open Source Softw 5: 2673. [53]

Dattani S. (2023). What were the death tolls from pandemics in history?
Our World in Data. url: https://ourworldindata.org/historical-
pandemics. [8]

De Angelis M. L., F. Francescangeli, R. Rossi, A. Giuliani, R. De Maria,
and A. Zeuner (2021). Repeated exposure to subinfectious doses of
SARS-CoV-2 may promote T cell immunity and protection against severe
COVID-19. Viruses 13: 961. [88]

Department of Health and Social Care (2020a). Formal tiering review up-
date: 30 December 2020. UK Government. url: https://www.gov.uk/
government/news/formal- tiering- review- update- 30- december-

2020 (visited on 26 November 2024). [59]
— (2020b). Weekly statistics for NHS Test and Trace (England) and coronavirus

testing (UK): 30 July to 5 August. UK Government. url: https://www.
gov.uk/government/publications/nhs-test-and-trace-england-

and-coronavirus-testing-uk-statistics-30-july-to-5-august-

2020 / weekly - statistics - for - nhs - test - and - trace - england -

and- coronavirus- testing- uk- 30- july- to- 5- august (visited on
26 November 2024). [58, 140]

— (2021). Coronavirus cases in England: 5 January 2021. UK Government. url:
https://www.gov.uk/government/publications/coronavirus-cases-

in-england-5-january-2021 (visited on 11 July 2024). [59]
Diekmann O., J. Heesterbeek, and M. Roberts (2010). The construction of

next-generation matrices for compartmental epidemic models. J R Soc
Interface 7: 873–885. [41]

Dietz K. (1993). The estimation of the basic reproduction number for infec-
tious diseases. Stat Methods Med Res 2: 23–41. [40, 41]

Docherty A. B., E. M. Harrison, C. A. Green, et al. (2020). Features
of 20 133 UK patients in hospital with covid-19 using the ISARIC
WHO Clinical Characterisation Protocol: prospective observational co-
hort study. BMJ 369: m1985. [145]

Domnich A., A. Orsi, A. Signori, et al. (2024). Waning intra-season vaccine
effectiveness against influenza A (H3N2) underlines the need for more
durable protection. Expert Rev Vaccines 23: 380–388. [88, 112]

Dowd B. E. (2011). Separated at birth: statisticians, social scientists, and caus-
ality in health services research. Health Serv Res 46: 397–420. [4]

Dushoff J., J. B. Plotkin, S. A. Levin, and D. J. Earn (2004). Dynamical res-
onance can account for seasonality of influenza epidemics. Proc Natl Acad
Sci U S A 101: 16915–16916. [106, 141]

https://ourworldindata.org/historical-pandemics
https://ourworldindata.org/historical-pandemics
https://www.gov.uk/government/news/formal-tiering-review-update-30-december-2020
https://www.gov.uk/government/news/formal-tiering-review-update-30-december-2020
https://www.gov.uk/government/news/formal-tiering-review-update-30-december-2020
https://www.gov.uk/government/publications/nhs-test-and-trace-england-and-coronavirus-testing-uk-statistics-30-july-to-5-august-2020/weekly-statistics-for-nhs-test-and-trace-england-and-coronavirus-testing-uk-30-july-to-5-august
https://www.gov.uk/government/publications/nhs-test-and-trace-england-and-coronavirus-testing-uk-statistics-30-july-to-5-august-2020/weekly-statistics-for-nhs-test-and-trace-england-and-coronavirus-testing-uk-30-july-to-5-august
https://www.gov.uk/government/publications/nhs-test-and-trace-england-and-coronavirus-testing-uk-statistics-30-july-to-5-august-2020/weekly-statistics-for-nhs-test-and-trace-england-and-coronavirus-testing-uk-30-july-to-5-august
https://www.gov.uk/government/publications/nhs-test-and-trace-england-and-coronavirus-testing-uk-statistics-30-july-to-5-august-2020/weekly-statistics-for-nhs-test-and-trace-england-and-coronavirus-testing-uk-30-july-to-5-august
https://www.gov.uk/government/publications/nhs-test-and-trace-england-and-coronavirus-testing-uk-statistics-30-july-to-5-august-2020/weekly-statistics-for-nhs-test-and-trace-england-and-coronavirus-testing-uk-30-july-to-5-august
https://www.gov.uk/government/publications/coronavirus-cases-in-england-5-january-2021
https://www.gov.uk/government/publications/coronavirus-cases-in-england-5-january-2021


Bibliography 153

Earn D. J., P. Rohani, and B. T. Grenfell (1998). Persistence, chaos and
synchrony in ecology and epidemiology. Proc R Soc Lond B 265: 7–10.
[105, 106]

Earn D. J., P. Rohani, B. M. Bolker, and B. T. Grenfell (2000). A simple
model for complex dynamical transitions in epidemics. Science 287: 667–
670. [106]

Falsey A. R., P. A. Hennessey, M. A. Formica, C. Cox, and E. E. Walsh

(2005). Respiratory syncytial virus infection in elderly and high-risk
adults. N Engl J Med 352: 1749–1759. [89]

Farmer P. (2020). Fevers, feuds, and diamonds: Ebola and the ravages of history.
New York: Farrar, Straus and Giroux. [2]

Farr W. (1840). Causes of death in England and Wales: Letter to the
Registrar-General from William Farr, Esq. In: Second annual report of the
Registrar-General of births, deaths and marriages in England. London, United
Kingdom: W. Clowes and sons, pp. 69–98. [31, 32]

Feng S., and A. Bilinski (2024). Parallel trends in an unparalleled pan-
demic: Difference-in-differences for infectious disease policy evaluation.
medRxiv, 2024.04.08.24305335. [56, 57, 79]

Ferman B., C. Pinto, and V. Possebom (2020). Cherry picking with synthetic
controls. J Policy Anal Manag 39: 510–532. [85]

Fine P. E. M. (1979). John Brownlee and the measurement of infectiousness:
an historical study in epidemic theory. J R Stat Soc Ser A Stat Soc 142:
347–362. [32]

— (2003). The interval between successive cases of an infectious disease. Am
J Epidemiol 158: 1039–1047. [39]
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Syed S., A. Bouchard-Côté, G. Deligiannidis, and A. Doucet (2022). Non-
reversible parallel tempering: a scalable highly parallel MCMC scheme.
J R Stat Soc Series B Stat Methodol 84: 321–350. [51, 66, 102]

Tamerius J., M. I. Nelson, S. Z. Zhou, C. Viboud, M. A. Miller, and W. J.
Alonso (2011). Global influenza seasonality: reconciling patterns across
temperate and tropical regions. Environ Health Perspect 119: 439–445. [37]

Tan S.-B., J. Wee, H.-B. Wong, and D. Machin (2008). Can external and
subjective information ever be used to reduce the size of randomised
controlled trials? Contemp Clin Trials 29: 211–219. [48]

Tellier R., Y. Li, B. J. Cowling, and J. W. Tang (2019). Recognition of aerosol
transmission of infectious agents: a commentary. BMC Infect Dis 19: 101.
[9]

The Health Protection (Coronavirus, Restrictions) (Protected Areas and Restric-
tion on Businesses) (Amendment) Regulations (2020). url: https://www.
legislation.gov.uk/uksi/2020/1041/contents/made (visited on
29 November 2024). [58]

Thompson E. (2022). Escape from Model Land: How mathematical models can
lead us astray and what we can do about it. London, United Kingdom: Basic
Books. [30, 31]

Thompson W. W., D. K. Shay, E. Weintraub, et al. (2003). Mortality associ-
ated with influenza and respiratory syncytial virus in the United States.
JAMA 289: 179–186. [8, 107]

Turner R. B. (1997). Epidemiology, pathogenesis, and treatment of the com-
mon cold. Ann Allergy Asthma Immunol 78: 531–540. [7]

UK Health Security Agency (2021). Respiratory syncytial virus (RSV):
symptoms, transmission, prevention, treatment. url: https://www.gov.
uk / government / publications / respiratory - syncytial - virus -

rsv-symptoms-transmission-prevention-treatment/respiratory-

syncytial - virus - rsv - symptoms - transmission - prevention -

treatment (visited on 1 December 2024). [89]
— (2022a). COVID-19 vaccine uptake in frontline healthcare workers: monthly

data, 2021 to 2022. url: https://www.gov.uk/government/statistics/
covid - 19 - vaccine - uptake - in - frontline - healthcare - workers -

monthly-data-2021-to-2022 (visited on 22 September 2024). [114]
— (2022b). COVID-19: management of staff and exposed patients or resid-

ents in health and social care settings. url: https : / / www . gov . uk /

government / publications / covid - 19 - management - of - exposed -

healthcare-workers-and-patients-in-hospital-settings/covid-

19-management-of-exposed-healthcare-workers-and-patients-in-

hospital-settings (visited on 5 December 2024). [114]

https://www.legislation.gov.uk/uksi/2020/1041/contents/made
https://www.legislation.gov.uk/uksi/2020/1041/contents/made
https://www.gov.uk/government/publications/respiratory-syncytial-virus-rsv-symptoms-transmission-prevention-treatment/respiratory-syncytial-virus-rsv-symptoms-transmission-prevention-treatment
https://www.gov.uk/government/publications/respiratory-syncytial-virus-rsv-symptoms-transmission-prevention-treatment/respiratory-syncytial-virus-rsv-symptoms-transmission-prevention-treatment
https://www.gov.uk/government/publications/respiratory-syncytial-virus-rsv-symptoms-transmission-prevention-treatment/respiratory-syncytial-virus-rsv-symptoms-transmission-prevention-treatment
https://www.gov.uk/government/publications/respiratory-syncytial-virus-rsv-symptoms-transmission-prevention-treatment/respiratory-syncytial-virus-rsv-symptoms-transmission-prevention-treatment
https://www.gov.uk/government/publications/respiratory-syncytial-virus-rsv-symptoms-transmission-prevention-treatment/respiratory-syncytial-virus-rsv-symptoms-transmission-prevention-treatment
https://www.gov.uk/government/statistics/covid-19-vaccine-uptake-in-frontline-healthcare-workers-monthly-data-2021-to-2022
https://www.gov.uk/government/statistics/covid-19-vaccine-uptake-in-frontline-healthcare-workers-monthly-data-2021-to-2022
https://www.gov.uk/government/statistics/covid-19-vaccine-uptake-in-frontline-healthcare-workers-monthly-data-2021-to-2022
https://www.gov.uk/government/publications/covid-19-management-of-exposed-healthcare-workers-and-patients-in-hospital-settings/covid-19-management-of-exposed-healthcare-workers-and-patients-in-hospital-settings
https://www.gov.uk/government/publications/covid-19-management-of-exposed-healthcare-workers-and-patients-in-hospital-settings/covid-19-management-of-exposed-healthcare-workers-and-patients-in-hospital-settings
https://www.gov.uk/government/publications/covid-19-management-of-exposed-healthcare-workers-and-patients-in-hospital-settings/covid-19-management-of-exposed-healthcare-workers-and-patients-in-hospital-settings
https://www.gov.uk/government/publications/covid-19-management-of-exposed-healthcare-workers-and-patients-in-hospital-settings/covid-19-management-of-exposed-healthcare-workers-and-patients-in-hospital-settings
https://www.gov.uk/government/publications/covid-19-management-of-exposed-healthcare-workers-and-patients-in-hospital-settings/covid-19-management-of-exposed-healthcare-workers-and-patients-in-hospital-settings


Bibliography 167

UK Health Security Agency (2022c). Estimating the proportion of COVID-19
cases detected by testing during the pandemic: September 2020 to March 2022.
url: https://www.gov.uk/government/publications/estimating-
the-proportion-of-covid-19-cases-detected-by-testing (visited
on 23 May 2024). [58, 66]

— (2022d). Influenza. In: M. Ramsay, editor. Immunisation against infectious
disease. UK Health Security Agency. Chap. 19. url: https://www.gov.
uk/government/publications/influenza-the-green-book-chapter-

19 (visited on 26 August 2023). [8]
— (2023). COVID-19–SARS-CoV-2. In: M. Ramsay, editor. Immunisation

against infectious disease. UK Health Security Agency. Chap. 14a. url:
https://www.gov.uk/government/publications/covid- 19- the-

green-book-chapter-14a (visited on 26 August 2023). [8, 14, 111, 134]
— (2024a). Respiratory syncytial virus. In: M. Ramsay, editor. Immunisa-

tion against infectious disease. UK Health Security Agency. Chap. 27a.
url: https://www.gov.uk/government/publications/respiratory-
syncytial-virus-the-green-book-chapter-27a (visited on 3 Decem-
ber 2024). [107]

— (2024b). Shingles (herpes zoster). In: M. Ramsay, editor. Immunisation
against infectious disease. UK Health Security Agency. Chap. 28a. url:
https://www.gov.uk/government/publications/shingles-herpes-

zoster-the-green-book-chapter-28a (visited on 30 November 2024).
[88]

University of Liverpool (2021a). Covid-SMART asymptomatic testing pilot in
Liverpool City Region: quantitative evaluation. Liverpool, United Kingdom:
University of Liverpool. [59]

— (2021b). Liverpool Covid-SMART Community Testing Pilot. Liverpool,
United Kingdom: University of Liverpool. [58, 59, 81, 85]

Upshaw T. L., C. Brown, R. Smith, M. Perri, C. Ziegler, and A. D. Pinto

(2021). Social determinants of COVID-19 incidence and outcomes: A
rapid review. PLOS One 16: e0248336. [142]

Vallabhajosyula S., S. H. Patlolla, W. Cheungpasitporn, D. R. Holmes,
and B. J. Gersh (2020). Influence of seasons on the management and
outcomes acute myocardial infarction: an 18-year US study. Clin Cardiol
43: 1175–1185. [135]

van Hoek A. J., A. Melegaro, E. Zagheni, W. J. Edmunds, and N. Gay

(2011). Modelling the impact of a combined varicella and zoster vaccin-
ation programme on the epidemiology of varicella zoster virus in Eng-
land. Vaccine 29: 2411–2420. [91]

van Hoek A. J., A. Melegaro, N. Gay, J. Bilcke, and W. J. Edmunds (2012).
The cost-effectiveness of varicella and combined varicella and herpes
zoster vaccination programmes in the United Kingdom. Vaccine 30: 1225–
1234. [91]

van Summeren J., A. Meijer, G. Aspelund, et al. (2021). Low levels of res-
piratory syncytial virus activity in Europe during the 2020/21 season:

https://www.gov.uk/government/publications/estimating-the-proportion-of-covid-19-cases-detected-by-testing
https://www.gov.uk/government/publications/estimating-the-proportion-of-covid-19-cases-detected-by-testing
https://www.gov.uk/government/publications/influenza-the-green-book-chapter-19
https://www.gov.uk/government/publications/influenza-the-green-book-chapter-19
https://www.gov.uk/government/publications/influenza-the-green-book-chapter-19
https://www.gov.uk/government/publications/covid-19-the-green-book-chapter-14a
https://www.gov.uk/government/publications/covid-19-the-green-book-chapter-14a
https://www.gov.uk/government/publications/respiratory-syncytial-virus-the-green-book-chapter-27a
https://www.gov.uk/government/publications/respiratory-syncytial-virus-the-green-book-chapter-27a
https://www.gov.uk/government/publications/shingles-herpes-zoster-the-green-book-chapter-28a
https://www.gov.uk/government/publications/shingles-herpes-zoster-the-green-book-chapter-28a


Bibliography 168

what can we expect in the coming summer and autumn/winter? Euros-
urveillance 26: 2100639. [10, 89]

VanderWeele T. J. (2008). The sign of the bias of unmeasured confounding.
Biometrics 64: 702–706. [23, 25]

— (2015). Explanation in causal inference: Methods for mediation and interaction.
Oxford, United Kingdom: Oxford University Press. [24, 28, 117]

VanderWeele T. J., and E. J. Tchetgen Tchetgen (2011). Bounding the in-
fectiousness effect in vaccine trials. Epidemiology 22: 686–693. [29]

Vehtari A., A. Gelman, D. Simpson, B. Carpenter, and P.-C. Bürkner

(2021). Rank-normalization, folding, and localization: An improved R̂
for assessing convergence of MCMC (with discussion). Bayesian Anal 16:
667–718. [51]

Verner J. H. (2010). Numerically optimal Runge–Kutta pairs with inter-
polants. Numer Algorithms 53: 383–396. [97]

Viswanathan M., L. Kahwati, B. Jahn, et al. (2020). Universal screening
for SARS-CoV-2 infection: a rapid review. Cochrane Database Syst Rev,
CD013718. [10, 11]

Voysey M., S. A. Costa Clemens, S. A. Madhi, et al. (2021). Safety and effic-
acy of the ChAdOx1 nCoV-19 vaccine (AZD1222) against SARS-CoV-2:
an interim analysis of four randomised controlled trials in Brazil, South
Africa, and the UK. Lancet 397: 99–111. [113]

Wang C. C., K. A. Prather, J. Sznitman, et al. (2021). Airborne transmission
of respiratory viruses. Science 373: eabd9149. [9, 10]

Ward H., C. Atchison, M. Whitaker, et al. (2023). Design and implement-
ation of a national program to monitor the prevalence of SARS-CoV-2
IgG antibodies in England using self-testing: The REACT-2 Study. Am J
Public Health 113: 1201–1209. [12]

Waris M. (1991). Pattern of respiratory syncytial virus epidemics in Finland:
two-year cycles with alternating prevalence of groups A and B. J Infect
Dis 163: 464–469. [108]

Wearing H. J., and P. Rohani (2009). Estimating the duration of pertussis
immunity using epidemiological signatures. PLOS Pathog 5: e1000647.
[93, 98]

Wearing H. J., P. Rohani, and M. J. Keeling (2005). Appropriate models for
the management of infectious diseases. PLOS Med 2: e174. [37]

White L., J. Mandl, M. Gomes, et al. (2007). Understanding the transmission
dynamics of respiratory syncytial virus using multiple time series and
nested models. Math Biosci 209: 222–239. [109]

Whittle H. C., P. Aaby, B. Samb, H. Jensen, J. Bennett, and F. Simondon

(1999). Effect of subclinical infection on maintaining immunity against
measles in vaccinated children in West Africa. Lancet 353: 98–102. [88]

Wilson E. B., and J. Worcester (1945). Damping of epidemic waves. Proc
Natl Acad Sci U S A 31: 294–298. [106]



Bibliography 169

Wing C., K. Simon, and R. A. Bello-Gomez (2018). Designing difference in
difference studies: best practices for public health policy research. Annu
Rev Public Health 39: 453–469. [55, 73]

Woodward J. (2003). Making things happen: A theory of causal explanation. New
York, New York, United States: Oxford University Press. [15, 17]

Wright O. (2021). Coronavirus: How the UK dealt with its first Covid case. url:
https://www.bbc.co.uk/news/uk- england- 55622386 (visited on
11 June 2024). [12]

Xiao J., M. Fang, Q. Chen, and B. He (2020). SARS, MERS and COVID-19

among healthcare workers: a narrative review. J Infect Public Health 13:
843–848. [111]

Xu J., Y. Cheng, X. Yuan, W. V. Li, and L. Zhang (2020). Trends and pre-
diction in daily incidence of novel coronavirus infection in China, Hubei
Province and Wuhan City: an application of Farr’s law. Am J Transl Res
12: 1355–1361. [32]

Yang L., B. T. Grenfell, and M. J. Mina (2020). Waning immunity and re-
emergence of measles and mumps in the vaccine era. Curr Opin Virol 40:
48–54. [88, 107]

Yeoh D. K., D. A. Foley, C. A. Minney-Smith, et al. (2021). Impact of
coronavirus disease 2019 public health measures on detections of influ-
enza and respiratory syncytial virus in children during the 2020 Aus-
tralian winter. Clin Infect Dis 72: 2199–2202. [10, 89]

You C., Y. Deng, W. Hu, et al. (2020). Estimation of the time-varying repro-
duction number of COVID-19 outbreak in China. Int J Hyg Environ Health
228: 113555. [41]

Zhang X., B. Barr, M. Green, et al. (2022). Impact of community asymp-
tomatic rapid antigen testing on covid-19 related hospital admissions:
synthetic control study. BMJ 379: e071374. [59, 81, 85]

Zheng Z., J. L. Warren, E. D. Shapiro, V. E. Pitzer, and D. M. Weinberger

(2022). Estimated incidence of respiratory hospitalizations attributable
to RSV infections across age and socioeconomic groups. Pneumonia 14: 6.
[107]

https://www.bbc.co.uk/news/uk-england-55622386


Appendix A

Supplementary text

A.1 Correspondence with ethics committee

From: Mark Pritchard < ■■■■■@■■■■■ >
Sent: 30 June 2023 15:57
To: MSD Ethics < ■■■■■@■■■■■ >
Cc: Ben Cooper < ■■■■■@■■■■■ >
Subject: Use of publicly available data from NHS England to inform a
mathematical model

Dear Dr Barnby-Porritt,

As part of my DPhil research I am developing a mathematical model
that relates numbers of patients and healthcare workers who are testing
positive for SARS-CoV-2 in healthcare settings.

There are two NHS datasets that I wish to use to inform my model:
1. Numbers of hospital beds occupied by people with covid-19, avail-
able at https://www.england.nhs.uk/statistics/statistical-

work-areas/uec-sitrep/urgent-and-emergency-care-daily-

situation-reports-2022-23/

2. Numbers of healthcare workers absent due to covid-19, available
at https://www.england.nhs.uk/statistics/statistical-work-

areas/covid-19-hospital-activity/

These datasets are fully available online and they report no individual-level
data. It would not be possible to identify any individuals from these
datasets.

I therefore feel that formal ethics approval may not be needed. However,
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as these data come from NHS England and report on NHS staff and
patients, I would be grateful if I could get confirmation of this before
proceeding.

Please let me know if you need further information to decide this
question.

Best wishes,

Mark

Mark Pritchard

DPhil Student, Pandemic Sciences Institute, University of Oxford
Specialty Registrar, Thames Valley Public Health Training Programme
New Richards Building, Old Road Campus, Oxford OX3 7FZ

From: MSD Ethics < ■■■■■@■■■■■ >
Sent: 03 July 2023 14:06
To: Mark Pritchard < ■■■■■@■■■■■ >
Cc: Ben Cooper < ■■■■■@■■■■■ >
Subject: RE: Use of publicly available data from NHS England to inform
a mathematical model

Dear Mark,

Thank you for your email. Because the data is publicly available
and does not include any personal information, analysis of this data will
not require ethics review. Please do note, for future, that if you needed
to gain access to NHS data (i.e. it was not publicly available), then you
would need to seek ethics review from an NHS ethics committee.

Best wishes
Helen

A.2 Model used to simulate data for Figure 2.1

The simulated data for panels B and C in Figure 2.1 were generated using
an sir ode model (equation 1.18). Parameters used for the simulation are
given in Table A.1.
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Table A.1: Parameters used to generate simulated data for Figure 2.1

Parameter Group 0 Group 1

Plotted colour Green Black
β 0.4 0.4
γ 0.2 0.2
µ 0 0
s(0) 997 989
i(0) 2 6
r(0) 1 5

Parameters described on page 36.

A.3 Parameter identifiability for the

susceptible–infectious–resistant–susceptible model with

three immune compartments

Following the method described by Castro, and de Boer (2020), I re-wrote
Equations 3.2 and 3.4 from the main text as functionally-independent sum-
mands. I scaled all parameters and compartment sizes by unknown scaling
factors, u,

s→ us s, i→ ui i, r1 → ur1 r1, etc.
β0 → uβ0 β0, β1 → uβ1 β1, γ→ uγ γ, etc.

Assuming that prevalence was known without error, that is assuming that
i(t) was observed, set ui = 1. I then equated each equation to its scaled
version,

fs1 : µ =
uµ

us
µ,

fs2 : µ s + 3 ω r3 = uµ µ s +
3 uω ur3

us
ω r3,

fs3 : β0 s i (1 + β1 cos(2π t− φ)) = uβ0 β0 s i
(
1 + uβ1 β1 cos

(
2π t− uφ φ

))
,

fi1 : (γ + µ) i =
(
uγ γ + uµ µ

)
i,

fi2 : β0 s i (1 + β1 cos(2π t− φ))

= uβ0 us β0 s i
(
1 + uβ1 β1 cos

(
2π t− uφ φ

))
,

fr11 : γ i− (3 ω + µ) r1 =
uγ

ur1

γ i−
(
3 uω ω + uµ µ

)
r1,

fr12 : β0 ψ i (1 + β1 cos(2π t− φ)) (r2 + r3)

=
uβ0 uψ

ur1

β0 ψ i
(
1 + uβ1 β1 cos

(
2π t− uφ φ

))
(ur2 r2 + ur3 r3) ,

fr21 : 3 ω r1 − (3 ω + µ) r2 =
3 uω ur1

ur2

ω r1 −
(
3 uω ω + uµ µ

)
r2,
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fr22 : β0 ψ i r2 (1 + β1 cos(2π t − φ))

= uβ0 uψ β0 ψ i r2
(
1 + uβ1 β1 cos

(
2π t− uφ φ

))
,

fr31 : 3 ω r2 − (3 ω + µ) r3 =
3 uω ur2

ur3

ω r2 −
(
3 uω ω + uµ µ

)
r3,

fr32 : β0 ψ i r3 (1 + β1 cos(2π t− φ)) =

uβ0 uψ β0 ψ i r3
(
1 + β1 cos

(
2π t− uφ φ

))
.

Rearranging these,

fi2

fs3
: us = 1,

fr22

fs3
: uψ = 1,

us = 1→ fs1 : uµ = 1,
uµ = 1→ fi1 : uγ = 1,

Let fx1 =
∂ fs3

∂t
: sin(2π t− φ) = uβ0 uβ1 sin

(
2π t− uφ φ

)
,

Let fx2 =
∂ fs3

∂φ
: sin(2π t− φ) = uβ0 uβ1 uφ sin

(
2πt− uφ φ

)
,

fx2

fx1
: uφ = 1,

uφ = 1→ fx1 : uβ0 uβ1 = 1,

uβ1 =
1

uβ0

, uφ = 1→ fs3 : uβ0 = 1,

⇒ uβ1 = 1,

us = uµ = 1→ fs2 : uω ur3 = 1,

uγ = uµ = 1→ fr11 : γ i− (3 ω + µ) r1 =
γ I
ur1

− (3 uω ω + µ) r1,

uψ = 1→ fr12

fs3
: ur1 (r2 + r3) = ur2 r2 + ur3 r3,

uµ = 1→ fr21 : r1 − r2 = uω

(
ur1

ur2

r1 − r2

)
,

uµ = 1→ fr31 : r2 − r3 = uω

(
ur2

ur3

r2 − r3

)
.

As these equations allow scaling parameters u ̸= 1, this model is not identi-
fiable from prevalence data.
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B.1 For Chapter 2
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Figure B.1: Serial interval distribution for covid-19. Data from (Cori, et al., 2022).
[61]
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Figure B.2: Serial interval distribution for the simulations used for difference-in-
differences analyses. See equation 2.2 (page 61) for details of the calculation; ς =
0.5/day, γ = 0.4/day. [61]
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Figure B.3: Prior distribution plot for pillar 1 data on severe acute respiratory syn-
drome coronavirus 2 diagnoses in the Liverpool City Region when mass testing
was introduced. Black dots show incidence and calculated logarithm of the effect-
ive reproduction number. Green shading shows the central 90% of outputs from
the renewal equation with parameters sampled from the prior distributions. lnRe
is the natural logarithm of the effective reproduction ratio. [67]
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Figure B.4: Prior distribution plot for severe acute respiratory syndrome
coronavirus 2 diagnoses in the Liverpool City Region when mass testing was
introduced, using all diagnosis data. Black dots show incidence and calculated
logarithm of the effective reproduction number. Green shading shows the cent-
ral 90% of outputs from the renewal equation with parameters sampled from the
prior distributions. lnRe is the natural logarithm of the effective reproduction ra-
tio. [67]
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Figure B.5: Prior distribution plot for severe acute respiratory syndrome
coronavirus 2 diagnoses in the United Kingdom when mask mandates were in-
troduced. Black dots show incidence and calculated logarithm of the effective re-
production number. Green shading shows the central 90% of outputs from the
renewal equation with parameters sampled from the prior distributions. lnRe is
the natural logarithm of the effective reproduction ratio. [67]
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Figure B.6: Difference-in-differences analysis using spline-based time-varying
parameters for simulated groups with two discrete levels of transmission. A Sim-
ulation with an ineffective intervention; B Simulation with an intervention that
reduces transmission by 20%. Black dots show simulated data. Yellow dots show
values that are known from the simulation but would not be known from data:
basic reproduction ratio, simulated counterfactual number of cases, and simulat-
ive causal effect on cumulative number of cases. Green lines show results fitted
to the data, and purple lines show inferred intervention-free counterfactuals. The
bottom panel shows the estimated causal effect as a cumulative difference in num-
bers diagnosed per 100 000 population. Shaded areas represent the central 90%
credible interval. Vertical dotted red lines show times interventions start. [69]
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Figure B.7: Difference-in-differences analysis for a simulation with a non-parallel
trend and an effective intervention. A Parameters fit without including considera-
tion of non-parallel trend; B Parameters fit with assumed unobserved changes to
infectiousness 14 days before and after the intervention. See caption to Figure B.6
for description of colours. [73]
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Figure B.8: Difference-in-differences analysis for a simulation with a time-varying
proportion of cases diagnosed and no simulated effective intervention. In group 2,
there is a 20% increase in the proportion diagnosed at the same time as the inter-
vention. See caption to Figure B.6 for description of colours. [75]
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Figure B.9: Chains for analysis of pillar 1 data on severe acute respiratory syn-
drome coronavirus 2 diagnoses in the Liverpool City Region when mass testing
was introduced. Each density plot matches the chains to the left. Horizontal axes
of density plots not labelled, each matches the vertical axis of the plot of chains to
the left. Parameters defined in the text. [76]
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Figure B.10: Plot from difference-in-differences analysis using pillar 1 data for
local authorities that did not have mass testing in 2020. See caption to Figure 2.2
for description of colours. [76]
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Figure B.11: Chains for analysis of all data on severe acute respiratory syndrome
coronavirus 2 diagnoses in the Liverpool City Region when mass testing was in-
troduced. Each density plot matches the chains to the left. Horizontal axes of
density plots not labelled, each matches the vertical axis of the plot of chains to
the left. Parameters defined in the text. [76]



B. Supplementary figures 185

−1
0
1
2
3

ln
𝓡

e

1.0

1.5

2.0

2.5

𝓡
0

0

100

200

300

W
it

h
ou

t 

 i
n
te

rv
en

ti
o
n

0

100

200

300

W
it

h
 

 i
n
te

rv
en

ti
on

June
Sept.

Jan.

−1.0

−0.5

0.0

0.5

1.0

June
Sept.

Jan.
June

Sept.

Jan.

C
u
m

u
la

ti
v
e 

 d
if
fe

re
n
ce

Date, 2020–2021

Warrington West Lancashire Wigan

Figure B.12: Plot from difference-in-differences analysis using all data for local
authorities that did not have mass testing in 2020. See caption to Figure 2.2 for
description of colours. [76]
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Figure B.13: Chains for analysis of effect of masking mandates in the United King-
dom. Each density plot matches the chains to the left. Horizontal axes of density
plots not labelled, each matches the vertical axis of the plot of chains to the left.
Parameters defined in the text. [76]
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B.2 For Chapter 3
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Figure B.14: Prior distribution plot for respiratory syncytial virus incidence in
Scotland. A Purple shading represents the central 90% of predicted incidence us-
ing prior distributions for each parameter. The grey shaded area represents the
period of high stringency index (>50) is Scotland. Black dots show recorded in-
cidence. B Median and central 90% intervals for prior distributions. R0, basic re-
production ratio; ψ, boosting coefficient. [102]
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Figure B.15: Chains for analysis of effect of non-pharmaceutical interventions on
respiratory syncytial virus incidence in Scotland, assuming immune waning at a
rate of 0.1/year. Each density plot matches the chains to the left. Horizontal axes
of density plots not labelled, each matches the vertical axis of the plot of chains to
the left. Parameters defined in the text. [102]
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Figure B.16: Chains for analysis of effect of non-pharmaceutical interventions on
respiratory syncytial virus incidence in Scotland, assuming immune waning at a
rate of 0.2/year. Each density plot matches the chains to the left. Horizontal axes
of density plots not labelled, each matches the vertical axis of the plot of chains to
the left. Parameters defined in the text. [102]
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Figure B.17: Chains for analysis of effect of non-pharmaceutical interventions on
respiratory syncytial virus incidence in Scotland, assuming immune waning at a
rate of 0.4/year. Each density plot matches the chains to the left. Horizontal axes
of density plots not labelled, each matches the vertical axis of the plot of chains to
the left. Parameters defined in the text. [102]
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Figure B.18: Chains for analysis of effect of non-pharmaceutical interventions on
respiratory syncytial virus incidence in Scotland, assuming immune waning at a
rate of 1/year. Each density plot matches the chains to the left. Horizontal axes
of density plots not labelled, each matches the vertical axis of the plot of chains to
the left. Parameters defined in the text. [102]
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Figure B.19: Chains for analysis of effect of non-pharmaceutical interventions on
respiratory syncytial virus incidence in Scotland, assuming immune waning at a
rate of 2/year. Each density plot matches the chains to the left. Horizontal axes
of density plots not labelled, each matches the vertical axis of the plot of chains to
the left. Parameters defined in the text. [102]
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Figure B.20: Chains for analysis of effect of non-pharmaceutical interventions on
respiratory syncytial virus incidence in Scotland, assuming immune waning at a
rate of 4/year. Each density plot matches the chains to the left. Horizontal axes
of density plots not labelled, each matches the vertical axis of the plot of chains to
the left. Parameters defined in the text. [102]
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Figure B.21: Chains for analysis of effect of non-pharmaceutical interventions on
respiratory syncytial virus incidence in Scotland, assuming immune waning at a
rate of 6/year. Each density plot matches the chains to the left. Horizontal axes
of density plots not labelled, each matches the vertical axis of the plot of chains to
the left. Parameters defined in the text. [102]
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B.3 For Chapter 4
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Figure B.22: Simulated proportions of healthcare workers vaccinated over time.
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Figure B.23: Chains for analysis of immunity for healthcare workers within a
single hospital. Each density plot matches the chains to the left. Horizontal axes
of density plots not labelled, each matches the vertical axis of the plot of chains to
the left. Parameters defined in the text. [129]
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Figure B.24: Chains for analysis of immunity for healthcare workers in hospitals
in the Midlands of England (part 1). Each density plot matches the chains to the
left. Horizontal axes of density plots not labelled, each matches the vertical axis
of the plot of chains to the left. Parameters defined in the text. See Figure B.25 for
other parameters. [130]



B. Supplementary figures 198

0 2500
0.00

0.05

0 2500
0.00

0.05

0 2500
0.00
0.05
0.10

0 2500

0.030

0.035

0 2500

0.05

0.06

0 2500

0.020
0.025

0 2500

0.03

0.04

0 2500

0.03

0.04

0 2500

0.04

0.05

0 2500

0.04

0.06

0 2500

0.018
0.021

0 2500

0.035
0.040

0 2500

0.002
0.003
0.004

0.00 0.05
0

500
1000

0.00 0.05
0

500
1000

0.00 0.05 0.10
0

1000

0.030 0.035
0

200

0.05 0.06
0

100
200

0.0150.0200.025
0

100
200

0.03 0.04
0

100
200

0.03 0.04
0

100
200

0.04 0.05
0

100

0.04 0.06
0

50

0.01750.02000.0225
0

250

0.03 0.04
0

100
200

0.0020.0030.004
0

500
1000

0 2500

0.020
0.025

0 2500

0.030
0.035
0.040

0 2500

0.03
0.04

0 2500

0.0075
0.0100
0.0125

0 2500

0.050
0.075

0 2500

0.035
0.040

0 2500
0.035
0.040
0.045

0 2500

0.030
0.035
0.040

0 2500

0.050
0.055
0.060

0 2500
0.045
0.050
0.055

0 2500

0.040
0.045

0 2500
0.010

0.015

0 2500

0.035
0.040
0.045

0.0200.025
0

200

0.03 0.04
0

100
200

0.03 0.04
0

100
200

0.005 0.010
0

250

0.0500.075
0

25
50

0.0350.0400.045
0

200

0.04 0.05
0

100
200

0.0300.0350.040
0

100
200

0.05 0.06
0

100
200

0.05 0.06
0

100
200

0.0350.0400.045
0

200

0.010 0.015
0

250

0.04 0.05
0

100
200

D
en

si
ty

𝛽
h
21

D
en

si
ty

𝛽
p
11

D
en

si
ty

𝛽
h
21

D
en

si
ty

𝛽
p
11

D
en

si
ty

𝛽
h
2
2

D
en

si
ty

𝛽
p
12

D
en

si
ty

𝛽
h
2
2

D
en

si
ty

𝛽
p
12

D
en

si
ty

𝛽
h
2
3

D
en

si
ty

𝛽
p
1
3

D
en

si
ty

𝛽
h
2
3

D
en

si
ty

𝛽
p
1
3

D
en

si
ty

𝛽
p
1

D
en

si
ty

𝛽
p
1
4

D
en

si
ty

𝛽
p
1

D
en

si
ty

𝛽
p
1
4

D
en

si
ty

𝛽
p
2

D
en

si
ty

𝛽
p
1
5

D
en

si
ty

𝛽
p
2

D
en

si
ty

𝛽
p
1
5

D
en

si
ty

𝛽
p
3

D
en

si
ty

𝛽
p
16

D
en

si
ty

𝛽
p
3

D
en

si
ty

𝛽
p
16

D
en

si
ty

𝛽
p
4

D
en

si
ty

𝛽
p
17

D
en

si
ty

𝛽
p
4

D
en

si
ty

𝛽
p
17

D
en

si
ty

𝛽
p
5

D
en

si
ty

𝛽
p
1
8

D
en

si
ty

𝛽
p
5

D
en

si
ty

𝛽
p
1
8

D
en

si
ty

𝛽
p
6

D
en

si
ty

𝛽
p
19

D
en

si
ty

𝛽
p
6

D
en

si
ty

𝛽
p
19

D
en

si
ty

𝛽
p
7

D
en

si
ty

𝛽
p
2
0

D
en

si
ty

𝛽
p
7

D
en

si
ty

𝛽
p
2
0

D
en

si
ty

𝛽
p
8

D
en

si
ty

𝛽
p
2
1

D
en

si
ty

𝛽
p
8

D
en

si
ty

𝛽
p
2
1

D
en

si
ty

𝛽
p
9

D
en

si
ty

𝛽
p
22

D
en

si
ty

𝛽
p
9

D
en

si
ty

𝛽
p
22

D
en

si
ty

𝛽
p
10

D
en

si
ty

𝛽
p
2
3

D
en

si
ty

𝛽
p
10

D
en

si
ty

𝛽
p
2
3

Iteration Iteration

Figure B.25: Chains for analysis of immunity for healthcare workers in hospitals
in the Midlands of England (part 2). Each density plot matches the chains to the
left. Horizontal axes of density plots not labelled, each matches the vertical axis
of the plot of chains to the left. Parameters defined in the text. See Figure B.24 for
other parameters. [130]
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Figure B.26: Proportions of healthcare workers absent from each hospital over
time. Each plot represents a hospital in the Midlands of England. Black points
represent recorded data; green lines represent median estimates from model with
shading representing central 90% credible interval. [130]
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