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Abstract

We investigate properties of Koszmider spaces. We show that if K and L are
compact Hausdorff spaces with no isolated points, K is Koszmider and %' (K)
is isomorphic to € (L), then K and L are homeomorphic and, in particular, L
is also Koszmider. We also analyse topological properties of Koszmider spaces

and show that a connected Koszmider space is strongly rigid.

In addition to Koszmider spaces, we introduce the notion of weakly Koszmider
spaces. Having established an alternative characterisation thereof, we show that,
while it is evident that every Koszmider space is weakly Koszmider, the reverse
implication does not hold. We also prove that if ¥ (K) and € (L) are isomorphic
and K is weakly Koszmider, then so is L. However, if K is Koszmider, there

always exists a non-Koszmider space L such that ¢’ (K) and € (L) are isomorphic.

In the second part of the thesis we present two separable Koszmider spaces the
construction of which does not use any set-theoretical assumptions except for the
usual (ZFC) axioms. The first space is zero-dimensional, being the Stone space
of a Boolean algebra. The second construction results in a separable connected

Koszmider space.



Contents

1 Introduction

1.1 Historical background . . . . . .. ... .. L o Lo
1.2 Overview of the thesis . . . . . . . ... ... .. . oL

1.3 General notation and terminology . . . . . . . . .. .. .. ... ... ...

Properties of Koszmider and weakly Koszmider spaces

2.1 Introduction . . . . . . . . . ..
2.1.1 Overview of the chapter . . . . . . .. ... ... ... ........
2.1.2 Notation and terminology . . . . . . . .. . ... ... ... ... ..

2.2 Properties of Koszmider spaces . . . . . . . . .. ... ... .. ... ...,

2.3 Centripetal operators and weakly Koszmider spaces . .. ... ... .. ..
2.3.1 Motivation . . . . . . ..
2.3.2 Alternative characterisation of weakly Koszmider spaces . . . . . . .
2.3.3  Further properties of Koszmider and weakly Koszmider spaces

2.4 Strong rigidity of connected Koszmider spaces . . . . . . . . ... ... ...

Construction of a separable zero-dimensional Koszmider space

3.1 Introduction . . . . . . . . .. L
3.1.1 Description of the construction . . . . .. ... ... ... ... ..
3.1.2  Overview of the chapter . . . . . . ... ... ... ... .......
3.1.3 Notation and terminology . . . . . . . .. ... ... ... ...,

3.2 Preliminary results . . . . . . ...
3.2.1 Introduction to Boolean algebras . . . . . . ... ... ... ...
3.2.2 Introduction to irreducible maps and Gleason spaces . . . . . . . ..

3.3 Property (K') . . . . . o

10
11
15
15
19
21
26



3.4  Preservation of suprema and forbidden splittings . . . ... ... ... ... 49

3.5 Construction of K . . . . . . . ... 56
3.6 Propertiesof K . . . . . . . . e 60
4 Construction of a separable connected Koszmider space 65
4.1 Introduction . . . . . . . . . . ... 65

4.1.1 Description of the construction. Boolean algebras versus topological

SPACES « v e e e e e e e e e e e e 65

4.1.2 Overview of the chapter . . . . . . ... .. ... ... ... ... . 67
4.1.3 Notation and terminology . . . . . . . ... . ... ... ... 68

4.2 Preliminary results . . . . . . . ... 68
4.2.1 Bounded disjoint sequences of functions and their suprema . . . . . 68
4.2.2 Forbidden splittings . . . . . . . .. .. oo 70
4.2.3 Irreducible maps and Gleason spaces revisited . . . . . . . .. .. .. 70
4.2.4 Extensions of topological spaces . . . . .. .. .. ... ... 73

4.3 Property (K) . . . . . 76
4.4 Preservation of suprema and forbidden splittings . . . . ... .. ... ... 86
4.5 Construction of K . . . . . . . . .. 103
4.6 Propertiesof K . . . . . . . . 107
Bibliography 112

ii



Chapter 1

Introduction

1.1 Historical background

It may be argued that one of the virtues of Banach spaces is their rich operator structure.
After all, Banach spaces are sometimes regarded merely as domains for linear operators.

Let us, however, take the opposite perspective and ask the following question: how small
can the space .ZX of (bounded linear) operators on a Banach space X be?

As an illustration, Shelah [She78| constructed a nonseparable Banach space X such
that every operator on X can be expressed in the form Al 4+ S where A € R and S has
separable range. The original construction assumed the Diamond Axiom () but ten years
later Shelah and Steprans [SS88] managed to remove it and provided a (ZFC) construction
of a space with the above property. Later, Wark [War(O1] obtained a reflexive space with
the same property.

Spaces with few operators are closely associated with the names of Gowers and Mau-
rey and their paper [GM93] in which the authors obtain a space Xz, with the following

properties:

(a) (see [Lin70]) Xgm is indecomposable, that is, it cannot be expressed as a direct sum of
two of its infinite-dimensional subspaces. In fact, Xy, is hereditarily indecomposable,

that is, all of its subspaces are indecomposable,

(b) as a corollary to (a), every operator on Xy can be expressed in a form AI + .S with

A € C and § strictly singular,

(c) (Banach Hyperplane Problem [Ban32]) as a corollary to (b), Xgm is not isomorphic

to any proper subspace of itself,



(d) (see [BP58]) Xgm contains no unconditional basic sequence.

It is worth noting that, while the first known example of a space with property (c) had
been obtained slightly earlier, in [Gow94], the question about existence of a space with any
of the remaining properties had been open until [GM93].

Recently, Argyros and Haydon [AHOS8| constructed a Banach space on which every
operator has the form Al + K with A € R and K compact.

Suppose now that instead of looking at general Banach spaces we restrict ourselves to
spaces of the type ¢ (K). Here K is an infinite compact Hausdorff space and € (K) is the
Banach space of real-valued continuous functions on K under the supremum norm. We
pose the same question: how small can .Z%(X) be?

Certainly, for any g in ¢’(K), the multiplication operator gl: f +— gf lies in LK) In
addition, it can be shown (see e.g. [Kos04]) that 2% ) must contain an operator T which
cannot be expressed in the form 7' = gl + K, where g € (K ) and K is compact.

A natural question now arises: does there exist a space K such that every operator T’
on % (K) has the form

T=gl+W, (1.1)

where g € €(K) and W is weakly compact? As was shown by Piotr Koszmider in [Kos04],
the answer turns out to be yes. Following the terminology introduced in [Ple04], we call
spaces with this property Koszmider spaces.

In his paper [Kos04], Koszmider constructed a space K such that
(i) €(K) is not isomorphic to any proper subspace or quotient,

(ii) ¥(K) is indecomposable (although, since every & (K) contains a copy of cp, it is not

hereditarily indecomposable),

(iii) (see [SemT1]) as a corollary to (ii), ¥ (K) is not isomorphic to ¢ (L) for any totally

disconnected L.

Of course, as mentioned above, Gowers and Maurey already solved the Banach Hyper-
plane and the indecomposability problems in [GM93]. However, Koszmider’s space was the

first such example of a %' (K) space. Motivation for considering property (iii) stems from



Milutin’s Theorem [Mil52] which says that € (K) is isomorphic to €' ({0,1}*) whenever K
is uncountable and metrisable.

Koszmider showed that if K is a connected space such that every operator on ¢ (K) is
of the form gl + W, as in (1.1), the resulting space € (K) satisfies (i)—(iii). Assuming the
Continuum Hypothesis (CH), he also produced an example of such a space. In the same
paper he provided another construction, performed entirely within (ZFC), of a space K
satisfying properties (i)—(iii). This K, however, is a representative of another, bigger, class
of spaces with few operators, namely, K is the weakly Koszmider space. Soon afterwards,

Plebanek [Ple04] obtained a (ZFC) construction of a connected Koszmider space.

1.2 Overview of the thesis

In this thesis we investigate further properties of € (K) spaces with few operators. In

(K) and

particular, we try to establish a connection between the operator structure of .£¢
the topological structure of K. It turns out that the condition of having few operators
on €(K) forces K to have few continuous functions on itself. More precisely, if K is a
connected Koszmider space then K is strongly rigid, that is, the only continuous functions
on K are the identity and the constants.

We also show that if K and L are Koszmider spaces with no isolated points and
€ (K) ~ € (L) (where “~” means “Banach-space isomorphic to”) then K and L are homeo-
morphic. In fact, in this setup it is enough to assume that only one of K and L is Koszmider.
When put into historical context, this result seems very curious. Recall that K and L
are homeomorphic if € (K) and ¢’ (L) are ring-isomorphic (Gelfand-Kolmogorov, [Sem71,
Theorem 7.8.2]) or isometric (Banach—Stone, [Sem71, Theorem 7.8.4]). However, in gen-
eral, Banach-space isomorphism between %’ (K) and %' (L) does not tell us anything about
topological relations between K and L. A good illustration of this fact is Milutin’s Theo-
rem [Mil52], already mentioned above, which says that ¢ (K) ~ € ({0,1}*) whenever K is
uncountable and metrisable.

In addition to Koszmider spaces, we address the question of what happens if we allow
LK) to contain some operators which are not of the form gI+W. Specifically, we consider

the class of centripetal operators (or weak multipliers, as they were called in [Kos04]).



Formally, an operator T: € (K) — % (K) is said to be centripetal if

lim (Tf,)(zn) =0

n—oo

whenever (f,) is a bounded disjoint sequence in ¢’ (K) and (z,,) is a sequence in K with
fn(xn) =0 for each n, and we say that a space K is weakly Koszmider if every operator
on € (K) is centripetal. It is clear that every multiplication operator is centripetal and it
can be shown that every weakly compact operator is also centripetal. Thus every Koszmider
space is weakly Koszmider. We show that the reverse implication does not hold.

It is worth mentioning that weakly Koszmider spaces provide a natural generalisation
of Koszmider spaces. It was proved in [Kos04] that an operator T' on € (K) is centripetal if
and only if there exist a bounded Borel function g: K — R and a weakly compact operator
W: € (K)* — €(K)* such that

T =gl+W. (1.2)

To define the operator gl, recall that, by the Riesz Representation Lemma [Sem71,
Theorem 18.4.1], the space (K )* can be identified with the space .# (K) of signed Radon

measures on K. Using this representation, we define gI: .#(K) — .#(K) by setting

(D) ()(f) = / ofdy Vpe d(K) VfeEC(K).

Note that if g is a continuous function, then g¢I is simply the dual of the multiplication
operator f +— gf used in the representation (1.1).

As was shown in [Kos04], weakly Koszmider spaces preserve some properties of Koszmider
spaces (for example, they have property (i) from the previous section, and, with several
additional conditions, they also satisfy (ii) and (iii)). On the other hand, due to softer
restrictions on the structure of .£¢ &), they possess extra properties. For example, having
established an alternative characterisation of weakly Koszmider spaces, we show that if
C(K) ~ ¢ (L) and K is weakly Koszmider then so is L. We show that the corresponding
result for Koszmider spaces does not hold unless, as above, we assume that K and L do
not have isolated points. As a by-product, we construct an example of a weakly Koszmider
non-Koszmider space. A similar example was obtained by Fajardo [FajO7].

The results described above constitute the first part of the thesis, Chapter 2 and were
published in [Sch08§].



The second part of the thesis, Chapters 3 and 4, is devoted to construction of two separa-
ble Koszmider spaces. The first, and so far the only known, construction of a separable (and
connected) Koszmider space appeared in [Kos04] but, as mentioned in the previous section,
assumed (CH). Plebanek’s (ZFC) example of a connected space [Ple04] is nonseparable.

By introducing new ingredients to the algorithm from [Kos04], we obtain a separable
Koszmider space entirely within (ZFC). Note that if D = {d,, : n € w} is a dense subset
of K, then the map T': f — (f(d,)) is an embedding of ¢ (K) into fo. Thus we give a
positive answer to the question 20 (1188) from [Pea07, p. 575] which asks where there exists
in (ZFC) a Koszmider space K such that € (K) is embedded in /n.

In fact, we constructed two separable Koszmider spaces: one is zero-dimensional and
another one is connected. Even though the connected example gives a stronger result, we
present both constructions here. This is done because the zero-dimensional construction is
simpler and served as a motivation for the connected one. The zero-dimensional construction
is described in Chapter 3 whilst Chapter 4 deals with the connected case.

A large part of our construction is based on the arguments from [Kos04] and [Ple04].
However, instead of working in #(w), as was done in [Kos04, section 3], or in a measure
algebra, as in [Ple04], we construct K as a continuous image of the Gleason space of {0,1}2"
(in the zero-dimensional case) or [0,1]%” (in the connected case). This gives us the benefit
of obtaining separability with no extra effort as both of these spaces are separable.

Another important ingredient of our constructions is property (K) which forces K to
be weakly Koszmider (in the zero-dimensional construction we consider property (K’) for
Boolean algebras and in this case the Stone space £ (2() of a Boolean algebra 2 with
property (K') is weakly Koszmider).

The idea of considering properties (K’) and (K) has been inspired by several exist-
ing constructions. In his paper [Ple04], Plebanek introduced a so-called property (H) and
showed that it forces a space to be weakly Koszmider. The original definition is applicable
to any compact Hausdorff space, however, in [Ple04, section 6] Plebanek considered a sim-
plified version of property (H) for zero-dimensional spaces which he called (H') and which
is the basis for our property (K’). Variations of both of these properties were already used

in [Kos04, Theorems 3.1, 5.1] in the same context, although under no specific name.



For completeness we need to mention one more paper. In [Hay81], Haydon gave a

definition of the Subsequential Completeness Property (SCP) and showed that if an alge-

bra 2 has the SCP, then € (2 (2)) is Grothendieck. Moreover, if, in addition, 2 possesses

a certain extra characteristic, then € (¢ (2)) gives an example of a Grothendieck space

with no subspace isomorphic to £,. Going back to weakly Koszmider spaces, the property

from [Kos04, Theorem 3.1] is pretty much the combination of the SCP and this charac-

teristic, while the property from [Kos04, Theorem 5.1] is its natural generalisation. Our

definitions of properties (K') and (K) are, in turn, respective modifications thereof.

1.3

General notation and terminology

All Banach spaces are assumed to be infinite-dimensional and over the field R of real

numbers.

All operators between Banach spaces are assumed to be bounded and linear, and,
whenever T is a (bounded linear) operator between Banach spaces (X, ||-|ly) and

(Y,]|- |ly-), we denote the usual operator norm of T" by ||T’||, that is,

IT]| = sup{[[ Ty : = € X and [lz]x <1}.

All topological spaces are assumed to be infinite and Hausdorff. In addition, a topo-
logical space K is assumed to be compact unless it is stated otherwise or it is evident
that K cannot be compact (for example, K has the form L\{z} with L compact and
xel).

The topology on R is assumed to be the usual Euclidean topology.

Whenever we consider a sequence and the indexing set is not explicitly defined, we

assume that it is w. For example, (f,,) stands for (f,)new-
Let X be a topological space.

— If A C X, we denote the closure of A by A and the interior of A by int (A).
— If A C X, we denote the characteristic function of A by x4, that is,

() = 1 ifze A
XA = 0 ifze X\A.



— If A C X is regarded as a topological space, we assume that A has the subspace

topology.

— If A C X and I is an indexing family, we assume that A’ is a topological space

with the product topology.

— We define the identity function on X by Ix, that is,

Ix(z) =2 VrelX.

e Let X be a topological space and let f: X — R be a function.

— We denote the support of f by supp(f), that is,
supp(f) = {z € K : f(x) # 0}.
— We define
fr=fvo=max{f,0}, f~=—(fA0)=—min{f,0}.

Note that f© — f~ = f and f*+ f~ = |f| and that continuity of f implies that

both f™ and f~ are continuous.
e Let X and Y be topological spaces and let f: X — Y be a function.

— If f is an injection, we write f: X — Y to emphasise this fact.
— If f is a surjection, we write f: X — Y to emphasise this fact.

— If A C X, we denote the restriction of f to A by [f]| 4.
e Let K be a topological space.

— We define € (K) to be the Banach space of continuous real-valued functions on K

with the supremum norm.

— We define a partial order < on € (K) by saying that if f,g € €(K) then
f<g ifandonlyif f(z)<g(z) VreK.
For convenience of notation, if f € ¥(K) and ¢ € R we say that

f<e ifandonlyif f<clg.



— Let (f,) be a sequence in € (K). We say that (f,) is disjoint if
fm(@) - fu(x) =0 Vo€ K VYm#n.

— We define .# (K) to be the space of signed Radon measures on K. Using the
Riesz Representation Lemma [Sem71, Theorem 18.4.1], we will identify € (K)*
with 7 (K).

e Let 7 and o be subsets of w. We say that

— 7 and o are almost disjoint if T N o is finite,

— 7 is almost contained in o (denoted by 7 C* o) if 7\ is finite.
e Let A be a subset of an algebra 2. We denote the algebra generated by A by (A).

e Let A be a set whose elements are themselves sets. Using the standard set-theoretic

notation, we define

JA={X:34€ Awith X € A}.



Chapter 2

Properties of Koszmider and
weakly Koszmider spaces

2.1 Introduction

2.1.1 Overview of the chapter

The chapter is organised as follows. Section 2.2 is devoted to proving that if K and L are
Koszmider spaces with no isolated points and € (K) ~ ¢ (L), then K and L are homeo-
morphic. It is natural to ask whether the corresponding result holds if we omit the isolated
points condition and in order to answer this question, we proceed to section 2.3 which
we start with considering centripetal operators and introducing the notion of a weakly
Koszmider space (section 2.3.1). In section 2.3.2 we prove that K is weakly Koszmider if
and only if the quotient space .2¢ )/ .Zv(fc(K) is commutative. It follows immediately that
if K and L are topological spaces with € (K) ~ € (L) then K is weakly Koszmider if and
only if so is L.

Using the above criterion, it is possible to obtain further properties of Koszmider spaces
and that is done in section 2.3.3. We construct an example of a weakly Koszmider non-
Koszmider space and proceed to show that for any Koszmider space K there exists a non-
Koszmider space L with ¢ (K) ~ % (L). We finish the section with strengthening the result
from section 2.2 and show that if K and L are topological spaces without isolated points
and € (K) ~ ¢ (L), then in order to deduce that K and L are homeomorphic, it is enough
to assume that only one of them is Koszmider.

Finally, in section 2.4 we analyse topological properties of Koszmider spaces and show

that if K is a connected Koszmider space, the only continuous functions on K are the



identity and the constants, that is, K is strongly rigid.

The results of this chapter appeared in [Sch08].
2.1.2 Notation and terminology

e Let X and Y be any sets. We will write

X ~Y if X and Y are isomorphic as Banach spaces,

X ~Y if X and Y are homeomorphic as topological spaces,
X 2Y if X and Y are isomorphic as rings,

X <Y if X is a subring of Y,

X Y if X isanidealin Y.

e Let K be a topological space.

We denote the derived set of K by K'.
— Let x € K. We denote the Dirac measure at z by d,, that is,

5x(A):{1 ifreA VAC K.

0 otherwise

Let g: K — R be a bounded Borel function. We define the operator gl on .Z (K)

by setting

(D) ()(f) = / ofdy  Vpe.d(K), Vf € E(K).

Note that when g is a continuous function, gI is the dual of the multiplication

operator f+— gf on ¢ (K). We shall call this operator gl again, that is,
gl: €(K) — ¢(K), (gD)(f) =g/.
e Let X be a Banach space. We define

2% = {T:X — X, Tis a (bounded linear) operator},

ZX = {T:X — X, T is weakly compact},
and, if X = ¢ (K) for some topological space K, we also define
LX={gl: X - X, ge X}.

We may also denote the above spaces by .2, % and A respectively whenever this

notation does not cause ambiguity.
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2.2 Properties of Koszmider spaces

We start with a formal definition.

Definition 2.2.1. A space K is said to be Koszmider if
€ (K
PE(K) :‘iﬂM( )+$ﬁ(K)7

that is, for every operator T': ¥(K) — % (K) there exist a continuous g: K — R and a
weakly compact W: € (K) — € (K) such that

T=gl+W. (2.1)

Examples of Koszmider spaces can be found in [Kos04] and [Ple04]. For general infor-
mation on & (K) spaces we refer the reader to [Sem71].

We are interested in the following question: what topological properties of K are pre-
served under Banach space isomorphisms?

As mentioned in the introduction, while an isometry or a ring isomorphism between
¢ (K) and € (L) forces K and L be homeomorphic, a Banach space isomorphism does
not in general provide any additional information about common topological properties of
K and L.

The picture changes significantly if we assume that K and L have no isolated points
and at least one of the spaces is Koszmider. In this case, as we are about to prove, the fact
that ¢ (K) ~ ¢ (L) implies K ~ L.

We start with the following observation. Let K be a topological space. It is well-known

(see [HHZ96], for example) that
o (ZL7K) 4+ 0)is a ring,
° Zl\cf(K) is a subring of 2% (K)
° jvii(K) is an ideal in £¢(K),
Note the following consequence of this fact.
Proposition 2.2.2. Let K be a topological space. Then
(L + Lae) | Lve = L/ (LN Lie) = C(K). (2.2)

11



In particular, if K is Koszmider, then
L] Lwe £ € (K'). (2.3)

For the proof we will use the following version of Claim from the proof of [Kos04, The-

orem 2.5], where the corresponding result was proved for an arbitrary function g: K — R.

Lemma 2.2.3. Let g € €(K). Then the operator gl: € (K) — €(K) is weakly compact if

and only if for each € > 0 the set
48 = {z € K |g(a)| > ¢}
is finite. Consequently, gl is weakly compact if and only if each point in supp(g) is isolated.

For completeness, we include the proof of this result. Since we are only interested in
continuous functions, our proof is different from the one in [Kos04] and is based on the
following result which will be used throughout the chapter and can be found in [DU77,
p.160, Corollary 17].

Theorem 2.2.4. Let K be a topological space and Y be a Banach space. An operator
T:6(K)—Y is weakly compact if and only if

lim |[Tf,||=0
for every bounded disjoint sequence (fy,) in € (K).

Proof of Lemma 2.2.3. Suppose that for some € > 0 there exists an infinite sequence (zy,)
in K such that |g(x,)| > € for all n. Passing to subsequences, we may assume that (z,) is
relatively discrete, so that there exist disjoint open U,, with z,, € U, for all n. Let (f,) be

a sequence in ¢ (K) separating (x,), that is,

[fnllo =1, fa(zn) =1 and  supp(fn) € Un

for each n. Then (f,) is a bounded disjoint sequence and

1D ()l = 1D (fn)(@n)| = [g(@n) fu(n)| > &

for each n. Theorem 2.2.4 implies that gl is not weakly compact.

12



Conversely, suppose that gl is not weakly compact. Applying Theorem 2.2.4 again and
passing to subsequences if needed, we can find a bounded disjoint sequence (f,) in € (K)

and € > 0 such that for each n,

19.fnlloe > €

and, in particular, there exists x,, € K with

meaning that each z,, lies in Ag/M where M is an upper bound for the set {|| fp||, : 7 € w}.
Disjointness of (f,,) guarantees that all z,, are distinct and so Ag M is infinite.

For the second part of the lemma, note that

supp(g) = | J 4%

e>0
Continuity of ¢ implies that each AZ is open and so if A? is finite, by the Hausdorff
property, it must consist of isolated points. For the converse note that, being compact, K

can only have finitely many isolated points. O

Proof of Proposition 2.2.2. The first part of (2.2) is simply the second isomorphism theorem
for rings applied to .Z, Y and L.
To prove the second part, define a ring homomorphism
0: A — C(K'),

gl —  [glg -

Then

Ker(®) = {gle Ly : [g]lx =0}
= {gl € Zu :supp(g) € K\K'}
= {gl € LAy :supp(g) consists of isolated points}
= {9l € Lu:gle Ly} (by Lemma 2.2.3)

= N Lc.

Furthermore, since K’ is a closed subset of K, by the Tietze extension theorem [Wil70,

Theorem 15.8], for any g € € (K') we can find g € €(K) with [g]|, = g or, equivalently,

13



©(gI) = g. Thus Im(0©) = € (K’) and the result follows from the first isomorphism theorem

for rings. O
Before we proceed, let us mention another consequence of the first isomorphism theorem.

Proposition 2.2.5. Let X and Y be Banach spaces with X ~ £Y . Then
LX) L= Y| L)
Proof. Let J: X — Y be a Banach space isomorphism and define a map

0: 2% - ¢YV|¥Y

T — JTJ'+2r.

Clearly, © is a ring homomorphism and Im(0) = £ /.Z} .
Furthermore, if T € £ then JTJ ! € £Y and so T € Ker(©). Conversely, if
T € Ker(0©), then JTJ ' € ZY andso T = J Y (JTJ1)J € ZX. Thus Ker(©) = .ZX.

The result now follows from the first isomorphism theorem for rings. O

Theorem 2.2.6. Let K and L be Koszmider spaces such that € (K) ~ € (L). Then K' ~ L’.

In particular, if K and L have no isolated points, then K and L are homeomorphic.

Proof. Combining Propositions 2.2.2 and 2.2.5,
C(K) = g7 L5 = 20D 21D = g(L),
and the result follows from the Gelfand-Kolmogorov theorem [Sem71, Theorem 7.8.2]. [

Suppose now that K is Koszmider while L is an arbitrary topological space with
C(K)~€(L). Is it still true that K’ ~ L’ or perhaps at least that L is also Koszmider?

The answer to both questions, even though negative in general, turns out to be positive
if we restrict ourselves to spaces with no isolated points, and this will be analysed in the
next section. First, however, we need to introduce some machinery which does not only

provide the necessary background but also gives interesting independent results.
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2.3 Centripetal operators and weakly Koszmider spaces

2.3.1 Motivation

As mentioned in the introduction, the building block of the constructions in [Kos04] and [Ple04]

is the notion of centripetal operators.

Definition 2.3.1. An operator T': ¢ (K) — ¢ (K) is said to be centripetal if
lim (Tfn)(xn) =0 (2'4)

whenever (f,,) is a bounded disjoint sequence in € (K) and (z,) is a sequence in K with

fn(zy) = 0 for each n.

This definition was introduced in [Kos04] where such operators were called “weak mul-
tipliers”. The term “centripetal”, however, was used in early drafts of [Kos04] and later
appeared in [Ple04]. Both terms relate to exactly the same notion, even though Plebanek’s
definition may initially seem slightly weaker as he only assumes z,, € K \m rather

than x,, € K\supp(fn).

Lemma 2.3.2. Let T: € (K) — € (K) be an operator. The following statements are equiv-

alent.
(i) T is centripetal.

(ii) For every bounded disjoint sequence (fy) in € (K) and for every sequence (x,) in K

with x, € K\supp(f,) for all n, we have

lim (T'f,,)(z,) = 0.

n—oo
If, in addition, K is zero-dimensional, the above statements are equivalent to the following.

(i1i) For every disjoint sequence (Ay) of clopen subsets of K and for every sequence (x,,)

i K with x, & A, for all n, we have

lim (T'x a4, )(zn) = 0.

n—oo
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Proof. Tt is trivial that (i) implies (ii). To show the converse, suppose T' is noncentripetal.

Then we can find (z,) C K, a bounded disjoint (f,,) C ¢(K) and € > 0 such that
fa(@n) =0 and [(Tfn)(zn)| > ¢

for each n. Replacing f,, with a multiple of f;/ or f, and passing to subsequences is needed,

we may also assume that

range(f,) C [0, 1].

Fix any n. Note that ||T']| # 0 as otherwise 7" would be centripetal. Thus we can define

PR
Then gy, g7 and g,, all lie in 4 (K) and, in addition,

_ 9
Il < ol <1 ond ol < g7

Note that

supp(g,t) = {x : fu(x) > /(4]IT]))} C supp(fn),

and so (g;") is a disjoint sequence. The last inclusion also shows that x,, € K\supp(g: ).

Finally, note that

[(Tgy) ()| < [[(Tg)]| o < ITN |90 ]l < i
while
(Tan)an| = (sl - |7 (e )| [2e- 5= 5
Thus
(gD )] > 1Ton) )l ~ [(To) )] = %~ S =5

for each n. Consequently, (T'g;}) /4 0 and T does not satisfies the condition in (ii).
Finally, suppose that K is zero-dimensional. Then, by the Stone—Weierstrass theo-

rem [Sem71, Theorem 7.3.8], the algebra generated by the set {x4 : A is clopen} is dense in

% (K). Thus we can replace an arbitrary function f,, in (i) or (ii) with an indicator function

X4, meaning that (iii) implies (i) and (ii). The reverse implication is trivial. O
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An immediate example of centripetal operators is the identity operator or, more gener-
ally, any multiplication operator gl with g € € (K). Theorem 2.2.4 provides a less trivial
class of examples, namely, weakly compact operators.

The next result was used by both Koszmider [Kos04] and Plebanek [Ple04] in their
constructions. Recall that a subspace Y of X is C*-embedded into X if every bounded
function in €' (Y) can be extended to a bounded function in % (X); and a point € X is an

open butterfly if {x} =V N W for some open subsets V, W of X.

Theorem 2.3.3 ([Kos04, Theorem 2.7 and Lemma 2.8]). Let K be a topological space. The

following statements are equivalent.

(i) K is Koszmider.

(i1) All operators on €(K) are centripetal and the space K\{x} is C*-embedded into K

for every x € K.

In particular, if all operators on € (K) are centripetal and K contains no open butterflies,

then (i) holds and K is Koszmider.

The question of determining whether a given space K is Koszmider can now be split

into two parts:
(i) Are all operators on € (K) centripetal?
(ii) Does a certain extra condition (e.g. absence of open butterflies) hold?

However, as was shown in [Kos04], many properties of Koszmider spaces follow from the
positive answer to (i) only and do not depend on (ii) at all. This motivates us to introduce

another class of spaces.

Definition 2.3.4. A topological space K is said to be weakly Koszmider if every operator

on ¢ (K) is centripetal.

Note that Theorem 2.2.4 implies that every Koszmider space is weakly Koszmider. We
will see later that the converse is not true in general. Let us summarise several properties
of weakly Koszmider spaces which either follow directly from the definition or were proved
in [Kos04]. Recall that a Banach space X is said to be Grothendieck if every weak™-

convergent sequence in X* converges weakly.
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Theorem 2.3.5. Let K be a weakly Koszmider space. Then

(i) €(K) is Grothendieck; in particular, K does not contain convergent sequences,

(i1) if p: K — K is continuous and we set A = {x € K : ¢(x) # x}, then ¢(A) is finite,
(iii) an operator T on € (K) is onto if and only if it is an isomorphism onto its range,

(iv) €(K) is not isomorphic to any of its proper subspaces, nor to any of its proper quo-

tients.

Proof. (i) The Grothendieck property of €' (K) was shown in [Kos04, Theorem 2.4]. For the
second part suppose that (z,,) is an infinite sequence in K converging to x. Then for any f

in ¥(K) we have

lim |5acn(f) - 6x(f)‘ = lim |f($n) - f(l‘)| =0,

n—oo n—oo

which means that (d,, ) is weak*-convergent to d,.
Passing to subsequences, we may assume that (x,,) is relatively discrete and there exist
open disjoint Uy, such that z,, € U, for each n. Let (g,) be a sequence in ¥ (K) separating

(zn), that is for each n we have

”gnHoO = ]-7 gn(-’rn) =1 and Supp(gn) g Un

Then

and, by the Dieudonné-Grothendieck theorem [Die84, VII.14], the set {0, : n € w} is
not relatively weakly compact. The Eberlein-Smulian theorem [Whi67] now implies that

{0z, : m € w} is not weakly convergent. Thus ¢’ (K) cannot be Grothendieck.

(ii) Suppose that there exists (x,) C A with {¢(x,,) : n € w} infinite. We will show that
the composition operator T: f +— f o ¢ is noncentripetal.

Indeed, for each n put y, = ¢(x,). As before, we may assume that y, are relatively
isolated and there exist disjoint open U, such that v, € U, for all n. By the Hausdorff
property, we may also assume that z,, & U,. Let now (f,,) be a sequence in € (K) separating
(yn), that is,

[falle =1, fulyn) =1 and  supp(fn) € Un.
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Then (f,) is a bounded disjoint sequence and for each n we have

fn(xn) =0

whilst
(Tfu)(@n) = (fa o @) (zn) = fulyn) = 1.

(iii) This is a weaker version of [Kos04, Theorem 2.3].

(iv) This part is a direct consequence of (iii) and was also mentioned in [Kos04]. Let
Y be a subspace of ¢ (K) such that there exists an isomorphism J: ¢(K) - Y C € (K).
Then (iii) implies that range(J) = ¢ (K) and thus Y = ¢ (K).

Similarly, let @Q: ¢ (K) — Y be a quotient map and suppose that there exists an isomor-
phism J: Y — € (K). Then JQ: ¢ (K) - € (K) is surjective and hence, by the previous

part, it must be an isomorphism. This, in turn, forces () to be an isomorphism as well. [

We now proceed to describe an alternative characterisation of weakly Koszmider spaces

which will provide a machinery for obtaining further properties.
2.3.2 Alternative characterisation of weakly Koszmider spaces

It turns out that in order to check whether given space is weakly Koszmider, it is not

(K)

necessary to go through all operators in 2% (%) but only through a particular subset thereof.

Definition 2.3.6. Let S, T € Z%(K). We define the commutator [S,T] of S, T to be the
operator

[S,T] =ST —TS.
Theorem 2.3.7. Let K be a topological space. The following are equivalent.

(i) K is weakly Koszmider.
(i1) Z%(K)/ﬁfﬁ(m is commutative, that is, for any S, T € L) their commutator
[S,T] is weakly compact.

Note that the above characterisation is invariant under Banach space isomorphisms.
Indeed, if € (K) ~ € (L), then, by Proposition 2.2.5, X%(K)/fﬁ(m = 92”%(”/.,%%@), and
thus one of the rings is commutative if and only if another one is. This implies the following

result.
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Theorem 2.3.8. Let K and L be topological spaces and suppose that € (K) ~ € (L) and K

1s weakly Koszmider. Then L is also weakly Koszmider.

The proof of Theorem 2.3.7 requires an alternative characterisation of centripetal oper-

ators from [Kos04]. We need to introduce another piece of notation first.

Definition 2.3.9. For every T € 2% (5) we define the function g7: K — R by setting
gr(x) = (T"0;)({z}) VzeK.

Theorem 2.3.10 ([Kos04, Theorem 2.2]). An operator T: € (K) — € (K) is centripetal
if and only if the set {x € K : osc(gp,x) > €} is finite for each € > 0 and T* — grl is a

well-defined weakly compact operator on A (K).

We are now ready to prove the main result of the section.

Proof of Theorem 2.3.7. Suppose first that K is weakly Koszmider and let S,T € £¢¥),

By Theorem 2.3.10, there exist weakly compact Wy, Wp € £#(K) such that
S* = gsl + Wg, T* =grl+ Wr.
Then

[S,T]" = T°S" = 5"T" = (grl + Wr)(gsl + Ws) — (gsI + Ws)(grl + Wr)
= (9rlgsI — gslgrl) + (grIWs + Wrgsl + WpWg — gsIWp — Wsgrl — WsWr)

= griWs + Wrgsl + WrWg — gsIWr — Wegrl — WsWr.

Since fvﬁl ) s an ideal, it follows that the last operator is weakly compact. Gant-
macher’s theorem [HHZ96, Theorem 319] now implies that [S,T] € LEE),

Conversely, suppose that £%(K) /D?V({i(K) is commutative. Note first that €(K) is
Grothendieck. Indeed, if not, then (see [Sch82]) we can find a disjoint sequence (f,) of
elements in % (K) of norm 1, such that the space Y = span{f, : n € w} is a copy of ¢
and is complemented in € (K). Let P: €(K) — Y be a projection, ¢: Y — € (K) be the
inclusion map, and consider the operators S,T:Y — Y which are the continuous linear
extensions of the shift-type operators f,, — f,11 and f, — fo, respectively. Then for each n

we have

ISP, TP (f)lloo = [l font1 = fontallo = 1,
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and so, by Theorem 2.2.4, [.SP, (/T P] is not weakly compact.

Suppose now that K is not weakly Koszmider. Then there exist T € £% ) a bounded
disjoint (f,) € €(K), a sequence (z,,) C K and ¢ > 0 such that
falxn) =0 and |(Tfn)(zn)| > € (2.5)

for each n. Replacing f, with f;7 or f, and passing to subsequences if needed, we may
assume that each f, takes nonnegative values only, and so, in particular, that f,ll/ % is well-

defined.

Define a sequence of functionals (¢,,) C € (K)* by setting

ul9) = (gL TV(f/*) (@n) = g(xn)(TF)%) (@) = (T(9fa/*))(xn) Vg € C(K).

Note that ( f%/ 2) is a bounded disjoint sequence and, by (2.5),

(1| = 1@ (T @) = (T2 1) (an)
= IT(fa)(@n)]

> €

for each n. Thus, by the Dieudonné-Grothendieck theorem [Die84, VIIL.14], {¢, : n € w}
is not relatively weakly compact. By the Eberlein-Smulian theorem [Whi67], (¢,) is not
weakly convergent. But ¥(K) is Grothendieck, and so (¢5) is not weak*-convergent. In
particular, there exists g in € (K) with ¢,(g) /4 0 as n — oo. Passing to subsequences if

necessary, we can find ¢ > 0, such that |¢,(g)| > 0 for each n which means that

[t 1) = |t T @) | = Inlo)] > o,
and, by Theorem 2.2.4, [gI, T is not weakly compact which is a contradiction. O

2.3.3 Further properties of Koszmider and weakly Koszmider spaces

We start with showing that the classes of Koszmider and weakly Koszmider spaces do not

coincide.

Proposition 2.3.11. There exists a weakly Koszmider non-Koszmider space.
More precisely, let K be a (weakly) Koszmider space and xo, x1 be distinct non-isolated

points in K. Form a quotient space Kr by identifying xo and z1 (that is, we define an
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equivalence relation R on K by saying that xRy if and only if {z,y} = {xo,z1} or x =y,
and set Kr = K/R ). Then Kg is weakly Koszmider non-Koszmider space.

The proof uses the following auxiliary result.

Lemma 2.3.12. Let X be a Banach space and suppose that'Y is a subspace of X of finite

codimension. Then

LX) PX = V)Y

Proof. Since finite-codimensional subspaces are complemented (see e.g. [HHZ96]), there
exists a projection P: X — Y. Let ¢: Y — X be the inclusion map. Since [P]|, = Iy, it
follows that Pr = Iy. It also follows that Ix —.P has finite rank meaning that (Ly — ¢P)(Bx)
is a closed bounded subset of a finite-dimensional space and hence is (weakly) compact.
For any T € ZX we set T = PT.. Then T € .#Y and for any S,T € £~ we have
S+T=8+T and ST - ST =PS(ly —P)TL€ LY.,

and so we can define the following ring homomorphism

0. 2% - PV)¢¥.

T — T—Ffv?;
Note that if S € .ZY, then 1SP € X and
LSP = PLSPL =1y Sly = S.

Thus Im(©) = £Y /LY. Furthermore, Ker(0) = ZX. Indeed, if T € Ker(0), then
T € .iﬂv?,/c Hence the operator TP = PT.P is weakly compact. But, by above, so is
(Ix —¢P)TvP. Thus

TP = (Ix — tP)TuP + (WP)TWP € ZX.
Similarly, since T(Ix — tP) € .2, we have

T=T(x —P)+TwP e ZX.

Conversely, of course, if T € .ZX then T € ZY. and so T € Ker(0).

The result now follows from the first isomorphism theorem for rings. O
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Proof of Proposition 2.3.11. Let mr: K — Kg be the quotient map and let g € € (K) be

a function separating xg and z1, that is,

l9llo =1, g(xzo) =0 and g(z1)=1.

Consider the following subspace of € (K)

Y ={f e C(K): f(zo) = f(x1)}.

Note that every f € € (K) can be expressed as

f==(f(xo) = f(@1))g + [f + (f(x0) — f(x1))g],

where
[f + (f(zo) — f(21))gl(z0) = [f + (f(z0) — f(z1))g](2z1) = f(20)

meaning that f + (f(zo) — f(x1))g € Y. Consequently, the singleton {g + Y} forms a basis
for €(K)/Y and so Y has codimension 1 in ¥ (K). Lemma 2.3.12 implies that

LY ) LY = pEK) ) pEK)

Furthermore, note that the map f — fmg is an isomorphism between ¢ (Kz) and Y.

Applying Proposition 2.2.5 and using the previous equation, we get
LK) ) oK) o @Y ) pY o pO(KR) ) pE(KR)

Now, K is weakly Koszmider, hence, by Theorem 2.2.4, £¢(K) /.Z\;i(m is commutative.
Consequently, £ (Kr) /.,vaf;(KR) is also commutative and, again by Theorem 2.2.4, Kp is
weakly Koszmider.

To show that K5 is not Koszmider, we define
z = mRr(T0).
Then Kg\{z} is not C*-embedded into K'z. Indeed, consider the function

h=[9m=" | en o -

Boundedness of g guarantees that h itself is bounded whilst continuity of g and [777_21]

implies that h € €(Kr\{z}).

‘KR\{Z}
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However, there does not exist a continuous extension of h onto the whole of K. Indeed,
suppose h were such an extension. Consider any € > 0. By continuity of h at z there exists

an open (in Kg) Ugr > z such that

h(Z) — h(yR) < VyR e Ug. (2.6)

| ™

Similarly, by continuity of g at x¢, there exists an open (in K) V 3 xg such that

l9@0) g < 5 Vy eV, (2.7)

Consider now the set W =V N7y (Ug). Clearly, W is open in K and zy € W. Since

xo is non-isolated and K is Hausdorff, W is infinite and, in particular, we can find a point

y € W\{zg, z1}.
Then, on the one hand, y € V' which means that

l9(a0) = 9y)] < .

On the other hand, 7z (y) € Ug\{z} and hence, by (2.6),

= > |he) - R
= |(z) - hirr(v))|
= [i(z) ~ glmz (mr(v))|
= |iz) - 9w

Thus

h(z) — g(a0)| <

B(z) = 9(y)| + lg(y) — glawo)| < =
The last expression is true for any € > 0 which leads to the conclusion that
h(z) = g(x0) = 0.

Note that the above argument remains valid if we replace x¢ with x; throughout the

text. This, however, leads to a contradiction, as this would imply that
h(z) = g(w1) = 1.

Thus Kr\{z} is not C*-embedded into K% and, by Theorem 2.3.3, K% is not Koszmider.
O
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As mentioned in the introduction, another weakly Koszmider non-Koszmider space was
independently obtained by Fajardo in his PhD thesis [Faj07]. His example is, in fact, the
same as ours, but the proof that the resulting space satisfies the required conditions is
different.

Using the construction from Proposition 2.3.11, we may finally answer the questions

posed in the end of section 2.2.

Proposition 2.3.13. Let K be a Koszmider space. There exists a non-Koszmider space L

with €(K) ~ € (L) and K' % L'.

Proof. As in Proposition 2.3.11, choose non-isolated points xg,z; € K and form Kg by
identifying zo and x7 into a point z. Then, as we saw, Kx is a weakly Koszmider non-

Koszmider space and % (K7R) is isomorphic to a hyperplane of ¢’(K) meaning that
C(K)~%€(Kr)®R. (2.8)

Pick now any point w ¢ Kr and form L by adding w to K as an isolated point. That
is, L = Kz U{w} and the topology on L is generated by the sets open in K, and by {w}.
Since Kr\{z} is not C*-embedded into Kg, it follows that L\{z} is not C*-embedded

into L, and so L is not Koszmider. However, since w is isolated,
¢ (L) ~C(Kr)dR, (2.9)

which, combined with (2.8), gives us that €(K) ~ €(L).

Note that since isolated points do not change centripetality of operators or the property
of being C*-embedded, K"\{z} is C*-embedded into K’ for each x € K’ while L'\{z} is not
C*-embedded into L. Thus K' % L'. O

Let us finish the section with a positive result. Suppose that K is Koszmider and L is a

topological space with ¢ (K) ~ € (L). Assume also that K and L have no isolated points.
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Then

C(K)=%(K') = K)/g“‘i(f() (Proposition 2.2.2)
~ g4l /zv‘fc@) (Proposition 2.2.5)

1

gﬁ(L)/(gM(L) N g‘i@)) (Proposition 2.2.2)

I

¢ (L) (Proposition 2.2.2)

= ¢(L).

To summarise, € (L) is ring isomorphic to a subspace Y of ¢’ (K) and is Banach space iso-
morphic to € (K). Part (iii) of Theorem 2.3.5 implies that Y = ¢(K), that is, €(K) = € (L).
The Gelfand-Kolmogorov theorem [Sem71, Theorem 7.8.2] now implies that K ~ L and,

in particular, L is also Koszmider. Thus we have just proved that following result.

Theorem 2.3.14. Let K and L be topological spaces with no isolated points and suppose
that K is Koszmider and €(K) ~ €(L). Then K =~ L and, in particular, L is also

Koszmider.

2.4 Strong rigidity of connected Koszmider spaces

We already mentioned that connected Koszmider spaces play a special role in the theory of
Banach spaces as, being indecomposable, they provide the first known class of examples of
¢ (K) spaces which are not isomorphic to ¢ (L) for any totally disconnected L. For more
details we refer the reader to [Kos04], where Koszmider proves an even stronger result,
namely, if K is a weakly Koszmider space and K\F is connected for any finite F', then
C(K) o € (L) for any zero-dimensional space L.

It turns out that connected Koszmider spaces are also interesting from a topological
point of view because the condition of having few operators on ¢’ (K) forces K to have few
continuous functions on itself. To make the last statement more precise we need to recall

one more definition.

Definition 2.4.1. Let K be a topological (but not necessarily compact or Hausdorff) space.
We say that K is strongly rigid if the only continuous non-constant function from K to itself

is the identity.
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De Groot [dG5H9] proved that strongly rigid Hausdorff spaces exist and Kannan and Ra-
jagopalan [KR78] showed that under an extra set-theoretic assumption, namely, (2™)* < 22"
for every infinite cardinal m, it is possible to construct a Hausdorff (not necessarily compact)
strongly rigid space of an arbitrarily large cardinality. We will show now that connected
Koszmider spaces provide another class of examples of strongly rigid spaces. For this we
need to establish several intermediate results. The first one is an easy consequence of

Theorem 2.3.3.

Proposition 2.4.2. Let K be a topological space. The following are equivalent.

(i) K is Koszmider.

(ii) All operators on €(K) are centripetal and the space K\F is C*-embedded into K for
every finite F C K.

Proof. (ii)=(i) follows trivially from Theorem 2.3.3. To show (i)=-(ii), suppose that K
is Koszmider and consider any finite ' = {zg,...,z,} C K and a bounded continuous
h: K\F — [0,1].

Let (U;)o<i<n be a sequence of open subsets of K with mutually disjoint closures and

such that U; > x; for each i. We construct a sequence (g;)o<i<n € € (K) using the following

algorithm.

e For i # n we define g; to be a continuous function separating z; from K\U;, that is,
9i € ¢(K), range(g;) C[0,1], gi(z;)=1 and supp(g;) C Ui

e For i = n we define .
n—

In = XK — Zgi-
i=0

This way we have
gi € CK(K)? range(gi) - [07 1]a gl(xj) = 5Z'j Vi, j € {07 s 7n}a
n
Z 9i = XK-
i=0
For each ¢ define now a function h;: K\{z;} — R by setting

oy hx)gi(x) ifre K\F
hi(z) = { 0 otherwise
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Then h; is bounded with ||h;]|, < ||h]lo- In addition, h; € €(K\{x;}). Indeed, h; is

clearly continuous on int (K\F) = K\ F. Furthermore, consider any j € {0,...,n}\{i} and

e > 0. If ||h||,, = 0, then h; = 0 and so h; is continuous. Otherwise, since g;(z;) = 0, by

continuity of g;, there exists an open V' > x; with

€
l9i(y)| < TRl Vy e V.

oo

Then

|hi ()] < [h(y)gi(y)| < (|75 =c VyeV,

£

[17lloo
and so h; is continuous at x;.

To summarise, h;: K\{z;} — R is a bounded continuous function.
implies that h; has an extension h; € €(K).

Consider now the function .

hi.
=0

By above, h € €(K). Note also that if z ¢ F, we have

=
Il

n

h(z) =) hiw) =) h(z)gi(z) = h(x) ) gi(z) = h(x),
=0 1=0

=0

and so h is a continuous extension of h.

Theorem 2.3.3

O]

Corollary 2.4.3. Let K be a connected Koszmider space and consider any finite subset F

of K. Then K\F is also connected.

Proof. Endow the space {0,1} with the discrete topology and consider any continuous

g: K\F — {0,1}. By Proposition 2.4.2, there exists § € ¢ (K) extending g. Then g(K)

is a nonempty connected subset of R which is also finite, being a union of the finite sets

g(K\F) and g(F). This is only possible if g(K) is a singleton. Equivalently, g is a constant

map. This, in turn, implies that g is constant and so K\ F' is connected.

We are now ready to prove the main result of the section.

O]

Theorem 2.4.4. Let K be a connected Koszmider space. Then K is strongly rigid.
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Proof. Let ¢: K — K be a continuous non-identity function. Define

A={zx e K: ¢(z) # x}.

Then A is a nonempty open subset of K and hence it must be infinite. It follows
from part (ii) of Theorem 2.3.5 that ¢(A) is finite, and so, by Corollary 2.4.3, K\¢(A) is
connected. Two cases are now possible.

Case 1. There exists some y € ¢p(A) N A.

Finiteness of ¢(A) means that we can find an open U with UN¢(A) = {y}. Furthermore,
since ¢(z) = x for each x ¢ A, we have ¢(K) = (K\A) U ¢(A) and so

(UNA)NG(K)=UNANGA) ={y}

meaning that y is an isolated point of ¢(K) which is a nonempty connected subset of R.
This means that ¢(K) is a singleton and ¢ is a constant map.

Case 2. p(A)NA=0.

In this case ¢(A) C K\ A which means that

and so
A= (p(A) N K\p(A).

Now, ¢~ 1(¢(A)) is closed in K, being a continuous preimage of a finite subset of a
Hausdorff space. Thus A is closed in K\¢(A). But A is open in K and so it must be open
in K\¢(A). By our assumption, A is nonempty and so connectedness of K\¢(A) implies
that A = K\¢(A). Thus

H(I\A) = K\A = §(4)

which means that ¢(K) = ¢(A) and so ¢(K) is a finite nonempty connected subset of R.

Thus ¢(K) is a singleton and ¢ is a constant map. O

Note that the proof also works for any weakly Koszmider space K such that K\F is

connected whenever F' is finite.
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Chapter 3

Construction of a separable
zero-dimensional Koszmider space

3.1 Introduction

3.1.1 Description of the construction

As mentioned in the introduction, the only known construction of a separable Koszmider
space, described in [Kos04], assumes (CH). In this section we present a space K the con-
struction of which is carried out entirely in (ZFC).

In order to show that K has the required properties, we prove that
(P1) K is separable,
(P2) K is weakly Koszmider,
(P3) K has no open butterflies.

Our space has the form £ (2(), the Stone space of a Boolean algebra 2, and so is
zero-dimensional.

A large part of our construction is based on the arguments from [Kos04] and [Ple04].
However, instead of working in &?(w), as was done in [Kos04], or in a measure algebra, as
in [Ple04], we construct 2 as a subalgebra of R {0,1}2*, the algebra of regular open subsets
of {0,1}%”. This gives us the benefit of obtaining (P1) with no extra effort: since {0,1}2" is
separable, so is its Gleason space ¥ 1y2» = & (Rgq)2~) and consequently 7 () is itself
separable, being a continuous image of a separable space.

In order to obtain (P2), we introduce property (K’) and show that the Stone space of

an algebra with property (K’) is weakly Koszmider.
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The definition of property (K’) is based on property (H') from [Ple04] and the property
described in [Kos04, Theorem 3.1]. The main difference is that, while Koszmider and
Plebanek considered pairs ((Ay,), (z5,)) with (A,,) being a disjoint sequence of clopen subsets
of K and (z,) being a sequence in K with |J A,N{z,} = 0 (or JA,N{z,} = 0), we look at
pairs of the form ((4,,), (By)) where both (A,,), (By,) are disjoint sequences of clopen subsets
of K with JA, NUB, = 0. Since K = (), this is equivalent to saying that we work
with pairs ((4,), (Br)) with (4,), (By) being disjoint sequences in 2 and A,, A B, = Oy
for all m, n.

Specifically, property (K’) says that whenever ((Ay), (By)) is such a pair, there exists

an infinite 7 C w such that

(i) A contains the set A; = int <Un€T An), which is the supremum of (A;)ner in Ry 132+

and hence in 2 (here the closure is taken in {0,1}2"),

(ii) the pair ((Bn)ner,(Bn)ngr) forms a forbidden splitting in 2, that is, there does not

exist A € 2 with the property that B, < Aifn €7 and B, NA =0y if n & 7.

In the spirit of [Kos04] and [Hay81], the algebra 2 is obtained as the union of an
“Increasing” transfinite sequence (,)q<2+~ of Boolean algebras. Each 2, has the following

properties:

(a) Ay lies between the algebra Dy 1} of clopen subsets of {0, 1} and the algebra Ry 1}

of regular open subsets of {0,1}%,
(b) the conditions of property (K’) are satisfied for a specific pair ((A4y), (Bp)) € Aa X Aa,

(c) if at stage B < «a the conditions of property (K’) are satisfied for a pair ((4,), (B},)),

they must still be satisfied at stage «.

The condition (c) may be rephrased as follows. If for some § < a we have a sequence
(Ap)ner € Ag with A, € A3 and a forbidden splitting (P, Q) C Az x Ag, then both A, and
(P, Q) are preserved in 2.

Condition (b) tells us that in addition to all the suprema and forbidden splittings which
had to preserved before and at stage a, we need to add another supremum and forbidden

splitting which will have to preserved at and after stage a.
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Now, once the construction of (2,)a<2~ and 2 has been completed, due to Konig’s
Lemma [Kun80, p. 34, Lemma 10.40] it turns out that if ((A,),(By)) is a pair of dis-
joint sequences in 2A with A,, A B, = 0g for each m, n, then it must have been dealt
with at some stage a. Consequently, there exists an infinite 7 C w such that A, €
Ao, and ((Bn)ner, (Bn)ngr) is forbidden in 2,. By (c), this means that both A, and
((Bn)ner, (Bn)ng-) are preserved in 2, and so 2 has property (K’). Using a result similar
to Rosenthal’s lemma, we can show that property (K') prevents LA Q) from containing
noncentripetal operators.

Finally, to conquer (P3), we modify the above construction slightly and instead of
adding one pair to the list of forbidden splittings, at each stage we add up to four new
pairs. More precisely, we consider a pair ((C), (Dy)) of disjoint sequences in 2 and if it
forms a forbidden splitting (P, Q) at stage a, we ensure that (P, Q), (P x {0}, Q x {0})
and (P x {1}, Q x {1}) are all forbidden at stage a + 1 (and all the subsequent stages).

Again, once the construction has been completed, it can be shown that the condition
V NW # () is equivalent to saying that there exist a < 2% and a pair (P, Q) which cannot
be split in A,. However, we ensured that both (P x {0}, Q x {0}) and (P x {1}, Q x {1})
are forbidden in 2,41 and hence, by construction, in 2. This means that for each ¢ € {0,1}
the set V N W contains a point x; corresponding to the “intersection” of |J(P x {i}) and
UJ(Q x {i}), and it is evident that xg # z1. Thus K cannot contain open butterflies. The

idea is similar to the one exploited in [Kos04, Section 6].
3.1.2 Overview of the chapter

The chapter is organised as follows. We start with collating some introductory material
on Boolean algebras (section 3.2.1) and Stone spaces (section 3.2.2). We then proceed to
section 3.3 in which we define property (K’) and show that the Stone space of an algebra with
property (K') is weakly Koszmider. Section 3.4 contains all intermediate results regarding
preservation of suprema and forbidden splittings. Finally, section 3.5 is devoted to the
construction of an algebra 2 the Stone space of which satisfies properties (P1)—(P3), as is

checked in section 3.6.
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3.1.3 Notation and terminology
e For any ordinals o, 8 with § < o < 2% we define pj : {0,1}* — {0,1} to be the
natural projection onto the 3" coordinate, that is, if (2)y<a € {0,1}%, we define

P3((21)y<a) = z3.

e For any o, with 8 < a < 2¢ we define 7§ : {0,1}* — {0,1}% to be the natural

projection from {0,1}* onto {0,1}”, that is, if (z)y<a € {0,1}%, we define
Wg((x'y)vﬁx) = <x7)7<ﬂ-

e Consider any 3 < o < 2 and suppose that A C {0,1}?. We define the lifting of A to
{0,1}“ to be the set
[0 (6 -1
Al = (78)77 (A).

Similarly, if A C 22({0,1}”), we define

Alel = Al A e A}

o Let a <2¥ AC 2({0,1}*) and I C {0,1}. We define
AxT={AxI:AeA}.

3.2 Preliminary results

3.2.1 Introduction to Boolean algebras

The purpose of this section is to put together standard results on Boolean algebras which
will be used throughout the chapter. For more information on Boolean algebras we refer
the reader to [Hal63] or [SemT71].

We start with some standard notation. Recall that a subset A of a topological space K

is said to be regular open if int (Z) = A.
Notation 3.2.1. Let K be a topological space. We write
e D to denote the algebra of clopen subsets of K with 0p, =0, 19, = K and usual

set-theoretic operations ANB=ANB, AVB=AUB.
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e R to denote the algebra of regular open subsets of K with Ox, =0, 1z, = K and
operations defined by ANAB=ANDB, AV B =int (A U B).

Notation 3.2.2. Let 2 be a Boolean algebra. We write
e 7 () to denote the Stone space of 2.

Suppose that B is a Boolean algebra with 2 C 9B, and X € B\2. We write
o A < B if A is a subalgebra of B.
e (2, X) to denote the algebra generated by 2 and X.

It is clear that (2(, X) consists of all finite combinations of X and elements of A. However,

for the purpose of our construction we need a stronger result.

Lemma 3.2.3. Let A be a Boolean algebra. Then
A, X)={AV A ANX)V (A" N=X): A A A" are pairwise disjoint elements of A}.

For the proof of the lemma note that the set written on the right hand side of the above
expression is an algebra and must be contained in any algebra containing 2 and X.

We now need to introduce more terminology.

Definition 3.2.4. Let 2 be a Boolean algebra, A, B € 2, (4,) CA, P,Q CAand 7 Cw.

We say that
e AL Bif ANB = A or, equivalently, if AV B = B,
o (A,) is disjoint if A, N A, = Ogy for all m # n,

e an element A € A is a supremum of (Ap)ner in A if A is the supremum of the set
{A,, : n € 7} ordered by <. When a supremum of (A,)ne, exists in A, we denote it

by \/TLETAna

the pair (P, Q) is split in A (by A) if there exists A € 2 such that for each X € PUQ

we have
X if XepP

X/\A:{Og( if Xeo,

the pair (P, Q) forms a forbidden splitting in 20 if it cannot be split in 2.
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The next piece of notation is nonstandard and hence deserves a separate number.

Notation 3.2.5. Let K be a topological space and suppose that (A )new € K is a disjoint

sequence. For any 7 C w we define

A, = int <UAn> ,

neT

where the closure is taken in K. To avoid ambiguity, we may also use the notation (A). .

Lemma 3.2.6 ([Hal63, Chapter 7, Lemma 1]). Let K be a topological space, 2 < Ry and
consider a disjoint sequence (Ap)new C A and 7 C w. Suppose that A. € A. Then (Ap)ner
has a supremum in A and

\/nETAn = AT .

Of course, given a general Boolean algebra, it may not be straightforward to describe
its logic operations, let alone prove results involving them. Fortunately, as was proved by

Stone, every Boolean algebra has a relatively simple representation.
Theorem 3.2.7 (Stone Representation Theorem, [Hal63, chapter 18]).

(i) Let A be a Boolean algebra. There exists an algebra isomorphism between 2A and

@jg(m) .

(ii) Let K be a zero-dimensional topological space. There exists a homeomorphism be-

tween K and # (D).

The first clause of this theorem implies, in particular, that in order to prove a result for
a general algebra 2, it is sufficient to prove the analogous result for © (g, and the latter
is usually easier to do, due to simplicity of the structure of D 4 (9. We will often appeal to

this argument and so, to avoid repetition, let us introduce more notation.
Notation 3.2.8. Let 2l be a Boolean algebra, A € 2 and A C 2. We will write

e — for the algebra isomorphism between 2l and D , (g arising from the Stone Repre-

sentation Theorem; to avoid ambiguity, we may also denote this isomorphism by ~%,

e A for the image of A under ~,

o A for the set {A: A e A}.
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Let us now mention a few relationships between elements of 21 and 2l which follow

immediately from the Stone Representation Theorem or Lemma 3.2.3.

Proposition 3.2.9. Let A be a Boolean algebra, A,B € AU, (A,) CA and P,Q C A. Then
(i) M:gué, ngﬂé, Oy =0 and 19 = (),
(ii) A < B if and only if AC B,

(iii) (Ay) is disjoint if and only if (:4\;) is disjoint,

(iv) (Ay) has a supremum in A if and only if (EL) has a supremum in A and when this is

the case,

P T

\/nEwAn = anwAn7
(v) the pair (P, Q) is split in A by A if and only if the pair <ﬁ, @) is split in A by A.
Finally, suppose that B is an algebra with A < B and let X € B\A. Then
—~—— B o~
(vi) (A, X) = <m%, X93>.
We finish the section with another well-known result.

Lemma 3.2.10. Let K be a zero-dimensional topological space and consider the algebra

A =Dy, a disjoint sequence (A,) C A and a pair (P,Q) C A x A. Then

(i) (An) has a supremum in 2 if and only if A, € A, that is, if and only if A, is clopen
in K, and in this case
Viewdn = Aw = | An,
new
(ii) (P, Q) is split in A if and only if

Wm@:@

The proof of the lemma is immediate as K has a basis consisting of clopen sets.
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3.2.2 Introduction to irreducible maps and Gleason spaces

This section only contains basic facts. For more information we refer the reader to [CN74,

Chapter 2].

Definition 3.2.11. Let f: X — Y be a continuous surjection. We say that f is irreducible

if there does not exist a proper closed subset F' of X with f(F) =Y.

Theorem 3.2.12 (Gleason, [Gle58]). Let K be a topological space. Then J# (Rg) is ex-
tremally disconnected and there exists a continuous irreducible surjection f: # (Ri) - K.
Moreover, if G is another extremally disconnected space with the property that there

exrists a continuous irreducible surjection g: G — K, then there exists a homeomorphism

¢: G — K (Rg) with fo=g.

Definition 3.2.13. Let K be a topological space. Following the notation of Theorem 3.2.12,
e we say that # (R) is the Gleason space of K and we denote it by ¥k,
e we say that f is the canonical projection and we denote it by vx.
Gleason spaces turn out to be very useful in our context as they preserve separability.

Theorem 3.2.14. Let X and Y be topological spaces such that there exists a continuous
irreducible surjection p: X — Y. Suppose, in addition, that Y is separable. Then X is also

separable. In particular, the Gleason space of a separable space is separable.

Proof. Let {y, : n € w} be a dense subset of Y. For each n pick some z, € p~!({y,}) and
consider the set D = {z,, : n € w}. If D # X then, by irreducibility, Y'\p(D) is a nonempty
open subset of Y and hence contains some y,,. This, however, leads to a contradiction as

Yn = p(zn) € p(D). O
We are interested in a specific case of Theorem 3.2.14.
Corollary 3.2.15. 9, 32« is separable.

Proof. It is known (see, e.g. [Dug66, p. 175, Theorem 7.2]) that the space {0,1}2" is sepa-

rable, and so the result follows immediately from Theorem 3.2.14. O
With one extra step added, Corollary 3.2.15 provides a recipe for obtaining (P1).
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Corollary 3.2.16. Let 2 be a subalgebra of Ry 132« . Then the Stone space of AU is separable.

Proof. By Stone duality [Hal63, Chapter 20, Theorem 8|, saying that A < Rio,1y2v 18
equivalent to saying that there exists a continuous surjection o: (R 1y20) — H ().
Now, & (m{o,l}w) = Y(01y2¢ and so is separable. Finally, /¢ () is a continuous image of

a separable space hence, by [Wil70, Theorem 16.4a], is itself separable. ]

3.3 Property (K')

Suppose that we want to check whether a given space K is weakly Koszmider. As a possible
solution, we can verify centripetality of all operators on % (K) or check commutativity
of L/ Lyc. In their papers [Kos04] and [Ple04], Koszmider and Plebanek take a different
approach. Plebanek, in particular, introduced a property (H) which relies on topological
properties of K and showed that any space with this property is weakly Koszmider. As
mentioned in the introduction, the adaptation of this property to zero-dimensional spaces
(called property (H')) is, in turn, a modification of the Subsequential Completeness property
introduced by Haydon in [Hay81].

We are now going to present a modification of property (H'). For the purpose of this

section we restrict ourselves to a specific class of Boolean algebras.

Definition 3.3.1. Let K be a topological space and suppose that A < Rg. We say that U

has property (K') if, given

(a) a disjoint sequence (4,) of nonempty elements of 2, and

(b) a disjoint sequence (B,,) of nonempty elements of 2 with A,, A B,, = Oy for all m,n,
there exists an infinite 7 C w such that

(i) A € A (and so (Ay)ner has a supremum in 2), and

(ii) the pair ((Bn)ner,(Bn)ngr) cannot be split in 2.

Theorem 3.3.2. Let K be a topological space and suppose that a subalgebra 2 of R has
property (K'). Then the Stone space # () of A is weakly Koszmider.
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Instead of working with a generic algebra 2, we switch to D j(g). For this reason let
us temporarily abuse the existing notation and make an assumption which will allow us to

write out arguments in a simpler and more aesthetically pleasing manner.
Assumption 3.3.3 (Valid until the rest of section 3.3). Throughout the rest of this section

(i) unless stated otherwise, all cited subsets of w (such as 7, o etc.) are assumed to be

infinite,

(ii) unless stated otherwise, all cited subsets of K of the form A,, By,, X, Y and similar

(but not of the form A;) are assumed to be nonempty and clopen,

(iii) if (4,) C K, we say that (B,) C K is a refinement of (A,) if B, C A, for each
n. When this is the case, we write (B,) < (A4,). As discussed above, it is implicitly

assumed that all A, and B,, are nonempty and clopen.

The proof of Theorem 3.3.2 goes along the lines of the corresponding proofs in [Kos04]
and [Ple04]. The principal ingredient in the cited papers is Rosenthal’s lemma [Die84] and

we need something similar.
Lemma 3.3.4. Let K be a zero-dimensional space and suppose that we are given
(a) an operator T: € (K) — € (K),
(b) a sequence (Ay,) of mutually disjoint (nonempty clopen) subsets of K,
(c) a sequence (By) of mutually disjoint subsets of K,
(d) € > 0.
Then there exist
(i) (an infinite) o C w,
(ii) a refinement (Dy)nes < (Bn)neo

such that whenever T is a subset of o with A, clopen and n € o\1, we have

H [TXAT] |Dn

<L e
o SE
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The proof of Lemma 3.3.4, in turn, requires a few more intermediate results which we

write out as separate claims.

Claim 3.3.5. Let g € €(K) and suppose that there exist X C K and § > 0 with

19llxllog > o

Then we can find Y C X and o € {—1,1} such that
[ag]ly > o

Proof. Let x € X be such that |g(x)| > 0. Taking o = sign(g(z)) we get g(az) > § and
so z € (ag)71((6,00)). But (ag)~!((,00)) is open and hence there exists Y C X with
T €Y C (ag)~((d,00)) as required. O

Claim 3.3.6. Let (X,) C K be a disjoint sequence and consider any 7,0 C w with X,

and Xy clopen. Then
(i) Xrrp = X7 N Xg.
Suppose now that F' C 7 is finite. Then
(ii) X is clopen in K and Xp = J,cp Xn,
(i4i) X is clopen in K and X; = X;\p U Xp, where the union is disjoint.

Proof. (i) First of all note that X N Xy is a clopen set containing [ J

X, N Xy ;im( U Xn> = X, 0

neTNo

nerng Xn and so

On the other hand, however,

X,NX, = int <UXn> Mint <UXn>

nerT neod

N

int (U Xn N U Xn> (mentioned in [Ple04])

neT neo

= int< U Xn>
nernNo

= }(709‘
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(ii) The proof is immediate as | J,,cp Xy is clopen.

(iii) By above and Lemma 3.2.10, it is sufficient to show that

Ux\UXe= U X

ner ner ner\F

Let x € Xo\Uner Xnand U > z be open. Then U\ |J,,cp X is an open set containing

neT

x and thus (U\U,ep Xn) N X, # 0 for some n € 7. Clearly, n ¢ F which implies that

2 € Uper\r Xn- The reverse inclusion follows from disjointness of (Xp). O

Claim 3.3.7. Suppose that we are given an operator S: €(K) — € (K), disjoint sequences
(Xn), (Y,) € Z(K) and 6 > 0. Then

(i) there exist M € w and a refinement (ngl)) < (Y,,) such that

H [SXXMHYu) <6 for infinitely many n,

[e.9]

(ii) for any N € w there exist oy C w and YJS,Q) C Yy such that whenever T is a subset

of on with X, clopen, we have

<.

|1y

o0

Proof. (i) Suppose, for a contradiction, that the statement is false. Then for any M € w

and (Yn(l)) < (Y,,) there exists k such that

H [SXXM”Y,.(LI) . >0 Vn >k

Consequently, by Claim 3.3.5, for each n > k there exist o € {—1,1} and Y,Sl) C YTEI) with

S (xxa)llg > (3.1)

To get a contradiction, we construct inductively sequences (k;)jew, () n)n>k;)jew and

((Yjn)n>k,;)jew with the property that for each j
(i.a) kjy1 > kj,

(1.b) (ajm)nzk; € {-1,1},

(ic) (Yj-&-l,n)n>kj+1 < (%,n)n>kj+1 < (Yn)nijHv
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(id) [S(ejnxx,)] ‘an > ¢ for all n > k;j.

Base Case. By (3.1), there exists ko € w such that for each n > ko we can find
apyn € {—1,1} and Yy, C Y}, such that

[S (aO,nXXo)”yOm > 0.

Inductive Step. Suppose that the construction has been completed up to some j. Ap-
pealing to (3.1), we can pick k € w such that for each n > k there exist a1, € {—1,1}

and Yj i1, C Y}, such that

[S (O‘jJrlanXjH)] > 0.

’Yj+1,n

To complete the inductive step, take kj;1 = max{k; + 1, k} to ensure kj;q1 > k;.

Once the construction has been completed, take J = [@] It follows from the dis-
jointness of (X,,) that any function of the form +yxx, &+ --- £ xx, has norm 1 and, in
particular,

18 (0., xx0 + -+ ey xx, oo < 151

On the other hand, since (k;)ogj< is an increasing sequence, while (Y} 1, )ogj<s is decreas-

ing, condition (i.d) implies that

> s>l gy,

[S(O‘OJWXXO +oot aJkaXXJ)] S

‘YJ,kJ

which, combined with the previous estimate, gives a contradiction.

ii) Fix N € w and suppose, for a contradiction, that for any ¢ C w and vy CYn
pPp Y N

there exists 7 C ¢ such that X, is clopen and

> 0.

[e.e]

1Sy

Consequently, we can find o € {—1,1} and }715[2) C Y]S,Q) such that

S (axx, )]

Define J = [@} and partition w into J + 1 disjoint infinite parts og,...,o0 . Using
another inductive argument, we construct sequences (7;)o<j<J, (¢)o<j<s and (Y n)o<i<s

such that for each j
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(ii.a) 7 C oy,
(ii.b) o € {—1,1},
(ii.c) Yjzin CY;n C Y,

(ii.d) X, is clopen and [S (anXTj)} > 4.

YN

Base Case follows from (3.2) applied to o¢ and Yy. For the Inductive Step suppose that
the construction has been completed up to stage j with 0 < j < J and apply (3.2) to 041
and Yj y.

We now proceed as in part (i). Disjointness of (0;)ogj<s and Claim 3.3.6 imply that

(X7, )ogj<a is disjoint and so

=151

|5 (a0, -+ anx,, )| <8I oo, +-+aunx,,
[e.9]

o0
while, on the other hand, since (Y} n)ogj< is a decreasing sequence, condition (ii.d) implies
that

> (J+1)0 > Mé =9

N 0

[5 (aoXXTO +ot OéJXXTJ>}

giving the required contradiction. O

Proof of Lemma 3.3.4. The proof is constructive and we start with showing that there exist

a subsequence (n;) and a refinement (Cy,;) < (By,) such that

o

To do this, we construct inductively sequences (1;)jcw, (Aj)jew and ((Bjn)nea;)jew

gw% kL k< L. (3.3)

C"l 0

such that for each j
(i.a) njp1 > ny,
(ib) Aji1 C A, Co,
(i.c) Aj 2 nj4a,

(i.d) nj < minAy,

(i'e) (Bj+1,n)n€/\j+1 < (Bj7n)nEAj+1 < (Bn)nEAj+17
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5
< 5572 for all n € A;.

i | [,

J,n

Base Case. By Claim 3.3.7 (i), there exist ng € w and (By ) < (By,) such that
€ . .
H [TXAno] ‘Bo,n HOO < 1 for infinitely many n. (3.4)

We also define
Ao = {n > ng : (3.4) holds for n}.

Inductive Step. Suppose that the construction has been carried out up to some j.
Applying part (i) of Claim 3.3.7 to (A,)nea; and (Bjn)nea,;, we can find nj 1 € Aj (in

particular, nj11 > n;) and a refinement (Bj11n)nen; < (Bjn)nen,; such that

< for infinitely many n € A;. (3.5)

[

To complete the inductive step, we define

Bjtin|lso 27+3

Ajt1 ={n € Aj:n>n; and (3.5) holds for n}.
Once the construction has been completed, for each j we define
Cn; = Bjn;-

Note that if we pick any k,l with k <[, then n; € A;_1 C A and so

[frenle, | =[x,

ny

g
< 9k+2

< H [TXA%}

Bk,nl

o0 o0

giving (3.3).

We now need to further reduce the size of (Cy,;) and for this we construct inductively a

subsequence (ny,) of (n;) and sequences (o) and (Dy, ) with the property that for each r
(il.a) nj. ., >nj,

(ii.b) or11 € 0r C (n),

(ii.c) nj,,, € or,

(iid) Do, C Cu,.
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(ii.e) whenever 7 C o, is such that A; is clopen, we have

For the Base Case set nj, = ng and apply Claim 3.3.7 (ii) to njy, (An)nemn;) (Cnlne

g
[rxacto, | <5
Jr oo

(3.6)

n;)

and /2. For the Inductive Step set nj ., to be the (r + 2)"0 element of o, (that is, if

or = (0p k) kew With oy x11 > 0y for each k, then nj,,, = 0,,41) and apply the same result

to njr+17 (An)néam (Cn)ne(rr and 8/2.

Once the construction has been completed, we define

g = (an)Tew.

Suppose that 7 is a subset of o with A; clopen and n € o\7. There exists | € w with

Define

n:njl.

=N (nj7,)r>l.

Then 7/ C 0y and 7\7" C (ny, )r<;- By Claim 3.3.6, A.» and A\, are clopen and

XA = XA, + Z XAp -

meT\7/

Putting together all of the above, we get

17X 11D,

N

N

Txa,+ > Xan

meT\7’

by

N ™

M oM

Dn [o.¢]
[Txa)lp, |+ D {T XA%}
RS nj, €T\’
k<l

3 13

5 + Z Jk+2
~~~ nj, €T\’

3.6) k<l

by (3.3),as k <l < jr < Ji

2t X gm

Njp er\r’
k<l

5+ e

kew

L€
2
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as required. ]
We need one more result before we can proceed to the proof of Theorem 3.3.2.

Lemma 3.3.8. Let K be a zero-dimensional topological space and suppose that an operator

T: ¢ (K)— €(K) is noncentripetal. Then
(i) there exist (x,) C K, a disjoint (A,) € Z(K) and € > 0 such that

xn &€ Ay and  |(Txa,)(zn)| > Vn,

(ii) there exist disjoint (Ay), (Bn) € P(K) and € > 0 such that

AnNB,=0 and |[Txa,llg |>¢c VYm,n.

Proof. (i) is just negation of part (iii) of Lemma 2.3.2.

(ii) Let (x,), (An) and € be as in part (i). By disjointness, the norm of any finite sum
of x4, is at most 1 hence, by boundedness of 7', for any n there exist only finitely many
m with x, = x,,,. Thus, without loss of generality, we may assume that all z,, are distinct.

Pick any n € w. Since T'x4,, is continuous, we can find C,, with z,, € C,, C K\A4,, and

|[Txa,lle,| > e

If A,, NC,, = 0 for all m, n, we set B,, = C,, for each n. Else there are two possibilities.

Case 1. There exist m € w and a subsequence (n;) such that
An NGy, #0 V5.

In this case for each j we define

Bu, = A 0 Cn;.

Then (Ay;) is a disjoint sequence with

> ¢

‘ [TXA"J} B

"5

for each j. Furthermore, since A,; NCy; = 0, we have m ¢ {n; : j € w}. Consequently,

UJAn, nUBn, € JAn, N An =0,
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and so (Ay;), (Bn;) provide the required pair.

Case 2. For each m there exists IV, such that
A,NC,=0 Vn>N,,.
In this case we start with constructing inductively a subsequence (n;) such that
Ap, NCyy =0 Vjk,l:kE<I<]. (3.7)

For this we define ng = 0 and, assuming that ng < n1 < --- < n; have been constructed,
set nj11 = max{Np,,..., Np;,n; + 1}.

Next, we construct inductively sequences (j;), (J/;) and (D, ) such that for each i

(a) i < Ji < Jit1,

(b) D?’Lj. g ani,

(3

(c) An; N Dy, =0 forall j > J;.
This would mean that if k, [ are any numbers with k& > [, then j; > ji+1 > J; and so

Au,, N Dy =0, (3.8)

njk

which, combined with (3.7), would give the required result.
Base Case. Define jo = 0. If A,, NCh; = () for all j > 0, set Jy = jo and Dy, = C:

’rLjO‘
Otherwise we set Jy to be any index with Jg > 0 and A, 5 N C'nj0 # () and we define
Dn].O = A”Jo N C"jo' Note that if j > Jy then

Ap; N Dy, C Apy N AnJO = 0.

Inductive Step. Suppose that the construction has been completed up to the stage i and

define j;4+1 = J; + 1. Similar to the above, two cases are possible. If Anj N ani+1 = ( for
- ani+1

all 7 > 741, we define J;11 = ji41 and D . Otherwise we set J;1+1 to be any

i1

index with J;11 > j;+1 and Anji+1 N C’njl_+1 # () and define Dnji+1 =A N C”ji+1‘ Then

i1
condition (c) follows from disjointness of (A,,). In either case the conditions (a)—(c) of the

inductive hypothesis are satisfied. O
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Proof of Theorem 3.3.2. Suppose that an operator T € Z%¥ () is noncentripetal. By
Lemma 3.3.8, we can find € > 0 and disjoint (Ay,), (By) € £ (% (A)) such that

AnNB,=0 and HTXAn”Bn’>5 Vm, n.

By Lemma 3.3.4, there exist 0 C w and (Dy)nes < (Bn)nes such that for any subset 7

of o with A; clopen and for any n € o\7 we have

(3.9)

w | m

HTXAT”D,L’ <

Now, since 2 has property (K'), it follows that so does © #(21)- Thus, using Lemma 3.2.10,

we can find 7 C o such that

(i) A, is clopen,

(i) (JDun | Dn#0.

ner neo\t

Note that (3.9) implies that

U Dn € (Txa,) ' ([—¢/3,2/3)). (3.10)

neo\T

On the other hand, let n € 7. If we define 7/ = 7\{n} then A, is clopen and so, by (3.9),

<

Wl m

‘ [TXAT/} D ‘

However, we have

| [Txa.llp,| > ¢

and so
[Txalp, | = | Txa ]lp, + Pxadly,| > -5 =%
implying that
m C (Txa,) Y ([—oc0, —2¢/3] U [2¢/3, 0]). (3.11)

neT

Combination of (3.10) and (3.11) gives that

UDnm U D, =0

neT neo\7

leading to a contradiction to the condition (ii). Hence our original assumption was wrong

and every operator on ¢’ (# (2)) is indeed centripetal. O
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3.4 Preservation of suprema and forbidden splittings

Let us start with a definition.

Definition 3.4.1. Let «, 8 be ordinals with 8 < a < 2%, and suppose that 2z < Ro,16

and o < Mg 1je are such that A < Ao

e Suppose that (A4,) C Ag is a disjoint sequence which has a supremum in 3. We say

that the supremum of (Ay) is preserved in U, if
— (AE;" ]) has a supremum in ,, and
- vnew(A’L?b == (\/nEwAn>[a]~

e Suppose that (P, Q) C Az x A is a forbidden splitting in Ag. We say that (P, Q) is
preserved in Ay if (P[a], Q[a}) is a forbidden splitting in 2.

Notation 3.4.2. To avoid too many brackets, if the supremum of (A,) C g is preserved
in 2., we will write \/nEwAL?] to denote both \/new(AL?]) and (\/newAn)[o‘].
In particular, if the supremum of (A,) in g is A, and the supremum of (AL? }) in 2, is

(A[a])w and (Aw)[o‘] = (A[a])w, we will write AL[? I to denote both of these values.

As described in the introduction, our separable Koszmider space is constructed by means
of transfinite induction and at each stage we need to preserve certain suprema of disjoint
sequences and forbidden splittings. The next two propositions show that this idea can
be implemented at successor stages while the last result of the section ensures that the

algorithm can also be performed at limit stages.

Proposition 3.4.3. Let a < 2¥ be an infinite ordinal and consider a Boolean algebra A

with the property that
(a) Doy <A< Ry 130,
(b) [ = p < 2.
Suppose also that we are given
(c) a disjoint sequence (A,,) of nonempty elements of A,
(d) a disjoint sequence (By,) of nonempty elements of A with Ay, A By, =0 for all m,n,
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(e) a disjoint sequence (X,,) C A with X, € A,
(f) an ordinalv < 2* and a transfinite sequence ((Pg, Qg)) 5, of forbidden splittings in .

For each 7 C w we define

A(r) = (2, A7),
Then for each T C w
(i) Dgoaye < A1) < Ryo.13e,
(i) [A(T)] < 2%,
(i1i) the supremum X, of (Xpn)new is preserved in A(T),
(iv) A; is a supremum of (Ap)ner in A(T),
In addition to the above, there exists o C w such that for any T C o
(v) the algebra A(T) preserves all (Pg, Qg).
Finally, with o as in (v), there exists T C o such that
(vi) the pair ((Bn)ner, (Bn)ngr) cannot be split in A(T).

Proof. (i) It is clear that Dyg 13« < (7). For the second inclusion we use the result from
[CNT74, Chapter 2, Theorem 2.35 (a)] which says that every subset A of Ryg 3o has a
supremum (that is, Mg 13 is a complete algebra) and moreover V.A = int (U A). Thus, in

particular, A; € Ryg 11 and A(7) < Ryg 1}e as required.
(ii) follows immediately as |20(7)| = || < 2¥.
(iii) follows from Lemma 3.2.6 as X, € A C (7).
(iv) also follows from Lemma 3.2.6.

(v) The proof of this part is very similar to the analogous proofs in [Hay81] and [Kos04].
Suppose that the statement is false and let (o¢)¢<ow be a family of almost disjoint infinite
subsets of w (for a proof of existence of such a family see [Kun80, p.48, Theorem 1.3]).
Then for each £ < 2% there exist 7¢ C o¢ and § < v such that (Pg, Qg) is split in A(7¢).

Let us now switch to the algebra which is dual to Ry 1ja. Writing, for convenience, ~
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instead of ~TMo.n®  the last statement is equivalent to saying that (ﬁé,@;) is split in
5[(75) = <§l, AT&> This, in turn, means that we can find disjoint A, A’, A” € 2 such that

JPs c Au (Zm;ﬁs) U <Z"\f4\;>, (3.12)

Jasn [KU (Kmﬁé) U (K”\Zzﬂ = 0. (3.13)

However, there are only u possibilities for picking an element of 2 and |v| possibilities for

picking §. Consequently, there are at most max{u, ||} < 2¢ choices for picking a quadruplet

(A, A" A", B) versus 2 choices for {. As a result, there must exist distinct &, < 2¢ for

which the same choices of (A, A’, A”, 3) are made, that is, in addition to the two expressions

above, we also have
U%92U<EWE>U<X”\;1;>, (3.14)
U2sn [KU (Eﬂj“;) U (247’\;1:,)} = 0. (3.15)

Considering unions and/or intersections of (3.12), (3.14) with A, A’ and A” and bearing in

mind that ﬁ, A’ and A" are mutually disjoint, we conclude that

N
N

JPsnd
UPsnA c 4n (ZVHZT,,),
UUPsnar c An (220?1;)
So, if we define
B=AU [Em (ZZHZ;)] U {/T”\ (Z;mflfn)} :
then, since U% CAUA U Z’/’, we have
U73; C B.
By performing similar manipulations with (3.13) and (3.15) we get
JosnB=0

which means that the pair (73;, Qvg) is split by B. However, since 7 N'7; C 0¢ N0y, and so
is finite, Claim 3.3.6 in combination with Lemma 3.2.10 and part (iv) of Proposition 3.2.9

imply that



which means that B € 2 and so, going back to our original 2, the pair (Ps, Qp) is split

in 2 which is a contradiction.

(vi) First of all we show that whenever the splitting ((Bp)ner, (Bn)ngr) is forbidden in
2 for some 7, it remains forbidden in 2A(7).
Indeed, suppose that ((By)ner, (Bn)ngr) can be split in (7). Switching to the dual

T A{R{O’l}a

algebra, and writing ~ fo , as in the previous part, we can find disjoint ZL :457, A" e

such that
|J B, C AU (Im;ﬂ) U (Z”\E)
neT
U B.n [Zu (Eml) U (E”\ANT)] = 0.
ngT
Now, recall that we have XVZ N EL = () for all m, n. Since ;1; as well as each E’;L is clopen
in J# (Rqo,1}~), this implies that A.NB, = (K)T N B,, = () for each n. Thus, the last two
expressions can be rewritten as
|JB.cAu Al
neT
J Bnn [K U 247’} =0,
ngr
and so ((E;)neﬂ (E;)nQT) is split in 2A. Equivalently, ((Bpn)ner, (Bn)ngr) is split in 2.
Suppose now that 7, 7" are distinct subsets of o such that ((By)ner, (Bn)ngr) is separated
by A(r) € 2 whilst ((Bp)ner, (Bn)ngr) is separated by A(r') € 2. Without loss of

generality there exists m € 7\7'. Then

while

BnnA()C | | Ba| nA(") =0.

ngr’
Since B, # 0, this means that A(7) # A(7'). However, there exist || < 2% choices for
picking A(7) € 2 versus 2 choices for picking 7 C 0. Thus there exists 7 C o for which
A(7) cannot be found or, equivalently, the pair ((Bn)nET, (Bn)nea\T) cannot be split in 2.

As shown above, it remains forbidden in 2(7). O
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Proposition 3.4.4. Let a < 2¥ be an infinite ordinal of the form o = 4+ 1 and suppose

that A is a Boolean algebra with the property that
(a) Dioays < A < Rio,118:
(b) |2 < 2v.

Suppose also that we are given
(c) a disjoint sequence (Xy)new C A with X, € A,
(d) a forbidden splitting (P, Q) in 2.

Define
B = (A, Dg 0 ).

Then
(i) D013 < B < Ryo 130,
(ii) |B] <2v,
(iii) the supremum X, of (Xp)new is preserved in B,
(iv) the forbidden splitting (P, Q) is preserved in B,
(v) each of (P x {0}, Q x {0}), (P x {1}, @ x {1}) forms a forbidden splitting in B.

Proof. (i) By construction, Dy 1}e < B. Furthermore, since Al = (A x {0,1} : A € A}
and every element of 2 is a regular open set, we have 2 < Ro,132- We also have

D010 < Ryp,1)e implying that A < Ryg qya.
(ii) The result is immediate as |B| = max{[A|, Do 13|} < 2¢.
(iii) Note that
B3 (X)) = X, x{0,1} = int (UXn) x {0,1}
= int <U X, x {0, 1}>
= int <LJXT[104) ,
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and so the result follows from Lemma 3.2.6.

(iv) First of all note that

Doy = <©[{05],1}B’D°‘>’

where
Do = (p%) " ({0}) = [] {0, 1} x {0},
v<B
and thus
B — <91[°4,Da>.

Informally, since D, is determined by its o coordinate only while [, P and Q are
all determined by their first 8 < a coordinates, an element splitting (P[a], Q[O‘]) would have
to be of the form A x {0,1} with A € 2. This would, however, imply that (P, Q) can be
split in 2.

More formally, suppose that (P x {0,1},Q x {0,1}) is split by an element of B. By
Lemma 3.2.3, there exist disjoint A, A’, A” € 2 such that for all X € P U Q we have

(X x {0,1}) A ((Ax{O,l})\/(A’x{O,I}ADO,)V(A”X{O,I}AﬂDa))

[ Xx{0,1} ifXeP
N 0 if X € Q.

But (A’x{0,1})AD, = (A’x{0,1})ND, = A’ x{0} while (A" x{0,1})A—-D, = A" x{1}
which means that the last expression may be rewritten as follows

(X {0,1}) A ((Ax{0,1) V(4 x {0}) v (4" x {1}))

[ Xx{0,1} fXeP
N 0 if X € Q.

Let us perform a few more manipulations. Suppose that X € P. Then
X x{0,1} = (X x{0,1})A ((A x {0,11) V (A" x {0}) V (A" x {1}))
< X x{0,1} A ((A x {0,11)V (4’ x {0,1}) v (4" x {0, 1}))
= X/\(A\/A’\/A”)] x {0,1}
< X x{0,1},

which implies that
XANAVAVAY=X VX eP. (3.16)
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Similarly, if X € Q then

0 = Xx{0,1}A ((A % {0,11) V (4’ x {0}) V (A" x {1}))
> (X x{0,1} AAx{0,1}) V(X x {0} A A" x {0}) V(X x {1} A A" x {1})
= ((X A A) x {0, 1}) v ((X A A x {0}) v ((X A A") x {1})

However, each of X A A, X A A’ and X A A” is an open subset of {0,1}” and so the last
equation implies that

XANA=XNA=XnNA"=0.

Consequently
XANAVAVAY=0 VX € Q, (3.17)

which, combined with (3.16), gives the required contradiction.
The proof of part (v) is precisely the same. O

Proposition 3.4.5. Let a < 2¥ be a limit ordinal and suppose we have a transfinite se-

quence (Ag)w<p<a of Boolean algebras such that
(a) D138 < Ap < Ry 138 whenever w < B < a,
(b) |Ug| < 2¥ whenever w < B < a,
(c) QLLYm < g whenever w < v < f < a.
Fiz now some By with w < By < a and suppose that, in addition to the above, we are given
(d) a disjoint sequence (Xn)new C ™Ag, with X, € Ap,,
(e) a forbidden splitting (P, Q) C Ag, X Ag, -

Define

_ [a]
A= J 2§
wP<a
Then
(i) ™Uq is a Boolean algebra with Do 130 < Ao < Ry 130,

(i) if o < 2%, then |Ay| < 2¢,
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(iii) the supremum X, of (Xy)new is preserved in Ag for each B with fy < § < «,

(tv) if the forbidden splitting (P, Q) is preserved in g for each [ with By < f < «, then

it is preserved in Ugy,.

Proof. (i) Since Ql[f] < g for all v < B < a, it follows that A, is a Boolean algebra.
Furthermore, note that any clopen subset A of {0, 1} is defined by finitely many coor-

dinates and so, since « is a limit ordinal, there exists 8 < a with
-1
(m§) " (r5(4)) = A,

Now, the set m§(A) is still defined by finitely many coordinates. Thus 73(A) € A5 and
A = (7§(A))l] € Ay. This shows that D 1e < Aa-
Furthermore, note that since each of Ry ;35 consists of regular open sets, so does ‘.R[{CS] 158

which means that 2, < Uﬁ<a m[{"a]’l}ﬁ < 99{{0’1}&.
(ii) This part follows immediately from the assumption (b).

(iii) By the same calculations as in part (iii) of Proposition 3.4.4, it can be shown that

A5 3 (X)) = int (U(X,[f]))

whenever 5y < 8 < «, and so the result follows from Lemma 3.2.6.

(iv) Suppose that (P, Q) is not preserved in 2,. Then we can find § < o and A € g
such that (Pl QM) is split by Al If 8 < Sy, then A%l is an element of g, which
separates (P, Q), leading to a contradiction. Otherwise (PM, Q[ﬁ]) is split in Ag by A

which leads to another contradiction. O

3.5 Construction of K

Our space K is obtained as the Stone space of a Boolean algebra 2 which, in turn, is

constructed by transfinite induction.
Notation
Fix a surjection s: {«: «a is a successor ordinal with w < a < 2“} — (2¥\ Jw) x 2¢ such

that if s(a) = (n,(), then n < a.

56



Inductive construction
We are going to construct

(i) a transfinite sequence (Uq)w<a<2+ of Boolean algebras such that for each «

(ia) Dio1ye < Ao < Ryg 130,

(i.b) [™Aal < 2¢,

(i.c) Ql[ﬁa} < A, whenever w < < a,

(id) if w < B < o and (X,,) is a disjoint sequence in Az with X,, € A, then the
supremum X, is preserved in g,

(i.e) we fix an enumeration of all the quadruples

((An(a, <))n€w ; (Bn(a, C))new  (Cr (e, C))new , (Dn(a, Q)new) (¢ < 2¢) with the

property that
e cach of the four sequences is disjoint and consists of elements of A,
e all A,(«,() and By, («,() are nonempty,
o Ap(a, )N By(a,¢) =0 for all m,n € w and ¢ < 2%,
(i.f) using the enumeration from (i.e), if @ =  + 1, there exists 7 C w such that
o %o = (Ap(r), Dy 1y0), where Ag(r) = (2, (A(s()),),
(i.g) if a is a limit ordinal, then

(ii) arrays (Pai, Qa,i) With w < a < 2 and 7 € {0,1,10, 11} with the property that

(ia) if @ = B + 1 with w < f, then
o (Par Qo) = (Bul5(0))ncr (Ba(5(0))gr) with 7 as in (i),
o (Pa1,Qa1) = ((Cu(s(@))pew, (Dy(s(@))@),e,) if this pair cannot be
split in A, or (Pa1, Qa,1) = (0,0) otherwise,
® (Pa,10, Qa,10) = (Pg1 x {0}, Qg1 x {0}),
o (Puai1,Qa11) = (Pg1 x {1}, Qp1 x {1}),
(iLb) if a is a limit ordinal, then

o (Pui,Qa,i) = (0,0) for each 1,
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(ii.c) (Pai, Qa,i) forms a forbidden splitting in A, unless it is equal to (0, 0),

(ii.d) if w < B <« and (Pg,, Qg,i) is forbidden in g, it remains forbidden in 2.

Note 3.5.1. Existence of the enumeration in (i.e) follows from (i.b) and does not need to be

taken care of separately.

Base case

Define

2, = Q{O,l}“’a

and for each i € {0,1,10,11} set

(Pw,ia Qw,i) = (wv (D) .
Inductive step

Suppose that for some a with w < o < 2¥ we have constructed (Ug)g<q and ((Ps,i, 98,i))
(B < a,ie{0,1,10,11}) satisfying conditions (i.a)—(ii.d).

Case 1. «¢ is a successor ordinal

Suppose that « = § + 1 for some ordinal § < 2“.
To construct A, we start with taking care of property (K’). Suppose that s(a) = (7, ().
Then w < n <  which means that 7" stage of our construction has already been completed.

Using the enumeration fixed in (i.e), for each n € w we define

Then each of (A,), (Bn), (Crn), (D) is a disjoint sequence consisting of nonempty
elements of 23 and, in addition, A, N B,, = 0 for all m, n.
At this stage there are at most 43 < 2“ splittings which are forbidden in g and need

to be preserved. Hence, by Proposition 3.4.3, there exists an infinite 7 C w such that
e the algebra Ag(7) = (A, A;) satisfies the conditions (i.a)-(i.c),

e if (X,,) is a disjoint sequence in 2z with X, € g, then the supremum X, is preserved

in Ag(7),
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e a supremum of (A;,),e, exists in Ag(7) and is equal to A,

e if, for some v <  and ¢ € {0,1, 10,11}, the splitting (PLBI], Q,[Y/B]z) is forbidden in 23,

it remains forbidden in Ag(7),
e the pair ((Bn)ner, (Bn)ngr) cannot be split in A(7).

With 7 as above we define
A, = <mg(7)[al,®{071}a> .
Appealing to Proposition 3.4.4,
o 2, satisfies the conditions (i.a)-(i.c) and (i.e)—(i.f),
o if (X,,) is a disjoint sequence in Ag(7) with X, € Ag(7), then the supremum X,, is
preserved in A,

o if the splitting (P, Q) is forbidden in 2s(7), it remains forbidden in 2,

e if the splitting (P, Q) is forbidden in Ag(7), then both (P x {0}, @ x {0}) and (P x {1}, Q x {1})

are forbidden in 2.

To finish the construction, we define
(7)04,07 Qa,O) - ((BT[LQ])HET) (BLQ})n€T> 5

(Pa,105 Qayi0) = (Psa x {0}, Qs1 x {0}),
(Payi1s Qa,11) = (P x {1}, Qg1 x {1})

and

(Part, Qut) = { ((C’%a])new, (Dna])new> if ((C’,[Ia])new, (DLO[])HGW> cannot be split in A,
(0,0) otherwise.

Then the splittings (Pa,i, Qa,i) satisfy the conditions (ii.a)—(ii.c). Furthermore, if for
some v < « and ¢ € {0,1,10,11}, the splitting (P, Qv,;) is forbidden in 2, by the
inductive assumption, it remains forbidden in 3. Thus it remains forbidden in 2z(7) and
hence also in 2,. Consequently, 2, satisfies the condition (ii.d).

Finally, suppose that for some v < a we have a disjoint sequence (X,) C 2, with

X, € A,. By the inductive assumption, the supremum X, is preserved in 2Ag. Thus it is

preserved in Ag(7) and hence in 2,. Consequently, 2, satisfies the condition (i.d).
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Case 2. « is a limit ordinal

In this case we define

and for each i € {0,1,10,11} set
(Pasis Qi) = (0,0).
Proposition 3.4.5 guarantees that the conditions (i.a)—(ii.d) are satisfied at this stage.

Construction of 2 and K

Once the construction of (A, )w<a<2+ has been completed, we define

A=) A}
wLa<2¥

and set

K =)
3.6 Properties of K

Proposition 3.6.1 (P1). K is separable.

Proof. By Corollary 3.2.16, it is enough to show that 2 < Rio,132% and this was done in
part (i) of Proposition 3.4.5. O

Proposition 3.6.2 (P2). K is weakly Koszmider.

Proof. By Theorem 3.3.2, it is sufficient to show that 2 has property (K').

Let (Ay), (By) be disjoint sequences of nonempty element of 2 with A, A B,, = ) for
all m, n. By construction, for each n there exist infinite oy, 8, < 2¥, 4, € AU,,,, B, € Ag,
such that

A, =A% B, =Bl

By Ko6nig’s Lemma [Kun80, p. 34, Lemma 10.40], there exists n < 2* such that a,, 3, <n

for all n. Then for each n we have

Ay = AR = (x2) 7 @A) = (7)) ((72,) 7 (A) = (7)) Al



and similarly

B, = (x2°) " (BW).

Thus (A[rf”), (B[n]) are disjoint sequences of nonempty elements of 2, with AABI = ¢

for all m, n. Using the enumeration fixed in (i.e), we can find ¢ < 2* such that for each n

Al = A, (n,¢), B = B,(n,¢).

Take now any infinite successor ordinal o < 2¢ with s(a) = (n,(). By the construction

algorithm, there exists 7 C w such that

e a supremum of ((A,[ZZ])[&]) exists in 2, and is equal to ((A[”])[a]) ,
neT

T

e the pair <<(B£?])[a]> , ((BL?])[O‘]) . > forms the splitting (Pa.0, Qa,0) and is for-
neT né&T
bidden in 2A,,.

By construction, the supremum ((A[”])[a]) is preserved in all 2, with o < o/ < 2% which,

T

by Proposition 3.4.5, means that

9[9(<(A[n1)[a1)7)[2” _ <(( [nl)[c@)“])

Similarly, the forbidden splitting (Pa,0, Qa,0) is preserved in 2, whenever o < o < 2¢

which, by Proposition 3.4.5, means that the pair

et - (@), (@),
ner ner
- <(Bq[12w]>n€r’ (BEW]>n€T)

- ((Bn)n€7'7 (Bn)ng-r)
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remains forbidden in 2.

The above two conclusions show us that 2 has property (K'). O
Proposition 3.6.3 (P3). K has no open butterflies.
We first prove the following general result.

Lemma 3.6.4. Let K be a separable topological space. Fix a basis B of K and let U C K

be open. There exists a disjoint sequence (Uy) C % such that

U:Um.

Proof. Let D = {d,, : n € w} be a dense subset of K. Note that

U=UnND.

Indeed, if z € U and A > x is open then U N A is a nonempty open subset of K. Thus
D#UNA)ND=({UND)NAandsoxeUnND. The reverse inclusion is obvious.

We now construct a sequence (U,) C £ using the following inductive algorithm:

Base Case. If dy € U, we define Uy to be any element of Z with dg € Uy C U. Otherwise
we set Uy = 0.

Inductive Step. Suppose that Uy, ..., U,_1 have been constructed. We define

U, =4 an element of # s.t. dy € Up € U\Upgjcn U if dn € U\Upgjcn Uj
0 otherwise.

Clearly (U,,) is a disjoint sequence and | JU,, C U. Furthermore, ifx € UN D and A > =
is open, there exists n with d, € ANU. If d, € U0<j<n Uj, then ANU; # 0 for some j
with 0 < j < n. Otherwise d,, € U, and ANU, # 0. In either case ANJU; # O which

means that « € |JU;. Thus

Juv,co=0nDcJy;
giving the required result. O

Proof of Proposition 3.6.3. Fix a basis Z of K consisting of clopen sets and suppose that V'

and W are open subsets of K with



By Lemma 3.6.4, there exist disjoint clopen (V;,),(W,) € K such that (JV,, = V and
JW,, =W and hence

UvenUwa #0. (3.18)

Since K = J(2(), by the Stone Representation Theorem, 2 is isomorphic (via an iso-
morphism "~ , as usual) to D 4 (g). In particular, since (V;,), (Wy) € D 4 (q), there exist

(Ch), (D) € A such that for each n we have

Cn = Vn, Dn = Wn-

By part (iii) of Proposition 3.2.9, disjointness of (V},) and (W,,) implies that both (C,,) and
(Dy,) are disjoint, while (3.18), Lemma 3.2.10 and part (v) of Proposition 3.2.9 guarantee
that ((Cy), (Dy)) is a forbidden splitting in 2.

We now proceed exactly as in the previous part. For each n there exist infinite a,, 5, < 2¥,

C, €2,, and D, € g, such that
Cp=Cl, Dy =DF.

By Konig’s Lemma [Kun80, p. 34, Lemma 10.40], there exists n < 2* such that for all n we
have an, B, < 1. Then (Qgﬂ), (QL?]) are disjoint sequences in 2,. Consequently, using the

enumeration fixed in (i.e), we can find ¢ < 2* such that for all n

1Q

7[;7] = Cn(777C)a QL?] = Dn(n, Q).

Let a < 2¢ be an infinite successor ordinal with s(a) = (n,{). Then «ay, 3, < n < « for
each n and so

Co= (x2) 71 (ClY, D, = (x2) " (D)

« «

which means that the pair ((Q fo ]), (QL? ])) cannot be split in A, and so forms the forbidden
splitting (Pu,1, Qa,1)-

By construction, for each i € {0,1} the pair ((C)[La] x {i}), (Dlla] X {z})) forms a forbid-
den splitting (Pa+1.1i, Qa+1,1i) in Aq+1 which is then preserved in 2, for all a+1 < o/ < 2¢.
By Proposition 3.4.5, it remains forbidden in 2.

Going back to A=2 K, this is equivalent to saying that for each i € {0,1} there exists

zi € | J @ x {ih2n| (05 x {ih)e-],
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and, of course, since

N

J @ < ihenJ @i x (i)

- U a+1] [2] mU a+1]

— U(gﬁ“bmu@ﬁ“])
5D,

we have

ﬂjiGVﬂW.

Finally, note that the pair ((QL?} x {0})E]] (QL?} X {1})[2W]) is split in A by (piil)_l

which means that ((,?] x {0H)2] (C o & {1})[2“’]) is split in 2 and so

——

@ = o n (c i (1)) = 0.

Consequently

xo # 71,

and so V N W contains at least two points.
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Chapter 4

Construction of a separable
connected Koszmider space

4.1 Introduction

4.1.1 Description of the construction. Boolean algebras versus topologi-
cal spaces

In the spirit of the previous chapter, we construct a topological space K such that
(P1) K is separable,

(P2) K is weakly Koszmider,

(P3) K has no open butterflies,

(P4) K is connected.

Using Stone duality, the algorithm from Chapter 3 can be modified in a natural way to allow
us to deal with topological spaces instead of Boolean algebras. For convenience, we include
a comparison table which contains a summary of (most important) changes we introduced.

All notation and terminology in this table was either described in Chapter 3 or will be
defined later. In addition, for aesthetic purposes, we omit the “liftings” notation and so,

[a]

for example, the statement 2, = (Js., g should be read as Ao = g, Aj" ete.
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Zero-dimensional construction

Connected construction

(i.a) A transfinite sequence (2y)q<2+ of Boolean
algebras.

(i.b) -+ <Ay < Agy1 < -+ < 2, or, equivalently,
HX) - K W) > H () -

(i.c) Do,13e < Ao < Ryo,13}e, Or, equivalently,
g{o,l}a - %(Q[a) - {0, 1}04.

(id) f « =G+ 1, then
ma = <2l5(7—) X {05 1}5©{0,1}">7

where g(7) = (A, A;) and
AT = \/nETAn

(i.e) If v is a limit ordinal, then

A = | As.

B<a

(i.f) The resulting space is J# () where

(ii.a) Property (K’).

(ii.b) (A,) is a disjoint sequence of nonempty
elements of 2,

(By) is a disjoint sequence of nonempty
elements of A,

A, N B, = 0 for all m, n.

(iii.a) (Cy), (Dy) are disjoint sequences of clopen
subsets of 2.

(ili.b) If « = B+ 1 and i € {0, 1},

(Pa1is Qa,1i) = (P x {i}, Qp1 x {i}).

(i.a) A transfinite sequence (K, )q<2~ of
topological spaces.

(ib) K = - = Ko — Ko — -+

(i.c) Yoy — A (™Aa) — [0, 1]
(i.d) f a =G+ 1, then
Ko = Ks(r) x [0,1],
where Kg(7) is the (strong) extension of K by

(fn)n€7'~
Equivalently (see Proposition 4.2.17),

G (Ka) = (€(Kps(r)), ¢([0,1])),

where € (Kg(1)) = (¢(K3), fr) and
f‘r = \/ne'rfn'

(i.e) If v is a limit ordinal, then
K, = lim Kg.
—
L<a
(i.f) The resulting space is

K = lim K,.
—

a<2¥

(ii.a) Property (K).

(ii.b) (f») is a disjoint sequence in ¥ (K) with
range(f,) C [0, 1] for each n,

(U,) is a disjoint sequence of nonempty
open subsets of K,

supp(fm) N U,, = 0 for all m, n.

(iii.a) (V,,), (W,,) are disjoint sequences of basic
open subsets of K.

(iii.b) If @ = B+ 1 and I € {[0,1/3],[2/3,1]},

(Pa,i, Qa,r) = (Pga1 x 1,981 xI).
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Note that the space [0,1]?" is separable (see e.g. [Dug66, p.175, Theorem 7.2]) thus, as
before, (i.c) implies that so is K.

To get (P2), we introduce property (K) to state which we reformulate the definition of
property (K’) making substitutions described in (ii.b). Note that property (K) is similar
to property (H) from [Ple04] as well as to the property described in [Kos04, Theorem 5.1].
The main difference is the same as in the zero-dimensional case, namely, we replace a
sequence (z,,) of points in K with a sequence (U,,) of nonempty open subsets of K. We
show that a space with property (K) is weakly Koszmider. To construct a space with
property (K), we use the same idea of adding and preserving suprema of disjoint functions
and forbidden splittings as before.

As in the zero-dimensional case, to ensure that K has no open butterflies, instead of
adding one pair to the list of forbidden splittings, at each step of our construction we add
up to four new pairs.

Finally, since K is constructed as the inverse limit of the spaces K, to get (P4), it
is sufficient to ensure that each K, is connected. To do this, we use tools from [Kos04].
Specifically, Koszmider showed that strong extensions of topological spaces preserve con-
nectedness and so, as described in (i.d), if o has the form 41, we define K, = Kg(7)x[0,1]
where Kg(7) is the extension of K by (f,)ner, and 7 is picked so that the resulting extension

is strong. At limit stages we take inverse limits which also preserve connectedness.
4.1.2 Overview of the chapter

The chapter is organised as follows. We start with section 4.2 containing preliminary defini-
tions and results that will be used throughout the section. Specifically, we include material
on disjoint sequences of functions (section 4.2.1), forbidden splittings (section 4.2.2), irre-
ducible maps and Gleason spaces (section 4.2.3, see also section 3.2.2) and extensions of
topological spaces (section 4.2.4).

We then proceed to section 4.3 in which we define property (K) and show that a topo-
logical space with property (K) is weakly Koszmider. Section 4.4 contains all intermediate
results regarding preservation of suprema and forbidden splittings. Finally, section 4.5 is
devoted to the construction of a space K which satisfies properties (P1)—(P4), as is checked

in section 4.6.
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4.1.3 Notation and terminology

e Let K and L be topological spaces and suppose that there exists a natural, unam-
biguously defined continuous surjection from L onto K. We denote such a surjection

by pk. For example, if L = K x [0,1], we define

(1) =

for each (z,t) € L with z € K and t € [0, 1].

e For convenience, whenever «, § are ordinals with 6 < «, we will use the standard

notation 7 instead of the defined above PEZH;

e Suppose that K and L are topological spaces such that there exists a (natural) con-
tinuous surjection p%: L — K. For any f € € (K) we define the lifting of f to € (L)

to be the function
= fopk.

and for any F C ¥(K) we set
Fll = (1§ e FY
In a similar fashion, for any A C K and A C & (K) we define
AW = (o)1 (4)
to be the lifting of A to L, and

AT = (Al A e A},

o If AC Z(K) and I C|0,1], we define
AxT={AxT:AcA.
4.2 Preliminary results

4.2.1 Bounded disjoint sequences of functions and their suprema

Let K be a topological space and suppose that (f,,)new is a disjoint sequence in ¢ (K) with
range(fn) C [0, 1] for each n.
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Definition 4.2.1. We say that f € ¢ (K) is a supremum of (fn)new in € (K) if f is the
pointwise supremum of the set {f,, : n € w}. When a supremum of (f,,)ne, exists in €(K),

we denote it by Vy,ew fn-

Lemma 4.2.2. Suppose that (fy,) has a supremum in € (K). Then

supp(Vnewfn) € | supp(fn).

Proof. Counsider any z ¢ |Jsupp(fy,). There exists g € € (K) such that

Then f, < g for each n, and so 0 < Vpeufn < g. In particular, 0 < Vyeu fn(z) < g(x) =0

meaning that z & supp(Vyew frn) as required. O

Koszmider’s paper [Kos04] contains a simple criterion regarding how one can check
whether a given function f € € (K) is a supremum of (fy,)ne,. In order to state it, we need

to introduce another piece of notation.

Notation 4.2.3. Let f € €(K). We define

A(f, (fa)new) = {13 €K: an(x) # f(a:)} .

new
Lemma 4.2.4 ([Kos04, Lemma 4.1 (a)]). Let f € €(K). Then f is a supremum of (fn)new
in €(K) if and only if A(f, (fn)new) is nowhere dense in K.

We finish the section with another result from [Kos04].

Notation 4.2.5. Let 7 C w. We define
D(r) = U {U C K : U is open and the set {n € 7 : supp(f,,) N U # 0} is finite}.

Lemma 4.2.6 ([Kos04, Lemma 4.1 (b)]). D(7) is an open dense subset of K and ) . fn

is well-defined and continuous on D(T).
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4.2.2 Forbidden splittings
Let K be a topological space and P,Q C Z(K).
Definition 4.2.7. We say that

e the pair (P, Q) is split in K (by h) if there exists h € € (K ) with
Urcnrion. Jecnr {1,

e the pair (P, Q) forms a forbidden splitting in K if it cannot be split in K.

Using Urysohn’s Lemma [Wil70, 15.4], the second part of Definition 4.2.7 can be refor-

mulated as follows.

Lemma 4.2.8. The pair (P, Q) forms a forbidden splitting in K if and only if

UrnlJe#0.
4.2.3 Irreducible maps and Gleason spaces revisited

In this section we collate the results about irreducible maps and Gleason spaces which will
be used throughout the section. Our notation is carried over from section 3.2.2. For more
information we refer the reader to [CN74, Chapter 2].

The first result describes properties of Gleason spaces and, in particular, shows that
Gleason spaces can be regarded as a topological analogue of complete Boolean algebras
(which is not surprising as a Gleason space is, after all, the Stone space of a complete

Boolean algebra).
Theorem 4.2.9. Let X be a topological space. The following statements are equivalent.
(i) X is the Gleason space of some topological space Y .

(i) €(X) is Dedekind complete, that is, every nonempty bounded subset of €(X) has a

supremum in € (X).

(i11) X 1is projective, that is, if Z, Z' are topological spaces, p: Z' — Z is a continuous

surjection and v: X — Z is continuous, there exists a continuous v: X — Z' such
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that the diagram

is commutative, that s, ¥ = p@Z.

(iv) X is extremally disconnected.

Proof. A proof of equivalence of (ii), (iii) and (iv) may be found in [Sem71, Theorem 24.7.1],

and it was shown in [Gle58] that (i) and (iv) imply each other. O

Corollary 4.2.10. Let X, Z and Z' be topological spaces such that there exist continu-
ous irreducible surjections 1: 9x — Z and p: Z' — Z. Then there exists a continuous

irreducible surjection 1;: Gx — Z' which makes the diagram

commutative.

Proof. Existence of a continuous ¢ with 1) = pt) follows from Theorem 4.2.9. If 1)(¥x) A

then, by irreducibility of p, we have

Z=9(%x) =p(d(¥9x)) G Z

which is, of course, a contradiction. Thus v is surjective.

Suppose now that F' G ¥x is closed. Irreducibility of + implies that
PP(F)) = $(F) & Z = p(th(9x))
which means that (F) S Y(4x) and ¥ is irreducible. O
We finish the section with two easy but useful results.

Lemma 4.2.11. For i € {0,1} let p;: X; — Y; be a continuous irreducible surjection.

Define
p: XO X X1 — Yb X Yl
(zo,z1) +  (po(z0), p1(z1)).
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Then p s a continuous irreducible surjection.

Proof. Firstly, p is continuous and onto as both pg and p; are. To prove irreducibility, take

any closed F ; Xop x X1. Then for each ¢ there exists open nonempty U; C X; such that
UO X U1 - (Xo X Xl)\F

The set X;\U; is a proper closed subset of X;. Thus, by irreducibility of p;, we can pick
yi € Yi\pi(X;\U;). Consider now the point y = (yo,y1) and suppose that x = (zg,z1) €
p~'({y}). Then for each i we have p;(x;) = y; and so x; € U;. Consequently = € Uy x Uy,
y & p(F) and so p(F) G Xo x X;. O

Lemma 4.2.12. Let p: X — Y be a continuous irreducible surjection.
(i) If D is an open dense subset of Y, then p~1(D) is an open dense subset of X.
(ii) If M is a nowhere dense subset of Y, then p~'(M) is a nowhere dense subset of X.

Proof. (i) First of all, continuity of p implies that p~!(D) is open. Now, consider any open
U with ) # U C X. Then X\U is a proper closed subset of X and so, by irreducibility,

p(X\U) is a proper closed subset of Y. Thus we can find a point
de DN (Y\p(X\U)).
Then p~1({d}) CU and U N p~1(D) # 0. Consequently, p~1(D) is dense in X.

(ii) If int (M) = 0, then
Y =Y\int (M) =Y\M
which means that Y\ M is an open dense subset of Y. By the previous part, p~1(Y\M) is

an open dense subset of X, that is,

X = p 1(Y\M) = X\p (M) = X\int (o~ (30))

and so, in particular,

int (p*I(M)> Cint (p~'(M)) = 0.
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4.2.4 Extensions of topological spaces

Let K be a topological space and suppose that (f,,)ne, is a disjoint sequence in € (K) with

range(f,) C [0, 1] for each n.
Definition 4.2.13 ([Kos04, Definition 4.2]). Let 7 C w.

o We define the extension K(7) of K by (fn)ner to be the set

K(7) = graph [Z fn]

nerT

D(r)

where the closure is taken in K x [0, 1].

e We say that the extension K(7) of K by (fn)ner is strong if

graph (Z fn) C K(7).

neT

Notation 4.2.14. Note that density of D(7) ensures that the projection (z,t) — z from

K(7) into K is onto. Following the notation from section 4.1.3, we denote it by pg(ﬂ.

Theorem 4.2.15 ([Kos04, Lemma 4.3 (a)]). The (continuous) function

frK(r) — [0,1]

(z,t) +— t V(z,t) € K(1) with z € K,t € [0,1]
is a supremum of (f%K(T)])neT in€(K(T)).
Notation 4.2.16. We denote the function f from Theorem 4.2.15 by fT[K(T)], that is,
FEON gty =t Y(x,t) € K(7). (4.1)
The extension K (7) turns out to be a natural analogue of the algebra (A, A;).

Proposition 4.2.17. Let K(7) be the extension of K by (fn)ner. Then

(K (1)) = <<€(K)[K(T)]’ fT[K(T)]>.
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Proof. Let (x,t), (2/,t') be distinct points in K (7). Then either x # 2’ and there exists
g € €(K) with g(x) # g(2) giving
KON (2,1)) = g o o (@.1)) = 9(2) # 9(a') = g 0 oV () = K 1),

or t #t' and
FHEOI () = ¢ 41 = KON, 1),
Thus <%(K)[K(T)}, fT[K(T)}> separates points of K (7). Since X¢(k (r)) = XE?(%], the result

follows from the Stone—Weierstrass Theorem [DS58, IV.6.15, Theorem 16]. O]

Corollary 4.2.18. Let D be a dense subset of €(K). Then

€ (K (7)) = (DK@, g0,

In particular,

density (¢ (K (1))) = density (€ (K)).
Proof. Let f € €(K(r)) and ¢ > 0. By Proposition 4.2.17, we can find k¥ € w and
90 - -, gk € €(K) such that if we define

k
g = gl 4 gIKOIEM] 4y gIK @) ( fT[K(T)]) :

then
€
17 =gl < 5

By density, for each j < k we may find h; € D with

€
lgi = 1sll < 5555
Then, defining

b= REO L QEON K@) LK) (ﬂK(T)])k c <D[K(T)}7fT[K(T)]>

T

[K(7)]

I7

and keeping in mind that < 1, we get

‘ o0

N

1f = Pllo If = 9lle + 119 = Pl

fIE)]

N

£ = glloe + llg0 = hollog + g = Al |+

L)

FUEE)

+ gk — Pl (

> €
+ Z 2J+2
Jj=0

| ™

I
m
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which completes the proof. O

The main reason we are interested in strong extensions rather than general ones is that

the former preserve connectedness and so will help us to achieve (P4).

Theorem 4.2.19 ([Kos04, Lemma 4.4]). Suppose that the extension K () is strong. If K

is connected, then so is K(7).

Strong extensions give us another bonus which will be used later in the section on

preservation of forbidden splittings.

Lemma 4.2.20. Suppose that the extension K(7) is strong and let (x,t) € K(T) be such
that x € D(7). Thent =73 . fu(x).

Proof. The proof is essentially the same as the proof of part (a) of [Kos04, Lemma 4.3].
Suppose, for a contradiction, that ¢t # Y fu(z). Let U > tand V3 3 __ fu(x) be
disjoint open sets. By Lemma 4.2.6, the function ) _ f, is continuous at x, and so there

exists an open W > x with

Yo faW)C V.

neT

Consider now the set

A=W xU.

Then A is open and AN K(7) 3 (z,t). Hence we can find a point

(2',t') € Angraph [Z fn]

nerT

D(7)
Then ' € W and thus
Ust =) fu@)ed fu(W)CV.
neT neTr

This, however, lead to a contradiction as we assumed that U NV = (. ]

()

Corollary 4.2.21. Suppose that the extension K (1) is strong. Then pg 1§ a continuous

wrreducible surjection.
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Proof. Surjectivity of pf was already mentioned in Notation 4.2.14. Consider now any

closed 'S K (7). Then K(7)\F is nonempty and open and hence there exists a point

(z,t) € (K(7)\F) N graph [Z fn]

nerT

D(r)

Then z € D(7) and, by Lemma 4.2.20 (pK(T))_l ({z}) = {(x,t)}. Thus z € K\ K(T)(F)
9 . ’ K I . pK

and pg(T)(F) S K as required. O

Note that Corollary 4.2.21 together with Lemma 4.2.12 implies that if the extension
-1
K(T) is strong, then (pg(7)> (M) is nowhere dense in K(7) whenever M is nowhere

dense in K. This result, in fact, holds for an arbitrary extension.

Lemma 4.2.22 ([Kos04, Lemma 4.3 (a)]). Let M be a nowhere dense subset of K. Then
-1
(pf(”) (M) is a nowhere dense subset of K(T).

Theorem 4.2.23 ([Kos04, Lemma 4.5 (a)]). Fiz an almost disjoint family (o¢)ecow of
infinite subsets of w and assume that weight(K) = k < 2¥. There exists a set A C 2% with

|A| < K such that for any £ € 2°\ A and any infinite T C o¢ the extension K (1) is strong.

4.3 Property (K)

Property (K) is a natural generalisation of property (K’) introduced in section 3.3.
Definition 4.3.1. Let K be a topological space. We say that K has property (K) if, given
(a) a disjoint sequence (f,) in € (K) with range(f,) C [0, 1] for each n,

(b) a disjoint sequence (U,,) of open nonempty subsets of K with supp(f,,) N U, = 0 for

all m, n,
there exists an infinite 7 C w such that
(i) the sequence (fy)ner has a supremum in ¢ (K),
(ii) the pair ((Un)ner, (Un)ngr) cannot be split in K.

Theorem 4.3.2. Let K be a topological space with property (K). Then K is weakly Koszmider.
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The proof of Theorem 4.3.2 is similar to the proof of Theorem 3.3.2 and so, as before,
we start with an assumption which abuses the existing notation slightly but nevertheless

allows us to write out arguments in a more simple and aesthetically pleasing manner.
Assumption 4.3.3 (Valid until the rest of section 4.3). Throughout the rest of this section

(i) unless stated otherwise, all cited subsets of w (such as 7, ¢ and similar) are assumed

to be infinite,

(ii) unless stated otherwise, all cited subsets of K (such as U, X and similar) are assumed

to be nonempty and open,

(iii) if (U,) is a sequence in K, we say that (V;,) C K is a refinement of (U,) if V;, C U,
for each n. When this is the case, we write (V,,) < (Up). As discussed above, it is

implicitly assumed that all U,, and V,, are nonempty and open.
Lemma 4.3.4. Let K be a topological space and suppose that we are given
(a) an operator T: € (K) — € (K),
(b) a disjoint sequence (f,) in € (K) with range(f,) C [0,1] for each n,
(c) a sequence (Uy) of mutually disjoint (nonempty open) subsets of K,
(d) € > 0.
Then there exist
(i) (an infinite) o C w,
(ii) a refinement (Dy)nes < (Un)neo

with the property that whenever T is a subset of o such that (fn)ner has a supremum in € (K)

and n € o\1, we have

| [T(\/’VLETfn)”DnHOO <e.

The proof of Lemma 4.3.4 requires a few more intermediate results which we write out

as separate claims.
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Claim 4.3.5. Let (gn)new C € (K) be a disjoint sequence with range(g,) C [0, 1] for each n,
and consider any 7,0 C w with the property that (gn)ner and (gn)neco have suprema in € (K).
Then

(i) if TN O =0, then (Vnergn) - (Vaneogn) = 0.
Suppose now that F' C 7 is finite. Then
(ii) (gn)ner has a supremum in € (K) and Vpcrgn = Y ncr In

(i4) (gn)ner\r has a supremum in € (K) and Vyergn = Vyper\FIn + VneFgn-

Proof. (i) By Lemma 4.2.2, supp(Vaergn) N supp(Vpeogn) is an open set contained in

Uner supP(gn) N U, co Supp(gn) and so the result follows from disjointness of (g ).
(ii) This part is immediate as Y . p gn € C(K).
(iii) Consider the function

h = Vapergn — Vuergn = Vnergn — Z In-
nekr

Since Vyergn and Vyperpg, both lie in €(K), so does h. We also have

A(h7 (.gn)nET\F) = reK: h ?é Z .gn
neT\F
= re K: \/TLETg’Vl Zgn 7é Z gn(x)
ner ner\F
= {l‘ € K: \/nGTgn ) 7& Zgn(x)}
neT
= A \/nETgna dn nET)

By Lemma 4.2.4, A(Vpergn, (gn)ner) is nowhere dense, hence so is A(h, (gn)ner\r). Thus,

by Lemma 4.2.4 again, h is a supremum of (fy)per\r in €(K). O

Claim 4.3.6. Suppose that we are given an operator S: €(K) — €(K), a disjoint (g,) C €(K)
with range(gy) C [0,1] for each n, a disjoint (Y,,) C Z(K) and 6 > 0. Then

(i) there exist M € w and a refinement (Yn(l)) < (Y,) such that

H [SQMHYél) . <4 for infinitely many n,
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(i1) for any N € w there exist oy C w and Yjsfz) C Yn such that whenever T is a subset

of on with the property that (gn)ner has a supremum in € (K), we have

< 4.

| (SCVnergnlllyo

[e.9]

Proof. (i) Suppose, for a contradiction, that for any M € w and (YTSI)) < (Y,,) there exists k

such that

H [SQM”Y(U >0 Vn=>k.

By Claim 3.3.5, for each n > k there exist « € {—1,1} and Yn(l) C Y,gl) with the property

[S (@gan)]ly.) > 6. (4.2)

To get a contradiction, we construct inductively sequences (k;)jew, () n)n>k;)jew and

((Yjn)n>k;)jew such that for each j we have
(i.a) kj-i-l > kij,
(i‘b) (aj,n)TLij C {_17 1}7
(i.c) (Yj-&-l,n)n>kj+1 =< (ij>n>kj+1 =< (Yn)n>kj+1a
(i.d) [S(aj,ngj)]]ym > ¢ for all n > k;j.

Base Case. By (4.2), there exists kg € w such that for each n > ko we can find
agn € {—1,1} and Yy, C Y, with

[S (a0,n90)lly, , > 6.

Inductive Step. Suppose that the construction has been completed up to some j. Ap-
plying (4.2) to j + 1 and (Yjn)n>k,, We can pick k € w such that for each n > k there exist

Qjt1n € {—1, 1} and Y’j—&—l,n - Y}ﬂ with

[S (Oéj+1,ngj+1)]|Yj+1,n >0

To complete the inductive step, take k;j;1 = max{k; + 1,k} to ensure k;j11 > k;.

Once the construction has been completed, take J = [@} . It follows from disjointness
of (gn) that for any combination of signs the function +go & - - - £+ ¢g; has norm at most 1
and, in particular,

15 (@090 + -+ sk, 97) oo < S]]
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On the other hand, since (k;)o<j<s is an increasing sequence, while (Y] 1, )ogj<s is decreas-

ing, condition (i.d) implies that
S 1)o Mé =9
[S(@0k,90+ -+ sk g)lly,, > (T +1)6 > L5 = S]],
which, combined with the previous estimate, gives the required contradiction.

(ii) Fix N € w and suppose, for a contradiction, that for any ¢ C w and Yjs,z) CYny

there exists 7 C o such that (g, )ner has a supremum in ¢’ (K) and

> 9.

[e.9]

| 15CVaergnllly

Then we can find o € {—1,1} and Y]E,Q) C Y]S,Q) such that

[S (a Viner gn)] {/182) > 0. (4.3)

Define J = [@} and partition w into J 4 1 disjoint parts og, ..., . Using another
inductive argument, we construct sequences (7;)o<j<J, (¢j)o<j<s and (Yj n)ogj<s such that

for each j

(il.a) 73 C oy,

(i.b) a; € {-1,1},

(ii.c) Yjt1,n CYjn C Yn,

(ii.d) (gn)ner, has a supremum in € (K) and [S (o Vier, gn)] > 0.

I
The Base Case follows from (4.3) applied to o¢ and Yy. For the Inductive Step suppose
that the construction has been completed up to some j with 0 < j < J and apply (4.3) to
oj+1 and Yj n.
We now proceed as in part (i). Disjointness of (0;)ogj<s and part (i) of Claim 4.3.5

imply that (Vner; 9n)ogj<s is a disjoint sequence, and hence

”S (aO Ve gn + -+ ay \/nETJ gn)”oo < HSH ||a0 Vioern gn + -+ ayg \/nETJ gn” < ”SH 5

while, on the other hand, since (Y n)ogj<s is decreasing, condition (ii.d) implies that

> +nss> Bl gy

[S (040 Vper 9n + -+ g Vacr, gn)] 5

|YJ,N

giving the required contradiction. O
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Proof of Lemma 4.53.4. The proof is constructive and we start with showing that there exist

a subsequence (n;) and a refinement (Cy,;) < (Up,) with the property that

< VWkI:k<l (4.4)

| sdle,, | < 5

To do this, we construct inductively sequences (n;)jew, (Aj)jew and ((Ujn)nea; )jew such

that for each j

(i.a) njt1 > ny,

(ib) Ajr1 CAj Cuw,

(i.c) Aj > njq,

(i.d) nj; < minAj,

(i-e) (Ujrin)ner o = WUin)nen;or = (Un)nen,iss

€

. < 5712 for all n € A;.

) || [Tfa]ly,

Base Case. By Claim 4.3.6 (i), there exist ng € w and (Up ) < (Up) such that

| T tale,

< € for infinitely many n. (4.5)
o~ 4

We also define
Ao = {n > ng : (4.5) holds for n}.

Inductive Step. Suppose that the construction has been carried out up to some j.
Applying part (i) of Claim 4.3.6 again, we can find nj;1 € A; (in particular, nj;1 > nj)

and (Ujt1,n)nen; < (Ujn)nea, such that

€ . .
. < 2543 for infinitely many n € A;. (4.6)

| [Ths]lu .

To complete the inductive step, we define
Ajr1={n € Aj:n>n; and (4.6) holds for n}.
Once the construction is completed, for each j we define

Coy = Ujn,-
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Note that if we pick any k,l with k <[, then n; € A;_1 C Ay and so

< g
oo 2k+2

| sadic, || =T sadlon, || < [T fudlo,.

giving (4.4).

We now need to further reduce the size of (Cp;) and for this we construct inductively a

subsequence (n;, ) of (n;) and sequences (o) and (D, ) such that for each r
(iL.a) nj. ., >nj,

(ii.b) op41 C 0 C (ny),

(ii.c) nj,,, € or,

(ii.d) Dy, C Cy,

(ii.e) whenever 7 C o, is such that (fy,)ner has a supremum in % (K), we have

| e tilln, || <5 (4.7)

’ o0

For the Base Case set nj, = no and apply Claim 4.3.6 (ii) to 15, (fn)ne(n,), (Cn)ne(n)
and /2. For the Inductive Step set nj.., to be the (r + 2)"0 element of o, (that is, if
or = (0p k) kew With oy x11 > 04 for each k, then nj, ,, = 0,,41) and apply the same result

to nj, ., (fn)'l’LG(J'ry (Cn)nEO',,, and 6/2.

Once the construction has been completed, we define
o = (nj,)rew-
Suppose now that 7 C o is such that (fy)ner has a supremum in ¢ (K), and n € o\7.
By construction, there exists | € w with
n=ngj.
Define
™ =70 (n)rs1-

Then 7" C 07 and 7\7" C (n,)r<;- By Claim 4.3.5, both (fi)mer and (fin)mer\~ have
suprema in ¢ (K) and
\/mETfm = vnET’fm + Z fm

meT\7/
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Putting together all of the above, we get

T (Vomer f)llp, L = [T | Vinerfn+ D fm
meT\7/ Dol oo
< |t | + 5 [
tloo nj, €T\’ " oo
k<l
€ €
S 9 + Z 27k +1
~~ nj, ET\T’
by (4.7) k<l
by (4.4), as k <l & ji < ji
< € €
<3t 2
nj, €T\’
k<l
€ €
< §+22kz+2
kew
L £.¢
2 2
= ¢
as required. O

Finally, as in the zero-dimensional case, we need one more result.

Lemma 4.3.7. Let K be a topological space and suppose that an operator T: € (K) — € (K)

1s noncentripetal. Then

(i) there exist (zy,) C K, a disjoint (fn) C €(K) and an € > 0 such that
Tn & supp(fn), range(fn) C[0,1] and |[(Tfn)(xn)| >e Vn,

(ii) there exist a disjoint sequence of nonempty (U,) C P (K), a disjoint (f,) C €(K)

and € > 0 such that

range(f,) C [0,1], supp(fm)NU, =0 and HTfn”Un’ >e Vm,n.

Proof. (i) By part (ii) of Lemma 2.3.2, there exist (z,,) C K, a disjoint (f,) C ¢(K), M >0

and € > 0 such that

o €5wp(f)s fallo <M and  |(Tf)(@a)| > 25 Vn.
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Replacing f,, with f, /M, we may assume that | f,,|| ., < 1. Thus range(f,), range(f,;) C [0,1].
Consequently, either |(Tf;7)(z,)| > € or |(Tf,,)(z,)| > € (or both). Thus, replacing f,, with
f¥ or f, and passing to subsequences if needed, we may assume that range(f,) C [0,1] for

each n.

(ii) Let (x,), (fn) and € be as in part (i). By disjointness, the norm of any finite sum of
+f, is at most 1. Hence, by boundedness of T, for any n there exist only finitely many m
with x, = z,,,. Thus, without loss of generality, we may assume that all z,, are distinct.

Pick any n € w. By continuity, we can find V,, with z,, € V,, C K\supp(f,) and

[T fnlly,| > e

If supp(fm) NV, = 0 for all m, n, we set U, =V}, for each n. Otherwise there are two
possibilities.

Case 1. There exist m € w and a subsequence (n;) such that
supp(fm) N Vo, #0 V5.

In this case for each j we define

Un; = supp(fm) N Vn;.
Then (U, ) is disjoint and

‘ [TfnjﬂUn_’ >e Vi

J

Furthermore, since supp(fy,) N'Vy, = 0, we have m ¢ {n; : j € w}. Consequently,

U Supp(fnj) N U Unj - U SuPP(fnj) N supp(fm) =0,

and 80 (fn,), (Un,) provide the required pair.

Case 2. For each m there exists IV, such that
supp(fm) NV =0 Vn = Np,.
In this case we start with constructing inductively a subsequence (n;) such that
supp(fn,) NV, =0 Vi, k1 k<1< (4.8)

For this we define ng = 0 and, assuming that ngp < n; < --- < n; have been constructed,
set nj11 = max{No,..., Np,,n; +1}.

Next, we construct inductively sequences (j;), (Ji) and (Uy;,) such that for each ¢
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(a) ji < Ji < Jis1,

(b) Un,, C Vi,

Ji —
(c) supp(fn;) NUy;, = 0 for all j > J;.

This would mean that if &k, [ are any numbers with £ > [ then jx > ji+1 > J; and so
supp(fn;, ) N Un;, =0, (4.9)

which, combined with (4.8), would give the required result.
Base Case. Define jo = 0. If supp(fy,) N Vige = () for all j > 0, we set Jy = jo and
Un,,

and define Uy, = supp(fn Jo) N Vy,,- Note that if j > Jy then

= Vo, - Otherwise we set Jy to be any index with Jy > jo and supp(fnJO) N Vo, # ()

supp( fn;) M Un;, € supp(fn,;) Nsupp(fn, ) = 0.

Inductive Step. Suppose that the construction has been completed up to stage ¢ and de-
fine ji41 = J;+1. Similar to the above, two cases are possible. If supp( fy, )ﬁani+1 = () for all

J > Jiy1, we define Jj1q = i1 and Uy,

Jin = an,ﬂ. Otherwise we set J;41 to be any index

with J;11 > 7,01 and supp(fmiﬂ) N aniH # () and define U”ji+1 = supp(fnJiH) N V”ji+1'

Then the condition (c) follows from disjointness of (f,,). In either case the conditions (a)—(c)

are satisfied. O
We are now ready to prove the main result of the section.

Proof of Theorem 4.3.2. Suppose that an operator T € Z2%() is noncentripetal. By
Lemma 4.3.7, we can find ¢ > 0, a disjoint (f,) C %(K) and a disjoint (U,) C Z(K)

such that
range(f,) C [0,1], supp(fm)NU, =0 and ![Tfn]\Un} >e VYm,n.

By Lemma 4.3.4, there exist 0 C w and (Dp)nes < (Up)nes with the property that

whenever 7 C ¢ is such that (f,)ner has a supremum in ¢ (K) and n € o\7, we have

| [T(\/nETfn)”Dn| < (4.10)

w | ™

Applying property (K) to (fn)neos and (Dy)neq, we can find 7 C o such that
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(i) (fn)ner has a supremum in € (K),

(i) JDun |J Dn#0.

ner neo\r

Note that (4.10) implies that

U Dn - (T(vnETfn))il([_g/?’? 5/3]) (4‘11)

neo\t

On the other hand, let n € 7. If we define 7/ = 7\{n}, then (fn)ne, has a supremum
in ¥(K) and so, by (4.10),

| [T (Vaer falllp,| < 5-

However, we have
[T fallp,| > €

and so

HT(\/nETfn)”Dn| = HT(\/nET’fn)”Dn + [Tfn”Dn‘ S e % _ %

implying that
U Dn € (T(Vaerfn) " ([—00, —2¢/3] U [2¢/3, 0]). (4.12)

neT

Combination of (4.11) and (4.12) gives that

UDnn |J Dn=

neT neo\t

leading to a contradiction to the condition (ii). Hence our original assumption was wrong

and every operator on ¢’ (K) is indeed centripetal. O

4.4 Preservation of suprema and forbidden splittings

Definition 4.4.1. Suppose that K and L are topological spaces such that there exists a

continuous surjection pf(: L —-» K.

e Let (f,) C €(K) be a disjoint sequence with range(f,) C [0, 1] for each n and suppose
also that (fy,) has a supremum in ¢’ (K'). We say that the supremum of (fy) is preserved
in €(L) if

— ( fy[lL]) has a supremum in ¢(L), and
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- \/new( 7[LL]) = (\/nEu}fn)[L]-

e Suppose that (P, Q) C Z(K) x #(K) is a forbidden splitting in K. We say that
(P, Q) is preserved in L if (P[L], Q[L]) is a forbidden splitting in L.

Notation 4.4.2. To avoid too many brackets, if the supremum of (f,) C K is preserved

in L, we will write Vyeo fI to denote both Vyew(fL7) and (Vpew fo)E.

As in the zero-dimensional case, we now proceed to establish a framework for the trans-

finite induction argument in section 4.5.

Proposition 4.4.3. Let o be an ordinal with 1 < o < 2% and consider a topological space K

such that
(a) K is (compact, Hausdorff and) connected,
(b) weight(K) = k < 2¥ so that we can fix a basis B for K with |B| = k,
(¢) density(€(K)) =d < 2¥,
(d) there exists a continuous irreducible surjection ¢: K — [0, 1]%.
Suppose also that we are given
(e) a disjoint sequence (f,) C € (K) with range(f,) C [0,1] for each n,

(f) a disjoint sequence (gn) C € (K) with range(g,) C [0,1] and such that (g,) has a

supremum in € (K),

(9) a disjoint sequence (Uy) of nonempty open subsets of K with supp(fm) N U, =0 for

all m,n,

(h) an ordinal v < 2¥ and a transfinite sequence ((Pg, Qg))s<r of forbidden splittings
n K.

As before, for each T C w we define
K (1) = the extension of K by (fn)ner-

Then
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(i) K(1) is compact and Hausdorff,

(ii) weight(K (7)) < 2¥ and, in fact, there exists a basis B(T) of K(1) with |A(T)| < 2¥
and BE) C B(T),

(111) density(€(K(7))) < 2¢,
(iv) the supremum of (gn)new is preserved in K(7),
(v) the function fT[K(T)] defined in (4.1) is a supremum of (fT[LK(T)])nET in € (K(1)).
In addition to the above, there exists an infinite o0 C w such that for any T C o
(vi) K(T) is a strong extension of K,
and consequently
(vii) K(T) is connected,
(viii) pgm is a continuous irreducible surjection,

i) there exists a continuous irreducible surjection ¢": K (1) — [0, such tha
iz) th 5t 7 irreducibl jecti T K 0,1]¢ h that

K(r) .
K(r)

is a commutative diagram,

Furthermore, with o as above we can find 0 C o such that whenever T C 0,

(z) all splittings (Pg, Q) are preserved in K (7).
Finally, with 0 as above, there exists T C 6 such that

(zi) the pair ((U,LK(T)])YLGT,( kK(T)])ng_zT) cannot be split in K(7).
Proof. (i) K(7) is clearly Hausdorff and, being a closed subset of K x [0, 1], compact.

(ii) Since K(7) C K x [0, 1], we have
weight (K (7)) = max{weight(K), weight ([0, 1])} < 2%,
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and so there exists a basis (1) for K(r) with [Z(1)| < 2*. Note that UK is open
in K(7) whenever U € 4, thus we can take %(7) to be the basis generated by 27
and Z(7). Then

(7)) = max{| 25O, |B(r)]} < 2

as required.

(iii) By Corollary 4.2.18,

density (¢ (K (7))) = density (¢ (K)) < 2“.

(iv) Note that whenever g € ¢ (K), we have

A (g, (g ey ) = {(ac, ek gn(pr @) £ g (px" (at))}

new

= {(x,t) € K(7): pg(T)(fC,t) € Ay, (gn)nEw)}

= ()T (A (gm)ne)).

By Lemma 4.2.4, A(Vpewdn, (gn)new) is nowhere dense, hence, by Lemma 4.2.22; so is
(pg(T))*l(A(\/newgn, (9n)new)). Applying Lemma 4.2.4 again, this means that gl is a

supremum of (gLK(T)]) in € (K (7)) as required.
(v) This is Theorem 4.2.15.
(vi) This is Theorem 4.2.23.
(vii) This is Theorem 4.2.19.
(viii) This is Corollary 4.2.21.

(ix) We define
b K
o = oo,
Since both pg(ﬂ and ¢ are continuous irreducible surjections, so is o
(x) Let {f¢}¢cow be an almost disjoint family of subsets of o (for existence of such a

family see [Kun80, p. 48, Theorem 1.3]) and suppose, for a contradiction, that the statement
is false. Then for every § < 2“ there exist 7z C ¢ and 3 < v such that (Pg{(@], Q[BK(Q) ])
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is split in K(7¢). In particular, there exists a continuous function Fg¢: K (7¢) — [0, 1] such

that
K (T, _ K (T, _
UPF e (rdon, U™ < .
Let D be a dense subset of ¢ (K) of cardinality d. Corollary 4.2.18 implies that there

exist k € w and go,...,gx € D such that if we define the function G¢ by setting

T, T T, T, k
Ge = g([)K( €)] tg f[K( €)] “+g’[€K( o)l (fT[f( &)}) 7
then
1
15 = Gell oo < 35
and so
UPy ™ c ot (-1/a,1/4), Uy cat(i3/4,5/4)). (4.13)

However, there are at most max{w, d, |v|} < 2“ possibilities for picking a tuple (k, go, - - - , gk, 3)
while there are 2¢ choices for picking &. As a result, there must exist distinct &,n < 2 for

which the same choice of (k, go, ..., gk, ) are made. That is, in addition to (4.13) we have

UPY™ c o141/, Q™) < 6 (3/4,5/4)), (4.14)
where
G, = g([)K(Tn)} tg f[K(Tn o+ gLK(Tn)} . (fT[f]f(Tn)})k
Following the algorithm from the previous chapter, [Hay81] or [Kos04], it would now be
logical to consider the product of G¢ and Gy, (since 7¢ and 7, are almost disjoint). However,
in order for this to be well-defined, we need to move to a bigger space which “contains”
both K(7¢) and K (7). The Gleason space % jjo turns out to be a suitable choice.

Note that, by projectivity of ¢y qja, there exists a continuous ¢: 9jg 1jo — K with

Yo,1je = PP.

The same argument applied to the pairs (1), pg(Tg)) and (2, pg(T”)) gives rise to contin-

wous ¢ : Y0,1)0 — K (7¢) and o 90,10 — K (1) such that all parts of the diagram

Y010
e g
K(Tﬁ) ¥ K(Tn)
p;f(%) e L%



K(7¢)

commute. Finally, since v 1jo, pg K(my)

and pg are continuous irreducible surjections,

Corollary 4.2.10 implies that so are all the functions involved in the above diagram.
Thus, as before, we can define liftings of functions from €' (K), € (K (7)) and € (K (7¢))
to € (90,1}~ ). Specifically, if f € €(K), g € €(K(¢)) and h € € (K (7)), we define

f[fg[o,ua] = fou, g[g[o,ua] =go 1[,75’ Kol — o 1[}77;.

In the same fashion, we define liftings of subsets of K, K(7¢) and K (7;) to % jja-

In particular, using (4.13), we see that

s - @) U
(@Ts) (G2 (1=1/4,1/4))
_ (GgO@ZJTi (=174, 1/4])

)
= (G g ) [—1/4,1/4)).

Applying the same argument to (4.14), we get

[K (7¢)] )

N

-1
Ur (e ) (=aa,
and thus
¢ 1 -1
Upsert e (el aon) 1), (4.15)
Similarly,
< G 0]\ 1
Uey o < (¢t 6o ((9/16,25/16)). (4.16)
Note that G[g[o el G,gg[o‘”a] € ¢ (K)Ponel, Indeed, for each 7,7 in {0,. .., k} let

KT [g[O,l]a] T [g[O,l]a] J
Fij:(<f[ 2) > <<f[K< D ) € C( G 110).

Take any x € 1)~ (D(7¢) N D(7,;)). Lemma 4.2.20 implies that

(o) (fw@) {( DA )}

But ¢ = pg(@ o ¢ which implies that

U (a) = (zb(w), Y (fao w)(:v))

neETe
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and so
(f[K Te) )[59[0,1]‘1 ( ) f[K(Tg)] w(x>7 Z(fnow)(x) = Z(fnolb)(x)
neETe neTg

Similarly,

() ) = S (o) ),

nem,

Putting the last two expressions together and using disjointness of (f,,), we conclude that

S fiow |\ Do How|=| D £ oy onyg (D) ND(ry)).

nere neTy, nereNm

However, Lemma 4.2.6 tells us that each of D(7¢) and D(r,) is an open dense subset
of K, which means that so is their intersection. Irreducibility of 1) and Lemma 4.2.12 imply
that ¢~ (D(¢) N'D(7,)) is an open dense subset of % j«. Hence, by continuity of all
functions involved in the above formula, we can deduce that

[“0,112]

Fij = Z ) oy = Z £

neTeNTy neTeNTy

In particular, since 7¢ N 7, is finite, Fj; € %(K)MOJJ"].

Going back to the definitions of G¢ and G, note that

[“10,112] 4[0 e (4[0 e 4[0 1)e]
Ge ' Z > g Fij.

=0 0<i,5<k
i+j=l

Thus
gl gifenr] = gl

for some G € ¢ (K). Consequently, (4.15) may be rewritten as
e (et ™ (-1/16,1/16).
Equivalently,
(UPs) € (@ o) ([~1/16,1/16]) = v (G} ([~1/16,1/16])
However, v is a surjection, hence 1¢)~! = Ix. Thus the last equation implies that
| JPs € G1([-1/16,1/16)).
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Applying the same argument to (4.16), we also get
Qs € Ga1(19/16,25/16))
which, contrary to our initial assumption, means that (Pg, Qg) is split in K.

(xi) First of all, we show that whenever the pair ((Upn)ner, (Un)ngr) is forbidden in K
for some 7 C o, it remains forbidden in K (7).
Indeed, suppose that (( ,[QK(T)})HET,(U%K(T)})TL%) is split in K (7). Using the same
argument as in (4.13) and (4.14), we can find k € w and hy, ..., hy € €(K) such that
Yo e m=t(=1/a1/4)). (J Ul € 1N ([3/4,5/4),
neT ngT

where H is defined by setting
k
H— th(T)] 4 RIEET K@ hECK(T)} . (Jf[K(T)]) .

Note that for each n we have

FE@)] (U,LK (T”) =0. (4.17)
This is because if (z,t) € U,[ZK(T)} N supp(fT[K(T)}), Lemma 4.2.2 implies that there exist

(a',t) e U and m e 7 with

02 SO, ) = S (K7 (@18)) = Finle).

This, in turn, means that 2’ € supp(f,,) N U, which contradicts our initial assumption.

Equation (4.17) now implies that

[—1/4,1/4) O H (U U7[1K(T)]> _ h([)K(T)} (U UT[LK(T)]>

nerT nerT

)
= ho (g Un> :

where the last equality follows from surjectivity of pgm. Thus

U U € gt (-1/4,1/4).

nerT
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Similarly,

U U € g (13/4.5/4)).
ngT

and 5o ((Un)ner, (Un)ngr) is split in K as required.

To complete the proof, pick p with |u| = k and consider a basis Z = {Bj : j < u} of K.
Note that if ((Upn)ners (Un)ngr) is split in K then, since K is compact and Hausdorff, there
exists a finite A(7) C p with

Uunc U Bo, JUun |J Bu=0.
ner neA(r nér neA(r)

Let now 7 and 7’ be distinct subsets of 6 such that both ((Uy)ner, (Un)ng-) and ((Un)neT/, (Un)néT’)

are split in K. Without loss of generality there exists m € 7\7’. Then

UncJunc UJ B

neT neA(r)

while

UﬁUBCUUﬂUBn—VJ

neA(r’) ngr’ neA(r
Since U, # (), this means that A(7) # A(7').

However, there are only x < 2“ choices for picking a finite subset A(7) C u versus 2“
choices for picking a subset 7 of #. This means that there must exist 7 C 6 for which A(7)
cannot be found or, equivalently, the splitting ((Up)ner, (Un)ngr) is forbidden in K. As

shown earlier, it remains forbidden in K (7). ]

Proposition 4.4.4. Let « be an ordinal with 1 < o < 2% and consider a topological space K

such that
(a) K is (compact, Hausdorff and) connected,
(b) weight(K) = k < 2¥ so that we can fix a basis B for K with |B| < k,
(c) density(€(K)) < 2%,
(d) there exists a continuous irreducible surjection ¢: K — [0,1]%.

Suppose also that we are given
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(e) a disjoint sequence (g,) C € (K) such that range(gy) C [0, 1] for each n and (gn) has

a supremum in € (K),

(f) a forbidden splitting (P, Q) in K.

Define
L =K x[0,1].

Then

(i) L is compact Hausdorff and connected,
(i) weight(L) < 2% and moreover there exists a basis & for L with |&| < 2¥ and B C &,
(11i) density(¢' (L)) < 2%,
(iv) there exists a continuous surjection pf(: L — K,
(v) the supremum of (gn) is preserved in € (L),
(vi) the splitting (P, Q) is preserved in L,

(vii) each of (P x [0,1/3],Q x [0,1/3]), (P x [2/3,1],Q x [2/3,1]) forms a forbidden split-
ting in L,

(viii) there exists an irreducible surjection ¢': L — [0,1]%T! such that the diagram

18 commutative.
Proof. (i) This is immediate as both K and [0, 1] are compact Hausdorff and connected.

(ii) Let &' be a countable basis for [0,1]. Define & to be the basis generated by
{Bx[0,1]: B€ #} and {K x B': B' € #'}. Then

|&] = max{| 2|, |#'|} <2
and clearly #X = % % [0,1] C &.
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(iii) By the Stone-Weierstrass Theorem [DS58, IV.6.15, Theorem 16],
¢(L) = (FIL, G,
whenever F is a dense subset in ¢ (K) and G is a dense subset of ([0, 1]). Thus

density (% (L)) = max{density (% (K)), density (€ (]0,1]))} < 2*.

(iv) For each (z,t) € L we define

pic((x,1) = .

(v) By Lemma 4.2.4, the set A(Vyewdn, (Gn)new) is nowhere dense. But then so is
A((Vnewgn)™, (91 ) new) = A(Vnewgn, (9n)new) % [0,1].
Lemma 4.2.4 now yields that (Vpe,gn) ™ is a supremum of (QLL])nEW in ¢(L).
(vi) Note that if (P, Q) is a forbidden splitting, then

UP[L]QUQ[ UPXOIOUQXOl (UPHUQ) 1] # 0,

and so (P[L], Q[L]) cannot be split in L.

(vii) The proof is precisely the same as in (vi): since JP N Q # 0,

P x0,1/3/n|J2x0,1/3] = (UPmUQ) [0,1/3] # 0,

and similar for (P x [2/3,1], Q x [2/3,1]).

(viii) We define ¢': L — [0, 1]%F! by setting

¢ (x,t) = (d(x),t) V(x,t) € L.

Since ¢ and Ijg ;) are continuous irreducible surjections, Lemma 4.2.11 implies that so

is ¢/. Finally, for any (x,t) € L we have

mo S (@,1) = 75T (6(x),1))



and so
matlod' =¢opk.

O

As mentioned in the introduction, the topological analogue of the union of Boolean
algebras is the inverse limit of an inverse system of topological spaces. For more information

on inverse limits and related topics we refer the reader to [Eng89, Section 2.5].

Proposition 4.4.5. Let o < 2“ be a limit ordinal and suppose that we have a transfinite

sequence (Kg)g<q of topological spaces such that
(a) each Kg is (compact, Hausdorff and) connected,
(b) weight(Kg) < 2¥ so that we can fix a basis B of Kg with |#g| < 2%,

(c) density(€'(Kg)) < 2% so that we can fix a dense subset Dg of € (Kg) with |Dg| < 2%;

without loss of generality we may also assume that Xk, € Dg,

(d) for any v < B < « there exists a continuous surjection pﬁf: Kg — K, such that the

family
K
S = {Kg,pKf,a}
forms an inverse system, that is, for every § < v < 8 < o we have

Ky Kg _ Kg Kg _
PrsPr, = PKs and Prs = Iy,

(e) for each 3 < « there exists a continuous irreducible surjection ¢g: Kg — [0, 1]% such

that for any v < B < « the diagram

Kg [0,1]°
Ak

18 commutative.
Fiz now some By < a and suppose that we are also given

(f) a disjoint sequence (gn) C € (Kg,) with range(gn) C [0, 1] for each n and such that a

supremum of (gn) exists in € (Kg,) and is preserved in € (Kg) whenever fy < f < a,
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(9) a splitting (P, Q) which is forbidden in Kg, and is preserved in Kz whenever fy < f < a.

Define

K, = liﬂlK/g
B<a

and for each 8 < «a set
Ko . Ka _
,OKﬁ Ky — Kﬁa pKﬁ((xﬁ)ﬂ<a) = s V(xﬁ)ﬁ<a € K.
Then

(i) Ko is compact Hausdorff and connected,

(ii) for any B < « the map pgg is continuous and onto and, in addition,

Ks Ko _ Ka
Pr,PK; = PK,

whenever v < B < a,

(iii) the set

_ (Kol . .
B BQQ{B Be%g} (4.18)

is a basis of Ky ; in particular, if a < 2%, then weight(K,) < 2¢,

(iv) there exists an irreducible surjection ¢q: Ko — [0, 1] such that the diagram

K, [0, 1]*
Ka @
PKﬁl lﬂ—ﬁ
K B
is commutative for every § < a,
(v) the algebra
D= <{D[ﬂKO‘] .8 < a}> (4.19)

is dense in € (K, ); in particular, if o < 2%, then density(¢'(K,)) < 2¥,
(vi) the supremum of (gn) is preserved in € (K,),

(vii) the splitting (P, Q) is preserved in K.
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Proof. (i) This part was shown in [Eng89, Theorems 2.5.2, 3.2.13 and 6.1.18].

(ii) Each pK; is continuous as a restriction of a continuous map. Surjectivity of ,ng
was shown in [Eng89, Corollary 3.2.15]. The relevant equation follows immediately from

the definition of an inverse system.

(iii) It was shown in [Eng89, Proposition 2.5.5] that 4 is a basis for K. Since |%3| < 2

for each 5 < 2%, we have || < 2 whenever o < 2.
(iv) First of all, note that the family
{[0, 1]5,w5,a}

forms an inverse system and for every v < 8 < a we have a commutative diagram

Kp [0,1]?
W)
K 0, 1]
Y ¢’Y [ ) ]
Define
I = 1im|0, 1]°.
—
B<a

By the argument from [Eng89, page 139], the above setup induces a continuous map

Qo Ko — 1,
such that the diagram
ba
K, — I
Pﬁg J/ J{pfo,l]ﬂ
K 5

is commutative for each 3 < a. Furthermore, by [Eng89, Theorem 3.2.14], ¢ is surjective.

To complete the construction, note that, by definition of the inverse limit,

I=1¢(28)p<a € H 0,17 : (25) p<q is a thread, i.e. 775(335) = 2, whenever vy < f < «
B<a

and so there exists a homeomorphism ¢: I — [0, 1]¢ with ,0[10 = T3¢. We define

Qsa:(boﬁ-
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To show that ¢, is irreducible, consider any closed F' & K,. Defining Fjg = pgg(F ) for
each [, note that, by [Eng89, Proposition 2.5.6], the family

K
{Fm [pKf] Fg ’a}

forms an inverse system with F' = lim Fj.
Let 8 < a be such that Fjg ;Ct K3 (we know that such (3 exists as otherwise we would

B<a

have I = lim K = K,). Then, by irreducibility of ¢3 and commutativity,
[B<a

0,11 2 65(Fs) = 63 (o155 (F)) = 75 (6a(F)).

Since 7§ is a surjection, this implies that ¢o(F) & Ka.

(v) Let o, z1 be distinct points in K. Using the basis fixed in (4.18), for each ¢ € {0, 1}
there exists 7; < a and U; € £, with z; € U[K“] and U[K‘”] NU; Kol — g,

Pick any (8 with 79,71 < 6 < a. Then 7TK°‘(I7,) € U[ Kol and U[KB] N U[Kﬂ

= () which
means, in particular, that 7rKﬁ (o) # 7TK6 (21). Thus there exists f € €(K3) with
7 (mhs(@o)) # f (wfis (@)

By density, we may assume that f € Dgand so f [Kal js an element of D separating zo and ;.

Finally, note that for any 8 we have yx, = X[II((Q] € D and so, by the Stone—Weierstrass

theorem [Sem71, Theorem 7.3.8], D is dense in ¢'(K,), as required.

(vi) Consider the set

A=A ((\/nEw.gn)[Ka]a (Qr[zKa])nEw) = {I‘ e K, : ZQLKQ](LU) # (\/newgn)[KQ}(Sﬂ)}

new

= {x e K, Zgn pKﬁ (\/newgn)(pllggo ($))}

- (Pﬁzo)fl (A(Vaewgn, (9n)new)) (4.20)

Suppose that A contains a nonempty B € 2% where 4 is the basis for K, defined

n (4.18). There exist § < a and nonempty B € %3 with
B = BIFel,
Two cases are now possible.
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Case 1. If 8 < By, then B¥s0! is a nonempty open subset of K, and, by (4.20),

(P?gO) o (A(VnEme (gn)necu)> >OA D

=( ) @
= (pgﬁ"pK“> (B)

= (k) (Bl

-1
Since pggo is onto, pggo (pgg ) = Ik, and hence the last equation implies that

B[Kﬁo] - A(\/newgna (gn)nEw)-

This leads to a contradiction as, by Lemma 4.2.4, A(Vpewdn, (gn)new) is nowhere dense.

Case 2. If By < 3, then, by the same type of calculations as in (4.20),

A= () (AWt (e @.21)

and so

()" (A0aeatl ) ) 232 8= (415) " 00

-1
As before, pﬁ; (p%;‘) = I, which means that

B g A( nEwg[Kﬁ] (gLKﬁ])néw)’

(K] ( (K]

However, by Lemma 4.2.4, the set A(Vyewgn 9gn " )new) 18 nowhere dense and so we

get another contradiction.
Thus, our initial assumption was wrong and A is nowhere dense. By Lemma 4.2.4,

(\/newgn)[ Kol is a supremum of (g,[Z “]) in €(Ky,).
(vii) The proof is very similar to the one in (vi). Suppose, for a contradiction, that
P € gi(fop), | JQel € g7 ({1}
for some g € €(K,). Then, if D is a dense subset of €' (K,), there exists h € D with
UPEd cnt(~1/4,1/4)), [ J el € hm((3/4,5/4))

Take D to be the set fixed in (4.19). Then there exist k € w, v, < a and h; € D; (0 < i < k)

such that A is a finite combination of th“], e hLK“].
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Pick any 8 with 79,...,7% < 0 < a. Then hEKﬁ] € ¢ (Kpg) for each i and h is a finite

combination of (h([)Kﬁ })[Ko‘], e (hECKB ])[Ka]. Consequently, h has the form

h = plEel

for some h € €(Kg). Two cases are now possible.

Case 1. If 3 < fB, then h¥a] € ¥(K3,) and

(oie) Uy = Pt
(m5=) ™ (174,174
= (hopi ot ) (-1/4,1/4)

= (o ) (@) 1/, 1/4))

N

which means that
-1
UP c (&F])  (-1/4,1/4).
Similarly,

Joc (n)) ™ (13/4,5/4),

and so (P, Q) is split in Kg, which is a contradiction.
Case 2. If By < 3, then

(i) (UP) = (05) " (Wi (UP)

N

W ([=1/4,1/4])

= (o) (/e ))

which means that

Pl € b ((—1/4,1/4)),

and similarly,

Q) € b ([3/4.5/4)).

Thus the pair (P[Kﬂ}, Q[KB]) is split in K3 which is also a contradiction. ]
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4.5 Construction of K

Our space K is constructed by transfinite induction.
Notation

Fix a surjection s: {a : « is a successor ordinal with 1 < a < 2} — (2¥\{0}) x 2“ such

that if s(a)) = (1, (), then 7 < a.
Inductive construction

We are going to construct
(i) a transfinite sequence of topological spaces (K4 )1<a<2+ such that for each «

(i.a) K, is compact, Hausdorff and connected,

(i.b) weight(K,) < 2¢ and we can fix a basis %, of K, such that |%,| < 2* and
,%’[ﬁK“] C A, whenever § < a,

(i.c) density(¢(Ka)) < 2¢,

(i.d) there exists a continuous irreducible surjection ¢: K, — [0, 1]%,

(i.e) for any 3 < a there exists a continuous surjection pgg: K, — Kg such that

Kp Ko _ Kg _
pK»yng = PK: and Prs = Ik,

whenever v < § < a,

(i.f) with notation as above, the diagram

Ko—t" j0,1]"
Ka «
Pkﬂl l”ﬁ

is commutative for any (3 < «,

(i.g) if # < o and (gyp) is a disjoint sequence in €' (Kg) such that range(g,) C [0,1]
for each n and (g,) has a supremum in ¢ (K3), then the supremum of (g,) is

preserved in ¢(K,),
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(i.h) we fix an enumeration of all the quadruplets

((f’rL(a7 C))n@u ? (Un(a7 g))nEw ? (Vn(Oé, C))new ’ (Wn(a7 C))n@u) (C < 2w> Wlth the
property that

o (fu(@,()),c, is a disjoint sequence in €'(K,) and range(f,) C [0,1] for all n,
e cach of the remaining sequences is disjoint and consists of elements of 4,
e all U,(a, () are nonempty,
o supp(fm(a,{)) NUy(,¢) =0 for all m,n € w and ¢ < 2¥,

(i.i) using the enumeration from (i.h), if « = f+ 1 with 8 > 1, then
o K, = Kg(7)x[0,1], where K;3() is the extension of Kz by (f,(s(a))¥6]),c,

and is strong,
(i.j) if v is a limit ordinal, then

e K, = liLnKﬁv
B<a

(ii) arrays (Pa,r, Qa,r) with o < 2¥ and I € {0,1,[0,1/3],[2/3,1]} with the property that

(il.a) if a = B+ 1 with 8 > 1 then

* (Pa0: Qa0) = ((Un(s(@)¥el)ner, (Un(s(a)Eel)ng, ),
o (Pa1, Qan) = ((Vi(s(@)Eel) ey, (Wi (s(a))Eel),e,) if this pair cannot be
split in Ky, or (Pa1,Qa1) = (0,0) otherwise,
o (Pajo1/3) Qao,1/3]) = (nglﬁm} x [0,1/3], Q[ﬁlff(ﬂ] x [0, 1/3]),
o (Pajas1]> Qan2/3]) = (73[[,}7{1"(7)] x [2/3,1], ngfm] x [2/3, 1]),
(ii.b) if o is a limit ordinal, then
o (Par1,Qa,1)=(0,0) for each I,
(ii.c) (Pa.1, Qar) forms a forbidden splitting in K, unless it is equal to (0, 0),

(ii.d) If 8 < a and (Pg,1, Qp,r) is forbidden in Kpg, it remains forbidden in K,.

Note 4.5.1. Existence of the enumeration in (i.h) follows from (i.b)-(i.c) and does not need

to be taken care of separately.
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Base case

Define
Kl = [Oa 1]7

and for each I € {0,1,[0,1/3],[2/3,1]} set

(P1,1,Q1,1) = (0,0).
Inductive step

Suppose that for some o < 2¢ we have constructed (Kg)g<o and ((Pgr, Q1)) satisfying

conditions (i.a)—(ii.d).
Case 1. «¢ is a successor ordinal

Suppose that o = § + 1 for some ordinal § with 1 < 8 < 2¥.
To construct K, we start with taking care of property (K). Suppose that s(a)) = (n, ().
Then 1 < 7 < 3 which means that ' stage of our construction has already been completed.

Using the enumeration fixed in (i.h), for each n € w we define

In= fn(nvO[Kﬁ]a Un = Un(n, O[Kﬂ}v
Vi = Va(n, QA W, = W, (1, )10,

Then (fy) is a disjoint sequence in ¢'(Kg) with range(f,) C [0, 1] for each n while, by (i.b),
each of (Uy), (Vy,), (W,,) is a disjoint sequence in #3. In addition, we also have U, # () and
supp(fm) N U, = 0 for all m, n.

At this stage there are at most 43 < 2% splittings which are forbidden in Kz and need

to be preserved in K,. Hence, by Proposition 4.4.3, there exists an infinite 7 C w such that
e the space Kg(7) satisfies the conditions (i.a)-(i.f),

o if (gy) is a disjoint sequence in €' (Kg) such that range(g,) C [0, 1] for each n and (g»,)

has a supremum in € (K 3), then this supremum is preserved in € (K ﬂ(r)),
e a supremum of (fTQKB(TH) exists in ¢ (Kg(7)) and is equal to fT[Kﬁ(T)],

o if, for some v < 8 and I € {0,1,[0,1/3],[2/3, 1]}, the splitting (Pf} Q[ﬂ) is forbid-

den in Kpg, it remains forbidden in Kg(7),
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e the pair (( ,QKB(T)})HET, (UT[LK’B(T)])ngT) cannot be split in Kg(7).

With 7 as above we define

K, = Kg(r) x [0,1]. (4.22)
Appealing to Proposition 4.4.4,
e K, satisfies the conditions (i.a)—(i.f) and (i.h)—(i.i),

e if (gn) is a disjoint sequence in € (Kg(7)) such that range(g,) C [0,1] for each n

and (g,) has a supremum in € (Kg(7)), then the supremum is preserved in K,,
e if (P, Q) is a forbidden splitting in Kg(7), it remains forbidden in K,

e if (P, Q) is a forbidden splitting in Kg(7), then both (P x [0,1/3],Q x [0,1/3]) and
(P x[2/3,1],Q x [2/3,1]) are forbidden in K.

To finish the construction, we define

(Pa,m Qa,O) = ((Ur[LKa])nGﬂ (U1[1Ka])n€7'> )

= (P
= (P

x [0,1/3], @477 x [o, 1/3]) ,

x [2/3,1])

(Pajo,1/3] Qaj0,1/3])

Kﬁ(T

(Pai2/3,11> Qanfo/3.1)) x [2/3,1], Q5

and

(VD e, WD) i (V) e, (W) ) cannot be split in K,

Pa ) Ko =
(Pets Qer) { (0,0) otherwise.

By construction, the splittings (Pa,i, Qa,i) satisfy the conditions (ii.a)—(ii.c). Further-
more, if for some v < awand I € {0,1,1[0,1/3],[2/3,1]} the splitting (P, ;, Q) is forbidden
in K, by the inductive assumption, it remains forbidden in Kg. Thus it remains forbidden
in K3(7) and hence also in K. Consequently, K, satisfies the condition (ii.d).

Finally, suppose that for some v < a we have a disjoint sequence (g,) € ¢ (k) such
that range(g,) C [0,1] for each n and (g,) has a supremum in ¢(K,). By the inductive
assumption, the supremum is preserved in K. Thus it is preserved in Kg(7) and hence in

K,. Consequently, K, satisfies the condition (i.g).
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Case 2. « is a limit ordinal

In this case we define

K, = @Kg
B<a

and for each I € {0,1,]0,1/3],[2/3,1]} we set

(Pa,1, Qa,1) = (0,0).
Proposition 4.4.5 guarantees that the conditions (i.a)—(ii.d) are satisfied at this stage.
Construction of K

Once the construction of (K, )q<2~ has been completed, we define

K= lim K,.
P—
a<2%

4.6 Properties of K
Proposition 4.6.1 (P1). K is separable.

Proof. By Proposition 4.4.5 (iv), there exists an irreducible surjection ¢ow: K — [0,1]%".
However, [0,1]2” is separable (see e.g. [Dug66, p. 175, Theorem 7.2]) and so the result
follows from Theorem 3.2.14. O

Proposition 4.6.2 (P2). K is weakly Koszmider.
We start with showing an intermediate result.

Lemma 4.6.3. Let K be as above and consider any f € €(K). Then there exist 3 < 2%
and f € € (Kg) with
="

Proof. Since K is a closed subset of Hﬁ <o K3, by the Tietze extension theorem [Wil70,
Theorem 15.8], there exists a function F' € ¢'(][5.o. Kp) with

[Fllg = [
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By Mibu’s Theorem [Mib44], F' depends on countably many coordinates, hence, by Konig’s
Lemma [Kun80, p. 34, Lemma 10.40], there exist § < 2¥ and F € %(ngﬁ K.,) such that

and so, since K consists of threads,

f=(Fop,

where the function p is defined in the following way

pi Ky — [[ K o (01 (@)

<8 '
v<p =

O]

Proof of Proposition 4.6.2. By Theorem 4.3.2, it is sufficient to show that K has the prop-
erty (K).

Suppose that (f,) is a disjoint sequence in €(K) with range(f,) C [0,1] for each n
and (U,) is a disjoint sequence of nonempty open subsets of K with supp(fy,) N U, = 0
for all m, n. By Proposition 4.4.5 and Lemma 4.6.3, for each n there exist a,, 3, < 2%,

f, € ¢(Ka,) and nonempty U,, € %, (where Hg, is the basis fixed in (i.b)) such that

[N =, UM cu,.

T

By Konig’s Lemma [Kun80, p. 34, Lemma 10.40], there exists n with 1 < n < 2¥ and
Qn, Brn < n for all n.
Consider now the sequence ( iLK”]). Take any = € K,. By surjectivity of pﬁn, there

exists y € K with x = pgn(y). Then for any m # n we have

Ml - fal@) = ((F,, 00k ol ) - ((£, 2 i ok, W)
= (40P ®) - (00K )

fm() - fn(y)

= 0,

and so ( i[nK”}) is a disjoint sequence in ¢(K,) with range(f,) C [0, 1] for each n. Similarly,
(Qg("]) is a disjoint sequence in K, and supp(f[K"]) N QLK”} = () for all m, n. Finally,

=m

by (i.b), (7£1K"]) C %,. Using the enumeration fixed in (i.h), there exists ¢ < 2 such that

FE = g, 0), TN = U, (0, 0)

T
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for all n. Take now any successor ordinal o < 2¢ with s(«) = (1, (). By construction, there

exists 7 C w such that

e a supremum of ((iLK"])[KQQ exists in € (K,),

nerT

e the pair <<(U,[1K"])[Ka])
forbidden in K,.

, ((QLLK"])[KU‘O ) forms the splitting (Pa,0, Qa,0) and is

nerT ngT

By construction, the supremum of (( fLKTJ)[Ka]) is preserved in ¥(K,) whenever
7 neT

a < o < 2% which, by Proposition 4.4.5, means that
(5ol (Kol ) K]
%(K) 2 Vner ((in K ) ) = \/nefin = Vaerfn

giving the first condition of property (K).
Similarly, the forbidden splitting (Pq.0, Qa,0) is preserved in K, whenever a < o/ < 2¢

which, by Proposition 4.4.5, means that the pair

(Pgﬁ,gﬂ) = ((((U%K"])[Ka])m) ’<<(ULK"])[K¢1})[K}> Q)
neT ndr

— (e ).

and consequently, the pair ((Upn)ner, (Un)ngr), cannot be split in K.

The above two conclusions show that K has property (K). O
Proposition 4.6.4 (P3). K has no open butterflies.

Proof. Consider the following basis of K

%= | {B™:Be s},
a<2%

where %, are the bases fixed in (i.b).
Let V., W be open subsets of K with

VW #£0.

By Lemma 3.6.4, there exist disjoint (V},), (W,,) € & with |JV,, =V and |JW,, = W. Thus

WOUWH#Q.

109



We now proceed exactly as in the previous part. For each n there exist au,, 8, < 2%,

V,€P,, and W, € HBg, such that

V, =VvIEL w, = wikl

T

By Konig’s Lemma [Kun80, p. 34, Lemma 10.40], we can find  with 1 < n < 2* and
Qy, Bn < n for all n. Then (ZLK"}), (MLK"]) C %, and are disjoint. Consequently, using the

enumeration fixed in (i.h), there exists ¢ < 2¥ such that for all n we have
Vi =V, Q) W = Wa(n,€).

Let now o < 2¢ be a successor ordinal with s(a) = (9,¢{). Then «,,[, < n < « for

each n and so

Uy nJwiel = » a(ﬂ Ko <UVK@ HUW[KQ»
> o, (U k) (@) nU (k) ()
= K <UV%K10UWLK])
= PR, (Vn“UWn>
# 0,

and so (KLK"‘],E[“KD‘]> forms the forbidden splitting (Pa,1, Qa,1) in K. Following the no-
tation from (4.22), for each I € {[0,1/3],[2/3,1]} the pair (( Kol o 1), (wlKel 1))
forms the forbidden splitting (Po+1.1, Qa+1,1) in Kq41 which is then preserved in K, when-
ever a +1 < o < 2%. Proposition 4.4.5 now ensures that it remains forbidden in K. In

particular, there exists

e e s pm | Jwre Tl x i
! Kol [0, 1)) K] nJw w0, 1)) K]
et o i)

= Jvnywi

= UnnUma

nw.

N

|
<
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Finally, note that

T q0, 173D n | il < (273, 1))

PRat ) (i K[KQ(T)] x [0,1/3])) N (p§ +1)_1 (U= < [2/3,1]))

(rf..
C <p§a> ( v 0,178 A | vl « [2/3,1])
0

)

which means that
To,1/3] # T[2/31]5

and so V N W contains at least two points.
Proposition 4.6.5 (P4). K is connected.

Proof. This was shown in part (i) of Proposition 4.4.5.
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