
Classes of C (K) spaces with few
operators

�
Iryna Schlackow

St. Hilda’s College

University of Oxford

A thesis submitted for the degree of

Doctor of Philosophy

Michaelmas 2008



To my father



Acknowledgements

First of all, I would like to thank my supervisor, Professor Richard Haydon,

for suggesting interesting problems to work on and for his constant help and

encouragement. I am also immensely grateful to my husband Waldemar for his

support throughout my studies.

Furthermore, I would like to mention my friends and family for their signifi-

cant contribution to the non-mathematical aspect of my life. Similarly, special

thanks should go to the people who have offered me various employment oppor-

tunities thus giving me a chance to develop skills used both in mathematical and

non-mathematical environments. This includes teaching positions at St. Hilda’s,

New, Brasenose and Jesus colleges and the LATEX job for the academic admin-

istration team of the Mathematical Institute.

Last, but by no means least, I am pleased to acknowledge that my graduate

studies were funded by the Clarendon Fund, Overseas Research Students Awards

Scheme and St. Hilda’s College.



Abstract

We investigate properties of Koszmider spaces. We show that if K and L are

compact Hausdorff spaces with no isolated points, K is Koszmider and C (K)

is isomorphic to C (L), then K and L are homeomorphic and, in particular, L

is also Koszmider. We also analyse topological properties of Koszmider spaces

and show that a connected Koszmider space is strongly rigid.

In addition to Koszmider spaces, we introduce the notion of weakly Koszmider

spaces. Having established an alternative characterisation thereof, we show that,

while it is evident that every Koszmider space is weakly Koszmider, the reverse

implication does not hold. We also prove that if C (K) and C (L) are isomorphic

and K is weakly Koszmider, then so is L. However, if K is Koszmider, there

always exists a non-Koszmider space L such that C (K) and C (L) are isomorphic.

In the second part of the thesis we present two separable Koszmider spaces the

construction of which does not use any set-theoretical assumptions except for the

usual (ZFC) axioms. The first space is zero-dimensional, being the Stone space

of a Boolean algebra. The second construction results in a separable connected

Koszmider space.
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Chapter 1

Introduction

1.1 Historical background

It may be argued that one of the virtues of Banach spaces is their rich operator structure.

After all, Banach spaces are sometimes regarded merely as domains for linear operators.

Let us, however, take the opposite perspective and ask the following question: how small

can the space L X of (bounded linear) operators on a Banach space X be?

As an illustration, Shelah [She78] constructed a nonseparable Banach space X such

that every operator on X can be expressed in the form λI + S where λ ∈ R and S has

separable range. The original construction assumed the Diamond Axiom (♦) but ten years

later Shelah and Steprāns [SS88] managed to remove it and provided a (ZFC) construction

of a space with the above property. Later, Wark [War01] obtained a reflexive space with

the same property.

Spaces with few operators are closely associated with the names of Gowers and Mau-

rey and their paper [GM93] in which the authors obtain a space Xgm with the following

properties:

(a) (see [Lin70]) Xgm is indecomposable, that is, it cannot be expressed as a direct sum of

two of its infinite-dimensional subspaces. In fact, Xgm is hereditarily indecomposable,

that is, all of its subspaces are indecomposable,

(b) as a corollary to (a), every operator on Xgm can be expressed in a form λI + S with

λ ∈ C and S strictly singular,

(c) (Banach Hyperplane Problem [Ban32]) as a corollary to (b), Xgm is not isomorphic

to any proper subspace of itself,
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(d) (see [BP58]) Xgm contains no unconditional basic sequence.

It is worth noting that, while the first known example of a space with property (c) had

been obtained slightly earlier, in [Gow94], the question about existence of a space with any

of the remaining properties had been open until [GM93].

Recently, Argyros and Haydon [AH08] constructed a Banach space on which every

operator has the form λI +K with λ ∈ R and K compact.

Suppose now that instead of looking at general Banach spaces we restrict ourselves to

spaces of the type C (K). Here K is an infinite compact Hausdorff space and C (K) is the

Banach space of real-valued continuous functions on K under the supremum norm. We

pose the same question: how small can L C (K) be?

Certainly, for any g in C (K), the multiplication operator gI : f 7→ gf lies in L C (K). In

addition, it can be shown (see e.g. [Kos04]) that L C (K) must contain an operator T which

cannot be expressed in the form T = gI +K, where g ∈ C (K) and K is compact.

A natural question now arises: does there exist a space K such that every operator T

on C (K) has the form

T = gI +W, (1.1)

where g ∈ C (K) and W is weakly compact? As was shown by Piotr Koszmider in [Kos04],

the answer turns out to be yes. Following the terminology introduced in [Ple04], we call

spaces with this property Koszmider spaces.

In his paper [Kos04], Koszmider constructed a space K such that

(i) C (K) is not isomorphic to any proper subspace or quotient,

(ii) C (K) is indecomposable (although, since every C (K) contains a copy of c0, it is not

hereditarily indecomposable),

(iii) (see [Sem71]) as a corollary to (ii), C (K) is not isomorphic to C (L) for any totally

disconnected L.

Of course, as mentioned above, Gowers and Maurey already solved the Banach Hyper-

plane and the indecomposability problems in [GM93]. However, Koszmider’s space was the

first such example of a C (K) space. Motivation for considering property (iii) stems from
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Milutin’s Theorem [Mil52] which says that C (K) is isomorphic to C ({0, 1}ω) whenever K

is uncountable and metrisable.

Koszmider showed that if K is a connected space such that every operator on C (K) is

of the form gI + W , as in (1.1), the resulting space C (K) satisfies (i)–(iii). Assuming the

Continuum Hypothesis (CH), he also produced an example of such a space. In the same

paper he provided another construction, performed entirely within (ZFC), of a space K

satisfying properties (i)–(iii). This K, however, is a representative of another, bigger, class

of spaces with few operators, namely, K is the weakly Koszmider space. Soon afterwards,

Plebanek [Ple04] obtained a (ZFC) construction of a connected Koszmider space.

1.2 Overview of the thesis

In this thesis we investigate further properties of C (K) spaces with few operators. In

particular, we try to establish a connection between the operator structure of L C (K) and

the topological structure of K. It turns out that the condition of having few operators

on C (K) forces K to have few continuous functions on itself. More precisely, if K is a

connected Koszmider space then K is strongly rigid, that is, the only continuous functions

on K are the identity and the constants.

We also show that if K and L are Koszmider spaces with no isolated points and

C (K) ∼ C (L) (where “∼” means “Banach-space isomorphic to”) then K and L are homeo-

morphic. In fact, in this setup it is enough to assume that only one of K and L is Koszmider.

When put into historical context, this result seems very curious. Recall that K and L

are homeomorphic if C (K) and C (L) are ring-isomorphic (Gelfand–Kolmogorov, [Sem71,

Theorem 7.8.2]) or isometric (Banach–Stone, [Sem71, Theorem 7.8.4]). However, in gen-

eral, Banach-space isomorphism between C (K) and C (L) does not tell us anything about

topological relations between K and L. A good illustration of this fact is Milutin’s Theo-

rem [Mil52], already mentioned above, which says that C (K) ∼ C ({0, 1}ω) whenever K is

uncountable and metrisable.

In addition to Koszmider spaces, we address the question of what happens if we allow

L C (K) to contain some operators which are not of the form gI+W . Specifically, we consider

the class of centripetal operators (or weak multipliers, as they were called in [Kos04]).
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Formally, an operator T : C (K)→ C (K) is said to be centripetal if

lim
n→∞

(Tfn)(xn) = 0

whenever (fn) is a bounded disjoint sequence in C (K) and (xn) is a sequence in K with

fn(xn) = 0 for each n, and we say that a space K is weakly Koszmider if every operator

on C (K) is centripetal. It is clear that every multiplication operator is centripetal and it

can be shown that every weakly compact operator is also centripetal. Thus every Koszmider

space is weakly Koszmider. We show that the reverse implication does not hold.

It is worth mentioning that weakly Koszmider spaces provide a natural generalisation

of Koszmider spaces. It was proved in [Kos04] that an operator T on C (K) is centripetal if

and only if there exist a bounded Borel function g : K → R and a weakly compact operator

W : C (K)∗ → C (K)∗ such that

T ∗ = gI +W. (1.2)

To define the operator gI, recall that, by the Riesz Representation Lemma [Sem71,

Theorem 18.4.1], the space C (K)∗ can be identified with the space M (K) of signed Radon

measures on K. Using this representation, we define gI : M (K)→M (K) by setting

(gI)(µ)(f) =
∫
gfdµ ∀µ ∈M (K) ∀f ∈ C (K).

Note that if g is a continuous function, then gI is simply the dual of the multiplication

operator f 7→ gf used in the representation (1.1).

As was shown in [Kos04], weakly Koszmider spaces preserve some properties of Koszmider

spaces (for example, they have property (i) from the previous section, and, with several

additional conditions, they also satisfy (ii) and (iii)). On the other hand, due to softer

restrictions on the structure of L C (K), they possess extra properties. For example, having

established an alternative characterisation of weakly Koszmider spaces, we show that if

C (K) ∼ C (L) and K is weakly Koszmider then so is L. We show that the corresponding

result for Koszmider spaces does not hold unless, as above, we assume that K and L do

not have isolated points. As a by-product, we construct an example of a weakly Koszmider

non-Koszmider space. A similar example was obtained by Fajardo [Faj07].

The results described above constitute the first part of the thesis, Chapter 2 and were

published in [Sch08].
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The second part of the thesis, Chapters 3 and 4, is devoted to construction of two separa-

ble Koszmider spaces. The first, and so far the only known, construction of a separable (and

connected) Koszmider space appeared in [Kos04] but, as mentioned in the previous section,

assumed (CH). Plebanek’s (ZFC) example of a connected space [Ple04] is nonseparable.

By introducing new ingredients to the algorithm from [Kos04], we obtain a separable

Koszmider space entirely within (ZFC). Note that if D = {dn : n ∈ ω} is a dense subset

of K, then the map T : f 7→ (f(dn)) is an embedding of C (K) into `∞. Thus we give a

positive answer to the question 20 (1188) from [Pea07, p. 575] which asks where there exists

in (ZFC) a Koszmider space K such that C (K) is embedded in `∞.

In fact, we constructed two separable Koszmider spaces: one is zero-dimensional and

another one is connected. Even though the connected example gives a stronger result, we

present both constructions here. This is done because the zero-dimensional construction is

simpler and served as a motivation for the connected one. The zero-dimensional construction

is described in Chapter 3 whilst Chapter 4 deals with the connected case.

A large part of our construction is based on the arguments from [Kos04] and [Ple04].

However, instead of working in P(ω), as was done in [Kos04, section 3], or in a measure

algebra, as in [Ple04], we construct K as a continuous image of the Gleason space of {0, 1}2ω

(in the zero-dimensional case) or [0, 1]2
ω

(in the connected case). This gives us the benefit

of obtaining separability with no extra effort as both of these spaces are separable.

Another important ingredient of our constructions is property (K) which forces K to

be weakly Koszmider (in the zero-dimensional construction we consider property (K′) for

Boolean algebras and in this case the Stone space K (A) of a Boolean algebra A with

property (K′) is weakly Koszmider).

The idea of considering properties (K′) and (K) has been inspired by several exist-

ing constructions. In his paper [Ple04], Plebanek introduced a so-called property (H) and

showed that it forces a space to be weakly Koszmider. The original definition is applicable

to any compact Hausdorff space, however, in [Ple04, section 6] Plebanek considered a sim-

plified version of property (H) for zero-dimensional spaces which he called (H′) and which

is the basis for our property (K′). Variations of both of these properties were already used

in [Kos04, Theorems 3.1, 5.1] in the same context, although under no specific name.
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For completeness we need to mention one more paper. In [Hay81], Haydon gave a

definition of the Subsequential Completeness Property (SCP) and showed that if an alge-

bra A has the SCP, then C (K (A)) is Grothendieck. Moreover, if, in addition, A possesses

a certain extra characteristic, then C (K (A)) gives an example of a Grothendieck space

with no subspace isomorphic to `∞. Going back to weakly Koszmider spaces, the property

from [Kos04, Theorem 3.1] is pretty much the combination of the SCP and this charac-

teristic, while the property from [Kos04, Theorem 5.1] is its natural generalisation. Our

definitions of properties (K′) and (K) are, in turn, respective modifications thereof.

1.3 General notation and terminology

• All Banach spaces are assumed to be infinite-dimensional and over the field R of real

numbers.

• All operators between Banach spaces are assumed to be bounded and linear, and,

whenever T is a (bounded linear) operator between Banach spaces (X, ‖ · ‖X) and

(Y, ‖ · ‖Y ), we denote the usual operator norm of T by ‖T‖, that is,

‖T‖ = sup{‖Tx‖Y : x ∈ X and ‖x‖X 6 1}.

• All topological spaces are assumed to be infinite and Hausdorff. In addition, a topo-

logical space K is assumed to be compact unless it is stated otherwise or it is evident

that K cannot be compact (for example, K has the form L\{x} with L compact and

x ∈ L).

• The topology on R is assumed to be the usual Euclidean topology.

• Whenever we consider a sequence and the indexing set is not explicitly defined, we

assume that it is ω. For example, (fn) stands for (fn)n∈ω.

• Let X be a topological space.

– If A ⊆ X, we denote the closure of A by A and the interior of A by int (A).

– If A ⊆ X, we denote the characteristic function of A by χA, that is,

χA(x) =
{

1 if x ∈ A
0 if x ∈ X\A.
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– If A ⊆ X is regarded as a topological space, we assume that A has the subspace

topology.

– If A ⊆ X and I is an indexing family, we assume that AI is a topological space

with the product topology.

– We define the identity function on X by IX , that is,

IX(x) = x ∀x ∈ X.

• Let X be a topological space and let f : X → R be a function.

– We denote the support of f by supp(f), that is,

supp(f) = {x ∈ K : f(x) 6= 0}.

– We define

f+ = f ∨ 0 = max{f, 0}, f− = −(f ∧ 0) = −min{f, 0}.

Note that f+ − f− = f and f+ + f− = |f | and that continuity of f implies that

both f+ and f− are continuous.

• Let X and Y be topological spaces and let f : X → Y be a function.

– If f is an injection, we write f : X ↪→ Y to emphasise this fact.

– If f is a surjection, we write f : X � Y to emphasise this fact.

– If A ⊆ X, we denote the restriction of f to A by [f ]|A.

• Let K be a topological space.

– We define C (K) to be the Banach space of continuous real-valued functions on K

with the supremum norm.

– We define a partial order 6 on C (K) by saying that if f, g ∈ C (K) then

f 6 g if and only if f(x) 6 g(x) ∀x ∈ K.

For convenience of notation, if f ∈ C (K) and ε ∈ R we say that

f 6 ε if and only if f 6 εIK .
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– Let (fn) be a sequence in C (K). We say that (fn) is disjoint if

fm(x) · fn(x) = 0 ∀x ∈ K ∀m 6= n.

– We define M (K) to be the space of signed Radon measures on K. Using the

Riesz Representation Lemma [Sem71, Theorem 18.4.1], we will identify C (K)∗

with M (K).

• Let τ and σ be subsets of ω. We say that

– τ and σ are almost disjoint if τ ∩ σ is finite,

– τ is almost contained in σ (denoted by τ ⊆∗ σ) if τ\σ is finite.

• Let A be a subset of an algebra A. We denote the algebra generated by A by 〈A〉.

• Let A be a set whose elements are themselves sets. Using the standard set-theoretic

notation, we define ⋃
A = {X : ∃A ∈ A with X ∈ A}.
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Chapter 2

Properties of Koszmider and
weakly Koszmider spaces

2.1 Introduction

2.1.1 Overview of the chapter

The chapter is organised as follows. Section 2.2 is devoted to proving that if K and L are

Koszmider spaces with no isolated points and C (K) ∼ C (L), then K and L are homeo-

morphic. It is natural to ask whether the corresponding result holds if we omit the isolated

points condition and in order to answer this question, we proceed to section 2.3 which

we start with considering centripetal operators and introducing the notion of a weakly

Koszmider space (section 2.3.1). In section 2.3.2 we prove that K is weakly Koszmider if

and only if the quotient space L C (K)/L
C (K)
wc is commutative. It follows immediately that

if K and L are topological spaces with C (K) ∼ C (L) then K is weakly Koszmider if and

only if so is L.

Using the above criterion, it is possible to obtain further properties of Koszmider spaces

and that is done in section 2.3.3. We construct an example of a weakly Koszmider non-

Koszmider space and proceed to show that for any Koszmider space K there exists a non-

Koszmider space L with C (K) ∼ C (L). We finish the section with strengthening the result

from section 2.2 and show that if K and L are topological spaces without isolated points

and C (K) ∼ C (L), then in order to deduce that K and L are homeomorphic, it is enough

to assume that only one of them is Koszmider.

Finally, in section 2.4 we analyse topological properties of Koszmider spaces and show

that if K is a connected Koszmider space, the only continuous functions on K are the
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identity and the constants, that is, K is strongly rigid.

The results of this chapter appeared in [Sch08].

2.1.2 Notation and terminology

• Let X and Y be any sets. We will write

X ∼ Y if X and Y are isomorphic as Banach spaces,
X ≈ Y if X and Y are homeomorphic as topological spaces,
X ∼= Y if X and Y are isomorphic as rings,
X 6 Y if X is a subring of Y ,
X P Y if X is an ideal in Y .

• Let K be a topological space.

– We denote the derived set of K by K ′.

– Let x ∈ K. We denote the Dirac measure at x by δx, that is,

δx(A) =
{

1 if x ∈ A
0 otherwise

∀A ⊆ K.

– Let g : K → R be a bounded Borel function. We define the operator gI on M (K)

by setting

(gI)(µ)(f) =
∫
gfdµ ∀µ ∈M (K), ∀f ∈ C (K).

– Note that when g is a continuous function, gI is the dual of the multiplication

operator f 7→ gf on C (K). We shall call this operator gI again, that is,

gI : C (K)→ C (K), (gI)(f) = gf.

• Let X be a Banach space. We define

L X = {T : X → X, T is a (bounded linear) operator},

L X
wc = {T : X → X, T is weakly compact},

and, if X = C (K) for some topological space K, we also define

L X
M = {gI : X → X, g ∈ X}.

We may also denote the above spaces by L , Lwc and LM respectively whenever this

notation does not cause ambiguity.
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2.2 Properties of Koszmider spaces

We start with a formal definition.

Definition 2.2.1. A space K is said to be Koszmider if

L C (K) = L
C (K)
M + L C (K)

wc ,

that is, for every operator T : C (K) → C (K) there exist a continuous g : K → R and a

weakly compact W : C (K)→ C (K) such that

T = gI +W. (2.1)

Examples of Koszmider spaces can be found in [Kos04] and [Ple04]. For general infor-

mation on C (K) spaces we refer the reader to [Sem71].

We are interested in the following question: what topological properties of K are pre-

served under Banach space isomorphisms?

As mentioned in the introduction, while an isometry or a ring isomorphism between

C (K) and C (L) forces K and L be homeomorphic, a Banach space isomorphism does

not in general provide any additional information about common topological properties of

K and L.

The picture changes significantly if we assume that K and L have no isolated points

and at least one of the spaces is Koszmider. In this case, as we are about to prove, the fact

that C (K) ∼ C (L) implies K ≈ L.

We start with the following observation. Let K be a topological space. It is well-known

(see [HHZ96], for example) that

• (L C (K),+, ◦) is a ring,

• L
C (K)
M is a subring of L C (K),

• L
C (K)
wc is an ideal in L C (K).

Note the following consequence of this fact.

Proposition 2.2.2. Let K be a topological space. Then

(LM + Lwc)/Lwc
∼= LM/(LM ∩Lwc) ∼= C (K ′). (2.2)
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In particular, if K is Koszmider, then

L /Lwc
∼= C (K ′). (2.3)

For the proof we will use the following version of Claim from the proof of [Kos04, The-

orem 2.5], where the corresponding result was proved for an arbitrary function g : K → R.

Lemma 2.2.3. Let g ∈ C (K). Then the operator gI : C (K)→ C (K) is weakly compact if

and only if for each ε > 0 the set

Agε = {x ∈ K : |g(x)| > ε}

is finite. Consequently, gI is weakly compact if and only if each point in supp(g) is isolated.

For completeness, we include the proof of this result. Since we are only interested in

continuous functions, our proof is different from the one in [Kos04] and is based on the

following result which will be used throughout the chapter and can be found in [DU77,

p.160, Corollary 17].

Theorem 2.2.4. Let K be a topological space and Y be a Banach space. An operator

T : C (K)→ Y is weakly compact if and only if

lim
n→∞

‖Tfn‖ = 0

for every bounded disjoint sequence (fn) in C (K).

Proof of Lemma 2.2.3. Suppose that for some ε > 0 there exists an infinite sequence (xn)

in K such that |g(xn)| > ε for all n. Passing to subsequences, we may assume that (xn) is

relatively discrete, so that there exist disjoint open Un with xn ∈ Un for all n. Let (fn) be

a sequence in C (K) separating (xn), that is,

‖fn‖∞ = 1, fn(xn) = 1 and supp(fn) ⊆ Un

for each n. Then (fn) is a bounded disjoint sequence and

‖(gI)(fn)‖∞ > |(gI)(fn)(xn)| = |g(xn)fn(xn)| > ε

for each n. Theorem 2.2.4 implies that gI is not weakly compact.
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Conversely, suppose that gI is not weakly compact. Applying Theorem 2.2.4 again and

passing to subsequences if needed, we can find a bounded disjoint sequence (fn) in C (K)

and ε > 0 such that for each n,

‖gfn‖∞ > ε,

and, in particular, there exists xn ∈ K with

|g(xn)fn(xn)| > ε

meaning that each xn lies in Agε/M where M is an upper bound for the set {‖fn‖∞ : n ∈ ω}.

Disjointness of (fn) guarantees that all xn are distinct and so Agε/M is infinite.

For the second part of the lemma, note that

supp(g) =
⋃
ε>0

Agε.

Continuity of g implies that each Agε is open and so if Agε is finite, by the Hausdorff

property, it must consist of isolated points. For the converse note that, being compact, K

can only have finitely many isolated points.

Proof of Proposition 2.2.2. The first part of (2.2) is simply the second isomorphism theorem

for rings applied to L , LM and Lwc.

To prove the second part, define a ring homomorphism

Θ: LM → C (K ′),

gI 7→ [g]|K′ .

Then

Ker(Θ) = {gI ∈ LM : [g]|K′ = 0}

= {gI ∈ LM : supp(g) ⊆ K\K ′}

= {gI ∈ LM : supp(g) consists of isolated points}

= {gI ∈ LM : gI ∈ Lwc} (by Lemma 2.2.3)

= LM ∩Lwc.

Furthermore, since K ′ is a closed subset of K, by the Tietze extension theorem [Wil70,

Theorem 15.8], for any g ∈ C (K ′) we can find g̃ ∈ C (K) with [g̃]|K′ = g or, equivalently,
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Θ(g̃I) = g. Thus Im(Θ) = C (K ′) and the result follows from the first isomorphism theorem

for rings.

Before we proceed, let us mention another consequence of the first isomorphism theorem.

Proposition 2.2.5. Let X and Y be Banach spaces with L X ∼ L Y . Then

L X/L X
wc
∼= L Y /L Y

wc.

Proof. Let J : X → Y be a Banach space isomorphism and define a map

Θ: L X → L Y /L Y
wc

T 7→ JTJ−1 + L Y
wc.

Clearly, Θ is a ring homomorphism and Im(Θ) = L Y /L Y
wc.

Furthermore, if T ∈ L X
wc then JTJ−1 ∈ L Y

wc and so T ∈ Ker(Θ). Conversely, if

T ∈ Ker(Θ), then JTJ−1 ∈ L Y
wc and so T = J−1(JTJ−1)J ∈ L X

wc. Thus Ker(Θ) = L X
wc.

The result now follows from the first isomorphism theorem for rings.

Theorem 2.2.6. Let K and L be Koszmider spaces such that C (K) ∼ C (L). Then K ′ ≈ L′.

In particular, if K and L have no isolated points, then K and L are homeomorphic.

Proof. Combining Propositions 2.2.2 and 2.2.5,

C (K ′) ∼= L C (K)/L C (K)
wc

∼= L C (L)/L C (L)
wc

∼= C (L′),

and the result follows from the Gelfand–Kolmogorov theorem [Sem71, Theorem 7.8.2].

Suppose now that K is Koszmider while L is an arbitrary topological space with

C (K) ∼ C (L). Is it still true that K ′ ≈ L′ or perhaps at least that L is also Koszmider?

The answer to both questions, even though negative in general, turns out to be positive

if we restrict ourselves to spaces with no isolated points, and this will be analysed in the

next section. First, however, we need to introduce some machinery which does not only

provide the necessary background but also gives interesting independent results.
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2.3 Centripetal operators and weakly Koszmider spaces

2.3.1 Motivation

As mentioned in the introduction, the building block of the constructions in [Kos04] and [Ple04]

is the notion of centripetal operators.

Definition 2.3.1. An operator T : C (K)→ C (K) is said to be centripetal if

lim
n→∞

(Tfn)(xn) = 0 (2.4)

whenever (fn) is a bounded disjoint sequence in C (K) and (xn) is a sequence in K with

fn(xn) = 0 for each n.

This definition was introduced in [Kos04] where such operators were called “weak mul-

tipliers”. The term “centripetal”, however, was used in early drafts of [Kos04] and later

appeared in [Ple04]. Both terms relate to exactly the same notion, even though Plebanek’s

definition may initially seem slightly weaker as he only assumes xn ∈ K\supp(fn) rather

than xn ∈ K\supp(fn).

Lemma 2.3.2. Let T : C (K)→ C (K) be an operator. The following statements are equiv-

alent.

(i) T is centripetal.

(ii) For every bounded disjoint sequence (fn) in C (K) and for every sequence (xn) in K

with xn ∈ K\supp(fn) for all n, we have

lim
n→∞

(Tfn)(xn) = 0.

If, in addition, K is zero-dimensional, the above statements are equivalent to the following.

(iii) For every disjoint sequence (An) of clopen subsets of K and for every sequence (xn)

in K with xn 6∈ An for all n, we have

lim
n→∞

(TχAn)(xn) = 0.
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Proof. It is trivial that (i) implies (ii). To show the converse, suppose T is noncentripetal.

Then we can find (xn) ⊆ K, a bounded disjoint (fn) ⊆ C (K) and ε > 0 such that

fn(xn) = 0 and |(Tfn)(xn)| > ε

for each n. Replacing fn with a multiple of f+
n or f−n and passing to subsequences is needed,

we may also assume that

range(fn) ⊆ [0, 1].

Fix any n. Note that ‖T‖ 6= 0 as otherwise T would be centripetal. Thus we can define

gn = fn −
ε

4 ‖T‖
χK .

Then gn, g+
n and g−n all lie in C (K) and, in addition,

∥∥g+
n

∥∥
∞ 6 ‖fn‖∞ 6 1 and

∥∥g−n ∥∥∞ 6 ε

4 ‖T‖
.

Note that

supp(g+
n ) = {x : fn(x) > ε/(4 ‖T‖)} ⊆ supp(fn),

and so (g+
n ) is a disjoint sequence. The last inclusion also shows that xn ∈ K\supp(g+

n ).

Finally, note that

∣∣(Tg−n )(xn)
∣∣ 6 ∥∥(Tg−n )

∥∥
∞ 6 ‖T‖

∥∥g−n ∥∥∞ 6 ε

4

while

|(Tgn)(xn)| >
∣∣∣∣|(Tfn)(xn)| −

∥∥∥∥T ( ε

4 ‖T‖
χK

)∥∥∥∥
∞

∣∣∣∣ > ε− ε

4
=

3ε
4
.

Thus ∣∣(Tg+
n )(xn)

∣∣ > ∣∣|(Tgn)(xn)| −
∣∣(Tg−n )(xn)

∣∣∣∣ > 3ε
4
− ε

4
=
ε

2

for each n. Consequently, (Tg+
n ) 6→ 0 and T does not satisfies the condition in (ii).

Finally, suppose that K is zero-dimensional. Then, by the Stone–Weierstrass theo-

rem [Sem71, Theorem 7.3.8], the algebra generated by the set {χA : A is clopen} is dense in

C (K). Thus we can replace an arbitrary function fn in (i) or (ii) with an indicator function

χAn meaning that (iii) implies (i) and (ii). The reverse implication is trivial.
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An immediate example of centripetal operators is the identity operator or, more gener-

ally, any multiplication operator gI with g ∈ C (K). Theorem 2.2.4 provides a less trivial

class of examples, namely, weakly compact operators.

The next result was used by both Koszmider [Kos04] and Plebanek [Ple04] in their

constructions. Recall that a subspace Y of X is C∗-embedded into X if every bounded

function in C (Y ) can be extended to a bounded function in C (X); and a point x ∈ X is an

open butterfly if {x} = V ∩W for some open subsets V, W of X.

Theorem 2.3.3 ([Kos04, Theorem 2.7 and Lemma 2.8]). Let K be a topological space. The

following statements are equivalent.

(i) K is Koszmider.

(ii) All operators on C (K) are centripetal and the space K\{x} is C∗-embedded into K

for every x ∈ K.

In particular, if all operators on C (K) are centripetal and K contains no open butterflies,

then (ii) holds and K is Koszmider.

The question of determining whether a given space K is Koszmider can now be split

into two parts:

(i) Are all operators on C (K) centripetal?

(ii) Does a certain extra condition (e.g. absence of open butterflies) hold?

However, as was shown in [Kos04], many properties of Koszmider spaces follow from the

positive answer to (i) only and do not depend on (ii) at all. This motivates us to introduce

another class of spaces.

Definition 2.3.4. A topological space K is said to be weakly Koszmider if every operator

on C (K) is centripetal.

Note that Theorem 2.2.4 implies that every Koszmider space is weakly Koszmider. We

will see later that the converse is not true in general. Let us summarise several properties

of weakly Koszmider spaces which either follow directly from the definition or were proved

in [Kos04]. Recall that a Banach space X is said to be Grothendieck if every weak∗-

convergent sequence in X∗ converges weakly.

17



Theorem 2.3.5. Let K be a weakly Koszmider space. Then

(i) C (K) is Grothendieck; in particular, K does not contain convergent sequences,

(ii) if φ : K → K is continuous and we set A = {x ∈ K : φ(x) 6= x}, then φ(A) is finite,

(iii) an operator T on C (K) is onto if and only if it is an isomorphism onto its range,

(iv) C (K) is not isomorphic to any of its proper subspaces, nor to any of its proper quo-

tients.

Proof. (i) The Grothendieck property of C (K) was shown in [Kos04, Theorem 2.4]. For the

second part suppose that (xn) is an infinite sequence in K converging to x. Then for any f

in C (K) we have

lim
n→∞

|δxn(f)− δx(f)| = lim
n→∞

|f(xn)− f(x)| = 0,

which means that (δxn) is weak∗-convergent to δx.

Passing to subsequences, we may assume that (xn) is relatively discrete and there exist

open disjoint Un such that xn ∈ Un for each n. Let (gn) be a sequence in C (K) separating

(xn), that is for each n we have

‖gn‖∞ = 1, gn(xn) = 1 and supp(gn) ⊆ Un.

Then

δxn(gn) = 1

and, by the Dieudonné–Grothendieck theorem [Die84, VII.14], the set {δxn : n ∈ ω} is

not relatively weakly compact. The Eberlein–Šmulian theorem [Whi67] now implies that

{δxn : n ∈ ω} is not weakly convergent. Thus C (K) cannot be Grothendieck.

(ii) Suppose that there exists (xn) ⊆ A with {φ(xn) : n ∈ ω} infinite. We will show that

the composition operator T : f 7→ f ◦ φ is noncentripetal.

Indeed, for each n put yn = φ(xn). As before, we may assume that yn are relatively

isolated and there exist disjoint open Un such that yn ∈ Un for all n. By the Hausdorff

property, we may also assume that xn 6∈ Un. Let now (fn) be a sequence in C (K) separating

(yn), that is,

‖fn‖∞ = 1, fn(yn) = 1 and supp(fn) ⊆ Un.
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Then (fn) is a bounded disjoint sequence and for each n we have

fn(xn) = 0

whilst

(Tfn)(xn) = (fn ◦ φ)(xn) = fn(yn) = 1.

(iii) This is a weaker version of [Kos04, Theorem 2.3].

(iv) This part is a direct consequence of (iii) and was also mentioned in [Kos04]. Let

Y be a subspace of C (K) such that there exists an isomorphism J : C (K) � Y ⊆ C (K).

Then (iii) implies that range(J) = C (K) and thus Y = C (K).

Similarly, let Q : C (K)� Y be a quotient map and suppose that there exists an isomor-

phism J : Y � C (K). Then JQ : C (K) � C (K) is surjective and hence, by the previous

part, it must be an isomorphism. This, in turn, forces Q to be an isomorphism as well.

We now proceed to describe an alternative characterisation of weakly Koszmider spaces

which will provide a machinery for obtaining further properties.

2.3.2 Alternative characterisation of weakly Koszmider spaces

It turns out that in order to check whether given space is weakly Koszmider, it is not

necessary to go through all operators in L C (K) but only through a particular subset thereof.

Definition 2.3.6. Let S, T ∈ L C (K). We define the commutator [S, T ] of S, T to be the

operator

[S, T ] = ST − TS.

Theorem 2.3.7. Let K be a topological space. The following are equivalent.

(i) K is weakly Koszmider.

(ii) L C (K)/L
C (K)
wc is commutative, that is, for any S, T ∈ L C (K), their commutator

[S, T ] is weakly compact.

Note that the above characterisation is invariant under Banach space isomorphisms.

Indeed, if C (K) ∼ C (L), then, by Proposition 2.2.5, L C (K)/L
C (K)
wc

∼= L C (L)/L
C (L)
wc , and

thus one of the rings is commutative if and only if another one is. This implies the following

result.

19



Theorem 2.3.8. Let K and L be topological spaces and suppose that C (K) ∼ C (L) and K

is weakly Koszmider. Then L is also weakly Koszmider.

The proof of Theorem 2.3.7 requires an alternative characterisation of centripetal oper-

ators from [Kos04]. We need to introduce another piece of notation first.

Definition 2.3.9. For every T ∈ L C (K) we define the function gT : K → R by setting

gT (x) = (T ∗δx)({x}) ∀x ∈ K.

Theorem 2.3.10 ([Kos04, Theorem 2.2]). An operator T : C (K) → C (K) is centripetal

if and only if the set {x ∈ K : osc(gT , x) > ε} is finite for each ε > 0 and T ∗ − gT I is a

well-defined weakly compact operator on M (K).

We are now ready to prove the main result of the section.

Proof of Theorem 2.3.7. Suppose first that K is weakly Koszmider and let S, T ∈ L C (K).

By Theorem 2.3.10, there exist weakly compact WS ,WT ∈ L M (K) such that

S∗ = gSI +WS , T ∗ = gT I +WT .

Then

[S, T ]∗ = T ∗S∗ − S∗T ∗ = (gT I +WT )(gSI +WS)− (gSI +WS)(gT I +WT )

= (gT IgSI− gSIgT I) + (gT IWS +WT gSI +WTWS − gSIWT −WSgT I−WSWT )

= gT IWS +WT gSI +WTWS − gSIWT −WSgT I−WSWT .

Since L
M (K)
wc is an ideal, it follows that the last operator is weakly compact. Gant-

macher’s theorem [HHZ96, Theorem 319] now implies that [S, T ] ∈ L
C (K)
wc .

Conversely, suppose that L C (K)/L
C (K)
wc is commutative. Note first that C (K) is

Grothendieck. Indeed, if not, then (see [Sch82]) we can find a disjoint sequence (fn) of

elements in C (K) of norm 1, such that the space Y = span{fn : n ∈ ω} is a copy of c0

and is complemented in C (K). Let P : C (K) � Y be a projection, ι : Y ↪→ C (K) be the

inclusion map, and consider the operators S, T : Y → Y which are the continuous linear

extensions of the shift-type operators fn 7→ fn+1 and fn 7→ f2n respectively. Then for each n

we have

‖[ιSP, ιTP ](fn)‖∞ = ‖f2n+1 − f2n+2‖∞ = 1,
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and so, by Theorem 2.2.4, [ιSP, ιTP ] is not weakly compact.

Suppose now that K is not weakly Koszmider. Then there exist T ∈ L C (K), a bounded

disjoint (fn) ⊆ C (K), a sequence (xn) ⊆ K and ε > 0 such that

fn(xn) = 0 and |(Tfn)(xn)| > ε (2.5)

for each n. Replacing fn with f+
n or f−n and passing to subsequences if needed, we may

assume that each fn takes nonnegative values only, and so, in particular, that f1/2
n is well-

defined.

Define a sequence of functionals (φn) ⊆ C (K)∗ by setting

φn(g) = [gI, T ](f1/2
n )(xn) = g(xn)(Tf1/2

n )(xn)− (T (gf1/2
n ))(xn) ∀g ∈ C (K).

Note that (f1/2
n ) is a bounded disjoint sequence and, by (2.5),∣∣∣φn(f1/2

n )
∣∣∣ =

∣∣∣f1/2
n (xn)(Tf1/2

n )(xn)− (T (f1/2
n f1/2

n ))(xn)
∣∣∣

= |T (fn)(xn)|

> ε

for each n. Thus, by the Dieudonné–Grothendieck theorem [Die84, VII.14], {φn : n ∈ ω}

is not relatively weakly compact. By the Eberlein–Šmulian theorem [Whi67], (φn) is not

weakly convergent. But C (K) is Grothendieck, and so (φn) is not weak∗-convergent. In

particular, there exists g in C (K) with φn(g) 6→ 0 as n → ∞. Passing to subsequences if

necessary, we can find δ > 0, such that |φn(g)| > δ for each n which means that∥∥∥[gI, T ](f1/2
n )

∥∥∥
∞
>
∣∣∣[gI, T ](f1/2

n )(xn)
∣∣∣ = |φn(g)| > δ,

and, by Theorem 2.2.4, [gI, T ] is not weakly compact which is a contradiction.

2.3.3 Further properties of Koszmider and weakly Koszmider spaces

We start with showing that the classes of Koszmider and weakly Koszmider spaces do not

coincide.

Proposition 2.3.11. There exists a weakly Koszmider non-Koszmider space.

More precisely, let K be a (weakly) Koszmider space and x0, x1 be distinct non-isolated

points in K. Form a quotient space KR by identifying x0 and x1 (that is, we define an
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equivalence relation R on K by saying that xRy if and only if {x, y} = {x0, x1} or x = y,

and set KR = K/R). Then KR is weakly Koszmider non-Koszmider space.

The proof uses the following auxiliary result.

Lemma 2.3.12. Let X be a Banach space and suppose that Y is a subspace of X of finite

codimension. Then

L X/L X
wc
∼= L Y /L Y

wc.

Proof. Since finite-codimensional subspaces are complemented (see e.g. [HHZ96]), there

exists a projection P : X � Y . Let ι : Y ↪→ X be the inclusion map. Since [P ]|Y = IY , it

follows that Pι = IY . It also follows that IX−ιP has finite rank meaning that (IX − ιP )(BX)

is a closed bounded subset of a finite-dimensional space and hence is (weakly) compact.

For any T ∈ L X we set T̃ = PTι. Then T̃ ∈ L Y and for any S, T ∈ L X we have

S̃ + T = S̃ + T̃ and S̃T − S̃T̃ = PS(IX − ιP )Tι ∈ L Y
wc,

and so we can define the following ring homomorphism

Θ: L X → L Y /L Y
wc,

T 7→ T̃ + L Y
wc.

Note that if S ∈ L Y , then ιSP ∈ L X and

ι̃SP = PιSPι = IY SIY = S.

Thus Im(Θ) = L Y /L Y
wc. Furthermore, Ker(Θ) = L X

wc. Indeed, if T ∈ Ker(Θ), then

T̃ ∈ L Y
wc. Hence the operator ιT̃P = ιPT ιP is weakly compact. But, by above, so is

(IX − ιP )TιP . Thus

TιP = (IX − ιP )TιP + (ιP )TιP ∈ L X
wc.

Similarly, since T (IX − ιP ) ∈ L X
wc, we have

T = T (IX − ιP ) + TιP ∈ L X
wc.

Conversely, of course, if T ∈ L X
wc then T̃ ∈ L Y

wc and so T ∈ Ker(Θ).

The result now follows from the first isomorphism theorem for rings.
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Proof of Proposition 2.3.11. Let πR : K � KR be the quotient map and let g ∈ C (K) be

a function separating x0 and x1, that is,

‖g‖∞ = 1, g(x0) = 0 and g(x1) = 1.

Consider the following subspace of C (K)

Y = {f ∈ C (K) : f(x0) = f(x1)}.

Note that every f ∈ C (K) can be expressed as

f = −(f(x0)− f(x1))g + [f + (f(x0)− f(x1))g],

where

[f + (f(x0)− f(x1))g](x0) = [f + (f(x0)− f(x1))g](x1) = f(x0)

meaning that f + (f(x0)− f(x1))g ∈ Y . Consequently, the singleton {g+ Y } forms a basis

for C (K)/Y and so Y has codimension 1 in C (K). Lemma 2.3.12 implies that

L Y /L Y
wc
∼= L C (K)/L C (K)

wc .

Furthermore, note that the map f 7→ fπR is an isomorphism between C (KR) and Y .

Applying Proposition 2.2.5 and using the previous equation, we get

L C (K)/L C (K)
wc

∼= L Y /L Y
wc
∼= L C (KR)/L C (KR)

wc .

Now, K is weakly Koszmider, hence, by Theorem 2.2.4, L C (K)/L
C (K)
wc is commutative.

Consequently, L C (KR)/L
C (KR)
wc is also commutative and, again by Theorem 2.2.4, KR is

weakly Koszmider.

To show that KR is not Koszmider, we define

z = πR(x0).

Then KR\{z} is not C∗-embedded into KR. Indeed, consider the function

h =
[
gπ−1
R
]∣∣
KR\{z}

.

Boundedness of g guarantees that h itself is bounded whilst continuity of g and
[
π−1
R
]∣∣
KR\{z}

implies that h ∈ C (KR\{z}).
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However, there does not exist a continuous extension of h onto the whole of KR. Indeed,

suppose h̃ were such an extension. Consider any ε > 0. By continuity of h̃ at z there exists

an open (in KR) UR 3 z such that∣∣∣h̃(z)− h̃(yR)
∣∣∣ < ε

2
∀yR ∈ UR. (2.6)

Similarly, by continuity of g at x0, there exists an open (in K) V 3 x0 such that

|g(x0)− g(y)| < ε

2
∀y ∈ V. (2.7)

Consider now the set W = V ∩ π−1
R (UR). Clearly, W is open in K and x0 ∈ W . Since

x0 is non-isolated and K is Hausdorff, W is infinite and, in particular, we can find a point

y ∈W\{x0, x1}.

Then, on the one hand, y ∈ V which means that

|g(x0)− g(y)| < ε

2
.

On the other hand, πR(y) ∈ UR\{z} and hence, by (2.6),

ε

2
>

∣∣∣h̃(z)− h̃(πR(y))
∣∣∣

=
∣∣∣h̃(z)− h(πR(y))

∣∣∣
=

∣∣∣h̃(z)− g(π−1
R (πR(y)))

∣∣∣
=

∣∣∣h̃(z)− g(y)
∣∣∣ .

Thus ∣∣∣h̃(z)− g(x0)
∣∣∣ 6 ∣∣∣h̃(z)− g(y)

∣∣∣+ |g(y)− g(x0)| < ε.

The last expression is true for any ε > 0 which leads to the conclusion that

h̃(z) = g(x0) = 0.

Note that the above argument remains valid if we replace x0 with x1 throughout the

text. This, however, leads to a contradiction, as this would imply that

h̃(z) = g(x1) = 1.

Thus KR\{z} is not C∗-embedded into KR and, by Theorem 2.3.3, KR is not Koszmider.
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As mentioned in the introduction, another weakly Koszmider non-Koszmider space was

independently obtained by Fajardo in his PhD thesis [Faj07]. His example is, in fact, the

same as ours, but the proof that the resulting space satisfies the required conditions is

different.

Using the construction from Proposition 2.3.11, we may finally answer the questions

posed in the end of section 2.2.

Proposition 2.3.13. Let K be a Koszmider space. There exists a non-Koszmider space L

with C (K) ∼ C (L) and K ′ 6≈ L′.

Proof. As in Proposition 2.3.11, choose non-isolated points x0, x1 ∈ K and form KR by

identifying x0 and x1 into a point z. Then, as we saw, KR is a weakly Koszmider non-

Koszmider space and C (KR) is isomorphic to a hyperplane of C (K) meaning that

C (K) ∼ C (KR)⊕ R. (2.8)

Pick now any point w 6∈ KR and form L by adding w to KR as an isolated point. That

is, L = KR ∪ {w} and the topology on L is generated by the sets open in KR, and by {w}.

Since KR\{z} is not C∗-embedded into KR, it follows that L\{z} is not C∗-embedded

into L, and so L is not Koszmider. However, since w is isolated,

C (L) ∼ C (KR)⊕ R, (2.9)

which, combined with (2.8), gives us that C (K) ∼ C (L).

Note that since isolated points do not change centripetality of operators or the property

of being C∗-embedded, K ′\{x} is C∗-embedded into K ′ for each x ∈ K ′ while L′\{z} is not

C∗-embedded into L′. Thus K ′ 6≈ L′.

Let us finish the section with a positive result. Suppose that K is Koszmider and L is a

topological space with C (K) ∼ C (L). Assume also that K and L have no isolated points.
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Then

C (K) = C (K ′) ∼= L C (K)/L C (K)
wc (Proposition 2.2.2)

∼= L C (L)/L C (L)
wc (Proposition 2.2.5)

> (L C (L)
M + L C (L)

wc )/L C (L)
wc (L C (L)

M + L C (L)
wc 6 L C (L))

∼= L
C (L)
M /(L C (L)

M ∩L C (L)
wc ) (Proposition 2.2.2)

∼= C (L′) (Proposition 2.2.2)

= C (L).

To summarise, C (L) is ring isomorphic to a subspace Y of C (K) and is Banach space iso-

morphic to C (K). Part (iii) of Theorem 2.3.5 implies that Y = C (K), that is, C (K) ∼= C (L).

The Gelfand–Kolmogorov theorem [Sem71, Theorem 7.8.2] now implies that K ≈ L and,

in particular, L is also Koszmider. Thus we have just proved that following result.

Theorem 2.3.14. Let K and L be topological spaces with no isolated points and suppose

that K is Koszmider and C (K) ∼ C (L). Then K ≈ L and, in particular, L is also

Koszmider.

2.4 Strong rigidity of connected Koszmider spaces

We already mentioned that connected Koszmider spaces play a special role in the theory of

Banach spaces as, being indecomposable, they provide the first known class of examples of

C (K) spaces which are not isomorphic to C (L) for any totally disconnected L. For more

details we refer the reader to [Kos04], where Koszmider proves an even stronger result,

namely, if K is a weakly Koszmider space and K\F is connected for any finite F , then

C (K) 6∼ C (L) for any zero-dimensional space L.

It turns out that connected Koszmider spaces are also interesting from a topological

point of view because the condition of having few operators on C (K) forces K to have few

continuous functions on itself. To make the last statement more precise we need to recall

one more definition.

Definition 2.4.1. Let K be a topological (but not necessarily compact or Hausdorff) space.

We say that K is strongly rigid if the only continuous non-constant function from K to itself

is the identity.
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De Groot [dG59] proved that strongly rigid Hausdorff spaces exist and Kannan and Ra-

jagopalan [KR78] showed that under an extra set-theoretic assumption, namely, (2m)+ < 22m

for every infinite cardinal m, it is possible to construct a Hausdorff (not necessarily compact)

strongly rigid space of an arbitrarily large cardinality. We will show now that connected

Koszmider spaces provide another class of examples of strongly rigid spaces. For this we

need to establish several intermediate results. The first one is an easy consequence of

Theorem 2.3.3.

Proposition 2.4.2. Let K be a topological space. The following are equivalent.

(i) K is Koszmider.

(ii) All operators on C (K) are centripetal and the space K\F is C∗-embedded into K for

every finite F ⊆ K.

Proof. (ii)⇒(i) follows trivially from Theorem 2.3.3. To show (i)⇒(ii), suppose that K

is Koszmider and consider any finite F = {x0, . . . , xn} ⊆ K and a bounded continuous

h : K\F → [0, 1].

Let (Ui)06i6n be a sequence of open subsets of K with mutually disjoint closures and

such that Ui 3 xi for each i. We construct a sequence (gi)06i6n ⊆ C (K) using the following

algorithm.

• For i 6= n we define gi to be a continuous function separating xi from K\Ui, that is,

gi ∈ C (K), range(gi) ⊆ [0, 1], gi(xi) = 1 and supp(gi) ⊆ Ui.

• For i = n we define

gn = χK −
n−1∑
i=0

gi.

This way we have

gi ∈ C (K), range(gi) ⊆ [0, 1], gi(xj) = δij ∀i, j ∈ {0, . . . , n},
n∑
i=0

gi = χK .

For each i define now a function hi : K\{xi} → R by setting

hi(x) =
{
h(x)gi(x) if x ∈ K\F

0 otherwise
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Then hi is bounded with ‖hi‖∞ 6 ‖h‖∞. In addition, hi ∈ C (K\{xi}). Indeed, hi is

clearly continuous on int (K\F ) = K\F . Furthermore, consider any j ∈ {0, . . . , n}\{i} and

ε > 0. If ‖h‖∞ = 0, then hi ≡ 0 and so hi is continuous. Otherwise, since gi(xj) = 0, by

continuity of gi, there exists an open V 3 xj with

|gi(y)| < ε

‖h‖∞
∀y ∈ V.

Then

|hi(y)| 6 |h(y)gi(y)| < ‖h‖∞
ε

‖h‖∞
= ε ∀y ∈ V,

and so hi is continuous at xj .

To summarise, hi : K\{xi} → R is a bounded continuous function. Theorem 2.3.3

implies that hi has an extension h̃i ∈ C (K).

Consider now the function

h̃ =
n∑
i=0

h̃i.

By above, h̃ ∈ C (K). Note also that if x 6∈ F , we have

h̃(x) =
n∑
i=0

h̃i(x) =
n∑
i=0

h(x)gi(x) = h(x)
n∑
i=0

gi(x) = h(x),

and so h̃ is a continuous extension of h.

Corollary 2.4.3. Let K be a connected Koszmider space and consider any finite subset F

of K. Then K\F is also connected.

Proof. Endow the space {0, 1} with the discrete topology and consider any continuous

g : K\F → {0, 1}. By Proposition 2.4.2, there exists g̃ ∈ C (K) extending g. Then g̃(K)

is a nonempty connected subset of R which is also finite, being a union of the finite sets

g(K\F ) and g̃(F ). This is only possible if g̃(K) is a singleton. Equivalently, g̃ is a constant

map. This, in turn, implies that g is constant and so K\F is connected.

We are now ready to prove the main result of the section.

Theorem 2.4.4. Let K be a connected Koszmider space. Then K is strongly rigid.
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Proof. Let φ : K → K be a continuous non-identity function. Define

A = {x ∈ K : φ(x) 6= x}.

Then A is a nonempty open subset of K and hence it must be infinite. It follows

from part (ii) of Theorem 2.3.5 that φ(A) is finite, and so, by Corollary 2.4.3, K\φ(A) is

connected. Two cases are now possible.

Case 1. There exists some y ∈ φ(A) ∩A.

Finiteness of φ(A) means that we can find an open U with U∩φ(A) = {y}. Furthermore,

since φ(x) = x for each x 6∈ A, we have φ(K) = (K\A) ∪ φ(A) and so

(U ∩A) ∩ φ(K) = U ∩A ∩ φ(A) = {y}

meaning that y is an isolated point of φ(K) which is a nonempty connected subset of R.

This means that φ(K) is a singleton and φ is a constant map.

Case 2. φ(A) ∩A = ∅.

In this case φ(A) ⊆ K\A which means that

φ−1(φ(A)) = φ(A) ∪A,

and so

A = φ−1(φ(A)) ∩K\φ(A).

Now, φ−1(φ(A)) is closed in K, being a continuous preimage of a finite subset of a

Hausdorff space. Thus A is closed in K\φ(A). But A is open in K and so it must be open

in K\φ(A). By our assumption, A is nonempty and so connectedness of K\φ(A) implies

that A = K\φ(A). Thus

φ(K\A) = K\A = φ(A)

which means that φ(K) = φ(A) and so φ(K) is a finite nonempty connected subset of R.

Thus φ(K) is a singleton and φ is a constant map.

Note that the proof also works for any weakly Koszmider space K such that K\F is

connected whenever F is finite.
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Chapter 3

Construction of a separable
zero-dimensional Koszmider space

3.1 Introduction

3.1.1 Description of the construction

As mentioned in the introduction, the only known construction of a separable Koszmider

space, described in [Kos04], assumes (CH). In this section we present a space K the con-

struction of which is carried out entirely in (ZFC).

In order to show that K has the required properties, we prove that

(P1) K is separable,

(P2) K is weakly Koszmider,

(P3) K has no open butterflies.

Our space has the form K (A), the Stone space of a Boolean algebra A, and so is

zero-dimensional.

A large part of our construction is based on the arguments from [Kos04] and [Ple04].

However, instead of working in P(ω), as was done in [Kos04], or in a measure algebra, as

in [Ple04], we construct A as a subalgebra of R{0,1}2ω , the algebra of regular open subsets

of {0, 1}2ω . This gives us the benefit of obtaining (P1) with no extra effort: since {0, 1}2ω is

separable, so is its Gleason space G{0,1}2ω = K (R{0,1}2ω ) and consequently K (A) is itself

separable, being a continuous image of a separable space.

In order to obtain (P2), we introduce property (K′) and show that the Stone space of

an algebra with property (K′) is weakly Koszmider.
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The definition of property (K′) is based on property (H′) from [Ple04] and the property

described in [Kos04, Theorem 3.1]. The main difference is that, while Koszmider and

Plebanek considered pairs ((An), (xn)) with (An) being a disjoint sequence of clopen subsets

of K and (xn) being a sequence in K with
⋃
An∩{xn} = ∅ (or

⋃
An∩{xn} = ∅), we look at

pairs of the form ((An), (Bn)) where both (An), (Bn) are disjoint sequences of clopen subsets

of K with
⋃
An ∩

⋃
Bn = ∅. Since K = K (A), this is equivalent to saying that we work

with pairs ((An), (Bn)) with (An), (Bn) being disjoint sequences in A and Am ∧ Bn = 0A

for all m, n.

Specifically, property (K′) says that whenever ((An), (Bn)) is such a pair, there exists

an infinite τ ⊆ ω such that

(i) A contains the set Aτ = int
(⋃

n∈τ An

)
, which is the supremum of (An)n∈τ in R{0,1}2ω

and hence in A (here the closure is taken in {0, 1}2ω),

(ii) the pair ((Bn)n∈τ , (Bn)n6∈τ ) forms a forbidden splitting in A, that is, there does not

exist A ∈ A with the property that Bn 6 A if n ∈ τ and Bn ∧A = 0A if n 6∈ τ .

In the spirit of [Kos04] and [Hay81], the algebra A is obtained as the union of an

“increasing” transfinite sequence (Aα)α<2ω of Boolean algebras. Each Aα has the following

properties:

(a) Aα lies between the algebra D{0,1}α of clopen subsets of {0, 1}α and the algebra R{0,1}α

of regular open subsets of {0, 1}α,

(b) the conditions of property (K′) are satisfied for a specific pair ((An), (Bn)) ⊆ Aα × Aα,

(c) if at stage β < α the conditions of property (K′) are satisfied for a pair ((A′n), (B′n)),

they must still be satisfied at stage α.

The condition (c) may be rephrased as follows. If for some β < α we have a sequence

(An)n∈τ ⊆ Aβ with Aτ ∈ Aβ and a forbidden splitting (P,Q) ⊆ Aβ×Aβ, then both Aτ and

(P,Q) are preserved in Aα.

Condition (b) tells us that in addition to all the suprema and forbidden splittings which

had to preserved before and at stage α, we need to add another supremum and forbidden

splitting which will have to preserved at and after stage α.
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Now, once the construction of (Aα)α<2ω and A has been completed, due to König’s

Lemma [Kun80, p. 34, Lemma 10.40] it turns out that if ((An), (Bn)) is a pair of dis-

joint sequences in A with Am ∧ Bn = 0A for each m, n, then it must have been dealt

with at some stage α. Consequently, there exists an infinite τ ⊆ ω such that Aτ ∈

Aα and ((Bn)n∈τ , (Bn)n6∈τ ) is forbidden in Aα. By (c), this means that both Aτ and

((Bn)n∈τ , (Bn)n6∈τ ) are preserved in A, and so A has property (K′). Using a result similar

to Rosenthal’s lemma, we can show that property (K′) prevents L C (K (A)) from containing

noncentripetal operators.

Finally, to conquer (P3), we modify the above construction slightly and instead of

adding one pair to the list of forbidden splittings, at each stage we add up to four new

pairs. More precisely, we consider a pair ((Cn), (Dn)) of disjoint sequences in A and if it

forms a forbidden splitting (P,Q) at stage α, we ensure that (P,Q), (P × {0},Q× {0})

and (P × {1},Q× {1}) are all forbidden at stage α+ 1 (and all the subsequent stages).

Again, once the construction has been completed, it can be shown that the condition

V ∩W 6= ∅ is equivalent to saying that there exist α < 2ω and a pair (P,Q) which cannot

be split in Aα. However, we ensured that both (P × {0},Q× {0}) and (P × {1},Q× {1})

are forbidden in Aα+1 and hence, by construction, in A. This means that for each i ∈ {0, 1}

the set V ∩W contains a point xi corresponding to the “intersection” of
⋃

(P × {i}) and⋃
(Q× {i}), and it is evident that x0 6= x1. Thus K cannot contain open butterflies. The

idea is similar to the one exploited in [Kos04, Section 6].

3.1.2 Overview of the chapter

The chapter is organised as follows. We start with collating some introductory material

on Boolean algebras (section 3.2.1) and Stone spaces (section 3.2.2). We then proceed to

section 3.3 in which we define property (K′) and show that the Stone space of an algebra with

property (K′) is weakly Koszmider. Section 3.4 contains all intermediate results regarding

preservation of suprema and forbidden splittings. Finally, section 3.5 is devoted to the

construction of an algebra A the Stone space of which satisfies properties (P1)–(P3), as is

checked in section 3.6.
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3.1.3 Notation and terminology

• For any ordinals α, β with β 6 α 6 2ω we define pαβ : {0, 1}α → {0, 1} to be the

natural projection onto the βth coordinate, that is, if (xγ)γ<α ∈ {0, 1}α, we define

pαβ((xγ)γ<α) = xβ.

• For any α, β with β 6 α 6 2ω we define παβ : {0, 1}α → {0, 1}β to be the natural

projection from {0, 1}α onto {0, 1}β, that is, if (xγ)γ<α ∈ {0, 1}α, we define

παβ ((xγ)γ<α) = (xγ)γ<β.

• Consider any β 6 α 6 2ω and suppose that A ⊆ {0, 1}β. We define the lifting of A to

{0, 1}α to be the set

A[α] =
(
παβ
)−1 (A).

Similarly, if A ⊆P({0, 1}β), we define

A[α] = {A[α] : A ∈ A}.

• Let α 6 2ω, A ⊆P({0, 1}α) and I ⊆ {0, 1}. We define

A× I = {A× I : A ∈ A}.

3.2 Preliminary results

3.2.1 Introduction to Boolean algebras

The purpose of this section is to put together standard results on Boolean algebras which

will be used throughout the chapter. For more information on Boolean algebras we refer

the reader to [Hal63] or [Sem71].

We start with some standard notation. Recall that a subset A of a topological space K

is said to be regular open if int
(
A
)

= A.

Notation 3.2.1. Let K be a topological space. We write

• DK to denote the algebra of clopen subsets of K with 0DK
= ∅, 1DK

= K and usual

set-theoretic operations A ∧B = A ∩B, A ∨B = A ∪B.
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• RK to denote the algebra of regular open subsets of K with 0RK
= ∅, 1RK

= K and

operations defined by A ∧B = A ∩B, A ∨B = int
(
A ∪B

)
.

Notation 3.2.2. Let A be a Boolean algebra. We write

• K (A) to denote the Stone space of A.

Suppose that B is a Boolean algebra with A ⊆ B, and X ∈ B\A. We write

• A 6 B if A is a subalgebra of B.

• 〈A, X〉 to denote the algebra generated by A and X.

It is clear that 〈A, X〉 consists of all finite combinations ofX and elements of A. However,

for the purpose of our construction we need a stronger result.

Lemma 3.2.3. Let A be a Boolean algebra. Then

〈A, X〉 = {A ∨ (A′ ∧X) ∨ (A′′ ∧ ¬X) : A,A′, A′′ are pairwise disjoint elements of A}.

For the proof of the lemma note that the set written on the right hand side of the above

expression is an algebra and must be contained in any algebra containing A and X.

We now need to introduce more terminology.

Definition 3.2.4. Let A be a Boolean algebra, A,B ∈ A, (An) ⊆ A, P,Q ⊆ A and τ ⊆ ω.

We say that

• A 6 B if A ∧B = A or, equivalently, if A ∨B = B,

• (An) is disjoint if Am ∧An = 0A for all m 6= n,

• an element A ∈ A is a supremum of (An)n∈τ in A if A is the supremum of the set

{An : n ∈ τ} ordered by 6. When a supremum of (An)n∈τ exists in A, we denote it

by ∨n∈τAn,

• the pair (P,Q) is split in A (by A) if there exists A ∈ A such that for each X ∈ P ∪Q

we have

X ∧A =
{
X if X ∈ P
0A if X ∈ Q,

• the pair (P,Q) forms a forbidden splitting in A if it cannot be split in A.
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The next piece of notation is nonstandard and hence deserves a separate number.

Notation 3.2.5. Let K be a topological space and suppose that (An)n∈ω ⊆ K is a disjoint

sequence. For any τ ⊆ ω we define

Aτ = int

(⋃
n∈τ

An

)
,

where the closure is taken in K. To avoid ambiguity, we may also use the notation (A)τ .

Lemma 3.2.6 ([Hal63, Chapter 7, Lemma 1]). Let K be a topological space, A 6 RK and

consider a disjoint sequence (An)n∈ω ⊆ A and τ ⊆ ω. Suppose that Aτ ∈ A. Then (An)n∈τ

has a supremum in A and

∨n∈τAn = Aτ .

Of course, given a general Boolean algebra, it may not be straightforward to describe

its logic operations, let alone prove results involving them. Fortunately, as was proved by

Stone, every Boolean algebra has a relatively simple representation.

Theorem 3.2.7 (Stone Representation Theorem, [Hal63, chapter 18]).

(i) Let A be a Boolean algebra. There exists an algebra isomorphism between A and

DK (A).

(ii) Let K be a zero-dimensional topological space. There exists a homeomorphism be-

tween K and K (DK).

The first clause of this theorem implies, in particular, that in order to prove a result for

a general algebra A, it is sufficient to prove the analogous result for DK (A), and the latter

is usually easier to do, due to simplicity of the structure of DK (A). We will often appeal to

this argument and so, to avoid repetition, let us introduce more notation.

Notation 3.2.8. Let A be a Boolean algebra, A ∈ A and A ⊆ A. We will write

• ˜ for the algebra isomorphism between A and DK (A) arising from the Stone Repre-

sentation Theorem; to avoid ambiguity, we may also denote this isomorphism by ˜A,

• Ã for the image of A under ˜,

• Ã for the set {Ã : A ∈ A}.
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Let us now mention a few relationships between elements of A and Ã which follow

immediately from the Stone Representation Theorem or Lemma 3.2.3.

Proposition 3.2.9. Let A be a Boolean algebra, A,B ∈ A, (An) ⊆ A and P,Q ⊆ A. Then

(i) Ã ∨B = Ã ∪ B̃, Ã ∧B = Ã ∩ B̃, 0̃A = ∅ and 1̃A = K (A),

(ii) A 6 B if and only if Ã ⊆ B̃,

(iii) (An) is disjoint if and only if (Ãn) is disjoint,

(iv) (An) has a supremum in A if and only if (Ãn) has a supremum in Ã and when this is

the case,

∨n∈ωÃn = ˜∨n∈ωAn,

(v) the pair (P,Q) is split in A by A if and only if the pair
(
P̃, Q̃

)
is split in Ã by Ã.

Finally, suppose that B is an algebra with A 6 B and let X ∈ B\A. Then

(vi) 〈̃A, X〉
B

=
〈
ÃB, X̃B

〉
.

We finish the section with another well-known result.

Lemma 3.2.10. Let K be a zero-dimensional topological space and consider the algebra

A = DK , a disjoint sequence (An) ⊆ A and a pair (P,Q) ⊆ A× A. Then

(i) (An) has a supremum in A if and only if Aω ∈ A, that is, if and only if Aω is clopen

in K, and in this case

∨n∈ωAn = Aω =
⋃
n∈ω

An,

(ii) (P,Q) is split in A if and only if

⋃
P ∩

⋃
Q = ∅.

The proof of the lemma is immediate as K has a basis consisting of clopen sets.

36



3.2.2 Introduction to irreducible maps and Gleason spaces

This section only contains basic facts. For more information we refer the reader to [CN74,

Chapter 2].

Definition 3.2.11. Let f : X � Y be a continuous surjection. We say that f is irreducible

if there does not exist a proper closed subset F of X with f(F ) = Y .

Theorem 3.2.12 (Gleason, [Gle58]). Let K be a topological space. Then K (RK) is ex-

tremally disconnected and there exists a continuous irreducible surjection f : K (RK)� K.

Moreover, if G is another extremally disconnected space with the property that there

exists a continuous irreducible surjection g : G � K, then there exists a homeomorphism

φ : G→ K (RK) with fφ = g.

Definition 3.2.13. LetK be a topological space. Following the notation of Theorem 3.2.12,

• we say that K (RK) is the Gleason space of K and we denote it by GK ,

• we say that f is the canonical projection and we denote it by γK .

Gleason spaces turn out to be very useful in our context as they preserve separability.

Theorem 3.2.14. Let X and Y be topological spaces such that there exists a continuous

irreducible surjection ρ : X � Y . Suppose, in addition, that Y is separable. Then X is also

separable. In particular, the Gleason space of a separable space is separable.

Proof. Let {yn : n ∈ ω} be a dense subset of Y . For each n pick some xn ∈ ρ−1({yn}) and

consider the set D = {xn : n ∈ ω}. If D 6= X then, by irreducibility, Y \ρ(D) is a nonempty

open subset of Y and hence contains some yn. This, however, leads to a contradiction as

yn = ρ(xn) ∈ ρ(D).

We are interested in a specific case of Theorem 3.2.14.

Corollary 3.2.15. G{0,1}2ω is separable.

Proof. It is known (see, e.g. [Dug66, p. 175, Theorem 7.2]) that the space {0, 1}2ω is sepa-

rable, and so the result follows immediately from Theorem 3.2.14.

With one extra step added, Corollary 3.2.15 provides a recipe for obtaining (P1).
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Corollary 3.2.16. Let A be a subalgebra of R{0,1}2ω . Then the Stone space of A is separable.

Proof. By Stone duality [Hal63, Chapter 20, Theorem 8], saying that A 6 R{0,1}2ω is

equivalent to saying that there exists a continuous surjection σ : K (R{0,1}2ω ) � K (A).

Now, K (R{0,1}2ω ) = G{0,1}2ω and so is separable. Finally, K (A) is a continuous image of

a separable space hence, by [Wil70, Theorem 16.4a], is itself separable.

3.3 Property (K′)

Suppose that we want to check whether a given space K is weakly Koszmider. As a possible

solution, we can verify centripetality of all operators on C (K) or check commutativity

of L /Lwc. In their papers [Kos04] and [Ple04], Koszmider and Plebanek take a different

approach. Plebanek, in particular, introduced a property (H) which relies on topological

properties of K and showed that any space with this property is weakly Koszmider. As

mentioned in the introduction, the adaptation of this property to zero-dimensional spaces

(called property (H′)) is, in turn, a modification of the Subsequential Completeness property

introduced by Haydon in [Hay81].

We are now going to present a modification of property (H′). For the purpose of this

section we restrict ourselves to a specific class of Boolean algebras.

Definition 3.3.1. Let K be a topological space and suppose that A 6 RK . We say that A

has property (K′) if, given

(a) a disjoint sequence (An) of nonempty elements of A, and

(b) a disjoint sequence (Bn) of nonempty elements of A with Am ∧Bn = 0A for all m,n,

there exists an infinite τ ⊆ ω such that

(i) Aτ ∈ A (and so (An)n∈τ has a supremum in A), and

(ii) the pair ((Bn)n∈τ , (Bn)n6∈τ ) cannot be split in A.

Theorem 3.3.2. Let K be a topological space and suppose that a subalgebra A of RK has

property (K′). Then the Stone space K (A) of A is weakly Koszmider.
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Instead of working with a generic algebra A, we switch to DK (A). For this reason let

us temporarily abuse the existing notation and make an assumption which will allow us to

write out arguments in a simpler and more aesthetically pleasing manner.

Assumption 3.3.3 (Valid until the rest of section 3.3). Throughout the rest of this section

(i) unless stated otherwise, all cited subsets of ω (such as τ , σ etc.) are assumed to be

infinite,

(ii) unless stated otherwise, all cited subsets of K of the form An, Bni , X, Y and similar

(but not of the form Aτ ) are assumed to be nonempty and clopen,

(iii) if (An) ⊆ K, we say that (Bn) ⊆ K is a refinement of (An) if Bn ⊆ An for each

n. When this is the case, we write (Bn) 4 (An). As discussed above, it is implicitly

assumed that all An and Bn are nonempty and clopen.

The proof of Theorem 3.3.2 goes along the lines of the corresponding proofs in [Kos04]

and [Ple04]. The principal ingredient in the cited papers is Rosenthal’s lemma [Die84] and

we need something similar.

Lemma 3.3.4. Let K be a zero-dimensional space and suppose that we are given

(a) an operator T : C (K)→ C (K),

(b) a sequence (An) of mutually disjoint (nonempty clopen) subsets of K,

(c) a sequence (Bn) of mutually disjoint subsets of K,

(d) ε > 0.

Then there exist

(i) (an infinite) σ ⊆ ω,

(ii) a refinement (Dn)n∈σ 4 (Bn)n∈σ

such that whenever τ is a subset of σ with Aτ clopen and n ∈ σ\τ , we have

∥∥ [TχAτ ]|Dn
∥∥
∞ 6 ε.
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The proof of Lemma 3.3.4, in turn, requires a few more intermediate results which we

write out as separate claims.

Claim 3.3.5. Let g ∈ C (K) and suppose that there exist X ⊆ K and δ > 0 with

‖ [g]|X‖∞ > δ.

Then we can find Y ⊆ X and α ∈ {−1, 1} such that

[αg]|Y > δ.

Proof. Let x ∈ X be such that |g(x)| > δ. Taking α = sign(g(x)) we get g(αx) > δ and

so x ∈ (αg)−1((δ,∞)). But (αg)−1((δ,∞)) is open and hence there exists Y ⊆ X with

x ∈ Y ⊆ (αg)−1((δ,∞)) as required.

Claim 3.3.6. Let (Xn) ⊆ K be a disjoint sequence and consider any τ, θ ⊆ ω with Xτ

and Xθ clopen. Then

(i) Xτ∩θ = Xτ ∩Xθ.

Suppose now that F ⊆ τ is finite. Then

(ii) XF is clopen in K and XF =
⋃
n∈F Xn,

(iii) Xτ is clopen in K and Xτ = Xτ\F ∪XF , where the union is disjoint.

Proof. (i) First of all note that Xτ ∩Xθ is a clopen set containing
⋃
n∈τ∩θXn and so

Xτ ∩Xθ ⊇ int

( ⋃
n∈τ∩θ

Xn

)
= Xτ∩θ.

On the other hand, however,

Xτ ∩Xθ = int

(⋃
n∈τ

Xn

)
∩ int

(⋃
n∈θ

Xn

)

⊆ int

(⋃
n∈τ

Xn ∩
⋃
n∈θ

Xn

)
(mentioned in [Ple04])

= int

( ⋃
n∈τ∩θ

Xn

)
= Xτ∩θ.
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(ii) The proof is immediate as
⋃
n∈F Xn is clopen.

(iii) By above and Lemma 3.2.10, it is sufficient to show that

⋃
n∈τ

Xn\
⋃
n∈F

Xn =
⋃

n∈τ\F

Xn.

Let x ∈
⋃
n∈τ Xn\

⋃
n∈F Xn and U 3 x be open. Then U\

⋃
n∈F Xn is an open set containing

x and thus (U\
⋃
n∈F Xn) ∩ Xn 6= ∅ for some n ∈ τ . Clearly, n 6∈ F which implies that

x ∈
⋃
n∈τ\F Xn. The reverse inclusion follows from disjointness of (Xn).

Claim 3.3.7. Suppose that we are given an operator S : C (K)→ C (K), disjoint sequences

(Xn), (Yn) ⊆P(K) and δ > 0. Then

(i) there exist M ∈ ω and a refinement (Y (1)
n ) 4 (Yn) such that∥∥∥ [SχXM ]|

Y
(1)
n

∥∥∥
∞
6 δ for infinitely many n,

(ii) for any N ∈ ω there exist σN ⊆ ω and Y
(2)
N ⊆ YN such that whenever τ is a subset

of σN with Xτ clopen, we have ∥∥∥ [SχXτ ]|
Y

(2)
N

∥∥∥
∞
6 δ.

Proof. (i) Suppose, for a contradiction, that the statement is false. Then for any M ∈ ω

and (Y (1)
n ) 4 (Yn) there exists k such that∥∥∥ [SχXM ]|

Y
(1)
n

∥∥∥
∞
> δ ∀n > k.

Consequently, by Claim 3.3.5, for each n > k there exist α ∈ {−1, 1} and Ŷ
(1)
n ⊆ Y (1)

n with

[S (αχXM )]|
Ŷ

(1)
n

> δ. (3.1)

To get a contradiction, we construct inductively sequences (kj)j∈ω, ((αj,n)n>kj )j∈ω and

((Yj,n)n>kj )j∈ω with the property that for each j

(i.a) kj+1 > kj ,

(i.b) (αj,n)n>kj ⊆ {−1, 1},

(i.c) (Yj+1,n)n>kj+1
4 (Yj,n)n>kj+1

4 (Yn)n>kj+1
,
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(i.d)
[
S(αj,nχXj )

]∣∣
Yj,n

> δ for all n > kj .

Base Case. By (3.1), there exists k0 ∈ ω such that for each n > k0 we can find

α0,n ∈ {−1, 1} and Y0,n ⊆ Yn such that

[S (α0,nχX0)]|Y0,n
> δ.

Inductive Step. Suppose that the construction has been completed up to some j. Ap-

pealing to (3.1), we can pick k ∈ ω such that for each n > k there exist αj+1,n ∈ {−1, 1}

and Yj+1,n ⊆ Yj,n such that

[
S
(
αj+1,nχXj+1

)]∣∣
Yj+1,n

> δ.

To complete the inductive step, take kj+1 = max{kj + 1, k} to ensure kj+1 > kj .

Once the construction has been completed, take J =
[
‖S‖
δ

]
. It follows from the dis-

jointness of (Xn) that any function of the form ±χX0 ± · · · ± χXJ has norm 1 and, in

particular,

‖S(α0,kJχX0 + · · ·+ αJ,kJχXJ )‖∞ 6 ‖S‖ .

On the other hand, since (kj)06j6J is an increasing sequence, while (Yj,kJ )06j6J is decreas-

ing, condition (i.d) implies that

[S(α0,kJχX0 + · · ·+ αJ,kJχXJ )]|YJ,kJ > (J + 1)δ >
‖S‖
δ
δ = ‖S‖ ,

which, combined with the previous estimate, gives a contradiction.

(ii) Fix N ∈ ω and suppose, for a contradiction, that for any σ ⊆ ω and Y
(2)
N ⊆ YN

there exists τ ⊆ σ such that Xτ is clopen and∥∥∥ [SχXτ ]|
Y

(2)
N

∥∥∥
∞
> δ.

Consequently, we can find α ∈ {−1, 1} and Ŷ
(2)
N ⊆ Y (2)

N such that

[S (αχXτ )]|
Ŷ

(2)
N

> δ. (3.2)

Define J =
[
‖S‖
δ

]
and partition ω into J + 1 disjoint infinite parts σ0, . . . , σJ . Using

another inductive argument, we construct sequences (τj)06j6J , (αj)06j6J and (Yj,N )06j6J

such that for each j
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(ii.a) τj ⊆ σj ,

(ii.b) αj ∈ {−1, 1},

(ii.c) Yj+1,N ⊆ Yj,N ⊆ YN ,

(ii.d) Xτj is clopen and
[
S
(
αjχXτj

)]∣∣∣
Yj,N

> δ.

Base Case follows from (3.2) applied to σ0 and YN . For the Inductive Step suppose that

the construction has been completed up to stage j with 0 6 j < J and apply (3.2) to σj+1

and Yj,N .

We now proceed as in part (i). Disjointness of (σj)06j6J and Claim 3.3.6 imply that

(Xτj )06j6J is disjoint and so∥∥∥S (α0χXτ0 + · · ·+ αJχXτJ

)∥∥∥
∞
6 ‖S‖

∥∥∥α0χXτ0 + · · ·+ αJχXτJ

∥∥∥
∞

= ‖S‖ ,

while, on the other hand, since (Yj,N )06j6J is a decreasing sequence, condition (ii.d) implies

that [
S
(
α0χXτ0 + · · ·+ αJχXτJ

)]∣∣∣
YJ,N

> (J + 1)δ >
‖S‖
δ
δ = ‖S‖

giving the required contradiction.

Proof of Lemma 3.3.4. The proof is constructive and we start with showing that there exist

a subsequence (nj) and a refinement (Cnj ) 4 (Bnj ) such that∥∥∥∥[TχAnk ]∣∣∣Cnl
∥∥∥∥
∞
6

ε

2k+2
∀k, l : k < l. (3.3)

To do this, we construct inductively sequences (nj)j∈ω, (Λj)j∈ω and ((Bj,n)n∈Λj )j∈ω

such that for each j

(i.a) nj+1 > nj ,

(i.b) Λj+1 ⊆ Λj ⊆ ω,

(i.c) Λj 3 nj+1,

(i.d) nj < min Λj ,

(i.e) (Bj+1,n)n∈Λj+1 4 (Bj,n)n∈Λj+1 4 (Bn)n∈Λj+1 ,
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(i.f)
∥∥∥∥[TχAnj ]∣∣∣Bj,n

∥∥∥∥
∞
6

ε

2j+2
for all n ∈ Λj .

Base Case. By Claim 3.3.7 (i), there exist n0 ∈ ω and (B0,n) 4 (Bn) such that∥∥∥[TχAn0

]∣∣
B0,n

∥∥∥
∞
6
ε

4
for infinitely many n. (3.4)

We also define

Λ0 = {n > n0 : (3.4) holds for n}.

Inductive Step. Suppose that the construction has been carried out up to some j.

Applying part (i) of Claim 3.3.7 to (An)n∈Λj and (Bj,n)n∈Λj , we can find nj+1 ∈ Λj (in

particular, nj+1 > nj) and a refinement (Bj+1,n)n∈Λj 4 (Bj,n)n∈Λj such that∥∥∥∥[TχAnj+1

]∣∣∣
Bj+1,n

∥∥∥∥
∞
6

ε

2j+3
for infinitely many n ∈ Λj . (3.5)

To complete the inductive step, we define

Λj+1 = {n ∈ Λj : n > nj+1 and (3.5) holds for n}.

Once the construction has been completed, for each j we define

Cnj = Bj,nj .

Note that if we pick any k, l with k < l, then nl ∈ Λl−1 ⊆ Λk and so∥∥∥∥[TχAnk ]∣∣∣Cnl
∥∥∥∥
∞

=
∥∥∥∥[TχAnk ]∣∣∣Bl,nl

∥∥∥∥
∞
6

∥∥∥∥[TχAnk ]∣∣∣Bk,nl
∥∥∥∥
∞
6

ε

2k+2

giving (3.3).

We now need to further reduce the size of (Cnj ) and for this we construct inductively a

subsequence (njr) of (nj) and sequences (σr) and (Dnjr ) with the property that for each r

(ii.a) njr+1 > njr ,

(ii.b) σr+1 ⊆ σr ⊆ (nj),

(ii.c) njr+1 ∈ σr,

(ii.d) Dnjr ⊆ Cnjr ,
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(ii.e) whenever τ ⊆ σr is such that Aτ is clopen, we have∥∥∥ [TχAτ ]|Dnjr

∥∥∥
∞
6
ε

2
. (3.6)

For the Base Case set nj0 = n0 and apply Claim 3.3.7 (ii) to nj0 , (An)n∈(nj), (Cn)n∈(nj)

and ε/2. For the Inductive Step set njr+1 to be the (r + 2)nd element of σr (that is, if

σr = (σr,k)k∈ω with σr,k+1 > σr,k for each k, then njr+1 = σr,r+1) and apply the same result

to njr+1 , (An)n∈σr , (Cn)n∈σr and ε/2.

Once the construction has been completed, we define

σ = (njr)r∈ω.

Suppose that τ is a subset of σ with Aτ clopen and n ∈ σ\τ . There exists l ∈ ω with

n = njl .

Define

τ ′ = τ ∩ (njr)r>l.

Then τ ′ ⊆ σl and τ\τ ′ ⊆ (njr)r<l. By Claim 3.3.6, Aτ ′ and Aτ\τ ′ are clopen and

χAτ = χAτ ′ +
∑

m∈τ\τ ′
χAm .

Putting together all of the above, we get

∥∥ [TχAτ ]|Dn
∥∥
∞ =

∥∥∥∥∥∥
T
χAτ ′ +

∑
m∈τ\τ ′

χAm

∣∣∣∣∣∣
Dn

∥∥∥∥∥∥
∞

6

∥∥∥∥[TχAτ ′ ]∣∣Dnjl
∥∥∥∥
∞

+
∑

njk∈τ\τ
′

k<l

∥∥∥∥∥[TχAnjk ]∣∣∣Cnjl
∥∥∥∥∥
∞

6
ε

2︸︷︷︸
by (3.6)

+
∑

njk∈τ\τ
′

k<l

ε

2jk+2

︸ ︷︷ ︸
by (3.3), as k < l ⇔ jk < jl

6
ε

2
+

∑
njk∈τ\τ

′

k<l

ε

2k+2

<
ε

2
+
∑
k∈ω

ε

2k+2

<
ε

2
+
ε

2
= ε
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as required.

We need one more result before we can proceed to the proof of Theorem 3.3.2.

Lemma 3.3.8. Let K be a zero-dimensional topological space and suppose that an operator

T : C (K)→ C (K) is noncentripetal. Then

(i) there exist (xn) ⊆ K, a disjoint (An) ⊆P(K) and ε > 0 such that

xn 6∈ An and |(TχAn)(xn)| > ε ∀n,

(ii) there exist disjoint (An), (Bn) ⊆P(K) and ε > 0 such that

Am ∩Bn = ∅ and
∣∣ [TχAn ]|Bn

∣∣ > ε ∀m,n.

Proof. (i) is just negation of part (iii) of Lemma 2.3.2.

(ii) Let (xn), (An) and ε be as in part (i). By disjointness, the norm of any finite sum

of ±χAn is at most 1 hence, by boundedness of T , for any n there exist only finitely many

m with xn = xm. Thus, without loss of generality, we may assume that all xn are distinct.

Pick any n ∈ ω. Since TχAn is continuous, we can find Cn with xn ∈ Cn ⊆ K\An and

∣∣ [TχAn ]|Cn
∣∣ > ε.

If Am ∩Cn = ∅ for all m, n, we set Bn = Cn for each n. Else there are two possibilities.

Case 1. There exist m ∈ ω and a subsequence (nj) such that

Am ∩ Cnj 6= ∅ ∀j.

In this case for each j we define

Bnj = Am ∩ Cnj .

Then (Anj ) is a disjoint sequence with∣∣∣∣[TχAnj ]∣∣∣Bnj
∣∣∣∣ > ε

for each j. Furthermore, since Anj ∩ Cnj = ∅, we have m 6∈ {nj : j ∈ ω}. Consequently,

⋃
Anj ∩

⋃
Bnj ⊆

⋃
Anj ∩Am = ∅,
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and so (Anj ), (Bnj ) provide the required pair.

Case 2. For each m there exists Nm such that

Am ∩ Cn = ∅ ∀n > Nm.

In this case we start with constructing inductively a subsequence (nj) such that

Ank ∩ Cnl = ∅ ∀j, k, l : k 6 l 6 j. (3.7)

For this we define n0 = 0 and, assuming that n0 < n1 < · · · < nj have been constructed,

set nj+1 = max{Nn1 , . . . , Nnj , nj + 1}.

Next, we construct inductively sequences (ji), (Ji) and (Dnji
) such that for each i

(a) ji 6 Ji < ji+1,

(b) Dnji
⊆ Cnji ,

(c) Anj ∩Dnji
= ∅ for all j > Ji.

This would mean that if k, l are any numbers with k > l, then jk > jl+1 > Jl and so

Anjk ∩Dnjl
= ∅, (3.8)

which, combined with (3.7), would give the required result.

Base Case. Define j0 = 0. If Anj ∩ Cnj0 = ∅ for all j > 0, set J0 = j0 and Dnj0
= Cnj0 .

Otherwise we set J0 to be any index with J0 > 0 and AnJ0 ∩ Cnj0 6= ∅ and we define

Dnj0
= AnJ0 ∩ Cnj0 . Note that if j > J0 then

Anj ∩Dnj0
⊆ Anj ∩AnJ0 = ∅.

Inductive Step. Suppose that the construction has been completed up to the stage i and

define ji+1 = Ji + 1. Similar to the above, two cases are possible. If Anj ∩ Cnji+1
= ∅ for

all j > ji+1, we define Ji+1 = ji+1 and Dnji+1
= Cnji+1

. Otherwise we set Ji+1 to be any

index with Ji+1 > ji+1 and AnJi+1
∩ Cnji+1

6= ∅ and define Dnji+1
= AnJi+1

∩ Cnji+1
. Then

condition (c) follows from disjointness of (An). In either case the conditions (a)–(c) of the

inductive hypothesis are satisfied.

47



Proof of Theorem 3.3.2. Suppose that an operator T ∈ L C (K (A)) is noncentripetal. By

Lemma 3.3.8, we can find ε > 0 and disjoint (An), (Bn) ⊆P(K (A)) such that

Am ∩Bn = ∅ and
∣∣ [TχAn ]|Bn

∣∣ > ε ∀m,n.

By Lemma 3.3.4, there exist σ ⊆ ω and (Dn)n∈σ 4 (Bn)n∈σ such that for any subset τ

of σ with Aτ clopen and for any n ∈ σ\τ we have

∣∣ [TχAτ ]|Dn
∣∣ 6 ε

3
. (3.9)

Now, since A has property (K′), it follows that so does DK (A). Thus, using Lemma 3.2.10,

we can find τ ⊆ σ such that

(i) Aτ is clopen,

(ii)
⋃
n∈τ

Dn ∩
⋃

n∈σ\τ

Dn 6= ∅.

Note that (3.9) implies that⋃
n∈σ\τ

Dn ⊆ (TχAτ )−1([−ε/3, ε/3]). (3.10)

On the other hand, let n ∈ τ . If we define τ ′ = τ\{n} then Aτ ′ is clopen and so, by (3.9),∣∣∣[TχAτ ′ ]∣∣Dn∣∣∣ 6 ε

3
.

However, we have ∣∣ [TχAn ]|Dn
∣∣ > ε

and so ∣∣ [TχAτ ]|Dn
∣∣ =

∣∣∣[TχAτ ′ ]∣∣Dn + [TχAn ]|Dn
∣∣∣ > ε− ε

3
=

2ε
3

implying that ⋃
n∈τ

Dn ⊆ (TχAτ )−1([−∞,−2ε/3] ∪ [2ε/3,∞]). (3.11)

Combination of (3.10) and (3.11) gives that⋃
n∈τ

Dn ∩
⋃

n∈σ\τ

Dn = ∅

leading to a contradiction to the condition (ii). Hence our original assumption was wrong

and every operator on C (K (A)) is indeed centripetal.
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3.4 Preservation of suprema and forbidden splittings

Let us start with a definition.

Definition 3.4.1. Let α, β be ordinals with β 6 α 6 2ω, and suppose that Aβ 6 R{0,1}β

and Aα 6 R{0,1}α are such that A
[α]
β 6 Aα.

• Suppose that (An) ⊆ Aβ is a disjoint sequence which has a supremum in Aβ. We say

that the supremum of (An) is preserved in Aα if

– (A[α]
n ) has a supremum in Aα, and

– ∨n∈ω(A[α]
n ) = (∨n∈ωAn)[α].

• Suppose that (P,Q) ⊆ Aβ ×Aβ is a forbidden splitting in Aβ. We say that (P,Q) is

preserved in Aα if
(
P [α],Q[α]

)
is a forbidden splitting in Aα.

Notation 3.4.2. To avoid too many brackets, if the supremum of (An) ⊆ Aβ is preserved

in Aα, we will write ∨n∈ωA[α]
n to denote both ∨n∈ω(A[α]

n ) and (∨n∈ωAn)[α].

In particular, if the supremum of (An) in Aβ is Aω and the supremum of (A[α]
n ) in Aα is(

A[α]
)
ω

and (Aω)[α] =
(
A[α]

)
ω
, we will write A[α]

ω to denote both of these values.

As described in the introduction, our separable Koszmider space is constructed by means

of transfinite induction and at each stage we need to preserve certain suprema of disjoint

sequences and forbidden splittings. The next two propositions show that this idea can

be implemented at successor stages while the last result of the section ensures that the

algorithm can also be performed at limit stages.

Proposition 3.4.3. Let α < 2ω be an infinite ordinal and consider a Boolean algebra A

with the property that

(a) D{0,1}α 6 A 6 R{0,1}α,

(b) |A| = µ < 2ω.

Suppose also that we are given

(c) a disjoint sequence (An) of nonempty elements of A,

(d) a disjoint sequence (Bn) of nonempty elements of A with Am ∧Bn = ∅ for all m,n,
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(e) a disjoint sequence (Xn) ⊆ A with Xω ∈ A,

(f) an ordinal ν < 2ω and a transfinite sequence ((Pβ,Qβ))β<ν of forbidden splittings in A.

For each τ ⊆ ω we define

A(τ) = 〈A, Aτ 〉 .

Then for each τ ⊆ ω

(i) D{0,1}α 6 A(τ) 6 R{0,1}α,

(ii) |A(τ)| < 2ω,

(iii) the supremum Xω of (Xn)n∈ω is preserved in A(τ),

(iv) Aτ is a supremum of (An)n∈τ in A(τ),

In addition to the above, there exists σ ⊆ ω such that for any τ ⊆ σ

(v) the algebra A(τ) preserves all (Pβ,Qβ).

Finally, with σ as in (v), there exists τ ⊆ σ such that

(vi) the pair ((Bn)n∈τ , (Bn)n6∈τ ) cannot be split in A(τ).

Proof. (i) It is clear that D{0,1}α 6 A(τ). For the second inclusion we use the result from

[CN74, Chapter 2, Theorem 2.35 (a)] which says that every subset A of R{0,1}α has a

supremum (that is, R{0,1}α is a complete algebra) and moreover ∨A = int
(⋃
A
)

. Thus, in

particular, Aτ ∈ R{0,1}α and A(τ) 6 R{0,1}α as required.

(ii) follows immediately as |A(τ)| = |A| < 2ω.

(iii) follows from Lemma 3.2.6 as Xω ∈ A ⊆ A(τ).

(iv) also follows from Lemma 3.2.6.

(v) The proof of this part is very similar to the analogous proofs in [Hay81] and [Kos04].

Suppose that the statement is false and let (σξ)ξ<2ω be a family of almost disjoint infinite

subsets of ω (for a proof of existence of such a family see [Kun80, p.48, Theorem 1.3]).

Then for each ξ < 2ω there exist τξ ⊆ σξ and β < ν such that (Pβ,Qβ) is split in A(τξ).

Let us now switch to the algebra which is dual to R{0,1}α . Writing, for convenience, ˜
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instead of ˜R{0,1}α , the last statement is equivalent to saying that
(
P̃β, Q̃β

)
is split in

Ã(τξ) =
〈
Ã, Ãτξ

〉
. This, in turn, means that we can find disjoint A,A′, A′′ ∈ A such that⋃

P̃β ⊆ Ã ∪
(
Ã′ ∩ Ãτξ

)
∪
(
Ã′′\Ãτξ

)
, (3.12)⋃

Q̃β ∩
[
Ã ∪

(
Ã′ ∩ Ãτξ

)
∪
(
Ã′′\Ãτξ

)]
= ∅. (3.13)

However, there are only µ possibilities for picking an element of A and |ν| possibilities for

picking β. Consequently, there are at most max{µ, |ν|} < 2ω choices for picking a quadruplet

(A,A′, A′′, β) versus 2ω choices for ξ. As a result, there must exist distinct ξ, η < 2ω for

which the same choices of (A,A′, A′′, β) are made, that is, in addition to the two expressions

above, we also have ⋃
P̃β ⊆ Ã ∪

(
Ã′ ∩ Ãτη

)
∪
(
Ã′′\Ãτη

)
, (3.14)⋃

Q̃β ∩
[
Ã ∪

(
Ã′ ∩ Ãτη

)
∪
(
Ã′′\Ãτη

)]
= ∅. (3.15)

Considering unions and/or intersections of (3.12), (3.14) with Ã, Ã′ and Ã′′ and bearing in

mind that Ã, Ã′ and Ã′′ are mutually disjoint, we conclude that⋃
P̃β ∩ Ã ⊆ Ã⋃
P̃β ∩ Ã′ ⊆ Ã′ ∩

(
Ãτξ ∩ Ãτη

)
,⋃

P̃β ∩ Ã′′ ⊆ Ã′′\
(
Ãτξ ∩ Ãτη

)
.

So, if we define

B = Ã ∪
[
Ã′ ∩

(
Ãτξ ∩ Ãτη

)]
∪
[
Ã′′\

(
Ãτξ ∩ Ãτη

)]
,

then, since
⋃
P̃β ⊆ Ã ∪ Ã′ ∪ Ã′′, we have⋃

P̃β ⊆ B.

By performing similar manipulations with (3.13) and (3.15) we get⋃
Q̃β ∩B = ∅,

which means that the pair
(
P̃β, Q̃β

)
is split by B. However, since τξ ∩ τη ⊆ σξ ∩ ση and so

is finite, Claim 3.3.6 in combination with Lemma 3.2.10 and part (iv) of Proposition 3.2.9

imply that

Ãτξ ∩ Ãτη = (Ã)τξ ∩ (Ã)τη =
⋃

n∈τξ∩τη
Ãn ∈ Ã,
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which means that B ∈ Ã and so, going back to our original A, the pair (Pβ,Qβ) is split

in A which is a contradiction.

(vi) First of all we show that whenever the splitting ((Bn)n∈τ , (Bn)n 6∈τ ) is forbidden in

A for some τ , it remains forbidden in A(τ).

Indeed, suppose that ((Bn)n∈τ , (Bn)n6∈τ ) can be split in A(τ). Switching to the dual

algebra, and writing ˜ for ˜R{0,1}α , as in the previous part, we can find disjoint Ã, Ã′, Ã′′ ∈ Ã

such that

⋃
n∈τ

B̃n ⊆ Ã ∪
(
Ã′ ∩ Ãτ

)
∪
(
Ã′′\Ãτ

)
⋃
n6∈τ

B̃n ∩
[
Ã ∪

(
Ã′ ∩ Ãτ

)
∪
(
Ã′′\Ãτ

)]
= ∅.

Now, recall that we have Ãm ∩ B̃n = ∅ for all m, n. Since Ãτ as well as each B̃n is clopen

in K (R{0,1}α), this implies that Ãτ ∩ B̃n = (Ã)τ ∩ B̃n = ∅ for each n. Thus, the last two

expressions can be rewritten as

⋃
n∈τ

B̃n ⊆ Ã ∪ Ã′′⋃
n6∈τ

B̃n ∩
[
Ã ∪ Ã′′

]
= ∅,

and so
(

(B̃n)n∈τ , (B̃n)n6∈τ
)

is split in Ã. Equivalently, ((Bn)n∈τ , (Bn)n6∈τ ) is split in A.

Suppose now that τ , τ ′ are distinct subsets of σ such that ((Bn)n∈τ , (Bn)n6∈τ ) is separated

by A(τ) ∈ A whilst
(
(Bn)n∈τ ′ , (Bn)n 6∈τ ′

)
is separated by A(τ ′) ∈ A. Without loss of

generality there exists m ∈ τ\τ ′. Then

Bm ⊆
⋃
n∈τ

Bn ⊆ A(τ)

while

Bm ∩A(τ ′) ⊆

⋃
n6∈τ ′

Bn

 ∩A(τ ′) = ∅.

Since Bm 6= ∅, this means that A(τ) 6= A(τ ′). However, there exist |A| < 2ω choices for

picking A(τ) ∈ A versus 2ω choices for picking τ ⊆ σ. Thus there exists τ ⊆ σ for which

A(τ) cannot be found or, equivalently, the pair
(
(Bn)n∈τ , (Bn)n∈σ\τ

)
cannot be split in A.

As shown above, it remains forbidden in A(τ).
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Proposition 3.4.4. Let α < 2ω be an infinite ordinal of the form α = β + 1 and suppose

that A is a Boolean algebra with the property that

(a) D{0,1}β 6 A 6 R{0,1}β ,

(b) |A| < 2ω.

Suppose also that we are given

(c) a disjoint sequence (Xn)n∈ω ⊆ A with Xω ∈ A,

(d) a forbidden splitting (P,Q) in A.

Define

B =
〈
A[α],D{0,1}α

〉
.

Then

(i) D{0,1}α 6 B 6 R{0,1}α,

(ii) |B| < 2ω,

(iii) the supremum Xω of (Xn)n∈ω is preserved in B,

(iv) the forbidden splitting (P,Q) is preserved in B,

(v) each of (P × {0},Q× {0}), (P × {1},Q× {1}) forms a forbidden splitting in B.

Proof. (i) By construction, D{0,1}α 6 B. Furthermore, since A[α] = {A × {0, 1} : A ∈ A}

and every element of A is a regular open set, we have A[α] 6 R{0,1}α . We also have

D{0,1}α 6 R{0,1}α implying that A 6 R{0,1}α .

(ii) The result is immediate as |B| = max{|A|, |D{0,1}α |} < 2ω.

(iii) Note that

B 3 (Xω)[α] = Xω × {0, 1} = int
(⋃

Xn

)
× {0, 1}

= int
(⋃

Xn × {0, 1}
)

= int
(⋃

X
[α]
n

)
,
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and so the result follows from Lemma 3.2.6.

(iv) First of all note that

D{0,1}α =
〈
D

[α]

{0,1}β , Dα

〉
,

where

Dα =
(
pαβ
)−1 ({0}) =

∏
γ<β

{0, 1} × {0},

and thus

B =
〈
A[α], Dα

〉
.

Informally, since Dα is determined by its αth coordinate only while A[α], P and Q are

all determined by their first β < α coordinates, an element splitting
(
P [α],Q[α]

)
would have

to be of the form A × {0, 1} with A ∈ A. This would, however, imply that (P,Q) can be

split in A.

More formally, suppose that (P × {0, 1},Q× {0, 1}) is split by an element of B. By

Lemma 3.2.3, there exist disjoint A,A′, A′′ ∈ A such that for all X ∈ P ∪Q we have

(X × {0, 1}) ∧
(

(A× {0, 1}) ∨ (A′ × {0, 1} ∧Dα) ∨ (A′′ × {0, 1} ∧ ¬Dα)
)

=
{
X × {0, 1} if X ∈ P

∅ if X ∈ Q.

But (A′×{0, 1})∧Dα = (A′×{0, 1})∩Dα = A′×{0} while (A′′×{0, 1})∧¬Dα = A′′×{1}

which means that the last expression may be rewritten as follows

(X × {0, 1}) ∧
(

(A× {0, 1}) ∨ (A′ × {0}) ∨ (A′′ × {1})
)

=
{
X × {0, 1} if X ∈ P

∅ if X ∈ Q.

Let us perform a few more manipulations. Suppose that X ∈ P. Then

X × {0, 1} = (X × {0, 1}) ∧
(

(A× {0, 1}) ∨ (A′ × {0}) ∨ (A′′ × {1})
)

6 X × {0, 1} ∧
(

(A× {0, 1}) ∨ (A′ × {0, 1}) ∨ (A′′ × {0, 1})
)

=
[
X ∧ (A ∨A′ ∨A′′)

]
× {0, 1}

6 X × {0, 1},

which implies that

X ∧ (A ∨A′ ∨A′′) = X ∀X ∈ P. (3.16)
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Similarly, if X ∈ Q then

∅ = X × {0, 1} ∧
(

(A× {0, 1}) ∨ (A′ × {0}) ∨ (A′′ × {1})
)

> (X × {0, 1} ∧A× {0, 1}) ∨ (X × {0} ∧A′ × {0}) ∨ (X × {1} ∧A′′ × {1})

=
(

(X ∧A)× {0, 1}
)
∨
(

(X ∧A′)× {0}
)
∨
(

(X ∧A′′)× {1}
)

However, each of X ∧A, X ∧A′ and X ∧A′′ is an open subset of {0, 1}β and so the last

equation implies that

X ∧A = X ∧A′ = X ∧A′′ = ∅.

Consequently

X ∧ (A ∨A′ ∨A′′) = ∅ ∀X ∈ Q, (3.17)

which, combined with (3.16), gives the required contradiction.

The proof of part (v) is precisely the same.

Proposition 3.4.5. Let α 6 2ω be a limit ordinal and suppose we have a transfinite se-

quence (Aβ)ω6β<α of Boolean algebras such that

(a) D{0,1}β 6 Aβ 6 R{0,1}β whenever ω 6 β < α,

(b) |Aβ| < 2ω whenever ω 6 β < α,

(c) A
[β]
γ 6 Aβ whenever ω 6 γ 6 β < α.

Fix now some β0 with ω 6 β0 < α and suppose that, in addition to the above, we are given

(d) a disjoint sequence (Xn)n∈ω ⊆ Aβ0 with Xω ∈ Aβ0,

(e) a forbidden splitting (P,Q) ⊆ Aβ0 × Aβ0.

Define

Aα =
⋃

ω6β<α

A
[α]
β .

Then

(i) Aα is a Boolean algebra with D{0,1}α 6 Aα 6 R{0,1}α,

(ii) if α < 2ω, then |Aα| < 2ω,
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(iii) the supremum Xω of (Xn)n∈ω is preserved in Aβ for each β with β0 6 β 6 α,

(iv) if the forbidden splitting (P,Q) is preserved in Aβ for each β with β0 6 β < α, then

it is preserved in Aα.

Proof. (i) Since A
[β]
γ 6 Aβ for all γ 6 β < α, it follows that Aα is a Boolean algebra.

Furthermore, note that any clopen subset A of {0, 1}α is defined by finitely many coor-

dinates and so, since α is a limit ordinal, there exists β < α with

(
παβ
)−1 (

παβ (A)
)

= A.

Now, the set παβ (A) is still defined by finitely many coordinates. Thus παβ (A) ∈ Aβ and

A = (παβ (A))[α] ∈ Aα. This shows that D{0,1}α 6 Aα.

Furthermore, note that since each of R{0,1}β consists of regular open sets, so does R
[α]

{0,1}β

which means that Aα 6
⋃
β<α R

[α]

{0,1}β 6 R{0,1}α .

(ii) This part follows immediately from the assumption (b).

(iii) By the same calculations as in part (iii) of Proposition 3.4.4, it can be shown that

Aβ 3 (Xω)[β] = int
(⋃

(X [β]
n )
)

whenever β0 6 β 6 α, and so the result follows from Lemma 3.2.6.

(iv) Suppose that (P,Q) is not preserved in Aα. Then we can find β < α and A ∈ Aβ

such that
(
P [α],Q[α]

)
is split by A[α]. If β < β0, then A[β0] is an element of Aβ0 which

separates (P,Q), leading to a contradiction. Otherwise
(
P [β],Q[β]

)
is split in Aβ by A

which leads to another contradiction.

3.5 Construction of K

Our space K is obtained as the Stone space of a Boolean algebra A which, in turn, is

constructed by transfinite induction.

Notation

Fix a surjection s : {α : α is a successor ordinal with ω < α < 2ω} → (2ω\
⋃
ω) × 2ω such

that if s(α) = (η, ζ), then η < α.
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Inductive construction

We are going to construct

(i) a transfinite sequence (Aα)ω6α<2ω of Boolean algebras such that for each α

(i.a) D{0,1}α 6 Aα 6 R{0,1}α ,

(i.b) |Aα| < 2ω,

(i.c) A
[α]
β 6 Aα whenever ω 6 β < α,

(i.d) if ω 6 β < α and (Xn) is a disjoint sequence in Aβ with Xω ∈ Aβ, then the

supremum Xω is preserved in Aα,

(i.e) we fix an enumeration of all the quadruples

((An(α, ζ))n∈ω , (Bn(α, ζ))n∈ω , (Cn(α, ζ))n∈ω , (Dn(α, ζ))n∈ω) (ζ < 2ω) with the

property that

• each of the four sequences is disjoint and consists of elements of Aα,

• all An(α, ζ) and Bn(α, ζ) are nonempty,

• Am(α, ζ) ∩Bn(α, ζ) = ∅ for all m,n ∈ ω and ζ < 2ω,

(i.f) using the enumeration from (i.e), if α = β + 1, there exists τ ⊆ ω such that

• Aα =
〈
Aβ(τ)[α],D{0,1}α

〉
, where Aβ(τ) =

〈
Aβ,

(
A(s(α))[β]

)
τ

〉
,

(i.g) if α is a limit ordinal, then

• Aα =
⋃
ω6β<α A

[α]
β ;

(ii) arrays (Pα,i,Qα,i) with ω 6 α < 2ω and i ∈ {0, 1, 10, 11} with the property that

(ii.a) if α = β + 1 with ω 6 β, then

• (Pα,0,Qα,0) =
(
(Bn(s(α))[α])n∈τ , (Bn(s(α))[α])n 6∈τ

)
with τ as in (i.f),

• (Pα,1,Qα,1) =
(
(Cn(s(α))[α])n∈ω, (Dn(s(α))[α])n∈ω

)
if this pair cannot be

split in Aα, or (Pα,1,Qα,1) = (∅, ∅) otherwise,

• (Pα,10,Qα,10) = (Pβ,1 × {0},Qβ,1 × {0}),

• (Pα,11,Qα,11) = (Pβ,1 × {1},Qβ,1 × {1}),

(ii.b) if α is a limit ordinal, then

• (Pα,i,Qα,i) = (∅, ∅) for each i,
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(ii.c) (Pα,i,Qα,i) forms a forbidden splitting in Aα unless it is equal to (∅, ∅),

(ii.d) if ω 6 β < α and (Pβ,i,Qβ,i) is forbidden in Aβ, it remains forbidden in Aα.

Note 3.5.1. Existence of the enumeration in (i.e) follows from (i.b) and does not need to be

taken care of separately.

Base case

Define

Aω = D{0,1}ω ,

and for each i ∈ {0, 1, 10, 11} set

(Pω,i,Qω,i) = (∅, ∅) .

Inductive step

Suppose that for some α with ω 6 α < 2ω we have constructed (Aβ)β<α and ((Pβ,i,Qβ,i))

(β < α, i ∈ {0, 1, 10, 11}) satisfying conditions (i.a)–(ii.d).

Case 1. α is a successor ordinal

Suppose that α = β + 1 for some ordinal β < 2ω.

To construct Aα, we start with taking care of property (K′). Suppose that s(α) = (η, ζ).

Then ω 6 η 6 β which means that ηth stage of our construction has already been completed.

Using the enumeration fixed in (i.e), for each n ∈ ω we define

An = An(η, ζ)[β], Bn = Bn(η, ζ)[β],

Cn = Cn(η, ζ)[β], Dn = Dn(η, ζ)[β].

Then each of (An), (Bn), (Cn), (Dn) is a disjoint sequence consisting of nonempty

elements of Aβ and, in addition, Am ∩Bn = ∅ for all m, n.

At this stage there are at most 4β < 2ω splittings which are forbidden in Aβ and need

to be preserved. Hence, by Proposition 3.4.3, there exists an infinite τ ⊆ ω such that

• the algebra Aβ(τ) = 〈Aβ, Aτ 〉 satisfies the conditions (i.a)–(i.c),

• if (Xn) is a disjoint sequence in Aβ with Xω ∈ Aβ, then the supremum Xω is preserved

in Aβ(τ),

58



• a supremum of (An)n∈τ exists in Aβ(τ) and is equal to Aτ ,

• if, for some γ 6 β and i ∈ {0, 1, 10, 11}, the splitting
(
P [β]
γ,i ,Q

[β]
γ,i

)
is forbidden in Aβ,

it remains forbidden in Aβ(τ),

• the pair ((Bn)n∈τ , (Bn)n 6∈τ ) cannot be split in Aβ(τ).

With τ as above we define

Aα =
〈
Aβ(τ)[α],D{0,1}α

〉
.

Appealing to Proposition 3.4.4,

• Aα satisfies the conditions (i.a)–(i.c) and (i.e)–(i.f),

• if (Xn) is a disjoint sequence in Aβ(τ) with Xω ∈ Aβ(τ), then the supremum Xω is

preserved in Aα,

• if the splitting (P,Q) is forbidden in Aβ(τ), it remains forbidden in Aα,

• if the splitting (P,Q) is forbidden in Aβ(τ), then both (P × {0},Q× {0}) and (P × {1},Q× {1})

are forbidden in Aα.

To finish the construction, we define

(Pα,0,Qα,0) =
(

(B[α]
n )n∈τ , (B[α]

n )n6∈τ
)
,

(Pα,10,Qα,10) = (Pβ,1 × {0},Qβ,1 × {0}) ,

(Pα,11,Qα,11) = (Pβ,1 × {1},Qβ,1 × {1})

and

(Pα,1,Qα,1) =

{ (
(C [α]

n )n∈ω, (D
[α]
n )n∈ω

)
if
(

(C [α]
n )n∈ω, (D

[α]
n )n∈ω

)
cannot be split in Aα

(∅, ∅) otherwise.

Then the splittings (Pα,i,Qα,i) satisfy the conditions (ii.a)–(ii.c). Furthermore, if for

some γ < α and i ∈ {0, 1, 10, 11}, the splitting (Pγ,i,Qγ,i) is forbidden in Aγ , by the

inductive assumption, it remains forbidden in Aβ. Thus it remains forbidden in Aβ(τ) and

hence also in Aα. Consequently, Aα satisfies the condition (ii.d).

Finally, suppose that for some γ < α we have a disjoint sequence (Xn) ⊆ Aγ with

Xω ∈ Aγ . By the inductive assumption, the supremum Xω is preserved in Aβ. Thus it is

preserved in Aβ(τ) and hence in Aα. Consequently, Aα satisfies the condition (i.d).
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Case 2. α is a limit ordinal

In this case we define

Aα =
⋃
β<α

A
[α]
β

and for each i ∈ {0, 1, 10, 11} set

(Pα,i,Qα,i) = (∅, ∅) .

Proposition 3.4.5 guarantees that the conditions (i.a)–(ii.d) are satisfied at this stage.

Construction of A and K

Once the construction of (Aα)ω6α<2ω has been completed, we define

A =
⋃

ω6α<2ω

A[2ω ]
α

and set

K = K (A).

3.6 Properties of K

Proposition 3.6.1 (P1). K is separable.

Proof. By Corollary 3.2.16, it is enough to show that A 6 R{0,1}2ω and this was done in

part (i) of Proposition 3.4.5.

Proposition 3.6.2 (P2). K is weakly Koszmider.

Proof. By Theorem 3.3.2, it is sufficient to show that A has property (K′).

Let (An), (Bn) be disjoint sequences of nonempty element of A with Am ∧ Bn = ∅ for

all m, n. By construction, for each n there exist infinite αn, βn < 2ω, An ∈ Aαn , Bn ∈ Aβn

such that

An = A[2ω ]
n , Bn = B[2ω ]

n .

By König’s Lemma [Kun80, p. 34, Lemma 10.40], there exists η < 2ω such that αn, βn < η

for all n. Then for each n we have

An = A[2ω ]
n =

(
π2ω

αn

)−1
(An) =

(
π2ω

η

)−1
((
πηαn
)−1 (An)

)
=
(
π2ω

η

)−1
(A[η]

n )
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and similarly

Bn =
(
π2ω

η

)−1
(B[η]

n ).

Thus (A[η]
n ), (B[η]

n ) are disjoint sequences of nonempty elements of Aη with A[η]
m ∧B[η]

n = ∅

for all m, n. Using the enumeration fixed in (i.e), we can find ζ < 2ω such that for each n

A[η]
n = An(η, ζ), B[η]

n = Bn(η, ζ).

Take now any infinite successor ordinal α < 2ω with s(α) = (η, ζ). By the construction

algorithm, there exists τ ⊆ ω such that

• a supremum of
(

(A[η]
n )[α]

)
n∈τ

exists in Aα and is equal to
(

(A[η])[α]
)
τ
,

• the pair
((

(B[η]
n )[α]

)
n∈τ

,
(

(B[η]
n )[α]

)
n6∈τ

)
forms the splitting (Pα,0,Qα,0) and is for-

bidden in Aα.

By construction, the supremum
(

(A[η])[α]
)
τ

is preserved in all Aα′ with α 6 α′ < 2ω which,

by Proposition 3.4.5, means that

A 3
((

(A[η])[α]
)
τ

)[2ω ]
=

((
(A[η])[α]

)[2ω ]
)
τ

= int

(⋃
n∈τ

(π2ω
α )−1

(
(παη )−1 ((πηαn)−1(An))

))

= int

(⋃
n∈τ

(
π2ω
αn

)−1 (An)

)

= int

(⋃
n∈τ

A
[2ω ]
n

)

= int

(⋃
n∈τ

An

)
= Aτ .

Similarly, the forbidden splitting (Pα,0,Qα,0) is preserved in Aα′ whenever α 6 α′ < 2ω

which, by Proposition 3.4.5, means that the pair(
P [2ω ]
α,0 ,Q

[2ω ]
α,0

)
=

(((
(B[η]

n )[α]
)[2ω ]

)
n∈τ

,

((
(B[η]

n )[α]
)[2ω ]

)
n∈τ

)
=

((
B[2ω ]
n

)
n∈τ

,
(
B[2ω ]
n

)
n6∈τ

)
= ((Bn)n∈τ , (Bn)n6∈τ )
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remains forbidden in A.

The above two conclusions show us that A has property (K′).

Proposition 3.6.3 (P3). K has no open butterflies.

We first prove the following general result.

Lemma 3.6.4. Let K be a separable topological space. Fix a basis B of K and let U ⊆ K

be open. There exists a disjoint sequence (Un) ⊆ B such that

U =
⋃
Un.

Proof. Let D = {dn : n ∈ ω} be a dense subset of K. Note that

U = U ∩D.

Indeed, if x ∈ U and A 3 x is open then U ∩ A is a nonempty open subset of K. Thus

∅ 6= (U ∩A) ∩D = (U ∩D) ∩A and so x ∈ U ∩D. The reverse inclusion is obvious.

We now construct a sequence (Un) ⊆ B using the following inductive algorithm:

Base Case. If d0 ∈ U , we define U0 to be any element of B with d0 ∈ U0 ⊆ U . Otherwise

we set U0 = ∅.

Inductive Step. Suppose that U0, . . . , Un−1 have been constructed. We define

Un =
{

an element of B s.t. dn ∈ Un ⊆ U\
⋃

06j<n Uj if dn ∈ U\
⋃

06j<n Uj
∅ otherwise.

Clearly (Un) is a disjoint sequence and
⋃
Un ⊆ U . Furthermore, if x ∈ U ∩D and A 3 x

is open, there exists n with dn ∈ A ∩ U . If dn ∈
⋃

06j<n Uj , then A ∩ Uj 6= ∅ for some j

with 0 6 j < n. Otherwise dn ∈ Un and A ∩ Un 6= ∅. In either case A ∩
⋃
Uj 6= ∅ which

means that x ∈
⋃
Uj . Thus

⋃
Uj ⊆ U = U ∩D ⊆

⋃
Uj

giving the required result.

Proof of Proposition 3.6.3. Fix a basis B of K consisting of clopen sets and suppose that V

and W are open subsets of K with

V ∩W 6= ∅.
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By Lemma 3.6.4, there exist disjoint clopen (Vn), (Wn) ⊆ K such that
⋃
Vn = V and⋃

Wn = W and hence ⋃
Vn ∩

⋃
Wn 6= ∅. (3.18)

Since K = K (A), by the Stone Representation Theorem, A is isomorphic (via an iso-

morphism ˜ , as usual) to DK (A). In particular, since (Vn), (Wn) ⊆ DK (A), there exist

(Cn), (Dn) ⊆ A such that for each n we have

C̃n = Vn, D̃n = Wn.

By part (iii) of Proposition 3.2.9, disjointness of (Vn) and (Wn) implies that both (Cn) and

(Dn) are disjoint, while (3.18), Lemma 3.2.10 and part (v) of Proposition 3.2.9 guarantee

that ((Cn), (Dn)) is a forbidden splitting in A.

We now proceed exactly as in the previous part. For each n there exist infinite αn, βn < 2ω,

Cn ∈ Aαn and Dn ∈ Aβn such that

Cn = C [2ω ]
n , Dn = D[2ω ]

n .

By König’s Lemma [Kun80, p. 34, Lemma 10.40], there exists η < 2ω such that for all n we

have αn, βn < η. Then (C [η]
n ), (D[η]

n ) are disjoint sequences in Aη. Consequently, using the

enumeration fixed in (i.e), we can find ζ < 2ω such that for all n

C [η]
n = Cn(η, ζ), D[η]

n = Dn(η, ζ).

Let α < 2ω be an infinite successor ordinal with s(α) = (η, ζ). Then αn, βn < η < α for

each n and so

Cn =
(
π2ω

α

)−1
(C [α]

n ), Dn =
(
π2ω

α

)−1
(D[α]

n )

which means that the pair
(

(C [α]
n ), (D[α]

n )
)

cannot be split in Aα and so forms the forbidden

splitting (Pα,1,Qα,1).

By construction, for each i ∈ {0, 1} the pair
(

(C [α]
n × {i}), (D[α]

n × {i})
)

forms a forbid-

den splitting (Pα+1,1i,Qα+1,1i) in Aα+1 which is then preserved in Aα′ for all α+1 6 α′ < 2ω.

By Proposition 3.4.5, it remains forbidden in A.

Going back to Ã = DK , this is equivalent to saying that for each i ∈ {0, 1} there exists

xi ∈
⋃ ˜

(C [α]
n × {i})[2ω ] ∩

⋃ ˜
(D[α]

n × {i})[2ω ],
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and, of course, since

⋃ ˜
(C [α]

n × {i})[2ω ] ∩
⋃ ˜

(D[α]
n × {i})[2ω ] ⊆

⋃ ˜
(C [α]

n × {0, 1})[2ω ] ∩
⋃ ˜

(D[α]
n × {0, 1})[2ω ]

=
⋃ ˜

(C [α+1]
n )[2ω ] ∩

⋃ ˜
(D[α+1]

n )[2ω ]

=
⋃

(̃C [2ω ]
n ) ∩

⋃
(̃D[2ω ]

n )

=
⋃
C̃n ∩

⋃
D̃n

=
⋃
Vn ∩

⋃
Wn

= V ∩W,

we have

xi ∈ V ∩W.

Finally, note that the pair
(

(C [α]
n × {0})[2ω ], (C [α]

n × {1})[2ω ]
)

is split in A by
(
p2ω
α+1

)−1 ({0})

which means that
(

˜
(C [α]

n × {0})[2ω ],
˜

(C [α]
n × {1})[2ω ]

)
is split in Ã and so

⋃ ˜
(C [α]

n × {0})[2ω ] ∩ ˜
(C [α]

n × {1})[2ω ] = ∅.

Consequently

x0 6= x1,

and so V ∩W contains at least two points.
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Chapter 4

Construction of a separable
connected Koszmider space

4.1 Introduction

4.1.1 Description of the construction. Boolean algebras versus topologi-
cal spaces

In the spirit of the previous chapter, we construct a topological space K such that

(P1) K is separable,

(P2) K is weakly Koszmider,

(P3) K has no open butterflies,

(P4) K is connected.

Using Stone duality, the algorithm from Chapter 3 can be modified in a natural way to allow

us to deal with topological spaces instead of Boolean algebras. For convenience, we include

a comparison table which contains a summary of (most important) changes we introduced.

All notation and terminology in this table was either described in Chapter 3 or will be

defined later. In addition, for aesthetic purposes, we omit the “liftings” notation and so,

for example, the statement Aα =
⋃
β<α Aβ should be read as Aα =

⋃
β<α A

[α]
β etc.
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Zero-dimensional construction Connected construction

(i.a) A transfinite sequence (Aα)α<2ω of Boolean
algebras.

(i.a) A transfinite sequence (Kα)α<2ω of
topological spaces.

(i.b) · · · 6 Aα 6 Aα+1 6 · · · 6 A, or, equivalently,
K (A)� · · ·� K (Aα+1)� K (Aα)� · · · (i.b) K � · · ·� Kα+1 � Kα � · · ·

(i.c) D{0,1}α 6 Aα 6 R{0,1}α , or, equivalently,
G{0,1}α � K (Aα)� {0, 1}α. (i.c) G[0,1]α � K (Aα)� [0, 1]α.

(i.d) If α = β + 1, then

Kα = Kβ(τ)× [0, 1],

where Kβ(τ) is the (strong) extension of K by
(fn)n∈τ .

(i.d) If α = β + 1, then

Aα =
〈
Aβ(τ)× {0, 1},D{0,1}α

〉
,

where Aβ(τ) = 〈Aβ , Aτ 〉 and
Aτ = ∨n∈τAn

Equivalently (see Proposition 4.2.17),

C (Kα) = 〈C (Kβ(τ)),C ([0, 1])〉,

where C (Kβ(τ)) = 〈C (Kβ), fτ 〉 and
fτ = ∨n∈τfn.

(i.e) If α is a limit ordinal, then

Aα =
⋃
β<α

Aβ .

(i.e) If α is a limit ordinal, then

Kα = lim←−
β<α

Kβ .

(i.f) The resulting space is K (A) where

A =
⋃
α<2ω

Aα.

(i.f) The resulting space is

K = lim←−
α<2ω

Kα.

(ii.a) Property (K′). (ii.a) Property (K).

(ii.b) (An) is a disjoint sequence of nonempty
elements of A,

(Bn) is a disjoint sequence of nonempty
elements of A,

Am ∩Bn = ∅ for all m, n.

(ii.b) (fn) is a disjoint sequence in C (K) with
range(fn) ⊆ [0, 1] for each n,

(Un) is a disjoint sequence of nonempty
open subsets of K,

supp(fm) ∩ Un = ∅ for all m, n.

(iii.a) (Cn), (Dn) are disjoint sequences of clopen
subsets of A.

(iii.a) (Vn), (Wn) are disjoint sequences of basic
open subsets of K.

(iii.b) If α = β + 1 and i ∈ {0, 1},

(Pα,1i,Qα,1i) = (Pβ,1 × {i},Qβ,1 × {i}) .

(iii.b) If α = β + 1 and I ∈ {[0, 1/3], [2/3, 1]},

(Pα,I ,Qα,I) = (Pβ,1 × I,Qβ,1 × I) .
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Note that the space [0, 1]2
ω

is separable (see e.g. [Dug66, p.175, Theorem 7.2]) thus, as

before, (i.c) implies that so is K.

To get (P2), we introduce property (K) to state which we reformulate the definition of

property (K′) making substitutions described in (ii.b). Note that property (K) is similar

to property (H) from [Ple04] as well as to the property described in [Kos04, Theorem 5.1].

The main difference is the same as in the zero-dimensional case, namely, we replace a

sequence (xn) of points in K with a sequence (Un) of nonempty open subsets of K. We

show that a space with property (K) is weakly Koszmider. To construct a space with

property (K), we use the same idea of adding and preserving suprema of disjoint functions

and forbidden splittings as before.

As in the zero-dimensional case, to ensure that K has no open butterflies, instead of

adding one pair to the list of forbidden splittings, at each step of our construction we add

up to four new pairs.

Finally, since K is constructed as the inverse limit of the spaces Kα, to get (P4), it

is sufficient to ensure that each Kα is connected. To do this, we use tools from [Kos04].

Specifically, Koszmider showed that strong extensions of topological spaces preserve con-

nectedness and so, as described in (i.d), if α has the form β+1, we define Kα = Kβ(τ)×[0, 1]

where Kβ(τ) is the extension of K by (fn)n∈τ , and τ is picked so that the resulting extension

is strong. At limit stages we take inverse limits which also preserve connectedness.

4.1.2 Overview of the chapter

The chapter is organised as follows. We start with section 4.2 containing preliminary defini-

tions and results that will be used throughout the section. Specifically, we include material

on disjoint sequences of functions (section 4.2.1), forbidden splittings (section 4.2.2), irre-

ducible maps and Gleason spaces (section 4.2.3, see also section 3.2.2) and extensions of

topological spaces (section 4.2.4).

We then proceed to section 4.3 in which we define property (K) and show that a topo-

logical space with property (K) is weakly Koszmider. Section 4.4 contains all intermediate

results regarding preservation of suprema and forbidden splittings. Finally, section 4.5 is

devoted to the construction of a space K which satisfies properties (P1)–(P4), as is checked

in section 4.6.
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4.1.3 Notation and terminology

• Let K and L be topological spaces and suppose that there exists a natural, unam-

biguously defined continuous surjection from L onto K. We denote such a surjection

by ρLK . For example, if L = K × [0, 1], we define

ρLK((x, t)) = x

for each (x, t) ∈ L with x ∈ K and t ∈ [0, 1].

• For convenience, whenever α, β are ordinals with β 6 α, we will use the standard

notation παβ instead of the defined above ρ[0,1]α

[0,1]β
.

• Suppose that K and L are topological spaces such that there exists a (natural) con-

tinuous surjection ρLK : L� K. For any f ∈ C (K) we define the lifting of f to C (L)

to be the function

f [L] = f ◦ ρLK ,

and for any F ⊆ C (K) we set

F [L] = {f [L] : f ∈ F}.

In a similar fashion, for any A ⊆ K and A ⊆P(K) we define

A[L] = (ρLK)−1(A)

to be the lifting of A to L, and

A[L] = {A[L] : A ∈ A}.

• If A ⊆P(K) and I ⊆ [0, 1], we define

A× I = {A× I : A ∈ A}.

4.2 Preliminary results

4.2.1 Bounded disjoint sequences of functions and their suprema

Let K be a topological space and suppose that (fn)n∈ω is a disjoint sequence in C (K) with

range(fn) ⊆ [0, 1] for each n.
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Definition 4.2.1. We say that f ∈ C (K) is a supremum of (fn)n∈ω in C (K) if f is the

pointwise supremum of the set {fn : n ∈ ω}. When a supremum of (fn)n∈ω exists in C (K),

we denote it by ∨n∈ωfn.

Lemma 4.2.2. Suppose that (fn) has a supremum in C (K). Then

supp(∨n∈ωfn) ⊆
⋃

supp(fn).

Proof. Consider any x 6∈
⋃

supp(fn). There exists g ∈ C (K) such that

[g]|⋃
supp(fn)

≡ 1 and g(x) = 0.

Then fn 6 g for each n, and so 0 6 ∨n∈ωfn 6 g. In particular, 0 6 ∨n∈ωfn(x) 6 g(x) = 0

meaning that x 6∈ supp(∨n∈ωfn) as required.

Koszmider’s paper [Kos04] contains a simple criterion regarding how one can check

whether a given function f ∈ C (K) is a supremum of (fn)n∈ω. In order to state it, we need

to introduce another piece of notation.

Notation 4.2.3. Let f ∈ C (K). We define

∆(f, (fn)n∈ω) =

{
x ∈ K :

∑
n∈ω

fn(x) 6= f(x)

}
.

Lemma 4.2.4 ([Kos04, Lemma 4.1 (a)]). Let f ∈ C (K). Then f is a supremum of (fn)n∈ω

in C (K) if and only if ∆(f, (fn)n∈ω) is nowhere dense in K.

We finish the section with another result from [Kos04].

Notation 4.2.5. Let τ ⊆ ω. We define

D(τ) =
⋃
{U ⊆ K : U is open and the set {n ∈ τ : supp(fn) ∩ U 6= ∅} is finite} .

Lemma 4.2.6 ([Kos04, Lemma 4.1 (b)]). D(τ) is an open dense subset of K and
∑

n∈τ fn

is well-defined and continuous on D(τ).
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4.2.2 Forbidden splittings

Let K be a topological space and P,Q ⊆P(K).

Definition 4.2.7. We say that

• the pair (P,Q) is split in K (by h) if there exists h ∈ C (K) with

⋃
P ⊆ h−1({0}),

⋃
Q ⊆ h−1({1}),

• the pair (P,Q) forms a forbidden splitting in K if it cannot be split in K.

Using Urysohn’s Lemma [Wil70, 15.4], the second part of Definition 4.2.7 can be refor-

mulated as follows.

Lemma 4.2.8. The pair (P,Q) forms a forbidden splitting in K if and only if

⋃
P ∩

⋃
Q 6= ∅.

4.2.3 Irreducible maps and Gleason spaces revisited

In this section we collate the results about irreducible maps and Gleason spaces which will

be used throughout the section. Our notation is carried over from section 3.2.2. For more

information we refer the reader to [CN74, Chapter 2].

The first result describes properties of Gleason spaces and, in particular, shows that

Gleason spaces can be regarded as a topological analogue of complete Boolean algebras

(which is not surprising as a Gleason space is, after all, the Stone space of a complete

Boolean algebra).

Theorem 4.2.9. Let X be a topological space. The following statements are equivalent.

(i) X is the Gleason space of some topological space Y .

(ii) C (X) is Dedekind complete, that is, every nonempty bounded subset of C (X) has a

supremum in C (X).

(iii) X is projective, that is, if Z, Z ′ are topological spaces, ρ : Z ′ � Z is a continuous

surjection and ψ : X → Z is continuous, there exists a continuous ψ̃ : X → Z ′ such
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that the diagram

Z ′

ρ

��
X

ψ̃
88ppppppppppppp

ψ
// Z

is commutative, that is, ψ = ρψ̃.

(iv) X is extremally disconnected.

Proof. A proof of equivalence of (ii), (iii) and (iv) may be found in [Sem71, Theorem 24.7.1],

and it was shown in [Gle58] that (i) and (iv) imply each other.

Corollary 4.2.10. Let X, Z and Z ′ be topological spaces such that there exist continu-

ous irreducible surjections ψ : GX � Z and ρ : Z ′ � Z. Then there exists a continuous

irreducible surjection ψ̃ : GX � Z ′ which makes the diagram

Z ′

ρ

��
GX

ψ̃

88ppppppppppppp

ψ
// Z

commutative.

Proof. Existence of a continuous ψ̃ with ψ = ρψ̃ follows from Theorem 4.2.9. If ψ̃(GX) $ Z ′

then, by irreducibility of ρ, we have

Z = ψ(GX) = ρ(ψ̃(GX)) $ Z

which is, of course, a contradiction. Thus ψ̃ is surjective.

Suppose now that F $ GX is closed. Irreducibility of ψ implies that

ρ(ψ̃(F )) = ψ(F ) $ Z = ρ(ψ̃(GX))

which means that ψ̃(F ) $ ψ̃(GX) and ψ̃ is irreducible.

We finish the section with two easy but useful results.

Lemma 4.2.11. For i ∈ {0, 1} let ρi : Xi � Yi be a continuous irreducible surjection.

Define

ρ : X0 ×X1 → Y0 × Y1

(x0, x1) 7→ (ρ0(x0), ρ1(x1)).
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Then ρ is a continuous irreducible surjection.

Proof. Firstly, ρ is continuous and onto as both ρ0 and ρ1 are. To prove irreducibility, take

any closed F $ X0 ×X1. Then for each i there exists open nonempty Ui ⊆ Xi such that

U0 × U1 ⊆ (X0 ×X1)\F.

The set Xi\Ui is a proper closed subset of Xi. Thus, by irreducibility of ρi, we can pick

yi ∈ Yi\ρi(Xi\Ui). Consider now the point y = (y0, y1) and suppose that x = (x0, x1) ∈

ρ−1({y}). Then for each i we have ρi(xi) = yi and so xi ∈ Ui. Consequently x ∈ U0 × U1,

y 6∈ ρ(F ) and so ρ(F ) $ X0 ×X1.

Lemma 4.2.12. Let ρ : X → Y be a continuous irreducible surjection.

(i) If D is an open dense subset of Y , then ρ−1(D) is an open dense subset of X.

(ii) If M is a nowhere dense subset of Y , then ρ−1(M) is a nowhere dense subset of X.

Proof. (i) First of all, continuity of ρ implies that ρ−1(D) is open. Now, consider any open

U with ∅ 6= U ⊆ X. Then X\U is a proper closed subset of X and so, by irreducibility,

ρ(X\U) is a proper closed subset of Y . Thus we can find a point

d ∈ D ∩ (Y \ρ(X\U)).

Then ρ−1({d}) ⊆ U and U ∩ ρ−1(D) 6= ∅. Consequently, ρ−1(D) is dense in X.

(ii) If int
(
M
)

= ∅, then

Y = Y \int
(
M
)

= Y \M

which means that Y \M is an open dense subset of Y . By the previous part, ρ−1(Y \M) is

an open dense subset of X, that is,

X = ρ−1(Y \M) = X\ρ−1(M) = X\int
(
ρ−1(M)

)
and so, in particular,

int
(
ρ−1(M)

)
⊆ int

(
ρ−1(M)

)
= ∅.
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4.2.4 Extensions of topological spaces

Let K be a topological space and suppose that (fn)n∈ω is a disjoint sequence in C (K) with

range(fn) ⊆ [0, 1] for each n.

Definition 4.2.13 ([Kos04, Definition 4.2]). Let τ ⊆ ω.

• We define the extension K(τ) of K by (fn)n∈τ to be the set

K(τ) = graph

[∑
n∈τ

fn

]∣∣∣∣∣
D(τ)

,
where the closure is taken in K × [0, 1].

• We say that the extension K(τ) of K by (fn)n∈τ is strong if

graph

(∑
n∈τ

fn

)
⊆ K(τ).

Notation 4.2.14. Note that density of D(τ) ensures that the projection (x, t) 7→ x from

K(τ) into K is onto. Following the notation from section 4.1.3, we denote it by ρK(τ)
K .

Theorem 4.2.15 ([Kos04, Lemma 4.3 (a)]). The (continuous) function

f : K(τ) → [0, 1]

(x, t) 7→ t ∀(x, t) ∈ K(τ) with x ∈ K, t ∈ [0, 1]

is a supremum of (f [K(τ)]
n )n∈τ in C (K(τ)).

Notation 4.2.16. We denote the function f from Theorem 4.2.15 by f [K(τ)]
τ , that is,

f [K(τ)]
τ (x, t) = t ∀(x, t) ∈ K(τ). (4.1)

The extension K(τ) turns out to be a natural analogue of the algebra 〈A, Aτ 〉.

Proposition 4.2.17. Let K(τ) be the extension of K by (fn)n∈τ . Then

C (K(τ)) =
〈
C (K)[K(τ)], f

[K(τ)]
τ

〉
.
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Proof. Let (x, t), (x′, t′) be distinct points in K(τ). Then either x 6= x′ and there exists

g ∈ C (K) with g(x) 6= g(x′) giving

g[K(τ)]((x, t)) = g ◦ ρK(τ)
K ((x, t)) = g(x) 6= g(x′) = g ◦ ρK(τ)

K ((x′, t′)) = g[K(τ)](x′, t′),

or t 6= t′ and

f [K(τ)]
τ ((x, t)) = t 6= t′ = f [K(τ)]

τ ((x′, t′)).

Thus
〈
C (K)[K(τ)], f

[K(τ)]
τ

〉
separates points of K(τ). Since χC (K(τ)) = χ

[K(τ)]
C (K) , the result

follows from the Stone–Weierstrass Theorem [DS58, IV.6.15, Theorem 16].

Corollary 4.2.18. Let D be a dense subset of C (K). Then

C (K(τ)) =
〈
D[K(τ)], f

[K(τ)]
τ

〉
.

In particular,

density(C (K(τ))) = density(C (K)).

Proof. Let f ∈ C (K(τ)) and ε > 0. By Proposition 4.2.17, we can find k ∈ ω and

g0, . . . , gk ∈ C (K) such that if we define

g = g
[K(τ)]
0 + g

[K(τ)]
1 f [K(τ)]

τ + · · ·+ g
[K(τ)]
k

(
f [K(τ)]
τ

)k
,

then

‖f − g‖∞ 6
ε

2
.

By density, for each j 6 k we may find hj ∈ D with

‖gj − hj‖ 6
ε

2j+2
.

Then, defining

h = h
[K(τ)]
0 + h

[K(τ)]
1 f [K(τ)]

τ + · · ·+ h
[K(τ)]
k

(
f [K(τ)]
τ

)k
∈
〈
D[K(τ)], f [K(τ)]

τ

〉
and keeping in mind that

∥∥∥f [K(τ)]
τ

∥∥∥
∞
6 1, we get

‖f − h‖∞ 6 ‖f − g‖∞ + ‖g − h‖∞

6 ‖f − g‖∞ + ‖g0 − h0‖∞ + ‖g1 − h1‖∞
∥∥∥f [K(τ)]

τ

∥∥∥
∞

+ · · ·

+ ‖gk − hk‖∞
(∥∥∥f [K(τ)]

τ

∥∥∥
∞

)k
<

ε

2
+
∞∑
j=0

ε

2j+2

= ε,
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which completes the proof.

The main reason we are interested in strong extensions rather than general ones is that

the former preserve connectedness and so will help us to achieve (P4).

Theorem 4.2.19 ([Kos04, Lemma 4.4]). Suppose that the extension K(τ) is strong. If K

is connected, then so is K(τ).

Strong extensions give us another bonus which will be used later in the section on

preservation of forbidden splittings.

Lemma 4.2.20. Suppose that the extension K(τ) is strong and let (x, t) ∈ K(τ) be such

that x ∈ D(τ). Then t =
∑

n∈τ fn(x).

Proof. The proof is essentially the same as the proof of part (a) of [Kos04, Lemma 4.3].

Suppose, for a contradiction, that t 6=
∑

n∈τ fn(x). Let U 3 t and V 3
∑

n∈τ fn(x) be

disjoint open sets. By Lemma 4.2.6, the function
∑

n∈τ fn is continuous at x, and so there

exists an open W 3 x with ∑
n∈τ

fn(W ) ⊆ V.

Consider now the set

A = W × U.

Then A is open and A ∩K(τ) 3 (x, t). Hence we can find a point

(x′, t′) ∈ A ∩ graph

[∑
n∈τ

fn

]∣∣∣∣∣
D(τ)

 .

Then x′ ∈W and thus

U 3 t′ =
∑
n∈τ

fn(x′) ∈
∑
n∈τ

fn(W ) ⊆ V.

This, however, lead to a contradiction as we assumed that U ∩ V = ∅.

Corollary 4.2.21. Suppose that the extension K(τ) is strong. Then ρ
K(τ)
K is a continuous

irreducible surjection.
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Proof. Surjectivity of ρK(τ)
τ was already mentioned in Notation 4.2.14. Consider now any

closed F $ K(τ). Then K(τ)\F is nonempty and open and hence there exists a point

(x, t) ∈ (K(τ)\F ) ∩ graph

[∑
n∈τ

fn

]∣∣∣∣∣
D(τ)

 .

Then x ∈ D(τ) and, by Lemma 4.2.20,
(
ρ
K(τ)
K

)−1
({x}) = {(x, t)}. Thus x ∈ K\ρK(τ)

K (F )

and ρ
K(τ)
K (F ) $ K as required.

Note that Corollary 4.2.21 together with Lemma 4.2.12 implies that if the extension

K(τ) is strong, then
(
ρ
K(τ)
K

)−1
(M) is nowhere dense in K(τ) whenever M is nowhere

dense in K. This result, in fact, holds for an arbitrary extension.

Lemma 4.2.22 ([Kos04, Lemma 4.3 (a)]). Let M be a nowhere dense subset of K. Then(
ρ
K(τ)
K

)−1
(M) is a nowhere dense subset of K(τ).

Theorem 4.2.23 ([Kos04, Lemma 4.5 (a)]). Fix an almost disjoint family (σξ)ξ<2ω of

infinite subsets of ω and assume that weight(K) = κ < 2ω. There exists a set A ⊆ 2ω with

|A| 6 κ such that for any ξ ∈ 2ω\A and any infinite τ ⊆ σξ the extension K(τ) is strong.

4.3 Property (K)

Property (K) is a natural generalisation of property (K′) introduced in section 3.3.

Definition 4.3.1. Let K be a topological space. We say that K has property (K) if, given

(a) a disjoint sequence (fn) in C (K) with range(fn) ⊆ [0, 1] for each n,

(b) a disjoint sequence (Un) of open nonempty subsets of K with supp(fm) ∩ Un = ∅ for

all m, n,

there exists an infinite τ ⊆ ω such that

(i) the sequence (fn)n∈τ has a supremum in C (K),

(ii) the pair ((Un)n∈τ , (Un)n6∈τ ) cannot be split in K.

Theorem 4.3.2. Let K be a topological space with property (K). Then K is weakly Koszmider.
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The proof of Theorem 4.3.2 is similar to the proof of Theorem 3.3.2 and so, as before,

we start with an assumption which abuses the existing notation slightly but nevertheless

allows us to write out arguments in a more simple and aesthetically pleasing manner.

Assumption 4.3.3 (Valid until the rest of section 4.3). Throughout the rest of this section

(i) unless stated otherwise, all cited subsets of ω (such as τ , σ and similar) are assumed

to be infinite,

(ii) unless stated otherwise, all cited subsets of K (such as Un, X and similar) are assumed

to be nonempty and open,

(iii) if (Un) is a sequence in K, we say that (Vn) ⊆ K is a refinement of (Un) if Vn ⊆ Un

for each n. When this is the case, we write (Vn) 4 (Un). As discussed above, it is

implicitly assumed that all Un and Vn are nonempty and open.

Lemma 4.3.4. Let K be a topological space and suppose that we are given

(a) an operator T : C (K)→ C (K),

(b) a disjoint sequence (fn) in C (K) with range(fn) ⊆ [0, 1] for each n,

(c) a sequence (Un) of mutually disjoint (nonempty open) subsets of K,

(d) ε > 0.

Then there exist

(i) (an infinite) σ ⊆ ω,

(ii) a refinement (Dn)n∈σ 4 (Un)n∈σ

with the property that whenever τ is a subset of σ such that (fn)n∈τ has a supremum in C (K)

and n ∈ σ\τ , we have ∥∥ [T (∨n∈τfn)]|Dn
∥∥
∞ 6 ε.

The proof of Lemma 4.3.4 requires a few more intermediate results which we write out

as separate claims.

77



Claim 4.3.5. Let (gn)n∈ω ⊆ C (K) be a disjoint sequence with range(gn) ⊆ [0, 1] for each n,

and consider any τ, θ ⊆ ω with the property that (gn)n∈τ and (gn)n∈θ have suprema in C (K).

Then

(i) if τ ∩ θ = ∅, then (∨n∈τgn) · (∨n∈θgn) = 0.

Suppose now that F ⊆ τ is finite. Then

(ii) (gn)n∈F has a supremum in C (K) and ∨n∈F gn =
∑

n∈F gn,

(iii) (gn)n∈τ\F has a supremum in C (K) and ∨n∈τgn = ∨n∈τ\F gn + ∨n∈F gn.

Proof. (i) By Lemma 4.2.2, supp(∨n∈τgn) ∩ supp(∨n∈θgn) is an open set contained in⋃
n∈τ supp(gn) ∩

⋃
n∈θ supp(gn) and so the result follows from disjointness of (gn).

(ii) This part is immediate as
∑

n∈F gn ∈ C (K).

(iii) Consider the function

h = ∨n∈τgn − ∨n∈F gn = ∨n∈τgn −
∑
n∈F

gn.

Since ∨n∈τgn and ∨n∈F gn both lie in C (K), so does h. We also have

∆(h, (gn)n∈τ\F ) =

x ∈ K : h(x) 6=
∑
n∈τ\F

gn(x)


=

x ∈ K : ∨n∈τgn(x)−
∑
n∈F

gn(x) 6=
∑
n∈τ\F

gn(x)


=

{
x ∈ K : ∨n∈τgn(x) 6=

∑
n∈τ

gn(x)

}
= ∆(∨n∈τgn, (gn)n∈τ ).

By Lemma 4.2.4, ∆(∨n∈τgn, (gn)n∈τ ) is nowhere dense, hence so is ∆(h, (gn)n∈τ\F ). Thus,

by Lemma 4.2.4 again, h is a supremum of (fn)n∈τ\F in C (K).

Claim 4.3.6. Suppose that we are given an operator S : C (K)→ C (K), a disjoint (gn) ⊆ C (K)

with range(gn) ⊆ [0, 1] for each n, a disjoint (Yn) ⊆P(K) and δ > 0. Then

(i) there exist M ∈ ω and a refinement (Y (1)
n ) 4 (Yn) such that∥∥∥ [SgM ]|

Y
(1)
n

∥∥∥
∞
6 δ for infinitely many n,
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(ii) for any N ∈ ω there exist σN ⊆ ω and Y
(2)
N ⊆ YN such that whenever τ is a subset

of σN with the property that (gn)n∈τ has a supremum in C (K), we have∥∥∥ [S(∨n∈τgn)]|
Y

(2)
N

∥∥∥
∞
6 δ.

Proof. (i) Suppose, for a contradiction, that for any M ∈ ω and (Y (1)
n ) 4 (Yn) there exists k

such that ∥∥∥ [SgM ]|
Y

(1)
n

∥∥∥
∞
> δ ∀n > k.

By Claim 3.3.5, for each n > k there exist α ∈ {−1, 1} and Ŷ
(1)
n ⊆ Y (1)

n with the property

[S (αgM )]|
Ŷ

(1)
n

> δ. (4.2)

To get a contradiction, we construct inductively sequences (kj)j∈ω, ((αj,n)n>kj )j∈ω and

((Yj,n)n>kj )j∈ω such that for each j we have

(i.a) kj+1 > kj ,

(i.b) (αj,n)n>kj ⊆ {−1, 1},

(i.c) (Yj+1,n)n>kj+1
4 (Yj,n)n>kj+1

4 (Yn)n>kj+1
,

(i.d) [S(αj,ngj)]|Yj,n > δ for all n > kj .

Base Case. By (4.2), there exists k0 ∈ ω such that for each n > k0 we can find

α0,n ∈ {−1, 1} and Y0,n ⊆ Yn with

[S (α0,ng0)]|Y0,n
> δ.

Inductive Step. Suppose that the construction has been completed up to some j. Ap-

plying (4.2) to j + 1 and (Yj,n)n>kj , we can pick k ∈ ω such that for each n > k there exist

αj+1,n ∈ {−1, 1} and Yj+1,n ⊆ Yj,n with

[S (αj+1,ngj+1)]|Yj+1,n
> δ.

To complete the inductive step, take kj+1 = max{kj + 1, k} to ensure kj+1 > kj .

Once the construction has been completed, take J =
[
‖S‖
δ

]
. It follows from disjointness

of (gn) that for any combination of signs the function ±g0 ± · · · ± gJ has norm at most 1

and, in particular,

‖S(α0,kJ g0 + · · ·+ αJ,kJ gJ)‖∞ 6 ‖S‖ .
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On the other hand, since (kj)06j6J is an increasing sequence, while (Yj,kJ )06j6J is decreas-

ing, condition (i.d) implies that

[S(α0,kJg0 + · · ·+ αJ,kJgJ)]|YJ,kJ > (J + 1)δ >
‖S‖
δ
δ = ‖S‖ ,

which, combined with the previous estimate, gives the required contradiction.

(ii) Fix N ∈ ω and suppose, for a contradiction, that for any σ ⊆ ω and Y
(2)
N ⊆ YN

there exists τ ⊆ σ such that (gn)n∈τ has a supremum in C (K) and∥∥∥ [S(∨n∈τgn)]|
Y

(2)
N

∥∥∥
∞
> δ.

Then we can find α ∈ {−1, 1} and Ŷ
(2)
N ⊆ Y (2)

N such that

[S (α ∨n∈τ gn)]|
Ŷ

(2)
N

> δ. (4.3)

Define J =
[
‖S‖
δ

]
and partition ω into J + 1 disjoint parts σ0, . . . , σJ . Using another

inductive argument, we construct sequences (τj)06j6J , (αj)06j6J and (Yj,N )06j6J such that

for each j

(ii.a) τj ⊆ σj ,

(ii.b) αj ∈ {−1, 1},

(ii.c) Yj+1,N ⊆ Yj,N ⊆ YN ,

(ii.d) (gn)n∈τj has a supremum in C (K) and
[
S
(
αj ∨n∈τj gn

)]∣∣
Yj,N

> δ.

The Base Case follows from (4.3) applied to σ0 and YN . For the Inductive Step suppose

that the construction has been completed up to some j with 0 6 j < J and apply (4.3) to

σj+1 and Yj,N .

We now proceed as in part (i). Disjointness of (σj)06j6J and part (i) of Claim 4.3.5

imply that (∨n∈τjgn)06j6J is a disjoint sequence, and hence

‖S (α0 ∨n∈τ0 gn + · · ·+ αJ ∨n∈τJ gn)‖∞ 6 ‖S‖ ‖α0 ∨n∈τ0 gn + · · ·+ αJ ∨n∈τJ gn‖ 6 ‖S‖ ,

while, on the other hand, since (Yj,N )06j6J is decreasing, condition (ii.d) implies that

[S (α0 ∨n∈τ0 gn + · · ·+ αJ ∨n∈τJ gn)]|YJ,N > (J + 1)δ >
‖S‖
δ
δ = ‖S‖

giving the required contradiction.
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Proof of Lemma 4.3.4. The proof is constructive and we start with showing that there exist

a subsequence (nj) and a refinement (Cnj ) 4 (Unj ) with the property that∥∥∥ [Tfnk ]|Cnl

∥∥∥
∞
6

ε

2k+2
∀k, l : k < l. (4.4)

To do this, we construct inductively sequences (nj)j∈ω, (Λj)j∈ω and ((Uj,n)n∈Λj )j∈ω such

that for each j

(i.a) nj+1 > nj ,

(i.b) Λj+1 ⊆ Λj ⊆ ω,

(i.c) Λj 3 nj+1,

(i.d) nj < min Λj ,

(i.e) (Uj+1,n)n∈Λj+1 4 (Uj,n)n∈Λj+1 4 (Un)n∈Λj+1 ,

(i.f)
∥∥∥[Tfnj]∣∣Uj,n∥∥∥∞ 6 ε

2j+2
for all n ∈ Λj .

Base Case. By Claim 4.3.6 (i), there exist n0 ∈ ω and (U0,n) 4 (Un) such that∥∥∥ [Tfn0 ]|U0,n

∥∥∥
∞
6
ε

4
for infinitely many n. (4.5)

We also define

Λ0 = {n > n0 : (4.5) holds for n}.

Inductive Step. Suppose that the construction has been carried out up to some j.

Applying part (i) of Claim 4.3.6 again, we can find nj+1 ∈ Λj (in particular, nj+1 > nj)

and (Uj+1,n)n∈Λj 4 (Uj,n)n∈Λj such that∥∥∥[Tfnj+1

]∣∣
Uj+1,n

∥∥∥
∞
6

ε

2j+3
for infinitely many n ∈ Λj . (4.6)

To complete the inductive step, we define

Λj+1 = {n ∈ Λj : n > nj and (4.6) holds for n}.

Once the construction is completed, for each j we define

Cnj = Uj,nj .
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Note that if we pick any k, l with k < l, then nl ∈ Λl−1 ⊆ Λk and so∥∥∥ [Tfnk ]|Cnl

∥∥∥
∞

=
∥∥∥ [Tfnk ]|Ul,nl

∥∥∥
∞
6
∥∥∥ [Tfnk ]|Uk,nl

∥∥∥
∞
6

ε

2k+2

giving (4.4).

We now need to further reduce the size of (Cnj ) and for this we construct inductively a

subsequence (njr) of (nj) and sequences (σr) and (Dnjr ) such that for each r

(ii.a) njr+1 > njr ,

(ii.b) σr+1 ⊆ σr ⊆ (nj),

(ii.c) njr+1 ∈ σr,

(ii.d) Dnjr ⊆ Cnjr ,

(ii.e) whenever τ ⊆ σr is such that (fn)n∈τ has a supremum in C (K), we have∥∥∥ [T (∨n∈τfn)]|Dnjr

∥∥∥
∞
6
ε

2
. (4.7)

For the Base Case set nj0 = n0 and apply Claim 4.3.6 (ii) to nj0 , (fn)n∈(nj), (Cn)n∈(nj)

and ε/2. For the Inductive Step set njr+1 to be the (r + 2)nd element of σr (that is, if

σr = (σr,k)k∈ω with σr,k+1 > σr,k for each k, then njr+1 = σr,r+1) and apply the same result

to njr+1 , (fn)n∈σr , (Cn)n∈σr and ε/2.

Once the construction has been completed, we define

σ = (njr)r∈ω.

Suppose now that τ ⊆ σ is such that (fn)n∈τ has a supremum in C (K), and n ∈ σ\τ .

By construction, there exists l ∈ ω with

n = njl .

Define

τ ′ = τ ∩ (njr)r>l.

Then τ ′ ⊆ σl and τ\τ ′ ⊆ (njr)r<l. By Claim 4.3.5, both (fm)m∈τ ′ and (fm)m∈τ\τ ′ have

suprema in C (K) and

∨m∈τfm = ∨n∈τ ′fm +
∑

m∈τ\τ ′
fm.
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Putting together all of the above, we get

∥∥ [T (∨m∈τfm)]|Dn
∥∥
∞ =

∥∥∥∥∥∥
T
∨m∈τ ′fm +

∑
m∈τ\τ ′

fm

∣∣∣∣∣∣
Dn

∥∥∥∥∥∥
∞

6

∥∥∥∥ [T (∨m∈τ ′fm)]|Dnjl

∥∥∥∥
∞

+
∑

njk∈τ\τ
′

k<l

∥∥∥∥∥[Tfnjk ]∣∣∣Cnjl
∥∥∥∥∥
∞

6
ε

2︸︷︷︸
by (4.7)

+
∑

njk∈τ\τ
′

k<l

ε

2jk+1

︸ ︷︷ ︸
by (4.4), as k < l ⇔ jk < jl

6
ε

2
+

∑
njk∈τ\τ

′

k<l

ε

2k+2

<
ε

2
+
∑
k∈ω

ε

2k+2

<
ε

2
+
ε

2
= ε

as required.

Finally, as in the zero-dimensional case, we need one more result.

Lemma 4.3.7. Let K be a topological space and suppose that an operator T : C (K)→ C (K)

is noncentripetal. Then

(i) there exist (xn) ⊆ K, a disjoint (fn) ⊆ C (K) and an ε > 0 such that

xn 6∈ supp(fn), range(fn) ⊆ [0, 1] and |(Tfn)(xn)| > ε ∀n,

(ii) there exist a disjoint sequence of nonempty (Un) ⊆ P(K), a disjoint (fn) ⊆ C (K)

and ε > 0 such that

range(fn) ⊆ [0, 1], supp(fm) ∩ Un = ∅ and
∣∣ [Tfn]|Un

∣∣ > ε ∀m,n.

Proof. (i) By part (ii) of Lemma 2.3.2, there exist (xn) ⊆ K, a disjoint (fn) ⊆ C (K), M > 0

and ε > 0 such that

xn 6∈ supp(fn), ‖fn‖∞ 6M and |(Tfn)(xn)| > 2ε ∀n.
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Replacing fn with fn/M , we may assume that ‖fn‖∞ 6 1. Thus range(f+
n ), range(f−n ) ⊆ [0, 1].

Consequently, either |(Tf+
n )(xn)| > ε or |(Tf−n )(xn)| > ε (or both). Thus, replacing fn with

f+
n or f−n and passing to subsequences if needed, we may assume that range(fn) ⊆ [0, 1] for

each n.

(ii) Let (xn), (fn) and ε be as in part (i). By disjointness, the norm of any finite sum of

±fn is at most 1. Hence, by boundedness of T , for any n there exist only finitely many m

with xn = xm. Thus, without loss of generality, we may assume that all xn are distinct.

Pick any n ∈ ω. By continuity, we can find Vn with xn ∈ Vn ⊆ K\supp(fn) and∣∣ [Tfn]|Vn
∣∣ > ε.

If supp(fm) ∩ Vn = ∅ for all m, n, we set Un = Vn for each n. Otherwise there are two

possibilities.

Case 1. There exist m ∈ ω and a subsequence (nj) such that

supp(fm) ∩ Vnj 6= ∅ ∀j.

In this case for each j we define

Unj = supp(fm) ∩ Vnj .

Then (Unj ) is disjoint and ∣∣∣∣[Tfnj]∣∣Unj
∣∣∣∣ > ε ∀j.

Furthermore, since supp(fnj ) ∩ Vnj = ∅, we have m 6∈ {nj : j ∈ ω}. Consequently,⋃
supp(fnj ) ∩

⋃
Unj ⊆

⋃
supp(fnj ) ∩ supp(fm) = ∅,

and so (fnj ), (Unj ) provide the required pair.

Case 2. For each m there exists Nm such that

supp(fm) ∩ Vn = ∅ ∀n > Nm.

In this case we start with constructing inductively a subsequence (nj) such that

supp(fnk) ∩ Vnl = ∅ ∀j, k, l : k 6 l 6 j. (4.8)

For this we define n0 = 0 and, assuming that n0 < n1 < · · · < nj have been constructed,

set nj+1 = max{N0, . . . , Nnj , nj + 1}.

Next, we construct inductively sequences (ji), (Ji) and (Unji ) such that for each i
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(a) ji 6 Ji < ji+1,

(b) Unji ⊆ Vnji ,

(c) supp(fnj ) ∩ Unji = ∅ for all j > Ji.

This would mean that if k, l are any numbers with k > l then jk > jl+1 > Jl and so

supp(fnjk ) ∩ Unjl = ∅, (4.9)

which, combined with (4.8), would give the required result.

Base Case. Define j0 = 0. If supp(fnj ) ∩ Vnj0 = ∅ for all j > 0, we set J0 = j0 and

Unj0 = Vnj0 . Otherwise we set J0 to be any index with J0 > j0 and supp(fnJ0 ) ∩ Vnj0 6= ∅

and define Unj0 = supp(fnJ0 ) ∩ Vnj0 . Note that if j > J0 then

supp(fnj ) ∩ Unj0 ⊆ supp(fnj ) ∩ supp(fnJ0 ) = ∅.

Inductive Step. Suppose that the construction has been completed up to stage i and de-

fine ji+1 = Ji+1. Similar to the above, two cases are possible. If supp(fnj )∩Vnji+1
= ∅ for all

j > ji+1, we define Ji+1 = ji+1 and Unji+1
= Vnji+1

. Otherwise we set Ji+1 to be any index

with Ji+1 > ji+1 and supp(fnJi+1
) ∩ Vnji+1

6= ∅ and define Unji+1
= supp(fnJi+1

) ∩ Vnji+1
.

Then the condition (c) follows from disjointness of (fn). In either case the conditions (a)–(c)

are satisfied.

We are now ready to prove the main result of the section.

Proof of Theorem 4.3.2. Suppose that an operator T ∈ L C (K) is noncentripetal. By

Lemma 4.3.7, we can find ε > 0, a disjoint (fn) ⊆ C (K) and a disjoint (Un) ⊆ P(K)

such that

range(fn) ⊆ [0, 1], supp(fm) ∩ Un = ∅ and
∣∣ [Tfn]|Un

∣∣ > ε ∀m,n.

By Lemma 4.3.4, there exist σ ⊆ ω and (Dn)n∈σ 4 (Un)n∈σ with the property that

whenever τ ⊆ σ is such that (fn)n∈τ has a supremum in C (K) and n ∈ σ\τ , we have

∣∣ [T (∨n∈τfn)]|Dn
∣∣ 6 ε

3
. (4.10)

Applying property (K) to (fn)n∈σ and (Dn)n∈σ, we can find τ ⊆ σ such that
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(i) (fn)n∈τ has a supremum in C (K),

(ii)
⋃
n∈τ

Dn ∩
⋃

n∈σ\τ

Dn 6= ∅.

Note that (4.10) implies that

⋃
n∈σ\τ

Dn ⊆ (T (∨n∈τfn))−1([−ε/3, ε/3]). (4.11)

On the other hand, let n ∈ τ . If we define τ ′ = τ\{n}, then (fn)n∈τ ′ has a supremum

in C (K) and so, by (4.10), ∣∣ [T (∨n∈τ ′fn)]|Dn
∣∣ 6 ε

3
.

However, we have ∣∣ [Tfn]|Dn
∣∣ > ε

and so ∣∣ [T (∨n∈τfn)]|Dn
∣∣ =

∣∣ [T (∨n∈τ ′fn)]|Dn + [Tfn]|Dn
∣∣ > ε− ε

3
=

2ε
3

implying that ⋃
n∈τ

Dn ⊆ (T (∨n∈τfn))−1([−∞,−2ε/3] ∪ [2ε/3,∞]). (4.12)

Combination of (4.11) and (4.12) gives that

⋃
n∈τ

Dn ∩
⋃

n∈σ\τ

Dn = ∅

leading to a contradiction to the condition (ii). Hence our original assumption was wrong

and every operator on C (K) is indeed centripetal.

4.4 Preservation of suprema and forbidden splittings

Definition 4.4.1. Suppose that K and L are topological spaces such that there exists a

continuous surjection ρLK : L� K.

• Let (fn) ⊆ C (K) be a disjoint sequence with range(fn) ⊆ [0, 1] for each n and suppose

also that (fn) has a supremum in C (K). We say that the supremum of (fn) is preserved

in C (L) if

– (f [L]
n ) has a supremum in C (L), and
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– ∨n∈ω(f [L]
n ) = (∨n∈ωfn)[L].

• Suppose that (P,Q) ⊆ P(K) ×P(K) is a forbidden splitting in K. We say that

(P,Q) is preserved in L if
(
P [L],Q[L]

)
is a forbidden splitting in L.

Notation 4.4.2. To avoid too many brackets, if the supremum of (fn) ⊆ K is preserved

in L, we will write ∨n∈ωf [L]
n to denote both ∨n∈ω(f [L]

n ) and (∨n∈ωfn)[L].

As in the zero-dimensional case, we now proceed to establish a framework for the trans-

finite induction argument in section 4.5.

Proposition 4.4.3. Let α be an ordinal with 1 6 α < 2ω and consider a topological space K

such that

(a) K is (compact, Hausdorff and) connected,

(b) weight(K) = κ < 2ω so that we can fix a basis B for K with |B| = κ,

(c) density(C (K)) = d < 2ω,

(d) there exists a continuous irreducible surjection φ : K � [0, 1]α.

Suppose also that we are given

(e) a disjoint sequence (fn) ⊆ C (K) with range(fn) ⊆ [0, 1] for each n,

(f) a disjoint sequence (gn) ⊆ C (K) with range(gn) ⊆ [0, 1] and such that (gn) has a

supremum in C (K),

(g) a disjoint sequence (Un) of nonempty open subsets of K with supp(fm) ∩ Un = ∅ for

all m,n,

(h) an ordinal ν < 2ω and a transfinite sequence ((Pβ,Qβ))β<ν of forbidden splittings

in K.

As before, for each τ ⊆ ω we define

K(τ) = the extension of K by (fn)n∈τ .

Then
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(i) K(τ) is compact and Hausdorff,

(ii) weight(K(τ)) < 2ω and, in fact, there exists a basis B(τ) of K(τ) with |B(τ)| < 2ω

and B[K(τ)] ⊆ B(τ),

(iii) density(C (K(τ))) < 2ω,

(iv) the supremum of (gn)n∈ω is preserved in K(τ),

(v) the function f
[K(τ)]
τ defined in (4.1) is a supremum of (f [K(τ)]

n )n∈τ in C (K(τ)).

In addition to the above, there exists an infinite σ ⊆ ω such that for any τ ⊆ σ

(vi) K(τ) is a strong extension of K,

and consequently

(vii) K(τ) is connected,

(viii) ρ
K(τ)
K is a continuous irreducible surjection,

(ix) there exists a continuous irreducible surjection φ̃τ : K(τ)� [0, 1]α such that

K(τ)

ρ
K(τ)
K

��

φ̃τ

''PPPPPPPPPPPP

K
φ

// [0, 1]α

is a commutative diagram,

Furthermore, with σ as above we can find θ ⊆ σ such that whenever τ ⊆ θ,

(x) all splittings (Pβ,Qβ) are preserved in K(τ).

Finally, with θ as above, there exists τ ⊆ θ such that

(xi) the pair
(

(U [K(τ)]
n )n∈τ , (U

[K(τ)]
n )n6∈τ

)
cannot be split in K(τ).

Proof. (i) K(τ) is clearly Hausdorff and, being a closed subset of K × [0, 1], compact.

(ii) Since K(τ) ⊆ K × [0, 1], we have

weight(K(τ)) = max{weight(K),weight([0, 1])} < 2ω,
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and so there exists a basis B(τ) for K(τ) with |B(τ)| < 2ω. Note that U [K(τ)] is open

in K(τ) whenever U ∈ B, thus we can take B(τ) to be the basis generated by B[K(τ)]

and B(τ). Then

|B(τ)| = max{|B[K(τ)]|, |B(τ)|} < 2ω

as required.

(iii) By Corollary 4.2.18,

density(C (K(τ))) = density(C (K)) < 2ω.

(iv) Note that whenever g ∈ C (K), we have

∆
(
g[K(τ)], (g[K(τ)]

n )n∈ω
)

=

{
(x, t) ∈ K(τ) :

∑
n∈ω

gn

(
ρ
K(τ)
K (x, t)

)
6= g

(
ρ
K(τ)
K (x, t)

)}
=

{
(x, t) ∈ K(τ) : ρK(τ)

K (x, t) ∈ ∆(g, (gn)n∈ω)
}

=
(
ρ
K(τ)
K

)−1
(∆(g, (gn)n∈ω)) .

By Lemma 4.2.4, ∆(∨n∈ωgn, (gn)n∈ω) is nowhere dense, hence, by Lemma 4.2.22, so is

(ρK(τ)
K )−1(∆(∨n∈ωgn, (gn)n∈ω)). Applying Lemma 4.2.4 again, this means that g[K(τ)] is a

supremum of (g[K(τ)]
n ) in C (K(τ)) as required.

(v) This is Theorem 4.2.15.

(vi) This is Theorem 4.2.23.

(vii) This is Theorem 4.2.19.

(viii) This is Corollary 4.2.21.

(ix) We define

φ̃τ = φρ
K(τ)
K .

Since both ρ
K(τ)
K and φ are continuous irreducible surjections, so is φ̃τ .

(x) Let {θξ}ξ<2ω be an almost disjoint family of subsets of σ (for existence of such a

family see [Kun80, p. 48, Theorem 1.3]) and suppose, for a contradiction, that the statement

is false. Then for every ξ < 2ω there exist τξ ⊆ θξ and β < ν such that
(
P [K(τξ)]
β ,Q[K(τξ)]

β

)
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is split in K(τξ). In particular, there exists a continuous function Fξ : K(τξ) → [0, 1] such

that ⋃
P [K(τξ)]
β ⊆ (Fξ)−1({0}),

⋃
Q[K(τξ)]
β ⊆ (Fξ)−1({1}).

Let D be a dense subset of C (K) of cardinality d. Corollary 4.2.18 implies that there

exist k ∈ ω and g0, . . . , gk ∈ D such that if we define the function Gξ by setting

Gξ = g
[K(τξ)]
0 + g

[K(τξ)]
1 · f [K(τξ)]

τξ + · · ·+ g
[K(τξ)]
k ·

(
f

[K(τξ)]
τξ

)k
,

then

‖Fξ −Gξ‖∞ <
1
4
,

and so ⋃
P [K(τξ)]
β ⊆ G−1

ξ ([−1/4, 1/4]),
⋃
Q[K(τξ)]
β ⊆ G−1

ξ ([3/4, 5/4]). (4.13)

However, there are at most max{ω, d, |ν|} < 2ω possibilities for picking a tuple (k, g0, . . . , gk, β)

while there are 2ω choices for picking ξ. As a result, there must exist distinct ξ, η < 2ω for

which the same choice of (k, g0, . . . , gk, β) are made. That is, in addition to (4.13) we have⋃
P [K(τη)]
β ⊆ G−1

η ([−1/4, 1/4]),
⋃
Q[K(τη)]
β ⊆ G−1

η ([3/4, 5/4]), (4.14)

where

Gη = g
[K(τη)]
0 + g

[K(τη)]
1 · f [K(τη)]

τη + · · ·+ g
[K(τη)]
k ·

(
f

[K(τη)]
τη

)k
.

Following the algorithm from the previous chapter, [Hay81] or [Kos04], it would now be

logical to consider the product of Gξ and Gη (since τξ and τη are almost disjoint). However,

in order for this to be well-defined, we need to move to a bigger space which “contains”

both K(τξ) and K(τη). The Gleason space G[0,1]α turns out to be a suitable choice.

Note that, by projectivity of G[0,1]α , there exists a continuous ψ : G[0,1]α → K with

γ[0,1]α = φψ.

The same argument applied to the pairs (ψ, ρK(τξ)
K ) and (ψ, ρK(τη)

K ) gives rise to contin-

uous ψ̃τξ : G[0,1]α → K(τξ) and ψ̃τη : G[0,1]α → K(τη) such that all parts of the diagram

G[0,1]α

ψ̃
τξ

wwnnnnnnnnnnnn

ψ

��

ψ̃τη

''PPPPPPPPPPPP

K(τξ)

ρ
K(τξ)

K ((QQQQQQQQQQQQQQ K(τη)

ρ
K(τη)

Kvvmmmmmmmmmmmmmm

K
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commute. Finally, since γ[0,1]α , ρK(τξ)
K and ρ

K(τη)
K are continuous irreducible surjections,

Corollary 4.2.10 implies that so are all the functions involved in the above diagram.

Thus, as before, we can define liftings of functions from C (K), C (K(τξ)) and C (K(τξ))

to C (G[0,1]α). Specifically, if f ∈ C (K), g ∈ C (K(τξ)) and h ∈ C (K(τη)), we define

f [G[0,1]α ] = f ◦ ψ, g[G[0,1]α ] = g ◦ ψ̃τξ , h[G[0,1]α ] = h ◦ ψ̃τη .

In the same fashion, we define liftings of subsets of K, K(τξ) and K(τη) to G[0,1]α .

In particular, using (4.13), we see that

⋃
P [G[0,1]α ]

β =
(
ψ̃τξ
)−1 (⋃

P [K(τξ)]
β

)
⊆

(
ψ̃τξ
)−1 (

G−1
ξ ([−1/4, 1/4])

)
=

(
Gξ ◦ ψ̃τξ

)−1
([−1/4, 1/4])

=
(
G

[G[0,1]α ]

ξ

)−1
([−1/4, 1/4]).

Applying the same argument to (4.14), we get

⋃
P [G[0,1]α ]

β ⊆
(
G

[G[0,1]α ]
η

)−1
([−1/4, 1/4]),

and thus ⋃
P [G[0,1]α ]

β ⊆
(
G

[G[0,1]α ]

ξ ·G[G[0,1]α ]
η

)−1
([−1/16, 1/16]). (4.15)

Similarly, ⋃
Q[G[0,1]α ]

β ⊆
(
G

[G[0,1]α ]

ξ ·G[G[0,1]α ]
η

)−1
([9/16, 25/16]). (4.16)

Note that G
[G[0,1]α ]

ξ ·G[G[0,1]α ]
η ∈ C (K)[G[0,1]α ]. Indeed, for each i, j in {0, . . . , k} let

Fij =
((

f
[K(τξ)]
τξ

)[G[0,1]α ]
)i
·
((

f
[K(τη)]
τη

)[G[0,1]α ]
)j
∈ C (G[0,1]α).

Take any x ∈ ψ−1 (D(τξ) ∩ D(τη)). Lemma 4.2.20 implies that

(
ρ
K(τξ)
K

)−1
({ψ(x)}) =


ψ(x),

∑
n∈τξ

fn(ψ(x))

 .

But ψ = ρ
K(τξ)
K ◦ ψ̃τξ which implies that

ψ̃τξ(x) =

ψ(x),
∑
n∈τξ

(fn ◦ ψ)(x)


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and so

(
f

[K(τξ)]
τξ

)[G[0,1]α ]
(x) = f

[K(τξ)]
τξ

ψ(x),
∑
n∈τξ

(fn ◦ ψ)(x)

 =
∑
n∈τξ

(fn ◦ ψ)(x).

Similarly, (
f

[K(τη)]
τη

)[G[0,1]α ]
(x) =

∑
n∈τη

(fn ◦ ψ)(x).

Putting the last two expressions together and using disjointness of (fn), we conclude that

Fij =

∑
n∈τξ

f in ◦ ψ

 ·
∑
n∈τη

f jn ◦ ψ

 =

 ∑
n∈τξ∩τη

f i+jn

 ◦ ψ on ψ−1 (D(τξ) ∩ D(τη)) .

However, Lemma 4.2.6 tells us that each of D(τξ) and D(τη) is an open dense subset

of K, which means that so is their intersection. Irreducibility of ψ and Lemma 4.2.12 imply

that ψ−1 (D(τξ) ∩ D(τη)) is an open dense subset of G[0,1]α . Hence, by continuity of all

functions involved in the above formula, we can deduce that

Fij =

 ∑
n∈τξ∩τη

f i+jn

 ◦ ψ =

 ∑
n∈τξ∩τη

f i+jn

[G[0,1]α ]

.

In particular, since τξ ∩ τη is finite, Fij ∈ C (K)[G[0,1]α ].

Going back to the definitions of Gξ and Gη, note that

G
[G[0,1]α ]

ξ ·G[G[0,1]α ]
η =

2k∑
l=0

∑
06i,j6k
i+j=l

g
[G[0,1]α ]

i g
[G[0,1]α ]

j Fij .

Thus

G
[G[0,1]α ]

ξ ·G[G[0,1]α ]
η = G[G[0,1]α ]

for some G ∈ C (K). Consequently, (4.15) may be rewritten as

⋃
P [G[0,1]α ]

β ⊆
(
G[G[0,1]α ]

)−1
([−1/16, 1/16]).

Equivalently,

ψ−1(
⋃
Pβ) ⊆ (G ◦ ψ)−1([−1/16, 1/16]) = ψ−1

(
G−1([−1/16, 1/16])

)
.

However, ψ is a surjection, hence ψψ−1 = IK . Thus the last equation implies that

⋃
Pβ ⊆ G−1([−1/16, 1/16]).
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Applying the same argument to (4.16), we also get

⋃
Qβ ⊆ G−1([9/16, 25/16])

which, contrary to our initial assumption, means that (Pβ,Qβ) is split in K.

(xi) First of all, we show that whenever the pair ((Un)n∈τ , (Un)n 6∈τ ) is forbidden in K

for some τ ⊆ σ, it remains forbidden in K(τ).

Indeed, suppose that
(

(U [K(τ)]
n )n∈τ , (U

[K(τ)]
n )n6∈τ

)
is split in K(τ). Using the same

argument as in (4.13) and (4.14), we can find k ∈ ω and h0, . . . , hk ∈ C (K) such that

⋃
n∈τ

U [K(τ)]
n ⊆ H−1([−1/4, 1/4]),

⋃
n6∈τ

U [K(τ)]
n ⊆ H−1([3/4, 5/4]),

where H is defined by setting

H = h
[K(τ)]
0 + h

[K(τ)]
1 · f [K(τ)]

τ + · · ·+ h
[K(τ)]
k ·

(
f [K(τ)]
τ

)k
.

Note that for each n we have

f [K(τ)]
τ

(
U [K(τ)]
n

)
= 0. (4.17)

This is because if (x, t) ∈ U
[K(τ)]
n ∩ supp(f [K(τ)]

τ ), Lemma 4.2.2 implies that there exist

(x′, t′) ∈ U [K(τ)]
n and m ∈ τ with

0 6= f [K(τ)]
m ((x′, t′)) = fm

(
ρ
K(τ)
K ((x′, t′))

)
= fm(x′).

This, in turn, means that x′ ∈ supp(fm) ∩ Un which contradicts our initial assumption.

Equation (4.17) now implies that

[−1/4, 1/4] ⊇ H

(⋃
n∈τ

U [K(τ)]
n

)
= h

[K(τ)]
0

(⋃
n∈τ

U [K(τ)]
n

)

=
(
h0 ◦ ρK(τ)

K

)((
ρ
K(τ)
K

)−1
(⋃
n∈τ

Un

))

= h0

(⋃
n∈τ

Un

)
,

where the last equality follows from surjectivity of ρK(τ)
K . Thus

⋃
n∈τ

Un ⊆ h−1
0 ([−1/4, 1/4]).
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Similarly, ⋃
n6∈τ

Un ⊆ h−1
0 ([3/4, 5/4]),

and so ((Un)n∈τ , (Un)n6∈τ ) is split in K as required.

To complete the proof, pick µ with |µ| = κ and consider a basis B = {Bj : j < µ} of K.

Note that if ((Un)n∈τ , (Un)n6∈τ ) is split in K then, since K is compact and Hausdorff, there

exists a finite Λ(τ) ⊆ µ with

⋃
n∈τ

Un ⊆
⋃

n∈Λ(τ)

Bn,
⋃
n6∈τ

Un ∩
⋃

n∈Λ(τ)

Bn = ∅.

Let now τ and τ ′ be distinct subsets of θ such that both ((Un)n∈τ , (Un)n6∈τ ) and
(
(Un)n∈τ ′ , (Un)n6∈τ ′

)
are split in K. Without loss of generality there exists m ∈ τ\τ ′. Then

Um ⊆
⋃
n∈τ

Un ⊆
⋃

n∈Λ(τ)

Bn,

while

Um ∩
⋃

n∈Λ(τ ′)

Bn ⊆
⋃
n6∈τ ′

Un ∩
⋃

n∈Λ(τ ′)

Bn = ∅.

Since Um 6= ∅, this means that Λ(τ) 6= Λ(τ ′).

However, there are only κ < 2ω choices for picking a finite subset Λ(τ) ⊆ µ versus 2ω

choices for picking a subset τ of θ. This means that there must exist τ ⊆ θ for which Λ(τ)

cannot be found or, equivalently, the splitting ((Un)n∈τ , (Un)n6∈τ ) is forbidden in K. As

shown earlier, it remains forbidden in K(τ).

Proposition 4.4.4. Let α be an ordinal with 1 6 α < 2ω and consider a topological space K

such that

(a) K is (compact, Hausdorff and) connected,

(b) weight(K) = κ < 2ω so that we can fix a basis B for K with |B| < κ,

(c) density(C (K)) < 2ω,

(d) there exists a continuous irreducible surjection φ : K � [0, 1]α.

Suppose also that we are given
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(e) a disjoint sequence (gn) ⊆ C (K) such that range(gn) ⊆ [0, 1] for each n and (gn) has

a supremum in C (K),

(f) a forbidden splitting (P,Q) in K.

Define

L = K × [0, 1].

Then

(i) L is compact Hausdorff and connected,

(ii) weight(L) < 2ω and moreover there exists a basis E for L with |E | < 2ω and B[L] ⊆ E ,

(iii) density(C (L)) < 2ω,

(iv) there exists a continuous surjection ρLK : L� K,

(v) the supremum of (gn) is preserved in C (L),

(vi) the splitting (P,Q) is preserved in L,

(vii) each of (P × [0, 1/3],Q× [0, 1/3]), (P × [2/3, 1],Q× [2/3, 1]) forms a forbidden split-

ting in L,

(viii) there exists an irreducible surjection φ′ : L� [0, 1]α+1 such that the diagram

L
φ′ //

ρLK
��

[0, 1]α+1

πα+1
α

��
K

φ
// [0, 1]α

is commutative.

Proof. (i) This is immediate as both K and [0, 1] are compact Hausdorff and connected.

(ii) Let B′ be a countable basis for [0, 1]. Define E to be the basis generated by

{B × [0, 1] : B ∈ B} and {K ×B′ : B′ ∈ B′}. Then

|E | = max{|B|, |B′|} < 2ω

and clearly B[L] = B × [0, 1] ⊆ E .
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(iii) By the Stone–Weierstrass Theorem [DS58, IV.6.15, Theorem 16],

C (L) =
〈
F [L],G[L]

〉
,

whenever F is a dense subset in C (K) and G is a dense subset of C ([0, 1]). Thus

density(C (L)) = max{density(C (K)),density(C ([0, 1]))} < 2ω.

(iv) For each (x, t) ∈ L we define

ρLK((x, t)) = x.

(v) By Lemma 4.2.4, the set ∆(∨n∈ωgn, (gn)n∈ω) is nowhere dense. But then so is

∆((∨n∈ωgn)[L], (g[L]
n )n∈ω) = ∆(∨n∈ωgn, (gn)n∈ω)× [0, 1].

Lemma 4.2.4 now yields that (∨n∈ωgn)[L] is a supremum of (g[L]
n )n∈ω in C (L).

(vi) Note that if (P,Q) is a forbidden splitting, then⋃
P [L] ∩

⋃
Q[L] =

⋃
P × [0, 1] ∩

⋃
Q× [0, 1] =

(⋃
P ∩

⋃
Q
)
× [0, 1] 6= ∅,

and so
(
P [L],Q[L]

)
cannot be split in L.

(vii) The proof is precisely the same as in (vi): since
⋃
P ∩

⋃
Q 6= ∅,⋃

P × [0, 1/3] ∩
⋃
Q× [0, 1/3] =

(⋃
P ∩

⋃
Q
)
× [0, 1/3] 6= ∅,

and similar for (P × [2/3, 1],Q× [2/3, 1]).

(viii) We define φ′ : L→ [0, 1]α+1 by setting

φ′(x, t) = (φ(x), t) ∀(x, t) ∈ L.

Since φ and I[0,1] are continuous irreducible surjections, Lemma 4.2.11 implies that so

is φ′. Finally, for any (x, t) ∈ L we have

πα+1
α (φ′((x, t))) = πα+1

α ((φ(x), t))

= φ(x)

= φ
(
ρLK((x, t))

)
,
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and so

πα+1
α ◦ φ′ = φ ◦ ρLK .

As mentioned in the introduction, the topological analogue of the union of Boolean

algebras is the inverse limit of an inverse system of topological spaces. For more information

on inverse limits and related topics we refer the reader to [Eng89, Section 2.5].

Proposition 4.4.5. Let α 6 2ω be a limit ordinal and suppose that we have a transfinite

sequence (Kβ)β<α of topological spaces such that

(a) each Kβ is (compact, Hausdorff and) connected,

(b) weight(Kβ) < 2ω so that we can fix a basis Bβ of Kβ with |Bβ| < 2ω,

(c) density(C (Kβ)) < 2ω so that we can fix a dense subset Dβ of C (Kβ) with |Dβ| < 2ω;

without loss of generality we may also assume that χKβ ∈ Dβ,

(d) for any γ 6 β < α there exists a continuous surjection ρ
Kβ
Kγ

: Kβ � Kγ such that the

family

S =
{
Kβ, ρ

Kβ
Kγ
, α
}

forms an inverse system, that is, for every δ 6 γ 6 β < α we have

ρ
Kγ
Kδ
ρ
Kβ
Kγ

= ρ
Kβ
Kδ

and ρ
Kβ
Kβ

= IKβ ,

(e) for each β < α there exists a continuous irreducible surjection φβ : Kβ � [0, 1]β such

that for any γ 6 β < α the diagram

Kβ
φβ //

ρ
Kβ
Kγ

��

[0, 1]β

πβγ
��

Kγ
φγ

// [0, 1]γ

is commutative.

Fix now some β0 < α and suppose that we are also given

(f) a disjoint sequence (gn) ⊆ C (Kβ0) with range(gn) ⊆ [0, 1] for each n and such that a

supremum of (gn) exists in C (Kβ0) and is preserved in C (Kβ) whenever β0 6 β < α,
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(g) a splitting (P,Q) which is forbidden in Kβ0 and is preserved in Kβ whenever β0 6 β < α.

Define

Kα = lim←−
β<α

Kβ

and for each β < α set

ρKαKβ : Kα → Kβ, ρKαKβ ((xβ)β<α) = xβ ∀(xβ)β<α ∈ Kα.

Then

(i) Kα is compact Hausdorff and connected,

(ii) for any β 6 α the map ρKαKβ is continuous and onto and, in addition,

ρ
Kβ
Kγ
ρKαKβ = ρKαKγ

whenever γ 6 β 6 α,

(iii) the set

B =
⋃
β<α

{
B[Kα] : B ∈ Bβ

}
(4.18)

is a basis of Kα; in particular, if α < 2ω, then weight(Kα) < 2ω,

(iv) there exists an irreducible surjection φα : Kα � [0, 1]α such that the diagram

Kα
φα //

ρKαKβ
��

[0, 1]α

παβ
��

Kβ
φβ

// [0, 1]β

is commutative for every β < α,

(v) the algebra

D =
〈
{D[Kα]

β : β < α}
〉

(4.19)

is dense in C (Kα); in particular, if α < 2ω, then density(C (Kα)) < 2ω,

(vi) the supremum of (gn) is preserved in C (Kα),

(vii) the splitting (P,Q) is preserved in Kα.
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Proof. (i) This part was shown in [Eng89, Theorems 2.5.2, 3.2.13 and 6.1.18].

(ii) Each ρKαKβ is continuous as a restriction of a continuous map. Surjectivity of ρKαKβ
was shown in [Eng89, Corollary 3.2.15]. The relevant equation follows immediately from

the definition of an inverse system.

(iii) It was shown in [Eng89, Proposition 2.5.5] that B is a basis for Kα. Since |Bβ| < 2ω

for each β < 2ω, we have |B| < 2ω whenever α < 2ω.

(iv) First of all, note that the family{
[0, 1]β, πβγ , α

}
forms an inverse system and for every γ 6 β < α we have a commutative diagram

Kβ
φβ //

ρ
Kβ
Kγ

��

[0, 1]β

πβγ
��

Kγ
φγ

// [0, 1]γ

Define

I = lim←−
β<α

[0, 1]β.

By the argument from [Eng89, page 139], the above setup induces a continuous map

φα : Kα → I,

such that the diagram

Kα

φα //

ρKαKβ
��

I

ρI
[0,1]β

��
Kβ

φβ
// [0, 1]β

is commutative for each β < α. Furthermore, by [Eng89, Theorem 3.2.14], φα is surjective.

To complete the construction, note that, by definition of the inverse limit,

I =

(xβ)β<α ∈
∏
β<α

[0, 1]β : (xβ)β<α is a thread, i.e. πβγ (xβ) = xγ whenever γ 6 β < α


and so there exists a homeomorphism φ : I → [0, 1]α with ρI

[0,1]β
= παβφ. We define

φα = φ ◦ φα.
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To show that φα is irreducible, consider any closed F $ Kα. Defining Fβ = ρKαKβ (F ) for

each β, note that, by [Eng89, Proposition 2.5.6], the family{
Fβ,

[
ρ
Kβ
Kγ

]∣∣∣
Fβ
, α

}
forms an inverse system with F = lim←−

β<α

Fβ.

Let β < α be such that Fβ $ Kβ (we know that such β exists as otherwise we would

have F = lim←−
β<α

Kβ = Kα). Then, by irreducibility of φβ and commutativity,

[0, 1]β % φβ(Fβ) = φβ

(
ρKαKβ (F )

)
= παβ (φα(F )).

Since παβ is a surjection, this implies that φα(F ) $ Kα.

(v) Let x0, x1 be distinct points in Kα. Using the basis fixed in (4.18), for each i ∈ {0, 1}

there exists γi < α and Ui ∈ Bγi with xi ∈ U [Kα]
i and U

[Kα]
0 ∩ U [Kα]

1 = ∅.

Pick any β with γ0, γ1 6 β < α. Then πKαKβ (xi) ∈ U
[Kβ ]
i and U

[Kβ ]
0 ∩ U [Kβ ]

1 = ∅ which

means, in particular, that πKαKβ (x0) 6= πKαKβ (x1). Thus there exists f ∈ C (Kβ) with

f
(
πKαKβ (x0)

)
6= f

(
πKαKβ (x1)

)
.

By density, we may assume that f ∈ Dβ and so f [Kα] is an element ofD separating x0 and x1.

Finally, note that for any β we have χKα = χ
[Kα]
Kβ
∈ D and so, by the Stone–Weierstrass

theorem [Sem71, Theorem 7.3.8], D is dense in C (Kα), as required.

(vi) Consider the set

∆ = ∆
(

(∨n∈ωgn)[Kα], (g[Kα]
n )n∈ω

)
=

{
x ∈ Kα :

∑
n∈ω

g[Kα]
n (x) 6= (∨n∈ωgn)[Kα](x)

}

=

{
x ∈ Kα :

∑
n∈ω

gn(ρKαKβ0 (x)) 6= (∨n∈ωgn)(ρKαKβ0 (x))

}

=
(
ρKαKβ0

)−1
(∆(∨n∈ωgn, (gn)n∈ω)) . (4.20)

Suppose that ∆ contains a nonempty B ∈ B where B is the basis for Kα defined

in (4.18). There exist β < α and nonempty B ∈ Bβ with

B = B[Kα].

Two cases are now possible.
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Case 1. If β < β0, then B[Kβ0 ] is a nonempty open subset of Kβ0 and, by (4.20),(
ρKαKβ0

)−1 (
∆(∨n∈ωgn, (gn)n∈ω)

)
⊇ ∆ ⊇ B

=
(
ρKαKβ

)−1
(B)

=
(
ρ
Kβ0
β ρKαKβ0

)−1
(B)

=
(
ρKαKβ0

)−1
(B[Kβ0 ]).

Since ρKαKβ0 is onto, ρKαKβ0

(
ρKαKβ0

)−1
= IKβ0 and hence the last equation implies that

B[Kβ0 ] ⊆ ∆(∨n∈ωgn, (gn)n∈ω).

This leads to a contradiction as, by Lemma 4.2.4, ∆(∨n∈ωgn, (gn)n∈ω) is nowhere dense.

Case 2. If β0 6 β, then, by the same type of calculations as in (4.20),

∆ =
(
ρKαKβ

)−1 (
∆(∨n∈ωg

[Kβ ]
n , (g[Kβ ]

n )n∈ω)
)

(4.21)

and so (
ρKαKβ

)−1
(

∆(∨n∈ωg
[Kβ ]
n , (g[Kβ ]

n )n∈ω)
)
⊇ ∆ ⊇ B =

(
ρKαKβ

)−1
(B).

As before, ρKαKβ

(
ρKαKβ

)−1
= IKβ which means that

B ⊆ ∆(∨n∈ωg
[Kβ ]
n , (g[Kβ ]

n )n∈ω).

However, by Lemma 4.2.4, the set ∆(∨n∈ωg
[Kβ ]
n , (g[Kβ ]

n )n∈ω) is nowhere dense and so we

get another contradiction.

Thus, our initial assumption was wrong and ∆ is nowhere dense. By Lemma 4.2.4,

(∨n∈ωgn)[Kα] is a supremum of (g[Kα]
n ) in C (Kα).

(vii) The proof is very similar to the one in (vi). Suppose, for a contradiction, that

⋃
P [Kα] ⊆ g−1({0}),

⋃
Q[Kα] ⊆ g−1({1})

for some g ∈ C (Kα). Then, if D is a dense subset of C (Kα), there exists h ∈ D with

⋃
P [Kα] ⊆ h−1([−1/4, 1/4]),

⋃
Q[Kα] ⊆ h−1([3/4, 5/4])

Take D to be the set fixed in (4.19). Then there exist k ∈ ω, γi < α and hi ∈ Di (0 6 i 6 k)

such that h is a finite combination of h[Kα]
0 , . . . , h

[Kα]
k .
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Pick any β with γ0, . . . , γk 6 β < α. Then h
[Kβ ]
i ∈ C (Kβ) for each i and h is a finite

combination of (h[Kβ ]
0 )[Kα], . . . , (h[Kβ ]

k )[Kα]. Consequently, h has the form

h = h[Kα]

for some h ∈ C (Kβ). Two cases are now possible.

Case 1. If β < β0, then h[Kβ0 ] ∈ C (Kβ0) and(
ρKαKβ0

)−1
(
⋃
P) =

⋃
P [Kα]

⊆
(
h[Kα]

)−1
([−1/4, 1/4])

=
(
h ◦ ρKβ0Kβ

◦ ρKαKβ0

)−1
([−1/4, 1/4])

=
(
ρKαKβ0

)−1 (
(h[Kβ0 ])−1([−1/4, 1/4])

)
which means that ⋃

P ⊆
(
h[Kβ0 ]

)−1
([−1/4, 1/4]).

Similarly, ⋃
Q ⊆

(
h[Kβ0 ]

)−1
([3/4, 5/4]),

and so (P,Q) is split in Kβ0 which is a contradiction.

Case 2. If β0 6 β, then(
ρKαKβ

)−1 (⋃
P [Kβ ]

)
=

(
ρKαKβ

)−1 (
(ρKβKβ0 )−1(

⋃
P)
)

=
(
ρKαKβ0

)−1 (⋃
P
)

=
⋃
P [Kα]

⊆ h−1([−1/4, 1/4])

=
(
ρKαKβ

)−1 (
h−1([−1/4, 1/4])

)
which means that ⋃

P [Kβ ] ⊆ h−1([−1/4, 1/4]),

and similarly, ⋃
Q[Kβ ] ⊆ h−1([3/4, 5/4]).

Thus the pair
(
P [Kβ ],Q[Kβ ]

)
is split in Kβ which is also a contradiction.
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4.5 Construction of K

Our space K is constructed by transfinite induction.

Notation

Fix a surjection s : {α : α is a successor ordinal with 1 < α < 2ω} → (2ω\{0}) × 2ω such

that if s(α) = (η, ζ), then η < α.

Inductive construction

We are going to construct

(i) a transfinite sequence of topological spaces (Kα)16α<2ω such that for each α

(i.a) Kα is compact, Hausdorff and connected,

(i.b) weight(Kα) < 2ω and we can fix a basis Bα of Kα such that |Bα| < 2ω and

B
[Kα]
β ⊆ Bα whenever β < α,

(i.c) density(C (Kα)) < 2ω,

(i.d) there exists a continuous irreducible surjection φα : Kα � [0, 1]α,

(i.e) for any β < α there exists a continuous surjection ρKαKβ : Kα � Kβ such that

ρ
Kβ
Kγ
ρKαKβ = ρKαKγ and ρ

Kβ
Kβ

= IKβ

whenever γ 6 β < α,

(i.f) with notation as above, the diagram

Kα
φα //

ρKαKβ
��

[0, 1]α

παβ
��

Kβ
φβ

// [0, 1]β

is commutative for any β < α,

(i.g) if β < α and (gn) is a disjoint sequence in C (Kβ) such that range(gn) ⊆ [0, 1]

for each n and (gn) has a supremum in C (Kβ), then the supremum of (gn) is

preserved in C (Kα),
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(i.h) we fix an enumeration of all the quadruplets

((fn(α, ζ))n∈ω , (Un(α, ζ))n∈ω , (Vn(α, ζ))n∈ω , (Wn(α, ζ))n∈ω) (ζ < 2ω) with the

property that

• (fn(α, ζ))n∈ω is a disjoint sequence in C (Kα) and range(fn) ⊆ [0, 1] for all n,

• each of the remaining sequences is disjoint and consists of elements of Bα,

• all Un(α, ζ) are nonempty,

• supp(fm(α, ζ)) ∩ Un(α, ζ) = ∅ for all m,n ∈ ω and ζ < 2ω,

(i.i) using the enumeration from (i.h), if α = β + 1 with β > 1, then

• Kα = Kβ(τ)×[0, 1], where Kβ(τ) is the extension of Kβ by (fn(s(α))[Kβ ])n∈τ

and is strong,

(i.j) if α is a limit ordinal, then

• Kα = lim←−
β<α

Kβ,

(ii) arrays (Pα,I ,Qα,I) with α < 2ω and I ∈ {0, 1, [0, 1/3], [2/3, 1]} with the property that

(ii.a) if α = β + 1 with β > 1 then

• (Pα,0,Qα,0) =
(
(Un(s(α))[Kα])n∈τ , (Un(s(α))[Kα])n6∈τ

)
,

• (Pα,1,Qα,1) =
(
(Vn(s(α))[Kα])n∈ω, (Wn(s(α))[Kα])n∈ω

)
if this pair cannot be

split in Kα, or (Pα,1,Qα,1) = (∅, ∅) otherwise,

•
(
Pα,[0,1/3],Qα,[0,1/3]

)
=
(
P [Kβ(τ)]
β,1 × [0, 1/3],Q[Kβ(τ)]

β,1 × [0, 1/3]
)

,

•
(
Pα,[2/3,1],Qα,[2/3,1]

)
=
(
P [Kβ(τ)]
β,1 × [2/3, 1],Q[Kβ(τ)]

β,1 × [2/3, 1]
)

,

(ii.b) if α is a limit ordinal, then

• (Pα,I ,Qα,I) = (∅, ∅) for each I,

(ii.c) (Pα,I ,Qα,I) forms a forbidden splitting in Kα unless it is equal to (∅, ∅),

(ii.d) If β < α and (Pβ,I ,Qβ,I) is forbidden in Kβ, it remains forbidden in Kα.

Note 4.5.1. Existence of the enumeration in (i.h) follows from (i.b)–(i.c) and does not need

to be taken care of separately.
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Base case

Define

K1 = [0, 1],

and for each I ∈ {0, 1, [0, 1/3], [2/3, 1]} set

(P1,I ,Q1,I) = (∅, ∅) .

Inductive step

Suppose that for some α < 2ω we have constructed (Kβ)β<α and ((Pβ,I ,Qβ,I)) satisfying

conditions (i.a)–(ii.d).

Case 1. α is a successor ordinal

Suppose that α = β + 1 for some ordinal β with 1 6 β < 2ω.

To construct Kα, we start with taking care of property (K). Suppose that s(α) = (η, ζ).

Then 1 6 η 6 β which means that ηth stage of our construction has already been completed.

Using the enumeration fixed in (i.h), for each n ∈ ω we define

fn = fn(η, ζ)[Kβ ], Un = Un(η, ζ)[Kβ ],

Vn = Vn(η, ζ)[Kβ ], Wn = Wn(η, ζ)[Kβ ].

Then (fn) is a disjoint sequence in C (Kβ) with range(fn) ⊆ [0, 1] for each n while, by (i.b),

each of (Un), (Vn), (Wn) is a disjoint sequence in Bβ. In addition, we also have Un 6= ∅ and

supp(fm) ∩ Un = ∅ for all m, n.

At this stage there are at most 4β < 2ω splittings which are forbidden in Kβ and need

to be preserved in Kα. Hence, by Proposition 4.4.3, there exists an infinite τ ⊆ ω such that

• the space Kβ(τ) satisfies the conditions (i.a)–(i.f),

• if (gn) is a disjoint sequence in C (Kβ) such that range(gn) ⊆ [0, 1] for each n and (gn)

has a supremum in C (Kβ), then this supremum is preserved in C (Kβ(τ)),

• a supremum of (f [Kβ(τ)]
n ) exists in C (Kβ(τ)) and is equal to f [Kβ(τ)]

τ ,

• if, for some γ 6 β and I ∈ {0, 1, [0, 1/3], [2/3, 1]}, the splitting
(
P [β]
γ,I ,Q

[β]
γ,I

)
is forbid-

den in Kβ, it remains forbidden in Kβ(τ),
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• the pair
(

(U [Kβ(τ)]
n )n∈τ , (U

[Kβ(τ)]
n )n 6∈τ

)
cannot be split in Kβ(τ).

With τ as above we define

Kα = Kβ(τ)× [0, 1]. (4.22)

Appealing to Proposition 4.4.4,

• Kα satisfies the conditions (i.a)–(i.f) and (i.h)–(i.i),

• if (gn) is a disjoint sequence in C (Kβ(τ)) such that range(gn) ⊆ [0, 1] for each n

and (gn) has a supremum in C (Kβ(τ)), then the supremum is preserved in Kα,

• if (P,Q) is a forbidden splitting in Kβ(τ), it remains forbidden in Kα,

• if (P,Q) is a forbidden splitting in Kβ(τ), then both (P × [0, 1/3],Q× [0, 1/3]) and

(P × [2/3, 1],Q× [2/3, 1]) are forbidden in Kα.

To finish the construction, we define

(Pα,0,Qα,0) =
(

(U [Kα]
n )n∈τ , (U [Kα]

n )n6∈τ
)
,

(
Pα,[0,1/3],Qα,[0,1/3]

)
=
(
P [Kβ(τ)]
β,1 × [0, 1/3],Q[Kβ(τ)]

β,1 × [0, 1/3]
)
,(

Pα,[2/3,1],Qα,[2/3,1]

)
=
(
P [Kβ(τ)]
β,1 × [2/3, 1],Q[Kβ(τ)]

β,1 × [2/3, 1]
)

and

(Pα,1,Qα,1) =

{ (
(V [Kα]
n )n∈ω, (W

[Kα]
n )n∈ω

)
if
(

(V [Kα]
n )n∈ω, (W

[Kα]
n )n∈ω

)
cannot be split in Kα

(∅, ∅) otherwise.

By construction, the splittings (Pα,i,Qα,i) satisfy the conditions (ii.a)–(ii.c). Further-

more, if for some γ < α and I ∈ {0, 1, [0, 1/3], [2/3, 1]} the splitting (Pγ,i,Qγ,i) is forbidden

in Kγ , by the inductive assumption, it remains forbidden in Kβ. Thus it remains forbidden

in Kβ(τ) and hence also in Kα. Consequently, Kα satisfies the condition (ii.d).

Finally, suppose that for some γ 6 α we have a disjoint sequence (gn) ⊆ C (Kγ) such

that range(gn) ⊆ [0, 1] for each n and (gn) has a supremum in C (Kγ). By the inductive

assumption, the supremum is preserved in Kβ. Thus it is preserved in Kβ(τ) and hence in

Kα. Consequently, Kα satisfies the condition (i.g).
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Case 2. α is a limit ordinal

In this case we define

Kα = lim←−
β<α

Kβ

and for each I ∈ {0, 1, [0, 1/3], [2/3, 1]} we set

(Pα,I ,Qα,I) = (∅, ∅) .

Proposition 4.4.5 guarantees that the conditions (i.a)–(ii.d) are satisfied at this stage.

Construction of K

Once the construction of (Kα)α<2ω has been completed, we define

K = lim←−
α<2ω

Kα.

4.6 Properties of K

Proposition 4.6.1 (P1). K is separable.

Proof. By Proposition 4.4.5 (iv), there exists an irreducible surjection φ2ω : K → [0, 1]2
ω
.

However, [0, 1]2
ω

is separable (see e.g. [Dug66, p. 175, Theorem 7.2]) and so the result

follows from Theorem 3.2.14.

Proposition 4.6.2 (P2). K is weakly Koszmider.

We start with showing an intermediate result.

Lemma 4.6.3. Let K be as above and consider any f ∈ C (K). Then there exist β < 2ω

and f ∈ C (Kβ) with

f = f [K].

Proof. Since K is a closed subset of
∏
β<αKβ, by the Tietze extension theorem [Wil70,

Theorem 15.8], there exists a function F ∈ C (
∏
β<2ω Kβ) with

[F ]|K = f.
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By Mibu’s Theorem [Mib44], F depends on countably many coordinates, hence, by König’s

Lemma [Kun80, p. 34, Lemma 10.40], there exist β < 2ω and F ∈ C (
∏
γ6βKγ) such that

F = F ◦ ρ
∏
γ<2ω Kγ∏
γ6β Kγ

,

and so, since K consists of threads,

f = (F ◦ ρ)[K],

where the function ρ is defined in the following way

ρ : Kβ →
∏
γ6β

Kγ , x 7→
(
ρ
Kβ
Kγ

(x)
)
γ6β

.

Proof of Proposition 4.6.2. By Theorem 4.3.2, it is sufficient to show that K has the prop-

erty (K).

Suppose that (fn) is a disjoint sequence in C (K) with range(fn) ⊆ [0, 1] for each n

and (Un) is a disjoint sequence of nonempty open subsets of K with supp(fm) ∩ Un = ∅

for all m, n. By Proposition 4.4.5 and Lemma 4.6.3, for each n there exist αn, βn < 2ω,

f
n
∈ C (Kαn) and nonempty Un ∈ Bβn (where Bβn is the basis fixed in (i.b)) such that

f [K]
n

= fn, U [K]
n ⊆ Un.

By König’s Lemma [Kun80, p. 34, Lemma 10.40], there exists η with 1 6 η < 2ω and

αn, βn < η for all n.

Consider now the sequence (f [Kη ]
n

). Take any x ∈ Kη. By surjectivity of ρKKη , there

exists y ∈ K with x = ρKKη(y). Then for any m 6= n we have

f [Kη ]
m

(x) · f [Kη ]
n

(x) =
(

(f
m
◦ ρKηKαm )(ρKKη(y))

)
·
(

(f
n
◦ ρKηKαn )(ρKKη(y))

)
=

(
(f
m
◦ ρKKαm )(y)

)
·
(

(f
n
◦ ρKKαn )(y)

)
= fm(y) · fn(y)

= 0,

and so (f [Kη ]
n

) is a disjoint sequence in C (Kη) with range(fn) ⊆ [0, 1] for each n. Similarly,

(U [Kη ]
n ) is a disjoint sequence in Kη and supp(f [Kη ]

m
) ∩ U [Kη ]

n = ∅ for all m, n. Finally,

by (i.b), (U [Kη ]
n ) ⊆ Bη. Using the enumeration fixed in (i.h), there exists ζ < 2ω such that

f [Kη ]
n

= fn(η, ζ), U
[Kη ]
n = Un(η, ζ)
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for all n. Take now any successor ordinal α < 2ω with s(α) = (η, ζ). By construction, there

exists τ ⊆ ω such that

• a supremum of
(

(f [Kη ]
n

)[Kα]
)
n∈τ

exists in C (Kα),

• the pair
((

(U [Kη ]
n )[Kα]

)
n∈τ

,
(

(U [Kη ]
n )[Kα]

)
n6∈τ

)
forms the splitting (Pα,0,Qα,0) and is

forbidden in Kα.

By construction, the supremum of
(

(f [Kη ]
n

)[Kα]
)
n∈τ

is preserved in C (Kα′) whenever

α 6 α′ < 2ω, which, by Proposition 4.4.5, means that

C (K) 3 ∨n∈τ
(

(f [Kη ]
n

)[Kα]
)[K]

= ∨n∈τf [K]
n

= ∨n∈τfn

giving the first condition of property (K).

Similarly, the forbidden splitting (Pα,0,Qα,0) is preserved in Kα′ whenever α 6 α′ < 2ω

which, by Proposition 4.4.5, means that the pair

(
P [K]
α,0 ,Q

[K]
α,0

)
=

(((
(U [Kη ]

n )[Kα]
)[K]

)
n∈τ

,

((
(U [Kη ]

n )[Kα]
)[K]

)
n6∈τ

)
=

(
(U [K]

n )n∈τ , (U [K]
n )n 6∈τ

)
,

and consequently, the pair ((Un)n∈τ , (Un)n6∈τ ), cannot be split in K.

The above two conclusions show that K has property (K).

Proposition 4.6.4 (P3). K has no open butterflies.

Proof. Consider the following basis of K

B =
⋃
α<2ω

{B[K] : B ∈ Bα},

where Bα are the bases fixed in (i.b).

Let V , W be open subsets of K with

V ∩W 6= ∅.

By Lemma 3.6.4, there exist disjoint (Vn), (Wn) ⊆ B with
⋃
Vn = V and

⋃
Wn = W . Thus

⋃
Vn ∩

⋃
Wn 6= ∅.
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We now proceed exactly as in the previous part. For each n there exist αn, βn < 2ω,

V n ∈ Bαn and Wn ∈ Bβn such that

Vn = V [K]
n , Wn = W [K]

n .

By König’s Lemma [Kun80, p. 34, Lemma 10.40], we can find η with 1 6 η < 2ω and

αn, βn < η for all n. Then (V [Kη ]
n ), (W [Kη ]

n ) ⊆ Bη and are disjoint. Consequently, using the

enumeration fixed in (i.h), there exists ζ < 2ω such that for all n we have

V
[Kη ]
n = Vn(η, ζ), W

[Kη ]
n = Wn(η, ζ).

Let now α < 2ω be a successor ordinal with s(α) = (η, ζ). Then αn, βn < η < α for

each n and so

⋃
V

[Kα]
n ∩

⋃
W

[Kα]
n = ρKKα

((
ρKKα

)−1
(⋃

V
[Kα]
n ∩

⋃
W

[Kα]
n

))
⊇ ρKKα

(⋃(
ρKKα

)−1
(
V

[Kα]
n

)
∩
⋃(

ρKKα
)−1

(
W

[Kα]
n

))
= ρKKα

(⋃
V

[K]
n ∩

⋃
W

[K]
n

)
= ρKKα

(⋃
Vn ∩

⋃
Wn

)
6= ∅,

and so
(
V

[Kα]
n ,W

[Kα]
n

)
forms the forbidden splitting (Pα,1,Qα,1) in Kα. Following the no-

tation from (4.22), for each I ∈ {[0, 1/3], [2/3, 1]} the pair
(

(V [Kα(τ)]
n × I), (W [Kα(τ)]

n × I)
)

forms the forbidden splitting (Pα+1,I ,Qα+1,I) in Kα+1 which is then preserved in Kα′ when-

ever α + 1 6 α′ < 2ω. Proposition 4.4.5 now ensures that it remains forbidden in K. In

particular, there exists

xI ∈
⋃

(V [Kα(τ)]
n × I)[K] ∩

⋃
(W [Kα(τ)]

n × I)[K]

⊆
⋃

(V [Kα(τ)]
n × [0, 1])[K] ∩

⋃
(W [Kα(τ)]

n × [0, 1])[K]

=
⋃

(V [Kα+1]
n )[K] ∩

⋃
(W [Kα+1]

n )[K]

=
⋃
V

[K]
n ∩

⋃
W

[K]
n

=
⋃
Vn ∩

⋃
Wn

= V ∩W.
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Finally, note that

⋃
(V [Kα(τ)]

n × [0, 1/3])[K] ∩
⋃

(V [Kα(τ)]
n × [2/3, 1])[K]

=
(
ρKKα+1

)−1 (⋃
(V [Kα(τ)]

n × [0, 1/3])
)
∩
(
ρKKα+1

)−1 (⋃
(V [Kα(τ)]

n × [2/3, 1])
)

⊆
(
ρKKα+1

)−1
(⋃

V
[Kα(τ)]
n × [0, 1/3] ∩

⋃
V

[Kα(τ)]
n × [2/3, 1]

)
= ∅,

which means that

x[0,1/3] 6= x[2/3,1],

and so V ∩W contains at least two points.

Proposition 4.6.5 (P4). K is connected.

Proof. This was shown in part (i) of Proposition 4.4.5.
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