Analysis of
Navier—Stokes—Fokker—Planck
systems for incompressible dilute
polymeric fluids

UNIVERSITY OF

OXFORD

Chuhui He

Linacre College

University of Oxford

A thesis submitted for the
Doctor of Philosophy

Trinity Term 2023






Acknowledgements

I would like to express my deepest gratitude to my supervisor, Professor
Endre Siili, for your guidance and support. Your expertise, dedication
and encouragement have really made my doctoral journey meaningful and
enriching. It has been a great pleasure to work with you and discuss
mathematics with you. You have always been so kind and supportive
that made my life during the challenging times of the pandemic a lot

easier.

I would also like to thank Professor Gui-Qiang Chen, Professor Qian Wang
and Professor Luc Nguyen for acting as examiners for my Transfer of

Status and Confirmation of Status and providing valuable feedbacks.

Thanks to my friends for creating wonderful memories with me and giving
me so much joy even just by talking on the phone. My endless gratitude
goes to Yubin who always manages to put a smile on my face. I would
also like to express my sincere thanks to my family who unconditionally

support me and bear with me when I am upset.

Special thanks to Nintendo, who developed the wonderful gaming console
Nintendo Switch as well as those great games that provide a break from

reality.

Moreover, the OxPDE group and Linacre College have provided an en-

couraging and caring research atmosphere.



Abstract

We show the existence of large-data global-in-time weak solutions to var-
ious classes of coupled bead-spring chain models with finitely extensible
nonlinear elastic (FENE) type spring potentials for incompressible dilute
polymeric fluids in a bounded domain in R? d = 2 or 3. The governing
system consists of the transport equation and the Navier—Stokes equation
coupled to the Fokker—Planck equation through the elastic extra-stress
tensor which is defined by the Kramers expression. The proofs are based
on truncating the probability density function and approximating with
Galerkin semi-discretizations on the spatial domains. We derive uniform
bounds independent of the Galerkin and truncation parameters; then with
weak compactness and compensated compactness techniques, we pass to
the limits in the sequences of Galerkin approximations and in the trunca-
tion level. The technical tools involve using Nikolskii norm estimates to
derive uniform estimates for fractional time derivatives and using various
generalizations of the Aubin—Lions Lemma to deduce strong convergence
of approximating sequences. We also apply the Div-Curl Lemma and
Vitali’s Convergence Theorem to deduce the strong convergence of the

sequence of approximations of the probability density function in L.

We first focus on homogeneous dilute polymeric fluids. The key fea-
ture is the polymer-number-density-dependent viscosity coefficient ap-
pearing in the Navier-Stokes equation. Then we move on to nonho-
mogeneous dilute polymeric fluids, featuring the presence of a density-
dependent and polymer-number-density-dependent viscosity coefficient in
the Navier—Stokes equation and a density-dependent drag coefficient in
the Fokker—Planck equation. Finally, we consider nonisothermal homo-
geneous dilute polymeric fluids. To complete the nonisothermal Navier—
Stokes—Fokker—Planck system, the temperature evolution equation is also
introduced to form a thermodynamically consistent model. To simplify
the nonisothermal model, we present the existence proof in the case of a

corotational Fokker—Planck equation.



Contents

[1__Introduction| 1
(1.1 ~Governing equations| . . . . . . . . . . . ... ... 1
[1.2 Methodology for the existence proof(. . . . . . .. ... ... ... .. 6

[1.2.1 Boundary conditions for the momentum equation| . . . . . . . 6
[1.2.2  'T'he formal energy identity| . . . . . . . . . . . .. .. .. ... 8
[1.2.3  Galerkin approximations| . . . . . . . .. ... ... ... ... 12
(1.2.4 Convergencein LY . . . . ... .. ... ... ... ... ... 12
(1.3 Literature survey on existence results on polymeric fluids . . . . . . . 13
(.4 Contributions of the thesisl . . . . . . . .. ... ... ... ... .. 15

2 Prelmnarics 18
[2.1 Notation and function spaces| . . . . . . . . ... ... ... ..... 18
[2.2  Compactness theorems in Banach spaces| . . . . . . .. .. ... ... 19
[2.3 Interpolation inequalities| . . . . . . . . ... ... ... ... ... 20
[2.4  Some convergence results|. . . . . ... ..o 22

[2.4.1 Vitali’'s convergence theorem|. . . . . . . . .. .. ... .... 22
[2.4.2  Weak lower semi-continuity| . . . . ... ... ... ... ... 23
243 Div-curllemmal . . . . ... ... 23

[3 Existence of weak solutions to a model of a homogeneous dilute |

[  polymeric fluid| 25
[3.1 Statement of the problem| . . . . . ... ... ... ... ... .. 25
3.2 Themainresultl . . . . . ... ... 28
[3.3  Existence prooff . . . . ... o 30

[3.3.1 The first level of approximation: truncation| . . . . . ... .. 30
[3.3.2 A two-stage Galerkin approximationl . . . .. .. ... .. .. 32
[3.3.3  Passage to the [imit withn| . . . ... ... ... ... .... 34

[3.3.4  Passage to the limit withm| . . . . . .. .. ... .. ... .. 40




[3.3.5  Passage to the imit with ¢ . . . . . . .. ... ... ... ... 54

[4 Existence of weak solutions to a model of a nonhomogeneous dilute |

[  polymeric fluid| 62
4.1 Statement of the problem| . . . .. ... ... ... ... ... ... 63
M2 Themainresultl . . . . . . .. ... L 66
4.3 Existence prooff . . . . . ... 68

[4.3.1  The first level of approximation: truncation| . . . . . .. . .. 68
[4.3.2 A two-stage Galerkin approximationl . . . .. ... ... ... 70
[4.3.3 Existence ot solutions to the partially Galerkin-discretized system| 72
[4.3.4  Passage to the limit withn| . . . . .. ... ... .. ... .. 83
[4.3.5 Passage to the imit withm| . . . . ... ... ... ... ... 92
[4.3.6  Passage to the lmit with ¢ . . . . . ... ... ... ... ... 118

[> Existence of weak solutions to a model of a nonisothermal homoge- |

[  neous dilute polymeric fluid| 128
[>.1 Statement of the problem| . . . . . .. ... ... ... ... .. ... 129
[>.2  Energyidentity] . . . . . . ..o 132

[>.2.1  Nonnegativity| . . . . . . . . .. ... 133

.3 Themainresultl . . . . . . .. ... 134
[>.4 Existence prooff . . . . . ... 136
[>.4.1  The first level of approximation: truncation| . . . . . .. . .. 136
[5.4.2  Positivity of the coefficients in the Fokker—Planck equation| . . 138
[5.4.3  Galerkin approximation| . . . . .. ... ... .. ... ..., 139
[>.4.4  Passage to the lmitas k —oo|. . . . . . ... ... ... ... 140
[>.4.5 Passage to the imitaso —04]. . . . ... .. ... ... ... 143
[5.4.6 Passage to the imit asn —o0|. . . . . . . ... ... ... .. 147
[5.4.7 Passage to the imitasm — oo . . . . . . .. ... ... ... 149
[>.4.8  Passage to the Ilmitas ¢ — oo . . . . . . ... ... ... ... 165

6 Conclusions| 181

(Bibliography| 183

i



Chapter 1

Introduction

The Navier-Stokes equations, which were introduced by Claude-Louis Navier and
George Gabriel Stokes back in the 19th century, have been of great importance in
modelling various phenomena in physics and engineering. Their wide-ranging appli-
cations also motivate their study from a purely mathematical point of view. The
rapid development of the mathematical theory of non-Newtonian fluids gives an in-
sight into understanding the behaviour of more complex fluids, such as dilute polymer
solutions, which are our main focus here. A kinetic model of dilute polymer solutions
was proposed by Kramers [43] in the first half of the 20th century and has been widely
studied ever since; see, for example, Bird et al. [I3], Ottinger [54], Huilgol and Phan -
Thien [42] and Lozinski et al. [48]. In this work, we mainly consider incompressible,
viscous fluids and we aim to show the existence of global-in-time large-data weak
solutions to coupled Navier—Stokes-Fokker—Planck systems under various conditions.

In this chapter, we first introduce the system of equations that model the incom-
pressible dilute polymer solutions in Section In Section we briefly discuss the
proof of the existence of weak solutions to the coupled Navier-Stokes—Fokker—Planck
system, including the methodology and the difficulties. In Section [I.3] we review
some relevant literature in this field. Finally, we summarize the contributions of this
thesis in Section

1.1 Governing equations

The motion of a viscous Newtonian fluid is governed by a system of nonlinear partial
differential equations, known as the Navier-Stokes equations. Let Q C R¢, d = 2 or
3, be a bounded open Lipschitz domain, with boundary 0€2. Let T" € R.y denote
the length of the time interval of interest, and let @ := € x (0,T") be the associated



space-time domain. We consider the following system of equations:

% + div,(pv) =0 in Q, (1.1)
% + div,(pv @ v) — div, T = pf in Q, (1.2)
div,v =10 in @, (1.3)

where p : Q@ — R denotes the solvent density, v : @ — R? denotes the solvent velocity,
f : Q@ — RY represents the density of the external body forces, and 7 : Q — R4*4
denotes the Cauchy stress. The above system of equations is derived from the laws of
conservation of mass and the balance of linear momentum. For a detailed derivation
of the balance equations, we refer the reader to [12] or [46]. To complete the system,

we assume that the Cauchy stress 7 is decomposed as
T =—pl+S,+ S,

where p : Q — R denotes the pressure, S, : Q — R represents the viscous part of

sym

the Cauchy stress and S, : @ — RZ*¢ represents the elastic extra-stress tensor (i.e.
the polymeric part of the Cauchy stress). Depending on the type of fluid, the viscous
part of the Cauchy stress tensor S, satisfies a certain relation, called a constitutive

relation, involving the symmetric part of the velocity gradient D(v), where
D(v) = %(va + (Voo)h).
We assume for simplicity that S, is related linearly to D(v), i.e.
S, =2uD(v), (1.4)

where g is the shear viscosity coefficient that may depend on other physical param-
eters. Such fluids are called Newtonian fluids. Those fluids that do not satisfy the
linear relation are called non-Newtonian fluids. A more detailed discussion of
non-Newtonian fluids can be found in [1J.

From the microscopic point of view, in the simplest case dilute polymeric fluids
can be seen as a collection of polymer molecules dissolved in a Newtonian fluid and
we model the motion of polymer molecules by the classical bead-spring chain model.
In a bead-spring chain model for dilute polymers, consisting of K + 1 beads coupled
with K elastic springs to represent a polymer chain, the elastic extra-stress tensor S,
is defined by a version of the Kramers expression [54], depending on the probability

density function 1 of the (random) conformation q == ((¢")%,..., (¢%)")T € R™>K of



the chain, with the column vector ¢/ == (qi,...,q))" representing the d-component
conformation vector of the jth spring in the bead-spring chain. Let D := D! x - - x
DX c R™X be the domain of admissible conformation vectors. Typically D7 is
the whole space R? or a bounded open ball centred at the origin 0 in R? for each
j=1,..., K. When K =1, the model is referred to as the dumbbell model.

Let I7 C [0, 00) denote the image of D’ under the mapping ¢/ C D7 — 1|g7|?. Let
U7 denote the spring potential and we assume that U7 : [ — [0,00), j =1,..., K is
a sufficiently smooth function. Then the elastic spring force F7 : DI ¢ R? — R? of
the jth spring in the chain is given by

o 1 . ,
Fj(qj)z(UJ)’(§|qﬂ|2>qJ, ji=1,...,K.

Example 1.1.1. Consider the Hookean dumbbell model with K = 1. The spring force
is given by F(q) = Hq, where H is the spring constant, with ¢ € D = R?, corre-
sponding to U(s) = Hs, s € I = [0,00). However, the Hookean model is physically
unrealistic since it allows the spring connecting the beads to have arbitrarily large

extension.

Therefore, we focus on the finitely extensible nonlinear elastic (FENE) model
4 1 1
where D’ = B(0,b7 ), a ball centred at the origin 0 in R? and of radius b7, with b; >0
for each j € {1,...,K}. The spring potential U7 : [0, %]) — [0,00),5 = 1,..., K,
satisfies U7(0) = 0, lim _»; U’(s) = +o00.
We define the (normalized) partial Maxwellian M7 with respect to the variable g’
by

1

Mi(gl) = = VG where 77 ::/ UG g
DJ

77
where dq’ = dq{ = -dqé, j=1,..., K. The Maxwellian in the model is then defined
by

K
M(q)=[[M'(¢) Va=(q' - .a")eD.
j=1
Observe that, forq e D and j =1,..., K,
(1. (1 .
M(@)Vy (1(0) " = ~(0(0) Vo Mla) = VU7 (Gla) = ) (5la'F) o'

and, by definition,

/DM(q)dqzl.



In the above equalities Vg = (0/dq],...,8/0¢,)", for j = 1,...,K. Then we
define divy; = V. For a general mapping ¢ € D — B(q) € R™¥ | we define
divy B :=divys B* +-- ~+divgx B% where B/, j =1,..., K, denote the d-component
column vectors of the matrix B = B(q). We define the d x K-component differential
operator Vg = (Vg1,...,Vyx). Typically Maxwellians and the associated spring
potentials satisfy the following properties: for 7 = 1,..., K there exist constants

cj; >0,1=1,2,3,4, and ; > 1 such that the spring potential U’ satisfies
cjildist(q/, 0D < MI(g)) < epoldist(q, D)W Vgl € DI, (L5)

cn < ldin(@ 00N (Jla'F) o0 valeD (19

Since [U7(5|¢7|*)]* = (—log M7(q?) 4+ C)?, it follows from (1.5) and (1.6) that

/Dj b [Uj (%w)r i [aﬂ')' (%!qﬂ?)ﬂ M) dg <00, G=1,.... K.

Example 1.1.2. Consider the FENE (finitely extensible nonlinear elastic) dumbbell
model (K = 1), introduced by Warner [67]. The spring force is given by

2\ —1
ra-(1-10) 4 aep-p0A,

corresponding to
b 2s b
= ——log(1—-=- I=10,- 2.
U(s) 20g< b)’ s € [0,2),b>

Direct calculation shows that in the case of the FENE dumbbell model, (1.5) and (1.6])
are satisfied with v = %, provided that b > 2.

Instead of directly assuming the properties (|1.5)) and (|1.6|) for the partial Maxwellian
and the associated spring potential we shall use a simpler and less restrictive assump-
tion on the Maxwellian in our analysis, which suffices for our purposes. In particular,

we shall be assuming throughout the thesis that

M e Co(D) N CXY (D) N W' (D),

loc

which incorporates the property that FENE-type Maxwellians vanish on the boundary
of the configuration space domain D.
To close the system ([1.1])—(/1.4)), we define the extra-stress tensor S, by the formula:

(o, 0) = b (Z [ vteanaa @y (Gla'?) da- Kg(x,tﬂ) RS

4



with I denoting the d x d identity matrix, dq := dq'--- dg”, and the density of

polymer chains (referred to as polymer number density) located at z at time ¢ given
by

ol 1) = /D bz, q.t) dq.

For the derivation of the Kramers expression (1.7), we refer the reader to [13] and
[45].
The probability density function v satisfies the following Fokker—Planck equation:

o =
-+ diva(vd) + 3 dive (V.v)g'y)
j=1

ot
—en () e S A divy (ve (o))

i=1 j=1

(1.8)

in O x (0,7), with O := Q x D. In the above equation ((-) € Ryq is a density-
dependent scaled drag coefficient. Let D7 := D' x---x D’"'x 0D x DIt x...x DX,

We impose the following boundary conditions, for all j =1,..., K:

K
[ﬁZAijqui (—C(;/;M> - (va)qj?/JI n/ =0 onQxdD! x(0,T), (1.9)
=1

d) N = on X X
avx(m) 0 ondQxDx(0,T), (1.10)

where n is the unit outward normal to 9Q and n/ = (n], ... ,né)T is the unit outward

normal vector to D7, and the following initial condition:

W(x,q,0) =o(z,q) in O. (1.11)

Remark 1.1.3. Note that we have chosen Neumann boundary conditions for both
the boundary of € and the boundary of D, so that the integral of 1 over O is kept
constant. To illustrate the idea, we integrate over O, and apply the Divergence
Theorem to obtain that

8 oo f ([ e f () )

S L[ (B (i) o) s

Since we shall take the no-slip boundary condition v = 0 on OS2, then by applying the
initial conditions (1.9) and (1.10)), we see that all three terms on the right-hand side

5



of the above equation vanish. Therefore,

/w(%q,t) dgdz = / Yoz, q)dgdz =1, Vt € Ry,
o o
since 1 is the probability density function.

In , the dimensionless constant £ > 0 is a constant multiple of the product
of the Boltzmann constant kg and the absolute temperature T. The centre-of-mass
diffusion coefficient & > 0 is defined as & = (Io/Lo)?/(4(K +1)\) with Iy :== \/kpT/H
signifying the characteristic microscopic length-scale and A := ({/4H)(Uy/Ly), where
H > 0 is a spring-constant. The dimensionless positive parameter A is called the
Deborah number, which characterizes the elastic relaxation property of the fluid. In
the subsequent discussion, we shall simply take ¢ = 1 and A = 1/4 since none of the
results depend on the specific values of these positive parameters. Furthermore, the
constant matrix A = (A4;;)1<; j<k, called the Rouse matrix, is symmetric and positive
definite. The detailed derivation of the Fokker-Planck equation can be found in [§].

The system — coupled to via the Kramers expression forms
the general FENE-type bead-spring model for dilute polymers. Our goal is to show
that global-in-time weak solutions exist for this coupled Navier—Stokes—Fokker—Planck
system. In the next section, we briefly describe the main method used in this thesis

and discuss the technical details.

1.2 Methodology for the existence proof

In this section, we introduce the methodology used to show the existence of weak
solutions of the coupled Navier-Stokes—Fokker—Planck system. First, to complete
the system (1.1))-(1.4), we comment on the boundary conditions for the momentum
equation in Subsection [1.2.1] The derivation of a formal energy identity is
presented in Subsection [1.2.2] followed by an introduction to the Galerkin method in
Subsection [[.2.3

1.2.1 Boundary conditions for the momentum equation

The boundary condition for v on 0f) usually depends on the type of flow under
consideration. First, we note that the boundary 0f2 is assumed to be impermeable,

which means that

v-n=0,



where n is the unit outward normal to 9. For a general vector w € R?, its tangential
component w; is defined by w, := w—(w-n)n. The most general boundary condition

for the tangential velocity v, is given by
AMTn), + (1 —N)yv, =0, (1.12)

where 7, is a positive constant denoting the threshold value of the friction coefficient.
When A € (0, 1], the condition ((1.12)) is called the Nawvier slip boundary condition.
When A = 0, the condition becomes the standard no-slip (homogeneous Dirich-
let) boundary condition.

As the Navier slip boundary condition is more general, it covers more physically
interesting cases, see, for example, [36]. From a purely mathematical point of view,
the advantage of taking the Navier slip boundary condition is that the pressure p can
then be proved to be a globally integrable function in () provided that the boundary
0Q € CY. The details regarding the reconstruction of the pressure p can be found
in [15], [I8] and [20].

In contrast, for the no-slip boundary condition, the best that can be shown for
weak solutions is that p is a distribution in time [65]. If one wants to increase the
regularity of the pressure p, one has to work on smoother domains, for example,
o0 e C?.

For simplicity, we take the no-slip boundary condition for v. Therefore, the full

system introduced by ((1.1)—(1.4) is now given by

% + div,(pv) =0 in @, (1.13)
%—i—divx(pv@v) —div, T =pf in Q, (1.14)
div,v =0 in @, (1.15)

subject to the initial conditions:
p(+,0) = po(*) in €,

_ (1.16)
(pv)(-,0) = (povo)(") in €2,
and the no-slip boundary condition:
v=0 on 092 x (0,7). (1.17)

The Cauchy stress tensor 7 is decomposed as
T =—-pl+S,+ S, (1.18)
where S, = 2uD(v), and S, is given by the Kramers expression ([1.7)). In the next

section, we shall introduce the associated formal energy identity, which plays a key

role in our proof of existence of solutions.



1.2.2 The formal energy identity

To derive a formal energy identity, we assume that v, p and v are sufficiently smooth,
and, at least for our purposes in this introductory section, p is nonnegative, and v is
positive. By taking the L*(2) inner product of (1.13) with 1|v[?, we deduce that

1 dp : 2 3.
2/Q (813 —I—dlvx(pv)> lv|*dz = 0. (1.19)

Taking the L?(Q; R?) inner product of (1.14) with v, we obtain that

/8(,011) -vdx+/divx(f0v®v)-vdx—/diVxT-’wa:/Pf"Ud”

First, we note that

d(pv) 1d 2 L [0p o
wdr =~ — do+ = [ LloPda. 1.2
/Q gt V= gqp ) pleldrdg | aplvlde (1.20)

Upon partial integration and noting the homogeneous Dirichlet boundary condition

on v and the divergence-free property of v, we deduce that

/Qdivx(pv ®@wv)-vdr = /Q[(pr) (V@) + pdiv,(v®v)]-vde

= /Q(pr) (vo?) -vdr + /Qp[(divx v + (v-V,)v!] - vdr

1
:/divx(pfv)|v|2dx+E/pv-vx(|v|2)dx (1.21)
Q Q

1
:/divx(pv)|v|2dx—|—— (/ p|'v|2('v-n)dS—/divx(pv)|v|2dx)
Q 2 \Joq Q
1
= —/divx(p'v)|'v|2dx.
2 Ja

Again by using (1.7), the divergence-free property of v, the homogeneous Dirichlet

boundary condition for v and integration by parts, we deduce that

/divxT-vdx:/ Tv'ndS—/T:vadx
Q 80 Q

:/pI:vadx—/Sv:vadx—/Se:szvdx
Q Q Q

:/Qp(divxv) dx—/ﬁ2u|D(v)\2de (1.22)

K
. 1 . .
—kZ/¢(U])’(§IqJ|2> q]q]vadequE—Fk/Kg(divx'v) da
j=1"0 Q

K
. ]_ . . T
= —/2M|D(’U)|2 — kY /¢(U”)’<—!q”|2) ¢q :V,vdgdz,



since D(v) is symmetric. Combining ((1.20]), (1.21)) and (1.22)) and using (1.19)), we

deduce the following identity:

d
T p|1)|2d:E—|—/2u|D(v)]2 dz

K
. ]_ . ..
— [ ot vds 1Y j/w<UJ>’(§|qf|2> F¢" Vv dgdr.

To better illustrate the idea for deriving the formal energy identity, we assume that

(1.23)

(=1in . Also, to simplify the presentation of the calculation, we introduce
¢ = % Then, we multiply the Fokker—Planck equation ((1.8) by log¢ + 1), and
integrate over O. Let F(s) = slogs+1 for s > 0 and F(0 ) = hmsﬁw F(s)=1. We
note that F'(s) =logs + 1 and F”(s) = 1 for s > 0. Then, we obtain that

M - R
/o (Gtw) f’(w) dgdz + /Odivz(Mvw)]-"(Qﬁ) dg dz

+Z /O divg: ((V,v)g’ M) F'(4) dg dz = / AL (M) F' (1) dg dz

(@]

+ZZAW / divg; (MV gih) F' (1) dq dz.

i=1 j=1

First, we note, by the chain rule, that

O(MY) .,
/O = 2 F () dg da ——/M]—“ )dg dz. (1.24)

Next, we apply partial integration, the Divergence Theorem and use the boundary
condition (|1.17)) and the fact that div, v = 0 to deduce that

/ div, (M) F'(¥) dg dz

@]

:/ ( f’(@z})M@Zm-nds> dq—/M@Ev-fo’(@/?)dqu
D oN @]
—/M’U-Vxlﬁdqda:

(@]

(1.25)
- / div, (M) dq dz
(@

:—/< M@/Az'v-ndS) dg
D \Jog

=0.



By noting the identity

Vot = m/ivxﬁ,

we have, by partial integration and by using the boundary condition ([1.10)), that
/ A,(MJ) F'(§) dq da
o

- [ 9etord) 0.7 ) dgan s [ (
o D
N ~ 1
. / MV, - Vi = dg dz
o (G
12
- —4/ M ’vxﬂ dq da.
o
Similarly as in ( - by using partial integration, we deduce that

ZZA” / divy (MV i¢)F' (V) dg dz

=1 j=1

F )V (0M) - nds) dq
= (1.26)

K K

= Ajj / ( MF' (p)V gith - dS) dz
1 =1 Q \JoDi

1=

K K . R
_ZZAij/OMVW‘an’f’(w)dqu (1.27)

i=1 j=1

K K . )
ZZAW/( ) M}"’(@Z))tiw-nde) dz
i=1 j=1 D3

K

—4ZZAU/ qui\/i : vqjﬂdqu.

=1 j=1

Finally, by applying partial integration, using the fact that div, v = 0, we deduce
that

K

2 / divg (Vav)q’ M) F (1)) dg da

=179
K ~

= ! IMb - nid d
;L( o, W) My m S) x

K o ) )

—Z/(Vm'v)quwf”(zb)-vqﬂpdqu

ij/ ( . () (Vo) g M1 - anS) dx—Z/ M(V,0)q’ - Vgt dgda.

(1.28)

10



For the last term on the right-hand side of ([1.28]), we again apply partial integration
and use the divergence-free property of v and the fact that M = 0 on the boundary
of D that

K K
Z/ M(Vzv)qj~vqj1ﬂdqu:Z/Vzv: (/ qung@@dq) dx
j=1"9 j=1"9 D
K . K .
:Z/Vzv:( quj~nde) dx—Z/va:(/M@qu) dz
=1 Q oDJ j=1 Q D
K A~
—Z/va: (/ (qj®quM)¢dq) dz
=10 D

K
__]Zl/g(dwwv) (/Ddeq> da
& A 1
+Z/ M (U7) (§!qu2) ¢q¢" :V,wdgde
j=170

K
/1 -
=Z/w<w>’ (§|qj|2> ¢q :V,vdqdz.
j=1"70

Therefore, combining (|1.24)—(1.29)), using the boundary conditions ([1.9) and ({1.10)
in ((1.27) and (1.28)), we get, by recalling )= %, that

K
d v /1 -
— [ MF () dgdz - @) dd  Vadgd
i /s f(M)qrc j_l/(gtb(U)(QIQI)qq Vevdgde

[0 e [ [0
+4/@M V. M‘ dqu+4;;Aij/onqi 17 Var\l 77 dadz =0,

(1.30)

where F(s) = slogs+ 1 for s > 0 and F(0) == lim,0+ F(s) = 1. We now multiply
(1.30) by k& and add the resulting identity to (1.23)) to deduce that (on assuming that
(=1),

d 1 9 (" 9
gr leplvl —i—k:/DMF(M) dq} dx—l—/ﬂ2u|D(v)] dz
o] L v v
+4k:/MV$ Y1 dqde + 4k A,/Mvi Yoy L agde (1.31)
Rk 2.2 M Mo Ve
z/pf"vdx,
0

which is the formal energy identity that is essential to our proof of existence of weak

(1.29)

solutions to the coupled Navier—Stokes—Fokker—Planck system under consideration.
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1.2.3 Galerkin approximations

To prove the existence of weak solutions to the problem described above, we use
Galerkin approximations in the spatial domains, i.e. {2 for the velocity field v and
O for the probability density function ). The basic idea is to project v and ¥ onto
suitable finite-dimensional subspaces. In this way, and become systems
of ordinary differential equations (ODEs), for which short-time existence of solutions
can be proved using Carathéodory’s Existence Theorem. Then, to obtain the global-
in-time existence of solutions, we shall derive uniform estimates and find weakly
(and strongly) convergent subsequences by compactness arguments, through which
we can pass to the relevant limits and identify the limiting equations. The detailed
application of the Galerkin method to general linear second-order parabolic equations
can be found in [30].

However, unlike the linear case in [30], our situation is more complicated thanks
to the nonlinear convective term in . To be more specific, the weak form of the

convective term is given by

/OT/Q('U ®wv): Vywdzdt, (1.32)

where w belongs to a suitable test function space. To simply illustrate the idea, here
we assume that p = 1. The usual a priori estimates give that v € L*°(0,T; L?(Q; R%))N

L0, T; WH2(Q; RY)). Then we have v € A (Q;RY) by standard interpolation.
For (1.32)) to be finite, we require that the test function w € LP(0,T; W1P(Q;R?)),

with p > d%z

test function. Therefore, to maintain the energy identity, we truncate the convective

, which then automatically excludes the velocity field v itself as a valid

term as the first level of approximation; then we also truncate the probability density
function in the Fokker—Planck equation accordingly. The details on the truncations

will be given in later chapters when dealing with specific models.

1.2.4 Convergence in L'

When passing to the limits in the Galerkin approximation parameters and in the
truncation level, there is another technical difficulty worth noting, that is convergence
in L'. Since for an open, bounded subset O C R, L'(O) is not the dual space of
L>(0), then boundedness in L'(O) does not imply weak convergence of a subsequence
in L'(O), which in turn causes difficulties in deducing strong convergence of sequences
in L'(0).
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The key idea to solve this problem here is to apply the Div-Curl Lemma. Consider
the approximate probability density function Lﬂm From the energy identity ,
we deduce the equi-integrability of (ﬁ)m)jﬁ:l by the De la Vallée Poussin’s Theorem.
Then the Dunford-Pettis Theorem gives the weak convergence in L}, (O x (0,T)).
We use the Div-Curl Lemma to show that (&m)fn‘“:l converges almost everywhere
in O x (0,7), followed by Vitali’s Convergence Theorem, which gives the strong
convergence of the sequence (¢™)%_, in L*(0,T; L'(O)) as m — co.

Now we have discussed the main method used in this work and the difficulties
that may arise in the proofs. In the next section, we briefly review previous existence
results for Navier-Stokes—Fokker—Planck systems that arise in models of polymeric

fluids.

1.3 Literature survey on existence results on poly-
meric fluids

In this section, we provide a brief literature survey of the study of polymeric flow
models. Unless otherwise stated, the centre-of-mass diffusion term is absent from the
model in the cited reference, i.e., € = 0; also, unless otherwise stated, the density p is
assumed to be constant, and in all cited references only a simple dumbbell model is
considered rather than a bead-spring chain model, i.e., K = 1.

In [58], Renardy proved a local existence and uniqueness result for a family of
Hookean-type dumbbell models. Subsequently, E, Li and Zhang [28] and Li, Zhang
and Zhang [44] revisited the question of local existence of solutions for dumbbell
models, while Zhang and Zhang [70] showed a local existence and uniqueness result
for regular solutions to FENE-type dumbbell models. All of these papers required
high regularity of the initial data. In [24], Constantin considered the Navier—Stokes
equations coupled with a nonlinear Fokker—Planck equation modelling the probability
distribution of particles interacting with the fluid and in [25], Constantin and Seregin
proved the global regularity of solutions of the incompressible Navier-Stokes—Fokker—
Planck system in R? in the absence of boundaries.

In [47], Lions and Masmoudi proved the global existence of weak solutions for the
corotational FENE dumbbell model and the Doi model (also called the rod model)
using a propagation-of-compactness argument, i.e., the property that if one takes a
sequence of weak solutions, which converges weakly and such that the initial data
converge strongly, then the weak limit is also a solution. In [50], Masmoudi explored

the FENE dumbbell model for a general class of potentials; he proved local existence
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in Sobolev spaces, global existence if the initial data are close to equilibrium, and
global existence in two dimensions for the corotational FENE model.

In [3], Barrett, Schwab and Siili showed the existence of global-in-time weak solu-
tions to the coupled microscopic-macroscopic bead-spring chain model with constant
density and in the absence of the centre-of-mass diffusion term, i.e. ¢ = 0. This paper
assumed a large class of potentials U, including the Hookean dumbbell model and
general FENE-type dumbbell models in the general noncorotational case, however the
velocity field v in the drift-term of the Fokker—Planck equation and the extra stress
tensor had to be mollified.

Subsequently, in [5] and [7] Barrett and Siili managed to prove the existence of
global-in-time weak solutions to general noncorotational Hookean-type bead-spring
chain models and FENE-type bead-spring chain models respectively, with centre-of-
mass diffusion € > 0, but without mollification and in the general case of K > 1
coupled beads in the bead-spring chain. This was achieved by introducing a cut-off
parameter L, discretizing the resulting model in time, and then passing to the limit
as L — oo by requiring that the time step At = o(L™!). The papers also provided
rigorous proofs, for both FENE-type and Hookean-type models, of the convergence
of weak solutions to their respective equilibria: v,, = 0 and ¢, = M, as t — oo.
A key contribution to the field has been Masmoudi’s paper [51], which proved global
existence of weak solutions to the FENE dumbbell model, in the absence of a centre-
of-mass diffusion term.

In the above literature, the authors have assumed a linear relation between the
viscous part S, of the Cauchy stress and the symmetric part of the velocity gradient
D(v). In [21], Bulicek et al. introduced a general implicit constitutive equation
relating S, and D(v). They considered implicit relations that generate maximal
monotone graphs, and the corresponding rate of dissipation is characterized by the
sum of a Young function and its conjugate depending on D(wv) and S,. Bulicek et
al. proved long-time and large-data existence of weak solutions by using properties of
maximal monotone operators and Lipschitz approximations of Sobolev-space-valued
Bochner functions via a weak compactness arguments based on the Div-Curl Lemma
and Chacon’s Biting Lemma.

So far, we have been reviewing the literature concerning nonisothermal fluid mod-
els. However, in some situations, the temperature change substantially influences
the fluid material properties, which means that we cannot simply assume that the

temperature is a constant. In such cases, fluids are referred to as the nonisothermal

fluids.
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The study of nonisothermal polymeric fluids from a microscopic-macroscopic point
of view arose during the early 1970s, when Marrucci [49] first derived the kinetic
model of nonisothermal polymer fluids based on the Hookean dumbbell model. The
key contribution of [49] is the detailed derivation of a constitutive equation for the
extra-stress tensor. Subsequently, Bird [22] generalized the constitutive relation in
[49] to include nonlinear temperature dependence. The constitutive equation for the
extra-stress tensor in [22] was further applied to various models, see, for example, [69)]
and [68]. However, the above works were only limited to fluids with low elasticity. To
consider more general and physically more realistic cases, the GENERIC formulation
was proposed by Ottinger and Grmela [55], Grmela and Ottinger [37].

In [27], Dostalik et al. rigorously derived a thermodynamically consistent model
for the nonisothermal dilute polymeric fluids, which was similar to the model in
Ottinger and Grmela [55]. However, compared to the method in [55], the arguments
in [27] was simpler and more straightforward. This was achieved by identifying the
correct energy storage mechanisms and the entropy production mechanisms, after
which the governing equations were direct consequences of the second law of thermo-
dynamics.

In the next section, we shall briefly summarise the contributions of this thesis.

1.4 Contributions of the thesis

In this thesis, we prove rigorously the existence of global-in-time weak solutions to
coupled Navier-Stokes-Fokker—Planck systems modelling different types of incom-
pressible dilute polymeric fluids, which include the homogeneous system, the nonho-
mogeneous system and the nonisothermal homogeneous system.

In Chapter |3 we prove the existence of global-in-time weak solutions to a model
of a homogeneous dilute polymeric fluid. Our model is motivated by [31I]. The key
feature is that the viscosity coefficient p is a C' function of the polymer-number-
density o. In [31], Feireisl et al. proved the weak sequential stability of the family of
dissipative (finite-energy) weak solutions to the compressible Navier—Stokes—Fokker—
Planck system provided that such weak solutions exist. However, whether such weak
solutions exist it not yet known. Compared to the model in [31], we consider the
simpler version by assuming the fluid is incompressible. By assuming the fluid is
incompressible, the complicated assumptions which control the growth of u(p) in [31]
are simplified to assuming that p(p) is bounded above and below by constants. Our

proof of existence of weak solutions, motivated by the approach in [21], is based on
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combining truncations on the convective term and the probability density function
with a Galerkin semi-discretization on the spatial domains. To identify various limits,
we derive uniform a priori estimates independent of the Galerkin and truncation pa-
rameters. With the help of compact embedding theorems, we deduce the convergence
of sequence of approximate solutions to a weak solution of the Navier—Stokes—Fokker—
Planck system.

In Chapter [ we show the existence of global-in-time weak solutions to a model
of a monhomogeneous dilute polymeric fluid. The key feature is the presence of the
density-dependent drag coefficient in the Fokker—Planck equation. We extend the
results in [8] to a more general class of models, where we allow the viscosity coeffi-
cient p to depend on both the density p and the polymer number density o. Also,
compared to the method, which is based on time-discretization, in [§], the advan-
tage here is that using the Galerkin discretization method considerably simplifies the
proof. However, the introduction of the variable density and the density-dependent
drag coefficient causes technical difficulties. Firstly, at the Galerkin approximation
level, we do not discretize the density p. We apply Schauder’s Fixed-Point Theorem
to show the existence of solutions to the partially Galerkin-discretized system. In ad-
dition to the usual weak compactness techniques used in Chapter [3] we also apply, for
example, a Nikolskii norm estimate and the method of characteristics, to deduce uni-
form estimates and hence deduce the relevant convergence results. Finally, without
further assumptions on the regularity of the data, the transport equation governing
the density p, and subsequently the equation for the drag coefficient ((p), are only
satisfied in the distributional sense. To overcome this difficulty, we approximate the
initial density po by a sequence of functions in C'*(Q) which allows us to deduce higher
regularity of 9;p and V,p.

In Chapter 5], we show the existence of global-in-time weak solutions to a model of
a nonisothermal homogeneous dilute polymeric fluid. We consider the model derived
in [27]. To simplify the model, we consider the corotational Fokker—Planck equation,
which means that the symmetric part of the velocity gradient V,v featuring in the
drag term in the Fokker—Planck equation is assumed to vanish, i.e. V,v is replaced by
2 (Vv —(V,v)T). We also include an additional cut-off parameter L in the system by
introducing a cut-off function 8%(-) in the second order terms in the Fokker—Planck
equation. The proof is based on combining a truncation of the convective term with
a Galerkin semi-discretization of the velocity field, the probability density function
and the temperature. The main difficulty lies in the fact that on the right-hand side

of the temperature equation, we have D(v) : D(v) which at the level of weak solution
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belongs to L'(Q) only, and passage to the limit in its Galerkin approximation then
requires strong convergence of the Galerkin sequence of velocity gradients. Also, since
the velocity gradient D(wv) lacks integrability, we have to take the test function to be
a fraction of the temperature @ instead of 0 itself. In the final step as the truncation
parameter { — oo, strong convergence of the velocity gradient is not possible to
obtain. To circumvent this, we have to consider the total energy £ = 1|v|* 4+ 6 and
deduce the limiting equation for E instead of 6.

In Chapter [, we briefly summarise the results obtained in this thesis and provide

possible extensions.
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Chapter 2

Preliminaries

In the present chapter we shall introduce the notions and results used in this thesis.
In Section 2.1} we first define various function spaces. In Section we introduce
the Aubin-Lions Lemma and its extensions. Next, we state some interpolation in-
equalities in Section [2.3] Finally, in Section [2.4] we present some convergence results

which will be useful for our analysis later.

2.1 Notation and function spaces

Here we shall summarise the definitions of Lebesgue spaces, Sobolev spaces and
Bochner spaces. Let O be a measurable set in R? and p € [1,00). The standard
Lebesgue space of p-integrable functions is denoted by (LP(O), || - ||r(0)). When
p = 00, (L>(0), || - ||z(0)) denotes the space of essentially bounded functions. For
s € N, let (W*?(O), ||-|lws»(0)) be the standard Sobolev spaces and denote by ||y (0)
the corresponding semi-norm. We denote the space of signed Radon measures on O
with finite mass by M(O). Since we also need to work with Maxwellian-weighted

spaces, we define, for a nonnegative weight-function N € L2 (O),

12,(0) = {f € I2,(0) - /O N(2) [f(2)P dz < oo},
W (0) = {f € WE(0) / N(=) (FE)P + Vo f()P) dz < oo},

For any pair of functions f, g, with f € LP(O) and g € L* (O), where 1/p+1/p' =1
and p,p’ € [1, 0], we set

(f,9)o i=/of(z)g(z)dz.

Note that we set 1’ = 0o and oo’ = 1. We adopt analogous notation for vector-valued

and tensor-valued functions. We shall specify the dimension of vector-valued and
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tensor-valued functions by R% and R?*? respectively. If O = , we omit the subscript
Q2 from the inner product (f, g)q for simplicity. For a general Banach space (X, ||-||x),
the dual space consisting of all continuous linear functionals on X is denoted by X’
and the dual pairing is denoted by (f,¢9)x if f € X’ and ¢ € X. When it is clear
from the context which space X is intended, the subscript x will be omitted from
the notation of the duality pairing, and we shall, for the sake of notational simplicity,
write (f,g) instead of (f,g)x. For the Sobolev space W'*(O) where 1 < p < oo,
we denote its dual space by (W'P(0)). We define the negative order Sobolev space
W=11(0) by W=HHO) == {div f : f € L*(O;R?)}.

Let Q C R? be a bounded open Lipschitz domain, with d = 2 or 3, and let C(Q)
denote the set of all continuous real-valued functions on Q. Let C*°(£2) be the set of
all smooth functions on Q and let C§°(Q2) be the set of all functions in C*°(£2) that
are compactly supported in Q. Then we define for p € (1, 00) the following function

Spaces:

m“ ”Wl WP (Q; ]Rd)
{’U € OOO(Q Rd) le’U — O in Q}l| Ilwlp QJRd)

Q:R?

Wo (4 RY) :
Wk (5 RY) :
Lﬁ (4 RY) = mll 2 me,
(R = (W "(RY))'
P RY) = (W (4 RY))

I

d1v

We for p € [1, 00| denote by LP(0,T; X) the standard Bochner space of p-integrable
for p € [1,00), and essentially bounded, when p = oo, X-valued functions defined on
the interval (0,7"). If X is separable and reflexive and p € (1,00), then L?(0,7T; X)
is separable and reflexive and (LP(0,T; X)) = L¥'(0,T; X") (see [23]).

2.2 Compactness theorems in Banach spaces

In this section, we introduce the Aubin-Lions Lemma and its extensions, which will

be helpful in proving strong convergence results.

Lemma 2.2.1. (Theorem 2.1 in [65]) Let X, X, X, be three Banach spaces with Xo C
X C Xi. Suppose that Xy is compactly embedded in X and that X is continuously
embedded i X1. For 1 <p,q < oo, let

- {f € LP(0,T; Xy), % € LY0,T; Xl)}'
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1. if p < 00, then the embedding of Y into L*(0,T; X) is compact,

2. if p=o00 and if ¢ > 1, then the embedding of Y into C([0,T]; X) is compact.

The above lemma can be generalized to the case where % is a measure.

Lemma 2.2.2. (Corollary 7.9 in [60]) Let Xo, X, X1 be three Banach spaces with
Xo C X C X;. Suppose that Xy is compactly embedded in X and that X is contin-
uwously embedded in X1. Suppose also that Xy is reflexive, and the Banach space X,
has a predual space E, in the sense that X1 = E'. For 1 < p < oo, let

V= {f e L7(0,T; XO),% e M(0,T; Xl)}.

Then the embedding of Y into LP(0,T; X) is compact.

In certain cases, we cannot derive a bound on the full time derivative of f. We
then have to consider a fractional time derivative. Let X be a Banach space. For
1 <p<ooand 0 <y <1, we define the Nikolskil spaces N (0,T; X) by

N;(O,T,X) — {f c Lp(O,T, )()7 sup ||f< + h) B f(')HLP(O,T—h;X) < OO} :

0<h<T h

and for f € NJ(0,T; X), we introduce the following norm:

IfC+h)— f(')”Lp(o,Th;X)>p) z |

. p
00 = (17 + 00 i«

We introduce the following results concerning the compact embedding of the Nikolskii

spaces.

Lemma 2.2.3. (Simon, [62]) Let Xy, X, X, be three Banach spaces with Xo C X C
X5. Suppose that X is compactly embedded in X and that X is continuously embedded
i Xi1. Then, for alll <p < oo and 0 <y <1, the embedding

LP(0,T; Xo) N NJ(0,T; X1) = LP(0,T; X)

18 compact.

2.3 Interpolation inequalities

In this section, we present some interpolation results which will be of frequent use in
what follows. The first is called the Gagliardo-Nirenberg multiplicative embedding

inequality.
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Lemma 2.3.1. (Theorem 1.2.1 in [26]) For given p,q € [1,00), there exists a positive
constant C' depending only on d,p,q such that

17z < CUV Iz 1 1)
for all f € Wy(Q) N LP(Q), whenever s > 1 and y € |0, 1] satisfy
1_1
P s
T=1 1.1 (2.2)
i~ a7

For d > 2, the admissible range for p,q,s € [1,00) and v € [0,1] is given by

d
p7ﬁ7 pre 17dqi|7

dq

if1<qg<d,v€l0,1], and s € ' »
dqapa pre qu,OO )

dgq
ifd < qg<oo,s € |p, o), and E{O,—).
/ p.o) ! dgq + p(g — d)

We reproduce the following results from [66].

Lemma 2.3.2. (Parabolic Interpolation, Lemma 2.4 in [66]) Let p,q,s € [1,00) and
v € [0,1] satisfying and assume that s € [p,00). Then there exists a positive

constant C' such that

£l 07:25 @) < CIV Il aigma | I1oto 200 () (2.3)
for all f € L9(0,T; W, 9(Q)) N L0, T; LP(Y)), with
s(q(p + d) — dp)

ri= € (1, 00|. 2.4
Pt e (1.0 (2.4)
Corollary 2.3.3. (Corollary 2.5 in [66]) If ¢ > ﬁdz, then there exists a positive

constant C' depending only on q such that

“fHLq(d(;rQ) @) < C“an L1(Q; ]Rd)”fHLoo 0,T;L2(Q))’ (25)

for all f € L9(0,T; Wy 9(Q)) N L®(0,T; L*(Q)) with v = -4

We also need the following function space interpolation which is a consequence of

the Holder’s inequality.

Lemma 2.3.4. (Corollary 2.10 in [52]) Assume that co > p1 > p > ps > 1 and
fe L, (Q)n LP2(2). Then

1 ey < IF1Zor o) 1/ 2oty (2.6)

1 _ « 11—«
where &=+ ¢, a € [0,1].
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2.4 Some convergence results

2.4.1 Vitali’s convergence theorem

In order to characterize compactness in L', we start with the definition of equi-
integrability (c.f., Definition 2.23 in [34]).

Definition 2.4.1. Let (X, 1) be a measure space. A family F of measurable
functions f : X — [—00,00] is said to be equi-integrable if for every e > 0, there
exists a 6 > 0 such that fE |fldu < e for all f € F and for every measurable set
E C X with p(E) <9.

The equi-integrability can be deduced via the following De la Vallée Poussin’s

Theorem.

Theorem 2.4.2. (De la Vallée Poussin, Theorem 2.29 in [3])]) Let (X, 9, u) be a
measure space and let F C L'(X) be a bounded set. Then the following conditions

are equivalent:
1. F is equi-integrable;

2. there exists an increasing function «y : [0,00) — [0, 00|, with

limM—

t—oo T B
such that
sup [ (7)) dy < o
X

fer

With the notion of equi-integrability, the following Dunford—Pettis Theorem can

be used to prove weak convergence in L.

Theorem 2.4.3. (Dunford—Pettis, Theorem 2.54 in [54]) Let (X, 9, 1) be a measure
space and let F C L*(X). Then F is weakly sequentially precompact if and only if

1. F is bounded in L'(X);

2. F is equi-integrable and for every € > 0 there exists E C X with E € 9 such

that W(E) < oo and
sup/ |f]dp < e.
feF Jx\E

Next, we state the Vitali Convergence Theorem as in [34], which gives strong

convergence in L.
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Theorem 2.4.4. (Theorem 2.24 in [34]). Let (X, M, u) be a measure space, and let
fus f o X — R be measurable functions. Then, (f,)>2, converges to f strongly in
LY(X) if and only if

1. fo,— f a.e in X, and

2. (fn)se is equi-integrable.

2.4.2 Weak lower semi-continuity

The following lemma recalls the fact that convex (concave) functions are lower (upper)

semi-continuous with respect to weak convergence.

Lemma 2.4.5. [29] If F : R — R is convex and f, — f in L'(Q), then

/QF(f)dx gliminf/ﬂF(fn)dx.

n—oo

If F: R — R is concave and f, — f in L*(Q), then

/F(f)d:c Zlimsup/F(fn)dx.
0 Q

n—oo

The next result characterizes pointwise convergence from convexity and lower

semi-continuity.

Theorem 2.4.6. (Theorem 10.20 in [32]) Let O C R? be a measurable set and ( f,)°,
be a sequence in L'(O) such that f, converges to f weakly in L*(O). Let F: R — R

be a lower semi-continuous convex function such that F(f,) € L*(O) for any n, and

F(f,) converges weakly to F(f) weakly in L'(O). Then

F(f) < F(f) a.e. inO.

If, moreover, F is strictly convex on an open convex subset U C R?, and F(f) = F(f)

a.e. in O, then there exists a subsequence, which is not relabelled, such that

fo(z) = f(2) for a.e. v € {x € O|f(x) e U}.

2.4.3 Div-curl lemma

We introduce the Div-Curl Lemma which will be useful for deducing the limit of the

sequence of Galerkin approximations to the probability density function ).
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Lemma 2.4.7. (Proposition 3.3 in [32]). Let D C R? be a bounded open Lipschitz
domain and d € Nso. Let W=15(D) and W=5%(D;R¥>?) denote the dual of the

Sobolev spaces Wl’s%l(D) and Wl’ﬁ(D; R*) respectively, for any s > 1. Assume
that

H, -~ H weakly in L*(D;R?),
Q. — Q weakly in LY(D;R?),

where % + % = % < 1. Suppose also that there exists a real number s > 1 such that

divH,=V-H, is precompact in W~1*(D),
carl Q, = (VQ, — (VQ,)") s precompact in W~ (D; R>%),

Then,
H, -Q,— H-Q weaklyin L"(D).
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Chapter 3

Existence of weak solutions to a
model of a homogeneous dilute
polymeric fluid

This chapter is devoted to studying homogeneous incompressible dilute polymers.
The model is a simpler version of the model introduced in Chapter We assume
that the density p and the drag coefficient ( are constants identically equal to 1. Our
goal is to prove the existence of global-in-time weak solutions to the Navier—Stokes—
Fokker—Planck system that models homogeneous incompressible dilute polymers.

In Section 3.1} we first state the system of equations under consideration with
certain assumptions on the initial data. In Section [3.2] we formulate the main result
to be proved in this chapter. In Section [3.3] we begin our proof by first truncating
the convective term and the extra-stress tensor S, with a truncation parameter ¢ in
Subsection [3.3.1] To preserve the energy identity, we also truncate the probability
density function in the drag term in the Fokker—Planck equation; then we truncate the
initial condition accordingly. In Subsection [3.3.2] we introduce a two-stage Galerkin
approximation of the velocity field and the probability density function with param-
eters n and m. In Subsections —[3.3.5] we derive uniform estimates independent

of n, m and /¢, respectively, which enable us to pass to the limit as n,m, ¢ — oo.

3.1 Statement of the problem

We consider the following system of nonlinear partial differential equations, which

governs the evolution of the velocity field v(z,t), the probability density function
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¥ (x, q,t) and the polymer number density o(z, t):

5’8_';) +divy(v®@v) —div, T = f in Q, (3.1)
div,v =0  inQ, (3.2)

and

o - '
5 T diva(vv) + jzl divy ((V,v)g’y)

K K
= A+ > ) Ajdivg (qui (%)) in O x (0,7).

i=1 j=1

(3.3)

The equation (3.1)) is supplemented by the following initial and boundary conditions

v(+,0) = vo(+) in (3.4)
v=20 on 02 x (0,7). (3.5)

The Cauchy stress is decomposed as
T =-pl+S5,+ S.. (3.6)

The viscous part S, of the Cauchy stress T is defined by

5= uto) (V) = wo)to) 37)

where D(v) denotes the symmetric part of the velocity gradient and the shear viscosity

coefficient p is a function of the polymer number density ¢ which is given by

ol 1) = /D (2, ¢,)dq. (3.8)

The extra-stress tensor S, is given by the Kramers expression:
- 1
s.0.0 = k(X [ vleanae” @) (fla'F) da-Kewnr). 69
j=17D 2

To simplify the presentation of the Fokker—Planck equation (3.3]), we define

P A S )

w '_ M: wO — M
Moreover, we associate the Rouse matrix A in (3.3) with the linear mapping A :
RK — R defined, for any B = (B])/Z}") € R™K by (A(B))] = S, BFAy;,
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and let A7 : R”X — R? be the linear mapping defined by (A7(B)); = (A(B))/,

fori=1,...,dand j = 1,..., K. By the positive definiteness of the Rouse matrix

A€ Rg];f( , there exist positive constants C'; and C5 such that

Ci|B < A(B): B<Cy|B|? VB eR¥™K, (3.10)

The extra-stress tensor S, can be rewritten as

K
S.a) = kY [ M@ Vyite.a.) @ g dg (3.11)
=17
The Fokker—Planck equation (3.3) becomes
oMy) | . . .
TS+ div (M) + divg (MH(V,)q) (312

— A(MY) — divg AMMV ) =0 in O x (0,T).

The above equation is supplemented by the following initial and boundary conditions:

77E<:B7 q, O) = 77[}0(17’ q) n O? (313)
MV,ip-n=0 on 90 x D x (0,T),  (3.14)
(Mqﬁ(vxv)qf - AKMVM)) =0 on Qx 907 x (0,7),  (3.15)

forall j=1,..., K.

By formally integrating the partial differential equation (3.12) over D and using
the boundary condition (3.15)), and by integrating the boundary condition ([3.14)
over D, we deduce the following partial differential equation for the polymer number
density p:

with the following initial and boundary conditions:

o(z,0) = go(z) in Q, (3.17)
V.o-mn=0 on 092 x (0,7, (3.18)

where
(o) = [ M(@yinta)da (3.19)

Next, we impose some assumptions on the data. We assume that 9Q € C%!. For

the Maxwellian M, we assume that

M € Co(D)nCYY(D)n W, (D). (3.20)

loc
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For the initial velocity vy, we assume that
vy € Lj 41, (4 RY). (3.21)
For the initial value of the probability density function 1@0, we assume that
Yo >0 a.e. in O, Yo log thy € L}, (0). (3.22)
For the polymer number density, we require the initial data gy to satisfy
00 € L=(12). (3.23)

We shall suppose that p is a strictly positive continuous function and we adopt the

following assumption: there exist positive constants ¢; and ¢y such that, for any o > 0,
0<c < p(o) < e (3.24)

Finally, we assume that
f € L*(0,T; L*(Q; RY)). (3.25)

In the next section, we formulate the main result to be proved in this chapter.

3.2 The main result
We first state the definition of weak solutions to the incompressible Navier—Stokes—
Fokker—Planck system.

Definition 3.2.1. We say that the triple (v, 1@, 0) is a weak solution to the system of
nonlinear partial differential equations (3.1)—(3.19), if the following conditions hold:

(i) The functions (v, 0, 0) belong to the following function spaces:
v LOO(O’ T’ Lg,div(Q; Rd)) n L2(07 T7 W[)1,§1V(97 Rd))?
e L= x (0,T); Ly, (D) N L0, T; WEH0)), ¢ >0 ae. inO x(0,7T),
o€ L=( x (0,T)) N L2(0, T3 WH2(92),

2
O € LP(0,T; Wit P(Q;RY)) for all p € (1, di} ,

d
0.(M) € LP(0,T; W="10)) for all p € [1,2),

dio € L*(0, T3 (WH*(2))),

where O :=Q x D, and
oot = [ M@)ie.a.)dg for ae. (o.6) € @ x (0.7),
D
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(ii) The equation (3.1)) is satisfied in the following sense:

/T<at’0, w) dt + /T[_(v ® v, V,w) + (S, V,w)| dt

T (3.26)
= / [—(Se, Vow) + (f,w)]dt, for allw € L>(0,T; W&’ﬁ(Q;Rd)),
0
where the viscous part S, of the Cauchy stress is given by
Sy(x,t) = p(o)D(v) for a.e. (x,t) € Qx (0,T), (3.27)

and the extra-stress tensor S, is given by
K
Se(z,t) = kZ/ M(q)Vgt(z,q.t)® ¢’ dg  for a.e. (z,t) € 2 x (0,T). (3.28)
=170
The Fokker—Planck equation (3.12)) is satisfied in the following sense:

/OT (o), o)~ (Mo, Vop) — (MO(T.0)q, Vap) | i

T . . (3.29)
+ /O (95, 9.0) + (MAV), Vo) ] dt =0,
for all o € L*=(0,T; W"=(0)).
The evolution equation for o is satisfied in the following sense:
T
0, p) — ) 20, Vap dt = 07
| 02.0) ~ (00.9.0) + (Vo2 V.0 530,

for all @ € L*(0,T; WH2(Q)).
(i7i) The initial data are attained in the following sense:

Jim (-, 1) =v0 ()72 (@) + 1 (- ) =0 ()21, 0 Hll ol ) =0( )1 = 0. (3.31)
Theorem 3.2.2. Let Q C RY, d € {2,3}, be a bounded open Lipschitz domain. Let
K € N be arbitrary and let D' ¢ RY, i = 1,..., K, be bounded open balls centred
at the origin. Suppose that f € L*(0,T; L*(Q;RY)). Assume that the map A : B €
R&>K 3 A(B) € R™K s linear and satisfies (3.10)), the Mazwellian M : D — R
satisfies , the shear viscosity coefficient u(-) satisfies (3.24) and the initial data

('vg,zﬂo, 00) satisfy f. Then, there exists (U,zﬁ, 0) which is a weak solution
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to the system (3.1)—(3.19)) in the sense of Definition [3.2.1. Moreover, for a.e. t €
(0,7), we have the following energy inequality:

1/ |'v(-,t)|2dx+1/g(-,t)2dx+k/M]-"(z/}(-,t))dxdq

// 0)|D(v \2dxds+/ /!Vmg\2dxds
+4k0// ’ iy
. t
§—/\v0|2dx+/ggdx+k/M}"(z/Jo)da:dq—l—/ /f~'vd:cds,
2 Ja 0 0 0 Jo

where F(s) = slogs+ 1 for s >0 and F(0) = lim, o F(s) = 1.

dr dgds

Remark 3.2.3. We comment here that it is not possible for us to recover the homo-
geneous Neumann boundary conditions for @/AJ and o in terms of traces on the boundary
since weak solutions do not possess sufficient reqularity to talk about traces of normal
derivatives on the boundary. For this to be possible, the relevant function should at
least belong to W22, The situation is similar for Chapter[4] and Chapter[3,

In the next section, we will prove this theorem by first truncating the Navier—
Stokes—Fokker—Planck system with a parameter ¢, and then approximating the trun-
cated system using the Galerkin method with parameters n and m. To deduce the
existence of global-in-time weak solutions to the problem, we derive uniform estimates

independent of each parameter and pass to the limits as n,m,{ — oo.

3.3 Existence proof

3.3.1 The first level of approximation: truncation

To approximate the Navier—Stokes—Fokker—Planck system, as in [21], we begin by
introducing a smooth nonnegative function I' € C§°((—2, 2)), such that I'(s) = 1 for
all s € [~1,1], and for an arbitrary ¢ € N, we define I'y(s) := I'(7). As in [2I], the

primitive function to I'y is given by

To(s) = /05 Ly(r) dr.

We define the ¢-th approximation of (3.1) and (3.2)) as follows:

Z
ov’ + div, (Ty(|v*| v @ v*) — div, S, = —Vp' +div, S+ f  inQ,

ot
div,v* =0 in @,
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with initial and boundary conditions given by

v(-,0) = vy (") in ,
vi=0 on 092 x (0,7).

The viscous part S’ of the Cauchy stress is given by
St = u(o) D),
where the ¢-th approximation ¢ of the polymer number density o is defined by
Jat) = [ M@yl (e.q.0)da

The (-th approximation S’ of the extra-stress tensor S, is given by

K
Sty =k /D M(Q)V Tz, q,1)) ® ¢ da,
j=1

where ¢ is the solution of the initial-boundary-value problem (3-32) and ([3.33)) stated
below.

By integration by parts, we have

K
St(a,t) = —k / [KM(q)Tz(@b‘(x, g0+ 3 T’ (2,q,0))Vy M(g) © ¢/ | dg
D :
7j=1
on observing that the boundary term on dD vanishes since M = 0 on 0D. This
process can be justified using Lemma 3.1 in [8]. We shall also modify the Fokker—
Planck equation (3.12)) so that the energy identity is preserved during the truncation

process. We first set

Ag(s) = sTy(s).
Then the ¢-approximation of (3.12)) is given by

O(M{")
ot

o+ div, (M) + divg (MA()(V.0)q)
— A, (M) — divg AMV @) =0 in O x (0,T), (3.32)

and is supplemented by the following Neumann boundary conditions:

MV mn=0 ondQx D x(0,T),
(M (Voa')g — & (MV) -/ =0 on Qx 0D x (0.7).
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forall 7 =1,..., K. We also truncate the initial condition for U! as follows:
lﬁé(:& q, 0) = Tg(i[)o(iv, q)) for (l’, q) € 0. (333>

The ¢-approximation of (3.16]) is given by

9o . €.t ¢ :
N + div,(v0") = Ao in Q,

and is supplemented by the following boundary condition:
V.ot -m=0 on 02 x (0,T).

The initial condition for ¢f is given by

o!(2,0) = /D M(g)d!(z, 4,0 dq.

For simplicity, we shall omit the superscript ¢ temporarily in the following discus-
sions; we shall reinstate it later and will then pass to the limit as £ — co. We need
to show first, however, that this approximating problem has a solution (v, W , 0%) for
each ¢ > 1; we shall do so by constructing a two-level Galerkin approximation to it

and passing to the limits in the sequences of Galerkin approximations.

3.3.2 A two-stage Galerkin approximation

In this section, we define a Galerkin approximation to the truncated Navier—Stokes—
Fokker—Planck system. First, as in [2I], we define an approximate Maxwellian M™
by fixing a sequence of functions (M )men C 08 (D) such that for each compact set
2 C D the following holds:

7rlzgréo ”Mm N MHC(E)mW&‘l(D) - H(Mm)_l o M_IHC(%) =0. (3.34)
To this end the approximate Maxwellian M™ is defined by
—m 1
M™ =M +—, form=1,2,.... (3.35)
m

Next, we shall introduce the Galerkin basis functions for the velocity field and the
probability density function respectively. The Hilbert space W()l,ﬁiv N WaL2(Q; RY),
equipped with the inner product of W2+12(Q; RY) is compactly and densely embed-
ded in the Hilbert space L 4,(Q2; R?). Hence by the Hilbert-Schmidt Theorem (c.f.,
Lemma 5.1 and Lemma 5.2 in [33]), there exists a countable set (w;);en of eigen-

functions in Wy 3, N W%2(Q; R?) whose linear span is dense in L2y, (2;R?), such
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that the w;, i = 1,2,..., are orthogonal in the inner product of W4+12(Q; R?) and
orthonormal in the inner product of L?(2;R?). Similarly, for each m € N we find a
countable set (¢7");en of eigenfunctions in W12(©) that are orthogonal in W,;% (O)

and orthonormal in L2,,.(O). Finally, we fix m,n € N and look for (v™™, ™, gmn)

given by
V() =) (w (), (3.36)
i=1
(@, q,t) =Y A (e, q), (3.37)
=1
0"z, t) = [ M™ (@)™ (x, q,t)dgq, (3.38)
D
that solve
(O™, w;) — (L™ )o™" @ v™", Vow;) + (57", Vaw;) (3.39)
= —(SI"", V,w;) + (f,w;) foralli=1,...,mand a.e. t € (0,7), '
(fls(M YY), )O— (M v"YT V] )O
— (MAE™) (V0" ")q, Vel") -+ (Mo, Vop)o (3.40)

+ (MmA(quﬂm’"), ngpzn) =0 foralli=1,...,nand a.e. t € (0,7),
o
and by choosing ¢!"(x, q) = @¢(x) in (3.40)), we get the equation satisfied by o"™:
(Gre™", ) — (V™" ™", V@) + (Vo0™", Vp) = 0 (3.41)

for all g € W'%(Q) and a.e. ¢t € (0,7). The initial data are given by

m

v (x,0) = v’ (x) = Z(vo, w; )w;(x),

P, q,0) = 9" (@, q) = Y (T, o) owl (z, a),

i=1
" (x,0) = 05" (w) = / M™(q)d5"" (x,q) dg.
D
where v
Y= oy
Furthermore, the expressions SI™" and S;"" are defined as follows:

S = (0™ ) D(w™ ") a.c. in Q, (3.42)

K
S = —k /
D

KEMT,("™"I + > T,("™") Ve M @ ¢’

j=1

dg a.e. in @, (3.43)
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where, for a real number s, [s]4 = max(0, s).

Now we have constructed the sequence of approximations. Note that the short-
time existence of solutions to — directly follows from Carathéodory’s Ex-
istence Theorem. The global-in-time existence of solutions to f is a con-

sequence of the uniform estimates derived in the following sections.

3.3.3 Passage to the limit with n

This section is devoted to deriving estimates that are independent of n and passing
to the limit as n — oo.

Thanks to our assumptions on M and the presence of the cut-off function 7, in
(3.43), we have that
S < O, M).

Therefore, there exists a subsequence, which we do not relabel, such that as n — oo,
Smn_sx gm - weak*® in L°°(Q; R, (3.44)

We multiply the i-th equation in (3.39) by ¢/""(¢) and sum with respect to i =
1,...,m to deduce that

1d

s l0" " e + (ST D(™)) = =(S77, D(™")) + (f, ™). (3.45)

Note that the convective term vanishes since we have the following identity:
/ Cy(Jo™")) (™" @ v™") : Vo™ da
Q

Q

[ (/
_ /Q ( /0 o Fg(S)SdS) div, v™" dz

=0.

|,Um,n|

[y(s)s ds) v dx

Hence, using Gronwall’s inequality, we deduce from (3.45)) that

T
sup [0 gz + [ [ g™ )ID@M N dede < O M vn. £). - (3.46)
0 Q

te(0,T)
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Since, by assumption p(-) is bounded from above and below by positive constants, it
then follows from ({3.24)) and Korn’s inequality that

T
sup ||Um’n||%2(Q;Rd) +/ ||'Um’n||%/vl»2(9;Rd) dt < C(¢, M, vy, f). (3.47)
te(0,T) 0

In particular, using the definition of v"" and the orthogonality of the basis we get
that
sup | ()] < C(m, L, M, vy, f). (3.48)

te(0,T);i=1,....m

From the definition of v™", we see that

ov™" = j (t)
(0t = > (o).

Substituting into (3.39), we have, thanks to the orthogonality of the basis, that for a
fixed 1,

de™ (1
dt

‘ < |(Te(Jo™™)o™" @ o™, Vw;)| + |(S)", Vew;)| + |(SIV", Vew;)|
+ | (f, w;)|
< C(m, ) ||willwr.00 (;ra)-

Next, we shall prove that ||w;|[w1.eqre) < C(m). From the Hilbert—Schmidt Theo-

rem, we have

Z (D%w;, D%) = \i(w;, e) Ve € Wolﬁiv AWHLZQ:RY), Vi=1,2,...,m.

|a|=d+1

By choosing e = w;, we get

|wi|%4fd+1»2(Q;Rd) - Z HDawiH%Q(Q;RdXd) = >\i||wi||%2(Q;Rd) =\
|a|=d+1
Note that ||+ [[3ar1200) ~ | 1720) T | [rasiogq)s thus [willf a2 gpe) ~ 1+ A Since

WaL2(Q; RY) — WHe(Q; RY), we have
[wil[fy1. (00 < C(1+Ni) < C(m).

Thus, we have shown that ||w;[|y1.rey < C(m). Finally, we have

dei™ ()

sup dr

te(0,T);i=1,...,m

’ < C(m,1). (3.49)
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Therefore, from (3.48)) and (3.49)), we see that there exists a subsequence, which we
do not relabel, such that

vt g weak™ in W ((0,7)), (3.50)
" — " strongly in C([0,T)). (3.51)

(2 (3

Meanwhile, by the definition of v™" and (3.48)), it is easy to see that

sup [[v™" (t)||wreouray < C(m, ). (3.52)
te(0,7)

It then follows from the above bounds and the definition of v (13.36|) that
v — ™ strongly in C([0, T; W&ﬁiv N W20 RY). (3.53)

Similarly, we multiply the i-th equation in (3.40) by d;""(¢) and sum with respect
toi=1,...,n. Again using the fact that div, v™" = 0, we find that

1d

Tm,n |2
e e

M™

©) + ”wam,n”i?wm(O;Rd) + (MWA(Vq¢m,n)’ qujmm)o

- (MAg(qﬁm’”)(vam’")q, quzmvn)(o. (3.54)

From the definitions of M™ and A, together with Holder’s inequality, we get that
(MAE™) (Voo™ "), Vi)
<c /O M|V da dg + COOIIVa™ 2z 0712 o) (3.53)
<C [ M9t dedg + Clom O™, o
Inserting into and recalling , we have that

d Tm,n m Tm,n Tm,n
EM) ’ H%%“"(O)JF/OM Vg™ "? dz dg < C(m, £)[[¢™ ||2L?Mm((9)‘ (3.56)

Noting that M™ > 1/m together with the definition of /7", we apply Gronwall’s
inequality to deduce that

T
sup [ a0y + / 1™ |20 dE < Cm, £). (3.57)

te(0,T)

Since M™ is Lipschitz-continuous, we can further deduce that
T A
/0 | M2, 500 dE < Cm, £). (3.58)
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It remains to obtain a uniform bound on the time derivative of &m” Using ([3.40))
and the uniform bounds (3.52)) and (3.57)), we get by an application of the Holder’s

inequality, that,

T T ) ’
) 0 (M™™™), p)ol
a Mm m,n\ |2 12 , dt = / su |( t 3 dt
/0 10 ( (G >||(W 0)) 0 (%ng ||Vg;q80||L2(o;Rd(K+l))

T Mo m,n mn
<c ( wp QT 190)0|> 0
0

pEWL2(0) Vel 2 (O;R9)

~ 2
+C/T sup [((MA (™) (V0™")g, Vgp)ol a
0 peWL2(0) ||Vq90||L2 O-IRK‘H)
+C / ' sup (M"Y Vool |y, (3.59)
o \wewr20)  [IVatll20m9)
+C/T sup [(M™A(V ™), Vap)ol a
0 \pewl2(0) IVapllLzomes)

T
< (e, M) / 0™ 2 ey 197 220

T T
+O0) [ IV o0 dt+ COD) [ 19457 s 0o
< C(m,0).

Thus, from the n-independent estimates (3.57)), (3.58)) and (3.59) and by applying
the Aubin-Lions Lemma, we see that there exists a subsequence, which we do not

relabel, such that as n — oo,

SN weakly in L*(0,T; W%(0O)), (3.60)
Or(M™ ™) = B,(M™)™)  weakly in L*(0,T; (W'*(0))), (3:61)
Py strongly in L*(0,T; L*(0)). (3.62)

We first derive uniform estimates for ¢™" from the convergence properties of /™"
Since M™ is Lipschitz continuous, we have by Holder’s inequality and (3.57)) that

T
/ ||gmv“r|%m,2<m dt < O(m, ). (3.63)

Using the strong convergence , we obtain that

/O/Q(Qm )? dedt = //(/Mm e )dq)nggdt
<oom [ [ [wme-impaqara O
— 0
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Hence, (3.63) and ([3.64) imply that, there exists a subsequence such that, as n — oo,

o™t — o™ weakly in L*(0,T; W2(Q)), (3.65)
o — o™ strongly in L*(0,T; L*(Q0)), (3.66)
where
Fwnt) = [ M@)o .0)da. (3.67)
D

From the strong convergence (3.66)), we deduce that
o™t — o™ a.e. in Q. (3.68)

Next, we set @ == "™ in (3.16]). Note that such a choice is legitimate. We obtain
the following identity:

1 d m,n m,n m,n m,n m,n
5&”@ ’ ||%2(Q) — ("™ VL 0™") + ([ V0™ H%Q(Q;Rd) = 0. (3.69)

We begin by noting that the second term in the above equality vanishes thanks to
the fact that div, v"™" = 0. Next, integrating (3.69)) with respect to time over (0, t),
for t € (0,T7], we get

t
1™ (1) 22y + 2 / / V0" drdr = (g oo, (3.70)
0

By the definition of gy"", we get the following uniform estimate:
T
sup ||Qm’”|]%2(m + 2/ / |V20™"? dodt < C(m, 1), (3.71)
t€(0,T) o Ja

Next, we we shall focus on the bounds on the time derivative of ¢™". Using (3.41)),
the uniform bounds ([3.52)) and (3.71]), the Sobolev embedding and Hélder’s inequality,

we deduce that,

[ - [ (gm0
0™ . , = sup T~ —-n_
; (Wt2(Q)) 0 FEWL2(Q) HVISOHLQ(Q;R”Z)

2
<[ oy WS Can ),
“Jo \gewi2() V2@l r2(re)

(3.72)
T
S 2/0' (vamH%w(Q;Rd)||Qm’n||%2(9) + ||V;me’nH2L2(Q7Rd)) dt

< 2H’Um’nH%oo(o,:r;wlyoo(sz;ﬂaad))HQm’nH%w(o,T;B(Q)) + 2HVQO’nH%%o,T;m(Q;Rd))

< C(m,0).
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Therefore, we deduce that
0y 0™ — O™ weakly in L*(0,T; (W%(Q))). (3.73)

For the convergence properties of the viscous part of the Cauchy stress S;"", we
first note that since p is a continuous function and also the function [-]4 is Lipschitz

continuous, it follows from (3.68]) and the Dominated Convergence Theorem that

u(lo™)4) = n(lg™s)  strongly in L'(Q). (3.74)

By the assumption ((3.24]), we deduce that

p(le™"]+) = p(le™]+)  strongly in LP(Q), (3.75)

for all p € [1,00). Using the strong convergence results (3.53) and (3.75), and the
uniform bound (3.52)), we consider the following

/T/ 1S S dz dt
<2 / / (™M) D™ — u(le™) ) D™ de dt
2 / / (™) D™ — (g™ ) D (o™ P de dt

<22 / / D(v™") — D(u™) dz dt + C(m, 0) / / (™)) — ™)) da
— 0

Hence, we deduce that
Smn_y §™ - strongly in L2(0, T; L*(Q; R**9)), (3.76)
where
Syt = p([o"]4)D(v™). (3.77)
Conclusion. Using the convergence results (3.48), for ¢, (3.60)~(B.62) for

¢Y™n. ([B3.53) for the velocity field v™", (3.65), (3.66) and (3.73)) for o™, (B.76) for
St and (3.44]) for S, we can pass to the limit n — oo in (3.39)—(3.41) to deduce
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that
(O™, w;) — (Ty(Jo™ )™ @ v™, Vow;) + (S, Vow;)
=—(SI" V,w;) + (f,w;) foralli=1,...,mand ae. t € (0,7),
(@(M™™), 9o — (M ™, Vap)o — (MA(P™)(Voo™)g, Vep)o
+ (M"Y, Vap)o + (MTA(V ™), Vap)o = 0 (3.79)
for all o € W'?(O) and a.e. t € (0,7),
(0™, ) — (V™0™ V) + (Vao™, Vap) = 0

(3.78)

(3.80)
for all @ € W'?(Q) and a.e. t € (0,T).
It is obvious that v™(z,0) = v]'(z). Moreover, it is standard to show that
T (1)~ T (Do = 0. Jim [l0”(8) — 0§ (Ol iz = 0,
where
@) = [ MM@T0 ) da.
D
We have shown that
" (z,1) =/ M™(q)¢™(w, q,1) dg,
D
and
Sy = p(le"]+) D(v™). (3.81)

Finally, using (3.62)) and the Dominated Convergence Theorem, we can pass to the
limit in (3.43)) to deduce that

S;“:—k/
D

3.3.4 Passage to the limit with m

K
KMT,("™)1 + ZTe(lﬁm)quM ®q’| dg ae. in Q.

=1

This section is devoted to deriving a priori estimates that are independent of m
and from the uniform estimates, we establish the existence of weak solutions to the

truncated Navier—Stokes—Fokker—Planck system.
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Minimum principle for ™. Before deriving uniform estimates on ™, we first
show that ¢™ is nonnegative a.e. in @ x (0,T). Setting ¢ = [¢)™]_ = min(0, )"™")
in (3.79) and following a similar procedure as in (3.54)—(3.56)), we get
d - 2 . 2
—/ M (W]_) dz dq +/ M )vxvq[@um]_‘ dz dg
L (3.82)
< C(m, ) / M™ ([wm]f) dz dq.
o

Since 1@’”(0) = Tg(%") > 0, the application of Gronwall’s inequality implies that
[@m], =01in O x (0,7), which means that

P >0 a.e. in O x (0,7). (3.83)

By the definition of 0™, it then automatically follows that o™ > 0 a.e. in ). Now
that we have shown that ¢ is nonnegative a.e. in ), we can replace the [p™]; by o™
in (3.81)).

Maximum principle for ¢™. Setting ¢ = 1 in (3.79) and integrating over (0, ),

we deduce that

/ M™(q) ™ (z, q,t) dq dz — / M™(q) To(dg (x, q)) dg da
O (@)
< / M™(q)ii (z, q) dgda < / M(q) do(, q) dgdz < C.
O (@)

Therefore,
0< g(e) = /D M™ ()T (x, q)) dg < /D M(q)iol, q) dq = eolx) < C.

Let P = sup,cq 05'(7), then we have

<at(<9m - p)?@) - (,Um<gm - P)7 vz@) + (Vx(gm - p>7vm@) = 07

for all € W12(Q) and a.e. t € (0,T). Setting p = [¢™ — P], in the above equation
gives

1d m D 2 m D 2

57 [ (e =Pl de+ [ [Va[e™ — Pl dz = 0.
Since the second term on the left-hand side of the above equation is always nonneg-

ative, we then have that



which then gives

/Q (¢ — Pl (1) dz < / (& — Py (x,0)) da = / (e — Pl,)* de.

By the definition of P, [0 — P]; = 0 a.e. in Q. Thus, [0™ — P]y = 0 a.e. in Q.

Hence,
0™ [I=(@) < ool < lloollr=(@) < C- (3.84)

Next, we derive uniform bounds for the velocity field v™ and for the probability
density function ¢™. To begin with, we set ¢ = log(¢™ + §) + 1 in (3.79), where
0 > 0 is arbitrary. We define the following functions:

Fs(s) = (s+9d)log(s+ ) + 1, F(s) = slogs+1,
_ A [P
Tg,g(s) .—/0 t—l—é dt —/0 t—|-5 dt.

Note that Fs(s) > 0 for all s > 0. Then we obtain from (3.79) that

m m,.m m M™ m m
/M Fo(0) dvdq — (M"0"™ V(")) + (Qﬂmwvxw Vo) )O
+(AMm A(quﬁm),qu&m) = (M(V.0")a, ViTif(™) . (385)
1/Jm_|_5 o ’ (@]

Next, we integrate (3.85) with respect to time over (0, ¢). Using the assumption ({3.10)

and noting that the second term vanishes since div, v = 0, we obtain
Mm
16 ”@m + 6
t
< [arFmp)dedg+ [ (MT.07)0. T dr. (350)
o 0

t
/ M F5(m(-, 1)) dedq + C / ¥, 7 dr dgdr
O 0

Now we consider the limit of (3.86)) as 6 — 0+. The following two limits can be easily
identified:

Jim [ V() dodg - /O M7 F(@m (1)) dv dg,

lim / M™ Fy(Tu(dg)) de dg = /O M™F(T,y)) dz dg.

60—0+ o)
Also, by the Monotone Convergence Theorem, we have
t Mm™
lim =
=0+ Jo Jo Y™+ 0

M’m
\quwm\zdxdda—// ]quwmIQdmdda

_4//Mm
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Thus, we obtain

2

drdqgdr

Ve im

< /O M™F(T,(4)) dz dg + lim sup /0 (M(Vx'vm)q, vqTé,g(am))o dr. (3.87)

6—0+

/OMmﬂq/?m(-,t))dxdq+4o/0t/0Mm

By integration by parts, noting the divergence-free property of v, we have
t R t R
/ (M(vam)q,Vng,g(zbm))O dr = —/ (ddi(M(Va:’Um)(I),T&,é(¢m)>o dr
0 0
K t
== / (vwvm,Té,g(wm)vqu ® qj)o dr.
j=1"0

Since |Ty.(s) — Ty(s)| < dlog(1l + %), we can identify the limit in the last term in

(3.87) and we arrive at

A t ~ 2
/Mm]-"(wm(-,t))dxdq—l—élC/ /Mm Vaeg\/Um| dzdgdr
(@]
/ M™F(T,(4)) dz dg — Z / )Vq]M®q> dr. (3.88)
By setting ¢ = 0™ in (3.80)), we have
Ld fmzq +/1v "2 dz = 0 (3.89)
2dt |, 0 x ; 20 z = 0. .

Direct integration with respect to t and the application of (3.84)) give also

T
//Q|ngm]2dxdt§0. (3.90)
0

Next we multiply the i-th equation of (3.78) by ¢(¢) to deduce the following
energy identity:

1 d m m m m m
Sl gy + (ST, D™) = =(SP, D@™) + (£,0™). (391)
Using div, v™ = 0 and the definition of 57" we deduce that

K
(S, 9,0") = =k Y (Vo L") Ve M @ @)
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Integrating (3.89) and (3.91]) over (0,t), combining the result with (3.88)) and noting
the boundedness (3.24]) of u(-), we obtain

t
1/ |vm(-,t)|2dx+1/(Qm(-,t))2dx+cl/ /|D(vm)|2dxd7
2 Jq 2 Jq 0o Jao
t
—i—/ /\ngm\dedT—l-k/Mm}"(wm(-,t))d:vdq
0o Ja o

t 2
+4kC/ /Mm Vag\/
0o JO

dzrdgdr
<k [ mFEm) drda+ g [ RpOPar+g [ @ Or s [romar
(3.92)

From the assumption on the initial data, we have the following estimates that are

uniform with respect to m:

s ("Dl + 0" CDllme + 1M FE D) lken)
S )

T T
m|2 m||2
+/0 /lexg | dxdt+cl/0 ||v ”Wé,’iv(Q%Rd) dt (3.93)
T
+ [ VAT a0 g,
< O+ |M™F(Tu(dg))l120y) < C(6).

Also, the definition of S" and the assumption on M give
1S < C(0). (3.94)
Interpolating between the uniform estimates for ™ in (3.93)), we deduce that
H’UmHLz(dd+2) (QR) S C(£> (395)

By using (3.78)), the uniform estimates (3.93)), (3.94) and (3.95]), and the boundedness
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(3.24)) of u(-), we deduce by using Holder’s inequality that, for p € (1 M},

’d
T T p
a m
0 Wi P (QRD) 0 1 ”wH .
wewo,’fiv(ﬂﬂd j’ (R4)
P
T S - -~
SC/ qp  LLelvmDem @0, Vow) £ |(Sp Vaw)| |
0 weWolgw(Q%Rd) Hvxw”[,p’(Q;Rdxd)
p
T
SV
—|—C/ sup I( LW)| ) @
0 werp QRd) HV w”Lp Rdxd)

p
o'y Ewl),
0 \wew ki, (@) lwll L (e

T
<O [ I 0" &0 oy 00+ C [ IS g

+c/|wwmmwdm+c/uﬂmgw
p P
S ( )va” 2(d+2) (Q'Rd) + O“D(Um)HEZ(Q;RdXd) + C“Sgn“poo(Q;]Rdxd) + C||f||[2/2(Q7]Rd)

< ().
(3.96)

Next we derive bounds on the time derivative of ™. Similarly as in (3.72)), by using

(3.80) and the uniform estimates (3.93)), we deduce that

[ 1o = [ (o e u
t 12(Q)y —_—
v 0 PEWL2(Q) HvacSOHH(Q;Rd)

2
< /T sup |(vm9ma vm@” + |(vm9mv vw@ﬂ dt
Jo \gewrz@) V2@l L2(re

T
<2 [ (10" Bl ey + Vo0 )
0

< 2”UmH%°°(0,T;L2(Q;Rd))”QmHZL‘X’(Q) + 2”vamH%Q(O,T;LQ(Q;Rd))

< C(0),

(3.97)

Using the uniform estimates (3.93)), (3.94), (3.95), (3.96) and (3.97)), we deduce the
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existence of subsequences (not relabelled), such that

o™ —"p weak™ in L™(Q), (3.98)
o™ — 0 weakly in L*(0, T; W'?(Q)), (3.99)
00" — 00 weakly in L*(0, T; (W'*(Q))"), (3.100)
" o weak* in L0, T Lg 4, (2 RY)), (3.101)
v — v weakly in L*(0, T; Wy 3, (4 RY)), (3.102)
L weakly in L7 (Q; RY), (3.103)
d+2
Opv™ — Qv weakly in LP(0, T; WP (; R?)) for any p € <1 %] , (3.104)
Smoa* S, weak™® in L>°(0, T'; L™= (Q; R>%)). (3.105)
Then, by using the Aubin—Lions Lemma, we deduce that

v" = v strongly in L*(0,T; Lo aiv (4 RY)), (3.106)
o™ — o  strongly in L*(0,T; L*(2)). (3.107)

The above strong convergence ([3.107)) can be interpolated with (3.84) to get
o" =0 strongly in LP(0,T; LP(Q)) for any p € [1,00). (3.108)

Convergence for S]". Now we are in a good position to deduce the convergence

of the viscous part of the Cauchy stress S)". It follows from the strong convergence

(3.108) that

0" =0 a.e. in Q). (3.109)
Since p(-) is a continuous function, we have that
(™) — p(o) a.e. in Q. (3.110)
From the boundedness of u(-), we deduce that
(™) — u(o) strongly in LP(Q) for any p € [1, 00). (3.111)

Using (3.102)), we deduce that

Syt = p(@™)D(v™) = p(e)D(v) = S,

(3.112)
weakly in L?(Q; R**) for any ¢ € [1,2).
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2
To show this, we let w € = (Q; RY) with p € (2,00) to be an arbitrary test function.

We consider

D(v™) — u(p)D(v)) : wdz dt‘

D(v™) — u(p)D(v™)) : wdx dt’

— u(o)D(v)) : wdxdt

L//m O)lID(w™) ] da dt +

= I+ I

— D(v)) : wdxdt

For 7", we deduce from the (3.93)), (3.111) and Hoélder’s inequality that

17 < u(e”) = 1@l @)1 D™ 2@ 0] 2z, >0 asm— .

For 7", thanks to the weak convergence result (3.102)), we only need to show that
w € L2(Q; R¥™?) which is given by

T T . B2 T . 2
/ / lw]*dz dt < (/ / |w]|?7—2 dxdt) (/ /12 dxdt) <C.
0o Jo o Jo o Jo

Then I7* — 0 as m — oo. Therefore, we obtain the weak convergence result (3.112]).

Convergence for z/?m We focus on the convergence properties of z[)m First we
define "™ = M mgﬁm From 1) the definition of F and the fact that M™ < C', we

have

sup /w £, D) log(1 + 9™ (., 1)) dzdq < C(0),

te(0,T)

which implies that ¢™ is bounded in L>(0,T; L*(O)) and is uniformly integrable in
L' (O x (0,T)). Then by De la Vallée Poussin’s Theorem (c.f. Theorem [2.4.2)), there

exists a subsequence, which we do not relabel, such that
Y™ —1  weakly in L'(O x (0,T)). (3.113)

From (3.34)), we deduce that 1/M™ converges to 1/M in C(s) where » C D is

compact. Therefore, it follows that

Y™ =) weakly in L (O x (0,T)). (3.114)
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Next, we will show that
" = ae inOx(0,T). (3.115)

Let Oy C Oy C O be an arbitrary Lipschitz domain. From (3.93) and the properties
of M™, we have that

T
sup [/ 9m (0200 + / 1V 620y dE < C(O). (3.116)

te(0,T)

By the interpolation inequality ({2.3]), we obtain

/ / [m| TR 4 dg dt = / /
(90 00

The application of Holder’s inequality together with (3.116)) gives, for any g € [1,2),

that
T R T B8 ~ B
/ |Va2q™| dodg dt = 2° '\/w
0 Og 0

Oo
<(f[. vx,qMdedth)g ([ LI

The inequality holds provided that
23 < 2((K 4+ 1)d +2)

2((K+1)d+2)
TAK+1)

dzdqdt < C(Op). (3.117)

Va;,q \/ I/A)m dz dq dt

28
?
dz dq dt) < C(Oy).

2—0 - dK+1)
By choosing § = Egﬁ;jﬁ, we get
T (K+1)d+2
/ Ve, wm|<K+1>d+1 drdgdt < C(Oy). (3.118)
0 Op

Since we have proved that ||o™||L~(g) < C and ¢™ > 0, we can improve the integra-
bility of ¢ as follows:

190" Lo (@21 (D)) < C.

Parabolic interpolation between the above equation and (3.117)) and the property of
M™ implies that for any ¢; € (1, 00) there exists a ¢ > 1 such that

19| o (Qox(0,7);L92(Dy)) < C(Oy).

Recalling (3.93), we deduce using Holder’s inequality that there exists a ¢ > 0 such
that
™™ || 146 (00 x (0,7)r4) < C(Oh). (3.119)
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Next, we shall prove the pointwise convergence of z[)m using the Div-Curl Lemma. We

set
H™ = (M7, M7 0™ = MV ™, MA(™) (V0™ )g = MV ™),
Q™= ((1+4™), 0,...,0 ),
N——
(d + Kd)-times

for some v € (0,1/2). Recalling the convergence results (3.101)), (3.102)) and ([3.106])
for v™ together with the uniform bounds (3.118)) and (3.119)), we see that there exist

subsequences, such that

H™ ~ H  weakly in L'*°(Qy x (0,T); R} F4HEd)
Q™ —Q weakly in L%((’)O x (0,T); RTd+Kdy,

where,

H = (Mq/?, Miﬂv — MVm@, MA@(@)(VW)Q - qul/;)a
Q = ((1+1)7,0,...,0).

Now we need to verify the remaining conditions of the Div-Curl Lemma. First, it
follows from (3.79)) that

divi, g H" =0 in Oy x (0,7),

which implies that (div,,, H™)SS_, is precompact in W~12(0y x (0,T)). Moreover,

we have the following

T T
/ |curl Q™|? dz dg dt = / Viwq@™ — (Vieg@™) " )? dz dg dt
0 Oo 0 Oo

T
< C/ Vg1 + z@’”m?dx dg dt
Og

o[ [

< C(0Oy).

a ¢m dz dq dt

Therefore (curly ;. Q™)%_, is precompact in W=12(Oy x (0,7)). By choosing v <

T + 715, the application of the Div-Curl Lemma implies that

H"- Q" —H-Q weakly in L'(Og x (0,7)).

In particular, we have

~

M™p™(1 4 ™) — My(1+ )7 weakly in L}(Og x (0,T)).
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Since M™ converges to M uniformly, we obtain
(1+9™H = (1+ )1 +14)  weakly in L' (O, x (0,T)).

Then by Theorem [2.4.6] since the function s € [0,00) — s7* € [0, 00) is convex, we
can deduce that

~

L+ <1+ A+9) = 1+ <1+
Since the function s € [0,00) — s7 € [0, 00) is concave, we arrive at

(L+9) = (1+4).

Finally, an application of Theorem [2.4.6 again shows that there exists a subsequence,
such that
P = 4 a.e. in Qg x (0,7).

Since M™ converges to M uniformly, we get
Y™ =) a.e. in Oy x (0,7).

Now we want to extend the pointwise convergence result of ¢ to the whole of our
domain O x (0,7). For this purpose, we choose a nondecreasing sequence of nested
sets (OF)ren, ie. O C O3 C --- C OF C ---, satisfying U2 ,OF = O. For each
k € N, we deduce the existence of a subsequence of ¥ that is pointwise convergent
to 1 in OF x (0,T). Arguing by a diagonal procedure, we deduce that there exists a

subsequence, such that
"= a.e. in O x (0,7). (3.120)

By uniform integrability combined with (3.120)) and using Vitali’s Convergence The-

orem, we obtain that
"= strongly in L'(0,T; L'(0)). (3.121)

Therefore, thanks to the presence of the truncation 7T,, we apply the Dominated

Convergence Theorem to deduce that

ST — S strongly in L*(0,T; L' (Q; R*%)), (3.122)
where
~ K ~
S, = —k:/ KMTy()I + ZTg(w)quM ¢ | dg, ae. in Q. (3.123)
D sy
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From (3.121]), we see that
o™ = / Y™ dg — / Ydg  strongly in L*(Q). (3.124)
D D

By uniqueness of the limit, recalling the strong convergence (|3.108]), the function g is
then given by

o, t) = /D bz, q.t) dg = /D M(q)d(z, q.t) dg. (3.125)

Passage to the limit in the governing equations. The rest of this section is
devoted to identifying all limits in (3.79) as m — oo. Recall that we have || 0™ || L~ (@) <
C. Interpolating with the strong convergence result ([3.121)) for ¢, we get that

Y™ —1p  strongly in LP(Q; L' (D)) for any p € [1,00). (3.126)

For any measurable U C (@ x D) with |U| < §, we can apply Holder’s inequality to

deduce that
Vaq\/ ™
<2 /Mm Vag\/ U™
U

< Ce?

¢y dz dg dt
: 3
dz dg dt) < / Y™ dz dg dt>
U

thanks to the a priori estimate (3.93)) and the uniform equi-integrability of /™. Then

there exists a subsequence such that

/Mm|vx,q¢m|dmdth:2/Mm
U U

2

MW, g™ = MV, g0 weakly in L'(O x (0,T); RIKFD), (3.127)
Recalling the estimate ([3.118]) we have
T ~ T ~ (K+1)d+2
/ IV, 0| dz dq dt < / 1V, 0055 dz dg dt < C(Oy).
0 Oo 0 Oo

Therefore V%q@[)m converges weakly to V%q@[) in LY(Oy x (0,T)) for any Lipschitz
domain Oy C Oy C O. Since M™ converges to M uniformly, we can identify the

weak limit M Vmﬂﬂ as M nyqiﬂ. From the a priori estimate (3.93)), we also have

VMY, g\ — \/va,q\/; weakly in L*(O x (0,T); R4E+D)  (3.128)
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Now we consider the following

/Q(/DMm‘vm,q«ﬁm‘ olq)2 dmdtz4/@ (/DMW\/Zm vx,q\/fm‘ dq)2 de dt
§4/Q (/DM’” Vw,q\/@f)im? dq) (/DMmzﬁmdq) de dt

< ngp [0 |22 (p) / IV M™V, q V &mH%z(D;Rdww) dx dt
Q
<C.

The above inequality follows from (3.84)) and (3.93]). Therefore, we deduce that

M™V, g™ = MV, 400 weakly in L?(Q; L'(D; RIE+D)), (3.129)
Combining and (3.126]), we get that, for any p € [1,2),
M™)" ™ — o strongly in LP(Q; L'(D;R%)), (3.130)
Also, using and , we can deduce that, for any p € [1,2),
MA(™)V, 0™ — MA()Vov  weakly in LP(Q x D; R%?), (3.131)
Using (3.79), we rewrite A (M™)™) as

O, (M™)™) = div, , (vamzﬁm — ML, MA() (Vo™ g — M%(V@%)
= divy q H™.

From the convergence results (3.129), (3.130) and (3.131)), we deduce that, for any
pelL2),

H™ ~H  weakly in LP(0,T; L'(O; R¥E+DY), (3.132)
where
MW= (Mmz — MV, MA(D)(Vav)q — MA(quz)) .
Therefore, for any p € [1,2),

O (M™p™) = dyp  weakly in LP(0,T; W~ H1(O)). (3.133)
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Conclusion. Using the convergence results (3.101), (3.102), (3.106]) and
for v™, (3.98),(3.99), (3.100) and for o™, (3.126)), (3.129), (3.130), (3.131)
and for ™, for S7* and for S and the linearity of the map
B € R™K s A(B) € R™X | we can pass to the limit as m — oo in (3.78)-[B.79) to

deduce the following (here we reinstate the superscript ¢) :

(00", w) — (Ty(|Jv')v* @ v*, V,w) + (5%, V,w)

= —(S', V,w) + (f,w) forallwe W&’E@(Q;Rd) and a.e. t € (0,7,
(O:(M"), p)o — (Mo, Vip)o — (MAL(P)(Vo')g, Vap)o

+ (MY, Vp)o + (MA(Ved), Vap)o = 0 (3.135)

for all ¢ € L>(0,T; Wh*(0)) and a.e. t € (0,T),
(00", @) — (00", Vo) + (Vo0', Vop) = 0

for all € W'?(Q) and a.e. t € (0,7).

(3.134)

(3.136)

The initial conditions are attained in the following sense:

2 —
tlg(g [v°(-,t) — UO(')HLQ(Q;Rd) =0,

lim [|9*(-,t) — Te@o('))HL}J(O) =0,

t—0+

— e. 1 =
Jim[lo( ) = gy(-) |2y = 0,

where

dbfe.t) = [ M@ Tho(e.a.1) da
D
The polymer number density of is given by
Jet) = [ M(@)i(ra.0da
D

Now we focus on the energy inequality and a priori estimates. We let m — oo in
(3-92) to deduce by weak lower semi-continuity that

/\v t)|* dz + 1/Q(Qe(-,t))2dx+cl /Ot/Q|D(v£)|2d:1:dT

+/ /|V$Q€|2dxd7'—|—k/M]-"(W(-,t))dxdq
0 JQ @]

t 2
+4k(]/ /M'Vm\/w
0 (@)

<t [ MF@E) deda 5 [ 0P+ [ @0)Far [ (70

(3.137)
drdgdr
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where F(s) == slogs + 1 for s > 0 and F(0) = lim, 0+ F(s) = 1. Also, letting
m — oo in (3.93)), we can deduce the following a priori estimate

s (19Ol + 1901089 C Dl 00+ 1 Dllmim)
S )

T
+ Cl/o ||'Um||3v1,2' (QRY) dt

0,div

T
+ [ IV B0+ 150 msms + 1V sz dt

< C(L+ [MF(T($)l110y) < C

(3.138)

by the assumption (3.22)). Indeed, passage to the limits in all terms on the left-hand

side of (3.92)) and (3.93) can be justified using Fatou’s Lemma.
In the next section, we shall pass to the limit as £ — oo which then completes the

proof of Theorem (3.2.2

3.3.5 Passage to the limit with /

This section is devoted to proving the existence of a global weak solution from the
sequence of approximate solutions (v, 1[15 , ") constructed above.
Similarly as in the previous section, from (3.138)) we deduce the existence of sub-

sequences, which we do not relabel, such that

o =" o weak* in L™(Q), (3.139)
o — o weakly in L*(0, T; W'?(Q)), ( )

0, I3 4 (O RY), (3.141)
0, 75 Wy aiv (B RY)). (3.142)

vt =% weak™ in L>(
(

vi— v weakly in L?

By standard interpolation, we obtain that

2(d+2)

v' = v weaklyin L™ 7 (Q;R%). (3.143)

From the definition (3.123)) for S¢, we apply integration by parts noting the fact that

M =0 on 0D to get
~ K A
KEMT,(0) + ) T )\VyM @ q’| dq

St = —k/
D =

K
=kY /D MV Ty (0" © ¢/ dg.
j=1

(3.144)
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The integration by parts can be justified by Lemma 3.1 in [7]. Then by Fundamental

Theorem of Calculus, we deduce that

T A
IS0 z@mon < OO0 [ [ [ 19T dgaear
T ~
<con [ [ [ vy dade
< C(M)

Therefore, we deduce the existence of a subsequence, which we do not relabel, such
that

(3.145)

SE—~ S, weakly in L*(Q; R%*?). (3.146)

Similarly as in (3.96)), by using (3.134]) and the uniform bounds (3.138)), (3.143|) and
(3.145)), we deduce that

T
/ [ - dt < C (3.147)
0

e (RY)
for any p € (1, %%2}. Therefore,

d+2
v’ — o weakly in LP(0, T; WP (; RY)) for any p € (1, %} (3.148)

It then follows from the Aubin-Lions Lemma that
v' v strongly in L?(Q;RY). (3.149)
By using (3.136)) and the uniform estimates (3.138)), we deduce that

T
which then gives
di0" — 00 weakly in L2(0, T; (Wh2(Q)))). (3.151)

Again by Aubin—Lions Lemma and interpolation with the uniform estimates (3.138]),

we deduce that
) strongly in LP(Q) for any p € [1,00). (3.152)

Using (3.142)) and and (3.152)), we deduce that
S, = n(e") D(v) = u(o)D(v) =: S,

(3.153)
weakly in L(Q; R™?) for any ¢ € [1,2).
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Convergence for W. We can mimic the procedure in Section and deduce
the convergence results for W. Here we omit the details and we only present some
significant results, which will be useful for identifying S,.. First we note from (3.138)
that

sup / M(q)V'(z, q,t)log(1 + ¥’ (z,q,t)) dzdg < C.

te(0,T)

Then we can deduce the uniform equi-integrability of the sequence W , and the exis-

tence of a subsequence such that
! —~ ) weakly in L}, (O x (0,T)). (3.154)
Next, we will show that there exists a subsequence, such that

' = ae in O x(0,7). (3.155)

Similarly as in Section [3.3.4) we let Oy C @Oy C O be an arbitrary Lipschitz domain.
Since M is bounded below, from the uniform estimates (3.138)), we have that

T
sup. [IV/94C, 1) 2200 + / IV o dt < C(O).

te(0,T)

Interpolation then gives

T ~ g USEDd+2
/ / |7 SRR g dgdt < C(Oy).
0 Oo
By similar arguments as in Section [3.3.4 we arrive at
T npy JEHDd+2
/ / |V g | EF0E do dg dt < C(Oy). (3.156)
0 Oo
Since we have | of||1~(q) < C, we have

10| Lo iz (py) < C-

Again by parabolic interpolation and the properties of M, we see that for any ¢; €
(1,00) there exists a g» > 1 such that

19| Lo (o 0,722 (D)) < C(Oo).

Consequently, from the convergence properties of v, the definition of Ay, the fact
that Dy is bounded and Holder’s inequality, we deduce that there exists a § > 0 such
that

HU%ZHLHWoox(o,T);Rd) + HAE(W)(Vz’vg)q|’L1+6(oox(o,T);Rd) < C(Oy). (3.157)
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Then, we define

H = (My*, My'v' — MV, 3", MA(9")(V,0")g — MV g3)°),
Q' = (144, 0,....0 ),
N——

(d + Kd)-times

for some v > 0 with v < 1%5. Using the convergence properties (3.141)), (3.142) and
(3.149) for v*, (3.156) and (3.157)), we deduce that there exist subsequences such that

H'—~H weakly in L'™(0Qy x (0, T); RI4TKd),
Q' = Q  weakly in L7 (O x (0,T); RIT4+Kdy,

where,

H = (M), Mipv — MV ), Mi(V,v)g = MV q)),
Q= ((1+9),0,...,0).
Thus, by the application of the Div-Curl Lemma, we deduce that
H Q"' —~H-Q  weakly in L'(Og x (0,T)).
Note that
P+ = d(L+ 9y weakly in L'(Og x (0,T)),
which by an analogous argument as previously in Section |[3.3.4| gives

V= a.e. in Oy x (0,7).

We choose a nondecreasing sequence of nested sets (OF)ren, ie. O C O3 C --- C
Ok C ---, satisfying U2 ,OF = O. For each k € N, we deduce the existence of
a subsequence of ¢! that is pointwise convergent to ¢ in OF x (0,T). Arguing by
a diagonal procedure, we deduce that there exists a subsequence such that

holds. Hence, by Vitali’s Convergence Theorem, we obtain that
W = strongly in L(0,T; L}, (O)). (3.158)
Moreover, using the fact that || of||1=(g) < C, interpolation shows that

Y' = strongly in LP(Q; L' (D)) for any p € [1, 00). (3.159)
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Then we can follow the arguments in Section to obtain the following convergence

results:
Vgl = Vigth weakly in L(0,T; L}, (O; RAE+DY) (3.160)
Vig Pt — Vx,q\/i weakly in L*(0,T; L2,(O; RAE+DY) (3.161)
Vegth! = Vgt weakly in L*(Q; L}, (D; RIK+DY). (3.162)

Moreover, by similar arguments as in Section [3.3.4] using the convergence results

(3.141)), (3.142) and ([3.149)) for v*, we deduce that

A(PH) V0" = 9V,0 weakly in LP(Q; L}, (D; R™%)) for any p € [1,2), (3.163)
Mot — Myw strongly in LP(Q; L'(D;R%)) for any p € [1,2).  (3.164)

Hence, using (3.135) and the convergence results (3.160), (3.163) and (3.164]), we

deduce using similar arguments as in Section that

A (M) — 8,(M) weakly in LP(0,T; W11 O)) for any p € [1,2).  (3.165)

Therefore, using the convergence results derived in this section and the linearity of
the map B € RUE+D s A(B) € R¥MHD | we can let £ — oo in (3.134)(3.136) to
deduce that

/T(ﬁtv, w) dt + /T[—(v ®@ v, V,w) + (S, V,w)] dt

g (3.166)
:/ [—(Se, Vaw) + (f,w)]dt, for all w € L=(0, T; Wy o (% RY)),
0
[ [ e), ~ (400, 96) - (Wi(Taw)a. V) | a
+ /OT [(Mw’vf@o + (MA(V%/;%VW)O] dt = 0. (3.167)
for all o € L>®(0,T; W'*(0)).
/OT [(0y0, @) — (v0, Vo) + (Vaio, Va@)] dt = 0, 10

for all @ € L*(0,T; W2(Q2)).
Also it follows from (3.159)) that

o(z, t) / M(q)Y(z, q,t)dg.
By the convergence results (3.159)) and (3.160)), we deduce from (3.144]) that

o(2,1) _kZ/M Vat(z,q,t) ® ¢ dq.
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For the energy identity, letting ¢ — oo in (3.137)), we obtain that

%/Q|v(-,t)]2dx+%/Q(g(-,t))de#—cl/D /Q|D('v)]2dxd7'
V,ol?dzdr +k [ MF@(-,t))dzd
[ [ 9uaParar+ [ MFG) drdg

t 2 (3.169)
+4kc/0 /OM'VW\/;

drdgdr
? 1 2 1 2 '
<k | MF@o)dedg+ = [ |vo|*dz+ = [ (00)°dx+ [ (f,v)dr.
0 2 Ja 2 Ja 0

Next, we show the attainment of initial conditions (vo,zﬂo,go). First, we set
. : 1,00 L d) : .
w(z,t) = xpgu(r) in (3.134), where u € Wyt (; R?) is arbitrary. Then we have

(v'(t), u) + /Ot[—@dl’vel)vé ® v, Vou) + (8, Vou)) dr

_ /0 (S, Vou) + (, w)] dr + (vo, w).

Letting £ — oo in the above equation and using the convergence results from preceding

sections, we get for a.e. t € (0,7T),
t
(w0 w)+ [ -0 © 0.V, + (5., Vo)l dr
0

= /0 [—(Se, Vou) + (f,u)]dr + (vo, w).

We note that after a possible redefinition of v on a set of measure zero, the above
equation holds for all t € (0, 7). Then taking the limit as t — 0+, we see that for all
u € Wy (4 RY),

Jim (v(t),w) = (v, ).

Therefore, we have v(t) converges to vy weakly in L?(2;R?) as t — 0+.

Similarly, setting ¢ = xjo.4¢(z, q) in (3.135)), where ¢ € W>(0) is arbitrary, we
deduce that

(M3 @).6)0 = [ [0,V 8)0 = (MAH)(V.v')a. Vaglo] dr
+ [ |90 V)0 + (MA(T0), Vgs)o] dr = (MTi(ih). D

We let £ — oo in the above equation. By applying the above convergence results, we

see that for all ¢ € (0,T) (after a possible redefinition of 9 on a set of measure zero),
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we have
(M5(0).0)0 = [ [(4400.9.0)0 = (T 000, Tytdo] dr

+ [ [O19.5.9.0)0 + (MA(T49). Vatdo] dr = (370, 0)o.

Therefore,

lim (Mi(t), d)o = (Mtby, d)o  for all ¢ € WH>(0). (3.170)

t—0+

In addition, we note from the energy identity that (MF(1)(t)))so is bounded
in L'(0), and the De la Vallée Poussin’s Theorem (c.f. Theorem implies that
that (M) (t))sso is equi-integrable. By the Dunford Pettis Theorem (c.f. Theorem
2.4.3), (M1)(t))s>0 has a weakly convergence subsequence in L'(O). Since we already
have the weak limit , by uniqueness of the limit, we deduce that g&(t) converges
to o weakly in L, (O) as t — 0+.

Now, we are in a good position to deduce the strong attainment of the initial
condition. Letting ¢/ — oo in the energy inequality and using the convergence results
above, we obtain, for all ¢ € (0,T), that

/M]-" ))dzdg + = /|’u t)|? dx
) 1 ) !
< [ urarag+ [oOR s+ [ (f0)ar

First, we note that

t—0+

. A 1
imsup | [ MFC0) 0 dg 500 ] < [ M) 0 dat g ool

Since F(s) = slogs + 1 is a nonnegative strictly convex function on (0,00), we use

the convergence results of v(¢) and (t) to deduce that

.. - 1
imint | [ MFC0) e dg 4 3000 ] 2 [ MF() doda+ Sl g,
Consequently, we have
) 1 - 1
i | [ MAGC0) deda-+ G001 | = [ M) drda+ Gl
(3.171)

Next, we shall separately discuss the initial conditions for @/A) and v using the above

equality; we shall proceed by contradiction. We first assume

lim sup [|v(t) "%2(9;11@) > v H%Q(Q;Rd)'
t—0+
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Then from (3.171]), we get that
liminf/]W./T dxdq</M]: wo)dxdq

t—0+

However, using the weak lower semi-continuity of the convex function F, we also have

t—0+

liminf/ M]: ))dzdg > /M]: 1/10) dx dgq,

which is a contradiction. Hence, we have

it [0(0) Exazy = o0l a0
) ) (3.172)
lim [ MF@( ) dzdg = / MF (i) de dg.
t—0+ o o)

Since we have already proved that v(t) converges to vy weakly in L*(Q; R?) ast — 0+,
we obtain
lim [[0(-,£) — v )[[22 ) = O (3.173)

Since F is strictly convex and we have that ¢ (t) converges to ¢y weakly in L}, (O)
as t — 0+, it follows from (3.172|) that as t — 0+,

Mi(-,t) = My(-) ae. inO. (3.174)
Therefore, we get
Tim [[96,2) ~ o3, 0) = 0. (3.175)
Then it is easy to see that
Jim flo(-,t) = 0o(-)[ 1) = 0. (3.176)

Therefore, we have completed the proof of Theorem [3.2.2]

In this chapter, we have shown the existence of large-data global-in-time weak
solutions to a general class of kinetic models for the incompressible homogeneous di-
lute polymeric fluids, featuring the presence of a polymer-number-density-dependent
viscosity coefficient in the viscous part of the Cauchy stress. In the next chapter,
we consider a more complicated model, which pertains to incompressible nonhomo-
geneous dilute polymeric fluids and we shall prove the existence of weak solutions to
the coupled Navier—Stokes—Fokker—Planck system that arises in models of nonhomo-

geneous dilute polymeric fluids with variable density.
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Chapter 4

Existence of weak solutions to a
model of a nonhomogeneous dilute
polymeric fluid

This chapter, which is based on our paper [37], is aimed to prove the existence of
global-in-time large-data weak solutions to a Navier-Stokes-Fokker-Planck system
that arises in models of nonhomogeneous dilute polymeric fluids. The key differ-
ence of the nonhomogeneous model, compared to the homogeneous version, is that
now the density p varies in the domain. The evolution of the density p is governed
by the transport equation. Another main feature of this model is that there is a
density-dependent drag coefficient ((p) in the Fokker—Planck equation. Since p sat-
isfies the transport equation, then under certain assumptions, p is also a solution to

the renormalized equation, i.e. p also satisfies the following equation

8%—(;» + div.(B(p)v) =0 in D'(R? x (0,7)),

provided that 8 € C1([0,00)). This is a consequence of the Friedrichs Commutator
Lemma (c.f., Lemma 6.7 in [53]). Therefore, the introduction of ((p) in the system is
always possible since v is divergence-free and ((-) is a C' function. We consider the
full model described in Section in Chapter [} and we apply similar techniques as
in Chapter However, the introduction of variable density and density-dependent
drag coefficient significantly complicates the proof. Compared to the homogeneous
case, where the Aubin—Lions Lemma can be directly applied, in the nonhomogeneous
case, one can only derive fractional time-derivative bounds on the velocity field v and
on the probability density function 1@, expressed in terms of Nikolskii norm estimates,
which is motivated by [14].
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In Section |4.1} we first state the governing equations of the Navier—Stokes—Fokker—
Planck system under consideration and state some assumptions on the data. In
Section [£.2], we formulate our main result to be proved in this chapter. In Section [4.3]
we begin our proof by introducing a truncated Navier—Stokes—Fokker—Planck system
with truncation parameter ¢ in Subsection [£.3.1] In Subsection [4.3.2] we perform a
spatial Galerkin semi-discretization of the velocity field and the probability density
function with parameters n and m. Given a sufficiently smooth velocity field, i.e.,
v € LY0, T; WHH(Q; R?)), the proofs of existence and uniqueness of the weak solution
to the transport equation can be found in [14], for example. We then use Schauder’s
Fixed-Point Theorem to prove the existence of solutions to our partially Galerkin
discretized system in Subsection [£.3.3] In Subsection [4.3.4] we derive n-independent
a priori estimates, which allow us to pass to the limit as n — oo. In Subsection |4.3.5]
we first prove the boundedness of the sequence of approximate densities p™ and the
nonnegativity of the Galerkin approximations Q@m Then we derive an m-independent
a priori estimate. Finally, in Subsection 4.3.6 we derive /-independent estimates and
apply similar techniques as in Subsection to pass to the limit as £ — oco. We

also show the attainment of the initial conditions.

4.1 Statement of the problem

We consider the following system of partial differential equations for the density

p(x,t), the velocity field v(z,t) and the probability density function ¥ (z, g, t):

% + div,(vp) =0 in @Q, (4.1)
@ + div,(pv @ v) — div, T = pf in @, (4.2)
div,v =0 in @, (4.3)

subject to the initial conditions

p(+,0) = po(-) in €,

_ (4.4)
(pv)(+,0) = (powo)(-)  in €,
and the no-slip boundary condition
v=0 on 092 x (0,7). (4.5)
The Cauchy stress T is decomposed as
T :=—pl + 8, +5S.. (4.6)
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The viscous part S, of the Cauchy stress T is defined by

Sy = p(p, 0)D(v), (4.7)

where D(v) == 1(V,v+ (V,v)") denotes the symmetric part of the velocity gradient
and p is the polymer number density defined by

ol 1) = /D (e, q.t)dq. (48)

The extra-stress tensor S, is given by the Kramers expression:

K
o : 1 .
s =k (X [ stanee @ (JeF) do-Kotwor). @
j=17P 2
where 1 is the probability density function satisfying the Fokker—Planck equation

o S '
= diva(vy) + ]Zl divg (V.v)g'y)

() RS v o )

i=1 j=1

(4.10)

in O x (0,7), with O := Q x D. In the above equation ((-) € Ry is a density-
dependent scaled drag coefficient. We impose the following boundary conditions, for
all j=1,..., K:

K
[ﬁ ZAijqui (—C(SM> - (Vx'v)qj?/fl n/ =0 onQx9D x(0,T), (4.11)
i—1

¢ cn = on X X
V. <@) 0 ondQxDx(0,T), (4.12)

where n is the unit outward normal to 02, and we impose the following initial con-

dition:
¥(x,q,0) = o(z,q) in O. (4.13)

To simplify the presentation of the Fokker—Planck equation (4.10f), we define

p ¥ ; Yo

V= T St

Furthermore, we associate with A the linear mapping A : R>*X — R4 defined, for
any B = (B)YI=]K ¢ R™K by (A(B))) == S35 | BF A, and let A7 : R>K — Ré be

-----

64



the linear mapping defined by (A7(B)); .= (A(B))),fori=1,...,dandj=1,..., K.

KxK

sym » there exist positive

By the positive definiteness of the Rouse matrix A € R
constants ' and C5 such that

Ci|B < A(B): B< (B> VB eR™E (4.14)

The extra-stress tensor S, can be rewritten as
K
S.0.) =k [ MEpVyiloa.) 0 d' dg (4.15)
j=17P

The Fokker—Planck equation (4.10) can be rewritten as

OUME(p)) + diva(MC(p)iv) + divy (MC(p)i(V.v)g)
— Ay (M) — divg A(MV g1p) = 0.

The above equation is supplemented by the following initial and boundary conditions:

(4.16)

Q[}(Ia q, 0) - 1&0(1’7 q) in O? (417)

MV, -n =0 on 90 x D x (0,T), (4.18)

(Mg(p)@z}(vxv)qj A (MV,ﬂ@)) =0 on Q x D7 % (0,T), (4.19)
forall j =1,..., K and n? = (n},...,n’)" is the unit outward normal vector to 9D’

Next, we need to make a few assumptions. We assume that 9Q € C%!. For the

Maxwellian M we assume that

M € Co(D)n CXY(D)n W, (D). (4.20)

loc

For the initial density p, we assume that
0 € [Pmins Pmax); With priy > 0. (4.21)

For the initial velocity vy we assume that
vy € L 4 (4 RY). (4.22)
For the initial value 1)y of the probability density function we assume that
Yo >0 ae in O, vglogih € L (O),

0 < oo(x) := /Dwo(-,q) dqg < 0max  a.e. in Q, /Owo(az,q) drdq =1.

We shall further assume that

(4.23)

IS Ol([pmina Pmax] X [0,00), [fmin; fimax]), € € Cl([pmin’ Pmax]s [Cmins Cmax)),  (4.24)

with fimin, Cmin > 0. Finally, we assume that
f € L*0,T; L*(9;RY)). (4.25)

In the next section, we state the main result to be proved in this chapter.
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4.2 The main result

In this section, we first formulate the notion of weak solution to the coupled Navier—

Stokes—Fokker—Planck system introduced in Section 4.1}

Definition 4.2.1. We say that the triple (p,v,v), with

~

Y(z,q,t) = C(p(x, 1)) M(q)Y(x, q,t),

is a weak solution to the system of nonlinear partial differential equations (4.1)—(4.13)),
if the following conditions hold:

(i) The functions (p,v, 1) belong to the following function spaces:

p e L>®(Qx(0,7)NC([0,T]; LP(2)), where p € [1,00),
v e L0, T; L i, (4 RY) N L7(0, T; Wy i, (4 RY)),
b€ L¥(Q x (0,T); Ly (D) N L0, T; W, (0)),
V>0 ae inOx (0,7),
Oip € L*(0,T; W P(Q)), where p € [1,00) when d = 2
and p € [1,6] when d = 3,

d+2
dy(pv) € LP(0,T; W P(;R?)), for any p € (1, %}
0(M¢(p)) € LP(0,T; W1H0)), for any p € [1,2),
where O :=Q x D.
(i) The system (4.1)—(4.13)) is satisfied in the following sense:
T
| 0o — o, Tan)ldt =0 for altn e L. TsW (@), (426
0
where q € (2,00) when d =2 and q € [3,6] when d = 3,

T T
/ (Oy(pv), w) dt + / [—(pv @ v, V,w) + (S, V,w)] dt
R 0 (4.27)
:/ (8., Vaw) + (pf, w)|dt,  for all w e L*(0, T; W3 (4 RY),
0
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with s > d, and
/OT (0(Mc(p)D), 0) — (MC(p)od, Vo)

- [ (et vag), at s

T
n / (MV,0, Vap)o + (MA(qu), vqu)(g dt =0,
0
for all ¢ € L>(0,T; WH>(0)),

where the polymer number density o is given by

p)/ M(q)y(z,q,t)dq for a.e. (x,t) € Qx (0,T), (4.29)
D
the viscous part S, of the Cauchy stress is given by

Sy(z,t) = p(p, 0)D(v) for a.e. (x,t) € Qx(0,T), (4.30)

and the extra-stress tensor S, is given by
K A .
So(x,t) = k;Z/ Me(p)Vgith(z,q,t) @ ¢ dq  for a.e. (z,t) € Q x (0,T). (4.31)
— Jp

(iii) The following weak continuity properties hold:

t»—>/ (z,t)v(x,t) - ude € C([0,T])  for any u € Wy 5, (4 RY),

4.32
0 [ M@C(o(e ) 00,0,1) o, 0) dedg € C(0.7) (432
for any ¢ € Wh>°(0),
with s > 2, and the initial data are attained in the following sense:
tg%i ||’U( ) - ,UO(')HLQ (R4 + ||p(7t) - PO(')HLP(Q) =0, fOT a”p S [L OO)
. ) ) (4.33)
Jim / MC(pl ) ) dedg = | MC(p)F (i) da dg
- o

Then we state our main result, which we shall prove in the next sections.

Theorem 4.2.2. Let Q C RY, d € {2,3}, be a bounded open Lipschitz domain. Let
K € N be arbitrary and let D' C R, i = 1,..., K, be bounded open balls centred
at the origin. Suppose that f € L?(0,T; L*(Q;RY)). Assume that the map A : B €
R>K s A(B) € R>K s linear and satisfies , the Mazwellian M : D — R

67



satisfies , 1(ey ) and ((+) satisfy , and the initial data (po,vo, o) satisfy
~([-23). Then, there exists a triple (p,v,1) which is a weak solution to the

system (4.1)—(4.13)) in the sense of Definition |}.2.1. Moreover, for a.e. t € (0,T),
the following enerqgy inequality holds:

[ M FOC ) drda+ 5 [ pltio R de

// w(p, 0)|D(v \2dxds+4k:01// ‘xq

R 1 ,
<t [ MepF () drdg-+ 5 [ pluofdo+ / (o v) s

dzdgds (4.34)

where F(s) = slogs+ 1 for s >0 and F(0) = lim, o4 F(s) = 1.

We will prove this result by constructing a sequence of approximations to the
problem under consideration. We shall then pass to the limits in the various approxi-
mation parameters — first in the dimensions n and m of the Galerkin subspaces, and
then in the parameter ¢ in the truncation process that we shall next introduce, to
deduce the convergence of the sequence of approximations to a global-in-time weak

solution of the problem.

4.3 Existence proof

4.3.1 The first level of approximation: truncation

To approximate our original Navier—Stokes—Fokker—Planck system, we begin by in-
troducing a smooth nonnegative function I' € C§°((—2,2)), such that I'(s) = 1 for all
€ [~1,1] and for an arbitrary £ € N we define T'y(s) := I'(7). The primitive function

to I'y is the truncation function defined by

Tio(s) = / Ly(r)dr.
0
We define the ¢-th approximation of (4.1)) as follows:

9p' ¢ .
v + div,(v°p") =0 in Q, (4.35)

subject to the following initial condition:

F0) =po() Q. (4.36)
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We define the ¢-th approximation of (4.2)) and (4.3]) as follows:

oo + div,(pv* @ v*) — div, SL + Vop' = p'f +div, S° in @
ot v € ’ (4.37)
div, v* =0 in Q,
with initial and boundary conditions given by
g .
v (-,0) = vo(- in €2,
(.0) = vl .
v'=0 on 092 x (0,7).
The (-th approximation ¢ of the polymer number density o is defined by
ot)i= C(p'(a.t) [ M@ (e.0.1)da (4.39)
D
The (-th approximation S’ of the Newtonian stress tensor S, is given by
Sy(x,t) = pu(p’, o) D(v"), (4.40)

and the /-th approximation S’ of the polymeric extra stress tensor S, is given by

Slat) = kY [ M@ @0V T a ) @ a'da, (4D

where ¢ is the solution of the initial-boundary-value problem (&.43)—(4.46) stated
below.

By partial integration we have that
Si(at) =~k [ KM@ T (2. a.0)1 dg
D
K ~
kY [ GO )M @) © ' da (142
j=1"P

on observing that the boundary term on 9D vanishes since M = 0 on 0D. We shall
also modify the Fokker-Planck equation (4.10). We first set

Ay(s) = s[y(s).

The ¢-th approximation of (4.10)) is given by

O(MS(p)dt) | . j i )
g diva (M) ") + divg (MC(p) M) (Vav)g) (4.43)

~ AL (M) — divg A (MVqW> —0
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on O x (0,T), where O = Q x D, and is supplemented by the following boundary

conditions:

A (MY ) — Mg(pf)Ag(@z}f)(vxvf)qj] =0  onQxdDix (0,T), (4.44)
MV m=0  ondQxDx(0,T), (4.45)

forall 7 =1,..., K. We also truncate the initial condition for W as follows:

&E(x,q,()) = Tg(ﬁo(:c, q)) for (z,q) € Q2 x D. (4.46)

For simplicity, we shall omit the superscript ¢ temporarily in the following discus-
sions; we shall reinstate it later and will then pass to the limit ¢ — co. We need to
show first, however, that this approximating problem has a solution (p*, v*, 0, o%) for
each ¢ > 1; we shall do so by constructing a two-level Galerkin approximation to it

and passing to the limits in the sequences of Galerkin approximations.

4.3.2 A two-stage Galerkin approximation

First, we define an approximate Maxwellian M™ by fixing a sequence of positive
functions (M )men C Cp' (D) such that for each compact set 3 C D the following
holds:

Jim. M — Mlle@yrwir () + IM™)™ = Mo = 0. (4.47)

Then, the approximate Maxwellian M™ is defined by
1
M"™ =M +—, form=12,....
m

Let (f™)%°_, be a sequence of functions in C([0,7T]; L?(£;R?)) converging to f in
L0, T; L2(;RY)). Let further (pI*)°_, be a sequence of functions in C*(Q) such
that pI' € [Pmins Pmax)s With puin > 0, which converges to pg in L'(€2); such a sequence
can be constructed by extending py from  to R? by 0 and convolving the resulting
function, still denoted by po, with 6™, where 6™ (z) := m?0(mz), 0 € C3°(R?), § > 0,
and [, 0(z)dz = 1, and observing that

@) = poin = [ (ol =) = puan) 07(5) iy > 0,

and

£0' (T) = Pmax = /Rd (po(z — y) — pmax) 0™ (y) dy < 0.

Next, we shall introduce the Galerkin basis functions for the velocity field and

the probability density function respectively. Similarly as in Chapter [3, by the
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Hilbert—Schmidt Theorem, there exists a sequence (w; )2, of eigenfunctions in Wolﬁivﬁ
WaL2(Q; R?) whose linear span is dense in L 4,(Q2;R?), such that the w;, i =

1,2,..., are orthogonal in the inner product of W+2(Q; R%) and orthonormal in the
inner product of L(2;R?). By Sobolev embedding, it follows that w; € C*(2; R?) for
alli =1,2,.... Similarly, for each m € N we find a sequence (]")°, of eigenfunctions

in WEFDAH1L2(0) that are orthogonal in W,% (O) and orthonormal in L3,,.(0Q). As
O =Q x D c RE+HD by Sobolev embedding we deduce that " € CH(O).

Finally, we fix m,n € N and look for (p™" v™" 1&”“”), where v™"™ and zﬂm’" are
of the form

m

vz, 1) = Z M (Ews (), (4.48)

" (2, q,t) ZdZ”" o' (z,q), (4.49)

that solve
(Gpp™",m) — (V™" ™", Vm) = 0, (4.50)

for all n € C%Y(Q) and a.e. t € (0,7T),

(at(pm,n,vm,n)’ wl) _ <pm,n,vm,n ® ,vm,n7 Vzwz) _|_ (S’[?)TL,TL’ wal)

(4.51)
— (S, Vaw;) + (0™ ™, w;)

foralli=1,...,m and a.e. t € (0,7,
(O ¢y, o) = (MG o i, Vo)
— (MC(p" A (Voo™ "), Vgl ) + (MTVd™, Voo (4.52)
+ (MA(TH™), Vel") =0,
foralli=1,...,n and a.e. t € (0,7). Here S;™" is defined by
Sy = p(p™™, 0™ ") D (™), (4.53)

where ™" is defined by

M, 1) = (0™ ) /D M™(q) [0™" (2., )]+ dq for ac. (a,6) € Q, (4.54)
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where, for a real number s, [s]y := max(0, s), and the expression SI*" is defined as

follows:

Smn = / {KMQ(pmm)Tg(@Emm)I
D
K
+Y) ML VM ® ¢/ | dg ae. in Q. (4.55)

j=1
The initial data are given by

P (2, 0) = o () on Q.

m

" 00) = (1) = 3 (o0 w0 " s

n

(@, q,0) = 95 (2, 9) = ) (T, @)oo' (x, q) on O,

i=1
where

J = dor (4.57)
Note that in the third term on the left-hand side of and in the Maxwellian
M has, intentionally, not been replaced by the approximate Maxwellian M™. Note
also that we do not perform Galerkin discretizations of the density p and of the
polymer number density ¢ in the above system f, so at this point we
have no guarantee that solutions to this system exist. Our aim in the next section
is therefore to show that solutions to this partially Galerkin-discretized system do
in fact exist. Having done so, we shall pass to the limit n — oo, then to the limit

m — 00, and finally we shall let ¢ — oo.

4.3.3 Existence of solutions to the partially Galerkin-discretized
system

In this subsection, we will first show that solutions (pm’”,vm’",zﬂm’”) exist for the
system — using Schauder’s Fixed-Point Theorem.

For any integers m,n > 1, let V™ = span{wy, ..., w,, } and X" = span{p]",... ¢}
be the finite-dimensional Galerkin approximation spaces under consideration. Let
u™™ € C([0,T]; V™) and £™™ € C([0,T]; X™) be given. First let us consider the

following transport problem:

apm,n
ot

+ div, (p™"u™") = 0, (4.58)
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subject to the initial condition

p"0) = g (4.59)
Since u™" € LY(0,T; WH(Q;R?)) and div, u™" = 0, one can show, by following
the arguments in Chapter VI in [14], that there exists a unique solution p™" to the

transport problem which satisfies
0 < Pmin < ™" < Prnax (4.60)
and, in addition, p™" € C([0,T]; LP(2)) for 1 < p < oo. We also define
Aot i= (") [ M7 (@) €7 0,0 da

Now that we have built p"™" and X", we seek v™" € C*([0,T]; V™) and ™" e
C([0,T]; X™) satisfying

/pm,n <8'v - (umn - Vx)’vm’"> cwdz + / St D(w) do
Q ot Q

(4.61)
:/ P wdr — / St Veywde,
m mn /l/}mn m mn m,n m,n
M 5 ——pdrdq + M NV th™ ) dzdq
/ M™V ™" - Vo dz dg +/ M™AV q¢m ") : Vepdrdg (4.62)
o
:/ MCC(p™™ )N (™) (Vu™™)q : Vgpdrdg,
o
for any w € V™ and ¢ € X", and S]"" is given by
S = p(p™", A" D (™), (4.63)
and S"" is given by
S;n,n:_k/ [KMC( mn I+Zg mn )quM®q dq (464)
D

First we note that since by hypothesis ( is a continuous function of its argument and
p"™" is bounded, ((p"™™) is bounded above. Thanks to the presence of the truncation

function 7, we deduce that
1S < C (4, M, Gax)- (4.65)

Also note that since we have replaced the unknown advection vector field ™" in
the convective term by the known vector field w™", (4.61)), (4.62)) is now a system of

linear ordinary differential equations.
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Claim 4.3.1. Problem has a unique solution v™" € C'([0,T]; V™) subject to

the initial condition .

v""(-,0) = vo,, = Z(’UO, w; ) w;.

i=1
Proof. We shall seek the solution in the form v™" = " o™ (t)w;. Thereby the
equation (4.61)) can be re-written as

da
M(t)E@) = A(t)a(t) + B(t), a(0) = ay, (4.66)
where a(t) = (a""(t),...,a™"(t))T € R™ is the unknown m-component coefficient
vector of v™™ at time ¢, with associated initial datum oy = ((vo, wy), . . . (vo, wy,))T €

R™. In the above equation
(M(t))l] = / pm’”wi - W; dl’,
Q

A= ([ Towewyae s [

Q
(B(1)); = / P d — / SV, w; da,
Q Q

where 4,5 € {1,...,m} and SI™" is a function of £™", as given in (4.64]). Note that
M(t), A(t) and B(t) are continuous with respect to ¢. Since M (¢) is the Gram matrix

associated with the basis {wy, ..., w,,} with respect to the inner product (note the
two-sided bound (4.60) on p™") defined by

W(o™" X" D(w,) - Dlw,) dx) ,

[0, 0] ey = / §(t, 2)(x) - w(w) d,

it follows that M (¢) is invertible for all ¢ € [0, 7]. By the Cauchy—Lipschitz Theorem
the initial-value problem has a unique global solution. As a consequence,
has a unique solution v™" € C'([0,T]; V™) subject to the initial condition
v"™"(0) = vo ;. O

Claim 4.3.2. Problem has a unique solution ™" € CH([0,T]; X™) subject to

the initial condition

n

@/}mm('v ) 0) = Qzo,n = Z(Tg(?j)gl), szm)o (pgn'

i=1
Proof. Note that (4.62)) is a system of linear ordinary differential equations. Thus,

by writing ™" = Som B ()¢, we deduce that 1} has a unique solution
¢mn e C1([0,T); X™) subject to the initial condition ¢™"(0) = t,. The detailed

argument is similar to the proof of Claim {4.3.1] O
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Let || - |[ym and || - || x» be norms on V™ and X", respectively. Since V™ and X"
are finite-dimensional linear spaces, and all norms on finite-dimensional linear spaces
are equivalent, the precise choice of these norms is of no relevance in the discussion
that follows.

Claim 4.3.3. Let

ov

K= {v € CH([0, T V™); sup [[v(t)]|2@pe < C, sup o

te[0,T] te[0,T]

< C’(m,n)}

be a subset of C([0,T); V™) and

= {1/1 € C'([0, 7] X™); sup [(6)12,,0) < C,  sup

t€[0,T] t€[0,7]

< C(m,n)}

Xn

be a subset of C([0,T); X™). Let © : K xS — K x S denote the map that takes the

pair (W™ E™) to (0™ ™) =: O (w™", ™) via the procedure and ;
then, for C' and C'(m,n) sufficiently large, the mapping © has a fized point in IC X S.

Proof. To show that © has a fixed point we apply Schauder’s Fixed-Point Theorem.
First we note that /C x S is obviously nonempty and it is easy to show that K x S
is convex. Then, it remains to show that: (i) © maps I x S into itself; (i) K x
S is relatively compact in C([0,T]; V™) x C([0,T]; X™); then K x S is compact in
C([0,T]; V™) x C([0,T]; X™); (iii)) © : K x § — K x § is continuous.

We start by showing suitable energy estimates. Since v™" € C'([0,T]; V™), we
can take the test function w = v™"(s) in and integrate with respect to time
over (0,t), where t € (0,7]. Then we deduce that

_/ mn( )|,Umn |2dI— //ap m’n|2dl’d8
t
+—/ /pm’"um’”-Vx(\vm’"IQ)dxds—i—/ /M(Pm’n,)\m’")!D(vm’")Fdxds
2o Ja 0o Ja
1 t t
:—/p6”|vo,m|2dm+/ /pm’”fm-vm’”dmds—/ /S?’":vam’”dxds.
2 Jo 0o Ja 0o Ja

(4.67)

Since v™" € C([0,T]; V™), we can test the transport equation (4.58) with |v™"?

and we see that the second and third term in the above identity add up to 0. From
the bounds (4.60) and (4.65)), the assumption (4.24]), Young’s inequality and Korn’s
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inequality, we deduce from (4.67) that

t
Lo @lom P o+ o [ [ 1D dras
Q 0 JQ

t
Q 0 JQ

¢
—I—pmax/ /|fvm’”|2dxds (4.68)
0 Jo

1 t
+ //\S;”’"Fdxds
HminCo 0 Q
t
gc+c/ /|’um’”|2dxds,
0 JQ

where C' is a constant depending on the data ¢, f, v, fimin, M, Cmax- On noting that

P > pmin > 0, we have in particular that

t
/|vm’”(t)|2dx§0—|—0/ /|’um’”|2dxds.
Q 0 JQ

By Gronwall’s inequality we have that

T
sup va’"(t)H%g(Q;Rd) + ,umin/o /Q |D(v™™)|* dx dt < C. (4.69)

te[0,7)

Similarly, by taking the test function ¢ = ¢™"(s) in (4.62) and integrating with
respect to time over (0,t), where ¢ € (0,7, we get

//Mmg ) ( ()2 +um7"-vx(1$m7")2> dedqds
//Mm\v ™2 dx dg ds

/ / M™A(V ™) : Vg™ dz dg ds

(4.70)

_ /O /O MC(p™™ A (€™ (Vo) g : ¥ odim da dqds.

Since ¢ is a C! function of the density, by the renormalization property we have that

! 0
[ [t (G 4w 9.0) drdqas - [ oot arda

T / C(o)B(0) dzdg =0 (4.71)
(@)

for any ¢ € CO1([0, T]xO). As ¢™" € C1([0, T]; WEHDIHL2(0)) — CL([0, T]; CH(O)),
it follows that |2 € C1([0,T]; C*(O)). Thanks to the assumed smoothness of M
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(and thereby also of M™), we can take the test function ¢ = M™[¢™"[2 in (4.71) to
get that

t Tm,n\2 R
0 O
_ / Mo ()| (1) 2 da dg — / M (o) don > dzdq. (4.72)
O O

By multiplying (4.72) by 1/2 and subtracting the resulting equation from (4.70)) we

obtain
5 [arcr @i asdg+ [ [ g asdgas
/ / M™A(V ™) : V™" dz dq ds
=5 | Mo e dg
+ /0 /O MC(p™™) A (£™)(Vum™)g - Vg™ dz dg ds.

On noting (4.14)), (4.24) and the presence of the truncation function A,(-) we can
apply Holder’s inequality and Young’s inequality to get that

t
Cuin / MP ()P dedg + 2 / / M™Y. ™ ? da dg ds
(@) 0 (@)

t
+Cl/ /Mm\qum’”IQda:dqu
0 Jo

< Cmax / M™ g, |* da dg (4.73)
b [ et T g drdg s
S C(& M; <max; 7~p0>
From the estimates (4.69) and (4.73]) we deduce that

sup [|v"™" ()| L2 re) < C (4.74)
t€[0,T]
sup “&m’n( )HL?W” 0) <C. (4‘75)
te[0,T

Next, we shall derive estimates for the norms of 0;v™" and (‘Mzm’". We take the test

function w = Jyw™"™ in (4.61]). Since V™ is finite-dimensional, all norms on V™ are
)
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equivalent (with constants depending on m). We obtain, using Holder’s inequality,

that
Jv™n |2
pm,n d‘/I/‘
Lo
m a,vm,n a,vm,n
< Clf o | 2 o %
L2(R4) W2 (Q;R4) (4 76)
m,n m,n avm’n .
+ C“'U; ’ ||L3(Q;Rd)||vz'v ’ ||L2(Q;Rdxd) ot
LS (;R4)
Ovmn
< C(m,n) Y :
0t lr2ime)
On noting that p™" > pui, it follows that
H ov™" C(m,n)
< 0
at L2(Q;Rd) Pmin
Since all norms on V™ are equivalent, we have that
Ho™"
sup Y < C(m,n). (4.77)
te(0,7 ot vm

Now let us take the test function ¢ = (3%/3’”’” in 1. Since X™ is finite-dimensional,
all norms on X™ are equivalent (with constants depending on n). We obtain, using
Holder’s inequality, that

2

W™ 4 dg

ot

JRIETES

aQZ)m,n

< O(M, Gna) IV™ || 12(020) [0™ || 3(m)

L5(0)
alﬁm,n
ot

+C(M) ”Vr,qlf;m’nHL%o;Rd(KH)) (4.78)

Wl,2(o)
61/3’”’”
ot

+ C(ﬁ, M, Cmax) ||Vx’um’n||L2(Q;Rd><d)

W12(0)

< C(n) oy

L?(0)

Since ((p"™™) > (min and M™ > 1/m, we have

aqﬁm,n

mC'(n)
ot '

Cmin

<

L*(0)
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Since all norms on X™ are equivalent, we have that

o Tm,n
sup L4 < C(m,n). (4.79)
o || Ot |,
From the estimates (4.77) and (4.79)) we obtain that
Ho™n
sup Y < C(m,n), (4.80)
t€[0,T] at ym
sup o™ < C(m,n). (4.81)
t€[0,7] ot xn

From (4.74), (4.75), (4.80) and we see that if we take (u™",&™") € K x S,
then ©(u™", M) = (v™", &m") still belongs to K x S. Therefore, we have shown
that (i) © maps K x § into itself.

(ii) From we obtain that, for any ¢ € [0,T7], ||[v™"(t)|vm < C(m), thanks to
the fact that all norms are equivalent in finite-dimensional spaces. Then, the subset
K(t) == {v(t);v € K} is relatively compact in V™. Also, since v € C([0,T]; V™)
and v satisfies , we deduce that

[o(t) = v(ta)[[ym < C(m,n)fty —to].
Then, for all t; € [0, 7] and for all € > 0, there exists a 6 = &/2C(m,n) > 0 such that
[o(t) = v(ta)llvm <&

for all t5 € [0, 7] with |t; —t2| < 6 and for all v € K. Therefore, by the Arzela—Ascoli
Theorem, we deduce that K is relatively compact in C([0,T]; V™).

Since M™ > 1/m, we have from that, for any ¢ € [0,T], [|"™"(t)|| 20y <
C(m). This then gives ||{™"(t)||x» < C(m,n), since all norms are equivalent in finite-
dimensional spaces. Thus the subset S(¢) = {¥(t) : 1 € S} is relatively compact in
X", Also, since ¢ € C([0,T]; X™) and ¢ satisfies , we deduce that

19(ts) = d(ta) | xn < Clmym)lts — ta].

Then, for all t3 € [0,7] and for all &' > 0, there exists a ¢ = &'/2C(m,n) > 0 such
that

[(ts) — ()] xn < &

for all t4 € [0, T] with [t;—t,| < 6" and for all ¢) € S. Therefore, by the Arzeld-Ascoli
Theorem, § is relatively compact in C'([0,T]; X™). Hence, we have shown that K x S
is relatively compact in C([0,T]; V™) x C([0,T]; X™).
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(iii) Next we will show that © is continuous; to this end it suffices to show that
O is sequentially continuous. Let (u%n)?il be a sequence in C([0,7]; V™) which
converges to some u™" in C([0,T]; V™) as r — oo and let (£;5")72; be a sequence
in C([0,T]; X™) which converges to some ™" in C([0,T]; X™) as r — oco. To show
that © is sequentially continuous we shall show that (U(T:)",&Zf)n) = @(u%”f%’”)
converges to ©(u™", ™") as r — oo and O(u™" ™) = (V™" P™").

For any r, let pi)” be the unique solution to the transport equation (4.58)) cor-

responding to the velocity field u?z)" Let p™" be the unique solution to [£.58) cor-

responding to the velocity field u™". All of these transport problems are associated
with the same initial datum pJ* € Wat12(Q) satisfying (and converging to pg
in L'(Q2) as m — o0o; here though, m > 1 and n > 1 are fixed, and we are interested,
instead, in the limit r — 00).

We further define )\E’;Sn and \™" by

N )= G ) [ M@ aut) da
Aot i= (") [ M7 (@) €7 0,0 da
By Theorem VI.1.9 in [I4] we deduce that, as r — oo,
pey — p™"  strongly in C([0, TT; LP(€2)) for any p € [1, 00). (4.82)
From the assumptions on ¢ we then deduce that, as r — oo,
Clo") — ¢lp™") strongly in C([0,T]; LP(2)) for any p € [1,00).  (4.83)

Hence, and thanks to the global Lipschitz continuity of the mapping s € R+ [s], €

R>o, we have that
)\Zf)” — AT strongly in C'([0, T]; LP(€2)) for any p € [1, 00). (4.84)
From the assumptions (4.24) on p we then deduce that, as r — oo,

N(P%n, (mr)n) — u(p™" AT strongly in L*>°(0,T'; LP(Q2)) for any p € [1, 00).
(4.85)
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For any r, we take the test function in (4.61]) and (4.62) to be 'v?;)n and 1&?:)” respec-
tively and perform a similar procedure as in (4.67)—(4.73) to deduce that

SI:P ||v?;5n||C([0,T];L2(Q;Rd)) <C, (4.86)

Sup IVovis 2202 @raxay < C, (4.87)

Sup |W?Zjn”0([07:r’];L§wm(0)) <C, (4.88)

Sup Hvx,qﬁz%n||L2(0,T;L§Wm(O;MKH))) <C. (4.89)

Taking the test function in 1) to be 8,5’0?;5” we perform a similar argument as in
(4.76)), (4.77) to deduce that

0v)

< .
- < C(m.n)

oo, Tvm)

sup
N

Similarly, taking the test function in (4.62)) to be at@zgf)’", as in (4.78)), (4.79), we get

0Us"
ot

< C(m,n).

c([o,T];x™)

sup
T

Now since v,5" € K for all r and K is relatively compact in C([0,77; V™), there exists

a subsequence (not relabelled) such that, as r — oo,
vy — v strongly in C([0,7]; V™). (4.90)
From the bounds (4.86]) and (4.87) we deduce the following weak convergence:

vy =o' weakly in L*(0,T; W2 (Q;RY)). (4.91)

With the convergence results (4.82]), (4.84]), (4.85]), (4.83)), (4.90) and we can
pass to the limit as » — oo in the equation satisfied by v?;)" and the limit v’ satisfies
. However, with p"™", «™" and ™" given, (4.61) can be solved with a unique
solution v™" as proved in Claim [4.3.1] which then implies that v’ = v™".
Meanwhile, since 1&%” € S for all r and S is relatively compact in C([0,T]; X™),

there exists a subsequence (not relabelled) such that, as r — oo,
7,&8?)” — ) strongly in C([0,T]; X™). (4.92)
From the bounds (4.88]) and (4.89) we deduce the following weak convergence:

VMY, " = VM7V, g weakly in L2(0,T; L(O; RUH)). (4.93)
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With the convergence results (4.83)), (4.92) and (4.93) we can pass to the limit as

r — oo in the equation satisfied by 1&?;)” and the limit 1&’ satisfies (4.62)). However,
with p™" w™" and ™" given, can be solved uniquely with ¢"™ as proved in
Claim , which implies that 1&’ = zﬁm" Hence, we have shown that the mapping
O is continuous.

Finally, by Schauder’s Fixed-Point Theorem, we deduce that @ : K x§ - K x §
has a fixed point (v"", 1&’”") in I x S. Thus, also,

5" ant) = G ) [ M7 (@) 57,0, 1) da
and
Sy = p(p™", 0™")D(v™"),
and

ST, t) = —k:/

[ |war@cm . o)Tim .. )1

K
+ > (™" (@, )T (v, q, 1)V M(q) ® ¢’ | dg.

Jj=1

That completes the proof of the existence of a solution (p™", v™™, 1[17"") to the par-

tially Galerkin discretized system (4.50)—(4.57)). O

Remark 4.3.4. Although it seems tempting to add a parabolic reqularization term
—aAp™™" in the transport equation and then take the limit as « — 0+ as in [9],
there is a problem with the presence of the density-dependent drag coefficient {(p™™).
The problem lies in the lack of knowledge showing the evolution of ((p™") under the

parabolic reqularization. Fven if we assume that
a¢(p™")

ot
holds for the moment, the presence of the term —al.((p™™) makes it difficult to

derive a reasonable energy estimates for 1[1 Therefore, we have taken the approach
using Schauder’s Fized-Point Theorem motivated by [14] and [63].

+ dive (¢(p™")v) — al.((p™") =0

In the following sections we shall derive uniform bounds independent of the pa-
rameters n, m and ¢, and then use those to successively pass to the limits with

n, m,{ — oo.
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4.3.4 Passage to the limit with n

The goal of this section is to pass to the limit as n — oo. To achieve this we shall first
derive uniform estimates independent of n. We note that from the definition (4.55))
of S7"™ we deduce that

152" < C(, Gnax, M), (4.94)

which implies that there exists a subsequence (not relabelled) such that
Smn s §m weak® in L°°(Q; RYY). (4.95)
By Theorem VI.1.6 in [I4] we find that

sup ||p™" ()|l zo) < 106" | Lo () < Pmax-
te(0,T)

Moreover, Proposition VI.1.8 in [14] gives
"™ > Prin. (4.96)
We deduce the existence of subsequences (not relabelled) such that, as n — oo,

prt — p™m weak* in L(Q), (4.97)
(p™m)?2 — 9™ weak* in L>(Q). (4.98)

By the renormalization property, for any 8 € C'(R), 3(p™") satisfies

D) | v, (3 = 0 (499

in the distributional sense.
We multiply the i-th equation in (4.51)) by ¢/""(¢) and sum with respect to i =
1,...,m to deduce the following identity

1d , 1 [ opmn, 1 ,
e M1 M |2 ] - mn2 e — Z mmn, mmn vx m,n d
s |omonn e 5 [ B pan =g [ om0 ) da

_|_/Q'u(pm,n7 Qm,n)lD(vm,n>|2 dr = _/ngn,n . D(,vm,n) dr + (pm,nfmj,vm,n»

The second term and the third term in the above equality add up to 0, since we can

take the test function n = [v™"|? in (4.50)). Using (4.24), (4.94), Young’s inequality

and Gronwall’s inequality, we find that

T
SUP) IR Pm’"(t)"’m’n(t)||i2(ﬂ;n{d) + Mmin/o /Q |D(v™")? dardt

te(0,T
< C(l, M, vy, f, fbmin, Pmax)-
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Using (4.96) and Korn’s inequality we deduce that
T
sup [0 e+ cotn | [0 sz 06 CO, (4200
te(0,T) 0

which implies, by the orthogonality of the basis, that

sup " ()] < C(m, £). (4.101)
te(0,T);i=1,...,m

From the definition of v™™ we see that

o™ & Al (t)
T (:c,t)—; —w; (@), (4.102)

Substituting (4.102)) into (4.51)) we have that, for a fixed 7 € {1,...,m},

dei™ " (¢)
dt

min

‘ S |(atl0n’b,n,vm,n7 wz)| + |(pm,n,vm,n ® ,Um,n’ V:vwz>|

+ [(u(p™", @™ ") D(v™"), Vaw)|
+ (58", Vaw;)| + | (™" f™, w)
< 0™ w12 [[0™ " [[wr.2 (ray [ Wil [w.00 (e
+ Pma [V 1 22 0y || Vawil | Lo (maxay
+ fianax || D(0™") || L2 (0sraxa) || Vaw; || oo (raxay
+ OOV o, ooy + C(Fs prnad) | Vil o oeaeay

< C(m7 f) ||wz ||W1’°°(Q;]Rd) .

Since WtH2(Q) — Wh>(Q), we have that ||w;||y1.@pray < C(m). Therefore,

del™™(t
sup G )’ < C(m,0). (4.103)
t€(0,T); i=1,....m dt
By the definition of v™" it is easy to see that
sup ||’vm’n(t>||wl,oo(Q;Rd) S C’(m,ﬁ) (4104)

te(0,T)

By using (4.100) and the Sobolev Embedding Theorem it then follows from (4.99))
that

H 9B(p™")
ot

< |IB(p™™" )™ " || 12 0,T;LP (R4
L2(0,T;(WLe' (Q))") ( (R (4.105)

< Cllv™|| 20, rwr2@ray) < C
for any p € (1,00) when d = 2 and p € (1,6] when d = 3; the constant C' is

independent of m and n.
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The uniform bounds (4.101f) and (4.103)) imply the following convergence results:

ot = weak™ in Wh((0,7)), (4.106)
""" — " strongly in C([0,77), (4.107)

which then imply that
v — ™ strongly in C([0, T7; W&’;V(Q; R%)). (4.108)

Noting (4.97) and (4.98]) we deduce that

pr ™ — pM™ weakly in LP(Q; R?), (4.109)
(p™")2o™ " Y™ weakly in LP(Q;R?), (4.110)

where p € [1,00) when d = 2 and p € [1,6] when d = 3. From the estimate (4.105))

we deduce that

apm,n R apm . , o

ot o weakly in L(0,T; W~P(2)), (4.111)
m,n\2 m

a(pat - agt weakly in L*(0,7; W™17(Q)), (4.112)

where p € (1,00) when d = 2 and p € (1,6] when d = 3. With the convergence
results (4.111f) and (4.109)) we pass to the limit as n — oo and deduce that p™ is the
(unique) weak solution of

op™

W + diVx(pm’Um) =0 (4'113)

with the initial condition
o7(0) = i (4.114)

By the renormalization property, if we define P™" = (p™")% then P™" solves the

following initial-value problem:

opmn
ot

+ div, (P™"0™") = 0,
P (0) = ()"
Similarly, P™ = (p™)? solves the following problem:

Pm
OP™ | div, (Pmo™)

ot =9,
Pm(0) = (o)
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With the convergence results (4.112)) and (4.110) we deduce that 9™ also solves the

following initial-value problem

9™

W + dlvx(ﬁm’vm) = O,
9"(0) = (p5')".

However, since (4.115]) is of the same form as (4.113)), the solution to (4.115)) is unique.
Hence, 9™ = (p™)?. Then, the convergence result (4.98)) gives

T T
/ /|pm’"\2dxdt—>/ /]pm|2dxdt,
o Ja o Ja

which then implies that

(4.115)

m,n

prt — pm strongly in L*(Q).

It then follows from (4.97)) that

m,n

Pt — ™ strongly in LP(Q), (4.116)

for any p € [1,00). With the convergence result for v™" we can perform a
similar argument as in Theorem VI.1.9 in [14] and strengthen the above convergence
to get

P — p™ strongly in C([0, T]; LP(Q2)), (4.117)

for any p € [1,00). Thanks to the assumption (4.24)) on ¢ we then have that
Co™™) > ¢ strongly in C([0, T; IP() (4.113)

We multiply the i-th equation in (4.52) by d;""(¢) and sum with respect to i =
1,...,n to deduce the following identity

1d

2.dt J,
1 A

=5 [ M VL dedg
(@]

: 1 ac(pmm) -
Mg ardg + g [ am S 2 aag

2 (4.119)

+ /O M™|V ™% dz dq + /O M™A(V ™ ") = V™" dz dg
= (MG AL (V™) g, V™)
Note that ((p™™) is a renormalized solution in the sense that
(@C(p™™),m) — (™ "C(p™"), V) =0 ¥ € C¥([0,T]; C*(Q)).
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Taking the test function n = [, M m(z/;m’")Z dg we see that the second term and the
third term in (4.119)) add up to 0. By Young’s inequality, the definition of Ay, (4.24)
and (4.104)), we deduce that

(M ¢ A ) (V0" "), V™)

< ﬁ/ M™|V ™2 dz dgq
2 Jo

C f, max m,n m Y (T
# SO Oy [ M P dndg aaz0)
01 Mm\V z/;m”|2da:dq
O

+Cm.0) [ Mgy deda
Inserting (4.120)) into (4.119) and using (4.14]) we deduce that
d N .
= / M™ (™) (™) da dg + / M|V, ™" de dg
o 0
< Clm,t) [ MG @m ) dedg. (4121)
o

Gronwall’s inequality gives that

T
sup [[v/C(pmn(t)) ™ (t HL2 /0 /OMm]Vx,qwm’”FdxdthSC’(m,ﬁ)‘

te(0,T)

By noting that M™ > 1/m and (4.24) we deduce that

T
sup me’”(t)H%z(O)—i-/o /O]VI,qz/Jm’"dedthg C(m, ). (4.122)

te(0,T)

Since M™ is Lipschitz continuous, we can further deduce that
T ~
| I oy d < Com ),
0
Then, using (4.52)) and a standard calculation, we obtain that
T ~
| 1000 mim y d < Clm ), (1123)
0

Next, we shall focus on the fractional time derivative of @Z;m" Integrating 1)
with respect to time over (s,s+ h), with s < T — h, we have, noting that in fact ©!"
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can be replaced by any test function ™ € span{¢!", ..., "},

/o MPC(o™ Y™ (s 4+ B) — (C(o™m)dm) (s))e™ i dg
s+h .
s s+h(’) )
— / / M™N ™" V™ do dg dt
s (@)
s+h .
_ / / M™A(V ™) - Voo™ dz dg dt
s O

s+h .
+/ / MCC(p™™)Ne(P™"™) (V™) q = Vg™ do dq dt
s @
= U1+U2+U3+U4.

For Uy, we have by Holder’s inequality and the Gagliardo-Nirenberg inequality that

s+h
03] < COL.Gua IV 00 [ 167 nazzcon |7
< O, G V™ 2013
d d

s+h
~ 1—4 d
- / 1™ [za@sz2(o) ||vm’n||L2(‘§2;Rd) HUm’nHQIVLQ(Q;Rd) dt
S

1—4
q
L>(0,T;L?(RY))

a sth
2
<™ L2 s mewr2imay) (/ 17 oo dt)
S

—d
< Cthq||v:6,q90m||L2((’);Rd(K+l>)a

2q
La=2 (Q;R%)

9=d m m,n
< C(Ma Cmax)h 2 Hvx@ HLQ(O;Rd)”U ’ H

1
2

where ¢ € (2,00) when d = 2 and ¢ € (3,6] when d = 3. For Us,, we have that
|Ua] < COMYE2 | Vth™ || (s ssmizzomen | Ve | 2omey < Ch2 || Vi g™ || 20ppatc).
Similarly as above, for U; we have that
Ul < Ch2 ||V ™| 2 ospac ).
For Uy, thanks to the presence of the truncation function A,, we obtain that
[Us| < Ch%||Vq90mHL2(O;RK+1)vavmm||L2(s,s+h;L2(Q;Rd)) < Ch%||Vx,Q¢m||L2(O;Rd(K+1))'

Hence,

/O MY (s 4 B — (C(p™ ) (s) ™ de dg

1 g=d m
< C(h? + h'20 )| Vg™ || L2 omacrny,  (4.124)
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where ¢ € (2,00) when d = 2 and ¢ € (3,6] when d = 3. By the renormalization
property ((p™") satisfies

T 8 m,mn
/0 /Q(%H—C(pm’")vm’”-vw) dzdt =0.

Taking 17 = X(s,s+1] [p Mm@/;m’”(s)gom dq in the above equation we obtain that

/O MP[C(™) (s + ) — (o™ ) ()i o™ da dg

s+h
= / + /OMmg(Pm’n)’Um’n'V:v(lz)m’n(s)#?m) dz dg dt. (4'125)

By Holder’s inequality we obtain that

G s ) = o do dq\

1 mmn Tm,n m
SC(M: Cmax)thv ’ HLQ(S,SJrh;Lq(QﬂRd))Hvx(w ’ (S)(‘D )HLq%ql(O;Rd)

L. mn Tmn m
§C<M7 Cmax)hQH’U 7 ||L2(s,s+h;Lq(Q;]Rd)) (Hvxdj ' (S)“LQ(O;Rd)H@ ”L%(O)

(4.126)
1T om 676, 1, o )
where ¢ € (2,2(K 4 1)] when d = 2 and ¢ € (3,6] when d = 3. Since
(ClO™™)d™ ™) (s + h) = (C(P™ )™ (s)
= C(p™") (s + ™" (s + k) = ™" ()] + [C(™ ") (s + k) = (™) ()™ (),

it follows from (4.124)) and (4.126]) that

/ M™¢(p™ ™) (s + B)[™" (s + h) — ™" (5)]¢™ d dg
O
1 g=d m
< O(h7 + 15| Va g™l 2 o atscsn)

1 Tm,n m m Tm,n
+ O (19 Miiomal, o, + 192" om0 02 o )

where ¢ € (2,2(K 4+ 1)] when d = 2 and ¢ € (3,6] when d = 3. Taking ™ =
™" (s 4+ h) — ™" (s) in the above inequality and integrating with respect to s we
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obtain that

T—h . R
/0 /O M7 (™) (s + W[ (s + h) — ™ (s)] dw dg ds

1 q—d T ~
< 20(}15 + h 2 ) (/ |’v$,q1/1m’n(5)Hi%o;Rd(K“)) ds)
0

T 3/ T
2cvhl v, Tmyn 2 . d / Tm,n 2 \ d
v20nt ([ IV Gloms) ([ 1R s,

T 3/ T 2
2Ch? Vo™ (5) |22 o d / ()] 2 d)
w190 o ds) ([ 1O

9-d
< Ch,

o=

where ¢ € (2,2(K + 1)] when d =2 and ¢ € (3,6] when d = 3. The above inequality
follows from Holder’s inequality, the uniform estimate (4.122)) and the Sobolev em-

bedding W'2(0) < LP(O), p € [1, (%ﬁ%] Since ¢(p™") > Cuin and M™ > 1/m,

we have that
[+ ) = ™ (2 r-nrzoy < CRY,

where 0 < v < ﬁ when d = 2 and 0 < v < 1/8 when d = 3. We have therefore

shown the following Nikolskii norm estimate:

197 Ingoazoy = sup A"+ B) = 677 (Ol xor-nazoy < s (4127
<h<

WhereO<7§ﬁWhend:2and0<7§1/8Whend:3.

From (4.122)), (4.123) and (4.127]) and by using the Aubin—-Lions Lemma we deduce

that there exists a subsequence (not relabelled) such that

Y s g weakly in L2(0, T; W2(0)),  (4.128)
QM (™™ = B(M™C(p™ ™) weakly in L*(0,T; (W'(0))'), (4.129)
Y s ) strongly in L*(0,T; L*(0)). (4.130)

It then follows from (4.118]), (4.130|) and the global Lipschitz continuity of the mapping
s € R [s]; € Ry that

o™ — o™ strongly in L*(0,T; L*(Q)),
where

" = (o) /D M™ (7. dg,
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and therefore, thanks to (4.117) and the assumption (4.24) on u, the Dominated

Convergence Theorem implies that

m,n

p(p™", ™" = p(p™, 0™)  strongly in L'(Q).

Hence, because 0 < pimin < p(-, ) < fimax < 00, it follows that

p(p™", 0™ — p(p™, @™)  strongly in LP(Q), (4.131)

for any p € [1,00).

Now the above convergence results (4.109)), (4.111)) and (4.116) for p™",
for p(p™m, o™m), for C(p™m), (4.128), (4.129) and (4.130) for 4™,
and for ¢™", for v™" and for SI™™ enable us to pass to the
limit n — oo in — to obtain the following:

(Op™,m) — (V" p™,Vn) =0, for all p € C™(Q) and a.e. t € (0,7), (4.132)
(Oc(p"0™), wi) — (PO @ V™, Vaw;) + (u(p™, ™) D(0™), Vow;)

= — (8", Vw;) + (p"f™,w;) foralli=1,...,mand ae. t € (0,T), (4.133)
and
(¢ (oM™ ) = (M7C(p™ 0™, Visp)
— (MC(p™A™)(Vov™)a, Vap) -+ (M"Y, Vo) (4.134)

+ (MmA(ti[Jm), ng0>0 =0 forall p € W"*(O) and a.e. t € (0,T).
It is obvious that v™(z,0) = v{*(x). We can deduce using standard calculations that

lim ([ (1) = To(dg"(-) | z2(0) = 0.

t—0+
Also, from (4.118)) we deduce that
C(p™™) = C(p™) a.e. in Q. (4.135)

Similarly, from (4.130]) we deduce that
P ) a.e. in O x (0,7).

Therefore,
Clpm™Mdm™ = C(p™W™  ae. in O x (0,T).

Finally, the Dominated Convergence Theorem gives that
K
Sm = —k / [KMC(pm)Tg(@Zm)] +) PMT(W™") Ve M @ ¢’ | dg ae. in Q.
D =
(4.136)
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4.3.5 Passage to the limit with m

Since v™ € L?(0, T; W12(Q; R?)) — LY(0, T; WHH(Q; RY)) and the initial data p™(0) =
o€ 1) C L=(Q), we deduce from Theorem VI.1.6 in [14] that there exists a
unique weak solution p™ € L>®(Qx (0,7")) that solves (4.132). Moreover, by Theorem
VI.1.3 in [14] we have that p™ € C([0,T]; L*(Q2)), where 1 < p < co. The solution
satisfies

sup || () |l~@) < 100"l 2o @) < Pmax;
te(0.T) (4.137)

P> Pmin a.e. in Q.
By the renormalization property, for any 8 € C'(R), B(p™) satisfies

D) aie, (8(p0) = 0 (4.138)

in the distributional sense. We note that ((p™) is a renormalized solution in the sense

that (4.138]) is satisfied with g = (.
We note further that thanks to (4.104]) it follows by weak lower semi-continuity

and passage to the limit as n — oo that
”vaLOO(O,T;WLOO(Q;Rd)) < C(m,0). (4.139)

We would now like to show that ™ > 0 a.e. in Ox (0, T). Before doing so, we shall
revisit the question of regularity of p™ and will show that, thanks to the regularity
of ™ and pJ', in fact 9;p™ € L*®(Q) and V,p™ € L>®(Q;R?), and therefore also
oC(p™) € L>=(Q) and V,((p™) € L=(Q;R?), whereby the renormalized equation
does in fact hold in the sense that

0C(p™) + V- (v™C(p™)) =0 a.e. in Q. (4.140)

To this end we note that after passing to the limit n — oo in (4.48)),

m

V() =Y () wi(x), (4.141)

=1

where ¢ — " € W*((0,T)) for each m > 1 as n — oo by (4.106) and w; €
C*(Q;R?) for each i = 1,...,m. Thanks to the orthonormality of (w;)™, in L?(Q; R?)
it therefore follows that

0™ ()l 2 @mey = (ZICT(-)I2> € WH((0,7)).
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For z € Q and t € [0, T, consider the following initial-value problem for a system of

ordinary differential equations:

dxm
) = (X b T
P (z,t;5) = v"™" (X" (2,15 5), 8), s €[0,T], (4.142)

By the Cauchy—Lipschitz theorem, whose assumptions are satisfied thanks to the
regularity properties of ¢/* and w;, i = 1,...,m, we deduce that, for each (z,t) €
Q x [0,T], the system has a unique solution s € [0,7] — X™(x,t;s) €
C1([0,T); R?). Furthermore, thanks to the specific form of and the fact that
w; € CHQ;RY) for i = 1,...,m, it follows that X™ is a differentiable function of z,
and, for every x € Q and ¢ € [0, 77,

%(Vme(x,t; 5)) = Voo™ (X" (x,t;5),8) Vo, X (2, t; 5), s €[0,T7],

V. X™(x,t;t) =1,

where [ is the d x d identity matrix. Thus, upon integration and recalling the form
of v™ from (4.141]), we deduce that

V. XM (x,t;s) = Vo, X" (2, ;1)

+ /ts Z (o) (Vew)(X™(x,t;0)) V. XM (2, t;0) do.

By Liouville’s formula for matrix-differential equations, and recalling that the func-
tions w;, ©+ = 1,2, ... are divergence-free, whereby the matrix V,v™ is trace-free, we
have that

det (V. X" (z,t;5)) = det (V, X" (z,t;t)) exp (/ts tr[(V,o™)(X™(z,t;0),0)] da)

= det(I) exp(0)
=1

for all x € Q and all ¢, s € [0,T]. Thus, the mapping x € Q > X™(z,t;s) € Q has a
nonvanishing Jacobian for all € Q and all ¢,s € [0, T] and is therefore an invertible
C* bijection from Q onto Q, with C* inverse y € Q — X™(y; s;t) for all t,s € [0, 7).
In what follows we require a bound on V,X™.

To this end, let || - | be a matrix norm on R%*? induced by a vector norm on R?.
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Then, [|]| =1 and therefore, because X™(z,t;t) = I, also

IV X" (x,t;5)]|
=1+ / Z!C W 1(Vaw:) (X™ (2, £ )| IV X™ (@, ;0| do
<1+ / Z’C NIV wz“c Q;Rdxd) IV X" (x,t;0)| do

2

(Z ||vf’3wiH(23(Q;Rdxd)) V. X" (z,t;0)| do

[ SIS

<1+ / (Z |c;n<o)y2>
t \i=1
=1

1
2
<1+ (Z Ve 'wz||c QRdXd)> [v™ ||L°° 0,7;L2(;R4))

i=1

1
2

/ 10™(0) |2z |V X (2 : 0)]| do

/ V. X" (2,t;0)]do| .

Thus, by Gronwall’s inequality, we have that

1
m 2
Ve X™ (2,85 5)[| < exp | [s —1] <Z HvzwiHi‘(Q;Rdxd)) [0 | oo (0.7:22 (4

i=1

Consequently,

m 2
max V. X"z, t;9)|| < Cpyi=exp | T AR G V|| oo (01 .
s (VX" ()] < O i exp (Z IVl d)> [P
We shall show that the unique weak solution p™ € L*°(Q) of (4.132) is given by the
expression
p" (z,t) = pgt(X™(x,t;0)), reQ, tel0,T).

Indeed, for any n € D(Q2) := C§°(£2), we have as equalities in D'(0,T'), that

O p™ (-, t = d t

< tpP ('a )777>D(Q) - & <p ('a )777>D(Q)

m d

= & ) mX(,0:) et (9, Xy, 0: )] dy
Q
d

~d@t
— [ ) (T 0:0) - 0. 050)

/ o (X (2,1 0)) () da

o (y) n(X™(y,051)) dy
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Hence,

(O™ m)

3

() (Van) (X (y,0;¢)) - ™ (X ™ (y, 0;1)) dy

i)

D(Q)

o (X™(x,t,0)) Ven(z) - 0™ (z) det[(V,X™) (2, t;0)] dx

PE(X™(2,1,0)) Van(x) - v (x) da

p" (@, ) Van(z) - 0™ () dz

Il
S— S — S

p () v™ () - Von () da

m
v, memm :

|
—

R
3
-
-
N—

Thus,

O™ )y = PO V) ==V (07 () 0™) M),

as equalities in D’'(0, T'). We have shown that p™ defined by p"(z,t) = pi"(X™(x,t;0))
for x € Q and t € [0, T] satisfies the equation
o™
ot
in D'(Q); in addition p™(x,0) = pg*(x) for all x € Q. By the uniqueness of the weak
solution to the problem asserted by Theorem VI.1.3 in [I4], it follows that
the weak solution in question is given by p™(z,t) = pi*(X™(z,t;0)) for x € Q and
te[0,7].
Using this representation of p™ we are now in a position to show that, in addition
to the regularity p™ € C([0,T]; L(Q2)), where 1 < p < oo, guaranteed by Theorem

+ div,(v™p™) =0

VI.1.3 in [14], in our case, thanks to the regularity of ¥™ and p{*, p™ has additional
regularity.

Indeed, because pI* € C*(Q) and the mapping x € Q +— X™(x,t;0) € Qis a C!
mapping, it follows by the chain rule that

Vap™ (@,t) = Vo [pg (X" (2, 4,0))] = (Vo X™) (2, :0)]" (Vg )(X™ (2, £;0))
for all z € Q and all ¢ € [0, T], whereby
[Vap™ | @rty < CmlI VG | 1o (ra) < C ().

As v™ e Whoo( Q R%), it then also follows that

< o™ || e (@rey [ Ve p™ || Loo (@ire)
L>(Q)

< CmHvxngHLOO(Q;Rd)||UmHL°°(Q;IRd) < C(m).
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With these bounds it follows that

op™ oy = P o .
W#—dvx( p") = 5 +v" -V, p" =0 a.e. in Q,

and p"(z,0) = pg*(z) for all x € Q. Hence, the renormalized equation also holds in
the sense that

ap(p™ ap(p™
PO 4 aivwrser) = 2 o M =0 ne Q. (1143
for any 8 € C'(R), and SB(p™(x,0)) = B(pgt(x)) for all x € Q.
We are now ready to return to the proof of the nonnegativity of T/A)m By following
a similar procedure as in (4.119)—(4.121]), but now using the renomalization property
in the form (4.143)), and bearing in mind that

Vo™ € L2(Q; R, V,pm € L°(Q;RY)  and 63% € L®(Q),  (4.144)

we obtain that
G LA @ deda [ ML) dedg
Cm, ) /O M7 ($™)- )7 dr dg.

Since "™(0) = Ty(¢y*) > 0 and ¢(-) > Cmin > 0, Gronwall’s inequality implies that
(p™)_ =0in O x (0,T). Thus we deduce that

Y™ >0 ae inOx(0,T).
Next, we will derive m-independent estimates for v™ and @/;m We define
Fs(s) = (s+9)log(s+6)+1, F(s)=slogs+1,

_ [ A STt

We set ¢ = log(™+6)+1 in (4.134), where § > 0 is arbitrary, to obtain the following
identity:

4 / Mmc<pm>f5<z&m> dzdg - /O M™0,C(p™) (6 log(™ + 8) + 1 — ™) dz dg

g

/ p ( ") Vot dedg = (MC(0™)(Vov™)g, VTha(0™))
(4.145)

m

V™ Vo™ dz dg

5 inaria s [ -

oY
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Since Y™ € W12(0), we can test the equation (4.140) with the function

———  dg
bt

to deduce that the second term and the third term in (4.145) add up to 0. Next, we

integrate the resulting equation with respect to time over (0, ¢) and use the assumption

(4.14), to obtain that

. t Mm™ .
M™C(p™(- m(. dzd C —|Vaugq ™2 dxdgd
MG ) Fin ) drda + 1/0/(9wm+5|v,w1 v dqds

77=/DM’"(510g(¢m+5)+1—¢m)dq, vxnz—/D

< /@ M) F5 (To(de1)) da dg + / (MC(o™)(Vav™)a, Vo Tse(d™)) ds.

Taking the limit § — 0, in the above inequality, the first term on the left-hand side
and the first-term on the right-hand side can be easily dealt with. For the second

term on the left-hand side we apply the Monotone Convergence Theorem. Therefore

VgV

< [ et AT deda -+ imsup [ (MC(M)(T0")a VT s
(4.146)

we get

2

drdqds

/O M7C(p™ (-, ) F (™ (-, £)) du dg + 4Cy / /O e

For the last term on the right-hand side we use integration by parts (the boundary

term vanishes since M = 0 on dD) and note that div, v™ = 0. We obtain

(@]

/Ot (Mé(pm)(%vm)q, VqTM(zﬁm)) ds
_ /Ot (divq (M¢(p™)(Var™)q) ,Tgﬁg(tzmwo ds o

- fj / (G (Voo™ Ta (BT M ¢) ds.

Since |Ts.(s) — Ty(s)] < dlog (1+ %) for all s € [0,00), using (4.147)) in (£.146) we
pass to the limit in (4.146)) to obtain
Veq\/ ¥

< /OM (o) F(To(d)) da dg — ; /0 (o) (V™). T VM @ ¢) | ds.

(4.148)

2

dr dgds

/O M7C(p™ (-, ) F (™ (-, 1)) da dq + 4C, / t /@ e
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We multiply the i-th equation in (4.133]) by ¢/*(¢) and sum with respect to i =
1,...,m to deduce the following energy identity:

- ™2 d m MY D(™)? d

5 oo s [ e D@ o
——/S;”:vamdx—l—(pmfm,vm). (4.149)

Q

Using div, v™ = 0 and (4.136)) we have that
m . m . m ] 7
/s V0" Ao — kZ( )(Vou™), Ty(d) )V,,;M@q)o

Integrating (4.149) with respect to time over (0,¢) and multiplying (4.148|) by k& and
adding the results we get

E [ MG 0)drda+ g [ G0 ds

// ™)|D(v )|2dxds+4k01//Mm Vo fim

<k/Mm C(pM)F(Ty () dz dq + = / |v0|2dx+// p" - v™ dx ds.
(4.150)

2

dr dgds

Using the assumption (4.24]), Korn’s inequality and Gronwall’s inequality we arrive

at the following uniform estimate:

m m Pmin m
FGmin sup [|M™F (™ (1)) ]|r0) + sup o™ (-, )72 o)

te(0,T) 2 te(0,T)

HminCo r mi2 r m n

#2000 [y i 40 [ [ M7 |9
2 0 ’ 0o Jo

9 T
m m Prmax Pmax m
< k‘Cmax/OM F(Te(¢y')) dzdg + 7 ||’UO||%2(Q;R‘1) + " - /0 I f ||22(Q;]Rd) dt

2 min 0
S C(Ea Cmaxa Pmax; QZJOa Vo, .f)

2

drdgdt

(4.151)
By interpolation we have the following estimate for v™:
o™l 2ap2r 0y < CLO- (4.152)
It directly follows from (4.24)), (4.133)), (4.151) and (4.152) that
T
d—+2
/0 10, (p™v™) || WLaoma dt < C(¢), whereqe€ (1, T] (4.153)
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By a similar calculation as in (4.105) we have that

||8tpm||L2(0,T;W*17P(Q)) < C(0), (4.154)

where p € [1,00) when d = 2 and p € [1,6] when d = 3. Thanks to the presence of

the truncation function Tj(-) we have that
1S < C(0). (4.155)

Next, we shall focus on the fractional time derivative of v™. Integrating (4.133])
with respect to time over (s,s + h), with s < T — h, we have that, noting here that

w; can be replaced by any test function w € span{wy, ..., w,},
Ll om s +1) = (o) (s) - wda
s+h

= / /pmvm®vm : Vewdedt

s Q

s+h

- [ [ wem empm): D(w) deat
s Q

s+h s+h
—/ /S?:Vdexdt+/ P wdrdt
s Q s

::II+]2+13+I4.

(4.156)

For I, we have by Hélder’s inequality, the Gagliardo—Nirenberg inequality and Korn’s
inequality that

=2 (Q;R4

s+h
1% o ([ 10" uoll0”], 1 00 IV
S

d

s+h 1 d
1— d
< s ([ 10" o 10” 10" ey 8 ) 190
S

l_g s+h ) 2q
< CpmaXHV:rw”LQ(Q;RdXd)HUmHLooq(o,T;p(Q;Rd)) (/ vaHWM(Q;Rd) dt)
S

1 g
s+h 2 s+h 2g 2q
x ( | 0 Bz dt) ( | dt)

q—d
S Ch 2 HD(’LU)HLQ(Q;Rdxd),

where ¢ € (2,00) when d = 2 and ¢ € (3,6] when d = 3. For I, we have by (4.151])
that

1 m 1
[Io] < pimaxh? || D(v )||L2(s,s+h;L2(Q;RdXd))||D(w)||L2(Q;RdXd) < Chz2 ||D(w)||L2(Q;RdXd)-
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For I3, we have by that
|| < Ch2|| D(w) ] 2(@mixa)-
For I, we have by Holder’s inequality and Korn’s inequality that
L] < puaach? | F™ |25 022000 |0 | 2(@imx0) < CRE|D(w)| 2 opaca).

Hence,

J 1m0 s+ ) = (7o) (6)] - da] < OO+ 05 ID(w) isons, (4157

where ¢ € (2,00) when d = 2 and ¢ € (3,6] when d = 3. Next, we take the test

function 7 = x[s 541 (v™(5) - w) in

T m
/ / (aLn —pmo™ - Vm) dxdt =0,
o Jo \ Ot

L+ 1 =) e = | [ Vo) wyarar

to deduce that

By Holder’s inequality we have that

/Q (s 4+ 1) — o ($)] (6™(s) - w) da

1 m m
< pmaxh2 ”U HL2(3,8+h;L‘1(Q;Rd))Hvx(v (S) ' ’UJ)H

LT @R (4.158)

1
< Pl 0" Lz * (V0" zaonllol 2

+ ||vxw||L2(Q;RdX‘i) ||vm(s)||Lq2q2(Q;Rd)> '
Since

(P ™) (s+h) = (p"v"™)(s) = p" (s +h)[v™ (s +h) = 0" (s)]+ [p" (s +h) = p™ (s)]v™ (),

it follows from (4.157)) and (4.158)) that

1 q—d
/ p" (s +h)[v"(s +h) —v"(s)] - wdr| < C(h? + h2 )|[[D(w)]| r2(raxa
Q

1 m m
+ Ch2 (Hw (S)HLQ(Q;RdM)Hw”L%(Q;Rd) + | Vow|| 2 (raxay || (S)HLquQ(Q;Rd)),
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where ¢ € (2,00) when d = 2 and ¢ € (3, 6] when d = 3. Taking w = v™(s+h)—v"(s)

in the above inequality and integrating with respect to s we obtain that

/OTh/me(S + h)[o™(s + h) — v™(s)]* dz ds

1
~ T 2
<20t 05 ([ 1D 6o 05

7 )
+2Ch> (/O ||vam(5)||iz<9;wxd>ds) (/0 va(s)”i%m;wds)

1 T 2 % ' 2 ’
2Ch3 V0" axay d L OL TR
+ (/0 H v (S)HL2(Q,R‘1 4) S> (/0 ||’U (s)HLq*Q(Q;Rd) S)
<ch'm

=

Jun

where ¢ € (2,00) when d = 2 and ¢ € (3,6] when d = 3. The above inequality follows
from Holder’s inequality, the uniform estimate and the Sobolev embedding
Wh2(Q) < LP(Q), p € [1,00) when d = 2 and p € [1,6] when d = 3. Since p™ > puin,
we have

[v™ (- +h) = 0™ ()| 20, 0-msz2(uray) < CR7,

where 0 < 7 < 1/4 when d =2 and 0 < 7 < 1/8 when d = 3. Therefore, we obtain

the following Nikolskii norm estimate:

1™ | vy 0,327y = OSEPT R0 (- + h) — o™ ()l 20, 0-nsr2rayy < €, (4.159)
<h<

where 0 < v < 1/4 when d = 2 and 0 < v < 1/8 when d = 3. Using the m-
independent estimates (4.137)), (4.151)), (4.159), (4.152)), (4.153), (4.154) and (4.155))

and the Aubin—Lions Lemma we deduce the existence of subsequences (not relabelled)

such that, as m — oo,

Pt —=0p weak™® in L>(Q), (4.160)

Op™ — Op weakly in L*(0,T; W~17(Q)), (4.161)

Sm o~ S, weak* in L°°(Q; R™?), (4.162)

v" — v weak*® in L>°(0, T'; L*(; R?)), (4.163)

" = weakly in L2(0, T; Wh2(Q; RY)), (4.164)

O (p"v™) — O(pv) weakly in L2(0, T; W (Q; R?)), (4.165)
v" = v strongly in L2(0,T; LP(; R%)), (4.166)
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where p € [1,00) when d = 2 and p € [1,6) when d = 3, and ¢ € (1, d%f]. By the

strong convergence of v™, we can perform a similar argument as in (4.113))—(4.116)
to deduce that,
P = p strongly in LP(Q), (4.167)

for any p € [1,00). With the convergence result for v™ we can perform a
similar argument as in Theorem VI.1.9 in [I4] and strengthen the convergence above
to get

P = p strongly in C([0, T]; LP(Q2)), (4.168)

for any p € [1,00). Therefore,
(™ = C(p)  strongly in C((0,T]; 17(9)), (4.169)

for any p € [1,00).

Next, we shall focus on the convergence properties of zﬂm First, we set ¢ =1 in

(4.134]) and deduce that
0< [ M@ )i e aut) drda = [ MPCERITAGR) dedg
< G / MG dedg = G | Miydedg < C.
@ 0
As ™ >0 a.e. in O x (0,7T), it follows that

o (1) = C(p" (1)) /Mm [z, q, D)) dg
(4.170)

"z, ) /Mm (x,q,t)dg > 0.

By defining
" (x,t) /Mm x,q,t)dq (4.171)

and setting o(z, q,t) == @(z,t) in (4.134)), we have the following equation satisfied by
A

(G (C(p™)A™), @) — (C(P™ )N V™, Vap) + (VaA™, V@) = 0
for all € W'%(Q) and a.e. t € (0,T), (4.172)

supplemented by the initial condition \"*(0) :== A", where, thanks to (4.23)),

0< @) = [ Ty da < [ Mdeda = s [ undg < 2

102



Let w = sup,cq A" (x), test (4.140) with the function n = we, and subtract (4.172)

from the resulting equation; this gives that

(0e(C(p™)(w = A™)), @) = (C(P" N w—=AT)™, Vep) + (Vo (w—A"), Vo) = 0, (4.173)

for all 3 € W'2(Q) and for a.e. t € (0,T). Note that ¢™ e L2(0,T; W'2(O))
by (4.128)). Tt therefore follows from (4.171)) that \™ € L%*(0,T;W"?(Q)). Hence,
because ((p™) € WH(Q), which follows from (4.144]), we have that

C(pP™)(w = A™) € L*(0,T; WH*(Q)).

Furthermore, since ¢(p™)(w—A")v™ € L*(0,T; L*(Q)) and V. (w—A™) € L*(0,T; L*(Q2)),
it follows from (4.173|) that

0(¢(pP™)(w — A™)) € L*(0,T; (WH(Q))').

where (W12(Q)) is the dual space of W2(Q). In addition, since ((p™) € WH>(Q)
and A™ € L2(0,T;W'%(Q)), we have that o™ € L*(0,T;W"?(Q2)). By (4.129)
and we also have that 9,(M™C(p™)™) € L2(0,T; (W"2(0))'), and there-
fore 9,0™ € L2(0,T; (W2(2))"). Thus, in summary,

o™ € L0, T;Wh(Q)) and 0,0™ € L*(0,T; (WH(Q))"). (4.174)

We shall now show that 9,\™ € L*(0,T;(WH3(Q))). For any ¢ € WH3(Q) and
6 € C§((0,7)), we have

/OT@XH odt = //)\mqﬁ(‘)tedxdt //
Lol () o g
- (a gy [ (o280

Note that 9;p™ is integrable since p™ € Wh*°(Q) by (4.144). From the last equality,

we deduce that
> / m g CL0") O™ atp dr  ae inQ

for all ¢ € WH2(Q). Tt follows that, for all ¢ € Wl’z(Q),

8t0 dx dt

<at)‘m7¢> = <atg )

¢'(p™) Orp™

¢ C(pm™)?

[{OA™, 9)| < 100" w12y + o™z

‘Wlﬁ(m L2(Q) '

¢
(™)
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Note that by (4.174) we have that [|0;0™||w12)y < C(m) and [|0™||12@) < C(m).
Also, by using [|Vep™||1e(@rey < C(m) and [|0;p™||reg) < C(m), we obtam the

following bounds

C(m 1,2

H C(P ) W12(Q) B ( )H(b”w ©
¢'(p™) Opp™
2~ 7 C 1,2

Hence,

[(O:X™, )| < C(m)|9]lwr2@)
which then implies that

T
10" oy = | 10N sy d < Clom)
We have shown that
N e L20,T; WH(Q)) and  9,A™ € L*(0,T; (W(Q))),
whereby, upon defining o™ := w — \™, also
Q™ e L2(0,T;WH*(Q)) and 8,a™ € L*(0,T; (WH*(Q))). (4.175)
It then follows from that, for any p € W'(Q) and any 0 € C5°((0,T)), we

have

—/T/C(pm) amaatedxdt—/oT/Qg(pm)@mvm-(Vm)edxdt
/ /an V.9)0dzdt

" 0:(C(p™)0) — (3¢ (p™)) O] P dt
a™ [V, (C(p™v™B) — (Vo - (C(p™) v™) 7] 0 da dt

Vo™ - (Vo) 0 de dt

T
™ [DC(P™) + V- (C(0™) 0™ 50 dr dt + / / V,am - (V,5) 0 dsdt
0 Q
o () B) B+ .- (C(™) 0" 7) 6] dr
Vo™ (V,2)0de dt,

) L
I
|
= [ [am e 07+ 9. € )
|
!
I
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where in the transition to the last line we made use the fact that the renormalized
equation (4.143) satisfied by p™, with § = (, holds almost everywhere on ) =
2 x (0,7). We then deduce from the last equality that

/0T<atam,g(p )@ 0dt+/ </Va )v godx)@dt
/ </Va mgpdm)&dtzo,

for all p € W2(Q) and all § € C5°((0,7')). Hence, also
(0™, C(p / V.a™ )y pdr + / Vo™ -V, pdr =0 (4.176)

for all 3 € W2(Q) and for a.e. t € (0,7). Our objective is to show that a™ =
w— A" >0 ae. in Q. To this end, it seems tempting to take g = [a™]_ in (4.176));
however, the calculation that would by use of the renormalized equation (4.143)

satisfied by p™ with 8 = ( result in the desired inequality

/Q ¢p) (Ja™ (@, )]-)? do < / ¢(p) ([ (2, 0)] ) da = / Cp) (w—Ap(@))_)?dx = 0,

which would then ultimately imply that [w — A"(x,t)]- = 0, a.e. in @, is difficult
to justify rigorously. The main obstacle in the approach is the limited regularity
of @™ in conjunction with the fact that the function s € R — [s];. € R4 is only
Lipschitz continuous. An equivalent way of phrasing this would be to say that we
define G(s) := 3([s]1)? for s € R, and we take as our test function in the
function ¥ = G’'(a™). We shall overcome this difficulty by making a different choice
of the function G.
For 6 € (0,1), let

. (logo —1)+1 for s <4,
Gils) = { s(logs —1)+1 for s > 4.

It then follows that

S4+logd—1 fors<é
! _ B 9
Gils) = { log s for s > 0,

and

woy  J 1/6 fors <46,
G‘S(S)_{ 1/s for s > 4.

Clearly Gs € C*1(R), Gs(s) > 0 for all s € R, Gs(1) = 0, G5 is strictly convex, and
in addition

2
£ fors <0
>J 2% =Y
Gs(s) 2 { 0 fors>0.
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We shall choose ¢ = G5(a™) in (4.176)), and will at the end of the calculation pass to
the limit § — 0,. Hence, a.e. in (0,7,

(O™, C(p™ /V a™ - C(p™)v™ Gy(a™) da + / V.a™ - V,Gs5(a™)dz = 0.
0
Equivalently,
(0™, G / C(p™)v™ - V,.Gs(a™) dx + / G (™) |[Va™Pdr =0
Q

a.e. in (0,7). Thus, after partial integration in the second term on the left-hand side

noting that v"™|sax ) = 0 and dive™ = 0 on @ we have that, a.e. in (0,7),

(O™, (™) C(™) — / (0™ - VoC(0™)) Gala™) d + / Gl(a™) |V 0™ dx = 0.

Next, we invoke the renormalized equation (4.143]) to transform the second integral

on the left-hand side further, resulting in

(D™, Gy(a™) C(p™)) + / (BC(p™) Gyla™) da + / Gi(a™) [Vaa™Pde =0 (4.177)

a.e. in (0,77). Our objective is now to show that the first term of the left-hand side

can be rewritten as follows:

(O™, G5(a™) ((p™)) = (B:Gs(a™),¢(p™))  ace. in (0,T).

To this end, we extend o™ by 0 from Q x [0, 7] to Q2 x R, and we mollify the resulting
function, still denoted by o', with respect to ¢; to be more specific, for a nonnegative
function y € C5°((0,T)) such that [, x(t)dt = 1 and € € (0,1), we let x.(t) = Tx(%),
and define

o' := ™ % x. € C°(R; WH(Q)),
where *; denotes convolution with respect to ¢. If then follows from (4.175)) that
||CkgL — Oém||L2(07T;W1,2(Q)) —0 as € — O+, (4178)

and, by Young’s inequality for convolutions,

HatOé::nHLQ(OvT;(ng(Q))/) S ||8to/”||L2(07T;(W1,2(Q))/). (4179)
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Now, because a™ € C°(R; WH2(Q)), it follows by the chain rule and an appli-
cation of Holder’s inequality that 9,Gs(a™) = Gs(a™) d,a™ € C([0,T]; L*(©)), and
therefore, for any 6 € C5°((0,7)),

/0 (BGs(a™). C(o™) 0(¢) dt

_ / : / :Gs(a™) C(p™) B(t) dx dt
//G’ ) B C(p™) (t) da L1s0)

//G’ ) B0 C(p™) () dar it

+ [ [@ntar) — ayamyoar e o0 ara
0 Jo
= Tl,e + Tgﬁ;.
We shall now pass to the limit ¢ — 0 in this equality. First, because, by (4.179), 0,a
is, for each m > 1, uniformly bounded in L?(0, T; (W'?(2))") and because, by defini-
tion, L2(0,T; (W2(Q))’) is the dual space of the normed linear space L*(0, T; W'%(Q)),
thanks to the Banach—Alaoglu theorem we can extract a weak™® convergent subse-

quence, for which (without indicating the subsequence in our notation) we have by

the uniqueness of the weak™ limit that
gt =" O™ in L2(0,T; (WH2(Q))").
Because G5(a™)((p™)0 € L*(0,T; W2(Q)), the predual of L*(0,T; (W'(Q))') it

therefore follows that

e—04

lim T, = / (@™, Gh(a™) C(p™)) 6(2) dt.

Next, we will show that Ty, — 0 as ¢ — 0. We begin by noting that

Tocl < 0cal|| L2012y IC(0™) 0 (Gs(al") — G5(a™)l 20.75w12(0)
< v2(JIc(o™ euim@ + IV (™) Ol ) (4.181)
x |G5(a") — G5(a™) | z20.5w1 2 () -
It therefore remains to show that
||Gf;(()é;n) — Gg(am”‘LQ(O’T;Wl,Q(Q)) — 0 as € — O+. (4.182)
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First, observe that

1Gs(al") — G5(@™)|20,;22(0)) < G5 llzeemla — ™[ z2(0,7;22(0))
1 (4.183)

< <|lal = a™|| 20,2 — 0 as e — 04
Next we shall show that ||[V.(G5(al")) — Vao(G5(a™))| n200.7:02(0:re)) —+ 0. We begin
by observing that

V.(Gh(al) = Gi(al) Vaal

Thanks to the strong conference , for m fixed, there exists a subsequence (with
respect to €, not indicated) such that o™ — o™ a.e. in Q. Because G} € C*'(R),
it then follows that G§(a2) — G¥(a™) a.e. in (. Furthermore, 0 < G§(a") <
1/6 a.e. in Q. In addition, thanks to a ‘converse’ of the Dominated Convergence
Theorem, which asserts that each subsequence of a strongly convergent sequence in
L'(Q) contains a dominated sub-subsequence (c.f., for example, Theorem 1 in [59]),
because by la™ — a™? + |V,a™ — V,a™|? — 0 in L'(Q) as € — 0., there
exists a nonnegative function g € L'(Q) such that for a particular sub-subsequence
(not indicated)

| (2, t) — Q™ (z,t)]* + |V (2, 1) — Voo™ (z,1)]* < g(z,1) (4.184)
for a.e. (x,t) € Q). For this same sub-subsequence,
Gi(a) Veal' = Gi(a™) V™ ae. in Q
and

2 4
G5 (@ (1)) Vaal'(z,t) — G(a™(2,t)) Voo™ (2, 1)) < 5 gl t) + 5 Vo™ (2, 1))

52
a.e. in (). Thus, we can pass to the limit over this sub-subsequence to deduce by the

Dominated Convergence Theorem that, as ¢ — 0.,
IV (Gs(al)) — vw(Gg(O‘m»H%Q(O,T;LQ(Q))

4.185
= / |GY (o (x,1)) Voo (z,t) — GE(a™(2,1)) Voo™ (z,t)|* dz dt — 0. ( )
Q

By passing to the limit over this sub-subsequence, (4.183)) and (4.185]) imply (4.182)),

and then using (4.182)) in (4.181)), again by passage to the limit with ¢ — 0, over
this sub-subsequence implies that lim._,, |Ts.| = 0. Hence, from (4.180)) we have,

by passage to the limit over this sub-subsequence,

T

lim <3tGa(a?)7C(pm)>9(t)dt=/o (O™, Gs(a™) C(p™)) O(t) dt. (4.186)

e—04 0
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On the other hand, thanks to the smoothness of a* with respect to ¢, use of the chain
rule and since 9;Gs(a™) € C([0,T]; L*(Q)), the expression on the left-hand side of

(4.186[) can be rewritten as follows:

/0 (@G, C(p™) 0(t) dt = / / 8,G(al) C(p™) O(t) d

a /0 /Q Gs(al") 0,(C(p™) 6(t)) da dt.

Now, with the sub-subsequence under consideration Gs(al*) — Gs(a™) as € — 0
a.e. in Q. Also, because 0 < Gs(s) < Cs(s* + 1), it follows from (4.184]) that

(4.187)

0 < Gs(al*(z,t)) < C’g(|a£”(x,t)]2 +1) < Cs5 +2C5 g(x,t) + 2C5 |a™ (2, )|

As the right-hand side of this is a function in L'(Q), by the Dominated Convergence
Theorem we can pass to the limit over the sub-subsequence under consideration to
deduce strong convergence of Gs(a™) to Gs(a™) in L'(Q) as € — 0. It then follows
from (4.186]) and (4.187)) that

/ / Gs(a™) 9,(C(p™) O(t)) du dt = /0 (@™, Gi(a™) C(p™)) O(£) dt.  (4.188)

Next, we multiply (4.177) by 6, integrate this over (0,7"), and use (4.188)) to rewrite

the resulting first term on the left-hand side; hence.

/ /G5 Dy ( (t))d:cdt+/T/ (0,C(p™)) Gs(a™) 0(t) dz dt
/ /G” ) V™ 0(t) dz dt = 0.

As 0,(C(p™) 8) = 0(C(p™)) 0 + C(p™) 08, the first integral on the left-hand side of
(4.189)) can be written as a sum of two integrals, the first of which cancels with the
penultimate integral on the left-hand side of (4.189)); hence,

T
—/ /G5(am) 8t9dxdt—|—/ /G” ) Voo™ |20 dz dt = 0.
0 Q

Equivalently, since 6 is independent of z,

-/ ' < | Gstamcon) d:c> o0+ [ ) ( | cxtam rvxamﬁdx) gdr=0 (4.190)

for all € C§°((0,T)). Consequently,

(4.189)

d
E/G(;(am dx—i—/G” )| Vea™Pdr =0 ae. in (0,7).
Q
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This implies, upon integration with respect to ¢ and thanks to the properties of Gy
that, for all ¢ € (0,7,

m m 1 ! m 2
/QG(;(oz (x,t)) C(p (a:,t))dx—i—g/o /Q|onz (x,s)|"dzds
S/QGa(Oém(%O))C(Pm(fB,O))dx:/QGa(w—)\S"(fE))C(P?(ﬁ))dIE-

Thus, for all ¢t € (0,7),
/ Gi(a™(z,1)) C(p™ (. 1) dz < / Gl — N(2)) € (2) d
Q Q

Let us now denote by 2_(t), for t € (0,7, the set of all x € Q such that a™(z,t) <
0. Once again, appealing to the properties of Gs, we have that Gs(a™(s,t)) >
la™(s,t)[?/(20) for all x € Q_(t). Therefore, for all t € (0,T),

Cmin /Q_(t) la™(x,t)|*dx < 26/QG5(w — X' () C(pot(z)) d. (4.191)

On the other hand, because w — Aj'(x) > 0 on €, by passing to the limit § — 0, it
follows that

lim [ Gs(w = A () C(pp' (2)) da

(5—>O+ Q
= /Q[(w — Ag'(2)) (log(w = AG* () — 1) + 1] ¢(pg ' (x)) da.
Hence, by passing to the limit § — 0, in (4.191]) it follows that

/ la™(z,t)]*dz <0 for all t € (0, 7).
Q_(t)

Therefore meas(2_(t)) = 0 for all t € (0,7"). In other words, 0 < \"(z,t) < w for
a.e. (z,t) € Q. Consequently,

Omax ¢, (4.192)

min

[Nl @) < A llz=(@) <

Noting that {(-) < (nax, we obtain from (4.170) and (4.192)) that
0™ (@) < Cmax[[A™ | z2(q) < C- (4.193)

By setting ¢ = A\ in (4.172) and using that ((p™) satisfies (4.140) we further
deduce that

1d

5&/QC(Pm(%t))[Am(l‘,t)]de—l—/Q]VmAm(x,t)Fdx:O,
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and therefore, upon integration with respect to t, also

T
/ /|Vw/\m|2dxdt§0.
0 Q

From the uniform estimate (4.151)) we deduce that

sup /w z,q,t)log(1 + 9™ (z,q,t)) dx dg < C(¢),

te(0,T)

where 4™ := M™)™. By De la Vallée Poussin’s Theorem (c.f. Theorem ) the
sequence QZJm is uniformly equi-integrable. Hence, by the Dunford—Pettis Theorem (c.f.
Theorem [2.4.3), the sequence (¢™),,>; is weakly relatively compact in L'(O x (0, T)),

which implies the existence of a subsequence (not relabelled) such that
Y™ —~¢p  weakly in L'(O x (0,T)).

Since M™ converges to M uniformly in C(D), we deduce that

172}m — % = QZ} weakly in Llloc(o X (0>T))

Next, we shall show that
) a.e. in O x (0,7).

Let Oy be a Lipschitz subdomain of O such that Oy € Oy C O. Since F(s) =
slogs+1 > s forall s € Rsg and M™ is bounded below on Oy by a positive constant
(which may depend on Oy), we have from (4.151) that

T
sup /47 (-, )1 720,) + / 1/ ™ [fy1.2(0,) At < C(Op). (4.194)

te(0,T)

Since Oy € O C RE+D4 standard interpolation gives that

T
/ | TR A dqdt = / /
0 Oo

The apphcatlon of Holder’s inequality gives that

2((K+1)d+2)

TARTD
gl T dedgdt < C(Oy). (4.195)

T . T — P | P
/ V™ P i dgat = 29 / / Voorfom| im| avaqar
0 Oo 0 Oo
T 2 %
<o / / V., Az dg dt
0 Og
2-p
— 2
// m d:z:dth
Oo

< C(0y),
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provided that

2 _ 2A(K+1)d+2)

4.196
2—p =  d(K+1) (4.196)
By selecting p = Zggﬁgﬁ, which is the largest value satisfying (4.196)), we obtain
4 L (K1)
/ |V 2,q0"| 755D+ dz dg dt < C(Oy). (4.197)
0 Op

It directly follows from (4.192)) that
10" Lo (i1 (py) < C, (4.198)
and therefore,
19" (] Loo (20 x (0,7); 21 (o)) < C, (4.199)
where Oy = g x Dy. Interpolating between (4.195)), (4.197)) and (4.199) we see that

for any two real numbers ¢; and ¢o, with

(K +1)d +2

(K+1)d+2
(K+1)d ~’

< q < 00, 1<g <

and satisfying the relation

(-0)
QI q2 - (K + 1)d7
we have that
19" || Lar (0 x (0,7);92(Dg)) < C(Op).

Since ((+) < (max, using (4.152)) and Holder’s inequality we deduce that there exists
a 0 > 0 such that

€™ ™™ || 15 (0px 011y < C(Oo). (4.200)
Similarly, from (4.151)), we deduce that

o™ AAE™) (Voo™ s 00y < C(O0). (4.201)

To apply the Div-Curl Lemma, let us first define the following sequences of (1 + d +
K d)-component vector fields:
H™ = (M™G(p™)d™, M™¢(p™ )™ o™ — M™V ™,
MC(p™)Ae($™) (V0™ g = M™A(V ™)),
Q™= ((1+¢™*, 0,...,0 ),

(d + Kd)-times
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for some a € (0,1/2). Consequently, using (4.151)), (4.200) and (4.201)), we deduce

the existence of subsequences (not relabelled) such that

H™ —~H weakly in L'0(Oq x (0,T); RV 4K,
Q" —Q weakly in Lé<(90 x (0,T):; R1+d+Kd>7

where, noting the uniform convergence of M™ and the strong convergences of ((p™)

and v™,

H = (M{(p)ih, MC(p)ibw — MV 1b, MC(p)Ae(1h) (Vov)g — MA(V g3b)),

Q = ((1+1)2,0,...,0).
It follows from (4.134)) that
divy g H™ =0 in Oy x (0,7).

Since a € (0,1/2), we obtain by using (4.194) that
T T
/ / |curl ,  Q™* dz dg dt = / / Vieq@" — (ViegQ™) " |* dv dq dt
0 Op 0 Op

T
< C'/ |Vaq(l+ Ibm)a|2 dx dqdt
0 Og

o[ sl
0 Oo

< C(O).
Hence, (divy,q H™)2_, is precompact in W1%(Oqy x (0,7)) and (curl;, , Q™) is

m=
0

precompact in W~%(O x (0, T)). By choosing a < %5 we deduce using the Div-Curl

2
drdgdt

Lemma that
H"- Q" —H-Q weakly in L'(Og x (0,7)).

In particular, we have that

M™C(p™)d™ (1 + ™)™ — MC(p)d(1 + ).

Because M™ converges to M uniformly and ((p™) converges to ((p) strongly in
L>(0,T;LP(Q)), 1 < p < 0o, the above implies that

D1+ Y™ = (1 + D)e. (4.202)

Since (1 4 9™)* — (1+¢) in L' (Oy x (0,T)), we can add this to (4.202), which

gives

~ ~ ~

(1+ 9™ = (1 +9™) (1 + ™) = (1L+ D) (1 + )~

113



Thanks to the weak lower semi-continuity of the continuous convex function s €
0, 00) — st € [0, 00) we have that

1+ )™ < (1+d)(1+9)°,
which is equivalent to
(L+9)* < (1+4)~
On the other hand, the function s € [0,00) — s* € [0, 00) is concave. Again, by the

weak lower semi-continuity of the continuous convex function s € [0,00) — —s* €
[0, 00), we deduce that

~ ~

—(1+¢)* < =(1+9)*

IN

Therefore,
(1 +)" = (1 +¢)=.
Since s € [0,00) — s* € [0,00) is strictly concave, thanks to Theorem [2.4.6] there
exists a subsequence (not relabelled), such that
™ = a.e. in Qg x (0,7).
Since M™ converges uniformly to M, we have that

) a.e. in Oy x (0,7).

Now we want to extend the pointwise convergence result of '™ to the whole of our
domain O x (0, T). For this purpose we choose a nondecreasing sequence of nested sets
(002, e, O Cc O} C---C OF C -, satisfying U2 0 = O. For each k € N,
we deduce the existence of a subsequence of (Q,Zm)if:l that is pointwise convergent to
Y a.e. in Ok x (0,T). Arguing by a diagonal procedure we deduce that there exists

a subsequence such that
@m - 12 a.e. in O x (0,7). (4.203)

Since ™ is uniformly equi-integrable, using Vitali’s Convergence Theorem, we obtain
that
Y™ — ) strongly in L'(0,T; L'(0)). (4.204)

Interpolating between (4.198]) and (4.204)) gives that

M™)™ = ™ — 1) = M) strongly in LP(Q; L*(D)), for all p € [1,00). (4.205)
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Thus, by recalling and it follows that
o™ — o strongly in LP(Q) for all p € [1,00),
where
0(e.0) = <(p) [ Mla)ita.a.t)da.
Hence, and by recalling , we have that
w(p™, ™) = u(p, 0) strongly in LP(Q) for all p € [1,00). (4.206)

For any measurable U C (O x (0,7)), with |U| < §, we use Hélder’s inequality to
deduce that

/ M™|V g™ dz dg dt
U

— [ o,
U

Jam
2 % %
gz(/ M™ |V g\ ™ dxdth) (/ @Zmdxdth)
U U
OE%,

which follows from the uniform estimate (4.151)) and the uniform equi-integrability
of ™. By the DunfordPettis Theorem (c.f. Theorem [2.4.3) we can extract a subse-

quence such that

dr dgdt

(4.207)

IN

M™V, g™ — M™V, pm  weakly in L'(O x (0, T); RUE+D), (4.208)

From 1) we deduce that Vx,qlﬁm weakly converges to Vx,qxﬁ locally in L*. Since
M™ converges uniformly to M, we can identify the weak limit M mvx,q@m as M nyqqﬂ.

Analogously as in (4.208) it also follows from (4.197)) that
VMY, g\ — \/MVM\/; weakly in L*(O x (0,T); RUE+D)  (4.209)

Since M™V 4 q00™ = 2/ M™\/ i/ MV, g/ th™ = 24/ 0/ M7V, oA/ 4™, by using

a similar calculation as in (4.207)) we also see that
2
/ (/ Mm]V%qzﬂm]dq) dedt = 4/ (/ VO™ | VMMV, g\ dm
Q D Q D
<4 | 10" s VTPl il

<A /Q VAT g g\ 2y
<,

2
dq) dx dt
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where we have used the estimates (4.151)) and (4.192). Therefore, we can strengthen
(4.208)) as follows:

M"YV gb™ = MV, g weakly in L2(Q; L*(D; RIUK+D)Y), (4.210)

With the strong convergence results (4.166), (4.169) and (4.205) for v™, ((p™) and

™ we deduce that

M™C(p™) ™™ — MC(p)vd) strongly in LP(Q; L'(D;R?Y)), (4.211)

where p € 1, %dfjm). It follows from (4.203)) and the fact that I'y € C§°((—2¢,2())
that

DT (™) = Ap(h™) = Ag() = Ty(1)  ae. in O x (0, 7).
Hence, using (4.169) and the boundedness of the function Ay(+),

~

C(P™MA(P™) = C(p)Ae(1)  strongly in LP(O x (0,T)), for all p € [1,0).

It then follows from that
M¢(p™)Ae(h™)(Vav™) = MC(p)Ae($)(Vav)  weakly in LP(Q x D;R™?), (4.212)

for all p € [1,2). Using (4.134) and the convergence results (4.210)), (4.211) and
(4.212]) we obtain that

O(M™C(p™) ™) = B(M((p)ip)  weakly in LP(0, T; W™H0)),  (4.213)
for all p € [1,2). From (4.169) we deduce that

¢(p™) = ¢lp)  ae in@Q.

Therefore, using (4.203) and the Dominated Convergence Theorem (thanks to the
presence of the truncation 7y), we can let m — oo in (4.136)) to deduce that

St — Se strongly in L*(Q; R, (4.214)

where
A K A .
Se = —k:/D [KM((p)Tg(z/))I—l— ZC(p)Tg(’QZ))quMQ@ q’| dg ae. in Q. (4.215)
j=1

Now let us reinstate the superscript £. Collecting the convergence results (4.161]),
(4.164), (4.166), (4.167), (4.206)), (4.169), (4.204), (4.210), (4.211)), (4.212)), (4.213)
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and (4.214), and using the fact that f™ converges to f in L(0,T; L*(€;R?)), we can
pass to the limit as m — oo in (4.132)—(4.134)) to obtain the following:

T
/ (Ot — (0l Von)dE = 0, for all p € L0, T: W (), (4.216)
0
where ¢ € (2,00) when d = 2 and ¢ € [3,6] when d = 3,

/0 (i), w) dt + / (' ® ", Vow) + (ulss ) D(0'), Vow)]

-/ (8 Vaw) + (0, w)] (4.217)

for all w € L*(0, T; Wy, (4 RY))  with s > 2,
and

/ (D). — (MEl W Ve) | = (MCAM)(V0a. V)

T
+ [ M9 V)0 + (MAT), Vo) | de =0
0

for all o € L>®(0,T; W'>°(0)).
(4.218)

Letting m — oo in (4.150]), we deduce the following energy inequality:

/Mc VF (1 >>dxdq+§/p< Hlvt(- 1) da

// )| D(v \deds+4k01// ’

<k /O MC(po) FTi(o) dadg + / polwol? dz + / (o' F.0") ds

Letting m — oo in (4.137)), (4.193) and (4.151)), by the weak lower semi-continuity of

norms, we deduce the following a priori estimate:

SUp (||PZ('at)HL°°(Q)+||Q£(',t)HLoo(Q))

2

drdgds (4.219)

te(0,T)
+ 2kGuin sup [F@ ()23, 0) + pmin sup 07 (, 1) [ 72(qyme)
te(0,T) te(0,T)
T T — |2
+/~Lmin00/ ||’U£H12/V1a2(Q;Rd) dt+8k01/ \ de
0 0 w2 (0) (4.220)

< 2o /O MF(Ty(d0)) dzdg + prsas[00] 22 00

p2 T
1 Pmax / 112 oy
0

HminCo

Sca
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where C' is a positive constant independent of ¢ and

o (. t) = (o (. ) /D M(g)d(z, q,) dq. (4.221)

We are now ready to pass to the final limit, £ — oo.

4.3.6 Passage to the limit with /

In this section, we focus on deriving uniform estimates independent of ¢ and passing to
the limit as £ — oo. We shall also show the weak attainment of the initial conditions.
From the uniform estimate (4.220]) (noting that the constant C' does not depend

on ¢) we deduce the existence of a subsequence (not relabelled) such that, as ¢ — oo,
vl = w weak™ in L>(0,T; L 4, (2 RY)), (1.222)
v —w weakly in L*(0,T; W&;v(Q; R%)). .

By standard interpolation

2(d+2)

(Q;RY).

From the definition ([4.215)) for S¢, we apply integration by parts noting the fact that
M =0 on 0D to get

v' =~ weakly in L

Sf:—k/ [KMC I+ZC V() VM @ ¢’ | dq
D

) (4.223)
= k;Z/DMC(pE)quTe(W) ® ¢’ dq.
=1

The integration by parts can be justified by Lemma 3.1 in [7]. Then by Fundamental

Theorem of Calculus, we deduce that
T
||S£||L2(Q;]Rd><d) S C(M7 Cmax) / / / |quTg<77ZJ£)|2 dq dx dt

< O(M, Cnax) / / / (To(4*))? dg da dt (4224)
< C(M, Gax)

which then implies the existence of a subsequence (not relabelled) such that
St~ S, weakly in L*(0,T; L*(Q; R%)). (4.225)
We can perform a similar argument as in f to deduce that
10| ng 0.7 r2 ey < C,
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where 0 < v < 1/4 when d = 2 and 0 < v < 1/8 when d = 3. By the Aubin-Lions

Lemma it follows that
v' v strongly in L*(0,T; LP(€; R)), (4.226)

where p € [1,00) when d =2 and p € [1,6) when d = 3.
From the uniform estimate (4.220]) we deduce the existence of a subsequence (not

relabelled) such that, as { — oo,
ot —p weak™ in L°(Q).
Using , and Sobolev embedding we have that
100" | 207w 1002 < C,
where p € [1,00) when d = 2 and p € [1,6] when d = 3. Therefore, we have that
Op" — Oup weakly in L*(0,T; W17 (Q)), (4.227)
where p € (1,00) when d = 2 and p € (1,6] when d = 3. We can also show that
¢

p-—=p strongly in LP(Q), for any p € [1, 00); (4.228)

the proof proceeds similarly as in (4.113)—(4.116]). With the convergence result (4.226)

for v’ we can perform a similar argument as in Theorem VI.1.9 in [I4] and strengthen

the above convergence to get
p = p  strongly in C([0,T]; LP(Q)), for any p € [1, 00). (4.229)
From the assumption (4.24) we further deduce that

C(p") = C(p) strongly in C([0,T]; LP(Q2)), for any p € [1, 00). (4.230)

Using (4.217)), (4.220) and (4.224]) we have that

T
£, 0\ 1P
|10t <

div

where p € (17 ﬁ} and C' is a positive constant independent of ¢, which then implies

d
that
oy (p'v*) — 9,(pv) weakly in LP(0, T; WP (; RY)). (4.231)
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Next, we will show the strong convergence of ¢!, From (4.220)) we have that

sup / M(@)d!(z,q, ) log(1 + ¥ (x, ¢, 1)) dedg < C,

te(0,T)

where C' is a positive constant independent of ¢, which implies the uniform equi-
integrability of the sequence (zﬁg) r>0. By the Dunford-Pettis Theorem (c.f. Theorem

2.4.3) the sequence (¥)ssg is weakly relatively compact in L1, (O x (0,T)). Hence,
there exists a ¢ € L}, (O x (0,T)) and a subsequence (not relabelled) such that

! = weakly in L}, (O x (0,T)).
The next step is to show that
) a.e. in O x (0,7).

Let Oy be a Lipschitz subdomain of © such that Oy € O C O. Since M is bounded

below in Oy, we have that

T
sup (15Ol + | 1V lnae, d < C(O0),

te(0,T)

Since Oy € O C RUE+D standard interpolation gives that

T 2((K+1 d+2)
np U Dd+2 TA(K+1D)
/ || TEFD dedg dt = / / dzdgdt < C(Oy).
0 Og Oo
The application of Holder’s inequality gives that
T g UE+D+2
/ / |V g | 75041 do dg dt < C(Oy). (4.232)
0 Op

Thanks to (4.220) we have that
100 ooz, (py) < €,

where C' is a positive constant independent of ¢. It then follows that for any ¢, €

(1,00) there exists a ¢o > 1 such that

H@%HUH (Q0x(0,T);L72(Dy)) < C(Oy). (4.233)

Hence, using (4.220), (4.233)), the fact that ((-) < (max and Holder’s inequality, there
exists a 6 > 0 such that

¢ ()0 s ooy + (0 M) (Vs0)al rssiopoirymny < C(O0). (4:234)

120



To apply the Div-Curl Lemma we define

H = (MC(p")d", MC(p" )b 0" — MV, MC(p") Ay(0°) (Vo' ) g — MA(V40")),
Qz = ((1_{'%%)06’ 0,...,0 )a
——

(d + Kd)-times

for some a € (0,-2:). Consequently, using (4.220), (4.232) and (4.234)), we deduce
146

the existence of subsequences (not relabelled) such that

H* ~H  weakly in L'*°(Oy x (0,T); R} FaHEd)
Q' =~ Q  weakly in La(Op x (0,T); R"HKdy,

where, noting the strong convergences of ¢(p%) and v*,

H = (M{(p)ih, MC(p)ibv — MV 1b, MC(p)Ae(1) (Vov)g — MA(V g3b)),
Q = ((1+¢)2,0,...,0).

Similarly as above we can show that div,,, H ¢ and curly ; 4 Q' are precompact in
W=12(Oy x (0,T)). Thanks to our choice of « we can apply the Div-Curl Lemma to
deduce that

H-Q'—~H-Q  weakly in L'(Oy x (0,7)).

In particular, we have that
ME(p )i (144" = MC(p)d(1 + )
Thanks to the strong convergence of ((p) we deduce that
UL+ = (L +4)e,
which then implies that
O — a.e. in Oy x (0,7).

By selecting a nondecreasing sequence of nested set (Of)g>1 such that UR OF = O
and deducing pointwise convergence on each Of, we can argue following a diagonal

procedure to deduce that there exists a subsequence such that
O — a.e. in O x (0,7).

By Vitali’s Convergence Theorem we obtain that

~

) strongly in L(0,T; L},(O)).
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By standard interpolation with (4.220]) we deduce that
' =4 strongly in LP(Q; LY, (D)) for all p € [1, 00). (4.235)

We can now use (4.230]) and (4.235) to pass to the limit £ — oo in (4.221]) to deduce

that

) strongly in LP(Q) for all p € [1, 00),

where
ol t) = (o) | M(@ie.a.)da
Thus, by noting and , we have that
w(pt, 0" — pip, 0) strongly in LP(Q) for all p € [1,00). (4.236)

Following a similar argument as in (4.207)—(4.210)) we deduce the following con-
vergence results:

V:mq?/y - VMQZJ weakly in L'(0,T; L}, (O; RAE+FDY)
Vaog\ ! = Vx,q\ﬁ weakly in L2(0, T; L*(O; RIE+D)Y), (4.237)
Vit = Vgt weakly in L2(Q; L1, (D: RAHY).

From the Lipschitz continuity of I', and therefore the Lipschitz continuity of A,, we
obtain for any p € [1,00) that

1A (0) = Dllogizt, 0y < 1Ae(@) = Al ozt my) + 1MW) = Dl Lot (py)
< Ol = Pl ooy, oy + 18 () = Yl izt ()

The first term in the above inequality converges to 0 as ¢ — oo on noting (4.235)).
The second term in the above inequality also converges to 0 as £ — oo on noting that
Ag(zﬁ) converges to ¢ almost everywhere in @ x (0,T) and applying the Dominated

Convergence Theorem. Therefore,
AW = strongly in LP(Q; L}, (D)) for all p € [1,00).
Moreover, using and we deduce that
CP AW (Vov') = C(p)(V,w)  weakly in LP(Q; Ly, (D;R™?)),  (4.238)

for all p € [1,2). With the convergence results (4.222)), (4.230)) and (4.235)) we deduce

that
C(p" )" = ((p)vih  strongly in LP(Q; Ly, (D; R?)), (4.239)

122



2(d+2

for any p € [1 Consequently, using the identity (4.218]) and the convergence

results (4.237)), and m, it follows that

O(MC(p")0") = B(MS(p)p)  weakly in LP(0,T; W~11(0)), (4.240)

for any p € [1,2).

Next, we shall deduce the expression for the extra-stress tensor S.. Using ,
(4.235) and we pass to the limit as ¢ — oo in to identify the weak
limit S, in (4.225)) as

K
Se = kZ/ M¢(p)Vg ® ¢ dg.
j=1"P

With the convergence results (4.222), (4.225), (4.226)), (4.227), (4.228), (4.231)),
(4.235), (4.236)), (4.237), (4.238), (4.239) and (4.240)), we pass to the limit as £ — oo

in - m to deduce that

T
/ (Do) — (vp, V)] dE = 0, for all 5 € L0, T: W5 (),
0

where ¢ € (2,00) when d = 2 and ¢ € [3,6] when d = 3,
T T
| @t wyar+ [ =0 v.V.0) + (10 0)Dw). V0]
- /T[—(Se, V.w) + (pf,w)]dt for all w € L*(0,T; Wol,’;iv(Q;Rd)) where s > 2,

0

and

T ~ ~ N

| (a01coi)e), = (Mclo)wi. Vo) | = (Mclo)H(V.0)a. Vi)t

T
+ / (MY, Vop)o + (MA(vq¢), ng0>0 dt =0
0
for all ¢ € L>®(0,T; WH>*(0)).

Letting ¢ — oo in (4.219) we deduce the following energy inequality, stated in (4.34)):

[ M FOC ) drdg+ 5 [ plolol 0P

// w(p, 0)|D(v |2dxds+4kC’1// ‘

1
<t [ MclpF o) deda+ 5 [ o dx+/0(pf,v)

dx dqds (4.241)

123



where F(s) = slogs+ 1 for s > 0 and F(0) = lim,_,0+ F(s) = 1.

It remains to prove the weak continuity properties stated in and the at-
tainment of the initial data asserted in (4.33). First, we set w(x,t) = xpqu(x) in
(4.217)), where u € Wol”jiV(Q; R%) is arbitrary, with s > 2, to deduce that

((p0) (1), u) + / [~ (v @ v, Vou) + (u(p’, o) D(v"), Vou) dr
0 (4.242)

= [T + () ar + (povn, )

Letting ¢ — oo in (4.242) and using the convergence results above we deduce, for
almost all £ € (0,7), that, for each u € W5, (2 RY) with s > 2,

()00 + [ =(pv & 0.V0) + (4(p. 0)D(w). Vo) dr
0 (4.243)

B /o [—(Se, Vou) + (pf, w)] AT + (povo, u).

After a possible redefinition of pv on a set of measure zero, the above equation holds
for all ¢ € (0, 7). Thus, by letting t — 0, we deduce that

Jim ((pv) (1), u) = (pgvo, ) for all u € Wos (4 RY) with s > 2. (4.244)
H ,

Replacing ¢t with ¢’ in (4.243)) and subtracting the resulting equality from (4.243) we
deduce, for almost every ¢,¢' € (0,7) that, for each u € W&’;V(Q; R?) with s > 2,

((pv)(t), w) + / [—(pv @ v, Vou) + (u(p, 0) D(v), Vou)| dr
¢ (4.245)

- / [~ (Se. Vo) + (pf )] d7 + ((po) (1) ).

As the integrands in the integrals appearing on the left-hand side and right-hand side
of belong to L'(0,T), it follows by the Fundamental Theorem of Calculus for
Lebesgue Integral (c.f., Theorem 7.18 in [61]), again, after a possible of redefinition
of pv on a set of measure zero, that t — ((pv)(t),u) is, for each u € WOIEN(Q; R%)
with s > 2, absolutely continuous on [0, 7.

Similarly, setting ¢ = xp4¢(z, q) in (4.218), where ¢ € WH>*(0) is arbitrary, we
deduce that

(M0, Do - /t(quf)vW,vm)odT

¢
< 0)(V.o')g ,chb)o dr (4.246)
Al

BN

\\

MY, Vad)o + (MA(V ), Ves) | dr = (MC(po)iin, d)o.
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Letting ¢ — oo in (4.246) and using the convergence results above we deduce, for
almost all ¢ € (0,7), that, for each ¢ € WH>(0),

M)~ [ [(ME00.9.6) dr+ (MC(HT0).9,0) | dr
+ [ [O09.0.9.000 + (MAT40),40) | dr = (U< 0o

After a possible redefinition of ¢ (p)@z on a set of measure zero, the above equation
holds for all t € (0,7). Letting ¢t — 0,4, we deduce that
lim (M (C(p)¥)(8), B)o = (MC(po)dho, $)o  forall € Wh=(0).  (4.247)

t—0+

Similarly as in the case of pv above, after a possible redefinition on a set of measure
zero, the function ¢ — (M (C(p)¥h)(t), ¢)o is absolutely continuous on [0, 7] for each
¢ € WH=(0O). This completes the proofs of the assertion ([4.32)).

Next, we shall strengthen the attainment of the initial conditions by the following
arguments. Since we have assumed that pg > ppin > 0, i.e. there is no vacuum region
in the fluid domain, we can strengthen the attainment of the initial conditions for p

and vy. Following a similar argument as in Theorem 2.2 in [46], we can show that
pv € C([0,T); L*(;R?)), v € C([0,T]; L*(;RY)),
and also

Jim [v(-,t) = vo() | L2(@rey = 0, (4.248)

provided that S, € L?(Q;R%*4), which holds by (4.225)) and div, vy = 0, which has
been assumed. Furthermore, since p € C([0,T]; LP(€2)) for all p € [1,00), then we
deduce that

lim lp(-8) = pol)llry = 0. (4.249)

for all p € [1,00). Next, we shall focus on the attainment of the initial condition for
1/3. From the energy inequality (4.241)), it is easy to see that

. 1
limsup |k | MC(p(-, 1)) F((-, 1)) dzdg+ 5 [ p(-,t)|o(-, 1) do
0t { /0 2/9 (4.250)

A 1
Sk/ MC(po).F(Q/JQ)dqu—i—§/p0|’00’2dl’
@ Q
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Next, we will show that

t—0+

- 1
{ /0 2/9 (4.251)

- 1
>k [ Mo Fodrda+ 5 [ plof?do.
@ Q

First we note that by weak-strong lower semicontinuity (c.f., Theorem 13.1.1 in [2]),

lim inf & / MC(p(-, ) F((-, 1)) dzdg > k /O M¢(po) F (i) dz dg, (4.252)

t—0+

since F(-) is convex and we have shown that p(-,¢) converges to po(-) strongly in
C([0,T]; LP(2)) as t — O+ by (4.249)). Similarly, by weak-strong lower semicontinuity

and the convexity of the squared norm | - |2, we deduce that

el 2 1 2
hgéﬂfﬁ Qp(~,t)|'v(',t)\ dx2§/gp0|v0\ dz. (4.253)

Combining (4.252)) and (4.253)), we obtain that
. “ 1
i [ | MG NF ) drda-+ 5 [ plolot 0 as]

t—0+

:k/@MC(po)]-"(qﬂo)dxdq—l—%/po\vo|2da:.

Q

(4.254)

Since we have shown that the initial conditions for v and p are attained strongly, we
deduce that

lim p(-,t)|'v(-,t)|2dx:/p0|'vo|2dx. (4.255)
Q

t—0+ Q

Therefore, we have strengthened the attainment of the initial condition for 1/; to

~

lim / MC(p(- ) F (-, ) da dg = /O MC(po) F(iho) d dq. (4.256)

t—0-+

Thereby the proof of Theorem {4.2.2|is complete.

Remark 4.3.5. Howewver, since we do not have sufficient information about the struc-
ture of the function ((-), it is hard to exploit the convexity of the function F(-) to
deduce the strong attainment of the initial condition for 1& in L},(O) in the sense
that:

lim (|4, ¢) = do()l 14, (0) = 0.

t—0+
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We have presented the existence proof to the Naiver—Stokes—Fokker—Planck system
modelling incompressible nonhomogeneous dilute polymeric fluids with variable den-
sity in this chapter. The main feature is that the system involves a density-dependent
and polymer-number-density-dependent viscosity coefficient and a density-dependent
drag coefficient. In the next chapter, we shall take temperature effect into account. In
addition to the Navier—Stokes equation and the Fokker—Planck equation, the system
also includes a temperature evolution equation so that the whole system is thermo-

dynamically consistent.
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Chapter 5

Existence of weak solutions to a
model of a nonisothermal
homogeneous dilute polymeric fluid

So far, we have been considering isothermal models of incompressible, viscous Newto-
nian fluids. In this chapter, we focus on incompressible, viscous, nonisothermal dilute
polymeric fluids. In particular, we show the existence of global-in-time weak solutions
to the corotational Navier—Stokes—Fokker—Planck system. The proof is based on the
Galerkin method as in the previous chapters. We also apply similar techniques as in
[16] and [19].

In Section 5.1} we formulate the system of equations under consideration in detail,
which includes an evolution equation for the temperature #. We also introduce an
additional cut-off function 8%(#) := min(@, L), where L > 1, in the coefficients for
second order terms in the Fokker—Planck equation. In Section [5.2], we derive a formal
energy identity and show the nonnegativity of the temperature # and the probability
density function . In Section [5.3] we state the main result to be proved in this
chapter, followed by the proof of the main result presented in Section In addition
to the truncation and Galerkin parameters introduced in similar ways as in the pre-
vious chapters, we also introduce a parameter ¢ in Subsection to guarantee the
positiveness of the coefficients in the Fokker-Planck equation. In Subsection [5.4.4-
5.4.8 we derive uniform estimates independent of each parameter and then pass to
the relevant limits. However, as we progress to deducing the limits for the Galerkin
parameter m in Subsection the presence of the term 2v(60™)D(v™) : D(v™) in
the temperature equation requires strong convergence of the velocity gradient D(v™).
This is achieved by manipulating the convergence results for v and using the weak

lower semi-continuity of norms. Also, since D(v™) : D(v™) only belongs to L'(Q), to
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deduce uniform bounds for ™, we take a special test function (§™)* with A € (—1,0)
for the temperature equation, which is motivated by [16]. The same problem persists
when we investigate the limits as the truncation parameter ¢ — oo in Subsection
. To circumvent this, we consider the total energy given by E* = 1|v‘| 4 6.
Then the velocity gradient term in the temperature equation cancels with the viscous

part of the Cauchy stress in the Navier—Stokes equation.

5.1 Statement of the problem

Based on the construction in [27], we identify the system of governing equations
for the velocity v(z,t), the temperature 6(z,t) and the probability density function
Y(x,q,t) as follows:

v +divy(v®wv) =div, T + f in Q, (5.1)

ot
div,v =0 in Q, (5.2)
and

o ket
E + lex (’U@ZJ - Tvxzb)
2kp0

+ div, (w(v)qw — %w — Tvqu;) =0 in O x (0,7),

where w(v) = 1(V,v — (V,v)"). In the above system, f denotes the external body

(5.3)

force, ( denotes the hydrodynamic drag coefficient, which we take to be 1/2; and kg
denotes the Boltzmann constant, which we take to be 1. The spring force F' is given

via the potentials U, and U,, by the formula

1 2 0 1 2
F=v,|u.(z]-L] )+-2u, (=2
2 Qref eref 2 Qref
au, 0 dU, q
= T 2
ds e P Orer ds g IP] Ty

2 2

dref dref

and the Cauchy stress tensor is given by the formula
T = —pl +2v(0)D(v),

where p = —5 tr7 is the mean normal stress and D(v) = (V,v + (V,v)T)/2 is the

symmetric part of the velocity gradient.
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Remark 5.1.1. Note that unlike Chapters[3 and [{], the Cauchy stress tensor here
does not contain the polymeric part S., which is given by the Kramers expression.
This is because the expression of the Cauchy stress tensor T is a consequence of the
enerqy storage and entropy production mechanisms. With the corotational Fokker—
Planck equation, the contribution resulting from the presence of polymer molecules in

the solvent to the Cauchy stress tensor vanishes.

Compared to the isothermal Fokker—Planck equation, the nonisothermal version
has an extra coefficient 6 for second order terms. With the coefficient 6 present,
the terms 0V 1 and 0V 49 lack integrability even in the weak formulation. The
details will be discussed at the end of the proof. Motivated by [4], we introduce a
cut-off function 8% € C([0, 00)) with

Lo JO o<,
pre) = {L ifg> L. (54)

Then, for L > 1, (5.3) becomes

o kpB ()
E + lez ('U?/J — TVﬂb)

+ div, <w(v)qw — %w — %L(Q)

Remark 5.1.2. This is achieved by replacing 0 by the cut-off function BY(0) in the

energy fluzes jo . and j, q in Section 5.2 in [27] and then the derivation follows. This

(5.5)
Vq¢> =0 in O x (0,7).

change is physically reasonable because the temperature cannot go off to infinity in an

1solated container.

The temperature evolution equation is given as follows:

cy (% + divx(v9)> = div,(k(0)V.0) + 2v(0)D(v) : D(v)

2 0

+ - / (VqUe) -V, (Ue + Un> Y dq (5.6)
C D Href

B 2kg0

1 2
AU, | =
A=)

where ¢y > 0 denotes the specific heat at constant volume. For simplicity, we take

q
Gre f

Ydg  in Q,

cy to be 1, gy to be 1, and 0,5 to be 1.
We shall also specify the initial and boundary conditions. The Navier—Stokes
equation (5.1)) is supplemented by the following no-slip boundary condition:

v=0 ond2x(0T). (5.7)
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The Fokker—Planck equation (5.5)) is supplemented by the following boundary condi-

tions:

wloyqy — 2y - 200

c c V| mg=0 onQx9dD x(0,T), (5.8)

Vop-n,=0 ondQxDx(0,T), (5.9)

where n is the unit outward normal vector to D and n, is the unit outward normal

vector to J€). The boundary condition for the temperature ¢ is given as follows:
V.0-n,=0  ondQx(0,7T), (5.10)

where n,, is the unit outward normal vector to 9€2. We impose the following as initial
conditions:
v(z,0) = vo(z) in Q,
0(x,0) = Oy(x) in €, (5.11)
U(r,q,0) =o(z,q)  nO.

By introducing the Maxwellian

2
1/_4g
L’<2 Tref )

ei kp 0(x,t)
q

2 Y
1
v(3]a%;])

fDe_ kg 0(z,t) dq

M(z,q,t) =

we define 77/} = % and rewrite the Fokker—Planck equation as

O(M))
ot

+ div, (oM — B4 (O)V. (M)
+ div, (w('v)qM@@ . 45L(9)quz/3) —0. (5.12)

On assuming that U, = 0, the temperature evolution equation becomes

O - diva(v0) = diva(5(0)V.6) + 2(O)D(v) : D(v). (5.13)

The Maxwellian is then also simplified and becomes

o Un(3lal?)
1
2

M(q) = fD e_U"< aP) dq

)

which is independent of x and t.
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Next, we shall introduce a few assumptions on the data. We assume that 02 €

C%!. For the Maxwellian M, we assume that

M e C(D)nCXH(D)n W, (D). (5.14)

loc

We impose the following assumptions on the function v(-) and £(-). We assume that

v and  are Lipschitz functions of 6 on [0, 00) and satisfy
0 < Vmin < v(0) < Viax, (5.15)
0 < Kmin < K(0) < Kmax, (5.16)
for all & > 0. For the initial velocity, we assume that
vg € L 4, (G RY). (5.17)
For the initial probability density, we define 1&0 = % We assume that
Go>0  ae inO, 4y LX0,T;L2,(0)). (5.18)
For the initial temperature, we assume that
0y > Omin > 0, (5.19)

for a.e. x € (.
In the next section, we shall establish a formal energy identity, which will guide
the subsequent rigorous proof of existence of global-in-time weak solutions to the

system under consideration.

5.2 Energy identity

In this section, we shall derive a formal energy identity assuming that v, 1@ and 0
exist and are sufficiently smooth. Taking the L?(Q;R%) inner product of equation

(5.1) with v, we deduce upon partial integration and noting the boundary condition
(5.7) on v, that

%(/Q%wdx) +/Q2u(9)|D(v)|2dx:/Qf-vdx. (5.20)

Multiplying ‘D by @/A), integrating over O and using integration by parts together
with the boundary conditions (5.8)) and (5.9), we deduce that

%% (/(9M|@/}|2dmdq) +/05L(9)M‘v$¢‘2 dz dgq
+4/ GEO)M ‘qu/}f drdg=0. (5.21)
(@]
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Integrating (5.13) over €2 and using the Divergence Theorem give that

i(/em) Z/Q2V(9)|D(v)!2dx- (5.22)

Adding (5:20), (5:21) and (5:22), we get

;t [ w20+ = /M|w|2dq} dx+/BL )vmz&fdxdq

+4/05L(9)M‘vqlﬁrdxdq:/Qf.vdx.

For the above identity to make sense, we show in the next section that # and zﬂ are

nonnegative.

5.2.1 Nonnegativity

In this section, we will show the nonnegativity of the temperature 6 and the proba-
bility density function 7). We multiply (5.13) by [#]- = min(0, §) and integrate over
() to get, using the fact that div, v = 0, that

3510 ooy + [ ROIVBLF dz = [ 20(60) D@ 0]

Integrating the above identity with respect to time over (0,¢) and noting that [f]_ is

nonpositive and v is nonnegative, we obtain

1161~z +2/fmm/0 /Q!VxW]!Qd%dT < E)-(0) Iz = 0. (5.23)

We have [#]_(0) = 0 since the initial temperature 6y is nonnegative. The second term
on the left-hand side of ([5.23)) is nonnegative. Therefore, we have

116]- (1720 < O,
which implies that
>0 ae. inQ.
Next, multiplying by [zﬁ], := min(0, 1&) and integrating over O, we get
th/M dxdq+/ﬁL )M |V, [¢]_|* dz dgq

+4 [ BHOM VL drdg = 0.

133



Integrating the above identity with respect to time over (0,t), we get
t
-0l 3,0,+2 /@ BEO)M |V, [J]_[? dv dgdr
0

+8 [ [ BHOMVofil- Pdrdgdr = 01Ol 0, =0,

since @0 is nonnegative. Since both integrals on the left-hand side are nonnegative,

we have

- ()72 () < 0.
Therefore,
>0 ae in O x(0,7).

Now we have completed the set-up of the problem and derived a formal energy

identity. In the next section, we shall state the main result.

5.3 The main result

In this section, we formulate our main result, which will be proved in the following

sections.
Definition 5.3.1. We say that the tuple (v*, ¢, 0L, EL), with
Vh(w,q,t) = M(q)d*(z, q.1),

is a weak solution to the system of nonlinear partial differential equations ((5.1)—(5.13)),
if the following conditions hold:

(i) The functions (vL,ﬁL,GL,EL) belong to the following function spaces:
v" € L™(0,T; L 4, (2 RY) N L7(0,T; Wy, (4 RY)),
Yl e L0, T; L2,(0) N L2 (0, T; W2(0)), ¥F >0 a.e. in O x (0,T),
0" € LP(Q) N L*(0, T; Wh*(Q)),
for all p € {1, d%f) and s € {1, %), 6L > 6,in > 0 a.e. in Q,
EY e L>™(0,T; L(Q)), where B* = %|’UL|2 + 0",

2
Ot € LP(0, T; WP (4 RY)), for all p € (1, d%} ,

O(My") € LP(0,T; W110)), for allp € [1,2),

OB € IP(0, T: (W' (Q))), for all p {1, 2(d32 2)>,
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where @ == Q x (0,T) and O :=Q x D.
(ii) The system (5.1)—(5.13)) is satisfied in the weak form as follows:

/T<at”L7w> dt + /T[—(’UL ® vl V,w) + (2v(0Y)D(v"), V,w)] dt

0 L (5.24)

:/ (f,w)dt, forallw e L*(0,T; W(]l,giv(Q;Rd)),
0

with s > d,

[ (a0 6), = (1005, 9.0) = (5%t )

+ /T (MBL(HL)VIqﬁL’ngp)O + (4MBL(6L)Vq7;L7Vq<p>O dt = 0. (5.25)
0

for all o € L=(0,T; W (0)),

and

/0T<atEL, u) dt + /OT[(,@(QL)vmeL, V.u) + (2v(0%)D(vh)ol, Vou) — (EXv*, V,u)] dt

= /T(f,'vLu) dt, for allu € L>=(0,T; WH>(Q)).
’ (5.26)

(11i) The initial conditions are satisfied in the following sense:

lim ([0 (-, £) — 00()Zeqquzen + (65 ) = G2 o) + 165+ 8) = Bl iy = 0. (5.27)

t—04
Next we state the main theorem to be proved in this chapter.

Theorem 5.3.2. Let Q C RY, d € {2,3}, be a bounded open Lipschitz domain. Let
K € N be arbitrary and let D' C RY, i = 1,..., K, be bounded open balls centred at
the origin. Suppose that f € L?(0,T; L*(;R?)). Assume that the Mazwellian M :

D — R satisfies (5.14), v(:) and k(-) satisfy (5.15) and (5.16)), and the initial data
(’170,7720,90) satisfy (5.17)—(5.19)). Then, there exists a tuple (vL,zEL,HL,EL) which is

a weak solution to the system (5.1)—(5.13)) in the sense of Definition|5.3.1. Moreover,
for a.e. t € (0,T), the following energy inequality holds:

L(%]vL(-,t)P—FHL(-,t)) dx+%/OM(¢L(-,t))2dxdq
! L/inL 702 ! L/nL L2
+/0 /OMB (07)|Varb™| dwdqd7+4/0 /OMﬂ (07)|V " |* dedgqdr
"o (1 A2 )
S/O/Qf v dxdT—i—/Q 2|’uo()| +6o(+) ) dx
w5 [ MU dedg
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We have introduced the superscript L in the functions (v%, ¢, 0%, EX) to remind
the readers that the system is dependent on the cut-off parameter L, but later in the
analysis, we shall omit the superscript L for the simplicity of presentation.

In the next section, we shall start the proof of Theorem by constructing a
sequence of approximations. Then, we shall pass to the limits in the approximation

parameters by deriving uniform estimates.

5.4 Existence proof

This section is devoted to proving Theorem [5.3.2] Before embarking on the proof, we

shall first apply three levels of approximations:

1. the first level of approximation is to truncate the convective term by a truncation
parameter ¢ in Subsection , and we also truncate the initial condition of @/A)

to avoid technical difficulties;

2. since now the second derivative terms in the Fokker—Planck equation have ad-
ditional coefficients 3%(6), we need to ensure that the coefficients are strictly

positive by introducing a parameter > 0 in Subsection [5.4.2

3. finally, we apply Galerkin semi-discretization in the spatial domains of v, 1@ and

0 with parameters m, n and k in Subsection [5.4.3

In Subsections - we derive uniform estimates independent of the pa-
rameters k, 6, n, m and ¢ and pass to the limit as k,n,m,¢ — oo and 6 — 0,..
5.4.1 The first level of approximation: truncation

In order to preserve the energy identity, we truncate the convective term in the
Navier—Stokes equation. We introduce the following smooth nonnegative function
I' € C§°((—2,2)), such that I'(s) = 1 for all s € [-1,1]. For an arbitrary ¢ € N, we
define I'(s) := I'(7). The primitive function to Iy is given by

Ti(s) = /05 Ly(r)dr.

Then, the ¢-approximation of ((5.1)) and (5.2)) are defined by

’UZ
v + div, (Ty(Jv*] v’ @ v*) — div,2v([0*].) D)) = f  inQ, (5.28)

ot
div,v* =0  in Q, (5.29)
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where [0¢], := max(6*,0), with the following initial and boundary conditions:

v'(-,0) = v(") in Q, (5.30)
vi=0 on 02 x (0,7). (5.31)

The ¢-th approximation of the temperature evolution equation ({5.13)) is given by

14

O diva(0°0) + v, (w0 )V.0) = 201 ) D) - Do) Q. (532

which is supplemented by the following initial and boundary conditions:

0'(,x) =60(-)  inQ, (5.33)
V0" n, =0 on 0Q x (0,7). (5.34)

Finally, we define the ¢-th approximation of the Fokker—Planck equation by

O(M)")
ot

+ div, (UEMW - 5L(ef)vx(MW))
+ div, (w(vf)qMW - 4M5L(95)qu%) 0 (5.35)

in O x (0,T). The above equation is supplemented by the following boundary condi-
tions:

W )Mt — 4M5L(ef)vq;2f] ‘ng=0 onQxaD x (0,T), (5.36)

MV, )" m, =0 ondQx D x(0,T), (5.37)

and the following initial condition:

Wiz, q,0) = Ty(do(z,q))  for (z,q) € O. (5.38)

Note that we do not truncate the Fokker—Planck equation since in the case of the
corotational model, the drag term will vanish after testing the equation with
zﬂz since w(v) is skew-symmetric. However, we truncate the initial condition for zﬂz
since at a certain point in the proof we shall need to use the fact that Ty(vy) is
bounded above by C(¢). In the following sections, we shall temporarily omit the

superscript ¢, and then reinstate ¢ in the last step as ¢ — oco.
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5.4.2 Positivity of the coefficients in the Fokker—Planck equa-
tion

Since we need to guarantee the positivity of the coefficients of the second derivative
terms in the Fokker—Planck equation, we shall introduce an additional parameter
0 > 0 in the early stages of our proof and we will pass to the limit as 6 — 0+ later.
We shall modify the approximate Fokker—Planck equation as:

O(My?)
ot

+div, (oM — (BM(67)) + )V (M) (5.39)

+ div, <w(v5)qM1$5 —AM(BE([0],) + 5)qu&5) —0 inOx(0,7),
with the following boundary conditions:
[w(v‘s)qM@‘s —AM(B([0°),) + 5)vq¢5] ‘ng=0 onQxdDx (0,T), (5.40)
MV, -n, =0 ondQxDx(0,T), (541)

and the following initial condition:

1&5(2:’ q, 0) = TZ(dA}O(xv q)) for (I, q) €0. (542>
The velocity v’ satisfies the following equations:

vé
vt + div, (Ty(|v°)v° @ v°) — div, (2v([0°].)D(v°)) = f  in Q, (5.43)

ot
div, v° =0 in Q, (5.44)
with the following initial and boundary conditions:

v°(-,0) = vy(-) in Q, (5.45)
v’ =0 on 9 x (0,7T). (5.46)

The temperature #° satisfies the following equation:

8@% + diva(0°0°) + dive (w([0°]4)Val®) = 20([0°]2) D(v°) : D(v°) in Q,  (547)

which is supplemented by the following initial and boundary conditions:

0°(,z) =0(-) inQ, (5.48)
V.0 -n,=0 on 0 x (0,T). (5.49)

In the next section, we shall formulate the Galerkin approximation of the system

which is the starting point of our proof.
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5.4.3 Galerkin approximation

Before we introduce the Galerkin approximation, we first define an approximate
Maxwellian M™ by fixing a sequence of positive functions (M ),,en C 0871(5) such
that for each compact set s C D the following holds:

lim [[A7" — MHC(E)

m— 00

awigpy F )™ = M ey =0. (5.50)

Then, the approximate Maxwellian M™ is defined by

—m 1
M™ =M +—, form=12....
m

Now we introduce the Galerkin basis functions. Similarly as in Chapter [3| by
the Hilbert—Schmidt Theorem, there exists a sequence (w;):2; of eigenfunctions in
Wo e N WHE2(Q; RY) whose linear span is dense in L3 4, (€ R?), such that the w;,
i=1,2,...,are orthogonal in the inner product of W%*12(Q2; R?) and orthonormal in
the inner product of L?(Q;R%). To introduce the basis functions for the probability
density function, we find a sequence (p;)3°, of eigenfunctions in W E+Dd+1.2(0) that
are orthogonal in W(Ifjl)dH’Q(O) and orthonormal in L3, (O). For the basis func-
tions for the temperature, we find a sequence (u;)$2; of eigenfunctions in W'2(Q) that
are orthogonal in W'2(Q) and orthonormal in L?(€2). For § > 0 and the parameters

m,n, k € N fixed, we seek (v ok gmnko) oiven by

’Um’n’k’é(l’,t) — chfn,n,kﬁ(t)wi(x)? (551)
=1

(e, q,t) = 3 A (i, @) (5.52)
=1
k

9”’”’k’5(x,t) — Zezn,n,k,ﬁ(t)ui(x% (553)
=1

which solve

(at,vrrn,n,k:,é7 wz) . (F£(|vm,n,k,6|)vm,n,k,(5 ® ,Um,n,k,é’ vxwz)

(5.54)
+ (2v([0™"H]L) D(0™ ), Vow;) = (f, w;)
foralli=1,...,m and a.e. t € (0,7),
(at(Mm Q&m,mkﬁ)’ @z) ; . (Mm ,Um,n,k:,é ,&m,n,k,é’ Vr@z) ;
. (M ,@m,n,k,& w(vm,n,k,é) q, VqQD'L)
© (5.55)

(M7 B 4 8) V™ V)

(A7 (S50, + ) Va4, V) =0
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foralli=1,...,n and a.e. t € (0,7),
(atem,n,k,ts’ uz) o (,vm,n,k,é ‘gm,n,k,é? vxuz) + (ﬁ([em,n,kﬁ]_i_) vxem,n,kﬁ’ vmuz)

5.56
_ (QV([Qm,n,k,5]+) D(,Um,n,k,é> . D(,Um,n,k,(i)’ui) ( )
foralli=1,...,k and a.e. t € (0,7). The initial data are given by
0" (2, 0) = o (2) = Y (vo, wiwi(a),
i=1
&m,n,k,é(x’(Lo) _ z%”’"(:z,q) = Z(Tg(%"), vi)opi(r, q), (5.57)
i=1
k
0" (2,0) = 0 (x) = D (B, wJui(a),
i=1
where
. ~ M
Yo' = Yog o (5.58)

The local-in-time existence of solutions to the system f follows from
Carathéodory’s Existence Theorem, since — are now ordinary differential
equations. Then in the following sections, we shall derive uniform bounds indepen-
dent of the parameters k, §, n, m, ¢, pass to the limits with k,n, m,¢ — oo and 6 — 0,

which then gives global-in-time existence of solutions to the problem stated in Section

b1

5.4.4 Passage to the limit as k£ — oo

In this section, we derive uniform estimates independent of the parameter k£ and pass
to the limit as k — oco. First, we multiply the i-th equation in (5.54) by ™" (¢t)

and sum with respect to 7 =1,...,m to deduce the following identity,
1d

EE||,Um,n,k:,(5||i2(Q;Rd) + /Q 2y([0m,n,k,5}+) |D(,vm,n7k,6)|2 dr = (f) ,Um,n,k,(S)7

noting that the convective term vanishes since div, v™™*? = 0. Using ([5.15)), Korn’s

inequality, Young’s inequality and Gronwall’s inequality, we obtain that

T
s 740 [z + o / [0 212 ey At < C(F,00). (5.59)
<(0, 0

From the above bounds and using the orthogonality of the basis and the embedding
WaHL2(Q) — Wh=(Q), we have

dem R ()

swp ) < Clm), swp =

te(0,T);i=1,...,m te(0,T);i=1,...,m

< C(m).  (5.60)




Hence, by the definition of v™™*° we deduce that

sup ([ 0™ (1) || yae ey < C(m). (5.61)
te(0,T)

Next, we shall derive uniform bounds on #™"™*9  Similarly, we multiply the i-th
equation of ([5.56]) by e;”’"’k75(t) and sum with respect to i = 1,...,k to deduce that

1 d m,n m,mn m,mn
35107 By + [ (I8, [9,6m 0
Q

— / QV([em,n,k,5]+) |D(,Um,n,k,6)’2 em,n,k,é dI,
Q

where we have used the property div, v™™%® = ( again. Using the assumptions

(5.15) and (5.16|) and the bound (5.61)), we deduce from the above identity that
d
STy + 2 | (T84 < €, s 674
Then, by Gronwall’s inequality, we obtain that

T
tS(léI;) ||0m,n,k,5(t) ||%2(Q) + 2’{min / ||0m,n,k,5||12/‘/1’2(9) dt S C’(m, Vmaxs 00) (562)
€(0, 0

By using (5.56)), it follows from ([5.59)), (5.61)) and (5.62) that

T
/0 1007 ™21 g lE < C(1m). (5.63)

We shall follow a similar argument to derive uniform bounds on 1[/”’””“75. We multiply
the i-th equation of (5.55) by d™*°(t) and sum with respect to i = 1,...,n to
deduce that

1d

bW, ||1/A)m’n’k’§||iijm(0) + /o M™ (BE([0™],) 4 0) [V ™R da dg

4 [ M (L) + 6) 9, b dg =,
@]

m,n,k,&) :

where we have used the incompressibility of v and the fact that w(v is

skew-symmetric. Then, by Gronwall’s inequality, we get

T

te(0,T)

T
+ 86 / / M™ |V ™™ %52 da dg dt < C(m, €, M, y). (5.64)
0 (@]
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By using the fact that M™ > L we also deduce from (5.64)) that

T
| 1m0y dt < Cm5.0) (5.65)

0
By orthonormality of the basis (¢;)32; in L%,,.(O), we have from ([5.64]) that

sup [ ()] < C(m,n, ). (5.66)

Also note that since © € R¥5+1 the Sobolev embedding and the orthogonality of the

basis give that ||V q@ill Lo (o;racc+ny < C(m,n) for all i = 1,...,n. By substituting
a&m,n,kz,é " ks (t)
k. SR 1) = i\

i=1

in (5.55)), we get by using Holder’s inequality and the uniform bounds (5.59), ((5.62)

and ((5.65) that

dd] ™m0 (t)
dt

SOi(l',(]),

< C(m7 5) Hv%quiHL"O(O;Rd(K*l)) < C(ma n, 9, ﬁ) (567)

The definition of @@m’"’k"s gives that

sup Hlﬁm’n’k’&(t)HwLoo(O) < C(m,n,?). (5.68)

te(0,T)

Since M™ is Lipschitz continuous, we also have

T
|1k e < O,
0

We use the k-independent estimates (5.59)), (5.60), (5.62), (5.63)), (5.64), (5.65)),
(5.66) and (5.67) and the Aubin-Lions Lemma to deduce that there exist subse-

quences, which we do not relabel, such that

c;”’"’k"s —* czn’"’(s weak™ in W1*(0,T), (5.69)
c;.”’”’k’é — c;”’"’é strongly in C([0,T), (5.70)
Ry gm0 strongly in C([0,T); Wolﬁiv NWHL2(Q;RY),  (5.71)
dyRe s g wealk* in W*(0,T), (5.72)
I strongly in C([0,T), (5.73)
YRS s gymansd strongly in C([0, T]; WEFDHL2(9)), (5.74)
grink.s _x gmin.d weak® in L=(0,T; L*(Q2)), (5.75)
gmnks o gmon.s weakly in L2(0, T; W%(Q)), (5.76)
0,0 kS s g grmnd weakly in L*(0, T; (W'*(Q))"), (5.77)
grmkd _y gmin.d strongly in L*(0,T; L*(Q)). (5.78)

142



Since v(-), k() and the function s € R — [s]; € R, are Lipschitz continuous and
BL(+) is continuous, we can pass to the limit as k — oo in (5.54)—(5.56) to deduce
that
(at,vm,n,é’ wz) . (Fz<|,vm,n,5|) m,n,0 ® ,Um,n,57 wal)
+ (2v([0™"]4) D(™"), Vow;) = (f, w) (5.79)
foralli=1,...,m and a.e. t € (0,7,
(&(M ), %-) o (M il gmand, VM) .
— (M (") . Vi)
+ (M (8507 1) + ) Vo™ Vi) (5:80)

+ (4007 (BH(0™]) + ) Vi, Vypi) =0
foralli=1,...,nand a.e. t € (0,7,
(0,00 uy — (v™™0 ™0 N ou) + (k([07°]4) Vo0, V)
— (2(6™),) D@w™™) : D™), u) (581)
for all u € WH(Q) and a.e. t € (0,7)

It is also straightforward to show that the above system is complemented by the

following initial conditions:

™™ (1, 0) = v (1), (5.82)
om0 (2, q,0) = " (2, q), (5.83)
and
: m,n,d (. . N2 —
tl_lgi 1070, t) — Oo( )| 72() = O- (5.84)

Now that we have successfully passed to the limit as k — oo, we can show that ™™?°
is positive a.e. in @), which enables us to get rid of the parameter § by sending 6 — 0

in the next section.

5.4.5 Passage to the limit as 6 — 0

em,n,d

In this section, we first show that is bounded below. Then, we can derive

d-independent a priori estimates and pass to the limit as 6 — 0.
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Minimum principle for ™. Recall that we assume the initial temperature 6,
satisfies 0 < Opin < O for a.e. x € Q. To show that ™™ is bounded below, we set
u = (™™ — ) in (5.81)) and integrate the resulting identity with respect to time
over (0,t); we get that

t
I6™20) = )20y +2 [ [ (O™ ) V(6™ ~ B) - dodr
0 Jo (5.85)

t
= 60— i)y +4 | [ A7) D) 07 = ) do

Since 6y > O, and v(+) is nonnegative, the right-hand side of (5.85)) is nonpositive.
Also since (+) is nonnegative, the second integral on the left-hand side of ([5.85)) is

nonnegative. Therefore
10 (t) = Ounin) - [[72(0) < 0,
which then implies

00 (2,1) > B > 0 for a.e. (z,t) € Q. (5.86)

The limit 6 — 0,. Since we have proved that ™% > 0, > 0, we can replace all
[0mm9], in (5.79)(5.81]) by 6™™9. Similarly as in Section [5.4.4, we multiply the i-th
equation in (5.79)) by c;n’"’(s(t) and sum with respect to ¢ = 1, ..., m to obtain, noting
that div, v™™° = 0, that

1d m,n,0 |2 m,mn,0 m,n,0\ |2 m,n,0

3310 B + [ 20079) DR da = (7,07,
Using (5.15)), Korn’s inequality, Young’s inequality and Gronwall’s inequality, we

obtain that

T
s 070+ v / o™ P sy At < C(Fw0).  (5.87)
<(0, 0

By orthogonality of the basis and the embedding W412(Q) — W1>(Q), we have

def" ™ (t)

sup |czn’"’5(t) | < C(m), sup P

te(0,7);i=1,...,m te(0,T);i=1,...,m

<C(m).  (5.88)

From the above bounds, we can also strengthen the norm as follows:

sup ([0 ()| ey < C(m). (5.89)
te(0,T)
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Next, we shall derive uniform bounds for ™™9 independent of 6. To achieve this, we
set u = 0™ in ([5.81)) to deduce the following identity, noting that div, v™™ = 0,

__Hem’n’JH%%Q)+/Q/f(9m’n’6>‘vx9m’n’6’2d$

— / 2V<9m,n,6) ’D(vm,n,6)|2 Hm,n,(S dzr
Q

: :
< 2Wpax (/ |D('vm’”’6)|4dx) (/ |(9m’”’5|2 dx)
Q Q

< C ) / D™ )" dz + C (1) / ™32 g
Q Q
< C(M, Vmax) + C (Vs 1077|720

where we have applied Holder’s inequality and Young’s inequality, the assumption
(5.15) and the bound (5.89)). Using the assumption (5.16), we apply Gronwall’s
inequality to deduce that

T
sup ||9m’"’5(t)||%2(9) + Klmin/ ||9m’”’6||12/V1,2(Q) dt < C(m, Vmax, 0o)- (5.90)
te(0,T) 0

Using ([5.81) and the uniform estimates (5.89)) and (5.90)), we deduce that
T
/0 106" B2y At < C(m). (5.91)

By multiplying the i-th equation of (5.80) by d/™’(t) and summing with respect to

i =1,...,n, we obtain

1d

- 77E'fn,n,é 22 +/ M™ BL em,n,é 44 vmzﬂm,nﬁ 2d$dq
Sl oyt [ M (300 1 0) 9

[ 2 (GO 48) [V ddg =0,
@

where we have used the fact that div, v™™° = 0 and that w(v™™?) is skew-symmetric.

Since we have shown that §™™° > 6., we apply Gronwall’s inequality to deduce that

T
sup [[0™ ™ (t)][72 () + Ouin / /O M™ |V, ™™ ? dz dg < C(m, £, M,y). (5.92)
0

te(0,T)

Since we still have the bound ||V q@il| oo (o.pa+y < C(m,n) for alli =1,...,n by
Sobolev embedding and the orthogonality of the basis, we can deduce the following
bounds similarly as in Section [5.4.4}

dd;"(¢)

sup |40 (1) < C(m,n, ), sup
te(0,T);i=1,....,n te(0,T);i=1,....,n

< C(m,n,t). (5.93)




Therefore,

sup [0 (8) || w0y < C(myn, £). (5.94)
te(0,T)

By using the fact that M™ > %, we also deduce from ([5.92)) that

T
/0 [0y At < Cim, £). (5.95)

Now we have d-independent estimates ((5.87), (5.88), (5.89), (5.90), (5.91), (5.92),
(5.93) and (5.95)). Then, there exist subsequences (not relabelled), such that as § —
0+)

ey i weak* in W>(0,T), (5.96)
ety strongly in C(]0,T)), (5.97)
"0y ™ strongly in C([0, T7; Wolﬁiv NWH2(Q;RY)), (5.98)
A s g weak* in W1*(0,T), (5.99)
At g strongly in C([0,T]), (5.100)
PO s g strongly in C([0, T]; WEFDHL2(9)), (5.101)
grmond sx gmn weak* in L(0, T; L*(Q2)), (5.102)
grmd s gmon weakly in L*(0, T; W'?(Q)), (5.103)
9,0™ ™0 9,gmn weakly in L2(0, T; (WH(Q))'), (5.104)
grond . gmn strongly in L*(0,T; L*(2)), (5.105)

where we have used the Aubin-Lions Lemma to deduce strong convergence for §7™9.

Also, since v(+) and k(-) are Lipschitz continuous and 3%(-) is continuous, we can pass

to the limit as 6 — 0 in (5.79)—(5.81)) to deduce that
(O™, w;) — (Tp(Jo™"]) ™" @ v™", V,w;) + (2v(0™") D(v™"), V,w;)

(5.106)
=(f,w;) foralli=1,...,mandae. t € (0,7),
(O gy, ) = (Mo Vo)
. <M¢m,nw(vm,n) q7vq90i>o + (Mm ﬂL(Qm,n) vmwmvn,Vx(;Di)O (5 107)

+ (4M7 BHO™ )V Vi) =0
foralli=1,...,n and a.e. t € (0,7),
(D07 ) — (V™0™ T u) + (R(0™) V0™, V)
= (2v(0™") D(v™") : D(v™"), u) (5.108)
for all u € WH?(Q) and a.e. t € (0,T).
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The above system is complemented by the following initial conditions:

""" (z,0) = v (), (5.109)
" (2, q,0) = U (v, q), (5.110)

and
lim (|67 (-, ) — ()| 720y = O (5.111)

t—04

In the next section, we shall study n-independent estimates and pass to the limit as

n — 0Q.

5.4.6 Passage to the limit as n — oo

In this section, we derive n-independent bounds on v™", &m" and 6™", which then

allow us to pass to the limit in ([5.106])—(5.108|) and identify the system of equations
satisfied by the triplet (v™, o™, ™).
By using the strong convergence ((5.105) in ((5.86]), we deduce that

™" (z,t) > Omin > 0 for a.e. (z,t) € Q. (5.112)

Similarly as above, we multiply the i-th equation in (5.106) by ¢;""(¢) and sum with
respect to ¢ = 1,...,m, by using Korn’s inequality, Young’s inequality and Gronwall’s

inequality, we deduce that

T
sup [[o™" (8)[|72 ey + COVmin/ [™ " 51 200y At < C(F, 00). (5.113)
te(0,7) 0

By orthogonality of the basis and the embedding W4t2(Q) — Wh>(Q), we also

have

7

sup  |¢""(1)] < C(m), sup 5

7 —

te(0,T);i=1,...,m te(0,T);i=1,....,m

< C(m). (5.114)

del™"™(t) ’

From the above bounds, we can also strengthen the norm as follows:

sup [[v"™"(t)||wreoray < C(m). (5.115)
te(0,T)
By the uniform estimates (5.113)), ((5.114)) and (5.115)) and using the fact that all norms

are equivalent in finite-dimensional spaces, we deduce that there exist subsequences

(not relabelled), such that as n — oo,

"t =l weal* in Wh>(0,T), (5.116)
"t = dr strongly in C([0,77), (5.117)
vt — V™ strongly in C([0,T7; W()l,ﬁiv N WL RY)). (5.118)
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For the approximate probability density function zﬂmvn, we multiply the i-th equa-
tion in (5.107) by d;""(t) and sum with respect to i = 1,...,n, by using the bound
(5.112]) and Gronwall’s inequality, we deduce by similar arguments as above that

T
sup [5O3, 0+ i || M V™ doda < Clm .M o). (5119

te(0,T)

Note that M™ > %, therefore we have

T
sup me’"(t)H%g(O) + Qmm/ / Vg™ " ?dzdg < C(m, €, M, 1y).  (5.120)
o Jo

t€(0,T)

Also since M™ is Lipschitz continuous, we deduce from above that
T A
0

Thanks to the presence of the cut-off function B%(-), by using (5.107), the bounds
(5.115)) and (j5.120)), and Holder’s inequality, we deduce that

T
/0 1O G 2,200y At < Cim, €, L, M, ). (5.122)

By the n-independent estimates (5.120) and (5.122)), we deduce that there exists a

subsequence (not relabelled), such that as n — oo,

N weakly in L2(0,T; W12(0)), (5.123)
By (M™p™™) — §,(M™)™)  weakly in L2(0,T; (W 2(0))"), (5.124)
P g™ strongly in L*(0,T; L*(O)), (5.125)

where we have applied the Aubin—Lions Lemma for the strong convergence of 1[17"
To derive uniform bounds on the approximate temperature 6", we set the test
function v = 6"™"™ in (5.108]). Noting that div, v"™" = 0, we deduce that

1d

__||9m,n||22 _’_/I{<0m,n)|vxem,n
2 dt eyt

2dy = / 20(6™")| D(v™") [20™" dx
Q (5.126)

< C(m, Vina) 107" 1220y
where we have made use of the assumption (5.15) and the uniform bound ([5.115)).

Using Gronwall’s inequality, and the assumption ([5.16)), we obtain that

T
sup Hem’nH%?(Q) ""imin/ ||9m’n|’%/v1,2(9) dt < C(m, Vinax, 6o)- (5.127)
t€(0,T) 0
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Using ([5.108)), the assumptions ([5.15]) and (5.16|) and the uniform bounds (5.115)) and
(5.127)), we apply Holder’s inequality to obtain that

T
/ ||0t9m’"||%wl,2(m), dt S C(m, Rmaxs Vmax; 90) (5128)
0

By the n-independent estimates (5.127)) and (5.128)), we deduce that there exists a

subsequence (not relabelled), such that as n — oo,

g g weak® in L>(0,T; L*(9)), (5.129)
g — gm weakly in L*(0, T; W'?(Q)), (5.130)
0™ — 9,0™ weakly in L*(0, T; (W'?(2))), (5.131)
g — 0" strongly in L*(Q), (5.132)

where we have applied the Aubin-Lions Lemma to get the strong convergence of 6™,

By the convergence results (5.116)—(5.118)), ((5.123))—(5.125)) and (5.129)—(5.132)),

and the fact that v(-) and k(-) are Lipschitz continuous and 8%(-) is continuous, we

can pass to the limit as n — oo in f to deduce that

(O™, w;) — (Cy(Jo™)) ™ @ 0™, V,w;) + (2v(0™) D(v™), V,w;)
=(f,w;) foralli=1,...,mand ae. t € (0,7T),

QUM §™), @)o — (M™ 0" ", Vi) = (ME"ww™) g, Vap)
+ (M7 B0 Vi Vo) 4 (4M7 BH0") Vol V) =0 (5139
for all ¢ € W'?(O) and a.e. t € (0,T),

(00™,u) — (V™ 0™, V,u) + (k(0™) V0™, V,u)
= (2v(0™) D(v™) : D(v™),u) for all u € W"*(Q) and a.e. t € (0,T).

(5.133)

(5.135)

Obviously, we have v™(z,0) = v7(z). For the initial conditions for ™ and 6™, it is

straightforward to show that

. Am A1’I’L 2 J—
tim 17 (0) = TGOy, o = 0 (5,136
. m(. o N 12 —
t1_1>%1+ 1607 (-, t) = 0o ()l 120y = 0. (5.137)

In the next section, we shall derive m-independent estimates and pass to the limit as
m — 00.
5.4.7 Passage to the limit as m — oo

In this section, we first show that ™ > 0 a.e. in @ x (0,T). Then we derive uni-
form estimates independent of m and use these uniform estimates to deduce relevant

convergence results.
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Minimum principle for ¢™. First we show that 1) > 0 a.e. in O x (0,T) using
standard arguments. By setting ¢ = [@Em]_ = min((),zﬁm) in (5.134), we deduce by

using the fact that div, v™ = 0 and that w(v™) is skew-symmetric, that

%/@Mm(wm]—)zdxdq—i—/OMmBL(Qm)|v$[¢;m]_|2dwdq
+4/ M™ BH(O") |V glt)™] - drdg = 0.
@

Direct integration with respect to time over (0,¢) gives that

/O M7 (] (£))? de dq + / t /O M BHO™) [V, [67]_[2dz dg dr
w4 [ [ 2 s0m) 1900 drdqar = [ A7) 0)7dsdg

Since the second and third integrals on the left-hand side are nonnegative, we have

[ am @@y dedg < [ A ()02 drdg
= [ M) dedg = o
o
where we have used that T;(¢)7*) > 0. Thus, we have shown that

"™ >0 ae in O x (0,7).

Passage to the limit as m — oco. Our goal is to pass to the limit as m — oo in
(5-133)—(5.135). The main difficulty lies in passing to the limit in the temperature
equation where we shall need strong convergence of the velocity gradient D(v™). In
the preceding sections, the strong convergence of D(v™) naturally held since we have
been working in a finite-dimensional space for v™. However, as m — oo, we are no
longer in finite dimensions. Therefore, we shall apply a different technique to deduce
the strong convergence of D(v™). Also, thanks to the presence of the velocity gradient
term in the temperature equation, we cannot set the test function v = 6™ in (5.135)).
To solve this, we instead take the test function u = (#™)* with A € (—1,0) in
which is motivated by [16]. In this section, we first derive uniform estimates as in the

previous sections.

By using the strong convergence ([5.132)) in ([5.112)), we deduce that

0™ (x,t) > Omin >0 for a.e. (z,t) € Q. (5.138)
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Similarly as above, we multiply the i-th equation in (5.133) by ¢/*(¢) and sum with

respect to2=1,...,m to get

1d
2dt“v ||L2(QR4) +/21/(9m)D(vm) :D(v™)dx = / f-vmde. (5.139)
0 Q

Then, by using Korn’s inequality, Young’s inequality and Gronwall’s inequality, we
deduce that

T
sup lo™ ()72 (@m0 +Covmm/ 1™ 2@y dt < C(F, o). (5.140)
te(0,T 0

By standard interpolation, we have

[[o™]] JECO C(f, vo). (5.141)

To deduce the strong convergence of v, we shall derive a uniform bound on the time
derivative of v™. Thanks to the presence of the truncation I'y(-) in the convective
term, we deduce by using ([5.140)) that

T
/ 100 1312 o0 A < C(0). (5.142)
0

From the uniform bounds (5.140) and ([5.141]), we deduce the existence of a subse-

quence (not relabelled) such that, as m — oo,

v =" weal* in L>°(0, T; L*(€; RY)), (5.143)
v = weakly in L*(0,T; Wolﬁiv(ﬂ; R%)), (5.144)
v — weakly in L (Q; R%). (5.145)

By the uniform estimate (5.142)), we apply the Aubin-Lions Lemma to deduce the

following strong convergence:
v" = strongly in L2(0, T; LP(€; R%)), (5.146)

where p € [1,00) when d = 2 and p € [1,6) when d = 3.
For the approximate temperature 6™, we start off by setting the test function

u=11n (5.135) to get that

d
EHGmHLI(Q) = / 2v(0™)D(v™) : D(v™) d. (5.147)
Q
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Integrating ((5.139)) and ((5.147]) with respect to time over (0,¢) and adding the results

together, we obtain

/Q(%|vm(.7t)|2+0m(.,t)> dx:/ot/ﬂf.vmdxdwr/ﬂ(%|v6n(.)|2+90(.)> de.

(5.148)
Using the uniform bounds ) and m we deduce from (| m that
sup He HLI Q) < C<VmaX7 f 00790) (5149)

te(0,T)

Since neither the temperature 6™ nor the velocity gradient D(v™) has enough inter-
grability, it would be difficult to obtain uniform bounds for 8™ if we took the test
function v = 0™ in . Motivated by the approach in [16], we set the test func-
tion u = (#™)* with A € (—1,0) in (5.135). It follows that u = (™) < (Gpin)* < C

for some constant C'. Then, we obtain, using the fact that div, v™ = 0,

1 d

- em)\—l-ld :/2 0™\ D m29m)\d
reav KGO 2 GO LI NG

(5.150)
— A / K(0™) (0™ V0™ 2 da.

We note here that the second term in the right-hand side of (5.150)) can be rewritten

as

4\ At |2
. m myA—1 m|2 - m m\ 5=
/\/QK(H YOV 072 de ()\_’_1)2/9/1(9 )‘vm(e )5 da,

and is nonnegative since A < 0. Therefore, integrating ((5.150)) with respect to time
over (0,7, we obtain that

//2y9 )| D(o™)[2(6™) da dt — A+ // (0 ‘ve " dedt
= AJr1(||(9m)”l( Mz — ||(9m)”1( )z
(Omin)* | o 1
< (ol jom(r >Hm>—A—Hu<eo>“luwm
S C<l/maX7 f7v0700)7
where we have made use of (5.149)). Therefore, we obtain that
T At1 |2
/ /‘vx(em)Q Az At < C (Ve Fonins £ 00, 00). (5.151)
0o Ja
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From ([5.149)) and (5.151)), we deduce that

A+

(™) € L2(0, T; W 2(Q)) N L=(0,T; L>+1(Q)).

Applying parabolic interpolation (c.f. Lemma , we deduce that

At1 2(2 + d()\ + 1))
)2 r <
1(0™) 2 ||or@) < C for any r € [1, 1) ,

which in turn gives

d+2
16| Lr(@) < € for any p € [1, %) (5.152)

By applying Holder’s inequality and the uniform bounds (5.151)) and (5.152]), we see

that
T T . .
/ / V.67 dr dt — / / IV,6m |2 (6m) D5 (gm)1-V5 dz dt
0 Q 0 Q

T 5 T 2
< ( / / V,6m 2 (6m) D dxdt) < / / (™) 55 dxdt>
o Ja o Ja
Lo L) ([ fior )
< —_— xdt ™) da dt
o Jo(A+1)? 0o Ja
<C,

provided that s € [1, %). Therefore,

V(0™

1™

d+2
Lo rwia)) < C for any s € {1, m) (5.153)

For the strong convergence of ™, we shall need to control the time derivative of 0,0™.
However, because of the presence of |D(v™)|? on the right-hand side of (5.135]), we

have to consider test functions in the space W14(Q) with ¢ sufficiently large. Using
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(5.140), (5.141), (5.152) and (5.153)), we deduce by applying Holder’s inequality that

T T
0™, u
/ ||at9m||(W1vQ(Q))/ dt :/ sup M dt
0 o \wewa@) l[ullwree)

§ /( S 0 20 S [ G0\ 2 220
-~ Jo ueWbha(Q) HVxUHLq(Q;Rd) ueWLa(Q) HvquL‘I(Q;Rd)
¢ s |@MEMDEM D >,u>|) "y

uewna(g) [ellwrage)

T
</ (vaem||m/mm 4 Va8 L

2Umas [|ull oo @) [ D (V™) 172 g

s ©) L2(Q:Rd d)) dt
ueW4(Q) [ullwra@)

<Ol @lo™ e+ CIVLOT

Lr=7 (QR)

T 2Vmaxc u 1,9(Q) D(v™ 2 .RAX
+/ ( s [ellwra@) 1 D(0™) |72 (om0 d)> U
0

(5.154)

L#(Q;R?)

ueWLa(Q) HUHWUI(Q)
< " @l 2, + CIVLH

L5 (Q;R9) -+ O”D('Um) ”LZ(Q;Rdxd)
<C,

provided that ¢ € (2(fj;) , oo>. Note that in the above inequality, we have used the

Sobolev embedding W14(Q) < L>(Q).
From the uniform estimates ([5.152), (5.153) and ([5.154]), we deduce the existence

of a subsequence (not relabelled), such that, as m — oo,

d+2
0" — 0 weakly in LP(Q) for any p € [1, %), (5.155)
m : s 1,s d+ 2
om — 6 weakly in L°(0,7; W>*(Q)) for any s € |1, ic1) (5.156)
2(d+2)

0,0™ — 0,0 weakly in M(0, T; (W(Q))"), where p > (5.157)

4—d
Using the generalized version of the Aubin-Lions Lemma (c.f., Corollary 7.9 in [60]),

we deduce the following strong convergence:

d+2
0" — 0 strongly in LP(Q) for any p € [1, %) (5.158)

Next, we shall derive uniform bounds on the approximate probability density
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function ¢™. Setting ¢ = 1 in (5.134) and integrating over (0, ), we obtain
/ M™(q) 4™ (x, q,t) dz dg = / M™(q) T,({5' (v, q)) dz dg
0 0
< [ Mmi@igeadedg < [ M(@) i g dedg < C.
o o

We define the approximate polymer number density by
0"(e.t) = [ (@) 7w a.0)da = [ M"(@) " (ra.t)da 2 0
since we have shown that ¢™ > 0 a.e. in O x (0, T). By setting the test function
¢(z,q,t) = @(z,t) in (5.134)), we deduce the equation satisfied by o™
(O™, @) — (V"™ V@) + (B(0™) V0™, Vap) = 0 (5.159)

for all p € W2(Q) and a.e. t € (0,T), supplemented by the initial condition ¢™(0) :=

oy', where

0 < o5'() = /DM’”(q)Te(i%”(x,q))dq < /DM(q)zﬁo(fc,q) dgq = oo(z).
Let w = sup,cq 0§ (z); then we have
(O™ —w), @) — (V" (" —w), Vo) + (B(0™) V(0" — w), V.p) =0,
for all p € W12(Q) and a.e. t € (0,T). Setting » = [0™ — w], in the above equation

gives

1d

S Q([Qm — w4 ) da + /ﬂﬁL(em)m[Qm — W] Pdz = 0.

Since 0™ > O, > 0, the second term on the left-hand side of the above equation is

always nonnegative. Therefore,

d

G (@ —elyar <o,

which then gives

Ll =@ de < [ (0" =l .0 do = [ (g o dn

Q

By the definition of w, [gf' —w];+ = 0 a.e. in 2. Thus, [p" —w]+ = 0 a.e. in 2. Hence,
lo™ [y < ll€6" | o=(2) = ll2ollo=(e) < C (5.160)
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By setting ¢ = o™ in (5.159)), we have

1d

- m\2 Ligm m|2 —
s et [ 3OV =0

Direct integration with respect to ¢ and the application of (5.138) and (5.160]) give

also

T

/ /|ngm|2da:dt < C. (5.161)
0 Jo
By setting ¢ = @Z;m in (5.134]), we get
th/ M™(p™)? dxdq+/ M™BH(0™)| V0™ da dg
+ 4/ M™BE(0™) |V b™|? da dg = 0.
o
Integrating the above identity with respect to time over (0,¢), we obtain

3 | dmdq+/ [ st 9. e dgar
(5.162)
m oL (gm m S m hm,
+4/0 /@M BE(O™)| Vg0 |2daqud7_2/oM (T ()))? dr dg.

Using Gronwall’s inequality and the bound ([5.138]), we obtain that

sup / M™ (™ (x, q,1))* dz dg

te(0,7) JO
T
+9min/ /Mm|v$,q¢m|2dxdth§ C(l, M, ). (5.163)
0 @]

Since now we do not have a positive lower bound on M™ that is uniform in m, we
set Y™ =M m”@m, use the above inequality and deduce that

sup /O (™ (x,q,1) dgdz < C sup / M™ (™, q,1))* dz dg < C(0),

te(0,T) te(0,T)

noting that we have used the fact that M™ is bounded above. Then the sequence
(™)>°_, is uniformly equi-integrable on O x (0,7"), thanks to the De la Vallée
Poussin’s Theorem (c.f. Theorem[2.4.2)). Hence, by the Dunford-Pettis Theorem (c.f.
Theorem [2.4.3), the sequence (¢¥™)2°_, is weakly relatively compact in L'(O x (0, 7)),

which then implies the existence of a subsequence (not relabelled) that

Y™ —1p  weakly in L'(O x (0,T)). (5.164)
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Since M™ converges to M uniformly in C'(D), we have that

P — % — 1  weakly in L} (O x (0,T)). (5.165)

Next, we shall show that
P —1p ae in O x (0,T). (5.166)

Let Oy be a Lipschitz subdomain of © such that Oy € O, C . Since M™ is

bounded below on Oy by a positive constant (which may depend on Oy), we deduce

from (5.163]) that

T
sup ||¢m(-,t)||§2(00)+0min/0 1™ 120, dt < C(Op). (5.167)

te(0,T)
Since Oy C O C RUE+D by standard function space interpolation, we get

2((K+1)d+2)

T
/ || de dg dt < C(Op). (5.168)
0 Oo

From (5.168)) and (5.140)), we deduce by using Holder’s inequality that there exists a
0 > 0 such that

va&mHL1+5((90><(0,T);Rd) < C(0). (5.169)

Similarly, we have

[0 w(0™)q| 114500 x (0.1 < C(Op). (5.170)

To be more specific, we have § € (0, ( . Then we define the following sequence

K+i)d+1]
of (1 + d+ Kd)-component vector fields:
Hm — (Mm 77ij7 Mm Qﬁm ,vm . Mm ﬂL(em) VI,J}m, M&mw<vm) q-— Mm BL(QW) quj)m)7
Qm = ((1+¢m)a7 07""0 )7

——

(d + Kd)-times

for some o € (0,1/2). Therefore, using (5.158)), (5.167), (5.169) and (5.170), we

deduce the existence of subsequences (not relabelled) such that

H™ ~ H  weakly in L'*°(Qy x (0,T); R} 4HKd)
Q" —~Q  weakly in La (0O x (0,T); RM K

157



where, noting the uniform convergence of M™, the strong convergence ({5.146) of v™
and the strong convergence (5.158)) of ™ and the fact that 5%(-) is continuous,

H = (M, Mw — MB(0)V 4, M w(v)g — MB*(0)V i),
Q= ((1+v),0,...,0).

It follows from (5.134)) that
div, ;g H" =0 a.e. in Oy x (0,7).

Also, we obtain from ([5.167) that

T T
/ / lcurlypg Q72 de dgdt = / / V10 gQ™ = (V0w g@™) P da dg dt
0 Oo 0 OO

T
<C’/ Viq(1+ ™) dedgdt

0
<c /
Oo

<C’(90

. qw dr dq dt

Hence, (div,,q H™)2_, is precompact in W~2(0y x (0, T)) and (curly, q Q™)
is precompact in W=1%(0y x (0,7T)). By choosing a@ <

m=1

1+5, we apply the Div-Curl

Lemma to deduce that
H™. Q™ —H-Q  weakly in L'(Oy x (0,T)).
In particular, we have that
M™™ (L4 ™) = M(L+ )
Since M™ converges to M uniformly, the above gives that

DL+ ™) = (1 + ) (5.171)

Since (1 +¢™)* — (14 1) in L'(Oy x (0,T)), we can add this to (5.171), which

gives

(L™ = (L4 ™)L+ ™) = (1 +9)(1 + ).
Thanks to the weak lower semi-continuity of the continuous convex function s €
0, 00) = s**! € [0, 00) we have that

~ ~

(1+9)* < (L+9)(L+ ),
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which is equivalent to
(1+9)* < (1 +)~.
On the other hand, the function s € [0, 00) — s € [0, 00) is concave. Again, by the

weak lower semi-continuity of the continuous convex function s € [0,00) — —s* €
[0, 00), we deduce that

Therefore,
(I +)* = (1 +4¢)*
Since s € [0,00) +— s* € [0,00) is strictly concave, thanks to Theorem [2.4.6] there

exists a subsequence (not relabelled), such that

) a.e. in Qg x (0,7).
Since M™ converges uniformly to M, we have that

Y™ =) a.e. in Oy x (0, 7).

Now we want to extend the pointwise convergence result of ¢ to the whole of our
domain O x (0, T). For this purpose we choose a nondecreasing sequence of nested sets
(O, e, O c O} C--- C OF C -+, satisfying U2 0 = O. For each k € N,
we deduce the existence of a subsequence of (¢™)>°_, that is pointwise convergent to
Y a.e. in OF x (0,T). Arguing by a diagonal procedure we deduce that there exists

a subsequence such that
Y™ = a.e. in O x (0,7). (5.172)

Since ¥™ is uniformly equi-integrable on O x (0,T'), using Vitali’s Convergence The-
orem (c.f., Theorem 2.24 in [34]), we obtain that

M™)™ =™ — p = Mip  strongly in L'(0,T; L' (O)). (5.173)
Interpolating between and , we obtain that

P =Y strongly in LP(Q; L*(D)), for all p € [1, 00). (5.174)
With the strong convergence result for v™, we deduce that

M™p™)™ — Mwy)  strongly in LP(Q; L'(D;R?)), where p € [1,2). (5.175)
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Also, using (|5.144)), we obtain that
Pw(v™) — Yw(v)  weakly in LP(Q; L' (D; R™%)), where p € [1,2). (5.176)

Next, we shall derive convergence results for Vx,qzﬁm. First, we note that for any
measurable U C (O x (0,7)) with |U| < €, we can apply Holder’s inequality to
deduce that

/ M™|V, 0" dedgdt < C / \/Mm)vm,qz&m‘ dz dqdt
U U

1

N 2 % 2
gc(/ Mm’vx,qw’ dxdth) (/lda:dth)
U U

(5-163) L
< (Cez.

It follows from the Dunford—Pettis Theorem that there exists a subsequence (not
relabelled) such that

MV gb™ = MV, g™ weakly in L'(O x (0,T); RUE+Y), (5.177)

We identify the weak limit M mvx,,ﬂ[}m as M Vx,qzﬁ since we have that Vx,qﬁ)m weakly
converges to V, gt locally in L'(O x (0,T); R¥K+D) and M™ converges to M uni-
formly in C'(D). Again, we use Holder’s inequality and the uniform estimate
to deduce the following bound:

T 2 T
/ /(/ Mm|vx,q¢m|dq> dmdth/ /(/ Mm|vw,q@2m|2dq) dz dt < C(0),
0 Q D 0 Q D

which then allows us to strengthen (5.177)) to
M™V, ™ = MV, g0 weakly in L?(Q; L'(D; RIK+D)), (5.178)
From the strong convergence result for ™, we deduce that
0" — 0 a.e. in O x (0,7). (5.179)
Since the cut-off function 5%(-) is continuous and bounded above, we deduce that
™) — gL (9) strongly in LP(Q) for any p € [1,00). (5.180)
The strong convergence result combined with then gives

M™BHO™)V, gb™ — MBE(0)V,qt  weakly in LP(Q; L*(D; RUMHDY) - (5.181)
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for all p € [1,2). Finally, using (5.134)) and the convergence results (5.175)), (5.176))
and (5.181]), we obtain that

B (M™)™) — 9,(M1p)  weakly in LP(0,T; W~ 11(0)), (5.182)

for all p € [1,2). With the convergence results (5.144), (5.146)), (5.158), (5.173)),
(5.175), (5.176]), (5.181) and (5.182) we can pass to the limit as m — oo in ((5.133))

and (5.134) to get

(0", w) — (To(|0"]) v @ v, Vow) + (20(6°)D(v"), Vow) = (f,w),  (5.183)

for all w € Wy (% RY) and ae. t € (0,7), and

(OMY), )0 — (M, Vi) — (M'wv')a, Vap)
) ) (5.184)
+ <M6L(«9€)wa£, Vzgo)o n (4M6L(ef)vq¢f, ch,O)O —0,

for all ¢ € W'>°(O) and a.e. ¢t € (0,T). The initial conditions are satisfied in the

following sense:

Jim (0" 8) = 00 Ba ey = O, (5.185)
T 16 1) = Te(Wol) 13, 00 = O (5.186)

Before passing to the limit as m — oo in the temperature equation, we shall first
show the strong convergence of the velocity gradient. We multiply (5.133|) by ¢ (%)

and sum over ¢ = 1,...,m, then integrate the resulting identity over (0,7) to get

g m mY |2 r 1 2 m 2
| [atemipem aar = [ (g.om)at+ 5 (108 xns) — 0" (D)
(5.187)

By setting the test function w = v in (5.183) and integrating the resulting identity
over (0,7, we obtain the following equality (omitting the superscript £):

1
/ | 2D deat - / (£,0)dt + 5 (ool = 10T a0 ) - (5.188)

By the weak lower semi-continuity and the weak convergence of v™, we get from
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(5.187) and (5.183) that
T

lim sup / / V(™) D(v™) 2 da dt
0 Q

m—r 00

T
: m 1 m 1 m
—tmsup ([ (£, 0 dt+ S0 s~ 0 ()
0

m— o0
r 1 2 1 : : m 2 1
= . (f,v)dt + §HUUHL2(Q;Rd) ) hmrrgorif o™ (T) 1720 (5.189)

T
1 1
< [ 0 dt+ lonliqss = 510 Eaz

:/OT/QV(H)\D(U)]dedt.

Recall (5.158]) which shows that 0™ converges to 6 a.e. in (). Since v(-) is Lipschitz

continuous, we have
v(0™) — v(0) a.e. in Q. (5.190)

From the weak convergence (|5.144)) of v™, we deduce that

lim /()T/Q(D(vm) _ D(w)) : wdzdt =0,

m—ro0

for any w € L%(0, T; L*(Q; R¥?)). Setting u := D(v)w, where w € L>(Q), we obtain
from the above identity that

1131 /T/Q(D('vm) : D(v) — D(v) : D(v))wdxdt =0,
m=oe Jo
which then implies
D(v™): D(v) = D(v) : D(v) weakly in L'(Q). (5.191)
Thanks to the convergence result , we further deduce that
v(0™)D(v™) : D(v) = v(0)D(v) : D(v) weakly in L'(Q), (5.192)

as a product of a weakly convergent sequence in L! and a uniformly bounded sequence
that converges almost everywhere (c.f., Proposition 2.61 in [34]). Thus, by the lower

semi-continuity of the norm function, we have

m—ro0

/OT/Q,/(H)D(v) : D(v)dzdt < liminf/OT/Qy(Qm)D(vm) : D(v)dzdt.  (5.193)
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Therefore, from the assumption ((5.15]), we deduce the following inequality:

%Lngol/mm/ /|D D(v)[*dzdt
Snliﬂ%o/o /Ql/(ﬁm)|D(vm)—D('u)|2dxdt
gnmsup/ /uwm) (D™ + |D(w)P — 2D(™) : D(v)) dedt

m— 00

/ / v)[> + |D(v)|* = 2D(v) : D(v)) dzdt

where we have used (5.189)), (5.190) and (5.193)). In this way, we have strengthened
the convergence property (|5.144)) for v™ to

m

" = v strongly in L*(0, T} Wol”inv(Q; R%)). (5.194)
Therefore, we also have
|ID(v™)|*> — |D(v)]*  strongly in L*(0,T; L*(Q)). (5.195)

We consider

V(0™ D™ — v(0)|D(v)]?) da dt\

0 Q
< [ [ e 1D~ D) drae+
gymaX/O /QHD(vm)y?—\D(v)m de dt +

The first integral in the last line converges to 0 thanks to (5.195)). For the second

(™) — v(0))| D(v)[? dz dt‘

v(0™) —v(0))|D(v)]* dz dt‘ :

integral in the last line, we have
v (0™) = v ()] < [V (€™M0 — 6] < [1V/[| oo (o |67 — 6],

where £™ is some value in between ™ and . It then follows from Hoélder’ s inequality
and the strong convergence (5.158]) of ™ that

T T
/ / lv(0™) — v(0)| dedt < ||V'|| Lo (/ / 6™ — 0| dx dt) )
0 Q 0 Q

which converges to 0. Hence,

v(0™) — v(0) strongly in L*(Q).
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As v(0™) < Vpax, v(0™) converges weakly® in L°°(Q). By uniqueness of the weak™*
limit, it follows that

v(0™) =" v(f) weak® in L(Q).

As |D(v)|? € L*(Q), it is a legitimate test function for weak* convergence in L>(Q).

Hence, as m — oo,

/0 /Q(”(Qm) — v(0))|D(v)|* dz dt| — 0.

Therefore, we deduce that

v(0™)|D(v™)|? = v(0)|D(v)|? strongly in L*(0,T; L'(12)). (5.196)

Using ((5.135]), and the convergence results ((5.156)), (5.158]) and (5.196)), we deduce
that

2(d + 2)
i—d

0™ — 0,0 weakly in L'(0,T; (W"1(Q2))"), where ¢ > (5.197)
Finally, we pass to the limit as m — oo in ([5.135)) to deduce that

(00", u) — (v° 6", Vou) + (k(0°) V0", Vou) = (2v(0°) D(v') : D(v),u), (5.198)

for all u € WH9(Q), where ¢ > 2idj;) and a.e. t € (0,7). The initial condition is

satisfied in the following sense:
lim [|0°(-,t) — 0o(-)|| L2 () = O. (5.199)
t—04

With the convergence results derived in this section, we pass to the limit as m — oo

in (5.148)) and (5.162)) to obtain the following energy inequality:
1 1 -
/ (—|vf<-,t>|2+ef<-,t>) dot 5 [ M@0 dodg
o \2 2 Jo
t t
+/ /M,@L(ef)wxwﬁdxdqdfﬂ/ /MBL(9£)|Vq¢€|2dqdde
0o Jo 0o Jo

g/Ot/Qf-védxdeL/Q(%|v0(~)|2+90(-)) dz

+5 | M) doda,

(5.200)

where we have used the weak lower semi-continuity of norms to pass to the limit in all
terms on the left-hand side. Collecting the uniform estimates (5.138)), (5.140), (5.149),
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(5.151)), (5.152), (5.153)), (5.160)), (5.161)) and (5.163]), we apply the weak lower semi-

continuity of norms or Fatou’s Lemma to derive the following /-independent estimates:

s (Ol + 1800 + 100 + 10 0lm)
S )

T T T
+60Vmin/0 HUEH%vL?(Q;Rd)dtJF/O \WHJZP(Q)dH/O HQEHSWLS(Q)dt

T T T
At1 A
16 o dt+ [ 1o s At + O [ 16713100, At
0 0 0 M

S C(fa M7 Vmax; U0, 007 900)7

(5.201)

for any p € [1, ‘%2), s € [1, %) and A € (—1,0). Note that the above bound does

not depend on the parameter ¢. This is because as m — 0o, we have that

[ @) asdg > [ M) dedg < C.
o o
Thanks to the strong convergence in (5.158)), we also have
0 (z,t) > Opin >0 for ae. (z,t) € Q. (5.202)

Therefore, we are ready to pass to the limit as £ — oo in the next section.

5.4.8 Passage to the limit as / — oo

This section is devoted to deriving the final limit as ¢ — oo, which will then allow
us to remove the truncation in the convective term in the Navier-Stokes equation.
However, a problem arises in the justification of strong convergence of the velocity
gradient since the velocity field will not be an admissible test function in the limit
equation. To solve this problem, we consider the global energy E‘ = |v‘|? 4 6°.

Recall that the equation satisfied by v* is given by
(00", w) — (To(|0']) v @ 0", Vow) + (20(69)D(v"), Vow) = (f,w),  (5.203)

for all w € Wy 3, (Q;R?Y) and ae. t € (0,7T). Setting w = v'u, where u € Wh(Q),
and adding the resulting identity to ({5.198)), we obtain
(O,E",u) — (00", V,u) — (Dy(Jo*)v' @ v : Vo' u)
— (Do) (v* @ v, Vau) + (k(0°) V.0, V,u) (5.204)
+ (2v(09) D(v )", V,u) = (F, v'u).
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First, we focus on the convergence properties of v*. From (5.201)), we have by

standard function space interpolation that

¢
||’U ||L2(d;-2) (Q:RY) S C. (5205)

To prove a uniform bound on the time derivative of v*, we use (5.203)) and the uniform

bounds ((5.201)) and ([5.205)) to deduce that
T
/ 100" |17, 1 (ourd) dt<C (5.206)
0
for all p € (1, d%ﬁ]'

Also, using ([5.198)) and the uniform bounds (5.201)) and ([5.205)), we can follow a
similar argument as ([5.154)) to deduce that

/H&H lwray dt < C, (5.207)

where ¢ > 2(4%22). Therefore, from the f-independent estimates ((5.201)), (5.202)

(5.205)), ((5.206)) and ([5.207)), we deduce the existence of subsequences (not relabelled),
such that, as ¢ — oo,

v ~* v weak* in L=(0,T; L*(Q;RY)), (5.208)
v —w weakly in L*(0,T; Wolﬁiv(Q; R%)), (5.209)
vl =~ weakly in L AP >(Q;]Rd), (5.210)
d+2
ot — weakly in LP(0, T; W17 (Q; R?)) for any p € (1 %}, (5.211)
d+ 2
6t — 0 weakly in LP(Q) for any p € {1 %), (5.212)
14 : s 1,5 d + 2
0" — 0 weakly in L*(0, 75 WH*(§2)) for any s € d+ 1 (5.213)
2
0,0° — 0,0 weakly in M (0, T; (W"4(Q))'), where p > (5.214)

4 d

Then, by (the generalized version of) the Aubin-Lions Lemma, we deduce that

vt v strongly in L*(0,T; LP(£2; RY)),

(5.215)
where p € [1,00) when d = 2 and p € [1,6) when d = 3,
d+2
0" — 0 strongly in LP(Q) for any p € [1 %) (5.216)
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Next, we show the convergence properties of E‘. From the strong convergence
(5.215)) of v, we deduce that there exists a subsequence (not relabelled), such that

vl = a.e. in Q. (5.217)

: . . )
Also, since the sequence v’ is bounded in X (Q; RY), then we have

2(d+2
P v strongly in LP(Q;R?), for all p € [1, %) (5.218)

Therefore, combining (5.216)) and (5.218)), we have by Holder’s inequality that

2(d3; 2)).

v'0" = vh  strongly in LP(Q;R?), for all p € {1, (5.219)

It follows from (5.208)) and ([5.215)) and function space interpolation (2.6)) that

vievt s v strongly in LP(Q; R, (5.220)

where p € [1,00) when d = 2 and p € [1,3) when d = 3. Since I',(-) is Lipschitz
continuous, it follows from ([5.220)) and ([5.209) that

(v )v* @ v : Voot ~v®v: Vo weakly in LP(Q), (5.221)

where p € [1,2) when d =2 and p € [1, g) when d = 3. Also, it follows from (}5.218))
that

Lo (v* ® v)v" = (v @ v)v

2 2
strongly in LP(Q; R?), for all p € [1, (dB—; >) (5.222)

Since v/(+) is Lipschitz continuous, it follows from (5.218]), (5.216)) and (5.209) that

¢ 0,0 : d d+2
v(0°)D(v")v" — v(0)D(v)v weakly in LP(Q;R?), for all p € |1, is1) (5.223)
Using ([5.204]) and the convergence results above, we deduce that

OE* —~ O,E  weakly in LP(0,T; (W' (Q))), for all p € [1, Q(dg—; 2)> (5.224)

With the convergence results (5.209), (5.215)), (5.216)), (5.218) and (5.224) we can
pass to the limit as £ — oo in ((5.203)) and (5.204]) to deduce that

/O<8tv,w>dt+/0 [-(’U@’U,Vm’w)+(2V(9)D(’U),Vm’w)]dt=/O (f,w)dt, (5.225)
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for all w € L*(0, T} W&’jiV(Q;Rd)), where s > d, and
T T
/ (OB, u)dt +/ [(k(O)V .0,V u) + (2v(0)D(v)v, V,u) — (Ev, Vu)| dt
0 0

_ /T(f,'vu) dt, (5.226)

for all uw € L>(0, T; Wh>(Q)).
Next, we show the convergence properties of W . From the uniform bound (}5.201]),

we have
! =4 weakly in L2,(O x (0,T)). (5.227)

Our goal is to deduce the strong convergence of 1[1(. To achieve this, we first show
that

Of =1 ae in O x(0,T). (5.228)

The proof is similar to that in Section [5.4.7 Let Oy be a Lipschitz subdomain of O
such that Oy C Oy C O. Since M is bounded below on Oy by a positive constant
(which may depend on Op), we deduce from ((5.201)) that

sup [V (, 1) 1320, + mm/ 15 120 At < C(Op). (5.229)

te(0,7)

Since Oy € O C RUE+D by standard function space interpolation, we get
T 5 2((K+1)d+2)
/ [ 0D de dg dt < C(O). (5.230)
0

From (5.230) and (5.201]), we deduce by using Holder’s inequality that there exists a
0 > 0 such that

||U%Z||L1+6(00x(0,T);Rd) < C(Op). (5.231)

Similarly, we have
9w (") gl s (0o 0782 < C(Oo). (5.232)

To be more specific, we have § € <0 Then we define the following sequence

1
g (K+1)d+1] :
of (14 d 4+ Kd)-component vector fields:

H' = (MY, M o' — MBH(6")V,40', M w(v') g — MBX(6°)V4d),
Q' = ((14+¢H*, 0,...,0 ),
N——

(d + Kd)-times
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for some a € (0,1/2). Therefore, using (5.229), (5.231)) and (5.232)), we deduce the

existence of subsequences (not relabelled) such that

H'—H weakly in L'™0(0q x (0, T); RIT4TKd)
Q' —Q weakly in Lé(oo x (0,T); RV4+Kd),

where, noting the strong convergence ([5.215)) of v’ and the strong convergence ([5.216))
of 6 and the fact that 8%(-) is continuous,

H := (M, Mijw = MB(0)Vath, Mipw(v)q — MG (0)V ),
Q= ((L+¢)°,0,...,0).
It follows from that
divi.q H =0 a.e. in Oy x (0,7).

Also, we obtain from ([5.229) that
T T
/ |curl; ;o Q°)* dz dg dt = / Viwq@ — (Vieq@)|? dvdgqdt
0 O 0 Og

T
< C/ Viq(1+95? dz dg dt
Oo

SIWAY

< C(0y).

. qw dzdgdt

Hence, (div;,q H®)$2, is precompact in W=12(Oy x (0,7T)) and (curl,, 4 Q)22 is

d

T1s0 W€ apply the Div-Curl

precompact in W=52(0y x (0,T)). By choosing a <

Lemma to deduce that
H-Q'—~H-Q  weakly in L'(Oy x (0,7)).
In particular, we have that
P+ = D1+ ). (5.233)

Since (1409 = (14 1) in LY(Og x (0,T)), we can add this to (5.233)), which gives

(1499 = 1+ )1+ D)™ = (L+ ) (1 + ).

Thanks to the weak lower semi-continuity of the continuous convex function s €
0, 00) — st € [0, 00) we have that

~ ~

(1+9)* < (L+9)(1+ ),
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which is equivalent to
(1+9)* < (1 +)~.
On the other hand, the function s € [0, 00) — s € [0, 00) is concave. Again, by the

weak lower semi-continuity of the continuous convex function s € [0,00) — —s* €
[0, 00), we deduce that

Therefore,
(I +)* = (1 +4¢)*
Since s € [0,00) +— s* € [0,00) is strictly concave, thanks to Theorem [2.4.6] there

exists a subsequence (not relabelled), such that
) a.e. in Og x (0,7).

Now we want to extend the pointwise convergence result of 2,@5 to the whole of our
domain O x (0, T). For this purpose we choose a nondecreasing sequence of nested sets
(O, e, O c O} C - - C OF C -+, satisfying U2 0 = O. For each k € N,
we deduce the existence of a subsequence of (W);gl that is pointwise convergent to
1@ a.e. in OF x (0,T). Arguing by a diagonal procedure we deduce that there exists

a subsequence such that
Of =1 ae in O x(0,T). (5.234)
Combining and , we obtain that
W =4 strongly in LP(0,T; L% (O)), for all p € [1,2). (5.235)
Interpolating with , we deduce that
' = 4p  strongly in LP(Q; LY, (D)), for all p € [1,00). (5.236)
Also, it follows from that
M2V, 1) = M2V, ) weakly in L*(0,T; L2(O)). (5.237)
Combining and , we obtain that
Mv“)* — Moy strongly in LF(Q;R?), for all p € [1, w) (5.238)

d+1
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Combining ([5.209) and (5.236|), we have that
V'w(v') = dw(v) weakly in LP(Q; L}, (D; R¥*), for all p € [1,2). (5.239)

To show this, we take the test function uw € LP (Q; L=(D;R%?)), where p' > 2, and

consider
/ // My w(v') — Myw(v)) : wdgdz dt

/// Mi'w(v') — Miw(v')) : udgdadt

+/O /Q/(Mww( Y — Mjpw(v)) : wdqda dt

For I;, we have

i [ (-
(] foras)

>< ( [ [1essumgeputea.or ([ o) dq)2 da dt)

< )l ( / [1essigepute.a.np arar)’

p —2
Qp/ 2p

/OT/Q (/D(MW — M) dQ) " drat

< Jlw ()2 (@uraxay |l v g,

ol

=

(Q L)

The second norm on the last line of the above inequality is bounded since u €
LV (Q; L (D; R™?)). 1t follows from (5.201)) that |lw(v®)|| p2(mraxey < C. Since p’ > 2,
it follows from (5.235) that || M! — My}

Il_>0-

For I, we have

I, = /OT/Q(w(vg) —w(v)) : (/D M@/}udq) dz dt.
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Next, we show that [, M JYudq € L2(Q;RY), which makes it a valid test function for
the weak convergence of w(v?) in L*(Q; R%*?) that follows from (5.209).

T ~
/ / /Mwudq
o JalJp
T A 2
S/ /|ess.supquu(x,q,t)|2 </ Mz/1dq> dx dt
0o Ja D

< H’U,Hipl(Q;Loo(D;Rdxd))HMwHip%z:; (Q:L1(D))

2
da dt

S HuHiP'(Q;Lw(D;RdX‘i))HQH%OO(Q)

<C.
Therefore, I — 0. We have shown that

/oT /Q /D(MWW(U[) — Myw(v)) : wdgdadt — 0,

for all w € LP (Q; L=(D; R**%)), where p’ > 2, which implies the convergence result
(5.239).

It follows from (5.216]) that

“ -0  ae inQ. (5.240)
Since BL(+) is continuous and bounded above, then we obtain that
BL6Y) — BE(9) strongly in LP(Q) for all p € [1, 00). (5.241)
Also, combining and 7 we obtain that

MBY 0NV 4 g — MB*(0)V 4 g
weakly in LP(O x (0,T); RUEFTD) for all p € [1,2). (5.242)

Using ((5.184]) and the convergence results above, we deduce that
B (M) — 8,(Mvy)  weakly in LP(0, T; WHHO)), for all p € [1,2).  (5.243)

Finally, we pass to the limit as ¢ — oo in ((5.184]) to get
T A~ ~ A
| (a0tine) - (30d.Vae) - (M), Vap)
0 o o o

) (5.244)
+ [ (MO0 V) + (VB 0945, V) e =0
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for all ¢ € L>(0,T; Wh>(0)).
For the last part of the proof, we shall focus on the attainment of initial conditions.
Choosing w € Woléf,(Q; R?) in (5.203) and integrating with respect to time over (0, ),

we get
(vf(t),w)+/0 [— (Ce([0f]) v* @ v, Vow) + (2v(0°)D(v"), V,w)]dr

:/Ot(f,w) dr + (vo, w).

Letting ¢ — oo in the above equation, and using the convergence results (5.209)),
(5.215) and (5.216)), we deduce that, for a.e. t € (0,7,

(v(t),w)+/0 - (v ® v, Vaw) + (20(0)D(v), Vow)] dT:/O (£, w) dr + (vo, w).

After a possible redefinition of v on a set of measure zero, the above identity holds
for all t € (0, 7). Therefore,

lim (v(t), w) = (v, w) for all w € W52 (2 RY).
t—>0+ )

Since v € L>(0,T; L?(;RY)) N L2(0,T; Wolﬁiv(Q;Rd)), we deduce that, as t — 0,
v(t) = vy  weakly in L?(Q;R%). (5.245)

Note that for v%, we have the following energy inequality:

1 t t 1
-/|vf(-,t)|2dx+/ /2y(0Z)|D(v€)|2dxdT§/ /f-vgdxdfqt—/ o () dz.
2 Q 0 Q 0 Q 2 Q

Letting ¢ — oo and neglecting the nonnegative term on the left-hand side, we deduce

by weak lower semi-continuity that
1 ) K 1 )
— [ |v(-,t)] dz < f-odedr+ = [ |vo(+)|" da.
2 Ja 0 Jo 2 Ja
Thus, we have that
lim sup ||”(t)||iQ(Q;Rd) < “vUH%?(Q;Rd)'
t—04

Using the weak convergence result ([5.245)), we obtain by weak lower semi-continuity
that

liminf [0(8)[ 320 > 19072000
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Therefore,

tllf(i o172 @) = [1v0ll72(ra)- (5.246)

Following a similar argument, we integrate (5.184)) with respect to time over (0, t)

to get
(M¢f( ), 0o — /Ot [(Mvéﬁijxgp>o + (M@Z;Qu(vé)q,vqu)o} dr
</ (M0 Ts)+ (AMBHONT V) | dr = (M)

for all o € WH*(0O) and a.e. t € (0,T). Letting £ — oo, and using the convergence
results (5.236), (5.237), (5.238)), (5.239) and (5.242)), we deduce that, for a.e. t €
(0,7),

0.9~ [ [(00.9.0), + (Mhoto)a V) | do
+ /0 t [(M8H0)9.5,Vo0) -+ (AMBHOWV 40, Vag) ] dr = (Mo, ).

After a possible redefinition of @ZAJ on a set of measure zero, the above identity holds
for all ¢ € (0,T). Therefore,

lim (Mi)(t), 0)o = (Mg, )  for all ¢ € WH®(0).

t—04

Since ¢ € L?(0,T; L2%,(0)), we deduce that, as t — 0,

() =y weakly in L2, (O). (5.247)
Recall that for ¢, we have the following energy inequality:
/ M ¢e dxdq—l—/ /Mﬁ 69|V, @//|2dxdqd7'
+4 / [ MBI dedadr < 5 [ TG de da,
Letting ¢ — oo neglecting the nonnegative term on the left-hand side, we deduce that
/ M(4)(-,1))? dzdg < /OM(&O(-))de dq.
Thus, we have that

limsup/M da:dq</ng )% dz dq.

t—04
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Using the weak convergence result (5.247]), we obtain by weak lower semi-continuity
that

liminf/ M (3 dxdq>/M ¢0 ))?dz dq.
t—04
Therefore,
t1_1>fg1+ W(t)HQL;M(o) = ”wOH%?M(O)' (5.248)

Similarly as above, integrating ({5.204]) with respect to time over (0, ), we obtain
t
(E“(t),u) +/ [— (00", V,u) — (Do([of))v* @ v* : Vo' u)] dr
0
t
+ / [ (Te(jo]) (0" ® v Yot Vo) + (5(0) V.0, V)] dr
0

+ /0 [(20(0°)D(v" 1", V)] dr = /0 (. v'u) dr + (E(0), ),

for all w € W1(Q) and a.e. t € (0,7). By the definition of E, we deduce from

(5.185) and (5.199) that E‘(0) = E, = %|’uo|2 + 6y. Letting ¢/ — oo, and using

the convergence results (5.209), ((5.213)), (5.215]) and (5.216)), we deduce that, for a.e.
€ (0,7),

(E(t),u) +/0 [(k(0)V 0,V u) + (2v(0)D(v)v, V,u) — (Ev, Vu)] dr

_ /Ot(f,vu) At + (Ey, u).

After a possible redefinition of ' on a set of measure zero, the above identity holds
for all ¢ € (0, 7). Therefore,

lim (E(t),u) = (Eo,u) for all u € WhH>(Q).

t—04

(d+2)

Since v € L (Q;RY) and 0 € LP(Q) for p € [1, %2), we deduce that, as t — 0,

(%|fv(t)|2 + 0(25)) = E(t) = Eo = <%|’Uo|2 + 90) weakly in LP(€2),

for p € [1, d%;?). Letting ¢ — oo in (5.200]), neglecting the nonnegative integrals on

the left-hand side and using the weak convergence results deduced in this section, we
obtain that

/(%\v( H* +0(, )da:—l— /M )2dxdg
Q
§/ /f-vda:dT—i-/ (—\v0|2+90) d:l:—l—E/Mz@gdxdq.
0 Q Q 2 2 (@)
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First we note that

_ 1 ) 1 S

lim sup —|lv(-, )" +6(.t) | de+ = | M(¢(-,t))°drdq
a\2 2 Jo

t—04
1 2 1 72
S —|'U()| +00 dl‘+— M@Z)O dxdq
a\2 2 Jo

Since we already have strong attainment of initial conditions for v and Qﬂ, we deduce

from the above inequality that

lim sup/ 0(-,t)dx < / 6 dx. (5.249)
t—04 (9] Q

To show the strong attainment of the initial condition for 8, we let v = (1 + )" 2@

in ((5.198)), where @ € WH>(Q). Note that u is an admissible test function. Then we

have

2<8tm,a>+/ (W

Q 14 6¢

AV 14 Y2~
2Ja(1+0Y2 Q V1+6¢

—2v/1 +9W) -V, dz
(5.250)

Using (5.250[), we deduce that, for ¢ > d + 2,

' ! [
/ Hatm”(wl,q(g))/ dt = / ( sup |<at\/T7 U> |> dt
0 0

wewra@)  [lullwie@)

sup

N(GZ)VIGZ v u)‘
1 [T ’( Viget 7T
<= / hl dt
0

T2 wewta@) || VatllLa@mre
. /T . |(\/_1+0£vé,vxu)|> y
0 ueW1:9(Q) ”Va:UHLq(Q;Rd)
‘(;-;(ef)vwef-vwef u)'
L1 / B - ao9? dt
4 Jo | uewra(q) |lullwao)

sup
vewra@)  lullwra)

. ‘(uw@)w(vw u)‘
Viter
n / - dt
0

1 1
= -] I -1 1.
21+ 2+43+ 4
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For I;, we have by Hoélder’s inequality and (5.16)),(5.202)) and (5.201)) that

;< /T k(09 V ,0°
L= 0
a+2

14 0¢
provided that ¢’ < 55 +1s le. ¢ > d+ 2. For I, by applying Holder’s inequality, we
deduce from the uniform bound ([5.201)) that

T
b S/ V1 + 0" | 1o 0y
0
T 27117 2pq/ 22:0177_‘1?/
S/ (/|1+9£|pdx) (/ |vf|2pq'dx) dt
0 Q Q
T 27117 T 2pq’ 25’%‘; T g qT7l
g(/ /|1+0‘|dedt) (/ /|vf|2qudxdt) </ 1q'1dt>
0 0 Q 0

< CJ0°N gy I10°]] oz

dt S C(Kmax’ emin) ||vx6)Z
L9 (Q;R?)

Le(@re) < €

/ /7

)
<0,

provided that ¢’ < d+2

u o
I3 < Fmax | sup Nz~ @) / /94 3|V,0Y% da dt
ueWLa(Q) ||U||W1q(Q

<k sup CHUHqu / /‘V Hfi
= Luewra) ||U||W14(Q)

<C,

, which naturally holds since ¢ > d + 2. For I3, we have

dx dt

which follows from the Sobolev embedding W14(Q) < L*(Q) when ¢ > d + 2 and
the uniform bound (5.201]) with A\ = % Similarly, for I,, we have

T
J4§C(umax,9mm)< sup M—”‘”)/ /|D('v")|2dxdt§0,
0 Q

ueWe(Q) ||“||W1’CI(Q)

where we again use the Sobolev embedding Wh¢(Q) — L>(Q) when ¢ > d + 2 and
the uniform estimates (5.15)), (5.202)) and ([5.201)). Finally, we obtain that

T
/ ||@t V ]_ + eg”(Wl,q(Q))/ dt S O, (5251)
0

where ¢ > d + 2.
It follows from ((5.215)) that

1+6f—V1+6  strongly in L*(Q).
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From the uniform bound (5.251)), we deduce that
OV1+00 =*0V1+60  weakly* in M(0,T; (W1(Q))), where ¢ > d + 2.
Since the time derivative is a measure, it makes sense to define

T+ 6(r) = lim /14600,

14+60(r_) = tl_i}m 1+60(t),

for all 7 € (0,T), where both limits are considered in the space (W'?(Q))". Also, it

follows from ([5.201)) and (5.216)) that v/1 + 6 € L>(0,T; L*(2)). Then, since W?(Q)

is dense in L?*(92), it follows from above that

V14+0t) —=/1+60(ry)  weakly in L*(Q) as t — 74, (5.252)
V1+0) = /1+6(1) weakly in L*(Q) ast — 7_. (5.253)

Since #° is positive, then we consider 4 € W1H*(Q), with @ > 0 and we obtain that

14 14
2(6t\/1+04,a>+/ (M—z 1+94v£> -V,udx
Q

VIt
E ~
- 1/ 0L G g g0t an > 0.
2 Q (1—{—0£)§

Integrating over (0, 7) gives that

Y4 Y4
/\/1+0€ udx+//( K(O)V.0 ) 1+9fv€)-vxadxdt

V1+0°

// . 9@ vef Vﬁedxdt>2/\/1+6’0udx
_|_

Then integrating over 7 € (to,to + h) gives that

to+h 9€< to+h T KJ(QZ) 95
2 v 1+ 0T ﬁdxd7+/ / / V0" - Vyudedtdr
/to /Q ) to o JaVv1+06¢
to+h T
—2/ / /\/1+9£vé-vx&dxdtd7

1 to+h ,&/ to+h
—5/ / / a e)gv 05V efdxdtd7>2/ /\/1+90udxdr
+ 2
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With the convergence results derived in this section, we pass to the limit as ¢/ — oo

in the above inequality to obtain that
R 0(r) ida d O Gy v adrara
2/ /1+7'i2x7'+/ // 20 -Voudedtdr
to Q to 0 QV ]-+0
to+h T
—2/ / /\/1+9v~valdxdth
to 0 Q
1 to+h T 0 ~ to+h
——/ / /L)UBVIG‘VmedxdthEQ/ /\/1+60&dxd7.
2 to 0 Q(1+0)§ to Q

Dividing by h and letting A — 0, and using (5.252)) and (5.253)), we deduce that, for
all 7 € (0,T) and for all nonnegative @ € WH*(Q), we have

~ T k(0)V .0 ~
2 | V/1+06(r udx—{—/ /(——2\/1+9v) -Vudedt
/Q (7+) o Ja\ v1+40
—1/ /L)uSVxQ-Vdexdt22/\/1+90ﬂdx.
2Jo Ja(1+0)2 0

Letting 7 — 0 and using ([5.252)) and (5.253|), we deduce that, for all nonnegative
e L*(Q),

liminf/\/1+9(t)1ld:1:2/\/1+90€de. (5.254)
Q Q

t—04

It follows from ([5.249) that
timsup [|/T+ 0030 < VI + ol (5.255)
—U+

We take © = 1 in ([5.254)) and consider the resulting inequality together with (5.255)
to deduce that

Jim /T80 32y = IV ol
which then implies
lim [10-,1) — ()20 = 0. (5.256)
t—04

This completes the proof of Theorem [5.3.2]
In this chapter, we have proved the existence of global-in-time weak solutions to
the corotational Navier-Stokes—Fokker—Planck system with a cut-off function in the

Fokker—Planck equation coupled with a temperature evolution equation.
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Remark 5.4.1. We note that there is an additional cut-off parameter in the Fokker—
Planck equation. The reason is that 0 and V%qiﬂ have limited integrability which
causes lack of integrability of their product HVJ;,q@@. We have introduced the cut-off
function BY so that the second order terms in the Fokker—Planck equation can remain
bounded in spaces with sufficient integrability. To remove the cut-off parameter L, we

make the following observation:

T T
/ / MOV gt - Vo gpdr dgdt = / / VMOV MOV, g1 - Vg dz dg dt
0 @] 0 @

T
< / || \ M\/EHL?(O)H \Z Mevm,q¢||L2(o;Rd<K+1>)||Vx,q90||L<>o(o;Rd<K+l>) de
0

1
2

T
< CONIVATI s ilizonomymacsny [ 10101Vl omien 0 )
0
From the energy identity, we deduce that
|| v Mev??,q,ll}||L2(OX(O,T);R‘1(K+1)) < Ca

for some constant C'. Then, we apply Holder’s inequality to deduce that

T
/ / MOV, g0 -V, qpdxdgdt
0o Jo
-1

T % T 2p a
<00 ([ 1000 a0) " ([ 192017 e )

< C(M)HQHEp(Q)HVx,qSOHL

2p_ )
P (0,5 L (ORI

where p € (1, d%z). Since we have proved that 6 € LP(Q) for p € [1, d%?), then the

integral

T
/ / MOV, g -V, qpdxdgdt
0o Jo

is finite. The above arguments indicate that removing the cut-off function BY in the
Fokker—Planck equation may be possible, but this will not be pursued further in this

thesis.
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Chapter 6

Conclusions

In this thesis, we showed the existence of global-in-time weak solutions to several
classes of coupled bead-spring chain models for incompressible dilute polymeric flu-
ids. Our proofs, based on the Galerkin method, have been applicable to models
of homogeneous, nonhomogeneous and nonisother