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The classification tree is an attractive method for classification as the predictions
it makes are more transparent than most other classifiers. The most widely accepted
approaches to tree-growth use axis-parallel splits to partition continuous attributes.
Since the interpretability of a tree diminishes as it grows larger, researchers have
sought ways of growing trees with oblique splits as they are better able to partition
observations. The focus of this thesis is to grow oblique trees in a fast and deter-
ministic manner and to propose ways of making them more interpretable.

Finding good oblique splits is a computationally difficult task. Various authors
have proposed ways of doing this by either performing stochastic searches or by solv-
ing problems that effectively produce oblique splits at each stage of tree-growth. A
new approach to finding such splits is proposed that restricts attention to a small
but comprehensive set of splits. Empirical evidence shows that good oblique splits
are found in most cases. When observations come from a small number of classes,
empirical evidence shows that oblique trees can be grown in a matter of seconds.

As interpretability is the main strength of classification trees, it is important
for oblique trees that are grown to be interpretable. As the proposed approach to
finding oblique splits makes use of logistic regression, well-founded variable selection
techniques are introduced to classification trees. This allows concise oblique splits
to be found at each stage of tree-growth so that oblique trees that are more inter-
pretable can be directly grown. In addition to this, cost-complexity pruning ideas
which were developed for axis-parallel trees have been adapted to make oblique trees
more interpretable.

A major and practical component of this thesis is in providing the oblique.tree
package in R that allows casual users to experiment with oblique trees in a way that
was not possible before.
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Chapter 1

Introduction

1.1 Recent Trends in Statistics

The emergence of modern computers has transformed the field of statistics in many
ways. More questions are posed by the ever larger and more complex datasets that
have since been amassed as a result of advances in automated data collection and

cheaper data-storage. Datasets are both larger and more complex in that they have,
Many cases: This is perhaps the most common situation.

- Oxford’s library catalog has 5 million items.

- Census data (=~ 60m individuals in the UK, ~ 300m in the US).
Many pieces of information per case:

- Genome-wide screens collect potentially tens of thousands of pieces of

information from a small number of subjects (perhaps only 100).

- fMRI! brain scans produce gigabytes of data from each individual.

functional Magnetic Resonance Imaging.
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Many cases with many pieces of information per case: Though less common,
examples do exist. Some consortiums have CRM? databases that gather in-
formation from consumers about their shopping habits (with thousands of

products from millions of customers) which they use to target advertisements.

Classification datasets in particular can also become more complex in a further

dimension; observations can come from a larger number of classes.

Many classes: Some OCR? problems require data to be gathered from instances
of characters from some alphabet upon which a classifier is trained. There are
10 classes for digits, 26 for upper (or lower) case characters from the Latin

alphabet and some 3,000 for Chinese characters.

Most classification problems have observations that come from a small number of
classes, e.g. the presence or lack thereof of a disease, the response to a questionnaire
with “yes”, “no” or “maybe” answers and so on. Figure 1.1 shows a histogram of the
number of classes in classification problems gathered from the UCI Machine Learn-

ing Repository [Asuncion and Newman, 2007]. One sees that a large proportion of

problems have observations that come from 2-5 classes (most have less than 10).

Other than allowing more interesting questions to be posed, modern computers
have also become an indispensable tool for statisticians. The computational power
of computers has increased to the point where calculations that would have taken

years by hand can now be performed at the blink of an eye by a computer.

Though much progress has been made in fields that range from bioinformatics to

OCR, it is often difficult for users to apply cutting-edge statistical methods to real-

2Client Relationship Management.
30ptical Character Recognition.
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Histogram showing the number of classes in classification
problems from the UCI Machine Learning Repository
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Figure 1.1: Classification datasets often have observations that come from a small
number of classes. The above histogram confirms this for classification problems
gathered in the UCI Machine Learning Repository [Asuncion and Newman, 2007].

world datasets (academic work is often poorly packaged and proprietary software
too expensive for casual users). There has however been movement in recent years
towards providing widely accessible open-source software* to address these issues.
With vast improvements in computational power and a growing collection of easily

extensible statistical software it is worthwhile revisiting problems that were once

considered too difficult.

1.2 Aim of this Thesis

The classification tree is a classifier whose main attraction is the simplicity by which
it makes predictions. A widely used form of this idea is described in Breiman et al.’s

1984 book. It produces binary partitioning trees by considering azis-parallel splits

“R [R Development Core Team, 2009] is a free software environment for statistical computing
that gathers open-source implementations of an extensive collection of statistical and graphical
techniques. It has become a defacto standard for developers of statistical software due to its highly
extensible nature and ease of use.
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over continuous attributes (tests of the form X; < ¢ v.s. X; > ¢). We refer to such

trees as CART.

Though CART is generally considered to be interpretable, their interpretability

diminishes as they become larger (uses more tests). Researchers have sought ways

q
i=1

of growing® trees with tests of the form Zle a; X; < ¢ v.s. a; X; > ¢ over
continuous attributes (assuming continuous attributes lie in the first ¢ positions of
feature vectors) in hope of producing more interpretable trees. We call these tests
oblique splits®. Existing research allows oblique trees (trees grown by considering
oblique splits over continuous attributes) to be grown though such trees are not
always interpretable. Unfortunately none of these attempts have caught on; azis-

parallel trees (those that consider axis-parallel splits) are still widely used.

This thesis aims to identify and address possible reasons for this so that oblique
trees can be better made use of. After reviewing existing work, a directed approach
to finding oblique splits with low values of impurity is proposed that restricts at-
tention to a small but comprehensive set of splits. They are found by solving a
family of two-class classification problems at each node. As these problems are
based on partitioning observations of different classes from each other such splits
should automatically have low values of impurity. By solving these problems with
logistic regression we effectively introduce well-founded variable selection techniques
to classification trees. This link is then exploited so that more interpretable oblique
trees can be found by using oblique splits that depend on a smaller number of

continuous attributes.

5Trees are said to be grown as well as trained to data.

50blique splits have been known by many names as different researchers have tried to incorpo-
rate them into tree-growth. Other names include Linear-Combination Tests, Multivariate Tests,
Perceptrons and Linear Machines.
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1.3 Organization of this Thesis

This thesis is organized as follows. Chapter 1 gives an overview of recent develop-

ments in statistics and follows with a description of the aim of this thesis.

Chapter 2 attempts to identify possible reasons as to why existing approaches
to growing oblique trees have not caught on. Motivational ideas behind how classi-
fication trees are grown are covered and a discussion about why using oblique splits

might produce more interpretable trees follows.

Chapter 3 surveys existing approaches to growing oblique trees. Existing ap-
proaches are categorized into two types as specified by the way in which they find
oblique splits and are presented in the same manner. Doing so provides a clearer
overview of its progression and allows for a better understanding of the pros and

cons of each approach.

Chapter 4 presents a new approach to finding oblique splits as well as to grow-
ing oblique trees. This approach is demonstrated on various datasets to gauge how
quickly it grows oblique trees. A heuristic argument that explains why such an

approach works follows.

Building on Chapter 4, Chapter 5 proposes ways of producing more interpretable
oblique trees. Approaches come in two forms, those applied during tree-growth and
those applied post-tree-growth. Well-founded variable selection ideas are used in

each case.
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Having proposed a new approach to growing oblique trees as well as various ways
of making them more interpretable, Chapter 6 analyses some of the finer details of
its implementation. Situations where such an approach might fail to perform well

are considered as well as the computational limits of such an approach.

Chapter 7 concludes with final remarks.



Chapter 2

Background

This chapter covers motivational ideas behind tree-structured classifiers and reviews
issues involved when training CART to data. By covering all aspects of tree-growth,
likely reasons why existing approaches to growing oblique trees have not caught
on are identified. Section 2.1 revisits the basic idea of a classification tree and
Section 2.2 follows with a discussion of issues that affect its interpretability. A
list of plausible reasons why existing approaches to growing oblique trees have not

caught on are given in Section 2.3.

2.1 Classification Trees

2.1.1 Natural Origins

Tree-structured classifiers appear naturally when considering populations with hi-
erarchical structure. Biologists and botanists use “taxonomic keys” to identify or-
ganisms and doctors use “decision trees” or “flow-charts” to assist with medical
diagnoses: they all amount to the same idea. Figure 2.1(a) shows an example of a

taxonomic key in botany. Armed with such a key anybody could easily follow it to

10
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1a. Plants with shoots.................. Goto?2 Taxonomic Key in Tre: Form ..
ants wit| oots?
1b. Plants without shoots............... Moss
2a. Flowering Plants ................... Goto3
2b. Non-Flowering Plants ............... Pine Tree Cowerih plante?
Moss
3a. Plants with leaves .................. Goto4
3b. Plants without leaves ............... (Cactus
Plants with Leaves?
4a. Rubbery leaves..................... Rubber Plant e Pine Tree
b | FUZZYILeaVES ool e i i Africa Violet

Rubbery|Leaves?

Generated by General Biology | students: Amani Salem, Vinny
Motiram, Suraiya Roy, and Nelum Shahzadi at Kingshorough
Community CO“ege. Africa Violet  Rubber Plant

Cactus

(a) Taxonomic key for various plant species. (b) Graphical representation of taxonomic key.

Figure 2.1: Tree-structured classifiers are a natural way of explaining hierarchical
populations and have long been used by practitioners from various fields. A dichoto-
mous taxonomic key is a realization of this idea that poses a series of questions with
Yes or No answers as shown in Figure 2.1(a). It is easy to follow with each path
leading to a prediction. This information can also be represented graphically as
seen in Figure 2.1(b) where a left branch by convention denotes a positive answer.

11
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try identifying the species of a plant, e.g. if a plant has shoots but does not flower
we guess it is a pine tree, if it shoots and flowers but does not have leaves we guess
it is a cactus tree. This information can also be represented graphically as shown

in Figure 2.1(b).

Though a great deal of thought is often needed to create such classifiers, re-
searchers have sought ways of automating this process. According to Breiman et al.

(1984, pg. 6-7],

“an important criterion for a good classification procedure is that it not
only produce accurate classifiers ... but that it also provide insight and

understanding into the predictive structure of the data.”

These goals are not mutually exclusive and it is anecdotally known that they are
often of equal importance to practitioners. Work by researchers from computer
science [Quinlan, 1979, 1986, 1988, 1990|, engineering [Henrichon and Fu, 1969,
Sethi and Sarvarayudu, 1982] and statistics [Morgan and Messenger, 1973, Kass,
1980] resulted in similar approaches to tackling this problem. With greater maturity
and cross-fertilization of ideas, Breiman et al.’s [1984] CART has come to be widely

accepted. An overview of these ideas follow.

2.1.2 Tree-Growth

: . ; N 4
Given training data of the form 7 = (C’i,X{, e ,X;)i:1 = (C’i,XZ)f.il where C; €
C ={C,...,C} denotes the class of each observation, a classification tree is grown
to 7 by recursively partitioning observations into smaller subsets. This process is

naturally representable as a tree with

12
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Comp.2 < -0.370909

Associated Decision Boundaries
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(a) Example of a binary partitioning axis- (b) The associated decision boundaries that are
parallel tree. defined by the tree on the feature space.

Figure 2.2: The above tree is grown to a training set where observations have
measurements from two continuous attributes (p = ¢ = 2) and where observations
come from four classes (k = 4). Four binary partitioning tests are applied to produce
five leaves. As g = 2, it is possible to view the decision boundaries defined by this
tree. The feature space is partitioned into rectangular blocks as axis-parallel splits
are used.

- internal nodes where tests' partition observations,
- branches from nodes which represent the outcomes of these tests and
- leaves at the bottom? of a tree.

When predicting with classification trees, observations are passed through a tree
and classified by the class associated to the leaf where it falls. Figure 2.2 gives an
example of a typical tree. Four tests partition training set observations and good

separation is achieved between observations of each class.

!Tests partition training set observations into smaller subsets and so are also called splits. We
use these terms interchangeably.
2Trees are conventionally drawn with its root at the top of a page growing downwards.

13
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Though the idea of a classification tree allows arbitrarily complex tests to be

applied, CART restricts attention to the following types of binary partitioning tests,

X, continuous: X; < c¢v.s. X; > ¢ for some constant ¢ € R
X; categorical:  X; € A vis. X; ¢ A for some subset A C {al, .. .,a‘X”} of

the factors of X;

Seeking to “produce purer child nodes” at each stage of tree-growth, CART applies
the test that “best partitions observations of each class” [Breiman et al., 1984, pg. 23—
24]. This is done by use of an impurity measure that somehow quantifies this idea
(the role of an impurity measure in tree-growth is touched upon here, an in-depth

discussion follows in Section 4.1).

Definition 2.1.1 (Best Split). Given an impurity measure j() over a set of splits,
the best split is the one that results in the lowest value of j() over that set of splits

(where ties are broken randomly).

CART applies the best split at each stage of tree-growth by comparing j() over

all splits permitted at a node.

Having understood tree-growth, we move on to consider two techniques that
CART employs to avoid overfitting®. The simpler of the two works by forcing
recursive partitioning to terminate before every training set observation becomes

perfectly classified. The logic is straightforward,

1. Were recursive partitioning to proceed until all training set observations are

perfectly classified, it is likely the tree would have focused more on explain-

3Highly parameterized models are able to fit training data perfectly but often fail to predict
well to previously unobserved observations, that is to say, overfit classifiers are undesirable. Hastie
et al. [2001, Chapter 7] and Geurts [2002] give good accounts of this phenomenon better known
as the bias-variance tradeoff.

14
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ing idiosyncrasies of the training set rather than the general trends in the

population.

2. Recursive partitioning at a node should therefore stop before all observations

are of the same class.

To achieve this, a node is no longer partitioned if any of the following stopping

criteria are satisfied at this node,
Pure Nodes: all observations are of the same class.

Size Threshold: there are fewer than some prespecified number of observations,

say 10.

Impurity Threshold: though it differs among implementations, an example would
be if the impurity at a node is below some prespecified proportion of that of

the root node, say 1%.

Child Node Threshold: each split produces a child node with fewer than some

prespecified number of observations, say half the size threshold.

Unfortunately these stopping criteria were found to be insufficient in ensuring trees

grown will generalize?. Breiman et al. proposed a complementary technique.

2.1.3 Cost-Complexity Pruning

Growing trees that generalize can be thought of as tackling an optimal stopping
problem for tree-growth; trees should be grown to data to learn from it but they

should not be overgrown. When exactly should tree-growth stop?

4A classifier generalizes if that is not overfit, i.e. it makes good predictions to previously
unobserved observations.

15
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Cost-complexity pruning sidesteps this problem by simply growing a mazimal
tree (a tree that is grown until the stopping criteria is satisfied at each leaf). Rooted
subtrees of this tree are then considered to find trees that do generalize. Rather
than considering all possible rooted subtrees®, cost-complexity pruning focuses on

a particular subset of them found as follows. Let

R(T) denote a measure of the goodness of fit of 7" over training set observations
found by adding contributions over its leaves ¢ (the number of misclassified

observations say or their node impurities) and
size(T) denote a measure of the complexity of 7' (the number of leaves say).

Consider the following measure for comparing rooted subtrees of a maximal tree
Ri(T) = R(T) + k size(T).

For each k € R, Ry (T) weights the ability of rooted subtrees to predict training set

observations well against its complexity cost to the tree as measured by size(T).

Those rooted subtrees that are further considered are those that minimize Ry (7")
as k varies over R. Breiman et al. [1984, pg. 284-293] show® that such a tree sequence

{Ti}fio is nested and that each T} is optimal over the range k € [k;, k;y1) where

—00 =ky < k1 <...<o0.

5The number of rooted subtrees of a maximal tree is potentially vast. For binary trees with {
leaves, Breiman et al. [1984, pg. 284] state an upper bound of |1.5028369'| with equality in the
case of binary saturated trees (binary trees with n levels of internal nodes and a full complement
of 2" leaves). There are 26 = L(1.5O28369)23J rooted subtrees of a 3-leveled saturated tree and
677 = [ (1.5028369)2" | for a 4-leveled one. To see how this growth in the number of rooted subtrees
arises, all rooted subtrees of a 3-leveled saturated tree are shown in Figure 2.3.

6Concise version of these proofs are found in Ripley [1996, pg. 221-224].

16
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Maximal Tree Collapse Node 4 Collapse Node 5 Collapse Node 6
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Collapse Nodes 4, 5 and 7 Collapse Nodes 4, 6 and 7 Collapse Nodes 5, 6 and 7 Collapse Nodes 4, 5, 6 and 7
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K

Node 3
Collapse Node 3 Collapse Nodes 4 and 3 Collapse Nodes 5 and 3 Collapse Nodes 4, 5 and 3
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Node 1
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Collapse Nodes 2 and 3 Collapse Node 1
Node 1

Figure 2.3: A 3-leveled saturated tree is shown in the top-left subplot. The other
subplots show rooted subtrees of it. Rows 1, 2, 3 and 4 shows those where neither
nodes 2 and 3 are absent, row 5 shows those where node 3 is absent, row 6 shows
those where node 2 is absent and the rest follow on the last row. It is easy to see
the multiplicative effect each additional internal node has on the total number of
rooted subtrees.

17
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To = Maximal Tree T, = Prune Nodes 4 and 3 from T, T, = Prune Node 2 from T, Tz = Prune Node 1 from T,

Node 1 Node Node 1
Node 2
4 5 6 7 ‘ Node 5

To optimal in k O [ko, ky)=[-, k) T, optimal in k O [ky, k) T, optimal in k O [ky, k3) T, optimal in k O [ks, ks)=[ks, )

Figure 2.4: Cost-complexity pruning allows trees that better generalize to be found.
Starting with a maximal tree, a tree sequence {T;}., is extracted from it and
are used as candidates for the final classifier. Though training error (prediction
error on the training set) increases with i, test error (prediction error on previously
unobserved data) needs not; the tree with the lowest test error is often used as the
final classifier, T} in this example say.

They also present an algorithm that finds this tree sequence. The rooted subtree

that best generalizes (with lowest test error) is easy to identify and is often used as

the final classifier as demonstrated in Figure 2.4.

2.2 Towards More Interpretable Trees

The reason why researchers have tried to grow trees with oblique splits is to produce
more interpretable trees. Unfortunately oblique splits are difficult to implement and

there are unintended side-effects of their use which we now consider.

2.2.1 Smaller Trees with Oblique Splits

Some trees are larger than others simply because of the interplay between how
observations of different classes are distributed over the feature space and the tests
used to partition them. Smaller trees are more interpretable as seen in Figure 2.5.
As oblique splits are better able to partition observations (Figure 2.6) oblique trees
naturally use fewer tests, leads one to believe that they are also more interpretable

which unfortunately is not always the case.

18



2.2. Towards More Interpretable Trees 19

More Interpretable Less Interpretable
Tetrahvdrocqnisone <4.6 glu < 1235
age 4 28.5 ped < 0.3095
npreg<2.5 glux90 glu<4166 bmi<[28.65
bp <19 npr <L5 bmi .4 ped < 0.2545 age € 28.5 ped|< 0.628
Pregnanetriol < 2.05 No Yes
a
bp < 711 bmi < 35.85 bmi < 27.35 bp £ 71
No No No No NoYes Yes
p age < 40
No NoYes No No Yes
Tetrahydrocartisone < 8.7
c
b u NoYes NoYes

(a) Axis-parallel tree grown on the Cushings (b) Axis-parallel tree grown on the Pima Indi-
dataset [Aitchison and Dunsmore, 1975]. ans dataset [Smith et al., 1988].

Figure 2.5: The interpretability of a tree depends on the interplay between two
factors, the interpretability of each split in isolation and its cumulative effect over
the entire tree. Though axis-parallel splits are interpretable in isolation, the inter-
pretability of entire axis-parallel trees is another matter altogether.
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(a) A single oblique split is able to perfectly partition these

observations.
A
,,,,,,,,,,,,,,,,,,, o X, <c,
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o . \ |
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i — —
9 o
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(b) An axis-parallel tree however requires more than one level of splits to
achieve the same partitioning of observations.

Figure 2.6: Observations from this artificial two-class classification problem are
easily partitioned with a single oblique split, axis-parallel splits however cannot
produce the same partition with a single split, i.e. oblique splits are better able to
partition observations so oblique trees are naturally smaller.
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Definition 2.2.1 (Full and Concise Oblique Splits). Where there are q continuous

attributes in a dataset, an oblique split based on

- all q attributes is called a full oblique split,

- fewer than q attributes is called a concise oblique split.

Concise oblique splits are more interpretable than full oblique splits, e.g. X; >
0.25X5 v.s. X7 > 0.25X5 + 0.5X3 + X,. Though full oblique splits are better able
to partition observations, full oblique trees (trees grown with full oblique splits) can
paradoxically be less interpretable than concise oblique trees (those grown with con-
cise oblique splits); too much information is compressed in each split (the problem
becoming more acute with larger ¢). To obtain more interpretable oblique trees,
concise oblique splits should be used “whenever possible”. With so much subjectiv-

ity, obtaining more interpretable oblique trees is a non-trivial task.

2.2.2 Finding Oblique Splits

Putting aside the issue of how one finds concise oblique splits for the moment, con-

sider the simpler problem of using full oblique splits.

One ideally applies the best oblique split at each stage of tree-growth which
implies that every oblique split needs to be considered. How difficult a problem is

this in comparison to that of finding the best axis-parallel split?

Definition 2.2.2 (Outcome of a Test). The outcome of a test is the allocation of

observations to child nodes that results when such a test is applied at a node.

Definition 2.2.3 (Split Dictionary). A split dictionary (for a family of splits) is a
set of splits of minimal size that produces all possible outcomes (permitted by that

family of splits) over the training set.
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(a) Example of an axis-parallel split dictio- (b) Example of an oblique split dictionary.
nary.

Figure 2.7: Though split dictionaries are not necessarily unique (perturbing a split in
a split dictionary might produce new split dictionaries) its size remains constant over
a given dataset. Figure 2.7(a) shows a possible axis-parallel split dictionary for a
small 2-dimensional dataset and is of size 6. No outcomes other than those generated
by these splits can result when axis-parallel splits are applied to 7. Figure 2.7(b)
shows a possible oblique split dictionary for the same data and is of size 15 (it is
larger as oblique splits are better able to partition observations).

Figure 2.7 illustrates these ideas by showing examples of axis-parallel and oblique
split dictionaries over an artificial dataset. It is easy to see that many split dictio-
naries may exist for a given family of splits on any dataset. Though this may be
the case, their size remain constant. With this in mind we can directly compare the
difficulty of finding the best axis-parallel split with that of finding the best oblique

split by comparing the size of each split dictionary over a generic training set 7

(with N observations and ¢ continuous attributes) as we do now.
Starting with axis-parallel splits, though there are uncountably many splits over

each X; (X; < ¢ with ¢ € R), only a finite number of outcomes ever occur over

7. With L; unique values of X, there are exactly L; — 1 unique outcomes. The
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2.2. Towards More Interpretable Trees 22

size of the axis-parallel split dictionary over all attributes is therefore > 7  (L; —1).

As L; < N the axis-parallel split dictionary grows at worst linearly in both N and ¢.

Though it is difficult to directly compute the size of oblique split dictionaries, its
size can be shown to be exactly {237 (Lg"‘];l_l) — 2} /2 where Ly, is the number
of generally positioned” ¢g-dimensional points in 7 and is a consequence of a result®
from combinatorial geometry. Assuming Lg., ~ N (it will only be significantly
less in the unlikely event that all g-dimensional points lie in a space of much lower

dimensionality) shows that oblique split dictionaries grow extremely quickly in N

and q.

As noted in Section 1.1 N and q are often large in real-life datasets. It is therefore
not feasible in practice to find the best oblique split at each stage of tree-growth

(unlike for axis-parallel splits) and so researchers do not try.

Definition 2.2.4 (Good Split). For a given subset of splits from a split dictionary,
good splits are those that have low values of impurity relative to other splits in this

subset.

Rather than finding the best oblique split at each stage of tree-growth, good
oblique splits are instead sought. This avoids the computational explosion in the
number of splits that need to be considered. As will be seen in Chapter 3, this is

done by either

"A set of g-dimensional vectors are generally positioned if every subset of size ¢ or less is linearly
independent.

8Given Lgen generally positioned points in g¢-dimensional space, there are exactly
2 ZZ;(l) (L "eg*l) ways of partitioning them into two bins as specified by which side of a hyperplane
{z : w-x = 0} they fall. Cover [1965] extended this result to enumerate the number of ways there
are to partition points across hyperplanes of the form {z : w - f(x) = 0} for more general functions
f. Choosing f(z) = (1, ) in particular shows there are exactly 2% 7_, (L-qe]’;'_l) ways of binning
points across hyperplanes with arbitrary intercept, it includes the trivial cases where all points are
assigned to the same bin while also double counting across bins.
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- searching for the best oblique split with the intention of stopping early or

- restricting attention to a subset of the oblique split dictionary.

2.3 Low Uptake of Oblique Trees

In light of the issues mentioned in this chapter, plausible reasons why existing

approaches to growing oblique trees have not caught on are identified.

Intellectual Appeal of the Approach: In order to avoid searching over the en-
tire oblique split dictionary, existing approaches find good oblique splits in
haphazard ways. This does not give confidence to users in the suitability of

such classifiers.

Multiplicity of Trees: Some approaches for finding good oblique splits perform
stochastic searches and so produce a different tree at each attempt. Though
not necessarily a problem, no well-defined approach is given as to how one
obtains a “final classifier” from the countless that can be grown. This again

does not foster confidence.

Interpretability of Trees: Most researchers are content with simply growing full
oblique trees and so the trees that are grown are not always interpretable, i.e.

there is no advantage in using them over other classifiers.

Easily Accessible Implementations: It is difficult to obtain and apply imple-
mentations of these approaches to data, perhaps the greatest deterrent of

potential users.

This thesis seeks to address these issues by proposing an intellectually appeal-

ing approach to growing more interpretable oblique trees while providing an easily
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accessible implementation for others to use.
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Chapter 3

Existing Approaches to Growing
Oblique Trees

This chapter reviews existing approaches to growing oblique trees. As it is not
feasible to find the best oblique split at each stage of tree-growth, good oblique
splits are instead sought and done so with a view to finding them as quickly as

possible. Existing work can be categorized into two types,

Direct Search Approaches: search for good oblique splits over the entire oblique

split dictionary with the intention of stopping the search early.

Indirect Search Approaches: search for good oblique splits over some prespec-

ified subset of the split dictionary.

This chapter is organized as follows. Existing work from each category is pre-
sented separately and chronologically with direct searches in Section 3.1 and indi-
rect searches in Section 3.2. This provides a clear overview of their progression and
highlights inherent strengths and weaknesses of each approach as summarized in

Section 3.3.
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3.1. Direct Search Approaches 26

3.1 Direct Search Approaches

The approach taken by researchers who propose direct searches can be summarized

as follows,
1. a full oblique split is simply a g-dimensional hyperplane >"7 | a;X; = ¢,
2. this can be thought of in terms of its coefficients (ay, ..., a4, c) € Rt

3. by defining a goodness (badness) function for oblique splits j() over all points
in R?*! finding the best oblique split is equivalent to finding the global maxima

(minima) over j().

Though this problem is still difficult, it is hoped that stopping the search early

produces good oblique splits. Notable direct search approaches are covered in detail.

3.1.1 CART-LC: CART with Linear Combinations

Breiman et al. [1984, Section 5.2] proposed one of the earliest direct search ap-
proaches as an aside to their work on growing axis-parallel trees. Though they did
not name their approach it has come to be known as “CART with Linear Combi-

nations” (CART-LC). It can be summarized as follows,
1. starting from the best axis-parallel split (Algorithm 1),

2. look for a full oblique split with a high goodness value j() by perturbing

hyperplane coefficients (Algorithm 3),

3. “insignificant attributes” are removed in a heuristic manner from the full

oblique split so that a concise oblique split! can be applied (Algorithm 2),.

A pseudocode description of CART-LC is given in Algorithms 1-3.
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Algorithm 1 CART-LC
# Find an interpretable oblique split

Require: (a) goodness measure j()

#Scale continuous attributes
Centre each continuous attribute at its median and divide through by its in-
terquartile range

# Find the best axis-parallel split
H « best axis-parallel split

#Find a concise oblique split by considering perturbations from H®
Heoneise  Algorithm 2 CART-LC-Concise( H"*)

return the better of H** and H®""*¢ w.r.t. j()

Though CART-LC finds concise oblique splits, it does so in a highly heuristic
manner and in effect only considers oblique splits that are close to the best axis-
parallel split. As there is no reason why the global minima must reside there, oblique

splits with lower values of j() can surely be found.

3.1.2 SADT: Simulated-Annealing Decision Trees

Heath et al.’s [1993] “Simulated-Annealing Decision Trees” (SADT) improves upon
CART-LC in that it performs a less prescribed search for the best oblique split.

Their approach can be summarized as follows,
1. starting from some prespecified oblique split?,

2. hyperplane coefficients are perturbed with Unif[—0.5,0.5) random variables
under a simulated-annealing regime [Kirkpatrick et al., 1983, Cerny, 1985]

whereby perturbed hyperplanes that increase j() are always accepted while

!Breiman et al. [1984, pg. 133] were aware of the need to improve the interpretability of full
oblique trees and are one of a small group of researchers who have tried to address this issue.

2Heath et al. consider the choice of the initial hyperplane to be irrelevant. They specify it to
simply be Y°7_, X; = 1 as it is an oblique split that passes through all points +1 away from the
origin on each coordinate axis, e.g. (1,0,0), (0,1,0) and (0,0,1) when g = 3.
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Algorithm 2 CART-LC-Concise( H%%)

#Find a good oblique split by considering small perturbations from H* (via
Algorithm 3) then make it more interpretable by removing insignificant attributes

Require: (a) goodness measure j() (b) tolerance variable /3

#Find a full oblique split with a goodness value j() by perturbing H®*'
M «—{1,...,q} — attributes over which perturbations are considered
{>°,; i X; = ¢} — Algorithm 3 CART-LC-Oblique(H***¢, M)

# Improve interpretability of the oblique split found
repeat
# Calculate j() for the current oblique split

A — (3o aiXi = ¢)
# Consider the effect of removing each attribute singly
for each m € M do
#Find c,, that mazximizes j() for hyperplanes of the form ZM\m a; X; = ¢,

Am — maxe,, ](ZM\m aiXZ- = Cm)
end for

#1If within tolerance, remove the least significant attribute
if A* —max,, A, < (A* — min,, A,,) then

#Identify least significant attribute

m* «— argmin,, A,

# Remove it and update the split
Q> < 0

C “— Cp*

#Stop considering perturbations over X«
M — M\m*
else
# Accept current oblique split as the best concise oblique split
exit

end if
until exit

# Having settled with a concise oblique split, update it to further increase j()
Heeneise — Algorithm 3 CART-LC-Oblique(),, a;X; = ¢, M)

return Hconcise
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Algorithm 3 CART-LC-Oblique
# Given an oblique split as a starting point, perturb it to improve j()

Require: (a) oblique split > 7, a;X; = ¢, (b) aset M C {1,...,q} denoting which
attributes to consider perturbations over (c¢) goodness measure j() (d) tolerance
variable e

# Perturb current hyperplane until increases in j() are sufficiently small
n«—1
Label current hyperplane H,
repeat
#For each attribute m € M, consider perturbations over a,, and ¢ in H,
for each m € M do
Let v =7 a;X;, v € {-0.25,0,0.25} and 6 € R
Find (v*,0*) that maximizes j() for the hyperplane v — §(X,, +v) = ¢
# Update the split
Ay — Ay, — OF
c—c+ oY
end for

# Keeping attribute coefficients fixed, perturb ¢ to further improve j()
Find ¢* to maximize j() while keeping v fixed

# Prepare for next iteration
n«—n-+1
Label current hyperplane H,

until [j(H,—1) — j(H,)| <e¢

return H,
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those that do not are accepted with decreasing probability,

3. simulated-annealing terminates when j() remains unchanged for some pre-

specified number of iterations®.
Though SADT is able to find good oblique splits, there are still criticisms of it.

- Simulated-annealing is stochastic in nature so a different tree is grown at each
attempt. Though it can be seen as an attractive property that allows different
parts of the feature space to be investigated it leaves unanswered the question

of which tree from the multitude that can be grown should be used.

- Full oblique trees are grown and no attempt is made to make them more

interpretable.

- Each search for the best oblique split is dictated by the cooling rate of the

simulated-annealing regime. This propagates throughout tree-growth.

3.1.3 OC1: Oblique Classifier 1

Murthy et al.’s [1993, 1994, 1995, 1998] “Oblique Classifier 17 (OC1) improves upon
SADT in that it speeds up the search for each oblique split. It does so by replac-
ing the simulated-annealing regime with a non-stochastic search, all else remains
the same. For their search, hyperplanes that have converged are perturbed in a
randomly chosen direction a preset number of times and multiple random starts?

are applied to avoid local minima. A pseudocode description of OC1 is given in

Algorithms 4-6.

3Heath et al. experiment with 3000 to 30000 iterations.
4Murthy et al. experiment with perturbing converged hyperplanes 5 times while applying 20
to 50 random starts.
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Algorithm 4 OC1
#Find an oblique split with a low value of j()

Require: (a) badness measure j() (b) the number of random starts R € N

# Find the best axis-parallel split
H® « best axis-parallel split

#Find R full oblique splits with low values of j()
forrinl,..., R do

Hevaue - Algorithm 5 OC1-Oblique
end for

# Identify the best oblique split that is found
r* « argmin, j( Ho4ue)

return the better of H%#* and H" " w.r.t. j()

Algorithm 5 OC1-Oblique

#Find an oblique split with low value of j() from a random initial hyperplane

Require: (a) badness measure j() (b) the number of escape attempts from local
minima S € N (¢) a rule for indexing shyperplane coefficients I1

# Initialize a randomly chosen hyperplane
Hebave  randomly initialized (¢ + 1)-dimensional hyperplane

#Search for global minima of j() while attempting to escape from local minima
S times
for sinl,...,5 do
# Minimize j() by perturbing hyperplane coefficients as indezed by I1
repeat
Hebliaue  Algorithm 6 OC1-Minimize( H?9v q,,)
until j() converges at local minima

# Attempt to escape minima by perturbing hyperplane in randomly chosen di-
rection

R « arbitrary (¢ + 1)-dimensional hyperplane

Choose a* to minimize j() for hyperplanes Hlo%b”q“e(a) = HoMiaue 1 o R

# Accept bumped hyperplane if j() reduced
if j(HP""(a%)) < j(Haue) then

[ oblique szlique(a*)
end if

end for

return [°blique
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Algorithm 6 OCI1-Minimize
# Minimize j() by varying a,

Require: (a) Current hyperplane H (b) the index of coefficient to optimize over m

# Project training set onto X,,
for each observation in the training set do
hi < value of kth observation when evaluated on H

X em =l here X k.m 18 the mth variable of the kth observation

U <
k Xk,m

end for

# Optimize j() over univariate space
a’, < best univariate split over u;’s w.r.t. j()

# Update current hyperplane
H* Z#m a; X;+ a5, X, =c
# Accept H* under a regime that is similar to simulated-annealing
if j(H*) < j(H) then

return H*

Pmove — L stagnation

else if j(H*) > j(H) then
return H* with probability P,,,,. and H with probability 1 — P,
Pmove = Pmove - O-lpstagnation

end if
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The core of OC1 is encapsulated in Algorithm 6, it effectively approximates
a RI*t! minimization problem with a series of 1-dimensional problems which are
solved deterministically with ideas found in Breiman et al.’s CART book [1984,
pg. 171-173]. Doing so removes the overhead associated with simulated-annealing

and allows good oblique splits to be found more quickly.

As the only difference between OC1 and SADT is the way it finds local maxima
(minima), OCI still has the same weaknesses as SADT, i.e. a multiplicity of full

oblique trees that are not always interpretable.

3.1.4 Similar Work

Others have followed in Murthy et al.’s footsteps to implement alternative minimum
searching algorithms. Ideas similar to genetic algorithms [Holland, 1992] are used
by Cantu-Paz and Kamath [2000, 2003] and Tan and Dowe [2004a,b] which result in
algorithms that work in essentially the same way; “mutations” of splits (randomly
perturbing hyperplanes) are compared with j(), “fit” splits (with lower values of
impurity) are always accepted and “less fit” splits (that do not reduce impurity) are
accepted with decreasing probability. As with Murthy et al. however, no attempt

is made to address the other weaknesses of SADT.

3.2 Indirect Search Approaches

The approach taken by researchers who propose indirect searches can be summarized

as follows,

1. oblique splits are simply linear decision boundaries,

33



3.2. Indirect Search Approaches 34

2. they can therefore be found by solving classification problems with linear

classifiers,

3. by specifying a set of classification problems at each stage of tree-growth (in
effect a subset of the oblique split dictionary), tree-growth proceeds as usual

by applying the best oblique split.

It is important to note that researchers who proceed in this way are not all seeking
to grow oblique trees with binary partitioning splits and so different types of clas-
sification trees are produced. Though this may be the case, it is still interesting to

consider the ideas that are applied. We begin with two definitions.

Definition 3.2.1 (Residual Observations). Residual observations at a node are

those training set observations that fall to a node of interest during tree-growth.

Definition 3.2.2 (Residual Classes). Residual classes at a node are the classes of

residual observations that fall to a node of interest during tree-growth.

3.2.1 FACT: Fast Algorithm for Classification Trees

One of the earliest approaches that apply this idea is Loh and Vanichsetakul’s [1988]
“Fast Algorithm for Classification Trees” (FACT). FACT trains LDA classifiers to
residual observations at each node and so produces multi-way® oblique trees. As
residual classes in latter stages of tree-growth become sparse, covariance matrices
of residual observations needed to perform LDA become singular. Though solutions
still exist, Loh and Vanichsetakul choose to apply LDA to the projection of residual

observations to those principal components whose eigenvalues are greater than 0.05.

5Tests at internal nodes result in two or more child nodes.
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3.2.2 Perceptron Trees and Linear Machine Decision Trees

Utgoff’s initial work with “Perceptron Trees” [1989] was an attempt to extend per-
ceptron learning ideas [Rosenblatt, 1958] to non-linearly separable two-class clas-
sification problems® and so only apply to two-class classification problems where
observations appear in an online manner. They are grown by recursive use of per-

ceptrons” as follows,

1. a perceptron is trained to observations as they arrive and can be thought of
as a tree with two child nodes whose initial split is continually updated as

observations arrive,

2. the leaves of the perceptron tree themselves become perceptrons when the
dataset at its parent node is (heuristically) deemed to be non-linearly separa-

ble,

3. all perceptrons thoughout the tree are updated as observations arrive and

leaves are continually partitioned as required.
A perceptron tree can either be seen as
1. a method for perceptron learning on non-linearly separable data or

2. an online approach to tree-growth that produces binary partitioning oblique

trees for two-class classification problems.

Utgoft later changes focus to the latter of these by proposing “Linear Machine
Decision Trees” (LMDT) [Utgoff and Brodley, 1991, Brodley and Utgoff, 1992a,b,

Draper et al., 1994] that grows multi-way oblique trees in the normal setting (where

6A two-class classification problem is linearly separable if a hyperplane exists that partitions
all observations of one class from the other.

"A perceptron is a function that computes a linear combination of the attributes and returns
the sign of the result. It can be thought of as two-class classifier.

35



3.2. Indirect Search Approaches 36

the data arrives in batch). It does so by training thermal linear machines® [Frean,
1992] to residual observations at each stage of tree-growth. Notably, Utgoff et al.
tried to make thermal linear machines more interpretable during tree-growth though

it is done heuristically.

3.2.3 Use of Linear Programming

Brown et al. [1996] propose solving linear programming problems similar to that
of support vector machines to find oblique splits. Their approach grows binary
partitioning oblique trees. With R residual classes C = {C,...,Cg} at each node,

the following problem is considered for each class Cj,

Minimize ¢ subject to:

b+ > wy = const

The solution to this problem finds an oblique split that tries to partition observations
of class C; from those of all others. Having found R oblique splits, tree-growth
continues as usual to apply the split with the lowest value of impurity. Bennett

et al. [1993, 1997, 2000] also use linear programming to grow oblique trees.

3.2.4 P-BOT: Perceptron-Based Oblique Trees

The last approach we consider is misleadingly called “Perceptron-Based Oblique

Trees” (P-BOT) even though it uses logistic regression to find oblique splits. Axelrod

8In brief summary, a linear machine [Utgoff and Brodley, 1991] is a multiclass classifier com-
posed of several perceptrons. A thermal linear machine is a linear machine augmented to converge
even with non-linearly separable data.
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et al.’s [2005] P-BOT grows two-leveled tree-structured classifiers by concatenated

use of logistic regression and does so as follows,

1. logistic regression is trained to a classification dataset to give predictions,

2. these predictions are used to partition training set observations into smaller

subsets and so produces a multi-way tree,

3. by considering residual observations at each node as separate classification
problems; logistic regression classifiers are trained at each node to give final

predictions.

Axelrod et al.’s motivation for P-BOT was only to create two-leveled tree-
structured classifiers with more flexible decision boundaries and so no attention
was paid to making P-BOT more interpretable: all continuous and categorical at-
tributes are simultaneously used as regressors for each logistic regression classifier.
As a result the oblique splits that are found are very complicated (indicator func-

tions are used to specify the factors of each categorical attribute).

3.3 Discussion

Direct and indirect searches are fundamentally different ways of finding oblique
splits and should be seen as such; the former finds oblique splits with low values of
impurity by changing hyperplane coefficients while the latter uses linear classifiers
to produce oblique splits. As we wish to grow oblique trees with oblique splits that
(1) have “low values of impurity” (2) are easy to find and (3) are concise, we compare

each approach in this light.

Low Values of Impurity: The impurity of the final split is greatly influenced by

the set of splits that one considers. Though direct searches in theory consider
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the entire split dictionary, the impurity of the final split is highly dependent
on how such a search is implemented. The same is true with indirect searches

the only difference being the prespecification of the set of splits considered.

Computational Cost: The more splits considered the greater the computational
cost. The computational cost of a direct search depends on how the stopping
criteria is implemented while it is predetermined with indirect searches (the

set of classification problems considered is prespecified).

More Interpretable Oblique Splits: Given the stochastic nature of direct searches,
it is difficult to find concise oblique splits in ways other than heuristics. As for
indirect searches, variable selection techniques are applicable (if probabilistic
models are used to find oblique splits) though others have paid little attention

to this.

Though the ability of any approach to find good oblique splits is highly depen-
dent on its implementation, indirect searches offer greater control over computa-
tional costs while allowing well-founded variable selection techniques to be applied
to find concise oblique splits. Chapter 4 presents a new indirect search approach that
finds full oblique splits with low values of impurity and does so in a fast and intel-
lectually appealing manner. The problem of obtaining more interpretable obliques
trees is covered separately in Chapter 5 where these ideas are extended to make use

of variable selection techniques.
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Chapter 4

Oblique Splits via Logistic

Regression

This chapter presents a new approach to growing full oblique trees. It is an indirect
search approach that finds oblique splits with “low values of impurity” by using
the information contained in the class of each observation in the training set. The

question of how one obtains more interpretable oblique trees is deferred to Chapter 5.

This chapter is organized as follows. By revisiting original ideas behind tree-
growth, Section 4.1 summarizes how impurity measures are often used to find good
oblique splits. This sheds light on a family of two-class classification problems
identified in Section 4.2 that forms the basis of the new approach. Details of how
oblique splits are found from them are given in Section 4.3 followed by a summary
of the approach in Section 4.4. Examples of oblique trees grown with these ideas
are also given. Section 4.5 concludes with a heuristic argument that explains why

this approach is so effective.
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4.1 Re-examining Tree-Growth

Existing approaches seek to grow trees by applying the test that produces the “purest

child nodes” at each stage of tree-growth. To achieve this,
1. an impurity measure j() is defined that tries to quantify this idea,
2. j() is evaluated over all permitted tests,
3. the test that is deemed to be best with respect to j() is then applied.

We examine how j() is constructed to quantify the concept of “purest child nodes”.

Many approaches start by quantifying the impurity of a node. According to

Breiman et al. [1984, pg. 24] such a measure should have the following properties,

Definition 4.1.1 (Node Impurity). Let p; denote the proportion of training set
observations of class C; at a node for i = 1,..., k. Node impurity s a function

¢:(pry..,pp) — Rwithp; >0 fori=1,... .k with ), p; =1 where
1. ¢ is maximal only at the point (%, o %),
2. ¢ is minimal only at the points (1,0,...,0),(0,1,0,...,0),...,(0,...,0,1),
3. ¢ is a symmetric function of the p;’s.

That is to say, ¢ should be greatest when observed class probabilities are uni-
formly distributed over all classes and least when concentrated on a single class.

Having defined node impurity, the impurity of a split is then defined follows,

Definition 4.1.2 (Split Impurity). Given a binary partitioning test S that partitions

a proportion pr, of observations to the left child node L and a proportion pr to the
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right child node R, the impurity of a split S is given by

J(S) = pré(L) + pro(R).

This definition seems reasonable as the impurity of a split is deemed to be high
if the impurity of either child node is high. The following are commonly used mea-

sures of node (and therefore split) impurity,

Gini Index:  ¢(p1,...,px) =Dz pipj =1 — S P

Entropy:  ¢(p1,...,px) = — ZL pi log p;

Regardless of which measure of split impurity is used, existing approaches rely
heavily on j() to decide which split to apply at each stage of tree-growth. A more
directed approach to finding oblique splits that produce “purer child nodes” is pro-

posed.

4.2 Ideal Outcomes and Ideal Oblique Splits

Why look for splits that produce “purer child nodes” by blindly comparing j() over

all splits when we already have information about where they lie?

Definition 4.2.1 (Ideal Outcomes). An ideal outcome (of a test) is one where all

observations of some classes are partitioned from those of all other classes.

Given the choice, each test of a tree would produce an ideal outcome. When

there are R residual classes at a node, there are exactly 2%~ — 1 ideal outcomes®.

Definition 4.2.2 (Ideal Oblique Splits). By considering ideal outcomes as two-class

classification problems, linear decision boundaries are found when linear classifiers

2R71

!There are exactly — 1 ways of assigning R classes to two non-empty child nodes
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are trained to them. Oblique splits found in this manner are called ideal oblique

splits (or simply ideal splits).

These ideas are illustrated in Figure 4.1. With 4 residual classes, there are 7
(= 27! — 1) ideal outcomes as shown by each subplot. The titles of each plot
denotes the ideal outcome upon which it is based, e.g. {1}{2,3,4} denotes the case
where all observations of class 1 are partitioned from those of all others. Ideal splits
found with logistic regression are shown in each case. One sees that they generally
replicate their associated ideal outcomes well, the ideal split based on {1}{2,3,4}
in particular partitions most class 1 observations from those of all others as do
ideal splits based on {3}{1,2,4}, {4}{1,2,3}, {1,3}{2,4} and {1,2}{3,4}. Some ideal
outcomes however simply cannot be replicated well with oblique splits (with linear

decision boundaries), i.e. ideal splits based on {2}{1,3,4} and {1,4}{2,3}.

Regardless of which measure of split impurity used, if j() is able to quantify the
idea of “purer child nodes”, ideal splits that replicate their associated ideal outcomes
well should automatically have low values of j(). Moreover as ideal splits are defined

via ideal outcomes, they can be found directly.

4.3 Realizing Ideal Oblique Splits

As many classifiers are linear there is a choice as to how ideal splits are realized.

Other than being linear, other qualities are also desirable of such a classifier, namely,

2R—1

Inexpensive to train: as —1 problems need to be solved at each node (where

R is the number of residual classes).

Automated training: it should require minimal human input to train as we would
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Figure 4.1: An ideal outcome of a test is one where all observations of some classes
are partitioned from those of all others. With 4 residual classes, there are 7 ideal
outcomes as shown in each subplot. By considering ideal outcomes as two-class
classification problems, linear decision boundaries can be found by training linear
classifiers to these problems, such splits are called ideal oblique splits. Realized ideal
splits found using logistic regression are shown in each plot. Though ideal splits are
not always able to perfectly replicate ideal outcomes, the outcomes produced are
still very interesting.
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like tree-growth to be fully automated.
Robust: it should not be overly influenced by outliers.

Separating hyperplanes: it should be able to find separating hyperplanes where

they exist.

Applicable to well-founded variable selection ideas: though unrelated to the
problem of realizing ideal splits, the ability to remove attributes without re-

sorting to heuristics allows concise oblique splits to be found.

With these criteria in mind, we critique various linear classifiers to justify the

preference of logistic regression [McCullagh and Nelder, 1989].

Perceptron Learners: perceptron learners are conceptually simple though have
many drawbacks. They fail to converge in the presence of non-linearly sepa-

rable data and even were they to converge its training time is highly variable.

Support Vector Machines: support vector machines that allow soft-margins [Cortes
and Vapnik, 1995] overcome these weaknesses and are able to find “separating
hyperplanes” even when data is not linearly separable. It does however require
a quadratic programming problem to be solved which is computationally in-

tensive.

Linear Regression: linear regression is easy to train and well-founded variable
selection ideas are applicable. As it is not designed for classification problems
however it may fail to find separating hyperplanes where they exist. It is also

easily affected by outliers.

Linear Discriminant Analysis: LDA is easy to train. As it places strong as-
sumptions on the structure of the data however it too can fail to find separat-

ing hyperplanes where they exist and is also easily affected by outliers.
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Logistic Regression: Placing weak assumptions on the data and seeking to max-
imize a likelihood, logistic regression is a good choice for realizing ideal splits.
It is robust to outliers, a separating hyperplane is always found where one
exists and well-founded variable selection ideas are also applicable. Though
there are situations where numerical maximization of the likelihood may fail,

checks can be put in place to overcome these situations.

Accepting the use of logistic regression, attention is turned to how an expression
for the realized ideal split can be extracted from fitted models. This turns out to
be straightforward. Binomial logistic regression assumes that posterior log-odds of

one class against the other (the 2nd to the 1st say) has the following form

P(G=2|X = 1
= =

As decision boundaries are located where posterior odds are equal it is simply where
the left hand side of (4.1) is zero, i.e. an expression for the realized ideal split is

given by the right hand side of (4.1) with its plug-in maximum likelihood estimates

i=1

4.4 Growing Oblique Trees

With ideal splits in mind, oblique trees can be grown both quickly and determinis-

tically in the following way. At each stage of tree-growth,
1. 28711 ideal splits are found (where R denotes the number of residual classes),

2. the impurity of each split is evaluated to identify the best ideal split,
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3. tree-growth proceeds as usual by applying the best ideal split (with the same

stopping criteria as before).

This approach to growing oblique trees has been implemented in an R package called
oblique.tree [Truong, 2009] and is used throughout this thesis. Documentation for

all exported functions are found in the Appendix.

A function called oblique.tree() in the R package oblique.tree allows various

types of trees to be grown. They include,

1. Oblique Trees: that only consider oblique splits

oblique.tree(...,oblique.splits="only")

2. Mixture Trees: that consider both axis-parallel and oblique splits during tree-
growth (using whichever has the lowest value of impurity)

oblique.tree(...,oblique.splits="on")

3. Axis-Parallel Trees: that only consider axis-parallel splits

oblique.tree(...,oblique.splits="off")

An additional argument called split.impurity allows the measure of split impu-

rity that is used during tree-growth to be toggled between deviance and gini.

Examples of maximal trees grown to various datasets with oblique.tree()
follow (no attempt is made to improve their interpretability). The time taken to
grow each tree has also been computed (averaged over five attempts) and were

performed on a computer with an Intel Pentium 4 3.00Ghz CPU.
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Time (seconds)

Type of Tree Augmented Crabs Pima Indians

Oblique Tree 0.546 0.092
Mixture Tree 2.678 5.126
Axis-Parallel Tree 2.240 5.334

Table 4.1: This table shows the time taken to grow various trees to the augmented
crabs and Pima Indians datasets (averaged over 5 attempts). As oblique.tree()
is written in R, the code is not optimized and so considers axis-parallel splits inef-
ficiently. This however is not the case with oblique splits, the oblique tree is grown
in half a second as there are only 4 classes in the augmented crabs dataset. It is
quicker still on the Pima Indians dataset as there are only 2 classes.

4.4.1 Augmented Crabs Dataset

The original crabs dataset [Campbell and Mahon, 1974] consists of 5 morphological
measurements of 200 crabs (50 crabs of two colours from both sexes) collected at
Fremantle, W. Australia. Projecting this dataset onto its second and third princi-
pal components produces a simpler 2-dimensional dataset. This augmented crabs
dataset is interesting to consider as decision boundaries of trees grown upon it can
also be visualized. Various trees are grown to this dataset as shown in Figure 4.2.

Computation times are tabulated in Table 4.1.

Looking at Figure 4.2, it is immediate that trees grown with oblique splits are
smaller. It is also interesting to note that only 7 (= 247! — 1) splits need to be
considered when oblique splits are used as compared to the 995 ~ 199 x 5 odd
for axis-parallel splits (the mixture tree considers everything), this is reflected in
computation times in Table 4.1; the oblique tree is grown in 0.5 seconds while the
mixture and axis-parallel trees take around 2.5. A final point to note is that as
the mixture tree has more tests at its disposal, it continues partitioning where the

oblique tree would otherwise stop.

47



4.4. Growing Oblique Trees 48

Oblique Tree

Associated Decision Boundaries

1.51+ll.19Comp.2—15.07Comp.3<0

Comp.3

29.2+220.72Comp|2+44.06Comp.3<0 —3.07+7.18Comp|2-0.52Comp.3<0

Mixture Tree

1.51+1l.lQComp42—15.07Comp.3<0

©
S
£
8
Comp.2 <-0.374617 Comp.2 < 0.4492
Comp.2 </0.149344 Comp.3 </0.023281 T T T T T
Comp.2 <0.327097 | - =
Comp.340.80047 2 p-2<10.82] 1 1 2 1 0 : 2
% Comp.2

Axis—Parallel Tree

Comp.2 < 4_0'370909

b 53 3 533
< 3
o 53‘3 %33», s 3
- 4 3% Fy53%3,
4 4‘{‘ :445 3 1
. 4 44,4 4 4 1
Comp.3 < F0.495977 Comp.3 <|0.451786 g oo et B AN
S 4 4 2 pl1t, 1y 1
8 2

Comp.2 <-1.130916
=

Comp.2 k 0.4492 Comp.3 < 0.80047
3 3

Comp.2 <|0.149344

—€emp-2<0.336782
2 %‘—2 1

Figure 4.2: The augmented crabs dataset is obtained by projecting the original crabs
dataset onto its second and third principal components. Though some information is
lost, decision boundaries of trees grown to this dataset can be seen as shown above.
The oblique tree only considers full oblique splits at each stage of tree-growth, the
mixture tree considers both axis-parallel and oblique splits (applying the one with
the lowest value of impurity) while the axis-parallel tree only considers axis-parallel

splits. Looking at these trees, one immediately sees that using oblique splits allows
smaller trees to be grown.
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4.4.2 Pima Indians Dataset

The Pima Indians dataset [Smith et al., 1988] consists of 7 measurements of 532
women of Pima Indian heritage living near Pheonix, Arizona who were tested for the
presence (or lack thereof) of diabetes. A subset of 200 observations called Pima.tr
found in the MASS package in R is used as the training set (the others found in
Pima.te are used as a test set). Various trees are grown to this dataset as shown

in Figure 4.3. Table 4.1 shows computation times.

Looking at these trees, one immediately sees that the oblique tree uses much
fewer tests than the other trees (the mixture and axis-parallel trees both have 22
leaves when the oblique tree has only 5). Though one might suspect this occurs
only because the leaves of the oblique tree are less pure, examining training errors

oblique tree mixture tree, 2= axis-parallel tree); only a few

shows it is not so (23 ) o ' 300

200
oblique splits are needed to produce a tree with similar predictive power. Examining

75

test error over Pima.te shows that the oblique tree actually generalizes better (335

100
) 332

101

, 355 axis-parallel tree) as well. It is important however

oblique tree mixture tree
to note that this comparison is not fair as cost-complexity pruning is often applied

to maximal trees.

4.5 Locally Optimal Subset

As there are ) ] _ (L-"e" 1) — 1 splits in the oblique split dictionary it is surprising
that a subset of only 2%-1 —1 splits (constant in both N and ¢) can be used to grow
such good trees. The following observation explains why most splits in the oblique
split dictionary can and should be ignored which further helps to explain why ideal

splits are so good. We begin with a definition,
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Figure 4.3: The Pima Indians training set consists of 7 measurements of 200 women
tested for the presence of diabetes. Oblique, mixture and axis-parallel trees are
grown to this dataset. Though the mixture tree has the same number of leaves as
the axis-parallel tree, the oblique tree has much fewer leaves. This reduction in size
comes at only a small cost to training error.
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Definition 4.5.1 (Impurity Plot). Given a split dictionary and a measure of split
impurity j(), an impurity plot shows attained values of j() over all members of a

split dictionary.

If the outcome of two tests S; and Sy differ by only a small number of observa-
tions, 7(S1) and j(S3) will be similar in value (for sufficiently large V). In addition to
this, j() should not jump around wildly as similar splits are close to each other. We
confirm this empirically by examining impurity plots over axis-parallel and oblique

split dictionaries for the augmented crabs dataset.

Figure 4.4 shows impurity plots over axis-parallel split dictionaries for each at-

tribute of the augmented crabs dataset. Each plot is constructed as follows,

1. ¢, the cut-off point defining the axis parallel split in X; < cis varied to identify

a split dictionary over X;,
2. the impurity of each member of the split dictionary is evaluated,

3. j() is plot against ¢ and is known completely as it only changes at attained

values of X;.

Though we know j() is a step function, it evolves in a fluid manner over this
dataset. A large depression can be seen in the middle of each plot with smaller
sub-depressions also visible upon closer examination. Though peculiarities in the
dataset can cause such irregularities, they can also be attributed to situations where
one class cluster terminates or when another begins (when viewing the projected

data on Xj;).

The information shown in Figure 4.5 is more complex, it shows the lowest value
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(a) Evolution of j() over axis-parallel splits on (b) Evolution of j() over axis-parallel splits on
Comp. 2. Comp.3.

Figure 4.4: The above plots show the evolution of the deviance split impurity j()
over axis-parallel splits on the augmented crabs dataset. Both evolve in a smooth
fashion with a large depression in the middle of the range. Sub-depressions are
also visible upon closer examination. Looking at Figure 4.4(a) in particular one
sees that they occur when Comp.2 is around -0.8 (when observations of class 4
terminate and those of class 2 begin), -0.4 (class 4 terminates, class 3 begins), 0.3
(class 2 terminates, class 1 begins) and 1.2 (class 3 terminates). With Figure 4.4(b)
they occur when Comp.3 is around -0.3 (class 2 terminates, class 4 begins), -0.1
(class 1 and 2 terminate) and 0.8 (class 4 terminates, class 3 begins).
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of impurity attainable by oblique splits that pass through each point of the feature

space over the augmented crabs dataset. It is constructed as follows,

1. a 100 x 100 grid of equally spaced points is defined over the continuous portion

of the feature space R? (as ¢ = 2),

2. at each point of this grid, a restricted oblique split dictionary (whose splits

pass through this point) is identified,

3. the lowest value of impurity that is attainable by oblique splits passing through

each point is found by examining the restricted dictionary,
4. j() is plot over the grid with others points found by interpolation.

Looking at Figure 4.5, though j() is only shown approximately one sees that it does
not jump around wildly over the feature space. A great deal of structure can also be
seen in j(), it is low in areas between class clusters and high otherwise. Two valleys
are formed which means that oblique splits with two types of orientation have low

values of j().

With these examples in mind, one sees that j() does not jump around wildly over
members of a split dictionary and though many tests may exist only a small number
is of interest (for this dataset, only 7 axis-parallel splits from a total of around
398 = 2 x 199 and only 2 oblique splits from around 19900 = Y~ _, (**%") — 1),
i.e. similar splits can and should be avoided. As oblique splits with low values of
j() can also be characterized as lying in areas between contiguous class clusters,

focusing on these areas should lead us to good oblique splits; which is exactly what

ideal splits attempt to do.
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Figure 4.5: This plot shows the lowest value of the (deviance) split impurity attain-
able by oblique splits that pass through each point of the feature space over the
augmented crabs dataset. The impurity surface does not jump around wildly and
one can also see a great deal of structure; hills peak at centres of class clusters and
valleys in areas in between. Two criss-crossing valleys are formed which suggests
that oblique splits with only two types of orientations are really of interest over the
entire split dictionary.
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Chapter 5

More Interpretable Oblique Trees

Being able to grow oblique trees quickly is not enough: the end result must also be
interpretable. This chapter introduces methods for improving the interpretability

of oblique trees. They come in two forms, those applied
- during tree-growth or
- post-tree-growth.

All methods make use of well-founded variable selection ideas: possible because

ideal splits are realized with logistic regression.

This chapter begins in Section 5.1 with a recap of variable selection techniques
for logistic regression as it forms the basis for the work that follows. Methods for
obtaining more interpretable oblique trees that are applied during tree-growth are
presented in Section 5.2 with those applied post-tree-growth following in Section 5.3.

Examples are given throughout.
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5.1 Obtaining Concise Oblique Splits

As ideal splits are simply decision boundaries of logistic regression models, finding
concise oblique splits at each stage of tree-growth simply becomes an issue of ap-
plying variable selection techniques to logistic regression models. We review two

approaches for achieving this, model selection and penalized likelihood methods.

5.1.1 Model Selection

Given competing models for explaining some phenomenon, model selection provides
a formal basis by which they can be compared in the spirit of Occam’s Razor: we

want
an explanation that is as simple as possible, but no simpler.

We prefer simple models over more complex ones that fit the data “about equally
well”. Different ways of quantifying “about equally well” result in different model
selection methods.

AIC

Akaike’s “An Information Criterion” [1973, 1974] is easy to use. Given the log-

likelihood of a model (), calculate
AIC = =21(0n1r) + 2g

where éMLE is the maximum likelihood estimate of # and where ¢ is the number
of parameters in the model. Models with low values of AIC are preferred as they

generalize better to new data “on average” (the model with the lowest value of AIC
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is often chosen).

AIC is motivated by the need to obtain models that predict well to previously
unobserved observations. As training error underestimates test error, it is calculated
that 2¢ quantifies this systematic optimism in the case where the true model is

contained in the parametric family that is considered.

NIC

Murata et al.’s “Network Information Criterion” [1991, 1993, 1994] extends AIC to
quantify the systematic optimism when the parametric family is not assumed to
contain the true model'. It is motivated and used in the same way as AIC. NIC

calculates

NIC = —QZ(éMLE) + 2(]*

where ¢* = tr(KJ 1) with K = var% and J = —Eg;ég%. Though NIC is well-

founded, AIC is often used as it is easier to compute.

BIC

Schwarz’s Information Criterion, more commonly known as the “Bayesian Informa-

tion Criterion” [1978]? provides a similar result. BIC calculates
BIC = —2l(0y1E) + qlog N

where 0,75 and q are as before and where N is the size of the dataset. As with

AIC, models with the low values of BIC are preferred.

LA concise account of AIC and NIC is given by Ripley [1996, pg. 31-35].
2A concise account of BIC is given by Ripley [1996, pg. 62-65].
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Motivated from a Bayesian framework, BIC’s assumptions differ from those of
AIC. Seeking to estimate the Bayes Factor for competing models, BIC looks for
models that explain the data well rather than those that are good predictors so it in
theory neither overfits or underfits to the true model (if the true model is considered

and given enough data).

Concise Oblique Splits via Model Selection

Though motivated from different frameworks, AIC and BIC are used in the same
way, the model with the lowest value of the information criterion is chosen. Though
finding such a model is a difficult problem in itself, there are several established

ways of tackling it,

Exhaustive Search: With ¢ attributes, there are 2¢ submodels. Every submodel
is considered. Though it is possible to implement an exhaustive search for

small values of ¢, it quickly becomes infeasible for ¢ larger than 20.

Forward Search: Starting with a logistic regression model with only the intercept,
the attribute that most improves the fit is added to the model until some

stopping criteria is met.

Backward Search: Starting with all ¢ attributes, the attribute that least degrades

the fit is removed from the model until some stopping criteria is met.

Stepwise Search: Given some initial model, forward and backward searches are

simultaneously considered until some stopping criteria is met.

Though an exhaustive search is the only way to ensure that the submodel with

the lowest value of the information criterion is found, its computational cost is
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too high; approximate searches must be used. Though little differentiates them,

stepwise search from the full model is preferred for the following reasons,

1. the full model allows the oblique split that best replicates the ideal outcome

to be found,

2. stepping away from it to slightly worse splits is better than looking for it from

less informed states,

3. stepwise search offers greater flexibility without significant increase in compu-

tational cost.

5.1.2 Penalized Likelihood

Applying regression with highly correlated covariates or ill-conditioned problems
produces poor parameter estimates, they can be wildly large and fitted models gen-
eralize poorly®. Penalized likelihood methods were originally developed to tackle
these problems for linear regression [Hoerl and Kennard, 1970] and have since been

extended to logistic regression models.

In penalized logistic regression, parameter estimates are found by maximizing
an augmented log-likelihood that penalizes large coefficients (not including the in-
tercept), i.e. given the model

P(G=2|X =x)

T
- X
PG=1X=a ©@FT¢*

log

3Similar issues arise when logistic regression is applied to linearly separable data [Albert and
Anderson, 1984].

99



5.1. Obtaining Concise Oblique Splits 60

parameter estimates maximize

PL(ag,a) = l(ap,a) — AJ(a)

for some penalty function J and penalization parameter A € [0, co] with [ as before.

It is interesting to note that original maximum likelihood estimates are recovered
as A\ — 0 which is to say that épL — éMLE as A — 0. As A — oo, parameter

estimates are shrunk to zero as governed by the choice of J. Popular choices include,

L2 Ridge Penalty where J(a) = > 7 , a?
It can be shown [Cessie and Houwelingen, 1992] that parameter estimates are
shrunk to zero in a continuous manner when the L2 penalty is used (parameter

estimates are nonzero until A = oo upon which they all become zero).

L1 Lasso Penalty where J(a) = >"7 | |a;]
Tibshirani introduced the lasso to linear regression [1996] where it was ob-
served that parameter estimates are shrunk to zero in a nonlinear manner
(some become zero before others). Similar behaviour has also been observed
for logistic regression by Park and Hastie [2007] and Hastie et al. [2008] who

compute entire paths traced by parameter estimates as A varies from 0 to co).

Figure 5.1 illustrates how parameter estimates are shrunk for different choices of J.

As fitting penalized likelihood models with the L1 penalty exhibits behaviour
that is similar to variable selection it often used for this task. Performing variable
selection then becomes a problem of choosing the “right value” of A which we now

consider.
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Figure 5.1: Penalized logistic regression finds parameter estimates by maximizing
PL(ap,a) = l(ap,a)—AJ(a) for some penalty function J and penalization parameter
A > 0. The choice of J determines how parameter estimates approach zero as A —
o0o. The above plots show paths traced out by parameter estimates against attained
values of J when L2 and L1 penalties are used (computed using the R package
glmnet [Hastie et al., 2008]). For the L2 penalty, it can be analytically shown that
parameter estimates are shrunk to zero continuously as seen here (coefficients do
not reach zero until A\ = 00). The L1 penalty however focuses on removing one
attribute at a time and so shrinkage occurs non-linearly. As such, L1 penalized
logistic regression is often used for variable selection.
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Concise Oblique Splits via Penalized Likelihood

Definition 5.1.1 (Transition Points of A). When fitting L1 penalized likelihood
models, transition points of the penalization parameter A\ are those values where

attributes enter or leave the fitted model.

The only submodels that are considered are those that occur at transition points
of A which are easy to identify with Hastie et al.’s glmnet [2008] or Park and Hastie’s
glmpath [2007] R packages?). Among these, the transition point that produces the
submodel that best generalizes is chosen. Though cross-validation is often used for
this task, model selection ideas can also be applied to avoid additional computation

which we now elaborate on.

In the case of non-maximum likelihood estimates, NIC and Moody’s “effective
number of parameters” p.;; [1991, 1992]° can be used for this task. Park and Hastie

[2006] propose computing

IC = =21(BpL(N) + cp x edf

where [ and p;, are as before, cp is some complexity parameter and edf is a measure
of the effective degrees of freedom [Hastie and Tibshirani, 1990] of the penalized
model. /C' is used as an information criterion as before so ¢p € {2,log N}. Rather
than computing Moody’s p.ss Park and Hastie simply approximate it by ¢. They
justifying it as follows. Zou et al. [2007] show that edf is exactly equal to ¢ for
L1 penalized linear regression models when considered in Stein’s framework for

unbiased risk estimation [1981]. As Orre and Op; are similar, they approximate

4glmpath approximates the paths of parameter estimates with piecewise constants. It is exact
at transition points of A.
5See Ripley [1996, pg. 35 and 140).
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edf by ¢ for L1 penalized logistic regression models as well (claiming that it performs

well under simulation studies).

5.2 During Tree-Growth

As concise oblique splits are more interpretable than full oblique splits, trees grown
with concise oblique splits should automatically be more interpretable. Though the
idea is simple, complications arise with its implementation which are fortunately

easy overcome. They include,

2f=1 _ 1 Ideal Splits
Applying variable selection to find a single concise oblique split is easy, doing
it 2%-1 — 1 times becomes expensive. To reduce the cost of applying concise
oblique splits, the only concise oblique split that is considered is the one found

from the best ideal split®.

Overly Concise Splits
Applying variable selection to an ideal split can render it illegal (the child
node threshold of the stopping criteria mentioned in Section 2.1.2 is satisfied).
As this is simply an artifact of the rules of tree-growth, applying a less concise
split (found by accepting a larger value of the information criterion or a smaller

value of \) suffices.

The R function oblique.tree() used to grow full oblique trees in Chapter 4

can also be used to grow more interpretable oblique trees in this manner. It does

SWe justify this computational shortcut as follows. The impurity of an ideal split is indicative
of the linear separability of the ideal outcome upon which it is based. Ideal splits with high values
of impurity are likely to be based on ideal outcomes that simply cannot be partitioned well with
linear decision boundaries (as seen in Figure 4.1). If a full oblique split has a high value of impurity
it is unlikely a concise oblique split found from it will have a low value of impurity. We examine
the viability of this computational shortcut in Section 6.4.
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so as follows, at each stage of tree-growth,
1. the impurity of all 28=! — 1 ideal splits are evaluated,
2. the best ideal split is found,

3. variable selection is applied to this split to find the most concise oblique split

that does not satisfy the child node threshold,
4. the concise oblique split found is applied and tree-growth proceeds as usual.

An argument called variable.selection specifies how variable selection is to be

applied (defaulting to "none" which grows full oblique trees).

5.2.1 via Model Selection

Trees grown by considering concise oblique splits found by applying model selection

to the best ideal split are called model selection trees.

oblique.tree(...,variable.selection="model.selection.aic")
grows model selection AIC trees that apply model selection with AIC while
oblique.tree(...,variable.selection="model.selection.bic")

grows model selection BIC trees that does the same with BIC.

Figures 5.2 and 5.3 show model selection trees grown to the augmented crabs
and Pima Indians datasets respectively and compares them with full oblique trees,
Table 5.1 shows their computation times. Looking at decision boundaries of model
selection trees in Figure 5.2 one sees that concise oblique splits applied make sense;

the initial split is retained while latter splits are replaced with concise oblique splits
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Full Oblique Tree Associated Decision Boundaries
1.51+11.1900mp.?—15.07Comp.3<0

Comp.3

29.2+220.72Comp|2+44.06Comp.3<0 -3.07+7.18Comp|2-0.52Comp.3<0

Model Selection AIC Tree

1.51+11.1900mp.?—15.07Comp.3<0

Comp.3

Comp.2 <-0.374607 Comp.2 <|0.396348

Model Selection BIC Tree
1.51+11.1900mp.?—15.07Comp.3<0

Comp.3

Comp.2 <-0.374607 Comp.2 <|0.396348

Figure 5.2: Model selection trees are grown to the augmented crabs dataset and
compared with the full oblique tree. Looking at decision boundaries of the full
oblique tree, one sees that latter splits partition observations well though little
would be lost were axis-parallel splits instead used. This is done by both model
selection trees. Training set observations are partitioned very well.
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Full Oblique Tree
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Model Selection BIC Tree
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v —4403.96+91.85npreg+7.53glu—21.03bp+25.49skin+104.13bmi-1131.34ped<0
es [¢}

Yes

Figure 5.3: In the above plots, the depth of the lines between each node represent
the reduction in deviance that results when such a split is applied. All three trees
have similar tree structure, the initial split produces a large reduction in deviance
and subsequent splits follow with smaller reductions. The structure of the model
selection AIC tree in particular is identical to that of the full oblique tree, this
suggests that splits from the full oblique tree are replicated well by concise oblique
splits. The structure of the model selection BIC tree however differs, its initial split
is so concise that additional splits are required in subsequent nodes. Both model
selection trees use around half of the available attributes at each node and are more
interpretable as a result.
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Time (seconds)

Type of Tree Augmented Crabs Pima Indians

Full Oblique Tree 0.548 0.096
Model Selection AIC Tree 0.816 1.266
Model Selection BIC Tree 0.800 1.792

Table 5.1: This table shows the time taken to grow model selection trees to the
augmented crabs and Pima Indians datasets (averaged over 5 attempts) and com-
pares them to the time taken to grow a full oblique tree. As model selection is only
applied to the best ideal split at each stage of tree-growth, concise oblique trees are
grown quickly.

even though the child nodes they produce are less pure (test error becomes more im-
portant than training error). Though the same tree is grown irrespective of whether
AIC or BIC is applied, one sees that its choice is important for trees grown to the

Pima Indians dataset in Figure 5.3; splits applied by the model selection BIC tree

are more concise.

Looking at Table 5.1 one sees that model selection trees are grown quickly. The
difference between the times taken to grow full oblique and model selection trees
depend on the dataset. As the Pima Indians dataset has 7 continuous attributes,
applying a stepwise search from the full model is more computationally intensive
than the augmented crabs dataset with only 2. The difference would be much higher

were it not for only considering concise oblique splits from the best ideal split.

5.2.2 via Penalized Likelihood

Trees grown by considering concise oblique splits found by applying L1 penalized

logistic regression to the best ideal split are called lasso trees.

oblique.tree(...,variable.selection="lasso.aic")
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Type of Tree Time (seconds)
Full Oblique Tree 26.128
Lasso AIC Tree 27.132
Lasso BIC Tree 36.568

Table 5.2: This table shows the time taken to grow lasso trees to the E. Coli dataset
[Horton and Nakai, 1996] (averaged over 5 attempts) and compares them to the time
taken to grow a full oblique tree.

grows lasso AIC trees that choose the penalization parameter A\ with AIC while

oblique.tree(...,variable.selection="lasso.bic")

grows lasso BIC trees that does the same with BIC.

Figure 5.4 shows lasso trees grown to the E. Coli dataset [Horton and Nakai,
1996] and compares them with the full oblique tree. Computation times are shown
in Table 5.2. The E. Coli dataset consists of 7 measurements of 336 E. Coli protein
sequences from 8 classes (5 of which represent 97% =~ % of the data, namely cp,
im, pp, imU and om). Each tree is shown with uniform spacing between nodes to
show each split more clearly. Though the structure of lasso trees is similar to that

of the full oblique tree, they are much easier to understand as each split is more

concise (especially so when BIC is used).

Looking at Table 5.2 one sees that the time taken to grow the full oblique tree is
longer than in previous examples. This is simply due to the fact that observations
come from more classes and so more ideal splits are considered at each node. Though
this may be the case, 26 seconds is acceptable. The time taken to grow lasso trees

is slightly inflated due to the efficiency of the path searching algorithms.
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Full Oblique Tree
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Figure 5.4: In the above plots, each tree is shown with uniform spacing between
splits to show the splits more clearly. Looking at the structure of each tree, one sees
they are very similar (lasso trees omit only one split). Splits applied by lasso trees
are concise and are especially so when BIC is used. The training errors of each tree
(full oblique tree 2=, lasso AIC tree - and lasso BIC tree ) show that little

336" 336 336
predictive power is lost even though more interpretable trees are obtained.

69



5.3. Post-Tree-Growth 70

5.3 Post-Tree-Growth

Though growing trees with concise oblique splits results in more interpretable oblique
trees, what can be done if resulting trees are still not sufficiently interpretable? As
the interpretability of a tree depends on the interplay between how observations of
different classes are distributed and the splits that are used to partition them, little
can be done other than using more complex splits unless we are willing to sacrifice
the predictive accuracy of a tree. Given an oblique tree, post-tree-growth meth-
ods produce more interpretable oblique trees by extending cost-complexity pruning

ideas to oblique trees.

5.3.1 Tree Pruning

Though originally developed for axis-parallel trees, cost-complexity pruning is equally
applicable to oblique trees (Ripley’s proofs [1996, pg. 221-224] do not require splits
to be axis-parallel). To recap, for any given k cost-complexity pruning looks for

rooted subtrees that minimize

Ri(T) = R(T) + k size(T), (5.1)

The complexity of a CART tree is measured by counting its leaves (or equiva-
lently 1 plus the number of splits). Though this may be reasonable for axis-parallel
trees (adding a split to any part of the tree reduces its interpretability equally), it
is not so for oblique trees (a tree will be less interpretable if it applies full oblique
splits rather than concise oblique splits). As Ripley’s proofs only require size(T') to
be an increasing function of the number of nodes, we generalized size(T") to oblique

trees as follows.
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For each internal node I of a tree, let
attr(I) = # attributes used by the split at [

(this does not including the intercept), then define

comp(T) =1+ Z attr(I).
internal nodes of T
comp(T) generalizes size(T') to take into account the complexity of each split of a
tree and coincide in the case of axis-parallel trees. Figure 5.5 computes its value for

several trees to illustrate.

comp(T) penalizes leaves that arise from oblique splits more heavily than those
from concise oblique splits. Though the axis-parallel tree in Figure 5.5 has 9 leaves,
it has the same value of comp(T') as the mixture tree with only 8 leaves (as it applies
an oblique split at its root node). This contrast is more pronounced for trees grown
to the Pima Indians dataset. As comp(T') is better able to quantify the complexity
oblique trees, it is more appropriate to cost-complexity prune with comp(T') rather

than size(T).

The R function prune.oblique.tree() implements this idea. An argument

called penalty allows users to toggle between each measure of tree complexity.
prune.oblique.tree(...,penalty="complexity")

cost-complexity prunes with comp(T") while

prune.oblique.tree(...,penalty="size"
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Figure 5.5: comp(T') is a measure of tree complexity that takes into account the complexity of each split of a tree. We
calculate it for trees grown to the augmented crabs and Pima Indians datasets. For the axis-parallel tree in the top-left,
comp(T) = size(T) = 9. Though the mixture tree below it has one less leaf, it uses an oblique split in its root node so its
value of comp(T) is also 9. For trees grown to the Pima Indians dataset, though size(T') = 5 for both trees comp(T) is
inflated. The full oblique tree has a comp(T') value of 29 as it uses all 7 attributes at each node, the model selection AIC
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does the same with size(T).

The painters dataset found in the MASS package in R consists of 4 subjective
scores (on a 0 to 20 integer scale) of 54 classical painters and is attributable to an
Eighteenth century art critic called de Piles. Tree sequences found by pruning a
model selection AIC tree grown to this dataset with either measures of complexity
are shown in Figures 5.6 and 5.7. Rooted subtrees that minimize Ry(T) as k varies
over R are shown. Though both tree sequences start by pruning the same oblique

split, they differ in latter stages.

5.3.2 Tree Trimming

Though growing trees with concise oblique splits allow more interpretable oblique
trees to be found, one has little control over just how concise splits actually are.
As the interpretability of a tree is highly dependent on the splits that are applied,
tree trimming forces the splits of a tree to become more concise while keeping the
structure of a tree fixed (this is analogous to cost-complexity pruning which instead

keeps splits fixed while changing the structure of the tree).
Definition 5.3.1. T°" is a concise subtree of T if

1. 1ts tree structure is contained within that of T' and

2. its splits are composed of a subset of those attributes used by T

Figure 5.8 shows concise subtrees of a small tree to illustrate this idea.
Given a tree T, tree trimming tries to look for concise subtrees of T" with low

values of

Ry(T) = R(T) + h comp(T),
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Figure 5.6: The above plot shows the tree sequence found when a model selection
AIC tree grown to the painters dataset is pruned with the size(T') measure of

complexity.
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Figure 5.7: The above plot shows the tree sequence found when a model selection
AIC tree grown to the painters dataset is pruned with the comp(T) measure of

complexity.

75



5.3. Post-Tree-Growth 76

5x,+3x,<2
2x,+5x,<5 '7 leaf]

leaf leaf]

3x,<1 3x,=1 3x,=1 3x,<1
3x,+4x,<2 '7 leaf 4x,<5 3x,<4 lea
leaf leaf] leaf leaf leaf

leaf]

_,,
o
]

=4
o}
o]

=4

Figure 5.8: Concise subtrees of a tree are those that have the same tree structure and
whose splits are composed of a subset of those attributes used by T', the parameter
values need not be the same. All concise subtrees of the oblique tree in the top-
left are shown. Though it is an artificial example, one sees that the number of
concise subtrees of a tree is potentially large especially if many attributes are used
by oblique splits.
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more interpretable trees are sought at the lowest cost to predictive power.

Though easy to state, the elegant theory of cost-complexity pruning that allows
efficient navigation of the trees of interest no longer hold (computational shortcuts
afforded by the nested nature of rooted subtrees are no longer present). A greedy

search is proposed to find concise subtrees of T with low values of Ry, (7).

At each internal node t of a non-trivial tree T, let T; be the subtree rooted at
t and T7°" be a concise subtree of 7; whose split at ¢ uses fewer attributes than 7;
(the others remaining unchanged). Consider

R(Ty") — R(Th)
comp(T;) — comp(TEo™)

g(Ty", T;) =

g(Tfem, Ti) compares the increase in R with the reduction in complexity that results
when a more concise split is applied at t. By replacing the subtree at the node with
the lowest value of g(7y°", T;) with its associated concise subtree, T is made more
interpretable. Tree trimming performs this recursively until the tree can no longer

be trimmed.

Though tree trimming is already highly restrictive of the concise subtrees it con-
siders, there is still a great deal of freedom as to which concise subtree is considered
at each internal node. Variable selection techniques can be used as 77" only differs
from T; in the split at ¢. In particular we use L1 penalized logistic regression as it
allows oblique splits that range from the full oblique split to the constant predictor
to be identified by just varying A. Furthermore, if the constant predictor is consid-

ered to be a “split”, T; is effectively collapsed into a leaf (complete trimming), the
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tree structure is retained if it is not (partial trimming). Either way, tree trimming
produces a sequence of concise subtrees from which the one that best generalizes

can be found and used.

The R function trim.oblique.tree() implements this idea. An argument
called trim.depth controls whether trimming is partial or complete while an

argument called trim.impurity specifies how R(7T) is to be measured.

trim.oblique.tree(...,trim.depth="partial")
trims trees until splits become axis-parallel while
trim.oblique.tree(...,trim.depth="complete")

trims trees until splits become leaves.

Tree trimming is illustrated in Figures 5.9 and 5.10. Figure 5.9 shows the trim
sequence that is found when a model selection AIC tree grown to the Pima Indi-
ans dataset is partially trimmed. One sees that the trim sequence becomes more
interpretable with each trim while the structure of the trees remains the same. It
is interesting to note that as this happens, training set observations are allocated
to different leaves of the tree so some splits may become redundant temporarily.
Complete tree trimming however has the ability to simply prune away subtrees as

seen in Figure 5.10.

Figure 5.11 examines training and test errors of concise subtrees from the com-
plete trim sequence. Though training error increases as trees become more concise,
test error (evaluated over Pima.te) broadly stays the same before dipping and

increasing sharply. This suggests that the concise subtree with comp(T) = 7 gener-

78



5.3. Post-Tree-Growth

79

comp(T) =17
9.94-0.1npreg-0.03glu-0.08bmi-1.81ped-0.04age<0

comp(T) = 16
9.94—0.1npreg—0.039Iu—0.<|)8bmi—1.81ped—0.04age<0
t

comp(T) =15
9.11—0.07npreg—0.039!u—0.09bmi—0.04age<0
t

18.43-0.22npreg+0.04glu-0.17bmi-5.05|

ped-0.06age<0

18.43-0.22npreg-0.04glu-0.17bmi-5.05ped—-0.06age<0 18.43-0.22npreg10.04glu-0.17bmi-5.05ped-0.06age<0 ‘3'9&_ <!
9.8-0.04glu=f i=0 07age<0 593 = e<0 133~ age<0
13 3—9\105glu—0 0 lage<0 13.3-0.05g1u=0.0f age<0 Yes
Yes
Yes No
Yes No ves No Yes No Yes No Yes No
comp(T) = 14 comp(T) = 13 comp(T) = 12

8.1—0.03g|u—0.0§bmi—0.04age<0 5.37—0.03g|\|1—0.02age<0 5.37—0.03gIL‘|—0.02age<0
t t t

18.43-0.22npreg10.04glu-0.17bmi-5.05ped-0.06age<0 18.43-0.22npreg+0.04glu-0.17bmi-5.05ped-0.06age<0

18.43-0.22npreg-0.04glu-0.17bmi-5.05ped—0.06age<0

3-93‘ © 9 5.93=0.03glli=0 0dage q 5.93=0.03glli—
13.3=0105g1u=0. age<0 13.3-0.05glu—0.0pbmi—0.13age<0 6.63-0.03ylu-0.06age<0
Yes Yes Yes es o
Yes No
Yes No Yes No Yes No Yes No
comp(T) =11 comp(T) =10 comp(T) =9

5.37-0.03glu-0.02age<0 5.37-0.03glu-0.02age<0 glu < 149.988934
f f f

18.43-0.22npreg+0.04glu—0.17bmi-5.05|

5
Yes gwes :

ped-0.06age<0

18.43-0.22npreg-0.04glu-0.17bmi-5.05ped-0.06age<0 18.43-0.22npreg-10.04glu-0.17bmi-5.05ped-0.06age<0

5.93=0.03glli—0 04age<0 glu<i 50855 95567
Yes  glu<183.692567 No glu < 183.692567
No No No No
Yes No Yes No Yes No
comp(T) =8 comp(T)=7 comp(T) =6
glu < 149.988934 glu < 149.988034 glu < 149.988934
t t t
5.58-0.05npreg-0.01glu-0.1bmi-J.01age<0
gu< 17 5 2.37-0.01glu-0| 06bmifoage<8,h'l <17{.750855
Yes gﬁ%@“ T I=TBR 692567 1.95-0.01g1§—0.05bmi<0 glu < 17.759855
Yes Yes Yes M QU=IBR 692567
Yes Yes Yes
No No No No No No
comp(T) =5
glu < 149.988934
T
lu < -113.85706 lu < 1747598
e e il
No No

Yes

Figure 5.9: Partial tree trimming forces splits of a tree towards axis-parallel splits
and is applied to a model selection AIC tree grown to the Pima Indians dataset.
Training set observations are allocated to different leaves of the tree as splits become
more concise. As the tree structure is retained, some splits may temporarily become
redundant as seen with the oblique split immediately right of the root node. Concise
subtrees with comp(T) = 13,...,10 simply pass training set observations to the
right child node.
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Figure 5.10: Complete tree trimming forces splits of a tree into leaves and is applied
to the same tree in Figure 5.9 for comparison. Complete tree trimming differs from
partial tree trimming in that axis-parallel splits are also considered for trimming, i.e.
it can effectively prunes the tree. Though concise subtrees comp(T) = 17,...,11
are identical to those of the partial trim sequence, they differ from there on.
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Figure 5.11: The above plots show misclassification rates for concise subtrees from
the complete trim sequence over the Pima Indians training and test sets. Though
training error increases as trees become more concise, test error broadly stays the
same until comp(T) = 7 where it dips before jumping sharply. This suggests that
the concise subtree with comp(T') = 7 generalizes best among all concise subtrees
found when trimming completely.
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alizes best over all concise oblique subtrees found when trimming completely.
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Chapter 6

Further Considerations on

Tree-Growth

Having proposed a new approach to growing oblique trees as well as various ap-
proaches to making them more interpretable, this chapter reflects on some of the
finer details of its implementation. Section 6.1 begins with a discussion on how
these approaches might be used to produce more interpretable oblique trees. As the
proposed approach to tree-growth relies on the ability of ideal splits to find oblique
splits with low values of impurity, Section 6.2 considers situations where they might
fail to do so. Section 6.3 continues to analyze the computational complexity of these
approaches and Section 6.4 concludes by analyzing the viability of a computational

shortcut that is taken when growing concise oblique trees.

6.1 Obtaining More Interpretable Oblique Trees

Two types of oblique trees and various approaches to making them more inter-

pretable are proposed. These include,
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Types of Trees

- Oblique Trees

- Mixture Trees
During Tree-Growth:

- Model Selection AIC/BIC Trees

- Lasso AIC/BIC Trees
Post-Tree-Growth:

- Tree Pruning

- Complete/Partial Tree Trimming

Approaches that produce more interpretable trees applied during tree-growth are
complementary to those that are applied post-tree-growth. In addition, tree pruning

is complementary to tree trimming. How should one proceed with so many options?

As seen in examples, the effectiveness of each approach is problem dependent. As
a full oblique tree is the best possible representation of the data with oblique splits,
concise oblique trees should be compared to it before post-tree-growth methods are
applied. If the full oblique tree is complicated, it is unlikely that highly interpretable
oblique trees will be found. Having settled with a tree, tree pruning and trimming

should then only be seen as tools for marginally improving its interpretability.

6.2 Poor Ideal Oblique Splits

The success of the proposed approach to growing oblique trees relies on the ability

of realized ideal splits to have low values of impurity. As ideal splits are found via

84



6.2. Poor Ideal Oblique Splits 85

logistic regression models, ideal outcomes that are linearly separable will always
be perfectly reproduced. It was also shown in Figure 4.1 that when there is slight
overlap between contiguous class clusters, realized ideal splits still have low values
of impurity. We consider more extreme cases here to see where they might fail to

do so, these include

Overlapping Class Clusters: when there is significant overlap of class clusters
Irregular Class Clusters: when contiguous class clusters are irregular
Disjoint Class Clusters: when classes appear with multiple clusters

Two-class problems (with equal numbers of observations of each class) are consid-

ered in each case.

To demonstrate how ideal splits perform in each case, an impurity plot showing
the lowest value of impurity that is attainable by oblique splits passing through each
point of the feature space is shown along with decision boundaries of a full oblique
tree grown to this data (the initial split is shown by a solid line and subsequent

splits by dashed lines).

6.2.1 Overlapping Class Clusters

There are many ways class clusters can overlap which in turn affects how ideal splits

are realized. Figure 6.1 considers various generic cases.
Looking at associated decision boundaries in Figures 6.1(a)-6.1(c), one sees that

realized ideal splits that are found are interesting. When class clusters fully overlap

however as shown in Figure 6.1(d), the ideal splits that are found do nothing of
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Figure 6.1: Overlapping (contiguous) class clusters are a small step away from
linearly separable (contiguous) class clusters. Various cases are considered as the
shape of class clusters affects how ideal splits are realized. Impurity plots for oblique
splits are shown for each case as well as the decision boundaries of a full oblique tree
grown to this data (the initial split is shown by a solid line and subsequent splits
by dashed lines). In Figure 6.1(a), the initial split replicates the ideal outcome well
as is true in Figure 6.1(b). In Figure 6.1(c) however the initial split no longer has
a low value of impurity, applying it does however allow subsequent nodes to be
partitioned well. In Figure 6.1(d), no oblique split could possibly replicate the ideal

outcome as class clusters fully overlap. The ideal splits that are found do no better
or worse than can be expected of them.
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Figure 6.2: With irregular (contiguous) class clusters in two-class classification prob-
lems, many situations can be likened to the above situations. With a partially
encircled class in Figure 6.2(a), the initial split has a low value of impurity. This
is not the case however when one class is completely encircled by the other as in
Figure 6.2(b); the initial split has a high value of impurity. It is interesting to note
that this happens when the ideal outcome upon which it is based simply cannot be
replicated well with oblique splits.

value though nothing can and should be expected of them in such a situation. The
only surprise occurs with the initial split in Figure 6.1(c). Though applying it allows
an interesting oblique tree to be grown, it has a high value of impurity and the child

nodes it produces are not purer. It is interesting to note however that the ideal

outcome upon which it is based simply cannot be reproduced with oblique splits.

6.2.2 Irregular Class Clusters

Two situations are identified for irregular (contiguous) class clusters, the complete

and partial encirclement of one class by the other.

With partial encirclement in Figure 6.2(a) the initial split that is found has a
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low value of impurity. With complete encirclement in Figure 6.2(b) however the
initial split fails to produce purer child nodes (applying it does however allow child
nodes to be partitioned well). It is interesting to note that this again happens when

the ideal outcome simply cannot be replicated well with an oblique split.

6.2.3 Disjoint Class Clusters

More extreme cases are considered here. Classes appear with multiple clusters in
such a way that they simply cannot be partitioned with oblique splits. A problem
that is similar to XOR is considered as well as situations where class clusters appear

alternatively.

Looking at decision boundaries in Figures 6.3(a)-6.3(c), one sees that initial splits
that are found are intuitively appealing and that the trees that are grown explain
the structure of the data well. Though this may be the case, closer inspection reveals

that all initial splits have high values of impurity.

6.2.4 Summary

Having considered various artificial two-class classification problems, one sees that
ideal splits realized with logistic regression have low values of impurity when ideal
outcomes upon which they are based can be replicated well with oblique splits and
fail to do so when they are not. It is comforting to see however that even in such
cases, applying such a split paves the way for subsequent splits to partition the data

well.
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Figure 6.3: Situations where observations of each class appear with multiple clusters
that simply cannot be partitioned well with oblique splits are considered. The initial
split in Figure 6.3(a) (XOR) makes sense though it has a high value of impurity.
Its use however allows subsequent nodes to be easily partitioned. The same occurs
in Figures 6.3(b) and 6.3(c) (unbalanced and balanced alternating classes).
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6.3 Complexity Analysis

Having proposed various approaches of growing oblique trees (full oblique, model
selection and lasso trees), we analyze their computational limitations. As the time
taken to grow an oblique tree is highly variable, we instead focus on the complexity
of partitioning a single node. There are three ways that a dataset can become more

complex when partitioning over continuous attributes,
- N — oo, the number of observations increases
- ¢ — 00, the number of continuous attributes increases
- k — oo, observations come from more classes

As shown in Section 2.2.2 the number of splits that need to be considered to
partition a node with axis-parallel splits is O(Ngq). For oblique splits, though the
number of splits that need to be considered is bounded above by 2¥~! — 1, we also
need to factor in the cost of realizing each ideal split. We thus turn our attention

to the complexity of fitting binomial logistic regression models.

Seeking to maximize a likelihood, logistic regression models are fit by iterative
methods as closed form solutions do not exist for maximum likelihood estimates [Mc-
Cullagh and Nelder, 1989]. The Newton-Raphson algorithm is applied which gives
an algorithm better known as iterative reweighted least squares (IRLS). It work as

follows, letting
y € RY denote the vector of binary class classifications (0 or 1),
X € RV*(@+1) denote the design matrix (with a column of leading 1’s),

p € RY denote the vector of fitted probabilities with ith element p(x;; 3°¢) and
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W € RV*N denote a diagonal matrix with elements p(z;; 3°9)(1 — p(z;; 5°9))

each iteration of IRLS requires

(X"WX) g™ = X" Wz (6.1)

to be solved for 3"* where z = X3°¢ + W~1(y — p). This is done by QR factor-
ization in the oblique.tree R package' at a cost of O(Ng?). With this in mind, the
complexity of applying full oblique splits is O(Ng¢? - irrrs - 2¥) where irgprs is an

upper bound on the number of iterations of IRLS.

When finding concise oblique splits, complexity depends on how variable selec-

tion is applied.

Model Selection: as a stepwise search is only applied to the best ideal split, com-
plexity is given by O(N¢? - irprs - max {2, i;c }) where i;c is an upper bound

on the number of stepwise searches applied to the best ideal split.

Penalized Likelihood: as penalized models at all transition points of A of the
best ideal split need to be identified, complexity is given by O(N¢? - irrrs -
max {2’“,2')\}) where 7y is the cost of tracing entire paths of parameter esti-

mates relative to the cost of a single logistic regression fit2.

Where IRLS converges [Albert and Anderson, 1984, Santner and Duffy, 1989], 3-4
iterations normally suffice so i;rrs is often negligible. In addition to this, the im-

pact of i;¢c and 7, on complexity is mitigated as variable selection is only applied

Logistic regression is fit using glm() from the stats R package which solves (WX) g% = Wz
by QR factorization.

2Hastie et al. [2008] claim i) ~ 1 when glmnet is used, i.e. the cost of evaluating entire paths
of parameter estimates with glmnet () is similar to that of a single logistic regression fit. When
using Park and Hastie’s [2007] glmpath, iy < q. For ease of implementation the oblique.tree R
package uses the latter of these.
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Complexity
Axis-Parallel Splits O(Nq)
Full Oblique Splits O(N@* -irrps - 2%)
Concise Splits via Model Selection O(Nq? - irgrs - max {2’“, izc})
Concise Splits via Penalized Likelihood | O(Ng? - i;prs - max {2’“, z,\})

Table 6.1: This table tabulates the complexity of partitioning a node with various
types of splits. It is immediate that exponential growth in & is the limiting factor
of the proposed approach to tree-growth.

to the best ideal split (we examine the viability of this computational shortcut in

Section 6.4).

Table 6.1 summarizes the complexity of proposed approaches and compares it
with axis-parallel splits. From this one sees that exponential growth in k£ is the
limiting factor (quadratic growth in ¢ and linear growth in N is manageable), i.e.
the proposed approach to growing oblique trees is still applicable to large datasets
though subject to observations coming from a small number of classes. When k =
17, at most 65535 (= 2171 — 1) ideal splits need to be evaluated at each node.
This increases to 131071, 262143 and 524287 when k£ = 18,19 and 20 respectively
which is large though computationally feasible. As many classification problems
have observations that come from fewer than 10 classes (as noted in Section 1.1),

the proposed approach to growing oblique trees is applicable to many problems.

6.4 Finding Concise Oblique Splits

When growing more interpretable oblique trees, concise oblique splits are found by
applying variable selection techniques to the best ideal split. This computational

shortcut was justified as follows,

1. the impurity of an ideal split is indicative of the linear separability of the ideal
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outcome upon which it is based,

2. if an ideal split has a high value of impurity, it is unlikely that a concise oblique

split based on the same ideal outcome will have a low value of impurity,

3. as such, concise oblique splits are found from the best ideal split as it has the

lowest value of impurity.

We consider how impurity of ideal splits change when variable selection techniques

are applied to ascertain the validity of this claim. For each dataset considered,
1. the impurity of each ideal split is evaluated,

2. variable selection techniques are applied to find the associated concise oblique

split from each split,
3. the impurity of each concise oblique split is evaluated.

Figure 6.4(a) shows how impurity changes when variable selection techniques
are applied to ideal splits that partition the glass fragments dataset. Found in the
MASS package in R, the glass fragments dataset consists of 9 measurements of
214 observations that come from 6 classes (so there are 31 = 267! — 1 ideal splits
in all). Each subplot shows how impurity changes when different forms of vari-
able selection are applied. Looking at each subplot, it is immediate that concise
oblique splits found from the best ideal split (shown in red) still have low values
of impurity regardless of which form of variable selection is applied. One also sees
that the change in impurity is greater when variable selection is applied with BIC
(whether via model selection or penalized likelihood) though the change is gener-

ally small. This is to be expected as the splits produced with BIC are more concise.
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Figure 6.4: Figures 6.4(a) and 6.4(b) show how the impurity of ideal splits change
when variable selection techniques are applied to ideal splits from the glass fragments
and E. Coli datasets. The best ideal split is shown in red in each case. Looking
at each plot, one sees that impurity generally does not change much (most lines
are parallel to the z-axis) and that the change in impurity is greater when BIC is
applied (be it with model selection or the Lasso). Though this may be the case,
concise oblique splits found from the best ideal split still have low values of impurity.
One also sees banded structure in attained values of impurity, this confirms the
observation that some ideal outcomes are easier to replicate than others.
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In the case of the E. Coli dataset, there are 127 = 287! — 1 ideal splits as obser-
vations come from 8 classes. Figure 6.4(b) shows how impurity changes. As with
the glass fragments dataset concise oblique splits found from the best ideal split
still have low values of impurity and the change is generally greater when variable
selection is applied with BIC. With more ideal splits, banded structure of attained
values of impurity before variable selection is applied can clearly be seen which
confirms the observation that some compositions of ideal outcomes are more easier

replicable than others.

The last example considered is over the yeast dataset. It consists of 8 measure-
ments of 1484 yeast protein sequences from 10 classes (so there are 511 = 21071 —1
ideal splits). Figure 6.5 shows how impurity changes. We again note that concise
oblique splits found from the best ideal split still have low values of impurity. In
addition to this banded structure is present and impurity generally does not change

much.

Having considered how variable selection affects the impurity of ideal splits over
various datasets, one sees that impurity generally does not change much. This
supports the claim that concise oblique splits found from ideal splits that have high
values of impurities tend not to have low values of impurity, i.e. it is sufficient to
focus on ideal splits with low values of impurity to find concise oblique splits with

low values of impurity.
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Figure 6.5: The information shown here is the same as that in Figures 6.4(a) and
6.4(b) but with the yeast dataset. One sees that concise splits found from the best
ideal split still have low values of impurity.
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Chapter 7

Conclusion

This thesis focuses on two important and practical aspects of oblique trees: growing

them quickly and making them more interpretable.

By examining how oblique splits with low values of impurity are found, a more
directed approach to finding good oblique splits is proposed; oblique splits (which
are simply linear decision boundaries) are found by fitting logistic regression classi-
fiers to a family of two-class classification problems. Empirical evidence shows that
doing so does in fact find good oblique splits (though not in the case where ideal
outcomes simply cannot be partitioned well with linear decision boundaries) and

that this approach is able to grow oblique trees quickly.

As for more interpretable oblique trees, they can be found in one of two ways.
Trees can be grown with concise oblique splits during tree-growth found by applying
well-founded variable selection techniques to ideal splits. In addition to this, cost-
complexity pruning ideas can also be used; oblique trees can be pruned (using more

representative costs for rooted subtrees) and trimmed (to force its splits to become
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more concise). It has been empirically confirmed that these approaches produce

more interpretable oblique trees.

As this thesis wishes to contribute to the widespread use of oblique trees, a
publicly available implementation of these ideas (documented in the Appendix) is
also provided. Together with this R package, it is hoped that this work satisfactorily
addresses the shortcomings of existing research. Though this may be the case,

several aspects were omitted from this thesis or could be improved upon,

Computational Complexity: the number of ideal splits considered at each node
increases exponentially with the number of residual classes so the approach
scales poorly with the number of classes of the observations in a dataset (where
it is small however, oblique trees can be grown quickly). If intelligent ways
of further restricting the number of ideal splits that need to be considered at

each node are proposed, this approach would better scale.

Implementation in R: as specialist techniques from statistics are used (namely
the fitting of penalized and unpenalized binomial logistic regression models,
the automatic selection of submodels with low values of AIC/BIC and the
identification of transition points of A from L1 penalized logistic regression
models), it is difficult to implement this approach in languages other than
R (as code for such techniques is readily available). Reimplemention in a
fast programming language would produce great increases in speed through

computational efficiencies.

Comparison with Existing Methods: a comparison of the time taken to grow
oblique trees with the proposed approach with existing methods would be

interesting. This is difficult however as easily accessible implementations of
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existing methods are not readily available.

Regression Trees: the proposed approach to growing oblique trees makes use of
prior information from the classes of observations to find ideal splits at each
stage of tree-growth. Though no direct equivalent exists with regression prob-
lems, these ideas can surely be emulated (either with clustering methods or
the EM algorithm say) so that regression trees can be grown with oblique

splits.

Addressing these issues would have gone beyond the scope of this thesis. Other
than the first point, these issues are implementational and are not relevant to the
development of the theoretical framework by which more interpretable oblique trees
are produced. If the proposed approach catches on, they points would surely deserve

further investigation.
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Appendix A

Documentation for R package

oblique.tree

The research presented in this thesis was carried out with an R package called
oblique.tree. As the proposed approach to growing oblique trees requires several
specialist statistical techniques to be used, much of the code is implemented in R
as software for these techniques are readily available. oblique.tree allows more in-

terpretable oblique trees to be grown as documented in Chapters 4 and 5.
oblique.tree() is the main function. It allows trees that consider full oblique
splits, concise oblique splits or axis-parallel splits to be grown (as well as mixture

trees). Predictions from oblique trees are obtained using predict.oblique.tree().

Documentation for exported functions of oblique.tree follow.
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oblique.tree Fit an Oblique Tree to Classification Data

Description

An oblique tree is grown by binary recursive partitioning using the response
in the specified formula with oblique splits composed of linear combinations of
terms from the right-hand-side.

Usage

oblique.tree(

formula,

data,

subset,

control = tree.control(nobs, ...),

method = "recursive.partition",

split.impurity = c("deviance", "gini"),

model = FALSE,

oblique.splits = c("only", "on", "off"),

variable.selection = c( "none",
"model .selection.aic",
"model .selection.bic",
"lasso.aic",
"lasso.bic"),

)
Arguments

formula A formula expression. The left-hand-side (response) should be
a factor. The right-hand-side should be a series of numeric or
factor variables separated by + (there should be no interaction
terms). Both . and - are allowed.

data A data frame in which to interpret formula and subset.

subset An expression specifying the subset of cases to be used.

control A list as returned by tree.control.

method A character string specifying the method to use. The only other

useful value is "model .frame".
split.impurity
Splitting criterion to use.
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model A model frame containing a response and predictors that can
be used in place of formula, data and subset to allow direct
specification of the problem.

oblique.splits
If and how oblique splits should be used during tree-growth. only
grows trees that only consider oblique splits, on grows those that
consider oblique and axis-parallel splits simultaneously and off
grows trees that only consider axis-parallel splits.

variable.selection
If and how concise oblique splits should be found during tree-
growth. none grows oblique trees using full oblique splits,
model.selection.aic performs variable selection with AIC from
the full model upon the best ideal split, model.selection.bic
similarly for BIC, lasso.aic applies L1 regularization from the
full model and chooses the penalization parameter with AIC and
lasso.bic similarly for BIC.

Additional arguments that are passed to tree.control. Nor-
mally used for mincut, minsize or mindev.

Details

An oblique tree is grown by binary recursive partitioning using the response
in the specified formula and by choosing splits composed of terms from the
right-hand-side. Where categorical attributes are considered levels of unordered
factors are divided into two non-empty groups, where axis-parallel splits are
considered numeric variables are divided into X < a and X > a and where
oblique splits are considered numeric variables are divided into ) aX < ¢ and
> aX > c. The split that maximizes the reduction in impurity is chosen and the
process repeated. Splitting continues until the terminal nodes are either pure,
sufficiently pure or too small to be split.

When growing oblique trees, 2#~! — 1 logistic regression problems need to be
(where R is the number of residual classes at a node). If observations come from
more than 20 classes this approach will be slow.

Value

An object of class c("oblique.tree","tree") is returned with components

frame A data frame with a row for each node and row.names giv-
ing the node numbers. The columns include var, the variable
used to perform each split (where ™ denotes an oblique split and
"<leaf>" a terminal node), n, the number of cases reaching that
node, dev the deviance of the node, yval, the class associated to
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that node, split, a two-column matrix of the labels for left and
right splits at the node and yprob, a matrix of fitted probabilities
for each response level.

where A vector indicating the row number of the frame detailing the
node to which each case is assigned.

terms The terms of the formula.

call The matched call to oblique.tree.

y Predicted classes of each observation by the tree (this differs from

the implementation in the tree package where y is instead used
to denote the actual classes).

A tree with no splits is of class "singlenode" which inherits from class "tree".

Author(s)
A. Truong

References

Truong. A (2009) Fast Growing and Interpretable Oblique Trees via Probabilistic
Models

Ripley, B. D. (1996). Pattern Recognition and Neural Networks. Cambridge
University Press, Cambridge. Chapter 7.

See Also

tree.control in the tree package, predict.oblique.tree, prune.oblique.tree,
trim.oblique.tree

Examples

#create the augmented crabs dataset
data(crabs, package = "MASS")
aug.crabs.data <- data.frame( g=factor(rep(1:4,each=50)),
predict (princomp(crabs[,4:8]))[,2:3])

plot( aug.crabs.datal,-1],type="n")

text(  aug.crabs.datal,-1],
col=as.numeric(aug.crabs.datal,1]),
labels=as.numeric(aug.crabs.datal,1]))

#grow a full oblique tree
ob.tree <- oblique.tree(formula =g".,
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data
oblique.splits
plot(ob.tree) ;text(ob.tree)

aug.crabs.data,
n only n )
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predict.oblique.tree

Predictions from Fitted Oblique Tree Object

Description

Returns predictions from a fitted oblique.tree object.

Usage

predict.oblique.tree(

Arguments

object

newdata

type

eps

object,

newdata,

type = c("vector", "tree", "class", "where"),
eps = le-3,

update.tree.predictions = FALSE,

Fitted model object of class oblique.tree. This is assumed to
be the result of some function that produces an object with the
same named components as that returned by oblique.tree.

Data frame containing the values at which predictions are re-
quired. The predictors referred to in the right side of formula(object)
must be present by name in newdata. If missing, fitted values

are returned.

Character string denoting how predictions are to be returned,
i.e. class probabilities (default), a tree object, class predictions
or predictions to leaf nodes.

A lower bound for the probabilities, used if events of predicted
probability zero occur in newdata when predicting a tree.

update.tree.predictions

Logical vector denoting whether tree predictions (frame$yval,
frame$yprob, $where, $y etc) are updated when newdata is
provided.

Further arguments passed to or from other methods.
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Details

This function is a method for the generic function predict () for objects of class
c("oblique.tree","tree"). It can be invoked by calling predict(x) for an
object x of the appropriate class or directly by calling predict.oblique.tree(x)
regardless of the class of the object.

Value

If type = "vector": a matrix of predicted class probabilities is returned. This
object is obtained by dropping observations down object.

If type = "tree": an object of class c("oblique.tree","tree") is returned
with new values for frame$n and frame$dev.

If type = "class": a factor of the predicted classes (that with highest posterior
probability, with ties split randomly).

If type = "where": the nodes the cases reach.

Author(s)
A. Truong

References

Truong. A (2009) Fast Growing and Interpretable Oblique Trees via Probabilistic
Models

Ripley, B. D. (1996). Pattern Recognition and Neural Networks. Cambridge
University Press, Cambridge. Chapter 7.

See Also

predict, oblique.tree.

Examples

#grow an oblique tree to the Pima Indian dataset
data(Pima.tr, package = "MASS")

ob.tree <- oblique.tree(formula = type”.,
data = Pima.tr,
oblique.splits = "on")

plot(ob.tree);text(ob.tree);title(main="0blique Tree")
#predictions to in-sample data

#class probabilities for each observation
predict(ob.tree,type="vector")
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#the tree itself
predict(ob.tree,type="tree")

#class predictions for each observation
predict(ob.tree,type="class")

#the leaf where each observation falls
predict(ob.tree,type="where")

#predictions to out-of-sample data
data(Pima.te, package = "MASS")

#class probabilities for each observation
predict(ob.tree,newdata=Pima.te,type="vector")
#the tree itself
predict(ob.tree,newdata=Pima.te,type="tree")
#class predictions for each observation
predict(ob.tree,newdata=Pima.te,type="class")
#the leaf where each observation falls
predict(ob.tree,newdata=Pima.te,type="where")
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prune.oblique.tree

Cost-complezity Pruning of Oblique Tree Object

Description

Determines a nested sequence of subtrees of the supplied tree by recursively
“snipping” off the least important splits.

Usage

prune.oblique.tree(

Arguments

tree

newdata

tree,

k = NULL,

newdata,

prune.impurity = c("deviance", "misclass"),
penalty = c("complexity", "size"),

eps = le-3)

Fitted model object of class oblique.tree. This is assumed to
be the result of some function that produces an object with the
same named components as that returned by oblique.tree.

Cost-complexity parameter defining either a specific subtree of
tree (k a scalar) or the (optional) sequence of subtrees minimiz-
ing the cost-complexity measure (k a vector). If missing, k is
determined algorithmically.

Data frame upon which the sequence of cost-complexity subtrees
is evaluated. If missing, the data used to grow the tree is used.

prune.impurity

penalty

Character string denoting the measure of node heterogeneity
used to guide cost-complexity pruning. The default is deviance
and the alternative is misclass (number of misclassifications or
total loss).

Character string denoting the measure of tree complexity used to
guide cost-complexity pruning. The default is complexity (that
considers the complexity of splits used throughout the tree) and
the alternative is size (that counts the number of leaves of the
tree).
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eps A lower bound for the probabilities, used to compute deviances
if events of predicted probability zero occur in newdata.

Details

Determines a nested sequence of subtrees of the supplied tree by recursively
"snipping” off the least important splits, based upon the cost-complexity mea-
sure.

If k is supplied, the optimal subtree for that value is returned.

The response as well as the predictors referred to in the right side of the formula
in tree must be present by name in newdata. These data are dropped down
each tree in the tree sequence and deviances or losses calculated by comparing
the supplied response to the prediction. A plot method exists for objects of this
class. It displays the value of the deviance, the number of misclassifications or
the total loss for each subtree in the tree sequence. An additional axis displays
the values of the cost-complexity parameter at each subtree.

Value

If k is supplied and is a scalar, an object of class c("oblique.tree","tree") is
returned that minimizes the cost-complexity measure for that k. If k is a vector,
an object of class tree.sequence is returned. The object contains the following

components:
size The complexity of each tree in the cost-complexity pruning se-
quence.
deviance Total deviance of each tree in the cost-complexity pruning se-
quence.
k The value of the cost-complexity pruning parameter of each tree
in the sequence.
Author(s)
A. Truong
References

Truong. A (2009) Fast Growing and Interpretable Oblique Trees via Probabilistic
Models

Ripley, B. D. (1996). Pattern Recognition and Neural Networks. Cambridge
University Press, Cambridge. Chapter 7.

109



See Also

oblique.tree.

Examples

#grow an mixture tree on the Pima Indian dataset
data(Pima.tr, package = "MASS")

ob.tree <- oblique.tree(formula = type”.,
data = Pima.tr,
oblique.splits = "on")

plot(ob.tree) ;text(ob.tree);title(main="Mixture Tree")

#examine the tree sequence
tree.seq <- prune.oblique.tree( tree = ob.tree)
print (tree.seq) ;plot(tree.seq)

#examine test error over the tree sequence

data(Pima.te, package = "MASS")

tree.seq <- prune.oblique.tree( tree = ob.tree,
newdata = Pima.te)

print(tree.seq) ;plot(tree.seq)

#deviance is least when k = 8.148267

pruned <- prune.oblique.tree( tree = ob.tree,
k =9)

plot(pruned) ;text (pruned) ;title(main="Pruned Tree")
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trim.oblique.tree Trims Oblique Splits of Fitted Oblique Tree Objects

Description

Determines a sequence of concise subtrees of the supplied tree by recursively
“trimming” off the least important attributes used in oblique splits.

Usage
trim.oblique.tree(
tree,
best = NULL,
newdata,

trim.impurity = c("deviance", "misclass"),
trim.depth = c("partial", "complete"),
eps = le-3)

Arguments

tree

best

newdata

Fitted model object of class oblique.tree. This is assumed to
be the result of some function that produces an object with the
same named components as that returned by oblique.tree.

Requests the complexity (i.e. 1 4+ number of attributes used
throughout the tree) of the concise subtree of tree to return
(best a scalar) or a (optional) sequence of concise subtrees (best
a vector). If missing, best is determined algorithmically. If there
is no tree in the sequence of the requested size, the next largest
is returned.

Data frame upon which the sequence of cost-complexity subtrees
is evaluated. If missing, the data used to grow the tree is used.

trim.impurity

trim.depth

eps

Character string denoting the measure of node heterogeneity
used to guide tree trimming. The default is deviance and the al-
ternative is misclass (number of misclassifications or total loss).

A character string denoting if oblique splits should be trimmed
towards axis-parallel splits partial or to the constant predictor
complete.

A lower bound for the probabilities, used to compute deviances
if events of predicted probability zero occur in newdata.
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Details

Determines a sequence of concise subtrees of the supplied tree by recursively
“trimming” its splits, based upon the cost-complexity measure.

If best is supplied, the optimal subtree for that value is returned.

The response as well as the predictors referred to in the right side of the formula
in tree must be present by name in newdata. These data are dropped down
each tree in the trim sequence and deviances or losses calculated by comparing
the supplied response to the prediction. A plot method exists for objects of this
class. It displays the value of the deviance, the number of misclassifications or
the total loss for each subtree in the trim sequence. An additional axis displays
the values of the cost-complexity parameter at each subtree.

Value

If best is ascalar, a c("oblique.tree","tree") object of size best is returned.
Otherwise an object of class c("trim", "trim.sequence") is returned. The
object contains the following components:

comp The complexity of each tree in the cost-complexity pruning se-
quence.

dev Total deviance of each tree in the cost-complexity pruning se-
quence.

h The value of the cost-complexity pruning parameter of each tree

in the sequence.

Author(s)

A. Truong

References
Truong. A (2009) Fast Growing and Interpretable Oblique Trees via Probabilistic
Models

See Also

oblique.tree.

Examples

#grow a tree on the Pima Indian dataset
data(Pima.tr, package = "MASS")
ob.tree <- oblique.tree(formula = type”.,
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data Pima.tr,
oblique.splits "only")
plot(ob.tree) ;text(ob.tree);title(main="Full Oblique Tree")

#partially trimming
#examine the tree sequence

trim.seq <- trim.oblique.tree( tree = ob.tree)

print(trim.seq) ;plot(trim.seq)

#examine test error over the trim sequence

data(Pima.te, package = "MASS")

trim.seq <- trim.oblique.tree( tree = ob.tree,
newdata = Pima.te)

print(trim.seq) ;plot(trim.seq)

#deviance is least when best =7

p-trimmed <- trim.oblique.tree( tree = ob.tree,
best =17)

plot(p.trimmed) ;text(p.trimmed) ;title(main="Partially Trimmed Tree")

#complete trimming

#examine the tree sequence

trim.seq <- trim.oblique.tree( tree = ob.tree,
trim.depth = "complete")

print(trim.seq);plot(trim.seq)

#examine test error over the trim sequence

data(Pima.te, package = "MASS")

trim.seq <- trim.oblique.tree( tree = ob.tree,
trim.depth = "complete",
newdata = Pima.te)

print(trim.seq);plot(trim.seq)

#deviance is least when best = 9
c.trimmed <- trim.oblique.tree( tree = ob.tree,
best = 9)
plot(c.trimmed) ;text(c.trimmed);title(main="Completely Trimmed Tree")
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