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ABSTRACT. We prove new lower bounds on large gaps between integers which
are sums of two squares, or are represented by any binary quadratic form of
discriminant D, improving results of Richards. Let si, s2,... be the sequence
of positive integers, arranged in increasing order, that are representable by any
binary quadratic form of fixed discriminant D, then

Sn4+1 — Sn |D |

lim su > s
nsoe. logsn ~ @(ID])log D]

improving a lower bound of ﬁ of Richards. In the special case of sums of

two squares, we improve Richards’s bound of 1/4 to % =0.868....

We also generalize Richards’s result in another direction: If d is composite
we show that there exist constants Cy such that for all integer values of x
none of the values py(z) = Cyq + 2% is a sum of two squares. Let d be a prime.
For all k£ € N there exists a smallest positive integer y; such that none of the

integers yy, + j%,1 < j < k, is a sum of two squares. Moreover,

k 1
limsup —— > .
k—oo logyr =~ +logd

1. INTRODUCTION

Let
S = (81, 82, 83, 84, S5, 86, - - .) = (0,1,2,4,5,8,...)
denote the sequence of integers, in increasing order, which can be written as a sum
of two squares of integers. The question of the size of large gaps between these
integers was investigated by Turdn and Erdés [9], Warlimont [24] and Richards
[22]; see also [2], [23], [14], [1], [18] and [3] for related or more recent work by
Bambah and Chowla, Shiu, Hooley, Balog and Wooley, Maynard, and Bonfoh and
Enyi. Erdés writes that Turdn proved that infinitely often

log s,
T Toglogs,
holds, which Erdés [9] improved to
log sy,

(1) Sn4l = Sp >

In fact, Erdds’s result was a bit more general, and Warlimont [24] independently
obtained the same estimate (1), again in a more general context for sequences with
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hypotheses slightly different from [9]. In a very short and elegant paper Richards
[22] improved this further to

. Sn4+1 — Sn 1

2 limsup —— > —.

@) noee. logs, 4
In fact, the result he obtained was again more general: Fix a fundamental discrim-

inant D and denote by s1, So, ... the integers, in increasing order, representable by
any binary quadratic form of discriminant D. Then

. Sn4+1 — Sn 1
3 limsup ——m > —.
3) nooo  lOg sy |D|
The special case D = —4 corresponds to sums of two squares and recovers (2).

Apparently, Richards’s record has not been broken since 1982. In this paper we
obtain the following improvements to (2) and (3).

Theorem 1. Let s; < sg < ... be the sequence of positive integers that are sums
of two squares. Then

41— 50 390

. Sn
limsup —— > — = 0.868
lgl_ilip logs, — 449
Equivalently, for X — +o0o we have
390
> — 1
gCY)_.<449+-0()>10gX3

where
g(X) = magX(Sn-‘rl - Sn)-

Sn4+1S

Remark 1. The following table records some numerics on g(X).

X 19(X)
106 35
107 50
108 60
109 74
1070 | 105
10 | 107

One might wonder what the true order of magnitude of g(X) is. The Cramér
random model would predict that g(X) is of order of magnitude (log X)3/2, see
appendix C.

Theorem 2. Let D # 1 be a fundamental discriminant, i.e. D =1 (mod 4) and D
being squarefree, or D =0 (mod 4), % being squarefree and % =2 (mod 4) or % =
3 (mod 4). Further, let (s1, s2,...) be the sequence of positive integers, in increasing
order, that are representable by any binary quadratic form of discriminant D, and
let ¢ denote Euler’s totient function. Then the following two estimates hold:

A)

. Sn+1 — Sn |D| -1
lim sup + >
nooo  logs, — 2|D|(1+loge(|D]))’
B)
n — on D
limsups 1S D]

n—oo  logsn 7 2¢(|D|)(log |D| + O((loglog | DI[)?))
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This is a significant improvement over the bound 1/|D| by Richards and now
the dependence on |D| has become very mild. Note that the result in A) is asymp-
totically weaker for large |D| with many prime factors, but is completely explicit
without any O-term.

Our approach for proving Theorem 1 largely follows that of Richards, but in-
troduces two new key ideas: a modular refinement, and in addition a probabilistic
refinement, whereas Richards’ construction is completely deterministic; his argu-
ment used a sieving construction, which amounted to using a variant of the following
proposition with ®(z) of the form e(4*o(M))z,

Proposition 1. Let ® be a continuous increasing function, such that for every
Y > 1 there are integers a(Y) and P(Y) satisfying:

a) a(Y)<PY)<®Y)/2and P(Y)>Y
b) P(Y) has no prime factors of the form 4k + 1
c) For every integer 1 < j <Y, at least one of the two conditions is satisfied:
condition (I) There is an odd prime p = 3 (mod 4) and an odd integer k such that
pFtt divides P(Y), p* divides a(Y)+7 but p*+1 does not divide a(Y)+
J.
condition (IT) There is an integer k such that 2**2 divides P(Y) and a(Y)+j = 3x2F
(mod 2¢+2).
Then for all x > 1 we have
g9(z) = 27 (x),

where @71 is the inverse function of ®.

Richards [22] chose the following number to be P(Y') in his construction:

(4) py)= I[ »**",
p<4Y
p=3 (mod 4)

where 3, = [log(4Y)/logp]. In this case a(Y) € [1, P(Y)] is the solution of the

congruence
(5) 4a(Y) = -1 (mod P(Y)).
From (5) we obtain

4a(Y)+5)=4j—1 (mod P(Y)) (1<j<Y).
Hence there exist a prime p with p = 3 (mod 4) and an odd integer « such that
4j — 1 is divisible by p®, but is not divisible by p**1. As a < 3,, and P(Y) is
divisible by p®»*1, it follows that condition (I) of Proposition 1 is satisfied. By the

prime number theorem in arithmetic progressions (see for example formula (17.1)
in [16]), we have

P(Y) < (4Y)20+2)@Y/1ogdY) — oy (1 + £)4Y),

for sufficiently large Y > Y (g), so that (after redefining ) exp((4 + ¢)Y) is an
admissible choice of ®(Y) for arbitrarily small € > 0. From Proposition 1 we then
recover (2); note that so far we have not used condition (II) in Proposition 1. The
following theorem is the improved version of Proposition 1, with the probabilistic
refinement included.
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Theorem 3. Assume that for Y large enough there are P(Y) and a(Y) satisfying
the assumptions of Proposition 1. Suppose that log®(Y) = o(YlogY) and that
small prime factors make a small contribution to the size of P(Y): we assume that

log P(Y,
(6) lim lim sup log P(Y. ¢)

=0
=0y 4100 log P(Y) ’

where

Py,e)= [ »

pMIIP(Y)
p<eY

Further assume that for all € > 0 and all sufficiently large Y the inequality Y <
®(Y)® holds. Then for any e > 0 and large enough X we have

9(X) = @7 (X*77).

Remark 2. It would be natural to try to incorporate some of the techniques behind
recent improvements for showing large gaps between primes [19, 11, 10] and other
sieved sets [12] to try to gain a further improvement. Unfortunately neither of these
approaches seems to give an improvement in the situation of gaps between sums of
two squares. Both techniques followed a sieving set-up, where one first would sieve
by ‘small primes’ (following earlier approaches), and then, having sieved by small
primes, follows a more complicated sieving procedure for ‘large primes’ to sieve out
many residue classes for these primes. In the Richards’ setup, having sieved by
primes p < Y'/2 one is left with those j < Y such that 4j — 1 is the product of
a prime p; = 3 (mod 4) and other primes all congruent to 1 (mod 4). Richards’
setup proceeds by removing those j for which 45 — 1 is a multiple of p for each
large prime p. It is easy to see that this sieving is perfectly disjoint, and removes
roughly as many elements as possible for each large prime. Therefore there does
not appear to be any scope to refine this ‘large prime’ sieving, and so the newer
techniques offer no improvement in our setup.

Remark 3. In our proof of Theorem 2 we only used the modular, not the proba-
bilistic refinement. However, the proof of Theorem 3 does not use any properties
of the set of primes of the form 4n + 3 outside of the statement of Lemma 7 for
D = —4. This means that for general D our probabilistic refinement essentially
allows us to replace all conditions of the form p® || n 4+ a(Y") for some odd « by
p |l n+a(Y) for all p > §Y and arbitrarily small positive §. Hence, the bounds of
Theorem 2 can be doubled by our methods.

Finally, we study the distribution of the set S along consecutive values in poly-
nomial sequences. It is obvious that all values of p(z) = 22 + 1 are in S, and
that all values of polynomials such as 4x + 3 or 223 + 2z + 3 are always congru-
ent to 3 mod 4 and hence not in §. Here we concentrate on the following class of
polynomials pg(x) = Cy + ¢, where Cj is a suitable constant.

We first study in Theorem 4 composite values of d in more detail, and show that
for these values of d one can find a constant Cj; such that all values Cy+ 2%,z € Z
are not in §. There is no congruence obstruction that would render the results in
part B) and C) as trivial. We are not aware of a comparable result of this type
in the literature, even though, with hindsight, it has an elementary proof. For the
proof we took some inspiration from work of Jagy and Kaplansky [17] on Waring’s
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problem with mixed exponents. The method can apparently not be adapted to
the case of prime values d. We then state a result (Theorem 5), which generalizes
Richards’s result (corresponding to d = 1) to all prime values d.

Theorem 4. A) If d > 4 is even, then for no x € Z the value pg(z) = 6 + ¢
isin S.
B) Let d be odd and composite, and let q be the least prime factor of d. Then
for no x € Z the value py(x) = (cyq)? + ¢ is in S, where ¢, = 2, when
¢ =3 (mod 4), and ¢, =6, when ¢ =1 (mod 4).
C) Ifd € {2,3}, then for all Cyq € Z there exists x € Z such that p(z) = Cyq+x?
isin S.
Conjecture 1. (1) If d is prime, then for all Cyq € Z there exists v € Z such
that p(z) = Cy + z? is in S.
(2) If d is prime or d = 1, then there are sequences Cq(1),Cq(2),... and
T1,Ta,. .., both tending to infinity, such that p(x) = Cq(i) + z? is not in S
for all 0 <z < x;, such that

I T
imsup ————=
i—voo  10g Cy(i)

In regard to the conjecture we remark that there can exist very long chains
without an element in §. We list several polynomials with long chains: The values
of the polynomial p;(r) = 112 + 223 are not in S, when —10 < x < 222. This
example has quite small coefficients. Searching a bit more, one finds that ps(z) =
25190 + 2! is S-free in the interval [—209,1229], and ps(x) = 6420063 + z3 in

[—81,717]. In Appendix C we discuss a probabilistic model suggesting that log C (%)
can be chosen of order of magnitude x?/ K

Theorem 5. Let d > 3 be an odd prime. For all k € N there exists a smallest
positive integer yi, such that none of the integers yi + j4, 1 < j < k, is a sum of

two squares. The following estimates hold:

. d—1
lim sup ] > ; :
koo TOBYE - 4d (1 =t X oddmesn[i,d-1] R)

_ 1 1 5 225 135 585
where for d = 3,5,7,11,13,17 one can take 15,5, 155 3198 1507 5707 45 @ lower

bound for the limsup. If € > 0 and d is sufficiently large in terms of €, then

d—1
I > ,
e Togyr ~ 4d(1— L + (Cr + £)/log d)

)

where

1 1 1\ 2
(7) Cp=— (1 - 2) ~ 0.7642 . ..
\/5 p=3 (mod 4) p

is the Landau-Ramanujan constant. Moreover, when d > 17, then

1
lim sup > .
k—oo logyr ~ 60y/logd
Remark 4. Note that we refrained from introducing our modular and probabilistic
refinements of Theorem 1 in order to keep the statement clean as in this case our
focus was more on the qualitative side of the result.
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Notation: We say that a prime power p® exactly divides an integer n if p® divides
n but p**! does not, and use the notation p® || n. The symbol (%) always denotes
the Kronecker symbol of m over n, and we use the usual notation ¢, p and ~ for
the Euler totient function, Mdbius function and the Euler-Mascheroni constant,
respectively. Also, as the proof of Theorem 1 in section 4 requires quite heavy
notation, we have a summary of abbreviations in appendix A and some examples
for the sets of residue classes introduced in appendix B.
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2. OUTLINE OF THE PROOF OF THEOREM 1

As the details of the proof of Theorem 1 are quite technical, let us briefly outline
the underlying ideas and structure of the proofs.

The key observation for the modular refinement is as follows: We concluded
that 45 — 1 is exactly divisible by some prime power p® with p = 3 (mod 4) and
odd a, say 45 — 1 = p®r. If 4j — 1 < 4Y is composite, then p < %Y. Primes p
with %Y < p < 4Y included in the product (4) therefore are only used once in the
argument, namely when p = 45 — 1. Now integers in I = {a(Y)+1,...,a(Y)+Y}
which are congruent to 3 (mod 4) are obviously not sums of two squares. Hence,
additionally assuming that a(Y) =0 (mod 4), we conclude that for j =3 (mod 4)
we trivially know that a(Y)+j is not a sum of two squares. As4j—1 =11 (mod 16)
in this case, we deduce that primes p = 11 (mod 16), with 4Y/5 < p < 4Y, are not
needed in the product (4). In other words, for fixed Y one can use a smaller P, or
for a given size of a(Y'), one can find a larger Y than in Richards’s argument. This
basic approach just described in fact would replace the i in (2) by

1/4 3 4 15
ox (242 (4-2 — 2 0312
<X2<5+4( 5))) 16~ 03125,

but it can be further refined in two ways: First, considering higher powers of 2
one finds a larger proportion of residue classes for j one can dispense with; for
example the residue classes j = 3, 6,7 modulo 8 immediately rule out that a(Y") +j
is a sum of two squares, provided that a(Y) = 0 (mod 8). Therefore the primes
p=45—-1 > %Y with p = 11, 23, or 27 (mod 32) are not needed. Secondly,
also smaller primes p can be considered; for example primes p with %Y <p< %Y
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can only occur in the argument if either 4 —1 = p or 45 — 1 = 5p. One residue
class one can disregard here is for example p = 11 (mod 32), as for such p both p
and 5p are modulo 32 in the set of residue classes 11, 23 and 27 which were ruled
out above for 45 — 1. This optimization, making use of powers of 2, is our first
refinement, the modular one, and is encoded in condition (II) of Proposition 1.
Properly implementing it as in section 4 would yield a result with

195 1 390

419~ 2 149
in place of % in Theorem 1.

A similar idea is used to prove Theorem 2. Here instead of 45 — 1 the progression
|D|j+r shows up, for some r with (£2) = —1. Whereas Richards [22] uses all primes
p with (%) = —1, it turns out that for large primes p used only once, namely when
|D|j +r =p (ie. L/ls < p < L in the notation of section 7), only p with p = r
(mod |D|) need to be considered. Similarly, for somewhat smaller primes p used
only twice, only two residue classes modulo |D| have to be covered, and so on.
This leads to a considerably smaller product P. An even more elaborate analysis
along the same lines as described before for the modular refinement could probably
lead to a further slight improvement in Theorem 2. For the sake of simplicity of
exposition, though, we again opted not to implement a further refinement here.

The second key observation, the probabilistic refinement, is that when p | a(Y)+j
for some large prime p = 3 (mod 4) that divides P(Y), then it is rather unlikely that
p? | a(Y) + j. Using a probabilistic construction instead of the deterministic one
so far, one can reduce the required exponent /3, for large primes p to 1. Theorem 3
indeed shows that under certain additional restrictions on P(Y") and ®(Y") the con-
ditions (T) and (II) of Proposition 1 imply the lower bound g(X) > &~ !(Xx?2~°M),
In this way we can improve the result that comes out of the modular approach by

195 _ 390 ;

another factor 2, with the probabilistic approach yielding 2 x 715 = 75 in Theorem
1.

3. THE MODULAR REFINEMENT I: PROOF OF PROPOSITION 1

The interval I = [1 + a(Y);Y + a(Y)] lies inside the interval [1, ®(Y)] for all Y
as Y +a(Y) <2P(Y) < ®(Y). Let us show that this interval does not contain any
elements of the set S. Indeed, if n € I then for some 7 <Y one has n = j + a(Y).
Now, if condition I of Proposition 1 holds for j then n is not a sum of two squares,
because for some prime number p with p = 3 (mod 4) there is an odd number k,
a positive integer a; which is not divisible by p and a positive integer b; such that
P(Y) = pk*tlb; and n = a(Y) + j = p*a; (mod P(Y)). From this we obtain

n= pkaj +cP(Y) = pk(aj + bjcp)

for some integer c. Therefore, some prime p congruent to 3 modulo 4 has an odd
exponent in the prime factorization of n and thus n is not in S.

On the other hand, if for j the second condition holds then an analogous argu-
ment shows that n is equal to 2¥(4u — 1) for some positive integer u, but numbers
of this form are not sums of two squares.

Hence, for all large enough Y the interval [1,®(Y")] contains a subinterval of
length Y that does not intersect with §. Consequently,

9(e(Y)) 2 Y.
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Choosing Y = ®~1(x) we get the desired result.

4. THE MODULAR REFINEMENT II: TWO-ADIC PREPARATIONS

For all £ € N with ¢ > 2 define

(8) Sp={2%%¢c{1,...,25 :a<0—-2b=3 (mod4)}.
Clearly

9) Se C Seq1

for all £ > 2.

The following lemma is immediate.

Lemma 1. For /> 2 we have
#S, =271 1.
In the following it is convenient to use the projection
2 —{1,...,2°}
z—ne{l,...,2° such that z =n (mod 2°).
Define the map 7 by
T:Z—7Z; j—45—1,
and for £ € N, £ > 2 define
Toyo =7(Se) C {1,...,2°42).

Again, one observes that
(10) To CTota
for all £ > 4.
Lemma 2. Let ¢ > 2 and s € Sy with s # 3x2°=2. Then we have my(s+2¢71) € S.

Proof. As s € Sy, s # 3x2'72 it follows that s = 2%b (mod 2¢) where a < £/—3 and
b=3 (mod 4). Hence s+2¢71 = 2%(b+2/"179) (mod 2¢), where b+2/"1"2 =bp=3
(mod 4), whence (s + 2¢71) € S,. O

Corollary 1. Let ¢ > 2 andt € Ty o witht # 3x2¢—1. Then o o(t+2T1) € Tyis.
Lemma 3. Let £ > 3. Then 3 x 26 —1 & Toi1-
Proof. Let © = 3 x 2 — 1. Since Tyy1 C {1,...,271} and = > 2!, clearly

& Toy1. O
Let

(11) Us = {3} C Ss,

and for ¢ > 4, recursively define

(12) U=U1U{u+2" 1 uecU,_ 1} U{3x22)

It follows by induction from (8), (9), Lemma 2, (11) and (12) that U, C S, for all
¢ > 3. Moreover, for £ > 2 define

Ve ={s € Sp:m12(57(s)) € T2}

In a similar way, define
Wy = {24} C Us,
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and, for ¢ > 6,
We=W, U{u+2"1ue W, 1} U{3x202)

As above one shows that
W, C Uy
for all £ > 5. Further, for £ > 2 let

Ry = {S € Sy: 7Tg+2(57'(s)) S Tl+2 and 7Tg+2(97'(8)) S Tf+2}.

Note that
R, CVp
for all £ > 5.

Lemma 4. Let £ > 3. Then #U; =22 -1 and U, C V.

Proof. We prove the lemma by induction on ¢. For ¢ = 3, it is immediate to check
that

Us = Vs = {3},
whence
#Us=1=2"2-1,
and no element in Us is divisible by 27!, Now let ¢ > 4, and suppose that
#Up_ 1 = 2(=3 _ 1, no element in U,_; is divisible by 26=2 and Up_y C V1.
The three sets on the right hand side of (12) are disjoint as U,—1 C {1,...,2¢71},
{u+21cue Uy} {2671 +1,...,2%}, and no element in U,_; is divisible by
22 Hence
#Up=2#U; 1 +1=22-1
and no element in Uy is divisible by 2¢=1. To prove U, C V¢, let s € U,.
Case I: s = 3 x 272, Then

1 1
1(57(5)*3““%1):1(“(4X3X2€72*1)73X2M+1)

=3x272_1

9

hence

57(s) =4 x (3x22-1)—1 (mod 2+?),
Now 3x2¢72—1 =3 (mod 4),s0 3x272—1 € Sy, whence 4x (3x2°72—1)—1 € Tyyo,
SO 7Tg+2(57'(5)) € Tyyo.
Case II: s # 3 x 272, Then by definition of U, we have m,_i(s) € Uy_1, so
me+1(57(8)) € Tyy1 by our inductive assumption Up_1 C Vp—1. Hence mpy2(57(s)) €
Tyy1 or moio(57(s)) € {u+ 2!t u € Tyya}. If mpya(57(s)) € Tryr then by (10)
we immediately obtain my42(57(s)) € Tyt2 as required, whereas if mp12(57(s)) €
{u+2"1:u € Tyy1} then (10), Lemma 3 and Corollary 1 again yield 74 2(57(s)) €
Toyo. U

Lemma 5. Let ¢ > 5. Then #Wy = 2% —1 and W, C Ry.

Proof. We use a similar strategy as in the proof of Lemma 4; the proof for #W, =
2¢=4 _ 1 is completely analogous, so let us focus on the second part W, C Ry.
The case £ = 5 is immediately checked directly. Now suppose that ¢ > 6 and
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Wy_1 C Ry_1. For s # 3 x 2672 we argue in exactly the same way as in the proof
of Lemma 4. Therefore let us only discuss the case s = 3 x 2¢=2. Here

1 1
Z(97(3)—6><2‘+2+1):Z(gx(4x3><2¢—2—1)—6><2‘+2+1)
=2x(3x273-1),

hence

97(s) =4x2x (3x23 —1)—1 (mod 2¢+2).
Now 2 x (3 x 273 —1) =6 (mod 8),s0 2 x (3 x273 ~1) € S, thus 4 x 2 x (3 x
273 —1)—1 € Tyy2 and 74 2(97(s)) € Tyy2; from the proof of Lemma 4 we already
know that mp42(57(s)) € Toto. O

We now follow the idea of Richards [22] already explained in the introduction.
Let € > 0. Then, in terms of ¢, fix a sufficiently large positive integer £ > 5 and
a sufficiently large positive integer Y, and let the sets Sy, Tpi2, Up, Vi, Wy, Ry be
defined as above. In the following it is convenient to define

A=Ti, B:=ma(r(Ur)), C:=mepa(r(We)).
Note that
CcBCA

since Wy, C Uy C Sy. By Lemma 1, Lemma 4 and Lemma 5 we have
HA = HTyy = #8, =271 =1, #B=#U, =27 — 1,
#HC =H#W, =274 — 1.

Hence if ¢ is chosen sufficiently large in terms of ¢, then

44 1 4B 1 4c 1
sz( —€); Wzg(l—@; — s 2 ae

Now for each prime p < 4Y define

(13)

pm <Ay
let
4 4 4
Xy =(1 +€)EY’ Xy =(1 +€)§Y, X3 =(1 —1—5)5}/,
and let
Bpy +1 Bpy+1
ry)=2" J[ " I »-
p1<Xi: X1<p2<Xs:
p1=3 (mod 4) p2=3 (mod 4),
meq2(p2)EC
Bps+1 Bpy+1
X H p3p3 H p4p4 bl
Xo<p3<X3: X3<pa<4Y:
p3=3 (mod 4), ps=3 (mod 4),
Tet2(p3)EB Tey2(pa)ZA
where pq, ..., ps denote prime numbers, varying over the respective intervals. Then

by the prime number theorem in arithmetic progressions (see for example formula
(17.1) in [16]), using the upper bound p?»*1 < (4Y)2, the lower bounds (13) and
the fact that all elements in A are congruent to 3 modulo 4, we obtain

P(Y) < (4Y)2(+e)Y o/ log(dY)
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where
LoL(A (4 ANI (4 ay3 (a1
~2\13 9 13/ 16 5 9/)4 5/ 2
1 449
=X —.
27 195
Hence
449
14 PY) < 1 —Y).
(1) o) <o (1421557 )
Now use the Chinese Remainder Theorem to find a(Y) € {1,..., P(Y)} such that
(i) 2|y,

(ii) if p=3 (mod 4) and p < Xi, then 4a(Y) = —1 (mod p’»*1),
(iii) if p=3 (mod 4), X1 < p < X5 and me42(p) € C,
then 4a(Y) = —1 (mod p*1),
(iv) if p=3 (mod 4), Xz < p < X3 and mp12(p) € B,
then 4a(Y) = —1 (mod pr*1),
(v) if p=3 (mod 4), X3 < p <4Y and mp42(p) € A,
then 4a(Y) = —1 (mod p»*1).
We claim that all the numbers a(Y) + 1,...,a(Y) + Y satisfy condition (I) or
condition (IT) of Proposition 1. To settle the claim, let 1 < j < Y. If my(j) € Sy,
then by property (i) above a(Y') + j satisfies condition (IT) of Proposition 1, so we
can assume that m(j) € Se, whence mp12(7(5)) € A. Now 7(j) = 3 (mod 4), so
7(j) must be divisible by a prime p with p =3 (mod 4) where 3 <p <4Y — 1 and
pY || 7(j) for odd v < .
Case I: p < X;. Then by property (ii) above 4a(Y) = —1 (mod p°»T1).
Case II: X5 < p < 4Y. Then p = 3 (mod 4) and p | 7(j) imply that 7(j) = p,
s0 Tp42(7(J)) = mer2(p) € A and by property (v) above, we have 4a(Y) = —1
(mod prt1).
Case ITI: X5 < p < X3. Then p = 3 (mod 4) and p | 7(j) imply that 7(j) = p
or 7(j) = 5p. As above, if 7(j) = p we conclude that my;2(p) € A, whereas if
7(j) = 5p we obtain 7y 2(5p) ¢ A. Writing p = 7(s) for some positive integer s, we
then find that 7¢(s) & Vi, whence by Lemma 4 also m¢(s) & Uy, hence moy2(p) & B.
As B C A, we get mp2(p) € B regardless of whether 7(j) = p or 7(j) = 5p, so by
property (iv) again 4a(Y) = —1 (mod p’»*1).
Case IV: X; < p < X,. Then p = 3 (mod 4) and p | 7(j) imply that 7(j) = p
or 7(j) = 5p or 7(j) = 9p. If 7(j) = p, then mpy2(p) = me2(7(j)) ¢ A. Next,
if 7(j) = 5p, then 7y o(7(j)) = mer2(bp) & A, hence as above my12(p) € B by
Lemma 4. Finally, if 7(j) = 9p, then mp12(7(j)) = me+2(9p) € A, hence as above
Ter2(p) € C by Lemma 5. As C C B C A, we obtain myy2(p) € C regardless
whether 7(j) = p, 7(j) = 5p or 7(j) = 9p, whence 4a(Y) = —1 (mod p?+1) by
property (iii) above.
In all cases,
4(a(Y) +5) =4j =1 (mod p»*1),

so p? || (a(Y) + 7). Since p =3 (mod 4) and v is odd, a(Y") + j satisfies condition
(I) of Proposition 1.
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Remark 5. One might wonder if the study of further iterations leading to analogous
sets D, E, ... would reduce the size of P even more. As far as we see this is not the
case because C'N13C = (), but this does not exclude other refinements.

5. THE PROBABILISTIC REFINEMENT: PROOF OF THEOREM 3

Let us choose § = () < 1 so that for large enough Y we have log P(Y,d) <
elog P(Y). Set
P(Y)=Py,8) [] ».

p|P(Y)
p>0Y

where 7, = 1 if there is a positive integer j <Y with p**! | P(Y) and
a(Y)+j=pa; (mod P(Y))

for some odd k with a; coprime to p. Let v, = 0 otherwise. Here a(Y") is the same
as in Proposition 1.

Note that P(Y) < P(Y)Y/2+5/2, Indeed, every exponent 7y, is at most half the
exponent of p > dY in the factorization of P(Y"). Therefore

) < \/7 1/2+€/2
P(Y) < P(Y, Y 6 P(Y,¢6 < P(Y

by the choice of §. Now choose a positive integer ag(Y) such that the congruence
ap(Y) = a(Y) (mod P(Y)) and the inequalities 0 < ao(Y) < P(Y) hold. Define
the family of intervals

L,=[14+ay(Y)+nPY )Y +ao(Y)+nP(Y)],

where the variable n takes integer values with 0 < n < §Y. Let us show that at
least one of the constructed intervals does not contain any sum of two squares.
Indeed, assume that m € I, is an element of S. As m lies in I,,, for some j <Y
the equality m = ag(Y) + j + nP(Y) holds. By the definition of a(Y") and P(Y),
at least one of the following conditions holds:

(I) There are positive integers k and m with 282 | P(Y") and

a(Y)+j=24m —1) (mod P(Y)).

In this case we also have
ao(Y)+j=284m —1) (mod P(Y))

and 282 | P(Y), therefore m cannot be the sum of two squares, which is a
contradiction.

(IT) There are an odd prime p and an odd positive integer k& with p*+! | P(Y)
and

a(Y)+j=pFa; (mod P(Y))

for some a; that is not divisible by p. If p < §Y then these congruences
and divisibilities remain true for ao(Y") and P(Y’), which once again leads
us to a contradiction. If, on the contrary, p > JY’, then necessarily v, = 1
and hence

m=ay(Y)+j+nP(Y)=0 (modp).

As p =3 (mod 4) and m is the sum of two squares, we have p? | m.
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Notice now, that for fixed j < Y and p > dY there exists at most one n such
that ao(Y) + j + nP(Y) is divisible by p?. Indeed, otherwise for two distinct
0 < nq,ng <Y we have

ao(Y) +j+mPY) =a(Y)+j+nP(Y) (mod p?).
As p? 1 P(Y) we obtain n; = ny (mod p), which is impossible because
0< |TL1—7’L2‘ §5Y<p
Furthermore, for a fixed prime p > 0Y there are at most 1 + 1/§ < 2/§ numbers
J <Y with ap(Y) + j =0 (mod p), as any two numbers having this property are
congruent modulo p. Thus, the number of n for which I,, contains a sum of two
squares is at most the number of all exceptional pairs (j,p), i.e. at most 2F/§,

where F is the number of prime factors p > §Y of P(Y). Clearly, P(Y) > (6Y)¥
o)
F <log P(Y)/log(dY) < log P(Y)/logY <log®(Y)/logY = o(Y)
due to the conditions of Theorem 3. Therefore, all but o(Y) of the intervals I,, do
not intersect S. In particular, for all large enough Y there is at least one interval
with this property.
Next, all the resulting intervals lie inside the interval [1, Y ®(Y)'/?+¢/2] because

Y +ag(Y)+6YPY) <Y +P(Y)+0YP(Y) < YP(Y)V2H/2 < yo(y)/2e/2,

By the conditions of Theorem 3 for all large enough Y we have Y < &(Y)/2.
Consequently, for all large Y the inequality Y ®(Y)/2+¢/2 < &(Y)Y/2+¢ is true,
which means that the interval [1, ®(Y)/2%¢] contains a subinterval of length Y
that does not contain sums of two squares. Choosing Y = &~1(X%/(1129)) we
obtain the estimate g(X) > ®~1(X?/(1+2¢)) As ¢ was an arbitrary positive real
number, this concludes our proof.

6. PROOF OF THEOREM 1

In this section we will prove Theorem 1. By (14), there are P(Y') and a(Y") which
satisfy the conditions of Proposition 1 and the relation

log P(Y) = (449/195 + o(1))Y.

Furthermore, all the prime factors of P(Y) are at most 4Y and all the exponents
of p in the factorization do not exceed

Bp + 1 =[log(4Y)/logp] +1 < 2,.

Therefore, if p® || P(Y) then p* < 16Y2. It follows that small primes make a small
contribution in P(Y). Indeed, if € > 0 then

Py,e)= [ o< [ 162 <@y)> .

pFIIP(Y) P*I|P(Y)
p<eY p<eY
Consequently,
log P(Y, ) < 27(eY) log(4Y) ~ 2—— log ¥ ~ 25V’
g ,e) < 27(e g log oY o eY.

As we also have log P(Y) > Y, we finally get
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o log P(Y,¢) . 2
lim lim sup ————= < lim — =0,
e=0y 4100 lOgP(Y) e—=0 ¢
for some ¢ > 0. Thus, the assumption (6) of Theorem 3 is satisfied. Choosing
O(Y) = exp((449/195 + €)Y), we observe that also the assumptions log ®(Y) =
o(YlogY)and Y < ®&(Y)* are satisfied, so from Theorem 3 for arbitrary ¢; > 0 we

get

9(X) = @71 (X*™)
= (449/195 4+ )" 1(2 — 1) log X
> (390/449 — 2e — 195/449¢1) log X.
Small enough values of ¢ and £; give the desired result.

7. LONGER GAPS BETWEEN NUMBERS REPRESENTABLE BY BINARY QUADRATIC
FORMS OF DISCRIMINANT D: PROOF OF THEOREM 2

Again, we follow the idea of Richards [22]: By our assumptions on D in Theorem
2, we can choose and fix a positive integer r € {1,...,|D|} such that the Kronecker

symbol (D/r) has value
(7)
) =1
r

Also note that necessarily |D| > 3. The following three well known results are
provided for easy later reference.

Lemma 6. For fized m € Z\{0} with m = 0 (mod 4) or m = 1 (mod 4), the
Kronecker symbol (™) is periodic of period dividing |m/|, i.e. for all k,n € Z where
n # 0 and n + km # 0 we have

(i) = ().

Proof. This is Theorem 2.29 in [5]. O

Lemma 7. Let D # 1 be a fundamental discriminant, n € N and p be a prime such
that p® exactly divides n for odd o and with (%) = —1. Then n s not representable
by any binary quadratic form of discriminant D.

Proof. Let Rp(n) be the total number of representations of n by any binary qua-
dratic form of discriminant D. Then by Theorem 3 in [25, §8], we have

(15) o) =3 (7)-

Since (%) is multiplicative in ¢, Rp(n) is multiplicative in n as well. Now « is odd
and (%) = —1, whence Rp(p®) = 0. By multiplicativity, as p® exactly divides n,
also Rp(n) = 0, so indeed n is not represented by any binary quadratic form of
discriminant D. O

Lemma 8. Let n > 3 be an integer. Then

logd
Z % < (loglogn)®.
d|n
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Proof. As shown on page 208 of [15], we have

logd
Z 705 < (loglogn)o_1(n),

d|n
where ) ()
o(n
7 =D_ 5=
d|n
and
o(n) = Zd < nloglogn

d|n

due to Gronwall’s theorem (see for example Theorem 323 in [13]). O
Next, let

t = (|DI),
and let ¢, =1,...,4; = |D| — 1 be the coprime residue classes modulo |D|, ordered
by size. Further, for ¢ € N define
(16) T, ={x € (Z/|D|Z)" : tjoa =r (mod |D|) for some j < i},
and let m be the projection

w:7Z — Z/|D|Z.

Further, fix € > 0 and in terms of € and |D| fix a sufficiently large positive integer
k. Moreover, let
L=|D|(k+1),
and for prime p let
Bp = max m.

pm<L
Finally, define
t—1
By +1 Bp,;+1

(17) p= 1] »"" ]I | |

pe<L/l;: i=1  L/l;41<pi<L/l;:

(pe,D)=1 7(p:i)ET:
where p1, ..., p; denote prime numbers, varying over the respective intervals. Using
the observations

p6p+1 S L2

and
#1; =1 (i<t
together with the prime number theorem in arithmetic progressions, from (17) we
obtain
P< L2(1+E)o¢7

where

_ L L Z i(1/6; = 1/ti11)
t =1 log(L/& — L/£z+1)

L/t, L 1 <~ (1 1
1OgL/gt+;10gL/gg;Z G Tin
~ log L/¢? ’
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say; here

—i =it
mio) =T f St

vl
=2
i=1
To estimate R(|D]), we rewrite the sum and use Lemma 8 to obtain
1(d) 1
RIDD= ¥ ~= 3 - Y wa=X Y o
n<| D n<iD| " dl(mDI) d||D| k<|D|/d

(n,D)=1

= Z @ (log |D| +~ —logd + O(d/|D]))

d[| D]
= (log|D| +7) ZH +0 ZIOgd
d d
d|| D] dl| D|
¥
— £ g D] + Of(log o5 D))
Let
;DD
6 D -1
With
log L

li —— =
k—+o0 log(L/62)
we obtain, for k sufficiently large in terms of |D| and & > 0,

P < exp (20142007 (1108 D] + O((toglog D1 )

DI

< exp (2(1+ 229301+ 1) (1 10g D] + O((og g 1)) ).

D]

and from this

k+1 S 1
logP ~ 2(1+ 25)5(|D| log | D] + O((loglog | D|)?))
" _ (10| - 1/¢(ID)

2(1 + 2¢)(log | D| 4+ O((loglog |D])?))
Now choose y € {1,..., P} such that
|Dly =7 (mod P)

which is possible as (D, P) = 1 by definition (17) of P. We claim that none of
the numbers y + 1,...,y + k can be represented by any binary quadratic form of
discriminant D, which together with y < P and (18) proves the theorem. To settle
the claim, fix j € {1,...,k}. Now

(19) [DI(y +4) = |Dlj +r (mod P).

Since
- <D> _ <D)
~\r/) \UD|j+r
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by Lemma 6, we conclude that | D|j 47 must be divisible by a prime p with (D/p) =
—1 to an odd power «y at most 3,: Writing
|D[j +r=p"t

where ¢ is a certain positive integer coprime to D and p, we find that |D[j +r <
|D|(k+1) = L,s0y < B,. If vy >3, then p < LY/3. As L/t; > L'/? for sufficiently
large k (in terms of D), by (17) we can then assume that p®»*! divides P. If v = 1,
then |D|j +r = pl, so p < L. Moreover, if L/l;11 < p < L/¢;, then ¢ < {;, so
7(p) € T; by definition (16) of T}, whence p”»! again divides P by (17) as well
as in case p < L/{;, once more by definition (17). Using (19), we conclude that p
divides y + j to an odd power, so as (D/p) = —1 by Lemma 7 the number y + j
indeed cannot be represented by any binary quadratic form of discriminant D. This
proves part B) of Theorem 2. For part A), which is without any O-term, we use
£; > i for all ¢ € N to obtain the alternative upper bound

R(|D]) = Z Z% (1+logt).
=1

Now as above we obtain, for k sufficiently large in terms of |D| and ¢,
P <exp(2(1+2e)d(k+1)(1+logt)),

and from this
k+1 |D| —1

log P~ 2(1+2¢)|D|(1 +logw(|D|)
We now proceed as above to complete the proof of part A).

8. SUMS OF TWO SQUARES IN THE SEQUENCE Cy 4+ 2% PROOF OF THEOREM 4

Proof. A) If x is odd, then pg(z) =2+ 1 =3 (mod 4), hence py(z) € S. If =
is even, then p4(z) =6 +0 =6 (mod 8), hence py(x) € S.
B) Let d be odd and a composite number d = gds, where ¢ is the least prime
factor of d. Then py(z) = N = (cyq)? + . Suppose that N € S.

Case I: Let ¢ =3 (mod 4). As ¢, = 2, it is not possible that z is even, as
otherwise N/29 =3 (mod 4), and N ¢ S. If 2 = 3 (mod 4), then N =3
(mod 4), and again N ¢ S. Therefore x = 1 (mod 4). One can factorize
N as follows:

q
(20) N = (cgq)? + 2% = (cqq + %) <Z(—1)1+1(cqq)i_1xd_“i2> = N{ N>,
i=1
say. Note that N7 = c,q+2% =2g+1=3 (mod 4), asz =1 (mod 4) and
g =3 (mod 4). Further, N € S. Hence there exists a prime t =3 (mod 4)
which must divide both factors N; and Na. Now ¢,g = —2% (mod t). This
gives
(21) Ny = z9% — (qu)xd72d2 4 (eqq)?”
= gld=dz o pd=da oy pdmde — gpd=dz(0q ).

We distinguish whether ¢ | ¢ or ¢ { ¢. Let us first assume that ¢ | ¢, then
also t |z, as t | c,q+ 2%. Now dy > 1, so t exactly divides Ny = c,q + %
On the other hand ¢ exactly divides N3 to an even power, as with ¢; = 2
each of the summands (2¢)'~'29~ is divisible by ¢?~!, and all but one
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C)

summand are even divisible by ¢?. Hence t7~! exactly divides Ny, and t9
exactly divides N. Since ¢ =t =3 (mod 4), this contradicts N € S.

Hence t t ¢, so from (21) we obtain that ¢ | z and hence ¢ | 2q, so t = 2,
contradicting ¢ = 3 (mod 4).

Case II: Let ¢ = 1 (mod 4). As ¢, = 6, it is not possible that x is even,
as otherwise N/29 = 3 (mod 4), and N ¢ S. If z = 3 (mod 4), then
N = 3 (mod 4), and again N ¢ S. Therefore x = 1 (mod 4). One can
factorize N in the same way as in (20). Note that the first factor satisfies
Ny = cyq+2% =6¢g+1=3 (mod 4),asx =1 (mod 4) and ¢ = 1 (mod 4).
As in Case I, this factor Ny contains a prime divisor ¢ = 3 (mod 4) with
odd multiplicity, which must also divide the second factor N,. Further, as
in Case 1) we have c,qg = —z% (mod t) from which we obtain (21). In this
case t 1 ¢ is obvious, as t =3 mod 4 and ¢ = 1 (mod 4) are distinct primes.
It follows from (21) that ¢ | x and hence also ¢ | 6g. Therefore ¢t = 3. But
then the first factor Ny = 6¢ + 2% shows that 3 | z. With dy > 1 we
see again that ¢ = 3 exactly divides Nj, whereas in the second factor No
each term (cqq)i’lxd*i‘b is divisible by an even power of 3, and exactly one
summand is divisible by 3 with the minimum exponent ¢ — 1. Hence again
Ny is exactly divisible by 3 with even exponent, and so N € S.

It is known that every integer N € Z can be written in the form N =
2 +y? + 23, with 2z € Z. Indeed, Elkies, Kaplansky and Adler [7] showed
the existence of a finite set of congruences covering all integers:

20+1 = (23 -322+2)?+ (2 —2—1)? — (22 — 22)3

dr+2 = (223 —22%2 — )2+ (228 —42? — 2 +1)2 — (222 — 22— 1)3

8r+4 = (2¥+2+2)%+ (22 —22-1)2— (22 +1)3

16z +8 = (223 —82? +4x+2)? + (223 — 422 — 2)? — (222 — 42)3
162 = (23472 —2)%+ (22 + 22+ 11)2 — (2% + 5)3

Now, for every N € Z there exists some 2 € Z such that N —z3 = N+ (—2z)?
is a sum of two squares. An easier argument holds for the exponent d = 2.
Every odd integer is a difference of two consecutive squares: 2k + 1 =
(k+1)? — k? = y? — 22. With 2 = 0 or 1 we see that every integer can be
written as N = 22 + y2 — 22 and hence that for every N € Z there exists a
z € Z such that N + 2% = 22 + 32,

O

9. LONG GAPS BETWEEN SUMS OF TWO SQUARES IN SPARSE SEQUENCES:

PROOF OF THEOREM 5

In order to prove Theorem 5, we need the following auxiliary results.

Lemma 9. Let d be an odd prime as in the statement of Theorem 5, and let j be
a positive integer. Then

(4dj)t -1 .
YV =2 g —1) =1,
ng< i1

Proof. Let a = 4dj. Then the claim is

d 1
gcd(a ,al) =1
a—1
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Asa’ =1 (mod a — 1), when a > 2, one also has:
d d—1
a®—1 i
e B

i=0

Applied with a = 4dj, this gives

d—1
led (mod a — 1).
i=0

(4dj)d -1 - . -
gcd( 11 Adj—1) =(d,4dj —1) =1

and the claim follows. O

Lemma 10. Let S(x) denote the counting function of S\{0}. For x > 2 we have

x
S(z)-C <0.
(@) R logz |~ logz’
where Cr is the Landau-Ramanugjan constant (see equation (7)).
Proof. This is Lemma 9 a) in [20]. O

Lemma 11. Let C7 = 9.62. For x > 2 we have

1
Z — < 2Cg+/logx + Ciloglogx +1 — 2Cg+/log2 — Cy loglog 2
m

1<m<z,meS

e O
Viegz logz’
Proof. By Lemma 10 the inequality
x x
S(x)<C C
(@) = R\/log:v * 11ogac

holds. Applying partial summation with a,, = 1 if m € S, and a,, = 0 otherwise,
we obtain

am 1 z ld
d.o=o D] “m+/2 D am | oy du

2<m<zx 2<m<zx m<u
It follows for & > 2 that

1 CR C1 / CR Cl
— <14+ —=+ — d
Z m = + Viogz + log x + 5 \uvlogu + ulogu “

1<m<z,meS

Cr 4
< 2Cg/1 C1logl -1 —
= 2Cryiogr + Crloglog +\/logm+logx

— 2Cgr+/1og2 — C; loglog 2.

Lemma 12. Let € > 0 and let d be sufficiently large in terms of €. Then
1
(22) > — < (Cr+e)V/logd.
m<d,m odd,meS
Proof. Tt clearly follows from Lemma 10, for sufficiently large d > d., that

Z % < (2Cr+¢)/logd

1<m<d,meS
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holds. As the sum in our estimate only runs over odd values m we observe: if
m € § is odd, then 2m,4m, ... is also in S. The sum over a dyadic interval gives a
bounded contribution, hence the major contribution comes from small m < x/2¢,
for some large i. Hence the “odd” contribution is almost half the contribution of
all such power-of-2-multiples of m, also counted in the above sum:

L1, 112 1
m = m  2m 2im  m  2m’
Hence for d > d. we obtain (22). O

Lemma 13. For d > 17 we have

(23) > % < 13y/logd.
<d,meS

1<m<d

Proof. Let Cg be the Landau-Ramanujan constant (see equation (7)) and let C =
9.62. Using the inequality

2
loglogz < —+/logz (x> 3),
e
which is easy to verify by calculus, we obtain

2CRr+/logd + C1 loglogd < 8.664/logd.

Further, observing for d > 17 the inequality

Cr &
1 —— — 2CRr/1 — Ciloglog?2 < 4.242+/log d
+ \/@ + log d rV log 1loglog2 < og

then via Lemma 11 confirms (23). O

Proof of Theorem 5. For convenience, let us introduce the function f4(j) = j<.

Recall that d > 3 and fix the gap size k. For each prime p < 4kd,p = 3 (mod 4)
let 8 = /3, be the highest power with pP < dkd. Let

S S | SR

p<4k m<d,(m,4d)=1 p<dkd/m
p=3 (mod 4),(p,d)=1 meS pm=—1 (mod 4d)

Define y € {1,..., P} by the congruence (4d)%y = —1 (mod P). We show below
that none of the integers in

is the sum of two squares. To estimate the size of P, by the prime number theorem
in arithmetic progressions, we have

H pﬁp—i-l < (4k)2(1+5)2k/ log(4k) < exp(4(1 —|—€)k)
p<4k
p=3 (mod 4),(p,d)=1
Similarly, for any integer m with

0<m<d,(mAdd) =1
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we obtain
H p,Bp+1 < (4kd)2(1+e)4kd/(m¢(4d) log(4kd/m))
p<4kd/m
pm=—1 (mod 4d)
. 8kd(1 + €) log(4kd)
= X .
P\ olad)mlog(dkd/m)
Now log(4kd)
og
oa{thd/my = 1 00/ logk) = 14 0(1)

as k — +oo. Noting that p(4d) = 2p(d) = 2(d—1) as d is an odd prime, we obtain

4kd(1+¢€)(1+ o(1))
Z (d—1)m

logP <4(1+¢e)k+
odd meSN[1,d—1]

_ 4kd(1 +¢)(1 +o(1)) (1 —q+ 2 odd meSn[1,d—1] %)
- d—1 ’

Consequently,
k d—1
>

g P ™ 4d(1 +e)(1+0(1)) (1= 5 + Coameseiin &)

so using y < P we find that

k d—1
(25) lim sup ] > ; ;
koo J0BY 4d (1 — a1 2oddmesn[,d-1] E)

as required in the first part of Theorem 5; the explicit numerical values for d =
3,5,7,11,13,17 follow from a straightforward computation.
From (25) and Lemma 12 we obtain the second statement in Theorem 5.
Finally, (25) and Lemma 13 yield

k d—1 d—1 1
lim sup > > > )
koo 108Uk 44 (1 Y mesnita] %) 4d(1 + 13+/Togd) ~ 60+/logd

when d > 17. Clearly, for all particular regions of d better constants can be
achieved.

To prove our claim from above, that none of the integers in (24) is a sum of two
squares, note that for 1 < j <k

(4d)(y + fa(j)) = fa(4dj) =1 (mod P).
Now a = 4dj — 1 is a divisor of f4(4dj) — 1 and further, as a = 3 (mod 4) and
(a,d) = 1, the number a is exactly divisible by some prime power p® with

(26) p=3 (mod4), p#d and «odd.
By Lemma 9 the codivisor Mfé}i;l is coprime to a, which implies that fq(4dj) — 1

is exactly divisible by this prime power p®. Assume that p® is the smallest prime
power dividing 4dj — 1 with the condition in (26). As a < §, if p < 4k, then P
is divisible by p®*! | p#»*1 so that y + f4(j) is also exactly divisible by p®, and
is therefore not the sum of two squares. On the other hand, if p > 4k, then for
sufficiently large k the number 4dj — 1 cannot be divisible by any other prime power
¥ = 3 (mod 4), because in this case due to the minimality of p®, o odd, we obtain
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q“p > p? > 16k* and thus 4dj —1 > 16k* > 4dk—1, contradicting j < k. Therefore,
the number m = (4dj — 1)/p is a sum of two squares and also % < 44dkk =d,
so that pm = 4dj — 1 = —1 (mod 4d) and p’»*! divides P. Now a < Bp, hence
y+ fa(j) is exactly divisible by p* and is not a sum of two squares. O

10. CONCLUDING REMARKS

Remark 6. One may wonder about another connection to primes. It is known
that every interval of type [X, X + X%525] where X is sufficiently large, contains
at least > % many primes.

Let ¢ > 0, and n > n. be sufficiently large. By a binomial estimate, see [21],
the interval [2" — 20525 2"] must contain primes where the proportion of binary
digits being ‘1’ is, for any ¢ > 0, larger than 0.7375 — . Similarly, the interval
[27, 27 + 205257] contains many primes with at least (0.7375 — €)n many binary
digits being ‘0’.

In view of 2" +27 it is clear that S contains elements with very few binary 1-digits
only. Interestingly, with another identity one can also achieve this for sums of two
squares with only very few ‘0’ digits: The integers of the form

2741 . o
=<§2>—(2 +2)_3(2 1)

2n71

=32* — 122 + )T +1)---(2
=922+ )2 +1)--- (22" +1)

have exactly two binary digits being zero. Here we repeatedly used the binomial
formula 2% — 1 = (2" 4+ 1)(2° — 1). Moreover as a product of integers

9,224+ 1,2 +1,...,

+1)

where each factor is a sum of two squares, and as this property is multiplicative,
N is itself a sum of two squares. Hence the problem of binary digits in the set S is
considerably easier than in the set of primes, due to explicit identities.

For the quadratic form 3z2 + 2 this also works with exactly three ‘0’ digits. We
use several times the identity

(23" —1)(22% £ 2% 1 1) =2

3i+1

-1
Now
7( 2" 1)
=722 - 1)(2°+ 22+ 1) x 28 + 274+ 1) x --- x (22x3"*1 L3 1)

3" 42
( > 21+22+23 )

Note that N is a product of 49 = 3 x 42 + 12 and integers of the form
228 L 98 L1 =322 4 (2 +1)2 =422+ 22+ 1

with z = 231, A product of two integers of the form 3z2 + y? is again of this
type, in view of the identity

(3a% + b*)(3¢% + d?) = 3(bc + ad)* + (3ac — bd)*>.
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Hence N is of type 322 + y? and has only three of its binary digits being 0.

Remark 7. It is trivial that short gaps exist between integers in S, such as
3 = (n®> +4) — (n®> +1). Briidern and Dietmann [4] showed that each positive
integer occurs as the gap between pairs in S infinitely often, and they also study
triples of integers in S. In view of the Green-Tao theorem on primes in arithmetic
progressions it is clear that S contains arbitrarily long arithmetic progressions.
Good upper bounds on the length of progressions in S in terms of the size of the
gap have recently been given in [8].
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APPENDIX A. TABLE OF ABBREVIATIONS

In this appendix we briefly collect some notation used in the proof of Theorem 1
in section 4. First recall the maps

m:Z—{1,...,2°}, z—2 (mod?2%
and
T:Z—7Z; j—45—1.
The sets Sy, Ty, Up, Vo, Wy and Ry are then defined by

S ={2%e{l,...,2}:a<0—2b=3 (mod4)} (£>2),
Tiy2 = mei2(7(Se)) (€2 2),

Us = {3},

U=U1U{u+2"1ucU 1} U{3x272) (£>4),

Ve ={s € 8Sp:m12(57(5)) € Tyya} (£ >2),
W = {24},

We=W, U{u+2 cue W, JU{3x 272} (£>6),

Ry ={s € 8;:m2(57(8)) € Tyyo and mp12(97(s)) € Tyra} (£ > 2).

Note the inclusions

5);
5

RicV,CS, (¢
(£ >5),

W, cU, CSy
UsCV, (£2>3),
Wy C Ry (EZE))

>
>
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APPENDIX B. SOME EXAMPLES FOR THE SETS OF RESIDUE CLASSES
INTRODUCED IN SECTION 4

We have

Sz = {3},
S3 ={3,6,7},
Sy =1{3,6,7,11,12,14,15},
S5 ={3,6,7,11,12,14,15, 19,22, 23, 24, 27, 28, 30, 31},
Ty = {11},
Ty = {11,23,27},
Ty = {11,23,27,43,47, 55,59},
Tr = {11,23,27,43,47, 55,59, 75, 87,91, 95,107, 111, 119, 123},
Us = {3} = V3 C Ss,
Uy ={3,11,12} = V4 C Su,
Us = {3,11,12,19,24,27,28} = V5 C S5,

75 (7(Us)) = {11} C T,

me(T(Us)) = {11,43,47} C Ts,

w2 (r(Us)) = {11,43,47,75,95,107, 111} € T,
W5 = {24} = Rs,

w7(T(Ws)) = {95} C m7(7(Us)) C Tx.

APPENDIX C. CRAMER’S MODEL, ADAPTED TO SUMS OF TWO SQUARES

In this section we briefly discuss the adaptation of Cramér’s model (see [6])
for primes to the set S. The Cramér random model for the set S of numbers
representable as the sum of two squares suggests that distributional properties of S
should be similar to that of a random set R where each integer k£ > 1 is included in
R independently with probability Cr/+/logk. Here Cg is the Landau-Ramanujan

constant
1 1 1\ V2
Cr=— (1—2> ~ 0.7642. ..
\/§ p=3 (mod 4) p

(already introduced in (7)), chosen such that the size of SN {1,...,z} is asymp-
totically that of RN {1,...,z} with probability 1.
Given ¢ > 0, let f(k) := |c(logk)3/?/Cr] and let & denote the random event
that
RN{k+1,....,k+ f(k)} =0.
We then see that
I(k)

o . CR — ex _CR(1+O(1))f(k) _ .—cto(1)
P(gk)_jl:[l(l \/log(k-l-j))_ p( Viogk ) et

If ¢ > 1 then ), P(&;) < oo, and so the Borel-Cantelli lemma implies that almost
surely only finitely many of the events & occur. On the other hand, we see that
the events &y (10g k)27 are independent for & large enough (the underlying sets are
disjoint) and if ¢ < 1 then ), P(Erx(10g k)21) = 00. Therefore by the Borel-Cantelli
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lemma if ¢ < 1 then almost surely infinitely many of the events occur. Therefore
we find that if R = {rq,r2,... } with r1 < ry < ... then with probability 1 we have

lim sup Tht1 =Tk _ i
koo (logry)3/2  Cr
In particular, the Cramér random model would predict that the maximal gap be-
tween elements of SN{1,...,z} should be of size roughly (logz)3/2. (It is likely the
maximal gap would differ slightly from the precise prediction (1/Cr+40(1))(log x)3/?
from this model because the model does not account for divisibility effects caused
by small primes.)
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