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This paper considers the asymptotic and numerical solution of a simple model for the expansion of

a collisionless plasma into a plasma of lower density. The dependence on the density ratio of

qualitative and quantitative features of solutions of the well-known cold-ion model is explored. In

the cold-ion limit, we find that a singularity develops in the ion density in finite time unless the

density ratio is zero or close to unity. The classical cold-ion model may cease to be valid when

such a singularity occurs and we then regularize the model by the finite ion-temperature Vlasov-

Poisson system. Numerical evidence suggests the emergence of a multi-modal velocity

distribution. VC 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4802933]

I. INTRODUCTION

The expansion of a collision-free plasma into a vacuum

was studied mathematically in Ref. 1, under the assumption

of quasi-neutrality, a concept pioneered in Ref. 2. In Ref. 3,

this assumption was relaxed to include space charge, mod-

elled by the Poisson equation. As in Ref. 1, it was assumed

that the electron density is given by the Boltzmann relation,

but the thermal energy of the positive ions was neglected

in comparison with the electron thermal energy. The

Boltzmann assumption is valid as long as the electron ther-

mal speed greatly exceeds the ion velocity, which is valid in

the early stages of the expansion. Another requirement was

that the plasma should be large enough for boundary effects

to be neglected. The acceleration of positive ions to high

energies was predicted in Ref. 3 where it was indicated that

possible fields of application were solar flares and the emis-

sion of high-energy ions by laser-produced plasmas of me-

dium density. The latter prediction proved to be true, and an

example is given in Ref. 4. References to other relevant

experiments can be found in Ref. 5, which deals with the

same problem as that of Ref. 3. However, a different numeri-

cal method, based on a Lagrangian formulation, was used

and it predicted different behavior near the ion front.

A central goal of the present paper is to gain further

insights into the expansion of a collisionless plasma into a

plasma of lower density; phenomena of this kind are to be

found both in the laboratory and in space. Initially, as in the

previous studies cited above, we adopt the well-known cold-

ion model (see Refs. 3 and 5). We provide extensive analytical

and computational results demonstrating that expansion into a

lower density plasma may differ profoundly from expansion

into a vacuum. In particular, we find that the expanding front

is preceded by a train of ion-acoustic waves and that the solu-

tion may develop a finite-time “spike”, with the ion density

apparently tending to infinity. These observations are con-

firmed by detailed asymptotic analyses of the cold-ion

equations.

A related problem was studied in Ref. 6, where expan-

sion into a vacuum was considered but with an exponentially

smooth front rather than a sharp front, and the resulting

model was solved numerically using a particle method. The

formation of spikes in the ion density was observed, as in the

present paper, and identified with a “wave-breaking” phe-

nomenon, following which the ion velocity becomes a multi-

valued function of position. Qualitatively similar behaviour

was observed in Ref. 7 using a simplified model in which the

electrons were neglected.

The assumption of “cold ions” clearly represents a serious

limitation to the above theories. As pointed out in Ref. 6,

when the ion velocity becomes multi-valued, the cold-ion

description is no longer valid, and it must be questioned

whether the subsequent behaviour is a good model for the

behaviour of thermal ions when the temperature is small but

nonzero. The present paper addresses this question by solving

numerically the finite-temperature Vlasov-Poisson model for

the distribution of ions. We find that solutions of the Vlasov-

Poisson model converge to those of the cold-ion model as the

ion temperature tends to zero provided the initial jump in the

ion density is sufficiently small. Otherwise, following the for-

mation of a spike in the ion density, the solutions of the two

models disagree both qualitatively and quantitatively.

Our work is a generalization of that in Refs. 3 and 5;

there, further assumptions are made that the ions are cold

and that the expansion is into a vacuum. By relaxing these

assumptions, we are able to study not only the dramatic

effects of wave dispersion but also the way in which the

Vlasov-Poisson model is a regularization of the cold-ion

model in both the nonlinear and linear regimes, the latter cor-

responding to a small density change across x¼ 0 at t¼ 0.

We consider only the simplest Vlasov-Poisson model

for the distribution function fiðx; v; tÞ of singly charged ions

and assume that the electrons, whose thermal velocity

greatly exceeds their drift velocity, are everywhere in ther-

modynamic equilibrium. Thus, the electron density ne is

given by the Boltzmann relation

ne ¼ n0 exp
eV

k Te

� �
; (1)

where, in the usual notation, V denotes the electric potential

and n0 a constant reference density.
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Using, where appropriate, the notation of Ref. 3, our

dimensional model comprises of the Vlasov equation

@fi

@t
þ v

@fi

@x
� e

M

@V

@x

@fi
@v
¼ 0; (2)

where v denotes the ion velocity in the x-direction, trans-

verse velocity fluctuations having been factored out, and the

Poisson equation

e0

@2V

@x2
¼ eðne � niÞ; (3)

where

niðx; tÞ ¼
ð1
�1

fiðx; v; tÞdv: (4)

The Poisson equation is valid because the velocities in the

problem are much smaller than the velocity of light, so that a

quasistatic approximation can be employed.

The systems (1)–(4) are solved in �1 < x <1 subject

to the initial conditions that the ions are in equilibrium with

zero drift velocity, so that

fiðx; v; 0Þ ¼ niðx; 0Þ
M

2pkTi

� �1
2

exp �Mv2

2kTi

� �
(5)

and niðx; 0Þ takes the constant values n0 in x < 0 and nrn0 in

x > 0, with nr 2 ½0; 1Þ. Thus, nr is simply the ratio of the

constant densities in the initial low and high density regions.

This prescription of ni allows V to be calculated at t¼ 0 from

the numerical integration of (3) subject to the conditions that
@V
@x ! 0 as x! 61; these asymptotic conditions apply

throughout the expansion process. Notice that, because of

(3), the plasma remains electrically neutral as x! 61
and hence neð�1; tÞ ¼ nið�1; tÞ ¼ n0 and neðþ1; tÞ
¼ niðþ1; tÞ ¼ nrn0.

In the cold-ion limit, (5) is replaced by

fiðx; v; 0Þ ¼ niðx; 0Þ dðvÞ:

The cold-ion system can be formally derived assuming that

for any t � 0, fi has the form

fiðx; v; tÞ ¼ niðx; tÞ dðv� viðx; tÞÞ;

where vi is given by

vi ¼
1

ni

ð1
�1

vfidv when ni 6¼ 0:

Equation (2) can be integrated with respect to v to yield the

conservation law

@ni

@t
þ @

@x
ðniviÞ ¼ 0: (6)

Although (6) holds even when Ti > 0, it is only in the cold-

ion case that the system can be closed via the v-integral of

the first moment of (2), which yields the ion-momentum

equation

@ðniviÞ
@t

þ @ðniv2
i Þ

@x
¼ � e

M
ni
@V

@x
: (7)

Coupling (6) with (7), we obtain, for smooth functions ni and

vi; ni 6¼ 0,

@vi

@t
þ vi

@vi

@x
¼ � e

M

@V

@x
: (8)

The system (1), (3), (6), and (8) defines the cold-ion

model for the macroscopic variables ni; vi; ne, and V as used

in the computations in Ref. 3.

For analytic convenience, we normalize the variables

according to the non-dimensionalizations given in Table I,

which leads to the dimensionless Vlasov-Poisson model

@f

@t
þ v

@f

@x
� @/
@x

@f

@v
¼ 0; (9)

@2/
@x2
¼ expð/Þ � n; (10)

n ¼
ð1
�1

fdv; (11)

nðx; 0Þ ¼ 1 x < 1

nr x > 0;

�
(12)

and

f ðx; v; 0Þ ¼ nðx; 0Þ 1ffiffiffiffiffiffi
2p
p

e
exp � v2

2e2

� �
; (13)

where e ¼
ffiffiffiffiffiffiffiffiffiffiffi
Ti=Te

p
is the key dimensionless parameter meas-

uring the ion temperature. The dimensionless electric field is

given by E ¼ �@/=@x.

As e! 0, one expects to retrieve the well-known cold-

ion limit system, which in dimensionless form is

@n

@t
þ @

@x
ðnvÞ ¼ 0;

@v

@t
þ v

@v

@x
¼ � @/

@x
; (14)

together with (10), where the dimensionless cold-ion veloc-

ity v is defined by

v ¼ 1

n

ð1
�1

vfdv; (15)

the initial conditions are given by (12), and from (15), v(x, 0)

¼ 0 where nðx; 0Þ > 0. However, we will find that this

expectation is not fulfilled in many cases. Indeed, the model

(10), (14) may fail completely.

In Secs. II and III, we consider solutions of the cold-ion

model with the aim of understanding how the ion oscillations

that occur in the expansion depend on nr. In particular, as

nr " 1, we expect the solution to involve ion-acoustic waves,

which are the linearization of (10) and (14) about n¼ 1,

052101-2 Perego et al. Phys. Plasmas 20, 052101 (2013)
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/ ¼ 0, and v ¼ 0. In Sec. III A, we will see that these waves

are described by the well-known dispersion relation (see

Ref. 8)

x2 ¼ k2

1þ k2
; (16)

so we expect strong dispersive effects in this case.

The numerical predictions in Sec. II strongly suggest the

possibility of finite-time blow up when the expansion is non-

linear and further evidence concerning the “spikes” that

appear in n is given in the computational results in Sec. III.

In Sec. IV, we revert to the model with Ti > 0, i.e., the

Vlasov-Poisson model (9)–(13), for which we expect Landau

damping to accompany dispersion. Although nonlinear

Landau damping has recently been studied in Ref. 9, analyti-

cal formulae for damping coefficients only exist in the linear

case. As suggested in Refs. 10 and 11, the damping rate is

exponentially small in Ti.

II. THE COLD-ION MODEL

A. Mathematical classification

We write the system (14) as

@u

@t
þ @

@x
fðuÞ ¼ 0; (17)

where u and f are defined as

u ¼ n
v

� �
fðuÞ ¼

n v
1

2
v2 þ /

" #
:

Note that f is not a simple function of u but is an integro-

differential operator because / is a functional of n obtained

by solving the Poisson equation (10). For this reason, (17)

cannot be considered as a traditional hyperbolic system.

However, it is useful to analyze the problem by computing

the Jacobian of f and examining its eigenvalues and eigen-

vectors. The Jacobian of f is given by

JðuÞ ¼ v n
D/ v

� �
;

where D/ is the Gateaux derivative of / with respect to n.

We denote by un the Gateaux derivative / with respect to n
in the direction n, namely un ¼ hD/ðnÞ; ni. The Jacobian of

f has eigenvalues k6 and eigenvectors u6 given by

k6 ¼ v 6
ffiffiffiffiffiffi
un

p
and u6 ¼ n

6
ffiffiffiffiffiffi
un
p

� �
:

It follows that the linearized system admits two characteristic

waves propagating with velocities kþ and k�. As will

be seen in our simulations, kþ is positive all over the domain

(v is non-negative), whereas k� can be negative. Also, for

nr > 0; k6 ¼ 61 as x! 61.

B. The quasi-neutral model

A simplification of the cold-ion model, referred to as the

quasi-neutral model (see Ref. 12), is obtained by neglecting

the left-hand side of the Poisson equation (10), thus obtain-

ing / ¼ lnðnÞ. This model is motivated by the fact that far

from the front, the derivative of the potential / is close to

zero. The resulting equations are the well-known equations

of isothermal gas dynamics. In this case, the eigenvalues of

the hyperbolic system are k6 ¼ v 6 1, and the self-similar

solution is given by

½n; v�T ¼

½1; 0�T if x � t

exp � x

t
� 1

� 	
;
x

t
þ 1

h iT
if t < x � ðvm � 1Þt

½expð�vmÞ; vm�T if ðvm � 1Þt � x < vst

½nr; 0�T if x > vst;

8>>>>>><
>>>>>>:

(18)

where the maximum velocity vm is the solution of

ð1� nr expðvmÞÞðv2
m � 2vm � 2 logðnrÞÞ � 2v2

m ¼ 0

and the shock velocity vs is given by

vs ¼
vm

1� nr expðvmÞ
:

The solution (18) is obtained by imposing the usual jump

conditions

vsðuþ � u�Þ ¼ fðuþÞ � fðu�Þ

on the system (17). The shock velocity increases as nr

becomes smaller. In particular, we have the limit shock

velocities vs ¼ 1 as nr ! 1 and vs ¼ �1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2 logðnrÞ

p
as nr ! 0.

TABLE I. Dimensional and dimensionless variables and the reference val-

ues used for the non-dimensionalizations; the  symbol indicates that the

dimensionless variable is given the same symbol as its dimensional parent.

Variable

Dimensional Dimensionless

Reference value used for

Non-dimensionalization

ni n :¼ ni

n0
n0

ne ne  ne

n0
n0

x x x
kd

Electron Debye distance

kd :¼ e0kTe

n0e2

� 	1=2

v v v
cs

ion acoustic speed

cs :¼ kTe

M


 �1
2

vi v :¼ vi

cs
cs

V / :¼ eV
kTe

kTe

e

t t t
x�1

pi

reciprocal of the

ion plasma frequency

x�1
pi :¼ e0M

n0e2

� 	1
2

fi f :¼ csfi
n0

n0 c�1
s
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We expect that the cold-ion solution matches the self-

similar solution as x! 61 (numerical evidence is provided

in Figures 1 and 2). In particular, we expect that /ð�1Þ ¼
0 and /ð1Þ ¼ lnðnrÞ and that k6 ! 61 as we move away

from the origin. This observation is useful in the numerical

treatment of the cold-ion problem for which one needs to

impose boundary conditions at the boundary of a finite com-

putational domain.

C. Numerical results for the cold-ion model

1. Dependence on nr

The numerical algorithms used to solve the cold-ion model

are described in Appendix, Subsection 1. We present, in Figures

3 and 4, numerical results for the present problem in the cold-ion

limit for different values of nr. For values of nr close to unity, we

expect the solution of the problem to be close to the one of the

linearized system to be presented in Sec. III A. This is confirmed

FIG. 1. Comparison between the self-similar solution (solid blue line) of the

quasi-neutral approximation with the cold-ion solution (dashed red line) at

t¼ 50 for nr¼ 0.75 (top) and nr¼ 0.25 (bottom). Top pair: t¼ 20; bottom

pair: t¼ 50; top of each pair: nr ¼ 0:75; and bottom of each pair: nr ¼ 0:25.

FIG. 2. Comparison of the cold-ion solution with the quasi-neutral solution

at t¼ 50 for nr ¼ 0:1 (top) and nr ¼ 0:01 (bottom).

FIG. 3. Cold-ion solution for nr ¼ 0:99 (solid blue line) and nr ¼ 0:95 (dashed green line). From top to bottom: ion density n, velocity v, and electric field E.

From left to right: t¼ 20 and t¼ 50.

052101-4 Perego et al. Phys. Plasmas 20, 052101 (2013)
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by the comparison of the cold-ion solution with the linearized

one shown in Figure 5. Moreover, the concentration of short

wavelengths near the origin is in accordance with the fact that

the group velocity associated with (16) tends to zero as k !1.

As nr becomes smaller, we observe that the cold-ion so-

lution propagates faster and has fewer oscillations. This trend

is observed in particular in Figure 4. Also, we observe that

the trailing part of the wave has increasing amplitude as nr

decreases and as time increases. In Sec. II C 2, we investigate

this phenomenon for small values of nr.

It is worth comparing the cold-ion solution with the

quasi-neutral model presented in Sec. II B. The comparison

is shown in Figure 1; the self-similar solution appears to be

an “average” of the cold-ion solution. The correlation

between the shock position in the self-similar solution and

the first peak in the cold-ion solution is also remarkable.

2. Small values of nr

We next consider the case of small values of nr.

Figure 6 shows the cold-ion solution for nr ¼ 0:1 at t¼ 10,

as the grid is refined. It is clear from Figure 6, top, that

the ion concentration n is not converging as the grid is

refined, whereas the other variables (v and E) seemingly

converge. In Table II, we provide the L1 and L1 norms of

the difference of the solutions obtained with subsequent

refinements. Figure 6 and Table II suggest that the leading

peak has evolved into a “spike” that might correspond to a

singularity in the solution and is not a computational arti-

fact. In fact, as the spatial step size is decreased, the am-

plitude of the spike increases and its “width” decreases but

its position does not significantly change. (These observa-

tions also hold for later plots which we refer to as having

spikes.) In the review paper Ref. 13, the cold-ion equation

is listed within a class of equations that can feature such

singular solutions.

3. Expansion into a vacuum (nr 50)

When solving the cold-ion model for the case of expan-

sion into vacuum, it is better to use a Lagrangian approach.

The modified numerical scheme used when nr ¼ 0 is pre-

sented in Appendix, Subsection 2.

Figure 7 shows the numerical solution obtained with

such scheme at t¼ 10. It is remarkable that the solution for

FIG. 4. Cold-ion solution for nr ¼ 0:75 (solid blue line), nr ¼ 0:5 (dashed green line), and nr ¼ 0:25 (dotted-dashed red line). From top to bottom: ion density

n, velocity v, and electric field E. From left to right: t¼ 20 and t¼ 50.

FIG. 5. Comparison between the cold-ion solution (dashed red line) and the

linearized one (solid blue line) for nr ¼ 0:95. The contact discontinuity for

the linearized solution is fixed at x¼ 0.
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the expansion into a vacuum does not exhibit any spikes,

which is surprising given the results for small values of nr

given in Sec. II C 2. Such solution for the nr ¼ 0 case is in

agreement with the results in Ref. 5. In particular, Figure 8

shows the nondimensionalized charge-separation (the differ-

ence between the ion and electron charges) at time t¼ 50,

and reproduces the result in Figure 1 of Ref. 5.

These results suggest several limits in which our model

may be susceptible to asymptotic analyses; we now present

some of these.

III. LINEAR AND NONLINEAR ASYMPTOTIC
ANALYSES OF THE COLD-ION MODEL

A. The linearized cold-ion model

When nr is close to unity, we can then approximate the

solution to the cold-ion models (10) and (14) by linearizing

about n¼ 1, / ¼ 0, and v¼ 0. If we define

n ¼ 1þ h~n; v ¼ h~v; / ¼ h~/;

where h ¼ ð1� nrÞ, then, to leading order in h, we obtain

the linearized model equation

@4~n

@x2 @t2
þ @

2~n

@x2
� @

2~n

@t2
¼ 0: (19)

The dispersion relation (16) follows directly from (19). The

corresponding initial and far-field conditions are

~nðx; 0Þ ¼ �HðxÞ; @~nðx; tÞ
@t

����
t¼0

¼ 0;

where H is the Heaviside function, and

~nðx; tÞ ! 0 as x! �1;
�1 as x!1:

�

By taking a Fourier transform in x, for example, the solution

is found to be

~nðx; tÞ ¼ � 1

2
� 1

2p

ð1
0

sin kxþ ktffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2
p

� ��

þ sin kx� ktffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2
p

� �

dk

k
: (20)

This approximate solution is compared with numerical solu-

tions of the full cold-ion model in Figure 5 with nr ¼ 0:95

and t¼ 20. As expected, the two solutions are almost super-

imposed. However, while the contact discontinuity in the

linearized solution (20) is fixed at x¼ 0, the contact

FIG. 6. Solution of the cold-ion model for nr ¼ 0:1 and t¼ 10 vs. the spatial

discretization step Dx; top to bottom: n, v, and E.

TABLE II. For nr ¼ 0:1 and t¼ 10, the L1 and L1 norm of the difference of solutions obtained with subsequent grid refinements; the Courant number¼ 0.9.

knDx1
� nDx2

k kvDx1
� vDx2

k k/Dx1
� /Dx2

k kEDx1
� EDx2

k

Dx1 Dx2 k�k1 k�k1 k�k1 k�k1 k�k1 k�k1 k�k1 k�k1

4� 10�2 2� 10�2 0.399 0.228 0.0587 0.175 0.0187 0.123 0.0585 0.0824

2� 10�2 1� 10�2 0.660 0.218 0.0456 0.111 0.0166 0.0920 0.0650 0.0675

1� 10�2 5� 10�3 1.027 0.199 0.0341 0.0786 0.0138 0.0708 0.0664 0.0521

5� 10�3 2.5� 10�3 1.495 0.178 0.0316 0.0637 0.0108 0.0589 0.0639 0.0405

FIG. 7. Cold ion solution at t¼ 10 for nr ¼ 0; top: n (solid line) and v
(dashed line); bottom: / (solid line) and E (dashed line).
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discontinuity in the nonlinear cold-ion solution propagates

slowly in the positive x-direction.

The linearized solution plotted in Figure 5 displays a

growing train of ion-acoustic waves propagating away from

the initial discontinuity, with the wave-front propagating at

approximately unit speed. This qualitative behavior may be

further elucidated by analyzing the integral in (20) in the as-

ymptotic limit t!1. A standard stationary-phase analysis

then gives the dominant behavior of (20) in the form

~nðx; tÞ � � 1

2
�

t1=3 sin
�
p=4� ðt2=3 � x2=3Þ3=2

	
ffiffiffiffiffiffi
6p
p

x1=3ðt2=3 � x2=3Þ3=4

for � t < x < 0 and 0 < x < t: (21)

Figure 9 shows that this approximation successfully captures

the train of ion-acoustic waves and correctly predicts the ex-

istence of a wave-front approximately at x¼ t. However, the

approximation becomes invalid in layers near x¼ 0 and

x ¼ 6t.
Considering first the limit x! 0, we find that a distin-

guished limit occurs when x ¼ Oðt�1=2Þ as t!1, in which

case

~nðx; tÞ � � 1

2
� sgnðxÞ

2p
Im eit

ð1
�1

eigðs�1=s2Þ ds

s

� 

;

where g ¼ x2t

2

� �1=3

(22)

and g ¼ Oð1Þ as t!1. In particular, this implies that

~nð06; tÞ ¼ � 1

2
7

cos t

2
;

confirming that the contact discontinuity at x¼ 0 persists for

all time in the linearized model. One can also easily verify

that (22) matches with (21) as g!1.

On the other hand, as x! t, the relevant scaling is

found to be x� t ¼ Oðt1=3Þ, in which case the leading-order

approximation to (20) is given by

~n � �1þ gððx� tÞt�1=3Þ; where

gðnÞ ¼ 1

4
� 1

2p

ð1
0

sin
s3

2
þ ns

� �
ds

s
; (23)

and n ¼ Oð1Þ as t!1. The corresponding behavior as

x! �t is easily inferred by symmetry. This is shown as a

dotted curve in Figure 9, where we see that it too agrees well

with the true solution (20) near the wave-front at x¼ t.
These results show that, in the limit as nr ! 1, the ampli-

tude of the waves remains bounded for all time, and there is

no indication of any spikes forming in the solution. However,

this leaves open the potential for nonlinear effects to accumu-

late over a long time-scale to produce spikes. To examine this

possibility, we next perform a weakly nonlinear analysis.

B. Weakly nonlinear cold-ion model

The result (23) for the linearized behavior near x¼ t
motivates the large-time scaling

T ¼ h3=2t; X ¼ h1=2ðx� tÞ;

and we define the corresponding local dependent variables as

nðx; tÞ ¼ 1þ hNðX; TÞ;
/ðx; tÞ ¼ hUðX; TÞ;
vðx; tÞ ¼ hVðX; TÞ:

This transforms the cold-ion models (10) and (14) into

@N

@X
þ @V

@X
¼ h

@N

@T
þ @ðNVÞ

@X

� �
;

@V

@X
� @U
@X
¼ h

@V

@T
þ V

@V

@X

� �
;

Uþ N ¼ h
@2U
@X2
� U2

2

� �
þ Oðh2Þ:

(24)

By using the leading-order downstream far-field conditions

N ! 1; V ! 0; U! �1 as X!1;

we therefore obtain

N ¼ V � 1 ¼ U;

to leading order in h. We then combine the equations in (24)

to eliminate the dominant left-hand sides and thus find that

V(X, T) satisfies

FIG. 8. The charge separation (n� expð/Þ) at t¼ 50 as a function of x
t.

FIG. 9. The ion density perturbation ~n plotted versus x at t¼ 30; solid: exact

solution (20); dashed: large-t approximation (21); dotted: wave-front

approximation (23).
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@V

@T
þ V

@V

@X
þ 1

2

@3V

@X3
¼ 0; (25)

which is equivalent to the KdV equation. Matching with (23)

gives the initial condition

VðX; TÞ ! 1

2
Hð�XÞ as T ! 0 (26)

and the far-field conditions are

VðX; TÞ ! 0 as X!1;
1=2 as X! �1:

�

The early time response is given by a similarity solution

of the form

VðX; TÞ � gðXT�1=3Þ as T ! 0;

where

gðnÞ ¼ 1

2

ð1
ð2=3Þ1=3n

AiðsÞ ds;

with Ai denoting an Airy function of the first kind. It can be

verified that this gðnÞ is identical to the function defined by

(23), so that the small-time behavior of the solution to (25)

successfully matches with (20).

It is known18 that solutions of (25) are regular for all

T > 0, even for the discontinuous initial data (26). Hence,

even when nonlinear effects are included, there is no sign of

a singularity forming in the solution when nr is sufficiently

close to 1.

C. Blow-up behavior

The analysis carried out above indicates that the ion

density remains smooth and bounded for all time if nr is

close to unity. However, for smaller values of nr, the numeri-

cal results presented in Sec. II C display spikes, where n is

apparently unbounded. We can provide further evidence for

this behavior by seeking local solutions of (10) and (14) in

which n, v, and / are smooth functions of x for t < t	 but

supx n!1 as t% t	, where t	 is some critical spike forma-

tion time. Let the maximum of n(x, t) occur at x¼ s(t) for

each t < t	. Then, the local behavior near x¼ s(t) as t% t	
can be described by a similarity solution of (10) and (14) in

which

n ¼ ðt	 � tÞ�1FðgÞ; (27a)

v ¼ _sðtÞ þ ðt	 � tÞ1=2GðgÞ; (27b)

/ ¼ /0ðtÞ � E0ðtÞðx� sðtÞÞ þ ðt	 � tÞ2HðgÞ; (27c)

where

g ¼ x� sðtÞ
ðt	 � tÞ3=2

; /0ðtÞ ¼ /ðsðtÞ; tÞ; E0ðtÞ ¼ EðsðtÞ; tÞ:

Substituting (27) into (10) and (14) and letting t% t	,
we find that

FðgÞ ¼ A

1þ 3BGðgÞ2
; (28a)

HðgÞ ¼ �A

4
GðgÞ2 2þ 3BGðgÞ2

� 	
; (28b)

where the function GðgÞ satisfies the implicit equation

GðgÞ þ BGðgÞ3 ¼ �g: (28c)

The positive integration constants A and B remain arbitrary

in this local analysis and can be determined only by match-

ing with the (numerical) solution of the full initial-value

problem. In any case, they can be normalized out of the local

behavior by the scalings

g ¼ ~g

B1=2
; F ¼ A ~F; G ¼

~G

B1=2
; H ¼ A ~H

B
; (29)

so no generality is lost by henceforth setting A¼B¼ 1.

In Figure 10, we plot the functions FðgÞ; GðgÞ, and

HðgÞ defined by (28). The local behavior of the ion den-

sity n is determined by the function FðgÞ, which is an

even function with a maximum as expected at g ¼ 0 and

FðgÞ � 1=3jgj2=3
as g! 61. The local relative velocity

is described by the odd function GðgÞ with limiting behav-

iors GðgÞ � �g as g! 0 and GðgÞ � �g1=3 as g! 61.

Finally, the function HðgÞ, describing the perturbation to

the local electric potential, is even, with a maximum at

g ¼ 0 and HðgÞ � �3jgj4=3=4 as g! 61.

These limits imply that

n � 1

3ðx� sÞ2=3
as t% t	: (30)

This implies that, although the ion density tends to infinity,

its integral is finite and n does not approach a delta distribu-

tion. This in turn implies that the electric field E and poten-

tial / are continuous across the spike.

We now perform a preliminary numerical verification of

this local analysis near the singularity, focusing on the illus-

trative case nr ¼ 0:1. In Figure 11, a comparison between

the numerical cold-ion solution and the local solution (27) is

shown for different values of t. In these plots, A, B, and t	
are independent of t and have been estimated by fitting the

computed solution n at different times with the predicted local

FIG. 10. The functions FðgÞ (solid), GðgÞ (dashed), and HðgÞ (dotted)

defined by (28).
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behavior (27a) for x in (s – 0.01, s þ 0.01), s being the argmax

of n. The numerical solution and the local asymptotic solution

for the ion density are seemingly in agreement, and this mu-

tual corroboration supports the assertion that the cold-ion

model does admit solutions, which form spikes in finite time.

These results prompt us to question the validity of the

cold-ion model once the solution has formed a spike. To

gain further insight into this question, in Sec. IV, we con-

sider simulations of the Vlasov-Poisson systems (9)–(13), in

particular when e is nonzero but small. Our aim is to deter-

mine whether or not the Vlasov-Poisson solutions converge

to the corresponding cold-ion solutions as the ion tempera-

ture tends to zero.

IV. VLASOV-POISSON SYSTEM FOR NONZERO
ION TEMPERATURE

The previous sections pose several unanswered ques-

tions concerning the cold-ion model and we now attempt to

resolve them by regularizing the model by reinstating the ion

temperature. Thus, we return to the dimensionless Vlasov

equation, which is solved using the numerical scheme

described in Appendix, Subsection 3.

A. Numerical results

We consider the initial conditions (12) and (13) for dif-

ferent values of nr and e. Figure 12 shows a surface plot of f

as a function of x and v at t¼ 30 for nr ¼ 0:75 and 0.1 and

e ¼ 0:1 and 0.025. When the temperature ratio e is small, we

are close to the cold-ion limit, and at t¼ 0, the ions are con-

centrated in a small v-neighborhood of the x axis, whereas

for larger e, the initial ion distribution is less localized. This

is reflected in the solution at later times as can be seen com-

paring the left- to the right-hand plots in Figure 12.

The “advection” field of the Vlasov equation is

[v, E(x)]. At t¼ 0, the electric field E(x) is positive in the

neighborhood of the discontinuity located at x¼ 0. Hence,

ions first drift in the direction of the v-axis with velocity E(x)

and, for t > 0, in the direction of the x-axis with velocity v.

Also, (i) as nr decreases, E increases, and n becomes less

FIG. 11. Comparison between the computed cold-ion density n and the local

solution (27), with t	 ¼ 3:08, A¼ 0.298, and B¼ 44.7.

FIG. 12. Ion distribution function f at

t¼ 30 for nr ¼ 0:75 (top row) and nr ¼
0:1 (bottom row) and for e ¼ 0:1 (left

column) and e ¼ 0:025 (right column).

FIG. 13. Ion density n as a function of x at several time instants for

e ¼ 0:025 for an initial ion density nr ¼ 0:75 (top) and nr ¼ 0:25 (bottom).
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oscillatory (see Figure 13); (ii) as nr decreases, n is concen-

trated at faster velocities; (iii) the plot of n(x, t) in Figure 13

resembles the cold-ion solution. Most strikingly, for nr ¼ 0:1,

the support of the ion distribution f in the (x, v) plane displays

a bifurcation.

B. Comparison with the cold-ion limit

We now investigate the solution of the Vlasov-Poisson

system as the ratio e between the ion and electron tempera-

tures goes to zero. Figure 14 shows n and v for nr ¼ 0:75,

obtained from the integration (with respect to v) of the solu-

tion of the Vlasov-Poisson system, superimposed on the val-

ues from the cold-ion model. Figure 15 shows the L1 norm of

the difference between the Vlasov-Poisson and cold-ion sol-

utions as a function of e. The results indicate a linear conver-

gence rate for n and a superlinear rate (
1:5) for v.

Figures 16 and 17 show the same comparisons for

nr ¼ 0:25, revealing that the convergence of the integrated

Vlasov-Poisson solution to the cold-ion solution is less evi-

dent, especially for v. The L1 norm convergence rates at ear-

lier time instants are similar to those obtained for nr ¼ 0:75.

However, for later times, the convergence rate is close to 0.5

for n and between 0.5 and 1 for v.

Most interesting is Figure 18, where nr is further reduced

to 0.1 and the Vlasov-Poisson solution does not seem to con-

verge to the cold-ion solution. In particular, the Vlasov-Poisson

solution propagates more slowly than the cold-ion solution and

the velocity v is quite different in the two cases.

Figure 19 shows, for e ¼ 0:025, the behavior of the

Vlasov-Poisson solution as nr approaches zero and for

nr ¼ 0; also shown is the cold-ion solution for nr ¼ 0, which

is almost superimposed on the Vlasov-Poisson solution in

the vacuum case. We observe that, as nr tends to zero, the

oscillations in n vanish and the velocity increases.

We summarize the results of this section about the con-

vergence of the numerical solutions of the Vlasov-Poisson

system as e! 0 as follows.

FIG. 14. For nr ¼ 0:75, comparison

between the Vlasov-Poisson solution for

different values of e and the cold-ion so-

lution; top row: n; bottom row: v; left

column: t¼ 10; right column: t¼ 20.

FIG. 15. L1 norm of the difference

between the Vlasov-Poisson and cold-

ion solutions as a function of e at differ-

ent time instants for nr ¼ 0:75; left: n
and right: v.
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• For nr close to unity, the v-integrated Vlasov-Poisson solu-

tion converges to the cold-ion solution.

• For small nr > 0, the v-integrated Vlasov-Poisson solution

does not converge to cold-ion solution.

• In the vacuum case (nr ¼ 0), the v-integrated Vlasov-

Poisson solution converges to the solution of cold-ion

model.

It is no easy matter to determine numerically the value

of nr at which the transition from convergence to non-

convergence to the cold-ion solution occurs nor of the nature

of that transition. Also, at this time, we do not have a mathe-

matical theory that supports these results. However, it is

worthwhile to carefully look at the qualitative behavior of

the ion distribution f for different values of nr. Figure 20

shows the logarithm of f in regions where f � 0:001 at dif-

ferent time instants and for different initial ion densities. The

temperature ratio e is 0.025. When nr ¼ 0:75 (and greater),

the solution consists of a single “stripe,” mostly in the x
direction. As e! 0, we expect the “stripe” to become thin-

ner and reduce to a curve that is the support of dðv� vðx; tÞÞ,
i.e., the curve is expected to be the graph of the cold-ion ve-

locity v. However, for smaller values of nr, the ion distribu-

tion ceases to be unimodal; see Figure 20 for nr ranging

between 0.001 and 0.25. In this situation, the cold-ion solu-

tion is unlikely be the limit solution of Vlasov-Poisson solu-

tions as e! 0 because the cold-ion solution assumes a

unimodal ion distribution, namely f ðx; v; tÞ ¼ nðx; tÞ
dðv� vðx; tÞÞ. However, we observe that as nr decreases,

fewer ions are present in the low-velocity branch, whereas

more ions are in the high-velocity branch. Finally, when

nr ¼ 0, all the ions are seemingly in the high-velocity branch

and the distribution is unimodal again. Figure 21 shows that

FIG. 16. For nr ¼ 0:25, comparison

between the Vlasov-Poisson solution for

different values of e and the cold-ion so-

lution; top row: n; bottom row: v; left

column: t¼ 10; right column: t¼ 20.

FIG. 17. For nr ¼ 0:25, the L1 norm of the difference between the Vlasov-

Poisson and cold-ion solutions as a function of e at different time instants;

top: n and bottom: v.
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similar behaviors are observed when the ion temperature is

higher (e ¼ 0:1). That figure, when compared to Figure 20,

also clearly shows the thinning and the increase in height of

the spike for the smaller value of e.
The ion distribution behaviors observed in Figures 20

and 21 help explain the convergence and lack of conver-

gence results observed in this section. The formation of a

spike in the cold-ion model corresponds to a wave-breaking

phenomenon, as found previously by Ref. 6, whereby the

distribution function f becomes multimodal and is no longer

described by the classical cold-ion theory. We thus hypothe-

size that our cold-ion model is not correct (in the sense that

its solution is not the Vlasov-Poisson solution in the cold-ion

limit) for nr in some interval L � ð0; 1Þ. Unfortunately, it

is very difficult to determine, even approximately, the set

L numerically. We cannot even exclude the possibility

L¼ (0, 1) as it may indeed be possible that the distribution is

multimodal also for nr close to 1, but that the quantitative

contribution of the secondary modes is so small as to not be

detectable by our simulations.

V. CONCLUDING REMARKS

The picture that has emerged from this investigation is

that, in the cold-ion limit, the expansion of a collisionless

plasma into a plasma of lower density can be treated analyti-

cally and numerically by using the model (10) and (14) just

as long as the density ratio is either zero or close to unity. In

the latter case, a weakly nonlinear analysis suggests that

soliton-like behavior occurs for large times, and in the for-

mer, no wave steepening occurs. For intermediate values of

the density ratio, a finite-time singularity forms in the cold-

ion model, in which the ion density develops a spike that has

zero charge, i.e., is weak compared to a delta function. Thus,

the electric field is continuous from one side of the spike to

the other.

As soon as a spike forms, the cold-ion model ceases to

be the limit of the Vlasov-Poisson system as the ion tempera-

ture Ti tends to zero. Numerical solutions of the Vlasov-

Poisson system for Ti > 0 indicate that spike formation is

intimately associated with the ion-distribution function

becoming multi-modal. This implies the impossibility of

using the cold-ion models (10) and (14) with a single-valued

velocity v after a spike has formed.

Our picture is far from complete and leaves open many

interesting challenges:

• A more precise delineation of the range for nr or, more

generally, the set of initial conditions for which spike for-

mation occurs.

• When spike formation does occur, the dependence of the

formation time on nr, which appears to be an increasing

function that is non-zero as nr ! 0.

• The possibility of creating a multi-modal cold-ion model

for the small-Ti limit of the Vlasov-Poisson system after

spikes have formed.

• An analysis of the case with different species of positive

ions, which would be relevant to experiments with laser-

produced plasmas.

• The relaxation of assumption (1) about the electron density

so as to describe plasmas for which the ion velocity is

comparable to the electron thermal velocity.

FIG. 18. For nr ¼ 0:1 and t¼ 20, com-

parison between the Vlasov-Poisson so-

lution for different values of e and the

cold-ion solution; left: n and right: v.

FIG. 19. For e ¼ 0:025 and t¼ 20, the

Vlasov-Poisson solution for different

values of nr and the cold-ion model solu-

tion for nr ¼ 0 obtained using the

Lagrangian approach; left: ion density n
and right: ion velocity v.
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FIG. 20. For e ¼ 0:025, the logarithm of Vlasov-Poisson solution [logðf Þ] for different values of nr and at different time instants. From left to right: t¼ 4, 6,

and 8. From top to bottom, nr ¼ 0:75, 0.5, 0.25, 0.1, 0.01, and 0.
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APPENDIX: NUMERICAL METHODS

1. Numerical algorithms for cold ion model

The finite computational domain is given by the interval

I ¼ ½xl; xr�. Two related grids enter into the numerical

scheme we use to approximate solutions of (10) and (17).

First, consider the partition of I into the J sub-intervals

Ij ¼ ½xj; xjþ1�; j ¼ 0; 1;…; J � 1. The grid nodes, i.e., the end

points of the sub-intervals, are given by xj ¼ xl þ jDx,

j¼ 0,1,…,J, where Dx ¼ ðxr � xlÞ=J, so that x0 ¼ xl and

xJ ¼ xr. We also use the staggered grid defined by the parti-

tion of ~I ¼ ½xl þ Dx
2
; xr � Dx

2
� into the J – 1 sub-intervals

~I j ¼ ½xj�1
2
; xjþ1

2
�, j¼ 1,…,J – 1, where, for j¼ 0,…,J – 1, we

have that xjþ1
2
¼ xjþxjþ1

2
¼ xl þ ðjþ 1

2
ÞDx.

We need discretizations of the Poisson equation (10)

with respect to both grids. First, consider the primal grid

fxjgJ
j¼0. Discretization is effected via a finite element

method, using continuous piecewise-linear functions with

respect to that grid; see, e.g., Refs. 14 and 15 for additional

details about the finite element methods used. We denote by

Xh the space of functions that are continuous on I and linear

on each sub-interval Ij. Given n and letting

FIG. 21. For e ¼ 0:1, the logarithm of Vlasov-Poisson

solution [logðf Þ] for different values of nr and at differ-

ent time instants. From left to right: t¼ 4 and 8. From

top to bottom, nr ¼ 0:75; 0:1; 0:01; and 0. These plots

should be compared to the first and fourth columns of

Figure 20.
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Fð/h;whÞ :¼
ð

I

@/h

@x

@wh

@x
dxþ

ð
I

expð/hÞwh dx

�
ð

I

n wh dx 8/h;wh 2 Xh;

the approximation /h 2 Xh of the solution of the Poisson

problem is required to satisfy

Fð/h;whÞ ¼ 0 8wh 2 Xh:

We use Newton’s method to address the nonlinearity of

the problem. The Jacobian J of F along the direction l/;h is

given by

J ðl/;h;/h;whÞ ¼
ð

I

@l/;h

@x

@wh

@x
dxþ

ð
I

expð/hÞl/;h wh dx:

Given a starting guess /0
h 2 XhðIÞ, Newton’s method consists

of successively solving, for ‘ ¼ 0; 1;…, the linear problem

J ðl‘þ1
/;h ;/

‘
h;whÞ ¼ �Fð/‘

h;whÞ 8wh 2 Xh

for l‘þ1
/;h 2 Xh and then setting

/‘þ1
h ¼ /‘

h þ l‘þ1
/;h :

The iteration is terminated when jFð/‘þ1
h ; �Þj is sufficiently

small, after which we set /hðnÞ ¼ /‘þ1
h .

Discretization of (10) on the staggered grid fxjþ1
2
gJ�1

j¼0

proceeds in the same way, except that now it is based on the

space ~X
h

of functions that are continuous on ~I and linear on

each subinterval ~I j.

For the discretization of the system (17), we use a two-

step variant16 of the Lax-Friedrichs (LxF) finite difference

method which, as implemented in Ref. 17, does not require

the use of the Jacobian of f. The scheme is a monotone dissi-

pative method and damps the mid-range frequencies to a

lesser extent compared to the original Lax-Friedrichs

method. The algorithm, described as follows, is composed of

a half step of the Lax-Friedrichs scheme followed by a half

step of the same scheme on the staggered grid. Let Dt denote

the time step and, for k¼ 0, 1,…, let tk ¼ kDt. The time step

Dt used in the simulations is adaptively selected so that

� ¼ 0:9, where the global Courant number � is given by

� ¼ maxðkk�k1; kkþk1Þ Dt
Dx. For k¼ 0, 1,… and j¼ 0,

1, …, J, let uk
j ¼ ½nk

j ; v
k
j �

T
denote the sought-for approxima-

tion of uðxj; tkÞ. Then,

for k¼ 0, 1,…, given uk
j for j¼ 0, 1, … , J,

(1) set nk
hðxÞ 2 XhðIÞ to be the piecewise linear interpolat-

ing function such that nk
hðxjÞ ¼ nk

j for j¼ 0, 1, … , J.
(2) solve the discretized Poisson equation on ½xl; xr� to

obtain /hðnk
hÞ.

(3) for j¼ 0, … , J, set /k
j ¼ /hðnk

hÞjx¼xj
.

(4) for j¼ 0, … , J, set fk
j ¼ fðuk

j Þ ¼
nk

j vk
j

1

2
ðvk

j Þ
2 þ /k

j

2
4

3
5.

(5) for j¼ 0, … , J – 1, compute

u
kþ1

2

jþ1
2

¼ 1

2
ðuk

j þ uk
jþ1Þ þ

1

2

Dt

h
ðfk

jþ1 � fk
j Þ:

(6) for j¼ 0, … , J – 1, set xjþ1
2
¼ 1

2
ðxj þ xjþ1Þ.

(7) set n
kþ1

2

h ðxÞ 2 ~X
h

to be the piecewise linear interpolating

function such that n
kþ1

2

h ðxjþ1
2
Þ ¼ n

kþ1
2

jþ1
2

for j¼ 0, 1,…,J – 1.

(8) solve the discretized Poisson equation on ½xl þ h
2
; xr � h

2
�

to obtain /hðn
kþ1

2

h Þ.
(9) for j¼ 0, … , J – 1, set /

kþ1
2

jþ1
2

¼ /hðn
kþ1

2

h Þjx¼x
jþ1

2

.

(10) for j¼ 0, … , J – 1, set

f
kþ1

2

jþ1
2

¼ f u
kþ1

2

jþ1
2

� 	
¼

n
kþ1

2

jþ1
2

v
kþ1

2

jþ1
2

1

2
v

kþ1
2

jþ1
2

� 	2

þ /
kþ1

2

jþ1
2

2
64

3
75:

(11) for j¼ 0, … , J – 1, compute ukþ1
j as

ukþ1
j ¼ 1

2
u

kþ1
2

j�1
2

þ u
kþ1

2

jþ1
2

� 	
þ 1

2

Dt

Dx
f

kþ1
2

jþ1
2

� f
kþ1

2

j�1
2

� 	
:

We remark that the algorithm assumes that the computa-

tional domain I ¼ ½xl; xr� is finite and not the whole real line.

It is, therefore, important to select properly the end points of

this domain and the boundary conditions. For the Poisson

equation, we anticipated in Sec. II B that the potential has the

limit values /ð�1Þ ¼ 0 and /ðþ1Þ ¼ lnðnrÞ. We choose to

prescribe homogeneous Neumann boundary conditions at x ¼
xl and x ¼ xr and then select a large enough domain I, i.e.,

select xl and xr far enough away on each side of the origin, so

that the numerical solution matches the limit values of the

potential to within a small tolerance (about 10–4) at the boun-

daries xl and xr of the computational domain. For all our simu-

lations, we have confirmed that enlarging the length of the

interval I ¼ ½xl; xr� beyond what we use does not affect the nu-

merical solutions obtained. For the velocity and ion density,

we expect that the exact solutions are almost constant far from

the origin, so we set uk
0 ¼ uk

1 and uk
J ¼ uk

J�1 for the primal

grid, and similarly for the staggered grid.

2. Lagrangian scheme for expansion into a vacuum

Consider the domain It ¼ ½xlðtÞ; xf ðtÞ�, where xf ðtÞ
denotes the position of the ion front at time t. At time t¼ 0,

I0 ¼ ½xlð0Þ; 0� and n(x, 0)¼ 1 on I0. The Poisson equation is

solved on the extended domain It
p ¼ ½xlðtÞ; xrðtÞ�, where

xrðtÞ � xf ðtÞ. The domains I0 and I0
p are partitioned in Ĵ and

J subintervals, respectively, in such a way that the subinterv-

als of I0 also belong to I0
p . In order to simulate the expansion

into vacuum, we need to change the boundary conditions at

the boundary of the domain. In fact, in this case, /! �1
as x! þ1. Therefore, it is not possible to reach the limit

value of the potential in a finite domain. However, the

Poisson equation can be analytically solved in ðxf ;1Þ, given

the potential /ðxÞ at any x > xf , xf being the front position;

see Ref. 3. We then have the boundary condition at xr > xf

@/
@x

����
xr

¼ �
ffiffiffi
2
p

exp
/ðxrÞ

2

� �

by imposing that analytical solution. As for the system (14),

we use the following Lagrangian scheme for updating the

velocity and the grid points:
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v
kþ1

2

j ¼ vk
j �

1

2
Dt /k

x;j; xkþ1
j ¼ xk

j þ Dt v
kþ1

2

j ;

vkþ1
j ¼ v

kþ1
2

j � 1

2
Dt /kþ1

x;j ;

where /x;j is defined as

/k
x;j ¼

/k
jþ1 � /k

j�1

xk
jþ1 � xk

j�1

; j ¼ 0;…; J � 1

and

/k
x;K ¼ �

ffiffiffi
2
p

exp
/k

J

2

� �
:

The mass conservation equation for ion concentrations is

simply solved by

nkþ1
j ¼ nk

j

xk
jþ1 � xk

j�1

xkþ1
jþ1 � xkþ1

j�1

:

3. Numerical method for Vlasov–Poisson system

Several numerical methods for solving the nonlinear

Vlasov equation have been proposed in the literature; see,

e.g., Refs. 19–22. In this work, we use a semi-Lagrangian

approach after performing a Gudunov splitting. Namely, to

march from t ¼ tn to t ¼ tnþ1, we solve the two one-

dimensional problems

@f 	

@t
þ @

@v
� @/
@x

f 	
� �

¼ 0

f 	ðtnÞ ¼ f ðtnÞ

8<
: (A1)

and

@f

@t
þ @

@x
ðv f Þ ¼ 0

f ðtnÞ ¼ f 	ðtnþ1Þ:

8<
: (A2)

Note that both problems are scalar advection equations

with constant coefficients. In particular, /ðxÞ is constant

when solving the system (A1) from tn to tnþ1; in fact, by

v-integrating the equation in (A1), we have that @n
@t ¼ 0,

which implies /ðxÞ is constant in time. The two systems in

(A1) and (A2) can be solved analytically to obtain

f 	ðx; v; tnþ1Þ ¼ f x; vþ Dt
@/
@x

; tn

� �
f ðx; v; tnþ1Þ ¼ f 	ðx� Dt v; v; tnþ1Þ;

(A3)

respectively. We consider a rectangular domain Q ¼ ½xl; xr�
�½vb; vu� that is large enough, so that it is reasonable to

assume homogeneous Neumann condition at the inflow boun-

daries. The domain Q is discretized uniformly in the x and v

coordinates with discretization steps Dx and Dv, respectively.

At each time step, f is approximated by a piecewise bilinear

function with respect to the x-v grid. Function evaluations

appearing in (A3) are performed using linear interpolation. In

order to achieve higher-order of accuracy, instead of linear

interpolation, cubic spline interpolation is often used; see,

e.g., Ref. 21. However, we prefer to use linear interpolation

because it guarantees that the overall method is monotone.
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