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Abstract

The mean-field framework analyses the limiting case when an infinite number
of agents have common reward and transitions functions, and interact with
each other not on a per-agent basis, but instead through a distribution over the
other agents’ states (the mean field). The framework can provide approximate
solutions for the equivalent problems involving large but finite populations, which

can be much harder to solve in themselves. The framework can therefore be
used to tackle computational scalability issues facing other paradigms such as

multi-agent reinforcement learning (MARL), with applications considered in a
wide variety of real-world problems.

However the framework has traditionally been largely theoretical, and classical
approaches usually involve assumptions or algorithmic settings that might be
restrictive when applied to very large populations of agents deployed in the
real world. In particular, centralised methods have typically been used, despite
the fact that a single central coordinator is arguably a strong and undesirable
assumption for large populations in the real world. On the other hand, entirely
independent agents often learn impractically slowly.

We therefore introduce decentralised, networked communication to the frame-
work and show that it mitigates the drawbacks of both baseline architectures.
We first introduce it to the non-cooperative mean-field game (MFG) to compare
with existing theoretical sample guarantees for the other architectures, before
moving from tabular to function approximation settings, and then ultimately to
the cooperative mean-field control (MFC) problem. We similarly build extensive
theory for these latter settings, proving that our communication scheme actually
permits faster learning than both the independent and the centralised alternatives
under certain conditions. In all settings we demonstrate the benefits to learning
speed experimentally, and we also provide additional studies showing that our
networked populations are more robust than the other architectures to unpredicted
shocks that may occur in real-world, non-idealised settings.
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Abstract

The mean-field framework analyses the limiting case when an infinite number of
agents have common reward and transitions functions, and interact with each other
not on a per-agent basis, but instead through a distribution over the other agents’
states (the mean field). The framework can provide approximate solutions for the
equivalent problems involving large but finite populations, which can be much harder
to solve in themselves. The framework can therefore be used to tackle computational
scalability issues facing other paradigms such as multi-agent reinforcement learning
(MARL), with applications considered in a wide variety of real-world problems.

However the framework has traditionally been largely theoretical, and classical
approaches usually involve assumptions or algorithmic settings that might be
restrictive when applied to very large populations of agents deployed in the real
world. In particular, centralised methods have typically been used, despite the fact
that a single central coordinator is arguably a strong and undesirable assumption
for large populations in the real world. On the other hand, entirely independent
agents often learn impractically slowly.

We therefore introduce decentralised, networked communication to the framework
and show that it mitigates the drawbacks of both baseline architectures. We first
introduce it to the non-cooperative mean-field game (MFG) to compare with existing
theoretical sample guarantees for the other architectures, before moving from tabular
to function approximation settings, and then ultimately to the cooperative mean-
field control (MFC) problem. We similarly build extensive theory for these latter
settings, proving that our communication scheme actually permits faster learning
than both the independent and the centralised alternatives under certain conditions.
In all settings we demonstrate the benefits to learning speed experimentally, and
we also provide additional studies showing that our networked populations are
more robust than the other architectures to unpredicted shocks that may occur
in real-world, non-idealised settings.
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1.1 Motivation

The game-theoretic mean-field framework [1I, 2], inspired by theoretical physics,
models a representative agent as interacting not with the rest of the population on a
per-agent basis, but instead with a distribution over the other agents, known as the
mean field. The framework typically analyses the limiting case when the population
consists of an infinite number of symmetric and anonymous agents, that is, they
have identical reward and transition functions which depend on the mean-field
distribution rather than on the actions of specific other players. The mean-field
game (MFG) is a non-cooperative scenario where each agent seeks to maximise its

individual return, to which the solution is a MFG Nash equilibrium (MFG-NE).



2 1.1. Motivation

Alternatively we can consider a cooperative scenario called a mean-field control
(MFC) problem, where the population seeks to maximise a social welfare criterion
such as the average return received by the agents. The MFG-NE and the MFC
social optimum can respectively be used as approximate solutions to the associated
finite-agent game/problem, which are harder to solve in themselves, with the error
in the solution reducing as the number of agents N tends to infinity [3HI13].

For example, it might be very difficult to directly find a solution for a million
agents. However this can be circumvented by finding the solution for the infinite
population, where analysis is simplified by taking place in the mathematical limit of
population size, and then applying that back to the million agents. Moreover, once
the solution is found it does not depend on the size of the deployed population, so
some of the million agents could leave without requiring the rest of the population
to compute a new solution, or the population could grow to 10 million and the
original solution would work even better than before. Furthermore, although the
analysis assumes an infinite population, there are numerous ways to represent and
generate this population’s behaviour. While it might be calculated analytically
or by extrapolating from the behaviour of a single generic agent that is assumed
to represent the whole population, more recent work has involved simulating the
infinite population by drawing finite random samples [I4], or indeed by deploying
an empirical population consisting of a finite number of agents that is assumed
to be representative of the infinite population [I5]. The latter case, i.e. using
a finite population to simulate the infinite one, might be particularly desirable
when the infinite limit is being used expressly to find an approximate solution
for the finite-population problem - the same finite population that was of original
interest might be used to find the mean-field solution that approximates its own
solution. See Rem. [L2.1] for further discussion.

MFGs and MFC can therefore been used to address the difficulty faced by
multi-agent reinforcement learning (MARL), which has seen empirical success
in a variety of domains, but has been computationally difficult to scale beyond

configurations with agents numbering in the low tens, as the joint state and action
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spaces grow exponentially with the number of agents [14], [16-24]. Nevertheless,
the value of reasoning about interactions among very large populations of agents
(hundreds/millions) has been recognised for real-world applications, and an informal
distinction is sometimes drawn between multi- and many-agent systems [25H27].
The latter situation can be more useful (as in cases where better solutions arise
from the presence of more agents [28-31]), more parallelisable [32], more fault-
tolerant [33], or otherwise more reflective of certain real-world systems involving
large numbers of decision makers, such as financial markets [21], [34] or smart
infrastructures with large populations of autonomous vehicles [31], [35]. Works have
therefore considered applying the mean-field framework (particularly MFGs) to
find approximate solutions for a wide variety of real-world problems involving a
large but finite number of agents, which might otherwise have been too difficult
to solve - note though that these are generally idealised simulated environments

serving as proxies for real-world ones. Examples include:

« financial markets [12], 36-49]; ticket pricing [50]; the green economy [51} 52];

electricity markets [53] [54];

« autonomous vehicles [55-H59]; traffic signal control [60]; ride-hailing platforms

[61]; electric vehicle charging [62H64];

 cryptocurrency mining [65, [66]; edge computing [67H70]; cloud resource
management [71} [72]; smart grids and other large-scale cyber-physical systems

[73-80]:

o swarms [81], [82]; defence [83]; communication networks [84H90]; data collection

by UAVs [91];
« social network modelling [92]; crowd modelling [93]; crowdsensing [94];

o pollution regulation [95]; resource management in fisheries [96]; and political

governance [97, 98].



4 1.1. Motivation

We argue that the fact that these studies have generally been modelling exercises
rather than actually applied to real-world settings is at least in part due to classical
algorithms being conceived in ways that may not be practical for real-world
deployments (for example, they try to find solutions via analytical methods or
oracles/simulations of an infinite population [8, 14}, 19, 20| (71, O9HIT5]). Equally
while MFGs have been well-studied, MFC has received less attention, despite
possibly being more useful for engineering collective behaviours to achieve global
objectives, such as in consensus, synchronisation, rendezvous, exploration, coverage
or task allocation problems [7]. Though we do not claim to have finally solved
these issues nor present real-world case studies ourselves, our work is motivated
by the desire to remove some of the obstacles towards mean-field algorithms that
might be more realistic and practical.

For large, complex many-agent systems of physical decision makers deployed
in the real world, such as swarm robotics or autonomous vehicle traffic, it may
be infeasible to find mean-field solutions via analytical methods or oracles as they
have been traditionally, such that learning must instead be conducted directly
by an actual finite population in its deployed environment. In contrast to the
restrictive assumptions of many previous methods, we argue that in such deployed
scenarios desirable qualities for mean-field algorithms include the following, which

motivate the setting of the algorithms we present:

o the ability to learn from an empirical distribution of N agents (i.e. this
distribution is generated only by the policies of the agents, rather than
being updated or manipulated directly by the algorithm itself or an external

oracle/simulator);

« learning online from a single, non-episodic system run (also referred to in
other works as a single sample path/trajectory [15, [09]) - i.e. similar to the
above, the population is not arbitrarily reset by an external controller, since

it might be impractical to repeatedly reset the large deployed population;

o learning without reliance on a model of the system,;
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e decentralisation;
o fast practical convergence [116];

« and robustness to unexpected failures of decentralised learners or changes in

population size [117].

We give a detailed comparison with prior methods, which omit one or more of
these desiderata, in Ch. [2 However we elaborate here on one quality in particular,
namely the fact that almost all prior work relies on a centralised node to learn on
behalf of all the agents. In this context ‘centralised’” does not necessarily imply
global observability of the whole population’s actions - which would generally
make computation infeasible given the complexity of the problem - but rather
that learning is only conducted from the samples of a single representative agent,
whose policy updates are assumed to be automatically pushed to the rest of the
population by the central node [8, [14, [15] 99, 100, 109}, TT8-128]. For this reason,
whilst ‘centralised learning’ is the term used in prior works, we generally refer to
‘central-agent learning’ to reduce confusion.

The use of a central learner in mean-field algorithms naturally reflects the
simplifying assumption of the framework, namely that since we are considering
a limit distribution of symmetrical agents, we can study a representative agent
that interacts with this anonymous population. Some classical works on MFC also
justify their centralised methods via the similar but distinct reasoning that MFC
problems can be interpreted as optimisation problems from the perspective of a
central social planner. In central-agent algorithms in both MFG and MFC, often
the empirical mean field of the actual population is not used to compute rewards
or transitions, with the central learner instead updating an estimate of the mean
field based only on its own policy, which is in turn used as input to oracle-like
reward and transition functions [109, [120] 125].

However, recent works on MFGs/MFC, as in other areas of the multi-agent
systems community, have recognised that the existence of a central coordinator

is a very strong assumption in complex, real-world settings even without global



6 1.1. Motivation

Agent Central Agent Agent
learning Agent Agent Agent \ Agent Agent
agent
\ / X
Agent Agent Agent Agent Agent Agent
(a) Central-agent. (b) Independent. (¢) Decentralised network.

Figure 1.1: The three learning architectures for the mean-field framework. The classical
approach is the central-agent architecture, but this may be unrealistic in practice and
presents a bottleneck and single point of failure. An independent learning architecture
avoids these downsides, but has much worse theoretical sample guarantees and empirical
learning speed. We propose the decentralised networked architecture, which brings benefits
over the other architectures in terms of both learning speed and robustness.

observability, and one that can both restrict scalability by constituting a bottleneck
for computation and communication, and reveal a vulnerable single point of failure
for the whole system [7], (15, T29-137]. For example, if the single server coordinating
all of a smart city’s autonomous vehicles were to crash, the entire road network
would cease to operate.

As an alternative, some recent works have explored MFG/MFC algorithms that
involve the N individual agents in the empirical population learning policies for
themselves without relying on a central node [I3], (15 [64} 1T5], 138-144]. However,
those works do not meet one or more of our other desiderata for deployed algorithms.
For example they might be model-based [13]; in the MFG case they generally focus
on existence proofs for equilibria or theoretical sample guarantees, instead of
practical convergence speed, and have largely not considered robustness in the
senses we address, despite fault-tolerance being an original motivation behind
many-agent systems - we compare our research with these other works more fully
in the related work in Ch. [l

Our main contribution is that we introduce decentralised, networked communi-
cation to the mean-field framework, allowing us to address all of our desiderata (see
Fig. . Communication networks have had success in other multi-agent settings,
removing the reliance on inflexible, centralised structures [129, 131HI33| 145H149].

In the chapters that follow we show that as well as allowing agents to learn without
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the assumption of access to centrally provided information, the communication

network brings two important benefits:

o Populations using our networked communication scheme can learn significantly
faster than agents learning entirely independently, and in certain settings they

can learn faster even than the central-agent populations.

e The networked architecture affords robustness to unexpected failures of

decentralised learners and changes in population size.

1.2 Contributions

Our work introduces networked communication to the mean-field framework in
several steps; we describe these, and the chapters into which they fall, in the

following. Please note that we present related work in Ch. [2, general preliminaries

in Ch. [ and future work in Ch. [7.

1.2.1 Chapter (4] - MFGs in tabular settings

We firstly introduce our most important use of the communication network, namely
a scheme whereby agents can adopt policies communicated to them from neigh-
bours. In this chapter we focus on MFGs with stationary population distributions
(stationary MFGs, where learning is more tractable than in non-stationary ones)
[8, 14, 15, 99, 150, 151]. It may appear counter-intuitive to offer a policy com-
munication algorithm in a setting that is non-cooperative. We offer a number

of responses to pre-empt such concerns:

o As already mentioned, most methods for solving MFGs involve a central
learner pushing its policy to the rest of the population. This is also a type of
communication, and there is no reason selfish agents should want to accept
identical policies from a central node any more than they should want to
selectively adopt policies communicated by neighbours. We move to the
cooperative MFC setting, where agents arguably have broader justification

for communicating, in Ch. [6]
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o In our experiments in this and the following chapter, we focus on coordination
games, where agents can increase their individual rewards by following
the same strategy as others and therefore inherently have an incentive to
communicate policies, even if the MFG setting itself is technically non-
cooperative. Nevertheless we find no need to make a distinction in our

theoretical analysis, which holds across all types of non-cooperative MFG.

In the idealised theoretical setting, we prove that our networked algorithm’s
theoretical sample guarantees lie between those of earlier central-agent and indepen-
dent algorithms [I5]. However we show that these theoretical algorithms, although
affording comparison between baseline sample guarantees, are not actually able
to learn in practical time, and so we extend all three algorithms with experience
replay buffers in order to compare the architectures experimentally. In our setting
of learning from a continued, non-episodic run of the system, in which Yardim et al.
[15] and Yongacoglu et al. [142] are the mostly closely related works, our experience
replay buffer is itself a novel contribution. Much of the theoretical analysis in
Yardim et al. [I5] centres on ensuring the independence of samples that are collected
along this single system run and are used once before being discarded. This makes
the inclusion of a buffer that is cycled through repeatedly not obvious a priori.

We show empirically that when the agents’ Q-functions can be only roughly
estimated due to fewer samples/updates, possibly leading to high variance in policy
updates, then using the communication network to propagate better-performing
policies through the population leads to faster learning than that achieved by
agents learning entirely independently, which still hardly appear to learn at all
even with the buffer. This is crucial in large complex environments that may be
encountered in real applications, where the idealised hyperparameter choices (such
as learning rates and numbers of iterations) required for the theoretical convergence
guarantees will be infeasible in practice. As well as demonstrating our scheme’s
empirical benefits for learning speed, we conduct additional studies showing the

advantages of communication for system robustness.
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1.2.2 Chapter 5| - MFGs with function approximation

While our practical networked algorithm in Ch. 4] fulfilled all of our desiderata, it
did so only in settings in which the state and action spaces are small enough that
the Q-function can be represented by a table, limiting the algorithm’s scalability.
Moreover, in that work, as in many others on MFGs, agents only observe their local
state as input to their Q-function (which defines their policy). This is sufficient when
the solved MFG is expected to have a stationary distribution [, 14} 15, 99, 100} 152].
However, in reality there are numerous reasons why agents may benefit from being

able to respond to the current distribution, such as when:

o the solved MFG has a non-stationary equilibrium [20] [153];

» the distribution is subject to so-called ‘common noise’, i.e. noise that affects
the local states of all agents in the same way, making the evolution of the
distribution stochastic, such that even if the agent knows the policy used by
all other agents, it cannot perfectly predict the evolution of the mean-field
distribution, making population-independent policies suboptimal [38], 100,

144, (154, [155];
 agents may begin with any initial mean-field distribution [100}, [153] [156]; or,

o the distribution deviates from the equilibrium for some other reason, such
that agents need to be able to generalise their response to other (possibly

previously unseen) distributions [100].

Recent work has thus increasingly focused on these more general settings where it
is necessary for agents to have population-dependent policies (sometimes also called
master policies) which depend on both the mean-field distribution and their local
state [20], 100, 153-156]. The distribution is a large, high-dimensional observation
object, taking a continuum of values. Therefore a population-dependent Q-function

cannot be represented exactly in a table and must be approximated.
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We therefore add to our list of desirable qualities for mean-field algorithms the
following: they should permit function approximation to allow scalability to high-
dimensional observations (including the option to include the mean field in the input
to policies). Accordingly in this chapter we introduce function approximation to
the MFG setting of decentralised agents learning online from a single, non-episodic
run of the empirical system, allowing this setting to handle larger state spaces and
to accept the mean-field distribution as an observation input.

We demonstrate that in this setting networked communication brings two
specific benefits over the purely independent setting, while also removing the
undesirable assumption of a central learner. Firstly, similarly to Ch. [4] when
the Q-function is approximated rather than exact, some updates lead to better
performing policies than others. Allowing networked agents to propagate better
performing policies through the population leads to faster learning than in the
purely independent case and now also very often even than in the central-agent
case, as we show both theoretically and empirically. Secondly, we argue that in the
real world it is unrealistic to assume that decentralised agents, endowed with local
state observations and limited (if any) communication radius, would be able to
observe the global mean-field distribution and use it as input to their Q-functions /
policies. We therefore further contribute two setting-dependent algorithms by which
decentralised agents can estimate the global distribution from local observations,
and further improve their estimates by communication with neighbours.

We again focus on coordination games in our experiments, to pre-empt concerns
about communication in a setting that is technically non-cooperative. Nevertheless
we do show experimentally that self-interested communicating agents can obtain
higher returns than independent agents even in an anti-coordination game, indicating

that they may still have incentive to communicate.

1.2.3 Chapter [6| - MFC with function approximation

In this chapter we adapt our MFG algorithms to introduce networked communication

to the cooperative MFC setting, where agents arguably have even broader justifi-
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cation for communicating. In addition to the two uses of the network introduced
in the previous two chapters (for proliferating policies and for estimating the
empirical mean field), we now introduce a third use, namely for estimating the
global average reward from local communication so as to optimise social welfare
without needing to observe global information. As such our MFC algorithm again
fulfils all of our proposed desiderata. Our theoretical analysis from previous chapters
of networked communication in the non-cooperative MFG setting does not extend
trivially to MFC, so in this chapter we contribute new theoretical proofs showing
that decentralised policy exchange allows networked populations to learn faster than
both the independent and the central-agent alternatives in the MFC setting, across
different classes of cooperative game (coordination and anti-coordination). We also
demonstrate this finding empirically in numerous games, as well as contributing
an empirical study of the algorithms’ robustness to communication failures, along

with several ablation studies.

1.2.4 Additional comments

Remark 1.2.1. As we will see in Secs. and [5.3] solving the theoretical MFG
problem involves finding a single policy that, when given to all agents in the infinite
population, best responds to the resulting mean-field distribution. Similarly, as we
will see in Sec. [6.3] an optimal solution to the theoretical MFC problem is a single
policy that, when followed by all agents in the infinite population, maximises the
population’s expected return. We give two ways to conceive of our work, illustrated in
Fig. which mirror and make more explicit the similar motivations underpinning
many other works on MFGs and MFC [7, 13, 42, 43, 47, 53, [70, K0, 122, 142, 158~
164].

1. Firstly, while previous works might make unrealistic assumptions about access
to an oracle for the infinite population, we contribute algorithms that allow the
solution to a MFG/MFC problem to be learnt using the empirical distribution

of a decentralised finite population. Note that it is unnecessary (and may be
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Figure 1.2: Two possible ways to conceive of our work regarding the relationship between
the infinite- and finite-population games / control problems, described in Rem. Note
that in the MFG case, using the finite empirical population to try to learn a single MFG-
NE policy 7 = (7*,...,7*) that is to be followed by the whole infinite population (Def.
is not the same as directly finding 7* = (7!,...,7V), i.e. the tuple of individual
policies that gives the finite-population NE in Def. [£.3.3] a problem known to be hard
[16HI8, 21H23]. Similarly, in the MFC case, using the finite empirical population to learn
the single-policy MFC social optimum 7 = (7*,...,7*) for the infinite population (Def.
is not the same as directly finding 7* = arg max, v VPP (m, yp) = (7t ..., 7)),
i.e. the tuple of individual policies that maximises the expected finite population-average
return in Def. which is again known to be hard [7}, [157].

impractical) to assume that the decentralised agents always follow a single

identical policy throughout training, a logic also followed by earlier works [15].

2. Alternatively, we may have originally been interested in finding a NE or a
cooperative solution for a large, finite population, but, due to the scalability
issues of learning approaches like MARL, were forced to turn to the mean-
field framework to find a policy that gives an approximate solution to the
finite-population problem. We contribute algorithms that allow the deployed
finite population to find the MFG/MFC solution that in turn approximately
solves the original problem, without unrealistic assumptions about centralised
training. Under this framing, it may matter less whether all agents follow a

single policy in practice.

Remark 1.2.2. We further pre-empt objections that communication with neigh-

bours might violate the anonymity that is characteristic of the mean-field paradigm,
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by emphasising that the communication in our algorithm takes place outside of
the ongoing learning-and-updating parts of each iteration. Thus the core learning
assumptions of the mean-field framework are unaffected, as they essentially apply
at a different level of abstraction to the reality we may face of a deployed empirical
population of N decentralised agents that interact within the same environment.
Indeed, prior works have already combined networks with mean-field theory in
different ways, such as using a mean field to describe adaptive dynamical networks

[163].

1.3 Publications

All of the work in this thesis has been published in or submitted for publication
to high-quality venues; these works are listed below. I am the sole author of all

of these works, alongside my supervisor Professor Alessandro Abate.

Chapter is based on the following paper, which at the time of writing is

under review at TMLR:

o Patrick Benjamin and Alessandro Abate. Networked Communication for
Decentralised Agents in Mean-Field Games. larXiv preprint arXiv:2306.02766
(2023).

Chapter is based on the following paper, which has been accepted at AAMAS
2026.

o Patrick Benjamin and Alessandro Abate. Networked Communication for

Mean-Field Games with Function Approximation and Empirical Mean-Field

FEstimation. arXiv preprint arXiv:2408.11607 (2024).

Versions of this paper have been accepted at many workshops, winning the

best paper award at the first:


https://arxiv.org/abs/2306.02766
https://arxiv.org/abs/2408.11607
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Patrick Benjamin and Alessandro Abate. Improving Real-World Applicability
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Mean-Field Estimation. Multi-Agent Al in the Real World (MARW) Workshop
at AAAI 2025.
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(GAAMAL) at IJCAT 2025.
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lation Estimation. 13th International Workshop on Engineering Multi-Agent
Systems (EMAS) at AAMAS 2025.
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Mean-Field Games with Function Approximation and Empirical Population
FEstimation. Games, Agents, and Incentives Workshop (GAIW) at AAMAS
2025.

Patrick Benjamin and Alessandro Abate. Networked Communication for
Mean-Field Games with Function Approximation and Empirical Mean-Field
Estimation. 16th Workshop on Optimization and Learning in Multiagent
Systems (OptLearnMAS-25) at AAMAS 2025.
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o Patrick Benjamin and Alessandro Abate. Deep Learning and Global-State
Estimation for Arbitrarily Large Populations of Networked Agents. 2025 Multi-
disciplinary Conference on Reinforcement Learning and Decision Making

(RLDM).

Chapter [6] is based on the following paper, which at the time of writing is
under review at TMLR:

o Patrick Benjamin and Alessandro Abate. Networked Communication for

Decentralised Cooperative Agents in Mean-Field Control. |arXiv preprint

arXiv:2503.09400 (2025).
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o Patrick Benjamin and Alessandro Abate. Networked Communication for De-
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Cooperation in Multi-Agent Reinforcement Learning (CoCoMARL) Workshop
at RLC 2025.
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Related work

This chapter serves as a general related work for the thesis as a whole, and also
for Ch. [ in particular, where we first introduce networked communication into
the the mean-field framework (specifically tabular MFGs). Since, as we noted in
Sec. [I.I, MFGs have received more attention in the literature than MFC, there is
a slight skew towards mentions of MFGs in this section, though the contentions
we make generally refer to MFC as well unless we specify otherwise. Nevertheless
please see also Secs. and for additional related work more specific to their
respective chapters, i.e. the non-tabular MFG setting and MFC.

In Sec. we gave several qualities that we argue are desirable for mean-field
algorithms if they are eventually to be more applicable to complex, deployed scenarios
in the real-world. Conversely, works on MFGs have traditionally been largely
theoretical [II, 2] (often works do not present any empirical results [15, 150], 166~
168]), and methods for finding equilibria have often relied on assumptions that
are too strong for real-world applications. The MFG-NE is classically found by
solving a coupled system of dynamical equations: a forward evolution equation
for the mean-field distribution, and a backwards equation for the representative
agent’s optimal response to the mean field, as in Def. below [42, [46H50,
57, [64, 18U, 83, 87, (96, 07, 123, 127, (144, (51, (163, 167, 169-191]; crucially, these

methods generally rely on the assumption of an infinite population [100]. Early
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work solved the coupled equations using numerical methods that did not scale
well for more complex state and action spaces [I0THI04]; or, even if they could
handle higher-dimensional problems, the methods were based on known models
of the environment’s dynamics (i.e. they were model-based) [8, 106, 192-198],
and/or computed a best-response to the mean-field distribution [2, [19], 20, 100
106, 107, 199, 200]. The latter approach is both computationally inefficient in
non-trivial settings [I5] [100], and in many cases is not convergent (as in general it
does not induce a contractive operator) [20, 201]. Subsequent work, including our
own, has therefore moved towards model-free and/or policy-improvement scenarios
[75], 100, 105, 108, 109, 202H205], possibly with learning taking place by observing
N-agent empirical population distributions [11], 5] 142].

Most prior works, including algorithms designed to solve MFGs using an N-agent
empirical distribution, have also assumed an oracle that can generate samples of
the game dynamics (for any distribution) to be provided to the learning agent
[8, 105, 106, 206l 207], or otherwise that the algorithm (rather than agents’ policies)
has direct control over the population distribution at each time step [208-210],
such as cases where the agents’ policies and distribution are updated on different
timescales [24], 125], with the fictitious play method being particularly popular
[14, 19} 20, [71, ©9, 107115, 211, 212]. In practice, many-agent problems may
not admit such arbitrary generation or manipulation (for example, in the context
of robotics or controlling vehicle traffic), and so a desirable quality of learning
algorithms is that they update only the agents’ policies, rather than being able to
arbitrarily reset their states. Learning may thus also need to leverage continuing,
rather than episodic, tasks [213]. Yardim et al. [I5], Yongacoglu et al. [142] and
our own work therefore present algorithms that seek the MFG-NE using only a
single run of the empirical population.

Decentralised communication is most applicable in settings where learning takes
place along a continuing system run, rather than the distribution being manipulated
by an oracle or arbitrarily reset for new episodes, since these imply a level of external

control over the population that results in centralised learning. Equally, it is in
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situations of learning from finite numbers of real, deployed agents (rather than
settings able to simulate infinite populations) that we are most likely to be concerned
with fault tolerance. Networked communication therefore naturally fits within our
desired qualities for mean-field algorithms, and our focus on this setting means that
our work is most closely related to Yardim et al. [I5] and Yongacoglu et al. [142],
which provide algorithms for centralised and independent learning from empirical
distributions along non-episodic system runs. Yongacoglu et al. [142] empirically
demonstrates an independent-learning algorithm when agents observe compressed
information about the mean-field distribution as well as their local state, but they do
not compare this to any other algorithms or baselines. Yardim et al. [15] compares
algorithms for centralised and independent learning theoretically, but does not
provide empirical demonstrations. In contrast, in addition to providing theoretical
guarantees, we empirically demonstrate our networked learning algorithms (where
in Ch. {] agents only need to observe their local state) in comparison to both
centralised and independent baselines, as well as concerning ourselves with the
speed of practical convergence and robustness, unlike these works.

More generally, a number of works refer to ‘decentralisation’ in MFGs, but often
in a different sense to our understanding of it. In particular, many works that
say they consider decentralisation actually learn/derive policies via a centralised
method (often involving a representative player), and simply mean that agents’
policies are executed independently based on local information, which we take as a
given across our learning architectures [48] (53], 90, 163 189 214] - see Sec. for a
similar dynamic in MFC. He and Liu [54] use reinforcement learning (RL) to solve
a two-level mean-field problem, where there is a MFG between ‘aggregators’, each
of which is solving a local MFC problem. They solve the MFG via decentralised
learning by the N aggregators, but each aggregator solves its MFC problem in a
centralised manner via the assumption of a single agent that is representative of the
heterogenous population. Moreover, they prove the existence of and convergence
to a unique equilibrium, but do not provide sample guarantees or a convergence

rate, as we do in Ch. [ Other works involve decentralisation in learning but



20 2. Related work

under different MFG settings to our own: Li et al. [49], Ghosh [190], Xu et al. [191]
derive controls in a decentralised way, but rely on a model of the environment,
while Yardim et al. [I61] uses independent learning but not via RL, as they focus
on repeated play of static, stateless games.

Improving the training speed and sample efficiency of (deep) (multi-agent) RL
is gaining increasing attention [215H218], though our own work is one of the only
on the mean-field framework to be concerned with this. Huang and Lai [219]
trains on a distribution of MFG configurations to speed up inference on unseen
problems, but does not learn online in a decentralised manner as in our own work.
Similarly, while some attention has been given to the robustness of multi-agent
systems to changes in population size, where it is sometimes referred to as ‘ad-hoc
teaming’, ‘open-agent systems’; ‘scalability’ or ‘generalisation’ [31], it has more
commonly been addressed in MARL [220, 221] than in MFGs [153]. Wu et al. [153]
presents an MFG approach that allows new agents to join the population during
execution, but training itself takes place offline in a centralised, episodic manner.
Our networked communication framework, on the other hand, allows decentralised
agents to join the empirical population during online learning and to have minimal
impact on the learning process by adopting policies from existing members of the
population through communication (Sec. .

An existing area of work called robust mean-field games studies the robustness
of these games to uncertainty in the transition and reward functions [73] [222H22§],
but does not consider resilience to agent update failures, despite fault tolerance
being one of the original motivations behind many-agent systems. On the other
hand, we focus on robustness to failures and changes in the agent population itself.

For the sake of defining the scope of terms, we do not consider what we refer to
as the ‘mean-field framework’ to encompass the related but distinct research area
called mean-field RL [229-231]. While drawing inspiration from similar sources,
mean-field RL falls outside of the game-theoretic MFG/MFC paradigm. It is instead
a type of MARL, and considers a mean over actions (originally by averaging pairwise

interactions between agents [229]) rather than a distribution over states, as in our
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case. This generally leads to lag and a chicken-and-egg problem, whereby agents
respond to the other agents’ previous actions, rather than their current states.
The existence of this distinct area can be a source of confusion in nomenclature:
while we use RL as a model-free learning approach in MFGs/MFC; this is not the
same as doing mean-field RL, and MFGs/MFC can be, and classically were, solved
without RL, as we discuss above. Some works have considered similar features
to those we are interested in, such as decentralisation and estimation from local
neighbourhoods, but in this distinct area of mean-field RL [230]. We draw attention
in particular to the work by Subramanian et al. [232], who develop a framework they
refer to as ‘Decentralized Mean Field Games [sic]” but which they also emphasise is
distinct from both MFGs and mean-field RL, and which removes the symmetry and
anonymity of agents (agents may have different reward functions, and agent indices
are retained). Therefore, despite its name, this setting is different from our own.

We note a similarity between 1. our method for deciding which policies to
propagate through the population and 2. the computation of evaluation/fitness
functions within evolutionary algorithms to indicate which solutions are desirable
to keep in the population for the next generation [233, 234]. Moreover, the
research avenue broadly referred to as distributed embodied evolution involves
swarms of agents independently running evolutionary algorithms while operating
within a physical /simulated environment and communicating behaviour parameters
to neighbours [235] 236], and is therefore even more similar to our setting, where
decentralised RL updates are computed locally and then shared with neighbours. In
distributed embodied evolution, the computed fitness of solutions helps determine
both which are preserved by agents during local updates, and also which are chosen
for broadcast or adoption between neighbours [237H239]. Indeed, some works on
distributed embodied evolution specifically consider features or rewards relating to
the joint behaviour of the whole population [240], 241], similar to the mean-field
framework. The adjacent research area of cultural/language evolution for swarm
robotics [242-H244] has similarly demonstrated the combination of evolutionary

approaches and multi-agent communication networks for self-organised behaviours



22 2. Related work

in swarms. However, unlike our own work, none of these areas employ RL in the
update of policies or the computation of the fitness functions.

Our work also shares parallels with population-based training [245], an approach
that is likewise related to evolutionary algorithms. Population-based training
involves optimising neural networks by performance-based transfer of parameters
and hyperparameters among a population of concurrent processes. We are interested
in the interactive behaviour of the population itself rather than simply using it

for parallelising the optimisation.
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Contents
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Please also see Secs. [4.3] and [6.3] for more specific preliminaries for their

respective chapters.

3.1 Mean-field games/control

Secs. [4.3] and contain very similar definitions for the MFG/MFC and
tabular /non-tabular settings. Due to some slight setting-specific differences, we
restate the relevant definitions in each chapter for clarity rather than giving them
together here. Nevertheless, we introduce here the following notation that is
common to all chapters.

N is the number of agents in a population, with S and A representing the finite
state and common action spaces, respectively. The set of probability measures on
a finite set X is denoted Ay, and e, € Ay for x € X is a one-hot vector with

only the entry corresponding to x set to 1, and all others set to 0. For time ¢t > 0,

23



24 3.2. Networks

= % SN Sees L,_.e; € Ag is a vector of length |S| denoting the empirical

categorical state distribution of the N agents at time t.

3.2 Networks

Our decentralised empirical population exhibits two time-varying graphs (with
the second only used from Ch. |5l onwards), where the links between agents that
make up the network may change at each time step t. The basic definition of

such a network is as follows:

Definition 3.2.1 (Time-varying network). The time-varying network (G;);>¢ is
given by G, = (N, &), where N is the set of vertices each representing an agent
i €{1,..., N}, and the edge set & C {(i,j) : i,j € N, i # j} is the set of undirected
links present at time ¢. A network’s diameter dg, is the maximum of the shortest
path length between any pair of nodes.

A network is connected if there is a sequence of distinct edges forming a
path between each distinct pair of vertices. The union of a collection of graphs
{Gt,Gi+1,+ ,Girw} (w € N) is the graph with vertices and edge set equalling the
union of the vertices and edge sets of the graphs in the collection [246]. A collection

is jointly connected if its members’ union is connected.

One of these graphs Gy°™™ is a communication network that defines which agents

can communicate information to each other at time ¢. Most commonly we might
think of such a network as depending on the spatial locations of decentralised agents,
such as physical robots, which can communicate with neighbours that fall within a
given broadcast radius. When the agents move in the environment, their neighbours
and therefore communication links may change. However, the dynamic network is
general to all settings, and can depend on other factors that may not depend on the
agents’ position in space or state si. For example, agents may be connected over long
distances via satellites or the internet, and even a network of fixed-location agents
can change depending on which agents are active and broadcasting at a given time ¢,

or if their broadcast radius changes, perhaps in relation to signal or battery strength.
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The communication network is used in all of Chs. [ [f]and [6] From Ch. [5] we
additionally become interested in agents being able to estimate the global mean
field from local information. In principle, agents can use this same communication
network G to receive information about others’ states in order to estimate
the mean field. However for generality and modularity we say instead that agents
exhibit a second network G°*. This is a graph defining which agents can observe
each other’s states, which we use in general settings for estimating the mean
field from local information. The structure of the two networks may be identical
(e.g. if embodied agents can both observe the position (state) of, and exchange
information with, other agents within a certain physical distance from themselves),
or different (e.g. if agents can observe the positions of nearby agents, but only
exchange information with agents by which they are linked via satellite, which
may connect agents over long distances).

We also define an alternative version of the observation graph that is useful in
a specific subclass of environments, which can most intuitively be thought of as
those where agents’ states are positions in physical space. When this is the case, we
usually think of agents’ ability to observe each other as depending more abstractly

on whether states are visible to each other. We define this visibility graph as follows:

Definition 3.2.2 (Time-varying state-visibility graph). The time-varying state
visibility graph (G}**);>0 is given by G/** = (&', "), where S’ is the set of vertices
representing the environment states S, and the edge set £ C {(m,n) : mn € S’}

is the set of undirected links present at time ¢, indicating which states are visible to

each other.

We view an agent in s as able to obtain a count of the number of agents in s if
s' is visible to s. The benefit of this graph G’ over G** is that there is mutual
exclusivity: either an agent in state s is able to obtain a total count of all of the
agents in state s’ (if ¢ is visible to s), or it cannot obtain information about any
agent in state s’ (if those states are not visible to each other). Additionally, this

graph permits an agent in state s to observe that there are no agents in state s’
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as long as ¢ is visible to s. These benefits are not available if the observability

graph is defined strictly between agents as in G, such that using GV facilitates

more efficient estimation of the global mean-field distribution from local information
in settings where G/* is applicable (see Sec. [5.5)).

In Ch. [5| we present algorithms that form an initial estimate of the global
empirical mean field (to serve as an observation input for agents’ Q- /policy-networks)

obs

via the observability graph G2 or the visibility graph G'**, before refining this

estimate via the communication graph G;o"™.
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4.1 Introduction

We begin by recapping the content and contributions of this chapter, first stated
in Sec. We introduce networked communication to stationary MFGs, for
which the solution concept is the MFG-NE, which reflects the situation when each
agent responds optimally to the population distribution that arises when all other
agents follow that same optimal behaviour (see Fig. [4.1)).

We prove that our networked algorithm’s theoretical sample guarantees lie
between those of earlier central-agent and independent algorithms. Next, to compare
the architectures experimentally, we extend all three theoretical algorithms with
experience replay buffers, without which we found them unable to learn in practical
time. We show empirically that when the agents’ Q-functions can be only roughly
estimated due to fewer samples/updates, possibly leading to high variance in policy
updates, then using the communication network to propagate better-performing
policies through the population leads to faster learning than that achieved by agents
learning entirely independently, which still hardly appear to learn at all even with
the buffer. This is crucial in large complex environments that may be encountered in
real applications, where the idealised hyperparameter choices (such as learning rates
and numbers of iterations) required in previous works for theoretical convergence

guarantees will be infeasible in practice. As well as demonstrating our scheme’s
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Figure 4.1: a) As formalised in Def. , an optimal solution to a MFG is a policy
that best responds to the stationary mean-field distribution that arises when all agents
follow that same policy. b) The solution can therefore be seen as the fixed point of two
operators: finding the mean-field distribution that arises when agents follow a given policy
and finding the policy that best responds to a given mean field.

empirical benefits for learning speed, we conduct additional studies showing the
advantages of communication for system robustness.

To pre-empt conceptual concerns about whether selfish agents would have
incentive to communicate in non-cooperative MFGs, our experiments focus on
coordination games, where even selfish agents can increase their individual rewards
by following the same strategy as others. Thus this work can be applied to real-world
coordination games in e.g. traffic signal control, formation control in swarm robotics,
and consensus and synchronisation e.g. for sensor networks [247]. Nevertheless
we find no need to make a distinction in our theoretical analysis, which holds
across all types of non-cooperative MFG.

In summary, our contributions include the following:

« We prove that a theoretical version of our networked algorithm (Alg. [1)) has
sample guarantees bounded between those of central-agent and independent
algorithms for learning from a non-episodic run of the empirical system. We

provide the order of the difference in these bounds in terms of network structure
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and number of communication rounds, and contribute a policy-update stability

guarantee (Sec. [4.5)).

o We show experimentally that all three theoretical algorithms do not seem to
learn at all in any practical time (Sec. [£.7.4.1)). We therefore modify all three
(Alg. 2 Sec. to make learning feasible by including an experience replay
buffer, allowing us to contribute the first empirical demonstrations of learning

in all three architectures.

o QOur experiments demonstrate that in practical settings our communication
scheme can markedly benefit learning speed over the independent case,
sometimes performing similarly to the centralised case while removing the
restrictive assumption of the latter. We also show that via our practical
modifications we can learn without enforcing several of the algorithms’ other
theoretical assumptions (a goal shared by other works on practical MFG

algorithms [211]) (Sec. 4.7.4).

« We provide ablations and additional empirical studies showing that our
decentralised communication architecture brings further benefits over both
the central-agent and independent alternatives in terms of robustness to
unexpected update failures and changes in population size. For further

discussion of the relevance of these scenarios in large multi-agent systems, see

Sec. 4.7.4.3

The rest of this chapter is structured as follows. We give preliminaries in Sec.
We present our theoretical algorithms in Sec. [£.4] and theoretical results
in Sec. [4.5] We give enhancements to the algorithms which are necessary for
learning in practical time in Sec. [£.6] and provide experiments and discussion

in Sec. We conclude in Sec. HA.8|.

4.2 Related work

Ch. [2] contains the related work relevant to this chapter.
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4.3 Preliminaries
4.3.1 Core definitions

We use the notation introduced in Sec [3.1] as well as the following. The sets S and
A are equipped with the discrete metric d(x,y) = 1,.,. The set of policies is 11
= {m: § = A4}, and the set of Q-functions is denoted Q@ = {¢ : S x A — R}.
For m, 7’ € Il and ¢, ¢ € Q, we have the norms ||m — 7'||; 1= sup,cg |[|7(s) — 7' (s)| 1
and [|¢ — ¢'[|os = sUP,csacala(s,a) — (s a)|.

Function h : A 4 — Rs( denotes a strongly concave function, which we implement
in our experiments as the scaled entropy regulariser Mg, (u) = =AY, u(a)logu(a),
fora € A, u € Ayand A > 0. As in many earlier works [8, [15], 54} 161, 167, 168, 200,
201], 248-250], regularisation is theoretically required to ensure the contractivity of
operators and continued exploration, and hence algorithmic convergence. However,
it has been recognised that modifying the RL objective by regularisation can bias
the NE [11], 15} 20, 250, 251]. We show in our experiments that we are able to
reduce A to 0 with no detriment to convergence.

We now define, for hyae > 0 and b : Ay — [0, hmax), Umax € A4 such that
h(tmax) = hmax. We further define Qayx 1= Hﬁ%, and set Ty € I such that

Tmax(S) = Umax, Vs € S. For any Ah € Ry, we also define the convex set Uny
= {u € Ayg : h(u) > hypax — Ah}.
Having given this notation, we now formalise the symmetric anonymous game

involving N agents.

Definition 4.3.1 (N-player symmetric anonymous games). An N-player stochastic
game with symmetric, anonymous agents is given by the tuple (N, S, A, P, R, ),
where A is the action space, identical for each agent; S is the identical state space
of each agent, such that their initial states are {s{}, € SV and their policies are
{7}V, eV, P: S x A x As — Ag is the transition function and R : S x A x
Ags — [0,1] is the reward function, which map each agent’s local state and action

and the population’s empirical distribution to transition probabilities and bounded
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rewards, respectively, i.e. Vi € {1,..., N}
5i+1 ~ P('|3i7ai7ﬂt) and 7’2 = R(Siaaialat)'

The policy of an agent is given by al ~ 7(s!), that is, each agent only observes
its own state, and not the joint state or empirical distribution of the population.
We now formalise the expected discounted returns of each agent in an N-player

symmetric anonymous game.

Definition 4.3.2 (N-player discounted regularised return). With joint policies 7
= (rt, ..., 7V) € IV, initial states sampled from a distribution vy € As and v €
[0,1) as a discount factor, the expected discounted regularised returns of each agent
i in the symmetric anonymous game are given by, Vi,j € {1,..., N},

Kt ]
ap~m? (st) .

sf+1~P(~|s{ ,ai fit)

o

\PZ 7T UO Z Sta ai)ﬂt) + h(ﬂ-l(sé)))

t=0

This allows us to formalise the solution concept for the non-cooperative N-player

symmetric anonymous game, namely the (approximate) NE.

Definition 4.3.3 (5-NE). Say § > 0 and (7,7 ~%) := (x!, ... 7L m, 7ot 7)€
IV, An initial distribution vy € As and an N-tuple of policies w := (7!,... 7
€ IV form a 6-NE (m, vp) if

Wi (m,v0) > max W ((r, 7w "), v9) =6 Vi€ {l,...,N}.

mell

At the limit as N — oo, the population of infinitely many agents can be
characterised as a limit distribution u € Ag. We denote the expected discounted
return of the representative agent in the infinite-agent game - termed a MFG -

as V, rather than U as in the finite N-agent case.

Definition 4.3.4 (Mean-field discounted regularised return). For a policy-population
pair (m, 1) € I x Ag,

Vilm, 1) = E | S 2 (R(sesan, 1) + h(n(s1)))

t=0

s0~p
az~(st) .

stp1~P([st,ae,1)
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A stationary MFG is one that has a unique population distribution that is stable
with respect to a given policy, and the agents’ policies are not time- or population-

dependent. We now introduce the solution concept of this stationary MFG.

Definition 4.3.5 (NE of stationary MFG). For a policy 7* € II and a population
distribution p* € Ag, the pair (7%, u*) is a stationary MFG-NE if the following

optimality and stability conditions hold:

optimality: V(7" u*) = max Vi (m, 1),
stability: p*(s) = Y_ p*(s")7*(d'|s")P(s|s', d’, u*).

If the optimality condition is only satisfied with Vi (7}, pu5) > max, Vi,(m, p5) — 0,
then (7, pj) is a 0-NE of the MFG, where 5 is obtained from the stability equation

and 7}.

The MFG-NE is an approximate NE of the finite N-player game, in which we
may have originally been interested but which is difficult to solve in itself [15] 20]:

Proposition 4.3.6 (N-player NE and MFG-NE (Thm. 1, [§])). If (7*,1*) is a
MFG-NE, then, under certain Lipschitz conditions [§], for any 6 > 0, there exists
N(8) € Ny such that, for all N > N(8), the joint policy m = {m*, 7%, ..., 7} € IV
is a 0-NFE of the N-player game.

Remark 4.3.7. We can show that J can be characterised further in terms of N,

with (7%, u*) being an O( \}N)—NE of the N-player symmetric anonymous game
12, 15, 611

4.3.2 Further technical conditions for algorithms and the-
orems

Our theoretical results, which compare our networked algorithm with the centralised
and independent alternatives from Yardim et al. [I5], rely on several further
definitions and assumptions from their work. We give these now to allow us
to introduce our learning operator for our algorithm in Sec. [4.4] in advance of

the theoretical analysis in Sec. [4.5] These formalisations lay the groundwork
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that allows the optimality and stability conditions, which define the MFG-NE
in Def. |4.3.5, to hold.

4.3.2.1 Population update operators

The following characterisations ensure that the evolution of the population is
convergent for a given policy.

Assumption gives Lipschitz constants that provide smoothness conditions
on the transition and reward functions P and R - this is a standard theoretical
assumption in previous work [I5]. These constants in turn ensure that the population-
evolution and policy-update operators below are smooth and hence contractive,
guaranteeing convergence.ﬂ If the Lipschitz condition failed - for example in
environments with hard cliffs in the reward function across the reachable region,
abrupt discontinuities in the transition kernel, or unbounded reward magnitudes
- the operators I'y,, and and would no longer be guaranteed to be Lipschitz,

and the contraction-based convergence arguments underpinning Thms. and
would no longer apply.

Assumption 4.3.8 (Lipschitz continuity of P and R). There exist constants
K, Ky, K,,L,,Ls, L, € Rsq such that Vs, s € S,Va,a’ € A, Vpu, i’ € Ag,

[|P(-|s,a, ) — P(|s',a', 1)1 < Kullpw— ]l + Ksd(s,s") + Kqd(a,d'),

|R(8,(l,/¢) —R(s/,a/,,u/)| < L#H:U'_:U'/Hl + Lsd(sasl) + Lad(ava,)'

In the games we introduce in our experiments (Sec. the transition kernel P does not
depend on /i at all, so the K,,-dependence of the Lipschitz condition on P holds trivially with
K, = 0 and only the Lipschitz conditions on P in s and @ remain - and those are themselves
trivial on a finite state-action space, since any bounded function on a finite set is Lipschitz with a
constant given by the maximum range divided by the minimum nonzero distance between distinct
points. The dependence of R on fi in our games enters only through the value fi;(s!) of the
empirical distribution at the agent’s own state, which is always at least 1/N by construction
(agent i itself contributes one count to fi;(s%)). The relevant domain for fi;(s?) is therefore the
bounded-away-from-zero interval [1/N, 1] rather than the full [0, 1], which is what is needed to
tame otherwise singular reward dependencies: the log-style ‘cluster’ reward used in Sec. {.7.1]
admits a finite Lipschitz constant of order N on [1/N, 1] (even though it blows up as i — 0 and so
is not Lipschitz on the unrestricted simplex), and the piecewise-defined ‘target agreement’ reward
is Lipschitz away from its jump discontinuities, with Lipschitz constant 1 on each piece. We
therefore implicitly require Assumption [£.3.8 only on the region of S x A x Ag actually reached
by the algorithm, which is sufficient since the contraction-based proofs only invoke the Lipschitz
inequalities at points along the system run. We do not measure L, Lo, L,,, K, Ko, K,, explicitly
in any of our experiments.
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The single-step operator tells us how the mean field evolves by one step when
the whole population uses a certain policy, which allows us in turn to give the
stable population operator as the fixed point of repeated updates. This is later
plugged into the policy-improvement operator, allowing us to obtain the fixed-point

consistency and hence the stationary MFG-NE.

Definition 4.3.9 (Population update operator). The single-step population update
operator I'y,, 1 Ag X II — Ag is defined as, Vs € S:
Lpop(p, m)(8) := > > uls) )P(sls',a’, ).
s'eSa’eA

We will use the short hand notation

FZcm( ) = Fpt)p(' X FpOp(Fpop(M 77)7 7T)a cee 77T) .

n times

We recall in the following lemma that I',, is known to be Lipschitz [§], [11§].
By ensuring that the population updates are smooth, we can in turn ensure that
they are contractive, giving a unique and stable steady population via Assumption

below. This in turn ensures convergence.

Lemma 4.3.10 (Lipschitz population updates). I',,, is Lipschitz with

K,
Cpep10:7) = gt )i < Lpopllt = s + 2w = 'l
where Ly, = (% + % + KH), Vo ell,u € As.

For stationary MFGs the population distribution must be stable with respect
to a policy, requiring that I',,, (-, 7) is contractive Vr € II. We therefore give the

following assumption, which is common in previous works [8, 15, 99, [118§]:

Assumption 4.3.11 (Stable population). Population updates are stable, i.e.

Lpopu < 1.

If the assumption is violated - for instance if I',,(-, ) has multiple fixed points

or none for some 7 - then there is no well-defined map from policies to stable
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distributions, and the MFG-NE associated with 7* may not exist or be unique.ﬂ
While in our experiments in Sec. @ we have not verified L, , < 1 explicitly,
some of the experimental runs do converge to a stable, high-reward population
distribution (e.g. all agents clustered in one corner, or agreed on one target); this
suggests that when other runs fail to reach such an outcome, the cause is not
a violation of Assumption but rather sub-optimal policy convergence for
another reason. Assumption [4.3.11] allows us to give the following operator that

maps policies to their stable mean-field distributions.

Definition 4.3.12 (Stable population operator I'SS ). Given Assumption |4.3.11

pop

o0

the operator I')c,

: IT — As maps a given policy to its unique stable population
distribution such that I',,, (I (7),7) = 00 (7), i.e. the unique fixed point of

pop pop
Fpop<-,7l') : AS — As.
4.3.2.2 Policy improvement operators

We now introduce the policy improvement operators, which we use for policy
improvement in place of a direct best-response operator (see Sec. . As with the
population evolution operators, these must also be Lipschitz, to ensure smoothness
and hence convergence.

We first define the regularised Q-functions.

Definition 4.3.13 (@, and g, functions). We define, for any pair (s,a) € S x A:

Qulsyalm, 1) == E |37 (R(ses ar, p) + h(m(s.))) |85, 5 FLpros i >
t=0

ap=a, at+1N7l'("St+1) )

and

Qh(sa CL|7T, :u) = R(S> a, :u) +7 Z P(8,|S7 a, /4L>7T<a/|sl)Qh(S/a a/|7T7 M)

We can now give the operator that maps policy-population pairs to Q-functions,

i.e. it gives the Q-function that pertains when an agent uses a certain policy when

2Since Lpopu = Ks/2 + Ko/2 + K, the contraction condition is helped substantially in our
experimental games by the fact that P does not depend on f at all, giving K, = 0; the remaining
contributions K /2, K, /2 depend on the chosen metrics on S and A and we do not verify them
explicitly.
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the population has a certain mean-field distribution. We are able to approximate
this operator via Def. below, which learns online from samples taken along

a trajectory of the current policy.

Definition 4.3.14 (I'; operator). The operator I'; : II x Ag — Q, which maps
population-policy pairs to Q-functions, is defined as I'y(m, p) :== g (-, -|m, 1) € Q
Vo ell,u € As.

We now define the policy mirror ascent (PMA) operator for policy improvement.
Agents update a policy with respect to a given Q-function by selecting, for each state,
a probability distribution over their actions that maximises the combination of three
terms (Def. [4.3.15)): 1. the value of the given state with respect to the Q-function;
2. a regulariser over the action probability distribution (in practice, we maximise
the scaled entropy of the distribution); 3. a metric of similarity between the new
action probabilities for the given state and those of the previous policy, given by
the squared two-norm of the difference between the two distributions. We can alter
the importance of the similarity metric relative to the other two terms by varying a
parameter 7, which is equivalent to changing the learning rate of the policy update.

The three terms in the maximisation function can be seen in the PMA operator:

Definition 4.3.15 (Policy mirror ascent operator (Def. 3.5, [15])). For a learning
raten > 0 and Ly, := L, —l—fyzL_SWiKlgs (where these constants are defined in Assumption
, the PMA update operator F;”d : Q@ x II — II is defined as, Vs € §,VQ €
Q.Vr eIl
md 1 2
I7Q, m)(s) := argmax | (u,q(s, ")) + h(u) — %Ilu —m(s)llz ) -

uGuLh

Iy and ;7" are both known to be Lipschitz continuous [15].

We can now define the theoretical learning operator I',, which is used in the
fixed-point iterations to find the MFG-NE. I, takes a PMA step to update a policy
with respect to the Q-function of that policy when the population has a stable

mean-field distribution arising from following that policy.
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Definition 4.3.16 (Nested learning operator). For a learning rate n > 0, I, : IT —
IT is defined as
Dy () i= T2, (7, T35, (7)), 7).

pop
The following lemma demonstrates that the fixed points of I';, are MFG-NE poli-

cies.

Lemma 4.3.17 (Fixed points of I';, are MFG-NE). For arbitrary n > 0, a pair
(m*, 1*) is a MFG-NE if and only if m* = T')(7*) and p* =155 (7*).

pop
We now recall that I',, is Lipschitz continuous (Yardim et al. [I5] establishes the

conditions under which it is contractive, which we omit here for simplicity).

Lemma 4.3.18 (Lipschitz continuity of I';)). For anyn > 0, the operator I';, : 11 — 11

is Lipschitz with constant Ly, on (1L ]| - |[1).

4.3.2.3 Conditions when learning online from samples collected along
a single run with N agents

General theoretical guarantees on online learning from a single run require mixing

conditions on the samples along the path. As per Yardim et al. [I5], we decompose

these into the two assumptions below.

The first of these assumptions presumes that throughout training along the
single system run, the regulariser A ensures that policies continue taking each
action in each state with probability bounded away from zero. Yardim et al. [15]
provides conditions on h that are sufficient for Assumption to hold; in
practice it is achieved for a large class of strongly concave h, including those realised
as entropy regularisation, which is how we implement h for our experiments. If
persistence of excitation fails - for example if a learner collapses onto a deterministic
policy - the collected samples no longer cover the state-action space sufficiently
for Ql to concentrate around Q*, and the sample-complexity guarantees we prove
in subsequent sections no longer hold. Experimentally, we do not measure p;,s
explicitly, and in fact set the entropy scaling coefficient to 0 for the runs reported
in this chapter; that our algorithms still converge in this setting suggests that

persistence of excitation is sufficient but not necessary for the behaviour we observe.
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Assumption 4.3.19 (Persistence of excitation). We assume there exists p;,r > 0

such that:
1. Tmax(al$) > piny Vs € S,a € A,

2. For any 7 € Il and ¢ € Q that satisty, V(s,a) € S x A, w(als) > pins and
0 < q(s,a) < Quax, it holds that and(q,ﬂ)(a]s) > Ding, V(s,a) € S x A.

The next assumption complements Assumption by requiring that, given
a persistently excited policy, the induced state chain reaches every s € S with a
uniformly positive probability ¢,,;, within a finite time T,,;,. It is automatically
satisfied whenever the induced Markov chain on § is ergodic with strictly positive
transition probabilities - a condition met by all the grid worlds we consider
experimentally, where every square is reachable from every other under any policy
that takes each cardinal direction with non-zero probability. If sufficient mixing fails
- for example if the environment contains absorbing states or non-communicating
sub-MDPs - the TD samples collected along the system run no longer give uniform
convergence, and the sample-complexity guarantees we prove in subsequent sections
no longer hold. Experimentally, we do not estimate T,,;, or d,,;, explicitly, but
the connectedness and finite size of our grid worlds appear to make sufficient

mixing unproblematic in practice.

Assumption 4.3.20 (Sufficient mixing). For any 7 € II satisfying 7 (a|s) > pis > 0
Vs € S,a € A, and any initial states {sj}; € SV, there exist Tpnp > 0,8miz > 0
such that ]P’(sjfmm = §'|{st}i) = Omiz, Vs €S,5€{1,...,N}.

4.4 Learning with networked, decentralised agents

Roadmap We first introduce theoretical versions of our operators and algorithm
(Secs. , , in order to show that our networked framework has sample
guarantees bounded between those of the centralised- and independent-learning cases
(Sec. . We show experimentally in Sec. that these sample guarantees

do not lead to practical learning times, whereas our novel incorporation of an
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experience replay buffer (Sec. , along with networked communication, means
that empirically we can remove many of the theoretical assumptions and practically
infeasible hyperparameter choices that are required by the sample guarantees of
the theoretical algorithms. In such cases we demonstrate experimentally that
our modified networked algorithm still respects the theoretical guarantees: it can
significantly outperform the independent algorithm, often performing similarly

to the central-agent one (Sec. W.7).

4.4.1 Learning with N agents from a single run

We begin by outlining the basic procedure for solving the MFG using the N-agent
empirical distribution and a single, non-episodic system run (Lines of Alg. [1)).
The two underlying learning operators are the same for the centralised, independent
and networked architectures; in the latter two cases all agents apply the operators
individually, while in the centralised setting a single representative agent (the agent
with arbitrary index ¢ = 1) estimates the Q-function and computes an updated
policy that is pushed to all the other agents.

Learning agents use the stochastic temporal difference (TD)-learning operator
to repeatedly update an estimate of the Q-function of their current policy with

respect to the current empirical distribution (Line , i.e. to approximate the

operator I', (Def. [4.3.14] Sec. [4.3.2):

Definition 4.4.1 (Stochastic TD-learning operator, simplified from Def. 4.1 in
Yardim et al. [I5]). We define Z := 8 x A x [0,1] X S x A, and say that (} is the
transition observed by agent i at time ¢, given by (f = (s}, a}, 7}, s}, ,a;,,). The

TD-learning operator Fg QX Z — Qis defined, for any Q € O,(; € Z,5 € R, as

FE(Q, Gt) = Q(s1,a1) — 5(@(315, ag) — e — h(m(st)) — vYQ(St+41, at+1)>-

Having estimated the Q-function of their current policy, agents use the Q-function
to update this policy via the PMA operator from Def. (Line [10)).

The theoretical learning algorithm has three nested loops (see Lines , and
of Alg. [1). The policy update is applied K times (Line [L0). Before the policy
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Algorithm 1 Networked learning with single system run

Require: loop parameters K, My, M4, C, learning parameters
n, {Bm}me{o,...,Mpg—l}, A, {Tk}ke{o,...,Kq}
Require: initial states {s}}¥,
1: Set Ty = Mmax, Vi and ¢ < 0
2: for k=0,..., K —1do

3 Vs,a,i: Qé(s, a) = Qmax

4:  form=0,...,M,, —1do

5: for M,, iterations do

6: Take step Vi : aj ~ m,(-|s), ri = R(s}, al, ), sty ~ P(|s}, af, fu); t <
t+1

7: end for .

8: Compute TD update (Vi): Q7 ,, = e ( )i Ci,) (Def. [4.4.1

9: end for

1. PMA step Vi : ;= I'¥(Q4, ) (Def. [4.3.15
11: Vi : Generate o}, associated with 7},
12:  for C rounds do

13: Vi : Broadcast o}, 7} 4
14: Vi:Ji=iU{jeN:(ij) € gomm} _

) . i i\ exp(ojk_H/Tk) . i
15: Vi : Select adopted Pr(adopted = j) = S ewor ) Vj e J;

. . t
16: Vi:oh,, — oe Pl ml L e mpored
17: Take Step Vi ai ~ 7T]Z'€+1('|Si>,7"i = R(S;iia a’i)ﬁ't)v Si—&—l ~ P(‘|Si7ai7ﬂt); 1+
t+1

18:  end for
19: end for

20: return policies {7% }¥,

update in each of the K loops, agents update their estimate of the Q-function by
applying the stochastic TD-learning operator M, times (Line . Prior to the TD
update in each of the M,, loops, agents take M, steps in the environment without
updating (Line @ The M4 loops exist to create a delay between each TD update
to reduce bias when using the empirical distribution to approximate the mean field
in a non-episodic system run [252]. However, we find in our experiments that we

are able to essentially remove the inner M, loops (Sec. [4.7.4)).

4.4.2 Decentralised communication between agents

In our novel algorithm Alg. [I} agents compute policy updates in a decentralised way

as in the independent case (Lines |3{10)), before exchanging policies with neighbours
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in Lines by the following method, which allows policies to spread through
the population.ﬂ Coupled to their updated policy 7} 41, agents generate a scalar
value o}, (Line . The value provides information that helps agents decide
between policies that they may wish to adopt from neighbours. Different methods
for choosing between values received from neighbours, and for generating the values
in the first place, lead to different policies spreading through the population. For
example, generating or choosing oj,; at random leads to policies being exchanged
at random (required in Thm. , whereas generating o}, as an approximation
of the return of 7}, and then selecting the highest received value of ol 41 leads
to better performing policies spreading through the population. The latter is the
approach we use for accelerating learning empirically (described in Sec. on
the practical running of our algorithm), albeit we use a softmax rather than a
max function for selecting between received values. However, for generality in
our theoretical results, we do not focus on a specific method for generating o}, 1
such that it can be arbitrary for Thms. [£.5.2] and £.5.10] below, and with few
restrictions for Thms. [K.5.3] and [4.5.6

Agents broadcast their policy 7., and the associated o}, value to their
neighbours (Line . Agents have a certain broadcast radius, defining the structure
of the possibly time-varying communication network. Of the policies and associated
values received by a given agent (including its own) (Line [14), the agent selects
a ai 41 with a probability defined by a softmax function over the received values,
and adopts the policy associated with this o}, i.e. it sets its own current 7}, ,
and o}, to the ones it has selected (Lines , . This process repeats for C
communication rounds, before the Q-function estimation steps begin again. After
each communication round, the agents take a step in the environment (Line ,
such that if the communication network is affected by the agents’ states, then
agents that are unconnected from any others in a given communication round might
become connected in the next. (In our experiments we set C' as 1 to show the

benefits to convergence speed brought by even a single communication round.) We

3As discussed in Sec. our communication method is reminiscent of the use of fitness
functions in distributed evolutionary algorithms [233] [237].
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assume the softmax function is subject to a possibly time-varying temperature
parameter 7. We discuss the effects of the values of C' and 75, and the mechanism

for generating o, in subsequent sections.

Remark 4.4.2. Our networked architecture is effectively a generalisation of both
the central-agent and independent settings (Algs. 2, 3, Yardim et al. [I5]). The
independent setting is the special case where there is no communication, i.e. C' =10
- this serves as an implicit ablation of our communication scheme. The central-agent
setting is the special case when o}, is generated from a unique ID for each agent,
with the central learner agent assumed to generate the highest value by default.
In this case if we set 7, — 0 (such that the softmax becomes a max function),
and assume that the communication network becomes jointly connected repeatedly
during each set of communication rounds, results on max-consensus tell us that the
central learner’s policy will always be adopted by the entire population, assuming C'
is large enough that the number of jointly connected collections of graphs occurring

within C' is equal to the largest diameter of the union of any collection [253] 254].

Remark 4.4.3. In practice, when referring to a central-agent version of the
networked Alg. [T for simplicity we assume there is no networked communication
and instead that the updated policy } 41 of the representative learner i = 1 is

pushed to all agents after Line [10] as in Alg. 2 of [I5].

4.5 Theoretical results

4.5.1 Introduction

In this section we first give two theoretical results comparing the sample guarantees
of our networked case with those of the other settings; the results respectively
depend on whether the networked agents select which communicated policies to
adopt at random (Sec. or not (Sec. [1.5.3). We then provide the order of the
difference in these bounds in the non-random case in terms of the network structure
and number of communication rounds (Sec. . We finally give a policy-update
stability guarantee, which applies in all scenarios (Sec. .
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All expectations E[ -] in this section and its proofs are taken jointly over:

the initial joint state {s)}¥,;

o the stochastic transitions and action samples drawn during the M;; and M,

inner loops of Alg. [}
« the stochasticity of the PMA updates inherited from the sampled Qi;

 where relevant (Thm. only), the random adoptions performed under the
softmax in Line [I5

The communication network G;°™™ is supplied as an exogenous input at each

round rather than as a random variable in E[ -], and may or may not depend on the
agents’ states. In our experiments it is defined by a broadcast radius applied to agent
positions, in which case it is deterministic conditional on the joint state and inherits
randomness only implicitly through the stochastic state evolution, but the theory
itself accepts any sequence of graphs - deterministic or otherwise - satisfying the
relevant structural conditions. In Thms. [£.5.2H4.5.3|the sequence is left arbitrary and
its only role is to determine which policies are exchanged in Line |15} while Thm. 4.5.6
additionally fixes G/ as static and connected with constant diameter dg, and
Rems. discuss loosening these conditions to dynamic / jointly connected
sequences. Our bounds therefore hold for any realisation of Gf*™™ consistent with
the relevant theorem’s structural conditions; explicit modelling of stochastic graph

generation (e.g. link drops, Erdés-Rényi sampling) is left to future work.

4.5.2 Networked learning with random policy adoption

We begin by recalling the sample guarantees of the architecture where agents

learn entirely independently [15].

Lemma 4.5.1 (Independent learning, from Thm. 4.5, Yardim et al. [15]). For

Dinf and Oy defined in Assumptions[4.3.19 and[4.3.20) respectively, define ty :=

16(1+7)* 5. Assume that Assumptions|4.3.8, |4.53.11}, |4.3.19 and |4.3.2() hold, and

(1 _7)5mixpinf)

that © is the unique MFG-NE policy. For Ly, defined in Lem. we assume
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n > 0 satisfies Ly, < 1. The learning rates are (3, = m Vm >0, and let

e > 0 be arbitrary. There ezists a problem-dependent constant a € [0,00) such that

. log 81 —2—a -
if K = ;gg;;; , My, > O(e727%) and My > O(log*e™"), then the random output

(i )i of Alg. |1} when run with C = 0 (such that there is no communication) satisfies

for all agents i € {1,... N},

We first give a result for the trivial situation of random policy adoption to
provide an intuition that networked communication preserves the sample guarantees
of independent learning, before showing the conditions under which the latter

can be outperformed.

Theorem 4.5.2 (Networked learning with random policy adoption). For p;,r and

Omiz defined in Assumptions|4.3.19 and|4.3.20 respectively, define ty := %.

Assume that Assumptions|4.5.8,[4.3.11),[{.3.19 and[/.3.20] hold, and that ©* is the

unique MFG-NE policy. For Ly, defined in Lem. we assume 1 > 0 satisfies

Ly, < 1. The learning rates are (3, = O—v)(tim VYm > 0, and let € > 0 be

arbitrary. Let us set C' > 0 and 1, — oo. There exists a problem-dependent constant

a € [0,00) such that if K = 25 M > O 2 and My > O(log%e™"),

log L;; 7

then the random output {m% }; of Alg. || preserves the sample guarantees of the
independent-learning case given in Lem. i.e. the output satisfies, for all

agentsi € {1,..., N},

E[|lry k] < e+0 <\/1N> |

Proof. 1f 7, — 00, the softmax function that defines the probability of a received
policy being adopted in Line [I5] of Alg. [I] gives a uniform distribution. Policies are
thus exchanged at random between communicating agents for an arbitrary C' > 0
rounds, which does not affect the random output of the algorithm, such that the

random output satisfies the same expectation as if C' = 0. n
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4.5.3 Networked learning with non-random policy adoption

If instead o}, is generated arbitrarily and uniquely for each ¢, then for 7, € R.g
(such that the softmax function gives a non-uniform distribution and adoption of
received policies is therefore non-random), the sample complexity of the networked
algorithm is bounded between that of the centralised and independent algorithms,
formalised in Thm. [4.5.3] below.

More formally, in Thm. , we assume that o}, is generated uniquely
for each i, in a manner independent of any metric related to ., e.g. of,; is
random or related only to the arbitrary index i (so as not to bias the spread of

any particular policy). Let the random output of this algorithm be denoted as

i,net
{m¥
iind

the same parameters except C' = 0) and denote its random output {7""};; and a

}i. Also consider an independent-learning version of the algorithm (i.e. with

central-agent version of the algorithm with the same parameters (see Rem. 4.4.3])
and denote its random output as 75¢™. Then for all agents ¢ € {1,..., N}, the
random outputs of these algorithms {2}, {x%"*}; and 75¢" satisfy the following

relations, where ub,q;, ub;ng and ub..,; are respective upper bounds for each case:
E [l = 7*|1] < ubeent, B [[|730% = 7[1] < ubner, E[||7i" = 71| < ubina.
Thm. compares these upper bounds:

Theorem 4.5.3 (Networked learning with non-random policy adoption). Assume

that Assumptions [{.3.8, [{.3.11], [{.3.19 and [{.5.20 hold, and that Alg. [1] is run

with learning rates and constants as defined in Thm. except now let us set
7o € Rog. Then for all agents i € {1,..., N}, the random outputs {x"" };, {m'i ),

and 7™ satisfy

1
chen < Ubne < me =ec+0(—|.
t t d (m)

Proof. We build off the proof of our Lem. [4.5.1} given in Thm. D.9 of Yardim et al.

[15]. There the sample guarantees of the independent case are worse than those of

the centralised algorithm as a result of the divergence between the decentralised
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policies due to the stochasticity of the PMA updates. For an arbitrary policy
7 € I, for all k € {0,1, ..., K} define the policy divergence as the random variable
Ay = SN |7k — 7kll1. We can say that Ay cens = 0 Vk is the divergence in the
central-agent case, while in the networked case the policy divergence is Agq . after
communication round ¢ € {1,...,C}. The independent case is equivalent to the

scenario when C' = 0, such that its policy divergence can be written Ay .

exp (o], /%)

For 7, € R+, the adoption probability Pr (adoptedi = ai +1> = Z[Jtl] oot
(as in Line |15/ of Alg. [1)) is higher for some j € J; than for others. Th:lmgank;lth;t
for ¢ > 0 for which there are communication links in the population, in expectation
the number of unique policies in the population will decrease, as it will likely become
that 7}, = Wiﬂ for some 7,7 € {1,...,N}. As such, Api1cent < E[Api10] <
E [Ajt1,0], i.e. the policy divergence in the independent-learning case is expected
to be greater than or equal to that of the networked case.

The proof of Lem. [4.5.1] given in Thm. D.9 of Yardim et al. [I5] ends with, for

constants x and &,

K-1

E [||7T}( —7r*||1} S 2L1—I\i] + 1 _XLF _|_§ Z Ll{i,_k_lE [Ak]a
=1

n
where in our context the policy divergence in the independent case E[Ag;4] is
equivalent to E [Ax1¢] when C' =0, i.e. E[Agiq10].

Thus, for all agents i € {1,..., N}, the random outputs {7}, {x%"*}; and

7™ satisfy respectively:

[HW”nd 7T*||1} S Ubind — 2L1{<n+ X +§ZLK k— 1E[Ak0]

1— Ly, —
% K—-1
E [|lmi —n*h] < wbuer = 2LE, + 7 +€ 3 LE T E[Ave],
— Lr, —
% K-1
E |[|n5m = w*|l1] < ubeens = 2L§5 + € LT E Ao
— Lr, —

Since Agi1cent < E[Agi1.0] < E[Agiq1,0], we obtain our result, i.e.

1
chen < Ubne < szn =ec+0(|—=].
t t d (m)
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We recall the following lemma from Yardim et al. [I5]; we use it in Rem. [1.5.5]

to aid intuitive understanding of the result just given in Thm. [4.5.3]

Lemma 4.5.4 (Conditional TD learning from a single continuous run of the

empirical distribution of N agents, from Thm. 4.2, Yardim et al. [15]). Define

ty = %. Assume that Assumption |4.3.20 holds and let policies {r'};

be given such that 7'(a|s) > piy Vi. Assume Lines @-@ of Alg. 1| are run with

policies {m' };, arbitrary initial agents states {s} };, learning rates B, = m,
Vm > 0 and M,, > O(72), My > O(loge™1). If ® € I is an arbitrary policy, A
=N 7 = 7| and Q* := Qu(-, |7, ), then the random output Qﬁ'wpg of Lines

[H9 satisfies

B [10h, - @lle] <40 (ot o+l ll).

Remark 4.5.5. It may help to see that our Thm. is a consequence of the
following. Denote Q%" "et, Aﬁ\}:gd and Aﬁjﬁ; as the random outputs of Lines g of Alg.
in the networked, independent and central-agent cases respectively. In Lem. [4.5.4]
we can see that policy divergence gives bias terms in the estimation of the Q-value.

Therefore, given A1 cent < E[Ajt1.0] <E[Agt10], we can also say
Acen * Ai,ne * Ai,ind *
B[105 — Q] < E [0 — @7l < E[I05 - @7l

In other words, the networked case will require the same or fewer outer iterations K
to reduce the variance caused by this bias than the independent case requires (where
the bias is non-vanishing), and the same or more iterations than the central-agent

case requires.

4.5.4 Effect of amount of communication on relative archi-
tecture performance

We now provide a result that shows how the sample guarantees of our networked
architecture vary along the spectrum between those of the central-agent and

independent cases depending on the amount of communication that occurs.
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Theorem 4.5.6 (Relation between communication network structure and order
of difference between the architectures’ bounds). In addition to the assumptions
in Thm. [{.5.3, now also assume that the communication network Gi™™ remains
static and connected during the C' communication rounds. Assume also the diameter
dg of the network is equal for all k. Let us set 7, Yk as a small positive constant
chosen to be sufficiently close to zero that the softmaz essentially becomes a mazx
function. Then, for the tight bound big Theta (©), we can say that the difference
in the upper bounds ubye:, ubing and ubeen: from Thm. depends on C and the
network diameter dg as follows (where the ‘~’ relation comes from the approximate

spread of policies through the network as explained in the proof):
Ubeent + O (f(Crdg)) =~  ubne ~  ubing— O (1 - f(C.dg)),

for the piecewise function f(C,dg) defined as

F(Cdg) = (1—%)0 if C < dg,
9 o FO>dg

When C' > dg, ubnet = ubeent, so for C' > dg there is no additional improvement

over the centralised bound. Fqually when C' =0, we have exactly ub,e = ub;png.

Proof. From the proof of Thm. we have:

K-1
[H?Tz jind 7T*H1] S Ubind — 2Ll{(7, + : XL +§ Z Lﬁ_k_lE [Akz,ﬂ] 7
- Ly, _
[Hﬂ_znet 7T*||1:| SUbnet:2Ll{(,,+ X +§ZLK k— 1E[Akz6’]
1 - LFTI k=1
[Hﬂ_cent ﬂ.*”l} S chemt — QL{_; 1 L +§ Z LK k— IE Ak cent]
— Lr, _

Say that o} is the highest o value in the population before the communication
rounds at k£ 4+ 1. With a static, connected network and 7 close to 0 for all k&, max-
consensus will always be reached on o2y after C' = dg communication rounds,
such that Ay cent = Apg; = 0 [255]. The convergence rate of the max-consensus

1

algorithm is e [255], i.e. there is a decrease in the number of policies in the

population by a factor of approximately i with each communication round up
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to C' = dg, and therefore there is also a decrease in the policy divergence E[Ay .| by

a factor of approximately é with each communication round. Thus

1
E[Agcr1] = E[Ag] — (E [Ag.c] x d) , simplifying to
g
1
E [Ak,c—H] ~ E [A]@c] X (1 — > .

E[Akc] = E[Ago] ((1 - d1g> C) )

however, we know that Ay 4, = 0, so we can more accurately use the piecewise

function f(C,dg), defined as:

(1—L)C ifC < d
f<C7dg): dg g77
0 it C > dg

By induction

giving
E[Agc] = E[Aro] x f(C,dg).

We can therefore also say:

K—1
ubimg = 20K + —X 4 ¢ 3 LEFIR[A ],
! 1— LFn k=1 !
X K—-1
Ubper ~ 2LE + + &Y L MR [Arg] x f(Cdg),
! 1 - LF,, k=1 !
X
chent = 2LII‘(T, + 1_ Ll—\n.
We therefore firstly have
K—1 K—1
Ubing — ubper = €Y L FE[Ago] — € L PR [Ao] % £(C, dg),
k=1 k=1

which simplifies to

K-1
Ubind - Ubnet ~ 5 Z Lll'{‘n_k_l]E [Ak@] X (1 - f(07 dg)) :
k=1

This gives us one of the results, where we focus on the functional dependence on C'

and dg by using the tight bound big Theta (O):

Ubnet ~ Ubind - @ (1 - f(C7 dg)) :
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Secondly, we have

K-1

U'bnet ~ chent + S Z LIK,I_k_lE [Ak,O] X f(ca dg)a

k=1

giving us the second result
Ubper R Ubcens + @(f(cu dg)) :

]

Remark 4.5.7. If it is always 0}, ; and 7, ; that is adopted by the whole population
(i.e. i = 1), then this is exactly the same as the central-agent case. If the o} 41 and
w 41 that gets adopted has different j for each k, then this is akin to a version of
the central-agent setting where the index of the representative learning agent may

differ for each k.

Remark 4.5.8. Thm. depends on the assumptions that the communication
network is static and fixed, and has the same diameter dg for all k. If we instead
only assume that the network repeatedly becomes jointly connected during each
set of communication rounds, we can replace dg in the results in Thm. 4.5.6| with
davg-w, namely the average diameter of the union of each jointly connected collection
of graphs in the sequence, multiplied by the average number w of graphs in each
jointly connected collection. As noted in Rem. [4.4.2] max-consensus is reached
if C' is large enough that the number of sequential jointly connected collections
of graphs occurring within C' is equal to the largest diameter of the union of any
collection. This is equivalent to the central-agent case; there is no added benefit to

higher values of C' than this.

Remark 4.5.9. Thm. sets 7, as a small positive value close to 0 such that
the softmax function becomes a max function. If we instead set 7, € R-y not close
to 0 such that the softmax function is less peaked, then we have ub,o; — ub;,q as
C — 0, and ub,et —> Ubeent as C' — 00. This is because the spread of policies is now
probabilistic rather than deterministic, and depends on the interplay of 7, with

how large are the differences in the received values of o ;. Therefore consensus
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(and hence reduction in divergence between policies) is reached only asymptotically.
This applies to both static, connected networks and to repeatedly jointly connected

ones, assuming the latter becomes jointly connected infinitely often.

4.5.5 Stability guarantee

For completeness, we finally give a stability guarantee that follows from the

earlier theorems.

Theorem 4.5.10 (Policy-update stability guarantee). Let Alg. run as per

Thm. or Thms. and say that ¢y, is the error term at iteration

. 1og85;1
~ logLZt
og F77

. . . . et et
For all agents i, the mazimum possible distance between ;" and ;'

i,net 1,met

is given by E [Hwk — T Hl} < éep + g1 + O (\/iﬁ) This bound provides a
stability guarantee during the learning process; moreover the bound shrinks with each
successive k since € decreases with k. FEquivalent analysis can also be conducted

for both the centralised and independent cases.

Proof. Thms. [4.5.2] 4.5.3|and [4.5.6/bound the difference between each agent’s current

policy i and the unique equilibrium policy 7*, with the difference depending on
the bias term ¢, that relates to the iteration k as indicated. Policies 7}, and j_, fall
within balls centred on 7* with radii of e, + O (\/iﬁ) and g1+ 0O (\/iﬁ) respectively.
This means that the maximum possible distance between j, and 7}, is the sum of

these radii, i.e. E [Hﬂg — 7T,i€+1||1} <er+epn1+0O (ﬁ)’ giving the result. O

4.6 Practical modifications to theoretical algo-
rithms for empirical use

The theoretical analysis in Sec. requires algorithmic hyperparameters (see
Thm. that render convergence impractically slow in all of the centralised,
independent and networked cases. In particular, the values of d,,;,; and p;,s give
rise to very large o, causing very small learning rates {8, }meqo,...m,,~1}, and
necessitating very large values for M;; and M,,. Indeed Yardim et al. [15] do

not provide empirical demonstrations of their algorithms for the centralised and
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independent cases. Our experiments in Sec. show that with these algorithms,
none of the architectures appear to improve their returns at all without extremely
high numbers of inner loops that would take impractically long to run on standard
computers, taking many days or even many weeks.

For convergence of the algorithms in practical time, we seek to drastically increase
{Bm}m and reduce M;; and M,,. We found empirically that the two algorithmic
enhancements below helped achieve feasible learning times with significantly reduced
numbers of loops. The first involves recycling transitions using a buffer, and the

second gives a principled way of selecting o, in Line |11]in Alg. .

4.6.1 Algorithm acceleration by use of experience-replay
buffer

We modify our Alg. [l| (and accordingly the algorithms of the two non-networked
architectures) as follows, shown in blue in Alg. 2l Instead of using a transition
¢} to compute the TD update within each M, iteration and then discarding the
transition, we store the transition in a buffer (Line @ until after the M, loops.
Replay buffers are a common (MA)RL tool used especially with deep learning,
precisely to improve data efficiency and reduce autocorrelation [256-258]. When
learning does take place in our modified algorithm (Lines , it involves cycling
through the buffer for L iterations - randomly shuffling the buffer between each
- and thus conducting the TD update on each stored transition L times. This
allows us to reduce the number of M, loops, as well as not requiring as small
a learning rate {f,}m, allowing much faster learning in practice. Moreover, by
shuffling the buffer before each cycle we reduce bias resulting from the dependency
of samples along the continued, non-episodic system run, which may explain why
we are able to achieve adequate stable learning even when reducing the number
of M, waiting steps within each M, loop (Sec. .

Our replay buffer allows the first practical demonstrations of all three archi-
tectures for learning from a single continued system run - all of our experiments

after those in Sec. [£.7.4.1] use the buffer, with which learning can now occur. The
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Algorithm 2 Networked learning with experience replay and performance-related
generation of o},

Require: loop parameters K, M,,, M, C, L, I, learning parameters 7, 3, A, 7,
{Tk}ke{o,...,K—l}
Require: initial states {s}},
1: Set T = Mmax, Vi and ¢ < 0
2: for k=0,..., K —1do
3 Vs,a,i: Qi(s,a) = Quax

4:  Vi: Empty i’s buffer

5. form=0,...,M,, —1do

6: for M,, iterations do

7: Take step Vi : aj ~ m,(-|s}),r; = R(s}, a}, ), sty ~ P(|st, al, fu); t +
t+1

8: end for

9: Vi: Add (], to i’s buffer
10:  end for

11: forl=0,...,L—1do

12: Vi : Shuffle buffer

13: for transition (j in i’s buffer (Vi) do
14: Compute TD update (Vi): Qfm_l = ~g;€< )i (i) (see Def. 4.4.1
15: end for

16:  end for
17: PMA step Vi : mp ., = T7'(Q4, , k) (see Def. [4.3.15

24:  for C rounds do

25: Vi : Broadcast o, 7},
26: Vi:Ji=iU{jeN:(ij) € gemm}
] . i i\ exp(a'i+1/7k) . i
27: Vi : Select adopted Pr(adopted = j) = e ) Vj e J;
28: Vi Ojy UZiolptEdla Thr1 < szlﬂptedl
29: Take step Vi : af ~ w1 (:|st),r} = R(si, a}, fu), sty ~ P(|s}, al, u); t <
t+1
30: end for
31: end for

32: return policies {7% }Y,

intuition behind the better learning efficiency resulting from the buffer is as follows.

The value of a state-action pair p is dependent on the values of subsequent states
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reached, but the value of p is only updated when the TD update is conducted on
p, rather than every time a subsequent pair is updated. By learning from each
stored transition multiple times, we not only make repeated use of the reward and
transition information in each costly experience, but also repeatedly update each

state-action pair in light of its likewise updated subsequent states.

Remark 4.6.1. Our introduction of the replay buffer means that the specific
sample guarantees given in our theoretical results no longer apply. This is because
these assume that learning is conducted from a single stream of samples that are
discarded straight after their first and only use, and these results do not account
for temporary storage and shuffled reuse of samples. We do not directly update
the sample guarantees in light of this algorithmic modification, and leave such
additional proofs to future work. However we emphasise here that we expect the
ranking of the performances of the architectures to be preserved, i.e. the central-agent
architecture still learns as fast or faster than the networked one, which in turn
learns as fast or faster than the independent one. This is because, although the
use of samples in learning has changed, the underlying machinery that drives the
difference in performance between the architectures has not. The independent
architecture will still have worse sample guarantees than the central-agent one due
to bias caused by policy divergence, and our networked communication and adoption
can still reduce this divergence depending on network structure and the number
of communication rounds, as before. In summary, the conceptual gap between our
theoretical and empirical algorithms is minimal, and our theoretical results still give
heuristic insight to explain our experimental results that use the buffer, which show
networked populations outperforming independent ones while underperforming or
performing similarly to the central-agent populations, as predicted by our original

theory.

We leave (3 fixed across all iterations, as we found empirically that this yields
sufficient learning. We have not experimented with decreasing [ as [ increases,

though this may benefit learning. The transitions in the buffer are discarded after
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the replay cycles and a new buffer is initialised for the next iteration k, as in Line [4]
As such the space complexity of the buffer only grows linearly with the number of

M, iterations within each outer loop £, rather than with the number of K loops.

4.6.2 Generation of o},

Reducing the number of loops in the hope of achieving practical convergence times
can lead to poorer estimation of the Q-function Qﬁwpg, and hence a greater variance
in the quality of the updated policies 7}, ;. This problem will increase with the
size of the state and action spaces. In such cases we found empirically that an
appropriate method for generating o}, dependent on _, allows our networked
algorithm to markedly outperform the independent case by advantageously biasing
the spread of particular policies. This is instead of generating o}, arbitrarily as

required in the theoretical settings in Sec.

We do so via the steps added in in Alg. [2 which replace Line
in Alg. [} for mpy = (7}, y,....my), we set of , to a finite-step estimation

\/I};'l’k,_,’_l(ﬁk;_Fl,'Uo;E) of the discounted return W} ;| (mpi1,v0) (Def. |4.3.2). The

estimation is given by, Vi,j € {1,..., N}

Ct=tte
_ ag“‘”i-»—l(sg) ] .

s41~P(|si.af.it)

E
\Ij;z,k—i-l(ﬂ-k-i-la Vo, E) = Z Ve(R(SfS’ CL;, ﬂt) + h(ﬂ-z(si)))
e=0

This is calculated by tracking each agent’s discounted return for E evaluation
steps (Lines [1923).

Generating o}, in this way means policies that are more likely to spread through
the network are those estimated to receive a higher return in reality, despite possibly
being generated from poorly estimated Q-functions; this biases the population
towards faster learning. Naturally the quality of the finite-step approximation
depends on the number of evaluation steps E, but we found empirically that E can

be much smaller than M, and still give marked convergence benefits.
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4.7 Experiments

Our technical contribution of the replay buffer to MFG algorithms for online learning
from non-episodic system runs allows us also to contribute the first empirical
demonstrations of learning with these algorithms, not just in the networked case
but also in the central-agent and independent cases. The latter two serve as
baselines to show the advantages of the networked architecture. Experiments were
conducted on a MacBook Pro, Apple M1 Max chip, 32 GB, 10 cores. We use
scipy.optimize.minimize (employing Sequential Least Squares Programming) to
conduct the optimisation step in Def. £.3.15] and the JAX framework to accelerate

and vectorise some elements of our code.

4.7.1 Games

We follow the gold standard in prior works on stationary MFGs regarding the types of
game demonstrated: we focus on grid-world environments where agents can move in
the four cardinal directions or remain in place [20, Q9] 110} 126], [153] 200]. While this
type of experiment is characteristic of similar MFG works, we recognise that these
are simple games. They nevertheless serve as useful preliminary demonstrations
of the validity of our algorithms and the considerations necessary for achieving
practical learning; we leave experiments in more complex environments to future
work. Moreover, grid-world environments naturally reflect the deployed, spatial
applications in which we are interested in our setting, where agents learn online
and communicate with neighbours on a network (which is likely to be defined
spatially, though is not restricted to such a case).

We conduct numerical tests with two tasks (defined by the agents’ reward
functions), chosen for being particularly amenable to intuitive understanding of
whether the agents are learning behaviours that are appropriate and explainable
for the respective objective functions. In all cases, rewards are normalised in

[0,1] after they are computed.
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Figure 4.2: An example evolution of the population’s distribution in the ‘cluster’ game.
Note that it is more common for the population to gather in a corner cell, as discussed in
the text.

Cluster. This is the inverse of the ‘exploration’ game in [20], where in our case
agents are encouraged to gather together by the reward function R(s!, al,/i;) =
log(f1;(s})). That is, agent ¢ receives a reward that is logarithmically proportional to
the fraction of the population that is co-located with it at time . We give the pop-
ulation no indication where they should cluster, agreeing this themselves over time.

Per-state reward log(fi(s)) is concave in fi(s) (normalised so that ji € [1/N, 1]
maps to [0,1]), so in this game any Pareto-dominant MFG-NE has all agents at a

single state. There are |S| such MFG-NE, one per choice of clustering state; each
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gives per-agent reward 1 (the maximum), so they are all Pareto-optimal. They
jointly Pareto-dominate a continuum of sub-optimal NE in which the mean-field
distribution is stationary on a k-subset of states with mass fractions (as, ..., ),
>ia; = 1, k > 2 - individual agents need not be stationary (any joint policy
preserving the mass fractions is admissible, including ones in which agents swap
between populated states), but moving to a non-populated state gives normalised
reward 0 (the moving agent’s own mass gives i = 1/N at the new state), so confining
agents to the populated support is a best response. The uniform-wandering NE is the
limit of this family at k£ = |S|, with per-agent normalised reward 1—log(|S])/log(N).
The location of the Pareto-dominant clustering state is unspecified by the reward and
is selected stochastically by the early dynamics. In practice we usually find agents
cluster at one of the four corners (though not in the case of the example trajectory in
Fig. despite all states being Pareto-equivalent: three of the five available actions
leave an agent in any corner cell (the ‘stay’ action plus the two cardinal moves that
bounce off a wall), two leave them in any non-corner edge cell, and only ‘stay’ keeps
them at any interior cell - so exploratory policies drift the population toward the

corners, and once a cluster begins to form there the log fi reward reinforces this bias.

Agree on a single target. Unlike in the above ‘cluster’ game, the agents are
given options of locations at which to gather, and they must reach consensus among
themselves. If the agents are co-located with one of a number of specified targets
¢ € ® (in our experiments we place one target in each of the four corners of the
grid), and other agents are also at that target, they get a reward proportional
to the fraction of the population found there; otherwise they receive a penalty of
-1. In other words, the agents must coordinate on which of a number of mutually

beneficial points will be their single gathering place. The reward function is given

by R(Si,ai,,&t) = Ttarg(rcollab(,at(si))% where

(2) x if 3¢ € @ s.t. dist(s},¢) =0
Ttarg\ L) =
targ -1 otherwise,
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Figure 4.3: An example evolution of the population’s distribution in the ‘target
agreement’ game.

Teottah (%) = —1 otherwise

{x if iy (st) > 1/N

In this game the reward function jointly penalises being away from a target (riq, )
and being at a target without a sufficient fraction of the population (7.eap), SO
any Pareto-dominant strategy must concentrate the population on one of the |P|
specified locations, giving |®| = 4 Pareto-optimal MFG-NE. These jointly Pareto-
dominate a continuum of sub-optimal NE in which the mean-field distribution is
partitioned across two or more targets with insufficient mass at each (paying the
Teollap PeNalty), parametrised by the chosen subset of targets and the mass split
among them; as in the cluster game, individual agents may swap between populated
targets as long as the mass split is preserved. Networked communication is expected
to break this symmetry faster than the independent baseline by spreading whichever

policy is empirically performing best - typically a policy that directs agents toward

the target with the largest accumulated population fraction.

Both of these two games are coordination games, where selfish agents can
increase their individual rewards by following the same strategy as others and
therefore inherently have an incentive to communicate policies. Moreover, they
require more sophisticated solutions than the dispersal/exploration games often

considered in similar MFG works [20, 99} 153], where a trivial starting policy that
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encourages agents to move across the grid at random may already be close to

the equilibrium policy.

4.7.2 Experimental metrics

To give as informative results as possible about both performance and proximity
to the NE, we provide three metrics for each experiment. All metrics are plotted
with 2-sigma confidence intervals (2 x standard deviation), computed over 10 trials
(each with a random seed) of the system run in each setting. This is computed

based on a call to numpy.std for each metric over each run.

4.7.2.1 Exploitability

Works on MFGs most commonly use the exploitability metric to evaluate how close
a given policy 7 is to a NE policy 7* [19, 20} 100} 153} 200, 259]. The metric usually
assumes that all agents are following the same policy 7, and quantifies how much an
agent could benefit by deviating from 7, by measuring the difference between the
return Vj, (Def. gained by 7 and that gained by a policy that best responds
to the population distribution generated by 7. Let us denote by u™ the distribution
generated when 7 is the policy followed by all of the population aside from the

deviating agent; then the exploitability of policy m is defined as follows:

Definition 4.7.1 (Exploitability of 7). The exploitability . of policy 7 is given
by:
Eoxpl () = max Vi (', ) = Vi(, 7).

If = has a large exploitability then an agent can significantly improve its return
by deviating from 7, meaning that 7 is far from 7*, whereas an exploitability of 0
implies that m = 7*. Thus lower exploitability is considered better.

Since we do not have access to the exact best response policy arg max, Vj (7', u™)
as in some related works [20, [153], we instead approximate the exploitability metric,
similarly to [107], as follows. We freeze the policy of all agents apart from a deviating
agent, for which we store its current policy and then conduct 40 ‘deviation’ k loops

of policy improvement. To approximate the expectations in Def. [£.7.1] we take the
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best return of the deviating agent across the 40 k loops, as well as the mean of all
the other agents’ returns across these same loops. We then revert the agent back
to its stored policy, before learning continues for all agents. Due to the expensive
computations required for this metric, we evaluate it only on alternate k iterations
of the actual system evolution (for our experiments without the experience replay
buffer in Sec. , we evaluate only every 20 k).

Since prior works conducting empirical testing have generally focused on the
centralised setting, evaluations have not had to consider the exploitability metric
when not all agents are following a single policy 7, as may occur in the independent
or networked settings, i.e. when 7} # Wi for some 4,5 € {1,..., N}. The method
described above for approximating exploitability involves calculating the mean
return of all non-deviating agents’ policies. While this is 7, in the centralised
case, if the non-deviating agents do not share a single policy, then this method
is in fact approximating the exploitability of their joint policy w,:d, where d is
the deviating agent.

The exploitability metric has a number of limitations in our setting. In coor-
dination games (the setting for our tasks), agents benefit by following the same
behaviour as others, and so a deviating agent generally stands to gain less from
a ‘best-responding’ policy than it might in the non-coordination games on which
many other works focus. For example, the return of a best-responding agent in
the ‘cluster’ game still depends on the extent to which other agents coordinate on
where to cluster, meaning it cannot significantly increase its return by deviating
from a badly clustering policy. This means that the downward trajectory of the
exploitability metric is less clear in our plots than in other works.

Moreover, our approximation of exploitability takes place via policy improvement
steps (as in the main algorithm) for an independent, deviating agent while the policies
of the rest of the population are frozen. As such, the quality of our approximation
is limited by the number of policy-improvement/expectation-estimation rounds,
which must be restricted for the sake of the running speed of the experiments.

Furthermore, since one of the findings of our paper is that independent-learning
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agents increase their returns significantly slower (if at all) than networked or central-
agent populations, it is arguably unsurprising that approximating the best response
by an independently deviating agent sometimes gives an unclear and noisy metric.

Given the limitations presented by approximating exploitability, we also provide

the second metric to indicate the progress of learning.

4.7.2.2 Average discounted return

We record the average finite-step discounted return of the agents’ policies
during the M, steps of each outer k loop. This allows us to observe that settings
that converge to similar exploitability values may not have similar average agent
returns, suggesting that some algorithms are better than others not just at reaching
equilibria, but also at finding ‘preferable’ (i.e. Pareto-dominant) equilibria (when
the assumption of a unique MFG-NE is removed by reducing regularisation; see
Sec. - of. Liet al. [61], Graber [I60]. See, for example, Fig. [4.12| where
the networked agents converge to similar exploitability as the independent agents,

but receive higher average reward.

4.7.2.3 Policy divergence

We record the population’s average policy divergence Ay := L N ||xf — wt||3
for the arbitrary policy @ = 7'. Many of our theoretical results and proofs relate to
the policy divergence, and in Sec. we show extensively how the comparatively
worsening sample complexities between the centralised, networked and independent
cases are the result of their range of policy divergences. We therefore include this
metric to show how this relationship affects learning in practice.

Furthermore, the theoretical guarantees assume that the population is trying
to learn the unique equilibrium policy 7*, with the implication that all agents
should end up with this identical policy, regardless of the learning architecture (Sec.
. However, we find in practice that populations may be converging (in terms of
exploitability /return) while having non-diminishing policy divergence, particularly
in the independent setting. We therefore also include this metric to indicate the

difference between theoretical and empirical convergence.
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4.7.3 Hyperparameters

See Table for our hyperparameter choices. In general, we seek to show that our
networked algorithm is robust to ‘poor’ choices of hyperparameters, such as low
numbers of iterations, as may be required when aiming for practical convergence
times in complex real-world problems. By contrast, the independent algorithm
exhibits minimal learning without idealised hyperparameter choices. As such, our
experimental demonstrations in the plots generally involve hyperparameter choices
at the low end of the values we tested during our research.

We can broadly group our hyperparameters into those controlling the size of the
experiment, those controlling the number of iterations of each loop in the algorithm

and those affecting the learning/policy updates or policy adoption (5,71, A, 7,7).

Table 4.1: Hyperparameters

Hyper-  Value Comment

param.

Gridsize 8x8 / Most experiments are run on the smaller grid, while Figs. [4.12| and [4.13]

16x16 demonstrate learning in a larger state space.

Trials 10 We run 10 trials with different random seeds for each experiment. We plot
the mean and 2-sigma error bars for each metric across the trials.

Pop. 250 We tested N in {25,50,100,200,250}, with the networked architecture generally
performing equally well with all population sizes > 50. We chose 250 for our
demonstrations, to show that our algorithm can handle large populations,
indeed often larger than those demonstrated in other mean-field works,
especially for grid-world environments [105], 108, 126l 142] 201, 229-232]. In
experiments on robustness to population increase, the population instead
begins at 50 agents and has 200 added at the marked point.

K 200 / K is chosen to be large enough to see exploitability reducing, and converging

400 where possible.
M, 500 / We wish to illustrate the benefits of our networked architecture and replay
1000 buffer in reducing the number of loops required for convergence, i.e. we

wish to select a low value that still permits learning. We tested M, in
{300,500,600,800,1000,1200,1300,1400,1500,1800,2000,2500,3000}, and chose
500 for demonstrations on the 8x8 grids, and 1000 for the 16x16 grids. It
may be possible to optimise these values further in combination with other
hyperparameters.

Continued on next page
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Table 4.1: Hyperparameters (continued)

Hyper-
param.

Value

Comment

We tested My in {1,2,10,100}, and found that we could still achieve
convergence with M;; = 1. This is much lower than the requirements of
the theoretical algorithms, essentially allowing us to remove the innermost
nested learning loop.

We tested C'in {1,5,10}. We choose 1 to show the convergence benefits brought
by even a single communication round, even in networks that may have limited
connectivity.

100

As with M,,,, we select a low value that still permits learning. We tested L in
{50,100,200, 300,400,500}. In combination with our other hyperparameters,
we found L < 50 led to less good results, but it may be possible to optimise

this hyperparameter further.

100

We tested E in {100,300,1000}, and choose the lowest value to show the benefit
to convergence even from few evaluation steps. It may be possible to reduce
this value further and still achieve similar results.

0.9

Standard choice across RL literature.

0.1

We tested § in {0.01,0.1} and found 0.1 to be small enough for adequate
learning at an acceptable speed. Further optimising this hyperparameter
(including by having it decay with increasing [ € {0,..., L — 1}, rather than
leaving it fixed) may lead to better results.

0.01

We tested 7 in {0.001,0.01,0.1,1,10} and found that 0.01 gave stable learning
that progressed sufficiently quickly.

We tested A in {0,0.0001,0.001,0.01,0.1,1}. Since we can reduce \ to 0 with
no detriment to empirical convergence, we do so in order not to bias the NE.

Tk

cf.
com-
ment

For fixed 7 Vk, we tested {1,10,100,1000}. In our experiments for fixed 7%
the value is 100 (see Figs. and ; this yields learning, but does not
perform as well as if we step 7 as follows. We begin with 75 = 10000/(10 x*
«[(K —1)/10]), and multiply 7 by 10 whenever k£ mod 10 =1 i.e. every 10
iterations. Further optimising the inverse annealing process may lead to better
results.

4.7.4 Results and discussion

We first provide results for learning without a replay buffer as in the theoretical

algorithms.

We then give the rest of our experiments with the replay buffer,

beginning with our standard experimental setting and then robustness studies and
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ablations (note that the independent setting serves as an implicit ablation of our
communication scheme). We summarise findings in the body of each sub-section,
while the specific results are discussed fully in each figure’s caption. In each plot
the decimals refer to each agent’s broadcast radius as a fraction of the maximum
possible distance in the grid (i.e. the diagonal). Note that the networked population
with the largest radius is always fully connected.

We pre-empt possible concerns regarding the wide confidence intervals in many
of our plots by saying that many works with similar experiments do not report
error bars at all, and if they do they usually only give 1-sigma intervals, whereas
we give 2-sigma [20], [99] 110, 126], 200]. Moreover, the central-agent architecture
usually has similar or higher variance compared to the networked agents in the
plots, indicating that the wide confidence intervals are not an issue introduced by
our communication algorithm; they are instead likely to be due to poor estimation
of the Q-function when using the small numbers of loops required for practical
runtimes. The independent agents have very low variance, but this is because they
hardly appear to increase their returns at all in most cases.

We also give the following remark regarding the exploitability metric in some

of our experimental plots, relating to the issues with this metric in coordination

games, as discussed in Sec. [4.7.2.1f

Remark 4.7.2. The reward structure of our coordination games is such that
exploitability sometimes increases from its initial value before it decreases down to
0 (e.g. Fig. [4.6]). This is because agents are rewarded proportionally to how many
other agents are co-located with them: when agents are evenly dispersed at the
beginning of the run, it is difficult for even a deviating, best-responding agent to
significantly increase its reward. However, once some agents start to aggregate, a
best-responding agent can take advantage of this to substantially increase its reward
(giving higher exploitability), before all the other agents catch up and aggregate at
a single point, reducing the exploitability down to 0. Due to this arc, in some of our
plots the independent case may have lower exploitability at certain points than the

other architectures, but this is not necessarily a sign of good performance. In fact,
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Figure 4.4: ‘Cluster’ game without our experience replay buffer. There is no noticeable
improvement in any of the agents’ returns, i.e. no noticeable learning, even after K = 400
iterations.

in such cases we can often see that the independent agents are hardly learning at all,

with the independent agents’ average return not increasing and the exploitability

staying level rather than ultimately decreasing (see, for example, Figs. [1.0]
and 4.12)).

4.7.4.1 Learning with no experience replay buffer

Figs. and illustrate the importance of our incorporation of the experience
replay buffer. Without it, as in the original theoretical version of the algorithms,
there is no noticeable improvement in any of the agents’ returns, i.e. no noticeable
learning, even after K = 400 iterations. In these experiments without a replay
buffer we run the core learning section of the algorithm as in Lines of Alg. [1]
keeping the hyperparameters the same as in our main experiments, i.e. My, = 500,

Mg = 1, ete. (see Table . The theoretical results in fact require that these
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Figure 4.5: ‘Target agreement’ game without our experience replay buffer. There is no
noticeable improvement in any of the agents’ returns, i.e. no noticeable learning, even
after K = 400 iterations.

values are many orders of magnitude higher. While setting them as such might
mean that empirically we do see some learning occurring within K < 400, such
experiments would take impractically long to run on standard computers, taking
many days or even many weeks.

These experiments are run for 5 trials rather than 10 as in all other cases, and with
exploitability evaluated every 20 k instead of every 2 k for computational efficiency.

The remainder of our experiments all include our replay buffer, and there-
fore do permit learning in practical time, albeit at different rates for the dif-

ferent architectures.

4.7.4.2 Standard experimental setting with replay buffer

Even with only a single communication round in each of the K loops, networked

agents learn faster and reach higher returns than independent agents, which still
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Figure 4.6: ‘Cluster’ game. Even with only a single communication round, our networked
architecture significantly outperforms the independent case, which hardly appears to be
learning at all. All broadcast radii except the smallest (0.2, green) have similar mean

exploitability and return to the centralised case.

hardly appear to learn at all. Moreover networked agents appear to

match the

central-agent population in the ‘cluster’ game (Fig. [4.6). Our experiments show

that our practical algorithmic enhancements enable convergence within

a practical

number of iterations even when we remove a number of the assumptions required

for the theoretical algorithms:

» We reduce M,, by many orders of magnitude from its theoretically required

value (see Sec. , while still converging within a reasonable K. We keep the

learning rate j fixed, removing the annealing scheme for {3, }meqo,...11,, -1}

required in the theorems, and use a much higher value.

o In our experiments we do not ensure that the communication network G

remains static and connected, nor that the diameter dg of the

comm

network is
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Figure 4.7: ‘Target agreement’ game. Even with only a single communication round, our
networked case outperforms the independent case with respect to exploitability and return.
The fact that the lowest broadcast radius (0.2, green) ends with similar exploitability
to the independent case yet higher return suggests our networked algorithm might help
agents find ‘preferable’ (i.e. Pareto-dominant) equilibria.

equal for all k. Nevertheless, even with a single communication round the
networked agents learn faster than independent ones (which hardly learn at

all), sometimes performing similarly to the centralised case.

o The M,;,; parameter is theoretically required for the learner to wait between
collecting samples when learning from the empirical distribution in a continued,
non-episodic system run. However, our replay buffer allows us to reduce it to

1, effectively removing the innermost loop of the nested learning algorithm

(see Line [5] of Alg. [1]).

o We can reduce the scaling parameter A of the entropy regulariser to 0, i.e.
we converge even without regularisation, allowing us to leave the MFG-NE

unbiased and also removing Assumption [£.3.19] In general an unregularised
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MFG-NE is not unique [15]; the ability of centralised and networked agents
to coordinate on one of the multiple possible solutions (and in so doing also
to reduce policy divergence) may help to explain why they outperform the

independent case, as discussed further below (cf. Li et al. [61], Graber [160]).

« For the PMA operator (Def. [4.3.15)), we conduct the optimisation over the set
u € Ay instead of u € Uy, , i.e. we can choose from all possible distributions

over actions instead of needing to identify the Lipschitz constants given in

Assumption [4.3.8]

We now give further intuition into the benefits of our communication scheme
in our empirical settings where multiple equilibria are possible. For sufficiently
high A the MFG-NE is unique, and involves all the agents constantly moving about
with high entropy, at the cost of biasing the problem. However, when A is 0, the
‘target agreement’ and ‘cluster’ tasks both explicitly admit multiple Pareto-optimal
Nash equilibria. In a given trial of the ‘target agreement’ task, all the agents could
converge to remaining stationary at any one of the four corners, and any one of
these four situations would lead to the highest possible returns. We found in our
experiments that with the different random seeds for each trial, agents did end
up converging to a different corner at random each time. Similarly in the ‘cluster’
task: for a given trial all the agents could converge to remaining stationary in
any one of the grid points, and any one of these height x width situations would
lead to the highest possible returns. (In practice, empirically we found that the
agents usually converged at random to one of the corners in the ‘cluster’ task as
well, rather than to anywhere on the grid. This is because in the early stages of
the trial, when agents start with random policies, they already spend more time
visiting corners, because at any corner three actions will keep them in place, since
they cannot move off the edge of the grid).

The discussion so far applies to Pareto-optimal Nash equilibria, i.e. the situations
where agents end up with the highest possible returns (equivalent to a normalised

average return of 10 in the plots). Population distributions can also be at an
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equilibrium that does not receive particularly high returns or is not Nash: we

can broadly characterise three situations here:

1. Agents, which begin the trial with random policies, never manage to reach any
critical mass that breaks the ties between the possible coordination points, so
continue moving about the grid with a high degree of entropy forever, even
if X\ is 0. This is most likely what is happening for the independent agents

across the experiments, and is why they usually converge to low returns.

2. The population gets segregated into two or more isolated parts of the grid,
each of which would otherwise give a (Pareto-optimal) Nash equilibrium if
the whole population were present e.g. half the population learns a policy
that remains in the top left corner while the other half learns to stay at the
bottom right. If the policies do not retain enough exploration, the agents will
never discover the other isolated groups with which they could combine for
mutual benefit (whilst if there is too much exploration, we revert to one of

the other suboptimal situations, depending on the value of \).

3. The population is not segregated, but oscillates between two or more locations
that would otherwise represent Pareto-optimal Nash equilibria, without ever
being able to settle on stable policies that agree on one location. This is
similar to Case 1, but with the number of meeting points that are visited

having been narrowed down.

Case 1 is likely to receive the worst returns. How much worse Case 2 and 3
are than the Pareto-optimal Nash equilibria depends on the size of the segregated
populations and/or the frequency of the visitations caused by the oscillations. The
ability of learning architectures to align the behaviour of the whole population on a
single choice of Nash equilibrium location determines how close to the maximum
return the population will receive. The independent case has no way to align
policies outside of the signal from the returns themselves; if no critical mass ever

forms to show differentiation in the returns, then the independent population
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will always remain at a Pareto-inefficient equilibrium. The central-agent case has
an inherent method for aligning the policies of the whole population, but these
policies may still oscillate between locations that would otherwise be Pareto-optimal
Nash equilibria, which is why central-agent populations do not always reach the
maximum returns in our plots.

Our communication algorithm provides a method both for 1) aligning agents’
policies, and for 2) choosing better performing policies on which to align (where
both of these elements contribute to the selection of better equilibria). This is why
we see our decentralised, networked populations receiving higher returns than the
independent ones, as our algorithm helps agents to get out of the worse performing
equilibria. (In principle, under the right conditions, our communication paradigm
could even outperform the central-agent case as we see in the subsequent chapters:
the latter aligns the population on a policy update of arbitrary quality, generated
by arbitrary agent ¢ = 1, rather than aligning on better performing policies.) The
degree to which our communication algorithm leads to policy consensus depends
upon the network connectedness and the number of communication rounds. Since
in our experiments we use C' = 1, it is the network connectedness - determined by
the size of the broadcast radius - that has the greatest effect (for greater numbers of
communication rounds, this may matter less). This is why we see the populations
with higher broadcast radii converging to higher returns faster than populations
with lower broadcast radii, which are in turn more capable than entirely independent
agents - they are better able to align the population so as to converge to equilibria
that are closer to Pareto-optimal Nash equilibria.

In summary, the fact that different populations in our experiments do not
just improve their returns at different speeds, but actually appear to converge to
different final returns, is reflective of them settling at different equilibria that give
different returns. Our communication algorithm actively helps populations to settle
at equilibria that are closer to Pareto-optimal, i.e. ‘preferable’ (and in so doing,

to choose between multiple possible Nash equilibria).
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Figure 4.8: ‘Cluster’ game, testing robustness to 50% probability of policy update failure.
The communication network allows agents that have successfully updated their policies
to spread this information to those that have not, providing redundancy. Independent
learners cannot do this and hardly appear to learn at all (no increase in return); likewise
the centralised population is susceptible to its single point of failure and learns slower
than before. Thus our networked architecture outperforms both the centralised and
independent cases.

4.7.4.3 Robustness experiments

We consider two scenarios to which we desire real-world many-agent systems (e.g.
robotic swarms, autonomous vehicle traffic, etc.) to be robust. The networked setup
affords population fault-tolerance and online scalability, which are motivating

qualities of many-agent systems.

Fault-tolerance We consider a scenario in which the learning /updating procedure
of agents fails with a certain probability within each iteration, in which cases
T = 7, (see Figs. and [4.9| for our experimental results in this scenario). In

real-life decentralised settings, this might be particularly liable to occur since the
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Figure 4.9: ‘Target agreement’ game, testing robustness to 50% probability of policy
update failure. All the networked cases outperform the independent case and also learn
faster than the centralised case for long periods. The communication network allows
agents that have successfully updated their policies to spread this information to those that
have not, providing redundancy. Independent learners cannot do this so have even slower
convergence than normal in this task; likewise the centralised architecture is susceptible
to its single point of failure, hence learning can be slower than in the networked case.

updating process might only be synchronised between agents by internal clock ticks,
such that some agents may not complete their update in the allotted time but will
nevertheless be required to take the next step in the environment. Regardless of
their cause, such failures slow the improvement of the population in the independent
case, and in the central-agent population it means no improvement occurs at all in
any iteration in which failure occurs, as there is a single point of failure. Networked
communication instead provides redundancy in case of update failures, with the
updated policies of any agents that have managed to learn spreading through the
population to those that have not (cf. Horyna et al. [137]). This feature thus

ensures that improvement can continue for potentially the whole population even
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Figure 4.10: ‘Cluster’ game, testing robustness to a five-times increase in population.
While the independent algorithm appears to enjoy similar exploitability to the other
cases (see Rem. , we can see from its average return that it is not in fact learning
at all; while the return rises after the increase in population size this is only because
there are now more agents with which to be co-located, rather than because learning has
progressed. Since here, unlike in the ‘target agreement’ game in Fig. [{.11] independent
agents have hardly improved their return in the first place, we do not see the adverse
effect that the addition of agents to the population has on the progress of learning.
All networked populations perform similarly to or outperform the centralised case, and
all markedly outperform the independent case in terms of return. The communication
network allows the learnt policies to quickly spread to the newly arrived agents, such
that the progression of learning is minimally disturbed, without needing to rely on the
assumption of a centralised learner. The fact that, in all cases, the return prior to the
population increase at k = 300 is lower than in Fig. is reflective of the fact that the
error in the solution reduces as N tends to infinity.

if a high number of agents do not manage to learn at a given iteration.
Our experimental setup for this scenario is as follows: at every k iteration
each learner (whether centralised or decentralised) fails to update its policy (i.e.

Line (10 of Alg. [1]is not executed such that 7}, , = 7}) with a 50% probability.
See Figs. [4.§ and (.9
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Figure 4.11: ‘Target agreement’ game, testing robustness to a five-times increase in
population. The networked architectures are quickly able to spread the learnt policies
to the newly arrived agents such that learning progress is minimally disturbed, whereas
convergence is significantly impacted in the independent case. The largest broadcast
radius (1.0, pink), in particular, suffers no disturbance at all, being more robust than the
centralised case, which takes a significant amount of time to return to equilibrium.

Online scalability We may want to arbitrarily increase the size of a population
of agents that are already learning or operating in the environment (we can imagine
extra fleets of autonomous cars or drones being deployed) - see Ch. [2|for comparison
with other works considering this type of robustness [31, [153], 220, 221]. A purely
independent setting would require all the new agents to learn a policy individually
given the existing distribution, and the process of their following and improving
policies from scratch may itself disturb the MFG-NE that has already been achieved
by the original population. With a communication network, however, the policies
that have been learnt so far can quickly be shared with the new agents in a
decentralised way, hopefully before their unoptimised policies can destabilise the

current MFG-NE. This would provide, for example, a way to bootstrap a large
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population from a smaller pre-trained group, if training were considered expensive
in a given setting, without needing to rely on a central node.

Our experimental setup for this scenario is as follows: instead of having 250
agents throughout, the population begins with 50 agents learning normally, and a
further 200 agents are added to the population at the marked point. The networked
architectures are quickly able to spread the learnt policies to the newly arrived
agents such that learning progress is minimally disturbed, whereas convergence is
significantly impacted in the independent case. See Figs. and [4.11]

Note that, for simplicity of notation of the communication network, we presume
changes in population size occur outside of communication rounds, but this is not
required by our algorithm. If agents are both leaving and (re)joining the population,
we assume vertices/agents are indexed uniquely, rather than strictly from 1,..., N.

The remainder of our experiments provide further studies and ablations in the

standard settings (i.e. not the robustness scenarios):

4.7.4.4 Experiments on larger grid

Figs. and show the result of learning on a grid of size 16x16 instead of
8x8 as in all other experiments. There is at times greater differentiation in this
setting than in the 8x8 grid between the performances of the different broadcast
radii of the networked architecture (as is to be expected in a less densely populated
environment). The networked architecture continues to outperform the independent

case for most broadcast radii.

4.7.4.5 Ablation study of softmax temperature annealing scheme

Figs. |4.14] and [4.15| illustrate the effect of fixed {7 }reqo,.. ,k—13 = 100, where

the networked architecture does not perform as well as if we use the stepped
inverse annealing scheme employed in all the other experiments and detailed in
Table [4.1] The intuition behind the better performance achieved with the inverse
annealing scheme is as follows. If we begin with small 75, (such that the softmax
approaches being a max function), we heavily favour the adoption of the highest

rewarded policies to speed up progress in the early stages of learning. Subsequently
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Figure 4.12: ‘Cluster’ game on the larger 16x16 grid. While the independent-learning
case has similar exploitability to the other settings, we can see that it is not actually
learning to increase its return at all, making this an undesirable equilibrium. (I.e. agents
are moving about randomly so there is little a deviating agent can do to increase its
reward, hence exploitability is low even though the agents are not in fact clustered -

see Rem. and Sec. 4.7.4.2]) All the networked settings perform similarly to the
centralised case and outperform the return of the independent agents.

we increase 7, in steps, promoting greater randomness in adoption, so that as
the agents come closer to equilibrium, poorer policy updates that nevertheless
receive a high return (due to randomness) do not introduce too much instability

to learning and prevent convergence.

4.8 Conclusion

We contributed a networked communication scheme as a novel architecture for
learning MFGs from the empirical distribution, and provided accompanying theo-
retical and practical algorithms. We showed theoretically and experimentally that

networked agents can considerably outperform independent ones, often performing
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Figure 4.13: ‘Target agreement’ game on the larger 16x16 grid. There is greater
differentiation in this setting than in the 8x8 grid (Fig. between the different
broadcast radii in the networked cases, as might be expected in a less densely populated
environment. The two largest broadcast radii (1.0, pink, and 0.8, brown), which have the
most connected networks, outperform the independent case in terms of both exploitability
and return. However, the other broadcast radii perform similarly to the independent case.

similarly to the central-agent architecture while avoiding the restrictive assumption
of the latter and its single point of failure. For discussion of potential avenues

for future work, please see Ch. [7]
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Figure 4.14: ‘Cluster’ game with 74 fixed as 100 for all k; compare this to Fig.
where 73, is stepped. Without the inverse annealing scheme, the networked architecture
appears to perform similarly to the independent case in terms of exploitability, but several
broadcast radii outperform the independent case in terms of return, demonstrating that
our networked algorithm can still help agents find ‘preferable’ (i.e. Pareto-dominant)
equilibria. However, whereas with annealing the networked architecture converges similarly
to the centralised case, here it performs less well.
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Figure 4.15: ‘Target agreement’ game with 73 fixed as 100 for all k. Without our
inverse annealing scheme for the softmax temperature, the networked architecture does
not outperform the independent case. Compare this to Fig. [£.7] which shows the benefit
of annealing 7.
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5.1 Introduction

We begin by recapping the content and contributions of this chapter, first stated
in Sec. [1.2.2

In Ch. 4] we introduced networked communication to MFGs where the state and
action spaces are small enough that the Q-function can be represented by a table,
limiting scalability. In Ch. 4] agents only needed to observe their local state as input
to their Q-function (which defines their policy), since we focused on stationary MFGs.

We now wish to consider population-dependent policies, which depend on both the
mean-field distribution and agents’ local state [20], 100, 153HI56]. The distribution
is a large, high-dimensional observation object, taking a continuum of values.
Therefore a population-dependent Q-function cannot be represented exactly in a
table and must be approximated. To address these limitations while maintaining our
desiderata for practical MFG algorithms, we now introduce function approximation
to the MFG setting of decentralised agents learning online from a single, non-
episodic run of the empirical system, allowing this setting to handle larger state
spaces and to accept the mean-field distribution as an observation input. To
overcome the difficulties of training non-linear approximators in this context, we
use the so-called ‘Munchausen’ trick, introduced by Vieillard et al. [260] for single-
agent RL, and extended to MFGs by Lauriere et al. [20], and to MFGs with
population-dependent policies by Wu et al. [I53].

We demonstrate that in this setting, our decentralised, networked communication
scheme brings two specific benefits over purely independent learning, while also
removing the undesirable assumption of a central learner. Firstly, when the Q-
function is approximated rather than exact, some updates lead to better performing
policies than others. As before, allowing networked agents to propagate better
performing policies through the population leads to faster learning and better

avoidance of Pareto-inefficient equilibria than in the purely independent case.
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However in this chapter we also now demonstrate that networked agents can learn
faster even than the central-agent case, as we show both theoretically and empirically.

Secondly, we argue that in the real world it is unrealistic to assume that
decentralised agents, endowed with local state observations and limited (if any)
communication radius, would be able to observe the global mean-field distribution
and use it as input to their Q-functions / policy. We therefore further contribute
two setting-dependent algorithms by which decentralised agents can estimate the
global distribution from local observations, and further improve their estimates
by communication with neighbours.

Again, to pre-empt conceptual concerns about whether selfish agents would
have incentive to communicate in non-cooperative MFGs, our experiments focus
on coordination games. However, we show empirically that self-interested com-
municating agents can obtain higher returns than independent agents even in an
anti-coordination game (Fig. , indicating that they may in fact have broader
incentive to communicate across non-cooperative settings. Again we find no need
to make a distinction between coordination and non-coordination games in our
theoretical analysis, which holds across all types of non-cooperative MFG.

In summary, our contributions in this chapter are:

o We introduce, for the first time, function approximation to MFG settings with

decentralised agents. To do this:

— We use Munchausen RL for the first time in an infinite-horizon MFG

context (for finite-horizon see Lauriere et al. [20], Wu et al. [I53]).

— This constitutes the first use of function approximation for solving MFGs
from a single, non-episodic run of the empirical system (for tabular

settings see Yardim et al. [15] and our work in Ch. []).

o Function approximation allows us to explore larger state spaces, and also
settings where agents’ policies depend on the mean-field distribution as well

as their local state.



86 5.2. Related work

o Rather than assuming that agents have access to this global knowledge as in
prior works, we present two additional novel algorithms allowing decentralised
agents to locally estimate the empirical distribution and to improve these

estimates by inter-agent communication.

o We prove theoretically that networked agents can learn faster even than

central-agent populations in the function-approximation setting.

o We support this with extensive experiments, where our results demonstrate the
two benefits of the decentralised communication scheme, which significantly

outperforms both the independent and central-agent settings.

The rest of this chapter is structured as follows. Related work is given in Sec.
We give preliminaries in Sec. and our core learning and policy-improvement
algorithm in Sec. [5.4. We present our mean-field estimation and communication

algorithms in Sec. [5.5] theoretical results in Sec. and experiments in Sec. [5.7]

5.2 Related work

This section discusses the work most closely related to this chapter; please see Ch.
for work more generally related to networked communication in MFGs.
Lauriere et al. [20] uses Munchausen Online Mirror Descent (MOMD), similar
to our method for learning with neural networks, but their work has numerous
differences to our setting: most relevantly, they study a finite-horizon episodic
setting, where the mean-field distribution is updated in an exact way and an
oracle supplies a central learner with rewards and transitions for it to learn a
population-independent policy. Wu et al. [153] uses MOMD to learn population-
dependent policies, albeit also with a central-agent method that exactly updates
the mean-field distribution in a finite-horizon episodic setting. Perrin et al. [150]
learns population-dependent policies with function approximation in infinite-horizon
settings like our own, but does so in a central-agent, two-timescale manner without

using the empirical mean-field distribution. Zhang et al. [208] also uses function
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approximation along a non-episodic path, but involves a generic central agent
learning an estimate of the mean field rather than using an empirical population.
Approaches that directly update an estimate of the mean field must be able to
generate rewards from this arbitrary mean field, even if they otherwise claim
to be oracle-free. They are thus inherently centralised algorithms and rely on
strong assumptions that may not apply in real-world problems. Conversely, we are
interested in practical convergence in online, deployed settings, where the reward
is computed from the empirical finite population.

Yongacoglu et al. [142] addresses decentralised learning from a continuous, non-
episodic run of the empirical system using either full or compressed information
about the mean field, but agents are assumed to receive this information directly,
rather than estimating it locally as in the algorithm we now present. They also
do not consider function approximation or inter-agent communication in their
algorithms. In the distinct area of mean-field RL, which we disambiguate from
MFGs in Ch. [J, Subramanian et al. [230] estimates the empirical mean-field
distribution from the local neighbourhood. However, in that work agents are
estimating the previous mean action rather than the current distribution over states
as in our MFG setting. Their agents also do not have access to a communication

network by which they can improve their estimates.

5.3 Preliminaries

5.3.1 Mean-field games

We use the notation introduced in Sec [3.I} as well as the following. For agent
i € {1...N}, we now say that ’s policy at time ¢ depends on its observation o}.

We explore three different forms that this observation object can take:

o In the conventional setting, as in Ch. [4] the observation is simply ¢’s current

local state si, such that 7i(a|o}) = 7' (als?).

o When the policy is population-dependent, if we assume perfect observability

of the global mean-field distribution then we have o} = (s, i;).
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o It is unrealistic to assume that decentralised agents with a possibly limited
communication radius can observe the global mean field, so we allow agents
to form a local estimate /ig that can be improved by communication with

neighbours. Here we have o! = (s, if).

In the following definitions we focus on the population-dependent case when
ol = (si, fi;), and clarify afterwards the connection to the other observation cases.
Thus the set of policies is IT = {7 : § x As — A4}, and the set of Q-functions
is denoted Q@ = {q : § x As x A — R}.

The following definition of symmetric anonymous games is equivalent to Def.

from the previous chapter.

Definition 5.3.1 (N-player symmetric anonymous games). An N-player stochastic
game with symmetric, anonymous agents is given by the tuple (N, S, A, P, R, ),
where A is the action space, identical for each agent; S is the identical state space
of each agent, such that their initial states are {s{}, € SV and their policies are
{7}V, eV, P: S x A x As — Ag is the transition function and R : S x A x
Ags — [0,1] is the reward function, which map each agent’s local state and action
and the population’s empirical distribution to transition probabilities and bounded

rewards, respectively, i.e. Vi=1,..., N:
i i ion i TR
Sty1 ™ P<'|St’ at?l’bt)) Ty = R(Staat’ut)‘

As in Ch. [ at the limit as N — oo, the infinite population of agents can be
characterised as a limit distribution pu € Ag; the infinite-agent game is termed
an MFG. The mean-field flow p is given by the infinite sequence of mean-field

distributions s.t. @ =({)i>o0-

Definition 5.3.2 (Induced mean-field flow). We denote by I(7) the mean-field flow

p induced when all the agents follow 7, where this is generated from 7 as follows:

Mt+1(3/) = ZMt(S)W(a|3>Mt)P(3/|Sa a, Mt)-
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When the mean-field flow is stationary such that the distribution is the same for
allt,i.e. iy = peq VE > 0, the policy 7'(al|s?, y1;) need not depend on the distribution,
such that 7¢(a|st, us) = m(alst), i.e. we recover the classical population-independent
policy. However, for such a population-independent policy the initial distribution
(o must be known and fixed in advance, whereas otherwise it need not be.

The next definition is essentially an unregularised version of Def. from

the previous chapter.

Definition 5.3.3 (Mean-field discounted return). In a MFG where all agents follow
policy 7 giving a mean-field flow g =(ut)i>0, the expected discounted return of the
representative agent is given by

S0~Ho
ap~m(-|se,p0e) .

St41~P(-|st,at,pmt)

Vir,u) = E i_ogv%fz(st, au, 1))

We add the following definition, which is not made explicit in the previous chap-

ter.

Definition 5.3.4 (Best-response (BR) policy). A policy 7* is a best response (BR)
against the mean-field flow p if it maximises the discounted return V (-, pt); the set

of these policies is denoted BR(u):
7 € BR(p) := argmax V(m, p).

The following definition is essentially a generalisation of Def. to non-

stationary equilibria.

Definition 5.3.5 (MFG Nash equilibrium (MFG-NE)). A pair (7%, u*) is a mean-

field game Nash equilibrium if the following two conditions hold:
o 7" is a best response to p*, i.e. 7 € BR(u*);
o p*is induced by 7*, ie. p* = I(7*).

7 is thus a fixed point of the map BRo I, i.e. n € BR(I(n*)). If a
population-dependent policy is a MFG-NE policy for any initial distribution uy,

it is a ‘master policy’
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In the previous chapter we showed that, in tabular settings, it is possible for
a finite population of decentralised agents (each of which is permitted to have a
distinct population-independent policy 7) to learn the MFG-NE using only the
empirical distribution fi;, rather than the exactly calculated infinite flow p [15].
This MFG-NE may be the goal in itself, or it can in turn serve as an approximate
NE for the harder-to-solve game involving the finite population (discussed further
in Rem. . In this chapter we provide algorithms to perform this process in
non-tabular and population-dependent settings, and demonstrate their benefits

theoretically and empirically.

5.3.2 (Munchausen) Online Mirror Descent

Instead of finding a BR at each iteration, which is computationally expensive,
we can use a form of policy iteration for MFGs called Online Mirror Descent
(OMD). This begins with an initial policy g, and then at each iteration k, evaluates
the current policy 7 with respect to its induced mean-field flow pu = I(my) to
compute its Q-function QJx,1. To stabilise the learning process, we then use a
weighted sum over this and past Q-functions, and set 7, to be the softmax
over this weighted sum, i.e. g 1(:|s,pu) = softmax (% Skt Qﬁ(s,p,,-)). 7, is
a temperature parameter that scales the entropy in Munchausen RL [260] (see
Sec. [5.4.1)); note that this is a different temperature to the one agents use when
selecting which communicated parameters to adopt, which we now denote 7,7
for disambiguation purposes (Sec. [5.4.2)).

If the Q-function is approximated non-linearly using neural networks, it is
difficult to compute this weighted sum. The Munchausen trick addresses this
by computing a single Q-function that mimics the weighted sum using implicit
regularisation based on the Kullback-Leibler (KL) divergence between 7, and 1
[260]. Using this reparametrisation gives Munchausen OMD (MOMD), detailed
further in Sec. [5.4.1] 20, 153]. MOMD does not bias policies or the MFG-NE, and

has the same convergence guarantees as OMD [153], 204], 261].
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Algorithm 3 Networked learning with non-linear function approximation

Require: loop parameters K, M, L, E,C,, learning parameters v, 7, |B|, cl, v,
{7 Y eeqo,.. k13
Require: initial states {s)}¥ ;¢ < 0
1: Vi : Randomly initialise parameters 6 of Q-networks QV% (0,-), and set 7} (alo) =
softmax(%@eé (o, )) (a) and Qeé’fo < Qi (0, )
2: for k=0,..., K —1do
3:  Vi: Empty ¢’s buffer
4: form=0,...,M—1do
5: Take step Vi : aj ~ mj.(-|o}),r; = R(s},aj, fir), Sjq ~ P(:|si, af, fu); t + t+1
6: Vi: Add (] to i’s buffer
7. end for
8 for ([ =0,...,L—1do
9: Vi : Sample batch By, from 4’s buffer
10: Update 6 to minimise £(6, ) as in Def.
11: Ifl mod v=0,set & <+ 0
12:  end for 5
13: Q%H (07 ) A QO}C’L (07 )
14:  Vi: m(alo) softmax(%q@ezﬂ(o, )) (a)
15: Vi:op,, <0

16: fore=0,...,FE — 1 evaluation steps do

17: Take step Vi : CL% ~ WIi("Oi%T; = R(5§> ai’ ,at)’ Si—i-l ~ P(-’Si, ai’ ,at)
18: Vi:oj < oy +7° 1)

19: t<—t+1

20: end for
21:  for C, rounds do

22: Vi : Broadcast o}, 7} 4
23: Vi:Ji«iU{jeN:(ij) e Eomm}

) . i i\ exp (o] | /TEO™™) . i
24: Vi : Select adopted Pr(adopted = j) = Z%Jf oxp (07 /e Vj e J
25: Vi:op,, « aZiolptedz, Thyq < ﬂZiolptedz
26: Take step Vi : ai ~ Trllc(lOft)a Tzlé = R(Si, (li, ,at)7 Si—&-l ~ P(|Slz€7 ai’ﬂt); tt+1
27:  end for
28: end for

29: return policies {mé I,

5.4 Learning and policy improvement
5.4.1 Q-network and update

Lines of our novel Alg. |3| contain the core Q-function/policy update method.

Agent i has a neural network parametrised by 6i to approximate its Q-function:
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Q% (0,-). The agent’s policy is given by my (alo) = softmax(;lqé%(o, )) (a). We
denote the policy 7 (alo) for simplicity when appropriate. Each agent maintains
a buffer (of size M) of collected transitions of the form (oi, at,ri, o +1)- At each
iteration k, they empty their buffer (Line [3)) before collecting M new transitions
(Lines ; each decentralised agent ¢ then trains its Q-network Q% via L training
updates as follows (Lines [S12)).

For training purposes, 7 also maintains a target network Q"Z’f; with the same
architecture but parameters 9,1’:1 copied from 6} ; less regularly than 6 ; themselves
are updated, i.e. only every v learning iterations (Line . At each iteration
I, the agent samples a random batch B} ; of |B| transitions from its buffer (Line
@, and trains its neural network via stochastic gradient descent to minimise the
following empirical loss (Def. [5.4.1] Line[10). For ¢l < 0, []% is a clipping function

used to prevent numerical issues if the policy is too close to deterministic, as the

log-policy term is otherwise unbounded [153, 260]:

Definition 5.4.1 (Empirical loss for Q-network). This is given by:

Lo0) = Y

transitionGBli .

v

2
Qg; (01, a) =T

)

where the target T is

T=r+[rgn 7T92’/z<at|0t)]gl

+7) Tyir (a]0r41) (Qei/ (0111, ) — TqIn g (a|0t+1)) :
acA k,l k,l k,l

5.4.2 Communication and adoption of parameters

We use the communication network Gf°™™ to share two types of information at
different points in Alg 3] One is used to improve local estimates of the mean
field (Sec. [5.5). The other, described here, adapts our work in Ch. (4| for the
function-approximation case, where now agents broadcast the parameters of the
Q-network that defines their policy, rather than the Q-function table. It is similar
to an unregularised version of the method introduced in Sec. [£.6.2] and is used to

privilege the spread of better performing policy updates through the population,
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allowing faster learning in this networked case than in the independent and even
central-agent cases.

At each iteration k, after independently updating their Q-network and policy
(Lines [3l[14), agents estimate the infinite discounted return (Def. of their new
policies by collecting rewards for E steps (not added to the training buffer), and
assign the finite-step discounted sum to o}, (Lines . They then broadcast
their Q-network parameters along with o}, (Line . Receiving these from
neighbours on the network, agents select which set of parameters to adopt by
taking a softmax over their own and the received estimate values o7 +1 (Lines
25)). They repeat the process for C), rounds. This allows decentralised agents to
adopt policy parameters estimated to perform better than their own, accelerating

learning as shown in Sec. 5.6

5.5 Mean-field estimation and communication

We now give our algorithms for decentralised estimation of the empirical categorical
mean-field distribution. We first describe the general version, assuming the more
general setting where G applies (see discussion in Sec. . We subsequently
detail how the algorithm can be made more efficient in environments where the
more abstract visibility graph GV applies, as in our experimental settings. In both
cases, the algorithm runs to generate the observation object when a step is taken in
the main Alg. [3 i.c. to produce of = (s, if) for the steps ai ~ 74 (+|0f) in Lines 5]
and . Note that if G?* /G are fully connected, all agents’ estimated mean-field
observations will be equivalent to the true categorical distribution, even without
communicating with neighbours to improve their initial estimates. Both versions of

the algorithm are subject to implicit assumptions, which we highlight and suggest

methods for addressing in our discussion of limitations and future work in Sec. [7.2.2]

5.5.1 Algorithm for the general setting

In this setting, our method (Alg. [4)) assumes each agent is associated with a unique

ID to avoid the same agents being counted multiple times. Each agent maintains
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Algorithm 4 Mean-field estimation and communication in general settings

Require: Time-dependent observation graph G2, time-dependent communication
graph GF™™ | states {s¢}¥,, number of communication rounds C.
Vi, s : Initialise count vector 0j[s] with )
Vi Oy[st] {[D]}jeiu{j'eN:(z,j')esng}
for c.in1,...,C. do
Vi : Broadcast 0y,
Vi:J«—{jeN:(ij) €&}
Vivs : 0 o anls] Ol ] U8 5]} e
end for
Vi : counted agents, — Ysesioilsl0 |0y]s]| |
Vi : uncounted _agents; <— N — counted__agents,

. Y uncountediagentsi
Vi, s fii[s] < NS

. Vi, s where 0![s] is not 0 : fii[s] < fi[s] + Lj\[fﬂ
. return mean-field estimates {a¢}Y

>—~
@

—_ =
[N R

a ‘count’ vector 0! of length |S| i.e. of the same shape as the vector denoting
the true empirical categorical distribution of agents. Each state position in the
vector can hold a list of IDs. Before any actions are taken at each time step t,
each agent’s count vector 0! is initialised as full of ) (‘no count’) markers for each
state (Line . Then, for each agent j with which agent i is connected via the
observation graph, ¢ places j’s unique ID in its count vector in the correct state
position (Line . Next, for C. > 0 communication rounds, agents exchange their
local counts with neighbours on the communication network (Line 4], and merge
these counts with their own count vector, filtering out the unique IDs of those that
have already been counted (Line [6)). If C. = 0 then the local count will remain
purely independent. By exchanging these partially filled vectors, agents are able
to improve their local counts by adding the states of agents that they have not
been able to observe directly themselves.

After the C, communication rounds, each state position 0}[s] either still maintains
the () marker if no agents have been counted in this state, or contains xy > 0 unique
IDs. The local mean-field estimate fii is then obtained from ¢ as follows. All states
that have a count 5 have this count converted into the categorical probability z;/N

(we assume that agents know the total number of agents in the finite population,
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even if they cannot observe them all at each t) (Line [1I)). The total number of
agents counted in 0} is given by counted agents = 3 .5 s, and the agents that
have not been observed are uncounted_agents = N - counted__agents. In this
general setting, the unobserved agents are assumed to be uniformly distributed
across all the states, so uncounted_agents/(N x |S|]) is added to all the values in /i,

replacing the () marker for states for which no agents have been observed (Line .

5.5.2 Algorithm for visibility-based environments

We explain now the differences in our estimation algorithm (Alg. |5|) for the subclass

of environments where G'** applies in place of G**, i.e. the mutual observability of

V1S

agents depends in turn on the mutual visibility of states. The benefit of G/** over

9bs is that the former allows an agent in state s to obtain a correct, complete count
zg > 0 of all the agents in state ¢, for any state s’ that is visible to s (note the
count may be zero). Unique IDs are thus not required as there is no risk of counting
the same agent twice when receiving communicated counts: either all agents in s’
have been counted, or no count has yet been obtained for s’. This simplifies the
algorithm and helps preserve agent anonymity and privacy.

Secondly, uncounted agents cannot be in states for which a count has already
been obtained, since the count is complete and correct, even if the count is xy = 0.
Therefore after the C', communication rounds, the uncounted__agents proportion
needs to be uniformly distributed only across the positions in the vector that still
have the () marker (Line , and not across all states as in the general setting.
This makes the estimation more accurate in this special setting.

We now describe the flow of Alg. 5l It begins with agents using the visibility
graph G/** to count the number of agents in locations that fall within the visibility
radius (Line . For C, communication rounds, agents can supplement this local
count with those received from neighbours over the communication network Gy,
in order to count agents that do not fall within the visibility radius (Lines .

We assume agents know the population’s total size N, and therefore can distribute

the uncounted agents uniformly over the states that remain unaccounted for after
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Vs

Algorithm 5 Mean-field estimation and communication for environments with G;

Require: Time-dependent visibility graph G/**, time-dependent communication
graph Gem™ | states {s¢}¥,, number of communication rounds C,
Vi, s : Initialise count vector :[s] with ()
forc,inl,....C.do
Vi : Broadcast 0j ,
Vi:Ji=iU{jeN:(ij) e Emm}
Vi, s : Initialise new count vector Oz(c 18] with 0
Vi, s and Vj € Ji : 0f 4[] < O, [s] if Dpc [s] # 0
end for
Vi : counted_agentst — Ysesoilsl0 0i[s] |
Vi : uncounted agentsy <— N — counted agents;
: Vit unseen_ states) < 3 esipis)= |

— =
— O

. \s TR . R 03]
: Vi, s where 0}s] is not 0 : jij[s] < =5~ |
uncounted__agentsy

=
N

. Vi, s where 0![s] is 0 : fii[s] «

—_
w

N xunseen__statesy

. return mean-field estimates {a¢}Y

[t
'S

the communication rounds (Lines [9{11)). Agents now have a vector containing a

true or estimated count for every state; this is converted to an estimated empirical

mean field by dividing all counts by N (Lines [12{13).

Remark 5.5.1. In our Algs. [land 5] agents share their local counts with neighbours
on the communication network G, and only after the C, communication rounds
do they complete their estimated distribution by distributing the uncounted agents
along their vectors. An alternative would be for each agent to immediately form
a local estimate from their local count obtained via G or G¥%| which only then
would be communicated and updated via the communication network. However,
we take the former approach to avoid poor local estimates spreading through the
network and leading to widespread inaccuracies. Information that is certain (the
count) is spread as widely as possible, before being locally converted into an estimate
of the total mean field. The same would be the case in our extension proposed
in Sec. for averaging noisy counts, i.e. only the counts would be averaged,

with the estimates completed by distributing the remaining agents after the C.

communication rounds.
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5.6 Theoretical results

5.6.1 Introduction

To demonstrate the benefits of the networked architecture by comparison, we also
consider the results of baseline central-agent and independent architectures given

by alternative versions of our algorithm. As in Ch. {4fand Yardim et al. [15]:

o In the central-agent setting, the Q-network updates of arbitrary agent ¢ = 1
are automatically pushed to all other agents. For our new sub-routine the
true global mean-field distribution is always used in place of the local estimate
ie. ﬁi = [l

comm

e In the independent case, there are no links in Gj or Gb®/GYs | e

gtcomm — gtobs — gg)zs — @

Networked populations generally learn faster than both central-agent and
independent ones in our experiments. To indicate how this is possible while allowing
simplicity of the theory, we consider a special case involving three assumptions that
give conditions under which networked populations provably do outperform central-
agent ones. We explore when these assumptions apply in practice, and discuss how
even when loosening them, the intuition provided by Thm. [5.6.4]s proof still offers
useful heuristic insight as to why our networked agents can learn faster than the
alternative architectures. We do not enforce the assumptions in our experiments,
and our empirical results nevertheless usually follow our theoretical result.

All expectations in this section are taken jointly over:

the initial joint state {s)}¥, sampled from p;

« the stochastic transitions, actions, and rewards collected by each agent into

its individual replay buffer;

« the stochastic mini-batch samples Bj; drawn from those buffers and used in

the Q-network loss in Def. |5.4.1}

« any random initialisation of the Q-network parameters 6}
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o the softmax draws over neighbours’ policies in Line [24] of Alg. [3|

The communication network G and visibility graph G'** are supplied as ex-
ogenous inputs at each round rather than as random variables in E[-]. They may
or may not be functions of the agents’ positions. In our experiments they are
determined by communication and visibility radii; this makes them deterministic
conditional on positions, so they inherit randomness only implicitly through the
stochastic state evolution. The theory itself, however, permits any sequence of
graphs satisfying the relevant structural conditions. We do not analyse explicitly

random graph models (e.g. Erdds-Rényi link sampling). Our bounds hold for any

realisation of (G&o™™ GY**) consistent with those conditions.

5.6.2 Analysis

The first assumption simplifies the theory by presuming that it is only the decen-
tralised policy communication scheme that creates a difference in learning between
the networked and central-agent cases, by assuming that the estimated mean fields
are equivalent to the true ones used in the central-agent case (this is only relevant
for population-dependent policies). Note that populations with fully connected
observation/visibility graphs will in any case always be able to accurately estimate
f: by Algs. [ and [, even for C, = 0. This is may apply reasonably commonly
in practice depending on the scenario; for example, if the network is defined by a
broadcast radius (as in our experiments), then the network will be fully connected
whenever that radius is at least large enough to cover the area that all the agents
fall within. In our experiments we set C, = 1 to show the benefit of even just one
communication round, but we do not enforce this assumption, and still generally
see our theoretical result holding empirically. We leave analysis of the theoretical

impact of worsening mean-field estimates for future work.

Assumption 5.6.1. Assume that Algs. [] and [5] allow networked agents to obtain

accurate estimates of the global empirical mean field, i.e. Vi ﬁ; = [iz.



5. MFGs with Function Approximation and Empirical Mean-Field Estimation 99

Now recall that at each iteration k& of our networked Alg. [3] after independently
updating their policies in Line , the population has the policies {7} +1}fi1.
There is randomness in these independent policy updates, stemming from the
random sampling of each agent’s independently collected buffer. In Lines
20} agents estimate the infinite discounted returns {V/(mf i, 1(m},1))}Y, (Def.
of their updated policies by computing {0}, }i,: the E-step discounted
return with respect to the empirical mean field generated when agents follow the
individual policies {m},,}~,. We can characterise the approximation as {o}_}\,
= {V(WliJrl?[(ﬂ-Iichl);E) iy

Our second assumption presumes that the networked population reaches consen-
sus on a single policy within the policy communication rounds of each k iteration.
We assume this to give general and intuitive comparison with the central-agent
population which always shares a single policy. Incomplete consensus would by
definition give different levels of strategy alignment/diversity, such that the relative
performance of the central-agent and networked architectures might then depend
on the specific reward function of the (coordination) task, and the weight placed on

alignment in that reward function compared to other characteristics of the policy.

Assumption 5.6.2. After the €}, communication rounds in Lines in which
agents exchange and adopt policies from neighbours, the networked population is

left with a single policy such that ¥4, j € {1,..., N} i, = 7l ;.

While this may sound like a strong assumption, we phrase it like this so as
not to make overly strong restrictions on the communication network instead - we

intentionally leave it so that Assumption [5.6.2] can be fulfilled in numerous ways.

Most simply we can think of Assumption holding if:

1. we set 7.7 close to 0 for all k, such that the softmax essentially becomes a

max function; and

2. the communication network G is static and connected during the C,

communication rounds, where C), is at least as large as the network diameter

dgtcomm .
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Under these conditions, as discussed in Ch. [} previous results on max-consensus
algorithms show that all agents in the network will converge on the highest value
ot (and hence the associated 77'%F) within a number of rounds equal to the
diameter dgeomm [255]. If we assumed more strongly that the network was always fully
connected, policy consensus would be achieved within a single communication round.

As in Ch. 4] policy consensus can be achieved even outside of these conditions,
including if the network is dynamic and not connected at every step. Recall from Sec.
that a collection of graphs is jointly connected if its members’ union is connected.
Now, instead of assuming that the communication network is static and connected,
we assume instead only that the sequence of networks contains one or more sequential
jointly connected collections. Then max-consensus is reached within C, if C,, is
large enough that the number of sequential jointly connected collections occurring
within C), is equal to the largest diameter of the union of any such collection.

Thus Assumption may not hold if C), is not large enough or if parts
of the population remain isolated. However, we do not enforce this assumption
in our experiments, where we use C,, = 1 to show the benefit of even just one
communication round, yet we still generally see networked populations significantly
outperforming central-agent populations. However networked populations that are
less connected (due to having smaller broadcast radii) usually outperform central-
agent populations by a smaller margin. This is probably due to Assumptions [5.6.1
and being empirically more likely to be violated in less connected populations.
Nevertheless the intuition provided by Thm. [5.6.4]s proof below indicates why
networked populations are still able to perform better than central-agent populations
even if these assumptions are loosened.

We also add the following assumption that the finite-step estimates of the returns
give sufficiently accurate comparisons between policies, so that better policies are

indeed the ones that get adopted in expectation:

Assumption 5.6.3. Assume that {0}, +1}i]\i1 are sufficiently good approximations

so as to respect the ordering of the true values {V (|, I(mh 1))}y, le. Vi, j €
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{1,...,N}:
Uiic+1 > UZH — V(7712+1aj(7rii+1)) > V(ﬂ—i—&—b](ﬂ-i—f—l))'

In practice, even if Assumption does not strictly hold, the softmax

comm
parameter T

allows a smooth degradation as the ordering of the estimates
worsens with respect to the ordering of the true values. That is, if instead of
the exact correct policy ordering we have that better policies are simply more
likely to be given higher estimated evaluations, then the softmax means that these
policies remain more likely to spread, and a better policy may still be adopted
even if it is not evaluated as being better.

We are now nearly ready to give our theoretical result. Call the network
consensus policy 7", and its associated finitely estimated return o}";. Recall
that the central-agent case is where the Q-network update of arbitrary agent ¢ = 1
is automatically pushed to all the others instead of the policy exchange in Lines
[15H27} this is equivalent to a networked case where policy consensus is reached on a
random one of the policies {m}_}i,. Call this policy arbitrarily given to the whole

population 7}, and its associated finitely estimated return of"f. Now we can say:

Theorem 5.6.4. Given Assumptions[5.6.1), [5.6.3 and[5.6.3,

B[V (m$h, I(mh))] > BV (my, I(mdh)].

Thus in expectation networked populations will increase their returns faster than

central-agent ones.

Proof. Before the communication rounds in Line 21] (Alg. , the randomly updated
policies {7}, }i*, have associated estimated returns {o}_,};,. Call the mean and
maximum of this set o}’" and oy respectively. Since 7" is chosen arbitrarily
from {m},,}¥,, it will obey E[o§%f] = o3 Vk, though there will be high variance.
Conversely, the softmax adoption probability (Line 24} Alg. [3]) for the networked case

means by definition that policies with higher o, are more likely to be adopted at

each communication round. Thus the 7, that is adopted by the whole networked
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population will obey E[op,] > oped™ (if 7577™ is a positive value near zero, it will
obey E[opty] = oy Vk). So E[o}$] > Eloje], which by Assumption implies
the result. 0

The adoption scheme in Line biases the spread of policies towards those
estimated to be better, which, given sufficiently good approximations (Assumption
, results in higher discounted returns in practice. By choosing updates in
a more principled way, networked agents learn faster than the central-agent case
that pushes updates regardless of quality. Similar logic can also be applied to
understand why networked agents outperform entirely independent ones, combined
with the fact that greater policy diversity in the independent case worsens sample
complexity over the networked and central-agent cases by biasing approximations
of the Q-function, as discussed in Ch. 4] [I5].

Significantly, the communication scheme not only allows us to avoid the undesir-
able assumption of a central learner, but even to outperform it. Moreover, we will
see in the next section that empirically the benefit of networked communication over
central-agent learning is greater in this function approximation setting than in the
tabular case of Ch. [4] perhaps due to greater variance in the quality of Q-function
estimates in the present case. This shows that networked communication facilitates

greater scalability than the central-agent paradigm.

5.7 Experiments

We provide two sets of experiments. The first set demonstrates that our function-
approximation algorithm (Alg. can scale to large state spaces for population-
independent policies, and that in such settings networked, communicating popula-
tions can outperform purely independent agents (by an even greater margin than
in the tabular settings from Ch. 4)) and even central-agent populations. The second
set demonstrates that Alg. [3| can handle population-dependent policies, as well as

the ability of Alg. 5] to practically estimate the mean-field distribution locally.
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5.7.1 Experimental set-up

As in Ch. [} for the types of game used in our experiments we follow the gold
standard in prior MFG works, i.e. grid-world environments where agents can move
in the four cardinal directions or remain in place [20, [99] 110, 126, 153, 200]. We
present results from five tasks defined by the agents’ reward/transition functions,
four of which are coordination tasks, while the fifth is a non-coordination task. In
all cases, rewards are normalised in [0,1] after they are computed. The first two
tasks are the same as those used with population-independent policies in Ch. [} but
while there we showed results for an 8 x 8 and a ‘larger’ 16 x 16 grid, our results here

are for 100 x 100 and 50 x 50 grids. We restate those tasks here for ease of reference:

o Cluster. This is the inverse of the ‘exploration’ game in Lauriére et al. [20],
where in our case agents are encouraged to gather together by the reward
function R(s!, al, fi;) = log(fi¢(s!)). That is, agent i receives a reward that is
logarithmically proportional to the fraction of the population that is co-located
with it at time . We give the population no indication where they should

cluster, agreeing this themselves over time.

o Target agreement. Unlike in the above ‘cluster’ game, the agents are given
options of locations at which to gather, and they must reach consensus among
themselves. If the agents are co-located with one of a number of specified
targets ¢ € ® (in our experiments we place one target in each of the four
corners of the grid), and other agents are also at that target, they get a
reward proportional to the fraction of the population found there; otherwise
they receive a penalty of -1. In other words, the agents must coordinate on
which of a number of mutually beneficial points will be their single gathering
place to maximise their individual rewards. Define the magnitude of the

distances between z,y at t as disty(x,y). The reward function is given by

R(s}, ay, fir) = Ttarg(Teotian(fie(s1))), where

(2) T if 3¢ € @ s.t. disty(s,¢) =0
Ttarg () =
targ —1 otherwise,
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T ifﬁt(si) > 1/N
—1 otherwise.

Tcollab (l') == {

As in Ch. [4] in these respective games the Pareto-dominant MFG-NE have
all agents at a single state (‘cluster’, |S| Pareto-optimal MFG-NE) or at a single
target corner (‘target agreement’, |®| = 4 Pareto-optimal MFG-NE), each with a
continuum of partition-based Pareto-dominated NE. With the larger 100 x 100 /
50 x 50 grids in this chapter, the time required for a randomly initialised population
to first encounter such a configuration is much longer, so we expect the gap between
networked and independent learners to widen relative to the 8 x 8 / 16 x 16
tabular results. In the ‘cluster’ task we again observe agents settling at one of
the four corners despite the reward being symmetric across states, driven by the
same action-asymmetry described in Ch. [4 in the ‘target agreement’ task the four
targets are themselves placed at corner cells, so the corner outcome is reward-driven
rather than only geometric.

We also demonstrate the ability of our algorithms to handle two more complex

tasks, using population-dependent policies and estimated mean-field observations:

o Evade shark in shoal. This is a similar idea to the task found in Liu et al.
[262]. Define the magnitude of the horizontal and vertical distances between
x,y at t as dist?(x,y) and dist!(z,y) respectively. The state s! now consists
of agent i’s position zi and a ‘shark’s’ position ¢;. At each time step, the
shark steps towards the most populated grid point according to the empirical
mean-field distribution i.e. z; = argmax,es fiz(z). A horizontal step is taken
if dist?(¢y,xt) > dist?(¢y,x}), otherwise a vertical step is taken. As well
as featuring a non-stationary distribution, we add ‘common noise’ to the
environment, with the shark moving in a random direction with probability
0.01. As noted in Sec. [I.2.2] such noise that affects the local states of all
agents in the same way, making the evolution of the distribution stochastic,

makes population-independent policies sub-optimal [38], 100, 144, 154 [155].
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Agents are rewarded more for being further from the shark, and also for

clustering with other agents. The reward function is given by
R(si,al, fip) = dist? (¢, 2t) + dist? (¢, 21) + normge (log(fie(21))),

where normg;g(+) indicates that the final term is normalised to have the same
maximum and minimum values as the total combined vertical and horizontal

distance.

Since the shark steps toward the most populated grid point, any persistent
cluster pulls the shark with it, so the population must flee while remaining
co-located. We expect the algorithm to drive the population toward a moving
cluster that maintains near-maximal distance from the shark. The induced
mean-field flow is itself non-stationary, so unlike the previous tasks the Pareto-

dominant MFG-NE here are not stationary.

o Push object to edge. This is similar to the task presented in Cunha Queiroz
and MacRae [263]. As before, define the magnitude of the horizontal and
vertical distances between z,y at t as dist!(z,y) and dist?(x,y) respectively.
The state s consists of agent i’s position x! and an ‘object’s’ position ¢;.
The number of agents in the positions surrounding the object at time ¢
generates a probability field around the object, such that the object is most
likely to move in the direction away from the side with the most agents. As
such, if agents are equally distributed around the object, it will be equally
likely to move in any direction, but if they coordinate on choosing the same
side, they can ‘push’ it in a certain direction. If Edges = {edge’, ..., edge*}
are the grid edges, the closest edge to the object at time ¢ is given by
edge; = arg mineggecrdges (min(dist,’}(gbt,edge),distf(qbt,edge))). Agents are
rewarded for how close they are to the object, and for how close the object is
to the boundary of the grid, i.e. they must coordinate on which side of the

object from which to ‘push’ it, to ensure it moves to the grid’s boundary. The
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reward function is given by

R(Si7 azl‘:7 /lt) = (D?ngax - [dZSt?(gbtv Ii) + d’LSt%}(th, xi)])

+ (Dfﬁ;’x — [dist!(¢y, edge}) + dist! (¢, edge}f)]),

where D% = 2(L — 1) and D" = |(L —1)/2] are the maximum possible

agent-to-box and box-to-closest-edge distances on the L x L grid, and R is

then normalised by D% — 1+ D% to lie in [0, 1].

max max

In this game the Pareto-dominant joint policies actively push the box toward
one of the four edges (by symmetry these are equivalent): agents gather on
one side of the box and follow it as it moves, keeping orientation so that the
probability field continues to favour motion toward the chosen edge. Under
any discount factor v < 1 this strictly improves cumulative reward over
passive policies that let the box random-walk to a wall, since it gets the
wall-distance term in R to its maximum sooner. Once the box reaches a wall
it is trapped on the perimeter thereafter, so the wall-distance term remains at
its maximum. The Pareto-dominant MFG-NE thus form a continuum: the
box can be at any perimeter cell, and the agents at any configuration of cells
next to it, with all such configurations achieving the same per-agent maximum
reward. Under stochastic dynamics the box typically drifts along the edge
into one of the four corners, so the practical long-run resting positions are
the corners. These perimeter NE Pareto-dominate sub-optimal NE in which
agents are distributed symmetrically around the box (no net push): the box
then performs a symmetric random walk and reaches the wall only by chance,

giving strictly lower per-agent discounted reward than the active-push policies.

The above tasks are all coordination tasks, in that agents receive higher returns

by aligning their policies and hence have an inherent incentive to communicate their

policy parameters, even though the MFG framework is non-cooperative. Our fifth

game is a non-coordination task: the reward function is not designed to give higher

returns for more aligned policies. We include this game to demonstrate that even in



5. MFGs with Function Approzimation and Empirical Mean-Field Estimation 107

such non-cooperative scenarios our networked architecture receives higher returns
than both independent and central-agent alternatives, such that decentralised selfish

agents may still have incentive to communicate. The fifth game is:

Disperse. This is similar to the ‘exploration’ tasks in Lauriere et al. [20], Wu et al.
[153] and other MFG works. In our version agents are rewarded for being located in
more sparsely populated areas but only if they are stationary, to avoid trivial random

policies. The reward function is given by R(s}, a}, fiz) = Tstationary(— (%)), where

T if a! is ‘remain stationary’

Tstationary (ZL‘ ) - {

-1 otherwise.

In this game we expect the algorithm to drive the population toward a uniform
stationary distribution. The per-state reward — log fi(s) is concave in fi(s) and so
penalises any concentration, giving a unique Pareto-dominant MFG-NE: the uniform
stationary distribution. Sub-optimal behaviour corresponds to agents continuing to

move (paying the —1 penalty from rgq4tionary) Or clumping in dense regions.

Following from Ch. {4l in these spatial environments, both the communication
network G and the visibility graph G/ are determined by the physical distance
from agent . We show plots for various radii, expressed as fractions of the maximum
possible distance (the grid’s diagonal length). We set C,, = C. = 1 to show the
benefit to learning speed brought by even a single communication round. Note that
the networked population with the largest radius is always fully connected, and
therefore these agents are always able to accurately estimate fi; even for C, = 0.
That is, their observations are equivalent to those that the central-agent population
would receive, albeit that policies are updated and spread differently.

Experiments were conducted on a Linux-based machine with 2 x Intel Xeon Gold
6248 CPUs (40 physical cores, 80 threads total, 55 MiB L3 cache). We use the JAX
framework to accelerate and vectorise our code. Random seeds are set in our code in

a fixed way dependent on the trial number to allow easy replication of experiments.
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5.7.2 Experimental metrics

To give as informative results as possible about both performance and proximity
to a MFG-NE, we provide two metrics for each experiment (the same as the first
two metrics in Ch. . Both metrics are plotted with mean and standard deviation,

computed over ten trials (each with a random seed) of the system run in each setting.

5.7.2.1 Exploitability

In Ch. {4 we described the exploitability metric, which is the one MFGs works
most commonly use to evaluate how close a given policy 7 is to a NE policy 7*
[19, 20, 100} 153}, 200, 259]. Our discussion of exploitability here is very similar to
that in Sec. [£.7.2.1] but we give it again since some of the definitions and details
differ slightly in the context of the present chapter.

Exploitability usually assumes that all agents are following the same policy T,
and quantifies how much an agent can benefit by deviating from 7, by measuring
the difference between the return given by 7 and that of a BR policy with respect

to the distribution generated by :

Definition 5.7.1 (Exploitability of 7). The exploitability . of policy 7 is given
by:
Eexpi(m) = V(BR(I(m)), I (7)) — V(m, I(m)).

If 7 has a large exploitability then an agent can significantly improve its return
by deviating from 7, meaning that « is far from 7*, whereas an exploitability of
0 implies that 7 = 7*. Prior works conducting empirical testing have generally
focused on the central-agent setting, so this classical definition, as well as most
evaluations, only consider exploitability when all agents are following a single
policy 7. However, as we noted in Ch. [d] both purely independent populations
and networked populations may have divergent policies 7l # ﬂi for some i,j €
{1,...,N}. We are therefore interested in the ‘exploitability’ of the population’s

joint policy w = («!,...,7V) € IIV.
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Since we do not have access to the exact BR policy as in some related works
[20), [153], we must instead approximate the exploitability, similarly to Ch. 4| and
Perrin et al. [107]. We freeze the policy of all agents apart from a deviating agent, for
which we store its current policy and then conduct 50 k loops of policy improvement.
To approximate the expectations in Def. [5.7.1] we take the best return of the
deviating agent across 10 additional k loops, as well as the mean of all the other
agents’ returns across these same 10 loops. (While the policies of all non-deviating
agents is m, in the central-agent case, if the non-deviating agents do not share a
single policy, then this method is approximating the exploitability of their joint
policy W;d, where d is the deviating agent.) We then revert the deviating agent
back to its stored policy, before learning continues for all agents as per the main
algorithm. Due to the expensive computations required for this metric, we evaluate
it every second k iteration of the main algorithm for Figs. 5.3, b.2] and [5.5]
and every fourth iteration for the population-dependent experiments.

As in Ch. [d] the exploitability metric has a number of limitations in our setting.
In coordination games (the setting for all tasks apart from the ‘disperse’ game),
agents benefit by following the same behaviour as others, and so a deviating agent
generally stands to gain less from switching to a BR policy than it might in the non-
coordination games on which many other works focus. For example, the return of a
best-responding agent in the ‘cluster’ task still depends on the extent to which other
agents coordinate on where to cluster, meaning it cannot significantly increase its
return by deviating from a badly clustering policy. This means that the downward
trajectory of the exploitability metric is less clear in our plots than in other works
that do not focus on coordination games. This is likely why the difference between
the approximated exploitability of the independent agents and the other populations
is clearer in our non-coordination ‘disperse’ task in Fig. [5.5 than in the other tasks.

Moreover, our approximation takes place via MOMD policy improvement steps
(as in the main algorithm) for an independent, deviating agent while the policies of
the rest of the population are frozen. As such, the quality of our approximation

is limited by the number of policy-improvement/expectation-estimation rounds,
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which must be restricted for the sake of the running speed of the experiments.
Furthermore, since one of the findings of our paper is that independent-learning
agents increase their returns significantly slower (if at all) than networked or central-
agent populations, it is arguably unsurprising that approximating the BR by an
independently deviating agent sometimes gives an unclear and noisy metric. This
includes the exploitability going below zero, which should not be possible if the
policies and distributions are computed exactly. Given the limitations presented
by approximating exploitability, we also provide a second metric to indicate the

progress of learning, as in Ch. [

5.7.2.2 Average discounted return

Similarly to Ch. ] we record the average discounted return of the agents’ policies
mt during the M iterations. This allows us to compare how quickly agents are
learning to increase their returns, even when exploitability gives us limited ability to
distinguish between the desirability of the MFG-NEs to which populations converge.
We can observe that settings that converge to similar exploitability values may not
have similar average agent returns, suggesting that some algorithms are better than
others not just at finding NE, but more Pareto-efficient NE (for reasons related to
why networked populations can increase their returns faster, as per Sec. [5.6] similar
to those discussed in Sec. . See for example Figs. and where the
networked populations converge to similar exploitability as the independent and

central-agent populations, but receive higher average returns.

5.7.3 Hyperparameters

See Table for our hyperparameter choices. We can broadly group our hyper-
parameters into those controlling the size of the experiment, those controlling the
size of the Q-network, those controlling the number of iterations of each loop in the
algorithms and those affecting the learning/policy updates or policy adoption.
As in Ch. [ in our experiments we generally want to demonstrate that our

communication-based algorithms outperform the central-agent and independent
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architectures by allowing policies that are estimated to be better performing to

proliferate through the population, such that convergence occurs within fewer

iterations and computationally faster, even when the Q-function is poorly approx-

imated and/or the mean-field is poorly estimated, as is likely to be the case in

real-world scenarios. As such, we generally select hyperparameters at the lower end

of those we tested during development, to show that our algorithms are particularly

successful given what might otherwise be considered ‘undesirable’ hyperparameter

choices. Moreover we want to show that there is a benefit even to a small amount of

communication, so that communication rounds themselves do not excessively add

to time complexity. Thus we set C,, = C, = 1 to show the benefits to convergence

brought by even a single communication round.

Table 5.1: Hyperparameters

Hyper- Value Comment
param.
Trials 10 We run 10 trials with different random seeds for each experiment. We plot
the mean and standard deviation for each metric across the trials.
Gridsize 10x10/ Experiments on large state spaces are run on 50 x 50 and 100 x 100 grids
50x50/ (Figs. 5.5)), while experiments with population-dependent policies are
100x100 run on the 10 x 10 grid (Figs. [5.6a}, |5.7a}, [5.6b| and [5.7b)).
Population 500 We chose 500 for our demonstrations to show that our algorithm can
size handle large populations, indeed often larger than those demonstrated
in other mean-field works, especially for grid-world environments, while
also being feasible to simulate wrt. time and computation constraints
[10%, (108, (126, 142, 153}, 20T, 229-232).
Number of cf. The agent’s position is represented by two concatenated one-hot vectors
neurons in com- indicating the agent’s row and column. An additional two such vectors
input layer ment are added for the shark’s/object’s position in the ‘evade’ and ‘push object’

tasks. For population-dependent policies, the mean-field distribution is a
flattened vector of the same size as the grid. As such, the input size in the
‘evade’ and ‘push object’ tasks is [(4 x dimension) + (dimension®)]; in the
other settings it is [2 x dimension].

Continued on next page
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Table 5.1: Hyperparameters (continued)

Hyper- Value Comment

param.

Neurons cf. We draw inspiration from common rules of thumb when selecting the

per hidden com- number of neurons in hidden layers, e.g. it should be between the number

layer ment of input neurons and output neurons / it should be 2/3 the size of the
input layer plus the size of the output layer / it should be a power of 2 for
computational efficiency. Using these rules of thumb as rough heuristics,
we select the number of neurons per hidden layer by rounding the size of
the input layer down to the nearest power of 2. The layers are all fully
connected.

Hidden lay- 2 We experimented with 2 and 3 hidden layers in the Q-networks. While 3

ers hidden layers gave similar or slightly better performance, we selected 2 for
increased computational speed for conducting our experiments.

Activation  ReLU This is a common choice in deep RL.

function

K 100 K is chosen to be large enough to see the average return converging.

M 50 We tested M in {50,100} and found that the lower value was sufficient to
achieve convergence while minimising training time. It may be possible to
converge with even smaller choices of M.

L 50 We tested L in {50,100} and found that the lower value was sufficient to
achieve convergence while minimising training time. It may be possible to
converge with even smaller choices of L.

E 20 We tested F in {20,50,100}, and choose the lowest value to show the benefit
to convergence even from very few evaluation steps. It may be possible to
reduce this value further and still achieve similar results.

C, 1 As in Ch. , we choose this value to show the convergence benefits
brought by even a single communication round, even in networks that
may have limited connectivity; higher choices are likely to give even better
performance.

Ce 1 Similar to Cj,, we choose this value to show the ability of our algorithm to
appropriately estimate the mean field even with only a single communication
round, even in networks that may have limited connectivity.

7y 0.9 Standard choice across RL literature.

T, 0.03 We tested 7, in {0.01,0.02,0.03,0.04,0.05}, as well as linearly decreasing 7,

from 0.05 — 0 as k increases. However, only 0.03 gave stable increase in
return. Note that this is the value also chosen in Vieillard et al. [260].

Continued on next page
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Table 5.1: Hyperparameters (continued)

Hyper- Value Comment

param.

| B| 32 This is a common choice of batch size that trades off noisy updates and
computational efficiency.

cl -1 We use the same value as in Vieillard et al. [260].

v L-1 We tested v in {1,4,20, L — 1}. We found that in our setting, updating

0" < 6 once per k iteration s.t. 0 ,,, = 0y, VI gave sufficient learning that
was similar to the other potential choices of v, so we do this for simplicity,
rather than arbitrarily choosing a frequency to update 6’ during each k loop.
Setting the target to be the policy from the previous iteration is similar
to the method in Lauriere et al. [20]. Whilst Wu et al. [I53] updates the
target within the L loops for stability, we do not find this to be a problem
in our experiments.

Optimiser  Adam

As in Vieillard et al. [260], we use the Adam optimiser with initial learning
rate 0.01.

T];:omm

cf. TR increases linearly from 0.001 to 1 across the K iterations. This is
com- a simplification of the inverse annealing scheme used in Ch. [ Further
ment optimising the inverse annealing process may lead to better results.

5.7.4 Results and discussion

5.7.4.1 Population-independent policies in large state-spaces

Figs. [5.1 illustrate that introducing function approximation to algorithms in this
setting allows them to converge within a practical number of iterations (k < 100),
even for large state spaces (100 x 100 and 50 x 50 grids). By contrast, the tabular
algorithms in Ch. 4| appear only just to converge by k = 200 for the same tasks
for the larger of the two grids, which is only 16 x 16.

In Figs. [5.145.3] no populations appear to have significantly different exploitabil-
ity to each other, while in Fig. the central-agent population may have lower
exploitability, but not significantly so. As discussed in Sec. [5.7.2.1] the exploitability
metric is noisy and provides limited information in these coordination games.
Nevertheless we can see that in all four plots the independent agents hardly improve
their returns at all, while the central-agent populations hardly improve their returns

in the ‘target agreement’ games in Figs. [5.1] and [5.2] There is therefore little a
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Figure 5.1: ‘Target agreement’, population-independent, 100 x 100 grid. The
networked populations of all broadcast radii significantly outperform the central-agent
and independent populations in terms of average return, where the latter two cases hardly
appear to learn at all.

deviating agent can do to increase its return in these coordination games, meaning
exploitability appears low, despite these being undesirable equilibria.
Meanwhile, the networked agents do learn to improve their returns and therefore
significantly outperform the stagnant independent agents in Figs. 5.4 and
the stagnant central-agent populations in Figs. and indicating that our
communication scheme helps agents to reach substantially ‘preferable’ (i.e. Pareto-
dominant) equilibria (for reasons related to why networked populations can increase
their returns faster as per Sec. . While the central-agent populations do appear
to increase their returns in the ‘cluster’ tasks in Figs. [5.3]and they appear to do
so more slowly and reaching a lower final value than all networked populations in
the 100 x 100 grid case, and than all networked populations apart from those with
the smallest broadcast radii in the 50 x 50 grid case. Indeed in the 100 x 100 grids
in Figs. [5.1] and [5.3] the central-agent populations appear to perform less well than
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Figure 5.2: ‘Target agreement’ task, population-independent policies, 50 x 50 grid. The
networked populations of all broadcast radii significantly outperform the central-agent
and independent populations in terms of average return, where the latter two cases hardly
appear to learn at all.

they do in the 50 x 50 grids in Figs. and whereas the networked populations
do not suffer a performance decrease, indicating that our networked communication
scheme scales better and is robust to larger state spaces than the central-agent
paradigm. Similarly, in the ‘target agreement’ and ‘cluster’ tasks in the tabular
setting in Ch. [, the central-agent populations generally perform similarly to or
outperform the networked populations, indicating that the networked architecture is
more robust than the central-agent alternative when moving to non-tabular settings.

In the non-coordination ‘disperse’ task in Fig. below, networked agents
significantly outperform both independent and central-agent populations in terms
of average return. They also significantly outperform independent agents in terms
of exploitability, and perhaps also central-agent populations though not significantly
so. The fact that this happens in this non-coordination, non-cooperative game

shows that agents may have an incentive to communicate with each other even if
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Figure 5.3: ‘Cluster’, population-independent, 100x 100 grid. The networked populations
of all broadcast radii outperform the central-agent and independent populations in terms
of average return; independent agents hardly appear to learn at all.

they are self-interested. Indeed the agents learning independently do not appear to
improve their returns at all, despite this being the paradigm that in some senses

might be expected to perform best in a non-coordination, non-cooperative setting.

5.7.4.2 Population-dependent policies in complex environments

We also demonstrate the ability of our algorithms to handle more complex tasks,
using population-dependent policies and estimated mean-field observations.
Figs. [5.64] and [5.7a], where agents estimate the mean-field distribution via Alg.
differ minimally from Figs. and where agents directly receive the
global mean-field distribution. This indicates that our estimation algorithm allows
agents to appropriately estimate the distribution, even with only one round of
communication for agents to help each other improve their local counts. Only in

the ‘push object’ task in Fig. [5.6a] and there only with the smaller broadcast radii,
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Figure 5.4: ‘Cluster’ task, population-independent policies, 50 x 50 grid. The networked
agents of all broadcast radii significantly outperform the independent agents in terms of
average return, where the latter case hardly appears to learn at all. The higher broadcast
radii also appear to outperform the central-agent case in terms of average return, with the
latter outperforming all others in terms of exploitability, but perhaps not significantly so.

do networked agents slightly underperform the returns of equivalent agents in the

global observability case in Fig. [5.6D] as might be expected.
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Figure 5.5: ‘Disperse’ task, population-independent policies, 100 x 100 grid. The
networked populations of all broadcast radii significantly outperform the central-agent
and independent populations in terms of average return (and exploitability in the case of
independent agents), with independent agents not learning at all.
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Figure 5.6: ‘Push object’ task, population-dependent policies on a 10 x 10 grid. The
networked populations of all broadcast radii appear to outperform the central-agent and
independent populations in terms of average return; the latter two cases hardly appear to
learn at all.
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Figure 5.7: ‘Evade’ task, population-dependent policies on a 10 x 10 grid. The networked
agents of all broadcast radii significantly outperform the independent agents in terms of
average return, and perform similarly to the central-agent populations.

For the reasons given in Sec. [5.7.2.1] regarding coordination games, the ex-
ploitability metric gives limited information in the ‘push object’ and ‘evade’ tasks
in Figs. and [5.7 for example, the return of a best-responding agent in the
‘push object’ task still depends on the extent to which other agents coordinate
on which direction in which to push the box, meaning it cannot significantly
increase its return by deviating. However, all of the networked cases significantly
outperform the independent learners in terms of the average return to which they
converge in both tasks. In the ‘push object’ task networked learners also appear to
outperform central-agent populations, while in the ‘evade’ task all networked cases
perform similarly to the central-agent case. Recall though that in the real world a
central-agent architecture is a strong assumption, a computational bottleneck

and single point of failure.

5.8 Conclusion

We novelly contributed function approximation to the setting of solving MFGs
online from the empirical distribution, and also contributed two novel algorithms for
locally estimating the empirical mean field for population-dependent policies. We
have justified theoretically why our networked communication algorithm is able to

learn faster even than the central-agent architecture in this function approximation
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setting, and demonstrated empirically the ability of our algorithms to handle
large state spaces and population-dependent policies, and also to estimate the
mean field in non-stationary games. For discussion of potential avenues for future

work, please see Ch. [7]
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122 6.1. Introduction

6.1 Introduction

We begin by recapping the content and contributions of this chapter, first stated
in Sec. [12.3

MEFC has generally received less attention than MFGs, and no work on MFC
has met all of our criteria for practical mean-field algorithms. Recent works in
MFC give decentralised but model-based training [13], or are model-free but require
centralised, episodic training [7]. Building on our communication scheme and
learning algorithm for MFGs, we now introduce networked communication to the
cooperative MFC setting, where populations conceptually have even more incentive
to communicate. This allows us to present a model-free deep learning algorithm
that fulfils all of our proposed desiderata, including learning online from a single
non-episodic run of the empirical system, and decentralised training without the
restrictive need to observe global information as in prior works. In addition to
incorporating our existing sub-routine for estimating the global mean field from Alg.
in Ch. [f] in this chapter we contribute a novel sub-routine Alg. [0] for estimating
the global average reward from local communication for the MFC setting.

Our previous theoretical analysis of networked communication in the non-
cooperative MFG setting does not extend trivially to MFC. Therefore we contribute
new theoretical proofs showing that proliferating high-performing policies through
the population via decentralised communication allows networked populations to
learn faster than both the independent and the central-agent alternatives in the MFC
setting, where now we conduct the theoretical analysis separately for the coordination
and anti-coordination classes of cooperative game. We also demonstrate this finding
experimentally in numerous games, as well as contributing an empirical study of the
algorithms’ robustness to communication failures, along with several ablation studies.

In summary, our contributions include:



6. Networked Communication in Mean-Field Control 123

o We provide the first algorithms in MFC for model-free training without any
central coordination or provision of information, as well as the first MFC
algorithms for online learning from a single, non-episodic run of the empirical

system.

— We contribute a novel sub-routine allowing decentralised agents to
estimate the global average reward via networked communication, and
incorporate our existing sub-routine used in MFGs for estimating the

global mean field aided by local communication.

o We prove theoretically that in this context, decentralised networked commu-
nication can improve learning speed over the independent and central-agent

architectures.

o We provide extensive experiments supporting our theoretical results in numer-
ous games, and give ablation studies of various parts of our algorithms, as

well as a study of robustness to communication failures.

The rest of this chapter is structured as follows. We provide further comparison
with related work in Sec. [6.2] give preliminaries in Sec. [6.3] and our algorithms in

Sec. [6.4] We present theoretical results in Sec. and experiments in Sec. [6.0]

6.2 Related work

We discuss here the research most closely related to this chapter, focusing on
decentralisation and networked communication, and clarifying the differences with
prior methods and settings. Please see Ch. [2| for work more generally related to
networked communication in the mean-field framework.

Similar to the dynamic we identify for MFGs in Ch. [2| numerous works claiming
to study decentralisation in MFC take this to mean only that agents do not have
access to the specific states of all other agents, and have policies depending on
their local state and possibly the mean field, all of which we take as a given in our

work. They nevertheless rely on a central learner or coordinator that provides global
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information to all agents, a dependence that we remove in our work. This applies,
for example, to Grammatico et al. [141], where a ‘central population coordinator’
broadcasts a common signal to all agents, and to Tajeddini et al. [264], which
presents a leader-follower setting where a virtual ‘central population coordinator’
estimates the mean-field trajectory of the whole population in place of an empirical
population. Farzaneh et al. [265] similarly requires a central coordinator, and
also presents a non-cooperative scenario so does not actually fall under MFC
despite being referred to as such.

Cui et al. [7] presents a model-free deep learning algorithm that gives decen-
tralised execution but requires centralised, episodic training (Cui et al. [126] also
offers a centralised-training decentralised-execution method). They suggest that
decentralised training could be achieved if all agents can directly observe the global
mean-field distribution and use the same seed to correlate their actions (though
they only provide empirical results for the centralised scenario) whilst we do not
require either assumption for our decentralised training algorithm. They also train
episodically whereas we learn online from a single run of the system. Finally, their
experiments focus only on coordination games, whereas we additionally explore
empirical effects resulting from decentralised training in anti-coordination games,
where populations can gain higher rewards by diversifying their behaviour.

Bayraktar and Kara [I3] considers independent, ‘online’ learning for MFC in
a setting that is different from ours. Crucially, their method involves agents first
estimating a model (reward and transition functions) of the system by conducting
‘online’ updates using samples collected while following exploration policies. Only
once having done so do they compute execution policies that are optimal with
respect to the estimated model. We argue that having a dedicated exploration phase
is infeasible for many real-world applications, and instead present a fully model-free
online learning algorithm. Moreover, their setting only permits independent learning
if N is large but finite. For infinite populations, a central coordinator is required
to supply common noise to aid exploration during the initial phase, and if the

optimal policy for the estimated model is not unique, centralised coordination is
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required to allow the agents to agree on which policy to execute. Our networked
algorithm requires no such special considerations. Finally, their work is purely
theoretical, whereas we provide extensive empirical results.

Angiuli et al. [T09] and Angiuli et al. [125] provide algorithms for MFC learning
from a single run, but there it is a single run only of a ‘representative’ player
that is used to simulate the mean field, rather than a single run of the empirical
population as in our work. Their algorithms are thus inherently centralised, as
well as involving two timescales for updating the mean-field approximation, which
we argue is unlikely to be a practical paradigm for training in complex real-world

systems such as robotic swarms.

6.3 Preliminaries

6.3.1 Mean-field control

We use the notation introduced in Sec [3.I} as well as the following. For agent
i € {1...N}, @’s policy 7 € II depends on its observation o!. We restate from
Sec. the different forms that this observation can take, and relatedly a more

formal definition of the policy, after the following.

Definition 6.3.1 (N-player stochastic cooperative control problem with symmetric,

anonymous agents). Similar to the games in Defs. 4.3.1 and |5.3.1] this is given

by the tuple (N, S, A, P, R, 7), where A is the action space, identical for each
agent, S is the identical state space of each agent, such that their initial states are
{sit¥, € SN sampled from some initial distribution py € Ag, and their policies
are {r'}N, €IV, P: S x A x As — Ag is the transition function and R : S
x A x Ag — [0,1] is the reward function, both identical to all agents, and which
map each agent’s local state and action and the population’s empirical distribution
to transition probabilities and bounded rewards, respectively, i.e. Vi € {1,..., N}:
Ste1 ~ P(lsy,af, fir) and r§ = R(sy, aj, fir).

For the joint policy  := (7!,...,7") € II"V, an individual agent’s discounted

return is given by:
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Definition 6.3.2 (Individual expected discounted return). For all i,j € {1,..., N},

s7 iHE
i N”]( ) .

st+1~P( |st No 7 it)

7’s return is

v (7'(' Mt Z’Y R Stva’m:ut)

t=t

However, the maximisation objective for this cooperative problem is:

Definition 6.3.3 (Population-average expected discounted return). For all 7,5 €

{1,..., N} the average return is

Z nytR St7 ata Mt

ttl

1N
VR ) =y Vi)

5t+1NP(‘\5§ 7‘1% 7[/45)

aj ~mI (o)) .

That is, the solution to the control problem is 7* = arg max ey VP (7, 1z).
At the limit as N — oo, the infinite population of agents can be characterised
as a limit distribution u € Ag; the infinite-agent setting is termed a MFC problem.
As in Ch. [}, the mean-field flow p is given by the infinite sequence of mean-field

distributions s.t. p = ()0

Definition 6.3.4 (Induced mean-field flow). This is restated from Def. [5.3.2l We
denote by I(7) the mean-field flow p induced when all the agents follow 7, where

this is generated from 7 by
fe1(8 Z,Ut m(alog)P(s']s, a, jut).
The snapshot of this induced flow at ¢ is given by I(7);.

Definition 6.3.5 (Social welfare). When all agents follow policy 7 giving mean-field

flow p = I(m), m’s social welfare is

W(m; I Z’Y (81, @z, 1(m)¢))

St HE
ag~(-|or) ]
st+1~P(-[st,a1,1(m))

Definition 6.3.6 (Social optimum). The solution to the MFC problem is a social

optimum policy 7* € II that maximises the social welfare function in Def. ie.

" = argmax,en W(m; 1(m)).
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Remark 6.3.7. Previous works showed that the MFC social optimum 7* gives
a good approximate solution to the harder-to-solve finite-agent problem (i.e. if

= (7*,..., 7)), with the error characterised by O(ﬁ) [4H7, [13].

As in previous chapters, when the distribution is the same for all £, i.e. u; = py41
Vt > 0, we say the mean-field flow is stationary, giving a stationary MFC problem.
Non-stationary problems may require the policy to depend on the mean field such
that of = (s, fi;), whereas the observation in the stationary case can be simplified
to o = st. However, since classical approaches to the MFC problem often conceive
of a central planner trying to guide the population to a distribution that maximises
the expected return, they sometimes have policies that depend on the mean field
even in the stationary case [7, [100] 266]. Therefore we permit mean field-dependent
policies for the sake of generality, but show through our ablation studies that in
practice our algorithms require only 7'(alol) = 7*(a|s!) in our experimental tasks,
which have stationary solutions.

Furthermore, as we argued in Ch. [f] it is unrealistic to assume that decentralised
agents with a possibly limited communication radius would have perfect observability
of the global mean field fi;. Therefore we allow agents to form a local estimate ﬁi
which can be improved by communication with neighbours, using Alg. |§] (taken from
Alg. [5|in Ch. |5 for the MFG setting). We thus have of = (s, i?). Formally we can
now say that when o} = (s, fi;) or (s, fi¢), we have the set of policies defined as IT =
{m: S§xAs — A4}, and the set of Q-functions denoted Q@ = {q: S x As x A — R}.
(N.b. when 0! = s!, we instead have Il = {7 : § = A }and Q = {¢: Sx A — R}.)

6.4 Learning and estimation algorithms

In Ch. [5| we gave algorithms for the MFG setting, where networked communication
is used 1) to form local estimates of the global empirical mean field, and 2) to
allow agents to adopt better-performing policies from neighbours to accelerate
learning. We adapt these algorithms for cooperative MFC, where decentralised

agents must optimise the population-average return instead of their individual one
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Algorithm 6 Average reward estimation and communication

Require: Time-dependent communication graph G™™ rewards {r{},, number

of communication rounds C,
: Vi : Initialise reward sets 7@%1 «—{(ID"r))}
: forc.inl,...,C, do

Vi : Broadcast R,

Vi J{ < {j e N:(i,j) € &}

Vi : Ri,(cr—s—l) — Rii&,cT U UjEJZ‘ Rg,cr
end for

g Wy

Vi fle si T
L R ZUDDeR,
AN
return Estimates of average reward {7‘;}

%

=1

(the decentralised agents may not always follow a common policy while training
unless we make assumptions on the communication network as discussed in Sec.
, so we do not directly optimise social welfare from Def. .

It is unrealistic to assume that decentralised agents have access to the global
average reward, so we find a third use of the communication network in 3) allowing
agents to estimate the global average reward 7; from a local neighbourhood. We
contribute a novel sub-routine Alg. |§] for this purpose (Sec. , and we describe
our main learning method Alg. [7]in Sec. [6.4.2] Our policy communication algorithm
Alg. [8 based on that in Ch. [f| for the MFG setting, is described in Sec. - for
clarity we now break this off into a separate sub-routine from the main learning
algorithm. Meanwhile Alg. [9] for estimating the mean field, which is the same as

Alg. [plin Ch. [j] for the MFG setting, is restated for ease of reference in Sec.

6.4.1 Sub-routine for networked estimation of global av-
erage reward

Our novel Alg. [f] involves agents using the communication network G to
locally estimate the global population-average reward received after a given step
in the environment. Maximising the population-average reward ensures agents are
solving the cooperative MFC problem instead of the non-cooperative MFG. Agents
broadcast their received reward with a unique ID to ensure each reward is only

counted once (Line [1). They add those received from neighbours to their collection,
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Algorithm 7 Decentralised MFC learning from non-episodic system run

Require: loop parameters K,M,L,E,C.,C,,C,,  learning parameters
Y5 Tq» |B‘7 Cl? v, {Tﬁomm}ke{o,...,Kf1}
Require: initial states {s)}¥ ;¢ < 0
1: Vi : Randomly initialise parameters 6 of Q-networks Qg (0, -), and set 7j(alo) =
softmax(%@eé (o, )) (a) and Qeé:/() < Qi (0, )
2: for ke0,..., K —1do

3:  Vi: Empty ¢’s buffer

4: forme€0,...,M—1do

5: {0i}Y, < EstimateMeanFieldAlg. @( vis Geomm {sjg}fil)

6: Take step Vi : CL% ~ lec(|0125)7 7"% = R(Siv a, ,at)> Si—&-l ~ P(’S;Lfa CLi?ﬂlﬁ); tt+1
7: {#I\N  « EstimateAverageRewardAlg. @( comm_ {rz}fvzl)

8: Vi: Add (oi,ai,%i,oiJrl) to i’s buffer

:  end for
10 forle0,...,L—1do
11: Vi : Sample batch By, from 4’s buffer
12: Update 0 to minimise £(6, #) as in Def.
13: If ] mod v=0,setd «+ 0

14:  end for

15: QG}'H_l (07 ) A Q%,L (07 )

16:  Vi: mp,(alo) softmax(;qu%H(o, )) (a)

17: ({W]i_,’_l}i, {si}i,t) + CommunicatePolicyAlg. (ggomm, {71 }is {si}i,t)
18: end for

19: return policies {mi }¥,

and repeat the process of broadcasting and expanding their collections for a further
C, — 1 rounds, so as to receive rewards from agents more than one hop away on
the network (Lines [216]). They finally set their estimate of the global average to

the average of the rewards they have collected (Line [7]).

6.4.2 Main learning algorithm for updating Q-networks
and policies

In Ch. [5] we solved MFGs online from non-episodic runs of the finite-population

empirical system using a form of policy iteration called MOMD, introduced in

Secs. [5.3.2)and [5.4.1 We now adapt our non-cooperative Alg. [3 from Ch. [3] to

learn a social optimum in the MFC setting via our novel Alg. [7] which differs
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by its use of the (estimated) average reward.
Our MOMD-based method works as follows. Each agent ¢ approximates its Q-
function Qvg}i (0,-) with its own neural network parametrised by #:. Agent i’s

policy is determined by

7gi (alo) = softmax (:Qv%(o, )) (a).

We denote this as 7} (alo) for simplicity when appropriate. Each agent maintains
a buffer (with size M) of collected transitions of the form (oi, al, ol +1), where
ﬁ is i’s local estimate of the global average reward obtained by running Alg. |§|
(Line . At each iteration k, agents empty their buffer (Line [3|) before collecting
M new transitions in the environment (Lines [l[J). Each decentralised agent then
trains its Q-network Q% via L updates (Lines ) as follows.

For stability, ¢ also maintains a target network Q o with the same architecture
but parameters «92’; copied from 6}, ; less regularly than 6} ; themselves are updated,
i.e. only every v learning iterations (Line . At each iteration [, the agent samples
a random batch B} ; of | B| transitions from its buffer (Line [11). It then trains its
Q-network using stochastic gradient descent to minimise the loss in Def below

(Line . The trained Q-network determines i’s updated policy (Line .

Definition 6.4.1 (Q-network empirical loss). The training loss to be minimised is

given by

ﬁ(6‘>0/) = ; Z

| | transitionGB}il

v

2
Qg (Ot, @t) =T

k,l

Y

where the target T' is given by

. 0
T =7+ [qunﬂ

(@o)]

£ 3 me (alovsn) Qg 001, @) = 7y Iy (alorsa) )

acA ot

;!
07
kL cl

As in Ch. , for ¢l < 0, [-]% is a clipping function used in Munchausen RL to
prevent numerical issues if the policy is too close to deterministic, as the log-policy

term is otherwise unbounded [153] 260].
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Algorithm 8 Policy communication and selection

Require: Time-dependent communication graph G;"™, loop parameters £, C),
learning parameters 7y, {75°"" }reqo,.. k- 1}
Require: policies {m}_,} ; states {s{}\; ¢
1:Vi:op, <0
2: for e €0,..., F — 1 evaluation steps do

3. {oi}Y, < EstimateMeanFieldAlg. @( vis Geomm [N )

4:  Take step Vi : a ~ mp(:|0}), 7} = R(s}, aj, fir), S; 1 ~ P(:|s}, ai, fir)
5. Vi oy < 0y +° T

6: t+t+1

7: end for

8: for (), rounds do

9:  Vi: Broadcast o, T,y

0. Vi:Ji < iU{jeN:(i,j) €&}

comm

1. . zNP i: A e}){p(tj'k_~_1/7',c i

1 Vi : Select adopted r(adopted ]) ZzeJLeXp D Vj e J
- g adopted® ; adopted’®

120 Vi 0pq ¢ Opyy Mg € Mg

13:  {0i}Y, + EstimateMeanFieldAlg. @( vis geomm LA N )

14:  Take step Vi : aj ~ 7} (-|o}), i = R(si, ai, ), stoq ~ P(|si, af, fu); t <t + 1
15: end for

16: return (policies {m},,}Y,, states {si}Y,, )

6.4.3 Sub-routine for communicating and refining policies

Alg. [§] (based on Lines of our Alg. [3]in Ch. [5] for MFGs) uses the
communication network G;°™™ to spread policy updates that are estimated to be
better performing through the population, allowing faster learning than in the
independent and central-agent cases.

Alg. [§is run after agents have independently updated their policies according to
their newly trained Q-networks at each iteration k£ of the main learning algorithm
(Line [17, Alg. [7). In Alg. [8 agents obtain an approximation of their individual
expected discounted return {Vi(m, 1)}, (Def. [6.3.2)), i.e. not the population-
average return, which would not give differentiation between the different updated
policies - we discuss this further in Rem. below. They do so by collecting
individual rewards for E steps (not added to the training buffer), and calculating
the discounted sum of rewards over these finite steps, setting this value to o},

(Lines [1{7). We can characterise this approximation of the infinite-step return
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Vs

Algorithm 9 Mean-field estimation and communication for environments with G;

Require: Time-dependent visibility graph G/**, time-dependent communication
graph Gem™ | states {s¢}¥,, number of communication rounds C,
Vi, s : Initialise count vector oy, [s] with
Vi, Vs' € 8" (s},5") € £ 1 0),[8'] Y et Nyl = L
forc.€1,...,C. do

Vi : Broadcast 0; ,

Vi:JiiU{jeN:(ij) e Emm}

Vi, s : Initialise new count vector 0y . ,)[s] with 0

Vi, s and Vj € Jf: 0f . p[s] o] o [s] if 0], [s] # 0
end for
Vi : counted _agents; < 3 sesoils)20 Vt15]
Vi : uncounted__agents: <+ N — counted _agents;
: Vit unseen_ states) < 3 esipis)= |

—_ =
— O

: Vi, s where 0{[s] is not () : ﬁé[s] V. %[S]

=
N

uncounted__agentsy

N xunseen__statesy

. return {(states s!, mean-field estimates 1¢)} N,

. Vi, s where 0![s] is 0 : fii[s] «

o S
=~ W

{Ulic+1}£\;1 = {Vi(ﬂ'kﬂa Hts E)}z]il

They then broadcast their Q-network parameters along with o}, (Line @

ai

n

Receiving these from their neighbours J; on the network, agents select which set of

parameters to adopt by taking a softmax over their own and the received estimate

values o, Vj € Ji, defined as follows (Lines [L0{12):

exp (0441 /7™™)
2 we i €XP (of 1 /mom™)

adopted’ ~ Pr (adoptedi = j) =

They repeat this broadcast and adoption process for C, rounds (distinct from the

C,/C. communication rounds for the other sub-routines).

6.4.4 Sub-routine for networked estimation of global em-
pirical mean field

Networked agents use Alg. [0 (this is the same as Alg. [f] from Ch. [5] for the
MFG setting) to locally estimate the global empirical mean field, to serve as an
observation input for their Q-/policy-networks. Recall that we include this added
observation and sub-routine for generality, especially for non-stationary problems.

However it is often not necessary, particularly in stationary problems like those in
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our experiments, where agents can find the social optimum while only observing
ol = s!, and therefore would not need to estimate the mean field.

We restate how Alg. [9] works based on Sec. [5.5.2] This sub-routine involves
agents using the visibility graph G'** to count the number of agents in locations
that fall within the visibility radius (Line [2). (In Ch. [5| we also discuss an
alternative algorithm for more general settings where the visibility graph G does
not apply, which could equally be used in the present chapter if desired.) For C,
communication rounds, agents can supplement this local count with those received
from neighbours over the communication network Gy in order to count agents
that do not fall within the visibility radius (Lines . We assume agents know
the population’s total size N, and therefore can distribute the uncounted agents
uniformly over the states that remain unaccounted for after the communication

rounds (Lines [911]). Agents now have a vector containing a true or estimated

count for every state; this is converted to an estimated empirical mean field by

dividing all counts by N (Lines [12{13]).

6.5 Theoretical results

6.5.1 Introduction

We follow the definitions of the central-agent and independent-learning baseline
architectures from Chs. [4 5| and Yardim et al. [I5], which solve MFGs online from
a non-episodic run of the empirical system. Both alternative architectures can each

be seen as special cases of our networked algorithm:

o In the central-agent case, only arbitrary central agent ¢ = 1 updates a
Q-network and automatically pushes this to all other agents in place of the
decentralised policy communication in Line [I7] of Alg. [/} Additionally, the
true global mean-field distribution and average reward are always used in

place of the local estimates, i.e. fii = fi; and 7 = 7,.

comm Vs

o In the independent case, there are never any links in G; or G*%, i.e.

gfomm — gtvzs — (Z)
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All expectations in this section are taken jointly over:

the initial joint state {s)}¥, sampled from py;

« the stochastic transitions, actions, and rewards collected by each agent into

its individual buffer;
« the random mini-batch samples B} ; used to minimise the loss in Def. ;
o the random initialisation of the Q-network parameters ) in Line |1| of Alg. ;
o the softmax draws used during policy adoption in Line [I1] of Alg. 8

As in Ch. , the communication and visibility networks Ge™™ GV are supplied as
exogenous inputs at each round and may or may not depend on agents’ positions:
in our experiments they are defined by communication and visibility radii, which
makes them deterministic conditional on positions and stochastic only through the
random state evolution, but the theory accepts any sequence of graphs satisfying
the relevant structural conditions. We do not consider explicit random graph
models in our analysis.

We prove theoretically that our policy communication and adoption scheme
allows networked agents to increase their returns faster than these alternatives
(with the central-agent paradigm being potentially unrealistic and vulnerable in
any case). Rem. suggests informal reasons for our formal results to aid

intuitive understanding.

Remark 6.5.1. Like many cooperative learning paradigms, the central-agent
alternative to our networked architecture may suffer from the credit-assignment
problem, in that it is not clear how learners’ local state si and local action a;
contributed to the (locally estimated) average reward 7 [267, [268]. Agents may
receive low individual reward r} by taking action a! given o}, but would nevertheless
learn that doing so was ‘good’ if the rest of the population took highly rewarded
actions at the same step giving high average reward ﬁ By drawing spurious

relations, an agent’s updated policy 7. | (a|o) may negatively impact (or simply not
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advance) the goal of maximising social welfare, which is problematic if such a policy
is automatically pushed from the central learner to the rest of the population. (A
similar argument could also be applied to independent agents, were it not for the
fact that realistically they only have access to their own rewards in any case, though
we given an ablation of this in Fig. which shows that our logic still applies.)
Including the (estimated) empirical mean field in the observation of = (si, fii) might
mitigate this slightly by indicating which mean fields gave high average rewards.
However, this does not solve the issue of allowing learners to distinguish between
helpful or unhelpful local actions a!, whether those learners are centralised or not,
since actions can affect rewards in ways other than simply by helping to reach a
certain mean field. By updating policies with respect to average return but then
spreading updates through the population which are estimated to give a higher
individual return, despite this being a cooperative problem, we reduce the credit-
assignment problem by replicating updated policies that should contribute positively
to the population-average return, and filtering out those that do not.

Moreover, even if we assumed credit assignment were not a problem, there is
randomness in the Q-network update: agents have stochastic policies and thus may
collect a wide variety of transitions to add to their individual buffers, from which
they sample randomly when training their Q-networks. There may therefore be
considerable variance in the quality of their estimated Q-functions, leading in turn
to variance in the quality of policy updates. Similar to the analysis in Sec. [5.6]
at each iteration of the central-agent algorithm, in ezpectation the central learner
will by definition have an average-quality update, and its updated policy will be
pushed to the entire population whether or not it performs well. Our decentralised
networked approach permits beneficial parallelisation in place of this single-learner
method, by generating a whole population of possible updates, from which the
one(s) estimated to be best-performing can be selected via a process akin to the
comparison of fitness functions in evolutionary algorithms. These are then spread
around the population, biasing networked populations towards better performing

updates.
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We give the theoretical analysis separately for two important subclasses of
cooperative game usually found in MFC, which have different reward structures

and therefore can incentivise different population behaviour:

1. coordination games, where the social welfare is increased by agents aligning

their strategies, such as in consensus/synchronisation/rendezvous tasks;

2. anti-coordination games, where the social welfare is increased by the population
exhibiting diverse strategies, such as in exploration, coverage or task allocation

games.

These subclasses cover a large proportion of cooperative objectives in symmetric,
anonymous settings with large populations. We emphasise that the fact that
agents would in principle benefit from having diverse policies in anti-coordination
games does not contradict the classical MFC framework that simplifies the infinite
population problem by finding the single policy to be shared by all agents. In
the symmetric (i.e. identical reward and transition functions) MFC limit, an
optimal solution can be realised by having the infinite agents all follow the single
socially optimal policy, even for reward functions that favour diversity. A very
large number of works on both MFC and MFGs conduct experiments on anti-
coordination games, particularly dispersal and exploration tasks, despite assuming
that the population follows a shared single policy learnt by a central node [100]
124, 127]. We make the distinction between coordination and anti-coordination
games to aid theoretical analysis of our decentralised policy adoption scheme
compared with entirely independent learning: while it is intuitive that adopting
independently-updated policies from neighbours via the communication scheme
could be beneficial in coordination games, we also show theoretically and empirically
that the adoption scheme provides a benefit in anti-coordination games, though
this requires separate analysis.

To define the two types of game, we first introduce the following functions. 1[-] is
the indicator function, which equals 1 if the condition inside is true and 0 otherwise.

b: Il — Ryg is a base return function that quantifies a policy’s inherent ability
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to receive rewards regardless of how many other agents follow the same strategy.
For example, if agents are rewarded for agreeing on one of a number of targets at
which to meet, then policies that visit none of the designated targets will have lower
returns than those that do, whether agents are aligned or not. Finally, f. : N — R,
(resp. fa: N — R.g) is a coordination (resp. anti-coordination) scaling function.
It has minimum f.(1) > 0 (resp. f4(0) > 0), and increases monotonically with the

number of agents whose policies match (resp. are different from) ¢’s.

Definition 6.5.2 (Coordination game). The agents’ return can be decomposed as
follows, Vi,j € {1,...,N}: Vi(m, uz) = h (b(ﬂ'i), fe (Zje{l,...,N} It = Wj])), where
h:Rsg x Rog — Rsq is a function that composes b(-) and f.(-) and is monotonic
in both arguments, i.e. an increase in either the policy’s intrinsic ability to attain
rewards, or the extent to which it is aligned with other agents’ policies, gives a

higher return.

Definition 6.5.3 (Anti-coordination game). The agents’ return can be decomposed
as follows, Vi, 7 € {1,...,N}: Vi(mw, uz) = h (b(wi), fa (N — Yjeq,n It = Wj])>,
where h : Rsg x Ryg — Ry is a function that composes b(-) and f4(-) and is
monotonic in both arguments, i.e. an increase in either the policy’s intrinsic ability
to attain rewards, or the extent to which it is different from other agents’ policies,

gives a higher return.

Note that in our setting, where policy parameters are directly communicated
and adopted among the population, we focus on exact equality of policies for
simplicity of the theory. However, these definitions could be made more general and
inclusive by instead considering similarity kernels or label mappings of strategically

relevant parts of policies.

6.5.2 Analysis

6.5.2.1 Networked vs central-agent populations

For simplicity of the theory, we make several assumptions. We explore the conditions

under which these assumptions apply in practice, and discuss how even when
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loosening the assumptions, they still provide useful heuristic insight as to how
our networked communication scheme affords benefits over the central-agent and
independent-learning architectures. We do not enforce the assumptions in our
experiments, and our empirical results nevertheless follow our theoretical theorems
in all but some specific instances that we discuss.

Our sub-routines involve time-varying networks sharing different types of in-
formation at different points in the algorithm, meaning that theoretical analysis
can potentially grow complicated. We seek to simplify this analysis to make it
more intuitive and useful by focusing on the benefit of the decentralised policy
exchange scheme in Alg. [l This is because our ablation studies of Algs. [0]
(average reward estimation) and [J] (mean field estimation) in Sec. indicate
that the policy exchange scheme is the dominant factor in driving the benefit
of the networked paradigm in our experimental settings. Moreover, recall that
Alg. [0 is only necessary when we allow population-dependent policies such that
ol = (s, fil), whereas for stationary problems, including all those in our experiments
and many others, using a mean field observation or estimation is not actually
required for finding the optimal policy.

Therefore, similar to Assumption [5.6.1] in the previous chapter, the first as-
sumption presumes that it is only the decentralised policy communication scheme
that creates a difference in learning between the networked and central-agent cases,
by assuming that the estimated mean fields and average rewards are equivalent
to the true ones used in the central-agent case. Note that populations with fully
connected networks will in any case always be able to accurately estimate 7, and
f: by Algs. [6] and [9, even for C,. = 1 and C, = 0. This is may apply reasonably
commonly in practice depending on the scenario; for example, if the network is
defined by a broadcast radius (as in our experiments), then the network will be
fully connected whenever that radius is at least large enough to cover the area that
all the agents fall within. We leave analysis of the theoretical impact of worsening

mean-field and average-reward estimates for future work.
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Assumption 6.5.4. Assume that Algs. [6] and [9] allow networked agents to obtain
accurate estimates of the true population-average rewards and global empirical

mean field respectively, i.e. Vi fii = ji; and 7 = 7,.

Now recall that at each iteration k of Alg. [7] after individually updating their
policies in Line , the population has the policies {r},};*,. There is randomness in
these individual policy updates, stemming from the random sampling of each agent’s
individually collected buffer. In Lines [I}{7] of Alg. [§] agents estimate the individual
infinite-step discounted returns {V*(m, uo) }, (Def. of their updated policies
by computing {0}, }¥: the E-step discounted return with respect to the empirical
mean field generated when agents follow policies {m},  }Y .

We next assume that the populations’ policies are all pair-wise distinct after
the updates in Line 16| and before the policy communication. This ensures that
policies that are estimated to receive higher returns (and are thus adopted) are being
evaluated as higher-performing due to receiving higher base returns, rather than
simply because of how aligned or distinct they already happen to be with regard to
other policies. This avoids scenarios where, for example, significantly suboptimal
policies that are shared across multiple agents after the update (in the case of a
coordination game) end up spreading through the population by communication
at the expense of a more promising but less common policy, decelerating rather
than accelerating improvement. In practice, this assumption is highly likely to
apply in most situations in any case. Even if agents start a given iteration with
identical policies, their different random seeds are likely to mean that they collect
different sample transitions to add to their reinitialised buffers. Even if their buffers
happen to end up containing identical transitions, their different random seeds are
likely to mean that they sample differently from their buffers, leading to slightly

different updates to their policy networks.

Assumption 6.5.5. Assume that directly after the policy updates in Line
(Alg. , before any policy transfer as in the networked or central-agent algorithms,

all policies are pair-wise distinct due to the randomness in these updates, i.e.
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Vi,j € {1,...,N} mi, # m.,. This means the function f. attains its minimum

fe(1), and f4 attains its maximum fyz(N — 1).

As in Ch. 5| we now assume that the finite-step estimates of the returns give
sufficiently accurate comparisons between policies, so that better policies are indeed

the ones that get adopted in expectation.

Assumption 6.5.6. Assume that {0}, }¥, are sufficiently good estimates so as to
respect the ordering of the true infinite discounted individual returns {V¢(711, o)}y,

Le.
Vi(”k-l—la MO) > Vj(ﬂ-k-‘rlv/LO) — O-Iic—&—l > O-i—l—l VZ,j € {17 B N}

In practice, even if Assumption does not strictly hold, the softmax

comm
parameter T

allows a smooth degradation as the ordering of the estimates
worsens with respect to the ordering of the true values. That is, if instead of
the exact correct policy ordering we have that better policies are simply more
likely to be given higher estimated evaluations, then the softmax means that these
policies remain more likely to spread, and a better policy may still be adopted
even if it is not evaluated as being better.

As in Ch. [5 the next assumption presumes that the networked population
reaches consensus on a single policy within the policy communication rounds of
each k iteration. We use this assumption in only one of our three theorems (Thm.
, and we do so to give general and intuitive comparison with the central-agent
population which always shares a single policy. Incomplete consensus would give
different levels of alignment /diversity, such that the relative performance of the
central-agent and networked architectures might then depend on the specific reward

function of the task, and whether base return or alignment/diversity were more

important in that reward function.

Assumption 6.5.7. Assume that after the C}, rounds in Lines [{15] (Alg. [§)), in
which agents exchange and adopt policies from neighbours, the networked population

is left with a single policy such that Vi,j € {1,..., N} 7, = 7],
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We repeat the following discussion of this assumption from Ch. [} While this
may sound like a strong assumption, we phrase it like this so as not to make overly
strong restrictions on the communication network instead - we intentionally leave
it so that Assumption [6.5.7] can be fulfilled in numerous ways. Most simply we

can think of Assumption holding if:

1. we set 757 close to 0 for all k, such that the softmax essentially becomes a

max function; and

2. the communication network Gf*™" is static and connected during the C,

communication rounds, where C,, is at least as large as the network diameter

dgtcamm .

Under these conditions, previous results on max-consensus algorithms show

that all agents in the network will converge on the highest value o7 (and hence

the associated m%f") within a number of rounds equal to the diameter dgeomm, as
we also discuss in Chs. {4 and 5| [255]. If we assumed more strongly that the
network was always fully connected, policy consensus would be achieved within
a single communication round.

Policy consensus can be achieved even outside of these conditions, including if
the network is dynamic and not connected at every step. Recall from Sec. that
a collection of graphs is jointly connected if its members’ union is connected. Now,
instead of assuming that the communication network is static and connected, we
assume instead only that the sequence of networks contains one or more sequential
jointly connected collections. Then max-consensus is reached within C, if C), is
large enough that the number of sequential jointly connected collections occurring
within C), is equal to the largest diameter of the union of any such collection.

Thus Assumption may not hold if C), is not large enough or if parts of
the population remain isolated. However, we do not enforce this assumption in our
experiments, where we use C,, = 1 to show the benefit of even just one communication

round, yet we still see networked populations significantly outperforming central-

agent populations across anti-coordination games. In coordination games, while
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networked populations that are more connected (due to having larger communication
radii) usually perform similarly to or better than central-agent populations, those
that are less connected occasionally perform less well than the central-agent
populations. This is probably due to Assumption being empirically more
likely to be violated in less connected populations, which in turn is more of an issue
in coordination games (where consensus is more likely to be beneficial) than in
anti-coordination games (where some lack of consensus does not prevent, or even
helps, networked populations to outperform central-agent ones in practice).

The next assumption presumes that if a certain policy, when followed by all
members of a finite population, is better than another policy when the latter is
followed by all members of a finite population, then the same quality ordering will
apply when members of infinite populations follow each policy. We require this in
order to relate our analysis of learning in the empirical finite population back to
the mean field limit when comparing with central-agent learning. Since the finite
population can be arbitrarily large, and in many environments when all agents
follow the same policy the finite population-average return will converge smoothly
to the infinite population social welfare, this assumption will naturally hold in many
scenarios. For example, a policy that is better than another at getting a population
of 500 or 5,000,000 agents to cluster in a particular location will also be better
than the other policy at getting an infinite population to gather at the location.
Nevertheless this order preservation is not a completely general phenomenon, and
strict inequalities can vanish or reverse in the limit, especially in models with
thresholds or discontinuities in the dependence of rewards or transitions on the

mean field, so we state it as an explicit condition in the following.

Assumption 6.5.8. Say we have two different policies that could be shared by the
whole population such that 7* = (7%,...,7%) and w¥ = (7Y, ..., 7Y). We assume

that:

VPP(m® o) > VPP(m¥, o) <= W(n® I(n®)) > W(n¥, I(7)).



6. Networked Communication in Mean-Field Control 148

We have now given all the assumptions for our first theorem. Assumption [6.5.
assumes that after the C, policy exchange rounds in Lines of Alg. [§ the

networked population is left with a single policy. Call this consensus policy 7",

and its associated finitely estimated return o3¢. Recall that the central-agent case
is where the Q-network update of arbitrary agent ¢ = 1 is automatically pushed
to all the others instead of the policy evaluation and exchange in Line [I7] of Alg.
[7; this is equivalent to a networked case where policy consensus is reached on a
random one of the policies {7}, },. Call this policy arbitrarily given to the whole
population 7}, and its associated finitely estimated return ofy.

We can now give our first theorem, namely that in expectation networked

populations will increase their returns at least as fast as central-agent ones.

Theorem 6.5.9. Let us set 7.°™™ € R-g. In coordination and anti-coordination

games where Assumptions apply, we have
E[W (mphy, I(mi))) = B (i, I(mdh)]-

Remark 6.5.10. Assumption presumes that all policies are pairwise distinct
after the updates, but does not restrict their returns in the same way. If we
additionally make the very weak assumption that at least one of these distinct
policies in each k iteration has a base return that is distinct from the others (which is
likely to hold in all but the most trivial environments), the inequality in the theorem

above will be strict, i.e. networked learning will always be faster in expectation.

Proof. Recall that before the communication rounds in Line 8| (Alg. , the randomly
updated policies {m},,}Y, have associated estimated returns {o},,}~ . Denote the
mean and maximum of this set o;’%" and o™ respectively. Since 7 is chosen
arbitrarily from {7}, }~,, it will obey E[o{"}] = o™ Vk, though there will be
high variance. Conversely, for the networked case the softmax adoption scheme
(Line , Alg. , which for 7™ € R. gives non-uniform adoption probabilities

for distinct o values, means by definition that some communicated policies are more

likely to be adopted than others if they have distinct finitely estimated returns
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(those with higher o7, are more likely to be adopted at each communication round).

net

Thus the consensus 7" that gets adopted by the whole networked population will
obey E[o}S] > o™ if at least one policy receives a distinct return from the others,
or E[o}$,] > 024" in the rare circumstance that all policies receive the same return.

If 7297™ is close to 0, the consensus policy will obey E[op%| = 0" Vk. As such:

Eloy%] = Eloydy]. (6.1)

In Eq. and the remaining equations of the proof, bear in mind that the
equality will be strict if at least one policy receives a distinct return from the others.

Refer to the agent whose update originally gave rise to ;<" and o}, as
agent (i,net); we equivalently also have the arbitrary agent (j,cent). Prior to
consensus being attained in each case, the joint policy can be written as 7r(-etijcent)
= (b, .., L pnet) pitl o piml gGeent) pitll Ny,

Given Eq. [6.1], and by Assumption [6.5.6] on the quality of finite-step estimates,
we know that directly after the policy update in Line (Alg. , prior to the

consensus being reached, we have:
i.ne i,net;j,cent j,cen i,net;j,cent
E [V 00 (et )] > B [V0en) (e )] (6.2)

We now need to show that this ordering is maintained in the case that each
policy is given to the whole population.
By Assumption [6.5.5| we know that straight after the random policy updates

there is no alignment among policies, i.e. in a coordination task we have f{met)

» . . . o j net j,cent
= fUcent) — min f,, and in an anti-coordination task we have fél net) _ C(lj cent) _

max fy. Therefore if Eq. pertains, by Def. it must be because:

E[b(r )] > E[b(xm)], (6.3)

i.e. because the base policy quality is higher for 7Y than for mU-cent),

By Assumption [6.5.7] on policy consensus, we know that in the networked and

central-agent cases the joint policies respectively become 7"t ;= (72t gt et )

cent cent

= (qroent qeent geent ). We therefore end up with maximum alignment

cent .

and 7
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in both cases, such that f2¢* = f&" = max f,. in a coordination game, and f3** =
fSe" = min f,; in an anti-coordination game. Due to this, along with Egs. and
6.3, we know

E [Vi(misth po)] 2 E [V (i )] (6.4)
In turn we have:

E [VPP(mpty )| = B (VPP (rieth, )] (6.5)

which by Assumption [6.5.§] gives
E[W (mpty, I(mp)] = E[W (my, T(mdi)],
namely the result. [

6.5.2.2 Networked vs independent populations in coordination games

We now give results showing that learning is at least as fast in the networked case
than in the independent case - empirically we find networked learning always to be
strictly faster. We give separate theorems for coordination and anti-coordination
games. Since we cannot necessarily expect the independent agents to share a single
policy 71 after the update in each iteration of learning, we give these results in
terms of the population-average return (Def. instead of the single-policy
social welfare (Def. as before.

Again, we assume for simplicity of the theory that it is only the policy commu-
nication scheme that creates a difference in learning between the networked and
independent cases, i.e. we assume that networked agents receive the same estimates
of the mean field and average reward as independent agents. As mentioned above,
our ablation studies suggest policy communication is the dominant factor in our
experimental settings anyway, with the estimated mean field not required at all
in the broad class of stationary problems. Nevertheless, in practice the networked
estimates of the (mean field and) average reward are likely to be substantially
better than the independent ones, giving an additional performance increase over
the independent case. Thus loosening this assumption is likely to actually enhance

the effects identified in the theorems.



146 6.5. Theoretical results

Assumption 6.5.11. Assume that the estimated global mean field and average
X (i,net)

reward in the networked case are the same as the independent case, i.e. Vi,j [

_ X(J,ind) X(i,net)
= [ and 7 =ry.

We refer to the joint policy in the networked case after communication round

1,net N,net .. . )
cas e = (W,(f Let) e )), and the joint policy in the independent case
ind — (Lind) (Nvlnd)
as witd, = (7rk+1 ).

We can now give our second theorem, namely that in expectation networked
populations will increase their returns at least as fast as independent ones in coor-

dination games with only a single round of policy communication in each iteration.

Theorem 6.5.12. Let us again set 7.°"™ € Roy. In a coordination game, given

Assumptions[6.5.9, [6.5.6] and [6.5.11], for c = 0,

BVPr(misy e )| 2 B VPP (it )]

Remark 6.5.13. As mentioned in Rem. Assumption [6.5.5] presumes that all
policies are pairwise distinct after the updates, but does not restrict their returns
in the same way. If we additionally make the very weak assumption that at least
one of the distinct policies in each k iteration has a distinct base return from the
others (as is generally likely to be the case), the inequality in the theorem above

will be strict, i.e. networked learning will always be faster in expectation.

Proof. Let us consider two scenarios. Firstly let us imagine that within the com-
munication round, agents swap policies, but no policy drops out of the population,
such that if agent ¢ adopts policy Wi 41, there exists an agent ¢’ that adopts policy
.1, and so on. That way we end up with the same policies in the population as
before the change, but with each one possibly carried by different arbitrary agents.
This is equivalent to if no communication had taken place, meaning that in this
scenario VPP(mphy 1, ) = VPP(mid, ). The mostly likely circumstance for
this to occur is when no o}, value is distinct from the others, since then every

policy is equally likely to remain in the population in expectation.
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Let us now consider an alternative scenario. The softmax adoption scheme (Line
[11], Alg. [§), which for 7™ € R., gives non-uniform adoption probabilities for
distinct o values, means by definition that some communicated policies are more
likely to be adopted than others if they have distinct finitely estimated returns.
Thus in expectation the number of distinct policies in the population will decrease
if at least one policy has a distinct return from the others (of course, there is a
possibility of this still happening even if no policy has a distinct return from the
others). Let us start by saying for simplicity that during the first communication

round a single Wé{ﬁez) is replaced by 7T’(:+nletc), such that for ¢ =0

net (1,net) (i,net) (j,net) (N,net)
7Tk+17c - (WkJrl,c P 77Tk+1,c )t ’7rk+1,c (A 7Tk+1,c ’
net o (1,net) (i,net) (i,net) (N,net)
and Thtletl — (Wk+1,c+1v o Tt el Tt t,er 1 - - Thtl,ebl ) -

For this to have occurred, we know that
Eloy 0] > Elodi).
and therefore by Assumption that
E VO (i )] > B VO (e )] (6.6)

By Assumption we know that straight after the random policy updates

there is no alignment among policies, i.e. in a coordination game we have f{et) =

f‘:(j’net) = min f.. Therefore if Eq. pertains, by Def. it must be because:
E[b(z V)] > E[b(rV)], (6.7)

i.e. because the base policy quality is higher for 7(>*Y) than for 7" For this

reason we have, for ¢ = 0:

E {Vpop(ﬂ'z?:l,wl’ '“t)} >E [Vpop(ﬁzitlvc’m)} ' (6.8)

Additionally, replacing W,(CJ_SGZ) with a second copy of W]E:z—‘_nletc) will increase the

alignment (f,) of m/\y such that B [VEueO (mhet, |\ )] > E [V (it )],
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increasing the improvement even further. This effect is even greater if more than
one policy is replaced.
Since the independent case is equivalent to the networked case when C, = 0, we

can say that wj’l, = 7", . This gives the result, i.e.
E |:Vp0p<7rrléitl,c+17 ,ut):| Z E [Vpop(ﬂ-}cnfrila /’Lt)j| )

where this inequality will be strict if the first scenario does not apply in expectation.

O

6.5.2.3 Networked vs independent populations in anti-coordination
games
To prove the benefit of the networked case over the independent case in anti-
coordination games, we use a final additional assumption. This presumes that the
base return is not yet fully maximised (as naturally applies for a certain amount of
time during training), and that the benefit to an agent’s overall return of increasing
its base return by adopting a neighbour’s better-performing policy outweighs the
resulting decrease in diversity. This establishes the conditions under which our
policy adoption scheme is able to advantage networked agents over those whose
policies are always independent. The second part of the assumption applies in most
non-trivial scenarios, namely where the goal of the task is not simply for agents to
have distinct policies that are otherwise inconsequential, and thus where the benefit
of diverse behaviour can only be fully felt once agents have a certain level of aptitude
at accomplishing the given task. For example, in all of the anti-coordination games
in our experiments, agents are always penalised for moving, and only start to receive
higher rewards if they are stationary. Therefore in these anti-coordination games
agents will receive higher returns by aligning on policies that prioritise stationarity,
than by maintaining diverse policies that have high levels of movement. Of course
once base return is maximised and the assumption no longer holds, one can consider
terminating policy communication and adoption to avoid decreases in diversity

(one may also be ready to stop training entirely at this point, as the population is
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likely to be reaching the optimal average return). Please see Sec. for further

discussion of the applicability of this assumption in practice.

Assumption 6.5.14. Assume that the agents have not yet maximised their base
return function i.e. b(m},,) < sup,er b(m) Vi € {1,..., N}, and that an increase
in the base return function outweighs a decrease in the policy diversity, namely

h(b + Ab, fqg — Afd) > h(b, fd>, VAb > 0,Af; > 0.

We now give our final theorem, namely that in anti-coordination games, in
expectation networked populations will increase their returns at least as fast as

independent ones with only a single round of communication in each iteration.

Theorem 6.5.15. Let us once again set 7.°"™ € Rsy. In an anti-coordination

game, given Assumptions[6.5.5, [6.5.6, [6.5.11land [6.5.1], for ¢ =0,

E {Vpop(ﬂ'zih,cﬂa Mt)} > E [Vpop(ﬁ}cnfl’ ”t)} '

Remark 6.5.16. As mentioned in Rems. [6.5.10] and [6.5.13] Assumption [6.5.5]

presumes that all policies are pairwise distinct after the updates, but does not
restrict their returns in the same way. If we additionally make the very weak
assumption that at least one of the distinct policies in each k iteration has a distinct
base return from the others (as is generally likely to be the case), the inequality in
the theorem above will be strict, i.e. networked learning will always be faster in

expectation.

Proof. The proof begins similarly to that for a coordination game. Let us consider
two scenarios. Firstly let us imagine that within the communication round, agents
swap policies, but no policy drops out of the population, such that if agent ¢ adopts
policy ’/Ti 41, there exists an agent ¢’ that adopts policy e +1, and so on. That way
we end up with the same policies in the population as before the change, but with
each one possibly carried by different arbitrary agents. This is equivalent to if no
communication had taken place, meaning that in this scenario VPP(mi!) .11, i) =

Vror(ind, i), The mostly likely circumstance for this to occur is when no o},
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value is distinct from the others, since then every policy is equally likely to remain
in the population in expectation.

Let us now consider an alternative scenario. The softmax adoption scheme (Line
, Alg. , which for 707" € R gives non-uniform adoption probabilities for
distinct o values, means by definition that some communicated policies are more
likely to be adopted than others if they have distinct finitely estimated returns.
Thus in expectation the number of distinct policies in the population will decrease

if at least one policy has a distinct return from the others. Say for simplicity that

. . . (j,net) . (¢,net)
during the first communication round a ;7 is replaced by m; 7 7, such that for
c=0
net (1,net) (i,net) (j,net) (N ,net)
7Tk+1,c - (ﬂ-k-i-l,c )t 77Tk+1,c [ ’ﬂ-k-i-l,c y e 7Tk+17c ’
net o (1,net) (i,net) (i,net) (N,net)
and Thtlcrl = (Wk+1,c+1a o Mg erls o Tt ebs - o Tt l,et1 )

For this to have occurred, we know that
Elo{d) > o),
and therefore by Assumption that
E (VOO (i )| > B[V (st )] - (6.9)

By Assumption [6.5.5] we know that straight after the random policy updates
there is no alignment among policies, i.e. in the anti-coordination game we have
fy’net) = féj’net) = max fy, while by Assumption we know that the agents
have not yet maximised their base return function. Therefore if Eq. pertains,
by Def. it must be because:

E[b(r@0)] > E[b(xGme)], (6.10)

i.e. because the base policy quality is higher for 7(#"¢%) than for wUmet),
Assumption assumes that any increase in the base quality of the policy
will outweigh the decrease in diversity that will come from having more than one

agent following W,(Lrnletclrl Therefore we have, for ¢ = 0:

E {Vpop(ﬂgitl,cﬂa Mt)] >E [Vpop(ﬂ-zitlac’mﬂ '
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These steps apply similarly if more than one policy is replaced.
Since the independent case is equivalent to the networked case when C), = 0, we

can say that 7itd, = T4 0- This gives the result, i.e.
ind
E [VPP(ri o, )] = B[VPP(m2 )],

where this inequality will be strict if the first scenario does not apply in expectation.

]

6.6 Experiments
6.6.1 Experimental setup

We present experiments from grid worlds, following Chs. M| and [5| and the gold
standard in similar works on MFGs and MFC [I00]. We give results from six
cooperative tasks similar to those found in prior works, defined by the agents’
reward functions and relating to agents’ positions relative to other agents. Two
are coordination tasks and four are anti-coordination tasks, where in each case the
reward function reflects a coordination/anti-coordination (f./f;) element alongside
other elements that may be crucial for receiving reward, reflected in the policies’
base quality b(r) (Sec. [6.5). In all cases, rewards are normalised in [0,1] after
they are computed, and the cooperative objective is to maximise the social welfare

/ population-average return.

The two coordination tasks are:

o Cluster. This game is also used in Chs. [d] and 5, but we restate it here for
ease of reference. Agents are encouraged to gather together by the reward
function R(s!, al, fi;) = log(fi¢(s!)). That is, agent i receives a reward that is
logarithmically proportional to the fraction of the population that is co-located
with it at time . We give the population no indication where they should

cluster, agreeing this themselves over time.

As in the previous chapters, in the ‘cluster’ task we expect the population

to concentrate at a single state. There are |S| social optima, one per choice
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of clustering state. The sub-optimal NE described for the analogous MFG
task are not recognised solutions in MFC, since the welfare-maximisation
objective rules them out as targets, but they can still arise as sub-optimal
outcomes if the algorithm fails to reach a social optimum. In practice we
find that welfare-maximising populations usually cluster at one of the four
corners despite the symmetry of the reward across all states: three of the five
available actions leave an agent in any corner cell (the ‘stay’ action plus the
two cardinal moves that bounce off a wall), two leave them in any non-corner
edge cell, and only ‘stay’ keeps them at any interior cell - so exploratory
policies drift the population toward the corners, and once a cluster begins to

form the per-state reward reinforces this bias.

Target selection. This game is also used in Chs. [f and [5] but we restate it
here for ease of reference. Unlike in the above ‘cluster’ game, the agents are
given options of locations at which to gather, and they must reach consensus
among themselves. If the agents are co-located with one of a number of
specified targets ¢ € ® (in our experiments we place one target in each of the
four corners of the grid), and other agents are also at that target, they get a
reward proportional to the fraction of the population found there; otherwise
they receive a penalty of -1. In other words, the agents must coordinate on
which of a number of mutually beneficial points will be their single gathering
place. Define the magnitude of the distances between x,y at t as dist,(x,y).

The reward function is given by R(s}, al, fi) = Tiarg(Teoora(f(s}))), where

() T if 3p € @ s.t. disty(si, ) =0
Ttarg(X) =
targ —1 otherwise,

T lf/lt Si >1/N
Tcoord<x) - ( t). /

—1 otherwise.
As in the previous chapters, in the ‘target selection’ task we expect the
population to concentrate at a single target corner. There are |®| = 4 social

optima, one per choice of target. The sub-optimal NE described for the
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analogous MFG task are not recognised solutions in MFC, since the welfare-
maximisation objective rules them out as targets, but they can still arise as

sub-optimal outcomes if the algorithm fails to reach a social optimum.
The anti-coordination tasks are:

o Disperse. This game is also used in Ch. |5/ and is similar to the ‘exploration’
tasks in Lauriere et al. [20], Wu et al. [I53] and other MFG works. In our
version agents are rewarded for being located in more sparsely populated areas
but only if they are stationary, to avoid trivial random policies. The reward
function is given by R(si, ai, fit) = Tstationary(— 10g(7i1(s}))), where

x ifa; is ‘remain stationary’

-1 otherwise.

Tstationary (ZL’) - {

As in the ‘disperse’ task in Ch. 5], the uniform stationary distribution is the
unique optimum. Here it is characterised as the social optimum under MFC

rather than as the Pareto-dominant MFG-NE.

o Target coverage. The population is rewarded for spreading across a certain
number of targets, as long as agents are stationary at the target. As in the
‘target selection’ game, we have targets ¢ € ®, where in our experiments
we place one target in each of the four corners of the grid. Again define
the magnitude of the distances between x,y at t as dist,(z,y). The reward

function is given by

R(Sia aiu Iat) - Tstationa'r’y (Ttm‘g <_ log<ﬂt<8;)>)) )

where 7siationary and 7449 are as defined above.

In the ‘target coverage’ task we expect the population to spread evenly
across the four targets, with population mass &~ N/|®| at each and all agents

stationary. Uniformity over the four targets is the unique social optimum.
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« Beach bar. Such games are very common in MFG works [19] 100, 126, [153].

In our version agents are rewarded for being stationary in sparsely populated
locations as close as possible to a target ¢y, located in the centre of the grid.
The maximum possible distance from the target is denoted maxDist. The

reward is given by
R(‘g; (Ii, ,at) = rstationary (maxDist - diStt(Sia ¢b) - log(ﬂt<8;)>> )

where 7sqationary 15 as defined above.

In the ‘beach bar’ task the unique social optimum is a stationary Boltz-

—dist(s,pp

mann distribution, with density o e ), peaked at ¢, and decaying

exponentially with distance from it.

Shape formation. The population is rewarded for spreading around a ring
shape, accomplished by encouraging agents to be dispersed a distance of 3
(chosen arbitrarily to fit the grid) from a centre point ¢.. The reward is given
by

R(Si, ai, ﬂt) = Tstationary (T'ring (_ IOg(ﬂt(Si))» )

where 7sqationary 1s as defined above, and

-1 otherwise.

ring () = {:I: if dist, (s}, o) =3

In this task the unique social optimum has all agents stationary on a ring of

distance 3 around ¢,, with mass distributed uniformly along the ring.

We now consider whether the MFC solutions to these tasks differ from their non-

cooperative MFG counterparts, particularly for the tasks with direct analogues in

earlier MFG chapters. The MFC social optimum coincides with the Pareto-dominant

MFG-NE in all six of our tasks. In each case both are realised by a population-

*

symmetric joint policy 7w = (7*,...,7*): in the coordination tasks (‘cluster’, ‘target

selection’) every individual benefit from being in a high-density region is also a
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population-average benefit, and in the anti-coordination tasks (‘disperse’, ‘target
coverage’, ‘beach bar’, ‘shape formation’) the reward functions are concave in fi(s)
so the uniform-or-prescribed-shape distribution that maximises social welfare is
also one that no individual can improve upon. Whether the MFG algorithm is
more like to reach this Pareto-dominant NE rather than one of the sub-optimal NE
described in previous chapters (e.g. partition-based NE in the ‘cluster’ and ‘target
agreement’ tasks) depends on the learning architecture (networked, central-agent,
or independent), the communication radius, and stochastic factors (initialisation
and sampling realisations) that may by chance drive the population toward the
Pareto-dominant NE. We do not observe a consistent gap between MFG-NE and
MFC social-welfare returns in our results in Sec. [6.6.3l

As in the previous chapters, in these spatial environments, we choose to define
both the communication network G™™ and the visibility graph G/** by the physical
distance from 7, though this does not need to be the case. We show plots for various
transmission radii, given as fractions of the maximum distance in the grid. Note
that the networked population with the largest radius is always fully connected,
and therefore these agents are always able to accurately estimate 7, and fi; even
for C, =1 and C, = 0. That is, when we set C, = C, > 0 their observations are
equivalent to those that the central-agent population would receive, albeit that
policies are updated and spread differently.

Similar to the second metric used in the previous two chapters, we evaluate our
experiments according to a finite-step estimate of the population-average discounted
return (Def. over the M steps within each outer k loop (Line , Alg. , ie.
ypop (70k, pu; M). Experiments were conducted on a Linux-based machine with 2 x
Intel Xeon Gold 6248 CPUs (40 physical cores, 80 threads total, 55 MiB L3 cache).
We use the JAX framework to accelerate and vectorise our code. We run five trials
with different random seeds for each experiment, and plot the mean and standard
deviation of the mean across the seeds. Random seeds are set in our code in a fixed

way dependent on the trial number to allow easy replication of experiments.
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6.6.2 Hyperparameters

See Table for our hyperparameter choices. We can group our hyperparameters
into those controlling the size of the experiment, those controlling the size of the
Q-network, those controlling the number of iterations of each loop in the algorithms
and those affecting the learning/policy updates or policy adoption.

In our experiments we generally want to demonstrate that our communication-
based algorithm learns faster than the central-agent and independent architectures,
even when the Q-function / mean field / average reward are poorly estimated as is
likely to be the case in complex real-world scenarios. We have a similar motivation
in the MFG setting in Chs. [ and [5] Moreover we want to show that there is a
large benefit even to a small amount of communication, so that communication
rounds themselves do not excessively add to time complexity. As such, we generally
select hyperparameters at the lowest end of those we tested during development, to

show that our algorithms are particularly successful and robust given what might

otherwise be considered ‘undesirable’ hyperparameter choices.

Table 6.1: Hyperparameters

Hyper- Value Comment

param.

Trials 5 We run 5 trials with different random seeds for each experiment. We plot
the mean and standard deviation of the mean for each metric across the
seeds.

Gridsize 20x20 -

Population 500 We chose 500 for our demonstrations to show that our algorithm can
handle large populations, indeed often larger than those demonstrated in
other mean-field works, especially for grid-world environments, while also
being feasible to simulate with respect to time and computation constraints
[105], 108, 126, 142, 153, 201, 229-H232]. For example, the MFC work in
Carmona et al. [120] uses 10 agents; the work on decentralised execution
for MFC by Cui et al. [7] uses 200 agents.

Number of 440 The agent’s position is represented by two concatenated one-hot vectors,

neurons in
input layer

indicating the agent’s row and column. The mean-field distribution is a
flattened vector of the same size as the grid. As such, the input size is
[(2 x dimension) + (dimension?)].

Continued on next page
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Table 6.1: Hyperparameters (continued)

Hyper- Value Comment

param.

Neurons 256 We draw inspiration from common rules of thumb when selecting the

per hidden number of neurons in hidden layers, e.g. it should be between the number

layer of input neurons and output neurons / it should be 2/3 the size of the
input layer plus the size of the output layer / it should be a power of 2 for
computational efficiency. Using these rules of thumb as rough heuristics,
we select the number of neurons per hidden layer by rounding the size of
the input layer down to the nearest power of 2. The layers are all fully
connected.

Hidden lay- 2 We achieved sufficient learning speed with just 2 hidden layers, but further

ers optimising the number of layers may lead to better results.

Activation  ReLU This is a common choice in deep RL.

function

K 150 K is chosen to be large enough to see convergence in most networked cases.

M 20 We tested M in {20,50,100} and found that the lowest value was sufficient
to achieve convergence while minimising training time. It may be possible
to converge with even smaller choices of M.

L 20 We tested L in {20,50,100} and found that the lowest value was sufficient
to achieve convergence while minimising training time. It may be possible
to converge with even smaller choices of L.

E 20 We tested F in {20,50,100}, and choose the lowest value to show the benefit
to convergence even from very few evaluation steps. It may be possible to
reduce this value further and still achieve similar results.

C, 1 As in Chs. 4/and [5} we choose a value of 1 for most experiments to show the

(10/50)  convergence benefits brought by even a single policy communication round,
even in networks that may have limited connectivity. We also conduct
additional studies to show the effect of further rounds in Figs. [6.3] and [6.4}
C. 1 Similar to C,, we choose this value to show our algorithm’s ability
(10/50) to appropriately estimate the average reward even with only a single
communication round, even in networks that may have limited connectivity.
We conduct additional studies to show the effect of further rounds in Figs.
[6.3] and [6.4]
C. 1 Similar to C),, we choose this value to show the ability of our algorithm to
(10/50) appropriately estimate the mean field even with only a single communication
round, even in networks that may have limited connectivity. We also conduct
additional studies to show the effect of further rounds in Figs. [6.3] and [6.4}
7y 0.9 Standard choice across RL literature.

Tq 0.03 We follow Vieillard et al. [260] and Ch. |5|, where we tested a range of values.

| B| 32 This is a common choice of batch size that trades off noisy updates and

computational efficiency.

Continued on next page
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Table 6.1: Hyperparameters (continued)

Hyper- Value Comment

param.

cl -1 We use the same value as in Ch. [5|and Vieillard et al. [260].

v L—1  We follow Ch. [5| which is similar to Lauriere et al. [20].

Optimiser ~ Adam  As in Vieillard et al. [260], we use the Adam optimiser with initial learning

rate 0.01.

Tomm cf. We follow Ch. [5| where 7£°™ increases linearly from 0.001 to 1 across the

com- K iterations. Further optimising this inverse annealing process may lead to

ment better results; we provide an ablation study in Fig. [6.9]

6.6.3 Results and discussion

Fig. [6.1] gives results for our standard experimental settings involving 500 agents,
each with their own Q-network. When networked agents communicate, they have
only a single communication round. Fig. shows that in all of our tasks,
networked populations of all broadcast radii significantly outperform independent
(orange) agents, which hardly appear to increase their returns, if at all. Networked
populations of all broadcast radii also significantly outperform the central-agent
(blue) populations in all but the two coordination tasks, where only networked
agents of the smaller radii (green, 0.2; red, 0.4; purple, 0.6) underperform them
(probably due to these less connected populations being more likely to experience
violations of Assumption [6.5.7] on policy consensus, which is a disadvantage in
scenarios where alignment is beneficial). In the anti-coordination tasks the central-
agent populations perform similarly to purely independent ones in hardly appearing
to increase their returns, performing even worse than independent agents in the
‘shape formation’ task. The central-agent populations also have markedly higher
variance than networked ones in several tasks (‘target selection’, ‘disperse’, ‘beach
bar’). This reflects our theoretical analysis in Sec. that the central learner
pushes an arbitrary updated policy to the whole population regardless of its quality,
leading to large fluctuations in performance, whereas our communication scheme

biases networked populations towards better performing updates.
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(e) ‘Beach bar’ game. (f) ‘Shape formation’ game.

Figure 6.1: Standard settings with C. = C, = C), = 1. In all tasks networked agents of
all broadcast radii significantly outperform the independent (orange) populations, and
in most tasks they also outperform the central-agent (blue) populations, reflecting our
theoretical results. The central-agent populations also have markedly higher variance than
networked ones in several tasks, since the central learner pushes an arbitrary updated
policy to the whole population regardless of its quality, leading to large fluctuations in
performance, whereas our communication scheme biases networked populations towards
better performing updates.

In the ‘target coverage’ task, and sometimes the other anti-coordination tasks to
a lesser extent, networked agents of smaller broadcast radii appear to outperform
those of larger radii, i.e. the ordering is reversed from that of the coordination
tasks, albeit not necessarily significantly so. This reflects the point up to which
our Assumption (base return is not yet maximised, and increase in base
return outweighs decrease in diversity in anti-coordination tasks) holds in practice,
which we discuss in the following.

The second part of Assumption strictly holds throughout the ‘disperse’,

‘target coverage’ and ‘shape formation’ anti-coordination tasks: agents get no reward
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for diversity unless they are stationary (and also unless they are in one of the correct
locations in the latter two cases). This means that any increase in base return
(likelihood of being stationary or in the right location) achieved by policy adoption
does indeed outweigh the loss of diversity. The second part of Assumption
mostly holds in the ‘beach bar’ game, apart from in a small window for agents
that are stationary close to the bar target, with the window defined by the size
of the empirical population and hence the potential magnitude of the log(/i;(s!)
term in the reward function. Inside this window, increasing base return by moving
even closer to the target, at the cost of being in a more crowded area, would not
necessarily be beneficial. Regardless, in all of these tasks the networked populations
of all broadcast radii significantly outperform the independent agents, which do
not appear to be able to learn at all without the helpful bias towards policies with
better base returns enabled by the communication scheme.

However, among these networked populations, the base return quickly reaches
its capacity, i.e. agents learn to be primarily stationary in one of the right locations,
such that the first part of Assumption no longer holds. This is not an issue
when comparing with the independent populations, which have not maximised
their base returns and therefore perform worse, but it does give rise to the reverse
ordering of returns which we see among networked populations of different radii and
hence connectivities. Once base return is maximised, policies that are estimated
to receive higher returns in these anti-coordination tasks may be less aligned with
other policies than those other policies are with each other (at least regarding the
strategically relevant parts of policies which are rewarded for greater diversity, e.g.
these policies visit the less congested locations), or they simply visited the less
congested locations by chance during the finite evaluation steps. Either way, more
adoption of policies now becomes a disadvantage, since it reduces diversity without
an additional positive impact on base return. Therefore architectures that give less
communication now perform better by preserving diversity. Populations with lower
broadcast radii usually have less connected networks, especially if sub-populations

become isolated from each other, which is more likely in our ‘target coverage’ game
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than the others since the target locations are as far apart as possible from each
other. Therefore these populations have less communication than those with larger
broadcast radii and so may perform better, even while all networked populations
outperform the independent agents that have not maximised their base returns.
This intuition also gives additional justification for why central-agent populations
significantly underperform networked populations in these anti-coordination games,
especially when policy consensus is not enforced for the networked populations.
The ultimate choice of consensus level might depend on the considerations from
Rem. namely, whether one is using the empirical population as a practical
way of learning the social optimum for a MFC problem (Def. , where a single
policy 7* is desired to be given to an infinite population, or whether one is solving
the MFC problem to approximate the solution to a finite-agent control problem
(maximising Def. involving the same number of agents as the empirical
population from which one is learning. In the latter case some policy diversity may

be accepted/desired if it affords a better approximation to the N-agent solution.

Further studies We provide numerous additional experiments and ablation
studies. We list these below, but please find the full discussion of results in
the caption for each figure. Of particular note, the ablation studies of Algs. [6]
(estimating global average reward) and [J] (estimating global empirical mean field)
suggest that in our experimental settings the policy communication scheme (Alg.
is the dominant factor in the better performance of networked populations

over the other architectures.

Robustness to communication failures - Fig. [6.2

Increased communication rounds - Figs. and [6.4]

Ablation study with population-independent policies - Fig. [6.5]

Ablation study of Alg. @ for estimating the empirical mean field (all agents
directly receive the true empirical mean field) - Fig. [6.6]
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 Ablation study for observation of true/estimated average reward (agents only

see their individual reward) - Fig. |6.7]

o Ablation study for Alg. |§| for estimating the true global average reward (all
agents directly receive the true global average reward) - Fig. .

« Ablation study of the choice of 7{°™" - Fig. [6.9]
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Figure 6.2: All communication links suffer a 90% probability of failure, including in the
central-agent case, where the link between the central learner and the rest of the population
may fail. C. = C) = C), = 1. The central-agent population, which in the standard setting
matched networked performance only in the ‘cluster’ game, now learns slower even in this
game, due to suffering from the single point of failure. Our networked scheme appears
robust to the failures in all tasks, with only small differences compared to performance
in the standard setting. In fact, several broadcast radii appear to perform better in the
‘shape formation’ game with these failures than without (though not significantly so),
probably because the reduced communication permits greater diversity in policies while
still having an advantage over purely independent learners (as discussed in the body of
Sec. . However, the smallest broadcast radius (green, 0.2) does drop in performance
in this game, which might be expected given it now acts similarly to the independent case.
Networked populations appear to have less variance in this setting than in the standard
setting, at least in the first four games. This is possibly because the communication
failures prevent both particularly high- and particularly low-performing policies from
spreading fast in the population, preventing large performance fluctuations and smoothing
learning progress. Meanwhile central-agent populations still have large variance even with
communication failures, due to enforcing the adoption of an arbitrarily-chosen consensus
policy - in some games variance is higher in this setting (though in some it may be
marginally lower). This points to an additional benefit of our networked scheme over the
central-agent case.
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Figure 6.3: Standard algorithms but C, = C, = C, = 10. As is expected, in the
coordination games the networked agents with lower broadcast radii now receive returns
almost as high as those with larger radii, albeit at the cost of greater variance (having
more communication rounds leads to greater policy consensus in the population at
each iteration of the outer loop, and there may be some noise in the quality of these
consensus policies). In the ‘target selection’ game, now all networked populations appear
to outperform the central-agent (orange) population, though again with high variance.
In the anti-coordination ‘target coverage’ game, the smaller broadcast radii (green, 0.2;
red, 0.4; purple, 0.6) receive slightly lower returns than before, since the additional
communication rounds now make policy alignment more likely, reducing f; as per Def
6.5.3. The same is true of the smallest radius population (green, 0.2) in the ‘shape
formation’ game, which receives a lower return than before. This reflects the discussion in
the body of Sec. [6.6.3 regarding the detrimental effect of additional policy adoption once
the maximum base return has been achieved in anti-coordination games. Nevertheless, all
networked populations receive higher returns than the independent agents in all games,
and also than the central-agent population in all but the ‘cluster’ game. This shows
that in our experimental settings there is a very large benefit to a single communication
round, with limited benefit to increasing the algorithms’ time complexity with additional
communication rounds.
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Figure 6.4: Standard algorithms but C. = C, = C), = 50. Having 50 communication
rounds does not appear to significantly change networked performance compared to 10
rounds (Fig. , with most increases or decreases in average return appearing within the
margin of error. Most notably, the largest broadcast radius (pink, 1.0) receives slightly
lower return now than with 10 rounds in the ‘disperse’ game, while pink (1.0), brown
(0.8) and green (0.2) receive lower returns and have higher variance now in the ‘beach
bar’ game. As in the case of C, = C, = C}, = 10, additional communication rounds make
policy alignment more likely, reducing fy as per Def This reflects the discussion in
the body of Sec. [6.6.3] regarding the detrimental effect of additional policy adoption once
the maximum base return has been achieved in anti-coordination games. Nevertheless, all
networked populations receive higher returns than the independent agents in all games,
and also than the central-agent population in all but the ‘cluster’ game. This shows
that in our experimental settings there is a very large benefit to a single communication
round, with limited benefit to increasing the algorithms’ time complexity with additional
communication rounds.
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Figure 6.5: Ablation study of population-independent policies. No agents, including
centralised and networked ones, observe or estimate the empirical mean field, and all
receive a vector of zeros in its place (so as to keep the neural networks the same size as in
the standard setting). C, = C, = 1. Networked populations do not appear to perform
substantially differently to the standard population-dependent setting, though some radii
(red, 0.4; pink, 1.0) appear to perform slightly better in the ‘shape formation’ game. This
is likely because all of our games have stationary solutions, such that observing the mean
field is not actually necessary, even if it could potentially be useful (see Sec. for
discussion of the conception of MFC as a central planner trying to guide the population
to a distribution that maximises the expected return). Indeed, in the coordination games,
and particularly the ‘target selection’ game, the central-agent population receives a lower
return in this setting, whereas our networked populations are robust to this change.
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Figure 6.6: Ablation study of Alg. |§| for estimating the empirical mean field - all
agents, including independent ones, directly receive the true global empirical mean

field. C, =

» = 1. This does not appear to change performance in the networked

populations (apart from greater variance here in the ‘shape formation’ game), nor does it
help independent agents. This may be evidence that Alg. [9] enables networked agents to
accurately estimate the global mean field from local observations. However, our ablation
study on population-independent policies (Fig. suggests that not observing the mean
field does not markedly disadvantage agents in our experimental settings in any case
(apart from for the central-agent populations in the coordination games). This is likely
because all of our games have stationary solutions, such that observing the mean field is
not necessary. Therefore further evidence is perhaps needed in MFC settings that require
population-dependent policies, in order to confirm the efficacy of Alg. [9] for estimating
the mean field, though in Ch. [5] we already showed this for non-stationary games in the

non-cooperative MFG setting.



168 6.6. Experiments

— Centralised
Independent

- Networked (0.2)
Networked (0.4)
Networked (0.6)
Networked (0.8)
—— Networked (1.0)

/ — Centralised
/ Independent

- Networked (0.2)
—= Networked (0.4) 2
~+ Networked (0.6)
-~ Networked (0.8)
—— Networked (1.0) o

Average discounted retum

Average discounted return

0 10 20 3 4 O 6 70 8 % 100 110 120 130 140 150 0 1 20 3 4 S0 60 70 8 9% 100 110 120 130 140 150

(a) ‘Cluster’ game. (b) ‘Target selection’ game.

254 — centralised
Independent

--- Networked (0.2)

—= Networked (0.4)

Networked (0.6)

=+ Networked (0.8)

~— Networked (1.0)

— Ccentralised
+Independent
-=- Networked (0.2)
—- Networked (0.4)
~--- Networked (0.6)
-~ Networked (0.8)
Networked (1.0)

Average discounted return

Average discounted return

6 10 20 3 4 s 60 70 8 % 100 110 120 130 140 150 6 10 20 30 4 s 60 70 8 % 100 110 120 130 140 150

(c) ‘Disperse’ game. (d) ‘Target coverage’ game.

— Centralised
030 Independent

~=- Networked (0.2)
025 — Networked (0.4)
Networked (0.6)
-~ Networked (0.8)
020 —— Networked (1.0)

— centralised
~Independent

- Networked (0.2)

-~ Networked (0.4)

Networked (0.6)

+=- Networked (0.8)

Networked (1.0) 0.00

Average discounted return
Average discounted retumn

O 1 20 3 4 O 6 70 8 % 100 110 120 130 140 150 0 10 20 30 4 5 6 70 8 9% 100 110 120 130 140 150

(e) ‘Beach bar’ game. (f) ‘Shape formation’ game.

Figure 6.7: Ablation study for observation of true/estimated global average reward
7t/ 7:“%, where all agents, including centralised ones, only have access to ri, where in the
central-agent case ¢ = 1. C, = C), = 1. The greatest effect of this is on the central-agent
(blue) populations, which perform much worse in the ‘target selection’ game, and with
higher variance in the ‘cluster’ and ‘beach bar’ games, i.e. they suffer without access to
the global average reward. The networked agents appear more robust to the loss of the
(estimated) average reward, pointing to an additional benefit of the policy communication
scheme, though do experience a slight performance decrease, mostly among populations
with the largest broadcast radii (pink, 1.0; brown, 0.8), i.e. those most similar to the
central-agent case in terms of ﬁ, as might be expected. In particular, note the greater
variance of pink (1.0) in the ‘target selection’ game; slower learning and higher variance
of pink (1.0) and brown (0.8) in the ‘beach bar’ game; lower returns for pink (1.0) and
brown (0.8) in the ‘shape formation’ game; and slower learning and convergence of the
smallest radii (green, 0.2; red, 0.4) in the ‘target coverage’ game. This all demonstrates
the usefulness and efficacy of our novel Alg. [6] for decentralised estimation of the global
average reward.
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Figure 6.8: Ablation study for Alg. El for estimating the global average reward. All
agents, including both networked and independent ones, directly receive the true global
average reward such that 752 = 4. Ce = Cp = 1. Access to the true average reward does
not help networked agents to improve their returns, demonstrating that our novel Alg.
[6] already affords networked populations robustness against the lack of access to this
global information (having this global information would be an unrealistic assumption in
practice). Access to the true average reward also does not help independent agents to
improve their returns, suggesting that the policy communication scheme is the dominant
factor in improving the performance of decentralised agents.
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Figure 6.9: Ablation study of the choice of 7/°"". Here Vk 77" = le-18 (i.e. 7™
is close to 0, turning the softmax into a max function), rather than linearly increasing
from 0.001 to 1 across the K iterations as in all other experiments (see Table [6.1)).
C. = C, = C, = 1. In this setting, networked agents continue to outperform the
central-agent (blue) and independent (orange) populations in all games except the ‘cluster’
game, but otherwise generally appear to receive lower average returns than before and
with greater variance. This is because Assumption [6.5.6] on the quality of the finite-
step approximations {0} }I¥, = {Vi(mi1, pue; E)}N, may not always apply in practice,
especially as the difference between updated policies becomes less stark once they are
closer to convergence. This means the policy estimated to perform the best may not
actually be among the best updates, such that enforcing the adoption of this policy can
lead to noisy, unstable learning. Using a higher temperature value smooths out this noise.
On the other hand, having a lower temperature ensures faster learning at the beginning
of training when the difference in the quality of nascent policies is likely to be more stark,
hence our inverse annealing scheme. Moreover, using 7.°""" close to 0 more effectively
enforces consensus on a single policy in the networked case, which in anti-coordination
games may also reduce the average return (see the body of Sec. . This all provides
empirical support for our inverse annealing scheme for 7,°™™, but further optimising the
choice might lead to additional performance increase.
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6.7 Conclusion

We provided the first algorithms for decentralised training in MFC, as well as the first
for online learning in MFC from a single non-episodic run of the empirical system.
We did so by modifying our algorithms from the MFG setting, and contributing a
novel algorithm for estimating the global average reward via local communication.
We proved theoretically that networked communication can accelerate learning over
both the independent and central-agent architectures. We supported this with
extensive numerical results, accompanied by ablation studies and discussion of
the empirical effects of communication radii. For discussion of potential avenues

for future work, please see Ch. [7
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7.1 Conclusion

In this thesis we have introduced networked communication to the mean-field
framework. In Ch. [d] we theoretically related a general policy exchange scheme to
existing sample guarantees for central-agent and independent-learning algorithms for
solving MFGs from a single, non-episodic run of the empirical N-agent population,
in settings with tabular Q-functions. We observed that the theoretical conditions
underpinning these sample guarantees would give infeasibly slow learning in practice,
but found that incorporating replay buffers made convergence much more attainable,
allowing us to give the first empirical demonstrations of all three architectures in this
setting. We also introduced the specific policy adoption scheme that we continue to

use in the rest of our work: updated policies that are estimated to perform better
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are more likely to be adopted from neighbours. We showed empirically that in this
tabular setting our networked agents markedly outperform independent ones while
avoiding the undesirable assumption of a central learner; we also showed that our
architecture is more robust than the alternatives in various ways.

In Ch. [5 we modified our algorithms to allow function approximation, which
permits both computational scalability to more complex environments, and the
consideration of policies that depend on the mean field as well as the agent’s
local state. This in turn allowed us to move to non-stationary MFGs and those
experiencing common noise. We also introduced a second use of the communication
network, namely sub-routines where agents estimate the mean field from their local
neighbourhood, and can improve their estimates via communication with neighbours.
We proved that in this setting our communication architecture allows networked
agents to outperform even central-agent populations, with the difference being more
marked as variance in the quality of Q-function approximation grows, meaning
the algorithms can be run with fewer iterations, making learning faster in practice.
Our experiments showed that our networked architecture allows populations to
significantly outperform both alternatives in this setting.

In Ch. [6] we modified our function approximation algorithms toward the MFC
setting, and introduced a third use of the communication network: for estimating
the global average reward from a local neighbourhood to serve as a cooperative
objective. In the cooperative problem we can conceptually broaden the incentives
for adopting neighbours’ policies to more tasks, namely anti-coordination games as
well as coordination games (though in Ch. |5| we indicated that the distinction may
not be necessary in practice even in MFGs). We gave theoretical analysis of the
conditions under which our networked architecture outperforms the central-agent
and independent baselines in the different classes of game, and discussed how even
when loosening our assumptions, our results still provide heuristic insight into the
benefits of our policy communication scheme. We also gave extensive experiments
in this setting, showing that our networked architecture can learn faster than the

alternatives even when facing massive communication failures.
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These contributions are of general conceptual interest, and touch upon a number
of different areas, including mean-field theory, (deep) reinforcement learning,
networked communication and distributed evolutionary algorithms. They also
represent progress in our stated objectives of mean-field algorithms that face fewer
obstacles to deployment in practical scenarios. Most notably, in computationally
restricted settings networked communication allows populations to learn online
faster and more robustly than the centralised and independent baselines. As we
discuss below, a natural next step is of course moving to real-world problems and
deployments, to find out how our work can be practically useful and to identify

what obstacles still need to be removed.

7.2 Limitations and future work
7.2.1 Experimental and theoretical extensions

Our work follows the gold standard in MFGs by presenting experiments on grid
world toy environments, albeit we show in Ch. [5| that our algorithms are able to
handle larger and more complex games than prior work. Nevertheless, while these
experiments demonstrate the advantages of our networked architecture, they still
lack the complexity of the real-world applications to which we wish to address the
approach. Thus future work lies in moving from these environments to real-world
settings (where it may not be possible to reduce hyperparameter values to the same
extent as we have demonstrated in our simpler experiments). However, there are

also experimental gaps that could be filled even before this. Namely:

o While we demonstrate in Ch. [ that our communication scheme affords faster
learning when both the transition and reward functions depend on the mean
field in non-tabular MFGs, our experiments in MFC and tabular MFGs have
only the reward function depending on the mean field. As future work we
could extend these experiments to transition functions that also depend on

the mean field.
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e In Ch. [ we show that our networked architecture is beneficial in non-
stationary MFGs; we could extend our experiments to include MFC problems

with non-stationary solutions.

o In Ch. 4| we explore robustness to increases in population size and to scenarios
where agents fail to update their policies by the time they are required to
communicate in tabular MFGs, while in Ch. [ we explore communication
failures in MFC. As future work we could conduct complementary experiments

in the other settings.

o In Chs. [4 and [ our experiments only use one round of communication within
each iteration, to show the benefit that even this can have on learning speed,
while in Ch. [6] we include experiments with greater numbers of communication
round. During our initial development we did test more communication rounds
in the earlier settings too, but future work could include conducting this again
more formally and reporting results. In more realistic environments it may be

especially informative to study trade-offs in communication cost.

While our mean-field algorithms are designed to handle arbitrarily large numbers
of agents (and theoretically perform better as N — 00), the code for our experiments
naturally still suffers from a bottleneck of computational speed when simulating
agents that in the real world would be acting and learning in parallel, since the GPU
can only process JAX-vectorised elements in batches of a certain size. While we do
not expect that even larger populations than those we currently use would perform
significantly differently in experiments, they would nevertheless be interesting to
study empirically, since our algorithms facilitate precisely that.

There are also gaps that can be filled in the theoretical analysis. In Ch. 4] we
compare the sample guarantees of our buffer-less networked algorithm with those
of the central-agent and independent alternatives in tabular MFGs, in terms of
numbers of communication round. Future work should consider updating these
theoretical guarantees in light of our practical algorithmic enhancements (the replay

buffer and the performance-based generation of o values).
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Similarly in Ch. |5| we prove that in non-tabular MFGs our networked algorithm
can outperform the central-agent alternative (with implication that this also covers
the independent-learning alternative), while in Ch. @ we prove that our networked
algorithm can outperform both the central-agent and independent alternative in
MFC. We leave more general theoretical results for these latter two settings, such
as proofs of convergence and sample complexity, for future work, as well as results
when loosening our assumptions, for example regarding the accuracy of mean-field

and average-reward estimates.

7.2.2 Enhancements to mean-field estimation and usage

In Ch. [p| we give our Alg. [5] for estimating the mean field in spatial environments
(repeated as Alg. [9] for Ch. [6). It assumes that if a state s is connected to s on
the visibility graph G'**, an agent in s is able to accurately count all the agents
in &', i.e. it either counts the exact total or cannot observe the state at all. We
assume this for simplicity but it is not inherently the case, since a real-world agent
may have only noisy observations even of others located nearby, due to imperfect
sensors. We suggest two ways to deal with this.

Firstly, if agents share unique IDs as in Alg. {| for the more general setting,
then when communicating their vectors of collected IDs with each other via Gio™™",
agents would gain the most accurate picture possible of all the agents that have
been observed in a given state. However, as we note in Ch. [5| there are various
reasons why sharing IDs might be undesirable, including privacy and scalability. If
instead only counts are taken, and if the noise on each agent’s count is assumed to
be independent and, for example, subject to a Gaussian distribution, the algorithm
can easily be updated such that communicating agents compute averages of their
local and received counts to improve their accuracy, rather than simply using
communication to fill in counts for previously unseen states. (Note that we can
also consider the original case without noise as a special case of averaging, since

averaging identical values equates to using the original value). Since the algorithm is

intended to aid in local estimation of the mean-field distribution, which is inherently
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approximate due to the uniform method for distributing the uncounted agents, we are
not concerned with reaching exact consensus between agents on the communicated
counts, so we do not require repeated averaging to ensure asymptotic convergence.

We may also wish to consider more sophisticated methods for distributing the
uncounted agents across states, in place of the current uniform distribution. Such
choices may be domain-specific based on knowledge of a particular environment. For
example, one might use the counts to perform Bayesian updates on a specific prior,
where this prior may relate to the estimated mean-field distribution at the previous
time step ¢t — 1. If agents sought to learn to predict the evolution of the mean field
based on their own policy or by learning a model, the Bayesian prior may also be
based on forward prediction from the estimated mean-field distribution at ¢ — 1.
Future work lies in conducting experiments in all of these more specific settings.

In grid-world settings such as those in our experiments, passing the (estimated
or true global) mean-field distribution as a flat vector to the Q-network ignores the
geometric structure of the problem. Perrin et al. [I56] therefore proposes to create
an embedding of the distribution by first passing the vector to a convolutional
neural network (CNN), essentially treating the categorical distribution as an image.
This technique is also followed in Wu et al. [153] (for their additional experiments,
but not in the main body of their paper). During our development, we did integrate
such a CNN setup into the Q-network, but were not able to find an architecture
that reliably permitted learning. As future work we could try to resolve this, to
see whether such a method increases the usefulness of observing the mean field in
population-dependent policies, and therefore increases the importance of being able

to accurately estimate the global mean field via Alg. [f] / Alg. [0

7.2.3 Simplifying nested loops

Our networked algorithms, as well as the central-agent and independent baselines
from Yardim et al. [I5], all have multiple nested loops. This is a potential
limitation for real-world implementation, since the decentralised agents might

be sensitive to failures in synchronising these loops. In Ch. [ we show that
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networked communication, in combination with the replay buffer, allows us to
reduce the hyperparameter M, (required by the theoretical algorithms) to 1,
essentially removing the inner ‘waiting’ loop, which is not required at all in our deep
learning algorithms in Chs. [Jand[6] Moreover, in Ch. [ we show that our networked
architecture provides redundancy and robustness in case of learning failures that may
result from the necessities of synchronisation, which the alternative architectures
lack. Similarly in Ch. [6]our ablation studies of the sub-routines, and our experiments
on robustness to communication failures, indicate that synchronisation failure is not
necessarily a problem in practice. Nevertheless, our algorithms still feature multiple
loops, and future work lies in simplifying the algorithms further to aid practical

implementation, possibly by techniques such as asynchronous communication [269].

7.2.4 Malfunctioning or adversarial communication

Since the MFG setting is non-cooperative, we have pre-empted conceptual objections
that agents would not have incentive to communicate their policies by focusing
on coordination games, i.e. where agents seek to maximise only their individual
returns, but receive higher rewards when they follow the same strategy as other
agents. In this setting they inherently stand to benefit by exchanging their policies
with others, as also in the MFC setting (though in Ch. [5| we see that the restriction
to coordination games may not be necessary in any case).

Nevertheless, in real-world scenarios, the communication network could still
be vulnerable to malfunctioning agents or adversarial actors poisoning the equi-
librium /solution by broadcasting untrue policy information [270)], or equally to
unreliable communication channels. It is outside the scope of our work to analyse
how much false information would have to be broadcast by what proportion of
agents to affect the equilibrium, but real-world applications may need to compute
this and prevent it. Future research to mitigate this risk might build on work such
as Piazza et al. [271], where ‘power regularisation’ of information flow is proposed

to limit the adverse effects of communication by misaligned agents.
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