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Abstract

The signature of the path provides a top down description of a path in
terms of its effects as a control. It is a group-like element in the tensor
algebra and is an essential object in rough path theory. When the path
is random, the linear independence of the signatures of different paths
leads one to expect, and it has been proved in simple cases, that the ex-
pected signature would capture the complete law of this random variable.
It becomes of great interest to be able to compute examples of expected
signatures. In this thesis, we aim to compute the expected signature of
various stochastic process solved by a PDE approach. We consider the
case for an Ito diffusion process up to a fixed time, and the case for the
Brownian motion up to the first exit time from a domain. We manage to
derive the PDE of the expected signature for both cases, and find that this
PDE system could be solved recursively. Some specific examples are in-
cluded herein as well, e.g. Ornstein-Uhlenbeck (OU) processes, Brownian

motion and Lévy area coupled with Brownian motion.
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Glossary of Basic Notations

N: The set of all natural numbers.

R™: Fuclidean space of dimension m, where R denotes the field of real numbers, and
m € N.

RT: {x e R:z > 0}.

(+,+): quadratic covariation.

(-): quadratic variation.

7] = /320, (2®)2, where x = (2, ... (@) € R%

|I|: the length of a word 1.

D: the unit disk centered at the origin, i.e.
D={z:|z] <1,z € R?}.

z 4+ eD: the disk of radius € centered at z.
JdI': the boundary of a domain T'.

D: the closure of a domain I';

dist(z,0T") is the distance from the point z to the boundary of the domain T, i.e.
dist(z,0T) = ylen@fFﬂy — 2|}

where z € R? and I C R2.
re? = (rcos(#),rsin(f)) € R2.

d
82
Af =351
=1 "

[1,2,(2k + 1), if n is odd;
nll = H§:1(2k), if n is even;
1, ifn=0,—1.
(’:) = n,(len),, where m > n and m,n € N.



Chapter 1

Introduction and Motivation

1.1 Introduction

The theory of rough paths can be regarded as a non-linear extension of the classi-
cal theory of controlled differential equations, which is robust enough to treat the
stochastic differential equation in a deterministic way, or even controlled differential
equations driven by much rougher signals than semi-martingales([14],[16]). The sig-
nature of a path is a power series whose coefficients are definite iterated integrals of
the path, which is an essential object in rough path theory, and has been developed for
a long time in separate fields, e.g. geometry, control theory and stochastic analysis.
In the context of the controlled differential equation, the signature of a path arises
naturally in Picard iteration, and it allows one to obtain a pathwise Taylor series of

arbitrary order for the solution y to the vector equation

dy, = f(y)dxy.

Moreover, the importance of iterated integrals has been recognised by geometers,
e.g. K.T. Chen observed the multiplicative property of the signature([2]), while the
multiple Brownian iterated integral has been already studied by Wiener in the early
1930’s. The signature of a path over a fixed time interval, which can be read out at
the terminal time, should be a top down description of the information about the flow
of events over time, recorded in its path during this time interval. As an extension of
Chen’s result B. Hambly and T. Lyons [6] demonstrated that it is possible to recover
the whole path (up to tree-like components of the path which are not counted in
its signature) by reading its signature. Z. Qian and Y. LeJan [13] proved that in
dimension d > 2, almost all Brownian motion sample paths (running up to the fixed

time) are determined by their Stratonovich signature over [0, 7).



T. Lyons realized that the key element for defining an integration theory along a con-
tinuous path is the sequence of iterated integrals, which must be specified, instead of

the piecewise smoothness, and this idea was the starting point of the theory of rough

paths([14]).

The expected signature of a random path plays a role similar to the moment gener-
ating function of a random variable. The expected signature of a stochastic process
might capture the essential information of the measure on this stochastic process it-
self. For example, we can read the characteristic function of the Brownian motion and
its Lévy area by reading its expected signature. The expected signature is not only a
conceptually interesting object, but also has various applications in practice. For ex-
ample, the computation of the expected signature of Brownian motion on [0, 1] leads
to “cubature on Wiener Space” methodology ([17]). As an alterative to the Monte-
Carlo method, it is an effective way to evaluate certain functionals on Wiener Space
and it allows us to develop high order numerical schemes valid for high dimensional
SDEs and semi-elliptic PDEs. It would be of great interest to compute the expected
signature of various stochastic processes. In this thesis the underlying process we are
interested in is the time homogeneous It6 diffusion process. There is more than one
choice to define the iterated integral of diffusion processes, e.g. the It integral or
Stratonovich integral. But in order to define the signature of the diffusion process
properly, we must specify the integral, and herein we choose the Stratonovich iterated
integral. The reason for choosing the Stratonovich integral comes from the fact that

the Stratonovich signature of Brownian motion is a geometric rough path([14]).

It is well known that there is a mathematical equivalence between solving parabolic
partial differential equations (PDEs) and the integration of certain functionals on
Wiener Space by the celebrated Feynman-Kac theorem. It is natural to ask what kind
of PDE the expected signature of a diffusion process should satisfy if one is interested
in computing the expected signature of the stochastic process assuming that the ex-
pected signature function is smooth enough. Moreover it would also be interesting to
understand the existence and uniqueness of these particular PDEs, subject to specific
boundary conditions. Furthermore we would like to study whether the solution to
these PDEs, subject to suitable boundary conditions is indeed the expected signature
of the process and how to solve these PDEs as well. This thesis is mainly devoted
to answering these questions for diffusion processes up to a fixed time, and Brownian

motion up to the first exit time from a domain. We explore the recurrence relation



between higher degree terms and lower degree terms of the expected signature, and
by solving the PDE with certain constraints recursively, the expected signature can
be calculated, and admits a corresponding stochastic representation. Furthermore
several specific examples are included, e.g. the Ornstein-Uhlenbeck (OU) process up
to a fixed time, the Brownian motion up to the first exit time from a unit disk, and

the Lévy area up to a fixed time or the first exit time from the unit disk.

1.2 Main contribution of the thesis

1.2.1 The expected signature of an Ito diffusion process up
to a fixed time ¢

Let us consider a time homogeneous Ito diffusion process X taking value in E := R,
which could be described by the following stochastic diffusion equation (SDE) driven

by a k—dimensional standard Brownian motion B,

where 1 : E — E and V : E — E ® R* satisfy the globally Lipschitz condition.
It6 developed a theory of integration in order to give meaning to the SDE (1.1) and
obtain a solution to it given data at the starting time 0. Here we use - to emphasize

that the integral is in the sense of the Ito stochastic integral.

We could lift the diffusion process X to a rough path, by considering the sequence of
Stratonovich iterated integrals of X as its signature. Let us denote the corresponding
expected signature of the process Xy, starting at « by ®(¢,x) (see Definition 4.1.3).
® could be regarded as the function mapping from Rt x E to the tensor algebra space
T((E)), which is defined as follows. Let {e;}%, be the canonical basis of E. Then

{ei, @eiy - @€, Fir,ine{1,2,...d}

forms the basis of E®™ and T'((E)) is the direct sum of E®" over n =0,1,2,....
The first main result of the thesis is summarized in the following theorem. For
simplicity, here we do not specify what the regularity conditions are, which can be

found in Theorem 4.7.



Theorem 1.1 Under certain regularity conditions on p, V and ®, ® should satisfy
the following PDE:

9 d 0P(t,x)
9 j1) ) ’
(-2 +a)o m+z<zv <>eh)® o
d d
<Z ,U(j) 63 + Z Z V(Jl) TV J2) ( )6j1 R ej2> ® @(t, x) =0
j=1

Ji=1 121

with the initial condition
¢(0,2) =1

where A is the infinitesimal generator of the process X, i.e.

d 82
A=) 1 8_1:] ‘szh (2)TVV (x )8lemj2~

Jj1=172=1

This result follows from the Feynman-Kac theorem, which firstly established the
bridge between the parabolic PDE and the expectation of a functional of the diffusion
process at the terminal time. In our case, the situation is a bit more complicated, since
except for the one dimensional case, the signature of the path Xy, depends on the
whole history of the path, rather than its final point X;. But this difficulty could be
overcome by taking advantage of the multiplicative property of the signature (Chen’s
identity), i.e. the signature of the concatenation of two paths is equal to the tensor
product of the signature of each path. Generally speaking we use the martingale
approach to derive the PDE of the expected signature ®. The main idea is that for
every fixed t € R*, let us consider the conditional expectation M, = E*[S(X4)|Fu].
{M,} o should be a martingale under some regularity conditions, which could be

rewritten as
S(Xio) @ E7[S(Xpu) | Fu] = S( X)) @ O(t — u, Xy)

as the result of the Markov property of the It diffusion process X.

By definition of the signature of Xjo,, it allows us to derive the SDE of S(X.),
while the SDE of ®(¢t — u, X;) could be calculated using It6 formula, assuming that
d e CY*(R" x E,T((FE))). It means that we are able to obtain the SDE of M,, and
by setting the drift term to be zero, the PDE of ® could be derived.



It is interesting to notice that the PDE system of ® could be solved recursively,
and the n'" tensor component of ®, denoted by ®,, could be uniquely determined by
®, 1 and P, o, the drift term and the martingale term of the underlying X. More-
over by the Feynman-Kac theorem, ®,, could be represented as the expectation of the

integral of the function of ®,,_; and ®,,_5 explicitly.

1.2.2 The expected signature of the Brownian motion up to
the first exit time from the domain I

The second part of our main result is that we derive the PDE of the expected signature
of Brownian motion starting at the point z € I' C E, denoted by ®r(x), where I’
is a domain in E satisfying certain regularity conditions. We summarize it in the

following theorem; the specific regularity conditions can be found in Theorem 5.5:

Theorem 1.2 Suppose that the domain ' satisfies some reqularity conditions. Then
®r should satisfy the following PDE

A(I)F<Z) = —(Z e; X 61) ® (I)F(Z) — 22 <€i & M) s ZfZ el

i=1 i=1 0z
with the boundary condition:
Q)F(Z) = 1, ZfZ e oI
and the initial condition:

1, ifz€l
p(Pr(z)) = 0, ifz€Tl.

where 1 = (1,0,0,...), and the function

pn:T((E)) — E"

a=(ag,a1,...,an,...) + a,, wherea; € B Vi c N

is the projection function, which maps the tensor series to the tensor powers of degree

n.

In the case of the Brownian motion up to the first exit time, we choose a deter-

ministic approach to prove it, which is a bit different from the martingale approach



used in cases of diffusion processes up to a fixed time. Actually in this case we can
still use the martingale approach by constructing the martingale M; = E[S(By . )| F),
but we need to take care of the situations when ¢ tends to the infinity. This difficulty
can be avoided if we use the deterministic approach, but the key to the deterministic
approach is still to take advantage of the Markov property of Brownian motion and
the multiplicativity of signatures. The Brownian motion path started at the point
z € I' and running until the first hitting time of the boundary of I" can be seen as
the concatenation of the two path, i.e. the path started at z and hitting the bound-
ary of the disk centered at z with a sufficiently small radius € and the second path
restarted at the boundary of this disk z + ¢, and run until the first hitting time of
the boundary of I'. By Chen’s identity and the strong Markov property of Brownian

motion, we have that

QF(Z) = EZ [S(B[O7Tz+€]])]) ® ¢(BTI+5]D)):|‘
Actually the dimension of the Brownian motion is not important in this case. For
simplicity, we illustrate the idea of the proof in the two dimensional case. In this
case, Pr(z) could be rewritten in the integral form:

2
T 0. dO
¢F(Z) = / Ex [S(B[077z+€D})|BTz+€]DJ =z + 6] ® ¢F(z + 5610) 27_‘_
0

o i0 N
= U(ee") ® Or(z +ce”)— (1.2)
0 2m

where W(z) = E*[S(B,~.,))|Br., = 2| and the last inequality follows from the trans-

lation invariance of Brownian motion.

Suppose that the function ®r is sufficiently smooth and could be written as a Taylor
expansion. The right hand side(RHS) of the above equation could be written as a
power series in e, while the left hand side (LHS) of the above equation is independent
of . This means that the coefficient of the first term in € on the RHS should be zero,
which gives us the PDE to characterize the function ®. In the thesis we present this

approach in a slightly different way by introducing the auxiliary function ¢:

er:z+eD — T(F));
y = Y(y) @ Pr(z+y)

Equation (1.2) is equivalent to saying that the function ¢ satisfies the mean value

property at the origin, which implies
Dp(y)y—o =0
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and thus the PDE of ® is derived from it immediately.

Similar to the case for Ito diffusion processes up to a fixed time, the PDE of &p
can be solved recursively, and the n'* term of ® is uniquely determined by the pre-
vious two terms. By the PDE theorem, the solution can be written in integral form

or admits a stochastic representation under regularity conditions.

1.3 The outline of the thesis

The outline of the thesis is as follows:

In Chapter 2, we give some preliminaries of Rough Path Theory. In particular we
introduce the definition of the signature of paths of bounded variation and the alge-
braic properties of signatures. Then we give the definition of the expected signature
of a stochastic process. We attempt to explain the motivation behind studying the

expected signature of a random path.

In Chapter 3, we recall the existing result on the expected signature of Brownian
motion up to a fixed time ¢t using the PDE approach firstly. We consider the piece-
wise linear approximation of Brownian motion, and examine the convergence rate of

the expected signature of such a discretized Brownian motion path.

In Chapter 4, following the PDE approach to calculate the expected signature of
Brownian motion, we derive the PDE of the expected signature of a general 1t6 dif-
fusion process up to a fixed time. Moreover we consider OU processes as examples,
and give explicit solutions in those cases. Furthermore using our PDE theorem, we
manage to derive the characteristic function of the Lévy area at a fixed time ¢ on
condition that the starting point of the Brownian motion is x, which is an alternative
way to calculate the characteristic function of the Brownian motion coupled with its

Lévy area on the condition that the Brownian motion starts at the origin.

In Chapter 5, we consider the domain I', which satisfies some regularity conditions.
We are interested in the expected signature of the Brownian motion starting at x € I’
up to the first exit time from the domain I'. We derive the PDE of the expected sig-
nature of such stopped Brownian motion. By solving the PDE recursively we obtain

the expected signature. We also derive the finite difference equations for the expected



signature of a simple random walk up to the first exit time from the domain. Then we
consider the unit disk as a concrete example, and prove that the expected signature
of the stopped Brownian motion up to the first exit time from the unit disk should
be in the polynomial form. In a similar approach to that of the previous chapter, we
examine the moment generating function and characteristic function of the Lévy area
at the first exit time from the unit disk conditional on the position of the starting
point of Brownian motion, and give the stochastic representation of those two func-

tions.

In Chapter 6, we briefly summarize our work and point out future work.



Chapter 2

Rough Paths Preliminaries

In this thesis, we are interested in paths and in describing probability measures on
these paths. Our examples will be quite specific, but need to be understood in a more
general context. For the sake of precision, we start by introducing some notation,
making essential definitions and stating the basic results we require. These can also
be found in [14]. A reader experienced in rough path theory might prefer to go directly
to Chapter 3.

2.1 Tensors products

Fix a real Banach space £, in which our paths will take their values. Consider the
successive tensor powers E®" of E (completed in some tensor norm). In the case where
E is finite dimensional with basis {ay, ..., aq}, E®" has the basis {o;, ®;, ®. . .Qa;, },
where iy, ...,4, € {1,...,d} and can be identified with the space of real homogeneous
non-commuting polynomials of degree n in d variables. It is easy to see that E® is
isomorphic to the space spanned by indexes of length n in the numbers {1, ..., d}.

Let us give the formal definition of words as below.

Definition 2.1.1 Let us consider a finite set A, which we called an alphabet, whose
elements are numbers 1,2,...,d, and an index (a word) I in the alphabet A is either

the empty word denoted by () or it can be written as
I — (’il,iz,...7’in)

which is a finite sequence of the numbers iy, is,...,i, from the alphabet A, where n

1s called the length of the word I. If I is an empty word, then its length is zero.

We note that E®° = R. It is necessary to constrain the norms used when consid-

ering tensor products (the injective and projective norms satisfy our constraints).

10



Definition 2.1.2 Let FE be a Banach space. We say that its tensor powers are en-

dowed with an admissible norm |.|, if the following conditions hold:

1. For each n > 1, the symmetric group S, acts by isometry on E®", i.e.

lov| = |v|, Yv € E®*" Vo € S,,.

2. Vn,m > 1,

v @ w| < |v||w|, Vv € E®" w e E®™.

2.2 The algebra of tensor series

Definition 2.2.1 A formal E-tensor series is a sequence of tensors (an € E®”)n€N,
denoted by a = (ag,ay,...). There are two binary operations on E-tensor series, an
addition + and a product ®, which are defined as follows. Let a = (ag,ay,...) and

b = (b, by, ...) be two E-tensor series. Then we define

a+b = (ay+0bo,a1+0b,...) (2.1)
and
a®b=(c,c,...), (2.2)
where for each n > 0, .
Cn = ®by_y. (2.3)
k=0

The product a®b is also denoted by ab. We use the notation 1 for the series (1,0, ...),
and O for the series (0,0,...). If A € R, then we define Aa to be (Aag, Aay, ...).

Definition 2.2.2 The space T ((E)) is defined to be the vector space of all formal

E-tensors series.

Remark 2.2.1 The space T ((E)) with + and ® and the action of R is an associative
and unital algebra over R. An element of a = (ag, a1, ...) of T ((E)) is invertible if

and only if ag # 0. Its inverse is then given by the series
1 a
-1 n
= — 1-—— 24
2=~y -2 2:4)

which s well defined because, for each given degree, only finitely many terms of
the sum produce non-zero tensors of this degree. In particular, the subset {a €
T((E))|ag =1} forms a group.

11



Definition 2.2.3 The dilation operator is the mapping (¢,a) from Rt x T ((E)) to
T((E)) defined by

(e,a) = (ag,€ay, ...,e"a,,...), Ve e R ae T ((E)).

Let B, = {a = (ag,a1,...)|Jap = ... = a, = 0}. Then B, is an ideal of T'((E)).

Definition 2.2.4 Let n > 1 be an integer. The truncated tensor algebra T™(E) of

order n over E is defined as the quotient algebra
TONE) =T ((E)) /Ba- (2.5)

The canonical homomorphism T ((E)) — T™(E) is denoted by m,.

2.3 Paths

Let us define the p-variation of a E-valued path X on an interval J in RT.

Definition 2.3.1 Let p > 1 be a real number. Let X : J — E be a continuous path.
The p-variation of X on the interval J is defined by

r—1

1 X s = [sup Y 1X;, = X, 7
DCJ T
7=0
where D is a subdivision of J, i.e. D = {tg,t1,...,t.} such that 0 < tg < --- < t,
and (to,t.) C J.

Paths also have algebraic properties:

Definition 2.3.2 Let X : [0,s] — E and Y : [s,t] — E be two continuous paths.
Their concatenation is the path X xY defined by

| X if u €0,s];
<X*Y>“_{ X, +Y,—Y,, ifuclst.

Remark 2.3.1 x* is an associative operation. Let X : [0,s] — E, Y :[s,t] — F
and Z : [t,v] — E be three continuous paths. Then

(X*xY)xZ=Xx(Y*2).

12



2.4 The signature of a path

Definition 2.4.1 Let J denote an interval in RT. Let X : J — E be a path
of bounded variation or a rough path of finite p—variation such that the following

integration makes sense. The signature X of X is an element (1, X, ..., X" ...) of

T ((E)) defined for each n > 1 as follows

X" = / dX,, ® ... ® dX,, .

UL <o <Upy  ULyenny, U €J

The signature X is also denoted by S(X) and the truncated signature of X of order
n is denoted by S™(X), i.e S"(X) = m,(X) for everyn € Z .

Definition 2.4.2 [f the interval I C J is a subinterval then we will use the notation
X, to denote the signature of X over the interval 1. If J = [S,T] then we use the
notation Ay for {(s,t)|S < s <t < T} and the notation Xy, for X5y and SN(X)s,
for SN(X) s where (s,t) € A.

Example 2.4.1 1. If X; is a continuous path with finite p—variation, where 1 <
p < 2, then its signature can be defined in the sense of the Young integral[14].
More generally, if Xy is a p-rough path (p > 1) then the integrals will exist as a
result of the general theory of rough paths[extension theorem] ([14]).

2. For a Brownian path, its signature can be defined in the sense of either the Ito
integral or the Stratonovich integral. Almost all Brownian paths, with their Lévy
area processes, are p-rough paths for any p > 2. For all (s,t), with probability
one, the Stratonovich signature is a geometric rough path ([14] Page 57).

The following fundamental theorem, Chen’s identity, asserts that the signature is

a homomorphism between the path space and its rough path space([14]).

Theorem 2.1 Let X : [0,s] — E and Y : [s,t] — E be two continuous paths with
finite p—wvariation where 1 < p < 2. Then

S(X xY) = S(X) ® S(Y). (2.6)

The proof can be found in [14].

The following lemma presents the reason why the signature of a path can be

described as the full non-commutative exponential of the path.
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Lemma 2.4.1 Let X : [0,T] — E be a path with finite 1—variation. The signature
S(Xo,) as a function from [0,T] to T((E)) satisfies the following differential equation:

dS(X[O,t]) = S(X[07t]) ® dXy, S(X[O,O]) = 1.

2.5 Real valued functions from the range of the
signature

Consider the linear forms on T ((E))(see [14]). Suppose (€7, ...,e’) are elements of

5 Cpy

the dual space of E, denoted by E*. We can introduce coordinate iterated integrals

by setting

and rewriting <e§k ®..®e ,S(X )> as the scalar iterated integral of coordinate pro-

/.../ngﬂ ®...0dX".

w1 <...<un
(TS un€J

jections

For example, if (ej,...,e4) is a basis for a finite dimensional space F, and (ej, ..., €})
is a basis for the dual space E*. Then the elements (e; = ¢;, ®...®ein)1:(i1 77777 in)e{l,d}m
form a basis of E®". The space (E*)®™ with the basis (e] = e} ®...®¢€} )=,
can be canonically identified with the dual basis of (E®")* so that

* * _
<6i1 ® ® e’in7€j1 ® ® 6]n> - 67:17j1"'57:n:jn7

where 0, ; = 1g-; and the linear action of (E*)®" on E®" extends naturally to a
linear mapping (E*)®" — T ((E))", defined by

er(a) = er(an).

In this case we can also write

XJ:Z Z /---/dXﬁ”@...@dX&fj) 6, ®...0¢,.

u<...<un
U yeeey un€J
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Remark 2.5.1 Re-parameterizing a path inside the interval of definition does not
change its signature over the mazximal interval. Translating a path does not change its
signature. We may define an equivalence relation between paths of bounded variation

by asking that they have the same signature.

Definition 2.5.1 If E is a Banach space then we define T(E) C T ((F)) to be the
tensor series a = (ao, ay,...) for which there is an N depending on a so that a; = 0
for all i > N. In other words, it is the space of polynomials (instead of series) in

E (the multiplication is in the sense of tensor product).

Remark 2.5.2 There is a natural inclusion
T(E*)—=T ((E))* .

Returning to the finite dimensional example and the notation introduced above, the
linear forms e}, as I spans the set of finite words in the numbers 1, ...,d, form a basis
for T(E¥).

Now let us consider two elements of T'(E*), say €* and f*. Their pointwise product
as real-valued functions is a quadratic form on T'((F)). Then there exists a unique
third element of T'((F)), denoted by e* L f*, such that e*f* and e* L £* coincide on
the range of S.

Theorem 2.2 The linear forms on T((E)) induced by T(E*), when restricted to the
range S(V([0,T], E)) of the signature, form an algebra of real valued functions, where
V([0,T], E) is used to denote the set of all the continuous paths mapping [0,T] to E

of finite 1—variation.

The proof of this theorem could be found on Page 34 in [14]. By linearity it is

sufficient to consider the case for e* = e} and f* = e, where I = (iy,...,%,) and
J = (j1,...,Jn) are two arbitrary words. It is shown that the linear form
6[ L GJ — Z ekgfl(l) ..... ko-*l(m«kn) (27)

0ESm,n

is equal to eje’ on the subset S(V([0, 7], E)), where the set S, ,, is defined below in
Definition 2.5.2. The linear form e} L e¥ defined by (2.7) is called the shuffle product
of e} and e%. By bilinearity, this product endows T'(E*) with the structure of an
algebra, known as the shuffle algebra. Now we defined a product on T'((E*)) and
show that for every e*,f* € T(E*), and for every a € S(V([0,T1], E)),

e*(a)f*(a) = (e* W f)(a).

15



Definition 2.5.2 We define the set Sy, of (m,n) shuffles to be the subset of per-

mutation in the symmetric group Sy, defined by
Smn ={0 € Spin:0(l) <---<o(m),om+1)<---<a(m+n)}.

Remark 2.5.3 For convenience, we introduce one useful functions on T ((E)), i.e.

7! is defined by

o T(E) — R;

a — ej(a).
In particular,

m(S(X)) = ---/dX&”@...@dX&")

u1<...<un
U yeeny un€J

where I = (i1, ...,1,).

2.6 The expected signature of stochastic processes

Definition 2.6.1 Given a probability space (Q, P, F), X is a stochastic process which
takes value in E. Suppose that for a.e. everyw € €, the signature of X (w) denoted by
S(X(w)) is well defined and under the probability measure P, its expectation denoted
by E[S(X)] is finite. We call E[S(X)] the expected signature of X.

Remark 2.6.1 The expected signature of a random path plays a similar role to the
moment generating function of a random variable. The expected signature of the ran-
dom process captures the important information about the measure on the underlying
paths as well. At least it can be proved that the expected signature completely describe
the law of the random signature in some simple cases, which is stated in the following

theorem.

Theorem 2.3 Let {X;}!, be a finite collection of paths of finite variation, which
have pairwise distinct signatures, ie. for everyi,j € {1,2,...,n} and i # j, S(X;) #
S(X;). {N} satisfies A; > 0,Vi € {1,2,..,n} and Y N\, = 1. Then for every
i€ {1,2,...,n}, there exists a linear form o; : T((E)) — R such that

0i(5(X;)) = 0y
where 3 =1,2,...,n.

16



The proof of this theorem could be found on Page 35 of [14], where the Stone-
Weierstrass theorem is used to prove this statement. But in the following, I provided
a slightly different approach to prove it by constructing the linear function o; explic-
itly, which is more straightforward. The underlying idea of my proof is mainly related
to Lagrange polynomials.

Proof. We are going to construct a linear form o; such that
0i(S(X;)) = i
For any 7 € {1,2,...,n}, for each j # i, there exists an index ; ; such that
713 (S(X0) # 7 (5(X;)

where I, ; is an index composed of the numbers 1,2, ..., d.

Let us define the linear forms o; as follows:
7= ‘L;Zl‘(aiﬂ() + by ') (2.8)
VED

where () is the empty index and the product is in the shuffle product sense, i.e. for

every two indices I and J, which are indexes composed of the numbers {1,2,...,d},

! T((E)) — R

r — (ejwey)(x)

and
A8
M T (S(X;)) — wha (S(X,))
bij = -

whi (5(X;)) — wha (S(X3)

By the shuffle product property of the signature, i.e. the multiplication of two linear
forms on the signature is still a linear form on the signature, Equation (2.8) could be

expressed as the linear form on the signature as well. Moreover for i # j, since
©' (S(X5)) # 7' (S(X))),

a;j and b; ; are well defined.
One the other hand, it holds that

0i(5(X1)) = g i (S(X;)) — wlea (S(X;))



If i =1, 0,(S(X;)) = 1 obviously; otherwise, there exists j = [, such that

ml (S(X5)) — 7' (S(X0))

7 (S(X,)) 7 (5(X))

and thus 0;(S(X;)) = 0. The proof is complete now. m

Remark 2.6.2 We could restate this theorem in the probabilistic setting. Let us
consider the probability space (2, P, F), where Q is a finite collection of paths, i.e.
(X}, and F = 2. Under the probability measure P,

P(X = Xz) = )\HVZ = 172, .,

where A; > 0 and > | N\; = 1. Then the expected signature of X is the weighted sum
of the signature of each path, i.e.

n

E[S(X)] = Z XS (Xi).
i=1
Since { X;}"_, has pairwise different signatures, from the above theorem, we know how
to derive the linear form o; from the signatures of all paths, i.e. {S(X;)}, and then
we can compute the measure of the signatures of the paths from the expected signature;
more precisely
A = oy(E[S(X))) (2.9)

where 1 =1,2,...,n.
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Chapter 3

The Expected Signature of Planar
Brownian Motion up to a Fixed
Time

3.1 The derivation of expected signature of Brow-
nian motion up to a fixed time

For a fixed T € RT, let us consider the probability space (£, F,P), where Q =
Co([0, T],R?) is the space of Ré-valued continuous functions defined on [0, 7] starting
at 0, F is its Borel o-field induced by the supremum norm and P is the Wiener mea-
sure. Now define the coordinate mapping process B (t) = w'(t) for t € [0,T],w € Q,
where ¢ € {1,2,...,d}. Then, under the Wiener measure, B; = (Bt(l), Bf@, o ,Bgd))
is a standard d-dimensional Brownian motion starting at 0. We endow R¢ with the
canonical basis (e, e, ..., €4), and the Brownian motion B, could be written in the

following form:

d
Bt = Z BiZ)erL
=1

where t > 0.
Definition 3.1.1 The signature of the path Bjgy = {Bs : s € [0,t]} is defined to be
S (Bp#) = (1, Bjg s - Bio g, ) € T ((E))

defined for almost every path B and each n > 1 by the Stratonovich iterated integral

n = // By, ® ... ® dB,,.



Definition 3.1.2 (Expected signature of Brownian motion up to t) The ex-

pected signature of a Brownian motion up to time t, denoted by ¢(t), is defined as

90(t> = E[S(B[o,t])] (3-1)
where t € RT.

The following result is the explicit formula for the expected signature of d—dimensional

Brownian motion up to a fixed time 7', which was first understood by T. Fawcett [3].

Theorem 3.1 Let B; be a standard d— dimensional Brownian motion.

=1

d
¢(t) = E[S(Bpy)] = exp (% Z € ® €i> :

Remark 3.1.1 There are several possible approaches to prove this theorem. One way

1s to calculate explicitly by induction

(o)) =E { / odB{" o dBV oo dijj)}
O<ul<ug<---<un<T

where I = (i1,1s,...,1,), and for every j € {1,2,...,n}, 1; € {1,2,...,d}.
A prettier approach uses the relationship between PDFEs and the expectations of SDEs.
The proof can be found in [17].

3.2 The expected signature of the equally spaced
piecewise linear approximations of Brownian
motion

3.2.1 Piecewise linear approximation of Brownian motion

Let us consider a standard d—dimensional Brownian motion

d
Bt = Z Bt(Z)el
i=1

Fix the time interval [0,7] and a positive integer M. Let Dy = {t;}}Z, denote an

equally spaced partition of the time interval [0, T, i.e. for every j € {0,1,..., M},

T
where At = i

Let us consider the piecewise linear approximation to the Brownian motion Bj 1y
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based on the partition D,;, denoted by E[JB{T}. More precisely, {BM},ep,, has the
same distribution as {B;}sep,,. It means that at each j* time step, the increment of

BM are mutually independent and identically distributed (i.i.d) over j, i.e.

AB,,
AB, ~ N(0, AtTy)

ABy,, |
where Aét]. = Bgﬂ - étjy for j =0,1,...,M — 1, N(0, AtZ)s) denotes the normal
distribution with expected value 0 and covariance matrix AtZ,;, where Z,, is the
M x M identity matrix.

Let us recall that the function ¢(.) is defined as the expected signature of Brow-

nian motion, i.e.

¢:0,7] — T((E))
t = E[S(Bpog)]-

For convenience, we introduce the function ¢ (.) to denote the expected signature

of the linear approximation process B[]gt], ie.

M [0,T) — T((E))
t — E[S(BY).

Now we are interested in the convergence rate of the expected signature of é[Jg{T], ie.
©M(T) to p(T), as M tends to the infinity.

To do that, first of all, let us introduce the definition of an even word and a square

word.

Definition 3.2.1 Let I be a word composed of the numbers 1,2,...,d. For every

i€{1,2,...,d}, n;(I) denotes the number of occurrence of i in the word I, i.e

ni(l) =Y -y
k=1

where I = (i1,...,1,).
If for alli € {1,2,...,d}, n,(I) are all even, then the word I is called an even word.
The set of all the even words of length 2n is denoted by ICa,.
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Definition 3.2.2 Let I be a word of length 2n, which is composed of the numbers
1,2,...,d. If the word I could be written as

-[ — (ih i17 i27 i27 . 7in7 Zn)
where i; € {1,2,...,d} for j =1,2,...,n, then the word I is called a square word.
The set of all the square words of length 2n is denoted by Sa,.
Remark 3.2.1 For everyn € N,

Son C Kay,.
"

There is an equivalent statement of Theorem 3.1 as follows.

Corollary 3.2.1 For every index I, if there exists an integer n > 0, such that I €
Son, then

otherwise,

Proof. Recall Theorem 3.1, ¢(7T') is equal to

d d

exp(z %ei X 61‘) = Z(Z gei & €i)®n%.

i=1 n>0 i=1

From the above expansion, the result follows immediately. m

3.2.2 The formula for the expected signature of the equally
spaced piecewise linear approximations of Brownian
motion

In this subsection, we aim to derive an explicit formula for the expected signature of
B[Jg{ﬂ, i.e. oM (T). Before doing so, it is important to observe that the functions ¢

and o™ both have the multiplicative property, which is stated in the following lemma.
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Lemma 3.2.1 For any ki,ky € {1,2,..., M} and ko > ky,

p(kAt) = @(kiAt) @ o((ka — k1)Al);
M (ko) = M (ki At) @ M (ks — k) At).

Proof. Recall that o(t) is defined to be the expected signature of Brownian motion
B[O,t]y 1.¢e.

p(koAt) = E[S(Bpx,an)| = EE[S(Bok,an) | Fr adl-

By Chen’s identity, we have that

S(Bpogaag) = S(Bjorag) ® S(Bik, atkaar)

thus the following equalities holds.

= E[E[S(Bjokag) ® S(Bk,atkend) | Friatll, by the Tower property
= E[S(Bjokag) ®E[S(B,atk.an)| Friad), since S(Bjokayg) s Frar-measurable.

On the other hand, because Brownian motion B has the strong Markov property, and

the expected signature of By, does not depend on the starting point, it is true that

E[S (B, atkoag) | Fiyadl = E[S(Bk,atk,nn) | Briad) = (ko — k1) At).

Therefore it implies that

p(k2At) = E[S(Bpxag) @ @((ka — k1)At)]
= E[S(Bpxan)] @ (ke — ki1)At)
= @(k1At) @ p((k2 — k1) At).

Similarly, it is easy to prove that it is true for o™ as well, since the proof only relies
on the Markov property, the expected signature of the process up to a fixed time does

not depend on the starting point and {Béw}se[klm,@m] has the same distribution as

{By}86[07(k2—k1)At]. |
Herein let us give the explicit representation of * in the following theorem.

Theorem 3.2



where At = %, and for every index I = (iy,ia,. .., l2,) € Kop,
n 2n
C = n n n
! (1£% 2D, ﬁ”>/<nﬂlhnﬂlhuﬂm(ﬂ>
and

1 (A"
M _ . ... ,
eV (At) = 5 E Oln! ( 5 ) e, ®€i, QR e, .

n>0 Iekop

Proof. By Lemma 3.2.1, the following equality is true for every integer k = 1,2, ..

oMEAL) = oM((k—1)At) @ p(At).

By induction, it is easy to show that

T
where At = i

'7M7

Moreover since {BM}icio,aq is a linear path, the signature of {BM}cjaq could be

reduced as follows:
d

d 7
S(Bl ay) = exp(BY) £ exp(Y_ Bhje:)

=1

since BA, has the same distribution with Bag.
Thus it implies that

P (At) = E[S(Bjgag)) = E

exp(y_ Bije)
i=1

m=0 i=1
For every word I = (i,149,...,0m),
d Qm m
o [E (Z Bgiez> =E H BZ?
i=1 j=1
d
Dyn
=EH@%4
1=1

Since Bg)t is normally distributed with mean 0 and variance At, where [ = 1,2, ...

Orell 0, if ny(7) is odd,;
E[(Bm)m( )] = (g)anm <nz!
2

W) , otherwise.

o
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. Q||
Therefore 7! (E {(Zjl BX%@Z) }) could be further simplified, i.e if m = 2n and
I € ’C2na

d e n
, At ny(1)!
I/ M I (@) _ | | !
T (" (At) =7 [ E <§1 BAt6i> - ( 9 > n (1))

=1 2

and

d ®R2n
1 i
(M (AY) = mwf E (;ngei)

Ay nl (2n)!
- 2(3) [T () <Hld:1m([)!>

2
1 [(At\"

Otherwise, at least there exists an [ € {1,2,...,d}, such that n;(I) is odd, and thus

' (" (At)) = 0.

Remark 3.2.2 For every integer n € N, and for every index I € Koy,

n 2n
=" . <1
I ( 2([)’ 22(1)7”' dél))/(n1(1>7n2(j)’nd([))

3.2.3 The convergence result for the expected signature of
the piecewise linear approximation of Brownian motion

In this subsection, we are interested in examining the convergence rate of the expected
signature of the piecewise linear approximation of Brownian motion. In order to do so,
we need a norm on the tensor products to measure the error term. Herein we choose
an admissible norm, which is defined in Definition 2.1.2. An important property of
an admissible norm | - |, which will be used frequently in the following discussion is
that Vn,m > 1,

v @ w| < |v||w|, Vv € B w e E®™.

There are various ways to define the norms on E®", e.g. the l;-norm and [,,-norm
defined in Definition 3.2.3 and 3.2.4 respectively. It is easy to verify that both of

them are admissible norms on E®".

25



Definition 3.2.3 (l-norm on E®") Let E be a Banach space. For every positive

integer n, the l-norm denoted by | - |« is defined as follows, i.e. for every v € E®™,
vloe = sup {7’ (v)[}
1eW,
where W, is the set of words of length n.

Definition 3.2.4 ([;-norm on E®") Let E be a Banach space. For every positive

integer n, the ly-norm denoted by | - |1 is defined as follows, i.e. for every v € E®",

[oh =) In'(v)]

1eW,
where W, is the set of the words of the length n.

Remark 3.2.3 The ly—norm on E®™ is a projective norm and it has a nice property,

which is given in Proposition 3.5.

Proposition 3.3 For every a € E®™ and b € E®™,
|a @by = |ali[blx

where m,n € N,

Proof. Let {e;}%, be the basis of E. For every a € E®" and b € E®™, a and b could

be written as

a= Z ml(a)e, ® - ®@e;,
1eWn

b: Z WJ(b)€j1 SR ®€jm
JEWnm

where I = (i1,12,...,1,) and J = (J1, 52, -+, Jm)-
Thus by the definition of tensor product, we have that

a@b= Y atenapi I (be, @ e, @e ®@ - @ ey,

Therefore it follows that

la®bl; = Z |ritnin) () pdr-n) ()]

(ilr-win)ewn
(F1se Jim)EWm

— Z Z |7T(i1,...,z‘n)(a)||7T(j1,.-.,jn)(b)|

(11 ey ) EWn (Ji1,-eesdm ) EWm

= | X @) X Eee)

(150myin ) EWn (J1503m ) EWm

= |al1]blx
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Lemma 3.2.2 For every k=1,2,..., M, for every integer j > 2,

kAt
(o) < & (551 (5:2)
where | - | is the admissible norm.
In particular,
kAt
e kanyh = 1 (451 (3.3

Proof. For k =1, it is just Theorem 3.2.
For k > 1. Suppose that this statement is true for k£ — 1. Let us prove that it is true
for k£ as well. By Lemma 3.2.1, we have that

M (kAt) = " ((k = 1)AY) ® o™ (At)

and thus
M
poi (@M (kAL) = D poji (i — 1)At)) ® paj, (9™ (Al)).
J1t+j2=j
Since | - | is an admissible norm, then

|25 (" ((k = 1) A1) @ pajy (0™ (AL))| < |2, (0™ ((k = 1)AL))| - | pajy (0™ (AL))]

In particular, in terms of /1 norm, by Proposition 3.3 it holds that

025 (" ((k = 1) A1) @ pajy (0™ (AL)) |1 = o2z (™ ((k = 1)AL)) |1 - |02z (™ (A1) |y

Then by induction hypothesis it follows that

2 (DM (RAD) <Y Lpas (0™ (k= 1)A1) | oo (9™ (AL)]

Jitje2=j

<y L 1 <(k - 1)At)jl 1 (g)”
vl Ji! 2 g2t \ 2
NAN
-3 (%)
If we choose [;—norm, inequality signs could be replaced by equals signs in the above

formula.

By induction, it shown that for every k =1,2,..., M, for every integer j > 2,

o (M (kD) < & (’f—“)

7! 2
1 kA’
e el = (51
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Lemma 3.2.3
For every integer 7 > 2,

INVNAY
(80 = (a0 < 5 (5) (3.4
for every odd integer j or 7 = 0,2,
pi(e™(At) — p(At)) =0 (3.5)

where | - | is the admissible norm.

Proof. Since the explicit formula for o (At) and p(At) is given in Theorem 3.2 and
Corollary 3.2.1, it is known that for every word I of odd length or 0,

' (p(At) = 7' (M (A1)
U (p(At)) = 70(pM(At))

0
1

where () denotes the empty word;

For every word I of length 2n,
1 (AE\"
wpan) = o (%) 1e s

2
(M (A) = 01% (%)nm € Kan}.

By Theorem 3.2

n 2n
12(1)’ 22(1)’”. d2(1) n1(1),n2(1),...nd(])

In addition, using S», ; Koy, it follows

(1 — O])% (%)n, I e Szn;
7w (p(An) —x (M (AN)] = 4 Cr(5) I € Ko\Son

0, otherwise.

1 (Ary

n! \ 2

and by the definition of the admissible norm | - |, it is also true that
1 (At\"
o (80) = pun(e(8)] < = (5)

where j € N.
In particular, for the case n = 1, since Ko = Sy and ¢; = 1(I € K3) where the length
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of I is equal to 2, then C; = 1, and the difference between ps(p(At)) and ps(p(At))

can be simplified to
1-C;=0.

This means that ™ (At) coincides with ¢(At) for the first two levels. =

Next we will give the bounds for the discretization error for the expected signature
of Brownian motion and the result is summarised in the following theorem. In the
following discussion, we restrict the dimension of Brownian motion to d > 2, because
from the previous discussion, for the one dimensional case, the signature of Brownian
motion By 7 only depends on the increment of Brownian motion at time 7, and thus

there is no discretization error for the approximation to Brownian motion.

Theorem 3.4 For every integer j > 2, it holds that

Ti=t — (T — At)i-1
2-1(j — 1)!

|2 (@™ (T) — (T))| < T

Proof. Let us compute the difference of @ (T) and o(T) by expanding it as the

telescoping sum as follows:

e"(T) — o(T)
= O(kAL) @ oM (M — E)At) — o((k 4+ 1)At) @ ™ (M — (k + 1))At).

By Lemma 3.2.1, we have that

PM((M —R)AY) = MA@ (M — (k + 1))A1)
e((k+1)At) = p(kAt) ® p(At)

and therefore the following two equalities follow that

o(kAt) @ @M (M — E)At) — o((k 4+ 1)At) @ DM (M — (k + 1))At)
= o(kAt) @ (@M (At) — o(AL) @ M (M — (k + 1))At)

M) — o(T) = 3 (kM) ® (oM(A1) — p(AR) © ™ (M — (k + 1))Ab)

k=0

=
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Then applying the projection function py;(-) to @™(T) — o(T), for every j > 2,
pai(PM(T) — p(T)) is equal to

Z > Z P2in (KAL) ® (paza (0™ (AL) — 9(AL)) @ pag, (9™ (M — (k + 1)) At))

J2=2 j1+j3=j—j2 k=0

since 7l (p(kAt)) = 7l (M (kAt)) = 0 where I is a word of odd length or length 2.

For every fixed jo > 2, let us examine

Uy =1 Y Z P21, (KAL) ® (paza (0™ (AL) — 9(AL)) @ pagy (0™ (M — (k + 1)) At))|

J1+jz=j—j2 k=0

which is bounded above by

> Z |92, ((RAL))] - |92, (9™ (A1) — @(AL)] - | pajs (0™ (M — (k + 1)) AL)))|

Jitjs=j—j2 k=0

since | - | is an admissible norm.

Recall that the following inequalities have been proved:

|92y (p(kAL))| < i(k_m)ﬁ

Ji! 2

P (M(A0) — (A < 2 (ﬁ)

jal \ 2

(P (M = (R +D)A)) < <<M 5 DN)]B

Therefore we have

M-1 ] ; j
1 (EALN 1 (A" 1 (M —k—1)At\”
R < ) () 2 (3) ()
k=0 j1+is—j—js J1- J2- J3-
1 (At)”M_l 1 <T—At>] 2
J2! \ 2 = (j —j2)! 2
B Zi (g)m—l 1 (T—At)] 72
250\ 2 (4 — Jo)! 2
_ T 1 (At)”_l 1 (T—At)” 72
T 2D\ 2 (j — J2)! 2
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From the above inequality, we know that

|2 (DM (T) = (T))| < Y URNT)

Jo=2

i Z 1 (g)]é—l 1 (T . At)j_j2
=20 -\ 2 (J = 72)! 2

2o((5)-(5))

(Ta'l (T - At)fl) |

2i-1(j — 1)!

IN

Remark 3.2.4 [t is easier to see that the convergence rate of |pa; (™ (T) — o(T))|

is no more than the order At from the following estimate:

|02 (™ (T) = (7))

_ T (T (T Ay
-2 20-1(5 — 1)!
TR~ 1 <g)h 1 <T—At>j_1_j2
2~ (J2)! \ 2 (j—1—j2)! 2
J—2 J2 _ J=2—j2
< Ty L2y (=&
2 720 2! 2 (j—z—jQ)' 2

B i-2 j-1
< Lpp ! T-aty b (Y
2 (7-2) 2 (7—2)!\ 2

After this discussion of the upper bound of the difference of the expected signature of

Brownian motion and its piecewise linear approximation, we derive the lower bound

for it as well.

Theorem 3.5 ' For every integer j > 0, consider the word I; = (1,2,1,2, 1,...,1 ),
——

27 copies of 1

!Thanks to the discussion with Weijun Xu, the proof has been simplified to this version. In the
original work to estimate the lower bound, we considered the index J,, in the form

(1,1,2,2,...,1,1,2,2), if n = 2i;

J. = i copies of 1122
n (1,1,2,2,...,1,1,2,2,1,1), ifn=2i+ 1.

i copies of 1122

where n € N. It can be proved that |7/ (¢(T) — M (T))| converges with order At too, but it requires
a bit more effort to do so.
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then

75 (p(T) — ™ (T)) !

T — At

>
2 12(j + 1)!

(

2

Proof. As I; ¢ UNSgn, it follows immediately that
ne

' (p(T)) = 0.

j+1
) At

By induction on k, we have shown that for every integer k € {1, 2,

index I,

and then

v

(" (KAL) > 0

w0202 (M (AL (oM (RAL)).

where J; = (1,1,...,1,1).
—_———

2j copies of 1

It is also noted that for each J;, we have that

Since for every k =1,2, ...,

(M (kAL))

r(1212) (M (A1)

A%

..., M}, and every

(3.6)



by summing up both sides of the above equation over k = 1,..., M — 1, we have that

M-1 M—-1 M-1 j+1
A , A M — 1)+
Zk]ZZ/ xjdx:/ x]da::(,—).
e i Jk-1 0 J+1
Therefore it follows immediately that

1 (g)jw (M — 1)itL

I; MT >
ey > o (F) D

1 T — A\’
_ B A
2+ 2

Remark 3.2.5 By Theorem 3.4 and Lemma 3.5, it is easy to see that for everyn > 2,

is O(5;) when M tends to the infinity.

3.2.4 The expected signature of Brownian motion under the
empirical measure

Let us consider a sequence of i.i.d random paths of size K, denoted by { B, }X_,, which
have the same distribution as the linear approximation of Brownian motion B[O,T] we
discussed in the previous subsection. The average of the signature of {B,}%_| can be
regarded as the expected signature of the piecewise linear approximation of Brownian
motion BS[OVT] under the empirical measure. Herein we are interested in understanding
how fast the average of the signatures of the samples of piecewise linear approximation
{En}fle converges to the expected signature of the original Brownian motion. More
precisely we focus on the convergence rate of the error term, which is defined in
Definition 3.2.5.

Definition 3.2.5 Let us define the error term of the average signature of the linear

approzimation of Brownian motion of size K as follows:

K
1 .
KM= 7o )~ S(B,) — E[S(Bpm)]-
n=1

Next we are interested in studying the L, norm of the error term e a, i.e for every

word 1,
7! (ex.a) |1, = Eln (exnr)?]
and the convergence rate of |7/ (ex 1r)|r, when K and M tend to the infinity.
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Remark 3.2.6 [t is easy to see that for every index I,
1 ~
Elr! (excm)?] = =Var(x' (S(Bpm))) + 7' (o(T) = "(T))",

which indicated that the error term comes from the variance of the expected signature
of approrimated Brownian motion samples and the discretization error of the approxi-
mated Brownian motion. The discretization error w (o(T)—p™(T))? has been studied
carefully in Subsection 3.2.3. The only thing left is to understand Var(S(B[oyT])).

Lemma 3.2.4 For every index I,

v = (1) (2)

Proof.
Var(n'(S(Bpm))) = (7" wa')(p(T)) — (7' (p(T)))?
< (7' wa)(p(T))
2|1 1 Z ]
= (m)m! (2)

Lemma 3.2.5 For every index I of length greater than or equal to 2,

Var(e!(8(Bor) < (1)) (ﬁ (g)'” 4 A (g)'”l m) |

Proof. By the shuffle property of the signature, we have that
Var(w'(S(By,n))) < Elw' (S(Bpo,))*] = El(w' wa)(S(Bo))] = (v wa")(e™(1))3.7)
Since the number of shuffles in I W[ is (2||II||), it follows that

i’ wa)SEam] < () Ioan(¥ Tl

By Remark 3.2.4, it is shown that for every index of length 2n, the following estimates
holds:

() = M (Dl < Ao (5)
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which implies that

2n (@ (T))|oe < [p20(0(T) — @™ (T)) oo + |20 (0(T)) o0

n_w( )nl (5) o

Using the above inequality in inequality (3.7), our proof is complete. m

<

Theorem 3.6 Fix an arbitrary index I of length greater than or equal to 2. For any
fized K € N, |7/ (ex ar)| 1, converges to 0 with the speed 3; as M tends to the infinity.
For any fited M € N, |7!(exn)|1, converges to 0 with the speed & as K tends to the
mnfinity.

Proof. For every fixed index I, since B, is a sequence of i.i.d sample paths with the

same distribution as B[O,T}, we have that

Bl (ex0)?) = 2 Var(e! (S(Bum))) + ' (o(T) - oM (T))%

By Lemma 3.2.5, for every index I of length greater than or equal to 2,

o< () (e (2)+2(5)" )

Moreover, by Remark 3.2.4, it is shown that for every index of length 2n, it holds:

Imdwﬂ—wM@MmSA%F%ﬁ(g).

For every index of odd length,
o (o(T) — ™(T))|oe = 0.

Therefore we have that

st < 1) () ()" )

A
1 T\ 2
1 is even. At— a
T }< un—w<2) )
T
where At = i

Now we can conclude that for any fixed K, & ZnK:1 S(X,,) converges to the expected
signature of Brownian motion with the speed of ﬁ in the Lo sense while for any fixed
M, + S S(X,) converges to the expected signature of Brownian motion with the

speed of % in the Ly sense as well. m
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Chapter 4

The Expected Signature of a time
homogenous Ito diffusion Process
up to a Fixed Time

4.1 The setting of the problem

Fix E = R%, where d € N. Let (Q, F,P”, {Fi}1c0.+o0]) be a probability space, where
the stochastic process X is adapted to the filtration {F;}ic0,00) and the filtration
{Fi}tepo,00) is complete. Moreover, let W = {W,}icp0,400) be a k—dimensional Brown-

ian motion defined on R*.

Let us consider a time homogeneous Ito diffusion process X satisfying the following
d,k

SDE with drift vector {u")(z)}%_; and the dispersion matrix {\/;-(j)(a:)}mzl, where
1, Vi,...,Vy are functions from E to E. This is written component-wise as,
k
dX = p9(Xy)dt + >V (x) - aw (4.1)

i=1
where j = 1,2,...,d, and - is used to emphasize that the integral is taken in the Ito
integral sense.

Or it can be also written in the matrix form, i.e.
dX; = pu(Xy)dt + V(Xy) - dW,

where ¢ € [0, 7],



and

V(@) vyO(x) V()
Vi) = | W@ V@ @)
V@) V@) .. V)

For ease of notation, let b(x) denote the (d x d) matrix, which is defined as b(x) 2

V(2)VT(x), with elements

k
A i j .
b () 23 VI @)V (@)1, o € {1,2,..., d}

=1

and will be called the diffusion matrix.

Under the probability measure P* the process X satisfies

Moreover it is assumed that the law of the pair (W, X) is uniquely determined in this

section.

In order to discuss the regularity of the drift and volatility further, let us introduce

the concept of the polynomial growth condition as follows:

Definition 4.1.1 Let us fix a positive integer n. Suppose that f is a function mapping
from RY x E to R". We say that the function f satisfies the polynomial growth
condition of degree r where r > 1 if and only if for every fized T > 0, there exists

constants L and r such that

sup |f(t =) < L(1 + |z")
0<I<T

In the rest of this section, we assume that the drift term p and the dispersion matrix

{Vi}k_| satisfy the following condition.

Condition 4.1 The drift term u and the dispersion matriz {V;}*_, satisfy the globally

Lipschitz condition, i.e. there exist a constant C', such that for every x,y € F,

() — p(y)] + Z Vi(z) — Vi(y)| < Cly — .
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Remark 4.1.1 If the drift vector pi and the dispersion matriz {V;}%_, satisfy Condi-
tion 4.1, then it implies that u and {V;}¥_, satisfy the linear growth condition as well,

i.e. there exists a constant K, such that for every x € F,

k
@)+ D Vi) < K(1+ ],

By imposing the linear growth type condition and the Lipschitz type condition, it can

be proved that the SDE admits a unique strong solution, as was first done by K.

1t6(/8)).

Now let us introduce the definition of the signature of a time homogeneous Ito diffu-

sion process.

Definition 4.1.2 Let X; be a It diffusion process, which satisfies the SDE (4.1).
Suppose that the following iterated integrals are well defined. The signature of Xjo
is defined to be

S(Xo) = (1,X[107t], s Xy o) €TU(E))

for almost every path X and for every n > 1 by the Stratonovich iterated integral

X[%,t]: // dXt1®"'®dth.

O<uy<ug<---<un<t

Remark 4.1.2 [In [5], it is shown that any continuous, d-dimensional semi-martingale,
say X = M + N where M s a continuous local martingale and N is a continuous
process of bounded variation on any compact interval, admits an enhancement with
p—wariation rough path regularity, p € (2,3). By rough path theory([14]), the signa-
ture of Xoy is not uniquely determined until the choice of definition of the area is
fized. There is more than one choice of the integral of the semi-martingale, e.qg. Ito
integral or Stratonovich integral. In this thesis we choose the Stratonovich integral to

define the iterated integral of the diffusion process X;.

Remark 4.1.3 In the same way as Lemma 2.4.1, the signature of an Ité diffusion
process Xy, i-e. S(Xpoy) defined in Definition 4.1.2, satisfies the following RDE:

dS(Xpg) = S(Xj,) ® (0dX;), S(Xp) =1

where o is used to emphasize that the SDE is in the Stratonovich sense.
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Definition 4.1.3 Let X be an Ité diffusion process defined by SDE (4.1). Suppose
that the signature of Xo, is well defined. The expected signature of Xy starting at
point x, denoted by ®(t,x) is defined as follows:

(t,z) = E*[S(Xjo,)]

where t € RT.
For every n € N, the n'" term of the expected signature of an Ité diffusion process

X starting at x is denoted by ®,(t,x). Moreover, ®y(t,x) = 1.

Remark 4.1.4 By the definition of the signature, it is known that the signature of

any path at time 0 should be trivial, and thus its expectation is trivial as well, i.e.

¢(0,z) =1

We are interested in the derivation of a PDE satisfied by ®(¢, z). By solving this PDE,
subject to certain constraints, we will derive the whole expected signature ®(t, z), for
every (t,z) € R™ x E. In order to do so, the diffusion process is required to satisfy

the following smoothness condition on the function ®:

Condition 4.2 ®(t,x) is finite and it has continuous partial derivative with respect
to t and continuous second order partial derivatives with respect to x, i.e. for any
index I, w(®(t,z)) € CY*(RT x E), where CY*(RT x E) is the space of continu-

ous functions mapping from RT x E to R, with continuous partial derivatives (g—{),
d 5. \d
af _of
<ami>i:1’ (axi8x1>ij:1'

Remark 4.1.5 Since our goal is to derive the PDE for the expected signature func-
tion ®(t,z), and it will be proved later in the chapter that it is a PDE of the second
order, Condition 4.2 is natural and necessary to ensure the PDE admits a unique

classical solution.

4.2 Auxiliary estimates

In this section, let us give some useful estimates in the case where the drift vector
and the dispersion matrix satisfy Condition 4.1. Lemma 4.2.1 will be used in the
main theorem of (Theorem 4.9), while Lemma 4.2.2 is useful in the calculation of the

infinitesimal generator of ®(¢, ) (Theorem 4.6).
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To show Lemma 4.2.1 and Lemma 4.2.2, we need the following proposition, which is

actually Corollary 12 on page 86 in [11].

Proposition 4.3 Let X denote a time homogeneous Ito diffusion process, which is
defined by the SDE (4.1) and satisfies Condition 4.1, i.e. u and {V;}r_, all satisfy a

global Lipschitz condition. Moreover let K be a constant, such that for every x € F,

()] + Z Vi(z)] < K(1+ [x]).

Then for every sufficiently small T > 0, there exists a constant N depending on p
and K, such that for allp >0 and t € [0,T],

E*[ sup | X, —zP] < NT%eNT(1+|z|)?,
te[0,7]

E?[ sup |X;P] < NeNT(l + |z|)P.
te(0,7)

Lemma 4.2.1 Let X denote a time homogeneous Ité diffusion process, which is de-
fined by the SDE (4.1) and satisfies Condition 4.1, i.e. p and {V;}:_, all satisfy a
global Lipschitz condition. Let f be a function from RY x E, and satisfy the polyno-
mial growth condition, i.e. for every fired T > 0, there exists constants K andr > 1,
such that

sup | f(t,z)] < K(1+ [x]").
tel0,7

Then for every fived T > 0, f(t,X;) is uniformly L,-integrable, i.e.

sup E[|f(t, X:)[F] < 4o0.
te[0,T)

where p > 1.

Proof. By the polynomial growth condition of f, there exists constants K and r > 1,
such that

[fEt o) < KP(L+|2[")7 < KP2P (1 + [a™).

where p > 1. The last inequality comes from the inequality (a + b)P < 2P~1(aP? + bP),
where a,b € R*. Therefore, for every fixed T > 0,

sup E[|f(t, Xy)[P] < Kp2p’1(1 + sup E?[| X)) < Kp2p’1(1 + E*[ sup |X¢|""])
t€[0,T) t€[0,T) t€[0,T]
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By Proposition 4.3.for every p > 1, there exists a constant C' depending on T, x, K
and rp, such that

E*[ sup [X|"?] <C
te[0,T7]
and thus
sup E[|f(t, X;)[P] < KP2P~1(1 4+ C) < +oo.
te[0,7)

[ |
Lemma 4.2.2 Let f be a function mapping from E to R. Suppose that for every

fixed x € E, there exists constants C' > 0 and p > 1 depending only on x, such that
for every y € E,

|f(y) = f(@)] < Cly — .
Then the following equality holds:
E*[[5 f( x;ﬁ

lim
e—0

= f(x).

Proof. It is sufficient to show that

lim ]E“"” U F(X)) — )|dt]

E*[[5 f(Xy)dt]
€

since

0 < lim

e—0

— f(z)

<lim 1 E[/ F(X) — f(a)]dt |

e—0 &

Let us give the estimate for E* [ [ f(X;) — f(z)| dt]. Since for every fixed z € E,
there exist constants C' > 0 and p > 1 depending only on z, such that for every
yck,

|f(y) — f(2)] < Cly —zf”,
then we have that

g [ [ 15000 sna] < om [ [1x—ara]

Furthermore, by Proposition 4.2.1, |X; — z|” is uniformly L,—integrable within the
interval [0, 7). Then according to Fubini’s theorem, for every ¢ € [0, T

B U ]Xt—a;|pdt] :/ E* [|X, — off] dt
0 0
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By Proposition 4.3, it follows that for every p > 1, there exists constants K and N,
such that

E® | sup | X, —z|P| < KeMt2, (4.2)
s€0,t]
It follows that
%ﬂ/ux o]
< CO= / E* [|X; — z|P] dt
€ Jo
<

1 g

CK~- / eNtE dt
€Jo

It is easy to see that

1 g
lim — eNttsdt = 0.
e—0 g

Thus finally we have that

lggﬂ/ux Mﬂ

Now the proof is complete. =

Remark 4.2.1 It is not difficult to see that the requirement of f in Lemma 4.2.2
could be weakened to that f : E — R satisfies that for every fized x € E, there exists
2m constants, i.e. {C;, p;}, only depending on x, such that for everyy € E,

If(y) — f(z)] < ZCZW — [P

where C; > 0,p; >0, Vi € {1,2,...,m}.

4.3 Properties of the expected signature of a time
homogeneous Ito diffusion processes

4.3.1 The mean value property of the expected signature of
diffusion processes

An essential property of the expected signature ®(¢, x) is called the mean value prop-
erty, which is an immediate consequence of the Markov property of the underlying
process X;. Let us state the mean value property of the expected signature of a

diffusion process for a fixed time and give its brief proof.
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Lemma 4.3.1 (Mean value property of the expected signature)
For any (t,x) € R* x E,

O(t,x) = E[S(Xpq) @ P(t — e, X.)] (4.3)
where € € [0,1].
Proof. Let € € [0,t]. By the definition of the expected signature of the process X,

Ot z) = E*[S(Xpq)]

= E*[E*[S(X[o,)|F:]], by the tower property. (4.4)

By Chen’s identity we have that
S Xjog) = 5(Xjoe)) @ S(Xeg)-

Applying it in (4.4), we obtain that

O(t,x) = E'[E*[S(Xpe) @ S(Xpe)|Fe]]
= E*[S(Xp,) @ E*[S(X|eq)|Fe]]-

Since X is a Markov process and it is time homogenous, we have that
E7[S(Xe)l ] = E*[S(Xp)|X] = (2 — £, X0).
Thus the result follows immediately:
O(t,z) = E*[S(Xp,) @ P(t — e, X.)].
|

Remark 4.3.1 The mean value property of the expected signature of an Ito diffusion
process actually provides us with a way to prove the main PDE theorem, i.e. expanding
the RHS of Equation (4.3) as a power series in €. Since the LHS of Equation (4.3)
is independent of €, by setting the coefficient of € to zero, we obtain the same PDE
i Theorem 4.7. But the crucial step is to calculate the quantity %, denoted by
L(zx), which is defined in Notation 4.5 later on, and is explicitly given in Theorem
4.6. But in this thesis, we only present the alternative approach, i.e. the martingale

approach to prove the PDE result.
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4.3.2 One important quantity related to the expected signa-
ture of diffusion processes

First of all, let us recall the definition of the infinitesimal generator of a It6 diffusion

process.

Definition 4.3.1 Let {X;} be a time-homogeneous Ité diffusion in E. The infinites-
imal generator A of X, is defined by
E*[f(X;)] —
t—0 t

The set of functions f: E — R such that the limit exists at x is denoted by Da(x).

v el

It is fundamental to associate a second order partial differential operator A to an
Ito diffusion process X;. The basic connection between A and X; is that A is the
generator of the process X; (More details could be found in [18]).

Theorem 4.4 Let X, be the Ito diffusion, i.e.
If f € CZ(E) then f € Dy and
d
Pflx)
—b;
ZM ax] + Z Z s 8%18%2
7=1 J1=1j2= 1

where C2(E) is the set of functions with compact support mapping from E to R with

continuous twice partial derivatives.

Let us introduce introduce the important quantity related to the expected signature

of a diffusion process, denoted by L(z) as follows.

Notation 4.5 Let X denote a time homogeneous Ito diffusion process. Let L denote
a function mapping from E to T((E)), and defined by

Ex[S(X -1
L:z+—lim 15 [O’t])]

t—0 t

supposing that the above limit exists.

Remark 4.3.2 Roughly speaking, L(x) could be seen as the infinitesimal generator
A acting on S(Xjoy), since S(Xjo0) = 1. Moreover, let ®(t,x) denote the expected
signature of Xy starting at the point x(see Definition 4.1.3). Suppose that ®(t,x)
1s partially differentiable with respect to t when t = 0. Then the function L satisfies

L(z) = 6(1)(%(1 x)’ Vo e E.
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In the following, Theorem 4.6 gives an explicit representation for L(z).

Theorem 4.6 Let X be an Ité diffusion process defined by SDE (4.1) and satisfy
Condition 4.1. Let ®(t,x) denote the expected signature of X0, as before(Definition
4.1.8) and satisfying condition 4.2. Then

E*[S(X -1

L(z) = lim [5(Xpp)]

t—0

d d d
. 1
= E u(”(zv)eﬁg E §bj1,j2(93)€j1®€j2'
j=1

J1=1jo=1

The following lemma will be used to complete the proof of the above theorem.

Lemma 4.3.2 Let X be an [to diffusion process, which is defined by SDE (4.1) and
satisfies Condition 4.1. Let ®(t,x) denote its expected signature as before (Definition
4.1.3) and assume that it satisfies Condition 4.2. Let f : RT x E — R satisfying the
polynomial growth condition. Then for every index I of length greater than or equal
to 1,

lim LEe [ / ' (S(X o) (s, X)ds| = 0.
0

tlot ¢t

where p > 1.

Proof. Fix T > 0. Let t € [0,T]. By the Cauchy-Schwarz inequality, we have the

following inequality

N
[NIE

E* [|7 (S (Xpo,9))f (s, Xs)|] < (B* [7'(S(X(0.9))%]) % (E” [f (s, X:)?]) (4.5)

Using the shuffle product property of the signature, we have that
E*[n(S(Xpq))?] = (7' wa)(E[S(Xpq))) = (7' wa')(@(s,2))  (4.6)

Since the integrand is positive, by Fubini’s theorem, it holds that

B [ [ (oo, Xolas| < [ Bl (0o, X s

0

Substituting (4.5) and (4.6) into the above inequality, we have that

NI
N|=

E* [ /0 W(S(X[O,S]))f(s,Xs)|ds] < /0 (=" W) (@(s,2))) * (B [£(5, X,)2]) ds
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Since f satisfies the polynomial growth condition, so does f2. By Lemma 4.2.1, there

exists a constant C' depending on z,T and K, such that

sup E* [f(s, X.)] < C

s€[0,7

and thus for t < T,

[ [ (S (X s X

< e/ t (5K Xl
[ (@ ags. o)

The function ® satisfies Condition 4.2, which implies that it has a continuous partial

N
NI

< C ds.

derivative with respect to t, which guarantees that

lim ; (" wat)(@(s.2))

N|=
N

ds = ((x! wa')(®(0,2)))? =0.

Therefore it follows

lim —
t—0 t

< 15 | [ n (50600 6 X010

t—0 t

| [ (S0 (s. X

t
< Chims [ (" wa)(@(s,2)))3ds =0,

t—0 t 0

where |I| > 1. Finally we have that

s 1 T ! I
iy 157 | [ (SN0 5. X)as| = 0
[ |

Now let us complete proof of Theorem 4.6 using the above lemma.

Proof. Let us recall that X satisfies the following SDE in the 1t6 form, i.e.

k
dXt(j) — M(j)(Xt>dt + Z Vi(j)(Xt)th(i)’
i=1
where j =1,2,...,d.
The first step is to calculate the first term of L(z), i.e.




This can be easily proved by applying Theorem 4.4 for the function f(z) := 2, since
E* [V (X, — o))

— Af(2) = 1),

lim
t—0

Next we are going to calculate the second term of L(x), i.e.

i I , .
hm r(i1.52) (]E [S(X[Oyﬂ)] — 1) i E [fo (XS(J ) _ x(]l)) o dXS(J2)]
t—0 t t—0 t
By the relation between Stratonovich integral and Ito integral, we have the following
equation, i.e.
t t 1 [t
/ (X(]l) — p0) )o dX (72) — / (X(j1) _ :B)dX(j2) + _/ <dX(j1) dX(jz)>
S S 2 S ) S
0 0 0
t . : , 1
= / ((Xs(Jl) — x(ﬂl)>u(32)<Xs) + §bj1,j2(Xs)) ds
0

+martingale part

Since pu satisfies a global Lipschitz condition, by Lemma 4.3.2 it holds that

1 Lo . , b .
lim —E [/ (X§J1) _ x(]1)>u(]2)(Xs)dS:| = lim IE {/ W(Jl)(Xs _ x),u(”)(Xs)dS} =0
0 0

t—0 t—0 ¢
where j1,72 € {1,2,...,d}.
Next let us prove that

N
lim -E [/0 bjl,jg(XS)dS:| :bjhjz(x)'

t—0 ¢t

Due to the Lipschitz condition for V', and b(x) = V(z)V7(z), there exists a constant
K > 0, such that

Z Vi(z) = Vi(y)| < Klz —y]

and therefore it further implies that

1bi1.3 (1) = bjy g (@)] = DV () Vi () — VI (@) V9 ()

=1
k

V(jl)(y) _ Vi(jl)(x)HVi(jz)(Xs) _ Vi(jQ)(:B)|

)

v

=1

+Z|Vﬂ (@) (V9 ()] + VI (@)

IN

K|y —af* + Kly — w!rgljle(!Vi(] @)+ V(@)
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By Lemma 4.2.2 and Remark 4.2.1, it follows

1L
lim -E {/0 bjl,jg(Xs)dS:| = bj, 5, (2)

t—0 ¢t

Then we will have that

. 7T(j17j2)(]EI[S<X[0 t})] B 1) 1
IltlL% p = ébjlij (ZL’)

Finally we need to show that for every n > 3, and every index I of length n,

. "(E*[S(X0.9)])

t—0 t

=0.
By the definition of the Stratonovich integral, we have

1 ($(Xo)) = / 0dX(M 0 dX( . o dX (™

0<t1<--<tn<t

¢ 1t . .
= /Wll(S(X[o,s}))'dXﬁz")+§/ WIQ(S(X[O,S}))CKXSF’"—”,Xs@n)),
0 0

where Il = (il,ig, . ,in_1> and [2 = (Z‘l,ig, e ,in_g).
So the drift term of 7/ (S(X[o4)) is given as follows

. 1
(S (X))t (X,) + §7T12(5(X[0,t]))bin71,in (X1)
and it holds that
! (E*[S(X(0,0)])

~ E° UO (S (Xpo)) ™) (X) + %WIQ(S(X[o,sJ))binhin(Xs)]dS} '

It is noted that |I1],|I3] > 1. Moreover, since pu and V; satisfy a global Lipschitz
condition, it implies that p and b satisfy the polynomial growth condition. Then

applying Lemma 4.3.2 to the above equality, we have that

t
lim SR { / wfl(S(X[o,s1))u“”)(Xz)d8] =0
0

t—0 t

t—0 t

1 t
iy 18 | [ (5 X0, ()05] =0
0
Therefore we have that
1 .
i 5 (B7[S(Xj0)) = 0.

Now our proof is complete. m
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4.4 The PDE of the expected signature of an Ito
diffusion process up to a fixed time

The main result of this section is that the expected signature of an It6 diffusion

process X up to a fixed time should satisfy a parabolic PDE.

Theorem 4.7 ' Let X be an Ité diffusion process, which is defined by the SDE (4.1)
and satisfies Condition 4.1. Let ®(t,x) be its expected signature as before (Definition
4.1.3) and assume it satisfies Condition 4.2. Then ® is a function mapping R™ x E
to T((E)), which satisfies the following PDE:

(—% + A) (I)(t, l’) + Z (Z bj1,j<x)6j1> & %ﬁ_;w) +

Jj=1 \ji=1
d ) d d
@D (e 4 L N )
<j=1 e 2 ﬁ;;b&”meﬂ © eh) ® ®(t,z) =0

subject to the initial condition:
®(0,2) =1,
and the condition:
Oo(t,z) =1, V(t,z) e RT x F

where A is the infinitesimal generator of X, i.e.

d d

d
, 0 1 0?
A=) M(J)(x)a—% t3 > > :bjl,jg(m)m-
j:]. 1 2

Jji1=1j2=1
Proof. Fixing time t, let us define M, as the conditional expectation of the signature

of the stochastic process Xjo, under the filtration F,,
M, = E*[S(Xj04)|Ful

where u € [0, t].
By Condition 4.2, ®(¢, x) is finite for every (t,z) € Rt x E, and thus for every index
I,

E” [(r(S(X00))?)] = (' w ) (@(t,2)) < +oo,

'T warmly thank Horatio Boedihardjo for valuable discussions on the result in this chapter, which
led me to consider using the martingale approach instead of expanding the expected signature
function directly to prove the results, and it did simplify the proof.
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ie. (m'(S(Xoy)) is L? integrable. Therefore M, is actually a martingale.
By the Markov property of the diffusion process Xjg 4,

M, = S(X[Qu]) ® E* [S(X[%t])’]:u]
= S(X[O,u]) ® @(t — U, Xu)

We apply 1t6’s formula to ®(t — u, X,,), and for convenience let us denote ®(t — u, )
by f(u,z):

d

Of (u, Xy) Of (u, Xy) . .
df (u, X,) = Tdu + Z 8—% Z th@x]z (X(J ), X2y,

j=1 31 J2=1

Since the quadratic variation of X ) and X2) is given as follows:
d(X) X0y = b, o (X,)du; Vi, ge € {1,2,...,d},

we have that

df (u, X.)
_ W“—X ]gzlaﬁj;f@ji ]1j2(Xu)du+é%ﬁde)
— [%—i—Af(uX ]du—l—;anX Zvﬂ X, )dw®
= [%mex }du+z Z )vfj)(xu) AW

Recall the definition of the signature of the process X, and we have the following

SDE, where we use o to emphasize that it is in the sense of the Stratonovich integral,

dS(Xp,u) = S(Xjou) ® (0dX.).

20



Using the relation between the Ito integral and Stratonovich integral, we have that

dS(Xpou)
d d d 1
= Z S(X[O:U]) €J + Z Z 25 Ou] d<X’£le)7X7.(L]2)>6j1 ® €j2)
Jj=1 1=1j2=1

d d d
A 1
= (Z S(Xjou) @ uV (Xu)ej + > ) 55 (Xioul) ® by g (Xu)es @ %) du

j=1 J1=1 j2=1
d k {
+35(Xjpu) ® (Z v9(x,) - dWyej)
j=1 i=1
= S(Xjou) (ZM ]) w)€j + Z Z bh G (Xu)e; ® 632) du
J1=1j2= 1
k d ’
+35(Xjou) ® (Z v (Xu)e]) AW,
i=1 j=1

By the product rule of 1to6 integral, the SDE of M, is given as follows:

8f u, Xy , :
+ Z Z S X[O u] ® €]1 ( )d<X(J1),X(]2)>u-

ox;
J2=1j1=1 J2

Therefore the drift term of M, should be

500 © (L5 4 ap(w )

d
+ S(Xou) ® (Z u(j)(Xu)e]) ® f(u, X,)
j=1
d 4
+ S(Xpu) ® (]ZIJZI §bﬂl g (Xu)ej, ® 6]2) ® f(u, Xy)
k d d
a aXu i1
+ 5(Xpu ®Z< VY (Z %W”(xﬁ))
=1 \j=1 ji=1 J1

which could be simplified further to

S(Xjo,) ® R(u, X,)

o1



where

R(u, X,) = (W + Af(u, Xu)>
(Zu Je: + Z Z by (X)es, ® eﬂ,> © f(u, Xo)

zd: <2d: ) 0f (u, X.)
-\ & jr ( o,
Recall that M, is a martingale, and M, is Ly integrable. By the Doob-Meyer De-
composition Theorem, the drift term should be equal to zero, i.e.
S(Xjo) ® R(u, X,) =0, Yu € [0,1].
Since S(X(o,) is invertible according to Remark 2.2.1,
R(u, Xu) = (S(Xjou)) ™ © S(Xppu) @ R(u, Xu) = (S(Xjo))”' ® 0= 0.

It implies that

E® [R(0, Xo)] = R(0,2) = 0.
Recall that the definition of R(0, z),

R(0,2) = (‘9f$; ) 4 Af(0, x))

d
+ (Z,u €Z+ZZ bjuz 631®612>®f(07$)

J=1 =1ja2= 1
d d
of(0,x
T Z(Zbﬂh j) (7(113 ) (4.7)
a=1l \j=1 )
Since f(u,x) = ®(t — u,x), we have the following
f0,2) = &t x)
of(0,z) 02, x)
ou B ot
0f0x) - 90x) iy g
833]- 8.17]'

0*f(0, ) Po(t,x) . .
_— = — 17 =1,2,...,d.
awjl asz (?le 837]'2 ’ v.]l) J2 ) “y )

Substituting those equalities into Equation (4.7) completes the proof. m

Corollary 4.4.1 is an immediate consequence of Theorem 4.7, but it could be clearer
to observe that the ®,, is determined by ®,,_; and ®,,_5 from Corollary 4.4.1.
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Corollary 4.4.1 Let X be an Ité diffusion process, which is defined by SDE (4.1) and
satisfies the conditions 4.1. Let ®(t,x) be its expected signature as before (Definition
4.1.83) and assume it satisfies Condition 4.2. For every integer n > 0, let ®,(t, )
denote the n'" term of the expected signature of Xo,q, which starts at x. For every
n€{2,3,...}, ®,(t,z) should satisfy the following PDE:

(—% - A) (Z 1 ) @ P, (t, 7)
: 0D, (1, 2)
o Z (Z b]l J e]l) T
( Z Z bjl 32 6]1 ® 6]2) ® (I)n—Q(t; $) (48)

Ji=1j2=1
Moreover, ®(t,x) should satisfy the following PDE:
9 d
<_§ + A) Oy (t, ) = — ; p9 ()e;
where A is the infinitesimal generator of X;, i.e.

d 0 9 1 d d 82
= E J - - E E . -
A /”L ([E) 8$] + 2 b]17]2 (ZL’) awjlsz

Jj1=1j2=1

Furthermore, for every integer n > 1, ®,(t,x) should satisfy the initial condition:
and the condition

Oo(t,z) =1, V(t,z) € RT x E. (4.10)

Next, we are interested in understanding what a sufficient condition is, which guar-
antees that a solution to the PDE (4.11) subject to the initial condition (Equation
(4.12)) and Equation (4.13), is indeed the expected signature of Xp 4 starting at a

point x. We give the answer in the following theorem.

Theorem 4.8 Let X be an Ité diffusion process, which is defined by SDE (4.1) and
satisfies Condition 4.1. Let ®(t,x) be its expected signature as before (Definition
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4.1.8). Suppose that the function & : RT x E — T((E)) is a classical solution to the
following PDE:

(2 ) S:

J]=

(Z p9 (@)e; + % > ]

Jj=1 Jji1=1j2

(Z bjl,j($)€j1> ® 858(ij) +

Jji1=1

bjl,jz (1‘)6]'1 ® ejz) ® £(t7aj) =0 (4'11)

1

subject to the initial condition:
£(0,2) = (4.12)
and the condition:
Solt,z) =1, V(t,x) eR" x E (4.13)

where A is the infinitesimal generator of X.
Moreover suppose that £(t,x) and the first derivative of &(t, ) satisfy the polynomial
growth condition. Then &(t,x) is the expected signature of Xioy with the starting point

T, i.€.

§(t,x) = @(t,x)
where (t,x) € RT x E.
Proof. By induction on the tensor degree of the expected signature, it could be
proved using Theorem 4.9. m
In order to show Theorem 4.9, we need Lemma 4.4.1.

Lemma 4.4.1 Let X be an Ité diffusion process, which is defined by SDE (4.1) and
satisfies the condition 4.1. Let ®(t,x) be its expected signature as before (Defini-
tion 4.1.3) and assume that it satisfies Condition 4.2. For every index I, and ev-
ery function f : Rt x E — R, satisfying the polynomial growth condition, then
! (S(Xp.)) f(t, Xy) is uniformly Ly—integrable, i.e. for every fized T € R,

sup E” [(H(S(X[O,ﬂ)) f(t,xt)ﬂ < 400

te[0,7
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Proof. Let us estimate the upper bound of E* [(7/(S(X(o4))f (¢, X;))?)]. First of

all, we have that

E [(x!(S(Xp0.)) f (£, X1))%)]

< % (E” [7"(S(X0.)"] +E” [f(t, X)"])

By the shuffie product of the signature and the linearity of the expectation,
E* [7(S(Xpg))'] = (7" wr' wa’ wa’)(2(t, 2))

Since ®(t,z) is finite, and the projection (7! W 7! 1w ! w 7!) is only the linear
combination of finite many coefficients of tensors, thus E* [7/(S(X)oy))"] is finite.

Moreover since ® (¢, x) is differentiable with respect to ¢,
sup ®(t,z) < +00.
te[0,T]
On the other hand, it is easy to show that for every function f(t,z) satisfying the

polynomial growth condition, f(,z)* satisfy the polynomial growth condition as well.

By Lemma 4.2.1, we have that

sup E” [f(t, X;)*] < +o0.

te[0,T]
Now the proof of the uniformly Ly integrability of 7/ (S(Xjo4))f (¢, X;) for ¢ € [0,T]
is complete. m

Now let us give the main PDE theorem for ®(¢, z) as follows and complete its proof.

Theorem 4.9 Suppose that the expectation of the truncated signature of the diffusion
process X up to the degree N — 1, i.e. {@n}ﬁfgol 18 known,and it and its first partial
derivatives all satisfy the polynomial growth condition, where for eachmn =0,..., N —
1, ®, € CY2(RT, E®"). Suppose that for each n € {1,...,N — 1}, ®, satisfies the
PDE (4.8), the initial condition (4.9) and the constraint (4.10). Let the function
Ex mapping from RT x E®N be the solution to the PDE (4.8), subject to the initial
condition (4.9) as well as the constraint (4.10). Moreover suppose that &y and 7N
both satisfy the polynomial growth condition. Then

fN(t, l’) = CI)N<t, {L‘)

where (t,z) € RT x E.
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Proof. Fix t € R*. For every u € [0,¢], let us consider the semimartingale My (u)

defined as follows, which takes values in E®", i.e.

Since for each n € {1,...,N} ®y_, € C’LQ(R*,E@(N*”)), by It6 formula, it holds

that

0PN _p(t —u, X))
ou

(o

ddy_p(t —u, X,) = (— + AdN_,(t — u, Xu)) du

J

Similarly, since £y € CH2(RT, E®Y), applying Itd’s formula we have that

dén(t —u, X,) = (—a&v(t a_uu’ Xu) + AN (t — u, Xu)> du

+ Z (Z Pl R >V}”<Xu>> awy

By the definition of the iterated Stratonovich integral, the dynamics of p,(Sjo,) can
be described by the following SDE:

Apn(S(Xpa)) = pra(S(Xip)) @ p(Xa)du + poa(S(Xip) @ 3 (_Z vy <Xu>ej> aw?

+ <1{n>2}2 > Z Pr—2(5(Xj0.)) @ by 2 (Xu)du> e © €j,

J1=1j2=1
By the product rule of the It6’s stochastic calculus, we can derive the SDE for My (u),
i.e. the drift term of My (u) is calculated as follows:

Oén(t —u, Xy)
(_ ou

+ AfN(t — U, Xu))

OPn_,(t —u, X,
+ Z P X[O u] <— N (au ) + ADy_,(t — u, Xu))

+ > pna(S(Xppw)) @ ((Xe) ® By (u, X,,))




The above formula could be rewritten as follows:

ou

( Z Z b]l 32 6]1 & 6]2> & @N,Q(u, Xu)

J1=1jo2=1

(_aéN(t —u, XU> + AfN(t —u, Xu)) + ,M(Xu) ® q)N—1<U'7 XU)

+ an (Xi0,u)) @ Rv—n(u, Xu)

where
0 .
Oi(t — u, x) + Ad;(t — ) + (Z ,u(J)(x)e]) ® ;1 (u, x)
=1

- (
+<

d
1
2 Z bjj()ej;, @ 6]2) ® @ o(u, )
1=1j2=1
d
(9<I>i,1(t —Uu, $)
F 3 (St ) o bo)
J=1 =1

Since {®;}Y" and &y satisfy the recursive PDE (4.8), then the drift term of My (u)
should be equal to 0, which implies that My (u) is a local martingale.

Next let us consider the dW; term of My (u) and we prove that My (u) is a martingale.
In order to do so, let us calculate the dW; term of My (u), i.e.

k d
3 (Z agN(ta;y’X“)Vf”(Xu)> aw,?

J

i=1 \j=1
N k d
OO n_p(t —u, X, ; i
3 (S (Xiou) @ (Z (Z e >Vz-‘”<Xu>) th”>
n=1 i=1 \j=1 J

=1

+ > a1 (S(Xppu) (Z (ZV ) AW @ dy_yp(t — u,Xu)> .

By the assumption that &y and {®,}Y=' has continuous first partial derivatives,
which satisfy the polynomial growth condition, as well as that V' satisfies the linear
growth condition, it guarantees that the dW; term of M, is Lo—integrable in u € [0, ]
by Lemma 4.4.1, thus M, is a martingale. It implies that

E*[Mn(t)] = Mn(0)
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By the construction of the martingale My, plugging v = 0, ¢ into the Equation (4.14)
and using that ®;(0,2) = 0,Vi € N, S(Xjg0)) = 1 and ®y(t,x) = 1, we have that

My(t) = pn(S(Xp4))
My(0) = &n(t, )

From those two equations, we have that

En(t,x) = Mn(0) = E*[Mn (8)] = E*[pon (S(X[o))]

4.5 Expected signature solved by a probabilistic
approach

Let us recall the celebrated Feynman—Kac formula, that establishes a link between
parabolic partial differential equations and stochastic processes. It offers a method

of solving certain PDEs by simulating random paths of a stochastic process.

Theorem 4.10 Fix an arbitrary T > 0. Let X be an Ito diffusion process defined by
SDE (4.1) and satisfying Condition 4.1. Let f :[0,T] x E - R, G:[0,T] x E - R
and n : E — R. f and G both satisfy the polynomial growth condition. Suppose
that F(t,x) : [0,T] x E — R is continuous of class C*([0,T] x E), and satisfies the
Cauchy problem:

_8ng, 2 AF(t 2) = G(t,2) F(t, ) + f(t,2); (4.15)

F(T,z) = n(z); € FE

as well as the polynomial growth condition where A is the infinitesimal generator of

X. Then F(t,z) admits the stochastic representation

Plt.a) =B o) 20 + | " fls, X Zuds| X, = 1

Z(t,z) = exp (— /t ' G(s,x)ds) .

In particular, such a solution is unique.

where t € [0,T] and
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Proof. The proof can be found in [10]. =

Remark 4.5.1 Theorem 4.10 is a special case of Theorem 5.7.6 (on Page 366 in
[10]). In [10], the Feynman-Kac theorem is valid for a time-inhomogeneous diffusion
process under a more general condition of the drift and volatility. It is easy to prove

that all the conditions are satisfied if X is a time homogenous Ito diffusion process
defined by SDE (4.1) and satisfying Condition 4.1.

Remark 4.5.2 The ezistence and uniqueness of the solution to the Cauchy problem
in Theorem 4.10 as well as the reqularity of the gradient estimates has been studied
in [11] and [1]. In [11], Theorem 10 on Page 118, it is shown that, if instead of
the assumption of the polynomial growth condition on the solution to PDE F', one
imposes that the first partial derivative of f, G, u, and V satisfy the polynomial
growth condition, the Feynman-Kac Theorem still holds and moreover we have that

F satisfies the polynomial growth condition as well.

Applying Theorem 4.10 to the PDE for our expected signature function @, the fol-
lowing theorem is an immediate consequence and it provides a way to present ® in

terms of a probabilistic object.

Theorem 4.11 Let X be an E-valued Ité diffusion process defined by SDE (4.1) and
satisfying Condition 4.1. Let ®(t,x) be its expected signature as before satisfying
Condition 4.2. Moreover suppose that ®(t,z) and its partial derivatives all satisfy the
polynomial growth condition. Let us define the map f, : RT x E — E®" as follows:
ifn > 2, then

d

falt,z) = (ZN ) @ By, (t, 2)
=

1

d d
9%, (t,z)
+ Z (Z b]l J 6]1) a—;j

Jj= Jj1=1

1

1 d d

S35} SERPA P
Jj1=1j2=1

ifn=1, then

fit,x) = Z,u(j)(x)ej

_E [ /0 t fn<s,Xs>ds]

29

It holds that for each n > 1,



Proof. Fix an arbitrary T > 0. Let F,, : E x E — E®" be defined as
F.(t,z) =®,(T —t,x)

where x € F and ¢ € [0, 7.
By the Chain rule, it is easy to verify that

OF,(t,x) 00, (T —t,x)
o ot
oF,(t,r)  09,(T —t, )
Oz, N Oz,
PE,(t,x)  0°Q, (T —t,x)
a$j13$j2 a aleaxjé

F(T,z) = @,(0,x)

where j, 71,72 € {1,2,...,d}.

By Corollary 4.4.1, we know that the PDE and the initial condition for ®,(¢,x),
where n € N. Using the relation of ®,, and F,,, the initial value problem of &, can
be transformed to the terminal value problem for F,, i.e. F,(t,z) should satisfy the
following PDE: for n > 2,

d d
aanl(t, l')
_Z (Z b]l ](93)6’]'1) X 83:j
Jj=1 \j1=1
1< &
N (5 Z Z bj17j2 (x)ejl (%9 €j2) X Fn—Q(t, ZB);
Jj1=1j2=1
forn =1,
0 d
(a + A) (Fi(t,z)) = — Zﬂ(j)(ﬂﬁ)e]
j=1
subject to

F.(T,z)=0, VneN, Vz € E.

By the assumption, ®(t, ) and its partial derivatives all satisfy the polynomial growth

condition. Then f, satisfies the polynomial growth condition as well. Therefore by
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applying Theorem 4.10 to the function F' and plugging V(¢t,z) = 0 to it, F,(t, z)

admits the following stochastic representation:

Fu(t,z) = E [/tT £ (s, X.)ds| X, = x]

where t € [0,T].

In particular, for ¢t = 0,

(T, 7) = Fy(0, 7) — E” VOT fn(s,XS)ds}

Since T' is arbitrary, the proof is complete. =

4.6 Concrete examples

4.6.1 Multi-dimensional Brownian motion

Let ¢(t) denote the expected signature of the d—dimensional Brownian motion up to
time ¢ used in Chapter 3. Note that ¢(t) does not depend on the starting point x of
the Brownian motion. Plugging p(z) = 0 and V(z) = 1 into Theorem 4.8, we know
that () satisfies the following PDE:

d
—ag—f) + % (; e ® ej> ® p(t) =0, (4.16)
with the initial condition:
p(0) =1,
and the constraint:
po(ep(t)) =1

Conversely, by Theorem 4.9, the expected signature of Brownian motion denoted by
®(t, x) should satisfy the following PDE, i.e.

0 1 d d d(t,x
(_5 + §A) O(t,x) + Z (Z 6j1> ® (ng )

Jj=1 \n=1

d d
+ (% Z Z ej, ® %) ® O(t,z) =0 (4.17)

J1=1j2=1
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subject to the initial condition

®(0,2) =
and the condition

Do(t,x) = 1.

By induction it could be proved that the solution to the above PDE problem does
not depend on x, and it is just a function of ¢, since the drift vector and dispersion
matrix are constant. PDE (4.17) could be further reduced to PDE (4.16). It is not
difficult to compute the solution to PDE (4.16), that is indeed

_exp< Zq@e]),

which agrees with the representation of the expected signature of Brownian motion

up to time ¢ in Theorem 3.1.

4.6.2 One-dimensional Ornstein—Uhlenbeck process

Definition 4.6.1 A one dimensional Ornstein— Uhlenbeck process(OU process), X,

satisfies the following stochastic differential equation:
dXt = 0(/,6 — Xt)dt + Uth
where 0 > 0, and o > 0 are parameters.

In this subsection, let ®(¢,x) denote the expected signature of the one dimensional
OU process {X,}scpo With the starting point at 2. Moreover let ®,,(¢,x) denote the
th term of ®(t,x), i.e.

(Dn(t7 x) = pn((b(t> l‘))

where n € N.

We give an explicit formula for the expected signature of the OU process.

Lemma 4.6.1 Let ®(t,z) denote the expected signature of the one dimensional OU
process {Xs}se[(m from the time 0 to t with the starting point at x.

k ,
1 i Y B o 0_2 % - . '
—(2k—|— D) (Z CQQ,CH(M — ) 212 oty 2hH1-2 <%> (1 e 20t) (2i — 1)”>

=0

(I)gk<t,$) _ (Z 2k 22(1 . 6—9t)2k—2i ((27_6> (1 _ 6—20t)i<2i _ 1)”)

wherekENandC’ﬁL:( ).

Popi1(t, )
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Proof. Since X, is an Ornstein—Uhlenbeck process with parameters pu, and o with

starting point z, then X, could be expressed

t
Xy =xe " 4 p(l —e) + / o= aw,
0

—Bt)

It implies that X, is normally distributed with mean ze=% + (1 —e and variance

(1 — e ),

distribution with mean a and variance b? are given as follows:

It is a well known result, that the central moments of the normal

0 if p is odd;
(p—1D! if pis even.

E[(X —a)’] = {

where p € N. On the other hand, the expected signature of {XS}SG[M can be reduced

to a linear combination of the moments of X;, since X; is one dimensional, i.e.
O(t,z) = E[S(Xpy)] = 1+Z—Ew (X, — 2)")ed"

and
E*[(Xy —2)"] = E[(X; —E[X] +E[X{] —2)"]

= D CLE(X: - E[X,)))(ELX] - 2)"

Therefore we have the following formula for ®(¢, z):

& )
1 ’ e _ o\’ YA
Panlt ) = G (zc;,z+1<u—m>%+1 (1 — 0k (@) (1—e) <zz—1>u)
" \i=0

1 k , , (o2 ‘ ,
Dop(t,z) = an (Z Ci(p — @) 72 (1 — 7)™ (@) (1—e™")'(2i — 1)”)

where £ > 0. m

Lemma 4.6.2 For any arbitrary integer n > 2, the following equations hold:

2
aéna(;? :U> — 0(9_‘%(,u - l‘)q)n—l(ta l’) + %6_20t¢n—2(t’ .’,L') <418)
0P, (t, -
% _ _(1 —e Ot)q)n_l(t’x) (419)
0?P,,(t, 1) _
Pollea) _ (1 e, (1.0 (4.20)
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Proof. We will prove those three equalities by considering cases when n is odd or
even respectively.

Let us check Equation (4.18) firstly.

Since the following equality holds:

1 —2i - Ly [0 i —20t\i—1 (6
(2k —1)! ZC”“ L (ﬁ) (1—e) 1<2z—1)!!)

1 i 3 i 0_2 i+1 - o
= —(Qk—l)! ZO% . 2k 2 2(1_6 9t)2k: 2i—2 (2_9) (1—e 20t> (22+1)”>
o2
2

1 i - i o2\ °
= —(2k—2)! ZC% ) 2k 2 2(1_6 0t)2k 2i—2 (@) (1— 29t) (2i + 1)! )
2
= %q)zk_g(t,$),

we have that

8<I>2k(t,x)
ot
1 ! o2\ !
_ —0t 2k—2irq _ _—0t\2k—2i—1 [ Y = 20t\i(o: _ 1\II
BT (;C% = x) (1 — e (29) (1 — e=20tyi(2 1)..)

k 7
1 , /42 A
* m‘)e‘m( Coia(p = )2 (1 — e )™ (‘2’—9> (1—6—%)%—1(2@'—1)!1)
' i=1

2
_ o~ _
= fe et(u — x)(bgk_l(t, l’) + 76 QGtCDQk_2<t, x)

Similarly we have

@CI)ZIH-I (t, J])

ot
k N
_ %0 —20t (Z 022;';1(1u . x)2k+1721l<1 . efet)2k72i+1 (%) (1 . 672925)1'71(22- _ 1)”>
i=1
1 b o2\ °
T (Qk)ﬁe_et (Z Cop(p — )72 (1 — )22 (%) (1— e 2)(2i — 1)!!)
' i=0

2
g
= 96792&(/1, — SL’)(I)Qk(t, 27) + 36729tq}2k71<t’ ZL’)
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Now let us check Equation (4.19). The following is easy to verify after simple calcu-

lation:
0Py 11 (t, )
ox
1 k (o2 ‘ .
_ (Qk)‘ ( ZO ( )2k 27,(1 - 6—6t>2k+1—2z (%) (1 . 6_20t)l(2i . 1)”>
’ i=0
= —(1 — e Dyt x);
(9(1)%(15,3:)
ox
k—1 A ‘ 0_2 i A
— zk — 1 ( C% 1 2k—1—21(1 _ e—Gt)Qk—Qz (2_9) (1 _ e—20t)z(2l- _ 1)”>
=0

= —(1—eMPy_i(t, 2).

Finally Equation (4.20) is proved, since the following equations hold.

0?14 (t, )

0x?
2\ %
= 2k—2i—1 —9t 2k+1-2i [ ¥ _—20tNifo: T
2k—1 (ZO% 1 (I—e™) (29> (1 —e )" (21 1))
= —(1—e")?Py(t, z)
02Dy (t, x)
02

2

- ﬁ (Z Cle-app — 2778 (1 = 722 (%> (1—e"yi(2i - 1)!!)
= (1—e )@y (t,2).

[
By Corollary4.4.1, ®(t, ) should satisfy the following recursive relationship, i.e.

(—— + A) @, (t (4.21)

—2)®, 1 (t,2) — 202®, o(t,x) — 0?22t if > 9,
( ) ifn=1.

Since we have the explicit formula for the expected signature of the OU process, it

could be used to verify our PDE theorem by checking Eqn (4.21). Now let us compute
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the LHS and RHS of Equation (4.21) respectively.
For n > 2,

(LHS) = (—%+A)(®2k+l(t>$))

= —Qe_et(ﬂ — [L‘)(I)Qk(t, ZL‘) — %26_29t®2k—1(t7 $)
—0(p — x)(1 — ™) (Do (t, 7))

1
+§O'2<1 — eiat)Q(ka,l(t, iL‘)

1
= —fe M (u — x)Doy(t, z) + 02(5 — e M Dy (t, 1)
0D (t, )
2 2k\ Yy
4 ox
1
= —0(u—x)Po(t,x) — 502@)%,1(15, x) + 02(1 — e’gt)QQk,l(t, x)

(RHS) = —0(p—x)Po(t,x) — %02<I>2k_1(t,x) —

1
= —(9(/,L — ZE)@Qk(t, J]) + 0'2(5 — B_gt)q)gk_l(t, I’)
Let us consider the first term of ®(t, z), i.e.
Oy (t,z) =B [X, — 2] = (u— x)(1 — ™).

It is easy to verify that

(=5 +4) @00 = =00~ .

which agrees with what we state in our PDE theorem 4.7.

4.6.3 Multi-dimensional Ornstein—Uhlenbeck process

A d—dimensional canonical OU process X driven by Brownian motion is defined as

the strong solution to the following SDE:
dXt - —QXtdt + th,

where () is a d x d matrix, W, is a standard d—dimensional Brownian motion starting
at the origin. It is actually a multi-dimensional OU process with the mean reversion
level 0, like the one-dimensional case in the previous subsection. In the remaining
part of this subsection, we only consider the canonical OU process. For simplicity,

we call it a d-dimensional OU process.
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Let £ = R?. Suppose that the starting point of this multi-dimensional OU process is
x € E, X; could be expressed as

t
X, =e P+ / e~ =0Qqw,, t € RT.
0

Therefore X, is normally distributed with the mean e *?z and the covariance matrix
fg exp~#=)9(exp~=9@)Tds, which enables us to compute all the moments of X
easily. Moreover, in the same way as the one dimensional OU process case, all the
moments are polynomial in x1, z9, . . ., 4, i.e. for every non-negative integer k1, ..., kg,
there exists a polynomial Py, k, .k, (21,...,24) with coefficients, which only depend

on the time parameter ¢, such that
BTG () = P, (@YD),

Using the explicit form of the moments of the OU-process, combined with our PDE
theorem for the expected signature, we are able to prove that the expected signature

®(t,x) is in a polynomial form as well, which is stated in the following theorem.

Theorem 4.12 Let ®(t,x) denote the expected signature of multi-dimensional OU-
process up to the time t with the starting point x € E. Then for every positive integer
n, for every index I = (i, 1s, . ..,4,), where each i; € {1,2,...,d} for j=1,2,...,n,

there exists a polynomial in the variables V... ¥ denoted by H()), such that
(&t x)) = H (=, ..., 2D)
where the coefficients of the polynomial of HI(.) are smooth functions of t.

Proof. We are going to prove that ®(¢,x) are polynomials in z with coefficients,

which are smooth functions of ¢ by induction. It is obviously true for n = 0, 1, since

(I)()(t,l') =1
O (t,x) = (e -1z

where 7 is d x d identity matrix.

Note that the coefficients of ®y(t, z) and ®;(t, x) are differentiable functions of ¢, and
therefore, for every fixed 7" > 0, they are bounded for every interval [0, 7.

Suppose that for any ¢ < n — 1, this theorem is true. Let us consider @, (¢, z).

For any n > 2, for any index I = (iy,1s,...,1,) of length n, let us define f;(¢,x) as

follows:

d wh T
filt.) = 1O )t (@) + 30T T L, )

67



where I} = (ig,...,1,), and Iy = (ig,...,0,).

By the induction hypothesis, 7/t (®(¢, z)) and 7/2(®(¢,x)) are both polynomials. In
addition to that, u()(z) is a linear function of . Therefore f;(t,) is a polynomial
in z as well and its coefficients are also smooth function of t.

Let us write f;(t,z) as follows:

filsx) =Y Gy, (8)(@D) . (2@

k1..kg

Note that for any fixed I, only finitely many functions Cf ; (.) are non-zero.
Moreover, since the coefficients of 7/ (®(¢,z)) and 7/2(®(¢,x)) are smooth functions
of t, f; satisfies the polynomial growth condition, too.
Let us consider the following PDE problem, i.e.

{ G anen =t (422)
where A is the infinitesimal generator of OU process.
By Theorem 10 on page 118 of [11](the Feynman-Kac theorem), the solution to the

PDE exists, and is unique. Moreover it has a stochastic representation as follows:

At =2 [ [ s, X)as

It is obvious that

Fit,z) = E° {/Otfl(s,Xs)ds} _E*

t
[:zjﬁgwﬁmwwuxﬂmww
ki..ky

= 3 [ Gl B X

k1...kq
t
= Y [ GG [ (X ds
Ep..kg Y
t
= Z / Clgl...kd<5)Pl<fl,k2 ..... kd<I(1)7"'7x(d))dS
Ki.kg 0
Since all the moments of X, i.e. PI§1,k2 _____ ky (zM), ..., 2@) are polynomials in x with

coefficients which are smooth functions of ¢, then the function 7/(®(¢, x)) should be
a polynomial in the variables z(V, ... z(? with smooth coefficients too, so does the
derivatives. f;(t,z) and Fy(t,z) both satisfy that the assumption of Theorem 4.11,

and thus using it, finally we have
7 (D(t,2)) = Fi(t,).

By induction, the proof is complete. m
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4.6.4 A two-dimensional Brownian motion coupled with its
Lévy area

We use our PDE theorem to calculate the characteristic function of the Lévy area of a
Brownian motion starting at a point € R?. Let us formulate the problem properly.
Let X be a three dimensional It6 diffusion process, i.e. X; = (Bt(l), Bf@, Ly)T, where

L, is the Lévy area of a Brownian motion up to time t, i.e.

¢
I, = 1/ B® .50 _ g . 45®
2 0 S S S S
and By = (Bgl), Bt(z)) is a two dimensional standard Brownian motion. Let V(z) =
1 0
% 0 1 |. Then X satisfies the following PDE:
—x2 I

dXt == V(Xt) . dBt

with the diffusion matrix

1 0 —T9
b(ZE) = — 0 1 T
—x9 T X3+ 23

where x = (11, T, 23) € R3.
By Theorem 4.7 for the expected signature of a diffusion process up to a fixed time,

in this example we have that for every integer n > 2,

(%—i—A)(I)n(t,x) = —EZ(Z bjl,j(x)ejl)@’a@g—w

3

5
1
8 <Z Z bjrga(T)ej ® 6]‘2) ® @, o(t, 7)

Jji1=1j2=1

since the drift of X is equal to zero.

We are interested in " (®(¢,r)), where I, = ( 3,...,3). By the above theo-
——

n copies of 3
rem, we have the recurrence relationship between 7/ (®(t,z)), nf»-1(®(¢,z)), and

mh=2(®(t,x)) as follows:

o 1 L 1 Orln=1(®(t, z)) Orln=1(®(t,z))
(—a + §A> ™ ((I)(ta I)) - _Z <—ZE2 8%1 + T 61’2 >
— (a4 (@, ) (4.23)



where n > 2, n € N,
Note that ®(¢,x) actually depends only on z; and x5, which is independent of z3.

Therefore we write the function ®(¢,x) as ®(t, x1, z2).

The next step is to derive the characteristic function of the Lévy area on the con-
dition that it is driven by a Brownian motion starting at (z1, ;) € R?, denoted by
L(t,z1,x9; ), i€

E(t, Ty, T2, )\) = E[ei)‘Lt|Bg = zr1€e1 + LCQGQ],

where \ € R.

Suppose that S (’\rf?n 7l (®(t, 1, 74)) converges as N tends to infinity, we can ex-

pand L(t, z1,x9; A) by Taylor’s expansion, i.e.
(Ad)"
Lt xr,m00) =) TWI"((IJ(t,:vl,xg)).

n>0

Summing the LHS and RHS of (4.23) over n > 2 respectively, we have the following

equations:
- 0 + 1A L(t i A) (4.24)
8t 9 y L1, T2; .
1. OL(t, x1,x2; A OL(t, 1,12, A 1
= -\ (—1‘2 ( 8;:1 2 )+x1 ( 89152 2 )> +)\2§($f+x§)£(t,x1,x2;>\)

and L£(0,z1,72; ) = 1. Moreover, since 710 (®(¢, 21, 25)) = 1, and 711 (®(t, 21, 79)) =

0.

By the symmetry of Brownian motion and its Lévy area, the odd moments should be
equal to zero, i.e. the characteristic function of the Lévy area L(t,x;, z2; A) is indeed
a real valued function. By setting the imaginary part of the function to zero, PDE
(4.24) implies that L(¢, z1, x9; A) should satisfy the following PDEs:

aﬁ(t,$17$2§)\> aﬁ(ta%,@;)\)

_ = 4.2
T aa:l +$1 ax2 O ( 5)
0 1 21, 5 2
—g T3 ) £tz o d) = Ag(ay+23)L(t 21,225 4) (4:26)

subject to the following initial condition:
L0, 1,29, A) = 1. (4.27)
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In Lemma 4.6.3 we show that the solution to (4.25) and (4.26) satisfying the boundary
condition (4.27) exists and it is unique. In Lemma 4.6.4, we show that without the
hypothesis of the convergence of %ﬂ'l’l(@(t,l’l, T9)), it still holds that L(t, 1, x9)
satisfies (4.25) and (4.26) subject to boundary condition (4.27) using the fact that

the solution can be represented by power series in A for all A € R.

Lemma 4.6.3 Let f(t,x1,x9; \) be a solution to the following PDEs:

3f(ta$1,$2;/\) af(t7$1,$2;)\)

J— prm— 4.
2 8]71 + o 81’2 0 ( 28)
o 1 2l 2 2
—aﬁL EA f(t,xl,xg;)\) = A g(xl +1‘2)f(t,$1,l‘2;)\) (429)

subject to the initial condition:
f0,z1,20;0) = 1. (4.30)

Then this solution exists and is unique. Moreover,
f(t A) = ! 1/\( o)t h(l)\t)
; = —————e —= anh(— :

Proof. By the Maximum principle, PDE (4.29), with initial condition (4.30) admits
an unique solution. Note that (4.29) and initial condition (4.30) only depends on ¢

and |z|. It is reasonable to suggest that f(t,z; ) is a function of ¢ and ||, i.e.
f(tv L1, L2; )‘) = G(t7 ZE% + I’%)

It is easy to see that G(t,z? + %) automatically satisfies (4.29). Then our problem
is reduced to solving PDE (4.29) with initial condition (4.30). By switching from
Cartesian coordinates to polar coordinates and separating the variables, the problem
of solving the PDE of f can be further reduced to solving two ODEs. The details are

given in A.2. m

Lemma 4.6.4

1 1 1
E(t, X1, T2, )\) = m exp (—1)\(.]3% + l'%) tanh(ﬁ)\t)>
2
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Proof. By Lemma 4.6.3,

1 1
flt,xy, a3 N) “Az? 4 23) tanh(ﬁ)\t))

1
~ cosh(3At) =P (_4

is a unique solution to PDE (4.24) with initial condition (4.27).
On the other hand, it is observed that f(¢,x1, z2; A) is an infinitely differentiable real
function of A for every fixed x and t. Moreover it can be represented in terms of

power series in A, i.e.
Ft s X) = (=) fult, 2)A" (4.31)
n>0
where for every n > 0, f,, is a function mapping R™ x R? to R, such that

1 0P f(t, w1, 950
fon(t,2) = _!(_1) (a)\Zln i)

n
f2n+1(t7 I) = 0.

Since the radius of convergence for the power series » ,(—%)" f,(t,2)A" is infinity,
(4.31) is true for all A € R. As f satisfies (4.24), after re_writing (4.24) as the power
series in A and comparing the coefficients of both sides of(4.24), we have f,(t, z)
automatically satisfying the recursive PDEs of 7/ (®(t,x)), i.e. PDE (4.23). Since

the solution to (4.23) exists and is unique, then we can conclude that
i (®(t,2)) = fu(t, 2)

and also since ZnNZO(—i)”fn(t, x)A"™ converges to f(t,x; \), the partial sum

N
Y (=it (@ (o))
n>0
converges to L(t,z;\) as N tends to the infinity. Obviously
Ltz N) = f(t, 23 A)

|
The following lemma describes the relationship between the characteristic function
of a Brownian motion starting at the origin coupled with its Lévy area and the

characteristic function of Lévy area of a Brownian motion with starting point at x.

Lemma 4.6.5

E(t, X1, To; )\) = ]E[ei(_%szB§1>+%x1)\B§2)+)\Lt)‘BO _ 0]
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Proof. It comes from the translation property of Brownian motion, i.e. the Brown-
ian motion starting at the origin added by a constant x has the same distribution of

Brownian motion starting at . =

In [7], Theorem 3 gave the characteristic function of (B,fl),Bt(z),Lt), where B, =

(B, B®) is the standard Brown motion starting at the origin, i.e.

2
. . . 1 1 A
RO[pinBltineBR+iNL — — E 2)— tanh(=t
[ ] COSh<t%) P (izl k >>\ (2 )

which was first observed by Paul Lévy.

Plugging v, = —%xQ/\ and v = %a:l/\ into the above equation, it is easy to see
that our result for L£(t,x, 22, A) coincides with Lévy and Helmes’s result. But our
approach is different from theirs. Instead of using Girsanov theorem to change the
measure, the PDE of the characteristic function of Lévy area is directly derived from
the PDE of the expected signature of Lévy area coupled with the Brownian motion
with respect to time ¢ and the starting point x, and this PDE admits a solution,

which has this explicit formula.
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Chapter 5

The Expected Signature of Planar
Brownian Motion up to the First
Exit Time of an Exponentially
Twice Differentiable Domain

5.1 The setting of the problem

" In this chapter, we endow R* with the canonical basis (e, ez), and let (By),s,
denote a standard two-dimensional Brownian motion with filtration (F}),5,, where

the filtration F; is generated by Brownian motion (Bs)c( itself, ie.
A
Fi=0(Bs;0<s<t)

the smallest o—field with respect to which By is measurable for every s € [0,¢]. The

Brownian motion B; could be also written as
Bt = Bt(l)el + Bt(2)62.

Definition 5.1.1 Let I' be a domain in R%. The first exit time of Brownian motion

from the domain I' is denoted by T+ and defined as follows:

o inf{t >0: B, eI}, ifIH>0,st B el
7 oo, otherwise.

Definition 5.1.2 The signature of the path (By)icpo, is defined to be

S (B[O,TF]) = (17B[10,Tp]7 e [T(L);rp]7 ) S T<<E>>

!This chapter is mainly from my joint paper with Terry Lyons. ([15])
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where B[T(‘)’TF] for each n > 1 is defined by the Stratonovich iterated integral

0.7r] = / / dBy, ® ... ®dB,,.

U <...<Un, ulv---vune[oﬂ-l—‘}

Definition 5.1.3 (Expected signature of Brownian motion up to the exit time)
The expected signature of a Brownian motion starting at z and stopping upon the first

exit time from a domain T, and denoted by Pr(z), is defined as
Or(2) = E*[S(Bjo,m))] (5.1)
where 0 = inf{t > 0: B, € T'°}, i.e. the first exit time from the domain T.

Definition 5.1.4 (Exponential smoothness of the domain) We say that the do-
main I' is exponentially twice differentiable if and only if the function ®r defined on
I, mapping z € T to its expected signature Pr(z) € T((R?)), is a well defined and

twice differentiable function.

Remark 5.1.1 The exponential smoothness of the domain is actually an implicit
condition for the domain I', since it puts the constraints on the function ®r directly
instead of I'. Roughly speaking that the domain is exponentially smooth means that
the expected signature of Brownian motion up to the first exit time is smooth enough,
where “exponential ” infers the signature, as the signature of the path can be regarded

as the exponential of the path.

Remark 5.1.2 Similarly we also can extend the definition of the expected signature
of a Brownian motion to that of the expected signature of the function of a Brownian

motion starting at z upon the first exit time of domain I' denoted by (IJIJ:(Z), i.e.

q)lji(z) = EZ[S(f<Bt)t€[0,TF]>]

where f is a smooth function mapping I' to R?.

In order to discuss the expected signature of Brownian motion further, we introduce

an auxiliary function ¥ mapping R? to T'((R?)).
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Definition 5.1.5 Let us denote the disk centered at 0 with radius v by rID. Then
we denote by V(z) the expected signature of a Brownian motion started at 0 and run

until it leaves the disk |z|D, conditional on that leaving point being z. As a formula:

‘IJ<Z> = EO[S(B[Oﬂ"Z‘D])’BﬂZ‘D = Z]'

We will see that ¥(z) plays an important role in the derivation of our PDE and in
the discussions of the exponentially twice differentiability of the domain. In part, its

importance comes from the strong Markov property.

In the following discussion, we will first provide a sufficient condition for the expo-
nentially twice differentiable domain, i.e. the boundedness of domain can guarantee

the exponentially twice differentiable domain.

Then assuming that I" is an exponentially twice differentiable domain, we will derive
a PDE which characterizes ®r. In the case of the disk, clearly a bounded domain,
the PDE is so explicit that one can use it to identify the solution as a combination

of polynomials in an explicit manner.

5.2 The exponential twice differentiability of the
domain

5.2.1 The homogeneous Carnot-Caratheodory norm for the
truncated signature of a path

In this subsection, in order to discuss the regularity of the domain such that the ex-
pected signature @ mapping from I' to T((F)) is a C* function, let us consider the
space of truncated signature of order N of all continuous paths of finite 1—variation.
This forms a group and we introduce Carnot-Caratheodory norm (CC norm) to this
space, which has a nice geometric property: rotational invariance. We refer to [5] for

a more detailed discussion.
Let us recall the definition of paths of finite p—variation in Chapter 2 and use

C17ve(10,T], E) to denote the space of continuous paths from [0,7] to E of finite

1—variation.
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Definition 5.2.1 The set of all truncated signatures of continuous paths of finite
length of order N is denoted by

GN(E) := {SN(Z‘)OJ sz e Ctr([0,1)], E)}.
Theorem 5.1 For every g € GN(E), the so-called “Carnot-Caratheodory norm”
lgll = inf {{[Y[[—var : ™ (v) = 9,7 € C' ([0, 1], E) }
is finite and achieved at some minimizing path v*, i.e.
lgll = 17" [h=var and S™(v*)ox = g-

Definition 5.2.2 The p-variation of a geometric rough path ~y defined on [0,T], and
written || SN (V)| |p—varsjo,17: s defined on paths in GN(E) to be

1/p
1SN () p—varsor] = sup | (Z HSN%SMI!”)
D

D=(0=s1<s2<...<sny=T

where ||.|| is the Carnot-Caratheodory norm.

Definition 5.2.3 The norm on G (E) denoted by ||.||, is homogeneous if and only

if it is homogeneous with respect to the dilation operator, and more precisely

e ) lly =< llglly -

Theorem 5.2 (Equivalence of homogeneous norms) All homogeneous norms on
GN(E) are equivalent. More precisely, if ||.||, and ||.||, are two homogeneous norms,
then there exists C > 1 such that for all g € GN(E), we have

1
¢ gl < llglly < Cllgll, -

Lemma 5.2.1 The Carnot-Caratheodory norm and the norm defined as follows

llglll = maz |pi()|"", Vg € GY(E)

are both homogeneous. By the equivalence of homogeneous norms we have that

| dysy @ o @ dys [V < [ST ()]
{0<s1<...<sn<T}

S c HSN(’V)” S ¢ HSN(’V)”p—var;[O,T} '
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5.2.2 The exponential twice differentiability of the domain

In this subsection we are going to discuss the exponential twice differentiability of
the domain. We will show that each expected signature of Brownian motion upon its

first exit time from a bounded domain is finite, firstly.

Theorem 5.3 Let M be a continuous, R%-valued local martingale starting at 0 and

SN (M) be the collection of its iterated Stratonovich integrals up to level N, i.e.

I,Mt,...,/ odMs, o ...odMs,
0<s1<82<...<sny<t

viewed as path in T™(R?). Then there exists C = C(N,F,d,|.|) such that for all

stopping times T

T
0<s51<82<...<SN<T
< CE

(HSN Hp var; [OT]>)
<CE(F (j0)1))

where F' : R+ — R+ is moderate, i.e.

1. F' is continuous and increasing;
2. F(z) =0 if and only if v = 0;
3. for some (and thus for every o > 1)

F(ax)
b F(x)

< +00

The proof can be found in [4].

Corollary 5.2.1 Let I" be a bounded domain Then for every n € NT, there exists a
constant C' = C(n) such that

z
E // odBy, o---0dB;y,
O<t1<te<...<tn<7r

S C(H)Ez |:||Sn( )||p var; [OT}
< C(n)E*[r?] < +oc.
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Proof. Applying Theorem 5.3 to the case with M; = B, and F(x) = 2" and we get

E // 0dBy o0 dB,, || < C)E [|IS"(B) sarom] < C)E[)

0<t1<te<..<tn<Tp

The only thing we need to show is that E*[r}. n/ 2] < +o00. It is sufficient to show that

there exists a positive number o > 0 such that
EO[ OlT]D)] < +00.

Let 7i_1,1) denote the first exit time of the one-dimensional Brownian motion from
the interval [—1, 1], which is started at the origin. It is easy to show the exponential

integrability of 7_; ;. Moreover since
E°[e*™] < E°[e*T-11]
Therefore we can conclude that there exists a > 0, such that
E°[e*™] < 400
Due to the scaling property we have
Vr > 0,E%[e?™] = E%[er2 "]

Since I' is bounded, there exists a positive constant » > 0 such that I' C rID. Thus
0 <71 < 7p. It implies that

E#le?™] < E*[ew?™2P] = E%[ear2 ™) = E%[e"™] < +o0
Thus 7 has finite moments, i.e.
Vn € N, E* '] < 400
and
E*[r%) < /E*[] < 400
Now our proof is complete. m

Remark 5.2.1 Note that for the upper half plane H, the expected coordinate signature
of Brownian motion is not finite, e.g. the expected signature indexed by (1,1), since
the expectation of the exit time is infinite. It is a simple example to show that the
expected signature of Brownian motion upon the first exit time from some domain

might explode in general. Thus H is not an exponentially twice differentiable domain.
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Corollary 5.2.2 Let I' be a bounded domain. Then $r € L.

Proof. Obviously ®r is a measurable function. For each index I, there exists a
constant C' such that |7/(®r)| < C is bounded and 7!(®r) has compact support.
Then

/ Bp(2)]dz < CA(T) < +oo

where A(T") is the area of I'. So &r € L;. =

In the rest of this subsection, we are going to prove that the expected signature
of Brownian motion up to the first exit time from any bounded domain is a twice
differentiable function assuming that ¥(.) is a smooth function, which is proved in
the latter section(Lemma 5.3.6). Thus any bounded domain is exponentially twice
differentiable.

Theorem 5.4 FEvery non-empty bounded domain I' is exponentially twice differen-
tiable.

Proof. Let us denote the expected signature of Brownian motion starting at any z €
" upon the first exit time from a bounded domain I' by ®r(z). Since we have proved
that ®r(z) is finite, the only thing left to prove is that ®r(z) is twice differentiable.

Let us recall the definition of the function ¥ (Definition 5.1.5). Then for every ¢ > 0,
there exists I'. = {z € I'|dist(z,0T") > e}. For every z € I'., by the Markov property
of the expected signature of Brownian motion, which comes from Lemma 5.4.1 in the

later section, we have that for all r < 5,

o 0 0 do
dr(z) = U(re”) @ ®(z+re )2—.
0

T
Then
+o00 2 ] _db
Or(2) = / / \If(rew) ® dr(z + 7’629)
0 0

o
where K (r) is a smooth probability density function with a compact support of [0, 5].
Let F be a map from R? — T'((R?)) defined by:

K(r)dr (5.2)

Fe(z) = W(=2)K(|z])

Rewriting (5.2) we have



where * is the convolution. Since ¥ is smooth (see Section 5.3.5) and K is a smooth
function with compact support, then F. is still a smooth function with compact

support. It is easy to show that
Fellz, + [V Fellz, + | A Fellz, < +o0
On the other hand, @1 € L' as well. By Theorem 1.3 on Page 3 of [19], we have
|| F. * @pl|, + || 7 Fe* Pr||n, + || & F-* Orl|L, < +00
Thus F. * ®r is twice differentiable, since F. x ®r, (VF.) * @ and (AF.) x &p € L!

Moreover, because I' = | JT';, ®r is smooth in I'. =
e>0

Remark 5.2.2 The boundedness of the domain is a sufficient condition for that the
domain 1s exponentially twice differentiable; however it is not necessary. Here is a

simply example to illustrate it. Let I, be the disjoint union of A,, i.e.

T, = UAn

neN
where A, is the unit disk centered at 2n. Obviously I, is not bounded, but ®r, is well
defined and twice differentiable, since for every z € Iy, there exists the unique n € N
such that z € A, and
Or,(2) = Pp(z — 2n).

Remark 5.2.3 Actually following this proof we can get ®r is infinitely differentiable
in a non-empty bounded domain. Alternatively, since we have proved that ®r is twice
differentiable so that our PDE provides the integral representation for ®r, this also

implies that ®r s infinitely differentiable.

5.3 Main properties of the expected signature of
Brownian motion

The expected signature of the Brownian motion has various nice properties, which

are presented in this section.

5.3.1 Translation invariance

Lemma 5.3.1 (Translation invariance)

E*[S(Bo,r..r))] = E°[S (Bjom)]
E*[S(Bjor., )| Brooy =2 +a] = E°[S(Bjpr)|B

=l

where a € 1.
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5.3.2 Scaling property

Lemma 5.3.2 (Scaling property)
For every e > 0,

) = (&,2p(0))
Pu(@en(0)) = £"pn(Pn(0))

) = (. ¥(1))

) = €"pa(¥(1))

where n € N and ¢ € (0,+00) and (,) is the dilation operator defined in Chapter 2.

5.3.3 Rotation property

Lemma 5.3.3 (Rotation property) For every 6 € [0,27] and any index I =
i109...0, with each iy € {1,2}:

(e = Y (JI0®))r’ (1)

J=j1.jn k=1

cos(f) —sin(0)

where ©(0) = ( sin(f)  cos(6)

) and ©(0); ; is (i,j) entry of the matriz ©(0).

Proof. Let B; be Brownian motion starting at the origin and stopped at the first
exit time from the unit disk, on condition that the exit point is 1. Then B, = ©(6) B,
is Brownian motion starting at the origin and stopped at the first exit time from
the unit disk on condition that the exit point is €?, by the conformal invariance of

Brownian motion. It is obvious that Bt is just a linear transformation of By, i.e.
BY = COS(H)B,SU — sin(@)Bt@) (5.3)
Bt@) = sin(é’)Bt(l) + Cos(Q)Bt@)
Then
V() = (E[S(Bom)|Br, = €’]) (5.4)

=R’ // o dégl) 0..o0 dB,gi”)]BTD = ¢
0<t1<...<tn<mp

_ R // 0 d(O(8)B)") o ... 0 d(©(6)B)|B,, = 1].

0<t1<...<tn<mp
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Plugging (5.3) into (5.4)

n

() = Y (JI0®).)r’ (¥(1).

J=j1.jn k=1

5.3.4 An application of the strong Markov property

Lemma 5.3.4 (Strong Markov property) For every e > 0 such that z+eD C T,

™

2 ) _do
dp(z) = /0 E*[S(Bior,yu0))| Broyop = 2 + €€”] @ Or(z + 66“’)2—- (5.5)

Proof. By Chen’s identity, which states that the signature of the concatenation of
two paths is the product of the signatures of those paths, and S(Bjr,, ) is F-

z+5]D)_

measurable, thus
EZ [S(B[OJ'T}) |‘F7-z+€]]):| = S(B[Oﬂ-z«!»eﬂ)]) ® E[S(B[TZ+EIDJ77T‘]) |‘FT2+E]DJ]

where z +eD C T
As it is known that B; has the strong Markov property,

E[S<B[Tz+eDyTF])|‘FTz+ED] = E[S(B[Tz+E]DaTF])|BTz+s]DJ] = q)F(BTersD)
which implies that
EZ[S(B[OJF])|F7'2+ED] = S(B[O»Tz-ke]])}) ® (I)F(BTz+ED)' (56)
By the tower property, we have
Or(z) = EX[E[S(Bjo,m)) |71 ] (5.7)
Substituting Equation (5.6) into it, we obtain

¢F(Z) = Ez [S(B[Oﬂ'z+s]))]) ® ¢F<B7z+5]]))]
27 ) _do
_ / E“[S(Bo....))|Br., . = 2 + 6] @ dp(z + ec?) 2.
0

2

83



5.3.5 The smoothness of ¥

In this subsection, we focus on the discussion of the smoothness of ¥. We start with
the proof of finiteness of U(1), and then show that W(.) is smooth. We end with the
derivation of the first two terms of W(.), which is important for us to derive the PDE
for ®(.) later.

Lemma 5.3.5 U(1) is well defined.

Proof. Let Bt be Brownian motion starting at zero in the unit disk. Let M; = BTDM
be the stopped process. It is obvious from the Burkholder inequalities that the exit
time 7p of B, from the disk (or any bounded set) has moments of all orders.

By the equivalence of homogeneous norms on GV (E) (Theorem 5.2), we have

/ odMs, o ... o dMs,,
0<s1<52<...<sSN<T

Thus it holds as well

0
E [/ odMs, o...odMs,
0<s1<852<...<SN<T

< CE [H SYOD Y oy My = 1} .

<CYSNOD on

|Mm = 1]

By the definition of the Carnot-Caratheodory norm, it is obvious that
1™ (e M)|lp—var:po.7
is invariant with respect to 6. Therefore
0 N N _ 1| _ o N N
E |:HS (M)Hp—var;[o,’rm |MTD o 1:| =k |:HS (M)”p—var;[o,m;]]

because there is nothing significant in choosing the exit point to be 1 providing the
norms used respect rotation. Using the Burkholder type theorem of Victoir/Friz[4]
one can control the p-variation of a martingale in terms of its bracket process and so

there exists a positive constant C' > 0, such that

N

E° [[IS™ (M) ] < CE"[ry].

p—var;[0,mp]

Finally we will have that there exists a constant C' > 0 such that

)l = | [ oM, o o dM,,
0<51<52<...<SN<TD

< E {| / odMs, o ..o dMs,|
0<s1<52<...<sN<TD

N
< CE°[r?] < +oo.

My =1

|
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Lemma 5.3.6 VU is a smooth function in R?.

Proof. By the scaling property and the rotation property of the expected signature

conditioned on its leaving position, we have

T (Ure?) = > ars(re)r’ (¥(1))

J=j1...5n

where ay j(re’) = r"(ITi_, ©(0);, ;) and O() = ( Z?jgg)) _Cilsr(lé?) ) Rewriting

the coefficient ar j(re”) in Cartesian coordinate, the coefficient is the homogeneous
polynomial of degree no more than n in terms of z; and z,. Obviously it is infinitely

differentiable. m
Remark 5.3.1 IfT" is a bounded domain and I is an index, then
2z — 7l (U (2))1p (2)

1s integrable. This remark will be useful in the proof of the exponentially twice differ-

entiability property for bounded domains.

Lemma 5.3.7

2 2
1
m(VU(z)) =1+ E zie; + E 523@ ® e
i=1 i=1

o (0)
321»

(AD)(0) = Ze R e;.

= ¢, fori=12

Proof. The term of tensor degree one in ¥ is the expected increment of the condi-
tioned path, so it is not random and p;(¥(z)) = z. The expectation of Levy area
of the Brownian motion conditioned to leave the disk at any particular point equals
zero. Thus the term po(W(2)) only contains the symmetric ”increment squared” part,

thus we have

2 2
1
mo(VU(z)) =1+ Z zie; + Z 522-2@ ® e;
i=1 i=1

85



Also since the n*? term of ¥ is a homogeneous polynomial of degree n, immediately
we will have
ov(0)
8zi

B0 = Yo

= ¢, fori=1,2

5.4 The PDE for the expected signature of two
dimensional Brownian motion up to the first
exit time from an exponentially twice differen-
tiable domain

In this section, our goal is to derive the PDE for the expected signature of Brownian

motion up to the first exit time from an exponentially twice differentiable domain.

Lemma 5.4.1 For every z € T,

q)p(z)—/o%\lf( ) @ Br(z + c¢’ )59 (5.8)

™

where ¢ is sufficiently small such that z +eD C T,

Proof. From the strong Markov property, we have

2 ) ) de
@]“(Z) = / Ez [S(B[Ov‘rz+€]1)]) |BTZ+ED =z + 567’6] ® ¢F(z + 6619)%
0
o 0 0 0 do
= [ EYIS(Biora)|Bry = £¢) ® Bp(z + ec) 5
0 2m
2m do
= / U(ce”) @ Op(z + ce)— (5.9)
0 2m

where ¢ is sufficiently small such that z +¢D C T

The second equality comes from the translation invariance property. m

Theorem 5.5 [A PDE of the expected signature of Brownian motion] Let I be an
exponentially twice differentiable domain, the expected signature of Brownian motion
up to the first exit time from the domain I' should satisfy the following PDE:

ADp(z) = (Zez®el®@p —22( aq>p ),ifzeF (5.10)
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with the boundary condition:
Or(z) =1, if z€ 0l
and the initial condition:

po(®@r(z) = 1, ifz €T
p(Pr(2) = 0, ifzeT.
Proof. For any fixed z € I, let us consider a function
preD — T((E))
y = Y(y) ©Pr(z+y)

where € = dist(z,0I").
By Lemma 5.4.1, we have

o i0 N
Or(z) = U(ee™) @ Pr(z + ce )2—
0

7r
for every z € T'.
It implies that ¢ satisfies the mean value property at 0, i.e.

do

so(o)=xp(0)®q>r(z):q>r(z):/07r@(ge pud

for every ¢ < e.

(5.14)

We proved the differentiability of ¥ in Lemma 5.3.6 and by the regularity of the

domain I we have that as ®r is twice differentiable, so is ¢. By the mean value

property and differentiability of ¢ at point 0 we will have that

Alpy))ly=0 = 0.

By the chain rule, we obtain

Al ())ly=o

= (AD)(0) ® Pr(z +2ZW ()

(92’1 Zi

= 0.

Recall Lemma 5.3.7 and the following equalities:

vo) =1

v

0w (0) = ¢,fori=1,2
8zi

2

(AT)(0) = ) e®e

=1
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(5.15)

(5.16)
(5.17)

(5.18)



Thus after plugging (5.16) into (5.15) and rearranging the equation, finally we get

ADp(z) Z@@e ) @ Pp(z —22( aq;; ) (5.19)

By the definition of the expected signature we have the boundary condition,

@F(Z) = ]_, if z€dl'

By the definition of the signature, it is obvious that po(®(z)) = 1 and

:ZEZ(/ od By ZEZ 0 — 20)e; =0

since Brownian motion is a martingale. =

Remark 5.4.1 The proof of our PDE theorem for the expected signature is actually
independent of the dimension of the Brownian motion. Qur theorem is still valid for

higher dimensional cases.

The following corollary is an equivalent statement to Theorem 5.5, which states how

to use the PDE system to solve each term of the expected signature recursively.

Corollary 5.4.1 Let I' be an exponentially twice differentiable domain. For every
n € N and n > 2, the n'* term of the expected signature of Brownian motion up to
the first exit time of the domain U should satisfy the following PDE:

A(pn(®r(2))) = _2261‘ ® %ﬁpw - (Z € ® ei> ® pn_a(Pr(z)) (5.20)

=1

with the boundary condition p,(®r(z)) =0, if z € T and n > 2.
Moreover po(®r(z)) = 1, p1(®r(2)) =0,Vz € T.

Remark 5.4.2 From the corollary it is important to notice that if we have computed
the (n — 1) and (n — 2)™" term of the expected signature, the right hand side of the
PDE for the n™* term is known. There is a classical solution to this PDE problem and
it implies that from the PDE and the boundary condition we can solve all the terms

of the expected signature recursively. We will explain this in the next section.

Let us recall the following important theorem in PDE theory.
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Theorem 5.6 Let ' be a bounded domain and OI' be the boundary of I'. Given
functions ¢ : II' — R, f : I' — R, which satisfy some reqularity conditions, the

solution of the Dirichlet problem for the Poisson equation

{ Au(z) = f(x), forxzel;
u(z) = p(z), forxzedl.

is given by the representation formula

utn) = [ o o)+ [ sy

where do(x) is the volume element of OI', V. is the exterior normal of OI' and G(z,y)
is the Green function of the domain T, and y € T".[9]
Moreover, the solution to the Dirichlet problem for the Poisson equation has a stochas-

tic representation

) =" (B~ B | [ Sr(Bas

With this theorem in mind, we give the recurrence relation between higher order
and lower order terms of the expected signature, which is a direct consequence of
the above theorem, by simply plugging the PDE and the boundary condition in our
setting into the theorem. It also provides insights into ways to compute the expected

signature recursively, given the first two terms of expected signature, which are known.

Theorem 5.7 Let Or(z) be defined as before. Then for each index I = (i1, i, ..., in)
of length n > 2,
! (r(z)) = / o' (V)G (v, 2)dv
r

where Iy = (ig, ..., in), Iy = (i3, ... ,iy) and

2
Ol (Pp(z
#'(2) = Liy=iny® (Pr(2)) +2 (Z La=i) E)Z-F( )))
i=1 t

and G(v, z) is the Green function of the domain T

Moreover, the solution has a unique stochastic representation as follows:
I o
7 (Pr(2)) = E* [/ ") (Bs)ds}
0
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5.5 Concrete examples

5.5.1 The expected signature of Brownian motion in the unit
disk

Before considering the case with the unit disk, we look at one-dimensional Brownian
motion starting at x upon the first exit time from the interval [—1, 1], where x €
(—=1,1).

After an easy computation, the probability of hitting 1 at the exit time is

. rz+1
P (BT[_M] =1)= 5
and
Pn(Pporyy) = T]P) (B =1+ n! P*( B,y =—1)
. 1 2 n—1 n—1
= 50-2) (-2 = (-1 -2

On the other hand, using a similar approach to the one in two dimensional case, we

can derive that the expected signature ®(_; 1)() should satisfy the following ODE:

d2q>[,171} (ZE)

dx?

d(p[,lﬂ (l’)

= _q)[—l,l] (.T) — 2 dx

with the boundary condition
pn(®i-11)(2)) =0, if x = £1 for Vn > 2
and the initial condition

po(Pry(z) = 1
p1(P11y(x)) = Oforallz e [—1,1]

It is remarkable that this ODE has a similar form to the PDE we derived in two
dimensions, and the explicit formula for the expected signature of the 1-dimensional
Brownian motion satisfies such ODEs and can be uniquely determined by the ODE

system, initial condition and boundary condition.
After discussing the one-dimensional case, we will illustrate how to use our PDE

approach to calculate the expected signature of the Brownian motion upon the first

exit time from the unit disk. To simplify our notation, let us denote this expected
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signature of Brownian motion starting at z upon the first exit time by ®(z). Based

on our previous discussion, ®(z) is the solution to the following PDE problem:

AD(z) = — (iei@)ei) O(z) — 22 (el 8@—<>) if » € D;
o) =1, if 2] = 1.

Recall Corollary 5.4.1, and we have for every n > 2,

Apn(q)(z)) == (Zei®€i> & Pn— 2 _22< ap” 1 Z< )))

i=1

We can find the whole expected signature recursively with po(®(z)) = 1 and p;(®(2)) =
0 for every z € D.

In the following part, we are going to prove that the expected coordinate signa-
ture of Brownian motion upon the first exit time of the unit disk is a polynomial of
z1 and z,.

To be convenient, we introduce a definition of what it means for a function to be of

the polynomial form, when the function takes value in (R?)®" .

Definition 5.5.1 Let the function f be a map from T to (R*)®", where T is a domain
in R? endowed with the canonical basis. We say that f is of polynomial form with a
factor g if for every index I with length n, 7'(f(.)) is a polynomial with a common

factor g, where g is a polynomial.

Lemma 5.5.1 For any given polynomial of degree n denoted by f : D — R, the
solution to the following PDFE

{ AF(z) = f(2), if z € Dy
F(z) =0, if |2| = 1.

exists and it 1s unique. Moreover it is a polynomial of degree no more than n+ 2 with

2
a factor (1 —Y_27).
i=1

We will prove this lemma in two different ways. The first one can be applied to the
higher dimensional case, but the second one can give an algorithm to calculate the

solution F'.
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Proof. For any fixed n € N, let us denote the space of the polynomials with degree
no more than n by P[n]. Define the linear operator L which maps P[n| to P[n] as

follows:

L(f)(z) = A((L = ) =) /(=)

=1

where f € P[n].
We are going to show that dim(Im(L)) = dim(P[n]). Let us consider Ker(L) =

2
{g € P[n]|L(g) = 0}. For every g € Ker(L), let G be G(z) := (1 — >_2?)g(z). Then
i=1
G € P[n + 2] and satisfies the following PDE problem

AG(z)=0if z €D
with the boundary condition
G(z) =0, if |z| = 1.

By the strong maximum principle G(z) = 0 is the unique solution to this PDE
problem, then we have Ker(L) = {0} and dim(Ker(L)) = 0. Since L is a linear

operator, by the rank-nullity theorem, we have
dim(Im(L)) = dim(P[n]) — dim(Ker(L)) = dim(P[n])

It is easy to show that Im(L) C P[n|. Then we can claim that L is a bijection and
Im(L) = P[n], which means that for every f € P[n], there exists a unique polynomial
g € P[n] such that

L(g) = f

Equivalently for every f € P[n], there exits a unique polynomial F' € P[n + 2] :
2

F(z) := (1 — >_2?)g(z) which is the unique solution to the following PDE:
i=1

AF(z) = f(2), if z€ Dy
F(z) =0, if |z] = 1.

The following is another way to prove Lemma 5.5.1, which gives us an algorithm to

solve for the I’ completely.
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Proof. We adopt the notation of P[n] and the linear operator L used in the above
proof. To prove the lemma, it is equivalent to prove that for f € P[n| with n > 0,
there exists a homogeneous polynomial denoted by g, and a polynomial R, which is

a polynomial of degree strictly less than n if n > 1 and Ry = 0 such that
L(gn) = " + B

where f* is the leading term of f.
For n = 0, each polynomial f € P[n] is a constant function, i.e. f(z) = ¢Vz =
(21,22) € D. Then g(2) := —§ satisfies

2

A((1 =) 2)9(2)) = f(z) = ¢ (5.21)

i=1
It is easy to show that the solution to this PDE is unique. Thus the statement is true
for n = 0.
For n > 1, since g, is a homogeneous polynomial of degree n, we have

2

L(ga)(2) = =4(n + 1)ga(2) + (1 = Y ) A(ga(2)).

i=1
The leading term of L(g,)(z) is

2

—4(n+1)ga(z) = Y 7 A(ga(2))

i=1
which should match f*.

Let us write g, in the form:
and f* in the form:

Then
_4(n + 1)9n<2) - Z Z?A(9n<z))

[—4(n+1) =707 — Dlp<jcny — (n—=J)(n— 7 — 1)1{0§j§n72}]aj2{23_j

M-

7=0
Y G+ + Dajraz{zy™ =Y (n—j+2)(n—j+ 1)a; 2]z~
7=0 Jj=2
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2
Whether there exists g, such that the leading term of A((1 — > 2%)g,(2)) is f*(2)
i=1

depends on whether the following linear equation has a solution or not:

[—4(n+1) =50 — Dlpgi<ny — (0 =) (0 —j — Dljogj<n—2tla;
—(7+2)( + Dajialiogjcn-2 — aj—2(n =+ 2)(n = j + Dlpagjcny = b;

where j =0,1,...,n.

Or equivalently in the matrix form:

M,@="b (5.22)
Qo bo
where @ = a'l b= b} and M, is a (n+1) X (n+1) matrix which is defined
an, by,
as below:
( My(5,5) = [4n+1) = (n—j)(n—3j—1)], if j <2;
L M, (i,7) =0, otherwise.

The final step is to prove that M, is invertible. It is easily verified that M, is strictly

diagonally dominant, since we have

MG, ) =Y [Ma(i §)] = 4(n+1) > 0
=
By the Gershgorin circle theorem, a strictly diagonally dominant matrix is non-

singular. So M, is invertible and there exists the unique solution @ to Eqn. 5.22:

—

a=M,'b

2
i.e. there exits a unique g, such that the leading term of A((1 — >_2%)g,(z)) equals
i=1

f*. By induction, we can claim that for every polynomial f of degree n, there exists

the unique polynomial g of degree no more than n such that
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Theorem 5.8 For each n € NT, p,(®(2)) is of polynomial form of degree no more
2

than n with the factor (1 — > 22).
i=1

Proof. We proved it by induction.
For n =1, p1(®(2)) = 0 and it has a factor (1 — 22 ).
For n = 2, by Corollary 5.4.1 we have po(®(2)) satlsﬁes
Apa(P(2)) = Zel ® e;, if z € Dy
p2(P(2)) = 0 - if [z| = 1.
By the second proof of Lemma 5.5.1, we can calculate the unique solution po(®(z)) =
(1 - Zz )e; ® e;. So our statement is true for n = 1, 2.

Suppose that for every n < N, it holds. We are going to prove that it is true for
n=N.
By Corollary 5.4.1, we obtain that for every n > 2,

Apn(®(2)) = — (Z e X €i> ® P2l — 22 < M)

i=1
By the induction hypothesis, it is easy to show that the right hand side should be
of polynomial form of degree no more than n — 2. Using Lemma 5.5.1, each 7!(®))
2
with |I| = n should be a polynomial of degree less than n with a factor 1 — >_ 22,
i=1

50 pn(®(.)) is of polynomial form of degree no greater than n with common factor
2

1 — Yz2. Now our proof is complete. m

Now we give the truncated expected signature of Brownian motion upon the first exit

time of the unit disk up to degree 4.

pa(®(2)) = (1 - sz) (Dl( Jer ®er + ﬂ(el ® ez +e2 ®eq) + Day(2)er @ 62)

s (Z®)

=1
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where

7 1 1

D - 2 - 2 il
1(2) 19271 19272 T s
7 1 1

D - 2 - 2 _
2(2) 1922 1927 T s

5.5.2 The Lévy area of a Brownian motion up to the first
exit time from the disk

Let us consider the unit disk domain I C R?, and the Brownian motion started at
z € DD. mp is used to denote the first exit time of the Brownian motion from D. The
signature of the Lévy area of the Brownian motion up to 7p, denoted by S(Ljg ) is

similar to that of the Lévy area up to a fixed time by replacing the time interval by
[O, TD]:

S(L =1+ / dL; odL ---odL)e R---Re
( [OJD]) Z( 0<ty <+ <tn<Tp " " t" —/—'1 :

n=>1 n copies of ey

Notation 5.9 Let us denote the expectation of S(Lj ) on condition that the start-

ing point of the Brownian motion is z by F(z1, z2), where z = (z1, z5) € D.

Then F is a function mapping R? to T'((R?)).

Recall that mp denotes the first exit time of Brownian motion from the unit disk
D. Let us introduce two notations to denote the characteristic function and the mo-
ment generating function of the Lévy area of the Brownian motion at 7 respectively

as follows.

Notation 5.10 Denote the characteristic function of the Lévy area of the Brownian

motion at T by L(z; a), i.e.
L(za)=E [ |By = z]

Notation 5.11 Let us denote the moment generating function of the Lévy area of

the Brownian motion at p by M(z; a), i.e.
M(z;a) =E [e*"|By = 2]

In the appendix A.1 it has been proved that the n'* moment of the Lévy area of

the Brownian motion multiplied by % agrees with the Stratonovich iterated integral

of Lévy area. We are going to use our PDE theorem for the expected signature of
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stopped Brownian motion in order to derive the PDE of the characteristic function
and the moment generating function of the Lévy area at mp, i.e. L£(z;a) and M(z; ).
Moreover it turns out that both £(z;«) and M(z;a) admit a probabilistic repre-
sentation and a deterministic representation under the assumption that £(z;«a) and
M (z; &) have continuous second partial derivatives when « is in the proper range(See
Theorem 5.12 and Lemma 5.5.6). To show the above theorem, we need to have the
following useful lemmas to describe the recursive relationship between lower order
terms and higher order terms of the expected signature of the Lévy area up to mp.

The idea is similar to the case for a fixed time interval.

Lemma 5.5.2 Let F' be defined as before in Notation 5.9. Then it satisfies the bound-
ary condition.:

F(2)=1, if 2 € D

and the PDE:

1 OF(z OF (2 1
AF(Z’) = —561 ® (—2’2 6?,2(1 ) + 21 az<2 >> — (Z(Z% + 23)61 ® 61) &® F(Z)

In other words, forn € N and n > 2,

Bon(F () = 5 (222 o BN 2 sy, ol 529

where z € D. Moreover po(F(2)) =1 and p1(F(2)) =0 for all z € D.
Proof. For every z € D, there exists € > 0 such that z + D C D, by Chen’s identity

for the signature and the strong Markov property of the Lévy area of a Brownian

motion,

F(z) = E[S(Ljom))|Bo = 2]
= ]E’Z[S(L[Dv"'z-!—s]])]) ® F<BTz+5]ID>] (5.24)

Since the expected signature of the Brownian motion up to 7p is in the polynomial
form and thus infinitely smooth, the expected signature of the Lévy area up to mp is
just a linear functional on the expected signature of the stopped Brownian motion,
thus it is infinitely smooth as well. We can apply the Taylor expansion to the function
F, and get

2
8F z Tzl i
P =P+ S ([ )
i=1 ¢
2 2

1 82F(2) Tz4eD () Tz+eD )
_ dBl dBJ O 3
S G ([ an [ s} o

i=1 j=1
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Substituting this in the RHS of Equation (5.24), we write F' as a power series in ¢ as

follows:
2
1 Tz+eD . Tz+eD . OQF(Z)
F(2) + = E? B}’ dBY
gy | [ e [ anly] T

Teted OF 1
+Y E {LQMD / dBt(l)] e ® az(Z) + (Ez [§L32+ED] e ® 61) ® F(z) + o(¢?)

7

[e=]

where By = .

Note that, unlike the expected signature of the Brownian motion up to mp centered
at the start point of Brownian motion z, that of the corresponding Lévy area does
not have such translation invariance, and it does depend on z. However applying the
property that a Brownian motion path started at z € R? has the same distribution
as the Brownian motion started at the origin translated by z, it is not difficult to get
the following results. We do not give the details here; interested readers could refer
to the appendix(A.3.1):

B Tz+eD () Tz+eD ( ) 1
D% / odBtj/ odBtf] =1(i = j)=¢
LSO 0 2
[ [Tz4eD @) 1 1
E* / odB;; L%D] = (—1221(i =1)+ Zzll(i = 2)) £
L/ O

I 1
E* | L2 } = (23 + 23)e? + o(e?)

L Tz+4eD 8

Since the RHS of the Equation (5.24) is independent of ¢, the coefficient of the term

€ is equal to

1 1 OF(z) O0F(z) 1,
ZAF(z)—i—é—lel@( ) 5 + 2 5% + E(Z1+Z2)61®@1 ® F(z)

and should be zero. Thus we have the PDE of F' immediately, i.e.

AF(z) = %el ® (ZQ agz(f) _ agz(j)> - G(zf + e ® 61>  F(2)

|
Using the above lemma we can calculate the moments of the Lévy area at time mp,

i.e. pp(F(2)), which is given in the following lemma.

Lemma 5.5.3 For every integer n > 1,
pon(F(2)) = Ay
=0

pant1(F(2)) =0
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where A,,; is defined recursively as follows:

A070 =1

1
An,i =

6442
An,O = - Z An,i-
=1

Proof. By Lemma 5.5.2, it is shown that the moments of Lévy area of the Brownian

Anfl,ifla Zf’l = 1727 SRR L

motion at time mp, i.e. p,(F(2)) satisfies (5.23). As the expected signature of the
Brownian motion up to the first exit time from the unit disk, i.e. ®p(z) is in the
polynomial form and the moments of the Lévy area is the linear functional on ®p(z),
pn(F(z)) is a polynomial in z. Moreover due to the rotation invariance of the Brown
motion, p,(F(z)) is indeed a function of |z|, and thus (5.23) can be further simplified

to
A(pu(F(2))) = ~ 12l pa-olF(2)), 2 € D (5.25)

Since p(F(z)) = 0, it is easy to prove that pg,.1(F(z)) = 0 by induction according
to the fact that p,(F(z)) satisfies (5.25) and f(z) = 0 is the unique solution to
Af(z) =0.

Next let us focus on the even moments of Lévy area. Since po,(F(z)) is a function of

z, we define the function O, : [0,1] — R as follows:
On(r) = pan(F(2)) if [2] = 7.

By the chain rule, (5.25) implies that O, satisfies the following equation:
2

1 / " - _T_
;On(T) + On(T) = 1 Onfl(T’).

Assume that O,, can be written in the following form
O,(r) = Z Ayt
i=0
Thus the PDE of O,, can be rewritten as follows:

Z 162 A, ir¥ ™% = —iAnl,ilr‘“z, ifi=1,2,...,n.
i=1
By comparing the coefficients of 742 on both sides of the above equation, we obtain
that
1

Aps = ——
’ 6442

Ap_1i-1.
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where i = 1,2,...,n. Since O,(1) = 0, we have

n
An,O = - E An,i-
=1

By the definition of the signature, it is obvious that App=1. =
Suppose that the partial sum

N
> (i) pu(F(2))
n=0
converges as N tends to the infinity. Under this assumption, we can expand the

function L£(z; o) by power series in «, i.e.

[e.e]

Lz )= (ai)"pa(F(2))
n=0
Summing up the LHS and RHS (5.23) multiplied by (i)™ over all the integer n > 2,
we have the following PDE and the boundary condition:

' 0L(z; OL(z; 1
AL(z;a) = —%(—zz 8(200 + 2 (;Za)) + Z—laz(zf + 23)L(z; ), if z € D;

L(z;a) = 1, if z € ID.

By the rotation invariance of the Lévy area again, it is easy to see that L£(zy, z2; «)

is actually a function of z7 + 22 given the parameter a, i.e. there exists a function I

such that £(z1, 29; @) = I(2} + 22; ). Then by the chain rule, it is easy to verify that
0L (z; «) 0L (z; «)

— 2o + 2 = 22021 1'(27 + 235 ) + 2202 0'(27 + 25;) = 0

821 822

Therefore we can conclude that the characteristic function £(.;«) is actually a real

valued function, and the PDE for £(.; ) could be simplified as follows:

ANL(za) = }loﬂ(zf + 23)L(z; )

where z € D.

The boundary condition is
L(z;a) =1, if z € 0D

since 1p = 0 if the starting point of the Brownian motion z is at the boundary of the

disk, i.e. 2f +25 =1.
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Lemma 5.5.4 Let the function L(.;;a) : D — R be a solution to the following PDE

problem:

AL(z1, z50) = (27 4+ 23)a’L(z1, 20 @), if (21, 22) € D (5.26)

, Zf (Zl, ZQ) € 0D. (527)

-

L(z1,205c0) =

Then the solution L exists and is unique. Besides it has stochastic representation as

follows:

o2 ™

L(z; ) = B [exp™ & 07 15

Moreover L(z;«) has the following representation:

Lizia) - (f; (@) (ﬁ)) (%)

where for every a € RT,

B 1
S ()" ()

Proof. The stochastic representation for the solution to this PDE problem is an

bo(a)

immediate consequence of the Feynman-Kac theorem. On the other hand, note that

the PDE of F(z;«) is the PDE in Lemma A.3.2 in the appendix for a = 0‘72. The

second equality comes from Lemma A.3.2 directly. m

Theorem 5.12 Let the function L be defined as before in Lemma 5.5.4. Then
L(z;a) = L(z; ).

Proof. Similar to the fixed time case, note that

IEBE (i (@) ( (,:!)2)> (%)

which means that for every fixed z, L(z; ) can be written as power series in «, and it

is an infinitely differentiable function of «, since it is the division of two power series
in v and the devisor is non-zero. It is easy to see that for every non-negative integer
n >0,

0?1 L(2;0)

=0.
Oa
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Moreover

where for every integer n > 0, z € D,

o L O"L(2;0

Ln(z) = (=) ﬁ#

Since L(z; ar) satisfies PDE (5.26) with the initial condition and it can be represented
as the power series in «, by comparing the coefficients of a;, we can conclude that L,
satisfies the recursive PDEs of p,(F(z)), i.e. PDE (5.23). Moreover as the solution

to PDE (5.23) is unique, we have that

Ln(2) = pu(F(2)).

On the other hand, as

Y (—ia)"Ly(z) = L(z; ),

n>0

the partial sum

> (—ia)"pu(F(2))
n>0
converges as well and the limit should be £(z; «). Now the proof is complete. m
Suppose that for a sufficiently small real number & > 0 such that for every o €
0, &], M(z1, 29; ) is well defined, finite and has continuous second partial derivatives.

Assume that the partial sum

> a"pa(F(2))

converges as NV tends to the infinity. We sum up the LHS and RHS of (5.23) multiplied
by a™ over all the integer n > 2, and setting the first derivative part equals to zero, the
function M(.; ) : D — T((R?)) satisfies the following PDE and boundary condition:

1
AM(z1, 205a) = —Z(z% + 25)a* M (21, 205 @), if (21, 20) € D; (5.28)

M(Zl, 29, Oé) = 1, if (Zl, 22) € 0D. (529)

The boundary condition comes from the fact the Lévy area of the Brownian motion

starting at the boundary of the unit disk up to mp is 0.
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Lemma 5.5.5 For every « € [0,8], define the function M(.;a) : R* — R as follows:

M(z:0) = (fj (~2e) ( (,j)z)> (=)

where for every a € [—16,0],

= (4)" ()

Then M(.;a) is a solution to the following PDE:

bo(a)

_ 1 _
AM(z1, 205 00) = —Z(zf + 29)a M (21, 205 @), if (21, 22) €D (5.30)
M(z1,20;0) = 1, if (21, 22) € OD. (5.31)

Proof. This PDE problem (5.30) is actually the case for a = —%2 in Lemma A.3.2 in
the Appendix. Since a € [0, 8], —%2 € [0, 16], Lemma A.3.2 implies that the solution

should be in the form as stated in the above lemma. =

Theorem 5.13 For every o € [0,8], let M be defined as before in Lemma 5.5.5.
Then

M(za) = M(za)
Proof. The proof of this theorem is similar to that of Theorem 5.12. m

Remark 5.5.1 Note that M(z;a) can only be proved to be written as the power series
in a when o € [0,8]. This explains why that

M(z;a) = M(z;a)
is true when o« € [0, 8] instead of for any o € RT.

Remark 5.5.2 The deterministic representation of the function L(.; ) and M(.; «)
are closely related to the modified Bessel function of the first kind (Definition A.3.1).
More details can be found to Remark A.3.2 in the appendix.

Lemma 5.5.6 Let & be a strictly positive real number such that
E”[e*™] < 400
Let o = min{2v/&, 8}. Then M(z;a) has the following stochastic representation:
M(z; ) = E?[es® Jo” |Beldi]
where z = (21, z) € R?.
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Proof. Let us consider the semimartingale M; defined as follows:
M, = M(Binmy: a)eéQQ Jo" ™ |Bs|2ds
The first step is to prove that for every ¢t > 0,
E?[My] = E*[M,].

To do that, we express M, in the integral form by applying [t6’s formula to M;:

tATD 1 1 .
0

tATD 2 B 1.2 ru 2
o B ey,

=1

Since the function %;Z) is continuous in D, it is bounded. Let C; denote its supre-
mum, i.e.
OM(z
C; = sup (2)
2€D 82@

where 1 = 1, 2.

For every s € [0, ],

2 [ A 2
i=1 | S/\T]])) 8ZZ
2 [ ftam OM(B,) 1,2 2

< g | [ (5] wf s
i=1 | SAT 1
2 [ ptATD - 2 t -

< Y E* / C?ere “du} <> E? U C2ei® mdu]
i=1 L/ sATp i=1 0

2 2
= > CHE el (Z cgt) E* [¢*™] < o0,
i=1 i=1

Therefore M, is Lo—integrable. Then by the Ito isometry, we have that

] 1 12 pu
E*[M,] = E? {MO —|—/ (5 A M(By,) + §@2|Bu’2M(BU>> e Jo |Bu1|2d’u1du} .
0

As M(.) is well defined, finite and has continuous second partial derivatives, M(.)

satisfies (5.28)

1
AM(z1, 205a) = —Z(zf+z§)a2/\/l(zl,zg;a)

104



and Byan, € D, the drift part of M, should be zero, and thus for every ¢ > 0,
E*[M,] = E*[ M.
It implies that

M(0) = E*[M,] = lim E*[M,].

t——+o0

Furthermore, for every ¢ > 0, it holds that

EM < JEME] = B M(Byuy 2% 157 150201
< Gy Eelei®™™] = Cy/Be[edm]

where

C3 = sup M(z; ).

2€D

By the boundedness of the continuous function M(z;a) on D, Cj is finite. By as-

sumption, we have that
EZI: CY’T]D)] < +OO

Therefore M, is uniformly integrable, and by the martingale convergence theorem,

we have that

lim E*[M;] = E? [ lim Mt] .
t—+o00 t——+00
By the definition of M, P*(mp < +00) =1 and P*(M, = 2z) = 1, we have that
M(z;a) = E*[My] = lim E*[M;] = E*[M,,]
t—-+o0
_ g [62 2|Bt|2dt}

as by the definition of M(.; «), the following equation holds:

M(B,,;a) = 1.

Remark 5.5.3 In the proof of Corollary 5.2.1, we show that Ty indeed has the expo-
nential integrability. It means that for « is sufficiently close to zero, M(z;«) admits

this stochastic representation.
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5.6 A discrete analogy: the expected signature of
a simple random walk up to an exit time

Let X1, X, ... be independent, identically distributed random variables on a proba-
bility space (€, F,P) taking values in the integer lattice Z¢ with
1
PLX; =} = oo lel =1

A simple random walk starting at € Z¢ is a stochastic process S, indexed by the
nonnegative integers, with So = x. We denote by I' a regular domain of the integer

lattice and denote by 7 the first exit time from the domain I', i.e.
T = ir;%{n : Xpy1 € ext(D)}

where ext(I") is the exterior of I

Moreover ®r(z) is defined as the expected signature of such a random walk started
at z run until the first exit time from the domain I'(I' C Z? is a finite set). By the
multiplicative property of the signature and the strong Markov property of the simple

random walk, we have the following important equations:

Pr(z) = Z %i exp(e;) ® @r(x + ¢) (5.32)

lejl=1
where e; is the unit vector in Z¢ with j component 1.

Rewriting (5.32), we will have
pul@r(e) = Y 5
It is equivalent to

@) = Y 053 O e (@4 e). (533)

where A is the discrete Laplacian, i.e.

Apn(®r(r) = 3 5o pn( @l + ;) — pul®r(x).

lejl=1

It is easy to verify that the boundary condition for ®r(x) should be
Op(z) =1=(1,0,0,..),if x € O (5.34)

We summarize our result in the following theorem.
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Theorem 5.14 Let ' C Z¢ be a finite set. Then ®p(x) should satisfies that for each
n>2

(@) App(Pr(z Z de ®pn i(Pr(z +¢;)), if v el

lej]=1 =1

() pul®r(z) =0 if o € OF
and po(z) = 1, p1(x) = 0 for every x € T.

Remark 5.6.1 Notice that the right hand side of (5.33) is determined totally by
the truncated expected signature up to degree n — 1. It indicates that we can solve
O () recursively just as the Brownian motion case. The classical potential theory in
Theorem 5.15(Page 25[12])guarantees that we can recursively solve a system of the
finite difference problems to obtain the whole expected signature of a simple random

walk up to the first exit time from T.

Theorem 5.15 Let I' C Z? be a finite set, F: O — R, g : ' — R. Then the unique
function f: A — R satisfying

18

flz) =E[F(S;) + Y g(5))]

Jj=0

Immediately we have the following theorem in our setting.

Theorem 5.16 Let I' C Z% be a finite set. Then ®r(x) should satisfies that for each
n>2

pul®r(2)) = B (Y 0a(5))]
where

q)r(l' + €J))

ZQdZ

lej|=1

Moreover po(®r(z)) = 1, p1(®r(x)) = 0 for every v € T.
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Remark 5.6.2 We identify the finite difference equations for the simple random walk
to characterize its expected signature as well. It is interesting to notice that for the
discrete case, the n'" term of the expected signature of a simple random walk does not
only depend on (n—1)" and (n—2)"" term as in the Brownian case, but also depends

on all the terms of the expected signature up to the (n — 1) degree.
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Chapter 6

Conclusion

In this thesis, we derive the PDE of the expected signature of a time homogeneous
Ito diffusion process up to a fixed time. Moreover, we manage to obtain the PDE of
the expected signature of Brownian motion up to the first exit time from a domain.
The derivation of the PDE theorem essentially depends on the Markov property of
the stochastic process. This methodology for calculating the expected signature could
also be applied to the case of an It6 diffusion process up to the first exit time from a
fixed domain as well. Due to the limited time and some remaining technical issues,

we do not include the partial results which we have obtained, in the thesis.

In future work, we will continue working on the expected signature of a diffusion
process up to the first exit time from a domain and expect to get a more generalized
result on it. We would like to consider the expected signature of some non-Markov
process, e.g fractional Brownian motion, or Schramm-Loewner Evolution(SLE). In
terms of SLE, although it does not obey the Markov property, it has the domain
Markov property as well as conformal invariance. Currently we are working on the
expected signature of the SLE flow, which is a Markov process, but does not have a
drift satisfying the linear growth condition, and in future we hope that we could use

it to understand the expected signature of SLE.
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Appendix A

Lévy area of a Brownian motion
with an arbitrary starting point

A.1 The Stratonovich iterated integrals and the
moments of the Lévy area

Let us recall the definition of the Lévy area denoted by Ly, i.e.

S S S

t
L= % / ~B®dBY + BMdB®.
0

Lemma A.1.1 For every integer n > 1, for every t € RT,

1
/ stl o stQ ©++0 stn = _‘L? (A]‘)
0<ty <<t <t n.

Proof. It can be proved by simply applying the shuffle product property of the
Stratonovich integral. Alternatively we can use It6 calculus and the connection be-
tween the Stratonovich integral and the Ito integral to verify this lemma by induction.

A.2 The case for a fixed time

Let L(t, 1, x2; A) denote the characteristic function of Lévy area at time ¢ on condition

that the starting point of the driven Brownian motion is =,
E(t, T1,T9; /\) = E[@iALt|BO =r1€61 + 17262]

In order to compute L(t,x1,x9; \), we consider the following PDEs:

aﬁ(taxlaaj%)\) aﬁ(t,$1,$2;)\)
U = A2
A ( ) 8.1’1 + 21 8952 0 ( )
a 1 21 2 2
_a +§A E(ﬂﬂ?l,.’l)’%)\) =\ g(ﬂ?l —|—x2)£<t’x17332;)\) (AB)
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Solving this PDE, we have the following solution:

1 1 A
ﬁ(t, T1,T2, )\) = m exp (—1)\(37% + l'%) tanh(it))
2

We give the sketch of solving procedure of this PDE.
By (A.2), it is reasonable to suggest that the solution should be in the form:

L(t, 1,93 A) = G(t, 27 + 753 \)

By the chain rule, we have that

OL(t, x1, 95 \) OG(t, 23 + x3)
ot ot
OL(t, 1, 2230) 2mé)G(zﬁ, x3 + x3)

ox; ’ ox
OPL(t, w1, 205 N) 25)G(t, r? + 13)
dz? oz

7

0?G(t, 22 + z2)
ox?

+ 427

where 1 = 1,2. Then we have

OG(t, x3 + x2 OG(t, 2% + 22 PGt 22 +22) N2

Then we know that G(¢,z) satisfies the PDE as follows:

+ Q(x% + x%)

OG(t,z) _0G(t,x) P*G(t,x) N
T PP PP gm o T greta)

G0,z) = 1.

Suppose that the solution has the form
L(t, 1, m: \) = f(t)edDETHD),
We will get ODEs for the function f and g as follows:
10+ 2/ (Dg(t) = 0
2(1) (1) = N

The second equation be reduced to the Riccati Equation, or the second order linear
ordinary differential equation. Substituting g by —u'/2u, we have the second order
linear ordinary differential equation as follows:

22

u'(t) = Zu(t)
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Thus the solution u(t) should be in the form:
Ay P
u(t) = 0162 + Cge 2

where C' is a constant.
Since g(0) = 0, it implies that «'(0) = 0, and therefore C; = Cy. Moreover, it implies
further that

9(t) = 2u(t) - _Zl)\cosh(gt) B —Ztanh(—t)
Since
O
O 29(1)
f(0) =0,

using the integral equality

/tanh(%t)dt = (3) B ln(cosh(%t)) +C,

the following equality holds

In(f(t)) = / 2¢g(s)ds = / —% tanh(%s)ds = — ln(cosh(%t)) +C.

Since f(0) =1, C =0, and

Finally we have that

ﬁ(@ Ty, T2, \) = f(t) exp (9(75)(37% + x%))
= @ exp (—g(xf + z3) tanh(%t)) :
A.3 The case for the first exit time from the unit

disk

A.3.1 Some related details of derivation of the PDE of the
expected signature of the Lévy area up to the first exit
time of Brownian motion from the unit disk

Recall that mp denotes the exit time of the Brownian motion from the unit disk. To

derive the PDE of the expected signature of the Lévy area up to mp, we need to
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calculate the moments of Brownian motion and Lévy area at 7p. We summarize the
result in the following lemma, and give the detailed proof later. Let B; denote the
standard d—dimenional Brownian motion, where d is an integer greater than or equal
to 1.

Lemma A.3.1 For everyi,j € {1,2,...,d},
B Tz4eD . Tz4eD i 1
E* / odBy) / odBY | = 1(i = j)=&?
LJo 0 2
B e Ly Lo 2
E odBIL, | =(-2nlli=1)+-%1(=2))¢
Lo 4 4
. 1
E _LfHED} = g(zf + 23)e? + o(g?).

Proof. Let us recall the definition of ®r(z), i.e. the expected signature of the

Brownian motion starting at z € R? and run until the first exit time from the domain
I'. We will use the notation ®r(z) in the following proof.
By the shuffie product property of the signature,

Tz4eD . Tz+eD . . . . .
/ odB}) / odBY = / odB{” 0 dBY) + 0dB}) o dB?.
0 0 0<t1<t2<T,4eD
Taking the expectation of both sides of the above equation, we have that

Tz+4eD i Tz+eD .
E* { / odB" / odBt(f)]
0 0

- F°

/ odB{ 0 dB} + odBY 0 dB!
0<ti1<to <Tz4eD

= W(i’j)(q)z_;,_d[)(z)) + 7T(j7i)((1)z+6D<Z))‘

By the translation invariance and the scaling property of the expected signature of

the Brownian motion (Lemma 5.3.1, Lemma 5.3.2), it follows that

Tz+eD i Tz+eD . L. ..
E? { / odB” / odBt(f)l = &2 (70 (Dp(0)) + 70 (D5 (0))) -
0 0

Using the fact that the second term of ®p(0) is equal to

1 2
- 7,® iy
4,~21€ e

the expectation E* [ Jo odBt(li) Jo odBt(f )} could be simplified to

1
5521(1' = 7).
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Next, let us calculate E* [ fOTZ“D odBt(f)LTz +ED} By the translation property of the

Brownian motion,

Tz+eD i
E? { / odBISj’L%D]
0

1 TeD
- EO[E(/ —(20+ B®) 0 dBY + (2, + BM) 0 dB| )/ odB ]
0 0

1 TeD 1
_ ——z2E0 [/ dB(”/ dB()]+22 RO U / odB" }
0
+E° { / odL, / odB ’)}

By the shuffle product property of the signature, the linearity of the expectation and
the scaling invariance of the expected signature of the stopped Brownian motion, it

is easy to see that

B /OTE”ongU / odB }: e (w19 (@p(0)) + 71 (Bp(0)))

B TeD TeD
E° / odB? / odB ”]
L/ 0 0

B TeD TeD h . .
B / odL, / odBt(l)} = 8 (— (@2 2@ (@p(0)) + (x@ L 7D (@p(0))
LJ O 0

&2 (n®(@p(0)) + 72(Pp(0)))

Substituting the following equations in the above equations
12
p(a0) = 1D e
ps(®p(0)) = 0
then we have

]EO-

/
E° /D odB<2>/ odB' } = 1521@‘ =2)
t _ _
L 0 0 2
/

Therefore
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Similarly we can calculate [E? [LzerED] as follows:

E* [L2 ] — E]EO

Tz+eD 4

Teb 2 1 1 2 2
(/ —(z2+Bt())odBt()+(21+Bt())odBt())
0

2

1
= ZRO
4

TeD 1 9
(/ —zzodBt()—l—zlodBt()—l—ost>
0

TeD 2 TeD 2
22 (/ ongl)) + 22 (/ odBt(2)>
0 0

1
= g(zf + 23)e? + o(e?).

= E° + o(g?)

A.3.2 Solving explicitly the PDE of the characteristic func-
tion and the moment generating function of the Lévy
area of the Brownian motion up to the first exit time
from the unit disk

The main difficulty computation of the characteristic function and the moment gen-
erating function of the Lévy area of the Brownian motion up to the first exit time
from the unit disk turns out to be how to solve the following PDE (A.4) and the

a?

2
o .
- and a = —<- respectively.

boundary condition (A.5) in Lemma A.3.2 when a =

Lemma A.3.2 For every fivzed a € [—16,00), the following PDE problem admits a

solution:

Af(z, z50) = a(22 + 22)f (21, 20;0), if (21, 22) € D; (A.4)
f(z1,22;a) = 1, if (21, 22) € OD. (A.5)

where f: D — R, and a is a parameter. The solution f(z;a) is given as follows:

flzza) = (f ()’ (ﬁ)) Io(a)

where
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Proof. Let us change from the cartesian coordinates to polar coordinates. Noted
that the boundary condition does not depend on the angle and the PDE only depends
on the radius. It is reasonable to suggest that f(.;a) is a function of r where r =

22 + z2. For simplicity let us still use the function f(r;a) to denote the function
f after changing to polar coordinates. The PDE (A.4) is rewritten in polar form as

follows:

1
;f’(r;a) + f"(r;a) = ar’f(r;a), r € (0,1) (A.6)
f@a = 1. (A.7)
Since the function f is defined in the unit disk I, which implies that f(0;a) should

be finite, and f(r;a) should be analytic, and represented as a power series of r as

follows:
flria) =2 bu(a)r™.
n>0

Then its first derivative and the second derivative can be written in terms of the

power series in 7 as well, supposing that the derivatives exist;

f'(ria) = Z nby, (a)r"

n>1

f(ra) = Zn(n—l)bn(a)r"’Q.

n>2

Therefore the LHS of the PDE of f(r;a) (A.4) can be expressed in terms of the power

series in r as follows:

Z nby, (a)r™ ™ + Z n(n — 1)b,(a)r™? = by(a)r™' + Z n2rt?

n>1 n>2 n>2

while the RHS of the PDE of f(r;a) (A.4) is equal to

a Z bn(a)r™t?,

n>0

By comparing the coefficients of " on both sides, we have that

bi(a), ba(a), bs(a) = O;
Vn > 2 (n+2)%,42(a) = ab, s(a)

By induction, it is easy to see that

[¢] k . )
b (a) = { atyrbia(a) = a* (T gz bofa). if m = 4

0, otherwise.
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where n € N.

Now we can write the function f(r;a) as follows:

f(r;a) = Zb4k(a)r4k
= N ar)k T a
- (Zorr (L))o

Recall the boundary condition f(1;a) = 1, and it gives the constraint on by(a), i.e.

0o i k 1
S (i) oo

0
For every fixed a € R, S(a) is defined as below

S(a) = Zak (

k=0

—_
+
—

—~

N

< —

S~—

(V)
N~
I

N
S 8
/N
—
NE
~——
>
—~
| =
S—
no

By Lemma A.3.3, for every a € [—16, +00)
0 < S(a) < +oo.

Thus for every a € [—16,00), by(a) is well defined and is equal to
1 1

et - . % .

Sta) 350 (56)” e

It is easy to show that for every a € [—16,00), f(r;a) is indeed twice differentiable
when r € (0,1) by the ratio test. m

bo (CL) =

Remark A.3.1 The ODE (A.6) with the boundary condition (A.7) has solution

o [ () o () (5) amn (9) (457 )

where I.(x) and K.(x) are the modified Bessel function of the first kind and the second

kind respectively defined in Definition A.3.1and Cy is an arbitrary constant.

Remark A.3.2 The solution f(z;a) to PDE (A.4) with the boundary condition (A.5)
is indeed the normalized Bessel function of the first kind, i.e.
Io(4*|=%)

Io(%)

where I.(x) is the modified Bessel function of the first kind defined as follows (Defini-
tion A.3.1). Using the constraint that f(0,a) is finite, the constant Cy can be uniquely

determined.
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Definition A.3.1 The modified Bessel functions of the first kind, denoted by I.(z)
and mapping from R to R are defined as follows:

—+00
1 T\ 2n+c
- 3
(@) ;n!f‘(njtcjtl) 2

where T'(z) is the gamma function and ¢ € R.
The modified Bessel functions of the second kind, denoted by K.(x) and mapping from
R to R are defined as follows:

E[—c(m) _ Ic<x)

Kelz) = 2 sin(cmr)

where I'(2) is the gamma function and ¢ € R.

Lemma A.3.3 Let us define the function S : R — R as follows:

Sla) =2 (%)k (1:!)2‘

k=0

For every a € R,
S(a) < +oo.
For every a € [—16, 00),
S(a) > 0.

Proof. First of all, let us prove for every a € R, S(a) is finite. Let c¢x(a) denote

()" (ﬁ) for every k € N. By the ratio test, since for every fixed a € R, there

exists an integer K = L@j + 1, such that for every integer k > K,

a \k+1 1
(1_6) (((k+1)1)2'> |al
= <1

(2)F <L) (4(k + 1))

16 k)2

c+1(a)|
cx(a)

where |z] is the largest integer which is no greater than z, for every z € R.
It implies the series Zf:o ¢i(a) absolutely converges, and thus S(a) is finite.
The next step is to show that for every a € [—16, +00], S(a) is strictly positive.

For a > 0, S(a) is increasing when a € R*, thus

S(a) > S(0) = 1
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For a € [-16,0],

sle) = (i ’a‘ 1)!)2))‘(2 (%) (W))
> (%) (@) (5) (@)

Since a € [—16,0], then for every k € N,

() (@) = (5) (o)

and at least for one k£ € N, the above inequality is strict, which implies that for every
€ [—16,0],

S(a) >0
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