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Abstract

The signature of the path provides a top down description of a path in

terms of its effects as a control. It is a group-like element in the tensor

algebra and is an essential object in rough path theory. When the path

is random, the linear independence of the signatures of different paths

leads one to expect, and it has been proved in simple cases, that the ex-

pected signature would capture the complete law of this random variable.

It becomes of great interest to be able to compute examples of expected

signatures. In this thesis, we aim to compute the expected signature of

various stochastic process solved by a PDE approach. We consider the

case for an Itô diffusion process up to a fixed time, and the case for the

Brownian motion up to the first exit time from a domain. We manage to

derive the PDE of the expected signature for both cases, and find that this

PDE system could be solved recursively. Some specific examples are in-

cluded herein as well, e.g. Ornstein-Uhlenbeck (OU) processes, Brownian

motion and Lévy area coupled with Brownian motion.



Contents

Notation 1

1 Introduction and Motivation 2

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Main contribution of the thesis . . . . . . . . . . . . . . . . . . . . . 4

1.2.1 The expected signature of an Itô diffusion process up to a fixed
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Glossary of Basic Notations

N: The set of all natural numbers.

Rm: Euclidean space of dimension m, where R denotes the field of real numbers, and

m ∈ N.

R+: {x ∈ R : x ≥ 0}.
〈·, ·〉: quadratic covariation.

〈·〉: quadratic variation.

|x| =
√∑d

i=1(x(i))2, where x = (x(1), . . . , x(d)) ∈ Rd.

|I|: the length of a word I.

D: the unit disk centered at the origin, i.e.

D = {z : |z| < 1; z ∈ R2}.

z + εD: the disk of radius ε centered at z.

∂Γ: the boundary of a domain Γ.

D̄: the closure of a domain Γ;

dist(z, ∂Γ) is the distance from the point z to the boundary of the domain Γ, i.e.

dist(z, ∂Γ) = inf
y∈∂Γ
{|y − z|}

where z ∈ R2 and Γ ⊂ R2.

reiθ = (r cos(θ), r sin(θ)) ∈ R2.

∆f =
d∑
i=1

∂2f
∂x2
i
.

n!! =


∏n+1

2
k=0(2k + 1), if n is odd;∏n
2
k=1(2k), if n is even;

1, if n = 0,−1.(
m
n

)
= m!

n!(m−n)!
, where m ≥ n and m,n ∈ N.

1



Chapter 1

Introduction and Motivation

1.1 Introduction

The theory of rough paths can be regarded as a non-linear extension of the classi-

cal theory of controlled differential equations, which is robust enough to treat the

stochastic differential equation in a deterministic way, or even controlled differential

equations driven by much rougher signals than semi-martingales([14],[16]). The sig-

nature of a path is a power series whose coefficients are definite iterated integrals of

the path, which is an essential object in rough path theory, and has been developed for

a long time in separate fields, e.g. geometry, control theory and stochastic analysis.

In the context of the controlled differential equation, the signature of a path arises

naturally in Picard iteration, and it allows one to obtain a pathwise Taylor series of

arbitrary order for the solution y to the vector equation

dyt = f(yt)dxt.

Moreover, the importance of iterated integrals has been recognised by geometers,

e.g. K.T. Chen observed the multiplicative property of the signature([2]), while the

multiple Brownian iterated integral has been already studied by Wiener in the early

1930’s. The signature of a path over a fixed time interval, which can be read out at

the terminal time, should be a top down description of the information about the flow

of events over time, recorded in its path during this time interval. As an extension of

Chen’s result B. Hambly and T. Lyons [6] demonstrated that it is possible to recover

the whole path (up to tree-like components of the path which are not counted in

its signature) by reading its signature. Z. Qian and Y. LeJan [13] proved that in

dimension d ≥ 2, almost all Brownian motion sample paths (running up to the fixed

time) are determined by their Stratonovich signature over [0, T ].
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T. Lyons realized that the key element for defining an integration theory along a con-

tinuous path is the sequence of iterated integrals, which must be specified, instead of

the piecewise smoothness, and this idea was the starting point of the theory of rough

paths([14]).

The expected signature of a random path plays a role similar to the moment gener-

ating function of a random variable. The expected signature of a stochastic process

might capture the essential information of the measure on this stochastic process it-

self. For example, we can read the characteristic function of the Brownian motion and

its Lévy area by reading its expected signature. The expected signature is not only a

conceptually interesting object, but also has various applications in practice. For ex-

ample, the computation of the expected signature of Brownian motion on [0, 1] leads

to “cubature on Wiener Space” methodology ([17]). As an alterative to the Monte-

Carlo method, it is an effective way to evaluate certain functionals on Wiener Space

and it allows us to develop high order numerical schemes valid for high dimensional

SDEs and semi-elliptic PDEs. It would be of great interest to compute the expected

signature of various stochastic processes. In this thesis the underlying process we are

interested in is the time homogeneous Itô diffusion process. There is more than one

choice to define the iterated integral of diffusion processes, e.g. the Itô integral or

Stratonovich integral. But in order to define the signature of the diffusion process

properly, we must specify the integral, and herein we choose the Stratonovich iterated

integral. The reason for choosing the Stratonovich integral comes from the fact that

the Stratonovich signature of Brownian motion is a geometric rough path([14]).

It is well known that there is a mathematical equivalence between solving parabolic

partial differential equations (PDEs) and the integration of certain functionals on

Wiener Space by the celebrated Feynman-Kac theorem. It is natural to ask what kind

of PDE the expected signature of a diffusion process should satisfy if one is interested

in computing the expected signature of the stochastic process assuming that the ex-

pected signature function is smooth enough. Moreover it would also be interesting to

understand the existence and uniqueness of these particular PDEs, subject to specific

boundary conditions. Furthermore we would like to study whether the solution to

these PDEs, subject to suitable boundary conditions is indeed the expected signature

of the process and how to solve these PDEs as well. This thesis is mainly devoted

to answering these questions for diffusion processes up to a fixed time, and Brownian

motion up to the first exit time from a domain. We explore the recurrence relation
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between higher degree terms and lower degree terms of the expected signature, and

by solving the PDE with certain constraints recursively, the expected signature can

be calculated, and admits a corresponding stochastic representation. Furthermore

several specific examples are included, e.g. the Ornstein-Uhlenbeck (OU) process up

to a fixed time, the Brownian motion up to the first exit time from a unit disk, and

the Lévy area up to a fixed time or the first exit time from the unit disk.

1.2 Main contribution of the thesis

1.2.1 The expected signature of an Itô diffusion process up
to a fixed time t

Let us consider a time homogeneous Itô diffusion process X taking value in E := Rd,

which could be described by the following stochastic diffusion equation (SDE) driven

by a k−dimensional standard Brownian motion B,

dXt = µ(Xt)dt+ V (Xt) · dBt (1.1)

where µ : E → E and V : E → E ⊗ Rk satisfy the globally Lipschitz condition.

Itô developed a theory of integration in order to give meaning to the SDE (1.1) and

obtain a solution to it given data at the starting time 0. Here we use · to emphasize

that the integral is in the sense of the Itô stochastic integral.

We could lift the diffusion process X to a rough path, by considering the sequence of

Stratonovich iterated integrals of X as its signature. Let us denote the corresponding

expected signature of the process X[0,t] starting at x by Φ(t, x) (see Definition 4.1.3).

Φ could be regarded as the function mapping from R+×E to the tensor algebra space

T ((E)), which is defined as follows. Let {ei}di=1 be the canonical basis of E. Then

{ei1 ⊗ ei2 · · · ⊗ ein}i1,...,in∈{1,2,...,d}

forms the basis of E⊗n and T ((E)) is the direct sum of E⊗n over n = 0, 1, 2, . . . .

The first main result of the thesis is summarized in the following theorem. For

simplicity, here we do not specify what the regularity conditions are, which can be

found in Theorem 4.7.
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Theorem 1.1 Under certain regularity conditions on µ, V and Φ, Φ should satisfy

the following PDE:(
− ∂

∂t
+ A

)
Φ(t, x) +

d∑
j=1

(
d∑

j1=1

V (j1)(x)TV (j)(x)ej1

)
⊗ ∂Φ(t, x)

∂xj
+(

d∑
j=1

µ(j)(x)ej +
d∑

j1=1

1

2

d∑
j2=1

V (j1)(x)TV (j2)(x)ej1 ⊗ ej2

)
⊗ Φ(t, x) = 0

with the initial condition

Φ(0, x) = 1,

where A is the infinitesimal generator of the process X, i.e.

A =
d∑
j=1

µ(j)(x)
∂

∂xj
+

1

2

d∑
j1=1

d∑
j2=1

V (j1)(x)TV (j2)(x)
∂2

∂xj1xj2
.

This result follows from the Feynman-Kac theorem, which firstly established the

bridge between the parabolic PDE and the expectation of a functional of the diffusion

process at the terminal time. In our case, the situation is a bit more complicated, since

except for the one dimensional case, the signature of the path X[0,t] depends on the

whole history of the path, rather than its final point Xt. But this difficulty could be

overcome by taking advantage of the multiplicative property of the signature (Chen’s

identity), i.e. the signature of the concatenation of two paths is equal to the tensor

product of the signature of each path. Generally speaking we use the martingale

approach to derive the PDE of the expected signature Φ. The main idea is that for

every fixed t ∈ R+, let us consider the conditional expectation Mu = Ex[S(X[0,t])|Fu].
{Mu}u∈[0,t] should be a martingale under some regularity conditions, which could be

rewritten as

S(X[0,u])⊗ Ex[S(X[u,t])|Fu] = S(X[0,u])⊗ Φ(t− u,Xu)

as the result of the Markov property of the Itô diffusion process X.

By definition of the signature of X[0,t], it allows us to derive the SDE of S(X[0,u]),

while the SDE of Φ(t − u,Xt) could be calculated using Itô formula, assuming that

Φ ∈ C1,2(R+ × E, T ((E))). It means that we are able to obtain the SDE of Mu, and

by setting the drift term to be zero, the PDE of Φ could be derived.
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It is interesting to notice that the PDE system of Φ could be solved recursively,

and the nth tensor component of Φ, denoted by Φn could be uniquely determined by

Φn−1 and Φn−2, the drift term and the martingale term of the underlying X. More-

over by the Feynman-Kac theorem, Φn could be represented as the expectation of the

integral of the function of Φn−1 and Φn−2 explicitly.

1.2.2 The expected signature of the Brownian motion up to
the first exit time from the domain Γ

The second part of our main result is that we derive the PDE of the expected signature

of Brownian motion starting at the point x ∈ Γ ⊂ E, denoted by ΦΓ(x), where Γ

is a domain in E satisfying certain regularity conditions. We summarize it in the

following theorem; the specific regularity conditions can be found in Theorem 5.5:

Theorem 1.2 Suppose that the domain Γ satisfies some regularity conditions. Then

ΦΓ should satisfy the following PDE

4ΦΓ(z) = −(
2∑
i=1

ei ⊗ ei)⊗ ΦΓ(z)− 2
2∑
i=1

(
ei ⊗

∂ΦΓ(z)

∂zi

)
, if z ∈ Γ

with the boundary condition:

ΦΓ(z) = 1, if z ∈ ∂Γ

and the initial condition:

ρ0(ΦΓ(z)) = 1, if z ∈ Γ̄

ρ1(ΦΓ(z)) = 0, if z ∈ Γ̄.

where 1 = (1, 0, 0, . . . ), and the function

ρn : T ((E)) → En

a = (a0, a1, . . . , an, . . . ) 7→ an, where ai ∈ E⊗i ∀i ∈ N

is the projection function, which maps the tensor series to the tensor powers of degree

n.

In the case of the Brownian motion up to the first exit time, we choose a deter-

ministic approach to prove it, which is a bit different from the martingale approach
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used in cases of diffusion processes up to a fixed time. Actually in this case we can

still use the martingale approach by constructing the martingale Mt = E[S(B0,τΓ)|Ft],
but we need to take care of the situations when t tends to the infinity. This difficulty

can be avoided if we use the deterministic approach, but the key to the deterministic

approach is still to take advantage of the Markov property of Brownian motion and

the multiplicativity of signatures. The Brownian motion path started at the point

z ∈ Γ and running until the first hitting time of the boundary of Γ can be seen as

the concatenation of the two path, i.e. the path started at z and hitting the bound-

ary of the disk centered at z with a sufficiently small radius ε and the second path

restarted at the boundary of this disk z + εD, and run until the first hitting time of

the boundary of Γ. By Chen’s identity and the strong Markov property of Brownian

motion, we have that

ΦΓ(z) = Ez[S(B[0,τz+εD])⊗ Φ(Bτx+εD)].

Actually the dimension of the Brownian motion is not important in this case. For

simplicity, we illustrate the idea of the proof in the two dimensional case. In this

case, ΦΓ(z) could be rewritten in the integral form:

ΦΓ(z) =

∫ 2π

0

Ex[S(B[0,τz+εD])|Bτx+εD = z + ε]⊗ ΦΓ(z + εeiθ)
dθ

2π

=

∫ 2π

0

Ψ(εeiθ)⊗ ΦΓ(z + εeiθ)
dθ

2π
(1.2)

where Ψ(z) = Ex[S(B[0,τεD])|BτεD = z] and the last inequality follows from the trans-

lation invariance of Brownian motion.

Suppose that the function ΦΓ is sufficiently smooth and could be written as a Taylor

expansion. The right hand side(RHS) of the above equation could be written as a

power series in ε, while the left hand side (LHS) of the above equation is independent

of ε. This means that the coefficient of the first term in ε on the RHS should be zero,

which gives us the PDE to characterize the function Φ. In the thesis we present this

approach in a slightly different way by introducing the auxiliary function ϕ:

ϕΓ : z + εD → T ((E));

y 7→ Ψ(y)⊗ ΦΓ(z + y).

Equation (1.2) is equivalent to saying that the function ϕ satisfies the mean value

property at the origin, which implies

4ϕ(y)y=0 = 0

7



and thus the PDE of Φ is derived from it immediately.

Similar to the case for Itô diffusion processes up to a fixed time, the PDE of ΦΓ

can be solved recursively, and the nth term of ΦΓ is uniquely determined by the pre-

vious two terms. By the PDE theorem, the solution can be written in integral form

or admits a stochastic representation under regularity conditions.

1.3 The outline of the thesis

The outline of the thesis is as follows:

In Chapter 2, we give some preliminaries of Rough Path Theory. In particular we

introduce the definition of the signature of paths of bounded variation and the alge-

braic properties of signatures. Then we give the definition of the expected signature

of a stochastic process. We attempt to explain the motivation behind studying the

expected signature of a random path.

In Chapter 3, we recall the existing result on the expected signature of Brownian

motion up to a fixed time t using the PDE approach firstly. We consider the piece-

wise linear approximation of Brownian motion, and examine the convergence rate of

the expected signature of such a discretized Brownian motion path.

In Chapter 4, following the PDE approach to calculate the expected signature of

Brownian motion, we derive the PDE of the expected signature of a general Itô dif-

fusion process up to a fixed time. Moreover we consider OU processes as examples,

and give explicit solutions in those cases. Furthermore using our PDE theorem, we

manage to derive the characteristic function of the Lévy area at a fixed time t on

condition that the starting point of the Brownian motion is x, which is an alternative

way to calculate the characteristic function of the Brownian motion coupled with its

Lévy area on the condition that the Brownian motion starts at the origin.

In Chapter 5, we consider the domain Γ, which satisfies some regularity conditions.

We are interested in the expected signature of the Brownian motion starting at x ∈ Γ

up to the first exit time from the domain Γ. We derive the PDE of the expected sig-

nature of such stopped Brownian motion. By solving the PDE recursively we obtain

the expected signature. We also derive the finite difference equations for the expected

8



signature of a simple random walk up to the first exit time from the domain. Then we

consider the unit disk as a concrete example, and prove that the expected signature

of the stopped Brownian motion up to the first exit time from the unit disk should

be in the polynomial form. In a similar approach to that of the previous chapter, we

examine the moment generating function and characteristic function of the Lévy area

at the first exit time from the unit disk conditional on the position of the starting

point of Brownian motion, and give the stochastic representation of those two func-

tions.

In Chapter 6, we briefly summarize our work and point out future work.
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Chapter 2

Rough Paths Preliminaries

In this thesis, we are interested in paths and in describing probability measures on

these paths. Our examples will be quite specific, but need to be understood in a more

general context. For the sake of precision, we start by introducing some notation,

making essential definitions and stating the basic results we require. These can also

be found in [14]. A reader experienced in rough path theory might prefer to go directly

to Chapter 3.

2.1 Tensors products

Fix a real Banach space E, in which our paths will take their values. Consider the

successive tensor powers E⊗n of E (completed in some tensor norm). In the case where

E is finite dimensional with basis {α1, . . . , αd}, E⊗n has the basis {αi1⊗αi2⊗. . .⊗αin},
where i1, . . . , in ∈ {1, . . . , d} and can be identified with the space of real homogeneous

non-commuting polynomials of degree n in d variables. It is easy to see that E⊗ is

isomorphic to the space spanned by indexes of length n in the numbers {1, . . . , d}.
Let us give the formal definition of words as below.

Definition 2.1.1 Let us consider a finite set A, which we called an alphabet, whose

elements are numbers 1, 2, . . . , d, and an index (a word) I in the alphabet A is either

the empty word denoted by () or it can be written as

I = (i1, i2, . . . , in)

which is a finite sequence of the numbers i1, i2, . . . , in from the alphabet A, where n

is called the length of the word I. If I is an empty word, then its length is zero.

We note that E⊗0 = R. It is necessary to constrain the norms used when consid-

ering tensor products (the injective and projective norms satisfy our constraints).
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Definition 2.1.2 Let E be a Banach space. We say that its tensor powers are en-

dowed with an admissible norm |.|, if the following conditions hold:

1. For each n ≥ 1, the symmetric group Sn acts by isometry on E⊗n, i.e.

|σv| = |v|, ∀v ∈ E⊗n,∀σ ∈ Sn.

2. ∀n,m ≥ 1,

|v ⊗ w| ≤ |v||w|,∀v ∈ E⊗n, w ∈ E⊗m.

2.2 The algebra of tensor series

Definition 2.2.1 A formal E-tensor series is a sequence of tensors
(
an ∈ E⊗n

)
n∈N,

denoted by a = (a0, a1, . . .). There are two binary operations on E-tensor series, an

addition + and a product ⊗, which are defined as follows. Let a = (a0, a1, ...) and

b = (b0, b1, ...) be two E-tensor series. Then we define

a + b = (a0 + b0, a1 + b1, ...) (2.1)

and

a⊗ b = (c0, c1, ...), (2.2)

where for each n ≥ 0,

cn =
n∑
k=0

ak ⊗ bn−k. (2.3)

The product a⊗b is also denoted by ab. We use the notation 1 for the series (1, 0, ...),

and 0 for the series (0, 0, ...). If λ ∈ R, then we define λa to be (λa0, λa1, ...).

Definition 2.2.2 The space T ((E)) is defined to be the vector space of all formal

E-tensors series.

Remark 2.2.1 The space T ((E)) with + and ⊗ and the action of R is an associative

and unital algebra over R. An element of a = (a0, a1, ...) of T ((E)) is invertible if

and only if a0 6= 0. Its inverse is then given by the series

a−1 =
1

a0

∑
n≥0

(1− a

a0

)n (2.4)

which is well defined because, for each given degree, only finitely many terms of

the sum produce non-zero tensors of this degree. In particular, the subset {a ∈
T ((E)) |a0 = 1} forms a group.
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Definition 2.2.3 The dilation operator is the mapping 〈ε, a〉 from R+ × T ((E)) to

T ((E)) defined by

〈ε, a〉 = (a0, εa1, ..., ε
nan, ...), ∀ε ∈ R+, a ∈ T ((E)) .

Let Bn = {a = (a0, a1, ...)|a0 = ... = an = 0}. Then Bn is an ideal of T ((E)).

Definition 2.2.4 Let n ≥ 1 be an integer. The truncated tensor algebra T (n)(E) of

order n over E is defined as the quotient algebra

T (n)(E) = T ((E)) /Bn. (2.5)

The canonical homomorphism T ((E)) −→ T (n)(E) is denoted by πn.

2.3 Paths

Let us define the p-variation of a E-valued path X on an interval J in R+.

Definition 2.3.1 Let p ≥ 1 be a real number. Let X : J → E be a continuous path.

The p-variation of X on the interval J is defined by

||X||p,J =

[
sup
D⊂J

r−1∑
j=0

|Xtj −Xtj+1
|p
] 1
p

where D is a subdivision of J , i.e. D = {t0, t1, . . . , tr} such that 0 ≤ t0 < · · · < tr

and (t0, tr) ⊂ J .

Paths also have algebraic properties:

Definition 2.3.2 Let X : [0, s] −→ E and Y : [s, t] −→ E be two continuous paths.

Their concatenation is the path X ∗ Y defined by

(X ∗ Y )u =

{
Xu, if u ∈ [0, s] ;
Xs + Yu − Ys, if u ∈ [s, t] .

Remark 2.3.1 ∗ is an associative operation. Let X : [0, s] −→ E, Y : [s, t] −→ E

and Z : [t, v] −→ E be three continuous paths. Then

(X ∗ Y ) ∗ Z = X ∗ (Y ∗ Z).
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2.4 The signature of a path

Definition 2.4.1 Let J denote an interval in R+. Let X : J −→ E be a path

of bounded variation or a rough path of finite p−variation such that the following

integration makes sense. The signature X of X is an element (1, X1, ..., Xn, ...) of

T ((E)) defined for each n ≥ 1 as follows

Xn =

∫
· · ·
∫

u1<...<un, u1,...,un∈J

dXu1 ⊗ ...⊗ dXun .

The signature X is also denoted by S(X) and the truncated signature of X of order

n is denoted by Sn(X), i.e Sn(X) = πn(X) for every n ∈ Z .

Definition 2.4.2 If the interval I ⊂ J is a subinterval then we will use the notation

XI to denote the signature of X over the interval I. If J = [S, T ] then we use the

notation ∆J for {(s, t) |S ≤ s ≤ t ≤ T} and the notation Xs,t,for X[s,t] and SN(X)s,t

for SN(X)[s,t] where (s, t) ∈ ∆J .

Example 2.4.1 1. If Xt is a continuous path with finite p−variation, where 1 ≤
p < 2, then its signature can be defined in the sense of the Young integral[14].

More generally, if Xt is a p-rough path (p ≥ 1) then the integrals will exist as a

result of the general theory of rough paths[extension theorem] ([14]).

2. For a Brownian path, its signature can be defined in the sense of either the Itô

integral or the Stratonovich integral. Almost all Brownian paths, with their Lévy

area processes, are p-rough paths for any p > 2. For all (s, t), with probability

one, the Stratonovich signature is a geometric rough path ([14] Page 57).

The following fundamental theorem, Chen’s identity, asserts that the signature is

a homomorphism between the path space and its rough path space([14]).

Theorem 2.1 Let X : [0, s] −→ E and Y : [s, t] −→ E be two continuous paths with

finite p−variation where 1 ≤ p < 2. Then

S(X ∗ Y ) = S(X)⊗ S(Y ). (2.6)

The proof can be found in [14].

The following lemma presents the reason why the signature of a path can be

described as the full non-commutative exponential of the path.
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Lemma 2.4.1 Let X : [0, T ] → E be a path with finite 1−variation. The signature

S(X0,.) as a function from [0, T ] to T ((E)) satisfies the following differential equation:

dS(X[0,t]) = S(X[0,t])⊗ dXt, S(X[0,0]) = 1.

2.5 Real valued functions from the range of the

signature

Consider the linear forms on T ((E))(see [14]). Suppose (e∗1, ..., e
∗
n) are elements of

the dual space of E, denoted by E∗. We can introduce coordinate iterated integrals

by setting

X(i)
u := 〈e∗i , Xu〉

and rewriting
〈
e∗i1 ⊗ ...⊗ e

∗
in , S (X)

〉
as the scalar iterated integral of coordinate pro-

jections ∫
· · ·
∫

u1<...<un
u1,...,un∈J

dX(i1)
u1
⊗ . . .⊗ dX(in)

un .

For example, if (e1, ..., ed) is a basis for a finite dimensional space E, and (e∗1, ..., e
∗
d)

is a basis for the dual space E∗. Then the elements (eI = ei1⊗...⊗ein)I=(i1,...,in)∈{1,...,d}n

form a basis ofE⊗n. The space (E∗)⊗n with the basis (e∗I = e∗i1⊗...⊗e
∗
in)I=(i1,...,in)∈{1,...,d}n

can be canonically identified with the dual basis of (E⊗n)∗ so that

〈e∗i1 ⊗ ...⊗ e
∗
in , ej1 ⊗ ...⊗ ejn〉 = δi1,j1 ...δin,jn ,

where δi,j = 1{i=j} and the linear action of (E∗)⊗n on E⊗n extends naturally to a

linear mapping (E∗)⊗n → T ((E))∗, defined by

e∗I(a) = e∗I(an).

In this case we can also write

XJ =
+∞∑
n=0

∑
i1,...in∈{1,...d}

∫ · · · ∫
u1<...<un
u1,...,un∈J

dX(i1)
u1
⊗ . . .⊗ dX(in)

un

 ei1 ⊗ . . .⊗ ein .
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Remark 2.5.1 Re-parameterizing a path inside the interval of definition does not

change its signature over the maximal interval. Translating a path does not change its

signature. We may define an equivalence relation between paths of bounded variation

by asking that they have the same signature.

Definition 2.5.1 If E is a Banach space then we define T (E) ⊂ T ((E)) to be the

tensor series a = (a0, a1, ...) for which there is an N depending on a so that ai = 0

for all i > N . In other words, it is the space of polynomials (instead of series) in

E(the multiplication is in the sense of tensor product).

Remark 2.5.2 There is a natural inclusion

T (E∗)→ T ((E))∗ .

Returning to the finite dimensional example and the notation introduced above, the

linear forms e∗I , as I spans the set of finite words in the numbers 1, ..., d, form a basis

for T (E∗).

Now let us consider two elements of T (E∗), say e∗ and f∗. Their pointwise product

as real-valued functions is a quadratic form on T ((E)). Then there exists a unique

third element of T ((E)), denoted by e∗ � f∗, such that e∗f∗ and e∗ � f∗ coincide on

the range of S.

Theorem 2.2 The linear forms on T ((E)) induced by T (E∗), when restricted to the

range S(V([0, T ], E)) of the signature, form an algebra of real valued functions, where

V([0, T ], E) is used to denote the set of all the continuous paths mapping [0, T ] to E

of finite 1−variation.

The proof of this theorem could be found on Page 34 in [14]. By linearity it is

sufficient to consider the case for e∗ = e∗I and f∗ = e∗J , where I = (i1, . . . , im) and

J = (j1, . . . , jn) are two arbitrary words. It is shown that the linear form

e∗I � e∗J =
∑

σ∈Sm,n

e∗kσ−1(1),...,kσ−1(m+n)
(2.7)

is equal to e∗Ie
∗
J on the subset S(V([0, T ], E)), where the set Sm,n is defined below in

Definition 2.5.2. The linear form e∗I � e∗J defined by (2.7) is called the shuffle product

of e∗I and e∗J . By bilinearity, this product endows T (E∗) with the structure of an

algebra, known as the shuffle algebra. Now we defined a product on T ((E∗)) and

show that for every e∗, f∗ ∈ T (E∗), and for every a ∈ S(V([0, T ], E)),

e∗(a)f∗(a) = (e∗� f∗)(a).
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Definition 2.5.2 We define the set Sm,n of (m,n) shuffles to be the subset of per-

mutation in the symmetric group Sm+n defined by

Sm,n = {σ ∈ Sm+n : σ(1) < · · · < σ(m), σ(m+ 1) < · · · < σ(m+ n)}.

Remark 2.5.3 For convenience, we introduce one useful functions on T ((E)), i.e.

πI is defined by

πI : T ((E)) → R;

a 7→ e∗I(a).

In particular,

πI(S(X)) =

∫
· · ·
∫

u1<...<un
u1,...,un∈J

dX(i1)
u1
⊗ . . .⊗ dX(in)

un

where I = (i1, ..., in).

2.6 The expected signature of stochastic processes

Definition 2.6.1 Given a probability space (Ω, P,F), X is a stochastic process which

takes value in E. Suppose that for a.e. every ω ∈ Ω, the signature of X(ω) denoted by

S(X(ω)) is well defined and under the probability measure P , its expectation denoted

by E[S(X)] is finite. We call E[S(X)] the expected signature of X.

Remark 2.6.1 The expected signature of a random path plays a similar role to the

moment generating function of a random variable. The expected signature of the ran-

dom process captures the important information about the measure on the underlying

paths as well. At least it can be proved that the expected signature completely describe

the law of the random signature in some simple cases, which is stated in the following

theorem.

Theorem 2.3 Let {Xi}ni=1 be a finite collection of paths of finite variation, which

have pairwise distinct signatures, ie. for every i, j ∈ {1, 2, . . . , n} and i 6= j, S(Xi) 6=
S(Xj). {λi}ni=1 satisfies λi ≥ 0,∀i ∈ {1, 2, .., n} and

∑n
i=1 λi = 1. Then for every

i ∈ {1, 2, . . . , n}, there exists a linear form σi : T ((E))→ R such that

σi(S(Xj)) = δi,j

where j = 1, 2, . . . , n.
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The proof of this theorem could be found on Page 35 of [14], where the Stone-

Weierstrass theorem is used to prove this statement. But in the following, I provided

a slightly different approach to prove it by constructing the linear function σi explic-

itly, which is more straightforward. The underlying idea of my proof is mainly related

to Lagrange polynomials.

Proof. We are going to construct a linear form σi such that

σi(S(Xj)) = δi,j.

For any i ∈ {1, 2, ..., n}, for each j 6= i, there exists an index Ii,j such that

πIi,j(S(Xi)) 6= πIi,j(S(Xj))

where Ii,j is an index composed of the numbers 1, 2, . . . , d.

Let us define the linear forms σi as follows:

σi = �
j 6=i

(ai,jπ
() + bi,jπ

Ii,j) (2.8)

where () is the empty index and the product is in the shuffle product sense, i.e. for

every two indices I and J , which are indexes composed of the numbers {1, 2, . . . , d},

πIπJ : T ((E)) → R

x 7→ (e∗I � e∗J) (x)

and

ai,j =
πIi,j(S(Xj))

πIi,j(S(Xj))− πIi,j(S(Xi))
,

bi,j =
−1

πIi,j(S(Xj))− πIi,j(S(Xi))
.

By the shuffle product property of the signature, i.e. the multiplication of two linear

forms on the signature is still a linear form on the signature, Equation (2.8) could be

expressed as the linear form on the signature as well. Moreover for i 6= j, since

πIi,j(S(Xi)) 6= πIi,j(S(Xj)),

ai,j and bi,j are well defined.

One the other hand, it holds that

σi(S(Xl)) =
∏
j 6=i

πIi,j(S(Xj))− πIi,j(S(Xl))

πIi,j(S(Xj))− πIi,j(S(Xi))
.
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If i = l, σi(S(Xl)) = 1 obviously; otherwise, there exists j = l, such that

πIi,j(S(Xj))− πIi,j(S(Xl))

πIi,j(S(Xj))− πIi,j(S(Xi))
= 0

and thus σi(S(Xl)) = 0. The proof is complete now.

Remark 2.6.2 We could restate this theorem in the probabilistic setting. Let us

consider the probability space (Ω, P,F), where Ω is a finite collection of paths, i.e.

{Xi}ni=1, and F = 2Ω. Under the probability measure P ,

P (X = Xi) = λi,∀i = 1, 2, ..., n

where λi ≥ 0 and
∑n

i=1 λi = 1. Then the expected signature of X is the weighted sum

of the signature of each path, i.e.

E[S(X)] =
n∑
i=1

λiS(Xi).

Since {Xi}ni=1 has pairwise different signatures, from the above theorem, we know how

to derive the linear form σi from the signatures of all paths, i.e. {S(Xi)}ni=1 and then

we can compute the measure of the signatures of the paths from the expected signature;

more precisely

λi = σi(E[S(X)]) (2.9)

where i = 1, 2, . . . , n.
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Chapter 3

The Expected Signature of Planar
Brownian Motion up to a Fixed
Time

3.1 The derivation of expected signature of Brow-

nian motion up to a fixed time

For a fixed T ∈ R+, let us consider the probability space (Ω,F ,P), where Ω =

C0([0, T ],Rd) is the space of Rd-valued continuous functions defined on [0, T ] starting

at 0, F is its Borel σ-field induced by the supremum norm and P is the Wiener mea-

sure. Now define the coordinate mapping process B(i)(t) = ωi(t) for t ∈ [0, T ], ω ∈ Ω,

where i ∈ {1, 2, . . . , d}. Then, under the Wiener measure, Bt = (B
(1)
t , B

(2)
t , . . . , B

(d)
t )

is a standard d-dimensional Brownian motion starting at 0. We endow Rd with the

canonical basis (e1, e2, . . . , ed), and the Brownian motion Bt could be written in the

following form:

Bt =
d∑
i=1

B
(i)
t ei

where t ≥ 0.

Definition 3.1.1 The signature of the path B[0,t] = {Bs : s ∈ [0, t]} is defined to be

S
(
B[0,t]

)
= (1, B1

[0,t], ..., B
n
[0,t], ...) ∈ T ((E))

defined for almost every path B and each n ≥ 1 by the Stratonovich iterated integral

Bn
[0,t] =

∫
· · ·
∫

u1<...<un, u1,...,un∈[0,t]

dBu1 ⊗ ...⊗ dBun .
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Definition 3.1.2 (Expected signature of Brownian motion up to t) The ex-

pected signature of a Brownian motion up to time t, denoted by ϕ(t), is defined as

ϕ(t) = E[S(B[0,t])] (3.1)

where t ∈ R+.

The following result is the explicit formula for the expected signature of d−dimensional

Brownian motion up to a fixed time T , which was first understood by T. Fawcett [3].

Theorem 3.1 Let Bt be a standard d−dimensional Brownian motion.

ϕ(t) = E[S(B[0,t])] = exp

(
t

2

d∑
i=1

ei ⊗ ei

)
.

Remark 3.1.1 There are several possible approaches to prove this theorem. One way

is to calculate explicitly by induction

πI(ϕ(t)) = E
[∫

0<u1<u2<···<un<T
◦dB(i1)

u1
◦ dB(i1)

u1
◦ · · · ◦ dB(in)

un

]
where I = (i1, i2, . . . , in), and for every j ∈ {1, 2, . . . , n}, ij ∈ {1, 2, . . . , d}.
A prettier approach uses the relationship between PDEs and the expectations of SDEs.

The proof can be found in [17].

3.2 The expected signature of the equally spaced

piecewise linear approximations of Brownian

motion

3.2.1 Piecewise linear approximation of Brownian motion

Let us consider a standard d−dimensional Brownian motion

Bt =
d∑
i=1

B
(i)
t ei.

Fix the time interval [0, T ] and a positive integer M . Let DM = {tj}Mj=0 denote an

equally spaced partition of the time interval [0, T ], i.e. for every j ∈ {0, 1, . . . ,M},

tj = j∆t

where ∆t = T
M

.

Let us consider the piecewise linear approximation to the Brownian motion B[0,T ]
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based on the partition DM , denoted by B̂M
[0,T ]. More precisely, {B̂M

t }t∈DM has the

same distribution as {Bt}t∈DM . It means that at each jth time step, the increment of

B̂M are mutually independent and identically distributed (i.i.d) over j, i.e.
∆B̂t1

∆B̂t2

. . .

∆B̂tM−1

 ∼ N (0,∆tIM)

where ∆B̂tj := B̂M
tj+1
− B̂M

tj
for j = 0, 1, . . . ,M − 1, N (0,∆tIM) denotes the normal

distribution with expected value 0 and covariance matrix ∆tIM , where IM is the

M ×M identity matrix.

Let us recall that the function ϕ(.) is defined as the expected signature of Brow-

nian motion, i.e.

ϕ : [0, T ] → T ((E))

t 7→ E[S(B[0,t])].

For convenience, we introduce the function ϕM(.) to denote the expected signature

of the linear approximation process B̂M
[0,t], i.e.

ϕM : [0, T ] → T ((E))

t 7→ E[S(B̂M
[0,t])].

Now we are interested in the convergence rate of the expected signature of B̂M
[0,T ], i.e.

ϕM(T ) to ϕ(T ), as M tends to the infinity.

To do that, first of all, let us introduce the definition of an even word and a square

word.

Definition 3.2.1 Let I be a word composed of the numbers 1, 2, ..., d. For every

i ∈ {1, 2, . . . , d}, ni(I) denotes the number of occurrence of i in the word I, i.e

ni(I) =
n∑
k=1

1{ik=i}

where I = (i1, . . . , in).

If for all i ∈ {1, 2, . . . , d}, ni(I) are all even, then the word I is called an even word.

The set of all the even words of length 2n is denoted by K2n.
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Definition 3.2.2 Let I be a word of length 2n, which is composed of the numbers

1, 2, ..., d. If the word I could be written as

I = (i1, i1, i2, i2, . . . , in, in)

where ij ∈ {1, 2, . . . , d} for j = 1, 2, . . . , n, then the word I is called a square word.

The set of all the square words of length 2n is denoted by S2n.

Remark 3.2.1 For every n ∈ N,

S2n ⊂
6=
K2n.

There is an equivalent statement of Theorem 3.1 as follows.

Corollary 3.2.1 For every index I, if there exists an integer n ≥ 0, such that I ∈
S2n, then

πI(ϕ(T )) =

(
T

2

)n
1

n!
;

otherwise,

πI(ϕ(T )) = 0.

Proof. Recall Theorem 3.1, ϕ(T ) is equal to

exp(
d∑
i=1

T

2
ei ⊗ ei) =

∑
n≥0

(
d∑
i=1

T

2
ei ⊗ ei)⊗n

1

n!
.

From the above expansion, the result follows immediately.

3.2.2 The formula for the expected signature of the equally
spaced piecewise linear approximations of Brownian
motion

In this subsection, we aim to derive an explicit formula for the expected signature of

B̂M
[0,T ], i.e. ϕM(T ). Before doing so, it is important to observe that the functions ϕ

and ϕM both have the multiplicative property, which is stated in the following lemma.
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Lemma 3.2.1 For any k1, k2 ∈ {1, 2, . . . ,M} and k2 ≥ k1,

ϕ(k2∆t) = ϕ(k1∆t)⊗ ϕ((k2 − k1)∆t);

ϕM(k2∆t) = ϕM(k1∆t)⊗ ϕM((k2 − k1)∆t).

Proof. Recall that ϕ(t) is defined to be the expected signature of Brownian motion

B[0,t], i.e.

ϕ(k2∆t) = E[S(B[0,k2∆t])] = E[E[S(B[0,k2∆t])|Fk1∆t]].

By Chen’s identity, we have that

S(B[0,k2∆t]) = S(B[0,k1∆t])⊗ S(B[k1∆t,k2∆t])

thus the following equalities holds.

ϕ(k2∆t)

= E[E[S(B[0,k1∆t])⊗ S(B[k1∆t,k2∆t])|Fk1∆t]], by the Tower property

= E[S(B[0,k1∆t])⊗ E[S(B[k1∆t,k2∆t])|Fk1∆t]], since S(B[0,k∆t]) is Fk∆t-measurable.

On the other hand, because Brownian motion B has the strong Markov property, and

the expected signature of B[0,t] does not depend on the starting point, it is true that

E[S(B[k1∆t,k2∆t])|Fk1∆t] = E[S(B[k1∆t,k2∆t])|Bk1∆t] = ϕ((k2 − k1)∆t).

Therefore it implies that

ϕ(k2∆t) = E[S(B[0,k1∆t])⊗ ϕ((k2 − k1)∆t)]

= E[S(B[0,k1∆t])]⊗ ϕ((k2 − k1)∆t)

= ϕ(k1∆t)⊗ ϕ((k2 − k1)∆t).

Similarly, it is easy to prove that it is true for ϕM as well, since the proof only relies

on the Markov property, the expected signature of the process up to a fixed time does

not depend on the starting point and {BM
s }s∈[k1∆t,k2∆t] has the same distribution as

{BM
s }s∈[0,(k2−k1)∆t].

Herein let us give the explicit representation of ϕM in the following theorem.

Theorem 3.2

ϕM(T ) = ϕM(∆t)⊗M

23



where ∆t = T
M

, and for every index I = (i1, i2, . . . , i2n) ∈ K2n,

CI =

(
n

n1(I)
2
, n2(I)

2
, ...nd(I)

2

)
/

(
2n

n1(I), n2(I), ...nd(I)

)
and

ϕM(∆t) =
∑
n≥0

∑
I∈K2n

CI
1

n!

(
∆t

2

)n
ei1 ⊗ ei2 ⊗ · · · ⊗ ei2n .

Proof. By Lemma 3.2.1, the following equality is true for every integer k = 1, 2, . . . ,M ,

ϕM(k∆t) = ϕM((k − 1)∆t)⊗ ϕ(∆t).

By induction, it is easy to show that

ϕM(T ) = ϕM(∆t)⊗M

where ∆t = T
M

.

Moreover since {BM
s }s∈[0,∆t] is a linear path, the signature of {BM

s }s∈[0,∆t] could be

reduced as follows:

S(BM
[0,∆t]) = exp(BM

∆t)
d
= exp(

d∑
i=1

B
(i)
∆tei)

since BM
∆t has the same distribution with B∆t.

Thus it implies that

ϕM(∆t) = E[S(BM
[0,∆t])] = E

[
exp(

d∑
i=1

B
(i)
∆tei)

]
=

∞∑
m=0

1

m!
E

( d∑
i=1

B
(i)
∆tei

)⊗m .
For every word I = (i1, i2, . . . , im),

πI

E

( d∑
i=1

B
(i)
∆tei

)⊗m = E

[
m∏
j=1

B
(ij)
∆t

]

= E

[
d∏
l=1

(B
(l)
∆t)

nl(I)

]

=
d∏
l=1

E[(B
(l)
∆t)

nl(I)], as B
(i)
t are mutually independent.

Since B
(l)
∆t is normally distributed with mean 0 and variance ∆t, where l = 1, 2, . . . , d,

E[(B
(l)
∆t)

nl(I)] =

{
0, if nl(I) is odd;(

∆t
2

)nl(I)
2

(
nl!
nl
2

!

)
, otherwise.
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Therefore πI
(
E
[(∑d

i=1 B
(i)
∆tei

)⊗|I|])
could be further simplified, i.e if m = 2n and

I ∈ K2n,

πI(ϕM(∆t)) = πI

E

( d∑
i=1

B
(i)
∆tei

)⊗|I| =

(
∆t

2

)n l∏
l=1

nl(I)!
nl(I)

2
!

and

πI(ϕM(∆t)) =
1

(2n)!
πI

E

( d∑
i=1

B
(i)
∆tei

)⊗2n


=
1

n!

(
∆t

2

)n n!∏d
l=1

(
nl(I)

2

)
!

 (
(2n)!∏d
l=1 nl(I)!

)

= CI
1

n!

(
∆t

2

)n
.

Otherwise, at least there exists an l ∈ {1, 2, . . . , d}, such that nl(I) is odd, and thus

πI(ϕM(∆t)) = 0.

Remark 3.2.2 For every integer n ∈ N, and for every index I ∈ K2n,

CI =

(
n

n1(I)
2
, n2(I)

2
, ...nd(I)

2

)
/

(
2n

n1(I), n2(I), ...nd(I)

)
≤ 1.

3.2.3 The convergence result for the expected signature of
the piecewise linear approximation of Brownian motion

In this subsection, we are interested in examining the convergence rate of the expected

signature of the piecewise linear approximation of Brownian motion. In order to do so,

we need a norm on the tensor products to measure the error term. Herein we choose

an admissible norm, which is defined in Definition 2.1.2. An important property of

an admissible norm | · |, which will be used frequently in the following discussion is

that ∀n,m ≥ 1,

|v ⊗ w| ≤ |v||w|,∀v ∈ E⊗n, w ∈ E⊗m.

There are various ways to define the norms on E⊗n, e.g. the l1-norm and l∞-norm

defined in Definition 3.2.3 and 3.2.4 respectively. It is easy to verify that both of

them are admissible norms on E⊗n.
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Definition 3.2.3 (l∞-norm on E⊗n) Let E be a Banach space. For every positive

integer n, the l∞-norm denoted by | · |∞ is defined as follows, i.e. for every v ∈ E⊗n,

|v|∞ = sup
I∈Wn

{|πI(v)|}

where Wn is the set of words of length n.

Definition 3.2.4 (l1-norm on E⊗n) Let E be a Banach space. For every positive

integer n, the l1-norm denoted by | · |1 is defined as follows, i.e. for every v ∈ E⊗n,

|v|1 =
∑
I∈Wn

|πI(v)|

where Wn is the set of the words of the length n.

Remark 3.2.3 The l1−norm on E⊗n is a projective norm and it has a nice property,

which is given in Proposition 3.3.

Proposition 3.3 For every a ∈ E⊗n and b ∈ E⊗m,

|a⊗ b|1 = |a|1|b|1

where m,n ∈ N.

Proof. Let {ei}di=1 be the basis of E. For every a ∈ E⊗n and b ∈ E⊗m, a and b could

be written as

a =
∑
I∈Wn

πI(a)ei1 ⊗ · · · ⊗ ein

b =
∑
J∈Wm

πJ(b)ej1 ⊗ · · · ⊗ ejm

where I = (i1, i2, . . . , in) and J = (j1, j2, . . . , jm).

Thus by the definition of tensor product, we have that

a⊗ b =
∑

(i1,...,in)∈Wn
(j1,...,jm)∈Wm

π(i1,...,in)(a)π(j1,...,jn)(b)ei1 ⊗ . . . ein ⊗ ej1 ⊗ · · · ⊗ ejm

Therefore it follows that

|a⊗ b|1 =
∑

(i1,...,in)∈Wn
(j1,...,jm)∈Wm

|π(i1,...,in)(a)π(j1,...,jn)(b)|

=
∑

(i1,...,in)∈Wn

∑
(j1,...,jm)∈Wm

|π(i1,...,in)(a)||π(j1,...,jn)(b)|

=

 ∑
(i1,...,in)∈Wn

|π(i1,...,in)(a)|

 ∑
(j1,...,jm)∈Wm

|π(j1,...,jn)(b)|


= |a|1|b|1
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Lemma 3.2.2 For every k = 1, 2, . . . ,M , for every integer j ≥ 2,

|ρ2j(ϕ
M(k∆t))| ≤ 1

j!

(
k∆t

2

)j
(3.2)

where | · | is the admissible norm.

In particular,

|ρ2j(ϕ
M(k∆t))|1 =

1

j!

(
k∆t

2

)j
(3.3)

Proof. For k = 1, it is just Theorem 3.2.

For k > 1. Suppose that this statement is true for k − 1. Let us prove that it is true

for k as well. By Lemma 3.2.1, we have that

ϕM(k∆t) = ϕM((k − 1)∆t))⊗ ϕM(∆t)

and thus

ρ2j(ϕ
M(k∆t)) =

∑
j1+j2=j

ρ2j1(ϕM((k − 1)∆t))⊗ ρ2j2(ϕM(∆t)).

Since | · | is an admissible norm, then

|ρ2j1(ϕM((k − 1)∆t))⊗ ρ2j2(ϕM(∆t))| ≤ |ρ2j1(ϕM((k − 1)∆t))| · |ρ2j2(ϕM(∆t))|

In particular, in terms of l1 norm, by Proposition 3.3 it holds that

|ρ2j1(ϕM((k − 1)∆t))⊗ ρ2j2(ϕM(∆t))|1 = |ρ2j1(ϕM((k − 1)∆t))|1 · |ρ2j2(ϕM(∆t))|1

Then by induction hypothesis it follows that

|ρ2j(ϕ
M(k∆t))| ≤

∑
j1+j2=j

|ρ2j1(ϕM((k − 1)∆t))||ρ2j2(ϕM(∆t))|

≤
∑

j1+j2=j

1

j1!

(
(k − 1)∆t

2

)j1 1

j2!

(
∆t

2

)j2
=

1

j!

(
k∆t

2

)j
.

If we choose l1−norm, inequality signs could be replaced by equals signs in the above

formula.

By induction, it shown that for every k = 1, 2, . . . ,M , for every integer j ≥ 2,

|ρ2j(ϕ
M(k∆t))| ≤ 1

j!

(
k∆t

2

)j
|ρ2j(ϕ

M(k∆t))|1 =
1

j!

(
k∆t

2

)j
.
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Lemma 3.2.3

For every integer j ≥ 2,

|ρ2j(ϕ
M(∆t)− ϕ(∆t))| ≤ 1

j!

(
∆t

2

)j
; (3.4)

for every odd integer j or j = 0, 2,

ρj(ϕ
M(∆t)− ϕ(∆t)) = 0 (3.5)

where | · | is the admissible norm.

Proof. Since the explicit formula for ϕM(∆t) and ϕ(∆t) is given in Theorem 3.2 and

Corollary 3.2.1, it is known that for every word I of odd length or 0,

πI(ϕ(∆t)) = πI(ϕM(∆t)) = 0

π()(ϕ(∆t)) = π()(ϕM(∆t)) = 1

where () denotes the empty word;

For every word I of length 2n,

πI(ϕ(∆t)) =
1

n!

(
∆t

2

)n
1{I ∈ S2n}

πI(ϕM(∆t)) = CI
1

n!

(
∆t

2

)n
1{I ∈ K2n}.

By Theorem 3.2

CI =

(
n

n1(I)
2
, n2(I)

2
, ...nd(I)

2

)
/

(
2n

n1(I), n2(I), ...nd(I)

)
≤ 1.

In addition, using S2n ⊂
6=
K2n, it follows

|πI(ϕ(∆t))− πI(ϕM(∆t))| =


(1− CI) 1

n!

(
∆t
2

)n
, I ∈ S2n;

CI
1
n!

(
∆t
2

)n
, I ∈ K2n\S2n;

0, otherwise.

≤ 1

n!

(
∆t

2

)n
and by the definition of the admissible norm | · |, it is also true that

|ρ2n(ϕM(∆t))− ρ2n(ϕ(∆t))| ≤ 1

n!

(
∆t

2

)n
where j ∈ N.

In particular, for the case n = 1, since K2 = S2 and cI = 1(I ∈ K2) where the length
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of I is equal to 2, then CI = 1, and the difference between ρ2(ϕ(∆t)) and ρ2(ϕ(∆t))

can be simplified to

1− CI = 0.

This means that ϕM(∆t) coincides with ϕ(∆t) for the first two levels.

Next we will give the bounds for the discretization error for the expected signature

of Brownian motion and the result is summarised in the following theorem. In the

following discussion, we restrict the dimension of Brownian motion to d ≥ 2, because

from the previous discussion, for the one dimensional case, the signature of Brownian

motion B[0,T ] only depends on the increment of Brownian motion at time T , and thus

there is no discretization error for the approximation to Brownian motion.

Theorem 3.4 For every integer j ≥ 2, it holds that

|ρ2j(ϕ
M(T )− ϕ(T ))| ≤ T

T j−1 − (T −∆t)j−1

2j−1(j − 1)!
.

Proof. Let us compute the difference of ϕM(T ) and ϕ(T ) by expanding it as the

telescoping sum as follows:

ϕM(T )− ϕ(T )

=
M−1∑
k=0

ϕ(k∆t)⊗ ϕM((M − k)∆t)− ϕ((k + 1)∆t)⊗ ϕM((M − (k + 1))∆t).

By Lemma 3.2.1, we have that

ϕM((M − k)∆t) = ϕM(∆t)⊗ ϕM((M − (k + 1))∆t)

ϕ((k + 1)∆t) = ϕ(k∆t)⊗ ϕ(∆t)

and therefore the following two equalities follow that

ϕ(k∆t)⊗ ϕM((M − k)∆t)− ϕ((k + 1)∆t)⊗ ΦM((M − (k + 1))∆t)

= ϕ(k∆t)⊗ (ϕM(∆t)− ϕ(∆t))⊗ ϕM((M − (k + 1))∆t)

and

ϕM(T )− ϕ(T ) =
M−1∑
k=0

ϕ(k∆t)⊗ (ϕM(∆t)− ϕ(∆t))⊗ ϕM((M − (k + 1))∆t).
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Then applying the projection function ρ2j(·) to ϕM(T ) − ϕ(T ), for every j ≥ 2,

ρ2j(ϕ
M(T )− ϕ(T )) is equal to

j∑
j2=2

∑
j1+j3=j−j2

M−1∑
k=0

ρ2j1(ϕ(k∆t))⊗ (ρ2j2(ϕM(∆t)− ϕ(∆t))⊗ ρ2j3(ϕM((M − (k + 1))∆t))

since πI(ϕ(k∆t)) = πI(ϕM(k∆t)) = 0 where I is a word of odd length or length 2.

For every fixed j2 ≥ 2, let us examine

UM
j2

(T ) = |
∑

j1+j3=j−j2

M−1∑
k=0

ρ2j1(ϕ(k∆t))⊗ (ρ2j2(ϕM(∆t)− ϕ(∆t))⊗ ρ2j3(ϕM((M − (k + 1))∆t))|

which is bounded above by

∑
j1+j3=j−j2

M−1∑
k=0

|ρ2j1(ϕ(k∆t))| · |ρ2j2(ϕM(∆t)− ϕ(∆t)| · |ρ2j3(ϕM((M − (k + 1))∆t))|

since | · | is an admissible norm.

Recall that the following inequalities have been proved:

|ρ2j1(ϕ(k∆t))| ≤ 1

j1!

(
k∆t

2

)j1
|ρ2j2(ϕM(∆t)− ϕ(∆t))| ≤ 1

j2!

(
∆t

2

)j2
|ρ2j3(ϕM((M − (k + 1))∆t))| ≤ 1

j3!

(
(M − k − 1)∆t

2

)j3
.

Therefore we have

UM
j2

(T ) ≤
M−1∑
k=0

∑
j1+j3=j−j2

1

j1!

(
k∆t

2

)j1 1

j2!

(
∆t

2

)j2 1

j3!

(
(M − k − 1)∆t

2

)j3
=

1

j2!

(
∆t

2

)j2 M−1∑
k=0

1

(j − j2)!

(
T −∆t

2

)j−j2
=

T

2

1

j2!

(
∆t

2

)j2−1
1

(j − j2)!

(
T −∆t

2

)j−j2
≤ T

2

1

(j2 − 1)!

(
∆t

2

)j2−1
1

(j − j2)!

(
T −∆t

2

)j−j2
.
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From the above inequality, we know that

|ρ2j(ϕ
M(T )− ϕ(T ))| ≤

j∑
j2=2

UM
j2

(T )

≤
j∑

j2=2

T

2

1

(j2 − 1)!

(
∆t

2

)j2−1
1

(j − j2)!

(
T −∆t

2

)j−j2
=

T

2

1

(j − 1)!

((
T

2

)j−1

−
(
T −∆t

2

)j−1
)

=
T

2

(
T j−1 − (T −∆t)j−1

2j−1(j − 1)!

)
.

Remark 3.2.4 It is easier to see that the convergence rate of |ρ2j(ϕ
M(T ) − ϕ(T ))|

is no more than the order ∆t from the following estimate:

|ρ2j(ϕ
M(T )− ϕ(T ))|

≤ T

2

(
T j−1 − (T −∆t)j−1

2j−1(j − 1)!

)
=

T

2

j−1∑
j2=1

1

(j2)!

(
∆t

2

)j2 1

(j − 1− j2)!

(
T −∆t

2

)j−1−j2

≤ T

2
∆t

j−2∑
j2=0

1

j2!

(
∆t

2

)j2 1

(j − 2− j2)!

(
T −∆t

2

)j−2−j2

≤ T

2
∆t

1

(j − 2)!

(
T −∆t

2

)j−2

≤ ∆t
1

(j − 2)!

(
T

2

)j−1

.

After this discussion of the upper bound of the difference of the expected signature of

Brownian motion and its piecewise linear approximation, we derive the lower bound

for it as well.

Theorem 3.5 1 For every integer j ≥ 0, consider the word Ij = (1, 2, 1, 2, 1, . . . , 1︸ ︷︷ ︸
2j copies of 1

),

1Thanks to the discussion with Weijun Xu, the proof has been simplified to this version. In the
original work to estimate the lower bound, we considered the index Jn in the form

Jn =


(1, 1, 2, 2, . . . , 1, 1, 2, 2︸ ︷︷ ︸)

i copies of 1122

, if n = 2i;

(1, 1, 2, 2, . . . , 1, 1, 2, 2︸ ︷︷ ︸
i copies of 1122

, 1, 1), if n = 2i+ 1.

where n ∈ N. It can be proved that |πJn(ϕ(T )−ϕM (T ))| converges with order ∆t too, but it requires
a bit more effort to do so.
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then

|πIj(ϕ(T )− ϕM(T ))| ≥ 1

12(j + 1)!

(
T −∆t

2

)j+1

∆t.

Proof. As Ij 6∈ ∪
n∈N
S2n, it follows immediately that

πI(ϕ(T )) = 0.

By induction on k, we have shown that for every integer k ∈ {1, 2, . . . ,M}, and every

index I,

πI(ϕM(k∆t)) ≥ 0

and then

|πIj(ϕM(T )− ϕ(T ))| = |πIj(ϕM(T ))| = πIj(ϕM(T ))

≥
M−1∑
k=1

π(1,2,1,2)(ϕM(∆t))π()(ϕM((M − k − 1)∆t))πJj(ϕM(k∆t))

=
M−1∑
k=1

π(1,2,1,2)(ϕM(∆t))πJj(ϕM(k∆t)). (3.6)

where Jj = (1, 1, . . . , 1, 1)︸ ︷︷ ︸
2j copies of 1

.

It is also noted that for each Jj, we have that

πJj(ϕM(k∆t)) = πJj(ϕ(k∆t)) =
1

j!

(
k∆t

2

)j
π(1,2,1,2)(ϕM(∆t)) = C(1,2,1,2)

(
∆t

2

)2

=
1

6

(
∆t

2

)2

.

Substituting those two equations into the inequality (3.6), we have that

πIj(ϕM(T ))

≥
M−1∑
k=1

1

6

(
∆t

2

)2
1

j!

(
k∆t

2

)j
=

1

6j!

(
∆t

2

)j+2 M−1∑
k=1

kj.

Since for every k = 1, 2, . . . ,M − 1,

kj =

∫ k

k−1

kjdx ≥
∫ k

k−1

xjdx
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by summing up both sides of the above equation over k = 1, . . . ,M − 1, we have that

M−1∑
k=1

kj ≥
M−1∑
k=1

∫ k

k−1

xjdx =

∫ M−1

0

xjdx =
(M − 1)j+1

j + 1
.

Therefore it follows immediately that

πIj(ϕM(T )) ≥ 1

6j!

(
∆t

2

)j+2
(M − 1)j+1

j + 1

=
1

12(j + 1)!

(
T −∆t

2

)j+1

∆t.

Remark 3.2.5 By Theorem 3.4 and Lemma 3.5, it is easy to see that for every n ≥ 2,

|ρ2n(ϕ(T )− ϕM(T ))|∞

is O( 1
M

) when M tends to the infinity.

3.2.4 The expected signature of Brownian motion under the
empirical measure

Let us consider a sequence of i.i.d random paths of size K, denoted by {B̂n}Kn=1, which

have the same distribution as the linear approximation of Brownian motion B̂[0,T ] we

discussed in the previous subsection. The average of the signature of {B̂n}Kn=1 can be

regarded as the expected signature of the piecewise linear approximation of Brownian

motion B̂[0,T ] under the empirical measure. Herein we are interested in understanding

how fast the average of the signatures of the samples of piecewise linear approximation

{B̂n}Kn=1 converges to the expected signature of the original Brownian motion. More

precisely we focus on the convergence rate of the error term, which is defined in

Definition 3.2.5.

Definition 3.2.5 Let us define the error term of the average signature of the linear

approximation of Brownian motion of size K as follows:

εK,M =
1

K

K∑
n=1

S(B̂n)− E[S(B[0,T ])].

Next we are interested in studying the L2 norm of the error term εK,M , i.e for every

word I,

|πI(εK,M)|L2 = E[πI(εK,M)2]

and the convergence rate of |πI(εK,M)|L2 when K and M tend to the infinity.
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Remark 3.2.6 It is easy to see that for every index I,

E[πI(εK,M)2] =
1

K
V ar(πI(S(B̂[0,T ]))) + πI(ϕ(T )− ϕM(T ))2,

which indicated that the error term comes from the variance of the expected signature

of approximated Brownian motion samples and the discretization error of the approxi-

mated Brownian motion. The discretization error πI(ϕ(T )−ϕM(T ))2 has been studied

carefully in Subsection 3.2.3. The only thing left is to understand V ar(S(B̂[0,T ])).

Lemma 3.2.4 For every index I,

V ar(πI(S(B[0,T ]))) ≤
(

2|I|
|I|

)
1

|I|!

(
T

2

)|I|
Proof.

V ar(πI(S(B[0,T ]))) = (πI � πI)(ϕ(T ))− (πI(ϕ(T )))2

≤ (πI � πI)(ϕ(T ))

≤
(

2|I|
|I|

)
1

|I|!

(
T

2

)|I|

Lemma 3.2.5 For every index I of length greater than or equal to 2,

V ar(πI(S(B̂[0,T ]))) ≤
(

2|I|
|I|

)(
1

|I|!

(
T

2

)|I|
+ ∆t

(
T

2

)|I|−1
1

(|I| − 2)!

)
.

Proof. By the shuffle property of the signature, we have that

V ar(πI(S(B̂[0,T ]))) ≤ E[πI(S(B̂[0,T ]))
2] = E[(πI � πI)(S(B̂[0,T ]))] = (πI � πI)(ϕM(T ))(3.7)

Since the number of shuffles in I � I is
(

2|I|
|I|

)
, it follows that

E[(πI � πI)(S(B̂[0,T ]))] ≤
(

2|I|
|I|

)
|ρ2|I|(ϕ

M(T ))|∞.

By Remark 3.2.4, it is shown that for every index of length 2n, the following estimates

holds:

|ρ2n(ϕ(T )− ϕM(T ))|∞ ≤ ∆t
1

(n− 2)!

(
T

2

)n−1
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which implies that

|ρ2n(ϕM(T ))|∞ ≤ |ρ2n(ϕ(T )− ϕM(T ))|∞ + |ρ2n(ϕ(T ))|∞

≤ ∆t
1

(n− 2)!

(
T

2

)n−1

+

(
T

2

)n
1

n!
.

Using the above inequality in inequality (3.7), our proof is complete.

Theorem 3.6 Fix an arbitrary index I of length greater than or equal to 2. For any

fixed K ∈ N, |πI(εK,M)|L2 converges to 0 with the speed 1
M

as M tends to the infinity.

For any fixed M ∈ N, |πI(εK,M)|L2 converges to 0 with the speed 1
K

as K tends to the

infinity.

Proof. For every fixed index I, since B̂n is a sequence of i.i.d sample paths with the

same distribution as B̂[0,T ], we have that

E[πI(εK,M)2] =
1

K
V ar(πI(S(B̂[0,T ]))) + πI(ϕ(T )− ϕM(T ))2.

By Lemma 3.2.5, for every index I of length greater than or equal to 2,

V ar(πI(S(B̂[0,T ]))) ≤
(

2|I|
|I|

)(
1

|I|!

(
T

2

)|I|
+ ∆t

(
T

2

)|I|−1
1

(|I| − 2)!

)
.

Moreover, by Remark 3.2.4, it is shown that for every index of length 2n, it holds:

|ρ2n(ϕ(T )− ϕM(T ))|∞ ≤ ∆t
1

(n− 2)!

(
T

2

)n−1

.

For every index of odd length,

|ρ|I|(ϕ(T )− ϕM(T ))|∞ = 0.

Therefore we have that

E[πI(εK,M)2] ≤ 1

K

(
2|I|
|I|

)(
1

|I|!

(
T

2

)|I|
+ ∆t

(
T

2

)|I|−1
1

(|I| − 2)!

)

+1{|I| is even.}

(
∆t

1

(|I| − 2)!

(
T

2

) |I|
2
−1
)2

.

where ∆t = T
M

.

Now we can conclude that for any fixed K, 1
K

∑K
n=1 S(Xn) converges to the expected

signature of Brownian motion with the speed of 1
M

in the L2 sense while for any fixed

M , 1
K

∑K
n=1 S(Xn) converges to the expected signature of Brownian motion with the

speed of 1
K

in the L2 sense as well.
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Chapter 4

The Expected Signature of a time
homogenous Itô diffusion Process
up to a Fixed Time

4.1 The setting of the problem

Fix E = Rd, where d ∈ N. Let (Ω,F ,Px, {Ft}t∈[0,+∞]) be a probability space, where

the stochastic process X is adapted to the filtration {Ft}t∈[0,∞] and the filtration

{Ft}t∈[0,∞] is complete. Moreover, let W = {Wt}t∈[0,+∞) be a k−dimensional Brown-

ian motion defined on Rk.

Let us consider a time homogeneous Itô diffusion process X satisfying the following

SDE with drift vector {µ(j)(x)}dj=1 and the dispersion matrix {V (j)
i (x)}d,kj,i=1, where

µ, V1, . . . , Vk are functions from E to E. This is written component-wise as,

dX
(j)
t = µ(j)(Xt)dt+

k∑
i=1

V
(j)
i (Xt) · dW (i)

t (4.1)

where j = 1, 2, . . . , d, and · is used to emphasize that the integral is taken in the Itô

integral sense.

Or it can be also written in the matrix form, i.e.

dXt = µ(Xt)dt+ V (Xt) · dWt

where t ∈ [0, T ],

Xt =


X

(1)
t

X
(2)
t

. . .

X
(d)
t

 , µ(x) =


µ(1)(x)
µ(2)(x)
. . .

µ(d)(x)

 ,Wt =


W

(1)
t (x)

W
(2)
t (x)
. . .

W
(k)
t (x)

 ,

36



and

V (x) =


V

(1)
1 (x) V

(1)
2 (x) . . . V

(1)
k (x)

V
(2)

1 (x) V
(2)

2 (x) . . . V
(2)
k (x)

. . . . . . . . . . . .

V
(d)

1 (x) V
(d)

2 (x) . . . V
(d)
k (x)


For ease of notation, let b(x) denote the (d × d) matrix, which is defined as b(x)

4
=

V (x)V T (x), with elements

bj1,j2(x)
4
=

k∑
i=1

V
(j1)
i (x)V

(j2)
i (x); j1, j2 ∈ {1, 2, . . . , d}

and will be called the diffusion matrix.

Under the probability measure Px the process X satisfies

Px(X0 = x) = 1

Moreover it is assumed that the law of the pair (W,X) is uniquely determined in this

section.

In order to discuss the regularity of the drift and volatility further, let us introduce

the concept of the polynomial growth condition as follows:

Definition 4.1.1 Let us fix a positive integer n. Suppose that f is a function mapping

from R+ × E to Rn. We say that the function f satisfies the polynomial growth

condition of degree r where r ≥ 1 if and only if for every fixed T > 0, there exists

constants L and r such that

sup
0≤t≤T

|f(t, x)| ≤ L(1 + |x|r)

In the rest of this section, we assume that the drift term µ and the dispersion matrix

{Vi}ki=1 satisfy the following condition.

Condition 4.1 The drift term µ and the dispersion matrix {Vi}ki=1 satisfy the globally

Lipschitz condition, i.e. there exist a constant C, such that for every x, y ∈ E,

|µ(x)− µ(y)|+
k∑
i=1

|Vi(x)− Vi(y)| ≤ C|y − x|.
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Remark 4.1.1 If the drift vector µ and the dispersion matrix {Vi}ki=1 satisfy Condi-

tion 4.1, then it implies that µ and {Vi}ki=1 satisfy the linear growth condition as well,

i.e. there exists a constant K, such that for every x ∈ E,

|µ(x)|+
k∑
i=1

|Vi(x)| ≤ K(1 + |x|).

By imposing the linear growth type condition and the Lipschitz type condition, it can

be proved that the SDE admits a unique strong solution, as was first done by K.

Itô([8]).

Now let us introduce the definition of the signature of a time homogeneous Itô diffu-

sion process.

Definition 4.1.2 Let Xt be a Itô diffusion process, which satisfies the SDE (4.1).

Suppose that the following iterated integrals are well defined. The signature of X[0,t]

is defined to be

S(X[0,t]) = (1, X1
[0,t], . . . , X

n
[0,t], . . . ) ∈ T ((E))

for almost every path X and for every n ≥ 1 by the Stratonovich iterated integral

Xn
[0,t] =

∫
. . .

∫
0<u1<u2<···<un<t

dXt1 ⊗ · · · ⊗ dXtn .

Remark 4.1.2 In [5], it is shown that any continuous, d-dimensional semi-martingale,

say X = M + N where M is a continuous local martingale and N is a continuous

process of bounded variation on any compact interval, admits an enhancement with

p−variation rough path regularity, p ∈ (2, 3). By rough path theory([14]), the signa-

ture of X[0,t] is not uniquely determined until the choice of definition of the area is

fixed. There is more than one choice of the integral of the semi-martingale, e.g. Itô

integral or Stratonovich integral. In this thesis we choose the Stratonovich integral to

define the iterated integral of the diffusion process Xt.

Remark 4.1.3 In the same way as Lemma 2.4.1, the signature of an Itô diffusion

process X[0,t], i.e. S(X[0,t]) defined in Definition 4.1.2, satisfies the following RDE:

dS(X[0,t]) = S(X[0,t])⊗ (◦dXt), S(X[0,0]) = 1

where ◦ is used to emphasize that the SDE is in the Stratonovich sense.
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Definition 4.1.3 Let X be an Itô diffusion process defined by SDE (4.1). Suppose

that the signature of X[0,t] is well defined. The expected signature of X[0,t] starting at

point x, denoted by Φ(t, x) is defined as follows:

Φ(t, x) = Ex[S(X[0,t])]

where t ∈ R+.

For every n ∈ N, the nth term of the expected signature of an Itô diffusion process

X[0,t] starting at x is denoted by Φn(t, x). Moreover, Φ0(t, x) = 1.

Remark 4.1.4 By the definition of the signature, it is known that the signature of

any path at time 0 should be trivial, and thus its expectation is trivial as well, i.e.

Φ(0, x) = 1

We are interested in the derivation of a PDE satisfied by Φ(t, x). By solving this PDE,

subject to certain constraints, we will derive the whole expected signature Φ(t, x), for

every (t, x) ∈ R+ × E. In order to do so, the diffusion process is required to satisfy

the following smoothness condition on the function Φ:

Condition 4.2 Φ(t, x) is finite and it has continuous partial derivative with respect

to t and continuous second order partial derivatives with respect to x, i.e. for any

index I, πI(Φ(t, x)) ∈ C1,2(R+ × E), where C1,2(R+ × E) is the space of continu-

ous functions mapping from R+ × E to R, with continuous partial derivatives
(
∂f
∂t

)
,(

∂f
∂xi

)d
i=1

,
(

∂2f
∂xi∂xj

)d
i,j=1

.

Remark 4.1.5 Since our goal is to derive the PDE for the expected signature func-

tion Φ(t, x), and it will be proved later in the chapter that it is a PDE of the second

order, Condition 4.2 is natural and necessary to ensure the PDE admits a unique

classical solution.

4.2 Auxiliary estimates

In this section, let us give some useful estimates in the case where the drift vector

and the dispersion matrix satisfy Condition 4.1. Lemma 4.2.1 will be used in the

main theorem of (Theorem 4.9), while Lemma 4.2.2 is useful in the calculation of the

infinitesimal generator of Φ(t, x) (Theorem 4.6).
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To show Lemma 4.2.1 and Lemma 4.2.2, we need the following proposition, which is

actually Corollary 12 on page 86 in [11].

Proposition 4.3 Let X denote a time homogeneous Itô diffusion process, which is

defined by the SDE (4.1) and satisfies Condition 4.1, i.e. µ and {Vi}ki=1 all satisfy a

global Lipschitz condition. Moreover let K be a constant, such that for every x ∈ E,

|µ(x)|+
k∑
i=1

|Vi(x)| ≤ K(1 + |x|).

Then for every sufficiently small T > 0, there exists a constant N depending on p

and K, such that for all p ≥ 0 and t ∈ [0, T ],

Ex[ sup
t∈[0,T ]

|Xt − x|p] ≤ NT
p
2 eNT (1 + |x|)p,

Ex[ sup
t∈[0,T ]

|Xt|p] ≤ NeNT (1 + |x|)p.

Lemma 4.2.1 Let X denote a time homogeneous Itô diffusion process, which is de-

fined by the SDE (4.1) and satisfies Condition 4.1, i.e. µ and {Vi}ki=1 all satisfy a

global Lipschitz condition. Let f be a function from R+ × E, and satisfy the polyno-

mial growth condition, i.e. for every fixed T > 0, there exists constants K and r ≥ 1,

such that

sup
t∈[0,T ]

|f(t, x)| ≤ K(1 + |x|r).

Then for every fixed T > 0, f(t,Xt) is uniformly Lp-integrable, i.e.

sup
t∈[0,T ]

E[|f(t,Xt)|p] < +∞.

where p ≥ 1.

Proof. By the polynomial growth condition of f , there exists constants K and r ≥ 1,

such that

|f(t, x)|p ≤ Kp(1 + |x|r)p ≤ Kp2p−1(1 + |x|rp).

where p ≥ 1. The last inequality comes from the inequality (a+ b)p ≤ 2p−1(ap + bp),

where a, b ∈ R+. Therefore, for every fixed T > 0,

sup
t∈[0,T ]

E[|f(t,Xt)|p] ≤ Kp2p−1(1 + sup
t∈[0,T ]

Ex[|Xt|rp]) ≤ Kp2p−1(1 + Ex[ sup
t∈[0,T ]

|Xt|rp])
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By Proposition 4.3,for every p ≥ 1, there exists a constant C depending on T, x,K

and rp, such that

Ex[ sup
t∈[0,T ]

|Xt|rp] ≤ C

and thus

sup
t∈[0,T ]

E[|f(t,Xt)|p] ≤ Kp2p−1(1 + C) < +∞.

Lemma 4.2.2 Let f be a function mapping from E to R. Suppose that for every

fixed x ∈ E, there exists constants C > 0 and p ≥ 1 depending only on x, such that

for every y ∈ E,

|f(y)− f(x)| ≤ C|y − x|p.

Then the following equality holds:

lim
ε→0

Ex[
∫ ε

0
f(Xt)dt]

ε
= f(x).

Proof. It is sufficient to show that

lim
ε→0

1

ε
Ex
[∫ ε

0

|f(Xt)− f(x)| dt
]

= 0,

since

0 ≤ lim
ε→0

∣∣∣∣Ex[
∫ ε

0
f(Xt)dt]

ε
− f(x)

∣∣∣∣ ≤ lim
ε→0

1

ε
Ex
[∫ ε

0

|f(Xt)− f(x)| dt
]
.

Let us give the estimate for Ex
[∫ ε

0
|f(Xt)− f(x)| dt

]
. Since for every fixed x ∈ E,

there exist constants C > 0 and p ≥ 1 depending only on x, such that for every

y ∈ E,

|f(y)− f(x)| ≤ C|y − x|p,

then we have that

Ex
[∫ ε

0

|f(Xt)− f(x)| dt
]
≤ CEx

[∫ ε

0

|Xt − x|p dt
]
.

Furthermore, by Proposition 4.2.1, |Xt − x|p is uniformly L2−integrable within the

interval [0, T ]. Then according to Fubini’s theorem, for every ε ∈ [0, T ]

Ex
[∫ ε

0

|Xt − x|pdt
]

=

∫ ε

0

Ex [|Xt − x|p] dt.
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By Proposition 4.3, it follows that for every p ≥ 1, there exists constants K and N ,

such that

Ex
[

sup
s∈[0,t]

|Xs − x|p
]
≤ KeNtt

p
2 . (4.2)

It follows that

1

ε
Ex
[∫ ε

0

|f(Xt)− f(x)|dt
]

≤ C
1

ε

∫ ε

0

Ex [|Xt − x|p] dt

≤ CK
1

ε

∫ ε

0

eNtt
p
2dt

It is easy to see that

lim
ε→0

1

ε

∫ ε

0

eNtt
p
2dt = 0.

Thus finally we have that

lim
ε→0

1

ε
Ex
[∫ ε

0

|f(Xt)− f(x)|dt
]

= 0

Now the proof is complete.

Remark 4.2.1 It is not difficult to see that the requirement of f in Lemma 4.2.2

could be weakened to that f : E → R satisfies that for every fixed x ∈ E, there exists

2m constants, i.e. {Ci, pi}mi=1 only depending on x, such that for every y ∈ E,

|f(y)− f(x)| ≤
m∑
i=1

Ci|y − x|pi

where Ci > 0, pi > 0, ∀i ∈ {1, 2, . . . ,m}.

4.3 Properties of the expected signature of a time

homogeneous Itô diffusion processes

4.3.1 The mean value property of the expected signature of
diffusion processes

An essential property of the expected signature Φ(t, x) is called the mean value prop-

erty, which is an immediate consequence of the Markov property of the underlying

process Xt. Let us state the mean value property of the expected signature of a

diffusion process for a fixed time and give its brief proof.
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Lemma 4.3.1 (Mean value property of the expected signature)

For any (t, x) ∈ R+ × E,

Φ(t, x) = Ex[S(X[0,ε])⊗ Φ(t− ε,Xε)] (4.3)

where ε ∈ [0, t].

Proof. Let ε ∈ [0, t]. By the definition of the expected signature of the process Xt

Φ(t, x) = Ex[S(X[0,t])]

= Ex[Ex[S(X[0,t])|Fε]], by the tower property. (4.4)

By Chen’s identity we have that

S(X[0,t]) = S(X[0,ε])⊗ S(X[ε,t]).

Applying it in (4.4), we obtain that

Φ(t, x) = Ex[Ex[S(X[0,ε])⊗ S(X[ε,t])|Fε]]

= Ex[S(X[0,ε])⊗ Ex[S(X[ε,t])|Fε]].

Since Xs is a Markov process and it is time homogenous, we have that

Ex[S(X[ε,t])|Fε] = Ex[S(X[ε,t])|Xε] = Φ(t− ε,Xε).

Thus the result follows immediately:

Φ(t, x) = Ex[S(X[0,ε])⊗ Φ(t− ε,Xε)].

Remark 4.3.1 The mean value property of the expected signature of an Itô diffusion

process actually provides us with a way to prove the main PDE theorem, i.e. expanding

the RHS of Equation (4.3) as a power series in ε. Since the LHS of Equation (4.3)

is independent of ε, by setting the coefficient of ε to zero, we obtain the same PDE

in Theorem 4.7. But the crucial step is to calculate the quantity ∂Φ(0,x)
∂t

, denoted by

L(x), which is defined in Notation 4.5 later on, and is explicitly given in Theorem

4.6. But in this thesis, we only present the alternative approach, i.e. the martingale

approach to prove the PDE result.
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4.3.2 One important quantity related to the expected signa-
ture of diffusion processes

First of all, let us recall the definition of the infinitesimal generator of a Itô diffusion

process.

Definition 4.3.1 Let {Xt} be a time-homogeneous Itô diffusion in E. The infinites-

imal generator A of Xt is defined by

Af(x) = lim
t→0

Ex[f(Xt)]− f(x)

t
;x ∈ E

The set of functions f : E → R such that the limit exists at x is denoted by DA(x).

It is fundamental to associate a second order partial differential operator A to an

Itô diffusion process Xt. The basic connection between A and Xt is that A is the

generator of the process Xt (More details could be found in [18]).

Theorem 4.4 Let Xt be the Itô diffusion, i.e.

dXt = µ(Xt)dt+ V (Xt) · dWt.

If f ∈ C2
0(E) then f ∈ DA and

Af(x) =
d∑
j=1

µ(i)(x)
∂f(x)

∂xj
+

d∑
j1=1

d∑
j2=1

1

2
bj1,j2(x)

∂2f(x)

∂xj1∂xj2
.

where C2
0(E) is the set of functions with compact support mapping from E to R with

continuous twice partial derivatives.

Let us introduce introduce the important quantity related to the expected signature

of a diffusion process, denoted by L(x) as follows.

Notation 4.5 Let X denote a time homogeneous Itô diffusion process. Let L denote

a function mapping from E to T ((E)), and defined by

L : x 7→ lim
t→0

Ex[S(X[0,t])]− 1

t

supposing that the above limit exists.

Remark 4.3.2 Roughly speaking, L(x) could be seen as the infinitesimal generator

A acting on S(X[0,t]), since S(X[0,0]) = 1. Moreover, let Φ(t, x) denote the expected

signature of X[0,t] starting at the point x(see Definition 4.1.3). Suppose that Φ(t, x)

is partially differentiable with respect to t when t = 0. Then the function L satisfies

L(x) =
∂Φ(0, x)

∂t
, ∀x ∈ E.
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In the following, Theorem 4.6 gives an explicit representation for L(x).

Theorem 4.6 Let X be an Itô diffusion process defined by SDE (4.1) and satisfy

Condition 4.1. Let Φ(t, x) denote the expected signature of X[0,t] as before(Definition

4.1.3) and satisfying condition 4.2. Then

L(x) = lim
t→0

Ex[S(X[0,t])]− 1

t

=
d∑
j=1

µ(j)(x)ej +
d∑

j1=1

d∑
j2=1

1

2
bj1,j2(x)ej1 ⊗ ej2 .

The following lemma will be used to complete the proof of the above theorem.

Lemma 4.3.2 Let X be an Itô diffusion process, which is defined by SDE (4.1) and

satisfies Condition 4.1. Let Φ(t, x) denote its expected signature as before (Definition

4.1.3) and assume that it satisfies Condition 4.2. Let f : R+ × E → R satisfying the

polynomial growth condition. Then for every index I of length greater than or equal

to 1,

lim
t↓0+

1

t
Ex
[∫ t

0

πI(S(X[0,s]))f(s,Xs)ds

]
= 0.

where p ≥ 1.

Proof. Fix T > 0. Let t ∈ [0, T ]. By the Cauchy-Schwarz inequality, we have the

following inequality

Ex
[
|πI(S(X[0,s]))f(s,Xs)|

]
≤
(
Ex
[
πI(S(X[0,s]))

2
]) 1

2
(
Ex
[
f(s,Xs)

2
]) 1

2 . (4.5)

Using the shuffle product property of the signature, we have that

Ex[πI(S(X[0,s]))
2] = (πI � πI)(Ex[S(X[0,s])]) = (πI � πI)(Φ(s, x)) (4.6)

Since the integrand is positive, by Fubini’s theorem, it holds that

Ex
[∫ t

0

|πI(S(X[0,s]))f(s,Xs)|ds
]
≤

∫ t

0

Ex[|πI(S(X[0,s]))f(s,Xs)|]ds

Substituting (4.5) and (4.6) into the above inequality, we have that

Ex
[∫ t

0

|πI(S(X[0,s]))f(s,Xs)|ds
]
≤

∫ t

0

(
(πI � πI)(Φ(s, x))

) 1
2
(
Ex
[
f(s,Xs)

2
]) 1

2 ds
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Since f satisfies the polynomial growth condition, so does f 2. By Lemma 4.2.1, there

exists a constant C depending on x, T and K, such that

sup
s∈[0,T ]

Ex
[
f(s,Xs)

2
]
≤ C

and thus for t ≤ T , ∣∣∣∣Ex [∫ t

0

πI(S(X[0,s]))f(s,Xs)ds

]∣∣∣∣
≤ Ex

[∫ t

0

|πI(S(X[0,s]))f(s,Xs)|ds
]

≤ C
1
2

∫ t

0

(
(πI � πI)(Φ(s, x))

) 1
2 ds.

The function Φ satisfies Condition 4.2, which implies that it has a continuous partial

derivative with respect to t, which guarantees that

lim
t↓0+

1

t

∫ t

0

(
(πI � πI)(Φ(s, x))

) 1
2 ds =

(
(πI � πI)(Φ(0, x))

) 1
2 = 0.

Therefore it follows

lim
t→0

1

t

∣∣∣∣Ex [∫ t

0

πI(S(X[0,s]))f(s,Xs)ds

]∣∣∣∣
≤ lim

t→0

1

t
Ex
[∫ t

0

|πI(S(X[0,s]))f(s,Xs)|ds
]

≤ C
1
2 lim
t→0

1

t

∫ t

0

((πI � πI)(Φ(s, x)))
1
2ds = 0,

where |I| ≥ 1. Finally we have that

lim
t→0

1

t
Ex
[∫ t

0

πI(S(X[0,s]))f(s,Xs)ds

]
= 0

Now let us complete proof of Theorem 4.6 using the above lemma.

Proof. Let us recall that X satisfies the following SDE in the Itô form, i.e.

dX
(j)
t = µ(j)(Xt)dt+

k∑
i=1

V
(j)
i (Xt)dW

(i)
t ,

where j = 1, 2, . . . , d.

The first step is to calculate the first term of L(x), i.e.

lim
t→0

ρ1(Ex[S(X[0,t])]− 1)

t
= lim

t→0

Ex[Xt]− x
t

=
d∑
i=1

µ(i)(x)ei
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This can be easily proved by applying Theorem 4.4 for the function f(x) := x(i), since

lim
t→0

Ex[π(i)(Xt − x)])

t
= Af(x) = µ(i)(x).

Next we are going to calculate the second term of L(x), i.e.

lim
t→0

π(j1,j2)(Ex[S(X[0,t])]− 1)

t
= lim

t→0

Ex[
∫ t

0
(X

(j1)
s − x(j1)) ◦ dX(j2)

s ]

t

By the relation between Stratonovich integral and Itô integral, we have the following

equation, i.e.∫ t

0

(X(j1)
s − x(j1)) ◦ dX(j2)

s =

∫ t

0

(X(j1)
s − x)dX(j2)

s +
1

2

∫ t

0

〈dX(j1)
s , dX(j2)

s 〉

=

∫ t

0

(
(X(j1)

s − x(j1))µ(j2)(Xs) +
1

2
bj1,j2(Xs)

)
ds

+martingale part

Since µ satisfies a global Lipschitz condition, by Lemma 4.3.2 it holds that

lim
t→0

1

t
E
[∫ t

0

(X(j1)
s − x(j1))µ(j2)(Xs)ds

]
= lim

t→0

1

t
E
[∫ t

0

π(j1)(Xs − x)µ(j2)(Xs)ds

]
= 0

where j1, j2 ∈ {1, 2, . . . , d}.
Next let us prove that

lim
t→0

1

t
Ex
[∫ t

0

bj1,j2(Xs)ds

]
= bj1,j2(x).

Due to the Lipschitz condition for V , and b(x) = V (x)V T (x), there exists a constant

K > 0, such that

k∑
i=1

|Vi(x)− Vi(y)| ≤ K|x− y|

and therefore it further implies that

|bj1,j2(y)− bj1,j2(x)| =

∣∣∣∣∣
k∑
i=1

V
(j1)
i (y)V

(j2)
i (y)− V (j1)

i (x)V
(j2)
i (x)

∣∣∣∣∣
≤

k∑
i=1

|V (j1)
i (y)− V (j1)

i (x)||V (j2)
i (Xs)− V (j2)

i (x)|

+
k∑
i=1

|V (j1)
i (y)− V (j1)

i (x)|(|V (j1)
i (x)|+ |V (j2)

i (x)|)

≤ K2|y − x|2 +K|y − x| k
max
i=1

(|V (j1)
i (x)|+ |V (j2)

i (x)|)
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By Lemma 4.2.2 and Remark 4.2.1, it follows

lim
t→0

1

t
Ex
[∫ t

0

bj1,j2(Xs)ds

]
= bj1,j2(x)

Then we will have that

lim
t→0

π(j1,j2)(Ex[S(X[0,t])]− 1)

t
=

1

2
bj1,j2(x).

Finally we need to show that for every n ≥ 3, and every index I of length n,

lim
t→0

πI(Ex[S(X[0,t])])

t
= 0.

By the definition of the Stratonovich integral, we have

πI(S(X[0,t])) =

∫
0<t1<···<tn<t

◦dX(i1)
t1 ◦ dX

(i2)

t2 · · · ◦ dX
(in)
tn

=

∫ t

0

πI1(S(X[0,s])) · dX(in)
s +

1

2

∫ t

0

πI2(S(X[0,s]))d〈X(in−1)
s , X(in)

s 〉,

where I1 = (i1, i2, . . . , in−1) and I2 = (i1, i2, . . . , in−2).

So the drift term of πI(S(X[0,t])) is given as follows

πI1(S(X[0,t]))µ
(in)(Xt) +

1

2
πI2(S(X[0,t]))bin−1,in(Xt)

and it holds that

πI(Ex[S(X[0,t])])

= Ex
[∫ t

0

πI1(S(X[0,s]))µ
(in)(Xs) +

1

2
πI2(S(X[0,s]))bin−1,in(Xs)]ds

]
.

It is noted that |I1|, |I2| ≥ 1. Moreover, since µ and Vi satisfy a global Lipschitz

condition, it implies that µ and b satisfy the polynomial growth condition. Then

applying Lemma 4.3.2 to the above equality, we have that

lim
t→0

1

t
Ex
[∫ t

0

πI1(S(X[0,s]))µ
(in)(X2)ds

]
= 0

lim
t→0

1

t
Ex
[∫ t

0

πI2(S(X[0,s]))bin−1,in(Xs)ds

]
= 0,

Therefore we have that

lim
t→0

1

t
πI(Ex[S(X[0,t])]) = 0.

Now our proof is complete.
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4.4 The PDE of the expected signature of an Itô

diffusion process up to a fixed time

The main result of this section is that the expected signature of an Itô diffusion

process X up to a fixed time should satisfy a parabolic PDE.

Theorem 4.7 1 Let X be an Itô diffusion process, which is defined by the SDE (4.1)

and satisfies Condition 4.1. Let Φ(t, x) be its expected signature as before (Definition

4.1.3) and assume it satisfies Condition 4.2. Then Φ is a function mapping R+ × E
to T ((E)), which satisfies the following PDE:(

− ∂

∂t
+ A

)
Φ(t, x) +

d∑
j=1

(
d∑

j1=1

bj1,j(x)ej1

)
⊗ ∂Φ(t, x)

∂xj
+(

d∑
j=1

µ(j)(x)ej +
1

2

d∑
j1=1

d∑
j2=1

bj1,j2(x)ej1 ⊗ ej2

)
⊗ Φ(t, x) = 0

subject to the initial condition:

Φ(0, x) = 1,

and the condition:

Φ0(t, x) = 1, ∀(t, x) ∈ R+ × E

where A is the infinitesimal generator of X, i.e.

A =
d∑
j=1

µ(j)(x)
∂

∂xj
+

1

2

d∑
j1=1

d∑
j2=1

bj1,j2(x)
∂2

∂xj1xj2
.

Proof. Fixing time t, let us define Mu as the conditional expectation of the signature

of the stochastic process X[0,t] under the filtration Fu,

Mu = Ex[S(X[0,t])|Fu]

where u ∈ [0, t].

By Condition 4.2, Φ(t, x) is finite for every (t, x) ∈ R+ ×E, and thus for every index

I,

Ex
[
(πI(S(X[0,t]))

2
)
] = (πI � πI)(Φ(t, x)) < +∞,

1I warmly thank Horatio Boedihardjo for valuable discussions on the result in this chapter, which
led me to consider using the martingale approach instead of expanding the expected signature
function directly to prove the results, and it did simplify the proof.
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i.e. (πI(S(X[0,t])) is L2 integrable. Therefore Mu is actually a martingale.

By the Markov property of the diffusion process X[0,t],

Mu = S(X[0,u])⊗ Ex[S(X[u,t])|Fu]

= S(X[0,u])⊗ Φ(t− u,Xu).

We apply Itô’s formula to Φ(t− u,Xu), and for convenience let us denote Φ(t− u, x)

by f(u, x):

df(u,Xu) =
∂f(u,Xu)

∂u
du+

d∑
j=1

∂f(u,Xu)

∂xj
dX(j)

u +
1

2

d∑
j1,j2=1

∂2f(u,Xu)

∂xj1∂xj2
d〈X(j1), X(j2)〉u.

Since the quadratic variation of X(j1) and X(j2) is given as follows:

d〈X(j1), X(j2)〉u = bj1,j2(Xu)du; ∀j1, j2 ∈ {1, 2, . . . , d},

we have that

df(u,Xu)

=
∂f(u,Xu)

∂u
du+

1

2

d∑
j1,j2=1

∂2f(u,Xu)

∂xj1∂xj1
bj1,j2(Xu)du+

d∑
j=1

∂f(u,Xu)

∂xj
dX(j)

u

=

[
∂f(u,Xu)

∂u
+ Af(u,Xu)

]
du+

d∑
j=1

∂f(u,Xu)

∂xj

k∑
i=1

V
(j)
i (Xu)dW

(i)
u

=

[
∂f(u,Xu)

∂u
+ Af(u,Xu)

]
du+

k∑
i=1

[
d∑
j=1

∂f(u,Xu)

∂xj
V

(j)
i (Xu)

]
dW (i)

u .

Recall the definition of the signature of the process X[0,t] and we have the following

SDE, where we use ◦ to emphasize that it is in the sense of the Stratonovich integral,

dS(X[0,u]) = S(X[0,u])⊗ (◦dXu).
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Using the relation between the Itô integral and Stratonovich integral, we have that

dS(X[0,u])

=
d∑
j=1

S(X[0,u])⊗ (·dX(j)
u ej) +

d∑
j1=1

d∑
j2=1

1

2
S(X[0,u])⊗ (d〈X(j1)

u , X(j2)
u 〉ej1 ⊗ ej2)

=

(
d∑
j=1

S(X[0,u])⊗ µ(j)(Xu)ej +
d∑

j1=1

d∑
j2=1

1

2
S(X[0,u])⊗ bj1,j2(Xu)ej1 ⊗ ej2

)
du

+
d∑
j=1

S(X[0,u])⊗

(
k∑
i=1

V
(j)
i (Xu) · dW (i)

u ej

)

= S(X[0,u])⊗

(
d∑
j=1

µ(j)(Xu)ej +
d∑

j1=1

d∑
j2=1

1

2
bj1,j2(Xu)ej1 ⊗ ej2

)
du

+
k∑
i=1

S(X[0,u])⊗

(
d∑
j=1

V
(i)
j (Xu)ej

)
· dW (i)

u .

By the product rule of Itô integral, the SDE of Mu is given as follows:

dMu = S(X[0,u])⊗ df(u,Xu) + dS(X[0,u])⊗ f(u,Xu)

+
d∑

j2=1

d∑
j1=1

S(X[0,u])⊗ ej1 ⊗
∂f(u,Xu)

∂xj2
d〈X(j1), X(j2)〉u.

Therefore the drift term of Mu should be

S(X[0,u])⊗
(
∂f(u,Xu)

∂u
+ Af(u,Xu)

)
+ S(X[0,u])⊗

(
d∑
j=1

µ(j)(Xu)ej

)
⊗ f(u,Xu)

+ S(X[0,u])⊗

(
d∑

j1=1

d∑
j2=1

1

2
bj1,j2(Xu)ej1 ⊗ ej2

)
⊗ f(u,Xu)

+ S(X[0,u])⊗
k∑
i=1

(
d∑
j=1

V
(j)
i (Xu)ej ⊗

(
d∑

j1=1

∂f(u,Xu)

∂xj1
V

(j1)
i (Xu)

))

which could be simplified further to

S(X[0,u])⊗R(u,Xu)

51



where

R(u,Xu) =

(
∂f(u,Xu)

∂u
+ Af(u,Xu)

)
+

(
d∑
j=1

µ(j)(Xu)ei +
d∑

j1=1

d∑
j2=1

1

2
bj1,j2(Xu)ej1 ⊗ ej2

)
⊗ f(u,Xu)

+
d∑

j1=1

(
d∑
j=1

bj,j1(Xu)ej

)
⊗ ∂f(u,Xu)

∂xj1
.

Recall that Mu is a martingale, and Mu is L2 integrable. By the Doob-Meyer De-

composition Theorem, the drift term should be equal to zero, i.e.

S(X[0,u])⊗R(u,Xu) = 0, ∀u ∈ [0, t].

Since S(X[0,u]) is invertible according to Remark 2.2.1,

R(u,Xu) = (S(X[0,u]))
−1 ⊗ S(X[0,u])⊗R(u,Xu) = (S(X[0,u]))

−1 ⊗ 0 = 0.

It implies that

Ex [R(0, X0)] = R(0, x) = 0.

Recall that the definition of R(0, x),

R(0, x) =

(
∂f(0, x)

∂u
+ Af(0, x)

)
+

(
d∑
j=1

µ(j)(x)ei +
d∑

j1=1

d∑
j2=1

1

2
bj1,j2(x)ej1 ⊗ ej2

)
⊗ f(0, x)

+
d∑

j1=1

(
d∑
j=1

bj,j1(x)ej

)
⊗ ∂f(0, x)

∂xj1
. (4.7)

Since f(u, x) = Φ(t− u, x), we have the following

f(0, x) = Φ(t, x)

∂f(0, x)

∂u
= −∂Φ(t, x)

∂t
∂f(0, x)

∂xj
=

∂Φ(t, x)

∂xj
,∀j = 1, 2, . . . , d

∂2f(0, x)

∂xj1∂xj2
=

∂2Φ(t, x)

∂xj1∂xj2
,∀j1, j2 = 1, 2, . . . , d.

Substituting those equalities into Equation (4.7) completes the proof.

Corollary 4.4.1 is an immediate consequence of Theorem 4.7, but it could be clearer

to observe that the Φn is determined by Φn−1 and Φn−2 from Corollary 4.4.1.
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Corollary 4.4.1 Let X be an Itô diffusion process, which is defined by SDE (4.1) and

satisfies the conditions 4.1. Let Φ(t, x) be its expected signature as before (Definition

4.1.3) and assume it satisfies Condition 4.2. For every integer n ≥ 0, let Φn(t, x)

denote the nth term of the expected signature of X[0,t], which starts at x. For every

n ∈ {2, 3, . . . }, Φn(t, x) should satisfy the following PDE:(
− ∂

∂t
+ A

)
Φn(t, x) = −

(
d∑
j=1

µ(j)(x)ej

)
⊗ Φn−1(t, x)

−
d∑
j=1

(
d∑

j1=1

bj1,j(x)ej1

)
⊗ ∂Φn−1(t, x)

∂xj

−

(
1

2

d∑
j1=1

d∑
j2=1

bj1,j2(x)ej1 ⊗ ej2

)
⊗ Φn−2(t, x) (4.8)

Moreover, Φ1(t, x) should satisfy the following PDE:(
− ∂

∂t
+ A

)
Φ1(t, x) = −

d∑
j=1

µ(j)(x)ej

where A is the infinitesimal generator of Xt, i.e.

A =
d∑
j=1

µ(j)(x)
∂

∂xj
+

1

2

d∑
j1=1

d∑
j2=1

bj1,j2(x)
∂2

∂xj1xj2

Furthermore, for every integer n ≥ 1, Φn(t, x) should satisfy the initial condition:

Φn(0, x) = 0, (4.9)

and the condition

Φ0(t, x) = 1, ∀(t, x) ∈ R+ × E. (4.10)

Next, we are interested in understanding what a sufficient condition is, which guar-

antees that a solution to the PDE (4.11) subject to the initial condition (Equation

(4.12)) and Equation (4.13), is indeed the expected signature of X[0,t] starting at a

point x. We give the answer in the following theorem.

Theorem 4.8 Let X be an Itô diffusion process, which is defined by SDE (4.1) and

satisfies Condition 4.1. Let Φ(t, x) be its expected signature as before (Definition
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4.1.3). Suppose that the function ξ : R+ × E → T ((E)) is a classical solution to the

following PDE:(
− ∂

∂t
+ A

)
ξ(t, x) +

d∑
j=1

(
d∑

j1=1

bj1,j(x)ej1

)
⊗ ∂ξ(t, x)

∂xj
+(

d∑
j=1

µ(j)(x)ej +
1

2

d∑
j1=1

d∑
j2=1

bj1,j2(x)ej1 ⊗ ej2

)
⊗ ξ(t, x) = 0 (4.11)

subject to the initial condition:

ξ(0, x) = 1 (4.12)

and the condition:

ξ0(t, x) = 1, ∀(t, x) ∈ R+ × E (4.13)

where A is the infinitesimal generator of X.

Moreover suppose that ξ(t, x) and the first derivative of ξ(t, x) satisfy the polynomial

growth condition. Then ξ(t, x) is the expected signature of X[0,t] with the starting point

x, i.e.

ξ(t, x) = Φ(t, x)

where (t, x) ∈ R+ × E.

Proof. By induction on the tensor degree of the expected signature, it could be

proved using Theorem 4.9.

In order to show Theorem 4.9, we need Lemma 4.4.1.

Lemma 4.4.1 Let X be an Itô diffusion process, which is defined by SDE (4.1) and

satisfies the condition 4.1. Let Φ(t, x) be its expected signature as before (Defini-

tion 4.1.3) and assume that it satisfies Condition 4.2. For every index I, and ev-

ery function f : R+ × E → R, satisfying the polynomial growth condition, then

πI(S(X[0,t]))f(t,Xt) is uniformly L2−integrable, i.e. for every fixed T ∈ R+,

sup
t∈[0,T ]

Ex
[(
πI(S(X[0,t]))f(t,Xt)

)2
]
< +∞
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Proof. Let us estimate the upper bound of Ex
[(
πI(S(X[0,t]))f(t,Xt))

2
)]

. First of

all, we have that

Ex
[(
πI(S(X[0,t]))f(t,Xt))

2
)]

≤ 1

2

(
Ex
[
πI(S(X[0,t]))

4
]

+ Ex
[
f(t,Xt)

4
])

By the shuffle product of the signature and the linearity of the expectation,

Ex
[
πI(S(X[0,t]))

4
]

= (πI � πI � πI � πI)(Φ(t, x))

Since Φ(t, x) is finite, and the projection (πI � πI � πI � πI) is only the linear

combination of finite many coefficients of tensors, thus Ex
[
πI(S(X[0,t]))

4
]

is finite.

Moreover since Φ(t, x) is differentiable with respect to t,

sup
t∈[0,T ]

Φ(t, x) < +∞.

On the other hand, it is easy to show that for every function f(t, x) satisfying the

polynomial growth condition, f(t, x)4 satisfy the polynomial growth condition as well.

By Lemma 4.2.1, we have that

sup
t∈[0,T ]

Ex
[
f(t,Xt)

4
]
< +∞.

Now the proof of the uniformly L2 integrability of πI(S(X[0,t]))f(t,Xt) for t ∈ [0, T ]

is complete.

Now let us give the main PDE theorem for Φ(t, x) as follows and complete its proof.

Theorem 4.9 Suppose that the expectation of the truncated signature of the diffusion

process X up to the degree N − 1, i.e. {Φn}N−1
n=0 is known,and it and its first partial

derivatives all satisfy the polynomial growth condition, where for each n = 0, . . . , N −
1, Φn ∈ C1,2(R+, E⊗n). Suppose that for each n ∈ {1, . . . , N − 1}, Φn satisfies the

PDE (4.8), the initial condition (4.9) and the constraint (4.10). Let the function

ξN mapping from R+ × E⊗N be the solution to the PDE (4.8), subject to the initial

condition (4.9) as well as the constraint (4.10). Moreover suppose that ξN and 5ξN
both satisfy the polynomial growth condition. Then

ξN(t, x) = ΦN(t, x)

where (t, x) ∈ R+ × E.
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Proof. Fix t ∈ R+. For every u ∈ [0, t], let us consider the semimartingale MN(u)

defined as follows, which takes values in E⊗n, i.e.

MN(u) = ξN(t− u,Xu) +
N∑
n=1

ρn(S(X[0,u]))⊗ ΦN−n(t− u,Xu) (4.14)

Since for each n ∈ {1, . . . , N} ΦN−n ∈ C1,2(R+, E⊗(N−n)), by Itô formula, it holds

that

dΦN−n(t− u,Xu) =

(
−∂ΦN−n(t− u,Xu)

∂u
+ AΦN−n(t− u,Xu)

)
du

+
k∑
i=1

(
d∑
j=1

∂ΦN−n(t− u,Xu)

∂xj
V

(j)
i (Xu)

)
dW (i)

u

Similarly, since ξN ∈ C1,2(R+, E⊗N), applying Itô’s formula we have that

dξN(t− u,Xu) =

(
−∂ξN(t− u,Xu)

∂u
+ AξN(t− u,Xu)

)
du

+
k∑
i=1

(
d∑
j=1

∂ξN(t− u,Xu)

∂xj
V

(j)
i (Xu)

)
dW (i)

u

By the definition of the iterated Stratonovich integral, the dynamics of ρn(S[0,u]) can

be described by the following SDE:

dρn(S(X[0,u])) = ρn−1(S(X[0,u]))⊗ µ(Xu)du+ ρn−1(S(X[0,u])⊗
k∑
i=1

(
d∑
j=1

V
(j)
i (Xu)ej

)
dW (i)

u

+

(
1{n≥2}

1

2

d∑
j1=1

d∑
j2=1

ρn−2(S(X[0,u]))⊗ bj1,j2(Xu)du

)
ej1 ⊗ ej2

By the product rule of the Itô’s stochastic calculus, we can derive the SDE for MN(u),

i.e. the drift term of MN(u) is calculated as follows:(
−∂ξN(t− u,Xu)

∂u
+ AξN(t− u,Xu)

)
+

N∑
n=1

ρn(S(X[0,u]))⊗
(
−∂ΦN−n(t− u,Xu)

∂u
+ AΦN−n(t− u,Xu)

)

+
N∑
n=1

ρn−1(S(X[0,u]))⊗ (µ(Xu)⊗ ΦN−n(u,Xu))

+
N∑
n=2

1

2

d∑
j1=1

d∑
j2=1

ρn−2(S(X[0,u]))⊗ bj1,j2(Xu)ej1 ⊗ ej2 ⊗ ΦN−n(u,Xu)

+
N∑
n=1

ρn−1(S(X[0,u]))⊗
k∑
i=1

(
d∑

j1=1

V
(j1)
i (Xu)ej1

)
⊗

(
d∑
j=1

∂ΦN−n(t− u,Xu)

∂xj
V

(j)
i (Xu)

)
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The above formula could be rewritten as follows:(
−∂ξN(t− u,Xu)

∂u
+ AξN(t− u,Xu)

)
+ µ(Xu)⊗ ΦN−1(u,Xu)

+

(
1

2

d∑
j1=1

d∑
j2=1

bj1,j2(Xu)ej1 ⊗ ej2

)
⊗ ΦN−2(u,Xu)

+
N∑
n=1

ρn(S(X[0,u]))⊗RN−n(u,Xu)

where

Ri(u, x) =

(
−∂Φi(t− u, x)

∂u
+ AΦi(t− u, x)

)
+

(
d∑
j=1

µ(j)(x)ej

)
⊗ Φi−1(u, x)

+

(
1

2

d∑
j1=1

d∑
j2=1

bj1,j2(x)ej1 ⊗ ej2

)
⊗ Φi−2(u, x)

+
d∑
j=1

(
d∑

j1=1

bj,j1(x)ej

)
⊗ ∂Φi−1(t− u, x)

∂xj
.

Since {Φi}N−1
i=1 and ξN satisfy the recursive PDE (4.8), then the drift term of MN(u)

should be equal to 0, which implies that MN(u) is a local martingale.

Next let us consider the dWt term of MN(u) and we prove that MN(u) is a martingale.

In order to do so, let us calculate the dWt term of MN(u), i.e.

k∑
i=1

(
d∑
j=1

∂ξN(t− u,Xu)

∂xj
V

(j)
i (Xu)

)
dW

(i)
t

+
N∑
n=1

ρn(S(X[0,u]))⊗

(
k∑
i=1

(
d∑
j=1

∂ΦN−n(t− u,Xu)

∂xj
V

(j)
i (Xu)

)
dW

(i)
t

)

+
N∑
n=1

ρn−1(S(X[0,u]))⊗

(
k∑
i=1

(
d∑
j=1

V
(j)
i (Xu)ej

)
dW (i)

u ⊗ ΦN−n(t− u,Xu)

)
.

By the assumption that ξN and {Φn}N−1
n=1 has continuous first partial derivatives,

which satisfy the polynomial growth condition, as well as that V satisfies the linear

growth condition, it guarantees that the dWt term of Mu is L2−integrable in u ∈ [0, t]

by Lemma 4.4.1, thus Mu is a martingale. It implies that

Ex[MN(t)] = MN(0)
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By the construction of the martingale MN , plugging u = 0, t into the Equation (4.14)

and using that Φi(0, x) = 0,∀i ∈ N, S(X[0,0]) = 1 and Φ0(t, x) = 1, we have that

MN(t) = ρN(S(X[0,t]))

MN(0) = ξN(t, x)

From those two equations, we have that

ξN(t, x) = MN(0) = Ex[MN(t)] = Ex[ρN(S(X[0,t]))]

4.5 Expected signature solved by a probabilistic

approach

Let us recall the celebrated Feynman−Kac formula, that establishes a link between

parabolic partial differential equations and stochastic processes. It offers a method

of solving certain PDEs by simulating random paths of a stochastic process.

Theorem 4.10 Fix an arbitrary T > 0. Let X be an Itô diffusion process defined by

SDE (4.1) and satisfying Condition 4.1. Let f : [0, T ]× E → R, G : [0, T ]× E → R
and η : E → R. f and G both satisfy the polynomial growth condition. Suppose

that F (t, x) : [0, T ]× E → R is continuous of class C1,2([0, T ]× E), and satisfies the

Cauchy problem:

−∂F (t, x)

∂t
= AF (t, x)−G(t, x)F (t, x) + f(t, x); (4.15)

F (T, x) = η(x); x ∈ E

as well as the polynomial growth condition where A is the infinitesimal generator of

X. Then F (t, x) admits the stochastic representation

F (t, x) = E
[
η(XT )ZT +

∫ T

t

f(s,Xs)Zsds|Xt = x

]
where t ∈ [0, T ] and

Z(t, x) = exp

(
−
∫ T

t

G(s, x)ds

)
.

In particular, such a solution is unique.
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Proof. The proof can be found in [10].

Remark 4.5.1 Theorem 4.10 is a special case of Theorem 5.7.6 (on Page 366 in

[10]). In [10], the Feynman-Kac theorem is valid for a time-inhomogeneous diffusion

process under a more general condition of the drift and volatility. It is easy to prove

that all the conditions are satisfied if X is a time homogenous Itô diffusion process

defined by SDE (4.1) and satisfying Condition 4.1.

Remark 4.5.2 The existence and uniqueness of the solution to the Cauchy problem

in Theorem 4.10 as well as the regularity of the gradient estimates has been studied

in [11] and [1]. In [11], Theorem 10 on Page 118, it is shown that, if instead of

the assumption of the polynomial growth condition on the solution to PDE F , one

imposes that the first partial derivative of f , G, µ, and V satisfy the polynomial

growth condition, the Feynman-Kac Theorem still holds and moreover we have that

F satisfies the polynomial growth condition as well.

Applying Theorem 4.10 to the PDE for our expected signature function Φ, the fol-

lowing theorem is an immediate consequence and it provides a way to present Φ in

terms of a probabilistic object.

Theorem 4.11 Let X be an E-valued Itô diffusion process defined by SDE (4.1) and

satisfying Condition 4.1. Let Φ(t, x) be its expected signature as before satisfying

Condition 4.2. Moreover suppose that Φ(t, x) and its partial derivatives all satisfy the

polynomial growth condition. Let us define the map fn : R+ × E → E⊗n as follows:

if n ≥ 2, then

fn(t, x) =

(
d∑
j=1

µ(j)(x)ej

)
⊗ Φn−1(t, x)

+
d∑
j=1

(
d∑

j1=1

bj1,j(x)ej1

)
⊗ ∂Φn−1(t, x)

∂xj

+

(
1

2

d∑
j1=1

d∑
j2=1

bj1,j2(x)ej1 ⊗ ej2

)
⊗ Φn−2(t, x)

if n = 1, then

f1(t, x) =
d∑
j=1

µ(j)(x)ej

It holds that for each n ≥ 1,

Φn(t, x) = Ex
[∫ t

0

fn(s,Xs)ds

]
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Proof. Fix an arbitrary T > 0. Let Fn : E × E → E⊗n, be defined as

Fn(t, x) = Φn(T − t, x)

where x ∈ E and t ∈ [0, T ].

By the Chain rule, it is easy to verify that

∂Fn(t, x)

∂t
= −∂Φn(T − t, x)

∂t
∂Fn(t, x)

∂xj
=

∂Φn(T − t, x)

∂xj

∂2Fn(t, x)

∂xj1∂xj2
=

∂2Φn(T − t, x)

∂xj1∂xj2
F (T, x) = Φn(0, x)

where j, j1, j2 ∈ {1, 2, . . . , d}.
By Corollary 4.4.1, we know that the PDE and the initial condition for Φn(t, x),

where n ∈ N. Using the relation of Φn and Fn, the initial value problem of Φn can

be transformed to the terminal value problem for Fn, i.e. Fn(t, x) should satisfy the

following PDE: for n ≥ 2,(
∂

∂t
+ A

)
Fn(t, x) = −

(
d∑
j=1

µ(j)(x)ej

)
⊗ Fn−1(t, x)

−
d∑
j=1

(
d∑

j1=1

bj1,j(x)ej1

)
⊗ ∂Fn−1(t, x)

∂xj

−

(
1

2

d∑
j1=1

d∑
j2=1

bj1,j2(x)ej1 ⊗ ej2

)
⊗ Fn−2(t, x);

for n = 1, (
∂

∂t
+ A

)
(F1(t, x)) = −

d∑
j=1

µ(j)(x)ej

subject to

Fn(T, x) = 0, ∀n ∈ N, ∀x ∈ E.

By the assumption, Φ(t, x) and its partial derivatives all satisfy the polynomial growth

condition. Then fn satisfies the polynomial growth condition as well. Therefore by
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applying Theorem 4.10 to the function F and plugging V (t, x) = 0 to it, Fn(t, x)

admits the following stochastic representation:

Fn(t, x) = E
[∫ T

t

fn(s,Xs)ds|Xt = x

]
where t ∈ [0, T ].

In particular, for t = 0,

Φn(T, x) = Fn(0, x) = Ex
[∫ T

0

fn(s,Xs)ds

]
Since T is arbitrary, the proof is complete.

4.6 Concrete examples

4.6.1 Multi-dimensional Brownian motion

Let ϕ(t) denote the expected signature of the d−dimensional Brownian motion up to

time t used in Chapter 3. Note that ϕ(t) does not depend on the starting point x of

the Brownian motion. Plugging µ(x) = 0 and V (x) = 1 into Theorem 4.8, we know

that ϕ(t) satisfies the following PDE:

−∂ϕ(t)

∂t
+

1

2

(
d∑
j=1

ej ⊗ ej

)
⊗ ϕ(t) = 0, (4.16)

with the initial condition:

ϕ(0) = 1,

and the constraint:

ρ0(ϕ(t)) = 1.

Conversely, by Theorem 4.9, the expected signature of Brownian motion denoted by

Φ(t, x) should satisfy the following PDE, i.e.(
− ∂

∂t
+

1

2
∆

)
Φ(t, x) +

d∑
j=1

(
d∑

j1=1

ej1

)
⊗ Φ(t, x)

∂xj

+

(
1

2

d∑
j1=1

d∑
j2=1

ej1 ⊗ ej2

)
⊗ Φ(t, x) = 0 (4.17)
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subject to the initial condition

Φ(0, x) = 1

and the condition

Φ0(t, x) = 1.

By induction it could be proved that the solution to the above PDE problem does

not depend on x, and it is just a function of t, since the drift vector and dispersion

matrix are constant. PDE (4.17) could be further reduced to PDE (4.16). It is not

difficult to compute the solution to PDE (4.16), that is indeed

ϕ(t) = exp

(
t

2

d∑
j=1

ej ⊗ ej

)
,

which agrees with the representation of the expected signature of Brownian motion

up to time t in Theorem 3.1.

4.6.2 One-dimensional Ornstein−Uhlenbeck process

Definition 4.6.1 A one dimensional Ornstein−Uhlenbeck process(OU process), Xt,

satisfies the following stochastic differential equation:

dXt = θ(µ−Xt)dt+ σdWt

where θ > 0, µ and σ > 0 are parameters.

In this subsection, let Φ(t, x) denote the expected signature of the one dimensional

OU process {Xs}s∈[0,t] with the starting point at x. Moreover let Φn(t, x) denote the

nth term of Φ(t, x), i.e.

Φn(t, x) = ρn(Φ(t, x))

where n ∈ N.

We give an explicit formula for the expected signature of the OU process.

Lemma 4.6.1 Let Φ(t, x) denote the expected signature of the one dimensional OU

process {Xs}s∈[0,t] from the time 0 to t with the starting point at x.

Φ2k+1(t, x) =
1

(2k + 1)!

(
k∑
i=0

C2i
2k+1(µ− x)2k+1−2i(1− e−θt)2k+1−2i

(
σ2

2θ

)i (
1− e−2θt

)i
(2i− 1)!!

)

Φ2k(t, x) =
1

(2k)!

(
k∑
i=0

C2i
2k(µ− x)2k−2i(1− e−θt)2k−2i

(
σ2

2θ

)i
(1− e−2θt)i(2i− 1)!!

)
where k ∈ N and Cn

m =
(
m
n

)
.
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Proof. Since Xt is an Ornstein−Uhlenbeck process with parameters µ, θ and σ with

starting point x, then Xt could be expressed

Xt = xe−θt + µ(1− e−θt) +

∫ t

0

σeθ(s−t)dWs

It implies that Xt is normally distributed with mean xe−θt +µ(1− e−θt) and variance
σ2

2θ
(1 − e−2θt). It is a well known result, that the central moments of the normal

distribution with mean a and variance b2 are given as follows:

E[(X − a)p] =

{
0 if p is odd;

bp(p− 1)!! if p is even.

where p ∈ N. On the other hand, the expected signature of {Xs}s∈[0,t] can be reduced

to a linear combination of the moments of Xt, since Xt is one dimensional, i.e.

Φ(t, x) = Ex[S(X[0,t])] = 1 +
+∞∑
n=1

1

n!
Ex[(Xt − x)n]e⊗n1

and

Ex[(Xt − x)n] = E[(Xt − E[Xt] + E[Xt]− x)n]

=
n∑
i=0

Ci
nE[(Xt − E[Xt])

i](E[Xt]− x)n−i

Therefore we have the following formula for Φ(t, x):

Φ2k+1(t, x) =
1

(2k + 1)!

(
k∑
i=0

C2i
2k+1(µ− x)2k+1−2i(1− e−θt)2k+1−2i

(
σ2

2θ

)i (
1− e−2θt

)i
(2i− 1)!!

)

Φ2k(t, x) =
1

(2k)!

(
k∑
i=0

C2i
2k(µ− x)2k−2i(1− e−θt)2k−2i

(
σ2

2θ

)i
(1− e−2θt)i(2i− 1)!!

)

where k ≥ 0.

Lemma 4.6.2 For any arbitrary integer n ≥ 2, the following equations hold:

∂Φn(t, x)

∂t
= θe−θt(µ− x)Φn−1(t, x) +

σ2

2
e−2θtΦn−2(t, x) (4.18)

∂Φn(t, x)

∂x
= −(1− e−θt)Φn−1(t, x) (4.19)

∂2Φn(t, x)

∂x2
= (1− e−θt)2Φn−1(t, x) (4.20)
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Proof. We will prove those three equalities by considering cases when n is odd or

even respectively.

Let us check Equation (4.18) firstly.

Since the following equality holds:

1

(2k − 1)!

(
k−1∑
i=0

C2i
2k−1(µ− x)2k−2i(1− e−θt)2k−2i

(
σ2

2θ

)i
(1− e−2θt)i−1(2i− 1)!!

)

=
1

(2k − 1)!

(
k−1∑
i=0

C2i
2k−1(µ− x)2k−2i−2(1− e−θt)2k−2i−2

(
σ2

2θ

)i+1

(1− e−2θt)i(2i+ 1)!!

)

=
1

(2k − 2)!

(
k−1∑
i=0

C2i
2k−2(µ− x)2k−2i−2(1− e−θt)2k−2i−2

(
σ2

2θ

)i
(1− e−2θt)i(2i+ 1)!!

)
σ2

2

=
σ2

2
Φ2k−2(t, x),

we have that

∂Φ2k(t, x)

∂t

=
1

(2k − 1)!
θe−θt

(
k−1∑
i=0

C2i
2k−1(µ− x)2k−2i(1− e−θt)2k−2i−1

(
σ2

2θ

)i
(1− e−2θt)i(2i− 1)!!

)

+
1

(2k − 1)!
θe−2θt

(
k∑
i=1

C2i
2k−1(µ− x)2k−2i(1− e−θt)2k−2i

(
σ2

2θ

)i
(1− e−2θt)i−1(2i− 1)!!

)

= θe−θt(µ− x)Φ2k−1(t, x) +
σ2

2
e−2θtΦ2k−2(t, x).

Similarly we have

∂Φ2k+1(t, x)

∂t

=
1

(2k)!
θe−2θt

(
k∑
i=1

C2i−1
2k (µ− x)2k+1−2i(1− e−θt)2k−2i+1

(
σ2

2θ

)i
(1− e−2θt)i−1(2i− 1)!!

)

+
1

(2k)!
θe−θt

(
k∑
i=0

C2i
2k(µ− x)2k+1−2i(1− e−θt)2k−2i

(
σ2

2θ

)i
(1− e−2θt)i(2i− 1)!!

)

= θe−θt(µ− x)Φ2k(t, x) +
σ2

2
e−2θtΦ2k−1(t, x).
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Now let us check Equation (4.19). The following is easy to verify after simple calcu-

lation:

∂Φ2k+1(t, x)

∂x

=
1

(2k)!

(
−

k∑
i=0

C2i
2k(µ− x)2k−2i(1− e−θt)2k+1−2i

(
σ2

2θ

)i
(1− e−2θt)i(2i− 1)!!

)
= −(1− e−θt)Φ2k(t, x);

∂Φ2k(t, x)

∂x

=
1

(2k − 1)!

(
−

k−1∑
i=0

C2i
2k−1(µ− x)2k−1−2i(1− e−θt)2k−2i

(
σ2

2θ

)i
(1− e−2θt)i(2i− 1)!!

)
= −(1− e−θt)Φ2k−1(t, x).

Finally Equation (4.20) is proved, since the following equations hold.

∂2Φ2k+1(t, x)

∂x2

=
1

(2k − 1)!

(
k−1∑
i=0

C2i
2k−1(µ− x)2k−2i−1(1− e−θt)2k+1−2i

(
σ2

2θ

)i
(1− e−2θt)i(2i− 1)!!

)
= −(1− e−θt)2Φ2k(t, x)

∂2Φ2k(t, x)

∂x2

=
1

(2k − 2)!

(
k−1∑
i=0

C2i
2k−2(µ− x)2k−2−2i(1− e−θt)2k−2i

(
σ2

2θ

)i
(1− e−2θt)i(2i− 1)!!

)
= (1− e−θt)2Φ2k−1(t, x).

By Corollary4.4.1, Φ(t, x) should satisfy the following recursive relationship, i.e.(
− ∂

∂t
+ A

)
Φn(t, x) (4.21)

=

{
−θ(µ− x)Φn−1(t, x)− 1

2
σ2Φn−2(t, x)− σ2 ∂Φn−1(t,x)

∂x
if n ≥ 2;

−θ(µ− x) if n = 1.

Since we have the explicit formula for the expected signature of the OU process, it

could be used to verify our PDE theorem by checking Eqn (4.21). Now let us compute
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the LHS and RHS of Equation (4.21) respectively.

For n ≥ 2,

(LHS) = (− ∂

∂t
+ A)(Φ2k+1(t, x))

= −θe−θt(µ− x)Φ2k(t, x)− σ2

2
e−2θtΦ2k−1(t, x)

−θ(µ− x)(1− e−θt)(Φ2k(t, x))

+
1

2
σ2(1− e−θt)2Φ2k−1(t, x)

= −θe−θt(µ− x)Φ2k(t, x) + σ2(
1

2
− e−θt)Φ2k−1(t, x)

(RHS) = −θ(µ− x)Φ2k(t, x)− 1

2
σ2Φ2k−1(t, x)− σ2∂Φ2k(t, x)

∂x

= −θ(µ− x)Φ2k(t, x)− 1

2
σ2Φ2k−1(t, x) + σ2(1− e−θt)Φ2k−1(t, x)

= −θ(µ− x)Φ2k(t, x) + σ2(
1

2
− e−θt)Φ2k−1(t, x).

Let us consider the first term of Φ(t, x), i.e.

Φ1(t, x) = Ex[Xt − x] = (µ− x)(1− e−θt).

It is easy to verify that(
− ∂

∂t
+ A

)
(Φ1(t, x)) = −θ(µ− x).

which agrees with what we state in our PDE theorem 4.7.

4.6.3 Multi-dimensional Ornstein−Uhlenbeck process

A d−dimensional canonical OU process X driven by Brownian motion is defined as

the strong solution to the following SDE:

dXt = −QXtdt+ dWt,

where Q is a d×d matrix, Wt is a standard d−dimensional Brownian motion starting

at the origin. It is actually a multi-dimensional OU process with the mean reversion

level 0, like the one-dimensional case in the previous subsection. In the remaining

part of this subsection, we only consider the canonical OU process. For simplicity,

we call it a d-dimensional OU process.
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Let E = Rd. Suppose that the starting point of this multi-dimensional OU process is

x ∈ E, Xt could be expressed as

Xt = e−tQx+

∫ t

0

e−(t−s)QdWs, t ∈ R+.

Therefore Xt is normally distributed with the mean e−tQx and the covariance matrix∫ t
0

exp−(t−s)Q(exp−(t−s)Q)Tds, which enables us to compute all the moments of Xt

easily. Moreover, in the same way as the one dimensional OU process case, all the

moments are polynomial in x1, x2, . . . , xt, i.e. for every non-negative integer k1, . . . , kd,

there exists a polynomial Pk1,k2,...,kd(x1, . . . , xd) with coefficients, which only depend

on the time parameter t, such that

Ex[(X(i1)
t )k1 . . . (X

(id)
t )kd ] = P t

k1,k2,...,kd
(x(1), . . . , x(d)).

Using the explicit form of the moments of the OU-process, combined with our PDE

theorem for the expected signature, we are able to prove that the expected signature

Φ(t, x) is in a polynomial form as well, which is stated in the following theorem.

Theorem 4.12 Let Φ(t, x) denote the expected signature of multi-dimensional OU-

process up to the time t with the starting point x ∈ E. Then for every positive integer

n, for every index I = (i1, i2, . . . , in), where each ij ∈ {1, 2, . . . , d} for j = 1, 2, . . . , n,

there exists a polynomial in the variables x(1), . . . , x(d) denoted by HI
t (.), such that

πI(Φ(t, x)) = HI
t (x(1), . . . , x(d))

where the coefficients of the polynomial of HI
t (.) are smooth functions of t.

Proof. We are going to prove that Φ(t, x) are polynomials in x with coefficients,

which are smooth functions of t by induction. It is obviously true for n = 0, 1, since

Φ0(t, x) = 1

Φ1(t, x) = (e−tQ − I)x

where I is d× d identity matrix.

Note that the coefficients of Φ0(t, x) and Φ1(t, x) are differentiable functions of t, and

therefore, for every fixed T > 0, they are bounded for every interval [0, T ].

Suppose that for any i ≤ n− 1, this theorem is true. Let us consider Φn(t, x).

For any n ≥ 2, for any index I = (i1, i2, . . . , in) of length n, let us define fI(t, x) as

follows:

fI(t, x) = µ(i1)(x)πI1(Φ(t, x)) +
d∑
j=1

Ii1,j
∂πI1(Φ(t, x))

∂xj
+

1

2
Ii1,i2πI2(Φ(t, x))
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where I1 = (i2, . . . , in), and I2 = (i3, . . . , in).

By the induction hypothesis, πI1(Φ(t, x)) and πI2(Φ(t, x)) are both polynomials. In

addition to that, µ(i1)(x) is a linear function of x. Therefore fI(t, x) is a polynomial

in x as well and its coefficients are also smooth function of t.

Let us write fI(t, x) as follows:

fI(s, x) =
∑
k1...kd

CI
k1...kd

(s)(x(1))k1 . . . (x(d))kd

Note that for any fixed I, only finitely many functions CI
k1...kd

(.) are non-zero.

Moreover, since the coefficients of πI1(Φ(t, x)) and πI2(Φ(t, x)) are smooth functions

of t, fI satisfies the polynomial growth condition, too.

Let us consider the following PDE problem, i.e.{
(− ∂

∂t
+ A)FI(t, x) = fI(s, x),

FI(0, x) = 0.
(4.22)

where A is the infinitesimal generator of OU process.

By Theorem 10 on page 118 of [11](the Feynman-Kac theorem), the solution to the

PDE exists, and is unique. Moreover it has a stochastic representation as follows:

FI(t, x) = Ex
[∫ t

0

fI(s,Xs)ds

]
It is obvious that

FI(t, x) = Ex
[∫ t

0

fI(s,Xs)ds

]
= Ex

[∫ t

0

∑
k1...kd

CI
k1...kd

(s)(X(1)
s )k1 . . . (X(d)

s )kmds

]

=
∑
k1...kd

∫ t

0

CI
k1...kd

(s)Ex
[
(X(1)

s )k1 . . . (X(d)
s )kd

]
ds

=
∑
k1...kd

∫ t

0

CI
k1...kd

(s)Ex
[
(X(1)

s )k1 . . . (X(d)
s )kd

]
ds

=
∑
k1...kd

∫ t

0

CI
k1...kd

(s)P s
k1,k2,...,kd

(x(1), . . . , x(d))ds

Since all the moments of Xt, i.e. P t
k1,k2,...,kd

(x(1), . . . , x(d)) are polynomials in x with

coefficients which are smooth functions of t, then the function πI(Φ(t, x)) should be

a polynomial in the variables x(1), . . . , x(d) with smooth coefficients too, so does the

derivatives. fI(t, x) and FI(t, x) both satisfy that the assumption of Theorem 4.11,

and thus using it, finally we have

πI(Φ(t, x)) = FI(t, x).

By induction, the proof is complete.
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4.6.4 A two-dimensional Brownian motion coupled with its
Lévy area

We use our PDE theorem to calculate the characteristic function of the Lévy area of a

Brownian motion starting at a point x ∈ R2. Let us formulate the problem properly.

Let X be a three dimensional Itô diffusion process, i.e. Xt = (B
(1)
t , B

(2)
t , Lt)

T , where

Lt is the Lévy area of a Brownian motion up to time t, i.e.

Lt =
1

2

∫ t

0

B(2)
s · dB(1)

s −B(1)
s · dB(2)

s

and Bt = (B
(1)
t , B

(2)
t ) is a two dimensional standard Brownian motion. Let V (x) =

1
2

 1 0
0 1
−x2 x1

. Then X satisfies the following PDE:

dXt = V (Xt) · dBt

with the diffusion matrix

b(x) =
1

4

 1 0 −x2

0 1 x1

−x2 x1 x2
1 + x2

2


where x = (x1, x2, x3) ∈ R3.

By Theorem 4.7 for the expected signature of a diffusion process up to a fixed time,

in this example we have that for every integer n ≥ 2,

(
∂

∂t
+ A)Φn(t, x) = −1

4

3∑
j=1

(
3∑

j1=1

bj1,j(x)ej1)⊗ ∂Φn−1(t, x)

∂xj

−1

8

(
3∑

j1=1

3∑
j2=1

bj1,j2(x)ej1 ⊗ ej2

)
⊗ Φn−2(t, x)

since the drift of X is equal to zero.

We are interested in πIn(Φ(t, x)), where In = ( 3, . . . , 3︸ ︷︷ ︸
n copies of 3

). By the above theo-

rem, we have the recurrence relationship between πIn(Φ(t, x)), πIn−1(Φ(t, x)), and

πIn−2(Φ(t, x)) as follows:(
− ∂

∂t
+

1

2
∆

)
πIn(Φ(t, x)) = −1

4

(
−x2

∂πIn−1(Φ(t, x))

∂x1

+ x1
∂πIn−1(Φ(t, x))

∂x2

)
−1

8
(x2

1 + x2
2)πIn−2(Φ(t, x)) (4.23)
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where n ≥ 2, n ∈ N.

Note that Φ(t, x) actually depends only on x1 and x2, which is independent of x3.

Therefore we write the function Φ(t, x) as Φ(t, x1, x2).

The next step is to derive the characteristic function of the Lévy area on the con-

dition that it is driven by a Brownian motion starting at (x1, x2) ∈ R2, denoted by

L(t, x1, x2;λ), i.e.

L(t, x1, x2;λ) = E[eiλLt |B0 = x1e1 + x2e2],

where λ ∈ R.

Suppose that
∑N

i=0
(λi)n

n!
πIn(Φ(t, x1, x2)) converges as N tends to infinity, we can ex-

pand L(t, x1, x2;λ) by Taylor’s expansion, i.e.

L(t, x1, x2;λ) =
∑
n≥0

(λi)n

n!
πIn(Φ(t, x1, x2)).

Summing the LHS and RHS of (4.23) over n ≥ 2 respectively, we have the following

equations:(
− ∂

∂t
+

1

2
∆

)
L(t, x1, x2;λ) (4.24)

= −1

4
λi

(
−x2

∂L(t, x1, x2;λ)

∂x1

+ x1
∂L(t, x1, x2;λ)

∂x2

)
+ λ2 1

8
(x2

1 + x2
2)L(t, x1, x2;λ)

and L(0, x1, x2;λ) = 1. Moreover, since πI0(Φ(t, x1, x2)) = 1, and πI1(Φ(t, x1, x2)) =

0.

By the symmetry of Brownian motion and its Lévy area, the odd moments should be

equal to zero, i.e. the characteristic function of the Lévy area L(t, x1, x2;λ) is indeed

a real valued function. By setting the imaginary part of the function to zero, PDE

(4.24) implies that L(t, x1, x2;λ) should satisfy the following PDEs:

−x2
∂L(t, x1, x2;λ)

∂x1

+ x1
∂L(t, x1, x2;λ)

∂x2

= 0 (4.25)(
− ∂

∂t
+

1

2
∆

)
L(t, x1, x2;λ) = λ2 1

8
(x2

1 + x2
2)L(t, x1, x2;λ) (4.26)

subject to the following initial condition:

L(0, x1, x2;λ) = 1. (4.27)
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In Lemma 4.6.3 we show that the solution to (4.25) and (4.26) satisfying the boundary

condition (4.27) exists and it is unique. In Lemma 4.6.4, we show that without the

hypothesis of the convergence of (λi)n

n!
πIn(Φ(t, x1, x2)), it still holds that L(t, x1, x2)

satisfies (4.25) and (4.26) subject to boundary condition (4.27) using the fact that

the solution can be represented by power series in λ for all λ ∈ R.

Lemma 4.6.3 Let f(t, x1, x2;λ) be a solution to the following PDEs:

−x2
∂f(t, x1, x2;λ)

∂x1

+ x1
∂f(t, x1, x2;λ)

∂x2

= 0 (4.28)(
− ∂

∂t
+

1

2
∆

)
f(t, x1, x2;λ) = λ2 1

8
(x2

1 + x2
2)f(t, x1, x2;λ) (4.29)

subject to the initial condition:

f(0, x1, x2;λ) = 1. (4.30)

Then this solution exists and is unique. Moreover,

f(t, x1, x2;λ) =
1

cosh(1
2
λt)

exp

(
−1

4
λ(x2

1 + x2
2) tanh(

1

2
λt)

)
.

Proof. By the Maximum principle, PDE (4.29), with initial condition (4.30) admits

an unique solution. Note that (4.29) and initial condition (4.30) only depends on t

and |x|. It is reasonable to suggest that f(t, x;λ) is a function of t and |x|, i.e.

f(t, x1, x2;λ) = G(t, x2
1 + x2

2)

It is easy to see that G(t, x2
1 + x2

2) automatically satisfies (4.29). Then our problem

is reduced to solving PDE (4.29) with initial condition (4.30). By switching from

Cartesian coordinates to polar coordinates and separating the variables, the problem

of solving the PDE of f can be further reduced to solving two ODEs. The details are

given in A.2.

Lemma 4.6.4

L(t, x1, x2;λ) =
1

cosh(1
2
λt)

exp

(
−1

4
λ(x2

1 + x2
2) tanh(

1

2
λt)

)
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Proof. By Lemma 4.6.3,

f(t, x1, x2;λ) :=
1

cosh(1
2
λt)

exp

(
−1

4
λ(x2

1 + x2
2) tanh(

1

2
λt)

)
is a unique solution to PDE (4.24) with initial condition (4.27).

On the other hand, it is observed that f(t, x1, x2;λ) is an infinitely differentiable real

function of λ for every fixed x and t. Moreover it can be represented in terms of

power series in λ, i.e.

f(t, x;λ) =
∑
n≥0

(−i)nfn(t, x)λn (4.31)

where for every n ≥ 0, fn is a function mapping R+ × R2 to R, such that

f2n(t, x) =
1

n!
(−1)n

∂2nf(t, x1, x2; 0)

∂λ2n

f2n+1(t, x) = 0.

Since the radius of convergence for the power series
∑

n≥0(−i)nfn(t, x)λn is infinity,

(4.31) is true for all λ ∈ R. As f satisfies (4.24), after rewriting (4.24) as the power

series in λ and comparing the coefficients of both sides of(4.24), we have fn(t, x)

automatically satisfying the recursive PDEs of πIn(Φ(t, x)), i.e. PDE (4.23). Since

the solution to (4.23) exists and is unique, then we can conclude that

πIn(Φ(t, x)) = fn(t, x)

and also since
∑N

n≥0(−i)nfn(t, x)λn converges to f(t, x;λ), the partial sum

N∑
n≥0

(−i)nπIn(Φ(t, x))

converges to L(t, x;λ) as N tends to the infinity. Obviously

L(t, x;λ) = f(t, x;λ)

The following lemma describes the relationship between the characteristic function

of a Brownian motion starting at the origin coupled with its Lévy area and the

characteristic function of Lévy area of a Brownian motion with starting point at x.

Lemma 4.6.5

L(t, x1, x2;λ) = E[ei(−
1
2
x2λB

(1)
t + 1

2
x1λB

(2)
t +λLt)|B0 = 0].
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Proof. It comes from the translation property of Brownian motion, i.e. the Brown-

ian motion starting at the origin added by a constant x has the same distribution of

Brownian motion starting at x.

In [7], Theorem 3 gave the characteristic function of (B
(1)
t , B

(2)
t , Lt), where Bt =

(B
(1)
t , B

(2)
t ) is the standard Brown motion starting at the origin, i.e.

E0[eiγ1B1
t+iγ2B2

t+iλLt ] =
1

cosh(tλ
2
)

exp

(
−(

2∑
i=1

γ2
i )

1

λ
tanh(

λ

2
t)

)

which was first observed by Paul Lévy.

Plugging γ1 = −1
2
x2λ and γ2 = 1

2
x1λ into the above equation, it is easy to see

that our result for L(t, x1, x2, λ) coincides with Lévy and Helmes’s result. But our

approach is different from theirs. Instead of using Girsanov theorem to change the

measure, the PDE of the characteristic function of Lévy area is directly derived from

the PDE of the expected signature of Lévy area coupled with the Brownian motion

with respect to time t and the starting point x, and this PDE admits a solution,

which has this explicit formula.
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Chapter 5

The Expected Signature of Planar
Brownian Motion up to the First
Exit Time of an Exponentially
Twice Differentiable Domain

5.1 The setting of the problem

1 In this chapter, we endow R2 with the canonical basis (e1, e2), and let (Bt)t≥0

denote a standard two-dimensional Brownian motion with filtration (Ft)t≥0, where

the filtration Ft is generated by Brownian motion (Bs)s∈[0,t] itself, i.e.

Ft
4
= σ(Bs; 0 ≤ s ≤ t)

the smallest σ−field with respect to which Bs is measurable for every s ∈ [0, t]. The

Brownian motion Bt could be also written as

Bt = B
(1)
t e1 +B

(2)
t e2.

Definition 5.1.1 Let Γ be a domain in R2. The first exit time of Brownian motion

from the domain Γ is denoted by τΓ and defined as follows:

τΓ =

{
inf{t ≥ 0 : Bt ∈ Γc}, if ∃t ≥ 0, s.t. Bt ∈ Γc;
∞, otherwise.

Definition 5.1.2 The signature of the path (Bt)t∈[0,τΓ] is defined to be

S
(
B[0,τΓ]

)
= (1, B1

[0,τΓ], ..., B
n
[0,τΓ], ...) ∈ T ((E))

1This chapter is mainly from my joint paper with Terry Lyons. ([15])
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where Bn
[0,τΓ] for each n ≥ 1 is defined by the Stratonovich iterated integral

Bn
[0,τΓ] =

∫
· · ·
∫

u1<...<un, u1,...,un∈[0,τΓ]

dBu1 ⊗ ...⊗ dBun .

Definition 5.1.3 (Expected signature of Brownian motion up to the exit time)

The expected signature of a Brownian motion starting at z and stopping upon the first

exit time from a domain Γ, and denoted by ΦΓ(z), is defined as

ΦΓ(z) = Ez[S(B[0,τΓ])] (5.1)

where τΓ = inf{t ≥ 0 : Bt ∈ Γc}, i.e. the first exit time from the domain Γ.

Definition 5.1.4 (Exponential smoothness of the domain) We say that the do-

main Γ is exponentially twice differentiable if and only if the function ΦΓ defined on

Γ, mapping z ∈ Γ to its expected signature ΦΓ(z) ∈ T ((R2)), is a well defined and

twice differentiable function.

Remark 5.1.1 The exponential smoothness of the domain is actually an implicit

condition for the domain Γ, since it puts the constraints on the function ΦΓ directly

instead of Γ. Roughly speaking that the domain is exponentially smooth means that

the expected signature of Brownian motion up to the first exit time is smooth enough,

where “exponential ” infers the signature, as the signature of the path can be regarded

as the exponential of the path.

Remark 5.1.2 Similarly we also can extend the definition of the expected signature

of a Brownian motion to that of the expected signature of the function of a Brownian

motion starting at z upon the first exit time of domain Γ denoted by Φf
Γ(z), i.e.

Φf
Γ(z) = Ez[S(f(Bt)t∈[0,τΓ])]

where f is a smooth function mapping Γ to R2.

In order to discuss the expected signature of Brownian motion further, we introduce

an auxiliary function Ψ mapping R2 to T ((R2)).
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Definition 5.1.5 Let us denote the disk centered at 0 with radius r by rD. Then

we denote by Ψ(z) the expected signature of a Brownian motion started at 0 and run

until it leaves the disk |z|D, conditional on that leaving point being z. As a formula:

Ψ(z) = E0[S(B[0,τ|z|D])|Bτ|z|D = z].

We will see that Ψ(z) plays an important role in the derivation of our PDE and in

the discussions of the exponentially twice differentiability of the domain. In part, its

importance comes from the strong Markov property.

In the following discussion, we will first provide a sufficient condition for the expo-

nentially twice differentiable domain, i.e. the boundedness of domain can guarantee

the exponentially twice differentiable domain.

Then assuming that Γ is an exponentially twice differentiable domain, we will derive

a PDE which characterizes ΦΓ. In the case of the disk, clearly a bounded domain,

the PDE is so explicit that one can use it to identify the solution as a combination

of polynomials in an explicit manner.

5.2 The exponential twice differentiability of the

domain

5.2.1 The homogeneous Carnot-Caratheodory norm for the
truncated signature of a path

In this subsection, in order to discuss the regularity of the domain such that the ex-

pected signature ΦΓ mapping from Γ to T ((E)) is a C2 function, let us consider the

space of truncated signature of order N of all continuous paths of finite 1−variation.

This forms a group and we introduce Carnot-Caratheodory norm (CC norm) to this

space, which has a nice geometric property: rotational invariance. We refer to [5] for

a more detailed discussion.

Let us recall the definition of paths of finite p−variation in Chapter 2 and use

C1−var([0, T ], E) to denote the space of continuous paths from [0, T ] to E of finite

1−variation.

76



Definition 5.2.1 The set of all truncated signatures of continuous paths of finite

length of order N is denoted by

GN(E) := {SN(x)0,1 : x ∈ C1−var([0, 1], E)}.

Theorem 5.1 For every g ∈ GN(E), the so-called “Carnot-Caratheodory norm”

‖g‖ = inf
{
||γ||1−var : SN (γ) = g, γ ∈ C1−var([0, 1], E)

}
is finite and achieved at some minimizing path γ∗, i.e.

‖g‖ = ||γ∗||1−var and SN(γ∗)0,1 = g.

Definition 5.2.2 The p-variation of a geometric rough path γ defined on [0, T ], and

written ||SN(γ)||p−var;[0,T ], is defined on paths in GN(E) to be

||SN(γ)||p−var;[0,T ] = sup
D=(0=s1<s2<...<sN=T )

(∑
D

∥∥SN(γ)si,si+1

∥∥p)1/p

where ‖.‖ is the Carnot-Caratheodory norm.

Definition 5.2.3 The norm on GN(E) denoted by ‖.‖1 is homogeneous if and only

if it is homogeneous with respect to the dilation operator, and more precisely

‖〈ε, g〉‖1 = ε ‖g‖1 .

Theorem 5.2 (Equivalence of homogeneous norms) All homogeneous norms on

GN(E) are equivalent. More precisely, if ‖.‖1 and ‖.‖2 are two homogeneous norms,

then there exists C ≥ 1 such that for all g ∈ GN(E), we have

1

C
‖g‖1 ≤ ‖g‖2 ≤ C ‖g‖1 .

Lemma 5.2.1 The Carnot-Caratheodory norm and the norm defined as follows

|||g||| := max
i=1,...,N

|ρi(g)|1/i, ∀g ∈ GN(E)

are both homogeneous. By the equivalence of homogeneous norms we have that

|
∫
{0<s1<...<sN<T}

dγs1 ⊗ ...⊗ dγsN |1/N ≤ |||SN(γ)|||

≤ C
∥∥SN(γ)

∥∥ ≤ C
∥∥SN(γ)

∥∥
p−var;[0,T ]

.
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5.2.2 The exponential twice differentiability of the domain

In this subsection we are going to discuss the exponential twice differentiability of

the domain. We will show that each expected signature of Brownian motion upon its

first exit time from a bounded domain is finite, firstly.

Theorem 5.3 Let M be a continuous, Rd-valued local martingale starting at 0 and

SN(M) be the collection of its iterated Stratonovich integrals up to level N , i.e.

1,Mt, ...,

∫
0<s1<s2<...<sN<t

◦dMs1 ◦ ... ◦ dMsN

viewed as path in T (n)(Rd). Then there exists C = C(N,F, d, |.|) such that for all

stopping times τ

E
(
F

(
|
∫

0<s1<s2<...<sN<τ

◦dMs1 ◦ ... ◦ dMsN |1/N
))

≤ CE
(
F
(
||SN(M)||p−var;[0,τ ]

))
≤ CE

(
F
(
|〈M〉τ |

1
2

))
where F : R+→ R+ is moderate, i.e.

1. F is continuous and increasing;

2. F (x) = 0 if and only if x = 0;

3. for some (and thus for every α > 1)

sup
x>0

F (αx)

F (x)
< +∞

The proof can be found in [4].

Corollary 5.2.1 Let Γ be a bounded domain Then for every n ∈ N+, there exists a

constant C = C(n) such that

Ez
∣∣∣∣∣∣

∫
...

∫
0<t1<t2<...<tn<τΓ

◦ dBt1 ◦ · · · ◦ dBtn

∣∣∣∣∣∣


≤ C(n)Ez
[
||Sn(B)||np−var;[0,τ ]

]
≤ C(n)Ez[τn/2Γ ] < +∞.
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Proof. Applying Theorem 5.3 to the case with Mt = Bt and F (x) = xn and we get

Ez
∣∣∣∣∣∣

∫
...

∫
0<t1<t2<...<tn<τΓ

◦ dBt1 ◦ · · · ◦ dBtn

∣∣∣∣∣∣
 ≤ C(n)Ez

[
||Sn(B)||np−var;[0,τΓ]

]
≤ C(n)Ez[τn/2Γ ]

The only thing we need to show is that Ez[τn/2Γ ] < +∞. It is sufficient to show that

there exists a positive number α > 0 such that

E0[eατD ] < +∞.

Let τ[−1,1] denote the first exit time of the one-dimensional Brownian motion from

the interval [−1, 1], which is started at the origin. It is easy to show the exponential

integrability of τ[−1,1]. Moreover since

E0[eατD ] ≤ E0[eατ[−1,1] ]

Therefore we can conclude that there exists α > 0, such that

E0[eατD ] < +∞

Due to the scaling property we have

∀r > 0,E0[eατD ] = E0[e
α
r2
τrD ]

Since Γ is bounded, there exists a positive constant r ≥ 0 such that Γ ⊆ rD. Thus

0 ≤ τΓ ≤ τrD. It implies that

Ez[e
α

4r2
τΓ ] ≤ Ez[e

α
4r2

τz+2rD ] = E0[e
α

4r2
τ2rD ] = E0[eατD ] < +∞

Thus τΓ has finite moments, i.e.

∀n ∈ N,Ez[τnΓ ] < +∞

and

Ez[τn/2Γ ] ≤
√

Ez[τnΓ ] < +∞

Now our proof is complete.

Remark 5.2.1 Note that for the upper half plane H, the expected coordinate signature

of Brownian motion is not finite, e.g. the expected signature indexed by (1, 1), since

the expectation of the exit time is infinite. It is a simple example to show that the

expected signature of Brownian motion upon the first exit time from some domain

might explode in general. Thus H is not an exponentially twice differentiable domain.
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Corollary 5.2.2 Let Γ be a bounded domain. Then ΦΓ ∈ L1.

Proof. Obviously ΦΓ is a measurable function. For each index I, there exists a

constant C such that |πI(ΦΓ)| < C is bounded and πI(ΦΓ) has compact support.

Then ∫
Γ

|ΦΓ(z)|dz ≤ CA(Γ) < +∞

where A(Γ) is the area of Γ. So ΦΓ ∈ L1.

In the rest of this subsection, we are going to prove that the expected signature

of Brownian motion up to the first exit time from any bounded domain is a twice

differentiable function assuming that Ψ(.) is a smooth function, which is proved in

the latter section(Lemma 5.3.6). Thus any bounded domain is exponentially twice

differentiable.

Theorem 5.4 Every non-empty bounded domain Γ is exponentially twice differen-

tiable.

Proof. Let us denote the expected signature of Brownian motion starting at any z ∈
Γ upon the first exit time from a bounded domain Γ by ΦΓ(z). Since we have proved

that ΦΓ(z) is finite, the only thing left to prove is that ΦΓ(z) is twice differentiable.

Let us recall the definition of the function Ψ (Definition 5.1.5). Then for every ε > 0,

there exists Γε = {z ∈ Γ|dist(z, ∂Γ) > ε}. For every z ∈ Γε, by the Markov property

of the expected signature of Brownian motion, which comes from Lemma 5.4.1 in the

later section, we have that for all r < ε
2
,

ΦΓ(z) =

∫ 2π

0

Ψ(reiθ)⊗ Φ(z + reiθ)
dθ

2π
.

Then

ΦΓ(z) =

∫ +∞

0

∫ 2π

0

Ψ(reiθ)⊗ ΦΓ(z + reiθ)
dθ

2π
K(r)dr (5.2)

where K(r) is a smooth probability density function with a compact support of [0, ε
2
].

Let F be a map from R2 → T ((R2)) defined by:

Fε(z) = Ψ(−z)K(|z|)

Rewriting (5.2) we have

ΦΓ(z) =

∫
Γ

Fε(z − y)⊗ ΦΓ(y)dy = Fε ∗ ΦΓ(z)
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where ∗ is the convolution. Since Ψ is smooth (see Section 5.3.5) and K is a smooth

function with compact support, then Fε is still a smooth function with compact

support. It is easy to show that

||Fε||L1 + || 5 Fε||L1 + || 4 Fε||L1 < +∞

On the other hand, ΦΓ ∈ L1 as well. By Theorem 1.3 on Page 3 of [19], we have

||Fε ∗ ΦΓ||L1 + || 5 Fε ∗ ΦΓ||L1 + || 4 Fε ∗ ΦΓ||L1 < +∞

Thus Fε ∗ ΦΓ is twice differentiable, since Fε ∗ ΦΓ, (5Fε) ∗ ΦΓ and (4Fε) ∗ ΦΓ ∈ L1

Moreover, because Γ =
⋃
ε>0

Γε, ΦΓ is smooth in Γ.

Remark 5.2.2 The boundedness of the domain is a sufficient condition for that the

domain is exponentially twice differentiable; however it is not necessary. Here is a

simply example to illustrate it. Let Γ∗ be the disjoint union of An, i.e.

Γ∗ =
⋃
n∈N

An

where An is the unit disk centered at 2n. Obviously Γ∗ is not bounded, but ΦΓ∗ is well

defined and twice differentiable, since for every z ∈ Γ∗, there exists the unique n ∈ N
such that z ∈ An, and

ΦΓ∗(z) = ΦD(z − 2n).

Remark 5.2.3 Actually following this proof we can get ΦΓ is infinitely differentiable

in a non-empty bounded domain. Alternatively, since we have proved that ΦΓ is twice

differentiable so that our PDE provides the integral representation for ΦΓ, this also

implies that ΦΓ is infinitely differentiable.

5.3 Main properties of the expected signature of

Brownian motion

The expected signature of the Brownian motion has various nice properties, which

are presented in this section.

5.3.1 Translation invariance

Lemma 5.3.1 (Translation invariance)

Ez[S(B[0,τz+Γ])] = E0[S
(
B[0,τΓ]

)
]

Ez[S(B[0,τz+Γ])|Bτz+Γ
= z + a] = E0[S(B[0,τΓ])|BτΓ = a]

where a ∈ ∂Γ.
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5.3.2 Scaling property

Lemma 5.3.2 (Scaling property)

For every ε ≥ 0,

ΦεD(0) = 〈ε,ΦD(0)〉

ρn(ΦεD(0)) = εnρn(ΦD(0))

Ψ(ε) = 〈ε,Ψ(1)〉

ρn(Ψ(ε)) = εnρn(Ψ(1))

where n ∈ N and ε ∈ (0,+∞) and 〈, 〉 is the dilation operator defined in Chapter 2.

5.3.3 Rotation property

Lemma 5.3.3 (Rotation property) For every θ ∈ [0, 2π] and any index I =

i1i2...in with each ik ∈ {1, 2}:

πI(Ψ(eiθ)) =
∑

J=j1...jn

(
n∏
k=1

Θ(θ)ik,jk)π
J(Ψ(1))

where Θ(θ) =

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)
and Θ(θ)i,j is (i, j) entry of the matrix Θ(θ).

Proof. Let Bt be Brownian motion starting at the origin and stopped at the first

exit time from the unit disk, on condition that the exit point is 1. Then B̃t = Θ(θ)Bt

is Brownian motion starting at the origin and stopped at the first exit time from

the unit disk on condition that the exit point is eiθ, by the conformal invariance of

Brownian motion. It is obvious that B̃t is just a linear transformation of Bt, i.e.

B̃
(1)
t = cos(θ)B

(1)
t − sin(θ)B

(2)
t (5.3)

B̃
(2)
t = sin(θ)B

(1)
t + cos(θ)B

(2)
t

Then

Ψ(eiθ) = πI(E0[S(B̃[0,τD])|B̃τD = eiθ]) (5.4)

= E0[

∫
...

∫
0<t1<...<tn<τD

◦ dB̃(i1)
t1 ◦ ... ◦ dB̃

(in)
tn |B̃τD = eiθ]

= E0[

∫
...

∫
0<t1<...<tn<τD

◦ d(Θ(θ)B)
(i1)
t1 ◦ ... ◦ d(Θ(θ)B)

(in)
tn |BτD = 1].

82



Plugging (5.3) into (5.4)

πI(Ψ(eiθ)) =
∑

J=j1...jn

(
n∏
k=1

Θ(θ)ik,jk)π
J(Ψ(1)).

5.3.4 An application of the strong Markov property

Lemma 5.3.4 (Strong Markov property) For every ε > 0 such that z+ εD ⊆ Γ,

ΦΓ(z) =

∫ 2π

0

Ez[S(B[0,τz+εD])|Bτz+εD = z + εeiθ]⊗ ΦΓ(z + εeiθ)
dθ

2π
. (5.5)

Proof. By Chen’s identity, which states that the signature of the concatenation of

two paths is the product of the signatures of those paths, and S(B[0,τz+εD]) is Fτz+εD-

measurable, thus

Ez[S(B[0,τΓ])|Fτz+εD ] = S(B[0,τz+εD])⊗ E[S(B[τz+εD,τΓ])|Fτz+εD ]

where z + εD ⊆ Γ.

As it is known that Bt has the strong Markov property,

E[S(B[τz+εD,τΓ])|Fτz+εD ] = E[S(B[τz+εD,τΓ])|Bτz+εD ] = ΦΓ(Bτz+εD)

which implies that

Ez[S(B[0,τΓ])|Fτz+εD ] = S(B[0,τz+εD ])⊗ ΦΓ(Bτz+εD). (5.6)

By the tower property, we have

ΦΓ(z) = Ez[Ez[S(B[0,τΓ])|Fτz+εD ]]. (5.7)

Substituting Equation (5.6) into it, we obtain

ΦΓ(z) = Ez[S(B[0,τz+εD])⊗ ΦΓ(Bτz+εD)]

=

∫ 2π

0

Ez[S(B[0,τz+εD])|Bτz+εD = z + εeiθ]⊗ ΦΓ(z + εeiθ)
dθ

2π
.
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5.3.5 The smoothness of Ψ

In this subsection, we focus on the discussion of the smoothness of Ψ. We start with

the proof of finiteness of Ψ(1), and then show that Ψ(.) is smooth. We end with the

derivation of the first two terms of Ψ(.), which is important for us to derive the PDE

for Φ(.) later.

Lemma 5.3.5 Ψ(1) is well defined.

Proof. Let B̃t be Brownian motion starting at zero in the unit disk. Let Mt = B̃τD∧t

be the stopped process. It is obvious from the Burkholder inequalities that the exit

time τD of B̃t from the disk (or any bounded set) has moments of all orders.

By the equivalence of homogeneous norms on GN(E) (Theorem 5.2), we have∣∣∣∣∫
0<s1<s2<...<sN<τ

◦dMs1 ◦ ... ◦ dMsN

∣∣∣∣ ≤ C
∥∥SN(M)

∥∥N
p−var;[0,τD]

.

Thus it holds as well

E0

[∣∣∣∣∫
0<s1<s2<...<sN<τ

◦dMs1 ◦ ... ◦ dMsN

∣∣∣∣ |MτD = 1

]
≤ CE0

[∥∥SN(M)
∥∥N
p−var;[0,τD]

|MτD = 1
]
.

By the definition of the Carnot-Caratheodory norm, it is obvious that

||SN(eiθM)||p−var;[0,τ ]

is invariant with respect to θ. Therefore

E0
[∥∥SN(M)

∥∥N
p−var;[0,τD]

|MτD = 1
]

= E0
[∥∥SN(M)

∥∥N
p−var;[0,τD]

]
because there is nothing significant in choosing the exit point to be 1 providing the

norms used respect rotation. Using the Burkholder type theorem of Victoir/Friz[4]

one can control the p-variation of a martingale in terms of its bracket process and so

there exists a positive constant C > 0, such that

E0
[
||SN(M)||Np−var;[0,τD]

]
≤ CE0[τ

N
2
D ].

Finally we will have that there exists a constant C > 0 such that

|πN(Ψ(1))| = |E0

[∫
0<s1<s2<...<sN<τD

◦dMs1 ◦ ... ◦ dMsN

∣∣∣∣MτD = 1

]
|

≤ E0

[
|
∫

0<s1<s2<...<sN<τD

◦dMs1 ◦ ... ◦ dMsN |
∣∣∣∣MτD = 1

]
≤ CE0[τ

N
2
D ] < +∞.
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Lemma 5.3.6 Ψ is a smooth function in R2.

Proof. By the scaling property and the rotation property of the expected signature

conditioned on its leaving position, we have

πI(Ψ(reiθ)) =
∑

J=j1...jn

aI,J(reiθ)πJ(Ψ(1))

where aI,J(reiθ) = rn(
∏n

k=1 Θ(θ)ik,jk) and Θ(θ) =

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)
. Rewriting

the coefficient aI,J(reiθ) in Cartesian coordinate, the coefficient is the homogeneous

polynomial of degree no more than n in terms of z1 and z2. Obviously it is infinitely

differentiable.

Remark 5.3.1 If Γ is a bounded domain and I is an index, then

z → πI(Ψ (z))1Γ (z)

is integrable. This remark will be useful in the proof of the exponentially twice differ-

entiability property for bounded domains.

Lemma 5.3.7

π2(Ψ(z)) = 1 +
2∑
i=1

ziei +
2∑
i=1

1

2
z2
i ei ⊗ ei

∂Ψ(0)

∂zi
= ei, for i = 1, 2

(∆Ψ)(0) =
2∑
i=1

ei ⊗ ei.

Proof. The term of tensor degree one in Ψ is the expected increment of the condi-

tioned path, so it is not random and ρ1(Ψ(z)) = z. The expectation of Levy area

of the Brownian motion conditioned to leave the disk at any particular point equals

zero. Thus the term ρ2(Ψ(z)) only contains the symmetric ”increment squared” part,

thus we have

π2(Ψ(z)) = 1 +
2∑
i=1

ziei +
2∑
i=1

1

2
z2
i ei ⊗ ei
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Also since the nth term of Ψ is a homogeneous polynomial of degree n, immediately

we will have

∂Ψ(0)

∂zi
= ei, for i = 1, 2

(∆Ψ)(0) =
2∑
i=1

ei ⊗ ei.

5.4 The PDE for the expected signature of two

dimensional Brownian motion up to the first

exit time from an exponentially twice differen-

tiable domain

In this section, our goal is to derive the PDE for the expected signature of Brownian

motion up to the first exit time from an exponentially twice differentiable domain.

Lemma 5.4.1 For every z ∈ Γ,

ΦΓ(z) =

∫ 2π

0

Ψ(εeiθ)⊗ ΦΓ(z + εeiθ)
dθ

2π
(5.8)

where ε is sufficiently small such that z + εD ⊆ Γ.

Proof. From the strong Markov property, we have

ΦΓ(z) =

∫ 2π

0

Ez[S(B[0,τz+εD])|Bτz+εD = z + εeiθ]⊗ ΦΓ(z + εeiθ)
dθ

2π

=

∫ 2π

0

E0[S(B[0,τεD])|BτεD = εeiθ]⊗ ΦΓ(z + εeiθ)
dθ

2π

=

∫ 2π

0

Ψ(εeiθ)⊗ ΦΓ(z + εeiθ)
dθ

2π
(5.9)

where ε is sufficiently small such that z + εD ⊆ Γ.

The second equality comes from the translation invariance property.

Theorem 5.5 [A PDE of the expected signature of Brownian motion] Let Γ be an

exponentially twice differentiable domain, the expected signature of Brownian motion

up to the first exit time from the domain Γ should satisfy the following PDE:

4ΦΓ(z) = −(
2∑
i=1

ei ⊗ ei)⊗ ΦΓ(z)− 2
2∑
i=1

(
ei ⊗

∂ΦΓ(z)

∂zi

)
, if z ∈ Γ (5.10)
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with the boundary condition:

ΦΓ(z) = 1, if z ∈ ∂Γ (5.11)

and the initial condition:

ρ0(ΦΓ(z)) = 1, if z ∈ Γ̄ (5.12)

ρ1(ΦΓ(z)) = 0, if z ∈ Γ̄. (5.13)

Proof. For any fixed z ∈ Γ, let us consider a function

ϕ : εD → T ((E))

y 7→ Ψ(y)⊗ ΦΓ(z + y)

where ε = dist(z, ∂Γ).

By Lemma 5.4.1, we have

ΦΓ(z) =

∫ 2π

0

Ψ(εeiθ)⊗ ΦΓ(z + εeiθ)
dθ

2π

for every z ∈ Γ.

It implies that ϕ satisfies the mean value property at 0, i.e.

ϕ(0) = Ψ(0)⊗ ΦΓ(z) = ΦΓ(z) =

∫ 2π

0

ϕ(εeiθ)
dθ

2π
(5.14)

for every ε ≤ ε.

We proved the differentiability of Ψ in Lemma 5.3.6 and by the regularity of the

domain Γ we have that as ΦΓ is twice differentiable, so is ϕ. By the mean value

property and differentiability of ϕ at point 0 we will have that

∆(ϕ(y))|y=0 = 0.

By the chain rule, we obtain

∆(ϕ(y))|y=0

= (∆Ψ)(0)⊗ ΦΓ(z) + 2
2∑
i=1

∂Ψ(0)

∂zi
⊗ ∂Φ(z)

∂zi
+ Ψ(0)⊗∆ΦΓ(z) (5.15)

= 0.

Recall Lemma 5.3.7 and the following equalities:

Ψ(0) = 1 (5.16)

∂Ψ(0)

∂zi
= ei, for i = 1, 2 (5.17)

(∆Ψ)(0) =
2∑
i=1

ei ⊗ ei (5.18)
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Thus after plugging (5.16) into (5.15) and rearranging the equation, finally we get

4ΦΓ(z) = −(
2∑
i=1

ei ⊗ ei)⊗ ΦΓ(z)− 2
2∑
i=1

(
ei ⊗

∂ΦΓ(z)

∂zi

)
(5.19)

By the definition of the expected signature we have the boundary condition,

ΦΓ(z) = 1, if z ∈ ∂Γ

By the definition of the signature, it is obvious that ρ0(Φ(z)) = 1 and

ρ1(Φ(z)) =
2∑
i=1

Ez(
∫ τΓ

0

◦dB(i)
t )ei =

2∑
i=1

Ez(B(i)
τΓ
− z(i))ei = 0

since Brownian motion is a martingale.

Remark 5.4.1 The proof of our PDE theorem for the expected signature is actually

independent of the dimension of the Brownian motion. Our theorem is still valid for

higher dimensional cases.

The following corollary is an equivalent statement to Theorem 5.5, which states how

to use the PDE system to solve each term of the expected signature recursively.

Corollary 5.4.1 Let Γ be an exponentially twice differentiable domain. For every

n ∈ N and n ≥ 2, the nth term of the expected signature of Brownian motion up to

the first exit time of the domain Γ should satisfy the following PDE:

∆(ρn(ΦΓ(z))) = −2
2∑
i=1

ei ⊗
∂ρn−1(ΦΓ(z))

∂zi
−

(
2∑
i=1

ei ⊗ ei

)
⊗ ρn−2(ΦΓ(z)) (5.20)

with the boundary condition ρn(ΦΓ(z)) = 0, if z ∈ ∂Γ and n ≥ 2.

Moreover ρ0(ΦΓ(z)) = 1, ρ1(ΦΓ(z)) = 0,∀z ∈ Γ̄.

Remark 5.4.2 From the corollary it is important to notice that if we have computed

the (n− 1)th and (n− 2)th term of the expected signature, the right hand side of the

PDE for the nth term is known. There is a classical solution to this PDE problem and

it implies that from the PDE and the boundary condition we can solve all the terms

of the expected signature recursively. We will explain this in the next section.

Let us recall the following important theorem in PDE theory.
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Theorem 5.6 Let Γ be a bounded domain and ∂Γ be the boundary of Γ. Given

functions ϕ : ∂Γ → R, f : Γ → R, which satisfy some regularity conditions, the

solution of the Dirichlet problem for the Poisson equation{
∆u(x) = f(x), for x ∈ Γ;
u(x) = ϕ(x), for x ∈ ∂Γ.

is given by the representation formula

u(y) =

∫
∂Γ

ϕ(x)
∂G(x, y)

∂Vx
do(x) +

∫
Γ

f(x)G(x, y)dx

where do(x) is the volume element of ∂Γ, Vx is the exterior normal of ∂Γ and G(x, y)

is the Green function of the domain Γ, and y ∈ Γ.[9]

Moreover, the solution to the Dirichlet problem for the Poisson equation has a stochas-

tic representation

u(y) = Ey [ϕ(BτΓ)]− Ey
[∫ τΓ

0

1

2
f(Bs)ds

]

With this theorem in mind, we give the recurrence relation between higher order

and lower order terms of the expected signature, which is a direct consequence of

the above theorem, by simply plugging the PDE and the boundary condition in our

setting into the theorem. It also provides insights into ways to compute the expected

signature recursively, given the first two terms of expected signature, which are known.

Theorem 5.7 Let ΦΓ(z) be defined as before. Then for each index I = (i1, i2, . . . , in)

of length n ≥ 2,

πI(ΦΓ(z)) =

∫
Γ

ϕI(ν)G(ν, z)dν

where I1 = (i2, . . . , in), I2 = (i3, . . . , in) and

ϕI(z) = 1{i1=i2}π
I2(ΦΓ(z)) + 2

(
2∑
i=1

1{i1=i}
∂πI1(ΦΓ(z))

∂zi

)

and G(ν, z) is the Green function of the domain Γ.

Moreover, the solution has a unique stochastic representation as follows:

πI(ΦΓ(z)) = Ez
[∫ τΓ

0

ϕI(Bs)ds

]
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5.5 Concrete examples

5.5.1 The expected signature of Brownian motion in the unit
disk

Before considering the case with the unit disk, we look at one-dimensional Brownian

motion starting at x upon the first exit time from the interval [−1, 1], where x ∈
(−1, 1).

After an easy computation, the probability of hitting 1 at the exit time is

Px(Bτ[−1,1]
= 1) =

x+ 1

2

and

ρn(Φ[−1,1]) =
(1− x)n

n!
Px(Bτ[−1,1]

= 1) +
(−1− x)n

n!
Px(Bτ[−1,1]

= −1)

=
1

2n!
(1− x2)

(
(1− x)n−1 − (−1− x)n−1

)
On the other hand, using a similar approach to the one in two dimensional case, we

can derive that the expected signature Φ[−1,1](x) should satisfy the following ODE:

d2Φ[−1,1](x)

dx2
= −Φ[−1,1](x)− 2

dΦ[−1,1](x)

dx

with the boundary condition

ρn(Φ[−1,1](x)) = 0, if x = ±1 for ∀n ≥ 2

and the initial condition

ρ0(Φ[−1,1](x)) = 1

ρ1(Φ[−1,1](x)) = 0 for all x ∈ [−1, 1]

It is remarkable that this ODE has a similar form to the PDE we derived in two

dimensions, and the explicit formula for the expected signature of the 1-dimensional

Brownian motion satisfies such ODEs and can be uniquely determined by the ODE

system, initial condition and boundary condition.

After discussing the one-dimensional case, we will illustrate how to use our PDE

approach to calculate the expected signature of the Brownian motion upon the first

exit time from the unit disk. To simplify our notation, let us denote this expected
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signature of Brownian motion starting at z upon the first exit time by Φ(z). Based

on our previous discussion, Φ(z) is the solution to the following PDE problem: 4Φ(z) = −
(

2∑
i=1

ei ⊗ ei
)
⊗ Φ(z)− 2

2∑
i=1

(
ei ⊗ ∂Φ(z)

∂zi

)
if z ∈ D;

Φ(z) = 1, if |z| = 1.

Recall Corollary 5.4.1, and we have for every n ≥ 2,

4ρn(Φ(z)) = −

(
2∑
i=1

ei ⊗ ei

)
⊗ ρn−2(Φ(z))− 2

2∑
i=1

(
ei ⊗

∂ρn−1(Φ(z))

∂zi

)
We can find the whole expected signature recursively with ρ0(Φ(z)) = 1 and ρ1(Φ(z)) =

0 for every z ∈ D.

In the following part, we are going to prove that the expected coordinate signa-

ture of Brownian motion upon the first exit time of the unit disk is a polynomial of

z1 and z2.

To be convenient, we introduce a definition of what it means for a function to be of

the polynomial form, when the function takes value in (R2)⊗n .

Definition 5.5.1 Let the function f be a map from Γ to (R2)⊗n, where Γ is a domain

in R2 endowed with the canonical basis. We say that f is of polynomial form with a

factor g if for every index I with length n, πI(f(.)) is a polynomial with a common

factor g, where g is a polynomial.

Lemma 5.5.1 For any given polynomial of degree n denoted by f : D → R, the

solution to the following PDE{
∆F (z) = f(z), if z ∈ D;
F (z) = 0, if |z| = 1.

exists and it is unique. Moreover it is a polynomial of degree no more than n+ 2 with

a factor (1−
2∑
i=1

z2
i ).

We will prove this lemma in two different ways. The first one can be applied to the

higher dimensional case, but the second one can give an algorithm to calculate the

solution F .
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Proof. For any fixed n ∈ N, let us denote the space of the polynomials with degree

no more than n by P [n]. Define the linear operator L which maps P [n] to P [n] as

follows:

L(f)(z) := ∆((1−
2∑
i=1

z2
i )f(z)),

where f ∈ P [n].

We are going to show that dim(Im(L)) = dim(P [n]). Let us consider Ker(L) =

{g ∈ P [n]|L(g) = 0}. For every g ∈ Ker(L), let G be G(z) := (1−
2∑
i=1

z2
i )g(z). Then

G ∈ P [n+ 2] and satisfies the following PDE problem

∆G(z) = 0 if z ∈ D

with the boundary condition

G(z) = 0, if |z| = 1.

By the strong maximum principle G(z) = 0 is the unique solution to this PDE

problem, then we have Ker(L) = {0} and dim(Ker(L)) = 0. Since L is a linear

operator, by the rank-nullity theorem, we have

dim(Im(L)) = dim(P [n])− dim(Ker(L)) = dim(P [n])

It is easy to show that Im(L) ⊆ P [n]. Then we can claim that L is a bijection and

Im(L) = P [n], which means that for every f ∈ P [n], there exists a unique polynomial

g ∈ P [n] such that

L(g) = f

Equivalently for every f ∈ P [n], there exits a unique polynomial F ∈ P [n + 2] :

F (z) := (1−
2∑
i=1

z2
i )g(z) which is the unique solution to the following PDE:

{
∆F (z) = f(z), if z ∈ D;
F (z) = 0, if |z| = 1.

The following is another way to prove Lemma 5.5.1, which gives us an algorithm to

solve for the F completely.
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Proof. We adopt the notation of P [n] and the linear operator L used in the above

proof. To prove the lemma, it is equivalent to prove that for f ∈ P [n] with n ≥ 0,

there exists a homogeneous polynomial denoted by gn and a polynomial Rn which is

a polynomial of degree strictly less than n if n ≥ 1 and R0 = 0 such that

L(gn) = f ∗ +Rn

where f ∗ is the leading term of f .

For n = 0, each polynomial f ∈ P [n] is a constant function, i.e. f(z) = c ∀z =

(z1, z2) ∈ D. Then g(z) := − c
4

satisfies

∆((1−
2∑
i=1

z2
i )g(z)) = f(z) = c (5.21)

It is easy to show that the solution to this PDE is unique. Thus the statement is true

for n = 0.

For n ≥ 1, since gn is a homogeneous polynomial of degree n, we have

L(gn)(z) = −4(n+ 1)gn(z) + (1−
2∑
i=1

z2
i )∆(gn(z)).

The leading term of L(gn)(z) is

−4(n+ 1)gn(z)−
2∑
i=1

z2
i ∆(gn(z))

which should match f ∗.

Let us write gn in the form:

gn(z) =
n∑
j=0

ajz
j
1z
n−j
2

and f ∗ in the form:

f ∗(z) =
n∑
j=0

bjz
j
1z
n−j
2 .

Then

−4(n+ 1)gn(z)−
2∑
i=1

z2
i ∆(gn(z))

=
n∑
j=0

[−4(n+ 1)− j(j − 1)1{2≤j≤n} − (n− j)(n− j − 1)1{0≤j≤n−2}]ajz
j
1z
n−j
2

−
n−2∑
j=0

(j + 2)(j + 1)aj+2z
j
1z
n−j
2 −

n∑
j=2

(n− j + 2)(n− j + 1)aj−2z
j
1z
n−j
2
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Whether there exists gn such that the leading term of ∆((1 −
2∑
i=1

z2
i )gn(z)) is f ∗(z)

depends on whether the following linear equation has a solution or not:

[−4(n+ 1)− j(j − 1)1{2≤j≤n} − (n− j)(n− j − 1)1{0≤j≤n−2}]aj

−(j + 2)(j + 1)aj+21{0≤j≤n−2} − aj−2(n− j + 2)(n− j + 1)1{2≤j≤n} = bj

where j = 0, 1, ..., n.

Or equivalently in the matrix form:

Mn~a = ~b (5.22)

where ~a =


a0

a1

:
an

, ~b =


b0

b1

:
bn

 and Mn is a (n+1)×(n+1) matrix which is defined

as below:

Mn(j, j) = [−4(n+ 1)− (n− j)(n− j − 1)], if j < 2;
Mn(j, j) = [−4(n+ 1)− j(j − 1)− (n− j)(n− j − 1)], if j ≥ 2 and j ≤ n− 2;
Mn(j, j) = [−4(n+ 1)− j(j − 1)], if j > n− 2 and j ≤ n;
Mn(j, j + 2) = −(j + 2)(j + 1), if j ≤ n− 2;
Mn(j, j − 2) = −(n− j + 2)(n− j + 1), if j ≥ 2;
Mn(i, j) = 0, otherwise.

The final step is to prove that Mn is invertible. It is easily verified that Mn is strictly

diagonally dominant, since we have

|Mn(j, j)| −
n∑
i=0
i 6=j

|Mn(i, j)| = 4(n+ 1) > 0

By the Gershgorin circle theorem, a strictly diagonally dominant matrix is non-

singular. So Mn is invertible and there exists the unique solution ~a to Eqn. 5.22:

~a = M−1
n
~b

i.e. there exits a unique gn such that the leading term of ∆((1−
2∑
i=1

z2
i )gn(z)) equals

f ∗. By induction, we can claim that for every polynomial f of degree n, there exists

the unique polynomial g of degree no more than n such that

L(g)(z) = f(z)
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Theorem 5.8 For each n ∈ N+, ρn(Φ(z)) is of polynomial form of degree no more

than n with the factor (1−
2∑
i=1

z2
i ).

Proof. We proved it by induction.

For n = 1, ρ1(Φ(z)) = 0 and it has a factor (1−
2∑
i=1

z2
i ).

For n = 2, by Corollary 5.4.1 we have ρ2(Φ(z)) satisfies ∆ρ2(Φ(z)) = −
2∑
i=1

ei ⊗ ei, if z ∈ D;

ρ2(Φ(z)) = 0, if |z| = 1.

By the second proof of Lemma 5.5.1, we can calculate the unique solution ρ2(Φ(z)) =

1
4
(1−

2∑
i=1

z2
i )ei ⊗ ei. So our statement is true for n = 1, 2.

Suppose that for every n < N , it holds. We are going to prove that it is true for

n = N .

By Corollary 5.4.1, we obtain that for every n ≥ 2,

4ρn(Φ(z)) = −

(
2∑
i=1

ei ⊗ ei

)
⊗ ρn−2(Φ(z))− 2

2∑
i=1

(
ei ⊗

∂ρn−1(Φ(z))

∂zi

)
By the induction hypothesis, it is easy to show that the right hand side should be

of polynomial form of degree no more than n − 2. Using Lemma 5.5.1, each πI(Φ.)

with |I| = n should be a polynomial of degree less than n with a factor 1 −
2∑
i=1

z2
i ,

so ρn(Φ(.)) is of polynomial form of degree no greater than n with common factor

1−
2∑
i=1

z2
i . Now our proof is complete.

Now we give the truncated expected signature of Brownian motion upon the first exit

time of the unit disk up to degree 4.

ρ2(Φ(z)) =
1

4
(1−

2∑
i=1

z2
i )(

2∑
i=1

ei ⊗ ei)

ρ3(Φ(z)) = (1−
2∑
i=1

z2
i )(−

2∑
i=1

1

8
ziei)⊗ (

2∑
i=1

ei ⊗ ei)

ρ4(Φ(z)) = (1−
2∑
i=1

z2
i )
(
D1(z)e1 ⊗ e1 +

z1z2

24
(e1 ⊗ e2 + e2 ⊗ e1) +D2(z)e2 ⊗ e2

)
⊗

(
2∑
i=1

ei ⊗ ei

)
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where

D1(z) =
7

192
z2

1 −
1

192
z2

2 +
1

64

D2(z) =
7

192
z2

2 −
1

192
z2

1 +
1

64

5.5.2 The Lévy area of a Brownian motion up to the first
exit time from the disk

Let us consider the unit disk domain D ⊂ R2, and the Brownian motion started at

z ∈ D. τD is used to denote the first exit time of the Brownian motion from D. The

signature of the Lévy area of the Brownian motion up to τD, denoted by S(L[0,τD]) is

similar to that of the Lévy area up to a fixed time by replacing the time interval by

[0, τD]:

S(L[0,τD]) = 1 +
∑
n≥1

(∫
0<t1<···<tn<τD

dLt1 ◦ dLt2 · · · ◦ dLtn
)
e1 ⊗ · · · ⊗ e1︸ ︷︷ ︸
n copies of e1

Notation 5.9 Let us denote the expectation of S(L[0,τD]) on condition that the start-

ing point of the Brownian motion is z by F (z1, z2), where z = (z1, z2) ∈ D.

Then F is a function mapping R2 to T ((R2)).

Recall that τD denotes the first exit time of Brownian motion from the unit disk

D. Let us introduce two notations to denote the characteristic function and the mo-

ment generating function of the Lévy area of the Brownian motion at τD respectively

as follows.

Notation 5.10 Denote the characteristic function of the Lévy area of the Brownian

motion at τD by L(z;α), i.e.

L(z;α) = E
[
eiαLτD |B0 = z

]
Notation 5.11 Let us denote the moment generating function of the Lévy area of

the Brownian motion at τD by M(z;α), i.e.

M(z;α) = E
[
eαLτD |B0 = z

]
In the appendix A.1 it has been proved that the nth moment of the Lévy area of

the Brownian motion multiplied by 1
n!

agrees with the Stratonovich iterated integral

of Lévy area. We are going to use our PDE theorem for the expected signature of
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stopped Brownian motion in order to derive the PDE of the characteristic function

and the moment generating function of the Lévy area at τD, i.e. L(z;α) andM(z;α).

Moreover it turns out that both L(z;α) and M(z;α) admit a probabilistic repre-

sentation and a deterministic representation under the assumption that L(z;α) and

M(z;α) have continuous second partial derivatives when α is in the proper range(See

Theorem 5.12 and Lemma 5.5.6). To show the above theorem, we need to have the

following useful lemmas to describe the recursive relationship between lower order

terms and higher order terms of the expected signature of the Lévy area up to τD.

The idea is similar to the case for a fixed time interval.

Lemma 5.5.2 Let F be defined as before in Notation 5.9. Then it satisfies the bound-

ary condition:

F (z) = 1, if z ∈ ∂D

and the PDE:

4F (z) = −1

2
e1 ⊗

(
−z2

∂F (z)

∂z1

+ z1
∂F (z)

∂z2

)
−
(

1

4
(z2

1 + z2
2)e1 ⊗ e1

)
⊗ F (z)

In other words, for n ∈ N and n ≥ 2,

4ρn(F (z)) =
1

2

(
z2
∂ρn−1(F (z))

∂z1

− z1
∂ρn−1(F (z))

∂z2

)
− 1

4
(z2

1 + z2
2)ρn−2(F (z)) (5.23)

where z ∈ D. Moreover ρ0(F (z)) = 1 and ρ1(F (z)) = 0 for all z ∈ D.

Proof. For every z ∈ D, there exists ε > 0 such that z + εD ⊂ D, by Chen’s identity

for the signature and the strong Markov property of the Lévy area of a Brownian

motion,

F (z) = E[S(L[0,τD])|B0 = z]

= Ez[S(L[0,τz+εD])⊗ F (Bτz+εD)] (5.24)

Since the expected signature of the Brownian motion up to τD is in the polynomial

form and thus infinitely smooth, the expected signature of the Lévy area up to τD is

just a linear functional on the expected signature of the stopped Brownian motion,

thus it is infinitely smooth as well. We can apply the Taylor expansion to the function

F , and get

F (Bτz+εD) = F (z) +
2∑
i=1

∂F (z)

∂zi

(∫ τz+εD

0

dB
(i)
t1

)

+
1

2

2∑
i=1

2∑
j=1

∂2F (z)

∂zi∂zj

(∫ τz+εD

0

dB
(i)
t1

∫ τz+εD

0

dB
(j)
t1

)
+O(ε3)

97



Substituting this in the RHS of Equation (5.24), we write F as a power series in ε as

follows:

F (z) +
1

2

2∑
i=1

2∑
j=1

Ez
[∫ τz+εD

0

dB
(i)
t1

∫ τz+εD

0

dB
(j)
t1

]
∂2F (z)

∂zi∂zj

+
2∑
i=1

Ez
[
Lτz+εD

∫ τz+εD

0

dB
(i)
t1

]
e1 ⊗

∂F (z)

∂zi
+

(
Ez
[

1

2
L2
τz+εD

]
e1 ⊗ e1

)
⊗ F (z) + o(ε2)

where B0 = x.

Note that, unlike the expected signature of the Brownian motion up to τD centered

at the start point of Brownian motion z, that of the corresponding Lévy area does

not have such translation invariance, and it does depend on z. However applying the

property that a Brownian motion path started at z ∈ R2 has the same distribution

as the Brownian motion started at the origin translated by z, it is not difficult to get

the following results. We do not give the details here; interested readers could refer

to the appendix(A.3.1):

Ez
[∫ τz+εD

0

◦dB(i)
t1

∫ τz+εD

0

◦dB(j)
t1

]
= 1(i = j)

1

2
ε2

Ez
[∫ τz+εD

0

◦dB(i)
t1 Lτx+εD

]
=

(
−1

4
z21(i = 1) +

1

4
z11(i = 2)

)
ε2

Ez
[
L2
τz+εD

]
=

1

8
(z2

1 + z2
2)ε2 + o(ε2)

Since the RHS of the Equation (5.24) is independent of ε, the coefficient of the term

ε is equal to

1

4
4 F (z) +

1

4
e1 ⊗

(
−z2

∂F (z)

∂z1

+ z1
∂F (z)

∂z2

)
+

(
1

16
(z2

1 + z2
2)e1 ⊗ e1

)
⊗ F (z)

and should be zero. Thus we have the PDE of F immediately, i.e.

4F (z) =
1

2
e1 ⊗

(
z2
∂F (z)

∂z1

− z1
∂F (z)

∂z2

)
−
(

1

4
(z2

1 + z2
2)e1 ⊗ e1

)
⊗ F (z)

Using the above lemma we can calculate the moments of the Lévy area at time τD,

i.e. ρn(F (z)), which is given in the following lemma.

Lemma 5.5.3 For every integer n ≥ 1,

ρ2n(F (z)) =
n∑
i=0

An,ir
4i

ρ2n+1(F (z)) = 0
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where An,i is defined recursively as follows:

A0,0 = 1

An,i = − 1

64i2
An−1,i−1, if i = 1, 2, . . . , n

An,0 = −
n∑
i=1

An,i.

Proof. By Lemma 5.5.2, it is shown that the moments of Lévy area of the Brownian

motion at time τD, i.e. ρn(F (z)) satisfies (5.23). As the expected signature of the

Brownian motion up to the first exit time from the unit disk, i.e. ΦD(x) is in the

polynomial form and the moments of the Lévy area is the linear functional on ΦD(z),

ρn(F (z)) is a polynomial in z. Moreover due to the rotation invariance of the Brown

motion, ρn(F (z)) is indeed a function of |z|, and thus (5.23) can be further simplified

to

∆(ρn(F (z))) = −1

4
|z|2ρn−2(F (z)), z ∈ D (5.25)

Since ρ1(F (z)) = 0, it is easy to prove that ρ2n+1(F (z)) = 0 by induction according

to the fact that ρn(F (z)) satisfies (5.25) and f(z) = 0 is the unique solution to

∆f(z) = 0.

Next let us focus on the even moments of Lévy area. Since ρ2n(F (z)) is a function of

z, we define the function On : [0, 1]→ R as follows:

On(r) = ρ2n(F (z)) if |z| = r.

By the chain rule, (5.25) implies that On satisfies the following equation:

1

r
O′n(r) +O′′n(r) = −r

2

4
On−1(r).

Assume that On can be written in the following form

On(r) =
n∑
i=0

An,ir
4i

Thus the PDE of On can be rewritten as follows:

n∑
i=1

16i2An,ir
4i−2 = −1

4
An−1,i−1r

4i−2, if i = 1, 2, . . . , n.

By comparing the coefficients of r4i−2 on both sides of the above equation, we obtain

that

An,i = − 1

64i2
An−1,i−1.
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where i = 1, 2, . . . , n. Since On(1) = 0, we have

An,0 = −
n∑
i=1

An,i.

By the definition of the signature, it is obvious that A0,0 = 1.

Suppose that the partial sum

N∑
n=0

(αi)nρn(F (z))

converges as N tends to the infinity. Under this assumption, we can expand the

function L(z;α) by power series in α, i.e.

L(z;α) =
∞∑
n=0

(αi)nρn(F (z))

Summing up the LHS and RHS (5.23) multiplied by (iα)n over all the integer n ≥ 2,

we have the following PDE and the boundary condition:

4L(z;α) = −αi
2

(−z2
∂L(z;α)

∂z1

+ z1
∂L(z;α)

∂z2

) +
1

4
α2(z2

1 + z2
2)L(z;α), if z ∈ D;

L(z;α) = 1, if z ∈ ∂D.

By the rotation invariance of the Lévy area again, it is easy to see that L(z1, z2;α)

is actually a function of z2
1 + z2

2 given the parameter α, i.e. there exists a function l

such that L(z1, z2;α) = l(z2
1 + z2

2 ;α). Then by the chain rule, it is easy to verify that

−z2
∂L(z;α)

∂z1

+ z1
∂L(z;α)

∂z2

= −2z2z1l
′(z2

1 + z2
2 ;α) + 2z2z1l

′(z2
1 + z2

2 ;α) = 0

Therefore we can conclude that the characteristic function L(.;α) is actually a real

valued function, and the PDE for L(.;α) could be simplified as follows:

4L(z;α) =
1

4
α2(z2

1 + z2
2)L(z;α)

where z ∈ D.

The boundary condition is

L(z;α) = 1, if z ∈ ∂D

since τD = 0 if the starting point of the Brownian motion z is at the boundary of the

disk, i.e. z2
1 + z2

2 = 1.
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Lemma 5.5.4 Let the function L(.;α) : D → R be a solution to the following PDE

problem:

4L(z1, z2;α) =
1

4
(z2

1 + z2
2)α2L(z1, z2;α), if (z1, z2) ∈ D; (5.26)

L(z1, z2;α) = 1, if (z1, z2) ∈ ∂D. (5.27)

Then the solution L exists and is unique. Besides it has stochastic representation as

follows:

L(z;α) = Ez
[
exp−

α2

8

∫ τD
0 |Bt|2ds

]
Moreover L(z;α) has the following representation:

L(z;α) =

(
∞∑
k=0

(
α2

64
|z|2
)k (

1

(k!)2

))
b0(

α2

4
)

where for every a ∈ R+,

b0(a) =
1∑∞

k=0

(
a
16

)k ( 1
(k!)2

)
Proof. The stochastic representation for the solution to this PDE problem is an

immediate consequence of the Feynman-Kac theorem. On the other hand, note that

the PDE of F (z;α) is the PDE in Lemma A.3.2 in the appendix for a = α2

4
. The

second equality comes from Lemma A.3.2 directly.

Theorem 5.12 Let the function L be defined as before in Lemma 5.5.4. Then

L(z;α) = L(z;α).

Proof. Similar to the fixed time case, note that

L(z;α) =

(
∞∑
k=0

(
α2

64
|z|2
)k (

1

(k!)2

))
b0(

α2

4
)

which means that for every fixed z, L(z;α) can be written as power series in α, and it

is an infinitely differentiable function of α, since it is the division of two power series

in α and the devisor is non-zero. It is easy to see that for every non-negative integer

n ≥ 0,

∂2n+1L(z; 0)

∂α
= 0.
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Moreover

L(z;α) =
∑
n≥0

1

n!
(−i)nLn(z)αn

where for every integer n ≥ 0, z ∈ D,

Ln(z) = (−i)n 1

n!

∂nL(z; 0)

∂αn
.

Since L(z;α) satisfies PDE (5.26) with the initial condition and it can be represented

as the power series in α, by comparing the coefficients of α, we can conclude that Ln

satisfies the recursive PDEs of ρn(F (z)), i.e. PDE (5.23). Moreover as the solution

to PDE (5.23) is unique, we have that

Ln(z) = ρn(F (z)).

On the other hand, as ∑
n≥0

(−iα)nLn(z) = L(z;α),

the partial sum ∑
n≥0

(−iα)nρn(F (z))

converges as well and the limit should be L(z;α). Now the proof is complete.

Suppose that for a sufficiently small real number α̃ > 0 such that for every α ∈
[0, α̃],M(z1, z2;α) is well defined, finite and has continuous second partial derivatives.

Assume that the partial sum

N∑
n=0

αnρn(F (z))

converges as N tends to the infinity. We sum up the LHS and RHS of (5.23) multiplied

by αn over all the integer n ≥ 2, and setting the first derivative part equals to zero, the

functionM(.;α) : D→ T ((R2)) satisfies the following PDE and boundary condition:

4M(z1, z2;α) = −1

4
(z2

1 + z2
2)α2M(z1, z2;α), if (z1, z2) ∈ D; (5.28)

M(z1, z2;α) = 1, if (z1, z2) ∈ ∂D. (5.29)

The boundary condition comes from the fact the Lévy area of the Brownian motion

starting at the boundary of the unit disk up to τD is 0.
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Lemma 5.5.5 For every α ∈ [0, 8], define the function M̄(.;α) : R2 → R as follows:

M̄(z;α) =

(
∞∑
k=0

(
−α

2

64
|z|2
)k (

1

(k!)2

))
b0(−α

2

4
)

where for every a ∈ [−16, 0],

b0(a) =
1∑∞

k=0

(
a
16

)k ( 1
(k!)2

) .
Then M̄(.;α) is a solution to the following PDE:

4M̄(z1, z2;α) = −1

4
(z2

1 + z2
2)α2M̄(z1, z2;α), if (z1, z2) ∈ D; (5.30)

M̄(z1, z2;α) = 1, if (z1, z2) ∈ ∂D. (5.31)

Proof. This PDE problem (5.30) is actually the case for a = −α2

4
in Lemma A.3.2 in

the Appendix. Since α ∈ [0, 8], −α2

4
∈ [0, 16], Lemma A.3.2 implies that the solution

should be in the form as stated in the above lemma.

Theorem 5.13 For every α ∈ [0, 8], let M̄ be defined as before in Lemma 5.5.5.

Then

M(z;α) = M̄(z;α)

Proof. The proof of this theorem is similar to that of Theorem 5.12.

Remark 5.5.1 Note that M̄(z;α) can only be proved to be written as the power series

in α when α ∈ [0, 8]. This explains why that

M(z;α) = M̄(z;α)

is true when α ∈ [0, 8] instead of for any α ∈ R+.

Remark 5.5.2 The deterministic representation of the function L(.;α) and M(.;α)

are closely related to the modified Bessel function of the first kind (Definition A.3.1).

More details can be found to Remark A.3.2 in the appendix.

Lemma 5.5.6 Let α̂ be a strictly positive real number such that

Ex[eα̂τD ] < +∞

Let α = min{2
√
α̂, 8}. Then M(z;α) has the following stochastic representation:

M(z;α) = Ez[e
1
8
α2

∫ τD
0 |Bt|2dt]

where z = (z1, z2) ∈ R2.
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Proof. Let us consider the semimartingale Mt defined as follows:

Mt =M(Bt∧τD ;α)e
1
8
α2

∫ t∧τD
0 |Bs|2ds.

The first step is to prove that for every t ≥ 0,

Ez[M0] = Ez[Mt].

To do that, we express Mt in the integral form by applying Itô’s formula to Mt:

Mt = M0 +

∫ t∧τD

0

(
1

2
4M(Bu) +

1

8
α2|Bu|2M(Bu)

)
exp

1
8
α2

∫ u
0 |Bu1 |

2du1 du

+

∫ t∧τD

0

2∑
i=1

∂M(Bu)

∂zi
e

1
8
α2

∫ u
0 |Bu1 |

2du1dWu.

Since the function ∂M(z)
∂zi

is continuous in D̄, it is bounded. Let Ci denote its supre-

mum, i.e.

Ci = sup
z∈D̄

∣∣∣∣∂M(z)

∂zi

∣∣∣∣ <∞
where i = 1, 2.

For every s ∈ [0, t],

2∑
i=1

Ez
[∫ t∧τD

s∧τD

(
∂M(Bu)

∂zi
e

1
8
α2

∫ u
0 |Bu1 |

2du1

)2

du

]

≤
2∑
i=1

Ez
[∫ t∧τD

s∧τD

(
∂M(Bu)

∂zi
e

1
8
α2u

)2

du

]
, by |Bu∧τD| ≤ 1;

≤
2∑
i=1

Ez
[∫ t∧τD

s∧τD
C2
i e

1
4
α2udu

]
≤

2∑
i=1

Ez
[∫ t

0

C2
i e

1
4
α2τDdu

]

=
2∑
i=1

C2
i tEz

[
e

1
4
α2τD
]

=

(
2∑
i=1

C2
i t

)
Ez
[
eα̂τD

]
< +∞.

Therefore Mt is L2−integrable. Then by the Itô isometry, we have that

Ez[Mt] = Ez
[
M0 +

∫ t∧τD

0

(
1

2
4M(Bu) +

1

8
α2|Bu|2M(Bu)

)
e

1
8
α2

∫ u
0 |Bu1 |

2du1du

]
.

As M(.) is well defined, finite and has continuous second partial derivatives, M(.)

satisfies (5.28)

4M(z1, z2;α) = −1

4
(z2

1 + z2
2)α2M(z1, z2;α)
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and Bu∧τD ∈ D̄, the drift part of Mu should be zero, and thus for every t ≥ 0,

Ez[Mt] = Ez[M0].

It implies that

M(0) = Ez[Mt] = lim
t→+∞

Ez[Mt].

Furthermore, for every t ≥ 0, it holds that

Ez[|Mt|] ≤
√
Ez[M2

t ] =

√
Ez[M(Bt∧τD)2e

α2

4

∫ τD
0 |Bt|2dt]

≤ C3

√
Ez[e 1

4
α2τD ] = C3

√
Ez[eα̂τD ]

where

C3 = sup
z∈D̄
M(z;α).

By the boundedness of the continuous function M(z;α) on D̄, C3 is finite. By as-

sumption, we have that

Ez[eα̂τD ] < +∞.

Therefore Mu is uniformly integrable, and by the martingale convergence theorem,

we have that

lim
t→+∞

Ez [Mt] = Ez
[

lim
t→+∞

Mt

]
.

By the definition of Mu, Pz(τD < +∞) = 1 and Pz(M0 = z) = 1, we have that

M(z;α) = Ez[M0] = lim
t→+∞

Ez[Mt] = Ez[MτD ]

= Ez
[
e

1
2

∫ τD
0

1
8
α2|Bt|2dt

]
as by the definition of M(.;α), the following equation holds:

M(BτD ;α) = 1.

Remark 5.5.3 In the proof of Corollary 5.2.1, we show that τD indeed has the expo-

nential integrability. It means that for α is sufficiently close to zero, M(z;α) admits

this stochastic representation.
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5.6 A discrete analogy: the expected signature of

a simple random walk up to an exit time

Let X1, X2, ... be independent, identically distributed random variables on a proba-

bility space (Ω,F ,P) taking values in the integer lattice Zd with

P{Xj = e} =
1

2d
, |e| = 1

A simple random walk starting at x ∈ Zd is a stochastic process Sn indexed by the

nonnegative integers, with S0 = x. We denote by Γ a regular domain of the integer

lattice and denote by τΓ the first exit time from the domain Γ, i.e.

τΓ = inf
n≥0
{n : Xn+1 ∈ ext(Γ)}

where ext(Γ) is the exterior of Γ.

Moreover ΦΓ(z) is defined as the expected signature of such a random walk started

at x run until the first exit time from the domain Γ(Γ ⊆ Zd is a finite set). By the

multiplicative property of the signature and the strong Markov property of the simple

random walk, we have the following important equations:

ΦΓ(x) =
∑
|ej |=1

1

2d
exp(ej)⊗ ΦΓ(x+ ej) (5.32)

where ej is the unit vector in Zd with jth component 1.

Rewriting (5.32), we will have

ρn(ΦΓ(x)) =
∑
|ej |=1

1

2d

n∑
i=0

(ej)
⊗i

i!
⊗ ρn−i(ΦΓ(x+ ej)).

It is equivalent to

−∆ρn(ΦΓ(x)) =
∑
|ej |=1

1

2d

n∑
i=1

(ej)
⊗i

i!
⊗ ρn−i(ΦΓ(x+ ej)). (5.33)

where ∆ is the discrete Laplacian, i.e.

∆ρn(ΦΓ(x)) =
∑
|ej |=1

1

2d
ρn(ΦΓ(x+ ej))− ρn(ΦΓ(x)).

It is easy to verify that the boundary condition for ΦΓ(x) should be

ΦΓ(x) = 1 = (1, 0, 0, ...), if x ∈ ∂Γ. (5.34)

We summarize our result in the following theorem.
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Theorem 5.14 Let Γ ⊆ Zd be a finite set. Then ΦΓ(x) should satisfies that for each

n ≥ 2

(a) ∆ρn(ΦΓ(x)) = −
∑
|ej |=1

1

2d

n∑
i=1

(ej)
⊗i

i!
⊗ ρn−i(ΦΓ(x+ ej)), if x ∈ Γ

(b) ρn(ΦΓ(x)) = 0 if x ∈ ∂Γ

and ρ0(x) = 1, ρ1(x) = 0 for every x ∈ Γ̄.

Remark 5.6.1 Notice that the right hand side of (5.33) is determined totally by

the truncated expected signature up to degree n − 1. It indicates that we can solve

ΦΓ(x) recursively just as the Brownian motion case. The classical potential theory in

Theorem 5.15(Page 25[12])guarantees that we can recursively solve a system of the

finite difference problems to obtain the whole expected signature of a simple random

walk up to the first exit time from Γ.

Theorem 5.15 Let Γ ⊆ Zd be a finite set, F : ∂Γ→ R, g : Γ→ R. Then the unique

function f : Ā→ R satisfying

(a) ∆f(x) = −g(x), x ∈ A

(b) f(x) = F (x), x ∈ ∂A,

is

f(x) = Ex[F (Sτ ) +
τ−1∑
j=0

g(Sj)]

Immediately we have the following theorem in our setting.

Theorem 5.16 Let Γ ⊆ Zd be a finite set. Then ΦΓ(x) should satisfies that for each

n ≥ 2

ρn(ΦΓ(x)) = Ex[
τ−1∑
j=0

gn(Sj)]

where

gn(x) =
∑
|ej |=1

1

2d

n∑
i=1

(ej)
⊗i

i!
⊗ ρn−i(ΦΓ(x+ ej))

Moreover ρ0(ΦΓ(x)) = 1, ρ1(ΦΓ(x)) = 0 for every x ∈ Γ̄.
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Remark 5.6.2 We identify the finite difference equations for the simple random walk

to characterize its expected signature as well. It is interesting to notice that for the

discrete case, the nth term of the expected signature of a simple random walk does not

only depend on (n−1)th and (n−2)th term as in the Brownian case, but also depends

on all the terms of the expected signature up to the (n− 1)th degree.
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Chapter 6

Conclusion

In this thesis, we derive the PDE of the expected signature of a time homogeneous

Itô diffusion process up to a fixed time. Moreover, we manage to obtain the PDE of

the expected signature of Brownian motion up to the first exit time from a domain.

The derivation of the PDE theorem essentially depends on the Markov property of

the stochastic process. This methodology for calculating the expected signature could

also be applied to the case of an Itô diffusion process up to the first exit time from a

fixed domain as well. Due to the limited time and some remaining technical issues,

we do not include the partial results which we have obtained, in the thesis.

In future work, we will continue working on the expected signature of a diffusion

process up to the first exit time from a domain and expect to get a more generalized

result on it. We would like to consider the expected signature of some non-Markov

process, e.g fractional Brownian motion, or Schramm-Loewner Evolution(SLE). In

terms of SLE, although it does not obey the Markov property, it has the domain

Markov property as well as conformal invariance. Currently we are working on the

expected signature of the SLE flow, which is a Markov process, but does not have a

drift satisfying the linear growth condition, and in future we hope that we could use

it to understand the expected signature of SLE.
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Appendix A

Lévy area of a Brownian motion
with an arbitrary starting point

A.1 The Stratonovich iterated integrals and the

moments of the Lévy area

Let us recall the definition of the Lévy area denoted by Lt, i.e.

Lt =
1

2

∫ t

0

−B(2)
s dB(1)

s +B(1)
s dB(2)

s .

Lemma A.1.1 For every integer n ≥ 1, for every t ∈ R+,∫
0<t1<···<tn<t

dLt1 ◦ dLt2 · · · ◦ dLtn =
1

n!
Lnt . (A.1)

Proof. It can be proved by simply applying the shuffle product property of the

Stratonovich integral. Alternatively we can use Itô calculus and the connection be-

tween the Stratonovich integral and the Itô integral to verify this lemma by induction.

A.2 The case for a fixed time

Let L(t, x1, x2;λ) denote the characteristic function of Lévy area at time t on condition

that the starting point of the driven Brownian motion is x,

L(t, x1, x2;λ) = E[eiλLt |B0 = x1e1 + x2e2]

In order to compute L(t, x1, x2;λ), we consider the following PDEs:

−λ
(
−x2

∂L(t, x1, x2;λ)

∂x1

+ x1
∂L(t, x1, x2;λ)

∂x2

)
= 0 (A.2)(

− ∂

∂t
+

1

2
∆

)
L(t, x1, x2;λ) = λ2 1

8
(x2

1 + x2
2)L(t, x1, x2;λ) (A.3)
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Solving this PDE, we have the following solution:

L(t, x1, x2;λ) =
1

cosh(1
2
λt)

exp

(
−1

4
λ(x2

1 + x2
2) tanh(

λ

2
t)

)
We give the sketch of solving procedure of this PDE.

By (A.2), it is reasonable to suggest that the solution should be in the form:

L(t, x1, x2;λ) = G(t, x2
1 + x2

2;λ)

By the chain rule, we have that

∂L(t, x1, x2;λ)

∂t
=

∂G(t, x2
1 + x2

2)

∂t
∂L(t, x1, x2;λ)

∂xi
= 2xi

∂G(t, x2
1 + x2

2)

∂x

∂2L(t, x1, x2;λ)

∂x2
i

= 2
∂G(t, x2

1 + x2
2)

∂x
+ 4x2

i

∂2G(t, x2
1 + x2

2)

∂x2

where i = 1, 2. Then we have

−∂G(t, x2
1 + x2

2)

∂t
+ 2

∂G(t, x2
1 + x2

2)

∂x
+ 2(x2

1 + x2
2)
∂2G(t, x2

1 + x2
2)

∂x2
=
λ2

8
(x2

1 + x2
2)G(t, x).

Then we know that G(t, x) satisfies the PDE as follows:

−∂G(t, x)

∂t
+ 2

∂G(t, x)

∂x
+ 2x

∂2G(t, x)

∂x2
=

λ2

8
xG(t, x)

G(0, x) = 1.

Suppose that the solution has the form

L(t, x1, x2;λ) = f(t)eg(t)(x
2
1+x2

2).

We will get ODEs for the function f and g as follows:

−f ′(t) + 2f(t)g(t) = 0

2g(t)2 − g′(t) =
1

8
λ2.

The second equation be reduced to the Riccati Equation, or the second order linear

ordinary differential equation. Substituting g by −u′/2u, we have the second order

linear ordinary differential equation as follows:

u′′(t) =
λ2

4
u(t).
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Thus the solution u(t) should be in the form:

u(t) = C1e
λ
2
t + C2e

−λ
2
t

where C is a constant.

Since g(0) = 0, it implies that u′(0) = 0, and therefore C1 = C2. Moreover, it implies

further that

g(t) = −1

2

u′(t)

u(t)
= −1

4
λ

sinh(λt
2

)

cosh(λ
2
t)

= −λ
4

tanh(
λ

2
t).

Since

f ′(t)

f(t)
= 2g(t)

f(0) = 0,

using the integral equality∫
tanh(

λ

2
t)dt =

(
λ

2

)−1

ln(cosh(
λ

2
t)) + C,

the following equality holds

ln(f(t)) =

∫ t

2g(s)ds =

∫ t

−λ
2

tanh(
λ

2
s)ds = − ln(cosh(

λ

2
t)) + C.

Since f(0) = 1, C = 0, and

f(t) =
1

cosh(λ
2
t)
.

Finally we have that

L(t, x1, x2, λ) = f(t) exp
(
g(t)(x2

1 + x2
2)
)

=
1

cosh(λ
2
t)

exp

(
−λ

4
(x2

1 + x2
2) tanh(

λ

2
t)

)
.

A.3 The case for the first exit time from the unit

disk

A.3.1 Some related details of derivation of the PDE of the
expected signature of the Lévy area up to the first exit
time of Brownian motion from the unit disk

Recall that τD denotes the exit time of the Brownian motion from the unit disk. To

derive the PDE of the expected signature of the Lévy area up to τD, we need to
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calculate the moments of Brownian motion and Lévy area at τD. We summarize the

result in the following lemma, and give the detailed proof later. Let Bt denote the

standard d−dimenional Brownian motion, where d is an integer greater than or equal

to 1.

Lemma A.3.1 For every i, j ∈ {1, 2, . . . , d},

Ez
[∫ τz+εD

0

◦dB(i)
t1

∫ τz+εD

0

◦dB(j)
t1

]
= 1(i = j)

1

2
ε2

Ez
[∫ τz+εD

0

◦dB(i)
t1 Lτx+εD

]
=

(
−1

4
z21(i = 1) +

1

4
z11(i = 2)

)
ε2

Ez
[
L2
τz+εD

]
=

1

8
(z2

1 + z2
2)ε2 + o(ε2).

Proof. Let us recall the definition of ΦΓ(z), i.e. the expected signature of the

Brownian motion starting at z ∈ R2 and run until the first exit time from the domain

Γ. We will use the notation ΦΓ(z) in the following proof.

By the shuffle product property of the signature,∫ τz+εD

0

◦dB(i)
t1

∫ τz+εD

0

◦dB(j)
t1 =

∫
0<t1<t2<τz+εD

◦dB(i)
t1 ◦ dB

(j)
t2 + ◦dB(j)

t1 ◦ dB
(i)
t2 .

Taking the expectation of both sides of the above equation, we have that

Ez
[∫ τz+εD

0

◦dB(i)
t1

∫ τz+εD

0

◦dB(j)
t1

]
= Ez

[∫
0<t1<t2<τz+εD

◦dB(i)
t1 ◦ dB

(j)
t2 + ◦dB(j)

t1 ◦ dB
(i)
t2

]
= π(i,j)(Φz+εD(z)) + π(j,i)(Φz+εD(z)).

By the translation invariance and the scaling property of the expected signature of

the Brownian motion (Lemma 5.3.1, Lemma 5.3.2), it follows that

Ez
[∫ τz+εD

0

◦dB(i)
t1

∫ τz+εD

0

◦dB(j)
t1

]
= ε2

(
π(i,j)(ΦD(0)) + π(j,i)(ΦD(0))

)
.

Using the fact that the second term of ΦD(0) is equal to

1

4

2∑
i=1

ei ⊗ ei,

the expectation Ez
[∫ τz+εD

0
◦dB(i)

t1

∫ τz+εD
0

◦dB(j)
t1

]
could be simplified to

1

2
ε21(i = j).
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Next, let us calculate Ez
[∫ τz+εD

0
◦dB(i)

t1 Lτx+εD

]
. By the translation property of the

Brownian motion,

Ez
[∫ τz+εD

0

◦dB(i)
t1 Lτz+εD

]
= E0

[
1

2

(∫ τεD

0

−(z2 +B
(2)
t ) ◦ dB(1)

t + (z1 +B
(1)
t ) ◦ dB(2)

t

)∫ τεD

0

◦dB(i)
t

]
= −1

2
z2E0

[∫ τεD

0

◦dB(1)
t

∫ τεD

0

◦dB(i)
t

]
+

1

2
z1E0

[∫ τεD

0

◦dB(2)
t

∫ τεD

0

◦dB(i)
t

]
+E0

[∫ τεD

0

◦dLt
∫ τεD

0

◦dB(i)
t

]
.

By the shuffle product property of the signature, the linearity of the expectation and

the scaling invariance of the expected signature of the stopped Brownian motion, it

is easy to see that

E0

[∫ τεD

0

◦dB(1)
t

∫ τεD

0

◦dB(i)
t

]
= ε2

(
π(1,i)(ΦD(0)) + π(i,1)(ΦD(0))

)
E0

[∫ τεD

0

◦dB(2)
t

∫ τεD

0

◦dB(i)
t

]
= ε2

(
π(2,i)(ΦD(0)) + π(i,2)(ΦD(0))

)
E0

[∫ τεD

0

◦dLt
∫ τεD

0

◦dB(i)
t

]
= ε3

(
−(π(1,2)

� π(i))(ΦD(0)) + (π(i)
� π(2,1))(ΦD(0))

)
.

Substituting the following equations in the above equations

ρ2(ΦD(0)) =
1

4

2∑
i=1

ei ⊗ ei

ρ3(ΦD(0)) = 0

then we have

E0

[∫ τεD

0

◦dB(1)
t

∫ τεD

0

◦dB(i)
t

]
=

1

2
ε21(i = 1)

E0

[∫ τεD

0

◦dB(2)
t

∫ τεD

0

◦dB(i)
t

]
=

1

2
ε21(i = 2)

E0

[∫ τεD

0

◦dLt
∫ τεD

0

◦dB(i)
t

]
= 0.

Therefore

Ez
[∫ τz+εD

0

◦dB(i)
t1 Lτx+εD

]
=

(
−1

4
z21(i = 1) +

1

4
z11(i = 2)

)
ε2.
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Similarly we can calculate Ez
[
L2
τz+εD

]
as follows:

Ez
[
L2
τz+εD

]
=

1

4
E0

[(∫ τεD

0

−(z2 +B
(2)
t ) ◦ dB(1)

t + (z1 +B
(1)
t ) ◦ dB(2)

t

)2
]

=
1

4
E0

[(∫ τεD

0

−z2 ◦ dB(1)
t + z1 ◦ dB(2)

t + ◦dLt
)2
]

= E0

[
z2

2

(∫ τεD

0

◦dB(1)
t

)2

+ z2
1

(∫ τεD

0

◦dB(2)
t

)2
]

+ o(ε2)

=
1

8
(z2

1 + z2
2)ε2 + o(ε2).

A.3.2 Solving explicitly the PDE of the characteristic func-
tion and the moment generating function of the Lévy
area of the Brownian motion up to the first exit time
from the unit disk

The main difficulty computation of the characteristic function and the moment gen-

erating function of the Lévy area of the Brownian motion up to the first exit time

from the unit disk turns out to be how to solve the following PDE (A.4) and the

boundary condition (A.5) in Lemma A.3.2 when a = α2

4
and a = −α2

4
respectively.

Lemma A.3.2 For every fixed a ∈ [−16,∞), the following PDE problem admits a

solution:

4f(z1, z2; a) = a(z2
1 + z2

2)f(z1, z2; a), if (z1, z2) ∈ D; (A.4)

f(z1, z2; a) = 1, if (z1, z2) ∈ ∂D. (A.5)

where f : D→ R, and a is a parameter. The solution f(z; a) is given as follows:

f(z; a) =

(
+∞∑
k=0

(
a|z|2

16

)k (
1

(k!)2

))
b0(a)

where

b0(a) =
1∑+∞

k=0

(
a
16

)k ( 1
(k!)2

) .
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Proof. Let us change from the cartesian coordinates to polar coordinates. Noted

that the boundary condition does not depend on the angle and the PDE only depends

on the radius. It is reasonable to suggest that f(.; a) is a function of r where r =√
z2

1 + z2
2 . For simplicity let us still use the function f(r; a) to denote the function

f after changing to polar coordinates. The PDE (A.4) is rewritten in polar form as

follows:

1

r
f ′(r; a) + f ′′(r; a) = ar2f(r; a), r ∈ (0, 1) (A.6)

f(1) = 1. (A.7)

Since the function f is defined in the unit disk D, which implies that f(0; a) should

be finite, and f(r; a) should be analytic, and represented as a power series of r as

follows:

f(r; a) =
∑
n≥0

bn(a)rn.

Then its first derivative and the second derivative can be written in terms of the

power series in r as well, supposing that the derivatives exist;

f ′(r, a) =
∑
n≥1

nbn(a)rn−1

f ′′(r, a) =
∑
n≥2

n(n− 1)bn(a)rn−2.

Therefore the LHS of the PDE of f(r; a) (A.4) can be expressed in terms of the power

series in r as follows:∑
n≥1

nbn(a)rn−2 +
∑
n≥2

n(n− 1)bn(a)rn−2 = b1(a)r−1 +
∑
n≥2

n2rn−2

while the RHS of the PDE of f(r; a) (A.4) is equal to

a
∑
n≥0

bn(a)rn+2.

By comparing the coefficients of rn on both sides, we have that

b1(a), b2(a), b3(a) = 0;

∀n ≥ 2, (n+ 2)2bn+2(a) = abn−2(a)

By induction, it is easy to see that

bn(a) =

{
a

(4k)2 bn−4(a) = ak
(∏k

j=0
1

(4j)2

)
b0(a), if n = 4k;

0, otherwise.
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where n ∈ N.

Now we can write the function f(r; a) as follows:

f(r; a) =
∞∑
k=0

b4k(a)r4k

=

(
∞∑
k=0

(ar4)k

(
1 +

k∏
j=1

1

(4j)2

))
b0(a).

Recall the boundary condition f(1; a) = 1, and it gives the constraint on b0(a), i.e.(
∞∑
k=0

ak

(
1 +

k∏
j=1

1

(4j)2

))
b0(a) = 1

For every fixed a ∈ R, S(a) is defined as below

S(a) =
∞∑
k=0

ak

(
1 +

k∏
j=1

1

(4j)2

)
=

+∞∑
k=0

( a
16

)k 1

(k!)2 .

By Lemma A.3.3, for every a ∈ [−16,+∞)

0 < S(a) < +∞.

Thus for every a ∈ [−16,∞), b0(a) is well defined and is equal to

b0(a) =
1

S(a)
=

1∑∞
k=0

(
a
16

)k 1
(k!)2

.

It is easy to show that for every a ∈ [−16,∞), f(r; a) is indeed twice differentiable

when r ∈ (0, 1) by the ratio test.

Remark A.3.1 The ODE (A.6) with the boundary condition (A.7) has solution

1

K0(
√
a

2
)

[
K0

(√
ar2

2

)
+ I0

(√
ar2

2

)
K0

(√
a

2

)
C1 − I0

(√
a

2

)
K0

(√
ar2

2

)
C1

]
where Ic(x) and Kc(x) are the modified Bessel function of the first kind and the second

kind respectively defined in Definition A.3.1and C1 is an arbitrary constant.

Remark A.3.2 The solution f(z; a) to PDE (A.4) with the boundary condition (A.5)

is indeed the normalized Bessel function of the first kind, i.e.

I0(
√
a

2
|z|2)

I0(
√
a

2
)

where Ic(x) is the modified Bessel function of the first kind defined as follows (Defini-

tion A.3.1). Using the constraint that f(0, a) is finite, the constant C1 can be uniquely

determined.
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Definition A.3.1 The modified Bessel functions of the first kind, denoted by Ic(x)

and mapping from R to R are defined as follows:

Ic(x) =
+∞∑
n=0

1

n!Γ(n+ c+ 1)

(x
2

)2n+c

where Γ(z) is the gamma function and c ∈ R.

The modified Bessel functions of the second kind, denoted by Kc(x) and mapping from

R+ to R are defined as follows:

Kc(x) =
π

2

I−c(x)− Ic(x)

sin(cπ)

where Γ(z) is the gamma function and c ∈ R.

Lemma A.3.3 Let us define the function S : R→ R as follows:

S(a) =
∞∑
k=0

( a
16

)k 1

(k!)2 .

For every a ∈ R,

S(a) < +∞.

For every a ∈ [−16,∞),

S(a) > 0.

Proof. First of all, let us prove for every a ∈ R, S(a) is finite. Let ck(a) denote

( a
16

)k
(

1
(k!)2

)
for every k ∈ N. By the ratio test, since for every fixed a ∈ R, there

exists an integer K = b
√
|a|

4
c+ 1, such that for every integer k ≥ K,

∣∣∣∣ck+1(a)

ck(a)

∣∣∣∣ =

∣∣∣∣∣∣
(
a
16

)k+1
(

1
((k+1)!)2

)
(
a
16

)k ( 1
(k!)2

)
∣∣∣∣∣∣ =

|a|
(4(k + 1))2

< 1

where bxc is the largest integer which is no greater than x, for every x ∈ R.

It implies the series
∑k

i=0 ci(a) absolutely converges, and thus S(a) is finite.

The next step is to show that for every a ∈ [−16,+∞], S(a) is strictly positive.

For a ≥ 0, S(a) is increasing when a ∈ R+, thus

S(a) ≥ S(0) = 1
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For a ∈ [−16, 0],

S(a) =

(
∞∑
k=0

(
|a|
16

)2k (
1

((2k)!)2

))
−

(
∞∑
k=0

(
|a|
16

)2k+1(
1

((2k + 1)!)2

))

=
∞∑
k=0

(
|a|
16

)2k (
1

((2k)!)2

)
−
(
|a|
16

)2k+1(
1

((2k + 1)!)2

)
Since a ∈ [−16, 0], then for every k ∈ N,(

|a|
16

)2k (
1

(2k)!

)2

≥
(
|a|
16

)2k+1(
1

(2k + 1)!

)2

and at least for one k ∈ N, the above inequality is strict, which implies that for every

a ∈ [−16, 0],

S(a) > 0
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