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Abstract

This thesis is a combination of two works using optimal control and imita-

tion learning to address real-world problems in epidemiology and financial

markets.

The COVID-19 pandemic has presented unique challenges for policymak-

ers seeking to balance public health and economic impacts. Mathematical

models can provide valuable insights to guide lockdown policies. In chap-

ter 1, we propose an extended SIR model incorporating economic decision-

making and interactions among susceptible, infected, and recovered popu-

lations. An optimal control framework balances infection spread, deaths,

and economic activity under lockdown constraints. Experiments high-

light trade-offs between short-term recession and long-term benefits. The

model provides guidance on lockdown timing, incorporating death costs,

and using status information.

In financial markets, historical data provides demonstrations for how ex-

pert investors act. Imitation learning offers a data-driven approach to

reproduce trading behaviors, without manual reward design needed in re-

inforcement learning. In chapter 2, we review main imitation learning

techniques and applications in finance. Analyses provide error bounds

and generalization guarantees.

The final chapter draws conclusions and list open problems for possible

future works.
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Chapter 1

Optimal Lockdown Policy for
Covid-19:
A Modelling Study

1.1 Introduction

For the COVID-19 pandemic, numerous prevention measures have been studied by

[21] and [64] in order to control the spread of the virus by the governments. For

example, medical measures, such as research on testing, medicine, and vaccine, are

accelerated; relatively easy measures, like face masking and social distancing, are also

widely accepted and applied. Essentially the most effective prevention of COVID-19 is

the lockdown measure which completely ceases the movement of the human being and

thus slows down the spread of disease. However, the lockdown measure is incredibly

controversial as it imposes a tremendous impact on our society and economy. Hence it

might be the most difficult decision to be made by the governments. Especially when

and how to impose the lockdown measure is one of the most challenging questions for

both politicians and scientists. To address this question, there is a need to develop a

mathematical model combining both epidemiology and economics.

Epidemiological models have been widely studied to analyse the dynamics of the

pandemic ([41] [66] ). However, there is less discussion on how the lockdown policies

can influence the economic decisions of people and the spread of disease and how

can policymakers make optimal policy in the epidemic. [19] and [18] analyse the

government intervention using epidemiological models with exogenous parameters

and evaluate the effect of the intervention by simulation results. Some recent papers

focus on analysis of optimal policy and policy effect in the framework of the SIR

model or its variants. They studied the effect of different measures including fiscal

1



policy ([15], [17]), testing and quarantine ([52], [6]), intervention policy on multi-aged

groups ([9], [1]), social distancing ( [37], [16]) and lockdown control ([2], [28], [1]). In

previous works, [2] studied the optimal lockdown policy that minimises the value of

fatalities and the output costs of the lockdown policy by locking down part of the

susceptible and Infectious population, [1] researched the optimal lockdown policies

on people of different age groups, and [28] maximise the economic activity level with

the burden of the health-care system.

We extend the classic SIR model ([32], [39]) and incorporate an equilibrium frame-

work to study the optimal lockdown policy during the pandemic period. What we

innovate from previous works is that they all only took the governments’ perspective

but did not take people’s own reaction to the pandemic and the government policy

into consideration, while we adopt the extension to the SIR model from [15] by involv-

ing people’s economic decision making (consumption and working hours) and embed

the SIR model in a simple Cournot equilibrium framework to model people’s reaction

to each other. Different from [15] that studied the optimal containment policy by

controlling the tax rate, we control the level of lockdown, which is more direct and

effective for the governments, especially in the early stage of the pandemic. Further-

more, we emphases the cost of death in our model objective of policymakers, which

is an important factor in real-world government decision making. Using this method,

we can enable the lockdown policy to identify a balance between the impact of the

epidemics on the economy and people’s health.

The motivation for this work is to address the following questions that the pol-

icymakers may face in reality. The main findings are shown as the short answer to

these questions.

• What difference does the optimal control make on the economic and health

outcome of the epidemic compare to no control? We find that optimal lockdown

measures could significantly reduce the deaths and infections caused by the

epidemics. Although there is a short-term recession with lockdown control, it

has better long-term economic outcomes than doing no control.

• How does the timing of starting and ending affect the optimal lockdown control

itself as well as its economic and health consequences? Our results suggest that

both the timing of starting and ending the lockdown control policy makes a

difference in terms of both the economic and epidemic outcomes. It is best to

start the control as early as possible, and it is more important to avoid ending

the control too early.
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• How does the cost of death affect the lockdown control policy and the out-

comes? Whether policymakers regard the deaths as a negative influence on

society lead to different results. Regarding deaths as negative results in stricter

lockdown control policy which leads to a much better epidemic and slightly

worse economic outcomes.

• What if policymakers have additional information on people’s health status?

Additional information about the health status of people is beneficial, as the

optimal separate control on people in different health status will reach much

better economic and epidemic outcomes.

1.2 Model

In this section, we first describe the extension to the canonical SIR model. Then

analyse the behaviour of susceptible, infectious, and recovered people in regard to

their decisions on consumption and working hours under lockdown regulator and

formulate the optimal control problem. Finally, we add the cost of death in our

model objective. The model primarily considers a Cournot equilibrium framework

where agents simultaneously decide their consumption and labor hours, given the

prevailing lockdown policy. This approach captures the strategic interactions among

different groups (susceptible, infected, and recovered) and the government, leading to

a dynamic equilibrium that evolves over time with the pandemic situation.

1.2.1 Extension of SIR

As shown in the classic SIR model ([39] [33]), we classify people into three categories

according to [32]:

• Infectious (I) are those who are tested positive to the virus;

• Recovered (R) are those who have been tested positive to the virus and now

recovered;

• Susceptible (S) are those who have not been tested positive to the virus.

We assume that all susceptible people are subjects to be infected with some possi-

bility in direct contact with infectious people, and infectious people will recover with

a constant probability of πr or become dead with another constant probability πd.

Our extension is on the infection. All infection happens via direct contact between
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susceptible people and infected ones into three types of activities: purchasing and/or

consumption of goods and services, working with other people, and other daily ac-

tivities. A Lockdown policy can be applied to control the working contact, hence

change the income flow, which indirectly imposes constraints on the purchasing and

consumption.

We use the following equation (1—5) to describe our extended SIR model for the

transition among Susceptible, Infected, Recover, and the death outcome.

Tt = πs1 (StC
s
t )
(
ItC

i
t

)
+ πs2 (StN

s
t )
(
ItN

i
t

)
+ πs3StIt, (1.1)

St+1 = St − Tt, (1.2)

It+1 = It + Tt − (πr + πd)It, (1.3)

Rt+1 = Rt + πrIt, (1.4)

Dt+1 = Dt + πdIt. (1.5)

In this system of equations, St, It, Rt and Dt represents the number of people

in categories of Susceptible, Infectious, Recovery and Death respectively at time t.

We use (Cs
t , N

s
t ) to model the (average) consumption behaviour and working hours

of susceptible people, (Ci
t , N

i
t ) to model the (average) consumption behaviour and

working hours of infectious people, and (Cr
t , N

r
t ) to model the (average) consumption

behaviour and working hours of a recovered people. Tt in equation (1.1)is the number

of newly infectious people in the time period t to t+1 and the three terms in the right-

hand side of this equation are used to describe the infection by the three different

contact between susceptible people and infectious people via consumption, working,

and other types of contact.

We use several constant parameters to describe the transition rate between differ-

ent categories. πs1 reflects the transition rate for a susceptible people get infected by

infectious people from direct contact via purchasing/consuming. Similarly, πs2 reflects

the transition rate from direct contact via working, and πs3 reflects the transition rate

from other contacts.

Denote ∆Yt = Yt+1 − Yt for Y = S, I, R, then the dynamics of the SIR model is

∆St = −Tt,

∆It = Tt − (πr + πd)It

∆Rt = πdIt.

We use vectors and matrices to simplify our presentation. DenoteXt = (St, It, Rt)
⊤, Ct =

(Cs
t , C

i
t , C

r
t )

⊤, nt = (ns
t , n

i
t, n

r
t )

⊤, and for any x = (x1, x2, x3)
⊤, c = (c1, c2, c3)

⊤, n =
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(n1, n2, n3)
⊤, define

T (x, c, n) = x1x2 (πs1c1c2 + πs2n1n2 + πs3) (1.6)

F (x, c, n) = (−T (x, c, n), T (x, c, n)− (πr + πd)x2, πdx2)
⊤ (1.7)

then the system can be described as

∆Xt = F (Xt, Ct, nt). (1.8)

Remark: In the model, we assume the probability of getting infectious by con-

sumption is linearly depend on the consumption time of infectious and susceptible

people, which is a over simplification. Incorporating an infection risk from consump-

tion activities such as dining out or shopping into the model is mathematically feasible

and could add a layer of realism. This extension would involve modifying the infec-

tion dynamics in the SIR model to account for increased exposure risk associated

with these activities rather than the consumption time as in the model. The practi-

cal challenge lies in accurately quantifying this risk and its impact on the infection

rate. Nevertheless, including such a risk could yield more nuanced insights into the

interplay between economic activities and the spread of infection, potentially leading

to more effective policy recommendations.

1.2.2 Behaviour of individuals in different categories

We study the rational behaviour of all people who maximise their own welfare by

choosing proper consumption and working hours like in a normal time, i.e., the virus

does not change people’s rationality and preference. Also, we use the following utility

function to model the utility from consumption and working of an individual,

u(c, n) = ln c− θ

2
n2 (1.9)

where c is the consumption, and n is the working hours. In this utility, the first

term measures the utility from consumption, the second term measures the disutility

from working, and θ is the weight between this two terms. The form of the utility

is primarily for mathematical convenience. The quadratic term in labor hours, n,

incorporates increasing marginal disutility of labor, reflecting realistic labor dynamics.

This functional form, despite its initial lack of intuitive appeal, provides a balance

between analytical tractability and the capacity to realistically model agent decisions

under different economic scenarios. It also gives an estimation of θ, as will be clarify

shortly. Denote by A the average wage per hour of a person, hence the labor income
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of an individual, with working hour n is A ∗ n, which will be the upper bound of the

consumption, i.e. An ≥ c.

Denote by n0 the full working hours in a unit time before the spread of the virus,

which is officially guided by the government. It is natural that n0 is set optimally

for the society, and the optimality brings some information of the parameter θ0. If a

person follows the full working hours n0 optimally, then her labor income will be An0.

Since the utility function is strictly increasing in the consumption, all labor income

should be consumed up, hence the optimal consumption c0 should be c0 = An0. Then

by the optimality of n0, we have ∂u(c0,n0)
∂n

= 1
n0

− θn0 = 0, by which we will choose θ

by

θ = 1/n2
0.

The total utility of a flow of consumption and working hours {(cτ , nτ )}τ=t,··· ,T is

defined by

U(c·, n·) =
T∑

t=τ

βτu (cτ , nτ ) (1.10)

To contain the spreading of the virus, governments need to apply a lockdown policy

to reduce direct contacts between people, which will impose stricter constraints on

their behaviour. In this paper, we study the lockdown policy by a constraint on

the ratio L ∈ [0, 1] of the working hour in the full working capacity, i.e., given the

full working hours n0, the maximal working hour cannot exceed n0 ∗ L. We suppose

the government cannot easily identify individuals into their categories so that the

lockdown constraint on the working hours is the same for all people. We formulate

the decision making problem for each category with a given lockdown policy L·, and

then study the lockdown policy-making problem for the government.

1.2.2.1 Optimal decision of recovered people

Suppose the lockdown measure Lt ∈ [0, 1] is given for any time t.

A recovered individual aims at maximising his total utility

Jr(cr· , n
r
· ; t) =

T∑
τ=t

βτ−tu(crτ , n
r
τ ) (1.11)

with the constraint crτ ≤ Anr
τ and nr

τ ≤ n0Lτ .

Theorem 1. At time t with state Xt and the lockdown policy {Lτ : τ ∈ [t, T ]}, the
optimal (cr, nr) is

cr∗τ = An0Lτ , n
r∗
τ = n0Lτ , τ = t, · · · , T.

6



Proof. Since ∂Jr(cr,nr;t)
∂crτ

= βτ−t 1
crτ

> 0, we have cr∗τ = Anr
τ ∀τ = t, ..., T . Denote

f(cr, nr, λrn; t) = Jr(cr, nr; t) +
∑T

τ=t λ
r
nτ (n0Lτ − nr

τ ). Then by KKT condition, ∀τ =

t, ..., T ,
∂f(cr∗, nr, λrn; t)

∂nr
τ

= 0 ⇒ βτ−t(−θnr
τ +

1

nr
τ

)− λrnτ = 0

λrnτ (n0Lτ − nr
τ ) = 0, λrnτ ≥ 0

Since n2
0θ = 1,

λrnτ = βτ−t(−θnr
τ +

1

nr
τ

) > βτ−t(−θn0 +
1

n0

) = 0

Thus nr∗
τ = n0Lτ , c

r∗
τ = An0Lτ∀τ = t, ..., T

Notice that the behaviour of recovered people (cr· , n
r
· ) plays no role in the spread

of the virus, hence the behaviour of recovered people will not affect people in other

categories. This is why we start to form this easy-to-handle category.

1.2.2.2 Optimal behaviour of infectious people

Similar to the case of recovered people, infectious people also need to choose their

optimal consumption and working hours {(cst , ns
t)}t=0,1,··· ,T to maximise their total

utility from consumption and working hour, subject to the constraint that the con-

sumption cst cannot exceed the labour income for the working hour nt, and nt must

be no more than the lockdown policy n0 ∗ Lt.

The labor income of an infectious people is different from other categories. Because

they are infected, their health condition is usually worse than other people. So we

introduce a constant ϕ to discount their working efficiency, and the labor income from

nt working hour will be A ∗ ϕ ∗ n. Furthermore, since an infectious people will have

a constant probability πr to recover and suffer a possibility πd of death, we need to

calculate the distribution over all categories at a future time. For an infectious people

at time t, he has the probability πr to recover in the next unit time, πd to die, and the

rest probability 1−πr−πd to stay in the infected category. By this evolution, we can

get the conditional probabilities for his health state at a future time τ > t. Denote

by pi,i(t, τ) the probability for him being still infected, pi,r(t, τ) the probability being

recovered, and pi,d(t, τ) the probability of being dead. Then we can deduce that

pi,i(t, τ) = (1− πr − πd)
τ−t, (1.12)

pi,r(t, τ) = πr
(1− (1− πr − πd)

τ−t)

πr + πd
, (1.13)

pi,d(t, τ) = πd
(1− (1− πr − πd)

τ−t)

πr + πd
. (1.14)
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If he recovered, he should behave optimally as a recovered people, while if death

has happened unfortunately, we cease the accumulation of any utility. So, for a given

flow (ci· , n
i
·) of consumption and working hours taken by the infectious people from

time t, the accumulated utility he can get will be

J i(ci· , n
i
· ; t) =

T∑
τ=t

βτ−t
[
pi,i(t, τ)u(ciτ , n

i
τ )− pi,r(t, τ)u(cr∗τ , n

r∗
τ )
]
. (1.15)

where (cr∗, nr∗) is the optimal behaviour of a recovered people determined in the

previous case, and pi,i, pi,r are as defined in equation (1.12, 1.13).

Theorem 2. Given the lockdown policy L·, the optimal (cr, nr) is

ci∗τ = Aϕn0Lτ , n
i∗
τ = n0Lτ , τ = t, · · · , T. (1.16)

Proof. Notice ∂Ji(ci,ni;t)
∂ciτ

= (β(1−πr−πd))τ−t 1
ciτ
> 0, we have ci∗τ = Aϕni

τ ∀τ = t, ..., T .

Denote f(ci, ni, λin; t) = J i(ci, ni; t) +
∑T

τ=t λ
i
nτ (n0Lτ − ni

τ ). Then by KKT condition,

∀τ = t, ..., T ,

∂f(ci∗, ni, λi; t)

∂ni
τ

= 0 ⇒ (β(1− πr − πd))
τ−t(−θni

τ +
1

ni
τ

)− λinτ = 0

λinτ (n0Lτ − ni
τ ) = 0, λinτ ≥ 0

Since n2
0θ = 1,

λinτ = (β(1− πr − πd))
τ−t(−θni

τ +
1

ni
τ

) > (β(1− πr − πd))
τ−t(−θn0 +

1

n0

) = 0

Thus ni∗
τ = n0Lτ , c

i∗
τ = An0ϕLτ∀τ = t, ..., T

Different from the recovered case, the behaviour of an infectious people (ci, ni) is

involved in our extend SIR model for the spreading of the virus, hence they will make

the decision problem for susceptible people much harder.

Remark: The optimal decisions for infectious and recovered individuals are consid-

ered trivial in this model due to the specific assumptions and structure employed. For

recovered individuals, their behavior does not impact the spread of the virus, thus

simplifying their decision-making process to a standard utility maximization prob-

lem. For infectious individuals, the assumption is that their decision-making process

is significantly constrained by their health status and the lockdown policy. While

this simplification aids in analytical clarity, it may overlook the nuances of real-life
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decision-making in these groups. In complex real-world applications, it would be

worth considering more complex models that account for varied behaviors and pref-

erences among infectious and recovered individuals, although this would increase the

model’s complexity and computational demands.

1.2.2.3 Behaviour of susceptible people

The decision planning for a susceptible people from time t is much more complicated

if we consider the possibilities for this people to turn into infectious, recovered, and

death at different future time spots. We avoid the complexity by taking advantage

of the optimal value function for an infected, and model the objective function of a

susceptible people recursively.

As for the previous two categories, we start from time t and pick up a susceptible

person. Denote the state of the SIR model at the starting time as Xt, and the

lockdown policy is fully given as L·).

Suppose he will follow a given flow of consumption and working hours (csτ , n
s
τ )τ=t,t+1,··· ,T

before being infected, and then follow the optimal behaviour after been infected, i.e.,

his consumption and working hours after infected will switch to the optimal control

for an infected person from the infection time. We denote his objective value as

Js(cs· , n
s
· ; t,Xt, L·) = u(cst , n

s
t) + βτtJ

i∗(t+ 1, L·)

+β(1− τt)J
s(cs· , n

s
· ; t+ 1, Xt+1, L·), (1.17)

Js(cs· , n
s
· ;T,XT , L·) = u(csT , n

s
T ), (1.18)

where τt = πs1n0AϕItLtc
s
t + πs2n0ItLtn

s
t + πs3It is the probability of a susceptible

person to be infected in the next unit time, J i∗(t + 1, L·) is the optimal objective

value achievable for an infected person starting from time t+ 1, and Xt+1 is the SIR

state at time t+1 resulted by people’s behaviour (cst , n
s
t , c

i∗
t , n

i∗
t , c

r∗
t , n

r∗
t ) and the time

t state Xt.

Now it is natural that we aim at maximising the objective Js(cs· , n
s
· ; t,Xt, L·) over

feasible control flow (cs· , n
s
· )), ,i.e., the optimal behaviour of a susceptible people will

be the solution for the optimisation

max Js(cs· , n
s
· ; t,Xt, L·)

s.t. csτ ≤ Ans
τ , ns

τ ≤ n0Lτ , ∀τ ∈ {t, t+ 1, · · · , T}. (1.19)

Theorem 3. At time t with state Xt and the lockdown policy {Lτ : τ ∈ [t, T ]}, the
optimal (cs, ns) is

cs∗τ = Ans∗
τ , τ = t, · · · , T. (1.20)
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Proof. We fix the lockdown policy L· and omit it when no confusion will arise.

Denote the value function as V (t,Xt) = Js(cs∗· , n
s∗
· ; t,Xt, L·). According to the

dynamic programming principle, we know V must satisfy

V (t,Xt) = max
cst≤Ans

t , n
s
t≤n0Lt

[
u(cst , n

s
t) + βτtJ

i∗(t+ 1, L·) + β(1− τt)V (t+ 1, Xt+1)
]

= u(cs∗t , n
s∗
t ) + βτ ∗t J

i∗(t+ 1, L·) + β(1− τ ∗t )V (t+ 1, X∗
t+1),

where τ ∗t and X∗
t are the corresponding infection probability and time t + 1 state of

the SIR model.

If cs
∗
t < Ans∗

t , then, due to the strictly increasing properties of τt in both cs

and ns, we can easily find a value m ∈ (cs
∗
t , An

s∗
t ), and construct another control

cst = m and ns
t = m/A, such that the corresponding τt will be the same as τ ∗t ,

hence Xt+1 will also be the same as X∗
t . But since cst > cs∗t and ns

t < ns∗
t , we have

u(cst , n
s
t) > u(cs∗t , n

s∗
t ), which contradicts the optimality of (cs

∗
, ns∗) in the dynamic

programming principle.

1.2.3 Optimal Control of the Policymaker

With the optimal behaviour in each category under a given lockdown policy L·, we can

easily formulate the optimal policy-making problem into an optimal control problem.

Suppose we start the lockdown problem from some time t0 with the contamination

state Xt0 being given by St0 = s, It0 = i and Rt0 = r, then the optimal lockdown

policy should be the optimal control problem

maxL· J0(L·; t,Xt) =
∑T

t=t0
βt−t0 [Stu(c

s∗
t , n

s∗
t ) + Itu(c

i∗
t , n

i∗
t ) +Rtu(c

r∗
t , n

r∗
t )] ,

(1.21)

where (cca∗t , nca∗
t ) are the optimal consumption and working hours for people in cat-

egory ca (ca can be s, i or r), which are all determined in previous optimisation

problems.

In previous objective J0, we remove all cases of death. In reality, since death of

disease causes has a strong negative impact to a household as well as to the society,

regulators should not ignore any death case. We include the strong impact of death

cases by introduce a penalty term into the objective

Jλ(L.; t,Xt) =
T∑

τ=t

βτ−t
[
Sτu(c

s∗
τ , n

s∗
τ ) + Iτu(c

i∗
τ , n

i∗
τ ) +Rτu(c

r∗
τ , n

r∗
τ )− λDτu(c

r∗
τ , n

r∗
τ )
]
,

(1.22)
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In this new objective, we measure the the cost of a death by a multiple of the optimal

utility for a recovered people, and the multiple λ > 0 can be viewed as the severity of

death in the government’s view. When λ = 0, Jλ reduces to our previous objective

J0.

With this new objective, the problem for a regulator is to solve

maxL· Jλ(L·; t,Xt),
s.t. Lt ∈ [0, 1] ∀t ∈ [0, T ].

(1.23)

1.2.4 Solving Scheme

In Problem (1.23), or its reduced version (1.21), the optimal decisions of individuals

in all three categories are involved. The optimal decisions for infectious and recovered

individuals are considered trivial in this model due to the assumptions and structure

employed, which leaves us to tackle the optimal decision problem (1.19) for susceptible

people before the Problem (1.23).

We start our solving scheme by tackling the Problem (1.19) with a given lockdown

policy L·. Because of the lockdown constraint, it is almost hopeless for us to get an

explicit solution. We solve this optimal control problem numerically in the same was

as in [15]. In this approach, the optimal control at each time step is regarded as

the static optimisation with two constraints from the consumption budget and the

lockdown policy on the working hours, and solutions are obtained by solving the

corresponding KKT condition1.

With the optimal control (cs∗· , n
s∗) as functions of the lockdown policy L·, we deal

with the optimal control problem (1.23) as an optimisation over the high dimension

space [0, 1]T by the gradient-based interior-point method used in the Matlab function

fmincon. Although we have no theoretical proof on the convergence of our scheme,

our numerical results show the convergence of our scheme.

Parts of our code in our scheme are from [15].

1.3 Model Parameters

In this section, we study how to estimate those parameters in our model from real

data, and apply it in an example with COVID-19 data in the UK to get the numerical

1In fact, when we use the numerical scheme proposed in [15] to our problem, the derivative
used in the KKT condition is not correct due to the absence of a complicated term from the term
in equation (1.17). We decide to ignore this absence due to the following two reasons: (1) if we
recover this complicated term, the calculation will be extremely complicated; (2) from real data in
the COVID-19 pandemic, we know the coefficient in the third term βτt) is very close to 0, which is
also observed in our numerical results.
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results for optimal lockdown control.

In our model, we have quite a lot of parameters, and some of them are well-

estimated and available from different sources. Let us start from easily accessible

ones.

For the extended SIR model, without loss of generality, we standardise the to-

tal population to N = 1, which makes St, It, Rt and Dt be the proportions of the

population of each category in the total population.

The unit of a time step is not an essential parameter, we can simply count the

time by weeks.

πr and πd in the extended SIR model can be easily estimated from historical data,

which have been done in several data sources 2. In our example, we will use the

estimation from [15].

πs1, πs2 and πs3 are complicated to estimate, and we defer the discussion to after

all easy ones.

For the characterisation of the decision making for individuals, we still need pa-

rameters n0, θ, β, A, and ϕ. Most of them are quite flexible, and in our examples, we

do not estimate them from real data but specify their values in the same way as in

different literature. We will do it in our detailed example.

Finally, let us focus on the estimation of πs1 , πs2 , πs3 . At any time t, we have

πs1c
s
tc

i
t + πs2n

s
tn

i
t + πs3 = πt, where πt is the transmission rate in classic SIR model.

Similar to πr and πd, the quantity πt is also available in different data source2 . To

estimate πs1, πs2, πs3, we choose two different time spots t1 and t2. The first time

spot t1 can be any time between the onset of the spreading of the virus and the first

lockdown measure, and the second time spot t2 must be in a period where a lockdown

measure was applied. With the observation of πt1 and πt2 , we have:

πs1A
2n2

0 + πs2n
2
0 + πs3 = πt1 , πs1A

2n2
0L

2
t2
+ πs2n

2
0L

2
t2
+ πs3 = πt2 ,

where Lt is an estimation of actual lockdown rate at time t. These two equations are

not enough to give us the values of three parameters, we still need one more equation

for the purpose. In the case (as happened in the UK) that no different (non-null)

lockdown measures have been applied, the third equation is officially not available.

So we assume that

πs2n
2
0 ×

1

3
× 1

6
= πs3.

2HPCC systems covid19: https://covid19.hpccsystems.com/
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This equation is from the assumption that susceptible people spend about 1/3 of

their working hours for other activities related to other types of direct contact, and

infectious people spend about half the time of susceptible ones in this type of activity

due to the poor health condition. The two proportions 1/3 and 1/6 can be adjusted

based on personal experience.

These three equations can give us a good estimation of πs1, πs2 and πs3.

1.3.1 Parameter estimation: an example

We take the COVID-19 in the UK as our example, which started in the year 2019.

The only lockdown took place on 23 March 2020 and lifted up in July 2020.

For the estimation of πs1, πs2 and πs3, we need to specify some other parameters.

According to the starting of the epidemic and lockdown, we take t1 to be a time

in Jan 2020 and t2 to be some time in April 2020.

The government released Experimental results of the pilot Office for National

Statistics (ONS) online time-use study (collected 28 March to 26 April 2020 across

Great Britain) 3 compared with the 2014 to 2015 UK time-use study, which reported

the working-not-from-home time. According to the study, the average daily time

(in minutes) of working not from home is 97.6 in March/April 2020 and 150.0 in

2014/2015, thus we estimate Lt2 = 97.6/150 ≈ 0.65.

Also according to ONS, the average actual weekly hours of work for full-time

workers from Dec 2019 to Feb 2020 was 36.9 4 , thereby we set n0 = 36.9. According

to the equation n2
0θ = 1, we set θ = 0.00073.

We follows the setting of some parameters in literature. The mortality rate is

set to be 0.6% from [15]. As in [15] , we assume that each infected case takes 18

days on average to either recover or die. Since our model is weekly, we have πd =

0.006× 7/18, πr = 7/18− πd. The reproduction number R0 at time t1 in Jan 2020 is

around 1.95 without control measures 5, and between 0.7 to 1.0 in April 2020 after

the lockdown 67, we use the middle point 0.85 of this range of R0 for the calcuation

of πt2 . Since in classic SIR model, R0 = β/γ where β and γ the infected and recovery

transmission rate

πt1 = 1.95× 7/18, πt2 = 0.85× 7/18.

3ONS Dataset https://www.ons.gov.uk/economy/nationalaccounts/satelliteaccounts/

datasets/coronavirusandhowpeoplespenttheirtimeunderlockdown
4ONS, Average actual weekly hours of work for full-time workers:https://www.ons.gov.uk/

employmentandlabourmarket/peopleinwork/earningsandworkinghours/timeseries/ybuy/lms
5Coronavirus wikipedia: https://en.wikipedia.org/wiki/Coronavirus_disease_2019
6BBC report on R number: https://www.bbc.co.uk/news/health-52677194
7The R number in the UK:https://www.gov.uk/guidance/the-r-number-in-the-uk
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Given a published average annual income 8 30350 for 52 weeks, we set A = 15.8172.

With all quantities involved in the three equations for (πs1, πs2, πs3), we get solu-

tion

πs1 = 1.244887× 10−6, πs2 = 1.0336× 10−4, πs3 = 0.01759.

By the value n0 = 36.9, we take θ = 1/(36.9)2.

Finally, we copy the value ϕ = 0.8 from [15].

1.4 Numerical Results

In this section, we present the result of our numerical experiments under the pa-

rameter setting in section 3.2. We do experiments to analyze the impact of the

optimal lockdown control policy, the policy when different levels of the cost of death

are taken into consideration, early exit and late start of the lockdown policy, and

finally the smart containment policy. For every experiment, the initial state is

(S, I, R) = (0.9998, 0.0002, 0) and the time horizon is 100 weeks.

1.4.1 Optimal Lockdown Control

As Figure 1 (a), (d) (page 20) shows, if there is no lockdown control, i.e. the lockdown

rate is constant 1 for all time, then under our parameter setting, around 15% of the

population will be infected, 0.3% of the population will die and the peak of infection

will be above 0.6% at week 50. Under the optimal lockdown control, the proportion of

Infectious people decrease to 5.22×10−5 at week 50, then raises to 2.5×10−4 at week

100. 0.37% of the population will become infected and 0.0068% of the population

will die by week 100. The optimal lockdown policy reduces the peak of infection

by 95.8% and reduces the number of deaths by 97.7%. The significant life-saving is

associated with a recession. Figure 1 (e) (page 20) shows the aggregate consumption

under optimal lockdown policy decreases 20% compares to the no control case at the

beginning, but then constantly increases. The average aggregated consumption fall

by 6.6% with the optimal lockdown measure. In Figure 1 (f) (page 20), the optimal

lockdown rate starts from around 80%, then gradually release to above 95%, the

speed of the increase of the lockdown rate first decreases until around week 50, then

increase until week 100.

The increase of the infected proportion is because our model has a finite time

horizon, and does not take the consequences after a time horizon of 100 weeks into

8statista: average full time annual earnings in the uk: https://www.statista.com/statistics/
1002964/average-full-time-annual-earnings-in-the-uk/
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consideration. In the beginning, the aggregated consumption under optimal lockdown

control is 20% less but becomes 8.2% more than that of no control in the end. The

reason that the optimal lockdown control policy did not cause a severe recession might

be that in the no control case, susceptible people will cut back their working hours,

as well as their consumption as the infected population increases, and in the optimal

lockdown control restricted the infected population so that susceptible people won’t

cut back their consumption as much. We proved in section 2 that the recovered

and Infectious people will work as much time as possible in order to maximize their

own utility, but the behaviour of susceptible people is not certain. In the parameter

setting of our experiments, the susceptible people almost work as much as possible

just as the infected and recovered people do, but slightly reduce their working hours

from the upper bound of lockdown constrain near the end of the time horizon, this

behaviour may due to the increase of infected proportion, which raises the risk of

getting infected for susceptible people.

In general, the optimal lockdown policy saves lives and is more robust in economic

recovery, it brings long-term health benefits and economic growth with the cost of a

short-term recession.

1.4.2 Cost of Death

In this subsection, we study how the severity of death regarded by the planners

affects the optimal lockdown policy. We set the penalty coefficient of death λ in (17)

as 0, 10, 20, 50, which means the death of 1 people is regarded as the loss of 0, 10, 20, 50

recovered people by the planner. When λ = 0, it is the same as the original optimal

control model.

Our results in Figure 2 (page 21) show that adding a penalty on deaths makes a

huge difference, it significantly slows down the increase of the lockdown rate (Figure 2

(f) (page 21)), thus reduces the proportion of deaths in a great extent: 76.7%, 83.0%, 87.2%

respectively (Figure 2 (d) (page 21)), and avoid the substantial rise of the infectious

population (Figure 2 (a) (page 21)), these are beneficial in terms of the mental impact

in the society as low deaths and infection amount release the pressure on both people

in the society and the planner. As the penalty coefficient increases, the optimal policy

becomes constantly more strict. The relation of the death penalty coefficient and the

result optimal control rate is below linear. As Figure 2 (f) (page 21) shows, despite

that optimal lockdown policy with different death penalty coefficient starts with quite

different lockdown rates:0.62, 0.56, 0.46 for penalty coefficient 10, 20, 50 respectively,

they quickly become close. At the end of control, the aggregate consumption, as well
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as the lockdown rate of optimal policy with the death penalty is extremely close to

the one without the death penalty. Compare to the original optimal lockdown policy,

there is a slight recession when adding penalty on number of deaths: the average ag-

gregate consumption decreases by 3.3%, 4.5%, 5.5% for penalty coefficient 10, 20, 50

respectively (Figure 2 (e) (page 21)).

Although the lockdown control policy with or without the death penalty becomes

close from the middle to the end of the control, in the latter case, the infectious popu-

lation does not rise as it in the former case. This is because that the lockdown policy

with the death penalty suppresses the infectious population to a much lower level

than the lockdown policy without the death penalty, thus the infectious population

grows slower as the lockdown rate increases.

In general, considering the cost of deaths leads to a more conservative lockdown

control policy, it saves much more lives at the cost of a short-term recession.

1.4.3 Cost of Early Ending of Lockdown Control Policy

Practically, policymakers may under the intense pressure of economic loss that forces

them to end the containment policy in the middle of the pandemic. In this subsec-

tion, we discuss the consequences of doing so. As we see in section 4.1, the infected

population reaches the bottom at the week 50, which may seem to be a good time

spot to end the lockdown policy.

Our results in Figure 3 (e) (page 22) shows that there is an instant bounce of

consumption right after the end of lockdown control, but this would cause the instant

rise of infectious population (Figure 3 (a) (page 22)), and at the end, the infectious

population 72 times larger than that of week 50. The burst of infection would result

in a recession of 10.8% from the peak at the end (Figure 3 (e) (page 22)).

So, ending the lockdown policy prematurely may not bring long-term economic

benefit and what’s worse is, it would result in a substantial additional number of

deaths. Therefore we suggest that policymakers avoid terminating the lockdown

policy during the pandemic in pursuit of only a short-term economic benefit.

1.4.4 Cost of Start the Lockdown Control Policy Late

Policymakers could also face the situation that there are things that prevent them

from taking the lockdown measure in the early stage of the pandemic.

Our results Figure 4 (f) (page 23) show the optimal lockdown policy that starts at

week 13 (around 3 months later). Compare to the optimal lockdown policy that starts
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at week 0 that starts with the lockdown rate 0.8, the late started optimal lockdown

policy starts with a stricter constrain rate of 0.73. Although the lockdown rate of the

late started lockdown policy constantly increases, it is always less than the original

optimal lockdown policy. The late start causes a slight stronger recession (Figure 4

(e) (page 23)): the average aggregated consumption reduces 1% and a substantial rise

of deaths (Figure 4 (d) (page 23)): the number of deaths rises 84.8% by week 100.

In general, It is the earlier the better to start the lockdown control policy, and

despite that the late start of lockdown policy brings additional loss, it is much better

than applying no containment policy or abandon it too early.

1.4.5 Vaccination

Vaccination is an effective method of preventing infectious diseases. We now involve

vaccination in SIR model. Assume that at each time period, fix amount of suscep-

tible people: δv of the starting population get vaccination that could prevent them

from getting COVID-19 and assume governments to afford the cost of vaccination

for people. Once susceptible people get vaccination, they are regarded as recovered.

Thus the objective value of susceptible people become:

Js(cs· , n
s
· ; t,Xt, L·) = u(cst , n

s
t) + β(1− δv

St

)τtJ
i∗(t+ 1, L·)

+β(1− δv
St

)(1− τt)J
s(cs· , n

s
· ; t+ 1, Xt+1, L·)

+β
δv
St

Jr∗(t+ 1, L·) (1.24)

With the cost of vaccination, denote as p, the optimal control problem of policy-

makers become:

maxL· J0(L·; t,Xt) =
∑T

t=t0
βt−t0 [Stu(c

s∗
t , n

s∗
t ) + Itu(c

i∗
t , n

i∗
t ) +Rtu(c

r∗
t , n

r∗
t )− pδv]

(1.25)

We set δv = 1/104 in simulation. Results on Figure 7(a),(b),(d)(page 26) shows

that vaccination could eliminate the epidemic without a rebound of infection and

reduce the number of deaths compare that without vaccination. Figure(e),(f) shows

that vaccination reduces the severity of recession and leads to a less strict optimal

lockdown control.
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1.4.6 Smart Lockdown Control Policy

In the lockdown control policies we studied so far, the government chooses the same

lockdown rate for all three kinds of people (susceptible, infectious, and recovered). In

this subsection, we consider the smart containment, by which means the policymaker

directly chooses working hours for all three kinds of people with the same objective

function as previous models. There is no need to apply any lockdown on recovered

people because their utility reaches the maximum as their working hour is at the

maximum and they do not affect the utility or the transition of susceptible and Infec-

tious people. Our results show that in the smart lockdown control policy, Infectious

people almost do not work at the beginning, but then the planner gradually increases

their working hours as the infected population decreases rapidly, and susceptible peo-

ple work almost without fear of becoming infected. Figure 5 (page 24) shows that

compare to the previous optimal lockdown control policy, the smart lockdown policy

is much better, since it reduces the number of deaths to a great extent, and almost

avoids the recession because the proportion of Infectious people is extremely small.

The implement of a smart lockdown control policy requires the planners to know

the status of all people and have control over their working hours. In reality, the

knowledge of people’s status needs measures such as medical testing and rely on the

accuracy of testing. Our results suggest that these measures and information that

are helpful for taking smart lockdown policy are beneficial for social welfare.

1.4.7 View of Reproduction Number

The reproduction number (R0) is now a basis for some governments to make deci-

sions in reaction to the pandemic. We present the R0 of lockdown polices in all our

experiments in Figure 6 (page 25). The R0 of smart lockdown policy is much smaller

than that of all other lockdown policies. The R0 of lockdown policies with the same

lockdown rate for all three kinds of people behave similarly to their lockdown rate

whereas in the no control case, its R0 decreases constantly and the R0 of smart lock-

down policy behaves similar to the lockdown rate of Infectious people. This is because

the behaviour of all three kinds of people is in accordance with the lockdown rate in

optimal lockdown control policies, while the behaviour of susceptible people varies if

there is no control, and in the smart lockdown case, the susceptible and recovered

people almost remain the lockdown rate as constant 1 in the whole control process,

thus its R0 behaves in accordance with the lockdown rate of Infectious people. Notice
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that although the R0 of in the no control case decreases below 1, and the R0 of lock-

down control policies with or without the death penalty increase over 1, policies with

lockdown control are much better than that without control as analyzed in previous

subsections. We, therefore, suggest that whether R0 is larger or less than 1 can not

be the only foundation for planners to make judgements or decisions on the current

situation.
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Figure 1.1: Optimal Control
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Chapter 2

Imitation Learning in Finance

2.1 Introduction

Imitation learning, also referred as learning from demonstration, is a prominent

branch of machine learning that focuses on reproducing expert behaviors by leveraging

expert demonstrations in the form of state-action trajectories. Similar to reinforce-

ment learning, imitation learning solves optimal control problems in a data-driven

way, but differently from reinforcement learning which rely on optimizing rewards

through trial and error, imitation learning directly learns from observed examples

provided by experts,the emphasis is on imitating expert actions rather than designing

reward functions. In recent years, imitation learning methods have shown success in

robotics[7] automated driving[12], etc. The success of imitation learning lies in its abil-

ity to leverage expert demonstrations to learn intricate behaviors and decision-making

strategies. By learning from experienced individuals, the agent can bypass the need

for exhaustive trial and error and directly acquire high-quality policies. This makes

imitation learning an attractive approach in situations where expert knowledge is

available, or when manually designing optimal policies is difficult or time-consuming.

The applications of imitation learning methods in financial markets is a relatively

new and emerging research area. Traditional rule-based strategies or models may

have limitations in capturing the complexities and dynamics of financial markets.

By leveraging imitation learning, we can harness the expertise and decision-making

processes of investors to develop systems capable of making informed investment

decisions.
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2.2 Background

For a Markov decision process(MDP), (S,A, R, P, p0, γ, T ) where S is the state space,

A is the action space, R : (S ×A) → R is reward, without losing generality, we

consider the reward 0 ≤ r(s, a) ≤ 1∀(s, a) ∈ (S ×A),P (s, s′, a) is transition ma-

trix, p0(s) is the initial state distribution,discounted factor 0 < γ < 1, for infinite

horizon, and γ = 1 for finite horizon T . Occupancy measure of policy, i.e the dis-

tribution of state-action pair (s, a) by following policy π, ρπ(s, a) = 1
T

∑T
t=1 pt(s, a)

for finite horizon and ρπ(s, a) =
∑∞

t=1 γ
tpt(s, a) for infinite horizon. A stationary

policy π(a|s) denotes the action distribution given state s, πE(a|s) is the expert pol-

icy. Value function Vπ = E [
∑∞

t=0 γ
tr (st, at) | at ∼ π (· | st)] for infinite horizon and

Vπ = E
[∑T

t=0 r (st, at) | at ∼ π (· | st)
]
for finite horizon.

In imitation learning, we have collected expert demonstrations {τi := (st, at)
T
t=1}Ni=1,

where N is the number of expert demonstrations. With the collected expert demon-

strations, the goal of imitation learning is to learn an optimal policy π∗ s.t.

π∗ = argminD(q(ϕ), p(ϕ)) (2.1)

where p(ϕ) and q(ϕ) are two distributions of features ϕ, features can be states and

actions of the MDP or any other measurements,D(p, q) is a similarity measure between

p, q[49]

2.3 Literature

There are mainly two kinds of approaches for imitation learning problems: 1) Inverse

reinforcement learning that learns a specific reward function, then learn the expert

policy by reinforcement learning methods. 2) Learn policy directly. In this section,

we summarise the representative and commonly used methods in these two categories,

as well as other variations of imitation learning problem setting. Finally we focus on

applications of imitation learning methods in financial markets.

2.3.1 Inverse Reinforcement Learning

In inverse reinforcement learning, commonly assumes the expert follows a Markov

decision process(MDP) for decision making, the learner tries to recover the reward

function R from demonstrations generated by expert policy. Then reinforcement

learning methods could be applied to learn the expert policy based on the learned

reward function. One big challenge of applying reinforcement learning to real-world
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problems is the design of reward function(For example, if we are going to teach a

robot to pick up an apple from the table, it would be difficult to hand-craft the re-

ward function in multi-dimensional space of the robot’s states), inverse reinforcement

learning could server as a solution to this problem. Reward function could represent

agents’ preference. In financial applications, knowing the utility of a counterparty

may be useful in bilateral trading, e.g. over-the-counter (OTC) trades in derivatives

or credit default swaps. Moreover, the learned reward function could be transferable

to other similar decision-making problems.

Inverse reinforcement learning methods has the problem of reward ambiguity[10],

Ng et.al[45] proved that: ∀ϕ : S → R the optimal policy remains optimal under

transformation:

r̂ (s, a, s′) = r (s, a, s′) + γϕ (s′)− ϕ(s) (2.2)

Although given demonstrations of actions for the same reward under two distinct dis-

count factors, or under sufficiently different environments, the unobserved reward can

be recovered up to a constant[40], these conditions are often not satisfied in real-world

problems. Therefore external constrains need to be added to obtain unique reward.

Feature matching[46] assume reward function is linear expansion of some features and

maximize the margin between the optimal policy and others. The maximum entropy

principle is often applied for IRL in recent studies. Maximum Entropy Inverse Rein-

forcement Learning(MaxEnt[74] learns the policy that maximize the entropy (... that

has the maximum entropy), this leads to the policy that follows Boltzman distribu-

tion:

πθ(a|s) =
1

Z(s)
erθ(s,a) (2.3)

where Z(s) =
∫
a
er(s,a) is the partition function. When the environment dynamics

is known, Z(s) can be computed by dynamic programming[74]. One drawback of

MaxEnt is that it inference problems with i.i.d data, but the policy at time t should

not depend on future trajectory. Maximize Causal Entropy Inverse Reinforcement

Learning[73] fixes this by learning the reward s.t. the optimal policy has the maximum

the causal entropy. For environment with unknown dynamics, importance sampling

in cases where states dimension are high[20]. Model-based methods that learns the

transition model could also be applied[49]. These kind of method is data-efficient in

terms of expert trajectory, but model learning could be difficult.
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2.3.2 Learning Policy

Unlike inverse reinforcement learning that learns the reward function before learning

the expert policy, we could learn the mapping from states to actions directly. It is

natural form imitation learning as a supervised learning problem in which the policy

is obtained by solving a single regression problem. This kind of method is referred as

Behaviour Cloning(BC)[5]. BC minimizes the discrepancy of action distribution be-

tween the expert and the learner policy. The discrepancy measure quadratic loss[36],

neural networks[61], Kullback-Leibler(KL) divergence etc. Then the imitation learn-

ing problem can be formulated as

min
π∈Π

Es∼dπE
[DKL (πE(· | s), π(· | s))] (2.4)

Data Aggregation(DAgger)[57] is the extension of BC in active imitation learning

setting in which the learner can collect expert demonstrations under the state distri-

bution generated by the policy of the learner. Although BC methods may be able to

obtain policies that match expert demonstrations well, they have two concerns. 1)

Covariate shift[Ross 2010]. Supervised imitation learning can be challenging when

demonstrations do not cover the states that the learner encounters. 2) Compounding

errors[Ross 2011]. Small one-step error would accumulate with time, which will lead

to significant different state-action distribution between the expert and the learner

policy.

One recent trended method that could alleviate the above problems of BC is the

Generative Adversarial Imitation Learning(GAIL)[34]. Like BC, GAIL focus on the

problem of learning the optimal policy without learning the reward. GAIL bypasses

the direct reinforcement learning problem by replacing the specific reward function

with a reward function defined on a space of all admissible reward functions. The

imitation learning problem is:

RL ◦ IRL (πE) = min
π

−H(π) + max
r(s,a)∈R

−ψ(r)

+ Eρπ(s,a)[r(s, a)]− EρE(s,a)[r(s, a)]

= min
π

−Hcausal (π)

+ max
r(s,a)∈R

(∑
s,a

(ρπ(s, a)− ρE(s, a)) r(s, a)− ψ(c)

)
= min

π
−H(π) + ψ⋆ (ρπ − ρE)

(2.5)
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where ψ(r) is the convex regularization function, ψ∗(r) is its Fenchel conjugate and

H(π) ≜ Eπ[− log π(a | s)] is the causal entropy of π. The original GAIL chooses ψ(r)

to be the Jensen-Shannon(JS)divergence[23].

The policy learned by GAIL is an analogy to the generator in Generative Adver-

sarial Networks(GANs[29]), the discriminator D(s, a) distinguishes the trajectories

generated by the learner’s policy π and the expert policy πE. As shown in Dixon

et.al[14], 2.5 can be written as:

min
π∈Π

max
D∈(0,1)S×A

E(s,a)∼ρπ [log(D(s, a))] + E(s,a)∼ρπE
[log(1−D(s, a))]−H(π) (2.6)

The adversarial training process of GAIL is similar to that of GANs, which is to

update policy network(the generator) and the discriminator network parameters it-

eratively. For each iteration of the policy network, it takes one policy gradient step

with cost function logD(s, a) in reinforcement learning. Note that this is not the cost

function of the original imitation learning problem:D(s, a) → 1/2∀(s, a) ∈ S ×A,

and GAIL does not learn the reward function of the expert.

Trust Region Policy Optimization(TRPO)[59] or Proximal Policy Optimization(PPO)[60]

is applied to avoid drastic policy change due to the noise of policy gradient estimation.

GAIL is computationally more efficient than IRL methods. However, the training

of GAIL and other generative adversarial methods can be unstable and has conver-

gence problems.

GAIL has various variations and generalizations. In cases that the expert demon-

stration has latent factors(e.g the expert demonstration contains data collected from

several experts), Information Maximizing Generative Adversarial Imitation Learn-

ing(i.e InfoGAIL)[43] infers the latent structure of expert demonstrations by adding

the mutual information between latent codes and trajectories as a regulator to the

original GAIL objective, by which the learner could imitate the expert behavior while

separating different kinds of expert behaviors. The mutual information regulator

could be approximated by introducing a variational lower bound. In the original

GAIL and most of it’s variations learn the policy that maximize the expected total

reward of trajectories, but not consider higher order moments of the reward. For

applications that risk is crucial, for example, financial applications such as portfolio

trading, risk-sensitive generative adversarial imitation learning(RS-GAIL)[42] adds a

constrain to the original GAIL objective that learner has higher risk than the expert

under risk measures such as conditional value at risk(CVaR).

f-VIM(f-Divergence Variational Imitation)[38] gives a framework that formulate

the imitation learning problem as the problem of minimizing the f-divergence between
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the expert and learner state-action distribution. GAIL is a special case when use JS

divergence in f-VIM besides the entropy regulator. Since JS and KL divergence have

a mode-covering behaviour that interpolate across modes, Ke et al.[38] chooses the

reverse KL divergence which has a mode-seeking behaviour. Instead of applying a

specific f-divergence to measure the discrepancy between the expert and the learner

behaviours as GAIL and its above variations, f-GAIL[72] learns the best f-divergence

under which the discrepancy between the expert and the learner behaviours is the

smallest among all feasible f-divergence.

As mentioned before, GAIL focus on recovering the optimal policy without learn-

ing the reward. AIRL[22] is an extension of of GAIL that is able to learn both the

expert policy and it’s reward. AIRL sets a specified form of discriminator function:

Dθ(s, a) =
exp (fθ(s, a))

exp (fθ(s, a)) + π(a | s)
(2.7)

where π(a|s) is the learner policy and fθ(s, a) is the function to learn. At the opti-

mum, fθ(s, a) equals the advantage function which can be utilized to recover one-step

disentangled rewards. Ghasemipour et al.[25] proved that AIRL is equivalent to min-

imize the reverse KL divergence between the state-action distribution of the expert

and the learner. f-DIVERGENCE MAX-ENT IRL(f-MAX)[26] generalizes AIRL for

a general f-divergence.

2.3.3 Other Setting

Imitation learning methods we discussed above assume the environment is modeled

as a MDP, and the expert demonstration data contains complete information about

states and actions. In real-world problems, complete states and actions are unavail-

able or expensive.

In problems with partial observable states(e.g imitate a trader’s trading behaviour

with stock price data, but the trader utilizes information other than the stock price

for trading), the decision-making process of the expert is modeled as Partial Observ-

able Markov Decision Process(POMDP). POMDP algorithms use the concept of be-

lief states, i.e. the probability distribution over the current states. Chio and Kim[11]

extends feature expectation IRL[46] to POMDP setting. Bogert et al.[8]extends Max-

Ent by applying Expectation Maximization(EM). Belief-module Imitation Learning

(BMIL)[24] learns the belief representation of states using historical states observa-

tions then combine with GAIL.
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Imitation Learning Form Observation(IfO) learns without complete actions. For

example, robots learning actions from video demonstrations rather than direct state-

action pairs. IfO algorithms recover actions from demonstrations, then apply standard

imitation learning methods or approaches in reinforcement learning. The state-action

transaction model learning can mainly be classified as inverse dynamics models that

learns the mapping from (St, St+1)to At[31]and forward dynamics models that learns

the mapping from (St, At) to St+1[50].

2.3.4 Applications in Finance

In this subsection, we summarize current applications of imitation learning in finance.

Although the literature contains relatively few published studies on this topic so far,

the increasing availability of large financial datasets presents new opportunities to

apply data-driven imitation learning techniques. With the growth of electronic trad-

ing platforms producing high-frequency transaction data and order flow information,

there is strong potential for imitation learning methods to gain traction for modeling

and inference tasks in financial markets. We will consider policy imitation and reward

inference of two kinds of problems: single market agent and collective behaviour of

all agents.

Yang et al.[69] addressed the problem of trading strategy identification given his-

torical Limit Order Book(LOB) trading records. They compared Gaussian Process

Inverse Reinforcement Learning(GPIRL)[53] in which the reward is modeled as a

Gaussian Process with Linear IRL(ILRL)[46] which assumes the expert policy is de-

terministic and found rewards learned by GPIRL as features result in better perfor-

mance in trading strategy classification. The learned rewards have the potential to

be informative features of perceived goals of traders.

Investor sentiment is commonly viewed to have strong impact on prices of secu-

rities. Yang et al.[68] explores the link between a proxy to investor sentiment and

future market movements by applying GPIRL. They regard the the investor senti-

ment(Thompson Reuters’ News Sentiment) as the collective action of market partic-

ipants and market stock returns and volatilities as states in MDP. The objective of

this kind of modeling is to find useful high-level features that can be used to con-

struct better predictive models for equity returns. Experiments have shown that an

adaptive trading system based on learned reward functions performed better than the

original investor sentiment proxy.

In marketing literature, the inverse optimal control methods to learn the cus-

tomer utility is referred as structural models[44]. These models assume customers
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are rational agents that maximize their utilities and typically specify a model for

the consumer utility, and then estimate such a model using methods of dynamic

programming. Halperin[14] applied MaxEnt-IRL[74] with specially chosen reference

action distribution to infer customer preferences, this method is computationally more

efficient than structural model approaches.

Roa-Vicens et al.[56] applied AIRL and GAIL to recover trading agents polices

trained by reinforcement learning algorithms in an latent-space modeled LOB envi-

ronment using stock returns as rewards. Their experimental results show that AIRL

outperforms GAIL in total returns, which may indicate AIRL is more robust than

GAIL. Notice that there is large gap between the total return of experts and learners,

this may due to the training and testing period contain significant variablility of price

and volatility levels, which is common in securities price time series.

Roa-Vicens et al.[55] made an attempt to learn the LOB dynamic in a simplified

LOB environment modeled by a MDP using three different IRL algorithms: MaxEnt,

Bayesian Neural Network(BNN) IRL and GPIRL. While all three algorithms are able

to recover the linear expert reward, BNN IRL and GPIRL outperforms MaxEnt for

recovering non-linear expert rewards.

Robo-advisors are a class of financial advisers that provide online financial advice

or investment management with human intervention[65]. Robo-advising algorithms

learn the client’s risk preference through interactions with the client or by viewing

the client’s historical investments. Yu and Dong[70] utilized inverse optimization

techniques under the multi-period mean-variance framework to infer time-varying risk

preference of traders. Imitation learning methods could be a model free alternative

to this problem.

2.4 Analysis of BC and GAIL

In this section, we present some analysis of error bounds for behavioural cloning,

GAIL and its variations, as well as the generalization ability of GAIL. We consider

time-invariant policies with the finite horizon setting.

2.4.1 Error Bounds for BC and GAIL

For behavioural cloning, Syed et al. and Ross et al.[63][57] established error bounds

in the case of deterministic expert polices. Different from the above works, we proved

the following theorem that considers stochastic expert polices.
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Theorem 4. Given expert policy πE for MDP with finite horizon H and an imitated

policy with an imitated policy π with behavioural cloning objective Es∼dπE
[DKL (πE(· | s), π(· | s))] ≤

ϵ, where dE =
∑H

t=1 d(s, a), then

VπE
− Vπ ≤ H2

√
2ϵ (2.8)

Proof. ∀t ∈ 1, ..., H, define policy π̃t = {π1
E, ..., π

t
E, π

t+1, ..., πH}
then we have,

V (πE)− V (π) =
H∑
τ=1

V (π̃τ )− V
(
π̃τ−1

)
(2.9)

V (π̃τ )− V
(
π̃τ−1

)
=

H∑
t=τ

Eπ̃τ [rt (st, at)]− Eπ̃τ−1 [rt (st, at)] (2.10)

∀t ∈ {1, ..., H} and ∀τ ≥ t

Eπ̃τ−1 [rt (st, at)] = Esτ∼fτ
πE

[Eπ̃τ−1 [rt (st, at) | sτ , aτ ]]

=
∑
s∈S

∑
a∈A

f τ
πE
(s)π(a | s)Eπ̃τ−1 [rt (st, at) | sτ = s, aτ = a]

=
∑
s∈S

∑
a∈A

f τ
πE
(s)π(a | s)Eπ [rt (st, at) | sτ = s, aτ = a]

(2.11)

By similar decomposition,

Eπ̃τ [rt (st, at)] =
∑
s∈S

∑
a∈A

f τ
πE
(s)πE(a | s)Eπ [rt (st, at) | sτ = s, aτ = a] (2.12)

subtracting 2.11 from 2.12, we have

Eπ̃τ [rt (st, at)]− Eπ̃τ−1 [rt (st, at)]

≤
∑
s∈S

f τ
πE
(s)
∑
a∈A

Eπ [rt (st, at) | sτ = s, aτ = a] (πE(a | s)− π(a | s)) (2.13)

Since 0 ≤ r(s, a) ≤ 1,

Eπ̃τ [rt (st, at)]− Eπ̃τ−1 [rt (st, at)] ≤
∑
s∈S

f τ
πE
(s) sup

g:A→[0,1]

∑
a∈A

g(a) (πE(a | s)− π(a | s))

=
∑
s∈S

f τ
πE
(s) TV (πE(a | s), π(a | s)) (TV: Total Variation)

= Es∼fτ
πE

[TV (πE(a | s), π(a | s))]
(2.14)
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V (πE)− V (π) ≤ H

H∑
τ=1

Es∼fτ
πE

[TV (πE(a | s), π(a | s))]

= H2Es∼fπE
[TV (πE(a | s), π(a | s))]

(2.15)

By Pinsker Inequality[58],

V (πE)− V (π) ≤ H2Es∼fπE

[√
2KL (πE(a | s), π(a | s))

]
≤ H2

√
2Es∼fπE

[KL (πE(a | s), π(a | s))] = H2
√
2ϵ

(2.16)

Next, we derive the error bound for f-VIM, which is a generalization of the original

GAIL, it turns to GAIL when choose f(x) = ln(x)

Theorem 5. Given an expert policy πE and an imitated policy π, s.t. Df (ρπ, ρπE
) ≤

ϵ(which can be achieved by f-VIM), f is differentiable up to order 3 at x = 1 and

f
′′
(1) > 0, then we have VπE

− Vπ ≤ H
√

2
f ′′ (1)

ϵ

Proof.
VπE

− Vπ = H(EπE
r(s, a)− Eπr(s, a))

≤ H
∑

|ρπE
(s, a)− ρπ(s, a)|

= HDTV (ρπ, ρπE
)

(2.17)

By Gilardoni[27],

Df (ρπE
, ρπ) ≥

f
′′
(1)

2
D2

TV (ρπE
, ρπ) (2.18)

Thus we have

VπE
− Vπ ≤ H

√
2

f ′′(1)
ϵ (2.19)

Remark. Theorem 5 is a generalization of corollary 1 in Xu et al.[67]. The distance

they considered: KL, Reverse KL, χ2, JS and Hellinger distance are all special cases

of f in theorem 5.

For f -GAIL[72] with the objective:

min
π

max
f∗∈F∗,D∈D

EπE
[D(s, a)]− Eπ [f

∗(D(s, a))]−H(π) (2.20)

Similarly, the following holds for f-GAIL,
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corollary 6. Given an expert policy πE and an imitated policy π, s.t. ∀f ∈ F , Df (ρπ, ρπE
) ≤

ϵ(which can be achieved by f-GAIL), where F is a class of convex functions, and ∀f ∈
F is differentiable up to order 3 at x = 1 and f

′′
(1) > 0. Let F = argmaxf∈F f

′′
(1),

then we have VπE
− Vπ ≤ H

√
2
F
ϵ

Remark. Above inequalities between f-divergences are not sharp, the sharp ones can

be found in Guntuboyina et al.[30] which generally does not have an analytical form,

but can be achieved by solving some convex optimization problems.

Above error bounds results show BC has a quadratic dependency on planning

horizon while GAIL and its variations have linear dependency. But note that this

does not mean GAIL is guaranteed to be superior over BC or f-GAIL is better than

GAIL.

2.4.2 Generalization Ability of GAIL

GAIL aims to minimize the discrepancy between the expert and the learner’s occu-

pancy measure, however, in practice, we only have finite samples of expert trajectories,

drawn from the real distribution. Generalization bounds are introduced to control

the exact loss when we can only minimize its empirical version. For analyzing the

generalization ability of GAIL, Xu et al.[67] view the imitated policy as to minimize

the following neural network distance:

Definition 2.4.1 (Neural Network Distance).

dD(µ, ν) = sup
D∈D

{
E(s,a)∼µ[D(s, a)]− E(s,a)∼ν [D(s, a)]

}
(2.21)

Neural Network Distance is also known as Integral Probability Metrics(IPM),

which is the objective for Generative Adversarial Networks(GANs), e.g Wasserstein

GAN[3]. For the original GAIL and f -divergence related GAIL variants, IPM is

not the direct objective of these algorithms. Thus, different from Xu et al.[67], we

consider the following neural f distance[71], as in Arora et al.[4], which is a more

direct objective for GAIL and its variants:

Definition 2.4.2 (Neural f -Divergence).

df,D(µ, ν) = sup
D∈D

{
E(s,a)∼µ[D(s, a)]− E(s,a)∼ν [D(s, a)]− E(s,a)∼µ [f

∗(D(s, a))]
}
(2.22)

As in Xu et al.[67], we adapt the standard Rademacher complexity to establish

generalization bounds:
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Definition 2.4.3 (Rademacher Complexity).

R(m)
µ (F) := E

[
sup
f∈F

2

m

m∑
i=1

τif (Xi)

]
(2.23)

where Xi ∼ µ, i = 1, ...,m, m is the number of samples, and random variable τi :

P(τi = 1) = P(τi = −1) = 1
2

We consider f-VIM, which is a generalized version of GAIL

Theorem 7. Consider a discriminator class set D with ∀(s, a) ∈, D ∈ D, |D(s, a)| ≤
∆. Given an expert policy πE and an imitated policy π with df,D (ρ̂πE

, ρ̂π)−infπ∈Π df,D (ρ̂πE
, ρ̂π) ≤

ϵ(which can be achieved by f-VIM), then ∀δ ∈ (0, 1), with probability at least 1 − δ,

we have

dD (ρπE
, ρπ)− dD (ρ̂πE

, ρ̂π) ≤ 2R(m)
ρπE

(D) + 2R(m)
ρπ (D) + 2R(m)

ρπ (f ∗(D)) + 6∆

√
log(4/δ)

2m
(2.24)

Proof.

dD (ρπE
, ρπ)− dD (ρ̂πE

, ρ̂π)

= sup
D∈D

[
E(s,a)∼ρπE

[D(s, a)]− E(s,a)∼ρπ [D(s, a)]− E(s,a)∼ρπ [f
∗(D(s, a))]

]
−

sup
D∈D

[
E(s,a)∼ρ̂πE

[D(s, a)]− E(s,a)∼ρ̂π [D(s, a)]− E(s,a)∼ρ̂π [f
∗(D(s, a))]

]
≤ sup

D∈D
{
[
E(s,a)∼ρπE

[D(s, a)]− E(s,a)∼ρπ [D(s, a)]− E(s,a)∼ρπ [f
∗(D(s, a))]

]
−[

E(s,a)∼ρ̂πE
[D(s, a)]− E(s,a)∼ρ̂π [D(s, a)]− E(s,a)∼ρ̂π [f

∗(D(s, a))]
]
}

≤ sup
D∈D

[
E(s,a)∼ρπE

[D(s, a)]− E(s,a)∼ρ̂πE
[D(s, a)]

]
+

sup
D∈D

[
E(s,a)∼ρ̂π [D(s, a)]− E(s,a)∼ρπ [D(s, a)]

]
+

sup
D∈D

[
E(s,a)∼ρ̂π [f

∗(D(s, a))]− E(s,a)∼ρπ [f
∗(D(s, a))]

]
≤ sup

D∈D

∣∣E(s,a)∼ρπE
[D(s, a)]− E(s,a)∼ρ̂πE

[D(s, a)]
∣∣+

sup
D∈D

∣∣E(s,a)∼ρπ [D(s, a)]− E(s,a)∼ρ̂π [D(s, a)]
∣∣+

sup
D∈f∗(D)

∣∣E(s,a)∼ρπ [D(s, a)]− E(s,a)∼ρ̂π [D(s, a)]
∣∣

(2.25)
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By McDiarmid’s inequality[54],

sup
D∈D

∣∣E(s,a)∼ρπE
[D(s, a)]− E(s,a)∼ρ̂πE

[D(s, a)]
∣∣

≤E
[
sup
D∈D

∣∣E(s,a)∼ρπE
[D(s, a)]− E(s,a)∼ρ̂πE

[D(s, a)]
∣∣]+ 2∆

√
log(4/δ)

2m

≤2Eσ,ρπE

[
sup
D∈D

m∑
i=1

1

m
σiD

(
s(i), a(i)

)]
+ 2∆

√
log(4/δ)

2m

= 2R(m)
ρπE

(D) + 2∆

√
log(4/δ)

2m

(2.26)

Combining with 2.25, we have

dD (ρπE
, ρπ)− dD (ρ̂πE

, ρ̂π) ≤ 2R(m)
ρπE

(D) + 2R(m)
ρπ (D) + 2R(m)

ρπ (f ∗(D)) + 6∆

√
log(4/δ)

2m
(2.27)
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Chapter 3

Conclusion and Future Works

3.1 Summary

In chapter 1, we extend the canonical epidemiological model SIR to find an optimal

decision making with the aim to balance between economy and people’s health. In

our model, people in different health statuses take different decisions on their working

hours and consumption to maximise their own utility, while policymakers control the

lockdown rate to maximise the overall welfare, which leads to a two phases optimi-

sation problem. Several parameters in our model are not straightforward to specify

using the common epidemic data for modelling. We develop a novel method of pa-

rameter estimation through various additional sources of data. Our results show that

lockdown measures could effectively reduce the deaths and infections caused by the

COVID-19. There is an inevitable trade-off between the short-term recession, and

health problems caused by the pandemic, and how policymakers deal with this could

lead to very different decisions. We quantify the trade-off by emphasising the cost

of death in the model objective, which enables the optimal lockdown policy to dis-

cover a balance between the economic and epidemic outcomes. The timing of starting

and ending the lockdown control policy makes much difference in terms of both the

economic and epidemic outcomes. So the earlier to start the control, the better the

results will be. It is crucial to avoid premature ending of the control. In the analy-

sis of the smart containment policy, the results suggest that additional information

about the health status of people is beneficial, as the optimal lockdown control policy

will reach much better outcomes if it could be implemented on people with different

health status separately. Through comparison of lockdown policies, we suggest that

R0 cannot be the only foundation for policy-making.

In chapter 2, we summarized imitation learning methods, mainly behavioural

cloning, inverse reinforcement learning, generative adversarial imitation learning,
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their variants and current applications of imitation learning methods in finance. Al-

though there hasn’t been much of literature on this topic, with the increasing avail-

ability of financial data in recent years, as a data-driven approach that has shown

success in learning from human demonstrations in fields such as robotics and auto-

mated driving, imitation learning methods might have more capability of modelling

and inference of markets and investors’ behaviours comparing to traditional methods.

We also analyse the error bounds and generalization ability of BC, GAIL and its

variations.

3.2 Future Works

In Chapter 1, the two-stage optimization problem 1.19 and 1.23 is a bilevel opti-

mization problem[13] and we solved this problem by its KKT condition. However,

we acknowledge that the KKT condition is necessary but not sufficient. Therefore, it

remains an open question regarding the uniqueness of the equilibrium solution for our

specific problem. To further advance the understanding and resolution of this prob-

lem, we recognize the need to explore and evaluate alternative solution techniques

specifically tailored for bilevel optimization problems. By delving deeper into the

literature and actively engaging with the existing methodologies, we aim to broaden

our knowledge and identify innovative approaches that could enhance the quality of

the obtained solutions. We intend to conduct an extensive study of the existing tech-

niques, examine their applicability, and adapt them to our specific problem domain,

thus contributing to the advancement of the overall field of bilevel optimization.

In Chapter 2, for future research, we will study on imitation learning algorithms

that are adaptive to applications on financial markets. Below lists some possible

topics:

1. Bounded Rationality of Agents. In most of current applications of imitation

learning in financial markets, agents(both experts and learners) are assumed

to be perfectly rational, but real-world investors are risk-averse and the util-

ity function does not have a definite formation. Ortega et al.[47][48] provide

a computation framework for bounded rationality, in which they penalize the

reward function by information cost to deviate from the perfect rational be-

haviour. This is one possible way of generalizing current methods and provide

more insight on investors and markets behaviours.
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2. Time-Varying Polices. Imitation learning algorithms we discussed in this work

are all time-invariant, but in real-world financial markets, behaviours or risk

preference of people may change over time. In this case, online-learning algo-

rithms or Bayesian type approaches that could learn polices that can adaptive

with time may be a better fit for modelling markets and investors behaviours.

3. Model-Based Methods. Current imitation learning applications on financial

markets are mostly model-free approaches that assume a general MDP en-

vironment without any prior knowledge. Considering there are various well-

established models for markets and investors behaviours, we could try to add

model-based information to guide the purely model-free methods.

4. Alternative Generative Algorithms. Recently, generative algorithms, for exam-

ple diffusion model[62] and DDPM[35] have shown promising performance in

image generation and are superior over GANs in many cases. Unlike GANs

and generative algorithms in imitation learning, diffusion models do not need

adversarial training, so that they are expected to be easier to train and bring

more stable results. Pearce et al. [51] made the first attempt to combine diffu-

sion models with Behavioural Cloning to imitate agents behaviours in various

environments. Inspiring by this, combing GAIL or other imitation learning

algorithms with DDPM may be able to achieve better performance.
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