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Abstract

Advances in statistical methodology and computing power are enabling the development of in-
creasingly sophisticated models of infectious disease dynamics, transforming our understanding
of the spread and impact of these diseases. These advances allow us to perform more robust
inference, make better predictions, extract more information from existing data sources, and
harness novel data sources. As exemplified by the COVID-19 pandemic, such progress is cru-
cial for our highly connected world, which faces an increasing number of infectious disease
threats. The need for adaptable, reliable, and innovative statistical methods for the analysis

of epidemiological data is clear.

This thesis responds to this need by introducing a series of methodological contributions to the
field of infectious disease modelling. In Chapter 3, we present a decision-theoretic approach to
uncertainty quantification, linking statistical first principles directly to epidemiological appli-
cations. In Chapter 4, we extend two popular epidemiological models to demonstrably improve
their uncertainty quantification. Later chapters develop novel methodology for fitting epidemic
models to data (Chapter 5), for robust modelling of epidemic prevalence survey data (Chapter
6), and for leveraging wastewater sampling data alongside traditional data sources (Chapter
7). Chapter 8 examines risk-related behaviours in England during the COVID-19 pandemic,
and compares inferences made from traditional survey data to those derived from novel data
sources. Finally, in Chapter 9, we revisit the models introduced in Chapters 4, 5, and 6 through

the framework introduced in Chapter 3.
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Chapter 1

Introduction

1.1 Motivation

Infectious diseases pose one of the largest threats to global health [1]. Epidemics of influenza,
HIV, SARS, Ebola, SARS-CoV-2, and Mpox, among others, have repeatedly disrupted soci-
eties, strained health systems, and caused large-scale morbidity and mortality [2]. Despite
advances in public health and pandemic prevention, the number of emerging infectious disease
events has risen significantly in recent years [3, 4], driven by increased human mobility [5],
deforestation [6], agricultural intensification [7], climate change [8], and other societal and en-
vironmental factors [9]. The burden of these epidemics disproportionately falls on marginalised
and poorer populations [10, 11, 12]. While improvements in medicine, vaccination, and san-
itation have reduced the burden of some infectious diseases, epidemics remain persistent and

unpredictable threats [13].

Statistical epidemiology provides important tools for understanding and predicting the spread
of infectious diseases [14, 15]. Statistical models are applied to epidemiological data to estimate
key parameters such as the epidemic growth rate and instantaneous reproduction number [16],
infer prevalence and incidence [17], identify demographic heterogeneities and inequities [18],
and forecast future disease burden [19]. These modelling outputs are useful for both real-
time decision-making and retrospective analyses, informing public health interventions [20],
healthcare resource allocation [21], and retrospective assessments that improve preparedness

for future epidemics [22].
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1.2. THESIS OBJECTIVES AND STRUCTURE

Reflecting the growing threat of infectious disease outbreaks and the value of statistical ap-
proaches for epidemic response, the volume of infectious disease modelling research has risen
rapidly, particularly during the COVID-19 pandemic, far outpacing growth in the wider sci-
entific literature [23]. Driven by increasing computational power [24], novel data streams [25],
and methodological advances [26, 27|, this rapid expansion has substantially broadened the
scope of the epidemiological toolkit [28]. Yet, the speed and scale of this growth also creates

challenges for reproducibility, accessibility, and clarity [29, 30].

In this context, progress in statistical epidemiology depends both on methodological innova-
tion and the careful consolidation of existing approaches. Developing principled statistical
frameworks for the unique challenges of infectious disease epidemiology is critical [31, 32].
Further statistical challenges include quantifying and communicating uncertainty [33, 34|, en-
suring robustness of modelling outputs [35], accounting for biases in observed data [36], and
synthesising multiple data sources [24]. The rapid development of modern machine learning
approaches also provides both opportunities and challenges for epidemiology [37]. Addressing
these challenges will yield more reliable and useful models, strengthening their utility for public

health decision-making and ultimately improving global health outcomes [15].
1.2 Thesis objectives and structure

The primary objective of this thesis is to present novel methodology and results that advance
the field of statistical infectious disease epidemiology. A distinguishing feature of statistical
modelling is its explicit consideration of uncertainty, a topic central to this thesis. Additionally,

this thesis makes meaningful contributions to the field by prioritising the following principles:

o Consolidation: This thesis reframes, generalises, and advances existing methods within

the field.

o Reproducibility and accessibility: All code and data are available in a well-documented,

easily reproduced manner tailored to the specific work.

o Interdisciplinarity: Methods and ideas from adjacent fields that can benefit epidemiology

are identified and adapted.
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1.2. THESIS OBJECTIVES AND STRUCTURE

Brief descriptions of each chapter and their contribution to these additional principles are given

below. This information is also summarised in Table 1.1.

Chapter 2 provides a background and literature review. As each paper in this thesis is self-
contained, we provide a background through a historical lens, focusing on how both statistics
and epidemiology have developed. We also highlight and define key statistical approaches,

epidemiological models, parameters, and sources of data, that are used throughout the thesis.

Chapter 3 presents the first paper: “A decision-theoretic framework for uncertainty quantifi-
cation in epidemiological modelling” [38]. This paper introduces a decision-theoretic approach
to uncertainty quantification in epidemic models. By leveraging recent machine learning results
and adapting them for epidemiology, we demonstrate a theoretically grounded-yet-practical sep-
aration of uncertainty into reducible and irreducible components. This paper focuses on consol-
idation and interdisciplinarity. Code and data to reproduce the wastewater-based epidemiology

example are provided here: https://github.com/nicsteyn2/DecisionTheoreticEpi.

Chapter 4 presents the second paper: “Robust uncertainty quantification in popular esti-
mators of the instantaneous reproduction number” [39]. This paper derives likelihoods for
the smoothing parameters in two popular estimators of the instantaneous reproduction num-
ber, a widely used metric for quantifying epidemic spread. These likelihoods are used to
marginalise out parameters, showing that this improves the robustness of the model’s uncer-
tainty quantification. This paper focuses on reproducibility (we provide well-documented code
of both original methods and our extensions in the Julia programming language) and con-
solidation (by improving two widely used methods). The online material can be found here:

https://nicsteyn2.github.io/RobustRtEstimators/.

Chapter 5 presents the third paper: “A primer on inference and prediction with epidemic
renewal models and sequential Monte Carlo” [40]. This paper provides a tutorial-style intro-
duction to sequential Monte Carlo methods, focusing on their application to epidemic renewal
models. Given recent advances in computational power, these methods have become increas-

ingly appealing as a flexible-yet-conceptually simple way to perform inference and prediction,
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1.2. THESIS OBJECTIVES AND STRUCTURE

particularly in the epidemiological-time-series setting. This paper focuses on reproducibil-
ity: all example models, along with additional ones, are provided on a standalone website:

https://nicsteyn2.github.io/SMCforRt/.

Chapter 6 presents the fourth paper: “A Bayesian model for repeated cross-sectional epidemic
prevalence survey data” (accepted at PLOS Computational Biology, preprint [41]), in which we
develop and test models for smoothing and performing inference on epidemic prevalence survey
data, such as the data collected during the REal-time Assessment of Community Transmission-
1 (REACT-1) study. We also provide a detailed comparison with two existing approaches,
giving insight into good modelling practices for these data, and intuition for how seemingly
small assumptions can strongly affect model outputs. This paper focuses on consolidation and
reproducibility. Example notebooks and well-documented code are published here: https:

//github.com/nicsteyn2/EpidemicSurveySmoothing.

Chapter 7 presents the fifth paper: “Jointly estimating epidemiological dynamics of COVID-
19 from case and wastewater data in Aotearoa New Zealand” [42], in which we construct a
model to estimate COVID-19 dynamics using both reported cases and wastewater sampling
data. By combining these two data sources, we reduce biases associated with each source, and
enable estimation of quantities such as the relative case ascertainment ratio. This paper focuses
on consolidation and reproducibility. All data used and well-documented code are available

here: https://github.com/nicsteyn2/NZWastewaterModelling.

Chapter 8 presents the sixth paper: “Pandemic-risk-related behaviour change in FEngland
from June 2020 to March 2022: REACT-1 study among over 2 million people” [43], in which
we analyse survey responses on behaviour during the COVID-19 pandemic. By comparing
responses with community-level mobility data, we show that these mobility data often reflect
self-reported population mobility. This paper focuses on accessibility; in particular, we make

extensive data available online: https://github.com/nicsteyn2/REACTBehaviouralData/.

Chapter 9 re-examines aspects of Chapters 4, 5, and 6 through the lens of Chapter 3. We
provide further insight into uncertainty in the renewal model, re-examine the marginalisation
technique introduced in Chapter 4, demonstrate how the methods from Chapter 5 can estimate

reducible and irreducible uncertainty, and consider survey sampling strategies in Chapter 6.
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1.2. THESIS OBJECTIVES AND STRUCTURE

Chapter 10 provides a summary of contributions, directions for future work, limitations of

the thesis, and short concluding remarks.

Chapters 3 through 8 are approximately ordered from most theoretical and general to most
applied and specific. This ordering was chosen to facilitate discussion: the lessons from earlier
chapters are relevant to later chapters and are used to frame Chapters 9 and 10. It is not
coincidental that this ordering is also approximately reverse-chronological (based on when the
work was done rather than published) reflecting the aim of generalising lessons from earlier
work.

Table 1.1: An overview of the chapters in this thesis. Chapters 3-to-8 are formed of papers
that have either been submitted to or accepted in academic journals. Chapters 1, 2, 9, and 10
were written specifically for this thesis. Where papers are not yet published, a reference to the
corresponding preprint is provided.

Chapter | Paper | Title Status Reference
1 - Introduction - -
2 - Background and literature review - -
3 I A decision-theoretic framework for Submitted for [38]
uncertainty quantification in publication
epidemiological modelling

4 I Robust uncertainty quantification in Published in [39]
popular estimators of the American Journal of
instantaneous reproduction number Epidemiology

5 II1 A primer on inference and prediction Published in [40]
with epidemic renewal models and Statistics in Medicine
sequential Monte Carlo

6 v A Bayesian model for repeated Accepted in PLOS [41]
cross-sectional epidemic prevalence Computational
survey data Biology

7 A% Jointly estimating epidemiological Published in [42]
dynamics of COVID-19 from case and Communications
wastewater data in Aotearoa New Medicine
Zealand

8 VI Pandemic-risk-related behaviour Submitted for [43]
change in England from June 2020 to publication
March 2022: REACT-1 study among
over 2 million people

9 - Revisiting Chapters 4, 5, and 6 - -
through the lens of Chapter 3

10 - Discussion and conclusions - -
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1.3. OTHER WORK

1.3 Other work

In addition to the work presented in this thesis, I have contributed to several other published
works, listed below in reverse chronological order. These include estimates of orphanhood and
caregiver loss associated with COVID-19 in Brazil [44], methodological work on simulation-
based inference of the instantaneous reproduction number [45], and evaluations of the sensitivity
of reverse transcription polymerase chain reaction (RT-PCR) tests for SARS-CoV-2 [46], which
informed work in Chapter 6 of this thesis. I also contributed to a case study in the Royal
Society’s report on the effectiveness of non-pharmaceutical interventions for COVID-19 [47],

and two papers from the REACT-1 study [48, 49].

1. Steyn, N., Unwin, H. J. T., Ponmattam, J., et al. (2025). Regional and national
estimates of children affected by all-cause and COVID-19-associated orphanhood and
caregiver death in Brazil, by age and family circumstance: a modeling study. Accepted
in The Lancet Regional Health Americas. Preprint: https://doi.org/10.1101/2025.0
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Chapter 2

Background and literature review

This chapter provides background information and a literature review relevant to the papers
presented in this thesis. We start with a very brief history of statistical epidemiology, in which
we identify key statistical frameworks, epidemiological models, epidemiological parameters, and
sources of epidemiological data that have been developed to model and understand infectious
disease dynamics. These topics form the next four sections of this chapter. Finally, we present
an overview of the COVID-19 pandemic. As each paper presented in this thesis is self-contained
and includes its own introduction, we focus on broader underpinning themes, concepts, and

historical context.

2.1 A very brief history of statistical epidemiology

Epidemiology and statistics are inextricably linked fields that have co-evolved over time. Early
examples of statistical epidemiology in Western scholarship date to the 17th century [50, 51],
when John Graunt’s seminal work on the Bills of Mortality in London offered novel and valuable
insights about public health [52, 53]. Many challenges faced by modern statistical epidemiol-
ogists were identified by Graunt, including reporting biases and missing data [54]. He noted
that the “searchers”, typically older and uneducated women, tasked with determining causes
of death were unreliable and could be incentivised by officials to misreport [53]. By argu-
ing that plague deaths were systematically underreported and estimating the extent of this,
Graunt’s work is a precursor to the modern task of estimating the case ascertainment ratio.
His work was also groundbreaking for showing that population-level health could be described

mathematically, a fact taken for granted today.

22



2.1. A VERY BRIEF HISTORY OF STATISTICAL EPIDEMIOLOGY

At the same time, Blaise Pascal, Pierre de Fermat, Christiaan Huygens, and Antoine Arnauld
were developing probability theory [54]. In 1662, the very same year as the publication of
Graunt’s first analysis, Arnauld published La logique, ou [’art de penser, which contained the
first known use of the term “probability” in its modern mathematical sense [53]. In 1669,
Huygens and his brother Lodewijk Huygens applied the concept of probability to Graunt’s

work, though their results remained unpublished until 1894 [54].

In 1760, Daniel Bernoulli used probability and calculus to model the effect of smallpox inocu-
lation [55]. Bernoulli justified his chosen values of “two pieces of elementary information” (the
probability of catching smallpox and the probability of dying from it), arguing that alternative
values would produce data contradicting what was observed. Today, we call these pieces of
“elementary information” parameters, with these specific parameters being called the force of
infection and case fatality ratio in the modern literature. Identifying parameter values that

could plausibly generate observed data underpins modern statistical inference.

Both fields continued to develop over the following centuries. Early statistics were driven
in large part by the problem of binomial proportions: if we observe z “successes” from n
trials, what can we say about the probability of success p? This is immediately familiar to
the epidemiologist: what is the prevalence of a disease? (Of course, calling an infection a
“success” requires a level of semantic detachment.) The earliest solutions to this problem
were independently developed by Thomas Bayes and Pierre-Simon Laplace [56, 57], using
what became known as inverse probability, a precursor to modern Bayesian inference [58].
While treating the true value of p as fixed, a probability distribution was placed over the
potential values to express uncertainty. By assuming a probabilistic model for the observed
data, they worked backwards using (what we now call) Bayes’ theorem, inverting the probability

distribution on x to one on p.

19th-century epidemiology is most commonly associated with the complementary and some-
times contradictory works of John Snow and William Farr. Snow is best known for his iden-
tification of a specific water pump in London as the source of a cholera outbreak, which he
(correctly) argued was caused by contaminated water, refuting the widely held “miasma” the-
ory of disease transmission [59]. Farr, a highly respected statistician, was more focused on

the statistical analysis of mortality data and the development of vital statistics [59]. In 1840,

23



2.1. A VERY BRIEF HISTORY OF STATISTICAL EPIDEMIOLOGY

nine years before the aforementioned cholera outbreak, Farr published what became known
as “Farr’s laws” [60], showing that the incidence of an infectious disease follows a predictable
pattern over time. He made the insightful observation that “if the latent cause of epidemics
cannot be discovered, the mode in which it operates may be investigated. The laws of its action
may be determined by observation...” [61]. Farr was effectively arguing that we can make useful
mathematical statements about infectious disease dynamics even if we do not fully understand
the underlying mechanisms of transmission. This was fortunate, as Farr did not completely
accept Snow’s correct theory of cholera transmission until the later 1866 epidemic of cholera,

which occurred after Snow’s death.

The 20th century saw the rapid development of more sophisticated mathematical models, in-
cluding the Reed-Frost chain-binomial model' (although an earlier version of a chain-binomial
epidemic model was published by Pyotr Dimitrevich En’ko) [62, 63, 64]. Perhaps the most
influential paper in the field, however, is William Ogilvy Kermack and Anderson Gray McK-
endrick’s 1927 paper “A contribution to the mathematical theory of epidemics” [65], which is
highly cited for the susceptible-infected-removed (SIR) compartmental model. More relevant
to this thesis is the often-overlooked fact that Kermack and McKendrick also introduced a form
of the renewal model, albeit as an intermediate step in their derivations. Denoting infectivity at
“age” 0 by ¢g (age here refers to the time since infection), “the number of individuals . .. at the
time t who have been infected for 0 intervals” by v g, and the number of susceptible individuals
by x¢, the number of individuals who became infected at time ¢ are given by:

t
Vg = Tt Z Dot p-

=1

This was extended to a system of ordinary differential equations by recognising that the
continuous-time limiting model (found by taking the length of each time interval to zero)
resembles the Lotka-Volterra model for population dynamics [66, 67]. The classic SIR model

is recovered as a special case where infectiousness and recovery rates are constant.

Lowell Reed presented his model to the non-scientific audience in a 1951 educational video titled “ Epidemic
theory: What is it?”, produced by Johns Hopkins Science Review. This has been published on YouTube by the
Johns Hopkins Medical Archives and can be accessed here: https://www.youtube.com/watch?v=0R5uzbPajzM.
An interesting physical experiment with coloured marbles is used to demonstrate their model.

24


https://www.youtube.com/watch?v=OR5uzbPajzM

2.1. A VERY BRIEF HISTORY OF STATISTICAL EPIDEMIOLOGY

Returning to statistics, various criticisms of inverse probability arose over the 19th and 20th
centuries. In 1844, Robert Leslie Ellis developed an early frequentist-style framework for sta-
tistical inference, arguing that the inverse probability approach violated ex nihilo nihil (“out
of nothing, nothing”): that no information should lead to no inference at all [68]. Other ob-
jections to inverse probability included the conflation of probability as an objective measure of
chance with probability as a measure of subjective belief (first attributed to Antoine Augustin
Cournot [69]), the fact that the uniform prior distribution artificially adds one success and one
failure to the inference (by George Boole and John Venn, among others [70]) and the lack of

invariance under reparametrisation (most famously by Harold Jeffreys [71]).

Driven partially by these critiques of inverse probability, as well as the development of large-
sample limiting arguments that allowed the consideration of previously intractable problems
[72], multiple alternative approaches to statistical inference were formalised in the early 20th
century. Most notably, the frequentist school of thought was introduced by Ronald A. Fisher
[73, 74], Jerzy Neyman, and Egon Pearson [75]. Rather than seeking a probability distribution
over a fixed parameter, the frequentist approach considers the behaviour of estimators under
hypothetical repeated sampling, allowing the direct application of results like the central limit
theorem. Motivated by both professional and personal disagreements with Pearson, Fisher went
on to develop another framework called fiducial inference [76, 77|, seeking to marry the benefits
of the frequentist and Bayesian (inverse probability) approaches. While elegant in special cases
(e.g., the binomial proportion), generalisation proved fraught and internal inconsistencies were
identified. By the late 1950s, fiducial ideas had largely fallen out of use, leaving the frequentist

school dominant.

The 1940s and 1950s saw the introduction of statistical decision theory. By framing inference
as a problem of decision-making under uncertainty, Abraham Wald and others introduced
the concepts of loss and risk, directly connecting statistical inference to real-world decision-
making [78, 79]. This also provided a common language for the frequentist and Bayesian
schools: frequentist approaches could be evaluated based on their long-run risk properties, with
procedures often justified by minimax criteria (controlling the worst-case risk), while Bayesian

methods were understood as rules that minimised expected loss under a prior distribution [80,
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81, 82]. Modern-day epidemiology, particularly in the health economics context, often leverages

these decision-theoretic ideas [83].

By the late 20th century, Bayesian methods were experiencing a resurrection, driven by both
theoretical and computational advances [84, 85]. While early Bayesians had been constrained
by analytic tractability, the development of Markov chain Monte Carlo (MCMC) methods
allowed for efficient approximation of posterior distributions in high-dimensional settings [86].
Combined with the rapid increase in readily available computing power, and the development
of user-friendly software (e.g., BUGS, Stan [87, 88]), Bayesian methods became increasingly
popular across many fields, particularly in infectious disease contexts where mechanistic models

are common and data are often limited and noisy [26, 89).

The 21st century has seen the reshaping of statistical epidemiology both conceptually and
practically. On the conceptual side, debate about whether statistics should focus on “data
modelling” (i.e., fitting mechanistic models) or “algorithmic modelling” (i.e., using flexible
black-box methods) [90], and whether the fundamental purpose of statistics is to explain (in-
fer) or to predict [91, 92], has coincided with the development of modern machine-learning
methods [27, 93]. On the practical side, growth in the availability of large and novel datasets,
computational capacity, and methodological advances have substantially broadened the toolkit
available to the statistical epidemiologist. This is an exciting time for statistical epidemiology,

with many open questions and opportunities for impactful research.

2.2 Statistical frameworks, models, and methods

Formally, a statistical model is defined as a set of probability distributions on some sample
space S [94]. A parameterised statistical model further contains a parameter space © and a
function P : © — P(S) which maps each parameter value § € © to a probability distribution
Py on §. The sample space S consists of all possible datasets, where the goal of a statistical

method is to use an observed dataset in § to make inferences about the “true” parameter value.

Practically, for this thesis, we define statistical modelling as the creation of a mathematical rep-
resentation of a real-world data-generating process with the goal of making inferences and/or

predictions about the underlying process. Statistical modelling is distinguished from other
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forms of modelling by the use of statistical methods to quantify uncertainty about these infer-
ences and predictions. The extent to which the mathematical representation is a mechanistic
reflection of reality can range from a simplified description of the entire system to black-box

algorithmic modelling.
2.2.1 Two dominant frameworks: frequentism and Bayesianism

Setting aside fiducial inference, there are two main schools of statistical inference: frequentism
and Bayesianism. Fundamentally, the two schools differ in their interpretation of the source
of uncertainty [95]. Take the goal of inferring a parameter 6 given n observed data points
Y1:.n, With subscript 1:n referring to observations indexed i = 1,...,n. The frequentist views
uncertainty as arising from the alternative datasets that could have been observed, denoted
by random variable Yi.,. The frequentist estimator of # is a function of the Yi., and may be
colloquially written [96]:
O0(Y1.p).

In contrast, the Bayesian conditions on the observed data y;., and reasons about the missing
data that would allow them to calculate, rather than estimate, §. The Bayesian estimator may

be written:

9(y1:n, Yn—l—l:N)’

where N can be either finite or infinite.

An example from Chapter 3 makes this clear. Consider testing n individuals out of a population
of size N for some disease, with y; = 1 if individual ¢ has the disease, and 0 otherwise. The
goal is to estimate the proportion p of the population that has the disease. The frequentist
would note that the sample mean p = 1., is a sufficient statistic for p and apply the central
limit theorem, indirectly arguing about the alternative datasets that could have been observed
[95]. Frequentist confidence intervals reflect the variability in p that would arise under repeated
sampling. The Bayesian would instead build a predictive model for the remaining Y}, 1., either
implicitly by placing a prior distribution on p [97], or explicitly by building a predictive model
for the unobserved Y;,11.x [98, 99]. Bayesian credible intervals reflect the posterior uncertainty

about the true value of p we would calculate if we were to observe the full dataset.
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The two frameworks are also often compared by their objectivity and subjectivity, with frequen-
tism considered objective while Bayesianism is considered subjective, although both require the
specification of a model, making them both subjective [100], and many researchers work on de-
veloping “objective” Bayesian methods [101]. Reflecting the widespread popularity of Bayesian
methods for dynamic modelling in epidemiology, Chapters 3-to-7 are primarily Bayesian in

nature. Chapter 8 instead leverages more traditional frequentist reasoning.
2.2.2 Likelihoods and simulation-based inference

The likelihood is central to both frequentist and Bayesian inference. Given observed data y;.,
and a parameterised statistical model, the likelihood is defined as the probability of observing
Y1.n, given parameter 6 [95]:

L((g, yl:n) = P@(yl:n)~

In frequentist inference, the likelihood is typically maximised to obtain the maximum likelihood

estimate (MLE) of 6:

>

— L(6: y1.).
arg max (05 y1:n)

In Bayesian inference, the likelihood is coupled with a prior distribution P(#), and Bayes’

theorem is used to obtain the posterior distribution:

P(0|ylzn) X L(a;ylzn)P(e)'

Simulation-based inference (SBI) is used when the likelihood is unavailable or intractable, but
where it is possible to simulate data from the model [102]. Rather than explicitly defining
L(0;y1.n), an implicit likelihood is induced by a simulator that generates synthetic datasets.
This style of inference is particularly popular in epidemiology, as it allows general epidemic
models to be used for inference. Methods such as approximate Bayesian computation (ABC)

[26, 103] and neural density estimators [104] have been created to allow for SBI.
2.2.3 The predictive decomposition of the likelihood

One representation that features prominently in this thesis is the predictive decomposition of

the likelihood [91], written:

n

L(6; y1:n) = P(y1:nl0) = P(1116) [T P(wilyr:i1, ). (2.1)
i—2
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While this applies to any sequence y1., where the stepwise conditional densities are known, it
is particularly useful in the time-series setting. Fundamentally, this tells us that the MLE of ¢
corresponds to the value of § that maximises the probability of the one-step-ahead predictions.
In the Bayesian setting, this approximately applies to the maximum a posteriori estimate (as-
suming the prior is mildly informative at most). The predictive decomposition of the likelihood
connects the two tasks of inference and prediction: inference about a parameter 0 is implicitly

performed by choosing the best overall predictive model.
2.2.4 Mechanistic, semi-mechanistic, and non-mechanistic models

Mechanistic models (e.g., the SIR model, agent-based models) are direct mathematical repre-
sentations of the underlying process that generated the observed data, and typically encode
information about the entire system being modelled [105, 106]. Non-mechanistic models (e.g.,
most machine-learning models) are primarily data-driven, and tend to be more “black-box” in
nature. Semi-mechanistic models (e.g., the renewal model, many state-space models) strike a
balance between these two extremes, modelling only the relevant parts of the system mecha-

nistically, while abstracting away other parts.

The trade-off between mechanistic and non-mechanistic models is driven by model flexibility,
interpretability, and data requirements. Mechanistic models are usually more interpretable,
with parameters that have direct real-world interpretations, and require fewer data, as more
assumptions are encoded about the real-world process in the model structure itself. In contrast,
non-mechanistic models are usually more flexible, but require more data to fit, and tend to
be less interpretable. Semi-mechanistic models occupy an intermediate position: incorporating
mechanistic structure where empirical knowledge is strong, data are sparse, or interpretability
is important, while using non-mechanistic components where empirical knowledge is weak, data

are plentiful, or flexibility is important.

Data are naturally limited in epidemiology. We only ever observe a single realisation of a given
epidemic. This means that mechanistic models, where the relative lack of data is compensated
for by making stronger assumptions about the underlying process, have long been popular in
epidemiology. In recent years, however, semi-mechanistic modelling has become increasingly

popular (such as through the renewal model [107] and dynamics-informed machine-learning
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models [37, 108]). Even non-mechanistic models have gained popularity [19], particularly as
machine-learning methods are adapted for epidemiological applications [109]. This trajectory
mirrors the broader debate in statistics between the “data-modelling” (i.e., mechanistic) and

“algorithmic-modelling” (i.e., non-mechanistic) cultures [90].
2.2.5 Sources of uncertainty

In the wider literature, statistical uncertainty is often classified as either “aleatoric” (relating
to chance) or epistemic (“relating to knowledge”) [110]. The term aleatoric is used to refer to
uncertainty that is inherent to the data, inherent to the model, or cannot be reduced. The
term epistemic is used to refer to uncertainty that is due to a lack of knowledge (such as from
not knowing the true values of parameters), that results from a lack of data, or can otherwise
be reduced. These definitions are somewhat vague and refer to a range of different quantities,

leading to calls for more precise definitions [110].

The description of the sources of uncertainty in epidemiology also varies between publications.
For example, D’Agostino McGowan et al. [111] categorise uncertainty into three types: data
uncertainty, stochastic uncertainty, and structural uncertainty. Meanwhile, Zelner et al. [112]
categorise uncertainty as stochastic uncertainty, parameter uncertainty, and model/structural
uncertainty, and Swallow et al. [113] categorise uncertainty as observation error/bias, stochas-
tic uncertainty, parameter uncertainty, structural uncertainty, and model discrepancy. The
definitions of these categories, even those with shared names, vary by publication, and math-
ematical descriptions are typically not provided. In Chapter 3, we begin to address this gap
by introducing precise yet practical definitions of reducible and irreducible uncertainty in an

epidemiological context.

2.3 Epidemiological models

In this section, we briefly review epidemiological models that feature in this thesis. Further

explanation of each model is given in the relevant chapters.
2.3.1 The renewal model

Central to this thesis is the semi-mechanistic renewal model. The modern discrete-time for-

mulation was defined in the literature by Christophe Fraser in 2007 [107], and subsequently
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popularised as a tool for real-time estimation of the time-varying reproduction number R; by
Anne Cori et al. in 2013 [114]. Since then, the use of this model in epidemiology has grown
rapidly, with many extensions and adaptations being proposed [36, 115, 116]. In addition to R,
estimation, the renewal model can also be used for short-term forecasting [105, 117], estimating

elimination probabilities [118], and measuring the effect of non-pharmaceutical interventions

(NPIs) [22].

The renewal model directly relates past incidence to current incidence through a generation time
distribution. Denoting infection/reported incidence at time t by I, the value of the generation
time/serial interval (defined in Section 2.4.3) probability mass function by w,, (where Y, w, =1
and u typically represents days), and the time-varying instantaneous reproduction number by
R, (defined in Section 2.4.2), the Poisson renewal model is written:
i—1
I; ~ Poisson (Rt Z It_uwu> , (2.2)
u=1
where I; can refer to the true (unobservable) infection incidence or to observed incidence such

as reported cases or hospitalisations.

The renewal model is semi-mechanistic: it directly models the generation of new incidence from
past incidence, while abstracting away other parts of the epidemic process, such as the depletion
of susceptible individuals. It is common to pair this model with some form of smoothing on R;
to pool information over time [114, 115]. In fact, many popular implementations of the renewal

model differ primarily in their choice of smoothing method.
2.3.2 Hidden-state models

A general hidden-state model consists of time-indexed unobserved hidden states Xy, observed
data y;, and parameter(s) 6 [119]. The hidden states typically represent some underlying
process of interest from which the observed data are generated. Such a model is defined by two
probability distributions: a state-space transition distribution, which governs how the hidden
states evolve over time, and an observation distribution, which governs how the observed data
are generated from the hidden states. A diagram of a general hidden-state model is shown in

Chapter 5 Figure 5.1.
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The renewal model above (Equation 2.2) can be written as a hidden-state model, where the
hidden states are R;, the observed data are reported case incidence Iy, and the parameters
are the values of the generation time distribution w,. In the Bayesian setting, absent any
smoothing on Ry, the prior distribution on R; forms the state-space transition distribution?,

and Equation 2.2 forms the observation distribution.

Hidden-state models are particularly useful in epidemiology as they allow for the explicit mod-
elling of both the epidemic process (through the state-space transition distribution) and the
observation process (through the observation distribution). This allows for the incorporation
of delays, under-reporting, and other sources of noise in the observed data. Furthermore,
we only need to be able to sample from the state-space transition distribution, allowing for

simulation-based inference of the typically complicated epidemic process.

Methods for fitting hidden-state models include Kalman filters [119], particle filters [120, 121],
MCMC [88, 122], and variational inference [123], all Bayesian methods. In Chapter 5 we
describe the use of sequential Monte Carlo (SMC) methods, also known as particle filters, for
fitting hidden-state epidemiological models. Frequentist methods also exist, although these are

less common in the literature [124].
2.3.3 Logistic regression models

A logistic regression model is a type of generalised linear model (GLM) used for modelling
binary outcome data [125]. The model assumes that the log-odds follow a linear function of
the predictor variables. Denoting the binary outcome variable for the " individual by Y;
(where Y; = 1 indicates the presence of some characteristic, and Y; = 0 its absence), a vector
of p predictor variables by X; = (X1, X24,...,X,,), and a vector of regression coefficients by

B = (Bo, B, ..., Bp), the logistic regression model is written:
logit(m;) = o + f1X1,i + PaXoi+ ... + BpXpis

where logit(m;) = log(m;/(1 — m;)). The outcome is then assumed to be distributed Y; ~
Bernoulli(;). The exponentiated coefficient exp(f;) represents the odds ratio associated with

a one-unit increase in the j** predictor variable, holding all other variables constant.

2The word “transition” is somewhat of a misnomer here, as R does not “transition” over time in this example.
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Uncertainty quantification for the regression coefficients can be performed in either a frequen-
tist or Bayesian framework, with the former being more common in practice. Confidence
intervals about the coefficients in the frequentist setting (as performed in Chapter 8) reflect
the uncertainty arising from sampling variability. Finally, while the logistic regression model
is not mechanistic in the traditional sense, it does impose a high level of structure on the
data-generating process, and thus (subjectively) falls on the mechanistic end of the spectrum
discussed in Section 2.2.4 (i.e., it is an example of the data-modelling culture rather than the

algorithmic modelling culture discussed in [90]).
2.3.4 Modelling binomial proportions

A common task in epidemiology is to estimate a proportion, such as the prevalence of a disease
(Chapter 6) or the proportion of individuals taking risk-mitigating behaviours (Chapter 8).
While binomial proportions are one of the oldest and most studied problems in statistics [58],
there is no universally agreed best method for estimating them and their associated uncertainty,

with many methods being proposed over the years [126].

Popular frequentist approaches include the Wald interval, Wilson score interval, and Agresti-
Coull interval [126, 127, 128]. Each method has strengths and weaknesses, focused around the
trade-off between interval width, coverage, and the tendency for intervals to extend outside the

[0, 1] range.

Bayesian approaches typically use a conjugate beta(c, 8) prior distribution for the proportion.
The standard uniform prior distribution (&« = f = 1) is a common choice [56, 57], but is
equivalent to adding one success and one failure to the observed data, thus introducing bias.
The Jeffreys prior distribution (aw = 8 = 0.5) is another popular choice [71], as it is invariant
under reparametrisation, but still introduces bias. The improper Haldane prior distribution
(o = p = 0) does not assume any pseudo-counts, but can lead to improper posterior distribu-
tions when there are no observed successes or failures [129]. In fact, the lack of a universally
well-behaved Bayesian estimator for binomial proportions was one of the original criticisms of

the inverse probability approach to statistics [70].

In Chapter 8, we face the additional challenge of estimating a proportion using weighted survey

data. This naturally lends itself to a frequentist approach, as survey weights are typically
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designed for use with frequentist estimators [130], and Bayesian methods would require the
survey design itself to be modelled [131]. One solution to this problem, and the approach we
use in Chapter 8, is to fit a weighted logistic regression model to produce confidence intervals
on the log-odds scale, which are then transformed back to the probability scale [132]. This
eliminates the issue of intervals extending outside the [0, 1] range, but can still produce biased

estimates and poor coverage at small sample sizes.

2.4 Epidemiological parameters

2.4.1 The growth rate

Perhaps the simplest epidemiological parameter is the exponential growth rate r, [133]. This
parameter describes the rate of change of incidence (new infections or cases) or prevalence
(current infections or cases). Denoting incidence/prevalence at time ¢ by X;, the growth rate

is defined as the value r; that satisfies:

Xt = Xt_le”.

We use a general X; here, as the growth rate can be defined for a variety of epidemiological
quantities, including infection incidence, case incidence, hospitalisations, deaths, and preva-
lence. The growth rate is positive when X; is increasing, negative when it is decreasing, and
zero when X is stable. The units of r, depend on the time units of ¢, for example, if ¢ is

measured in days, then r; is the per-day growth rate.
2.4.2 The reproduction number

There are three commonly used definitions of the reproduction number: the basic reproduction
number, the case reproduction number, and the instantaneous reproduction number. All three
measure the average number of secondary infections/cases caused by a primary infection/case,
but have different interpretations and uses. Others, like the household reproduction number

[107], also exist, but are not discussed here.

The basic reproduction number Ry was the first reproduction number to be described in the
epidemiological literature, and is defined as the average number of secondary infections caused

by a typical primary infection in a completely susceptible population [134]. It is a function of
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the transmissibility of the pathogen, the contact patterns of the population, and the duration
of infectiousness, but does not change in response to the depletion of susceptible individuals as
an epidemic progresses. Ry also features in the classic formula for the herd immunity threshold:
1—1/Ry [133], the proportion of a population that needs to be immune for epidemic growth to
cease. Ry is typically estimated from early epidemic growth rates [16] or by fitting mechanistic

models to data [135].

The case reproduction number Rf is defined as the average number of secondary cases caused
by a primary case infected at time ¢, popularised by Jacco Wallinga and Peter Teunis in 2004
[136]. Like Ry, R{ depends on the transmissibility of the pathogen, the contact patterns of the
population, and the duration of infectiousness, but additionally accounts for the depletion of
susceptible individuals as an epidemic progresses. Rj can be estimated by using the method of

Wallinga and Teunis, or by reconstructing transmission trees [137].

Finally, the instantaneous reproduction number R; is defined as the average number of sec-
ondary infections that would be caused by a primary infection if the primary infection were to
expend all of its infectiousness at time ¢ [138]. This definition is perhaps the most nuanced, but
also the most useful for real-time epidemic tracking, as it reflects the current state of transmis-
sibility in the population. A value of R, greater than 1 indicates that the epidemic is currently
growing, while a value R; less than 1 indicates that the epidemic is currently shrinking, with
the proportional change in contact rates required for a stable (flat) epidemic being 1/R;. The
renewal model (Equation 2.2) is commonly used to estimate R; from incidence data [114, 115,
116, 139]. R, is also directly related to the growth rate in incidence r; through the generation

time distribution w,, [16].
2.4.3 Generation times and serial intervals

The generation time is the time interval between the infection of a primary case and the infection
of a secondary case. The serial interval is the time interval between the symptom onset of a
primary case and the symptom onset of a secondary case [133, 140]. Both quantities are central
to epidemiological models, including the renewal model, as they describe the temporal dynamics
of pairs of infections/cases. The generation time is seen as more fundamental, as it directly

reflects transmission, but is harder to observe. The serial interval includes additional variability
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from the incubation period (the time from infection to symptom onset), but is typically easier

to observe.
2.4.4 The case ascertainment ratio

The case ascertainment ratio (CAR) is the proportion of all infections that are detected and
reported as cases [141]. This quantity is important for understanding the true burden of disease
in a population, as many infections may go undetected due to asymptomatic or mild cases,
limited testing capacity, or other factors. The CAR can be estimated by comparing the number
of reported cases to the estimated number of infections from seroprevalence surveys, infection
prevalence surveys, or other sources. In Chapter 7, we estimate the relative CAR over time
for SARS-CoV-2 in Aotearoa New Zealand by jointly modelling wastewater surveillance data
(which is unaffected by changes in testing behaviour or other reporting biases) and reported

case data.
2.5 Epidemiological data

The surveillance of an infectious disease requires the collection and subsequent interpretation of
epidemiological data. Surveillance methods are traditionally defined as either passive (where
positive tests and suspected cases are reported to a central authority, for example [142]) or
active (where public health authorities actively seek out data) [143], although this distinction

is becoming increasingly blurred as new data sources become available.

One of the most commonly used sources of data in infectious disease surveillance is reported
case counts of notifiable diseases. During the COVID-19 pandemic, daily reports of positive
tests were common [144], though weekly aggregated data are typical for other infectious diseases
[145, 146]. Other epidemiological data, such as hospitalisations, deaths, case demographics, and
contact tracing data, are also often collected. Except for contact tracing, these are all examples
of passive surveillance. Each source of data is subject to its own set of biases, requiring careful

consideration during interpretation.

In addition to these traditional sources of epidemiological data, alternative data sources, such
as genomic sequencing, have been increasingly used during the COVID-19 pandemic [147].

Further relevant examples are described below.
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2.5.1 Infection prevalence surveys

Infection prevalence surveys aim to estimate the proportion of a population that is currently
infected with a disease. Survey data avoid many of the biases present in passive systems, so are
often considered the gold standard for prevalence estimation. Such surveys have been run on
a small scale in the past [148, 149]. Most notably, however, during the COVID-19 pandemic,
two infection prevalence surveys of unprecedented scale were run in the United Kingdom (UK):
the Office for National Statistics (ONS) Coronavirus (COVID-19) Infection Survey [150] and

the REal-time Assessment of Community Transmission-1 (REACT-1) study [48].

The REACT-1 study was an infection prevalence survey that tested for the prevalence of
SARS-CoV-2 infection in England between May 2020 and March 2022 [48]. Conducted over 19
rounds, more than 2.5 million self-administered throat and nose samples were processed using
reverse transcription-polymerase chain reaction (RT-PCR). From January 2021 (REACT-1
study round 8) onwards a subset of samples underwent genomic sequencing to determine the
variant of SARS-CoV-2 present. Cycle threshold (Ct) values for both gene targets (N-gene and
E-gene) were also recorded. Daily prevalence estimates and sample sizes for all 19 rounds of
the REACT-1 study are reported in Figure 2.1. We develop and test a series of models for

these data in Chapter 6.
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Figure 2.1: Daily SARS-CoV-2 prevalence estimates and 95% confidence intervals in England
from the REACT-1 survey (upper) and corresponding daily sample sizes (lower). Weighted

95% confidence intervals for the prevalence estimates were calculated using the logit method
in the svyciprop function of the survey package in R [132].
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In addition to returning swabs for testing, participants completed a questionnaire that asked
about their demographics, risk tolerances, behaviours, infection history, and vaccination status.
This information has been used to supplement our understanding of the COVID-19 pandemic
in England, for example, by allowing for the calculation of real-world vaccine effectiveness
estimates [151], or variant-specific symptoms [152]. We leverage some of this collected infor-
mation in Chapter 8 to investigate how individual behaviours changed over the pandemic, and
whether these changes were reflected in Google mobility data [153] and the Oxford COVID-19

Government Response Tracker (OxCGRT) stringency index [154].
2.5.2 Wastewater sampling

Wastewater-based epidemiology (WBE) is a rapidly growing field that tests for the presence
of biological markers to monitor the spread of infectious diseases in a population [155, 156], a
relatively new form of passive surveillance. Wastewater samples are collected from wastewater
treatment plants (WWTPs) and tested for the presence of pathogen biomarkers, typically using
RT-PCR to detect genomic material. The concentration of pathogens in wastewater samples
can then be used to estimate the prevalence of infection in the population served by the WWTP.
Other uses for WBE include the early detection of outbreaks and the identification of infection

hotspots [157, 158].

Unlike reported case data, the viral load in wastewater is not affected by human testing be-
haviours; hence wastewater sampling is hoped to provide a relatively unbiased correlate to the
prevalence of an infectious disease. The variance of the concentration of genetic material in
wastewater samples can be high, however, and may also be subject to several other biases [159,

160]. Even rainfall has been observed to impact wastewater sampling data [161].

While a promising area of research, WBE is still in its infancy [162]. How the concentration of
genomic material is related to the prevalence of infection in a community, how this relationship
varies between pathogens and over time, and how to account for dilution and degradation of
pathogens in wastewater are all active areas of research. Determining the contexts in which
WBE can provide valuable insights versus those in which the data may be too noisy for reliable

interpretation remains an open question.
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2.5.3 Transmission covariates

During the COVID-19 pandemic, many large technology companies published aggregate mea-
sures of population mobility. These include the Google COVID-19 Community Mobility Re-
ports [153], Apple Mobility Trends Reports [163], and Facebook Movement During Crisis [164].
Additionally, in some jurisdictions, mobile phone providers also made mobility-indices available
[165, 166]. These datasets have been used in a variety of epidemiological models [167, 168, 169,
170].

2.6 The COVID-19 pandemic

The COVID-19 pandemic, caused by the novel SARS-CoV-2 virus, was first detected in Wuhan,
China in December 2019. It quickly spread around the world and was formally declared a
pandemic by the World Health Organization (WHO) on 11 March 2020 [171]. After more than
three years, with over 765 million reported cases, and nearly 7 million reported deaths, the

WHO formally announced the end of the public health emergency of international concern on

5 May 2023 [172).

A wide range of responses were implemented by governments around the world. These in-
cluded NPIs such as social distancing, mask mandates, and border closures [47], as well as
pharmaceutical interventions such as vaccines and antiviral drugs. While these interventions
should be evaluated in the context of their intended goals and the knowledge at the time of
implementation, it is clear that their effectiveness varied widely between countries and over

time [173].

The trajectory of the pandemic was further complicated by the emergence of SARS-CoV-
2 variants of concern, such as Alpha, Delta, and Omicron, which are credited with causing
large waves of infection in the UK and elsewhere [49, 174]. These variants often displayed
either increased inherent transmissibility or increased immune evasion, making containment
and management more challenging, and thus played a substantial role in resurgences of infection
globally, even in countries that had previously eliminated COVID-19, such as Aotearoa New
Zealand [175].

39



2.6. THE COVID-19 PANDEMIC

Statistical modelling played an integral role in developing an understanding of, and shaping
responses to, the COVID-19 pandemic. Early models, such as Imperial College’s “Report 9”
[176], played key roles in forming early policy responses in the UK, and were reproduced and
modified for use in other countries [177]. Alongside a plethora of statistical models, large-scale
prevalence studies such as REACT-1 in England were established to monitor the spread of

infection [48].
2.6.1 In Aotearoa New Zealand

Aotearoa New Zealand is an island nation in the South Pacific. It has a population of ap-
proximately 5.3 million people, with 1.7 million living in the largest city, Auckland [178]. New
Zealanders are used to strict biosecurity controls at the border and the country has a history of
eliminating invasive species [179, 180]. This experience made New Zealand well suited to the
elimination of COVID-19, which formed the basis of the national response to the pandemic in

2020 and 2021.

The first case of COVID-19 in New Zealand was detected on 26 February 2020 [20]. Strict
international border controls and local NPIs were used to successfully eliminate COVID-19
[181]. This allowed New Zealanders to largely live without COVID-19 or domestic NPIs until
17 August 2021, when the incursion of the Delta variant of SARS-CoV-2 triggered the end of
the elimination strategy on 4 October 2021 [182]. Border controls remained in place until early
2022 - which were loosened after the local establishment of the Omicron variant of SARS-CoV-2
caused New Zealand’s first major wave of COVID-19. Figure 2.2 shows the daily reported case
numbers in New Zealand between February 2020 and August 2023. Further information about

New Zealand’s strategy for managing COVID-19 can be found in [183, 184].

2.6.2 In the United Kingdom

The UK is a country situated in northwestern Europe and is composed of four nations: England,
Scotland, Wales, and Northern Ireland. With a population of approximately 68 million people
[186] in a similar land area to New Zealand, the UK is densely populated, particularly in cities
like London. While an island like New Zealand, the UK’s role as a major international travel
hub and close ties to mainland Europe exposed the nation to early and widespread transmission

of SARS-CoV-2.
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Figure 2.2: Daily reported case incidence in New Zealand between 26 February 2020 and 31
August 2023 [185]. Cases detected at the border are coloured purple while locally acquired
cases are coloured green. Counts include both confirmed (82.4% of total) and probable (17.6%
of total) cases. Between April 2020 and February 2022 all border cases were in some form of
isolation and did not threaten New Zealand’s elimination status.

The first case of COVID-19 in the UK was detected on 30 January 2020 [187]. By March, SARS-
CoV-2 had spread widely across the country, leading to the implementation of a lockdown on 23
March 2020 to prevent health services being overwhelmed. While elimination was not achieved
(unlike in New Zealand, elimination was not a goal of UK public health policy), infections
decreased and remained low over the summer months [188]. Reported cases began to increase
in autumn 2020, and the nation subsequently experienced multiple waves of infection, driven
by new variants of SARS-CoV-2 [188]. Throughout the pandemic, a variety of NPIs were used,
including social distancing, mask mandates, and restrictions on gatherings. These rules often
varied by region, with a tier system used to help dampen transmission in regions identified as
hotspots [189]. Later, vaccination also played an important role in controlling the spread and

impact of the virus [190, 191].

The UK has a strong statistical epidemiology community, resulting in the development of multi-
ple comprehensive surveillance systems. For example, multiple groups independently produced
estimates of transmission parameters, which were aggregated by a central modelling authority,
the Scientific Pandemic Influenza Group on Modelling (SPI-M) [192]. These modelling outputs

were directly used in public health policymaking, as well as communicated to the public. In
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addition to this, a variety of infectious disease surveillance programmes were set up, includ-
ing extensive hospital- and community-based testing, digital contact tracing systems, infection

prevalence surveys, seroprevalence studies, and wastewater sampling, for example.
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Abstract

Estimating, understanding, and communicating uncertainty is fundamental to statistical epi-
demiology, where model-based estimates regularly inform real-world decisions. However, sources
of uncertainty are rarely formalised, and existing classifications are often defined inconsistently.
This lack of structure hampers interpretation, model comparison, and targeted data collection.
Connecting ideas from machine learning, information theory, experimental design, and health
economics, we present a first-principles decision-theoretic framework that defines uncertainty
as the expected loss incurred by making an estimate based on incomplete information, arguing
that this is a highly useful and practically relevant definition for epidemiology. We show how
reasoning about future data leads to a notion of expected uncertainty reduction, which induces
formal definitions of reducible and irreducible uncertainty. We demonstrate our approach using
a case study of SARS-CoV-2 wastewater surveillance in Aotearoa New Zealand, estimating
the uncertainty reduction if wastewater surveillance were expanded to the full population. We
then connect our framework to relevant literature from adjacent fields, showing how it unifies
and extends many of these ideas and how it allows these ideas to be applied to a wider range
of models. Altogether, our framework provides a foundation for more reliable, consistent, and

policy-relevant uncertainty quantification in infectious disease epidemiology.
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3.1 Introduction

Statistical epidemiology seeks to learn about infectious disease dynamics by analysing data,
often by fitting models [14]. These models are used for inference (estimating unobservable
quantities such as parameters or latent variables) and/or prediction (estimating hypothetically
observable data). Such estimates frequently inform real-world decision-making and public
health planning [193]. In addition to producing estimates, the modeller typically quantifies
uncertainty, for example, by presenting confidence intervals, credible intervals, or other uncer-

tainty measures [34].

It is natural to ask where this uncertainty originates, how to quantify it, and how it might
be reduced. Beyond its theoretical interest, a robust understanding of uncertainty is essential
for determining which aspects of pathogen transmission to model [194], for guiding real-world
decision-making [195], for planning data collection [196], and for communicating results [34].
Decision-theoretic approaches have been shown to enhance the credibility of using uncertain

modelling outputs in these scenarios [32, 197].

Despite its importance, there is little agreement on how to systematically conceptualise and
categorise uncertainty in epidemiological models, a lack of consensus also seen in other fields
[110]. The epidemiological literature on uncertainty is fragmented, with inconsistent definitions,
terms, and classifications (for example [111, 112, 113]). Discussions can be qualitative, lacking
the mathematical formalism necessary for reproducibility, comparison between studies, and

practical application.

This paper assumes uncertainty arises from making an estimate with incomplete information
[98, 198]. Any decision would be fully informed if we had access to “complete data”, where the
precise definition of “complete data” depends on the model and problem setting, but uncertainty
fundamentally arises from the fact that such data are never available. This leads to an intuitive
first-principles decision-theoretic framework for uncertainty quantification which also induces

a practical notion of reducible and irreducible uncertainty.

Our aim is to connect rigorous theoretical ideas with the practical needs of epidemiological
modelling by drawing on concepts from machine learning [110] and adjacent fields. We adapt

and integrate these ideas into a framework for uncertainty quantification in epidemiological
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modelling by outlining a series of principles while also reflecting on broader conceptualisations.
Our framework unifies existing concepts, such as value-of-information (VOI) (from health eco-
nomics) [199, 200, 201], Bayesian experimental design [196, 202, 203, 204], information theory

[205, 206], and scoring rules [32, 207], in an uncertainty-first form tailored towards epidemiol-
ogy.

We focus on uncertainty arising within a chosen model and do not attempt to measure the
mismatch between the model and the true data-generating process. Statements made about
uncertainty here apply to the real world only if the model is correctly specified. However,
our framework is a necessary step towards broader uncertainty quantification and we signpost

extensions in the discussion.

Section 2 presents our decision-theoretic approach to uncertainty quantification in epidemiology
as four principles, motivated by two examples: estimation of infection prevalence and estimation
of the instantaneous reproduction number R;, a common measure of epidemic spread [114].
Section 3 applies this framework to a real-world model of wastewater surveillance for SARS-
CoV-2 in Aotearoa New Zealand. Section 4 discusses how this framework connects, extends,

and generalises ideas from adjacent fields. Section 5 concludes with a discussion.

3.2 A decision-theoretic framework

We view model-based uncertainty as arising from missing information [98, 198]. For inference,
this missing information is understood as the (possibly infinite) additional data that, if ob-
served, would allow us to precisely determine any identifiable target quantity. For prediction,
this view separates a reducible component of uncertainty that vanishes with unlimited data
(a notion of parametric uncertainty) from inherent variability in the data-generating process.
We describe our approach by stating four principles, motivating them with two conceptual

examples.

This missing information perspective is foundational to Bayesian inference (although our frame-
work is not restricted to Bayesian methods), in which a joint distribution is constructed over
all modelled random quantities. By conditioning on the observed data, a posterior distribu-
tion over unobserved quantities is obtained [208], leading to the notion that uncertainty “flows

from” missing data. The modelling of these missing data can be implicit, usually by updating
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beliefs about model parameters [97], or explicit, by directly modelling the missing data [91, 98,
99].

Consider estimating infection prevalence 6 (Figure 3.1). If infection statuses for the full popula-
tion were known, there would be no uncertainty about 8. With only a subset tested, a binomial
model treats uncertainty as arising from an infinite unobserved population, while a hypergeo-
metric model treats it as directly arising from the finite unobserved population. In both cases,
uncertainty flows from assumed missing information, with the precise nature determined by

the model.

Principle 1: Model-based uncertainty arises from decision-making under incom-
plete information.

Decision theory directly relates the missing data to a real-world decision, giving rise to concrete
and problem-grounded measurements of uncertainty. For simplicity, we take the decision to
be making an estimate (covering both inference and prediction), where the statistical estima-
tor performs the role of a decision rule that maps observed data to some form of estimate.
The framework is readily extended to other types of decisions (such as whether to impose an

intervention), where the decision rule maps observed data to a real-world action.

In this framework, the modeller’s role is to make an estimate a € A of unknown z € Z, inducing
a loss {(a,z) to be minimised, where A is the space estimates (actions) that could be made
and Z are the possible values of z. {(a,z) encodes the real-world consequence of making an
estimate a when the true value is z, a concept most familiar to machine-learning modellers and
statistical forecasters [209, 210]. The unknown quantity z could be a model parameter (e.g.,

Ry) or a future observation (e.g., future hospitalisations).

The decision-theoretic approach begins by fitting a model p(z; yops) to the observed data yps. In
the prevalence example, this is the posterior distribution p(6|y1.,). The Bayes-optimal estimate

a* minimises the expected loss £y {(a, z)] under the fitted model:

2lyops) |

a* = arg %1}41 Epzlyos) [E(a; 2)]. (3.1)

For point estimates (A = Z), the quadratic loss £(a,z) = (a — 2)? is commonly used, whose

Bayes-optimal estimate is the posterior mean. For probabilistic estimates (A = P(Z), the set
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Example: Infection prevalence
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Figure 3.1: Uncertainty associated with estimating infection prevalence (here, z = ). Assume
we test n subjects out of a population of size N and observe n:fbs positive results. The missing
data are the number of positive results nrfms in the N —n subjects that were not tested. A
popular approach is to place a prior distribution on 6 and model the observed data using a
binomial distribution, resulting in a posterior distribution whose variance goes to 0 as n — oc.
In this example, the assumed missing data are the infection status of an infinite number of
untested individuals. An alternative approach is to place a prior distribution on the true

total number of infected subjects n™ and model the observed data using a hypergeometric

+
distribution, directly resulting in a posterior distribution on n;iss. By setting 6§ = Poba T Mmiss

we obtain a posterior distribution on # whose variance (one possible measure of uncertainty)
goes to 0 as n — N. In this example, the assumed missing data are the infection status of the
finite number of untested individuals.

of probability distributions on Z), the log-loss ¢(a,z) = —loga(z) is commonly used, whose

Bayes-optimal estimate is the posterior distribution itself.

A key insight of DeGroot [211] is that the minimised expected loss provides a general and
problem-grounded definition of uncertainty [110, 212]. Borrowing notation from Bickford Smith
et al. [110], we define uncertainty h as:

h{p(2lyons)] = min By (ayy,,,)[E(a, 2)],

- Ep(z|yobs) [g(a*v Z)]
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Uncertainty is measured by examining the expected loss incurred by taking the optimal action

given the information at hand.

Multiple popular measures of uncertainty can be derived from this setup [110, 200, 212]. For a
point estimate and quadratic loss where a* is the posterior mean, uncertainty is measured by

the posterior variance:

h [p(Z’yObs)] = Ep(z‘yobs)[(Ep(z‘yobs)[z} - 2)2]’
(3.3)
= Varp(zjy,,) (2)-
For a probabilistic estimate and log-loss where a* is the posterior distribution, uncertainty is

measured by the differential entropy of the posterior distribution:
h [p(z|yobs)] = Ep(z\yobs)[* logp(zwobs)]v

= H[p(zyyobs)]'

(3.4)

We illustrate this for the prevalence example in Figure 3.2.

The measure of uncertainty is determined by the loss function, thus alternative functions can
capture different consequences of estimation error. When estimating Ry, for example, authori-
ties may want to prioritise avoiding underestimation to be conservative about epidemic control.
Here, we could use a loss function that penalises underestimation more than overestimation, or
target tail risk with a quantile (pinball) loss function [213]. This yields problem-specific uncer-
tainty measurements, reflecting user-specific risk preferences, that can guide decision-making,

data-collection, and model comparison (for example).

Principle 2: The incomplete information driving uncertainty is application-specific
and determines the decomposition of reducible and irreducible uncertainty.

In machine learning and other fields, it is common to assume observed data {y;}!"; are inde-
pendent and identically distributed (i.i.d.) from some “training” distribution y; ~ prain(y).
This leads to the notion that irreducible (sometimes called “aleatoric” [33], although we em-
phasise this term has many definitions in the literature [110]) uncertainty is the uncertainty
that would remain after fitting the model to the “complete”, often infinite, training data. In

this view, the missing information corresponds to the unobserved data ¥,41:00-

In epidemiological transmission modelling, we only ever observe one realisation of a given

epidemic, making the empirical quantification of inherent uncertainty difficult [33]. Arguing
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Example: Infection prevalence (binomial model continued)

Prior distribution: 0 ~ Beta(ay, £o)
Likelihood: n}, |0 ~ Binomial(n, 6)

Posterior distribution: 0|n},, ~ Beta(ag + n/y,, Bo +n —nkh,)
C J

Our model fit to?he observed data

Point estimate Probabilistic estimate
a€[0,1] a € P([0,1])
Loss function (a —0)* log a ()
é(a, 9) (quadratic loss) (log loss)
\ U \
+
Optimal estimate 0 Tons_ Beta(ag + nfy,, fo+n—nj,)
a* ap+ Bo+n
(posterior mean) (posterior distr.)
\ U 4
Measure of
uncertainty Var(0|ng,,) H [Beta(-, -)]
E [ E( a* 9)] (posterior variance) (posterior entropy)

Figure 3.2: Principle 1. Two measures of uncertainty in the infection prevalence example
with the binomial model (z = 6 is the estimand). For simplicity, we only show the binomial
model. If we use a conjugate Beta(ag, 5y) prior distribution, then the posterior distribution is

Beta(ayg +njbs, Bo +n—n;rb .)- If we make a point estimate of 6 under the quadratic loss function,

then the Bayes-optimal estimate is the posterior mean and uncertainty can be measured using
the posterior variance. If we make a probabilistic estimate of # under the log-loss, then the
Bayes-optimal estimate is the posterior distribution itself and uncertainty can be measured
using the posterior (differential) entropy.

about repeating the epidemic multiple times is of limited practical value, as this offers little

insight into the uncertainty we could hope to reduce in practice. Uncertainty instead must be

reduced by collecting higher-quality, or a greater quantity of, data during the epidemic [205].

We argue that focusing on missing data y,iss that could practically be observed is more useful.
Specifically, we define the uncertainty reduction as the difference between the uncertainty of
the model fit to the observed data (y.ps) and the uncertainty of the model fit to the full data
(Yatt = Yobs U Ymiss) [110]:

URZ(ymiss) = h [p(z|yobs)] - h [p(z|yall)] . (35)
—_——

Uncertainty reduction Total uncertainty  Irreducible uncertainty

For example, consider estimating R; using the Poisson renewal model (Figure 3.3) [114]. Under

perfect case reporting, R; uncertainty could be eliminated only by repeating the epidemic
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infinitely many times. Here, all uncertainty is irreducible. In the presence of underreporting,
for example, the missing data are unreported cases, and if we knew these, we could reduce R;
uncertainty. Comparing this to the prevalence example, where y; are assumed to be i.i.d., we
see a key difference between epidemiology (and weather forecasting, economics, etc [32, 214])
and other fields such as machine learning: we often only observe a single realisation of the

data-generating process and arguing about alternative realisations is of limited practical value.

This construction is purposefully broad. The forms of p(z|yops) and p(z|yau) are not specified,
allowing any model to be used. We also note that the form of the missing data .,;ss need
not match y,ps, enabling the inclusion of different datasets in the model. We illustrate this in

section 3.3, considering the inclusion of wastewater data in a model fit only to reported cases.

Principle 3: To quantify reducible and irreducible uncertainty, we reason about
the missing data.

In some scenarios, we may know the value(s) of y;ss, for example, when including an additional
already collected dataset in a model. In many scenarios, however, such as when planning future
data collection, or estimating the irreducible uncertainty, we do not know the value(s) of ¥niss
in advance. In these cases, we must reason about the missing data that could be observed, and

consider the expected uncertainty reduction.

Letting p(Ymiss|Yobs) be a predictive model describing our beliefs about the missing data, we
average over all possible realisations of y,ss by taking expectations of both sides of Equation

3.5, leading to the expected uncertainty reduction:

Ep(ymiss|yobs) [URZ(ym’LSS)] = h [p(z|y0b5)] - Ep(ymiss|yobs) [h [p(Z’yall)” N (36)
—_———
Expected uncertainty reduction Total uncertainty — Expected uncertainty after collecting ymiss

In some scenarios, the appropriate predictive distribution may be obvious. For example, if we
are constructing a Bayesian model using the standard prior-likelihood-posterior update and
are considering the uncertainty reduction associated with collecting the same type of data, the
posterior-predictive distribution is appropriate. We illustrate this in the context of prevalence
estimation in Figure 3.4. In other scenarios, this predictive distribution may be less clear. In
either case, p(ymiss|Yobs) is necessarily subjective and describes our beliefs about the missing

data.
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Example: The renewal model

With perfect reporting:

Reported cases Reproduction number " -
(Wone = Cb) (> = R, Infection pressure
e Y " ‘ (assumed known)
(data) (parameter of mterest)ﬁ—/
Cases Ct ~ Poisson (RtAt>

Observed datum

» = infinite plausible values of C; that, if they had
been observed, would allow us to calculate R;.

KK

e

t Time

We cannot re-run the epidemic

¢

all uncertainty is irreducible.

With underreporting:
Underreported cases Underreporting fraction

(Now ye = Cf)  Cy ~ Poisson(pR;A;)

Cases

/ Cases under perfect reporting
t

URn (C]"™) = h[p(RIC)] — hIp(RIC)]

.. miss
Missing data (Ymiss = ")

Observed datum

Time

J

g

Uncertainty reduction Total uncertainty Irreducible uncertainty

Figure 3.3: Principle 2. Reducible and irreducible uncertainty in the renewal model. The
instantaneous reproduction number (R;) is a key quantity in epidemiological modelling, defined
as the average number of secondary infections caused by an infected individual at time ¢ if they
were to undergo their entire infectious period at this time [138]. It is commonly estimated
from reported case data using the Poisson renewal model pictured here [114, 115]. Even if
the reported cases C; perfectly corresponded to the true infections (i.e., no underreporting),
uncertainty about z = R; would still exist. Under this model, uncertainty about R; could be
eliminated only if we were to repeat the epidemic infinitely many times, thus all uncertainty is
irreducible. In the presence of underreporting, the missing data are the unreported infections.
If we knew these quantities, for example, by improving outbreak surveillance, we could reduce
our uncertainty about Ry.
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Example: Infection prevalence (binomial model continued)

Consider testing m additional subjects:

To estimate the expected uncertainty given v, :

— Choose a predictive model for y,,ss :
n+m

i=n+1
(the posterior predictive distribution)

(@)

— Calculate uncertainty given these sampled data:

— Average over all samples:

Expected uncertainty reduction from collecting Ymiss

E [URg(Ymiss)] = Var(f|n,

Ymiss = Z y; ~ BetaBinom (m, ag +nj, 8o +n —

B [Var(Blng,, yi.) | = Z Var (01, Yines)

— Sample from this predictive model: ¥, .5 ~ P(Ymiss|Yobs)

obs Z Var 9|nobs’ yfr?zss)

Subject | Status Observed? Sample | Sample | Sample|Sample| ---
i Yi ) 1 2 3 4
1 Neg v
2 Pos v
n Neg v
5 + 0S \o Jeg Jeg
n+1 Pos O Ymiss = Z?::H Yi Pos Neg | Neg [ Neg
3 Neg Neg S Neg
n—f_Q Ngg D (observable ‘ot’ FO PT)S o8
: : : future : : : :
n+m Neg [m] data) N(‘,g N(‘,g Nog NL‘,g
N NE E P ~ ’
g X ..
% Samples from the predictive

distribution for the missing data

Miogs)

Oln (©) } = Var(0|n (@) (assuming point estimate
|: ( | obs’ ymlss) ( | obs’ymzss) and quadratic loss)

Figure 3.4: Principle 3. Estimating the expected uncertainty reduction in the infection
prevalence example with the binomial model (z = 6). Consider testing m additional individuals
for infection. The posterior-predictive distribution given a beta prior distribution and binomial
likelihood is a beta-binomial distribution. We calculate the expected uncertainty reduction
about 0 after collecting ymiss by averaging h [p(0|y1.n, Ymiss)] (the final term in equation 3.6)

over this predictive distribution.
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3.2. A DECISION-THEORETIC FRAMEWORK

Principle 4: Collecting additional data is not guaranteed to reduce uncertainty in
practice, but will in expectation if the predictive distribution is coherent.

In practice, new data may contradict existing data, leading to an increase in uncertainty about
z. While this cannot be prevented with certainty, if the predictive distribution p(ymiss|Yobs) iS

coherent with the fitted model, then additional data will reduce uncertainty in expectation.

P(Ymiss|Yobs) i coherent with the fitted model p(z|yops) if both are marginal distributions of

the same joint distribution p(z, ya;), implying:

p(zyyobs) - /yp(zwall)p(ymisswobs) dymi557 (37)

where ) is the space of possible observed ¥Y;ss-

This means that the predictive distribution and the fitted model make the same assumptions
about the missing data, and that the expected value of z should not change after including

missing data sampled from p(Ymiss|Yobs)-

To see that coherence leads to an expected uncertainty reduction, define a* as the Bayes-
optimal estimate of z prior to observing ymiss (but after observing y,ps). After observing ymgss,
the Bayes-optimal estimate may change, giving the first inequality:

min By, [(a”, 2)]

) [l(a,z)] < Ey

z|Yall 2|Yaur)

= Ep(ymiss‘yobs) {ménE [f(a’ Z)]} S Ep(ymisslyobs) {E [E(CL*’ Z)]} (38)

= By (a”, z)].

2lyons) |

Taking expectations over p(Ymiss|Yobs) gives the second inequality, and the final equality fol-
lows from coherence and the law of total expectation. Re-writing this in terms of A gives
E[h(p(zlyan))] < h(p(z|yobs)), thus the expected uncertainty reduction is non-negative. Equal-
ity holds if and only if z is conditionally independent of ¥,,;ss given yops. That is, the expected

uncertainty reduction is zero only when the missing data provide no new information about z.

This condition re-asserts the missing data as the source of uncertainty. While we can use any
model of the missing data p(Ymiss|Yobs) to quantify the expected uncertainty reduction, we
may get counterintuitive results if our predictive model is not coherent with the fitted model.

Intuitively, coherence ensures that the explicit assumptions about the missing data that we
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3.3. AN APPLICATION TO WASTEWATER SURVEILLANCE

make when separating uncertainty are consistent with the implicit assumptions made by the

fitted model.

In the prevalence example, suppose we believe the prevalence in individuals who do not vol-
unteer for testing may be different from those who do. Reflecting this, we decide to allow
for additional variation in the missing data by inflating the variance of the posterior-predictive
distribution. If this increase in variance is introduced only in the prediction step, but not in the
fitted model, then the predictive model is not coherent with the fitted model, and uncertainty

may increase on average.

Coherence is a fundamental property of Bayesian inference and is often used to argue for
Bayesian approaches over other inferential approaches. In fact, a model satisfies the coherence
condition if and only if it is Bayesian [208, 215] (i.e., it updates beliefs via Bayes’ rule). That
is, the expected uncertainty reduction defined by Equation 3.6 is non-negative if and only if
our model is Bayesian. While this makes using standard Bayesian approaches appealing, this
also allows us to use any model that satisfies coherence (Equation 3.7) for Bayesian uncertainty

quantification [216].

We emphasise that coherence is not a requirement of our framework and principles (1) to (3)
are valid regardless. However, without this assumption, collecting more data is not necessarily

expected to reduce uncertainty. All four principles are summarised in Figure 3.5.

3.3 An application to wastewater surveillance

How much can wastewater surveillance reduce uncertainty about R;?

Wastewater surveillance gained prominence during the COVID-19 pandemic as a potentially
less biased source of data than traditional sources (such as reported cases) for tracking real-
time pathogen transmission [42, 160]. The concentration of genomic material in wastewater
does not map directly onto traditional epidemiological indicators and can be highly variable

[217]. This has led some to question the utility of wastewater data in this setting [160].

Watson et al. [42] constructed a joint model of wastewater and reported case data for Aotearoa
New Zealand. To examine the utility of wastewater data for estimating R;, we apply our

framework to answer two questions: first, to what extent is uncertainty about R; reduced by
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Model Data Loss
p(z|yabs) Yobs g([L’ Z)
Estimate/Action Total uncertainty
Pl * . 0 %
(P1) a® = argmin By, [((a, 2)]  k [p(2|yoss)] = Epalye,) [¢(a”, 2)]
a
Missing data Irreducible uncertainty
P2 _— .
( ) Ymiiss h [p(z|yall)] = IIl{}ll Ep(z|y,,”) [é(a Z)]
(P3) Beliefs about Yimiss Expected irreducible uncertainty
P(Ymiss [Yobs) Epymisslyoss) [P [P(2Yan)]]
Coherence .
(P4) Uncertainty expected to decrease (optional)
PEUnisllos) = 7 [ [p(elyan)] < [p(zlyons)]
P(2[Yatt)P(Yrmiso | Yobs) sl PRI = S s

Figure 3.5: An overview of the four principles (P1 to P4) of our decision-theoretic framework.
We start with a model p(z|yops) of the unknown quantity z, observed data y,ps, and a loss
function ¢(a, z) - the three quantities needed to make a decision under uncertainty. P1 uses
the loss function to concretely relate the model and data to the real-world act of making an
estimate a of z, defining the Bayes-optimal estimate a* and the corresponding total uncertainty
h. P2 defines the irreducible uncertainty as the uncertainty remaining after collecting missing
data ymiss. As we generally do not know the value of y:ss, P3 introduces the expected irre-
ducible uncertainty, which is the irreducible uncertainty averaged over a predictive distribution
P(Ymiss|Yobs) Of the missing data. P4 provides an optional modelling condition, related to the
formulation of p(Ymiss|Yobs), under which collecting these missing data is expected to reduce
uncertainty. Blue shading highlights known inputs, red shading highlights possibly unknown
inputs, green shading highlights framework outputs, and yellow shading highlights the optional
coherence condition.

including wastewater data in the model (compared to modelling reported cases only)? And
second, given current wastewater sampling in Aotearoa New Zealand, how much could uncer-
tainty about R; be reduced by sampling wastewater catchments covering the entire population
every day? We assume decision-makers use point estimates of R;, with a quadratic loss function

deemed suitable, and therefore use variance as our measure of uncertainty.

To assess the benefit of incorporating already-observed data, we compute the daily uncertainty
reduction (Equation 3.5). In this setting, ymiss are the daily wastewater observations Wi.r,
and y.ps are daily reported case data Cy.p. The uncertainty reduction in R; at time-step

t € 1,2,...T is given by Vary g, c,..)(Rt) — Varyg,|cy..,wi.r) (FRt), where p(R|Cy.r) is the

56



3.3. AN APPLICATION TO WASTEWATER SURVEILLANCE

posterior distribution of R; given only the reported case data, and p(R;|Ci.p, Wi.p) is the

posterior distribution of R; given both the reported case data and the wastewater data.

To estimate the expected uncertainty reduction in R; from daily wastewater sampling of the
entire population, we first fit the model to the observed data C1.7 and Wi.r, obtaining the joint
posterior distribution over infection incidence I;.7 and nuisance parameter vector 6, denoted
p(I1.7, 0|Cr.7, Wi.r). We then simulate hypothetical missing wastewater data .- by assuming
the daily catchment population equals the missing population and sampling from the posterior
predictive distribution p(W{.;-|Cy.0, Wa.r) = [ [ P(W{ .| I1.7,0)P(I1.7,0|Cr.r)dI1.0df. We fit
the model to the simulated dataset (reported cases and the daily population-weighted average
of Wi.r and W{.,), calculate the associated uncertainty, and repeat this 100 times to obtain a

Monte Carlo estimate of the expected uncertainty reduction.

We fit the model to data between 1 January 2023 and 1 March 2023 (Figure 3.6-A), sourced
from [42]. Wastewater data were collected on 41 out of these 60 days (Figure 3.6-B), with daily

catchment coverage ranging from 31,000 to 3.6 million individuals (out of 5.15 million total,

Figure 3.6-C).

Including wastewater data reduces expected daily uncertainty about R; by an average 16.9%,
with the greatest reduction being 54.4% on 7 January 2023, though some increases (up to 12.6%
on 31 January 2023, 12.1% on 17 and 18 February 2023) occur on some days (Figure 3.6-D).
Sampling wastewater data from the entire population every day is expected to further reduce
daily uncertainty by 14.6% (or 29.4% when compared to estimates from reported case data
only), representing a plausible bound on the expected reduction in R; uncertainty achievable

through wastewater sampling.

Missing wastewater data may (once collected) differ systematically from observed data, for
example if existing sampling is biased towards sites expected to yield more reliable measure-
ments. In this case, we might wish to allow the variance of the observation distribution for the
wastewater data to be larger in the hypothetical-data setting than in the observed data. To
maintain coherence and ensure more data reduces our model uncertainty, we would also need

to include this assumption in the model itself.
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Figure 3.6: Reported case data (A), wastewater data (B), and population covered by wastewater
catchment areas (C) for Aotearoa New Zealand between 1 January 2023 and 1 March 2023.
The light blue region in panel (C) represents the population from which missing data could be
sampled. The daily uncertainty about R; from the model fit to reported case data only (orange),
from the model fit to both reported case data and observed wastewater data (dark blue), and
the expected uncertainty after sampling wastewater data from the entire population every
day (light blue) are shown in panel (D). Thin light blue lines show the posterior variance of R;
from individual simulations of hypothetical data, demonstrating that even though the expected
uncertainty reduction is positive (as we satisfy the coherence requirements), uncertainty about
Ry could still plausibly increase. Uncertainty increases at the start and end of the time period
as a result of fewer data points being available to fit the model.

3.4 Related frameworks

Our decision-theoretic approach captures multiple popular methodologies in epidemiology un-

der a single umbrella. We outline some of these here.

The value of information (VOI) framework, widely used in health economics, measures the
expected reduction in loss from obtaining additional data [81, 199, 200, 201, 218, 219]. A
central concept in the VOI framework is the expected value of sample information (EVSI),
which quantifies the expected reduction in loss from collecting new data 3new, written in our

notation as:

EVSI(ynew) =h [p(2|yobs)] - Ep(ynew\yobs) [h [p(z‘yobm ynew)” . (39)

The expectation is taken with respect to the posterior predictive distribution for the new

data p(Ynew|Yobs), thus the EVSI is equivalent to our Equation 3.6 in a standard Bayesian
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setting. Our framework extends the VOI literature beyond the traditional Bayesian setting by
allowing for a wider class of predictive distributions and models to be used for valid uncertainty

quantification.

The VOI framework is also applied to decision problems, where the loss function is defined in
terms of the cost of making a decision based on the model. Our framework adds a layer of
interpretation to this setting: the minimised expected cost of the decision is a direct measure

of uncertainty about the decision being made.

Bayesian experimental design and active learning are focused on data collection strate-
gies, arguing that experiments should be designed to maximise their expected utility, commonly
framed in terms of the expected information gain (EIG) [220]. Letting £ denote the experimen-
tal design that collects data ypew (a yet-to-be-observed random variable), the EIG about z is

defined (in our notation) as:

EIGZ(g) = Ep(yncw|£) [Ing(Z | ynewayobs’f) - lng(Z ’ yobs)]
(3.10)

= Ep(ynenle) HP(2 | Yobs)] — Hp(2 | Ynew Yobs: §)]1
where H [p(2 | Yobs)] — H[P(2 | Ynews Yobs, &)] is the information gain about z from observing
Ynew from experiment . This can be viewed as a special case of Equation 3.6 under a log-
loss function. By Principle 4, an experiment £ is only guaranteed to reduce uncertainty if it
is equivalent to sampling from the posterior predictive distribution, opening a discussion on
model specification which we leave for future work. Adaptive learning extends the method to

allow for updating £ as data are collected.

Case et al. [196] apply experimental design principles in epidemiology, specifically in designing
tick surveillance strategies, although they do not directly target the EIG. Instead, they target
two criteria: Bayesian d-optimality (approximately equivalent to maximising the EIG [221])
and a bespoke loss function that minimises the maximum standard deviation of estimates in
“high-risk” regions. Our framework encourages viewing the expected value of their bespoke

loss function as the relevant measure of uncertainty in this setting.

Fisher information approaches can also be captured by our framework. For example, Parag et
al. [205] use information-theoretic methods to quantify the information in noisy epidemic curves,

which they define as the Fisher information (FI) of R;. The FI is approximately equivalent to
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the inverse-variance of the maximum likelihood estimate, so this approach effectively measures
uncertainty in terms of the variance of a point estimate. The equivalent approach under our
framework is the use of a quadratic loss function, examining the expected uncertainty (in this

example, variance) reduction about R, after reducing reporting delays and noise.

Finally, scoring rules have gained popularity in epidemiology for measuring the quality and
value of probabilistic estimates [32, 39, 105, 207, 209]. Estimation of future data is distinct
from estimation of model parameters in that we eventually observe the data, and thus we
can eventually calculate the loss (score) associated with a given prediction. In our framework,
applying a scoring rule to each forecast-outcome pair can be viewed as an operationalisation

of the loss, thus giving a setting in which we can empirically estimate the uncertainty.

3.5 Discussion

We have presented a decision-theoretic framework for conceptualising and quantifying uncer-
tainty in epidemiological models. Starting from the idea that uncertainty arises from missing
data [98], our approach directly links theory to practical application and yields a separation of
reducible and irreducible uncertainty. We then demonstrated that coherence ensures collecting
additional data will reduce uncertainty on average, reinforcing missing data as the source of
uncertainty. The framework was illustrated using a published model of SARS-CoV-2 wastewa-
ter surveillance in Aotearoa New Zealand [42], where the practical limit of wastewater data in

reducing R; uncertainty was estimated.

By generalising, extending, and improving existing frameworks in epidemiology, we broaden
their applicability, clarifying how divergent perspectives on uncertainty often overlap. For
example, while VOI is usually applied to traditional Bayesian models, our results allow a wider
range of models to be used, and Principle 4 provides guidance on when the EVSI is expected
to be non-negative. The VOI literature also introduces concepts such as the expected value of
perfect information (EVPI), which quantifies the loss reduction if the model parameters were
known exactly. This also induces a reducible/irreducible split, though we argue this split is

less useful in our context than focusing on reductions available through data collection.

This work lays the foundation for potentially high-impact future research, including (i) application-

specific loss functions, (ii) general coherent predictive models, and (iii) the evaluation of model
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specification. For (i), adopting losses that reflect the decision context, or even the decision itself
(instead of an estimate), could lead to more relevant notions of uncertainty. In particular, there
are many cases in epidemiology where being above a certain threshold is of greater concern
than being below it [222]. For (ii), while we focused on Bayesian examples, the framework sup-
ports a much broader class of models, including black-box machine-learning models. Ongoing
work on martingale predictive distributions and conditionally identically distributed sequences
is building our understanding of the precise coherence properties necessary to support valid
uncertainty quantification, a promising line of research for epidemiological applications [98,
99, 216, 223]. For (iii), as epidemiological models are typically fit to a single data realisation,
model structure necessarily plays a greater role in producing estimates than in many other
fields. There is consequently greater potential for model misspecification in epidemiology, ad-
dressable by extending our framework. Potential research directions include the use of reference

distributions [110], parametric extensions [224], and model averaging [224, 225].

In many epidemiological applications, the predictive distribution for y,,;ss will take the form of
a simulator. In this setting, the expected uncertainty reduction can be estimated by sampling
from this simulator, re-fitting the model, calculating the uncertainty, and repeating this multi-
ple times. Averaging the uncertainties gives a Monte Carlo estimate of the expected uncertainty
after collecting 9,,;ss. This can be computationally expensive, particularly if the simulator is
complex. Existing techniques, such as Gaussian process surrogates or neural density estimators

[104, 113, 226], could accelerate this process.

By framing uncertainty as a consequence of estimation under incomplete information, we pro-
vide a theoretically grounded and practical approach to uncertainty quantification in epidemi-
ological modelling, particularly useful for planning studies and directing surveillance efforts.
Our framework supports consistent, reproducible, and policy-relevant model-based inference in

infectious disease epidemiology.
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Abstract

The instantaneous reproduction number (R;) is a key measure of the rate of spread of an
infectious disease. Correctly quantifying uncertainty in R; estimates is crucial for making
well-informed decisions. Popular R; estimators leverage smoothing techniques to distinguish
signal from noise. Examples include EpiEstim and EpiFilter, which are both controlled by a
“smoothing parameter” that is traditionally selected by users. We demonstrate that the values
of these smoothing parameters are unknown, vary markedly with epidemic dynamics, and show
that data-driven smoothing is crucial for accurate uncertainty quantification of real-time R;
estimates. We derive novel model likelihoods for the smoothing parameters in both EpiEstim
and EpiFilter and develop a Bayesian framework to automatically marginalise these parame-
ters when fitting to epidemiological time-series data. This yields marginal posterior predictive
distributions which prove integral to rigorous model evaluation. Applying our methods, we
find that default parameterisations of these widely-used estimators can negatively impact R
inference, delaying detection of epidemic growth, and misrepresenting uncertainty (typically
producing overconfident estimates), with implications for public health decision-making. Our
extensions mitigate these issues, provide a principled approach to uncertainty quantification,
improve the robustness of real-time R; inference, and facilitate model comparison using ob-

servable quantities.
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4.1 Introduction

The instantaneous reproduction number Ry, defined as the average number of infections gen-
erated per primary infection at time ¢, is a popular measure of epidemic spread [138]. A value
of Ry < 1 indicates a declining epidemic while R; > 1 indicates a growing epidemic. This
quantity is useful for policymakers as it gives the change in transmission required to control
the epidemic, informing decisions about public health interventions [227, 228, 229, 230, 231].
As a stark example, in June 2020, an R; estimate of 1.01 was used to justify continued school
closures in Greater Manchester, England [232, 233]. Additionally, estimates of R; are also used

for forecasting, scenario analysis, and understanding the impact of interventions [234].

Many models exist to estimate R, including compartmental models, agent-based models, and
the renewal model [193], the latter of which underlies most contemporary methods for real-
time estimation of R; from reported case time-series, including EpiEstim [114] and EpiFilter
[115]. Reflecting a community drive to improve existing methods and make public health
pipelines more reliable, we focus on uncertainty quantification in these two models, although
our approach generalises to any real-time model, and reflects approaches used in state-of-the-art

frameworks for retrospective estimation [139, 235].

Correct quantification of the uncertainty of R; is crucial for making well-informed decisions.
It is expected that the true value of R; should fall within a 95% credible interval 95% of
the time. Undercoverage occurs when this happens less often than expected, leading to over-
confident and biased decision-making. Overcoverage occurs when this happens more often
than expected, leading to under-confident and highly uncertain decision-making. A model that

produces correct coverage is termed well-calibrated.

Despite the importance of uncertainty quantification, calibration is often neglected in epidemi-
ological models. For example, during the COVID-19 pandemic, SPI-M in England pooled
estimates from multiple groups to produce consensus R; estimates. However, pooling proved
difficult due to models “providing estimates with lower levels of uncertainty that are not fully
accounting for inherent uncertainties” [192]. Even when correct coverage is explicitly tar-
geted, epidemic models frequently fail to achieve it. For instance, nearly all models submitted

to the open challenge to advance probabilistic forecasting for dengue epidemics [19] produced
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over-confident predictions across various forecasting targets. A baseline model (included for
comparison) demonstrated superior calibration compared to all 16 submitted models when

predicting the peak of the epidemic.

Smoothing assumptions, which include penalised likelihoods [236], piecewise constant/trailing
window models [22, 114, 116, 237], and latent-space models [115, 139, 238, 239], are a key
source of model miscalibration [235]. Oversmoothed estimates result in delayed and overconfi-
dent estimates, while undersmoothed estimates are noisy and lack precision. Even with perfect
case reporting (i.e. no observation noise), inherent stochasticity in the transmission of infec-
tious diseases necessitates the use of smoothing to distinguish signal from noise. All popular

estimators of Ry employ some type of smoothing.

Despite the importance and ubiquity of these assumptions, the philosophical and practical
treatment of smoothing parameters varies by method. Some methods treat these parameters
as unknown quantities to be estimated alongside R; [139, 235, 240, 241], while others treat
the choice of smoothing parameter(s) as a model selection problem and seek to find a fixed,
optimal parameter value [124, 235, 242]. Some methods allow the user to choose their own

values or provide heuristic default values [114, 236, 241].

We argue that, because the true dynamics of R; are always unknown and depend on both
the pathogen and the population in which the pathogen is spreading, uncertainty about the
nature of these dynamics should not be ignored. This uncertainty factors in both the choice
of the dynamic model itself (structural uncertainty), and the parameters associated with the
chosen dynamic model (parametric uncertainty). We focus on parametric uncertainty in this
paper, which on its own can cause substantial model miscalibration, and demonstrate that
correct marginalisation of smoothing parameters generally improves model robustness. This
result holds even if the structure of the dynamic model does not accurately reflect reality, as

the increased flexibility of the model allows it to better adapt to the data.

In this paper, we derive novel likelihoods for smoothing parameters in two popular models:
Cori et al. [114] and Parag [115], commonly known as EpiEstim and EpiFilter respectively!.

We use these likelihoods to marginalise the smoothing parameters, presenting estimates of

!Technically, the terms EpiEstim and EpiFilter refer to the associated software packages. We follow popular
convention and use these terms to describe the method.
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R; that appropriately account for uncertainty in these parameters. We also derive predictive
posterior distributions and demonstrate their use in model comparison via the continuous
ranked probability score (CRPS) [209], emphasising the importance of model comparison using
observable quantities. We validate our methods on both simulated data, where model estimates
can be compared to ground truths, and real-world data, where we investigate the practical
implications on decision-making during the COVID-19 pandemic in New Zealand. For each
dataset considered, we fit four models: EpiEstim and EpiFilter with default parameters and

with our marginalised algorithm.
4.2 Methods

We summarise our methods here but provide full mathematical derivations and technical details

in Supplementary Section A.1.
4.2.1 Background

Both EpiEstim and EpiFilter leverage the Poisson renewal model for R; estimation. Letting
Cs be the number of cases reported at time s and w,, be the probability that a secondary case
is reported u days after the primary case (often approximated by the serial interval). The total
infectiousness is defined as A; = Ez;ll Cy_ywy. Given Ay and the current value of Ry, the

Poisson renewal model considers the number of cases at time ¢ to be Poisson distributed:

Cy ~ Poisson(RAy). (4.1)

EpiEstim assumes that, on each day ¢, R; has been fixed for a trailing window of k days. Larger
values of k imply that R; has been fixed for a longer period, resulting in smoother estimates.
The likelihood of observing cases between time-steps t —k+1 and ¢ (denoted Cygyy.¢) is the
product of the daily Poisson likelihoods (Equation 4.1) along the trailing window. A conjugate
Gamma(c, ) prior distribution is assumed for Ry, resulting in a Gamma(oy k, 5t x) posterior
distribution for R; given C1., where the shape-parameter oy ) and rate-parameter [3; ; are:

t t
Q) = o+ Z Csy, BGrp=p8+ Z As. (4.2)

s=t—k+1 s=t—k+1

Alternatively, EpiFilter assumes that R; follows a Gaussian random walk with standard de-

viation equal to ny/Ri—1. Larger values of n allow R; to vary faster, resulting in less smooth
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estimates. A grid-approximation to the exact Bayesian filtering equations is used to derive the
posterior distribution of R; given ;. While EpiFilter also allows for the estimation of the
smoothing distribution (R; given past and future data), we focus on real-time estimation (R;

given data up to time t). Further discussion is included in Supplementary Section A.2.
4.2.2 Model likelihoods

We use the same framework to derive likelihoods for the smoothing parameters of both methods.
Model-specific derivations are included in Supplementary Section A.1. Letting 6 denote an

arbitrary smoothing parameter, we begin with the predictive decomposition of the likelihood:

T-1

log P(C1.r|60) = ) _ log P(Cy41|Chit, 6). (4.3)
t=1

The one-step-ahead likelihood can be written as:
P(Cy11]C14,0) = /P(Ct+1|Rt+1aClzt)P(Rt+1|Clzt79) dRii1, (4.4)

where P(Cyi1|Ryy1, Cy.t) is the renewal model (Equation 4.1). Thus, deriving model likelihoods

relies on the derivation of the one-step-ahead predictive distribution for Ryy1: P(Ryy1|Ch.,0).

For EpiEstim, R; depends on reported cases only on days t—k-+1 to ¢, however the predic-
tive distribution explicitly ignores data on day ¢, so EpiEstim’s predictive distribution for Ry
is Gamma-distributed with shape a;_1 ;-1 and rate §;_;,—1. In this case, Equation 4.4 is
a Gamma-Poisson mixture, hence Cyy1|C1. follows a negative binomial distribution with pa-
rameters r = a1 and p = #@{M The likelihood of EpiEstim’s k is then the sum of
log-negative binomial probability mass functions for each day ¢.

For EpiFilter, the predictive distribution of R;1; is a by-product of the Bayesian filtering
equations, found by propagating the estimated distribution of R; given C.; forward according
to the assumed Gaussian random walk. The one-step-ahead likelihood of C;1q is found by
taking a weighted average of the Poisson likelihood of Cy4q1 with respect to the predictive

distribution of Ryy1|Ch.4.

Figure 4.1 provides a schematic of the model likelihood calculation. Implementations of these

methods, alongside worked examples, are provided in the GitHub repository.
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Figure 4.1: Schematic demonstrating the derivation of parameter likelihoods using the predic-
tive decomposition (Equation 4.3). R; estimates are projected forward one time-step according
to the relevant dynamic model (panel A), giving predictive distributions for R;;1 (panel B).
These are combined with the renewal model to give the probability of observing Cyy1 condi-
tional on past data Ci.; and the chosen smoothing parameter € (panel C). In this time-step,
the undersmoothed model is more likely than the oversmoothed model. Repeating this process
and summing the log-predictive probabilities for all time-steps produces the model likelihood
(Panel D). These log-likelihoods are later used to marginalise out uncertainty about 6, allow-
ing for robust reporting of uncertainty about R;. The form of the R, estimates and predictive
distributions for R; depend on the specific model.

4.2.3 Posterior distributions

These methods admit log-likelihoods for k and 1 given C1.;, denoted ¢(k|C1.1) and £(n|Cy.). We
use these to derive posterior distributions (denoted P(k|C1.t) and P(n|Ci.)), typically using a

uniform prior distribution over k € {1,2,...,30} (covering daily to monthly dependence) and
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n € [0, 1] (covering no noise to Poisson-type diffusion).

We are ultimately interested in estimates of R; that account for uncertainty about k or n. To
achieve this, we marginalise these parameters from the posterior distribution of Ry, a procedure

that is rare in the literature. For EpiEstim, we leverage the discrete nature of k to write exactly:

30
P(Ry|C14) = > P(Ry|Cut, k) P(k|C1.t), (4.5)
k=1

whereas for EpiFilter, we use a grid-approximation (n € £, Supplementary Section A.1.1):
P(Ri|C1a) = [ P(RICL ) P(1]Cr) i

~ 3" P(Ry|Chr.e,n) P(n|C1).
ne&

(4.6)

We can also marginalise the smoothing parameter from the predictive distributions for C
(Equation 4.4). This generates marginal one-step-ahead predictive distributions for C; under

both models, useful for model comparison and probabilistic forecasting.
4.2.4 Model evaluation

We argue that a “good” model is one that maximises precision (i.e. minimises the width of
uncertainty intervals), subject to being well-calibrated [209]. Choosing the “best” model thus
involves a trade-off: how much miscoverage are we willing to accept in exchange for more
precise estimates? We use the Continuous Ranked Probability Score (CRPS), which measures
the distance between the estimated predictive distribution and the empirical distribution of the
data, to quantify this trade-off. Smaller distances signify closer alignment between the model’s
predictive uncertainty and observed data variability. Full details of the CRPS calculation are

provided in Supplementary Section A.1.4.
4.2.5 Data

We test our methods on three simulated datasets, each assuming a different dynamic model for
R;: a Gaussian random walk (matching the dynamic model assumed by EpiFilter), a sinusoidal
curve, and a step-change model. These models cover a range of smooth to sharp changes in
R;. We also compare model outputs on real-world data from the COVID-19 pandemic in New
Zealand [243], chosen as an example of high-quality data with limited reporting biases. We

explicitly relate real-world decision-making to the inferences made by our models.
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A common serial interval from the COVID-19 literature, a Gamma distribution with a mean of
6.5 days and standard deviation of 4.2 days [118, 176], is used for the simulation study, while a
Weibull distribution with a mean of 5.0 days and standard deviation of 1.9 days is used when

fitting to real-world data, matching the serial interval used in official modelling [244].

Further information on simulated data is provided in Supplementary Section A.3. We also
develop additional marginalisation routines to handle uncertainty in serial intervals, and test

sensitivity to biases in the serial interval, in Supplementary Section A.4.

4.3 Results

4.3.1 Simulation study

Fitting EpiEstim and EpiFilter to a single realisation from each of the three simulated epidemics
(Figure 4.2) demonstrates that default parameterisations of both models result in oversmoothed
estimates of Ry, relative to the level of smoothing estimated from the data. The exception is
EpiFilter in the random walk simulation, where the true value of 7 is deliberately chosen to

match EpiFilter’s default n = 0.1.

Using these default parameters results in credible intervals for R; that typically undercover the
true value. This is more noticeable for EpiEstim, where coverage of the 95% credible intervals
for R; in the default model ranges from just 8.9% in the sinusoidal simulation, to 74.4% in the
step-change simulation. Marginalising out k dramatically improves coverage in these models
to 81.1% and 94.4% respectively. Default EpiFilter is generally more robust, partially as a
result of the default n = 0.1 being less extreme with respect to the posterior distribution of
7, although marginalising this parameter still improves coverage of R; from 81.1% to 92.2% in

the sinusoidal model.

The one-step-ahead predictive coverage of reported cases is also improved by marginalising the
smoothing parameter. This is true for all models and simulations considered, but the effect is

more pronounced in EpiEstim.

Finally, marginalising the smoothing parameter generally improves (decreases) the CRPS, sug-
gesting that marginalised models produce more accurate predictive distributions of cases than

default models. The sole exception is EpiFilter in the step-change simulation, where the CRPS
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Figure 4.2: Simulated case data (A, B, C), posterior distributions for smoothing parameters
at t = 100 (D, E, F), estimates of R; (G, H, I), and estimates of predictive cases (J, K, L)
for one realisation of each simulated epidemic. Estimates of R; and predictive cases are shown
for all four models (default EpiEstim, default EpiFilter, marginalised EpiEstim, marginalised
EpiFilter). The first column (A, D, G, J) shows results for the Gaussian random walk simulation
with n = 0.1, a dynamic model that precisely matches default EpiFilter. The second column
(B, E, H, K) shows results for the sinusoidal simulation, and the third column (C, F, I, L) shows
results for the step-change simulation. In panels (D, E, F), vertical dotted lines indicate default
parameter values and the vertical solid line indicates both the default and true parameter value.
In panels (G-L), solid coloured lines show central estimates (posterior means) and shading shows
95% credible intervals. Black lines (in R; estimates) and black dots (in predictive C; estimates)
show the true values of R; and C} respectively. Predictive coverage of the 95% credible intervals
(closer to 95% is better) and the CRPS (lower is better) are shown as text within each figure.

worsens (increases) slightly, although we show in Supplementary Section A.5 that, on average,
marginalisation also improves EpiFilter when fit to step-change simulations. The higher CRPS
in this specific simulation suggests that the narrower credible intervals produced by default

EpiFilter may trade off favourably against its lower predictive coverage of cases. We observe
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a similar effect in the sinusoidal simulation when comparing EpiEstim and EpiFilter, where
the CRPS is slightly lower in EpiEstim (indicating it as the better model), despite EpiFilter

having better coverage of predictive cases.

These results depend on the simulated ground truth, and we consider different simulations in
Supplementary Section A.5, revealing how the appropriate level of smoothing depends on the
underlying epidemic dynamics. Marginalisation becomes more important as the standard de-
viation of the simulated random walk increases, the frequency of the sinusoidal curve increases,
or the step-change becomes more frequent. In all these scenarios, the true R; is more dynamic

and the default smoothing choices are progressively worse at adapting to these changes.

We also find, contrary to intuition, that fitting to greater numbers of daily cases does not
necessarily improve inference quality. Supplementary Figure A.4 demonstrates that, while
marginalised EpiFilter is largely robust to sample size, EpiEstim’s coverage worsens as sample
size increases in both the default and marginalised models. This occurs as guaranteed mis-
specification (R; cannot be constant on [t — k + 1,¢] and then constant at a different value
on [t — k + 2,t + 2]) results in the model becoming more confident in the incorrect estimate.
For similar reasons, if observation noise is large, both models are also expected to degrade as

sample size increases.

4.3.2 The COVID-19 pandemic in New Zealand, August-December 2021

After largely containing the spread of COVID-19, in August 2021 an outbreak of the delta-
variant was detected in Auckland, New Zealand, triggering strict non-pharmaceutical interven-
tions. The outbreak featured an initial peak in late August, followed by a subsequent period
of decline, and then a second peak in mid-November (Figure 4.3). R; was repeatedly cited
during decision-making, including by the Prime Minister and the Director-General of Health

[228, 229, 245, 246, 247, 248, 249).

We fit all four models to reported cases (smoothed using a 5-day moving average to decrease
reporting noise; Supplementary Section A.6 tests sensitivity to this assumption) between 11 Au-
gust and 1 December 2021 (Figure 4.3). Both EpiEstim and EpiFilter exhibit improved CRPS
after marginalisation, and EpiEstim exhibits improved predictive coverage after marginalisa-

tion. As R; is unknown, we cannot evaluate its calibration.
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Figure 4.3: Reported case data and parameter posterior estimates (A), reproduction number
estimates (B), predictive cases (C) and reproduction number estimates for selected periods
(D, E, F) from fitting the four models to reported case data from the outbreak of the delta-
variant of SARS-CoV-2 in Auckland, New Zealand between 11 August 2021 and 1 December
2021. In panel A, vertical dashed lines indicate default parameter values while coloured curves
show parameter posterior distributions. In panels (B, C), solid lines show central estimates
(posterior means) and shading shows posterior 95% credible intervals. Black points show
observed reported cases. In panels (D, E, F), middle lines show central estimates (posterior
means) while shading and outer lines show posterior 95% credible intervals. Results for default
and marginalised EpiFilter in period 3 (Panel F) are nearly identical and overlap considerably.
Our methods improve predictive coverage of EpiEstim and the CRPS of both models.

As in the simulations, default models oversmooth relative to marginalised models. This is
most notable for EpiEstim where almost all posterior mass is on & = 2. For EpiFilter, the
maximum a posteriori (MAP) value of  was 0.12 with a 95% credible interval of (0.102,0.143),
which nearly contains the default value. In this case, default EpiFilter is better calibrated
than default EpiEstim. However, Table 4.1 still highlights some delays in detection of epidemic

growth or decline.

On 31 August, marginalised EpiFilter first signalled R; < 1. Among the four models, default
EpiEstim signalled this change last (3 days later). Notably, both marginalised models were
confident that R; < 1 by 2 September, before the possibility of decline had been detected
by default EpiEstim. This was a period characterised by daily press conferences and strict

stay-at-home orders, estimated to have cost the city NZ$56m per day [250].
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Table 4.1: Dates of the first detection of growth or decline (defined as the upper bound on the
95% credible interval of R; crossing 1 for growth, or the lower bound crossing 1 for decline),
the date that the central estimates of R; first crossed 1, and the date that the models are first
confident in growth or decline (defined as the lower bound on the 95% credible interval of Ry
crossing 1 for growth, or the upper bound crossing 1 for decline) for the COVID-19 outbreak
in Auckland, New Zealand that started in August 2021. The number of days after the first
detection is shown in parentheses, highlighting the substantial delay often observed in default
models.

EpiEstim EpiFilter

Default Marginalised ‘ Default Marginalised
Period 1
First detection 3 Sep (+3) 31 Aug (+0) | 1 Sep (+1) 31 Aug (40)
Expected Ry < 1 4 Sep (+3) 1 Sep (+0) | 1Sep (+0) 1 Sep (+0)
Confidence in Ry <1 | 4 Sep (+2) 2 Sep (40) 2 Sep (+0) 2 Sep (40)
Period 2
First detection 15 Sep (+4) 11 Sep (+0) | 13 Sep (+2) 11 Sep (+0)
Expected R; > 1 30 Sep (+17) 13 Sep (+0) | 20 Sep (+7) 13 Sep (+0)
Confidence in By >1 | 1Oct (+1) 30 Sep (+0) | 1 Oct (+1) 30 Sep (+0)
Period 3
First detection 20 Nov (+5) 15 Nov (+0) | 15 Nov (+0) 15 Nov (+0)
Expected Ry < 1 27 Nov (+9) 19 Nov (+1) | 19 Nov (+1) 18 Nov (+0)
Confidence in Ry < 1 | 29 Nov (+1) 28 Nov (+0) | 28 Nov (+0) 28 Nov (40)

On 13 September, the Government announced that because restrictions had “..reduced that
value [Ry] down to consistently below one”, they would be relaxed the following week on 21
September [247]. There was considerable interest in R; over that week, as a resurgence could
have triggered prolonged restrictions. This announcement occurred after the first detection
of a potential resurgence by the marginalised models (11 September), while default EpiFilter
first detected this resurgence on the day of the announcement, and default EpiEstim two days
later. The marginalised models first produced central estimates of R; > 1 on the same day as
the announcement, while it was 7 days and 17 days later that default EpiFilter and default

EpiEstim estimated R; > 1, respectively.

Daily reported cases continued to increase until mid-November, before appearing to plateau.
While the marginalised models (and default EpiFilter) became uncertain about continued epi-
demic growth around 15 November, default EpiEstim was still confident that R; > 1 until 20

November (for 5 days longer), a clear example of oversmoothed models being overconfident.
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We test our methods on additional real-world datasets in Supplementary Section A.6. These
examples highlight that real-world data feature many unknowns with no known ground truth.
In every case but one, marginalisation decreased the CRPS, emphasising that the most robust
models are those that are able to adapt to these unknowns, as well as the importance of

validation on observable quantities.

4.4 Discussion

We have derived and analysed novel likelihoods for two popular R; estimators. We used these
likelihoods to develop posterior distributions for the corresponding smoothing parameters, and
marginalised out this parametric uncertainty from estimates of R;. Our algorithms generally
improve uncertainty quantification for Ry, allowing increased confidence in the calibration of

reported credible intervals.

Robust uncertainty quantification is crucial for real-world decision-making. Our methods pro-
vide one of the first principled and computationally efficient ways of ensuring the robustness of
reported uncertainty in two popular models: EpiEstim [114] and EpiFilter [115], aligning these
methods with state-of-the-art smoothing approaches [139, 235]. Furthermore, our methods can
be applied to other sequential models (i.e., any model that estimates R; using Cj.; and then
Ry+1 using C.441 and so on), such as [238, 251, 252], all of which currently assume fixed values

of smoothing parameters.

In addition to real-time decision-making, estimates of R; are also used in models investigat-
ing the impact of non-pharmaceutical interventions [173, 253, 254, 255, 256, 257, 258, 259,
260], the effect of climate [261], or the relationship between mobility and transmission [167].
These models all use EpiEstim to estimate R;, most using k = 7. While some correct for
smoothing-induced delays by shifting estimates by k/2 days, this deterministic correction still
ignores uncertainty about k. The Bayesian nature of our methods allows for the propagation
of uncertainty in k£ through to estimates of R; and thus to downstream models, such as the

consensus estimates of R; produced by SPI-M in England during the COVID-19 pandemic.

While we focus on parametric uncertainty, by fitting our models to simulated data from a
range of dynamic models, our work reveals that marginalising smoothing parameters improves

model robustness, even when ignoring structural uncertainty. This is observed by improved
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coverage of predictive cases and decreased CRPS in simulations and on real data, by improved
coverage of R; in simulations, and is a key finding. As R; is always unknown, it is not possible
to compare coverage of this quantity on real data, and we rely on the CRPS on observables as

a proxy for model performance (justified by our results on simulated data).

We used two metrics to evaluate model performance: coverage of the 95% credible intervals
and CRPS. The former measures calibration only, while the latter also factors in precision
(and simultaneously considers all credible intervals, not just the 95% level). Calibration and
precision are often a trade-off: improved calibration can be obtained by decreasing precision.
The CRPS is a principled way of balancing these two goals. Alternative scoring rules may be
appropriate depending on context [262]. The documentation of [263] summarises scoring rules

in an epidemiological context.

While our results suggest that improved CRPS implies improved estimates of R; even when the
model is misspecified, there is no guarantee of performance in such situations. Since misspeci-
fication is inevitable when modelling infectious diseases, any scoring rule should be interpreted
with caution. One example faced by almost all R; estimators is serial interval misspecification,
addressed in Supplementary Section A.4. Like existing literature [116, 124, 264], we find that
misspecified serial interval distributions lead to biased estimates of Ry, although estimates near
R; = 1 are more robust. Another example of model misspecification comes from observation
noise: EpiEstim and EpiFilter assume that reported cases follow the Poisson renewal model
and that the appropriate level of smoothing is fixed over time (Supplementary Section A.7).
We demonstrate that our methods help with robustness to observation noise in Supplementary
Section A.5.3, but the lack of explicitly representing such noise remains a limitation of both
models. We chose the New Zealand dataset as an example of high-quality data with limited

reporting biases to reduce the impact of this limitation.

Alternative parameter selection procedures for EpiEstim have previously been proposed. In
the supplement of [114], the authors suggest selecting k such that the window contains suf-
ficient cases to reduce the posterior coefficient-of-variation to a desired level. Depending on
philosophy, this is either a subjective decision about the bias-variance trade-off, or a way of
choosing parameters to obtain a desired confidence level. In either case, choosing a value of

k with low likelihood will lead to poor model calibration. Alternatively, Parag and Donnelly
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[242] proposed an information-theoretic approach to selecting k called APEestim. While their
approach is principled, it results in the selection of k£ shifted by one unit compared to the
MAP value from our method, and does not allow for the marginalisation of uncertainty when
there are multiple plausible values of k£ (Supplementary Section A.8). EpiEstim and EpiFilter
are Bayesian estimators, thus marginalising smoothing parameters is a more justified approach
than selecting a single value. This is supported by Supplementary Section A.2, where two
implementations of a different R; estimator (EpiLPS [235]) are compared: one implementa-
tion optimises the smoothing parameters while the other performs marginalisation. We find
marginalisation continues to offer improved performance and robustness (Supplementary Table

A.1 and Supplementary Figure A.1).

Other methods approach the smoothing problem differently. For example, EpiNow2 [139]
models R; using a Gaussian process. The smoothness of this model is determined by the
covariance kernel, which is estimated alongside R;. Comparisons with additional methods
(EpiNow2 [139], EpiLPS [235], and rtestim [124]) are included in Supplementary Section A.2.
These methods include features such as explicitly representing observation noise, at the cost
of increased mathematical and computational complexity (typically requiring Monte Carlo
methods for marginalisation of parameters), when compared to EpiEstim and EpiFilter (where
smoothing parameters are marginalised with our deterministic approach). We also provide
novel methodology for finding posterior predictive distributions and calculating CRPS values
for these models, providing model comparison techniques using observed data. While EpiEstim
is often outperformed by these other methods, there is value in both the interpretability of the
sliding window and in the simplicity of a conjugate prior-posterior for R;. Understanding the
nuances of various approaches to smoothing and hence inference-based decision-making will

form a future study.

The August 2021 outbreak of SARS-CoV-2 in New Zealand provides a pertinent example of
the practical importance of smoothing assumptions. R; was first reported by officials as being
less than 1 on 29 August, two days before any of our models. While official models were
also based on the renewal model, among other differences (e.g., accounting for asymptomatic
infections), they approached the smoothing problem differently, assuming R; was fixed prior to

the lockdown on 18 August, and then step-changed to a different fixed value after the lockdown
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[244]. These piecewise-constant assumptions allowed more data to inform each estimate of Ry,
reducing uncertainty. However, if these assumptions were incorrect then uncertainty about Ry

will have been underestimated.

It is often argued that public health decision-making should be “data-driven”, with R; fre-
quently featuring as an example of such “data” [265]. However, without an accurate repre-
sentation of uncertainty, estimates of R; risk being influenced more by assumptions than the
underlying data. As demonstrated on both simulated and real-world data, public health deci-
sions made using oversmoothed estimates of R; will be delayed and overconfident relative to
decisions made using estimates with more robust uncertainty quantification. Fortunately, our
methods provide a simple and computationally efficient way to improve the robustness of these

estimates, and to benchmark the uncertainty surrounding smoothing assumptions.
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Abstract

Renewal models are widely used in statistical epidemiology as semi-mechanistic models of dis-
ease transmission. While primarily used for estimating the instantaneous reproduction number,
they can also be used for generating projections, estimating elimination probabilities, modelling
the effect of interventions, and more. We demonstrate how simple sequential Monte Carlo meth-
ods (also known as particle filters) can be used to perform inference on these models. Our goal
is to acquaint a reader who has a working knowledge of statistical inference with these methods
and models and to provide a practical guide to their implementation. We focus on these meth-
ods’ flexibility and their ability to handle multiple statistical and other biases simultaneously.
We leverage this flexibility to unify existing methods for estimating the instantaneous repro-
duction number and generating projections. A companion website SMC' and epidemic renewal
models provides additional worked examples, self-contained code to reproduce the examples

presented here, and additional materials.
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5.1. INTRODUCTION

5.1 Introduction

Modern epidemiology relies on statistical models to track and project the spread of infectious
diseases, inform public health policymaking, and estimate disease burden [266]. A commonly
used model for these purposes is the semi-mechanistic renewal model, which relates past inci-
dence to current incidence through a simple renewal process [107, 267, 268]. While this model
is most commonly used for estimating the instantaneous reproduction number R; [114, 115,
139], it can also be used for generating projections [105, 117, 139, 269], estimating elimination
probabilities [118, 270, 271], and modelling the effect of non-pharmaceutical interventions [22,
173], for example. Renewal models are frequently modified to account for various biases and
limitations in epidemiological data [205, 239, 264, 272]. These modifications often necessitate
bespoke methods for fitting the model to data, which can be difficult to implement and become

increasingly complex with additional modifications.

Reviews of reproduction number estimation highlight key practical considerations to bear in
mind when fitting the renewal model to epidemiological data. Gostic et al. [36] highlight gen-
eration interval misspecification, reporting delays, right-truncation due to observation delays,
incomplete observation, and smoothing windows as particular concerns. Nash, Nouvellet, &
Cori [272] identify 54 papers that make modifications to EpiEstim (arguably the most popular
R, estimator) to account for such biases. They note delayed and missing reported case data,
weekly reporting noise, alternative smoothing methods, imported cases, and temporal aggre-
gation of reported data as common considerations. These adjustments are just as necessary

for generating projections and other epidemiological analyses as they are for R; estimation.

In this primer, we present a pedagogical overview of how sequential Monte Carlo (SMC) meth-
ods [119, 120], which are well established in other contexts, can be used as flexible and general-
purpose tools for fitting renewal models to epidemiological data. The overall approach can
be viewed as a distillation of the methods employed by Watson et al. [42]. We focus on how
these methods can handle multiple biases simultaneously and provide a unified framework for

a range of tasks including reproduction number estimation and generating projections.

SMC methods, often called particle filters, are a class of algorithms that are used to fit gen-

eral hidden-state models to observed data. They use a collection of samples (called particles)
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to represent the posterior distribution of “hidden states” at each time step (e.g., the instan-
taneous reproduction number or daily infection incidence) given some observed data (e.g.,
reported cases). These particles are projected forward according to a state-space transition
model (typically an epidemic model of some kind) and weighted by an observation model (typ-
ically representing a noisy observation process). Such methods are particularly powerful as
they only require simulations from the epidemic model, rather than evaluations of a likelihood,
allowing for simulation-based inference [273]. Accounting for the aforementioned delays and
biases simply requires incorporating these in the state-space transition and observation models,

allowing a wide range of models to be fit using a single framework.

Despite being well suited to fitting epidemiological models and having a relatively straight-
forward and intuitive implementation, and calls for their further use [274], SMC methods are
not widely used when fitting epidemic renewal models. They have seen greater use in fitting
compartmental models [275, 276, 277, 278, 279, 280, 281], while examples of their application
to agent-based models [282], Hawkes processes [238], and renewal models [42, 251, 252] are
more limited. This discrepancy likely arises from the Markovian nature of many compart-
mental models, a property which is leveraged by many popular SMC methods, whereas the
renewal model is explicitly non-Markovian. We are aware of two reviews of SMC methods in
epidemiology [283, 284], both of which are high quality and provide complementary informa-
tion to this primer, though neither covers methods applicable to the renewal model. To aid
comparison with these papers, a discussion of similarities and differences with this primer is

provided online.

Methods for fitting renewal models that feature comparable flexibility typically rely on Hamil-
tonian Monte Carlo (HMC) [139, 285, 286] (as implemented in Stan [88]), often coupled with an
approximate Gaussian process state-space model (such as in EpiNow?2 [139], which is available
as a plug-and-play software package). However, HMC-based methods do not support discrete
state spaces or parameters, can be comparatively computationally intensive, and cannot be
updated online as new data are observed. Additionally, Gaussian process approximations in-
troduce substantial mathematical complexity. Our goal is to enable a researcher to rapidly
implement their own methods, ensuring they understand the process from start to finish. An

alternative flexible approach is the Laplacian P-spline method of EpiLLPS [235], though its fully
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5.2. HIDDEN-STATE MODELS

Bayesian implementation is also gradient-based, again limiting it to continuous state spaces
and parameters, and the mathematical complexity of this method is also high. Finally, ap-
proximate Bayesian computation methods could also be used to fit renewal models, although

(as for SMC) the literature is largely focused on compartmental models [287, 288].

We aim to familiarise the reader with both the discrete-time renewal model and SMC methods.
We provide simple implementations of SMC-type algorithms, including a bootstrap filter with
fixed-lag resampling and a particle marginal Metropolis-Hastings (PMMH) algorithm, for fit-
ting renewal models to data. Their use is demonstrated in several epidemiologically interesting
scenarios using national data from the COVID-19 pandemic in Aotearoa New Zealand. We
also provide guidance on model evaluation and comparison. Our aim is not to provide a model

for every scenario, but to equip the reader with the tools to construct and fit their own models.

This paper contains the technical details needed to construct and fit discrete-time epidemic
renewal models with SMC methods, consolidating established methods into a single, accessible
framework. Some readers may find it helpful to consult the example code online while reading,
which is available as downloadable notebooks from SMC and epidemic renewal models. This
website also contains additional examples, tutorials, and longer explanations of the topics

considered here.

5.2 Hidden-state models

A typical hidden-state model consists of time-indexed unobserved hidden states X;, observed
data y;, and parameter(s) . These may be scalar or vector-valued. The hidden states represent
the underlying process of interest (e.g., the true infection incidence and reproduction number)
from which the observed data (e.g., reported cases) are generated. The goal is to infer the
value of the hidden states X; and/or parameters 6 given the observed data. SMC methods,
discussed later, are a class of algorithms for fitting general hidden-state models to observed

data [120].

A hidden-state model is defined by two probability distributions. The first is the state-space

transition distribution, which governs how hidden states evolve over time:

P(Xy|X1.4-1,60) (state-space transition distribution).
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The notation X,.; denotes the values of this quantity at all time steps from s to ¢, inclusive.
In epidemiological applications, this distribution is typically implied by an epidemic model
describing how the epidemic evolves over time. Stochastic compartmental models are a popular

choice here [283, 284], although other models (such as the renewal model) can be used.

The second probability distribution is the observation distribution, which relates observed

data to the hidden states:
P(y¢| X1:4,y1:4—1,0) (observation distribution).

This distribution can model the effect of various biases in the data (e.g., we may model un-
derreporting using a binomial or beta-binomial distribution). Alternatively, non-mechanistic
observation models (e.g., a Gaussian observation model) can be used to allow for general noise

in the data.

As these distributions model the state-space transition and observation processes, we also refer
to state-space transition models and observation models throughout this primer. Together, they
define a generative model of the epidemic, a simplified version of which is visualised in Figure
5.1. This structure is particularly convenient in epidemiology: the underlying epidemic process

forms the hidden states, which are assumed to drive the observed data.

Other names for hidden-state models include Hidden Markov Models (HMMs), when the model
is Markovian [289]; partially observed Markov processes (POMPs), also for Markovian models
[290]; and latent variable models, where X; are referred to as latent variables [97]. The renewal
model we examine is not Markovian, as infection incidence today depends on a convolution of
infection incidence across multiple previous time steps, thus it cannot be treated as an HMM
or POMP. Augmenting past states into Xy, i.e., setting X; = (Xt, Xiq,.. .) can transform a
non-Markovian model into a Markovian one, at the cost of an enlarged hidden-state space. We

do not consider this further in this primer.

Many popular epidemic models can be framed as a hidden-state model. EpiFilter, which can
be used to estimate the instantaneous reproduction number R; [115] or infer the elimination
probability of an epidemic [118], is explicitly formulated this way. In this model, R; is assumed

to follow a Gaussian random walk (the state-space transition model) and observed cases Cy are
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Hidden states
State-space transition distribution

/ -"n

'O' e ‘ P(X[‘XL . 6) :oﬂ .“‘ P(Xf+1|Xt70) .'O 0“

—)'Xt 1. —r. X ¢ }- Xt+1-
‘h._" ~._¢' ~._¢
P(y;-1|X:-1,0) ///\X, 0) P(yr1|Xi11,0)
Observation d|str|but|on
Observed data

Figure 5.1: A diagram of a simple hidden-state model. The hidden states X; evolve over time
according to the state-space transition distribution, from which observed data y; are generated
via the observation distribution. Both distributions may depend on the parameter vector 6. In
this example, hidden states X; depend only on the previous hidden state X;_;, and observed
data y; depend only on the hidden state at time ¢, making this particular model Markovian
- an example of an HMM or POMP. In contrast, the more general non-Markovian models we
focus on in this primer would require many more arrows in the diagram.

assumed to follow the Poisson renewal model (the observation model). A less obvious example
of a hidden-state model is that by Fraser et al. [237], which shares EpiFilter’s observation
model but assumes R; is piecewise constant on intervals of 10 days. Further examples include
the various implementations of EpiNow2 [139], and a model for temporally aggregated and
underreported data by Ogi-Gittins et al. [45]. These models all rely on the renewal model
and employ bespoke inference methods, such as a grid-based approximation to the Bayesian
filtering and smoothing equations in EpiFilter, maximum likelihood estimation in the model

by Fraser et al. [237], or HMC in EpiNow?2 [139].

5.3 The renewal model

While SMC methods can be used to fit various hidden-state models, and many epidemic models
can be formulated as hidden-state models, we focus on the discrete-time epidemic renewal model
in this primer. The renewal model was introduced by Leonhard Euler in 1767 and popularised
in the contemporary continuous-time formulation by Alfred Lotka in 1907, who used it to model
age-structured population dynamics [67]. This continuous-time formulation was first introduced

into epidemiology alongside the susceptible-infected-recovered (SIR) model by Kermack and
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McKendrick [65] and gained wider popularity during the 1970s [267]. The modern discrete-time
formulation was proposed by Fraser [107] (see also [291]) and subsequently popularised as a
Bayesian estimator of R; in Cori et al. [114]. Since then, the discrete-time renewal model has

become a popular semi-mechanistic model of disease transmission [268].

Denoting reported cases at time t by C}, the reproduction number by R;, and the probability
that a secondary case is reported u time steps after the primary case by w,, (often approximated
by the probability mass function (PMF) of the serial interval), the renewal model relates
reported cases at time ¢ to previously reported cases through the renewal equation:

Umazx

E[C] =R Y Crywu. (5.1)

u=1

If C} follows a Poisson distribution with mean E[C}], then we have the popular Poisson renewal
model. However, other distributions can be used [193], often to account for overdispersion in
transmission or “superspreading” [292]. The serial interval is the time between the symptom
onset of the primary case and the symptom onset of the secondary case, the PMF of which is
represented by {wy}."%, where Upmq, is the assumed maximum possible serial interval. The
term C;_,w, in the summation represents the expected contribution to current reported cases

by reported cases from u time steps ago. This relationship is visualised in Figure 5.2.

In a simple example, R; follows a Gaussian random walk (the state-space transition model),
and daily reported cases have an expected value defined by Equation (5.1) (the observation
model). If a Poisson observation distribution is used, then this is the model defined by EpiFilter

[115], which we also adopt in the first example model.

A more realistic model might assume that underlying infection incidence follows the renewal
model: Equation 5.1 is modified by replacing observed C; with unobserved I, and the serial
interval distribution with the generation time distribution. Reported cases are then treated
as noisy observations of infection incidence. In this setup, the renewal model now defines
part of the state-space transition model, and the observation process is modelled separately.
Explicitly modelling infection-to-infection, instead of reported case-to-reported case, has the
added benefit of allowing for potentially negative serial intervals, which would otherwise be

difficult to account for, especially when fitting models to paired data with observed negative
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Figure 5.2: Diagram of the renewal model. In this example, the serial interval takes values
wy = 0.25,0.5,0.25 for v = 1,2,3 (a maximum serial interval of three time steps) and the
reproduction number is assumed to take values R;—1 = 2, Ry = 2, and Ry41 = 1. On the left,
the expected number of secondary cases produced by a primary case who was reported at time
t—2 is shown (0.5 cases at time t—1, a single case at time ¢, and 0.25 cases at time t+1), with
their expected contribution to total cases at time ¢ highlighted. On the right, the expected
total cases at time t is shown as the sum of the expected cases produced by primary cases
reported u = 1,2, and 3 time steps ago, defining the renewal equation.

intervals. This is the approach adopted in the second and third example models. Crucially,
SMC methods can be used in both cases, whereas EpiFilter is limited to the case where the

renewal model defines the observation distribution.

The discrete-time nature of our model necessitates the specification of an appropriate time-
step duration. The key constraint can be seen in Equation 5.1, which assumes that primary
cases (or infections if we model the underlying infection incidence) cannot produce secondary
cases (secondary infections) on the same day they were reported (infected). The discretisation
should be fine enough that the probability of same-day transmission is negligible [293]. For
COVID-19, daily time steps were popular, as this coincided with the frequency of reported case

data.

In some scenarios, data may be reported on a longer timescale than infections occur. For ex-
ample, weekly reporting is common in influenza surveillance, while typical influenza generation
times are measured in days [45]. Published literature accounts for this using simulation-based

methods [45, 293], expectation-maximisation [294], or Gaussian processes [139] to infer infec-
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tion incidence at a finer timescale before applying the renewal model. The SMC approach
introduced in this primer does not assume data are observed on every time step, allowing an
appropriate discretisation to be chosen to suit the pathogen being modelled, independently of
how frequently data are reported. This is examined in a practical example in Section 5.6.3.

We also demonstrate this on an influenza dataset online.

5.4 Sequential Monte Carlo methods

We introduce two SMC-type algorithms for fitting the renewal model to data. The first is
a bootstrap filter, which takes observed data yi.p, parameter vector 8, and initial state dis-
tribution P(Xy) as inputs, and targets the posterior distribution P(X¢|y1.7,0) of the hidden
states X; at each time step t. For example, this might be the posterior distributions of R; (at
each t) given observed cases Cy.p and some smoothing parameter 1. The second algorithm is
PMMH, which replaces the fixed § with a prior distribution P(f) and targets the corresponding

posterior distribution P(0|y1.7).

These two algorithms can be used together to estimate the posterior distribution of the hidden
states after marginalising over 0, denoted P(X;|y;.7). In the example above, this is the posterior
distribution of R; given C1.p, accounting for uncertainty about 7. All three of these posterior
distributions can be useful, depending on the model and its intended purpose. An overview of

these algorithms is provided in Figure 5.3.

SMC methods are particularly useful in epidemiology as they allow for simulation-based infer-
ence. The bootstrap filter only requires sampling from the state-space transition distribution,
rather than evaluating its density. This makes it possible to fit complicated models where the
likelihood is only defined implicitly by a simulator. We still need to be able to evaluate the

observation model, but this is often much simpler.

When estimating the value of hidden states, it is common to distinguish between the filtering
and smoothing distributions. The former is the posterior distribution of X; given data up to
time ¢t: P(X¢|y1.t,0), while the latter is the posterior distribution of X; given both past and
future data: P(X;|y1.7,0) - note the different subscripts on y. The uncertainty associated with
the smoothing distribution is generally lower than that associated with the filtering distribution

as additional data are leveraged, although we are restricted to the filtering distribution in
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Figure 5.3: An overview of the algorithms presented in this primer. The bootstrap filter
(Algorithm 1) and PMMH (Algorithm 2) both take a hidden-state model, an initial state
distribution, and data as inputs. The bootstrap filter additionally requires the specification of
parameter vector € and returns samples from the posterior distribution of the hidden states at
each time step, conditional on 6, shown here as central estimates and credible intervals over
time (green curves). PMMH instead requires a prior distribution for # and returns samples
from the posterior distribution of €, shown here as the orange curve. These two algorithms
can be combined (by running the bootstrap filter at multiple samples of 6 from PMMH) to
find the posterior distribution of the hidden states, after accounting for uncertainty about 6
(Algorithm 3). The pink inlay shows the posterior distribution of X; at time ¢ before and after
marginalisation, illustrating that uncertainty about X; is generally greater after accounting for
uncertainty about 8. When the bootstrap filter is run with fixed-lag resampling, an additional
hyperparameter L is required as an input.

real-time analysis. The bootstrap filter presented below can be used to sample from either

distribution.
5.4.1 The bootstrap filter

The goal of the bootstrap filter [295] is to generate samples from the filtering and/or smoothing
distributions, conditional on the observed data y1.7 and parameter vector . This is a similar
goal to EpiFilter, for example, which targets the posterior distribution of R; given observed
cases C1.7 and parameter n [115]. The bootstrap filter is one of the simplest particle filtering

methods, although more advanced methods exist and may be preferable in some settings [296].
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The similarity to EpiFilter, which produces analytical solutions, offers a convenient way to check
a bootstrap filter implementation: fitting the same model to the same data allows outputs to

be compared directly.

The algorithm starts with an initial set of N “particles” {xéi) fil sampled from an arbitrary

initial-state distribution P(Xj). These particles are projected forward by sampling from the
state-space transition distribution (") ~ P(X;|zo._1,8), representing equally likely one-step-
ahead projections of the hidden states before any data are observed. The projected particles
are then weighted by the observation model wéi) = P(ys| %9, y1.4_1,0), quantifying how likely
each projected particle is once the data at time step t are observed. The particles are then
resampled with replacement according to these weights, resulting in a new set of particles
{a:gi)}fil that represent equally-weighted samples from the posterior distribution at time step
t. This process is described in Figure 5.4. Repeating for t = 1,...,T completes the algorithm,
described formally in Algorithm 1. Further intuition in the language of sequential importance
sampling is provided online. Readers familiar with alternative SMC methods may expect all
weights to be reset to 1/N following resampling. This is unnecessary as we resample at every
step, thus we always treat the resampled particles as equally-weighted samples from the target
posterior distribution and past weights do not feature in calculations at future time steps (that
is, there is nothing to “reset”). Furthermore, the unnormalised weights wt(i) are later used when

estimating the likelihood in Algorithm 2, so it is helpful to store these as initially calculated.

Step 1 Step 2 Step 3
Projection ~ Weighting Resampling

X, A X, A

. wgl =01

2 3
¢ w§+)] = wiﬁ] =02
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='.‘.' [ wyy =0 \
g% < \
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Y
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Figure 5.4: A single step of the bootstrap filter with resampling. Particles are projected forward
by sampling according to the state-space transition distribution, weighted by the observation
distribution, and resampled to form a new set of equally-weighted particles. In this example,
the orange and yellow trajectories receive zero weight, so do not feature in the right-hand panel.
The remaining trajectories feature in the right-hand panel with relative frequency proportional
to their weight.
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Algorithm 1 The fixed-lag bootstrap filter. Statements indexed by ¢ should be taken to mean

foriin {1,2,..., N}. At time step ¢, .fcgi_)L:t is taken to mean the aggregation of particle history

xf)L:t—l and newly projected particles .

1: Input: Number of particles N, fixed lag L, parameter vector #, data yi.7, state-space
transition distribution P(X|X1.;—1,6), observation distribution P(y¢|X1.¢,y1.¢-1,6), and
initial state-space distribution P(Xjp)

2: Sample :c(()i) ~ P(Xy)

3: fort =1to T do

4: fgl) ~ P(Xt]x(()ﬁ_l, 6) > Sample from the state-space transition distribution

5: wﬁ’) — P(yt|j§l_)L:t, Y1:t—1,0) > Calculate the observation weights
. . ) N

6: xgl_) 1+ ~ Multinomial ({i’ij_) L,t}évzl, {M} ) > Resample the particles

' ’ Zk:l Wy j=1
7: end for

8: Return: Particle values :n,gi)

and observation weights w,@ fori=1,...,Nandt=1,...7T.

If only the particles xgi) at time step t are resampled, then equally-weighted samples from

the filtering distributions P(X¢|yi.,6) are returned (for each t). If all particle histories xgl%
are resampled at each time step (as in Figure 5.4), then equally-weighted samples from the

smoothing distributions P(X|y1.7,0) are returned. Intuitively, this is because resampling

effectively re-weights past particles according to current data.

When T is large, resampling entire particle histories leads to particle degeneracy [119], where
few unique particles remain at early time steps. This is visible in Figure 5.4 as a decreasing
number of unique particle trajectories after resampling, which results in poor approximations
of the smoothing distribution. To mitigate particle degeneracy, we use fixed-lag resampling
[296], resampling the past L time steps :L’g? 1 rather than the full state histories, which yields
an approximation to the smoothing distribution: P(X¢|y1.¢+1,6). If X; is conditionally inde-
pendent of data more than L steps in the future, given 14411, then this approximation is

exact. In renewal models, L should exceed the maximum serial interval 4z, and, if reporting

delays are present, L should also exceed the maximum reporting delay.

Thus far, we have assumed we are targeting the marginal posterior distribution at time t. It
may also be useful to consider the joint distribution of the hidden states over multiple time
steps, P(Xs.|y1.7,0) for some s < t. This is useful if we are estimating the timing of epidemic
peaks (such as peak infections or peak R;), for example. If full state histories are resampled

at each time step, then the resulting trajectories xgl)T are jointly distributed according to
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P(X1.7|y11,0). If fixed-lag resampling is used, then the final L time steps of each trajectory
nglL:T are jointly distributed according to P(Xr_r.7|y1.1,0), where T is the time step at

which the algorithm is halted.
Practical considerations

The choice of fixed lag L depends on the modelled maximum serial interval (or generation time)
Umaz- In many cases, such as in the COVID-19 examples considered, tq, (and thus L) can be
chosen to be sufficiently small to ensure algorithmic efficiency without introducing noticeable
bias. Some diseases, such as tuberculosis [297], feature serial intervals and generation times that
are measured in weeks, months, or even years. While this poses a computational problem when
using a daily discretisation (requiring a very large L), the longer serial intervals/generation
times allow for the pathogen to be modelled on a weekly (or even monthly) discretisation, thus
L can be kept small. The impact of L can be checked by refitting the model multiple times at
different values of L and comparing the outputs. This is demonstrated online, where we find

that reasonable choices of L have very little impact on an example model.

A greater number of particles N improves the accuracy of the posterior distribution approxima-
tion but increases computation time. The appropriate value of N depends on the complexity of
the model, how well the model fits the data, and the purpose of the bootstrap filter, and thus is
difficult to determine a priori. In practice, we find that N = 100,000 is sufficient (i.e., produces
stable central estimates and credible intervals) for all models considered in this primer. This
can be decreased (typically to around N = 1,000) when the algorithm is used for likelihood
estimation (see Section 5.4.2 for further discussion) or when the algorithm is used to find the

marginal smoothing posterior distribution (Section 5.5.1).

The choice of N for a specific model can be guided by comparing hidden-state estimates across
multiple runs: if the estimates are stable (i.e., they do not noticeably change between runs),
then N is likely sufficiently large. If a programmatic heuristic is required, the particle weights
(line 5 of Algorithm 1) can be used to calculate the effective sample size[298], which is inversely
proportional to the variance of the estimate of the posterior mean and credible interval width.
The calculation of effective sample size is demonstrated on an example model online. Further

validation can be performed by simulating data from the model and checking that the model
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recovers the simulated truth, or by fitting a similar model with a known analytical solution
(such as EpiFilter) and comparing results to the known ground truth. Theoretical convergence
results [121] developed for Markovian state-space models can be applied by augmenting past

states into X; and considering the model on the expanded state space.

In Algorithm 1, for simplicity, we use the state-space transition distribution as the proposal
distribution. This is known to be suboptimal, particularly because it does not use information
about the observed data g; when proposing new particles. More complex proposal distributions
can be employed and the weights adjusted to account for the fact that the proposal distribution
is not the true state-space transition distribution. One such example is the auxiliary particle

filter [299], although we find this unnecessary for the models fit in this primer.

Due to fixed-lag resampling, estimates are usually robust to reasonable choices of the initial
state distribution P(Xp). In the absence of clear prior information, the initial state distribution
should allow for any plausible value of Xy. The effect of the initial state distribution can be

examined through sensitivity analysis.

A large proportion of SMC literature focuses on HMMs. In this primer we apply SMC methods
to non-Markovian models (i.e. those where X; depends on Xj.;—1 rather than just X;_1). To
ensure past particle trajectories are consistent, fixed-lag resampling must be used when fitting
non-Markovian models, even when only targeting the filtering posterior distribution. In these
cases, L should be chosen such that X; does not depend on hidden-state values prior to ¢t — L.
For example, when the state-space transition model includes the renewal model, L should be

chosen greater than the maximum serial interval.
5.4.2 Particle marginal Metropolis-Hastings

The goal of the PMMH algorithm [300] is to find the posterior distribution of parameter
vector 6, given observed data y;.7. We do this by employing a Metropolis-Hastings algorithm
[301], while using the bootstrap filter (Algorithm 1) to estimate the likelihood of the proposed

parameters.

The log-likelihood estimator is given by the logarithm of the geometric mean of the unnor-

malised particle weights w; from the bootstrap filter (Algorithm 1) at each time step [284,
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302]:

acmey Zlog Wy (5.2)
Equation 5.2 follows immediately from the predictive decomposition of the likelihood:

T
0(0lyr.r) =log P(y1.r]0) = log P(yelyr:-1,6), (5.3)
t=1
where a Monte Carlo estimator of the one-step-ahead predictive likelihood is given by the
average of the unnormalised weights of the projected particles, denoted wy:
P(yly1:t-1,0) = Exyyroy [Pyl X1ts y1:e-1, 0)]
L ¢ (i)
N ;P (yt|33t 7y1:t71,9) (5.4)
= wt.
Parameter inference then proceeds by using 5(9 ly1.7) in the acceptance probability of an oth-

erwise standard Metropolis-Hastings algorithm (Algorithm 2).

Algorithm 2 Particle marginal Metropolis Hastings (PMMH). The bootstrap filter M writ-

ten here accepts proposed parameters 6’ and returns unnormalised weights {wt(i)} for ¢ =
,Nand t =1,...,T. The average of all weights at time ¢ is denoted w;. The data y;.p
and other bootstrap filter options are assumed to be included in M.

1: Input: Number of parameter samples M, bootstrap filter M, parameter prior distribution
P(0), parameter proposal distribution ¢(6’|9).

2: Initialise: 6; ~ P(0)

3: for j =2 to M do

4: 0 ~ q(@’ 60-1) > Sample proposed parameters
5: {wt bi=1,.. ,N t=1,.. 7 < M(0) > Run the bootstrap filter (Algorithm 1) at ¢’
6: 00"y =+ P L ST | log wy > Calculate log-likelihood estimate (Equation 5.2)
7 « + min (e)f;g(i(f:)l) P](De(fi)l) Zggf@'ﬂl;, 1) > Calculate acceptance probability
if U ~ Uniform(0,1) < a then

6; 0 > Accept the proposal
10: else
11: 0; < 0;_1 > Reject the proposal
12: end if
13: end for

14: Return: Sampled parameter values {Hj}j]\/il

Practical considerations

To enable the calculation of convergence diagnostics, multiple chains (we find 4 works well) of

the PMMH algorithm should be run. We also encourage the standard practice of discarding an
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initial portion of each chain as a burn-in period, ensuring the retained samples are not influenced
by initial values outside the stationary distribution of the Markov chain. Diagnostics used in
the examples below are the Gelman-Rubin statistic R [303] and effective sample size (ESS)
[301], which are reported by standard Markov chain Monte Carlo (MCMC) analysis software.

We use the MCMCChains.jl package [304] in our examples.

The standard Metropolis-Hastings algorithm uses exact evaluations of the model log-likelihood
((0), whereas Algorithm 1 admits a stochastic estimator £(f). The standard deviation of this
estimator is a function of the number of particles N used in the bootstrap filter. It has been
shown that the optimal standard deviation of £(6) is 1.2-1.3 [289, 305], which can be used
to guide the choice of N. The standard deviation of the log-likelihood estimate can itself be
estimated by refitting the model multiple times, we demonstrate this online. For all examples
in this primer, we use N = 1,000 particles when estimating model likelihoods. We also note
that, while larger standard deviations of E(H) result in slower convergence, model outputs are

still valid.

The efficiency of the PMMH algorithm depends on the parameter proposal distribution ¢(6'|6).
We find that the heuristic multivariate normal proposal distribution with covariance matrix
¥ = (2.38%/ d)f), where 3 is the sample covariance matrix of previous samples and d is the

number of parameters being fit, generally performs well [306].

In the examples presented in this primer, we begin the PMMH algorithm with a diagonal
covariance matrix and update it every 100 iterations until it stabilises (once |%| changes by less
than 20% between iterations), and then begin the primary sampling. Primary sampling is also
performed in chunks of 100 samples, with the R and ESS calculated at the end of each chunk.
We stop the algorithm when R < 1.05 and ESS > 100 for all parameters. Complete details of

these procedures are provided in the model files in the GitHub repository.

5.5 General framework

Thus far we have developed an algorithm for estimating the posterior distribution of hidden
states X; given observed data y;.7 and parameter vector 6, and an algorithm for estimating the
posterior distribution of # given y1.7. In this section we demonstrate how these two algorithms

can be used to perform inference and generate projections.

97


https://nicsteyn2.github.io/SMCforRt/smc-pmmh.html#variance-of-log-likelihood-estimates
https://github.com/nicsteyn2/SMCforRt/tree/main/paper

5.5. GENERAL FRAMEWORK

5.5.1 Robust hidden-state inference

We can couple Algorithms 1 and 2 to estimate the marginal smoothing distribution P(X¢|y1.7),
representing our beliefs about X, after accounting for uncertainty about 6 (Algorithm 3).
Intuitively, we use the bootstrap filter to fit the model at multiple parameter samples 6 ~
P(0|y1.7) and average the results:

P(Xilyvr) = Egpy,.r [P(Xe|yrr, 0)]

Ly ) ) (5:5)
~ N Z:l P(Xt|y1.7,0Y) where 60V ~ P(0|y1.1)
J:

In practice, this is achieved by sampling Ny parameter samples from the output of the PMMH
algorithm (Algorithm 2), and running the bootstrap filter (Algorithm 1) at each of these
samples. N particles are used in each bootstrap filter, resulting in a total of Ny/N particles
approximating the marginal smoothing posterior. In the examples below, we use N = 1,000 and
Ny = 100. These values are chosen to ensure that (a) a sufficiently diverse set of parameter
samples is used (selection of Np), and (b) the posterior distribution of the hidden states is
well approximated (selection of Ny/N). We assess these criteria by checking that the marginal

smoothing distribution is stable across multiple runs of the algorithm.

Algorithm 3 Marginal smoothing distribution sampler The bootstrap filter M written here
accepts a parameter vector f and returns a matrix of hidden state values. Note that inputs
must satisfy N, = NgN.

1: Input: Parameter samples from PMMH {Hj}j]\/il, number of unique parameter samples

Ny, per-filter posterior samples IV, target posterior samples N, and bootstrap filter M.

2: Initialise: Pre-allocate matrix X of size N, x T..

3: fori=1,..., Ny do

4: 0"~ {0; }]J‘il > Sample a parameter vector ¢’
5: T+ {(@—-1)N+1,...,iN} > Specify the indices of the ith block of X
6: X717 < M(0) > Run the bootstrap filter (Algorithm 1) at 6’
7: end for

5.5.2 Predictions

Thus far we have focused on model inference, both for hidden states X; and parameter vector
6. We may also be interested in interpolating missing data Y;, extrapolating future data Y,

or projecting future hidden states Xp,y.
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Predictive posterior distribution of observed data

Various predictive posterior distributions can be targeted. For example, the one-step-ahead
predictive posterior distribution P(Y;|y1.t1—1,6) can be targeted within the bootstrap filter by
sampling from the observation distribution given the projected particles. That is, sampling

yt(i) ~ P(Yt|:E§Z)t, 0), where i*gz)t are the projected particles as defined on line 4 of Algorithm 1.

Alternatively, the smoothing posterior predictive distribution P(Y;|y1.7,60) can be targeted
within the bootstrap filter by sampling from the observation distribution given the projected

particles at each time step ¢ as above (setting gjf@ ~ P(Yﬂi%,@)) Defining gjt(i_)L:t as the

aggregation of the newly sampled gt(i) and previously stored yfi) 14—1, and resampling yfi) It

from gj(i) 1.+ alongside aﬁgz_) 1.+ in step 6 of the Algorithm 1 results in a set of particles {y,gi)}

that can be viewed as unweighted samples from the smoothing posterior predictive distribu-
tion. This can be clearly seen if we consider the predictive variable as part of an extended
hidden-state space. To ensure consistency between the weights calculated in step 5 of Al-

gorithm 1 and the predictive particles, it is important to use the same indices when resam-
pling both :nf) and yt(i). Computationally this is equivalent to sampling some indices from

() N
Multinomial ({1,2,...,]\7},{ - }

N : (k)
Zk:1 Wy

den states and predictive variable. The parameter vector 6 can be marginalised out by including

) , and then using these to resample both the hid-
j=1

and storing the relevant samples in Algorithm 3.
Missing data

Missing data can be handled in a variety of ways depending on the type of missingness (missing
at random, missing not at random, etc. [307]). Where data are missing by design (for example,
wastewater sampling data may only be collected on certain days [42]), the observation distribu-
tion becomes P(y; is missing|X1.4,y1:4—1,0) = 1, irrespective of the values of the hidden states.
In practice, we also skip the resampling step in the bootstrap filter on such days, as all hidden
states are equally likely. More complex models, where the relationship between hidden states
and missingness is explicitly modelled, are also possible. Prediction of missing data can be
made by sampling from the observation model, conditional on the value of the hidden states

(another type of predictive posterior distribution).
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Projections

The projection of future hidden states (such as future R;) is handled similarly, effectively
treating future data as missing by design, and projecting X forward by repeatedly sampling
from the state-space transition distribution, generating projections of hidden states Xp .
Observed data Yp, can then be projected made by sampling from the observation distribution

conditional on the projected hidden states. We demonstrate this in the third example below.
Probability of elimination

Elimination of an infectious disease is generally defined as “the reduction to zero incidence of a
certain pathogen in a given area” [308]. For the purposes of this primer, we say that elimination
has occurred at time ¢ if no new infections occur within [¢, ¢ + 28], an appropriate window for
the SARS-CoV-2 examples we consider, although a variety of other mathematical statements
matching this definition are possible [118, 252]. This turns the problem of estimating the
probability of elimination into a projection problem: we project the number of new infections
in the next 28 days, and the proportion of particle trajectories that contain zero new infections
provides an estimate of the probability of elimination. We demonstrate this in the second

example below.
5.5.3 Model evaluation and selection

Model evaluation and selection are crucial components of any modelling exercise. We outline
three metrics: root mean square error (RMSE) of the posterior predictive distribution, the
coverage of posterior predictive credible intervals, and the continuous ranked probability score

(CRPS) [209] of the posterior predictive distribution.

The RMSE of the posterior predictive distribution quantifies the average discrepancy between

observed data and the model’s predictions. It is calculated as:

1 T
RMSE = | = > (v — 90)* (5.6)
T t=1

where §; = E[Yi|y1.7] is the expected value of the posterior predictive distribution at time ¢.

Smaller values indicate a better fit to the data.
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The coverage of posterior predictive credible intervals measures the proportion of observed data

that falls within the model’s credible intervals. It is calculated as:
1 X
Coverage, = T ;H(yt € Crlyy), (5.7)

where Crl, ¢ is the (1 — «v)-level credible interval of the posterior predictive distribution at time
t. A well-calibrated model yields credible intervals whose empirical coverage is close to the
nominal level on average, for all values of a. For example, if 1 — o = 0.95, then the posterior

predictive credible intervals should contain the observed data approximately 95% of the time.

Finally, the CRPS of the posterior predictive distribution quantifies the average discrepancy
between the predictive cumulative distribution function (CDF) and the empirical CDF. It is

defined as:
T [oe)

CRPSZ;ZU

t=1 -

(P(Y; < ylyrr) — Iy < y>>2dy) | (5.8)

Smaller values of CRPS indicate a posterior CDF that more closely matches the empirical CDF

of the observed data.

In practice, we use a particle approximation to the expectation-definition of the CRPS [309]:

CRPS = ;é ;E|Yt -Y/| - ElY; - yq where Y, Y, ~ P(Yi|y1.1)

Lo~ | L ) L1 Qe ()
%T;_N;m —yt|—2]\72j§1k§1|yt Y (5.9)
_1i_1§:|y<j> LN Ny
=72 _szl ; Yt| NQ;(QJ HYW |,

where Yt(j ) are samples from the posterior predictive distribution at time ¢ and Y@ are the

samples sorted in ascending order. Using sorted samples reduces the computational complexity
of the CRPS from O(N?) (line 2) to O(N log N) (line 3) [309]. The CRPS is particularly useful
in the model selection process, as it provides a principled trade-off between precision (how

narrow the credible intervals are) and calibration.

5.6 Example: COVID-19 in Aotearoa New Zealand

We demonstrate these methods by fitting three models to national data from the COVID-

19 pandemic in Aotearoa New Zealand [185], reported in Figure 5.5. Two time periods are
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considered: 26 February 2020 - 4 June 2020 and 1 April 2024 - 9 July 2024. The former is
characterised by a single epidemic wave with high-quality case reporting and a large proportion
of imported cases, during which elimination of transmission was the primary public health
policy aim. The latter is characterised by widespread transmission with a clear day-of-week
effect and high levels of reporting noise and bias, with modelling primarily used to inform

health-service resource allocation.
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Figure 5.5: Reported cases from the COVID-19 pandemic in New Zealand, separated by locally-
acquired and imported infections, for two time-periods: (A) 26 February 2020 - 4 June 2020
and (B) 1 April 2024 - 9 July 2024 [185]. The first period is the first wave of COVID-19 in
New Zealand, characterised by a single epidemic wave which ended in temporary elimination of
local transmission. The second period is characterised by widespread transmission with much
higher numbers of reported cases.

5.6.1 Model 1: Simple example

As a first example, we implement a model very similar to EpiFilter [115], assuming that R;

follows a log-normal random walk (the state-space transition model):
log R;|log R;—1 ~ Normal(log R;_1,0), (5.10)
and observed cases follow the Poisson renewal model (the observation model):

Cy¢| Ry, Cy.4—1 ~ Poisson (Rt Z Ct_uwu> . (5.11)

u=1

In notation from the hidden-state models section, the hidden states are X; = Ry, the observed

data are y; = Cy, and the parameter vector is § = . We could additionally consider the values
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of the serial interval PMF {w,, }, 4" as model parameters, but for simplicity we treat this is as

fixed and part of the model structure, a typical assumption in such models.

The serial interval is assumed to follow a Gamma distribution with mean 6.5 days and standard
deviation 4.2 days. For simplicity, this is discretised by evaluating the density at t =1,2,...,T

days and normalising.

First we use PMMH (Algorithm 2) to estimate the posterior distribution of o. Assuming a
uniform prior distribution on (0, 1), we find a posterior mean of 0.24 (95% Credible Interval
(Cr.l.) 0.17, 0.33). This parameter governs the smoothness of R:, though its value is not
directly interpretable on its own. Convergence (in this case, R =1.004 and ESS = 171) was

obtained in 200 iterations, taking approximately 10 seconds on a 2021 M1 MacBook Pro.

The focus of this example is on hidden-state inference: the estimation of R;. We produce
daily estimates of R; and corresponding 95% credible intervals using Algorithm 3, effectively
averaging over the posterior uncertainty about o. These estimates are shown in panel A of

Figure 5.6.

We also present the posterior predictive distribution of reported cases in Figure 5.6-B. We
assess the calibration of the credible intervals for reported cases by comparing the observed
data to the posterior predictive intervals and find that the model fits the data well, with 97.9%
of all daily reported cases and 95.4% of non-zero daily reported cases in the dataset falling

inside the daily 95% posterior predictive credible intervals.

By halting the SMC algorithm on 5 April 2020 and using L = 30 as the resampling lag,
we can generate samples from the joint marginal distribution P(R7 March:5 April|C26 Feb:s April)s
presented in Figure 5.6-C. These samples allow us to estimate the joint posterior distribution of
the peak in transmission (the greatest value of R;) and the timing of this peak. This is reported
as a heatmap of the log-posterior density in Figure 5.6-D, where brighter colours represent more
likely combinations of these values. The marginal posterior distributions of peak R; and the
date of this peak are shown in panels E and F of Figure 5.6. We estimate that R; peaked at 6.8
(95% Cr.I. 4.9, 10.3) on 17 March 2020 (95% Cr.I. 16 March, 22 March). Estimates of peak Ry
and the timing of this peak are useful when evaluating the effect of public health interventions,

although we caution that reporting delays should be considered when interpreting these results.
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Figure 5.6: Results from fitting model 1 to data from the COVID-19 pandemic in New Zealand
between 26 February 2020 and 4 June 2020. The marginal posterior means and 95% credible
intervals of R; (panel A) demonstrate high uncertainty in the early stages as well as a high peak
estimate of R; in late-March 2020. The marginal posterior predictive distributions of reported
cases (panel B) shows that the model fits the data well, with 95.4% of non-zero reported daily
cases in the dataset falling inside the 95% posterior predictive credible intervals. Panel (C)
shows equally-likely samples from the joint posterior distribution of R; between 7 March and
5 April 2020. These samples can be used to find the joint posterior distribution of peak R
and the date of this peak, reported as a log-density heatmap (panel D), where brighter colours
represent more likely combinations of these values. The marginal posterior distributions of
peak R; and the date of the peak are shown in panels E and F, respectively. Panels D and
E suggest that the peak in R; (the point at which the SARS-CoV-2 virus was spreading most
rapidly) was most likely around 17 March 2020, although a second mode is visible with lower
peak R; on 22 March 2020.

Two distinct modes can be seen in the log-posterior density heatmap: one with a peak on 17
March 2020 and the other with a peak on 22 March 2020. The peak on 17 March is associated
with a higher value of 7.3 (5.2, 10.6) (if we condition on this peak date), while a peak on 22

March 2020 is estimated to be lower, at 5.8 (4.8, 7.1). That is, there is evidence for either an
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early and high peak, or a later and slightly lower peak in transmission.

5.6.2 Model 2: Reporting noise, imported cases, and elimination probabili-
ties
Surveillance of COVID-19 in New Zealand was generally considered to be of high quality,
although it can still be desirable to account for certain known biases. Firstly, infection incidence
is not directly observed. Instead, we observe reported cases which are subject to reporting
noise. Secondly, a large proportion of reported cases in the early phase of the pandemic in
New Zealand were imported cases, those infected outside of New Zealand. Failure to account
for these may lead the model to overestimate Ry, as imported cases are attributed to local

transmission.

During this period, elimination of SARS-CoV-2 was an explicit public-health policy goal in
New Zealand. Models explicitly estimating the probability of elimination were of key interest
to policymakers [20], particularly as repeated days of zero cases were observed. We demonstrate
how these methods can be used to estimate the probability of elimination, defined here as the
probability that the true infection incidence I; is zero for the next 28 days (i.e. Ipty28 = 0),

while simultaneously accounting for reporting noise and imported cases.

We introduce infection incidence as an additional hidden state, which is assumed to evolve
according to the renewal model. The expected number of local infections I; at time ¢ is a
function of R;, the PMF of the generation time distribution w,, past local infections I.;_1,

and past imported cases My.4_1:

log R;|log R;—1 ~ Normal(log Ry_1,0),

Umaz 5.12
I|Re, I14—1 ~ Poisson <Rt N (Tu + Mt_u)wu> . (5.12)

u=1

For simplicity, we also represent the generation time PMF by {w,}.":* and use the same
distribution as the last example. In practice, this should be changed to reflect that we are now

modelling infection-to-infection rather than case reporting-to-case reporting.

We then assume that reported cases C; follow a negative binomial distribution with mean I

and variance I; + ¢I?:

1 1
Ci|I1.4—1 ~ Negative Binomial (r = —,p = . 5.13
t 1141 gatlvi ( d)p 1+<Z>It> ( )
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Parameter ¢ controls the level of observation noise, which we estimate alongside ¢ using PMMH.

Like o, we use a uniform prior distribution on (0, 1) for ¢.

The probability of elimination at time ¢ is calculated by projecting the hidden states forward
in time, conditioning on My;y98 = 0 (no imported cases), and calculating the proportion of
particle trajectories that contain zero new local infections. This is repeated at each time step

to produce a time series of the probability of elimination.

Using PMMH (Algorithm 2) we estimate a posterior mean and 95% credible interval of o of
0.16 (95% Cr.I. 0.09, 0.25) and ¢ of 0.018 (95% Cr.I. 0.0005, 0.065). The decreased estimate of
o (compared to model 1) reflects the re-attribution of some noise in the data from the epidemic
process to the observation process. The estimate of ¢ is small, suggesting that the observation
process may be adequately modelled by a Poisson distribution, instead of the negative binomial
distribution we have assumed (this could be tested using the model selection metrics outlined
in Section 5.5.3). Convergence was obtained in 800 iterations, taking approximately 50 seconds

on a 2021 M1 MacBook Pro.

Daily posterior means and 95% credible intervals of R; are reported in Figure 5.7-A. Despite
being fit to data from the same outbreak as model 1, the estimates of R; are very different. By
halting the algorithm on 5 April 2020, we estimate that R; peaked at 1.6 (95% Cr.I. 1.2, 2.2) on
23 March 2020 (95% Cr.I. 6 March, 27 March), much lower and somewhat later than estimates
from the simple model. This decrease is primarily a result of distinguishing locally-acquired
from imported cases, although the re-attribution of noise from the epidemic process to the

observation process also plays a role.

Figure 5.7-B demonstrates that the model fits the data well, although 100% of observed cases
fall inside the 95% posterior predictive credible intervals, suggesting that the model is allowing
for too much observation noise. Plotting the histogram of posterior samples of ¢ (Figure 5.7-D,
from an extended implementation of PMMH with a minimum ESS of 1000) suggests that ¢ =0
(i.e. Poisson observation noise) is a plausible value. The uniform prior distribution places little
mass around ¢ = 0, which may be the cause of the overly-wide posterior predictive credible

intervals.
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Figure 5.7: Results from fitting model 2 to data from the COVID-19 pandemic in New Zealand
between 26 February 2020 and 4 June 2020. The marginal posterior means and 95% credible
intervals of R; (panel A) demonstrate a much lower and somewhat later peak in March 2020
than implied by model 1, reflecting the re-attribution of noise to the observation process and
the distinction between locally-acquired and imported cases. The marginal posterior predictive
distributions of reported cases (panel B) show that the model fits the observed data well, with
observed data often lying close to posterior predictive means, although the model is overcovering
the observed data. The probability of elimination increases steadily from early May and is
estimated to reach 84.3% on the final time step 4 June 2020. The histogram of parameter
samples (panels C and D) show a high posterior probability that ¢ is near 0, suggesting that
the observation process may be adequately modelled by a Poisson distribution instead of the
overdispersed negative binomial distribution.

The probability of elimination increases steadily from early May and is estimated to reach
91.8% on the final time step 4 June 2020. Conditioning on no new imported cases is equivalent
to assuming that any imported infections cause no local transmission, a reasonable assumption

given the strict border controls in place at the time.
5.6.3 Model 3: Reporting biases, temporal effects, and projections

For the final example, we consider reported cases of COVID-19 in New Zealand between 1 April
2024 and 9 July 2024, a period characterised by widespread transmission, decreased testing

rates, and increased reporting delays and noise. A pronounced day-of-week effect is evident
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in the data, with fewer cases reported on weekends. This can be accounted for by explicitly
including a day-of-week effect or by modelling temporally aggregated data. We demonstrate
both here.

We use a similar state-space transition model as the previous example, although ignore im-
ported cases for simplicity:

log R;|log R;—1 ~ Normal(log R;_1,0),

Ymaz 5.14
I;|Ry, I.4—1 ~ Poisson (Rt Z It_uwu> . ( )

u=1

To account for reporting delays, the expected number of cases u; at time t is modelled as a
function of past incidence I1.;—1 and an incubation period PMF d,,, assumed to be Gamma-
distributed with mean 5.5 days and standard deviation 2.3 days (an incubation period distribu-
tion previously used for COVID-19 modelling in New Zealand[20], also discretised by evaluating
att=1,2,...):
Umazx
pr= > Liydy. (5.15)
u=1
The ability to handle a wide range of approaches to modelling reporting delays is a key strength

of the SMC approach. We discuss this further online.

For the day-of-week model, we introduce seven new parameters: ¢;,i = 1,...,7, representing
the relative reporting rate on day ¢. These parameters are subject to the constraint that
22-7:1 ¢; = 7, enforced by estimating ci,...,cs and setting ¢; = 7 — Z?zl ¢. If ¢; > 1, then
more cases are reported on day ¢ than on average (and vice-versa). The observation distribution

in this case is given by:

1 1
Ctlpt,  ~ Negative Binomial [ r = —,p = , (5.16)
¢ L+ ¢mod(t,7)+ 114

where ¢pod(s,7)+1 is the day-of-week effect for day ¢. The mod(t, 7) term is the modulo operator,

which allows us to cycle through the days of the week.

For the temporally-aggregated model, we calculate particle weights and resample on a weekly
basis. When mod(t,7) = 0, we define C} = 3°t_, s C; as the non-overlapping weekly aggregated
data, and the observation distribution is given by:

1
RS

1
Cy{|pt—6:t, » ~ Negative Binomial (7“ = g,p ) , if mod(¢t,7)=0. (5.17)
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We compare these models to a third “naive” model, which fits to daily cases while ignoring the

day-of-week effect, using the following observation distribution:

1 1
Ct|ut, ¢ ~ Negative Binomial (r = —,p = . 5.18
tl1at, ¢ gativ ( o7 1+¢ut) (5.18)

Using PMMH (Algorithm 2), we find that all three models produce similar estimates of o (Table
5.1). The day-of-week and temporally aggregated models produce comparable estimates of ¢,
while the estimated overdispersion in the naive model is much higher. This is expected, as the
naive model attributes day-of-week noise to overdispersion in the observation process, while the
other models explicitly account for this. Estimates of the day-of-week relative reporting rates
from the day-of-week model are given in Figure 5.8-E, highlighting statistically significantly

greater reporting rates on weekdays (particularly Monday) than on weekends.

Table 5.1: Parameter estimates from fitting the day-of-week model, the temporally aggregated
model, and the naive model to data from the COVID-19 pandemic in New Zealand between 1
April 2024 and 9 July 2024. 95% credible intervals are shown in parentheses. Estimates of the
day-of-week relative reporting rates are shown in Figure 5.8-E.

Model ‘ o 10}

Day-of-week 0.074 (0.043, 0.132) 0.011 (0.007, 0.015)
Temporally aggregated | 0.070 (0.039, 0.132) 0.008 (0.001, 0.038)
Naive 0.065 (0.039, 0.116)  0.073 (0.053, 0.092)

Figure 5.8-A presents the daily posterior mean and 95% credible intervals of R; for all three
models. All three models produce similar estimates of R;, although the day-of-week model ex-
hibits slightly less uncertainty in some periods, reflecting the increase in information extracted
from the data. This model is also able to capture the day-of-week effect while maintaining good
statistical coverage, with 96.9% of observed cases falling inside the 95% posterior predictive
credible intervals. The temporally aggregated and naive models both overcover the observed
data, with 100% of observations falling inside the 95% predictive credible intervals, although

there are only 14 observations in the temporally aggregated example.

Four-week projections are produced by iterating the estimated state-space model forward and
sampling from the observation model. In all three models, 100% of future cases fall inside the
95% posterior predictive credible intervals, suggesting that all models overestimate the level

of uncertainty (producing credible intervals that are too wide), most likely a result of model
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Figure 5.8: Results from fitting the three models of model 3 to data from the COVID-19
pandemic in New Zealand between 1 April 2024 and 9 July 2024. The dark red line and
shaded region present the marginal posterior means and 95% credible intervals of R; for the
day-of-week model (red), the temporally aggregated model (orange), and naive model in green
(panel A). Predictive weekly cases from the temporally aggregated model are shown in panel
B, predictive daily cases from the day-of-week model are shown in panel C, and predictive
daily cases from the naive model are shown in panel D. The day-of-week relative reporting
rate estimates and 95% credible intervals are shown in panel E. Projections of R; and reported
cases are shown in panels (A-D), with lighter shading and the vertical grey bar marking the
start of the projection.

misspecification. Allowing for more complex correlation structures in the dynamic model for
R; may reduce this uncertainty (for example, the assumption that R; follows a random walk

ignores potential mean-reverting behaviour) [105].

As we fit the naive model and the day-of-week model to the same data, we can compare the
two using RMSE and CRPS. The RMSE of the naive model is 5.4 times greater than the day-

of-week model on within-sample predictions and 255 times greater on the 4-week projections,
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suggesting that the day-of-week model produces much more accurate central estimates. CRPS,
which simultaneously accounts for calibration and precision, is 2.6 times greater for the naive
model for within-sample predictions and 1.53 times greater on out-of-sample (four-week ahead)
predictions. Despite its additional complexity and similar hidden-state estimates, the day-of-

week model substantially outperforms the naive model.

5.7 Discussion

We have introduced a general framework for fitting discrete-time epidemic renewal models using
SMC methods and demonstrated their application in estimating hidden states, parameters, and
making projections. The primary strength of these methods lies in their flexibility: they can fit
any state-space model, a form that encompasses many popular epidemiological models. This
allows for rapid fitting, testing, and comparison of a wide range of models, facilitating the
rapid development of solutions to emerging epidemiological challenges. All code and data to

reproduce all results in this paper (and more) are provided online.

We demonstrate our methods on three examples. Each example consists of a distinct model
structure, dataset, and aim, yet the same general framework is used to fit each model. The first
example demonstrates the estimation of R; using a simple renewal model, similar to EpiFilter
[115], with the addition of joint estimation of the peak R; value and the timing of this peak. The
second example demonstrates the estimation of R; while accounting for both reporting noise
[310, 311] and imported cases [116, 312, 313], while simultaneously estimating the probability
of elimination [118, 252], thus unifying the cited works. The final example demonstrates the
estimation of R, in the presence of reporting delays [239, 311, 314] and day-of-week effects
[239, 315] or temporally aggregated data [45, 293, 294], as well as the ability to produce short-
term projections [117], and the importance of model comparison and selection [36, 105], again
unifying the cited (and many non-cited) works. Many other extensions are possible, particularly

the ability to incorporate multiple data sources [24, 42].

Many modelling choices made in our examples are arbitrary: for example, a Poisson observation
distribution could be used in the second example (instead of a negative binomial distribution),
the day-of-week effect could be modelled as daily binomial reporting probabilities, and there

are many ways to define elimination, to name just a few. Different researchers address the same
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problems in different ways. The core strength of these methods is their ability to quickly and
easily test these different models. We also provide principled methods for model evaluation
and selection, including RMSE, CRPS, and coverage of posterior predictive credible intervals.
These metrics are useful for comparing models fit to the same data, but less so when models

are fit to different data sources, a potential area for future work.

Correctly accounting for uncertainty in model parameters has previously been shown to be
critical for robust uncertainty quantification, and thus for robust policymaking [39, 235]. Our
focus on marginalising out parameter uncertainty is a key strength of these methods, and is
not included in many other epidemiological methods, including many SMC-based approaches
[251, 252]. By coupling existing particle filter-only approaches with a PMMH algorithm like
that presented here, an additional source of uncertainty (uncertainty in fixed parameters) can

be accounted for, increasing the robustness of these methods.

Epidemic models range from highly mechanistic (such as compartmental SEIR-type models)
to purely statistical (such as time series regression or exponential smoothers). The renewal
model is semi-mechanistic in that it imposes a simple structure but does not model the entire
underlying process. This leads to a model that is flexible, interpretable, and can produce well-
calibrated short-term projections. However, like any mechanistic model, the renewal model
and dynamic model on R; jointly imply a specific autocorrelation structure in the data. If this
structure is misspecified and the only goal is the projection of observable data, then the model

may underperform compared to more flexible statistical models [105].

Our focus on simplicity and flexibility results in algorithms that are known to be less com-
putationally efficient than more specialised alternatives. Areas for additional consideration
include the use of a better-tuned proposal distribution (in Algorithm 1) [299], the use of more
advanced resampling schemes (in Algorithm 1) [296], and the use of better-tuned PMMH pro-
posal densities (in Algorithm 2) [289, 302]. Many solutions to these problems exist within the
literature, often leveraging specific details about the chosen model, and we encourage the reader
to seek out more efficient algorithms once a suitable model has been specified. In addition to
epidemiology-specific literature [283, 284], we also recommend two texts from the broader SMC

literature [120, 296] and a tutorial paper by Doucet and Johansen [121].
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An effective class of alternatives to SMC-type methods for performing inference and generat-
ing projections with epidemic renewal models are probabilistic-programming-language-based
Gaussian process approximations, such as EpiNow2 [139]. These methods offer a similar level
of flexibility and, in some cases, can be faster than our approach. However, these methods
are more complex mathematically, whereas ours are more accessible to those without a strong
mathematical background and can be implemented in a few lines of code, making them eas-
ier to debug. Furthermore, our methods can easily be adapted for online updates, allowing
for real-time analysis of epidemic data, whereas Gaussian-process-based models are typically
offline methods. Finally, popular probabilistic programming languages, such as Stan, do not
support discrete parameters. Many quantities of interest, such as infection incidence, are dis-
crete, which our methods can handle natively, whereas other approaches require additional

approximations.

Numerous methods for estimating R; and conducting inference on epidemic data exist, often
tailored to specific pathogens or datasets. More general models have also been created, although
these can be challenging to implement or are confined to pre-built software packages. While
these existing packages simplify the process, they can obscure the underlying structure of the
model and associated assumptions. This primer aims to strike a balance: enabling researchers
to quickly and easily construct their own models from scratch, ensuring they understand the
assumptions and structure of the model, while facilitating rapid testing and comparison of
different models. By providing a general framework for fitting discrete-time epidemic renewal
models, we hope these methods contribute to the development of robust and useful epidemic
models that can inform public health decision-making in future outbreaks across a range of

pathogens.
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Abstract

Epidemic prevalence surveys monitor the spread of an infectious disease by regularly testing
representative samples of a population for infection. State-of-the-art Bayesian approaches for
analysing epidemic survey data were constructed independently and under pressure during
the COVID-19 pandemic. In this paper, we compare two existing approaches (one leverag-
ing Bayesian P-splines and the other approximate Gaussian processes) with a novel approach
(leveraging a random walk and fit using sequential Monte Carlo) for smoothing and performing
inference on epidemic survey data. We use our simpler approach to investigate the impact of
survey design and underlying epidemic dynamics on the quality of estimates. We then incorpo-
rate these considerations into the existing approaches and compare all three on simulated data
and on real-world data from the SARS-CoV-2 REACT-1 prevalence study in England. All three
approaches, once appropriate considerations are made, produce similar estimates of infection
prevalence; however, estimates of the growth rate and instantaneous reproduction number are
more sensitive to underlying assumptions. Interactive notebooks applying all three approaches
are also provided alongside recommendations on hyperparameter selection and other practical

guidance, with some cases resulting in orders-of-magnitude faster runtime.



6.1. INTRODUCTION

6.1 Introduction

The aims of infectious disease surveillance include describing disease burden, monitoring trends,
and identifying outbreaks and novel pathogens through the collection, analysis, and interpre-
tation of health data [143]. A range of passive systems, such as automated reporting from
healthcare facilities, and active systems, such as field investigations, are used to gather these
data. Recently, novel surveillance methods, such as wastewater testing [162], mobile phone
data [316, 317], and social media monitoring [318], have been developed to complement tradi-
tional surveillance methods. While these methods provide an unprecedented volume of data,
they are often subject to biases and limitations that make reliable inference and interpretation

difficult [319).

Large-scale prevalence surveys are another tool for the surveillance of infectious diseases. These
surveys typically use random sampling methods to produce estimates of the prevalence of infec-
tion in a given population. The quality of data collected also allows for the robust estimation
of epidemiological quantities such as prevalence P, the growth rate r;, and the instantaneous
reproduction number R; [320]. Established during the COVID-19 pandemic, the REal-time
Assessment of Community Transmission (REACT-1) study in England [48] processed over 2.5
million self-administered throat and nose samples between May 2020 and March 2022. The
ONS Coronavirus Infection Survey [150] monitored the spread of SARS-CoV-2 in the United
Kingdom, also processing millions of samples over the course of the pandemic. These surveys
have been instrumental in understanding, for example, the spread of SARS-CoV-2 [48], the
dynamics of infection hospitalisation and infection fatality ratios [321, 322], and the impact of

vaccination [151].

Implementing such large-scale surveys is expensive; for example, the ONS Coronavirus Infection
Survey cost £988.5 million (until September 2023) [323]. It is therefore critical to maximise
the information extracted from the data - not only to justify cost, but also to support timely
decision-making and improve policy relevance. This is made challenging by the substantial noise
inherent in point prevalence estimates. Even with an ideal survey design, large sample size,
and only ignorable non-response, the coefficient of variation of common binomial proportion

estimators can be large [324], particularly when infection prevalence is low.
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Even when the goal is to perform “model-free” inference (making inferences that reflect only
the data, rather than modelling assumptions), noise in these data often necessitates the use of
smoothing methods to improve the quality of the outputs. Smoothing methods impose con-
straints on day-to-day variability, allowing data from multiple days to inform point estimates.
Smoothing allows the researcher to make more confident statements, increasing information
yield or reducing the sample size needed for a given confidence level. However, all smoothing
methods make assumptions about the underlying process, whether explicitly or implicitly. Even
seemingly simple smoothing methods can introduce substantial bias, turning “model-light” es-
timates (that rely only minimally on modelling assumptions) into “model-heavy” estimates

(that are strongly shaped by modelling assumptions) that may not accurately reflect reality.

Here we introduce a novel Bayesian approach for smoothing and performing inference on epi-
demic survey data, referred to as SIMPLE (Survey Inference Method for Prevalence and other
Latent variables in Epidemiology). This approach is based on hidden-state models and sequen-
tial Monte Carlo (SMC) methods [40, 120], and is designed to be flexible enough to incorporate
key assumptions of existing approaches, while avoiding some of the computational and math-
ematical complexity of these approaches. We compare the SIMPLE approach to two existing
approaches, one by Eales et al. [241] that leverages Bayesian P-splines and another by Abbott
and Funk [320] that uses Gaussian processes approximations. We refer to these approaches
as the Eales approach and the Abbott approach respectively. All three approaches are pre-
sented using common and general notation, allowing for direct comparison of their assumptions,

performance, and results.

The results of this paper are structured in three parts. First, we use the SIMPLE approach
to investigate the impact of survey design (such as the number of samples and individual
response bias) and underlying epidemic dynamics (such as the variability in the growth rate)
on the quality of estimates, highlighting key modelling decisions that should be made when
analysing epidemic survey data. Second, we demonstrate how the approaches of Eales and
Abbott can be adapted to account for these considerations, and compare all three (improved)
approaches on simulated data to highlight similarities and differences in their performance.
The use of simulated data provides a ground truth that allows us to calculate and compare

quantities such as statistical coverage (the percentage of times that credible intervals of a given
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level contain the true value). Third, we apply all three approaches to real-world data from
the REACT-1 study, covering the COVID-19 pandemic between May 2020 and March 2022 in
England, comparing the quality of estimates and computational requirements of each approach.

We provide recommendations for future modelling and survey design based on our findings.

Our goal is to provide a framework for understanding the impact of modelling decisions on
the quality of estimates, to consolidate and improve state-of-the-art methods, and to make
recommendations for future modelling and survey design. We also provide documented source
code for all three approaches, notebooks demonstrating their use, and recommendations for

hyperparameter selection and other practical considerations.

6.2 Materials and methods

6.2.1 The SIMPLE approach

We introduce a suite of state-space models for simultaneously smoothing and performing infer-
ence on epidemic survey data. Each state-space model consists of an explicitly defined epidemic
and observation model. The epidemic model encodes our assumptions about the unobserved
dynamics of the epidemic, while the observation model describes how the observed data are

generated from the underlying epidemic.

Two epidemic models are considered: one for estimating the daily exponential growth rate r;
in prevalence P, and one for estimating the instantaneous reproduction number Ry, infection
incidence I; and prevalence P;. Three observation models are considered: a basic model that
assumes the number of positive swabs (diagnostic tests) follows a binomial distribution (as used
by the original Eales approach), an extra-binomial model that accounts for overdispersion in

the data, and a weighted model that accounts for survey weights.

We refer to the unknown time-varying quantities of interest, such as r, and P, as hidden states.
Other unknown parameters that are not time-varying, such as the level of overdispersion in

the extra-binomial model, are referred to as static parameters.

Throughout this paper, we use the term prevalence to describe the proportion of the population

that would test positive. This quantity may differ from the proportion of the population with
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an active infection (due to imperfect test sensitivity /specificity) and from the proportion who

are infectious (as test positivity can outlast infectiousness).
Growth rate epidemic model

This model assumes that the daily growth rate r; in prevalence follows a Gaussian random

walk, encoding an assumption that r; varies smoothly over time. Prevalence P, on day t €

{1,2,...,T} then varies exponentially with rate r;.
re=ri1+e, e ~N(0,0%), (6.1)
Pt = Pt,le”. (62)

Coupled with initial distributions for ro and P, and a prior distribution for o, equations
Equation 6.1 and Equation 6.2 define the entire epidemic model. Parameter o controls the
smoothness of our estimates and is inferred from the data. As this model makes minimal
assumptions about the underlying epidemic, we use it as the default epidemic model unless

otherwise stated.

We use default initial distributions of rg ~ Uniform(—0.3,0.3) and Py ~ N(p1,p1(1 — p1)/n1),
where p1 = nj /n1 (the Wald interval), and default prior distribution o ~ Uniform(0,0.2),

although inferences are insensitive to the choice of these prior distributions (Supplementary

Section B.1).

Taking a function space view, modelling the growth rate r; as a first-order random walk implies
a log-prior probability proportional to —# S (r¢ — 1¢—1)?. This can be viewed as a discrete
approximation of the integral penalty [ (%7}) ? dt, thus implying that the equivalent continuous
growth rate function lies in the W2 Sobolev space (the space of functions in L? that have
square-integrable weak first derivatives). Although these are locally smooth functions, they do
not allow for abrupt changes in r; which may arise from sudden changes in behaviour or policy

[240).
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Reproduction number epidemic model

Alternatively, we may want to estimate the instantaneous reproduction number R, a popular
alternative measure to 7, for characterising the rate of epidemic spread [138]. R; is the average
number of secondary infections generated by a primary infection at time ¢ if an individual
were to undergo their entire infectious period at this time. As with 7, we employ a Gaussian

random walk to smooth estimates, now on log R; to ensure positivity:

log R =log Ry_1 + ¢, € ~N(0,0%). (6.3)

We then employ the renewal model [40, 114], which relates past infection incidence Iy.;—1
to current infection incidence I; through the instantaneous reproduction number R; and a
generation time distribution (representing the time from infection of an infector and their
infectee, described by probability mass function w,,):

t
L =R Y Liyw,. (6.4)

u=1

Finally, we relate prevalence P; to infection incidence I; through a test-sensitivity function
h, that describes how likely an individual is to test positive u days after infection. We do
not consider imperfect test specificity, although this could be included with the addition of a

constant term to P;:

t
Py=> " L_yhu. (6.5)
u=1

When applying the reproduction number epidemic model to data from the REACT-1 study, the
generation time is assumed to follow a gamma distribution with mean 6.4 days and standard
deviation 4.2 days [320], chosen to be consistent with the generation time distribution used in
the published Abbott approach. For simplicity, we discretised this distribution by evaluating
the gamma density function at integer time steps and normalising so Y w, = 1, although
other discretisation methods can be more accurate [293, 325]. There is also evidence that the
generation time of SARS-CoV-2 has shortened with more recent variants [326], and this should
be kept in mind when interpreting our real-world results. In the absence of a REACT-1-specific
test-sensitivity function, we use the pointwise central estimate of h, from [327], reflecting the

type of test used in REACT-1 (reverse transcription polymerase chain reaction (RT-PCR)),
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but not other study-specific factors that may impact sensitivity. This is the same mean test-

sensitivity function as used in the Abbott approach.

Estimating R; requires many additional assumptions about the underlying epidemic, and thus
has more potential to bias estimates of P;. We focus on the growth rate epidemic model for

much of this paper, although demonstrate the R; estimator on real-world REACT-1 data.
Basic observation model

Given n; swabs conducted on day t, the observed number of positive swabs n;r is modelled as

a binomial random variable with probability P;:

n; ~ Binomial(ng, P;). (6.6)

This is also the observation model used in the Eales approach as originally published.
Extra-binomial observation model

Prevalence data are often overdispersed relative to the binomial distribution, exhibiting what is
known as extra-binomial variation [328]. If we assume that the “observable” prevalence at time
t is beta-distributed with mean equal to prevalence P; and variance pP;(1— P;), our observation
distribution becomes:

n ~ Beta-binomial(ng, oy, B¢), (6.7)
where oy = B (% - 1) and ;= (1 — F) (% — 1).

The additional parameter p € (0,1) controls the modelled level of overdispersion in the data.
Larger values of p indicate greater levels of overdispersion while letting p — 0 recovers the
binomial model. By default, we use a Uniform(0,0.01) prior distribution for this parameter.
For context, the greatest upper bound of any 95% credible interval for p estimated from a

real-world dataset is 0.0006.

This is our default observation model and is used in all subsequent analyses unless otherwise
stated. It is common in other epidemiological settings to model overdispersed count data using
the negative-binomial distribution [329], which is useful when the data have no natural upper
limit. However, as the number of positive swabs are bounded above by the total number of

swabs, we do not consider this here.
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Weighted observation model

Survey weights are used to account for bias in survey data arising from unequal probabilities of
selection and/or response. Letting w;; be the (normalised) weight assigned to the ith sample
taken at time ¢, and x¢; be the corresponding result (where z;; = 1 is individual 7 on day ¢

tests positive, and zero otherwise), the weighted swab positivity is:
ne
P = Z Tt Wt - (6.8)
i=1

2

If the weights are uncorrelated with swab positivity, then Var(p;) = P;(1 — P;) >, w;. How-
ever, if the weights are correlated with the individual probability of testing positive, the variance
of p; may be over or underestimated by this expression. The difference depends on the specific
relationship between weights and outcome, which is generally unknown. Thus, we model p;
using a normal distribution with mean P; and variance cP;(1 — P;) Y, wﬁi, where ¢ is an
estimated scalar parameter:

ng
pr~N (Pt, cPi(1— Py) Zw§,¢> : (6.9)

i=1

The observation distribution is no longer exact, in that we are approximating the unknown
distribution of p; with a normal distribution. This is similar to the approximation used in the

Abbott approach. By default, we use a Uniform(0.1,10) prior distribution for c.
Sequential Monte Carlo (SMC)

We use an SMC algorithm (also known as a particle filter), the bootstrap filter, to estimate
the posterior distributions of the hidden states (such as 7, P, and R;) at each time step ¢,
given the observed data [40]. We also use this algorithm to estimate the posterior predictive
distribution of nf , which is similar to the frequentist’s predictive distribution, and can be used
to assess the quality of fit of the model when fitting to real-world data. Particle marginal
Metropolis-Hastings (PMMH) is used to estimate the static parameters, the uncertainty of

which is then marginalised over in the final inference.

We run three chains of the PMMH algorithm, each for 100 iterations at a time, until the

maximum Gelman-Rubin diagnostic (R) [303] is less than 1.05 and the minimum effective

sample size (ESS) is greater than 100. These algorithms are detailed in full in Supplementary
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Section B.2. We make the full source code (written natively in Julia [330]) available on GitHub,

along with notebooks, to facilitate the application of these approaches to other datasets.

When fitting the model for the reproduction number, an additional “wind-in” period (default 10
days) is required to account for infection history prior to the first observation. After sampling
from the standard prior distribution for Py, assumed values of I_g.o are set to Py/ Y hy, ensuring
the distribution of implied prevalence at time 0 is consistent with the chosen prior distribution.
As 10 days may truncate the generation time distribution and test-sensitivity function, we
rescale the generation time distribution to sum to 1 and the test-sensitivity function to sum to

its original total over the combined length of past data and the wind-in period.
6.2.2 The Eales approach

The Eales approach [241] models logit-transformed P; using Bayesian p-splines:

, (6.10)

N
logit P, = ; biBin(t), logit(z) = log .

where B ,,(t) are basis functions and b; are estimated spline coefficients. The coefficients give
the value of the spline at the corresponding “knots” ¢; while the basis functions allow for
interpolation. By default, fourth-order basis functions B; 4(t) are used. We refer the reader to

the original paper for the full construction [241].

The smoothness of these splines is controlled by the spacing of the spline knots (set by the
user), and a second-order Gaussian random walk prior distribution on the spline coefficients,

with standard deviation ogges (estimated from the data):

bi —bi_1=b;_1 —bj_9+u;, u;~ N(O, UQEales)' (6.11)

As logit P, — logitP;_1 = log P, — log P,_1 = r¢ for small P;, this is approximately equivalent
to modelling the growth rate using a Gaussian random walk, a similar smoothing assumption
to our growth rate epidemic model. This approximation can be improved by noting that
logit P, — logitP,—1 ~ log P, — log P,_1 + (P, — P,—1) and that the smoothness of P, implies
that P, — P, is small. Taking a function space view, by directly penalising the second-order

differences of the spline coefficients, the Eales approach places logit-prevalence in the W22
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Sobolev space. Since the (continuous) growth rate is approximately the first derivative of logit-
prevalence, the implied growth rate function lies in the W12 Sobolev space, the same space

implied by the SIMPLE approach.

By default, spline knots are placed approximately every 5 days (exactly 5 days when the
duration of the data is divisible by 5) to balance flexibility with computational efficiency. As
we generally work in integer time, there is no benefit to knot spacing shorter than 1 day. If
knots are placed on each day, we only need to evaluate the splines at the knot locations, and
thus can work with b; directly (i.e., we do not need to employ any splines). In this case, except
for modelling the change in logitP; instead of log P;, the model is equivalent to the SIMPLE

(extra-binomial) model. We examine this equivalence further in Supplementary Section B.3.

The original Eales approach modelled positive swabs nf with a binomial distribution, equiva-
lent to our basic observation model. We update this to use a beta-binomial distribution with
overdispersion parameter p, equivalent to our extra-binomial observation model, improving
both convergence of the algorithm and the quality-of-fit of the model (Supplementary Sections
B.3 and B.4). We do not provide a weighted implementation of the Eales approach, although

this could be achieved by using the weighted observation model described above.

Growth rates (in prevalence) are back-calculated from the fitted splines by setting
ry = log(P;/P;—1), where Pj.p are sampled from the posterior distribution of the splines. A
weakly informative inverse-gamma prior distribution (o = 5 = 0.0001) is used for oggies, a
uniform prior distribution is used for p, and a uniform prior distribution is used for the first

two spline coeflicients.

Rather than explicitly model incidence, the Eales approach makes a series of simplifying as-
sumptions when estimating the reproduction number. Specifically, it assumes that at each
independent time step ¢, R; has been fixed for the past 7 days (a trailing-window approach
akin to that used in EpiEstim [114]). If 7 is chosen to be larger than both the maximum gen-
eration time and maximum duration of swab positivity, then the renewal equation (Equation
6.4) can be used to estimate R; directly. In practice, 7 = 14 days is used to prevent over-

smoothing of R;, despite this likely being less than the maximum duration of test sensitivity
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for SARS-CoV-2 (which, according to [327], remains above 10% even after 21 days after infec-
tion). The trailing-window approach is known to produce biased estimates of R; [39], which

can be partially accounted for by reporting estimates shifted by 7/2 days [36].

Eales et al. [241] provide source code to fit this model using the R programming language
[331] and Rstan. We adapt their code to fit the model using the actively developed interface to
Stan, cmdstanr [332]. As with Rstan, inference is performed using Hamiltonian Monte Carlo
(HMC) with the adaptive No-U-Turn Sampler (NUTS). We also adjust the hyperparameters
of their algorithm (increasing the maximum tree-depth to 15 and decreasing the number of
warm-up/sampling iterations to 200/300) to substantially improve convergence times, from at

least 30 hours on the full REACT-1 dataset to less than 1 hour (Supplementary Section B.4).

As in the SIMPLE approach, convergence is measured by running three chains and checking
that maximum R < 1.05 and minimum ESS > 100. In this case, “hidden states” such as the
growth rate are estimated alongside static parameters, so also feature in the convergence checks.
This means the maximum R and minimum ESS diagnostics are not directly comparable to
those of the SIMPLE approach, although they do reflect the computationally expensive aspects
of each approach (estimating the static parameters in the SIMPLE approach is much more

expensive than estimating the hidden states).
6.2.3 The Abbott approach

The Abbott approach [320] models the first-order difference (other order differences are pos-
sible but not considered here) of logit-transformed daily infection incidence using a Laplace

eigenfunction approximation [122, 333] to a zero-mean Gaussian process:

t
logit(I;) = logit(lo) + >  GPs, (6.12)
s=1

where I is the initial incidence and G P; is the value of the approximated Gaussian process at

time s. At small incidence values Iy, this is approximately equivalent to modelling the growth

rate in incidence 7{"¢ as a Gaussian process:

rinc = log It — log It—l ~ IOgItIt — logitft_1 - GPt (613)
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A squared exponential kernel, parameterised by variance aibbm and lengthscale £, is used for

the Gaussian process:

2 (t —s)°

If the lengthscale ¢ is large relative to unit time steps, this Gaussian process can be locally
approximated by an AR(1) process: GP,y1 = ¢GP, + ¢ where ¢ = exp(—1/2¢%) and ¢ ~
N (0,040 (1 — #?)). This approximation highlights a mild similarity to our basic model: the
model used in the Abbott approach can be (very loosely) viewed as a Gaussian random walk,
except on "¢ and with a drift towards zero growth. The strength of this drift is controlled by
£ with larger values of ¢ indicating a slower drift towards zero growth. From a function space
perspective, the sample paths of a Gaussian process with a squared exponential kernel are
almost surely infinitely differentiable [334]. Because prevalence is a convolution of incidence,
the implied prevalence in this approach inherits the same very high degree of smoothness.
While outside the scope of this paper, alternative Gaussian process kernels could be used in

the Abbott approach to allow for only local smoothness (the Matérn kernel is a popular choice

with direct links to the function spaces of the SIMPLE and Eales approaches [334]).

Prevalence P, is modelled as a convolution of past incidence with a test-sensitivity function
that describes how likely an individual is to test positive u days after infection (Equation
6.5). During the COVID-19 pandemic, estimates of the test-sensitivity function produced by
Hellewell et al. [327] were used. We use the same estimates in our implementation (including
in simulated data where applicable), although these curves depend on the pathogen (including
variant, in the case of SARS-CoV-2 [335]), testing procedures (e.g., swabbing technique [46]
and storage during transport [151]), and the population being tested (e.g., age structure and
vaccination status [336]). As a result, these curves are not universal, and should be separately
estimated for each scenario. We compare multiple estimates of these curves, and the sensitivity

of model results to these curves, in Supplementary Section B.5.

The original Abbott approach used a normal likelihood for observed swab positivity with
mean P; and an estimated variance, a necessary simplification given the format of their data.
We employ the beta-binomial observation model instead, although the binomial or weighted

observation models are also possible and can be implemented by changing only a few lines of

127



6.2. MATERIALS AND METHODS

the Stan code. The original model also leveraged antibody data, accounting for vaccination
status, in their model. We focus on swab positivity data so do not consider this here. Their
antibody model could be included in any of the three approaches discussed in this paper. We

leave this for future work.

Growth rates are back-calculated from the estimated prevalence by setting ry = log(P;/Pi—1).
A weakly informative inverse-gamma prior distribution is used for ¢, a zero-mean normal distri-
bution with standard deviation 0.1 is used as the prior distribution for o sppet¢, & uniform prior
distribution is used for p, a normal prior distribution is used for the initial logit-incidence (at
the beginning of the 50-day wind-in period) with mean -4.6 and standard deviation 2, and a
zero-mean normal prior distribution with standard deviation 0.25 is used for the initial growth

rate in incidence (at the beginning of the 50-day wind-in period).

As the Abbott approach models infection incidence directly, the reproduction number can be
estimated by directly applying the renewal model (Equation 6.4) to the estimated incidence

curves.

Abbott and Funk provide source code in R and cmdstanr to fit their model. When fitting
their model, we use 200 warm-up and 300 sampling iterations. As in the Eales approach,
convergence is measured by running three chains and checking that maximumR < 1.05 and
minimumFESS > 100. This source code assumes data of a different format to ours (their inputs
are daily means and credible intervals from a different Bayesian model), so we adapt their code
to fit to raw data. We also remove code relating to their antibody model. The modified code

is provided on GitHub.
6.2.4 Simulated data

Simulated datasets, approximately reflecting the dynamics of COVID-19 in England, are gen-
erated by sampling from the prior predictive distribution of a given model with predetermined
parameter values. In general, T' days (default 100) of an epidemic are simulated with a fixed
initial prevalence Py (default 1%) and growth rate ro (default 0). As the Abbott approach
models incidence and requires a wind-in period (default 50 days when simulating), we instead
fix infection incidence at the start of the wind-in period at 0.1%. Other model-specific parame-

ters are set to default values as outlined in Table 6.1 unless otherwise stated. These are chosen
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to reflect estimates from the REACT-1 study, thus representing plausible values for SARS-
CoV-2-like epidemics. To prevent unrealistic scenarios, we bound simulated prevalence in the
range (0.1%,30%) by resampling if a simulation exceeds these bounds. Example simulations

are shown in Figure 6.1.

Table 6.1: Default parameter values used when simulating data, unless otherwise stated. These
values are chosen to reflect estimates from fitting each model to the REACT-1 study. Prevalence
and incidence are as a proportion of the population.

Parameter Default value Description

General parameters

T 100 days Duration of the simulated epidemic
Py 0.01 Initial prevalence
o 0 Initial growth rate (per day)
ne, t€{1,...,T} 5,000 Daily swabs
SIMPLE approach (growth rate epidemic model)
o 0.01 Standard deviation of random walk on r; (per day)
p 2x 1074 Overdispersion parameter (beta-binomial observation distribution)
£ 0.5 Scale of log-normal distribution for simulated weights

Eales approach

O Eales 0.1 Standard deviation of random walk on spline knots (per knot)
p 2 x 1074 Overdispersion parameter (beta-binomial observation distribution)

Abbott approach

T Abbott 0.08 Gaussian process kernel amplitude
l 10 Gaussian process kernel lengthscale
P 2x 1074 Overdispersion parameter (beta-binomial observation distribution)
I _init 0.001 Initial incidence at the start of the wind-in period
T _init 0 Initial growth rate in incidence (per day) at the start of the wind-in period

Weighted survey data are generated by sampling artificial survey weights w;; from a log-
normal distribution (default log-mean 0 and scale £ = 0.5) and normalising so ", w;; = 1.

To introduce bias, the probability that individual i € {1,...,m;} tests positive is set to:

W,
P = Pyt (6.15)

Zj:l Wy
This results in individuals with higher survey weights (i.e., individuals that are underrepre-
sented in the sample) being more likely to test positive, while the weighted average of P;; is
equal to P;. The simulated dataset then consists of {x¢;, w;;} where each z;; is a realisation
of a Bernoulli(P; ;) random variable. This imposes a linear relationship between survey weight
and individual swab positivity, so represents a high level of bias for any assumed scale £. De-

fault ¢ = 0.5 was chosen to reflect the observed distribution of per-round survey weights in the
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Figure 6.1: Simulated epidemic trajectories from the SIMPLE, Eales, and Abbott approaches.
Default parameter values as described in Table 6.1 were used for these simulations. A total of
20 simulations are shown per approach, reflecting the range of possible outcomes. The top row

shows the simulated growth rate r;, the middle row shows the simulated prevalence P;, and

the bottom row shows the simulated number of positive swabs n;".

REACT-1 study. An empirical analysis of these weights is provided in Supplementary Section
B.6.

To consider the effect of survey design and epidemic dynamics, we fit each of the SIMPLE
observation models (basic, extra-binomial, and weighted) to simulated datasets of duration
T = 100 days from each observation model (with the growth rate epidemic model). Five
values of the daily sample size n; are considered (10, 100, 1,000, 10,000, 100,000) and two
values of o (0.008, 0.016). When simulating from the extra-binomial model we assume p =
2 x 1074, and when simulating from the weighted model we assume ¢ = 0.5. The choice of
these values were guided by estimates from the REACT-1 study (see the REACT-1 results for
p and Supplementary Section B.6 for £). Each simulation is repeated 10 times to average over
stochasticity. To evaluate model performance, we consider the coverage and average width of
the 95% credible intervals for estimated prevalence P;. Equivalent results for the growth rate

in swab positivity r; are presented in Supplementary Section B.7.1.
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6.2.5 The REACT-1 study

The REACT-1 study was an infection prevalence survey that tested for SARS-CoV-2 infection
in England between May 2020 and March 2022 [48]. Conducted over 19 rounds, a total of 2.5
million self-administered throat and nose samples were processed using RT-PCR. Daily swab
positivity and sample sizes for all 19 rounds of the REACT-1 study are reported in Figure 6.2.
An average of 6,236 samples were taken on each of the 400 days that sampling occurred, or an
average of 3,564 samples per day over the 700 days spanned by the study (from 1 May 2020 to

31 March 2022 inclusive).
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Figure 6.2: Daily SARS-CoV-2 swab positivity in England from the REACT-1 survey (upper)
and corresponding daily sample sizes (lower). Daily 95% confidence intervals (vertical lines)
for prevalence were calculated using the Agresti-Coull method [324] in the binconf function of
the Hmisc package in R [337].

6.3 Results

6.3.1 Survey design and epidemic dynamics

In this section we use the SIMPLE approach to investigate the impact of survey design, par-
ticularly the number of daily samples and individual response bias, and underlying epidemic
dynamics (the variability in the growth rate) on the quality of estimates. Specifically, we
consider when each of the three observation models (basic, extra-binomial, and weighted) are

appropriate, and how well they perform when fit to simulated data from each model.
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All three observation models produce well-calibrated and similarly narrow credible intervals
when fit to simulated data from the basic observation model (i.e., a survey with binomial-
distributed observations), despite the extra-binomial and weighted observation models fea-
turing an additional (and in this case, unnecessary) parameter (Figure 6.3). The width of
these credible intervals decreases as n; increases, with 1000 daily samples generally sufficient
to produce credible intervals less than 1 percentage point in width, although this is highly
simulation-dependent. Larger sample sizes may also allow for the estimation of prevalence
by region and/or demographic, as seen in the REACT-1 study. When fit to simulated data
with more variable growth rates (higher o, dashed lines), the width of the credible intervals
increases slightly, suggesting that a minor increase in daily sample size may be required when
the growth rate is changing faster (to achieve the same level of precision). Finally, the weighted
observation model produces poor coverage at low sample sizes, due to the breakdown of the

normal approximation to the binomial distribution.

When fit to simulated data featuring extra-binomial variation, only the extra-binomial model
consistently produces well-calibrated estimates of P, (Figure 6.3). At larger values of n;, when
the normal approximation to the binomial distribution is valid, the weighted model also pro-
duces well-calibrated estimates of P;, as the additional parameter ¢ allows the model to account
for the extra-binomial variation. The basic model, while well calibrated at smaller values of n;,
produces poorly calibrated estimates as n; increases, an example of simple modelling assump-
tions leading to “model-heavy” inferences. This is due to the basic model assuming that the
observation variance is inversely proportional to n;, forcing the credible intervals on P; to de-
crease in width as n; increases, even if additional observation noise is present. The basic model
initially accounts for this by artificially increasing the estimated value of o, allowing variation
in r; to capture the additional variation in n; (at the cost of biased estimates of ¢ and r; - see
Supplementary Section B.7.2), although this breaks down as n; gets very large. This has real-
world implications as seen on the REACT-1 dataset, where the original Eales approach (using
a binomial observation model) produces noticeably different estimates of r; and P; compared
to the modified approach using an extra-binomial observation model (Supplementary Section

B.4).
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Figure 6.3: Coverage and average width of 95% credible intervals for prevalence P; (%) from
fitting all three observation models (purple: basic, blue: extra-binomial, green: weighted) to
simulated data from each model (first column: basic, second column: extra-binomial, third
column: weighted). Results from individual simulations are shown as semi-transparent crosses,
with averages over 10 simulations shown as points connected by solid lines (for assumed o =
0.008) and dashed lines (for assumed o = 0.016). A range of assumed daily sample sizes n; are
considered (x-axis). The horizontal black dashed line indicates the target coverage of 0.95. The
y-axis for coverage is truncated to (0.5,1.0), although the coverage in some cases falls outside
this range: reaching a minimum average of 0.33 for the basic model fit to the extra-binomial
simulations and a minimum average of 0 for the basic and extra-binomial models fit to the
weighted simulations (all when n; = 10°).

Finally, both the basic and extra-binomial models perform poorly when fit to simulated weighted
data, with only the weighted model being able to recover the true prevalence (Figure 6.3). Un-
like in the other models, estimates of growth rates are less prone to weighting-associated bias
(Supplementary Figure B.10). We emphasise caution when translating these results to real-
world datasets: the simulated weighted model represents an extreme scenario where weights
and individual swab positivity are perfectly correlated and the weights are known. In prac-
tice, these weights must be estimated through techniques such as random iterative method
(RIM) weighting [338], which introduces additional uncertainty that is not accounted for by

this model.
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6.3.2 Comparing approaches

In this section, we compare the SIMPLE, Eales, and Abbott approaches on 10 simulated
datasets from each model with default parameterisations (Table 6.1), assuming a beta-binomial
observation process. All three models produce very similar posterior predictive distributions
for swab positivity, and similar posterior distributions for prevalence, suggesting that, given the
same observation model, the estimation of P, and n; is robust to the differences in smoothing

assumptions between models (Figure 6.4).
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Figure 6.4: Coverage and average width of 95% credible intervals for the growth rate and
prevalence, and coverage and average width of 95% predictive credible intervals for swab posi-
tivity. Each approach (SIMPLE, Eales, and Abbott) is fit to 10 simulated datasets from each
model. The horizontal black dashed line indicates the target coverage of 0.95. Boxes present
the interquartile range of the results with the median shown as a horizontal line. Whiskers
extend to the most extreme data point within 1.5 times the interquartile range from the box.
Outliers are shown as points.

The models in the Eales and Abbott approaches both enforce a fixed minimum amount of
smoothness in the data. In the case of the Eales approach, this is via spline knots being placed
less frequently than the observed data; while in the case of the Abbott approach, this results
from modelling prevalence as a convolution of smooth incidence and the test-sensitivity function
and assuming that the incidence function is infinitely differentiable. This minimum smoothness

results in the Eales and Abbott approaches producing narrower credible intervals on r; than
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the SIMPLE approach, helpful when the true growth rate is smooth (the SIMPLE approach
overcovers 7y in simulations from the Eales and Abbott models), but results in undercoverage
when the true growth rate is more variable (Figure 6.4). These are further examples of simple

modelling assumptions leading to “model-heavy” inferences.

The total time taken to fit the models to all 30 simulations was 18m 40s for the SIMPLE (extra-
binomial) approach, 54m 58s for the Abbott approach, and 47m 44s for the Eales approach. A
successful iteration of the Abbott approach takes less time than the Eales approach, however,
the Abbott approach sometimes fails to converge, requiring refitting of the model. Further
refinement of the code and/or better selection of prior distributions may improve convergence
times for the Abbott approach. A more comprehensive comparison of the runtime of each

approach is provided in Supplementary Section B.8.
6.3.3 The REACT-1 study

In this section we compare all three approaches on the REACT-1 dataset. First we focus on
estimating the growth rate r; and prevalence F;, and then consider estimation of the reproduc-
tion number R;. Assuming fixed values of the static parameters over the entire study period
of 700 days may not be appropriate [339]. To assess temporal variation in these parameters,
we fit the models separately to four time periods: 1 May 2020 to 3 December 2020 (REACT-1
study rounds 1-to-7), 30 December 2020 to 12 July 2021 (REACT-1 study rounds 8-to-13),
9 September 2021 to 17 December 2021 (REACT-1 study rounds 14-to-16), and 5 January
2022 to 31 March 2022 (REACT-1 study rounds 17-to-19). These periods align approximately
with changes in the dominant SARS-CoV-2 variant in England (Wildtype, Alpha, Delta, and

Omicron) and large gaps in sampling.

All approaches (when using beta-binomial observation distributions) produce similar estimates
of the growth rate 7, prevalence P;, and predictive swab positivity n;”/n;, when fit to the
REACT-1 dataset (Figure 6.5), with an average width of 95% credible intervals for P, of 0.26
to 0.27 percentage points. Minor differences, largely arising from different prior assumptions
about the initial growth rate rg, are observed in estimates at ¢ near zero. All approaches also
produce very similar estimates of the overdispersion parameter p, with posterior mean values

of 1.9 x 107% to 2.0 x 10~* (Table 6.2). Other parameters are not directly comparable. Finally,
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all approaches produced posterior predictive distributions for n;” that slightly overcovered the
observed data (Table 6.2). These estimates differ from estimates reported by the REACT-1
study due to our use of a beta-binomial observation model, rather than the binomial obser-
vation model used in the original study [241] - we compare these for the Eales approach in

Supplementary Section B.4.
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Figure 6.5: Estimates of the growth rate r;, prevalence P, and predictive swab positivity
ny /ng, for SARS-CoV-2 in England between 1 May 2020 and 31 March 2022 using data from
the REACT-1 study. All three approaches are fit assuming a beta-binomial observation distri-
bution. Solid coloured lines show the posterior means while shading and dashed lines show 95%
credible intervals (of the posterior distribution for r, and P;, and of the posterior predictive
distribution for n;”/n;). Independent daily confidence intervals from the Agresti-Coull method
[324] for P, are shown in vertical grey lines. The data, daily observed swab positivity n;” /n;, are
shown in black points. Grey shading indicates the periods in which sampling was conducted.
The predictive distribution for swab positivity depends on the number of swabs taken each day
ng, which tends to be lower in the early and late periods of each sampling round, hence the
wider credible intervals at the boundaries of each study round.

Results from the SIMPLE approach (with the growth rate epidemic model) suggest that o
was higher in study rounds 14-to-16 and 17-to-19 (central estimates of o = 0.015) than in
study rounds 1-to-7 (central estimate of o = 0.011) and rounds 8-to-13 (central estimate of

o = 0.0083), indicating greater variability in the growth rate in later study rounds. The results
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Table 6.2: Results from fitting the three approaches to data from the REACT-1 prevalence study.
Runtimes were measured once for each dataset considered and can vary considerably.
diagnostics of maximum R and minimum ESS are reported, although these are not directly comparable
between the SIMPLE and Eales/Abbott approaches. Measures of fit are reported as coverage of the
posterior predictive distribution and average width of 95% credible intervals on P; (in terms of percentage
points). Parameter estimates are shown as posterior means with 95% credible intervals in parentheses.
Note that opgges depends on the knot spacing, which varies slightly between study rounds, so these

estimates are not directly comparable even within the same model.

Study round ‘ All rounds ‘ 1-to-7 8-to-13 14-to-16 17-to-19
Observations 400 147 119 67 67
Duration (days) 700 217 195 100 86
SIMPLE approach
Stopping criteria: max R < 1.05 and min ESS > 100
Runtime 4m 12s 42s 46s 25s 14s
Max R/Min ESS 1.01/113 1.02/110 1.02/100 1.04/110 1.04/129
Coverage of 95% Cr.I. nj 97.2% 97.3% 97.5% 98.5% 98.5%
Avg. width of 95% Cr.1. P, 0.27 0.16 0.17 0.37 0.84
Parameter o 0.010 0.011 0.0083 0.015 0.015
(0.0071, 0.011) | (0.0055, 0.022) (0.0041, 0.016) (0.0068, 0.028) (0.0075, 0.028)
Parameter p (x107%) 1.9 2.6 1.3 1.1 2.8
(1.3, 2.7) (1.6, 4.5) (0.61, 2.2) (0.15, 3.1) (1.2, 5.0)
SIMPLE approach (reproduction number epidemic model)
Stopping criteria: max R < 1.05 and min ESS > 100
Runtime 23m 38s 3m 9s 1m 26s 59s 1m 23s
Max R/Min ESS 1.02/101 1.04/106 1.02/101 1.03/109 1.04/127
Coverage of 95% Cr.I. n}" 97.2% 96.6% 97.5% 98.5% 98.5%
Avg. width of 95% Cr.I. P, 0.26 0.14 0.16 0.36 0.79
Parameter op 0.069 0.063 0.056 0.12 0.11
(0.050, 0.097) (0.034, 0.12) (0.023, 0.11) (0.046, 0.23) (0.050, 0.22)
Parameter p (x1074) 2.0 2.6 1.3 1.2 3.4
(1.4, 2.6) (1.8, 3.8) (0.55, 2.2) (0.12, 2.8) (1.6, 6.0)
Eales approach*
Stopping criteria: 500 samples (200 warm-up and 300 sampling)
Runtime 38m 54s* 2m 58s 1m 14s 43s 35s
Max ]?/Min ESS 1.04/152%* 1.02/380 1.02/259 1.01/245 1.01/260
Coverage of 95% Cr.I. n} 96.5% 96.6% 97.5% 97.0% 98.5%
Avg. width of 95% Cr.I. P, 0.26 0.14 0.15 0.34 0.74
Parameter oggjes 0.11 0.097 0.074 0.15 0.15
(0.084, 0.16) (0.051, 0.17) (0.033, 0.15) (0.060, 0.30) (0.079, 0.28)
Parameter p (x107%) 1.9 2.7 1.3 0.98 2.9
(1.4, 2.5) (1.7, 4.1) (0.59, 2.3) (0.075, 2.6) (1.2, 5.4)
Abbott approach
Stopping criteria: 500 samples (200 warm-up and 300 sampling)
Runtime 6m 43s 4Ts 49s 40s 29s
Max R/Min ESS 1.03/223 1.02/163 1.02/124 1.02/144 1.02/164
Coverage of 95% Cr.I. nj 97.5% 98.0% 97.5% 95.5% 97.0%
Avg. width of 95% Cr.1. P, 0.27 0.15 0.17 0.33 0.75
Parameter o apport 0.074 0.069 0.077 0.10 0.081
(0.033, 0.21) (0.026, 0.19) (0.024, 0.22) (0.031, 0.23) (0.026, 0.22)
Parameter ¢ 8.9 22 19 3.9 7.3
(0.38, 22) (0.58, 79) (0.29, 100) (0.18, 20) (0.17, 27)
Parameter p (x1074) 1.9 2.7 1.3 1.0 3.1
(1.3, 2.5) (1.7, 4.1) (0.54, 2.3) (0.16, 2.5) (1.5, 5.8)

*In order to obtain convergence of the Eales approach on the full REACT-1 dataset, the “maximum
tree-depth” HMC hyperparameter was increased from 15 to 16, resulting in an increase in runtime.
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also suggest that p was higher in study rounds 1-to-7 and 17-to-19 (central estimates of 2.6 and
2.8, respectively) than in study rounds 8-to-13 and 14-to-16 (central estimates of 1.3 and 1.1),
suggesting greater observation noise at the study’s start and end. These trends are consistent
with results from the SIMPLE approach with the reproduction number epidemic model, and
the Eales and Abbott approaches (Table 6.2). While differences in parameter estimates are not
statistically significant, estimates of the growth rates r; do show some sensitivity to whether

the models are fit separately to each time period or all together (Supplementary Section B.9.1).

The SIMPLE approach (with the growth rate epidemic model) and Abbott approach exhibit
comparable runtimes, taking 4m 12s and 6m 43s on the full dataset (all study rounds), or
14s and 29s on the smallest dataset (study rounds 17-to-19), respectively. This is verified
in Supplementary Section B.8, where a more extensive comparison of runtimes is provided.
The Abbott approach can sometimes fail to converge, requiring refitting of the model, thus
increasing the total time taken to fit the model. The Eales approach is slower than both of
these approaches, particularly on larger datasets, taking 38m 54s to fit to the full dataset and
35s to fit to the smallest dataset. This slowdown is partially due to the need to increase the
maximum tree-depth HMC hyperparameter from 15 to 16 for convergence on larger datasets.
Finally, the SIMPLE approach with the reproduction number epidemic model is the slowest
on smaller datasets, but remains faster than the Eales approach on larger ones (taking 23m
8s on the full dataset and 1m 23s on the smallest dataset). The runtimes reported in Table
6.2 are for a single run of each approach. A more extensive analysis of runtimes is included in

Supplementary Section B.8.

Despite each approach producing similar estimates of r; and P, and a similar predictive dis-
tribution for n;” (Figure 6.5), a number of arbitrary decisions were made when fitting these
models. For example, we present estimates of r, and P; from fitting to all 19 study rounds
simultaneously with constant static parameters, rather than grouping the data into shorter
time periods. We also assume the extra-binomial observation model is appropriate, and we
do not consider survey weights (as daily-applicable weights were not available). We test these
specific modelling decisions in Supplementary Sections B.9.1, B.9.2, and B.9.3 respectively.
Furthermore, we find evidence for variant-specific parameter values in Supplementary Section

B.10. Finally, we compare estimates from all approaches with official consensus estimates of the
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growth rate of COVID-19 in England produced by the UK Health Security Agency (UKHSA)

[340] in Supplementary Section B.11.
The reproduction number

While all approaches produce very similar estimates of P;, and similar estimates of r; when
fit to the REACT-1 data, estimates of R; differ more substantially (Figure 6.6). Additional
assumptions are required when estimating R; and this is a quantity known to be sensitive to
such assumptions [341]. All models in this section are fit using the extra-binomial observation

model.
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Figure 6.6: Estimates of the instantaneous reproduction number R; for SARS-CoV-2 in Eng-
land between 1 May 2020 and 31 March 2022 using data from the REACT-1 study. All ap-
proaches are fit assuming a beta-binomial observation distribution. Solid coloured lines show
central estimates while shading and dashed lines show 95% credible intervals. Grey shading
indicates the periods in which sampling was conducted. The second panel shows the same
estimates for a shorter period (9 September 2021 to 31 March 2022), emphasising the differ-
ences between the three approaches. The third panel shows the same estimates, with estimates
from the Eales approach shifted by 7/2 = 7 days to partially account for bias induced by the
trailing-window smoothing assumption.

The SIMPLE and Abbott approaches produce similar central estimates of R;, with the Ab-
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bott approach producing wider credible intervals on average, reflecting the incorporation of
uncertainty in the test-sensitivity function (where the SIMPLE approach uses the mean of
the test-sensitivity function). Adapting the SIMPLE approach to allow for uncertainty in this
function is possible: by treating the test-sensitivity function as a parameter within PMMH,
individual PCR positivity curves can be sampled from estimates in the literature and incorpo-
rated into the model. By storing accepted samples of the test-sensitivity function, it is possible
to integrate out uncertainty about this function alongside other parameters. We leave the

implementation of this to future work.

The Eales approach produces estimates of R; that are delayed and oversmoothed in comparison
to the SIMPLE and Abbott approaches (most apparent in Figure 6.6-B), a direct result of the
trailing-window approach to estimating R;. The delay can be partially accounted for by shifting
estimates by 7/2 days [36] (Figure 6.6-C), but the oversmoothing is inherent to the approach.
Furthermore, as a trailing window of length 7 = 14 days does not include the entire generation
time distribution or test-sensitivity duration, additional biases are introduced. Note that, while
the Fales approach was used to estimate R; in the published results from the REACT-1 study,
our estimates may not align with these due to our use of a beta-binomial observation model

instead of the original binomial model.

Despite these differences, there is no clear best approach. Most notably, estimates from the
SIMPLE and Abbott approaches depend on the assumed test-sensitivity function, which can
vary significantly between settings. This is explored further in Supplementary Section B.5,
where we compare three different curves estimated for SARS-CoV-2 RT-PCR tests, and demon-
strate how the choice of curve impacts estimates of R;. We also compare estimates of R; from
these approaches with official consensus estimates produced by the UKHSA [340] in Supple-

mentary Section B.11.

As the reproduction number epidemic model in the SIMPLE approach is no longer Markovian,
we must use fixed-lag resampling during the parameter inference stage [40], leading to an
increase in computation time (23m 38s for the full dataset or 1m 23s on the smallest dataset).
The faster runtime of the SIMPLE approach with the growth rate epidemic model could be
obtained by fitting a Markovian model (instead of the renewal model), such as a compartmental

susceptible-infectious-recovered-type model, which has the added benefit of not requiring a
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test-sensitivity function. However, this type of model places additional assumptions on the
underlying epidemic dynamics, which can be difficult to validate. We leave this for future

work.

6.4 Discussion

Smoothing prevalence data allows multiple days to inform point estimates, reducing noise and
increasing the confidence in estimates. However, all smoothing methods make assumptions,
whether explicitly or implicitly, about the underlying process, and results can be sensitive to

these assumptions.

A key concern highlighted in this paper is the presence of overdispersion in the observed data.
As shown in Section 6.3.1, not properly accounting for this can lead to biased prevalence
estimates and credible intervals with poor coverage. Growth rate estimates also become more
variable, as the model attempts to explain extra-binomial noise through artificial variability in
r¢. In addition to the simulated results presented in this paper, we also find that this impacts
real-world estimates of P, and r; in the REACT-1 study. An explicit comparison is given
in Supplementary Section B.4, emphasising that results can vary considerably, particularly
in earlier study rounds. Once overdispersion is appropriately handled, all approaches produce
accurate prevalence estimates, even when fit to data generated by other models. This is because

prevalence estimates are largely driven by the observed data, not by the smoothing assumptions.

Even when the data are not generated by a beta-binomial sampling process, the overdispersion
parameter p serves as a general error term that can capture unmodelled heterogeneities and
sources of variance. The similarity of estimates of p between the approaches (when fit to
real-world data from the REACT-1 study) suggests that this parameter is estimable from
observed data independently of the assumed smoothing mechanism. Growth rate estimates
(and to a lesser extent, prevalence estimates) in the REACT-1 study were sensitive to the
inclusion of this parameter. As the allowance for overdispersion, even when simulated data
were generated from a binomial model, had little impact on the accuracy of estimates, we
recommend including this parameter in all models. If survey weights are available and the
daily sample size is sufficiently large (typically n; > 100, although low-prevalence scenarios

may require more), then the weighted model is able to account for both overdispersion and
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sampling bias, and thus should be the first choice. Unfortunately, without access to survey

weights applicable on a daily basis, we were unable to apply this model to the REACT-1 study.

In addition to smoothing prevalence data, the approaches presented in this paper allow for
the estimation of the growth rate in prevalence r;. Unlike estimates of prevalence, assumed
smoothing dynamics have a substantial impact on estimates of r;. Only the SIMPLE approach
produced 95% credible intervals with consistently good coverage of this quantity, at the cost
of substantially wider intervals. However, as prevalence is naturally a convolution of past
incidence, the additional smoothness implied by the SIMPLE approach with the reproduction
number epidemic model, or the Abbott approach, may provide an appropriate way to reduce

estimated uncertainty about r;.

Given a predetermined model structure, uncertainty about r; and P; arises from two sources: (1)
process and observation noise in the epidemic and observation model, and (2) uncertainty about
the static parameters governing these models. While uncertainty associated with the former
can only practically be reduced by collecting more data, uncertainty about static parameters
can be decreased by using more informative prior distributions. At smaller values of n;, a
wide uniform prior distribution can result in the posterior distribution assigning probability
mass to implausibly large values of o and p, leading to overestimation of the width of credible
intervals for r; and P;. Using more informative prior distributions that place less prior mass
on implausibly large values can help to reduce the width of the credible intervals for ry, P;, and

ny, particularly at smaller values of n;. This is demonstrated in Supplementary Section B.1.2.

Estimating R; from prevalence data requires assumptions about the relationship between inci-
dence and swab positivity. This can be achieved by assuming R; is constant over a sufficiently
long time period (Eales approach), by incorporating a test-sensitivity function (SIMPLE and
Abbott approaches), or by fitting a fully mechanistic model (not considered here). Each ap-
proach introduces different sources of potential bias. The trailing-window assumption in the
Eales approach guarantees some degree of misspecification [39], which can only be partially
mitigated by shifting estimates by 7/2 days [36]. Test-sensitivity functions offer an alternative
but also vary substantially: several distinct estimates of this function for SARS-CoV-2 RT-
PCR tests were produced during the COVID-19 pandemic [46, 327, 342, 343], with meaningful

differences in both duration and peak sensitivity. Ideally this function would be estimated for

142



6.4. DISCUSSION

each epidemiological setting being modelled, which would require repeat swabs from a subset
of survey participants, although collecting sufficient data may be infeasible in low-prevalence

scenarios.

An alternative way to relate incidence to prevalence is to model individual-level cycle threshold
(Ct) values [336]. Instead of relying on an assumed test-sensitivity function, this approach fits
a model of Ct values as a function of time since infection, replacing the observation model for
aggregated data with one for individual Ct data. Models for individual Ct value trajectories
have previously been estimated from cross-sectional data, without needing repeated sampling
from individuals. This method makes fuller use of the information contained in Ct values,
rather than reducing test results to binary outcomes, but requires access to individual-level

data, is computationally intensive, and depends on correctly specifying the Ct model.

Our SIMPLE approach requires no external software (e.g., Stan), has a faster runtime than
the Eales approach, and avoids the Gaussian process approximations used in the Abbott ap-
proach. This computational efficiency allows for the rapid testing of a range of models, as
demonstrated in Supplementary Section B.9.1, where we use the SIMPLE approach to fit a
range of models to the REACT-1 dataset. We also demonstrate an adaptation that allows
the SIMPLE approach to estimate variant-specific growth rates while leveraging all collected
data (including unsequenced samples) in Supplementary Section B.10. Finally, the sequential
nature of SMC allows for easy modification for online inference, where replacing PMMH with
an SMC? algorithm [344] would allow for real-time inference as new data are collected without

the need to refit the model from scratch.

There are two main limitations to the SIMPLE approach. First, the resampling step in the
PMMH algorithm is computationally expensive. For Markovian models, past-state resampling
can be disabled during PMMH, enabling fast inference. For non-Markovian models, past-state
resampling is necessary, slowing down the PMMH algorithm, as seen in the SIMPLE model for
the reproduction number. In these cases, the Abbott approach has a faster runtime. Second,
PMMH relies on stochastic likelihood estimates, whose variance increases with data length and
model complexity. This results in O(7?) time complexity for parameter inference, which was

not a bottleneck for the datasets used here (7' < 700) but will become important for longer
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time series. While we use relatively simple models in this paper, more complex models would

benefit from more advanced algorithms [289].

While we make several improvements to the Fales and Abbott approaches - including us-
ing beta-binomial observation distributions and modifying HMC hyperparameters - further
optimisation is likely possible which could improve their relative performance. In particu-
lar, the Abbott approach sometimes fails to converge. Reparameterising the model, or using
better-specified initial values, could reduce or prevent the occurrence of this. In the Abbott
approach, we also recommend considering alternative, less smooth, Gaussian process kernels,
as the squared exponential kernel is known to produce overly smooth estimates [345]. The very
smooth kernel used in the Abbott approach can be partially compensated for by estimating a
more variable growth rate r, which is why simulated data from the Abbott model (Figure 6.1)

exhibits r; values of greater magnitude than the SIMPLE and Eales approaches, on average.

Estimate precision can be improved by leveraging additional data sources. The original Abbott
approach, for example, included an observation model for antibody data [320]. If individual-
level data are available, the approach of Pouwels et al. [150], later refined in [346], can be used
to model individual probabilities of testing positive. This approach performs poststratifica-
tion of individual-level estimates by demographic-geographical response types and has several
advantages: multilevel regression and poststratification (MRP) has been shown to outperform
classical survey weighting [347], and partial pooling improves estimation of demographic effects
(whereas the approaches presented in this paper must produce demographic-specific estimates
by fitting separate models). Future work could explore how to combine the approaches and

lessons presented in this paper with MRP-type approaches to improve estimates of P, and 7;.

Our findings indicate that while all three approaches provide robust estimates of prevalence and
observed positive swabs, minor differences in their smoothing assumptions can impact growth
rate estimates. Applying these approaches to data from the REACT-1 study, we observed
that all three produced similar estimates of prevalence and growth rates, with the SIMPLE
and Abbott approaches demonstrating greater computational efficiency. By presenting these
approaches in common and general notation, alongside well-documented code online, this paper

offers a suite of validated tools that can be readily adapted for future epidemic surveys.
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Abstract

Background: Timely and informed public health responses to infectious diseases such as
COVID-19 necessitate reliable information about infection dynamics. The case ascertainment
rate (CAR), the proportion of infections that are reported as cases, is typically much less
than one and varies with testing practices and behaviours, making reported cases unreliable
as the sole source of data. The concentration of viral RNA in wastewater samples provides
an alternate measure of infection prevalence that is not affected by clinical testing, healthcare-

seeking behaviour or access to care.

Methods: We construct a state-space model with observed data of levels of SARS-CoV-
2 in wastewater and reported case incidence and estimate the hidden states of the effective

reproduction number, R;, and CAR using sequential Monte Carlo methods.

Results: We analyse data from 1 January 2022 to 31 March 2023 from Aotearoa New Zealand.
Our model estimates that R; peaks at 2.76 (95% CrI 2.20, 3.83) around 18 February 2022 and
the CAR peaks around 12 March 2022. We calculate that New Zealand’s second Omicron
wave in July 2022 is similar in size to the first, despite fewer reported cases. We estimate
that the CAR in the BA.5 Omicron wave in July 2022 is approximately 50% lower than in the
BA.1/BA.2 Omicron wave in March 2022.

Conclusions: Estimating R;, CAR, and cumulative number of infections provides useful in-
formation for planning public health responses and understanding the state of immunity in the
population. This model is a useful disease surveillance tool, improving situational awareness

of infectious disease dynamics in real-time.
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7.1 Introduction

Understanding and predicting the trajectory of infectious diseases is important in planning an
effective public health response. Reported case data depend heavily on testing modalities and
practices which typically change over time, resulting in considerable uncertainty in the case
ascertainment rate (CAR; the fraction of infections that are officially reported). During the
COVID-19 pandemic, many countries relied primarily on symptom-based testing programmes
to inform situational awareness and public health responses. In Aotearoa New Zealand, the
CAR for COVID-19 has been influenced by factors such as access to testing, a shift from
healthcare worker-administered polymerase chain reaction (PCR) tests to self-administered
rapid antigen tests (RATSs), reduction in rates of symptomatic and severe disease due to rising
population immunity, relaxation of testing requirements and recommendations, and/or lack of
perceived need to test or ‘pandemic fatigue’ [322, 351, 352]. As a result, over time, officially
reported cases of COVID-19 have become a less reliable measure of levels of SARS-CoV-2

infection.

Data on hospital admissions and deaths are more consistent and are less affected by testing
practices and behavioural change than reported cases but are subject to additional delays [205]
that limit their usefulness for understanding disease dynamics. Infection prevalence surveys
[353] that aim to regularly test a representative sample of the population are the gold standard
for tracking the spread of an infectious disease, but these surveys are resource intensive, making
them harder to justify as countries move out of the acute phase of the pandemic. The UK was
the only country to implement regular representative national SARS-CoV-2 prevalence surveys

[150, 354] and there are no current plans for similar surveys in New Zealand.

Wastewater surveillance, where levels of SARS-CoV-2 RNA in wastewater samples are mea-
sured, can provide additional data on the prevalence of the virus that are unaffected by individ-
ual testing and self-reporting behaviours. Wastewater surveillance (also known as wastewater-
based epidemiology or WBE) also has the potential to contribute to an integrated global
network for disease surveillance [155, 156, 162]. These data, however, can be highly variable

and subject to other biases, such as rainwater dilution, sampling methodologies, and changing
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locations of selected sampling sites. To realise this potential, appropriate models and analytical

tools are needed to deliver epidemiological insights from raw data.

Two previous studies have presented novel methodology for the real-time estimation of the
effective reproduction number using wastewater data [355, 356], while others have leveraged
or extended these methods [357, 358, 359, 360]. One study used reported cases to estimate
the reproduction number and then fitted a model to estimate this quantity from wastewater
data [361]. Another study used wastewater data to fit a mathematical model of multiple viral
strains [362] from which estimates of the reproduction number can be derived. Other studies
have analysed wastewater data but did not use it to estimate the reproduction number [363,
364]. Only [355] presented a model for simultaneously considering clinical and wastewater data,
however they assume a fixed ascertainment rate. No previous work has combined wastewater-

based epidemiology with reported cases to infer changes in case ascertainment over time.

Semi-mechanistic models based on the renewal equation are a popular method for epidemic
forecasting and estimation of the instantaneous reproduction number [114, 116, 139]. Such
methods are robust to constant under-ascertainment of cases, but may be biased by rapid
changes in CAR and cannot provide any information about the total number of infections. In
this paper, we extend the renewal equation framework [114, 116, 139] for reproduction number
estimation to incorporate wastewater time-series data. The model treats the instantaneous
reproduction number and CAR as hidden states and reported cases and quantity of viral RNA
in wastewater as observed states. We use a sequential Monte Carlo approach to infer the
hidden states. We apply the model to national data from Aotearoa New Zealand on reported
COVID-19 cases and the average number of SARS-CoV-2 genome copies per person per day
measured in municipal wastewater samples between January 2022 and March 2023. Because
the relationship between infections and wastewater concentration is only determined in the
model up to an overall scaling constant, it cannot be used to infer the absolute CAR but can
be used to estimate relative changes in case ascertainment over time. The model is designed
to be regularly updated as new data become available, producing real-time estimates of the
effective reproduction number and relative change in CAR. The model has been used to support
situational awareness via regular reports to the New Zealand Ministry of Health from November

2022 to date.

150



7.2. METHODS

From March 2020 until December 2021 New Zealand used strict border controls and intermit-
tent non-pharmaceutical interventions to suppress and eliminate transmission of SARS-CoV-2.
By the beginning of 2022, there had been a cumulative total of around 3 confirmed cases of
COVID-19 per 1,000 people and around 90% of the population over 12 years old had received
at least two doses of the Pfizer-BioNTech vaccine. From October 2021, interventions were
progressively eased and in January 2022 the B.1.1.529 (Omicron) variant began to spread in
the community, causing the first large wave of infection. Since then community transmission
has been sustained, with multiple further waves of infection being driven by various Omicron
subvariants. Between 1 January 2022 and 31 March 2023, there was a cumulative total of
around 440 confirmed cases per 1,000 people, most of which were from self-administered RATs.
During this period, SARS-CoV-2 concentration was regularly measured at various wastewater
treatment plants, providing an additional data source on changes in community prevalence over

time.

We model the epidemic dynamics and the observed case and wastewater data at the national
level, aggregating over New Zealand’s population of 5.1 million and ignoring regional variations.
This is similar to other studies that have aggregated regional case and/or wastewater data to
produce national-level estimates in countries with a comparable population size [365, 366, 367].
Our methodology could, in principle, be applied at a finer geographical scale, although this

would come at the cost of higher levels of noise.

7.2 Methods

7.2.1 Data

National daily reported cases of COVID-19 were obtained from the New Zealand Ministry of
Health [348]. Until February 2022, these cases were diagnosed solely by healthcare-administered
PCR testing. From February 2022, in response to the rapid increase in reported cases, RATs
were widely distributed. Since then, the vast majority of reported cases have been from self-
administered RATs, with results reported via an online portal. Hence, data on the number
of tests conducted are not available. Reported cases are shown in Figure 7.1. As these data
exhibit a clear day-of-the-week effect, we remove the weekly trend before fitting the model

(Supplementary Section C.1.1).
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Figure 7.1: Reported daily cases and wastewater data between 1 January 2022 and
31 March 2023 in Aotearoa New Zealand. (a) Reported daily cases of COVID-19. The
black line shows the adjusted case series with the multiplicative day-of-the-week effect removed
(Supplementary Section C.1.1). (b) SARS-CoV-2 genome copies per person per day in sampled
wastewater. The two outliers in wastewater data arise from estimates of a high wastewater
flow-rate in Wellington following high rainfall. Since rainfall is a source of noise in wastewater
sampling, we retain these samples in our analysis. (c) Proportion of the total population
covered by sampled wastewater catchments. Reported case data were obtained from the New
Zealand Ministry of Health [348] and wastewater data were obtained from ESR [349].

SARS-CoV-2 concentration data from wastewater samples tested by the Institute for Envi-
ronmental Science and Research (ESR) were used for this study [349]. Wastewater samples
were collected every week at municipal wastewater treatment plants located throughout the
country, serving communities with populations ranging from 400 to over 500,000 people. Typ-
ically 70-90% of the national population connected to reticulated wastewater was covered by
wastewater sampling in any given week (60-124 sites, usually sampled twice per week). Each
site-level measurement was normalised to provide an estimate of the number of genome copies
per person per day for that site (Supplementary Section C.1.1). Typically multiple sites were
sampled per day and, for each day that had at least one sample, we calculated the catchment-
population-weighted average of the genome copies per person (see Figure 7.1). Because we do

not attempt to model regional variations, we assumed this provided a series of representative
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observations of the average concentration of genomic material in the national wastewater.
7.2.2 Hidden state model

We construct a state-space model (Figure 7.2) consisting of time-varying hidden states (the
instantaneous reproduction number Ry, daily case ascertainment rate C AR;, and daily infection
incidence I;) and time-varying observed states (daily reported cases of COVID-19 C; and daily
wastewater observations W;) [368]. We use subscript s:¢ to refer to all values between day s

and ¢ inclusive.

Figure 7.2: Diagram of the state-space model. Schematic of model showing the depen-
dency between hidden-states (dashed circles) and the observed data (solid circles). Ry is the
instantaneous reproduction number on day ¢, C AR; is the case ascertainment rate on day ¢, I;
is the number of new infections on day ¢, C} is the number of reported cases on day ¢, and W,
is the observed wastewater, measured as the total genome copies per person per day for the
sites that were sampled on day t. I, denotes the set of states {I1, I5,...,I;}. In practice the
current infections Iy, reported cases C; and wastewater Wy depend only on recent values of I;
as specified by the generation interval distribution, the infection-to-reporting distribution, and
infection-to-shedding distribution respectively (see Methods).

We assume the hidden states R; and CAR; follow independent Gaussian random walks, en-
coding the fact we expect them to vary continuously over time. We also assume that the

hidden state I; follows a Poisson renewal process, a simple epidemic model commonly used
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when estimating R; [114]. Thus, our state-space transitions are governed by:

(Re|Ri—1) ~ N(o,00)(Rt—1,0RRt-1), (7.1)
(CARy|CAR;_1) ~ N1y (CARi_1,004R), (7.2)
t—1
(It| R, I1.4—1) ~ Poisson (Rt > gultu) : (7.3)

u=1

Parameters op and ocar determine how quickly R; and CAR; vary. The standard deviation
of the transition distribution for Ry — R, is given by or R;, which means that R; varies more
rapidly at larger values. The distribution for R; was truncated on (0,00) and for CAR; on
(0,1). Finally, g, is the pre-determined generation time distribution, describing the proportion

of transmission events that occur u days after infection (Supplementary Section C.1.2).

We assume that the expected number of reported cases uf at time ¢ is equal to C AR; multiplied

by the convolution of past infections with the infection-to-reporting distribution L,:

t
pi = CARY  Ii_yLy. (7.4)

u=1
Similarly, we assume that the expected number of genome copies puy’ detected per person at
time t is equal to the convolution of past infections with the infection-to-shedding distribution
wy, multiplied by a fixed parameter o representing the average total detectable genome copies
shed into the wastewater by an infectious individual, divided by total national population size
N:

t
a
uy = — Z I ywy. (7.5)
N u=1

We model reported cases using a negative binomial distribution:

: ke
(Ct|CARy, I4) ~ NegBin (r = ke,p = T Hf) , (7.6)

which has mean pf and variance pf (1 + %E) A negative binomial distribution is used to
account for noise in the observations beyond that predicted by a binomial distribution. This

is a common choice in other methods of reproduction number estimation [139, 369].

The observed wastewater data W; is the total genome copies per person from the wastewater

sites sampled on day t. We model this using a shape-scale gamma distribution:

r (k:wpopt, #topt) if pop; >0

(7.7)
I(W; =0) if pop, =0,

(Wil l1t) ~ {
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(1)?
kaOPt

which has mean ¢’ and variance . This assumes that the observed daily data are indepen-
dent draws from the national distribution, which may not hold if there are regional differences
between the subsets of sites that are sampled on different days. In practice, any such differ-
ences will be absorbed into the variance of the daily observation distribution via fitting of the
dispersion parameter k,,. Since we marginalise out the effect of this parameter when presenting
results, the increased uncertainty associated with regional variability is propagated through to
the credible intervals. The variable pop, refers to the total population in the catchment areas of
the sampled wastewater sites on day t. Setting the variance of the observation distribution to
be inversely proportional to pop, allows the model to account for increased variability around
the national mean on days when fewer or smaller sites were sampled. 1 is the indicator function,

so on days when no sites were sampled, the probability of observing no wastewater samples is

set to 1, and the model fits to case data alone.

Consistent with previous models [370, 371], this formulation assumes that the expected pop-
ulation shedding rate is proportional to the number of infected individuals, with observations
drawn from a distribution around this mean. We used a gamma distribution, which is a reason-
ably flexible choice for a non-negative continuous random variable. However, other distributions

could be considered, such as a Weibull or log-normal.

In the absence of additional information we are unable to estimate «, which is proportional to
the average total genome copies shed by an infected individual over the course of their infection.
This means we are unable to estimate the absolute value of C AR;. Instead, we run the model
with a range of different values for o, and estimate the change in C AR, relative to its initial
value. This additionally requires the assumption that « is constant over time, which is unlikely

to be true in general and is a key limitation of our model (see the discussion section).

In practice, the range of values of o that we used (Table 7.1) was chosen by calibrating model
output for the number of infections with external sources of information. Firstly, we compared
model output to the number of cases in a cohort of around 20,000 border workers who were
tested weekly between January and July 2022 [372]. Secondly, around 40% of all 20-25-year-olds
(an age group unlikely to have a higher CAR than older adults) reported a case of COVID-

19 in the 6 months from 1 February to 31 July 2022 [348]. This suggests that the overall
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CAR for this period was likely to be at least 0.4, which translates to an approximate upper
bound of 4 million for the total cumulative number of infections up to 31 July 2022. Neither
of these observations definitively determines the number of infections as they are subject to
approximation, bias and uncertainty, but they nevertheless serve to bracket the likely range of
values for the parameter a.

Table 7.1: Parameter values used in the model. The infection-to-reporting and infection-
to-shedding distributions are calculated as convolutions of the incubation period distribution
[373] and the onset-to-reporting and onset-to-shedding distribution [157] respectively (Supple-
mentary Section C.1.2).

Parameter Symbol Value

Coefficient of variation of R; transitions OR Fitted

Std dev. of C AR; transitions OCAR Fitted

Reported cases tuning parameter ke Fitted

Wastewater tuning parameter kw Fitted

Generation time distribution [374, 375] Ju Mean = 3.3 days, s.d. = 1.3 days
Infection-to-reporting distribution Ly Mean = 5.8 days, s.d. = 2.6 days
Infection-to-shedding distribution Wy, Mean = 5.2 days, s.d. = 2.9 days
Average total genome copies per infection « 3x 107 [2 x10%, 4 x 107
Fixed-lag resampling window h 30 days

The infection-to-reporting and infection-to-shedding distributions are calculated as the convo-
lution of the incubation period distribution with the onset-to-reporting and onset-to-shedding
distribution respectively. The incubation period is modelled as a Weibull distribution with
mean 2.9 days and standard deviation 2.0 days [373]. The onset-to-reporting distribution is es-
timated empirically from New Zealand case data extracted on 16 September 2022, representing
over 1.2 million cases, and has mean 1.8 days and standard deviation 1.8 days. The onset-to-
shedding distribution comes from [157] and has mean 0.7 days and standard deviation 2.6 days.
The resulting infection-to-reporting distribution has mean 5.8 days and standard deviation 2.6,
and the resulting infection-to-shedding distribution has mean 5.2 days and standard deviation

2.9 days (Supplementary Figure C.1).

The model is solved using a bootstrap filter [295] with fixed-lag resampling. This produces
estimates for the marginal posterior distribution of the hidden states at each time step. The
random walk step variance parameters (cr and ocar) and observation variance parameters
(ke and k,,) are estimated using a particle marginal Metropolis Hastings Markov chain Monte

Carlo method. We use uninformative uniform prior distributions for these parameters, with
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the exception of o 4R, where we use an informative prior distribution to ensure an appropriate
level of smoothness in our estimates of C AR;. Different parameter values are fitted in three-
month blocks to allow for some variation over time. See Supplementary Section C.1.2 for

further details of the numerical methods used.

7.3 Results

7.3.1 Reproduction number, relative case ascertainment, and infection in-
cidence

The estimated value of the reproduction number R; (Figure 7.3-a) increases from around 1 at
the beginning of 2022 to a peak of 2.46 (95% Crl 2.04, 3.20) on 18 February 2022 (95% Crl
10 Feb, 23 Feb), corresponding to the sharp increase in cases seen during the first Omicron
wave, which was a mixture of the BA.1 and BA.2 variants [376]. The estimated value of R;
drops below 1 on 1 March 2022 (95% CrI 25 Feb, 5 Mar) and infection incidence peaked on 28
February 2022 (95% Crl 23 Feb, 7 Mar), suggesting this is when the wave peaked.

The estimated CAR (Figure 7.3-b) increases rapidly between mid-February and mid-March
2022. RATs became widely available for the first time in the last week of February 2022. This
likely led to a substantial increase in case ascertainment as the testing system, which had
previously relied solely on laboratory-processed PCR tests, had become overwhelmed [352].
The estimated CAR approximately halves between April and July 2022, when a second wave
of infection caused by the BA.5 Omicron subvariant [372, 376] occurred. This second wave
was visible in both reported cases and wastewater sampling, with estimated peak infections
occurring on 7 July 2022 (95% CrI 3 Jul, 12 Jul). The estimated CAR increases somewhat
between mid 2022 and early 2023, with a noticeable dip in December 2022, possibly reflecting
reduced testing during the Christmas and summer school holiday period (from mid-December
to late-January /early-February). Alternatively, the estimated increase in CAR from mid-2022
could be explained by a decrease in the average genome copies shed by an infected individual
«, although without further information we are unable to discern changes in «. Overall, the
model provides a reasonably good fit to the observed data on cases and wastewater (Figures

7.3-c and 7.3-d).

157



7.3. RESULTS

3.0

2.54

2.04

1.5+

1.0+

9e+07

6e+07 4

3e+07

0e+00

(a) Instantaneous reproduction number

(b) Relative case ascertainment rate

1.25+

1.00+

0.75

0.50 -

0.254

202&701

2025707 202é701

202&701

202é707 202é701

(c) Wastewater

(d) Reported cases

30000 1

20000+

10000 -

0-

2022-01

2022-07 2023-01

2022-01
Date

2022-07 2023-01

Figure 7.3: Results for Aotearoa New Zealand data from 1 January 2022 to 31
March 2023. (a) Instantaneous reproduction number Ry, (b) relative case ascertainment rate
(compared to the central estimate on 1 April 2022), (c) wastewater data W; measured in genome
copies per person per day and (d) reported cases C;. Results assume the average total shedding
per infection does not vary over time (a = 3 x 10%).
Shaded regions show 95% credible intervals on the value of the hidden states (subplots a and
b), and 95% credible intervals on the expected reported cases and wastewater data (darker
shaded regions in subplots ¢ and d) and 95% credible intervals on the prediction distribution
for wastewater data and reported cases (lighter shaded regions in subplots ¢ and d). Black dots
show the observed data.
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Figures 7.4-a and 7.4-b show the estimated daily incidence and cumulative infections for three
values of «, corresponding to estimated CAR values on 1 April 2022 of 0.42 (95% CrI 0.35,
0.50), 0.61 (95% Crl. 0.51, 0.71), and 0.80 (95% Crl. 0.67, 0.93), for a = 2 x 10°, 3 x 10%, and
4 x 10? respectively. For comparison, the graphs also show the number of cases per capita in a
cohort of approximately 20,000 border workers who were tested weekly between January and
July 2022 [372], scaled according to population size. These data were used to help inform the

range of values of «a selected.

Whilst peak reported cases (adjusted for the day-of-the-week effect) in the second wave were
only 49% of the peak in the first wave (10,879 vs 22,038 respectively), under the assumption
of constant «, the central estimate from the model suggests that true infections peaked at
approximately 78% of the peak of the initial wave (Figure 7.4a). Figures 7.4-c to 7.4-e show the
estimated absolute and relative CAR and R;. These panels show that, while we are uncertain
about the absolute level of infections and CAR, the relative CAR and reproduction number

estimates are robust to reasonable choices for (constant) c.

Fitting the model to case data alone instead of cases and wastewater (Supplementary Figure
C.7) produced qualitatively similar estimates of R;, but with greater temporal fluctuations.
Fitting the model to wastewater data alone led to substantially wider credible intervals, al-
though the overall trend was similar. Estimates of the relative CAR are only possible when

fitting to case and wastewater data simultaneously.
7.3.2 Parameter estimates

The estimated standard deviation or of the random walk on R; was greatest in the first time
period (1 Jan — 31 Mar 2022) — see Table 7.2. This is unsurprising as it coincided with the rapid
increase and then decrease in incidence associated with the first Omicron wave. ogr decreased
in the second period (1 Apr — 30 Jun 2022) and then remained relatively constant throughout
the remaining periods (1 Jul 2022 — 31 Mar 2023). The estimated standard deviation occar of
the random walk on C'AR; was also estimated to be greatest in the first time period, although
this is primarily because we applied a prior distribution with a higher mean in this period

(Supplementary Section C.1.2).
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Figure 7.4: Sensitivity of results to choice of a. Estimated (a) daily infections I, (b) cu-
mulative infections >-%_, I, (c) case ascertainment rate C ARy, (d) relative case ascertainment
rate (compared to the central estimate on 1 April 2022), and (e) instantaneous reproduction
number, R;. Results are presented for three values of a: 2 x 10, 3 x 10%, and 4 x 10°. Solid
lines show central estimates and coloured regions are the 95% Crls. Estimates and credible
intervals on cumulative infections are calculated by taking cumulative sums of the estimates
and credible intervals in panel (a). Black dots in panels (a) and (b) show the number of per
capita cases in a cohort of regularly-tested border workers, scaled according to population size.
The horizontal dashed black line in panel (b) shows the New Zealand population at the end of
2022 (5.15 million people) [178]. While changing « results in different estimates of infections
and absolute CAR, the relative CAR and reproduction number estimates are robust to different
values, provided « remains relatively constant.
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Table 7.2: Central estimates and 95% credible intervals for estimated model pa-
rameters in each time period. Dates in the ‘Period’ column are the start date for the
three-month period. All outputs presented to 2 s.f. Higher values of o and ocar suggest Ry
and CAR; vary faster. Higher values of k. and k,, indicate a lower variance in the correspond-
ing observation distribution. Note a different prior distribution was used for ccag in the first
period (Supplementary Section C.1.2), which may also impact estimates of other parameters
in this period.

Period starting | op OCAR k. Euw(x1070)

1 Jan 2022 0.12 (0.069, 0.21)  0.03 (0.017, 0.043) 31 (20, 49) 1.5 (1.1, 2.0)
1 Apr 2022 0.069 (0.041, 0.12)  0.0099 (0.0053, 0.014) 170 (100, 250) 4.8 (3.2, 6.8)
1 Jul 2022 0.037 (0.02, 0.066) 0.0063 (0.0018, 0.01) 330 (220, 400) 4.8 (3.3, 6.5)
1 Oct 2022 0.038 (0.02, 0.068)  0.011 (0.0073, 0.014) 170 (110, 270) 7.2 (4.7, 10.0)
1 Jan 2023 0.038 (0.018, 0.073)  0.0093 (0.0041, 0.015) 150 (84, 330) 6.8 (4.4, 10.0)

The estimated variance parameters, k. and k,,, for cases and wastewater observations, were
lowest in the first time period (1 Jan 2022 — 31 Mar 2022). This implies there is more variability
in the data that is not explained by the model in this time period, possibly as a consequence of
the sharper variations in incidence compared to the later time periods. A less consistent weekly
pattern in reported cases during the first time period, and higher levels of noise in wastewater
observations at the low concentrations seen at the beginning of 2022, could also be contributing

factors.

7.4 Discussion

Wastewater-based epidemiology has been used globally for COVID-19 surveillance and has
been shown to be a useful public health tool for policy and public health responses [377].
We present a semi-mechanistic model that combines reported cases with wastewater data to
estimate the time-varying reproduction number and CAR. This work demonstrates the value of
wastewater-based epidemiology and how the additional data that it provides can be combined
with traditional monitoring (e.g., reported cases) to learn more about the state of an epidemic,
disease dynamics, and the true number of infections in the community. This provides useful

information to inform the public health response.

To make reliable estimates of the state of the epidemic from reported cases, it is essential
to understand how case ascertainment changes with time. For example, are there fewer cases
because there are fewer infections or because fewer people are reporting? We apply our model to

national data from Aotearoa New Zealand and derive insights into changes in case ascertainment
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that would not be possible using case data alone. Reported cases during the second wave in July
2022 were substantially lower than in the first wave in February and March 2022. However, the
model infers that there was a substantial drop in case ascertainment between these waves, and
the true number of infections was likely more similar in each wave. The reduced CAR, during
the second and subsequent waves may have been due to a higher number of reinfections with
individuals displaying fewer symptoms or due to “pandemic fatigue” and reduced compliance
with public health measures, including testing. This type of insight would not be possible
without regular wastewater surveillance data and without a robust analytical framework in

which to integrate these data with traditional epidemiological data streams.

We apply our model to the first period of widespread community transmission of SARS-CoV-2
in New Zealand. During this time, rapid antigen tests were freely available to everyone, there
was a requirement to report positive results, and a mandatory isolation period for cases with
financial support via employers. Partly as a result of these factors, the CAR, while lower than
in the previous elimination phase, was still reasonably high. The mandatory isolation period
was removed in September 2023, which led to a substantial drop in case ascertainment. For the
datasets we consider, similar (albeit noisier) estimates for the reproduction number could be
obtained from case data alone. However, in a context where case ascertainment is low and/or
unrepresentative, wastewater data are likely to add even greater value compared to using
reported cases. In contrast, in a low-prevalence context (e.g., pre-Omicron in New Zealand),
applicability of the method would be constrained by the amount of noise in the wastewater data.
In this situation, wastewater surveillance may better used for presence/absence monitoring, for
example as an early warning system for the presence of infection in specific catchments, as

opposed to quantitative estimation [378].

Strengths of our model include the fact that it has relatively minimal data requirements, re-
quiring only time series for reported cases and wastewater concentrations. The model can be
fitted to datasets in which different sites are sampled on different days and some days have
no observed data. This means that it could be readily applied in other jurisdictions with
wastewater surveillance programs, either for SARS-CoV-2 or other pathogens such as influenza

viruses [377, 379]. It is a relatively simple model with minimal mechanistic assumptions and
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parsimonious parameterisation. This avoids the need for assumptions about time-varying con-
tact patterns, transmission rates, and the level of prior immunity that are required by more
complex mechanistic models. The model we present here was operationalised by ESR in late
2022 and results for R; and relative CAR are regularly provided to the Ministry of Health to

inform situational awareness and decision-making.

There are several limitations to this model and the results. We assume that the average number
of genome copies shed by an infected individual (represented by the parameter ) was constant
between January 2022 and March 2023 and did not depend on the infecting variant or history
of prior infection or vaccination. It is possible that some of the inferred changes in CAR
may be partly explained by these factors. For example, some of the inferred increase in case
ascertainment between October and December 2022 may have been due to decreasing «, caused
by a combination of new immune evasive subvariants displacing the previously dominant BA.5
variant [380] and/or an increase in the proportion of reinfections or asymptomatic infections
[348]. Although estimates of viral shedding rates per infected individual are available [370,
371], the value of o may also depend on physical characteristics of the wastewater collection
system, sample collection method, and the method used to quantify concentration of SARS-
CoV-2 RNA in samples. Therefore, « is likely to vary between jurisdictions and will require

recalibration using local data.

As we are unable to estimate the true value of o, we are unable to estimate the absolute CAR.
Nonetheless, relative CAR is a useful metric and, given an estimated range of values for «, we

are able to provide plausible bounds on the total number of infections (Figure 7.4).

Wastewater surveillance does not provide any information on how infections are distributed
among population groups (e.g., age groups, ethnicity) and biases in self-administered testing
mean that case counts are not representative either. This information is important for assessing
the clinical burden of disease and addressing health inequities [12]. Thus, other approaches are
needed to determine the distribution of disease burden, such as representative sampling [150,
381], cohort studies [382] or sentinel surveillance [383, 384]. Although wastewater surveillance
could, in principle, be used to investigate differences in prevalence and case ascertainment
between sites and/or regions, this would require adaptations to our method that are beyond

the scope of this study.
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As our model is flexible, future work could integrate hospitalisations (such as in [385]) and
deaths data. In principle, this could allow the effects of varying CAR and varying rate of
shedding per infection to be separated. However, this would additionally require the effects of

age, immunity, ethnicity, and other variables on clinical severity to be accounted for.

Although national-level approaches to situational awareness and reproduction number estima-
tion are common [341, 366, 386], particularly in countries such as New Zealand with a relatively
small population size, this ignores regional variations. Results should therefore be interpreted
as national averages, which could mask demographic and spatial heterogeneity. Our model
could be implemented at a regional level so that local epidemic dynamics can be compared,
although this would be subject to increasing levels of noise in the wastewater data at finer
spatial scales. This paper has focused on modelling for inference: understanding epidemic dy-
namics that have already occurred. However, the state-space transition model coupled with the
estimated parameters provides a natural method for forecasting [139, 387]. Forecasts generated
using this state-space transition model naturally incorporate increasing uncertainty about the

future reproduction number and CAR.

While this model focused on COVID-19, there is a wealth of genetic information within mu-
nicipal wastewater that could also benefit from modelling. The detection and concentration
of viral, bacterial and anti-microbial resistance genes within wastewater have the ability to
inform public health decision-making in a number of ways, especially as methodology is refined
allowing more rapid turnaround times. As many jurisdictions seek to retain the wastewater
capabilities they built during the pandemic phase of COVID-19 (and to diversify microbial
targets), there is an ‘opportunity springboard’ to build tools that can predict the trajectories

and spread of pathogens. Modelling has a key role to play in this journey.
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Abstract

Objective: To determine how people in England changed their infection risk-related be-
haviours during the COVID-19 pandemic and in response to control measures, 19 June 2020

to 31 March 2022.

Design: Over 18 (of 19) rounds, randomly selected participants across England completed a

questionnaire about risk-related behaviours, socio-demographics, and symptoms.

Participants: Between 85,018 and 154,060 randomly selected participants per round, aged

5+ years, totalling 2,177,657 responses with relevant data.

Main outcome measures: Primary outcomes were self-reported shielding and/or taking
specific precautions, not leaving home in the prior week, not being in close proximity with
anyone outside their household the day before, and wearing face coverings outside the home.
Secondary community-level measures of mobility and public health policy stringency were

compared to the primary outcomes to provide population-level context to the observed findings.

Results: Infection risk-related behaviours varied considerably over the nearly two years under
study. Protective behaviours peaked in January 2021, during England’s winter wave, be-
fore widespread vaccination. At that time, the estimated proportion of self-reported shielding
and/or taking specific precautions reached 21.6% (95% confidence interval 21.4%, 21.8%), of
self-reported not leaving home in the week prior to completing the questionnaire reached 7.99%
(7.85%, 8.13%) and of self-reported not having contact with anyone outside their household on
the day before answering the questionnaire reached 89.2% (89.1%, 89.4%). As self-reported vac-
cination rates increased and prevalence of infection decreased, protective behaviours decreased,
although patterns varied by demographics. Protective behaviours were strongly correlated with

community-level mobility data and the stringency of public health measures.

Conclusions: Individual-based data showed sizeable proportions of people undertook protec-
tive behaviours during the pandemic especially during the second lockdown in January 2021
although there was evidence of “pandemic fatigue” in the study’s later stages. Self-reported be-
haviours were closely aligned with community mobility data and the stringency of government

policies, indicating policy-driven behavioural changes.
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8.1 Introduction

The COVID-19 pandemic in England was a complex and quickly evolving public health crisis
consisting of multiple waves of infection. The REal-time Assessment of Community Transmission-
1 (REACT-1) study provided real-time estimates of the prevalence of SARS-CoV-2 swab pos-
itivity in England from 1 May 2020 to 31 March 2022 [48]. Conducted over 19 rounds, more
than 2.5 million nasal swab samples were processed using reverse transcriptase polymerase
chain reaction (RT-PCR), and participants completed an extensive questionnaire about their

behaviours related to infection risk, socio-demographic characteristics, and symptoms.

Various non-pharmaceutical interventions (NPIs) were utilised throughout the pandemic, in-
cluding stay-at-home orders (“lockdowns”) on multiple occasions, notably in March 2020 (prior
to the start of REACT-1) [388], and then in the winter of 2020/21 (around the time of study
rounds 7-to-9) [389]. These interventions were mostly lifted in the middle of 2021, although
some intermediate measures, such as recommended working from home, were re-introduced in

December 2021 to slow the spread of the Omicron variant [390].

Changes in individual behaviours, influenced by perceived risks, governmental guidelines, so-
cietal norms, and “pandemic fatigue”, could directly impact the trajectory of the epidemic
and the effectiveness of policy decisions. Understanding how these behaviours changed over
the course of the pandemic is critical to quantify the impact of NPIs, to gauge their effective-
ness at reducing SARS-CoV-2 transmission, and to understand how compliance varied across

demographic groups and over time [391].

Community-level mobility data, such as the Google community mobility reports [153], have
been widely used in epidemiological studies to evaluate the effectiveness of social-distancing
measures [392] or to predict the rate of virus transmission [167]. These data offer valuable

insights but are only aggregated proxies for individual behaviours and for social interaction.

The Oxford COVID-19 Government Response Tracker (OxCGRT) [154] collected information
on a variety of policy measures that governments used during the pandemic such as school
closures and workplace restrictions. In particular, their stringency index has been used for

comparing the strictness of policy responses between countries, and has featured directly in
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epidemiological models [393]. Their containment and health index closely resembles the strin-
gency index, with additional consideration given to contact tracing, testing, face covering policy,

vaccinations, and protection of elderly people.

Focusing on self-reported behaviours relating to shielding and/or taking specific precautions,
not leaving the home, not having physical contact/close proximity with people outside the
household, and wearing face coverings outside the home, we estimated the self-reported preva-
lence of these behaviours from 19 June 2020 to 31 March 2022 in England and by socio-
demographic group. We also investigated the consistency of individually reported and community-
level behavioural data by relating these estimates to (i) (Google) mobility data and (ii) the

OxCGRT stringency index and OxCGRT containment and health index.

8.2 DMaterials and methods

8.2.1 REACT-1 data

The REACT-1 study conducted 19 rounds of sampling from 1 May 2020 to 31 March 2022
with 85,018 to 154,060 participants per round. Participants completed a comprehensive survey
reporting their risk-related behaviours, socio-demographic characteristics, health and health
history, history of COVID-19, and risk tolerances. The survey was completed by the respondent
(if over the age of 18), by the respondent’s parent/guardian (for ages 5 to 12), and either by the
parent /guardian or by the respondent themselves (for ages 13 to 17). Round-specific random
iterative method (RIM) weights [338] were calculated at the time of survey administration to
enable prevalence estimates representative of the population of England. These were calibrated
for participants’ age, sex, area-level deciles of deprivation [394], lower-tier local authority counts
and ethnicity [48]. A Public Advisory Panel provided input into the design, conduct, and

dissemination of the REACT research programme.

Of the questions on behaviours, we focused on one related to shielding (“Are you shielding
and/or taking specific precautions because you are concerned that you/your child will become
severely ill with COVID-19?”), one to leaving the home (“Did you/your child leave home for any
reason in the last 7 days?” and later “In the last 7 days, for what reasons have you left home?
Select all that apply.”), one to social distancing (“Not including members of your household,

how many different people did you have contact with yesterday? By contact, we mean: any
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direct skin-to-skin physical contact (e.g., kiss/embrace/handshake), being less than 2 metres
from another person for over 5 minutes.”), and one to wearing face coverings outside home
(“Do you/does your child mainly wear any kind of face covering or mask when you/they are
outside your/their home, because of COVID-197”). The specific question wording occasionally
changed between study rounds (Supplementary Section D.1.1, Supplementary Tables D.1 to
D.3).

During study round 1, the relevant questions were not included in the questionnaire; we there-
fore excluded round 1 participants from this analysis (N = 120, 620). Of the REACT-1 partic-
ipants in study rounds 2-to-19 (19 June 2020 - 31 March 2022) (N = 3,239, 620), we excluded,
prior to analysis, participants with invalid survey weights (N=1,019) as well as those that
registered but did not complete the questionnaire (N=1,060,944). Some participants did not
answer every question, provided an invalid response, or were not asked a specific question (the
latter primarily being due to age). When responses to individual questions were missing, the
response was discarded (set as “NA”). Hence, reported proportions are relative to the total
number of respondents to each question. A round-by-round breakdown of non-response rates

by question is provided in Supplementary Section D.1.2 (Supplementary Tables D.5 and D.6).
8.2.2 Google community mobility data

Community mobility data were obtained from Google for the period 15 February 2020 to 15
October 2022 [153]. These publicly available data were aggregated from device users who
had turned on the location history setting (by default it is off) and present the day-to-day
percentage change (relative to a day-of-the-week-specific baseline calculated from the five-week
period from 3 January 2020 to 6 February 2020) in the total number of visitors to places of
retail and recreation, grocery and pharmacy, parks, transit stations, and workplaces as well as

the daily percentage change in time spent at residential locations.
8.2.3 Oxford COVID-19 Government Response Tracker data

The OxCGRT stringency index and containment and health index were obtained for the pe-
riod 1 January 2020 to 31 December 2022. These data aggregate indicators measuring the

implementation of school closures, workplace closures, public event cancellations, restrictions
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on gathering sizes, closure of public transport, stay-at-home requirements, restrictions on inter-
nal movement, restrictions on international travel, and public health information campaigns.
The containment and health index additionally considers testing, contact tracing, face covering

requirements, and vaccination policy.
8.2.4 Statistical methods

Results are presented at the national level, as well as for four age-groups in years (5-17, 18-
34, 35-64, 65 and over) and four household sizes (lives alone, 2 people, 3-4 people, 5+ people).
Additionally, we considered geographical area, area-based deciles of deprivation [394], ethnicity,

and sex [48] in Supplementary Section D.2.

The svyciprop function with the logit method, from the survey package in R, was used to es-
timate weighted round-level binomial proportions and corresponding confidence intervals [132]
from the REACT-1 survey data. Daily prevalence estimates were unweighted proportions be-
cause day-specific RIM weights were not available, and the corresponding confidence intervals

were calculated using the binconf function from the Hmisc package [337] in R.

We analysed if and to what extent responses to the behavioural questions varied by age-group,
sex, geographical area, deprivation, ethnicity, and household size, via survey-weighted logistic
regression models. These models were fit to data from each study round using the svyglm
function with the binomial family from the survey package in R [132]. Results from these
models are presented as odds ratios (ORs), providing the relative odds of reporting a given

behaviour compared to a specified reference group.

To evaluate the consistency of the Google community mobility data and OxCGRT indices with
self-reported behaviours we fitted random forest regression models, using daily aggregated
REACT-1 data to predict each mobility series and index separately. When the mobility series
were used as the outcome variable, we used the daily proportion of people leaving their homes
for various reasons (and not leaving) as predictors (the variables listed in Supplementary Table
D.3). When the OxCGRT indices were used as the outcome variable, we used the daily propor-
tion of people reporting shielding and/or taking specific precautions, not leaving home in the
prior week, not having physical contact/close proximity with people outside their household

the day before, and wearing face coverings outside the home as predictors (4 total predictors).
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To reduce the impact of day-of-the-week variability in the mobility data, we smoothed these
series using a trailing 7-day moving average prior to fitting the models. To limit measurement
error in our predictors we only considered days when more than 200 survey responses were

recorded.

We used the randomForest package in R [395] with default hyperparameters (500 trees each fit
with approximately 63.2% of the available observations, selected at random) to fit the random
forest models. Model performance was assessed using the proportion of the within-bag variance
explained (the proportion of variance in the response that is explained by the predictors when
testing on data used to fit the models) and out-of-bag variance explained (the proportion of
variance in the response that is explained when testing on data not used to fit the models).

The within-bag variance explained is analogous to R-squared in a linear regression context.

Three separate models for each mobility series were constructed to reflect changes in question
formulation between study rounds. We defined three main periods (i) from 19 June 2020 to
11 November 2020 (study rounds 2-to-6, N=94 days with > 200 survey question responses, 11
predictors), (ii) 4 January 2021 to 28 September 2021 (study rounds 8-to-14, N=135 days with
> 200 survey question responses, 8 predictors), and (iii) 19 October 2021 to 31 March 2022
(study rounds 15-to-19, N=104 days with > 200 survey question responses, 14 predictors).
Study round 7 is not included in this analysis as the question regarding reasons for leaving the
home in the past 7-days was not asked. One model was fit for each OxCGRT index, covering
the period 16 October 2020 to 31 March 2022 (study rounds 6 and 8-to-19, N=259 days with

> 200 survey question responses, 4 predictors).
8.2.5 Data portal

We have developed an online portal to facilitate visualisation and download of aggregated be-
havioural data while protecting the confidentiality of survey participants. This can be accessed
here: https://m-whit-ic.shinyapps.io/react-social-shiny/. Further information

about this portal is provided in Supplementary Section D.6.
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8.3 Results

8.3.1 Behaviours over time

We observed a peak in reported protective behaviours in January 2021 (study round 8), at the
time of the third national lockdown in England (Figure 8.1). At this time, self-reported shield-
ing and/or taking specific precautions reached 20.8% (95% CI 20.6%, 21.1%), self-reported
not leaving home in the 7 days prior to completing the questionnaire reached 9.7% (95% CI
9.5%, 9.9%), and self-reported not having physical contact/close proximity with anyone outside
the household on the day before answering the questionnaire reached 93.3% (95% CI 92.8%,
93.7%).

Following this peak, reported protective behaviours decreased over the summer months in 2021,
with a noticeable uptick again in January 2022 (Figure 8.1, study round 17), during the first
Omicron wave and the government’s “Plan-B” interventions and messaging [396]. This uptick
did not result in social-distancing behaviours reaching the same level as winter 2020/21, except
for the proportion of people reporting shielding and/or taking specific precautions. To some
extent, the increase between December 2021 and January 2022 (study rounds 16 and 17) of
this behaviour can likely be attributed to rewording of the question (specifically, the removal
of the word “shielding”, a term with a much narrower definition than “specific precautions”).

These wording changes are described in Supplementary Section D.1.1.

After the uptick in December 2021 /January 2022, protective behaviours decreased rapidly over
February and March 2022 (study rounds 18 and 19) [49], despite infection prevalence reaching
the highest measured by the study in March 2022 (weighted swab positivity in round 19 was
6.37%). The proportion self-reporting wearing face coverings reached the lowest recorded level
in the study of 63.2% (95% CI 62.9%, 63.6%), down from 91.6% (95% CI 91.4%, 91.8%) in
January 2022 (study round 17) and 92.4% (95% CI 92.2%, 92.6%) in January 2021 (REACT-1
study round 8). Similarly, we observed reductions in the proportion self-reporting no contacts
outside the home 41.2% (95% CI 40.9%, 41.6%) in March 2022, down from 51.3% (95% CI
50.9%, 51.7%) in January 2022 and 88.6% (95% CI 88.3%, 88.8%) in January 2021.

Figure 8.1 shows that those aged 65 years and older were more likely to report protective

behaviours to limit the risk of SARS-CoV-2 infection (except for reporting not leaving home)
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Figure 8.1: The proportion of people in England self-reporting shielding and/or taking specific
precautions because they consider themselves “to be at risk of severe illness for COVID-19”
(first row), not leaving the home on the day preceding answering the questionnaire (second row),
having no contacts outside the home in the preceding seven days (third row), and wearing a
face covering outside the home (fourth row) by age-group (left column) and household size
(right column). Changes in question wording are demarcated with a vertical dashed grey line
- caution should be exercised in comparing values on either side. Shaded regions and vertical
coloured lines show 95% confidence intervals about the estimated proportion, although they
are frequently too small to discern. Individual points are joined by lines and shading for clarity,
but this should not be interpreted as an interpolation. National averages are shown in grey.

than younger participants. A similar but less marked difference was observed for those reporting
living alone when asked whether they had left the home. Responses to these behavioural
questions disaggregated by other demographics are considered in Supplementary Section D.2
(Supplementary Figures D.1 to D.4): those living in neighbourhoods with greater socioeconomic

deprivation were more likely to report protective behaviours, although less likely to report
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wearing face coverings. Results were less consistent between questions and over time for region,

sex, and ethnicity.

Survey-weighted logistic regression models estimating the independent effect of each demo-
graphic variable, show that, compared to 18-34-year-olds, those aged 654 were more likely
to report having no contacts outside the home, with ORs between 1.64 (95% CI 1.55, 1.73)
and 2.99 (95% CI 2.84, 3.14, p < 0.05) (Figure 8.2). The impact of 5-17-year-olds returning
to school between September and November 2020 (study rounds 5-to-7) is also clearly visible
(Figure 8.2); compared to 18-34-year-olds, the ORs were between 0.34 (95% CI 0.32, 0.35) and
0.64 (95% CI 0.61, 0.67) for having no contacts outside the home over this period. These ORs
were largely unaffected by further adjustment for being a self-reported suspected or confirmed
COVID-19 case in the preceding two weeks (Supplementary Section D.3).
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Figure 8.2: Odds ratios for whether an individual self-reports having no contacts outside the
home in the preceding seven days. Purple shading indicates odds ratios greater than 1 (com-
pared to the reference group) while green shading indicates odds ratios less than 1. Darker
shading indicates estimates further from 1. Reference groups are indicated with (ref) in the
row-labels. Vertical dotted red lines denote changes in question wording. Odds ratios that are
statistically significantly different to 1 at p < 0.05 are denoted with an asterisk and set in bold
face. The bottom panel shows weighted prevalence of SARS-CoV-2 swab positivity in each
round of REACT-1.

Figure 8.2 also suggests that men were more likely than women to report having no contacts
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outside the home, except in January and February 2021, while those living with other people
were more likely to report having no contacts outside the home, except between November 2020
and April 2021. Further results regarding the average total number of contacts individuals had
outside their home are provided in Supplementary Section D.2.2 (Supplementary Figure D.5).
Results from logistic regression models on additional outcomes, including specific reasons for
leaving the home, are included in Supplementary Section D.3 (Supplementary Figures D.17 to
D.27). The same results after controlling for infection status are reported in Supplementary

Figures D.28 to D.39.

We also consider responses to these behavioural questions conditional on self-reported risk,
vaccination status, and infection history (Figure 8.3). Those that considered themselves to be
at risk of severe illness were more likely to report shielding, as were those that reported having
been vaccinated, and those who had not reported previous infection. When the question was
first asked, there was high self-reported use of face coverings, although over time those that did
not consider themselves at severe risk and those that reported no vaccination became relatively
less likely to report wearing a face covering. These results are elaborated on in Supplementary

Section D.2.4 (Supplementary Figures D.12 to D.15).
8.3.2 Comparisons with mobility data

Despite the limited duration of each period considered (19 June 2020 - 11 November 2020, 4
January 2021 - 28 September 2021, and 19 October 2021 - 31 March 2022), substantial variation
in mobility and behaviours was observed within each period. The random forest models of the
mobility series capture key trends while missing some finer day-to-day variations (Figure 8.4).
The out-of-bag proportion of variance explained (PVE) (Supplementary Table D.8) was high for
all six mobility indices (ranging from 86% to 97%) for data from study rounds 8-to-14 and was
lower for rounds 15-to-19 (ranging from 68% to 86%). Additional results show that shopping
was consistently the main reason for leaving the home, while the proportion of individuals
reporting errands and work as a reason for leaving the home increased from January 2021
onwards (Supplementary Section D.2.5, Supplementary Figure D.16). Correlation coefficients
between the self-reported behaviours and mobility series are reported in Supplementary Section

D.4 (Supplementary Table D.7).
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Figure 8.3: The proportion of people in England self-reporting considering themselves at severe
risk, having no/one/two-plus doses of a vaccine, and having no/a suspected/a confirmed prior
infection or current infection (top row). Rows 2-5 then present responses to the four focus
questions, disaggregated by these responses. Vertical dashed lines denote changes in question
wording. Study round numbers are provided at the top of row 1 and shaded regions indicate
periods when the study was actively collecting data.

8.3.3 Comparisons with policy response indices

Results from the random forest models for the two policy response indices demonstrate a

strong association between self-reported behavioural data and the stringency indices. The out-

of-bag PVE was 0.98 for both models demonstrating a strong association between self-reported

behaviours and aggregated measures of the stringency of public health policy.
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Figure 8.4: The Google mobility data (solid lines) between June 2020 and March 2022 and
the random forest model predictions based on behaviours reported in REACT-1 questionnaires
(dotted lines). Modelled values shown are out-of-bag predictions, so the model has not been
trained on the data-point being predicted. The vertical dashed lines demarcate individual
model fits, selected to account for substantial changes in question wording. We do not fit a
model to data from study round 7 as the relevant questions were not asked.

The fitted index values based on behavioural data also identified the timing of when the change
from baseline in the stringency index switched from being above to below that for the contain-

ment and health index, which occurred near the start of study round 11 (Figure 8.5).

For comparison, we also fit a logistic regression model to the policy indices using the Google
mobility data as the predictors (Supplementary Section D.5, Supplementary Figure D.40).
Responses to the four risk-related behavioural questions from the REACT-1 study explained
more variance in the policy index than did the six Google mobility variates (Supplementary
Table D.8), with an out-of-bag PVE (using the Google data) of 0.91 for the stringency index
and 0.90 for the containment and health index (compared to the out-of-bag PVE of 0.99 for the

model leveraging REACT-1 data), despite the Google mobility series using more covariates.

8.4 Discussion

The COVID-19 pandemic was a major shock to health systems, requiring near-unprecedented
responses from governments and individuals to protect individual and public health. Gov-
ernment response in England and many other countries included imposition of lockdowns and

other containment measures, with legal restrictions on population mobility and behaviours. We
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Figure 8.5: The OxCGRT stringency index and containment and health index (solid lines)
between October 2020 and March 2022 and the model predictions based on behaviours reported
in REACT-1 questionnaires (dotted lines). We do not fit the model to data from study round
7 as the relevant question was not asked in this round.

show strong evidence that individuals substantially changed their behaviours over time, with

behaviours to reduce risk of infection closely reflecting these policy shifts during the pandemic.

Within the period considered (19 June 2020 - 31 March 2022), protective behaviours were most
pronounced in January 2021, during the winter wave of COVID-19 in England, when very few
people had been vaccinated. Over the following months, vaccination rates increased while
the prevalence of infection decreased, and the proportion of people that reported protective

behaviours decreased.

Infection prevalence sharply increased over December 2021 and January 2022 due to the Omi-
cron BA.1 variant [390] accompanied by an uptick in protective behaviours, although not to
the previous levels seen in January 2021 during the second national lockdown. This was then
followed by a second wave during February and March 2022 due to the Omicron BA.2 variant,
resulting in the highest recorded SARS-CoV-2 prevalence in REACT [49]. However, at the
same time there was a fall in protective behaviours, indicating possible “pandemic fatigue”.
This is particularly noticeable in the wearing of face coverings, which decreased rapidly over
February and March 2022 to an all-time low, after being at relatively constant levels since face

covering wearing was first recommended in July 2020.
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We found important differences between demographic groups. For example, those living in
larger households were generally less likely to report shielding, but were more likely to report
not leaving the home. There were also large differences by age, and at times, by sex, ethnicity,
and region. Understanding potential differences in behaviours by demographic groups is critical

for planning and implementing NPIs [397].

Our results show that reported behaviours and reasons for leaving the home were strongly
correlated with the OxCGRT stringency index and the OxCGRT containment and health
index, and the publicly available Google mobility data, demonstrating the potential value of
both the Google mobility data and the OxCGRT indices as population-level proxies for social-
distancing behaviours. These are complementary to individual-based self-reported variables
enabling the investigation of potential determinants of behavioural changes throughout the
pandemic. However, there is no guarantee these relationships would generalise outside the time
periods considered, particularly as signs of pandemic fatigue in later rounds could decrease the
correlation between self-reported behaviours and the OxCGRT indices. We also emphasise
that our analyses do not indicate whether policy changes are leading or lagging indicators of

behavioural change, a key issue in preparing for any future pandemic.
8.4.1 Limitations

Interpretation of our data is dependent on the accuracy of the self-reported behaviours. Pre-
vious studies have indicated that behaviour-related signals may be drowned out by bias and
noise in self-report data [398], and adherence to protective behaviours may be substantially
overestimated in self-reported data both historically [399], and during the COVID-19 pandemic
[400]. While the strong associations between our data and aggregated community mobility data
and policy indices lend some contextual validity to our findings, we cannot exclude biases in
reporting, for example, across demographic groups. We made changes to the questionnaire
over the nearly two years of the study, in some cases to reflect the evolving situation and
terminology such as “shielding”, “support bubbles”, and the tier system of restrictions, which
meant that participant responses over time were not always directly comparable. Additionally,
the design of the study involving repeated cross-sectional sampling per round [48] meant that

the observed trends reflect changes across representative samples of the population, and in this

analysis we did not investigate how an individual’s behaviour changed over time.
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8.4.2 Conclusion

Despite speculation that populations such as England would not be willing to change their
behaviours in response to an infectious disease threat [401], our study, along with others [402,
403] show that this is patently not the case. We show that the behavioural response closely fol-
lowed the implementation of government restrictions, but these large behavioural changes may
not be replicated in future events, particularly given the strong evidence of “pandemic fatigue”
at the end of the study in March 2022. COVID-19 shaped and strengthened many people’s
views about the effectiveness of such measures [404], and with multiple pandemic-potential
infectious diseases being monitored (such as H5N1 [405] and Mpox [406]), understanding peo-
ple’s behavioural decisions, notably though self-reported data, remains a critical component of

future pandemic preparedness.
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Chapter 9

Revisiting Chapters 4, 5, and 6
through the lens of Chapter 3

This thesis is structured approximately in reverse chronological order. While uncertainty is a
focus throughout, lessons from later chapters inform earlier chapters. Here, we briefly revisit
aspects of later chapters through the uncertainty framework introduced in Chapter 3. For
consistency with Chapter 4, we use the names “EpiEstim” and “EpiFilter” to refer to the Ry

estimators described in [114] and [115], respectively.
9.1 Uncertainty in the Poisson renewal model (Chapter 3)
EpiEstim [114] and EpiFilter [115] estimate R; using the Poisson renewal model, defined as:
t
Cy ~ Poisson (RiA¢), where Ay = Z Ci_ywu, (9.1)
u=1

C} is the number of reported cases at time ¢, R; is the reproduction number, and w is the
probability mass function of the serial interval. Both models assume the infection pressure A;

at each time step is known.

Consider estimating R; at time ¢. The Bayesian approach places a prior distribution on R; and
updates it with the likelihood (Equation 9.1). Using a conjugate Gamma prior distribution and

conditioning on past cases Ci.;—1 (equivalent to EpiEstim with no smoothing), the posterior
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9.1. UNCERTAINTY IN THE POISSON RENEWAL MODEL (CHAPTER 3)

distribution for Ry is:

P(Re|Cr:t) < p(Ct| Ry, Crip—1) - p(R¢|Crip—1) (9.2)
o< (ReAy)CreBete . Ro—lo=AR: (9.3)

Likelihood (renewal model) Prior distribution
~ Gamma (a + Cy, B+ Ay) . (9.4)

This model assumes no uncertainty flows from the infection pressure A; because both the
historical case trajectory Ci.;—1 and serial interval w are treated as known. This contradicts
the intuition that uncertainty should be accounted for in past (as well as current) cases, an
intuition that likely arises because, in reality, infections generate further infections, which are
then reported as cases. In this model, cases directly generate cases. Once observed, the Cy
are treated as a ground truth and are not a source of uncertainty. This is a fundamental

assumption of the model rather than a reflection of reality.

The models employed by EpiEstim and EpiFilter differ solely in their approach to smooth-
ing'. By default, both feature fixed irreducible uncertainty and no reducible uncertainty. In
Chapter 4, we introduced estimators for their smoothing parameters (k and 7n), extending the
model’s joint posterior distributions to include these parameters. Estimating these parameters
substantially improves the quality of fit, due to (a) improved parameter selection, and (b) the

fact that marginalising out nuisance parameters better accounts for overall uncertainty.

The framework in Chapter 3 helps conceptualise why this estimation and marginalisation helps:
(i) it allows the model to select an appropriate level of irreducible uncertainty by estimating
the value of k/n, and (ii) it introduces a new source of reducible uncertainty by propagating
uncertainty about these parameters. The decision-theoretic definition of uncertainty in Chapter

3 enables explicit decomposition of these sources.
9.1.1 Example: EpiFilter with n estimation

Consider the smoothing (forward- and backward-looking) version of EpiFilter which assumes
that R; follows a random walk, and targets marginal posterior distributions p(R;|C1.7). We

examine the following questions:

!A range of adaptations to these models have been developed. We refer here to the original models as
published in [114] and [115], respectively.
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9.1. UNCERTAINTY IN THE POISSON RENEWAL MODEL (CHAPTER 3)

1. How much uncertainty about 7 is irreducible?
2. Is uncertainty about R; reduced by learning about 7n?
3. Is marginalising out 1 necessary, or does a point estimate suffice?

We take a time-series view of the missing data, treating ym;ss as the (potentially infinite) values
of Cr41.00 that could be observed. Knowing these data would improve estimation of 7, and
therefore of R;. We consider the same dataset used in Chapter 4: reported cases of COVID-19

in Aotearoa New Zealand between 17 August 2021 and 14 February 2022.

To sample the missing data, we first fit the model to the observed cases Ci.7. We then sample
(Rg), n®) ~ p(Ry,n|Cr.r) from the joint posterior distribution at time T, and iteratively sim-
ulate Rgzl ~ p(Rt+1|R§i), n@) and Ct(_?l ~ Poisson(REQlAgl) fort =T+1,...,T", appending
the sampled cases to the observed cases. To ensure the plausibility of the simulated data,
we restrict max Cy < 10° (one fifth of the population of New Zealand), resampling the entire
trajectory if violated. We refer to this as Scenario A. Examples of simulated trajectories are

shown in Figure 9.1-A.

Most trajectories in Scenario A result in rapid extinction, an implication of the chosen model.
To see this, note that as R; follows a random walk and cases follow the Poisson renewal model,
the modelled case trajectory either goes extinct or explodes. By forcing max C; < 10°, we rule
out the explosive trajectories (which are also the most informative about 7), leaving only those

that go extinct.

To examine how the uncertainty reduction changes with longer-running epidemics, we also
consider the scenario where C’t(_?l are sampled from a Poisson distribution truncated to values
> 10. The same maximum-case restriction is imposed. We refer to this as Scenario B. Examples

of simulated trajectories are shown in Figure 9.1-B.

The grid-based approximations employed by EpiFilter can be viewed as enforcing discrete prior
distributions on R; and 7, so we directly calculate measures of uncertainty from the grid-based
posterior distributions. Focusing on probabilistic modelling, we use the log-loss function and

therefore entropy as our measure of uncertainty. As we cannot simulate an infinite quantity of
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9.1. UNCERTAINTY IN THE POISSON RENEWAL MODEL (CHAPTER 3)

data, we truncate the missing data at T* = T + 500 days for Scenario A and T* = T + 1000

days for Scenario B. In Scenario A, all trajectories go extinct by T™*.
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Figure 9.1: Panels A and B show the observed case trajectory (red) and 30 simulated case
trajectories (blue) for Scenario A and Scenario B respectively. Panels C (Scenario A) and D
(Scenario B) show the posterior entropy of the posterior distribution of 7 fit to data up to time
t. Thin blue lines show the posterior entropy from fits to individual simulations, while the
thick blue line shows the average posterior entropy. The dotted red line projects the posterior
entropy of ) at the final observed time step. The gap between the dotted red line and thick blue
line at 7™ is the expected uncertainty reduction about 7. Panel E shows the daily posterior
entropy of R; for Scenario A (red), Scenario B (green), and the observed posterior entropy
(blue).

Question 1: How much uncertainty about 7 is irreducible?

The posterior entropy of ) over time is shown in Figure 9.1-C (for Scenario A) and Figure 9.1-D

(for Scenario B). In theory, if the epidemic continued indefinitely, all model-based uncertainty
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about 1 would be reducible. However, because trajectories in Scenario A go extinct quickly,
the information about 7 is limited. The expected uncertainty reduction about 7 is small (0.36
nats, where a nat is the natural-logarithm unit of information) relative to total uncertainty
(3.07 nats). The expected uncertainty reduction is greater in Scenario B (0.99 nats), as the
epidemic is forced to continue for longer, although a very large increase in T would be required
to reduce uncertainty about 7 to near zero. Even the observed uncertainty about 7 flattens
out over time, suggesting that after a certain point (in this example we observe 182 days of

reported cases), there is little benefit to collecting more data, if the goal is to learn about 7.
Question 2: Can we reduce uncertainty about R; by learning about n?

As 1 determines the smoothness of Ry, the absolute value of 1 partly determines the irreducible
uncertainty in R; (small n implies that R; changes slowly, so less irreducible uncertainty is in-
troduced at each time step). Indeed, this is the primary motivation behind the estimation
procedure developed in Chapter 4. In addition to optimising the value of 7, uncertainty about
7 itself propagates to R; uncertainty via marginalisation. All else held equal, decreasing uncer-
tainty about 7 should reduce uncertainty about R;. We present the observed daily posterior
entropy of R; in Figure 9.1-E, alongside the expected daily posterior entropy under Scenarios

A and B.

The max C; < 10° restriction (in both scenarios) and truncation of C; > 10 (in Scenario B),
mean that the predictive models are not coherent with respect to the fitted model, so the
expected uncertainty reduction is not guaranteed to be positive. Under a coherent model, we
should observe E[n|Cr.r] = Ec,,,.. [E[n|C1.0]]. That is, our central estimate of 7 should
not change by including simulated missing data (intuitively, our simulated data should not

introduce any bias in our estimate of 7). As seen below, this is not the case here.

In Scenario A, the expected uncertainty reduction is slightly negative, that is, uncertainty about
Ry (for t < T) increases as the missing data are collected. This occurs because the max C; < 105
restriction rules out the case trajectories that are most informative about 7 (those with larger
values of C;) and also results in simulated trajectories eliminating earlier on average, thus
providing less information about 77 than expected. This prevents the model from “ruling out”

higher values of 7, thus resulting in greater uncertainty about R;. Scenario A provides a clear
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example of how a non-coherent predictive model, where implicit assumptions about the missing

data do not correspond to the realised missing data, can lead to counterintuitive results.

In Scenario B, the expected uncertainty reduction is positive. At least part of this reduction
can be attributed to the truncation of the predictive distribution for C; ensuring that simulated
trajectories continue indefinitely (or, at least until 7*), thus decreasing uncertainty about n
relative to Scenario A. However, by forcing C; to be at least 10, we also ensure that R; appears
to change less abruptly. The average posterior mean of n after fitting to the simulated data
in Scenario B is 0.098, compared to 0.122 when fitting to only the observed data, which also

contributes to the reduction in uncertainty about R;.
Question 3: Is marginalising out 7 necessary, or does a point estimate suffice?

Uncertainty about 7 has less of an impact on our uncertainty about R; than the central estimate

of n does. We can formalise this using mutual information, stated in our context as:

H(Ry) = H(Rn) + I(Rgn)
—— ——— ———
Entropy Conditional entropy = Mutual information

The conditional entropy is estimated by sampling ' ~ p(n|Cy.r), fitting the model to the
observed C4.7 conditional on 7/, calculating the posterior entropy of R; and repeating this
procedure and averaging the entropies. The mutual information (a Kullback-Leibler divergence)
is then the difference of the total and conditional entropies, and describes the excess “surprise”
from modelling (R;,n) using their independent marginal distributions, rather than their joint

distribution.

Total entropy H (R;) ranges between 2.38 nats and 4.21 nats, with an average of 2.92 nats. The
estimated conditional entropy H (R;|n) ranges between 2.38 nats and 4.19 nats, with an average
of 2.91 nats. That is, the vast majority of R, entropy comes from the conditional entropy (a

function of the central value of ), with very little coming from the mutual information.

This provides strong evidence that, in this example, using a point estimate of 1 would suffice
when quantifying the level of uncertainty about R;. This has practical implications, as esti-
mating the value of n (or k in EpiEstim) is easier than marginalising it out. Estimation of the
optimal k in the Microsoft Excel-based implementation of EpiEstim is feasible, while marginal-

isation is more complex, making our finding particularly relevant in this setting. Investigating
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WITH LATENT INFECTIONS (CHAPTER 5)

whether this finding generalises to other datasets and models is a potential avenue for future

work.

9.2 Using SMC methods to quantify uncertainty in a renewal
model with latent infections (Chapter 5)

We have thus far only considered the simple renewal model for reported cases. If we want to
fully account for uncertainty associated with the reported case trajectory, we should explic-
itly model latent infections and the observation process. There are many possible sources of
reducible uncertainty in this context. For this example, we focus on uncertainty arising from
case underreporting, although other sources of observation noise (e.g., reporting delays, false

positive/negative tests, and day-of-week effects [36, 205, 293]) could also be considered.

We consider the following model:

log R; ~ Normal(log Ry_1,0),

t—1
I; ~ Poisson (Rt Z It_uwu> ,

u=1

Ct ~ Binomial(1, p),

where I is the latent infection incidence which we only fully observe when p = 1. For demon-
stration purposes, we assume that o = 0.1 and p = 0.2 are known parameters. We fit this
model using SMC methods (Chapter 5) to the same New Zealand case data as in the previous

section (COVID-19 cases reported between 17 August 2021 and 14 February 2022).

To estimate the expected uncertainty reduction associated with increasing the case ascertain-

fii_,e R from the posterior predictive

ment ratio p, we fit the model to the observed data, sample C}.
distribution (Chapter 5, Section 5), refit the model to these data at the new value of p = p*,
calculate the posterior variance of R, and repeat this procedure 100 times. We consider val-
ues of p* = 0.4,0.6,0.8,and 1.0. By measuring uncertainty with the posterior variance, we

are implicitly targeting a point estimate of R; (the posterior mean) and have a quadratic loss

function.

Figure 9.2-A shows the observed posterior mean and 95% credible intervals of R; over time for

the observed data (red) and expected observed data under perfect reporting (p* = 1, blue).
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Figure 9.2: Panel A shows the posterior mean and 95% credible intervals of R; over time, fit to
observed case data (red) and fit to expected observed case data under perfect reporting (blue).
Panel B shows the posterior variance of R; over time for the observed data (red) and expected
posterior variance under increasing values of p (green to blue). The dark blue line represents
the irreducible uncertainty about R; in this model, while the gap between the red and blue
lines represents the expected reducible uncertainty.

The specific simulated dataset used for the expected observed data was chosen by finding the
simulated dataset that minimised the squared difference in daily posterior variance between
the simulation and the average posterior variance of all simulations. That is, the blue curve
represents a “typical” posterior mean and 95% credible interval for R; under perfect reporting.
Coherence between the fitted and predictive models ensures that the credible intervals of the
expected posterior distribution are generally contained within those of the observed posterior
distribution, ignoring pathological behaviour during the initial time steps (where there are

insufficient past cases to reliably estimate Ay).

The expected uncertainty reduction associated with increasing p is also shown in Figure 9.2-B.
In this example, a considerable reduction in variance can be expected to be obtained by im-
proving case reporting. To determine whether it is worth investing in improved case reporting,
the loss function could be expanded to include an economic cost of uncertainty in R;. By

comparing this with the economic cost of improving case reporting, the underlying model can
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(CHAPTER 6)

be directly connected to decision-making.

This modelling approach has the added advantage of allowing for uncertainty in the infection
pressure A; over time. A; is an interesting quantity in its own right, as it describes the total
infectiousness of the population at time ¢. For example, while there are many definitions of
the elimination of an epidemic (e.g., no reported cases for two mean generation intervals)
[118, 252, 270], a natural definition is A; = 0. Knowing when elimination has been achieved is
crucial in public health decision-making, particularly for considering the relaxation of expensive
control measures. Future work could consider how uncertainty about A; can be controlled and
reduced, and therefore how to best design surveillance systems to reliably detect elimination,

ideally minimising the duration of costly interventions.

9.3 Data collection strategies for epidemic prevalence surveys
(Chapter 6)

For this example, we apply our framework to the SIMPLE model of epidemic prevalence sur-
veys introduced in Chapter 6. We first fit the model (of the growth rate with a beta-binomial
observation distribution) to publicly available data from the REal-time Assessment of Com-
munity Transmission-1 (REACT-1) study between 30 December 2020 and 21 January 2021,
stratified by the nine regions of England. We then assume a hypothetical scenario in which 360
daily tests are available over the following seven days, and consider how to best allocate these
tests. In addition to an equal allocation (40 tests per region per day), we consider combinations
of lower tests (20 tests per region per day) and higher tests (50, 56, 65, 80, 110, and 200 tests

per region per day, depending on how many regions receive the lower and higher allocations).

As each region is modelled independently, the total entropy is the sum of the entropy from

each region:
9

H [p(z1, - 20.tY0bs)] = D H [p(2i.t|yobs)] (9.5)

i=1

where z; ; represents either the prevalence (P;) or growth rate in prevalence (r¢) of SARS-CoV-2

in region ¢ on day t after the conclusion of the observed data.

The missing data are the results of the hypothetical future tests, ymiss = njt We sample these

by first sampling initial values from the fitted model (ro;, Po.i,0;) ~ p(ro, Po,0|yops) (where
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time step 0 is the final time step of the observed data) and then simulating the model forward,
iteratively sampling r; ~ p(r¢|ri—1,6;) and setting P, = P,_jexp(r;). By fitting the model
t0 {Yobs, Ymiss |, calculating the associated entropy, and repeating the procedure 50 times, we
obtain a Monte Carlo estimate of the expected uncertainty reduction associated with a specific

test allocation.

At the final time step of the observed data, we find that the North East has the greatest
uncertainty about both r; and P; (Figure 9.3). While the South West has the second-greatest
uncertainty about r;, it has the lowest uncertainty about P;. Similarly, while London has
the second-greatest uncertainty about P;, it has the second-lowest uncertainty about r;. This
inverse relationship between uncertainty about r; and P; holds in general. Regions with greater
prevalence will return more positive tests, allowing for more accurate estimates of r¢, but less
accurate estimates of P in absolute terms (simply because the variance of the beta-binomial
distribution increases with P, for P; < 0.5). The North East breaks this trend as it has a higher
estimated level of overdispersion and returned fewer tests than the other regions, so features

greater uncertainty about both P, and r;.

Growth rate Prevalence
North East (H = -0.47) @ o North East (H = -3.54)
2
£ 4 South West (H = -0.54)
§ Yorkshire and the Humber (H = —0.59)
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Figure 9.3: Uncertainty (posterior entropy) about the growth rate (left) and prevalence (right)
of SARS-CoV-2 by region in England on 21 January 2021, from fitting the SIMPLE model to
REACT-1 data between 30 December 2020 and 21 January 2021. NE denotes the North East
region and YH denotes Yorkshire and The Humber.

Short-term expected uncertainty about P; is minimised by prioritising testing in the North East
and Yorkshire and The Humber (Figure 9.4), regions with larger uncertainty about the growth

rate. This strategy is optimal as greater uncertainty about r; today translates into greater
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uncertainty about P; tomorrow. Longer-term expected uncertainty about P, is minimised by

an equal allocation of tests.
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Figure 9.4: Total expected uncertainty about prevalence of SARS-CoV-2 in England under
different regional test allocation strategies. The total expected uncertainty is shown for 1, 2,
..., 7 time steps ahead, assuming the allocation is the same on each day. When two/five regions
have priority, they receive 110/56 tests per day each with 20 tests per day for the other regions.

9.4 Conclusion

This chapter presented examples of how the uncertainty framework from Chapter 3 can be
applied to different scenarios. These applications improved understanding of model behaviour,
justified the use of simpler modelling techniques (using a point estimate of k instead of marginal-
isation), quantified the benefits of improved data collection (through increasing the case ascer-
tainment ratio), and informed practical data collection strategies (test allocation in an epidemic
prevalence survey). Overall, these examples demonstrate how a unified treatment of uncertainty

can sharpen inference, clarify trade-offs, and guide study design.
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Chapter 10

Discussion

As Chapters 3-to-8 feature standalone papers, each chapter contains its own discussion section.
We therefore provide a single-paragraph summary of each chapter here, and then focus on a
discussion of select overarching themes. We conclude with a reflection on the limitations of

this thesis as a whole and directions for future work.

10.1 Summary of key contributions

Chapter 3 develops a conceptual framework for quantifying uncertainty in epidemiological
models. By taking a first-principles decision-theoretic approach, an otherwise-ethereal notion
of uncertainty is tied directly to real-world decision-making. We use this to separate model-
based uncertainty into irreducible and reducible components, giving a mathematically precise
decomposition of the total uncertainty in a model. Most importantly, this framework provides
a principled basis on which more advanced methods for uncertainty quantification can be

developed.

Chapter 4 focuses on improving the uncertainty quantification in two popular methods for
estimating the instantaneous reproduction number (R;): EpiEstim and EpiFilter. We show
that estimating and marginalising the smoothing parameters in each model substantially im-
proves calibration of uncertainty intervals, while also improving point-estimate accuracy. This
provides a simple way to improve the robustness of inferences for public health decision-
making, without requiring substantial changes to existing workflows, as many practitioners
are already familiar with these methods. Julia implementations of both methods are provided

here: https://nicsteyn2.github.io/RobustRtEstimators/.
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Chapter 5 develops methods for fitting hidden-state-based renewal models using sequential
Monte Carlo (SMC) and particle marginal Metropolis-Hastings (PMMH). This creates a toolkit
for researchers to quickly and easily construct a wide range of models from scratch, ensuring
they fully understand the underlying assumptions of their models, while facilitating rapid
testing and comparison of these models. By coupling SMC with PMMH, we also enable the joint
estimation of both static parameters and latent states, allowing for comprehensive uncertainty
quantification. Extensive online material is provided to facilitate uptake of these methods,

which can be found here: https://nicsteyn2.github.io/SMCforRt/.

Chapter 6 presents a novel approach for smoothing and performing inference on epidemic
prevalence survey data, comparing this with two existing approaches. We highlight how minor
changes in model structure, such as allowing for observation overdispersion, can have substan-
tial implications for inference. This chapter also presents the two existing approaches (which
were developed for specific applications) in a general setting using common notation, allowing
for direct comparison of their assumptions and implications, and improving the accessibility of

all three approaches.

Chapter 7 constructs a joint model for SARS-CoV-2 wastewater and case data in Aotearoa
New Zealand and fits it using the SMC/PMMH framework from Chapter 5. This work high-
lights the value that wastewater data can bring to epidemiological modelling, particularly in
compensating for biases in traditional passive surveillance data. By simultaneously modelling
both data streams, we can also estimate the relative case ascertainment ratio over time, pro-
viding a valuable tool for public health decision-making answering the question: are reported

cases decreasing because of reduced transmission, or reduced reporting?

Chapter 8 uses data from the large-scale REal-time Assessment of Community Transmission-
1 (REACT-1) study to estimate the prevalence of self-reported behaviours in England during
the COVID-19 pandemic. This provides the largest-sample estimates of risk-related behaviours
during the pandemic in England. We also use these outputs to explore relationships with
population-level mobility datasets, justifying their use as proxies for behaviour in epidemiolog-
ical models. Finally, we make extensive anonymised data available to facilitate further research,

which can be found here: https://github.com/nicsteyn2/REACTBehaviouralData.
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Finally, Chapter 9 revisits the models from Chapters 4, 5, and 6 through the lens of Chapter 3.
We provide further insight into why the estimation and marginalisation of smoothing param-
eters improves uncertainty quantification in Chapter 4, demonstrate how the SMC/PMMH
framework from Chapter 5 can be used to extend uncertainty quantification in the renewal
model to latent infections, and explore survey sampling strategies to reduce uncertainty in

estimates made using epidemic prevalence survey data in models from Chapter 6.

10.2 Discussion topics

10.2.1 Uncertainty quantification in epidemiological modelling

Uncertainty is a recurring theme throughout this thesis. This is most explicit in Chapter 3,
in which we provide a definition of uncertainty and discuss specific ways of conceptualising
it in epidemiological modelling. However, uncertainty is also a central consideration in other

chapters.

While many modern epidemiological methods quantify uncertainty within the Bayesian
paradigm, the foundational training of public health practitioners has traditionally emphasised
frequentist tools [407]. The notion of calibration, that a 100(1—a))% uncertainty interval should
contain the true value 100(1 — )% of the time, is fundamentally frequentist and also a natural
expectation for many users of epidemiological models. The subjective Bayesian framework,
however, does not ensure calibration, since probabilities represent beliefs rather than long-run
frequency. Despite this, many practitioners intuitively expect Bayesian credible intervals, such

as those produced by EpiEstim and EpiFilter, to be reasonably well calibrated.

Despite Bayesian methods not targeting calibration, the marginalisation approach we use in
Chapter 4 improves the calibration of Bayesian credible intervals. By allowing the model to
be sufficiently expressive (by adapting the smoothness of R;), it can approximate the true
data-generating process, even if the model (the prior distribution and likelihood) is misspeci-
fied. Bernstein-von Mises (BvM) theorems then imply that the Bayesian credible intervals will
asymptotically coincide with frequentist confidence intervals as the quantity of data increases
[408, 409]. However, we note that whether a relevant BvM theorem holds for the R; esti-

mates themselves, or only to estimates of the smoothing parameter, remains an open question.
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This idea also applies to the models for epidemic prevalence survey data considered in Chap-
ter 6, where we again consider the calibration of Bayesian credible intervals after parameter

marginalisation.

Chapter 5 provides methods for comprehensive uncertainty quantification in hidden-state-based
renewal models. Many alternative published methods for fitting these models, such as linearised
Kalman filters [119] or Laplace approximations [235] can misrepresent uncertainty through
comparatively crude approximations of the targeted posterior distribution. The true advantage
of SMC methods in this context is that they directly produce samples from the posterior
distribution of interest. The computational cost of traditional Markov chain Monte Carlo
methods here is often prohibitive, particularly as hidden-state models often feature highly
correlated latent states (this is why the Eales approach in Chapter 6 can be slow). The
advantage of SMC methods in this setting is they explicitly leverage the temporal structure of

the model to more efficiently sample from the posterior distribution.

Chapter 8 takes a distinctly different view of uncertainty, being the only chapter to use a
frequentist approach. Here, uncertainty about the prevalence of self-reported behaviours is
addressed through the lens of sampling variability, with confidence intervals reflecting the
variability that would be observed if the data collection process were repeated. This naturally
leads to well-calibrated confidence intervals, under the assumption that the model is correctly
specified. Two areas of concern are the validity of the model weights (they are calibrated
to the demographics of the UK population, but do not account for other potential sources
of bias, including correlation in inclusion probability with the outcome of interest), and the
assumption of binomial sampling. As seen in Chapter 6 (Paper IV), overdispersion in epidemic
prevalence survey data has substantial implications for the estimation of infection prevalence;

it is reasonable to expect that overdispersion is also present in behavioural responses.
10.2.2 Consolidation, reproducibility, accessibility, and interdisciplinarity

As statistical epidemiology expands and draws on an ever-increasing variety of datasets and
methods, there is a growing need for consolidation. Bringing approaches into common frame-
works, clarifying their assumptions, and highlighting connections across applications will ulti-

mately improve transparency and reproducibility. The work in this thesis contributes to this
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goal by showing, for example, how various methods for modelling survey data are related, or
how the SMC framework can be used to fit a range of models that account for epidemiological
best practices, that would otherwise require bespoke fitting algorithms. Such consolidation
strengthens the field by ensuring that methodological innovations accumulate and build on one

another, rather than being developed in isolation.

Reproducibility and accessibility are also crucial for ensuring that methodological advances
have a lasting impact. There has been a push towards open science in the scientific community
more broadly [410], and, in my experience, epidemiology has been a leader in this regard, with
the publication of well-documented open-source software being the norm for new methods.
This thesis continues this tradition, with extensive online material accompanying Chapters
3-to-8, including code to reproduce all results and, in some cases, interactive applications to
facilitate exploration of the methods and data. This not only allows other researchers to verify

and build on the work presented here, but also makes these methods more immediately usable.

Finally, interdisciplinarity is becoming increasingly important in epidemiological modelling.
Rapid advances in other fields, such as machine learning and statistics, can provide powerful
new tools and perspectives for infectious disease modelling. This thesis draws on a range
of ideas from across statistics and epidemiology, demonstrating how various concepts can be
adapted and applied to epidemiological problems. By bridging the gap between disciplines, we
can develop more robust and flexible models that are better suited to the complex challenges

of statistical epidemiology.
10.2.3 Policy relevance of epidemiological modelling

To maximise their utility, epidemiological models must be both methodologically rigorous and
relevant to policymakers. These two goals are sometimes seen as being in conflict, with method-
ological rigour being associated with complex models that are difficult to understand and com-
municate, while policy relevance is associated with simpler models that are easier to interpret
but make unrealistic assumptions and simplifications. This thesis demonstrates that these two
goals can be achieved simultaneously. We have shown that topics usually considered to be
mostly theoretical, even philosophical, in nature, such as uncertainty quantification, can be di-

rectly tied to practical decision-making. Furthermore, we showed that relatively simple changes
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to existing models, such as the estimation and marginalisation of smoothing parameters, can
substantially improve the robustness of inferences without requiring major changes to existing

workflows.

10.3 Limitations of this thesis

Like any piece of research, each chapter in this thesis has its own limitations, which are discussed

in the respective chapters. Here, we recognise three overarching limitations of this thesis.

First, this thesis has a narrow geographic focus. All chapters use data from either the United
Kingdom or Aotearoa New Zealand, two high-income Anglophone countries with substantial
resources for infectious disease surveillance and research. While the methods we develop are
broadly applicable, the specific applications and lessons learned may not generalise to other
settings. A recent review found a limited number of infectious disease modelling studies in
South Asia and Africa in particular, despite the relatively high burden of infectious diseases in

these regions [23].

Second, this thesis is narrow in terms of pathogens considered. The only pathogen explic-
itly considered is SARS-CoV-2, the virus that causes COVID-19, which dominated infectious
disease research from 2020 onwards, although we do consider other pathogens in the appen-
dices. The methods developed here are broadly applicable to other pathogens, particularly
those that are directly transmitted between humans with generation intervals on the order of
days. Beyond this, the applicability to pathogens with much longer generation intervals (e.g.,
HIV) or indirect transmission (e.g., vector-borne diseases such as malaria or dengue) is less

clear.

Finally, this thesis is narrow in terms of epidemiological models, focusing almost entirely on
the renewal model. While we demonstrate the wide applicability and flexibility of this model,
we do not compare it with alternative modelling frameworks, such as compartmental models,

agent-based models, or network models, all of which have their own strengths and weaknesses.
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10.4 Directions for future work

Addressing the limitations discussed above is crucial to broaden the applicability, and thus the
impact, of the methods developed in this thesis. There are also many directions for future work

that build directly on the specific chapters of this thesis, including, but not limited to:

e Chapter 3. Extending the decision-theoretic framework to account for “structural uncer-

tainty” (including the use of reference distributions).

e Chapter 3. Investigating application-specific loss functions to enable more targeted un-

certainty quantification.

o Chapter 4. Integrating the developed estimation and marginalisation techniques into

existing tools to facilitate uptake by practitioners.

o Chapter 5. Using SMC-squared [344] to jointly estimate static parameters and latent
states in the online/real-time setting, substantially improving the applicability and rela-

tive value of these methods for real-time outbreak responses.

e Chapter 6. Allowing for abrupt changes in growth rates to better capture sudden changes

in transmission.

e Chapter 7. Using REACT-1 data in addition to reported cases and wastewater sampling
data (in England) to model the dynamics of the viral shedding load, currently a major
unknown in the literature. Doing so would also allow for the estimation of the absolute

case ascertainment ratio, rather than just the relative case ascertainment ratio.

e Chapter 8. Further validating the scenarios in which mobility data are a good proxy for

behaviour.

We conclude this thesis with a discussion of one particularly exciting direction for future work.
Recent research in the machine-learning literature has explored the use of highly flexible deep-
learning black-box predictive models for inference [216]. Such models are trained on vast
quantities of data to predict future observations, which are then used to impute the “missing
data” required to calculate the parameter of interest. By repeatedly imputing the missing data,

a distribution for the parameter of interest can be constructed [98]. Model diagnostics to check
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for coherence (or related conditions, such as martingale or conditionally identically distributed

conditions) are currently under development [216, 223, 411].

This provides a clear pathway, starting from the framework introduced in Chapter 3, to
the application of modern machine-learning methods in epidemiological modelling. Tradi-
tional machine-learning approaches have found limited success in epidemiology due to inherent
data limitations (we only ever observe a single epidemic trajectory) and the need for robust
uncertainty quantification. Machine learning in epidemiology has largely been focused on
“dynamics-informed” models, effectively semi-mechanistic models fit using machine-learning
methods [108]. Instead, a large predictive model could be trained on a very wide range of
epidemic datasets. By taking the predictive approach to inference, this model could be used
to estimate quantities such as Ry, with uncertainty quantification being validated by checking

coherence diagnostics, and then improved through methods such as conformal prediction [412].

In this context, it appears we may be on the cusp of a new paradigm for infectious disease
modelling. Such an approach reduces the need to specify arbitrary model structures by placing
greater reliance on large quantities of data to inform the model. Furthermore, this approach
naturally allows for “transfer learning” in the early stages of an outbreak of a novel pathogen,
where data are inherently limited, potentially allowing for rapid and flexible inference even
when little is known about the pathogen of interest. This is a promising direction for future
research, and one that could substantially improve the robustness and relevance of infectious

disease models for public health decision-making.
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Appendix A

Supplementary material for Chapter
4: Robust uncertainty quantification
in popular estimators of the

instantaneous reproduction number

A.1 Derivations

A.1.1 General notes

Before considering specific derivations, we highlight some useful tools that are common between

estimators.
Predictive decomposition of the likelihood

Letting 6 be the parameter(s) of interest (typically k for EpiEstim or 7 for EpiFilter), the

log-likelihood of 6 at time-step t is defined as:
0(0]|C1.4) = log P(Ch.4]0). (A1)
This can be decomposed into the sum of the one-step-ahead predictive log-likelihoods:
t
£(9|Cl:t) = ZlogP(Cs|Clzs,1,9). (AQ)
s=1

That is, the likelihood of observing all data C7.; is equal to the product of the likelihoods of

observing each data point Cy given the data up to that point Cy.s_1.
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Grid-based approximations

We frequently leverage grid-based approximations to various distributions in EpiFilter, and
to a lesser extent in EpiEstim. These are necessary (in some cases) when considering three
specific variables: the reproduction number Ry, EpiFilter’s smoothing 7, and predictive cases

Cii1.

We denote the grid of values for R; using R, typically using one of length |R| = 1000:
R = {0.01,0.02, .. .,10.000}.

We denote the grid of values for n using &, typically using one of length |£| = 1000:
& ={0.001,0.002,...,1.000}.

Finally, we denote the grid of values for predictive cases Cy;1 using C, and typically use:
C=1{0,1,2,...,10max Cy.7},

where 10 max Cy.p (where C1.p is the observed cases series) is chosen to be sufficiently large to
capture the majority of the predictive distribution. This is checked by ensuring that the sum

of the predictive distribution over C is close to 1.

A grid-based approximation to a distribution for R; (for example) is then given by the set of
values {P(R; = r|---)}rer. We test the sensitivity of our results to the choice of grids in

Supplementary Section A.9.
Wind-in periods

Wind-in periods may be necessary for two reasons. Firstly, if a model is initialised mid-
outbreak, then reported cases at time ¢ (for low ¢) depend on reported cases prior to the
initialisation of the model. A wind-in period is thus necessary to ensure a sufficient number of
past data points are available to inform the model, the necessary duration of which depends
on the specific application. Secondly, the derivation of a one-step-ahead likelihood requires the
predictive distribution of R:y1, which is derived from the posterior distribution of R;, which
requires at least one day of prior data. Thus, model likelihoods can only be calculated from

time-step ¢t = 3 onwards.
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When fitting to data from the 2021 August COVID-19 outbreak in Auckland, New Zealand,
the model is initialised alongside the first reported case, thus only a 3-day wind-in period is
necessary. For simulated data, we assume that the model was initialised mid-outbreak, and

thus use a 10-day wind-in period.

For simulated results, we also normalise the generation time distribution to sum to 1 over [1,¢],
reducing the impact of a wind-in period that does not cover the entire support of the generation

time distribution.

A.1.2 EpiEstim
Model description

EpiEstim assumes that R; is fixed over the interval [t — k 4 1,¢]. The likelihood of observing
Cy_kr1+ given Ry, k, and C1.4_j is then given by the product of the Poisson renewal model

likelihood (Equation 4.1) for each day s in the interval [t — k + 1,¢]:

P i t Cs ,—RiA
— RyA)Cse s
(Ct—k+1:t|Rt701:t—k‘7k) = | I P(Cs|Rt, _/\S) — | I ( t )C '

s=t—k+1 s=t—k+1

(A.3)

A conjugate (shape-rate-parameterised) Gamma(a, §) prior distribution is assumed for Ry,
thus the posterior distribution for R; given k£ and C7.; is also Gamma-distributed:
P(R¢|Ch.t, k) o< P(Cy—py1:4| Re, Cr—g, k) P(Ry)
x <Rt205e—RtZAs> (Rp~temri)
_ R;”Z Crle,Rt(mZ AS) (A4)

t t
~ Gamma = o+ Z Cs, 5t,k =B+ Z A
s=t—k+1 s=t—k+1

The shape parameter oy at time ¢ is the shape parameter of the prior distribution « plus the
sum of the previous k days’ case counts. The rate parameter 3; ;, at time ¢ is the rate parameter
/3 of the prior distribution plus the sum of the previous k days’ force of infection'. We make

regular use of oy, and 3 in the following derivations.

! Through this lens, EpiEstim’s prior parameters o and 8 can be viewed as the assumed number of observed
infections and force-of-infection before any data are collected.
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Likelihood for k

We use the predictive decomposition of the likelihood (Equation A.2) to derive the likelihood

of k given C7.;. First note that:
P(Cs|01:sflak) = /P(CS|RSaCl:sflyk)P(Rs|Clzsflak)dRs- (A5)

The first term in the integral is the Poisson renewal model likelihood (Equation 4.1), and the
second term is the predictive distribution for R, given C1.,_1 and k. We find this predictive

distribution now.

Applying Bayes’ theorem, leveraging EpiEstim’s assumed independence of R from C.5_x, and

substituting in the known distributions gives:

P(Rs|01:s—17k) X P(Ct—k—l—l:s—l‘R&Cl:s—kak)P(Rs)

s—1
= P(RS) H P(Cu|R57 Cl:u—h k)
u=s—k+1
s—1 (AG)
x Rg‘_le_ﬁRs H Rsc“e_RsAs
u=s—k+1

s—1 o 1
— thLZu:skarl Cu le*RS (B+Zi=s—k+l A“) .

Thus, the predictive distribution for R given C4.s_1 and k is Gamma-distributed with shape
parameter «s_1 1 and rate parameter Ss_1 ,—1 (where as_1,—1 and Bs_1 ,—1 are once again

defined in Equation 4.2).

This is not a surprising result. By (EpiEstim’s) definition, Rj is only informed by data between
time-steps s — k + 1 and s, however the predictive distribution for Ry must not include Cs,
so the parameters of the posterior distribution for Rs are the sum over k£ — 1 days of data.
This is the key difference between our approach to “selecting” k and that advocated by the
accumulated prediction error (APE) approach of [242] (Supplementary Section A.8), where the
APE approach temporarily assumes that R is fixed for the preceding k + 1 days, so that the

predictive distribution can be informed by k-days of data.

The predictive distribution for Cy conditional on C7.,_1 and k is a Poisson-Gamma mixture,

and thus is negative binomial:

Cs|C.5—1, k ~ NegativeBinomial | r = a1 p—1,p = M . (A.7)
As + 68—1,]@—1
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A.1. DERIVATIONS

Finally, the log-likelihood of k given C1. is given by the sum of the log-likelihoods of each day
s in the interval [t — k + 1,1]:
¢

. Bs—l k—1
LEk|Cy) = log NegBinPMF | Cs|lr = ag_1p—1,p= —"7——]. A8
( \ Lt) 5:221 g Neg < | 1,k—1,P As+5371,k71 ( )

Posterior distribution for &

The log-likelihood ¢(k|C1.t) (Equation A.8) is sufficient for calculating quantities such as the
maximum likelihood estimate of k. However, in order to marginalise over k, we require the

posterior distribution for k£ given C'.4.

We typically use a Uniform prior distribution over a sufficiently wide range of k values, say
k € {1,2,...,30}, although other discrete prior distributions are possible. The posterior dis-

tribution for & is then proportional to the exponential of ¢(k|C1 : t):

cexp ((k|C14)) ke {l,2,...,30}

P(k|Cry) = {0 (A.9)

otherwise,

where the normalising constant ¢ is chosen such that Y30, P(k|C1.;) = 1. We note here that

this posterior distribution is exact and does not rely upon any approximation.
Marginalising over k

To present estimates of R; that do not depend on our choice of k, we marginalise over k using

the posterior distribution derived above (Equation A.9):
P(R¢|Crt) = P(R¢|Cr, k) P(K|C1st). (A.10)
k

The first term in the summation is given by Equation A.4 and the second term is given by

Equation A.9.

We typically calculate this over a grid R of R; values as defined in Supplementary Section
A.1.1. The resulting posterior mean and credible intervals for R; are then calculated from this
grid and are statements about R; given the data Ci.; (and implicitly the model structure), but

independent of any specific choice of k.
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Posterior predictive distribution

We previously derived the predictive distribution for Cy given C1.;—1, conditional on some value
of k (Equation A.7). We can also marginalise over k to obtain the predictive distribution for
Cy given Cr.p_1:
P(Cy|Cri—1) =Y P(Ce|Crip—1, k) P(k|Cr:—1). (A.11)
k
The first term in the summation is given by Equation A.7 and the second term is given by

Equation A.9.

We typically calculate this over a grid C of potential C; values as defined in Supplementary
Section A.1.1.

Practical notes

At time-step s = 1, there is no past data to inform the predictive distribution for Ry (Equation
A.6). Therefore, Ry is independent of k£ and provides no information about the posterior
distribution for k. When calculating these distributions, we typically begin related summations

at s = 2.

A.1.3 EpiFilter
Model description

EpiFilter models the evolution of R; using a Gaussian random walk with standard deviation
v Ri—1:
Ry|Ry 1 ~ Normal (Ry_1,nv/Bi_1). (A.12)

Given the posterior distribution for R; 1 at time-step ¢ — 1, the posterior distribution for R;
is found by applying the Bayesian filtering equations. Specifically, we first find the update
distribution:

P(Ri|Crur, 1) = / P(Ry|Ri_1, 1) P(Ro_1|Ca_1, ) dRo_1, (A.13)

and then use the Poisson renewal likelihood to find the filtering distribution:

P(R;|Ch.t,m) o< P(Cy| Ry, Cri4—1) P(Ry|Crip—1, 7). (A.14)

Analytical forms for these distributions are not readily available, so they are approximated

using a grid of R; values R. This replaces the integral in Equation A.13 with a summation
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over R;_1 € R, and allows us to normalise the filtering distribution in Equation A.14 by

summing over the grid.
Likelihood for n

We use a similar approach to EpiEstim to derive the likelihood of 7 given Ci.;. Re-writing

Equation A.5 in terms of EpiFilter’s n:

P(RS‘Clls—lvn) = /P(CS‘R&Cl:s—lvn)P(Rs‘Clzs—lan)dRS- (A15)

The first term in the integral is the Poisson renewal model likelihood (Equation 4.1), and
the second term is the update distribution for R, given Cy.s—1 and 7, which is a by-product
from solving the filtering equations (specifically, Equation A.13). Leveraging the grid-based
approximation, we write this as:

P(Rs|Cr.s-1,m) = Y P(Rg|Rs—1 = 1,0)P(Rs—1 = r|C1:5_1,7). (A.16)
reR

Then the probability of observing Cy given C.s—1 and 7 is found by marginalising over Ry:

P(Cs|01:sfla77) = Z P(Cs|Rs =T, Cl:sfl)P(Rs = T|CI:S*17T/)' (A17)
reR

Thus, the log-likelihood of 1 at time-step ¢ can be written as:

E(mcl:t) = Zi:l lOg (ZreR P(CS|RS =T, Cl:sfl) [Er’eR P(Rs = T‘Rs—l = 7“'-,77)P(Rsf1 = T/|Clzs—1777)]) . (A18)
Posterior distribution for 7

The log-likelihood ¢(n|C1.t) (Equation A.18) is sufficient for calculating quantities such as the
maximum likelihood estimate of 1. However, in order to marginalise over 7, we require the

posterior distribution for n given C'.;.

We typically use a Uniform prior distribution over a sufficiently wide range of n values, say

1 € (0,0.5). The posterior distribution for 7 is then proportional to the exponential of £(n|C1.¢):

{cexp (€(n|Cr)) m€(0,0.5)
0

P(n|Cr) = (A.19)

otherwise.

As no analytical form for this distribution is available, we use another grid-approximation (this
time over 1) € £), chosen such that 33, . P(n|C1.+) = 1. This posterior distribution is not exact
in the same sense as the equivalent distribution for k in EpiEstim, but we show that it is a

good approximation for sufficiently large |€| (Supplementary Section A.1.1).
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Marginalising over 7

To present estimates of R; that do not depend on our choice of 1, we marginalise over n using
the posterior distribution derived above (Equation A.19):
P(Ry|C14) = Y P(R|Cr4,m)P(n|C1). (A.20)
ne&
The first term in the summation is given by Equation A.14 and the second term is given by

Equation A.19. We typically calculate this over a grid R of R; values.
Posterior predictive distribution

We marginalise over 7 in Equation A.17 to find the marginal posterior predictive distribution:
P(Ci|Crt-1) = Y P(Ct|Cri—1,m)P(1]|Crs-1)- (A.21)

neé
The first term in the summation is given by Equation A.17 and the second term is given by

Equation A.19.
Marginal smoothing posterior distribution

We focus on real-time analysis in this paper, and thus focus on EpiFilter’s filtering distribution,
the posterior distribution for R; given data up-to time ¢. The full implementation of EpiFilter
also includes a smoothing distribution that incorporates both past and future data in estimates

of R;. It is easy to marginalise out n from this smoothing distribution:
P(Ri|Cyr) = [ P(RCrr.n)P(r[Crr) dn, (A.22)

where P(n|Cy.7) is simply the posterior distribution for n at the final time-step 7. That is,
the predictive decomposition of the likelihood produces the correct likelihood for n regardless

of whether we are considering the filtering or smoothing distribution.

This marginal smoothing posterior distribution is used and compared with other methods in

Supplementary Section A.2.
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A.1.4 Continuous ranked probability score

The continuous ranked probability score (CRPS) is a measure of the accuracy of a probabilistic

forecast. For a given time-step ¢, the CRPS is defined as:
CRPS(F.C)) = [(Fily) 1y > C)dy. (A.23

where Fy(y) is the predictive distribution for C; at time ¢, and I(y > C}) is the indicator
function that is 1 if y > C; and 0 otherwise. The CRPS is a measure of the distance between
the predictive distribution and the observed value. The CRPS for a model is the average CRPS

over all time-steps in the dataset, with lower scores representing better forecasts.

The CRPS is a strictly proper scoring rule, meaning that the optimal forecast is the true
distribution. It is also a strictly consistent scoring rule, meaning that the optimal forecast

converges to the true distribution as the number of observations increases.

We calculate the CRPS using the following formula:
CRPS(Fy,Cy) = Z(Ft(y) ~I(y > Cy))?, (A.24)
yeC
where Fy(y) is the CDF for the predictive distribution of C; (found either analytically in the
case of default EpiEstim, or by taking the cumulative sum over the grid-approximation in the

case of marginalised EpiEstim and EpiFilter).

CRPS should only be compared between models that have been fit to the same data, as it
is a measure of the accuracy of a forecast, not the quality of a model. In Supplementary
Section A.5 we average results over multiple simulated epidemics. To ensure that CRPS values
are comparable, in this section, we report the average of CRPS scores relative to the default

EpiEstim model.
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A.2 Smoothing posterior distributions and comparisons with
additional methods

The material in this supplementary section has been published as a live document online. We
provide a copy here for record, although the reader may find the online document more up-to-

date.

A.2.1 Background

Many state-of-the-art R; estimation methods target the smoothing distribution, rather than the
filtering distribution (see below). Examples include the smoothing version of EpiFilter [115],
EpiNow?2 [139], EpiLPS [235], and rtestim [124]. We compare and contrast these methods on

simulated data here.

For each method, we:

Find the posterior distribution for R;

Find the posterior predictive distribution for observed cases C;

Calculate the calibration of the implied 95% credible intervals for R; and C}

Calculate the CRPS of the posterior predictive distribution for observed cases

We use C to highlight when we are treating reported cases as a random variable, instead of as

observed data.

Unlike the other methods listed, rtestim is frequentist in nature. In this case, we replace
posterior means/modes and credible intervals with estimates and confidence intervals. All of

the above metrics still apply and carry comparable interpretations.

The posterior predictive distribution obtained from smoothing methods typically provides
within-sample estimates. That is, the observed value C; is used to find the posterior pre-
dictive distribution of Cy. This can occur either indirectly (observed Cy informs R, estimates,
which then are used to predict ét) or directly (observed Cy informs estimates of latent infection
incidence, from which C; are generated). This changes the interpretation of CRPS from a score

of future predictions to a score of how well the data-generating mechanism is modelled.

239


https://nicsteyn2.github.io/RobustRtEstimators/OtherMethods.html

A.2. SMOOTHING POSTERIOR DISTRIBUTIONS AND COMPARISONS WITH
ADDITIONAL METHODS

In many cases, existing methodology had to be extended to find the posterior predictive dis-
tributions or to calculate the CRPS. Model descriptions are otherwise kept to a minimum.
Where possible, default options of these models are used, although minor modifications are

made where defaults lead to obviously suboptimal results.
Code to explicitly reproduce these results and figures is provided on GitHub.
Filtering versus smoothing

The filtering posterior distribution depends only on past data and is written P(R:|Cy.t),
whereas the smoothing posterior distribution depends on all data and is written P(R:|C}.7)

[119].

When producing estimates at the most recent time-step, only the filtering distribution is ac-
cessible, as future data are not yet available, whereas the smoothing distribution is generally
preferred for retrospective analysis, as it incorporates all available data. Note that, at time

t =T, the filtering and smoothing distributions are equivalent.

In the main paper, we focus on methods for estimating R; in real-time. That is, we target the
filtering distribution rather than the smoothing distribution. In this supplementary section we

consider the latter.

A.2.2 Methods
EpiFilter (smoothing)

We outline how EpiFilter can be used to find the marginal smoothing posterior distribution in

Supplementary Section A.1.3.

The posterior smoothing distribution for observed case incidence is found by marginalising over
R, from the smoothing posterior distribution for R; (instead of the predictive distribution for
Ry):

P(Cy|Chp) = / P(Cy| Ry, Cror)P(R:|Crr) dR:.

For simplicity, we use the renewal model for P(C’t|Rt, Cy.7), even though this ignores future

reported case incidence. That is, future case data Cp.r only features in P(C’t\CLT) via R;.
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EpiNow2

Rather than using a Gaussian random walk (as in EpiFilter) or fixed sliding windows (as
in EpiEstim), EpiNow2 models the evolution of R; using a Gaussian process. The default
implementation then assumes that latent infection incidence follows a deterministic renewal
model. Reported cases are assumed to be negative binomially distributed around the true
infection, with a day-of-the-week effect that is estimated during the fitting process. That is,
EpiNow?2 accounts for both process noise (in the evolution of R;) and observation noise (in the

distribution for reported cases).

Smoothness in Ry is primarily controlled by the Gaussian process kernel (default Matérn 3/2,
with lengthscale ¢ and magnitude «). In particular, prior assumptions about the lengthscale
£ have a significant impact on the smoothness of resulting estimates. It is also expected that
prior assumptions about the observation overdispersion will have a secondary effect on the
smoothness of R; estimates (as this impacts the trade-off between process and observation

noise).

The EpiNow?2 package provides pre-built functionality to extract central estimates and credible
intervals for R; and observed cases. As far as we are aware, the package does not provide a

method to calculate the CRPS, so we provide our own sample-based implementation.

Samples from the posterior distribution for reported cases {aﬁgz)}f\il at time ¢ are extracted
from the Stan fit object. We then use the sample-based CRPS estimator:
_ 15,0 Loy, 0,0
CRPS; = = > |5;” = Cil — 555 > > |z — 2.
N 2N? £~ 4
i=1 i=1j=1
Calculating this for each time-step ¢t and taking the average gives the CRPS for observed case

incidence. Code to reproduce this is available on GitHub.

By default, EpiNow?2 uses a log normal prior distribution for the lengthscale ¢ with mean 21
days and standard deviation 7 days. We also test an alternative and less informative inverse-

gamma prior distribution provided with the package, which performs considerably better.
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EpiLPS (MAP)

EpiLPS models latent infection incidence using Bayesian P-splines. Given infection incidence
wu(t) and overdispersion parameter p, reported cases are assumed to be negative binomially
distributed around p(t). In the maximum a posteriori (MAP) version of EpiLPS, central
estimates of R; are calculated using a plug-in estimate of the posterior mean incidence fi(t)
and uncertainty is derived using a delta method. Like EpiNow2, EpiLPS explicitly accounts
for both process noise (in the splines used to model infection incidence) and observation noise

(in the distribution for reported cases).

Smoothness in R; is primarily controlled by parameter A, where larger values penalise sharp
changes in infection incidence. A hierarchical prior distribution is assumed for A. Prior assump-
tions about the overdispersion parameter p also likely impact the smoothness of R; estimates,
as this controls how much noise is associated with the observation process rather than the
underlying epidemic process. The MAP version of EpiLPS selects optimal values of A and p

using an optimization routine.

While K = 30 is used as the default number of splines, we find that this leads to inaccurate
inference on our example datasets. For our examples, we increase this to K = 100, which

allows for more flexible inference.

We provide two extensions to the EpiLPS package:
1. Methods to sample from the posterior distribution for reported cases.
2. A CRPS estimator for the posterior distribution for reported cases.

Infection incidence is defined as p(t) = exp(#7b(t)), where # is an estimated vector of spline
coefficients and b(t) are the basis functions evaluated at time ¢. The MAP version of EpiL.PS
uses a multivariate Gaussian approximation to 6 at the MAP estimate of A. We sample from
this distribution:

0%) ~ MVN(9,Q,Y),

and use these samples to generate samples of latent infection incidence:

1D (1) = exp(@D7Tb(t)),

242



A.2. SMOOTHING POSTERIOR DISTRIBUTIONS AND COMPARISONS WITH
ADDITIONAL METHODS

from which samples of observed data are generated:
O ~ NegBin(u( (¢
t €g 1n(# ( )a p)a

where p is the MAP value of the overdispersion parameter. This is repeated N times (default
N =1000) at each value of t. The mean of these N samples is reported as the central estimate,

with 95% credible intervals obtained by taking the 2.5th and 97.5th percentile values.

The CRPS is calculated similarly, first by sampling 1(9 (¢) as above and then using the crps_nbinom,()
function from the scoringRules package in R to calculate the CRPS value for each sampled

1 (t) and C;. The mean of these N CRPS values is reported as the CRPS for the t** observed

case incidence.

Some code is available on GitHub, although copyright limitations prevent us from providing

the full implementation, in which case we outline the steps required to reproduce the analysis.
EpiLPS (MALA)

The Metropolis-adjusted Langevin algorithm (MALA) version of EpiLLPS replaces the Laplace
approximation and optimisation routine with a full MCMC-type sampler. This has the ad-
vantage of returning a posterior distribution on A and p, as well as properly marginalising out
uncertainty about these quantities. As the true posterior distribution of spline coefficients 8 is
targeted, we also expect the posterior distributions for R; and observed cases incidence to be
more accurate. This comes at a cost of slightly increased computational complexity, although

we do not find this to be prohibitive.

The default version of EpiLPS(MALA) does not return the MCMC sampling object. In order to
access this, we created a customised version of estimRmcmec. R that includes MCMC=MCMCout
in the “outputlist” of the function. This is the sole change required to this script, although
running it requires having local copies of some files from the EpiLLPS package. A list of the

required files is given here.
We make the same two extensions to EpiLPS(MALA) as we did to EpiLPS(MAP):
1. Methods to sample from the posterior distribution for reported cases.

2. A CRPS estimator for the posterior distribution for reported cases.

243


https://github.com/nicsteyn2/RobustRtEstimators/tree/main/othermethods/EpiLPSMAP
https://github.com/nicsteyn2/RobustRtEstimators/tree/main/othermethods/EpiLPSMALA

A.2. SMOOTHING POSTERIOR DISTRIBUTIONS AND COMPARISONS WITH
ADDITIONAL METHODS

Samples of reported case incidence are extracted from the MCMC sampling object. For each

sample ¢ = 1,..., N and time-step t = 1,...,7T we sample:
Cf" ~ NegBin(exp(0©70(1)), o),

where 0 and p(® are samples from the MCMC sampling object. Note the use of p(*) instead of

the MAP value of p, ensuring we are appropriately accounting for uncertainty in this parameter.

The CRPS is calculated from sampled C’t(i) using the same approach as for EpiNow2, relying

upon the sample-based CRPS estimator (see above).

Some code is available on GitHub, although copyright limitations prevent us from providing

the full implementation, in which case we outline the steps required to reproduce our analysis.
rtestim

In contrast to the aforementioned Bayesian methods, rtestim is grounded in a frequentist
framework. R; is modelled using piecewise cubic functions with ¢; regularisation on the di-
vided differences. This regularisation enforces sparsity in changes in Ry, allowing for locally
adaptive smoothness, a key advantage over the other methods considered here that assume

global smoothness.

A tuning parameter A controls the strength of this regularisation, with larger values enforcing
smoother estimates of R;. The optimal value of this parameter is automatically chosen by

rtestim using cross-validation.

rtestim uses the delta method to calculate confidence intervals. Built-in functions are provided
to calculate these for R; and observed case incidence, for any user-specified significance level.

To match the other methods we use a 95% confidence level.

While the frequentist framework of rtestim does not admit a posterior distribution for observed
case incidence, we can still use CRPS to measure how well the confidence intervals approximate
the observed distribution of the data. To do this, we treat the bounds of the confidence intervals
at different significance levels as defining quantiles of an empirical CDF. That is, at each time-

step t, we find azgi) such that ¢(¥ = F(a:l(-t)) for ¢(9 = 0.01,0.02,...,0.99. We then approximate
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the CRPS numerically at time-step ¢ using the trapezoidal rule:

n—1 1
CRPS; =) =

<m£i+1) B %@) [(q(zurl) — Iz > yt)>2 + (q(i) — I > yt))? :
=1

2

Averaging CRPS; over all time-steps t gives the CRPS for observed case incidence. Code to

reproduce this is available on GitHub.
Additional methodological notes

Each method handles the wind-in period differently, particularly when ¢ is small compared
to generation times. This can become fairly complicated, and is not the point of this sup-
plementary section. When estimating or calculating coverage and CRPS, we use time-steps

t =10,...,T to avoid differences from this period impacting our results.

Posterior parameter values were calculated using a grid-based approach for EpiFilter. For
EpiLPS (MALA) and EpiNow2, a sampling approach was required. The mean, 2.5th and
97.5th quantiles of these samples were calculated to estimate the posterior mean and 95%
credible intervals. Posterior mode values were calculated using a kernel density estimate from

the default density() function in R.

A.2.3 Results

Theoretical links between Gaussian random walks, Gaussian processes, splines, and piecewise
polynomials, as well as the fact that all models use the same underlying renewal model for the
epidemic process, suggest that the methods should perform similarly in practice. However, we

find this not to be the case.

Table A.1 presents the coverage of R, and reported cases, as well as the CRPS for reported
cases for each method on each of the three simulations considered in the main text. Figure
A.1 presents the corresponding estimates. While the methods produce mostly well-calibrated
95% uncertainty intervals for observed case data, coverage of R; estimates varies significantly,

as does the CRPS for observed case incidence.

The smoothed version of EpiFilter consistently outperforms (i.e. exhibits coverage of 95%
credible intervals closest to 95%, and the lowest CRPS values) the other methods on these

simulated datasets. This is expected in the random walk simulation, where the dynamic model
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Table A.1: Coverage of 95% credible intervals (confidence intervals for rtestim) for R; and
observed case incidence, and CRPS for observed case incidence, for each method on each

simulation.
Method ‘ Rt coverage Ct coverage CRPS
Random walk simulation
EpiFilter (smoothing) 93.4% 97.8% 4.69
EpiNow2 (default) 45.1% 98.9% 8.98
EpiNow2 (inv-gamma) 69.2% 97.8% 8.05
EpiLPS (MAP) 75.8% 100.0%  9.84
EpiLPS (MALA) 91.2% 97.8% 6.41
rtestim 100.0% 100.0% 10.15
Sinusoidal simulation
EpiFilter (smoothing) 94.5% 100.0% 3.79
EpiNow?2 (default) 73.6% 100.0%  14.24
EpiNow?2 (inv-gamma) 76.9% 98.9% 5.62
EpiLPS (MAP) 91.2% 100.0%  9.15
EpiLPS (MALA) 92.3% 100.0% 485
rtestim 100.0% 100.0% 9.26
Step-change simulation
EpiFilter (smoothing) 94.5% 100.0% 3.10
EpiNow?2 (default) 75.8% 97.8% 4.95
EpiNow2 (inv-gamma) 80.2% 97.8% 4.65
EpiLPS (MAP) 85.7% 100.0% 5.71
EpiLPS (MALA) 89.0% 98.9% 3.82
rtestim 100.0% 100.0% 6.08

employed by EpiFilter matches the simulated data. The better performance of EpiFilter on
the other simulations is likely explained by two factors: (1) EpiFilter does not account for
observation noise (which is absent in the simulated data), and (2) the flat prior distribution on
7 is less informative than the default prior distributions used by other methods. These are both
testable hypotheses that could be explored in future work to better understand the trade-offs

between smoothing, model assumptions, and robustness of performance.

EpiLPS and EpiNow2 both assume that reported case incidence are negative binomially-
distributed about some smooth true infection incidence (upon which the renewal model is
placed), thus explicitly modelling observation noise. Process noise is derived from either the
smoothness of the splines (EpiLPS) or the Gaussian process (EpiNow2). While the overdis-

persion parameter is estimated in both methods, the negative binomial distribution implies a
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Figure A.1: Estimates of R; and observed case incidence for each method on each simulation.

lower bound of Poisson observation noise. In the simulated data, however, all noise is assumed

to arise from the underlying process. By enforcing the inclusion of observation noise, EpiLPS

and EpiNow2 underestimate process noise, and thus produce overly smooth estimates of R;.

This is likely to be less impactful on real-world datasets, where observation noise is typically a

significant factor.

It is possible to use CRPS as model selection criterion instead of cross-validation. Early code

to do this is provided on GitHub.
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The MALA version of EpiLLPS outperforms the MAP version. This is unsurprising given that,
in the MALA version, uncertainty associated with A and p is fully marginalised out, whereas
the MAP version selects optimal point estimates of these parameters. This lends support to
the argument in the main paper for the marginalisation of these parameters over selection.
The MALA version also targets the true posterior distribution for p(t), whereas the MAP
version uses a Laplace approximation, which is particularly advantageous when comparing

CRPS values.

Figure A.1 also highlights critical oversmoothing in default EpiNow2 on the sinusoidal simula-
tion. The posterior distribution for lengthscale ¢ is bi-modal, with one mode at a small value
of ¢ (where the model follows the data) and another mode at a larger value of ¢, where the
model estimates flat incidence with large reporting noise accounting for changes in observed

cases.
Prior distributions on smoothing parameters

While all methods listed estimate smoothing parameter(s) from the data, they handle this in
different ways. Our implementation of EpiFilter, EpiNow2, and EpiLPS(MALA) marginalise

this parameter out. EpiLPS(MAP) and rtestim select optimal point values of this parameter.

Of particular note is EpiNow2’s prior on lengthscale ¢. Prior and posterior modes and credible
intervals are given in Table A.2. The default log-normal prior distribution often leads to over-
smoothing, with an extreme example being the bimodal posterior on the sinusoidal simulation -
where one mode implies that R; is (nearly) fixed, and all variation in reported cases is assigned

to the observation process.

By default, we place a uniform prior distribution on EpiFilter’s n parameter. While we avoid
claiming that the uniform prior distribution is uninformative, we do highlight a key advantage
of this: the MAP is equal to the MLE. By the predictive decomposition of the likelihood, this
is also the value of n that optimises one-step-ahead predictions. That is, using a flat prior
distribution enforces a MAP that is optimal for one-step-ahead forecasting. Furthermore, if
the model is correctly specified, this implies that the MAP is optimal for any n-step-ahead

forecast.
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Table A.2: MAP and 95% credible intervals for the parameter prior and posterior distributions,
where they exist. The upper portion of the table refers to smoothing parameters and the lower
portion refers to estimated overdispersion. Numerical instabilities lead to large variations in
statistics in some cases which are marked by a “-”. As rtestim is frequentist, there are no
prior assumptions on A, and the values are chosen by cross-validation instead of being MAP
estimates.

Parameter Prior Posterior mode and 95% Cr.I. / rtestim optimal value
Mode (95% Cr.I) Random walk Sinusoidal Step-change
EpiFilter U(0,1) 0.11 (0.08, 0.15)  0.16 (0.13, 0.19)  0.14 (0.11, 0.18)

flat (0.025, 0.975)

EpiNow2 /¢

EpiNow?2 (inv-gam) ¢

LogN(p=21,0=T7)
17.9 (10.5, 37.6)
InvGam(1.5, 3.4)
1.38 (0.736, 31.9)

16.9 (9.64, 31.7)

1.35 (0.641, 7.46)

7.07 (5.33, 34.3)

1.99 (1.1, 4.77)

10 (6.43, 21.6)

1.77 (0.852, 6.4)

EpiLPS(MAP) A Hierarchical 129 7.1 99.4
0 (0, 3.48)
EpiLPS(MALA) A Hierarchical 103 (55.5, 380) 76.5 (44.5, 189)  79.9 (29.6, 468)
0 (0, 3.48)
rtestim A | Not applicable 1.41 1.41 1.21
EpiNow2 ¢ ¢~1/? ~ Hal fN(0,1) 65.6 (42.3,124) 0 (7.37, 10200)  68.5 (41.7, 253)
EpiNow2 (inv-gam) ¢ | ¢~ /2 ~ HalfN(0,1) 86 (52.6, 199) 0 (205, 108000) 0 (54, 718)
EpiLPS(MAP) p r'(1074,107%) 25.1 25.2 25.2
EpiLPS(MALA) p (1074,107%) 180 (84.4, 4070) 937 (313, 17500) 243 (105, 14200)
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A.3 Simulated data

We test our methods on simulated data from three dynamic models.
Gaussian random walk

The first model is a Gaussian random walk with standard deviation 1/R;_1, matching the
dynamic model assumed by EpiFilter. Simulations are initialised with default values of Ry = 1,
C.p = 100, and n = 0.1. To simulate Cy.1090, we iteratively sample Ry ~ N(R;—1,nv/R¢—1) and
Cy ~ Poisson(RAy).

To ensure that simulations are realistic, we reject and re-simulate any simulated epidemic where
daily cases exceed 5000 or fall below 5. We also truncate R; on [0.1,5.0] to ensure that results

are not biased by unrealistic values of R;.
Sinusoidal model

The second model is a sinusoidal model, which assumes that R; follows a deterministic sinu-
soidal function of time. Default values are a period of w = 21 days, an amplitude of A = 0.5,

an initial value of Ry = 1, and initial cases Cy = 100. On day t, R; is assumed to be:
sin : 2m
R{"™ = Ry + Asin Ut , (A.25)
and Cy is then sampled from the Poisson renewal model with rate R A;.

Step-change model

The third model is a step-change model, which assumes that R; alternates between two values
R, and Ry every Tsiep days. Default values are R, = 0.67, Ry = 1.5, Ty, = 28 days, and
initial cases Cy = 100. Depending on t, C} is sampled from the Poisson renewal model with

rate R ,A; or RpA;.
Additional details

To ensure that simulations are realistic, we assume that cases prior to ¢ = 0 are all equal to
Cp. This ensures the calculation of A; is well-defined (i.e. there are past infections covering
the entire generation time distribution). These assumed prior cases are not included in the

simulated data, and are only used to calculate Aj.
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While we do not consider this in the main paper, we do consider observation noise in the
supplementary material. This is simulated by assuming some under-reporting rate p (default
p = 0.5), initialising the model with Cp = 100/p, generating interim cases C’l:T as above, and
sampling C; ~ Binomial(Cy,p). Additional reporting noise is included by sampling from a
beta-binomial distribution with @« = Np and 8 = N(1 — p), where N controls the amount of

over-dispersion in reporting (default N = 100).
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A.4 Serial intervals
A.4.1 Serial interval uncertainty
We have thus far focused on uncertainty in the smoothing parameter while assuming that the

serial interval is known. Here we demonstrate how these methods can be extended to also

account for uncertainty in the serial interval.

Letting 6 denote an arbitrary smoothing parameter and ¢ denote the serial interval, we target

the following posterior distribution for Ry:
P(Ri|C1) = [ P(RIC1.9)P(6) do. (A.26)

Until now, we have been implicitly targeting P(R:|C1., @), even if we haven’t been explicitly

writing ¢ in the conditional.

We can write this as an expectation which can be approximated by Monte Carlo methods:

P(R|Cht) = Ey [/ P(Ry|Cy.t, 6,0)P(6|Ch4, 0) d@]
L ¢ (A.27)
A similar averaging approach is used to develop the marginal posterior distribution for predic-

tive cases.

We demonstrate these methods by assuming that ¢ represents a random Gamma distribution

with shape and scale parameters:

o = 2.3669¢, 0 = 2.7463¢, where €2 ~ N(1,0.167)

E[¢] is a Gamma distribution with mean 6.5 days and standard deviation 4.2 days, with 99%

of the mass on a mean between 3.25 and 13 days (0.5 and 1.5 times the expected mean).

Figure A.2 demonstrates the effect of applying Equation A.27 to the random walk simulation,
using 50 draws from the random Gamma distribution described above for ¢. As E[¢] matches
the true serial interval distribution pointwise, the error averages out, and we obtain (to Monte

Carlo error), matching results whether we include uncertainty about ¢ or not.
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Figure A.2: Results from fitting the marginalised models while also accounting for uncertainty
about the serial interval. Symmetry about the expected serial interval distribution produces
very similar results whether we include uncertainty about the serial interval or not.

The apparent irrelevance of the serial interval in this case is expected, but will not always be

the case. This also relies upon P(¢) being centred on the true ¢. If this is not the case, then

we have serial interval misspecification, which we explore in the next section.
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A.4.2 Serial interval misspecification

Serial interval misspecification is known to bias estimates of R;. Even in scenarios where high-
quality data are available to estimate this distribution, unexpected biases can occur. During the
COVID-19 pandemic, non-pharmaceutical interventions were found to shorten the generation
time distribution of SARS-CoV-2 [413], and different SARS-CoV-2 variants also appeared to
feature different generation times [414]. Other work has attempted to find solutions to this

problem [264], we simply demonstrate the effects here.

We fit the marginalised models to the standard random walk simulation, assuming different
serial interval distributions. The standard (correct) interval with mean 6.5 days and standard
deviation 4.2 days is compared to results using a shorter interval with mean and standard
deviation 4.2 days (an exponential distribution), and a longer interval with mean 9.75 days
(1.5x the standard mean) and standard deviation 4.2 days. The interval is modified only

during model fitting, the simulation itself remains unchanged.

Figure A.3 and Table A.3 highlight that, while the posterior distribution of the smoothing
parameter depends slightly on the serial interval, and R; estimates depend strongly on the
serial interval, the posterior predictive distributions are largely independent of this choice. This
is an expected result, as R; and the serial interval are not jointly identifiable from reported
case data alone. Diagnostics based on the predictive distribution of observed cases are unable

to highlight serial interval misspecification.

Table A.3: Coverage of 95% credible intervals and CRPS values for the marginalised models
fit to the random walk simulation with different serial intervals.

Rt coverage Predictive coverage CRPS
Serial interval EpiEstim EpiFilter ‘ EpiEstim EpiFilter ‘ EpiEstim EpiFilter ‘
Standard (correct) 77.8% 90.0% 85.6% 94.4% 11.1 10.3
Exponential (shorter mean) | 74.4% 86.7% 86.7% 94.4% 10.8 10.8
Longer mean 64.4% 72.2% 85.6% 96.7% 10.8 10.3
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Figure A.3: Results from fitting the marginalised models to the random walk simulation with
different serial intervals. The standard serial interval has a mean of 6.5 days and standard
deviation of 4.2 days. The exponential serial interval has a mean of 4.2 days and standard
deviation of 4.2 days. The longer serial interval has a mean of 9.75 days and standard deviation
of 4.2 days.
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A.5 Additional simulated results

A.5.1 Varying sample sizes

Common intuition suggests that the quality of inferences should improve as the sample size
(i.e. the number of daily cases) increases. This is true for a correctly-specified model, but
model misspecification, including in the choice of smoothing parameter, can lead to inferences

that deteriorate with sample size (that is, the model becomes more confidently incorrect).

To demonstrate, we initialise the sinusoidal simulation with Cy = 25,50, ...,1600, 3200 cases
and fit the four models. Figure A.4 reports the coverage of the 95% credible intervals for both R,
and predictive cases, showing that while EpiFilter is largely robust to sample size, EpiEstim’s
coverage worsens as sample size increases in both the default and marginalised models. At
a sufficiently large number of daily infections, EpiEstim’s coverage increases again, as the
posterior distribution of & becomes more concentrated around k£ = 1, and the model returns
largely unsmoothed estimates of R;. This causes the CRPS score to worsen dramatically, as
credible intervals become extremely wide, and the model becomes extremely under-confident
in its estimates. This highlights that problems caused by incorrect smoothing cannot be solved
by increasing the number of daily cases, making marginalisation a crucial tool for both small

and large epidemics.
A.5.2 Varying epidemic dynamics

We now test the models over a range of epidemic dynamics. The simulated rate of change
of R, is increased by (a) increasing the standard deviation of the random walk (by increasing
1), (b) decreasing the period of the sinusoidal curve, and (c) increasing the number of evenly-
spaced step-changes. The rate of change of R; is decreased by doing the opposite. We fit the
four models to 10 realisations of each dynamic model at each parameter value and report the

average coverage, parameter estimates, and relative CRPS scores in Figure A.5.

As the rate at which R; varies increases, the coverage of models with default smoothing pa-
rameters decreases, as they increasingly oversmooth. Applying our marginalisation technique
improves coverage, with marginalised EpiFilter being the only inference approach that achieves

(approximately) correct coverage under all considered epidemic dynamics. The CRPS score is
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Figure A.4: Coverage of the 95% credible intervals for R; and predictive cases (first row),
posterior mean and 95% credible intervals for estimated parameters (second row), and the
relative CRPS score (compared to default EpiEstim) for the four models fit to data from the
sinusoidal simulations with varying initial number of cases Cjy. A total of 10 simulations at
each value of Cy were performed and the results averaged to eliminate some stochasticity (solid
lines). Results from individual simulations are reported in lighter points.

almost exclusively better for our marginalised models, except when epidemic dynamics result

in the posterior distribution for EpiEstim’s k£ having a large amount of mass at k = 1.

Default parameter values are shown in dotted lines in the second row of Figure A.5, highlighting
that n = 0.1 is an acceptable point estimate for EpiFilter when R; follows a sinusoidal curve
with period greater than 30 days, or that kK = 7 is an acceptable point estimate for EpiEstim
when R; follows a random walk with n = 0.05, for example. Finally, the marginalisation of
EpiFilter, when fit to the random walk simulation, is consistently able to recover the true value

of n.
Practical implications

We also consider the proportion of time that each model is correctly and incorrectly confident
in the sign of Ry — 1 (Figure A.6). A model is confident in epidemic growth if the 95% credible
interval for R; is entirely above 1. We say it is correctly confident if the true value of R; is also

greater than 1, and incorrectly confident otherwise. A similar argument applies for confidence
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Figure A.5: Coverage of 95% credible intervals for Ry and predictive cases (first row), parameter
estimates (second row), and relative CRPS compared to default EpiEstim (third row) for the
four models fit to data from the three dynamic simulations with varying parameters. A total of
10 simulations at each parameter value were performed and the results averaged to eliminate
some stochasticity (solid lines). Results from individual simulations are reported in lighter
points. Default parameter values are shown in dotted lines, and the true value of the parameter
(when EpiFilter is fit to the random walk simulation) is shown in a solid line.

in epidemic decline.

These results demonstrate that, while marginalisation generally increases the proportion of
time in which models are correctly confident in the sign of R; — 1, the crucial advantage is in
reducing the proportion of time that the model is incorrectly confident in the sign of Ry — 1,
which can be as high as 40% for default EpiEstim (in the sinusoidal R; simulation with a
rapidly changing R;). This has important implications for public health decision-making and
communication, which often uses whether R; > 1 or not to indicate the state of the epidemic

and to motivate interventions.
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Figure A.6: The proportion of time each model is correctly confident in the sign of R; (first
row) and proportion of time each model is incorrectly confident in the sign of R, (second row)
as a function of epidemic dynamics. A total of 10 simulations at each parameter value were
performed and the results averaged to eliminate some stochasticity (solid lines). Results from
individual simulations are reported in lighter points.

A.5.3 Observation-based noise

Introducing observation-based noise to the simulations in Figure 4.2 results in posterior distri-
butions for smoothing parameters that imply less smooth estimates (higher estimated 7, lower
estimated k), as the additional noise in the data is incorrectly assumed to arise from the epi-
demic process. We reproduce Figure 4.2 with simulated observation noise in Figure A.7. While
marginalisation in this case still improves coverage of predictive cases (particularly in EpiFilter,
where coverage of predictive cases remains approximately correct in all three simulations), the

same guarantee no longer applies to R; estimates.

Comparing Figure 4.2 to Figure A.7 also highlights that, while coverage of R; is generally worse
in the presence of observation-based noise, the decrease is much more marked in EpiFilter than
in EpiEstim. In the sinusoidal and step-change examples, when observation noise is included,

marginalised EpiEstim’s coverage of R; becomes comparable to that of marginalised EpiFilter’s.

259



A.5. ADDITIONAL SIMULATED RESULTS

Random walk Rt simulation Sinusoidal Rt simulation Step change Rt simulation
€ 300 ]
z 200 1501
S 2004 1504
100 A
2 1004
2 NN I
: 7 TS |——
& | —— o IO o1 OO Il
v T T T T v T T T T v T T T T
0 25 50 75 100 0 25 50 75 100 0 25 50 75 100
Time (days)
2
B v ! o ! ooss {7 oo ! o] o
° - g : ] : 0.010 4
5 0.50 ' 0.010 0.50 ' 0.010 ' 0.50 ' '
5025 . 0.005 0.25 . 0.005 . 0.25 . 0.005 4 .
8 0.00 0.000 ; ; > 0.00 0.0004; ! ; > 0.00 0.000 4; ! ; .
a 12345678910 00 01 02 03 12345678910 00 01 02 03 12345678910 00 01 02 03
k eta k eta k eta
EpiEstim EpiFilter EpiEstim EpiFilter EpiEstim EpiFilter
2.0 Coverage = 43.3% Coverage = 78.9% 2.04 Coverage = 14.4% Coverage = 72.2% 2.0 Coverage = 66.7% Coverage = 77.8%
e} e} e}
1.54 o 1.5+ o 1.54 o
=3 =3 =3
5 g g =
_E 1.04 W W o 1.0+ /va = 1.04 g
=3 =3 3
2 05 2 0.5 2 0.5 2
c
2
é 204 Coverage = 68.9% Coverage = 77.8% = 2.04 Coverage = 68.9% Coverage = 68.9% = 209 coverade = 77.8% Coverage = 80% =
2 1.5 2 1.5 ) 1.5 2
53 =) =) <
@10 3 1.0 B 1.0 B
s B S
0.5 2 054 8 0.5 2
S S S e L S I e S S o e S s S e Sl T S
0 25 50 75 1000 25 50 75 100 0 25 50 75 1000 25 50 75 100 0 25 50 75 1000 25 50 75 100
Time (days)
EpiEstim EpiFilter EpiEstim EpiFilter EpiEstim EpiFilter
400+ Coverage = 64.4% Coverage = 85.6% 300 Coverage = 41.1% Coverage = 71.1% Coverage = 77.8% Coverage = 86.7%
Score =15.8 Score =14.9 Q Score =24.8 Score =15.4 Q 200 Score = 10.8 Score = 8.83 Q
3004 P P 3 1 3
A . . a 200 ¢ ) a =3
2004 % R = N roa = =4
a i o~ S 3 3 J.18 1004 S
@ 1001 o, el | W, ese| B 1007+ Wfi b 3
g 3
E 0 0- 04
g 400 Coverage = 67.8% Coverage = 94.4% z 300 Coverage = 94.4% z Coverage = 86.7% Coverage = 93.3% z
) Score = 15.6 Score = 15 =] S Score = 14.7 ) 2004 Score = 8.79 Score =8.75 2
@ 3004 o4 =} 200 : Q. =)
200 3 ey H * 3 3 3
- -~ = 3 4 = 100 A 1 =
~ N @ 100+ ¢ . p @ A a @
1004 B 2 & 2 : : 8
04 T T T T T T T T T T 0- T T T T T T T T T T 04 T T T T T T T T T T
0 25 50 75 1000 25 50 75 100 0 25 50 75 1000 25 50 75 100 0 25 50 75 1000 25 50 75 100
Time (days)

Figure A.7: Simulated case data (first row), posterior distributions for smoothing parameters
at t = 100 (second row), estimates of R; (third and fourth row), and estimates of predictive
cases (fifth and sixth row) for three realisations of simulated epidemics, with additional
simulated observation noise. The first column shows results for the Gaussian random walk
simulation with n = 0.1, a dynamic model that precisely matches default EpiFilter. The second
column shows results for the sinusoidal simulation, and the third column shows results for the
step-change simulation. Vertical dotted lines in the parameter posterior distributions indicate
the default parameter values, while the vertical solid line indicates both the default parameter
value and the true value of the parameter (in EpiFilter when fit to the random walk simulation).
Black lines (in R; estimates) and black dots (in predictive C; estimates) show the true values
of R, and C} respectively. Predictive coverage of the 95% credible intervals (closer to 95% is
better) and the CRPS scores (lower is better) are shown within each figure.

A.5.4 Alternative epidemic simulations

Thus far we have tested the models on data simulated using a Poisson renewal model. In this
section we test the models on data generated using a simple stochastic susceptible-infectious-

recovered (SIR) model.
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Simulations are initialised with Sy = 9950 susceptible individuals, Iy = 50 infectious individ-
uals, and 0 recovered individuals. On each time-step ¢, a Poisson-distributed number of new
infections is generated with rate 5I;_1.5;—1/N and a Poisson-distributed number of recoveries is

generated simultaneously with rate yI;_1. The theoretical instantaneous reproduction number

is Ry = gsj\;l.

We use f = 1/4 and v = 1/6.5, implying a basic reproduction number of Ry = 1.625 and a
generation time distribution that follows a geometric distribution with mean 6.5 days. We use
this generation time distribution when fitting our models (misspecification of the serial interval,

and thus of the generation time distribution, is considered in Supplementary Section A.4).

We fit each model twice: first on a realisation from this SIR model directly, and secondly on

the same realisation with binomial noise (simulated by sampling Cy ~ Binomial(2 * C,0.5)).

Results are presented in Figure A.8, which shows that marginalisation once again improves
model results on simulations both with and without observation noise. This is unsurprising as
the simple SIR model is a special case of the renewal model with an exponential generation
time distribution (geometric in the discretised case presented here). One notable difference
is that default EpiFilter undersmooths R;, compared to the oversmoothing observed in other
simulations. This is a result of more gradual changes in R; (the reproduction number in this

SIR model changes only as a result of accumulated immunity).
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Figure A.8: Simulated case data (first row), posterior distributions for smoothing parameters
at t = 100 (second row), estimates of R; (third and fourth row), and estimates of predictive
cases (fifth and sixth row) for two realisations of simulated epidemics from an SIR model. The
first column shows results for the SIR simulation without observation noise, and the second
column shows results for the SIR simulation with observation noise. Vertical dotted lines in
the parameter posterior distributions indicate the default parameter values. Black lines (in Ry
estimates) and black dots (in predictive C; estimates) indicate the true values of R, and C;
respectively. Predictive coverage of the 95% credible intervals (closer to 95% is better) and the
CRPS scores (lower is better) are shown within each figure.
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A.6 Additional real-world examples

A.6.1 New Zealand data

Neither EpiEstim nor EpiFilter allow for observation noise in their models, so all noise in the
data is assumed to arise from the epidemic process. In practice, reporting noise can be a
significant factor. We attempt to side-step this problem when fitting to New Zealand data by
imposing a 5-day moving average on the raw case data. We test the impact of this on our
conclusions here by re-fitting the model on the raw data, and on data smoothed using a 10-day

moving average.

Figure A.9 shows that parameter estimates are highly dependent on any pre-smoothing per-
formed on the data, with smoother estimates being produced on data that underwent more
pre-smoothing. Despite this, marginalisation still consistently improves coverage of observed

data and CRPS, and the models obtain good coverage of observables in general.

If observation noise is considered substantial, we encourage the reader to use a model that
explicitly accounts for this. Examples in the literature that jointly handle observation noise
and smoothing parameters are EpiNow2 and EpiLPS(MALA), both of which are outlined in

Supplementary Section A.2.
A.6.2 Alternative datasets

Using the same data as [242], we present additional examples of the fitting of EpiEstim and
EpiFilter to real-world data: the 1918 influenza outbreak in Baltimore and 2003 SARS outbreak
in Hong Kong. The models are also fit to data that has been smoothed using a 7-day moving-
average to eliminate some observation noise, which our models are unable to account for.
Results are presented in Figure A.10 which shows that marginalisation almost universally
improves both the coverage of predictive cases and the CRPS, with the sole exception of fitting

EpiFilter to the smoothed 1918 influenza data.
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Figure A.9: Results from fitting all four models to raw New Zealand data (column 1), and
New Zealand data smoothed using a 5-day and 10-day moving average (columns 2 and 3
respectively). In row 2, vertical dashed lines indicate default parameter values while coloured
curves show parameter posterior distributions. Coloured lines in the remaining figures show
central estimates (mean of the posterior distributions) and coloured bands show 95% credible
intervals. Observed case data are shown in black points.



A.6. ADDITIONAL REAL-WORLD EXAMPLES
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Figure A.10: Results from fitting EpiEstim and EpiFilter to two real-world time-series. The
models are also fit on smoothed data (to eliminate some observation noise), demonstrating that
this can impact parameter estimates.
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A.7. STEPWISE LIKELIHOODS

A.7 Stepwise likelihoods

The model likelihoods are calculated by summing the log-likelihood of the one-step-ahead
forecasts at each time-step. By plotting these one-step-ahead likelihoods for various values of k
and/or 1, we can identify the periods of the epidemic that are driving the observed parameter

estimates (Figure A.11).

Most notably, we can see that, for most periods of time, smaller values of 1 are preferred to
larger values. However, when R, is changing rapidly (such as when R; is crossing 1 in the
sinusoidal simulation), these small values incur a large “penalty” in the likelihood, resulting in

more posterior mass at larger values of . The same effect also occurs in Epikstim, although

as most mass is concentrated around small values of k, the effect is less pronounced.
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Figure A.11: Simulated R; (first row), simulated reported cases (second row), stepwise log-
likelihoods for EpiEstim (third row) and stepwise log-likelihoods for EpiFilter (fourth row) for
the sinusoidal simulation. Darker lines show stepwise log-likelihoods associated with smaller
values of 1) (increased smoothing) and smaller values of k (increased smoothing).
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A.8. APE COMPARISON

A.8 APE comparison

Parag & Donnelly [242] treat the selection of EpiEstim’s & as a model-selection problem and use
information theoretic arguments to suggest that the optimal value of k is that which minimises
the accumulated prediction error (APE). The APE is defined (in our notation) as:
APE; = —log Papg(Cst1|Cus, k). (A.28)
s<t
Noting the following equivalence to the predictive decomposition of the likelihood (Equation
A.2):
t
0(k|Cry) = log P(Cy|Cuis—1,k) = —APE, (A.29)

s=1

the k that minimises the APE should be the same k that maximises the log-likelihood. The

two approaches differ, however, in their derivation of P(Cs|C1.s_1,k).

Parag & Donnelly derive the predictive distribution for Cy given Ci.s_1 by first noting that
R,_1|C1:5—1, k is Gamma-distributed with shape parameter o;_1 j and rate parameter fs_1 ,
and then assuming that Cg|Rs_1, A, is Poisson distributed with rate Rs_1A;. We note that
this introduces a new assumption in the model: specifically, that before we observe
Cs, we assume R has been fixed for the preceding k£ + 1 days. The resulting predictive

distribution for Cy is then a negative binomial distribution:

Papp(Cs|Cy.5—1, k) ~ NegativeBinomial (7“ = Qs 1k, P = A%B“Ck) ) (A.30)
s s—1,

This is slightly different to our approach (Equation A.7), where r = as_14,-1 and p =
Bs—1k-1/(As+ Bs—1%-1). The APE} metric using the predictive distribution derived by Parag
& Donnelly is precisely equal to —¢(k + 1|C1.4). The additional assumption made by the APE

approach results in a bias towards smaller values of k.

We present the APE-metric and negative-log-likelihood for values of k between 1 and 30 on the
New Zealand COVID-19 dataset in Figure A.12. We note that the APE-metric is minimised

at k = 1, whereas the negative-log-likelihood is minimised at k = 2.
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Figure A.12: Comparison of the APE metric from Parag & Donnelly [242] and the negative
log-likelihood of k for EpiEstim on the NZ COVID-19 dataset. For k > 1, the value of APE}, is
exactly the same as —¢(k+1|C1.¢). The value of £(1|Cy.) is the log-likelihood of k = 1 (where the
predictive distribution for R; is simply the prior distribution) and has no immediate analogue
in the APE approach.
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A.9. TESTING GRID-SIZES

A.9 Testing grid-sizes
There are three instances in which we employ non-exact grid-based approximations to posterior
distributions:

1. When marginalising out &k in EpiEstim (grid-approximation for R;)

2. Both default and marginal EpiFilter (grid-approximation for R;)

3. When fitting 7 in EpiFilter (grid-approximation for )

By default, these grids are chosen to be of size 1000 (Supplementary Section A.1.1). We test
the sensitivity of our results to grids of size 500 (a coarser grid) and 2000 (a finer grid) and
find that these grids have very little impact on our results. We further test EpiEstim with an
R; grid-size of just 100, at which size there is evidence of some degeneracy in the posterior

distribution for R;. Full results are discussed in the captions of Figures A.13, A.14, and A.15.
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Figure A.13: Results from fitting (marginalised) EpiEstim to simulated data using three dif-
ferent grid-sizes for Ry: 500 (coarser), 1000 (standard), 2000 (finer). We also test the model
with a grid-size of 100 (very coarse grid). Only in the case of the very coarse grid do we see
evidence of degeneracy in the posterior distribution for Ry, suggesting that a grid size of 500
or more is sufficient.
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Figure A.14: Results from fitting EpiFilter (default and marginalised) to simulated data using
three different grid-sizes for R;: 500 (coarser), 1000 (standard), 2000 (finer). We find that the
choice of grid-size has very little impact on the results. *The density plot for 7 is the posterior
distribution of this parameter at the final time-step (i.e. conditional on all data).
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Figure A.15: Results from fitting EpiFilter to simulated data using three different grid-sizes
for n: 500 (coarser), 1000 (standard), 2000 (finer). We find that the choice of grid-size has very
little impact on the results, such that the resulting posterior distributions are indistinguishable.
*The density plot for n is the posterior distribution of this parameter at the final time-step
(i.e. conditional on all data).
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Appendix B

Supplementary material for Chapter
6: A Bayesian model for repeated
cross-sectional epidemic prevalence
survey data

B.1 Sensitivity of the SIMPLE approach to choice of prior dis-
tributions

B.1.1 Invariance to reasonable prior distributions

In the main paper, we claim that results from the SIMPLE approach are largely invariant to the
reasonable choice of initial distribution for the growth rate rg, initial distribution for prevalence
Py, and prior distribution for . We demonstrate this here by refitting the basic model (growth
rate epidemic model and basic observation model) to a single realisation of simulated data using
different prior distributions. Figure B.1 supports our claim. Small deviations in r; estimates
at early time steps are observed when varying the prior for rg, and similarly for P, when
varying the prior for Py. The fixed-lag resampling ensures that future data still influences these
estimates, hence they do not vary as much as might be expected. The remaining results are

nearly identical regardless of prior distribution. These results hold over repeated simulations.
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B.1. SENSITIVITY OF THE SIMPLE APPROACH TO CHOICE OF PRIOR
DISTRIBUTIONS
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Figure B.1: Estimates of the growth rate and prevalence over time (central lines show the
posterior mean and shading shows the 95% credible interval), and posterior mean and 95%
credible intervals on parameter o when fitting the SIMPLE approach (growth rate epidemic
model and binomial observation model) to simulated data. Column 1 shows results under
varying prior distributions on the initial growth rate, column 2 shows results under varying
prior distributions for the initial prevalence, and column 3 shows results under varying prior
distributions for the smoothing parameter o.

B.1.2 Informative prior distributions

In the main paper, we claim that “using more informative prior distributions that place less
mass on implausibly large values (of o and p) can help to reduce the width of the credible
intervals” on the hidden states. We demonstrate this here by fitting the beta-binomial model
to 10 realisations of simulated data (with ¢ = 0.008 and p = 2 x 107%) at various values
of ny. First, we fit the model using the default prior distributions (P(c) ~ U(0,0.2) and
P(p) ~ U(0,0.01)). Then, we refit the model (to the same simulations) using tighter prior
distributions P(o) ~ U(0.004,0.016) and P(p) ~ U(1 x 1074 4 x 10~%), chosen to reflect
typical lower and upper 95% credible intervals of the posterior distributions when the default

model is fit to simulated data with large n; = 10,000. Finally, we refit all models with o and

p fixed at their true values (i.e., P(0) ~ §(0.008) and P(p) ~ §(2 x 10~%) where § is the Dirac
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B.1. SENSITIVITY OF THE SIMPLE APPROACH TO CHOICE OF PRIOR
DISTRIBUTIONS

delta function).

Figure B.2 presents the coverage and average width of the 95% credible intervals for the growth
rate ; and prevalence P; (in %) for each of the three scenarios. The effect is most pronounced
for growth rate estimates, where credible intervals produced using the tighter prior distribution
are substantially narrower than those produced using the default prior distribution, particularly
at smaller values of n; (where there are fewer data to inform the posterior distribution). Using
known parameters results in a further reduction in the width of the credible intervals. This
effect primarily occurs due to eliminating the possibility of higher values of o. The coverage
of the credible intervals also improves (becomes closer to 0.95 on average) as removing the
possibility of higher values of o also reduces the chance of overcovering the true value (due
to wider credible intervals). The effect on prevalence estimates is less pronounced but still
noticeable. These improvements are only expected when the prior distributions contain the

true values of the parameters.
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Figure B.2: Coverage and average width of 95% credible intervals for the growth rate r; and
prevalence P; (%) from fitting the beta-binomial model with the default prior distribution
(orange), with a tighter prior distribution (green), and with known parameter values (blue).
Results from individual simulations are shown as transparent crosses, with averages over 10
simulations shown as points connected by solid lines. A range of assumed daily sample sizes
ny are considered (x-axis). The horizontal dashed line shows the target coverage of 95%.
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B.2. ALGORITHMS

B.2 Algorithms

We provide here a concise description of the algorithms used in the SIMPLE approach. We
direct readers new to SMC methods to [40], which provides a comprehensive overview of the

methodology in an epidemiological context.

For generality, we denote the hidden states at time step ¢ by X; (e.g., X; = (¢, P;) in the basic
model), observed data by y; (e.g., y: = (ny,n;)), and model parameters by 0 (e.g., 0 = (o, p)

in the overdispersed model).
B.2.1 The bootstrap filter

Given a fixed lag L, we approximate the marginal posterior distribution of the hidden states
at time ¢ given past and future observed data P(Xy|y1.t+1,0) using a set of N, “particles”
{x,gi)}f\fl, where each z; represents a sample from P(X;|y1.44+1,6). The lag L is chosen to
be large enough such that P(X¢|y1.4+1) = P(Xt|y1.7), but small enough to prevent particle

degeneracy.

The particles in) are constructed using a fixed-lag bootstrap filter, described in Algorithm 4.
Starting with a set of particles sampled from an initial state distribution {x(()i)}f-v:zl ~ P(Xy), we
iteratively propagate these particles by first sampling proposed particles from the state-space
transition distribution {a?ti)}f-v:zl ~ P(Xt\xgijl, 0), weighting them according to the observation
distribution wt(i) = P(ytﬁgi), ), and then resampling the proposed particles with replacement
according to these weights. This process is repeated for each ¢ until the final time step T is

reached. The resampling step also resamples particles in the preceding L time steps, ensuring

that the particles represent samples from the “smoothing posterior” {xy)}f\[;l ~ P(X¢|y1:441,0).

In addition to producing the smoothing distribution (conditional on parameters ), the boot-
strap filter also produces estimates of the model likelihood P(y;.7|f) as a by-product. Specif-
ically, note that the likelihood of the one-step-ahead forecast can be written as, and approxi-
mated by:

N,
1 &K
Plulyri10) = [ Pl Xt 0)P(Xilyre1, 00X~ > .
T =1

The model log-likelihood can therefore be written as and then approximated by:

T T N,
3 1 N,
U(0y14) = ) log P(yelyr4-1,0) = E log (N E wg )> . (B.1)
t=1 T =1

t=1
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Algorithm 4 Fixed-lag bootstrap filter

1. Input:
e N, - number of particles
o L - fixed lag

e 0 - parameter vector
o P(Xp) - initial state distribution
P(X|X1.4-1,0) - state-space transition distribution
o P(y| X4, 0) - observation distribution
2. Initialise: .
(a) Fori=1,..., N, sample :rg) ~ P(Xy)
(b) Sett=1
3. Project and filter:
(a) Fori=1,..., N sample :Egz) ~ P(Xt|m§21,9, ).
(b) Calculate weights wgl) = P(y|%4,0,--)
4. Resample:

(a) Resample (xgi) Loi—1> :cgl)) with replacement from (ZEEZ) Let—1s i"gj )) with probability pro-

portional to wt(j ),
5. If t < T, increment ¢ and go to step 3. Otherwise, end.

The quality of the approximation improves with larger N,.
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B.2. ALGORITHMS

B.2.2 The particle marginal Metropolis-Hastings algorithm

PMMH is a simple Markov chain Monte Carlo (MCMC) algorithm that allows for the estimation
of model parameters 6 given observed data y;.7. The algorithm uses the bootstrap filter to
estimate the model likelihood, and incorporates these estimates into a Metropolis-Hastings step

to determine whether to accept or reject proposed values of §. We outline this in Algorithm 5.

Algorithm 5 Particle Marginal Metropolis-Hastings
1. Input:
o A fixed-lag bootstrap filter (and corresponding parameters)
o P(0) - prior distribution for parameters
o q(0'|0) - proposal distribution for parameters
e ESS - target effective sample size
e« RR- target R-hat statistic
2. Initialise:
(a) Sample 6y ~ P(0)
(b) Run Algorithm 4 to obtain estimated log-likelihood ¢(6o|y1.7)
(c) Set counter i =1
3. Metropolis-Hastings step:

c
(a) Sample ¢’ ~ q(0'10;_1)

(b) Run Algorithm 4 to obtain estimated log-likelihood #(6'|y1.7)

(c) Calculate acceptance probability «; (Equation B.2)

(d) Set 6; = ¢ with probability «;, otherwise set 6; = 6;_1

4. If mod(i, 100) = 0 AND ESS; > ESS AND R; < R, return {6;}, else GOTO 3.

The acceptance probability «; at step 7 is calculated as:

o; = min <1 p(ylzT]H’)P(H’)q(Gi_l\9') ) , (B.2)

PERPN

P(yr.r|0i-1)P(0i-1)q(0']0;-1)

where 6;_1 is the previously accepted value of 6, 6 is the proposed value of 6, and p(ylzﬂé?)
is the estimated likelihood of the model given the data, calculated using Equation B.1. ¢(:|-)
denotes the proposal distribution (we use the adaptive multivariate normal approach from [40])

and P(#) denotes the prior distribution for 6.

When using the fixed-lag bootstrap filter to estimate the model likelihood, we typically use
N, = 1000 particles, chosen to keep the standard deviation of log-likelihood estimates below
approximately 1.2 [289]. When fitting to longer time series, such as the full REACT-1 dataset,
we increase this to N, = 2000. The algorithm is halted when the effective sample size (ESS)
exceeds 100 and the Gelman-Rubin statistic (R) is below 1.05. To reduce computation time,

these criteria are checked every 100 iterations. We typically run three chains in parallel.
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B.2.3 Marginal posterior distributions

Algorithm 4 produces samples from the conditional posterior distribution P(X¢|y1.1+1,6) while
Algorithm 5 produces samples from the marginal posterior distribution for the model param-
eters P(0|y;.r). Particles representing the marginal posterior distribution P(X;|yi.¢11) are
obtained by repeatedly sampling 6* ~ P(0|y;.r) and then running Algorithm 4 with this value
of 6*. This process is repeated, and the resulting particles are combined to approximate the
marginal posterior distribution P(X;|y;.7). By default, we use 100 samples of § and N, = 2000

particles per filter, resulting in 2 x 10° particles representing the marginal posterior distribution.

The choice of fixed-lag L also depends on the application. When fitting a Markovian epidemic
model (such as the model for the growth rate r;), we can disable fixed-lag resampling while
estimating the model likelihood to speed up computation. When estimating the marginal
posterior distribution we use L = 50 by default, increasing to L = 70 when fitting to the full
REACT-1 dataset to allow the model to “bridge the gap” between the end of study round 13
and the start of study round 14. When fitting a non-Markovian epidemic model (such as the
model for R;) we must choose L to include the majority of the mass of the generation time
distribution and test-sensitivity curve - we use L = 30 in PMMH when fitting to REACT-
1 data, again increasing this to L = 50 or L = 70 when estimating the marginal posterior

distribution of the hidden states.
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B.3 Eales approach knot spacing and equivalence with the SIM-
PLE approach

In this section we fit five models to REACT-1 data from rounds 14-to-19 (134 observations over
204 days), showing step-by-step the transition from the Eales approach to a slightly modified

version of the SIMPLE approach.

All four implementations of the Eales approach use 200 warm-up iterations and 300 sampling
iterations. As the data length is not divisible by 5, a target knot spacing of 5 days results in

an effective spacing of 4.95 days. All other parameters are set to their default values.

For the Eales approach without splines, we fit the following model using Stan:
bi ~ Normal (2b; 1 — bs—2, OEales) »

P, = logit™*(by),

ny ~ Beta-binomial (n¢, ay, Bt) ,

where oy = P(1/p—1) and B = (1 — P;)(1/p — 1). Uniform prior distributions are used for
b1, ba, and p, and a weakly informative inverse-gamma prior distribution with shape and scale

0.0001 is used for ogges. All source code is available on GitHub.

For the SIMPLE approach with a logit link function, we implement the following epidemic
model:

7t =T¢—1+ €, € ~ Normal(0,0),
logit P, = logitP;_1 + 74,

and retain the typical beta-binomial observation model. This model is equivalent to the Eales
model without splines, expressed in a form better suited to SMC methods. To match the Eales
model, we use the same inverse-gamma prior distribution for o and artificially extend the data
by 3 days at the start and finish, assuming n, = 0 on these days. Minor differences remain due

to how initial values are handled.

The Eales approach with a binomial observation model and spline knots every 5 days took 1m
59s to fit. Replacing the binomial distribution with a beta-binomial distribution increased the

fitting time to 5m 13s due to the additional computation required, although the convergence
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diagnostics (Rhat and ESS) improved as the beta-binomial model fits the data better. Decreas-
ing the knot spacing from 5 days to 1 day further increased the fitting time to 8m 45s. Finally,
fitting the Eales model without splines took a similar amount of time and produced identical
results (allowing for Monte Carlo error). Fitting the equivalent model using SMC took 50s and

produced nearly identical results. These results are summarised in Table B.1.

The sole reason for placing knots more than one day apart is to reduce computational burden.
As the splines are unnecessary when fitting on the same timescale as our observations (unless we
wish to interpolate at a higher resolution), and the SIMPLE approach (on logitP;) is equivalent
to the daily Eales approach without splines, the “ideal” Eales approach is equivalent to the
SIMPLE approach on logitP;. As the SIMPLE approach is approximately 9x faster to fit (on
this dataset), we recommend using the SIMPLE approach over the Eales approach in this

scenario.

This difference is expected to be greater on longer datasets, as the SIMPLE approach scales
better with the number of observations, although for slowly-varying epidemics where knots
can be placed farther apart without biasing results, there may be utility in using the Eales

approach with splines.

Table B.1: Fitting diagnostics and parameter estimates for the binomial Eales approach with
spline knots every 5 days, the beta-binomial Eales approach with spline knots every 5 days, the
beta-binomial Eales approach with daily spline knots, the Eales approach without splines (a
random walk on model coefficients), and a modified version of the SIMPLE approach modelling
logit P;.

Approach Eales Eales Eales Eales (no splines) SIMPLE (logit)
Obs. model Binomial Beta-binom Beta-binom Beta-binom Beta-binom
Knot spacing (days) 5 5 1 1 NA
Duration 1m 59s 5m 13s 8m 458 8m 57s 50s
Max R 1.06 1.02 1.04 1.03 1.01
Min ESS 59 230 273 210 143
6 (5-day) 0.22 0.16 NA NA NA
(0.14, 0.39)  (0.098, 0.25) NA NA NA

6 (1-day) NA NA 0.014 0.014 0.015

NA NA (0.0089, 0.023) (0.0087, 0.023) (0.0093, 0.022)
p x 10% NA 1.9 1.8 1.8 1.8

NA (1.0, 3.2) (0.83, 3.0) (0.90, 3.2) (0.71, 3.1)
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B.4 Comparisons with the original Eales approach

In this section we compare the original Eales approach with our modified version on the

REACT-1 dataset.

The “original” approach in this section assumes a binomial observation distribution, sets the
“max_treedepth” HMC hyperparameter to 10, and uses 1,000 warm-up iterations and 19,000
sampling iterations, with the warm-up and sampling iterations increased as needed to achieve

convergence (Table B.2).

The “modified” approach in this section matches the approach described in the main paper: a
beta-binomial observation distribution is used, the “max_treedepth” HMC hyperparameter is
increased to 15, and the number of warm-up and sampling iterations is decreased to 200 and

300, respectively.

Both the original and modified approaches presented here have been updated from the source
code to use new Stan syntax and cmdstanr (also necessitating updated processing code in R)
and are initialised at plausible parameter values to reduce computation during initialisation.

Our implementations of both the “original” and modified approaches are available on GitHub.

Runtime (measured on a 2021 M1 MacBook Pro) and convergence diagnostics are provided in
Table B.2. On shorter periods with lower overdispersion (study rounds 8-to-13 and 14-to-16),
the original approach converged within the default number of iterations, taking 1m 51s to 2m
36s to fit, while the modified approach took 35s to 56s. On periods where overdispersion was
greater (study rounds 1-to-7 and 17-to-19), additional iterations were required for the original
approach to converge, taking up to 17m 2s to fit, while the modified approach took up to 2m 58s
to fit (study rounds 1-to-7). We were unable to obtain convergence of the original approach on
the full dataset, even after 250,000 iterations and 31 hours of computation, while the modified

approach completed in 37m 42s.

Figure B.3 presents results from fitting both models to the REACT-1 data by (grouped) study
round. While both approaches produce similar results during rounds 8-to-13 and 14-to-16
(when overdispersion is estimated to be lower), there are substantial differences during rounds 1-

to-7 and 17-to-19. The original approach produces estimates of r; and P, that are more variable,
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as any extra-binomial noise must be absorbed by variation in 7;. Furthermore, the posterior
predictive credible intervals for observed swab positivity are wider under the modified approach

(see Figure B.4 for a closer look at rounds 1-to-7), due to the allowance for overdispersion.

Table B.2: Runtime, convergence diagnostics, and coverage of 95% credible intervals for n;" for
the original and modified Eales approaches. In some cases, additional iterations were required to
obtain convergence of the original model. 50,000 iterations (2,000 warm-up + 48,000 sampling)
were used for rounds 17-to-19 and 100,000 iterations (10,000 warm-up + 90,000 sampling) were
used for rounds 1-to-7. We attempted up to 250,000 iterations on the full dataset, however
convergence was not achieved.

Round ‘ All rounds | 1-to-7 8-to-13 14-to-16 17-to-19
Observations 400 147 119 67 67
Duration (days) 700 217 195 100 86
Original approach (1,000 warm-up + 19,000 sampling)

Runtime 13m 12s 3m 27s  2m 36s 1m 51s 1m 49s
Max R 3.02 1.39 1.01 1.00 1.12
Min ESS 3 8 577 648 18
Converged? No No Yes Yes No
Coverage - - 94.1% 91.0% -
Original approach (extra samples, see caption)

Runtime 31h 4m 55s* | 17m 2s - - 4m 29s
Max R 3.62 1.05 - - 1.02
Min ESS 2 74 - - 122
Converged? No Weakly - - Yes
Coverage - 89.1% - - 94.0%
Modified approach (200 warm-up + 300 sampling)

Runtime 38m 54s** | 2m 58s  1m 14s 43s 35s
Max R 1.04%* 1.02 1.02 1.01 1.01
Min ESS 152%* 380 259 245 260
Converged? Yes Yes Yes Yes Yes
Coverage 96.5% 96.6% 97.5% 97.0% 98.5%

*This was timed on the Imperial College HPC cluster so the runtime is not directly
comparable with the other approaches. **In order to obtain convergence of the modified
approach on the full REACT-1 dataset, the “maximum tree-depth” HMC hyperparameter
was increased from 15 to 16.
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Figure B.3: Model results from fitting the original and modified Eales approaches to the
REACT-1 dataset, grouped by study rounds 1-to-7, 8-to-13, 14-to-16, and 17-to-19. Solid
lines show the posterior mean of each quantity, while shaded regions and dashed lines show
95% credible intervals. Grey shading indicates the periods when the data were collected.
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Figure B.4: Model results from fitting the original and modified Eales approaches to rounds
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shaded regions and dashed lines show 95% credible intervals. Grey shading indicates the periods
when the data were collected.
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B.5 RT-PCR test-sensitivity curves for SARS-CoV-2

The Abbott approach relies upon an externally-estimated infection-to-swab-positivity curve
that describes how likely a given individual is to return a positive test result at a given time
from infection. The use of this curve allows us to estimate infection incidence (and thus
quantities such as the reproduction number) from prevalence data while accounting for the
sensitivity of the test. By modelling swab positivity as a convolution of past incidence with
this curve, we are also imposing additional smoothness assumptions on the observed data: even

if the underlying incidence is not smooth, the observed prevalence will be.

By default, the Abbott approach uses a sensitivity curve estimated by Hellewell et al. [327],
which reflects the sensitivity of self-administered nasopharyngeal RT-PCR tests by healthcare
workers for SARS-CoV-2 in England in early 2020. A total of 241 PCR tests from 27 individuals
were used to estimate this curve. Their median curve suggests a peak sensitivity of 78.5% at

4 days from infection and declines to a sensitivity of less than 10% at 20 days from infection.

Other estimates of time-varying RT-PCR sensitivity for SARS-CoV-2 are available and high-
light considerable uncertainty in the literature. Binny et al. [46] used a total of 12,501 tests
from 4,196 individuals that were tested using healthcare professional-administered nasopha-
ryngeal RT-PCR tests for SARS-CoV-2 between June 2020 and November 2021. They found
a peak sensitivity of 92.7% at 5 days from infection, declining to a sensitivity of less than 10%
after 38 days. Kucirka et al. [342] pooled data from seven studies (a total of 1,330 swabs) to
estimate a sensitivity curve peaking at 80.9% after 8 days, although their curve stops on day

21 at a sensitivity of 37%. These curves are presented in Figure B.5.

Substituting the Hellewell et al. (2021) curve for the Binny et al. (2023) curve and refitting
the model to the REACT-1 dataset produces Figure B.6. While swab positivity estimates are
largely similar, there are differences in the estimated growth rates. We also show the estimated
infection incidence, demonstrating the substantial effect that the choice of sensitivity curve has

on this quantity.

In the main paper, we hypothesised that the Abbott approach occasionally undercovers the
growth rate due to additional smoothing assumptions imposed by the PCR sensitivity curve.

As the Binny et al. (2023) curve represents a convolution over a longer time period, it enforces
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Figure B.6: Results from fitting the Abbott approach to REACT-1 data using two different

PCR positivity curves.

additional smoothing on this quantity. We reproduce Figure 6.4 from the main paper in Figure

B.7, additionally fitting the Abbott approach with the Binny et al. (2023) curve, and find that

this hypothesis is supported. The Binny et al. (2023) curve results in even more smoothing of

the growth rate estimates and also results in a decrease in accuracy of the estimated prevalence

(when fit to simulations from the SIMPLE, Eales, and Abbott (Hellewell) approaches).

The SIMPLE approach also relies upon an externally-estimated infection-to-swab-positivity
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Figure B.7: Coverage and average width of 95% credible intervals for the growth rate, preva-
lence, and observed swab positivity from fitting the SIMPLE (extra-binomial), Eales, and
Abbott approaches (with two different PCR positivity curves) to 10 simulated datasets from
each model. Boxes present the interquartile range of the results with the median shown as
a horizontal line. Whiskers extend to the most extreme data point within 1.5 times the in-
terquartile range from the box. Outliers are shown as points.

curve when estimating the reproduction number R;. In Figure B.8, we compare estimates by
applying this approach to the REACT-1 dataset using the default Hellewell et al. (2021) curve
alongside the Binny et al. (2023) curve. The latter curve results in a greater estimated value of
or of 0.10 (0.068,0.15) (the central estimate using the Hellewell curve is 0.069 (0.050,0.097)),
which is a result of the additional smoothing of incidence imposed by the Binny curve (thus
R; must become more variable to fit the same data). This greater value of o, alongside the
additional smoothing of incidence imposed by the Binny curve, means R; fluctuates more,

resulting in substantially wider credible intervals for R;.
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B.6 REACT-1 survey weights

B.6.1 Observed survey weights

We claim in the main text that REACT-1 survey weights are well modelled by log-normal
distributions with scale parameters ranging between 0.392 and 0.645. We present histograms
of the observed survey weights from each study round, along with fitted log-normal distributions
(using maximum likelihood estimation) in Figure B.9. The fitted distributions are generally in
agreement with the data, although the observed weights are more centred around the mode than
suggested by the fitted distributions. The “sdlog” parameter included in sub-figure headings is
the scale parameter of the fitted log-normal distribution, which is equivalent to the parameter

£ that we use when generating synthetic weighted data.
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Figure B.9: Histogram of REACT-1 survey weights by study round (grey bars) and fitted (by
maximum likelihood estimation) log-normal distributions (red lines). The parameters of the
fitted distributions are given in the subheadings of each panel.

B.6.2 Survey weights and observed swab positivity

While we do not explicitly model the relationship between survey weights and observed swab

positivity when fitting the model to data, it is informative to investigate this relationship

empirically. Specifically, we fit the following logistic regression model to REACT-1 data using

the glm function in R:

log

P;

1

P;
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where P; is the probability that the i*" swab, with survey weight w;, is positive.

Very crudely, if we assume that P; = kw] and that P; is small, then we can show that Sy ~
qlogk and 81 =~ q. Thus, the {1 coefficient tells us about the relationship between survey
weights and observed swab positivity. Specifically, 51 > 0 implies those with greater weights
(lower response probability) are more likely to test positive, and $; = 1 implies a linear

relationship (like the one we assume for simulated weighted data).

Table B.3 presents summary statistics of observed REACT-1 survey weights by round, and
the f; coefficient (and associated p-value) from this logistic regression model. In 14 out of
19 study rounds, the (1 coefficient is statistically significantly greater than 0 at the a =
0.05 significance level, suggesting that those with greater survey weights (i.e., people with
characteristics associated with lower response probabilities) are more likely to test positive,
although the estimated value is always less than 1, suggesting a sublinear relationship. This
relationship also appears to break down in study rounds 18 and 19, rounds in which the

population prevalence was greatest and incentives to improve response rates were introduced.

Table B.3: Summary statistics and logistic regression coefficient (see text) for observed survey
weights in the REACT-1 study.

Round | Mean weight (2.5th qulfsgizfl QV;égf}}Itquantile) Coefficient (p-value)
1 0.953 0.724 (0.284, 2.96) 0.307 (p = 0.017)
2 0.964 0.736 (0.287, 2.88) 0.246 (p = 0.089)
3 0.96 0.718 (0.269, 3.03) 0.372 (p = 0.069)
4 0.961 0.717 (0.271, 3.07) 0.610 (p <0.001)
5 0.96 0.723 (0.282, 3.01) 0.408 (p <0.001)
6 0.958 0.714 (0.276, 3.09) 0.298 (p <0.001)
7 0.956 0.697 (0.273, 3.16) 0.361 (p <0.001)
8 0.954 0.693 (0.266, 3.19) 0.299 (p <0.001)
9 0.962 0.711 (0.266, 3.08) 0.324 (p <0.001)

10 0.959 0.719 (0.269, 3.02) 0.438 (p <0.001)
11 0.949 0.702 (0.253, 3.09) 0.221 (p = 0.112)
12 0.952 0.830 (0.440, 2.19) 0.762 (p <0.001)
13 0.949 0.820 (0.430, 2.23) 0.696 (p <0.001)
14 0.938 0.794 (0.408, 2.32) 0.446 (p <0.001)
15 0.944 0.797 (0.416, 2.32) 0.567 (p <0.001)
16 0.937 0.777 (0.391, 2.42) 0.618 (p <0.001)
17 0.939 0.786 (0.394, 2.39) 0.400 (p <0.001)
18 0.987 0.899 (0.426, 2.09) 10.0357 (p = 0.473)
19 0.978 0.869 (0.425, 2.19) 0.0199 (p = 0.520)
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B.7 Supplementary results (simulated)

B.7.1 Survey design and epidemic dynamics: hidden-state estimation

In the main paper, we considered the coverage and width of the 95% credible intervals for
prevalence P; when fit to data from each model. We reproduce these results for the estimated
growth rate r; in Figure B.10. Unlike F;, fitting non-weighted models to weighted data does not
impact estimates of the growth rate r;, although this assumes there are no temporal biases in
survey weights. The basic model still struggles to estimate r; when the data are overdispersed,
however, as the estimated r; must fluctuate significantly to account for observed noise in the

data.
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Figure B.10: Coverage and average width of 95% credible intervals for the estimated growth
rate r; from fitting all three models (basic: purple, extra-binomial: blue, weighted: green) to
simulated data from each model (basic: column 1, extra-binomial: column 2, weighted: column
3). Results from individual simulations are shown as transparent crosses, with averages over 10
simulations shown as points connected by solid lines (for assumed o = 0.008) and dashed lines
(for assumed o = 0.016). A range of assumed daily sample sizes n; are considered (x-axis).
The horizontal black dashed line indicates the target coverage of 95%.

B.7.2 Survey design and epidemic dynamics: parameter estimation

In addition to coverage and credible interval width for the hidden states, we also consider how

the estimation of model parameters varies with survey design and epidemic dynamics. Figure
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B.11 presents the estimated value of o, p (where applicable) and ¢ (where applicable). As
expected, higher n; results in more precise estimates of model parameters. All three models
produce good estimates of o, even when there is no extra-binomial variation or survey weight
bias, suggesting there is little cost to including the additional parameter. When fitting the
basic model to data featuring extra-binomial variation, the estimated value of ¢ increases to
compensate for the additional noise, with a greater effect observed at higher values of n,. When
fitting the weighted model to data featuring extra-binomial variation, the variance adjustment

factor ¢ increases to account for this, so the weighted model still produces good estimates of o.
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Figure B.11: 95% credible intervals for model parameters from fitting all three models (basic:
purple, extra-binomial: blue, weighted: green) to simulated data from each model (basic:
column 1, extra-binomial, column 2, weighted: column 3) at varying values of n; and o = 0.016.
Black dashed lines denote true parameter values where applicable.
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B.8 Comparing model runtimes

Runtimes reported in the main paper reflect a single successful run of each model. However,
runtimes can vary substantially across runs, even for the same model and dataset. To assess

relative performance more robustly, we repeat each fitting procedure multiple times.

Observed runtimes depend on many factors, including dataset length, model complexity, pa-
rameterisation, model fit, and the system used to fit the model. The results in this section
are based on subsets of the REACT-1 dataset and may not generalise to other settings. We
use real data to avoid artefacts from fitting models to their own simulations, but caution that

these comparisons remain context-specific.

We test each model on multiple subsets of the REACT-1 dataset of increasing length, al-
ways starting from study round 1 (1 May 2020). Each subset is defined by its final study
round—rounds 1 through 13 in sequence, followed by rounds 15, 17, and 19 to reduce compu-
tation. Most models are fit 10 times per subset, except for the SIMPLE approach (reproduction
number epidemic model) and the Eales approach, which are run 5 times each for rounds 13,

15, and 17, and 3 times for round 19.

All models use their default parameterisations, except for the Eales approach on all 19 rounds,
where the HMC “max_treedepth” is increased to 16 to ensure convergence. For the SIMPLE
approach with the reproduction number epidemic model, we use N = 2000 particles per PMMH

likelihood evaluation for datasets ending at round 13 or later.

We present two runtime metrics: the time taken to complete a single successful fit (Figure
B.12, upper panel), and the average time taken to achieve convergence (Figure B.12, lower
panel). The latter accounts for failed fits, so is always equal to or greater than the former. As
convergence is built into the stopping criteria for the SIMPLE approaches, only the Eales and

Abbott approaches are affected by failed fits.

Stan models may fail to converge for two main reasons: (1) too few iterations, and (2) divergent
chains. The first occurs when the data are too short (providing limited information) or too long
(introducing many parameters), and affects both Stan-based models. The second (divergent

chains) can occur regardless of dataset length and primarily affects the Abbott model. Improved
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parameter initialisation may reduce the frequency of these divergent chains, but is context-

dependent and not explored further here.

The SIMPLE approach (growth rate epidemic model) and Abbott approach have comparable
runtimes when successful, though the non-zero failure rate of the Abbott approach increases
its average time per successful fit. The SIMPLE approach (reproduction number epidemic
model) and the Eales approach are substantially slower overall. While runtimes for these
two approaches are similar on shorter datasets, the SIMPLE approach (reproduction number

epidemic model) is faster than the Eales approach on the longest dataset.
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Figure B.12: Runtimes for fitting each model to subsets of the REACT-1 dataset of increasing
length (always starting from study round 1). The upper panel shows the average time taken to
complete a single successful fit (points), with error bars showing the observed range (minimum
to maximum). The lower panel shows the average time taken to achieve convergence, which
is equal to or greater than the time for a single fit due to occasional failures. The Abbott
approach failed to converge on the shortest dataset (round 1 only, 32 days), though this could
likely be resolved by adjusting hyperparameters.
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B.9 Supplementary results (REACT-1)

B.9.1 Full study versus separate models

In the main paper, we present estimates of r;, P;, and n;” /n; from fitting to all 19 REACT-1
study rounds simultaneously (Figure 6.5), despite substantial variation in parameter estimates
when fitting to shorter time periods (Table 6.2). In Figure B.13, we compare hidden-state
estimates from the full model with those obtained by fitting to shorter periods. Estimates
are similar across rounds 1-to-7 and 8-to-13, although slightly wider credible intervals for r;
are observed in rounds 14-to-16 and 17-to-19. These reflect greater uncertainty about model

parameters and higher estimated values of o.
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Figure B.13: Estimates of the growth rate 7, prevalence P;, and observed swab positivity
ny /ny for SARS-CoV-2 in England between 1 May 2020 and 31 March 2022, based on data
from the REACT-1 study. Blue curves present estimates from fitting to all 19 study rounds
simultaneously while dark red curves present estimates from fitting to four shorter periods.
Solid coloured lines show central estimates while shading and dashed lines show 95% credible
intervals. Daily true observed swab positivity n;”/n; is shown in black points.
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B.9.2 Overdispersed versus basic model

We present estimates of r;, P;, and n;”/n; from the REACT-1 study using the beta-binomial
model, allowing for extra-binomial variation in the data. We compare these estimates to those
from the basic model in Figure B.14. While estimates in rounds 8-to-13 and 14-to-16 are similar
between models, estimates in rounds 1-to-7 and 17-to-19 are noticeably different - these are

the periods in which the estimated value of p is higher (Table 6.2).
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Figure B.14: Estimates of the growth rate 7, prevalence P;, and observed swab positivity
ny /ny for SARS-CoV-2 in England between 1 May 2020 and 31 March 2022 using data from
the REACT-1 study. Blue curves present estimates from the model allowing for extra-binomial
variation while pink curves present estimates from the basic model. Solid coloured lines show
central estimates while shading and dashed lines show 95% credible intervals. Daily true
observed swab positivity n;" /n; is shown in black points.

B.9.3 Weighted data

As survey weights applicable on a daily basis were not available for the REACT-1 study,
we have thus far not fit the weighted model to these data. In Figure B.15 we compare the
extra-binomial model with the weighted model when fit to REACT-1 data, assuming that the

provided survey weights (which are applicable on a round-by-round basis) are valid for use with
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daily data. Growth rate estimates are largely unchanged, although there are periods where

population swab positivity is estimated to be greater in the weighted model.
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Figure B.15: Estimates of the growth rate in swab positivity r;, population swab positivity
P;, and observed swab positivity n;”/n; for SARS-CoV-2 in England between 1 May 2020
and 31 March 2022 using data from the REACT-1 study. Blue curves present estimates from
the model allowing for extra-binomial variation while green curves present estimates from the
weighted model, assuming that survey weights are valid on a day-by-day basis. Solid coloured
lines show central estimates while shading and dashed lines show 95% credible intervals. Daily
true observed swab positivity n;”/n; is shown in black points.
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B.10 Accounting for multiple variants

Genomic sequencing has become an increasingly important tool for monitoring the spread
of infectious diseases. This was most notable during the COVID-19 pandemic, where the
repeated emergence of new variants of concern necessitated the monitoring of variant-specific
growth rates. Genomic sequencing of survey samples is time-consuming and expensive, so the
estimation of variant-specific growth rates using sequencing from only a subset of samples is a

key problem. We show how the SIMPLE approach can be extended to allow for this.

Specifically, using superscript v = 1,...,V to denote variant, we define variant-specific growth

rates and swab positivity:

rﬁv) = rt(zl + eﬁ“), 61(50) ~ N(0, a(”)),

T
P — pt(j)1 o

We retain the standard beta-binomial observation distribution for the number of total positive
swabs, with overall prevalence defined as P, = ), Pt(v). We further assume that n; of the
positive swabs are sent for genomic sequencing and that number of these swabs that are positive

for each variant considered follows a multinomial distribution. Specifically:

Pt(v)

nt+, {ngv)} ~ Beta-binomial(n¢, oy, 5) x Multinomial (nf, {B}) ’

where the “x” operator denotes the product of two probability density functions. oy = Pi(1/p—
1) and By = (1 — P)(1/p—1). We now have V + 1 parameters: aﬁv), the standard deviation of

the daily growth rate for each variant, and p, the overdispersion parameter.

The hidden states associated with a given variant are initialised on the first day the variant
is detected. We stop estimating the associated hidden states at the end of the final round in

which a given variant is detected.

We fit this model to REACT-1 data in two groups: rounds 8-to-13 (for Wildtype (WT), Alpha
(AL), and Delta (DE) variants) and rounds 14-to-19 (for Delta, Omicron (OM), and Omicron
BA.2 (BA) variants). Table B.4 presents parameter estimates and 95% credible intervals.

Figure B.16 shows the estimated growth rates and prevalence for each variant. Crucially these
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estimates leverage data from both sequenced and unsequenced swabs to inform estimates of

variant-specific growth rates.

Table B.4: Parameter estimates for the variant model fit to REACT-1 data.

Rounds ‘ o) o(AL) o(PE) o(OM) o(BA) ‘ p (x10%)
8-to-13 0.039 0.0077 0.014 - -
(0.0014, 0.13)  (0.0013, 0.018) (0.00089, 0.051) - - (0. 53 2 3)

14-t0-19 - - 0.016 0.035 0.020
- - (0.0084, 0.029)  (0.020, 0.062) (0.007, 0.048) 054 33)
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Figure B.16: Estimated growth rates and prevalence of SARS-CoV-2 by variant between 30
December 2020 and 31 March 2022 using data collected in the REACT-1 study. Solid lines
show the posterior mean of each quantity and shaded regions/coloured dashed lines show 95%
credible intervals. Shaded regions indicate the periods when the data were collected. The
horizontal black dashed line shows zero growth rate.

The observation model leveraged above can be derived by assuming that the probability of
sequencing a given swab is independent of the variant, and that the total number of sequenced

swabs is deterministic given the total number of positive swabs. Thus:
P ({n"}ynf milne, - ) = P ({ng"}ng, - ) POgln -+ ) P(nf ),

where the first term is the multinomial distribution, the middle term is a Dirac delta at the

observed nf, and the final term is the beta-binomial distribution.
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This framework readily allows for further analysis. Samples of growth rate advantages (r;® /r,")
can be obtained by comparing r; " values across variants v, where ¢ indexes the particle number.

Forecasts of variant prevalence can be obtained by projecting the model forward in time.
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B.11 Comparisons with UKHSA consensus estimates

During the COVID-19 pandemic, the UK Health Security Agency (UKHSA) produced consen-
sus estimates of the growth rate and the reproduction number in England. These estimates
were produced by combining estimates from a range of models that were fit to a variety of
data sources (not including data from REACT-1) [192, 340]. The UKHSA estimates are the
most official estimates of the growth rate and the reproduction number in England, so it is

informative to compare our estimates with these.

UKHSA consensus estimates were reported, and are reported here, as the lower and upper
bounds of the 90% credible intervals for the growth rate and the reproduction number. No
central estimates were provided. Estimates were produced weekly and reflect data up to a few
days before the estimate was produced (the exact gap varies by week). Figure B.17 presents
our estimates of the growth rate and the reproduction number from applying all approaches to

the REACT-1 dataset, alongside the UKHSA estimates (shown in black).
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Figure B.17: Comparison of our estimates of the growth rate and the reproduction number for
SARS-CoV-2 in England with UKHSA consensus estimates. Our estimates are shown in blue
(SIMPLE approach), orange (Eales approach), and green (Abbott approach). The UKHSA
estimates are shown in black, with the lower and upper bounds of the 90% credible intervals
shown as horizontal lines.
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COMPARISONS WITH UKHSA CONSENSUS ESTIMATES

There are many reasons why our estimates differ from the UKHSA estimates:

1.

The UKHSA estimates are consensus estimates produced by combining estimates from a
range of methods. This generally results in narrower credible intervals than those pro-
duced by any individual method, particularly where the individual models contributing
to the consensus estimate agree. Consensus estimates can also result in more conserva-
tive estimates (closer to O for the growth rate and 1 for the reproduction number), as

individual model variance is averaged out.

. The UKHSA estimates are produced in real-time and are not updated retrospectively,

whereas our approaches all use the full dataset to produce estimates. This explains why
the UKHSA estimates lag behind our estimates: an increase in cases the following week
can be explained by an increase in r; and R; today, but the UKHSA estimates will not

reflect this until the increase is observed.

. The UKHSA estimates are produced from different data sources to our estimates. The

REACT-1 study did not contribute to the UKHSA estimates, which leveraged data such
as reported cases and hospitalisations (among other, individual model-dependent, data

sources).

All models make their own set of assumptions. In addition to serial interval and smoothing
differences discussed in the main paper, the model structure can also impact estimates.
Not all of the individual models in the UKHSA consensus estimates used the renewal

model, for example.

. The UKHSA report 90% credible intervals, while we report 95% credible intervals.

While consensus estimates like those produced by the UKHSA are generally more robust than

estimates from any individual model, we are hesitant to use these comparisons as evidence that

our approaches are producing inaccurate estimates. Points (2) and (3) above are particularly

important: our estimates are produced retrospectively using high-quality data and are not

subject to the same real-time constraints as the UKHSA estimates. Data that are available in

real-time (such as reported cases and hospitalisations) are noisy and subject to biases which

will impact all models that use them (and thus the consensus estimates). The instances where

credible intervals do not overlap in Figure B.17 largely occur due to delays in the UKHSA
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estimates, which would likely not exist if the estimates were produced using retrospective

data.
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Appendix C

Supplementary material for Chapter
7: Jointly estimating epidemiological
dynamics of COVID-19 from case
and wastewater data in Aotearoa
New Zealand

C.1 Supplementary methods

C.1.1 Data

Wastewater sampling

Composite samples were collected by an autosampler, which collects a small volume of waste-
water at regular intervals over the course of a 24-hour period. When composite samples were not
available, ‘grab’ samples were collected and ranged from a sample being taken at a single point
in time to three samples taken over 30 minutes. Grab samples represent only the composition
of the source at the time of collection and may not be as representative as a 24-hour composite
sample collected by an autosampler. Following collection, samples were couriered overnight to

the Institute of Environmental Science and Research (ESR) for processing.

Virus concentration was performed by SARS-CoV-2 detection and quantitation by RT-PCR of
the N-gene as described in [157]. Wastewater (250 mL) was concentrated to 1.25 mL, of which
0.2 mL was used for nucleic extraction. Six RT-PCR replicates were performed for each sample.

SARS-CoV-2 RNA was considered detected if any of the RT-PCR replicates were positive. A
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result of ‘not detected” meant that SARS-CoV-2 RNA was either absent from the sample or at

a level too low to be reliably reported.

RT-PCR data (quantification cycle values) were converted to genome copies per reaction using
a standard curve and then to genome copies per litre of wastewater. Fach sample is multiplied
by the estimated volume of wastewater entering the wastewater treatment plant to estimate
the total genome copies per day. These are summed over all sites sampled on that day and
divided by the total volume of wastewater entering all sampled wastewater treatment plants
to give daily estimates of genome copies per litre of wastewater. We also calculate the daily

total population across sampled catchment sites.

The data and comprehensive details about collection and processing are available at https:

//github.com/ESR-NZ/covid_in_wastewater [349].
Reported cases

National daily reported cases of COVID-19 were obtained from the New Zealand Ministry
of Health and are available at https://github.com/minhealthnz/nz-covid-data [348].
Reported case data exhibit a clear day-of-the-week effect, which we remove in pre-processing
using a simple linear regression model. The log-transformed daily case count was regressed
against the day of the week and the data were then divided by the exponential of the regression
coefficient for each day of the week. Adjusted daily case counts were then scaled so the total
case count remains consistent. We perform this day-of-the-week adjustment in the following
consecutive time windows: before 1 January 2022, 1 January to 28 February 2022, 1 March to
30 June 2022, 1 July to 30 September 2022, 1 October to 31 December 2022, and 1 January
2023 to 31 March 2023. These are mostly three months in duration, except that the boundary
between the second and third windows was selected to coincide with the change from PCR-only
testing to widespread availability and use of RATs [352], as this impacted the weekly reporting

pattern.

Algorithmically, this seasonal adjustment is performed when the data are loaded. As it results
in non-integer daily case counts, we round the outputs to the nearest integer. The functions
to do this are included in the “loadNZData.jl” function at https://github.com/nicsteyn?2

/NZWastewaterModelling/tree/main/src.
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C.1.2 Model derivation and algorithms
Fixed-lag bootstrap filter

We have hidden states CAR;, Ry, I;, observed data W;, Cy, and fixed parameter vector #. We
are interested in learning the joint posterior distribution P(C ARy.p, Ri.1, I1.7,0|Wi.p, Cy.1).
The goal of Algorithm 6 (below) is to construct a set of particles { (CAR,gi), R,(j), I,Ef)) i=1,..., N}

that approximate this distribution.

For simplicity, let our hidden states be collectively denoted X; = (CARy, Ry, I;) and our ob-
served data y; = (W, C;). We start with the filtering distribution at time ¢ which we denote

¢ (defined below). We decompose this filtering distribution into the following recursion:

qr = Po(X1:t|y1:e) (C.1)
o¢ Py(ye| X145 y1:t—1) Po(Xa:t|y1:4-1) (C.2)
= Py(ye| X1:4) Po(Xe| X1:0—1, y1:0—1) Po(X1:e—1|y1:0—1) (C.3)
= Py(yt| X1:¢) Po (X¢| X1:4-1) @1, (C4)

where Py(y¢|X1.t) = Po(Wy|I1.4—1)Py(C|C ARy, I14—1) is our joint observation distribution and
Py(Xy| X1:4—1) = Poy(CAR|CARy_1)Py(Ry|Ri—1)Py(I|I1.4—1) is our joint state-space transition

distribution.

The decomposition makes two assumptions: (1) y; is conditionally independent of y;.4—1 given
X, and (2) X; is conditionally independent of y;.4—1 given Xj4_1. The definition of the
observation and state-space transition distributions require further assumptions that are clear

from their definition.

We define our importance sampling distribution 7 in a similar recursive fashion:
T( X1elyre) = m1(Xe| X1, y1.) 7 (X1 |y1:6-1), (C.5)

requiring the non-restrictive assumption that our importance distribution on Xi.;— 1 does not
depend on y;. This further allows us to define the importance sampling weights recursively:

(i) Po(yel X)) Po (X 1 X101t

k i i i (C.6)
(XX ) (XD yra)
Py(ye| XD Pp(x1x () )
_ tA1: t 1:t—1 w}g_l' (C.7)

a (XX 1)
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Finally, we choose our importance sampling distribution W(X,f(i)\X{Q_l,ylzt) to be the state-
space transition distribution Pg(Xt(i)‘ngil), allowing these terms to be cancelled, and giving

the recursion for the particle weights:
wy = Pyl Xiwf . (C)

At each time step, we re-sample with replacement from our current particles according to w,(ﬁl,

thus the selected particles at time step ¢ can be viewed as direct draws from Py(Xy|y1.¢).

Additionally re-sampling the h most recent time steps re-weights past particles according to
Pg(g/ﬂX@), thus they can be viewed as samples from Py(X¢|y1.41+r). We note that in doing
this resampling, we break the particle ancestry, so only have samples from the marginal distri-
butions Py(Xt|y1.t+1) = Po(X¢|y1.7) and not the full joint distribution over state-trajectories

Py(X1:t|ly1:4+1) (except for the final L states).

Conditional on a fixed value of 6, Algorithm 6 presents our fixed-lag bootstrap filter. This
assumes a default wind-in period equal to h (30-days), although this can be changed as neces-

sary.
Practical considerations for the bootstrap filter
Choosing the Fixed-Lag h

In an ideal world we would resample the entire state-history at every step, producing direct
samples from our desired posterior distribution P(X|y1.7). In fact, this also admits samples
from the joint posterior distribution across all time steps P(X1.7|y1.7), which would allow us
to sample individual trajectories. However, as T' increases, the number of individual unique
particles that remain in the earlier time steps (most obviously at ¢ = 1) gets increasingly small.
Eventually only a handful, or even a single, unique particle will remain for X, which provides
a very poor approximation of P(X1|y1.7). This can be somewhat overcome by increasing the
number of particles N,, but given present computing power this quickly becomes impractical.
Instead, we re-sample only the most recent h time steps, which means our particles at time step
t are samples from P(X|y1.4+r) whenever ¢t + h < T. The value of h needs to be large enough
that P(X¢|y1.44n) = P(X¢|y1.7) while being small enough that we avoid particle degeneracy for

reasonable values of IV,.
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Calculating Cumulative Infections

In Figure 4 of the main text we present estimates of cumulative infections Cl;. If we were
resampling entire particle histories at each time step (rather than fixed-lag resampling) we
would be able to set CI = ! _, 1 for our it sample of cumulative infections at time
t. However, our fixed-lag resampling breaks the state-histories, so this approach is invalid.
Instead, we augment cumulative infections as an additional hidden state, at each time step
setting:

crt =1, + 19, (C.9)

and resampling as usual. As the particle filter produces samples from P(Cl;|y1.¢+p), this

method produces valid estimates of the pointwise cumulative infections C1;.

Algorithm 6 Fixed-lag bootstrap filter
Input: Parameter vector 6, data Wi.p and Ci.p

Sample CAR@MO, R@u()v and [ (_i,)uo from some initial state distribution
fort=1,...,7T do
Sample CAR") ~ Py(CAR,|CAR!"))
Sample Rii) ~ Pg(RﬂREQ )
Sample 1) ~ Py( R, 117,.,)
Set wy”) = Py(Will}" .. CARY ) Py(C|CARY 1)V )
Sample with replacement indices {z; };VZI from 7 = 1,2, ..., N with probability wt(i)
Update (CARg{)L:ta Rt@L:tv It@L:t) — (CARgf’ﬁzta Rgijl)/:t’lt(fj[?:t)
end for
Return (CAR{, R, 1)

Wind-in period

In practice, we wind-in using two steps: (1) hidden states are randomly allocated values for
t =—htot =0, and (2) the filter is run for ¢t = 1 to ¢t = k for some k. We present results
and calculate likelihoods for ¢ > k + 1. The first step is necessary for there to be sufficient
state-history to calculate the expected values of I, Ct, and Wy, which all involve convolutions of
past infections. However, only a few of these randomly allocated trajectories will be plausible,
leading to considerable uncertainty in the initial estimates of our hidden states. Thus we use

data to filter particles as described above in the period 0 < ¢t < k and start the estimation
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window at t = k, so that all particle chains have plausible past trajectories at this time. In

general k should be chosen to be greater than h.

This second wind-in period means that the estimation window only begins k days after the
start of the period for which data are available. It is possible to run the algorithm without the
second wind-in period, which may be necessary when data are limited. However, this leads to
greater uncertainty about estimated states in the early part of the time period and introduces
substantial additional variation in the estimates of the model log-likelihood (Supplementary
Section C.1.2). In practice, we used k = 50, except for model runs starting on 1 January 2022

where we use k = 31 as the earliest available data were 1 December 2021.
Likelihood estimation

Thus far we have focused on estimating the value of the hidden states given some known
parameter vector #. Our particle filtering algorithm also admits a tidy, albeit noisy, method

for estimating the likelihood function L(6|y1.7) o< P(y1.7|0) [300]. First note that:

T
P(y1r10) = [ [ Po(welyre-1) (C.10)
t=1

We can write each term in the product as:

Po(ytlyr:e—1) = /Pﬁ(yt|Xt—L:t)P9(Xt—L:t|y1:t71) dXi—r:t. (C.11)

Note Pg(yt|Xt(i)L:t) = wt(i). Furthermore, our projected (but non-filtered) particles {Xt(l_) [ AR
at time ¢ provide an approximation to Pyp(X;—r.¢|y1.4—1). Together this conveniently allows us

to approximate this integral using:

N

Py(yelyr:e—1) Z (C.12)

Taking logarithms gives our estimator of the log-likelihood:
1 & G
0(0y1.7) Zlog <N2w§1)> . (C.13)
i=1

As each term inside the outer sum is an approximation, the noise of this estimator grows with
the length of data. In general this noise increases linearly with time, as does the time it takes
to run a single filter, thus the computational requirements approximately scale with O(7?)

[289)].
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Particle marginal Metropolis-Hastings

Particle marginal Metropolis-Hastings (PMMH; Algorithm 7) is an established algorithm de-
signed to estimate the joint posterior distribution P(X7i.7,68|y1.7) of the hidden states and
fixed parameter vector given our data, although in practice we use this method to estimate the

marginal posterior distribution P(f|y1.7). The algorithm uses the following proposal density:
q((Xi:Ta 6,)|(X1:T7 0)) = q(QIIH)PG' (Xi:T’yl:T)a (014)

where X, are generated by running a particle filter at #’. This gives an acceptance probability

of:

a = min <1, ]5A(y1:T|0’)P(0’)q(0]9’)> ) (C.15)
P(yr.7]0)P(0)q(6'|0)

where ¢(#']) is our proposal density on our parameters and P(y1.7|f) is an estimate of the
model evidence at parameter vector 6’ - this is the exponential of @(H\ylzT) described in Sup-
plementary Section C.1.2. The validity of using an estimate of the likelihood rather than an
exact calculation is confirmed in [300], which is a key difference between PMMH and standard

Metropolis-Hastings.

Algorithm 7 Particle marginal Metropolis-Hastings

Require: Prior distribution P(6) on 6, proposal density ¢(6’|#), and number of MCMC steps
N
Initialise g ~ P(#) and run Algorithm 6 to estimate pgo = P(6o|y1.7)
for:=1,...,N do
Sample 0" ~ q(-|0;-1)
Run Algorithm 6 to estimate Py = P(0'|y1.7)

" P(y1.710i—1)P(0i—1)q(6|05-1)
Let 6; = 0’ with probability a;, else let 6; = 6;_
end for ' ' '
Return (CAR@[, R%, IY%F)

Calculate acceptance probability a; = min ( 1, = Plyrrl0) P(0)q(0:—110") >

Prior distributions and proposal variances

The parameters ogr, ocar, ke, and k,, may change as the epidemiological landscape changes
so we fitted them in five distinct time periods: (1) 1 January 2022 — 31 March 2022, (2) 1
April 2022 — 30 June 2022, (3) 1 July 2022 — 30 September 2022, (4) 1 October 2022 — 31
December 2022, and (5) 1 January 2023 — 31 March 2023. Choosing the duration of these
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windows requires balancing changing epidemiological dynamics (we expect these parameters to

somewhat change over time) with using more data to obtain more precise estimates.

We use wide independent uniform distributions for our prior distributions on og, k., and k. A
wide uniform prior distribution can also be placed on o¢ agr, however, this results in a relatively
high-valued posterior estimate for this parameter as the model can choose values of C AR, that
closely fit the fluctuations in reported case data. We want our estimates of C AR; to reflect an
underlying reporting rate, rather than the daily noise in reporting, so use a prior distribution
on oo 4R to ensure this. For time periods encompassing 1 April 2022 — 31 March 2023 we use
a normal distribution with mean 0.006 and standard deviation 0.00204, truncated on (0, c0),
which has a 95" quantile of 0.01. For the first time period, encompassing 1 January 2022 to 31
March 2022, we use a higher-mean normal distribution with mean 0.024 and standard deviation
0.00816, truncated on (0, c0), which has a 95" quantile of 0.04. The use of a higher-mean prior
distribution for oo 4pr in this first period allows the model to fit to the rapid change in CAR;
that is thought to have occurred when RATs were rolled out in February 2022 [352]. Table C.1

reports our choices for prior distributions.

We use independent normal proposal densities for each parameter. The chosen standard de-
viations of the proposal densities are given in Table C.2. We outline how we chose these in

Supplementary Section C.1.2.

Table C.1: Prior distributions on parameters. All normal distributions (represented by N) are
truncated on (0,00). The continuous uniform distribution is represented by U. The period
starting 1 March 2022 continues until the end of considered period on 31 March 2023.

Period starting | ogr OCAR ke kw
1 Jan 2022 N(0.024, 0.00816) U(0, 0.1) U(0, 400)
1 Mar 2022 N(0.006, 0.00204) U(0, 0.1) U(0, 400)

Table C.2: The chosen standard deviation for each independent normal proposal distribution.

Period starting | or ocar ke kw(x1077)
1 Jan 2022 0.024 0.004 4.3 1.4
1 Apr 2022 0.018 0.0014 21 5.5
1 Jul 2022 0.010 0.0015 30 6.6
1 Oct 2022 0.0073 0.001 22 74
1 Jan 2023 0.0089 0.0015 22 8.9
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Practical considerations for particle marginal Metropolis-Hastings

In situations where the proposed particle is rejected, it is not necessary to re-estimate ]Sgi_l.
One can typically let P@i = P@i_l. In some situations, particularly when the variance of the
likelihood estimator is large, the Markov chain can get stuck on values of #’ where the estimate
of Py was unusually high, resulting in slower convergence. To avoid this we re-estimate Py, , if
n consecutive proposals have been rejected. Choosing n requires balancing the computational
cost of running additional particle filters with the cost of slower mixing chains. We use n = 5

in this work.

Theoretically, this algorithm works irrespective of the number of particles IV, used in each filter,
however, this does have a substantial impact on the performance of the algorithm. A general
heuristic is that N, should be chosen such that the standard deviation of @(GlylzT) is around
1.2-1.3 [289]. This standard deviation is a function of @ itself (generally speaking estimates of
¢ at more likely values of 6 have lower standard deviations) so choosing the ideal N, is not a

simple task. We use N, = 10° particles per filter when fitting to three-month time periods.

PMMH is a computationally expensive algorithm. Our results rely on 8 PMMH chains for
each of the five time periods considered. Whilst running this on high-performance computing
services can allow us to utilise the 40 cores required to run each chain simultaneously, it can
still take multiple days to generate sufficient samples. We find that, with N, = 10°, it takes us
approximately 20 hours to generate 2000 samples (although this can be faster if more modern
central processing units are used). As seen in Supplementary Section C.2.5, this can be enough
to meet certain convergence criteria even if this is fewer samples than most MCMC algorithms
target. Practically we expect this to make little difference to our posterior estimates of 6, and
even less of a difference to our posterior estimates of Xq.p. This final point can be seen by
noting that the marginal posterior estimates of X.7 are very similar to the posterior estimates
of X1.7 conditional on any plausible value of 8 - the majority of the uncertainty comes from the
relationship between the hidden states and the observed data, rather than the hyperparameters

that characterise this relationship.

Despite generally using wide uniform prior distributions, we want to ensure our chains start

at plausible values of 0, otherwise considerable computation time must be spent on a wind-
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in period. Therefore, we first computed approximate bivariate heatmaps of the estimated
log-likelihood on a coarse parameter mesh (Supplementary Section C.2.2). We then initialised
chains in the part of parameter space with relatively high likelihood values. As well as reducing
convergence times, this technique also provides some reassurance that the PMMH algorithm is
not missing any hidden modes, and that the posterior distribution found is similar to empirical

results.

We ran the PMMH algorithm twice for each three-month block. First we did a training
run, with seemingly plausible values for the parameter proposal variances, to provide a crude
estimate of the posterior variance. Then a second, final, run was performed using the heuristic
proposal variance of 2.380posterior/Mdim, Where oposterior is the estimated posterior standard
deviation of the chosen parameter from the first run, and ng;,, = 4 is the dimensionality of the
parameter space. This heuristic could be replaced with adaptive MCMC methods - these are

well known but slightly more complicated to implement from scratch.
Posterior distribution on hidden states

One way of estimating the marginal posterior distribution P(X1.7|y1.7) is to store one (or more)
trajectories from each PMMH step. The resulting set of particle trajectories are samples from
the pointwise marginal posterior distribution P(X;|Y1.7). However, as we fit the parameters
in three-month windows, the PMMH method only outputs trajectories in three-month blocks,

which cannot be easily joined together.

Instead, we first run Algorithm 7 to generate a set of fixed parameter values {8;}¥¢, ~ P(6]y1.7).
We then sample from P(Xi.p|y;.7) by iteratively uniformly sampling 8* from {Gi}f\;cl, running
Algorithm 6 with N, particles at § = 0, and keeping N, trajectories (where Ny < N,) from the
output. Repeating this N, times (once for each parameter sample) gives a set of NsN, particle
trajectories that approximate the pointwise posterior distribution P(X¢|y1.4+n) =~ P(X¢|y1.1).
Note that each sample from {Hi}ficl consists of five independent sets of values for the inferred
parameters (0cAr, OR, ke and k), one for each of the five three-month periods. When we
run Algorithm (7) for the whole 15-month period, we assume that the values of these four

parameters change instantaneously from one three-month block to the next.
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Typically, we want to run this with sufficient unique draws from P(0|y;.7) (say N. > 100)
to appropriately account for uncertainty in 6. The number of samples retained from each
iteration should be chosen so our overall number of trajectories is sufficiently large - we choose
N.N, = 2 x 10%. Finally, as we are less concerned by minor degeneracy in individual particle
filters, the number of particles used in each filter N, can be smaller than if we were just running
the filter once. For our results, N, = 10° worked well, but this needs to be tailored to individual

purposes.

When presenting results we calculate the mean of the samples as the central estimate and use

the 2.5"" and 97.5'" quantiles to represent our 95% credible intervals (CrI).
Pre-determined parameters

In addition to the estimated parameters, there are others that we fix. These are the generation
time distribution g,, infection-to-reporting distribution L,,, the infection-to-shedding distribu-
tion w,, and the average total genome copies per infection a. We also pre-specify the fixed-lag

resampling window A = 30.

The generation time is assumed to be a discretised Gamma random variable with mean 3.3 days
and standard deviation 1.3 days [352, 374, 375, 415]. The infection-to-reporting and infection-
to-shedding distributions are calculated as convolutions of an incubation period (infection-to-
onset) distribution (Weibull with mean 2.9 days and standard deviation 2.0 days [373]) and an
onset-to-reporting distribution (estimated from New Zealand data, mean 1.8 days and standard
deviation 1.8 days) or an onset-to-shedding distribution (mean 0.7 and standard deviation 2.6
[157]). The Gamma and Weibull distributions were discretised by taking their value at integer

times and normalising. All of these distributions are presented in Supplementary Figure C.1.
Estimating curvewise extrema

Our primary methods produce pointwise estimates of the hidden states at each time step (e.g.,
mean and quantiles of the samples at each fixed value of ¢). As the timing of peaks and troughs
can be quite variable between particles, using pointwise statistics to quantify the heights and
timings of peaks or troughs (e.g., local maxima in the median value across particles) can be

misleading [416]. For this purpose, it is important to consider these on a curvewise basis (e.g.,
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Figure C.1: Delay distributions. Distributions reported in the first row were used as inputs to
create the infection-to-shedding and infection-to-reporting distributions reported in the second
Tow.

median of the local maxima across particles). This requires samples from the joint posterior

distribution P(Xs.t|y1.7) over some fixed window s : ¢.

We achieve this by increasing our resampling length A and halting the algorithm when the
period of interest is contained in (T' — h,T — 30) where T represents the final stopping time.
Limiting the lower window to t > T — h ensures that complete trajectories are faithfully
resampled over the time period of interest. Limiting the upper window to t < T — 30 ensures

we are using appropriately smoothed samples that are sufficiently informed by data.

C.2 Supplementary results

C.2.1 Synthetic verification of hidden state estimates

Before analysing real-world data, we performed synthetic tests to verify our model. We imposed
a prescribed time-varying reproduction number and CAR and ran a forward simulation of our
model to calculate the median number of infections, cases and wastewater data for a fixed value
of . We then used the simulated case and wastewater data as inputs to the particle filter to
estimate R; and CAR;. To investigate how the addition of wastewater data affected model

performance, we ran the particle filter with three different sets of inputs: only case data, only
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(a) Input Data: Reported Cases
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Figure C.2: Synthetic results. (left) Instantaneous reproduction number, (centre-left) case as-
certainment rate, (centre-right) wastewater data in genome copies per person per day (gc/p/d)
and (right) reported cases. Results are shown when using (a) only reported cases as input data
for the particle filter, (b) only wastewater data, and (c) both reported cases and wastewater
data. Solid lines present central estimates. Shaded regions show 95% Crls on the value of the
hidden states (left and centre-left columns) and 95% Crls on the prediction distribution for
wastewater data and reported cases (centre-right and right columns). Black dashed lines indi-
cate the synthetic data. Vertical red lines in hidden state plots (left and centre-left columns)
indicate the end of the two wind-in periods.

wastewater data, and both case and wastewater data. The results are shown in Figure C.2.
The parameters used were op = 0.1, ocar = 0.02, k. = 100, and k,, = 1 x 107 along with

a=3x10°.

All three data combinations resulted in a reasonable estimate of R; (Supplementary Figure
C.2). The model error was smallest when using both reported cases and wastewater data as
input (root mean square error between the true solution and the median of the particle filter
output was 3.4 and 0.7 times larger when only using reported cases or wastewater data, respec-
tively). Previous work has estimated R; from reported case data [139]. The results presented
in Supplementary Figure C.2 demonstrate that R; can also be estimated from wastewater data
independently from case data and that the most accurate result is achieved by combining

reported case information with wastewater data.
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For CAR, there were substantial differences between the three different sets of input data
(Figure C.2). When using only reported cases or wastewater data separately, the model did
not have sufficient information to inform estimates of CAR. As a consequence, estimates were
either inaccurate or did not capture the temporal trend and had very wide credible intervals.
When reported case information was combined with wastewater data, there was good agreement
between the estimated CAR and the true solution, with a relatively narrow credible interval.
This illustrates the value of combining wastewater data with reported case information to

obtain reliable estimates of changes in CAR over time.
C.2.2 Visualising log-likelihood estimates

As discussed in Supplementary Section C.1.2, we simulated the model likelihood on a coarse
grid of parameter values to get a preliminary estimate of the plausible range of parameter
values. We present examples of two outputs in Figure C.3. The left-plot shows log-likelihood
estimates for op for the third estimation window (1 July 2022 to 30 September 2022) while
the right-plot shows a bivariate heatmap of log-likelihood estimate for ccar and k.. Code to
reproduce these figures is provided in the usefulscripts subfolder at https://github.com/nic

steyn2/NZWastewaterModelling.
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Figure C.3: Log-likelihood estimates for model parameters. Log-likelihood estimates for various
values of op (left) and various combinations of values of ocar and k. (right).

C.2.3 Sensitivity to delay distributions

The model relies upon three distributions describing the delay from infection to reporting,
shedding detected viral genome copies, and infecting other people. We test the effect of shifting

these distributions by one day backward or forward. We do this by appending a zero at the
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start (to shift times backward), or by removing the first entry in d (to shift times forward),
where d; is the probability vector specifying the likelihood the delay takes ¢ days. This has the

effect of shifting the mean of the distributions by approximately one day in either direction.

Supplementary Figures C.4 to C.6 show the effect of these shifts to be minimal, with the
exception of the shedding distribution, where shifts can substantially impact estimates of the
absolute case ascertainment rate, even though the relative case ascertainment rate is similar

despite the shifts.

Note, due to computational limitations we do not re-fit fixed parameters for each shift, although

the effect of doing this is expected to be negligible.

(a) Instantaneous reproduction number

(b) Case ascertainment rate

0.8
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0.6 ) .
~—— Earlier reporting

0.4 —— Standard distribution

—— Later reporting
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T T T
2022-01 2022-07 2023-01

Figure C.4: The effect of shifting the reporting time distribution by one day forward or back-
ward. The effect of shifting the reporting time distribution by one day forward or backward
on (a) instantaneous reproduction number, (b) case ascertainment rate, and (c) relative case
ascertainment rate.
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(a) Instantaneous reproduction number
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Figure C.5: The effect of shifting the shedding time distribution by one day forward or back-
ward. The effect of shifting the shedding time distribution by one day forward or backward
on (a) instantaneous reproduction number, (b) case ascertainment rate, and (c) relative case
ascertainment rate.

C.2.4 Fitting to reported cases and wastewater data separately

The observation distribution is the product of the case observation distribution and the waste-
water observation distribution. We can instead run the model with only one of these observation
distributions. As there is no longer any information about the case ascertainment rate, we fix
this at an arbitrary value of CAR; = 0.5 with no fluctuation over time (ccar = 0). We use
PMMH to again fit the relevant parameters to each model (cases-only and wastewater-only).
We report the posterior mean and 95% credible intervals, alongside estimates from the full

model, in Supplementary Table C.3.

In general, estimates of o were greater when fit to a single source of data. For reported cases,
this was accompanied by slightly smaller estimates of k., suggesting that the assumption of a

fixed C'AR caused the attribution of some uncertainty to shift from the observation process to
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(a) Instantaneous reproduction number
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Figure C.6: The effect of shifting the generation time distribution by one day forward or back-
ward. The effect of shifting the generation time distribution by one day forward or backward
on (a) instantaneous reproduction number, (b) case ascertainment rate, and (c) relative case
ascertainment rate.

fluctuations in the hidden state R;.

Supplementary Figure C.7 shows reproduction number estimates from these separate models.
The credible intervals resulting from fitting the model to wastewater data alone are substantially
wider than when fitting to cases and wastewater. The reproduction number estimates from
fitting the model to cases alone exhibit higher short-term fluctuations at times, which could be

suggestive of overfitting.
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Table C.3: Central estimates and 95% Crls for estimated model parameters in each time period
for the model when fit to both series, as well as separately to cases and wastewater data. Dates
in the ‘Period’ column are the start date for the three-month period. All outputs presented to
2 s.f. Higher values of op and ocapr suggest Ry and C' AR, vary faster. Higher values of k. and
k. indicate a lower variance in the corresponding observation distribution. Note a different
prior distribution was used for ocagr in the first period, which may also impact estimates of
other parameters in this period.

Period Model OR OCAR ke K (x1070)

1 Jan 2022 Joint 0.12 (0.069, 0.21)  0.03 (0.017, 0.043) 31 (20, 49) 15 (1.1, 2)
Cases 0.14 (0.077, 0.23) 0 (assumed) 27 (18, 38) -
Wastewater | 0.14 (0.070, 0.25) 0 (assumed) - 1.5 (1.1, 2.1)

1 Apr 2022 Joint 0.069 (0.041, 0.12) _ 0.0099 (0.0053, 0.014) 170 (100, 250) 4.8 (3.2, 6.8)
Cases 0.056 (0.030, 0.11) 0 (assumed) 150 (100, 210) -
Wastewater | 0.057 (0.036, 0.10) 0 (assumed) - 5.2 (3.6, 7.3)

1Jul 2022 Joint 0.037 (0.020, 0.066) 0.0063 (0.0018, 0.01) 330 (220, 400) 4.8 (3.3, 6.5)
Cases 0.053 (0.022, 0.13) 0 (assumed) 240 (140, 360) -
Wastewater | 0.060 (0.024, 0.14) 0 (assumed) - 5.2 (3.7,7.1)

1 Oct 2022  Joint 0.038 (0.020, 0.068) 0.011 (0.0073, 0.014) 170 (110, 270) 7.2 (4.7, 10)
Cases 0.048 (0.020, 0.098) 0 (assumed) 120 (64, 140) -
Wastewater | 0.063 (0.032, 0.12) 0 (assumed) - 8.5 (5.7, 12)

1 Jan 2023  Joint 0.038 (0.018, 0.073)  0.0093 (0.0041, 0.015) 150 (84, 330) 6.8 (4.4, 10)
Cases 0.056 (0.023, 0.11) 0 (assumed) 140 (71, 270) -
Wastewater | 0.059 (0.027, 0.12) 0 (assumed) - 7.1 (4.9, 10)
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Figure C.7: Sensitivity of estimated reproduction number to input data. The estimated repro-
duction number when the model is fit to reported cases only (gold, upper panel) and wastewater
data only (blue, lower panel). The original method fit to both series is included for comparison

(green, bot

h panels).
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C.2.5 Particle marginal Metropolis-Hastings outputs

This section presents the trace plots, pairwise scatterplots of samples, pairwise correlations of
samples, univariate kernel density plots, and the Gelman-Rubin diagnostic for each of the four
parameters over the five three-month time periods in which they are estimated. Each of the
eight chains were run for 5,000 iterations, with the initial 100 samples dropped as a wind-in
period (although as discussed in Supplementary Section C.1.2, our initial choices of parameter

values mean this is somewhat superfluous).

The Gelman-Rubin diagnostic tests for convergence by comparing intra-chain variance with
inter-chain variance. We use the coda package in R [417] to calculate a point estimate and 95%
upper confidence bound on the Gelman-Rubin diagnostic. It is generally accepted that values
less than 1.1 imply convergence, although some use the more relaxed cutoff of 1.2. These are

reported in Supplementary Table C.4.

Table C.4: Gelman-Rubin diagnostics and total sample sizes (for all eight chains) for each
parameter and time period.

Period starting | ogr OCAR ke ko Sample size
1 Jan 2022 1.01 (1.01) 1.01 (1.02) 1.01 (1.01) 1.00 (1.02) | 39,200
1 Apr 2022 1.00 (1.01) 1.01 (1.06) 1.01 (1.02) 1.01 (1.02) | 39,200
1 Jul 2022 1.01 (1.02) 1.01 (1.02) 1.01 (1.03) 1.01 (1.01) | 39,200
1 Oct 2022 1.01 (1.02) 1.01 (1.04) 1.02 (1.04) 1.00 (1.01) | 39,200
1 Jan 2023 1.02 (1.04) 1.02 (1.05) 1.04 (1.09) 1.01 (1.03) | 39,200

To reduce the filesize of this thesis, the MCMC trace plots, scatter plots, kernel densities, and
pairwise correlations are provided in the online supplementary material only. They can be

accessed at https://doi.org/10.1038/s43856-024-00570-3.
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Appendix D

Supplementary material for Chapter
8: Pandemic-risk-related behaviour
change in England from June 2020
to March 2022: REACT-1 study

among over 2 million people

D.1 Data

D.1.1 Overview of survey questions
We primarily focused on four survey questions:

1. Are you shielding and/or taking specific precautions because you are concerned that

you/your child will become severely ill with COVID-19?
2. Did you/your child leave home for any reason in the last 7 days?

3. Not including members of your household, how many different people did you have con-
tact with yesterday? By contact, we mean: any direct skin-to-skin physical contact
(e.g., kiss/embrace/handshake), being less than 2 metres from another person for over 5

minutes.

4. Do you/does your child mainly wear any kind of face covering or mask when you/they

are outside your/their home, because of COVID-19?

We also considered responses to additional questions:
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a) In the last 7 days for what reasons have you left home?

b) Do you consider yourself/your child to be at risk of severe illness for COVID-19, for

example due to an underlying health condition?
c¢) Do you think you have/your child has or have/has had COVID-19?
d) When were you told/did you think you/your child first had COVID-19?7
e) Have you/has your child had a coronavirus vaccine?
f) If yes, how many doses (injections) have you/has your child had so far?

Variations in question wording and other nuances in interpretation are described in this sec-
tion. These questions were answered by the survey respondent (if over the age of 18), by the
respondent’s parent (if aged between 5 and 12), and either by the parent or by the respondent

themselves (if aged between 13 and 17).

Are you shielding and/or taking specific precautions because you are concerned

that you/your child will become severely ill with COVID-19?

Variations of this question were asked from June 2020 to March 2022 (study rounds 2 to 19).
Between June 2020 and November 2020 (study rounds 2 to 7) the question specifically asked
about shielding, then between January 2021 and December 2021 (study rounds 8 to 16) the
question was expanded to include “taking specific precautions”, before the reference to shielding
was removed between January 2022 and March 2022 (study rounds 17 to 19). Supplementary

Table D.1 summarises these changes.

Table D.1: Changes to the wording of the shielding-related question in the REACT-1 study.

Period Question

Jun 2020 — Nov 2020 Are you shielding because you are concerned that you/your child
(Rounds 2-to-7) will become severely ill with COVID-19?

Jan 2021 — Dec 2021 Are you shielding or taking specific precautions because you
(Rounds 8-to-16) are concerned that. . .

Jan 2022 — Mar 2022 Are you taking specific precautions because you are concerned
(Rounds 17-to-19) that. ..
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Did you/your child leave home for any reason in the last 7 days, that is since

<DATE/MONTH>?

This question was first asked in June/July 2020 (study round 2). Between July 2020 and
September 2021 (study rounds 3-to-14, except round 7) additional wording was added to clarify
that short trips such as shopping or exercise should be included. This question was not asked
in the November 2020 survey (study round 7). Between October 2021 and March 2022 (study
rounds 15-to-19) this question was replaced by a list of reasons for leaving the home, with one

option being “I did not leave the home”. Supplementary Table D.2 summarises these changes.

Table D.2: Changes to the wording of the leaving-home question in the REACT-1 study.

Period Question

Jun 2020 — Jul 2020 “Did you/your child leave home for any reason in the last 7 days,
(Round 2) that is since <DATE/MONTH>?”

Jul 2020 — Nov 2020 “Did you/your child leave home for any reason in the last 7 days,
(Rounds 3-to-6) that is since <DATE/MONTH>? Please include even short trips

outside the home, e.g., for shopping, exercise.”

Nov 2020 — Dec 2020 Question not asked

(Round 7)

Jan 2021 — Sep 2021 “Did you/your child leave home for any reason in the last 7 days,

(Rounds 8-to-14) that is since <DATE/MONTH>? Please include even short trips
outside the home, e.g., for shopping, exercise.”

Oct 2021 — Mar 2022 “In the last 7 days, for what reasons have you left home?”"

(Rounds 15-to-19)

* There is an option to select “I haven’t left home”.

Not including members of your household, how many different people did you
have contact with yesterday? If you/they had contact with a person more than
one time, please count them only once. By contact we mean: any direct skin-
to-skin physical contact (e.g., kiss/embrace/handshake), being less than 2 metres

from another person for over 5 minutes.

This question was asked between June 2020 and March 2022 (study rounds 2 to 19). Between
November 2020 and April 2021 (study rounds 7 to 11), the question wording appeared dif-
ferently for those that reported being in a support or childcare bubble, beginning with: “Not

including members of your household or people in your support and childcare bubbles...”.
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Furthermore, between November 2020 and March 2022 (study rounds 7 to 19), those aged 17

or less were asked not to include contacts at school.

Respondents were asked to enter 0 if they had no contacts yesterday, and to give their best
guess if they were not sure. While we focused on the proportion of people that reported having
no contacts in the main paper, we also presented the mean number of self-reported contacts in

Supplementary Section D.2.2.

Do you/does your child mainly wear any kind of face covering or mask when

you/they are outside your/their home, because of COVID-197

This question was asked between October 2020 and March 2022 (study rounds 6 to 19). There
are five options: (1) No, (2) Yes, at work/school only, (3) Yes, in other situations only (including
public transport and shops), (4) Yes, usually both at work/school and in other situations, and
(5) My/their face is already covered for other reasons (e.g., religious or cultural reasons). We
calculate the proportion of people that responded with any yes (options 2, 3, and 4) given that

the individual does not already cover their face for other reasons (option 5).
In the last 7 days for what reasons have you left home? Please select all that apply.

Between June 2020 and September 2021 (study rounds 2 to 14) participants were only asked
this question if they responded yes when asked if they had left the home in the past 7 days.
Between October 2021 and March 2022 (study rounds 15-to-19) all participants were asked this

question. The available options varied by round (Supplementary Table D.3).
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Table D.3: Available options for reasons for leaving home by round.

Reason 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
For work Y Y Y Y Y Y Y YYYYYYYYYY
To volunteer Y Y Y YY Y Y YYYYYYYYYY
For medical or dental appointments Y YY Y Y Y Y YYYYYYYYYY
To care for someone else* Y Y Y Y Y Y Y YYYYYYYYYY
To socialise with people in a public place Y Y Y Y Y Y

To socialise with people in a personal place Y Y Y Y Y Y

To meet with someone outside Y Y

To meet with people in your childcare bubble Y Y

To meet with people in your support bubble Y Y

To socialise with people outside Y Y YYYYYY
To socialise with people inside Y Y Y Y Y Y YY
For outdoor exercise Y Y Y Y Y Y YYYYYYYYYYY
To go shopping Y YY Y Y Y YYYYYYYYYYY
For errands Y Y Y Y Y Y YYYYYYYYYYY
To take a child to school or childcare Y YYYYYYYYYY
To get a vaccination Y YYYYYYYYY
To walk a dog/other pet care Y YYYYYYYYY
To go to school/college/university Y Y YYYYYYY
To go on holiday (in the UK or abroad) Y YYYYYYY
Other reasons Y YY Y Y Y YYYYYYYYYYY
I have not left home in the past 7 days** Y Y Y YY

* The wording of these questions sometimes changes. ** This option replaced the original question about
whether or not the participant had left home in the last 7 days; from round 15 onwards participants were
simply presented with this list.

Do you consider yourself/your child to be at risk of severe illness for COVID-19,

for example due to an underlying health condition?

A variation of this question was asked throughout the study. Table D.4 shows changes to

question wording and the available answers.

Do you think you have/your child has or have/has had COVID-197

This question was asked in all rounds of the study. The wording did not change. Four answers

were available:
1. Yes, confirmed by a positive test
2. Yes, suspected by a doctor but not tested
3. Yes, my own suspicions
4. No

If the individual responded with (1), (2), or (3), they were then asked: “ When were you told/did

you think you/your child first had COVID-19% If you are not sure, please give an estimate”.
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Table D.4: Question wording and available answers for the question relating to whether an
individual believes they are at risk of severe illness for COVID-19.

Period Question Available answers
May 2020 “Have you/has your child been contacted by 1. Yes
(Round 1) letter or text message to say you/they are at 2. No

severe risk from COVID-19 due to an underly-
ing health condition and should be shielding?”

Jun 2020 — Nov 2020  “Do you consider yourself/your child to be at 1. Yes
(Rounds 2-to-7) risk for severe illness for COVID-19, for exam- 2. No
ple due to an underlying health condition?”

Jan 2021 — Dec 2021  “Do you consider yourself/your child to be at 1. Yes
(Rounds 8-to-16) risk for severe illness for COVID-19, for ex- 2. No
ample due to an underlying health condition 3. Don’t know
or because you/they are clinically ex-
tremely vulnerable?”

Jan 2022 — Mar 2022 “Do you consider yourself/your child to be at 1. Yes
(Rounds 17-to-19) risk for severe illness for COVID-19, for exam- 2. No
ple due to an underlying health condition?” 3. Don’t know

We used responses to this question to derive three variables:

» Reports a current suspected/confirmed infection: when the individual responds
with option (1), (2), or (3), and their estimated date of first infection is within 13 days

prior to completing the questionnaire.

» Reports a previous suspected/confirmed infection: when the individual responds
with option (1), (2), or (3), and their estimated date of first infection is at least 14
days prior to completing the questionnaire. We also include those who do not report an

estimated date of first infection in this group.

« Reports a previous confirmed infection: when the individual responds with option
(1) and their estimated date of first infection is at least 14 days prior to completing
the questionnaire. We also include those who do not report an estimated date of first

infection in this group.
Vaccination-related questions

In round 8, all vaccination-related questions were asked during the follow-up survey (the sur-

vey featuring behavioural questions, typically completed when self-administering the swab, as
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opposed to the short registration survey). These questions were:
1. Have you/has your child had a coronavirus vaccine? (Yes, No, Don’t know).

2. If yes, how many doses (injections) have you/has your child had so far? (One, Two, More

than two).

In round 9 onwards, the above questions were asked during the registration survey (the survey

asked when signing up to participate in the study). The follow-up survey then asked:

1. We asked you this when you registered to receive a swab test kit but we would just like to
double check, have you/has your child ever had a coronavirus vaccine? (Yes, No, Don’t

know).

2. If yes, can we just check, have you/has your child had a vaccination since you/they

registered to take part in this study? (Yes, No, Don’t know).

3. If yes, how many doses (injections) have you/has your child had so far? (One, Two, More

than two).

Between rounds 8 and 13, these questions were asked of all respondents (or parents of respon-
dents) aged 16 and over. From round 14 onwards these questions were asked of all respondents
(or parents of respondents) aged 12 and over. From rounds 15 onwards, questions asking about
the number of doses received also included the options for “Three” and “More than three”.
When processing the data, we treat anyone that reports at least one dose in either the regis-
tration survey or follow-up survey as being “vaccinated”, and anyone that reports at least two

doses in either survey as being “double vaccinated”.
D.1.2 Non-response rates and inclusion/exclusion criteria

There are a total of 3,401,391 participants listed across the 19 rounds of REACT-1. Of these,
1023 did not have valid survey weights, these were removed prior to analysis, leaving a potential

sample size of 3,400,368.

When considering behavioural questions, we do not explicitly exclude those with invalid swab
results, although we omitted round 1 of the study from our analysis as only a small subset of

behavioural questions were asked. Of the 3,238,601 participants with valid weights in study
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rounds 2-to-19, a total of 2,177,657 participants at least partially responded to the follow-
up survey. Individuals were not required to answer all questions in the follow-up survey, so
sample sizes for individual questions may be smaller than this total. Missing responses to
individual questions were ignored in the analysis. Sample sizes by study round are provided in

Supplementary Table D.5.

When considering behavioural variables on a daily basis, the date the survey was last accessed
was used. If this was missing, the date the swab was taken was used. If both dates were
missing, and the individual is still reported as responding to the follow-up survey, then their
records were ignored. There are 10,502 individuals for which the date is missing while they
still responded to the follow-up survey, and this only occurred in Round 12 (n = 5559) and
Round 13 (n = 4943).

Comparisons with mobility and stringency data leverage daily aggregations of individual re-
sponses. In these cases, we only consider days on which at least 200 individuals responded to

the survey.
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Table D.5: Total participants and number of participants with and without valid survey weights
by round. Also, the number of participants that returned a valid RT-PCR swab, the number

with a valid survey date, the number that (at least partially) completed the follow-up survey

and had a valid survey date, and the number that satisfy all three criteria. Percentages in
parentheses are of those with valid survey weights, as we filter out invalid weights before

performing any analysis.

Responded to

R | Total In\./alid Vfdlid Valid Valid survey survey & valid All valid
weights | weights swabs date
survey date

2 | 219862 0 219862 | 159199 (72%) | 171591 (78%) | 145753 (66%) | 132790 (60%)
3 | 225729 0 225729 | 162822 (72%) | 171869 (76%) | 144638 (64%) | 135742 (60%)
4 | 211340 0 211340 | 154406 (73%) | 162494 (77%) | 137406 (65%) | 129411 (61%)
5 | 232190 0 232190 | 174948 (75%) | 182694 (79%) | 152007 (65%) | 144026 (62%)
6 | 211285 0 211285 | 160173 (76%) | 168089 (80%) | 140967 (67%) | 133315 (63%)
7 | 212891 2 212889 | 168181 (79%) | 176050 (83%) | 148656 (70%) | 141011 (66%)
8 | 214751 1015 213736 | 167625 (78%) | 175596 (82%) | 154060 (72%) | 145059 (68%)
9 | 210000 0 210000 | 165456 (79%) | 172807 (82%) | 150315 (72%) | 143118 (68%)
10 | 180037 0 180037 | 140844 (78%) | 148698 (83%) | 129689 (72%) | 122022 (68%)
11 | 170715 0 170715 | 127407 (75%) | 134783 (79%) | 118398 (69%) | 111187 (65%)
12 | 161421 0 161421 | 108911 (67%) | 110920 (69%) | 93716 (58%) 91812 (57%)
13 | 146460 1 146459 | 98231 (67%) | 100230 (68%) | 85018 (58%) 83124 (57%)
14 | 146860 0 146860 | 100527 (68%) | 108008 (74%) | 93281 (64%) 86088 (59%)
15 | 142905 0 142905 | 100112 (70%) | 107976 (76%) | 95791 (67%) 88504 (62%)
16 | 130351 0 130351 | 97089 (74%) | 101493 (78%) | 88903 (68%) 83866 (64%)
17 | 139789 0 139789 | 102174 (73%) | 108764 (78%) | 98579 (71%) 92478 (66%)
18 | 134252 1 134251 | 94950 (71%) | 99985 (74%) 87104 (65%) 82416 (61%)
19 | 148782 0 148782 | 109181 (73%) | 115177 (77%) | 102850 (69%) | 97275 (65%)
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Table D.6: Total valid responses (individuals who responded to the follow-up survey and have
a valid survey response date), the number of individuals with missing responses to each of
four specific questions, and the number of individuals with responses to all four questions.
Percentages in parentheses are of the “total valid” column.

Didn’t leave

No contacts

Wears a face

Total valid (for

R| Total valid | ls shielding home outside home covering all four)

2 145753 2690 (1.8%) | 2348 (1.6%) | 5720 (3.9%) - 138931 (95.3%)
3 144638 1507 (1.0%) | 1711 (1.2%) | 4831 (3.3%) - 139807 (96.7%)
4 137406 1357 (1.0%) | 1564 (1.1%) | 4800 (3.5%) - 132603 (96.5%)
5 152007 1609 (1.1%) | 1856 (1.2%) | 5292 (3.5%) - 146714 (96.5%)
6 140967 133 (0.1%) | 362 (0.3%) 2484 (1.8%) 894 (0.6%) | 138476 (98.2%)
7 148656 1760 (1.2%) - 8894 (6.0%) | 2105 (1.4%) | 139762 (94.0%)
8 154060 1135 (0.7%) | 1201 (0.8%) | 6793 (4.4%) | 1330 (0.9%) | 147266 (95.6%)
9 150315 1109 (0.7%) | 1179 (0.8%) | 6478 (4.3%) | 1343 (0.9%) | 143836 (95.7%)
10 129689 1134 (0.9%) | 1233 (1%) 6617 (5.1%) | 1516 (1.2%) | 123068 (94.9%)
11 118398 882 (0.7%) | 950 (0.8%) 5302 (4.5%) | 1182 (1.0%) | 113093 (95.5%)
12 93716 611 (0.7%) | 662 (0.7%) 2112 (2.3%) 889 (0.9%) 91602 (97.7%)
13 85018 573 (0.7%) | 613 (0.7%) 1832 (2.2%) 828 (1.0%) 83185 (97.8%)
14 93281 711 (0.8%) | 763 (0.8%) | 2171 (2.3%) | 1107 (1.2%) | 91110 (97.7%)
15 95791 622 (0.6%) 710 (0.7%) 2793 (2.9%) 803 (0.8%) 92998 (97.1%)
16 88903 582 (0.7%) | 676 (0.8%) 2475 (2.8%) 749 (0.8%) 86427 (97.2%)
17 98579 681 (0.7%) 764 (0.8%) 2664 (2.7%) 829 (0.8%) 95915 (97.3%)
18 87104 566 (0.6%) | 643 (0.7%) 2549 (2.9%) 725 (0.8%) 84553 (97.1%)
19 102850 626 (0.6%) 717 (0.7%) 2972 (2.9%) 806 (0.8%) 99877 (97.1%)
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D.2 Additional descriptive results

D.2.1 Additional demographic stratification

In the main paper we consider responses to the four key risk-related behavioural questions by
age-group and household size. In this section we consider responses to these four questions by
additional demographic disaggregations: region, deprivation quintile of neighbourhood, ethnic-

ity, and sex (Supplementary Figures D.1-D.4).

For visual clarity, we present results by region using four regions. These are created by aggre-
gating the standard nine English regions as follows: “North” includes North West, North East,
and Yorkshire and The Humber; “Midlands and East” includes West Midlands, East Midlands,
East of England, “London” (London only), and “South England” including South West and

South East.
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Figure D.1: The proportion of people that report shielding and/or taking specific precautions
because they consider themselves “to be at risk of severe illness for COVID-19”. The question
wording changes between study rounds 7 and 8, and again between study rounds 16 and 17
- this is marked by a dashed grey line. Shaded areas and vertical lines show 95% confidence
intervals about the estimated proportion. Individual points are joined by lines and shading for
clarity, but this should not be interpreted as an interpolation.
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Figure D.3: The proportion of people that report having no contacts outside the home on the
day preceding the questionnaire. The question wording changes between study rounds 6 and 7,
and again between study rounds 11 and 12 - this is marked by a dashed grey line. Shaded areas
and vertical lines show 95% confidence intervals about the estimated proportion. The mean
number of contacts are also presented in Supplementary Figure D.5. Individual points are
joined by lines and shading for clarity, but this should not be interpreted as an interpolation.
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D.2.2 Mean number of contacts

Thus far, we have only considered the proportion of people that would report having no contacts
on the day prior to answering the survey. However, the question outlined in Supplementary
Section D.1.1 asks about the number of contacts, allowing us to additionally consider the mean
number of contacts that people would report. We use the svymean() function from the survey
package in R to calculate the survey mean and 95% confidence intervals. These are reported
for the standard demographic stratifications in Supplementary Figure D.5. To prevent rare
extremely high reported total contacts from biasing the results (over the study, a total of 350
individuals reported at least 500 contacts, 137 individuals reported at least 1,000 contacts,
and 17 reported at least 10,000 contacts), we remove responses with at least 1,000 reported

contacts.

Despite removing individual outliers in these data, Supplementary Figure D.5 highlights high
mean total contacts in 5-17-year-olds in rounds 5, 6, and 7, coinciding with the re-opening of
schools in September 2020. These high means were not repeated in the same period in 2021
(study rounds 14 and 15), suggesting that parents were more likely to report higher rates of

“close contacts” for their children in 2020 than 2021.
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the questionnaire. The question wording changes between study rounds 6 and 7, and again
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vertical lines show 95% confidence intervals about the estimated mean.
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D.2.3 Risk beliefs, vaccination, and infection

The proportion of people that would report believing they are at risk of severe illness for
COVID-19 remained relatively stable throughout the pandemic (Supplementary Figure D.6).
A decrease was observed between November 2020 and January 2021 (study rounds 7 and 8),
however this corresponded with the addition of “Don’t know” as an answer to the question.
Older people, those living in neighbourhoods with greater levels of socioeconomic deprivation,

and those living alone were more likely to report believing they are at risk of severe illness.

The proportion of people that reported a suspected or confirmed past infection fell from 16.7%
in May 2020 (study round 2) to 13.3% in November 2020 (study round 7) (Supplementary
Figure D.8), while the proportion of people that reported a confirmed past infection (by positive

test) increased from 0.3% to 1.6% over the same time period (Supplementary Figure D.9).

Supplementary Figures D.10 and D.11 show a distinct decrease in the proportion of 18-34-
year-olds that report being vaccinated between January 2022 (study round 17) and February
2022 (study round 18). In fact, between these study rounds, the proportion of 18-34-year-olds
that would report not being vaccinated increased from 5.1% (95% confidence interval 4.8%,
5.6%) t0 9.1% (8.8%, 9.4%). The proportion of this group that would report not being double
vaccinated increased from 7.9% (7.4%, 8.3%) to 14.0% (13.6%, 14.4%).
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Figure D.6: The proportion of people in England that would report believing they are “at
risk of severe illness for COVID-19”. The question wording changes between rounds 7 and 8,
and again between rounds 16 and 17 - these changes are marked by vertical dashed lines. The
list of possible answers also changes between rounds 7 and 8, with the addition of a “Don’t
know” option. A detailed description of these changes is given in Supplementary Table D.4.
We report the proportion of people that would respond “Yes” to this question. Shaded areas
and vertical lines show 95% confidence intervals about the estimated proportion.
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Figure D.7: The proportion of people in England that would report a recent infection (first
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suspected by a doctor, or by their own suspicions. Shaded areas and vertical lines show 95%
confidence intervals about the estimated proportion.
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intervals about the estimated proportion.
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Figure D.9: The proportion of people in England that would report a past infection confirmed
by a positive test, at least 14 days before completing the questionnaire. Shaded areas and
vertical lines show 95% confidence intervals about the estimated proportion.
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Figure D.10: The proportion of people in England that would report having received at least
one dose of a COVID-19 vaccine. Shaded regions and vertical lines show 95% confidence
intervals about the estimated proportions.
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Figure D.11: The proportion of people in England that would report having received at least
two doses of a COVID-19 vaccine. Shaded regions and vertical lines show 95% confidence
intervals about the estimated proportions.
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D.2.4 Behaviours stratified by risk beliefs, vaccination, and infection

(a) Considers at risk Yes 4 No (b) Has COVID-19 (confirmed/suspected) Yes 4 No
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Figure D.12: The proportion of people that report shielding and/or taking specific precautions
because they consider themselves “to be at risk of severe illness for COVID-19”. Results are
conditioned on whether the individual (a) reports considering themselves to be at risk of severe
illness, (b) reports a recent confirmed and/or suspected COVID-19 infection, (c) reports a
past confirmed and/or suspected COVID-19 infection, (d) reports a past COVID-19 infection
confirmed by a positive test, (e) reports receiving at least one dose of a COVID-19 vaccination,
and (f) reports receiving at least two doses of a COVID-19 vaccination. The question wording
changes between study rounds 7 and 8, and again between study rounds 16 and 17 - this is
marked by a dashed grey line. Shaded areas and vertical lines show 95% confidence intervals
about the estimated proportion. The y-axis for (a) people who consider themselves at risk of
severe illness is different to the remaining subplots.
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(a) Considers at risk Yes 4 No (b) Has COVID-19 (confirmed/suspected) Yes 4 No
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Figure D.13: The proportion of people that report not leaving the home in the 7 days prior to
completing the questionnaire. Results are conditioned on whether the individual (a) reports
considering themselves to be at risk of severe illness, (b) reports a recent confirmed and/or
suspected COVID-19 infection, (c) reports a past confirmed and/or suspected COVID-19 in-
fection, (d) reports a past COVID-19 infection confirmed by a positive test, (e) reports receiving
at least one dose of a COVID-19 vaccination, and (f) reports receiving at least two doses of
a COVID-19 vaccination. The question wording changes between study rounds 2 and 3, and
again between study rounds 14 and 15 - this is marked by a dashed grey line. This question
was not asked in round 7. Shaded areas and vertical lines show 95% confidence intervals about
the estimated proportion.
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(a) Considers at risk Yes 4 No (b) Has COVID-19 (confirmed/suspected) Yes 4 No
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Figure D.14: The proportion of people that report having no contacts outside the home on
the day preceding the questionnaire. Results are conditioned on whether the individual (a)
reports considering themselves to be at risk of severe illness, (b) reports a recent confirmed
and/or suspected COVID-19 infection, (c) reports a past confirmed and/or suspected COVID-
19 infection, (d) reports a past COVID-19 infection confirmed by a positive test, (e) reports
receiving at least one dose of a COVID-19 vaccination, and (f) reports receiving at least two
doses of a COVID-19 vaccination. The question wording changes between study rounds 6 and
7, and again between study rounds 11 and 12 - this is marked by a dashed grey line. Shaded
areas and vertical lines show 95% confidence intervals about the estimated proportion.
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(a) Considers at risk Yes ¢ No (b) Has COVID-19 (confirmed/suspected) Yes 4 No
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Figure D.15: The proportion of people that report wearing a face covering at least sometimes
when leaving the home. Results are conditioned on whether the individual (a) reports consid-
ering themselves to be at risk of severe illness, (b) reports a recent confirmed and/or suspected
COVID-19 infection, (c) reports a past confirmed and/or suspected COVID-19 infection, (d)
reports a past COVID-19 infection confirmed by a positive test, (e) reports receiving at least
one dose of a COVID-19 vaccination, and (f) reports receiving at least two doses of a COVID-19
vaccination. This question was asked in study round 6 onwards. Shaded areas and vertical
lines show 95% confidence intervals about the estimated proportion.
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D.2.5 Reasons for leaving the home
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Figure D.16: The proportion of people that report leaving the home for various reasons.
Coloured shaded areas and vertical lines show 95% confidence intervals about the estimated
proportion. Vertical dashed lines indicate changes in question wording. This question was not
asked in study round 7.
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D.3 Logistic regression models

Supplementary Figures D.17 to D.27 present the results from logistic regression models that
isolate the impact of each demographic variable on various reported behaviours. We include a

summary of the results here.
Those who are more likely to report leaving to go to work (Figure S17) are:

Those aged 18-34 years, and to a lesser extent aged 35-64, when compared to those aged

65+ and 5-17.
e Males

e Those not living in London in rounds 2 to 13, with the strongest effect being in rounds 8
and 9, as well as round 17. This effect reverses in round 19, with those living in London

being more likely to report leaving home to go to work.

o Those in areas with greater socioeconomic deprivation (deprivation quintiles 4 & 5 [least
deprived] are less likely to report leaving to work than those in deprivation quintile 1

[most deprived])
e Those in larger households
Those who are more likely to report leaving to volunteer (Figure S18) are:

Older people (those aged 35-64 and 65+ years)

Females in rounds 10 onwards

People living in London (and those living in the South West in rounds 4 to 6 and 14 to
17)

People in areas with lower socioeconomic deprivation

People that live alone

Those who are more likely to report leaving to attend a medical or dental appointment (Figure

S19) are:

o Older people (those aged 35-64 and 65+ years)
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o Females

Those who are more likely to report leaving to care for someone else (Figure S20) are:

People aged 35-64 years, and also those aged 654, when compared to those aged 18-34
and those aged 5-17

e People living outside of London, particularly in the North East in earlier rounds
e People in areas with lower socioeconomic deprivation

o People living alone or with one other person (compared to those living in larger house-

holds)

Those who are more likely to report leaving for outdoor exercise (Figure S21) are:

People living in London

People in areas with lower socioeconomic deprivation

People identifying as white

People living in smaller households

Those who are more likely to report leaving to go shopping (Figure S22) are:

People aged 35-64 years. Also those aged 65+ in rounds 4 to 6 and rounds 11 to 19.

Females

People in areas with lower socioeconomic deprivation in rounds 10 to 19

People living alone
Those who are more likely to report leaving for errands (Figure S23) are:
e People aged 18-34 years
e People in London
Those who are more likely to report leaving for other reasons (Figure S24) are:

o People aged 65+ years and 5-17 years (with exceptions to the latter in study rounds 17,
18, and 19)
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o Females

e People in wealthier areas

e People not identifying as white

These “other” reasons should not be compared across rounds because the proportion of people

that ticked “other” depends on which pre-set options are available.
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Figure D.17: Odds ratios for whether an individual would report shielding and/or taking
specific precautions. Estimated effects are mutually adjusted for the other variables listed
in the table. * indicates the odds ratio is statistically significantly different from 1 at the
« = 0.05 significance level. The question wording changed between study rounds 7 and 8, and
again between study rounds 16 and 17 as indicated by vertical dashed lines - see Supplementary
Section D.1.1 for further detail.
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Did not leave home
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Figure D.18: Odds ratios for whether an individual would report not leaving the house in the
7 days preceding completing the questionnaire. Estimated effects are mutually adjusted for
the other variables listed in the table. * indicates the odds ratio is statistically significantly
different from 1 at the o = 0.05 significance level. This question was not asked in round 7, and
the question wording changed between study rounds 2 and 3, and again between study rounds
14 to 15, denoted with a vertical dashed line.
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Wears a face covering outside home
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Figure D.19: Odds ratios for whether an individual would report wearing a face covering outside
the home. Estimated effects are mutually adjusted for the other variables listed in the table. *
indicates the odds ratio is statistically significantly different from 1 at the o = 0.05 significance
level. This question was not asked prior to study round 6.

357



D.3. LOGISTIC REGRESSION MODELS

Left home for work
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Figure D.20: Odds ratios for whether an individual would report leaving home to go to work.
Estimated effects are mutually adjusted for the other variables listed in the table. * indicates
the odds ratio is statistically significantly different from 1 at the o = 0.05 significance level.
This question was not asked in round 7, and the question wording changed between study
rounds 2 and 3, and again between study rounds 14 to 15, denoted with a vertical dashed line.
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D.3. LOGISTIC REGRESSION MODELS

Left home to volunteer
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Figure D.21: Odds ratios for whether an individual would report leaving home to volunteer.
Estimated effects are mutually adjusted for the other variables listed in the table. * indicates
the odds ratio is statistically significantly different from 1 at the o = 0.05 significance level.
This question was not asked in round 7, and the question wording changed between study
rounds 2 and 3, and again between study rounds 14 to 15, denoted with a vertical dashed line.
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D.3. LOGISTIC REGRESSION MODELS

Left home for medical or dental appointments
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Figure D.22: Odds ratios for whether an individual would report leaving home for medical
and/or dental care. Estimated effects are mutually adjusted for the other variables listed in
the table. * indicates the odds ratio is statistically significantly different from 1 at the o = 0.05
significance level. This question was not asked in round 7, and the question wording changed
between study rounds 2 and 3, and again between study rounds 14 to 15, denoted with a
vertical dashed line.
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D.3. LOGISTIC REGRESSION MODELS

Left home to care for someone else
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Figure D.23: Odds ratios for whether an individual would report leaving home to care for
somebody else. Estimated effects are mutually adjusted for the other variables listed in the
table. * indicates the odds ratio is statistically significantly different from 1 at the a = 0.05
significance level. This question was not asked in round 7, and the question wording changed
between study rounds 2 and 3, and again between study rounds 14 to 15, denoted with a
vertical dashed line.
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D.3. LOGISTIC REGRESSION MODELS

Left home for outdoor exercise
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Figure D.24: Odds ratios for whether an individual would report leaving home to exercise
outdoors. Estimated effects are mutually adjusted for the other variables listed in the table. *
indicates the odds ratio is statistically significantly different from 1 at the o = 0.05 significance
level. This question was not asked in round 7, and the question wording changed between study
rounds 2 and 3, and again between study rounds 14 to 15, denoted with a vertical dashed line.
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D.3. LOGISTIC REGRESSION MODELS

Left home to go shopping
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Figure D.25: Odds ratios for whether an individual would report leaving home for shopping.
Estimated effects are mutually adjusted for the other variables listed in the table. * indicates
the odds ratio is statistically significantly different from 1 at the o = 0.05 significance level.
This question was not asked in round 7, and the question wording changed between study
rounds 2 and 3, and again between study rounds 14 to 15, denoted with a vertical dashed line.
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D.3. LOGISTIC REGRESSION MODELS

Left home for errands
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Figure D.26: Odds ratios for whether an individual would report leaving home for errands.
Estimated effects are mutually adjusted for the other variables listed in the table. * indicates
the odds ratio is statistically significantly different from 1 at the o = 0.05 significance level.
This question was not asked in round 7, and the question wording changed between study
rounds 2 and 3, and again between study rounds 14 to 15, denoted with a vertical dashed line.
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D.3. LOGISTIC REGRESSION MODELS

Left home for other reasons
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Figure D.27: Odds ratios for whether an individual would report leaving home for other reasons.
Estimated effects are mutually adjusted for the other variables listed in the table. * indicates
the odds ratio is statistically significantly different from 1 at the o = 0.05 significance level.
This question was not asked in round 7, and the question wording changed between study
rounds 2 and 3, and again between study rounds 14 to 15, denoted with a vertical dashed
line. The change in question wording is particularly important here, as “other” may include or
exclude specific reasons depending on the available options (see Supplementary Table D.3).

Supplementary Figures D.28 to D.39 present the results from logistic regression models that
isolate the impact of each demographic variable on various reported behaviours, with a further
adjustment for a binary variable indicating whether the respondent thought they had had
COVID in the preceding two weeks (question “COVIDA”, described in Supplementary Section

D.1.1). The results of the logistic regression models are robust to this additional adjustment.
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D.4. CORRELATIONS BETWEEN COMMUNITY-LEVEL MOBILITY DATA AND
REPORTED BEHAVIOUR MEASURES

D.4 Correlations between community-level mobility data and
reported behaviour measures

Due to complications that could arise due to multicollinearity and autocorrelation in the be-
havioural data, here we report pairwise sample correlation coeflicients between each of six
community-level mobility measures and reported behaviour measures (Supplementary Table
D.7). Overall, correlations are weaker in study rounds 15-to-19, despite the random forest

model often predicting mobility series just as well.

These results are very reassuring for cross-validation in terms of the magnitude and direction
of the correlations. For example, for the mobility measure relating to time spent in residential
locations, there are strong negative correlations with shopping, errand and medical appoint-
ments, for example, and strong positive correlations with “didn’t leave” the home. Similarly,
reporting “shopping” as a reason for leaving the home is strongly positively correlated with

“grocery” and “retail” mobility measures.
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D.4. CORRELATIONS BETWEEN COMMUNITY-LEVEL MOBILITY DATA AND
REPORTED BEHAVIOUR MEASURES

Table D.7: Pairwise sample correlation coefficients between the six community-level mobility
measures (Google data) and the proportions in REACT-1 survey rounds regarding not leaving
the house or reporting particular reasons for leaving the house in the day before the survey
was completed. These correlations were computed separately for study rounds 2-to-6, rounds
8-to-14 and rounds 15-to-19. Positive correlations are shaded blue and negative correlations
are shaded red, with stronger shades indicating stronger correlations.

A) Rounds 2to 6

Grocery Retail Parks Transit Workplaces Residential

Work 0.49 030 -0.38 0.23 0.47 -0.32

Volunteering 0.44 048 -0.14 0.49 - -0.56

Medical appointment -0.24
0.16 0.51 -0.29

-0.48

-0.23 -0.52
0.11

Caring for someone

Socialise (in public)

Socialise (in private)
Exercise

Shopping

Errands

Other

Didn't leave

B) Rounds 8 to 14

Grocery Retail Parks Transit Workplaces Residential
Work 030 034 0.32 0.34 0.26 -0.32
Volunteering
Medical appointment
Caring for someone
Exercise

Shopping

Errands

Didn't leave

C) Rounds 15t0 19

Grocery Retail Parks Transit Workplaces Residential
Work 0.38 0.38 0.16 0.48 0.48 -0.55
Volunteering 0.28 0.29 0.09 0.36 0.26 -0.31
Medical appointment | 054 058 021
Caring for someone 0.38 0.36 -0.02 0.22 0.02 -0.07
Socialising (outside) 038 045 ‘ 0.32 -
Socialising (inside) 0.38 0.52 0.38 0.31
Exercise -0.19 -0.15 0.25 -0.07 -0.14 0.05
Shopping 0.40 0.47 -0.10 0.33 0.03 -0.13
Errands 034 039 029 060 048 067
Other 0.05 0.00 -0.17 -0.18 -0.22 0.31
Walking a dog/pet 0.07 0.11 0.12 0.07 -0.11 0.00
School/university 0.01 -0.03 0.21 0.26 0.46 -0.45
Holiday 0.29 0.43 0.38 -0.21 -0.30
Haven't left -0.54 -0.39
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D.5 Stringency and mobility data

We also test the ability of the Google mobility data to model the stringency and containment
indices using the same framework that we use to model the stringency and containment indices
from REACT data. Random forest regression is used to predict both the stringency and

containment indices using the six Google mobility series.

To ensure comparisons with REACT-based models are as similar as possible, we only leverage
data on days from which we have REACT data. We also fit two separate models for each index,
reflecting the separate models estimated in the main paper. However, this is not an entirely
like-for-like comparison, as we use four covariates in the primary analysis (four behavioural

questions), whereas here we leverage all six covariates in the mobility series.

We find that estimates derived from REACT data are slightly outperformed by estimates
derived from mobility data in study rounds 2-to-5, when there is little overall change in the
response. However, estimates derived from REACT data in study rounds 6-to-19 substantially

outperform those derived from mobility data.
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Figure D.40: The OxCGRT stringency and containment and health indices (solid lines) between
June 2020 and March 2022 and the model predictions based on Google mobility data. The
vertical dashed lines demarcate individual model fits, selected to align with models fit in the
primary analysis.

We also present the out-of-bag and within-bag proportion of variance explained for the four

models considered in the main paper (three fitting mobility data and one fitting OxCGRT
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indices) in Supplementary Tables D.8 and D.9.

Table D.8: Number of days analysed, sample variance and proportion of variance explained
(PVE) for each of six mobility measures by the model (analogous to R?) for out-of-bag pre-
diction (where the model is trained on a subset of the data and performance is evaluated by
predicting out of sample), and within-bag prediction.

Rounds 2-to-6 Rounds 8-to-14 Rounds 15-to-19

Number of days 94 136 105
Grocery

Sample variance 3.12 130.36 12.55

Out-of-bag PVE 0.73 0.96 0.68

Within-bag PVE 0.95 0.99 0.95
Retail

Sample variance 132.72 464.09 32.56

Out-of-bag PVE 0.96 0.97 0.81

Within-bag PVE 0.99 0.99 0.97
Parks

Sample variance 811.22 1363.29 196.1

Out-of-bag PVE 0.85 0.86 0.72

Within-bag PVE 0.97 0.97 0.95
Transit

Sample variance 23.91 216.54 32.52

Out-of-bag PVE 0.87 0.97 0.86

Within-bag PVE 0.98 1.00 0.98
Workplaces

Sample variance 26.66 84.69 22.36

Out-of-bag PVE 0.89 0.93 0.76

Within-bag PVE 0.98 0.99 0.95
Residential

Sample variance 6.46 27.35 4.28

Out-of-bag PVE 0.93 0.97 0.84

Within-bag PVE 0.99 0.99 0.97
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Table D.9: Number of days analysed, sample variance and proportion of variance explained
(PVE) by the model (analogous to R?) for out-of-bag prediction (where the model is trained on
a subset of the data and performance is evaluated by predicting out of sample), and within-bag
prediction.

Rounds 6-to-19

Number of days 259
Stringency
Sample variance 760.14
Out-of-bag PVE 0.91
Within-bag PVE 0.98
Containment
Sample variance 381.75
Out-of-bag PVE 0.90
Within-bag PVE 0.98
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D.6 Data portal

To enable future research, we have made aggregated data available in a portal here: https:
//m-whit-ic.shinyapps.io/react-social-shiny/. This tool allows researchers to access
estimates of the proportion of various groups of people in England that report performing

various behaviours.

Results by round present survey-weighted estimates of the proportion of England that would
report the selected outcome. Confidence intervals reflect uncertainty from extrapolating the
survey to the general population. Daily results present the unweighted proportion of partici-
pants who reported the selected outcome. Confidence intervals are the 95% binomial proportion

interval, calculated using the “exact” method from the Hmisc package in R.

Users can select from a range of outcomes (e.g., shielding, left home for work, reports a previous
positive test), grouping (e.g., age-group, ethnicity), and conditioning (e.g., those who report
belief of risk of severe illness, a previous positive test). Data are censored such that any single
group with fewer than 10 responses, or fewer than 5 true and/or 5 false responses are excluded.
This means we will never report proportions of 0% or 100% - any downstream analysis should

ensure this is accounted for.

At the time of publication this portal does not contain all possible outcomes, although we plan
on adding more over time. If you would benefit from the inclusion of additional outputs, please

contact Professor Paul Elliott at Imperial College London.
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