
Explanations for
Ontology-Mediated Query Answers

Andrius Vaicenavičius
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Chapter 1

Introduction

Equipping information systems with reasoning facilities is a very fundamental and

long-lasting endeavour in artificial intelligence. Modern information management

systems realise this by encoding the explicit domain knowledge in the form of ontolo-

gies. Ontologies are formalised using mathematical logic, which enables them to be

utilised by various systems in an unambiguous way. Such knowledge-based systems

are widely adopted in the industry. For example, 75% of the Fortune 500 companies

have some kind of smart data programme underway [34], and it is predicted that the

application of databases enriched with reasoning facilities will grow at 100% annually

over the next few years [122].

Description logics (DLs) [11] and existential rules [38, 39, 37] are the two most

widely used families of knowledge representation languages to express ontologies. The

languages in both families are typically fragments of first-order logic, and thus have

clear and well-defined semantics, allowing for automated reasoning. These languages

use the open-world assumption suitable for reasoning with incomplete data, which

assumes that if we do not know whether a statement is true, it can be either true

or false. This is in contrast with closed-world assumption, which assumes that any

statement that is true is also known to be true.

DLs capture sets of individuals via concepts and binary relationships between in-

dividuals via roles, which are unary and binary predicates, respectively. For example,

we may have concepts Man and Woman, which capture sets of men and women,

respectively, and a role sibling of , which captures sibling pairs. All DLs allow to

construct iteratively complex concepts and roles. For example, we can construct a

concept for people whose siblings are all female, that is, ∀sibling of .Woman, or we

can iteratively construct a concept for all men whose all siblings are female, that is,

Man u ∀sibling of .Woman. The allowed constructs for the new concepts and roles

are a characteristic of each DL. An ontology, also known as a TBox, encodes domain
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Figure 1.1: Excerpt from the London public transport map.

knowledge about concepts and roles in the form of of first-order axioms. For exam-

ple, take child of to be a role capturing child and parent pairs. We may capture

that every person is a child of some woman, i.e., has a mother, with a TBox axiom

Person v ∃child of .Woman. Also, we may capture that every man and every woman

is a person with an axiom Man tWoman v Person. Thus the TBox here is the sets

containing the two TBox axioms above. An ABox consists of assertions on individ-

uals. For example, we can capture that Peter is a man with a concept assertion

Man(Peter), that Anna is a woman with a concept assertion Woman(Anna), and

that Peter is a child of Anna with a role assertion child of (Peter ,Anna). Thus our

ABox is {Man(Peter),Woman(Anna), child of (Peter ,Anna)}. Thus, the following

assertions follow from the ABox and the TBox above: Person(Peter),Person(Anna),

and ∃child of .Woman(Anna).

Systems based on DLs have seen a wide adoption in the industry. In particular, the

DL-based language OWL 2 [84], which is part of the W3C’s Semantic Web technology

stack, has been widely used in many applications. It has been applied in areas such

as biology and medicine [92] with many prominent ontologies developed, including

a medical ontology SNOMED CT1 and a biological ontology GENE ONTOLOGY.2

Many tools such as reasoners and ontology editors have been developed for languages

based on DLs. One of the most popular ontology editors is Protégé,3 which can be

used with a variety of OWL reasoners.

1See http://www.snomed.org/
2See http://geneontology.org/
3See https://protege.stanford.edu/
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Another prominent family of knowledge representation languages are existential

rules. Informally, they can be seen as first-order implications between conjunctions of

function-free atoms, which may contain existentially quantified variables in the head

of such an implication. They are well-suited for data-intensive applications, as they

allow higher-arity relations, which naturally occur in standard relational databases.

This is in contrast to description logics, where usually no predicates with arity greater

than two are allowed. We illustrate existential rules on the example from the public

transport domain, shown in Figure 1.1.

Example 1.1. We can capture the stops in the network, shown in Figure 1.1, with

unary facts, for example, we add a fact stop(v) to capture that ‘Victoria’ is a stop in

the network. Also, we can capture the links between the stops with binary facts, for

example, we add a fact link(bus148 , v , h) to capture that ‘Bus 148’ travels between

‘Victoria’ and ‘Hyde Park’ stops. We can capture all of this network with the following

set of the facts:

Dst = {stop(v), stop(h), stop(p), stop(m), stop(g), stop(b), stop(o),

link(bus148 , v , h), link(bus148 , h, p), link(bus148 , p,m), link(vline, v , g),

link(vline, g , o), link(jline, g , b), link(cline, o, b), link(cline, b,m)}.

Also, we can capture that we are currently in the stop ‘Victoria’ with a fact start(v),

and thus we take the database to be D = Dst ∪ {start(v), destination(m)}.
Then, we capture the knowledge about travelling along this network in an ontology

Σ, also called a program. The program Σ consists of four rules. The first rule captures

that the start stop is already reached, and the second one that if the destination can

be reached then we can arrive to it:

start(X)→ reach(X),

destination(X) ∧ reach(X)→ arrive(X).

The third rule captures that if a public transport line X has a link between the stops

Y1 and Y2, and a link between the stops Y2 and Y3, then there is a link between Y1

and Y3:

link(X, Y1, Y2) ∧ link(X, Y2, Y3)→ link(X, Y1, Y3).

The fourth rule in the program Σ captures how we can reach a stop or change a public

transport line:

reach(Y1) ∧ link(X, Y1, Y2) ∧ stop(Y2)→ reach(Y2).

3



Notice that the program Σ generates new data from the database D. For example,

we see that the facts link(vline, v , o) or reach(g) follow from the database D and the

program Σ.

Existential rules are an extension of Datalog rules, and so they are also known as

Datalog± [13, 37]. Compared to Datalog, Datalog± rules allow existential quantifiers

in rule heads. Also, existential rules are the logical translation of conceptual graph

rules, used in graph-based knowledge representation [142]. Furthermore, existential

rules have been studied in databases under the name of tuple-generating dependencies

(TGDs) [1]. In that setting, they have been used to capture a wide range of schema

constraints. Practical applications of existential rules range from bioinformatics [123]

to modelling complex structures of chemical compounds [119, 87].

One of the most important reasoning tasks for ontology-based systems is ontology-

mediated query answering (OMQA) [137, 22]. OMQA is a sophisticated paradigm that

allows the user to query heterogeneous and potentially incomplete data sources using a

familiar vocabulary and obtain more complete answers. The use of an ontology allows

us to combine different data sources by matching entries that have the same meaning

and infer additional information from data by capturing domain knowledge. In this

framework, the user query and the ontology are viewed as two components of one com-

posite query, called ontology-mediated query (OMQ) [22]. Ontology-mediated query

answering has become one of the focal points of research in the field of knowledge

representation and reasoning with numerous systems developed to support OMQA

and related tasks [44, 124, 17].

Let us consider two potential applications of OMQA, one from an autonomous

driving industry and another one from a medical domain. One common issue when

accessing different data sources are differences in vocabularies. For example, there are

are many labelled datasets for autonomous driving systems, including ApolloScape,

Berkley DeepDrive, and Mapillary Vistas. These datasets often label the same ob-

jects differently, for example, a traffic sign object in ApolloScape is labelled as “traf-

fic sign”, in Mapillary as “traffic-sign”, and in Berkley DeepDrive as “Traffic sign”.

We can access these multiple data sources in a unified manner by connecting these

vocabularies via an ontological layer. Another common issue is incompleteness of

data. For instance, in the medical domain, a specialist might want to estimate the

number of patients in a particular hospital that are treated for cancer. If the database

contains only specific entries for diseases, querying such data might be impractical.

For example, if a patient is diagnosed with chronic lymphocytic leukemia (CLL) and

4



the system does not contain the knowledge that CLL is a form of cancer, the search

for all the patients who are treated for cancer would not return this person.

With the growth of intelligent information systems, there is a need to explain their

behaviour. For example, the European Commission report [93] states that the manu-

facturers of autonomous vehicles “should ensure that individuals can obtain factual,

intelligible explanations of the decision-making processes and justifications made by

these systems, particularly in the event of individually or group-related adverse or

unwanted consequences”. There has been an increasing interest in explainable artifi-

cial intelligence, which is in contrast with black box models, where internal workings

of such systems are not understood even by the developers [15]. Also, in knowledge

representation, since devising an ontology is an error-prone task, there has been a

significant amount of research on explaining unexpected consequences of an ontology,

which we cover in this thesis in more detail in Chapter 7. Surprisingly, there has been

little work on explaining OMQA under the classical semantics.

In this work, we consider explanations for ontology-mediated query answers under

the classical semantics [135, 41]. In particular, given a database D, and an ontology-

mediated query (Q,Σ), where Q is a query, and Σ is an ontology, if the database

entails the OMQ, that is, D |= (Q,Σ), we take a minimal explanation, or MinEX, for

D |= (Q,Σ) to be a minimal subset E of D that entails this ontology-mediated query.

Note that the program is not a part of such an explanation, it is a part of the OMQ.

We illustrate this notion on the setting, presented in Example 1.1.

Example 1.2. In the database D and the program Σ of Example 1.1, we have

captured the network in Figure 1.1 and the fact that we are currently in the stop

‘Victoria’. Suppose that we aim to travel to the stop ‘Marble Arch’, so we take

the query to be Q = arrive(m). It is easy to see that the routes to ‘Marble Arch’

correspond to subset-minimal explanations for D |= (Q,Σ). One such route is by

‘Bus 148’:

E1 = {start(v), stop(m), link(bus148 , v , h), link(bus148 , h, p), link(bus148 , p,m)},

another one follows ‘Victoria Line’ to ‘Oxford Circus’ and then ‘Central Line’ to

‘Marble Arch’:

E2 = {start(v), stop(o), stop(m), link(vline, v , g),

link(vline, g , o), link(cline, o, b), link(cline, b,m)},
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and the last one travels along one link on ‘Victoria Line’, then ‘Jubilee Line’ and then

‘Central Line’:

E3 = {start(v), stop(g), stop(b), stop(m),

link(vline, v , g), link(jline, g , b), link(cline, b,m)}.

Also, we capture travelling times along different routes by assigning weights to the

facts in the database. In particular, we may assign the weights, as given in Figure 1.1,

to link facts to capture travelling time between adjacent stops, and assign the weight

3 to all stop facts to capture that changing the line takes time. We can see that the

explanations E1 and E2 are both weight-minimal with the weight 14, while E3 has the

weight 16. Therefore, we deduce that E1 and E2 correspond to the shortest routes in

the network.

Contributions

In this thesis, I provide a comprehensive complexity analysis of a wide range of com-

putational problems associated with explaining ontology-mediated query answers. I

study explanations both for positive and negative ontology-mediated query answers,

both for existential rules and description logics, and under different minimality crite-

rion. This allows me to indicate similarities and point out differences of complexity

of explaining ontology-mediated query answers for these different settings.

I discuss two variants of MinEX, one for positive query answers and another

for negative query answers by incorporating ideas from propositional abduction [71]

and axiom pinpointing [135]. For positive query answers, I define a MinEX to be a

minimal subset of the data that entails such a query. For negative query answers, I

define a MinEX to be a minimal subset of hypotheses (a set of facts outside of the

database), which, when added to the database, entails the query and is consistent

with the ontology.

I consider a wide range of computational problems associated with explaining

ontology-mediated query answers. In particular, I consider the problems of recognis-

ing a MinEX, Is-MinEX, recognising the set of all MinEXs, All-MinEX, deciding if

a fact is contained in some (resp., every) explanation, MinEX-Rel (resp., MinEX-

Nec), deciding if a set contains all relevant (resp., all necessary) facts for explaining

a query answer, MinEX-AllRel (resp., MinEX-AllNec), deciding if there is an

explanation that avoids forbidden sets of facts, MinEX-Irrel, and the problem

of deciding if there is a MinEX smaller (resp., larger) than some given threshold
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number, Small-MinEX (resp., Large-MinEX). Further, I consider the problem

MinEX-Exists6|= of deciding whether there is any MinEX for a negative query an-

swer. Note that this problem is only relevant for negative query answers, as for

positive query answers, the existence of a MinEX is guaranteed. I exhibit the univer-

sality of these notions by considering different ontology languages (both description

logics and existential rules), different query languages (instance queries and unions

of conjunctive queries) and different minimality criterion (subset, cardinality, and

weight minimality).

I provide algorithms for solving these problems, which establish tight upper bounds

in our complexity analysis. Many of these algorithms use only OMQA as a subtask

and, since there are existing OMQA engines, these algorithms can be readily imple-

mented. These general results allow us to compare the resources needed to solve

different problems. For example, I observe that, in many cases recognising a single

minimal explanation, Is-MinEX is as hard as recognising the set of all minimal ex-

planations, All-MinEX. I show that for some problems near-identical algorithms

apply, e.g., MinEX-Rel and Large-MinEX. Also, I show that problems associ-

ated with computing preferred explanations often have more involved algorithms.

Furthermore, when OMQA is complete for some expressive deterministic complexity

class, we observe that the complexity of solving these explanations problems is dom-

inated by the task of query answering, and so the complexity does not increase when

compared with OMQA. I also provide optimised algorithms when ontology-mediated

query answering is FO-rewritable. For those cases, when the query and the ontology

are fixed, we show how the set of all subset-minimal explanations can be constructed

in polynomial time.

In this thesis, I derive the hardness of these problems by encoding well-known

computational problems using the methods from complexity theory. These results

pinpoint where the hardness of the discussed problems stem from. Since the choice of

an ontology language has a major impact on the complexity of explanation problems,

these reductions illustrate the expressive capabilities of these ontology languages. In

these reductions, we commonly encode well-known variants of satisfiability, graph,

and tiling problems. This further contributes to understanding the corresponding

ontology languages and what they are capable of expressing.

Finally, this work gives a unifying view on the complexity of explaining ontology-

mediated query answers, which can be useful when devising systems with explanation

facilities. In this work, I summarise our results in tables, so that informed decisions

can be made.
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with İsmail İlkan Ceylan, Thomas Lukasiewicz, Enrico Malizia, Cristian Moli-

naro, published in AAAI 2021.

An extended abstract of the paper “Explanations for Query Answers under Exis-
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paper “Explanations for Ontology-Mediated Query Answering in Description Log-
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2020) [51].

Organisation of Thesis

The thesis is organised as follows:

Chapter 2: This chapter introduces the theoretical background of this work. I

cover the relevant theory of computational complexity. I then introduce the two most

widely used languages for ontology-mediated query answering, namely, existential
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rules and description logics. I proceed to formally introduce ontology-mediated query

answering and provide the known complexity results for the problem of ontology-

mediated query answering for different fragments of existential rules and description

logics.

Chapter 3: In this chapter, I introduce the notion of a minimal explanation and

the problems associated with explaining positive ontology-mediated query answers,

i.e., explaining entailment. I provide a detailed complexity analysis of these problems

under different fragments of existential rules with respect to different complexity

measures.

Chapter 4: I study the complexity of the problems, associated with computing min-

imal explanations, for different description logics, query languages (instance queries

and unions of conjunctive queries), and different complexity measures.

Chapter 5: This chapter concerns explaining negative ontology-mediated query an-

swers, i.e., query non-entailment, under existential rules. I introduce the notion of a

minimal explanation for a negative query answer and the problems associated with

explaining such non-entailments. This is followed by a complexity analysis of these

problems for different fragments of existential rules.

Chapter 6: The last theoretical chapter is concerned with computing preferred expla-

nations for ontology-mediated query answers under existential rules. First, I reformu-

late the explanation problems for general minimality criterion. Then, I proceed with a

complexity analysis for two minimality criterion, namely, cardinality-minimality and

weight-minimality, under different fragments of existential rules.

Chapter 7: In this chapter, I review related work. In particular, I discuss how

my work adapts the ideas of some of the existing works, how it differs and how it

generalises some of the existing approaches.

Chapter 8: I discuss the contributions, the limitations of this work, and possible

future research directions.
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Chapter 2

Preliminaries

In this chapter, we present the relevant background for our study. First, we briefly

recall the relevant background on complexity theory. We then give the relevant back-

ground on knowledge representation languages. In particular, we introduce the two

most widely studied languages used in the context of ontology-mediated query an-

swering, namely, existential rules (also known as Datalog±) and description logics.

Finally, we introduce the problem of ontology-mediated query answering and its com-

plexity with respect to different knowledge representation languages.

2.1 Complexity Theory

In this section, we recall the complexity classes used in this work. These complexity

classes differentiate computational problems by the resources needed to solve them. In

this work, we study decision problems, which are ‘yes’ or ‘no’ questions. We note that

decision problems correspond to languages, which are taken to contain the encodings

of the inputs of the decision problem for which the answer is ‘yes’. In the rest of

this work, we will talk about decision problems and languages interchangeably. The

computational models that we use to define these complexity classes are deterministic

and nondeterministic Turing machines (TMs), and Boolean circuits. For a thorough

introduction to computational complexity, we refer the reader to the standard texts

by Johnson [99] and Papadimitriou [127].

We introduce the classes, shown in Figure 2.1. The least expressive class that we

consider is AC0. To define this class, we introduce Boolean circuits, and refer the

reader to the standard texts for a detailed introduction [153]. A Boolean circuit Cn

with n inputs and a single output, intuitively, is a Boolean function with n inputs that

can be constructed using logic gates (AND, OR and NOT) and wires. Given a string

w over {0, 1} of length n, we write Cn(w) for the output of the circuit Cn with w as

10



AC0 ⊆ L ⊆ NL ⊆ P ⊆⊆
NP

coNP

⊆
⊆

Dp ⊆ Θp
2 ⊆ ∆p

2
⊆
⊆

Σp
2

Πp
2

⊆
⊆

Dp
2 ⊆ PSpace ⊆

Exp ⊆ NExp ⊆ DExp ⊆ PNExp ⊆ 2Exp.

Figure 2.1: Containment of complexity classes considered in this work.

an input. The depth of a Boolean circuit is the maximum number of gates between

an input and an output of a circuit, and the size of a circuit is the total number of

gates in that circuit. The fan-in of a gate is the number of inputs that the gate takes.

Note that a particular Boolean circuit can only capture an input of a fixed length, so

to be able to define classes of problems, we consider collections of Boolean circuits.

A family of Boolean circuits C is an infinite list of circuits {Cn | n ∈ N}, where Cn is

a Boolean circuit with n input gates. We say that C decides a language L over {0, 1}
if, for every string w over {0, 1}, w ∈ L if and only if C|w|(w) = 1. The class AC0 is

defined to be the set of decision problems that can be decided by a family of Boolean

circuits with constant depth and polynomial number of unbounded fan-in AND and

OR gates (without NO gates) [153].

A number of fundamental complexity classes are defined in terms of Turing ma-

chines whose time resources are bounded. One of the most fundamental complexity

classes is P, the class of decision problems that can be solved by deterministic TMs

in polynomial time in the size of the input. Another fundamental class that appears

throughout this work is NP, the class of decision problems that can be solved by

nondeterministic TMs in polynomial time in the size of the input. The class NP has

a useful property – instances of the problems in this class with the answer ‘yes’ have

concise proofs verifiable in polynomial time by a deterministic TM. The class Exp

is the set of decision problems that can be solved by TMs in exponential time. An

even more expressive class is 2Exp, which is the set of problems solvable by TMs in

double exponential time, i.e., in O(22p(n)
), where n is the size of the input, and p is a

polynomial. Another class is the set of decision problems, which can be solved by a

NTM in exponential time in the size of the input. This class is denoted by NExp.

We impose bounds on the space resources, rather than on time, in a TM to define

complexity classes. To define such classes, we consider slightly modified TMs. They

consist of two tapes: an input tape and a work tape, where an input tape is a read-

only tape, which contains only an input, and the work tape is a read-write tape on
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which the computation happens. In particular, given an input, we limit how many

cells on a work tape, as a function on the size of the input, a TM can use in a

computation. The classes L and NL are the sets of decision problems solvable by

deterministic and nondeterministic TMs in logarithmic space in the size of the input,

respectively. Another class is PSpace, which is the set of decision problems solvable

by deterministic TMs in polynomial space in the size of the input.

Other complexity classes can be derived from the introduced classes by taking

their complements. A complement of a decision problem is obtained by reversing

the ‘yes’ and ‘no’ answers. For a complexity class C, the complement of C, co-C,
denotes the class of problems whose complements are in C. The complement classes

that appear throughout this work are coNP and coNExp. For any deterministic

complexity class, such as AC0, L, or P, we have that its complement is contained

in the original class, and so they closed under taking complements. Furthermore, we

have that NL is closed under complementation, that is, coNL = NL [98, 150].

Another way of obtaining new complexity classes is through computation with

oracles. Intuitively, an oracle is a black box, which can solve a problem at unit cost.

Given a complexity class C, we define PC to be a class of problems, which are solvable

by polynomial-time TMs, which have access to a C oracle, and we define NPC to

be a class of problems solvable by polynomial-time NTMs, which have access to a C
oracle. Some of the most prominent oracle classes are Σp

k, Πp
k, and ∆p

k for k ∈ N,

forming the polynomial hierarchy (PH) [148]. Let Σp
0 = Πp

0 = ∆p
0 = P. Then the

polynomial hierarchy (PH) is given by Σp
k = NPΣp

k−1 , ∆p
k = PΣp

k−1 , and Πp
k = co-Σp

k

for all k ≥ 1. Note that, in the first level of the polynomial hierarchy, we have that

Σp
1 = NP, Πp

1 = coNP, and ∆p
1 = P. In the second level, Σp

2 = NPNP, ∆p
2 = PNP,

and Πp
2 = co-(NPNP). We further observe that, for any k ≥ 1, PΣp

k = PΠp
k , and

NPΣp
k = NPΠp

k . In particular, NPNP = NPcoNP. We can also impose a bound on the

number of oracle calls. We highlight such a bound in the brackets after the oracle

class. In this work, we consider, for k ≥ 1, the classes Θp
k = PΣp

k−1[O(logn)] of problems

solvable by a polynomial-time TM, which is allowed to query a Σp
k−1 oracle at most

logarithmic number of times in the size of the input.

We may also obtain new complexity classes by taking conjunctions of the already

defined ones. We define the class Dp = {L1 ∩ L2 | L1 ∈ NP, L2 ∈ coNP} that is the

set of all the languages, which are an intersection of a language in NP and a language

in coNP [129]. Note that any problem in Dp is solvable by a single NP test, followed

by a single coNP test. It is common to write Dp = NP ∧ coNP. The class Dp can

be generalised to the classes Dp
k = {L1 ∩ L2 | L1 ∈ Σp

k, L2 ∈ Πp
k} for k ≥ 1 [66, 18].

12



Similarly, any problem in Dp
k is solvable by a Σp

k test, followed by a Πp
k test, and

thus it is common to write Dp
k = Σp

k ∧ Πp
k. In particular, Dp

1 = Dp. Furthermore,

we study the problems in the class DExp = {L1 ∩ L2 | L1 ∈ NExp, L2 ∈ coNExp}.
Analogously, any problem in DExp is solvable by a single NExp test, followed by a

single coNExp test, and we write DExp = NExp ∧ coNExp.

For a complexity class C above P, a problem L is C-hard if, for every problem

L′ ∈ C, there is a polynomial reduction from L′ to L. For the complexity class P, a

problem L is P-hard if, for every problem L′ ∈ C, there is a logspace reduction from

L′ to L. If a problem L belongs to a class C and is also C-hard, then L is said to be

C-complete. For example, we have seen that Sat is in NP. It is also known to be

NP-hard, and thus NP-complete [81].

The relationships between different complexity classes introduced in this section

are presented in Figure 2.1.

2.2 Existential Rules

In this section, we consider existential rules, also known as Datalog± [37, 38, 39]. As

common for data management, extensional data are expressed using the relational

database model [57, 58] for which existential rules are well-suited, as they allow high-

arity relations (unlike description logics, introduced later). They can be seen to have

a number of origins. First, they are an extension of Datalog rules, hence the name

Datalog± [37]. An important difference between Datalog and Datalog± is that, in

Datalog, the rules form a query, while, in Datalog±, they are a part of an ontology.

Existential rules have been studied in databases under the name of tuple-generating

dependencies (TGDs) [1]. Finally, the logical translation of conceptual graph rules,

used in graph-based knowledge representation, are exactly existential [142].

We define the syntax and semantics of existential rules. We consider a relational

vocabulary σ consisting of mutually disjoint, possibly infinite sets R of predicate, C

of constant, V of variable names, and N of labelled nulls. Each predicate is associated

with an arity, i.e., a non-negative integer. Note that we can see this as the relational

vocabulary of first-order logic, extended with nulls. Now we define the fundamental

syntactic blocks for existential rules.

Definition 2.1. A term is a constant, a null, or a variable. An atom is an expression

of the form p(t1, . . . , tn), where p is an n-ary predicate from R, and t1, . . . , tn are

terms. A ground atom (or fact) has only constants as terms.
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Definition 2.2 (Syntax). A tuple-generating dependency (TGD) σ is a first-order

formula of the form ∀X∀Y Φ(X,Y)→ ∃Z Ψ(X,Z), where Φ(X,Y) is a conjunction of

atoms, called the body of the TGD and denoted body(σ), and Ψ(X,Z) is a conjunction

of atoms, called the head of the TGD and denoted head(σ), all without nulls. Classes

of TGDs are also known as existential rules, or Datalog± rules.

A negative constraint (NC) ν is a first-order formula of the form ∀X Φ(X) → ⊥,

where Φ(X) is a conjunction of atoms without nulls, called the body of ν and denoted

body(ν), and ⊥ denotes the truth constant false.

Definition 2.3 (Knowledge base). A database D is a finite set of facts. A program

(or ontology) is a finite set Σ of TGDs and NCs. We denote by ΣT and ΣNC the

subsets of Σ containing the TGDs and NCs, respectively.

A knowledge base is a pair (D,Σ), where D is a database and Σ is a program.

To define the semantics of TGDs and NCs, we introduce the following notions.

An instance I is a (possibly infinite) set of atoms containing constants and nulls

only. A database D is a finite instance in which atoms contain only constants. A

homomorphism is a mapping h : C ∪N ∪V → C ∪N ∪V that is the identity on C

and maps N to C∪N. With a slight abuse of notation, homomorphisms are applied

also to (sets of) atoms. Their semantics is as follows.

Definition 2.4 (Semantics). An instance I satisfies a TGD σ, written I |= σ, if

whenever there exists a homomorphism h such that h(Φ(X,Y)) ⊆ I, then there

exists a homomorphism h′ ⊇ h|X, where h|X is the restriction of h on X, such that

h′(Ψ(X,Z)) ⊆ I. An instance I satisfies an NC ν, written I |= ν, if there is no

homomorphism h such that h(Φ(X)) ⊆ I. Given a set Σ of TGDs and NCs, an

instance I satisfies Σ, written I |= Σ, if I satisfies each TGD and NC of Σ.

A model of a knowledge base (D,Σ) is an instance I such that D ⊆ I and I |=
Σ. We say that a knowledge base is consistent if it has a model. Otherwise, it is

inconsistent.

For brevity, we omit the universal quantifiers in front of TGDs and NCs, and use

the comma (instead of ∧) for conjoining atoms. Given a class of TGDs L, we denote

by L⊥ the formalism obtained by combining L with arbitrary NCs. For a program

Σ, we denote by Σ ∈ L (resp., Σ ∈ L⊥) that all TGDs of Σ belong to L (resp., L⊥).

In its general form, reasoning with TGDs is undecidable [16], that is, it is unde-

cidable whether any given set of TGDs has a model and thus many tasks involving
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LF⊥

GF⊥L⊥ AF⊥ SF⊥

G⊥ F⊥ A⊥

WG⊥ WA⊥ S⊥

WS⊥

Figure 2.2: Relationships between the Datalog± languages considered.

TGDs become undecidable, including ontology-mediated query answering, which we

will discuss later. A number of decidable fragments of TGDs have been identified in

the literature. We review some known (syntactic) restrictions on TGDs that ensure

decidability (and even tractability in many cases). Furthermore, adding negative con-

straints does not increase the complexity [37], and thus we focus on sets of TGDs in

the rest of this section.

We focus on the following types of restrictionson TGDs: guardedness, stickiness,

acyclicity, and fullness [39, 38]. For the first three of these, we consider the “weak”

versions too, namely, weak guardedness [39], weak stickiness [38], and weak acyclic-

ity [77]. A TGD is guarded, if there exists a body atom (also known as “guard”)

that contains all body variables. The class of guarded TGDs is denoted by G. A key

subclass of guarded TGDs is the set of linear TGDs, whose bodies consist of a single

atom, and thus immediately are guarded. The set of linear TGDs is denoted by L.

The class that extends guarded TGDs is the family of weakly guarded TGDs, denoted

by WG; such TGDs require only the body variables that are considered “harmful”

to appear in one of the body atoms (i.e., “the guard”) [39]. In particular, a body

variable is considered “harmful” if it appears in an affected position of a predicate

with respect to the set of TGDs Σ. Intuitively, a position of a predicate p is affected

with respect to Σ if there is some database D such that a null appears in that position

in some fact with a predicate p in the chase of the knowledge base (D,Σ), where the

chase is the database obtained by iteratively repairing the database so that it satisfies

all the dependencies in Σ [39]. Observe that L ⊂ G ⊂ WG. Another widely studied
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restriction on TGDs is stickiness, which is inherently different from guardedness. A

TGD is sticky if every variable that appears more than once in the body must appear

(or “stick”) in the head atoms. The class of sticky TGDs is denoted by S. Weak

stickiness generalises stickiness by considering only “harmful” variables, and defines

the class WS of weakly sticky TGDs. Observe that S ⊂ WS. The third type of syn-

tactic restriction on TGDs is acyclicity. A set of TGDs is acyclic and belongs to the

class A if its predicate graph is acyclic, where a predicate graph of a set of TGDs Σ

is a directed graph whose nodes are predicate symbols that appear in Σ and there is

an edge between predicate symbols r and p if there is some TGD σ, where r appears

in the body and p appears in the head of σ. This class of TGDs can also be seen to

contain only non-recursive sets of TGDs. A set of TGDs is weakly acyclic, if its de-

pendency graph enjoys a certain acyclicity condition, which guarantees the existence

of a finite canonical model [77]. In particular, some of the edges are labelled as special

in this dependency graph and we say that a set of TGDs is weakly acyclic if there

is no cycle in this dependency graph that contains this special edge. We have that

A ⊂ WA. It is also known that WA ⊂ WS [38]. Another key fragment is full TGDs.

Such TGDs do not have any existentially quantified variables, and the class of such

TGDs is denoted by F. Full TGDs are equivalent to Datalog rules [1]. We can re-

quire TGDs to be full in addition to satisfying the other restrictions such as linearity,

guardedness, stickiness, or acyclicity. These classes are denoted by LF,GF, SF, and

AF, respectively. It is known that F ⊂ WA [77, 65] and F ⊂ WG [39]. We illustrate

the connection between the introduced classes in Figure 2.2.

2.3 Description Logics

Another prominent family of knowledge representation languages are description log-

ics, DLs [59]. First, we define the syntax of description logics. A vocabulary of a

DL consists of three countably infinite, pairwise disjoint sets of symbols, namely, the

set of individual names, NI, the set of concept names, NC, and the set of role names,

NR. DL concepts are built inductively from concept and role names, using the con-

structors given in Table 2.1. We sometimes refer to any inductively built concept as

a general concept, and to a concept from NC as an atomic concept.

Then, concepts and roles are used to construct axioms and assertions, which, in

turn, form knowledge bases.

Definition 2.5 (Knowledge Base). A general concept inclusion (GCI) is an expres-

sion of the form C v D, where C and D are general concepts. A role inclusion is an
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Table 2.1: Syntax and semantics of concept descriptions (top), TBox axioms (middle),
and ABox assertions (bottom) for DLs.

Name Syntax Semantics

top > ∆I

bottom ⊥ ∅
negation (C) ¬C ∆I \ CI

intersection C uD CI ∩DI

union (U) C tD CI ∪DI

existential restriction ∃r.C
{
a | ∃b ∈ CI .(a, b) ∈ rI

}
universal restriction ∀r.C

{
a | ∀b ∈ CI .(a, b) ∈ rI

}
nominal (O) {a}

{
aI
}

at least restrictions (Q) ≤n r.C {d | #{e | (d, e) ∈ rI} ≤ n}
at most restrictions (Q) ≥n r.C {d | #{e | (d, e) ∈ rI} ≥ n}
role inverse (I) r− {(b, a) | (a, b) ∈ rI}

TBox Axioms

GCI C v D CI ⊆ DI

role inclusion (H) r v s rI ⊆ sI

transitivity axiom trans(r) rI = (rI)+

ABox Assertions

concept assertion C(a) aI ∈ CI

role assertion r(a, b) (aI , bI) ∈ rI

expression of the form r v s and a transitivity axiom is an expression trans(r), where

r and s are roles. A TBox axiom is a GCI, a role inclusion, or a transitivity axiom,

and a TBox, or an ontology, is a finite set of TBox axioms.

A concept assertion is an expression of the form C(a), and a role assertion is

an expression of the form r(a, b), where C ∈ NC, r ∈ NR, and a, b ∈ NI. An ABox

assertion is either a concept assertion or a role assertion. An ABox is a finite set of

ABox assertions. A knowledge base is a pair K = (T ,A), where T is a TBox, and A
is an ABox.

The semantics of DLs is given in terms of interpretations, where concepts are

unary predicates and roles are binary predicates.

Definition 2.6. An interpretation I is a pair
(
∆I , ·I

)
of a non-empty interpretation

domain ∆I and an interpretation function ·I . This function assigns to each individual
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name a ∈ NI an element aI ∈ ∆I , to each concept name A ∈ NC a subset AI ⊆ ∆I ,

and to each role name r ∈ NR a binary relation rI ⊆ ∆I × ∆I . Interpretations are

then extended to arbitrary concept descriptions, axioms, and assertions as shown on

the right-most column of Table 2.1.

An interpretation I is a model of a TBox T , denoted I |= T , if it satisfies all the

axioms in T . Similarly, I is a model of an ABox A, denoted I |= A, if it satisfies all

the assertions in T . Finally, I is a model of a knowledge base K = (T ,A), denoted

I |= K, if I |= T and I |= A.

We say that a knowledge base K = (T ,A) is consistent if it has a model, otherwise,

it is inconsistent.

In this work, we consider a wide range of different DLs that are all well-known

in the literature. The DL ALC allows for GCIs as TBox axioms, and the concept

language of ALC allows for the constructors top, bottom, negation, conjunction, and

existential restrictions. The DL S extends ALC with transitivity axioms. The letters

H, I, O and Q denote role inclusions, inverse roles, nominals, and qualified number

restrictions, respectively. Depending on what is allowed in the language, we obtain a

variety of DLs, such as the very expressive DL SHIQ, which allows all the constructors

given in Table 2.1.

The DL EL is a sub-logic of ALC which only allows the constructors top, conjunc-

tion, and existential restrictions. Note that it does not allow the negation constructor.

The DL DL-Litecore allows axioms of the form B v C, where B and C are concepts

that are defined as follows:

B := A | ∃r.> | ∃r−.>, C := B | ¬B.

The DL DL-LiteR also allows a restricted type of role inclusions. For further details,

we refer the reader to the relevant literature [11, 6]. Figure 2.3 summarizes the

language inclusions between these DLs.

2.4 Ontology-Mediated Query Answering

Ontology-mediated query answering is a popular paradigm in knowledge representa-

tion used to facilitate querying of heterogeneous and incomplete data sources [22].

This is achieved via an ontology that enriches the user query with common-sense

knowledge. In this framework, the ontology and the user query are viewed as two com-

ponents of one composite query, called ontology-mediated query (OMQ) [22]. The task
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Figure 2.3: Relationships between the DLs considered.

of evaluating such queries is then called ontology-mediated query answering (OMQA).

In this section, the notions are introduced using the existential rules terminology but

all the definitions apply to description logics with a database replaced by an ABox

and a program replaced by a TBox.

Definition 2.7 (Queries). A conjunctive query (CQ) Q is a formula of the form

∃Yφ(X,Y), where X and Y are sets of variables, and φ(X,Y) is a conjunction of

atoms (without nulls). A Boolean conjunctive query (BCQ) Q is a special case of a

CQ of the form ∃Xφ(X) without free variables, that is, without variables which are

not bound by a quantifier. A union of conjunctive queries (UCQ) is a disjunction of

conjunctive queries, which share free variables X. A first-order query (FOQ) is any

first-order formula.

In the context of description logics, we take an instance query (IQ) to be a concept

or a role assertion. Note that the relationship between these query languages is as

follows:

IQ ⊆ BCQ ⊆ CQ ⊆ UCQ ⊆ FOQ

In this thesis, we focus on explaining Boolean query answers, that is, the queries

which do not have any free variables.

Definition 2.8. An ontology-mediated query (OMQ) is a pair (Q,Σ), where Q is

a query, and Σ is an ontology. Let L be an ontology language. If Σ is a logical

theory from the class L of ontology languages, then we say that (Q,Σ) is an L-OMQ.

Consider a database D and an OMQ (Q,Σ). We say that D entails (Q,Σ), denoted

D |= (Q,Σ), if I |= Q for every model I of D ∪ Σ, where I |= Q denotes that Q is

satisfied by an interpretation I as usual in first-order logic [70].

Ontology-mediated query answering (OMQA) is the task of deciding whether

D |= (Q,Σ) for a given database D and an OMQ (Q,Σ). We denote by OMQA(Q,L)
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the problem of OMQA when the queries belong to the query language Q and on-

tologies belonging to L.

We will sometimes write (D,Σ) |= Q, which has the same meaning as D |= (Q,Σ).

In particular, we will test whether (D,Σ) 6|= ⊥ in order to check whether a knowledge

base (D,Σ) is consistent.

A key paradigm in ontology-mediated query answering is the first-order rewritabil-

ity of queries. Intuitively, if an OMQ is FO-rewritable, we can rewrite it into a

FO-query.

Definition 2.9. An OMQ (Q,Σ) is FO-rewritable, if there exists a FO-query QΣ

such that, for any database D consistent relative to Σ, we have that D |= (Q,Σ) iff

D |= QΣ. In this case, QΣ is called an FO-rewriting of (Q,Σ). A class of ontologies L
is FO-rewritable, if it admits an FO-rewriting for every query and ontology in L.

In our complexity analysis, we make the standard assumptions [151]. The com-

bined complexity is calculated by considering the database, the program, and the

query, as part of the input. The bounded-arity combined complexity (or ba-combined)

assumes that the maximum arity of the predicates is bounded by an integer constant.

The fixed-program combined complexity (or fp-combined) is calculated by considering

the program as fixed. Finally, the data complexity is calculated by considering only

the database as the input, i.e., everything else is fixed. Since, in description logics,

the arity of predicates is bounded, we consider only data and combined complexities.

2.4.1 Complexity of Query Answering under Existential Rules

We review the complexity of OMQA under different fragments of existential rules,

which is summarised in Table 2.2. Query answering is a core task for all the problems

associated with explaining OMQ answers. Therefore, these results are fundamental

to our work.

First, we cover the results in data complexity. We recall that answering first-order

queries on relational databases is in AC0 in data complexity [152], which implies

that UCQ answering for FO-rewritable TGDs is in AC0 in data complexity. It was

observed that if a set of TGDs enjoys the bounded derivation-depth property (BDDP),

then it is FO-rewritable [37]. In particular, a set of TGDs is said to enjoy the BDDP

if, whenever an OMQ is entailed, there is a constant k (independent of the data) such

that the query holds in the level k of the chase [37]. It was shown that S enjoys the

BDDP by Cal̀ı et al. [35], and later that L enjoys this property as well [38]. It is
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Table 2.2: Complexity of OMQA(Q,L) for Q ∈ {BCQ,UCQ} relative to different
fragments of existential rules.

L Data fp-comb. ba-comb. Comb.

L, LF, AF ≤ AC0 NP NP PSpace
S, SF ≤ AC0 NP NP Exp
A ≤ AC0 NP NExp NExp
G P NP Exp 2Exp
F, GF P NP NP Exp
WS, WA P NP 2Exp 2Exp

also straight-forward to see that AF satisfies this property. This implies all the AC0

membership results in Table 2.2. For WA, it was shown by Fagin et al. [77] that in

data complexity OMQA can be solved in polynomial time by an algorithm that runs

on universal solutions. For WS, Cal̀ı et al. [36] provided an algorithm that solves

OMQA in alternating logarithmic space, which coincides with P. These two results

imply all the P membership results in data complexity in Table 2.2. The P-hardness

of OMQA(BCQ,GF) in data complexity was show by providing a reduction from

propositional logic programming [37]. This result implies all the P-hardness results in

data complexity in Table 2.2. We further note that some of the results can be inferred

in alternative ways, for example, since the full fragment of Datalog± corresponds to

Datalog, we have that OMQA for the full fragment in data complexity is P-complete.

Next, we cover the complexity results in fp-combined, ba-combined, and com-

bined complexities. In all those measures, compared to the data complexity, we see

an increase in the complexity. OMQA is NP-hard for all classes in fp-complexity,

which immediately follows from NP-hardness of conjunctive query evaluation in

databases [54]. This implies also all the NP-hardness results in ba-combined com-

plexity. Furthermore, OMQA is in NP both for WS and WA in fp-combined com-

plexity [114], which shows the membership of OMQA in NP in fp-complexity for all

the languages studied. In ba-combined complexity, for the acyclic language of existen-

tial rules, we have that OMQA is NExp-hard, as it can encode an NExp-complete

problem Tiling [78]. Furthermore, OMQA(BCQ,A) was shown to be in NExp

in combined complexity by exploiting results on nonrecursive logic programs [61],

and thus we have that this problem is NExp-complete in both ba-combined and

combined complexity. It was shown that OMQA(BCQ,G) is Exp-complete in ba-

combined and 2Exp-complete in combined complexity by Cal̀ı et al. [39]. For WS and

WA, OMQA was shown to be 2Exp-complete both in ba-combined and combined

complexities by Fagin et al. [77] and Cal̀ı et al. [36], respectively. The remaining
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Table 2.3: Complexity of OMQA(Q,L) relative to different DLs.

Description Logic
IQ UCQ

data comb. data comb.

DL-Litecore , DL-LiteR ≤ AC0 NL ≤ AC0 NP
EL, ELH P P P NP
ELI, Horn-SHOIQ P Exp P Exp
ALC, ALCHQ coNP Exp coNP Exp
ALCI, SH, SHIQ coNP Exp coNP 2Exp

results in combined complexity were obtained as follows. By simulating the behavior

of a deterministic polynomial space machine, Lukasiewicz et al. [114] showed that

OMQA PSpace-hard for L, LF, and AF in combined complexity. Cal̀ı et al. [35]

showed that lossless Datalog fact inference problem is Exp-hard. Since each lossless

Datalog program is a set of sticky TGDs, we have that OMQA is Exp-hard for S

and SF. Finally, it was shown by Cal̀ı et al. [36] that OMQA is 2Exp-hard both for

WA and WA in combined complexity.

2.4.2 Complexity of Query Answering in Description Logics

Now we present the complexity of ontology-mediated query answering in description

logics, which is summarised in Table 2.3.

We start with the least expressive description logics. The lightweight DLs DL-Litecore

and DL-LiteR are FO-rewritable, and thus, as we have seen in Section 2.4.1, query

answering for these languages is in AC0 in data complexity. It is well-known that

standard reasoning tasks are NL-complete in these languages [11]. Since instance

query answering can be reduced to these standard reasoning tasks, same results ap-

ply. On the other hand, for these languages, query answering is NP-complete in

combined complexity for UCQs [6, 40]. For the lightweight description logics EL,

ELH, and ELI, the tractability results follow from the works of Krisnadhi and Lutz

[109], Krötzsch and Rudolph [110], Rosati [141]. in combined complexity, these DLs

behave rather differently. In particular, instance query answering for EL and ELH
is P-complete, while it is Exp-complete for ELI [10]. Moreover, UCQ answering

for EL and ELH is NP-complete, and it is Exp-complete for ELI in combined com-

plexity. For a closely related logic Horn-SHOIQ it also holds that query answering

(both for IQs and UCQs) is P-complete in the data and Exp-complete in combined

complexity [75, 126].
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The description logics discussed thus far are all Horn. Beyond the DLs covered

thus far, the least expressive one that we study is ALC, for which (instance) query an-

swering is coNP-complete in data complexity [42] and the upper bound holds for DLs

up to SHIQ [82]. Standard reasoning tasks in ALC are already Exp-complete [143],

which gives the hardness results for query answering in combined complexity. The

membership results in Table 2.3 for DLs above ALC were provided by Lutz [117]. For

ALCI, UCQ answering is 2Exp-hard [117] and, for SHIQ, it is in 2Exp [82]. This

implies 2Exp-completeness results in Table 2.3.
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Chapter 3

Explanations for Query Answers
under Existential Rules

As a form of logical entailment, ontology-mediated query answering is fully inter-

pretable, which makes it possible to derive explanations for query answers. There has

been a significant amount of interest in tracking down and understanding the causes of

various types of entailments in ontologies. However, explaining ontology-mediated an-

swers had received little attention, prior to our work [48]. In this chapter, we adapt

ideas from axiom pinpointing and propositional abduction to explaining ontology-

mediated query answers. We provide a thorough complexity analysis for several

decision problems associated with minimal explanations under existential rules.

This chapter is based on the paper published in the proceedings of the Interna-

tional Joint Conference on Artificial Intelligence (IJCAI) in 2019 [48].

3.1 Minimal Explanations

In our approach, a minimal explanation for an ontology-mediated query answer is

an inclusion-minimal subset of a database, which supports such query answer. The

main advantage of such a definition is that it allows to abstract away from a partic-

ular proof technique. Our notion of a minimal explanation draws inspiration from

existing research in knowledge representation. The notion of a cause in the works on

explaining ontology-mediated query answers under inconsistency-tolerant semantics

coincides with our notion of a minimal explanation [24]. In propositional abduction,

a minimal explanation is a minimal set of hypotheses that supports the entailment of

the observed manifestations [71], and, in axiom pinpointing, a minimal explanation

is a minimal set of axioms that supports the entailment of a chosen axiom [135].

24



p1 p2 p3

p4 p5 p6

c1

c2

c3

Figure 3.1: Protein network, where each complex ci contains some of the proteins
p1, . . . , p6.

In this work, we assume that the ontology is fixed, and so we take explanations

to be subsets of the database.

Definition 3.1 (MinEX). For a database D and an OMQ (Q,Σ), where Σ is a set

of existential rules, and Q is a query, such that D |= (Q,Σ), an explanation for

D |= (Q,Σ) is a subset E ⊆ D of facts entailing the OMQ (Q,Σ), i.e., E |= (Q,Σ).

A minimal explanation E, or MinEX, for D |= (Q,Σ) is an explanation for

D |= (Q,Σ) that is subset-minimal, i.e., there is no proper subset E ′ ( E that is an

explanation for D |= (Q,Σ).

Often, we say that E is a MinEX without explicitly mentioning the database or

the OMQ when they are clear from the context.

We provide a running example that used throughout this chapter to illustrate the

different problems studied. This example is taken from the experimental design for

protein networks [106, 139].

Example 3.2. We consider the protein containment scenario illustrated in Figure 3.1.

In this example, we have the proteins p1, . . . , p6 and the complexes c1, c2, c3, where

each complex is a set of some of the proteins. We want to find a minimal subset of

the proteins that covers all the complexes, i.e., a minimal subset of the proteins that

has at least one representative from each complex.1

We can express this problem as the search for MinEXs in a way that protein

covers are in bijection with MinEXs for an OMQ entailment. Consider a database

that encodes all the proteins:

Dprot = {protein(pi) | 1 ≤ i ≤ 6}.
1This example could be adapted to any other task that is equivalent to finding minimal transver-

sals of hypergraphs [80, 83].
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The following program states which proteins are contained in which complexes:

Σprot = {protein(pi)→
∧

pi in cj

covered(cj) | 1 ≤ i ≤ 6},

and the following query asks for every complex to be covered:

Qprot = covered(c1) ∧ covered(c2) ∧ covered(c3).

Consider now a subset E ⊆ Dprot . Clearly, E |= (Qprot ,Σprot) if and only if

E |= (covered(ci),Σprot) for every complex ci. Thus, MinEXs for Dprot |= (Qprot ,Σprot)

are in bijection with the minimal protein covers of complexes.

The objective of this work is to understand the complexity of the tasks associated

with MinEXs under existential rules.

3.2 Explanation Problems

In this section, we give an overview of the six problems, considered in this chapter.

These problems are inspired by the decision problems, studied in axiom pinpoint-

ing [135] and logic-based abduction [71], where explanations are inclusion-minimal

subsets supporting entailment. These problems concern recognising MinEXs, de-

termining roles of facts in explaining and cardinality of minimal explanations. We

introduce them for any query language Q and the class of TGDs L.

The most fundamental problem that we study is recognising a MinEX for a given

OMQ entailment. This is a natural decision version of the functional problem of

constructing a minimal explanation.

Problem: Is-MinEX(⊆,Q,L)

Input: A database D, a query Q from the class Q, a program Σ from the class L of

TGDs, such that D |= (Q,Σ), and a set of facts E ⊆ D.

Question: Is E a MinEX for D |= (Q,Σ)?

Note that the first argument in Is-MinEX(⊆,Q,L) indicates that we are con-

sidering the problem of recognising subset-minimal minimal explanations. We will

consider explanations under different minimality criterion in Chapter 6. In the com-

plexity analysis, Is-MinEX serves as a baseline for the other problems studied. We

illustrate this problem on the setting, presented in Example 3.2.
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Example 3.3. The following sets are MinEXs for Dprot |= (Qprot ,Σprot):

E1 = {protein(p1), protein(p3)},

E2 = {protein(p2), protein(p5)},

E3 = {protein(p2), protein(p4), protein(p6)}.

They give the minimal protein covers of the complexes. On the contrary, the subset

{protein(p4), protein(p5), protein(p6)} is not a MinEX, as these proteins do not cover

all the complexes and thus does not entail (Qprot ,Σprot). Also, a subset might entail

the OMQ but not be a MinEX. For example, {protein(p1), protein(p2), protein(p3)}
entails (Qprot ,Σprot), but it is not a MinEX, as it is not minimal; the fact protein(p2)

can be removed without breaking the entailment.

Another fundamental problem is recognising the set of all the MinEXs for a given

OMQ entailment. This problem is the decision version of the problem of constructing

the set of all MinEXs, which is particularly important when we want to gain complete

understanding of how a particular OMQ can be entailed.

Problem: All-MinEX(⊆,Q,L)

Input: A database D, a query Q from the class Q, a program Σ from the class L of

TGDs, and a set E ⊆ P(D) of subsets of the database.

Question: Is E the set of all MinEXs for D |= (Q,Σ)?

In our running example, the set of all MinEXs corresponds to the set of all minimal

protein covers.

Example 3.4. The following set of subsets of the database Dprot is exactly the set

of all MinEXs for Dprot |= (Qprot ,Σprot):

E =
{
{protein(p1), protein(p3)}, {protein(p1), protein(p5)}, {protein(p1), protein(p6)},

{protein(p2), protein(p5)}, {protein(p3), protein(p4)}, {protein(p3), protein(p5)},

{protein(p2), protein(p4), protein(p6)}
}
.

This set corresponds to the set of all minimal protein covers of the complexes.

In some applications, the user might specify some subsets of the database as

“forbidden”. For example, the user might know that some facts are incompatible or

might be interested in explanations not containing some specific sets of facts. We
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study this problem, MinEX-Irrel, of deciding whether there is a MinEX for an

OMQ entailment that avoids forbidden sets of facts.

Problem: MinEX-Irrel(⊆,Q,L)

Input: A database D, a query Q from the class Q, a program Σ from the class L of

TGDs, and a set F ⊆ P(D).

Question: Is there a MinEX E for D |= (Q,Σ) such that F 6⊆ E for every F ∈ F?

We illustrate this problem on our running example.

Example 3.5. Suppose that the set captures the configurations of proteins that are

not allowed in a cover:

F = {{protein(p1)}, {protein(p3), protein(p5)},

{protein(p2), protein(p4), protein(p6)}}.

In this case, {protein(p3), protein(p4)} is a desirable MinEX, which does not contain

any set from F and covers all the complexes. On the other hand, note that neither

{protein(p1), protein(p3)} nor {protein(p3), protein(p5)} are desirable MinEXs as they

both contain some forbidden set.

Another fundamental problem, MinEX-Rel, is deciding the relevance of a fact

in explaining the entailment of a particular OMQ. We say that a fact ψ is relevant

for D |= (Q,Σ) iff there is a MinEX E for D |= (Q,Σ) with ψ ∈ E. This problem

is of interest when we want to decide whether a particular fact can contribute to the

OMQ entailment.

Problem: MinEX-Rel(⊆,Q,L)

Input: A database D, a query Q from the class Q, a program Σ from the class L of

TGDs, and a fact ψ ∈ D.

Question: Is ψ relevant for D |= (Q,Σ), i.e., is there a MinEX E for D |= (Q,Σ) such

that ψ ∈ E?

We illustrate this problem on our running example.

Example 3.6. Suppose that we are interested whether a fact ψ = protein(p6)

is contained in some MinEX. Observe that the sets {protein(p1), protein(p6)} and

{protein(p2), protein(p4), protein(p6)} are MinEXs for Dprot |= (Qprot ,Σprot) that con-

tain this fact. Therefore ψ = protein(p6) is relevant for Dprot |= (Qprot ,Σprot), and, in

particular, there is a protein cover that contains the protein p6.
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We also study two cardinality-based problems for MinEXs. These problems can be

seen as decision versions of the optimisation problems of finding the size of a smallest

and a largest MinEX. The first problem, Small-MinEX, asks whether there is a

MinEX whose size is smaller than some given threshold number, and the second,

Large-MinEX, whether there is a MinEX whose size is larger than some given

threshold number.

Problem: Small-MinEX(⊆,Q,L)

Input: A database D, a query Q from the class Q, a program Σ from the class L of

TGDs, and an integer n ≥ 1.

Question: Is there a MinEX E for D |= (Q,Σ) such that |E| ≤ n?

Problem: Large-MinEX(⊆,Q,L)

Input: A database D, a query Q from the class Q, a program Σ from the class L of

TGDs, and an integer n ≥ 1.

Question: Is there a MinEX E for D |= (Q,Σ) such that |E| ≥ n?

We illustrate these problems on our running example.

Example 3.7. Observe that every MinEX for the OMQ entailment, defined in Ex-

ample 3.2, is either of size 2 or 3. For example, {protein(p1), protein(p3)} is a MinEX

of size 2 and {protein(p2), protein(p4), protein(p6)} is a MinEX of size 3, which are a

smallest and a largest MinEX for Dprot |= (Qprot ,Σprot), respectively.

3.3 Recognising Minimal Explanations

In this section, we start the complexity analysis by considering the fundamental

problem Is-MinEX: Given a database D, an OMQ (Q,Σ) (with D |= (Q,Σ)) and a

subset E ⊆ D, is E a MinEX for D |= (Q,Σ)?

We start by showing the membership results in Table 3.1. We first present a

general approach to solve Is-MinEX. This general algorithm uses an oracle for the

ontology-mediated query answering problem and thus it is applicable to all classes of

TGDs and complexity measures.

We start by showing the membership results in Table 3.1. We first present a

general approach to solve Is-MinEX. This general algorithm uses an oracle for the

ontology-mediated query answering problem and thus it is applicable to all classes of

TGDs and complexity measures.

A fundamental insight in this algorithm is that non-entailment is preserved by

removing elements from the databases. Namely, if a set S does not entail an OMQ,
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Table 3.1: Complexity results for Is-MinEX(⊆,Q,L) with Q ∈ {BCQ,UCQ}.

L Data fp-comb. ba-comb. Comb.

L, LF, AF ≤ AC0 Dp Dp PSpace
S, SF ≤ AC0 Dp Dp Exp
A ≤ AC0 Dp DExp DExp

G P Dp Exp 2Exp
F, GF P Dp Dp Exp
WS, WA P Dp 2Exp 2Exp

then every subset S ′ of S does not entail the OMQ either. This implies that to ensure

a subset-minimality of E, it is enough to check that removing any single element from

E yields a set that does not entail the OMQ, that is, we do not need to check this

for all the subsets of E.

Theorem 3.8. For a class L of TGDs, if OMQA(UCQ,L) is in the complexity class

C, then Is-MinEX(⊆,UCQ,L) can be decided by a check C and a linear number of

checks in co-C.

Proof. Let D be a database, (Q,Σ) be an L-OMQ, and E be a subset of D. Testing

whether E is a MinEX for D |= (Q,Σ) involves checking whether (i) E entails (Q,Σ)

and (ii) E is subset-minimal. The entailment can be checked with a single C test. To

check subset-minimality of E, as observed above, it is enough to check if removing

any element from E results in a set that does not entail (Q,Σ) (rather than checking

this for all subsets of E). Therefore, we need to perform |E| non-entailment checks,

i.e. a linear number of checks, each of them in co-C.

We observe that the above result implies all the membership results in Table 3.1

apart from the AC0, Dp and DExp membership results. For example, if OMQA is in

P, by Theorem 3.8, we know that we can solve Is-MinEX with a check in P test and

a linear number of checks in co-P. Note that co-P = P, and so Is-MinEX is solvable

with a linear number checks in P, which can be combined as a single polynomial time

test. Therefore, Is-MinEX is in P in this case. The Exp and 2Exp membership

results follow similarly.

The following corollary shows that Dp and DExp membership results in Table 3.1

follow from arguments based on the proof of Theorem 3.8.

Corollary 3.9. Let L be a class of TGDs.

• If OMQA(UCQ,L) is in NP, then Is-MinEX(⊆,UCQ,L) is in Dp
;
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• If OMQA(UCQ,L) is in NExp, then Is-MinEX(⊆,UCQ,L) is in DExp.

Proof. In the proof of Theorem 3.8, observe that, when C ∈ {NP,NExp}, a linear

number of co-C tests can be combined as a single co-C test by combining linearly

many certificates. This implies that minimality can be checked in co-C. Thus we

obtain that Is-MinEX is in C ∧ co-C and the result follows.

Next, we show that Is-MinEX is in AC0 in data complexity for FO-rewritable

languages, that is, the complexity does not increase from OMQA.

Theorem 3.10. If a class of TGDs L is FO-rewritable, then Is-MinEX(⊆,UCQ,L)

is in AC0 in data complexity.

Proof. Let (Q,Σ) be a fixed L-OMQ over a fixed relational vocabulary σ, where L
is FO-rewritable. Since (Q,Σ) is FO-rewritable, there exists a FO-formula QΣ such

that, for any set of facts E over σ, we have that

E |= QΣ iff E |= (Q,Σ). (3.1)

It is well-known that a problem is in AC0 if it can be expressed by a fixed FO-

formula [153]. Hence, in the rest of the proof, we show that in this case, we can

express Is-MinEX by a fixed FO-formula. First, we can encode subset-minimality,

that is, that removing any fact yields a set that does not entail the OMQ (Q,Σ), in a

FO-formula φmin . Let R′ be the set of predicate symbols in the relational vocabulary

σ, and so they are the only predicates that might appear in the OMQ (Q,Σ) and an

input explanation E. We assume that R is finite as we are in the data complexity.

Take φmin to be

φmin =
∧
p∈R′

(
∀Xp

(
p (Xp)→ ¬Q6=pΣ (Xp)

))
,

where Q6=pΣ (Xp) is obtained from QΣ by replacing each p-atom p(t) in QΣ by
(
p(t) ∧

(p(t) 6= p(Xp)
)
. Now we show that for any set E of facts over σ, we have that

E |= φmin iff no proper subset of E entails (Q,Σ). (3.2)

Observe that E |= Q6=pΣ (c) iff E \ {p(c)} does not entail the OMQ (Q,Σ). Therefore

we have that E |= ∀Xp

(
p (Xp)→ ¬Q 6=pΣ (Xp)

)
iff, for any p-fact p(c) ∈ E, we have

that E \ {p(c)} does not entail the OMQ (Q,Σ). Since φmin takes a conjunction over

all the predicate symbols in R’, we have that Equation (3.2) holds.
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We take φ = QΣ∧φmin . Let D be a set of facts over σ and E ⊆ D. We claim that

E |= φ iff E is a MinEX for D |= (Q,Σ). (3.3)

Note that Equation (3.3) is a straightforward consequence of Equation (3.1) and

Equation (3.2). This shows indeed that we can encode the property of being a MinEX

as a FO-formula when L is FO-rewritable.

Summarising the membership results, we see that the upper bounds for the com-

plexity of recognising a minimal explanation, compared to the complexity of query

answering, stay the same when OMQA is complete for a deterministic class, and

increase when OMQA is complete for a nondeterministic class.

In the rest of this section, we show that these upper bounds for Is-MinEX have

matching lower bounds. First, we show that Is-MinEX(⊆,UCQ,GF) is P-hard in

data complexity. We reduce OMQA(UCQ,GF) to the corresponding Is-MinEX

problem.

Theorem 3.11. Is-MinEX(⊆,BCQ,GF) is P-hard in data complexity.

Proof. We show hardness of Is-MinEX(⊆,BCQ,GF) in data complexity by reduc-

tion from OMQA(BCQ,GF) in data complexity. Let D be a database and (Q,Σ) be

an OMQ, where (Q,Σ) is fixed. We reduce this problem to Is-MinEX(⊆,BCQ,GF)

in data complexity. We construct a database D′, a subset E ′ and an OMQ (Q′,Σ′).

We obtain D′ from D and Q as follows. For each fact p(a) ∈ D, add to D′ two

facts p′(a, i) and r(i − 1, i), where p′ is a fresh predicate symbol for p, and i is an

incremental integer starting from 1 that is used to “enumerate” all the facts in D′

coming from D (i.e. different p′(·) facts have different integers i in the last position).

Further, we add two additional facts u(0) and num facts(|D|) to D′. Finally, add a

grounding of Q to D′, where each variable is grounded with a fresh constant, and call

this set D′ground , which ensures that Q is entailed by this new database. We take the

set E ′ to be equal to D′ \D′ground . Observe that D′ can be computed in logarithmic

space.

The OMQ (Q′,Σ′) in Is-MinEX(⊆,BCQ,GF) is obtained as follows. The pro-

gram Σ′ contains Σ. Moreover, for each predicate p of the relational schema (which is

fixed, because we are in data complexity setting), add to Σ′ the rules p′(X, J)→ p(X)

and p′(X, J) → t(J). Further, the program Σ′ contains two other rules, namely,

u(I)∧ r(I, J)∧ t(J)→ u(J) and u(J)∧ num facts(J)→ all(), which ensure that the

fact all() holds only if all p′(X, J) facts are present. The query is Q′ = Q ∧ all().
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Observe that (Q′,Σ′) is independent from D (and hence fixed). We further note that

D′ |= (Q′,Σ′).

We show that D |= (Q,Σ) if and only if E ′ is a MinEX for D′ |= (Q′,Σ′).

(⇒) Suppose that D |= (Q,Σ). Observe that via the rules p′(X, J)→ p(X) in Σ′

all the facts in D follow from E ′. This implies that E ′ |= (Q,Σ′). By construction,

we have that E ′ |= (all(),Σ′), and thus E ′ |= (Q′,Σ′). On the other hand, E ′ is

subset-minimal for (Q′,Σ′) as, by construction, removing any fact from E ′ would

break entailment of (all(),Σ′).

(⇐) For the converse, suppose that E ′ is a MinEX for D′ |= (Q′,Σ′). Note that

all the facts from D follow from E ′ and Σ′. Since there are no other inferred facts

that might contribute to the entailment of (Q,Σ) (and E ′ |= (Q,Σ′)), we have that

D |= (Q,Σ).

As a result, we have that Is-MinEX(⊆,BCQ,L) is P-hard for any language L ∈
{GF,G,F,WA,WS} in data complexity due to the language containment. Next, we

show that the problem Is-MinEX(⊆,BCQ,L) is Dp-hard in fp-combined complexity

even when the program is empty.

Theorem 3.12. Is-MinEX(⊆,BCQ,L∅) is Dp-hard in fp-combined complexity, where

L∅ is the class of TGDs that contains only the empty set.

Proof. We reduce to Is-MinEX(⊆,BCQ,L∅) the following Dp-complete problem:

Problem: Sat-Unsat [129]

Input: Two 3CNF formulas φ and ψ.

Question: Is φ satisfiable and ψ unsatisfiable?

Let (φ(x1, . . . , xn), ψ(y1, . . . , ym)) be an instance of Sat-Unsat. We build an

instance of Is-MinEX(⊆,UCQ,L), formed by a database D, a subset E of D and a

query Q. We take Σ to be the empty set, which is not part of the input as we are in

fp-combined complexity.

We encode the satisfiability and unsatisfiability of the formulas φ and ψ via the

database D and the query Q. First, we construct the database D. We add to D

the facts that will be used to impose the consistency of the truth assignments to the

literals:

simlit(0, 0), simlit(0, 2), opplit(0, 1), simlit(2, 2),

simlit(1, 1), simlit(1, 2), opplit(1, 0), opplit(2, 2),
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where 0 and 1 are constants with the meaning of the Boolean values true and false,

respectively, and 2 is an additional constants used as a “jolly.” Intuitively, it will be

used to bypass the check of satisfaction of ψ.

Further, we add to D the facts that capture the satisfying assignments to the

literals for a clause:

clsatφ(α1, α2, α3), clsatψ(α1, α2, α3),

where each αi ∈ {0, 1} and at least one of αi for i ∈ {1, 2, 3} is 1. Note that there

are 7 such facts for each of φ and ψ. Further, we add to D the facts:

clsatφ(2, 2, 2), clsatψ(2, 2, 2),

which intuitively will be used to bypass the satisfiability checks of φ and ψ, respec-

tively. We define the set of structural factsDst to beD\{clsatφ(2, 2, 2), clsatψ(2, 2, 2)}.
We take the candidate explanation E to be D \ {clsatφ(2, 2, 2)}.

Next, we construct the query Q, which is rather complicated, and so we present

it gradually by giving intuition for each piece introduced. The first piece of the query

checks whether all the structural facts are in the candidate MinEX:

config ≡
∧

p(c)∈Dst

p(c).

The second piece of the query “assigns” truth values to the variables xi’s and yi’s

(captured by the query variables T φi and Tψi ) and “copies” this assignment onto an

occurrence of xi and yi as a positive literal in the formulas φ and ψ, respectively.

Below we use the following notation: `αj,k is the kth literal in the jth clause in the

formula α ∈ {φ, ψ}, and vαj,k is the variable of `αj,k. This piece of the query is

copy ≡
n∧
i=1

simlit(T φi , T
φ
j,k) ∧

m∧
i=1

simlit(Tψi , T
ψ
j,k).

where, in each atom simlit(Tαi , T
α
j,k), the query variables Tαi and Tαj,k represent the

same variable. Observe that, in order for copy to work properly, each variable xi and

yi must appear as a positive literal at least once. This can be assumed without loss

of generality, because if xi (resp., yi) always appears as a negative literal in all the

clauses of φ (resp., ψ), then we can replace all the occurrences of the negative literal

¬xi (resp., ¬yi) with the positive literal xi (resp., yi) without altering the satisfiability

of φ (resp., ψ).
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The third piece of the query forces that the ground values assigned to the various

variables T φj,k and Tψj,k simulating the assignments to the literals are consistent. In the

notation below, for α ∈ {φ, ψ}, `αj,k ∼ `αj′,k′ means that vαj,k = vαj′,k′ and the literals `αj,k
and `αj′,k′ are both positive or negative, while `αj,k � `αj′,k′ means that vαj,k = vαj′,k′ and

one literal is positive and the other is negative. We take this part of the query to be

consist ≡
∧

α∈{φ,ψ}

 ∧
`αj,k∼`

α
j′,k′

simlit(Tαj,k, T
α
j′,k′) ∧

∧
`αj,k�`

α
j′,k′

opplit(Tαj,k, T
α
j′,k′)

 ,

where Tαj,k is a variable with the same meaning as above.

The last piece of the query captures satisfiability of φ and ψ:

satisfied ≡
∧
cj∈φ

clsatφ(T φj,1, T
φ
j,2, T

φ
j,3) ∧

∧
cj∈ψ

clsatψ(Tψj,1, T
ψ
j,2, T

ψ
j,3).

The resulting query is

Q = config ∧ copy ∧ consist ∧ satisfied .

Observe that D |= (Q,Σ) since clsatφ(2, 2, 2) and clsatψ(2, 2, 2) are in D. Assign-

ing the value 2 to all the query variables Tαi and Tαj,k satisfies the query. It remains

to show that φ is satisfiable and ψ is unsatisfiable if and only if E is a MinEX for

D |= (Q,Σ).

(⇒) For the forward direction, suppose that (φ, ψ) is a ‘yes’-instance of Sat-

Unsat. Assume for a contradiction that E is not a MinEX for D |= (Q,Σ). Then

either E 6|= (Q,Σ) or E is not subset-minimal. In the former case, this implies that φ

is unsatisfiable, since the containment of clsatψ(2, 2, 2) in E guarantees that all clsatψ

conjuncts in the query are satisfied, which is a contradiction. In the latter case, we

have that E \ {clsatψ(2, 2, 2)} |= (Q,Σ) as the config part of the query ensures that

all facts, apart from clsatψ(2, 2, 2) must be in every explanation. This implies that ψ

is satisfiable: a contradiction. Hence, E is a MinEX for D |= (Q,Σ).

(⇐) For the other direction, suppose now that (φ, ψ) is a ‘no’-instance of Sat-

Unsat. This means that φ is unsatisfiable or ψ is satisfiable. In the former case,

E 6|= (Q,Σ) as the query is constructed so that it is entailed only if φ is satisfiable,

and hence E is not an explanation at all, and in the latter case we have that E is an

explanation but not minimal, since E \ {clsatψ(2, 2, 2)} |= (Q,Σ).

This result implies that Is-MinEX(⊆,BCQ,L) is Dp-hard for all considered lan-

guages L in fp- and ba-combined complexity. We are only left with the complexity

results in the ba-combined and combined complexity.
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In the following, we show the DExp-hardness of Is-MinEX(⊆,UCQ,A) in ba-

combined and the combined complexity.

Theorem 3.13. Is-MinEX(⊆,BCQ,A) is DExp-hard in ba-combined complexity.

Proof. We give a reduction from the following DExp-complete problem:

Problem: ExpTiling-NonExpTiling [76]

Input: Two tiling problems TP1 and TP2 for the exponential square 2n × 2n, and

two initial tiling conditions w1 and w2.

Question: Does TP1 have no solution with w1 and TP2 have a solution with w2?

For the tiling problems, we use the encoding, presented in [76]. We create two

copies for ΣTPi,|wi|, DTP i , and Dwi for i = 1, 2, using disjoint predicates (we index

them with superscript i). That is, we take Σ1 = ΣTP1,|w1|
1, D1 = DTP1

1 ∪Dw1

1, and

Σ2 = ΣTP2,|w2|
2, D2 = DTP2

2 ∪Dw2

2. We take the program to be Σ = Σ1 ∪ Σ2, and

the database to be D = D1 ∪D2 ∪
{

tiling1(), tiling2()
}

.

The query is Q = D1, D2, tiling1(), tiling2(), where with symbols D1 and D2 in the

query we mean the conjunction of all database facts from D1 and D2, respectively.

Observe that D |= (Q,Σ). We consider E = D \
{

tiling2()
}

= D1 ∪D2 ∪
{

tiling1()
}

as the set that we have to decide whether it is a MinEX.

We show that TP1 does not have solution with w1 and TP2 has a solution with

w2 if and only if E is a MinEX for D |= (Q,Σ). Notice that the set of facts Di

entails the atom tiling i() via the mediation of the ontology Σi if and only if TP i has

a solution with initial condition wi.

(⇒) Suppose that 〈TP1,TP2, w1, w2〉 is a ‘yes’-instance and assume by contradic-

tion that E is not a MinEX for D |= (Q,Σ). There are two cases, or E is not minimal

or E 6|= (Q,Σ).

For the former case, since the presence of the facts of D1 and D2 is required in

E in order to satisfy Q, if E is not minimal, then it must be the case that the fact

tiling1() can be removed from E and still have E |= (Q,Σ). However, this implies

that the fact tiling1() can be derived via the mediation Σ1, which means that TP1

has a solution with w1: a contradiction. For the latter case, since the facts of D1,

of D2, and tiling1(), are in E, if E 6|= (Q,Σ), then it must be the case that the fact

tiling2() cannot be derived via the mediation of Σ2, which is a contradiction. Thus,

E is a MinEX for D |= (Q,Σ).

(⇐) Suppose that E is a MinEX for D |= (Q,Σ). Since E |= (Q,Σ), the fact

tiling2() can be derived via the mediation of Σ2, which implies that TP2 has a solution

with w2. Moreover, since E is minimal and no fact of D1 or D2 can be removed from
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E without losing the property of entailing the OMQ, the fact tiling1() is required to

be in E to entail the OMQ, which implies that tiling1() cannot be derived via the

mediation of Σ1 and hence TP1 has no solution with w1. Thus, 〈TP1,TP2, w1, w2〉 is

a ‘yes’-instance.

The remaining hardness results in Table 3.1 follow from the observation that Is-

MinEX is no easier than OMQA in ba-combined and combined complexity. In

particular, in ba-combined and combined complexity we can encode the database

in the program in polynomial time. This implies that OMQA can be reduced to

Is-MinEX in polynomial time.

Theorem 3.14. For any class L of TGDs studied here, Is-MinEX(⊆,BCQ,L)

in ba-combined (resp. combined) complexity is as hard as OMQA(BCQ,L) in ba-

combined (resp. combined) complexity.

Proof. Let D be a database and let (Q,Σ) be an OMQ, constituting an instance of

OMQA(BCQ,L). We construct an instance of Is-MinEX(⊆,BCQ,L). We take

D′ to be f() together with the query Q grounded with fresh constants. Further, we

take Σ′ = Σ ∪ {f() → p(a) | p(a) ∈ D} and E = {f()}. Notice that D′ |= (Q,Σ′)

since D′ contains a grounding of Q. It is easy to see that D |= (Q,Σ) if and only if

E is a MinEX for D′ |= (Q,Σ′). This follows because if f() is present, every fact in

D is inferred via Σ′. Notice that the result holds for all classes of TGDs considered

here, as the rules added to the program are linear, acyclic and full.

3.4 All Minimal Explanations

In this section, we analyse the problem of deciding whether a given set of subsets

of a database is the set of all MinEXs: Given a database D, an OMQ (Q,Σ) with

D |= (Q,Σ), and a set E of subsets of D, is E exactly the set of all MinEXs for

D |= (Q,Σ)? This is a natural decision version of the problem of constructing the set

of all MinEXs.

As in the section on Is-MinEX, we show the membership results for All-MinEX

for UCQs and then proceed to give the hardness results for All-MinEX for BCQs.

Thus we obtain the completeness results for All-MinEX both for BCQs and UCQs,

presented in Table 3.2. For the cases indicated with “≤”, we give just membership

results. Otherwise, we provide both membership and hardness results. We note that

there are significant differences between All-MinEX and Is-MinEX. First of all,

in All-MinEX we need to determine whether all elements in a given set of subsets
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Table 3.2: Complexity results for All-MinEX(⊆,Q,L) with Q ∈ {BCQ,UCQ}.

L Data fp-comb. ba-comb. Comb.

L, LF, AF ≤ P Dp Dp PSpace
S, SF ≤ P Dp Dp Exp
A ≤ P Dp DExp DExp

G coNP Dp Exp 2Exp
F, GF coNP Dp Dp Exp
WS, WA coNP Dp 2Exp 2Exp

of D are MinEXs, while in Is-MinEX, we need to determine whether a single given

subset is a MinEX. Furthermore, in All-MinEX, we need to ensure that there is

no MinEX outside of the given set of subsets; we do not need to check this kind of

condition in Is-MinEX.

As before, we start with a general membership result for All-MinEX(⊆,UCQ,L)

by providing a general approach to solve this problem.

Theorem 3.15. For a class L of TGDs, if OMQA(UCQ,L) is in the complexity

class C, then All-MinEX(⊆,UCQ,L) can be decided by a linear number of checks

in C and a single check in co-(NPC).

Proof. Let D be a database and (Q,Σ) be an L-OMQ. Let E ⊆ P(D) be a candidate

set of all MinEXs. The set E is exactly the set of all MinEXs for D |= (Q,Σ) if and

only if (1) all sets E ∈ E are MinEXs for D |= (Q,Σ) and (2) there is no MinEX

missing from E . We can further observe that the condition (1) holds if and only if

(1a) all sets E ∈ E entail (Q,Σ); and (1b) all sets E ∈ E are subset-minimal w.r.t.

the entailment of (Q,Σ).

Consider the condition (1a). We can check (1a) using |E| (i.e., a linear number

of) entailment checks, each of them in C.
Consider now conditions (1b) and (2). We argue that these conditions hold if

and only if there is no subset E ′ ⊆ D, which entails the OMQ (Q,Σ) and does not

contain as a subset any E ∈ E . Indeed, clearly, if one of the conditions (1b) or (2)

does not hold, then either some E ∈ E is not minimal, which implies that there is

E ′ ( E that entails the OMQ, or there is a MinEX E ′ not in E . In either of these

cases, we have that such E ′ exists. For the converse, assume that there exists such

a set E ′. Since E ′ does not contain any set E ∈ E as a subset, there are two cases:

either E ′ is a strict subset of a set E ∈ E ; or E ′ does not contain any set E ∈ E . In

the first case, since E ′ ( E, E is not minimal w.r.t. the entailment of (Q,Σ), and
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hence condition (1b) does not hold. In the second case, E ′ is a superset of a MinEX

that is not included in E , and hence condition (2) does not hold.

Note that we can verify the existence of such E ′ by guessing a subset E ′ ⊆ D

(in NP) and then checking (in the complexity class C) that E ′ |= (Q,Σ), hence this

is feasible in NPC. Therefore, checking whether the conditions (1b) and (2) hold is

feasible in co-(NPC).

Notice that Theorem 3.15 gives tight upper bounds for all results in Table 3.2,

apart from the membership results of All-MinEX in P, Dp and DExp. For example,

if OMQA is in P, then All-MinEX can be decided in coNP as PP = P, co-(NPP) =

coNP, and an coNP machine can carry out an extra P test. Other results follow

similarly. If C ∈ {PSpace,Exp, 2Exp}, then PC = C and co-(NPC) = co-C = C. So

in these cases, All-MinEX is in C.
We show that whenever OMQA is in NP, the problem All-MinEX is in Dp.

Theorem 3.16. For any class L of TGDs, if OMQA(UCQ,L) is in NP, then

All-MinEX(⊆,UCQ,L) is in Dp.

Proof. Consider the proof of Theorem 3.15. The condition (1a) can be checked with a

linear number of NP tests, that can be combined in a single NP test. We claim that

checking that the conditions (1b) and (2) hold is feasible in coNP. Indeed, checking

that condition (1b) or (2) do not hold require the guess of set E ′ ⊆ D that is not a

superset of any explanation in E and entails (Q,Σ) (see the proof of Theorem 3.15).

Note that we can combine the certificate of a guess of E ′ and the certificate for

checking entailment, and thus checking the existence of such E ′ is in NP. Therefore,

checking the conditions (1b) and (2) is in coNP.

Similarly, we show that whenever OMQA is in NExp, we have that All-MinEX

is in DExp. Intuitively, checking whether each set in the candidate set E of all MinEXs

entails the OMQ is in NExp, and checking whether every set in the candidate set of

all MinEXs is minimal and that there is no MinEX outside of the candidate set of all

MinEXs is in coNExp.

Theorem 3.17. For any class L of TGDs, if OMQA(UCQ,L) is in NExp, then

All-MinEX(⊆,UCQ,L) is in DExp.

Proof. We build on the proof of Theorem 3.15. The condition (1a) can be checked

with a linear number of NExp tests, that can be combined in a single NExp test.

We note when checking that the conditions (1b) and (2) do not hold can be done
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in NExp, as the initial NP guess can be incorporated in the NExp machine. Thus

the conditions (1b) and (2) can be ensured in coNExp. Therefore, in this case,

All-MinEX is in DExp.

When the program is from a class of TGDs for which OMQA is FO-rewritable,

the set of all MinEXs can be computed in polynomial time in data complexity, as

shown next.

Theorem 3.18. Let L be a class of TGDs for which OMQA is FO-rewritable and

(Q,Σ) be an L-OMQ. Then computing all MinEXs for D |= (Q,Σ) is feasible in

polynomial time in data complexity.

Proof. Let D be a database and let (Q,Σ) be an L-OMQ with a UCQ Q. Since L
is class of TGDs for which OMQA is FO-rewritable, there is a UCQ QΣ such that,

for every D′ ⊆ D, D′ |= (Q,Σ) if and only if D′ |= QΣ. We assume w.l.o.g. that

QΣ = QΣ
1 ∨ · · · ∨QΣ

m,

where QΣ
i = ∃X i

1 . . . ∃X i
ki
φΣ
i (X i

1, . . . , X
i
ki

) and φΣ
i is a conjunction of atoms. We recall

that the active domain of D, dom(D), is the set of constants that appear in D. In

the rest of the proof, given a ∈ dom(D)ki , we denote by {φΣ
i (a)} the set of the facts

that are the conjuncts in the formula φΣ
i (a).

Let DΣ
i be the set containing all the sets of facts that can be obtained by grounding

φΣ
i (X i

1, . . . , X
i
ki

) with the constants in the active domain, i.e., DΣ
i =

{
{φΣ

i (a)} | a ∈
dom(D)ki

}
. Note that DΣ

i is a set of sets of facts. Notice that ki is a constant

and the active domain, dom(D), is of polynomial size in the size of the database

D. Therefore, it takes polynomial time to compute DΣ
i . Furthermore, since there

is a constant number m of disjuncts in QΣ, it takes polynomial time to compute

DΣ = ∪mi=1DΣ
i .

Let E ′ be the set of subset-minimal elements of DΣ, that is, E ′ = {E ∈ DΣ | @G ∈
DΣ s.t. G ( E}. This set can be computed in polynomial time in the size of DΣ, and

so in the size of D (computable as well in polynomial time). Let E = {E ∈ E ′ | E ⊆
D} be the set of the sets in E ′ that are subsets of D.

We show that E is exactly the set of all MinEXs for D |= (Q,Σ). Let E be a

MinEX for D |= (Q,Σ). We show that E ∈ E . We have that E |= QΣ, and so

E |= QΣ
i for some i. Notice that EΣ

i ⊆ E for some EΣ
i ∈ DΣ

i as DΣ
i contains all

the subset-minimal sets of facts that support the entailment of (Q,Σ). Since E is

also subset-minimal, we have that E ∈ E . Therefore, we have that all MinEXs for
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D |= (Q,Σ) are in E . Also, it is clear from the construction that every set in E is a

MinEX for D |= (Q,Σ).

In the rest of this section, we provide the matching lower bounds for the mem-

bership results provided above. As before, we show hardness for BCQs. First, we

show that the problem All-MinEX(⊆,BCQ,GF) is coNP-hard in data complexity

by a reduction from Unsat. We note that this proof is inspired by the constructions

provided by Lukasiewicz et al. [115].

Theorem 3.19. All-MinEX(⊆,BCQ,GF) is coNP-hard in data complexity.

Proof. We exhibit a reduction from the coNP-complete problem Unsat. Let φ(X)

be a 3CNF formula over variables X = {x1, . . . , xn} and clauses C = {c1, . . . , cm},
which is an instance of Unsat. We further assume w.l.o.g. that φ(X) has at least two

clauses that do not share any literals. From φ(X), we build the database D. Also, we

construct the OMQ (Q,Σ), which is independent of φ(X). For each variable xi ∈ X,

we add to D the facts val(xi, 0) and val(xi, 1), where xi is a constant representing the

respective variable in φ, and 0 and 1 are constants representing Boolean values false

and true, respectively. For each clause cj, we add to the database D:

• a fact succ cl(j−1, j), which captures that the jth clause is the successor of the

(j − 1)th clause; and

• a fact that encodes cj. For example, for the jth clause cj = (xp∨xq∨¬xr), there

is the fact cl(j, xp, p, xq, p, xr, n) in D, where p and n are constants representing

whether a variable appears as a positive or a negative literal, respectively.

In addition, the database contains the fact satchain(0) that acts as an initial

condition in the satisfiability check, and the fact maxcl(m) that captures the number

of clauses in the formula.

The program Σ consists of the following rules. The first rule in the program states

that if some variable is assigned both false and true values, then sat() holds:

val(X, 0) ∧ val(X, 1)→ sat().

The program also contains the rules that capture different ways of satisfying a clause:

cl(J,X, p, , , , ) ∧ val(X, 1)→ satcl(J),

cl(J,X, n, , , , ) ∧ val(X, 0)→ satcl(J),

41



cl(J, , , Y, p, , ) ∧ val(Y, 1)→ satcl(J),

cl(J, , , Y, n, , ) ∧ val(Y, 0)→ satcl(J),

cl(J, , , , , Z, p) ∧ val(Z, 1)→ satcl(J),

cl(J, , , , , Z, n) ∧ val(Z, 0)→ satcl(J).

The last two rules in the program capture that sat() is entailed if the val facts

contained give a satisfying assignment to the formula φ:

satchain(I) ∧ succ cl(I, J) ∧ satcl(J)→ satchain(J),

maxcl(M) ∧ satchain(M)→ sat().

Note that there are two ways how sat() might be entailed. In the first case, both

val(X, 0) and val(X, 1) facts are present for some variable X, and, in the second case,

val facts give a satisfying assignment for φ. We take the query to be

Q = sat().

Observe that the program and the query do not depend on φ(X), and that

D |= (Q,Σ). Also, the program Σ is guarded and full. To conclude, we take a

candidate set of all MinEXs to be:

E = {{val(xi, 0), val(xi, 1)} |xi ∈ X} .

Given the first rule of Σ, each set in E is a MinEX.2 Therefore, in order to show

that the reduction is correct, we simply need to prove that φ is unsatisfiable if and

only if there is no MinEX outside E .

(⇒) Suppose that there is a MinEX outside of E . Let E be such a MinEX.

First, note that {val(xi, 0), val(xi, 1)} 6⊆ E, as otherwise E would not be minimal.

Therefore, E encodes a proper (not necessarily complete) truth assignment for X.

This means that the first rule in the program cannot be triggered. The remaining

rules encode the satisfiability of φ. Since E |= (Q,Σ), we have that E encodes a

satisfying assignment for φ, and thus φ is satisfiable.

(⇐) Suppose that φ is satisfiable and let v be a satisfying assignment to X. Then

take E = {val(xi, v(xi))}. By construction, E |= (Q,Σ) and does not contain any set

in E . Therefore, E must contain a MinEX for D |= (Q,Σ) outside of E .

First, we claim that any set of facts E such that {val(xi, 0), val(xi, 1)} ⊆ E is not

a MinEX outside E . Indeed, if {val(xi, 0), val(xi, 1)} ( E, then E is not a MinEX

because it is not minimal, as {val(xi, 0), val(xi, 1)} entails the OMQ.

2Since we assumed that φ(X) has at least two clauses that do not share any literal, neither
{val(xi, 0)} nor {val(xi, 1)}, for any xi, can entail the OMQ.
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Table 3.3: Complexity results for the problems MinEX-Irrel(⊆,Q,L) and
Small-MinEX(⊆,Q,L) with Q ∈ {BCQ,UCQ}.

L Data fp-comb. ba-comb. Comb.

L, LF, AF ≤ P NP NP PSpace
S, SF ≤ P NP NP Exp
A ≤ P NP NExp NExp
G NP NP Exp 2Exp
F, GF NP NP NP Exp
WS, WA NP NP 2Exp 2Exp

This implies that All-MinEX(⊆,UCQ,L) is coNP-hard in data complexity for

the languages L ∈ {G,F,WS,WA}, since GF is contained in each of G,F,WS and WA.

The remaining hardness results for All-MinEX in Table 3.2 are obtained by

minimal variations of the proofs for Is-MinEX. In the constructions in the proofs of

Theorems 3.12, 3.13 and 3.14, we have constructed a subset E of the database that we

have shown to be a MinEX. It can be easily seen that this constructed subset is the

only MinEX in all these constructions. Therefore, we have that all these arguments

apply to All-MinEX when we take E = {E} as it is the set of all MinEXs. So these

theorems restated with Is-MinEX replaced by All-MinEX hold.

3.5 Irrelevant Facts for Explanations

In this section, we analyse the complexity of MinEX-Irrel, the problem of deciding

whether there is a minimal explanation that avoids a collection of forbidden sets of

facts: Given a database D, an OMQ (Q,Σ) with D |= (Q,Σ), and a set F ⊆ P(D)

of subsets of D, is there a MinEX for D |= (Q,Σ) that does not contain as a subset

any F ∈ F?

The motivation for studying this problem is similar to that of Peñaloza and

Sertkaya [135]. For example, if F is the set of all explanations that we are aware

of, then this problem checks whether there is any MinEX outside of this set F .

Following the structure of the previous two sections, we first provide membership

results for UCQs and then proceed to give hardness results when the query language

is taken to be BCQ. We first provide a general algorithm that covers most of the

membership results presented in Table 3.3.

Theorem 3.20. For a class L of TGDs, if OMQA(UCQ,L) is in the complexity

class C, then MinEX-Irrel(⊆,UCQ,L) is in NPC.
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Proof. Let D be a database, (Q,Σ) be an ontology-mediated query, and F ⊆ P(D)

be a set of forbidden sets. To check whether there is a MinEX E for D |= (Q,Σ)

that does not contain any set in F , it is enough to check whether there is any subset

E ′ ⊆ D that entails the OMQ (Q,Σ) and does not contain any of the forbidden sets

in F . Notice that we do not need to check the minimality of E ′. Indeed, if such a set

E ′ exists, then it contains a MinEX E for D |= (Q,Σ), which does not contain any

of the forbidden sets in F . We can check the existence of such E ′ by guessing it in

NP, and then checking whether it entails the OMQ via an oracle call in C.

The above result gives all the membership results in Table 3.3, apart from the

membership results in P, NP and NExp. We illustrate how the above theorem

implies the membership results in Table 3.3. If C = P, then MinEX-Irrel can

be decided in NP as the NP machine can express a P test. If C = Exp, then,

since NPExp = Exp, we have that MinEX-Irrel in Exp. The PSpace and 2Exp

membership results follow similarly. Among the remaining membership results, we

show the NP membership results in Table 3.3.

Theorem 3.21. For any class L of TGDs, if OMQA(UCQ,L) is in NP, then the

problem MinEX-Irrel(⊆,UCQ,L) is in NP.

Proof. If OMQA is in NP, by inspecting the proof of Theorem 3.20, MinEX-Irrel

can be solved by guessing in NP a subset that does not contain any of the forbidden

sets, and then by checking with another NP test whether it entails the OMQ. Note

that the two certificates for the NP tests can be combined, and thus the whole task

in NP.

Now we show the membership results in NExp.

Theorem 3.22. For any class L of TGDs, if OMQA(UCQ,L) is in NExp, then

the problem MinEX-Irrel(⊆,UCQ,L) is in NExp.

Proof. If OMQA is in NExp, by inspecting the proof of Theorem 3.20, we see that

MinEX-Irrel can be solved by guessing in NP a subset that does not contain any

of the forbidden sets and checking entailment in NExp. Note that the guess of the

subset (which is in NP) can be expressed in an NExp machine, and thus the whole

task in NExp.

The only remaining membership results in Table 3.3 are the membership of MinEX-

Irrel in P in data complexity for the classes of TGDs for which OMQA is FO-

rewritable. This is a straightforward consequence of Theorem 3.18.
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Corollary 3.23. Let L be a class of TGDs for which OMQA is FO-rewritable and

(Q,Σ) be an L-OMQ. Then MinEX-Irrel(⊆,UCQ,L) is in P in data complexity.

Proof. By Theorem 3.18, it is possible to compute the set E of all MinEXs in poly-

nomial time. Then we can find whether there is a MinEX that does not contain

any of the forbidden sets in polynomial time by going through all the MinEXs in E .

Identifying whether there is a required MinEX takes polynomial time.

It only remains to show the matching lower bounds for MinEX-Irrel. Our next

result shows that MinEX-Irrel(⊆,BCQ,GF) is NP-hard in data complexity. This

proof adapts the ideas, presented in the proof of [135, Theorem 5]. In particular, the

guarded full language allows us to express reachability, and thus we can express an

NP-complete graph problem.

Theorem 3.24. MinEX-Irrel(⊆,BCQ,GF) is NP-hard in data complexity.

Proof. We reduce to MinEX-Irrel(⊆,BCQ,GF) the following NP-complete prob-

lem:

Problem: Path with Forbidden Edge Pairs [79] [81, Problem GT54]

Input: A directed acyclic graph G = (VG, EG), two vertices s, t ∈ VG, and a set

FEG ⊆ EG × EG of pairs of edges.

Question: Is there a path P from s to t in G such that, for every pair of edges

(e, e′) ∈ FEG , {e, e′} 6⊆ P (i.e., the path does not pass through both of the edges in

the pair)?

We express this problem as MinEX-Irrel(⊆,BCQ,GF) as follows. We construct

the database to encode the graph, the starting node s, an additional edge from t to

τ (in order to have a fixed query), and an additional (dummy) fact (in order for the

entire D to always entail the OMQ):

D = {r(u, v) | (u, v) ∈ EG} ∪ {p(s)} ∪ {r(t, τ)} ∪ {p(τ)}.

The program captures what is reachable by a path from a certain node. It encodes

that, if there is a path from s to some node X and there is an edge (X, Y ) ∈ EG,

then there is a path from s to Y :

Σ = {p(X) ∧ r(X, Y )→ p(Y )} .

The query asks whether there is a path from s to τ (notice that the query is fixed,

and that D |= (Q,Σ) because p(τ) ∈ D):

Q = p(τ).
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The forbidden sets are the pairs of edges in F plus the dummy fact:

F = {{r(u1, u2), r(v1, v2)} | ((u1, u2), (v1, v2)) ∈ FEG} ∪ {p(τ)}.

We prove that there there is a simple path in G from s to t not using any pair of

edges in FEG if and only if there is a MinEX, not containing any set in F .

(⇒) Suppose that there is a path from s to t that does not contain any of the

forbidden pairs in FEG . Let P be such a path, and let E = {r(u, v) | (u, v) ∈
P} ∪ {p(s)} ∪ {r(t, τ)}. Notice that E entails the OMQ, because P connects s to

t and r(t, τ) is in E. Furthermore, E is minimal, as otherwise some edge could be

removed from P , but P is a path and hence removal of any edge would break the

connectivity. Finally, since P does not contain any of the forbidden pairs in FEG , by

construction, E does not contain any of the sets in F .

(⇐) Suppose that there is a MinEX E for D |= (Q,Σ) not containing any set in

F . Let P = {(u, v) ∈ EG | r(u, v) ∈ E}. Since E |= (Q,Σ) and p(τ) /∈ E, we have by

construction that P connects s to t. Furthermore, as E is minimal for D |= (Q,Σ),

we have that P must be a path, otherwise, E would not be minimal.

The remaining hardness results of MinEX-Irrel(⊆,BCQ,L) in fp-combined,

ba-combined, and combined complexity are obtained by reducing OMQA to MinEX-

Irrel.

Theorem 3.25. For any class L of TGDs, MinEX-Irrel(⊆,BCQ,L) in fp-combined

(resp., ba- and combined) complexity is as hard as OMQA(BCQ,L) in fp-combined

(resp., ba- and combined) complexity.

Proof. We can reduce OMQA to MinEX-Irrel as follows. Let a database D and

an OMQ (Q,Σ) be an instance of OMQA(BCQ,L). Consider the database D′ =

D ∪DQ, where DQ is obtained by grounding the query Q with fresh constants. We

take the program and the query as in the input. First, observe that D′ |= (Q,Σ)

since DQ |= (Q,Σ) by construction. Then, we take F = {{f} | f ∈ DQ}. It is not

hard to see that D |= (Q,Σ) if and only if there is a MinEX for D′ |= (Q,Σ) not

containing any sets in F . Notice that the result holds for all classes of TGDs, as we

do not change the program in the reduction.

This completes our analysis of MinEX-Irrel and covers all the complexity results

in Table 3.3.
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Table 3.4: Complexity results for the problems MinEX-Rel(⊆,Q,L) and
Large-MinEX(⊆,Q,L) with Q ∈ {BCQ,UCQ}.

L Data fp-comb. ba-comb. Comb.

L, LF, AF ≤ P Σp
2 Σp

2 PSpace
S, SF ≤ P Σp

2 Σp
2 Exp

A ≤ P Σp
2 PNExp PNExp

G NP Σp
2 Exp 2Exp

F, GF NP Σp
2 Σp

2 Exp
WS, WA NP Σp

2 2Exp 2Exp

3.6 Relevant Facts for Explanations

We provide a complexity analysis for the problem MinEX-Rel of deciding whether

a distinguished fact is relevant for an OMQ entailment, which is summarised in Ta-

ble 3.4: Given a database D, an OMQ (Q,Σ) with D |= (Q,Σ), and a fact ψ ∈ D,

asks whether there is a MinEX for D |= (Q,Σ) that contains ψ.E As before, we start

by providing the membership results for UCQs, and then show the hardness results

for BCQs.

We give a general approach to solve MinEX-Rel. To check the existence of a

MinEX that contains a distinguished fact ψ, we can guess a candidate MinEX E,

containing ψ, and then use an oracle for Is-MinEX(⊆,UCQ,L) to check whether E

is a MinEX. This yields the following result.

Theorem 3.26. For any class L of TGDs, if Is-MinEX(⊆,UCQ,L) is in C, then

the problem MinEX-Rel(⊆,UCQ,L) is in NPC.

Proof. Let D be a database, let (Q,Σ) be an L-OMQ, and let ψ ∈ D be a fact in

the database. We can check whether there is a MinEX containing ψ by guessing

a subset of the database E ⊆ D that contains the distinguished fact ψ (in NP),

and then checking whether E is a MinEX for D |= (Q,Σ) by calling an oracle for

Is-MinEX(⊆,UCQ,L).

This theorem covers all the membership results for MinEX-Rel, given in Ta-

ble 3.4, apart from the membership results in P in data complexity when OMQA

is FO-rewritable. For example, when Is-MinEX is in P, we have that MinEX-Rel

is in NPP = NP. When Is-MinEX is in Dp, we have that MinEX-Rel is in Σp
2

as NPDp

= Σp
2. If C ∈ {PSpace,Exp, 2Exp}, we have that NPC = C. The other

results follow similarly.
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The membership of MinEX-Rel in P in data complexity for the classes of TGDs

for which OMQA is FO-rewritable follows easily from Theorem 3.18. That result

states that we can compute the set of all MinEXs in polynomial time in the data

complexity for the classes of TGDs for which OMQA is FO-rewritable.

Corollary 3.27. Let L be a class of TGDs for which OMQA is FO-rewritable and

(Q,Σ) be an L-OMQ. Then MinEX-Rel(⊆,UCQ,L) is in P in data complexity.

Proof. By Theorem 3.18, we can compute the set E of all MinEXs in polynomial time

in data complexity. Once we have the set E , we can check in polynomial time whether

there is a MinEX that contains the distinguished fact ψ.

As in the previous sections, we provide matching lower bounds. First, we show

that MinEX-Rel(⊆,BCQ,GF) is NP-hard in data complexity. This proof adapts

the ideas, presented in the proof of [135, Theorem 7]. The fundamental idea for this

reduction is similar to the NP-hardness proof of MinEX-Irrel(⊆,BCQ,GF) in data

complexity, where we encode graph reachability.

Theorem 3.28. MinEX-Rel(⊆,BCQ,GF) is NP-hard in data complexity.

Proof. We reduce to MinEX-Rel(⊆,BCQ,GF) the following NP-complete problem:

Problem: Path via Node [111]

Input: A directed graph G = (VG, EG) and three vertices s, t,m ∈ VG.

Question: Is there a simple path from s to t in G that passes through m?

Let G = (VG, EG) be a graph with three vertices s, t,m ∈ VG, which is an instance

of Path via Node. Let Gm = (V m
G , E

m
G ) be a graph obtained from G by replacing m

with two fresh nodes m1 and m2, introducing an edge (m1,m2), replacing all incoming

edges to m with incoming edges to m1, and replacing all outgoing edges from m with

outgoing edges from m2. In particular, we have that

V m
G = (VG \ {m}) ∪ {m1,m2}, and

Em
G = {(u, v) | (u, v) ∈ EG ∧ u, v 6= m} ∪ {(u,m1) | (u,m) ∈ EG ∧ u 6= m}∪

{(m2, v) | (m, v) ∈ EG ∧m 6= v} ∪ {(m1,m2)}.

By construction, there is a simple path from s to t in G through m if and only if there

is a simple path from s to t in Gm through the edge (m1,m2). Thus, in the rest of

this proof we focus on Gm.

We construct an instance of MinEX-Rel as follows. The database encodes the

graph Gm and introduces a new node τ , which is connected by an edge to t. We
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introduce τ to ensure that the query is independent of the database. So the database

is

D = {r(u, v) | (u, v) ∈ Em
G } ∪ {p(s), p(τ), r(t, τ)}.

The program expresses reachability: if a vertex X is reachable, and there is an

edge (X, Y ), then a vertex Y is reachable too:

Σ = {p(X) ∧ r(X, Y )→ p(Y )} .

The query asks whether there is a path from s to τ . Notice that the query is fixed,

and that D |= (Q,Σ) because p(τ) ∈ D. So we take it to be

Q = p(τ).

Finally, we pick ψ = r(m1,m2) as the distinguished fact, and show that there is

a simple path in Gm from s to t through the edge (m1,m2) if and only if there is a

MinEX for D |= (Q,Σ) containing the distinguished fact ψ = r(m1,m2).

(⇒) Suppose that there is a simple path P in Gm from s to t through (m1,m2).

Let E = {r(u, v) | (u, v) ∈ P} ∪ {p(s)} ∪ {r(t, τ)}. Notice that E entails the OMQ

because P connects s to t and r(t, τ) is in E. Moreover, E is minimal, otherwise, P

would not be a simple path (that is, some edge could be removed from P ). Finally,

observe that ψ = r(m1,m2) is in E.

(⇐) Suppose that there is a MinEX E for D |= (Q,Σ) that contains the dis-

tinguished fact ψ = r(m1,m2). Observe that such a MinEX E does not contain

p(τ), otherwise, E would not be minimal (ψ could be removed). Take P = {(u, v) |
r(u, v) ∈ E}, which is a subset of Em

G . Then, P is a path from s to t in Gm that

goes through (m1,m2). First, notice that P must connect s to t in Gm, as otherwise

E would not entail the OMQ (remember that p(τ) does not belong to E). Second,

P must be a path, as otherwise, E would not be minimal. Finally, P goes through

(m1,m2) as ψ = r(m1,m2) is in E.

Next, we show that MinEX-Rel(⊆,BCQ,L) is Σp
2-hard in fp-combined complex-

ity. In this reduction, we reduce a Σp
2-complete satisfiability problem to MinEX-Rel

by encoding a formula in the database and the satisfiability in the query.

Theorem 3.29. MinEX-Rel(⊆,BCQ,L∅) is Σp
2-hard in fp-combined complexity.

Proof. We reduce to MinEX-Rel(⊆,BCQ,L) the following Σp
2-complete problem:

Problem: QBFCNF
2,∀,¬

Input: A quantified Boolean formula Φ = ∃X∀Y ¬φ(X, Y ), with X and Y disjoint
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sets of Boolean variables, and φ a (non-quantified) 3CNF formula.

Question: Is Φ valid?

Let Φ = ∃X∀Y ¬φ(X, Y ) be an instance of QBFCNF
2,∀,¬. We construct the database

D, the OMQ (Q,Σ), and the fact ψ as follows. For each variable xi ∈ X, add the

following facts to the database D:

val(xi, 0), val(xi, 1),

where xi is a constant representing the respective variable in Φ, and 0 and 1 are

constants representing Boolean values false and true, respectively. We add to D a

number of facts to ensure the consistency of the truth assignments to the literals:

simlit(0, 0), simlit(0, 2), opplit(0, 1), simlit(2, 2),

simlit(1, 1), simlit(1, 2), opplit(1, 0), opplit(2, 2),

where 0 and 1 are constants with the same meaning as in Theorem 3.12, 2 is an

additional constants used as a “jolly” (intuitively, it will be used to bypass, in some

circumstances, the check of the satisfaction of φ(X, Y )).

Also, we add the facts that encode the satisfying assignments to the literals for

any clause:

clsat(1, 1, 1), clsat(1, 1, 0), clsat(1, 0, 1), clsat(1, 0, 0),

clsat(0, 1, 1), clsat(0, 1, 0), clsat(0, 0, 1).

In D there is also the fact clsat(2, 2, 2), which, intuitively, will be used in some

circumstances, to bypass the check of the satisfaction of φ(X, Y ). We define the set

of structural facts Dst to be D \ {clsat(2, 2, 2)}, that is, all the facts in D apart from

clsat(2, 2, 2).

We take the program Σ to be empty. The query Q is constituted by the following

pieces. The first piece of the query checks whether all the structural facts are present:

config ≡
∧

p(c)∈DSt

p(c).

The second piece of the query “reads” the assignment for the variables in X

encoded in the MinEX and imposes that at least one fact between val(xi, 0) and

val(xi, 1) must be present for each variable xi ∈ X:

assignX ≡
n∧
i=1

val(xi, Ti).
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The third piece of the query “copies” the assignment to each variable xi onto one

occurrence of xi as a positive literal in the formula φ(X, Y ). We write `j,k for the kth

literal in the jth clause in the formula φ. We take this part of the query to be

copy ≡
n∧
i=1

simlit(Ti, Tj,k),

where, in each atom simlit(Ti, Tj,k), Tj,k is the variable (of the query) representing

the value of the literal `j,k for which `j,k = xi in the formula φ. Observe that, for

copy to work properly, each variable xi must appear as a positive literal in the clauses

of φ(X, Y ) at least once. This can be assumed without loss of generality, because

if xi always appears as a negative literal in φ(X, Y ), then we can replace all the

occurrences of the negative literal ¬xi with the positive literal xi without altering the

satisfiability properties of φ(X, Y ).

The fourth piece of the query forces the ground values assigned to the various

variables Tj,k simulating the assignments to the literals to be consistent. We denote

by vj,k the variable of the literal `j,k. Furthermore, `j,k ∼ `j′,k′ means that vj,k = vj′,k′

and the literals `j,k and `j′,k′ are both positive or negative, while `j,k � `j′,k′ means

that vj,k = vj′,k′ and one literal is positive and the other is negative. We take this

part of the query to be

consist ≡
∧

`j,k∼`j′,k′

simlit(Tj,k, Tj′,k′) ∧
∧

`j,k�`j′,k′

opplit(Tj,k, Tj′,k′),

where Tj,k is a variable (of the query) representing the value of the literal `j,k. The

last piece of the query checks the satisfiability of φ(X, Y ):

satisfied ≡
m∧
j=1

clsat(Tj,1, Tj,2, Tj,3).

Hence the the query is

Q = config ∧ assignX ∧ copy ∧ consist ∧ satisfied ,

and we choose the distinguished fact ψ to be clsat(2, 2, 2).

Observe that D |= (Q,Σ) as clsat(2, 2, 2) ∈ D. We need to show that Φ is valid

if and only if there is a MinEX E for D |= (Q,Σ) that contains ψ. Note that that

checking the validity of Φ = ∃X∀Y ¬φ(X, Y ) is tantamount to checking whether there

exists a truth assignment σX for X such that φ(X/σX , Y ) is not satisfiable. Therefore,

we instead show that there exists a truth assignment σX for X such that φ(X/σX , Y )

is not satisfiable if and only if there exists a MinEX for D |= (Q,Σ) including ψ.

51



(⇒) Assume that Φ is valid, hence there exists an assignment σ̃X for the variables

X such that φ(X/σ̃X , Y ) is not satisfiable. Consider the set Eσ̃X to be

Dst ∪ {val(xi, 0) | σ̃X(xi) = false} ∪ {val(xi, 1) | σ̃X(xi) = true} ∪ {clsat(2, 2, 2)}.

By construction, Eσ̃X entails the OMQ and contains the fact ψ = {clsat(2, 2, 2)}.
Moreover, we argue that Eσ̃X is also minimal. Indeed, since φ(X/σ̃X , Y ) is not sat-

isfiable, removing clsat(2, 2, 2) from Eσ̃X breaks the entailment of (Q,Σ). And also

removing any other fact from Eσ̃X would cause the set not to entail the OMQ. In

particular, removing any fact from DSt results in the config part of the query not

being entailed and removing any val fact results in the assignX part of the query not

being entailed. Therefore, Eσ̃X is a MinEX for D |= (Q,Σ).

(⇐) Assume that Φ is not valid. This means that, for every assignment σX for

the variables X, φ(X/σX , Y ) is satisfiable. Suppose, for a contradiction, that there is

a MinEX E that contains cl(2, 2, 2). First, note that since E is minimal, it contains

exactly one of the facts val(xi, 0) and val(xi, 1) for each variable xi. Therefore, E gives

a proper assignment σE to X. As for every assignment σ to X the formula φ(X/σ, Y )

is satisfiable, φ(X/σE, Y ) is satisfiable. Therefore, by construction, cl(2, 2, 2) can be

removed from E without breaking the entailment of the OMQ (Q,Σ), which is a

contradiction to the minimality of E.

The above result implies that MinEX-Rel(⊆,BCQ,L) is Σp
2-hard in fp-combined

and ba-combined complexity for all the considered languages L as a result of language

inclusions. Thus, the Σp
2-hardness results in Table 3.4 follow.

We now analyse acyclic existential rules, and show that MinEX-Rel(⊆,BCQ,A)

is PNExp-hard in ba-combined complexity.

Theorem 3.30. MinEX-Rel(⊆,BCQ,A) is PNExp-hard in ba-combined complexity.

Proof. We reduce to MinEX-Rel(⊆,BCQ,A) the following PNExp-complete prob-

lem:

Problem: Extended-Tiling-Problem [76, (complement problem)]

Input: Two tiling problems TP1 and TP2 for the exponential square 2n× 2n, and an

integer m in unary notation.

Question: Does there exist an initial condition w of length m such that TP1 has no

solution with w and TP2 has a solution with w?

In the reduction, for the tiling problems, we use the encoding, presented in [76].

We create two copies for ΣTPi,|w| and DTP i for i = 1, 2. In this reduction we do not
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use the facts from Dw, because we need to build a reduction simulating a test for all

initial conditions w of length m. We take Σ1 = ΣTP1,|w|, Σ2 = ΣTP2,|w|,

Σinit =
⋃

0≤j<m
t,t′distinct tiles

{init j(t), init j(t
′)→ tiling1(),

init j(t) ∧ init j(t
′)→ tiling2(),

init j(t) ∧ init j(t
′)→ init all()}

∪{init0(W0) ∧ · · · ∧ initm−1(Wm−1)→ init all()}.

and the program to be Σ = Σ1 ∪ Σ2 ∪ Σinit . Also, we take D1 = DTP1 , D2 = DTP2

and the database to be D = D1 ∪ D2 ∪ {init j(t) | for all 0 ≤ j < m and tiles t} ∪
{tiling1()}.

The query isQ = D1∧D2∧init all()∧tiling1()∧tiling2(), where symbolsD1 andD2

in the query mean the conjunction of all database facts from D1 and D2, respectively.

Notice that D |= (Q,Σ). We take the distinguished fact to be ψ = tiling1().

Let us consider the possible explanations for the OMQ entailment. For a set of

facts E ⊆ D, if, for some 0 ≤ j < m and two distinct tiles t and t′, E is such that

{init j(t), init j(t
′)} ( E, then E is an explanation, as it entails the OMQ, but it is not

minimal. Hence, a MinEX E including ψ = tiling1(), if it exists, must not contain

both facts init j(t) and init j(t
′) for any 0 ≤ j < m and two distinct tiles t and t′.

Moreover, a MinEX including ψ = tiling1() must also satisfy the part init all() of

the query, and hence it has to include at least one fact init j(t), for each 0 ≤ j < m.

Thus, all sets of facts candidate to be MinEXs including ψ = tiling1() have to include

exactly one fact init j(t), for each 0 ≤ j < m. This means that these MinEXs encode a

proper initial condition w for the tiling problems. Observe that a set of facts encoding

a proper initial condition w entails the atom tiling i() via the mediation of the ontology

Σi if and only if TP i has a solution with initial condition w.

It suffices to show that there exists an initial condition w of length m such that

TP1 has no solution with w and TP2 has a solution with w if and only if D |= (Q,Σ).

(⇒) Assume that there exists an initial condition w̃ of length m such that TP1

has no solution with w̃ and TP2 has a solution with w̃. Consider the following set of

facts Ew̃ = {init j(t) | the jth tile of w̃ is t} ∪ {tiling1()} ∪D1 ∪D2.

First, we show that Ew̃ entails (Q,Σ). Clearly, Ew̃ satisfies the parts D1, D2, and

tiling1(), of Q, as they are contained in Ew̃. Moreover, Ew̃ has a fact init j(t) for each

for each 0 ≤ j < m, hence also the part init all() of the query is satisfied by Ew̃.

To conclude, since we are assuming that TP2 has a solution with w̃, also the part

tiling2() of Q is satisfied via the mediation of the ontology Σ2.
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Observe that Ew̃ is minimal, since none of the facts in D1 ∪D2 or init j(·) can be

removed from Ew̃, otherwise, the query would not be entailed.

Let us focus on tiling1(). Since we are assuming that TP1 has no solution with w,

the fact tiling1() cannot be entailed from Ew̃ via the mediation of the ontology Σ1,

and hence the presence of tiling1() in Ew̃ is essential for the entailment of the query.

(⇐) Assume that there exists a MinEX E including ψ = tiling1(). We need to

show that there exists an initial condition wE of length m such that TP1 has no

solution with wE and TP2 has a solution with wE.

Since E is a MinEX containing tiling1(), it must be the case that E encodes a

proper initial tiling condition wE (see the discussion above). Observe that the set E

does not contain the fact tiling2(). However E entails the query, which means that

tiling2() is entailed from E via the mediation of the ontology Σ2, implying that TP2

has a solution with wE. Moreover, the minimality of E implies that tiling1() cannot

be removed fro E without losing the entailment property. Hence, TP1 has no solution

with wE.

The other hardness results in Table 3.4 follow from the hardness of ontology-

mediated query answering in the respective classes of TGDs.

Theorem 3.31. For any class L of TGDs, MinEX-Rel(⊆,BCQ,L) in ba-combined

(resp. combined) complexity is as hard as OMQA(BCQ,L) in ba-combined (resp.

combined) complexity.

Proof. Let D be a database and (Q,Σ) be an L-OMQ, which form an instance of

OMQA. We reduce OMQA to MinEX-Rel as follows. Consider the database

D′ = DQ ∪ {f()}, where DQ is the set obtained by grounding a query Q with fresh

constants and f() is a fact with a fresh predicate symbol. We take the program

Σ′ = Σ ∪ {f()→ p(c) | p(c) ∈ D}. We take the query to be the same. Observe that

D′ |= (Q,Σ′) since DQ |= Q. Note that if f() is present then all the facts in D are

inferred via Σ′. Therefore, it is not hard to see that D |= (Q,Σ) if and only if there is

a MinEX for D′ |= (Q′,Σ) including f(). Notice that Σ′ belongs to the same class of

TGDs as Σ since the extra facts of the form f()→ p(c) belong to all the considered

classes of TGDs.

3.7 Small Explanations

In this section, we analyse the problem, Small-MinEX, of deciding whether there

is a MinEX whose size is smaller than some given threshold: Given a database D, an
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OMQ (Q,Σ) with D |= (Q,Σ), and a number n, asks whether there is a MinEX for

D |= (Q,Σ) of size smaller than or equal to n. This problem is a decision version of

the optimisation problem, which asks for the size of a smallest minimal explanation.

We first provide the membership results for UCQs and proceed with the hard-

ness results for BCQs. First, notice that the membership results for MinEX-Irrel

hold for Small-MinEX. The proof of Theorem 3.20 can be adapted to show that

Small-MinEX can be decided in NPC, where C is the complexity of OMQA.

Theorem 3.32. For a class L of TGDs, if OMQA(UCQ,L) is in the complexity

class C, then Small-MinEX(⊆,UCQ,L) is in NPC.

Proof. Let D be a database, let (Q,Σ) be an OMQ, and let n be a number. To find

whether there is a MinEX of size at most n, we can guess in NP a subset E of the

database of size at most n and then check whether it entails the OMQ via an oracle

call in C. Note that if E entails the OMQ, then it must be the case that it contains

as a subset a MinEX that is of size smaller or equal to n.

From this theorem all the membership results in Table 3.3, apart from the P,

NP and NExp membership results, follow. We further note that the NP and NExp

membership results follow by the same arguments as in the proofs of Theorems 3.21

and 3.22, respectively.

We show that Small-MinEX is tractable in data complexity for the classes of

TGDs for which OMQA is FO-rewritable. Indeed, by Theorem 3.18, we know that,

for these classes of TGDs, we can compute all the MinEXs in polynomial time in data

complexity. Having this set of all MinEXs, we can check whether there is a MinEX

of the size smaller than n in polynomial time. Thus, in this case, finding a MinEX of

size at most n is feasible in polynomial time.

Corollary 3.33. Let L be a class of TGDs for which OMQA is FO-rewritable. Then

computing a MinEX for D |= (Q,Σ), where Σ is from L, and whose size is at most

n is feasible in polynomial time in data complexity.

This leaves only the matching lower bounds to be shown. First, we note that

the proof for the NP-hardness of MinEX-Irrel(⊆,BCQ,GF) in data complexity

does not apply to Small-MinEX. Thus we provide a new reduction from Vertex

Cover to show NP-hardness of Small-MinEX(⊆,UCQ,GF) in data complexity.

Theorem 3.34. Small-MinEX(⊆,BCQ,GF) is NP-hard in data complexity.
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Proof. Recall that a vertex cover of a graph is a set of vertices that includes at least

one endpoint of every edge of the graph. We reduce to Small-MinEX(⊆,BCQ,GF)

the following NP-complete problem.

Problem: Vertex Cover [104]

Input: A graph G = (VG, EG), and an integer k.

Question: Is there a vertex cover in G of size at most k?

Let (G, k) be an instance of Vertex Cover with G = (VG, EG). We build the

database D and the OMQ (Q,Σ) from an instance of Vertex cover as follows.

Suppose that EG = {e1, . . . , em}. We encode the graph G in the database D via an

incidence graph, i.e., we have a fact vc(v) for each vertex v of G and a fact inc(v, e)

if a vertex v is incident on an edge e:

DG = {vc(vi) | vi ∈ V } ∪ {inc(vi, ej) | edge ej is incident on vertex vi},

There are further the structural facts in the database, which will be used to test

whether the MinEX encodes a vertex cover for G:

Dst = {chain(ei, ei+1) | 1 ≤ i ≤ |EG| − 1} ∪ {chain(s, e1), chain(em, t)} ∪

{all(s), cov(t)}.

Hence, the database is the union of these two sets: D = DG ∪Dst .

The program consists of two rules. The first one encodes that if a vertex is in a

cover, then all the edges, that are adjacent to it, are covered. The second one captures

that the fact all(t) is entailed only if all the edges are covered. The program is

Σ = {vc(V ) ∧ inc(V,E)→ cov(E), all(E) ∧ chain(E,F ) ∧ cov(F )→ all(F )}.

The query is Q = all(t). Observe that the query does not depend on the Vertex

Cover instance, as the symbol ‘t’ is constant. We take the threshold of the size of

the MinEX to be n = k + 2|EG| + 3. The intuition for this number is that exactly

|EG| of inc(v, e) facts, all (|EG| + 1) of chain facts, all(s) and cov(t) have to be in

a MinEX for D |= (Q,Σ). Also, we expect at most k of the vc(v) facts to be in a

MinEX. This adds up to the number n above.

Observe that D |= (Q,Σ) as, intuitively, the set of all vertices of the graph is a

vertex cover of the graph. Now we show that there is a vertex cover of G of size at

most k if and only if there is a MinEX for D |= (Q,Σ) of size at most n.

(⇒) Suppose that there is a vertex cover Vc of G of size at most k. Consider the

set E = Dst ∪ {vc(vi) | vi ∈ Vc} ∪ E ′, where E ′ contains, for each edge ej ∈ EG,
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exactly one fact inc(vi, ej) such that vi ∈ Vc. Notice that E is of size at most n (as

defined above), and that E entails the OMQ by construction. Therefore, E is a (not

necessarily minimal) explanation of size at most n for the OMQ entailment. However,

this is enough to conclude that there exists a MinEX (contained in E) for the OMQ

entailment of size at most n.

(⇐) Suppose that there is a MinEX E of size at most n. Since E entails the OMQ,

by the construction of the program Σ, it must be the case that the set of vertices

Vc = {vi ∈ V | vc(vi) ∈ E} is a vertex cover of G of size at most k.

The other hardness results in Table 3.3 for Small-MinEX follow from the hard-

ness of ontology-mediated query answering in the respective classes of TGDs.

Theorem 3.35. For any class L of TGDs, the problem Small-MinEX(⊆,BCQ,L)

in fp-combined (resp., ba-, and combined) complexity is as hard as OMQA(BCQ,L)

in fp-combined (resp., ba-, and combined) complexity.

Proof. Let a database D and an OMQ (Q,Σ) be an instance of OMQA. We can

reduce OMQA to Small-MinEX as follows. Take D′ = D ∪ DQ, where DQ is a

set obtained by grounding the query with fresh constants. We take the query to be

Q′ = Q∧ (
∧
f∈D

f). Further, we take the program to be the same and the number n to

be |D|. First, observe that D′ |= (Q′,Σ), and so D′, together with (Q′,Σ) is indeed

an instance of Small-MinEX.

It is not hard to see that there is a MinEX for D′ |= (Q′,Σ) of size smaller or

equal to |D| iff D |= (Q,Σ). This is so because every MinEX for D′ |= (Q′,Σ) has

to contain D by the construction of the query Q′. Notice that the result holds for all

classes of TGDs as we do not change the program in the reduction, just the database

and the query.

3.8 Large Explanations

In this section, we present a complexity analysis for Large-MinEX, the problem

asking whether there is a MinEX whose size is larger than some given threshold

number: Given a database D, an OMQ (Q,Σ) with D |= (Q,Σ), and a number n,

asks whether there is a MinEX for D |= (Q,Σ) of size larger than or equal to n. This

problem is a decision version of the problem asking to find the size of the largest

minimal explanation. We first cover membership the results for UCQs and then the

hardness results for BCQs, all presented in Table 3.4.
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We first show that Large-MinEX(⊆,UCQ,L) is solvable by an NP machine

calling an oracle for Is-MinEX(⊆,UCQ,L) by a similar argument to the one for

MinEX-Rel in the proof of Theorem 3.26.

Theorem 3.36. For any class L of TGDs, if Is-MinEX(⊆,UCQ,L) is in C, then

Large-MinEX(⊆,UCQ,L) is in NPC.

Proof. Let D be a database, (Q,Σ) be an OMQ and n be a number with D |= (Q,Σ).

We can decide whether there is a MinEX E for D |= (Q,Σ) of size at least n by

guessing a subset E of the database of size at least n in NP and check whether it is

a MinEX by calling an oracle for Is-MinEX(⊆,UCQ,L).

As for MinEX-Rel, all the membership results in Table 3.4 follow from the above

theorem, apart from the membership in P in data complexity, which we cover next.

When L is a class of TGDs for which OMQA is FO-rewritable, by Theorem 3.18,

we can compute all MinEXs in polynomial time and then we can decide in polynomial

time whether there is a MinEX of size at least n. Therefore, we have the following

result, which completes the picture of the membership results for Large-MinEX.

Corollary 3.37. Let L be a class of TGDs for which OMQA is FO-rewritable. Then

computing a MinEX for D |= (Q,Σ), where Σ is from L, and whose size is at least n

is feasible in polynomial time in data complexity.

We proceed with the hardness results. First, we show that in data complexity

Large-MinEX is NP-hard for the guarded full TGDs. We note that the construc-

tion, provided for MinEX-Rel is not applicable, and thus we provide a novel reduc-

tion.

Theorem 3.38. Large-MinEX(⊆,BCQ,GF) is NP-hard in data complexity.

Proof. We reduce to Large-MinEX(⊆,BCQ,GF) the following NP-complete prob-

lem:

Problem: Hamiltonian Path [81]

Input: A directed graph G = (VG, EG).

Question: Is there a Hamiltonian path in G?

Let G = (VG, EG) be a directed graph, which is an instance of Hamiltonian

Path. Let H = (VH , EH) be a directed graph obtained from G by adding two new

vertices s and t, and adding edges so that s has an outgoing edge to every vertex of

G and t has an incoming edge from every vertex of G, that is, VH = VG ∪ {s, t} and
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EH = EG ∪ {(s, v), (v, t) | v ∈ G}. We can view H as G extended with a “source”

node s and a “sink” node t. Observe that G has a Hamiltonian path if there is a

Hamiltonian path from s to t in H. Thus, in the rest of the proof, we consider H.

We encode the problem of deciding the existence of a Hamiltonian path from s

to t in H as follows. First, we take the database to encode the graph H and the

“source” node s:

D = {r(u, v) | (u, v) ∈ EH} ∪ {p(s)}.

The program consists of a single axiom, which encodes the reachability:

Σ = {p(X) ∧ r(X, Y )→ p(Y )}

The query asks whether p(t) holds, that is, whether it is reachable from s. It is

Q = p(t). and we take the threshold for the size of the MinEX to be n = |VH |.
We show that there is a Hamiltonian path from s to t in H if and only if there is

a MinEX for D |= (Q,Σ) of size at least n.

(⇒) Suppose that there is a Hamiltonian path P from s to t in H. Take a subset

E = {r(u, v) | (u, v) ∈ P} ∪ {p(s)}. Observe that E |= (Q,Σ) as t is reachable from

s via the path P . Moreover, we claim that E is minimal. Indeed, we cannot remove

p(s) from E, otherwise no p(v) fact could be entailed and so p(t). Also, no r(u, v)

fact can be removed, since P is a path, this would result in p(t) not being entailed.

(⇐) Suppose that there is a MinEX E for D |= (Q,Σ) of size at least n. Certainly,

in order to entail the query, E contains p(s) and thus E contains |VH | − 1 facts that

correspond to edges of H. Since E is minimal, the r(u, v) facts in E must give a

path P (that is, no vertex is visited twice), otherwise E would not be minimal. This

also implies that P must be a Hamiltonian path from s to t as it contains |VH | − 1

edges.

The above result implies all the NP-hardness results in Table 3.4 since all those

classes contain GF.

The remaining hardness proofs can be obtained by adapting the proofs for MinEX-

Rel. The Σp
2-hardness of Large-MinEX(⊆,BCQ,L) in fp-combined complex-

ity can be shown by slightly modifying the reduction, given in the proof of Theo-

rem 3.29. In particular, simply take the threshold for the size of the MinEX to be

n = |DSt |+ |X|+ 1.

Theorem 3.39. For any class L of TGDs, Large-MinEX(⊆,BCQ,L) is Σp
2-hard

in fp-combined complexity.
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The PNExp-hardness of Large-MinEX(⊆,BCQ,A) in ba-combined complexity

can be shown by extending the reduction in the proof of Theorem 3.30 by simply

taking the threshold for the size of the MinEX to be n = m+ 1.

Theorem 3.40. Large-MinEX(⊆,BCQ,A) is PNExp-hard in ba-combined com-

plexity.

The other hardness results in Table 3.4 for Large-MinEX follow from the hard-

ness of ontology-mediated query answering in the respective classes of TGDs.

Theorem 3.41. For any class L of TGDs, the problem Large-MinEX(⊆,BCQ,L)

in ba-combined (resp. combined) complexity is as hard as OMQA(UCQ,L) in ba-

combined (resp. combined) complexity.

Proof. Let D be a database and (Q,Σ) be an OMQ, which form an instance of

OMQA. We can reduce OMQA to Large-MinEX as follows. The database is D′ =

D ∪ {f(), g1(), g2()}, where f(), g1(), and g2() are nulary facts with fresh predicate

symbols. The program is Σ′ = Σ ∪ {f()→ p(c) | p(c) ∈ DQ ∪ {g1(), g2()}}, where

DQ is the set obtained by grounding the query Q with fresh constants. The query is

Q′ = Q∧g1()∧g2(). Finally, we take the number n to be 2. Observe that D′ |= (Q,Σ′)

since f() via Σ′ infers all the facts in DQ, and thus D′ |= (Q′,Σ′) as g1(), g2() ∈ D′.
Therefore, D’, (Q′,Σ′) and n form an instance of Large-MinEX. Now we show that

D |= (Q,Σ) iff there is a MinEX E for D′ |= (Q′,Σ′) of size at least n = 2.

(⇒) Suppose that D |= (Q,Σ). We know that there is a MinEX E for D |= (Q,Σ).

We further observe that E ∪ {g1(), g2()} must be a MinEX for D′ |= (Q′,Σ′), which

has size at least n = 2.

(⇐) Suppose that there is a MinEX E ′ for D′ |= (Q′,Σ′) of size at least n = 2.

Note that {f()} is a MinEX for D′ |= (Q′,Σ′), therefore, no other MinEX contains

f(). Therefore, any other MinEX has to contain {g1(), g2()} and thus must be of size

at least n = 2 and the entailment of Q can only follow from the facts in D.

3.9 Overview of Complexity Results

In this chapter, we have provided an analysis of the complexity of the problems asso-

ciated with explaining ontology-mediated query answers as inclusion-minimal subsets

of the database that support the entailment. Such subsets are called MinEXs and, in

this chapter, we study them under different fragments of existential rules.
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We have studied a wide range of problems, all introduced formally in Section 3.2.

These problems include recognising a MinEX, Is-MinEX, recognising the set of all

MinEXs, All-MinEX, deciding if a distinguished fact is included in some MinEX,

MinEX-Rel, deciding if there is a MinEX that avoids a given set of subsets of the

database, MinEX-Irrel, and deciding whether there is a MinEX smaller (resp.,

larger) than some given threshold number, Small-MinEX (resp., Large-MinEX).

These problems have been chosen to represent different types of properties that

we might want to consider. In particular, the problems MinEX-Rel and Large-

MinEX require to check the property that is preserved when adding facts to a subset

of a database, and the problems MinEX-Irrel and Small-MinEX require to check

the property that is preserved when removing facts from a subset of a database. We

give some of the intuitions for the complexity results, given in Tables 3.1–3.4. They

range from membership in AC0 to 2Exp-completeness.

We discuss some of the complexity results, shown in this chapter. First of all,

we observe that rather surprisingly the complexity of Is-MinEX in data complexity

does not increase, compared to OMQA. The problem remains tractable primarily

because in order to ensure minimality of an explanation, we need to carry out an

extra polynomial number of non-entailment checks (compared to OMQA), each of

which is in polynomial time in data complexity. Even more surprisingly, Is-MinEX

is in AC0 for FO-rewritable languages in data complexity since we can capture the

property of being a MinEX with a FO-formula. For All-MinEX, we already witness

intractability in data complexity for guarded TGDs since ensuring that there is no

MinEX outside of our candidate set of all MinEXs requires an coNP check. Surpris-

ingly, we see that, in fp-, ba- and combined complexity measures, Is-MinEX and

All-MinEX are complete for the same complexity classes. It is primarily because,

when solving All-MinEX, for any set E of subsets of the database D, the tasks of

checking minimality of all the sets in E and ensuring that there is no MinEX outside

of E can be combined. This results in matching complexities of the two problems for

these complexity measures.

For the problems MinEX-Irrel and Small-MinEX, the complexity results co-

incide. For both of these problems, observe intractability in data complexity as we

need to guess a subset that satisfies the conditions (i.e., avoids forbidden sets or is

smaller than a threshold), which requires an NP machine. On the other hand, sur-

prisingly, in fp-, ba- and combined complexity measures, these problems have the

same complexity as OMQA. Observe that if there is an explanation that either

avoids forbidden sets or is smaller than some threshold number, then this property is
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preserved by removing elements. Therefore, we do not need to ensure minimality of

a guessed subset.

Finally, for the problems MinEX-Rel and Large-MinEX, the complexity re-

sults match too. For both of the problems, we observe the results in the second

level of the polynomial hierarchy already in fp-combined complexity. This is primar-

ily because we need to guess a subset that satisfies the property (either contains a

distinguished fact or is larger than some threshold number) and check whether that

set is a MinEX. Note that ensuring whether a subset is a MinEX is intractable in

fp-combined complexity for all fragments of existential rules, and thus MinEX-Rel

and Large-MinEX are in Σp
2 for all of these fragments in fp-combined complexity.

Furthermore, we show Σp
2-completeness in fp-combined complexity by a reduction

from a variant of a satisfiability problem.
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Chapter 4

Explanations for Query Answers in
Description Logics

In this chapter, we present a study of the problems associated with explanations for

ontology-mediated query answers in description logics. This chapter provides the

complexity analysis analogous to the one in Chapter 3 with the ontology language

being description logics, rather than existential rules. We observe that none of the

description logics that we study are equivalent to the classes of existential rules.

Among many differences, description logics allows predicates of arity at most 2, while

in existential rules predicates can have any arity. Therefore, many of the results and,

in particular, the proofs for hardness results are different in this chapter, compared

to Chapter 3. In many of the proofs in Chapter 3, we have made use of predicates of

arity 3 or higher, which are not available in description logics. As description logics

and existential rules are the two most widely used ontology languages for ontology-

mediated query answering, this chapter completes the picture of the complexity of

explaining positive ontology-mediated query answers via inclusion-minimal subset of

the data.

This chapter is based on the paper published in the proceedings of the European

Conference on Artificial Intelligence (ECAI) in 2020 [50].

4.1 Minimal Explanations

In this chapter, we restate the definition of a minimal explanation for a given OMQ

entailment, introduced in Chapter 3, using the standard description logics terminol-

ogy. We view explanations as minimal subsets of the ABox that entail the OMQ.
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part1 part2 part3

part4 part5 part6 part7

overheat

leakage

non-ignition

Figure 4.1: Illustration of possible faults in different parts of a system.

Definition 4.1 (MinEX). Let A be an ABox and (Q, T ) be an OMQ such that the

knowledge base (T ,A) is consistent and A |= (Q, T ). An explanation for A |= (Q, T )

is a subset E ⊆ A such that E |= (Q, T ).

A minimal explanation E , or a MinEX, for A |= (Q, T ) is an explanation for

A |= (Q, T ) that is subset-minimal, i.e., there is no proper subset E ′ ( E that is an

explanation for A |= (Q, T ).

We simply say that E is a MinEX if the ABox and the OMQ are clear from

the context. Importantly, this definition assumes the initial knowledge base to be

consistent, which is not explicit in the original definition in Chapter 3, but it is implied

there as that chapter focuses on existential rules without any negative constraints.

The choice of consistency of the initial knowledge base enables us to focus on the

complexity of recognising explanations as we do not need to carry out extra checks to

ensure consistency. In particular, note that we do not need to deal with inconsistency

as, if (T ,A) is consistent, then for any subset B ⊆ A, the knowledge base (T ,B) is

also consistent.

We provide a running example that will be used in this section to illustrate the

computational problems. The following example shows that MinEXs can capture

minimal hitting sets, and therefore can be applied in a variety of fields [80], in-

cluding, computational biology [48, 105], data mining [29], and model-based fault

diagnosis [140]. Our running example shows how a fault diagnosis problem can be

expressed.

Example 4.2. Suppose we have an engine that might experience a number of possible

failures, each caused by a fault of one of the constituent parts, presented in Figure 4.1.

We can encode fault diagnosis as follows. We define an ABox A = Afaults∪Ast , where

the first component of the ABox encodes the parts that may fail:

Afaults = {Fault(part i) | 1 ≤ i ≤ 7},
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and the second component of the ABox encodes the causes of the failures:

Ast = {caused(overheat , part i) | i ∈ {1, 2, 3}}∪

{caused(leakage, part i) | i ∈ {2, 3, 5, 6}}∪

{caused(non-ignition, part i) | i ∈ {4, 5}}.

The TBox consists of a single axiom that expresses that, if a part failed, it causes the

corresponding failures:

T = {∃caused .Fault v Failure}.

The query asks for a minimal set of faults that explains the observed failures, together

with the facts that capture how failures can be caused:

Q =Failure(overheat) ∧ Failure(leakage) ∧ Failure(non-ignition) ∧
∧

ψ∈Ast

ψ.

By construction, MinEXs for A |= (Q, T ) correspond to minimal covers of the

graph in Figure 4.1. For example, we can see that E = {Fault(part3),Fault(part5)}∪
Ast is a MinEX for A |= (Q, T ).

4.2 Explanation Problems

In this section, we state the problems, introduced in Section 3.2 for existential rules,

using the standard description logics terminology. We consider the four problems,

namely, recognising whether a set is a MinEX, Is-MinEX, recognising if a set contains

all MinEXs, All-MinEX, deciding if a fact is contained in some MinEX, MinEX-

Rel, and deciding if there is a MinEX that does not contain any forbidden set,

MinEX-Irrel.

The most fundamental problem is recognising a minimal explanation.

Problem: Is-MinEX(⊆,Q,L)

Input: An ABox A, an L-OMQ (Q, T ), and a subset E ⊆ A, where Q is a query from

the class Q, (T ,A) is consistent and A |= (Q, T ).

Question: Is E a MinEX for A |= (Q, T )?

Let us illustrate Is-MinEX on the setting, given in Example 4.2.
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Example 4.3. Consider the following subset of the ABox A:

E1 = {Fault(part2),Fault(part5} ∪ Ast ,

E2 = {Fault(part1),Fault(part4),Fault(part6)} ∪ Ast ,

E3 = {Fault(part1),Fault(part4),Fault(part5)} ∪ Ast , and

E4 = {Fault(part4),Fault(part6)} ∪ Ast .

Note that E1 and E2 are MinEXs for A |= (Q, T ), while E3 and E4 are not. The set

E3 is not a MinEX for A |= (Q, T ) since its subset {Fault(part1),Fault(part5)} ∪ Ast

entails the OMQ (Q, T ), and so E3 is not minimal. The set E4 is not a MinEX for

A |= (Q, T ) as E4 6|= (Q, T ).

Another fundamental problem is recognising the set of all MinEXs.

Problem: All-MinEX(⊆,Q,L)

Input: An ABox A, an L-OMQ (Q, T ), and a set E ⊆ P(A) of subsets of A, where

the query Q is from the class Q, (T ,A) is consistent and A |= (Q, T ).

Question: Is E precisely the set of all MinEXs for A |= (Q, T )?

We illustrate All-MinEX on our running example.

Example 4.4. In our example, the set E of all MinEXs for A |= (Q, T ) is

E =
{
{Fault(part1),Fault(part4),Fault(part6)} ∪ Ast ,

{Fault(part1),Fault(part5)} ∪ Ast , {Fault(part2),Fault(part4)} ∪ Ast ,

{Fault(part2),Fault(part5)} ∪ Ast , {Fault(part3),Fault(part4)} ∪ Ast ,

{Fault(part3),Fault(part5)} ∪ Ast

}
.

In some applications, we are interested in the existence of a MinEX avoiding

certain configurations, that is, the problem of deciding if there is a MinEX that does

not contain any of the forbidden sets of assertions.

Problem: MinEX-Irrel(⊆,Q,L)

Input: An ABox A, an L-OMQ (Q, T ), and a set F ⊆ P(A) of subsets of A, where

the query Q is from the class Q, (T ,A) is consistent and A |= (Q, T ).

Question: Is there a MinEX E for A |= (Q, T ) such that F 6⊆ E for every F ∈ F?

We illustrate MinEX-Irrel on our running example, by assuming that in our

engine, some sets of parts cannot all be faulty. This constraint can be formulated as

an instance of MinEX-Irrel.
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Example 4.5. Suppose that none of the sets in the following set are allowed to

appear in an explanation:

F1 = {{Fault(part5)}, {Fault(part1),Fault(part6)}} .

Observe that there is a MinEX for A |= (Q, T ) not containing any of the sets in F1,

for example, {Fault(part2),Fault(part4)} ∪ Ast . On the other hand, if the set of the

forbidden sets is F2 = F1 ∪{{Fault(part4)}}, then there is no MinEX for A |= (Q, T )

such that no set in F2 is contained in E .

The last problem that we investigate is related to the role of an individual assertion

in explaining OMQ answers. This problem asks whether there is a MinEX containing

a distinguished assertion. We say that an assertion ψ is relevant for A |= (Q, T ) iff

ψ appears in some MinEX for A |= (Q, T ).

Problem: MinEX-Rel(⊆,Q,L)

Input: An ABox A, an OMQ (Q, T ), and an assertion ψ ∈ A, where the query Q is

from the class Q, (T ,A) is consistent and A |= (Q, T ).

Question: Is ψ ∈ E relevant for A |= (Q, T ), i.e., is there a MinEX E for A |= (Q, T )

such that ψ ∈ E?

We illustrate the problem MinEX-Rel on our running example.

Example 4.6. Suppose that we want to know whether a particular part might be

responsible for the observed failures. For example, suppose that we want to find

out whether ψ1 = Fault(part1) or ψ2 = Fault(part7) is relevant for A |= (Q, T ).

Note that there is a MinEX for A |= (Q, T ) that contains ψ1, namely, the set

{Fault(part1),Fault(part5)} ∪ Ast . On the other hand, there is no MinEX for A |=
(Q, T ) that contains ψ2.

4.3 Recognising Minimal Explanations

In this section, we provide a complexity analysis for Is-MinEX. We first provide

the membership results, and then proceed to prove the matching lower bounds. We

observe that the generic approach for solving Is-MinEX for existential rules, pre-

sented in the proof of Theorem 3.8, also applies here. Suppose that OMQA is in the

complexity class C. To ensure that a set E is a MinEX for the OMQ entailment, we

need to check that it entails the query and that it is minimal. The entailment can be

checked with a single C test. The latter can be done by checking whether removing

any single assertion from E would invalidate the OMQ, and hence it can be done with
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a polynomially-many co-C checks. Thus the whole procedure is in PC. We state the

following corollary of Theorem 3.8.

Corollary 4.7. For any DL L, if OMQA(Q,L) is in the complexity class C, then

Is-MinEX(⊆,Q,L) can be decided by a check in C and a linear number of checks in

co-C.

We observe that Corollary 4.7 covers all the membership results shown in Ta-

ble 4.1, apart from the membership results in AC0 and in Dp. We illustrate how the

results in Table 4.1 follow from Corollary 4.7. If OMQA is in P, then Is-MinEX is

in P by the same argument as in Chapter 3; a single test in P and a linear number of

tests in co-C can be carried out by a single test in P. Similarly, if C ∈ {Exp, 2Exp},
then co-C = C, and so Is-MinEX can be decided with a polynomial number of C
tests, which can be carried out by a single C test.

If OMQA is in NP or coNP, we have that Is-MinEX is in Dp by a similar

argument as in the proof of Corollary 3.9.

Corollary 4.8. If OMQA(Q,L) is in NP or coNP, Is-MinEX(⊆,Q,L) is in Dp.

Proof. If OMQA is in NP, the same argument as in the proof of Corollary 3.9 applies.

If OMQA is in coNP, then note that Is-MinEX can be decided by a single coNP

test and a linear number of NP tests. Note that a linear number of NP tests can

be carried out by a single NP machine when we combine the certificates. Therefore

Is-MinEX is solvable by a single coNP test and a single NP test, and therefore it is

in Dp.

We further note that the proof of Theorem 3.10 applies to description logics, and

thus we have the following corollary. Since IQ is a special case of UCQ, the following

result applies to instance queries too.

Corollary 4.9. If L is a FO-rewritable DL, then Is-MinEX(⊆,UCQ,L) is in AC0

in data complexity.

We proceed with showing the hardness results, presented in Table 4.1. First, we

show that Is-MinEX(⊆, IQ, ELI) is P-hard in data complexity. We achieve this by

reducing OMQA(IQ, ELI) to Is-MinEX(⊆, IQ, ELI), and thus showing that recog-

nising a MinEX is not easier than OMQA in this case. In this reduction, we replace

each role assertion with two role assertions and introduce reachability type axioms to

the TBox to ensure that each MinEX must contain all the bounded assertions in the

ABox.
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Table 4.1: Complexity results for Is-MinEX(⊆,Q,L).

Description Logic
IQ UCQ

data comb. data comb.

DL-Litecore , DL-LiteR ≤ AC0 ≤ P ≤ AC0 Dp

EL, ELH ≤ P P ≤ P Dp

ELI, Horn-SHOIQ P Exp P Exp
ALC,ALCHQ Dp Exp Dp Exp
ALCI,SH,SHIQ Dp Exp Dp 2Exp

Theorem 4.10. Is-MinEX(⊆, IQ, ELI) is P-hard in data complexity, and Exp-hard

in combined complexity.

Proof. We provide a reduction from OMQA(IQ, ELI) to Is-MinEX(⊆, IQ, ELI) .

Let A be an ABox and (Q, T ) be an OMQ with Q = C(a). We construct an ABox

A′, a subset E ′ ⊆ A′ and an OMQ (Q′, T ′) such that A |= (Q, T ) iff E is a MinEX

for A′ |= (Q′, T ′). Note that, in this construction, (Q′, T ′) depends only on (Q, T )

and is independent of A. On the other hand, A′ and E ′ depends on A and (Q, T ).

We construct A′ as follows. Take any order of the elements in A. For the ith

concept assertion B(b) in A, we add B(b), sB(i, b) and n(i, i− 1) to A′, and, for the

jth role assertion r(b, c) in A, we add r1(j, b), r2(j, c) and n(j, j − 1) to A′. Further,

we add the assertions U(0), n(τ, k), n(τ, a) and T (τ) to A′, where a is the individual

in the query Q = C(a) and k is the number of elements in A. We also add F (τ)

to A′. Then we take E ′ to be A′ \ {F (τ)}. Note that the construction of A′ and E ′

is in logarithmic space in the size of A as we only need to store the number of the

assertion considered.

Now we construct T ′ as follows. Add to T ′ every axiom in T with each occurrence

of ∃r.B replaced by ∃r−1 .(∃r2.B). Note that, by construction, ∃r.B(a) holds in A iff

∃r−1 .(∃r2.B)(a) holds in E ′. Further, add to T ′ the GCI that ensures if n(i + 1, i),

U(i) and T (i) hold, then so does U(i+ 1):

∃n.(U u T ) v U.

This axiom acts as a reachability axiom. Let NC be a finite set of concepts, which is

fixed as we are in data complexity. For each concept symbol B ∈ NC, add to T ′ the

GCI that ensures that T (i) holds if sB(i, b) and B(b) are present:

∃sB.B v T.
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Also, let NR be a finite set of role symbols, which is also fixed as we are in data

complexity. For each role symbol r ∈ NR, add the role inclusion that ensure that T (i)

holds if r1(i, a) and r2(i, b) are present:

∃r1.> u ∃r2.> v T.

We add to T ′ two more axioms: ∃n.C v C, and C u U v F. The first one ensures

that C(τ) holds if C(a) and n(τ, a) do, and the second one ensures that F (τ) holds

if C(τ) and U(τ) do.

We take the instance query to be Q′ = F (τ).

We note that A′ |= (Q′, T ′) since F (τ) is in A′, and thus A′, E ′ and (Q′, T ′) is

an instance of Is-MinEX. Now we show that A |= (Q, T ) iff E ′ is a MinEX for

A′ |= (Q′, T ′).
(⇒) Suppose that A |= (Q, T ). Recall that Q = C(a). First, we show that

E ′ |= (Q′, T ′). Recall that E ′ contains all concept assertions fromA and role assertions

r1(j, a) and r2(j, b) for each r(a, b) in A′. As T ′ contains T with each occurrence of

∃r.B replaced by ∃r−1 .(∃r2.B), we have that r1 and r2 simulate r. As a result, we

have that E |= (C(a), T ′). As n(τ, a) ∈ E and (∃n.C v C) ∈ T ′, we have that

E |= (C(τ), T ′). As (C u U v F ) ∈ T , to show that E |= (F (τ), T ′), it is enough to

show that E |= (U(τ), T ′). Note that, by construction of E ′ and T ′, E ′ |= (T (i), T ′)
for all i ≤ k, where k is the number of elements in A′. Since U(0) is in E ′ and

(∃n.(U u T ) v U) ∈ T ′, we have that E ′ |= (U(i), T ′) for all i ≤ k. Further, there

is an assertion n(τ, k), and therefore U(τ) holds. This implies that E |= (Q′, T ′).
Further, E is minimal for (Q′, T ′) since removing any element from E ′ would result in

some (T (i), T ′) not being entailed. As a result, (U(i+ 1), T ′) would not be entailed,

which would result in (U(τ), T ′) and (Q′, T ′) not being entailed by E ′.
(⇐) For the other direction, suppose that E ′ is a MinEX for A′ |= (Q′, T ′). We

have seen above that E and T ′ simulates A and T , and so we have A |= (Q, T ). This

completes the proof.

The above theorem implies that Is-MinEX(⊆, IQ,Horn-SHOIQ) is P-hard in

data complexity as ELI is contained in Horn-SHOIQ. By analogous language inclu-

sions, we have the Exp-hardness of Is-MinEX for (IQ,Horn-SHOIQ), (IQ,ALCI),

and (IQ,SHIQ) in combined complexity.

Somewhat surprisingly, it is unclear whether Is-MinEX(⊆, IQ, EL) is also P-hard

in data complexity, and so it is open whether Theorem 4.10 can be strengthened in
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this direction. The reason behind this is that our proof heavily relies on inverse roles

to enforce all ABox assertions to be included in the minimal explanation, which is

necessary for Is-MinEX to simulate OMQA faithfully.

All the other P-hardness (resp., Exp-hardness) results given in Table 4.1 are

covered by the following result.

Theorem 4.11. Is-MinEX(⊆, IQ, EL) is P-hard in combined complexity, and

Is-MinEX(⊆, IQ,ALC) is Exp-hard in combined complexity.

Proof. Let L be a DL. We reduce concept subsumption to Is-MinEX in combined

complexity. As shown by Artale et al. [6], we have that T |= (C v D) iff {C(a)} |=
({D(a)}, T ), where a is a fresh individual name. Therefore, we have that T |=
(C v D) iff {C(a)} is a MinEX for {C(a), D(a)} |= ({D(a)}, T ). Since concept

subsumption in EL is P-hard and in ALC is Exp-hard, the results follow.

The above result implies that Is-MinEX(⊆, IQ, ELH) is P-hard in combined

complexity and Is-MinEX(⊆, IQ,L) is Exp-hard in combined complexity for L ∈
{ALCHQ,ALCI,SH,SHIQ} due to the description logics containment, presented

in Figure 2.3. Also, since IQ is a special case of a UCQ, we have that these results

hold for UCQs too.

Our next result covers all Dp-hardness results for Is-MinEX in data complexity

in Table 4.1. This next result is arguably the most interesting result of this section.

Theorem 4.12. Is-MinEX(⊆, IQ,ALC) is Dp-hard in data complexity.

Proof. We reduce the Dp-complete problem Is-MUS [128] to Is-MinEX(⊆, IQ,ALC)
in data complexity. The problem Is-MUS is defined as follows:

Problem: Is-MUS

Input: A CNF formula φ with at most three literals per clause and at most three

occurrences of each variable.

Question: Is φ unsatisfiable, yet removing any clause renders φ satisfiable?

Let φ be an instance of Is-MUS. Suppose that φ has m clauses c1, . . . , cm, and `

variables x1, . . . , x`. Without loss of generality, we assume that in each clause positive

literals are followed by negative. Therefore there are four types of clauses, depending

on the number of negative literals. We say that a clause cj is of type Ctj if there are

tj ∈ {0, 1, 2, 3} negative literals in cj. For example, the clause (x1 ∨ ¬x3 ∨ ¬x4) is of

type C2. We take the following ABox:

A = {Ct1 (c1) , . . . , Ctm (cm) ,Tau(τ),Unsat(τ)} ∪ {r0 (τ, xk) | 1 ≤ k ≤ `}∪{
rpi(cj, xk) | xk is the ith literal of cj

}
∪
{
rni(cj, xk) | ¬xk is the ith literal of cj

}
.

71



We take the candidate MinEX to be E = A\{Unsat(τ)}. For the construction of the

TBox T , we use the following abbreviations:

Ψ0 = C0 u ∃rp1 .> u ∃rp2 .> u ∃rp3 .>,

Ψ1 = C1 u ∃rp1 .> u ∃rp2 .> u ∃rn3 .>,

Ψ2 = C2 u ∃rp1 .> u ∃rn2 .> u ∃rn3 .>,

Ψ3 = C3 u ∃rn1 .> u ∃rn2 .> u ∃rn3 .>.

The formula Ψt encodes the fact that a clause is of type Ct and there is a correctly

negated literal for each of its three positions.

We construct TBox T in three steps, giving an intuition for each of those com-

ponents. The first component Tlit captures that at least one literal of a clause has

to be satisfied. That is, if the assertions that encode a clause cj are present, then

the assertion Li(cj) holds for some i ∈ {1, 2, 3}, where Li encodes that the ith literal

takes value T :

Tlit =
⋃

0≤t≤3

{Ψt v L1 t L2 t L3}.

The second component Tvar ensures that if the literal takes the value true then

the underlying variable takes the appropriate truth value T or F :

Tvar = {L1 v ∀rp1 .T u ∀rn1 .F, L2 v ∀rp2 .T u ∀rn2 .F, L3 v ∀rp3 .T u ∀rn3 .F},

The last component Tinc ensures that if some variable takes both values T and F ,

then the assignment is inconsistent:

Tinc = {Tau u ∃r0.(T u F ) v Unsat}.

Thus the TBox is T = Tlit ∪Tvar ∪Tinc. We take the query to be Q = Unsat(τ). Since

Unsat(τ) is in A, we have that A |= (Q, T ), and so A, E and (Q,Σ), as constructed

above, give an instance of Is-MinEX.

Now we show that E is a MinEX for A |= (Q, T ) iff φ is a MUS.

(⇒) For the forward direction, suppose that E is a MinEX for A |= (Q, T ). We

show that φ must be a MUS. As in the proof of [125, Theorem A.1], we have that

φ is unsatisfiable as, by construction, if E |= (Unsat(τ), T ), then any assignment to

variables of φ yields false. It remains to show φ is minimal, that is, removing any

clause cj from φ gives a satisfiable formula. Note that removing Ctj(cj), rpi(cj, xk)

or rni(cj, xk) from E corresponds to removing the clause cj from φ, as (Ψtj(cj), T ) is

not entailed by E without any of these assertions. Removing r0(τ, xk) corresponds to
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removing all clauses where xk appears as a variable. Finally, if we remove Tau(τ) from

A, then (Unsat(τ), T ) cannot be entailed. As, for all ψ ∈ E , E \{ψ} 6|= (Unsat(τ), T ),

we have that removing any clause from φ yields a satisfiable formula.

(⇐) Suppose that φ is a MUS. We show that E is a MinEX for A |= (Q, T ). By

construction, as in the proof of [125, Theorem A.1], we have that E |= (Q, T ). It

remains to show that E is minimal. Suppose, for a contradiction, that there is ψ ∈ E
such that E \ {ψ} |= (Unsat(τ), T ). We have seen above that if removing a single

assertion does not break the entailment, then there is a clause that can be removed

from φ and the resulting formula is still unsatisfiable. But this is a contradiction to

φ being a minimal unsatisfiable formula.

Next, we show the Dp-hardness of Is-MinEX(⊆,BCQ,L∅) in combined complex-

ity. Note that since BCQ is a special case of UCQ, and L∅ is contained in every

DL L, the above implies that Is-MinEX(⊆,UCQ,L) is Dp-hard for every DL L.

We provide a reduction from the Dp-hard problem, 3Col-NonCol, of determin-

ing whether one graph is 3-colourable and another is not 3-colourable. The problem

3Col-NonCol can be shown to be Dp-hard by reduction from Sat-Unsat, using

the same encoding as in the reduction of 3Sat to 3Col [147]. We show the Dp-

hardness of Is-MinEX(⊆,BCQ,L∅) by encoding the two graphs in the query and

the allowed colourings of the edges in the ABox. The following result generalises The-

orem 3.12. On the other hand, the proof of Theorem 3.12 does not apply here as it

uses the predicates of arity three. We leave both proofs in this thesis as they provide

reductions from different Dp-complete problems and gives us a deeper insight into the

complexity of these problems.

Theorem 4.13. Is-MinEX(⊆,BCQ,L∅) is Dp-hard in combined complexity.

Proof. We provide a reduction from the Dp-complete problem 3Col-NonCol, de-

fined below. To see that the following problem is Dp-hard note that the Dp-complete

problem Sat-Unsat [129] can be reduced to 3Col-NonCol by using the same

encodings as in the polynomial time reduction of 3Sat to 3Col [147].

Problem: 3Col-NonCol

Input: Graphs G and H.

Question: Is G 3-colourable and H not 3-colourable?

Let G and H be graphs with edge sets EG and EH , respectively. We construct an
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instance of Is-MinEX(⊆,BCQ,L∅). First, we construct the ABox as follows:

Ast = {cG(r, g), cG(g, r), cG(r, b), cG(b, r), cG(g, b), cG(b, g)

cH(r, g), cH(g, r), cH(r, b), cH(b, r), cH(g, b), cH(b, g)}

and

A = Ast ∪ {cG(w,w), cH(w,w)} .

We take the candidate MinEX to be E = A \ {cG(w,w)}.
We take the TBox T to be an empty set. The query consists of three parts. The

first part checks the containment of structural facts:

Config ≡
∧

ψ∈Ast

ψ,

and the second and third parts correspond to checking whetherG andH are colourable

with the given colours, respectively:

ColouredG ≡
∧

(Xi,Xj)∈EG

cG(Xi, Xj), and

ColouredH ≡
∧

(Yi,Yj)∈EH

cH(Yi, Yj).

The query is Q = Config ∧ ColouredG ∧ ColouredH . We observe that A |= (Q, T )

as both cG(w,w) and cH(w,w) are in A, and thus assigning to all the query variables

the value w satisfies the OMQ (Q, T ). Therefore, the above gives an instance of

Is-MinEX. Now we show that E is a MinEX for A |= (Q, T ) iff G is 3-colourable

and H is not 3-colourable.

(⇒) Suppose that E is a MinEX for A |= (Q, T ). We show that this implies

that G is 3-colourable and H is not 3-colourable. Since E |= (Q, T ), we have that

E |= (QG, T ). This, by construction, implies that G is 3-colourable. Since E is

minimal w.r.t the OMQ entailment, we have that E \ {cH(w,w)} 6|= (Q, T ). This

implies that H is not 3-colourable.

(⇐) For the converse, suppose that G is 3-colourable and H is not 3-colourable.

First, we show that E |= (Q, T ). Certainly E |= Config as Ast ⊆ E . As G is 3-

colourable, assigning to the query variables Xi, corresponding to the vertices of G, the

colouring of G, we have that E |= (QG, T ). Also, E entails (QH , T ) as cH(w,w) ∈ A.

It remains to show that E is minimal. Note that removing any assertion in Ast from

E gives a set that does not entail (Config , T ), and so (Q, T ). Therefore it remains

to show that A \ {cH(w,w)} 6|= (Q, T ). In particular, as H is not 3-colourable, by

construction, A \ {cH(w,w)} 6|= (QH , T ), and so A \ {cH(w,w)} 6|= (Q, T ).
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Table 4.2: Complexity results for All-MinEX(⊆,Q,L).

Description Logic
IQ UCQ

data comb. data comb.

DL-Litecore , DL-LiteR ≤ P ≤ P ≤ P Dp

EL, ELH coNP coNP coNP Dp

ELI, Horn-SHOIQ coNP Exp coNP Exp
ALC,ALCHQ Πp

2 Exp Πp
2 Exp

ALCI,SH,SHIQ Πp
2 Exp Πp

2 2Exp

It remains to show the 2Exp-hardness results for Is-MinEX(⊆,UCQ,L) in com-

bined complexity. We show that, in combined complexity, OMQA(UCQ,L) can be

reduced to Is-MinEX(⊆,UCQ,L) for any description logic L. Note that the general

reduction of OMQA to Is-MinEX for existential rules, given in Theorem 3.14, does

not apply here as we cannot encode the ABox in the TBox in description logics.

Theorem 4.14. For any DL L studied here, we have that Is-MinEX(⊆,UCQ,L)

in combined complexity is as hard as OMQA(UCQ,L) in combined complexity.

Proof. Let A be an ABox, E ⊆ A be a subset and (Q, T ) be an L-OMQ. We construct

an instance of Is-MinEX as follows. We take the ABox A′ = A ∪ {T (a)}, where a

is a fresh individual, and the candidate MinEX to be E = A. We take the query to

be Q′ = (Q ∧
∧
f∈A

f) ∨ T (a). Note that A′ |= (Q′, T ), and thus it is an instance of

Is-MinEX. It is easy to see that A is a MinEX for A′ |= (Q′, T ) iff A |= (Q, T ).

4.4 All Minimal Explanations

Next, we analyse the complexity of the problem of recognising the set of all MinEXs

and show the complexity results, presented in Table 4.2. We first provide the mem-

bership results and then proceed to give the matching hardness results. As earlier, we

first provide a general approach to solve a problem. We observe that the general algo-

rithm for All-MinEX under existential rules, provided in the proof of Theorem 3.15,

applies here. Thus we have the following result.

Corollary 4.15. For any DL L, if OMQA(UCQ,L) is in the complexity class C,

then All-MinEX(⊆,Q,L) can be decided by a linear number of C checks and a single

co-(NPC) check.
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The above result implies all the membership results in Table 4.2, apart from the

membership results in P, in Dp, and Σp
2. We illustrate how some of the membership

results in Table 4.2 follow. For example, if OMQA is in P, then All-MinEX is

decidable by a linear number of P tests and a single co-(NPP) = coNP. Note that

coNP machine can express these P tests, and so All-MinEX is in coNP in this

case. If OMQA is in coNP, then All-MinEX is decidable by a linear number of

coNP tests and a single co-(NPcoNP) = Πp
2. Similarly as above these tests can be

combined as a single Πp
2 test and so All-MinEX in this case is in Πp

2. If OMQA is

in C ∈ {Exp, 2Exp}, then All-MinEX is decidable by a linear number of tests in C,
followed by a single test in co-(NPC). Note that, in this case, co-(NPC) = co-C = C.
It can be further easily seen that a linear number of tests in C can be captured by a

single test in C, and therefore All-MinEX, in this case, is in C.
When OMQA is in NP, the membership of All-MinEX in Dp follows by the

same argument as in the proof of Theorem 3.16.

Corollary 4.16. For any DL L and Q ∈ {IQ,UCQ}, if OMQA(Q,L) is in NP,

then All-MinEX(⊆,Q,L) is in Dp.

Next, we deal with the case when OMQA is FO-rewritable. Note that whenever

a DL L is FO-rewritable, we have that the proof of Theorem 3.18 applies, and we can

construct all MinEXs in polynomial time in data complexity. Therefore, the following

result is a corollary of Theorem 3.18 and [24, Proposition 4.8].

Corollary 4.17. Let L be a DL for which OMQA is FO-rewritable and let (Q, T )

be an L-OMQ. Then computing all MinEXs for A |= (Q, T ) is feasible in polynomial

time in data complexity.

The above implies that All-MinEX is in P in data complexity when the query

is IQ or UCQ and the TBox is from DL-Litecore or DL-LiteR.

We proceed with the hardness results, presented in Table 4.2. We first show that

All-MinEX(⊆, IQ, EL) is coNP-hard in data complexity. We show it by reducing a

coNP-complete problem that has a very close nature to All-MinEX, namely, All-

MV [12, Lemma 1]. This problem asks to decide if a given set V contains all minimal

valuations satisfying a monotone Boolean formula φ. In our reduction, the ABox Aφ
encodes φ, and T is empty. Each MinEX for Aφ |= (Q, T ) corresponds to a minimal

valuation for φ. This result implies all the coNP-hardness results for All-MinEX,

presented in Table 4.2.

Theorem 4.18. All-MinEX(⊆, IQ, EL) is coNP-hard in data complexity.
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Proof. We show the coNP-hardness of All-MinEX(⊆, IQ, EL) in data complexity

by reduction from the coNP-hard problem All-MV [12, Lemma 1].

Problem: All-MV

Input: A monotone Boolean formula φ, a set V of minimal valuations satisfying φ.

Question: Is V precisely the set of all minimal valuations satisfying φ?

Let φ be a formula, V be a set of minimal valuations for φ, and sub(φ) be the set

of all subformulas of φ. The ABox consists of two parts. The first part of the ABox

contains the assertions that capture whether a variable of φ is assigned the value true:

Ax = {T (x) | x is a variable in φ},

and the second part encodes the formula φ:

Aφ =
⋃

ψ1∧ψ2∈sub(φ)

{c1(ψ1 ∧ ψ2, ψ1), c2(ψ1 ∧ ψ2, ψ2)}

⋃
ψ1∨ψ2∈sub(φ)

{d(ψ1 ∨ ψ2, ψ1), d(ψ1 ∨ ψ2, ψ2)} ∪ {e(t, φ)}.

Thus the ABox is A = Ax ∪ Aφ. We take the TBox to be

T = {∃c1.T u ∃c2.T v T,∃d.T v T,∃e.T v T},

and the query to be Q = T (t). Note that A |= (Q, T ) as φ is a monotone formula.

The candidate set EV of all MinEXs for A |= (Q, T ) is constructed as follows. For

each valuation V , we inductively construct the sets satsub(φ) (of satisfied subformulas

of φ by V) and a subset EV of A. Let V be a minimal valuation of φ. Initially, we take

satsub(φ) = {x | V(x) = T} to be a subset of sub(φ) and EV = {T (x) | V(x) = T}.
The proceed as follows:

(i) If ψ ∈ satsub(φ) and d(ψ ∨ ψ′, ψ) ∈ Aφ, add d(ψ ∨ ψ′, ψ) to EV and ψ ∨ ψ′ to

satsub(φ);

(ii) If ψ ∈ satsub(φ) and d(ψ′ ∨ ψ, ψ) ∈ Aφ, add d(ψ′ ∨ ψ, ψ) to EV and ψ′ ∨ ψ to

satsub(φ);

(iii) If ψ, ψ′ ∈ satsub(φ) and c1(ψ∧ψ′, ψ), c2(ψ∧ψ′, ψ′) ∈ Aφ, add c1(ψ∧ψ′, ψ), c2(ψ∧
ψ′, ψ′) to EV , and ψ ∧ ψ′ to satsub(φ).

We finish if no new facts can be added to EV . Note that the construction of EV is

polynomial in the size of A as EV ⊆ A and deciding if any fact can be added to EV
takes polynomial time in the size of A. We take EV = {EV | V ∈ V}. We show
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that V is the set of all minimal valuations for φ iff EV is the set of all MinEXs for

Aφ |= (Q, T ).

(⇒) Suppose that V is the set of all minimal valuations. We need to show that

EV is the set of all MinEXs for A |= (Q, T ). For this we need to show that (i)

EV |= (Q, T ) for all V ∈ V, and (ii) there is no E ⊆ A such that EV 6⊆ E for all V ∈ V,

and E |= (Q, T ). By construction, we have (i). It remains to show (ii). Suppose,

for a contradiction, that there is E ⊆ A that satisfies the conditions. But then, by

construction, E gives a valuation, which (or any of its sub-valuations) is not contained

in V (or any of its sub-valuations). This is a contradiction.

(⇐) For the converse, suppose that EV is the set of all MinEXs for A |= (Q, T ).

Note that by construction it implies that each V ∈ V is a minimal valuation. It

remains to show that V contains all minimal valuations of φ. Suppose, for a contra-

diction, that there is a minimal valuation V ′ 6∈ V. But then, by construction, EV ′ is

a MinEX for A |= (Q, T ) that is not in EV, which is a contradiction.

Note that this result strengthens Theorem 3.19 given in Chapter 3 for existential

rules, since EL can be embedded in the guarded full language of existential rules.

We now show Πp
2-hardness of All-MinEX(⊆, IQ,ALC) in data complexity, which

is the most intricate result of this section and builds on the ideas presented in the

proof of Theorem 4.12.

Theorem 4.19. All-MinEX(⊆, IQ,ALC) is Πp
2-hard in data complexity.

Proof. In this reduction, we use the Πp
2-complete problem ∀∃3sat [148, 156].

Problem: ∀∃3sat
Input: Boolean formula φ(X, Y ) in 3CNF.

Question: Is it true that Φ = ∀X ∃Y φ(X, Y ) holds?

Let φ(X, Y ) be an instance of ∀∃3sat. Say X = {x1, . . . , xn}, Y = {y1, . . . , ym}
and φ = c1 ∧ · · · ∧ c`.

This reduction is based on the proof of Theorem 4.12. Let φ(X, Y ) be a 3CNF

formula. We construct the ABox in two steps. The first components consists of the
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structural facts that capture the structure of φ:

Ast = {C (c1) , . . . , C (c`) ,Tau(τ)}

∪ {r0 (τ, xk) | 1 ≤ k ≤ n} ∪ {r0 (τ, yk) | 1 ≤ k ≤ m}

∪
{
rpi(cj, xk) | i ≤ 3, j ≤ `, k ≤ n, xk is ith literal of cj

}
∪
{
rni(cj, xk) | i ≤ 3, j ≤ `, k ≤ n,¬xk is ith literal of cj

}
∪
{
rpi (cj, yk) | i ≤ 3, j ≤ `, k ≤ m, yk is ith literal of cj

}
∪
{
rni (cj, yk) | i ≤ 3, j ≤ `, k ≤ m,¬yk is ith literal of cj

}
,

and the second component encodes the truth value assignment to xi variables:

Ax = {T (xi) , F (xi) | 1 ≤ i ≤ n} .

Take Aφ = Ast ∪ Ax. The TBox is constructed in three steps. The first component

ensures that at least one of the literals in each clause is satisfied:

Tlit = {C v L1 t L2 t L3}.

The second component ensures that, if Li(cj) holds, then the underlying variable

takes the appropriate truth value T or F :

Tvar = {L1 v ∀rp1 .T u ∀rn1 .F, L2 v ∀rp2 .T u ∀rn2 .F, L3 v ∀rp3 .T u ∀rn3 .F}.

The last component ensures that if, in a satisfying assignment, some variable takes

both values T and F , then the assignment is inconsistent:

Tinc = {Tau u ∃r0.(T u F ) v Unsat}.

We take the query to be Q = Unsat(τ), and the candidate set of all MinEXs for

Aφ |= (Q, T ) to be E = {{Tau(τ), r0(τ, xi), T (xi), F (xi)} | 1 ≤ i ≤ n} . Note that any

E ∈ E entails (Q, T ).

Now we show that E is the set of all MinEXs for Aφ |= (Q, T ) iff ∀X ∃Y φ(X, Y )

is true.

(⇒) Suppose that ∀X ∃Y φ(X, Y ) does not hold, that is, ∃X ∀Y ¬φ(X, Y ) holds.

Let vX be an assignment to X such that, for any assignment vY to Y , φ(vX(X), vY (Y ))

is false. Then E = Ast ∪{T (x) | vX(x) = T}∪{F (x) | vX(x) = F} contains a MinEX

for Aφ |= (Q, T ) that is not contained in E. Thus E is not the set of all MinEXs for

Aφ |= (Q, T ).

(⇐) Suppose that E is not the set of all MinEXs for Aφ |= (Q, T ). We show that

∀X ∃Y φ(X, Y ) does not hold, that is, ∃X ∀Y ¬φ(X, Y ) holds. Let E be a MinEX
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Table 4.3: Complexity results for MinEX-Irrel(⊆,Q,L).

Description Logic
IQ UCQ

data comb. data comb.

DL-Litecore , DL-LiteR ≤ P ≤ P ≤ P NP
EL, ELH NP NP NP NP
ELI, Horn-SHOIQ NP Exp NP Exp
ALC,ALCHQ Σp

2 Exp Σp
2 Exp

ALCI,SH,SHIQ Σp
2 Exp Σp

2 2Exp

for Aφ |= (Q, T ), not in E. First, note that Tau(τ) ∈ E as otherwise (Unsat(τ), T )

cannot be entailed. Also, as E 6∈ E, {r0(τ, x), T (x), F (x)} 6⊆ E for any x ∈ X. Thus E
gives a proper assignment vX to X (or a subset of X) such that vX(x) = T if T (x) ∈ E
and vX(x) = F if F (x) ∈ E . As E |= (Unsat(τ), T ), by construction, we have that

whatever truth values we assign vY to variables in Y , the formula φ(vX(X), vY (Y ))

is false.

The remaining hardness results, such as Exp- or 2Exp-hardness, follow immedi-

ately from the proofs of the Is-MinEX results by taking the set of all MinEXs to

contain the only one constructed MinEX. This concludes our analysis of All-MinEX.

4.5 Irrelevant Facts for Explanations

In this section, we analyse the problem MinEX-Irrel of deciding if there is a MinEX

that does not contain any of the forbidden sets of assertions. As before, we show a

generic membership result that follows from our work on existential rules, in partic-

ular, from Theorem 3.20. MinEX-Irrel can be solved by first guessing in NP a set

E not containing any of the forbidden sets, and then checking in C whether E entails

the OMQ. If E entails the OMQ, then it must contain a MinEX as a subset.

Corollary 4.20. For any DL L and query language Q, if OMQA(Q,L) is in the

complexity class C, then MinEX-Irrel(⊆,Q,L) is in NPC.

The above theorem covers all the membership results, presented in Table 4.3,

except for the P-membership results and the NP-membership results for UCQs in

combined complexity. For example, if OMQA is in coNP, then MinEX-Irrel is

in NPcoNP = Σp
2. If OMQA is in P, then MinEX-Irrel is in NPP = NP, and, if

OMQA is in C ∈ {Exp, 2Exp}, then MinEX-Irrel is in NPC = C. Now we cover
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the remaining membership results. First, note that if OMQA is in NP, then Theo-

rem 3.21 applies, and thus the NP-membership results for UCQs in combined com-

plexity follow. In particular, since the two NP tests are independent, they can be

carried out by a single NP machine whose certificate is obtained by concatenating

the two NP certificates. Therefore, MinEX-Irrel is in NP in that case.

Corollary 4.21. For any DL L and query language Q, if OMQA(Q,L) is in NP,

then MinEX-Irrel(⊆,Q,L) is in NP.

The polynomial time upper bounds for FO-rewritable languages DL-Litecore and

DL-LiteR in data complexity follow from Corollary 4.17. We can construct the set of

all MinEXs in polynomial time by Corollary 4.17, and then check in polynomial time

if this set contains a MinEX that does not contain any forbidden set.

Corollary 4.22. Let L be a DL for which OMQA is FO-rewritable and let (Q, T )

be an L-OMQ. Then computing a MinEX for A |= (Q, T ) that does not contain a

forbidden set of assertions F is feasible in polynomial time in data complexity.

We proceed with the hardness results for MinEX-Irrel. First, we show the

NP-hardness for MinEX-Irrel(⊆, IQ, EL) in data complexity. We note that the

exact same reduction works as in the proof of Theorem 3.24 when restated in the DL

terminology.

Corollary 4.23. MinEX-Irrel(⊆, IQ, EL) is NP-hard in data complexity.

Proof. We reduce an NP-complete problem Path with Forbidden Pairs [79, 81].

to MinEX-Rel as in the proof of Theorem 3.24.

Let G = (V,E) be a graph with two vertices s, t ∈ V and let F ⊆ E × E

be a set. We restate the construction in the DL terminology and refer the reader

to the proof of Theorem 3.24 to see why this reduction works. We take A =

{r(v, u) | (u, v) ∈ E} ∪ {r(τ, t)} ∪ {P (s)} , T = {∃r.P v P} , Q = P (τ), and F =

{{r(v1, u1), r(v2, u2)} | {(u1, v1), (u2, v2)} ∈ F} . We have that there is a MinEX E for

A |= (Q, T ) not containing any set in F iff there is a simple path in G from s to t not

using any pair of edges in F .

It remains to show that MinEX-Irrel(⊆, IQ,ALC) is Σp
2-hard in data complex-

ity, which implies all Σp
2-hardness results in Table 4.3.

Theorem 4.24. MinEX-Irrel(⊆, IQ,ALC) is Σp
2-hard in data complexity.
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Proof. We use the reduction from the following Σp
2-complete problem.

Problem: QBFCNF
2,∀,¬

Input: A quantified Boolean formula Φ = ∃X∀Y ¬φ(X, Y ), with X and Y disjoint

sets of Boolean variables, and φ a 3CNF formula.

Question: Is Φ valid?

Let Φ = ∃X∀Y ¬φ(X, Y ) be an instance of QBFCNF
2,∀,¬. Note that Φ is valid iff

there is an assignment to X such that, for all assignments to Y , the formula φ(X, Y )

does not hold. In this reduction, for φ, we construct the ABox Aφ and the OMQ

(Q, T ) as in the proof of Theorem 4.19. We just take F = {F1, . . . ,Fn}, where

Fi = {T (xi), F (xi)}.
Now we show that ∃X∀Y ¬φ(X, Y ) iff there is a MinEX for Aφ |= (Q, T ) not

containing any set in F.

(⇒) Suppose that ∃X∀Y ¬φ(X, Y ) holds. Therefore, there is an assignment to X

such that, for all assignments to Y , the formula φ(X, Y ) does not hold. Let vX be

such an assignment to X. Add to E all facts in Ast . Further, add the facts from Ax
to E to simulate the assignment vX , that is, take T (xi) if vX(xi) = T and F (xi) if

vX(xi) = F . We know that, for any assignment vY to Y , φ(vX(X), vY (Y )) does not

hold. By construction, we have that for any model I of (E , T ), as it encodes vX , we

have that I |= Unsat(τ), and so E contains a MinEX for Aφ |= (Q, T ) not containing

any set in F. Thus such a MinEX exists.

(⇐) For the other direction, suppose that there is a MinEX E for Aφ |= (Q, T )

that does not contain any set in F. Let E be such a MinEX. Let E ′ be possibly an

extension of E such that exactly one element (T (xi) or F (xi)) from each F ∈ F is

in E ′ and Ast ⊂ E ′. Note that E ′ does not contain any F ∈ F and E ′ |= (Q, T ) as

E ⊆ E ′. Let vX be an assignement to X given by E ′, that is, vX(xi) = T if T (xi) ∈ E ′

and vX(xi) = F if F (xi) ∈ E ′. In particular, what it means that, for any assignment

vY to Y , we have that φ(vX(X), vY (Y )) does not hold, and therefore ∃X∀Y ¬φ(X, Y )

holds.

Finally, we show that MinEX-Irrel is as hard as OMQA. This follows by

the same argument as the reduction in the proof of Theorem 3.25 of OMQA to

MinEX-Irrel for existential rules. We observe that the reduction in the proof

of Theorem 3.25 only changes the data, and thus it works both for data and com-

bined complexities, while in this case, we require the hardness results in combined

complexity to complete the complexity picture in Table 3.3.
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Table 4.4: Complexity results for MinEX-Rel(⊆,Q,L).

Description Logic
IQ UCQ

data comb. data comb.

DL-Litecore , DL-LiteR ≤ P ≤ P ≤ P Σp
2

EL, ELH NP NP NP Σp
2

ELI, Horn-SHOIQ NP Exp NP Exp
ALC,ALCHQ Σp

2 Exp Σp
2 Exp

ALCI,SH,SHIQ Σp
2 Exp Σp

2 2Exp

Corollary 4.25. For any DL L and query language Q, MinEX-Irrel(⊆,Q,L) in

combined complexity is as hard as OMQA(Q,L) in combined complexity.

4.6 Relevant Facts for Explanations

The last problem that we investigate is related to the role of an individual assertion

in explaining OMQA. This problem, MinEX-Rel, asks whether there is a MinEX

containing a distinguished assertion.

As usual, we first provide the membership results and then proceed to give the

matching hardness results. First, for showing the membership results, we note that

the same algorithm as proposed in the proof of Theorem 3.26 applies here. There-

fore, we can solve MinEX-Rel by guessing a subset of the ABox that contains a

distinguished fact (in NP), and then checking if it is a MinEX using an oracle for

Is-MinEX. Thus we have the following corollary.

Corollary 4.26. If Is-MinEX(⊆,Q,L) is in C, then MinEX-Rel(⊆,Q,L) is in

NPC.

This result covers all membership results, presented in Table 4.4, apart from the

membership in P. For example, if Is-MinEX is in Dp, then MinEX-Rel can be

decided in NPDp

= Σp
2. Other results follow similarly.

We observe that we have that MinEX-Rel for FO-rewritable languages in poly-

nomial time in data complexity as a consequence of Corollary 4.17. We can first

compute the set of all MinEXs in polynomial time by Corollary 4.17 and then check

if any of these MinEXs contains a distinguished assertion, which yields the following

result.
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Corollary 4.27. Let L be a DL for which OMQA is FO-rewritable and let (Q, T ) be

an L-OMQ. Then computing a MinEX for A |= (Q, T ) that contains a distinguished

assertion ψ is feasible in polynomial time in data complexity.

Next, we provide the matching lower bounds. Our next result concerns the prob-

lem MinEX-Rel(⊆, IQ, EL), and we show that this is NP-hard in data complexity

using the same reduction as in the proof of Theorem 3.28 restated using the standard

DL terminology. We refer the reader to that proof for more details.

Corollary 4.28. MinEX-Rel(⊆, IQ, EL) is NP-hard in data complexity.

Proof. We provide a reduction from an NP-complete problem Path via node [111]

as in the proof of Theorem 3.28, stated in the standard DL terminology.

Let G be a graph and s, t,m ∈ V , which together form an instance of Path

via node. We construct an instance of MinEX-Rel as follows. We take A =

{r(v, u) | (u, v) ∈ E, u, v 6= m}∪{r(m1, u) | (u,m) ∈ E, u 6= m}∪{r(v,m2) | (m, v) ∈
e,m 6= v} ∪ {r(m2,m1)} ∪ {r(τ, t)} ∪ {P (s)}, T = {∃r.P v P} , Q = P (τ), and

ψ = r(m2,m1).

There is a MinEX E for A |= (Q, T ) containing ψ = r(m2,m1) iff there is a simple

path in G from s to t that crosses m.

Next, we show that MinEX-Rel is hard for a class in the second level of the

polynomial hierarchy already in data complexity. We show that MinEX-Rel(⊆
, IQ,ALC) is Σp

2-hard in data complexity. This implies all the Σp
2-hardness results in

data complexity in Table 4.4. The proof of the following theorem borrows ideas from

the proof of Theorem 4.24

Theorem 4.29. MinEX-Rel(⊆, IQ,ALC) is Σp
2-hard in data complexity.

Proof. We reduce a Σp
2-complete problem QBFCNF

2,∀,¬ to MinEX-Rel(⊆, IQ,ALC) in

data complexity. Let Φ = ∃X∀Y ¬φ(X, Y ) be an instance of QBFCNF
2,∀,¬, where φ is

3CNF, X = (x1, . . . , xn) and Y = (y1, . . . , y`).

Note that checking the validity of Φ = ∃X∀Y ¬φ(X, Y ) is tantamount to check-

ing whether there exists a truth assignment vX to X such that φ(vX(x), Y ) is not

satisfiable.

In this reduction, for φ, we take the ABox Aφ and the OMQ (Q, T ) as in the

proof of Theorem 4.19 with two variations. Instead of the set Ax = {T (xi), F (xi) |
xi is a variable in X}, we have Ax = {T (xi) | xi is a variable in X}, and we have an

extra TBox axiom (¬T v F ) in T ′. We take the distinguished fact ψ to be Tau(τ).
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Now we show that Φ is valid iff there is a MinEX for Aφ |= (Q, T ) that contains

a distinguished assertion Tau(τ).

(⇒) Suppose that Φ is valid. Let vX be an assignment to X such that φ(vX(X), Y )

is not satisfiable. Then EX = Ast∪{T (xi) | vX(xi) = T} |= (Q, T ), and so EX contains

as a subset a MinEX for Aφ |= (Q, T ) with a distinguished fact Tau(τ).

(⇐) Suppose that there is a MinEX E for Aφ |= (Q, T ) containing Tau(τ). Let

vX be an assignment to X constructed as follows, if T (xi) ∈ E , set vX(xi) = T ,

and, if T (xi) 6∈ E , set vX(xi) = F . For other xi ∈ X, assign any truth value. By

construction, we have that, for any assignment vY (Y ) to Y , φ(vX(X), vY (Y )) is false.

Thus the result holds.

Finally, we show the Σp
2-hardness results in combined complexity, where the com-

plexity is one level higher in the polynomial hierarchy, as compared to the complexity

of OMQA in the respective languages. We reduce the Σp
2-hard problem QBFCNF

2,∀,¬

to MinEX-Rel(⊆,UCQ,L) in combined complexity, where L may be any DL, as

we take the TBox to be empty in the reduction. We note that the following gener-

alises Theorem 3.29 as it only uses predicates of arity at most two.

Theorem 4.30. MinEX-Rel(⊆,UCQ,L∅) is Σp
2-hard in combined complexity.

Proof. We provide a reduction from the Σp
2-complete problem QBFCNF

2,∀,¬. Let Φ =

∃X∀Y ¬φ(X, Y ) be an instance of QBFCNF
2,∀,¬, where φ is a conjunction of clauses

c1, . . . , ck. We assume that a clause ci is `i1 ∨ `i2 ∨ `i3, where `ij is a literal with a

variable from X or Y .

We construct the ABox as follows. For each variable x ∈ X, we add to the ABox

the facts Valx(t) and Valx(f):

Aval = {Valx(t),Valx(f) | x ∈ X is a variable in φ} ,

where a constant t stands for true, and f for false. Also, we add structural facts:

Ast = {c(t, f), c(f, t), c(f, b), c(b, f), c(t, b), c(b, t)} .

Further, we add c(b, b) to obtain the ABox:

A = Aval ∪ Ast ∪ {c(b, b)},

where we fix {c(b, b)} as the distinguished fact. We take the TBox to be empty, that

is, T = ∅.
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Figure 4.2: Graph of the construction of clause i(v`i1 , v`i2 , v`i3).

The query is rather complicated; therefore, we describe it in parts. The variables,

appearing in the query, are VX = {vx, v¬x | x ∈ X} , VY = {vy, v¬y | y ∈ Y }, and

VC = {vci1 , v
ci
2 , v

ci
3 , v

ci
4 | ci is a clause in φ} .

The first part of the query ensures that at least one of the facts Valx(t) and

Valx(f) is present:

Val =
∧
x∈X

Valx(vx).

The second part of the query ensures that all the assertions in Ast are present, that

is,

Config =
∧
θ∈Ast

θ.

We next have to encode φ. If c(b, b) is not in an explanation, the following struc-

tural encoding clause i simulates the ternary clause ci of φ, with only binary relations.

In particular, for each clause ci = `i1∨ `i2∨ `i3 of φ with literals `i1, `
i
2, and `i3, we define

clause i(v`i1 , v`i2 , v`i3) to be

clause i(v`i1 , v`i2 , v`i3) = c(v`i1 , v
ci
1 ) ∧ c(t, vci1 ) ∧ c(t, vci2 ) ∧ c(v`i2 , v

ci
2 ) ∧ c(f, vci3 )∧

c(v`i3 , v
ci
4 ) ∧ c(vci1 , v

ci
4 ) ∧ c(vci2 , v

ci
3 ) ∧ c(vci3 , v

ci
4 ).

This construction ensures that assigning f to all variables in clause i is not allowed.

That is, ∃vci1 , v
ci
2 , v

ci
3 , v

ci
4 clause i(f, f, f) does not hold in Aval ∪ Ast (if c(b, b) is not

present in an explanation). Note that, on the other hand, if c(b, b) is present in an

explanation, then any assignment to the variables v`i1 , v`i2 , v`i3 satisfies clause i.

The third and fourth parts of the query capture the structure of the formula φ

and, if c(b, b) is not present in an explanation, that the variables corresponding to
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literals in the query are consistent and can take only values t or f . More specifically,

the third component captures every clause of the formula:

Satisfied =
k∧
i=1

clause i(v`i1 , v`i2 , v`i3).

Furthermore, whenever c(b, b) is not in an explanation, the fourth component ensures

that the variables in VX ∪ VY corresponding to the opposite literals in φ take the

opposite values (t and f) and cannot be assigned b:

Consistent =
∧

z∈X∪Y

(c(vz, v¬z) ∧ c(vz, b) ∧ c(v¬z, b)) .

Finally, we note that if c(b, b) is present in a MinEX, then any clausei is trivially

satisfied by any assignment (even if we were to map them all to f).

The query is

Q = ∃VX , VY , VC Val ∧ Config ∧ Satisfied ∧ Consistent .

We now prove that ∃X∀Y ¬φ(X, Y ) holds iff there is a MinEX for A |= (Q, T )

containing c(b, b).

(⇒) Suppose that ∃X∀Y ¬φ(X, Y ) holds. This implies that there is an assignment

σX toX such that ∃Y φ(σX(X), Y ) does not hold. Based on this assignment, we define

the set E = {Valx(f) | σX(x) = 0} ∪{Valx(t) | σX(x) = 1} ∪Ast ∪{c(b, b)} and show

that it is a MinEX for A |= (Q, T ). Observe first that E |= (Q, T ), as assigning b to

all the variables in VY ∪ VC satisfies all parts of the query. It remains to show that E
is minimal for A |= (Q, T ). Note that {Valx(f) | σX(x) = 0} ∪ {Valx(t) | σX(x) = 1}
has to be in E for the Val part of the query to be satisfied, and Ast has to be in E for

the Config part of the query to be satisfied. The only fact that may be removed is

c(b, b). Thus, E is minimal if E \ {c(b, b)} 6|= (Q, T ). Assume, by contradiction, that

E \ {c(b, b)} |= (Q, T ). Then, there is an assignment ρ to VX ∪ VY ∪ VC that satisfies

the query. Then, ρ(vx) = f (resp., t) whenever σX(x) = 0 (resp., 1). As c(b, b) is not

in a MinEX, for each z ∈ X ∪ Y , one of ρ(vz) and ρ(v¬z) is t, and the other one is

f . Also, in this case, clause i simulates ci for each i. This implies that ρ satisfies the

clauses of the formula. Define σY to be an assignment to Y such that σY (y) = 0 if

ρ(vy) = f , and σY (y) = 1 if ρ(vy) = t. We have that φ(σX(X), σY (Y )) holds, which

is a contradiction to the fact that ∃X∀Y ¬φ(X, Y ) holds.

(⇐) Suppose that there is a MinEX E for A |= (Q, T ) containing the distinguished

fact c(b, b). As E |= Config , we have that Ast ⊆ E . Also, since E |= ∃VX Val , one of

87



V alx(t) and V alx(f) is in E for each x ∈ X. Observe that if both V alx(t) and

V alx(f) were present in E , then E would not be minimal. This is so, as c(b, b) is

in E , and thus any assignment to VX ∪ VY ∪ VC entails the Satisfied and Consistent

parts of the query. Let σX be an assignment to X given by the Valx facts in E .

We want to show that there is no assignment σY to Y such that φ(σX(X), σY (Y ))

holds. Assume, by contradiction, that there is such an assignment σY to Y . Then,

by construction, E \ {c(b, b)} would entail the OMQ (Q, T ). But, we know that E is

minimal, and so there is no assignment σY to Y such that φ(σX(X), σY (Y )) holds.

Thus, ∃X∀Y ¬φ(X, Y ) holds.

The remaining hardness results follow from the fact that OMQA(Q,L) in com-

bined complexity can be reduced to MinEX-Rel(⊆,Q,L) in combined complexity

for DLs L containing EL.

Theorem 4.31. For any DL L that can express EL and any query language Q ∈
{IQ,UCQ}, the problem MinEX-Rel(⊆,Q,L) in combined complexity is as hard

as OMQA(Q,L) in combined complexity.

Proof. We show a reduction from OMQA(Q,L) to MinEX-Rel(⊆,Q,L). We have

two query to consider, namely, IQ and UCQ, which we consider in turn. Suppose

we have an ABox A and an L-OMQ (Q, T ) with an instance query Q = C(a).

Then we take two new concept symbols D and F , and take a new TBox to be

T ′ = T ∩ {C u D v F}. Then note that A |= (Q, T ) iff D(a) is relevant for

A ∪ {D(a)} |= (F (a), T ).

Now suppose that Q is a UCQ. Then we take the ABox to be A′ = A ∪
{C(a), D(a)}, where C,D are fresh concept symbols and a is a fresh individual.

We take the query to be Q′ = (Q ∧ C(a)) ∨ D(a). We take a distinguished fact

to be ψ = C(a). Note that A′ |= (Q′, T ) and thus we have constructed an in-

stance of MinEX-Rel. Now it is easy to see that A |= (Q, T ) iff ψ is relevant for

A′ |= (Q′, T ).

4.7 Overview of Complexity Results

In this chapter, we have studied the complexity of computational problems, associated

with explaining ontology-mediated query answers in the context of DLs. This chapter

extends the work of Chapter 4 by considering DLs, instead of existential rules, and

thus contributes to providing a more complete picture of explanations for OMQA.
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We have studied the problems, introduced in Chapter 4, namely, Is-MinEX, All-

MinEX, MinEX-Rel, and MinEX-Irrel. For each of these explanation problems,

we have conducted a detailed complexity analysis. We allowed queries in the form of

instance queries, or unions of conjunctive queries, which were coupled with ontologies

formed in a DL that ranges from the light-weight DL-Litecore and EL to expressive

fragments such as SHIQ.

First of all, we observe that, for DL-Litecore and DL-LiteR, all the computational

problems studied are tractable in data complexity. This is primarily because for these

DLs, by Corollary 4.17, we can construct the set of all MinEXs in polynomial time

in data complexity, and thus checking all the properties, associated with MinEXs,

remains in polynomial time.

For other DLs than DL-Litecore and DL-LiteR, we have a considerably different pic-

ture in data complexity, compared to the one for existential rules, presented in Chap-

ter 3. We have shown that Is-MinEX remains tractable in data complexity for the

DLs between EL and Horn-SHOIQ. We have managed to show that Is-MinEX(⊆
, IQ, ELI) is P-hard in data complexity by a reduction from OMQA(IQ, ELI). Note

that, for such a reduction, we had to show that, given an ABoxA and an OMQ (Q, T ),

which form an instance of OMQA, we can construct an ABox A′, a subset E ⊆ A′,
and an OMQ (Q′, T ′) such that A |= (Q, T ) iff E is a MinEX for A′ |= (Q′, T ′).
Therefore, the complexity of OMQA does not automatically transfer to Is-MinEX.

For ELI, we have managed to ensure the minimality of E using inverse roles. For

EL and ELH, we lack such a feature and have not managed to reduce OMQA to

Is-MinEX in data complexity. Therefore, it is open whether Is-MinEX(⊆, IQ, EL)

and Is-MinEX(⊆, IQ, ELH) are also P-hard in data complexity, and whether Theo-

rem 4.10 can be strengthened in this direction.

Recall that, for existential rules in Chapter 3 the complexity of Is-MinEX in

data complexity did not increase, compared to the complexity of OMQA, and re-

mained tractable. For the DL ALC, we have seen that Is-MinEX(⊆, IQ,ALC) is

Dp-complete in data complexity, while OMQA(IQ,ALC) is coNP-complete in data

complexity. So the complexity of Is-MinEX increases compared to OMQA already

in data complexity in this case. This is because, to check whether E is a MinEX

for A |= (Q, T ), we need to check whether E |= (Q, T ), which can be done in

coNP, and whether E is subset-minimal with such a property, which can be done

in NP. For all the other problems, we have observed that for ALC already in data

complexity they are complete for a class in the second level of the polynomial hi-

erarchy, which is in stark contrast with the complexity results in data complex-
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ity for existential rules. In particular, All-MinEX(⊆, IQ,ALC) is Πp
2-complete,

and MinEX-Irrel(⊆, IQ,ALC) together with MinEX-Rel(⊆, IQ,ALC) are Σp
2-

complete in data complexity. This is primarily because OMQA(IQ,ALC) is coNP-

complete in data complexity. Note that for existential rules OMQA was always

tractable in data complexity.

Our combined complexity analysis is less surprising in that the complexity is

typically dominated by the complexity of OMQA. In particular, whenever OMQA

is Exp-complete, we have that all the studied problems are also Exp-complete. On

the other hand, for DL-Litecore , DL-LiteR, EL and ELH, when the query language

is UCQ, we have that OMQA is NP-complete in combined complexity. Therefore,

we have MinEX-Rel is Σp
2-complete in this case since once we guess a subset of

the database that contains a distinguished assertion (in NP), we need to check its

minimality (in coNP). Similarly, we have that All-MinEX is Dp-compete in this

case. On the other hand, MinEX-Irrel remains NP-complete as we do not need to

check minimality to ensure that there is a MinEX that does not contain any of the

forbidden sets.

We have observed significantly different landscape of complexity results in this

chapter, compared to Chapter 3. This is primarily because there is a number of

differences in the complexity of OMQA. Despite that, we have managed to transfer

a number of membership results from Chapter 3. On the other hand, the hardness

results in this chapter are mostly novel since the constructors used in the DLs studied

are different compared to existential rules. Also, DLs also have only unary and binary

predicates, while existential rules can have predicated of any arity.
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Chapter 5

Explanations for Negative Query
Answers under Existential Rules

In this chapter, we continue our line of research and address another important prob-

lem of explaining why a query is not entailed, also known as a negative query answer.

To answer this question, we adopt the approach developed by Calvanese et al. [43]

to explain negative query answers in DL-Lite description logics. In particular, we

take an explanation to be a set of facts, whose addition to the database forces the

entailment of an OMQ. This is a natural choice in our case as a non-entailment can

be attributed to missing facts. We continue this line of research, started by Cal-

vanese et al., and address the computational problems, associated with explaining

negative OMQ answers under existential rules. We consider various problems related

to explaining non-entailments from the abduction literature and also introduce new

problems. For all considered problems, we give a detailed complexity analysis for a

wide range of existential rule languages and complexity measures.

There have been also works on explaining negative query answers under inconsistency-

tolerant semantics [24]. Though, in that case, the objective is different, given that a

query answer holds under the least restrictive inconsistency-tolerant semantics, known

as brave, the goal is to explain why this answer does not hold under more restrictive

semantics, such as AR and IAR. Therefore, our approach is different in nature as we

deal with classical semantics.

This chapter is based on the paper published in the proceedings of the 17th In-

ternational Conference on Principles of Knowledge Representation and Reasoning

(KR-20) [49].
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Figure 5.1: Mechanical system and its network of issues

5.1 Explanations for Negative Query Answers

In this section, we formally define explanations for negative ontology-mediated query

answers. Given that a database does not entail an OMQ, we take an explanation to

be a subset of a specified set of hypotheses, which, together with the database, entails

the OMQ and is consistent with the ontology.

In this case, unlike in Chapter 3, we allow the program to contain both TGDs

and negative constraints. This is meaningful as negative constraints allow to express

the conditions to be met by the added facts from the set of hypothesis.

Definition 5.1. Let D be a database, let (Q,Σ) be an OMQ, with D 6|= (Q,Σ), and

let H be a finite set of facts. An explanation for D 6|= (Q,Σ) w.r.t. H is a subset

E ⊆ H such that (D ∪ E,Σ) is consistent and D ∪ E |= (Q,Σ).

A minimal explanation (or MinEX ) for D 6|= (Q,Σ) w.r.t. H is an explanation E

for D 6|= (Q,Σ) w.r.t. H that is subset-minimal, i.e., no set E ′ ( E is an explanation

for D 6|= (Q,Σ) w.r.t. H.

If H is clear from the context, we say that E is a MinEX for D 6|= (Q,Σ), and, if

D, H and (Q,Σ) are clear from the context, we simply say that E is a MinEX. Notice

that, since D 6|= (Q,Σ), the knowledge base (D,Σ) must be consistent. If (D,Σ) were

inconsistent, then, for any Q, we would have that D |= (Q,Σ). Also, as introduced

in Chapter 2, given a program Σ, we write ΣNC for the set of negative constraints in

Σ, and ΣT for the set of TGDs in Σ.
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We illustrate how minimal explanations for negative answers can be applied with

an example. Suppose we have a mechanical system where a number of issues may

occur. We would like to understand, when such issues occur, which parts of the

system may be causing them. This problem is known as fault diagnosis, which can

be modelled via explanations of negative query answers as follows.

Example 5.2. We encode the following mechanical system and the possible issues,

illustrated in Figure 5.1. The system consists of four parts p1, p2, p3, and p4,

where faults in these parts may cause some of the issues, namely, overheat , leakage,

high press , non start , burnt smell , flow block , and pipes rattle, as illustrated in Fig-

ure 5.1. For example, if p1 is faulty, then the issues overheat and leakage occur; if

p3 is faulty, then the issues leakage and burnt smell occur; or if p1 and p2 are faulty,

then pipes rattle occurs. We encode this system as follows. First of all, the set of

hypotheses captures the parts of the system, which might fail:

H = {fault(p1), fault(p2), fault(p3), fault(p4)}.

We capture the functionality of the system and how the issues may be caused via

facts in the database D and ontological axioms in the program Σ. Below the binary

predicate fault issue(X, Y ) describes that when the part X is faulty, we may observe

the issue Y . Thus, the database is

D = {fault issue(p1, overheat), fault issue(p1, leakage),

fault issue(p2, high press), fault issue(p2, non start),

fault issue(p3, leakage), fault issue(p3, burnt smell),

fault issue(p4,flow block)}.

The program Σ consists of three rules. The first rule in Σ (an NC) says that the parts

p1 and p4 cannot be faulty at the same time. The second one encodes that if p1 is

faulty, then so is p3. The third one says that when p1 and p2 are both faulty, then we

observe rattling pipes. The last one encodes that if X is a part causing the issue Y ,

and X is faulty, then we observe the issue Y . Thus the program is

Σ = {fault(p1) ∧ fault(p4)→ ⊥, fault(p1)→ fault(p3),

fault(p1) ∧ fault(p2)→ issue(pipes rattle),

fault issue(X, Y ) ∧ fault(X)→ issue(Y )} .

93



Finally, in the query, we capture the observed failures. In the following query, we

capture that the issues of leakage and non start have been observed:

Q = issue(leakage) ∧ issue(non start).

Note that certainly D 6|= (Q,Σ), and the minimal explanations in this case are

E1 = {fault(p1), fault(p2)} and E2 = {fault(p2), fault(p3)}.

5.2 Explanation Problems for Negative Query An-

swers

In this section, we introduce the computational problems, studied in this chapter.

The first and most fundamental computational problem is deciding whether a set of

facts is a minimal explanation for a negative query answer. This problem is a decision

version of the problem of constructing a minimal negative explanation.

Problem: Is-MinEX6|=(⊆,Q,L).

Input: A database D, an L-OMQ (Q,Σ), where Q is a query from the class Q and

D 6|= (Q,Σ), a finite set of facts H, and E ⊆ H.

Question: Is E a MinEX for D 6|= (Q,Σ) w.r.t. H?

Example 5.3. Consider again the database D, the program Σ, and the set H of

hypotheses as in Example 5.2. Take the query to be

Q = issue(leakage) ∧ issue(burnt smell).

Then the sets E1 = {fault(p1)} and E2 = {fault(p3)} are MinEXs for D 6|= (Q,Σ)

w.r.t. H, while E ′ = {fault(p1), fault(p3)} is an explanation, but not a minimal one.

Another computational problem is deciding whether there exists a minimal ex-

planation at all for a negative OMQ answer. Observe that, in Chapter 3, where we

studied explanations for positive query answers, we were guaranteed the existence of

a MinEX. This was because the knowledge base (D,Σ) was always consistent and

D |= (Q,Σ). On the other hand, in this case, we might have negative constraints in

the program, and thus adding new facts to the database might introduce inconsis-

tency. This means that the existence of an explanation for a negative query answer
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is not guaranteed, as we illustrate below. For these reasons, we consider the problem,

MinEX-Exists6|=, of deciding if any negative explanation exists.

Problem: MinEX-Exists6|=(⊆,Q,L).

Input: A database D, an L-OMQ (Q,Σ), where Q is a query from the class Q and

D 6|= (Q,Σ), and a finite set of facts H.

Question: Is there a MinEX for D 6|= (Q,Σ) w.r.t. H?

Example 5.4. Consider again the database D, the program Σ, and the set H of

hypotheses as in Example 5.2. If we take the query to be

Q = issue(flow block) ∧ issue(burnt smell),

then there is a MinEX forD 6|= (Q,Σ) w.r.t. H. For example, E = {fault(p3), fault(p4)}
is such a MinEX. On the other hand, if the query is

Q = issue(flow block) ∧ issue(overheat),

there is no MinEX for D 6|= (Q,Σ) w.r.t. H. To see this, note that the only fact that

implies issue(overheat) is fault(p1) and the only fact that causes issue(flow block)

is fault(p4) but the NC fault(p1) ∧ fault(p4) → ⊥ encodes that they cannot happen

together.

The next two computational problems are recognising relevant facts and recog-

nising necessary facts. Recall that a fact ψ is relevant for D 6|= (Q,Σ) w.r.t. H iff ψ

appears in some MinEX for D 6|= (Q,Σ) w.r.t. H. We say that a fact ψ is necessary

for D 6|= (Q,Σ) w.r.t. H iff ψ appears in every MinEX for D 6|= (Q,Σ) w.r.t. H.

Problem: MinEX-Rel6|=(⊆,Q,L).

Input: A database D, an L-OMQ (Q,Σ), where Q is a query from the class Q and

D 6|= (Q,Σ), a finite set of facts H, and a fact ψ.

Question: Is ψ relevant for D 6|= (Q,Σ) w.r.t. H?

Problem: MinEX-Nec6|=(⊆,Q,L).

Input: A database D, an L-OMQ (Q,Σ), where Q is a query from the class Q and

D 6|= (Q,Σ), a finite set of facts H, and a fact ψ.

Question: Is ψ necessary for D 6|= (Q,Σ) w.r.t. H?

Example 5.5. Consider again the database D, the program Σ, and the set H of

hypotheses as in Example 5.2. If the query is

Q = issue(non start) ∧ issue(leakage),
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the sets E1 = {fault(p1), fault(p2)} and E2 = {fault(p2), fault(p3)} are all the minimal

explanations for D 6|= (Q,Σ). Hence, in this case, the facts fault(p1), fault(p2), and

fault(p3) are relevant, while the only necessary fact is fault(p3).

The computational problems introduced so far are those commonly addressed in

the context of abductive reasoning and explaining negative query answers [71, 135, 48].

In addition, we introduce two novel important problems. The first one asks whether

a set H ′ of facts contains exactly all the relevant facts, i.e., H ′ is the union of all

MinEXs. The problem is particularly interesting, as H ′ can be seen as a minimal

over-approximation of all MinEXs, i.e., for every MinEX E, it holds that E ⊆ H ′,

and H ′ is the smallest set enjoying this property.

Problem: MinEX-AllRel6|=(⊆,Q,L).

Input: A database D, an L-OMQ (Q,Σ), where Q is a query from the class Q and

D 6|= (Q,Σ), a finite set of facts H, and a set H ′ ⊆ H.

Question: Does H ′ contain exactly all the relevant facts for D 6|= (Q,Σ) w.r.t. H?

The second novel computational problem that we consider asks whether a set H ′

contains exactly all the necessary facts, i.e., H ′ is the intersection of all MinEXs.

Interestingly, H ′ can be seen as a maximal under-approximation of all MinEXs, i.e.,

for every MinEX E, it holds that H ′ ⊆ E, and H ′ is the biggest set enjoying this

property.

Problem: MinEX-AllNec6|=(⊆,Q,L).

Input: A database D, an L-OMQ (Q,Σ), where Q is a query from the class Q and

D 6|= (Q,Σ), a finite set of facts H, and a set H ′ ⊆ H.

Question: Does H ′ contain exactly all the necessary facts for D 6|= (Q,Σ) w.r.t. H?

We can illustrate the problems on our running example as follows.

Example 5.6. For the setting in Example 5.5, with the query

Q = issue(non start) ∧ issue(leakage),

the sets of all relevant and necessary facts are {fault(p1), fault(p2), fault(p3)} and

{fault(p3)}, respectively.

5.3 Recognising and Existence of Minimal Expla-

nations

We now analyse the complexity of the problem of recognising a MinEX, Is-MinEX6|=,

and the complexity of the problem of deciding whether a MinEX for a negative query
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Table 5.1: Complexity results for Is-MinEX6|=(⊆,Q,L) with Q ∈ {BCQ,UCQ}.

L Data fp-comb. ba-comb. Comb.

L⊥, LF⊥, AF⊥ ≤ P Dp Dp PSpace
S⊥, SF⊥ ≤ P Dp Dp Exp
A⊥ ≤ P Dp DExp DExp

G⊥ P Dp Exp 2Exp
F⊥, GF⊥ P Dp Dp Exp
WS⊥, WA⊥ P Dp 2Exp 2Exp

answer exists, MinEX-Exists6|=. We start with the problem Is-MinEX6|=, which,

given a database D, an OMQ (Q,Σ) (with D 6|= (Q,Σ)), a finite set of facts H, and

a subset E ⊆ H, asks whether E is a MinEX for D 6|= (Q,Σ) w.r.t. H. The following

theorem proves all the upper bounds in Table 5.1, apart from Dp and DExp ones,

which follow from the proof of the following result.

Theorem 5.7. For any language L of existential rules, if OMQA(UCQ,L) is in

the complexity class C, then Is-MinEX6|=(⊆,UCQ,L) can be decided by a check in C
and a linear number of checks in co-C.

Proof. Let D, (Q,Σ), H and E ⊆ H be an instance of Is-MinEX6|=. To decide

whether E is a MinEX for D 6|= (Q,Σ) w.r.t. H, we need to check whether (i)

(D ∪ E,Σ) is consistent, (ii) D ∪ E |= (Q,Σ), and (iii) for every ψ ∈ E, whether

D ∪ E \ {ψ} 6|= (Q,Σ). Notice that (D ∪ E \ {ψ},Σ) is guaranteed to be consistent

if (D ∪ E,Σ) is consistent, which is checked by the condition (i) above.

First of all, the condition (i) can be ensured by checking whether for every ν ∈
ΣNC , D ∪ E 6|= (Qν ,ΣT ), where Qν is the body of the NC ν. This takes a linear

number of non-entailment checks, each in co-C. The condition (ii) can be checked in

C as it is simply OMQA. Finally, the condition (iii) can be checked with a linear

number (in the size of the database) of non-entailment checks, each in co-C. Therefore

the results follow; Is-MinEX6|= can be decided with a C check and a linear number

of co-C checks.

We indicate how the above theorem implies the membership results in Table 5.1.

If OMQA is in C ∈ {P,PSpace,Exp, 2Exp}, since C is a deterministic class, it is

closed under complementation, and thus co-C = C. Therefore Is-MinEX6|= is solvable

with a linear number (in the size of the data) of C checks, which can be combined as

a single C test, hence the overall procedure is in C.
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Table 5.2: Complexity results for MinEX-Exists6|=(⊆,Q,L) with Q ∈
{BCQ,UCQ}.

L Data fp-comb. ba-comb. Comb.

L⊥, LF⊥, AF⊥ ≤ P NP Σp
2 PSpace

S⊥, SF⊥ ≤ P NP Σp
2 Exp

A⊥ ≤ P NP PNExp PNExp

G⊥ NP NP Exp 2Exp
F⊥, GF⊥ NP NP Σp

2 Exp
WS⊥, WA⊥ NP NP 2Exp 2Exp

The Dp and DExp membership results in Table 5.1 follow from the proof of The-

orem 3.8. The following argument is similar to the one in Corollary 3.9.

Corollary 5.8. Let L be a class of TGDs.

• If OMQA(UCQ,L) is in NP, then Is-MinEX 6|=(⊆,UCQ,L) is in Dp
;

• If OMQA(UCQ,L) is in NExp, then Is-MinEX6|=(⊆,UCQ,L) is in DExp.

Proof. In the proof of Theorem 5.7, observe that, when C ∈ {NP,NExp}, all co-C
are all independent, and thus they can be combined as a single co-C test by combining

linearly many certificates. This implies that minimality can be checked in co-C. Thus

we obtain that Is-MinEX6|= is in C ∧ co-C and the result follows.

We now focus on the hardness results for Is-MinEX6|=. In Chapter 3, we studied

the problem of deciding whether a set E is a minimal explanation for D |= (Q,Σ),

called Is-MinEX. All the lower bounds in Table 5.1 are obtained from the following

result that establishes a connection between Is-MinEX6|= and Is-MinEX.

Theorem 5.9. For any language L of existential rules, Is-MinEX(⊆,BCQ,L) is

reducible in polynomial time to Is-MinEX6|=(⊆,BCQ,L).

Proof. Let D be a database, (Q,Σ) be an OMQ, where Σ is a set of TGDs, and

E ⊆ D, which forms an instance of Is-MinEX(⊆,BCQ,L). Note that Σ does not

contain NCs here. It can be easily verified that E is a minimal explanation for

D |= (Q,Σ) iff E is a minimal explanation for {∅} 6|= (Q,Σ) w.r.t. H = D.
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We now focus on the problem MinEX-Exists6|= of deciding the existence of a

MinEX for a given negative query answer. We start by providing the membership

results with UCQ as the query language. The following theorem proves all the upper

bounds in Table 5.2, apart from the P and NP ones, for which we need tighter results

stated next. Intuitively, to decide whether there exists a minimal explanation for a

negative query answer, it suffices to check whether there is any explanation, i.e., there

is no need to check the minimality. This is so because all the query that we study

are monotonic.

Theorem 5.10. For any language L of existential rules, if OMQA(UCQ,L) is in

the complexity class C, then MinEX-Exists6|=(⊆,UCQ,L) can be decided in NPC.

Proof. Let D, (Q,Σ) and H be an instance of MinEX-Exists6|=. To decide whether

there exists a MinEX E for D 6|= (Q,Σ) w.r.t. H, we need to guess a subset E of H

and check whether (i) (D ∪ E,Σ) is consistent, and (ii) D ∪ E |= (Q,Σ). We can

guess E in NP, and then, as in the proof of Theorem 5.7, check the condition (i) with

a linear number of non-entailment checks, each in co-C, and check the condition (ii)

with a single C check. This implies that MinEX-Exists6|=, in this case, is in NPC as

the NP machine can flip the answer of an oracle.

Note that Theorem 5.10 implies all the membership results in Table 5.2, apart

from the membership in P in data complexity for FO-rewritable languages and the

membership in NP in fp-combined complexity. We illustrate how the membership re-

sults follow from the above result. If OMQA is in P, we have that MinEX-Exists6|=

is in NPP = NP. In ba-combined complexity, when OMQA is in NP, we have

that MinEX-Exists6|= is in NPNP = Σp
2. When OMQA is in NExp, we have

that MinEX-Exists6|= is in NPNExp. Note that NPNExp = PNExp [89], and thus

MinEX-Exists6|= is in PNExp in this case. Finally, in ba-combined and combined com-

plexity, if OMQA is in C ∈ {PSpace,Exp, 2Exp}, we have that MinEX-Exists6|=

is in NPC = C.
The following theorem provides the NP upper bounds in fp-combined complex-

ity in Table 5.2. The result is obtained from the proof of Theorem 5.7 with the

additional observation that in fp-combined setting, for the Datalog± languages con-

sidered, checking whether a set of facts is consistent is feasible in P, because the

negative constraints are fixed.

Theorem 5.11. For all languages L of existential rules considered in this work,

MinEX-Exists6|=(⊆,UCQ,L) is in NP in fp-combined complexity.
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Proof. In fp-combined complexity, since ΣNC is fixed, the condition (i) in the proof

of Theorem 5.10 can indeed be checked in polynomial time. To see this, observe that

since the program is fixed, for each ν ∈ ΣNC , we need to check whether D 6|= (Qν ,Σ),

where the OMQ (Qν ,Σ) is fixed. Thus it is equivalent to checking non-entailment in

data complexity, which is in P (cf. Table 2.2). Checking the condition (ii) in the proof

of Theorem 5.10 is in NP. As we can guess E along with the certificate witnessing

that D ∪ E |= (Q,Σ), the overall procedure is in NP.

We conclude the discussion of the membership results for MinEX-Exists6|= by

showing that the problem is in P in data complexity for all the FO-rewritable lan-

guages considered, namely, L⊥, S⊥, and A⊥ as well as their full restrictions. We show

this by slightly modifying the proof of Theorem 3.18.

Theorem 5.12. For any FO-rewritable language L of existential rules, the problem

MinEX-Exists6|=(⊆,UCQ,L) is in P in data complexity.

Proof. Consider an instance of MinEX-Exists6|=(⊆,UCQ,L) consisting of a database

D, an L-OMQ (Q,Σ), and a finite set of facts H. Let ΣT be the set of TGDs in Σ. As

L is a FO-rewritable language, there exists a UCQ QΣT such that for every database

D′, we have that D′ |= (Q,ΣT ) iff D′ |= QΣT . Note that QΣT depends only on Q and

ΣT , which are fixed in data complexity, so QΣT can be constructed in constant time.

As QΣT is a UCQ, suppose that

QΣT = Q1
ΣT
∨ · · · ∨Qm

ΣT

where Qi
ΣT

= ∃YiΦi(Yi). Let DiQΣT
= {Φi(t) | t ∈ adom(D ∪ H)|Y

i|}, where

adom(D ∪H) is the set of all constants appearing in D ∪H and Φi(t) is viewed as a

set of facts. Thus, DiQΣT
is a set of sets of facts and can be computed in polynomial

time, as adom(D ∪ H) has polynomial size and |Yi| is a constant. Furthermore,

DQΣT
= ∪mi=1DiQΣT

can be computed in polynomial time as m is a constant. We

can now decide whether there exists a MinEX for D 6|= (Q,Σ) w.r.t. H by checking

whether there exists an element X in DQΣT
s.t. X ⊆ D ∪ H and (D ∪ X,Σ) is

consistent. This can be done in further polynomial time as consistency can be checked

in polynomial time in data complexity.

We proceed with hardness results. As for the hardness results for MinEX-Exists6|=,

the following theorem gives the NP lower bounds in data complexity in Table 5.2 for

the non-FO-rewritable languages, namely, GF⊥ and its generalizations. Its proof is
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a reduction from the satisfiability of 3CNF Boolean formulas φ(X). Intuitively, in a

fixed program, there are rules encoding the satisfiability of φ(X). The set H contains

facts associated with truth assignments for the variables X. A candidate explanation

E encodes a truth assignment σE for the variables X, and E is actually an explanation

iff σE satisfies φ(X).

We note that this reduction is very close in nature to the reduction in the proof

of Theorem 3.19, where we show that All-MinEX(⊆,BCQ,GF) is coNP-hard in

data complexity.

Theorem 5.13. MinEX-Exists6|= (⊆,BCQ,GF⊥) is NP-hard in data complexity.

Proof. We provide a reduction from the NP-complete problem Sat. We take ϕ =

c1∧ · · · ∧ cm to be a 3CNF formula over variables X = {x1, . . . , xn}. We construct an

instance of MinEX-Exists6|=(⊆,BCQ,GF⊥), consisting of a database Dϕ, an OMQ

(Q,Σ), and a finite set of facts Hϕ. As we are in data complexity, only Dϕ and Hϕ

depend on ϕ.

We construct the database Dϕ as follows. For each clause cj (1 ≤ j ≤ m), we

add a fact succ cl(j − 1, j) and a fact encoding cj with the predicate symbol cl . For

example, for a clause (xp ∨ xq ∨ ¬xr), there is the fact cl(j, xp, p, xq, p, xr, n) in Dϕ,

where p and n are constants representing whether a variable appears in a positive or

negative literal, respectively. In addition, Dϕ contains the two facts satchain(0) and

maxcl(m).

We construct the program Σ. It contains a single NC, which ensure that no

variable is assigned both 0 and 1 by a val fact, which is

val(X, 1), val(X, 0)→ ⊥.

Furthermore, the program contains a number of TGDs. A number of TGDs capture

the satisfiability of a clause, which are

cl(J,X, p, , , , ), val(X, 1)→ satcl(J),

cl(J,X, n, , , , ), val(X, 0)→ satcl(J),

cl(J, , , Y, p, , ), val(Y, 1)→ satcl(J),

cl(J, , , Y, n, , ), val(Y, 0)→ satcl(J),

cl(J, , , , , Z, p), val(Z, 1)→ satcl(J),

cl(J, , , , , Z, n), val(Z, 0)→ satcl(J).
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The following two TGDs ensure that the nulary fact is entailed only if all the clauses

of φ (and thus φ) are satisfied. These TGDs are

satchain(I), succ cl(I, J), satcl(J)→ satchain(J),

maxcl(M), satchain(M)→ sat().

We take the query to be Q = sat(). Finally, Hϕ is defined as follows. For each

variable xi ∈ X, there are facts val(xi, 1) and val(xi, 0) in Hϕ, where xi, 1, and 0 are

constants, with 1 and 0 representing the Boolean values true and false, respectively.

Observe that Σ and Q do not depend on ϕ. Also, notice that Σ is guarded and full.

We now show that ϕ is satisfiable iff there exists a (minimal) explanation for

(Dϕ,Σ) 6|= q w.r.t. Hϕ. We note that the correctness proof is

(⇒) Suppose that ϕ is satisfiable. Then there is a truth assignment v : X → {T, F}
that satisfies ϕ. It is easy then to verify that E = {val(xi, t) | φ(xi) = T}∪{val(xi, f) |
φ(xi) = F} is an explanation, and thus a minimal one exists.

(⇐) Suppose that ϕ is not satisfiable. Then there is no truth assignment satisfying

ϕ, by construction, there is no way to entail sat(), and thus there is no explanation.

The following theorem proves the Σp
2-hardness results of MinEX-Exists6|= in ba-

combined complexity in Table 5.2.

Theorem 5.14. MinEX-Exists6|=(⊆,UCQ,L) is Σp
2-hard in ba-combined complex-

ity for all languages L of considered here.

Proof. We provide a reduction from a Σp
2-complete problem QBFDNF

2,∀ of deciding

validity of a quantified Boolean formula ∃X∀Y ϕ(X, Y ), where ϕ(X, Y ) is a 3DNF

formula. Let n be the number of variables in X and m the number of implicants of

ϕ(X, Y ).

We build an instance of MinEX-Exists6|= consisting of a database D, an OMQ

(Q,Σ), and a finite set of facts H as follows. We start by defining H. For each

variable xi ∈ X, H contains the following two facts:

val(xi, 0), val(xi, 1).

The database D contains the following four facts to impose the consistency of the

truth assignments to the literals:

simlit(0, 0), opplit(0, 1), simlit(1, 1), and opplit(1, 0).
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Also, D contains the fact impl unsatisfied(0, 0, 0), which is used to check whether an

implicant in ϕ is not satisfied. Here the constants 0 and 1 represent the Boolean

values false and true, respectively. The predicate simlit(·, ·) will be used to impose

that when a variable appears twice as a positive or a negative literal in two different

places in the formula, the two literals must have the same truth value. On the other

hand, the predicate opplit(·, ·) will be used to impose that when a variable appears

as a positive literal in one place in the formula and as a negative literal in another

place of the formula, the two literals must have opposite truth values. The predicate

impl unsatisfied(·, ·, ·) states the truth assignment to the literals (and not to the

variables) that do not satisfy an implicant.

The program Σ consists of two NCs. The first NC ensures that no variable is

assigned both false and true values:

val(X, 0), val(X, 1)→ ⊥.

The second NC is made of several pieces. The first piece “reads” onto the variables

Ti the assignment on the variables in X encoded in the explanation:

assignX ≡
n∧
i=1

val(xi, Ti).

The second piece “copies” the assignment of each variable xi onto a positive oc-

currence of xi in ϕ(X, Y ). Here we denote by `j,k the kth literal in the jth implicant

of formula ϕ(X, Y ), and by vj,k the variable of `j,k. So the second piece of this NC is

copy ≡
n∧
i=1

simlit(Ti, Tj,k),

where in each predicate simlit(Ti, Tj,k), Tj,k is a variable for the Boolean value of a

literal `j,k = xi in ϕ(X, Y ). Observe that, in order for copy to work properly, each

variable xi must appear as a positive literal in ϕ(X, Y ) at least once. This can be

assumed w.l.o.g., because if xi always appears as a negative literal in all the implicants

of ϕ(X, Y ), then we can replace all the occurrences of the negative literal ¬xi with

the positive literal xi without altering the satisfiability properties of ϕ(X, Y ).

The third piece forces the ground values 0 and 1 assigned to the variables Tj,k,

simulating the assignments to the literals to be consistent. Below, `j,k ∼ `j′,k′ means

that vj,k = vj′,k′ and the literals `j,k and `j′,k′ are both positive or negative, while

`j,k � `j′,k′ means that vj,k = vj′,k′ and one literal is positive and the other is negative.
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Thus the third piece is

consist ≡
∧

`j,k∼`j′,k′

simlit(Tj,k, Tj′,k′) ∧
∧

`j,k�`j′,k′

opplit(Tj,k, Tj′,k′),

where Tj,k is a variable with the same meaning as above.

The last piece of this NC checks if ϕ(X, Y ) is unsatisfied. We take it to be

unsatisfied ≡
m∧
j=1

impl unsatisfied(Tj,1, Tj,2, Tj,3),

We can now state the second NC of Σ:

assignX , copy , consist , unsatisfied → ⊥.

Notice that Σ has no TGDs, and thus it belongs to all classes of languages we consider.

Furthermore, all predicates have bounded arity.

We construct the query to ensure that a fact val(xi, ·) has been taken from H for

every xi ∈ X. Thus the query is

Q = ∃T1 . . . ∃Tn val(x1, T1), . . . , val(xn, Tn),

where n is the number of variables in X. We now show that ∃X∀Y ϕ(X, Y ) is valid

iff there exists an explanation for D 6|= (Q,Σ) w.r.t. H.

(⇒) Let σX : X → {T, F} be a truth assignment s.t. ∀Y ϕ(X/σX , Y ) is valid. We

show that E = {val(xi, t) | σX(xi) = T}∪{val(xi, f) | σX(xi) = F} is an explanation

(and thus a minimal one exists). For a contradiction, suppose that (D ∪E,Σ) is not

consistent. This means that the last NC is violated, that is, there is a truth assignment

σY : Y → {T, F} s.t. ϕ(X/σX , Y/σY ) is not satisfied, which is a contradiction. Thus,

(D ∪ E,Σ) is consistent. Certainly, D ∪ E |= (Q,Σ).

(⇐) Let E be a minimal explanation for D 6|= (Q,Σ) w.r.t. H. In order for

(D ∪ E,Σ) to be consistent and entail the query, E must contain exactly one one

fact val(xi, ·) for each 1 ≤ i ≤ n. Let σE : X → {T, F} be the truth assignment s.t.

σE(xi) = T iff val(xi, t) ∈ E. Since (D ∪ E,Σ) does not violate the last NC, there

is no way to assign truth values to variables in Y so that the NC is violated, which

means that ∀Y ϕ(X/σE, Y ) is valid.

Now we show the two PNExp-hardness results in Table 5.2 for A⊥ in ba-combined

and combined complexity. The result can be shown via a reduction from a PNExp-

complete problem Extended-Tiling-Problem, defined by Eiter et al. [76]. The
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idea of the reduction is to have the candidate explanations taken from H to encode

the possible initial tiling conditions. Then, there are rules that allow us to derive the

query if TP1 has a solution with the initial condition w encoded in the explanation,

and TP2 has no solution with w.

Theorem 5.15. MinEX-Exists6|= (⊆,BCQ,A⊥) is PNExp-hard in ba-combined and

combined complexity.

Proof. We give a reduction from the following pnexp-complete problem [76]:

Problem: Extended-Tiling-Problem

Input: Two tiling problems TP1 and TP2 for the exponential square 2n× 2n, and an

integer m in unary notation.

Question: Does there exist an initial condition w of length m such that TP1 has a

solution with w and TP2 has no solution with w?

We build an instance of MinEX-Exists6|= (⊆,BCQ,A⊥) consisting of a database

D, an OMQ (Q,Σ), and a finite set of facts H as follows. For the tiling problems,

we use the encoding as in [76] to create two copies for ΣTP i,|w| and DTP i for i = 1, 2,

using disjoint predicates. Notice that we do not construct Dw (as we will be looking

for an initial tiling). Also, notice that ΣTP i,|w| depends only on the length of w, that

is, it does not depend on any actual initial tiling.

We take the database to be D = DTP1

1 ∪ DTP2

2. We construct the program Σ

as follows. For all 0 ≤ j < m and all pairs (t`′ , t`′′) of different tile constants, the

following NCs are added to Σ:

Init1
j(t`′) ∧ Init1

j(t`′′)→ ⊥, Init2
j(t`′) ∧ Init2

j(t`′′)→ ⊥, Init1
j(t`′) ∧ Init2

j(t`′′)→ ⊥.

We also add to Σ the NC: Tiling2() → ⊥. Also, the program Σ contains ΣTP1,|w|
1

and ΣTP2,|w|
2 as well as the following TGD:

m−1∧
j=0

Init1
j( ) ∧ Init2

j( )→ AllInitTaken().

Notice that the program remains acyclic after the addition of the TGD above. We

take the set of hypothesis to be H = {Init ij(t) | for all 1 ≤ i ≤ 2, 0 ≤ j < m, tiles t}.
The query is Q = Tiling1() ∧ AllInitTaken().

We show that there exists an initial tiling condition w of length m s.t. TP1

has a solution with w and TP2 has no solution with w iff there exists a (minimal)

explanation for D 6|= (Q,Σ) w.r.t. H.
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(⇒) Let w = w0 . . . wm−1 be an initial tiling condition of length m s.t. TP1 has

a solution with w and TP2 has no solution with w. Let E = {Init ij(wj) | 1 ≤ i ≤
2, 0 ≤ j < m}. We show that E is an explanation for D 6|= (Q,Σ) w.r.t. H (and

thus a minimal one exists). Clearly, (D ∪ E,Σ) does not violate the first group of

NCs introduced above. By the results in [76], D ∪ E 6|= (Tiling2(),Σ) and thus the

last NC is not violated. Hence, (D ∪ E,Σ) is consistent. By the results in [76],

D ∪ E |= (Tiling1(),Σ). Furthermore, by construction of E, it is easy to see that

D ∪ E |= (AllInitTaken(),Σ). Hence, D ∪ E |= (Q,Σ).

(⇐) Let E be a minimal explanation for D 6|= (Q,Σ) w.r.t. H. Since (D ∪ E,Σ)

is consistent and D ∪ E |= (Q,Σ), then D ∪ E |= (AllInitTaken(),Σ) and the first

group of NCs introduced above is not violated. This means that E is exactly of the

form E = {Init ij(wj) | 1 ≤ i ≤ 2, 0 ≤ j < m} for some w = w0 . . . wm−1. Since

D ∪ E |= (Q,Σ), then D ∪ E |= (Tiling1(),Σ). By the results in [76], TP1 has a

solution with w. Since (D ∪E,Σ) is consistent, then D ∪E 6|= (Tiling2(),Σ). By the

results in [76], TP2 has no solution with w.

The remaining hardness results in Table 5.2 in fp-combined, ba-combined, and

combined complexity can be obtained from the following lemma showing a link be-

tween the complexity of OMQA and of MinEX-Exists6|=.

Lemma 5.16. For any class L of existential rules, MinEX-Exists6|=(⊆,BCQ,L)

in ba-combined (resp., combined) complexity is as hard as OMQA(BCQ,L) in ba-

combined (resp., combined) complexity.

Proof. LetD be a database and (Q,Σ) an OMQ. Without loss of generality, we assume

that (D,Σ) is consistent. It can be easily verified that D |= (Q,Σ) iff there exists a

minimal explanation for D 6|= (Q∧p(),Σ) w.r.t. H = {p()}, where p is a fresh 0-ary

predicate. Note that the nulary fact p() is needed to ensure that D 6|= (Q∧p(),Σ).

5.4 Relevant Facts for Explanations

In this section, we deal with the problems regarding relevant facts, i.e., facts appearing

in at least one minimal explanation. In particular, we analyse the problem of deciding

whether a fact is relevant and the problem of deciding whether a set of facts is the

set of all the relevant facts.

We start by looking at the problem MinEX-Rel6|= of deciding whether a fact is

relevant or not. We first provide the membership results. The following theorem

proves all the upper bounds in Table 5.3, except for those in data complexity for
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Table 5.3: Complexity results for MinEX-Rel6|=(⊆,Q,L) with Q ∈ {BCQ,UCQ}.

L Data fp-comb. ba-comb. Comb.

L⊥, LF⊥, AF⊥ ≤ P Σp
2 Σp

2 PSpace
S⊥, SF⊥ ≤ P Σp

2 Σp
2 Exp

A⊥ ≤ P Σp
2 PNExp PNExp

G⊥ NP Σp
2 Exp 2Exp

F⊥, GF⊥ NP Σp
2 Σp

2 Exp
WS⊥, WA⊥ NP Σp

2 2Exp 2Exp

FO-languages, for which we need a tighter statement. Intuitively, to decide whether

ψ is relevant, it suffices to guess a set E of facts containing ψ (feasible in NP), and

then, via an oracle call, check that E is a minimal explanation.

Theorem 5.17. For any language L of existential rules, if Is-MinEX6|=(⊆,UCQ,L)

is in the complexity class C, then MinEX-Rel6|=(⊆,UCQ,L) is in NPC.

Proof. Consider an instance of MinEX-Rel6|= consisting of a database D, an OMQ

(Q,Σ), a finite set of facts H, and a fact ψ. We can guess a set of facts E ⊆ H with

ψ ∈ E in NP, and then using an oracle for Is-MinEX6|=(⊆,UCQ,L) check whether

E is a minimal explanation for D 6|= (Q,Σ) w.r.t. H.

This theorem implies all the membership results in Table 5.3, apart from the

membership results in P in data complexity. If Is-MinEX6|= is in Dp, then, by Theo-

rem 5.17, MinEX-Rel6|= is in NPDp

. Note that NPDp

is in Σp
2 since a procedure in NP

calling an oracle in Dp can be substituted by a procedure in NP calling twice an oracle

in NP. Therefore, MinEX-Rel6|= is in Σp
2 in this case. Similarly, if Is-MinEX6|= is in

DExp, then MinEX-Rel6|= is in NPDExp

, and a procedure in NP calling an oracle for

a problem in DExp can be substituted by a procedure in NP calling twice an oracle

in NExp. Therefore NPDExp

is in NPNExp. As we have seen above NPNExp = PNExp,

and thus MinEX-Rel6|= is in PNExp in this case. Other results follow similarly.

For the FO-rewritable languages, the following theorem proves the P-membership

results in data complexity in Table 5.3. To prove this, we again exploit the rewritabil-

ity of the OMQ (Q,Σ) into an FO query QΣ and the possibility to compute in poly-

nomial time the set DQΣ
containing all the polynomially many sets of facts that can

possibly satisfy QΣ. With D at hand, its elements can be considered in turn to ver-

ify whether there exists a minimal explanation containing the fact to be tested for

relevance.
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Theorem 5.18. For any language L of existential rules for with OMQA is FO-

rewritable, MinEX-Rel6|=(⊆,UCQ,L) is in P in data complexity.

Proof. Consider an instance of MinEX-Rel6|=(⊆,UCQ,L) consisting of a database

D, an OMQ (Q,Σ), a finite set of facts H, and a fact ψ. For a FO-rewritable

language, we can compute DQΣT
defined in the proof of Theorem 5.12 in polynomial

time. We can now decide whether there exists a minimal explanation for D 6|= (Q,Σ)

w.r.t. H containing ψ by checking whether there exists a set X of facts in DQΣT
with

X ⊆ D ∩H and ψ ∈ X ∩H such that

(i) X ∩H is an explanation for D 6|= (Q,Σ) w.r.t. H, and

(ii) for any proper subset X ′ of X ∩H, D ∪X ′ 6|= (Q,Σ).

Since DQΣT
is of polynomial size, both entailment and consistency can be checked

in polynomial time in data complexity. The procedure above is in P.

We now consider the hardness results. To study the hardness of MinEX-Rel6|=,

we can resort to its “positive” variant. In Chapter 3, we studied the problem of

deciding whether a fact ψ belongs to some minimal explanation for D |= (Q,Σ), called

MinEX-Rel. It is possible to show that MinEX-Rel reduces to MinEX-Rel6|=,

thereby obtaining all the hardness results in Table 5.3.

Theorem 5.19. For any language L of existential rules, MinEX-Rel(⊆,BCQ,L)

is reducible in polynomial time to MinEX-Rel6|=(⊆,BCQ,L) in data, fp-combined,

ba-combined, and combined complexity.

Proof. Let D be a database, (Q,Σ) an OMQ, where Σ is a set of TGDs, and ψ ∈ D.

As already mentioned in the proof of Theorem 5.9, for any subset E ⊆ D, we have that

E is a minimal explanation for D |= (Q,Σ) iff E∪{p()} is a MinEX for ∅ 6|= (Q∧p(),Σ)

w.r.t.H = D∪{p()}, where p is a fresh 0-ary predicate. Thus, a fact ψ belongs to some

minimal explanation for D |= (Q,Σ) iff ψ belongs to some MinEX for ∅ 6|= (Q∧p(),Σ)

w.r.t. D ∪ {p()}.

We now analyse the problem MinEX-AllRel6|= of deciding whether a set contains

all and only the relevant facts. We focus on the membership results first. The

following theorem proves all the upper bounds in Table 5.4. Intuitively, to check that

H ′ is the set of all and only the relevant facts, it suffices to check that all facts in H ′

are relevant, and all facts outside H ′ are not relevant.
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Table 5.4: Complexity results for MinEX-AllRel6|=(⊆,Q,L) with Q ∈
{BCQ,UCQ}.

L Data fp-comb. ba-comb. Comb.

L⊥, LF⊥, AF⊥ ≤ P Dp
2 Dp

2 PSpace
S⊥, SF⊥ ≤ P Dp

2 Dp
2 Exp

A⊥ ≤ P Dp
2 PNExp PNExp

G⊥ Dp Dp
2 Exp 2Exp

F⊥, GF⊥ Dp Dp
2 Dp

2 Exp
WS⊥, WA⊥ Dp Dp

2 2Exp 2Exp

Theorem 5.20. For any language L of existential rules, if MinEX-Rel6|=(⊆,UCQ,L)

is in the complexity class C then MinEX-AllRel6|=(⊆,UCQ,L) can be decided by a

linear number of checks in C and a linear number of checks in co-C.

Proof. To decide whether H ′ contains exactly all relevant facts for D 6|= (Q,Σ) w.r.t.

H, we need to check that (i) every fact in H ′ is relevant and (ii) every fact in H \H ′ is
not relevant. The condition (i) can be checked with a linear number of C checks and

the condition (ii) can be checked with a linear number of co-C checks. This implies

the result.

We can see that the above theorem implies all the membership results in Table 5.4

as follows. If MinEX-Rel6|= is in NP, then MinEX-AllRel6|= can be solved with a

linear number of NP tests and a linear number coNP tests. Since all these tests are

independent, all NP tests can be combined as a single NP tests (by concatenating

the certificates) and, similarly, all coNP tests as a single coNP test. Therefore,

MinEX-AllRel6|= is in Dp = NP ∧ coNP in this case. Similarly, if MinEX-Rel6|=

is in Σp
2, we have that MinEX-AllRel 6|= can be solved with a linear number of

Σp
2 and a linear number of Πp

2 checks. Similarly, as above, a linear number of Σp
2

checks can be combined as a single Σp
2 check and a linear number of Πp

2 checks can be

combined as a single Πp
2 check. Therefore MinEX-AllRel6|= is in Dp

2 = Σp
2 ∧ Πp

2. If

MinEX-Rel6|= is in a deterministic class C ∈ {P,Exp, 2Exp,PNExp}, then co-C = C
and so MinEX-AllRel6|= can be solved with two C tests. Since P ⊆ C, we have that

the two C tests can be combined as a single C test. Therefore MinEX-AllRel6|= is

in C.
Now we show the hardness results for MinEX-AllRel6|=, presented in Table 5.4.

the following theorem proves all the Dp-hardness results in data complexity in Ta-

ble 5.4 via a reduction from the classical Dp-complete problem Sat-Unsat. We note
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that some of the constructions of this proof are similar as in the proofs of Theo-

rem 3.19 and Theorem 5.13. We refer the reader to these proofs for more intuition

on the construction. In this construction, in a fixed program, there are rules to check

the satisfiability of the formulas. In H, there are facts to encode possible truth as-

signments for the Boolean variables X, plus some additional facts to recognise the

satisfaction of φ and ψ, for the specific truth assignments in the candidate explana-

tions. The idea is to have all facts in H to be relevant, apart from the one associated

with the satisfaction of ψ.

Theorem 5.21. MinEX-AllRel6|= (⊆,BCQ,GF⊥) is Dp-hard in data complexity.

Proof. We provide a reduction from the Dp-complete problem Sat-Unsat, intro-

duced in the proof of Theorem 3.12. Let Φ = (ϕ, ψ) be an instance of Sat-Unsat,

where ϕ = cϕ1 ∧ · · · ∧ cϕmϕ is a 3CNF formula over variables Xϕ = {xϕ1 , . . . , xϕnϕ} and

ψ = cψ1 ∧· · ·∧cψmψ is a 3CNF formula over variables Xψ = {xψ1 , . . . , xψnψ}. We derive an

instance of MinEX-AllRel6|=(⊆,BCQ,GF⊥) consisting of a database DΦ, an OMQ

(Q,Σ), a finite set of facts HΦ, and a set H ′Φ ⊆ HΦ, where only DΦ, HΦ, and H ′Φ
depend on Φ, as follows.

We start with the database DΦ, which is built as follows. For each clause cαj ,

where α ∈ {ϕ, ψ} and 1 ≤ j ≤ mα, we add to DΦ a fact succ clα(j−1, j), where j−1

and j are numeric constants, intuitively stating that the jth clause is the successor of

the (j− 1)th clause. Also, for each clause cαj , we add a fact encoding it. For example,

for a clause (xp∨xq∨¬xr), there is a fact clα(j, xp, p, xq, p, xr, n) in the database DΦ,

where p and n are constants representing whether a variable appears as a positive or

negative literal, respectively. For each α ∈ {ϕ, ψ}, we add the facts satchainα(0) and

maxclα(mα) to the database DΦ.

We construct the set HΦ of hypotheses as follows. For each variable xαi , α ∈ {ϕ, ψ}
and 1 ≤ i ≤ nα, add to HΦ the facts valα(xαi , 0) and valα(xαi , 1), which capture the

truth assignments to a variable xαi . We also add the fact jolly(), which will be used

to bypass a satisfiability check. We add to HΦ two more facts, which will need to

be present when the satisfiability check is not bypassed. These facts are pϕ(), pψ().

Then, H ′Φ = HΦ \ {pψ()}.
The program Σ is defined as follows. For each α ∈ {ϕ, ψ}, we add the rules, whose

role is similar as in the proofs of Theorem 3.19 and Theorem 5.13:

valα(X, 1), valα(X, 0)→ ⊥,

clα(J,X, p, , , , ), valα(X, 1)→ satclα(J),

clα(J,X, n, , , , ), valα(X, 0)→ satclα(J),
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clα(J, , , Y, p, , ), valα(Y, 1)→ satclα(J),

clα(J, , , Y, n, , ), valα(Y, 0)→ satclα(J),

clα(J, , , , , Z, p), valα(Z, 1)→ satclα(J),

clα(J, , , , , Z, n), valα(Z, 0)→ satclα(J),

satchainα(I), succ clα(I, J), satclα(J)→ satchainα(J),

maxclα(M), satchainα(M)→ satα().

We further add the new rules how the nulary fact query() might be entails. For each

α ∈ {ψ, φ}, we add

satα(), pα()→ query(),

valα(X, Y ), jolly()→ query().

We take the query to be Q = query(). Observe that the OMQ (Q,Σ) does not depend

on ϕ, and Σ is in GF⊥, that is, guarded and full. Before proving the correctness of

the reduction, we point out that jolly() and all facts valα(xαi , ?), where ? ∈ {0, 1}, are

relevant. In fact, it is easy to see that, for ? ∈ {0, 1}, the set E = {valα(xαi , ?), jolly()}
is a MinEX for DΦ 6|= (Q,Σ) w.r.t. HΦ.

We now show that ϕ is satisfiable and ψ is unsatisfiable iff H ′Φ is an inclusion-

minimal set containing all relevant facts for DΦ 6|= (Q,Σ) w.r.t. HΦ, that is, all facts

in H ′Φ are relevant and pψ() is not relevant.

(⇒) We first show that every fact in H ′Φ is relevant. As shown above, jolly() and

all facts valα(xαi , ?), where ? ∈ {0, 1}, are relevant. We now show that also pϕ() is

relevant. Since ϕ is satisfiable, let σ : Xϕ → {T, F} be a truth assignment satisfying

it. We define Dσ = {valϕ(xϕi , 1) | σ(xϕi ) = T} ∪ {valϕ(xϕi , 0) | σ(xi) = F}. Let

E = Dσ∪{pϕ()}. It is easy to see that (DΦ∪E,Σ) is consistent and DΦ∪E |= (Q,Σ),

as σ satisfies ϕ.

Furthermore, there cannot be a subset E ′ of E s.t. DΦ∪E ′ |= (Q,Σ) and E ′ does

not contain pϕ(), because otherwise Q would not be entailed anymore (as jolly() 6∈ E
and pψ() 6∈ E). Thus, there is a set E ′ ⊆ E that is a minimal explanation and

contains pϕ().

It remains to show that pψ() is not relevant. For a contradiction, suppose that

pψ() is relevant and let E be a minimal explanation containing it. If DΦ∪E |= (Q,Σ)

via satψ(), pψ()→ query(), then ψ is satisfiable: a contradiction. If DΦ ∪E |= (Q,Σ)
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via satϕ(), pϕ()→ query() or valα(X, Y ), jolly()→ query(), then pψ() is not needed,

that is, E is not minimal: a contradiction.

(⇐) We prove the contrapositive. Suppose ϕ is unsatisfiable or ψ is satisfiable.

Reasoning as above, it is easy to see that if ϕ is unsatisfiable, then pϕ() is not relevant.

Likewise, if ψ is satisfiable, then pψ() is relevant.

The following theorem proves all the Dp
2 hardness results in Table 5.4 in fp-

combined complexity. It also gives hardness results matching the upper bounds for

L⊥, F⊥, S⊥, and their specializations in ba-combined complexity. We show a reduction

from the prototypical Dp
2-complete problem QBFCNF

2,∀,¬∧QBFCNF
2,∃ of deciding the valid-

ity of two quantified Boolean formulas Φ = ∃X∀Y ¬φ(X, Y ) and Ψ = ∀X∃Y ψ(X, Y ).

Theorem 5.22. For any language L of existential rules, MinEX-AllRel6|=(⊆,BCQ,L)

is Dp
2-hard in fp-combined complexity.

Proof. We reduce to MinEX-AllRel6|= the following prototypical Dp
2-hard problem:

Problem: QBFCNF
2,∀,¬ ∧QBFCNF

2,∃

Input: Two independent quantified Boolean formulas Φ = ∃X∀Y ¬φ(X, Y ) and Ψ =

∀X∃Y ψ(X, Y ), where φ and ψ are a (non-quantified) 3CNF formulas.

Question: Are Φ and Ψ are both valid?

Notice that by an argument similar to the one in the proof of Theorem 3.9 in

[113], X and Y can be assumed w.l.o.g. to be the same in φ(X, Y ) and ψ(X, Y ).

Let I = (Φ,Ψ) be an instance of QBFCNF
2,∀,¬ ∧ QBFCNF

2,∃ . We build an instance of

MinEX-AllRel6|= consisting of a database DI , an OMQ (QI ,Σ), a finite set of facts

HI , and a set H ′I ⊆ HI , as follows—only DI , QI , HI , and H ′I depend on I.

By an argument similar to the one in the proof of Theorem 3.9 in [113], we can

assume w.l.o.g. that variables X and Y of the formulas Φ and Ψ are the same, and

that φ and ψ have the same number of clauses.

We build the database DI as follows. There are facts in DI that are used to

impose the consistency of the truth assignments to the literals:

simlit(0, 0), simlit(0, 2), opplit(0, 1), simlit(2, 2),

simlit(1, 1), simlit(1, 2), opplit(1, 0), opplit(2, 2),

where 0 and 1 are constants representing Boolean values false and true, respectively,

and 2 is an additional constants used as a “jolly” (intuitively, it will be used to bypass,

in some circumstances, the check of the satisfaction of φ(X, Y ) and ψ(X, Y )). The

predicate simlit(·, ·) will be used to impose that when a variable appears twice as
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a positive or a negative literal in two different places in the formulas, then the two

literals must have the same truth value. On the other hand, the predicate opplit(·, ·)
will be used to impose that when a variable appears as a positive literal in one place

in the formula and as a negative literal in another place of the formula, then the two

literals must have different truth values.

There are facts in DI that are used to select possible ways of satisfying the clauses

in the formula:

clsatα(1, 1, 1), clsatα(1, 1, 0), clsatα(1, 0, 1), clsatα(1, 0, 0),

clsatα(0, 1, 1), clsatα(0, 1, 0), clsatα(0, 0, 1).

where 0 and 1 are constants with the same meaning as above, and the superscript

α is one among {φ, ψ}. The predicate clsatα(·, ·, ·) states what truth assignments to

the literals (and not to the variables) satisfy a clause of φ and ψ.

The program Σ contains only two NCs. For each α ∈ {ψ, φ}, we add to Σ the

NC: valα(X, 0), valα(X, 1)→ ⊥. Since Σ has no TGDs, Σ is trivially LF⊥, AF⊥, and

SF⊥. The set HI is as follows. For each variable xi ∈ X, in HI there are facts:

val(xi, 0) val(xi, 1),

where xi is a constant representing the respective variable in X, and 0 and 1 are

constants with the meaning as above. We also add to HI the facts

clsatψ(2, 2, 2), clsatφ(2, 2, 2).

Intuitively, the facts clsatα(2, 2, 2) allow to bypass, in some circumstances, the check

of the satisfaction of φ(X, Y ) and ψ(X, Y ).

We take the candidate set of all the relevant facts to be H ′I = HI \{clsatψ(2, 2, 2)}.
To conclude, let us define the query QI . The query checks the satisfiability of φ(X, Y )

and ψ(X, Y ) once a truth assignment for X has been fixed by an explanation. The

first piece of the query “reads” onto the variables Ti the truth assignments for the

variables in X encoded in the explanation:

assignX ≡
n∧
i=1

val(xi, Ti).

Below we use the following notation: `φj,k (resp., `ψj,k) is the kth literal in the jth

clause, cj, of formula φ(X, Y ) (resp., ψ(X, Y )), and vφj,k (resp., vψj,k) is the variable of
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`φj,k (resp., `ψj,k). The second piece “copies” the assignment of each variable xi onto

an occurrence of xi as a positive literal in the formulas φ(X, Y ) and ψ(X, Y ):

copyα ≡
n∧
i=1

simlit(Ti, T
α
j,k),

where the superscript α is one among {φ, ψ}, and in each predicate simlit(Ti, T
α
j,k),

T φj,k (resp., Tψj,k) is a variable for the Boolean value of the literal `φj,k = xi (resp.,

`ψj,k = xi) in φ(X, Y ) (resp., ψ(X, Y )). Observe that, in order for copyα to work

properly, each variable xi must appear as a positive literal in the clauses of φ(X, Y )

and ψ(X, Y ) at least once. This can be assumed without loss of generality, because if

xi always appears as a negative literal in all the clauses of φ(X, Y ) or ψ(X, Y ), then

we can replace all the occurrences of the negative literal ¬xi with the positive literal

xi without altering the satisfiability properties of φ(X, Y ) or ψ(X, Y ).

The third piece forces the assignment to Tαj,k (simulating the assignments to the

literals) to be consistent. In the notation below, `αj,k ∼ `αj′,k′ means that vαj,k = vαj′,k′

and the literals `αj,k and `αj′,k′ are both positive or negative, while `αj,k � `αj′,k′ means

that vαj,k = vαj′,k′ and one literal is positive and the other is negative. Thus the third

piece is

consistα ≡
∧

`αj,k∼`
α
j′,k′

simlit(Tαj,k, T
α
j′,k′) ∧

∧
`αj,k�`

α
j′,k′

opplit(Tαj,k, T
α
j′,k′),

where the superscript α is a one among {φ, ψ}, and Tαj,k is a variable with the same

meaning as above.

The last piece checks the satisfiability of φ(X, Y ) and ψ(X, Y ). For each α ∈
{ψ, φ}, we add to the program Σ:

satisfiedα ≡
m∧
j=1

clsatα(Tαj,1, T
α
j,2, T

α
j,3),

To conclude, the query QI is a follows:

QI = assignX , copyφ, consistφ, satisfiedφ, copyψ, consistψ, satisfiedψ.

We now show that I = (Φ,Ψ) is a ‘yes’-instance of QBFCNF
2,∀,¬ ∧ QBFCNF

2,∃ iff DI ,

(QI ,Σ), HI , and H ′I form a ‘yes’-instance of MinEX-AllRel6|=. The intuition for

the proof is the following. Since assignX is in the query, and the facts of the predi-

cate val(·, ·) are only in H, every MinEX must contain val(xi, 0) or val(xi, 1) for each

Boolean variable xi ∈ X. Furthermore, due to the NC ‘valα(X, 0), valα(X, 1) → ⊥’,
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there is at most one fact among val(xi, 0) or val(xi, 1), for each Boolean variable

xi ∈ X, in any explanation. This means that any explanation encodes a complete

truth assignment for the Boolean variables in X. Moreover, observe that adding

the fact clsatφ(2, 2, 2) (resp., clsatψ(2, 2, 2)) to any set E of facts val(·, ·) encod-

ing a complete truth assignment for X is such that DI ∪ E ∪ {clsatφ(2, 2, 2)} |=
(satisfiedφ,Σ) (resp., DI ∪E ∪{clsatψ(2, 2, 2)} |= (satisfiedψ,Σ)). However, although

E ∪ {clsatφ(2, 2, 2), clsatψ(2, 2, 2)} is an explanation for DI 6|= (QI ,Σ), it is not guar-

anteed to be a minimal one. Indeed, if the truth assignment σE encoded in E is

such that φ(X/σE, Y ) (resp., ψ(X/σE, Y )) is satisfiable, then clsatφ(2, 2, 2) (resp.,

clsatψ(2, 2, 2)) is not necessary to be present in the explanation to satisfy the part

satisfiedφ (resp., satisfiedψ) of QI . The properties above show that all the facts val(·, ·)
are relevant, while the relevance of clsatφ(2, 2, 2) and clsatψ(2, 2, 2) depends on the

validity of Φ and Ψ.

Note that checking the validity of Φ = ∃X∀Y ¬φ(X, Y ) is tantamount to checking

whether there exists a truth assignment σ̃X to X such that φ(X/σ̃X , Y ) is not satisfi-

able. On the other hand, checking the validity of Ψ = ∀X∃Y ψ(X, Y ) is tantamount

to checking whether, for all truth assignments σ̃X to X, φ(X/σ̃X , Y ) is satisfiable.

(⇒) If (Φ,Ψ) is a ‘yes’-instance of QBFCNF
2,∀,¬ ∧ QBFCNF

2,∃ , then Φ and Ψ are both

valid. Since Φ is valid, there exists an assignment σ̃X such that φ(X/σ̃X , Y ) is

not satisfiable, and hence the minimal explanation encoding σ̃X requires the pres-

ence of clsatφ(2, 2, 2) in order to satisfy the part satisfiedφ of the query QI . Thus,

clsatφ(2, 2, 2) is a relevant fact. Remember that clsatφ(2, 2, 2) ∈ H ′I by construction.

To conclude, since H ′I excludes only clsatψ(2, 2, 2), H ′I is the set of all and only the

relevant facts iff clsatψ(2, 2, 2) is not relevant. Since we are assuming that Ψ is valid,

for any truth assignment σ̃X , ψ(X/σ̃X , Y ) is satisfiable. This implies that no minimal

explanations contain clsatψ(2, 2, 2), which hence is not relevant.

(⇐) If (Φ,Ψ) is a ‘no’-instance of QBFCNF
2,∀,¬ ∧ QBFCNF

2,∃ , then Φ or Ψ is not valid.

If Φ is not valid, then, for all truth assignments σ̃X , φ(X/σ̃X , Y ) is satisfiable, and

hence no minimal explanations contains clsatφ(2, 2, 2). However, clsatφ(2, 2, 2) ∈ H ′I
by construction, and hence H ′I contains a fact that is not relevant. If Ψ is not valid,

then there exists a truth assignment σ̃X such that φ(X/σ̃X , Y ) is not satisfiable. The

minimal explanation encoding σ̃X must include clsatψ(2, 2, 2) in order to satisfy the

part satisfiedψ of QI . Hence, clsatψ(2, 2, 2) is a relevant fact that, by construction,

does not belong to H ′I .
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The remaining hardness results in ba-combined complexity as well as all the hard-

ness results in combined complexity are established via the following theorem, which

shows that MinEX-Exists6|= can be reduced to the complement of MinEX-AllRel6|=.

Theorem 5.23. For any language L of existential rules, we have that the problem

MinEX-Exists6|=(⊆,BCQ,L) is reducible in polynomial time to the complement of

MinEX-AllRel6|=(⊆,BCQ,L).

Proof. Consider an instance of MinEX-Exists6|= consisting of a database D, an OMQ

(Q,Σ), and a finite set of facts H. We derive an instance of the complement of

MinEX-AllRel6|=. We consider a database D∗ := D, an OMQ (Q∗,Σ∗), where

Q∗ := Q ∧ p() and Σ∗ := Σ, a finite set of hypotheses H∗ := H ∪ {p()}, and the

candidate set of all relevant hypotheses H ′ := ∅, where p is a fresh 0-ary predicate.

We show that there exists a MinEX E for D 6|= (Q,Σ) w.r.t. H iff H ′ is not the

set of all relevant fact for D∗ 6|= (Q∗,Σ∗) w.r.t. H∗.

(⇒) If there exists a minimal explanation E for D 6|= (Q,Σ) w.r.t. H, then it is

easy to see that E ∪ {p()} is a minimal explanation for D∗ 6|= (Q∗,Σ∗) w.r.t. H∗, and

thus H ′ is not a minimal set containing all relevant facts for D∗ 6|= (Q∗,Σ∗) w.r.t. H∗,

since p() /∈ H ′.
(⇐) If there does not exist a a minimal explanation E for D 6|= (Q,Σ) w.r.t. H,

then there does not exist a minimal explanation for D∗ 6|= (Q∗,Σ∗) w.r.t. H∗, which

implies that there are no relevant facts. Therefore, H ′ = ∅ is a minimal set containing

all the relevant facts for D∗ 6|= (Q∗,Σ∗) w.r.t. H∗.

5.5 Necessary Facts for Explanations

In this section, we study the problems regarding necessary facts, i.e., facts appearing

in all the minimal explanations for negative query answers. In particular, we analyse

the problem of deciding whether a fact is necessary and the problem of deciding

whether a set of facts is exactly the set of all the necessary facts.

We first focus on the problem MinEX-Nec6|= of deciding whether a fact is nec-

essary. As for the membership results, the following theorem proves all the upper

bounds in Table 5.5 but the P and coNP ones, for which we provide tighter results

later in this section. Intuitively, we can disprove that a fact ψ is necessary by check-

ing that there is a (non-necessarily minimal) explanation excluding ψ. Hence, we can

answer that a fact ψ is not necessary by guessing a set E ⊆ H \ {ψ} of facts (feasible

in NP), and then checking that E is consistent and entails the OMQ.
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Table 5.5: Complexity results for MinEX-Nec6|=(⊆,Q,L) with Q ∈ {BCQ,UCQ}.

L Data fp-comb. ba-comb. Comb.

L⊥, LF⊥, AF⊥ ≤ P coNP Πp
2 PSpace

S⊥, SF⊥ ≤ P coNP Πp
2 Exp

A⊥ ≤ P coNP PNExp PNExp

G⊥ coNP coNP Exp 2Exp
F⊥, GF⊥ coNP coNP Πp

2 Exp
WS⊥, WA⊥ coNP coNP 2Exp 2Exp

Theorem 5.24. For any language L of existential rules, if OMQA(UCQ,L) is in

the complexity class C, then MinEX-Nec6|=(⊆,UCQ,L) is in co-(NPC).

Proof. Let us consider the complementary problem of MinEX-Nec6|=(⊆,UCQ,L).

Let D, (Q,Σ), H and ψ ∈ H be an instance of this problem. To decide whether there

exists a MinEX for D 6|= (Q,Σ) w.r.t. H that does not contain ψ, we need to guess a

subset E of H \ {ψ} that does not contain ψ and check whether

(i) (D ∪ E,Σ) is consistent, and

(ii) D ∪ E |= (Q,Σ).

Notice that the task (i) can be done by checking whether, for every ν ∈ ΣNC , D∪E 6|=
(Qν ,ΣT ), where Qν is the body of ν. This check takes a linear number of co-C tests.

The task (ii) takes a single C check. Notice that it is not necessary to check whether E

is minimal. Therefore, the complement of MinEX-Nec6|=(⊆,UCQ,L) can be solved

in NPC, and thus MinEX-Nec6|=(⊆,UCQ,L) is in co-(NPC).

The above theorem implies all the membership results in Table 5.5, apart from

the membership in coNP in fp-combined complexity and the membership in P in

data complexity. For example, if OMQA is P, we have that MinEX-Nec6|= is in

co-(NPP) = coNP. If OMQA is in MinEX-Nec6|= is in co-(NPNP) = Σp
2. Other

results follow similarly.

The following theorem shows that MinEX-Nec6|= can be decided in coNP in fp-

combined complexity for any language L of existential rules. The result is obtained

from the proof of Theorem 5.24 with the additional observation that in fp-combined

complexity, for the languages of existential rules considered, checking whether a set

of facts is consistent is feasible in P. This holds as the negative constraints are fixed.

Theorem 5.25. For any language L of existential rules, MinEX-Nec6|=(⊆,UCQ,L)

is in coNP in fp-combined complexity.
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Proof. Let us consider the complementary problem. in fp-combined complexity, since

ΣNC is fixed, the condition (i) in the proof of Theorem 5.24 can indeed be checked

in polynomial time as Qν ’s are fixed and OMQA answering is tractable in data

complexity (cf. Table 2.2). Checking the condition (ii) in the proof of Theorem 5.24

is in NP for all the languages we consider. As we can guess E along with the certificate

witnessing that D ∪ E |= (Q,Σ), the overall procedure is in NP.

We conclude the discussion of the membership results for MinEX-Nec6|= by show-

ing that the problem is in P in data complexity for all the FO-rewritable languages

considered, namely, L⊥, S⊥, and A⊥ (as well as their full restrictions). We show this

by extending the proof of Theorem 5.12 with the ideas from Theorem 3.18. Note that,

by Theorem 3.18, we can compute the set of all MinEXs in polynomial time and thus

we can decide in polynomial time whether every MinEX contains the distinguished

fact.

Theorem 5.26. For any FO-rewritable language L, MinEX-Nec6|=(⊆,UCQ,L) is

in P in data complexity.

Proof. Consider an instance of MinEX-Rel6|= consisting of a database D, an OMQ

(Q,Σ), a finite set of facts H, and a fact ψ. In the proof of Theorem 5.12, we have

constructed the set DQT of all the groundings of the query rewriting QΣT , which

contains all MinEXs. Note that, for each set X ∈ DQT , we can decide in polynomial

time whether it is a (not-necessarily minimal) explanation by checking whether X ⊆
D ∪ H and (D ∪ X,Σ) is consistent. Therefore, we can construct the set DEX

QT
of

all explanations in DQT in polynomial time. In further polynomial time, we can

decide which sets in DEX
QT

are minimal, and thus compute the set of all MinEXs E for

D 6|= (Q,Σ) w.r.t. H.

Now we can decide if there is a MinEX that contains ψ by checking, in polynomial

time, whether any E ∈ E contains ψ. As the above process is a combination of

polynomial time tasks, the whole task is in polynomial time.

Now we proceed with the hardness results for MinEX-Nec6|=. We show that the

complement of MinEX-Exists6|= can be reduced to MinEX-Nec6|=. This observation

covers all the hardness results in Table 5.5

Theorem 5.27. The complement of MinEX-Exists6|=(⊆,BCQ,L) is polynomial-

time reducible to MinEX-Nec6|=(⊆,BCQ,L) for any language L of existential rules.
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Table 5.6: Complexity results for MinEX-AllNec6|=(⊆,Q,L) with Q ∈
{BCQ,UCQ}.

L Data fp-comb. ba-comb. Comb.

L⊥, LF⊥, AF⊥ ≤ P Dp Dp
2 PSpace

S⊥, SF⊥ ≤ P Dp Dp
2 Exp

A⊥ ≤ P Dp PNExp PNExp

G⊥ Dp Dp Exp 2Exp
F⊥, GF⊥ Dp Dp Dp

2 Exp
WS⊥, WA⊥ Dp Dp 2Exp 2Exp

Proof. Let D be a database, (Q,Σ) be an OMQ, and H be a finite set of facts, which

together form an instance of the complement of MinEX-Exists6|=(⊆,BCQ,L). Let

p be a 0-ary fresh predicate. It is easy to see that there does not exist a MinEX

for D 6|= (Q,Σ) w.r.t. H iff p() belongs to every MinEX for D 6|= (Q,Σ) w.r.t.

H ∪ {p()}.

We now study the problem MinEX-AllNec6|= of deciding whether a given set

is exactly the set of all the necessary facts for explaining an OMQ non-entailment.

We start by looking at the membership results for the query language UCQ. The

following theorem proves all upper bounds in Table 5.6. Intuitively, to check that H ′

is the set of all and only the necessary facts, it suffices to check that all facts in H ′

are necessary and all facts outside of H ′ are not necessary.

Theorem 5.28. For any language L of existential rules, if we have that the problem

MinEX-Nec6|=(⊆,UCQ,L) is in the complexity class C, then MinEX-AllNec6|=(⊆
,UCQ,L) can be decided by a linear number of checks in C and a linear number of

checks in co-C.

Proof. Let D be a database, (Q,Σ) be an L-OMQ, H be a set of hypotheses, and

H ′ ⊆ H a candidate set of all the necessary facts, all of which form an instance

of MinEX-AllNec6|=(⊆,UCQ,L). To decide whether H ′ contains exactly all the

necessary facts for D 6|= (Q,Σ) w.r.t. H, we need to check that (i) every fact in H ′ is

necessary and (ii) every fact in H \H ′ is not necessary. Observe that the condition (i)

can be checked with a linear number of C calls and the condition (ii) can be checked

with a linear number of co-C calls.

We can see that the membership results n Table 5.6 follow easily from the above

theorem. For example, if MinEX-Nec6|= is in Πp
2, we have that MinEX-AllNec6|=
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can be decided by a linear number of Πp
2 tests and a linear number of Σp

2 tests, which

can be combined as a single Πp
2 and a single Σp

2 test. Therefore MinEX-AllNec 6|=

is in Dp
2 in this case. Other membership results follow similarly.

As for the hardness results, the following theorem proves all the Dp-hardness

results in Table 5.6 in data complexity for the languages considered here that are

not FO-rewritable. The proof is via a reduction from Sat-Unsat, which is based

on the ideas, presented in the proofs of Theorem 3.19 and Theorem 5.13. In this

construction, we add to H the facts associated with the possible truth assignments

for the variables X of the formulas, and the additional facts allowing us to recognise

if the formulas φ and ψ are unsatisfiable. In this case, the idea is to have all facts in

H to be non-necessary, apart from the one associated with the unsatisfiability of ψ.

Theorem 5.29. MinEX-AllNec6|=(⊆,BCQ,GF⊥) is Dp-hard in data complexity.

Proof. We provide a reduction from the Dp-complete problem Sat-Unsat. Let Φ =

(ϕ, ψ) be an instance of Sat-Unsat, where ϕ = cϕ1 ∧ · · · ∧ cϕmϕ is a 3CNF formula

over variables Xϕ = {xϕ1 , . . . , xϕnϕ} and ψ = cψ1 ∧ · · · ∧ cψmψ is a 3CNF formula over

variables Xψ = {xψ1 , . . . , xψnψ}. This proof uses many of the constructions, introduced

in the proofs of Theorems 5.13 and 5.21. We refer the reader to these proofs for more

intuition. We construct an instance of MinEX-AllNec6|= (⊆,BCQ,GF⊥) consisting

of a database DΦ, an OMQ (Q,Σ), a finite set of facts HΦ, and a set H ′Φ ⊆ HΦ, where

only DΦ, HΦ, and H ′Φ depend on Φ, while (Q,Σ) is independent of the instance of

Sat-Unsat.

First, we construct the database DΦ. For each clause cαj , where α ∈ {ϕ, ψ} and

1 ≤ j ≤ mα, there is a fact succ clα(j − 1, j) in DΦ, where j − 1 and j are numeric

constants, intuitively stating that the jth clause is the successor of the (j−1)th clause.

Also, for each clause cαj , there is a fact in DΦ that encodes it. For example, for a

clause cαj = (xαp ∨ xαq ∨ ¬xαr ), there is a fact clα(j, xαp , p, x
α
q , p, x

α
r , n) in DΦ, where p

and n are constants representing whether a variable appears as a positive or negative

literal, respectively. Furthermore, for each α ∈ {ϕ, ψ}, we add the facts satchainα(0)

and maxclα(mα) to DΦ.

Now we construct the set of hypotheses HΦ. For each variable xαi , where α ∈
{ϕ, ψ} and 1 ≤ i ≤ nα, we add to HΦ the facts valα(xαi , 0) and valα(xαi , 1). Also, we

add the facts pϕ() and pψ() to HΦ. We take the candidate set of all the necessary

facts to be H ′Φ = {pψ()}.
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The construction of the program Σ is based on the construction in the proof

of Theorem 5.21. For each α ∈ {ϕ, ψ}, add to Σ the following rules:

valα(X, 1) ∧ valα(X, 0)→ ⊥,

clα(J,X, p, , , , ) ∧ valα(X, 1)→ satclα(J),

clα(J,X, n, , , , ) ∧ valα(X, 0)→ satclα(J),

clα(J, , , Y, p, , ) ∧ valα(Y, 1)→ satclα(J),

clα(J, , , Y, n, , ) ∧ valα(Y, 0)→ satclα(J),

clα(J, , , , , Z, p) ∧ valα(Z, 1)→ satclα(J),

clα(J, , , , , Z, n) ∧ valα(Z, 0)→ satclα(J),

satchainα(I) ∧ succ clα(I, J) ∧ satclα(J)→ satchainα(J),

maxclα(M) ∧ satchainα(M)→ satα(),

satα()→ cα(), pα()→ cα(),

cϕ() ∧ cψ()→ query(), pϕ() ∧ pψ()→ query().

The query is Q = query(). Observe that Σ and Q do not depend on ϕ. Also,

notice that Σ is guarded and full.

Before proving the correctness of the reduction, we point out that every fact

valα(xαi , ?), where ? ∈ {0, 1}, is not necessary. In fact, it is easy to see that E =

{pψ(), pϕ()} is a minimal explanation for DΦ 6|= (Q,Σ) w.r.t. HΦ.

We now show that ϕ is satisfiable and ψ is unsatisfiable iff H ′Φ is an inclusion-

maximal set containing only necessary facts for DΦ 6|= (Q,Σ) w.r.t. HΦ, that is, pψ()

is the necessary fact in Hφ.

(⇒) Suppose ϕ is satisfiable and ψ is unsatisfiable. We first show that every fact

in HΦ \ {pψ()} is not necessary. As shown above, all the facts valα(xαi , ?), where

? ∈ {0, 1}, are not necessary. We now show that also pϕ() is not necessary. Since

ϕ is satisfiable, let σ : Xϕ → {T, F} be a truth assignment satisfying it. We define

Dσ = {valϕ(xϕi , 1) | σ(xϕi ) = T}∪ {valϕ(xϕi , 0) | σ(xi) = F}. Let E = Dσ ∪{pψ()}. It

is easy to see that (DΦ ∪ E,Σ) is consistent and DΦ ∪ E |= (Q,Σ), as σ satisfies ϕ.

Thus, there is a set E ′ ⊆ E that is a minimal explanation and does not contain pϕ().

It remains to show that pψ() is necessary. For a contradiction, suppose that pψ() is

not necessary and let E be a minimal explanation that does not contain it. The only

way for DΦ∪E to entail (Q,Σ) is via cϕ(), cψ()→ query(), which requires cψ() to be

entailed, which in turn requires satψ() to be entailed (as pψ() 6∈ E), which is entailed

only if ψ is satisfiable. This is a contradiction.
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(⇐) We prove the contrapositive. Suppose ϕ is unsatisfiable or ψ is satisfiable.

Reasoning as above, it is can be easily verified that if ϕ is unsatisfiable, then pϕ() is

necessary. If ψ is satisfiable, then pψ() is not necessary.

Next, we prove the Dp-hardness results in fp-combined complexity in Table 5.6.

We provide a reduction from Sat-Unsat. The set H includes a couple of facts

allowing to recognise the unsatisfiability of ϕ and ψ. We check that the fact associated

with the unsatisfiability of ψ is necessary.

Theorem 5.30. MinEX-AllNec6|=(⊆,BCQ,L∅) is Dp-hard in fp-combined com-

plexity.

Proof. We reduce Sat-Unsat to MinEX-AllNec6|=(⊆,BCQ,L∅) in fp-combined

complexity. Let I = (ϕ, ψ) be an instance of Sat-Unsat, where ϕ = cϕ1 ∨ · · · ∨ cϕmϕ
is a 3CNF formula over variables Xϕ = {xϕ1 , . . . , xϕnϕ} and ψ = cψ1 ∨ · · · ∨ cψmψ
is a 3CNF formula over variables Xψ = {xψ1 , . . . , xψnψ}. We build an instance of

MinEX-AllNec6|= consisting of a database DI , an OMQ (QI ,Σ), a finite set of facts

HI , and a set H ′I ⊆ HI as follows. Note that only DI , QI , HI , and H ′I depend on I.

We start with the database DI , which is built as follows. There are facts in DI

that are used to impose the consistency of the truth assignments to the literals:

simlit(0, 0) simlit(1, 1) simlit(2, 2)

opplit(0, 1) opplit(1, 0) opplit(2, 2),

where 0 and 1 are constants representing Boolean values false and true, respectively,

and 2 is an additional constants used as a “jolly” (intuitively, it will be used to bypass,

in some circumstances, the check of the satisfaction of ϕ and ψ). The predicate

simlit(·, ·) will be used to impose that when a variable appears twice as a positive or

a negative literal in two different places in the formulas, then the two literals must

have the same truth value. On the other hand, the predicate opplit(·, ·) will be used

to impose that when a variable appears as a positive literal in one place in the formula

and as a negative literal in another place of the formula, then the two literals must

have different truth values. There are the facts in DI that are used to select possible

ways of satisfying the clauses in the formula α ∈ {ϕ, ψ}:

clsatα(1, 1, 1), clsatα(1, 1, 0), clsatα(1, 0, 1), clsatα(1, 0, 0),

clsatα(0, 1, 1), clsatα(0, 1, 0), clsatα(0, 0, 1),
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where 0 and 1 are constants with the same meaning as above. The facts clsatα(·, ·, ·)
capture what truth assignments to the literals (and not to the variables) satisfy a

clause of α ∈ {ϕ, ψ}.
The set of hypothesis is HI = {clsatφ(2, 2, 2), clsatψ(2, 2, 2)}. Intuitively, facts

clsatα(2, 2, 2) allow to bypass, in some circumstances, the check of the satisfaction

of α ∈ {ϕ, ψ}. We take the candidate set of all the necessary facts to be H ′I =

{clsatψ(2, 2, 2)}. We take the program Σ to be empty.

The query QI is defined as follows. The aim of the query is to check the satis-

fiability of ϕ and ψ. To characterise the query, we describe its various components.

Below we use the following notation: `αj,k is the kth literal in the jth clause, cj, of

formula α ∈ {ϕ, ψ}, and vαj,k is the variable of `αj,k. Furthermore, below Tαj,k is the

variable used in the query to represent the Boolean value of the literal `αj,k.

There is a piece forcing that the ground values 0 and 1 assigned to the various

variables Tαj,k simulating the assignments to the literals are consistent. In the notation

below, `αj,k ∼ `αj′,k′ means that vαj,k = vαj′,k′ and the literals `αj,k and `αj′,k′ are both

positive or negative, while `αj,k � `αj′,k′ means that vαj,k = vαj′,k′ and one literal is

positive and the other is negative. For each α ∈ {ϕ, ψ}, we take

consistα ≡
∧

`αj,k∼`
α
j′,k′

simlit(Tαj,k, T
α
j′,k′) ∧

∧
`αj,k�`

α
j′,k′

opplit(Tαj,k, T
α
j′,k′).

Another piece of the query checks the satisfiability of α ∈ {ϕ, ψ}:

satisfiedα ≡
m∧
j=1

clsatα(Tαj,1, T
α
j,2, T

α
j,3).

To conclude, the query is

QI = consistϕ, satisfiedϕ, consistψ, satisfiedψ,

where all the variables are existentially quantified. Observe that DI ∪H |= (QI ,Σ),

and thus the set of MinEXs is non-empty.

We now show that I = (ϕ, ψ) is a ‘yes’-instance of Sat-Unsat iff H ′I is exactly

the set of all the necessary facts for DI 6|= (QI ,Σ) w.r.t. HI .

(⇒) Let I = (ϕ, ψ) be a ‘yes’-instance of Sat-Unsat, which means that ϕ is

satisfiable and ψ is not. Since ϕ is satisfiable, there is an assignment of the constants

0 and 1 to all the variables Tϕj,k such that the parts consistϕ, satisfiedϕ of the query are

satisfied. Therefore, a set {clsatψ(2, 2, 2)} is a (non-necessarily minimal) explanation.

This implies that there exists an explanation excluding clsatϕ(2, 2, 2) is not a necessary
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fact, and observe that H ′I does not contain clsatϕ(2, 2, 2). On the other hand, since

ψ is unsatisfiable, there is no assignment of the constants 0 and 1 to all the variables

Tψj,k such that the parts consistψ, satisfiedψ of the query are satisfied. Therefore, the

only way to satisfy these parts of the query is by adding the fact clsatψ(2, 2, 2), which

hence belongs to all minimal explanations, implying that clsatψ(2, 2, 2) is necessary.

Observe that clsatψ(2, 2, 2) belongs to H ′I , which conclude this direction of the proof.

(⇐) Assume that I = (ϕ, ψ) is a ‘no’-instance of Sat-Unsat, which implies

that ϕ is unsatisfiable or ψ is satisfiable. An argument similar to the one in the

direction ‘(⇒)’ above proves that if ϕ is unsatisfiable, then clsatϕ(2, 2, 2) is necessary,

contradicting hence that H ′I is the set of all and only the necessary facts; and if ψ is

satisfiable, then clsatψ(2, 2, 2) is not necessary, contradicting hence that H ′I is the set

of all and only the necessary facts.

The following theorem proves the Dp
2-hardness of the problem MinEX-AllNec6|=

in ba-combined complexity for all the languages we consider.

Theorem 5.31. MinEX-AllNec6|=(⊆,BCQ,L) is Dp
2-hard in ba-combined com-

plexity for any language L of existential rules considered in this chapter.

Proof. We reduce to MinEX-AllNec6|= the Dp
2-complete problem QBFCNF

2,∀,¬∧QBFCNF
2,∃ ,

introduced in the proof of Theorem 5.22. Let I = (Φ,Ψ) be an instance of QBFCNF
2,∀,¬∧

QBFCNF
2,∃ . Suppose that Φ = ∃X∀Y ¬φ(X, Y ) and Ψ = ∀X∃Y ψ(X, Y ), where φ(X, Y )

and ψ(X, Y ) are 3CNF formulas. Recall the the problem asks whether Φ and Ψ are

both valid. We build a MinEX-AllNec6|= instance consisting of a database DI and

an OMQ (QI ,ΣI), a finite set of facts HI , and a set H ′I ⊆ HI as follows.

By an argument similar to the one in the proof of Theorem 3.9 in [113], we can

assume w.l.o.g. that variables X and Y of formulas φ and ψ are the same, and that

the number of clauses in φ(X, Y ) and ψ(X, Y ) is the same. Let n be the number of

variables in X and let m be the number of clauses of φ(X, Y ) and ψ(X, Y ).

We start by defining HI . For each α ∈ {φ, ψ} and for each variable xi ∈ X, HI

contains the following facts:

valα(xαi , 0), valα(xαi , 1), valα(xαi , 2),

where 0 and 1 are constants representing the Boolean values false and true, respec-

tively, while 2 is an additional constant that will allow to bypass, in some circum-

stances, the satisfiability tests for φ(X, Y ) and ψ(X, Y ). We take the candidate set

of all necessary facts to be

H ′I = {valψ(xψi , 2) | xi ∈ X}.
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We construct the database DI as follows. We add the facts simlit(0, 0), simlit(1, 1),

opplit(0, 1), and opplit(1, 0) to DI , which are used to impose the consistency of the

truth assignments to the literals. Also, we add the facts to DI that encode the

satisfying assignments to literals for the clause:

clsat(1, 1, 1), clsat(1, 1, 0), clsat(1, 0, 1), clsat(1, 0, 0),

clsat(0, 1, 1), clsat(0, 1, 0), clsat(0, 0, 1).

We define the program ΣI as follows. For each α ∈ {φ, ψ}, we add the following

NCs to ΣI :

valα(X, 0), valα(X, 1)→ ⊥,

valα(X, 0), valα(X, 2)→ ⊥,

valα(X, 1), valα(X, 2)→ ⊥.

There are two additional NCs that are made of several pieces, which we now define.

The following pieces are defined for each α ∈ {φ, ψ}. The first piece “reads” onto the

variables Tαi the assignment on the variables in X of α encoded in the explanation:

assignX α ≡
n∧
i=1

valα(xαi , T
α
i ).

Below, we use the following notation: `αj,k is the kth literal in the jth clause of formula

α, and vαj,k is the variable of `αj,k. The second piece “copies” the assignment of each

variable xi onto a positive occurrence of xi in α ∈ {φ, ψ}:

copyα ≡
n∧
i=1

simlit(Tαi , T
α
j,k),

where in each predicate simlit(Tαi , T
α
j,k), T

α
j,k is a variable for the Boolean value of a

literal `αj,k = xi in α ∈ {φ, ψ}. Observe that, in order for copyα to work properly, each

variable xi must appear as a positive literal in α at least once. This can be assumed

w.l.o.g., because if xi always appears as a negative literal in all the clauses of α, then

we can replace all the occurrences of the negative literal ¬xi with the positive literal

xi without altering the satisfiability properties of α.

The third piece forces the ground values 0 and 1 assigned to the variables Tαj,k,

simulating the assignments, to the literals to be consistent. Below, `αj,k ∼ `αj′,k′ means

that vαj,k = vαj′,k′ , and the literals `αj,k and `αj′,k′ are both positive or negative, while
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`αj,k � `αj′,k′ means that vαj,k = vαj′,k′ , and one literal is positive and the other is negative.

For α ∈ {φ, ψ}, we take

consistα ≡
∧

`αj,k∼`
α
j′,k′

simlit(Tαj,k, T
α
j′,k′) ∧

∧
`αj,k�`

α
j′,k′

miopplit(Tαj,k, T
α
j′,k′).

The following piece checks if α ∈ {φ, ψ} is satisfied:

satisfiedα ≡
mα∧
j=1

clsat(Tαj,1, T
α
j,2, T

α
j,3).

Therefore, for each α ∈ {φ, ψ}, we add to the program Σ the NC:

assignX α, copyα, consistα, satisfiedα → ⊥.

We take the query to be

QI =
n∧
i=1

valφ(xφi , Ti) ∧
n∧
i=1

valψ(xψi , Zi),

where each variable is existentially quantified. The aim of this definition of the query

is to ensure that a fact valφ(xφi , ·) and a fact valψ(xψi , ·) have been taken from H for

every xi ∈ X.

Notice that ΣI has no TGDs, and thus it is linear full, acyclic full, and sticky full.

Furthermore, all predicates have bounded arity.

Below we show that Φ and Ψ are valid iff every fact in H ′I is necessary and

every fact in HI \ H ′I is not necessary. In the rest of the proof, we will use the

following notation. For each α ∈ {ψ, φ}, we define Dα
2 = {valα(xαi , 2) | xi ∈ X}.

For each α ∈ {φ, ψ}, given a truth assignment σ : X → {true, false}, we define

Dα
σ = {valα(xαi , 0) | σ(xi) = false} ∪ {valα(xαi , 1) | σ(xi) = true}.

We start by pointing out that, for each α ∈ {φ, ψ} and for every xi ∈ X, the facts

valα(xαi , 0) and valα(xαi , 1) are not necessary (regardless of the initial instance I). In

fact, it can be easily verified that Dφ
2 ∪D

ψ
2 is a minimal explanation for DI 6|= (QI ,ΣI)

w.r.t. HI , as (DI ∪Dφ
2 ∪D

ψ
2 ,ΣI) is consistent and DI ∪Dφ

2 ∪D
ψ
2 entails (QI ,ΣI).

Thus, we need to show that Φ and Ψ are valid iff every fact in Dψ
2 is necessary

and every fact in Dφ
2 is not necessary.

(⇒) Suppose Φ and Ψ are valid. Since Φ is valid, there exists a truth assign-

ment σ : X → {true, false} such that ∀Y ¬φ(X/σ, Y ) is valid, i.e. φ(X/σ, Y ) is

not satisfiable. For this reason, there is no homomorphism from the body of the NC

‘assignX φ, copyφ, consistφ, satisfiedφ → ⊥’ toDI∪Dφ
σ , which means that (DI∪Dφ

σ ,ΣI)

is consistent.
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Let E = Dφ
σ ∪ D

ψ
2 . Observe that E is consistent with ΣI and entails (QI ,ΣI),

hence E is an explanation. Moreover, no fact can be removed from E without losing

the entailment of the OMQ, hence E is a minimal explanation. As E is a minimal

explanation for DI 6|= (QI ,ΣI) w.r.t. HI , every fact in Dφ
2 is not necessary.

We now show that every fact Dψ
2 is necessary. For a contradiction, suppose

that there is a minimal explanation E that does not contain a fact valψ(xψk , 2).

Since DI ∪ E |= (QI ,ΣI), E contains a fact valψ(xψi , ·) for every xi ∈ X. Since

valψ(xψk , 2) /∈ E, either valψ(xψk , 0) or valψ(xψk , 1) is in E. Since (DI ∪ E,ΣI) is

consistent, because we assume E to be an explanation, and contains valψ(xψk , 0) or

valψ(xψk , 1), E does not contain any fact valψ(xψi , 2). Thus, there is a truth assign-

ment σ : X → {true, false} such that Dψ
σ ⊆ E. Since Ψ is valid, ∃Y ψ(X/σ, Y ) is

valid, i.e. ψ(X/σ, Y ) is satisfiable. Therefore, there exists a homomorphism from the

body of the NC ‘assignX ψ, copyψ, consistψ, satisfiedψ → ⊥’ to DI ∪ E. This implies

that (DI ∪ E,ΣI) is not consistent, which is a contradiction.

(⇐) Suppose that Φ is not valid or that Ψ is not valid. We show that if Φ is not

valid, then every fact in Dφ
2 is necessary; if Ψ is not valid, then every fact in Dψ

2 is

not necessary.

Suppose that Φ is not valid. For a contradiction, suppose that there is a fact in Dφ
2

that is not necessary. This implies that there is a minimal explanation E that does

not contain a fact valφ(xφk , 2). Reasoning as above, since (DI ∪ E,ΣI) is consistent,

because E is assumed to be an explanation, and DI ∪ E |= (QI ,ΣI), there must be

a truth assignment σ : X → {true, false} such that Dφ
σ ⊆ E. As Φ is not valid,

∃Y φ(X/σ, Y ) is valid, i.e. φ(X/σ, Y ) is satisfiable. This means that there exists a

homomorphism from the body of the NC ‘assignX φ, copyφ, consistφ, satisfiedφ → ⊥’

to DI ∪ E. This implies that (DI ∪ E,ΣI) is inconsistent, which is a contradiction.

Thus, every fact in Dφ
2 is necessary.

Suppose that Ψ is not valid. Then, there exists a truth assignment σ : X →
{true, false} such that ∀Y ¬ψ(X/σ, Y ) is valid, i.e. ψ(X/σ, Y ) is not satisfiable. Let

E = Dψ
σ ∪ D

φ
2 . By following a reasoning similar to the one above, E is a minimal

explanation for DI 6|= (QI ,ΣI) w.r.t. HI . Since E does not contain any fact of Dψ
2 ,

every fact in Dψ
2 is not necessary.

The remaining hardness results in ba-combined complexity as well as all the hard-

ness results in combined complexity are established via the following theorem, which

shows that MinEX-Exists6|= can be reduced to the complement of MinEX-AllNec6|=.
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Theorem 5.32. For any language L of existential rules, we have that the problem

MinEX-Exists6|=(⊆,BCQ,L) is reducible in polynomial time to the complement of

MinEX-AllNec6|=(⊆,BCQ,L).

Proof. Consider an instance of MinEX-Exists6|= consisting of a database D, an OMQ

(Q,Σ), and a finite set of facts H. We derive an instance of the complement of

MinEX-AllNec6|= consisting of a database D∗ = D, an OMQ (Q∗,Σ∗) = (Q,Σ), a

finite set of facts H∗ = H ∪ {p()}, and H ′ = H∗, where p is a fresh 0-ary predicate.

(⇒) If there exists a MinEX E for D 6|= (Q,Σ) w.r.t. H, then E is also a MinEX

for D∗ 6|= (Q∗,Σ∗) w.r.t. H∗. Notice that p() /∈ E and thus p() is not necessary, which

means that H ′ is not a maximal set containing only necessary facts.

(⇐) If there does not exist a MinEX for D 6|= (Q,Σ) w.r.t. H, then there does

not exist a minimal explanation for D∗ 6|= (Q∗,Σ∗) w.r.t. H∗ (the presence of p() in

H∗ is useless), which implies that all facts are necessary for D∗ 6|= (Q∗,Σ∗) w.r.t. H∗,

and thus H ′ is a maximal set containing only necessary facts.

5.6 Overview of the Complexity Results

In this section, we discuss the complexity results obtained in this chapter, outlining

the most interesting ones, pointing out differences and similarities between the prob-

lems in this chapter and the problems studied in other chapters. In this chapter, we

have given a precise picture of the complexity for all the negative explanation prob-

lems, introduced in Section 5.1. An overview of our complexity results is given in

Tables 5.1–5.6. They range from membership in P to 2Exp-completeness; all entries

without ‘≤’ are completeness results.

First, one may wonder whether there are reductions from some already considered

problems for explanations for positive query answers, studied in Chapter 3, into some

problem for negative query answers, introduced in Section 5.1. This would estab-

lish a connection between these problems and transfer the hardness results. As it

turns out it is possible to reduce Is-MinEX to Is-MinEX6|= and MinEX-Rel to

MinEX-Rel6|= as was shown in Theorem 5.9 and Theorem 5.19, respectively. Fur-

thermore, we can show that the same upper bounds hold for these corresponding prob-

lems. Therefore, we have that the complexity results match for these corresponding

problems. For the remaining problems, however, there is no straightforward reduction

between the two settings, and hence, they required novel proofs. To see the difference

between these two scenarios consider, for example, the database D = {R(a)}, the

OMQ (Q,Σ) with Q = ∃X, Y R(X)∧S(Y ) and Σ = ∅, and the set of abducible facts
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H = {R(b), S(b)}. Then E = {R(b), S(b)} is a MinEX for D ∪H |= (Q,Σ), but it is

not a MinEX for D 6|= (Q,Σ) w.r.t. H because it is not minimal.

We discuss some of the complexity results for the other considered problems.

First, we can see that MinEX-Nec6|= and MinEX-Rel6|= are always in complemen-

tary complexity classes, except in fp-combined complexity, where MinEX-Nec6|= is

coNP-complete, while MinEX-Rel6|= is Σp
2-complete. Intuitively, the similarities and

differences could be explained that these tasks can be seen as complementary, but

MinEX-Rel6|= needs an extra minimality check. To see this, note that to decide

whether a fact ψ is not necessary, we can guess a subset E of H, not containing ψ

and check whether E entails the OMQ, and verifying minimality of E can be avoided.

On the other hand, to decide relevance of a fact, we can guess a subset E of H for

which we need to check both that it entails the OMQ and it is minimal, and the min-

imality check cannot be avoided. For the cases when checking minimality does not

increase the complexity of MinEX-Rel6|=, the two problems are in complementary

complexity classes. In fp-combined complexity, such a minimality check is in coNP

and yields a membership of MinEX-Rel6|= in NPcoNP = Σp
2. For similar reasons, we

have that, for MinEX-AllRel6|= and MinEX-AllNec6|=, the results coincide in all

the complexity measures apart from fp-combined complexity.

Another interesting observation is that the complexity of the problems studied in

this work does not only depend on the complexity of OMQA. For the linear, full,

and sticky languages, as well as for their sublanguages, OMQA is NP-complete

both in fp-combined and in ba-combined complexity. One may expect that, for

a fixed problem, the complexity does not change in such cases, as the complex-

ity of OMQA remains the same across them. However, this is not the case for

MinEX-Exists6|=, MinEX-Nec6|=, and MinEX-AllNec6|=, where the complexity

goes from NP-, coNP-, and Dp-completeness in fp-combined complexity to Σp
2-, Πp

2-,

and Dp
2-completeness in ba-combined complexity, respectively. The reason is consis-

tency checking in fp-combined complexity can be reduced to OMQA in data com-

plexity since, for such a check, the query is fixed too, which is (⊥,Σ). In contrast,

in ba-combined complexity, the program is not fixed anymore, and thus the OMQ

(⊥,Σ) is not fixed either. Therefore, checking inconsistency of the knowledge base

increases the overall complexity by one level.
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Chapter 6

Preferred Explanations under
Existential Rules

In the thesis thus far, we have taken explanations for a query answer to be inclusion-

minimal subsets that support an entailment of such a query. In this chapter, we take

a step further and study preferred explanations, which are subsets of the database

under different minimality criterion that support a query entailment. In existing

literature on knowledge representation, preferences have been commonly expressed

using cardinality and weight orders [71, 21]. We study cardinality and weight-minimal

explanations for a query answer, which are subsets of the database of the smallest

size and the smallest weight, respectively, that entail such a query. In the weight

case, we assume that each fact is assigned a weight representing a penalisation degree

for that fact. Observe that cardinality-minimal explanations are a special case of

weight-minimal explanations when each fact is assigned the same weight.

For the two aforementioned preference orders, we study five already introduced

problems, namely, deciding whether a given set of facts is a preferred explanation,

Is-MinEX, deciding whether a given collection of sets of facts contains exactly all

preferred explanations, All-MinEX, deciding whether there exists some preferred

explanation containing a distinguished fact, MinEX-Rel, deciding whether there

exists some preferred explanation not containing any of the sets of forbidden facts,

MinEX-Irrel, and deciding whether all preferred explanations contain a distin-

guished fact, MinEX-Nec.

We conduct a detailed complexity analysis for each of the problems mentioned,

and provide a host of complexity results for a large class of existential rules, which

can be naturally extended to other existential rule languages. Our findings show that

the complexity results for these problems are in most cases different from the ones
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in the inclusion-minimal case, presented in Chapter 3. Therefore the analysis in this

chapter requires many new techniques and reductions.

This chapter is based on a paper published at the 35th AAAI Conference on

Artificial Intelligence (AAAI-21) [53].

6.1 Preferred Explanations

In this section, we extend the notion of MinEX, introduced in Chapter 3, to incorpo-

rate different minimality criterion. We also motivate the choice of the two minimality

criteria studied in this chapter with an example. Given a preorder 4 on D, and

subsets E,E ′ of a database D, we write E ≺ E ′ if E 4 E ′ and E ′ 64 E. The follow-

ing definition extends inclusion-minimal explanations to arbitrary preorders 4. As

in Chapter 3, we assume that the program consists only of TGDs, that is, it does not

contain any negative constraints. This is because we are interested in explaining only

query answers that follow from consistent knowledge bases.

Definition 6.1 (4-MinEX). For a database D, a preorder 4 on P(D), and an OMQ

(Q,Σ), where Σ is a set of existential rules and Q is a query, such that D |= (Q,Σ),

an explanation for D |= (Q,Σ) is a subset E ⊆ D of facts entailing the OMQ (Q,Σ),

i.e. E |= (Q,Σ).

A 4-minimal explanation E, or 4-MinEX, for D |= (Q,Σ) is an explanation for

D |= (Q,Σ) that is 4-minimal, i.e., there is no explanation E ′ for D |= (Q,Σ) with

E ′ ≺ E.

We concentrate on two fundamental preference orders, common in the litera-

ture [74, 21], namely, orders induced by cardinality and a weight function. For pref-

erences induced by cardinality (≤), the preference is given to subsets of the database

that are smaller in size. Given two sets D1 and D2, we write

D1 ≤ D2 iff |D1| ≤ |D2|.

Such preferences are particularly relevant for domains, where explanations correspond

to optimal answers that are composed of equally costly components.

For preferences induced by weights (≤w), we assume that the facts in the database

D are assigned (rational) weights by a function w : D → Q, which defines an order

over the subsets of the database D. Given two subsets D1, D2 ⊆ D, we write

D1 ≤w D2 iff
∑
α∈D1

w(α) ≤
∑
α∈D2

w(α).
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Figure 6.1: Excerpt from the London public transport map.

Intuitively, the facts with higher weights are less preferred in the explanations, and

thus weights can be seen as penalisation. We illustrate our notions on an example,

which we have already seen in Chapter 1.

D = Dst ∪ {start(v), destination(m)}.
Then, we capture the knowledge about travelling along this network in an ontology

Σ, also called a program. The program Σ consists of four rules. The first rule captures

that the start stop is already reached, and the second one that if the destination can

be reached then we can arrive at it:

start(X)→ reach(X),

destination(X) ∧ reach(X)→ arrive(X).

Example 6.2. Let us consider the road map, given in Figure 6.1, and the database

that encodes the stops and the links between them:

Dst = {stop(v), stop(h), stop(p), stop(m), stop(g), stop(b), stop(o),

link(bus148 , v , h), link(bus148 , h, p), link(bus148 , p,m), link(vline, v , g),

link(vline, g , o), link(jline, g , b), link(cline, o, b), link(cline, b,m)}.

Suppose that we are seeking the routes from the Victoria stop (v), which we cap-

ture with the start(v) fact. So the database is D = Dst ∪ {start(v), destination(m)}.
The duration between stops and the time required for changing between lines

can be represented with weights. We set w(stop(i)) = 3 for all stops i, i.e., three

minutes for changing a line in any stop. Each link fact is assigned the weight cap-

turing the duration of the travel along that link, as indicated in Figure 6.1, e.g.,
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w(link(jline, g , b)) = 2. Also, as start(v) captures that we start at the stop v , we

assign the weight 0 to this fact.

The program Σ encodes reachability, and ensures that changing a line requires

getting off at a stop:

start(X)→ reach(X),

destination(X) ∧ reach(X)→ arrive(X),

link(X, Y1, Y2)→ link(X, Y2, Y1),

link(X, Y1, Y2) ∧ link(X, Y2, Y3)→ link(X, Y1, Y3),

reach(Y1) ∧ link(X, Y1, Y2) ∧ stop(Y2)→ reach(Y2).

Suppose we aim to travel to Marble Arch, so the query is Q = arrive(m). The fastest

routes to Marble Arch correspond to ≤w-MinEXs for D |= (Q,Σ), which are

E1 = {start(v), stop(m), link(bus148 , v , h), link(bus148 , h, p), link(bus148 , p,m)},

E2 = {start(v), stop(o), stop(m), link(vline, v , g),

link(vline, g , o), link(cline, o, b), link(cline, b,m)}.

6.2 Explanation Problems

In this section, we introduce a number of problems associated with preferred expla-

nations, adapted from Chapter 3. We define these problems in a rather general way,

which can be parametrized with any preference order 4.

The first and most basic problem, Is-MinEX, is a decision version of the problem

of finding a preferred explanation.

Problem: Is-MinEX(4,UCQ,L)

Input: A database D, a set of facts E ⊆ D, and an OMQ (Q,Σ), where Q is a UCQ,

Σ is an L-program, and D |= (Q,Σ).

Question: Is E a 4-MinEX for D |= (Q,Σ)?

Example 6.3. The sets E1 and E2 from Example 6.2 are ≤w-minimal explanations

for D |= (Q,Σ), which correspond to the fastest route from Victoria to Marble Arch

station. Consider now the set

E3 = {start(v), stop(g), stop(b), stop(m),

link(vline, v , g), link(jline, g , b), link(cline, b,m)}.
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Although E3 |= (Q,Σ) and it is inclusion-minimal, it is not a ≤w-MinEX since it is

not weight-minimal. Note that w(E3) = 16 > w(E1) = 14.

The following problem is a decision version of the problem of finding all the pre-

ferred minimal explanations.

Problem: All-MinEX(4,UCQ,L)

Input: A database D, a preorder 4 on D, a set E of subsets of D, and an OMQ

(Q,Σ), where Q is a UCQ, Σ is an L-program, and D |= (Q,Σ).

Question: Is E the set of all 4-MinEXs for D |= (Q,Σ)?

The next problem asks whether a particular fact is contained in some preferred

explanation. We say that a fact ψ is 4-relevant for D |= (Q,Σ) if ψ appears in some

4-MinEX for D |= (Q,Σ).

Problem: MinEX-Rel(4,UCQ,L)

Input: A database D, a fact ψ ∈ D, and an OMQ (Q,Σ), where Q is a UCQ, Σ is

an L-program, and D |= (Q,Σ).

Question: Is ψ 4-relevant for D |= (Q,Σ)?

We illustrate both All-MinEX and MinEX-Rel on our running example.

Example 6.4. Observe that E = {E1, E2} are all the ≤w-MinEXs for D |= (Q,Σ).

While there is no ≤w-MinEX for D |= (Q,Σ) that contains stop(g), there is a

≤w -MinEX for D |= (Q,Σ) that contains stop(o).

The next problem asks whether there is a preferred explanation that does not con-

tain any forbidden set. This problem applies when we know that some combinations

of facts correspond to invalid configurations (e.g., invalid routes), and so we want to

find explanations that do not contain these facts.

Problem: MinEX-Irrel(4,UCQ,L)

Input: A database D, a set F of subsets of D, and an OMQ (Q,Σ), where Q is a

UCQ, Σ is an L-program, and D |= (Q,Σ).

Question: Is there a 4-MinEX for D |= (Q,Σ) not containing any of the sets in F?

Example 6.5. Suppose that the link between the stops h and p cannot be used,

i.e., F = {{link(bus148 , h, p)}} is the set of forbidden subsets of the database. Then

E2 gives a quickest route that does not contain this forbidden link, and thus E2 is a

≤w-MinEX for D |= (Q,Σ).

On the other hand, if we also forbid to use the link between g and o, that is,

F = {{link(bus148 , h, p)}, {link(vline, g , o)}}, then every ≤w-MinEX contains some

forbidden set.
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Table 6.1: Complexity of Is-MinEX and All-MinEX for (4,Q,L) with
4∈ {≤,≤w} and Q ∈ {BCQ,UCQ}.

L Data fp-comb. ba-comb. Comb.

L, LF, AF ≤ P Dp Dp PSpace
S, SF ≤ P Dp Dp Exp
A ≤ P Dp DExp DExp

G coNP Dp Exp 2Exp
F, GF coNP Dp Dp Exp
WS, WA coNP Dp 2Exp 2Exp

The next problem asks whether a particular fact is contained in every preferred

explanation. We say that a fact ψ is 4-necessary for D |= (Q,Σ) if ψ appears in

every 4-MinEX for D |= (Q,Σ).

Problem: MinEX-Nec(4,UCQ,L)

Input: A database D, a fact ψ ∈ D, and an OMQ (Q,Σ), where Q is a UCQ, Σ is

an L-program, and D |= (Q,Σ).

Question: Is ψ 4-necessary for D |= (Q,Σ)?

Example 6.6. The facts start(v) and stop(m) are the only two ≤w-necessary facts

for any for D |= (Q,Σ). Any other fact is not ≤w-necessary. This can be seen by

taking the intersection of the only two ≤w-minimal explanations, which is E1 ∩E2 =

{start(v), stop(m)}.

6.3 Explanations with Minimal Cardinality

After introducing all five problems studied in this chapter, and illustrating them on

our running example, we now move to the technical results for each of the discussed

preference orders. In this section, we analyse the computational problems associated

with computing cardinality-minimal explanations.

6.3.1 Smallest Explanation

We consider the problem of recognising a cardinality-minimal explanation. We start

with showing membership results in Table 6.1 and then proceed to give the match-

ing hardness results. First, we present a general algorithm that covers most of the

membership results.
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Theorem 6.7. For any class L of TGDs, if OMQA(UCQ,L) is in the complexity

class C, then Is-MinEX(≤,UCQ,L) can be decided by a test in C and a test in

co-(NPC).

Proof. Let D be a database, (Q,Σ) be an OMQ, and E ⊆ D be a candidate ≤-

MinEX. Note that we can check whether E |= (Q,Σ) with a single C check. We can

check whether E is not ≤-minimal by guessing a subset E ′ ⊆ D with |E ′| < |E| in

NP, and then checking whether E ′ |= (Q,Σ) in C. Therefore, checking whether E is

≤-minimal is in co-(NPC).

This already implies all the membership results for Is-MinEX in Table 6.1, apart

from the tractability results in data complexity and the Dp membership results. For

example, if OMQA is in P, then Is-MinEX can be decided with a single P and a

single coNP test. These two can be combined as a single coNP, which solves Is-

MinEX. The remaining cases are dominated by the complexity of query answering.

To see that, note that, if OMQA is in C ∈ {Exp, 2Exp,PSpace}, then co-(NPC) = C
and so, by Theorem 6.7, Is-MinEX can be decided with two C tests. For the class C
as indicated above, it can be shown that these two tests can be captured by a single

C test. Therefore, Is-MinEX is in C in this case.

Next, we show that whenever OMQA is in NP, we have that Is-MinEX is in Dp

by analysing the proof of Theorem 6.7.

Theorem 6.8. For any language L of existential rules, if OMQA(UCQ,L) is in

NP, then Is-MinEX(≤,UCQ,L) is in Dp.

Proof. If the complexity of OMQA is in NP, then, by Theorem 6.7, Is-MinEX can

be solved with a single NP and a single test that is a complement to an NP test, calling

a single NP test. Note that the two NP tests are independent, and therefore they

can be captured as a single NP tests, where a certificate is obtained by concatenating

the certificates of these two NP tests. Therefore, in this case, Is-MinEX is solvable

with a single NP and a single coNP test, that is, it is in Dp.

The tractability of Is-MinEX in data complexity for FO-rewritable languages

follows from Theorem 3.18, which states that computing the set of all subset-minimal

explanations for the OMQ is feasible in polynomial time in data complexity. It is

easy to extend this result to compute the set of all cardinality-minimal explanations:

we first compute all the subset-minimal explanations in polynomial time, and then

select the cardinality-minimal ones, also in polynomial time.
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Corollary 6.9. Let L be a FO-rewritable language over existential rules. Then

Is-MinEX(≤,UCQ,L) is in P in data complexity.

We proceed with the hardness results for Is-MinEX. First, we show that recognis-

ing cardinality-minimal explanations is intractable already for guarded full existential

rules in data complexity, even though query answering is known to be in polynomial

time in this fragment. This is in strong contrast with the complexity of recognising

subset-minimal explanations, which remains in polynomial time in data complexity.

Theorem 6.10. Is-MinEX(≤,UCQ,GF) is coNP-hard in data complexity.

Proof. We reduce a coNP-complete problem UNSAT to Is-MinEX(≤,UCQ,GF) in

data complexity. Let φ be a 3CNF formula of the form c1 ∧ · · · ∧ cm, where ci is a

clause. Assume that x1, . . . , xk are variables in φ. Without loss of generality, assume

that assigning the value 0 all the variables xi does not satisfy φ. We construct a

database D, an OMQ (Q,Σ), and a subset E ⊆ D as follows.

First, we construct the database D in three steps. The first part of the database

Dvar captures the possible assignments to variables. For each variable xi in φ, we add

to Dvar the facts val(i, 0) and val(i, 1).

The second part of the database Dcl captures the clauses of φ. For each clause

cj = xj1 ∨ ¬xj2 ∨ ¬xj3 in φ, add to Dcl the fact

cl(j, j1, p, j2, n, j3, n).

The third part of the database Dreach is added to enable the reachability type

constructions to ensure containment of cl , var facts and satisfiability of φ. For each

i ∈ {0, . . . , k−1}, we add to Dreach the fact succ var(i, i+1), which captures that the

i+ 1th variable is the successor of the ith variable. Similarly, for each j ∈ {0,m− 1},
we add to Dreach the fact succ cl(j, j+ 1), which captures that that the j+ 1th clause

is the successor of the jth clause. We further add to Dreach facts that capture the

numbers of variables and clauses, and act as initial conditions in the arguments:

no of var(k), no of cl(m), and var ch(0), cl ch(0), sat ch(0).

Finally, we add sat() to D. This fact will be contained in a MinEX only if φ is

not satisfiable. Therefore the database is D = Dvar ∪Dcl ∪Dreach ∪ {sat()}.
We construct the program Σ as follows. It consists of three parts. The first part

Σval ensures that all val() holds if, for each variable xi, at least one of val(j, 0) and
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val(j, 1) is present. , and Note that capital letters and the underscores ( ) stand for

fresh universally quantified variables, small letters and numbers stand for constants:

Σval = {val(J, )→ in val(J),

var ch(I) ∧ succ var(I, J) ∧ in val(J)→ var ch(J),

no of var(M) ∧ var ch(M)→ all val()}.

The second part Σcl ensures that that all cl() holds if all cl facts are present:

Σcl = {cl(J, , , , , , )→ in cl(J),

cl ch(I) ∧ succ cl(I, J) ∧ in cl(J)→ cl ch(J),

no of cl(N) ∧ cl ch(N)→ all cl()}.

The third part ensures that sat() holds if the assignment, given by val facts satisfies

the formula φ:

Σsat = {cl(J, I1, p, , , , ) ∧ val(I1, 1)→ sat(J),

cl(J, I1, n, , , , ) ∧ val(I1, 0)→ sat(J),

cl(J, , , I2, p, , ) ∧ val(I2, 1)→ sat(J),

cl(J, , , I2, n, , ) ∧ val(I2, 0)→ sat(J),

cl(J, , , , , I3, p) ∧ val(I3, 1)→ sat(J),

cl(J, , , , , I3, n) ∧ val(I3, 0)→ sat(J),

sat ch(I) ∧ succ cl(I, J) ∧ sat(J)→ sat ch(J),

no of cl(N) ∧ sat ch(N)→ sat()}.

Thus the program is Σ = Σval ∪ Σcl ∪ Σsat . We take the query to be

Q = sat ch(0) ∧ all val() ∧ all cl() ∧ sat().

Finally, we take the candidate ≤-MinEX for D |= (Q,Σ) to be

E = Dcl ∪ {var(i, 0) | xi is a variable in φ} ∪Dreach ∪ {sat()}

It is easy to see that both D and E entail (Q,Σ). Now we show that E is a ≤-MinEX

for D |= (Q,Σ) iff φ is unsatisfiable.

(⇒) For the forward direction, suppose that E is a ≤-MinEX for D |= (Q,Σ).

Assume, for a contradiction, that if φ was satisfiable, and let σ be a satisfying

assignment. Then we can construct the following ≤-MinEX E ′ for (Q,Σ). Take
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E ′ = Dcl ∪ {var(i, v(xi)) | xi is a variable in φ} ∪Dreach . Note that, by construction,

E ′ |= (Q,Σ). Note that |E ′| = |E|−1 < |E|. This is a contradiction to the minimality

of E.

(⇐) For the backwards direction, suppose that φ is unsatisfiable. Assume, for

a contradiction, that E is not a ≤-MinEX for (Q,Σ). We have observed that E |=
(Q,Σ), and so the only way E might fail to be a MinEX if it is not cardinality-minimal.

Let E ′ ⊆ D be a subset such that E ′ |= (Q,Σ) and |E ′| < |E|. Then, by construction,

E ′ must contain Dcl , exactly one of val(i, 0) and val(i, 1) for each i, and Dreach .

Therefore, sat() /∈ E ′, and E ′ |= (sat(),Σ). Therefore, by construction, val facts give

a satisfying assignment to φ, and so φ is satisfiable, which is a contradiction.

Next, we show that the complexity of Is-MinEX increases in fp-combined com-

plexity and is Dp-hard for any language of existential rules (even if the program is

empty). This result follows from the proof of Theorem 3.12, showing the Dp-hardness

of recognising a subset-minimal explanation in fp-combined complexity. Note that in

that proof the constructed set is not only subset-minimal but also cardinality-minimal.

Corollary 6.11. Is-MinEX(≤,UCQ,L∅) is Dp-hard in fp-combined complexity.

In Theorem 3.13, we have shown that Is-MinEX(⊆,UCQ,A) is DExp-hard in

ba-combined complexity. The reduction used in that work immediately applies to the

cardinality-minimal explanations, as the database and the OMQ constructed in that

proof admit always a unique MinEX, which is clearly cardinality-minimal. Therefore,

we have the following result, which implies all the DExp-hardness results in Table 6.1.

Corollary 6.12. Is-MinEX(≤,UCQ,A) is DExp-hard in ba-combined complexity.

We complete the analysis of Is-MinEX with the result that Is-MinEX is as hard

as OMQA in ba-combined and combined complexity. The following result covers all

the remaining hardness results in Table 6.1.

Theorem 6.13. For any language L of existential rules, OMQA(UCQ,L) is poly-

nomial-time reducible to Is-MinEX(≤,UCQ,L) in ba-combined and combined com-

plexity.

Proof. We reduce OMQA(UCQ,L) to Is-MinEX(≤,UCQ,L). LetD be a database

and (Q,Σ) be an OMQ, which is an instance of OMQA(UCQ,L). Let DQ be a set

of facts obtained by grounding variables in Q with fresh constant symbols. Then

certainly DQ |= (Q,Σ). Let D′ = {p(), r()}, Σ′ = Σ ∪ {p() → f | f ∈ D} ∪ {r() →
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g | g ∈ DQ}, and E = {p()}. Note that D′ |= (Q,Σ′) and thus it forms an instance

of Is-MinEX. Furthermore, it is not difficult to verify that D |= (Q,Σ) iff E is a

≤-MinEX for D′ |= (Q,Σ′).

6.3.2 All Smallest Explanations

We continue the analysis with the problem of recognising all cardinality-minimal ex-

planations. Rather surprisingly, we show that All-MinEX has the same complexity

as Is-MinEX for the languages under consideration in this case, which is in con-

trast to the subset-minimal case, where we observed the differences in complexity for

these two problems in data complexity. All membership results for All-MinEX are

covered by the following theorem, except for the P and Dp ones, for which we need

tighter statements.

Theorem 6.14. For any language L of existential rules, if OMQA(UCQ,L) is in

C, then All-MinEX(≤,UCQ,L) can be decided by a linear number of C tests and

a single test in co-(NPC).

Proof. Let E be a set of subsets of the database D, and (Q,Σ) be an OMQ. First,

we check in polynomial time whether all sets in E are of the same size. If not, we

return that E is not the set of all ≤-MinEXs for D |= (Q,Σ). Otherwise, we check

whether each E ∈ E entails the OMQ (Q,Σ) by calling a linear number of C tests.

Suppose that all sets in E are of size k. Note that to check whether every set in E is

cardinality-minimal and that there is no ≤-MinEX outside of E , it is enough to check

that there is no set outside of E of size k or smaller that entails the OMQ. We can

check the existence of such a set with a single NP test calling a single C test.

Note that all the membership results for All-MinEX, apart from the tractability

results in data complexity and the membership Dp in fp-combined and ba-combined

complexity. The following covers the Dp-membership results in Table 6.1. It follows

from the proof .

Theorem 6.15. For any language L of existential rules, if OMQA(UCQ,L) is in

NP, then Is-MinEX(≤,UCQ,L) is in Dp.

Proof. If the complexity of OMQA is in NP, then, by the proof of Theorem 6.14,

All-MinEX can be solved with (i) a single NP and (ii) a linear number of tests that

are complement to an NP test, calling a single NP test. Note that in (ii) the two

NP tests (one calling another) are independent and thus the two NP tests can be
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expressed as a single NP tests, where a certificate is obtained by concatenating the

certificates of these two tests. Therefore (ii) can be checked with a linear number of

coNP tests. Note that, from the proof of Theorem 6.14, we can see that all of these

coNP tests are independent too. Thus, they can be captured by a single coNP tests

for which a certificate is obtained by concatenating the certificates of these linearly

many coNP tests. Therefore, All-MinEX is solvable with a single NP and a single

coNP test, that is, it is in Dp.

For FO-rewritable languages, the membership results in P for All-MinEX follow

by a similar argument to the one for Corollary 6.9 for Is-MinEX. By Theorem 3.18,

we can compute all subset-minimal explanations in polynomial time, and then com-

pute the set of all ≤-MinEXs in polynomial time.

Corollary 6.16. Let L be a FO-rewritable language over existential rules. Then

All-MinEX(≤,UCQ,L) is in P in data complexity.

We proceed with the hardness results for All-MinEX. First, we show that the

All-MinEX is coNP-hard in data complexity when a program is guarded full. The

proof of this result borrows some ideas from the proof of Theorem 6.10.

Theorem 6.17. All-MinEX(≤,UCQ,GF) is coNP-hard in data complexity.

Proof. We reduce a coNP-complete problem UNSAT to All-MinEX(≤,UCQ,GF)

in data complexity. Let φ be a 3CNF formula of the form c1 ∧ · · · ∧ cm, where ci is

a clause. Assume that x1, . . . , xn are variables in φ. We construct a database D, an

OMQ (Q,Σ) and a set E of subsets of D as follows.

The database consists of two parts Dsat and Dunsat . The first part Dsat consists

of the three parts Dval , Dcl and Dreach as defined in the proof of Theorem 6.10. we

take Dsat = Dval ∪ Dcl ∪ Dreach . Note that Dsat here is equal to D \ {sat()} in the

proof of Theorem 6.10.

The other part of the database Dunsat has M = |Dsat | − n facts. The idea behind

this construction is that Dunsat will be the only cardinality-minimal explanation only

if φ is unsatisfiable. If φ is satisfiable, then some subsets of Dsat of size M will

also be MinEXs. We take Dunsat to contain, for each i ∈ {0, . . . ,M − 3}, a fact

succ unsat(i, i+1), and further two facts, namely, unsat(0) and no for unsat(M−2).

We construct the program Σ as follows. We take Σval ,Σcl and Σsat as in the proof

of Theorem 6.10. Another part Σunsat of the program captures that unsat() holds iff
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all the facts in Dunsat are present:

Σunsat = {unsat(I) ∧ runsat(I, J)→ unsat(J),

no of unsat(N) ∧ unsat(N)→ unsat()}.

We further add two rules, which capture that a fact processed() can be inferred via

some subset of Dsat that gives a satisfying assignment of φ or the facts in Dunsat :

Σproc = {in val() ∧ in cl() ∧ sat()→ processed(), unsat()→ processed()}.

Thus the program is Σ = Σval ∪ Σcl ∪ Σsat ∪ Σunsat ∪ Σproc. We take the query to be

Q = processed().

We take the candidate set of all ≤-MinEX to be E = {Dunsat}. We show that E is

the set of all ≤-MinEXs for D |= (Q,Σ) iff φ is unsatisfiable.

(⇒) Suppose that φ is satisfiable. Then from a satisfying assignment σ, we can

construct a ≤-MinEX E ′ for D |= (Q,Σ) as follows. Take E ′ = Dcl ∪ {val(i, σ(xi)) |
xi is a variable in φ} ∪ Dreach . Note that, by construction, E ′ |= (Q,Σ). Note that

|E ′| = M −n. This shows that E is not the set of all ≤-MinEXs as it is missing some

≤-MinEXs.

(⇐) Suppose that E is not a ≤-MinEX for D |= (Q,Σ). Let E ′ ⊆ D be a ≤-

MinEX not in subset E . As E ′ |= (Q,Σ), by construction, either E ′ |= unsat() or

E ′ |= in val()∧ in cl()∧sat(). In the former case, by construction, E ′ must be Dunsat ,

which we know is not the case. Therefore, E ′ entails in val() ∧ in cl() ∧ sat() and is

of size at most M . The set E ′ must contain all the facts in Dcl , Dreach and at least

n facts from Dval , that is, it must be at least of size M . That is, E ′ is exactly of

size M and contains n val facts, which give a satisfying assignment to φ, and so φ is

satisfiable.

The remaining hardness results for All-MinEX in Table 6.1 follow from the

proofs of Corollaries 6.11 and Corollary 6.12, and Theorem 6.13. In those proofs,

the constructed ≤-MinEX E is unique, and thus we can take the candidate set of all

≤-MinEXs to be E = {E} for those proofs to apply to All-MinEX.

6.3.3 Relevant Facts for Preferred Explanations

We proceed with the problem MinEX-Rel, which asks whether a distinguished fact

is contained in some cardinality-minimal explanation for an OMQ answer. As be-

fore, we first provide a general algorithm that covers most of the membership results

in Table 6.2.
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Table 6.2: Complexity of MinEX-Rel, MinEX-Irrel, and MinEX-Nec for
(≤,Q,L) with Q ∈ {BCQ,UCQ}.

L Data fp-comb. ba-comb. Comb.

L, LF, AF ≤ P Θp
2 Θp

2 PSpace
S, SF ≤ P Θp

2 Θp
2 Exp

A ≤ P Θp
2 ≤ PNExp ≤ PNExp

G Θp
2 Θp

2 Exp 2Exp
F, GF Θp

2 Θp
2 Θp

2 Exp
WS, WA Θp

2 Θp
2 2Exp 2Exp

Theorem 6.18. For any language L of existential rules, if OMQA(UCQ,L) is in

the complexity class C, then MinEX-Rel(≤,UCQ,L) is in PNPC [O(logn)], i.e., can be

decided with a logarithmic number of NPC tests.

Proof. Let D be a database, (Q,Σ) be an OMQ, and ψ ∈ D be a distinguished fact.

First, we carry out a binary search on {1, . . . , |D|} to find the size of a smallest subset

of D that entails (Q,Σ), i.e., the size of a cardinality-minimal explanation. At each

step, for a number k, we guess a subset of D of size k and check whether it entails

the OMQ in C, and continue our binary search accordingly. We can clearly find the

size k′ of a smallest MinEX with a logarithmic number of C calls in the size of the

database.

Having found the size k′, we only need to verify whether there exists a ≤-MinEX

containing ψ. To do so, simply guess a subset of D of size k′ that contains ψ, and

check in C whether it entails the OMQ. As this is just a single check, the number of

times that we need to call an NP test followed by a C test remains logarithmic.

Let us briefly discuss the implications of this result. If OMQA is in P, then we

have that MinEX-Rel is in PNPP[O(logn)] = PNP[O(logn)] = Θp
2. If OMQA is in NExp,

then MinEX-Rel is in PNPNExp[O(logn)] = PPNExp[O(logn)] = PNExp. If OMQA is in

C ∈ {PSpace,Exp, 2Exp}, then MinEX-Rel is in PNPC [O(logn)] = PC[O(logn)] = C.
Notice that the above result does not cover the P membership results in data complex-

ity, and the Θp
2 membership results in fp-combined and ba-combined complexity. We

first show that the Θp
2 membership results for MinEX-Rel in fp- and ba-combined

complexity in Table 6.2 follow from the proof of Theorem 6.18.

Theorem 6.19. For any language L of existential rules, if OMQA(UCQ,L) is in

NP, then MinEX-Rel(≤,UCQ,L) is in Θp
2.
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Proof. If the complexity of OMQA is in NP, then, by Theorem 6.18, MinEX-Rel

can be solved with a logarithmic number of NP tests, calling a single NP test. Note

that the two NP tests can be combined by concatenating the certificates, and so, in

this case, MinEX-Rel is solvable with a logarithmic number of NP tests, that is, it

is in Θp
2.

As before, the data complexity tractability results for FO-rewritable languages are

not covered by the generic algorithm too, but follow by similar arguments as Corol-

lary 6.9. In this case, we can compute all MinEXs and check whether any cardinality-

minimal explanation contains a distinguished fact in polynomial time.

Corollary 6.20. Let L be a FO-rewritable language over existential rules. Then

MinEX-Rel(≤,UCQ,L) is in P in data complexity.

Interestingly, MinEX-Rel is hard already in data complexity for the guarded,

full existential rules as it lies in the second level of the polynomial hierarchy.

Theorem 6.21. MinEX-Rel(≤,UCQ,GF) is Θp
2-hard in data complexity.

Proof. We reduce from the following Θp
2-complete problem:

Problem: Comp-SAT

Input: A pair (A,B) of sets of 3CNF formulas

Question: Is the number of satisfiable formulas in A is greater than the number of

satisfiable formulas in B?

This problem remains Θp
2-complete even if we impose the following further condi-

tions [113]:

• |A| = |B|;

• all formulas in A and B have the same number of clauses and the same variables;

• If A = {φa1, . . . , φan} and B = {φb1, . . . , φbn}, then satisfiable formulas come first

in the ordering, i.e., for any u ∈ {a, b} and k, if φuk+1 is satisfiable, then so is φuk .

Given these restrictions, the problem asks whether there is a number k such that φak
is satisfiable and φbk is unsatisfiable.

Let A = {φa1, . . . , φan} and B = {φb1, . . . , φbn} be an instance of Comp-SAT with

the restrictions, given above. Suppose that each formula has m clauses and the

variables x1, . . . , xv. Now we construct an instance of MinEX-Rel(≤,UCQ,GF),

where only the database depends on the instance of Comp-SAT.
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The database D is constructed as follows. The first part of the database Dval

captures the possible assignments to variables. This consists of the facts

val(u, k, i, 0, `), val(u, k, i, 1, `),

where u ∈ {a, b} identifies one of the sets A and B, k ∈ {1, . . . , n} is the index of a

formula in that set, i ∈ {1, . . . , v} is the index of a variable, and ` ∈ {1, 2, 3, 4} gives

four copies of each assignment fact. In particular, val facts encode assignments to

the variables.

The second part of the database Dcl captures the clauses of the formulas, both

in A and in B. For example, for a clause cj = xj1 ∨ ¬xj2 ∨ ¬xj3 in φak in A, add

to Dcl the fact cl(a, k, j, j1, p, j2, n, j3, n). In the cl facts, the first argument is either

a or b indicating the set of formulas, the second argument gives the index of the

formula in that set, the third gives the index of a clause of that formula, the fourth

argument gives the index of a variable of the first literal of the clause and the fifth

argument indicates whether that literal is positive of negative, similarly, sixth and

seventh arguments specify the second literal of the clause, and the eighth and ninth

arguments specify the third literal.

We add facts to the database that refer to the unsatisfiability of a formula. We

add three copies of such fact for each formula both in A and B:

unsat(u, k, `),

where u ∈ {a, b}, 1 ≤ k ≤ n, and ` ∈ {1, 2, 3}.
We add a number of structural facts to the database. These can be divided into

four parts. The first part Dreach is a set of binary facts that are used as connecting

facts in the reachability constructions. For each u ∈ {a, b}, 1 ≤ k ≤ n and for

i ∈ {1, . . . , v}, we introduce facts

succ var(u, k, i− 1, i)

that are used for reachability argument on variables,

succ cl(u, k, j − 1, j)

for 1 ≤ j ≤ m that are used for reachability argument on clauses,

succ form(k − 1, k)

for 1 ≤ k ≤ n that are used for reachability argument on formulas.
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We introduce the facts Dch that act as starting points for reachability arguments,

namely, var ch(u, k, 0), cl ch(u, k, 0), sat ch(u, k, 0), and proc ch(0), where u ∈ {a, b}
and 1 ≤ k ≤ n.

Also, we also add the facts Dno that capture how many variables, clauses and

formulas there are no of var(v), no of cl(m), and no of form(n), respectively. The

database also contains the fact sat unsat().

We construct the OMQ in such a way that sat unsat() must be in a ≤-MinEX if

there is k such that φak is satisfiable and φbk is unsatisfiable. Now we construct the

program. The first part of the program Σval ensures that four copies of a valuation

fact is present for each variable. In particular, in val(u, k) holds if there are all four

copies of a val fact for u ∈ {a, b} and k ∈ {1, . . . , n}:∧
1≤`≤4

val(U,K, J, V, `)→ in val(U,K, J),

var ch(U,K, I) ∧ succ var(U,K, I, J) ∧ in val(U,K, J)→ var ch(U,K, J),

no of var(M) ∧ var ch(U,K,M)→ in val(U,K),

The second part of the program Σcl ensures that all cl facts are present. In particular,

in cl(u, k) holds if all facts cl(u, k, , , , , , , ) from Dcl are present:

cl(U,K, J, , , , , , )→ in cl(U,K, J),

cl ch(U,K, I) ∧ succ cl(U,K, I, J) ∧ in cl(U,K, J)→ cl ch(U,K, J),

no of cl(N) ∧ cl ch(U,K,N)→ in cl(U,K).

The next part of the program Σsat captures the satisfiability of a formula. We

note that sat(u, k) holds if the kth formula from the set u ∈ {a, b} is satisfiable by the

assignment given by val facts. Note that val assignment is allowed to be improper,

that is assigning more than one value to some variables. As we are looking into

cardinality-minimal explanations, we shall see that any assignment that is cardinality-

minimal must be a proper assignment.
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cl(U,K, J, I1, p, , , , ) ∧
∧

1≤`≤4

val(U,K, I1, 1, `)→ sat(U,K, J),

cl(U,K, J, I1, n, , , , ) ∧
∧

1≤`≤4

val(U,K, I1, 0, `)→ sat(U,K, J),

cl(U,K, J, , , I2, p, , ) ∧
∧

1≤`≤4

val(U,K, I2, 1, `)→ sat(U,K, J),

cl(U,K, J, , , I2, n, , ) ∧
∧

1≤`≤4

val(U,K, I2, 0, `)→ sat(U,K, J),

cl(U,K, J, , , , , I3, p) ∧
∧

1≤`≤4

val(U,K, I3, 1, `)→ sat(U,K, J),

cl(U,K, J, , , , , I3, n) ∧
∧

1≤`≤4

val(U,K, I3, 0, `)→ sat(U,K, J),

sat ch(U,K, I) ∧ succ cl(U,K, I, J) ∧ sat(U,K, J)→ sat ch(U,K, J),

no of cl(N) ∧ sat ch(U,K,N)→ sat(U,K).

Also, add to Σsat

unsat(U,K, 1) ∧ unsat(U,K, 2) ∧ unsat(U,K, 3)→ unsat(U,K)

Next, we introduce a number of formulas that ensure that it is recorded in the

database whether there is k such that φak is satisfiable, and φbk is unsatisfiable. We

say that record(k) holds if (un)satisfiability is captured of both φak and φbk.

sat(a,K) ∧ sat(b,K)→ record(K),

sat(a,K) ∧ unsat(b,K) ∧ sat unsat()→ record(K),

unsat(a,K) ∧ sat(b,K)→ record(K),

unsat(a,K) ∧ unsat(b,K)→ record(K).

The final part of the program Σproc ensures, that the query processed() is entailed

if all the structural facts and (un)satisfiability is captured of all formulas both in A

and B.

in val(a,K) ∧ in val(b,K)→ in val(K),

in cl(a,K) ∧ in cl(b,K)→ in cl(K),

in val(K) ∧ in cl(K) ∧ record(K)→ proc(K),

proc ch(I) ∧ succ form(I, J) ∧ proc(J)→ proc ch(J),

no of form(M) ∧ proc ch(M)→ processed().
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Finally, the query is Q = processed(). The distinguished fact is sat unsat().

We show that there is k such that φak is satisfiable and φbk is unsatisfiable iff there

is a ≤-MinEX for D |= (Q,Σ) that contains sat unsat(). First of all, we note that if

a subset E ⊆ D entails the OMQ (Q,Σ), then a number of facts have to be present,

for example, at least three copies of val(u, k, i, ?, `), where ? ∈ {0, 1}. Also, a number

of structural facts.

Note that if φuk is satisfiable, for sat(u, k) to hold, we need a single extra fact

sat ch(u, k, 0) to be present. If φuk is satisfiable or unsatisfiable, for unsat(u, k) to

hold, we need three extra unsat(u, k, `) facts. If φuk is unsatisfiable, for sat(u, k)

to hold we need at least five extra facts, namely, sat ch(u, k, 0) and four extra val

fact copies for some variables (so that the assignment is improper). As a result, for

cardinality-minimality, we prefer to capture the satisfiability of each formula correctly.

Note that recording the satisfiability of φuk correctly requires fewer facts than recording

incorrectly with the difference of two facts. Intuitively, this differences ensures that

every ≤w-MinEX will contain sat unsat() iff there is k such that φak is satisfiable and

φbk is unsatisfiable.

(⇒) Suppose that there is k such that φak is satisfiable and φbk is unsatisfiable.

Let D be a database and (Q,Σ) be an OMQ constructed as above. We construct a

≤-MinEX E for D |= (Q,Σ) as follows. Add Dcl , Dreach , Dno to E. Also, for each

u ∈ {a, b} and k ∈ {1, . . . , n}, add to E the facts var ch(u, k, 0), cl ch(u, k, 0), and

proc ch(0). For each u ∈ {a, b} and k ∈ {1, . . . , n}, if φuk is satisfiable with valuation

σ, add to E the facts sat ch(u, k, 0), and val(u, k, j, σ(xj), `) for each j ∈ {1, . . . , v}
and ` ∈ {1, 2, 3, 4}. If φuk is unsatisfiable, then add unsat(u, k, `) for ` ∈ {1, 2, 3}, and

val(u, k, j, 0, `) for each j ∈ {1, . . . , v} and ` ∈ {1, 2, 3, 4}. Further, add sat unsat()

to E. It is easy to see that E |= (Q,Σ). By the reasoning above, it can be seen that

E is cardinality-minimal.

(⇐) Suppose that there is a≤-MinEX E for D |= (Q,Σ) that contains sat unsat().

As we have seen above, E captures satisfiability and unsatisfiability of formulas φuk .

And, further, sat unsat() is present implies that there is k such that φak is satisfiable

and φbk is unsatisfiable.

Next, we show that MinEX-Rel is Θp
2-hard even with the empty program in

fp-combined complexity. Interestingly, the complexity for MinEX-Rel does not

increase for the languages containing GF as we move up from the data complexity to

fp-combined complexity.

Theorem 6.22. MinEX-Rel(≤,UCQ,L∅) is Θp
2-hard in fp-combined complexity.
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Proof. We reduce from the following Θp
2-complete problem:

Problem: InCover

Input: A graph G and a distinguished node w in G.

Question: Is w contained in a vertex cover of G of minimum size?

To see that this problem is Θp
2-complete, note that Θp

2 is closed under complement

as it is a deterministic class. It is known that InAllIS, which asks whether a par-

ticular vertex is in all independent sets of maximum size, is Θp
2-complete. Note that

InCover is the complement of InAllIS, and so is Θp
2-complete. Let G = (V,E) be

a graph, and w be a vertex of G. Let V = {v1, . . . , vn}. We construct a database D,

an ontology-mediated query (Q,Σ), and a distinguished fact as follows. We take the

database to be

D = {edge(0, 1), edge(1, 0), edge(1, 1)} ∪ {vertex (v, 0), vertex (v, 1) | v ∈ V }.

In particular, the fact vertex (v, 1) corresponds to the vertex v being in a vertex

cover. Also, at least one of the two constants in each edge fact is 1 as we require at

least one of the endpoints of every edge to be in a vertex cover.

We take the program to be empty and the query consists of three parts. The first

part requires the three edge facts to be present

edge = edge(0, 1) ∧ edge(1, 0) ∧ edge(1, 1).

The second part requires the facts vertex (v, 0) to be present for all v ∈ V

in =
∧
v∈V

vertex (v, 0).

The last part of the query captures how an edge is covered

cover =
∧

(u,v)∈E

(edge(Xu, Xv) ∧ vertex (u,Xu) ∧ vertex (v,Xv)).

Thus, the query is

Q = edge ∧ in ∧ cover .

We take the distinguished fact to be vertex (w, 1).

We claim that the vertex w belongs to a vertex cover of G of minimum size iff

there is a ≤-MinEX for D |= (Q,Σ) that contains vertex (w, 1).

(⇒) Suppose that w belongs to a vertex cover of G of minimum size. Let

V ′ be a vertex cover of minimum size that contains w. Take the following sub-

set of the database E = {edge(0, 1), edge(1, 0), edge(1, 1)} ∪ {vertex (v, 0) | v ∈
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V } ∪ {vertex (v, 1) | v ∈ V ′}. Note that E contains vertex (w, 1). First, observe

that E |= (Q,Σ). To see this, note that the edge and in parts of the query are

certainly entailed, and the cover part of the query is entailed as V ′ contains at least

one endpoint of each edge. Next, we show that E is a smallest MinEX for (Q,Σ).

Note that every ≤-MinEX for (Q,Σ) has to contain all edge facts and vertex (v, 0)

facts for all v ∈ V . Notice that if there is an explanation that has fewer facts than

E, then it has fewer vertex (v, 1) facts, each of them corresponding to a vertex being

in a cover. This would imply that there is a cover of size smaller than V ′, which is a

contradiction.

(⇐) Suppose that there is a ≤-MinEX for D |= (Q,Σ) that contains vertex (w, 1).

Let E be such ≤-MinEX. Let V ′ = {v | vertex (v, 1) ∈ E}. Notice that w ∈ V ′. We

claim that V ′ is a vertex cover of minimum size. Suppose, for a contradiction, that V ′

is not a vertex cover. Hence, there is an edge (u, v) ∈ E such that {u, v}∩V ′ = ∅. This

means that vertex (u, 1) and vertex (v, 1) do not belong to E. However, E |= (Q,Σ),

which means that E |= edge(Xu, Xv) ∧ vertex (u,Xu) ∧ vertex (v,Xv) too. Observe

that, in this case, any homomorphism mapping (edge(Xu, Xv) ∧ vertex (u,Xu) ∧
vertex (v,Xv)) to E has to map Xu and Xv to the constant 0, because vertex (u, 1) and

vertex (v, 1) do not belong to E. Therefore, it must be the case that edge(0, 0) belongs

to E: a contradiction; hence V ′ is a vertex cover. Suppose, for a contradiction, that

there is a cover V ′′ of smaller size than V ′. Then take E ′ = {edge(0, 1), edge(1, 0),

edge(1, 1)} ∪ {vertex (v, 0) | v ∈ V } ∪ {vertex (v, 1) | v ∈ V ′′}. By above, we have that

it entails the OMQ but it is of size smaller than E, which is a contradiction.

The remaining hardness results follow from the proof of Theorem 6.13 by taking

the distinguished fact to be ψ = p(). Note that the fact ψ is contained in every

explanation, and thus it is ≤-relevant.

6.3.4 Necessary and Irrelevant Facts for Preferred Explana-
tions

Now we analyse the problems MinEX-Irrel and MinEX-Nec, asking whether there

is a ≤-MinEX not containing any forbidden set of facts and whether a fact is neces-

sary, respectively. We first provide general approaches to solve MinEX-Irrel and

MinEX-Nec for cardinality-minimal explanations. Surprisingly, in this case, the al-

gorithms for MinEX-Irrel and MinEX-Nec are similar to that for MinEX-Rel.

This is in contrast to the subset-minimality setting, where we observed significant
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differences in complexity for these problems. We show all membership results in

Table 6.2, but the Θp
2 and P ones, with the following theorem.

Theorem 6.23. For any language L of existential rules, if OMQA(UCQ,L) is in L,

then MinEX-Irrel(≤,UCQ,L) and MinEX-Nec(≤,UCQ,L) are in PNPC [O(logn)].

Proof. As in the proof of Theorem 6.18, we can carry out a logarithmic number of

NP tests, each calling a C test, to determine the size k′ of a ≤-MinEX.

For MinEX-Irrel, we need to check if there is a subset that does not contain

any of the forbidden sets of facts. We can guess such a subset in NP and then we

check whether it entails the OMQ in C. For MinEX-Nec, we need to ensure that

there is no ≤-MinEX that does not contain the distinguished fact. The existence of

such MinEX can be checked with an NP test, calling a single C test.

As for both problems we require a single extra check in NPC, the number of times

that we need to call an NP test followed by a C test remains logarithmic.

This implies all membership results in Table 6.2 apart from the tractability ones in

data complexity and Θp
2 ones in fp- and ba-combined complexity. Note that, for both

MinEX-Irrel and MinEX-Nec, we have that the Θp
2 membership results follow by

the same argument as Theorem 6.19 and the tractability results follow by the same

argument as Corollary 6.9.

We proceed with the hardness results for MinEX-Irrel and MinEX-Nec. First,

we note that MinEX-Nec can be reduced to the complement of MinEX-Irrel. To

see this, note that f is contained in every ≤-MinEX iff there is no ≤-MinEX that

does not contain {f}. Therefore, it suffices to show the hardness results only for

MinEX-Nec.

To show the Θp
2-hardness of MinEX-Nec(≤,UCQ,GF) in data complexity, we

note that the proof of Theorem 6.21 immediately applies to MinEX-Nec, since in

this construction there is a ≤-MinEX that contains a distinguished fact ψ, then every

every ≤-MinEX contains this distinguished fact ψ, and so it is necessary.

To show the Θp
2-hardness of MinEX-Nec in fp-combined complexity, we observe

that the construction in Theorem 6.22 gives a reduction of a Θp
2-complete problem

InAllMinCover [112] to MinEX-Nec by taking a distinguished fact the same as in

that proof. This problem asks whether, given a graph G and a distinguished node w,

the node w belongs to every vertex cover of G of minimum size. Thus, we have shown

that the problem MinEX-Nec(≤,UCQ,L∅) is Θp
2-hard in fp-combined complexity.
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Finally, Theorem 6.13 immediately applies to MinEX-Nec if we take a distin-

guished fact to be ψ = p(). Thefeore, the remaining hardness results for MinEX-Nec

in Table 6.2 in ba-combined and combined complexity hold.

6.4 Explanations with Minimal Weight

In this section, we consider problems associated with weight-minimal explanations.

First, notice that the cardinality order is a special case of the weight order when all

facts are assigned the same weight. We show that the complexity remains the same

for the problems Is-MinEX and All-MinEX, but increases for the other problems

in most cases.

6.4.1 Recognising Minimal Explanations

In this section, we study the problems of recognising a ≤w-MinEX and the set of all

≤w-MinEXs. We first analyse the problem of recognising weight-minimal explana-

tions, Is-MinEX. We note that for this problem all the membership results follow

from the analysis for Is-MinEX with respect to the cardinality order. In particular,

note that the proofs of Theorem 6.7, Theorem 6.8, and Corollary 6.9 apply to the

weight-minimal explanations. The only change that has to be done in those proofs is,

when checking minimality, we need to guess a subset E ′ that has smaller weight than

E, that is, E ′ ≤w E, rather than smaller size. Therefore, the membership results for

Is-MinEX(≤w,UCQ,L), presented in Table 6.1, hold.

As noted earlier, the cardinality order is a special case of the weight order. There-

fore, all the hardness results for the cardinality order immediately apply to the weight

order. This observation implies all the hardness results for Is-MinEX(≤w,UCQ,L)

in Table 6.1.

By analogous arguments, we conclude that the results for All-MinEX with re-

spect to the weight order follow from the analysis of All-MinEX with respect to

the cardinality order.

6.4.2 Results for Other Explanation Problems

We proceed with the remaining explanation problems with respect to the weight

order, which turn out to have different computational complexity from the problems

considered so far.
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Table 6.3: Complexity of MinEX-Rel, MinEX-Irrel, and MinEX-Nec for
(≤w,Q,L) with Q ∈ {BCQ,UCQ}.

L Data fp-comb. ba-comb. Comb.

L, LF, AF ≤ P ∆p
2 ∆p

2 PSpace
S, SF ≤ P ∆p

2 ∆p
2 Exp

A ≤ P ∆p
2 PNExp PNExp

G ∆p
2 ∆p

2 Exp 2Exp
F, GF ∆p

2 ∆p
2 ∆p

2 Exp
WS, WA ∆p

2 ∆p
2 2Exp 2Exp

We first give a general membership result for MinEX-Rel. Observe that the

algorithm for MinEX-Rel (≤,UCQ,L) in the proof of Theorem 6.18 applies to

MinEX-Rel (≤w,UCQ,L) when a binary search is carried out on the sum of weights

of all the facts in the database, rather than the number of facts. Note that the weights

might be exponential, i.e., O(2n), in the size of the input as we are using binary

encodings for weights, and thus the sum of the weights can be exponential in the size

of the input. As binary search takes logarithmic time in the size of the search space,

the algorithm takes a polynomial number of steps. Hence, we state the following

result.

Theorem 6.24. For any language L of existential rules, if OMQA(UCQ,L) is in

the complexity class C, then MinEX-Rel(≤w,UCQ,L) is in PNPC .

We observe that the above result implies all the membership results in Table 6.3,

apart from the ∆p
2 membership results in fp- and ba-combined complexity and the

tractability results in data complexity. We note that, by adapting the proof of Theo-

rem 6.19, we immediately have that for any language L of existential rules, we have

that whenever OMQA(UCQ,L) is in NP, then MinEX-Rel(≤w,UCQ,L) is in

∆p
2. Also, we note that MinEX-Rel(≤w,UCQ,L) is tractable in data complexity

for any FO-rewritable language L of existential rules. It follows by the same argu-

ments as Corollary 6.9.

We proceed with the hardness results for MinEX-Rel(≤w,UCQ,L). First, we

show the ∆p
2-hardness in data complexity. Note that it is essential to use exponential

weights to express a ∆p
2-hard problem.

Theorem 6.25. MinEX-Rel(≤w,UCQ,GF) is ∆p
2-hard in data complexity.
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Proof. We reduce from the following ∆p
2-complete problem MSA [108]: Given a sat-

isfiable 3CNF formula φ on X = {x1, . . . , xn}, decide whether lexicographically max-

imum assignment σ(X) with respect to 〈x1, . . . , xn〉 satisfying φ(X), which we denote

by σm(X), fulfills σm(xn) = 1.

Let φ be a satisfiable 3CNF formula on X = 〈x1, . . . , xn〉, which is an instance of

the above problem.

First, we construct the database D in three steps. The first part of the database

Dval captures the possible assignments to variables. That is, for each variable xi in φ,

add to Dval the facts val(i, 0) and val(i, 1). Furthermore, assign to each val(i, 0) the

weight 2n + 2n−i, and to each val(i, 1) the weight 2n. In particular, note that, for any

i, val(i, 0) has weight higher than all val(j, 0) for i < j ≤ n together. Furthermore,

note that the sum of the weights of any n facts from Dval is smaller than the sum of

any n+ 1 facts from Dval . This will ensure that all weight-minimal explanations give

proper assignments to the variables. All the remaining facts are structural and will

be forced by the OMQ to be present in every explanation. Therefore we assign the

weight 0 to all the remaining facts in the database D.

The second part of the database Dcl captures the clauses of φ. For each clause

cj = xj1 ∨ ¬xj2 ∨ ¬xj3 in φ, add to Dcl the fact

cl(j, j1, p, j2, n, j3, n).

The third part of the database Dreach is added to enable the reachability type

constructions to ensure containment of cl , var facts and satisfiablity of φ. We add to

Dreach facts rval(i, i+1) for each i ∈ [0, n−1], and succ cl(i, i+1) for each i ∈ [0,m−1].

We further add to Dreach facts

no of var(k), no of cl(m), and var ch(0), cl ch(0), sat ch(0).

Therefore the database is D = Dval ∪Dcl ∪Dreach . We take the distinguished fact

to be val(i, n).

We construct the program Σ as follows. It consists of three parts. The first part

Σval ensures that in val() holds if, for each variable xi, at least one of val(j, 0) and

val(j, 1) is present is in every MinEX. The second part Σcl ensures that that in val()

holds if all cl facts are in every MinEX, and the third part ensures that sat() holds

if the assignment, given by val facts satisfies the formula φ. Note that capital letters

and the underscores ( ) stand for fresh universally quantified variables, small letters
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and numbers stand for constants.

Σval = {val(J, )→ in val(J),

var ch(I) ∧ rval(I, J) ∧ in val(J)→ var ch(J),

no of var(M) ∧ var ch(M)→ in val()},

Σcl = {cl(J, , , , , , )→ in cl(J),

cl ch(I) ∧ succ cl(I, J) ∧ in cl(J)→ cl ch(J),

no of cl(N) ∧ cl ch(N)→ in cl()},

and

Σsat = {cl(J, I1, p, , , , ) ∧ val(I1, 1)→ sat(J),

cl(J, I1, n, , , , ) ∧ val(I1, 0)→ sat(J),

cl(J, , , I2, p, , ) ∧ val(I2, 1)→ sat(J),

cl(J, , , I2, n, , ) ∧ val(I2, 0)→ sat(J),

cl(J, , , , , I3, p) ∧ val(I3, 1)→ sat(J),

cl(J, , , , , I3, n) ∧ val(I3, 0)→ sat(J),

sat ch(I) ∧ succ cl(I, J) ∧ sat(J)→ sat ch(J),

no of cl(N) ∧ sat ch(N)→ sat()}.

Thus the program is Σ = Σval ∪Σcl ∪Σsat . The query is Q = in val()∧ in cl()∧ sat().

We show that lexicographically maximum satisfying assignment σm assigns 1 to

xn iff ≤w-MinEX for D |= (Q,Σ) contains val(n, 1).

Suppose that lexicographically maximum satisfying assignment σm assigns 1 to

xn. Take E = {val(i, σm(xi)) | 1 ≤ i ≤ n} ∪Dcl ∪Dreach . We have seen above that E

is ≤w-minimal, otherwise σm is not a lexicographically minimum assignment.

Similarly, if ≤w-MinEX for D |= (Q,Σ) contains val(n, 1) then we have that the

lexicographically maximum satisfying assignment σm assigns 1 to xn.

We show ∆p
2-hardness of MinEX-Rel(≤w,UCQ,L∅) in fp-combined complexity.

Theorem 6.26. MinEX-Rel(≤w,UCQ,L∅) is ∆p
2-hard in fp-combined complexity.

Proof. As in the proof of Theorem 6.25, we reduce from the ∆p
2-complete problem

MSA [108]. Let φ be a satisfiable 3CNF formula on X = 〈x1, . . . , xn〉, which is an

instance of MSA. We construct the database as follows. The first part of the database
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captures the possible assignments to variables. That is, for each variable xi in φ, add

to Dval the facts

val(i, 0), val(i, 1).

Further, assign to each val(i, 0) the weight n ·2n−i, and to each val(i, 1) the weight

1. In particular, note that, for any i, val(i, 0) has weight higher than all val(j, 0) for

1 ≤ j < i and all val(k, 1) for 1 ≤ k ≤ n facts together. All the remaining facts

are structural and will be forced by the OMQ to be present in every explanation.

Therefore we assign the weight 0 to all the remaining facts in the database D.

There are facts in D that will be used to impose the consistency of the truth

assignments to the literals:

simlit(0, 0), simlit(1, 1) opplit(0, 1), opplit(1, 0),

where 0 and 1 are constants with the same meaning as above.

There are facts in D that capture satisfying assignments to literals for a clause

clsat(α1, α2, α3), where each αi ∈ {0, 1} and at least one of αi for i ∈ {1, 2, 3} is 1.

Note that there are 7 such facts for each of the formulas. The predicate clsat(·, ·, ·)
states what assignments to the literals (and not to the variables) satisfy a clause.

We take the program Σ to be empty.

The query Q is constituted by the following pieces. The first piece of the query

checks that there is at least one val fact for each variable of φ:

val ≡
n∧
i=1

val(i, Ti).

We require all the structural clsat , simlit , and opplit facts to be in an explanation:

config ≡
∧

p(c)∈Dst

p(c).

A third piece of the query “copies” the assignment on each variable xi onto the

occurrences of xi as a positive literal in the formula φ. We use the following notation:

lj,k is the kth literal in the jth clause, cj, in φ, and vj,k is the variable of lj,k.

copy ≡
n∧
i=1

simlit(Ti, Tj,k),

where, in each predicate simlit(Ti, Tj,k), Tj,k is a variable for the Boolean value of the

literal lj,k = xi in φ. Observe that, in order for copy to work properly, each variable

xi must appear as a positive literal in the clauses of φ at least once. This can be

156



assumed without loss of generality, because if xi always appears as a negative literal

in all the clauses of φ, then we can replace all the occurrences of the negative literal

¬xi with the positive literal xi without altering the satisfiability properties of φ.

A fourth piece of the query forces that the ground values assigned to the various

variables Tj,k simulating the assignments to the literals are consistent. In the notation

below, `j,k ∼ `j′,k′ means that vj,k = vj′,k′ and the literals `j,k and `j′,k′ are both

positive or negative, while `j,k � `j′,k′ means that vj,k = vj′,k′ and one literal is

positive and the other is negative. We take this part of the query to be

consist ≡
∧

`j,k∼`j′,k′

simlit(Tj,k, Tj′,k′) ∧
∧

`j,k�`j′,k′

opplit(Tj,k, Tj′,k′),

where Tj,k is a variable (of the query) representing the value of the literal `j,k.

The last piece of the query checks φ(X, Y )’s satisfiability:

satisfied ≡
∧
cj∈φ

clsat(Tj,1, Tj,2, Tj,3).

To conclude, the query is Q = val , config , copy , consist , satisfied .

We show that lexicographically maximum assignment σm for φ assigns σm(xn) = 1

iff val(n, 1) is contained in a ≤w-MinEX for D |= (Q,Σ).

Note that the structural facts have to be in every explanation. Only val facts may

be removed from D without breaking the entailment. In particular, every MinEX

contains exactly one val fact as the query for each variable xi in φ contains val(i, Ti).

Also, it is easy to see that ≤w-minimal explanations correspond to lexicographically

maximum satisfying assignments by the way the weights are assigned to val facts.

The remaining hardness results follow from the proofs of the hardness results

for MinEX-Rel(≤,UCQ,L) as the cardinality order is a special case of the weight

order.

Finally, we cover the complexity results for MinEX-Irrel and MinEX-Nec.

First, the membership results follow by similar arguments, as in MinEX-Rel.

Theorem 6.27. For any language L of existential rules, if OMQA(UCQ,L) is in

C, then MinEX-Irrel(≤w,UCQ,L) and MinEX-Nec(≤w,UCQ,L) are in PNPC .

This result implies all the upper bounds in Table 6.2 except for the ∆p
2-membership

results in fp- and ba-combined complexity and the tractability results in data com-

plexity for FO-rewritable languages. These results follow by slight variations of the

argument as for MinEX-Rel.
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Note that in the proofs of Theorems 6.25 and 6.26, a ≤w-MinEX is unique.

Therefore, these results also apply to MinEX-Nec. As in the case of cardinality-

minimal explanations, MinEX-Nec(≤w,UCQ,L) can be reduced to the complement

of MinEX-Irrel(≤w,UCQ,L). Since all the hardness results for MinEX-Nec are

for deterministic classes, they immediately apply to MinEX-Irrel.

6.5 Overview of Complexity Results

In this chapter, we studied cardinality- and weight-minimal explanations for OMQA

under existential rules. For these two preference orders, we studied five problems,

already introduced in earlier chapters, namely, Is-MinEX, All-MinEX, MinEX-

Rel, MinEX-Irrel and MinEX-Nec. We have conducted a detailed complexity

analysis for each of these problems, and provide a host of complexity results for a

large class of existential rules, which can be naturally extended to other existential

rule languages. Our findings show that the complexity of these problems are in most

cases different from the inclusion-minimal case, presented in Chapter 3, and require

different techniques and reductions.

The complexity landscape is very different for preferred explanations, compared to

inclusion-minimal explanations. As one might expect, no computational problems be-

come easier when we seek preferred explanations, rather than inclusion-minimal ones.

This can be intuitively seen by observing that every cardinality- and weight-minimal

explanation is also an inclusion-minimal explanation. So checking cardinality- and

weight-minimality can be seen as an extra condition to be checked. In our complexity

analysis of the problems associated with preferred explanations, we have shown that

the results for Is-MinEX and All-MinEX coincide for both cardinality- and weight-

minimal explanations. The results for the three other problems, namely, MinEX-

Rel, MinEX-Irrel and MinEX-Nec, coincide for cardinality-minimal explana-

tions. Furthermore, the results for these three problems coincide with the ones for

weight-minimal explanations. This is surprising, given that in Chapter 3, we had dif-

ferent complexity results for all of these three problems MinEX-Rel, MinEX-Irrel

and MinEX-Nec.

First, we note why the results for Is-MinEX and All-MinEX coincide. The

primary reason is that checking the minimality of a single set is not easier than

ensuring the minimality of multiple subsets w.r.t. the preference orders studied. For

Is-MinEX, to ensure that a given subset of the database is a preferred explanation

we need to ensure that there is no explanation that is strictly more preferred w.r.t.
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that order. Similarly, given a set of subsets of the database, ensuring minimality

of every subset w.r.t. some preference order and checking that there is no MinEX

outside of this set is equivalent to ensuring that there is no explanation outside of the

candidate set that is no less preferred than all the subsets in the candidate set. Both

of these require guessing a subset of the database and then checking the entailment.

Therefore the complexity of both problems coincide both for cardinality and weight

orders.

For other problems, the preference order has an impact on the complexity. For

cardinality-minimality, we see that MinEX-Rel, MinEX-Irrel and MinEX-Nec

all have the same complexity. Similarly, for weight-minimality, the complexity results

for these three problems coincide. This is rather surprising, compared to inclusion-

minimal explanations, where MinEX-Irrel was significantly easier than MinEX-

Rel in many cases. One of the reasons why this is so is that now for MinEX-Irrel, it

is not enough to ensure that some not necessarily minimal explanation exists, we need

to ensure that such subset is not only subset-minimal but also cardinality/weight-

minimal. For cardinality-minimal explanations, I prove that these problems are Θp
2-

complete already in data complexity for guarded full existential rules. This result

holds as the size of a smallest MinEX can be computed by a binary search on the size

of the database. On the other hand, for the weight-minimality case, these problems

are ∆p
2-complete already in data complexity for guarded full existential rules. This

increase in complexity occurs because we need to carry out a binary search on the

total sum of weights, which might be exponential in the size of the input.
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Chapter 7

Related Work

In this section, we review the existing literature on explanations for logical formalisms

and present the larger context to our work. From a broader perspective, our work

studies abductive reasoning, since we seek to find the causes for the observations.

Abductive reasoning has been studied for several formalisms, such as propositional

logic [71], logic programs [72], default theories [73], probabilistic temporal logic [121],

and DLs [144, 135]. Abstracting away from subtle differences, the study of explana-

tions can be classified in accordance to the underlying logical formalism (e.g., propo-

sitional logic, description logics and existential rules) and the reasoning task to be

explained (e.g., query answering, and consistency checking). We show how our work

relates to, generalises, and differs from the existing approaches in this area.

7.1 Historical Perspective on Logic-based Abduc-

tion

Abductive reasoning has been studied in the AI community since the 1970s [138,

130, 55] with applications in fault diagnosis, belief revision, automated planning,

and others. A number of models for abduction have been studied. As common in

such works, H denotes the set of hypotheses, M the observed manifestations and

T denotes the domain knowledge. In a set-cover-based approach [33], each subset

of the hypotheses H covers some subset of the manifestations M . The objective of

this approach is to find a subset of H that covers all of the manifestations M . A

probabilistic approach [136] models hypotheses H and manifestations M as events,

and T contains probabilistic knowledge about H and M . A solution to a probabilistic

abduction problem is a subset X ⊆ H such that P (X |M) is maximised. Other two
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approaches are consistency-based diagnosis [140], and propositional abduction [62, 63,

64, 71], which we discuss in more detail in turn.

The study of explanations and diagnosis in logical formalisms dates back to the

work of Reiter in 1987 [140]. He studied the consistency-based diagnosis of explaining

the discrepancy between the observed and the correct system behaviour by employ-

ing first-order logic. According to this approach, the hypotheses in H represent

the components of the system to be diagnosed, and the observed manifestations

are captured in M . The functioning of the system is described via a set of first-

order sentences T , known as the system description. The system description T in-

volves literals of the form ¬AB(c) expressing that a component c functions properly,

that is, not abnormally. A diagnosis is a minimal set A of components such that

T ∪M ∪ {¬AB(x) | x ∈ H \ A} ∪ {AB(x) | x ∈ A} is consistent. This approach to

diagnosis is practical when we have a good description of the proper functioning of

the system, but little knowledge or experience about the system behaviour in case of

failures.

Another early relevant approach is propositional abduction and the work by Eiter

and Gottlob [71], which analyses the complexity of problems associated with proposi-

tional abduction problem (PAP). In this approach, a propositional theory T formalises

a particular application domain, a set M of atomic formulas describes the observed

manifestations, and a set H of formulas contains possible hypotheses. Then, an expla-

nation forM is a subset of hypotheses S ⊆ H such that T∪S is consistent and logically

entails M . This work contains the complexity analysis of a number of decision prob-

lems, including deciding if an explanation exists, if a particular hypothesis is relevant,

and if a particular hypothesis is necessary. These problems have inspired some of the

problems studied in this thesis, like MinEX-Rel and MinEX-Nec. Further, this

work studied a number of different minimality criterion, including, subset-minimality,

minimum cardinality and weight-minimality (penalisation). This framework is sub-

sumed by our approach, as we can capture hypotheses in the database (or the set of

hypotheses in the negative case), manifestations in the query, and the theory in the

program. Furthermore, the complexity of the logic-based abduction problems for the

EL family of description logics was studied by Bienvenu [20].

7.2 Provenance

Provenance for database queries has been widely studied in the database commu-

nity [31] and later was adopted for ontology-based data access [45, 30]. The notions
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of provenance can be divided into the three main categories, namely, why-, how- and

where-provenance. The why-provenance provides a witness, a subset of the database,

for a query [60, 32], the how -provenance is more general than the why-provenance as it

also provides how the answer is derived from a witness [86], and the where-provenance

captures where the output data came from in the input database [154, 32]. Prove-

nance gained more attention when the connection to semirings, known as provenence

semirings [86, 85], was discovered, which provided an abstract algebraic tool to record

and track provenance information.

The classical database provenance has recently been extended for ontology-based

data access to capture why-provenance [45, 30]. Calvanese et al., taking inspiration

from database theory, enriched ontology-based data access with provenance semir-

ings. To ensure that provenance polynomials are finite they considered idempotent

semirings with which they studied DL-LiteR ontologies [45]. This was followed by

a work by Bourgaux et al. [30], where they adapted the provenance setting of Cal-

vanese et al. for the ELHr variant of EL. The main difference between our approach

and the work on provenance is that, in our work, we seek minimal subsets of the

database that support the query entailment, while, in the context of provenance, all

possible explanations are relevant, irrespective of whether they are minimal or not.

This makes our approach and techniques significantly different when compared with

the work on provenance.

7.3 Explaining Ontological Reasoning Tasks

In the context of ontologies, explanations have been first studied to understand the

consequences of an ontology. This line of research has been motivated by the fact that

devising ontologies is an error-prone task, where small changes in the ontology might

have unexpected consequences. Such research has primarily used DLs to express on-

tologies. The earliest works considered formal proofs as explanations and the later

ones considered subsets of the TBox as explanations. Providing formal proofs for con-

cept subsumption was first considered by McGuinness and Borgida [120] and Borgida

et al. [25], who provided algorithms to obtain such proofs based on different deductive

calculi. This approach greatly differs from ours, as we abstract away from a particular

proof by considering subsets that support the entailment.

A subsequent line of research focused on axiom pinpointing [144, 101, 97]. In axiom

pinpointing, explanations are taken to be minimal subsets of the ontology (TBox)

that yield a given consequence. Such explanations are called justifications [94, 95],
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or MinAs, which stands for “minimal axiom set” [9, 135]. The earliest works in

axiom pinpointing focused on explaining why a concept is unsatisfiable. The first

such work, to our knowledge, was by Schlobach and Cornet [144], which was inspired

by medical applications. The authors provided an algorithm to pinpoint the axioms

in an unfoldable ALC TBox that cause unsatisfiability of a concept by extending the

standard tableau algorithm [145] with labels. Later, this problem was addressed in the

Semantic Web setting for repairing unsatisfiable concepts in OWL ontologies [102],

which are based on the expressive DL SHOIN (D). Also, justifications have been

considered to explain inconsistency [95]. Various types of justifications have been

considered depending on different notions of semantic minimality [94]. Later works

in axiom pinpointing mainly focused on a more general task of explaining any concept

subsumption (GCI) [9, 95, 135]. Axiom pinpointing has been extensively studied for

the Semantic Web ontologies, OWL [103, 94, 149], and for the Snomed CT medical

ontology [9]. Also, there are some systems developed for computing justifications [103,

146].

The work by Peñaloza and Sertkaya [135] is closely related to ours. It analyses the

complexity of decision, counting, and enumeration problems, associated with axiom

pinpointing by incorporating and extending many of their previous works [132, 133,

134]. The authors give a nearly complete picture of the complexity of axiom pinpoint-

ing for lightweight DLs. Our work [48, 50] was inspired by this study. In particular,

they studied the problems of recognising a MinA, Is-Mina, recognising the set of all

MinAs, All-Mina, deciding if a particular axiom is relevant for explaining, Mina-

Relevance, deciding if there is an explanation that avoids all of the forbidden sets

of facts, Mina-Irrelevance. By adapting these problems, we have introduced the

problems Is-MinEX, All-MinEX, MinEX-Rel and MinEX-Irrel, when study-

ing explanations for OMQ answers. Further, some of the proofs in this thesis, such

as Theorems 3.24 and 3.28, have employed the ideas from this work. We further note

that for more expressive description logics, the complexity of the problems associated

with axiom pinpointing were considered as well [131].

Some other works on axiom pinpointing focused on analysing the problems asso-

ciated with computing a pinpointing formula [7, 8] that provides an encoding of all

MinAs. However, it is known that extracting the MinAs from such representations

is already a hard problem. Beside computing justifications efficiently, several works

addressed the problem of making them understandable for the user, either by study-

ing their cognitive complexity [96], or by grouping justifications that have a similar

structure to help to handle a large number of justifications [14].
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7.4 Explaining Positive Query Answers

We review the research that focuses on explanations for positive query answers.

The literature on explaining positive query answers is rather sparse. This moti-

vated our analysis of explanations for positive query answers. There have been some

works on explanations for ontology-mediated query answering under standard and

inconsistency-tolerant semantics, which we review in the rest of this section. We also

note that the problem of explaining query results has been studied in the database

community as well [56].

To our knowledge, prior to our work, explanations for ontology-mediated query

answering under standard semantics have been only studied for the DL-Lite family

of languages [26]. This work provides formal proofs as explanations for query an-

swers and thus differs from our approach. The first work that adapts the ideas from

logic-based abduction and axiom pinpointing to explaining ontology-mediated query

entailment was provided by us [48], which provided the complexity analysis of expla-

nations problems under existential rules. We followed up with another work focusing

on explaining OMQ answers in description logics [50]. To our knowledge, the only

other work on explaining positive query entailment under existential rules preceding

our work is relative to probabilistic databases and hence of a very different flavor [47].

7.5 Explaining Negative Query Answers

In this section, we review the existing work on explaining non-entailment of a query.

It has been studied for DLs under the name of ABox aduction [43, 107, 67, 68] and

in the context of databases [91]. We observe that, to our knowledge, our work [49]

has been the only work thus far on negative explanations under existential rules.

The closest work to ours is by Calvanese et al. [41, 43]. In this work, as is common

in the ABox abduction research, they start with a set of abducible predicates, called

signature. Then, given a query that is not entailed from the knowledge base, the idea

is to find a set of assertions such that, when they are added to the ABox, the entail-

ment holds (avoiding inconsistencies). This formulation is suitable when abducible

predicates are known, but relevant constants may not be known. They analysed the

computational complexity of the problems associated with negative explanations in

the lightweight DL DL-Litecore . They analyse the problems of recognising an expla-

nation, deciding if an explanation exists, if an assertion is relevant and if an assertion
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is necessary. They consider arbitrary, inclusion-minimal, and cardinality-minimal ex-

planations. We analyse these problems under existential rules in addition to the novel

explanation problems such as MinEX-AllRel6|= and MinEX-AllNec6|=. One im-

portant difference is in the way abducibles are defined. In our case, explanations are

subsets of a given finite set H of abducible facts, unlike in the work by Calvanese

et al. [43] as noted above. We also note that Du et al. [68] introduced a special kind

of minimal explanations, called representative explanations, from which all minimal

explanations can be retrieved.

Explanations for negative query answers have been considered in the database con-

text as minimal sets to be added to support the entailment [91]. Also, in the database

community, different approaches have been taken of finding subqueries, which are re-

sponsible in pruning a missing answer [19].

7.6 Explaining Query Answers under Inconsistency-

tolerant Semantics

Explaining query answers under inconsistency-tolerant semantics has been studied

both for description logics [23, 69, 24] and existential rules [88, 116]. We review such

works in this section.The work that is most similar to ours is by Bienvenu et al.

[24], which studies explanations for both positive and negative query answers over

inconsistent DL-Litecore knowledge bases. This work defines explanations as subsets

of the ABox for positive and negative query answers under brave, AR, and IAR se-

mantics. They study the problems of recognising a minimal explanation, deciding if

a particular assertion is relevant, and if a particular assertion is necessary. Despite

the fact that the work considers similar problems, the fact that a different semantics

is considered makes this work and the analysis in this work substantially different.

We further note that explanations for query answers under the inconsistency-tolerant

semantics ICR was also considered [4], where argumentation framework was used for

explaining. Another argumentation framework was provided for BCQ explanations

under IAR and brave semantics [3], which was implemented in the DALEK proto-

type [5]. Further, empirical evaluation was provided for assessing different methods

for computing explanations under ICR semantics [88]. Also, preferred explanations

for negative query answers were considered under the inconsistency-tolerant semantics

IAR [69]. In this work, the preference order, given by cardinality-preserving substi-

tutions, were considered. Different works have focused on the efficient computation

of explanations, e.g., see [67, 68, 155].
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Chapter 8

Conclusions

In this chapter, I summarise this work and indicate future research directions. I

give a brief overview of what has been achieved in this thesis, outlining the main

contributions and the results of interest. I also indicate what future work I foresee in

this line of research.

8.1 Summary

In this thesis, I have studied explanations for ontology-mediated query answers and

the associated computational problems. I have provided a comprehensive complexity

analysis of these computational problems for a wealth of different description logics

and fragments of existential rules. I have considered these problems for different

query languages, such as instance queries, Boolean conjunctive queries and unions of

conjunctive queries, and different complexity measures, such as data, fp-combined,

ba-combined, and combined complexity.

Before this work, there was a substantial amount of research on explaining on-

tological reasoning, however, explaining ontology-mediated query answers under the

classical semantics has received very little attention. In this work, I have contributed

to closing this gap. I have adapted the ideas from a common approach for explain-

ing ontological reasoning, known as axiom pinpointing, to introduce the notion of a

minimal explanation, MinEX, for an ontology-mediated query answer. For MinEXs,

I studied the associated computational problems.

Below I discuss the results and the contributions of each chapter.

Chapter 3: In this chapter, I have analysed explanations for positive ontology-

mediated query answers under existential rules. The problems studied include recog-

nising a MinEX (Is-MinEX), recognising the set of all MinEXs (All-MinEX), de-

ciding if a distinguished fact is contained in some MinEX (MinEX-Rel), deciding if
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there is a MinEX that does not contain any of the forbidden sets (MinEX-Irrel),

and deciding if there is a MinEX smaller (resp., larger) than some given threshold

number (Small-MinEX (resp., Large-MinEX)). These problems are adaptations

of the problems, studied in axiom pinpointing [135].

I point out some of the complexity results for these problems, which range from

membership in AC0 to 2Exp-completeness. First, observe that for the FO-rewritable

description logics studied, namely, L, A, S and their full restrictions, all the problems

are tractable in data complexity since the set of all MinEXs can be computed in

polynomial time. Interestingly, the complexity of Is-MinEX in data complexity does

not increase, compared to OMQA, in all the cases studied. The reason for this is that,

to ensure minimality, it is enough to check that removing any single element breaks

the entailment, and so a linear number of non-entailment checks suffices. I show that

the problem All-MinEX is intractable already in data complexity for the guarded

full fragment of existential rules. The primary reason for this is that we need to

ensure that there is no MinEX outside our candidate set of all MinEXs. Surprisingly,

in fp-combined, ba-combined, and combined complexity measures, the complexity

results for Is-MinEX and All-MinEX coincide. This holds primarily because, for

All-MinEX, checking minimality of each set and checking that there is no MinEX

outside of the input set of subsets can be combined as a single check. In particular,

both problems are harder compared to OMQA in some cases. That is, they are Dp-

complete in fp-combined complexity, compared to the NP-completeness of OMQA,

and are DExp-complete in ba-combined complexity for the acyclic existential rules, A,

compared to the NExp-completeness of OMQA.

For MinEX-Irrel and Small-MinEX, I have proven that these problems are

intractable in data complexity for guarded full existential rules, namely, they are

NP-complete in this case, compared to the P-completeness of OMQA. On the other

hand, surprisingly, in fp-combined, ba-combined, and combined complexity measures,

these problems have the same complexity as OMQA, and thus are generally easier

than Is-MinEX and All-MinEX. This is primarily because we do not need to check

minimality of a guessed subset – if there is an explanation that does not contain any

of the forbidden sets or is smaller than some given threshold number, then there is a

minimal one as well with that property.

Finally, for MinEX-Rel and Large-MinEX, I have shown intractability in

data complexity for the guarded full existential rules and the Σp
2-completeness in

fp-combined complexity for any language considered. This hardness stems from the

fact that we need to guess a subset that satisfies the conditions and then ensure that

167



it is minimal. For example, for Is-MinEX, we did not need to guess a subset, just

to ensure that it is a MinEX, and for MinEX-Irrel, we had to guess a subset sat-

isfying a specified property and check the entailment, but we did not need to check

minimality. For MinEX-Rel and Large-MinEX, we need to guess a subset and

check that it is a MinEX, which makes these two problems the hardest.

Chapter 4: In this chapter, I have studied the complexity of explaining ontology-

mediated query answers in description logics. This chapter can be seen as an anal-

ogous study to Chapter 3 but for description logics, rather than existential rules. I

have considered a wide range of different description logics, two query languages (IQs

and UCQs) and two complexity measures (data and combined complexity). Due to

the different nature of the languages, the complexity landscape for description logics

is rather different compared to the results for existential rules.

For the problems studied, the results range from the membership in AC0 to the

2Exp-completeness. First, I observe that for the FO-rewritable description logics

studied, namely, DL-Litecore and DL-LiteR, all of the problems are tractable in data

complexity. The reason for this is that we can compute the set of all MinEXs in

polynomial time in this case. For Is-MinEX, I prove the Dp-completeness in data

complexity for instances queries and the description logic ALC, which is an increase

in the complexity, compared to the coNP-hardness of OMQA. This is in contrast

to existential rules, where Is-MinEX is no harder than OMQA in data complexity.

Interestingly, All-MinEX is already Πp
2-complete in data complexity for instance

queries and the DL ALC, which contrasts with existential rules too, where All-

MinEX remains in the first level of polynomial hierarchy in data complexity. Also,

in combined complexity the results for Is-MinEX and All-MinEX coincide for the

same reasons as in the case of existential rules – for All-MinEX, checking minimality

and checking that there is no MinEX outside our candidate set can be combined.

I also show that MinEX-Irrel is already in the second level of the polynomial

hierarchy, namely, Σp
2-complete, in data complexity for the DL ALC, while it stays in

the same complexity classes as OMQA in combined complexity for all the descrip-

tion logics considered. For MinEX-Rel, I prove that the complexity results in data

complexity coincide with the results for MinEX-Irrel. On the other hand, in com-

bined complexity for UCQ and the description logics DL-Litecore and EL, I show that

MinEX-Rel is Σp
2-complete, while OMQA and MinEX-Irrel are NP-complete in

those cases. Therefore, MinEX-Rel is the hardness problem that was studied in this

chapter.
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Chapter 5: In this chapter, I have studied explanations for negative ontology-

mediated query answers under existential rules. Since the database does not entail

an OMQ, in this case, MinEXs are minimal subsets of a finite set of hypotheses,

which, when added to the database, entail the OMQ. Some problems that I study

are adaptations of the problems considered in the positive case, such as Is-MinEX 6|=

and MinEX-Rel6|=. I analyse other problems as well. One such problem is deciding

whether a MinEX for a negative query answer exists, MinEX-Exists6|=, and another

one is deciding if a distinguished fact is contained in every MinEX, MinEX-Nec6|=.

Observe that MinEX-Exists6|= is not applicable in the positive case as the existence

of a MinEX is always guaranteed. I introduce two novel computational problems

MinEX-AllRel6|= and MinEX-AllNec6|=, which asks whether a given set of facts

contains all the relevant and all the necessary facts for explaining a negative query

answer, respectively.

I give a precise picture of the complexity for all the negative explanation prob-

lems, which range from membership in P to 2Exp-completeness. First of all, notice

that the results for Is-MinEX6|= coincide with the results for Is-MinEX, presented

in Chapter 3. Observe that for Is-MinEX6|=, in addition to checking that a candidate

MinEX entails the OMQ and is minimal, we need to check that E together with the

database is consistent with the ontology. But this consistency check turns out not to

increase the complexity of Is-MinEX6|=, compared to Is-MinEX, as it takes at most

linear number of non-entailment checks. Also, I reduce Is-MinEX to Is-MinEX6|=,

and so the hardness results follow from the analysis in Chapter 3.

I show that MinEX-Rel6|= and MinEX-Nec6|= are complete for the comple-

mentary complexity classes, except in fp-combined complexity, when the problem

MinEX-Rel6|= is Σp
2-complete, while MinEX-Nec6|= is coNP-complete. Intuitively,

the reason is that to decide whether a fact ψ is not necessary, we can guess a subset

E of H and check whether E is an explanation that does not include ψ, and verifying

minimality of E can be avoided. Checking that a fact ψ is relevant also requires guess-

ing a subset E of H and checking whether E is an explanation, but the minimality

check can be avoided. This also explains the difference between MinEX-AllRel6|=

and MinEX-AllNec6|= in fp-combined complexity.

I show that the complexity of some of the problems depends not only on the com-

plexity of OMQA. For the linear, full, and sticky languages, as well as for their

sublanguages, OMQA is NP-complete both in fp-combined and in ba-combined

complexity measures. One may expect that, for a fixed problem, the complexity

does not change in such cases, as the complexity of OMQA remains the same
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across them. However, this is not the case for MinEX-Exists6|=, MinEX-Nec6|=,

and MinEX-AllNec6|=, where the complexity goes from NP-, coNP-, and Dp-

completeness in fp-combined complexity to Σp
2-, Πp

2-, and Dp
2-completeness in ba-

combined complexity, respectively. The reason is that in fp-combined complexity,

consistency checking can be reduced to OMQA in data complexity since for such a

check the query is fixed too. In contrast, in ba-combined complexity, the program is

not fixed anymore, and checking consistency requires a linear number of checks for

non-entailment, whose cost increases the overall complexity by one level.

Chapter 6: In this chapter, I have analysed the complexity of problems associated

with computing preferred minimal explanations for ontology-mediated query answers

under existential rules. This chapter can be seen as an analogous study to the one pre-

sented in Chapter 3; instead of considering inclusion-minimal explanations, I consider

cardinality-minimal and weight-minimal explanations.

For Is-MinEX and All-MinEX, both for cardinality and weight orders, I prove

that the results coincide. Interestingly, in this case, All-MinEX has the same com-

plexity as in the inclusion-minimal case. On the other hand, I show the increase

in complexity for Is-MinEX as checking inclusion-minimality of a specific explana-

tion is not sufficient, we need to ensure that there is no other MinEX with smaller

cardinality/weight. For other problems, there are more stark differences between

different preference orders. For cardinality-minimality, I show that MinEX-Rel,

MinEX-Irrel and MinEX-Nec all have the same complexity. Similarly, for weight-

minimality, the complexity results for these three problems coincide. This is rather

surprising, compared to inclusion-minimal explanations, where MinEX-Irrel was

significantly easier than MinEX-Rel in many cases. One of the reasons why this

is so is that now for MinEX-Irrel, it is not enough to ensure that some not nec-

essarily minimal explanation exists, we need to ensure that such subset is not only

subset-minimal but also cardinality/weight-minimal. For cardinality-minimal expla-

nations, I prove that these problems are Θp
2-complete already in data complexity for

guarded full existential rules. This result holds as the size of a smallest MinEX can be

computed by a binary search on the size of the database. On the other hand, for the

weight-minimality case, these problems are ∆p
2-complete already in data complexity

for guarded full existential rules. This increase in complexity occurs because we need

to carry out a binary search on the total sum of weights, which might be exponential

in the size of the input.
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8.2 Future Work

In this section, I cover some of the ways that this work can be extended. The first

direction to extend this work is to provide the corresponding analysis for description

logics to the analysis obtained for existential rules. The second way is to study all

the introduced problems for different preference orders. The third direction is to

study different types of computational problems, such as counting and enumeration

problems. Finally, the open problems left by this work should be addressed.

One certain way to extend this work is to complete the analysis of explanation

problems for description logics. In this work, I have analysed explaining OMQA

for existential rules more extensively than for description logics. I have analysed

only explaining positive ontology-mediated query answers both for existential rules

and description logics in Chapters 3 and 4, respectively. The studies for description

logics, corresponding to Chapters 5 and 6, are still to be carried out. This thesis

shows that such works would be an important contribution to the study of explaining

ontology-mediated query answering. In particular, one can see that there is a signif-

icant difference between the results and proof techniques for the same problems for

existential rules in Chapter 3, and description logics in Chapter 4. These differences

stem from the different expressivity capabilities of these two ontological languages.

Existential rules allow predicates of unbounded arity, while description logics allows

only unary and binary predicates. On the other hand, some description logics allow

disjunction in the rule heads and negation. For example, due to these differences,

query answering for all the existential rules studied in this work remains tractable

in data complexity, while it is coNP-complete for the description logic ALC in data

complexity.

Another direction of extending this work is considering different computational

problems, including counting and enumeration problems. In axiom pinpointing, an

approach that inspired ours, both counting and enumeration problems have been

considered [135]. Some of the counting problems that would be of interest in this

setting include counting the number of all minimal explanations and counting the

number of explanations that contain a distinguished (relevant) fact. The enumeration

problems of particular interest would be the problem of enumerating all MinEXs as

well as enumerating all the minimal explanations according to some specified order.

Enumerating explanations in a specific order is particularly relevant when we would

like to terminate the procedure after enough explanations have been provided and we

know that the remaining explanations will be less preferred.
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Notice that counting minimal explanations is closely related to probabilistic query

evaluation with ontologies. OMQA over probabilistic data has been studied both

in the context of description logics [100, 46] and existential rules [28, 27]. Re-

cently, a dichotomy result has been obtained for probabilistic query evaluation for

the whole class of homomorphism-closed queries over probabilistic graphs [2]. Notice

that homomorphism-closed queries contain a large class of ontology-mediated queries.

It is an interesting research direction to see if these results have implications on the

problems like counting the number of minimal explanations.

Another important future research direction is analysing explanation problems

under different preference orders. In this thesis, I have dedicated one chapter to

studying the problems associated with computing preferred explanations for positive

query answers under existential rules. I have considered cardinality-minimality and

weight-minimality as minimality criterion. As we have seen, preferred explanations

are often desirable when we have extra knowledge about the data and we can rank

the reliability of the facts. The cases for which the analysis still should be carried out

include the problems associated with explaining positive query answers for DLs and

the problems associated with explaining negative query answers both for existential

rules and description logics. In this work, I have seen an increase in the computational

complexity of the problems studied when considered under different minimality crite-

rion. It is important to gain a complete understanding of the complexity of computing

preferred explanations for different settings as this would help users and developers

to make informed decisions about using and developing such systems. Further, it

would be interesting to study more preference orders such as priority levels, which

was studied in the context of propositional abduction [71].

A further direction for extending this work is to classify our problems in a more

fine-grained way. There has been much progress in understanding complexity of

OMQA. In particular, a trichotomy result was obtained for OMQs based on the de-

scription logic EL [118] and a dichotomy result for OMQs based on a number of

variants of guarded fragment of first-order logic [90]. It would be interesting to inves-

tigate this direction further. One potential direction could be investigating whether a

dichotomy result for All-MinEX under existential rules in data complexity can be

obtained. In this thesis, we have seen that this problem is either in P or in coNP in

data complexity for the languages of existential rules studied. It would be interesting

to see if such a dichotomy holds. Also, I would like to find if dichotomy or trichotomy

results hold for other problems too.

172



The last direction in which my work should be extended is closing the open prob-

lems specified in this thesis. In particular, I have shown that the problem of recog-

nising a minimal explanation is in AC0 in data complexity when query answering

is FO-rewritable. For all the other problems, in this case, they are in P as the set

of all MinEXs can be computed in polynomial time but it is not known whether

they are in AC0 or P-hard. My intuition suggests that the latter is more likely to

be the case but it is still to be shown. Although in Theorem 4.10, we have shown

that Is-MinEX(⊆, IQ, ELI) is P-hard, somewhat surprisingly, it is unclear whether

Is-MinEX(⊆, IQ, EL) is also P-hard in data complexity, and so it is open whether

Theorem 4.10 can be strengthened in this direction. Another open problem is show-

ing the PNExp-hardness of MinEX-Rel, MinEX-Irrel, and MinEX-Nec for the

cardinality order in the acyclic fragment of existential rules in ba-combined complex-

ity.
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