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Abstract

A classical problem in number theory is showing that the mean value of an arithmetic function is
asymptotic to its mean value over a short interval or over an arithmetic progression, with the interval as
short as possible or the modulus as large as possible.

We study this problem in the function field setting, and prove for a wide class of arithmetic functions
(namely factorization functions), that such an asymptotic result holds, allowing the size of the short
interval to be as small as a square-root of the size of the full interval, and analogously for arithmetic
progressions.

For instance, our results apply for the indicator function of polynomials with a divisor of given degree,
and are much stronger than those known for the analogous function over the integers.

As opposed to many previous works, our results apply in the large-degree limit, where the base field F,
is fixed. Our proofs are based on relationships between certain character sums and symmetric functions,
and in particular we use results from symmetric function theory due to Egecioglu and Remmel. We
also use recent bounds of Bhowmick, Lé and Liu on character sums, which are in the spirit of the
Drinfeld-Vl1adut bound.

1 Introduction

An important and challenging class of problems in analytic number theory is showing that the mean value
of an arithmetic function in a short interval [z, z 4+ h] N Z is asymptotic to its mean over a long interval.
Concretely, this often takes the following form: proving for various a: N — C that
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for ¢ € (0,1) as small as possible. If the mean value of a tends to 0 and does not have a main term, as
happens, for example, for the M&bius function, one should be more careful and instead ask for
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to hold for € € (0,1) as small as possible. A related class of problems is showing that the mean value of
a: N — C over integers 1 < n < x which lie in the arithmetic progression ¢ mod ¢ (ged(a, q) = 1) is close to
the mean value of a over integers 1 < n < x which are coprime to ¢q. Formally, this often means proving
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uniformly in ¢ < #17¢ for ¢ € (0,1) as small as possible.

Conditionally on the Generalized Riemann Hypothesis (GRH), it is a classical result that in the range
e>1/2, and hold for the von Mangoldt function A and and hold for the M6bius function
p. Ramachandra [I7] showed that RH implies for e > 1/2 and a = di, the kth divisor function (k not

=o(1), T — 00 (1.4)



necessarily an integer) and some other functions. Kétai [12], building on ideas of Ramachandra, proved that
RH also implies for e > 1/2 and « the indicator function of k-almost primes. Some other examples
exist [3] [6l [T3].

There are close analogues in the function field setting of these results. Because GRH is known in that
setting (a theorem due to Weil), they are unconditional. However, both in the number field setting and the
function field setting, these results are proven by ad hoc arguments, each using GRH in a different way, and
in particular the results always require the associated Dirichlet series > a(n)/n® to possess certain structure.
In this paper, we prove analogues of 7 in the function field setting for e € (1/2,1) for a wide class
of arithmetic functions defined over the polynomial ring F,[T7], the so-called “factorization functions.” As in
previous works, our main tool is GRH for F,(T), but we are able to treat all sensible arithmetic functions

at once. This leads to interesting applications which are currently out of reach in the number field setting;
these are described in

1.1 The function field setting

Throughout we fix a prime power ¢. Let F,[T] be the polynomial ring in T over F,, M,, C F,[T] be the
subset of monic polynomials of degree n, P, C M, be the subset of monic irreducible polynomials of degree
n, M = U,>oM, be the set of all monic polynomials and P = U,,>¢P, be the set of all monic irreducible
polynomials.

To any f € M with prime factorization f = Hle P (P, € P distinct, e; > 1), we can associate the
following multiset, named the extended factorization type of f:

wy = {(deg(P;),e;) : 1 <i <k}.

(We often omit the word “extended.”) Following Rodgers [19], an arithmetic function a: M — C is called a
factorization function if o(f) depends only on wy. Some of the most commonly studied arithmetic functions
in number theory, when considered in the function field setting, are instances of factorization functions: the
von Mangoldt function

deg(P) if f=Pkfor PeP and k> 1,
A(f) = )
0 otherwise,

the Mobius function
(-1 if f= P P,--- P, for distinct P; € P,
w(f) = .
0 otherwise,

the indicator of squarefrees

1 if f is squarefree
2 _ I
wl) = {O otherwise,

the divisor functions, and many more.
A short interval of size ¢"*1 around fy € Fy[T] is the subset

I(fo,h) = {f € F[T]: |f = foll <q"**} = {f € Fy[T]: deg(f — fo) < h},

where ||f|| := |[Fo[T]/(f)| = ¢%¢¥) for f # 0 and ||0]| := 0. In addition to short intervals in F [T, we also
recall the definition of arithmetic progressions in this setting. Consider a non-zero polynomial M € F [T
and a polynomial fo € M,, coprime to M. We define the arithmetic progression of monic polynomials of
degree n in the residue class fy mod M to be

AP(f07M) = {f € Mdcg(fo) : f = fO mod M};

which is a subset of

Mn;M = {f €M, : ng(fa M) = 1}
If n > deg(M), then |[M,,.as| = ¢"~48M) (M), where ¢(M) is Euler’s totient function.



1.2 Main results

For a given arithmetic function a: M — C, let (@)s be the mean value of a over a non-empty finite subset
S C M:

1
(a)g := 5] Z a(S).

We prove the following analogue of (|1.1) and (1.2)).
Theorem 1.1. Let a: M — C be a factorization function. Let 0 < h <n—1 and fo € M,,. Then

n n loglog(n+2)
< max |« §-h=1,0¢(T5trny )
_feAj("' (Hla

‘ <a>1(f0,h) — () m,

The analogous result for arithmetic progressions is the following.

Theorem 1.2. Let a: M — C be a factorization function. Let M € Fy[T] be a non-zero polynomial and let
fo € My, be a polynomial coprime to M. Then whenever n > deg(M),

n log log(n+2) )

_n 0
|<O‘>AP(f0,M) - <a>Mn;JM| < max ‘O‘(f)|qdeg(M) 2e (Flogturn)
feEMou,m

As long as max e a,, |a(f)| grows subexponentially in n, Theorems and give a non-trivial result

in the range limsup,,_, ., 21 > 1/2 and limsup,,_, . (1 — ngT(M)) > 1/2, respectively. These limsups are the

function field analogue of the quantity e discussed before.
We also prove the following results on the variance of the sums > ;o7 py @(f) and 3 rcap(so.ar) @(f)

as fy varies. First, we define the short-interval variance

Var(a;n, h) := /\/11 Z Z Ol(f)*qh+1<a>/vln )

M| fo€Mun | fEI(fo,h)

and the arithmetic progression variance

VarM(a; TL) = ﬁ Z Z a(f) - qnfdeg(M) <a>Mn;]W

fo€EMap, M | FEAP(fo,M)

Theorem 1.3. Let a: M — C be a factorization function. For any 0 < h <n —1, we have

n log log(n+2) )

Var(a;n, h) < max |a(f)| g0t (1.5)
JEMn
For any non-zero polynomial M with deg(M) < n, we have
n n log log(n+2)
Varp(o;n) < max  |a(f)? L O RTED ), (1.6)

feEMn.m ¢(M)

The trivial bound for Var(a;n, h) is ¢?"*+Y max e aq, |o(f)[?, and we beat it as long as limsup,,_, . btl
is positive, which corresponds to € > 0 in the number field setting. Similarly, (1.6) beats the trivial bound

. deg(M
as long as limsup,, (1 — %) > 0.

1.3 Applications
Let H(z,y,2y) be number of positive integers up to 2 which have a divisor in (y, 2y|. Ford [7, [§] showed that

T

H 2y) <
(=:9.2y) (log y)® (loglog y)3/2’

3<y <V,




where § =1 — %. Here A < B means ¢cB < A < CB for absolute positive constants ¢ and C. Ford

has a short interval version of this result [7, Theorem 2]:

A x
H(LZJ,QZJ)—H(I’—AJ/JZ/)X;H(xvyazy)» yOSyS\/E7 mSAva (17)

where yo is a sufficiently large real number. Let H,(n,d) be the function field analogue of H(z,y,2y),
counting monic polynomials of degree n which have a divisor of degree d. Meisner [16, Theorem 1.2] has
recently shown that

q

—_—— 1<d<
d*(1 +logd)3/2’ -

Hy(n,d) <

N3

Applying Theorem [I.1] with

1 if f has a divisor of degree d,

0 otherwise,

ag: M — C, ad(f)z{

we obtain the following

Corollary 1.4. For anyn > 1, let fo € M, and1 < d<n. Asn — oo, we have

Z 1~ qh+1 (n d)

qr
feI(fo,h)
f has a divisor of degree d

uniformly in d, as long as limsup,,_, % > 1/2.

Not only is this corollary valid in a much wider range than (1.7)), it is an asymptotic result and not an
estimate. In the integer setting, RH might help in improving the range where (|1.7)) holds, but it is not clear
how to use it to establish an asymptotic formula. We raise the following

Question. Assume RH. Do we have
A T
H(l‘,y,?y) - H(.’L‘ - Aay72y) = ;H(m?yvzy)(l + 0(1>)’ Yo < Yy < ﬁ7 long < A < Zz,
as x tends to infinity?

Our second example is Hooley’s Delta function. In his study of Waring’s problem, diophantine approxi-
mation and other problems [I1], Hooley introduced the function

A(n) = max Z 1,
d|n, de(u,eu]

and obtained upper and lower bounds on its mean value. Hall and Tenenbaum [9] showed that

- Z A(n) = O(log™® z+/loglog z)

n<z

for an explicit (optimal) constant Ag, and

- Z A(n) = Q(loglog ).

n<1

As far as the author knows, A was not studied in short intervals or in arithmetic progressions. The function
field analogue of A is
Ay M —C, A = 1.
g olf) = _max > |
d|f,deg(d)=i

Let da(f) be the usual divisor function, which satisfies (d2) s, = n + 1 [20, Proposition 2.5]. It is evident
that max e, Ag(f) < maxgenq, da(f), which is known to grow slower than any power of ¢" as n tends
to infinity. Also, (Ag)a,., (Ag) M, = 1, since A, > 1. Applying Theorems and with a = A, we
obtain the following



Corollary 1.5. For anyn > 1, let fo € M,,. As n — oo, we have
(D) 1(fo.n) ~ (Dg)M,
as long as limsup,,_, ., 2 > 1/2, and
(Ag)ap(fo,M) ~ (Ag) Myt

as long as limsup,,_, . degT(M) <1/2.

1.4 Previous works
1.4.1 Mean values

In the large-q limit, where the degree n is fixed and the size of the base field F, tends to infinity, see Bank
et al. [1] for a general result on mean values, where completely different methods are employed and do not
give a result for growing n.

For some specific functions, one can go beyond some of our mean-value results, see the works of Sawin
[21] and Sawin and Shusterman [22].

1.4.2 Variance

In the large-g limit, see Rodgers [I9] for a general result on the variance of arithmetic functions. Again, the
methods are different than ours and do not allow one to vary n and fix q.

For some specific functions, the work of Ramachandra in the integer setting [I7] gives non-trivial mean-
value results and variance results, which, although conditional on RH, are much weaker in comparison to
ours. For instance, in [I7, Equation (11)], an upper bound of the form O(H?X~°(1)) is obtained for the
variance of p in short intervals (and some other functions), while our upper bound should be compared
with O(HX°W), which is better whenever X¢ < H < X'~¢. Recently, Matomiki and Radziwilt [I5] proved

unconditionally that
12X , ,
f/x (> wn)de =o(H?)

n€lz,x+H|
which goes beyond Ramachandra’s result for p if H is very small. The methods of [I5] apply in general

to bounded multiplicative functions, and so they cannot handle e.g. divisor functions or the von Mangoldt
function. Our upper bound is qualitatively better in the range X¢ < H < X1~¢.

2 Results on character sums

Theorems [1.1H1.3| rest on the character sums estimate given in Theorem below. The theorem involves
Hayes characters, which are a function field analogue of Dirichlet characters defined in Informally, a
function x: M — C is called a Hayes character modulo R, s (¢ a non-negative integer, M a non-zero
polynomial) if the following conditions hold: (1) x(fg) = x(f)x(g) for every f,g € Mg, (2) x(f) depends
only on the residue of f modulo M and on the first ¢ next-to-leading coefficients of f and (3) x(f) = 0 if
and only if ged(f, M) # 1. Such a x is called trivial if it only assumes the values 0 and 1. For instance, the
notion of a Dirichlet character modulo M coincides with that of a Hayes character modulo Rg as

Theorem 2.1. Let a: M — C be a factorization function, and let x be a non-trivial Hayes character modulo
Ro v We have

> alf)x(f)| <7 max

eEM,,,
FeM, f M

If £+ deg(M) = O(n), then

a(f)] g% (20(€ + deg(Mn) +1)+n— 1>. 2.1)

n loglog(n+2) )

Z a(f)x(f)| £  max |a(f)|q%eoq( Tog(n+2)

- fEMn;IW



Remark 1. If £+ deg(M) is small compared to n, say £+ deg(M) = o(n/Inn), then (2.1) is superior to (2.2)).
For ¢+ deg(M) which is proportional to n, (2.2) is better than (2.1)).

We manage to prove such a theorem, which works for any «, by reducing it to estimating a single character
sum, which we now describe.

Let € be the set of finite multisets of elements from N X N, so that wy, the factorization type of a
polynomial f, is an element of 2. For an element w = {(d;,e;) : 1 < i < k} € Q, we define its size to be
lw| = Zle die; and its length to be ¢(w) := k. For a factorization function « and a factorization type
w € 1, we denote by a(w) the value of o on a polynomial f with wy = w if such a polynomial exists, and
otherwise set a(w) = 0. We have, by the triangle inequality,

ST alHxH =1 aw) Y x(f) < Joax HGIDIND IR (2.3)
fEM,, weN FEM,, M weQ | fEM,,

ol=n  wr=d jwl=n Wy =3

Thus, it suffices to bound the sum on the right-hand side of (2.3)). In order to bound the character sums

> X,

feEMpwr=w

we relate them to products of monomial symmetric polynomials evaluated at x(P) where P runs over
irreducible polynomials of certain degrees, see Lemmas [5.1] and We use tools from symmetric function
theory in order to be able to use RH efficiently in bounding these evaluations of symmetric polynomials.

Apart from symmetric function theory and RH, we use an additional idea, which first appeared in [2].
Namely, we use the trivial bound in place of RH in some cases, as the trivial bound is superior when the
degrees considered are small. This is in the spirit of the Drinfeld-Vladut bound, where one bounds the
number of points on curves over F, when ¢ is fixed and the genus varies.

3 Hayes characters

Here we review the function field analogue of Dirichlet characters, first introduced by Hayes in the paper
[10] which is based on his thesis. We call these characters “Hayes characters,” or sometimes “generalized
arithmetic progression characters.” Unless otherwise stated, the proofs of the statements in this section
appear in Hayes’ original paper. The main difference between Hayes characters and Dirichlet characters is
that in the function field setting we can also consider characters modulo the prime at infinity.

3.1 Equivalence relation

Let ¢ be a non-negative integer and M be a non-zero polynomial in F,[T]. We define an equivalence relation
Re v on M by saying that A = B mod Ry js if and only if A and B have the same first ¢ next-to-leading
coeflicients and A = B mod M. We adopt throughout the following convention: the jth next-to-leading
coefficient of a polynomial f(T) € M with j > deg(f) is considered to be 0. It may be shown that there is
a well-defined quotient monoid M /Ry s, where multiplication is the usual polynomial multiplication. An
element of M is invertible modulo Ry as if and only if it is coprime to M. The units of M/R, ps form an
abelian group, having as identity element the equivalence class of the polynomial 1. We denote this unit
group by (M/Ry ). Tt may be shown that

(M/Rear)™| = q"o(M).

3.1.1 Characters

For every character y of the finite abelian group (M/Ry )™, we define T with domain M as follows. If
A is invertible modulo Ry 5s and if ¢ is the equivalence class of A, then xT(A4) = x(c). If 4 is not invertible,
then xT(A) = 0.



The set of functions x' defined in this way are called the characters of the relation R, ar, or sometimes
“characters modulo Ry ”. We shall abuse language somewhat and write y instead of x' to indicate a

character of the relation Ry ps derived from the character x of the group (M/Ry )™ . Thus we write xo for
the character of Ry 5 which has the value 1 when A is invertible and the value 0 otherwise. We denote by

G(Ry ) the set {x":x € (M/Rea)™}.
A set of polynomials in M is called a representative set modulo Ry s if the set contains one and only
one polynomial from each equivalence class of Rgar. If x1,x2 € G(Re ), then

0 if x1 # xo,

1 _
W;M(F)XﬂF) = {1 if x1 = X2, (3.1)

F running through a representative set modulo Ry as. If n > ¢ + deg(M), then M,, is a disjoint union of
g tdee(M) representative sets, and a set of polynomials on which y € G(Ry,m) vanishes. Thus, applying
(3.1) with x2 = x0, we obtain that for all n > ¢ 4 deg(M),

e Py VY X(F) = . (3:2)
qr—deeM (M) F;ﬂ ) {1 if X = Xxo-
We also have, for all A, B € M coprime to M,

1 _ 1 ifAEBmOngM,

TN AX(B) = { ’ (3.3)
Ch(M Z X( .

q“p(M) XEC(Renr) 0 otherwise.

We also call the elements of G(Ry ) “generalized arithmetic progression characters,” because for any A €
M., x € G(Ry ) is constant on the set

{feMy:f=Amod Ry} ={f€F,JT]: f=Amod M}N{feM,:deg(f—A) <n-—(—-1}
which is an intersection of an arithmetic progression and a short interval. We set, for future use,
GAP(A,E, M) = {f S Mdeg(A) : f = Amod Rg,M}.

If x € G(Re,1), we say that x is a short interval character of ¢ coefficients, and if x € G(Ro, ), we say that
X is a Dirichlet character modulo M. Every element of G(Ry ) is a product of an element from G(Ry 1)
with an element from G(Ro, ar).

3.1.2 L-Functions

Let x € G(R¢,a). The L-function of x is the following series in w:

Lu,x) = Y x(fHuted),

fem

which also admits the Euler product

L(u,x) = [ (1 = x(P)uts)~1, (3-4)
preP

If x is the trivial character xo of G(Re ar), then

[T (1 — udes™)
B 1—qu '

L(u, x)

Otherwise, the orthogonality relation (3.2]) implies that L(u,x) is a polynomial in u of degree at most

deg L(u, x) < £+ deg(M) — 1. (3.5)



The first one to realize that Weil’s proof of the Riemann Hypothesis for Function Fields [24, Theorem 6, p. 134]
implies the Riemann Hypothesis for the L-functions of x € G(Re ) was Rhin [I8, Chapitre 2] in his thesis
(cf. [, Theorem 5.6] and the discussion following it). Hence we know that if we factor L(u, x) as

deg L(u,x)

Lwx) = [ (-%0ow, (3.6)

i=1

then for any 1,
700l € {1, v} (3.7)

The following consequence of ([3.7) is a basic ingredient in our proofs.

Lemma 3.1. Let M be a non-zero polynomial in Fy[T] and ¢ a non-negative integer. Let x € G(Re,n) and

n>1. Then
> x(P)
PeEP,

< {min{qf(€+deg(M) +1), %} if X # Xo,

q’ll .
4 otherwise.

Proof. The bound ’ZPGP" x(P)| < ¢"/n follows from the bound |77 | < ¢"/n [ 0, Proposition 2.1]. For
X # Xo, we obtain the additional bound as follows. We equate (| with (3.6) and take logarithmetic
derivatives to obtain

deg L(u,x)
LY ADXDI =1 DD %) < (0+ deg(M) — 1)q3, (3.8)
feM, 1=1

where the last passage used (3.5) and (3.7). We can split (3.8)) into the contribution of primes of degree n
and proper prime powers:

‘n 3 Z 3y ’ (€ + deg(M) — 1)q3 . (3.9)
fEPR d|n d#1 fE'Pn
As
n n n
Yoo 2 XD DD Sl < D0 ¢V <28,
dln,d#1 = f€Pn d|n, d#1 d|n, d#1
we obtain from ([3.9) and the triangle inequality that
In > X(f)] < (€+ deg(M) +1)q?.
After dividing by n, the lemma is established. O

3.2 Sums over generalized arithmetic progressions and their variance

For an arithmetic function a.: M — C and n > 1, define

S(n,a) = Z a(f). (3.10)

The following lemma expresses sums over generalized arithmetic progressions, and the variance of such sums,
as sums over characters in G(Ry pr). Special cases of this lemma appeared in a paper of Keating and Rudnick
[14].

Lemma 3.2. Let ¢ be a non-negative integer and M € F,[T] be a non-zero polynomial. Let n > £+ deg(M).
Let A € (M/Rgm)™ and define fa € M to be some polynomial of degree n in the equivalence class of A
modulo R pr. Then the following hold.



1. We have, for all g € My,

ZXeG(RE’]W) X(A)x(9)
lyccAP(faie vy = TG

2. For any arithmetic function a: M — C, we have

D yeG(Rea) X(A)S(n, - )
> alg)= en

gEGAP(fa:6,M) -
ZXO#xGG(RLM) X(A)S(n,a - x)
q‘p(M) '

n—é—deg(M)<a>M . +

=4q

3. For any arithmetic function a: M — C, the variance of {3 cqap(fm,e:nr) A9)} reMan s defined as

2

. L 1 2 : z : n—~_{—deg(M)
VarM(Oé, n,n — ! — 1) = W]\W Oé(g) —q <a>Mn;M ’
FEMun;nmr |gEGAP(f34,M)

may be expressed as

2
ZXO#XGG(RLM) |S(n, - x|
q25¢2(M)

Proof. The first part of the lemma is a restatement of the orthogonality relation (3.3]). For the second part

of the lemma, we observe that EgeGAp(fA;&M) alg) = deMmM a(9) - LgecAp(fa:e,M), and now we apply
the first part of the lemma and interchange the order of summation. Note that

Vary(a;n,n—£€—1) = (3.12)

S(n,a - xo) n—f—deg(M)
_— = . ~1
QS(M)qZ q <a>Mn:1\l (3 3)

To prove the last part of the lemma, we use (3.13)) and (3.11]) as follows:

1 S(n,a-
Vary (agn,n—£€—1) = 75¢(M) Z Z alg) — (q:(j\j) 920)
4 (AEM/ Ry, pr)* |gEGAP(fa3l,M) 1
_ 2
_ 1 Z ZXO#XGG(R/z,M) X(A)S(TL, « X)
Tt (M M)a®
CEM) TR P(M)q
1 -
= PRFEIS0)) Z Z X1(A)S(n, o - x1)x2(A)S(n, a - x2).
(AeEM/Re ar)* x1,x2€G (Re,m)\{x0}
Interchanging the order of summation and applying (3.1)), we conclude the proof. O

4 Proofs of Theorems [1.1], and

Here we prove the main results of the paper using Lemma and Theorem By (3.11) with M =1 and
£ =n—h—1, we obtain that
Do ANEG (R 19150 X)

q" '
Plugging (2.2)) in the sum above, we conclude the proof of Theorem (1.1} By (3.11) with £ = 0, we obtain
that

(P acsomy = (Fhma| <

> o EnEG(Ro ap) 1S (M- X))
) AP fo.n0) = (F) Moas | < prEEaT Ty



Plugging (2.2)) in the last sum, we conclude the proof of Theorem. By (3.12) with M =1and { =n—h—1,
we obtain that

2
ZXO;&XGG(R”,,I,H) |S(n, - x)|
qQ(n—h—l) :

Plugging (2.2) in the sum above, (1.5 is established, and (|1.6)) is proved similarly, by applying (3.12)) with
¢ = 0. This concludes the proof of Theorem [T.3]

Var(a;n, h) =

5 Preparation for proof of Theorem

Here and in subsequent sections, we shall use the notation [u"]f(u) for the coefficient of u™ in a power series
f. We also write exp(e) for e®.

5.1 Multiplicativity of character sums

Given d > 1 and a factorization type
w={(d;,e;):1<i<k}eq,

we denote by w(d) C w the factorization type {(d;,e;) : 1 < i < k, d; = d}. By definition, w is the disjoint of
union of the w(d)-s. Let 1, be the indicator function of polynomials f with wy = w. The following lemma
shows that the character sums S(n, x - 1,) (recall (3.10)) enjoy a multiplicative property.

Lemma 5.1. Let w € Q with |w| =n. Let x be a Hayes character. Then
S(n,x - 1 H d), X o)) (5.1)

Proof. Each f with wy = w can be written uniquely as f = []),_, fa where f; is divisible only by primes of
degree d. We then have wy, = w(d), and the lemma follows by expanding the right-hand side of (5.1). O

5.2 Symmetric function theory

A partition of size n is a finite (possibly empty) non-increasing sequence of positive integers that sum to n.
The length of a partition A = (A1, Aa, ..., Ax) is the number of its elements and is denoted by £(\) := k. We
write A - n to indicate that A sums to n. The empty partition is of size and length 0. We denote by Y the
set of all partitions.

An important class of symmetric polynomials is the monomial symmetric polynomials. Given a partition
A = (A1, Ag,..., \;) and variables Xi,..., X}, the monomial symmetric polynomial my(Xy,...,X) is the
symmetric polynomial

k
2\
ma(X1,..., Xp) = Z [1x" € zixy,.... X,
ArE€Sk: (AL, AL)=(Ar (1) A (k) 151

where the sum is over the distinct permutations of A. It is useful to extend m) to the case of a general
number of variables X1, ..., X,,. If n < k, we define m(X; : 1 <i <n) to be zero. If n > k, we set A; =0
for j=k+1,...,n and define

n
ma(X;:1<i<n):= > [Tx" ezlxy,.... X,
IESn: (Ao ML) = (A1) seeos A (ny) =1

where the sum is over the distinct permutations of A followed by n — k zeros. In particular, my is the
elementary symmetric polynomial ey if A = (1,1,...,1) with & ones.

The following lemma expresses character sums, of the form appearing in the right-hand side of , as
an evaluation of a monomial symmetric polynomial.

10



Lemma 5.2. Let w = {(d,e;) : 1 <i < k} € Q. Let A\ € Y be the partition whose parts are {e;}*_, in
non-increasing order. Let x be a Hayes character. We have

S(lwl, x - 1w) =ma(x(P) : P € Py).

Proof. A polynomial f with w; = w is necessarily given by a product Hle P7* where P; are distinct elements
from Py. Equivalently, f may be expressed as [[peyp, Pe(P) where the multiset {e(P) : P € Py} is equal to

E:={e:1<i<k}u{0:1<i<|Pql—k}.

Moreover, by unique factorization, this form is unique. Thus,

Slehx-1) = >, xH= > x(H P€<P>>

fEM |y wr=w e: Pa—N>q PePy
{e(P):PePy}=FE

3 IT ),

e: 'Pd—>N20 PePy
{e(P):PePy}=FE

which is just my evaluated at {x(P) : P € P4}, as needed. O

Another class of symmetric polynomials is the power sum symmetric polynomials. Given a positive integer
r, the power sum symmetric polynomial p,.(X; : 1 <4 <n) is the symmetric polynomial

n
pr(Xi:1<i<n):= ZX{ € Z[X1,..., X0
=1

More generally, given a partition A = (A1, Ag,..., Ax), then the power sum symmetric polynomial py(X; :
1 <4 < n) is the symmetric polynomial

k
pA(X;:1<i<n) ::HpAi(XZ- 1 <i<n).
i=1

A basic result in symmetric function theory says that whenever m > n, {m (X; : 1 < ¢ < m)}xp and
{pa(X; : 1 <4 < m)}arn are both bases for homogeneous symmetric polynomials of degree n with rational
coefficients. In particular, my(X; : 1 < ¢ < m) can be expressed uniquely as a linear combination of the
symmetric polynomials p,, for partitions u of size n, that is, there are unique coefficients c , € Q such that

maA(X;:1<i<m)= chupu(Xi :1<i<m) (5.2)
pEn

for all m > n (cy,, are independent of m). Egecioglu and Remmel [5, pp. 107-111] gave a combinatorial
interpretation of cy , which we now describe. We begin with their definition of A-brick tabloids.

Let A = (A1, A2, ..., Ag) and p = (p1, 2, - .., pr) be two partitions. Recall that the Young diagram Y,
is the diagram which consists of left justified rows of squares of lengths g1, po, ..., ux reading from top to
bottom. For instance, if p = (4, 3) then Y, is given by

Y, =

A X-brick tabloid T of shape p is a filling of Y, with bricks by, ..., by of lengths Ay, ..., Ag, respectively, such
that

1. each brick b; covers exactly A; squares of Y, all of which lie in a single row of Y,,

2. no two brick overlap.

11



Tl T2 T3 T4

| | |
| |

T5 15 17

Figure 1: (3,2,1,1)-brick tabloids of shape (4, 3)

For example, if A = (3,2,1,1) and p = (4, 3), then we must cover Y, with the bricks

I N

b1 ba
Here, bricks of the same size are indistinguishable. There are in total seven A-brick tabloids of shape p,
given in Figure[I]
We let B, , denote the set of A-brick tabloids of shape pu. We define a weight w(T') for each A-brick
tabloid T" € By , by

w(T) = H wr(b),

beT

where for each brick b in T, |b| denotes the length of b and

wr(b) = 1 if b is not at the end of a row in T',
e |b| if b is at the end of a row in T.

Thus w(T') is the product of the lengths of the rightmost bricks in T'. For example, for the seven (3,2, 1,1)-
brick tabloids of shape (4,3) given in Figure [1} the weights are computed to be w(Ty) = 6, w(T2) = 3,
w(T3) =3, w(Ty) =2, w(Ts) =6, w(Ts) = 1 and w(T7) = 3. We let
w(Byy) = Y w(T).
TEBx
Egecioglu and Remmel [B], Rel. (11), p. 111] proved that for partitions A, u F n, we have
e = (1) N Wy(By )P, (5.3)

where
P, :=Pres, (7 has cycle type p).

Here Precg, is the uniform probability measure on the symmetric group S, and we say that 7 has a cycle
type (u1, 2, - - -, pr) if the cycle sizes of 7 are given by py, ..., t.

Lemma 5.3. Let n and k be positive integers. Let ptn. We have

> B < i (7). 6.4

Nk

Proof. Write p as (u1,..., ). A A-brick tabloid of shape u determines the partition A uniquely. Indeed, A
can be recovered by reading the lengths of the bricks in each row of the tabloid. Thus, the set Uxiy,, ¢(x)<xBa,u
may be identified with a sequence {b;}/_, of positive integers with Y ;_, b; < k, and a double sequence
{ai,j hi<i<r,1<j<p, Of positive integers with 23;1 a;; = p; for each i as follows. The number b; is set to
be the number of blocks in the ¢th topmost row of the tabloid, and the number a; ; is set to be the length

12



of the jth leftmost brick in the i-topmost row. Under this identification, w(B,,,) is given by the product
[1;_; aip,, and it follows that for any ¢ > 0, we have

Z w(B)\7“) = Z Z Haivb’i' (55)

An bi,.,bp>1 VI<i<r: i=1
L(N)=t byteotbr=t ai 1, ,aq,; >1

by _
2ol ai =i

Consider the generating function

B(u) := > w(By,)u‘™.

AFn

Letting ¢(n1,ng,n3) be the number of solutions to x; + 2 + ... + x,, = ng with x,, = ng and z; > 1, it
follows from (5.5)) that

r

B = 3 [Letvmmt =TI Y dbumpat)
v

1<i<r:i=1 i=1 b;,y; >1
biyyi>1

As ¢(nq,ng,ng) is also the number of solutions to x1 + ...+ x,, 1 = ng — ng in positive integers, a standard
combinatorial result says that

(") ifng >mo+ng — 1, g > 2,

’I’L1—2
C(n17n2)n3) = 1712:713 lf nl = 17
0 otherwise,
so that
T pi—1pi—y+1 wi—y—1
— . T d b
CORS ) (TURS DD S (S 0
i=1 y=1 b=2
T }Lifl
= [TGu+ Dy +wrv )
i=1 y=1
T
= [+ -,

i=1

where in the last passage we made use of the identity 3¢ iz? = 2(de®™ — (d + 1)at + 1)/(x — 1)? with
d=p;—1land x = 1/(14u). As the left-hand side of is the sum of the first k+1 coefficients of B(u), and
they are bounded from above by the corresponding coefficients of [[,_, (1 + u)* = (1 +u)" = Y (7)u’,
the proof is concluded. O

5.3 Permutation statistics

We denote the expectation of a function f: .S, — R with respect to the uniform probability measure on S,
by Ercs, f(m). We denote by £(m) the number of cycles in a permutation 7.

Lemma 5.4. Let n > 1, m > 2 be positive integers. Let z1,z2 € C. Define the following function on Sy, :

fm= ] = ][I = (5.6)

Cem,mf|C|  Cem,ml|C|
where the product is over the disjoint cycles of w. Then

Ercs, f(m) = [W"](1 —u)™? (1 — um)(—z2+21)/m'

13



Proof. The exponential formula for permutations [23, Corollary 5.1.9] states the following. Given a function
g: N — C, we construct a corresponding function on permutations (on arbitrary number of elements) as

follows:
G(m) = [T etlcD,

Cem

where the product is over the disjoint cycles of w. We then have the following identity of formal power series:

14 3 (Bres G(m) ol = exp(3 220w)

i>1 i>1

Applying the identity with

)= zo otherwise,
we find that G(w) = f(w) for every m € S,,, and the lemma follows by a short computation. O

5.4 Bounds on certain finite sums

Lemma 5.5. Let x > 2 be a real number and n be a positive integer. Then
103 g gy 20 2% < 82™.
2. If furthermore x >4, > 2 4 4 21> < 102m/2,

Proof. We begin with the first part. We may assume n > 1. Consider the function f(t) = 2%z on [1,n]. Its
derivative is o2
nlog
7' = f()log — "2,
so that f is either increasing from 1 to n (if nlog2/logz < 1), or decreasing from 1 to y/nlog2/logz and
increasing from y/nlog2/logx to n (otherwise). As f(1) = 2"z < 22™ = f(n), it follows that

> 2ta® =N f(dy) < 42" + (n — 2) max{f(2), £(n/2)} - Ln not a prime-

d1d2:n d2|n

If n is a prime, we are done. Otherwise, it suffices to show that (n—2)22z™/? < 4z™ and that (n—2)2"/?z% <
4z™. For n = 4,5, these are easy to verify, and for larger n they follow by induction. This establishes the
first part of the lemma. The proof of the second part follows similar lines and is therefore omitted. O

The following variant of Lemma [5.5]is also needed. We omit the similar proof.
Lemma 5.6. Let x € {V/2,V/3,2,3}. For any positive integer n, we have
2d1 gz < 7y,
d1 d2 =n, d1 7571

For x = 2,3 we also have Zdlan l<dy<n 2d1pd2 4 | 4"y < 142™/2.

Lemma 5.7. For anyn > 1, we have Z?:o (7;) <7-1.4™.

Proof. For n <9, this is checked by a short computation. For n > 10, we have 32°_, (M) = (n®*+5n+6)/6 <
2n3, and an inductive argument shows that 2n3 < 7-1.4"™. O
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5.5 Bounds on coefficients of a generating function

Lemma 5.8. Let t,r > 2. Set L := |2log,r| and

Z(u) ::exp( Z 2(: +Z20 (r+1)

1<k<L k>L

[N

~

|
\_/

Then
) Z(w)| < 13 (

foralln>1. Ifr > maX{ZOOOOO,tbgzt}, we have

20r+1)+n—1
n

(") 2(0)] < 5 xpan T

for alln > 1. If r = O(n), we have

n loglog(n+2) )

("] Z(u)] < 210 ot
Proof. We work with the modified function

Z(u) == Z(u/V1),
so that B
("] Z(u) = t""?[u"] Z(u).
As t5/2 < 41 for k < L, we have

uk

=)

[a"](1 — )70,

101 Z(w)] < |[w]exp(Y_ 2000 + 1)
E>1

which establishes (5.7]). As Z has non-negative coefficients and radius of convergence 1, we have

Wl < R Z () = 200

i>0 R
for every R € (0,1). If R € (1.2/V/,1), we can bound Y, 20t*/2R¥ /k from above by

> 20tk/2 R < 20(RV/t)"
1<k<L k 1= 1/(R\/{5)

and the sum >, _; 20(r + 1)R¥ /k by

Rk (r+1) RE

20(r + 12 < .

D W+ G- < TR
k>L

< 120(r + 1)RE,

Thus, for every R € (1.2/+/1,1),

~ 1
"Z(w)] < exp (2000 + DR(6 + ) — nlog k).
[71Z(0)] < exp (2007 + DEM6+ 57— 7) — o
Assume 7 > 200000 and choose R =t~ ST in 5.10). We then have
log log r
nlogR=n'2BL8T 00y RE < MEE Qs _ LT !

(log)? = (log 12’

(5.10)

(5.11)

Assuming further r > tlog” ¢, we have % € (0,1), which implies R < 1 — logtloglogr/(2logr), and

P
SO

1 logt 2logr
(L+1)(1-R) — 2logrlogtlog10gr -

(5.12)

Plugging (5.11 and (5.12)) in (5.10)), we obtain (5 To prove (5.9)), use (5.8)) if 7 > max{200000, tlog™ ¢ f}

and otherwise use ([5.7)) together with the bound ("H“) (n+ k mm{” k
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6 Proof of Theorem 2.1

By (2.3)), it suffices to bound
Z |S(n7X : 1w)|7

weN

|w|=n

where 1,, is the indicator function of polynomials f with wy = w (see (3.10)) for the definition of .S). Let
Q. CQ

be the subset of factorization types containing only pairs (z,y) € N? with 2 = d. The elements of 4, for
each d, may be parametrized by partitions — to each A = (A1, A2, ..., ;) € Y, we associate

wrd = {(d; A1), ..., (d; M)} € Qa.

Note that |wy,q4| = d|A]. By Lemma > weq, wl=n [9(n; X - 1,,)| is the coefficient of u™ in the following
power series:

Fy(u) := [ Fa(u®)

d>1

where

Fa(u) =Y [S(dA], x - Lu, )| ul.

A€Y

The terms with £(A) > |Pg4| do not contribute to Fy(u), as there is no factorization type with more than |Py]
distinct primes of degree d. By Lemma and (|5.2)), for each A € Y and d > 1, we have

S, X Luy ) = Y exupu(X(P): P € Py). (6.1)
pE[A|

Let ord(x) > 2 be the order of x. Writing p as (u1, p2, ..., ftr), we may bound p,(x(P) : P € Pg) using
Lemma [3.1] as follows:

pu(X(P) : P € Pa)| = [ Ipu: (x(P) : P € Pu)|

i=1
4 d d (6.2)
e q q
< g - - .
< H (mln{ p) (£ + deg(M) + 1), d}) H <d)
1<i<r 1<i<r
ord(X)f: ord(x)|pi

From 7 , and , we have for all n > 1
g d d
DR EICIIES WA SR W | | <min{qd<e+deg<M> +1), qd}) I1 ("d)

Aen A, kn 1<i<b(p) 1<i<l(p)
LN)<Pal (< |Pal ord (x) s ordCo)lps (6.3)
=Fres, /(Y w(Biu)),
AFn
(<[Pl

where f is defined as in (5.6 with m := ord(x) and
gt q* q*
z1 = 21,4 = min{—( + deg(M) + 1), =1}, Zo = 224 = —,
' d d ' d
and p, is the partition of n whose parts are the cycle sizes of 7. By Lemma and ([6.3)), the coefficients

of Fy are bounded from above by the coefficients of

|Pal

Gatw) =1+ Y (3 (1) )Bres. flmu.

n>1 =0

16



If ¢ > 4, we do the following. Replacing Zz%‘ (7;) with 2", we use Lemma to bound the coefficients of

G4 from above by the coefficients of

Hy(u) == (1 —2u)"*14(1 — (Q,UI)OM(X))(—22,d-i-ZLd)/Ol”d(X)7

and so the coefficients of F, are bounded from above by the coefficients of

):= ] Ha(u®)
a>1
Summarizing,
Yo 1S x 1) = W E(u) < [u"]Hy (u)
(6.4)

we, lw|=n

[u”] H(l _ 2ud)_zl,d(1 _ Qord(x)udord(x))(—Zz,d+Z1,d)/0rd(x)_

d>1

The logarithm of the power series H, is given by
9 ord(x)udi ord(x) 2904 — 214

2iudi
log Hy (u) = Z z1,d + : ord ()
i,d>1 i,d>1 X
so that
[ ]lOgH Z 21 Zl dd ord]ix)l Z Qiord(X)(Zg}d o Zl,d)d-
di:ﬁ(x)
Set
L :=|2log, (¢ + deg(M) +1)].

For d < L, we have z; g4 = 20,4 = q%/d, so that by the first part of Lemma with z = ¢,
1 ; 8¢*
k i, d
[u®]log Hy (u) < %d%kQ q¢* < -

forall 1 <k < L. As zp4— 214 <q%/dand 2 4 < q% (0 + deg(M) + 1)/d, we also have, by the first part of
Lemma, with z = /g and the second part of the lemma with = = ¢, that

(+d 1 or ’
[Uk} log HX(U) S ( + eg + Z 21 M . Z onrd(x)qd
di=

k
Y=ord(x)

(6.5)

[SE

(=
??" S
(=
??" S

8(0 +deg(M) + 1)L + 10 % <10(0 + deg(M) + 2)

for all £k > 1. From and ( ., we have
S ISty 1)) < [ exl Z w4 37100+ deg(a) +2) L),
we, lw|=n k<L k>L
and by Lemma with t = ¢, r = £ + deg(M) + 1, we have the estimates
n (200 4+ deg(M)+2)+n—1
> IS(n,X-lw)|§q2< (o deedD+2) )

we, lw|=n

w\x‘

and, if £+ deg(M) = O(n),
(O )

> 1Sx- 1) <q

weR, |w|=n
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The theorem is established for ¢ > 4. We now suppose ¢ € {2,3}. We define Hvd := Hy for d > 2, while for
d=1
Hy(u):=1+ Y 14"Ercs, f(m)u" = (1 = Ldu) "1 (1 — (1.4w)"00) (220 b2 ord),
n>1

where in the last passage we used Lemma H As |P1| = ¢ < 3 for ¢ € {2,3}, it follows that Ellzlo‘ (M) <

Z?:o ("), which is at most 7-1.4" by Lemma Thus the coefficients of G are bounded from above by

those of H; times 7, and so the coefficients of F, are bounded from above by those of

Hy(u) == || Ha(u?),

d>1

times 7. As in the case ¢ > 4, we proceed to upper bound the coefficients of log EIVX For d < L, we have
214 = 22,4 = q%/d, so that by Lemmawith T =q,

— 1 ) qk
k k i d
[u”]log Hy (u) < %(1.4 q+ 4 E 2'q ) < 10?’
di=k, d#1

for all 1 < k < L, where we used 1.4 < ¢ < 3. For any k > 1, we have by Lemma[5.6] that

—~ f+d M)+1 1 ; 1or 1
[u*]log H, (u) < ( egl(g )+1) (1.4kq5 + Z 21q%) + %( Z gt ord() gd 4 1.4kq)
di=k, d#1 di:#&x),d;ﬂ

k k

0+ deg(M) + 1 » 5
o (L deg(M) + )(2.1.4’“+7q%)+14%§20(€+deg(M)+2)%.

- k

From this point we continue as in the case ¢ > 4 and conclude the proof of the theorem.
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