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Abstract

In this thesis, I study certain geometric gradient flow equations, some old, some new,

which all seek to construct minimal surfaces.

The first equation I study is the half-harmonic map flow, also known as the Plateau
flow, which is an evolution equation for maps from the circle S! into a smooth closed
submanifold N of R™. This is a gradient flow for the half-energy functional, introduced
by Da Lio and Riviere, the critical points of which are half-harmonic maps. These are of
geometric interest since the harmonic extension of a half-harmonic map to the unit disc
parametrises a free boundary minimal surface. This flow equation has been studied by
several authors, in particular by Wettstein and Struwe and it is two questions of Struwe
which I will answer in this part of the thesis. The first of these is to prove uniqueness
of weak solutions along which the energy is non-increasing, improving upon the existing
uniqueness result proved by Struwe and bringing the theory in line with what is known
about the harmonic map flow. The second question concerns the relation of half-harmonic
maps with the classical Plateau problem when the target N is a closed curve I'. In
particular, I prove the monotonicity of half-harmonic maps, meaning that half-harmonic

maps give rise to a solution of the Plateau problem, but perhaps with multiplicity.

The second part of this thesis presents joint work with Melanie Rupflin and Michael
Struwe which introduces a new system of equations. This flow is designed to produce free
boundary minimal surfaces with topology of any fixed compact surface, with boundary
supported on a smooth closed submanifold N < R™. This is also a gradient flow for
the half energy, but now in its generalised form as introduced by Da Lio and Pigati. We
couple the equation for the map evolution with an equation to evolve the metric on the
domain, which is inspired by the Teichmiiller harmonic map flow introduced by Rupflin
and Topping. For this system, we establish key results on existence and regularity of

solutions, along with an analysis of singularity formation and asymptotic convergence.



In the final part of this thesis, I study a question about solutions of the Teichmiiller
harmonic map flow, which is a gradient flow of the Dirichlet energy with respect to both
the map and domain metric which was introduced to produce closed minimal surfaces in
a smooth closed target manifold (N, h). In particular, I study the fine structure of the
limit object at infinite time in the setting where the domain metric degenerates and so
part of the limiting map collapses to a curve. I study sufficient conditions to ensure that

this curve is a geodesic in (N, h) for two slightly modified versions of the flow.
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Chapter 1

Introduction

In this introduction, I will aim to give a background on the area of geometric analysis [
have been studying for the last four years and for which this thesis is my contribution. I
will begin with providing some history and broader background on the areas of minimal
surfaces, harmonic maps and gradient flows before specialising to the theory which directly
informs the questions I have tackled, namely the Teichmiiller harmonic map flow and half-
harmonic maps. The particular work which I have done fits very much in the paradigm
of geometric flow equations, with key analytic questions relating to existence, uniqueness,

singularity formation and asymptotic convergence being the focus of my efforts.

1.1 Historical and General Background

1.1.1 Minimal Surfaces and Harmonic Maps

Minimal surfaces have been studied in one way or another for hundreds of years, and yet
they remain at the heart of the field of geometric analysis to this day. I will not pretend to
give a full history of their study here, but I will aim to recall the rich variety of methods
which have been developed for the study of minimal surfaces, and which in many cases

have found extensive applications in other areas of mathematics.



The story of minimal surfaces traces back to the origins of the calculus of variations,
since the area of a surface is a very natural and physically relevant quantity to wish to
minimise. Indeed, Lagrange computed the variation of surface area for a graph, arriving

at the minimal surface equation
(1 + (0pu)?)Dyyu — 20,udyudyyu + (1 + (Oyu)?) Oyt = 0 (1.1.1)

where v = u(x,y) defines a graphical surface {(z,y,u(z,y))} in R?. This is a quasi-linear
elliptic PDE, and Lagrange was unable to find any examples beyond the trivial one of a
plane. One thing to note here is that despite the name minimal, this equation is satisfied
by all critical points of the area functional, and it is customary to call any critical point

of area a minimal surface, whether minimising or not.

It was subsequently realised, by Meusnier, that this equation corresponds exactly
to the geometric condition of vanishing mean curvature, and hence he showed that the
catenoid and helicoid are examples of minimal surfaces. Meusnier thus produced the first
non-trivial examples of minimal surfaces, but coming up with further explicit solutions
of this equation turns out to be very hard, and it required decades of work and new

techniques to expand beyond these simple examples.

A major leap forward came about in the nineteenth century, when new methods using
complex analysis were developed. In particular, Scherk constructed some new explicit
examples, now known as Scherk surfaces, which are built periodically from solutions
on quadrilaterals. More systematically, Weierstrass and Enneper introduced a general
representation formula using complex functions. Specifically, they proved that given a
simply-connected domain 0 € 2 C C, a non-constant holomorphic function f : Q@ — C,

a meromorphic g : © — C such that fg? is holomorphic, and constants xg,yo, zo, the
mapping
zo+Re ([ 3 (2)(1 — g(2)?)dz)
w=u+ive | yo+ Re ([ Lif(2)(1 + g(2)*)dz) (1.1.2)
20+ Re ([} f(2)g(2)dz)

parametrises a minimal surface, and conversely any simply-connected minimal surface can



be parametrised in this way. The works coming from this period made many advances in
our understanding of minimal surfaces, for example allowing for a systematic treatment
of branch points, and they cemented the link between minimal surfaces, complex analysis
and harmonic functions. However, this is not the end of the story, since this representation
is not well defined in general when we consider a multiply connected domain (the integral
becomes potentially path dependent), and even when restricted to the simply connected
case, it has drawbacks. For example, it does not provide any means to either solve
boundary value problems such as the Plateau problem discussed below or to study the
embeddedness of the resulting surface. A particular result coming from this time that
we will see many iterations of in this thesis can be stated, slightly informally, as follows:
a parametrised surface is minimal if and only if its parametrisation is harmonic and

conformal.

One specific question which has been the focus of intensive study is the so called
Plateau problem, originally raised by Lagrange and named after the physicist Joseph
Plateau, who conducted extensive experiments with soap films and derived a number of
empirical laws for their behaviour. There are several different mathematical formulations
of the Plateau problem which have been studied, but all of them ask the following basic
question: given a closed Jordan curve (or sometimes curves) I, does there exist a surface
3} of least area which has boundary spanning I', and if so what are its properties? For a
curve I sitting in R?, intuitively this surface will be the shape formed by dipping a wire
in the shape of I' into a soap solution and lifting it out, yielding a film which due to the
elastic energy of the liquid will seek to minimise surface area. However, to tackle this
problem in a mathematically rigorous way took centuries of work and the development of

many new ideas and methods.

The major breakthroughs came around 1930 with the independent works of Douglas
[Dou3l] and Radé [Rad30]. Both authors worked with parametrised surfaces with param-
eter space D = {z € C: |z| < 1} and used the aforementioned result that v : D — R”
represents a minimal surface if it is harmonic and conformal. However, beyond this their

approaches were quite different. Radd used an approximation scheme, based upon polyg-



onal approximation and conformal mapping theory, which finds a sequence of harmonic
and nearly conformal maps, which map 9D close to I', and then took a limit to solve
the true Plateau problem for any rectifiable curve I' C R3. Douglas instead introduced a
new functional which depends just on the boundary values of the parametrisation. This

functional is defined by

Alg) : 1/6 l9(0) — 9O 194 (1.1.3)

T 4r Dxop 4sin? (Q_qu)
for a vector valued function g = (g1,...,9,) : 0D — I' C R™. Douglas provided the nice
geometric interpretation of the integrand as being the length of the chord connecting g(6)
to g(¢) divided by the distance between 6 and ¢ as measured in the disc, all squared, and
the reader familiar with fractional Sobolev spaces will see that this is in fact the H %(S 1
semi-norm, a fact we return to later on. However, the key property of this functional is
that if ¢ minimises A (or more generally is a critical point), among all functions which
parametrise I' in a suitable sense, then the harmonic extension of ¢ to the unit disc
will parametrise a minimal surface spanning the curve I'.  One analytic benefit of this
functional to Douglas was that it contains no derivatives, and hence is more amenable to
study with the more limited functional analytic theory available at the time.ﬂ Modern
expositions of the Plateau problem for minimal discs typically use the approach of directly
minimising the Dirichlet energy of maps from the disc. This idea had been around since
before Radd’s and Douglas’ works, but it took until Courant in [Cou37| for the technical
issues to be overcome. A modern proof for the existence of a solution to the Plateau

problem using this method can be found in [CM11l Chapter 4].

The above approaches to the Plateau problem all worked with parametrised surfaces,
and hence fixed in advance the topology of the resulting minimal surface. If instead the
problem is posed for the existence of an area minimising surface among all possible topolo-
gies, then a fundamentally different approach is needed. This came with the development
of geometric measure theory around the year 1960 with key contributions by Federer and

Fleming, and many others. In addition to not prescribing the topology, this method also

'For some context, Sobolev’s fundamental contributions were yet to come later that decade.



allows for more singular minimisers such as triple junctions, which are seen in physical

soap film configurations.

The Plateau problem is probably the most extensively studied minimal surface prob-
lem, but it is not the only one. An interesting variant, which provides the motivation for
much of this thesis, is to find free boundary minimal surfaces. There are several different
versions of this problem which have been studied, tracing back to at least 1940 with the
paper [Coud()] of Courant. In that work, Courant studied the problem of finding a mini-
mal surface which is topologically an annulus where one boundary curve has the Plateau
boundary condition, i.e. maps monotonically onto a given simple Jordan curve I' C R",
whereas the other boundary curve is constrained to lie on a given submanifold Ny C R",
giving the so called free boundary. More generally, Courant studied the case when the area
of a surface is minimised subject to the whole boundary of the surface being restricted to
lie on a submanifold, and using a linking condition was able to perform a direct minimi-
sation of the Dirichlet energy to produce some existence results, see for example [Coub0),
Chapter 6]. Courant’s linking condition is not always available, for example when the
support manifold Ny C R? is diffeomorphic to a sphere. This case is treated by Struwe in
[Str84], who used a minmax approach combined with an approximation scheme modelled
on that of Sacks and Uhlenbeck to prove the existence of a free boundary minimal disc.
One feature to emphasise in the above works is that the resulting minimal surface is not
required to lie on one side of the support manifold Ny, indeed the setup does not impose
that Ny is a hypersurface, and so it may not even make sense to discuss which side the
minimal surface lies on. This contrasts with a different formulation of the free boundary
minimal surface problem that instead of working with a submanifold Ny C R", works
with a manifold N with boundary, and looks for critical points for area among surfaces
contained in N whose boundaries lie in 0N. This is the setup used for example by Jost
and Gruter in |[GJ86]. In this thesis, I will exclusively work with the former setup used

by Courant and Struwe.

A special case of the free boundary minimal surface problem where Ny = 8" ! has

attracted particular attention. Despite the apparent simplicity of this geometric setup,



the resulting theory of free boundary minimal surfaces is very rich. For example, it was
not known until 2024 that there exists an oriented free boundary minimal surface of every
topological type when n = 3, see [KKMS24], and compare Lawson’s constructions of
closed minimal surfaces in &3 referenced below. Another reason this particular geometry
is interesting is that there are strong links to the Steklov eigenvalue problem. Specifically,
if a metric g on X, a surface with boundary, maximises the first Steklov eigenvalue, then
the corresponding eigenfunctions yield an immersion as a free boundary minimal surface
into a ball B™ for some dimension n, and indeed it is using this eigenvalue approach, with

several clever modifications, that yielded the above existence theorem in [KKMS24].

The final existence problem for minimal surfaces that I mention here is to find a closed
minimal surface of a given topology, and sometimes also homotopy class, as a submanifold
of a fixed ambient manifold N. The case when N = R"” turns out to be trivial, as there are
no closed minimal submanifolds of R™. However, the case of the three dimensional sphere
83 has a much richer theory, with Lawson in [Law70] constructing examples of immersed
minimal surfaces in 83 of every topological type except the real projective plane, which
is known not to exist. Moreover the orientable examples were embedded. For general
ambient manifolds, key progress on the existence of closed minimal surfaces was obtained
by Sacks and Uhlenbeck, and independently Schoen and Yau, see [SUSI], [SU82|, [SYT9).
These authors proved that if ¥ is a closed surface, N is a smooth manifold of dimension
at least 3 and f : ¥ — N is a homotopically non-trivial continuous map which induces an
injection on the fundamental groups, i.e. fi : m(X) — m1(N) is injective, then there exists
a branched minimal immersion A : ¥ — N which induces the same map of fundamental
groups and can be selected to have least area among such maps. Moreover, if mo(/N) = 0,
then h can further be taken to be homotopic to f. A map f satisfying the above conditions

is called incompressible.

A key idea in both proofs of the above result is another instance of the recurring idea
that a parametrisation is minimal if it is conformal and harmonic. However, now that we
are working with Riemannian manifolds instead of domains in Euclidean space, we need

to replace the notion of harmonic functions with that of harmonic maps. Note that whilst



our focus is on two-dimensional domains, harmonic maps are defined and studied in all
dimensions. To introduce harmonic maps, we first need to recall the Dirichlet energy, a

functional defined for maps f : (M, g) — (N, h) with regularity H' by the formula

E(f,9) = %/M!dedeg (1.1.4)

where dv, is the Riemannian volume form on M. A function f € H'(M;N) is then
called a harmonic map if it is a critical point of the Dirichlet energy. Computing the

Euler-Lagrange equation yields the PDE

T

o(f) =trVdf =0 (1.1.5)

where 7,( f) is called the tension field. Often, it is convenient to embed the target manifold
N < R" isometrically, which is always possible by Nash’s embedding theorem, [Nas56],

as this allows us to write the tension field extrinsically as

T

o(F) = Pr(Bgf) = B f + ANV V) (1.1.6)

where A, f is the usual Laplace-Beltrami operator, applied coordinate-wise to f, P, is the
orthogonal projection of R™ onto T, N at a point x € N, and A is the second fundamental
form of the embedding N — R"™. Apart from simplifying the analysis in some instances,
this also makes clear the quadratic nature of the non-linearity of the harmonic map

equation which becomes
Aof = A(F)(VE.V) (1.17)

and |A(f)(Vf,Vf)| < C|Vf]?* for a constant C' depending only on N. This is behind
why in dimension two, the harmonic map equation is critical in a PDE sense and so
of particular interest. For one-dimensional domains the equation is sub-critical and for

dimensions higher than 2, it is super-critical.

Two key examples to keep in mind are the cases where N = R, which recovers the
classical notion of harmonic functions, and the case where M = S!', where harmonic
maps are readily seen to be closed geodesics. The study of harmonic maps goes back to

at least 1940 by Bochner in [Boc40], who considered the special case where the domain is



a subset of the Euclidean plane. In an influential paper [ES64], Eells and Sampson studied
harmonic maps in the general case, and in the setting where the target manifold (N, h)
has non-positive sectional curvature obtained powerful existence results. I will return to

this work later on in the discussion of gradient flows.

With an appropriate understanding of what harmonic means in the setting of maps
between manifolds in hand, let us now turn to the second condition needed to ensure f
parametrises a minimal surface, namely that f is conformal. What is interesting here
is that for two dimensional domains, the conformality of the map also has a variational
interpretation, and moreover this is in terms of exactly the Dirichlet energy used to define
harmonic maps, only now considered as a function of the domain metric g. This follows by
a standard computation of the variation of the Dirichlet energy, see for example [BW03,
Chapter 3], which yields for a fixed map f : M — N, fixed metric h on N and a one

parameter family of metrics g. on M with 0.g.|.—o = dg

TP = =5 [ 0. 5a)au, (119

de le=0

where k(f,g) == f*h — 3 |df|? g is the stress-energy tensor. This computation is valid for
all dimensions, but is most useful in dimension two. In this setting, a common alternative
viewpoint is to write the stress-energy tensor in terms of the Hopf differential, which in

local complex coordinates z = x + iy is

8(f,9) == o(f. 9)d=" = (0.f1* — |0,/1* — 2i(0,.£.0,/)) d=* (1.1.9)

Then the relation is k(f, g) = sRe(®(f, g)), and the vanishing of this corresponds exactly
to |0, f|° = |0, f]* and (9, f,d,f) = 0, i.e. that f is weakly conforma Note that in this
thesis, I will always allow for branch points in the definition of conformal, which is what
is meant here by weakly conformal. One final point to note here is that, again just for
two dimensional domains, the Dirichlet energy is invariant under a conformal change of
metric, i.e. replacing g by p?g for a function p > 0, and hence E in fact does not depend

fully on the metric g, only on its conformal class.

2In dimensions other than two, the vanishing of the stress-energy tensor instead implies that the map
is constant, see e.g. [BWO03|, Chapter 3]



The above discussion relates back to minimal surfaces through the following key result

of Sacks and Uhlenbeck.

Theorem 1.1.1 (Theorem 1.8, [SURI]). Let 3 be a closed surface, (N, h) a Riemannian
manifold and suppose that (u, g) is a critical point of the Dirichlet energy E with respect
to both the function and the conformal class of the metric. Then u: (X,g9) — (N,h) is a

branched minimal immersion or is constant.

1.1.2 Gradient Flows and Their Applications to Geometry

In this section, I will explain the other major topic of this thesis, namely gradient flows.
Following a short general introduction, I will be paying special attention to the case of
harmonic map flow, which is not only historically significant, but further is of particular

relevance to the work I present in the remainder of this thesis.

When studying the existence and properties of objects which arise as critical points of
a functional, it is very natural to consider the gradient flow associated to this functional.
In a simple abstract setting, suppose we have a functional F': V' — R, for a vector space
V equipped with an inner product | Then we can compute the gradient of the functional
F, denoted VF and defined by (VF,w) = dF(w) for all w € V| which of course depends
on the choice of inner productﬂ From this, it follows that critical points are those v € V'

with VF(v) = 0 and the gradient flow is the evolution equation
o = =V F(v). (1.1.10)

The hope is then that we can find solutions v(t) to this equation for a given initial data
vp € V and which exist for all time, describing a curve in V', and that in a suitable sense,

v(t) should converge to a critical point vy, as t — 0o. The key property of this solution

3This is not the most general setting for defining gradient flows, but is convenient to get across the
key ideas. I will later work in Sobolev spaces taking values in a manifold, which are not vector spaces but
Banach manifolds, but the discussion here applies equally well in this setting making only the natural
adjustments.

4Often this inner product will end up being L?, but in Chapter |4, the equation I study arises from a
weighted inner product.



which justifies this hope is the following equation governing the functional value along

the solution v(t). A formal computation gives

%F(v(ﬂ) = dF(u(t))(0w) = (VF(u(t)), 0w) = —[[VF (u()) (1.1.11)

This not only provides global in time bounds on the quantity F'(v(t)), which are often
very useful for the analysis of , but importantly also implies the existence of a
sequence of times ¢; — oo along which [[VF(v(t;))|| — 0. In the presence of a suitable
compactness theory, it is then expected that a subsequence of the v(t;) would converge

to a critical point of F'.

Of course, there is a lot to be made precise in this approach, and in practice there are

many difficulties to be overcome, but in important cases, this idea has bourne fruit.

To give a simple concrete example, consider a domain U C R™ and the functional

1
F(u) = §/U|Vu|2dx

defined for functions u € H'(U;R). Then of course critical points of F are the familiar
harmonic functions, and the associated L?-gradient flow is nothing more than the classical

heat equation.

The first time that a gradient flow approach has been used to study a geometric
problem, and indeed the most relevant example for us, was the introduction of the
harmonic map flow by Eells and Sampson in [ES64]. The setting there is for maps
u: (M,g) — (N,h) between Riemannian manifolds of any dimension, with M closed,
and the functional is the Dirichlet energy introduced above. As already discussed,
critical points of this functional are harmonic maps, and the question these authors sought
to answer is known as the homotopy problem for harmonic maps. This asks if it is pos-
sible to find a harmonic map which is homotopic to a given map. To study this, they

introduced the L?-gradient flow of the Dirichlet energy, which is given by the PDE

ou = 7y(u). (1.1.12)

10



Specifically, they showed that under the assumption that the target manifold (N, h) is
compact and has non-positive sectional curvature, any continuously differentiable initial
map ug : M — N yields a global solution to the flow , which moreover converges
to a harmonic limit along some sequence of times ¢; — oo. Since their solution of the
flow is continuous, in fact even smooth, this solved very neatly the homotopy problem,
under this restriction on the curvature of the target manifold. The theory of harmonic
map flow for non-positively curved targets was further developed by Hartman in [Har67],
who proved among other results that the convergence is independent of the sequence of

times t; — 0o, and that the set of harmonic maps homotopic to a given map is connected.

It turns out that the homotopy problem for harmonic maps is not solvable in all cases,
as for example there is no harmonic degree one map from a torus to a sphere, see [EWT6].
Hence, in some settings it is necessary that a solution of the harmonic map flow forms

some kind of singularity either in finite time or at infinite time.

In the eighties, Struwe made a major contribution to the understanding of the har-
monic map flow in [Str85]. Here, instead of imposing a curvature condition on the target
manifold (IV, k), he considered the case where the domain (M, g) is two dimensional, i.e.
a surface. Without the curvature condition used by Eells and Sampson, it is not possible
to rule out singularities in solutions of the harmonic map flow, and so instead Struwe
analysed potential singularities and constructed a weak solution of the flow. Note that
the example above of degree one maps from a torus to a sphere shows that singularities

are a real feature of the flow, and so this analysis is necessary.

In more detail, Struwe showed that for uy € H'(M;N), with dim M = 2, there

exists a solution u € H,

([0,00) x M;N) to the harmonic map flow with initial data
ug. Moreover, the Dirichlet energy is non-increasing along this solution and wu is smooth
away from finitely many space-time points. In addition, Struwe showed the uniqueness of
solutions with this regularity. Key to building this global in time solution is an analysis
of the singularities that can arise for classical solutions of the flow. In this case, Struwe

showed that any breakdown of a classical solution occurs due to a concentration of the
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Dirichlet energy around finitely many points in M. Around each of these singular points,
after a suitable rescaling the map converges to a non-constant harmonic map v : S — N,
which is usually called a bubble. This is reminiscent of the bubbling phenomena first

studied by Sacks and Uhlenbeck in [SU8I] in their construction of minimal spheres.

Struwe’s paper led to many further works which improved our understanding of this
weak solution. In one direction, the uniqueness theory has been improved. In particular,
Freire in [Fre95] showed that uniqueness holds for solutions in H ([0, 00) x M; N) subject
only to the condition that energy is non-increasing. It is perhaps surprising that energy
monotonicity needs to be assumed at all for a gradient flow, but the existence of backwards
bubbles due to Topping, [Top02], shows that both energy monotonicity and uniqueness can
fail if we look in the class of weak solutions with no additional assumptions. Following this,
Rupflin strengthened Freire’s result in [Rup0§| to show that uniqueness holds even when

we allow for small increases in energy, with the smallness needed to exclude backwards

bubbles.

Another direction of research has been to develop a more refined understanding of
the singularities of the flow. For simplicity, as is common in the literature since this is a
local phenomenon, consider maps u; : D — N, for D C R? the unit disc, where energy
is concentrating at the origin and wu; will be taken to be a solution to harmonic map
flow evaluated at a suitably chosen ;. The initial analysis done by Struwe finds scales
A \( 0 and points a; — 0 such that u;(\;(x —a;)) converges strongly in H._(R?) to a non-
constant map v : R?> — N which is harmonic. Typically, by a conformal change and an
application of the removable singularity theorem of Sacks-Uhlenbeck, this limit is instead
viewed as a map from the sphere S?, explaining why it is called a bubble. Intuitively,
the scales \; are taken small enough so that the Dirichlet energy of the rescaled maps is
no longer concentrating around 0, but large enough so that the limit has positive energy.
However, this only extracts one bubble from the energy concentration, and there could
be multiple bubbles forming at potentially different scales. Several authors subsequently

refined this analysis to account for all these bubbles by an iterative rescaling procedure

that captures each suitably distinct scaling sequence {\!}, ... {\"} and approach sequence
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{a}},...{a™} to construct a more detailed limit object called a bubble tree. Here, suitably
distinct means that for k& # 7,
M el —ab|”
N )\—f%-w—)ooasz—)oo. (1.1.13)

The limiting bubble tree consists of a base map, u, : M — N, which is simply the weak
H*' limit of the original sequence u;, together with a collection of non-constant harmonic

maps, the bubbles, wi,...,w,, : S* — N which are the weak H; _ limits of the rescaled

loc
maps u;(A¥(z — a¥)). These bubbles are connected together to the base map or another
bubble by curves called necks, i.e. the curve =, associated to wy joins to either the base
map u, or a bubble w; which is extracted at a larger scale. Two key questions arising in

this picture are one: whether the total energy of the bubble tree equals the limit of the

energy of the sequence u;,

m

lim E(u;) = E(u) + > E(wy), (1.1.14)

i—00
k=1

called the no loss of energy property and two: do all the necks have zero length, which
is called the no-neck property. Constructing this bubble tree limit and answering these
two questions when the maps u; are taken to be approaching either finite time or infinite
time singularities from the harmonic map flow have been investigated by many authors,
with key works including [Qin95], [DT95], [QT97a], [Top04]. In particular, these works
have shown that for infinite time singularities of the harmonic map flow, both the no loss
of energy and no-neck properties hold, whilst for finite time singularities, the no loss of
energy property remains true but non-trivial necks can form. The key difference between
these situations is that for infinite time singularities the energy decay formula allows us to
find a time sequence along which the tension field is bounded in L? (in fact even tending
to zero), but this can fail at finite time singularities. A key topic which remains not well
understood is that of uniqueness of the bubble tree limit, i.e. whether the limit depends
on the choice of time sequence. There are examples where uniqueness can fail, see e.g.
[Top04] for the finite time case, but it is conjectured that uniqueness must hold when the

target is real analytic. This remains very much open in general, though the recent paper
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[Rup25| showed that for the simplest limit bubble tree at infinite time, where the base
map is constant and exactly one bubble forms, the location of the bubble is independent

of the time sequence.

The harmonic map flow has been studied further in the higher dimensional case for
general target manifolds, for instance by Struwe in [Str88] and Struwe and Chen in [CS89).
Here, different techniques are used, and the results are necessarily weaker than the two-

dimensional case as the equation is super-critical.

The harmonic map flow is not the only flow equation which has interested geometers,
with the key innovation of Eells and Sampson inspiring a substantial body of research.
Two of the most studied geometric flow equations are the mean curvature flow and the
Ricci flow, the first of which is the L? gradient flow for the area functional and the second,
whilst not introduced as a gradient flow, is behind the famous resolution of the Poincaré
conjecture by Perelman. One interesting equation which does not have a gradient flow
structure is the inverse mean curvature flow, which has found applications in general

relativity, see [HIO1].

1.2 Review of Relevant Existing Theory

With an idea of the history of and general background behind minimal surfaces and
gradient flows, I now turn to giving a more detailed exposition of the more closely relevant
existing work, which I shall reference, make use of and build upon throughout the rest of

this thesis.

1.2.1 Teichmiiller Harmonic Map Flow

One key body of work which relates to the rest of the thesis is the study of the Teichmailler
harmonic map flow. On one hand, the final chapter of this thesis, Chapter [4, concerns

some results I obtained relating to this equation, and on the other hand, the new flow
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studied in Chapter [3| builds heavily upon this theory. Throughout this section, (M, g)

and (N, h) are both closed Riemannian manifolds, with M being two-dimensional.

The Teichmiiller harmonic map flow is a geometric gradient flow of the Dirichlet energy,
introduced by Rupflin and Topping in [RT'16], which couples the harmonic map flow seen
above with an evolution equation for the domain metric, with the aim of constructing
critical points of the Dirichlet energy with respect to both the map and the metric.

Recalling Theorem [1.1.1} such critical points are branched minimal immersions.

To get a well behaved evolution equation for the metric requires a bit more care, and
in particular to take advantage of the symmetries of the problem. The first symmetry
to take note of is the conformal invariance of the energy. By the classical uniformisation
theorem, every closed orientable surface (M, g) is conformal to a unique surface with
constant curvature k = 1,0,—1. Moreover, kK = 1 if M is a sphere, k = 0 if M is a
torus and k = —1 if M has higher genus. It is helpful then to introduce the notation
M, for the space of smooth metrics on M with constant curvature x, with the additional
constraint that the total area is 1 if kK = 0, and then to restrict the metric g to the set
M,.. The other symmetry present in the energy is that of simultaneous pullback of the
map and metric by a diffeomorphism. It is a bit more subtle to account for this, but
the main idea is to constrain the metric to flow in directions orthogonal to the action of
diffeomorphisms. This same idea is needed for the new flow we introduce in Chapter [3]
and so the full details will be explained there. The resulting system of equations, called
Teichmiiller harmonic map flow, was introduced by Rupflin and Topping in [RT16] and

is given by

Oru = 7,(u) (1.2.1)
9 = "L Re(P(9(1.)) (122)

where 7 > 0 is a constant we are free to choose, ® is the Hopf differential defined in
H . 2 . . . . . .
(L.1.9) and P," is the L*-orthogonal projection of quadratic differentials onto the finite

dimensional subspace H(g) of holomorphic quadratic differentials. When the domain is
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a sphere, there are no non-trivial holomorphic quadratic differentials, so the metric is
stationary and this is the same as the classical harmonic map flow. If the domain is
a torus, then H(g) is an integrable distribution on M, and so the equation reduces to
two ODEs. Moreover, as a consequence of the completeness of the Teichmiiller space,
no singularities can form in the metric in finite time. In fact, the flow in this case is
equivalent to a flow introduced earlier by Ding, Li and Liu in [DLLO6]. In light of these

observations, the focus will be on the case when the domain has genus at least 2.

In two initial papers first appearing in 2012, [RT16] and [Rup14], Rupflin and Topping
established the basic theory for this system, demonstrating the following properties of

solutions in the setting where the metric is well behaved:

1. For any initial data (ug, go) € H(M; N) x M.(M), there exists a solution (u, g) to

(1.2.1) and (1.2.2]) which is smooth for ¢ > 0 away from finitely many space-time

points and exists until a maximal time 7" € (0, oo, which is infinite unless the metric

d tes, i.e. liminfinj(g(t)) = 0.
egenerates, i.e 1?}17{1 inj(g(t)) =0

2. At each singular time T < T', energy concentrates at a finite set of points x1, ..., T,

inf lim sup/ IVu(t))* dv, > 0
™\0 t T Bf(”(zi)
and after a suitable rescaling about z;, the map converges to a non-constant har-

monic map v; : S — N. Moreover, the metric g(t) is Lipschitz in time across T}

(using any C* metric on M,).
3. The energy F(u(t), g(t)) is non-increasing in time.

4. The solution is uniquely determined by the initial data within the class of weak

solutions with non-increasing energy.

5. If T = oo and further g(f)’ inj(g(t)) > 0, i.e. the metric does not degenerate even
at infinity, then there is a sequence of times ¢; — oo and orientation preserv-
ing diffeomorphisms f; : ¥ — X such that (fju(t;), f{g(t;)) converges to a pair

(Uso, Joo) € C°(M; N) x M, which is a critical point of the Dirichlet energy. The
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convergence of the metrics is smooth, and the convergence of fj’-*u(tj) is smooth away
from finitely many points, where energy concentrates and at least one bubble forms

as above.

A further refinement of the asymptotic convergence was also obtained in [KRT22], namely
that if the target manifold is real analytic and no singularities form as ¢ — oo, then the
convergence is smooth, independent of the time subsequence ¢; — oo and there is no need

to pull back by diffeomorphisms.

So far, this mirrors very closely results for the harmonic map flow in two dimensions.
What is new for this flow is the possibility that the metric g can degenerate, leading to a
new type of singularity formation, either in finite or infinite time. Key to understanding
the behaviour of these new potential singularities in the higher genus case is the description
of how hyperbolic surfaces degenerate. More details can be found in Appendix [C| but
for now note that given a sequence of hyperbolic metrics g, on a surface M satisfying
injg, — 0, then there is a finite and disjoint collection of simple closed geodesics o7, ..., o}
in (M, g,) which have length going to zero. It is then possible to understand the limit of
these surfaces as a punctured hyperbolic surface M , with the punctures corresponding to
the collapsed closed geodesics. This limit may be disconnected. Using the Keen-Randol
collar lemma, [C.0.1], each closed geodesic has an explicit special cylindrical neighbourhood,
called a collar, and as the length of the closed geodesic goes to 0, the conformal length of

the collar goes to infinity.

The analysis of possible finite time metric singularities was done in [RT19]. The
authors proved that there is a canonical means to continue the flow past a finite time
metric degeneration as a flow on a collection of lower genus surfaces. In particular this
proves the existence of a global weak solution for any initial data. The authors further
establish a no loss of energy result at each finite time singularity. When the metric is
not degenerating, this follows closely from the analogous statements for the harmonic
map flow, but the authors were able to extend this to also cover the case where the

metric degenerates. A key observation is that there can be at most finitely many such
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singularities, and so when studying the asymptotic behaviour of solutions of the flow and
the fine structure of any singularity, it suffices to move past the last finite time singularity

to where the solution is globally smooth.

The case where the metric degenerates, but only as t — oo, is studied first in [RTZ13]
and later refined in [HRT16]. The full details of this convergence are more technical,
so I defer them until Chapter [4 and simply record that away from the collapsing parts
of the surface, the solution of the flow converges to a branched minimal immersion on a
possibly disconnected limit surface. Furthermore, the degenerating collar neighbourhoods
are mapped close to curves. A key open question raised in [HRT'16] is whether this curve
is a geodesic in (IV,h). This is known to be true in one case, as shown by Ding, Li and
Liu in [DLLO6], specifically when the domain is a torus and the energy converges to zero
at infinite time, but in general this remains open. It is this question which I investigate

in Chapter [4]

1.2.2 Half-Harmonic Maps

We have seen above that there is a strong relationship between harmonic maps and
minimal surfaces, which has been exploited both in connection to the Plateau problem
and the construction of closed minimal surfaces in Riemannian manifolds. This has more
recently been further extended to apply to the free boundary problem using half-harmonic
maps. These were first explicitly introduced by Da Lio and Riviere in [LRII]. In this
paper, they introduced a functional they called the line energy for maps v : R — Ny C R”

as

dz (1.2.3)

where Ny C R” is a sufficiently smooth submanifold. As the authors point out, a simple
computation shows that this energy is, up to a constant, exactly the H %(R) semi-norm.
Since we will repeatedly see fractional Sobolev spaces in this thesis, a short introduction
and summary is provided in Appendix In [LR11], the authors explicitly state

they introduce this energy as a one-dimensional analogue of the Dirichlet energy in two-
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dimensions, noting both the quadratic integrand and the invariance of L under the trace
of a conformal diffeomorphism which preserves the upper half-plane. A key difference

compared with the Dirichlet energy is that this line energy is a non-local functional.

There are several equivalent ways this energy can be expressed. It was observed in
[LR11] that L is related to the Dirichlet energy on the upper half-plane H = R x [0, 00)
by

L(u) = inf {/ |Vw|® dv : gy = u} : (1.2.4)
H
with this infimum realised when w is the unique finite energy harmonic extension of w.

Consequently, introducing the notation wuy for this unique finite energy solution to

AUH =0 in H
(1.2.5)
Uy = U on OH
allows L to be rewritten as
L(u) = / |Vuy|” dv. (1.2.6)
H

Using the conformal invariance of the Dirichlet energy, it is possible to change the domain
to the unit disc D, which has the benefit of being compact. Moreover, as above the energy

can be written in terms of the boundary values using the fractional Laplacian, via

|l

Working on the unit circle, it is interesting to note that in fact, the line energy introduced

=

2
u‘ d6:/|VuD\2dv. (1.2.7)
D

by Da Lio and Riviére is up to a constant exactly Douglas’ functional A, see ((1.1.3)),
introduced to solve the Plateau problem, since this can be seen to be the H %(81) semi-
norm. To clarify terminology, I will call this functional in all its forms the half-energy,

and denote it by E%.

This notion of half-energy has been extended by Da Lio and Pigati in [PL17] to more
general domains. To do this, they start from the harmonic extension viewpoint and for a

compact Riemannian surface with boundary (%, ¢g), an embedded submanifold Ny C R”

19



and a map u € H%@E; Ny), they define the half-energy as

1
By (u,g) = §/E|Vug|2dvg. (1.2.8)

Here, u, denotes the unique solution of the problem
(1.2.9)

for a given u € H2(9%; Ny) and metric g on 2.

Let us now turn to the critical points of the half-energy, which following Da Lio and
Riviere are called half-harmonic maps. More precisely, these are critical points of the
half-energy among maps taking values in the support manifold Ny — R™. When the
domain is ' = dD, equivalently R, then half-harmonic maps are characterised in [LRII]
as solutions of the equation

Pu(=A)2u =0 (1.2.10)
recalling that P, is the orthogonal projection of R"™ onto T, Nj.

In the case considered by Da Lio and Pigati where the domain is the boundary of a com-
pact surface X, instead of the first variation being written in terms of the half-Laplacian, it
now involves the Dirichlet-to-Neumann operator, specifically the Euler-Lagrange equation
obtained in [PL17] is

P,0,ug =0 (1.2.11)

where 0, is the outward unit normal derivative. Note that in the case where ¥ = D with
Euclidean metric, the equality d,u, = (—A)%u holds, which is a simple case of the theory

of representing fractional operators developed by Caffarelli and Silvestre in [CS06].

One key property that has been established for half-harmonic maps is their regularity.
In particular, if the target manifold Ny is smooth, then any half-harmonic map into Ny
is also smooth, see [DR11] for the case when the domain is R and [PL17] for the case of

a compact surface with boundary.
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Finally, as promised, there is a strong connection between half-harmonic maps and
free boundary minimal surfaces. First, for half-harmonic maps from the circle, it was
observed in [MST5, Remark 4.28] and [DLMRIH] that u : S' — Ny is half-harmonic if
and only if its harmonic extension up is conformal. From this it follows, as we have
now seen several times, that up is a branched minimal immersion since it is harmonic
and conformal. Moreover, the Euler-Lagrange equation for half-harmonic maps implies
Oyup L T, Ny, i.e. that the surface meets Ny orthogonally, and hence up parametrises a
free boundary minimal disc. When the domain is no longer S' but the boundary of a
compact surface (X, ¢), then it is clear that a half-harmonic map w has extension u, which
is harmonic, by definition, and which meets the support manifold /Ny orthogonally, by the
Euler-Lagrange equation . However, it is no longer true that u, is automatically
a parametrisation of a free boundary minimal surface, since it may fail to be conformal.
For this to hold, we also require that the metric g on ¥ is a critical point of the energy,

very much in analogy with Theorem above. This is shown by Da Lio and Pigati.

Theorem 1.2.1 (Theorems 1.6 and 3.4 from [PLI17]). Let (X,g) be a surface with non-
empty boundary, Nog — R™ a smooth closed submanifold and u € H%(OE;NO) a half-
harmonic map. Then the harmonic extension of u is a free boundary branched minimal
immersion if and only if g is a critical point of the energy E% (u,g) with respect to varia-

tions of the metric.

Remark 1.2.2. Recall that we take the definition of free boundary minimal surfaces in line
with Courant and Struwe, in particular the support set for the boundary need not be a

hypersurface and the minimal surface need not lie exclusively on one side even when it is.

1.2.3 Half-Harmonic Gradient Flow (Plateau Flow)

To date, there have been several works studying gradient flow equations for the half-
energy. The paper of Sire, Wei and Zheng, [SWZ21], considered the special case when the

domain is R and the target manifold is the circle St. In this case, the L*-gradient flow
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takes the form

l\J\»—l

3tu = —(

|u(z s)|
(%/ |x_8| ds) (1.2.12)

The authors use an inner-outer gluing scheme, a technique which has found applications in
constructing singular solutions of several non-linear equations, see for example [DAPW2()]
in the case of harmonic map flow, to find solutions with a prescribed singularity formation
at infinite time. They in fact conjecture that any solution of this flow cannot have a
finite time singularity. Proving or disproving this conjecture remains an interesting open

problem.

In a series of papers [Wet22, Wet21l, Wet23] as part of his PhD, Wettstein studied the
same flow with domain S' and a more general target, either a sphere S*™! C R" or a
general smooth submanifold Ny C R" for any dimension n. In this more general setting,

the gradient flow equation is then given by
A+ Pu((—=A)2u) =0 on [0,T) x OD. (1.2.13)

Wettstein established many key properties of solutions of this flow. In particular, he
showed that for any given initial data uy € H: (OD; Ny), there exists a solution to (|1.2.13))
Hl

L ([0, 00); L2(0D; Ny)) N L*2([0, 00); Hz (9D; Ny)) with non-increasing energy and
which is smooth away from finitely many singular times 7;. Moreover, he obtained results

on the uniqueness and asymptotic convergence of solutions which have small energy.

Wettstein worked extensively with tools and ideas from fractional calculus for his
results. Subsequently, Struwe in [Str24] investigated the same flow equation, but now em-
phasising the equivalent formulation using the Dirichlet-to-Neumann operator, changing
the equation to

ou = —P,0,up. (1.2.14)

This allows much of the analysis to be carried out with classical differential operators
acting on the harmonic extension of the map. One restriction that Struwe introduced
compared with Wettstein’s work is that the target manifold Vy is assumed to be embedded

in R” in such a way that the normal bundle T+ N, is parallelisable. This holds for example
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when Nj is either a hypersurface or a collection of closed curves, but can fail such as
when Nj is not orientabld’] On the other hand, Struwe was able to remove the restriction
that the initial energy be small that Wettstein needed for his uniqueness and asymptotic
convergence results, and was able to prove the smoothness of solutions at the singular
times T; away from finitely many points in S'. Note that both Wettstein and Struwe
performed an analysis of the singularities of the flow, and showed that these are caused
by energy concentration and the formation of a half-harmonic map from the circle, closely
matching Struwe’s analysis of the harmonic map flow seen above. Finally, a consequence
of the uniqueness result of Struwe is that his solution coincides with Wettstein’s, and in

the following I will call this solution the almost smooth solution.

In [Str24], Struwe raised several open questions. One relates to the uniqueness of
solutions. Struwe proved the uniqueness of solutions which have additional regularity
compared with what is assumed for a weak solution, but asks if in fact uniqueness holds
in the more general class of weak solutions along which the half-energy is non-increasing,
see Section for the precise statement. This is in direct analogy with what is known

for the harmonic map flow. In Chapter [2| I answer this question positively.

Another question raised by Struwe relates to its possible applications to the Plateau
problem when the support manifold is a curve I' C R”, a link evidenced by his terming
the flow equation the Plateau flow. We have seen above that the stationary solutions
of the equation are free boundary minimal discs whose boundary lies on I', and Struwe
showed convergence of solutions (perhaps with bubbling) along a sequence of times ¢; —
oo to a half-harmonic limit. The question arises as to whether a half-harmonic map
parametrises in any suitable sense the curve I'. In his original paper on the Plateau
problem, Douglas overcame this issue by minimising the half-energy within the closed
class of weakly monotone maps from S! to I'. However, it is not clear that even if the
initial map ug is monotone that this would be preserved by the flow. In Chapter 2] I show

that a non-constant half-harmonic map into a curve I' must indeed be monotone.

5This follows since if there is a global basis of TN, this can be used to construct a volume form on
Ny, hence implying Ny is orientable.
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Finally, it is raised again by Struwe, but also already by Da Lio and Pigati in [PL17],
that the half-harmonic map flow could be extended to the case of maps from the boundary
of a compact surfaces. They ask specifically if by combining the above gradient flow for
the map with a suitable equation to flow the metric on the domain surface, as is done for
Teichmiiller harmonic map flow, it is possible to define a coupled flow equation to produce
conformal half-harmonic maps, which we have seen above are branched free boundary
minimal surfaces. This is what I, in joint work with Melanie Rupflin and Michael Struwe,
do in Chapter [3] where we introduce such a flow and prove key results about its solutions,

outlined in more detail in Section [1.3.2

1.3 My Contribution

To finish this introduction, I will outline the new results which make up this thesis, which
is organised into three main chapters. Note that in the above I used the notation Ny for
the submanifold of R™ when talking about half-harmonic maps and (N, h) for the target
when discussing harmonic map flow. From now, I use N in both cases to be consistent
with the existing literature. I never discuss these two settings together so it should be

clear which is meant.

1.3.1 Results for Plateau Flow on S!

The first part of this thesis, contained in Chapter [2] and comprising of work published in
[Wri24] along with a short unpublished final section, is devoted to answering two open
questions raised by Struwe regarding the Plateau flow in the setting of maps from the
circle S'. The first of these relates to the uniqueness of weak solutions, and so I begin by

defining two notions of solution for the Plateau flow.

Definition 1.3.1. A function u : [0,7) x 0D — N is called a weak solution to the Plateau

flow (1.2.14) on the time interval [0,7") and with initial data uy € H: (0D; N) if it satisfies
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1. ue H}

loc

([0, 7); L2(0D; R™)) N Lix, ([0, T); H2 (9D; N)).

loc

2. u solves the equation weakly, in the sense that for all p € L*((0,7); H'(D; R")),
T T
/ Oru - pdsdt —i—/ /(VUD, V(P,(p)))dzdt = 0.
0o Jop o Jo
3. The trace of u on {0} x 9D equals uy.

A weak solution which has the additional regularity v € H. ([0,T) x 0D; N) and satisfies

loc

the energy inequality

(u(t1))

1
2

to
E1(u(ts)) +/ / Oyul* dsdt < E
2 t1 oD

for each 0 < t; <ty < T is called an energy-class solution.

In [Str24], Struwe then proved the following uniqueness result, which in particular

proves uniqueness of solutions of the regularity he constructed for the flow.

Theorem 1.3.2 (Theorem 7.1 in [Str24]). Let u,v be energy class solutions to ([1.2.14)

on an interval [0,T) whose traces agree at time t = 0, and suppose further that u,v are

smooth fort > 0. Then u = v.

The focus of this part of my thesis has been on extending this uniqueness result to
a more general class of functions. This question arises naturally, and indeed is asked in
[Str24], when we compare with the corresponding theory of harmonic map flow. In that
setting, Struwe constructed a global weak solution in [Str85] with a uniqueness result
similar to Theorem [I.3.2] in that uniqueness is obtained for solutions under additional
regularity assumptions. However, it was subsequently shown by Freire in [Fre95] that
uniqueness holds in the class of weak solutions subject only to the condition that energy
is non-increasing. It is perhaps surprising that energy monotonicity needs to be assumed
at all for a gradient flow, but the existence of backwards bubbles due to Topping, [Top02],
shows that energy monotonicity can fail in the class of weak solutions with no additional
assumptions. Following this, Rupflin strengthened Freire’s result in [Rup0§| to show that

uniqueness holds even when we allow for small positive jumps in the energy, with the
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smallness needed to exclude backwards bubbles. What I will show is that for the Plateau
flow on the circle, uniqueness of solutions holds for weak solutions which do not have any
large positive jumps in energy, which improves Struwe’s uniqueness result in this setting

and mirrors Rupflin’s result for harmonic map flow. To state these, define the quantity

e*=¢*(N) >0 by

e = inf{E% (u) : u: 0D — N non-constant and solves P,(d,up) = 0}. (1.3.1)

The first version of the uniqueness result I show is the following.

Theorem 1.3.3 (W. [Wri24, Theorem 1.2]). Let N < R"™ be a smooth closed manifold
with parallelisable normal bundle. Then there exists €y € (0,e*], depending only on N —

R™, such that if u is a weak solution to the Plateau flow (1.2.14) on [0,T) satisfying

limsup E1(u(s)) < E
s\t 2

(u(t)) + &0 (1.3.2)

[NIES

forallt € [0,T), then u is equal to the almost smooth solution constructed by Wettstein/Struwe

with the same initial data.

Remark 1.3.4. In particular, this applies to weak solutions with non-increasing energy.

In addition, I prove the following slightly improved result.

Theorem 1.3.5 (W. [Wri24] Theorem 1.3]). Let N < R™ be a smooth closed manifold
with parallelisable normal bundle. Suppose u is a weak solution to the Plateau flow (1.2.14))
on [0,T) satisfying the two conditions

lim sup E'x (u(s)) < E

(u(t)) + &° (1.3.3)
s\t

for allt € [0,T) and that the set

S = {t €10,7) : limsup F1(u(s)) > E
s\t 2

(u(t)) + 80} (1.3.4)

N|=

has no accumulation points, where €y 1s the constant from Theorem|1.53.5. Then u is equal

to the almost smooth solution with the same initial data.
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Remark 1.3.6. Note that ¢* > ¢y and so the assumptions here really are weaker, and
further that the condition (1.3.4]) is satisfied for example if the map ¢ — E, (u(t)) has

locally finite total variation.

The second question related to the Plateau flow on S' that I investigate comes from
another question raised by Struwe in the case that the support manifold N is a closed
curve I'.  Given that the harmonic extension of a half-harmonic map from S* into I’
parametrises a minimal disc, with boundary contained in I', it is very natural to compare
this to the classical solutions of the Plateau problem. The difference is that for the Plateau

problem, it is usually required that S! is mapped monotonically and injectively onto T'.

Since a half-harmonic map is not in general degree one, we need to make precise what
notion of monotonicity we are using, for which we give two equivalent options, one global
and one local. First, let v : SY(L) — T be an arc-length parametrisation of I'. Then
for a given smooth map u : S — T, we can find a smooth map s : S* — S(L) such
that u(f) = v(s(#)), which is unique up to rotation. We then say u is monotonic if the
lift of s to a k-fold cover of S'(L) by a degree k covering map, is injective, where k is
the topological degree of s. Note that this is a strict notion of monotonicity, we do not
allow the map to be constant on any open set. The local equivalent notion which does
not consider the lifted map instead insists that at each point x € S!, there is a small

neighbourhood of x on which w is injective.

If we establish the monotonicity of a half-harmonic map u, then the injectivity reduces
to asking that the degree of u is +1, and so it is the monotonicity that is the principle
obstacle. Indeed, if u is a monotone half-harmonic map with degree greater than 1, then
its extension is a Plateau solution with multiplicity. Struwe asks if the Plateau flow should
be considered as producing generalised solutions of the Plateau problem, since there is no

immediate reason to believe that the flow would preserve monotonicity.

Considering the links to the original work of Douglas on the Plateau problem as the
half-energy coincides with Douglas’ functional, it seems reasonable to ask if in fact we can

prove some monotonicity properties of half-harmonic maps. One form of non-monotonicity
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has already been ruled out by a lemma of Douglas, which shows that a half-harmonic map
cannot be constant on any open subset of the domain. Douglas needed this since he worked
in a class of functions which included non-proper parametrisations of the curve I', and
so had to show that the energy minimising map was a proper parametrisation. Using
Douglas’ form of the energy functional and using the regularity of half-harmonic maps, I

prove the following result.

Theorem 1.3.7. Let I' C R" be a simple smooth closed curve and v : S' — T’ be a

non-constant half-harmonic map. Then u is monotone (in the sense described above).

This provides some immediate consequences. First, we see that there can be no non-
trivial degree zero half-harmonic maps into I', and so any non-constant half harmonic
map is in fact surjective, which in particular applies to the bubbles which form along
solutions of the flow. Hence by starting with an initial map which has non-zero degree,
we know the flow will produce some monotone half-harmonic map, either as a smooth

limit at infinite time or as a bubble.

What remains unclear is whether we can ensure the existence of a degree one half-
harmonic map using the flow. This is due to the fact that in the setting of the half-energy,
we do not have the detailed singularity analysis such as that described above for the
harmonic map flow, and so cannot yet answer questions about how singularities affect the
homotopy type of the solution. There is a paper by Da Lio which proved more refined
results for singularities forming in sequences of half-harmonic maps into spheres, [DL15],
but there remain many questions about bubbling for sequences of almost half-harmonic

maps, as would be needed to analyse solutions of the gradient flow.

1.3.2 A Gradient Flow for Constructing Free Boundary Minimal

Surfaces

The second main chapter of my thesis contains work on generalising the half-harmonic

map flow from the circle, considered by Wettstein, Struwe and others, with the aim
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of constructing free boundary minimal surfaces with other topologies, in the sense of
Courant, Struwe, Da Lio and Pigati etc, see earlier Remark This is the contents
of Chapter |3| and this is all work done jointly with Michael Struwe and Melanie Rupflin
for a paper in preparation. In this, we combine the map evolution equation introduced
by Struwe [Str24], but now posed on the boundary of a compact Riemannian surface
(33, g), with a metric evolution equation closely related to the Teichmiiller harmonic map
flow. Our results apply to any compact surface with boundary, and we can treat any
closed Riemannian submanifold target N C R", as we have succeeded in removing the
restriction on the normal bundle required by Struwe in [Str24]. Note that in the arguments
we will assume that 3 is orientable, but the results also apply in the non-orientable case
by passing to the orientable double cover and working with metrics and function spaces

which are invariant under the non-trivial covering space transformation.

We turn now to providing a brief motivation behind the definition of this system of
equations. For this we first introduce the notation 7 : N,, — N for the nearest point

projection onto /N, which is well-defined and smooth on the tubular neighbourhood
N, :={y € R" : distgn(y, N) < n} (1.3.5)

of N if n > 0 is chosen small enough. Recall that for any p € N, the orthogonal
projection P, : R" — T, N of the ambient R" onto the tangent space T, N to N at p can

be equivalently written as P, = dn(p).

As seen above, we recall that a map v € H %(82; N) is half-harmonic if it is a critical
point of E1(u, g), L.e. 4 L1 (m(u+ev), g) = 0 for every v € H2(9%;R™). As computed

by Da Lio and Pigati in [PL17],

d
Y Er(utev),g) = / D (ut + 20)|om - B, g5, = / v Pu(@,,u,)ds,, (1.3.6)
dele=o 2 % )

where v, is the outwards unit normal of (X, g) along 9%, and so the L?(9%)-gradient of

the half energy with respect to the map is P,(0,,u,). Hence u being half-harmonic is
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equivalent to asking that the harmonic extension u, of u satisfies the equation
P,(0y,ug) =0 on 0%. (1.3.7)

Next, in order for the harmonic extension of a half-harmonic map to parametrise a free
boundary minimal surface, it must also be conformal, which we have seen above by
Theorem is equivalent to the pair (u,g) being a critical point of the half-energy.
Since we will use the corresponding properties of the variation of the half-energy in our

construction of the flow, we briefly recall how this key property can be obtained.

To this end, we first note that the variation of the Dirichlet energy for a fixed metric g
along maps v, = u,_that are obtained as harmonic extensions of a fixed map u : 93 — R"

with respect to a family of metrics g. with g._qg = ¢ vanishes. Indeed,

iE(vg,g) = /(Vg(aave), Vug)dv, = —/ 0:v: - Agu,du, +/ 0=z - Oy, ugdsy = 0
de b ) o% ‘

as u, is harmonic and 0.v.|ss; = 0, where the derivatives with respect to ¢ are evaluated
at ¢ = 0. Hence, the variation of the half-energy with respect to the metric reduces to
the variation of the Dirichlet energy of the fixed map u, with respect to a varying metric
g-, which we recall is given by
By (0.9 = 5Bl 0) = = [ (000K, 9)) (138)
de de 2 [y

1
2
with k(v,g) = v grn — % |dv|§ g the stress-energy tensor introduced earlier. We recall that
k(v,g) vanishes if and only if v is conformal, and for later reference, we note that k is

always trace free and for a harmonic map is also divergence free.

Since the energy is conformally invariant, we can restrict the class of admissible metrics
to consist of a unique representative for each conformal class of metrics. For this we make
use of standard uniformisation results, see e.g. [OPS8§]. For ¥ with negative Euler
characteristic we will work with the unique representative g of each conformal class for
which the boundary curves are geodesics in (X, g) and which is hyperbolic in the interior.
When ¥ is a cylinder we instead choose as our unique representative the flat metric g for

which (X, ¢) has unit area and the boundary curves are geodesic. We denote by M(X)
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the space of such constant curvature metrics and note that our definition of the flow will

ensure that for an initial metric gy € M(X), the evolving metrics always will be in M ().

Remark 1.3.8. In contrast with the uniformisation of closed surfaces, there are many
choices of constant curvature uniformisations available for compact surfaces with bound-
ary. Two standard ones are described in [OPS8§|, and we shall make use of the type I
choice from this paper, described above. We make this choice for convenience, so as to be
able to use a doubling argument which allows us to easily make use of results from the
Teichmiiller harmonic map flow. However, choosing the type II uniformisation or indeed
some other choice would be perfectly valid, just requiring more work to obtain the results
in Section For the scope of results we consider, namely excluding the possibility of the
metric degenerating, it is not expected to make a substantive difference which uniformi-
sation is chosen, however when studying solutions where the metric is degenerating, it is
possible that there could be genuinely different behaviour. It would make for interesting

future work to compare and contrast different uniformisations for such solutions.

We recall that in addition to the conformal invariance of the Dirichlet energy, there
is also the invariance under the simultaneous pull-back of the map and metric by a dif-
feomorphism. To account also for this, as is necessary to obtain an equation with good
properties, we follow the ideas of [RT16] and note that at any g € M(X), the tangent

space T,M(X) splits L*(X, g)-orthogonally as
T,M(E) = {Lxg} @ H(g). (1.3.9)

Here, the space {Lxg} is the infinite dimensional space of Lie-derivatives generated by
vector fields that are parallel to 0¥ on 9%, giving rise to 1-parameter families of dif-
feomorphisms of ¥, and H(g) is the finite dimensional horizontal space which consists
of all symmetric (0,2)-tensors h which are trace-free, divergence-free and which satisfy
h(vy,7,) = 0 on 0X, 7, a unit tangent vector field along (0%,ds,), c.f. [Tro92]. We

introduce the notation PgH for the orthogonal projection of symmetric (0, 2)-tensors onto

H(g).
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We can compare this final condition defining H (g) with the equation for half-harmonic
maps to see that k(ug,g)(vy,7y) = (Oy,ug, Or,ug) = 0 on 0% when u is half-harmonic.
Hence, as k is also trace and divergence free when the map is harmonic, we have that
k(uy,9) € H(g) for any half-harmonic map. Consequently, we can conclude that if u is

half-harmonic, then its harmonic extension u, is conformal if and only if P (k(uq, g)) = 0.

Finally, since any variation of the metric in a direction Lxg corresponds to the action
of a diffeomorphism, we can exploit the aforementioned invariance of the energy under
simultaneous pullback of map and metric by a diffeomorphism to restrict the metric to
flow in horizontal directions. Intuitively, this is helpful as it reduces an infinite dimensional
flow to a finite dimensional one, and so we expect the behaviour to be closer to that of an

ODE system, but we stress that the flow is still posed on the infinite dimensional space

M(E).

The system we study is therefore the following.

3tu = —V5ZE% (U, g) = _Pu(al/gug) (1310)
2 1
g = =P} (Vg Ey(u.9)) = 5P (k(ug, 9)). (1.3.11)

The evolution of the map component v = u(t) is described by a variant of the Plateau
flow studied by Struwe in [Str24], albeit now considered on a general surface ¥ with a
time-dependent metric g(¢) rather than on a disc with fixed metric. The evolution of the
metric g = g(t) on the other hand can be viewed as an evolution equation in the infinite
dimensional manifold M(X) of constant curvature metrics with geodesic boundary curves
described above. Note that whilst it is tempting in light of the symmetries present to
consider (|1.3.11)) on the finite dimensional Teichmiiller space, this is not possible since

the map equation ([1.3.10) depends on the metric itself, not just its Teichmdiiller classﬂ

Remark 1.3.9. We observe that in the case when ¥ = D we have H(g) = {0} for any
metric g on D, and so our coupled gradient flow (3.1.7]) reduces to the Plateau flow for

maps u(t) on the disc with fixed metric, already considered in [Str24]. Accordingly, we

When the domain is a cylinder, in fact we can exploit the integrability of the horizontal space to
reduce the metric evolution to a single ODE. This is explained further in Section
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will focus our attention on the novel case where the metric evolution is non-trivial.

In Chapter [3] we provide the fundamental results for this new system, particularly
obtaining the existence and regularity of solutions, establishing a basic analysis of the
singularities that might arise, and proving the asymptotic convergence in the non-singular
setting. Furthermore, as mentioned above, we were able to do this without making the

restriction on the normal bundle assumed by Struwe in [Str24].

The first result that we obtain is the following, which establishes the existence of an

almost smooth solution for as long as the metric remains non-degenerate.

Theorem 1.3.10. Let ¥ # D be any orientable surface with boundary and N — R"™ any
compact smooth embedded submanifold. Then to any initial metric go € M(X) and any

initial map ug € Hz((8%, go); N), there exists a weak solution (u,g) of the coupled flow
1
O = —P,(0y,uy), 0rg = §PgH(k(ug, 9)) (1.3.12)

which has non-increasing energy and is defined on a mazimal interval [0, Ty,) where Ty, =

oo unless the domain metrics degenerate in finite time, i.e. unless
inj(3,g9(t)) = 0 ast /T for a finite Tw.

Furthermore,

1. Away from a finite number of singular times 0 < T < T, both the map and metric

component of the flow are smooth and the energy decays according to

1
Ey(u, 9) = =1 Pu@r,ug)[72(05.9) = 7P (k(ugs 9) 7205 (1.3.13)

1
2

&)~

2. Across each T} the flow of metrics remains reqular in the sense that g(t) is Lipschitz

continuous in time with respect to any C*-metric in space.

3. Any such singular time T? is characterised by the bubbling-off of a finite number of

1

minimal discs of the map component, exactly as in [Str2j|], see also Section .
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Here and in the following, we say that (u, g) is a weak solution of the flow to initial

data (ug, go) on an interval [0,7) if:

1. The metric component is a continuous curve g : [0,7) — (M3(X),distys) with
g(0) = go which is differentiable at a.e. t € [0,7") and so that the second equation
in (1.3.12) is satisfied at a.e. such t. Here M? denotes the set of constant curvature

metrics with coefficients in H?3 as discussed in Section [3.2 below.

2. The map component is given by a u € L>([0,T); Hz ((%, ds,); V) which is so that
O € L2 ([0,T); L>(0%, g)) and so that the first equation of (1.3.12)) is satisfied in

loc

the sense of distributions.

The second theorem we obtain provides a result on the asymptotic behaviour of the

flow in the non-singular case.

Theorem 1.3.11. Suppose that (u,g) is a global weak solution of (1.3.12) for which

inj(X, g) remains bounded away from zero and for which energy does not concentrate as

t — 00, i.e. limsup, .. Sup,cqoy, E(uy(t), g(t); BI(z)) = 0 asr — 0.

Then there exists a sequence t; — 0o so that, after pull-back by diffeomorphisms, the
pairs (u(t;), g(t;)) converge smoothly to a limiting pair (u*,g*) € C*(0L; N) x M(X)
which is so that uy. : (3, g%) — R™ is conformal and harmonic, and so that u;.(X) meets
N orthogonally; that is, u;.(3) represents a (possibly branched) free boundary minimal

surface supported by N.ﬂ

This work opens up many new avenues of study. Certainly, there is a lot still to learn
about the singularity formation in this flow. It is not known if finite time singularities
in the map are possible: recall that Sire, Wei and Zheng conjectured that for domain R
and target S' that no finite time singularities are possible, but even if this is true, it is
not clear that the flow with general domains and targets should behave in the same way.

Furthermore, when the domain is not S!, there is a whole new set of singularities that

"Recall that our notion of free boundary minimal surface is coming from Theorem
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can form from the metric degenerating. This can occur either from an interior geodesic
collapsing, for which we would expect the behaviour to be reminiscent of the metric
singularities in Teichmiiller harmonic map ﬂowﬂ or from a boundary curve collapsing,
which is a new feature of this flow. The case of a cylinder is substantially simpler as
the metric can only degenerate at infinite time and is governed by a single ODE. It also
remains to undertake a more refined analysis of map singularities even in the case of St,
and so to investigate if the no loss of energy and no neck properties for the harmonic map
flow also hold in the half-harmonic case. In fact, it is this gap which currently stands in
the way of obtaining improved results regarding the asymptotic convergence of the flow

when the metric remains non-degenerate but the map forms at least one bubble.

1.3.3 Analysis of Metric Singularities in the Teichmiiller Har-

monic Map Flow

In the final chapter of my thesis, I will present some results concerning the asymptotic
behaviour of the Teichmiiller harmonic map flow, in particular investigating the fine struc-

ture of the limit in the case where the metric degenerates at infinite time.

To provide context for my work, I first recall, informally for now (see Chapter 4| for
the detailed statements) what is already known about the asymptotic convergence of
this flow. In particular, in the paper [RTZ13], the authors establish that away from the
collapsing geodesics and along a sequence of times, the solution (u, g) converges, perhaps
with bubbling, to a conformal harmonic map on a new, possibly disconnected, punctured
hyperbolic surface, with the punctures arising from the collapsing geodesics. Subsequently,
the paper [HRT16] studied the behaviour in a neighbourhood of the collapsing geodesics.
Specifically, they look at following the collar neighbourhoods. We recall that by the Keen-
Randol collar lemma, [C.0.1] surrounding each closed geodesic o C ¥ of length ¢, there is

a neighbourhood which is isometric to the cylinder C, = [-X (¢), X (¢)] x 8! with metric

8For Teichmiiller harmonic map flow, if the target manifold does not admit any bubbles then no finite
time metric singularities can occur, see [RT18]. Since this is true for R™, it is plausible that the same
holds for our new flow.
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ge = pe(s)*(ds® + d#?), where

X(0) = 2% (g _ arctan <sinh g)) (1.3.14)
pe(s) = @ (1.3.15)

A key observation is that as ¢ N\, 0, then X(¢)  oco. In [HRT16], they show that
the along a time sequence, the restrictions of the maps u(t;) to the degenerating collar
neighbourhood converge to a full bubble branch, see Definition [£.1.2] which essentially

means that u(t;) converges to a sequence of bubbles connected by curves.

What remains open from these results is the nature of the connecting curves. In

[HRT16], the authors ask the following.

Question 1.3.12. For a solution of the Teichmaller harmonic map flow where the metric

degenerates at infinite time, are the connecting curves converging to geodesics in (N, h)?

There is one, and only one, setting where this is known to be true, which is the result
of Ding, Ii and Liu from [DLLO6|], where they show that if the domain is a torus, the
energy converges to zero and litrg },Sf inj g(t) = 0, then along a sequence of times t; — oo
the map converges to either a point or a closed geodesic. The aim of this part of my thesis

is to investigate these connecting curves in the higher genus setting.

The key result which guides the approaches I follow below is a result of Rupflin which
provides a sharp sufficient condition on the decay of the tension which ensures the con-

vergence to a geodesic.

Theorem 1.3.13 (Theorem 1.3, [Rup22]). Let ¢; — 0 and u; : C;,; — N be a sequence of

maps from hyperbolic cylinders (Cy,, go,) which have uniformly bounded energy, satisfy
_1
C; N 7ge, (i)l L2cy, 96) — O

and which converge to a full bubble branch as in Definition[4.1.3, with associated sequences

sk, Then there exist sequences a¥ and bF, which split the cylinder into extended bubble

regions [af, b¥] x St and connecting cylinders [bF, a¥™'] x S, such that s*7' < bF™1 < alf <

7971 79
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s¥ and both b — s¥ — oo and s¥ — a¥ — 0o as i — oo, and so that

1. No energy is lost on the extended bubble regions.
2. No necks form in the extended bubble regions.

3. The images of the connecting cylinders subconverge to geodesics in the following

sense. The curves vF : [—cF c¥] — N, which are the maps

1
s 11 (—/ w; (s, 6’)d0>
2w {s}x&1

reparametrised by arc length, where 11 is the nearest point projection of R™ onto N,
satisfy
k
17 (V)] Lo =k iy — O

k

for each p € [1,2]. Hence on passing to a subsequence, v; converges to a geodesic

locally in H?, either of trivial length, finite length or infinite length.

This result translates answering Question into proving that along some sequence
of times, the tension is decaying sufficiently fast with respect to the rate of decay of the
metric. The two results I present below provide some instances where the necessary
tension decay estimate can be achieved for two close variants of the original flow. In
particular, I will replace the constant coupling factor n with a variable factor which
depends on the injectivity radius. Note that whilst this has not specifically been studied
before, Huxol in [Hux17] studied the limits of solutions of the flow where the coupling
constant is taken to 0. Furthermore, we note that the short time existence, uniqueness and
regularity theory of this adjusted flow goes through without major alterations. It is only
in the asymptotic behaviour that qualitatively different behaviour is potentially present,
and we are making these changes precisely to try and arrange the correct asymptotics of

the solutions.

In the nearly twenty years since Ding, Li and Liu’s result, there has been no further

progress even in the simplified setting of the torus, and so instead of trying to treat the full

37



flow equation, I first considered a model problem. This aims to capture the key features

of the original flow, whilst making a number of helpful simplifications and adjustments.

First of all, since it is the behaviour on the collar neighbourhood that we are interested
in, I switch to considering the Teichmiiller harmonic map flow on cylinders introduced by

Rupflin in [Rupl7]. This works on a cylinder
Co:=[-Y(¥),Y ()] x S (1.3.16)

where for ¢ > 0,

Y(0) = 2% (g — arctan (g)) . (1.3.17)

Let (s,0) be the coordinates on Cy, then we equip C, with the metric
ge = pe(s)* (ds® + d6?) (1.3.18)
where the conformal factor p, is defined by

(5) = 5
pets) = 27 cos (f—fr)

(1.3.19)
One point to notice is that the length of this cylinder is slightly different to the one
guaranteed by the collar lemma, compare Y (£) to X (¢) defined in ([1.3.14)), but these are
very similar for small /. The reason for this choice of length is that it allows us to reduce

the metric equation to a single ODE for the length of the central geodesic, ¢, see [Rup17]

for further details of this. The equations are then

o = 74, (u) (1.3.20)
14
0 =——n\ 1.3.21
Ot 47r77 (1.3.21)
where ) is the quantity
e [ /C (Jusl? — [wal?) pels)>dsdd. (1.3.22)
4

Note that the equation here for % agrees to leading order with the expression for the true
evolution of the length of a closed geodesic under Teichmiiller harmonic map flow on a

hyperbolic surface computed in [RT18]. We will use Dirichlet boundary conditions for the
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map component in our analysis.

We also assume now that the initial map u does not depend on the angular variable 6,
i.e. that the map is already starting out as a curve. On first glance, this may seem quite
a restrictive assumption, however firstly we know we are converging to a one-dimensional
limit and we are mostly interested in the properties of this, not in how the second dimen-
sion is collapsing and moreover there are strong estimates which show the exponential
decay of the energy in the angular direction under the assumption that energy is not con-
centrated, see for example Lemma 3.1 in [RT18], and so the contribution to the dynamics
in the f-direction are not expected to affect the dynamics in the s-direction to leading
order. Hence, in this first investigation to understand the leading order dynamics, we
restrict to this f-independent setting. Note further that by removing the #-dependence,

we have also prevented any bubble formation.

The final point of departure from the usual Teichmiiller harmonic map flow is that we
exploit the flexibility in the choice of inner product we use to define the gradient flow to
allow the coupling constant 1 to depend on the parameter ¢, which more geometrically
we can think of as the injectivity radius of the metric. We do this in a way that n ~\, 0
as £\, 0, effectively slowing down the metric degeneration compared with the standard
flow. Intuitively, this adjusts the balance between the decay of the tension and the
degeneration of the metric, and so in light of Theorem {4.1.5| it is reasonable to expect

that the asymptotic solution of this flow more easily converges to a geodesic.

The result I obtain about this model problem is the following.

Proposition 1.3.14. Let 0 < L < L and B > % be given constants. Then there exists
a constant 0 < {1 < arsinh(1), depending only on L, L and B, and a universal constant

My > 0 satisfying the following. Let (u,f) be any 0-independent smooth solution to the

flow [@2.6),(E27) on [0, 00) with coupling factor n(€) = |log(¢)| ™" and so that the length
of the curve u(t) satisfies L < L(u(t)) < L for all time. Suppose additionally that the

watial data satisfies

1. 0(0) < 4,
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2. B(u(0),£(0)) < My [log(£(0))"~" £(0).

Then there exists a subsequence of times t, — oo along which the map u converges to a

geodesic.

Let us make a couple of remarks about this result. First, since this result concerns
sufficient conditions on the initial data, it is important to ask if these are ever satisfied in a
non-trivial way. To begin, the condition that the length is bounded below by some L can
be easily satisfied by taking L to be the length of the shortest geodesic in N joining the
endpoints of u, since we impose Dirichlet boundary conditions. The upper bound L is not
easy to explicitly impose, but it is still reasonable for us to first restrict our attention to
convergence to finite length geodesics in this initial result. The condition that the width
of the collar be sufficiently small is quite natural since we are interested in solutions for
which this goes to zero anyway. The final condition, that the energy be sufficiently small
in terms of the parameter ¢, is more artificial. It is coming out of particular estimates
that we make, in particular in equations and . Having said that, we will
show in a key step of the proof that this condition is in fact preserved under the flow,
and that whilst we cannot at present ensure that any solution will eventually satisfy the
condition (the energy could be decaying too slowly compared with the parameter ¢), for
any given map u(0), by reducing ¢ sufficiently and linearly rescaling u(0) to fit the new
larger cylinder, it is possible to satisfy the bound E(u(0),1(0)) < M, [log(£(0))**~* ¢(0),
by noting that energy scales with ¢, yet the factor My |log(¢(0))|**~" blows up as £\, 0.
Hence, it is easy to find initial data for which the theorem applies, and moreover it
applies to any geometric curve in N, just needing perhaps re-parametrising over a longer
cylinder. Finally, the upper bound arsinh(1) for ¢; could be replaced by any number less
than 1 for this result, but the choice of arsinh(1) is geometrically significant as the collar
neighbourhoods of closed geodesics of length less than arsinh(1) on a hyperbolic surface

are disjoint, see [RTZ13, Appendix A].

My second investigation of the question of the convergence to a geodesic limit of the

Teichmiiller harmonic map flow took a different approach. Instead of considering directly
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the tension on the whole cylinder, which stood in for the degenerating collar, I instead
worked with a weighted tension quantity defined on the true collar neighbourhood CYy of a
degenerating geodesic in a hyperbolic surface (3, g). Essentially, this approach splits the
collar into a central region and an outer region, and studies the behaviour in the central

one. The quantity in question is

To(u,0)? = /C 700 () pe(5) 0 pe(5)) v, (1.3.23)

where ¢ € C2°([0,1);[0,1]) is a cut-off function satisfying ¢ = 1 on [0, 5=] and |¢/| < 47.

To understand this quantity better, fix any A > 1 and consider the region

o= {—27” arccos (ﬁ) 27” arccos (ﬁ)} C [~ X(0), X (£)] (1.3.24)

for small enough ¢, noting that p, (3 arccos (525)) = Al. Then on C, A72072 < py(s) 2 <

¢=% and so control of T, (u,f) implies control of £=2T (u, ¢) on C{. Note then that

27 1
= o 2 1
4 ar(;(?zz)(zﬂ) — _arccos (%—A) as £\, 0 (1.3.25)
and
2 L) Siasa o (1.3.26)
—arecos | 5 as 00 3.

so the central region C{ covers a fixed portion of the collar in the limit as £ N\, 0, and

that this proportion can be taken arbitrarily close to 1.

This weighted quantity 7, was introduced in [RT18|], which studied the behaviour
of Teichmiiller harmonic map flow when the target manifold has non-positive sectional
curvature, or more generally admits no bubbles. I will also be considering this setting so

as to make use of the estimates derived there.

As above, I will also be assuming that the coupling factor 7 depends on the injectivity
radius in a particular way. This time, it is assumed that n " oo as £ \, 0, though not

too fast. Specifically, I assume

n—ooasl—0 (1.3.27)
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0 — 0 as { — 0. (1.3.28)

Interestingly, this contrasts with the previous result in that I am speeding up the degen-

eration of the metric which intuitively makes it harder for the map to reach a geodesic.

In this setting, I obtained the following theorem.

Proposition 1.3.15. Suppose (u(t), g(t)) is a smooth solution to the flow (1.2.1)),(1.2.2)

on [0,00) with domain ¥ being a closed surface with genus at least 2 and target (N, h)
not admitting any bubbles. Let C be a collar on which 0 < ¢ < 2arsinh(1) for all time and
¢ — 0 ast — oco. Suppose further that n satisfies (1.3.27) and (1.3.28)). Then there ezists

a sequence of times t; — oo along which T20(t;) — 0.

Consequently, for any fized A > 1, T?(71(t;) — 0 on C} and so the curve restricted

to the central region C sub-converges to a geodesic.

This result gives a positive answer to the question of convergence to a geodesic for this
slightly modified flow on a large part of the collar neighbourhood. It remains to be seen
what can be said about the more delicate in between region where the collar has width

of order strictly between ¢ and 1.
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Chapter 2

Plateau Flow: Results for Domain S!

In this chapter, I will present two results about the Plateau flow in the case where the
domain is S'. In particular, I give answers to two questions raised by Struwe in [Str24].
The first and more substantial question relates to the uniqueness of solutions, and is
based on the published paper [Wri24]. The second smaller result, presented in Section

2.5 relates to the application of this flow to the Plateau problem.

2.1 Uniqueness of Solutions of the Plateau Flow

In this section, I consider the uniqueness of solutions to a gradient flow of maps from the
unit circle 8! into a smoothly embedded closed submanifold N < R"™. This flow was

introduced and studied by Wettstein in [Wet22, [Wet21l [Wet23] as the equation
deu + P, ((—A)%) —0on[0,T) x S (2.1.1)

where P, is the orthogonal projection of R™ onto the tangent space of N at x. This is the

L2-gradient flow of the half-energy

ds (2.1.2)
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within the function class u € H %(81; N). Critical points of this energy are called half-

harmonic maps, and are characterised as solutions to
P, ((—A)%u) —0on S (2.1.3)

The half-energy and half-harmonic maps were first introduced by Da Lio and Riviere
in [LR11], and a special case of the gradient flow is studied by Sire, Wei and Zheng in
[SWZ21]. The geometric motivation behind studying half-harmonic maps comes from
their connection with free boundary minimal surfaces. It is observed in [MSI15] and in
[LMR15] that if w: 0D — N C R" is a non-constant half-harmonic map, where D C R?
is the closed unit disc, then the harmonic extension u : D — R"™ parametrises a free

boundary branched minimal immersion.

In [Wet21), Wet23], Wettstein established the existence of a weak solution with regu-

larity u € HL ([0, 00); L2(S%; N)) N L>=([0, 00); H2(S*; N)) to ([2.1.1)) for two cases. First,

loc
in the case of an arbitrary target N, existence of weak solutions is established for initial
data with small energy. Second, if the target manifold is a sphere, then existence of a
weak solution is established for arbitrary initial data. Moreover, these solutions have
non-increasing energy and are smooth away from finitely many singular times. Wettstein

also obtained a uniqueness result in [Wet21], but this applies only to solutions with small

energy throughout, leaving open the question of uniqueness of general weak solutions.

In [Str24], Struwe studied this geometric flow using very different techniques. Whereas
Wettstein used the methods of fractional calculus, Struwe used the alternative character-
isation of the half-Laplacian as

(—A)zu = d,u (2.1.4)

where 0, is the Dirichlet-to-Neumann operator associated to the Laplacian on D. This has
previously been used for example by Millot and Sire in [MS15] and Moser in [Mos11] and
is a special case of a more general theory of representing fractional operators, developed

by Caffarelli and Silvestre in [CS06]. The relation (2.1.4) transforms the gradient flow to
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the following,
Owu+ P,(0,u) =0 on [0,T) x ID (2.1.5)

which is what Struwe defined as the Plateau flow. One advantage of this approach is that
it allows for the localisation of many of the arguments by studying the harmonic extension
of a map defined on 9D to all of D. For this reason, we do not distinguish in notation
between a function defined on dD and its harmonic extension defined on ). This also

allows the half-energy to be replaced by the better understood Dirichlet energy

Blu) = %/D|Vu]2dx (2.1.6)

where equation (1.5) in [Str24] shows that this is equal to the half energy in this setting.
We refer to [Str24] for further details behind the flow and the motivation for using Struwe’s
approach. One detail we note is that Struwe assumed that N is embedded into R" in
such a way that the normal bundle is parallelisable. Struwe made this assumption so as
to make use of a globally defined function disty : R” — R™ (defined in Section 1.9 of
[Str24]). This assumption is satisfied in particular for hypersurfaces and curves in R™.

Since we build upon Struwe’s results, we also make this restriction.

Struwe obtained the existence of weak solutions to with non-increasing energy
for arbitrary initial data uy € H2(9D; N). Moreover, Struwe gave a more detailed de-
scription of the regularity at singular times, ensuring that his solution is smooth for ¢ > 0
except at finitely many spacetime points. Further, Struwe obtained a uniqueness result
for arbitrary initial data, however with extra regularity of the flow assumed. To state

this, let us recall the following definitions of solution of the equation.

Definition 2.1.1. A function u : [0,7) x 0D — N is called a weak solution to the Plateau

flow (2.1.5)) on the time interval [0, T') and with initial data uy € Hz (9D; N) if it satisfies

1. ue H}

loc

([0,T); L*(0D; R™)) N LS

loc

([0,7); Hz(0D; N)).
2. w solves the equation weakly, in the sense that for all o € L*((0,7); H'(D; R")),

T T
/ Oru - pdsdt + / /(Vu, V(P,(p)))dzdt = 0.
0 Jop o Jp
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3. The trace of u on {0} x D equals uy.

A weak solution which has the additional regularity v € Hy. ([0, T) x dD; N) and satisfies

loc

the energy inequality

By (ult2)) + /t 2 /8 (o dsdt < By (u(t)

1
2

for each t; <ty < T is called an energy-class solution.

In his paper, Struwe states the following result for solutions which are smooth for

positive time.

Theorem 2.1.2 ([Str24, Theorem 7.1]). Let u,v be energy class solutions to the Plateau
Flow (2.1.5) on the time interval [0,T), T' < oo, with the same initial data ug € H:z (OD; N).

Suppose that additionally w and v are smooth for all t € (0,T). Then u = v.

We will see later in Proposition that the same proof works under weaker regularity

assumptions.

From this local uniqueness result, combined with the fact that at a singular time 75,
the weak H %(G}D)) limit as ¢ * Ty is unique (i.e. independent of choice to time sequence
t, S Ty), Struwe deduces a global uniqueness result which can be stated in the following
way. Let u,v : [0,00) x 9D — N be weak solutions to the flow which have the same initial
data and are such that there exist a finite number of times 0 =Ty, <11 < -+ < T} = o0
such that for each i = 1,...,k, v and v are energy class solutions on [T;_;,T;) which are

moreover smooth on (7;_1,7;). Then u = v.

Remark 2.1.3. If at a time T a weak solution of the flow is forming a bubble as described
in Section 8 of [Str24], see also Theorem [2.3.1] then u ¢ H'([0,T,] x OD; N), which is why
it is necessary to consider the solution on the intervals [T;_1,7;). To see this, note that

the regularity H'([0,T;] x OD; N) is sufficient to ensure the energy identity

E(u(ts)) — E(u(ty)) :/2 [ o dsa

t1
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and thus the convergence E(u(t)) — E(u(Ts)) as t / Ts. Hence, no energy is lost at the
limit 7% and so no bubbling can have occurred ast 7 T. Similarly, if there exists a reverse
bubble solution similar to Topping’s construction for harmonic map flow in [Top02], say

occurring at Ty, then necessarily u ¢ H'([Ty, T, + €] x D; N) for any ¢ > 0.

Following this, and by comparison with the theory of harmonic map flow, it is nat-
ural to consider if we can obtain uniqueness of solutions within a more general class of
functions. Indeed, Struwe directly raised the question of whether uniqueness holds in the
larger space of weak solutions with non-increasing energy, and so in particular removing
the regularity requirements imposed by being an energy class solution. We can answer this
question positively in the following theorem, which in fact also allows for small increases in
energy. As in the thesis introduction, we call the solution obtained by Wettstein/Struwe

the almost smooth solution associated to a particular initial map and define the quantity
e = inf{E% (u) : w: 0D — N non-constant and solves P,(0,up) = 0}. (2.1.7)

Theorem 2.1.4. Let N — R" be a smooth manifold which is smoothly embedded into R™
with parallelisable normal bundle. There exists ey € (0,¢*], depending only on N, such
that if u is a weak solution to the Plateau flow defined on the time interval [0,T),
T < oo, satisfying

limsup F1(u(s)) < E
s\t 2

(u(t)) + €0 (2.1.8)

N

for allt € [0,T), then u is equal to the almost smooth solution with the same initial data.

This result provides a parallel with the theory of harmonic map flow. In that setting,
Struwe constructed a global weak solution in [Str85] with a uniqueness result similar to
Theorem [2.1.2] in that uniqueness is obtained for solutions under additional regularity
assumptions. However, it was subsequently shown by Freire in [Fre95] that uniqueness
holds in a weaker class of solutions subject only to the condition that the energy is non-
increasing. It is perhaps surprising that energy monotonicity needs to be assumed at
all for a gradient flow, but the existence of backwards bubbles due to Topping, [Top02],

shows that energy monotonicity can fail if we look in the class of weak solutions with no
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additional assumptions. Following this, Rupflin strengthened Freire’s result in [Rup0§]
to show that uniqueness holds even when we allow for small increases in energy, with the
smallness needed to exclude backwards bubbles. We adapt the methods of Rupflin for
our proofs below, and note that our results provide analogues of Theorems 1.1 and 1.2

from [Rup08§] in the Plateau flow setting.

Our Theorem [2.1.4]is enough to cover the case of weak solutions with non-increasing
energy, but since we do not have any lower bound on the value of £3, we cannot use
this result to conclude that non-uniqueness must be caused by backwards bubbling. To
get closer to this, we prove the following slightly strengthened theorem. Note that since

e* > &g, the assumptions are indeed weaker, than in Theorem [2.1.4] or at worst equivalent.

Theorem 2.1.5. Let N — R"™ be a smooth manifold which is smoothly embedded into
R™ with parallelisable normal bundle. Suppose u is a weak solution to the Plateau flow

(2.1.5)) on the time interval [0,T), T' < 0o, satisfying the two conditions

limsup E1 (u(s)) < Ey(u(t)) + " (2.1.9)

1
s\t 2

for allt € [0,T) and that the set

S:={tel0,T):limsup E%(u(s)) > F

s (u(t)) + =0} (2.1.10)
s\t

has no accumulation points, where €q is the constant from Theorem|2.1.4. Then u is equal

to the almost smooth solution with the same initial data.

Note that the second condition ([2.1.10|) is satisfied in particular if ¢ — E%(t) has

locally finite total variation.

2.2 Proof of Theorem 2.1.4]

In this section I present the first improved uniqueness result for solutions of the Plateau

flow.
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It will be important for later arguments that we can study weak solutions at fixed

times, and so we give the following elementary lemma.

Lemma 2.2.1. Let u be a weak solution to the Plateau flow (2.1.5) on [0,T]. Then for
almost all t € [0,T), u(t) € H2(dD; N) solves the stationary equation, namely for all
vo € H'(D; R™)

Jyu - pods + / Vu - V(P (pg))dz = 0. (2.2.1)
oD D

Proof. Let {¢r : k € N} be a countable dense subset of H!(ID; N). Define the function
fi € L([0,T7) by

fit) = | Ow-ords+ / Vu - V(PI'V(p))dz.

oD

Then we use the test function ¢y ., € L*([0,T); H'(D;R™)), defined by

or(z) t € (a,b)
Orap(z,t) =
0 otherwise
to see that forall 0 < a < b <

T
b
/ fu(t)dt = 0

and hence f; = 0 except on a null set N C [0,7]. Therefore on the set [0, 7]\ Uyen Ne,
(2.2.1)) is satisfied with ¢y = ¢ for each k. The conclusion follows be density of the ¢
in H'(D; N). O

We additionally recall the following standard result on Sobolev spaces, see for example
the book of Evans [Eva21].

Lemma 2.2.2 (Theorem 2, Section 5.9.2 in [Eva21]). Letu € H'([0,T]; X) where (X, ||-||)

18 a Banach space. Then for all 0 < s <t < T,

t
u(t) = u(s) —i—/ Oru(T)dr
and so t — u(t) is continuous as a map [0,T] — X.

In particular, this applies to weak solutions of the Plateau flow with X = L?(0D).
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The proof of Theorem [2.1.4] now comes in three steps. The first is to go through
Struwe’s proof of Theorem and weaken the regularity assumptions obtaining Propo-
sition[2.2.3] Secondly, we show that under the conditions of Theorem there is a limit
on how much energy can concentrate over short time intervals. Finally, using some regu-

larity theory of the inhomogeneous half-harmonic equation, we prove that weak solutions

satisfying (2.1.8) meet the regularity requirements of Proposition [2.2.3]

2.2.1 Struwe’s Uniqueness Proof

In order to give Struwe’s original proof, we need to recall the definition of the function
disty from [Str24]. To define disty, we first take vy, ..., v, to be an orthonormal frame of
the normal bundle defined on N. We then use that 7' : (p, y1, ..., Ym) — D+ vy yivi(p) is a
diffeomorphism from N x B,(0, R™) to a tubular neighbourhood of N for sufficiently small
p. Letting 7 be the nearest point projection onto N, we can define h;(q) := v;(q)-(¢—7(q)).
Finally, fixing a smooth cut-off function 7 : R — [0, 1] which is 1 for |s| < 3p and 0 for
|s| > 2p, we set

distiy(g) = 7(hi(0)) (2.22)
and

distn (q) := (dist}(q), ..., dist(q)). (2.2.3)

We moreover extend the vector fields v; to all of R” by setting v; := Vdist’,. The function
disty should be thought of as measuring the signed distance of a point in R™ from N which

has been smoothly cut-off so as to be defined on all of R™ and have compact support.

Now we summarise Struwe’s original proof of Theorem [2.1.2] after which we will

explain the very minor adjustments needed to prove Proposition [2.2.3

Proof of Theorem |Str24). Let w = u — v. Then on dD and for ¢t > 0, we have the

following, which is equation (7.1) in [Str24]

dyw + dyw = v(u)o,(disty (u)) — v(v)d, (dist y(v)) (2.2.4)
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= (v(u) — v(v))0,(disty (u)) + v(v)0,(dist y (u) — disty(v))
where we have written v(u)d,disty(u) as an abbreviation for

ZVZ ) - Ou = d,u — PN (9,u)

i=1

Testing the left hand side of this against w and integrating by parts yields

/ 4 lw|? ds + 2/ Vuw|* dz = 2/ (Oyw + J,w) - wds.
op dt D oD

Taking absolute values, integrating from tq to Ty, where 0 < tg < Ty < T, and taking the

limit ty — 0, we obtain

To T
sup \|w(t)|@2(am+/ /]Vw\dedtg 2/
tG(O,To) 0 D 0

Hence, writing

/ (Oyw + O,w) - wds| dt.
oD

I:

(w(v(u) —v(v))) - 0,(disty(u))ds

17

wr(v) - (0, (disty(u) — disty(v))) ds

D

J,
/
we obtain from (2.2.4))

To
sup [lw(t)]| 72 / /]Vw\ dzdt < / I+ 11]dt (2.2.5)
t€(0,Tp) 0

for any Ty < T'. The next step is to estimate I and //. The key to this is the following

formula, which is (3.5) from [Str24] and holds for smooth harmonic functions u : D — R”
A(distly(u)) = Vu - (diy) (V) = (01u) - (dvy) o (01u) + (Oou) - (dvy)y(Oou)  (2.2.6)
For I, we have for each € > 0

()]0, (distiy (u))ds

Z / [w v()il [Vu - (dvy)o(Vu)| dz
£ 19 60t0) = )] ¥ ity )]
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< c/(|w| | + [w]? [Vu)) [V d
D

< el VullZzp) + @) |wllLsm IVl L, (2.2.7)

Here we have integrated by parts, used (2.2.6) and that disty and v are smooth with

compact support. The constant C'(¢) depends on N — R™ and ¢.

Similarly, we estimate I as

i [/@D[w’/(v)]z‘au(distﬁv(U))ds —/

i=1 oD

I [wu(v)]i(?l,(distév(v))ds]

< i [ v [0 @0u(F0) = V- (@ (F0)| o
#3190 - Tttty o) =ity o)

<C [ Jul (o] [9uf* + (Val + [V [V da

+ ci [ 19+ ol [0 Vst 1) — sty ()]

1
< §5HVU)H%2(D) + C(5>HwH%‘l(D)(HVUH%‘l(D) + va”%‘l(ﬂ)))
+ C ([IVwll 2y + w]|Volll 2my) |V (disty (u) = disty (v))]] 2oy

< 6va||%2(D) + C(s)||w||%4(D)(||Vu||i4(D) + ||VU||%4(1D>)) (2.2.8)
Here, we have additionally used the estimates

|(disty (u) — distw ()] < C |w]

(V- (dv;)o (V) = Vo - (du)o (Vo) < C (Jw| |Vul]? + (|[Vu] + [ Vo)) [Vw|)
which come from disty and v being C°(R™) and
IV (disty (u) — disty (v))]|72m) < C’/D lwl (Jw] | Vul* + (|Vu| + [Vo)) [Vw|) dz (2.2.9)

which is obtained from (2.2.6) by multiplying with dist’;(u) — dist’y(v) and integrating

by parts.
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Integrating the above estimates with ¢ = é, we then obtain for sufficiently small T

1
sup ||w(t)||%2(am>) + ||vw||%2(]]]>><[0,To}) < §||Vw||%2(DX[O,TO])
tE(O,To)

To
+C/0 ||w||%4(D)(||Vu||%4(D) + HVU||2L4(D))dt
1 2
< §”Vw||L2(]D)><[0,TQ])

To
10 sup B / (IVul2a ) + V0200 )t
te(ozTO) 0

<

N | =

( sup ||w(7f)||%2(am>) + vaH%?(]D)x[O,TQ])>
te(0,To)

We have used that ||ul|psm) < Cllul|z2sp) which follows from Theorem and the
Sobolev embeddings. Also we can find a suitably small Tj for the last step to hold by
absolute continuity of the Lebesgue integral. For this to hold, we need to know that
|Vl ), VUl ey € L*([0,Tp]). This follows from u,v being energy class solutions,

and hence in H},

([0,T) x OD; N), since ||[Vu|2my < Cllu|l a1 om)-

Therefore we have uniqueness on [0, Tp] for a small time Ty. Using this proof starting
again at T, we can see that u = v on a set of the form [0,7}). Theorem tells us

that if T} < T, then u = v also at ¢t = T; and so we must have u = v on all of [0,7). [

Having recalled Struwe’s method, we now state a modified version which requires only

minor adjustments to the proof.

Proposition 2.2.3. Let u,v be weak solutions to the Plateau Flow (2.1.5)) with the same
initial data uy € H%((?]D); N) on the time interval [0,T). Suppose that additionally u,v €
H} (0D x [0,T); N) (i.e. we also have Osu,dsv € L (0D x [0,T);R™)). Then u = v.

loc

Proof. First, we note that (2.2.4) still holds provided we interpret it in a distributional
sense, since 8, (disty(u)) is now an element of H~2(dD). In particular we have the

following lemma which gives meaning to 0, (disty(u)).

Lemma 2.2.4. Let u € H2(D;R™) be harmonic. Then for all ¢ € H'(D;R)

/8 0 (disty () ds = /D SV - (dvy)u(Va)da + /D Vo V(dist (u)de.  (2.2.10)

23



Proof. First note that all the integrals exist using the Sobolev embeddings and that v;
is smooth with compact support. Next, for © smooth, we can multiply by ¢ and
integrate by parts to obtain . To obtain the result in general, let u;, € H'(0D; R™)
be smooth and uy — u in H'(9D; R"). Then by Theorem the harmonic extensions
of uy converge to u in H %(]D; R™). Since dist’ is smooth and compactly supported and
using the Sobolev embeddings, we can take the limit of with uy to get the result
for u. O]

Next, we see that the steps to obtain ([2.2.5)) still work without any trouble using the

weak formulation of the Dirichlet-to-Neumann operator.

The estimates of I and I are still true, however the proofs require us to replace the
integration by parts with Lemma [2.2.4, We also note that these estimates hold for almost

all t € [0,T1], since the assumed regularity only gives us u,v € H %(]D); R™) for almost all ¢.

Also, the estimate (2.2.9) is instead proved by using ¢ = dist;(u) — dist’y(v) in (2.2.10).

The last part of the argument needs no modification. O

2.2.2 Regularity and Energy Concentration Results

Here we prove an energy concentration lemma and state some existing regularity results
which we shall need in the proof of the main result. First of all, we have the following,

which is based upon the ideas from Lemma 3.3 in [Rup0§].

Lemma 2.2.5. Let u be a weak solution to the Plateau flow (2.1.5) on [0,T") and suppose

that at some time ty, u satisfies

limsup E(u(s)) < E(u(ty)) +¢
s\(to

for some € > 0. Then there exists t; > to and r > 0 such that

sup  E(u(t); B.(x)) <e.

zeD,teto,t1]
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Proof. Let p > 0 satisfy

liI:l\iup E(u(s)) < E(u(ty)) +¢ — p. (2.2.11)

Since u is an weak solution of the flow, E(u(tg)) < co. Therefore there exists a covering

{B,,(z;) : 1 <i < m} of D satisfying

p (2.2.12)

N | —

E(u(to); By, (2;)) <
for each 1.

We claim then that there exists t; > t, such that for all ¢ € [to, 1] and for all indices

E(u(t); Bay, (w:)) < €

Arguing by contradiction, suppose that there is a sequence of times t; ~\, ty and a sequence
of indices 7;, such that

E(u(ty); Bay,, (i) > € (2.2.13)
By passing to a subsequence, we assume without loss of generality that i, = 1 and let
r = ry. Taking the lim sup, we estimate

e < limsup E(u(ty); Bar(1))

k—o0

= limsup (E(u(ty)) — E(u(tg); D\ Ba.(1)))

k—o00

< limsup E(u(ty)) — lilgriglf E(u(ty); D\ By (21))

k—o0

< B(u(t)) + & — p — liminf Eu(t); D\ By (1))

with the final line following from the choice of p. Next we estimate the lim inf term. For
this, we note that as u is a weak solution, u(t;) is a bounded sequence in Hz(0D; N)
and hence the harmonic extensions form a bounded sequence in H'(ID; R™). Therefore,

on passing to a subsequence we can assume that

u(ty) — Uso strongly in L*(ID; R™)

Vu(ty) = Vs, weakly in L?(D; R")
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This implies the same convergence in L*(D \ By (z1)). The weak convergence of the

gradients implies

IV ttoo || 220\ B v iy < i [ V()] 2207\ By (20) )

and Lemma implies that u(ty) — u(to) in L*(D \ Ba.(z1); R"). Hence us = u(ty)
and therefore

liminf E(u(ty); D\ Bor(x1)) = E(u(to); D\ Bar(21))

k—00

Hence, we get

< E(u(to)) +—p— E(u(to); D\ By(21))
< E(u(to); Bar(21)) +€—p
<e— %p

which gives the desired contradiction. To conclude, we can select r = min{ry, ...,7,,} as

this ensures that any ball of radius r lies entirely within Bs,, (z;) for some i. O

Next we state some regularity results. First of all, we have the following qualitative
H' regularity result due to Wettstein. Note that this result is originally stated with the
fractional Laplacian, but as remarked in the beginning of this section, this is equivalent

to the Dirichlet-to-Neumann operator that we use.

Proposition 2.2.6 (Lemma 3.4 [Wet22], Proposition 4.1 [Wet21]). Let u € Hz(OD; N)
and suppose u satisfies

PIN(Qu) = f (2.2.14)
for some f € L*(OD;R"). Then u € H'(OD; N)
We note that this result is exactly found as Lemma 3.4 in [Wet22] in the case where

N is a sphere, and the proof in the general case can be extracted from the proof of
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Proposition 4.1 by replacing 0;u with f.

Next we need some local quantitative H' estimates for the same equation. The fol-
lowing, due to Struwe from [Str24], are stated and proved for smooth functions u, but as

remarked in the paper, the proofs work just the same for the following statements.

Proposition 2.2.7 (Proposition 3.3 from [Str24]). There exists a constant § > 0, depend-
ing only on N — R", such that if u € H'(OD; N) solves (2.2.14) with f € L?*(0D;R"™)

and xog € 0D, 0 < r < % satisfy
E(u; B, (20)) < 62

then
/ Dol ds < € (17 o) + Ew)) (2.2.15)
BT2 (z0)NOD

where C depends only on r.

This then yields by a covering argument the following global version.

Proposition 2.2.8 (Proposition 3.4 from [Str24]). There exists a constant § > 0, depend-
ing only on N — R", such that if u € H'(OD; N) solves (2.2.14) with f € L?*(0D;R"™)

and 0 <r < % satisfies

sup E(u; B,(z)) < 6° (2.2.16)
zeD
then
10522 @pzry < C (11 132(opia) + Elw) (2:2.17)

where C' depends only on r.

Remark 2.2.9. The constant §? must satisfy 6% < &*, since it is coming from a global
estimate Proposition 3.1 of [Str24] which in turn is used to deduce the positivity of £* in

Corollary 3.2 of that paper.

2.2.3 Proof of Theorem [2.1.4l

Finally, using the above results we can prove our first uniqueness theorem.
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Proof of Theorem |2.1.4. Using Lemma , we have that for almost all times, u(t) is a
weak solution to the stationary equation. Note also that d,u(t) € L?(0D;R™) for almost
all t € [0,T). Hence, we can apply Proposition to obtain that for almost all times,
u(t) € H'(OD; N).

Then we let €y = 6% from Proposition [2.2.8] which as noted in Remark satisfies
0 < §? < &*. For each ty € [0,T), by Lemma [2.2.5] there exists t; > to and r > 0 such
that

sup  E(u(t); Br(z)) < €0

z€D,tE[to,t1]

Hence by Proposition [2.2.8, for almost every t € [to, t1]

10s(0) oy < € (N0 3oz + Eu(t)))

Since u is a weak solution to the flow, we can integrate over [to, ;] and get u € H' (9D x
[to, t1]; R™). Hence we can apply Proposition to get uniqueness of solutions on each
[to, t1]. Let v be the almost smooth solution with initial data ug. Then by the above, the
set of times on which u = v is right-open, and so contains a set [0,7}). Suppose then, for
a contradiction, that the maximal such 77 < 7. Then by Lemma [2.2.2] u(t) — u(T}) as
t /Ty and v(t) — v(Ty) as t /Ty in L*(OD;R™). Since u(t) = v(t) for t < Ty, we have
that u(77) = v(77). But then there exists some Ty > T} such that we have uniqueness on

[T1, T3], contradicting maximality of T7.

Hence, we have that u is the almost smooth solution with initial data ug on all of

[0,T). 0

2.3 Bubble Formation in Sequences of Almost Criti-

cal Maps

In this section, we investigate the process of bubble formation in the solution, continuing

work of Struwe from Section 8 in [Str24] where the process of forwards in time bubble
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formation is studied. We begin by giving an overview of the analogous picture for harmonic
map flow. Then we use the arguments of Struwe from [Str24] to extract a simple result
proving that energy concentration forces the formation of a bubble for suitable sequences
of maps. This is only the first step in trying to understand singularity formation, but it

is enough for us to later obtain a slight upgrade to our uniqueness result.

Before we go any further, we want to clarify what we mean by bubbles. This term
has been used to describe the maps which can be extracted by rescaling at singularities
of harmonic map flow, the name coming from the fact these can be seen as spheres in the
image. We shall use this terminology for maps arising out of singularities of the Plateau

flow.

2.3.1 Brief Overview of Results in the Almost Harmonic Setting

This phenomena is seen in the work of Sacks and Uhlenbeck in [SUSI], but the first major
result on bubble formation relating to harmonic map flow was contained in [Str85]. This
has several important consequences, but perhaps most importantly it proves that there
can be only be finitely many singular times, since at each such time, there is a strictly

positive lower bound on the amount of energy that must be lost.

In subsequent works, many authors have obtained results which improve our under-
standing of the bubble formation process. In particular, in [DT95], Ding and Tian show
that the energy lost to bubbles accounts for all of the energy lost at a singular time.
Also we mention the result of Tian and Qing in [QT97b], which shows that the limiting
bubble tree of maps has connected image and that the images converge pointwise. A nice
summary of these and other results is contained in the paper of Topping [Top04], which

itself contains several further results on bubble formation.

Another import question to investigate is whether a bubble can form at all in finite
time. It is quite straightforward to construct examples where a bubble has to form at

either finite or infinite time, by starting with a map which has no harmonic map in its
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homotopy class, e.g. a degree 1 map from a torus to a sphere (see [EWT6] for more details
on this). However, it was not until the paper [CDY92] by Chang, Ding and Ye that an

example of a finite time bubble was known to exist.

Finally, it is interesting to ask if the bubble tree limit is unique, since the arguments
in the construction require passing to a subsequence using some kind of compactness.
A result from [Top04] shows that the bubble tree limit can in fact be non-unique due
to a winding behaviour. However, in light of the work of Simon on Lojasiewicz-type
inequalities, it seems possible that with the right restriction on the target, uniqueness
results may be possible. In this direction, we note the recent preprint of Rupflin, [Rup25],

which obtains a Lojasiewicz-Simon inequality in the case of a single bubble.

2.3.2 Result on Bubble Formation

In this section, we use the analysis from Section 8 of [Str24] to give a result on bubble
formation for a sequence of maps defined on D. Since we will later need to analyse bubble
formation backwards along solutions, we have extracted the following version of Struwe’s

results, and for completeness provide the proof, though this follows exactly the work of

[Str24].

Theorem 2.3.1 (Contents of Section 8, [Str24]). Let (N,h) be a closed Riemannian
manifold smoothly embedded in R™. Suppose that ug : OD — N are smooth maps which
are extended harmonically to the interior of D and satisfy E(uy) < E for some E < oo.

Suppose that there are sequences x € D and r, \ 0 and a § > 0 such that

E(ug; By, (zx)) = 0 for all k (2.3.1)

TEHPZ,;N(GVU/C)”LQ((‘)D) —0ask—0 (2.3.2)

Then there exists a subsequence of the uy, a map u € H%(aD; N), a point g € 0D and a

sequence of smooth conformal bijections @y : D — D such that

o &, — z¢ in HY(D).
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® U s non-constant and %-hm’mom’c.

o uo®, — uin HY(D).

Proof. First of all, by adjusting x; and rg, we assume that for some fixed ¢y > 0,
d = E(ug; By, (x1)) = E(ug; By () (2.3.3)

for all € B, (z). Additionally, we assume that § is sufficiently small, in a way to
be chosen later (though still independent of u). Further, using compactness of D and
passing to a subsequence, we assume that x;, — xo € D. We deduce later that x( in fact

lies on the boundary.

We claim now that r,;ldist(xk,ﬁD) is bounded. So suppose, for a contradiction,
that r,;ldist(xk,ﬁ]D)) is unbounded. We pass to a subsequence and assume then that
r; tdist(zy, OD) 7 oo. Then consider the rescaled maps vg(z) := ug(z), + r2) defined on

the domains €, := {z : z + rpx € D}. Then we have that

Br,;ldist(zk,au))(o) C U
and so the Q exhaust R2.

Since vy are harmonic, by the maximum principle they achieve their maximum values
on 0 and so the vy are uniformly bounded in L* by compactness of N. Further, by
conformal invariance of the Dirichlet energy, E(vy) = FE(uy) < E. Therefore the sequence
vy, is locally bounded in H'(R?). Hence, we can pass to a subsequence which converges
weakly locally in H'(R?) to some v, € H'(R?). This weak convergence ensures that v,
is bounded and harmonic. Since B;(0) is compactly contained in all Qj, for k sufficiently

large, then by the usual uniform C! estimates (I € N) for harmonic functions, we have
E(vs; B1(0)) = klim E(v; B1(0)) = 4.
—00

Therefore v, is a non-constant, bounded and harmonic function on R?. But this is a

contradiction and so 7 'dist(xx, OD) is bounded.
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Note that this in particular implies that dist(zg, D) — 0 and since z, — xo, then
zo € OD. By applying a rotation, we then assume that xy = (0, —y;) with 1 — yp < Mry.
We then define a new sequence of points 7y := (0, —1) and radii 7 := (M + 1)ry. Since

B, (zx) € By, (%), we have
E(ug; By, (%x)) = E(ux; By (x)) = 0
Moreover, by and by covering By, (Zj) by balls of radius ry, we have
E(ug; By, (7)) < Lo

for a constant L which does not depend on k. We then define the rescaled functions
V() := ug(Zg +7xz) which are defined on the domains Q) = {x : Ty + 7z € D}. Because
of our choice of z) and 7y, we know that €2, is Bf;1(((), 7.1)). We also note here that the
rescaled maps satisfy

1P (Dvr) || 2(00,) — O

Let &, : H — Bfgl((o,f,;l)) be the smooth conformal bijections, which in complex

coordinates are defined by

2z
d =
2 = 5
Note that ®, — id smoothly on each compact set in H. Then we define the maps

Wy = Vg © (I)k

By conformal invariance of the Dirichlet energy, we have E(w;) = E(v,) < E. Then
by the maximum principle we have w, uniformly bounded in L*> as well. Hence by
passing to a subsequence, we can assume wy — Wy weakly locally in H'(H). This weak

convergence ensures that w., is harmonic in H and maps JH into N almost everywhere.

Next, for each fixed K C 0H compact, we estimate

/}ng(aywk)fdsg/ Ve4[* [PIN(0,00)[" |V (@51 ds
K @i (K)

< sup V() |P,, TTN(8,v;,)|* ds
keNze K oy,
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—0ask—0

and so PN (d,wy) — 0 in Li (0H). Using (2.3.3) and by assuming ¢ small enough, we

loc

can apply Proposition to wy, o ¥ for some fixed conformal ¥ : B — H to obtain

/|8xwk|2ds < (1)
I

for each compact interval I C JH, where crucially the constant is independent of k. Next,
we apply Lemma to wy, o ¥ to get that for each K C H compact, wy, is a bounded
sequence H %(K ). Using the compactness of H 3 < H' and the local L2 convergence, we
obtain local strong convergence wy — ws, in H'(H). This gives us convergence of the

energy, and so

E(wse; B2(0) NH) = k:h—>I£lo E(wy; B2(0) N H)

> liminf E(uy; By, (Tr)) = 6
k—o0
which tells us that w., is non-constant.

Finally, using the weak convergence of Vwy, — Vw,, in L (0H) and the local uniform

convergence wy — Wae on OH, we have PN (0,wy,) = PIY (d,ws) in L (9H), and hence

PIN(9,ws) = 0.

We can then conclude the proof by setting @ = ws 0 WL,

2.4 Proof of Theorem [2.1.5

In this section, we obtain an improvement on our earlier uniqueness result, Theorem 2.1.4]
This gives us a better geometric understanding on the allowable energy jumps. The ideas

of this result are based upon Theorem 1.2 in [Rup08§].

The proof follows in two steps. First, we obtain a result, Proposition [2.4.2] which

provides conditions for a bubble to form backwards in time. We can then use a similar
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argument to the proof of Theorem [2.1.4

2.4.1 Extraction of a Backwards Bubble

Here we provide criterion for the formation of a bubble backwards in time. To prove this,

we shall need the following simple estimate for harmonic functions, which can be found

in [Str24].

Lemma 2.4.1 (Formula 2.2, Lemma 2.2 [Str24]). Let f : D — R be a smooth function

which is harmonic on D. Then for any xg €D and 0 <r < 1

/ |f]? dz < 27‘/ | f|? ds.
DN By (z0) oD

With this, we can state and prove the following. This is based on the analysis in

Section 8 of [Str24].

Proposition 2.4.2. Let u be a weak solution to the Plateau flow (2.1.5) on [0,T). Suppose
that there exists Ty € [0,T), 6 > 0, ), — xg € D, 7, \y 0, t, \ T such that u is smooth

on (To, To + €] for some € > 0, E(u(Tp)) < oo and
E(u(ty); By, (xr)) = 6 for all k. (2.4.1)

Then there exist times t, \, Ty such that uy := u(ty,) satisfy the hypothesis for Theorem

2.3.1], with perhaps a smaller 9.

Proof. First, we note that any choice of ¢, € [tk, tx + 7] will satisfy all the conditions of

Theorem [2.3.1} except perhaps for (2.3.1)) and ({2.3.2]).

For the energy concentration, let ¢, € C*(D;[0,1]) be a cut-off function satisfying

or(x) = 0 outside By, (20), pr(x) =1 on B,, (z0) and 7 sup |Vei(z)| < C, for a constant

zeD
C not depending on k. Then we note by a direct computation that

d
&/ \Vul® p2de = —/ |Oyu|? pids — 2/(8tu)(Vu)g0ngokdx
D oD D
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Integrating this from ¢ to t; + ryt for any ¢ € (0,1] and applying Cauchy-Schwarz, we

obtain

t+rit
/ \Vau(ty + rit)]” p2de > / \Vu(ty)|” pide — / |Dyu|” p2dsdt (2.4.2)
D D th oD

byt 3/ ptetret 3
- (/ / IVul? |V dxdt) (/ / |Dyul? goidxdt)
23 D th D

We treat the first negative term by

tr+rit tr+rit
/ |Opu|* p2dsdt < / |Oyu|® dsdt — 0
th oD T oD

as k — oo since yu € L*(0D x [0,7T]) and t; + rit — Tp. For the product term, we

estimate

tp+rit tip+rit _
/ /|vu|2 Vior? dudt < C'r’k2/ B(u(t)dt < Cri'B
D

173 tg

and using Lemma [2.4.1

t+rit te+rit
/ / |Byu|? p2dzdt < / / |Byu|? dadt
th D ty DN B2y (y)

tp+rit
< 47’k/ |Dyu|? dsdt
tr oD
which combine to yield

tp+rit % tp+rit %
(/ /|Vu|2|V<pk|2dmdt) (/ /|8tu|2gpzdxdt) S0
t D tr D

as k — 0o, and hence

/ |Vu(ty + Tkt)|2 prdr > / |Vu(tk)|2 idr — o(1) (2.4.3)
D D
as k — oo. Hence replacing ¢ by %(5, we can satisfy (2.3.1)) with any t; € [ty, t + 74].

Finally, we use that dyu € L*(9D x [0,T1]) to get

tp+rk 9
/ / |PIN(8,u)|" dsdt — 0
tE oD
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as k — o0o. Hence we can choose any ty, € [ty, tx + 1] satisfying

~ 2 1 btk 9
/ |PIN(0,u(ty))]| " ds < — / |PIN(8,u)|” dsdt
oD oD

to obtain ([2.3.2) O

2.4.2 Proof of Result

We can now give the proof of main result of this section.

Proof of Theorem[2.1.5. First, we note that on [0, 7))\ S, the conditions for Theorem [2.1.4]
hold. Hence if sy = min.S, we have uniqueness on [0, s¢), so we assume without loss of
generality that so = 0. As S has no accumulation points, there is then some time 77 > 0
such that (0,77] € [0,7) \ S. Then we know that for any 0 < ¢y < T3, u must equal the
almost smooth solution with initial data wu(to) on [to,71]. By reducing T3 to before the

first bubble, we then additionally assume that w is smooth on [to, T7].

Now, we claim that there exists some r > 0 and ¢; € (0, 77] such that for all ¢ € [0, ¢]
and for all z € D

E(u(t); B(z)) < €0

To prove this claim, we argue by contradiction. So suppose that there exist sequences
tr \¢ 0, 7z — 0 such that

sup E(u(ty); By, (x)) > o

zeD

We can then find a sequence xj, such that for each k,
E(u(t); By, (zx)) > €0

By passing to a subsequence, we can assume the xp — xo. Then we have the conditions
to apply Proposition [2.4.2] and subsequently Theorem [2.3.1] and so let @, ®y,t; be the

resulting functions and time sequence.
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We then fix p > 0 which satisfies
limsup E(u(s)) < E(u(0)) +&* —p
s\0
and select ry > 0 such that

E(u(0); By, (20)) < 5p

N —

By Theorem we have
lilgn inf E(u(ty); By, (x0)) = E(u) = &*
— 00

Combining this with the argument from Lemma to estimate the liminf term, we

obtain

B(u(0)) < B(u(0):D\ By (x0)) + 3¢

—_

< lilgn inf E(u(ty); D\ By, (z0)) + =p

[\]

_ _ 1
< limsup E(u(ty)) — lim inf E(u(tg); By, (z0)) + 5P

k—o0 k—o0

1
< Eu(0))+e*—p—e"+ ol

which gives the required contradiction.

From this, we argue exactly as in the proof of Theorem to conclude that u must
in fact be equal to the almost smooth solution down to and including time ¢t = 0. This

argument can be repeated for all the times ¢t € S to obtain the result. ]

2.5 Connections with the Classical Plateau Problem

In this short section, I will present a result which strengthens the links between half-
harmonic maps with the classical Plateau problem. As mentioned in the introduction to
this chapter, Struwe raised the question in [Str24] of whether the Plateau flow produces a
solution to the Plateau problem when the target manifold N is a closed curve I' in some

suitable sense. What [ will show is the result that a non-constant half-harmonic map
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from S' to a curve I' is monotone.

The difference between half-harmonic maps and solutions of the Plateau problem is
that usually the Plateau problem requires that S* is mapped monotonically and injectively
onto I'. Since a half-harmonic map is not in general degree one, we need to make precise
what notion of monotonicity we are using, for which we give two equivalent options, one
global and one local. First, let v : SY(L) — T be an arc-length parametrisation of T
Then for a given smooth map u : S* — T', we can find a smooth map s : S' — S'(L)
such that u(f) = ~(s(#)), which is unique up to rotation. We then say u is monotonic if
the lift of s to a k-fold cover of S'(L) by a degree k covering mapE], is injective, where k
is the topological degree of s. Note that this is a strict notion of monotonicity, we do not
allow the map to be constant on any open set. The local equivalent notion which does
not consider the lifted map instead insists that at each point x € S!, there is a small

neighbourhood of x on which w is injective.

If we establish the monotonicity of a half-harmonic map u, then the injectivity reduces
to asking that the degree of u is 1, and so it is the monotonicity that is the principle
obstacle. Indeed, if u is a monotone half-harmonic map with degree greater than 1, then
its extension is a Plateau solution with multiplicity. Struwe asks if the Plateau flow should
be considered as producing generalised solutions of the Plateau problem, since there is no

immediate reason to believe that the flow would preserve monotonicity.

I briefly introduced in Section the work of Douglas, and in particular mentioned
that the functional he introduced to solve the Plateau problem is precisely the half-
energy defining half-harmonic maps. Although he principally studied the minimisers of
this energy over monotone maps satisfying a three point condition, we can extract some
useful ideas from his work which apply to all half-harmonic maps from the circle. In
particular, in the course of showing that the minimising parametrisation is proper, he

showed the following result, which I have restated in the language of half-harmonic maps.

Lemma 2.5.1 (Section 18, [Dou3]). Let u: S' — ' C R" be a half-harmonic map into

1Such a lifted map always exists as if p : S — S! is a degree k covering map, then p,m(S!) =
ST (Sl) = kZ
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a smooth simple curve. Suppose that u is constant on some non-empty open set 8 C S*.

Then u is constant on all of S*.

Douglas’ proof is an application of the Riemann-Schwarz reflection principle and the

identity theorem for a suitable holomorphic function.

This result rules out one form of failure of monotonicity for non-constant half-harmonic
maps, and in fact applies also for general target manifolds N. It is possible to use this
result to go further and show the full monotonicity of half-harmonic maps. It will be most
convenient to work below with the formula for the half-energy used by Douglas, which we

recall is, up to a constant,

1 u(f) — u(p 2
’ 2 Jsixst 4sin® (5)
Theorem 2.5.2. Let u : S' — T be a non-constant half-harmonic map. Then u is

monotone (in the sense described above).

This result provides some immediate consequences. First, we see that there can be no
non-trivial degree zero half-harmonic maps into I', and so any non-constant half-harmonic
map is in fact surjective and monotone, importantly applying to the bubbles which can
form along solutions of the flow. Hence by starting with an initial map which has non-
zero degree, we know the flow will produce some monotone half-harmonic map, either as
a smooth limit at infinite time or as a bubble. This provides a solution to the Plateau

problem up to having potentially multiplicity.

It remains unclear whether we can ensure the existence of a degree one half-harmonic
map, and thus a true Plateau solution, using the flow. This is due to the fact that in the
setting of the half-energy, we do not have the detailed singularity analysis such as that
described above for the harmonic map flow, and so cannot yet answer questions about
how singularities affect the homotopy type of the solution. There is a paper by Da Lio
which proves more refined results for singularities forming in sequences of half-harmonic
maps into spheres, [DL15], but there remain many questions about bubbling for sequences

of almost half-harmonic maps, as would be needed to analyse solutions of the gradient

69



flow.

Proof of Theorem[2.5.3. Let 6 = 6(I') > 0 be a small constant to be fixed later in the
proof, and take the function s as above which is associated to u, so that u(6) = v(s(0)).
Since half-harmonic maps into I' are smooth, as shown in [DR11], then also the function

s is smooth.

Assume then, for a contradiction, that u, and hence s, is not monotone, and replace s
by its lift by the k-fold covering map, where k is the topological degree of u. Then we can
find 0; < 0, such that s(0;) = s(62) =: so and that for all € (01,0s), so—9 < s(6) < sp+9.
Moreover, thanks to Douglas’ result we know that s is not constant on this interval. Then
for each e € [—1, 1], define the following functions

5. (0) = so —&(s(0) — sg)  for 6 € [04,05] (25.1

s(0) otherwise

This defines a variation u.(0) = v(s-(f)) of u. The claim is that the half-energy F 1 I8 not

stationary with respect to this variation. Indeed, a simple computation gives

d _dyp 1 [u<(0) — uc(p)|”

ae |30 = 32 5/ 1sm?(52 ) d0dy

:/ (v(s(0)) = 7(s(2))) - (v EI (2 g0,
Slxst 481112(7)

:/ — (1(s(8)) —v(s())) - (v'(s(8))(s(0) — )—7’(8(90))(8(90)—80))d6d(p
[01,02] 4 San(eTS") .

To estimate the integrand, let s; = s() and sy = s(¢). We then use Taylor’s theorem,

noting that ~+ is smooth, to get for 1 = 1,2

7(5:) = 7(s0) +7'(s0) (5i = s0) + O(6%)

V' (si) = 7' (s0) + 7" (s0) (s — s0) + O(6?)

and hence the left hand term in the inner product is

Y(s1) = 7(s2) =7 (s0)(s1 — 52) + O(6?).
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and the right hand term is

Y (s1)(s1 = 50) — 7' (s2) (52 — 50) = 7'(50) (51 — 82) + O(6°).

Combined, this shows that the inner product is bounded below by |v/(so)|* (51— 52)2 — C°

1

36, we have

for a constant C' depending only on the curve I, so for sufficiently small § <

the estimate

d —1(5(0) — s(¢p))?

B < / 3 (s( )2 - )" 4ap < 0.
dele=o 2 oo 4sin®(5F)

This shows that u is not a stationary point of the half-energy, and hence not half-harmonic.

[]

2.6 Future Outlook

The results of this chapter provide answers to some of the questions raised in the literature
about this equation, particularly by Struwe in [Str24], but there remains a lot to be
understood about both the half-energy functional, half-harmonic maps and the gradient

flow studied here.

Following on from the uniqueness results I obtained here, it would be very natural
to ask if the reverse bubble solution found by Topping in [Top02] from the harmonic
map flow case could be adapted to this setting, demonstrating the need carefully consider
energy jumps, or if instead such solutions cannot occur and perhaps uniqueness holds in

an even wider class of functions.

Another natural question, which has already been raised by Struwe and Wettstein, is
to find out if finite time singularities can actually occur in solutions. The original method
of Chang, Ding and Ye [CDY92] seems not to apply, at least not in a straightforward
way, but there are by now many different constructions for forcing finite time blow-ups
in such geometric PDEs, such as the gluing methods in [DAPW20], or the construction of
a specialised target by Topping in [Top04]. On the other hand finding methods of ruling

out bubble formation is likely to be key in some applications.
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Certainly, whether occurring at finite or infinite time, in studying applications of
this flow, it will be necessary to develop a more refined analysis of bubble formation,
specifically relating to the no-neck and no loss of energy type results and to study the
change in topology caused by bubbling. It is also likely of interest to understand better

the rate at which energy concentrates.

In a more general sense, it will be interesting to see what applications of this flow can
be developed. I discussed in the previous section the possible applications to the classical
Plateau problem, and more generally in finding settings where the flow can be shown to
produce non-trivial free boundary minimal surfaces in the limit. With regards the Plateau
application, it remains an open question if the monotonicity of the parametrisation is
preserved along solutions of the flow, and not as I showed just obtained in the limit.
Also, there have been recent applications of such flows to study rigidity estimates, such
as Topping’s paper [Top23] on harmonic maps between spheres. In the half-harmonic
setting, there has been some work on such estimates, such as the paper [DScW23]. It is
noted there that such estimates have applications to the study of the gradient flow, and

so it seems of interest to further explore the interplay of these two topics.
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Chapter 3

Plateau Flow: Extension to (General

Domains

In this chapter, I will present work from a joint project I did in collaboration with Melanie
Rupflin and Michael Struwe. The aim of this work was to bring together the results of
Struwe’s previous paper, [Str24], with the Teichmiiller harmonic map flow introduced in
[RT16], to build a theory of a gradient flow for the half-energy on any compact surface
with boundary. This chapter thus introduces a system of equations which generalises the
Plateau flow equation studied in Chapter [2| and develops the theory of this new system.
Specifically, we have obtained key results on the existence and regularity of solutions, given
in Theorem [3.1.4] together with a result on the asymptotic behaviour of the solution, given

in [3.1.5. What I present below is taken from our paper in preparation.

3.1 Introduction

3.1.1 Half-Harmonic Maps

We begin by briefly recalling the notion of the half-energy and half-harmonic maps in-

troduced in Section [1.2.2] Let N — R"™ be a smooth, not necessarily connected, closed
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submanifold of any dimension and let X be a closed surface with boundary 9% # ().
Given a metric g on X, following [LR11] and [PL17], we define the half-energy E: (u, 9)

of a function u € Hz(9%; N) as the Dirichlet energy of its harmonic extension, i.c.

1
(1.9 = Blugeg) 1= 5 [ ldu,f} do, (3.1.1)

Here and in the following E(-,g) is the standard Dirichlet energy with respect to the
metric g and u,: ¥ — R™ denotes the harmonic extension with respect to the metric g of
a given map u € H%@E; N) = H%(@E,dsg); N), i.e. the unique function u, : ¥ — R"

with Aju, = 0 and trace ulpy = u.

We furthermore denote by 7 : N,, — N the nearest point projection onto N, which is

well-defined and smooth on the tubular neighbourhood
N, :={y € R" : distgn(y, N) < n}

of N if n > 0 is chosen small enough, and recall that for any p € N the orthogonal
projection P, : R" — T,N of the ambient R™ onto the tangent space T, N to N at p can

be equivalently written as P, = dn(p).

As in [LRI1] and [PLI7], we call a map u € H2(9%; N) half-harmonic if it is a critical
point of £ (u,g) in the sense that dis‘a:oE%(ﬂ(u + £v),g) = 0 for every v € H2(0%; R").

As

d
—| Ei(r(u+ev),g) = O:m(u + €v)|c—q - O uydsy = / v - Py(0y,ug)dsy, (3.1.2)
dele=o 2 % )3

where v, is the outwards unit normal of (¥, g) along 0%, this is equivalent to asking that

the harmonic extension u, of u satisfies the equation

P,(0y,ug) =0 on 0X. (3.1.3)

As explained in more detail in the introduction, half-harmonic maps are closely related
to free boundary minimal surfaces. In particular, it was shown by Da Lio and Pigati [PL17]

that the harmonic extension of a map u : (0%, g) — N C R” parametrises a free boundary
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minimal surface supported on N if and only if v is half-harmonic and conformal. Note
that we use throughout the definition of conformal v*ggy = p*g for a function p > 0,

sometimes called weakly conformal as we allow for branch points.

We note that if ¥ = D, then as observed in [LMR15] and [MS15], the equation
is in fact a sufficient condition for weak conformality of the harmonic function uy, compare
also Remark below. While for surfaces ¥ of higher genus or higher connectivity this
condition is not sufficient, we can exploit that maps v: ¥ — R" are conformal if and only
if the half-energy is critical with respect to variations of the metric. This was shown by
Da Lio and Pigati [PL17] in the setting of the half-energy and of half-harmonic maps
considered here. Since we will use the corresponding properties of the variation of the
half-energy in our construction of the flow, we briefly recall how this key property can be

obtained.

To this end, we note that the first variation of the Dirichlet energy E (for fixed
metric g) along maps v. = u,_that are obtained as harmonic extensions of a fixed map

u: 02 — R™ with respect to a family of metrics ¢g. with g._o = ¢ is always so that

d
—E(v.,g) = /(Vg(agvs), Vug)dv, = —/ 0:v: - Agugdvg + [ v, - Oy uydsy =0
de by by 0%

as u, is harmonic and 0.v.|ss; = 0. The variation of the half-energy with respect to the
metric hence reduces to the variation of the Dirichlet energy of the fixed map u, with

respect to a varying metric g., which we recall is given by

d d 1
d_gE% (Uags) = d_gE(ugags> = _5 /;(asge; k(ugvg>>gdvgy (3-1-4)

see for instance [BWO03|, Lemma 3.4.1]. Here and in the following

1
k(v,g) = v ggn — 3 \dv[ﬁg (3.1.5)

denotes the stress-energy tensor of maps v : ¥ — R", which we note is always trace-free

and of course vanishes if and only if v is conformal.
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3.1.2 Gradient Flow

In view of the above, in order to define a flow that will evolve an initial surface to a free

boundary minimal surface it seems natural to consider a gradient flow of the half-energy.

In the case where X is a disc, we have seen in the previous chapter that this has been
studied already. We now consider the corresponding problem for surfaces > of higher
genus and/or connectivity. We introduce a coupled flow which evolves both an initial
map ug: 02 — N and an initial domain metric gy so as to yield a critical point of the

half-energy with respect to both u and g, hence inducing a free boundary minimal surface.

Remark 3.1.1. In the following, we will only consider domain surfaces > which are ori-
entable, without further comment, as for non-orientable > all results can be recovered
by passing to the orientable double cover and working with metrics and function spaces

which are invariant under the non-trivial covering space transformation.

Since the energy is conformally invariant, we can restrict the class of admissible metrics
to consist of a unique representative for each conformal class of metric. For this we make
use of standard uniformisation result{] see e.g. [OPS88]. For ¥ # D with negative Euler
characteristic, we will work with the unique representative g of each conformal class for
which the boundary curves are geodesics in (X, g) and which is hyperbolic. When ¥ is a
cylinder we instead choose as our unique representative the flat metric g for which (%, g)
has unit area. We denote by M(X) the space of such constant curvature metrics and
note that our definition of the flow will ensure that for an initial metric gy € M(X), the

evolving metrics always will be in M(X).

We recall that at any g € M(X) the tangent space splits L?*(Z, g)-orthogonally as
T,M(E) = {Lxg} ® H(g), (3.1.6)

where {Lxg} is the set of Lie-derivatives generated by vector fields that are parallel to
0% on 0%, giving rise to 1-parameter families of diffeomorphisms of ¥, and where the

horizontal space H(g) consists of all symmetric (0, 2)-tensors h which are trace-free and

1See Remark from the introduction for more discussion on this.
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divergence-free and which satisfy h(v,, 7,) = 0 on 0%, 7, a unit tangent vector field along

(0%,dsy), c.tf. [Tro92].

Remark 3.1.2. We note that for a half-harmonic map u : (0%, g) — N the tensor k(uy, g)
is always an element of H(g). Indeed since u, is harmonic k is divergence free, while
(3-1.3) implies that k(ug, g)(vy, ) = (O, Uy, Or,uy) vanishes on the boundary since u
maps into N. Hence the harmonic extension of a half-harmonic map is conformal if and
only if P (k(ug, g)) = 0, where we define PJ" as the L*(X, g)-orthogonal projection from

the space of symmetric (0, 2)-tensors to H(g).

Following the construction of the Teichmiiller harmonic map flow in [RT16], we now
exploit the fact that the energy is invariant under simultaneous pull-back of both the
map and the metric (by the same diffeomorphism) to restrict the movement of the metric
component to be L?-orthogonal to the space of tensors {Lxg} that is generated by the

action of diffeomorphisms on the metric. We hence define our flow as

Ou = =V Ey(u,9) = —Pu(0y,u,) (3.1.7)
2 1
g = =P (Vg Ey(u.g9)) = 5P (k(ug, 9)). (3.1.8)

The evolution of the map component u = u(t) is hence described by a variant of the
Plateau flow studied by Struwe in [Str24], albeit now considered on a general surface
with a time-dependent metric ¢(¢) rather than on a disc with fixed metric; the evolution
of the metric g = ¢(¢) on the other hand can be viewed as an evolution equation in the
infinite dimensional manifold M (%) of constant curvature metrics with geodesic boundary

curves described above.

Remark 3.1.3. We observe that in the case when ¥ = D we have H(g) = {0} for any
metric g on D, and so our coupled gradient flow reduces to the Plateau flow for
maps u(t) on the disc with fixed metric considered in [Str24]. Because of this, we will
henceforth not consider the case of the disc as results we obtain are simply those of [Str24]
and the methods developed below are unnecessary in this instance. One possible small

exception to this is that we have been able to remove the restriction on N having a
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parallelisable normal bundle present in [Str24], and so one or two of our proofs could be

of interest to the disc case.

3.1.3 Main Results

Our first main result establishes the existence of solutions to this new geometric flow and
gives a description of the potential singularities that the components of this system of

equations might form.

Theorem 3.1.4. Let 3 # D be any orientable surface with boundary and let M(X) be
the set of metrics with constant curvature and geodesic boundary considered above. Then
to any initial metric go € M(X) and any initial map uo € H2((9%, go); N) there exists a

weak solution (u, g) of the coupled flow
1
atu = _Pu(anug)a atg - §PgH(k(ugvg)) (319)

which has non-increasing energy and is defined on a mazximal interval [0, T, ) where Ty, =

oo unless the domain metrics degenerate in finite time, i.e. unless
inj(x,9(t)) = 0 ast /Ty for a finite Tw.

Furthermore,

1. Away from a finite number of singular times 0 < T < T, both the map and metric

component of the flow are smooth and the energy decays according to

d 1
SEy (9) = ~IPu(O ) Baosg — 7IPH g, D)oy (3:110)
2. Across each T} the flow of metrics remains reqular in the sense that g(t) is Lipschitz

continuous in time with respect to any C*-metric in space.

3. Any such singular time T? is characterised by the bubbling-off of a finite number of

1

minimal discs of the map component, exactly as in [Str2j|], see also Section .
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Here and in the following we say that (u,g) is a weak solution of the flow to initial

data (ug, go) on an interval [0,7) if:

1. the metric component is a continuous curve g : [0,7) — (M3(X),distys) with
g(0) = go which is differentiable at a.e. t € [0,T) and so that the second equation
in ([3.1.9) is satisfied at a.e. such ¢. Here M? denotes the set of constant curvature

metrics with coefficients in H3 as discussed in Section [3.2] below.

2. the map component is given by a u € L=([0,T)); Hz ((9%, dsy); N) which is so that
O € L2 ([0,T); L*(0%,g)) and so that the first equation of ([3.1.9) is satisfied in

loc

the sense of distributions.

In the absence of singularities at infinity, the following result ensures that the flow

deforms the given initial map into a free boundary minimal surface as desired.

Theorem 3.1.5. Suppose that (u, g) is a global weak solution of (3.1.9) for which inj(%, g)
remains bounded away from zero and for which energy does not concentrate as t — oo,

i.e. so that limsup,_, . sup,cos E(u,(t), g(t); BY(x)) = 0 asr — 0.

Then there existt; — oo so that after pull-back by diffeomorphisms the pairs (u(t;), g(t;))
converge smoothly to a limiting pair (u*,g*) € C®(0%X;N) x M(X) which is so that
uy. : (35,9°) = R™ is conformal and harmonic, and so that u}.(3) meets N orthogonally;

that is, u}. (%) represents a (possibly branched) free boundary minimal surface supported

by N.

Remark 3.1.6. We note that in the special case where N is given by a collection of k disjoint
closed curves I'y, ..., 'k, k the number of boundary components o; of 3, and where each
Upl,; 18 a map into I'; with non-zero degree, this property is preserved along regular
solutions of the flow. In this case the minimal surface obtained in the above theorem can
be thought of as a solution of a generalised version of the Douglas-Plateau problem in
which multiple coverings and non-monotone parametrisations of the prescribed curves I';
are allowed, compare also the discussion in Sections 1.5 and 1.6 of [Str24]. In light of the

monotonicity result from the previous chapter, Theorem [2.5.2} it might be hoped that the
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parametrisation is in fact monotone, but this is yet to be seen, and the functional lacks
the convenient representation solely in terms of the function on the boundary available in

the case of a circle

We structure the proofs of these two theorems in the following way. We discuss the
key steps of the proof of short time existence of solutions to the flow in Section |3.2| and
carry out the required detailed analysis of the equations satisfied by the metric and map
components in the subsequent Sections and [3.4 In Section [3.5 we prove higher
regularity estimates which enable us to deduce the smoothness of the solution until either
the metric degenerates or energy concentrates, which combined with the analysis of finite
time singularities allows us to complete the proof of our first main result, Theorem [3.1.4]

Finally, in Section [3.6| we study the asymptotic behaviour, proving Theorem [3.1.5]

3.2 Short Time Existence of Solutions

In this section, we explain the key steps needed to prove local existence of solutions of
for given smooth initial data (ug, go). This proof will be based on an iteration
argument for a regularised system of equations that is carried out on a sufficiently small
interval [0, 7] and in suitable Sobolev spaces X,,(T") of maps of regularity H™ and curves
of metrics in M™T! of regularity C} H™"! as made precise below. This is then combined

with a compactness argument to obtain our solution.

In the following, we will focus mainly on the case of domains with negative Euler
characteristic as the analysis of the metric component simplifies very significantly if X is
a cylinder, as in this case the equation for the metric reduces to a well-controlled ODE.
We will discuss this special case in Section [3.3.3| and for now simply note that all results
stated below are applicable also for ¥ a cylinder and the corresponding space M (%) of

flat unit area metrics.

2In [PLI7], they do obtain a representation of the half-energy in terms of the boundary functions, but
this is more complicated and involves interactions between the different boundary components.
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3.2.1 Set-up

Given a surface > with boundary, we recall that we may think of this domain as a fixed
subset of the Schottky double f], which is the closed surface that we obtain as quotient
of ¥ x {—1,1} under the identification (p,1) ~ (p, —1) for p € 93. Moreover, we note
that if ¢ is any hyperbolic metric on ¥ for which the boundary curves are geodesics,
then g can be extended by even symmetry to a hyperbolic metric ¢ on 3. One way
to see this is to note that a neighbourhood of each boundary curve can be described
by an collar neighbourhood, see and and surrounding discussion below.
The even extension of these collars can then be described on [—X (¢), X (£)] x S to give
a smooth hyperbolic metric, and hence the reflected metric § is smooth across each of
these geodesics, and thus on all of 3. It is precisely here and for this reason that we are

exploiting our choice of uniformisation, see Remark

Following the approach of Tromba [Tr092], given any k € N>3 and any fixed finite (and
symmetric) set of (smooth) coordinate charts on 32 we can consider the set M* = MF*(X)
of metrics g on ¥ which we obtain as restrictions of hyperbolic metrics § on 3> which have
the above even symmetry across 3 and whose coefficients are of class H* in these charts.

We measure the distance between two elements of M* by letting

2
dist e (g1, 92) = inf / 10.9(3) Lt 55900 5.
1

where the infimum is taken over the set of all Cl-paths g = g(s) € M*¥(¥), 1 < s < 2,
that connect g; = ¢g(1) and ¢g» = ¢g(2). Here and in the following all Sobolev norms are

computed using the Levi-Civita connection with respect to the indicated metric.

Given any m > 2 and a curve of metrics g € C*([0, T]; M™*1) we will work with maps

u: 0¥ x [0,T] — R™ that are contained in the space

Xu(T,g) = {u:u, € L>°([0,T); H™(S,g)) and d,(uy) € L=([0,T]; H'(%,9))}, (3.2.1)
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which we equip with the corresponding norm
1l 2,) = NtgllZoe 0,13 10m ,07) + 102 (tg) s 10,1113 5.0 (32.2)

While these norms depend on the specific choice of g, we will see that the spaces
Xn(T, g) themselves are indeed independent of the choice of g as the change of harmonic
extensions and Sobolev norms along such curves of metrics is well controlled, compare
Lemma . We hence often drop the reference to g in the notation for X,,(7,g) and
simply write X,,(7"), and will at times also use the shorthand X, j0c(T) := Uy oy Xin(T7).
We furthermore note that in the proof of short-time existence we will for the most part
only need to consider curves of metrics which are contained in a small neighbourhood
U of the initial metric gy and whose velocity is uniformly bounded and we note that for

such curves of metrics these norms are uniformly equivalent, compare Lemma below,

which will allow us to work with respect to the fixed norm || - ||x,,(r,,) in the relevant

fixed point argument.

We furthermore note that we can always work with the spaces M™"! which we obtain
by fixing coordinate charts in which the initial metric is smooth, and will see that this
property is preserved along the flow. We can hence in the following always assume that

the initial metric is an element of M™*! for any m € N.

In the following we also use the convention that all constants are allowed to depend on
the setting we consider, i.e. the fixed topological type of the surface ¥, the fixed manifold
N < R"™ and later on also on the fixed extensions P. and P+ of the orthogonal projections
onto TN respectively T+ N chosen in Remark without further mentioning this.

3.2.2 Evolution of the Metric Component

We first consider the problem of solving the equation

1 .
g = 5Py (k(vg, 9)) with g(0) = go (3.2.3)
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for a given map v € X5(7', go), k the stress-energy tensor defined in (3.1.5). In Section
we will prove

Proposition 3.2.1. For any m > 2 and any vy > 0 there ezist constants C,6 > 0 so
that the following holds true for any T > 0, any go € M™! with inj(XZ, go) = 219 and the
neighbourhood U of go in M™*+! described in Lemma 3.3.5

For any v € X(T) there exists a unique solution g, € C*([0,Ty]; M™) of (3.2.3)

which is defined and so that g,(t) € U, and hence in particular

inj(%, 60(1)) > Zini(Z, o) > o, (3.2.4)

at least on the interval I = [0,Ty] for Ty := min(T,5/E), E chosen so that

A

(v(t), 90) < E. (3.2.5)

sup F

1
tejo, 7] 2

Moreover, for every t,t € [0, Ty] we have

10:g0 ()| rm+1(30,90) < CE1(v(t), g0), (3.2.6)

1
2

and

10:90(t) = Bugo (Dl rms1 0y < C [t = 7] [E2 1 0rvgo | oo it o) + E. (3.2.7)

Moreover, the map v — g, is Lipschitz the sense that the estimates

A

dist grm+1(gu(t), 95(1)) < CEZL||(0 = 0)gq | oo (1301 (2.,90)) (3.2.8)

and

10:(90 = 90) ()l rms1(5.90) < CE2 [[(0 = 0)go (D) | 11(.90) + B (0 = 0)go | oo 135,000
(3.2.9)
hold for all t € [0,Ty] and for all v and © which satisfy (3.2.5) for a given E.

Remark 3.2.2. The neighbourhood U = U™ (gg) in Lemma is given by a ball in
M™ 1 around gy whose radius only depends on ¢y and which is chosen so that metrics

in U are uniformly equivalent and induce uniformly equivalent H™*!-norms. Hence the
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above estimates all remain valid also if some or all of the norms are computed with respect

to another metric of U, such as g(t), instead of go.

We can apply the above lemma iteratively to see that unless the injectivity radius
tends to zero as t approaches some time T} < T, the solution of is guaranteed to
exist on the whole interval [0, 7] where v is defined. Moreover, the above lemma shows
that the estimate

10:g0 (0) | rm1.5: 900y < CE1(v(t), 9(t)) (3.2.10)

holds true with a constant C' that only depends on a lower bound on the injectivity radius

of (3,¢(t)) at that specific time ¢ and the exponent m.

We note that for the proof of short-time existence of a solution of our coupled flow
(3.1.9), a weaker version of the above lemma, in which the constants and the size of the

neighbourhood are allowed to depend on the initial metric gq itself, instead of just on

tg, would suffice, but that we choose to formulate Proposition [3.2.1f and ((3.2.10]) in the

above more precise form to make them applicable also for the long-term analysis of the
flow. Namely, in Section we will use that the above lemma immediately implies the

following.

Remark 3.2.3. Let (u,g)(t), t € [0,T], be any weak solution of our flow (3.1.9) with non-
increasing energy. Then the metric component remains in the neighbourhood U(g(0))
described in Lemma at least on a time interval of the form [0, min(7,7p)], for a
number Ty = T; O(E ,tp) > 0 that only depends on an upper bound on the initial energy

and a lower bound 2: on the injectivity radius of the initial metric.

3.2.3 Regularized Equation for the Map Component

Instead of directly proving a result similar to Proposition [3.2.1| also for the map com-
ponent, we follow the approach of the second author from [Str24, Lemma 5.2}, and first

consider the simpler, and in particular linear, problem of determining a solution u = . 4,
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of the regularized equation
ou = —(e + P,)0,,uy on 0% (3.2.11)

for given € > 0 and given curves of maps v : 9 — N, and metrics g.

Remark 3.2.4. Here and in the following we use fixed extensions P, P+ € C2°(R", R™")

of the orthogonal projections P, : R — T,N, PpL R” — TpLN which are chosen so that
P, = Py and P, = P, forall p € N, (3.2.12)

on a small tubular neighbourhood N, where n > 0 is chosen so that the nearest point
projection is well defined and smooth on the closure N, of N,. We note that this choice of
extension in particular ensures that P, and P are orthogonal projections with P, + P+ =

Id for maps v whose image is contained in this tubular neighbourhood V.

We note that we should not expect solutions of the above equation (3.2.11]) to remain
in NV even if v maps into N, since we no longer evaluate the projection P at the points
u(z,t) and since the term €0,,u, in general will not be tangential to N. Thus, in order
to later be able to apply fixed point arguments, we consider (3.2.11]) not only for maps

whose image is contained in N, but allow the maps v to take values in this tubular

neighbourhood N,,.

Since the term —ed,, u, compensates for the degeneracy introduced by the projection
operator, we can use a Galerkin approximation to establish local existence for .
While this proof of existence of solutions to the regularised equation ([3.2.11)) crucially uses
that € > 0, we will be able to obtain H™-bounds for these solutions which are independent
of €. This will be essential in later arguments where we will send ¢ to zero in order to

obtain a solution of our original equation (3.1.7]).

The relevant results on the regularised equation (3.2.11]), which will be proven in

Section [3.4.1, can be summarised by the following proposition.

Proposition 3.2.5. Let ¢ € (0, %], m > 4 and T > 0. Then for any given uy €

H™ (0% R"™), any go € M™ Y, any g € CY([0,T]; M™1) with g(0) = go, and any
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v: [0, T x 0% — N, withv € X,,(T), there exists a unique solution u = u. 4, € X (T) of
(3.2.11) with u(0) = ug and this solution is furthermore so that u € L*([0,T]; H™(9%, g))

and so that the estimates

gl F oo o 13 0m 2.9y < €T 1(20) go I Fm (52,60 (3.2.13)

and
€||al/vm_1ug||%2([0,T];L2(8E,g)) < 260T||(u0>90”%{m(2,go) (3.2.14)

hold for a constant C' that only depends on m and numbers 0 < 1o, M, A < oo, which are

chosen so that for all t € [0,T],

inj(g(t)) = to, |0g()llamsgey < M,  [[(v(E))gwlmm (g0 < A (3.2.15)

We stress in particular that C' is independent of €.

1

In addition to this result, we will also show that for every ¢ € (0, 3], the mapping

(v, 9) — Ueyq s Lipschitz in the sense described in Lemma [3.4.4]

Combining these results on the map and metric component will then allow us to prove

that for suitably small T'= T'(e, ug, go, m) > 0, the map
U =W, .90 - U > Uey g,

is a contraction on a suitably chosen subset of X,,(T), see Lemma for details. We

can hence deduce that for each € € (0, %], the regularised system
1
Opie = — (e + Py.)0y, Ug., 0rge = épg(k(ugg,ga)) (3.2.16)

can be solved at least on a small, a priori e-dependent, time interval interval [0, 77].

The fact that the estimate (3.2.13) on the evolution of the H™ norm of the map
component is e-independent, combined with the uniform control on the metric component
obtained in Proposition [3.2.1] will then allow us to establish that these solutions of the

regularised system ([3.2.16f) indeed exist, and remain well controlled, on an e-independent
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time interval. To be more precise, in Section |3.4.2| we will show the following Proposition.

Proposition 3.2.6. For any m > 4, any 1o > 0 and any Ay < oo there exists a time
T > 0 and a constant C' so that for any initial metric go € M™ with inj(2, go) = 210
and any initial map uy € H™ 2((8%,go); N) with | (w0)go | Hm(s,90) < Ao the following

holds true.

For every 0 < e < 1 there exists a unique solution (u., g.) € X, (T)x C*([0,T]; M™ 1)
of the reqularised system (3.2.16)) with u.(0) = ug, g-(0) = go and on this e-independent

interval [0,T) the map component remains bounded by

() g | (2,9 < 2A0 (3.2.17)

while the metric component g. remains in the neighbourhood U C M™FL of gy obtained

in Lemma and is so that

19l o, mmm+1y < C. (3.2.18)

As neither T > 0 nor C' depend on ¢ > 0, we can exploit the above uniform bounds
on the solutions (ue,g.), € € (0, 1] of the regularised flow and pass to the limit
along suitable € | 0 to obtain a solution of our original problem on the interval [0, 7] for
T = T(Ao,t9,m) > 0 as in the above Proposition Iteratively applying this short-
time existence result, which yields a solution for an additional time interval whose length

is bounded away from zero for as long as both the injectivity radius and the H™-norm

remain controlled, we can hence deduce

Proposition 3.2.7. For every initial data (ug,go) € Hm_%((?Z;N) X M™H m > 4,
there exists a solution (u,g) € Xie(T?) x CL ([0, T); M™TY) to the coupled flow (3.1.9)

loc

on a mazimal time interval [0,T7), where T = oo unless either

lim inj(g(t)) = 0 or lim Jlu(®)]l (g = 0. (3.2.19)

In Section B.5 we will establish that the H™ norm remains indeed controlled for as

long as there is no concentration of energy. Combined with the analysis of potential finite
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time singularities of the map component that is carried out in Section following

[Str24], this will complete the proof of our main Theorem [3.1.4]

3.3 Analysis of the Metric Component

We will first carry out the analysis of the metric component in detail in the more difficult
case where our domain surface X is neither a cylinder nor a disc. We will discuss the
adaptions, and the significant simplifications, of this analysis for the case where ¥ is
cylinder later in Section and again recall that in the case where ¥ is a disc, the flow

reduces to the Plateau flow studied by Struwe in [Str24].

3.3.1 Basic Properties of the Set M(X) of Hyperbolic Metrics

Let X be an orientable surface of general type and let M(X) be the set of hyperbolic
metrics for which the boundary curves are geodesics as considered above. In this section
we collect some useful properties of these metrics which will be used not only in the
analysis of horizontal curves as considered in Proposition [3.2.1] but also later on in the

paper. To lighten the notation we will often use the short-hand
M, ={g €M :inj(X,g) = 1o} for 1,up >0 (3.3.1)

as well as M"t! = {g € M™! :inj(%, g) > 1o} and note the following.

Remark 3.3.1. It is easy to see that the subset of moduli space which corresponds to
metrics with inj(g) > ¢, to > 0 any fixed number, is compact. Hence the usual Sobolev
embedding theorems (for both functions and tensors) are all applicable on surfaces (X, g),
g € M,,, with constants that do not depend on the specific choice of metric g € M,,, but
only on ¢y > 0 (and of course the exponents of the involved Sobolev spaces and as usual
the topology of ). We also stress that all Sobolev spaces and norms are to be understood
with respect to the corresponding metric g (at the relevant time if ¢ is time dependent)

unless specified otherwise. We also note that while the Sobolev spaces H*(9%, g) and
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H*(%, g) of any order s are defined for all metrics g € M™% we will only ever consider
such spaces for exponents s < m to ensure that the spaces that we obtain are independent
of the choice of metric ¢ € M™% and note that the dependence on g of the corresponding

norms can be controlled as described in Lemma [3.3.8

We furthermore recall for such hyperbolic metrics on ¥, there is a neighbourhood

C(04, g) of each boundary curve o; of ¥ which is isometric to the hyperbolic cylinder
(0, X(0)) x S, 2(ds* + d6)), (33.2)
for £ = L,(0;) and with o; corresponding to {0} x S, where

X () = Z[Z — arctan(sinh £)], pe(s) = Llcos(£)] 7 . (3.3.3)

By passing to the double 3 and using the corresponding version of the collar lemma for
all simple closed geodesics, or exploiting the above remark, it is furthermore easy to see
that the lengths L,(c0;) of the boundary curves are bounded both away from zero and

from above uniformly for all metrics in g € M,,.

As a result, we obtain the following uniform control on the behaviour of the metric
on the neighbourhood C(9%, g) := |J;C(0i, g) of the boundary of such surfaces (¥, g),
geM,.

Remark 3.3.2. For any g € M,,, 1o > 0 any given number, estimates of the form
O<ce< X)) <Cand0<ec<p, <Con0,X(4)], ¥ :=Lyo;) (3.3.4)

are valid for constants ¢ > 0 and C' that only depend on ¢y (and as usual the topology of
¥), while for any k € N the estimate ||pg,)||crc(o,,9)) < C holds true for a constant that

additionally depends on k.

For each such surface we can hence in particular choose a cut-off function ¢ €
C*(C(0%,g)) with ¢ = 1 in a neighbourhood of 9% which is so that ||¢||crcos,q)) <
C = C(10, k) and so that dist,(supp(Ve), 9%) = (i) > 0.

On occasion we will also want to extend the unit tangent 7, and the unit normal
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v, from (0%, ¢) to this collar neighbourhood and will always do this by choosing the
vector fields which are given in collar coordinates by the fixed rescalings of the standard

coordinate vector fields

0 9]
T = pgi(O)_I% and v := —pgi(O)_I&_ (3.3.5)

We note that while this does not yield vector fields with unit length, this choice of ex-
tension is convenient since it yields 92U + 92U = 0 for any function U which is harmonic

with respect to g.

We note that for (orientable) surfaces ¥ different from the disc or the cylinder, it has
already been pointed out by Tromba in [Tro92] that the map g — H(g) is not integrable
in the sense of Frobenius’s theorem; that is, there exists no submanifold My of M(X)
(or of M71(X) for any finite m > 2) whose tangent spaces Ty My coincide with the

corresponding horizontal spaces

H(g) ={h eI (T*"SQT"E) s try(h) =0, divy(k) =0, h(vy,7y)es =0}. (3.3.6)

In practice this means that curves which are horizontal, i.e. whose velocity 0,9 at
each time is given by an element of the corresponding horizontal space H(g(t)) and which
start at a given initial metric gg will not be constrained to a finite dimensional manifold.
Conversely, in the case where X is a cylinder such horizontal curves are constrained to an

explicit 1-dimensional submanifold of M, compare Section below.

We also stress that the equation for the metric component of our coupled flow (3.1.9)
cannot be viewed as an equation on Teichmiiller space but that it is important to keep
track of the metric ¢(t) itself as different representatives g(t) = f;'g(t) of the same curve

in Teichmiiller space lead to different PDEs for the map component.

For the proof of short-time existence we will be working with metrics which are con-
tained in a small neighbourhood of a given gy € M™"! which is chosen as in the following

lemma.

Lemma 3.3.3. For every 1o > 0 and m > 2 there exists ro = ro(to,m) > 0 so that for
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each gy € Mg}oﬂ all metrics in the neighbourhood

U=U"TT={ge M™ : distym+1(go,9) < 70} (3.3.7)

go,To

of go are uniformly equivalent in the sense that
1 _ N
19 <g<dgforalg,gel (3.3.8)
and hence in particular so that
. L. .
inj(%, g) > §1HJ(E,90) > 1 forallgel. (3.3.9)

Furthermore, all metrics in U induce uniformly equivalent Sobolev norms in the sense that

there exists a constant C'= C(m, o) so that the estimates
vl r(s,g) < Cllvl mrs.g) and 12l e (s,) < CllR| v (s,5) (3.3.10)

hold true for all g,g € U, all 0 < k < m + 1, all functions v € H*(Z;R™) and all (0,2)

tensors h on Y whose coefficients are in H.

Remark 3.3.4. As explained in Section such metrics also yield uniformly equivalent

half-energies, namely are so that the estimate

Ei(v,g) < CEi(v,g) for all g,g € U™} (3.3.11)

1 1
5 3 go,ro

holds true for all v € H2(9%; R™) for a constant C' = C/(1o).

Proof of Lemma[3.3.3 Let U be as defined above for a number ry > 0 that we determine

below. Given any g; € U we can consider a curve of metrics g(t),t € [0, 1], with g(0) = go
and g(1) = g; so that fol 10:g (D) || rme+1(3,9(1))dt < 21 and we let ¢y € (0, 1] be the maximal
time so that (3.3.9)) holds for all metrics ¢(t) with ¢ € [0, #o].

As we have pointwise bounds of

d o
— | X
3 Xl

= [(09) (X, X)| < 18ugl, IXT; < |0ugll =z 1X1 (3.3.12)
for any vector field X on X and as the Sobolev-embedding theorem H?*(%, g) < L>(%, g)
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is valid with the same constant Cy = Cy(1g) for all metrics g(t) with ¢ € [0, o], we can

s log(1X15)| <

109z (z.9) < Col|Orgl| m+1(s,q) OVer

any subinterval of [0,%y] and use that fol 10cg]| srm+1(5,9)dt < 27 to deduce that
g(t) < e*%mg(t) < 2¢(1) for all t,f € [0, ], (3.3.13)

where the last inequality holds provided ry > 0 is small enough.

We conclude that the lengths of any curve o in ¥ with respect to two such metrics
are related by Ly (o) < V2L, (o). Since the injectivity radius of hyperbolic sur-
faces (3, ¢) is given by half of the length of the shortest curve which is either closed
and non-contractible or so that it connects two points of 03, we can hence deduce that

inj(X, g(t)) < v2inj(3, g(t)) for all ¢, € [0,%]. In particular,

inj(S, g(to) > Lini(S. g0) > 2ini(S. go).

so as ty was chosen as the maximal number £, < 1 so that | - ) holds on [0, tp] we must

have t; = 1.

The estimates on g(t) and inj(X, g(t)) obtained above are hence in particular applicable

for g1 = g(1) which immediately yields the first two claims (3.3.8)) and (3.3.9) of the lemma.

We can then use that pointwise estimates of the form

|5V ”| <C Z Vi drg(t) ‘V (ON

i<k

C = C(k) (3.3.14)

g(t)’

hold true for every k € {0, ..., m}, for all sufficiently smooth v : ¥ — R"™ and every curve
of hyperbolic metrics. As and Remark ensure that the standard Sobolev
embeddings H?*(X,g) — L*(X,g) and H'(X,g9) < L*%,g) are applicable with the
same constant for all g € U, and as the change in the volume element is controlled by

10t9l| £o=(5,), We can hence bound
sy | < ClO s s g 10l (s ) for some C = C(m, 10, %) (3.3.15)

for all k € {0,...,m + 1} and all functions v € H*(3;R") as claimed. Integrated over t
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this immediately yields the claimed equivalence of norms of functions, and we note that

the same argument also applies for tensors. O

3.3.2 Analysis of Horizontal Curves of Hyperbolic Metrics

The key tool needed for the proof of Proposition [3.2.1]is the following Lipschitz property

of the projection P,

Lemma 3.3.5. For any 1o > 0 and m > 2, there exist constants C < oo and r, €
(0,79), 70 > 0 as in the above Lemma m so that for any go € MITL the following

210

assertions hold true for every metric g in the neighbourhood U = U;gf{,ll = {g € M™FL:

dist gm+1(go, g) <71} of go in M™L,

Let PI' be the L*(X, g)-orthogonal projection from the space FSL%?E’Q)(T*E ® T*Y) of

symmetric (0,2)-tensors on X with finite L*(X,g)-norm to the horizontal space H(g).
Then for every h € T3, )(T*Z ® T*Y) and all g, € U we can bound

L2(2,g
1By ()|t 5290) < ClRILL1 (5.0 (3.3.16)

as well as

”PgH (h) — PgH (R rrm+1(32,90) < Cdist g1 (g, DA 21 (3,90) s (3.3.17)

and for any C*-curve of metrics g. in U, we have

10-PI (R rm+1(5.g0) < ClO=Gell rm1 (5,90 1l 11 (5.90)- (3.3.18)

We note that (3.3.16)) in particular ensures that the projection has a unique continuous
extension to the space I}, \(T"E @ T*X) of tensors with finite L' norm, and remark

that the above estimates remain valid if we compute some or all of the norms with respect
to g since Lemma ensures that the metrics in &/ and the induced H™*! norms are

uniformly equivalent.

Proof of Lemma[3.3.3. As in the introduction we let 3 be the Schottky double of ¥ and

let M™*! be the manifold of all hyperbolic metrics on 3 whose coefficients are in the
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Sobolev space H™! with respect to the fixed coordinate charts on 3. Given g e M
we let H(j) = H(X, §) be the space of all symmetric (0,2)-tensors on % which are trace
free and divergence free and let Pf be the L2(f], g)-orthogonal projection from the space

of (0,2)-tensors to H.

We now make use of Lemma 2.9 from [Rup14], which ensures that for every § € M1
there exists a neighbourhood U of § in M™*! and a constant C' > 0 so that PgH satisfies
the analogues of the claims on PgH made in Lemma While the results in [Rupl4]
are stated using a different notion of H™*! norm, there computed using a fixed set of
coordinate chart, we note that for each fixed go this norm is equivalent to the H™ (3, go)
norm which is computed using the Levi-Civita connection we use in the present paper.
The results of [Rup14] hence guarantee that there exists a neighbourhood U of Jgo and a
constant C' = C(go, m) so that for any L>-tensor hony, any gi, go € U and any Cl-curve

of metrics g. in U we have

”Pg(h)HHmH(i,gO) < CHhHLl(iQO)’ (3.3.19)
15} (h) = Pyl (M)l g1 51,50y < Cdistgmen (91, 32) 2]l 1. 5oy (3.3.20)

as well as
Hasp‘;s[(hf)HHmﬁ»l(iyo) S CHag‘QEHHMqLI(XALgO) HhHLl(i,Qoy (3321)

compare also Proposition 2.1 of [Rup14]. We now observe that since these claims are in-
variant under pull-back by diffeomorphism, and since the subset of moduli space that cor-

responds to metrics with inj(i, g) = 2ig > 0 is compact, we indeed obtain that the above

estimates (8.3.19)-(8.3.21) holds true on a ball U,z = {§ € M™ : distgm+1(g, Go) < 71}

whose radius 7; > 0 only depends on m and a lower bound 2iy on inj(f], go) and with a

constant C' = C(iy, m).

To deduce the claims of Lemma from these facts we can now argue as follows:
Given any h € I*V"(T*¥ @ T*Y) we extend h to the disjoint union S =% x {-1,1}
by simply setting fAL(p, +1) = h(p) for each p € 3. Away from 0¥, and hence almost

everywhere, this yields a well defined tensor h on the double 3 which is even with respect
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to 0X in the sense that
h(p, 1) (wy, wy) = h(p, —1)(wy,ws) for p € B\ L and wy 5 € TyX=Tp 2% (3.3.22)

In this way we can extend any L?-tensor field on ¥ to an L*-tensor field on the double
with even symmetry. We do not claim that for smooth h this extension always yields a
smooth, or even just continuous, tensor field h as some of the components of h can jump

across 0% in X.

To see this we can use the description and coordinates of the collar neighbourhoods
C(o;) of the boundary curves o; which we recalled in Section . On the corresponding
neighbourhood C(0;) x {—1,41}/ ~ of ¢; in the double (3, §) we can then work in the
coordinates that we obtain by identifying ((s,6),£1) with (4s,6). The components of
the extended tensor h in these coordinates at (£s,6) are so that h(£s,0) = h(s, 0)
and hgg(£s, 0) = hgg(s, 0) are continuous across % whenever h is continuous, but so that

~

hso(Es,0) = £hy(s,0) jumps unless hgy vanishes on 03, that is, unless h(vy, 7,)|sx = 0.

In the special case where we extend the metric tensor g itself in this way, the resulting

tensor ¢ is not only continuous but indeed smooth across 93 since py(s) = po(—S).

Similarly, the extension of any tensor h € H(g) yields an element of H(§j), so in
particular a smooth tensor. To see this, we first recall that such a tensor can be written as
h = Re(¥) for a holomorphic quadratic differential ¥ on ¥ which is real on the boundary
in the sense that in collar coordinates (s, ) near any o; we have ¥ = 1(ds + idf)? for a
holomorphic 9 : [0, X (£)) x S' which is real on the circle {0} x S'. The extended tensor
h is then given by Re((ds + idf)?) for ¢ defined by Re(i(%s,6)) = Re((s,0)) and
Im(p(£s,0)) = +Im(¢(s, ). As Im()(0,6)) = 0 on &% this function ¢ is holomorphic
on 3, and hence in particular smooth across 8%, and the extended tensor h = Re(1[}d22)
is an element of H (g) as elements of this space can be equivalently characterised as real

parts of holomorphic quadratic differentials.
sym

We now claim that to project a given h € I')5"(T*X ® T*¥) onto H(g) we can equiv-

alently first extend h to the even L2-tensor h on the double as described above, then
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project this tensor onto H , and, finally, again restrict h to . That is, we claim that

P (h) = P2 (h)]s. (3.3.23)

g

To see that this holds true, we split H = ]:Ieven < [:Igdd into the tensors with even or
odd symmetry with respect to 9%, respectively, that is, into tensors on 5 corresponding
to tensors h on ¥ x {—1,1} with h(p,1) = h(p, —1) for all p or h(p,1) = —h(p,—1) for
all p, respectively. As discussed above, the extension of any element of H(g) yields an
element of ﬁeven and conversely the restriction of elements of f]even to 2 is contained
in H(g) since the (s,6) component of such smooth even tensors on 3 must vanish on
dY. As the extension h of any h € I%"(T*Y ® T*Y) is even we hence deduce that

Pl(h) = ng{e”e" (h)|g. Combined with the fact that being even forces the extended tensor

h to be LQ(ZA], g)-orthogonal to H,qq, this gives (3.3.23).

As choosing rq := \%fd ensures that the extension of metrics g € Uy, ,, is contained in

the neighbourhood Z/A{go’f»l of go on which ({3.3.19)), (3.3.20) and (3.3.21]) hold, we can hence

immediately deduce the claims of Lemma from these properties of the projection

P that were proven in [Rupld]. O

Based on these Lipschitz estimates we can now deduce

Lemma 3.3.6. For any m > 2 and 1y > 0 there exist constants C,6; > 0 so that
the following holds true. Let go € M™! be any metric with inj(32, go) = 2u0, let h €
Cl([O,T];FSLZ{TEVQO)(T*Z ® T*X)) for some T > 0. Then there is a unique solution g €

([0, 71); M™HE) of
09 = P (h) with g(0) = go (3.3.24)

which is defined and remains in the neighbourhood U = Uy, », of go where both Lemmas
and are applicable at least until Ty := min(T, 61 /M) for My chosen so that

supjo. 1 ||l L1 (5,900 < My Furthermore this solution satisfies
Hatg<t>HHm+1(E’gO) < CHh(t)HLl(E,go) fOT CLH t € [O,Tl] (3325)

and the map h — g is Lipschitz, in the sense that the solutions g1 2 of (3.3.24)) to tensors
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hi2 with supg 7 P12l (s,g0) < My for some given My satisfy

diSth-H (gl(t),gz(t>> < Ct”hl - h’2HL°°([0,T1];L1(E7go)) fOT all 0 < t < Tl. (3326)

Proof of Lemma[3.3.6. Let go, U = U™, h and M; be as in the lemma and let T} :=

go,r1’

min(7, 6, /M;) for 6; > 0 to be determined below.

Given any curve of metrics g € C°([0,T}];U) we define

Gy(t) = go + /O t PX(h(t"))dt! (3.3.27)

and note that a sufficiently small choice of 6, = d1(z0, m) > 0 ensures that G,(t) € U for
all t € [0,7}] as the estimate (3.3.16) of Lemma allows us to bound

dlSth+1 (go, / ||h ||L1(E go < CMlt (3328)

for as long as Gy(t) is in U, hence ensuring that distgm+1(go, G4(t)) remains strictly less

than 71 on all of [0,T}] if 6; < C~'ry.

To obtain the desired solution of (3.3.24)) we now want to argue that a sufficiently small
choice of d; ensures that this map g — G,4, which we have just established is mapping

C°([0, T1];U) to itself, is a contraction.

Given gy 5 € CY([0, T1]; U) we can always choose metrics g4(t) € U, t € [0,T1],s € [1,2],
so that for each ¢ the curve s — g¢4(t) is continuously differentiable, interpolates between
g1(t) and go(t) and is so that ff 10595 (8) | m+1 (5, (1)) ds < 28upjg 7y) dist gm+1 (g1, g2), while
for each s the function ¢ — g¢4(t) is continuous away from a finite set of (s independent)

times ;.

As the estimate (3.3.28)) is applicable also for such piecewise continuous curves of
metrics ¢ — g(t) € U, the curves of metrics ¢t — G,(t) := G, (t), s € [1,2], which satisfy
(3.3.27)) for gs instead of g, are again contained in U for all ¢t € [0,71]. We can hence

exploit the equivalence of the induced H™*! and L!'-norms and apply (3.3.18]) to bound

10:Gs D)l am+1(m.6.0) S ClOG ()] rmss (2,90) < / 1050, G ()| 115,90y AT
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t
N O/o 105 Py 2y (R ()| zrm+1(,g) AT’
t
<o / 109 () | 11515y 1
0

< Cdy sup distym+1(g1, 92)
[Ole]

for every t € [0,77] and s € [1,2] and for a constant C' = C(t9,m). After reducing
01 = 01(to, m) > 0 if necessary, we hence deduce that

sup distym+1(Gy,, Gy,) < E sup distgm+1(g1, 92),

0.73) 2 o
i.e. that g — G, is indeed a contraction from C°([0, T1];U) to itself. As U is defined as a
closed ball of a complete metric space, we hence obtain the existence of a unique solution
g € CH[0,Ty];U) of from Banach’s fixed point theorem. We furthermore observe
that the claimed estimate (3.3.25)) is an immediate consequence of .

To prove the second part of the theorem we can argue similarly, except that we now
consider the family g, of curves that solve ([3.3.24]) for the family hy := (2—s)h;+(s—1)hs,

s € [1,2], of tensors that interpolates between the two given tensors hj,. The estimates

(3.3.16) and (3.3.18)) from Lemma are again applicable and now allow us to bound

10:0s5gsl| rrm+1.(5.g0) = 105 Py (hs) || 5rm+1.(5,90) < Cll0sgs () || zrm+1(5,90) M1 + Cllha — ha|l L1 (5,40 -

This allows us to deduce that

S[uﬁ) 10595 || m+1(5.,90) < C1 S[UI]) 10595 || m+1(5.g0) + Ctl[P1 — hall Lo (fo,17:L1(2.90))

0,t 0,t
for a constant C' = C(t9,m). After reducing d; = d1(¢p,m) > 0 further if necessary, we
can absorb the first term of the right hand side into the left hand side and integrate the

resulting estimate over s € [1,2] to obtain the final claim (3.3.26]) of the lemma. O

For the proof of Proposition [3.2.1], we can additionally use that the harmonic extension
depends continuously on the domain metric as described in detail in Lemma |3.3.8] This
immediately implies that the stress-energy tensors k(v,, g) satisty the following Lipschitz

estimates.
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Lemma 3.3.7. Let gy € M3 for some 1y > 0 and let U = U™, C M™ be the

2u0 90,70

neighbourhood of gy considered in Lemma m above. Then for any v,v € H%(aﬂ,go)

and any g,g € U, we can bound

1k (vg, 9)|I L1 (5,90) < CE1(v, go) (3.3.29)

1
2

and control the difference between the corresponding stress-enerqgy tensors by

[SIE

(v,90) + E (3.3.30)

1k(vg, 9) — (05, DL (2g0) < Cl v = D)ol (2.g0) (B (4, 90))

(v, 9o) (3.3.31)

1
2

+ Cdistym+1(g,9) - E

1
2

for a constant C that only depends on tg.

We are now finally in a position to complete the proof of Proposition for surfaces

3} of general type.

Proof of Proposition[3.2.1. Let 1y > 0 and m > 2 be any fixed numbers, let g, € M7

210

and let U = U".. be the neighbourhood of gy obtained in Lemma which we recall

go,T1

is so that also Lemmas [3.3.3| and [3.3.7] are applicable.

Given v € Xo(T), for X5(T') as defined in (3.2.1)), we let E be so that (3.2.5) holds
and note that ((3.3.29|) ensures that

1E(v(t)g, 9) |11 (3,g0) < CE for every t € [0,T] and every g € U,

where here and in the following constants C' only depend on ¢y and m.

Setting ¢ := §;/C for this constant C' and the number d; > 0 obtained in Lemma
3.3.6, we deduce from this lemma that for every g € C°([0, To];U), Ty := min(T,5/E),
the solution G, 4 of

0,Guy = Fa,,(k(vg, 9)) with §(0) = go (3.3.32)

is defined and remains in & on the whole interval [0, Tp]. The Lipschitz estimate ((3.3.26))
obtained in this lemma, combined with ([3.3.30), furthermore allows us to see that curves
of metrics G1o = Gy, obtained from (3.3.32)) for the fixed map v and for curves of
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metrics g1 o € C°([0, To); U) satisfy
sup distgrm+1(G1, G2) < CTollk(vg,; 91) — K(vg,, 92)ll o< (o,700:21(2.90))
0,70

< OTLE sup distym+1(G1, Gg) < C6 sup distym+1 (G, G2)

[0,T0] [0,To]

1
< = sup distgm+1 (G, G2)
[0,T0]

where the last estimate holds after reducing § = d(¢9) > 0 if necessary. Banach’s Fixed

point theorem hence yields the existence of a unique solution g, € C([0, Ty];U) of (3 -

Thanks to (3.3.16) and (3.3.29)), we can furthermore bound

10:g0 (0) | rms1(2.90) < CllE(vg(ey, 9(0) |1 (2,90) < CE(v(t), 90)

1
2

as claimed in (3.2.6), while a combination of (3.3.16)), (3.3.18)), (3.3.29), (3.3.30) and

B23) yields

1090 (t) — 8290 (D) | rm+1(2.90) < I (Pyutty — Pouiy) (k(vg, 90) (0) || 1 (5, 0)
+ |1B,, & ((k(vg,, 90) () = k(vg,, 90) (£)) | 5rm+1 (5.90)

< Cllistynss (gu(), 90D E + CEH (0(6) — 0Bl (50
for all ¢, € [0,Tp]. As the estimate (3.2.6)), which we have proven above, ensures that
distgrm+1(g0(t), 9.(8)) < CE |t — ],

this immediately yields the second a priori bound (3.2.7)) claimed in the lemma.

Given v and v which satisfy (3.2.5)) for some given E, we can then combine (3.3.26)
with (3.3.30) to see that for any t € [0, Ty,

SE(l)ll]J dist(gv, g5) < Ct||k(vg,, gv) — k(gy, 95)| Lo (0,411 (.90))
it

A 1 - ~ .
S CtE2|[(v = 0) g || Loo (0,731 (32,90)) + CLE s[uI]) dist gm+1(gu, 95)-
0,

After reducing 6 > 0 if necessary to ensure that CTyE < C6 < L, we can absorb the last

term into the left hand side resulting in the claimed Lipschitz estimate (3.2.8]).
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Similarly, (3.3.17)), (3.3.16) and (3.3.30]) allow us to bound

10:(g0 — g5) lrm+1(.g0) < (P, — Py ) (k(vg, s go)) | m+1(2,g0)
+ [| Py, (k(vg,, 9v) — k(Tg,, G5)) || Hm+1.(5,g0)

) - A1 .
< Cdistgm+1(gv, g5)E + CE2||[(v = 0)go || 513,90

which, when combined with (3.2.8]), yields the final claim (3.2.9) of the lemma. O

3.3.3 Simplified Analysis of the Metric Components for the Cylin-
der

We finally turn to the case where X is a cylinder where the above arguments simplfy
significantly since the horizontal space H(g) is not only 1-dimensional, but also so that
g — H(g) is an integrable distribution on the space M(X) of flat unit area metrics with
geodesic boundary curves. This ensures that every horizontal curve that starts at an
initial metric gy € M evolves in a 1-dimensional integral manifold My (go) € M(2). We
can hence either prove Proposition directly, using that the evolution of the metric
reduces to an ODE, or simply observe that the above proof still applies but that it can

be simplified in the following way.

Given a flat unit cylinder (X, go) with geodesic boundary curves, we can always intro-

duce coordinates (z,0) in which
Y = [—m 7] x 8" and gy = ga, := (27) *(ay *da® + apdh?), (3.3.33)

where qg is determined by the length ¢y = L, (01) = Ly, (02) of the boundary curves via

ap = % and related to the injectivity radius by inj(go) = % min(ag, ay*)'/2. It can then be

1
2

easily checked that the one-dimensional submanifold
My = {ga := (2m) 2 (a'd2? + adf?) : a > 0}

of M is an integral manifold of g — H(g), i.e. that T,My = H(g) for all g € Mpy. One

way to see this is to set s := a~'x to obtain coordinates (s,#) in which g, is conformal
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to the standard cylindrical metric, namely given by a(27)~2(ds® + d#?), and use that in
these coordinates each horizontal tensor can be written as h = Re(¢)(s + i0)(ds + idf)?)
for a function ¥ which is holomorphic and real on the boundary curves and hence given by
¥ = ¢ for some ¢ € R. Thus, each such h is given by h = ¢(ds* —d6?) = c(a?dz?* —db?) =
—c(27)%00Ga.

Instead of working with metrics g in a full H™*! neighbourhood of gy in M™*!, the
existence of such an integral manifold means that it suffices to consider metrics in a
neighbourhood U(ga,) = {ga : a0 < a < 2a0} of gy = gq, in this explicit 1-dimensional
set. These metrics trivially satisfy the equivalence properties stated in Lemma |3.3.3
while the properties of the projection onto H(g) for metrics g € U(go) are an immediate

consequence of the explicit formula

Pg{j(h) = ||aa9a||z22(z,ga)<h’8a9a>L2(Evga)aa9a

a2

= 2(271’)4 <h7 a72d])2 _ d92>L2(E,ga) (a*QdIQ _ d92) )

The proof of Proposition in this simpler case, can hence again be obtained based on

a fixed point argument as carried out above.

3.3.4 Dependence of Key Quantities on the Metric

In the next section we will often need to switch back and forth between norms computed
with respect to different metrics. For this it is helpful to record that while a change in
metric g leads to a change of the harmonic extensions and of the Sobolev norms of maps,
these changes are well controlled along horizontal curves of metrics as considered here, as
we can combine the estimates on the H™*! norm for the velocity of such curves obtained

above with the following basic lemma.

Lemma 3.3.8. For any integer m > 2 and any 1y > 0 there exists a constant C' so that

the following holds true for any curve g € C*([0, T]; MH1).

102



For any j € {0,...,m} and any v € H/(X) we can bound

%||V§U||%2(E,g(t)) < C”atgHHm(Evg(t))||U‘|?{j(2,g(t)) (3.3.34)

while for maps in v € HI2 (%) we can also bound

J
< CHatgHHerl(E’g(t)) Z ||ngUH%2(827g(t))' (3335)

1=0

%’|V§U||%2(az,g(t))
Furthermore, the change of the harmonic extension of any f € Hm*%((?E) s bounded by

10:[(f)gy lm =gy < CllOGE) |am (.90 1) gl m(=.900)), (3.3.36)

and the change of the half-energy by

B (f,9(t)| < Clowglle(zge) Ea (f, 9(t). (3.3.37)

1
2

In particular, if M is chosen so that ||0g||pm(z,e) < M on [0,T] then we can bound

1) gteo) | Fm s gty < €M) g 1im (g0 Jor all ton € [0,T] (3.3.38)

as well as

[0l (2.g010)) < eC‘tO*tﬂM||v||§1m(z,g(tl)) for all ty, € [0,T). (3.3.39)

Proof of Lemma(3.3.8 We first note that the estimates (3.3.34) and ([3.3.35]) follow from

the pointwise estimate (3.3.14)), the fact that the change of the volume form 0,dvyu) =
1tr(8,9)dvy is controlled by [|9,g]| = (s and that H™ (X, g) embeds into both W™ 14(%, g)

and L> (X, g).

The estimate (3.3.37)) for the half-energy is a direct consequence of the formula (3.1.4))
for the variation of the half-energy and the estimate (3.3.29)) on the stress-energy tensor.
It thus remains to control the evolution of the harmonic extension. For this, we can use

that 9;(fy)) = 0 on 9% to apply standard L? elliptic estimates to bound

10:(fay) lzm (=g < Cl A0 O ( o)) | Em—2(2.90)) (3.3.40)

= O = 0:Agt1e) for) ‘€:0||Hm—2(z,g(t)) (3.3.41)
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< Clloegllam sl fowyllmm (=g (3.3.42)

where the second step follows since Agy) fo) = 0 for all £. O

3.4 Analysis of the Map Component

In this section we complete the analysis of the map component that is required to establish
the existence and properties of solutions of our coupled flow for initial maps ug €
H™ 2(8%; N), m > 4, claimed in Proposition [3.2.6 As outlined in Section we will
proceed in several steps, first considering the linearised and regularised equation (|3.2.11]
for given curves of maps v and metrics g, see Section then the non-linear, but
still regularised, coupled system of equations , see Section before using the
obtained uniform control on the solutions of these auxiliary problems to deduce the desired

short-time existence results for our flow (3.1.9)), in Section [3.4.3|

3.4.1 Analysis of the Linearised and Regularised Equation ((3.2.11))

for u

The main goal of this section is to establish the claims made in Proposition about the
existence and properties of solutions of (3.2.11]) for given curves of maps v : [0, 7] x 9% —

N,, and metrics g as described in this proposition. For this it will be convenient to write

this equation ([3.2.11)) for short as
Oyt = Qe w0y, uy for Q. = —(eld + P,),

where we recall that the chosen extension of the projection is so that P. = P,y on the
closure of N,. This in particular ensures that P. is an orthogonal projection on N, and
hence the matrices (eId+P,) are invertible for z € N, and further the maps x + (eId+P,)

and z +— (eld 4+ P,)~! are smooth on N,,.
If it is clear from the context what ¢ and v are we will drop the indices and simply write
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Q = Q. to lighten the notation and similarly, we will often drop references to the metric
for geometric quantities and operators, such as volume forms dv, = dv, ds;, = ds and
gradients V, = V| in situations where we only work with one, possibly time dependent,
curve of metrics and continue to use the convention that all Sobolev spaces of maps from
Y or 0¥ and their norms are to considered with respect to g at the relevant time unless

indicated otherwise.

As in [Str24], we want to use Galerkin’s method with Steklov eigenfunctions to estab-
lish the existence of solutions to this linear equation (3.2.11)). To use this method, we
first consider the problem for a time-independent metric g, to allow us to work with time-
independent finite dimensional spaces of functions. To simplify the proof of the regularity
of weak solutions, compare Lemma |3.4.2] we will furthermore initially also only consider
maps v which are independent of time, and will later remove both of these restrictions by

using a time-discretisation argument.

Lemma 3.4.1. Let ¢ € (0,3], T > 0, g € M? and v € HY?(0%; N,). Then for any

'3
ug € H%((?E;R”) there exists a unique weak solution u : [0,T] x 0¥ — R™ of (3.2.11])

with reqularity
u € H'([0,T); L*(0%)) N L*([0,T]; H'(9%)) and u, € L*([0,T]; H' (X))

whose L*(0X) trace at t = 0 is given by ug. Furthermore, along weak solution with this

reqularity we have

d 1
g9 < —§Hatu||%2(az)- (3.4.1)

Proof of Lemma([3.4.1. As g is independent of time, we can consider a fixed orthonormal
basis o, 1, . .. of L*(9%) which consists of Steklov eigenfunctions corresponding to non-

decreasing eigenvalues 0 = A\g < A; < A\p < -+, i.e. functions ¢; : 0¥ — R with

0,[(¢7)s) = Ay on OF.
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and work with the R"-valued span
¢
V= {u:@Z —HR”:U:ngjbj for some b; GR”}.
=0
For any ¢ € N, we consider the functions wu,(t,x) = Zﬁ:o aji(t)pi(x) € C([0,T); Vo),
and their harmonic extensions U, = (ug),, which are chosen so that u,(0) is given as the

L*(9%)-orthonormal projection of uy onto V, and which are so that

Orug - vds = Q(0,Up)vds for allv eV (3.4.2)
oy o%

holds at each time in [0,7]. As 0,U(t)|ox = Z?:o aj(t)Ajp; € Vi at each such time,
and as the ¢; are orthonormal, we can obtain these functions u, simply by solving the

corresponding system of ODEs

¢
Dhaje = N [ Qla)pipyds, 0<j <4,
i=0 0%
with the initial condition

a;¢(0) = a;(uo) ::/ uppjds €R™, 0 < j < /L.
)Y

As (3.4.2) is in particular applicable for v = d,ue(t) € V; and as AU, = 0 we note that

the energy of these Galerkin approximations decays according to

1d
§EHVU€H%2(E) = /(V@tUg, VU()CIU = aﬂu . ayUgdS
% ox
=/ Q(0,Uy) - 0,Upds = —e||0,Uel| 7205y — 1 PO Ut 7205y (34.3)
1

< —§Hatue||%2(az)a
where the last step follows since P. is an orthogonal projection on N, and hence
||atuf||%2(az) = [l(e + Pv>8VUfl|%2(6Z) = 52H5’VU12||%2(32) +(1+ 2€)HP08VUZH%2(8E)7
and since ¢ < % We can hence deduce that

Sup VU2 (sy + 190te o 10wy + N0 UelEa o oy < BIVUO) By (344
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which also ensures that

1
1U(®)]2(s) < Cllue(t)ll2ox) < C([lwe(0)] 2 o5y + T2 |0puell L2(o.11%05) )
< CNU0) 171 )
for every t € (0,71, for a constant that is allowed to depend on 7" and a lower bound ¢

on inj(g), but that is independent of £. Hence we have that

HU4||%<>0([0,T];H1(2)) + ||atuf”%2([0,T]><82) + €||8VU5H%2([O,T]><BE) < CHW(O)H?{l(z)a (3.4.5)
again with a constant C' = C(T', ).

By construction, [[ue(0)||z2as) < ||t 2(o5) since u(0) is the L*-orthogonal projection
of ug onto V;. Importantly, the analogous H'(X)-estimate || VU (0)||z2(x) < |V (uo0)yl 22(x)

also holds, since the relation

Ou(pj)g - wds = )\j/ p;jwds for every w € H%(GZ)
ox

[ () Tt =

ox
1 :
ensures that the A; > (¢;)g,7 > 1, are H'(X)-orthonormal and that Uy(0) —ao(ug) can alter-

natively be obtained as H'(3)-orthogonal projection of (ug), onto the span of (¢1), - -, (¢¢),-

Combining the resulting uniform bounds

1Ue(O)lzr1 ) < CUIU0) [ 220 + IVUe(0)]| 22(3))
< C(lluoll2om) + 1V (uo)gllz2s)) < Clluollms)
on the initial maps Uy(0) with the ¢-independent estimate thus allows us to conclude
that the functions U, = (uy), are uniformly bounded in L>([0,7]; H'(X)) and, as € > 0
is fixed, that the functions dyu, and 9,, U, are uniformly bounded in L*([0, T] x 9%). This
allows us to pass to a subsequence, still indexed by ¢, along which U, converges weak-* in
L>([0,T]; H'(X)) to a function U = (u), and along which d,u, as well as 9,, U, converge

weakly in L*([0,T] x 9%) to dyu and 9,,U, respectively.

This function hence has the regularity asked for in the lemma and since u, satisfies

T T
/ / Orug - wds,dt = / Q(0,(ug)g) - wds,dt (3.4.6)
o Jox o Jos
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for all w € C*([0,T]; Vi), we find that u satisfies (3.4.6) for all w € (J;Z, C>([0,T]; V})
and is hence a weak solution of (3.2.11)) as required.

We furthermore observe that for solutions u of this regularity, the computation carried
out in (3.4.3) yields the claimed estimate (3.4.1) on the decay of the energy. Finally we
note that as our equation is linear this in turn ensures the uniqueness of the solution in

the considered class of functions. O]

We recall that in the case of ¥ = D discussed in [Str24], improved regularity of
these solutions for initial maps satisfying stronger regularity assumptions was obtained
by establishing uniform estimates on the Galerkin approximates in higher order Sobolev
spaces. In the present setting this argument is no longer applicable since for general
surfaces we cannot expect derivatives of ;. to be contained in V}; and hence cannot use

these functions as test-functions in (3.4.2]) above.

However, we can easily circumvent this difficulty by differentiating (3.2.11)) in time.
Since v and ¢ are time independent, this leaves the equation unchanged allowing us to use
a simple iterative argument that combines Lemma with the fundamental theorem

of calculus.

Lemma 3.4.2. Let ¢ € (0,3], T > 0 and m > 2. Then for any g € M™, any

v E Hm*%((aZ,g); N,)) and any ug € Hm*%((ﬁE,g);R”), the corresponding solution u of
(3.2.11) obtained in Lemma has regularity

u € L*([0,T); H™(9%)) and u, € L*([0,T]; H™(X)).

We note that this claim on the regularity could be equivalently stated as
u € L*([0,T]; H™(9%)) N Xwu(T, g)

since dyuy = (Qd,u), € L=([0,T]; HY(2, g)) if u, € L=([0,T]; H*(X)).

Proof of Lemma[3.4.3. We first consider the case m = 2. We let w be the solution to
(3-2.11)) with initial data wg := Qy .9, (ue), € H2(9%;R™) obtained in Lemma [3.4.1, We
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then note that
t
w(z,t) == up(x) +/ w(x, t)dt’
0

not only satisfies the initial condition @(0) = ug but also solves (3.2.11]). Indeed, since
v and ¢, and hence also () and v, are independent of time, the harmonic extension ,

satisfies

Q0,iiy(t) = Q0 (ug)y + /O t Q0w (t')dt' = Q0 (ug), + /0 t Dw(t)dt = w(t) = dya(t).

By the uniqueness of solutions of established in Lemma , we thus have u = @
which implies that Qd,u, = du = w € L>([0,T); H2(d%)) N L*([0,T]; H*(9%)). As
z +— (eld + P)~! is smooth and as v € H*?(9%) we thus find that both d,u, and dyu are
in L>([0,T); Hz(8%)) N L2([0, T); HY(8%)). Elliptic regularity hence allows us to deduce
that u, € L>([0,T]; H*(X)) N L*([0, T); H*(9%)), and that d,u, € L>=([0,T]; H'(3;R")),
which gives that u € X5(T, g) N L([0, T]; H*(0Y)) as claimed.

The claim for general m > 3 can now be obtained by iterating this argument. O

We next establish the following a priori estimates on the H™(X)-norm of solutions of

equation (|3.2.11f), where we note that we now also allow g and v to depend on time.

Lemma 3.4.3. Let m >3, T >0, g € C'([0,T); M™) and v : [0,T] x L — N, with
v € Xn(T,g). Then for any 0 < e < L and any solution u of (3.2.11)) with

u € L*([0,T); H™(0X)) and u, € L>=([0,T); H™(X)) (3.4.7)
we can bound

g (D712 g0) + 5100V g1 T2 0.01200m.0) < €7 N@(O0)) g [ Frmsgoy — (3:4:8)

for every t € [0,T] and for a constant Cy = C(tg, m, M)A™ where A > 1 and 1y are as in

(3-2.15) while M is chosen so that ||0wg|pm(s,g) < M on [0,T].

We stress that the constant C is independent of €, and it is this key feature of the

above lemma which will allow us to obtain a solution of the original problem from solutions
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of the regularised equation as € — 0 later in Section [3.4.3]

We note that as our domain surface is in general not flat, we cannot expect higher
derivatives to commute, which results in many additional error terms when compared

with the case of ¥ = D treated in [Str24], though these will all be of lower order.

Throughout this proof and also later on in Section [3.5 we will also often want to
exchange the order in which operations such as derivatives, projections and harmonic
extensions are applied. To do this efficiently, we have collected the relevant estimates

on the resulting commutator terms in Appendix [B] see in particular Lemma and
Remark [B.0.2]

Proof of Lemma[3].3. As (3.4.7) ensures that d,u, € L*([0,T]; H" '(9%,g)) we have

that also dyu = Q. ,0,u, € L*([0,T]; H" (9%, g)), which gives us sufficient regularity to

compute

d d

&HU‘QH%M(E,Q) = &L_OHUQ('+€)|’12‘Im(2,g(~+5)) + 22 /Z(Vjug, Vj(é?tu)g>dv
- =

< Cloglm g lltg iy +2 3 / (Fug, Vi (Byu),)do,
j=0

where we use of Lemma in the second step and recall that ||0ig||gm g < M. The
claimed estimate (3.4.8) hence follows once we establish that J; := [ (V/ug, V7 (dyugy))dv
satisfies

Jj < C(1+ [[vg|lFmsy) g 3m sy for j =0,1,...,m —1 (3.4.9)

while

T < =51Po0, V™ ugll72 o) + C(1+ [[0g]l7m () g 1 rm (s (3.4.10)

where here and in the following C' denotes a constant that is allowed to depend on ¢y, m

and as usual our setting, but that is independent of ¢.

The required bound (3.4.9) on the lower order terms immediately follows from the

estimate
||vj(atu)g||L2(E) = ij (531/“9 + Pv@vug)gHL?(E) (3.4.11)

110



O+ gl gt gyl smos sy + Clutglamisy (3.4.12)

which we can e.g. obtain by observing that || P, V70, u| 12y < [[V/0,ul| 12y < |Jugllames),
compare (B.0.3)), and that each P,V’0,u—V’(P,0,u,), can be thought of as a commutator
term C;(vy, ug) of the form (B.0.19) for which Lemma is applicable.

To estimate the leading order term .J,,, we integrate by parts to rewrite

I = / 0,V 1y, V™ HOpu) g)ds — / (AV™ Ly, V™1 (Ou) ) dv
[2)>

by

:—5/ (8,,Vm_1ug,vm_l(8,,ug)g>ds—/ (&,Vm_lug,Vm_l(Pv&,ug)g)ds
%

o)

+ erry

and exploit that u, is harmonic, and hence |[AV™ lug||r2s) < Cllugllpm(s), as well as

to bound the resulting error erry := [, (AV™ luy, V"1 (yu),)dv by

erry < Cllug |l IV Qg rasy < O+ llogllimta ) lugllfimes)- (3.4.13)
We now further rewrite

I = —€||3yvm_1ug||%2(82) - ||PU8,,Vm_1ug||ig(aE) + erry + erry + errs (3.4.14)
for

erry = /ém(@,,vm_lug, P,V Y 0,u,)y — V" (P,0,uy),)ds
and
errg 1= ¢ /82 (0,V"™ uy, 8,V uy, — V™1 (d,u,),)ds

+ / (8,V™ g, P, (0,V™ g — V™ (D)) )ds
)

= /62 (e, V™ uy + P,0, V" tuy, 0,V tu, — V™ (,uy),)ds
Thanks to (B.0.3]) we can bound

errs < Ce[0,V™ g | 2oyl sy + ClPD,T™ My | 20 g1 s
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m— 1 m—
< €0,V 1“9”%2(32) + §||Pv8,,V 1“9”%2(32) + C||Ug||fqm(2)

where we stress that C' is independent of ¢ € [0, %] To bound err,, we note that

Crn-1(vg,ug) = P, V™" Y Dyuy)y — V" (P,0yuy)y and VCp,_1(vg,uy) are commutator
terms of the form (B.0.19) (for j = m—1 and j = m, respectively) and that Lemma[B.0.1]

hence in particular implies that

[ Conms (0, )12 < CL gl Fomgsy) gy (3.4.15)

Rewriting erry as an integral over the surface and using again that AV™ !, is of lower

order we hence obtain that

errgz/ <8VVm_lug,Cm,1(vg,ug))ds
ox
< L(Vmugvvcml(vmug»dv +C“AvmilugHLQ(E)||Cm*1(vgvug)HLQ(E)

< C (14 (gl Fimsy) g l7gm s3)-

Inserting these error estimates into (3.4.14)) yields the claimed bound (3.4.10|) on .J,, and

hence completes the proof of the lemma. O

We can now combine the above lemmas with a time-discretisation argument to estab-
lish the existence of solutions of (3.2.11]) of this regularity for time-dependent g and v as

claimed in Proposition [3.2.5]

Proof of Proposition[3.2.5. As we have already established the claimed a priori estimates
in Lemma above, it remains to show that to any ¢ > 0, T" > 0, g, v and ug as in
the proposition there exists a unique solution v € X,,,(T) N L2([0, T]; H™(0X)) of (3.2.11)

with u(0) = .

To prove this we want to apply a time-discretisation argument in which we solve
(3.2.11) for maps and metrics (0, §) which are piecewise constant (in time) in place of

(v,g). To this end, given any partition to = 0 < t; < ... < tx < tgy1 = T of the time

interval, we can first use that ug € Hm—%(az, g(to) = go) to apply Lemmas |3.4.1|and |3.4.2|
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on [0,#] to obtain @ € X,,([0,#],g(t0)) N L3([0,1]; H™(9%, g(to))) which solves (3.2.11])
with v(te) and g(to) in place of the time dependent v and g. As the spaces H™ 2 (9%, g(t))
all coincide, compare Lemma , we obtain that @(t;) € H™ 2(9%, g(t1)), so can iterate
this argument to obtain @ € X,,,(T, g) N L*([0, T]; H™(9%, g)) which solves for the

piecewise constant in time metrics and maps (g, 0)|,_, .4 = (9, v)(tk—1)-

On each individual interval [t;_1,%x) the assumptions of Lemma are satisfied
so we can control the evolution of ||@(t)||gm (x5 by the estimate (3.4.8)) obtained in this
Lemma [3.4.3, Since the bounds on the H™-norm and injectivity radius in (3.2.15)) hold

for the same numbers A and ¢y also for © and g, we hence obtain that
||(f‘(t))§(t)”%1m(2,g(t)) + %Havvm_lug||%2([tk_l,t];m(az,g(tk_l)))
< eI (@(tk-1)) 3000 I (2 5000
for every t € [ty_1,tx) and for a constant Cy = C(tp, m, A).

We note that while the map u(t) : 0¥ — R™ is continuous across the times ¢;, since the
metric jumps at t;, its harmonic extensions (%(t))g«) and the corresponding H™ (3, §(t))-
norms may jump. This jump is however controlled by the estimate from Lemma
B.3.8 which ensures that

||(71(tk:))§(tk)H?{m(z,g(tk)) < M=t th/% H(a(t))é(t)HlQHm(z,g(t)) (3.4.16)

for a constant C' = C(iy,m).

Combined with (3:4.8) we hence deduce that the harmonic extension U = (@); ob-

tained from any such @ is so that

101 500 + 510 V5 T Ul oz omay < €N w0)gollim s go) (3.4.17)

for every t € [0,T] and a constant C' = C(ig, m, A, M). Combined with standard elliptic
estimates and Lemma this hence yields uniform bounds of

1o o135 (2.90)) T ENVT U N2 0.11.2208.90)) < Cll(10)go Iz (5.40) (3.4.18)
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C = C(1o, T, m) for all U = (i) obtained by such a time discretisation.

Applying this argument for a sequence (g, 9¢) which corresponds to partitions whose
mesh-size tends to zero, we can hence pass to a subsequence so that the resulting maps
Uy = (iig) 5, converge weak-x in L= ([0, T]; H™(Z, go)) and weakly in L2([0, T]; H™*2 (%, go))
to a limiting map U € L([0,T); H™(X, go)) N L2([0, T]; H™+2(%, go)). Since Ay, Uy = 0
for every ¢ and since g, — ¢ in L>([0,7]; M™ (X)) we must have A,U = 0, and can

hence view U = u, as the harmonic extension of the weak limit u of the traces .

As maps in X,,,(T) are continuous on 0% x [0,7], compare Lemma below, we
can additionally use that ¥, converge to v uniformly on [0,7] x 3 to pass to the limit in

Oyup = — (e + P,De)aygé U, to obtain that wu is the desired solution of

= (= + P)DLU = ~(e+ )0y with u(0) = uo

Finally, to establish the uniqueness of solutions of the given regularity to this linear
equation it suffices to exclude the possibility that there is a non-trivial solution that evolves

from uy = 0 and this follows from Gronwall’s inequality as any solution of (3.2.11]) satisfies

(u,9) = %E% (u, g(- +6)) — 5||angHQL2(az) - HPvav“gH%?(aZ)

< C(Lo)ME1(u,g). (3.4.19)

1
2

[]

In addition to the properties of the solutions u = u., 4 of (3.2.11]) that we have just
established, we also show that the dependence of this solution on curves of maps v and

metrics g is Lipschitz in the following sense.

Lemma 3.4.4. For any 1o > 0 and M,A < oo, there exists a constant C' so that the
following holds true for every 0 < & < % and any 0 < T < 1. Let m = 3, let (ug,go) €
Hm—%(E)E; R™) x Mg}jl, let U = U™ be the neighbourhood of gy from Propositionm
and let vio € X, (T) and g2 € CY([0,T);U) be any pair of maps and metrics such that
012(0% x [0,T]) C N, (v12(0),912(0)) = (uo,90) and for which holds for this
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m =3, M and A. Then the corresponding solutions u; = Uey, 4,, © = 1,2 of (3.2.11)) with

initial conditions u;(0) = ug satisfy

t
Sup V4,02~ 1) s+ 102 = 10
’ 0

< Ceesup (dists (g1, 92) + 02 = 00 i)
it

for all 0 <t <min{T,§/M?}, where 6 > 0 is as in Proposition |3.2. 1.

We note that we can of course apply this lemma also for any other choice of m > 3
since we can assume that the neighbourhoods U* = U*(gy) are chosen so that U**! C (*
and since increasing the exponent m simply strengthens the assumptions while leaving

the conclusions invariant.

Proof of Lemma([3.4.4. We first note that w = uy — u; satisfies an inhomogenous version

of equation ([3.2.11]), namely
ow = —(e+ P,,)0,,wy, + f, (3.4.20)
where v; = v, and where f = fi + fo + f5 for

Ji= (g4 Pu)0u, ((u2)g — (u2)g,)

f2= (5 + PUI) (am - 81/2) (u2)927

f3= (PUI - PU2) avz(uQ)gz'
We furthermore note that (u;), and (u2), are uniformly bounded in H™(X, g;) since
Proposition yields uniform H™(3, g;) bounds on (u;),, and since the dependence of

the norms and the harmonic extension on the metric are controlled by Lemma [3.3.8, We

can thus apply this Lemma to bound the error terms by

I fillz205.91) < 2[100, ((u2)g, — (U2)g,) [[22(05,9) < Cdistym (g1, g2)
I f2llz20.91) < 2] (O, — Ouy) (U2) g, || 12(0m,g1) < Cdistgm (91, 92) (3.4.21)

I f3llz2@m,1) = || (Poy = Poy) Oy (U2)g, |l 22(85,91) < Cllva — v1ll22(05,1)
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at any time in [0,7] and for C' = C(ip,A). We can furthermore compute

$B1(w, 1) = /Z (Vg1wg,, Vg, 0wy, ) g, dvg, + | s_oB1(w, gi(t +0)) (3.4.22)
= —£|8y, g, 17295, 91) = 1Py O Wy, 17205191 (3.4.23)
+/ Dy wy, - fdsg, + d%|6:()E%(w,gl(t +9)) (3.4.24)

ox

and note that (3.3.37) allows us to bound %‘5=0E% (w, 01(t +6)) < CEs(w, g1) for C' =
C(M,p). We can hence apply Young’s inequality and use the above estimates (3.4.21])

on f = f1 + fo+ f3 to deduce that

1
Ey(w,01) < =5ell00 w0, 7205,00) = 1P [72(05,) + CEy (w0, 1)

1
2

&l e

+ C= (distBa (g1, 92) + 12 = Vil omgn) )

so as w(0) =0 and T < 1, that

t
IV 9w, ()1 2251 (1) + /0 ellOnwg, I7295.g1) 1 Por Oy gy 72056,y

< C’a_lts[ullo (diStCS(gl,QQ)Q + ||ve — Ul”%?(az,gl)) .
0.t

This immediately implies the claim of the lemma since |Oyw| < € |0y, Wy, |+| Py, Oy wg, |+ f,

for f controlled by (3.4.21)), and since ||vy — v1||r2(95,61) < Cl[(v2 = V1) g, | H1(,91)- O

3.4.2 Analysis of the Regularised Coupled Flow

We now want to establish the existence of a solution of the non-linear, but still regu-
larised, system ([3.2.16)) based on the results on the metric obtained in Section and the
properties of the solutions u.,, of the regularised and linearised equation (3.2.11). To

this end we show the following.

Lemma 3.4.5. For any ¢ € (0,%], m > 3, w,dy > 0 and Ey,\g < oo there eists
T > 0 and Cy = 2 so that the following holds true for any gy € Mg}jl, the cor-

responding neighbourhood U from Proposition and any uy € Hm*%(aZ;Nn) with
“(uO)goHHm(E,go) < Ao, E% (Uo,go) < Ey and dlst(u()(@Z), 8Nn) > d().
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For any v in the set
S ={v € Xin(T) : v(0) = o, [[vg || X, (1,90) < A := Colo, E1(v(t), 90) < 2Ep}

the unique solution g, of (3.2.3) with g,(0) = go and the unique solution u. 4, , of (3.2.11)
with u(0) = ug are defined on all of [0, T] with g,(t) € U and u(t)(0X) C N, for0 <t < T,
and the map

V=W, 000 V> Us g, v

maps the set S into itself and is a contraction with respect to the norm
o1 = s 10Ol + [ [ 100 syt

For the proof of this lemma, and in the next section, we will use that the spaces X,,

have the following useful properties.

Lemma 3.4.6. Let go € M**! for some m > 2 and 1o > 0, and let X,,(T, go) be as
defined in . Then the harmonic extension v — vg, 1S a compact operator from
(X (D), || - Nl (xom(T)g0)) to C°([0,T]; H™ (X, go)) and there exists a constant C' = C(o)
so that

1
[o(t) = v(s)|lco@s) < Cllvllx,, [t — ]2 (3.4.25)

for any v € X,,,(T, go) and for all t,s € [0,T].

Remark 3.4.7. We note in particular that if v € X, (7T}, go) is so that vy := v(t = 0) maps
0% into N, and if A is so that [jv]|x,, < A then we are guaranteed that v(t)(0X) C N,
at least for times t € [0, T3], where Ty := oA 2distg. (vo(9%), ON,) for a constant ¢y =

CO(LO) > 0.

Proof of Lemma([3.4.6. The first claim follows by combining the compact embedding of
Whee([0,T); HY(Z, go)) < C°([0,T]; L*(%, go)) and the interpolation inequality

1 Em1(5,g0) < ClF 2o [ £z gy € = Cleoym)

which follows inductively from || f||%,. < C/|| f||gx-1|| f||g++1, compare also Theorem ([A.2.3).
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To obtain the second claim it suffices to note that the trace operator is continuous

from H2(%) into C°(9%) and that for any 0 < s < ¢ < T, we can bound

[v(s) = v(?) ) S Cllv(s) —v®)ll2sgn[0(E) — () (20

2
HH% (2790

t
< C||U||X2/ 10w (E) | 200t < Cllolk,, |s =t

O
For the proof of Lemma [3.4.5| we will furthermore use that
1
[ PoOvtigll irzos.g) < C(1+ E1(v, 9)2)llugl 3, (3.4.26)
and hence that

1@w)gll 1 (2.9) < CllOrull 125,
< chHal,u‘q”Hl/Q(aE’g) + OHPvayuQ”Hl/Q(aE,g) (3427)

1

S C(1+ E1(v,9)7)|lugll (s

along any solution u = W(v) of (3.2.11]) as considered in Lemma |3.4.5]

We note that to obtain (3.4.26) we can use that if f; € H2(0%) and f, € H3/2(9%)
then the product ffs is in H/2(9%) with

||f1f2||H1/2(82) < C||f1||H1/2(82) ||f2||H3/2(32)

and that || B[ g1/2(05) < C(1+ ||v]| g1/2(95) since x — P, is smooth, hence allowing us to

bound

[ Po0uug|l 12 a5y < C(L + [0l m120m) | Ovtgl 5372 o,

C
SO+ Ey(v,9)2)lugllms ).
Proof of Lemma[3.4.5. We first recall from Remark that if we choose
T S CoA_ng,

then v([0,T] x 0X) C N, for all v € S.
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We then note that Proposition [3.2.1] ensures that if 7" > 0 is chosen to be no more
than 0/(4Ep), for § as in that proposition, then the curve of metrics ¢ = g, exists and

satisfies g,(t) € U for all t € [0,T] as well as
10eg || rmr1(5,9) < CEy =2 M (3.4.28)

for a constant M that only depends on Fy and ¢q.

We furthermore recall that Lemma ensures that for any f € H m_%((‘?Z),

Hfg to)HHJ(E g(to) < ec‘tl tO|MHfg (t1) HHJ (2,9(t1)) 2||fg t1)HHJ (2,9(t1)) (3-429)

for all 0 < tp; < 7T and all j = 1,...,m where the last inequality holds after possibly

reducing § > 0 and ensuring that 7" < §/M. In particular, we have

| (v(t) gy | rm (=g < 2A for all v € S and all t € [0, T]. (3.4.30)

Hence, for such 0 < T' < §/M and any v € S we can apply Proposition with A
replaced by 2A, to obtain a unique weak solution v = u, 4, of the linear equation (3.2.11)

which, after possibly further reducing 9, satisfies

1)) goll rrm(s,90) < 20 (W) gty 1m0ty < 26771 (w0)go | 1 (55,90)

< 4|(uo)go lm(s,90) < 440 (3.4.31)

forall0 <t <T.

From (3.4.29), (3.4.27) and (3.4.31)) we furthermore obtain

191 (u(8)) go | 211 (2.90) = [1(eta())go | 1t (2.90) < 20 (Bre()) gt | 1 (2. 9007)

< C(1+ Ex(v(t), g(£)2) gl 000 (3.4.32)

= NI

< C(1+ EZ)Ay.

Combined with (3.4.31]), we thus obtain

1
|| X, (1,90) < C(1+ Ef)Ag < Cog = A,
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if Cp = Cy(Ey, o) > 0 is chosen sufficiently large.

To obtain the desired bound on the energy we can then apply the estimate (|3.4.19))
on the evolution of the energy obtained above which, for sufficiently small 6 > 0 and

T < §/M, implies the bound

Ei(u(t), go) < e“MTE1(u(t), g(t)) < eQCMTE%(uo,go) < 2E.

D=

1
2

This completes the proof that u € S, which as already observed also ensures that

u([0,T] x 0X) C N,,.

It remains to show that ¥: S — S is a contraction with respect to the norm || - ||s. So

we let v15 € S, and let g1 2 = gy, , as well as uy o = U(v;2) be the corresponding solutions

of (3.2.3) and ([3.2.11]).

Since w := uy — wuy is so that w(0) = 0, and since we can assume that 7' < 1, we can

bound

t 2
[wg, 1720291y < Cllwl| 25 41y < O(/O HathLQ(aE:gl)dt) < Clloww 220 11:02 (55, 01)

at any 0 <t < T. As the curves of metrics g, induce uniformly equivalent Sobolev
norms and harmonic extensions as recalled above we can hence bound
2 2 2
|wl[s = sup ngoHHl(E,go) + ||atw||L2([0,T}xaE,go)
te[0,7)

<2 sup nglulzr{l(z,gl) + ZHath%Q([O,T}xaE,gl)
t€[0,T]

< th[lélé;] Vg, (w2 — 1), ||%2(E,g1) + CHath%Q([O,T}XBE,gl)

< Ce T sup (diSt%{s (gl,gz) + H(U2 — Ul)gl‘ﬁ{l(&gl))
t€[0,T]

where the last step follows from the Lipschitz estimate proven in Lemma [3.4.4]

We note that (3.2.8)) implies

distys(g1(t), g2(t)) < CT sup [(2(t) = v1(t))goll 1 (2.00) < CT vz = 0alls  (3.4.33)
tel0,T
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while (3.4.29) ensures that sup [|(v2 — v1)g, 3124,y < 2[lv2 — v1][¢. Combined we hence
t€[0,T] ’

deduce that
2 1 2 1 2
luz = wills < Ce™ Tlvz — vl < gllvz — wl

where the last inequality holds after possibly further reducing 7" > 0 to ensure that

Ce™'T < % for the constant C' = C(to, Ep, Ag) obtained in the above argument. O

Noting the completeness of the metric space (9, || - ||s) and by iteration, this immedi-

ately provides the following existence result.

Corollary 3.4.8. For given constants ty, Ao > 0 and & € (0, 1] and initial data (uo, go) €
H™ 3(9%; N) x M,, satisfying | (w0) go | (32,90) < Mo, there exists a unique solution of the
flow (3.2.16) on a time interval [0,T], where we take T = 1 unless one of the following

occurs for T < 1:

. 1 .. 1
dist(u(7, 0%),0N,) = 57 |w(T) (1) || i (s2,9()) = 20 o7 inj(g(T)) = St (3.4.34)

Comparing with the claim in Proposition [3.2.6 it remains only to show that there is

an e-independent lower bound for the time 7" > 0 such that one of the three conditions

of Corollary can hold.

Proof of Proposition[3.2.6, Let uy and go be as in the Proposition and let 7 > 0 be an

e-independent number that is fixed below.

Given any € > 0, we can use that Corollary provides the existence of a solution
(te,g:) on [0, 7] until one of the three conditions is met, or " = 1 in which
case this evidently doesn’t depend on €. Note that on the interval [0, 7], the estimate
[t (T)g(t) | 1 (2917 < 20 holds, g.(t) € My, and E (uc(t), g-(t)) < Eo.

20
As in Remark [3.4.7, we obtain a time T} = T} (Ao, to, Eo,n, m) such that
dist(u.(¢,0%),ON,)) = in on [0, min(T, T7)].

Next, we recall the estimates from Lemma [3.3.3] show that first for the injectivity
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radius to half, the metric g. must have reached the boundary of the neighbourhood U.
Then by Remark [3.2.3, there is a time T3 = T5(Ejy, t9)) > 0 such that inj(g.(¢)) > 3¢ on
[0, min (7", T5)].

Finally, noting the bound on ||0;g:||gm+1(s,4.) < CEp for a constant C' = C(¢y) from
(3.2.10) and the uniform H™ bound from Proposition [3.2.5] we obtain a third constant
T3 = Tg,(m, Lo, Eo, Ao) > (0 so that Hus(T)g(t)”Hm(Z,gE(t)) < 2A0 on [O,min(T, Tg)]

Hence we see T' > min(77,T5,T3,1) > 0 and this lower bound is independent of ¢.

We finally remark that the claimed C'! estimate for the metric component is an
immediate consequence of the a priori estimates (3.2.6)) and (3.2.7]) obtained in Proposition
as the estimate £ (us(t), g0) < CEy (us(t), g-(t)) < CEp, C = C(tp) remains valid

for as long as g. remains in U. [

3.4.3 Local Existence of Solutions of the Original Flow (3.1.9)

We are now finally in a position to establish the existence of solutions to our original
flow (3.1.9)) for sufficiently regular initial data based on the e-independent control on the
solutions (u., g-) of the regularised flow (3.2.16]) that we have just established.

Proof of Proposition[3.27. Let ug, go be as in the proposition and let (u., g.), € € (0, 3]
be the corresponding solutions of the regularised system (3.2.16). Proposition m
ensures that these solutions all exist at least on the e-independent interval [0, T, for
T > 0 as in that proposition, that the metric components are uniformly bounded in
CY1([0,T); M™*1) and contained in U, which, combined with (3.2.17), ensures that the
maps U, := (u.),. are uniformly bounded in L>([0,T]; H™ (X, go)). As u. solves (3.2.16),
these estimates of course also provide uniform bounds on 9, (u.),, in L>=([0,T]; H* (2, go)),

so u. is bounded uniformly in the space (X,,,(T'), || - || x,.(T.90)), Which embeds compactly

into C°([0, T); H™ (X, go)), compare Lemma [3.4.6|

We can hence choose g, — 0 so that g., converges strongly in C'([0,T]; M™) to a
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limiting curve of metrics g : [0, 7] — U while the maps u., converge weak-* in X, (7", go)
to a limit u € X, (T, go) which is furthermore so that harmonic extensions U, = (u.,),.,

converge strongly in C°([0,T]; H™ (X)) to u,.

This allows us to pass to the limit in (3.2.16)) to conclude that (u, g) solves the original

equation (3.1.9)) on this interval [0, T7.

We stress that the length of the interval on which this argument applies does not
depend on the specific choice of ug and gy, but only on upper bounds the initial energy
and the initial H™(X)-norm, and on a lower bound on the injectivity radius. As the energy
is decreasing along the flow, we can hence apply this argument iteratively to establish that

the solution indeed exists for as long as inj(3, g) - 0 and ||ug||gm(s,g) - 0. O

3.5 Proof of Theorem [3.1.4]

In the previous section, we constructed a solution (u, g) to the flow (3.1.9) which remains

well controlled until either inj(3, g) — 0 or ||ugl|gm(s,g) — 00.

In this section, we will complete the proof of our first main theorem, Theorem [3.1.4]
In pursuit of this, we establish bounds on the H™ (%, g)-norm of u, which remain valid
for as long both inj(g(¢)) and the radius of balls on which a certain (small) amount of
energy is concentrated remains bounded away from zero. We will then prove some local

energy estimates and analyse the behaviour around points where energy concentrates.
The first aim is to show the following smooth existence result.

Proposition 3.5.1. To every initial data (ug, go) € H2(0%) x M(X), there exists a weak
solution (u, g) of the coupled flow which is smooth on an interval (0,T.) for a maz-
imal time Ty, > 0. Furthermore, if T, is finite, then we either have that inj(g(t)) — 0 as
t S T* or that vy := infjy 1) inj(g) > 0 and liminf, »7, sup,cos E(u(t)ge), 9(t); BIY (x)) >
300 for every r >0, 8y = 6o(t0, Eo) > 0 as in Proposition m

To prove this we require a number of auxiliary results. First, the following lemma,
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which extends Proposition 3.3 from [Str24] to maps from general surfaces.

Lemma 3.5.2. For any 1o > 0, there are constants 6; > 0, ¢; € (0, %1,0) and C' > 0 such
that the following holds true for any metric g € M,, and any map v € H'(9%; N). If

To € 0X and 0 < r < ¢1 are so that
E(ug, g; B, (20)) < 0 (3.5.1)

then we can bound

Vg 20508 (20).9) < CllPuOvtigll 1255089, (20).9)

_1 _3
+ Cr2[|[Vug ||l 2(2nBY, (w0).g) T O 2 lugll2snBg (00).g)-  (3:5.2)

In addition, we will use that solutions of the regularity constructed in the previous

section in fact have a little bit more regularity.

Lemma 3.5.3. Let m > 3 and let (u,g) € X,n(T) x CL_([0,T]; M™) be any solution
of the coupled flow (3.1.9). Then u, € L*([0,T]; H™3(%)).

For such solutions, we consider the evolution of the quantities

1

1
Ix(u,g) :== 1+—/ }Vkug|2dv, I i(u,g) = 1+—/ ‘Vkugfds (3.5.3)
2 /s 2 2 Jos

for k=1,...,m.

In Section [3.5.2| we will prove the following proposition, which provides the necessary
generalisations of Propositions 4.6 and 4.11 of [Str24] to the present setting of maps from

general surfaces.

Proposition 3.5.4. For any 1o > 0 and any E > 0, there exists 6y = 6o(vo, ) € (0,04],
61 = 01(t0) as in Lemma[3.5.9, so that the following holds true. Let (u,g) be a solution to
the flow (3.1.9) which satisfies g(t) € M,,, E1(u,g) < E on a time interval [ti,ts] and is
so that u, € L>([t1,t2]; H*(X)) N L2([t1, to]; H* 2 (X)) for some s € sNos. Let A > 1 be

so that

2 1 JSA forte [t1, ta). (3.5.4)
g

124



Then the estimate

to
sup I,(t) + / I a(t)dt < SN (1) (3.5.5)

te(t,to] t1

holds true for a constant C which for s > % only depends on vy, s, while for s = % we have

C' = Co(eo, E)ry? for ro € (0,19) chosen so that
E(u(t), g(t); Bf(gt)(:v)) < 0 for all x € 0% and all t € [ty,ts]. (3.5.6)
Combined with a standard iteration argument, these a priori estimates allow us to

obtain the desired H™ control on the map component as described in the following propo-

sition.

Proposition 3.5.5. For any solution (u,g) € X,,,(T) x C'([0,T]; M(X)), m = 4, we can

bound
jSup g ()| 5 (s.9) < C(m, || (o) go |l (5.90) - L0, 70, ), (3.5.7)
and
tSElI;] g () || am(s,g) < C(m, T, 00,70, E) forany 0 <7 < T, (3.5.8)
e\,

for 1y >0 and ro > 0 chosen so that inj, > 1y and (3.5.6) hold on [0,T] and where E is

an upper bound on E% (w0, go)-

Combined with local energy estimates which are stated and proven in Section [3.5.5|

this proposition then allows us to deduce Proposition |3.5.1]

The results of Section [3.3| guarantee that if inj(g(t)) - 0 as ¢t — T then the metrics

g(t) converge smoothly to a limiting metric g(7.) € M(X) as t  T,. As the energy is

non-increasing and as fOT* Oyt 72(s; ,ydt 1s finite, we hence deduce that the maps uy)(t)
converge weakly in H'(3, g(T.)) to a limiting map which is harmonic with respect to
g(T.) and can hence be written as u(Ty)qr,) for some u(7T}) € H2(9¥). We can thus
apply the above proposition for this new initial data (u(7%), g(7%)) to restart the flow and

hence continue the flow past any such finite time singularities at which the injectivity

radius remains bounded away from zero.
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Furthermore, we shall see later in this section that any such singularity must be caused
by the bubbling off of a non-constant half-harmonic map from the disc. Since the energy
of such maps is bounded from below by a constant ¢y > 0 which only depends on N,
compare Remark the number of such singular times is a priori bounded in terms
of the initial energy. Repeating the above argument a finite number of times, we hence

obtain the existence of a weak solution (u, g) for as long as the metric does not degenerate.

This completes the proof of our main Theorem up to the proof of the auxiliary
results that we stated above, which will be carried out in the subsequent Sections [3.5.1
3.5.5] and the characterisation of finite-time singularities of the map component, which is
discussed in Section [3.5.6

In these proofs we will always work with metrics g € M,, for a fixed ¢y > 0 and with a

fixed number m > 3, so will at times use the following convention to lighten the notation.

Remark 3.5.6. We write for short a < b if a < Cb for a number C' that only depends on

m, 1o and as always the topology of the surface > and the given manifold N.

3.5.1 Analysis of Terms Involving P+

For the proofs of both Lemma [3.5.3] and Proposition [3.5.4] we will use that terms that
involve the projection onto the normal space have improved regularity properties, as

summarized in the following lemma.

Lemma 3.5.7. Let m > 3 and 1o > 0 be any fized numbers and let g € M:’g“ and
we H™2(8%; N). Then both PLo,V™ tu, and V" Prd,u, are in L*(0%) and we can

bound

HPj@Nuglliz(az) + ||V(Pjauug)g||%2(az)

N HVQUH?B(z)(l + ||VU||2L4(2)) +(1+ ||Vu||%4(2))3, (3.5.9)
and, for k € {3,...,m},

||Pf3uvk_1“g||%2(az) + ||Vk_1(Pjavug)g||%2(az)
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< Iyjo(u) I (u) + Is o () Sp—1(u) + Sp_q(u)* 1. (3.5.10)

Here and in the following, we use the shorthand < introduced in Remark and

write for short

Ss(u, g) = Z I:(u,g), for I3(u,g) defined in (3.5.3)), (3.5.11)

{§€%N22:§<S}
where we drop the reference to the metric if we work with respect to fixed (curves of)

metrics g.

Proof of Lemma|3.5.7. The main reason for the improved regularity of the above terms is
that the projection of d,u onto T:- N vanishes identically on 9% since u maps 9 into N.
This will allow us to obtain the claims made in the lemma by writing all relevant expres-
sions in terms of derivatives of the corresponding harmonic extension (P,0;u), = 0 and

commutator terms, whose improved regularity properties are discussed in the appendix.

To make this precise, we recall that Lemma and Remark ensure that

commutator terms Cy_1(uy) = Ci_1(uy, uy), 2 < k < m, as considered in (B.0.4)), (B.0.18))

and (B.0.19) are in L?(9%) and that their norms HC’k,l(ug)H%g(aE) + HC’k(ug)Him(E) are
bounded by the right hand side of the claimed estimates (3.5.9)) (for & = 2) respectively

(3.5.10) (for k > 3).

As [P0,V u, — VF 1 (Prd,uy)y], ¢ a cut-off function as in Remark [3.3.2] is given
by such a commutator term Cj_; (u,, u,) of the form (B.0.18]), it hence suffices to establish

the claims for P;9,VF u,.

In collar coordinates (s,6) on a neighbourhood of the boundary component o;, this
term can be written as a linear combination of terms of the form Prd?dju, with 1 < i <
k — j. As the claimed estimate is trivially true if i« < k — 7, it suffices to establish that

all terms of the form PLro*7dju,, j = 0,...,k — 1 are controlled in L?(o;,df) by the

right-hand sides of (3.5.9)) respectively (13.5.10)).

For j > 1 we use that (P;-0pu), vanishes identically since it is the harmonic extension
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of POpulss = 0. This allows us to rewrite
Pj@f*jﬁgug = afijagil [Pja@ug - (Pja@u)g] - [agijagilpvf%ug - Pj@fﬂ'@gug]

on the collar neighbourhood. As these are again commutator terms of the form (B.0.18)|)
respectively (B.0.4), we immediately obtain the required estimate on || P-0¥~70]ug|| z2(ox)

from Lemma for any 7 > 1.

Finally, for j = 0 we can use (0% + 97)u, = 0 to rewrite the corresponding term
as PLrofu, = —PL0"203u, reducing this final case to the case where j = 2 discussed
above. u

Since H2(X) < L*(X), the above lemma in particular ensures that for any k €

{2,...,m}

120,V gl 2oy + IVE (P Ouug)g 2o,

S Nglgaragsy g ey + (14 lluglgpums o))" (3.5.12)
Writing the equation for the map component as
Ovu + O,u, = P (0,u,) (3.5.13)

hence allows to derive the extra regularity claimed in Lemma [3.5.3| using the following

simple argument.

Proof of Lemma([3.5.3. A short calculation shows that if a function u satisfies d,u+09,u =
f for some f:[0,7] x 9% — R" with V""~1f, € L*([0,T]; L*(9%, g)), then

t t
ity ()]s + / 10,9 a2 syt S [t (0) 2y + / et ()2 5y 1
t
1T oy + 197 iy
0

As (8.5.12) ensures that V*~'Pr(0,u,) € L*([0,T]; L*(9%,g)) for solutions (u,g) of
(3.1.9)) as considered in the lemma, we can hence deduce that u, € L*([0,T]; H mt3 (%, g)).
O
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3.5.2 Proof of Proposition 3.5.4

We now want to use the above improved estimates on terms involving P to derive the a
priori estimates on the evolution of the quantities I, s € %N>3 defined in (3.5.3) that we

claimed in Proposition [3.5.4}

Proof of Proposition[3.5.4 Given (u,g) as in the proposition we will write for short
I(t) = I(u(t), g(t)) for t € [tq,ts] as well as Ss(t) := Ss(u(t), g(t)) and will often drop the

reference to ¢ if there is no room for confusion. As S, 1 < C(1 + ||ug||§1,3_1/2(2 g)) < CA

1
— =

d 1
I.+ =
+4

—1, I
dt

S+<Oii&mﬁmﬂ

N |=

for a constant C' as considered in the proposition. To carry out this proof simultaneously

for all s € N3, we write all such exponents as s = k — 3 for k = [s] € N3y and
B =2(ls] —s) € {0,1}.

We first note that the control on the evolution of the metric component established in

Lemma |3.3.8/and (3.2.10)) allows us to bound the contribution of the change of the metric

to the evolution of I, by

d —
|, [s(w 9( +2)) S Cllogll ) Ss < CS, O = Clao, E).

Writing for short

I ::/ (0L PV, VF 1 (P,0,u),)ds (3.5.14)
o
and recalling that dyu = —P,0,uy, we then note that for s = k — % (and hence = 1)
d

de

Ii(u(-+¢),9) = / (Vk_lug, Vk_l((?tu)g)ds =1,

e=0 £

while for s = k € Ny,

2| ptut+a0= [

= (Vruy, V() dv — / (0, V4 Ly, VF1 (D), )ds + ermy
e= >

ox

= —I, 4+ err;
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for err; = — [L(A(VF ), VETH(Pu(0yug))g)dv. As |AVF  ul|r2sy S [Jugllgr(s) and as
we can view V1P, (0,u,)), — P.(0,V* 'u,) as a commutator term Cj_1(ug, u,) of the

form (B.0.4)), we can bound this error term by
lerra] < fluglirecs) + 1Cx-1(ug, ug)l7aemy S T+ Sp_y S Sp71 Sk (3.5.15)

compare (B.0.6) and (B.0.12)).

In both cases we hence obtain that %IS < 1, +C’S§__§ I, reducing the proof of (3.5.2)

to the proof that

. 1
—L, < =711+ CSLLS, (3.5.16)

To show this we write P, = Id — P and split fs =T, — T+ for
T, - / (OO Ty, V1 (D,u,),)ds (3.5.17)
ox

S

7L ::/ ((9,}*5V’“’1ug,vk*1 (puL(a,,ug))g)ds (3.5.18)
ox

To bound the first term for s = k € Ny (corresponding to § = 0), we can use that
10,V 5 g — V(019172 05y S Sk—1, compare (B.0.3) and (B.0.1), as well as that

1/ |Vkug|2ds</ 10,V uy|* ds + CS_1,
2 Jox o 2

which can e.g. be seen by viewing these expressions in collar coordinates and exploiting

that 0?u = —9dju. Combined, this allows us to bound
k=1, |2 k—1 3
< — [ |0V ds + OO,V ey SE L < —ps + Oy
% 2

for every k € Ny, Similarly, we have

1
—kaé < — /82<Vk1ug, aykaluﬁds + CHVkilug”Lz(az)Sin%
1 k-1, |2 1 k-1, |2
<—= | 0|Vl ds+CS, 1 = —= [ AV | dv+CS, 1
2 Jox 2 2 Js ?

< —/ ‘Vkug‘ZvarCSk%SlilJrCSk_%
>

1 1

1
2
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We hence conclude that
T, < =1, 1 + S, forall s > g (3.5.19)
To bound T+ for s > g we use that (3.5.10) ensures that for £ > 3
||Vki1 (Pul&,ug)g H%Q(az) S 32l + S5/25k-1 + Slljjll
For s = k > 3 this term is in particular bounded by C'S,S* | allowing us to estimate

I,1+C8,55

1
2

1
T < 12 IV (P o), lleos) <

o |

Whilefors:k—%,k>3,wecanusethatgésandggs—ltobound

5| < 1L IVEH (Prduug)  llzeos) < CTF (Ssalygy + SaSey + Sffé)% (3.5.20)

1
<= koS 5.
< gLy + 0SS, (3.5.21)

Similarly, applying (3.5.12)) for k£ = 2 allows us to bound

N[

T | <110, Vgl z20m IV (P Bug) , [l2205) < CLy/s [Isyals + S3))
1

S qbs2 t CS3/55s. (3.5.23)

(3.5.22)

Combined, these estimates on T, and T3+, s > 2, imply that
? i 1 k
_]5:—T8+Ts <_Z]S+%+Cssf%55

for all such s > 2 and a constant C' = C(t0, s), i.e. establish the estimate (3.5.16]) that

was required to prove the claim of the proposition for these s.

It hence remains to prove this estimate (3.5.16) for s = %, where we recall that in
this one case we have claimed that such an estimate holds for a constant of the form

C = Co(to)ry?, 1o so that ([3.5.6) holds, rather than for a constant C' = C(1g, s).

While we can continue to use (3.5.19) to bound —T5 if s = %, in this case we need to
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analyse the term T more carefully. For this we use the well known fact that
/ﬁvm<m Csup E(U,gs BY(@)) |Ulfyeqey + Cr2BUg), €= Clua) (3520

for any U € H*(X) and any r € (0,inj(g)), which can e.g. be obtained by applying the
bound
¢ |Vul H%‘l(z) = H¢2 \VU\Q H%%z) < CH¢2 ’VU\z H%Vl,l(z)

for a suitable cover of balls and corresponding cut-off functions ¢.

Choosing 7 = 79 € (0,2¢1), ¢4 > 0 as in Lemma so that (3.5.6) holds for

8o = 0o(o, ) € (0,min(1,8;)) chosen below, this allows us to estimate
IVgllpaesy < €8/ 1" + Crg 21"

for a constant C' which only depends on ¢y. Combined with (3.5.9), and recalling that

I, < 1+ E, this allows us to bound

IV (P (0vug)) , llz2gos) < O+ [IVuglla) IV ull L2y + C (1 + [ Vgl pacs))?

0(51/4 3/4—{—0 1/2I2 +Cry —3/2

for C = C(10, E). As the standard interpolation inequality from Theorem ensures

that
1 1 _
Vg r2(05) < Cllugl gsrzsy < Cllug||H1 slltglfem < CSY, C=Clw, E)

we hence obtain that T5 = [, (Vug, V(P 9,ug)4)ds is bounded by

|Ts| < O8I + Crg 21 + Crg P 1" (3.5.25)
1 1
< (s + b+ Cry? < T+ Cry? (3.5.26)

for a constant C' = C/(1y, E') and where the last estimate holds provided dy = dy (o, E) >0

is chosen small enough.

This completes the proof of the bound (3.5.16|) in this final case where s = % and
hence completes the proof of the key Proposition [3.5.4! O
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3.5.3 Proof of Lemma [3.5.2

We will make use of the fact that for small enough r, the domain B, (z¢) lies within a
collar neighbourhood of a boundary curve o C 9%, which we can further view as a subset
of the Euclidean half-plane (H, go) = ([0, 00) x R, dz? + dy?), with zg given coordinates

(0,0) € H. We hence extract the main estimate in the following lemma.

Lemma 3.5.8. Let 0 < ¢g < Cy < 0o. Then there exist constants C,0; > 0, depending
only on cy, Cy, such that for any radius 0 < r < Zos any non-empty subsets €3 C Qy C
BE (0) which satisfy distg, (0 \ OH,0Q0 \ OH) > cor, and any harmonic function
w : B .(0) = R™ with w({0} x [-Cyr, Cor]) € N and E(w, go; Q) < 01, then

IVgowllZ2 (@ 00m) < CUIPuOxwl T2 (000000 + 7 Va2 + 7 IWlE2(0y)  (35.27)

Once we have proved this lemma, we can deduce Lemma by working in the
corresponding collar coordinates and using the uniform control on the conformal factor
p and the size of the corresponding cylinder [0, X (¢;)] x S' obtained in Remark .
In particular, we can find a constant Cy = Cy(o) > 0 such that Bf . (xo) € BE (0),
and hence choose ¢; = min(Z- & ,2[,0) We then set Q; = BY and Qy = Bj. and use
that disty, (-, ) = codisty(+,-) for a constant ¢y given by a lower bound on p, and hence
depending only on 5. Lemma then provides the constant 6; = 6;(Cy, o) = 01(to)-
We then apply Lemma with w = u,, noting that by conformal invariance of the

energy, [|Vougllrzo.g) = | Vaotgllr2(00.0), and so assumption (3.5.1)) implies the small

energy assumption of Lemma |3.5.8] and hence we conclude the proof of Lemma |3.5.2]

Proof of Lemmal[3.5.8 We first without loss of generality take r = since the lemma

300"
is scale invariant under dilations of H. Next, we recall that we can find a cut-off function

Q: Bg?or B

%9, — R such that ¢ = 1 on i, supp() € Qo, and with Vi @l < C =

C(k, co, Cy). For example, this can be obtained by taking the convolution of the indicator

o

function on the subset {z : distg,(z, 1) < {8} with a mollifying kernel with radius §&,

noting that the rescalled subsets satisfy distg, (921 \ OH, 00 \ OH) > 38
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We then note that B}, C [0,2] x [—4m, i7] and hence we can view this as a subset
of the fixed Euclidean cylinder ¥y := [0,2] x S' with coordinates (s,6) = (x,y) and
metric gy = ds? 4+ d#?, and in the rest of this proof we will always use this metric for

computations.
We now begin the proof of (3.5.27)) by recalling the estimate

V| 2am0) < Cl|0sv]|22(050) (3.5.28)

for all harmonic functions v : ¥y — R™. We then proceed to localise this estimate as
follows, where we write o9 = {0} x S! for the left boundary curve of ¥y and allow the
constant C' to depend only on ¢y and Cj. We will write in this proof vy, for the harmonic

extension of a map v defined on 0%y to all of ¥y with respect to the Euclidean metric.

Vw205, < IV(ew)| L2050 + |V (©)w]|L2(55,)

< IV{pw)s,l2om0) + 1V (0w = (pw)so)l 22050 + IV (@)w] 2 (050)
< Cllds(pw)sollz2(950) + IV (0w = (pw) )| 20m0) + V()W £2(050)
< Cllpdswl 2 om0y + ClIV(pw = (pw)s, )| 2(0m0) + ClIV()w]| £2030)

Next, using the bounds ||V (ow — (pw)s,) | 2050 < Cllw|lm (o) and [|V(@)wl|r2a5,) <

Cllw|| g1 (a), together with the fact ¢ = 0 on 9% \ 0y, we obtain
IVl 2oy < Clledswl|L2og) + Cllwl 1)

Since w(op) € N, we can express ||g085w||%2(00) = ||g0Pw85w||%2(

)+l Py swl|?a,, and

o0

hence it remains only to estimate || Py dsw||75,,), which we will show is bounded by
1
e Py 0swl[2(gy) < CO7 llo Vel Zegox,) + Cllwll - (3.5.29)

We first prove

loPL O] 22y < CO2 oVl gy + Cllewl (3.5.30)

We let err be an error term bounded by C [, ¢ V| dv + C [y, ¢Vl |Vw|* dv, and

compute as follows using the divergence theorem, the fact P is a projection matrix on
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00, the fact ¢ =0 on 0% \ 0¢ and finally that ds,w + Jggw = 0 to obtain

]|¢P$88w||%2(00) = /a Ow - P*Pro,wdf = | Vw - V(p?Proaw)dv
Yo

3o

= 5w - O5(p* Pr0sw) + Opw - Op(0* P-0gw)dv

3o

= [ 0w - (¢*Prisw) + Ogw - (¢* PEdspw)dv + err
3o

= / Osw - (—? P0pgw) + Ogw - O5(0* P Opw)dv + err
Yo

= / —05w - Og(p* POpw) + Opw - s (¢? P-0pw)dv + err
Yo

= / Opw - gngwLﬁgde — / Opw - gszjagwdH + err
oo 0%0\oo

where the last line follows from integrating by parts the first term with respect to 6 and
the second term with respect to s, noting that the surface integrals exactly cancel. Then
we observe that the boundary integrals vanish as p? Pdpw is zero on 0%, due to the fact
Opw is tangent to N on oy and ¢ vanishes on the other boundary curve. An application

of Holder’s inequality gives the bound
ert < C|[Vw| 2 ()l Vol Laisy) + Cllwlli o)

from which we deduce the estimate (3.5.30). Finally, we bound ||g0Vw||%4(ZO) using the

embedding Hz (%) < L*(X) and the elliptic estimate || fs, || C|| fl|z2(54), Which

1 <
H?2 (%)
combined with a commutator estimate gives

leVull e < IV(eu)llLacso) + IV (@)ullpacs)

< OV ()| + Cllull 1)

H%(Eo)
< UV, + CIT () = (T 1, + Cllelsny
< OV (eu)|l2a50) + Cllull o)

< ClleVullz2 50 + Cllull a1 ()

where we use the simple commutator estimate

IV(pu) = (Vleu)soll 43 s,y < IV (0) = (V(ou))soll i)
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< ClAV (el a-1(z0)

< CllAlpu)lraso) < Cllull e

and so deduce (3.5.29). Upon taking d; small enough, we can absorb the term ||oVul|12(a5,)

and hence conclude the proof. O]

Remark 3.5.9. We note here that this same argument can be carried out on the semi-
infinite cylinder [0,00) x 8!, which is conformal to the punctured disc, and without the
cut-off function ¢, i.e. taking Q; = [0,00) x S, to obtain an estimate for harmonic

functions with small total energy of the form
HVU}HLQ(Sl) g C’HPw@TwHLz(Sl).

This in particular can be used to find a positive lower bound for any half-harmonic disc.
This reproves Corollary 3.2 by the second author in [Str24] in a way which avoids using

the assumption made there on the normal bundle being parallelisable.

3.5.4 Proof of Proposition (3.5.5

Proof of Proposition[3.5.5 We note that it suffices to prove this proposition for 7' < 1
as the desired estimates at times ¢y > 1 can be obtained by considering the solution
(u,g)(t+ty—1) on [0,1] and using that the initial energy of this flow is also bounded by

E since the energy is non-increasing along the flow.

As Lemma [3.5.3] ensures that the map component of the solution has the regularity
required in Proposition for any s < m, we can obtain the first estimate directly by
applying this proposition iteratively on [0,7], starting with s = 2 for which (3.5.4) is

valid for A = C(1 + E) as the energy is non-increasing along the flow.

To prove the second estimate (3.5.8)) we first apply Lemma to conclude that on
[0, 71

oty + IV tg oy < Clrrs i) (IPuButtg 2oy + lugllncsy)
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where we note that this lemma is applicable as 6y < d;. As the energy decays according

to (3.1.10) along the flow, we hence deduce that
T —
/ / |V, |* dsdt < C(1+T) < C for C = C(1,70, E). (3.5.31)
o Jox

We can now use this bound to select a time ¢; € [0, 7/2] with Ig(tl) <Oy = 2C (19,10, E).

T

Proposition applied for s = 2 on [t;, T], then ensures that

teft,T] 2 t

T
sup Is +/ ]th < ng(tl) < CQ(L(),T(),T, E),

This not only provides a uniform estimate for I3 on [7,T] C [t1,T], but also allows us to

3
4

to establish the claimed bound (3.5.8)). O

select the next ty € (%7’ 7) with which we can continue to iteratively apply Proposition

3.5.5 Local Energy Estimates and Proof of Proposition |3.5.1

Both in the proof of the existence of solutions for general initial data as well as in the

analysis of finite time singularities, we will make use of the following local energy estimates.

Lemma 3.5.10. Along any solution (u, g) of the flow (3.1.9)) and for any cut-off function

o € CLH(X;[0,1]), the evolution of the local energy

1
E, = —/<p2yvuy2dv (3.5.32)
2Js
18 bounded by

1
< CEp 4+ C(1+ [0l 209) IVl Lasuppen B (3.5.33)

$E, +/ ©? |9yu|* ds
o5

for a constant C' > 0 depending only on an upper bound E on the initial energy £ (u(0), g(0))

and a lower bound vy > 0 on the injectivity radius inj(g(t)).

Proof of Lemma|3.5.10 From the equation of the flow and upon integrating by parts, we

get that

1
1B, —I—/a ©? |0yu|? ds = 3 / (0,9, k(ug, g))p*dv — 2/ wOuy - (Vug, Vi)du.
> = s
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Ask(uy,9) < C |dug]§ pointwise, the first term is bounded by 9,9z (z) [5 ¢* [k(ug, 9)| dv

CE,, we can hence bound

1
< CE, + CEZ|VollLas)ll Ol 1)

+E, +/ ©? |0yul® ds
o

and it remains to check that ||Qyul| sy < C(||Owul|r2om) + 1) for some C' = C(1g, E).

To show this, we split
Orug = (Oru)g + & ._o(Wg(+e) (3.5.34)

and use the estimates of Lemma [3.3.8, the Sobolev embedding Hz (X)) < L*(X) and the

elliptic regularity estimate HngH%(E) < C||fllz2(0%), to estimate

10eugllzasy < 1(Oew)gllzas) + 5] (Wgtro)lrac)
< ClOgl 3 i) + Cllt|coatso) 3 sy
<O (19rull 2omy + gl o)

< C (HatUHLQ(aE) -+ 1)

as required. O

We can now combine these local energy estimates with the control on the evolution
of the metric obtained in Section and with Propositions and [3.5.5] to deduce a

lower bound on the time it takes for energy to concentrate.

Lemma 3.5.11. For any E, 19,79 > 0 there exists a time Ty = Tmin(E, to,70) > 0 so

that for any initial data (ug, go) € C*°(0%, N) x M(0%) satisfying

.. 1
inj(go) = 2to and suapE E((u0)go, 903 Biy, (7)) < 550, (3.5.35)
S

there exists a smooth solution (u,g) of the flow (3.1.9) on [0, Timm| which furthermore

satisfies at each time t € [0, Tiyin]

ini(g(1)) > 10 and sup B((u(t)y0. 9(0): BE" (@) < & (3.5.36)

for 6o = 0o(10, E) is as in Proposition |3.5.4).
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Proof of Lemma([3.5.11. Given any such initial data, we can use that Propositions
and yield the existence of a smooth solution (u,g) to the flow (3.1.9) on a maxi-
mal time interval [0, Tinax(uo, go)) which can only be finite if inj(g(t)) — 0 or if energy

concentrates as t 7 Trax.

As Remark ensures that ¢(t) remains in the neighbourhood U(gg) of the metric
go considered in Lemma at least until min(7Tp, Tax), To = To(E, o) > 0 as in that

remark, we can bound

1 1
inj(g(t)) > iinj(go) > 19 and Zg(t) < go < 4g(t) for all t € [0, min(Ty, Trax))-

It remains to bound the energy concentration. For any given fixed oy € 9%, we

then take ¢ : ¥ — R to be a smooth cut-off function satisfying p(z) = 1 on B3 (x),

supp(p) C B (z0) and |V, < € for a universal constant C. Noting the bounds on

the metric g(t) above coming from ¢(t) € U(go), we have that for all ¢ < min(7y, Tiax),

_1
||v9(t)90||lz4(supp(<p),g) < Cr—2 and

B () € B, (o)

0 2r¢
which serves to control the size of the domain {((z) = 1} in the evolving metric g(?).

With this choice of ¢, we introduce E, as the local energy of the solution (u, g). Noting
that E, < E, we can apply the estimate (3.5.33) to give

d 1
aEw < CE, + C(1 + [|0yul| L2(02) |V g0y @l L (supp().0) B
< CE + C(l + ||atU||L2(32))T‘_%E%
< C (]_ + HatUHL2(aE))
where the constant C' > 0 depends only 7, E, o, and crucially not on x,. We obtain from

this

t
E, () < E,(0) + C / (1 -+ 1By (t) | 2oy ) AE
0

1 1 ! / / %
< 560 +C <t+tz (/ Hatu(t)uiz(az)dt) )
0
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1 _
<Gl +C(t+ t2E3).

Hence, for ¢ < min(7p, Tinax, T) where C’(T + T%E%) = 15, we have the estimate

— 2
[ I9®)
B (z0)

and so conclude by taking Tiyin := min(7o, Tinax, T)

“dv < E,(t) < 6

We are now finally in a position to complete the proof of Proposition |3.5.1|

Proof of Proposition[3.5.1. Given (ug, go) € H%(ﬁz; N)x M(X), we set E 1= 2E%(u0, 90),

Lo 1= %inj(go) and fix 79 > 0 so that sup,cgs, £((0) g, 90: Bffﬁg(:z:)) < }150 for 8 = 0o (1o, F)

as in Proposition [3.5.4}

Letting uf € C°(9%; N) be a sequence of maps which converges to ug in Hz(9%), we

can then use that the conditions of Lemma [3.5.11] are satisfied for all sufficiently large k.

After dropping the first few uf if necessary, we hence deduce that the corresponding solu-

tions (ux, gx) of (3.1.9)) all exist and are so that (3.5.36)) is satisfied on the k independent

interval [0, Tinin]. Proposition hence ensures that

sup [ (re(8)) gie ()| Lo (pr, Tl (8,01 (1)) < 00 for every 7> 0 and m € N.

Combined with the control on the metric established in Section |3.3|and the fact that (u, g)

satisfy the evolution equations (3.1.9)), this yields k-independent bounds on all space-time

derivatives of uy and g on [7, Tiyin] X X, 7 > 0. Hence the (ug, gx) subconverge smoothly

locally on (0, Tiin] x X and weakly in H'([0, Tiuim] X ¥) to a solution (u,g) of (3.1.9) to

initial data (ug, go) which is smooth away from time ¢ = 0. This completes the proof of

the proposition since the characterisation of the maximal time T}, until which this solution

remains smooth immediately follows from Lemma [3.5.11]
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3.5.6 Analysis of Finite Time Singularities

In this section, we generalise the analysis of finite time singularities from the disc case

treated in [Str24] to the general setting.

We first note that away from the boundary curves, the maps are uniformly bounded
in C* in terms of just the energy and the distance dist(z,d%), thanks to standard C*
estimates for harmonic functions and noting that we assume a uniform lower bound ¢y > 0
on the injectivity radius of the metrics. Therefore, potential singularities can only form
near the boundary curves o;, and so we will work on collar neighbourhoods C(o;) as
described at the start of Section [3.3] In particular, recall that C(o;) is isometric to
([0, 1] x S, p(s)*(ds? + db?)) where ¢; and p are bounded uniformly above and below in

terms of ¢g.

In Section 8 of [Str24], Struwe carried out a rescaling analysis of the singularities
directly for solutions of the flow on the disc. The local nature of this analysis allows it to
be easily transferred to the case of a flat cylinder, which by the uniform estimates on the
hyperbolic metric on collar neighbourhoods will be applicable to our setting. Furthermore,
the same analysis applies to the more general setting of suitable sequences of maps, and

hence we extract from [Str24] the following result.

Lemma 3.5.12. Let ¢; > 0 be any fized number, C(c1) := [0,¢1] x 8' and gy := ds® + d6?
the flat metric on C(cy). Suppose that vy : C(c1) — R™ is a sequence of harmonic functions
which is bounded in H'(C(c1)) N L>®(C(c1)) and for which there exist radii r, \, 0, points

z = (Sk, 0k) € C(c1) with sy, < %01 and a constant 6 > 0 such that
E(vg, go; B (1)) = 0.

Then rk’lsk 18 bounded.

If furthermore vi({0} x 8') C N and

TkHkaasUk||2L2({0}X317dg) —0 (3.5.37)
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then there exist ék € St and scales 7, \, 0 so that the rescaled maps
(s, 0) == v (Pr(s,0 — 0y))

converge weakly in ng/z(?-[), where H := {(s,0),s > 0,0 € R}, to a finite energy limiting

oc

harmonic function vs, which maps OH into N and with
P, 0sveo =0 on OH = {0} x R,

and hence upon composing with a conformal bijection ¢ : D — H, we obtain a half-

harmonic disc v 0.

As solutions of our flow for which the injectivity radius is bounded from below remain
well controlled for as long as the condition (3.5.6)) on the smallness of energy remains
valid on fixed size balls, we obtain the desired claim on the behaviour of our flow at finite

singular times by combining the above result from [Str24] with the following lemma.

Lemma 3.5.13. Let (u, g) be a smooth solution of the flow (3.1.9)) on an interval [0, T)
with 1y = infy 7,y inj(g) > 0. Suppose that energy concentrates near at least one of the

boundary curves o; C 0% ast /T, in the sense that

3
sup sup E(ug)(t), g(t); BYY (2)) > 150 for every r > 0, (3.5.38)

t€[0,T%) €0y

for the constant 5y = 6o(E,10) > 0, E = E1(u(0), g(0)), obtained in Proposition |3.5.4}

Then there are times t, /T, and a number c; = ¢1(tg) > 0 so that the maps uy, : C(cq) C
C(X(Lg@y)(0s))) — R™ which represent u(ty) in the collar coordinates of (¥, g(tx)) around

o; satisfy the assumptions of Lemma and hence undergo bubbling as described in

this lemma.

Proof. We first recall from Remark that the metrics are uniformly equivalent on the
interval Iy := [max(0,T% — Ty),T%)], To = To(E, 310) > 0 as in this remark, namely that

g(t) < 4g(t) for all t,t" € .
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Given any r € (0, ) and x € 93, we can hence obtain a function ¢, , which satisfies
dur =1 on BI(2),  supp(ds,) € B3 (2) and ||V b (s < O

for all ¢ € I by fixing any ¢y € I and taking a standard cut-off function on (X, g(to)) which

vanishes outside of the corresponding ball with radius r and is equal to 1 on Bi(fo)(x).
2

For any such x and r, we can hence apply the estimates on the evolution of the localised

energy Fy, . obtained in Lemma [3.5.10] to deduce that

Bu(t): BY (@) > B(u(t); B (2) = C (¢ =t + |0l }2qv yom) ) — Cr 3 (= 1)
(3.5.39)

for any #' < t with ¢,#' € Iy and for a constant C' = C(10, E).

As the assumption ([3.5.38)), allows us to choose times t;, * T, points &, € o; and
radii 7, — 0 with E(u(tk) g, 9(k); Bif:)(xk)) > 16, we hence deduce that
4

. 1 /
inf B (u(t)y, 90 B (1)) > 501 — C (£ =1+ 10laqrmm)) — Coo > 301,

tely,

on I := [fk —CoTk, fk], cop = %0*151, where the last estimate holds for all sufficiently large

k since [|0y(u, 9) (172, xoxm) — 0 as k — oo.

Choosing ti, € Ij, so that || Py, 0, (u(tk)) gty HL2 (o) S 2 11| fl || PO ugHL2 ox)dt and

using that fIk ||Pu@,,ug||%2(aE dt = ||8tu||L2 ..12(ox)) — 0, we hence deduce that

1
E(u(tr)g(ey, 9(t); Bl (22)) = 761 > 0 and vl Pugey 0 (uti) (e [ 7200w — 0.

As the conformal factors py. of the metrics which represent g(t) in the collar coordinates
around o; are bounded below by some constant ¢ = ¢(t9) > 0, and as X (Ly,)(03)) = 1 =
¢1(to), compare Remark [3.3.2] we hence deduce that the maps wuy : C(c;) — R"™ which

represent u(ty)g(4,) in these coordinates are indeed so that

k

1 N
E(ug, go; B (w)) = 151 and rk||Pukasuk||%2({0}xsl,d9) — 0 for r, = 4¢ 17, — 0.

143



3.6 Asymptotics

In this final section, we complete the proof of Theorem [3.1.5] which gives a result on the
asymptotic convergence of the flow under the assumption that neither the metric, nor the

map, develop singularities as t — oo.

For this, we prove the following sequential compactness result, which can be readily

applied to the solution of the flow studied above.

Proposition 3.6.1. Let (u,,g,) € C®(0%; N) x M(X) be a sequence with half-energy
uniformly bounded from above, E% (un, gn) < E < o0, and injectivity radius uniformly
bounded from below, inj(g,) = to > 0. Suppose further that energy does not concentrate,

so there is an r > 0 such that

sup sup / IV (), |> dv < 6 = 61 (20), (3.6.1)
B (o)

n TgEX

where 1 is the constant from Lemma . Suppose further that (u,,g,) are an almost

critical sequence for the half-energy functional, in the sense that

| P, 00 (tin)g,, || 22(05,g,) = O (3.6.2)

||Pg{{(k((un)gmgn)”LQ(E,gn) — 0. (3.6.3)
Then there exist diffeomorphisms f, : ¥ — ¥ such that along a subsequence,

faGn = Goo smoothly (3.6.4)

Up © fr = Us Strongly in H%(Eﬁ], Joo), weakly in H' (0%, goo) (3.6.5)

where (Uso, goo) 1S a critical point of the half-energy E%, €. goo € M(X), Uso 15 @ Goo

half-harmonic map and (us),,, is conformal.

(oo}

Proof. Firstly, since inj(g,) = to > 0, we can apply Mumford’s compactness theorem to
immediately obtain the diffeomorphisms f,, and the convergence of the metrics (3.6.4). We

then define t,, := u,of, and g, := f; g, and note that P; 0,, (tn)s, = f (Pu,ﬁygn (un)gn)
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and hence the assumed convergence (3.6.2) implies that
||Pan(9,,§n (ftn)gn ||L2(327gn) — 0. (366)

Similarly, we see that the local energy bound ({3.6.1) holds for the sequence (i, g,),
and so combining the estimate (3.5.2) of Lemma together with the convergence
(3.6.4), we have that @, is a bounded sequence in H'(9%, go) and that 9,,_ (ﬂn)gw

is a bounded sequence in L?(0%, g, ). Hence, upon passing to a subsequence, we can

assume that @, — . weakly in H'(9%, go) and 0, (n),  — Ou.(Uoo)g,, weakly in

oo

L?*(0%, goo). By the compactness of the embedding H*(9X) — C(9%), we further have
uniform convergence of u,, and hence also the projections P;, converge uniformly to P, .
We thus conclude that

P,

uooal’goo (uoo)goo = 07

i.e. that us is a half-harmonic map (with respect to g ).

It remains to show that (uw),.. is conformal. For this, we first note that pulling back

by diffeomorphisms does not affect (3.6.3]), and so
Hpgli(k((an)gm@n)llm(z) — 0.

We can now use the estimates from Section [3.3| on the stress-energy tensor and horizontal

projection to show that P k((tiec)ge s gos) = 0.

Specifically, we use and to get the convergence
12,2, (F((toc)gue s 9oo) = k() g, Gn)) Il 2y = 0
and the bounds and to show
(P = Py )k((@n)g, Gl 202y — O

which all combine to show P)T k((tiso)gs., gso) = 0.

Finally, we recall Remark [3.1.2] which tells us that since u., is g, half-harmonic,

having ngo (k((Uoo)go» §oo) = 0 is sufficient for the full stress-energy tensor to vanish.
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Hence (us )., is conformal, and the proof is complete. O

o]

Proof of Theorem [3.1.5. 1f (u, g) is a solution to the flow (3.1.9) with inj(g(¢)) > ¢ and no

energy concentration, then from the energy decay formula (3.1.10)), there is a sequence of

times t; such that for (u;, g;) = (u(t;), g(¢;)) the estimates (3.6.2) and (3.6.3)) hold. Hence

applying Proposition gives the required limiting pair (u*, g*), the smooth convergence
g(t;) — ¢g* and weak H'(9%, g*) convergence of the map component u(t;) — u*. We then
note the estimate ([3.5.8)) provides uniform H* bounds on u(t;), which allows us to upgrade

to smooth convergence and hence conclude the proof. O

3.7 Future Outlook

The theory we have developed here is in an early stage, and a lot of work remains to be
done. Certain fundamental results should be established, particularly the uniqueness of
solutions and the local regularity estimates needed to ensure the smoothness of solutions
away from the finite spacetime points where bubbling of the map occurs, but these are
not likely to be of great interest in their proof. More interesting will be the study of the
asymptotic behaviour of this flow, especially when the metric is degenerating, which is
what sets this apart from the simpler case when the domain is S'. In general, the ways
in which the metric can degenerate are quite complicated, and we have seen both in the
introduction and below in Chapter [4] that it took quite some work to develop this theory
in the arguably simpler case of Teichmiiller harmonic map flow where metric degeneration
happens in essentially one way. It is likely that studying the simpler case of a cylinder
will serve as a stepping stone to the more general case, much like Ding, Li and Liu studied

the torus years before the general Teichmiiller harmonic map flow theory was developed.

As for the case of the flow from the circle, it would be interesting to study this flow in
the setting of the Plateau problem, choosing N to be a collection of disjoint simple closed
curves. It would be important to see if similar results on the monotonicity of critical points

holds in this general setting. Further, it may be interesting to see what singular solutions
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come out of the flow. For example, taking the case of a cylinder, if the two boundary
curves are sufficiently far apart then there is no minimal cylinder surface connecting them,
but it is tempting to conjecture that the low would in this case converge to two minimal
discs joined be a straight line, which we can interpret as a valid singular solution to the
problem. Of course, much work remains to be done to realise such a program, but it gives

a motivating case for developing a more complete theory of the flow.
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Chapter 4

Investigation of the Infinite Time

Limit of Teichmiller Harmonic Map

Flow

In this chapter, I present some investigations into a question about the solutions of the
Teichmiiller harmonic map flow, in particular the fine structure of the limit at infinite

time.

4.1 Background on Teichmiller Harmonic Map Flow

We recall that this is a coupled system of equations for pairs (u,g) where u is a map
u:(3,9) = (N, h) for a closed surface (¥, g) and target (N, h) a fixed closed manifold of

any dimension, given by

Oru = 74(u) (4.1.1)

0rg = 77ZQRe(P;LI(CD(u,g))) (4.1.2)

Before presenting my results, I recall again the main existing convergence results from
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[IRTZ13] and |[HRTI16] for this flow, where I refer to Appendix [C| for a more detailed
description of the punctured surfaces and notion of convergence. The first result, due to
Rupflin, Topping and Zhu, establishes the asymptotic behaviour of solutions away from

the collapsing geodesics.

Theorem 4.1.1 (Theorem 1.1, [RTZ13]). Let (u(t), g(t)) be a solution to (4.1.1)),(4.1.2)

which is defined for all time t > 0, satisfies litm infinj g(t) = 0 and where the domain
—00

surface > has genus v = 2. Then there exists a sequence of times t; — 00, an integer

1 <k<3(y—1) and a (possibly disconnected) punctured hyperbolic surface (3, §,¢) with

2k punctures such that

1. the surfaces (3, g(t;),¢;) converge to (3, §,¢) in the sense of Proposition by

J

collapsing k simple closed geodesics o], and hence there are diffeomorphisms f; :

IS JAN Ule ol such that
frg(t;) — g and frc(t;) — ¢ smoothly locally
where c(t) denotes the complex structure of (X, g(t)).

2. the maps u(t;) o f; converge weakly locally in H'(X) and weakly locally in H*(X\ S)

to a map us : X — N, where S is a finite set where energy concentrates.

3. U extends to a branched minimal immersion or constant map on each connected

component of the compactification of (¥, §).

Next, we recall that by the Keen-Randol collar lemma, surrounding each closed
geodesic ¢ C X of length ¢, there is a neighbourhood which is isometric to Cy, =

[—X(0), X (£)] x 8" with metric g, = py(s)?*(ds® + d6?), where

X(0) = 2% (g — arctan (sinh g)) (4.1.3)

14

pe(s) == W (4.1.4)

A key observation is that as £ \ 0, then X (¢)  occ.
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The second result recalled here provides information about the flow on the degenerat-
ing parts of the surface, namely the collar neighbourhoods of the geodesics which collapse

as t; — 0o. To state this requires us recall the following definition from [HRT16].

Definition 4.1.2. Let X; — oo and u; : [-X;, X;] x S — N be a sequence of smooth

maps. We say that u; converge to a full bubble branch if all of the following hold.

1. There exists an integer m and sequences sY, ..., s/ satisfying —X; = s? < sl < ... <
s™ = X; for each 4 and such that for each k € {0,1,...,m — 1}, s"™" — s = 00 as

7 — 00.

2. For each k € {0,...,m — 1}, the maps u?(s,0) := u;(s + s, 0) converge to a non

trivial bubble branch, meaning that there is some harmonic v* : R x S — N and

k

a finite set S such that uf — u®

(R x ST\ 9).

weakly in H} (R x S8') and u} — u* strongly in

H2

loc

3. The connecting cylinders [sF 4\, s — \] x S! are mapped near curves, in the sense

lim lim sup sup osc(u;(s,0); {s} x 8') = 0.

O im0 se[sf—i—)\,sf"'l—)\]
With this, Huxol, Rupflin and Topping showed the following.

Theorem 4.1.3 (Theorem 1.11, [HRT16]). Suppose (u(t),g(t)) satisfy the conditions
of Theorem [{.1.1. Then there is a sequence of times t; — 00, a subsequence of the
time sequence from Theorem such that the restrictions of the maps u(t;) to each

degenerating collar converge to a full bubble branch.

Collectively, these existing results tell us that away from the collapsing geodesics in
Y., the flow converges to a branched minimal immersion as desired, and that in a collar
neighbourhood of the collapsing geodesic the map is essentially given by a bubble tree
consisting of minimal spheres connected by curves. However, these results tell us nothing

about the nature of the connecting curves. In [HRT16], the authors ask the following.

Question 4.1.4. For a solution of the Teichmaller harmonic map flow where the metric

degenerates at infinite time, are the connecting curves converging to geodesics in (N, h)?
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There is one, and only one, setting where this is known to be true, which is the result
of Ding, Li and Liu from [DLLO6|], where they show that if the domain is a torus, the
energy converges to zero and li{g iﬁlf inj g(t) = 0, then along a sequence of times t; — oo
the map converges to either a point or a closed geodesic. The aim of this part of my thesis

is to investigate these connecting curves in the higher genus setting.

The key result which guides the approaches I follow below is a result of Rupflin which
provides a sharp sufficient condition on the decay of the tension which ensures the con-

vergence to a geodesic.

Theorem 4.1.5 (Theorem 1.3, [Rup22]). Let ¢; — 0 and u; : C,, — N be a sequence of

maps from hyperbolic cylinders (Cy,, go,) which have uniformly bounded energy, satisfy
_1
G ? HTgei (ui)HLQ(CQ,gzi) — 0

and which converge to a full bubble branch as in Definition[{.1.2, with associated sequences

k

sk. Then there exist sequences a¥ and b, which split the cylinder into extended bubble

regions [a¥, b¥] x S and connecting cylinders [b¥, a¥*'] x S, such that s¥™' < 0¥ < af <

19 Y1 19

s¥ and both b — s¥ — oo and sf — a¥ — 0o as i — oo, and so that

1. No energy is lost on the extended bubble regions.
2. No necks form in the extended bubble regions.

3. The images of the connecting cylinders subconverge to geodesics in the following

k .k

sense. The curves vF : [—cF c¥] — N, which are the maps

s 11 (i/ w; (s, 9)d0>
2w {s}x&1

reparametrised by arc length, where 11 is the nearest point projection of R™ onto N,
satisfy
k
17 (V)] Lo =k ey — O

k

for each p € [1,2]. Hence on passing to a subsequence, vy converges to a geodesic

locally in H?, either of trivial length, finite length or infinite length.
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This is sharp in the sense that a solution for which 0 < ¢ < é;% 17g,, (i)l L2(cy, 00,) <
C < 00, is not guaranteed to converge to a geodesic. The counterexample is simple and
given in [HRTI16, Proposition 1.14]: take a constant speed fixed curve v : [-1,1] - N
which is not a geodesic, take the map u; : Cr; = N as u,(s,0) := y(5) and take £; N, 0.
Then the tension satisfies [|7,, (wi)||z2(c, g,) < Cfi% . Furthermore, note that in the setting
where the maps wu; are harmonic, then it is known that the limit curve is geodesic, see

[CLW12] and [CT99].

This result translates answering Question |4.1.4] into proving that along some sequence
of times, the tension is decaying sufficiently fast with respect to the rate of decay of
the metric. The two results I present below provide some instances where the necessary
tension decay estimate can be achieved for two close variants of the original flow. In
particular, I will replace the constant coupling factor n with a variable factor which
depends on the injectivity radius. Note that whilst this has not specifically been studied
before, Huxol in [Hux17] studied the limits of solutions of the flow where the coupling
constant is taken to 0. Furthermore, we note that the short time existence, uniqueness and
regularity theory of this adjusted flow goes through without major alterations. It is only
in the asymptotic behaviour that qualitatively different behaviour is potentially present,
and we are making these changes precisely to try and arrange the correct asymptotics of

the solutions.

4.2 First Approach

In the nearly twenty years since Ding, Li and Liu’s result, there has been no further
progress even in the simplified setting of the torus, and so instead of trying to treat
the full flow equation, I first considered a model problem. This aims to capture the
key features of the original flow, whilst making a number of helpful simplifications and

adjustments.

First of all, since it is the behaviour on the collar neighbourhood that we are interested
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in, I switch to considering the Teichmiiller harmonic map flow on cylinders introduced by

Rupflin in [Rup17]. This works on a cylinder
Co:=[-Y(),Y()] xS (4.2.1)

where for ¢ > 0,

Y(0) = 2% (g — arctan (g)) . (4.2.2)

Y(0) =72+ 0(1). (4.2.3)

Note that

Let (s,0) be the coordinates on Cy, then we equip C, with the metric
9o = pe(s)? (ds® + d§?) (4.2.4)
where the conformal factor py is defined by

(5) = 5y
pe " 271 cos (5—;) '

(4.2.5)
One point to notice is that the length of this cylinder is slightly different to the one
guaranteed by the collar lemma, compare Y (¢) to X (¢) defined in (4.1.3), but these are
very similar for small /. The reason for this choice of length is that it allows us to reduce

the metric equation to a single ODE for the length of the central geodesic, ¢, see [Rup17]

for further details of this. The equations are then

o = 7y, (u) (4.2.6)
l
{=——n°\ 4.2.
Oy 47T77 (4.2.7)
where A is the quantity
e [ /C (Jusl? = [wal?) pels)2dsdd. (4.2.8)
14

Note that the equation here for % agrees to leading order with the expression for the true
evolution of the length of a closed geodesic under Teichmiiller harmonic map flow on a
hyperbolic surface computed in [RT18]. We will use Dirichlet boundary conditions for the

map component in our analysis.
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We also assume now that the initial map u does not depend on the angular variable 6,
i.e. that the map is already starting out as a curve. On first glance, this may seem quite
a restrictive assumption, however firstly we know we are converging to a one-dimensional
limit and we are mostly interested in the properties of this, not in how the second dimen-
sion is collapsing and moreover there are strong estimates which show the exponential
decay of the energy in the angular direction under the assumption that energy is not con-
centrated, see for example Lemma 3.1 in [RT18], and so the contribution to the dynamics
in the f-direction are not expected to affect the dynamics in the s-direction to leading
order. Hence, in this first investigation to understand the leading order dynamics, we
restrict to this #-independent setting. Note further that by removing the #-dependence,

we have also prevented any bubble formation.

The final point of departure from the usual Teichmiiller harmonic map flow is that we
exploit the flexibility in the choice of inner product we use to define the gradient flow to
allow the coupling constant 1 to depend on the parameter ¢, which more geometrically
we can think of as the injectivity radius of the metric. We do this in a way that n ~\, 0
as £ N\, 0, effectively slowing down the metric degeneration compared with the standard
flow. Intuitively, this adjusts the balance between the decay of the tension and the
degeneration of the metric, and so in light of Theorem it is reasonable to expect

that the asymptotic solution of this flow more easily converges to a geodesic.

The result I obtain about this model problem is the following.

Proposition 4.2.1. Let 0 < L < L and 8 > % be given constants. Then there exists
a constant 0 < {1 < arsinh(1), depending only on L, L and B, and a universal constant
My > 0 satisfying the following. Let (u,f) be any 0-independent smooth solution to the
flow (4.2.6),[1-2.7) on [0, 00) with coupling factor n(€) = llog(¢)| ™" and so that the length
of the curve u(t) satisfies L < L(u(t)) < L for all time. Suppose additionally that the

iiatial data satisfies
1. £(0) < 4

2. E(u(0), €(0)) < My [log(£(0))[**~" £(0).
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Then there exists a subsequence of times t, — oo along which the map u converges to a

geodesic.

Let us make a couple of remarks about this result. First, since this result concerns
sufficient conditions on the initial data, it is important to ask if these are ever satisfied in a
non-trivial way. To begin, the condition that the length is bounded below by some L can
be easily satisfied by taking L to be the length of the shortest geodesic in N joining the
endpoints of u, since we impose Dirichlet boundary conditions. The upper bound L is not
easy to explicitly impose, but it is still reasonable for us to first restrict our attention to
convergence to finite length geodesics in this initial result. The condition that the width
of the collar be sufficiently small is quite natural since we are interested in solutions for
which this goes to zero anyway. The final condition, that the energy be sufficiently small
in terms of the parameter /¢, is more artificial. It is coming out of particular estimates
that we make, in particular in equations and . Having said that, we will
show in a key step of the proof that this condition is in fact preserved under the flow,
and that whilst we cannot at present ensure that any solution will eventually satisfy the
condition (the energy could be decaying too slowly compared with the parameter ¢), for
any given map u(0), by reducing ¢ sufficiently and linearly rescaling u(0) to fit the new
larger cylinder, it is possible to satisfy the bound E(u(0),1(0)) < M, [log(£(0))**~" £(0),
by noting that energy scales with ¢, yet the factor M, |10g(€(0))|26—1 blows up as £\ 0.
Hence, it is easy to find initial data for which the theorem applies, and moreover it
applies to any geometric curve in N, just needing perhaps re-parametrising over a longer
cylinder. Finally, the upper bound arsinh(1) for ¢; could be replaced by any number less
than 1 for this result, but the choice of arsinh(1) is geometrically significant as the collar
neighbourhoods of closed geodesics of length less than arsinh(1) on a hyperbolic surface

are disjoint, see [RTZ13, Appendix A].
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4.2.1 Static Estimates

The first ingredient in the proof of Proposition is a collection of pointwise estimates

on the velocity of the curve. These are similar to estimates from [Rup22].

Lemma 4.2.2. Letu: [-Y (), Y ()] = (N, h) be smooth. Then for all s € [-Y (£),Y ({)],

[[us(8)] = lus (0} < Tpe(s)?, (4.2.9)
where we let T := ||7y,(u)||2(c,). Consequently we get the following estimates
[lus()[* = [us (0] < T2 pels) +2|us(0)] Tpe(s)? (4.2.10)
1
[us()I = 5 [us ()" = T2pe(s) (4.2.11)

Proof. We compute first of all
Ds|us]? = 2{ugs, us) = 2(1o(u), us)

where 7y is the tension computed with respect to the euclidean metric gy = ds? 4+ d6? on
C;. This follows since the tension is the projection of ugs onto the tangent space of (IV, h).

Hence we have

as|us| _ <7’0(U), u5>

|

almost everywhere. Using Cauchy-Schwarz and integrating this up yields

1(5)] = [us(0)]* < ( / s |To<u>\ds)2

< ([ otoras) ([ montsr-2as)

Sps) | [7o(w) *pe(s) ™" duy,
4

= pu(s) ’ng (u) |2dvgz
@)

== Tng(s)
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where we have used the relation 7,, = p, >7y and the estimate
| orwras < puGs).
0
This gives (4.2.9)). Then (4.2.10) is obtained from (4.2.9) via

[ua($)[* = [us(0)*] = [Jus(s)] — |ua(0)]| [[u15(0)] = [us(0)] + 2 us(0)]]
< Hus(s)‘ - |us<0)‘|2 + 2 |us(0)| ||us(5>’ - ‘us(())H

< T2pu(s) + 2|y (0)] Tpe(s)?

Finally (4.2.11)) is obtained from (4.2.9)) using Young’s inequality on the cross term. [J

In order to make use of the above estimate, we need to also obtain estimates on
|us(0)]. We do this in Lemma [4.2.4] but first we state the following estimates which we

make several appeals to later on.

Lemma 4.2.3. Let « € R. Then there is a constant C, only depending on « such that

for any 0 < ¢ < arsinh(1)

Y (o)
/ pe(s)¥ds < Co ! fora<1 (4.2.12)
Y ()
Y (£)
[ ooy < Cu gt (4.2.13)
Y ()
Y (£)
/ pe(s)ds < C,, fora>1 (4.2.14)
~Y(8)

The proof of this lemma is just an explicit calculation.

Lemma 4.2.4. There exist universal constants C,c,C, with 0 < ¢ < C, such that for any

0 < ¢ < arsinh(1) and any smooth map u : [-Y (£),Y (¢)] — (N, h)
clL(u) — Cl2T < Juy(0)] < CCL(u) + Ce2T (4.2.15)

where L(u) denotes the length of the curve given by u.
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Proof. We can write the length of u as

Y (0)
MWZ[ (lus(s)] = us(0)] + |us(0)]) ds

Y (6)

Rearranging this and using (4.2.9), (4.2.3)) and (4.2.12)) gives

" Y ()
001 - 55| < g /[ (o) = w0l as

—Y ()
Y (0) )
<Y Tpe(s)2ds
—Y ()
<CTLz
Using (4.2.3)) again on the remaining Y (¢) gives the constants ¢ and C' and the result. [
Next we deduce several bounds on the quantity A\ defined in (4.2.8)). The first of these

estimates A by replacing the velocity by |us(0)| and then using Lemma [4.2.2]

Lemma 4.2.5. There exists a universal constant C > 0 such that for any 0 < ¢ <

arsinh(1) and any smooth map u: [-Y (¢),Y ()] — (N, h)
(1, ) — Aolu, £)] < C (7“26—1 T [us(0)] z—%) (4.2.16)
where we define

Ao(u, 0) == 8#36_2||d22||222(cé)/ |u5(0)]? pe(s)*dsdd (4.2.17)
C

L

Consequently we get the upper bound
Au, 0) < C (L(u)* +7'77?) (4.2.18)

where C' is a universal constant and L(u) is the length of the curve.

We also have the corresponding lower bound
Mu, 0) > cL(u)* — Ce'T? (4.2.19)
Proof. Noting the simple estimate

1d22]Z2(¢,) = 32707 4+ O(1), (4.2.20)
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combined with (4.2.12) and (4.2.10)), we get
1
.0 = X < (g + 0] [ Jlalo)F = (O] ) sas
Ce

< Cﬁ( ﬂpg(s)_ldsde—i—/ ZT\us(O)]pg(s)_gdsdH)
Ce

Ce

<Ct (T?ﬂ + T |us(0)] g*%)

<C (7%-1 + T |ug(0)] g—%)
which gives the first estimate. To get , we first compute
Ao = 23072 Jug(0)]7 (4.2.21)
Then we estimate

A< Ao+ (A= A
<2130 2 u, (0)? + C (é‘lTQ + E‘%TIUS(O)D
< CL(u)? + CL'T? + CO =T L(u)
< C(L(u)* +7177)

where we have used (4.2.16]) and (4.2.15]).

For the lower bound, we proceed similarly, only using the estimate (4.2.11]) instead of
(4.2.10) to get

A\ = 87T3£_2||dz2”222(65)/ lus|*pe(s)?dsdf
Ce

> (Lz + o<e4>) /C | (% g (0% — Tgpg(s)) puls)2dsdo

472

> ol ug(0)* — CeH 72

> cL(u)? — Ce T2

The next estimate relates A to the energy after a suitable rescaling.

Lemma 4.2.6. There exists a universal constant C' > 0 such that for any 0 < ¢ <
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arsinh(1) and any smooth map u : [=Y (£), Y (¢)] — (N, h)
O\ (u, €) — E(u, )| < C <]log(€)| T2 4 073 T uy(0)] + |us(0)|2> (4.2.22)

from which we get the estimate
A (1, £) — E(u, 0)] < C (log(8)] T2 + L(uw)*¢ Jlog(¢)| ™) (4.2.23)

where L(u) is the length of the curve.

Proof. The main idea is to once again replace the true velocity by the proxy |us(0)|. We
do this using quantities Ay defined in (4.2.17)) and E, defined as

1
Ey == [ |uy(0)*dsdd (4.2.24)
2 Je,

to approximate E and A respectively. Hence we shall use the decomposition
[UX — E| < [\ — 0| + [t\o — Eo| + |Eo — E| (4.2.25)

This gives us three sub-estimates to work on. First, we recall (4.2.21) and similarly

compute
Eo = 21Y (0) |us(0)]? (4.2.26)
Combining this with (4.2.3]) gives

0o — Eo| = 270 us(0)]* — 27Y ()]s (0)]?|
= 271 |u,(0))? ’772671 — Y(f)|

< C'ug(0))? (4.2.27)

For the final estimate, we use (4.2.10)), (4.2.12) and (4.2.13)) to get

1
By =1 < 5 [ 0)F = fun(s)F| st

<5 [ (To0uts) + 2T ou(s) (0] s

<C <y1og(e>| T2 + K’%T]us(0)|> (4.2.28)
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Plugging (4.2.27)), (4.2.28) and (4.2.16)) from Lemma [4.2.5|into (4.2.25)) then yields

A= B[ < C (T2 + T [us(0)] €% + [us(0) + og(6) T2 + T Juy(0)] ¢ )

<O (T us(0)[ €74 + fus (0)* + J1og(0)] T)

This gives us (4.2.22)). To get (4.2.23)), we apply (4.2.15) and use Young’s inequality to

get
2L(u)02 T < |log(€)| T2 + L(u)*¢ [log(£)]

The final A\ estimate gives an alternative upper bound using the energy.

Lemma 4.2.7. Let ¢ > 0 and u : [-Y ({),Y({)] — (N,h) be smooth. Then there is a

universal constant C > 0 such that

Mu,l) < CE0 (4.2.29)

Proof. This follows from (4.2.20) and the inequality p,(s)™2 < 4%22, giving
A\ = 8W3€2|’d2’2HL22(ce)/ lus|*pe(s)*dsdf
Ce
1 42
< | -—=C+0* S|P —dsdf
(gst+oe) [ npoas

<('+0(*)E

< CEr!

4.2.2 Dynamic Estimates

Now we use the above static estimates and apply them to solutions to the flow (4.2.6]),(4.2.7)).

The first thing to note is that energy decays via the following formula

dE n?

T = Il — 15 [ IRe(PE (@, g0)FdA, (12.30)
Ce
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1 - B 2
= —7_2 — §n2||d22||L22(Cg) (/C (|u8|2 _ |U6|2) pg(s) 2d8d0>
7

2
~ 2212, (] tuevadouts) 2asa0)
4

The key idea in the rest of this section is to study the evolution of E¢~!. In particular,

we have the following.

Lemma 4.2.8. There exists a constant C > 0 such that for any 0-independent solution

(u,?) to the flow (4.2.6)),(4.2.7) satisfying €(0) < arsinh(1), the following holds

%(Eé‘l) < =T+ CnPA (log ()| + (1 + L) 07T + L log(0)| ) (4.2.31)

where L = L(u) is the length of the curve.

Proof. First of all, we note that when |ug| = 0, the energy decay formula (4.2.30)) simplifies

to
dE ) 1 5t oy N 2
T = ey — 510 ([ s 2asa0)
=-T%— 12;7T(,-772||(122||%2(c,5)€4>‘2
= T~ (0N (4.2.32)

where we use (4.2.20)) in the last step. Using (4.2.32)) and (4.2.7)), we compute

d
—(E¢ 1 =
3 ()

dE _,dl
- _Er2—
dtﬁ ¢ dt
1 1
=T ' - —p?(1 NN+ —n20I\E
T 47?7] ( +O( )) +47rn

=T - %n% (A=CTTE4+0(£)N)

Using the assumed upper bound on the length of the curve and (4.2.23)), we get

%(Eﬁ‘l) < T2 1 O (log(0)] €T + L(w)* [log(6)] ™" + €3)

Finally, using (4.2.18)) on the final term, gives the desired estimate. O

At this point we specialise to a specific functional form for the coupling factor n. The
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following result gives the key estimate we need to prove the main result.

Lemma 4.2.9. Let 0 < L < L and 3 > % be given constants. Then there exist constants
§>0,Cy >0 and 0 < {, < arsinh(1) depending only on L, L and B and a universal
constant My > 0 such that for any smooth solution (u,t) to the flow , on an
interval [to, T) (allowing T = oo) with coupling factor n(f) = |log(¢)|™?, if it holds that
for allt € [ty,T)

1. the length of the curve satisfies L < L(u(t)) < L
2. U(t) < Ly
3. E(u(t),£(t)) < 2My |log(€(t)]* " 6(t)

then the following estimate holds

d

(B < (co log(£(£))] ™ - %W-l) X () — 10, (1) (4.2.33)

where

Ry:={te[ty,T): ('T? < 6}

Ry :={t e [ty,T): L'T* >4}

Proof. The first step is to find §. For this, we note that the estimates (4.2.18)), (4.2.19)

imply that there exist constants 6, ¢y > 0, depending only on L, L, such that
(' TP <=0 <A< ¢t (4.2.34)

Using this 0 we define R; and Ry as in the statement. We say the flow is in regime 1 at

time ¢t if t € Ry and similarly regime 2 if t € R,.

For notational convenience, we introduce the quantity ¢(t) := |log(¢(¢))|. It is clear

that an upper bound on ¢ then corresponds to a lower bound on ¢.

Next we estimate %(Eﬁ_l) in both regimes. First let us suppose we are in regime 1.
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Then starting from Lemma and (4.2.34), we get

LBy < —T20 4 Cp (P T*+¢7)

at
< T (C’gpl% - 1) + <C<p261 - 17'2£1>
2 2

If we assume ¢ > 1, where ¢; is chosen such that Cp!'=2% — % < 0 (and so ¢; depends

only on 3, L and L), then we get

1
%(Ez—l) < Cp™ 271 — 57“26‘1 (4.2.35)

for a constant C' depending only on 3, L and L. We then set Cy from the statement to
be this C' and note that ¢; gives an upper bound on ¢;.

Now suppose we are in regime 2, then from Lemma we have

Ly < C72 £ 0N (T2 4 L2

dt
< (09025“/\ = %) Ty (CLgo?f“A - %Wl)
S (0902[”1)‘ - %) T2+ <CL902'31 - iﬂfl) + (CL(P2ﬁ1 - i) T2
< (Cso‘%“A — %) T2+ (CLgo‘Qﬂ‘l —~ ia) + <CL¢‘2B‘1 - i) T2
where we have used the bound and —72(~! < —¢ and written C}, for a constant

depending additionally on L (and later also L). Then we can find a ¢, depending only

on 3, L, L and § such that provided ¢ > ¢,, the second and third terms satisfy

1
CLQO_zﬁ_I — ZL(S < —§(5

1 1
—28-1 _ + l< 26
(CLSO 4) T’ 3

Taking max{¢s, 2} and translating back to ¢ gives the constant ¢, from the statement.
To treat the first term, we use (4.2.29). Then we can see that provided E¢=" < 2Myp?*~1,
where M, is a constant depending on /3, L and L, the first term is negative, which gives

us our constant Mj.

Combining the estimates from both regimes gives the result. O]
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4.2.3 Proof of Proposition 4.2.1

Using the estimates of the previous two sections and Rupflin’s theorem, Theorem [4.1.5]

we can provide the following proof.

Proof of Proposition[4.2.1. The key in this proof is to first note that we have given our-
selves extra room to work with in the third condition compared with Lemma 4.2.9, We

then use estimates on the decay of £ to show that we can never reach the equality case

B0 = 2M; [log(0)[*" " meaning (#.2.33) holds for all time.

We make use of ¢, , ¢, Co, Ri, Ry from Lemma[4.2.9] (and it’s proof). Additionally we
assume that ¢; < ¢, where £y is from Lemma . We may need to decrease this later

on.

First we derive a bound on the behaviour of . By (4.2.7)), we have

d 28+1 _ 28 (_ y—1 de
14
_ 28p-1 & 2
(28 + 1)t e A
20 +1
 A4r A

If the flow is in regime 1, then using (4.2.34]) we have the bound

d

9 op4

Coédt

where ¢ is a constant depending only on L and S. If instead we are in regime 2, then as
A = 0, we estimate by

_90<t)2'8+1 2 O

Combining these and integrating from ¢, to ¢, we obtain
P(0)* = (o) + coma(t) (4.2.36)

where my(t) := ftz Xr, (t)dt’

Now we suppose that &, > #, is the first time that E¢~! = 2M, |log(€(to)[** ", if it
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exists. If no such time exists then it is clear that the flow will satisfy the conditions of
Lemma m for all time since ¢ is decreasing. We now claim that ¢(t;) > 22ﬂ%1g0(t0).

Suppose this is not the case. Then since (t) is increasing, we have for all ¢ € [tg, ;] that

o(t) < 2T1*1g0(t0). Combining this with (4.2.36) gives
mi(t) < C (2% - 1) o(to) 2P+ (4.2.37)

where C' depends only on 3 and L. Since the conditions of Lemma hold on [tg, t1],
we can use (4.2.33]) to get

d -~ _9h_
&(Ef N < Cop R, (1)

Since ¢(ty) < ¢(t) < ZTl—lgp(to), we can then integrate the above between tq and t; to get
Mop(to)*P ™ < Coma(tr)p(te) >

28-1

since E¢~! has increased by at least Myp(to) Rearranging and combining with

([4.2.37) gives
_ 2841
crp(to)? T Mo (t)*? ' < mu(t) < C (2”*1 - 1) o(to)*" !

This leads to
Mow(to)m*l <C

for a constant C' depending only on L, L and 3. By decreasing ¢; if necessary, this gives

a contradiction.
Therefore we have p(t1) > QTIA@(Q)) and hence
E(u(t)f(t) ™" < Mo [log(£(t)|*™!

This implies that the flow satisfies the same conditions at time ¢; as it did at ¢5. So by
repeating this argument inductively we get that the conditions of Lemma hold with

T = oo. Now we use (4.2.33)) to find a subsequence t; — oo along which 7271 — 0.

Suppose first that there is some T > t; such that for all ¢ > T, whenever the flow is
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in regime 1, it holds that
1
O()SO_2B_1 < Zﬂg_l

where Cj is the constant from (4.2.33|). Then for all ¢ > T', we have

d _1 1 _1 1
— < —-7 2 — —
dt (Eﬁ ) X 4 14 XR;y <t> 45XR2 (t)

Since (™! is decreasing (at least after T') and bounded below (certainly by 0 and in fact
by some positive constant proportional to L?), we can integrate this formula from T to
oo and get a finite result. This gives us that the measure of Ry N [T, 00) is finite and so
RiN[T, 00) has infinite measure. Since [, ., T?¢'dt < 0o, we can extract the desired

subsequence.

Now suppose there is no such time 7. We claim that there is a sequence of times
t; — oo such that t; € Ry and T2¢7' < 4Cyp =~ along t;. To prove this, suppose, for

a contradiction, that there is some Ty > T such that the flow remains in regime 2 for all

t > Ty. Then from (4.2.33) we have

d 1
— (BT <=6
P s 7

But £/~ > 0 so integrating from Ty to oo gives the contradiction. This provides the

required sequence of times. Since p(t) — 0o as t — oo, this is a suitable sequence. ]

4.3 Second Approach

My second investigation of the question of the convergence to a geodesic limit of the
Teichmiiller harmonic map flow took a different approach. Instead of considering directly
the tension on the whole cylinder, which stood in for the degenerating collar, I instead
worked with a weighted tension quantity defined on the true collar neighbourhood Cy of a
degenerating geodesic in a hyperbolic surface (X, g). Essentially, this approach splits the

collar into a central region and an outer region, and studies the behaviour in the central
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one. The quantity in question is

To(u, 0)* = ; 70 (W) pe(s) 20 (pe((s))*dug, (4.3.1)

where ¢ € C2°([0,1),[0,1]) is a cut-off function satisfying ¢ = 1 on [0, 5-| and |¢/| < 47.

To understand better this quantity, fix any A > 1 and consider the region

2m 1 2m 1
A C
Cy e { 7 arccos <2 ), 7 arccos (2 )} [—X(£), X(0)]

for small enough ¢, noting that p,(2* arccos (525)) = AL. Thenon CF, A72072 < py(s) ™2 <

¢=% and so control of T, (u, ¢) implies control of =27 (u,¢) on C2. Note that

27“ arccos (ﬁ) 2 <

—» — arccos

1
X(0) - m) as £ 0

and

2

1
%arccos (ﬂ) —lasA "o

so the central region C} covers a fixed portion of the collar in the limit as ¢ N\, 0, and

that this proportion can be taken arbitrarily close to 1.

This weighted quantity 7, was introduced in [RT18|], which studied the behaviour
of Teichmiiller harmonic map flow when the target manifold has non-positive sectional
curvature, or more generally admits no bubbles. I will also be considering this setting so

as to make use of the estimates derived there.

As above, I will also be assuming that the coupling factor 17 depends on the injectivity
radius in a particular way. This time, it is assumed that n * oo as £\, 0, though not

too fast. Specifically, assume

n—ooasl—0 (4.3.2)

7l —0asl—0 (4.3.3)

Interestingly, this contrasts with the previous result in that I am speeding up the degen-

eration of the metric which intuitively makes it harder for the map to reach a geodesic.

In this setting, I obtained the following theorem.
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Proposition 4.3.1. Suppose (u(t), g(t)) is a smooth solution to the flow (4.1.1)),(4.1.2)

on [0,00) with domain ¥ being a closed surface with genus at least 2 and target (N, h)

not admitting any bubbles. Let C be a collar on which 0 < ¢ < 2arsinh(1) for all time and

¢ — 0 ast — oo. Suppose further that n satisfies (4.3.2) and (4.3.3)). Then there exists a

sequence of times t; — oo along which T20(t;) — 0.

Consequently, for any fived A > 1, T2(7'(t;) — 0 on C}* and so the curve restricted

to the central region C2 sub-converges to a geodesic.

This result gives a positive answer to the question of convergence to a geodesic for this
slightly modified flow on a large part of the collar neighbourhood. It remains to be seen
what can be said about the more delicate in between region where the collar has width

of order strictly between ¢ and 1.

4.3.1 Required Estimates From Existing Literature

We quote here three key estimates which we need for the main result, all coming from

IRT18]. The first gives a bound on the evolution of /.

Lemma 4.3.2 (Part of Lemma 2.3, [RT18]). Let (u(t), g(t)) be a smooth solution to the
flow (4.1.1)),(4.1.2)) on [0,T") and C be a collar with ¢ < 2arsinh(1) for allt € [0,T). Then

there is a constant C' > 0 depending only on the genus of the surface such that

d_g €2n2
dt  16m3

/ (|u8|2 — |u@|2) pg(s)_gdsdé" < OPn*Ey (4.3.4)

Ce

where Eqy is an upper bound on the initial energy.

The second is an estimate on the weighted angular energy, defined

19 (u, 0) ::/ lug| pe(s)~2dsdd (4.3.5)
Ce

Note there is no cut-off function here, but this quantity bounds the cut-off version which

appears later on.
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Lemma 4.3.3 (Lemma 3.1, [RT18]). Let Ey < oo be given and assume (N, h) supports
no bubbles. Then there is a constant C' depending only on Ey and (N, h) such that for

any 0 < ¢ < 2arsinh(1) and smooth map u : (Cy, g¢) — (N, h) with E(u) < Ey

19w, 0) < C(1+T?) (4.3.6)

Finally, we define a weighted energy
1
T(u,0) = / (Jusl? + Jusl?) pe(s)"2o(pe(s))2d 56 (4.3.7)
Ce
Note that we have not lost much using the cut-off function, since we have the estimate

(which is (5.2) from [RT18])

% / (Jsl* + [ua]*) pes)72(1 = @(pe(s))*)dsdf < 4n°E (4.3.8)
Ce

which shows the error compared to the full weighted energy is controllable. Also note
that since py(Y'(£)) = £ + % + O(¢*), the cut-off function is 0 at the ends and only cuts

off a small bit of the cylinder.

We need the following estimate on the evolution of this weighted energy . This
is contained in Lemma 5.1 from [RT18|] with two small adjustments. First we keep track
of the n dependence since we are considering 1 blowing up as opposed to 1 constant.
Second, we keep half of the weighted tension term which appears but is then estimated

away.

Lemma 4.3.4 (Essentially Lemma 5.1, [RT18]). Assume (N, h) supports no bubbles and
let (u,g) be a smooth solution to the flow on [0,T), C be a collar with ¢ < 2arsinh(1) for
all t € [0,T) and suppose n satisfies and . Then there is a constant C' > 0
depending only on the genus of the surface, (N, h) and Ey (a bound in initial energy) such
that

d7¢ C(n*+T+nHIT?) -

n T2 (4.3.9)

N | —
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4.3.2 Proof of Proposition 4.3.1
With these results, we can prove Proposition 4.3.1

Proof. The key quantity we study here is Z¢. We want to use the evolution of this for
which we need the following estimate, a consequence of Lemma , and Lemma
. Note the constants C,c depend only on the genus of the domain surface, (NN, h)
and FEy.

de 2
- < _
dt 1673

7 [ (el = o) pe(s) dsds + e

Ce

27 — C — 1Y) + i’y

< - 2
1673 (
< —cl*n*T 4+ COC 19 + C 2

< —clP*T+ CrP*(1+T2)

Hence using Lemma we have the following bound on the evolution of Z/

d d de
ST =TT+ T
1
SCMC+IL+IPTC) = STl + I (=l + COP*(1+T7))

2
< O (1 + (TO) + PUTT0)) — en(T0)* — %7;35

Now we note that by the formula for the decay of energy, fooo T2dt < Ey. So combined
with the assumption ([£.3.3), [;° n*¢T?dt < oo. This enables us to proceed as follows:

% (Iée_fot Cant’) - (e—fé CWWdt’) %(Iﬁ) — CRPUTA(T)e Jo CnteT?ar

< C (1Pl + (T0) + PLT(TE)) — en(T0)? — T2 — CPtTA(T1)
=C (Pl + (Z0) — en(Z0)* — Tt
<C

(Pl +n7?) — T2t

where we have used that § < e~ Jo CrPeTar < 1 for some 0 > 0 independent of t. We can

now consider two cases to extract the required subsequence.
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First suppose that there is some time ¢y such that for all ¢t > ¢, it holds that
T2 > 2Cc (™2 + n?l)

Then for all t > ty, we have

d t 2 / ]_
- — J5 Cn?eT2dt < -
” <I€e 0 ) < 2CT£€

Since Zle~Jo CnT2dt’ g non-negative, it follows that ftzo T.2¢dt < oo which allows us to

extract the desired subsequence.

Now suppose that no such time ¢, exists. Then we can find a sequence of times

t; — oo along which 72¢ < 2Cc ' (n~2? + n*(). By (4.3.2)) and (4.3.3), we therefore have

that 7.2¢ — 0 along this sequence. ]

4.4 Future Outlook

Answering the main question of this chapter, Question remains a hard task. One
way to interpret the results I have presented above is that I have approached the true
flow equation from both sides, in the sense that I have both sped up and slowed down the
metric degeneration, and found in both cases partial positive answers showing convergence
to a geodesic. Whilst this does not directly apply to the original equations, it at least
provides evidence supporting Question [£.1.4] Moreover, many of the estimates used above
apply for any 7, and so perhaps with some refinements or in combination with further
techniques, the idea of proving convergence to a geodesic using Theorem could be

achieved.

Were this question to be satisfactorily answered, it would show that the Teichmiiller
harmonic map flow despite its singularity formation provides a complete decomposition

of any initial map into a collection of harmonic objects.
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Appendix A

Fractional Sobolev Spaces

In this appendix, we recall the definitions and key properties of the fractional Sobolev

spaces and operators that we use in this thesis.

A.1 Fractional Sobolev Spaces

First of all, we give the definition of fractional Sobolev spaces W*P(2). There are several
equivalent ways of introducing these. In the case when p = 2 and the domain is R",
perhaps the simplest is via the Fourier transform. This has the advantage of very neatly
dealing will all real values of s, however it requires more work to subsequently generalise
to other domains. This approach is followed in Section 25 of [Tre75]. Another way of
introducing these spaces, which works in a very broad context, is to use interpolation
theory for Banach spaces. This has the advantage of being very general, for example
also be able to define Besov spaces with the same procedure, and it provides access to
some nice machinery, e.g. the ability to generalise certain results for integer order Sobolev
spaces immediately to fractional Sobolev spaces, however it is more abstract and so does
not provide a concrete idea of what properties functions in W*?(Q2) have. Chapter 4 in
[Tay10] covers this method. The way that we shall introduce fractional Sobolev spaces is

via the so called Sobolev—Slobodeckij semi norms, which give a very explicit description
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of the spaces W*P(§2). The paper [DPV12] gives a nice presentation of this approach. We

focus on the case 1 < p < oo since we do not make use of the spaces W>(Q).

Definition A.1.1. Let €2 be an n-dimensional subset of a Riemannian manifold (M, g),
1 <p<ooands>0. Then we define the Sobolev-Slobodeckij semi-norm [-]yt.n(q) for

functions u : 2 — R by

B =

[W]wen(o) = ( /Q . dedy)

|z =yl
for 0 <t < 1. Now let s = k 4+ t, where k € N and 0 <t < 1. Then we define the space
WeP(Q) as

WeP(Q) == {u € WFP(Q) : [0°u]wsq) < 0o for each k’th order multi-index o}

where we take WP (Q) = LP(2). We equip this space with the norm

lullwasi) = | lullisg) + D 10" uWlsqy
la|=k
When p = 2 we write W*2(Q) as H*(Q2). As for the usual Sobolev spaces, we also
introduce the spaces Wi”(€2) as the closure of C°(Q) in W*P(Q). Finally, for s < 0 and

1 < p < oo, we define the space W*P(Q) to be the dual space of W, () where %—i—% =1

Next, we state the embedding theorems for fractional Sobolev spaces. For this, we

define the Sobolev exponent

. np
pt =
n—sp

wheren e NJ0O<s<land1l<p< .

Theorem A.1.2 (See results of Sections 6,7 in [DPV12]). Let Q be a bounded Lipschitz
n-dimensional subset of a Riemannian manifold (M,g), 1 < p < oo and 0 < s < 1 and

suppose sp < n. Then for each q € [1,p*], there is a constant C > 0 depending only on

n,p,s,Q2 such that for each uw € W*P(Q),

[ull o) < Cllullwsr@)-

Moreover the embedding W*P(Q) — L9(Q2) is compact for each q € [1,p*).
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Next we give the trace theorem for the spaces W*P. For simplicity, we only state this

for p = 2.

Theorem A.1.3 (See Proposition 4.5, Chapter 4 in [Tayl0]). Let ©Q be a smooth n-
dimensional subset of a Riemannian manifold (M, g) with 9 # () and s > % Then the

trace map

T HY(Q) — H2(990)

18 a well defined bounded linear operator.

We note here that as mentioned in [Tar(7] in Chapter 16, we cannot extend the

1

trace mapping to s < 5 since smooth functions which vanish in a neighbourhood of the

1

boundary are dense in H*({2) for s < 3.

Next we need a result on the operator which maps a function on the boundary to its

harmonic extension.

Theorem A.1.4 (Proposition 1.8, [Tayl0]). Let Q be a smooth compact n-dimensional

subset of a Riemannian manifold (M, g) with OQ # 0 and s > —%. Then the map
h: H(0Q) — H*"3(Q)

which maps u € H*(0N) to its unique harmonic extension is a bounded operator.

In the case when s = 1, we shall also need a localised version of this estimate, which

we state and prove below. We work with {2 = D as this is the case we need.

Lemma A.1.5. Let u : By (x9) ND — R™ with 0 < r < § be harmonic in By, (zo) N D
and have boundary reqularity u € H'(Ba,(z0) N OD). Then u € H2 (B, () ND) with the

estimate

||U||H%(Br(m)m@) <C (””QHUHL%BQT(m)mD) + T71||quL2(Bzr(xo)ﬂ]D>) + Hu”Hl(Bzr(aso)ﬁa]D)))
(A.1.1)

for a universal constant C'.
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Proof. Let ¢ be a smooth cut-off function supported on Bs,.(z) satisfying ¢(x) = 1 on
B,(w0). Let f € HY(By,(19) NOD) be the trace of u. Then set @& = ¢u and extend @ by 0

to be defined on all of D. Then # satisfies the BVP
Au=2Vyp -Vu+ulAp inD
u=qf on JD
Using linearity, we can write @ = u; + us where wuy, us respectively solve
Auy =2V -Vu+ulAp inD
u; =0 on JD

and

AUQZO in D
us = @f on JD

Now we can use the usual H? global regularity estimate for Poisson’s equation to obtain,

u1]| 2y < C2Ve - Vu + ulAg|| r2m)

< O (r YVl 2 + r?[Jull z2m))
Next, we can use the global result, Theorem [A.1.4] to obtain

[uall 3 ) < ClleSf o) < ClFlla B2 @oynom)

Combining the estimates for u; and wuy gives the result. O

A.2 Key Properties of Operators

Here we provide the definitions for the operators discussed in Chapters [2/and 3l We begin
with the fractional Laplacian. There are several ways of defining this operator, which all
agree when the domain is R™ or 7™, but which can give rise to different operators for

more general domains. See for example [LPG™20] for an overview of these.
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Definition A.2.1. Let f: 0D — R and 0 < s < 1. Then define (—A)*f as
(=A)°f(z) := C(s) lim Llfzs)dy
=0 Jo\B.(@) [T — Y|

provided this exists, where C'(s) is a normalisation constant, depending only on s.

Since we do not use the fractional Laplacian, we do not pursue the function space on

which this is well defined.

Next, we define the Dirichlet-to-Neumann operator associated to the Laplacian.

Definition A.2.2. Let (M, g) be a smooth compact n-dimensional Riemannian manifold
with M # (. Then the Dirichlet-to-Neumann operator 9, : Hz (M) — H~2(OM) is

defined by asking that

/ (Vug, Vog)dv, = dyu - vds,
M oM

forallve H %(GM ), where u,, v, denote the harmonic extensions of u, v respectively and

dvg, ds, the volume forms.

Finally we recall a key Sobolev inequality we use in Chapter [3

Theorem A.2.3 ([BMIS8, Special Case of Theorem 1]). Let 2 be a bounded Lipschitz
domain in R™. Suppose that s, sy, s9,0 are constants satisfying s, s1,s9 > 0, 0 < 0 < 1,
s =0s1+ (1 — 0)sa. Then there is a constant C > 0 depending only on the domain and

the above constants such that for all f € H*'(Q2) N H**(Q)

1.f1

) < C| f]

G @l f o0 )
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Appendix B

Commutator Estimates

While many of the operations we use repeatedly throughout Chapter [3], such as harmonic
extensions, derivatives and projections, do not commute, the error terms resulting from
changing the order of operation will in general be of lower order. The purpose of this
appendix is to collect and prove the relevant estimates of such commutators which will

be used throughout the chapter.

To begin with we note that terms which are obtained from commuting two differential
operators Lj 5 of total order j; + jo = j € N can be bounded by
HLngw—Lle’U)HLZ(Z) g CHwHijl(E) and HLngw—LngwHLQ(aE) g C Z Hvkw”Lz(az)

k<j—1

(B.0.1)

We also recall that the extensions 7 and v of the unit tangent and normal vector
fields on OX are chosen so that 0,u,, n € {7, v} are again harmonic on the corresponding
neighbourhood U(9Y) of the boundary. As the C* norm of harmonic functions can be
controlled just in terms of the energy away from the boundary, we can hence bound the

difference between 0,u, and its harmonic extension by

D=

HSO[anug - (anugJ)g)} ||Ck(u) < CE(ug,g) (B.0.2)

for any k € N, any ¢ € M, and a constant C' that only depends on k and ¢.
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Combined, these estimates in particular allow us to bound
IV (Dytig)g — 0V ttg |l 220wy < C Y IVFugll 120wy < Cllwg || o (s (B.0.3)
k<j

where the last estimate is not optimal, but will often be sufficient in applications.

We will need commutator estimates mostly for derivatives and harmonic extensions of
functions of the form w = P, (Oyuy) and w = P,-(d,u,), where B,, P- € Cp°(R";R™")
denote the (fixed) extensions of the projections onto the tangent and normal space of our

support manifold.

To state the relevant estimates in a form that makes them applicable to treat both
types of terms, we let A € Cp°(R™; R™ ™) be any bounded matrix valued function with

bounded derivatives and consider commutator terms of the form
Ci(U,V) := L1 Lo (@A(V)(0,U)) — L1 (¢A(V)(9,L2U)) (B.0.4)

for linear differential operators L; o of order j; > 0, jo > 1 with j; + j» < j and a cut-off
function ¢ € C°(C(0X)) which is chosen as in Remark and is in particular so that
¢ = 1 near 9%. A short argument, which is carried out below allows us to prove the

following basic, but useful, estimates.

Lemma B.0.1. Let 1o > 0,9 € M,,, A € C°(R™;R™") and let U,V € HI(C(IX)), for
some j = 2, C(0X) =, C(0y, g) the union of the neighbourhood of the boundary curves o
described in Section|3.3.1. Then the following holds true for commutator terms C;(U, V)
and C;_1(U, V) of the form (B.0.4) obtained from differential operators Ly o of order ji 2

with jo = 1 and j1 + jo < J respectively 71 + jo < j — 1.

If j = 2 then Co(U,V) € L*3(X) and C1(U,V) € L*(0%) and we can bound

1C2(U, V)l sy + IC1(U, V) | 2o,
S CA+ V@)Ul + ClVIE e VU i) (B.0.5)

+C(L+ [VVILa)IVU llzas)
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while for functions U,V € H?(X) we furthermore have that Cy(U, V) € L*(X) and

1Co(U V) lz2ey < COA IV sz Uy + CIV vzl U gy (BOL6)

+ O+ IV 2w U 3/2(5)- (B.0.7)

If j = 3 then C;(U,V) € L*(2) and C;_1(U,V) € L*(0%) and we can bound

1C5 (U, V)l pars(sy + |C5-1(U, V) || L2 (B.0.8)
< CA+Vlgsre)U ais) + ClU gz IV | i) (B.0.9)

+ ClV g5y llUlri-1s) + CllU gor2 ) IV [ 5i-1(3) (B.0.10)

+ O+ VI U -1 (B.0.11)

and

15U V2w < COL+ NV 52y U 5wy + CNU sz IV [ sy (B.0.12)

+ C(IV [l gsr2 + HV||12L12(2))||UHHJ--%(Z) (B.0.13)
+ CUNU g2y + IV a2 sy U z2sp) IV | =172 (B.0.14)
+C(1+ “V”qul(z))HUHHJA(Z) (B.0.15)

for a constant C' that only depends on the operators Li 2, 1o and A.

At times, it will suffice to use that the above estimates in particular imply that

HCj(ug,ug)H%z(z) <8, (u, 9)?S;j(u,g), for Ss(u,g) as in (3.5.11]) (B.0.16)

1
2

We can apply the above lemma not only to control error terms that result from com-
muting derivatives and projections, but also to compare functions of the form w = P, d,u,
with their harmonic extensions. To this end, we note that (cut-off) versions of derivatives
of A(A(vy)0yuy) can be viewed as commutator terms VI 2A(A(vy)dyu,) = Cj(vg, ugy)
of the above form for L1 = V/72 and L, = A, since Ajuy, = 0. To bound the difference

between such w = pA(vy)0,u, and their harmonic extension w, we will hence be able to
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combine the above commutator estimates with the standard elliptic estimate
|lw — wgllwrrz) < CllAgw||wr-200sy, C=C(k,p,0), 1<p<oo (B.0.17)

and the fact that W53 (%) — L2(Y).

This immediately allows us to deduce that the above commutator estimates also apply
for terms of the form V7 (¢ [A(vy)0,uy— (A(vy)Ohug)y]) and, as (Oyug), — yug is controlled
by (B.0.2), also for terms of the form V(¢ [A(vy)(Dpug)g — (A(vg)yug),]). As harmonic
functions are controlled in any C* in terms of their energy away from the boundary, and
hence on the support of (1—¢), and as we can view V7 (0 A(vy)dpu,) — VI (pA(v,)0,V72u,)
as another commutator term of the form (B.0.4]), we hence obtain the following useful

consequence of the above lemma.

Remark B.0.2. The commutator estimates stated in the above Lemma [B.0.1] are all valid

also for terms of the form

Cj(vg,ug) = @(V? [(Avg)Opug)g] — VI [A(0g)0,V2u4]), 1+ j2 =] (B.0.18)
and

Cji(vg, uy) = Vg[(A(vg)anug)g] — Vgl [A(vg)fo(@nug)g}, ji+je=17J (B.0.19)

Proof of Lemma[B.0.1. To obtain the claim for j = 2 we can use that VC; and Cy satisfy

pointwise bounds of
|Co(U, V)| + [VCL(U, V)| < CL|VU| 1+ [VV]) + |V?V| VU] + (1 + IVV|?) VU]

C' as in the lemma. The claims in this case can hence be obtained by using that A 3 (3) =
LA(2) and W3 (%) < L2(9Y) and applying Holder’s inequality.
Similarly, for j > 3 we have pointwise estimates of
IC5(U V)| + |VC-1 (U, V)| < 1+ |VV]) [VU| + | VIV VU]
+(IVV?+|VV]+1) [V U
+ (VU IVV |+ |[V2U|) [V V|
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+ Y VRV VRV V)
laf<j+1
1< <G —2
The claims in this case can hence be obtained by using the Sobolev embeddings H 2 (3) =
LA(Y) and HI7YE) — WI=2P(X), p < oo, and H*?(Z) — L>®(X) as well as Holder’s

inequality. ]
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Appendix C

Closed Hyperbolic Surfaces

Here we summarise two key results on hyperbolic surfaces which we refer to in Chapter
Ml We use the appendix of [RTZ13] as our source as the results have been formulated in

a convenient manner, and refer to the references of that paper for the original results.

The first result we need is the following description of hyperbolic surfaces near simple

closed geodesics, which is a version of the Keen-Randol collar lemma.

Lemma C.0.1 (Lemma A.4 [RTZ13]). Let (X, g) be a closed surface with constant cur-
vature —1 and let o be a simple closed geodesic in (2, g) of length {. Then there exists
a neighbourhood U of o which is isometric to the cylinder C, = [—X (£), X (£)] x S' with

metric ge = pe(s)?(ds® + d6?), where

2m (m !
X(0) = i (5 — arctan (smh 5))

(5) = 5o
pe " 27cos (5—;)

and the geodesic o is mapped to the curve {0} x S'.

The second key result we need is a description of the limits of degenerating hyperbolic
surfaces. This is addressed in the following version of the Deligne-Mumford compactness

theorem.

Proposition C.0.2 (Proposition A.2, [RTZ13]). Let (X, g;, c;) be a sequence of connected
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closed hyperbolic Riemann surfaces of genus v > 2 and satisfying liinr_l> ci,?f inj g; = 0, where
¢; denotes the complex structure. Then there is a subsequence such that the surfaces
converge (in the sense described below) to a (potentially disconnected) punctured hyperbolic
Riemann surface (i,g,c). The limit surface ¥ arises by collapsing a finite collection of

1

pairwise disjoint simple homotopically non-trivial closed curves o', ...,c" in ¥ to points

q',....q" to get a space M, and then setting ¥ = M\ U?:l ¢. Wenotel <k <3y—3.

By the convergence, we mean that for each i, there are simple closed geodesics o}, ..., ¥
such that o7 and Jg are homotopic for each i,j and there is a continuous map 7; : % — M

which satisfies

1. for each i,j, T;(c}) = ¢.
2. for each j, the length of af converges to 0 as i — o0.
3. for each i, T; : 3\ U?:1 ol — ¥ is a diffeomorphism, with inverse denoted f;.

4. frgi — g locally smoothly on 3.

5. flrci = c locally smoothly on 3.
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