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Abstract

In recent times, a greater emphasis is being placed on understanding the underlying

processes and mechanisms that drive and generate survival data. As Aalen and Gjessing

(2001) note, events don’t happen out of the blue, there is a development preceding

each event. When observing the time till occurrence of a death, ageing is one such

underlying process or ‘development’. This project outlines potential methods for the

analysis of longitudinal survival data, from an ageing perspective, and develops a novel

dynamic model which incorporates understanding of the ageing process, illustrated

through application to lifetime behavioural data available for a sample of fruit-flies.
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Chapter 1

Introduction

An ageing study currently under way in Mexico records the daily behavioural and

movement patterns over the lifetime of a sample of Mexican fruit flies and motivates

the research conducted as part of this thesis. Since the flies are observed over their

lifetimes, survival times are available alongside longitudinal data. Hence, the goal

set by the team of researchers is to enable modelling of the ageing process using the

longitudinal data with a view to incorporating survival analysis.

Survival analysis, also known as life-time data analysis or failure-time analysis in engi-

neering and reliability contexts, analyses the time until occurence of an event of interest

and examples include the time until failure in reliability studies or the time until death

or remission following disease in medical studies. Originating from the Bills of Mortal-

ity published by John Graunt in 1662, it is one of the oldest statistical disciplines with

key applications in the social and biomedical sciences, economics and engineering.
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If X is a non-negative random variable representing the time until event, the survival

function S(x) is defined as S(x) = P (X > x), where S(x) denotes the probability

of surviving beyond x. The survival function is connected to the probability density

function (pdf), f(x), and the cumulative distribution function (cdf), F (x), ofX through

the relation S(x) = 1 − F (x) =
∫∞
x f(u) du. The hazard function h(x), referred to as

the instantaneous risk of event or force of mortality, is defined as:

h(x) = lim
∂x→0

[
P (x ≤ X < x+ ∂x|X ≥ x)

∂x

]
= f(x)
S(x)

where for small ∂x, h(x)∂x is the probability of dying in the interval [x, x+ ∂x), given

survival up till x. The cumulative hazard function H(x) is then H(x) =
∫ x

0 h(u) du,

which allows the survival function and the hazard function to be written entirely in

terms of one another since:

h(x) = f(x)
S(x) =

d
dxF (x)
S(x) = −S

′(x)
S(x) = − d

dx
[logS(x)]

and so S(x) = exp {−
∫ x
0 h(u) du} = exp {−H(x)}.

Landmark papers outlining the Kaplan-Meier estimator for a survival curve (Kaplan

and Meier, 1958), the inclusion of covariates in a regression model for survival data

(Cox, 1972) and the introduction of counting processes as a basis for inference in survival

analysis (Aalen, 1978), have set the landscape for research in this field over the last

half century or so (Andersen, 2010).

In recent times, a greater emphasis is being placed on understanding the underlying

processes and mechanisms that drive and generate survival data (Aalen and Gjessing,

2001). When observing the time till occurrence of a death, ageing is one such underlying
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process or development.

Ageing is one of the most complex and enigmatic biological processes: Peter Medawar

(1952) called it ‘an unsolved problem of biology’ and more than 60 years on, it contin-

ues to retain that mystique. Medvedev (1990), as part of a comprehensive review to

rationally classify the different theories on ageing wrote, “there are now more than 300

theories of ageing and the number continues to grow”, highlighting the complexity and

myriad of views. The underlying theory and understanding of ageing nevertheless has

consolidated considerably since the seminal ideas of Charles Darwin (1859) inspired

early research (Weismann, 1882). With several varying views and a lack of consensus,

it can be confusing at times to understand what ageing is.

1.1 What is Ageing ?

Ageing or senescence is often defined as a deteriorative process, which with time, in-

creases the probability that an individual will die (Arking, 2006, Bonsall, 2006). A more

prevalent biological definition sees ageing characterized by an accumulation of damage

to an organism, leading to loss of function and increased vulnerability to ageing-related

diseases and mortality (Jacobson et al., 2010). Ageing typically is considered to be a

latent process, only observable through manifestations such as physiological decline.
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1.2 Ageing Studies

Several ageing studies—most notably focusing on organisms under laboratory conditions—

have taken place in the last twenty years or so, producing contradicting evidence for the

various theories and motivating alternative explanations of ageing. Le Bourg (2001),

Arking (2006), Ljubuncic and Reznick (2009), Goldsmith (2011) and Bengtson and

Settersten Jr (2016) provide useful reviews.

Ageing studies are typically based on the belief that ageing manifests itself through

a loss of vigour or vitality—the ability to survive. As a result, increased mortality

risk, timing of death or the age-related decline in functional properties is used to track

the deterioration associated with ageing (Arking, 2006). However, recognising and

recording relevant deterioration in animals poses formidable difficulties (Monaghan

et al., 2008) and consequently model systems or surrogates, such as fruit flies, worms

and mice are often employed due to their relative convenience.

1.2.1 Behavioural studies using fruit flies

Advances in computing, coupled with novel experimental techniques, have allowed the

possibility to study and analyse the ageing process in detail for living organisms.

The fruit fly in particular has proved to be a popular choice for studying ageing and age-

related physiological and behavioural changes. Fruit flies develop to adulthood quickly,

have a well-documented genome sequence and relatively short mean life span compared

to mice or humans, and are also inexpensive to handle (Grotewiel et al., 2005). Piper

4



and Partridge (2016) highlight further how well-defined dietary requirements and a

well-understood biology make them particularly advantageous.

Studies such as Grotewiel et al. (2005), Carey et al. (2006) and Iliadi and Boulianne

(2010) provide valuable insights into behavioural changes with age. The further char-

acterization of lifetime behavioural changes specifically are considered essential for un-

derstanding ageing in more detail. However as Zou et al. (2011) note, there remains a

remarkable paucity of studies on age-specific and entire lifetime patterns, due largely

to the lack of an automated system to record lifetime behavioural information until

quite recently.

An ageing study currently underway in Mexico records the daily behavioural and move-

ment patterns over the lifetime of a sample of Mexican fruit flies and motivates the

research conducted as part of this thesis. Further details on the data are presented in

Chapter 3.

1.2.2 Longitudinal survival data

In order to understand the ageing process in greater detail, inevitably observations and

measurements are taken at specific points in time across the lifetime of the organism.

Hence alongside availability of measurements on a covariate, the time until occurrence

of death is also present. Data such as this is referred to as longitudinal survival data

and Yashin et al. (2007) acknowledge its potential and how it remains underused due

to a lack of suitable models.
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Quite often there is simultaneous interest in both the time till death and longitudinal

process. Several joint longitudinal survival models have emerged in the last 20 years or

so (Pawitan and Self, 1993, Tsiatis et al., 1995, Faucett and Thomas, 1996, Wulfsohn

and Tsiatis, 1997, Hogan and Laird, 1997, Xu and Zeger, 2001, Wang and Taylor, 2001,

Cowling et al., 2006). In ageing studies however, ageing is thought of as a latent process

since it’s not considered possible to observe it directly. Joint models incorporating a

latent process (Henderson et al., 2000, Hashemi et al., 2003, Lee et al., 2010) which can

be used to model the ageing process, are more scarce and are evaluated in Chapter 2.

1.3 Thesis Outline

This thesis is motivated by fly lifetime behavioural data and a goal set by the team

of researchers responsible for the data to model ageing and survival jointly and if

possible, dynamically. With respect to this, a novel Dynamic Longitudinal Survival

(DLS) model is outlined in Chapter 6 which utilises Kalman filtering techniques and

Sequential Monte-Carlo (SMC) methods. The relevant Kalman filtering techniques and

SMC methods are outlined in chapters 4 and 5 respectively and referred to in Chapter

6: hence, a reader familiar with these methods can go straight to Chapter 6.

Chapter 2 reviews existing ageing models and establishes the relevance of joint longitu-

dinal survival analysis from an ageing and gerontology perspective: the work from this

chapter partly comprises my contribution to Steinsaltz, Mohan and Kolb (2012), along

with other results which are not presented. A dynamic survival modelling approach
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which forms the basis of a DLS model is identified in this chapter.

Chapter 3 outlines the novel lifetime behavioural dataset motivating this study and

provides a summary of exploratory survival on the data;

Chapter 4 outlines relevant material for state space models in order to define a survival

state space modelling approach towards latter part of chapter.

Chapter 5 outlines relevant Sequential Monte-Carlo (SMC) methods and is referred to

in Chapters 6 and 7. Chapter 6 outlines a novel Dynamic Longitudinal Survival (DLS)

model in detail.

In Chapter 7 the DLS modelling approach is applied to the fly lifetime behavioural

data from Chapter 3 and model diagnostics are presented.

In Chapter 8 the work as part of this research is reviewed, highlighting key results and

open problems for further research.
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Chapter 2

Literature Review

Overview

This chapter reviews existing mathematical ageing models and highlights the role of

frailty models in ageing and survival analysis to capture heterogeneity. A dynamic

survival modelling approach capable of modelling ageing in conjunction, is identified

towards the end of the chapter in section 2.3 and forms the basis for a novel model

developed in Chapter 6.

2.1 Ageing Models

Mathematical models together with the Gompertz distribution have played a key role

in the understanding of biological ageing in the last half century or so. One of the
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earliest models by Strehler and Mildvan (1960) postulated that an organism consisted

of a number of subsystems, each of which had a specific maximum ability to restore

following a ‘challenge’ and that death occurred when an organism could no longer keep

up. The hazard rate under such a model became h(x) = c · ϕ(x), where c denoted

the total number of challenges per unit of time and ϕ(x) represented the frequency of

environmental challenges capable of causing death at age x.

The frequency of challenges were considered to depend on vitality V (x) – an organism’s

capacity to stay alive at age x – with ϕ(x) = ke
V (x)
εD where k was taken to be a constant,

D the relative deleteriousness of the environment and εD a measure of the average

demand for energy (Yashin et al., 2000). As Finkelstein (2012) notes, Strehler and

Mildvan (1960) through such an approach in application to male mortality data were

able to throw up support for the Gompertz law of mortality.

Inspired by Strehler and Mildvan (1960)’s biodemographic analysis of mortality rates,

Sacher and Trucco (1962) considered homeostatic mechanisms alongside stochastic

physiological variables. Individual ageing was postulated as a stochastic differential

equation satisfying:

dαt = −aYtdt + bdWt, α0 = α,

where a > 0 reflected homeostatic feedback,Wt represented random fluctuations through

a Wiener process, b denoted a diffusion coefficient describing intensity of random fluc-

tuations and α denoted a random variable with a pdf which satisfied the Fokker-Planck

equation (Yashin et al., 2000).

Sacher and Trucco (1962), Yashin, Iachine and Begun (2000), Steinsaltz, Mohan and
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Kolb (2012) and Yashin et al. (2016) together provide a fairly thorough review of

developments to date of which some are presented herein.

Simpler ageing models inspired by Gompertz (1825) ignored heterogeneity and indi-

vidual characteristics. A famous example is the cascading failures multistate model by

Le Bras (1976) where senescence was considered as a positive integer state and the rate

of moving from current state to the next, or an absorbing state, was proportional to

the current state as depicted in Figure 2.1, where λ and γ denote the respective rates.

Senescence: 1 2 3 4 ...

Death:

λ 2λ 3λ 4λ

γ 2γ 3γ 4γ

Figure 2.1: Le Bras cascading failures multistate model

Although exponentially increasing mortality (Gompertz, 1825) was observed for much

of the lifespan in several biological species, in the words of Curtsinger et al. (2006):

...at extreme old ages, a ‘mortality deceleration’ occurs – the pace of mor-

tality growth decelerates from an expected exponential curve. Sometimes

this mortality deceleration progresses to the extent that mortality ‘leveling-

off’ is observed, leading to a ‘mortality plateau’. Thus, at extreme old ages,

a paradoxical situation is observed when one of the major manifestations of

ageing – increasing death rate – apparently fades away or even disappears.

Such a phenomenon was confirmed for Le Bras (1976)’s model. Although he had

10



purported exponentially increasing mortality, Gavrilov and Gavrilova (1991) showed

theoretically using data that mortality plateaus would arise.

Several empirical studies around the same time provide further evidence against Gompertz-

like mortality: Carey et al. (1992) notably showed mortality deceleration for a popu-

lation of medflies, Kannisto et al. (1994) showed the same for humans gathering data

from 27 countries and Vaupel et al. (1998) showed similar results for both humans and

medflies. Curtsinger et al. (2006) provide a thorough review.

Steinsaltz and Evans (2004) providing a comprehensive analysis of mortality plateaus,

showed mortality deceleration is in fact convergence to a quasi-stationary distribution

and that such late behaviour of models is to be expected. Quasi-stationarity refers to

a limiting state for the hazard distribution which consequently results in a constant

population hazard rate (Aalen and Gjessing, 2004).

2.1.1 Frailty

Beard (1959) and later Vaupel et al. (1979) and Lancaster (1979) independently intro-

duced the notion of frailty or random effects in survival analysis to capture the effects of

unobserved heterogeneity, where frail individuals were considered to possess a greater

risk of death than the overall population and similarly healthier individuals a lower risk

of death. A latent frailty Z was assumed to act multiplicatively on the baseline hazard

function h0(x) such that h(x|Z) = Z · h0(x). Vaupel et al. (1979) assumed Z to follow

a Gamma distribution.
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Hougaard (1986) considered the power variance function distribution which includes

the gamma, inverse Gaussian and positive stable distributions as potential candidates

for frailty. Vaupel and Yashin (1985), Aalen (1994) and Hougaard (1995) summarise

much of the early work and Duchateau and Janssen (2007), Wienke (2010) and Hanagal

(2011) provide more comprehensive recent reviews, which include ideas such as additive

frailty and correlated frailty.

Seminal papers, which include Vaupel et al. (1998), Yashin et al. (2000) and Rockwood

et al. (2002), through empirical support offered frailty as an explanation for mortality

plateaus. Further empirical support from studies such as Sastry (1997), Price and

Manatunga (2001), Mitnitski et al. (2002), Yashin et al. (2008) and Richards (2008),

where frailty was shown to capture heterogeneity and improve model fit, has ensured

it remains a popular part of survival research and especially in the construction of

ageing models (Yashin et al., 2016). Steinsaltz and Wachter (2006) provide classical

mathematical results to aid better understanding of mortality rate deceleration and

heterogeneity in connection with the choice of frailty distribution.

Li and Anderson (2009) extends these ideas by introducing a four-parameter model

describing mortality as the first passage time of an abstract measure of survival capacity,

where ageing itself was modelled by a stochastic process, a Wiener process with drift.

2.1.2 Damage Accumulation

A precursor to Li and Anderson (2009) was Woodbury and Manton (1977)’s random-

walk model for human mortality, where an ageing process α was modelled using a

12



stochastic differential equation:

dαw(t) = u(αw, t)dt+ dξ(αw, t),

dP (αw) = µ(αw, t)P (αw)dt,

and dP (αw) denoted the change in survival probability. Models such as these are

based on an underlying damage accumulation assumption, referred to as wear and

tear in reliability and engineering contexts, whereby the accumulation of damage in an

organism is postulated to result in mortality.

Gavrilov and Gavrilova (1991, 2004) promote reliability type biological ageing mod-

els based entirely on this assumption. Degradation models provide similar modelling

capabilities and Singpurwalla (1995) provides early expository work outlining useful

stochastic processes for modelling degradation: stochastic wear and tear.

From the perspective of ageing research, Whitmore et al. (1998) introduced a failure

time model based on a bivariate Wiener process, where one process represents an ob-

served marker process and the second represents a latent process. The failure time is

defined by the latent process crossing a threshold. Lee et al. (2000) extended this to

model a joint marker process and latent health status. The notion of a latent health

status is appealing, since it represents the unobservable aging process.

Building on earlier work, Lee and Whitmore (2006) introduced threshold regression

for survival data by postulating the deterioration of a subject’s health as following

a stochastic process and thereby utilising the approach of first-hitting time models:

Aalen and Gjessing (2001) provide a comprehensive review of first-hitting-time models.
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Following the notation in Lee and Whitmore (2006), let {X(t), t ≥ 0} denote a Wiener

process with mean µ and variance σ2 , with initial value X(0) = x0 > 0. With µ < 0

the process will tend to drift towards 0 and hence the first-hitting time for the zero

level follows an inverse Gaussian distribution. Lee et al. (2010) further extend these

ideas to introduce a threshold survival regression model with time-varying covariates in

a health status setting. On the other hand, Li and Lee (2011)’s model allows for more

flexible representation of the varying coefficients. Bagdonavičius and Nikulin (2001,

2009) and Bagdonavičius et al. (2004) using stochastic wear and tear ideas extend the

traditional survival accelerated life model, using a gamma process.

2.1.3 Disposable Soma

One of the most influential modern ageing theories extends the ideas of damage ac-

cumulation and is the idea of ‘disposable soma’ proposed by Kirkwood (1977), which

centres on the idea that ageing arises due to a trade-off between allocating resources to

self-preservation and other bodily activities such as reproduction. A decline in function

is considered to result from unrepaired damage to the organism as a result of life pro-

cesses such as normal metabolism and reproduction, with damage accumulating over

age (Monaghan et al., 2008).

Abrams and Ludwig (1995), Cichoń (1997) and Chu and Lee (2006) provide some of

the further extensive studies on disposable soma theory. Some of the applications to

ageing through mathematical modelling include Johnson and Mangel (2006), Evans

and Steinsaltz (2007) and Bansaye et al. (2011).
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Yashin and Manton (1997) and Yashin et al. (2007, 2008, 2011, 2012) extend disposable

soma framework, proposing stochastic differential equations for capturing resistance to

stresses, adaptive capacities, allostatic1 adaptations and allostatic load in a stochastic

process model for ageing (Yashin et al., 2016).

2.2 Joint Longitudinal Survival Models

Relevant data recorded at various timepoints across an individual’s life is considered

necessary in order to understand ageing in more detail (Yashin et al., 2016). When

the data also comprises survival information as in Zou et al. (2011), joint longitudinal

survival models come to the fore, providing a promising foundation from which to

construct an ageing model.

Longitudinal measurements collected in such studies are typically incomplete and prone

to measurement error and simply using the raw measurements as recorded in survival

analysis, can lead to biases (Prentice, 1982, Raboud et al., 1993, Ibrahim et al., 2005).

Lange et al. (1992) and Hoover et al. (1992) further allude to the high within subject

variability when making biological and physiological observations, endorsing special at-

tention for such covariates through the application of a longitudinal model. Diggle et al.

(2002) and Fitzmaurice et al. (2008) are some of the comprehensive overall references

available on longitudinal data: Newsom et al. (2013) and Arbeev et al. (2016) provide

more specialised references for ageing researchers.
1“...allostasis is the process that keeps the organism alive and functioning, i.e. maintain-

ing homeostasis or maintaining stability through change and promoting adaptation and cop-
ing.”(McEwen, 2002)
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Two approaches exist for handling longitudinal survival data in general:

1. The first approach separates the longitudinal and survival analyses into a 2-stage

analysis where in the 1st stage, a linear mixed effects model is estimated for the

longitudinal covariates ignoring survival information: at the 2nd stage a survival

model is fitted using the subject-specific estimated values from the longitudinal

model in 1st stage as time-dependent covariates (Tsiatis et al., 1995, Bycott and

Taylor, 1998, Dafni and Tsiatis, 1998).

2. The second approach eliminates the isolation of the longitudinal and survival

analyses by making the inference using a joint likelihood for the linear mixed-

effects and Cox proportional hazards model, motivated by limitations with the

2-stage approach as summarised in Faucett and Thomas (1996), Wulfsohn and

Tsiatis (1997) and Yu et al. (2004). The 2-stage approach fails to employ survival

information when modelling the longitudinal process and subsequently eliminates

uncertainty with the estimated values from longitudinal model when fitting as

time-dependent covariates in a Cox proportional hazards model.

Thorough reviews of joint longitudinal survival modelling literature till date are pro-

vided by Hogan and Laird (1997), Troxel (2002), Tsiatis and Davidian (2004), Yu et al.

(2004), Ibrahim et al. (2005), Verbeke et al. (2010), Sousa (2011), Rizopoulos (2012),

Gould et al. (2015) and Elashoff et al. (2017). However, they all omit degradation mod-

els as well as the accelerated life joint models outlined by Bagdonavičius and Nikulin

(2001), Bagdonavičius et al. (2004) and Bagdonavičius and Nikulin (2009), which are

also examples of joint models albeit relatively unknown.
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Arbeev et al. (2016) review the various longitudinal modelling approaches (e.g splines,

change-points) joint models have hitherto taken from an ageing perspective.

2.3 Dynamic Models

Dynamic survival models offer an alternative modelling approach with some of the

earliest examples provided by Gamerman (1991) and Fahrmeir (1994). Gamerman

(1991) considered the piecewise exponential class of distributions, through a temporal

factorization of the likelihood accounting for covariate effects such as treatment groups.

Assuming a random walk evolution of the parameters, the model was estimated as a

Bayesian time series (Harrison and Stevens, 1976, West et al., 1985) and alternatively

using linear Bayesian methods of the form presented for Dynamic Generalized Linear

Models by West et al. (1985). Hemming and Shaw (2005) built on Gamerman (1991),

introducing a dynamic model which fitted the log-hazard as an additive function of the

baseline hazard and covariates.

Fahrmeir (1994) adopting a different perspective on dynamic survival, postulated sur-

vival to evolve in discrete time as a sequence of binary outcomes yt, where yt = 1

denoted mortality at time t: estimation was based on posterior modes (Fahrmeir and

Kaufmann, 1991, Fahrmeir, 1992).

Pavlov (2010) extended the work of Fahrmeir (1994), utilising the inherent Hidden

Markov Model foundation of state-space models to model a latent ageing process in

addition. With a strong recent focus on dynamic predictions within joint models (Ri-
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zopoulos, 2011, Barrett and Su, 2017) together with its ability to model the ageing

process, Pavlov’s approach becomes immediately appealing and hence is explored in

greater detail herein.
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Chapter 3

Fly lifetime behavioural data

Overview

Before Pavlov (2010) and Fahrmeir (1994)’s modelling approach is formalised in Chap-

ter 4, the data under consideration as part of this thesis and motivating the research

is introduced.

3.1 Data

An electronic behavioural monitoring system (BMS), developed jointly by James R.

Carey at the University of California, Davis, and a team of engineers at the Instituto

Nacional de Astrofisica, Optica y Electronica in Puebla, Mexico, monitors 9 flies simul-

taneously over the course of their lives. Barring computational problems, each fly is
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Table 3.1: Excerpt from data for one fly
Fly ID Date Time Behaviour X Y Z

A5_10_0 03/12/2009 12:54:51.00 2 490.898 529.876 375.516
A5_10_0 03/12/2009 12:54:51.20 2 491.371 529.355 374.979
A5_10_0 03/12/2009 12:54:51.40 2 491.647 529.648 375.834
A5_10_0 03/12/2009 12:54:51.60 2 494.336 529.38 375.444
A5_10_0 03/12/2009 12:54:51.80 2 495.452 528.655 375.658
A5_10_0 03/12/2009 12:54:52.00 2 497.296 528.285 375.648
A5_10_0 03/12/2009 12:54:52.20 2 500.123 527.179 375.65

photographed 5 times per second for one minute, three times an hour, for 24 hours a day

over its lifetime. Using image processing, the behavior exhibited in each photo is then

automatically identified and recorded in a database together with X,Y,Z co-ordinates.

Zou et al. (2011) provide further details on the data collection and behavioural classi-

fication procedure.

3.2 Data description

Table 3.1 provides an excerpt from a dataset generated on day 0 - the day of birth -

for one particular fly:

From Table 3.1, the Fly ID is made up of the fly reference number A5, batch number

10 and day the data is recorded on, day 0 in that instance.

The datasets generated comprise the lifetime behavioural and movement patterns for

36 tephritid - Anastrepha Ludens - fruit flies, bred from the same genetic strand. The

equilibration of the genetic background allows focus on age-related behavioural changes

and survival information, without the effects of genetic differences (Iliadi and Boulianne,
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2010).

To provide a glimpse into the depth of data available, the average age for the 36 flies is

123 days, which equates to almost 100 million behavioural and movement measurements

across the flies. With monitoring from birth until the time they die, survival times are

also available.

3.2.1 Experimental Design

Curiously, as seen in Table 3.2, the study design is severely imbalanced since only 4

male flies are included overall of which none are assigned to a sugar diet. The reason

for such a lopsided design is that it was part of an exploratory run to test equipment

for a larger study, which never transpired due to a lack of funding.

Table 3.2: Fly gender and dietary breakdown by sample size
Diet

Full Sugar
Female 16 16
Male 4 -

Nevertheless, 20 of the 36 flies are on a full diet consisting of protein and sugar, while

the remaining 16 female flies are on a sugar only diet. This information will be used

to assess whether there is a difference in survival for flies on the 2 diets. Dietary

restriction (the reduction of dietary intake without causing malnutrition) can extend

lifespan (Fontana et al., 2010, Poirier et al., 2010). Given the lack of data available for

male flies, it’s considered reasonable to exclude them from further analysis.
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3.3 Lifetime Behaviour Analysis

Biomarkers are defined as measurements or observations on a biological organism, that

provide information on the physiological status of the organism: biomarkers of ageing

in addition are expected to be able to predict differences in mortality risk and are

therefore particularly sought after but have proved elusive (Warner, 2004, Jacobson

et al., 2010). A key aim of this study hence is to establish a potential biomarker of

ageing for the fruit flies.

All 36 flies have data files for each of the days they lived. Typically each file has

upwards of 10,000 behavioural observations which alone provide little ageing or survival

information. A fly transitioning from resting to walking over a fifth of a second reveals

little but as Iliadi and Boulianne (2010) note, fruit fly behaviour undergoes a progressive

decline with age. Hence, it makes sense to focus on a longer behavioural observation

period such as a day and then to compare changes over days.

3.3.1 Exploratory Data Analysis

Day-time for the flies is between 7am and 7pm when the cage lighting is on, with night-

time outside these hours. In order to assess any age-related changes for flies on the 2

diets graphically, it’s important to get an idea of the proportion of time spent in each

behaviour across the entire lifetime of the flies as a whole firstly, as in Carey et al.

(2010) and Zou et al. (2011).

Bringing in the dietary information through Figure 3.1, shows female flies on a full
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Figure 3.1: Female fly day-time behaviours by diet
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Figure 3.2: Female fly night-time behaviours by diet
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diet resting between 73-75% during the day, which is almost 10% more than the 65%

observed for female flies on a sugar diet. By resting less, the female sugar diet flies

spend more time walking, nearly 10% more than the females on a full diet. The flies

on a full diet also spend more time eating than their sugar diet counterparts by nearly

2.5%. Night-time behaviours for the flies are fairly similar, with them spending between

92%-95% resting. Standard errors for the estimated proportions are almost negligible

given sample sizes in excess of 100 million observations.

Age-related behavioural changes for flies are likely to be increases in rest with age

and decreases in periods of intense activity such as flying and walking: to assess this

visually, the daily behavioural proportions by age for each fly can be plotted. A plot

for one of the flies selected at random is presented in Figure 3.3: the fly selected is

a female on a full diet, for which the daily fraction of rest appears to hover around

a certain level with a slight increase later on in life; walking levels appear to increase

sharply early in life peaking around 50% into the fly’s life and then gradually appear

to decline with age. Daily behavioural fractions fluctuate quite sharply between days

close-by in some cases and upon closer inspection, potential outliers are largely due to

the observation period comprising only a few hours for those particular days and hence

not reflecting what would transpire over a full day’s monitoring. In order to take this

into account, a loess curve is fitted as in Figures 3.4 and 3.5 to help provide an initial

insight into how the daily behavioural fractions evolve with age. This ties up with a

greater interest in long term behavioural changes rather than from one day to the next,

Interestingly, the female flies on a sugar diet largely exhibit similar shapes for the
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Figure 3.3: Behaviours observed over lifetime of one fly

walking behaviour: walking levels gradually increase with age from birth till about 40-

50% into the fly’s life, and then gradually decline till death occurs. The flies largely

spend little time each day eating, drinking and flying, with little change over age. The

sugar-diet flies from Figure 3.5 interestingly exhibit an increase in resting levels towards

latter life perhaps as should be expected.

The raw datasets for each fly consist of behavioural observations taken every fifth of a

second. Transitions from one behaviour to another as in the raw data alone provide no

discernible information on ageing. Considering the transitions that take place over a

day however can help estimate the probability with which a fly will continue to rest or

transition to walking and so forth each day over a fifth of a second, which may change

with age.
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Figure 3.4: Female full diet lifetime behavioural loess fit plot

Hence, the daily empirical behavioural transition probabilities are calculated to assess

how likely a fly is to retain any particular behaviour and to transition to other be-

haviours. Figure 3.6 provides an aggregate of this information across all the flies. As

would be expected, the behaviour state space is irreducible with all the behaviours able

to ‘communicate’ with one another, albeit with close to 0 probabilities in some cases.

Standard errors are negligible since the transitions are over a million for each case.

Interestingly over 1
5 of a second across the sample as a whole, flies tend to retain the

behaviour they are ‘in’ more often than not, in fact 86% of the time when moving

and upwards of 97% of the time when walking, resting, moving, eating or drinking.

Flying however is only retained 15% of the time which is understandable considering
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Figure 3.5: Female sugar diet lifetime behavioural loess fit plot

it is perhaps more energy intensive than the other behaviours.

3.3.2 Lifetime Activity

Pavlov (2010) focused on empirical transition probabilites and behavioural fractions for

similar fly data. To establish other biomarkers for ageing, the XYZ co-ordinate infor-

mation available for flies is explored. Using the distance formula, the total Euclidean

distance that a fly travels each day can be calculated. As Carey et al. (2010) endorse,

lifetime activity levels are likely to be a better biomarker for ageing since they reflect

how physically active a fly is each day.

Taking the XYZ co-ordinates, the distance a fly covers each second can be calculated
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Figure 3.6: Empirical Markov chain transition rates between behaviour states

and then aggregated over each hour and used to calculate an average hourly speed. The

average speeds for each hour are then used to estimate the distance a fly travels over

day-time hours each day. Upon plotting, to allow a fairer comparison between days

and over age, only the days with a complete set of hourly speeds (an average speed for

every hour between 7am to 7pm) are plotted – see Figure 3.7.

There’s a noticeable difference in the shape of the plots for sugar and full diet flies,

as apparent in Figure 3.7. Sugar diet flies appear to generally be more active and the

ascent to peak life activity appears more pronounced than full diet flies as a result.

Upon reaching peak life activity, both sets of flies exhibit a decline in life activity till
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Figure 3.7: Lifetime activity level trajectories by diet

death. Focusing on the distances covered per day at this stage in Figure 3.7, shows

sugar diet flies generally cover more distance per day over their lifetimes than the full

diet flies, almost 200m or so more in some cases.

To assess statistically whether the lifetime activity level data across both samples arises

from the same distribution, a nonparametric Kruskal Wallis Rank Sum test is conducted

which returns a p-value close to 0 suggesting a significant difference.

Upon discussion with James Carey and his team of researchers at the University of

California, Davis – the biologists responsible for the data – a transformation of the

activity level data is considered whereby the peak activity level for each fly is tracked

over time, updating when a new peak is recorded and taking the absolute value drop
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Figure 3.8: Activity level drop trajectories by diet

in activity, relative to the peak.

Defining this more mathematically, let y∗t denote the raw activity level on day t for an

individual fly for t = 1, . . . , n∗, where n∗ denotes the survival time and let p∗ denote

the peak activity level which will be tracked over time. Initially, p∗ = y∗1 because that’s

the peak activity level observed for the fly to date and hence the absolute value drop

from peak, denoted by yt, becomes y1 = |y∗1 − p∗| = 0. When a new peak activity

level is observed, p∗ is updated and yt from that time point on are calculated using

the updated peak level till a new peak is observed as illustrated in Figure 3.8. The

biologists believe this particular transformation will help track ageing more closely since

the peak activity level will reflect physical maturity and drops from it potential ageing
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Figure 3.9: Missing data for full diet flies

effects.

Missing Data

Since the data collected was part of a run to test equipment, technical glitches along

the way resulted in missing data for flies on both diets as summarised in Figures 3.9

and 3.10. The missing data will be handled (when moving onto the modelling phase)

using an approach commonly used when working with state space models, as outlined

in sections 4.2.3 and 5.5.
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Figure 3.10: Missing data for sugar diet flies
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3.4 Survival Analysis

Fly survival times can be deduced from cessation of daily behavioural data. The be-

havioural observations on the day of mortality mark a prolonged spell of rest so death

is known to have occurred sometime on day Xi for fly i. Adopting a naive approach

and letting X1, ..., Xn be the survival times as in Figure 3.11 shows a greater variance

in survival times for the full diet flies as compared to the sugar diet flies. Interestingly,

but perhaps not surprisingly given the greater variance, the full diet flies have both the

highest and lowest survival times as summarised in Table 3.3.

Table 3.3: Summary of fly survival times
Sample Size Min. 1st Quartile Median Mean SD 3rd Quartile Max.

Female Full Diet 16 32 91.5 131.5 123.3 52.2 168.8 205
Female Sugar Diet 16 55 89.8 97.0 108.0 28.4 129.3 163
All Female Flies 32 32 89.8 110.1 115.7 42.1 136.0 205
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Figure 3.11: Fly survival times by gender and diet

A more detailed graphical analysis of the survival data involves estimation of the sur-

vival curve and since survival times are available for all the flies, it can be estimated

33



Log rank p−value = 0.048
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Figure 3.12: Empirical survival curve by diet

through the empirical survivor function, Ŝ(x), where:

Ŝ(x) = no. of flies alive > x days
no. of flies comprising sample .

The estimated variance of Ŝ(x) is then Ŝ(x)(1− Ŝ(x))/n, where n denotes the sample

size. Plotting the empirical survival curve by diet excluding males in Figure 3.12

suggests full diet flies live slightly longer than their sugar diet counterparts and that

the hazard function is not proportional since the curves cross.

Testing formally for a difference in survival across the 2 diets via the log-rank test re-

turns a p-value of 0.048, suggesting a significant difference. However, with the log-rank

test being based on an underlying assumption of proportional hazards, the Wilcoxon
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test is conducted since it’s considered more appropriate when proportionality doesn’t

hold (Collett, 2003) as in Figure 3.12. Peforming a Wilcoxon test returns a p-value of

0.06 suggesting moderate support in favour of a dietary difference in survival.

3.4.1 Interval Censoring

Mortality for each fly is only known to have occurred between the day observations

ceased and the previous day. Hence data can be written in the form {Ii}ni=1 where

Ii = (Li, Ri), n is the sample size and Li and Ri refer to the left and right endpoints

respectively for individual i. Taking F to be the cumulative distribution function and

letting θ denote a vector of unknown parameters, the likelihood can be expressed as:

L(θ) =
n∏
i=1

[F (Ri)− F (Li)] (3.1)

=
n∏
i=1

[S(Li)− S(Ri)] . (3.2)

Turnbull’s Algorithm

Lindsey and Ryan (1998), Sun (2007), Gómez et al. (2009) and Chen et al. (2013)

provide a throrough review of methods for interval-censored survival data. One of

the most popular ways to obtain a non-parametric estimator for the survival curve

accounting for interval censoring is Turnbull’s algorithm (Turnbull, 1976).

Following the notation in Gentleman and Geyer (1994), let {sj}mj=0 denote the unique

ordered elements of {0, {Li}ni=1, {Ri}ni=1}. Then as Peto (1973) and Turnbull (1976)

first showed, the likelihood for one individual depends on the cdf F only through
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Figure 3.13: Turnbull interval plot for example data

{F (sj)}mj=1 and not on the changes in F between sj (Gentleman and Geyer, 1994) as

seen from equation 3.2.

Lindsey and Ryan (1998) provide a graphical approach for finding sj whereby all the left

and right endpoints for a sample are plotted. Then visually, left and right endpoints are

identified such that the left point picked is immediately followed by a right endpoint.

Illustrating this for artificial data presented in Gómez et al. (2009) gives Figure 3.13 for a

set of 6 individuals with censoring intervals {(4, 7], (3, 5], (0, 2], (1, 4], (6, 9], (8, 10]}. The

Turnbull intervals sj can then be deduced visually as {(1, 2], (3, 4], (4, 5], (6, 7], (8, 9]}.

Letting αij indicate whether (sj−1, sj) ⊆ Ii and pj = F (sj−)− F (sj−1) the likelihood

can then be written as (Gentleman and Geyer, 1994):

L(θ) =
n∏
i=1

 m∑
j=1

αijpj

 , (3.3)

with the constraints
∑m
j=1 pj = 1 and pj ≥ 0.
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Figure 3.14: Turnbull survival curve for full diet flies
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Figure 3.15: Turnbull survival curve for sugar diet flies

3.4.2 Application to fly data

Applying Turnbull’s algorithm in order to construct survival curves for the fly data

broken down by diet yields Figures 3.14 and 3.15 which show very negligible difference

between the empirical survival curves and ones accounting for interval censoring.

Since the interval censoring for the fly data is always the very same small window

for each of the 36 flies, it is sufficiently small enough to the point there’s hardly any

overlapping between intervals for the flies, and therefore the Turnbull algorithm takes

sj as the interval censoring endpoints for the entire sample and the empirical survival
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curve provides almost the same curve as one which would be estimated using Turnbull’s

algorithm.

This shows that since the interval censoring is a very small window, it’s reasonable to

assume the survival time to be the actual day fly was observed to be dead.
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Chapter 4

Survival State Space Model

Overview

This chapter outlines some key general results for state space models in order to define

a survival state space model in section 4.4. A reader familiar with Kalman filtering

techniques can skip straight to section 4.4.

4.1 State Space Models

In a nutshell, state space models enable insight into the development of a latent process

α1, ..., αn associated with a series of observations y1, ..., yn: interest centres on inference

of the αt’s having observed y1, ..., yn. A state space model can be a manifestation of

a Hidden Markov Model (see Figure 4.1), which in the general case comprises (Cappé
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Latent Process: α1 α2 α3 ... αn

Observations: y1 y2 y3 yn

Figure 4.1: Hidden Markov model

et al., 2005, Fernhead, 2012):

i.) a hidden (latent) state, αt, which is a Markov chain:

p(αt|α1:t−1) = p(αt|αt−1), where α1:t−1 = {α1, . . . , αt−1},

ii.) and a series of observations yt, where yt is conditionally independent of αs and ys

for all s 6= t given αt.

4.2 Linear Gaussian State Space Model

State space models can not be solved analytically except in the linear Gaussian case

where:

yt = Ztαt + εt, εt ∼ N(0, Ht), (4.1)

αt+1 = Ttαt +Rtηt, ηt ∼ N(0, Qt), t = 1, ..., n, (4.2)

α1 ∼ N(a1, P1). (4.3)

The matrices Zt, Tt, Rt, Ht, Qt and the initial distribution of α1 are usually assumed to

be known but can also be estimated as outlined in section 4.2.4. The error terms εt and
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ηt are assumed to be serially independent and independent of each other at all time

points (Durbin and Koopman, 2012). Equations (4.1) and (4.2) are referred to as the

observation equation and state equation respectively. Rt is usually the identity matrix

and can be absorbed into the parameter Qt in any case, but authors such as Durbin

and Koopman (2012) tend to separate out.

Interest centres on estimates of the filtering and smoothing distributions where filtering

implies estimates for E(αt|Yt) and V ar(αt|Yt) and smoothing implies estimates for

E(αt|Yn) and V ar(αt|Yn), where Yt = {y1, ..., yt}, for t = 1, .., n.

Kalman (1960) famously solved the linear Gaussian case through the Kalman filter and

smoother.

4.2.1 Kalman Filter

Let:

at|t = E(αt|Yt), Pt|t = V ar(αt|Yt), (4.4)

at = E(αt|Yt−1), Pt = V ar(αt|Yt−1), (4.5)

α̂t = E(αt|Yn), Vt = V ar(αt|Yn). (4.6)

Then together with the Markovian structure of the model and results from multivariate

normal regression theory (see Appendix A) the Kalman filter for (4.4) and (4.5) can be
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derived as (Kalman, 1960, Durbin and Koopman, 2012):

vt = yt − Ztat, Ft = ZtPtZ
T
t +Ht,

at|t = at + PtZ
T
t F
−1
t vt, Pt|t = Pt − PtZTt F−1

t ZtPt,

at+1 = Ttat +Ktvt, Pt+1 = TtPt(Tt −KtZt)T +RtQtR
T
t ,

for t = 1, .., n where Kt = TtPtZ
T
t F
−1
t . The recursion is initialised using (4.3) and the

one step ahead estimates can also be written as:

at+1 = Ttat|t, Pt+1 = TtPt|tT
T
t +RtQtR

T
t ,

4.2.2 Kalman Smoother

The Kalman smoother, using output from the Kalman filter, returns estimates for (4.6)

and is given by:

Lt = Tt −KtZt,

rt−1 = ZTt F
−1
t vt + LTt rt, Nt−1 = ZTt F

−1
t Zt + LTt NtLt,

α̂t = at + Ptrt−1, Vt = Pt − PtNt−1Pt,

for t = n, .., 1, initialised using rn = 0 and Nn = 0.

4.2.3 Missing Data

Missing observations in the Kalman filter and smoother are handled intuitively. Since

there’s no new information at the time points where observations are missing, one-step
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ahead predictions are utilised (Durbin and Koopman, 2012):

at|t = E(αt|Yt) = E(α|Yt−1)

= at, (4.7)

Pt|t = V ar(αt|Yt) = V ar(αt|Yt−1)

= Pt, (4.8)

at+1 = E(αt+1|Yt) = E(Ttαt +Rtηt|Yt−1)

= Ttat, (4.9)

Pt+1 = V ar(αt|Yt−1) = V ar(Ttαt +Rtηt|Yt−1)

= TtPtT
T
t +RtQtR

T
t . (4.10)

Hence, the Kalman filter can be updated using equations (4.7) to (4.10) for the

case when there’s missing data. The backwards smoothing recursions of the Kalman

smoother similarly become:

rt−1 = T Tt rt, Nt−1 = T Tt NtTt. (4.11)

4.2.4 Parameter Estimation

Given an unknown parameter vector ψ and α1 ∼ N(a1, P1), with a1 and P1 known,

the log-likelihood for the linear Gaussian state space model can be written as (Harvey,

1993, Durbin and Koopman, 2012):

logL(Yn;ψ) =
n∑
t=1

p(yt|Yt−1), (4.12)
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where p(y1|Y0) = p(y1). Since E(yt|Yt−1) = E(Ztαt+εt|Yt−1) = Ztat and vt = yt−Ztat,

Ft = V ar(yt|Yt−1) and hence the log-likelihood becomes:

logL(Yn;ψ) = −np2 log 2π − 1
2

n∑
t=1

(
log |Ft|+ vTt F

−1
t vt

)
, (4.13)

where p is the dimension of the observations and vt and Ft are output from the Kalman

Filter.

4.3 Simulation Smoothing

An algorithm for drawing samples from the latent process given the data is referred to

as simulation smoothing and proves useful for investigating performance of techniques

and in the analysis of non-Gaussian models using approximation methods such as the

‘Approximating Linear Gaussian’ state space model - see (Durbin and Koopman, 2000,

Section 4). The goal is to generate draws from P (α1, ..., αn|Yn), which is multivariate

normal since underlying model is linear and Gaussian.

One widely known early approach is the forwards filtering, backward sampling (FFBS)

algorithm, developed independently by Frühwirth-Schnatter (1994), Carter and Kohn

(1994) and Shephard (1994), where the identity:

P (α1, ..., αn|Yn) = P (αn|Yn)P (αn−1|Yn, αn)...P (α1|Yn, α2, ..., αn) (4.14)
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is employed using Bayes’ theorem whereby:

P (α1, ..., αn|Yn) ∝ P (αn|Yn)P (αn−1|Yn−1, αn)...P (α1|Y1, α2), (4.15)

P (αt|Yt, αt+1) ∝ P (αt+1|αt)P (αt|Yt). (4.16)

For the linear Gaussian state space model, these quantities are readily computed by

the Kalman Filter.

Building on the work of De Jong and Shephard (1995), Durbin and Koopman (2002)

proposed a simulation smoother based on mean-corrections, drawing samples of the

disturbances ε1, ..., εn and η1, ..., ηn given the observations Yn.

Following Durbin and Koopman (2012), let w = (ε1, η1, ..., εn, ηn), ŵ = E(w|Yn)

and W =var(w|Yn). Then for the linear Gaussian state space model on page

38, the conditional density of w given Yn is N(ŵ,W ) and P (w) ∼ N(0, φ) where

φ =diag(H1, Q1, ...,Hn, Qn) (Durbin and Koopman, 2012). Let w+ denote a draw from

the unconditional P (w) and y+ denote subsequent values of y generated running the

Kalman filter recursions, initialised with a draw α+
1 from α1. Then ŵ+ = E(w|y+)

can be computed using the Kalman filter and smoother. Durbin and Koopman (2012)

show using A.2, where the conditional variance of x given y in a multivariate nor-

mal distribution does not depend on the value of y, var(w|y+) = W . Therefore

given y+, w+ − ŵ+ ∼ N(0,W ) unconditionally, irrespective of the value of y+ and

w̃ = w+ − ŵ+ + ŵ is a random draw from N(ŵ,W ).

Based on this principle, the simulation smoother by Durbin and Koopman (2002) (sum-

marised in Algorithm 1) (Jarociński, 2015) is often the preferred choice (Helske et al.,
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Algorithm 1 Simulation Smoother (Durbin and Koopman, 2002)

1. Obtain random draws ε+t and η+
t from N(0, Ht) and N(0, Qt) respectively

for t = 1, .., n.

2. Draw α+
1 ∼ N(a1, P1).

3. Using Step 2 to initialise, generate α+
t and y+

t taking output from Step 1 in

place of εt and ηt in (4.1) and (4.2).

4. Compute α̂t = E(αt|Yn) and α̂+
t = E(αt|Y +

n ) using the Kalman filter and

smoother.

5. Return α̃t = α̂t + α+
t − α̂+

t

2013, Scott and Varian, 2014, Mikkonen et al., 2015, Zhu et al., 2017) owing to its

simplicity and ease of implementation.

The estimation error α+
t − α̂+

t is Normal with zero mean (Bertsekas and Tsitsiklis,

2002, Section 4.7) and can be used to establish the validity of Algorithm 1, whereby

α̃t ∼ N(α̂t, Vt) should hold. Doucet (2010) provides a succinct summary of the va-

lidity. Although Durbin and Koopman (2002) works well in practice, Jungbacker and

Koopman (2007) show there may be cases where due to ‘imposed ill-defined variance

matrices’ the method can not be implemented properly (Durbin and Koopman, 2012).

The simulation smoother by De Jong and Shephard (1995), a precursor to Durbin and

Koopman (2002) where sampling of the disturbances and then states was first consid-

ered, works generally.
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4.4 Killed State Space Model

Ageing is typically considered to be a latent process only observable through manifes-

tations such as physiological changes: the inherent Hidden Markov Model structure of

a state space model becomes naturally appealing as a result.

Pavlov (2010) building on these ideas outlined a ‘Killed’ state space model of the form

below, where ageing is postulated to be an unobserved process driving longitudinal

measurements and mortality:

αt+1 = Tαt + ηt, ηt ∼ N(0, Qt),

yt = Zαt + εt, εt ∼ N(0, Ht)

st ∼ Bernoulli(pt),

where pt = P (st = 1|αt), αt refers to the latent ageing process, yt comprise longitudinal

behavioural measurements and st denotes a Bernoulli survival indicator of the form

presented in Fahrmeir (1994); T , Z, Qt, Ht are considered to be parameters defining

the respective evolution of the longitudinal measurements and ageing over time. Aside

from the Bernoulli term, the model is noticeably a linear Gaussian state space model.

4.4.1 Changing Frailty

Frailty was briefly outlined in section 2.1.1 and is the notion that frail individuals

possess a greater risk of death than the overall population and similarly healthier indi-

viduals a lower risk of death. This can be reflected in the Bernoulli survival probability
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pt utilising a frailty modelling framework where a hazard function:

h(t|θt) = h0(t) · θt, (4.17)

where θt denotes a random changing frailty term which is a function of the latent

process αt, assumed log-normal for ease of inference by Pavlov (2010) and h0(t) is a

baseline hazard taken to follow a Gompertz distribution. Hence:

h(t|θt) = (KeCt)(eγαt),

h(t|θt) = KeCt+γαt ,

(4.18)

whereK,C are Gompertz parameters and γ is the co-efficient for effect of hidden ageing

process αt. Pavlov (2010) like Fahrmeir (1994), considers analysis in discrete time and

uses the survival function approximation:

S(t) = exp
{
−
∫ t

0
h(s) ds

}
≈ exp

{
−

t∑
x=1

h(x)
}
, (4.19)

where t denotes units of days. The dataset considered comprises fly behavioural data

and the longitudinal measurements considered are behavioural fractions available from

day 1 when fly is born through to when it dies on day n∗: n∗ doubles up as a survival

time as a result and is therefore considered random. Considering each day in the life

of a fly as a Bernoulli trial, Pavlov (2010) defines st as the binary indicator on day

t, for t = 1, ..., n∗, where st = 1, if fly survives through till the end of the day and 0

otherwise: then, s1 = 1, S2 = 1, ..., Sn∗−1 = 1, Sn∗ = 0.

A survival probability pt = pt(αt) conditional on the unobserved ageing process is then

48



derived by letting:

pt = pt(αt) = P (T > t|T > t− 1;α≤t),

= exp{−KeCt+γαt},

= P (st = 1|αt),

(4.20)

where α≤t denotes all available information on ageing process up till time t.

A key underlying assumption of Pavlov’s Killed state space model is the conditional

independence of the longitudinal measurements yt and the Bernoulli indicators st given

ageing: this is considered reasonable given biological theory since it suggests ageing is

responsible for the behavioural and survival information and since it impacts the two

differently, creates conditional independence.

4.4.2 Likelihood

Given the conditional independence, the likelihood for a paramater vector ψ =

(Z, T,Qt, Ht,K, c, γ) can be written as:

L(ψ; y, s) =
∫
P (y, s|α)P (α) dα

=
∫
P (y|α)P (s|α)P (α) dα. (4.21)

Since:

P (y|α) = P (α, y)
P (α) = P (α|y)P (y)

P (α) , (4.22)
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the likelihood simplifies to:

L(ψ; y, s) = P (y)
∫
P (s|α)P (α|y) dα

= P (y)Eα|y{P (s|α)}. (4.23)

(4.23) allows the likelihood to be evaluated exploiting the joint linear Gaussian struc-

ture of α and y through the Kalman filter and smoother since P (y) is the likelihood

from Kalman filter omitting s and Eα|y{P (s|α)} can be evaluated using the simulation

smoother outlined in Algorithm 1.

The mortality time is considered as the number of measurements n∗ and hence:

P (s|α) =
(
n∗−1∏
t=1

pt

)
(1− pn∗) ,

=
(
n∗−1∏
t=1

exp{−KeCt+γαt}
)(

1− exp{−KeCn∗+γαn∗}
)
. (4.24)

Eα|y{P (s|α)} is then evaluated using Monte-Carlo integration:

Eα|y{P (s|α)} ≈ 1
M

M∑
i=1

[(
n∗−1∏
t=1

exp{−KeCt+γα
(i)
t }
)(

1− exp{−KeCn∗+γα
(i)
n∗}
)]

,

(4.25)

where α(i)
t for i = 1, ..,M are draws from P (α|y) returned by Algorithm 1.

Letting:

Li =
n∗∑
t=1

exp{−KeCt+γα
(i)
t }, (4.26)

where for t = n∗, the term summed is:

exp
{

log
[
− 1
K

log
(

1− exp{−KeCn∗+γα
(i)
n∗}
)]}

, (4.27)
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a more computationally stable form for (4.25) is deduced taking the log:

logEα|y{P (s|α)} ≈ −KL+ log
[

1
M

M∑
i=1

exp (−K(Li − L))
]
, (4.28)

where L = min{L1, ..., LM}.

4.4.3 Approximating Linear Gaussian Model

For non-Gaussian state space models, approximate filtering techniques need to be

utilised. Pavlov’s model comprises a linear Gaussian component plus a Bernoulli sur-

vival indicator from the Exponential family of distributions.

Durbin and Koopman (2000) outline an ‘Approximating Linear Gaussian’ model which

converges to the same conditional mode for the unobserved state process given the

observed measurements as non-Gaussian model. Given an ageing process of the form:

αt = Tαt−1 + ηt, η ∼ N(0, Qt), (4.29)

where T and Qt are assumed known. Let φt = Zαt for known Z and assume observa-

tions to arise from exponential family distributions with form:

p(yt|φt) = exp{ytφt − bt(φt) + ct(yt)}. (4.30)

Let:

ḃt = δbt(φt)
δφt

∣∣∣
φt=φ̃t

, (4.31)

b̈t = δ2bt(φt)
δφtδφ

′
t

∣∣∣
φt=φ̃t

, (4.32)
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where φ̃t is a trial value of φt. Then taking:

At = b̈−1
t , (4.33)

ỹt = φ̃t − b̈−1
t (ḃt − yt), (4.34)

an approximating linear Gaussian model is given by:
αt = Tαt−1 + ηt, η ∼ N(0, Qt),

ỹt = Zαt + εt, ε ∼ N(0, At).
(4.35)

The filter is initialised with a trial value of φ̃t with each iteration of the filter returning

a new trial value until convergence is achieved: initial trial values don’t need to be

accurate and convergence is typically achieved between 5 and 10 iterations.

Pavlov (2010) attempts to create an approximating model following Durbin and Koop-

man (2001) and appears to follow steps (4.29) to (4.33) but for step (4.34) he creates

a pseudo-observation for St which isn’t elaborated but is different to what (4.34) out-

lines: notation is an issue and it seems to have confused the construction of model.

In an attempt to make Pavlov (2010) easier to follow, and to show where he differs,

a complete overhaul of his notation and a more reader friendly approach outlining his

attempt gives:

φt = log
(

pt
1− pt

)
= −KeCt+γαt − log

[
1− exp

(
−KeCt+γαt

)]
, (4.36)

and hence bt(φt) = log
(
1 + expφt

)
.
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Durbin and Koopman (2001) outline b̈t and ḃt for a Bernoulli observation as:

ḃt = expφt (1 + expφt)−1 (4.37)

b̈t = expφt (1 + expφt)−2 . (4.38)

Following (4.34) the pseudo-observation should be of the form:

ỹt = φ̃t + b̈−1
t yt − b̈−1

t ḃt, (4.39)

which Pavlov (2010) agrees with for all the terms bar φ̃t for which he suggests the

first derivative of a fixed φt (rather than a trial value) times a α̃t, both of which are

unsubstantiated. Given the iterative procedure by which subsequent trial values are

generated from the Kalman filter and smoother and plugged in for mode estimation,

Pavlov (2010) doesn’t follow Durbin and Koopman (2001) through nor explain what’s

being attempted: generation of the trial values is naturally the most crucial part of the

iterative procedure.

Nevertheless the framework of his model offers significant potential for an ageing model

capable of modelling the fly data.
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Chapter 5

Sequential Monte Carlo Methods

Sequential Monte Carlo (SMC) methods – also known as particle filtering or particle

methods – offer a simulation based approach to estimating posterior distributions for

state-space models and consequently come to the fore in a non-linear, non-Gaussian

setting where approximate techniques are employed such as in section 4.4.3. SMC

methods don’t rely on local linearisation techniques or crude approximations (Doucet

and Johansen, 2009) which often become problematic as in the case of Pavlov (2010).

Hence, this section outlines the relevant features of SMC methods for a novel approach

to the estimation of a survival state space model in Chapter 6. A reader familiar with

SMC methods can skip straight to Chapter 6.

Doucet et al. (2001), Arulampalam et al. (2002), Ristic et al. (2004), Cappé et al.

(2007), Fearnhead (2008), Doucet and Johansen (2009) and Creal (2012) provide an

overview of methods, from which a short review is provided herein for reference using
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a state-space model of the form presented on page 38. Let the transition density for

the unobserved process be P (αt|αt−1) and the observation density for observations be

P (yt|αt), where together they define a Hidden Markov Model of the form presented on

page 38. The joint distribution for the unobserved process and observations can then

be written as:

P (α1:n, y1:n) = P (α1)P (y1|α1)
n∏
t=2

P (αt|αt−1)P (yt|αt) (5.1)

The filtering distribution – an estimate of the unobserved process at time t, given

information from all the observations up till t – relies upon the posterior distribution.

Following Cappé et al. (2007), this can be obtained using the prediction-correction

recursion (Ho and Lee, 1964):

• Prediction:

P (α1:n|y1:n−1) = P (α1:n−1, y1:n−1)P (αn|αn−1), (5.2)

• Correction:

P (α1:n|y1:n) = P (yn|αn)P (α1:n|y1:n−1)
P (yn|y1:n−1) , (5.3)

where P (yn|y1:n−1) =
∫
P (αn|y1:n−1)P (αn|αn−1)P (yn|αn) dαn−1:n is the predictive dis-

tribution of yn, given the past observations y1:n−1. Since it’s not possible to sample

directly from P (α1:n|y1:n), N particle paths α̃(i)
1:n, i = 1, .., N are sampled from a con-

venient importance distribution q(α1:n|y1:n).
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5.1 Particle Filter

Sequential importance sampling involves choosing an importance sampling distribution

such that it allows a recursive procedure: a proposal can be constructed considering

the factorization (Doucet et al., 2001, Cappé et al., 2007),

q(α1:n|y1:n) = q(α1:n−1|y1:n−1) q(αn|αn−1, yn). (5.4)

The unnormalized importance weights are then (Doucet et al., 2000, Cappé et al., 2007):

w̃(i)
n = P (α̃(i)

1:n|y1:n)
q(α̃(i)

1:n|y1:n)
, (5.5)

∝ w(i)
n−1 ×

P (α̃(i)
n |α̃(i)

n−1)P (yn|α̃(i)
n )

q(α̃(i)
n |α̃(i)

n−1, yn)P (yn|y1:n−1)
, (5.6)

where w
(i)
n = w̃

(i)
n /

∑N
j=1 w̃

(j)
n and is the normalized weight. The scaling factor

P (yn|y1:n−1) does not depend on the state sequence and since the weights are normal-

ized, need not be computed (Cappé et al., 2007). An approximation of the expectation

of any function h can be computed using the particles propagated over time where,

h̄ =
∫
h(α1:n)P (α1:n|y1:n) dα1:n, (5.7)

≈
N∑
i=1

w(i)
n h(α̃(i)

1:n). (5.8)

The importance density q(αn|αn−1, yn) is often referred to as the optimal importance

density since it minimises the Monte Carlo variance of the importance weights: for the

specific case where q(αn|αn−1, yn) = P (αn|αn−1, yn), the optimal importance density,

the variance of the importance weights is zero (Doucet et al., 2000, Section D).

In practice the optimal importance density q(αn|αn−1, yn) proves intractable and alter-
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Algorithm 2 Bootstrap Filter

For time t=1

for i = 1, ..., N

• Sample α̃(i)
1 ∼ P (α1).

• Compute weights w̃(i)
1 = g(y1|α̃(i)

1 ).

• Normalize weights: w(i)
1 = w̃

(i)
1 /

∑N
i=1 w̃

(j)
1

• Compute filtering estimate: h̄1 = ∑N
i=1w

(i)
1 α̃

(i)
1

For time t=2, ..., n:

• Resample: select N particle indices ji ∈ {1, ..., N} using normalized weights:

w
(i)
t−1 = w̃

(i)
t−1∑N

i=1 w̃
(i)
t−1

• Set α(i)
t−1 = α̃

(ji)
t−1 and w(i)

t−1 = 1/N for i = 1, ..., N .

for i = 1, ..., N

• Sample α̃(i)
t ∼ P (α̃(i)

t |α
(i)
t−1)

• Compute weights: w̃(i)
t = g(yt|α̃(i)

t )

• Normalize weights: w(i)
t = w̃

(i)
t /

∑N
i=1 w̃

(j)
t

• Compute filtering estimate: h̄t = ∑N
i=1w

(i)
t α̃

(i)
t

natives are sought. Gordon et al. (1993) proposed use of the state transition density

P (αn|αn−1) as part of the Bootstrap Filter, summarised in Algorithm 2. Since the

transition density is known generally, it is possible to sample from it for a large number

of cases and the subsequent simplified form of the importance weights has ensured the

popularity and widespread application of the Bootstrap Filter.
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5.2 Resampling

Sample degeneracy occurs when after a few iterations, almost all the particles have

negligible weights (Arulampalam et al., 2002). A key advantage of the resampling

present in the original Bootstrap Filter is that it removes particles with low weights

with a high probability and hence helps solve sample degeneracy (Doucet and Johansen,

2009).

Resampling can be seen to provide stability in the future at the cost of a short term

increase in the Monte Carlo variance (Doucet and Johansen, 2009). Consequently it’s

considered more sensible to resample when the variance of the importance weights is

greater than a specified threshold like Liu and Chen (1995), who suggested the effective

sample size (ESS) to assess variance of importance weights, where:

ESS =
(

N∑
i=1

(w(i)
t )2

)−1

, (5.9)

and resampling when ESS < k ·N with k = 0.75 or k = 0.5 typically.

Degeneracy is often the pivotal factor when determining whether an SMC algorithm

works in practice and as a result the ESS proves popular in assessing peformance since

it returns a value between 1 and N which is intuitive and provides a way to check if

a sufficient number of particles remain. When the majority of particles have neglible

weights, the ESS is small and similarly when the particles have relatively uniform

weights, the ESS is close to N.

As a general rule, Ristic et al. (2004), Cappé et al. (2007), Doucet and Johansen (2009)
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and Durbin and Koopman (2012) advise to compute estimates such as the filtering esti-

mate before resampling since the accuracy can only drop due to Monte Carlo variation

upon resampling. Chopin (2004) shows the estimate computed before resampling to be

more efficient and therefore preferable.

5.2.1 Resampling Schemes

Although multinomial resampling is often assumed for simplicity, other popular and

potentially better options exist. Douc et al. (2005) provide a comprehensive comparison

and show residual and stratified resampling to have a lower conditional variance than

multinomial resampling for all configurations of weights and show systematic, stratified

and residual resampling to provide comparable results in practice.

Nevertheless, systematic resampling proves to be the most popular, despite lack of

rigorous theoretical support, owing to its simplicity to implement and potential to

outperform multinomial resampling generally. Cappé et al. (2005) provides a thorough

account of each of the algorithms.

5.3 Particle Smoothing

Godsill, Doucet and West (2004) provide a natural extension to the Kalman smoother

which generalizes for nonlinear, non-Gaussian state space models taking the joint

59



smoothing distribution factorized as:

P (α1:n|y1:n) = P (αn|y1:n)
n−1∏
t=1

P (αt|αt+1:n, y1:n), (5.10)

where using a Markovian assumption,

P (αt|αt+1:n, y1:n) = P (αt|αt+1, y1:t) (5.11)

= P (αt|y1:t)f(αt+1|αt)
P (αt+1|y1:t)

(5.12)

∝ P (αt|y1:t)f(αt+1|αt). (5.13)

Assuming filtering has already been carried out with approximate representations of

P (αt|y1:t) available for t = 1, ..., n, the particle smoother, summarised in Algorithm 3,

follows intuitively from (5.13). As Godsill, Doucet and West (2004) note, this method

is independent of the filtering algorithm employed and further independent realizations

can be obtained by repeating the algorithm. The computational complexity however

is O(Nn) for each random realization and hence the procedure is computationally

intensive for a large number of simulations (Cappé et al., 2007).

5.4 Prediction

Doucet et al. (2000) outline an intuitive approach for obtaining approximations of the

prediction distribution as summarised in Algorithm 4.
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Algorithm 3 Particle Smoother

For time t=1, ..., n:

• Run Particle Filter, storing the particles and weights for each time step.

• Choose α̃n = α(i)
n with probability w(i)

n

For time t=n− 1, ..., 1:

• Calculate and normalize modified weights ρ(i)
t ∝ w

(i)
t f(α̃t+1|α(i)

t ) for i =

1, ..., N .

• Choose α̃t = αt with probability ρ(i)
t .

• α̃1:n = (α̃1, α̃2, ..., α̃n) is then an approximate independent realization from

P (α1:n|y1:n).

Algorithm 4 P-step ahead prediction

Run particle filter up till time t storing normalized weights w(i)
t for i = 1, ..., N .

For j=1, ..., p:

• For i = 1, ..., N sample α(i)
t+j ∼ P (αt+j|α(i)

t+j−1) and extend the trajectory

α
(i)
1:t = (α(i)

1 , α
(i)
2 , ..., α

(i)
t ) with α(i)

1:t+j = (α(i)
1:t+j−1, α

(i)
t+j).

• Compute filtering estimate h̄t+j = ∑N
i=1w

(i)
t α

(i)
t+j

61



5.5 Missing Data

The modifications to the Kalman filtering recursions outlined in section 4.2.3, for the

case when there’s missing data, are based on one-step ahead predictions: when handling

missing data, SMC methods can be extended with a similar approach using Algorithm

4.
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Chapter 6

Dynamic Longitudinal Survival

Analysis

This chapter presents a novel application of SMC methods to survival analysis via a Dy-

namic Longitudinal Survival (DLS) model building on the Kalman Filtering techniques

and SMC methods introduced in earlier chapters.

6.1 Outline of Model

The primary aim of the model is to extract an ageing signal from activity measurements,

observed over the lifetime of a population of flies, in order to estimate survival chances

dynamically.

Setting up a state-space model where a latent ageing process αi,t denotes the ageing
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process on day t for fly i, yi,t denotes the longitudinal observation on day t for fly i,

si,t denotes a Bernoulli survival indicator with probability pi,t = pt(αi,t) for fly i and

αi,1 ∼ N(a1, P1) denotes the initial distribution of the latent ageing process for fly i

and T,Q,H,Z, a1 and P1 define the population level parameters:

αi,t+1 = Tαi,t + ηi,t, ηi,t ∼ N(0, Q), (6.1)

yi,t = Zαi,t + εi,t, εi,t ∼ N(0, H), (6.2)

si,t ∼ Bernoulli(pi,t) (6.3)

αi,1 ∼ N(a1, P1). (6.4)

6.2 Ageing Latent Process

6.2.1 Random Walk

The aim of (6.1) is to postulate a latent ageing process. A reasonable first consideration

is the random walk evolution for ageing like (Woodbury and Manton, 1977, Dasgupta,

1994, Penna and Stauffer, 1995) and Pavlov (2010): considering a drift term addition-

ally allows incorporation of biological decay and damage accumulation and has been

considered extensively in stochastic models of ageing – see Weitz and Fraser (2001) and

Li and Anderson (2009).

A simple random walk can be modelled by letting T and Q equal 1. A model of this

form incorporates ’disposable soma’ biological theory since it allows the possibility of

maintenance and repair alongside damage accumulation guided by the data.
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6.2.2 Random Walk with Drift

To incorporate drift, the local linear trend model setup popularised by Harvey (1993)

and Durbin and Koopman (2012) proves appealing whereby the latent process becomes:

αi,t+1 = αi,t + vi,t + ηi,t, ηi,t ∼ N(0, Q1) (6.5)

vi,t+1 = vi,t + ωi,t, ωi,t ∼ N(0, Q2), (6.6)

or in matrix notation:

(
αi,t+1
vi,t+1

)
=
(

1 1
0 1

)(
αi,t
vi,t

)
+
(
ηi,t
ωi,t

)
, (6.7)

where:

(
ηi,t
ωi,t

)
∼ N

((
0
0

)
,

(
Q1 0
0 Q2

))
, (6.8)

and:

(
αi,1
vi,1

)
∼ N

((
a1,1
a2,1

)
,

(
Q1,1 0

0 Q2,1

))
. (6.9)

Ageing is assumed to start at 0 and hence a1,1 and Q1,1 are set to zero for initialisation.

A constant drift can be incorporated by specifying a value for a2,1 and setting Q2,1 and

Q2 to 0. Alternatively, setting vi,1 to a constant d with Q1 = Q and Q2 = 0 in (6.6)
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achieves the same result: based on this, conditional densities can be expressed as:

P (αi,t|αi,t−1) ∼ N(Tαi,t−1 + d,Q),

P (αi,t) ∼ N(td, tQ),

P (yi,t|αi,t) ∼ N(Zαi,t, Z2Q+H),

P (yi,t) ∼ N(Ztd, Z2tQ+H). (6.10)

As a result when computing the likelihood based on (6.10), the parameter Z can be

increased and the drift d decreased without changing overall effect of the two. Hence,

to ensure identifiability it’s necessary to set one of them to a fixed value since there are

two trend parameters.

Similarly, Durbin and Koopman (2012) show using matrix notation for state space

models, yi,t = Zαi,t + εi,t = Z(Tαi,t−1 + d + ηi,t−1) + εi,t and as a result, ideally only

one trend component should be specified across the latent and observation process to

ensure parameters are identifiable.

Since ageing is assumed to be a deteriorative process which increases mortality risk

over time, it makes sense to consider a drift term which is analogous to ageing being

pushed to a terminal level broadly rather than a simple random walk which is more

speculative. This ties up with damage accumulation and wear and tear theories of

ageing.

In order to specify a stochastic local linear trend, both Q1 and Q2 can be set to values

greater than 0. The local linear trend however, as Durbin and Koopman (2012) note,

can appear far from smooth since the trend is at a local level. Young et al. (1991) and
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Kitagawa and Gersch (1996) advocate modelling trend in state space models through

the ‘integrated random walk’ or ‘smoothness prior’ approach respectively, whereby Q1

is set to 0 with Q2 > 0, to achieve a smoother trend. Biological theories suggest

a gradual development of the ageing process over time (Strehler, 1977, Arking, 2006)

which implies a smoother development of the trend and consequently deem the approach

of Young et al. (1991) and Kitagawa and Gersch (1996) preferable.

6.2.3 Ornstein-Uhlenbeck Process

An alternative consideration as a stochastic process for the latent ageing process is

the Ornstein-Uhlenbeck (OU) process (Uhlenbeck and Ornstein, 1930), which has been

considered extensively in ageing studies (Woodbury and Manton, 1977, Yashin et al.,

2000, 2008, 2016). Aalen and Gjessing (2004) describe it as a natural model to use for

an underlying process in biological contexts, since it stabilises around some equilibrium

point.

Yashin et al. (2016) further draw attention to its appeal for biological interpretation

from an ageing biodemographic perspective since it’s the only nontrivial process which

is stationary, Gaussian and Markovian. Touching upon the ability of the OU process to

drift towards a long term mean, which can be interpreted as homeostatic regulation1,

Yashin et al. (2016) single out the mean-reverting property of the OU process for

endorsing it as the method of choice for modelling ageing trajectories.
1"...a fundamental property of living organisms that tends to maintain stability by returning

or restoring a biological subsystem to an equilibrium state in case of disturbances of various
kinds."(Yashin et al., 2016)
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Figure 6.1: Lifetime actitivity plot

The discrete-time analog of the OU process is the stationary autoregressive order 1

(AR1) process of the form (6.1) with |T | < 1: restricting the marginal variance of αi,t

to be 1 gives Q = 1− T 2.

6.3 Longitudinal Observations

The longitudinal data available includes daily activity levels and a daily survival in-

dicator. Chiu et al. (2013) considering fruit-fly data, highlight how activity patterns

are among the physiological processes that change most significantly as animals age

and as a result provide good indicators of healthspan. Bearing this in mind, activity

patterns—see Figure 6.1—considered in section 3.3.2 are re-explored. An absolute

value difference in the daily activity level relative to the peak activity level observed
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Figure 6.2: Drop in activity level over lifetime

to date, over the lifetime of a fly can be assumed to be governed by a latent ageing

process: considering the absolute value drops potentially provides more insight into

possible ageing effects as depicted in Figure 6.2 for the same fly from Figure 6.1. The

zeroes denote when a new peak activity level is reached.

The activity level drops together with survival indicators will be used in model as

longitudinal information.

6.3.1 Daily Survival Probability

The Bernoulli survival indicators are distributed with a probability pi,t and estimated

as outlined in section 4.4. Pavlov (2010) assumed a baseline Gompertz hazard function

based on its popularity in ageing studies: a baseline hazard guided by the data can
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provide a better choice.

With a frailty multiplicative hazard being fitted, the baseline hazard reflects the pop-

ulation level of risk. Earlier in Figure 3.12 a significant difference in survival together

with a non-proportional hazard was observed for the full and sugar diet flies: this

motivates a separate baseline hazard and frailty group for each diet initially at least.

6.4 Baseline Hazard Estimation

The baseline hazard can be estimated assuming parametric distributions such as the

Gompertz, Weibull and Log-Logistic, which collectively cover a wide range of forms

the hazard can take: the parameter estimates, alongside providing potential starting

values for optimisation routines later, will help evaluate whether a particular choice of

baseline hazard fits but otherwise this stage is exploratory – the estimates observed

here will not be used later, where full joint estimation will be carried out.

6.4.1 Gompertz Distribution

The Gompertz distribution is arguably the most popular distribution in ageing studies

and biodemography, proving to be the catalyst in areas of research such as frailty

modelling.

For the purposes of fitting a baseline hazard, the survival times for the flies can reason-

ably be assumed to be continuous since the step size of the discretization is relatively
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small (Lenart, 2014) as seen in Figures 3.14 and 3.15.

Letting the survival time x follow a Gompertz distribution with density:

f(x) = aebxe−
a
b

(ebx−1), x > 0, (6.11)

and letting θ = (a, b) and Q(b) = 1
n

∑n
i=1 e

bxi , the log-likelihood is:

l(θ) = logL(θ) = n log(a) + b
n∑
i=1

xi −
a

b

n∑
i=1

(ebxi − 1) (6.12)

= n log(a) + b
n∑
i=1

xi −
na

b
(Q(b)− 1). (6.13)

The partial derivatives are then given by:

∂l

∂a
= n

a
− nQ(b)

b
+ n

b
(6.14)

∂l

∂b
=

n∑
i=1

xi −
na

b2
− naQ′(b)

b
+ naQ(b)

b2
(6.15)

By setting 6.14 to zero, a maximum likelihood estimate (MLE) for a can be derived as:

â = b

Q(b)− 1 (6.16)

By plugging the MLE for a into 6.15:

∂l

∂b
=

n∑
i=1

xi + n(Q(b)− bQ′(b)− 1)
b(Q(b)− 1)

=
n∑
i=1

xi + n

b
− nQ′(b))

(Q(b)− 1)

= x̄+ 1
b
− Q′(b))
Q(b)− 1 (6.17)

which can be solved using numerical methods. Lenart (2014) presents a similar solution
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for the MLE. Asymptotic variances can be derived using:

∂2l

∂a2 = −n
a2 (6.18)

∂2l

∂b2
= [Q′(b)]2 −Q′′(b)(Q(b)− 1)

(Q(b)− 1)2 − 1
b2

(6.19)

However, given the small sample sizes for both diets, the bootstrap algorithm for stan-

dard errors (Efron and Tibshirani, 1994) is preferable.

6.4.2 Weibull Distribution

If the survival time x is assumed to follow a Weibull distribution with pdf:

f(x) = abaxa−1e−(bx)a , x > 0, (6.20)

then the log-likelihood is given by:

l(θ) = n log a+ na log b− ba
n∑
i=1

xai + (a− 1)
n∑
i=1

log xi, (6.21)

where θ = (a, b) and the partial derivatives are given by:

∂l

∂b
= na

b
− aba−1

n∑
t=1

xai (6.22)

∂l

∂a
= n

a
+ n log b− ba

n∑
i=1

(xai log xi)−

ba log(b)
n∑
i=1

xai +
n∑
i=1

log xi (6.23)

which yields a MLE for b as:

b̂ =
(

n∑n
i=1 x

a
i

) 1
a

, (6.24)
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which can be plugged into (6.23) for b to give:

∂l

∂a
= n

a
− n∑n

i=1 x
a
i

n∑
i=1

(xai log xi) +
n∑
i=1

log xi (6.25)

Balakrishnan and Kateri (2008) consider maximum likelihood estimation for a Weibull

pdf of the form (6.20) where their parameter θ = b−1 and β = a. The solution to the

score equation (6.25) can be expressed as:

1
a

=
∑n
i=1 (xai log xi)∑n

i=1 x
a
i

− 1
n

n∑
i=1

log xi, (6.26)

where the right hand side of (6.26) denotes H(a;x). Balakrishnan and Kateri (2008)

using the Cauchy-Schwartz inequality show that H(a;x) is a monotone increasing func-

tion of a. Consequently a plot of the left hand side of (6.26) against the right hand side

will intersect exactly once, at the MLE of a (Balakrishnan and Kateri, 2008).

Asymptotic variances can be derived using:

∂2l

∂b2
= −na

b2
− a(a− 1)ba−2

n∑
i=1

xai (6.27)

∂2l

∂a2 = − n

a2 − 2ba log b
n∑
i=1

(xai log xi)−

ba
n∑
i=1

(
xai [log xi]2

)
− ba[log b]2

n∑
i=1

xai (6.28)

6.4.3 Log-Logistic Distribution

If the survival time x is assumed to follow a Log-Logistic distribution with pdf:

f(x) = abaxa−1

(1 + (bx)a)2 , x > 0, (6.29)
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then the log-likelihood which is usually maximised directly is given by:

l(θ) = n log a+ na log b+ (a− 1)
n∑
i=1

log xi − 2
n∑
i=1

log(1 + (bxi)a), (6.30)

where θ = (a, b). Alternatively, the partial derivatives are:

∂l

∂b
= na

b
− 2a

b

n∑
t=1

bxai
1 + (bxi)a

(6.31)

∂l

∂a
= n

a
+ n log b+

n∑
i=1

log xi − 2
n∑
i=1

(bxi)a log(bxi)
1 + (bxi)a

. (6.32)

Al-Shomrani et al. (2016) presents a solution for the log-logistic MLE, where b is taken

to be λ−1 in their alternative parameterisation of the distribution. Asymptotic vari-

ances can be derived using:

∂2l

∂b2
= −na

b2
+ 2a
b2

n∑
i=1

(bxi)a(1 + (bxi)a − a)
(1 + (bxi)a)2 (6.33)

∂2l

∂a2 = − n

a2 − 2
n∑
i=1

(bxi)a[log(bxi)]2

(1 + (bxi)a)2 (6.34)

6.4.4 Estimates

Maximum likelihood estimates for the different baseline hazards along with bootstrap

standard errors are calculated for the fly data as summarised in Tables 6.1 to 6.3.

The observed median for female flies on a full diet is 131.5, 97.0 for female flies on a

sugar diet and 110.1 for female flies overall from Table 3.3 and comparing these to the

fitted medians in Tables 6.1 to 6.3 suggests the Gompertz as a good fit for the full diet

female flies and the Weibull and Log-Logistic better for the sugar diet females flies and

females overall. Checking graphically through Figures 6.3 and 6.4 show the Gompertz
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and Weibull proving a good fit for the full diet survival times and the Weibull and

Log-Logistic a better fit for the sugar diet flies. Figure 6.5 shows the Weibull proving

further a good fit for the female flies overall with the Log-Logistic not fitting well

towards right tail. Given the small sample the conclusions that can be drawn are

limited and including frailty can potentially help improve fit.

To limit the number of potential ageing models, the Log-Logistic model is omitted

hereon since it fits similarly to the Weibull and the Weibull exhibits a better fit in the

right tail as seen for the sample overall in Figure 6.5.

Table 6.1: Gompertz parameter estimates

Diet Parameter Estimate Bootstrap S.E Sample Size Est. Median Log-Lik.
Full a 1.12 ×10−3 7.02×10−7

16 128.6 -84.7
Full b 0.0202 3.16×10−5

Sugar a 5.63 ×10−4 8.64×10−8
16 111.1 -77.4

Sugar b 0.0338 7.25×10−5

Overall a 1.18 ×10−3 1.93×10−7
32 119.1 -165.7

Overall b 0.0222 1.23×10−5

Table 6.2: Weibull parameter estimates

Diet Parameter Estimate Bootstrap S.E Sample Size Est. Median Log-Lik.
Full a 2.71 0.504 16 121.2 -85.3
Full b 7.21 ×10−3 5.15×10−7

Sugar a 4.19 0.684 16 108.8 -76.0
Sugar b 8.43 ×10−3 2.99×10−7

Overall a 3.00 0.142 32 114.9 -164.3
Overall b 7.39 ×10−3 1.85×10−7

The suitability of the Weibull can also be explored through taking the empirical survival

curve and plotting as in Figure 6.6 which should exhibit linearity broadly if the Weibull

holds. However, given the extremely small samples although there’s some linearity
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Table 6.3: Log-Logistic parameter estimates

Diet Parameter Estimate Bootstrap S.E Sample Size Est. Median Log-Lik.
Full a 3.44 1.00 16 117.4 -87.5
Full b 8.52 ×10−3 1.53×10−6

Sugar a 6.85 2.84 16 104.1 -75.5
Sugar b 9.60 ×10−3 3.67×10−7

Overall a 4.44 0.545 32 110.9 -166.2
Overall b 9.02 ×10−3 4.20×10−7

0 50 100 150 200

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Full diet fitted survival curves

Day

S
ur

vi
va

l P
ro

ba
bi

lit
y

Empirical
Gompertz
Weibull
Log−Logistic

Sample size = 16
(male flies excluded)

Figure 6.3: Full diet fitted survival curves

the overall relationship is not easy to ascertain without additional survival times as

advocated in Pletcher (1999).
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Figure 6.4: Sugar diet fitted survival curves
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6.5 Dynamic Longitudinal Survival Model Like-

lihood

(6.1) to (6.4) define the structure of the DLS model. Let αi = (αi,1, αi,2, . . . , αi,ni)

denote the ageing process for fly i, yi = (yi,1, yi,2, . . . , yi,ni) and si = (si,1, si,2, . . . , si,ni)

denote the observations for fly i, where ni defines the number of observations for fly

i: further, let α = (α1, α2, ..., αn), y = (y1, y2, ..., yn) and s = (s1, s2, ..., sn), where n

denotes the sample size (the total number of flies). Then assuming conditional inde-

pendence of the observations y and s given the latent ageing process α, the likelihood

for a parameter vector ψ can be written as:

L(ψ;y, s) =
n∏
i=1

[∫
P (yi, si|αi)P (αi) dαi

]

=
n∏
i=1

[∫
P (yi|αi)P (si|αi)P (αi) dαi

]

=
n∏
i=1

[∫
P (αi|yi)P (yi)

P (αi)
P (si|αi)P (αi) dαi

]

=
n∏
i=1

[
P (yi)

∫
P (si|αi)P (αi|yi) dαi

]

=
n∏
i=1

[
P (yi)Eαi|yi [P (si|αi)]

]
. (6.35)

The log-likelihood then becomes:

logL(ψ;y, s) =
n∑
i=1

[
logP (yi) + logEαi|yi [P (si|αi)]

]
(6.36)

The flexibility of state-space models allows each individual to have his own parameters

for the longitudinal observations in (6.2) and (6.35) generalises to allow that. Since αi
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and yi are Gaussian they can be evaluated using (4.13). Assuming a log-normal frailty

throughout, P (si|αi) will depend on the choice of baseline hazard. The hazard function

taking into account a multiplicative frailty, in the general case, can therefore be defined

as:

h(t|αi,t) = h0(t) eγαi,t (6.37)

where h0(t) is the baseline hazard.

The fly data comprises flies following 2 different diets: a log-likelihood reflecting a

diet-specific frailty can be expressed as,

logL(ψ;y, s) =
nf∑
i=1

[
logP (yi) + logEαi|yi [P (si|αi; γ)]

]

+
ns∑
i=1

[
logP (yi) + logEαi|yi [P (si|αi; γs)]

]
, (6.38)

where nf and ns denote the sample sizes for the full-diet and sugar-diet flies and γ

denotes full-diet frailty coefficient and sugar-diet frailty coefficient γs = γ + c, where c

is a constant factor.

6.5.1 Gompertz

For the case when a Gompertz baseline hazard is assumed:

h(t|αi,t) = h0(t) eγαi,t = aebt eγαi,t ,

= aebt+γαi,t . (6.39)
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The Bernoulli survival probability pi,t for t = 1, ..., ni following (4.19) and (4.20) is:

pi,t = pt(αi,t) = exp
{
−aebt+γαi,t

}
. (6.40)

Hence:

P (si|αi) =
(
ni−1∏
t=1

pi,t

)
(1− pi,ni) ,

=
(
ni−1∏
t=1

exp
{
−aebt+γαi,t

})(
1− exp

{
−aebni+γαi,ni

})
,

= exp
{
−a

ni−1∑
t=1

ebt+γαi,t

}(
1− exp

{
−aebni+γαi,ni

})
. (6.41)

Following the approach outlined on page 48, using (6.41) the Eαi|yi [P (si|αi)] term can

be evaluated using Monte-Carlo integration:

Eαi|yi [P (si|αi)] ≈
1
M

M∑
j=1

[
exp

{
−a

ni−1∑
t=1

ebt+γα
(j)
i,t

}(
1− exp

{
−aebni+γα

(j)
i,ni

})]
,

(6.42)

where α(j)
i,t , for j = 1, . . . ,M denote independent and identically distributed draws from

P (αi|yi). A more computationally stable form can be deduced by considering (6.42)

as:

Eαi|yi [P (si|αi)] ≈
1
M

M∑
j=1

[
eLie−Li exp

{
−a

ni−1∑
t=1

ebt+γα
(j)
i,t

}(
1− exp

{
−aebni+γα

(j)
i,ni

})]
,

= e−Li

M

M∑
j=1

[
exp

{
Li − a

ni−1∑
t=1

ebt+γα
(j)
i,t

}(
1− exp

{
−aebni+γα

(j)
i,ni

})]
,

(6.43)

where Li = 1
M

∑M
j=1 Li,j and:

Li,j = a
ni−1∑
t=1

ebt+γα
(j)
i,t , (6.44)
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for each iteration j = 1, ...,M of the Monte-Carlo integration. Hence:

logEαi|yi{P (si|αi)} ≈

− Li − log(M) + log

 M∑
j=1

[
eLi−Li,j ×

(
1− e−ae

bni+γα
(j)
i,n

)] .
(6.45)

For the likelihood (6.36), (6.45) is evaluated in turn for each individual comprising sam-

ple. The likelihoods in this section follow a discrete time cumulative hazard function

approximation when calculating the survival probability as outlined in (4.19). Alter-

natively, the survival function for the Gompertz distribution can be used directly: if T

is taken to be the survival time then S(t) = P (T > t) = e−
a
b (ebt−1), and

P (T > t |T > t− 1) = exp
{
−a
b

(
ebt − eb(t−1)

)}
. (6.46)

In the general case, if θ denotes the frailty with θ > 0, the survival function conditioned

on frailty becomes S(t|θ) = S(t)θ (Kleinbaum and Klein, 2012). Hence assuming a log-

normal frailty with the Gompertz distribution, where S(t|αi,t) = e−
a
b (ebt−1)e

γαi,t

=

e−
a
b
eγαi,t(ebt−1), and letting αi,≤t denote all the ageing information available up till

time t for fly i,

pi,t = pt(αi,t) = P (T > t|T > t− 1;αi,≤t),

= P (T > t;αi,≤t)
P (T > t− 1;αi,≤t)

,

=
exp

{
−a
b e
γαi,t

(
ebt − 1

)}
exp

{
−a
b e
γαi,t−1

(
eb(t−1) − 1

)}
= exp

{
−a
b

(
eγαi,t(ebt − 1)− eγαi,t−1(eb(t−1) − 1)

)}
. (6.47)
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and hence:

P (si|αi) = exp
{
−a
b

ni−1∑
t=1

(
eγα

(j)
i,t (ebt − 1)− eγα

(j)
i,t−1(eb(t−1) − 1)

)}

×
(

1− exp
{
−a
b

(
e
γα

(j)
i,ni (ebni − 1)− eγα

(j)
i,ni−1(eb(ni−1) − 1)

)})
.

(6.48)

Taking,

Li,j = a

b

ni−1∑
t=1

(
eγα

(j)
i,t (ebt − 1)− eγα

(j)
i,t−1(eb(t−1) − 1)

)
, (6.49)

for j = 1, . . . ,M and letting Li denote the mean as before, the log-likelihood can be

expressed as:

logEαi|yi{P (si|αi)} ≈ −Li − log(M) +

log

 M∑
j=1

eLi−Li,j ×
1− e

−a
b

(
e
γα

(j)
i,ni (ebni−1)−e

γα
(j)
i,ni−1 (eb(ni−1)−1)

)

 .

(6.50)

To compare the performance of a model likelihood where the survival probability is

based on a cumulative hazard function approximation to one where the Gompertz

distribution is used directly, parameter estimates can be calculated by setting γ = 0 in

(6.45) and (6.50) to recover the marginal survival likelihood: the parameter estimates

for simulated data can then be compared with the true values they were simulated from

to assess performance.

1000 datasets of 500 survival times each are simulated from the Gompertz distribution

using the Inversion method with parameters taken to follow each of the models from

Table 6.1. The cumulative hazard approximation based approach will be referred to as

‘Approach 1’ and the direct Gompertz survival function approach will be referred to
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as ‘Approach 2’. Figure 6.7 summarises the findings observed for data simulated from

the full diet Gompertz model with a = 0.000982 and b = 0.0199: a similar pattern is

observed for simulations from each of the 3 models. The overall estimated mean for the

parameters a and b under Approach 2 is always very close to the true parameters with

neglible difference in the estimate of b between Approach 1 and 2. However for the

parameter a, the Approach 1 estimator is biased with Approach 2 consistently closer

to the true parameter value as seen in Figures 6.7 and 6.8.
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Figure 6.7: Model checking using Gompertz(a = 9.82× 10−4, b = 1.99× 10−2)
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Figure 6.8: Model checking using Gompertz(a = 5.61× 10−4, b = 3.38× 10−2)

Secondary checks to assess performance of the 2 methods versus the MLE for each of

the 1000 simulated datasets shows the approximation under Approach 2 being directly

comparable to the MLE as shown in Figure 6.9, with comparable standard error and

percentiles. Hence the discrete time approximation taking the survival function directly

is preferable and a model defined under this framework will be referred to as a dynamic
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longitudinal survival (DLS) model.
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Figure 6.9: Comparison with MLE for Gompertz(a = 9.82× 10−4, b = 1.99× 10−2)

6.5.2 Weibull

For the case when a Weibull baseline hazard is assumed, the survival function becomes:

S(t|αi,t) = exp {−(bt)a}e
γαi,t = exp {−eγαi,t(bt)a} . (6.51)
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The Bernoulli survival probability can then be expressed as:

pi,t = pt(αi,t) = exp {−ba (eγαi,tta − eγαi,t−1(t− 1)a)} , (6.52)

for which the likelihood becomes:

P (si|αi) = exp
{
−ba

ni−1∑
t=1

(
eγα

(j)
i,t ta − eγα

(j)
i,t−1(t− 1)a

)}

×
(

1− exp
{
−ba

(
e
γα

(j)
i,ninai − e

γα
(j)
i,ni−1(ni − 1)a

)})
.

(6.53)

Taking,

Li,j = ba
ni−1∑
t=1

(
eγα

(j)
i,t ta − eγα

(j)
i,t−1(t− 1)a

)
, (6.54)

for j = 1, ..,M , where M denotes the number of Monte-Carlo integration draws, and

letting Li denote the mean, the log-likelihood can be expressed as:

logEαi|yi{P (si|αi)} ≈ −Li − log(M) +

log

 M∑
j=1

eLi−Li,j ×
1− e

−ba
(
e
γα

(j)
i,ninai − e

γα
(j)
i,ni−1 (ni−1)a

)

 .

(6.55)

6.5.3 Log-Logistic

For a Log-Logistic baseline hazard, the survival function is:

S(t|αi,t) =
( 1

1 + (bt)a
)eγαi,t

= exp{− log(1 + (bt)a)}e
γαi,t (6.56)

= exp {−eγαi,t log (1 + (bt)a)} , (6.57)

88



The Bernoulli survival probability can then be expressed as:

pi,t = pt(αi,t) = exp {−[eγαi,t log(1 + bata)− eγαi,t−1 log(1 + ba(t− 1)a)]} , (6.58)

for which the likelihood becomes:

P (si|αi) = exp
{
−
ni−1∑
t=1

(
eγα

(j)
i,t log(1 + bata) − eγα

(j)
i,t−1 log(1 + ba(t− 1)a)

)}

×
(

1− exp
(
−[eγα

(i)
i,ni log(1 + banai ) − e

γα
(j)
i,ni−1 log(1 + ba(ni − 1)a)]

))
.

(6.59)

Taking,

Li,j =
ni−1∑
t=1

(
eγα

(i)
i,t log(1 + bata) − eγα

(i)
i,t−1 log(1 + ba(t− 1)a)

)
, (6.60)

for j = 1, ..,M , where M denotes the number of Monte-Carlo integration draws, and

letting Li denote the mean, the log-likelihood can be expressed as:

logEαi|yi{P (si|αi)} ≈ −Li − log(M) + log

 M∑
j=1

[
eLi−Li,j × q

] , (6.61)

where,

q = 1− e

(
−[e

γα
(j)
i,ni log(1+banai ) − e

γα
(j)
i,ni−1 log(1+ba(ni−1)a)]

)
(6.62)

6.5.4 Parameter Estimation

For state-space models in general, parameter estimation follows two broad approaches.

As Cappé et al. (2007) outline, if the data is available beforehand, parameters are

estimated prior to inference of the latent process. This first approach is consequently
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referred to as ‘offline’ or ‘batch’ estimation in the literature. Alternatively, if the data

is not available beforehand, the parameters are estimated sequentially as data arrives

and such an approach is referred to as ‘online’ estimation.

Since the likelihood 6.36 factorises into a Gaussian and non-Gaussian component and

the entire dataset is available, an offline approach to estimation is adopted and consid-

ered preferable: authors such as Andrieu and Doucet (2002) and Creal (2012) advocate

taking into account features of the model, such as the ability to separate out a Gaus-

sian component which has an exact solution, to enable a more efficient estimate of the

parameters.

For the DLS model, the Gaussian component from 6.36 has an exact solution. The

remaining part of the parameter estimation involves simulation smoothing or generat-

ing draws from the distribution P (αi|yi). Three potential simulation smoothing algo-

rithms are outlined from a Kalman Filtering perspective in Section 4.3 and the particle

smoother based on SMC methods is outlined in Section 5.3.

For Monte Carlo integration using a large number of simulations, they in principle

achieve the same result. The simulation smoother by Durbin and Koopman (2002),

summarised in Algorithm 1, is often preferred due to its relative simplicity; Helske

(2017) provides an implementation in the software R as part of the comprehensive

Kalman Filtering and Smoothing (KFAS) package based on Durbin and Koopman

(2012). The particle smoother is adopted herein since it generalizes to a wider range

of potential formulations for the longitudinal observations.

The Monte-Carlo draws M are taken to be 1, 000 throughout based on preliminary
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analysis for the fly data which shows parameter estimates converging with negligible

difference in both the estimate and precision observed past 1, 000 draws.

6.6 Model Checking

Model checking is considered a necessary precursor to parameter estimation: Gelman

and Hill (2007) outline a popular general approach based on fake-data simulation

whereby parameters of a statistical model are set to fixed true values and simula-

tions are used to study the properties of parameter estimates and to check the method

performs as expected.

6.6.1 Generating synthetic data

Fake-data or synthetic data can be generated for the DLS model using the set-up

outlined on page 61. For the case when a Gompertz baseline hazard is assumed, ob-

servations can be generated according to Algorithm 5 for arbitrary a1, P1, Q,H,Z, T, d

and survival parameters a, b and γ.

For a Weibull baseline hazard, observations can be generated using Algorithm 5, taking

pi = exp {−ba (eγαiia − eγαi−1(i− 1)a)}.
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Algorithm 5 Simulating observations from Gompertz DLS model.

Initialization:

• Sample α1 ∼ N(a1, P1) and sample y1 ∼ N(Zα1, H).

• Calculate survival probability p1 = exp
{
−aeγα1

b

(
eb − 1

)}
.

• Sample s ∼ Bernoulli(p1) and set i = 1.

If s = 0:

• Terminate and return y1 and i which denotes mortality between day 0 and

1.

Else while s = 1:

• Set i = i+ 1

• Sample αi ∼ N(Tαi−1 + d,Q) and sample yi ∼ N(Zαi, H).

• Calculate pi = exp
{
−a
b

(
eγαi(ebi − 1)− eγαi−1(eb(i−1) − 1)

)}
.

• Sample s ∼ Bernoulli(pi).

Return y = y1, ..., yi and i which denotes mortality between day i− 1 and i.
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6.6.2 Gompertz DLS Model

An initial batch of 1000 datasets of 50 survival times are generated using Algorithm

5, letting a1 = 0, P1 = 0, H = 10, Q = 1, d = 0.5, Z = 1, T = 1 and the survival

parameters a = 0.00125, b = 0.02 and γ = 0.0005. The survival parameters are taken

to follow what is observed for the fly data and similarly since drops in activity levels

for the flies are always positive and largely increasing, a random walk with drift is

preferred for the latent ageing process.

Parameters are estimated for each of the datasets using the log-likelihood outlined by

(6.36) and (6.50). Letting N = 1000 and n = 50 denote the number of datasets and the

number of survival times within each dataset respectively, estimated survival parameter

estimates for the synthetic data can be summarised as in Figure 6.10. Despite the

relatively small sample size n, the overall mean for a and b is very close to the true

value: the overall mean for γ is approximately the true value and standard error reflects

a confidence interval containing the true parameter.

The state-space model parameters are estimated for each sample letting Q = 1, Z = 1

and T = 1 throughout. The overall mean for H and the drift d is almost exactly

the true value as depicted in Figure 6.11. Generating further datasets with N =

1000 and n = 35, 100 and 150 shows the accuracy of the mean γ for the synthetic

data improving considerably as summarised in Table 6.4. Coverage probabilities are

calculated for each of the sample sizes as summarised in Table 6.5 using standard errors

from optimisation routine: they show the overall estimation of the survival parameters

improving with sample size in line with Pletcher (1999), who advocates sample sizes
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Table 6.4: Gompertz DLS model synthetic data mean parameter estimates

a s.e b s.e γ s.e
n=35 0.00125 0.000906 0.0200 0.0220 0.000919 0.0130
n=50 0.00125 0.000485 0.0207 0.00563 0.000460 0.00834
n=100 0.00124 0.000345 0.0204 0.00400 0.000498 0.00590
n=150 0.00125 0.000280 0.0202 0.00320 0.000502 0.00472

over 100. Computational time grows linearly with n.

Table 6.5: 95% Gompertz DLS confidence level observed coverage

Parameters n=35 n=50 n=100 n=150
a 91.1 93.7 93.9 94.2
b 96.8 96.6 95.3 95.7
γ 96.1 96.0 95.7 95.8
H 97.1 94.2 94.2 94.2
d 97.7 95.7 95.6 95.7

Repeating the simulations with a larger observation variance H, setting it to equal

100, 200 and 500, produces almost identical findings with similar coverage probabilities

and overall means.

The observed coverage for the parameter a with n = 35 is below the expected level of

variation for a 95% confidence interval: hence it’s necessary to consider alternatives such

as Bootstrap confidence intervals (Efron and Tibshirani, 1994) for small n. Davison

and Hinkley (1997), Davison et al. (2003) and Carpenter and Bithell (2000) provide a

thorough review.

Following Efron and Tibshirani (1994) and Carpenter and Bithell (2000), a parametric

bootstrap-t confidence interval for the DLS model can be constructed as outlined in
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Figure 6.10: Estimated Gompertz DLS survival parameters for n=50, N=1000

Algorithm 6.

In order to apply Algorithm 6, 500 synthetic datasets are generated once parameters

are estimated for an initial simulated dataset of size n = 35: subsequently, a coverage

probability of 95.3% is calculated for the parameter a, which is a major improvement.

Considering a model of the form outlined vaguely by Pavlov (2010) and formalised
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Figure 6.11: Estimated Gompertz DLS model parameters for n=50, N=1000

more thoroughly on pages 78 and 78 where a discrete time cumulative hazard function

approximation is made to calculate the survival probabilities, a further N = 1000

datasets of size n = 35, 50, 100 and 150 are generated with results summarised in

Tables 6.6 and 6.7. Comparing with output for the DLS model – see pages 79 and 80

where the Gompertz distribution is used directly to calculate survival probability – in

Table 6.4, shows the DLS outperforming Pavlov for each of the sample sizes: the mean

γ under Pavlov shows inconsistency and severe overestimation even with increases in
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Algorithm 6 Constructing bootstrap-t confidence interval

1. Generate B datasets of same sample size as original data using Algorithm

5 with initial parameter estimates.

2. Estimate parameter of interest along with standard error for each of the

B datasets. Let a(i) and σ(i) denote the parameter estimate and standard

error for dataset i, where i = 1, ..., B.

3. Set t∗(i) = (a(i) − â)/σ(i), where â denotes initial parameter estimate.

4. Let t∗ denote t∗(1), ..., t
∗
(B) ordered from smallest to largest. Let t∗α/2 and

t∗1−α/2 denote the (α/2) and (1 − α/2) percentiles of t∗ respectively, where

α denotes the desired level of significance.

5. The bootstrap-t confidence interval for parameter a is then, (â−σ̂t∗1−α/2, â−

σ̂t∗α/2) where σ̂ denotes initial estimate of standard error for original data.

sample size suggesting it’s only weakly identifiable. The parameter a doesn’t settle

around its true value either, which supports findings from page 82. From Table 6.7,

the coverage probability for the parameter a is also low, however Algorithm 6 can help

alleviate.

Table 6.6: Pavlov model synthetic data mean parameter estimates

a s.e b s.e γ s.e
n=35 0.00121 0.000603 0.0220 0.0101 6.96× 10−5 0.0179
n=50 0.00123 0.000457 0.0207 0.00824 0.00150 0.0153
n=100 0.00125 0.000347 0.0205 0.00505 0.000819 0.00932
n=150 0.00123 0.000283 0.0203 0.00433 0.00117 0.00799
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Table 6.7: Pavlov Model 95% confidence level observed coverage

Parameters n=35 n=50 n=100 n=150
a 86.3 91.5 92.4 92.8
b 93.8 94.3 95.6 95.3
γ 95.5 94.8 95.3 95.3
H 94.6 94.4 94.6 94.6
d 95.5 95.6 95.6 95.6

6.6.3 Weibull DLS Model

An initial batch of 1000 datasets of 50 survival times are generated using Algorithm

5 with the Weibull survival probability, letting a1 = 0, P1 = 0, H = 10, Q = 1, d =

0.5, Z = 1, T = 1 and survival parameters a = 3, b = 0.007 and γ = 0.0005. Parameters

are estimated using the log-likelihood outlined by (6.36) and (6.55). Figure 6.12 sum-

marises the survival parameter estimates for the 1000 datasets overall: there appears

to be some bias when estimating the parameters a, p and γ. Coverage probabilities for

a 95% confidence interval however are good showing each of the datasets ably captur-

ing the true parameter values in general as seen in Table 6.9. The state space model

parameter estimates are also close to the true values as summarised in Figure 6.13.

Bias when using maximum likelihood estimation with the Weibull distribution has been

addressed by Cacciari et al. (1996), Hirose (1999) and Chen et al. (2017). As Shen and

Yang (2015) state, “...it is widely recognized that the maximum likelihood estimator

(MLE) can be quite biased, in particular when the sample size is small”. Chen et al.

(2017) using simulations show a significant reduction in bias once sample sizes approach

150 and beyond. Simulating a further 1000 datasets for n = 35, 100 and 150 confirms
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these findings as seen in Table 6.8 which show the survival parameters approaching the

true values as sample size increases. Coverage probabilities nevertheless are excellent

across the different sample sizes as seen in Table 6.9, suggesting the standard errors are

reliable. Repeating the simulations with a larger observation variance H, setting it to

Table 6.8: Weibull DLS model synthetic data mean parameter estimates

a s.e b s.e γ s.e
n=35 3.08 0.827 0.00663 0.00182 0.00206 0.0108
n=50 3.05 0.569 0.00686 0.00126 0.00116 0.00708
n=100 3.03 0.395 0.00691 0.000871 0.000825 0.00482
n=150 3.04 0.340 0.00698 0.000732 0.000553 0.00406

Table 6.9: 95% Weibull DLS confidence level observed coverage

Parameters n=35 n=50 n=100 n=150
a 96.2 97.1 96.7 95.4
b 95.3 96.1 95.8 95.1
γ 96.8 96.7 97.0 95.5
H 96.9 94.4 94.4 94.4
d 97.2 95.5 95.5 95.5

equal 100, 200 and 500, shows negligible difference with similar coverage probabilities

and overall means.

In response to the bias issues with the Weibull distribution, Chen et al. (2017) outline a

bootstrap bias-corrected estimator for a and b: âMLE and b̂MLE are initially estimated

through a maximum likelihood approach. NB bootstrap samples of the same size are

then generated using âMLE and b̂MLE and parameters are re-estimated for each of

the bootstrap samples. The bootstrap bias-corrected parameter estimates are then
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Figure 6.12: Estimated Weibull DLS survival parameters for n=50, N=1000
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a = 2âMLE − (1/NB)
∑NB
i=1 â

(i) and b = 2b̂MLE − (1/NB)
∑NB
i=1 b̂

(i), where â(i) and b̂(i)

denote the parameter estimates for bootstrap sample i for i = 1, ..., NB. This can be

adopted as a parametric bootstrap for the Weibull DLS model.

Considering the 1,000 datasets simulated for each of n = 35, 50, 100 and 150 from earlier

as parametric bootstrap samples also shows the median providing a more accurate

estimator for the survival parameters than the mean since it is always closer to the

true value — see Table 6.10 — with the bias reducing as the sample size grows: this

supports the findings from graphical plots such as Figure 6.12, where the left skewness

decreases with sample size.

Table 6.10: Parametric bootstrap estimated median

Parameters n=35 n=50 n=100 n=150
a = 3 3.03 3.01 3.01 3.01
b = 0.007 0.00683 0.00694 0.00696 0.00701
γ = 0.0005 0.00108 0.000817 0.000653 0.000507
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Chapter 7

Application to Fly Data

7.1 Parameter Estimates

Taking the log-likelihood outlined by (6.36) and (6.50) together with the different pos-

tulations of ageing outlined in section 6.2 allows initial estimation at a population level

across state space model and survival parameters. When estimating |T | < 1 for the

OU ageing process, T is always close to 1 and hence setting it to T = 0.99 which

gives Q = 1 − 0.992, allows identification of other parameters. The state space model

parameters for each of the ageing processes summarised in Table 7.1, looking at all 32

female flies, remain unchanged across the Gompertz and Weibull DLS models. Tables

7.2 and 7.3 provide a summary of the corresponding estimated survival parameters: the

random walk and OU ageing models for both the Gompertz and Weibull are considered

significant since all the estimated survival parameters lie within twice their standard
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error. Models reflecting a diet-specific frailty are found to be insignificant, which isn’t

surprising since samples for both the diets are made up of only 16 survival times each,

which is small.

From Table 7.1, the parameter Z denotes a trend coefficient connecting the latent ageing

process to the daily absolute value drop in activity level for the flies with H denoting

the corresponding variance in a state space model setting. A model incorporating

drift doesn’t appear to fit well with H almost 2-3 times the variance under a simple

random walk or OU model. The OU model fits a smoother evolution of the ageing

process with it’s inherent mean-reverting property – see section 6.2.3 – and perhaps

not surprisingly given its popularity in ageing studies, has the lowest H of the 3 models

which suggests upon a more graphical and visual interpretation later capturing the

state space dynamic, we’d expect the OU to fit best.

Table 7.1: State space model parameter estimates

Model Z S.E H S.E
Random Walk 10.14 0.43 428.4 19.4

Model Drift S.E H S.E
Random Walk with Drift 1.30 0.02 1,093.5 44.4

Model Z S.E H S.E
OU 87.2 3.10 379.1 18.7

Table 7.2: Gompertz DLS survival parameter estimates

Model a S.E b S.E γ S.E
Random Walk 8.56×10−4 3.93×10−4 0.0226 3.81×10−3 1.91×10−3 9.47×10−4

Random Walk with Drift 2.66×10−4 1.88×10−4 0.0104 5.78×10−3 0.0156 3.62×10−3

OU 1.03×10−3 5.19×10−4 0.0224 3.75×10−3 8.58×10−4 4.11×10−4
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Table 7.3: Weibull DLS survival parameter estimates

Model a S.E b S.E γ S.E
Random Walk 3.10 0.437 6.88×10−3 5.63×10−4 2.42×10−3 1.17×10−3

Random Walk with Drift 1.84 0.525 2.01×10−3 1.27×10−3 0.0149 3.74×10−3

OU 3.08 0.430 7.34×10−3 5.80×10−4 1.13×10−3 4.95×10−4

The survival parameters a and b for both the Gompertz and Weibull, where significant,

are close to the maximum likelihood estimates observed earlier – see Tables 6.1 and

6.2 – when fitting only a baseline hazard to the survival times in section 6.4.4. From

Table 7.1, a model with drift meant the estimated variance H of the longitudinal

data was high, as compared to a simple random walk or OU model: consequently,

when estimating the survival parameters under a model incorporating drift, the shape

parameter a for the Gompertz and scale parameter b for the Weibull are insignificant,

which shows the overall model doesn’t capture the data well.

The frailty coefficient γ captures the effect of a latent ageing process on survival and

hence given the recursive structure of a state-space model is better evaluated graph-

ically, taking into account its composite effect across the lifetime of a fly and for the

sample overall through estimates of the survival curve and residual lifetime. The fol-

lowing sections will explore these ideas.

To ascertain whether the maximum likelihood estimate for γ has been obtained, the

profile likelihood fixing all other parameters at their maximum likelihood values is

plotted as in Figures 7.1 and 7.2: the estimates observed in Tables 7.2 and 7.3 are

corroborated.
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7.2 Filtering

The next step once a model has been fitted is to infer development of the latent

process given the longitudinal information: an ageing signal based on the fly ac-

tivity and survival information can be extracted through application of SMC filter-

ing. The Bootstrap Filter from section 5.1 requires ability to draw samples from

the transition density P (αi,t|αi,t−1). Since the latent ageing process follows (6.1),

P (αi,t|αi,t−1) ∼ N(Tαi,t−1, Q).

The weights require calculation of g(yi,t|αi,t) where yi,t denotes the observation for

fly i. For the DLS model, the observations are two-dimensional comprising a longi-

tudinal observation together with a survival indicator both of which are assumed to

be conditionally independent given the latent ageing process. Hence following (6.2)

and (6.3) the weights become g(yi,t|αi,t)× P (si,t|αi,t), where g(yi,t|αi,t) ∼ N(Zαi,t, H)

and P (si,t|αi,t) ∼ Bernoulli(pi,t), as summarised in Algorithm 7 which can be adapted

similarly for the Weibull.

7.2.1 Illustration

An application of Algorithm 7 can be illustrated considering the ageing processes out-

lined in Tables 7.1 and 7.2. The number of particles N is typically chosen in line with

the level of accuracy required and 10, 000 is considered a sufficiently large number to

that extent which can be reduced in practice (Cappé et al., 2007). Assessing this for the

fly data in a preliminary run shows the filtering estimates of the latent ageing process
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Algorithm 7 Gompertz DLS Bootstrap Filter

For time t=1

for k = 1, ..., N

• Sample α̃(k)
i,1 ∼ N(a1, P1).

• Calculate pi,1 = exp
{
−ae

γα̃
(i)
i,1

b

(
eb − 1

)}
.

• Compute weights w̃(k)
i,1 = g(yi,1|α̃(k)

i,1 ) × P (si,1|α̃(k)
i,1 ), where g(yi,1|α̃(k)

i,1 ) ∼

N(Zα̃(k)
i,1 , H) and P (si,1|α̃(k)

i,1 ) ∼ Bernoulli(pi,1).

• Normalize weights: w(k)
i,1 = w̃

(k)
i,1 /

∑N
k=1 w̃

(k)
i,1

• Compute filtering estimate: h̄i,1 = ∑N
k=1w

(k)
i,1 α̃

(k)
i,1

For time t=2, ..., ni:

• Resample: select N particle indices jk ∈ {1, ..., N} using normalized weights:

w
(k)
i,t−1 = w̃

(k)
i,t−1∑N

i=1 w̃
(k)
i,t−1

• Set α(k)
i,t−1 = α̃

(jk)
i,t−1 and w(k)

i,t−1 = 1/N for k = 1, ..., N .

for k = 1, ..., N

• Sample α̃(k)
i,t ∼ N(Tα(k)

i,t−1 + d,Q)

• Calculate pi,t = exp
{
−a
b

(
eγα̃

(k)
i,t (ebt − 1)− eγα

(k)
i,t−1(eb(t−1) − 1)

)}
.

• Compute weights: w̃
(k)
i,t = g(yi,t|α̃(k)

i,t ) × P (si,t|α̃(k)
i,t ), where g(yi,t|α̃(k)

i,t ) ∼

N(Zα̃(k)
i,t , H) and P (si,t|α̃(k)

i,t ) ∼ Bernoulli(pi,t).

• Normalize weights: w(k)
i,t = w̃

(k)
i,t /

∑N
k=1 w̃

(k)
i,t

• Compute filtering estimate: h̄i,t = ∑N
k=1w

(k)
i,t α̃

(k)
i,t
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showing only a negligible difference past 5, 000 particles, with the ESS always above

1, 500. Hence taking this as a reasonable value for N , the random walk ageing process

for an individual from the sample can be estimated as summarised in Figure 7.3, where

the filtering estimate along with ESS and variance are presented. The sharp increase

in variance around 190 days denotes missing data for that particular individual which

is handled as outlined in section 5.5.
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Figure 7.3: Fly A2_10: Gompertz random walk ageing

To gauge how differently the flies age modelling a random walk ageing process, 4 fe-
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males flies are picked at random from both diets and their estimated ageing level is

illustrated in Figures 7.4 and 7.5. In both Figures 7.4 and 7.5 the ageing level exhibits

damage accumulation with repair and death appears to occur when the repair element

subsides towards latter life for flies such as A9_8, B8_10, B4_8, A5_10, A2_8 and

B7_10. The sugar diet flies also appear to age more than their full diet counterparts,

with ageing levels as high as 20 observed for the flies picked at random. Considering

the entire sample in Figure 7.6 where the random walk ageing levels observed at death

are considered, shows flies on a sugar diet generally exhibiting higher ageing levels with

an interquartile range exceeding the interquartile range observed for full diet flies. A

similar pattern is observed for the OU ageing process and Weibull models.
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Figure 7.4: Gompertz random walk ageing for 4 full fiet flies
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Figure 7.7: Gompertz random walk residual lifetimes by ageing level

Considering residual lifetimes from the first time each fly reaches a certain ageing level

as in Figure 7.7 further highlights the difference between full and sugar diet flies, with

no full diet flies living past a level of 20 and most full diet fly survival times being

concentrated between an ageing level of 10-15; most of the sugar diet flies die between

an ageing level of 15-25. Ageing theories focus on the ability of an organism to allocate

resources between growth, repair and maintenance: the observed residual lifetimes

appear to support this since even though a certain ageing level is reached, flies die

some time after breaching the threshold which is in line with the organism attempting
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to recover. To predict residual lifetimes taking into account the composite effect of

ageing an alternative approach can be explored.

7.2.2 Predicting remaining lifetime

The ageing information deduced for each fly in its entirety can be used to estimate

survival: considering an ageing level on its own ignores the evolution of the ageing

process and the amalgamation of its effect on survival. Based on the filtered estimate

of ageing for each time step, a dynamic probability of survival can be estimated. For the

Gompertz distribution, (6.47) can be used: letting pt(αi,t|t) = P (T > t|T > t−1, αi,≤t),

where αi,t|t denotes the filtered estimate of the ageing process for fly i and αi,≤t denotes

all information available on ageing for fly i up till t, the overall survival probability can

then be estimated as:

P (T > t|αi,≤t) =
t∏

j=1
pj(αi,j|j). (7.1)

Figure 7.8 depicts the estimated survival curve for random walk and OU ageing for fly

A2_10.
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Figure 7.8: Fly A2_10 estimated survival curves

Since pt(αi,t|t) denotes the estimated Bernoulli probability of survival through day t,

given survival up till the start of day t, 1−pt(αi,t|t) can be considered as an approximate

daily Geometric probability of death: based on this a crude estimate of the remaining

lifetime can be calculated at each time step. Figure 7.9 provides a summary of the

estimated remaining lifetime at age 100 onwards for fly A2_10 under the population

random walk and OU ageing model.
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Figure 7.9: Fly A2_10 estimated remaining lifetime

Although more computationally intensive, an alternative and more informative ap-

proach to prediction of remaining lifetime can be adopted through Algorithm 8, utilis-

ing the p-step ahead SMC prediction algorithm defined in Algorithm 4. Considering fly

B1_10 which lived till 182 days, 500 predictions of remaining lifetime are made at ages

150 and 170 as summarised in Figure 7.10. The estimated mean remaining lifetime at

age 150 is 28.8 days which is 3.2 days off the actual residual lifetime. The interquartile

range provides a fairer reflection of remaining lifetime as seen from the boxplots.
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Algorithm 8 Predicting remaining lifetime for Gompertz DLS

Initialization: Pick a time point t to begin prediction from. Run Algorithm 7

up till t storing w(k)
i,t and α(k)

i,t . Set s∗ = 1 and a counter t∗ = 0.

While s∗ = 1:

for k = 1, ..., N

• Set t∗ = t∗ + 1.

• Sample α̃(i)
i,t+t∗ ∼ N(Tai,t+t∗−1 + d,Q).

end for.

• Compute filtering estimate: h̄i,t+t∗ = ∑N
k=1w

(k)
i,t α̃

(k)
i,t+t∗

• Calculate p̂i,t+t∗ = exp
{
−a
b

(
eγh̄i,t+t∗ (eb(t+t∗) − 1)− eγh̄i,t+t∗−1(eb(t+t∗−1) − 1)

)}
.

• Sample s∗ ∼ Bernoulli(p̂i,t+t∗).

Return: t∗ which denotes predicted remaining lifetime.
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Figure 7.10: Fly B1_10: random walk ageing remaining lifetime predictions

7.3 Model Diagnostics

7.3.1 Goodness of Fit

The overall aim of the model is to provide an estimate of the population survival

curve taking into account an unobserved ageing effect: hence a vital goodness of fit

diagnostic comprises evaluation of fitted survival curves as compared to the empirical
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survival curve.

Section 7.1 defines generative models for which empirical survival curves can be simu-

lated as outlined in Algorithm 9: a comparison thereafter with the empirical survival

curve for original data can provide a highly informative goodness of fit check graphically.

Considering the population Gompertz random walk and OU ageing models outlined in

Tables 7.1 and 7.2 firstly, 500 survival curves are simulated as presented in Figure 7.11.

The 500 survival curve overlay effectively creates a simulated confidence band around

the observed empirical survival curve and since it covers the range of data, reveals

immediately whether the model fits well or not. From Figure 7.11, the survival curves

simulated under both a Gompertz random walk and OU model cover the empirical

survival curve in its entirety which initially implies it’s possible the empirical survival

curve could have arisen as a realisation from a true population following either model.

Between day 100 and 160 however, the OU model simulations provide a confidence

band which covers the empirical survival curve moreso and hence appears to fit better

overall.
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Algorithm 9 Generating survival curve for fitted Gompertz DLS model.

Let n denote desired sample size.

For i∗ = 1, .., n do:

Initialization:

• Sample α1 ∼ N(a1, P1) and sample y1 ∼ N(Zα1, H).

• Calculate survival probability p1 = exp
{
−aeγα1

b

(
eb − 1

)}
.

• Sample s ∼ Bernoulli(p1) and set t = 1.

If s = 0:

• Terminate and return t∗j = t which denotes mortality between

day 0 and 1.

Else while s = 1:

• Set t = t+ 1

• Sample αt ∼ N(Tαt−1 + d,Q) and sample yt ∼ N(Zαt, H).

• Calculate pt = exp
{
−a
b

(
eγαt(ebt − 1)− eγαt−1(eb(t−1) − 1)

)}
.

• Sample s ∼ Bernoulli(pt).

Return t∗j = t which denotes mortality between day t− 1 and t.

End. Return the survival times t∗1, ..., t∗n for which an empirical survival curve can

be fitted.
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Figure 7.11: Gompertz DLS simulated survival curves
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Figure 7.12: Weibull DLS simulated survival curves

Considering the Weibull model estimates in turn, taking Tables 7.1 and 7.3 firstly as

for the Gompertz, shows comparative fits to before between day 100 and 160, as seen

in Figure 7.12. The Weibull OU model appears to fit reasonably well overall and across

the 2 distributions, the OU models provide a closer fit to observed empirical survival

curve. Comparing Figures 7.11 and 7.12 shows both fitting similarly.
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In order to pursue a more formal test, Algorithm 9 can be used to generate samples of

survival times from which an average value of the CDF at each of the observed survival

times can be calculated.

Let n denote sample size of the original data x and let xi for i = 1, ..., n, refer to

survival times in ascending order. Let N denote number of simulated samples and

yj,1, ..., yj,n denote survival times for sample j in ascending order, for j = 1, ..., N .

Let ȳi = 1
N

∑N
j=1 yj,i, for i = 1, ..., n. Then an empirical CDF for the average of the

simulated datasets can be calculated taking ŷ = (ȳi, ..., ȳn).

This enables goodness of fit tests such as the Kolmogorov Smirnov and Cramér Von

Mises tests which evaluate (DeGroot and Schervish, 2012):

H0 : Fx(x) = Fŷ(x), −∞ < x <∞, (7.2)

H1 : Hypothesis H0 is not true. (7.3)

The Kolmogorov-Smirnov (KS) test considers the statistic:

D = sup
−∞<x<∞

|Fx(x)− Fŷ(x)|, (7.4)

with the Cramér Von Mises (CVM) statistic considering a quadratic discrepancy mea-

sure as summarised in Anderson (1962). For the fly data n = 36 and taking N = 1, 000

to calculate ŷ for each of the models from section 7.1, enables initial evaluation through

the KS and CVM test. Although computationally intensive, permutation tests are con-

sidered preferable for small sample sizes (Wasserman, 2004): repeating testing on the

models, with a permutation test of size 2, 500 calcuating the KS test and CVM test
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statistic each time, consolidates previous findings as summarised in Table 7.4.

Table 7.4: DLS model goodness of fit test p-values

Permutation Test
Model KS p-value CVM p-value KS p-value CVM p-value

Gompertz:
RW1 0.35 0.34 0.10 0.15
OU 0.52 0.70 0.67 0.73

Weibull:
RW 0.35 0.25 0.30 0.29
OU 0.78 0.78 0.65 0.84

7.3.2 Remaining Lifetime Prediction Diagnostic

One way to evaluate the accuracy of remaining lifetime predictions taking into account

ageing is to pick a series of stages in each individual’s life and to predict the remaining

lifetime from those points against the actual residual lifetime to see which models

perform better.

If P ∗ denotes the percentage into an individual’s life from which a prediction will be

made, the forecast error for individual i, P ∗% into his life, can then be defined as

ei,P ∗ = r̂i,P ∗ −Ti,P ∗ where r̂i,P ∗ denotes predicted remaining lifetime and Ti,P ∗ denotes

actual remaining lifetime for i = 1, ..., n. The absolute errors are then |ei,P ∗ |. The

mean absolute error (MAE) and the root mean squared error (RMSE) for the sample
1RW denotes random walk
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can then be calculated as:

MAEP ∗ = 1
n

n∑
i=1
|ei,P ∗ | =

1
n

n∑
i=1
|r̂i,P ∗ − Ti,P ∗ |,

RMSEP ∗ =

√√√√ 1
n

n∑
i=1

e2
i,P ∗ =

√√√√ 1
n

n∑
i=1

(r̂i,P ∗ − Ti,P ∗)2.

Focusing on absolute errors firstly, 500 predictions of remaining lifetime are generated

using Algorithm 8 for every female fly using the models from Tables 7.1 and 7.2 at a

series of points as illustrated in Figures 7.13 and 7.14, where the lower quartile of the

simulated lifetimes for each fly is taken as a prediction of the remaining lifetime. The

lower quartile is found to be more accurate than both the mean and median because of

the left skewness apparent in the distribution of simulated lifetimes as seen in Figure

7.10. When only 25% of the fly’s life has been observed, the absolute errors have a

large range and as more is known about the ageing process, the predictions start to

improve. For both the Gompertz and Weibull, both the random walk and OU models

appear to perform similarly at 25%: at 50%, the OU model for the Gompertz has a

smaller interquartile range than that for the random walk whereas for the Weibull it’s

the other way around. At 75%, the median absolute error for both the Gompertz and

Weibull models appears to be similar.
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Figure 7.13: Predicted remaining lifetime absolute error boxplot for Gompertz ageing
models
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Figure 7.14: Predicted remaining lifetime absolute error boxplot for Weibull ageing
models

When evaluating forecasting accuracy, the MAE and RMSE come to the fore and
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Table 7.5: Predicted remaining lifetime forecasting error

P*=25% Gompertz Weibull

RW OU RW OU
MAE 34.5 34.2 34.1 35.6
RMSE 43.9 44.1 44.3 45.6

P*=50% Gompertz Weibull

RW OU RW OU
MAE 27.4 28.3 30.0 29.2
RMSE 35.5 35.5 37.1 37.6

P*=75% Gompertz Weibull

RW OU RW OU
MAE 20.9 20.6 19.9 19.2
RMSE 25.8 25.6 24.7 24.1

prove a more popular and effective measure in practice than the absolute errors alone

(Armstrong, 2001). From Table 7.5, considering MAE when the first 25% of a fly’s life

is used to predict remaining lifetime, shows little between the Gompertz and Weibull

random walk and Gompertz OU models, with the Weibull OU at least a day more

inaccurate on average than the others. Once 50% of the fly’s life is observed and

more ageing information is available, the Gompertz RW model performs better than

the others and is almost 2 days more accurate on average. Once 75% of the fly’s life

is observed, the Weibull models start to outperform the Gompertz models, with the

Weibull OU model most accurate with a predicted remaining lifetime almost a day and

a half more accurate than both Gompertz models. The RMSE for the Weibull OU

model is also the lowest across all the models.
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Chapter 8

Conclusion

Gerontologists often conduct laboratory experiments such as outlined in Zou et al.

(2011), in order to understand the ageing process in more detail: often as a result,

alongside longitudinal data, survival information is also available and hence longitudinal

survival models incorporating a latent process which can be modelled as the ageing

process, prove appealing. Chapters 1 and 2 outline these ideas of which parts appear

in Steinsaltz, Mohan and Kolb (2012).

In response to modelling requirements set out by the team of researchers responsible

for the novel fly lifetime behavioural dataset outlined in Chapter 3, whereby a model

capable of modelling a latent ageing process together with longitudinal survival data was

desired, a DLS model outlined in state space form is explored. Pavlov (2010) building

on Fahrmeir (1994) previously proposed a similar survival model: however as only one

previous citation till date (by myself in Steinsaltz, Mohan and Kolb (2012)) testifies,
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there are certain problems with his model such as filtering being defined vaguely in a

manner contrary to the theory it cited—see section 4.4.3—and the subsequent complete

lack of code to verify.

As part of this research, a novel application of SMC methods to survival analysis

through a DLS model is outlined which avoids the pitfalls of linearisation in the case of

non-Gaussian observations, as in the approximate Kalman filtering realm. Key results

include showing the discrete time cumulative hazard approximation to be biased for the

Gompertz parameter a on page 82 and showing taking the Gompertz survival function

directly to be unbiased, which in follow-up results for the DLS model checking, also

performs considerably better as outlined on page 95. A novel remaining lifetime predic-

tion approach is also outlined along with model diagnostics focusing on the empirical

survival information and forecasting errors.

Small sample sizes for each of the diets limited the frailty modelling that could be

done at a dietary level, as all the attempted models were found to be insignificant.

In future, larger sample sizes can help shed more light on ageing effects given dietary

restrictions: Pletcher (1999) to this extent advocates sample sizes in excess of 100 and

ideally closer to 500. The small sample sizes also created issues with bias and in future

work, potential bias-correction approaches can be explored. We looked at one possible

transformation (absolute value differences between peak activity recorded till date and

daily observed activity) of the data and other transformations could perform better

which can be explored further in future work.

Traditional joint longitudinal survival models build on the proportional hazards frame-
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work and hence adopting a state space modelling approach provides an alternative

which not only explicitly allows postulation of a latent process governing observations

in a hidden Markov model framework but adopts a dynamic setup at the outset and

models a dynamic survival probability incorporating frailty rather than the hazard func-

tion alone. There’s a strong recent focus on enabling dynamic predictions using joint

models (Barrett and Su, 2017) and consequently, a state space modelling framework

utilising SMC methods provides both a natural and novel foundation.

All software developed as part of this research is available: the C and R code is currently

being written up as a R package and in its current form is being applied to reproductive

data from the 1958 Cohort Study by researchers based at the Department of Statistics

in Oxford.

Future work can extend the range of possible frailties: ageing theories continue to evolve

and as such the flexiblity of a state space model allows further postulations.
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Appendix A

Results for Multivariate Normal

Distribution

Lemma 1

If x and y are jointly normally distributed random vectors defining a bivariate Normal

distribution such that (Durbin and Koopman, 2001, Anderson, 2003):

(
x

y

)
∼ N

[(
µx

µy

)
,

(
Σxx Σxy

ΣT
xy Σyy

)]

where Σyy is assumed to be non-singular, then:

E(x|y) = µx + ΣxyΣ−1
yy (y − µy), (A.1)

Var(x|y) = Σxx − ΣxyΣ−1
yy ΣT

xy. (A.2)
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Lemma 2

If x, y, z are jointly normally distributed with means µp and covariance matrices Σpq =

E[(p− µp)(q − µq)T ] for p, q = x, y and z with µz = 0 and Σyz = 0, then (Durbin and

Koopman, 2012):

E(x|y, z) = E(x|y) + ΣxzΣ−1
zz z, (A.3)

Var(x|y, z) = Var(x|y)− ΣxzΣ−1
zz ΣT

xz. (A.4)
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