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Abstract

We formally represent the quantum interference of a single qubit embodied by a photon
in the Mach–Zehnder interferometer using the classical Hamiltonian framework but with
complex canonical variables. Although all operations on a single qubit can be formally
expressed using complex classical Hamiltonian dynamics, we show that the resulting
system is still not a proper qubit. The reason for this is that it is not capable of getting
entangled to another bona fide qubit and hence it does not have the information-processing
capacity of a fully-fledged quantum system. This simple example powerfully illustrates
the difficulties faced by hybrid quantum–classical models in accounting for the full range
of behaviour of quantum systems.
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1. Introduction
The issue of whether classical systems can simulate quantum systems has been long

debated in the literature (see, e.g., [1–6], with special emphasis on entanglement and
quantum measurement [7–9]). Here we discuss a photonic model with complex canonical
variables to illustrate how the formal analogy is not enough to capture all the quantum
features of a genuine quantum bit. Hamilton’s formulation of Newton’s laws relies on the
use of the canonically conjugate position q and momentum p. The equations of motion
follow from the Hamiltonian H = H(q, p) and are

∂q
∂t

=
∂H
∂p

,
∂p
∂t

= −∂H
∂q

. (1)

In the case of a free particle of unit mass, H = p2/2 and the above equations give us q̇ = p
and ṗ = 0. These are easily solved and lead to the usual equation for inertial motion
q(t) = q(0) + pt.

In this paper we will be dealing with harmonic oscillators, the reason for which will
become apparent below. At present it suffices to say that the Hamiltonian is given by
H = p2/2 + q2/2 where, without any loss of generality, we have assumed that both the
mass and frequency are unit. The equations of motion are now q̇ = p and ṗ = −q, which
are just two coupled first-order differential equations. This reduces to q̈ + q = 0 and
p̈ + p = 0.

The key trick we use in this paper is to define a new set of complex coordinates:
z = (q + ip)/

√
2 and z∗ = (q − ip)/

√
2 [10]. Hamilton’s equations of motion now read

i
∂z
∂t

=
∂H
∂z∗

, −i
∂z∗

∂t
= −∂H

∂z
. (2)
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In other words, z and z∗ are treated as independent variables, just as q and p.
The Hamiltonian for the harmonic oscillator is now even simpler H(z, z∗) = zz∗ and
the equations of motion for the complex coordinates are iż = z and −iż∗ = z∗.

In general, it is clear that the complex representation is completely equivalent to the
original one based on the canonical position and momentum. We would now like to show
that the complex classical Hamiltonian description can account for the phenomenon of
single-qubit interference (see a pedagogical review of interferometry in [11]).

A single photon going through a Mach–Zehnder interferometer has been a foremost
way of thinking about interference in quantum information and computation [12], (see
Figure 1). It is analogous to the double-slit experiment, which in the words of Feynman
contains “the only mystery” in quantum physics [13] (see also the pedagogical exposition
in e.g., [9,11]). Consider ax and a†

x, the bosonic annihilation and creation operators for
photons in mode x (see, e.g., [14] for a general treatment of the quantised electromagnetic
field), with the property that [ax, a†

y] = δx,y, [ax, ay] = 0, ax|0⟩ = 0 ∀x, where |0⟩ is the
vacuum state of the global Fock space and [A, B] = AB − BA is the commutator of the two
operators A and B. We will assume that x represents a region of space where the photon
can be confined to arbitrarily high accuracy; in this case, x can be either L (a region around
the left arm of the interferometer) or R (a region around the right arm of the interferometer).
These two regions are non-overlapping (their separation being much larger than their
respective extents). All these assumptions hold in practice.

Figure 1. The Mach–Zehneder interferometer: L and R denote the left and right paths, respectively;
the angle θ denotes a phase shift and it can be adjusted to modify the probabilities in the two final
output detection ports. All the single-particle interference effects can be captured with the classical
number-based formalism developed in the main text.

In the Schrödinger picture, the quantum state of the photon (we shall not go into
the subtleties about how to define it as they are not relevant for the present discussion)
changes after the first beamsplitter (UBS), then acquires the same phase shift in both
arms (which can therefore be ignored), and finally undergoes another change at the final
beamsplitter. Labelling the quantum state where the photon is on the left or right arm of
the interferometer, respectively, as |L⟩ .

= a†
L|0⟩ and |R⟩ .

= a†
R|0⟩, we have

|L⟩ UBS−−→ 1√
2
(|L⟩+ |R⟩) UBS−−→ |L⟩ . (3)

In terms of operators, we have started in an eigenstate of Z = a†
LaL − a†

RaR, then
changed to X = a†

LaR + a†
RaL, and then finally rotated back into Z. In this notation,

Z represents the classical basis (the number operator associated with the paths) and X
represents the non-classical basis, which is sharp when the photon is superposed across the
two paths.
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We will now show that the same formal account can be given with the complex classical
description. We need the conjugate complex numbers to represent the two modes zL, z∗L
and zR, z∗R. The Hamiltonian is given by H = zLz∗L + zRz∗R. Our choice of the initial values
for the complex coordinates should be zL = 1 = z∗L and zR = 0 = z∗R in order to model a
single photon in the L mode. The Hadamard gate is then represented by the transformation

zL → zL + zR√
2

zR → zL − zR√
2

(4)

and the corresponding transformations for the complex conjugates. This transforms the
initial Z = zLz∗L − zR, z∗R into X = zLz∗R + zR, z∗L, which is the classical analogue of the
quantum Hadamard gate.It is clear that another application of the Hadamard gate takes
us back to Z, which is the same as the quantum sequence. In fact, we could model this
by introducing a classical state written as a two-vector (zL, zR). The initial state is then
(1, 0), which after the action of the first Hadamard transformation becomes (1/

√
2, 1/

√
2),

mimicking the quantum superposition across the two modes. The second Hadamard then
takes us back to the original state exactly as in the quantum treatment.

Note also that any phase gate introduced in either of the modes can now be accounted
for classically because we allow complex numbers. It would simply be represented by
the transformation z → eiθz. This is the same effect that the annihilation operator in the
quantum treatment would suffer. In this way, the component Y = i(zLz∗R − zR, z∗L) can also
be reached. It is therefore shown that the full set of transformations on a single qubit can
be represented with complex classical Hamiltonian mechanics.

However, despite this formal analogy, the classical complex bit is still not the same
as the qubit. In fact, the process described above is not an actual interference experiment.
What counts as an interference experiment is determined by what dynamical variables are
actually observables. The complex bit and the qubit differ radically in this regard. This is
because, crucially, the classical complex bit does not obey the uncertainty principle between
different x, y, and z components. In the case of a qubit, these obey the algebra of Pauli
matrices, and one component being sharp exactly leaves us with the maximum uncertainty
in the other two. This is not true of the classical complex bit, for which the values in all three
directions can be sharp at the same time (as in the case of the interferometer above). Indeed,
as we have explained, those three variables are c-numbers and have zero commutator.
The fact that they are all simultaneously measurable can also be verified by considering a
dynamical interaction that would measure exactly (i.e., create perfect correlations) between
the photon’s components and the observables of a target, measuring subsystem. In the
classical case such interaction is allowed, since it simply implies copying each complex
number into the target subsystem; in the quantum case this cannot be done, as it would
violate unitarity [9].

A different way of expressing the above fact is that the classical complex bit cannot
be entangled with another qubit. The notion of entanglement simply does not exist in
the hybrid system consisting of one complex and one quantum bit. Intuitively speaking,
if it did exist, we could faithfully transfer the information from the qubit into the complex
bit, thereby being able to violate the uncertainty principle on the qubit by measuring
the complex bit (whose components can all be specified at the same time). The complex
bit does not and could not “understand” how to respond to a superposition state of the
qubit. This is because the complex bit is an information medium (in the language of
constructor theory [15]), whose observables can all be copied simultaneously to arbitrarily
high accuracy by the same measuring device, while a qubit is a superinformation medium,
whose different components cannot be copied in the same manner.
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As a way of illustrating this, suppose that we want to swap the states of the com-
plex and quantum bits. The Hamiltonian for this operation would then be written as
H = (zLz∗R + zR, z∗L)X + (i(zLz∗R − zR, z∗L))Y, where now X and Y are the Pauli qubit oper-
ators. This Hamiltonian, however, would only modify the state of the qubit in proportion
to the (real) coefficients specified by the corresponding representations of X and Y on the
complex bit. The states would thus not be swapped. All semi-classical models suffer from
this and related problems.

The fact that a complex bit can describe the single-photon interference in an inter-
ferometer should not come as a surprise. We know that Maxwell’s equations can be cast
in the form of a quantum-like equation with the quantity E + iB playing the role of the
wavefunction [16]. Single-photon interference is therefore perfectly well captured by the
classical theory even though the concept of a photon does not exist there (see also works
where quantum features are partially simulated by classical systems, e.g., [3,6]). However,
there is no sense in which this description of a photon can ever be used to model the
entanglement of the kind that, for instance, occurs in the Jaynes–Cummings model between
a qubit and a single mode of light [17]. This is because for that to be possible, there needs
to be non-commuting operators, which the classical model does not have. Otherwise, one
would be able to violate Bell’s theorem by having a local real-valued hidden variable model
of an entangled system [9].

2. Conclusions
We hope that this short exposition sheds some light on the hotly debated topic of

hybrid systems [18–20] in which one subsystem is bone fide quantum and the other classical.
Our example illustrates why hybrid models often face serious problems. Also, while we
know that such hybrid systems struggle to capture fully quantum electrodynamics, what
happens in quantum gravity is still an open question. This is, however, a problem where
additional theoretical and experimental inputs are both needed.

Author Contributions: C.M. and V.V. have contributed equally to the conceptualisation, methodology,
validation, formal analysis and the investigation phases of this manuscript. All authors have read
and agreed to the published version of the manuscript.

Funding: This research was made possible by the generous support of the Gordon and Betty Moore
Foundation, the Eutopia Foundation, and the John Templeton Foundation as part of The Quantum
Information Structure of Spacetime (QISS) Project (qiss.fr). The opinions expressed in this publication
are those of the authors and do not necessarily reflect the views of the John Templeton Foundation.

Data Availability Statement: No new data were created or analyzed in this study.

Conflicts of Interest: The authors declare no conflicts of interest.

References
1. Gerry, C.; Birrittella, R.J.; Alsing, P.M.; Mimih, J.; Knight, P.L. Non-classicality and the effect of one photon. Philos. Trans. A Math.

Phys. Eng. Sci. 2024, 382, 20230331. [CrossRef] [PubMed]
2. Korolkova, N.; Sanchez-Soto, L.; Leuchs, G. An operational distinction between quantum entanglement and classical non-

separability. Phil. Trans. R. Soc. A 2024, 382, 20230342. [CrossRef] [PubMed]
3. Spreeuw, R.J.C. Classical wave-optics analogy of quantum-information processing. Phys. Rev. A 2001, 63, 062302. [CrossRef]
4. Qian, X.; Eberly, J.H. Entanglement and classical polarization states. Opt. Lett. 2011, 36, 4110–4112. [CrossRef] [PubMed]
5. Aiello, A.; Töppel, F.; Marquardt, C.; Giacobino, E.; Leuchs, G. Quantum-like nonseparable structures in optical beams. New J.

Phys. 2015, 17, 043024. [CrossRef]
6. Forbes, A.; Aiello, A.; Ndagano, B. Chapter Three—Classically Entangled Light. In Progress in Optics; Elsevier: Amsterdam, The

Netherlands, 2019; Volume 64, Chapter 3; pp. 99–153.
7. Zeilinger, A. Happy centenary, photon. Nature 2005, 433, 230–238. [CrossRef] [PubMed]

http://doi.org/10.1098/rsta.2023.0331
http://www.ncbi.nlm.nih.gov/pubmed/39717975
http://dx.doi.org/10.1098/rsta.2023.0342
http://www.ncbi.nlm.nih.gov/pubmed/39717974
http://dx.doi.org/10.1103/PhysRevA.63.062302
http://dx.doi.org/10.1364/OL.36.004110
http://www.ncbi.nlm.nih.gov/pubmed/22002402
http://dx.doi.org/10.1088/1367-2630/17/4/043024
http://dx.doi.org/10.1038/nature03280
http://www.ncbi.nlm.nih.gov/pubmed/15662410


Quantum Rep. 2025, 7, 40 5 of 5

8. de Castro, L.A.; Pereira de Sa Neto, O.; Brasil, C.A. An Introduction to Quantum Measurements with a Historical Motivation.
Acta Phys. Slovaca 2019, 69, 1–74.

9. Peres, A. Quantum Theory: Concepts and Methods; Springer: Berlin/Heidelberg, Germany, 2002.
10. Strocchi, F. Complex Coordinates and Quantum Mechanics. Rev. Mod. Phys. 1966, 38, 36. [CrossRef]
11. Cronin, A.D.; Schmiedmayer, J.; Pritchard, D.E. Optics and interferometry with atoms and molecules. Rev. Mod. Phys. 2009,

81, 1051. [CrossRef]
12. Nielsen, M.A.; Chuang, I. Quantum Computation and Quantum Information; Cambridge University Press: Cambridge, UK, 2000.
13. Feynman, R.P.; Leighton, R.B.; Sands, M. Lectures on Physics; Addison-Wesley Publishing Company: Menlo Park, CA, USA;

London, UK; Amsterdam, The Netherlands, 2011; Volume III.
14. Heitler, W. Quantum Theory of Radiation; Oxford University Press: Oxford, UK, 1940.
15. Deutsch, D.; Marletto, C. Constructor theory of information. Proc. R. Soc. A 2015, 471. [CrossRef] [PubMed]
16. Bialynicki-Birula, I. On the Wave Function of the Photon. Acta Phys. Pol. A 1994, 86, 97. [CrossRef]
17. Jaynes, E.T.; Cummings, F.W. Comparison of quantum and semiclassical radiation theories with application to the beam maser.

Proc. IEEE 1963, 51, 89. [CrossRef]
18. Elze, H. Quantum-classical hybrid dynamics—A summary. J. Phys. Conf. Ser. 2013, 442, 012007. [CrossRef]
19. Salcedo, L.L. Statistical consistency of quantum-classical hybrids. Phys. Rev. A 2012, 85, 022127. [CrossRef]
20. Terno, D.R. Encyclopaedia of Mathematical Physics; In Quantum Mechanics, Quantization and Quantum Computation, 2nd ed.;

Mann, R.B., Rayan, S., Eds.; Academic Press: Cambridge, MA, USA, 2025; Volume 2, pp. 57–72.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.1103/RevModPhys.38.36
http://dx.doi.org/10.1103/RevModPhys.81.1051
http://dx.doi.org/10.1098/rspa.2014.0540
http://www.ncbi.nlm.nih.gov/pubmed/25663803
http://dx.doi.org/10.12693/APhysPolA.86.97
http://dx.doi.org/10.1109/PROC.1963.1664
http://dx.doi.org/10.1088/1742-6596/442/1/012007
http://dx.doi.org/10.1103/PhysRevA.85.022127

	Introduction
	Conclusions
	References

