
J
H
E
P
0
2
(
2
0
2
6
)
1
5
6

Published for SISSA by Springer

Received: November 17, 2025
Revised: December 30, 2025
Accepted: January 5, 2026

Published: February 16, 2026

Casimir energy stabilization of Standard Model
landscape in dark dimension

Chuanxin Cui a and Sirui Ning b

aDepartment of Physics and Astronomy, Northwestern University,
Evanston, Illinois 60208, U.S.A.

bThe Rudolf Peierls Centre for Theoretical Physics, University of Oxford,
Oxford OX1 3PU, U.K.

E-mail: chuanxincui2028@u.northwestern.edu, sirui.ning@physics.ox.ac.uk

Abstract: In this paper we present a realization of the dark dimension. We consider the 5D
Standard Model coupling to gravity with one dimension compactified on an orbifold, which is
seen as the dark dimension of size R. We stabilize the radion by Casimir effect wrapping
around the compact dimension and recover the neutrino mass and 4D cosmological constant
with the observed value. Orbifold can lead to a natural resolution of chirality problem in 5D
at low energy, which we briefly discussed in the paper. Although we found that the radion
mass is too light to survive under solar system tests of GR, several screening mechanisms
might give us a solution, for example, the Chameleon mechanism.

Keywords: Extra Dimensions, Cosmological models, String and Brane Phenomenology

ArXiv ePrint: 2310.19592

Open Access, © The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP02(2026)156

https://orcid.org/0000-0002-6511-8910
https://orcid.org/0000-0001-9121-6410
mailto:chuanxincui2028@u.northwestern.edu
mailto:sirui.ning@physics.ox.ac.uk
https://doi.org/10.48550/arXiv.2310.19592
https://doi.org/10.1007/JHEP02(2026)156


J
H
E
P
0
2
(
2
0
2
6
)
1
5
6

Contents

1 Introduction 1

2 Radion vacuum stabilization 2

3 Extracting de-Sitter vacua 5

4 Connecting 5D to real world 9

5 Summary 12

A Casimir energy 13

1 Introduction

The Standard Model (SM) is perhaps the most successful theory for describing our real world.
It offers a unified explanation of electromagnetism, weak interaction, and strong interaction.
The bosonic segment of the model features essential components like the Higgs boson and
photons, while the fermionic portion includes leptons, quarks, and neutrinos. In terms of
degrees of freedom, the bosonic section has 3, which are 1 Higgs Boson and 2 photons, and
Majorana neutrinos have 6 degrees of freedom, or 12 degrees of freedom for Dirac fermions.
Another critical parameter for understanding our universe is the cosmological constant. This
naturally leads to a fundamental question: Are these parameters interrelated, or are they
independent of each other? This question delves into the concept of naturalness. [1–9]

The value of the cosmological constant is intrinsically linked to the magnitude of dark
energy. When we have a small cosmological constant, it implies a correspondingly small
amount of dark energy. This hints at the possibility that we inhabit a region that borders
the quantum gravity landscape, as suggested by the distance conjecture [10]. According
to the distance conjecture, there should be an infinite light tower of light states, which,
in turn, introduces an additional mesoscopic scale. This scale is often referred to as the
“dark dimension” [11].

In [12], the authors compactify 4D Einstein gravity with a cosmological constant on a
circle. This results in a 3D effective field theory that explains how the degrees of freedom
in the Standard Model interact with gravity. The size of the extra dimension is stabilized
through a combination of the bosonic Casimir energy, fermionic Casimir energy, and the
cosmological constant. An essential aspect of this stabilization involves violating the null
energy condition by incorporating the Casimir energy, a crucial step in securing the stability
of the extra dimension’s moduli. This approach yields a range of distinct vacua, and by finely
tuning the parameters, it becomes possible to create an effective field theory that mirrors
the observational results of our real world. In this paper, we extend their methodology to
compactify 5D Einstein gravity on a circle, aiming to provide a concrete construction of
the dark dimension. It’s worth noting that a recent paper [13] also explored the 5D dark
dimension. In their study, they treated the 5D theory as an Effective Field Theory (EFT) and
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calculated the 4D vacuum energy with 5D loops contribution, where UV-sensitive terms can
arise. In contrast, our approach involves a conventional Casimir energy calculation, as in [12].

It will be interesting to compare our model with other proposals claiming large extra
dimensions [14–17], which focused on solving the EW hierarchy. In [14], the Standard Model
degrees of freedom are localised on a 3-brane by type I or type II string. It is focused on
how to get a small neutrino mass from a 5D space with brane, where right-handed neutrinos
propagate at bulk and couples to Higgs field on localized brane. Interaction is thus small since
the volume of the brane is much smaller than the volume of the bulk, therefore the neutrino
mass can be naturally small. In [16, 17], the authors have put forth an alternative mechanism
for dealing with extra dimensions. They achieve the stabilization of moduli through a
combination of SUSY breaking and the gaugino condensation mechanism. The degrees of
freedom in the Standard Model still remain localized on the D-brane. Their approach offers
a new way to tackle the hierarchy problem, which stems from the non-factorizable metric.
The source of this hierarchy is tied to an exponential function dependent on the size of the
extra dimension. The overarching concept of our model can be traced back to the initial
one, in which fermions propagating in the bulk and the rest particles in the Standard Model
is localized on a 3-brane. This stability is derived from the Casimir energy arising from
both bosonic and fermionic degrees of freedom.

The paper is structured as follows: In section 2, we kick off by deriving the effective
Lagrangian when transitioning from a 5D framework to a 4D one, introducing the radion
field. We then blend the 5D cosmological constant with vacuum Casimir energy to obtain a
4D effective cosmological constant, which essentially acts as the effective potential for the
radion field. In section 3, our primary focus revolves around stabilizing the radion moduli.
This is achieved through the contribution of Casimir energy originating from various sources,
including the U(1) gauge field, graviton, the radion itself, and the bulk fermions- neutrinos.
We explore the effects of altering the 5D cosmological constant and demonstrate how it
leads to the emergence of the correct de Sitter (dS) vacuum configuration for our universe.
Additionally, we contemplate an alternative approach by introducing a rolling scalar field
that replaces the 5D cosmological constant, and find that it still allows for the construction
of a dS vacuum. Section 4 shows how our model can be connected with the observed 4D
SM and tackles two crucial challenges. Firstly, we discuss concerns regarding the potentially
too-light mass of our radion field, which could potentially impact gravity. Secondly, we
briefly address the chirality problem. Finally, in section 5, we wrap up our paper and outline
potential avenues for further research and exploration.

2 Radion vacuum stabilization

We start with the metric on 5-dimensional (5D) spacetime in Einstein frame and consider the
circle compactification from 5D to 4D, where we take x5 = ϕ to be the compact dimension.
The metric is given as:

ds2
5 = r

R
ds2

4 +R2dϕ2, (2.1)

where R is the radion field, ϕ ∈ [0, 2π) and r is an arbitrary positive scale at the moment,
which will be fixed to be proportional to the expectation value of R later. In writing the
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metric ansatz in eq. (2.1) we introduced a constant factor r multiplying the non-compact
line element. This r should be understood as a fiducial four-dimensional length/volume
normalization that keeps track of the (infinite) 4d volume when reducing the action. In
Minkowski compactifications, r can be removed by a trivial rescaling of the 4d coordinates
and therefore drops out of all physical quantities.

When the 5d vacuum energy Λ5 is present, the physically relevant quantity is the 4d
action density (or equivalently the effective potential per unit physical 4d volume) evaluated
in the 4d Einstein frame. When taking the on-shell condition, the 4d curvature scale (or the
resulting 4d cosmological constant) is fixed self-consistently by the 4d Einstein equation at the
extremum, and all predictions can be expressed in terms of Λ5, the stabilized radius R⋆, and
the resulting Λ4. In particular, once one works with the 4d action density, any dependence
on the arbitrary normalization r disappears. The Einstein-Hilbert action governing the
dynamics in 5D theory is

L =
∫
dx4dϕ

√
−g5

(1
2M

3
5R5 − Λ5

)
, (2.2)

where M5 is the 5D Planck mass, R5 is the Ricci scalar in 5D spacetime and Λ5 is the
5D cosmological constant.

At distances larger than R, we can get an effective 4D action by dimensional reduction.
With the parametrization in eq. (2.1), the relationship between Ricci scalar in 5D and
4D goes like,

R5 = R

r
R4 −

3R
2r

(
∂R

R

)2
− 2 1

R
∂2R. (2.3)

Integrating over ϕ and replacing the Ricci scalar and the metric into 4D version by
eq. (2.1) and eq. (2.3), the 4D effective action reads (ignoring total derivative term):

L =
∫
dx42πr

2

R

√
−g4

(
1
2M

3
5

(
R

r
R4 −

3R
2r

(
∂R

R

)2)
− Λ5

)

=
∫
dx4√−g4

(
1
2M

2
PR4 −

3
4M

2
P

(
∂R

R

)2
− Λ4

)
,

(2.4)

with Mp (= 1/8πGN ) and Λ4 being the Planck mass and cosmological constant in 4D,
defined as:

M2
P = 2πrM3

5 , Λ4 = 2πr2

R
Λ5. (2.5)

To obtain a canonically normalized kinetic term for radion field, we define:

R = e

√
2
3

χ
MP , (2.6)

then the action becomes:

L =
∫
dx4√−g4

(1
2M

2
PR4 −

1
2∂uχ∂

uχ− Λ4

)
. (2.7)
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The existence of 4D cosmological constant would make the classical potential for radion
runaway and then decompactify the circle. In order to stabilize the compactified dimension,
we consider the Casimir energy for particles wrapping around the circle, as in ref. [12]. Let’s
first consider a general case where a massive scalar field is coupled to 5D GR with one
compacted dimension. The lagrangian reads:

L =
∫
dx4dϕ

√
−g5

(1
2M

3
5R5 − Λ5 + LM

)
, (2.8)

where LM refers to a free massive scalar field:

LM = −1
2∂uϕ∂

uϕ− 1
2m

2ϕ2. (2.9)

The expectation value of energy momentum tensor takes the form (for detailed calcu-
lation, see A):

Tµν =
〈
LMgµν − 2δLM

δgµν

〉
= −

(
ρ(R)ηuv +Rρ′(R)δϕ

uδ
ϕ
v

)
,

(2.10)

where ρ(R) is the Casimir energy density, which is defined by summing over infinite volume
Green functions G∞:

ρ(R) = 2
∑

n

∂G∞(y2
n)

∂y2
n

∣∣∣
yn=2πRnϕ̂

. (2.11)

Note that the above summation over all integers n must exclude n = 0 case, which just
corresponds to usual R-independent Casimir contribution to cosmological constant.

The explicit Casimir energy density formula for a massless field in D=5 reads:

ρ(R) = − 3
4π2 ζ(5)

1
(2πR)5 , (2.12)

where ζ(5) = 1.036927.. is the Riemann zeta function at z = 5. For massive field, the Casimir
energy density takes the form:

ρ(m,R) = −
∞∑

n=1

2m5

(2π)
5
2

K 5
2
(2πRmn)

(2πRmn)
5
2
, (2.13)

where Kν(z) is the modified Bessel function of the second kind

Kν(z) =
1
2

∫ ∞

0
dββν−1e−

z
2

(
β+ 1

β

)
. (2.14)

Note that above formula of Casimir energy density used periodic boundary conditions. So
it only applies to bosonic field. For fermionic field, the energy contribution will differ with
an extra minus sign.

Employing the formula of energy momentum tensor calculated in eq. (2.10), the 5D
Einstein equation reads (for µ, ν = 1, 2, 3, 4):

M3
5

(
Rµν − 1

2Rgµν

)
+ Λ5gµν = Tµν = −ρ(R)ηµν , (2.15)
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which can be rewritten as:

M3
5

(
Rµν − 1

2Rgµν

)
+ Λ5effηµν = 0, (2.16)

where we’ve defined an effective cosmological constant:

Λ5eff = Λ5 + ρ(R) (2.17)

Following the parametrization in eq. (2.5), the 4D effective cosmological constant reads:

Λ4eff = 2πr2

R
(Λ5 + ρ(R)) (2.18)

which is equivalent to 4D effective potential for radion field. Therefore the explicit formula
for radion potential goes like:

V (R) = r2
(
− 3nB

64π6R6 ζ(5) +
2πΛ5
R

+ 3n1
F

64π6R6 ζ(5)−
2π
R

∑
i=2

ni
Fρ(mi, R)

)
, (2.19)

with nB, n1
F and ni

F (i ≥ 2) being the physical degrees of freedom (d.o.f.) for massless
bosonic field, massless fermionic field and massive fermionic fields with mass mi respectively.
It is worth noting that the contribution from massless field, massive field and cosmological
constant shows three different dependence on R, which is a necessary condition for the
vacuum to be stabilised.

3 Extracting de-Sitter vacua

Radion effective potential is closely related to the number of d.o.f. of different fields, as it
is shown in eq. (2.19). In Standard Model (SM), the only massless particles are graviton
and photon. For a general D dimensional spacetime, physical d.o.f. of vector (massless U(1)
gauge field) and traceless symmetric (graviton) representation of massless fields are given as:

U(1) gauge field : D − 2,

Graviton : (D − 1)(D − 2)
2 − 1.

(3.1)

We will consider a massless U(1) gauge field propagating in the 5d bulk, which contributes
to the Casimir energy. We stress that we do not identify this field with the Kaluza-Klein
vector coming from the metric (often called the graviphoton), nor do we assume it is the
Standard Model photon; it can be a generic bulk/hidden U(1). Identifying it with the
SM photon would require additional model-building ingredients and is not assumed here.
Therefore, nB = 5 + 3 = 8 at D = 5. Without the contribution from fermions, the potential
becomes (take ζ(5) ≈ 1):

V (R) = r2
(
− 3
8π6R6 + 2πΛ5

R

)
, (3.2)

which gives the critical radius when V takes a maximum at R = Rc:

Rc =
( 9
8π7Λ5

) 1
5
. (3.3)
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To stabilize the vacuum, we assume the size of 1/Rc is small enough to be comparable
with the lightest massive particle in Standard Model- neutrinos (which can always be achieved
by adjusting the size of Λ5 properly). Note that more massive states in SM (m > 1/R)
contribute to Casimir energy at the next leading order. The mass splittings of neutrino
spectrum for solar and atmospheric oscillations in normal hierarchy spectrum are [18]:

∆m2
solar = ∆m2

12 ≈ (7.53± 0.18)× 10−5eV 2,

∆m2
atm = ∆m2

23 ≈ (2.437± 0.033)× 10−3eV 2.
(3.4)

We then add the contribution of three neutrinos to the Casimir energy. Note that in 5
dimensional spacetime, only Dirac fermions can exist. For an odd D dimensional spacetime,
the d.o.f for a massive Dirac fermion is given by:

Massive Dirac Fermion : 2k+1, (3.5)

where D = 2k + 3. Hence nF =4 at D = 5. Since we only know the mass splittings for three
neutrinos, we take our input masses for neutrinos as follows:

m1 = 0, m2 = ∆m12 = 0.008678 eV, m3 = ∆m12 +∆m23 = 0.058044 eV. (3.6)

Therefore, the effective potential for radion in eq. (2.19) now reads:

V (R) = r2
(
− 3
8π6R6 ζ(5) +

2πΛ5
R

+ 3
16π6R6 ζ(5)−

8π
R
ρ(m2, R)−

8π
R
ρ(m3, R)

)
. (3.7)

The neutrino contribution to the Casimir energy depends on the masses only through the
dimensionless combinations miR. For miR≪ 1 the neutrino Casimir term approaches the
massless-fermion limit, while for miR≫ 1 it becomes exponentially suppressed. As a result,
varying the neutrino splittings (including taking m1 > 0 so that all three neutrinos are
massive) does not change the qualitative structure of the effective potential; it shifts the
position and depth of the extremum smoothly. In particular, a dS minimum persists as
long as at least one neutrino satisfies

miR⋆ ≲ O(1) (3.8)

near the stabilized radius R⋆, so that the positive massive-fermion Casimir contribution is not
exponentially suppressed. If instead all three neutrinos satisfy miR⋆ ≫ 1, their contribution
is negligible and the dS minimum may disappear.

Figure 1 shows the R dependence of V (R) in the cases of three different Λ5 value, where
we’ve fixed r2 = 107 eV −2 and take three neutrino masses in normal hierarchy with m1 = 0.
At R = Rc = 16.8eV −1 ≈ 3.3146µm with Λ5 = 3× 10−12eV , we can reproduce a de-Sitter
vacua with the correct 4D cosmological constant Λ4 = V (Rc) ≈ 3.3 × 10−11eV 4. The
contribution from different fields goes like follows: At small R, neutrino Casimir energy
(∼ |ρ(m,R)|/R) takes dominant contribution on V (R). As R gets larger, potential starts to be
dragged down by negative contribution from radion Casimir energy (∼ −1/R6). Immediately
following, potential is pulled back by positive contribution from 5d cosmological constant
(∼ 1/R) and it keeps the dominant contribution at large R. We show the contribution
of each terms in figure 2.
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Figure 1. Effective potential for radion field in the case of three different value of Λ5: a) Λ5 = 1×
10−12eV 5 with an anti de-Sitter vacuum at R = 16.3 eV −1 = 3.2156µm. b) Λ5 = 3× 10−12eV 5, which
produced a de-Sitter vacuum at R = 16.8 eV −1 = 3.3146µm. c) Λ5 = 7× 10−12eV 5 with runaway
potential. In the plot we’ve fixed r2 = 107 eV −2 so that we can reproduce the correct value for Λ4 in
de-Sitter case at critical R: Λ4 = V (Rc) ≈ 3.3× 10−11eV 4.

Figure 2. Contributions from different fields are shown. In the plot we took Λ5 = 3× 10−12eV 5.
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Figure 3. Radion 4D potential in the case of different input masses of Dirac neutrinos: m2 =6.7, 7.7,
8.7, 9.7, 10.7 ×10−3eV , while m3 = 5.8×10−2eV , Λ5 = 3× 10−12 and r2 = 107 eV −2.

In figure 3, we explored how potential depends on neutrino masses, where we varied
∆m2

solar and fixed ∆m2
atm. We take Λ5 = 3 × 10−12 and r2 = 107 eV −2 in the figure. As a

result, we can get an AdS vacuum if the neutrino mass m2 is heavier than 9.8 × 10−3eV ,
a dS vacuum when 9.8 × 10−3eV > m2 > 6.7 × 10−3eV and no stationary vacuum if
m2 < 6.7 × 10−3eV . When we take m2 = ∆msolar = current experiment value, we could
again recover the correct value of 4D cosmological constant.

At the end of this section, we briefly discuss an alternative point of view. In our
previous discussion, we assumed a bare cosmological constant in 5D and have found its 4D
effective formula. We emphasize that fully controlled top-down de Sitter constructions in
five dimensions are scarce and highly constrained in the classes of setups relevant to the
dark-dimension scenario. Nevertheless, de Sitter critical points in 5d have been discussed in
the recent literature; see e.g. ref. [19] for an explicit dS5 maximum obtained from Casimir
effects in an M-theory compactification. Our discussion below concerns a different (effective-
field-theory) mechanism for generating a 4d dS minimum for the radion. Therefore, we might
consider a rolling scalar field to replace the 5D cosmological constant.

The potential of such rolling field takes the form: V (ϕ) = Λϕe
−αϕ, where ϕ is the rolling

field, Λϕ is the overall coupling constant and α is an arbitrary constant. For concreteness
we took α = 1 in this illustrative parametrization; none of the qualitative points in this
paragraph relies on this precise value. One may instead choose α = O(1) and, if desired,
values compatible with swampland-motivated expectations for exponential potentials (see
e.g. [20]). The role of this sector here is purely phenomenological: it provides a simple way to
model a slowly varying effective 5d vacuum energy.A realistic completion should also address
the dynamics and couplings of ϕ. If ϕ remains light and couples (even weakly) to visible
matter, it can mediate fifth forces and may lead to late-time evolution that could end the
quasi-dS epoch. Therefore an additional stabilization/screening mechanism, or sufficiently
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Figure 4. Radion field effective potential under three different value of ⟨ϕ⟩: 0, 2× 10−2, 5× 10−2. In
the plot we set r2 = 107 eV −2 and neutrino masses in normal hierarchy with m1 = 0 as before, and
take Λϕ = 2.68× 10−11eV 5.

suppressed couplings to the Standard Model sector, would be required. We leave a detailed
analysis of such model-building options to future work.

This new scalar field takes two new contribution to our effective potential for radion: (i)
a new bosonic degree of freedom, (ii) rolling potential Λϕe

−α⟨ϕ⟩ where ⟨ϕ⟩ is the expectation
value. Since Λϕ would be much smaller than 1/Rc (as can be checked in our following
result), we could safely assume that such scalar field is massless. Hence the effective potential
now reads:

V (R)= r2
(
− 27
64π6R6 ζ(5)+

2πΛϕe
−α⟨ϕ⟩

R
+ 3
16π6R6 ζ(5)−

8π
R
ρ(m2,R)−

8π
R
ρ(m3,R)

)
. (3.9)

In figure 4 we show our result under different ⟨ϕ⟩ values. The coupling Λϕ has been set
to 2.68× 10−11eV 5 in order to reproduce the correct 4D cosmological constant as ⟨ϕ⟩ = 0.
We see that such rolling field is able to produce ds, flat and AdS vacuum respectively as
⟨ϕ⟩ increases its value.

4 Connecting 5D to real world

To move our model closer to the real world, many issues might arise either by constraint
from gravitational observation or the speciality of 5D spacetime.

On one side, the mass of our radion field is too light. To obtain the mass of the radion,
we need to use the canonical normalized field defined in eq. (2.6). The effective potential
now reads:

V (χ) = r2
(
− 3

8π6e
2
√

6 χ
MP

ζ(5) + 2πΛ5

e

√
2
3

χ
MP

+ 3

16π6e
2
√

6 χ
MP

ζ(5)− 8π

e

√
2
3

χ
MP

ρ

(
m2, e

√
2
3

χ
MP

)

− 8π

e

√
2
3

χ
MP

ρ

(
m3, e

√
2
3

χ
MP

))
. (4.1)
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Hence the mass of radion can be obtained:

mR =
√
∂2V (χ)
∂χ2

∣∣∣
R=Rc,Λ5=3×10−12eV,r2=107 eV −2

= 3.07 ∗ 10−33eV. (4.2)

The mass of radion we obtained is below the 4D Hubble scale so it might modify our observed
gravity. In order to be consistent with solar system tests of GR, some screening mechanisms
are required. Several screening mechanisms have been proposed to address the issue of extra
fields: Vainshtein mechanism [21], Chameleon mechanism [22–27], Symmetron mechanism [28],
Axion Homeopathy [29] and so on. For example, Chameleon mechanism proposed that the
effective mass of a scalar field might depend on the environment, i.e. the matter density, due
to nontrivial coupling to matter motivated from string theory. Hence the effective mass of
light scalar field could be quite large in our solar system region due to high matter density,
thus escaped from solar system tests of GR.

Chameleon mechanism requires an R-dependent potential for environment matter fields.
There is a simple way to obtain this potential just by doing compactification from 5D to
4D. We start with a 5D Einstein-Hilbert action with a matter field ψ:

S5 =
∫
d4dϕ

√
−g5

[1
2M

3
5R5 − Λ5 + L′

M (ψ, g5)
]

(4.3)

The 5D metric is given by eq. (2.1). We then integrate over the compacted dimension ϕ

to obtain 4D effective action:

S4 =
∫
d4x

√
−g4

[
1
2M

2
PR4 −

3
4M

2
P

(
∂R

R

)2
− Λ4

]
+
∫
d4x

√
−g̃42πR (LM (ψ, g̃4) + . . .)

(4.4)
where g̃4 = r

Rg4 and “. . . " includes matter component in ϕ-dimension, i.e. KK modes. Next
we redefine the matter field ψ as ψ′ ≡

√
2πRψ. Then matter part in eq. (4.4) will be

cast into the form:

Sm =
∫
d4x

√
−g̃4

(
Lkin

M (ψ′, g̃4) + . . .
)

(4.5)

where Lkin
M is the kinematic part of lagrangian of matter filed and “. . . " includes not only

KK modes, but also the interaction between ψ′ and radion field R, which is produced by
field redefinition. Since we only consider weakly interacting matter field, we can focus on
kinematic term at the leading order. Meanwhile, combining with eq. (2.6), we organize
eq. (4.4) into a suitable form for Chameleon mechanism:

S4 =
∫
dx4√−g4

(1
2M

2
PR4 −

1
2∂uχ∂

uχ− V (χ)
)
+ Sm(ψ′, g̃4) + . . . (4.6)

where V (χ) = 2πr2Λ5e
−
√

2
3

χ
MP and g̃4µν = re

−
√

2
3

χ
MP g4µν

For non-relativistic matter we have energy density g̃4
µν T̃µν ∼ −ρ̃ where T̃µν =

(2/
√
−g̃4)δSm/δg̃

µν
4 is the physical stress tensor in Jordan frame (g̃4). In Einstein frame, we

have ρ = r2e−2
√

2
3 ρ̃. However, this energy density is not conserved due to the conservation

equation in Einstein frame:

∇µT
µν = 1

2

√
2
3

1
MP

ρ∂νχ (4.7)
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The conserved density in Einstein frame is: ρ̄ = r
3
2 e

−
√

3
2

χ
MP ρ̃, which hence is independent

of χ. We can then find the equation of motion at the leading order for radion χ from eq. (4.6):

∂2χ = ∂V (χ)
∂χ

−
√

1
6

1
2MP

ρ̄r
1
2 e

−
√

1
6

χ
MP (4.8)

Therefore, we obtained the effective potential:

Veff(χ) = V (χ) + r
1
2
ρ̄

2e
−
√

1
6

χ
MP (4.9)

Sadly, a negative exponential term shows up, causing the effective potential to continue
runaway. If we involve Casimir energy to V (χ), larger environment density would make the
screened mass even lighter. So the Chameleon mechanism can not work for a sole radion
field in our model. However, the extra dimension model is friendly to string vacua, so it
would be natural for us to include another axion field into our model. Involving axion, we
can use the Axio-Chameleon mechanism in ref. [27], which is a new multi-field screening
mechanism appropriate for two light scalar fields (an axion and a Brans-Dicke style dilaton).
The present of axion can safely screen the light dilaton to escape from solar GR test of
post-Newtonian deviation. Meanwhile, the mass of axion field can be larger than Neutrino,
as shown in table.1 of ref. [27]. So this axion field will only not change our result on Casimir
stabilization of the extra dimension slightly.1

One the other side, the most stringent requirement is that we need to construct a chiral
theory in 5D, since SM itself is chiral under SU(2)weak gauge symmetry. In this section, we
review one well-known way to obtain a chiral SM-like theory as a low energy limit, as is
introduced in refs. [30–32], where we can replace the fifth compact dimension by an interval
called “orbifold” of the circle.

The 5D chirality problem essentially comes from the representation of 5D Clifford algebra
for fermions, which is given as:

{ΓM ,ΓN} = 2ηMN , (4.10)

where Γµ = γµ and Γ5 = −iγ5 are usual 4D Dirac matrices. So the 5D fermions are necessary
4-component Dirac spinors. The problem is that we’ve used the parity operator iγ5 to fill out
the 5D Clifford algebra so there are no other parity operators left analogous to γ5 (parity
operator is unique in even dimensional gamma matrices). So we can’t find a 5D helicity
projection operator similar to what we did in 4D (PR/L = 1

2(1±γ5)). Therefore, one can never
construct a chiral theory using only 4-component Dirac spinors without helicity projection
operators. This is the chirality problem in 5D.

One way out is to compactify our theory on an orbifold instead of a circle, where we
impose an extra ℤ2 symmetry on the compactified dimension. To see how orbifold helps,
let’s write down the kinetic term for fermions:

Lkine ⊃ iψ̄R∂5ψL + iψ̄L∂5ψR, (4.11)
1Note Axio-Chameleon mechanism requires a non-standard axion-dilaton coupling like ∼ W 2(χ)(∂a)2. The

origin of this coupling might come from target space metric form two scalars {χ, a}, as mentioned in ref. [27].
The detailed mechanism to generate such coupling would beyond the scope of the paper and we’ll leave this as
future work.
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where we’ve ignored an overall factor of i. Since ∂5 is odd under ℤ2, we need one of ψR and
ψL to be odd and another one to be even under ℤ2, so that the lagrangian is ℤ2 invariant.
Therefore, let’s decompose ψR and ψL as:

ψR(xµ, x5) =
∑

n

ψn
R(xµ)sin(nx5),

ψL(xµ, x5) =
∑

n

ψn
L(xµ)cos(nx5).

(4.12)

Then in the low energy limit, we can obtain a non-vanishing zero mode for ψL, while ψR = 0
at n = 0.

A mass term like ψ̄RψL + h.c. would necessarily breaks ℤ2 symmetry. To obtain a
mass-like term, we can couple fermions with a pseudo-scalar (ℤ2 odd in ϕ dimension). The
lagrangian then goes like:

L ⊃ yaaψ̄RψL + yaaψ̄LψR + V (a) (4.13)

where ya is the coupling constant, a is the pseudo-scalar field and V (a) is the potential for it.
If the potential V (a) forms a vacuum expectation value in ϕ dimension at a = ⟨a⟩ ̸= 0, it
would spontaneously breaks ℤ2 symmetry and thus gives mass to fermions proportional to
⟨a⟩. Note that since scalar field a is ℤ2 odd, so does ⟨a⟩. Thus we at last added a ℤ2 odd
mass term for fermions. For detail discussion on KK decomposition on massive fermions
case, please check refs. [31, 33]. Meanwhile, ref. [34] gives many other tricks one can add
to connect our model closer to real world.

Finally, we note that adding this extra pseudo-scalar field will not change our previous
result dramatically. We only add one extra boson d.o.f., so nB in equ. (2.19) is just changed
from 8 to 9, which is a minor modification to our final result.

5 Summary

In summary, we have discussed a 4D effective theory in 5D SM+GR compactified on a
circle of radius R. The effective 4D cosmological constant might make the classical potential
runaway and decompactify the circle. To stabilize the compact dimension, we considered
non-trivial 1-loop vacuum Casimir energy from fields wrapping around the compact direction.
The contribution to such Casimir energy comes for three sides: a) massless bosonic fields:
graviton + U(1) gauge field with d.o.f. nB = 8 in total. b) fermionic fields with mass less than
1/Rc: 3 Dirac neutrinos with d.o.f. nF = 4 for each neutrino. c) 5D cosmological constant.

In section 3, we discovered a dS4 × S1 vacuum at Rc ≈ 16.7 eV −1 by taking the normal
hierarchy spectrum for neutrinos (with one massless neutrino) and setting Λ5 = 3× 10−12eV 5

(see figure 1). To recover the observed value of 4D cosmological constant in our universe, we
set r2 ≈ 107 eV −2. As a 5D cosmological constant is not well motivated by string theory,
we also considered a rolling scalar field in replacement of 5D cosmological constant. The
result is almost the same as before. In section 4, we briefly comment on two problems when
connecting our model to real 4D SM+GR. Firstly, the mass of our radion field is below
Hubble scale and would violate the solar system tests of GR. We believe some screening
mechanisms are needed. For example, Chameleon mechanism might suitable for our radion
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field. Secondly, 5D spacetime has chirality problem. We mentioned a possible mechanism to
recover chirality from 5D in low energy limit, which requires us to compactify our theory on
an orbifold and might need an extra pseudo-scalar field to obtain a mass term for fermions.

Several comments and discussions along the future prospects are listed:

• It would be intriguing to add more degrees of freedom into our 4D effective theory.
At smaller size of radius, heavier SM particles will contribute to Casimir energy. For
instance, electron contribution becomes important at R ∼ 1/me. At R ∼ Λ−1

QCD, QCD
mesons will come into play and a non-perturbative analysis is needed. Meanwhile, we
can also explore new degrees of freedom from Beyond Standard Model physics, such as
axions and supersymmetric particles, see [12, 35–38].

• It will be interesting to discuss the application of this effective potential in the cosmol-
ogy [39, 40] and in the context of holography [41–44], for a nice and comprehensive
review see [45]. It might be also intriguing to higher dimensional generalization [46]
and WdW perspective [47–49].

• Detailed implement of screen mechanisms to the radion field would be interesting.
We think Chameleon mechanism might be the easiest one to start with, since it only
requires a non-trivial coupling between scalar field and the environment matter

• The origin of a non-trivial pseudo-scalar potential that breaks ℤ2 symmetry on the
orbifold is worth discussing. For example, if such scalar field have a slow-roll potential
that results in inflation, such potential will also spontaneously breaks ℤ2 symmetry.
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A Casimir energy

In this appendix, we derived the 1-loop Casimir energy formula contributed to energy
momentum tensor following ref. [12]. We start with a free scalar field with mass m in d

dimensional spacetime. The lagrangian reads:

LM = −1
2∂µϕ∂

µϕ− 1
2m

2ϕ2. (A.1)
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The expectation value of energy momentum tensor takes the form:

⟨Tµν⟩ = ⟨LMgµν − 2δLM

δgµν
⟩

= lim
x′→x

(1
2(∂µ∂

′
ν + ∂ν∂

′
µ)−

1
2gµν(∂ρ∂′ρ +m2)

)
G(x− x′),

(A.2)

where G(x− x′) = ⟨ϕ(x)ϕ(x′)⟩ is the free field propagator. Note that by symmetry G(x−
x′) = G(|x− x′|), where |x− x′| is the distance between two points. When one dimension is
compact (call x5 = ϕ the compact dimension), we can get Casimir energy from field with
different winding number on ϕ̂ direction:

G(x− x′) =
∑

n

Gn(x− x′ + 2πRnϕ̂), (A.3)

where n ranges from −∞ to ∞ without 0, since R-independent Casimir contribution should
be absorbed into 5D cosmological constant. Note that for massive scalar field:

G(x− x′) =
∫

ddk

(2π)d

eik(x−x′)

k2 +m2 , (A.4)

then the second term in (A.2) goes like:

= 1
2gµν(∂ρ∂′ρ +m2)

∫
ddk

(2π)d

eik(x−x′)

k2 +m2

= 1
2gµν

∫
ddk

(2π)d
eik(x−x′)

= 1
2gµνδ

d−1(xα − x′α)δ(ϕ− ϕ
′),

(A.5)

where α ranges from 1 to d − 1. For G(x − x′) = Gn(x − x′ + 2πRnϕ̂), we have:

1
2gµν(∂ρ∂′ρ +m2)Gn(x− x′ + 2πRnŷ)

= 1
2gµνδ

d−1(xα − x′α)δ(ϕ− ϕ
′ + 2πRn),

(A.6)

which vanishes in the limit of x → x′ because δ(2πRn) is only nonzero when n goes to 0.
Then we calculate the energy momentum:

⟨Tµν⟩ = lim
x′→x

(1
2(∂µ∂

′
ν + ∂ν∂

′
µ)−

1
2gµν(∂ρ∂′ρ +m2)

)∑
n

Gn(x− x′ + 2πRnϕ̂)

=
∑

n

∂µ∂νGn(x− x′ + 2πRnϕ̂)|x=x′ .
(A.7)
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For µ, ν = 1, . . . , d − 1, we have:

∂µ∂νGn(x−x′+2πRnϕ̂)|x=x′

=∂µ∂νGn(|x−x′+2πRnϕ̂|)|x=x′

=2∂µ(
∂Gn((x−x′)2+ϕ2

n)
∂r2 xν)

∣∣∣
x=x′,ϕn=2πRnϕ̂

=2∂Gn((x−x′)2+ϕ2
n)

∂r2 ηµν+4∂
2Gn((x−x′)2+ϕ2

n)
∂2r2 (x−x′)µ(x−x′)ν

∣∣∣
x=x′,ϕn=2πRnϕ̂

=2∂Gn(ϕ2
n)

∂ϕ2
n

ηµν

∣∣∣
ϕn=2πRnϕ̂

=ρn(R)ηµν ,

(A.8)

where we defined the Casimir density:

ρn(R) := 2∂Gn(ϕ2
n)

∂ϕ2
n

∣∣∣
ϕn=2πRnϕ̂

(A.9)

For µ = 1, 2, . . . , d − 1, ν = d, we have:

∂µ∂dG(x− x′ + 2πRnϕ̂)|x=x′

= ∂µ∂dG(|x− x′ + 2πRnϕ̂|)|x=x′

= 2∂µ(
∂G((x− x′)2 + ϕ2

n)
∂r2 ϕn)

∣∣∣
x=x′,ϕn=2πRnϕ̂

= 2∂G((x− x′)2 + ϕ2
n)

∂r2 ηµd + 4∂
2G((x− x′)2 + ϕ2

n)
∂2r2 (x− x′)µϕn

∣∣∣
x=x′,ϕn=2πRnϕ̂

= 0

(A.10)

For µ = d, ν = d, we have:

∂d∂dGn(x− x′ + 2πRnϕ̂)|x=x′

= ∂d∂dGn(|x− x′ + 2πRnϕ̂|)|x=x′

= 2∂d(
∂Gn((x− x′)2 + ϕ2

n)
∂r2 ϕn)

∣∣∣
x=x′,ϕn=2πRnϕ̂

= 2∂Gn((x− x′)2 + ϕ2
n)

∂r2 ηµd + 4∂
2Gn((x− x′)2 + ϕ2

n)
∂2r2 ϕ2

n

∣∣∣
x=x′,ϕn=2πRnϕ̂

= 2∂Gn((x− x′)2 + ϕ2
n)

∂r2 ηµd + 2 ∂

∂R

∂Gn((x− x′)2 + ϕ2
n)

∂r2 R
∣∣∣
x=x′,ϕn=2πRnϕ̂

= 2∂Gn(ϕ2
n)

∂ϕ2
n

ηµν |x=x′,ϕn=2πRnϕ̂ +R
∂

∂R
2∂Gn(ϕ2

n)
∂ϕ2

n

ηµν |x=x′,ϕn=2πRnϕ̂

= ρn(R) +R
∂ρn(R)
∂R

(A.11)

where we used the formula:

∂

∂r2 = ∂

∂R

∂R

∂r2 = ∂

∂R

R

2y2
n

(A.12)
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Therefore, the formula of the Casimir energy momentum tensor can be cast into the form:

Tµν = −
∑

n

(
ρn(R)ηµν +Rρ′n(R)δϕ

µδ
ϕ
ν

)
(A.13)

The green function for D dimensional scalar field is given by (A.4). When it is massless,
the green functions reads:

GD(r2) =
Γ
(

D
2 − 1

)
4π

D
2

1
rD−2 (A.14)

For D=5, we have:

G5(ϕ2
n) =

Γ
(

5
2 − 1

)
4π

5
2

1
ϕ3

n

= 1
8π2

1
ϕ3

n

∣∣∣
ϕn=2πnR

= 1
8π2

1
(2πnR)3 . (A.15)

Hence the Casimir energy density for massless scalar field takes the form:

ρn(R) = − 2
8π2 · 32

∑
n

1
(2πRn)5 = − 3

4π2 ζ(5)
1

(2πR)5 (A.16)

where ζ(5) = 1.036927.. is the Riemann zeta function at z = 5.
For massive scalar field, the green function in D dimension goes like:

GD(m, r2) = m(D − 2)
(2π)

D
2

K d
2−1(mr)

(mr)
d
2−1

(A.17)

where m is the mass of the scalar field and Kν(z) is the modified bessel function of the second
kind defined in eq. (2.14). The Casimir energy density for massive scalar at D = 5 now reads:

ρn(m,R) = − 2m5

(2π)
5
2

K 5
2
(2πRmn)

(2πRmn)
5
2

(A.18)
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