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A. Introduction

A large proportion of empirical econometric studies involve dynamic
simultaneous equations systems and although there is often reasonable a priori
economic theory to guide the specification, there is generelly little or no
prior information about either the dynamic structure or the autocorrelation
properties of the error term. In practice, therefore, lag relationships are
determined empirically using conventional econometric estimetors such as
Ordinary Least Squares (denoted OLS) or Instrumental Variables (IV) and the
serious mis-specification biases which can result from attempting this in
the presence of autocorrelation are now well established asymptotically
{Hendry (1975)) and have been confirmed for finite samples (Hendry and
Harrison (1974)). Further, many estimated models do exhibit autocorrelated
residuals (Hickman (1972)) and as their one-period shead forecasts are fre-
quently no better than simple autoregressive extrapolations (Cooper (1972))
we have considerable evidence that the dynamics are not being appropriately
"identified" in the sense of Box and Jenkins (1970).

Generalisations of OLS and IV which allow for autoregressive errors
have, however, been available for some time (Sargan (1959), (1964)) and we
denote these ALS and AV {see section C). Their asymptotic properties in
correctly specified si.uations are well-known (see Hendry (19Tkd) for a
survey of the ALS and .he AIV families of estimators) and an empirical
application of all four estimators noted above to a small aggregate demand
system demonstrated that the lest two could yield valuable information about
dynamic specification (Hendry (197ha)).

This provides a strong case for studying the finite sample behaviour
of ALS and AIV in such models. However, the estimators require iterative

solution of non-linear equations, effectively precluding a purely analytic



derivation as well as making a straight simulation study very expensive. Thus

we have adopted a Control Variable approach{Mikhail (1972)) solving part of the
problem analytically via an asymptotic expansion, and the remainder by computer
experiments. Additionally this clarifies the relationship between the numerical
and the statistical properties of the estimators {compare Hendry (197kib)).

The Data Generation Process, the Monte Carlo methodology and the experimen-
tal design and analysis are as in Hendry and Harrison {(197h) (denoted H-H hence-
forth)[hhere possible, in equivalent replications we have re-used their random
numbers to enhance the accuracy of inter-estimator comparisons] and we reference
that study for a detailed discussion of those aspects, although sections B, D

and E summarise the main points for convenience., Section F reports our results.

B. Data Generation

The model used is defined by

= ' + [ +
(1) Yy =Y, dow +dy, g tu u o =ru. L ote, Ir] <1
4 d
(2) Ty =y v DIty ; T-ap| <1
1=1
= + . 3 .
(3) Vig = A¥ie-1 * Vit ’ A1 <1
The errors are distributed according to
(%) (et, et) ~ NI{0, I) where I= (oij) and
(5) Vi v NI(O, mii) with
{6) f(vites) = g(vites) = g(vitvjs) = 0 Vl, i, t,s. (1t £ 35)

Uniform random numbers (Ej) were generated by a multiplicative congruential

method and for (Et, et) converted to a bivariate normal distribution using the



Box-Muller procedure (see Hammersley and Handscamb (1964)),; the v, Were made
approximately normal using sums of twelve Ej. The first %9 data values were
discarded and the next T constituted the sample for one replication; note that
the w.. were usually stochastic (i.e. varied between replications).

The estimators were applied to (1), all of its parameters being over-
identified in the econometric sense (see Sargan (1972)) and we concentrated
on evaluating their first two moments. We investigated the existence of these
as in H-K although a recent paper by Sargan (1975) shows that the non-existence
of moments does not automatically invalidate a Monte-Carlo study as the results
may estimate the finite moments of a distribution function which approximates
the actual small sample distribution. In any event, we did achieve quite large
efficiency gains from our Control Variables (compare Sargan (197Lk)).

From (1) - (6), the population moments cen be derived as functions of the

parameters (see Appendix A for those additional to H~H) and hence evaluated

numerically for given parsmeter values.

C. The Econometric Estimators

Equation (1) can bLe written in standard regression notation as

(1) ¥y = XB +y where B' = {b c 4), and
t = : -
X (x5 vov %) with xf = (Y, w, vy, ,). Let
I = ' = 1 4
Q (a, ... qT) vhere q) (wltyt—1w2tw3twhtxt-1) end define
+ +
(8) Yy =y -ry, X =X~ rxl etec. where (e.g.)

X, denctes X lagged one period. Note thaet

(9) X] = DQ! wvhere D= [0:I] and



(10) vi=xs 4 e,

The AIV estimator of (B8, r) denoted ~ is obtained by minimising the

quadratic form
(11) g(M) = e'Me where M = Q(Q'Q)ulQ'

as a function of B and r (see Sargan (196L4)). The IV or Two-stage Least Squares

estimator {TSLS) minimises u'Mu as a function of B only and with X, usually

1
excluded from Q. The first order conditions for AIV are %% =0 and %f =0
which yield
¢ ’ - -~

- e At T DT e +
(12) B = (xmxH) ) where X' =X - rX, and

. S B - -

- ' ' -

(13) r (ulul) (ulu) where u =y - X8

~

to be solved jointly for (B, r) which minimise g(M).
In fact, ALS (denoted “) is now the special case in which the instrumental

variables are just the regressors (Q = X} which is equivalent to minimising
g(I) = e'e
as a function of (B, r) so that

(14) 8= (xRN

and * is equivalent to (13) using 1 in place of a. (Compare the corresponding
Moving-Average Frror model in Box and Jenkins (1970)).

In both cases iterative solution is involved, and to check for multiple
optima and MM tc the operational characteristics of these estimators, step-
wise optimisation was used from the best local outcome determined by a grid

search of g over re(-.9, -.8, ..., .8, .9). This is fast for this specific



problem and has only feiled to converge twice in 8000 trials.
An alternative numerical procedure often proposed for non-linear least

squares problems is the Gauss-Newton algorithm {see e.g. Dixon (1972)) which

for AIV requires iterating on

- e LN o't ) - e AN
//B "t x 1 ixtw
(15) cEbe . . - - -
] 1 1
\ r ul X ul ul ul u

~ "-
and if X Uy 1 0 this will be more efficient computationally than the successive

substitution approach in (12)+(13). (Compare equations (22) and (23) below).

However, from the optimum grid value the reduction in computer time using (15)
would be small.

We have for AIV that

‘i . -
B - B\ 4 h -
(16) T AN [O0,0
r-r Lip 4 /?l-rg)
11
where
2 . -1
=~ - ' = ! t
(17) H= (PMP' - r(M +M)+rM), P=plinX'Q(Q'Q)
_ . -1, - . i - . i .
Ma =plim T "Q'Q, Mb plim T 7X Xl and Mc plim T "X'X with
(18) h o= plim T 1" u, = (P - D) plim T"lQ'ul.

For the above choice of @, this is the same asymptotic distribution as
the Autoregressive generalisation of Limited Informetion Maximum Likelihood
(see Sargan (1959)). é and ; are independently distributed only if all the
instruments are strictly exogenocus (see Amemiys (1966)); note that
plim T 1g(M) = O.

Similarly, if a = = ) then ALS is consistent and asymptotically efficient,

912

having the same form of variance metrix as (16) but with PMaP' replaced by M, ;



also plim Thlg(I) = 0,,- The small sample properties of ALS in reduced form
dynamic equations have previously been investigated by direct simulation
methods (see Malinvaud (1966)) and by Antithetic Variates (see Hendry and
Trivedi (1972)).

If either a or 95 is non-zero ALS ceases to be consistent and as
plim E = Bp is a non-linear function of plim * = rP an explicit formula for
the inconsistency cannot be derived. Nevertheless, since we can calculate the
population moments, by iteratively minimising plim T_lg(I) we can obtain
the numerical value of (BP, rp) in every experiment. This can be used as

a statistieal control to explain inter-experiment variations in the central

tendency (see section F) and to construct a "crude" control variable (see (30)).

D. Control Veriables

The principles underlying the application of a Control Variable (denoted
V) (see Mikhail (1972)) are well illustrated by the case of ALS with fixed
regressors {(d = a = 0y, = 0 with the LETS held fixed within experiments). When

r is known (as it is to the experimenter) ALS is approximately Aitken's Generalised

Least Squares estimator (AGLS):
+' =1, + + +' o+ -1+
(19) g¥ = (X X)) (X y) =8+ (X X)X €

which is exactly distributed as N(B8, cll(X+'X+)_l) (ALS for estimated r is some-
times compared with this as a baseline to evaluate average inter-experiment out-
comes}. However, B* is computable at every replication and can be used to control
intra- experiment variation. Since E and B* are asymptotically equivalent,

(B - g*) is o(%), and as

(20) (B - B) = (B* - B) + (B - g%)



where the distribution of (B* - B) is known, we can estimate that of (8 - g)
more accurately indirectly vis the right-hand decomposition than by direct

simulation. Thus, for example, to estimate the bias E?@ -~ B) one could use
" the mean of the direct simulation outcomes (B - B) (say); but by calculating

g* at every replication, since from (20)
(21)  F(R-g) = E8* - ) + E(B - %) = £(8 - 8%)

(B - B*) (denoted the pooled estimator below) is a much more efficient estimator
(note that (é - g*) depends only on (r - r) and T is an asymptotically efficient
estimator of r).

More generally, our principle is to construct a (simulation) estimator with
a known finite sample distribution which is the same as the asymptotic distribution
of the econometric estimator and simulate the difference between these. Since this

~
{inter alia) provides general and analytic expressions for the distribution of B

to 0(%} whereas experiments are specific and jmprecise, unless very large numbers

of replications are used simulation estimated moments (if they exist) may have
larger Mean Square Errors than those based on the approximate distribution. Further,
this is increasingly important as T increases (especially for iterative estimators)
and hence our approach highlights the need to ask "How small is 'small'?” to justify
resort to Monte Carlo experiment in place of the conventional "How large is 'large' 7"
to justify asymptotic results. (Compare Goldfeld and Quandt (1972)). Of course,
since the Control Variable approach combines both aspects, we achieve more precise
results than either in isolation.

The asymptotic distribution of AIV is given in (16) and hence we can easily

obtain the required CV using



/8° - 8 /B h " ((p-rD) q'e
(22) | =T 5
ro—r/ h' %lﬂlﬂ‘) uie

Note that this has the same form as the Gauss~Newton slgorithm (15). One might,

however, have sttempted to base the CV on a generalisation of (19) leading to

...l 1
(23) (B* - B) = H “(P - rD) %5 and (say)
1 - r2\ ue
(2k4) (r* - r}) = = ) T
11
which have the same forms as the successive-substitution equations (12) and

(13). It is interesting that (Bf*,r*) is statistically inefficient relative to

o]

(8°, r°) unless h = 0 (as it does if X is fixed, confirming the efficiency of

(19)), whereas the formulation which induces an efficient optimisation algorithm
also induces an efficient simulation one. It must be stressed that (Bo, r’) is

non-iterative and trivial to calculate as only Q'e and uis vary between replications

and these are calculated in any case for (12) and (13)(in deviation form).

When it is valid to apply ALS to (1) (a = o_, = 0) the efficient CV is just

11

the appropriate specialisation of (22):

-1 £
+ 2 . X e
o) (6 - s\\= [(1+r®)m - r(u 0] h : \
\\r+ - r/ B oll/(l—re) uie )

More generally when ALS is inconsistent (if a or o, is non-zero when b # 0)

12
(25) is not an appropriaste CV. We have been unable to derive its asymptotic
distribution in this case toc develop a fully efficient CV, but we did construct

an unbiased estimator of the inconsistency to investigate the accuracy gains

from CV's based on correlations only (see Hammersley and Hardscomb (196L4)) i.e.

not justified by asymptotic theovy. The ALS equivalent of (15) is



A AL TA ﬁ.‘,,lh A At
B8\ (X X X ul e RS S N
(26)(  |= +r-1) (5-8)| = 670,40,
= Al’)\(+ IR Av o X
r-r uj ulouy u) € u; X
Xte
vhere (e.g.) ¢, = pt . Let plim ¢ = ¢ , plim ¢ . , then
u €
A
B - 8, - o
(27) plim = (¢, + 4. ), where
r-r r -r p lp 2p
P .
2
[Qerti - ¢ ()] @
(28) 6 = e D M, Mb
g ' 02/(l“r2)
P D
I D , _ 2 _ . A2 A2 —laa
6 = plim T ~(X rpxl) (yl Xlsp), cp =plimo and o =T €'e.

Further, (Bp, rp) and all the population moments are known. Note that

(012+acll)/(l-ab) (Mb-rpMc)
(29) 41, = 0 and ¢, = (r-r) (8_-8)
P 2P P : -1 ty _pt b
8 plim T (ylxl BpMc)

Thus one unbiased estimator of the inconsistency is given by

(x - rle)'e
(30) T_l¢;l + 10,
(yl - Xlsp) €

Additionally, l§¢"l provides the plims of the estimated variances of ALS, Overall,

however, this seems precisely the type of problem for which straight Monte Carlo

methods may have a role.
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E. Desipn and Analysis of Fxperiments

Each design is briefly described in the relevant results section, but they
are all variants of "factorial"” forms. The analyses primarily relate to the
first two moments of the distributions and to the efficiency gains achieved
by estimating the central tendency using control veriables (defined as the
ratio of the simulation variance of the pooled estimator as in (21) to that
of the mean direct simulation outcome). The general factor response surfaces

adopted to explain variations in the first moments were of the form

—

(31) (€(B) - 8) = 9, (B; . ba s e, &0 T, 0yp, 0)

~ "~ el . . 4
where Bi is the econometric estimator with plim Bi = s E(Bi) is the simulation

Bip
estimate of E(ﬁi). For the second moments we considered

(32) ln sD, = 8.1n ASE, + 6,/T

where ASEi is the asymptotic standard error of Bi and SDi is the simulation
estimate of the sampling standard error (see Naylor (1971 ch.7}). (Note that
an identical functional relationship holds for the equivalent variances). A

similar regression to (32) was used for the estimated standard errors of the

~

B, ~ denoted ESEi - the square rcots of the relevant conventional variance
1

~ Attad, -] . . .
formulae {such as oll(X £ for fixed regressor ALS estimates). For a given

specification of ‘b:the residual variances of such regressions (52) are due to
errors in estimating the regressand (si} and inappropriate functional forms

2 . . ..
(s) and if we assume that these are independent we can measure their importance

2
by comparing the direct {d) and the pooled estimates (e). Thus si = Sid + sgd
2 2 2

2 i . . . .
1e + S2d as s = 5. ; however, from the withinm replication simulation

2d Pe

: 2 _ 2 2 _ 2 2
results we can estimate that 81a ° Ksle and hence Spq = (Kse sd)/(K 1} while

and 52 =3
e
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2 o2l
le = “e 2d°

resources should be devoted to more replications to reduce sie or better

The relative magnitudes of these indicate whether further

formulation of the approximation to?]i. Generally, we chose-’,)i such that
the dependent variasble would have an approximately constant variance across
experiments (see e.g. Nicholls, Pagan and Terrell {1975)). Note that there
will usually be considerable testable prior theory about the signs and

magnitudes of these regression coefficients {(e.g. &, = 1). The overall

1
validity of the fitted regressions can also be evaluated by reteining a
small nurmber (n) of randomly chosen experimental outcomes and testing the

regression predictions (Fi) against these observations (Oi)' This is done

n
below using the result that I (0. - Fi)2/52 A xi.
i=3 *t
F. Results
I. Firstly we considered the ALS/AGLS combination with fixed regressors
for an equation of the form
L
{33) Yy T .Z ijjt + s u, = ru g + ey
J=2
with Bj =1 Yij, 9 = 1 {this is now just & scale effect on

AGLS variances leaving the §j unaffected). The w., were generated prior to

Jt
each experiment using (Ag, A3,'Ah) = (.8, .4, .2) and

(.36, .84,

(m22, Wyqs mhh) = %E-), and held fixed between replications.

We chose T = (20, 40, 60, 80) {one observation was "lost" to allow the
estimation of r) and r = (+.9, #.5} and we used a complete factorial design
of 16 experiments. The CV for E was (1G) and that for % was (2k}; each experi-
ment was replicated 100 times. The results for 2 (randomly chosen) experiments
are recorded in Table I for 33 and ?. In all experiments the biases estimated

from the pooled estimetes for all the Bj were smell and insignificant despite
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very dramatic efficiency gains (see Table II). The Direct Simulation estimate
of f(;)[?j]revealed significant bias and regression analysis of 1k experiments

yielded (2 = 1//T(1-r%))

(34) T8(r - ) = -.178 - 1.27rd s= .17 R = .82
(.15)  (.17) xf = 0.3
Comparably, for the pooled estimate of‘E(;) we obtained
(35) TL(r - r¥) = -.250 - 1.35r% s=.1 R =.92
(.10) (.12) Xg - 1.6
implying that
F(r -r) = - (£:%§ﬂ§> (compare Shenton and Johnson (1965)).

From Table II the variance of the estimate of E(;) from direct simulation is
roughly four times that of the pooled estimate and hence the remaining gains
in reducing sZ in (35) by more accurate simulation ave of the order of .005
as against.008 due to functional mis-specification.

Next for the pooled estimator of sD{r} =¥E(§-r)2 we found

(36) 1n sD(#) = 1.00ln ASE(F) + 3.2/T s = .21 R = .85
(0.4) (2.8) 2 _
Xo = 0.6

where ASE(T) is the asymptotic standard error (also equal to Vf(r!})e) strongly
confirming the relationship between the actual finite sample varience and its

asymptotic value. Finally, for the mean direct simulation estimated Standard

Errors ESE(;) = /¢ /ﬁiﬁl:

11

(37) 1n ESE(?) = 0.991n ASE(TF) + 3.7/T g = .06 32 = .98

(.01) (0.9) x; = 0.6

agein affirming the value of asymptotic theory in small sample situations.
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TABLE I

Experiments (T, r) = (39, -.5) and (79, .9)

B B* F sD F, ESE F3 ASE

53 -.019 000 - .097 - .096 - .098
(.010) (.001) {.001)

r .008  ~.009 011 .152 .150 146 .15k .139
{(.012) {.005) {.001)

8, 001 .0cC - 117 - .117 - 1T
(.011) (.0003) (.001)

r -.013 -.019 -.018 .0OL3 .051 052 ,052 .0Lg
(.005} (.003) {.001)

Legm\cL

B is the mean direct simulation estimated bias, B* the pooled estimated bias,
Fl the prediction from the regression (35), sD the pooled estimated sampling
standard error, F2 the prediction from (36), ESE the estimated standard error,

F3 the prediction from (37) and ASE is the asymptotic standard error. Yimulation

Standavd Ervovs in Pavenlthéses,

TABLE 11

Average Efficiency Gains in Estimating Biases

T < 39 T > 59
63 r 83 T
lr]=0.5 1507 2 1218 3
fr]=0.9 89 b 95 8




1k,

For fixed regressor models estimated by ALS, however, the alternative
simulation variance reduction method of Antithetic Variates has infinite
efficiency for estimating the bias in § when ¢ is symmetrically distributed
{compare Kakwani (1967)). Since T is the same for € and -e, the latter pro-

duces only a sign change in é and the average of two replication is thus

™~
identically zero, verifying the CV results on blas for B.

II. Next we considered ALS for the dynamic model

(38) v = bY, +dy, 5 +u u, =AU ) tey
(39) Y, =, te Epr & ™ NI(0, 1) and 0,5, =0
(ko) Wi = 'Bwlt—l + v, Ve ™ NI(O, 4)

In this situation, ALS is consistent and asymptotically efficient, whereas

OLS is inconsistent; we used the CV (25) for the former and the CV developed

in H-H for OLS. We chose a Oraeco-Latin square design of 16 experiments

(see Cochran and Cox (1957 p. kb )) generated by T = (20, ko, 60, 80},

b = (41, +10), 4 = (+.8, +.1) and r = (+.75, +4) with 100 replications. The
results for 2 of these experiments are recorded in Table III and the efficiency
rains in Table 1V.

Checking the efficiency of CV's of the form of (23) and (2W) revealed
them to be about 90% efficient relative to (25) for this model. It is clear
from Table IV that the efficiency gains are large (especially for T > 59) and
hence the distributions of OLS and ALS are close to their asymptotic approxima-—
tions.

As before, we used regression analysis to summarise the experimental

outcomes of the remaining 14 experiments for ALS and the relationships between
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TABLE III
Experiments (T, b, 4, r) = {19, -10, ~.8, =.4) and (79, 1, .4, .75)
oLs ALS

I B B B B* F, sD E, ESE f3 ASE

b -.004 -.009 -.,004% {-,001 -.003 -.014 .,100 .096 .093 .089 .081
(010) (.006){(.011) (.006) (.002)

a -.001 '.ooo ,ooo | 000  .000 / 016 .ok .o13 .01k .012
{.002) {.001){(.002} (.001) {.001)

r / / / .085 ,061 .06T .28 .247 ,233 .236 .210
.025) {.015) {.003)

b -,148 -.127 .o017 | .00T .001 .000 .OLT .048 .0ko  .0L9  .0L8
(.008) (.003)[(.005) (.001) (.001)

d .137  .138 -,007 [-.003 .002 / .02 .oLk2 .obs ok2  .obo
(.005) (.002)i(.00L) (.002) (.001)

r / / / |-.022 -.,024 -,032 .otk .07T .083 .077 .05
.008) {.00kL) (.001)

Legend as Table I; I denotes inconsistency, and B** the deviation of the pooled

estimate of the bias from I.

TABLE IV

Average Efficiency Geins

T < 39 T > 59
0LS ALS OLS ALS
8 6 13 14
7 5 10 11
/ L / 9




the estimated finite sample moments and those derived from the asymptotic
expressions. Despite the substantial efficiency gains, very few of the
estimated biases in the ALS estimates of b and 4@ were significant and no
important determinants of the latter could be established. For b and r we

- A ~
obtained (& = 1/V/T ASE(b) for b and 1/¥T ASE(F) for r)

— g = .35
(b1) To(f(b-b)) = .13r4 + .17drt - .02baL - .0TAL - 0T 2 _ oo
(.06)  (.09)  (.01)  (.06) (.0h) x5 =5.8
(42) TL(ER-r) = .03bL + .924% - 2.10rf - .552 52 = k5
(.01)  (.15)  (.14)  (.09) By = ﬁ9g

Xe = .
so that {very roughly) we now have E(r-r)a- Liig%:gél (compare (35): if

d=0,T=50and r = 3, {35) yields a bias of -.02 whereas (42) yields -.03),
Yable V records the results of the regressionsfor sD and ESE of the form (32).
As in the static case, the asymptotic result is very accurate; none of the
coefficients of ASE differ significantly from unity, %‘adds little to the

an
explanation and R2 is very high forLexperimental context.

TABLE V

Regression Results for sD and ESE,

sD ESE

2,2 ) 2,2

Parameter 61 62 s R /xl 51 62 5 R /x2
b 1.0k 1.11 .08 .96 1,01 .55 .08 .ok
(.02) {.38) 0.3 (.02) (.h1) 0.2
d 1.00 0.4k .08 .99 1.03 1.11 .10 .99
(.01) (.31) b2 (.01) (¢.h1) 1.6
r 1.03 0.89 W1k .83 1.0 .59 .10 .91
(.05) (0.66) 0.1 (.04) (o.kT) 0.5
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III. The final study reproduced the two series of L0 experiments in H-H
section 6.3 applying ALS and AIV to the same data. The 100 replications,
direct simulation group allowed us to study the relationship between the in-
consistency and the finite sample biaes for an iterative estimator (ALS) while
the 25 replications, control variable group investigated the efficiency of
the CV for AIV and hence the accuracy of the asymptotic approximation.
Corresponding to equation (50) and Table 4 in H-H we obtained for ALS biases

the results shown in Table VI.

TABLE VI

ALS Inconsistency Regressions

R2 8y 52 s3 Sh m xi

i 0.76 0.63 0.67 0.95 0.85 6 2.8

% 0.99 0.19 0.20 0.30 1.29 7 7.7

e 0.61 0.51 0.52  0.55 0.6k b 2.2

e 0.76 0.70 0.73 1.10 0.94 6 5.0
oh $

i, 2, 3, b subscripterespectively denote: the final regression (with m

regressors; all regressors; only I; all but TI.

The coefficient of the inconsistency was never significantly different

from unity but the s, values reveal it to have much lower "explanatory power"

3
than for OLS and TSLS. This is primarily due to a serious problem of multiple
optima (see section G) and in a similar series of 40 experiments where the

Vo had much larger variances and there were no multiple optima; I and B

were substantially more highly correlated.

Let PE denote the plim of the estimated standard error (ESE) then we

considered regressions of the form



(43) In ESEij =6

. . 2. -
(vy 10 available from o ¢ l).
D

1

. .
lnPElJ 62/TJ

the first regressor is oi)

8
a 1.00 (0.011)
b 1.00 {0.00k)
e 0.99 (0.021)
r 0.99 (0.019)

1.00 (0.00k)

TABLE VII

ALS Regressions of form (43)

Lh.08 (0.68)
2.4 (0.30)
3.2k (0.88)
4.80 (0.94)

0.09 (0.1L)

0.083
0.99€
0.961
0.919

0.999
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The results are recorded in Table VIT (for o

2.9
1.8
3.1
1.1

T

It is obvious how accurate asymptotic theory is for these "second moments"

even in this very complicated case.

The detailed results for the four

experiments retained for "forecast" tests are shown in Table VIII (based on

25 replications). This also records the outcomes of the CV experiments for

AIV and it is noteworthy that this complete set of L0 experiments computing

both ALS (controlled via (3)) and AIV {controlled via (25))required only 56

*
seconds CPMtime on the CDC 7600. The efficiency gains of the CV in determining

the bias in AIV are recorded in Table IX and demonstrate that the correlaticon

between the actual distribution of AIV and its asymptotic approximation for

samples of 55 or more observations is high (the CV for 02 was simply

-1 . . . . s .
(T "e'e - 02)). We had relatively little success in establishing the determinants

of the observed biases in AIV, using regression analysis (again beceuse of the

. . n X . . '
. 0‘; 'Hn.j , ;R; (rA{'u?‘-‘_L.m..f, ;w bOTL HEY g AT tcak lq 3\"“(,.,(,{5 ) 'Cl"\—l'-" 1“""""‘\“5\.

o ‘t’rh:f\’('ﬁ:n..c'l 37 5-’-<r»—.zjl3"
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multiple optima problem) but summery statistics for these are reported in
Table X. Results for regressions like (43) are recorded in Table XI together
with those for sD (note that PE = ASE for AIV). Again we see that knowing the
asymptotic result almost obviates the need to do the Monte Carlo!

Finally, to interrelate the results for the four estimators which we have
investigated we report in Table XII their rankings by Root Mean Squared Error
(RMSE) over the LO experiments by sample size and the magnitude of r. The
results are exactly as one would anticipate from theory: AIV is optimal in
large samples with considerable autocorrelation; TSLS is optimal for large T,
small |r|; OLS for small T, small |r|; and ALS for small T, large |r|. These
results obtain despite the multiple optima problem and hence if T is over 50
we would strongly recommend using AIV (computing the grid to check for bimodality).
For smaller values of T, ALS appears to perform reasonably well on average even
in the presence of simultaneity. Overall, the reduced form R2's for the two
jointly determined equations in our system correspond more closely with the
range of values observed for models in first differences rather than in levels
(see Table XIII) - as seems appropriate for stationarity. Increasing the variances
of the w. by & factor of 10 produces R°'s matching "levels" modeis and in this

state of the world the relative ranking of AIV is higher{ oee¢ Tabie j{ﬂZ) ahd
te Q”;-c.'_e.,uj 3(1\‘4..1 Are Skksfa":tla”t’ beTter (L see (3) o Table m)
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TAELE VIII

Dutcomes in Four Control Variate Fxperiments

ALS ATV

& ® A*l' *
o F| B B 1 R Fy B B R

b -2 ) L 67(.05) .03(.0€} 0.67(.05) 0.65 .oz2{ .19(.n€} .34{.09) .35(.06) -.18
@ -y ,58(.16) -.32(.09) 0.85(.09) 1.12 .58} .38(.19) .93(.13) .90{.09) -.47
e 1. [-.56(.13) .34(.18) -0.5k(.28) -0.85 .h1|-.22{.17) -.27(.31) -.62{.22) .46
r o W851-.590.18) .30(.10) -0.9h{.11) -1.17 .79f-.52(.19) ~.95(.13) -.92{.12) -.16
o2 k. |-1.46(.10) - -1.69(.18) -1.55 - ~1.19(.27) -

b -.8 ( .03(.03) .o0o(.003) .ok(.0i0) .03 .96[-.03{.03) .00(.006) .01(.013) .94
a 4 o.cz(.08) .00(.005) -.01(.015) ~.02 .92( .0s5(.i0) .oc(.004) .0O(.01T) .93
e 1. .01(.07) .00(.016) -.o(.050) .00 .21|-.01(.c9) .oo(.716)-.04(.050) .03
r o .550-.02(.09) -.03(.015) .00(.024) .01 .79(-.09(.10) -.03(.015}-.01(.024) .82

o2 251 .02(.05) - .01{(.010} .00 - .00{ .n0k) -

-8} Lu5(.03) -.02(.02}) L 03) ds o .80 .06(.03)  Lok(.22) .o9{.ob) .ob
d -.4 | .160.08) .10(.05) .12(.0%) 08 .57 .13(.10) .o7(.23) -.ob{.os) .78

-.100.07) —.02{.06) -.12(.09) -.13 .85|-.04(.09) -.04(.0%) -.04(.09) .89

|
r O. q~.10(.09) -.1z2(.05) -.08{.05) -.02 .61]|-.12(.10) -.09(."3} -,05(.05) .83
a? b, l—.bg(.os) - -.63(.12) - - L09(.1) -
v W8 o3eCo2) L03C.01) .31(.02) .32 .80 .02(.0%) .o0o(.1) -.02(.02) .93
a =.7 ] .06(.07) .01(.00} .ok{.o1) .05 .T19|-.02(.0") .p2(.r1) .oo{.01)} .61
¢ 1. [—.13(.05) -.03(.0b) ~.00(.05) ~.10 .65|-.02(.0") -.p2(.c2) .02{.05) .BB
r -.85] .1z2(.08) .o01(.01}  .1of.01) .08 .ok .09(.0f) -.0l(.G2) .03(.02) .16
ol b -1.10(.05) - ~1.14{.,08) -1.08 - 0.15(.32) -

Legend az Table I; B** denotes deviation of the bias from the incorsistency (I);
C the true value of tre raramcter. The sample sizes are (15, 55, 53, 75). R denotes

the correbaticn between the estimator and its CV.



TABLE IX

Efficiency Gains from AIV Control Variables.

N
(1) T < 35 T
(2) T< 35 13
(3) 71 &3§ 20
(1) T >55 L
(2) T > 55 16
(3) 1255 20

(l)iz)ié)denote experiments with and without asymptotic multiple aplitwa w,,

category.
o2
a k6
b .75
c 148
r .51

—

o PO
O m W0

6.5
(.3

V)
W)grq

(oY

.1
4.2

TAELE X

2-3
2.7

34

3.7
7.8

lO-L’.

a2
2.0 9.8
2.1 10.6
19 —_
2.6 T.4
6.9 16.2
33 —

ATV Bias Regressions Summary

DS
$
.71
.22
.69

.TO

6.8
10.3
1.2

10.7

wxdfko ovewutd leo%;espectively, and N is the number of experiments in that

2
Xy

9'3
8.6

0.1

T.2

21,

DS denotes direct simulation based on 100 replications; CV was based on 25

replications. Reported statistics are for regression of YTB* on

(b, d, r, ¢

12* “11°

T, 1, dr, bd, br)/YT and those variables with significant

values are recorded in the final column.
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1

ATV

TABLE XI

Regressions of form (L3

) for ESE and sD

1.00(.019)

0.99(.006)

1.00(.01k)

0.99(.021)

Overall Ranking

ESE

2

8 X},

2
2.97(1.12) .955 0.8
0.51(0.41) .993 6.2
2.94{0.56) .983 22.0

3.49(0.98) .918 1k.21

TABLE XII

o

0.96(.044)-0.29(2.59)

1.00(.012) 2.71(0.7T)

1.05(.026) 7.&5(1.01)'

0.95(.057) 3.68(2.65)

2

R 2

Xy
755 1.4
.978 10.3
.9€1 10.7
188 9.5

of Estimators by Ranking RMSE's in the 4O experiments.

22,

[+ T o A SN @ s ]

T < 3§ T > 55
OLS TsLs ALs AIV| N | ons wsis
23 L 1 23 6 3 4
1 2 3 b 6 3 1
3 L 2 1 8 b 3
TABLE XIII
Reduced Form R2's
“ii 200, .
>.95 R<.15] B%> .95 E < .T5
3 22 27 3
1 2k 33 0

ALS ATV
2 1
L 2
2 1



AV

[Fal

"05

- 224 -

TABLE XIV
Ranking by RMSE in the 40 Experiments with 10wii
T < 35 T > 55
OLS TSLS ALS AIV OLS TSLS
4 3 2 1 4 3
2 1 4 3 3 1
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G. Multiple Optime Problems

In an earlier study of ALS {see Hendry and Trivedi (1972)) the first
author had encountered a considerable number of cases of multiple optima
to the likelihood function in finite sample experiments. In particular,
repeating one experiment of 40 trials from 3 different initial values (a
consistent estimator of r, * = 0 and * = r) revealed 25 instances of con—
vergence to totally different final values, at all of which the asymptotic
variance matrix was positive definite. Further, 32 was not necessarily
smallest at the solutions obtained when commencing from T=r. Clearly,
statistics sueh as "Bias" or "Mean Square Error" as used above are un-
helpful when the frequency distribution of the estimor is bimodal.

In the present study we computed the asymptotic function values
plim T_lg'on a grid over r and observed 1l experiments out of 40 (in set III)
where this had two optima for AIV and of these, 9 also revealed 2 optima
for ALS. The CV's performed rather badly in these experiments (see Table
IX}, and both estimators menifested very large standard deviations (quite
unrelated to the asymptotic standard errors) suggesting a bimodal frequency
distribution,

This problem appears to be very ciosely related to the "identification"

of the parameters of dynamic models with autoregressive errors as follows.

Let
(4h) Ve =@y, tu, vhere u, = ru . + e, 8o that
(b5) 9t = (d+r)yt_l -Tdy, e

From such an equation d and r cannot be uniquely identified, and therefore

z e% has the same value at the two solutions (d, r) and (r, d). Thus g is



2k,

bimodal as a function of r if 4@ # r. Introducing an exogenous variable v,
removes the identification problem but need not remove the bimodality. Thus

the transformed equation beccmes

(46) Yy = (d+r)yt_l STy, , tow - rew , t+e

but [@s is clear from continuity) for "small" Var(w), g remains bimodal.
Asymptotically, the globsl minimum is certainly at (d, ¢, r) rather than
(r, c¥, d) but in finite samyles, sampling fluctuations can lead to the
latter yielding the minimum. To test this explanation, we increased the
variances of all the Wy by a factor of 10 and TeYan the experimentSusing
identical random numbers. Tke reduced form R2‘s are reported in Table XIII.
Now only one instance of asymptotic bimodality was found (experiment 7 for
ALS - this being one of the four outcomes we were attempting to predict!)
Further, the Hendry-Trivedi findings were also of this form in that the
estimates of r in the two solutions corresponded roughly to r and to the
coefficicnt of the one pericd lagged dependent varisble,

We conclude that it is important to graph g to check for multiple optima
and if such are located, to t-eat the estimates with caution even if they do
correspond to the sample global optimum. The ALS, AIV results in section F
correspond to "averaging" ove: states of the world in which this problem
appeared to occur about 25 % f the time and (obviously) in unimodal situations
their distributions would be :2uch closer to the asymptotic approximations

(although in 4 of the 11 cases; AIV still had the smallest Mean Square error

of the four estimators consid:red). TE\“ L borne out 6‘3 Te.He KIE
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APPENDIX

The required population moments additional to those recorded in Appendix I

of Hendry and Harrison (1974) are as follows: ( [ Aemoles W,t) ]

() B(z, ¥, )= AE(EZ Y. . (a2) B(Y, 2, ,) = aB(y, 2, ,)

(a3) Bly, 2! )) = 705 (e'AM, + aB(y, 2.0} (Ab) E(Z_ ¥, ) = ME(Z v )
(a5) E(Y Y, )= 1{a£ (ac's E(Y, Z,) + adE(y, Y,) + £TAR(Y, w.) + arE(Y, u.))
(46) Ely, Y,) = aE(yi) + £y, w) + (boy+0,,)/(1-eb)

(A7) Ely, yy_) = bE(Y, Yguq) * ¢'E(Zy Ypq) * dE(yi) + rE(y, u,)

(A8) Ely, Y, _,) =DbE(Y Y ) +e'B(Z Y )+ dE(y, Y,) + rE(Y, u)

(19) E(Y, v, ) = 7o (ee'tiR(z, y,) + adB(y, ¥ ) + £A°E(y, w,) + ar‘Rly, u))

2 2
= U
) bE(Yt yt_z) + e AlE(zt yt) + dE(yt yt_l) +r E(yt ut)
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