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Abstract

Low density plasmas are found throughout the known universe. Therefore, accurate

diagnostic methods have implications for our understanding of a variety of topics,

ranging from star formation to the semi conductor industry.

Low density plasmas are ubiquitous in the material processing industry. However,

measurements of the electron temperature and density, two of the most fundamental

plasma properties, are not straightforward. In the laboratory, we create a low density,

radio frequency, helium plasma with a bi-Maxwellian electron distribution, similar

to those found in the semiconductor processing industry. We use optical emission

spectroscopy to perform a non invasive measurement of the plasma conditions. We

compare this to measurements obtained using a Langmuir probe, a commonly used

invasive diagnostic. The optical emission spectroscopy is found to be insensitive to

electron density but good agreement is found between the two techniques for values

of the temperature of the hot electron component of the bi-Maxwellian.

Plasmas created with high-intensity lasers are able to recreate conditions similar

to those found during astrophysical events. This development has led to these condi-

tions being explored in laboratories around the world. An experiment was performed

at the Rutherford Appleton Laboratory in Didcot, UK, investigating the properties

of supersonic turbulent jets. For the first time a magneto-optic probe was used to

measure the magnetic field in a low-density supersonic turbulent plasma. The re-

sults were compared to measurements taken using a magnetic-induction probe. Good

agreement was found between measurements of the magnetic field strength within

the plasma; however, the magnetic power spectra differ. We attribute this to the dif-

ference in integration length between the two measurements. Statistical properties of

the velocity field are inferred from the magnetic field measurements, which compare

favourably to astrophysical observations and hydrodynamic simulations.
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1.1 Introduction

Famously, ‘99 % of the visible universe is composed of plasma’. With such a large

amount of material available, one is spoiled for choice when selecting an area of study.

Whilst early man was limited to observing the beauty of plasma emission from the

distant stars, today plasma sources are abundant on earth. However, that is not to

say astrophysical plasma sources have lost anything of their beauty or their scientific

interest. The earliest observations of plasmas appear to have been efforts to discern

whether the sun was riding through the sky on a barge or on a chariot [14, 15], a

research area that has not generated a publication for so long that presumably the

question has been abandoned for being too complicated. More current topics include:

the interstellar medium, accretion discs, stars, and the solar wind - all of which are

composed of plasma [16]. Closer to earth, the magnetosphere [17], the polar au-

rora [18] and lightning [19] are all examples of extra-terrestrial plasma. Even if the

wonders of nature are not sufficient enough to stir our interest in plasma physics,

more practical examples, including nuclear fusion devices [20], plasma televisions and

the plasma sources [2] used to etch semiconductors, demonstrate the importance of

plasma in our everyday lives. Clearly, even if a person has no interest in plasma

physics themselves, they should be glad somebody somewhere does!

What exactly is a plasma? A plasma is a quasi-neutral ionised gas which, as a

result of long range interactions, exhibits large-scale collective behaviour. It is this

collective behaviour, mediated by electric and magnetic fields, which leads to plasma

physics being such a rich area of study. This thesis is principally concerned with exper-

imental methods used to investigate low-density plasmas. Experimental observations

or measurements, whether made using a magnetic-induction probe in the laboratory

or observing emission from a supernovae a universe away, form the bedrock of modern

plasma physics. Experiments are the test bed for existing theories and simulations.
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Whilst also providing the observations necessary to inspire new theories. Theories

which, in the fullness of time, will once again require testing experimentally.

Figure 1.1: A Plasma phase diagram (reproduced from [1])

1.2 Thesis Overview

This thesis begins with a short chapter on fundamental plasma theory focusing on

topics that are relevant to the theory and results presented in later chapters. Chap-

ter 2 discusses theory specific to the radio frequency discharge and associated di-

agnostics. Initially, theoretical models of the discharge are discussed. Next, both
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Langmuir probe techniques and optical emission spectroscopy are looked at in detail.

This chapter includes a discussion on the ion current collection models used for the

data analysis in Chapter 3. Chapter 3 commences with an explanation of the aims

of the experiment into electron temperature and density measurements which used

optical emission spectroscopy in a helium capacitively coupled radio frequency dis-

charge. The experimental setup is presented, followed by the setup and results of

each individual diagnostic. The chapter concludes with a comparison of the results of

the two diagnostic methods and suggestions for future work. The results in Chapter

3 can be found in [21].

Chapter 4 introduces diagnostics used during a high power laser experiment into su-

personic turbulence. Magnetic field measurements are discussed, and the magnetic

induction and magneto-optic probes are introduced. Chapter 5 discusses magnetic

field measurements made in a supersonic turbulent plasma. It begins by outlining the

importance of supersonic turbulence before explaining the aims of the experiment-

mainly to test the magneto-optic probe and to find the exponent of the velocity power

spectra in a supersonic turbulent plasma experimentally. A relationship between the

exponents of the velocity power spectra and the magnetic power spectra are derived

before the experimental setup is presented. The results of each diagnostic are pre-

sented and the magnetic fields measured using the two different probes are compared.

The inferred values for the exponents of the velocity spectra are discussed alongside

observed values from the literature. The chapter again concludes with suggestions

for future experiments into both the magneto-optic probe and supersonic turbulence.

Results from this experiment can be found in both [11] and [8]. In Chapter 6 the

conclusions of the thesis are summarised for completeness.
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1.3 Fundamental Plasma Theory

1.3.1 The Debye Length

If a plasma is exposed to an electric field the the charged particles will redistribute

themselves, effectively shielding the field. The screening is mainly performed by

the more mobile electrons. How effectively the plasma can shield the electric field

is important as approximations like quasi-neutrality will only hold at scales greater

than the screening length. Imagine placing a single positive test charge into a neutral

plasma with temperature T . The number density of the electrons inside the plasma

a distance r from the positive test charge is given by the Boltzmann relationship [22]

ne = n0exp
(
qeφ(r)

kbT

)
, (1.1)

where n0 is the equilibrium number density, ne is the electron density, qe is the electron

charge, φ(r) is the electrostatic potential at the point r and kb is the Boltzman

constant. Similarly the ion number density is given by

ni = n0exp
(−qeφ(r)

kbT

)
. (1.2)

In the case that the thermal energy is much larger than the electrostatic energy the

charge excess ρe due to the test charge is

ρe = qe(ni − ne) = −2
(
q2
eφ

kbT

)
n0. (1.3)

Inserting Equation (1.3) into Poissons equation, ∇2φ = −ρe/ε0, gives

φ =
qe

4πε0r
exp

(−r
λD

)
, (1.4)

where λd, the Debye length [22] is defined as
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λD =

√
ε0kbT

2e2ne
(1.5)

for Te = Ti. Quasi-neutrality and the fluid approximations only apply at scales where

λD >> n
−1/3
0 and thus the shielding is effective. The concept is useful as it gives an

indication of the importance of collective behaviour within a plasma. The assumption

that the plasma is quasi-neutral, (ne ∼ ni) appears throughout plasma physics, it will

be assumed several times throughout the remainder of this thesis.

1.3.2 The Plasma Frequency

Consider a cold, collision-less, uniform plasma where all of the electrons are displaced

a distance δx from their initial position. As the ion mass is much greater than the

electron mass the ions will remain stationary on short timescales. The electric field

created by the charge separation will act to pull the electrons back towards the ions.

The electron cloud overshoots its starting position leading to an oscillation within the

plasma. The oscillation is called a Langmuir wave, and the frequency of oscillation

is referred to as the plasma frequency denoted, ωpe [22].The plasma frequency can be

derived by considering a Gaussian surface within the plasma

EA =
neqeAδx

ε0
(1.6)

where E is the electric field, A is the area of the plasma surface perpendicular to δx

and ε0 is the permittivity of free space in a vacuum. Combining Equation (1.6) with

Newton’s second law gives

F = me
d2x

dt2
= −qeE = −neq

2
e

ε0
δx, (1.7)
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where F is the force on the electrons and me is the electron rest mass. This equation

describes a simple harmonic oscillator with a frequency

ωp =

√
nee2

ε0me

. (1.8)

This is the simplest example of wave behaviour within a plasma.

1.3.3 Electromagnetic Waves

One of the principal characteristics of a plasma is its ability to support a number

of different types of wave. The Langmuir wave (with Te = 0), whose frequency was

derived above, is an example of an electrostatic wave, a wave in which the displace-

ment current is equal and opposite to the conduction current. Electromagnetic waves

can be an important method of energy transfer into a plasma. The dispersion re-

lationship that describes the propagation of transverse plane waves is now outlined,

starting from the differential form of Maxwell’s equations [22]:

∇× E = −∂B

∂t
, (1.9)

∇×B = µ0

(
j + ε0

∂E

∂t

)
, (1.10)

ε0∇ · E = ρ, (1.11)

∇ ·B = 0. (1.12)

Where B is the magnetic field, µ0 is the permeability of free space and j is the

conduction current. We limit our analysis to plane wave solutions, thus allowing the

electric and magnetic fields to be written as [2]

E = E0e
i(ωt−k·r), (1.13)
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B = B0e
i(ωt−k·r), (1.14)

where ω is the time oscillating frequency and k is the wavenumber. Inserting these ex-

pressions back into Maxwell’s equations allows the differential equations to be written

in terms of the frequency, ω, and wavenumber, k

−ik× E0 = −iωB0, (1.15)

−ik×B0 = µ0

(
j + ε0iωE0

)
, (1.16)

−iε0k · E0 = ρ, (1.17)

−ik ·B0 = 0. (1.18)

Equation (1.16) is rewritten in terms of the dielectric constant (εp)

−ik×B0 = iωµ0εpE0, (1.19)

which depends on the transport properties of the plasma. Equations (1.15) and (1.16)

can then be combined to give

k× (k× E0) = −ω2εpµ0E0. (1.20)

For a transverse wave k · E = 0 and the dispersion relationship simplifies to

k2 =
εpω

2

ε0c2
. (1.21)

This is the general dispersion relationship for transverse plane waves within a plasma.

Precisely which waves the plasma is able to support then depends on the precise form

of the plasma dielectric constant, for example Whistler modes and Alfvén waves [23]

are common examples of transverse waves in a magnetised plasma. However, the next
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section focuses on the dielectric constant of a plasma in a background gas, a situation

common in low density plasma sources.

1.3.4 The Plasma Dielectric Constant

The dielectric constant relating the electric field to the current in the plasma is derived

from Newton’s second law [2, 24]. For a cold, uniform plasma in a background gas

with an electric field pointing in the x direction (E = Ex̂), Newton’s second law gives

me
dux
dt

= −qeE −meνmux, (1.22)

where νm is the electron neutral collision frequency and ux is the electron velocity in

the x direction. If the plasma is driven by a small amplitude oscillating electric field

along the x axis Ex with a frequency ω

Ex = Re(Ẽxe
jωt) (1.23)

where Ẽx is the complex amplitude of the field Ex. The corresponding velocity is

written as

ux = Re(ũxe
jωt). (1.24)

where ũx is the complex amplitude of the velocity ux. Combining Equations (1.23)

and (1.24) the amplitude of the complex velocity is given in terms of the amplitude

of the complex electric field as

ũx = − qe
me

1

jω + νm
Ẽ. (1.25)

The total current within the plasma J is the sum of the displacement current and the

conduction current
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J = ε0
∂E

∂t
− qeneux. (1.26)

The total complex current is therefore

J̃ = ε0
∂Ẽ

∂t
− qeneũx. (1.27)

Which upon substitution of Equation (1.25) leads to an effective plasma dielectric

constant

εp = ε0

(
1−

ω2
p

ω(ω − jνm)

)
. (1.28)

From this we define the plasma conductivity, σp as

σp =
ε0ω

2
p

(jω + νm)
(1.29)

where J̃T = (σp + jωε0)Ẽ. In the limit that the frequency of the applied field is much

larger than the collision frequency the dielectric constant simplifies to that of an ideal

plasma

εp = ε0

(
1−

ω2
p

ω2

)
. (1.30)

Inserting Equation (1.30) into the dispersion relationship, Equation (1.31) gives

ω2 = ω2
p + c2k2, (1.31)

the dispersion relationship for an ideal plasma. This shows that waves with frequen-

cies less than the plasma frequency, (in the case where ω >> νm), cannot propagate

within the plasma. This generally applies to radio frequency waves in low density

plasma discharges. As the plasma frequency is a function of the electron density a
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critical density nc = ω2ε0me/q
2
e can be defined when ω = ωp and waves can no longer

propagate. A plasma described by the above equations can then be modelled as a

capacitor, with capacitance Cp = εpA/l, where A is the cross section of the plasma

and l is the length along the x direction [2].

1.4 Magnetohydrodynamics

1.4.1 The Equations of Magnetohydrodynamics

The large number of particles inside a typical plasma make modelling the behaviour

of each individual particle virtually impossible. Fortunately, in a large number of

cases plasma behaviour can be explained effectively using a continuum fluid model.

A model that can be applied on length scales larger than the mean free path. In a

plasma the particle collisions are additionally mediated by electric and magnetic fields.

Magnetohydrodynamics (MHD) [25,26] often treats the plasma as a single conducting

fluid, this approximation leans heavily on the high electron mobility within a plasma.

The mobile electrons cancel out any applied fields and carry current through the

plasma. MHD is applicable if the plasma is large enough to contain many ions, (the

continuum hypothesis) and the time scales of interest are longer than the electron

or ion oscillation times, ω � ωci, where ωci is the ion cyclotron frequency. MHD is

expressed as a series of equations describing the evolution of a fluid element. The

continuity equation describes the conservation of mass and is given by

∂ρ

∂t
+∇ · (ρu) = 0, (1.32)

where ρ is the mass density and u is the velocity of the Lagrangian fluid parcel.

Similarly, momentum conservation for the fluid parcel produces the following equation
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ρ
(
∂

∂t
+ u · ∇

)
u = −∇p+

1

µ0

(∇×B)×B + θ∇2u, (1.33)

where p is the fluid pressure, B is the magnetic field in the fluid and θ is the dynamic

viscosity. The induction equation describes the evolution of the magnetic field and is

given by

∂B

∂t
= ∇× (u×B) + η∇2B. (1.34)

for a constant magnetic diffusivity, η. Finally conservation of energy requires

ρ
(
∂

∂t
+ u · ∇

)
ε = −∇ · q +

η

µ0

|∇ ×B|2 + θφ, (1.35)

where ε is the internal energy of the fluid parcel, q is the heat flux and φ is the

dissipation function, the rate at which mechanical energy is converted into heat. The

heat flux can be written in terms of the plasma temperature gradient, q = −κT∇T ,

where T is the temperature and κT is the heat diffusion coefficient.

1.4.2 The Invariance of the Magnetohydrodynamic Equa-

tions

In 1999 Ryutov formalised that a necessary but not sufficient condition for two hy-

drodynamic systems to be dynamically similar is that they need to share the same

dimensionless parameter Ry = U
√
ρ∗/P [27,28], where U is the characteristic velocity

scale of the system, ρ∗ is a characteristic mass density of the system and P is the

characteristic pressure of the system. Ry is in effect the Mach number under idealised

conditions (the system can be modelled by an ideal fluid). This is the similarity

criteria for an inviscid fluid with zero thermal conductivity. Furthermore, Equations
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(1.32) to (1.35) can be rewritten in a scale invariant form. Each variable, i.e u can

be rewritten in terms of a dimensional and a dimensionless part, u = ũU where ũ is

dimensionless [27, 28]. The momentum equation (1.33), can be rewritten in terms of

the dimensionless Reynolds number

Re =
UL

ν
(1.36)

where L is the characteristic length scale of the system and ν = θ/ρ is the kinematic

viscosity. Re represents the ratio of inertial forces to viscous forces. On scales at which

Re is large, one assumes viscous forces can be ignored, for instance energy will not

be dissipated due to viscosity at large Re. The induction equation, (Equation 1.34)

can be written in terms of the dimensionless parameter Rm, the magnetic Reynolds

number

Rm =
UL

η
. (1.37)

Rm is the ratio of magnetic induction to magnetic diffusivity. At low Rm the magnetic

field diffuses out of the plasma more swiftly than it is advected. The conservation of

energy (Equation (1.35)) can also be rewritten in terms of a dimensionless parameters.

This introduces the new dimensionless variable the Peclet number

Pe =
UL

χτ
. (1.38)

where χ = κT/ρ is the kinematic thermal diffusivity and τ is the temperature scale.

The Peclet number is the ratio of advective heat transport over the diffusive heat

transport. Writing the MHD equations in terms of these dimensionless variables

illustrates that the systems with the same Re, Rm and Pe have dynamically similar

behaviour (assuming the evolution of the system is described by the MHD equations).

However, identical values for the dimensionless variable don’t need to be achieved for
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dynamic similarity. To see this consider the induction equation rewritten in a non-

dimensional form

∂B∗

∂t∗
= ∇× (u∗ ×B∗) +

1

Rm

∇2B∗. (1.39)

where B∗ = B/U
√
µ0ρ and t∗ = tU/L. If Rm is very large then the last term in

Equation (1.39) is ∼ 0 even if the exact values of Rm differ by orders of magnitude.

The principles of scaling underpin the idea of laboratory astrophysics. This will be

considered further in Section 1.4.4.

1.4.3 Plasma Turbulence

A physical understanding of turbulence is important in fields as disparate as aero-

nautical engineering and astrophysics [29]. Richard P. Feynman went so far as to

claim, ‘turbulence is the most important unsolved problem of classical physics’. Tur-

bulence occurs in plasmas (and fluids) with large Reynolds numbers [30], Re ∼ 103,

at lower Reynolds numbers turbulence is suppressed by viscous dissipation. The term

turbulence refers to a plasma with an irregular and chaotic flow, it is often pictured

physically as a large number of superimposed vortices. The most successful theory for

incompressible (subsonic) turbulence is Kolmogorov’s theory for freely decaying, fully

developed turbulence [31]. The turbulent fluid is imagined as a series of fluid vortices

or ‘eddies’ with sizes between the outer-scale l (the size of the largest eddies) and the

Kolmogorov or dissipation scale ηk (the size of the smallest eddies). At these micro

scales energy begins to be dissipated through viscous processes as Re ∼ 1. However

at scales > ηk energy cannot be lost in this manner. This leads to the picture of a

turbulent cascade where energy ‘cascades’ down continuously through eddies of de-

creasing size. In this model the kinetic energy ∆E contained in eddies with inverse

length scales between k1 and k2 can be described as
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∆E =
∫ k2

k1
E(k)dk (1.40)

where E(k) is the one dimensional energy spectra and k = 2π/l, (where l is a length

scale). One of the great successes of Kolmogorov’s theory is the prediction for the

power exponent of the one dimensional energy spectra E(k) ∼ k−
5
3 . Although vari-

ables, such as the instantaneous velocity, can appear to vary at random in a turbulent

flow the statistical properties of turbulence are highly reproducible [29]. Thus turbu-

lence is generally explored through its statistical properties. This will be discussed in

detail in Chapter 5.

1.4.4 Laboratory Astrophysics

Studying astrophysical plasmas experimentally was first suggested by Dawson in 1964

[32]. Early experimental work focused on blast waves [33], electrostatic shocks [34]

and supernovae [35, 36]. Clearly, recreating the the exact situations found in space

in the laboratory is unfeasible due to the large scales synonymous with astrophysics.

However recreating specific physical processes and analogous plasma dynamics can

be achieved [37], as discussed in Section 1.4.2. Ryutov argued that the two systems

must evolve according to the same set of equations, in particular the MHD equations

set out in Section 1.4.1. As mentioned previously if Ry, Re, Pe and Rm are similar

for two systems they can be described by the same equations for arbitrary U , L,

ν and η. In practice, experiments produce similar dynamical behaviour by forcing

the scaling parameters to have appropriate orders of magnitude. For instance, above

a Reynolds number of Re ∼ 104 a fluid is expected to be fully turbulent. If it is

then, compared to a fluid with a Reynolds number Re ∼ 107, the behaviour of the

two systems will share distinct features. To develop an experiment to investigate an

astrophysical plasma in general the boundary conditions of the two situations must
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also be considered. In laser experiments focused on turbulence, interest generally

lies in fully developed turbulence [29]. Fully developed turbulence has evolved to a

point where its behaviour is assumed to be independent of the initial conditions [29].

This is beneficial when comparing laboratory experiments to astrophysical objects.

Many laboratory experiments have been performed investigating magnetic fields in

subsonic turbulence [38,39]. However, thus far, the experimental work on supersonic

turbulence is limited to those in close proximity to boundary layers, for example in

the aeronautical industry [40].

1.5 High Power Lasers

The first laser was invented in 1960 by Theodor Maiman, though the theoretical

foundations were laid by a number of earlier competing scientists [41]. Maiman’s

laser operated by pumping a synthetic crystal using solid state flash lamps. Over

the following five decades laser use has increased spread rapidly. Technological ad-

vantages such as Q-switching, mode locking and chirped pulse amplification [42–45]

have allowed lasers to become ubiquitous in modern society, from bar-code scanners

in supermarkets with powers ∼ 1 mW to high power lasers at international facilities

with output powers up to ∼ 1 PW. Lasers now also contribute to discovery science

where they have opened up whole new regions of phase space for exploration. Several

high power laser facilities are now open to scientists from around the world includ-

ing NIF (the National Ignition Facility), LULI (the Laboratory for the Utilization of

Intense Lasers), JLF (the Jupiter Laser Facility) and RAL (the Rutherford Appleton

laboratory). The experiments referred to in Chapters 4 and 5 were carried out at the

Vulcan Laser Facility at the Rutherford Appleton Laboratory near Didcot. The Vul-

can laser facility hosts two experimental areas one of which, the Vulcan Petawatt is a

single high power beam line whilst the other ‘target area west’ comprises of eight in-
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dividual beam lines, ideally suited to laboratory astrophysics experiments on plasma

turbulence.

1.6 Laser Target Interactions

When a high energy laser impacts on a target foil a plasma is created at the inci-

dent surface. At laser intensities ∼ 5× 1014 Wcm−2, the laser intensity used during

the experiments outlined in Chapter 5, the majority of the absorbed laser energy

is deposited within this plasma at electron densities below the critical density. At

IL ∼ 5×1014 Wcm−2 there are three principal mechanisms for the laser energy to be

absorbed by the target; inverse bremsstrahlung, resonant absorption and absorption

due to ion acoustic turbulence, each of which will be described briefly below follow-

ing [46,47]. Which of the three mechanisms dominates depends on the specific target

geometry and material.

1.6.1 Inverse Bremsstrahlung Absorption

As electrons oscillate in the electric field of the laser, momentum changing collisions

with ions convert laser energy into thermal energy [48]. An approximation for the

energy damping rate of the laser can be found by equating the kinetic energy gained

by the oscillating electrons to the rate of energy loss of the beam

νE

(
E2
L

8π

)
= νei

[
ne
2
me

(
eEL
meωL

)2]
, (1.41)

where νE is the rate of energy loss from the beam, EL is the electric field of the

beam, νei is the rate of energy loss for an electron oscillating in the field EL and ωL

is the frequency of the oscillating field. This equation can be simplified considerably

to give the energy damping rate of the laser
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νE =
(
ne
nc

)
νei. (1.42)

To find how the damping rate scales with the temperature and density of the

coronal plasma an expression must be found for the electron-ion collision frequency.

The collision frequency can be defined as as

νei = niσvte, (1.43)

where σ is the collision cross section and vte is the thermal velocity of the electrons

[46]. The collision cross section is defined as σ = πb2 where b is the distance of closest

approach to the found by considering the conservation of energy

Ze2

b
=

1

2
mev

2
te, (1.44)

where Z is the mean ion charge. Combining Equations (1.42) and (1.44) the

damping rate scales as

νE ∝
Zn2

e

ncT
3
2
e

. (1.45)

This demonstrates that at low laser intensities, short laser wavelengths, and long

laser pulses are optimal for inverse bremsstrahlung.

1.6.2 Resonance Absorption

A laser beam can excite a Langmuir wave in the coronal plasma if a component of the

electric field oscillates in a direction which is parallel to the electron density gradient.

Damping of the plasma oscillation then converts energy from the electric field into

thermal energy. To see how this occurs consider Maxwell’s equation when ρe = 0
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∇ · (εpE) = 0, (1.46)

where εp is given by

εp = 1−
ω2
p

ω2
L

= 1− ne
nc
, (1.47)

where ωL is the laser frequency. The oscillating electric field can create a charge

density perturbation in the plasma. Expanding Equation (1.46) and substituting in

Equation (1.47) gives

∇ · E =
1

εpnc
E · (∇ne). (1.48)

If εp = 0, (ωL = ωp) and E · (∇ne) 6= 0 a resonance occurs which is able to drive a

large electron plasma oscillation at the critical surface. The electric field of the laser

must tunnel from the turning point to the critical surface in order to drive the Lang-

muir wave. As the turning point is given by ne = nccos2(θ) the strength of resonant

absorption is strongly dependent on the angle of incidence to the normal, θ. If theta

is too large the electric field must tunnel a large distance and the Langmuir wave is

therefore weakly driven, if θ is too small the component of the electric field parallel to

the density gradient is small meaning the wave is again, weakly driven. For a density

perturbation normal to the critical surface the optimal angle θb can be shown to be

sin(θb) ∼ 0.8(c/ωLL)1/3 where L is the density scale length of the plasma. This shows

that resonant absorption is depends on the angle of incidence, the laser polarisation

and the plasma density scale length.
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1.6.3 Absorption due to Ion Acoustic Turbulence

In the 1970’s it was noticed that the coupling efficiency of laser light into a target

could not be explained by resonant absorption and inverse bremsstrahlung alone.

The elevated absorption was attributed to ion acoustic turbulence created within

the target [49]. The energy of the incident laser beam causes a flux of thermal

electrons to flow into the plasma. As charge neutrality must be maintained, a return

current of slow electrons must flow back towards the laser. This return current excites

ion acoustic waves within the plasma, enhancing laser absorption [50]. Ion acoustic

absorption is most effective in the underdense plasma where the length scales are

expected to be large [51] and therefore can act alongside other absorption mechanisms,

increasing the overall absorption.

1.7 Role of the author

Chapters 1, 2 and 4 contain mainly experimental and theoretical work from pre-

existing literature which the author of this thesis has relied upon. The work in Chap-

ters 3 and 5 was mainly performed by the author with the help and guidance of others.

The radio frequency discharge used in Chapter 3 was constructed mainly by Dr

Anthony Dyson with help from the author. All diagnostics and analysis discussed

in Chapter 3 were set up and analysed by the author with guidance from Professor

Gianluca Gregori.

The experiment described in Chapter 5 was conceived by Professor Gianluca

Gregori and Dr Thomas White. The experiment was performed at the Ruther-

ford Appleton laboratory with the support of the scientists and engineers thereof.

The author was part of the experimental team alongside Dr Paul Mabey, Dr Marina
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Kuhn-Kauffeidt and Leo Dohl which was led by Dr Thomas White. The magnetic

- induction probe was built by Adam Baird and the data used for the calibration

was taken by Dr Jena Meinecke. The theory linking the measured magnetic spectra

to the velocity power spectra was derived by Professor Gianluca Gregori, Professor

Alexander Schekocholin, Dr Thomas White and Archie Bott. The analysis of the

experimental results were performed by the author with help and guidance from both

Professor Gianluca Gregori and Dr Thomas White.

1.8 Summary

In this chapter some of the most basic aspects of plasma physics were discussed.

The Debye length and plasma frequency were introduced, both of which will appear

several times throughout the remainder of this thesis. The propagation of electro-

magnetic waves in a plasma was discussed and the dielectric constant of a plasma was

introduced. In both the radio frequency plasma source and laser produced plasmas

energy is deposited within the plasma due to interactions between electromagnetic

waves and the plasma itself. Therefore the ideas initially presented in Section 1.3.3

and 1.3.4 appear again in Sections 1.6 and 2.1.2. Section 1.4.1 introduced the fluid

description of a plasma, particularly relevant to the work presented in Chapter 5 on

plasma turbulence. The scale invariance of the magnetohydrodynamic equations was

explained leading to an introduction to laboratory astrophysics. The theoretical part

of this chapter closed with an overview of the different laser energy absorption mech-

anisms again relevant to the experiment presented in chapter 5. Finally the role of

the author in the work presented in this thesis was stated.
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Chapter 2

Radio Frequency Plasma Sources

and Diagnostic Methods
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2.1 The Radio Frequency Discharge

Radio frequency (RF) plasma sources are widely used for etching in the processing

industry and have therefore been of widespread interest throughout the past thirty

years [2,52–54]. To achieve the desired range of processing conditions, (electron den-

sities ∼ 109 − 1012 cm−3, electron temperatures ∼ 1 - 10 eV [2]), several different

discharge operating regimes are required. These operating regimes rely on a variety

of different physical mechanisms to sustain the plasma [2]. RF plasma devices in-

clude high density inductive and helical sources as well as low to moderate density

capacitive coupled sources [4,5,55–57]. Here the focus is placed solely on capacitively

coupled sources (as used in the experiments described in Chapter 3) [2,3,58,59]. Even

capacitively coupled RF discharges have different operating modes, depending on the

pressure, applied voltage and physical dimensions of the plasma source. Initially a

brief outline of the ‘α mode’ is presented. This is the standard mode of operation

which is discussed in detail in several text books [2,53]. The later part of this section

outlines the transition to the γ mode, the mode of operation in which the experiments

are performed [3,58].

Figure 2.1 (reproduced from reference [2]) shows a schematic diagram of the radio

frequency discharge. An oscillating current flows between the two plates separated

by a distance, d. Between the plates there exists a neutral helium gas with number

density, ng. When a sufficiently large alternating current is applied across the plates

a plasma will form. Some electrons oscillating in the electric field near to the elec-

trodes will be lost to the electrodes. Due to their larger inertia, and therefore smaller

velocity, fewer ions than electrons will be lost from the system to the electrodes [2].

Therefore oscillating sheath regions with widths sa(t) and sb(t) are created parallel

to both electrodes where the ion density is greater than the electron density. Heuris-

tically one can imagine a stationary volume of ions sitting between the two electrodes
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Figure 2.1: A schematic of a Radio frequency discharge (copied from reference [2]).
An oscillating current is applied across the two electrodes leading to the formation
of two sheaths. Between the two sheaths an electron cloud oscillates in the applied
potential. The electron and ion density between the plates are plotted at the bottom
of the figure. Within the sheath the electron density is lower than ion density due to
the higher electron mobility.

whilst a slightly narrower electron cloud oscillates between them. The potential across

the sheaths acts to confine the plasma. The width of the sheath oscillates between

some maximum width, s(t) = sm, normally ∼ 1 cm and s(t) = 0. When the sheath

has collapsed, s(t) = 0, there is no confining potential and more electrons are lost

from the system to the electrodes. The region between the two oscillating sheaths is

referred to as the bulk plasma. The bulk plasma is considered quasi-neutral with the

ion density, ni similar to the electron density, ne and the potential within the bulk

plasma is small. Only a small fraction of the neutrals between the electrodes become

ionized, ne
ng
< 10−5 [2]. As the electrons within the bulk plasma oscillate, collisions

with neutrals randomize some fraction of the electron motion heating the electrons

to a temperature, Te. Due to the large mass difference between the electrons and the

neutrals/ ions the transfer of kinetic energy between them is inefficient. Therefore
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the electron temperature is typically much greater than the ion temperature Ti or the

neutral temperature, Tn. Due to the large neutral fraction and the highly efficient

energy transfer between the ions and neutrals (as Mi ∼ Mn), the ions remain at ap-

proximately the neutral temperature. As the neutrals generally remain close to room

temperature, this leads to Ti ∼ Tn ∼ 0.03 eV.

A convenient set of control parameters; the driving current I, the driving frequency

ω, the neutral number density ng, and the electrode separation d, can theoretically

be chosen to define the plasma parameters and sheath width of the discharge. Our

experiments studied the time-averaged properties near the centre of the bulk plasma

and therefore precise knowledge of the sheath conditions, which are difficult to ob-

tain, were not required. The discharge used throughout the experiments was similar

to that of Godyak [60] and operated in the γ mode, the mode of operation where the

ionization is majoritatively due to high energy secondary electrons accelerated across

the sheath. The similarity of the discharges is confirmed by the plasma parameters

measured using the Langmuir probe.

2.1.1 Non Uniform Discharge Model

A realistic discharge model must be simulated computationally [54,61–63]. A princi-

pal part of any model is the ionization balance. In simple cases this alone is enough to

estimate the temperature within the RF discharge [2]. Therefore this section describes

a simple model outlining the general procedure for deriving the plasma parameters

theoretically. A very similar approach is used in relation to the γ mode, Section 2.1.3.

Information for a variety of cases can be found in [2].

Consider the steady state diffusion equation within the bulk plasma. If the dis-
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charge radius is much greater than the distance between the electrodes, r0 � d

−Da
d2n(x)

dx2
= vizn(x) (2.1)

where x is the distance from the discharge centre, Da is the ambipolar diffusion from

the bulk plasma to the electrodes, n(x) is the spatially dependent plasma density

and viz is the ionisation rate, the number of ionisations per second that the incident

electron causes in the target population. Here, ionisation is assumed to be propor-

tional to the electron density and the ionisation rate is assumed constant across the

discharge. This equates to the assumption that the electron temperature is uniform

throughout the discharge. The ambipolar diffusion coefficient is given by [2]

Da ≈ (1 +
Te
Ti

)Di, (2.2)

where Te is the electron temperature, Ti is the ion temperature and Di is the ion

diffusion coefficient. In a symmetric discharge with n(±d/2) = 0 with constant

diffusion Da, the solution has the form

n = n0cos(βx) (2.3)

where β = (viz/Da)
1
2 . The flux, Γ(x), is then given by

Γ(x) = −Da
dn(x)

dx
= Dan0βsin(βx). (2.4)

The flux of the ions and electrons must be the same for the plasma to remain quasi

neutral. In a symmetric discharge where the plasma density is zero at the electrodes

the boundary condition n(±d/2) = 0 gives β = π/d, leading to a solution which is

not self consistent. However as Da and viz are both functions of electron temperature,

solutions can be found to give an estimate for Te. To find the density of the bulk
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plasma the conservation of energy is considered. As the bulk plasma remains quasi-

neutral the diffusion is ambipolar. Therefore for each ion lost from the system an

electron is also removed. The total energy of an electron-ion pair leaving the system

can be written as

εT = εc + 2Te + εi. (2.5)

Here εc is the collisional energy needed to ionize a neutral within the discharge, 2Te

is the average kinetic energy lost per Maxwellian electron diffusing out from the

plasma and εi is the mean kinetic energy lost per ion. The kinetic energy of the ions

depends strongly on the sheath potential which can vary greatly depending on the

exact discharge setup. In the steady state the total power leaving the discharge can

be written as

Sabs = 2eεTΓi(
l

2
), (2.6)

where the factor of 2 accounts for the flux of ions out of the discharge at both± l
2
. Sub-

stituting Equation (2.4) into Equation (2.6) gives an expression for the bulk plasma

density

n =
Sabs

2πDaeεT
. (2.7)

While this derivation gives the basic outline of the method used to create an ana-

lytical model of the discharge, the majority of the physical processes are hidden in

the constants. In Equation (2.1) the ionisation was assumed to be constant through-

out the discharge. Whilst this may be a reasonable assumption for a low pressure

discharge sustained by Ohmic heating (Section 2.1.2), it is rarely compatible with
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stochastic heating or a discharge sustained in the γ mode. The absolute power reach-

ing the bulk plasma, Sabs, depends strongly on the heating mechanism. The two most

important heating mechanisms controlling the electron temperature in capacitively

coupled discharges are outlined in the following section.

2.1.2 Heating Mechanisms

To illustrates the physical processes involved, the heating mechanisms below are de-

rived for the case of a discharge with a uniform ion density.

Ohmic Heating

Ohmic heating is due to collisions between the oscillating electrons and the neu-

trals within the bulk plasma. To calculate the heating due to this effect consider the

time-averaged power per unit volume absorbed by the plasma Pohm [2]

pohm =
1

T

∫ T

0
JT (t).E(t)dt =

1

2
Re(J̃T Ẽ

∗), (2.8)

where JT is the total current through the plasma and E(t) is the electric field within

the bulk plasma (although the electric field itself is small it still plays an important

role in Ohmic heating). The total current is found from the momentum equation in

the plasma and taking into account electron-neutral collisions is given by [2]

J̃T = (σp + jωε0)Ẽ (2.9)

where σp is the plasma conductivity (Section 1.3.4) and ω is the applied RF frequency.

Substituting Equation (2.9) into Equation (2.8) gives the power absorbed due to

Ohmic heating as
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pohm =
1

2
|J̃T |2

1

σDC
. (2.10)

For the case where the driving frequency, (ω = 2πf) is much less than the plasma

frequency ωp and collision frequency vm the plasma conductivity is given by the direct

current plasma conductivity, σdc = e2n/mevm.

Stochastic Heating

The second important heating mechanism within the discharge is stochastic heat-

ing due to electron reflection off the high voltage sheaths. This is typically modelled

as the elastic collision of a hard sphere with a moving wall [2]

ur = −u+ 2ues, (2.11)

where ur is the velocity after the collision, u is the incident velocity of the electron

reaching the sheath and ues is the expansion velocity of the sheath. The power

transferred per unit area in the electron velocity interval du from stochastic heating

is the power of the reflected electron minus the power of the incoming electron

dSstoc =
1

2
me(u

2
r − u2)(u− ues)fes(u, t)du (2.12)

where (u− ues)fes(u, t)dudt is the number of electrons colliding with the sheath, per

unit area in a time dt. Substituting Equation (2.11) into Equation (2.12) the total

power heating the plasma per unit area is given by

Sstoc = −2me

∫ ∞
ues

ues(u− ues)2fes(u, t)du. (2.13)

In the uniform discharge model,
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∫ ∞
−∞

fes(u, t)du = n0 = constant. (2.14)

A Maxwellian electron distribution is assumed to further simplify the calculation.

Then if the sheath has an oscillating velocity of

ues = u0cos(ωt), (2.15)

then the time averaged power deposited in the plasma, due to Ohmic heating, is given

by

S̄stoc =
1

2
meu

2
0nev̄e. (2.16)

Recasting Equation (2.16) in terms of the total current through the plasma, one finds

S̄stoc =
1

2

mev̄e
e2ne

J2
T . (2.17)

The two heating mechanisms give rise to an approximately bi-Maxwellian electron

energy distribution within the RF discharge [60,64]. The electrons created within the

bulk plasma undergo Ohmic heating. These electrons do not, however, have a high

enough energy to overcome the potential wall in the pre-sheath region and reach the

oscillating sheaths [2]. These electrons cannot therefore undergo stochastic heating

and remain at a lower temperature. The small fraction of electrons that do have

an energy high enough to overcome the potential barrier, and therefore reach the

sheaths, are heated stochastically and reach a higher, distinct temperature.

2.1.3 The γ Mode

The radio frequency source used in these experiments was operated in the γ mode [60].

The hallmarks of the γ mode are high bulk plasma densities and low bulk electron

30



temperatures. At high sheath voltages (> 200 V), ionization caused by the emission

of secondary (γ) electrons starts to dominate over other ionization mechanisms, such

as ionization performed by the bulk plasma electrons [3]. Ions undergoing collisions

with the electrodes cause electrons to be emitted from their surface. The electrons

then accelerate across the sheath colliding with the neutral particles, which produces

an ‘avalanche’ of secondary electrons. These very high energy ∼ 100 eV secondary

electrons enter the bulk plasma and dissipate energy, mainly through inelastic col-

lisions with neutral particles. The number of γ electrons is very small and cannot

usually be detected using a Langmuir probe [3, 65]. Ionization by the swarm of sec-

ondary electrons is the principle source of ionization sustaining the bulk plasma in

the γ mode. The electrons within the bulk plasma undergo Ohmic heating [2]. These

electrons do not, however, have a high enough energy to overcome the potential wall

in the pre-sheath region and reach the oscillating sheaths [2, 65]. These electrons

cannot therefore undergo stochastic heating and remain at a low temperature, ≤ 1

eV. A small fraction of electrons that do have an energy high enough to overcome

the potential barrier and reach the sheaths are heated stochastically and reach a

higher, distinct temperature, ≥ 2 eV. Ionization caused by secondary electrons can

be introduced by the addition of an extra term in the diffusion equation, Equation

(2.1) [3]

Da
d2n(x)

dx2
+ vizn(x) +G(x) = 0. (2.18)

The additional term, G(x), accounts for the ionisation due to the γ electrons. Diffu-

sion of the secondary electron population, G(x), is assumed to be of the form [3,66]

G(x) = Λe
− x
λγ (2.19)
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where λγ is a characteristic length scale for the γ electron and Λ is a constant de-

termined by the the number of electrons created in the sheath per ion reaching an

electrode. In a symmetrically driven discharge, where the electron mean free path

for ionization is much smaller than either the radius of the discharge or the distance

between the electrodes, Equation (2.18) leads to an expression for the variation in

the axial density, (see Appendix A)

Y = cos(
mx

d
)− Y1

Γλγvi2cosh(x/λγ)

Daexp( d
λγ

)
. (2.20)

Y1 is the density at the sheath normalised by the central density, Γ is the number of

ionisations performed by γ electrons per ion reaching an electrode, v1 is the velocity

of the ions ejected from the plasma into the sheaths and the distance between the

sheaths is 2d. The variable m is defined in terms of R, d, viz and Da as

(
m

d

)2

+
(

2.4

R

)2

=
viz
Da

. (2.21)

Equation (2.20) can be rewritten in terms of m, Γ, λγ and d only. For a given Γ, λγ

and d, the variable m is given by

λγ
d
mtan(m) =

1− Γ

Γ
. (2.22)

Figure 2.2 shows the electron density variation between the two sheaths in a symmet-

ric discharge. The green line shows the variation of the normalized density between

the sheaths when the discharge is operating in the α mode, (Γ = 0). The blue line

shows the variation of the density between the sheaths when the discharge is operat-

ing in the γ mode, (Γ = Γmax = 1.3). The orange line shows the density variation in

a transitional operating mode, Γ = 1.1.

In the γ mode the density is raised near the sheaths as this is where the secondary

electrons deposit most of their energy. The transition to the γ operating regime is
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Figure 2.2: The axial variation in density within the RF discharge, (modified from [3]).
The density is normalized to 1 in the center of the discharge. The blue curve shows
the density density variation in the γ mode, Γ = 1.3, the orange curve shows the
density density variation in a transitional mode, Γ = 1.1 and the green curve shows
the density variation within the α mode, Γ = 0.

abrupt and accompanied by a sharp rise in the electron density of the bulk plasma and

an accompanying drop in electron temperature. The sudden nature of the transition

is due to the avalanche of γ electrons caused by ions impacting on the electrodes.

When the electron density increases the sheath narrows, preventing the number of

accelerated ions from increasing further. Though the plasma is sustained by ionization

due to the γ electrons, the bulk electron temperature is still determined by Ohmic

heating. The rise in the electron density, caused by the secondary electrons, decreases

the electric field strength within the plasma. As the majority of electrons within the

plasma are heated Ohmically (ne/nγ ∼ 10−4), a decrease in the electric field in turn

leads to a decrease in the bulk electron temperature. In helium plasmas this leads to

a very low bulk electron temperatures, Te ∼ 0.1 − 1 eV and high electron densities,

ne ∼ 1011cm−3 [65].
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2.2 Langmuir Probe Theory

2.2.1 Introduction

Figure 2.3: An idealised Langmuir probe trace. Reproduced from [4]. The total
current curve (blue line), the ion current only (light red line), the ion current on a
magnified scale (dark red line).

Simplistically a Langmuir probe consists of a conducting wire placed inside a

plasma with a voltage applied across it. The current drawn from the plasma, through

the wire is then measured, thus providing information about the plasma conditions.

Unfortunately relating the plasma parameters to the resultant current - voltage curve

inside of an RF discharge is not trivial as a number of physical processes can affect

the curve [4]. These include fast electrons, a non-Maxwellian electron distribution

and collisions within the sheath. Figure 2.3 (reproduced from [4]) shows the principle

features associated with an ideal I-V curve. The blue line shows the full current

trace whilst the dark red line focuses on the curve below the floating potential. The

floating potential Vf , is the potential at which the measured current is 0 and the

electron current is equal to the ion current. The ion saturation region refers to the

region of the curve where there is a large negative applied voltage. Within this region

no electrons overcome the potential barrier around the probe and the current is due to
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ions alone. The dark red curve shows the current starting to rise steeply around -20 V

as electrons start to contribute to the current. The plasma potential Vp, also referred

to as the ”knee” of the curve is the point at which the electron current saturates. The

transition region is the part of the curve between the floating potential and the space

potential, in which the ion current is almost negligible. For a Maxwell-Boltzmann

electron distribution the electron current in the transition region is given by [2, 4]

Ie = I0 exp
[
qe(Vprobe − Vplasma)

kBTe

]
, (2.23)

where I0 is the current at the plasma potential. This provides a robust method

of finding the plasma temperature. If the electron current is plotted on a semi-

logarithmic plot and a straight line is fitted to the linear transition region, the gradient

of the line will be ∝ 1/Te. The subtraction of the ion current affects only the high

energy tail of the electron distribution, and thus the electron temperature found in

this way is almost independent of the ion current subtraction. The electron density

is found to be [4]

ne =
I0

qeAprobe
√

(kBTe)/(2πme)
. (2.24)

The subsequent Langmuir probe theory describes the model used to fit the ion current.

A bi-Maxwellian electron distribution is eventually recovered from the measured I-V

curve presented in the results Section 3.3.1. Clearly, for a bi-Maxwellian distribution

an accurate subtraction of the ion current is needed to find the temperature of the

hotter electrons.

2.2.2 Ion Current Collection Models

The ion current model used to analyze ion collection in a collisional sheath was that

of Zakrzewski and Kopiczynski [67]. It is based on two earlier theoretical models for
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collisionless ion current: that of Allen, Boyd, and Reynolds (ABR) [68] and that of

Bernstein, Rabinowitz and Laframboise [69]. All three models will be briefly out-

lined below. As both the BRL theory and the ABR theory require the solution to

relatively complicated equations, [4] the parameterised curves of Narasimhan and

Steinbruchel [70] and Klagge and Tichy [71] were utilised. The expressions for the

parameterised curves themselves are presented in Appendix A.

Allen-Boyd-Reynolds (ABR) Theory

ABR theory is based on a simplified model of ion collection in which the initial

ion temperature is set to zero, Ti = 0. The result is that all of the ions move radi-

ally inwards towards the probe with the azimuthal velocity component set to zero.

Neglecting orbital motion, the ion velocity is found from the conservation of energy.

Assuming the potential V is zero at r =∞, the ion velocity in the region surrounding

the probe vi is given by

vi =

(
2qeV

Mi

) 1
2

. (2.25)

Then, given Ii = qenivi, the ion density is

ni =
Ii

2πr

(
−2qe
Mi

) 1
2

. (2.26)

Whilst the ion current is being measured the negative probe potential means the

electron density within the vicinity of the probe is small and the electron energy

distribution function (EEDF) is Maxwellian. The electron density near the probe,

ne, can therefore be given by the Boltzmann distribution [68]

ne = ne0e
qeV
kBTe . (2.27)
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Poisson’s equation in a cylindrical geometry, suitable for the probe is given by

1

r2

∂

∂r

(
r2∂V

∂r

)
= −4πqe(ni − ne). (2.28)

Inserting Equations (2.26) and (2.27) into Equation (2.28) leads to the differential

equation

1

r2

∂

∂r

(
r2∂V

∂r

)
= −qe

ε0

[
Ii

2πr

(
2qeV

Mi

)12

− n0e
eV
kBTe

]
. (2.29)

New variables are now defined; the normalised probe radius ζ = r/λD, the normalised

probe potential η = − qeV (ζ)
kBTe

and the normalised probe current

J =
qeIi

2πkbTe

√
Mi

2ε0n0

. (2.30)

Thus Equation (2.29) can then be recast in terms of these new variables giving

∂

∂ζ

(
ζ
∂η

∂ζ

)
= Jζ−

1
2 − ζe−η. (2.31)

Numerical integration creates a family of J-η curves for a particular probe radius ζ.

Assuming the electron temperature Te is known (from the electron characteristic),

the electron density can then be used as a fitting parameter.

Bernstein-Rabinowitz-Laframboise (BRL) Theory

BRL theory [69, 72] attempts to account for the orbital motion of a Maxwellian

distribution of ions. The original theory for mono-energetic ions was the work of

Bernstein and Rabinowitz [69]. The theory was extended to a Maxwellian ion EEDF

by Laframboise, though this correction is often not necessary in an RF plasma due

to the low ion temperature, Ti ∼ 0.03 eV. The plasma density is related to the I-V
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curve. Following a similar process as in ABR theory, the electron and ion density

are found and then substituted into Poisson’s equation. The distribution function

is found to depend only on the energy E, and angular momentum J , both of which

are constants of motion in a collisionless plasma. For a cylindrical probe convenient

constants of motion are [69]:

Eperp =
1

2
mi(ρ̇

2 + ρ2θ̇2) + Zeφ(ρ), (2.32)

Eparellel =
1

2
meż

2, (2.33)

J = mρ2θ̇, (2.34)

where ρ̇ is the radial ion velocity, θ̇ is the azimuthal ion velocity, ż is the polar ion

velocity and φ(ρ) is the radial potential due to the probe at a distance ρ from the

probe. The angular momentum can be treated as an effective potential barrier the

ion must overcome to fall into the probe. Rearranging Equation (2.34) to give ρ̇ in

terms of J and Eperp leads to both a positive and a negative root

ρ̇ = ±
(

2

m

(
Eperp − Zeφ(ρ)

)
− J2

m2
i ρ

2

) 1
2

. (2.35)

To account for this the distribution function, written in terms of E and J , splits into

two terms

f(E, J) = f+(E, J) + f−(E, J) (2.36)

corresponding to ρ̇ greater than and less than zero, where it has been assumed that

the particle populations are independent of the signs of θ̇ and ż. Therefore, when

integrating over the distribution function, care must be taken to not count ions twice.

Ions reaching the probe contribute to f−(E, J) only. Ions which orbit the probe will
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contribute twice, once as they approach the probe in f−(E, J) and once as they move

away from the probe in f+(E, J). The ion density ni is found from integrating over

the distribution function, where the electron density is again given by Equation (2.27).

The expression for ni and the subsequent integrations are given in [69], substituting

ni and ne into Poisson’s equation leads to the differential equation

1

ζ

∂

∂ζ

(
ζ
∂η

∂ζ

)
= 1− 1

π
sin−1

(
ι/ζ2

1 + η/β

) 1
2

for ζ < ζ0 (2.37)

=
1

π
sin−1

(
ι/ζ2

1 + η/β

) 1
2

for ζ > ζ0

(2.38)

where β = E0/ZkBTe and the dimensionless probe current ι is given by

ι =
1

π

Ze2

kbTe

mi

2E0

I2

n0

. (2.39)

Other variables have the same meaning as in ABR theory. Due to difficulties in

achieving convergence, Equation (2.38) is usually approximated by a curve parama-

terised in terms of ζ [71].

Ion Collection in a Collisional Sheath

The two collisionless theories outlined above can be combined to produce a col-

lisional theory of ion collection. In this simplified model collisions between ions and

neutrals in the sheath both destroy orbital motion and scatter ions elastically out of

the sheath. The difference between the ABR current and BRL current within the

sheath is therefore attributed to orbital motion. In the case where the sheath width

is greater than the ion mean free path s/λi > 1, and the current at the sheath edge
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is approximated by ABR theory the increase in the ion collection current due to col-

lisions is approximated as γ1 ∼ IABR/IBRL. Alternatively the decrease in ion current

due to elastic scattering is estimated as [67]

γ2 =
3− e−s/λi

2(1 + s/λi)
. (2.40)

Therefore the total collisional ion collection current is written in terms of the colli-

sionless currents as

Icol = γ1γ2I(BRL). (2.41)

The ion currents found in Section 3.3.1 were obtained by fitting parameterized curves

calculated by Klagge and Tichy to the experimental data [71]. The expressions for

the parameterized curves are given in Appendix A.

2.3 Optical Emission Spectroscopy

2.3.1 Introduction

Neglecting opacity, the emissivity of a plasma at a specific wavelength in units of

[photons cm−3 s−1 · steradians] is given by [73,74]

εij = (4π)−1n(i)Aij (2.42)

where n(i), is the population density of the excited state i, and Aij is the rate co-

efficient for a spontaneous transition between the levels i and j. Thus, theoretically

a measurement of the emissivity gives the population of the excited state n(i), as-

suming Aij is known. Similar measurements for different transitions could, therefore,

determine the population densities across all of the relevant excited states. The pho-
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ton number measured by a charged coupled device (CCD) camera looking at such a

plasma in terms of emissivity is

Iphoton(λij) = εijV ΩT (λij)η(λij), (2.43)

where λij is the wavelength of the emitted photon, V is the plasma volume, Ω is the

solid angle subtended by the collection optics, T (λij) is the transmission of detection

system at wavelength λij and η(λij) is the quantum efficiency of the CCD camera at

the wavelength λij. All the quantities other than the emissivity are characteristic of

the detection system and can be measured. Plasma parameters are often found by

taking the ratio of emission intensities of two different wavelengths. Taking the ratio

of emission lines removes the dependence on the solid angle and volume, whilst also

making an absolute calibration of the spectrometer unnecessary.

The intensity ratio between two emission lines Iphoton(λij) and Iphoton(λkl) is

Iphoton(λij)

Iphoton(λkl)
=
εijT (λij)η(λij)

εklT (λkl)η(λkl)
=

1

FR

εij
εkl
, (2.44)

where FR is a calibration factor which can be found using a calibrated white light

source. Finding plasma parameters from the ratio of two emission lines requires a

model to relate the excited state populations to the plasma parameters. For example

consider the steady state corona (SSC) model based on the conditions found within

the suns’ corona [75]. This model assumes that due to low plasma density, emitted

radiation escapes the system, allowing stimulated emission and absorption to be ig-

nored. Therefore upwards transitions are caused only by electron impact excitation.

Furthermore at low electron densities the majority of the electrons remain in the

ground state and thus only upwards collisions from the ground state are considered.

Downwards transitions however, occur through spontaneous emission as the density

is too low for collisional de-excitation to be important. The rate equation for the
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population densities in the corona model is given by

dn(i)

dt
= neC1in(1)−

∑
j<i

Aijn(i) (2.45)

where C1i is the rate coefficient for electron impact excitation from the ground state

to the excited state n(i), and n(1) is the population of the ground state. In the steady

state dn(i)
dt

can be set to zero, allowing the population density to be written as

n(i) =
neC1in(1)∑

j<iAij
. (2.46)

Substituting the population density back into the equation for the emissivity gives

εij = (4π)−1BijneC1in(1), (2.47)

where Bij = Aij∑
j<i

Aij
is the branching ratio. Substituting Equation (2.47) into Equa-

tion (2.44) gives

Iphoton(λij)

Iphoton(λkl)
=

1

FR

BijC1i

BklC1k

. (2.48)

Thus, this ratio can be used to find the electron temperature since the rate coefficient

for electron impact excitation from the ground state C1i is a function of electron tem-

perature.

2.3.2 Collisional Radiative Models

The corona model predicts the electron temperature of a radio frequency plasma

up to electron densities of ne ∼ 1010 cm−3 with reasonable accuracy [76]. Above this

collisional and radiative processes not considered in the corona model start to become

important, such as excitation transfer between excited states. At higher densities,
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to find plasma parameters from the line ratios, a collisional radiative (CR) model

replaces the steady state corona model. A CR model is a series of rate equations for

the population densities [77–79]. The rate of change of population in state i is given

by

dn(i)

dt
=

∑
j<i

n(i)neCji +
∑
k>i

n(k)(neCki + Aki)

− n(i)

[∑
j<i

(neCij + Aij) + neSi +
∑
k>i

neCik

]
+ nen

∗Ri (2.49)

where Si is the ionization rate coefficient, n∗ is a charged state and Ri is the recombi-

nation rate. Each rate coefficient must either be measured or calculated theoretically.

Simulations are often performed with a specified mass density and therefore the elec-

tron density is calculated using the equilibrium ionisation balance. The ionisation

balance takes the form of a set of equations similar to [78]

dN1s2 1S

dt
= −ne (S1s2 1S→1s 2S +Q1s2 1S→1s2s 3S +X1s2 1S→1s2s 3S) N1s2 1S

+ ne R1s 2S→1s2 1S N1s 2S

+ ne (Q1s2s 3S→1s2 1S +X1s2s 3S→1s2 1S) N1s2s 3S, (2.50)

with a separate equation for the ground state, metastable states and ionic states. X

and Q are the metastable and parent metastable cross coupling coefficients. Here we

use the commercially available collisional radiative code PrismSPECT [80]. Prism-

SPECT is capable of creating synthetic emission spectra for a grid of input plasma pa-

rameters. The processes accounted for by the model include; collisional ionization, re-

combination, excitation, de-excitation, photoionization, photoexcitation, stimulated

emission, spontaneous decay, radiative recombination, dielectronic recombination, au-
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toionization, and electron capture. PrismSPECT accounts for states up to the n =

10 level. The model is widely used to find plasma parameters from optical emission

spectroscopy [39,80]. The code is, however, not purpose built to simulate RF plasmas

and does not account for the loss of charged particles to the electrodes, the diffusion

of charged particles out of the discharge or ionization due to γ electrons.

Steady state solutions for the population densities can be found by setting dn(i)
dt

=

0. After n(i) is calculated it can be substituted back into Equation (2.44) similarly

to when n(i) was found using the corona model (SSC). However, in this case, as

absorption and stimulated emission are not necessarily negligible, a correction has to

be made to account for the opacity of the plasma. This is done by introducing an

extra variable into the emissivity equation

εij = (4π)−1n(i)Λ(λij)Aij (2.51)

where Λ(λij) is the optical escape factor at the wavelength λij.

2.3.3 Helium Emission Lines

In helium the triplet and singlet excitation cross sections for electron impact excitation

have very different temperature dependences [5]. Therefore in the SSC model singlet,

triplet line ratios are generally chosen to measure electron temperatures. Early at-

tempts to calculate the electron temperature in low density helium plasmas focused

on the 492/471 line ratio [81]. However this method was shown to be inapplicable

to plasmas with densities above ne ∼ 1010 cm−3 due to the effects of metastable

states [76]. Spin-changing collisions such as
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Figure 2.4: Partial Grotian diagram for atomic Helium showing transitions for states
up to n = 5. Reproduced from [5]

e−cold +He(21S)→ e− +He(23S) + 0.79 eV, (2.52)

lead to an increased population of the 21S metastable at the expense of the 23S

metastable [82]. The excitation transfer cross sections for spin-changing collisions are

small compared to the excitation transfer cross sections for spin-conserving transi-

tions (when comparing states with the same principle quantum number). Therefore

the increased population of the 23S metastable leads to an increased population of

the triplet system.

Boivin used the ratio 504/471 (41S → 21P/43S → 23P ) to perform tempera-
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ture measurements in a helicon plasma source at densities slightly higher than those

studied here using a CR model [5]. This ratio was chosen to minimise dependance

on the electron density by minimising the effects of the metastable 21S, 23S states.

S-S excitation transfer transitions are forbidden, and therefore the transition cross-

sections are small. Boivin performed further investigations into the ratios 41S → 21P

(504.8 nm)/ 43S → 23P (471.3 nm), 41D → 21P (492.2 nm)/43S → 23P (471.3 nm)

and 41D → 21P (492.2 nm)/ 41S → 21P (504.8 nm) at higher plasma densities [55].

These ratios involve transitions in the same spectral region, with similar branching

ratios, for which the plasma was optically thin [5,55]. The CR models ‘found signifi-

cant differences at low densities [55] for both the 41D → 21P (492.2 nm)/43S → 23P

(471.3 nm) and 41D → 21P (492.2 nm)/ 41S → 21P (504.8 nm) ratios, though good

agreement was found for the 41S → 21P (504.8 nm)/ 43S → 23P (471.3 nm) ratio.

It was suggested differences between the theoretical predictions and the experimental

data may have been due to excitation transfer between the 23S metastable and the

41D not being accounted for correctly by the model or the lack of high quality atomic

data for shells with n > 5.

The ionisation balance equation (Equation (2.50)) is not formulated to account

for particle diffusion out of the discharge, this affects the population densities of the

metastable states. Therefore we choose also to avoid emission lines which have a

strong dependence on metastable states. As S-S excitation transfer is forbidden, and

the n = 4 states have a large energy gap from the metastable states, they are likely to

be the least affected, (emission from states higher than n = 4 is too weak to detect [5]).

Langmuir probe data, presented in Section 3.3.1 will illustrate that the plasma pro-

duced by our RF source had a bi-Maxwellian electron distribution. Saski et al studied

bi-Maxwellian helium plasmas at higher densities and temperatures than those stud-

ied here [73], T colde ∼ 5 eV, T hote ∼ 20 eV and ne ∼ 1011 − 1013cm−3. The Langmuir
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probe results they presented gave only the cold electron temperature, whereas emis-

sion spectroscopy results give both hot and cold electron temperatures. Both the hot

and cold electron temperatures measured by the spectroscopy match within error,

whilst they are both significantly higher than the electron temperature measured by

the Langmuir probe. Saski et al suggest that at cold electron temperatures, below 10

eV, the hot electrons have a large effect on the ratios. This is expected as many exci-

tation cross sections decrease rapidly at low temperatures. Clearly the hot electrons

are spectroscopically important within the RF discharge as is demonstrated during

the experiments performed in the next chapter.

2.4 Summary

In Chapter 2 the essential theory for understanding the work described in Chapter

3 was presented. The radio frequency plasma source was introduced alongside the

two heating mechanisms responsible for producing the bi-Maxwellian electron energy

distribution. The ion collection models used to extract the electron current curve from

the Langmuir probe measurements were outlined and the method used to extract the

electron densities and temperatures of the bi-Maxwellian electron energy distribution

function were described. Optical emission spectroscopy is introduced as a method of

inferring the parameters within a plasma. The line ratio technique is discussed in

detail and the need for collisional radiative models is explained. Finally the chapter

closed with a detailed discussion of the specific lines of neutral helium which were

chosen for inferring the plasma parameters in the experiment in Chapter 3.
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Chapter 3

Electron Temperature and Density

Measurements Using Optical

Emission Spectroscopy in a Helium

Capacitively Coupled Radio

Frequency Discharge
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3.1 Introduction

The ability to make non-invasive measurements of the electron temperature and den-

sity is clearly desirable in any plasma source. This is often achieved using optical

emission spectroscopy (OES) [75]. An optical emission spectroscopy diagnostic has

a number of benefits, it is non-invasive, requires little maintenance and is experi-

mentally simple. However, at even moderate electron densities finding the plasma

parameters from the measured spectra is a complex task, particularly at low temper-

atures. The analysis relies on complicated collisional radiative models which must

be solved computationally [83, 84]. Capacitively coupled RF plasma sources, having

electron densities from 109 cm−3 to 1012 cm−3 and electron temperatures from 0.1 eV

to 10 eV are widely used for etching in the processing industry, and have been over

the past 30 years [2, 52]. Accurate electron temperatures and densities can be calcu-

lated from Langmuir probe measurements [85,86]. However, probe measurements are

invasive and cause perturbations within the plasma, which can prohibit their use in

certain applications [87]. Furthermore, non-invasive diagnostics [75] are specifically

required in both tokamaks and space propulsion systems [88–90].

This chapter outlines a spectroscopic method used to measure the temperature

and density of a bi-Maxwellian electron distribution inside a helium, capacitively cou-

pled, radio frequency discharge using optical emission from the neutral n = 4 transi-

tions [91]. Three ratios 41S → 21P (504.8 nm)/ 43S → 23P (471.3 nm), 41D → 21P

(492.2 nm)/43S → 23P (471.3 nm) and 41D → 21P (492.2 nm)/ 41S → 21P (504.8

nm) were calculated for measured spectra and synthetic spectra created using the

collisional radiative model PrismSPECT [80]. The synthetic ratios were fitted to the

experimental data using the method of least squares. The method is based predomi-

nantly on the previous work of Boivin et al [5,55,78], carried out in a helicon source.

Previous attempts to model the emission from RF helium sources have achieved

variable success [5, 55, 78] with disparities between experiment and simulations at-
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tributed to inaccuracies in the models. Attempts to model the emission lines with

a bi-Maxwellian plasma have found a large discrepancy between OES measurements

and Langmuir probe measurements [73].

The previous chapter outlined the theoretical background of both the radio fre-

quency discharge itself as well as the diagnostics used during the experiment. Some

aspects of collisional radiative modelling were discussed alongside the relevant litera-

ture. This chapter commences with details of the plasma source used, as well as the

set up of the diagnostics. The results are presented and a comparison is made between

hot and cold electron temperatures and densities measured by both a Langmuir probe

and optical emission spectroscopy. While good agreement is found between the two

diagnostics for the hot electron temperature the other parameters were not inferred

accurately from the OES data. The line ratio sensitivity to electron density was found

to be too weak to infer densities using OES and the atomic cross sections appear to

be inaccurate at very low electron temperatures Te ∼0.1 eV.

3.2 Experimental Setup

3.2.1 Radio Frequency Discharge

The experiments were performed in a cylindrical, aluminium vacuum chamber (diam-

eter ∼ 120 cm, height ∼ 40 cm). Figure 3.1 shows a schematic of the experimental

setup. The plane parallel, capacitively coupled discharge sits in the centre of the

chamber. Both the driven (top) and grounded (bottom) aluminium electrodes had

a 16 cm diameter and 0.5 cm thickness. The bottom electrode was grounded to the

chamber floor and the distance between the two plates was 4 cm. The base pressure of

the system was 1×10−5 mbar and all measurements were performed with a helium fill

pressure of 1 ± 0.05 mbar. The pressure was measured using an MKS instruments Se-
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Figure 3.1: The vacuum chamber and plasma source.

ries 910 DualTrans MicroPirani gauge attached near the top of the chamber above the

driven electrode. Power was supplied to the driven electrode by an AE CESAR 1310

radio frequency power generator [92] with maximum power output of 1000 W. The

power supply was mounted above the chamber and grounded to the same baseplate

as the chamber and the discharge. The output frequency of the power supply was

13.56 MHz. The power generator was operated in auto-tune mode and attached to an

Advanced Energy Navio matching network [93]. The close proximity of the plasma

source, power generator and matching network reduced RF pickup in the cables. The

power reflected back to the generator after the matching unit never exceeded 1 % of

the output generator power. The input and reflected power were measured by the

CESAR generator and, although the losses through the system cannot be neglected,

the powers referred to in the results section are those generated by the power supply.

All of the measurements were performed 1.8 ± 0.1 cm above the grounded plate.

The optical emission spectrometer imaged a point that was a radial distance r = 0.0

± 0.1 cm from the discharge centre. The end of the Langmuir probe tip was a radial

distance r = 1.0 ± 0.1 cm from the discharge centre. Spectra were taken when the
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probe both was and was not in operation, with no discernable difference between the

two cases.

3.2.2 Langmuir Probe

Figure 3.2: The impedans Langmuir probe used to measure the I-V curve (reproduced
from [6]): 1. The tungsten probe tip. 2. The ceramic probe tip housing. 4. The
RF compensation electrode. 5. The ceramic ring to isolate the RF compensation
electrode. 6. The direct current compensation electrode (this compensates for the
perturbation to the bulk plasma caused by biasing the probe). 7. The ceramic probe
shaft. 9. The vacuum flange attachment. 10. The computer probe interface.

The Langmuir probe used to perform the experiments was supplied by Impedans

[6]. The I-V trace was directly recorded on a dedicated windows computer. During

the experiments the probe tip length was 2 cm and the probe tip radius was 0.2 mm.

An image of the probe is shown in Figure 3.2 reproduced from [6]. The probe was

attached to a CF 40 flange at the edge of the vacuum chamber. The ceramic probe

shaft was 60 cm long and the tungsten probe tip was situated a radial distance r =

1.0 ± 0.1 cm from the discharge centre and a height of 1.8 ± 0.1 cm above the lower

electrode.

As the probe was being operated in an RF plasma, RF compensation was built

into the probe to allow the trace to be analyzed using standard techniques. In effect

this was done by building a frequency filter into the probe tip [94], a schematic of the
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setup is shown in Figure 3.3. The aim is to force the impedance between the probe

and the ground Zs to be much larger than the impedance between the probe and the

plasma Zp at the RF frequency (13.56 MHz). In effect this creates a potential divider

and the probe tip floats at the plasma potential [94]. Zs is increased by adding RF

chokes as close as possible to the probe tip, the chokes should have a large impedance

at the RF frequency. The chokes are situated as close as possible to the tip to decrease

the stray capacitance [94]. Zp is also minimised by capacitively coupling the probe

to the plasma (labeled 4 in Figure 3.2).

Figure 3.3: RF compensation in the Langmuir probe Zs is the impedance between the
probe and the ground whilst Zp is the impedance between the probe and the plasma.

To perform a measurement the probe voltage was swept between - 60 V and 40 V,

with a sweep time of 1 ms. Each measurement was an integration of 10 such traces.

Three measurements were performed at each input RF power.

3.2.3 Spectrometer

The spectroscopy diagnostic was performed with an Aryelle 200 Echelle spectrome-

ter coupled to an intensified Andor iStar CCD camera with a 1 µs gate width. The

entrance apeture had a 40 µm radius. A simplified schematic of the optical path is

shown in Figure 3.4. The overall magnification between the object and the image
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formed on the entrance aperture was 0.36. A blazed ‘Echelle’ grating diffracted the

light, causing a large dispersion at high orders and leading to a large overlap between

adjacent orders. A second grating is then used to separate the overlapping orders,

the final spectra is pieced together from several different orders by the spectrometer

software. This process achieves a high spectral resolution over a large wavelengths

range.

Figure 3.4: Experimental setup of the optical spectroscopy line. All lenses had a two
inch diameter.

To correct for the effects caused by the transmission/reflection of optics, and for

any spatial variation in the camera sensitivity, the spectrometer was calibrated using

a calibrated white light source. The relative calibration was performed by placing a

known white light source (operating temperature T = 2800 K) in the region where

the plasma is formed, and directing it along the optical path between there and the

spectrometer. The resultant measured spectrum can then be divided by the known

emission curve of the source, producing a correction factor to be applied to the data.

The white light spectrum and correction curve are shown in Figure 3.5. The sensi-

tivity of the spectrometer decreases at the edges of each diffracted order leading to

an oscillatory pattern when the separate orders are spliced together.

In order to find the instrument function of the spectrometer a Gaussian was fitted
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Figure 3.5: a) The measured white light spectra (blue data) plotted alongside the
known spectra of the calibrated white light source (orange data). b) The correction
curve

to the peak of a mercury spectral line at 546.2 nm using a least mean squared fit.

The Gaussian fitted to the data is shown in Figure 3.6. The full width half maximum

of the peak was found to be ≈ 0.11 nm, giving a spectral resolution of λ/∆λ ≈ 5000.
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Figure 3.6: A Gaussian curve (blue line) fitted to the mercury peak (black data
points) at 546.1 nm, the red data points have been excluded from the fit.
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3.3 Results

3.3.1 Langmuir Probe

The RF discharge was characterised using a Langmuir probe. An example of a raw

I-V curve measured at an input power of 500 W and a helium fill pressure of 1 mbar

is shown in Figure 3.7. This data will be used throughout this section to demonstrate

the analysis procedure. The ion current is subtracted from the total I-V curve and

the remaining electron current is used to find the electron temperature and density.
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Figure 3.7: An example raw I-V curve. Measured at an input power of 500 W and a
helium gas fill pressure of 1 mbar.

3.3.1.1 Ion Current

In order to calculate plasma conditions from the I-V curve the current contributions

due to both the electrons and the ions have to be separated. The analytical model

used to find the ion current in the collisional sheath is described in appendix A. A

sample of the fitted data is shown in Figure 3.8.

The curve was fitted using a least mean squares fit between -55 V and -5 V, and
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Figure 3.8: The measured I-V curve at 500 W (blue dotted line). The analytic curve
for ion collection fitted to the measured I-V curve fitted from -50 V to -5 V (red line).
At these voltages only the ion current makes a significant contribution to the curve.
Fitting the analytical curve to the data gave an electron temperature, Te = 0.4 eV
and an electron density, ne = 6× 1010 cm−3.

within this range the current contribution due to the electrons was assumed to be

negligible. The analytic curve was calculated using an electron temperature, Te = 0.4

± 0.1 eV. Fitting the bulk electron temperature to the linear section of the I-V curve

on a semilogarithmic plot is effectively independent of the ion current, Te = 0.4 ±

0.1 eV is recovered either before or after subtraction of the ion current. The fit gives

an electron density of ne = 6 ± 1 × 1010 cm−3. The error in the electron density

is calculated by allowing the RMS fitting error to vary by 20 % from the minimum

error. However finding the electron density from fitting an analytical curve to the ion

current is highly inaccurate and the above result is an order of magnitude estimate

for the true electron density [4]. The ion current for each data set was calculated and

subtracted independently.
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3.3.1.2 Electron Current

A change in variables often used in the literature is now introduced such that U =

Vprobe - Vplasma, where Vprobe is the probe potential and Vplasma is the plasma potential.

The electron current is shown in Figure 3.9. The electron energy probability function

calculated following the Druyvesteyn method [2, 7] is shown in Figure 3.10. With

the ion current subtracted the Bi-Maxwellian electron distribution is clear in both

Figures 3.9 and 3.10 [4,58,86,95]. In Figure 3.9 there are two distinct linear sections
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Figure 3.9: The electron current contribution to the I-V curve found from subtracting
the fitted ion current from the total curve.
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Figure 3.10: The electron energy probability function calculated following the
Druyvesteyn method [2, 7].
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of the curve, one between ∼ -15 V and -3 V attributed to the hotter electrons and

a second between ∼ -3 V and 0 V attributed to the colder, bulk electrons [4]. To

find the hot and cold electron temperatures and densities analyses similar to that

described in [95] were performed. A theoretical curve of the form

Ie = icolde e
qeU

Tcolde + ihote e
qeU

Thote , (3.1)

where icolde and ihote are the cold and hot electron currents when the plasma potential

is equal to the probe potential, and T colde and T hote are the temperatures of the hot

and cold electron populations. ie is related to the density of the electron fraction by

ne =
ie

qeAprobe
√

(kBTe)/(2πme)
. (3.2)

A fitted curve is plotted in Figure 3.11. A least mean squared fit was performed from

U = -0.7 V to -15 V in MATLAB. The fit gives electron temperatures, T colde = 0.4 eV,

T hote = 3.9 eV and electron densities, ncolde = 1.3 ×1011 cm−3, nhote = 7.5 ×108 cm−3.

The fitting procedure gave an RMS fitting error of 0.03 which was typical of the RMS

error, whose values ranged from 0.017 to 0.05. The fitting error decreased as the power

supplied to the discharge increased. The variation between repeat measurements was

far larger than the errors given by the fitting.

The probe holder can lead to a depletion in the plasma density [96]. To correct for

the the electron densities are scaled by a factor of (1 + rh
λe

) ≈ 3, where rh = 0.2 cm, is

the radius of the probe holder and λe ≈ 0.1 cm, is the electron mean free path [97,98].

The variation of the cold electron temperature and density with power are shown in

Figure 3.12. The data points show the mean values at each power and the error bars

represent the standard deviation calculated using three repeat measurements. The

measured temperature of the cold electron population remained 0.5 ± 0.1 eV as the

power was varied between 300 W and 700 W. This is because the low temperature
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Figure 3.11: The analytical curve (Equation (3.1)) fitted to the electron current. The
fit gives electron temperatures T colde = 0.4 eV, T hote = 3.9 eV and electron densities
ncolde = 1.3 ×1011 cm−3, nhote = 7.5 ×108 cm−3.

electrons are heated ohmically and increasing the power does not significantly alter

the electric field within the discharge in the γ mode. The weak dependence of the bulk

electron temperature on power was expected, and agrees with previous work [2, 3].

The density grew from 9.9 ± 1.2 × 1010 cm−3 at 300 W to 8.7 ± 4.8 × 1011 cm−3

at 700 W. The increase in error may be due to a slight decrease in plasma stability

at higher powers. The measured temperature of the hot electron population grew

from 3.0 ± 0.1 eV at 300 W to 4.0 ± 0.3 eV at 700 W. The density grew from 1.9 ±

0.2× 109 cm−3 at 300 W to 2.8 ± 0.5× 109 cm−3 at 700 W. These trends are similar

to the results found in other helium γ mode discharges [3].
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(a) (b)

Figure 3.12: The variation of plasma parameters with input power. a) The tempera-
ture of the cold electron population. b) The density of the cold electron population.

(a) (b)

Figure 3.13: The variation of plasma parameters with input power. a) The tempera-
ture of the hot electron population. b) The density of the hot electron population.

3.3.2 Emission Spectroscopy

Labeled emission spectra measured at input powers of 300 W and 700 W are shown

in Figure 3.14. The spectrum shows the optical emission from the discharge be-

tween 470 nm and 510 nm. This range includes four transitions from neutral helium,
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Figure 3.14: Emission spectra of the discharge taken at both 700 W (blue data points)
and 300 W (orange data points). Helium emission lines are labeled in black whilst
emission from hydrogen emission lines are labeled in green. The emission lines are:
He I 471.3 nm triplet- 43S → 23P , He I 492.2 nm singlet- 41D → 21P , He I 501.6 nm
singlet- 31P → 21S, He I 504.8 nm singlet- 41S → 21P and H I 41D → 21P .

three of which have an upper state with a principle quantum number, n = 4: the

43S → 23P transition at 471.3 nm, the 41D → 21P at 492.2 nm and the 41S → 21P

transition at 504.8 nm. The most intense emission line is from the He I transition

31P → 21S at 501.6 nm ending on a metastable state. Emission from neutrals domi-

nates the spectra due to the low electron density and electron temperature attained

within the discharge. The neutral hydrogen line at 486.1 nm is due to an unknown

contamination source within the chamber. As neither the source nor the relative num-

ber fraction of the hydrogen was known this line was not used for diagnostic purposes.

Four emission spectra were measured at each input power. Figure 3.15 shows the

mean absolute peak intensity of the He I emission lines as a function of input power.

The error bars indicate the standard deviation between the repeated measurements.
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Figure 3.15: The mean peak absolute intensities of the He I emission lines as a function
of input power. a) Blue data points - 471.3 nm triplet 43S → 23P , black data points
- 504.8 nm singlet 41S → 21P . b) Orange data points - 492.2 nm singlet 41D → 21P ,
green data points - 501.6 nm singlet 31P → 21S. The error bars show the standard
deviation over the four repeat measurements.

The intensity of the 43S → 23P , 471.3 nm emission line increased with power between

300 W and 500 W, however above 500 W the emission remained fairly constant. A

similar trend can be seen in the 41D → 21P , 492.2 nm emission line. The 501.6

nm emission line (31P → 21S) demonstrated a steady growth, appearing to grow

almost linearly with power. The intensity of the singlet emission line ending on the

metastable is around an order of magnitude greater than the intensity of the other

emission lines. This is because the rate coefficients for electron excitation from the

ground state to the 31P state is much larger than the rate coefficients for electron

excitation to the n = 4 states from the ground state [99].

The ratios calculated were the ratio of the integrated intensity under each indi-

vidual emission line. Figure 3.16 shows the mean value and standard deviation of

the three ratios investigated to find plasma parameters at powers between 300 W

and 700 W. As suggested by Boivin [5], the ratios calculated from the steady state

corona (SSC) model are shown in Figure 3.17 for comparison. The electron impact

excitation rate coefficient Cij for a bi-Maxwellian can be written as [73]
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Figure 3.16: Line ratios as a function of input power. The points show the mean
value of the ratio and the error bars show the standard deviation: black data points
41S → 21P (504.8 nm) / 43S → 23P (471.3 nm), orange data points 41D → 21P
(492.2 nm) / 43S → 23P (471.3 nm), blue data points 41D → 21P (492.2 nm) /
41S → 21P (504.8 nm).

Cij = (1− α)Cij(T
cold
e ) + αCij(T

hot
e ). (3.3)

The electron impact excitation rate coefficient from the ground state to the states

with n = 4 decreases rapidly at low temperatures. The atomic cross sections cal-

culated by Kondratyev and Vainshtein [99] give Cij(0.5 eV)/Cij(2 eV) < 10−7 and

thus the cold electron fraction in the SSC model can be ignored. The SSC ratios for

both 41D → 21P (492.2 nm) / 43S → 23P (471.3 nm) and 41D → 21P (492.2 nm) /

504.8 nm clearly do not match the measured ratios. However the measured line ratio

41S → 21P (504.8 nm) /43S → 23P (471.3 nm) is only slightly smaller than the ratio

predicted by the SSC model. The mean experimental value of the line ratio is ∼ 0.91

± 0.3 whilst the SSC model predicts ratios between 1 and 1.2 from 2 eV to 5 eV.

Values for the ratio 41D → 21P (492.2 nm) / 43S → 23P (471.3 nm) vary from 3.5

± 0.4 to 4.4 ± 1 and values for the line ratio 41D → 21P (492.2 nm) / 41S → 21P

(504.8 nm) 3.4 ± 0.6 to 3.9 ± 0.3. The maximum error on a ratio was ± 25 %.
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Figure 3.17: Line ratios calculated using the SSC model, black data points 41S → 21P
(504.8 nm) / 43S → 23P (471.3 nm), orange data points 41D → 21P (492.2 nm) /
43S → 23P (471.3 nm), blue data points 41D → 21P (492.2 nm) / 41S → 21P (504.8
nm)

Non-LTE, synthetic spectra were created using the collisional radiative model

PrismSPECT. The electron distribution function was modelled as a bi-Maxwellian

with the two temperature components, T1 varied from 0.1 eV to 1 eV and T2, varied

from 0.1 eV to 6 eV. Choosing two independent electron densities was not possible.

The ratio of the two electron populations, Θ = ne(T2)/ne(T1), was varied from 5×10−9

to 5× 10−4. PrismSPECT accounts for states up to the n = 10 level. The simulation

has a helium pressure of 1 mbar and a plasma width of 15 cm, matching the conditions

within the discharge.

The three ratios 41S → 21P (504.8 nm)/ 43S → 23P (471.3 nm), 41D → 21P

(492.2 nm)/43S → 23P (471.3 nm) and 41D → 21P (492.2 nm)/ 41S → 21P (504.8

nm) were calculated for each synthetic spectra. The synthetic ratios were fitted si-

multaneously to the data ratios using the method of least squares. Figures 3.18 and

3.19 show examples of synthetic spectra created with PrismSPECT fitted to measured

emission spectra, (normalized to the 41D → 21P 492.2 nm emission line, Figures 3.18
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Figure 3.18: A synthetic spectra created with T1 = 0.1 eV, T2 = 3.0 eV Θ = 5× 10−7

(purple line) fitted to the data at 400 W (black points). a) The complete spectra.
b) Focusing on the emission line at 471.3 nm, (43S → 23P ). c) Focusing on the
emission line at 492.2 nm (41D → 21P ). d) Focusing on the emission line at 504.8
nm (41S → 21P ).

c and 3.19 c). The resulting fits are a good match to the data for the n = 4 transi-

tions, the differences in line shape are attributed to the variation of the instrument

function from a Gaussian. Figures 3.18 b-d and 3.19 b-d focus on individual emission

lines. The sensitivity of the extracted parameters to the fit were found by allowing the

RMS fitting error to double. The average error on the fitted temperature was found

to vary between T error2 = ± 0.4 eV and T error2 = ± 0.9 eV, depending on the input

power. The error in Θ is a factor of 10 both above and below the fitted value. Figure

3.20 shows the variation of the simulated lines with T2 and Θ. The black points show
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Figure 3.19: A synthetic spectra created with T1 = 0.1 eV, T2 = 3.0 eV, Θ = 5×10−6

(blue line) fitted to the data at 600 W (black points). a) The complete spectra.
b) Focusing on the emission line at 471.3 nm (43S → 23P ). c) Focusing on the
emission line at 492.2 nm (41D → 21P ). d) Focusing on the emission line at 504.8
nm (41S → 21P ).

a dataset taken at 600 W, where all of the simulated and measured spectra in the

figure are normalised to the line at 41D → 21P 492.2 nm (not shown in the figure).

Figures 3.20 a and 3.20 b show the fitted spectra (blue line), as well as simulations

± 0.4 eV above the fitted T2. Figures 3.20 c and 3.20 d show the fitted spectra (blue

line), as well as simulations with hot electron fractions 10 times smaller and greater

than the fitted Θ. A variation of about 0.4 eV in the simulated electron temperature

changes the magnitude of the simulated lines by approximately the same amount as

an order of magnitude variation in the hot electron fraction.
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Figure 3.20: The variation in the synthetic spectra with changing electron tempera-
ture and density. The synthetic spectra (T1 = 0.1 eV, T2 = 3.0 eV Θ = 5×10−6, blue
line) fitted to a data set taken at 600 W (black points). a & b) Show the variation
of the synthetic spectra with electron temperature. (orange line: T1 = 0.1 eV, T2 =
3.4 eV, Θ = 5 × 10−6). (yellow line: T1 = 0.1 eV, T2 = 2.6 eV, Θ = 5 × 10−6).c &
d) Show the variation of the synthetic spectra with hot electron fraction, Θ. (purple:
T1 = 0.1 eV, T2 = 3.0 eV, Θ = 5 × 10−5). (purple line: T1 = 0.1 eV, T2 = 3.0 eV,
Θ = 5× 10−7).

It is clear in both Figures 3.18 and 3.19 that the 501.6 nm line was not reproduced

accurately at the same plasma parameters which simulated the other lines. The most

likely reason for this is the strong dependence of the 501.6 nm line on the population

density of the metastable level. As discussed in the theory section the ionisation

balance equation that is solved in PrismSPECT calculates an equilibrium ionisation

based on the bi-Maxwellian EEDF. However it does not account for the diffusion of

metastable out from the discharge and therefore the calculation does not find the
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metastable densities accurately. The n = 4 states discussed above have been chosen

to minimise the effects of this, however it clearly has a large effect on the 501.6 nm

emission line ending on the 21S metastable.

All of the simulated spectra above have T1 = 0.1 eV. When T1 was increased

above 0.1 eV the intensity of both the 41S → 21P (504.8 nm) emission line and the

43S → 23P (471.2 nm) emission line decreased rapidly. The abrupt disappearance

of both the 41D → 21P (492.2 nm) and the 43S → 23P (471.3) nm emission lines

suggests this is a problem with the atomic models. This may be due to errors in the

rate coefficients at very low electron temperatures due either to insufficient atomic

data or errors in the theoretical models. Figure 3.21 shows a synthetic spectra created

with T1 = 0.5 eV, T2 = 3.6 eV and ne = 1011 cm−3, matching the conditions measured

by the Langmuir probe. The 41S → 21P 504.8 nm emission line and the 43S → 23P

471.2 nm emission line are no longer simulated by the model.
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Figure 3.21: A synthetic spectra created with T1 = 0.5 eV, T2 = 3.6 eV, ne = 1011 cm−3

fitted to the data at 400 W.

Figure 3.22 a shows the hot electron temperature found for each data set plotted

against discharge power. The black data points with error bars show the average of

the individual data sets and the standard deviation between them. The hot electron
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temperature remains similar across all input powers. The temperature variation due

to the fitting error is larger than the error between repeat measurements, giving a

minimum combined error of 0.4 eV at 600 W and a maximum combined error of 0.9

eV at 700 W.

(a) (b)

Figure 3.22: a) The electron temperature vs discharge power. The black data points
with error bars show the average hot electron temperature and its standard deviation.
b) The cold density vs discharge power. The grey data points with error bars show
the average cold electron density, the error bars show the minimum and maximum
value.

The measured line ratios only have a very weak dependence on electron density.

This is demonstrated as a variation in Θ by a factor of 100 was found by accepting

a doubling of the RMS fitting error for an individual spectra. This led to calcu-

lated values for the cold electron density between 2 × 1011 cm−3 and 9 × 108 cm−3

and calculated values for the hot electron density between 105 cm−3 and 10 cm−3.

Collisional-Radiative models used by both Sasaki [73] and Boivin [55] found a very

weak dependence of the line ratios from the n = 4 emission lines at Te = 5 eV and 20

eV below a density ∼ 1011 cm−3. This can be explained by the dominance of sponta-

neous emission over collisional de-population processes at low densities < 1011 cm−3

for the n = 4 levels. Individual rate coefficients were calculated by PrismSPECT. The
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dominant population methods for n = 4 state was electron impact excitation from

the ground state and spontaneous emission from states n > 4 . To find the electron

density a ratio should be taken between an emission line from which collisional de-

excitation is significant and an emission line which decays predominantly radiatively

at a given density [77]. We found this was not provided by the n = 4 levels examined

throughout this section.

3.4 Conclusion

(a) (b)

Figure 3.23: a) The electron temperature vs discharge power. The hot electron tem-
perature inferred using emission spectroscopy (black data points), the hot electron
temperature measured by the Langmuir probe (red data points), the cold electron
temperature measured by the Langmuir probe (green data points) and the cold elec-
tron temperature inferred using OES (grey data points). The error bars on the
Langmuir probe data are not visible due the the scale of the y axis. b) The electron
density vs discharge power. The cold electron density inferred using emission spec-
troscopy (grey data points), the hot electron density measured by the Langmuir probe
(red data points), cold electron density measured by the Langmuir probe (green data
points). The error bars on the Langmuir probe data are not visible due the the scale
of the y axis. The error bars on the OES density values show the highest and lowest
inferred value.

Figure 3.23a compares the results for the electron temperature found from both
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the Langmuir probe and the emission spectroscopy. The hot electron temperatures,

T2 and T hote are in good agreement. This suggests that optical emission spectroscopy

of particular n = 4 states can be analysed by the CR model PrismSPECT to find

useful information about a non-equilibrium plasma. Although this technique provides

larger errors than the Langmuir probe, the fact that it is non-invasive still provides

an important advantage for several applications.

The success of the method appears to rely on the choice of the high neutral states of

helium in order to minimise the effects of the metastable states within the discharge.

This reliance is suggested by the large error found in modelling the 501.6 nm emission

line. To accurately predict the intensity of other emission lines would most likely re-

quire a model which accounts correctly for the ionisation mechanisms sustaining the

discharge. This model may need to include both the ionisation due to γ electrons

and the losses due to electron diffusion of both the hot and cold electron population.

The cold electron temperature inferred from the optical emission spectroscopy, T1 ∼

0.1 eV, is lower than the cold electron temperature measured by the Langmuir probe,

T colde ∼ 0.5 eV. The abrupt disappearance of both the 41D → 21P 492.2 nm and the

43S → 23P 471.3 nm emission lines above 0.1 eV suggests the low inferred temper-

ature is due to a problem with the atomic models. This may be caused by errors

in the rate coefficients at very low electron temperatures due either to insufficient

atomic data or errors in the theoretical models. The line ratios cannot be used to

accurately infer the electron and the ratios are also not correctly predicted by the

SSC model. At low densities, < 1011cm−3, both Saski et al and Boivin et al found

their simulated ratios to have a very weak dependence on electron density. As the

method is insensitive to the electron density, as reproduced here, it has the benefit

that the hot electron temperature can be found without the electron density being

known. OES can be used to detect variation in the plasma parameters even if they

cannot be measured directly. This may be particularly useful in industrial applica-
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tions. The plasma could initially be diagnosed with a Langmuir probe, which would

then be removed. Any variation from the initial parameters could then be detected

using the spectroscopy diagnostic.

3.5 Future Work

Whilst the method presented above found the hot electron temperate with reasonable

accuracy, it was less successful in inferring the plasma density and the cold electron

temperature. Boivin [55] used a collisional radiative model to find reasonable results

for spectroscopic electron densities without considering diffusion or cascades from lev-

els higher than n = 5. As PrismSPECT accounts for levels up to n = 10, it could give

better results than found previously. The low value for the cold electron temperature

is most likely due to inaccuracies in the atomic models, but, in the majority of helium

plasma sources, the electron temperature is greater than 1 eV. The increase in the

ionisation fraction that could be achieved using a different plasma source would also

be significant, ∼ 103. Other sources where a similar approach may be appropriate

are at the edge of fusion plasma devices [73], where significantly higher temperatures

can be achieved.

Successful measurements of the electron densities in γ mode discharges using op-

tical emission spectroscopy requires a more tailored model. The model would have to

allow for a bi-Maxwellian temperature distribution with the addition of an external

ionisation source, as well as electron diffusion out of the discharge. Whilst this is

currently achievable, it is beyond the scope of this investigation.
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Chapter 4

Plasma Diagnostics
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4.1 Magnetic field diagnostics

4.1.1 Introduction

Magnetic fields play an important role in plasma dynamics and particle acceleration

in astrophysics [100–105]. This has led, in the past decade, to a wide range of labo-

ratory experiments aimed at examining the amplification, structure, and dissipation

of these fields [38, 39, 106–109]. Clearly, the understanding of the property of the

magnetic fields in a plasma requires accurate diagnostics. The magnetic induction

(B-dot) probe is a practical, accurate and sensitive instrument, able to make well-

resolved field measurements [110]. However, there are several drawbacks. First of

all, the B-dot is a mechanical probe that must be inserted into the plasma. This

inevitably perturbs the properties of the plasma. To compensate for this, the probe

is often miniaturised, such that its linear dimensions are smaller than the relevant

spatial scales of interest. A suitable B-dot probe for use in laboratory astrophysics

experiments also requires a bandwidth which is fast enough to resolve the dynamics

of the flow [110]. These requirements mean a suitable probe is difficult to construct,

therefore optical diagnostics may be advantageous. While the Zeeman effect, for ex-

ample, offers an entirely non-invasive method of measuring the field, the spectral line

splitting for typical plasma conditions in these experiments is of the order of other

line broadening mechanisms, such as Doppler or Stark broadening [111, 112]. Con-

sidering an emission line with wavelength λ = 400 nm, a B = 200 G field gives an

induced broadening, due to the Zeeman effect, of ∆λ
λ
∼ 10−6. Faraday rotation of a

probe laser is another commonly used technique for the measurements of magnetic

fields [113]. However, for optical wavelengths, this requires the product of the mag-

netic field and plasma density to be large enough, typically requiring electron plasma

densities ne ∼ 1018 cm−3 for an appreciable rotation. For instance in a 1 cm long

plasma with a uniform electron density of ne = 1018 cm−3 and a uniform magnetic

75



field B = 200 G, the change in the polarisation rotation angle for a 532 nm probe

beam would be less than 0.001◦ [113], which is challenging to measure. Another alter-

native is the Hanle effect [114], due to the depolarisation of scattered light in atomic

transitions involving magnetic sublevels, which may also be used to measure fields in

turbulent plasma. This has been applied to diagnose magnetic field in the solar atmo-

sphere. The Hanle effect has the advantage that, while the Faraday rotation cancels

out on average in a turbulent magnetic field, the depolarisation does not. However,

when considering laboratory plasma conditions, for ne ∼ 1018 cm−3, it produces a

measurable signal only for fields B > 1 kG [115]. In presence of smaller magnetic

fields, Faraday rotation measurements are still possible, but they require the use of a

small birefringent crystal placed within the plasma to increase the rotation. Magneto-

optical probes, relying on this enhancement of the Faraday rotation, have been tested

with large current-driven magnetic fields [116–118]. However, to the authors knowl-

edge, they have not yet been used to measure smaller fluctuating magnetic fields in

plasmas, nor tested against other diagnostic methods in a plasma. The remainder of

this chapter will outline the magneto-optic probe and the magnetic-induction probe.

Both of which are used during the experiment discussed in the following chapter.

4.1.2 The Magneto-Optic Probe

As for the usual Faraday rotation, the magnitude of the rotation inside of the crystal

depends on the line integral of the component of the magnetic field along the laser

path. The rotation angle, Φ, of an electromagnetic wave traveling along the axis of

the crystal is given by

∆Φ = V
∫
B(l)dl, (4.1)

where V is the Verdet constant, B(l) is longitudinal component of the magnetic

field, and l is the length of the crystal. We used a terbium gallium garnet (TGG)
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crystal [119], which has V = 190 rad/T ·m at λ = 532 nm, the wavelength of probe

laser used in our experiment. The average field along the length of the crystal (L) is

therefore

〈B〉 = ∆Φ/V L. (4.2)

The probe beam was linearly polarised before entering the crystal and split by a 50/50

beam-splitter after passing through the crystal. The polarisation of light after the

crystal is given simply by

Φ = arctan

√
εIs
Ip
, (4.3)

where Is and Ip are the intensities of the two orthogonal polarisations, and ε is a factor

accounting for different losses in each polarisation due to differences in the optical

path and varying detector responses. The factor ε is found by setting εIs = Ip when

no magnetic field is present. The polarisation of the probe beam was rotated using a

half-wave plate to ensure it was at 45◦ to the optical axis of the beam-splitter before

it passed through the crystal.
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Figure 4.1: Measurements of the light intensity in both the horizontal and vertical
polarisations. The dark and light blue lines show the intensities of the horizontal and
vertical polarisations when no magnetic field is present. The dark and light red lines
show the the horizontal and vertical intensities of the polarisations in the presence of
a 1100 ± 10 G permanent magnetic field, (reproduced from [8]).

Figure 4.1.2 shows the response of the magneto optical probe in the 1100 ± 10

G test field of a permanent magnet. The field produced by the permanent magnet
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at the location of the Verdet crystal was measured using a Hall probe. The change

in the intensity of each polarisation can be seen clearly in Figure 4.1.2 (blue lines no

field present, red lines field present). The change in rotation angle as calculated using

Equation (4.3) to be ∆Φ ≈ 0.2rad. The magnetic field obtained from Equation (4.2)

is 〈B〉 ≈ 1120 ± 80 G, in very close agreement to what expected from the Hall probe

measurement. While this calibration was done in DC mode, we also expect that the

frequency response of the crystal to be uniform over the range of interest, f < 100

MHz.

4.1.3 The Magnetic Induction Probe

The magnetic induction probe used in this experiment was designed and calibrated

based on the work by Everson [110]. At its most basic, a magnetic induction probe

is no more than a coil of wire protected by a dielectric tube that can be placed inside

the plasma. The voltage induced in the coil is then measured to find the magnetic

field perpendicular to the plane of the coil. However, a usable probe requires a more

sophisticated design. The loop is formed from a pair of wires twisted together, this

results in equal but opposite voltages being induced across the two loops due to the

magnetic field, however the voltages induced by the electrostatic potentials have the

same polarity. This means that when the two signals are subtracted the electro-

statically induced voltages cancel. This allows the measured voltage across the loop

to be found as a function of the magnetic field. The relationship between the induced

voltage and the magnetic field being measured is given by [110]

Vmeas(ω)

B(ω)
= aN

ω

1 + (ωτs)2
[ωτs + i] (4.4)

where a is the area of the coil, N is the number of turns of wire in the coil, ω is the

angular frequency and τs is a characteristic response time of the circuit. τs = Ls+M
Rs
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Figure 4.2: The B-dot probes frequency response plotted from 0 to 50 MHz. The black
points indicate data to which the curve was fitted (below 40 Hz). The red points show
data outside of this window. The blue curve shows the fitted theoretical curve. a)
shows the real part of the data. Fitting parameters: a = 2.84× 10−7 m−2, τ = −22.5
ns and τs = 17.8 ns. b) shows the imaginary part of the data. a = 2.91× 10−7 m−2,
τ = −21.6 ns and τs = 18.5 ns.

where Ls is the self inductance of a loop, M is the mutual inductance between the

loops and Rs is the load resistance on the loop. The constants a and τs must be

found experimentally for an individual probe. This is done using a network analyser

and a Helmholtz’s coil. The network analyser sends an oscillating voltage through the

Helmholtz coil while also measuring the voltage across the coil. The voltage measured

across the coil is taken as the ‘reference voltage’ which equates to a reference magnetic

field as

B(ω) = (
4

5
)3/2 µ0

rRp

(2Vref (ω)), (4.5)
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where r is the radius of the Helmholtz coil and Rp is the load resistance of the loop.

The network analyser also measures the frequency response of the probe when it is

placed in the centre of the Helmholtz coil. The calibration is then performed by

fitting a theoretical curve to the measured voltage over the reference voltage

Vmeas
Vref

= aNg
16

53/2

µ0

rRp

ω

1 + (ωτs)2
[ωτscos(ωτ)− sin(ωτ) + i(ωτssin(ωτ) + cos(ωτ))],

(4.6)

where a, τs and τ (the time delay between the measured and reference signals due to

the cable length) are the fitting parameters, g is the gain of the differential amplifier

and µ0 is the permittivity of free space. The real and imaginary parts of the theo-

retical curve are fitted to the data separately using non-linear least squares analysis

in MATLAB. For both the real and the imaginary part of the data the theoretical

curve was fitted up to 40 MHz. The fitted calibration data is shown in Figure 4.2.

In both cases after 40 MHz the theoretical curve no longer fits the data. Though

there is a possibility this is due to the self inductance of the Helmholtz coil at higher

frequencies and not due to the B-dot probe itself. As the magnetic field is calculated

directly from Equation (4.4) the calibration shows that the bandwidth of the B-dot

probe is at least 40 MHz. The differences in the fitting parameters between the real

and imaginary parts of the curve are < 5%. We find a = 2.9 ± 0.7 ×10−7 m−3 and

τs = 18 ± 0.5 ns found from the above fitting. The small probe area means that in

effect the B-dot probe provides almost a point measurement of the field although the

glass tube is large.

4.2 Spectroscopy

Information can also be obtained from the plasma by considering the broadening of

individual emission lines. The final line width will be given by the convolution of the
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several different line broadening mechanisms. In many cases broadening mechanisms

can be shown to be negligible due to finite experimental resolution. In Section 5.4

spectral broadening is examined to find the turbulent velocity of the plasma.

4.2.1 Natural Broadening

The most fundamental of all broadening mechanisms is natural broadening which can

be seen as an effect of the uncertainty principle, ∆E∆t ≤ h̄/2. Letting the lifetime

of an excited state be ∆t the full width half maximum of natural broadening at a

wavelength λij is given by [77]

∆λij
λij

=
λij
2πc

(
1

∆ti
+

1

∆tj

)
, (4.7)

where ∆ti and ∆tj are the lifetimes of the upper and lower state of the transition.

Equation (4.7) can be rewritten in terms of spontaneous emission rate as

∆λij
λij

=
λij
2πc

(∑
l<i

Ali +
∑
l<j

Alj

)
, (4.8)

where the sum over all transition probabilities with l < i, j accounts for all radiative

transitions from the upper state. In the optical region values of ∆λij are typically

of the order ≈ 5 fm. Therefore natural broadening is orders of magnitude smaller

than the instrument function of the spectrometer (typically ∼ 0.1 nm) and generally

negligible.

4.2.2 The Stark Effect and Electron Impact Broadening

The electrons and ions within a plasma act to perturb emitters due to long range

Coulomb interactions. As the perturbation is caused by the Coulomb force it is often
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modelled as a collisional process. The perturbation is considered in the two distinct

limits defined relative to the natural lifetime of the emitter [120]. Electron impact

broadening is due to rapid collisions which have durations shorter than the natural

lifetime of a level. Conversely the Stark effect or quasi-static broadening is due to the

presence of relatively slow moving ions.

In electron impact broadening the shape of the line is Lorentzian and the full width

half maximum frequency can be expressed in terms of elastic and inelastic collision

rates. For emission between the states l and h

∆ω 1
2

= N
∫ ∞

0
νf(ν)dν

(∑
l 6=m

σlm +
∑
h6=g

σhg + σel

)
, (4.9)

where N is the density of the perturbers, m and g are the perturbing levels, σlm is

the inelastic collision cross section and σel is the elastic collision operator, ν is the rel-

ative velocity between the emitter and perturber and f(ν) is the electron Maxwellian

velocity distribution [77,121].

In the quasi-static approximation the electric field due to the ions is considered con-

stant throughout the radiative decay process. The hamiltonian of the perturbation

is therefore given by

Helectric = −E ·D, (4.10)

where E is the electric field and D is the electric dipole moment of the atom or

ion [120]. Finding the Stark broadening of the spectral lines is complex due in part

to the different Stark regimes e.g. linear, quadratic. The first attempt was made

by Holtsmark [122] who considered the locations of the perturbing ions all to be

statistically independent whist calculating the ‘plasma microfield’. The wings of the

line profile decay as
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L(ω − ωij) =
1

(ω − ωij)5/2
, (4.11)

slightly faster than a Lorentzian [77].

Electron impact and Stark broadening are accounted for by the collisional radiative

code PrismSPECT [80] in our analysis. However an order of magnitude approxima-

tion for the full width half maximum of the 429.9 nm CII emission line in a carbon

plasma at an electron temperature of 4.3 eV, and an electron density of 1017 cm−3 is

given by [121] as ∼ 0.15 nm.

4.2.3 Doppler Broadening

The key broadening mechanism in the experiment described in Chapter 5 is Doppler

broadening. A non-relativistic Doppler shift is caused by variations in the velocity

of the emitting particles along the line of sight of the spectrometer [77]. When the

particles are traveling at a range of positive and negative velocities with respect to

the detector, the effect results in a broadening of the emission lines. The relative

velocities between the emitters and the detector can be caused by either thermal or

bulk motions within the plasma. The example of bulk motion we will consider is

turbulence. The full width half maximum of the thermal broadening for a Maxwell-

Boltzmann distribution is given by

∆λ = λ 2

√
8kbTαln(2)

mαc2
, (4.12)

where Tα and mα are the temperature and mass of the emitting particle, α. For

a low temperature carbon plasma, ion temperature Ti ≈ 4 eV, a transition at a

wavelength of 400 nm is broadened by ∆λ = 0.2 nm. The standard approach to

turbulent broadening is to treat it as an additional Gaussian line profile, which can
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be convolved with the thermal broadening. The total Doppler broadening velocity,

vtot, is thus found by adding the two contributions in quadrature [123]

v2
tot = v2

turb + v2
th, (4.13)

where vturb, is the turbulent velocity and vth is the thermal velocity. With both line

profiles approximated by Gaussians the full width half maximum of the convolved

profile is simply

∆λ = λ 2

√
8kbTαln(2)

mαc2
+
v2
turb

c2
. (4.14)

It is possible to find both the thermal and turbulent velocities by considering emission

lines from ions with distinct masses. Inspection of Equation (4.14) shows the ther-

mal broadening for each ion will depend on its mass whereas turbulent broadening is

mass independent. This allows broadening from each individual effect to be uniquely

identified.

4.2.4 Zeeman Broadening

The Zeeman effect is caused by the misalignment of a magnetic field and the magnetic

moment of an ion [77]. While the exact broadening depends on the energy level being

observed, an order of magnitude estimate for a 200 G field at 400 nm (similar to the

conditions produced in the experiment described in Chapter 5) is given by

∆λ ≈ λ2eB

4πmc2
≈ 10−4 nm. (4.15)

Which is two orders of magnitude smaller than the thermal broadening in the exper-

iment.
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4.3 Interferometry

A typical Mach-Zender interferometer is shown in Figure 4.3. An incoming probe

beam is split by a 50/50 beam splitter directing half of the light through each of the

two arms. The object beam passes through the region containing the plasma before

being recombined with the reference beam by a second beam splitter, the resulting

interference pattern due to a small offset between each path in the system can then

be detected. In order to find the electron density of the plasma the fringe shift which

occurs when a plasma is formed in the lower arm must be found [124]. The change

in the optical path length ∆δ due to a plasma in the beam is given by

∆δ = L ∆µ, (4.16)

where L is the path length and ∆µ is the change in the refractive index caused by free

electrons. Ion density variations also change the refractive index, however, as mi
me
≈

2000, the contribution due to the ions is negligible. In the case where ω2 � ω2
p, the

refractive index of the free electrons is given by

µ =

√
1−

ω2
p

ω2
≈ 1− 1

2

ω2
p

ω2
, (4.17)

where the terms beyond the quadrature have been dropped. Assuming that initially

there are no free electrons in the lower arm, the initial refractive index is one and

∆δ = L ∆µ = L(µ− 1) = −L
2

ω2
p

ω2
. (4.18)

From interferagrams a phase shift ∆φ is found which can be related to the optical

path difference by

∆φ =
2π∆δ

λ
. (4.19)
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The rest of this section will describe how the phase change ∆φ can be recovered from

an interferogram [9].

Figure 4.3: A simple Mach-Zender interferometer.

The intensity in the plane of the detector, I(x, y),can be written as

I(x, y) = a(x, y) + b(x, y)cos(ζ(x, y)), (4.20)

where a(x,y) is the background signal, b(x,y) is the amplitude of the interference

fringes and ζ(x, y) is the phase modulation often referred to as the spatial carrier.

Considering the case of fringes parallel to the y axis, ζ(x, y) becomes ζ(x) = 2πu0x

where u0 is the carrier frequency. This is the frequency of the fringe pattern when

no plasma is present in the object beam, induced by a slight offset of the wavefronts

between the reference and object beam. When a plasma is formed in the object beam

an additional phase shift occurs, the intensity at the detector becomes

I(x, y) = a(x, y) + b(x, y)cos(ζ(x) + ∆φ(x, y)) (4.21)

where ∆φ(x, y) is the optical phase encoding the electron density in the plasma. Here

∆φ(x, y) is found from Equation (4.21) using Fourier transform demodulation. I(x, y)
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can be rewritten as

I(x, y) = a(x, y) +
b(x, y)

2
(ei(ζ(x)+∆φ(x,y)) + e−i(ζ(x)+∆φ(x,y))), (4.22)

= a(x, y) + c(x, y) + c∗(x, y). (4.23)

Taking the Fourier transform of both sides one finds

Ĩ(u, v) = ã(u, v) + c̃(u, v) + c̃∗(u, v). (4.24)

Figure 4.4 a shows raw interferometry sample data and 4.4 b shows the sample data

in frequency space at this stage of the analysis. Three distinct features can be seen,

the central feature, at the origin, is the first order spectra ã(u, v). The two other

features are c̃(u, v) and c̃∗(u, v). A transfer function, ˜H(u, v), can then be applied to

Ĩ(u, v) such that

˜H(u, v)Ĩ(u, v) = c̃(u, v). (4.25)

∆φ(x, y) modulo 2π can be found from c̃(u, v) with knowledge of b(x, y) and the

carrier frequency. The unwrapped phase is found modulo 2π due to the periodicity of

the inverse trigonometric functions used in the demodulation. The analysis outlined

above constrains the allowed carrier frequencies. In Fourier space c̃ will be a distance

u0 from the first order spectra, ã(u, v). Therefore u0 must be large enough such that

there is no overlap between the first and second order function, to allow the transfer

function to be applied. The carrier frequency must also satisfy the Nyquist-Shannon

sampling theorem, u0 <
1

2px
, where px is the pixel size of the detector [125].

In order to produce a total phase map (i.e. not modulo 2π) ∆φ(x, y) must be

unwrapped. Due to the broken fringes caused by the turbulent plasma the phase

unwrap was performed using the branch cut method [126, 127]. The branch cut

method finds and avoids broken fringes which would otherwise produce errors which
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Figure 4.4: An example of data analysed using using the IDEA software [9]. a) Part
of a raw interferogram with plasma present, the magnets can be seen on the left and
right of the image. The blue box shows the area selected for analysis. b) The Fourier
transform of the selected area in image a. The blue box selects a single first order
feature from FFT to unwrap. c) The unwrap module 2 π, the same mask is then
applied as in a. d) The completed unwrap, several branch cuts can be seen in the
centre.

Figure 4.5: Diagram showing the use of the branch cut method to avoid broken
fringes. Paths through the broken fringes can thus be avoided, (taken from the IDEA
manual [9]).

then propagate through the analysis. To find the broken fringes the number of fringe

discontinuities along a closed loop between two points are calculated. Figure 4.5

shows two possible paths between points A and B. Following the path clockwise

defined by the arrows labeled 1 and 2, 3 fringe discontinuities are counted along path

1 and 2 fringe discontinuities are counted along path 2. This leads to a residual of +1.
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Proceeding clockwise from A to B traveling up path 2 and down path 3, again counting

the fringe discontinuities, 2 up and 3 down a residue which is this time negative, -1

is found. These residuals indicate a broken fringe, the branch cut method connects

positive and negative residuals and avoids these connections or ‘cuts’ in the following

analysis. Figure 4.4d shows a phase unwrap using the branch cut method [9, 128].

Once paths to ignore have been selected, the phase can then be unwrapped following in

effect the 2D scan method. The method counts the number of fringes across an image

and shifts the phase by 2π accordingly. The process up to this point is performed

on both a data image and a reference image i.e., an image without plasma in the

lower arm. The reference image is used to cancel b(x, y) allowing the final phase shift

∆φ(x, y) to be found. For radially symmetric plasmas it is usual to Abel invert the

line integrated density measurement to find the density distribution. However, as the

plasma is turbulent the interferometry results are left as line integrated densities.

4.4 Schlieren Imaging

Gradients in the refractive index of a low density plasma will cause small deflections

to a probe beam passing though it. These deflections can be detected using Schlieren

imaging and then related back to the free electron density gradients in the plasma. A

simple Schlieren imaging system taken from [10] is shown in Figure 4.7. A collimated

beam of light, passes through the plasma (test section) and is then brought to focus.

If an opaque obstacle is placed at the point of focus the undeflected portion of the

beam is blocked and only light refracted within the plasma reaches the screen. Often

the unrefracted light is blocked using a ‘knife edge’, this has the advantage that it is

only sensitive to density gradients in the direction orthogonal to the knife-edge. As

the electron density ne, is much less than the critical density ncrit, and therefore the

refractive index µr ∼ ne, the intensity I(x, y) is given by
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I(x, y) ∝
∫ ∂ne

∂x
dz, (4.26)

where x and y are the image plane spatial coordinates, and z is the direction normal

to the image plane. To show this we follow the derivation given in [10] for light

traveling through a fluid. Consider two points on a wavefront, initially traveling in

the z direction, separated by a short vertical distance, z, y and z, y + ∆y. After an

interval ∆τ the distance traveled by the wavefront is given by

∆z = ∆τ
c0

µRI(y)
(4.27)

where c0 is the speed of light in a vacuum and µRI(z, y) is the refractive index at a

point in the fluid. Consider the case where the refractive index is independent of z,

but varies in the y direction, µRI(z, y) = µRI(y). The variation in the refractive index

will cause the wavefront to change direction by a small angle ∆α, where ∆α is given

by

Figure 4.6: A simple setup for performing Schlieren imaging, (Reproduced from [10]).
A collimated beam of light passes through the test section. The undeflected light is
then blocked using a knife-edge. The deflected light forms an image on the CCD
camera.
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∆α ≈ tan(∆α) =
∆(∆z)

∆y
. (4.28)

Equation (4.28) can be recast in terms of the refractive index µRI(y) as

∆α ≈ −µRI(y)∆z
∆(1/µRI(y))

∆y
. (4.29)

Considering the limiting case, ∆y → 0, we find

dα =
∂

∂y

(
ln(µRI(y))

)
dz. (4.30)

Performing the integral over the length of the fluid, in our case a plasma, we find the

total change in angle as the wavefront passes through the plasma

α =
∫ L

0

∂

∂y

(
ln(µRI(y))

)
dz. (4.31)

As the contrast at the detector is proportional to the deflection through the test

section, (as long as 1/µRI does not undergo large variations through the test section

[10]), we find

I(y) ∝
∫ ∂(µRI(y))

∂y
dz. (4.32)

In a plasma µRI ∼ ne leading to the expression given in Equation (4.32).

4.5 Summary

This chapter outlines the suite of plasma diagnostics used to study supersonic turbu-

lent jets as discussed in Chapter 5. It began with an introduction on magnetic field

measurement techniques and described the calibration of the magnetic induction and

the magneto-optic probe, both used to make in-situ field measurements in supersonic
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Figure 4.7: The change in direction of a wavefront travelling through a fluid, (Repro-
duced from [10]).

turbulent plasma. It then continued with outlines of the other diagnostics used during

the experiment mainly, interferometry, optical emission spectroscopy and Schlieren

imaging. These diagnostics provided information on the density, temperature and

velocities within the plasma. The motivation behind the experiment, as well as the

results and conclusions drawn, are presented in the next chapter.
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Chapter 5

Magnetic Field Measurements in

Supersonic Turbulent Jets
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5.1 Summary

This chapter discusses an experiment performed on target area west at the Rutherford

Appleton Laboratory into magnetic field measurement techniques and supersonic tur-

bulence. Both the magnetic-induction probe and the magneto-optical probe are used

to make magnetic fields measurements in low density, supersonic jets. The results

of the two measurement techniques are compared. The magnetic-induction probe is

then used in calculations of the scaling exponent of the velocity correlation functions.

The scaling exponent of the velocity correlation function was found by relating the

velocity power spectra to the magnetic power spectra. A suite of diagnostics were

used to measure a range of plasma parameters which illustrate that the experiment is

comparable to astrophysical situations, i.e. to supersonic turbulence in the interstel-

lar medium (ISM). The results are discussed in relation to astrophysical observations

as well as hydrodynamic simulations from the literature. After a short introduction

explaining the motivation behind the experiment the experimental setup is presented

before the results of each diagnostic are outlined. Finally the experimental conclusions

are discussed in detail. The work in this chapter appears in [11] and [8].

5.2 Introduction

The dynamical behaviour of many astrophysical objects are determined by the prop-

erties of supersonic turbulence (turbulent Mach number Mturb > 1). Turbulent ve-

locities in the compressible interstellar medium range from transonic (Mturb ∼ 1) in

the warm ionised regions to highly supersonic in molecular clouds, where turbulent

Mach numbers can reach up to 20 [129]. In the ISM supersonic turbulence plays

a vital role in a number of processes associated with star formation i.e. the rate

of star formation triggered by gas compression, the efficiency of star formation it-

self and the initial mass distribution of stars [130–132]. Self-gravity, magnetic fields,
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chemistry, cooling, heating, and radiative transfer all play a role in the dynamics of

molecular clouds [133]. However, due to the complexity, studies focusing purely on

the hydrodynamic aspects of the problem remain extremely valuable [133–135].

Current analytical models of star formation are based on both the density prob-

ability distribution function and velocity power spectra E(k) of the gas, (as a proxy

for first order velocity structure function) [132, 136, 137]. Attempts to characterise

the statistics of supersonic turbulence have previously been limited to theoretical

predictions, numerical simulations and astrophysical observations. Burgers theoret-

ical model for turbulence gives E(k) ∼ k−2 [138, 139]. A major challenge of the

computational approach has been running hydrodynamic simulations large enough

to provide sufficient separation between the driving scale and the dissipation scale to

allow extraction of the power law exponents for the spectra [133]. Simulations have

found a velocity spectrum, E(k) ∼ k−2 with Mturb ≥ 1 [135] in one dimension and

E(k) ∼ k−1.8 with Mturb ∼ 17 [134] in three dimensions, these results agree well with

observations of the Perseus molecular cloud, E(k) ∼ k−1.81 ± 0.1, with Mturb ∼ 6 [136].

Previous experimental work has concentrated mainly on the large gradient veloc-

ity flows present at compressible turbulent boundary layers relevant to supersonic

propulsion [40]. To the authors knowledge, no experimental studies have investi-

gated the statistical properties of boundary-free supersonic turbulence. This chapter

describes an experiment to find the scaling exponent of the velocity spectra, E(k),

for a supersonic, compressible turbulent flow. Two counter-propagating supersonic

jets were launched through laser irradiation of thin fluorinated plastic foils, with the

collision forming a central region of strong compressible turbulence, primarily via

Kelvin-Helmholtz shearing instabilities. The scaling exponent of the velocity fluc-

tuation power spectrum in the plasma was found by utilising the advection of the

externally applied magnetic field as a dynamically unimportant tracer. The exponent

of the spatial velocity spectra is obtained through its relationship to the exponent
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of the temporal magnetic power spectra as derived in Section 5.4. The ratio of the

magnetic energy of the plasma to the kinetic energy of the plasma in the experiment

was ∼ 10−4 showing that the magnetic field was indeed dynamically unimportant.

Therefore, the experimental results are compared to the results of hydrodynamic simu-

lations, not magneto-hydrodynamic simulations. Attempts to find temporal magnetic

power spectra were made using both a magneto-optic probe and a magnetic-induction

probe. After a comparison of the results of the magnetic field measurements made

by the two diagnostics, data taken by the magnetic-induction probe was used to find

the time varying power spectra, this decision will be explained alongside the results.

The results of the measurements made using the magneto-optic probe are presented

and discussed as, to the knowledge of the author, this is the first in-situ plasma

measurement made using a magneto-optical probe.

5.3 The Velocity Power Spectra

In general, turbulence is examined through its statistical properties. The principal

objects of interest are correlation functions. The velocity correlation tensor is defined

as

Qij =
〈
u′i(x + r)u′j(x)

〉
(5.1)

where u′i(x) is the fluctuations of the velocity field ui(x), after the mean velocity ūi(x)

has been subtracted, u′i(x) = ui(x) − ūi(x). This tensor describes the correlation in

the velocity field between the two points x and x + r. For convenience this tensor is

often defined in Fourier space giving the spectrum tensor

φij(k) =
1

(2π)3

∫
Qij(r)eik·x. (5.2)
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Over small distances, r → 0 it is expected that the velocity fluctuations at the two

points will be highly correlated, for example they may be part of the same eddy. Over

large distances however r→∞, the fluctuations in the velocity at two points should

be independent of each other and therefore uncorrelated. Similar correlation tensors

can be constructed for other quantities such as magnetic field fluctuations or density

fluctuations.

The one dimensional energy spectra of the velocity field is defined as the Fourier

transform of the autocorrelation function

E(k) = 2π|u(k)|2 =
∫ ∞
−∞

∫ ∞
0

dx dr u(x)u(x+ r)e−ikr. (5.3)

The energy spectra picks out the amplitudes of the spatial frequency modes of the

velocity autocorrelation function. It is tempting to directly relate this to the contri-

butions of spatial structures of various sizes to the velocity field. However, the energy

spectra of a saw-tooth velocity profile gives E(k) ∼ k−2, however this clearly does

not imply that the velocity field is made up of eddies of all sizes. An energy spectra

E(k) ∼ k−2 could, however, be constructed from a continuous distribution of eddys

sizes, all with some contribution to the velocity field. This highlights the fundamental

problem in the Fourier analysis of the autocorrelation function. Physically different

structures can give rise to the same energy spectra in Fourier space. The integral of

the energy spectra over all wavenumbers is equal to the total kinetic energy per unit

mass in the system

∫ ∞
0

E(k)dk =
1

2

〈
u2
〉
. (5.4)

Despite the issues highlighted above the energy spectra remains a valuable concept.

It gives information on the correlation length within the plasma and is a predictable

statistical quantity. Analytical models, numerical simulations and experimental ob-
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servations all produce predictions for E(k). A hydrodynamic model for the general

study of turbulence was introduced by Burgers in 1939 [138, 139]. Considering the

case where the mean flow velocity is zero, in one dimension the equation modelling

the turbulent velocity fluctuations reduces to the Burgers equation

∂v

∂t
+ v

∂v

∂x
= ν

∂v2

∂2x
, (5.5)

where v is the turbulent velocity and ν is the viscosity. Equation (5.5) is the one

dimensional Navier-Stokes equation in the limiting case where the sound speed is much

smaller than the turbulent velocity and therefore the pressure term can be neglected.

Initial interest in the Burgers equation diminished when it was discovered that the

equation could be integrated explicitly and therefore it lacked sensitivity to small

changes in the initial conditions- a key property of the Navier-Stokes equation [140].

However interest in the Burgers equation was renewed in the 1980’s as it was used as

a simple model for supersonic turbulence.

The Burgers equation, predicts a velocity spectra, E(k) ∝ k−2 [135, 138]. This

is a steeper spectrum than that found for an incompressible fluid by Kolmorogov,

E(k) ∝ k−
5
3 [31]. Burgers’ model of turbulence describes a one dimensional system

of randomly developing shocks, formed as the turbulent velocity is greater than the

sound speed. Heuristically the velocity field can be imagined as a saw tooth profile,

leading to the steepening of the spectrum E(k) ∼ k−2 [135].

5.4 Utilising the Magnetic Field as a Velocity Tracer

The measured quantity in the experiment was the temporally varying magnetic field.

The measured magnetic field is directly related to the one dimensional temporal

magnetic power spectra as
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M(ω) =
1

4π
|B(ω)|2 ∼ ωξ, (5.6)

where ξ is a constant over the linear region of the power spectra. However, the

quantity of principal interest is the exponent of the spatial velocity power spectra as

defined in Equation (5.3). Therefore a relationship between the exponent of tempo-

ral magnetic power spectra and the exponent of the one dimensional spatial velocity

power spectrum must be found. Schekochihin et al [141] related the scaling expo-

nent of the velocity power spectrum to the scaling exponent of the magnetic power

spectrum for the case of an incompressible turbulent flow. We perform a similar

derivation for a compressible, turbulent flow. It is derived under the assumption

that the magnetic field itself is dynamically unimportant (later shown as the ratio of

the magnetic energy of the plasma to the kinetic energy of the plasma is ∼ 10−4).

Following this we relate the exponent of the one dimensional spatial magnetic power

spectrum to the exponent of the one dimensional temporal magnetic power spectrum.

5.4.1 The One Dimensional Spatial Velocity Power Spectrum

in Terms of the One Dimensional Spatial Magnetic

Power Spectrum

Consider the magnetic induction equation which relates the magnetic field and the

fluid velocity

∂B

∂t
+ u.∇B = B.∇u−B(∇.u) + η∇2B. (5.7)

Initially an attempt is made to simplify Equation (5.7). In the presence of a large

uniform external field B may be rewritten as the sum of the externally applied mean

field and a small fluctuating component, B = B0+δB, where δB� B0 and therefore
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Equation (5.7) becomes

∂δB

∂t
+ u.∇δB = (B0 + δB).∇u− (B0 + δB)(∇.u) + η∇2δB. (5.8)

When the magnetic Reynolds number Rm is small, the diffusion term dominates the

nonlinear terms and the time derivative (quasi static approximation [142]). To see that

the time derivative can be neglected consider the magnetic Reynolds number. The

magnetic Reynolds number is the ratio of the characteristic time scale for diffusion to

the time scale for turbulent motion. Therefore at small magnetic Reynolds numbers,

Rm < 1 the diffusion time is shorter than the time scales for turbulent motion and

and the magnetic fluctuations adapt instantaneously to the velocity field. Under these

assumptions

η∇2δB = −(B0.∇)u + B0(∇.u). (5.9)

By taking the spatial Fourier transform of 5.9 one finds

ηk2δB̃ = i(k.B0)ũ− iB0(k.ũ), (5.10)

where, the ∼ superscript is used to denote a Fourier transformed quantity. Compared

to the incompressible case [141], there is an additional term on the right-hand side as

∇.u 6= 0. Changing variables to absorb the constants b̃ = δB̃
B0
ηk2, and choosing B0

to point only in the x-direction, Equation (5.10) becomes

b̃ = i(k.x̂)ũ− ix̂(k.ũ), (5.11)

where x̂ = (1, 0, 0).

Now the properties of the velocity field itself are considered. The velocity spec-

trum tensor is the Fourier transform of the real space velocity correlation function.
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Assuming the dynamics of the turbulence are unaffected by B0 and the turbulence

itself is isotropic (i.e. depends only on the magnitude of k), the velocity spectrum

tensor can be written as the sum of a symmetric and an antisymmetric tensor [29].

The symmetric spectrum tensor itself is split into an incompressible and compressible

component

〈ũiũ∗j〉 = I(k)
(
δij −

kikj
k2

)
+ C(k)

kikj
k2

+H(k)εijl
kl
k
. (5.12)

I(k) is associated with the compressible component of the turbulence, C(k) is asso-

ciated with the incompressible component of the turbulence and H(k) is associated

with the helical component of the turbulence. As the turbulence is isotropic each

of the terms I(k), C(k) and H(k) depend only on |k|. From Equation (5.11) the

spectrum tensor of b̃ can be expressed as

〈b̃ib̃∗j〉 = k2
x〈ũiũ∗j〉+ x̂ix̂jkmkn〈ũmũ∗n〉

− kxkmx̂i〈ũmũ∗j〉 − kxknx̂j〈ũiũ∗n〉. (5.13)

Which upon substitution of Equation (5.12) gives

〈b̃ib̃∗j〉 = I(k)k2
x(δij −

kikj
k2

) +H(k)k2
xεijl

kl
k

(5.14)

+C(k)(
k2
x

k2
kikj + k2x̂ix̂j − kxx̂ikj − kxx̂jki). (5.15)

The parallel and perpendicular components (with respect to the mean field, B0) of

〈b̃ib̃∗i 〉 are now considered separately. For the direction perpendicular to the externally

applied mean magnetic field (i.e. y)
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〈|b̃y|2〉 = I(k)k2
x(1−

k2
y

k2
) + C(k)

k2
xk

2
y

k2
. (5.16)

To convert the components of this spectrum tensor ( 〈|b̃y|2〉) into one dimensional

energy spectra of b̃ denoted by my, integration over a spherical surface is performed.

Upon substitution of kx = k cos θ and ky = k sin θ sinφ

my =
∫ 2π

0
dφ
∫ π

0
dθk2 sin θ〈|b̃y|2〉 (5.17)

= I(k)k4
∫ 2π

0
dφ
∫ π

0
dθ sin θ cos2 θ(1− sin2 θ sin2 φ)

1

4π
(5.18)

+ C(k)k4
∫ 2π

0
dφ
∫ π

0
dθ sin θ cos2 θ sin2 θ sin2 φ

1

4π
. (5.19)

After integration we obtain the one dimensional energy spectra

my =
k4

15
(4I(k) + C(k)). (5.20)

Repeating the analysis for the measurement in the direction parallel to the magnetic

field (i.e. x) we get

〈|b̃x|2〉 = I(k)k2
x(1−

k2
x

k2
) (5.21)

+C(k)(
k4
x

k2
+ k2 − k2

x − k2
x) (5.22)

and therefore
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mx = k2
∫ 2π

0
dφ
∫ π

0
dθ sin θk2[I(k) cos2 θ(1− cos2 θ)

1

4π
(5.23)

+ C(k)(cos4 θ + 1− 2 cos2 θ)]
1

4π
. (5.24)

Finally after the integration

mx =
k4

15
(2I(k) + 8C(k)) (5.25)

is obtained. Solving Equations (5.20) and (5.25) simultaneously we find

I(k) =
1

2k4
(8my −mx) (5.26)

C(k) =
1

k4
(2mx −my). (5.27)

The helical component H(k) has been lost as < |bx|2 > and < |by|2 > contain repeated

indices. The quantity we are interested in computing is the one dimensional velocity

power spectrum. Referring back to the spectrum tensor in Equation (5.12), and

substituting in I(k) and C(k), we obtain

〈|uy|2〉 = I(k)(1−
k2
y

k2
) + C(k)

k2
y

k2
, (5.28)

and for the total energy

〈|ui|2〉 = 2I(k) + C(k). (5.29)
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Which after inserting expressions for I(k) and C(k) from (5.26) gives

〈|ui|2〉 =
1

k4
(7my +mx). (5.30)

Once again performing the angular integration to find the one dimensional velocity

power spectrum

E(k) = 4πk2〈|ui|2〉 = 4π
1

k2
(7my +mx). (5.31)

Finally, recalling that the power spectrum of b̃, denoted m varies from the power

spectrum of the magnetic fluctuations δB̃, denoted M as

my

My

∝ k4, (5.32)

we obtain

E(k) ∝ k2(7My +Mx). (5.33)

Hence the velocity power spectrum can be retrieved from measurements of the mag-

netic power spectra both parallel and perpendicularly to the external field direction.

In our experiment we find similar spectra in the two orthogonal directions, see Fig-

ure 5.14, and hence we set My = Mx = M(k), where we have included the explicit

dependence on k.
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5.4.2 Relationship Between the Temporal and Spatial Power

Spectra

The discussion above derived a relationship between the spatial velocity power spec-

tra and the spatial magnetic power spectra. However, the induction loop measures

temporal variations in the magnetic field. If the plasma is swept past the probe at

velocities such that the evolution of the field within a fluid parcel is negligible whilst

the field in that parcel is being measured the spatial and temporal spectra can be

related using Taylor’s hypothesis, l ∼ t. This suggests the fluid parcels are effectively

‘frozen in’ over the time scales at which the field is measured. However the plasma

flow does not satisfy these conditions as the plasma will stagnate around the probe

due to both the collision of the jets and the presence of the probe shielding, ∼ 2mm.

One might then argue that the outer-scale structures break around the probe and

there is a flow of structures of all sizes against and past the shield. The induction

loop will therefore see the Lagrangian-frequency spectrum, rather than the Eulerian

one, i.e., for each scale `, it will detect the lifetime of the magnetic structures of size

`. Therefore the eddies measured by the probe evolve at approximately the turnover

time of the eddie ω ≈ u(l)/l.

Using this approximation a relationship between the spatial and the temporal

power spectra using Equation (5.33) is derived. We begin by assuming that a simple

power-law dependence holds for velocity and magnetic field at the scale `, i.e.

u(`) ∼ `α B(`) ∼ `β, (5.34)

where α and β are constants to be determined. The corresponding one dimensional

power spectra are then described by

E(k) ∼ k−(2α+1) M(k) ∼ k−(2β+1). (5.35)
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For an isotropic, steady state flow the frequency-resolved magnetic-energy spectra

can similarly be written as

M(ω)ω ∼ |B(`)|2 ∼ `2β. (5.36)

Since ω ∼ u(`)/` ∼ `α−1, thus ` ∼ ω1/(α−1), we can recast (5.36) as

M(ω)ω ∼ ω
2β
α−1 . (5.37)

Eq. 5.33 provides the relationship between α and β as β = α + 1. Hence, we obtain

M(ω) ∼ ωξ. (5.38)

with ξ = α+3
α−1

. Recall the the exponent of the spatial velocity spectrum was given by

σ = −(2α+ 1). Thus, by measuring the spectral index of M(ω) in the experiment we

can obtain a value for the coefficient α and hence the slope of the spatially resolved

velocity power spectrum E(k) ∼ kσ.

5.5 Experimental Overview

A diagram of the interaction region is shown in Figure 5.1. Each of supersonic tur-

bulent jets were created by firing three 2 ns, 133 ± 20 J, 527 nm drive beams onto

a 15 µm thick (PVDF) target inside of a vacuum chamber with a base pressure of

P ≈ 10−5 mbar. The drive beams had an approximately Gaussian profile and had a

focal spot diameter of d ≈ 200 ± 20 µm. The jet then passed through the central hole

of a 5 kG ring magnet, (2.5 cm outer diameter, 0.8 cm aperture and 0.6 cm thickness),

1.0 cm from the foil. The field of the permanent magnets was normal to the surface

of the foil targets. Each jet then passed through a 0.10 cm nominal aperture and 0.05

cm filament ETFE grid, mounted on the surface of the magnets. The centre of the
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apertures in one grid were aligned to the the vertices of the apertures in the second

grid. Figure 5.5 shows the strength of the magnetic field on-axis (black) and 0.25 cm

off-axis (red). Bx, is parallel to the direction of the flow and By, is perpendicular to

the direction of the flow, as shown in Figure 5.1. The field strength was calculated

using the FEMM finite element code [143].

The supersonic turbulent jets collided at the central point between the two magnets.

The same 532 nm, ∼5 ns probe beam was used for both the interferometry and and

Schlieren imaging systems. The interferometry and Schlieren imaged at 90◦ to the

plasma flow, looking directly down between the two magnets, along the y direction in

Figure 5.1. The interferometry was used to find the electron density and the Schlieren

imaging was used to find an approximate plasma velocity. The emission spectroscopy

imaged a line in the plane between the centre of the two magnets, along the x direc-

tion. All the diagnostics were triggered from the Q switch of the main drive beams.

When used, both the B-dot and magneto-optic probe were placed in the centre of the

interaction region, between the two magnets, at the points where the jets collided,

1.0 cm away from each magnet and 2.0 cm away from the target.

The six infrared drive beams were frequency doubled to 527 nm in order to increase

laser coupling to the front surface of the target. The energy obtained from each

beam was optimised by adjusting the alignment of the frequency doubling crystals.

Each beam was fired onto a calorimeter whilst the beam remained expanded and

the number of counts reaching the calorimeter were maximised. The final conversion

efficiencies were between 40% and 50%. The six drives beams were timed on a streak

camera to within 100 ps, by looking at the reflected light from a scattering target.

The combined intensity of three drive beams on a single foil was, I ≈ 5×1014 Wcm−2

and therefore the candidates for the principle absorption mechanisms were inverse

bremsstrahlung in the underdense corona, resonant absorption at the critical surface
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Figure 5.1: Experimental schematic, (reproduced from [11]). Two counter-
propagating supersonic jets are launched through optical laser ablation of thin fluo-
rinated plastic foils separated by 4.0 cm. Each foil is irradiated by three frequency-
doubled (527-nm-wavelength) lasers, each with 130 ± 20 J in a 2 ns pulse length.
The jets are passed through two misaligned plastic grids and collide forming a central
region of supersonic turbulence. A magnetic field aligned parallel to the bulk flow
(gray dashed lines) is used as a tracer to extract velocity fluctuations from magnetic
fluctuations.

Figure 5.2: Diagram showing the variation in field strength between the two magnets,
(reproduced from [11]).
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and absorption due to ion acoustic turbulence [46]. Phase plates were used in order

to reduce hot spots and create a more uniform plasma flow out of the rear surface.

Ablation pressure created by heating at the front surface of the foil forced the dense

target material inwards, launching a shock within the target. When the shock reaches

the back surface of the foil, a rarefaction wave is produced and a supersonic plasma

jet is formed.

5.5.1 Spectroscopy

The spectroscopy diagnostic was performed with an imaging spectrometer coupled to

an intensified Princeton Instruments PI-MAX CCD camera with a 20 ns gate width.

A simplified schematic of the optical path is shown in Figure 5.3 and a diagram

showing the Acton SP-2750 spectrometer [12] is shown in Figure 5.4. The optical

path for the spectrometer imaged out of plane and therefore required a dovetailed

prism to rotate the image of the interaction region such that the direction of plasma

flow was parallel to the entrance slit of the spectrometer. The overall magnification

between the object and the imaged formed on the slit was 0.17.

Figure 5.3: A simplified diagram of the optical path used for the optical emission
spectroscopy diagnostic.

To correct for the effects caused by the transmission/reflection of optics, and for

any spatial variation in the camera sensitivity, the spectrometer was calibrated using
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Figure 5.4: Schematic representation of the SP-2756 spectograph used in the exper-
iment. Light emitted from the plasma is focused onto the entrance slit. The light is
then collimated by the first mirror, diffracted by the 300 lines per mm grating, and
finally focused onto the CCD. Reproduced from [12].

a known while light source. The calibration is performed by placing the known white

light source in the region where the plasma is formed and directing the source along

the optical path towards the spectrometer. The resultant measured spectra can then

be divided by the known transmission curve, producing a correction factor to be

applied to the data. Due to the interest in spatial variation of the spectra the white

light calibration image, Figure 5.5 a had to be ‘sliced’ along the spatial direction before

the division of the spectrum by the known white light source could be performed.

Over the region of interest there was found to be negligible spatial variation in the

transmission function. A typical transmission function is shown in Figure 5.5 b. The

spectral calibration of the spectrometer was performed with a mercury lamp using

the 404.6 nm, 407.8 nm and 435.8 nm lines giving 17.6 pixels/nm dispersion. The

raw calibration image is shown in Figure 5.6 a and a figure showing a line out taken

with pixels converted to wavelength is shown in Figure 5.6 b. This region was chosen

as it contains the spectral lines with the highest intensities in the optical region. In
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Figure 5.5: a) The raw image of a white light source taken using the spectroscopy
diagnostic. b) The transmission curve for the spectroscopy diagnostic.

order to find the spectral resolution of the spectrometer a Gaussian was fitted to the

to the highest intensity peak of the mercury spectrum, at 435.8 nm. The full width

half maximum of the peak was found to be ∼ 0.25 nm, giving a spectral resolution of

λ/∆λ ∼ 2000. The spatial resolution was set by the 50 µm slit of the spectrometer.
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Figure 5.6: The spectral calibration of the spectrometer. a) The raw image of a
mercury source taken using the spectroscopy diagnostic. b) The calibrated mercury
spectrum. c) A Gaussian line profile (blue line) fitted to the instrument function of
the spectrometer (black data points).
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5.5.2 Interferometry

The probe beam for the interferometer was a Photonic Solutions Powerlite Nd:YAG

Laser frequency doubled to 532 nm with a ∼5 ns pulse length. The interferometry

setup is shown in Figure 5.7. The probe beam was expanded using an f = 100

m concave lens and then re-collimated using a f = 750 convex lens, expanding the

beam diameter to 60 mm, and allowing the entire interaction region to be imaged.

The expanded probe beam was then sent into the chamber where the Mach-Zender

interferometer was constructed. The two f = 950 mm lenses after the interferometer

were part of the Schlieren setup built using the same optical path. The fringe pattern

was demagnified, M ∼ 0.27, onto the CCD using an f = 750 mm followed by a f =

200 mm lens 750 mm apart. The images were recorded on an intensified Princeton

Instruments PI-MAX CCD camera with a 4 ns gate width.

Figure 5.7: Diagram showing the setup of both the Schlieren imaging and interfer-
ometer setup
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5.5.3 Schlieren

The Schlieren imaging set-up can be seen in Figure 5.7. In the case of the Schlieren

diagnostic only the light travelling through the interaction region contributes to the

final image, the light in the reference arm is undeflected and therefore blocked by the

knife edge. The two 950 mm focal length lenses transport the image formed by the

deflected light. Three inch (76.2 mm) diameter lenses were used to capture as much

light as possible from the interaction region. The 750 mm focal, length 2 inch (50.8

mm) diameter lens then focused the undeflected light onto the knife edge. Finally

the 200 mm focal length, 2 inch (50.8 mm) diameter lens, brought the image formed

by the deflected light to focus on the CCD. The magnification of the entire system

was M ∼ 0.27.

5.5.4 Magnetic Probes

The terbium gallium garnet (Verdet) crystal was held in the centre of the colliding jets

using an open-ended ceramic tube (outer diameter 2.5 mm, inner diameter 1.3 mm),

with the axis of the crystal perpendicular to the incoming jets. It was only possible to

measure B(z) using the magneto-optic probe, B(z) however, can be equated to B(y)

due to the cylindrical symmetry. The crystal had a diameter of 1 mm and a length

of 10 mm. The purpose of the ceramic tube was to protect the Verdet crystal from

direct exposure to the plasma flow, as thermal heating can change its birefringence

properties [144]. Indeed, we estimate the time taken for heat from the plasma to

diffuse through the ceramic tube to be approximately 70 µs, much longer than the

duration of the experiment. The probe laser had a power of 100 mW, a wavelength of

532 nm (different from that of the drive beams on the PVDF foils) and was focused

with a 1 m lens to a focal spot of ≈ 0.5 mm. The polarisation of the probe beam

was rotated using a half-wave plate to ensure it was at 45◦ to the optical axis of the

beam-splitter before it passed through the crystal.
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(a)

(b)

Figure 5.8: (a) View of the target from the direction of incoming drive beams showing
the ceramic tube, containing the Verdet crystal.(b) Top-down view of target and
magneto-optic probe setup. Once the jets have passed through the gird they collide
with each other around the probe. The probe beam passes through the verdet crystal
in the centre of the two jets before entering the detection system. Reproduced from
[8].(Not to scale)
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A optical line filter with a FWHM ≈ 1 nm was used to block any stray light from

the target before the probe beam was divided by a 50/50 polarising beam splitter;

each polarisation was then detected separately having been focused onto a 2 GHz

(DET0.25A Thorlabs) photo-diode connected to a 1 GHz Lecroy oscilloscope.

The magnetic induction probe was placed with the coil between the magnets as

shown in Figure 5.8. The coil was wrapped around a vespel core and housed in an

glass housing. The b-dot was then connected to a differential amplifier to protect

against electric fields which was then connected to a 1 GHz Lecroy oscilloscope. The

impedance of the oscilloscope, differential amplifier an probe were matched to 50

ohms to prevent ringing. The two probes could not be placed in the plasma at the

same time.

5.6 Results

5.6.1 Spectroscopy

The spectroscopy diagnostic was used to find the electron temperature and ion density

in order to calculate the plasma sound speed and the turbulent velocity, both of

which were needed to calculate the Mach number. At the conditions achieved in

this experiment the line ratios of the emission spectra are independent of electron

density for optically thin plasmas as the collisional deexcitation from the atomic levels

dominates over spontaneous radiative decay [38,145]. This occurs when the electron

density ne < 1.7 × 1014T 1/2
e (∆E)3 cm−3, where Te is the electron temperature (in

electronvolts) and ∆E is the transition energy (in electronvolts).

The analysis focused on the most intense spectral line in the optical region, the CII

line at 426.7 nm and the two neighbouring FII lines at 426.8 nm and 429.9 nm. The

spatially resolved spectroscopy data, an example of which is shown at the top of
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Figure 5.9: The spatial variation of the emission spectra taken 600 ns after the
collision of the two supersonic jets. The raw data image shows the two permanent
magnets, one on each side of the image. The jets can be seen colliding in the centre
of the image. The three dotted lines show the slice along which the emission spectra
shown were take. The data (black line) clearly broadens in the centre of the plasma.
Simulated spectra were fitted to each spectra (blue lines). An increase in both density
and turbulent velocity were seen in the centre of the interaction region. The turbulent
velocity increases from ∼ 10 kms−1 at the edges of the plasma to ∼ 60 kms−1 in the
centre. Reproduced from [11].

Figure 5.9, was sliced spatially into 2 mm strips before being analysed in order to

retain spatial information. The spectroscopy data presented in this subsection was

analysed using PrismSPECT [80]. The model includes Doppler, natural and Stark

broadening. PrismSPECT was discussed in detail in Section 2.3.2. PrismSPECT was

used to create 221 spectra over a range of temperatures (2.8 eV to 4 eV) and densities

(0.05 ×10−5 gcm−3 to 1 ×10−5 gcm−3). The simulated spectra were then imported

into MATLAB where the turbulent broadening was added, as a convolution of the

spectra with a Gaussian, for turbulent velocities ranging from 0 kms−1 to 200 kms−1.
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The broadening due to the instrument function of the spectrometer was also included

as a convolution with a Gaussian, the magnitude of each of the two broadening

mechanisms being added in quadrature. The simulated spectra were then fitted to

the sliced data using the method of least squares. Broadening mechanisms other than

those accounted for in PrismSPECT and MATLAB are shown to be negligible in the

theory Section 3.4, calculated using parameters from the experiment. Fits to three

different axial positions at 600 ns are shown in Figure 5.9 a, clear broadening of the

central peak is seen in Figure 5.9 b.

Figure 5.10: Both the fitted computer simulated spectra (blue line) overlaid with the
data (black line) in the center of the collision region. a) 400 ns. b) 600 ns. c) 800 ns.
The spatial variation of the plasma temperature, ion density and turbulent velocity
found from the spectroscopic fits. d) 400 ns. e) 600 ns. f) 800 ns. Modified from [11].

The top row of Figure 5.10 shows the synthetic spectra fitted to the data in the

centre of the collision region at 400 ns, 600 ns, and 800 ns after the drive beams

fired. The broadening of the spectra clearly increases between 400 ns and 600 ns.

The bottom row of Figure 5.10 show how the ion density, electron temperature and
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turbulent velocity varied spatially between the magnets at each of the times after the

collision. Figure 5.10 d shows the density increase as the two jets started to collide

in the centre, around d = 0. At early times the plasma density is elevated closer to

the foil targets. The electron temperature remained constant throughout the plasma,

∼ 4 eV and the turbulent velocity was approximately ∼ 0 kms−1. In Figure 5.10 e

the ion density near to the foils drops and the plasma becomes concentrated in the

centre of the interaction region. The electron temperature remains constant across

the interaction region, however there is a clear increases in turbulent velocity due

to the collision of the jets, peaking around 60 kms−1. At 800 ns, (Figure 5.10 f),

the turbulent velocity has again decreased to zero. The temperature remains almost

constant over 400 ns across the entire plasma. The error bars show in Figure 5.10

represent a 10 percent variation from the minimum of the sum of the residuals, found

in the least mean squares fit. The PrismSPECT simulations calculate an ionisation

state of Z ∼ 1.5 – 2.5. Post collision a turbulent Mach number is defined, Mturb, as

the ratio between the three-dimensional turbulent velocity and the local sound speed,

Mturb = Vjet/cs. From the increase in Mach number (Mturb ∼ 1 at 400 ns to Mturb ∼ 6

at 600 ns) it was concluded that the interaction of the two plasma jets continuously

drives turbulence for a duration much longer than the pulse duration of laser beams

(∼ 2 ns).

5.6.2 Interferometry

The interferometry diagnostic was used to find the electron density needed in the

calculation of the ionisation state of the plasma, and thus the plasma sound speed.

The electron density measured at different times throughout the experiment is shown

in Figure 5.11. The several cuts across the images are the branch cuts, as discussed

in Section 4.3, which indicate large variations in the electron density in small spatial

regions, leading to broken fringes. The plasma continued to flow out from the grids
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Figure 5.11: Time evolution of the plasma density between 400 and 800 ns. The peak
density ∼ 6× 1017 cm−3 occurs after 600 ns. Reproduced from [11].

up to around 700 ns after the drive beams have fired. The plasma flow from the

grids accrues in the centre of the collision region, with an electron density of ne ∼

2 × 1017 cm−3 at around 400 ns and a peak value of ne ∼ 6 × 1017 cm−3 at 700 ns.

Line integrated electron densities up to ∼ 6×1017 cm−3 are measured over the course

of the experiment. Combining this with the ion density measurement obtained from

the optical spectroscopy an average ionisation state of Z ∼ 2 was found. This is in

agreement with the mean charge state calculated using the collisional radiative code

PrismSPECT. The plasma sound speed was therefore found as cs = (ZTe/mi)
1/2 ∼

10–12 km s−1 where mi is the mean ion mass.

5.6.3 Schlieren Imaging

The Schlieren data were used to give an indication of the jet velocity needed to

calculate the Mach number of the jet. The collision occurs after ∼ 300 ns, suggesting

a maximum jet velocity of, Vjet ∼ 66 ± 10 kms−1. Images of the colliding jets taken

at 200 ns intervals are shown in Figure 5.12.

Plasma can be seen still flowing out from the grids 600 ns after the drive beams

fired. The jets can be seen colliding in the centre, between the two magnets. After 400

ns a narrow strip of plasma can be seen in the centre of the interaction region. This
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Figure 5.12: The collision of the two supersonic jets at times. a) 400 ns. b) 600 ns.
c) 800 ns.

time coincides with the density increase seen in the emission spectroscopy, Figure

5.10 d. A larger turbulent plasma can be seen at 600 ns and 800 ns. At the later

times they also showed the formation of the small shock like structures associated
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with supersonic turbulence, see Figures 5.12 b and 5.12 c. The measurement of the

jet velocity is used to calculate the jet Mach number Mjet = Vjet/cs ∼ 6 at ∼ 600 ns.

5.6.4 The Magnetic Induction Probe

The magneto-optic probe provided a spatially integrated measurement of the mag-

netic field. The integration was performed on a scale over which the turbulence could

not be considered isotropic. Therefore data taken by the magnetic-induction probe

was used to find the exponent of the velocity power spectra. To examine the evo-

lution of the spectra with changing Mach number the signal was analysed in 100 ns

windows, the windows overlaid on the field are shown in Figure 5.13.

Figure 5.13: The magnetic fields Bx and By measured using the magnetic induction
probe. Reproduced from [11].

Figure 5.13 shows the temporal evolution of the magnetic field over the course of

the experiment. A sharp increase in the field is seen at 400 ns, corresponding to the

time at which the plasma reached the probe. The magnetic field reached a maximum

value of By ∼ 400 G and Bx ∼ 500 G. The magnetic field decreased again at ∼ 700

ns. This agrees with both time scales found from the other diagnostics. To calculate
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the magnetic power spectra a Hanning window was applied to the time dependent

field measurement shown in Figure 5.13. If no windowing is applied the spectra will

be dominated by the hard edges created by region selection. The windowed region

was then discretely fast Fourier transformed in MATLAB. Due to the correlation

between the individual points in the spectrum it is not possible to put error bars

on the points themselves. Examples of the resulting power spectra are shown in

Figure 5.14. The spectra were calculated for the 100 ns sections of the magnetic

field as illustrated by the coloured regions shown in Figure 5.13. The red line at 50

MHz on each spectra shows the cut off below which the fit was performed. This was

chosen after consideration of both the probe calibration (discussed in Section 4.4) and

the region over which the spectra remains linear. The spectral scaling exponents are

found from fitting a power law to the linear region of each spectra when the magnitude

of |B2(ω)| is plotted on a semilogarithmic plot. In both the x and y direction the

spectra clearly steepen at later times, this is shown by the growth in the exponents.

The spectral index grows from 5.0–5.4 at 500 ± 50 ns to 6.1–6.4 between 550 ns and

750 ns. The increase in exponent occurs alongside with an increase in turbulent Mach

number from Mturb < 1 at 500 ± 50 ns to Mturb > 1 between 550 ns and 750 ns. The

spectral exponents are also similar in the two cases, suggesting that the turbulence

is isotropic as assumed in Section 4.2. Taking the fitted exponents of the temporal

magnetic power spectra, ξ, the exponents of the velocity spectrum σ, were found

using the relationship derived in Section 4.3

ξ =
α + 3

α− 1
, (5.39)

σ = −(2α + 1). (5.40)

This leads to an E(k) ∼ k−1.67 − k−1.75 with Mturb < 1 and E(k) ∼ k−1.87 − k−1.91
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with Mturb ∼ 6. The values of E(k) at Mturb < 1 show a scaling similar to that

found by Kolmogorov for subsonic turbulence. At Mturb ∼ 6 the exponent grows

in magnitude towards the result predicted by Burger [135, 138], E(k) ∼ k−2. The

observed steepening of the velocity power spectrum can be attributed to the formation

of shock structures, where the step-like velocity profile across the shock dominates

the power-spectrum.
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Figure 5.14: Temporal magnetic field spectra and the fitted power law perpendicular
(By) and parallel to (Bx) the mean field. a) By at 500 ± 50 ns. b) Bx at 500 ± 50 ns.
c) By at 600 ± 50 ns. d) Bx at 600 ± 50 ns. e) By at 700 ± 50 ns. f) Bx at
700 ± 50 ns.
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5.6.5 The Magneto-Optic Probe

This section discusses the results obtained by the magneto-optic probe, including a

comparison between the magneto-optic and magnet induction probe measurements.
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Figure 5.15: Measurements of the light intensity in both the horizontal (dark blue)
and vertical (red) polarisations over 900 ns. a) no magnetised plasma around the
probe (before the drive beams fired). b) In the presence of a single plasma jet.
Reproduced from [8].

Figure 5.15 shows the intensity of the measured polarisations over a 800 ns period

both before the plasma jet arrives at the probe (Figure 5.15 a) and in the presence of

a single plasma jet (Figure 5.15 b). When no time varying magnetic field is present

the intensity of each polarisation arriving at each diode equal. In the presence of the

magnetised plasma the polarisation of the light is rotated through the Verdet crystal.

The figure clearly shows the intensity of the two polarisations varying contrary to

each other as the jet flows past. A low pass filter with a cut-off frequency of 10 MHz

has been applied to the data shown in the figure. The magnetic field calculated from
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these polarisations are shown in Figure 5.16. For the data shown the scale factor ε

defined in Section 4.5 is found to be 0.98. The noise in the signal was caused by the

low light intensity reaching the detector, this was due to the relatively poor intensity

of the probe beam and the short duration of the experiment. Before the drive beams

fired no time varying magnetic field should be measured by the probe. Therefore

oscillations in the signal in Figure 5.15 a are noise. In this time range the maximum

amplitude of the oscillations in the signal is ∼ 30 G, suggesting an error in the mea-

surements of around 10% of the peak field.
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Figure 5.16: The magnetic field calculated from the data presented in Figure 5.15 b.

Figure 5.17 shows the measured magnetic field intensity (By) over the course of

the experiment perpendicular to the externally applied field for both a single jet

(a) and the collision of two turbulent jets (b). In both cases the field measured by

the Verdet and the B-dot probes is similar, although the Verdet measurement shows

larger-amplitude oscillations than the B-dot probe. Peak values of the magnetic fields

are similar B ≈ 200–300 G. However, it should be pointed out that the magnetic field

measured by the Verdet crystal is averaged over the length of the crystal, while in the

case of the B-dot the field measurement occurs locally in the collision centre. Whilst
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Figure 5.17: The blue line shows the magnetic field measured by the B-dot probe
and the orange line shows the magnetic field measured by the magneto-optic probe.
a) A measurement taken for a single jet that has not passed through a grid. b)
A measurement taken for two colliding, turbulent jets as the plasma collides and
stagnates around the probe. Reproduced from [8].

intuitively it would appear that the time-varying magnetic field should be smoother

for a measurement integrated along a line of sight (i.e. the Verdet probe) than for

the corresponding measurement made at a single point, this is not seen in the data.

It is clear from the Schlieren data (see Figure 5.18) that the spatial structure of the

plasma density varies significantly on the scale of the TGG crystal (10 mm). As the
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field from the permanent magnets is at least partly advected along with the plasma

flow, an anisotropic density distribution suggests there will also be a inhomogeneous

magnetic field. The difference between the two probe measurements may be due to

the inhomogeneity and anisotropy of the plasma.

Figure 5.18: Schlieren images of the collision area. The magnets can be seen at the
sides of the image. Plasma is seen emerging from the grids, bordering the magnets.
The collision of the two turbulent jets appears in the centre of the image (ne ≈
1018 cm−3). The turbulent plasma at 700 ns (no Verdet probe present). Modified
from [8].

To calculate the magnetic power spectra a Hanning window was applied to the

time dependent field measurements shown in Figures 5.17a and 5.17b. An example of

the resulting spectrum is shown in Figure 5.19. The data was then binned. Median

binning was chosen as it is less affected by noise and outliers, which may have an

amplitude several orders of magnitude lower than neighboring points. Due to the

correlation between the individual points in the spectrum it is not possible to put

error bars on the points themselves. Figure 5.20 shows the magnetic power spectra,

|B(ω)|2 against ω/2π for an 800 ns sections of the fields shown in Figure 5.17. The

bandwidth of the B-dot probe, ∼ 40 MHz, is highlighted in the figure. The time
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Figure 5.19: An example of a magnetic power spectrum, taken from the magnetic
induction probe, before the binning. Reproduced from [8].

resolution of the magneto-optic probe in the experiment is limited by the (low) in-

tensity of the probe laser light reaching the photo-diodes. Indeed, in Figure 5.20 we

notice that the signal flattens between 60–100 MHz, indicating the start of the noise

floor. The bandwidth of the magneto-optical probe was ∼ 100 MHz, comparable to

the B-dot. A power law has been fitted to the linear part of the spectra, giving ω−4.3

and ω−4.1 for the B-dot case, and ω−2.2 and ω−1.5 for the Verdet measurement.

To attempt to explain the difference consider the case of the single jet that has

not passed through a grid, let us assume that at any given time t, the magnetic field

at a point `0 is related to the magnetic field at a point ` along the axis of the TGG

crystal by a power law relationship

B(t, `) ∼ B(t, `0)`p, (5.41)

where `0 can be assumed to be the center of the Verdet crystal, where the B-dot

measurement is taken, and p is a constant to be determined. From Equations (4.2)

and (5.41), we obtain
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Figure 5.20: The magnetic power spectra as a function of the frequency for both
the B-dot (black markers) and magneto-optic (blue markers) probes. Power laws
are fitted to the measured spectra. The red line shows the bandwidth of the B-dot
probe. a) Spectra for a single jet. b) Spectra for the collision of two turbulent jets.
Reproduced from [8].

〈B(t)〉 ∼ B(t, `0)`p+1. (5.42)

Now, the power spectrum of the magnetic field measured at position `0 (as obtained

from the B-dot data) is

M0(ω)ω ∼ |B(t, `0)|2 ∼ ω−α+1, (5.43)
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with α ∼ 4.3. The power spectrum of the magnetic field integrated along ` (as

obtained from the Magneto-optic probe data) is

M(ω)ω ∼ 〈B(t)〉2 ∼ |B(t, `0)|2`2(p+1) ∼ ω−β+1. (5.44)

As the mean flow velocity in the plasma is larger than the velocity fluctuations,

according to Taylor’s hypothesis, ` ∼ t. As a result of this proportionality relation,

β = α + 2(p + 1). Since the measurement gives β ∼ 2.2, we deduce that p ∼ −2.

That is, the magnetic field has a real space distribution as

B(t, `) ∼ B(t, `0)

`2
, (5.45)

indicating that the magnetic field rapidly decays away from the central region. This

suggests that the combination of Verdet and B-dot measurements could retrieve in-

formation on both the temporal and spatial structure of the magnetic field in certain

cases. The above discussion considered the case of a single jet that has not passed

through a grid. For the collision between the two supersonic jets Taylor’s hypothesis

is invalid, this is shown from the similarity of the turbulent velocity of the colliding

jets, Vturb ∼ 10− 50, and the jet velocity, Vjet ∼ 70.

5.7 Conclusion

The plasma parameters measured during the experiment are presented in Table 5.1.

These values were then used to find the additional plasma parameters shown in Table

5.2. (The equations used to calculate each additional quantity are also shown). The

calculated values for the electron thermal collision time (0.5 ps) and the ion thermal

collision time (24 ps) show that the fluid approximation is valid for the plasma as they
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Quantity Origin Value

Average atomic weight (A) 10.66 a.m.u.

Ion density (ni) Spectroscopy 2 - 3×1017 cm−3

Electron density (ne) Interferometry 5 - 7×1017 cm−3

Average ion charge ne
ni

2 - 2.5

Temperature (Te = Ti) Spectroscopy 3 - 4 eV

Static magnetic field (B0) Permanent Magnets 1.8 kG

Advected magnetic field (∆B) Induction Loop 500 G

Table 5.1: Plasma Parameters. Summary of the plasma parameters measured
during the experiment. Values correspond to data taken 600 ns after the start of the
drive laser.

are both much smaller than the plasma turnover time. The high fluid Reynolds num-

ber Re ∼ 105 demonstrates that the plasma is turbulent and the high turbulent Mach

number (Mturb ∼ 6) shows that the turbulence was indeed supersonic. The calculated

values for both the thermal βther ∼ 37, (the ratio of the thermal pressure to the mag-

netic pressure), and turbulent βturb ∼ 150, (the ratio of the turbulent pressure to the

magnetic pressure), show that the advected externally applied magnetic field utilised

as a tracer was indeed dynamically unimportant, as was assumed in the derivation

outlined in Section 4.3. The derivation also assumed a low magnetic Reynolds number

which is also justified, Rm ∼ 0.2. At early times, when the turbulence was transonic

(Mturb ∼ 1) the energy spectra was found to be E(k) ∼ k−1.67 − k−1.75 similar to

that predicted by Kolmogorov [31] for subsonic turbulence, i.e. E(k) ∼ k−5/3. The

similarity of the power spectra at 600 and 700 ns suggests that the turbulence was
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fully developed with and E(k) ∼ k−1.87 − k−1.91 and Mturb ∼ 6. Similar to the result

predicted by Burger [135, 138], E(k) ∼ k−2. The observed steepening of the velocity

power spectrum can be attributed to the formation of shock structures, where the

step-like velocity profile across the shock dominates the power-spectrum.

A radiative cooling rate of 0.5 eV/ns per ion was calculated in PrismSPECT and

the measured electron temperature remained ∼ 4 eV over the course of the exper-

iment, (∼ 400 ns). As shown in previous experimental work [38, 146], the colliding

turbulent plasmas exhibited an energy balance between radiative cooling and heating,

the latter due to turbulent or shock dissipation. Such isothermal conditions are anal-

ogous to those found in Molecular clouds, albeit in the astrophysical case the balance

is maintained between cosmic ray heating and cooling via emission from molecular

lines [147]. Molecular clouds in the ISM have both large Reynolds numbers, Re ∼ 108

and turbulent Mach numbers Mturb ≤ 20 [148]. The velocity power spectrum of the

Perseus MC was found in the literature to be E(k) ∼ k−1.81 ± 0.1 for Mturb ∼ 6 [136]

similar to the power spectrum measured during our experiment.

The high plasma β’s also demonstrate that the experimental results should be

compared to hydrodynamic simulations and observations, rather than magnetohy-

drodynamic simulations. Simulations of non-magnetised supersonic turbulence per-

formed in three dimensions at Mturb ∼ 6, found E(k) ∼ k−1.95 [133] and Mturb ∼

10, E(k) ∼ k−1.9 − k−2.0 [137], one dimensional simulations at Mturb ∼ 13, found

E(k) ∼ k−2 [135].

In this chapter we have demonstrated that the behaviour of supersonic compress-

ible turbulence can be investigated experimentally through the collision of two laser-

driven, high-velocity, turbulent, plasma jets. The velocity power spectra were ex-
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tracted along with the thermodynamic properties of the plasma. Such experiments

are able to provide information in addition to astrophysical observations as well as

rigorous bench-marks for comparison to computational simulations. Future experi-

ments could use high resolution, spatially resolved spectroscopy to find the spatial

velocity power spectra directly. The density probability density distribution, another

important statistical quantity [149], could also be measured with other diagnostics,

e.g. Schlieren imaging or interferometry.

The comparison of the magnetic field measurements made by the magnetic in-

duction and the magneto optic probe shows the magneto-optic probe can be used

to make in situ-plasma measurements. The case of the measurements made for a

single plasma jet are particularly compelling. The obvious benefits of the probe are

its simple construction and it being unaffected by electrical noise. However we sug-

gest the principal improvement over the magnetic-induction probe may be the probes

ability to reach high frequency resolutions and not be affected by electronic noise,

though it was not possible to demonstrate this clearly in the experiment. In the

experiment, the frequency resolution, was limited by noise, primarily due to low light

levels reaching the detector. In principle using a higher intensity laser, it should be

possible to achieve a resolution limited by the photo diodes or oscilloscope, (i.e. a

frequency resolution of 2 GHz). Care would need to taken to ensure that heating

caused by the probe beam does not alter the transmission properties of the crystal.

An improved spatial resolution can be achieved by using a smaller crystal however,

the measurement will remain an integrated measurement along the crystal axis, thus

the spatial resolutions achieved using B-dot probes are likely unobtainable.
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Quantity Origin Value

Thermal βther 2µ0
niT+neT

B2
0

40

Turbulent βturb 2µ0

1
2
AniV

2
turb

B2
0

150

Alfvén Velocity B0√
µ0Ani

2.5 km/s

Sound speed (cs)

√
ZTe+

5
3
Ti

A
10-12 km/s

Debye Length (λD)
√

ε0/e2

ne
Te

+
Z2ni
Ti

10 nm

Coulomb Logarithm (log∆) log λD(
e2

4πε0Te

) 3

Ion thermal collision time (τi) (4πε)2 3
√
miT

3
2
i

4
√
π log∆e4Z4ni

25 ps

Electron thermal collision time (τe) (4πε)2 3
√
meT

3
2
e

4
√
π log∆e4Z2ni

0.5 ps

Viscosity (ν) 0.96niTiτi
mini

5 cm2/s

Resistivity (µ) 1
µ0

0.44me
nee2τe

4× 105 cm2/s

Electron-ion equilibration time (τ εie)
(4πε0)2

1.8
(meTi+miTe)

3
2

(mime)
1
2Z2e4ni log ∆

∼20 ns

Scale Length (L) 0.5 mm 200 µm

Velocity (Vturb) < Vjet =66 km/s 10-50 km/s

Eddie turnover time L
Vturb

15 ns 4 ns

Mach number (Mturb) Vturb/cs ∼6 ∼1-6

Fluid Reynolds number (Re) VturbL/ν ∼ 105 ∼ 104

Magnetic Reynolds number (Rm) VturbL/µ ∼1 ∼0.2

Table 5.2: Plasma Parameters. Summary of relevant plasma parameters. Values
correspond to data taken 600 ns after the start of the drive laser. The 0.5 mm scale
length corresponds to half the grid aperture, while 200 µm corresponds to regions
spatially averaged by the optical spectroscopy line.
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Chapter 6

Conclusion
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6.1 Conclusions and Future Work

Chapters 2 and 3 discuss the theoretical background and experimental investigation

into temperature and density measurements using emission spectroscopy inside of a

capacitively coupled RF discharge. The discharge itself contained a bi-Maxwellian

electron distribution supported by two different heating methods, ohmic heating and

stochastic heating, whilst ionisation was principally due to high energy electrons

accelerated across the oscillating sheaths. The results presented show that the tem-

perature of the hot electron fraction within an RF discharge can be found by compar-

ing emission spectra to synthetic spectra created using PrismSPECT. However this

method cannot be used to accurately infer the electron density within the plasma.

The success of the method appears to rely on the choice of the high neutral states

of helium in order to avoid the effects of the metastable states within the discharge.

This is supported by the large error in simulating the 501.6 nm emission line. To

accurately predict the intensity of other emission lines would require a model which

accounts correctly for particle diffusion and the ionisation mechanisms sustaining the

discharge. This may require a model including both the ionisation due to γ electrons

and the losses due to electron diffusion, of both the hot and cold electron population.

Such models are starting to appear, with details of a full collisional-radiative model

for a single temperature electron distribution being published in late 2017 [61]. The

method presented could be attempted in different helium plasma sources, including

helicons with only a single electron temperature and thus a simpler distribution func-

tion, which may improve accuracy.

Whilst density and temperature measurements within the RF discharge could be

made using a Langmuir probe the temporal and spatial resolution required in the

experiment presented in Chapters 4 and 5 rendered the Langmuir probe unusable. A

huge amount of information could however still be inferred from an optical emission
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spectroscopy diagnostic. As in the RF plasma OES was used to find the temperature

and density of the laser produced plasma. In this instance the emission lines were

broadened by various mechanisms (i.e. Doppler broadening, electron impact broad-

ening) providing more information about the plasma than could be inferred using

only the line ratio technique. In effect the plasma temperature was again found us-

ing the ratio of the emission lines. The plasma density and turbulent velocity were

then found from the broadening. The density measured using the spectroscopy could

also be corroborated by the interferometry diagnostic. The magnetic fields in the

supersonic turbulent plasma were measured using the magneto-optic and magnetic

induction probes as the Zeeman broadening was smaller than the instrument function

of the spectrometer.

Chapters 4 and 5 discuss the theoretical background and experimental investiga-

tion into the magneto-optic probe and supersonic turbulence. To the knowledge of the

author, this was the first instance where a magneto-optic probe was used to perform

in-situ plasma measurements. The integrated field measurement for the single jet

demonstrated excellent agreement for measurements made using both the magnetic-

induction and magneto-optic probe. However, due to the nature of the supersonic

turbulent plasma, direct comparisons for the measurements in the case of two col-

liding jets were not easily interpretable. In particular, the relationship between the

magnetic power spectra of the path integrated and the point measurement of the

magnetic field remains unclear. The diagnostic should be implemented again with a

higher power probe laser in order to improve the frequency resolution and demon-

strate clearly that it is an improvement over the widely used magnetic-induction

probe. In the same experiment a supersonic plasma was successfully produced and

diagnosed. The turbulent Mach number, found from spectroscopic broadening clearly

showed that the turbulence was supersonic. Again, to the authors knowledge, this
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was the first experiment performed on boundary free supersonic plasma turbulence.

The scaling exponent of the spatial velocity power spectra was found through its re-

lationship to the exponent of the temporal magnetic power spectra. The calculated

value was similar to both astrophysical observations and theoretical predictions. Sim-

ilar experiments attempted with improved diagnostics could be performed to measure

the scaling exponent of the spatial velocity power spectra directly. A spectroscopy

diagnostic with an improved resolution should be able to achieve this.

Hopefully the submitted papers, describing the investigation into optical emis-

sion spectroscopy in the radio frequency discharge and supersonic turbulence in laser

produced plasma jets will both soon be published.
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A.1 Ionization Balance in the γ Mode

This section closely follows the theory presented by Godyak and Khanneh published

in [3]. If the loss of the thermal population of charged particles within the bulk plasma

can be modelled by ambipolar diffusion the ionisation balance within the discharge

can be written as

Da∇2n+ vizn(x) +G(x) = 0. (A.1)

Where Da is the ambipolar diffusion coefficient, G(x) is a source term due to the

ionisation caused by the secondary electrons and viz is the ionisation caused by ther-

mal charged particles. In a symmetrically driven discharge where the electron mean

free path for ionisation is much smaller than either the radius of the discharge r0,

or the distance between the electrodes 2d, Equation (A.1)s can be solved leading to

an expression for the variation in the axial plasma density within the discharge. If

the origin (x = 0, r = 0) is chosen to be in the centre of the plasma, at the centre

n(0, 0) = n0 and secondary electrons are injected at x = ±d the source term G(x) is

given by [3]

G(x) = Γ
2ndv1cosh(x/λ)

λexp(d/λ)
(A.2)

where nd is the ion density at the plasma boundary, λ is the mean free path for the

ionisation caused by a γ electron and Λ is a constant determined by the the number

of electrons created in the sheath per ion reaching an electrode. Inserting Equation

(A.2) in Equation (A.1) one finds

Da∇2n+ vizn(x) + Γ
2ndv1cosh(x/λ)

λexp(d/λ)
= 0. (A.3)

To solve Equation (A.3) using the separation of variables the plasma density n(x, r)

is given by

n(x, r) = n0Y (x)R(r), (A.4)

upon this substitution, in cylindrical polar coordinates Equation, (A.4) becomes

Dan0

(
Y

1

r

∂

∂r

(
r
∂R(r)

∂r

)
+R(r)

∂2Y (x)

∂x2

)
+ (A.5)
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vizY (x)R(r) + Γ
2n0Y (d)R(r)v1cosh(x/λ)

λexp(d/λ)
= 0. (A.6)

Dividing Equation (A.6) by n0Y (x)R(r) gives

− 1

rR(r)

∂

∂r

(
r
∂R(r)

∂r

)
=

1

Y (x)

∂2Y (x)

∂x2
+ (A.7)

viz
Da

+ Γ
2Y (d)v1cosh(x/λ)

Y (x)λexp(d/λ)
= 0. (A.8)

As the equation is now written in the form f(x) = g(r) both f(x) and g(r) must be

equal to a constant and therefore

− 1

rR(r)

∂

∂r

(
r
∂R(r)

∂r

)
= constant = µ2. (A.9)

Solutions to Equation (A.9) are given by Bessel’s equations R(r) = J0(µr). The axial

density is then described by

∂2Y (x)

∂x2
+ (

viz
Da

− µ2)Y (x) + Γβ
2Y1v1cosh(βx)

Daexp(dβ)
= 0, (A.10)

where Y1 = Y (d) and β = 1/λ in line with [3]. This equation must now be solved

to find the normalised axial density distribution. The complementary solution to

Equation (A.10) is given by

∂2Yc(x)

∂x2
+ (

viz
Da

− µ2)Yc(x) = 0. (A.11)

This can be solved to give solutions to Yc in the form

Yc = Acos
(
mx

d

)
+Bsin

(
mx

d

)
, (A.12)

where

(
m

d

)2

=
viz
Da

− µ2. (A.13)

Searching for a particular solution and defining Yp where

Yp = ψΓβ
2Y1v1cosh(βx)

Daexp(βd)
= ψξcosh(βx), (A.14)
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leads to an equation for ψ given by

β2ψ +
m2

d2
ψ + 1 = 0, (A.15)

and therefore

ψ = − 1

β2 + m2

d2

, (A.16)

and

Y (x) = Acos
(
mx

d

)
+Bsin

(
mx

d

)
+ ψξcosh(βx). (A.17)

Applying the boundary conditions Y (±d) = Y1 and Y (0) = 1 one finds

Y = cos
(
mx

d

)
− Γ

2Y1v1cosh(βx)

βDaexp(βd)
, (A.18)

in the limit where λ << r0, d. Assuming that the flux of ions leaving the discharge

at the plasma boundary

− d

dx
(DY (d)) = Y1v1, (A.19)

leads to the conditions

cos(m) = Y1

(
1 +

Γv1

βDa

)
, (A.20)

and

mtan(m) = βd
1− Γ

Γ
. (A.21)

The plot in Section 2.1.3 is then produced from the equation

Y (x) = cos
(
mx

d

)
− msin(m)Γ2cosh(βx)

dβ(exp(βd)− Γ2sinh(βd))
(A.22)

for a chosen value of Γ between Γ = 0 and a maximum value of Γ = 1.31.
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A.2 Parameterized Ion Curves

The ion current collection models outlined in Chapter 2 are impractical for data

analysis. Therefore in order to find and fit the ion current to the data presented in

Chapter 3 parameterized curves were used. In a collision less plasma the ion current

drawn by the probe Iclessi can be expressed as [70]

Iclessi = I0a(−X)b (A.23)

where I0 is the ion current at the sheath edge, X = qe(V − Vp)/(kbTe) is the dimen-

sionless probe potential (Vp) is the plasma potential and a, b are analytical parameters

measured by Narasimhan and Steinbruchel [70], for a cylindrical probe

acyl = 1.18− 0.00080
(
rp
λD

)1.35

= 1.146, (A.24)

bcyl = 0.0684 +
(

0.722 + 0.928
rp
λD

)0.729

= 0.203, (A.25)

for a cylindrical probe and

asph = 1.58 + 4.49
(
rp
λD

)−1.31

= 2.1, (A.26)

bphs = −2.95 + 3.61
(
rp
λD

)−0.0394

= 0.29. (A.27)

for a spherical probe where = 2×10−4 m is the probe radius and λD ≈ 1.2×10−5 m is

the Debye length. A real cylindrical probe is modeled by the sum of the currents for

both a cylindrical and a spherical probe. Where the inclusion of the spherical current

is due to the end effect of the cylinder. The collision less current can be solved at a

large ion current to find I0. For a collisional model the ion current is then expressed

as [67]

Ici = Iclessi γ1γ2. (A.28)

γ1 is given by

γ1 =
IABR
Iclessi

, (A.29)
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where IABR is the current as found from ABR theory which is parameterized by

[71,150]

IABR = A
(−X
B

)C
, (A.30)

where

A =

((
rp
λD

)
+ 0.6

)0.05

+ 0.04 = 1.19, (A.31)

B = 0.09

(
exp

(−λD
rp

)
+ 0.08

)
= 0.92, (A.32)

C =

((
rp
λD

)
+ 3.1

)−0.6

= 0.17. (A.33)

γ2 is given by

γ2 =
3− eχi

2(1 + χi)
, (A.34)

where χi is the number of collisions a ion undergoes within the probe sheath defined

as

χi =
rs − rp
λi

(A.35)

where rs is the radius of the probe sheath and λi ∼ 0.01 cm is the ion mean free path

for collisions with the neutrals. The sheath radius is given by yet another analytical

expression [71,150]

rs − rp =
√

(0.59 + 1.86(rp/λD)0.47)(−X + 3.5)− 4 (A.36)

These equations are used to fit Equation (A.28) to the ion current using ne alone as

the fitting parameter, the resultant fit is shown in Section 3.3.1.
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B.1 Shocks

Figure B.1: A diagram showing the change in conditions across a shock front. Taken
from [13].

In the previous section the plasma was described as a single fluid. This section

discusses an important example of fluid like behaviour that is ubiquitous with plasma

physics, the formation of shock waves. A shock refers to a sudden change in the plasma

properties across a thin transition layer, approximately the width of the mean free

collision path. In a nonmagnetised plasma, in the rest frame of the shock, the one

dimensional steady state fluid equations are

∂

∂x
(ρu) = 0, (B.1)

∂

∂x
(ρu2 + p) = 0, (B.2)

− ∂

∂x

(
ρu
(
u2

2
+ ε

)
u+ pu

)
= 0. (B.3)

As the transition layer is small it is neglected and the equations are integrated across

the discontinuity giving

ρ2u2 = ρ1u1, (B.4)

ρ2u
2
2 + p2 = ρ1u

2
1 + p1, (B.5)

ρ1u1

(
u2

1

2
+ ε1

)
u1 + p1u1 = ρ2u2

(
u2

2

2
+ ε2

)
u2 + p2u2, (B.6)

where the indicies represent whether the value is ‘upstream’ or ‘down’ stream of the
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shock, for instance u1 is the velocity in the pre-shock region. The above relation-

ships are refered to as the Rankine-Hugoniot jump conditions [151, 152].Assuming

the plasma can be modelled as an ideal gas with adiabatic index γad the equation of

state is p/ρad = C, where C is a constant. Equations (B.4) - (B.6) can then be solved

to find the density jump across the shock

ρ2

ρ1

=
(γad + 1)M2

(γad + 1) + (γad − 1)(M2 − 1)
(B.7)

where M = u1/cs is the sonic Mach number in the upstream flow. For Mach numbers

M >> 1, Equation (B.8) becomes

ρ2

ρ1

=
γad + 1

γad − 1
. (B.8)

For a monatomic gas γad = 5
3
, the density jump at a shock front is limited to p2/p1

= 4. Conversely the temperature jump across the shock is unbounded.
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B.2 The Terbium Gallium Garnet (TTG) Crystal

The transmission properties of the TTG crystal can be affected by heating of the

crystal. Here we show that the crystal is heated by neither the plasma nor the probe

beam on the time scales over which the experiment is performed (∼ 500 ns) in Chap-

ter 5.

B.2.1 Absorption of the Probe Beam

The energy deposited in the TTG crystal by the probe beam E is given by

E = PLαV tL = 375 µJ, (B.9)

where PL ∼ 50mW is the power of the probe beam, αV = 0.0015 cm−3 is the absorp-

tion coefficient of the TTG crystal at 532 nm, t ∼ 5 s is the duration over which the

crystal is exposed to the probe beam and L ∼ 1 cm is the length of the crystal. The

specific heat capacity of the crystal is Cp = 385 Jkg−1K−1 and the mass of the crystal

mV = 0.055 g, therefore the heat capacity of the TTG crystal is CV ∼ 21600 µJK−1.

This leads to a heating of the crystal due to the probe beam of

∆T ∼ E

CV
∼ 0.02 K, (B.10)

which has a negligible effect on the transmission properties of the crystal.

B.2.2 Heating of the Crystal due to the Surrounding Plasma

As the crystal is surrounded by an Aliminia ceramic tube heat from the plasma must

travel through the ceramic before it reaches the TGG crystal. The heat equation is

given by

∂T

∂t
= α∇2T, (B.11)

where T is the temperature of the ceramic and α is the thermal diffusivity. Equation

(B.11) can be approximated as

∆T

∆t
= α

T

L2
=

κT

ρCpL2
= 14500 Ks−1, (B.12)
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where κ ∼ 30 Wm−1K−1 is the thermal conductivity of Aliminia at 300 K, ρ =

3920/kgm−3 is the density of Aliminia, Cp = 880 Jkg−1K−1 is the specific heat ca-

pacity of Aliminia and L = 0.6 mm is the thickness of the ceramic tube. Therefore

to raise the temperature ∆T by 1 K takes a time of 70 µs, a time far longer then the

duration of the experiment.
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[94] R. R.J. Gagné and A. Cantin. Investigation of an rf plasma with symmetrical

and asymmetrical electrostatic probes. Journal of Applied Physics, 43(6):2639–

2647, 1972.

[95] T.E. Sheridan, M. J. Goeckner, and J. Goree. Observation of two-temperature

electrons in a sputtering magnetron plasma. Journal of Vacuum Science &

Technology A: Vacuum, Surfaces, and Films, 9(3):688–690, 1991.

[96] V. A. Godyak, R. B. Piejak, and B. M. Alexandrovich. Electron energy distri-

bution function measurements and plasma parameters in inductively coupled

argon plasma. Plasma Sources Science and Technology, 11(4):525, 2002.

[97] M.B. Hopkins. Langmuir probe measurements in the gaseous electronics confer-

ence rf reference cell. Journal of research of the National Institute of Standards

and Technology, 100(4):415, 1995.

[98] L. J. Overzet and M. B. Hopkins. Spatial variations in the charge density of

argon discharges in the gaseous electronics conference reference reactor. Applied

physics letters, 63(18):2484–2486, 1993.

[99] D.A. Kondratyev and L.A. Vainshtein. Calculation of electron impact excitation

and ionization cross sections for light elements.

160



[100] A. A. Schekochihin and S. C. Cowley. Turbulence, magnetic fields, and plasma

physics in clusters of galaxies. Physics of Plasmas, 13(5), 2006.

[101] D. Ryu, H. Kang, J. Cho, and S. Das. Turbulence and magnetic fields in the

large-scale structure of the universe. Science, 320(5878):909–912, 2008.

[102] E. G. Zweibel and C. Heiles. Magnetic fields in galaxies and beyond. Nature,

385(6612):131, 1997.

[103] A. Marcowith, A. Bret, A. Bykov, M. E. Dieckman, L. OC. Drury, B. Lembège,
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