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Abstract

In this thesis, the physics of two systems is investigated, both of which
support unconventional phases of matter. We investigate a frustrated
system which has a classical spin liquid regime in the paramagnetic phase.
We also consider a periodically-driven, disordered system and explore non-
equilibrium regimes. Both systems exhibit macroscopic behaviour which
differs strongly from the behaviour in standard scenarios.

First, the properties of frustrated magnets and related systems are dis-
cussed. We introduce three-dimensional generalisations of a well-studied
two-dimensional frustrated system. These generalisations consist of cou-
pled layers of two-dimensional triangular lattice Ising antiferromagnets.
We study three stackings that have nearest-neighbour interactions: two
frustrated stackings (abc and abab) and the unfrustrated stacking (aaa).
We use a combination of methods, including numerics and analytics, to
show that these generalisations exhibit a strongly correlated, highly fluc-
tuating regime known as a classical spin liquid. We show this by investi-
gating the structure factor and correlations directly and by describing a
mapping to a continuum field theory that gives further clarity about the
classical spin liquid regime using a renormalisation group analysis and
consideration of low-lying excitations in these systems.

Second, we study the response of a disordered system to a time-periodic
driving potential. We start in the context of Mott’s work on a.c. conduc-
tivity in Anderson insulators and move beyond this to study the Floquet
(long-time) regimes beyond linear response. Using Landau-Zener physics,
we construct a description of the various regimes which are possible. We
also present the results of thorough numerical studies of these systems.
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Chapter 1

Overview and Outline

The figurative condensed matter physics diaspora, rooted in the study of solids and

liquids, is now widely spread across far more exotic matter. The core principle remains

understanding how macroscopic properties emerge from simple models. In this thesis,

we use statistical physics, electromagnetism, and quantum mechanics to study two

examples of exotic matter. The presence of microscopic wrinkles in our simple models

gives rise to the distinctive properties of these systems. The wrinkles are, respectively,

frustration and disorder. While the colloquial meanings of these words belie the

deeper nuances, their usage is in good faith.

In condensed matter physics, a primary focus is developing a framework to dis-

tinguish different kinds of matter, or phases. Huge amounts of effort have been spent

trying to understand, in a precise way, the manner in which types of matter differ

from each other. Symmetry and topology play key roles here and, over the past

century, have provided an impressively thorough framework for classifying phases of

matter in equilibrium. However, we will see that it is also fruitful to think beyond the

usual paradigm and investigate regimes within definite phases of matter or regimes in

non-equilibrium situations. In the case of the former, we will see that it is possible to

have dramatically different behaviour within a single phase of matter and in the case

of the latter, we will see that some systems have distinctive non-equilibrium regimes

and crossovers between these regimes.

In the frustrated and disordered systems we study, the essential physics of these

regimes is difficult to capture by considering only individual particles. Instead, one

must appeal to other methods. Many conceptual and practical developments have
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been crucial to any success we have had in describing frustrated or disordered systems.

Chief among these are two different approaches that provide insight to increasingly

large systems. One of these is the idea of scale invariance and the other is the con-

tinued increase in computational power available. The latter is an example of how

condensed matter physics is the gift that keeps on giving: solid state and semicon-

ductor physics gave rise to the transistor in the first half of the 20th century and the

technological advances that followed have opened vast avenues of research into ever

more sophisticated systems. The idea of scaling was developed more recently and

provides a theoretical apparatus to describe physics of condensed matter systems at

increasing length scales.

Although the work here is theoretical, the importance of experiments in condensed

matter physics cannot be understated. A blessing of condensed matter physics is

the robust and frequent feedback between theoreticians and experimentalists. While

highly sophisticated, the manageable scale of experiments in condensed matter physics

means that analytic and numerical progress is mostly anchored in reality.

In Part II, we present a study of three-dimensional geometrically frustrated mag-

nets. We give a brief, broad overview of frustrated magnetism in Chapter 2 to in-

troduce the topic. In the rest of Part II, we specifically study systems of stacked

triangular lattice Ising antiferromagnets and unconventional phases of matter that

arise therein.

In Part III, we study driven Anderson insulators, or Floquet-Anderson insulators.

We begin in Chapter 9 by giving some background about the kind of disordered

systems we study and introduce other tools used for studying periodically driven

quantum systems. Within the remainder of Part III, we study Anderson insulators

in the strongly-localised regime and with periodic, monochromatic drives and the

dynamical regimes that develop in these systems.
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Part II

Frustration
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Chapter 2

Frustrated Magnetism

Frustrated systems are those which cannot minimise, simultaneously, the interaction

energy between degrees of freedom; the interactions are said to be competing. Frus-

tration can arise in a number of scenarios, but to start, we consider it in the context

of magnetism and degrees of freedom which are magnetic moments or spins.

In the rest of this chapter, we give a broad overview of frustrated magnetism.

We discuss two types of frustration which exist, some general properties of frustrated

systems, and give a detailed outline of the rest of Part II.

2.1 Types of Frustration

Broadly, frustration can originate in two systematic ways. One of these is through ge-

ometrical means and the other is through randomness [4]. In the latter, the couplings

between degrees of freedom are random for some reason and this leads to competi-

tion. In Fig. 2.1, we show an example of how a particular configuration of couplings

can lead to competition between interactions that cannot be resolved. This type of

frustration is highly relevant in materials called spin glasses. Spin glasses are an

enormous field of study in their own right and we will not consider them here.

The other systematic way in which frustration can arise is through the geometry

of a system. This is known as geometrical frustration and the frustration we study in

this thesis has geometric origins. We start with two examples of geometric frustration

and then explain why we focus on one of them.

For the first example, consider four classical Ising spins on the corners of a square,
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Figure 2.1: Figure from [4]. In the configuration of couplings shown here (F is ferro-
magnetic, AF is antiferromagnetic), no configuration can satisfy all the interactions.

as seen in Fig. 2.2 [5]. Let these spins interact with an antiferromagnetic nearest-

neighbour coupling, J , and a next-nearest-neighbour coupling, J ′. When J ′ is not

present, the Néel pattern of spins (shown in Fig. 2.2) is preferred. However, for non-

vanishing J ′, the situation is not as simple. When we move to a square lattice instead

of a single square, when J = 2J ′, the interactions are completely frustrated. Now

there are many different configurations which have the same lowest energy. In partic-

ular, the Néel pattern of alternating spins has the same energy as any configuration

which has net zero spin on the squares. These configurations satisfy the next-nearest-

neighbour couplings at the expense of the nearest-neighbour ones. This degeneracy

depends on the ratio of J ′/J ; when J > 2J ′, the Néel pattern is preferred and when

J < 2J ′, the pattern favouring anti-aligned next-nearest-neighbours is preferred.

The second example is shown on the right in Fig. 2.2. Here we have classical Ising

spins interacting with an antiferromagnetic coupling. Obviously when this is the case,

there is no way to satisfy all three bonds simultaneously. Consequently, there are six

different symmetry-related configurations that have the same energy. The degeneracy

in this case is not dependent on the specific values of the couplings, only that they

are all equal.

We focus on the second type of geometrically frustrated magnet. One reason for

focusing on these is that they are more likely to be relevant for physical systems.

Because the J − J ′ example depends on the ratio J ′/J being precisely 1
2
, we might

expect the frustration to be more fragile in systems where the interactions cannot
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J

J′

?J
Figure 2.2: (left) Square unit with antiferromagnetic interactions. J > 0 are nearest
neighbour interactions and J ′ > 0 are next-nearest neighbour interactions. These
interactions can be satisfied depending on the ratio J/J ′. (right) Triangular unit of
classical Ising spins with antiferromagnetic interaction, J > 0. All three bonds cannot
be satisfied simultaneously.

be controlled carefully. Instead, the triangular lattice is highly frustrated for any

nearest-neighbour antiferromagnetic coupling.

2.2 Properties of Frustrated Systems

Before focusing on the triangular lattice Ising antiferromagnet (TLIAFM), we discuss

a näıve measure of frustration. We use the susceptibility, which is experimentally

accessible, to define a measure of frustration. The Curie-Weiss law gives a form for

the high-temperature susceptibility

χ ∝ 1

T −ΘCW

. (2.1)

For materials with antiferromagnetic interactions, ΘCW is negative, but TN =

|ΘCW | gives a scale which is the Néel temperature [6]. Below this, we expect mag-

netic ordering. Frustrated systems may show an ordering temperature, Tc, but the

hallmark of frustration is that these temperatures are typically much lower than TN .

Thus, we take a large ratio TN/Tc to be a signature of magnetic frustration [4].

One part of the explanation for this large ratio is related to the degeneracy of the
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Figure 2.3: (left) Figure from [8]. Pyrochlore lattice composed of corner-sharing
tetrahedra. (right) Figure from [6]. Ground state configuration for the classical
Heisenberg antiferromagnet on the pyrochlore lattice.

ground-state. To illustrate the degeneracy of the ground-state and to provide another

example of a geometrically frustrated system, we introduce the classical Heisenberg

antiferromagnet on the pyrochlore lattice [7]. Consider a Hamiltonian of the form

H = J
∑
〈i,j〉

Si · Sj, (2.2)

where 〈i, j〉 are nearest-neighbours, J is antiferromagnetic, and |Si| = 1. In the

pyrochlore lattice, each spin Si is coupled to the six nearest neighbours which are

part of the two tetrahedra to which Si belongs, see Fig. 2.3.

This Hamiltonian can be rewritten in terms of a sum over the tetrahedra, indexed

by α, by introducing the sum

Lα =
∑
i∈α

Si, (2.3)

H =
J

2

∑
α

|Lα|2 − JN, (2.4)

where N is the number of spins.

For the ground state, we require Lα = 0 for all tetrahedra. This can be satisfied

by configurations of vectors with two internal degrees of freedom, as shown in Fig. 2.3.

We now analyse the ground-state degeneracy using a Maxwellian counting argument.

If we have N Heisenberg spins, each has two degrees of freedom. If we have Nc terms
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in the sum over tetrahedra, each one gives three constraints. Since spins are shared

between two tetrahedra, there are half as many tetrahedra as spins. Assuming that

the constraints are independent and can be satisfied simultaneously, we would expect

2N − 3N/2 = N/2 degrees of freedom in the ground-state.

This is notable because it is macroscopic in the number of spins in the system.

This conclusion gives a strong motivation for why the ordering temperature might

be so reduced as mentioned above. The system can fluctuate between many of the

degenerate configurations without exiting the ground-state manifold.

We now specialise to the triangular lattice Ising antiferromagnet and will see that

the degeneracy of the ground-state plays an important role in the lack of an ordering

transition. The Hamiltonian is

H = J
∑
〈ij〉

σiσj, (2.5)

where σi = ±1, 〈ij〉 indicates nearest-neighbours, and J is antiferromagnetic. The

triangular units in this lattice are all frustrated and the ground state simply consists

of configurations in which all the triangular units have one spin +1, one spin −1 and

the third can have either orientation. This lattice is not bipartite and is instead made

of three sublattices.

In 1950, Wannier [9] and Houtappel [10] presented exact solutions of the nearest-

neighbour triangular lattice Ising antiferromagnet. They computed the partition func-

tions for triangular (and other, including honeycomb) lattices exactly using transfer

matrices. We will not review the method they used, but instead make note of some

statements from this work that have provided important guiding philosophies for the

study of frustrated magnets and related systems. The first relates to the degeneracy

of the ground state. Wannier determined that the triangular lattice Ising antiferro-

magnet retains a finite entropy at zero temperature

S0 ≈ 0.33kB. (2.6)

Wannier points out that while there are ordered states, there are also states with

macroscopic numbers of spins which can be flipped. These latter states are ener-
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Figure 2.4: A ground-state configuration with finite entropy is shown. Spin states are
fixed on two of three sublattices (indicated by different colours) and free to fluctuate
on the other (indicated by blank circles). “Contingent freedom” allows for further
entropic freedom depending on the free spins.

getically equivalent but have finite entropy. Additionally, within these finite entropy

states, there are potentially more possibilities for entropy. Wannier describes this as

“contingent freedom” and one of these scenarios is shown in Fig. 2.4. In this scenario,

one of the ground states has spin fixed on two of the sublattices and all the spins

on the third sublattice are free to fluctuate. If three nearest-neighbour spins from

the same fluctuating sublattice have the same spin state, the formerly fixed spin can

fluctuate.

Configurations with long-range order may have spin states fixed on the three

sublattices. Wannier makes the claim that long-range order cannot exist in this

system. In particular, one can have disparate ground-state regions in a system ordered

differently from each other but with a transition region that is also in the ground

state. Thus there is no energetic reason to favour the long-range order and the

entropic considerations of other configurations dominate. The triangular lattice Ising

antiferromagnet is highly fluctuating down to zero temperature. Further analytic

work [11] has derived a form for the spin-spin correlation function that decays as a

power-law in the distance.

The question of experimental realisations is a nuanced one as there are myriad

other factors that one must consider. First, dimensionality and the existence of truly
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two-dimensional (2D) systems. Usually, when one wants to study the TLIAFM, this

will be addressed by working with materials for which there is little interlayer coupling.

Additionally, one may wonder whether quantum mechanics will affect the physics at

low temperatures. In this work, we will consider the former and not discuss the

possibility of the latter. Regardless, experiments have observed both the diminished

ordering temperature and signatures of strong correlations in systems that are made

up of triangular units or tetrahedra; see [4, 6] for reviews.

The combination, within geometrically frustrated magnets, of strong correlations

and large fluctuations has elicited the term “cooperative paramagnetism” [15] or “spin

liquid”. Spin liquids, both classical and those with quantum degrees of freedom, have

been of particular interest in recent years and there has been much experimental and

theoretical progress to describe them beyond the context of frustration [16]. We will

not attempt to describe the vast range of possibilities for spin liquid behaviour, but

instead briefly list some of the more tantalising properties and predictions.

First, there is a class of materials called “spin ice”. While the name originates

in an analogy to water ice, the low temperature behaviour of these materials can

be essentially described by a classical spin liquid. The model is a pyrochlore lattice

with spins on the shared sites which either point into or out of each tetrahedron.

The remarkable property of this model is that it can be described using an emer-

gent electromagnetic theory which yields power-law correlations and the possibility

of magnetic monopoles [17]. Recently, signatures of this physics have been sought in

experiments [18–22].

In our study of three-dimensional (3D) geometrically frustrated magnets, we will

see the highly fluctuating, strongly correlated behaviour that we have described above

can arise in purely classical situations and can still be highly relevant to experiment

and real systems. Leveraging extensive Monte Carlo simulations, we will probe a

classical spin liquid regime and we will also see that an emergent field theory can

provide additional clarity in understanding how this behaviour arises.
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2.3 Outline of Part II

The rest of Part II proceeds as follows. First, in Chapter 3, we introduce these systems

and provide some background about experiments and previous work. In Chapter 4,

we introduce the models that we study and present results from mean-field theory and

the self-consistent Gaussian approximation. These results provide a starting point for

analysing these systems. Then, in Chapter 5, we describe the numerical simulations

used to study these models. The Monte Carlo method employed is described and

results for the phase diagram, correlations, and structure factor are shown. Next, in

Chapter 6, an emergent field is introduced to provide another means of understanding

these systems. Specifically, we introduce the height model formalism and show how

it can be used to provide understanding here. Then, in Chapter 7, we carry out a

renormalisation group (RG) analysis of the height model and present an argument

incorporating anomalously soft modes and vortices to elucidate the spin liquid regime.

Lastly, in Chapter 8, the different methods used to study stacked triangular lattice

Ising antiferromagnets are compared and the phase diagram is discussed.
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Chapter 3

Stacked Triangular Lattice Ising
Antiferromagnets

The triangular lattice Ising antiferromagnet (TLIAFM) is arguably the simplest

model of a highly frustrated magnet and was probably the earliest such system to

be studied in detail [9, 10]. At low temperatures it is both highly fluctuating and

strongly correlated; indeed, it remains disordered down to zero temperature and has

a macroscopically degenerate ground state. The combination of fluctuations with cor-

relations is typical more generally of highly frustrated magnets, which in this regime

have been termed cooperative paramagnets or classical spin-liquids [6].

We consider three-dimensional (3D) Ising antiferromagnets built from triangular

layers that are stacked in such a way that nearest-neighbour interlayer interactions

are frustrated, and make comparisons with the unfrustrated stacking. We focus on

low-temperature behaviour in systems with weak interlayer coupling, where corre-

lations within each layer are necessarily strong but correlations between layers are

controlled by a competition between fluctuations and interactions. Using a combi-

nation of perturbative and non-perturbative analytical techniques and Monte Carlo

simulations, we show that this competition leads to a classical spin-liquid regime, in

which strong correlations exist without long range order.

Models for frustrated magnets can be classified at the mean-field level according

to the properties of the matrix of exchange interactions. In this approach, the eigen-

vectors associated with the minimum eigenvalues of the interaction matrix provide

candidate ordering patterns. These minimum eigenvalues appear at isolated points
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Figure 3.1: The three different ways of stacking triangular lattices that are consid-
ered in this work: aaa, abc, abab stacking. In-plane interactions, J, and interlayer
interactions, J⊥, are indicated with full and dashed lines, respectively, and are taken
to be antiferromagnetic in this work.

in reciprocal space for unfrustrated systems, but may be highly degenerate for frus-

trated systems. For example, for nearest neighbour interactions on the kagome and

pyrochlore lattices, the subspace of minimum eigenvalues forms a flat band that spans

the entire Brillouin zone [6, 25, 26]. Other cases display intermediate behaviour: on

the diamond lattice with nearest and next-nearest neighbour interactions, the mini-

mum eigenvalues form a two-dimensional surface in the 3D Brillouin zone [27]. The

systems we discuss here are distinctive in having minimum eigenvalues that lie on

lines in the 3D Brillouin zone [28]. One of our central findings is that these systems

have a cooperative paramagnetic regime in which they develop strong correlations

that are centred near these reciprocal-space lines.

The three different ways of stacking triangular layers that we compare in this

work are indicated in standard notation by aaa, abc, and abab: see Fig. 3.1. Of

these, the first provides a reference model without interlayer frustration, while the

abc stacking yields minimum eigenvalues along helices in the Brillouin zone, and

the abab stacking gives minimum eigenvalues on a ring around the Brillouin zone

corner. With equal in-plane and interlayer interactions, the abc stacking is equivalent

to a nearest-neighbour model on the face-centred-cubic (fcc) lattice, while the abab

stacking forms the hexagonal-close-packed (hcp) lattice.
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Moving beyond a mean-field classification, the theoretical understanding of stacked

triangular lattice Ising antiferromagnets (TLIAFMs) that we develop here is based

on the height model description of low-temperature states for a single layer [29, 30].

This long-established model represents ground states of a layer in terms of an emer-

gent height field, with a simple effective Hamiltonian that captures the entropy of

fluctuations. A spin-flip excitation fractionalises into an unbound vortex-antivortex

excitation pair in the height field, and the vortex separation sets the correlation length

at finite temperature in the single-layer model. In the following we derive and study

height models for weakly coupled multilayer systems, showing how the interplay of

interlayer coupling and vortex excitations allows strong correlations to develop be-

tween layers, without long-range order. We also use the results of extensive Monte

Carlo simulations to test these conclusions and to examine behaviour when interlayer

coupling is not weak. In the rest of this chapter, we outline some of the key exper-

imental results that serve partly as motivation for this study, and also some of the

previous work on these, and related, systems.

3.1 Experiments and Previous Work

Although no real materials are known to exist with magnetic degrees of freedom and

structure that are in our systems, there are physical systems that embody the physics

of the stacked triangular lattice Ising antiferromagnets. These systems are found in

the transition metal family RFe2O4.

In RFe2O4, R is a rare-earth element: Y, Dy, Ho, Er, Tm, Yb, Lu, Sc, In. Part

of the crystal structure is stacked triangular lattices. Although the overall structure

is more complicated than the stackings we consider, one component of the structure

is layers of iron. We will neglect layers of other atoms and details such as a bilayer

spacing between iron layers. These layers of iron contain the necessary ingredients

for the models we will consider. The iron ions are a mixture (within each layer) of

Fe2+ and Fe3+. The triangular geometry leads to frustration in these charge degrees

of freedom.
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Experimental reports have proposed diverse physics across a wide range of tem-

peratures in these materials. The complex interplay between magnetism and charge-

ordering has led to discussion of the material as a multi-ferroic and a complete un-

derstanding of the systems as a whole remains out of reach for a variety of reasons.

These reasons include the theoretical complexity of treating all degrees of freedom

in light of the highly frustrated geometry, practical constraints due to the sensitivity

of the materials’ properties on chemistry, and difficulties in conclusive experimen-

tal characterisation of some properties. The gist of the experimental observations

we will be concerned with is that, within the charge degrees of freedom, there is a

low-temperature 3D ordered regime, a broad regime of partial ordering, and a high-

temperature disordered state. A precise description of the regimes observed in these

experiments has remained unclear.

One of the specific set of experimental studies that serves as partial motivation

for our work is observations [31, 32] of charge-ordering in the materials LuFe2O4 and

YbFe2O4. The charge states (rather than the magnetic states) of Fe2+ and Fe3+ ions

in these systems can be represented using Ising pseudospins, with antiferromagnetic

coupling between pseudospins arising from screened Coulomb interactions [31, 33].

The pseudospins occupy the sites of an abc-stacked triangular lattice, though with a

bilayer spacing that we have mentioned above and will not include for the model we

study. The coupling between the layers in these materials is generally weaker than the

coupling within the layers. This is a useful feature as one of the analytic approaches

that we employ relies on weak interlayer coupling as a starting point for perturbative

analysis.

Experimental studies [31, 32, 34], in particular of YbFe2O4 [32], find helices of

scattering intensity in a temperature range above a three-dimensional charge-ordering

transition, see Fig. 3.2. These helices mirror in their reciprocal space location the

positions of minimum eigenvalues of the interaction matrix discussed above. While an

accurate description of these materials requires treating additional (magnetic) degrees

of freedom [34], the results we present in this paper demonstrate how strong interlayer
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Figure 3.2: (Picture taken from [32]) Helices of scattering intensity from x-ray diffrac-
tion experiments. (a) and (b) show the helices below and above the onset of 3D
charge-ordering at T ≈ 320K. (c) demonstrates that the Brillouin zone corner on
which a given helix is centred determines the phase, but not the pitch of the helices.
(d) shows the different parity of helices centred on adjacent corners in the Brillouin
zone.

correlations can arise over an extended temperature range without long-range order.

Past theoretical work on charge-ordering in these materials has included quite

detailed mean-field treatments [31, 33] and Monte Carlo simulations of a bilayer model

[35], but has not made use of the understanding of single-layer TLIAFMs provided by

height models, nor used simulations to study correlations in the paramagnetic phase

with the detail we present here. The prior Monte Carlo simulations used systems of

size 6×6×2 [35] and attempted to analyse both charge and spin ordering structures.

Prior mean-field studies of the charge-ordering demonstrate that coupling between

sites two layers apart is needed to break the macroscopic degeneracy of the predicted

ordering pattern. Harris and Yildirim [33] study charge and magnetic degrees of free-

dom within a mean-field picture and focus on the development of various orders and

the transitions between them. Fig. 3.3 shows some of the further neighbour couplings

that those studies have included. Further neighbour couplings will be excluded from

our numerical work, but play an important role in the analytic arguments that we

will present.

TLIAFMs with other stackings have been examined previously in a variety of
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Figure 3.3: Figure adapted from [33]. In this work, couplings analogous to U1 are
considered via J and U2, U3 via J⊥.

contexts. Treatments of the abab case include mean-field theory, a low temperature

expansion, and Monte Carlo simulations [36–38]. That work has probed the ordering

transition, but without examining the limit of weakly coupled layers or correlations in

the paramagnetic phase. Most of that work centres on a regime with strong interlayer

coupling (larger than the in-plane coupling) in which there is an exact solution along

a line in parameter space. Those studies have investigated the possible presence of a

Lifshitz point along this line. It is also observed that there is a ferromagnetic phase

boundary that appears to coincide with this line; low-temperature expansions and

Monte Carlo simulations have been used to investigate this possibility in particular.

TLIAFMs with unfrustrated (aaa) stacking have been of long-standing interest

[39]. They display a continuous phase transition that, strikingly, is in the 3D XY

universality class despite the absence of a microscopic continuous symmetry [40, 41].

The two components of the order parameter represent ordering at the two inequiv-

alent Brillouin zone corners, and the XY symmetry is broken in the ordered phase

by dangerously irrelevant six-fold anisotropies. This model and transition are also

important as an imaginary time representation of the quantum dimer model on the
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hexagonal lattice [42].

Regarding experiments on other stackings, there are materials that realise the aaa

stacking with magnetic degrees of freedom [43], but these have non-Ising degrees of

freedom and dominant interlayer, rather than in-plane, interactions.

It is primarily the charge-ordering materials of the abc stacking that we discussed

above which provide motivation for our work on the STLIAFM. In particular, the

regime with strongly coupled layers but without disorder has resisted a clear explana-

tion and characterisation. We aim to provide understanding via thorough numerics

starting from the simplest bare model and conceptual clarity via analytical tools that

permit a more precise description of the classical spin-liquid regime.
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Chapter 4

Model and Mean-field Results

In this chapter, we use mean-field theory and the self-consistent Gaussian approxima-

tion to investigate the nearest-neighbour Ising antiferromagnet on stacked triangular

layers with anisotropic couplings. We will introduce these methods and examine

their predictions for the three stackings mentioned in Chapter 3. The aaa, or sim-

ple, stacking gives a starting point for generalising to 3D without including interlayer

frustration. The latter two stackings, abc and abab, introduce frustration beyond the

in-plane frustration of the triangular lattice.

Our models will be defined as followed. The spins are coupled to each of the six

neighbours in-plane with antiferromagnetic exchange coupling J > 0. Each spin is

also coupled to the nearest spins in the adjacent layers with exchange coupling J⊥.

The number of couplings between spins in adjacent layers will depend on the stacking;

see Fig. 3.1. The Hamiltonian is

H = J
∑
〈ij〉,z

σi,zσj,z + J⊥
∑
{ij},z

σi,zσj,z+1, (4.1)

where σi,z = ±1, 〈ij〉 indicates nearest-neighbours within a layer, and {ij} indicates

nearest-neighbours in adjacent layers. It is also possible to consider further-neighbour

terms in the Hamiltonian, which may be present in a physical system or generated

through renormalisation. J⊥ is assumed to be positive as it can be switched via the

transformation σi,z → σ′i,z = (−1)z σi,z.
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4.1 Mean-field Theory

Mean-field theory is a long-established method for solving problems in statistical

physics. It relies on a simplified picture of interactions between degrees of freedom

that typically assumes fluctuations can be ignored and degrees of freedom are in-

dependent. One starts by decomposing the system into two components. Usually

one component is tractable and refers to single degrees of freedom and the second

component includes interactions.

We start by writing H ({σ}) = H0 ({σ}) +H1 ({σ}), where H0 is simple enough

so that we can evaluate the following quantities

〈. . . 〉0 =

∑
{σ} . . . e

−βH0

Z0

, (4.2)

where the sum is over configurations and Z0 is the partition function for H0. From

here, one recalls the Bogoliubov identity

F ≤ 〈H〉0 − TS0. (4.3)

By considering a tractable H0, we can evaluate 〈H〉0 and S0 to obtain a parametri-

sation of the free energy. Minimising this free energy provides expressions for order

parameters dependent on the temperature.

The usual example is a nearest-neighbour Ising model. Using a mean-field ap-

proach, one can make qualitative and quantitative predictions about the phase di-

agram for this system. For example, mean-field theory predicts a phase transition,

the transition temperature, and the critical exponents. However, even for that simple

model, there are caveats. Namely, it predicts a transition in one dimension which

does not occur. Additionally, it greatly over-estimates the transition temperature

in two dimensions. Qualitatively, we might expect that mean-field approaches over-

estimate transition temperatures because they often neglect fluctuations which are

not actually negligible. The predictions for critical exponents reveal another flaw in

this mean-field theory. Within mean-field theory, the number of spin components

in the degrees of freedom (e.g. whether one has Ising or Heisenberg spins) does not

affect the values of critical exponents.
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Despite these flaws, in the case of frustrated systems, mean-field theory can pro-

vide some insight. However, the insight is limited by dramatic shortcomings with

respect to crucial questions, such as ordering transitions and patterns. The varia-

tional free energy for a nearest-neighbour Ising model is given by

〈H〉0 − TS0 =
∑
〈i,j〉

Jijmimj +
kBT

2

∑
i

m2
i , (4.4)

where mi are the on-site magnetisations. In the mean-field picture, the ordering

pattern is predicted by the eigenvectors of J associated with the minimum eigenvalues.

The ordering temperature is obtained from the minimum eigenvalues, ε. For example,

systems with Ising degrees of freedom have an ordering temperature Tc = −2ε. This

formalism immediately fails when applied to the single-layer TLIAFM: mean-field

theory predicts an ordering temperature Tc = 3
2
J when there is not, in fact, any

transition down to zero temperature.

Despite the failings with respect to the prediction of the ordering temperature, the

mean-field formalism can still be leveraged to gain some understanding of the stacked

systems that we consider. For example, the eigenvalues of the interaction matrix

for the stacked systems yield minima with macroscopic degeneracy – a paradigmatic

signature of frustrated magnetism. Let us now consider some of these candidate

patterns.

4.1.1 Mean-field Predictions

We now present the results of applying mean-field theory to the stacked triangular

lattice systems we have introduced. Before starting, we introduce the following coor-

dinate choices. We fix the origin at one of the sites and define x̂ parallel to any one

of the triangle sides. We then pick ŷ perpendicular to x̂ and in-plane. We choose ẑ

perpendicular to the triangular layers. The in-plane lattice vectors chosen are

a1 = (1, 0, 0) (4.5)

a2 = (1/2,
√

3/2, 0). (4.6)
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There is unit spacing between layers for the aaa and abc stackings and unit spacing

between a layers in the abab stacking. The abab stacking has two sites per primitive

unit cell. Using δ for the separation between neighbouring sites in adjacent layers, δ =

(0, 0, 1),
(

1
2
, 1

2
√

3
, 1
)

and
(

1
2
, 1

2
√

3
, 1

2

)
for the aaa, abc and abab stackings, respectively.

The in-plane reciprocal lattice vectors are

A1 = 2π(1,−1/
√

3, 0); (4.7)

A2 = 2π(0, 2/
√

3, 0). (4.8)

For a single triangular layer, in reciprocal space the interaction matrix becomes

diagonal with values given by

J2D (q) = J

[
cos (qx) + 2 cos

(qx
2

)
cos

(√
3qy
2

)]
. (4.9)

Thus the minima in the triangular-lattice Brillouin zone for in-plane interactions are

K =

(
4π

3
, 0

)
; (4.10)

K′ =

(
2π

3
,

2π√
3

)
. (4.11)

For the aaa stacking, the minima are still isolated points in reciprocal space. The

combined interaction matrix in reciprocal space is now given by J(q) ≡ J2D(q) +

J⊥(q), where J⊥(q) = J⊥ cos qz. In this case, they occur at
(

4π
3
, 0, π

)
and

(
2π
3
, 2π√

3
, π
)

.

However, for the two frustrated stackings, the minima are no longer single points

or discrete sets of degenerate points. Instead the minima of the interaction matrix

are highly degenerate, continuous lines in 3D. To see this, first introduce the notation

ζ = 1 + eiq·a1 + eiq·a2 .

For the abc stacking, the interaction matrix in reciprocal space is now given by

J(q) = J2D(q) + J⊥(q), where

J⊥(q) = J⊥(ζe−iq·δ + c.c.)/2, (4.12)

and c.c. stands for complex conjugate. Using the ζ notation, J2D can be written as

J (|ζ|2 − 3) /2. The combined interaction matrix for the abc stacking is

J(q) =
J

2

∣∣ζe−iq·δ + J⊥/J
∣∣2 − 3J

2
− J2

⊥
2J
. (4.13)
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The minima of this expression clearly occur when ζ = −(J⊥/J)eiq·δ. This con-

dition defines a continuous line of minima in reciprocal space when J⊥/J is small

enough. When J⊥ � J , one can more easily understand the structure of these

minima by expanding J(q) to second order around one of the minima for a single

triangular layer, e.g. k = K. This expansion gives

J(q) ≈ −3J −
√

3J⊥ (q̃x cos qz − qy sin qz) +
3J

4

(
q̃2
x + q2

y

)
+ J⊥

((
q̃x − q2

y

)
cos qz

)
,

(4.14)

where q̃x = qx− 4π/3. Minimising this expression, to lowest order in J⊥, we obtain a

helix given by

q̃x ≈
2J⊥√

3J
cos (qz) , (4.15)

qy ≈ −
2J⊥√

3J
sin (qz) . (4.16)

The general form of the minima can be written with reference to the two minima

in the triangular lattice Brillouin zone. Concretely, if k = K + n1A1 + n2A2 + q, the

line is

qx ≈
2J⊥√

3J
cos

(
qz +

2π

3
p

)
, (4.17)

qy ≈ −
2J⊥√

3J
sin

(
qz +

2π

3
p

)
(4.18)

where p = n1 + n2. For k = K′ + n1A1 + n2A2 + q the line is

qx ≈ −
2J⊥√

3J
cos

(
qz +

2π

3
p′
)
, (4.19)

qy ≈ −
2J⊥√

3J
sin

(
qz +

2π

3
p′
)
, (4.20)

where p′ = 2 + n1 + n2. The difference between helices around K and K′ is that one

is a left-handed helix and the other is right-handed. Varying p, p′ gives variation in

the phase of the helices.

We note that higher-order corrections to Eq. 4.14 will deform the helix to have a

more triangular projection in the x− y plane, but they do not lift the degeneracy of

the minima in the interaction matrix.
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For the abab stacking, the interaction matrix is more complicated because there

are two sites per unit cell. The combined interaction is given by a block matrix

J(q) =

(
J2D(q) Jab⊥ (q)
Jba⊥ (q) J2D(q)

)
(4.21)

with Jab⊥ (q) = J⊥ζ cos(qz/2)eiq·δ and Jba⊥ (q) = [Jab⊥ (q)]∗. The eigenvalues are

ε±q =
J

2
(|ζ|2 − 3)± J⊥ cos (qz/2) |ζ|. (4.22)

Minima lie on the line

qz = 0, |ζ| = J⊥/J. (4.23)

For J⊥ � J they form circles around K,K′ in the triangular-lattice Brillouin zone.

The mean-field approach for these systems has thus predicted degenerate ordering

patterns along continuous lines in reciprocal space. We can extract more understand-

ing from the spectrum of the interaction matrix by allowing for fluctuations in the

spin degrees of freedom.

4.2 Self-consistent Gaussian Approximation

The self-consistent Gaussian approximation is closely related to the mean-field ap-

proach. In fact, it presents another method of approximating the partition function.

One can understand it as a means of going beyond mean-field theory and accounting

for some of the fluctuations of the spins [44]. However, one can also imagine it as

a way of taking the constraint on the spin-length into account when computing the

partition function. The partition function for our systems is formally

Z =

∫ ∏
i

d {σi} δ (|σi| − 1) e−βH. (4.24)

However, computing this exactly is difficult for finite-size systems and unsolved for

infinite systems. Using a Hubbard-Stratonovich transformation[45], we can express

the partition function using a continuous auxiliary field. Upon carrying out the sum

over σi configurations exactly, the partition function is∫ ∏
i

d{φi}e−L(φi)e−βH(φi), (4.25)
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Figure 4.1: Surfaces of equal, near-minimal eigenvalues of the interaction matrix for
(left) the abc stacking, and (right) the abab stacking, at J⊥/J = 0.2.

where L (φi) is an effective potential which can be approximated quadratically to

recover a Gaussian theory. The two-point function, 〈φiφj〉, under the Gaussian ap-

proximation, is equivalent to 〈σiσj〉 up to normalisation. We retain the notation σi,

but where σi are understood to be continuous variables. Our partition function is∫ ∏
i

d{σi}e−λσ
2
i e−βH, (4.26)

where λ is fixed by the requirement 〈|σi|2〉 = 1. This constraint implies that the

average spin-length is preserved. Within the framework of the SCGA, we can now

easily evaluate expectations by calculating Gaussian functional integrals.

〈O〉 =
1

Z

∫
d{σi}Oe−

1
2

∑
〈i,j〉 σi(βJij+λδij)σj . (4.27)

We will use the spin-spin correlation function often. Within the SCGA, it is

〈σiσj〉 =
[
(βJ + λI)−1]

ij
. (4.28)

From this expression, we can write the self-consistency constraint

〈|σi|2〉 =
[
(βJ + λI)−1]

ii
= 1. (4.29)
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There are, however, caveats for the SCGA. For instance, one recovers exact results

for n-component spins in the limit where n→∞. Nonetheless, the SCGA has proven

useful as an improvement to mean-field theory. It has been used to give an indication

of likely behaviour in geometrically frustrated magnets with Ising spins, despite the

concerns that n = 1 is far from the limit where we expect this approximation to be

exact. In particular, the correlations and structure factor predicted by the SCGA for

classical Ising pyrochlore antiferromagnets are remarkably accurate when compared

with Monte Carlo results[46].

The most striking predictions we use from the SCGA are those for the structure

factor. We can compute the structure factor within the SCGA by taking the Fourier

transform of the spin-spin correlation function. Then we write the spectral decompo-

sition of J in terms of its eigenvalues εlq and eigenvectors ulq (α), where α labels sites

within a unit cell and l labels the bands of J.

S(q) =
1

N

∑
i,j

[
(βJ + λI)−1]

ij
eiq·(ri−rj) (4.30)

=
∑
l,α,α′

ul∗q (α)ulq (α′)

βεlq + λ
. (4.31)

From this it is apparent (barring cancellations in the sum
∑

α,α′ u
l∗
q (α)ulq (α′)) that

maxima in S(q) arise from minima in εlq.

We can apply the SCGA to the systems we are interested in and study the cor-

relations. In Fig. 4.1, we have predictions for surfaces of near-minimal eigenvalues

of the interaction matrix. These can be used to predict the intensity of the structure

factor for the abc and abab stackings. These predictions clearly indicate degeneracy

along lines (helices and rings) in the 3D Brillouin zone which we expect. In Chap-

ter 5, we introduce Monte Carlo simulations to probe these systems. We will see

how these compare with the SCGA in detail with respect to the structure factor and

correlations, and qualitatively in terms of providing access to ordering transitions.
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Chapter 5

Numerical Results

Monte Carlo techniques have been used since the 19th century to solve problems in

physics. In the context of statistical physics problems, one can use Monte Carlo, or

sampling, methods to approximately compute the partition function and to sample

from the Boltzmann distribution of the problem. There are technical and practical

requirements that constrain the mode of sampling and we discuss these now.

We will be primarily concerned with computing expectation values of observables,

such as energy or magnetisation. We define these as

〈O〉 =

∑
µOµe

−βEµ∑
µ e
−βEµ

, (5.1)

where µ is a state of the system, Eµ is the energy of the system in state µ, Oµ is the

value of observable O in state µ, and β = 1
kBT

is the inverse temperature (we work

with kB = 1).

Computing these exactly is only tractable for systems with very few states (usually

this means extremely small or extremely simple systems). Assume instead, that we

consider the Monte Carlo method for estimating these quantities, and suppose we

sample the states of the system with some distribution pµ. Then, the estimate of our

expectation, given that we have M samples, is

OM =

∑M
i=1Oµip

−1
µi
e−βEµi∑M

j=1 p
−1
µj
e−βEµj

. (5.2)

As M → ∞, the estimate approaches the exact value, OM → 〈O〉. However, the

rate of convergence is highly dependent on the distribution, pµ, of sampling the states

of the system. This is often due to the fact that the sums involved are dominated
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by very few states, e.g. the ground state when the system is at low-temperatures. In

fact, by picking states uniformly at random for an Ising system with 1000 spins, OM

is unlikely to accurately compute 〈O〉 even after several hours on a modern desktop

computer.

However, a choice for the sampling distribution exists which allows much more

efficient computation of observables. This choice is to insist that the sample states

are drawn according to their Boltzmann distribution weight. In physical systems,

states are dictated by Boltzmann weights and so sampling according to these weights

is natural in a reasonable sense. Using this choice, pµ = Z−1e−βEµ , the estimate is

OM =
1

M

M∑
i=1

Oµi . (5.3)

If one is given a black box to draw sample states from in such a manner, the

computation of observables is reduced to simple averaging and the error is bounded

only by one’s patience. Now we consider the processes used to generate samples from

such distributions.

5.1 Monte Carlo Algorithms

In this context, Markov processes are stochastic processes which generate a new state,

ν, given a starting state µ. The transition probability, P (µ→ ν), determines the

distribution of states generated. For the process to be Markovian, the transition

probabilities do not depend on the previous history of the system and only depend on

the states µ, ν. When a Markov process is equipped with two properties, ergodicity

and detailed balance, we can ensure that the states generated by the Markov process,

after many transitions, are distributed according to a chosen distribution.

Ergodicity is the requirement that all states be accessible via the process. This

can be contrasted with the requirement that every state is accessible from every other

state. Instead, it will often be the case that states are inaccessible from most states,

but that there exists a sequence of transitions between a state and any other state.

Detailed balance is a more subtle requirement that ensures that the states gener-
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ated by the Markov process are the ones desired. Detailed balance is explicitly the

condition that

pµP (µ→ ν) = pνP (ν → µ) . (5.4)

Detailed balance implies that the system comes to equilibrium with states distributed

according to pµ. In particular, we can use detailed balance to show that the system

makes transitions equally into and out of any state at the same rate∑
ν

pµP (µ→ ν) =
∑
ν

pνP (ν → µ) . (5.5)

In order for the states from the Markov process to be distributed according to the

Boltzmann distribution, detailed balance implies that we must have

P (µ→ ν)

P (ν → µ)
= e−β(Eν−Eµ). (5.6)

The last nuance of using Markov processes to generate states according to the

Boltzmann distribution is the choice of transition probabilities. To account for this, we

introduce selection and acceptance probabilities. Specifically, we write P (µ→ ν) =

g (µ→ ν)A (µ→ ν). g (µ→ ν) is the selection probability of ν, given a state µ.

A (µ→ ν) is the proportion of the transitions from µ → ν that should be accepted.

The motivation for this factorisation is the freedom to select states using a convenient

process and to accept them with as high a rate as possible while maintaining the

constraint from detailed balance and the desired Boltzmann distribution.

The details of the selection and acceptance for our simulations are now presented.

These choices are known as the Metropolis algorithm and it is the most widely used

and famous of Monte Carlo methods. This algorithm is a single-spin-flip algorithm.

The Markov process considers states, µ, ν, which differ by flipping a single spin. The

selection probability and acceptance probabilities are

g (µ→ ν) =
1

N
, (5.7)

A (µ→ ν) =

{
e−β(Eν−Eµ) Eν − Eµ > 0

1 otherwise.
(5.8)
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These choices are physically very intuitive. First, we select a spin uniformly at

random to be flipped. Then, if the state after the spin-flip, ν, has a lower energy than

the current state, µ, the flip should be accepted with probability 1. If the new state has

a higher energy, it is accepted with a probability set by the Boltzmann distribution.

This discourages transitions to states with lower Boltzmann weights. We refer to this

process as a step and will measure time in the Monte Carlo simulation by sweeps,

which are N steps where N is the number of spins in the system.

Further caveats when utilising Monte Carlo simulations include the details of

equilibration and measurements of observables. There are two timescales that one

can consider for these issues. First, equilibration time refers to the number of sweeps

necessary to ensure that the system has equilibrated at a given temperature. A

common technique for estimating this time scale is comparing the time-series for

various observables given different initial conditions. Correlation time refers to the

number of sweeps necessary to ensure that samples of system states, for the purposes

of computing expectation values, are independent. This is often measured by the

exponential decay of the nutocorrelation of an observable.

These two issues are generally challenging for frustrated systems like the ones

we consider in this work. Equilibration and decorrelation can be difficult because

the energy landscape of a frustrated system is fraught with local minima and energy

barriers that prevent adequate exploration of state space. This hinders the accurate

computation of observables. To address these challenges, we adopt a technique called

parallel tempering.

5.1.1 Parallel Tempering

Parallel tempering involves simultaneous simulation of identical systems at different

fixed temperatures. At regular intervals, we allow two systems at different tempera-

tures to exchange their spin configurations. The exchange protocol is chosen so that

the ergodicity and detailed balance conditions are preserved [47]. The result of the

swaps is that systems can exit local minima by swapping to higher temperatures.
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This achieves the improvements to equilibration and decorrelation that we desire.

If we have two systems at different temperatures, Ti < Tj, the proposed swap of

the configurations has acceptance probability

A (µ→ ν) =

{
e−(βi−βj)(Ej−Ei) Ej − Ei > 0

1 otherwise.
(5.9)

The selection probability will be set by another convention. In our simulations, we

require an even number of temperatures and alternate between proposed swaps with

higher and lower temperature-adjacent systems. At step k, we select temperature

pairs (T0, T1), (T2, T3), . . . to swap. At step, k + 1, we select (T0, T1), (T2, T3), . . . to

swap. These proposals occur between single-spin flip Monte Carlo simulations in each

system, the number of which depends on the temperature of the system.

The choices of the number of systems, Nr, to simulate and the temperatures, {Ti},
used are again dictated by heuristics and, to some degree, trial and error. One general

argument for the spacing of the temperatures can be given. The probability of a

parallel tempering swap move between temperature-adjacent systems being accepted

is e−(βi−βi+1)(Ei+1−Ei). Using the definition of the heat capacity, Cv = dE
dT

, we can

approximate

(Ei+1 − Ei) ≈ (Ti+1 − Ti)Cv, (5.10)

(βi − βi+1) (Ei+1 − Ei) ≈
(
Ti+1 − Ti
TiTi+1

)
(Ti+1 − Ti)Cv, (5.11)

≈
(

(Ti+1 − Ti)2

T 2
i

)
Cv. (5.12)

If we demand an acceptance probability, e−a, and use the fact that Cv ∝ bN , then

we can rearrange the above to obtain

a ≈
(

(Ti+1 − Ti)2

T 2
i

)
Cv, (5.13)

Ti+1

Ti
≈ 1 +

√
a

bN
= 1 +

α√
N
. (5.14)

This indicates that we should space the temperatures by geometric progression. We

can adjust the constant α =
√

a
b

to tune the acceptance probability. We find that this
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scheme is a good guideline, but not perfect for our purposes. We must also take into

account the need for finely spaced temperatures to detect phase transitions and the

inclusion of temperatures which are high enough to be fully in the conventional para-

magnetic regime. Details about our simulations in particular and their equilibration

will be presented below.

5.2 Implementation and Equilibration

We will now discuss some details of how the stacked triangular lattice Ising anti-

ferromagnets are simulated using the Monte Carlo method described above. The

simulations were carried out on Theoretical Physics’ computing cluster, Hydra. The

code was written in C++ and Open MPI was used for parallelisation. Other packages

used include Gnuplot and FFTW.

A system consists of Lz rhombic layers, each of size L× L lattice constants, with

periodic boundary conditions in all directions. A typical simulation treats N ≈ 105

sites (L = 72−200, Lz = 12−48) using 105 sweeps. The parallel tempering parameters

are adjusted from the rough considerations above to ensure equilibration. Generally,

we include Nr = 40−200 copies of the system at different temperatures. The primary

observables computed are the energy E, specific heat C, and the structure factor S(q),

which is obtained from the Fourier transform of magnetisation

σ̃(q) =
∑
i

eiq·riσi (5.15)

as

S (q) =
1

L2Lz
〈|σ̃(q)|2〉. (5.16)

We monitor the overlap of energy distributions at adjacent temperatures in the paral-

lel tempering scheme, as substantial overlap is a requirement for effective exchange of

replicas. In Fig. 5.1, we see that the distributions overlap significantly which implies

that configurations will efficiently transit from low- to high-temperature simulations.

However, depending on the spacing of temperatures and the presence of first-order

transitions, it is possible that a configuration will not be able to visit all of the tem-
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Figure 5.1: Energy distributions for the abc stacking with J⊥ = 0.1J . Temperatures
in the range 0.4J ≤ T ≤ 0.65J . Different colours represent different temperatures.
The bimodal distribution centred near E = −1.012 is a signature of a first-order
phase transition.

peratures, {Ti}. If the spacing of temperatures is too coarse, then we might expect

difficulty equilibrating in the presence of transitions with latent heat. This behaviour

can be seen in Fig. 5.2, in particular, one of the systems is briefly “stuck” in the

ordered phase, before being swapped into the disordered phase by a parallel temper-

ing swap. The temperature at which this barrier appears would correspond with the

separation of the energy distributions and indicates the transition.

The movement in temperature space can also be characterised by the average time

it takes a system to travel through the entire range of temperatures. In Table 5.1

below, we see the average trip time, τR, between temperatures just above the critical

temperature and the upper temperatures in the parallel tempering ensemble. The

process is expected to be roughly diffusive and, therefore, proportional to the number

of temperatures squared. A caveat to this estimation is that systems can get “stuck,”

as previously mentioned, in the ordered state, thereby distorting the traversal times.

This timescale is additionally relevant for determining independence of measurements

of observables. It is reasonable, albeit conservative, to assume that once a system has

reached the highest temperatures in the ensemble, it will be sufficiently de-correlated
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Figure 5.2: Two systems (L = 36) exploring temperature space via parallel tempering
swap moves over the course of the simulation. Time is given in units of sweeps on
the horizontal axis.

J⊥ Tc/J T range 〈τR〉 2τR
NR

1.0 1.72± 0.020 1.8→ 3.6 144.9 19.3
0.4 0.99± 0.008 1.1→ 3.6 357.6 27.5
0.2 0.68± 0.014 0.8→ 3.6 523.3 31.7
0.1 0.50± 0.010 0.4→ 3.6 1089.5 45.4

Table 5.1: Times (in lattice sweeps) to traverse temperature range at various inter-
action strength for four systems (L = 12).

from its initial state. Thus, given that we have an ensemble with NR systems being

simulated, we can assume that after 2τR
NR

parallel tempering swap moves, measurements

of system properties will be sufficiently de-correlated. We find that 2τR
NR

is generally

on the order of NR. As discussed previously, we can consider autocorrelation times

to judge whether measurements are sufficiently independent. We can examine the

time-displaced autocorrelation for any observable, for example, magnetisation

χ (t) =

∫
dt′ [m (t′)− 〈m〉] [m (t′ + t)− 〈m〉] ∼ exp

[−t
τ

]
, (5.17)∫ ∞

0

dt
χ (t)

χ (0)
=

∫ ∞
0

dt exp

[
− t
τ

]
= τ (5.18)

We expect that χ (t) will decay exponentially [47], so we ensure independence of

measurements by taking them at intervals of 2τ , where τ is the natural time-scale.

Heuristic arguments quickly show that it is reasonable to expect τ ≈ 1 Metropolis
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sweep and this is confirmed for various systems. However, in the parallel tempering

framework, these correlation times are computed to be nearly exactly 1 because they

are measured in time-steps of swaps and it is expected that the swaps will strongly

de-correlate observables such as magnetisation and energy.

The details of simulations and efficiency of algorithms can vary tremendously. In

the case of parallel tempering, this is especially true. However, we have used the

standard measures, in addition to heuristic arguments that we have checked for our

simulations (e.g. diffusive τR and overlap of energy distributions), to be confident in

our simulations.

5.3 Phase Diagram and Ordering Transition

In this section we discuss the phase diagrams of the three stacked triangular lattice

systems we have simulated. Several signatures are generally used to locate phase

transitions and determine boundaries in phase diagrams. Before discussing these

signatures, though, it is helpful to review some facts about related systems that

provide a starting point for our discussion of the phase diagram for STLIAFMs. First

of all, there can be no phase transition when interlayer coupling is absent, J⊥ = 0.

The single-layer model is known to remain paramagnetic down to T = 0. Second, the

point J⊥ = J in the abc case is well-known in the context of the face-centred-cubic

lattice and exhibits a strongly first-order transition [48, 49]. One also expects that

the transition temperature of the frustrated stackings will be lowered as compared

with the simple, unfrustrated, stacking. This follows intuitively from the idea that

degeneracy and disorder due to frustration prevent ordering. Maxima in the heat

capacity are a traditional signature used to locate transitions. Especially in the

case of first-order transitions, with a discontinuity in the energy as a function of

temperature, this can be a very clear signature. However, the heat capacity is just

one moment of the distribution. The transition in these systems can also be seen

clearly from considering the entire distribution. In particular, we expect a bimodal

energy distribution for a system at a temperature near the transition temperature.
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Figure 5.3: Phase boundaries for the unfrustrated (aaa) and frustrated (abc and abab)
stackings. Points: data from Monte Carlo simulations. Lines: fits to height model
theory of Chapters 6, 7.

Phase diagrams as a function of T and J⊥ are shown in Fig. 5.3 for both the

unfrustrated (aaa) and the frustrated (abc and abab) stackings. For a given strength

of interlayer coupling, the ordering temperature (determined from the maximum of

the heat capacity, see Fig. 5.5 for an example) is indeed much lower in the systems

with frustrated stackings compared with the unfrustrated one. In addition, over most

of the range of J⊥/J studied, the transitions in the systems with frustrated stackings

remain strongly first-order. The first-order nature can be seen in both signatures

mentioned above. The probability distribution of the energy is strongly bimodal at

the transition unless J⊥/J � 1. The peak in the heat capacity follows from this

observation and also from direct numerical results. The discontinuity in the energy

at the transition decreases with decreasing J⊥, and for J⊥ . 0.05J the order of the

transition is not discernible from the simulations. Examples of the energy distribution

at different temperatures are shown in Fig. 5.4.

Differences in transition temperature between the two frustrated stackings are

very small for J⊥/J ≤ 1. The results for the abc stacking at J⊥ = J can be compared

with earlier work on the fcc lattice, and are in good agreement with the transition
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transition, although this is not as easy to see from the curve of energy.
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temperature of Tc ≈ 1.72J found in [48, 49].

While questions remain unanswered about the nature of the transition at small

interlayer coupling and also with regard to the details of the ordering mechanism, we

are interested in the region of parameter space firmly in the paramagnetic state.

5.4 Structure Factor and Correlations

A characteristic feature of classical spin-liquids is the presence of strong correlations

and a large correlation length, without long-range order or proximity to a critical

point. In this section we present correlation functions and correlation lengths for

TLIAFMs with frustrated stackings, determined from Monte Carlo simulations. We

will explain the results first in 5.4.1 and 5.4.2 before giving details of the data anal-

ysis methods in 5.4.3. Notably, the results corroborate the results from the SCGA

approach and also qualitatively agree with relevant results from experiments.

5.4.1 abc stacking

The behaviour of the structure factor for a system with abc stacking in the classical

spin-liquid regime is illustrated in Fig. 5.6. Combining information from the series of

slices in reciprocal space that are shown in this figure, it is apparent that maxima in

S(q) lie on helices in reciprocal space. The axes of these helices pass through corners

of the triangular-lattice Brillouin zone.

To analyse this behaviour quantitatively, we extract a reciprocal-space radius Q

for the helix and a correlation length ξ⊥ by fitting data for S(q) near the maxima to

a sum of in-plane Lorentzians

S (q) =
I

ξ2
⊥ (q⊥ − q0

⊥(qz))
2

+ 1
(5.19)

from each helix. Provided any dependence of |q0(qz)| on qz is weak, we can make the

identification Q = |q0(qz)|.
Results are shown in Fig. 5.7. The correlation length ξ⊥ increases rapidly with

decreasing T for T . J , as demonstrated in Fig. 5.7(a). It reaches large values within
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Figure 5.6: Cross-sections of structure factor at constant qz in a system with abc
stacking. For each qz, sharp maxima in S(q) occur near the Brillouin zone boundary,
which is shown as a green dashed line. As qz increases, the maxima precess around
the zone corners without significant change in intensity, indicating that they form
helices in the three-dimensional reciprocal space. Parameter values are J⊥ = 0.2J ,
T = 0.8J , L = 72, Lz = 12; for this value of J⊥, Tc = (0.68± 0.01)J .

the paramagnetic phase if J⊥/J is small. Its dependence on J⊥ at fixed T is very

weak. The variation of the helix radius Q with J⊥ and T is illustrated in Fig. 5.7(b).

Its value is given quite accurately by the SCGA, Eq. (4.15), for T & J , and shows a

small increase with decreasing temperature.

In the ordered phase, Bragg peaks are expected in the structure factor, in place of

a continuous distribution of weight on helices. We probe the evolution between the

two behaviours by computing

Savg(qz) =
1

L2

∑
qx,qy

S(q) . (5.20)

Results in Fig. 5.8 show the rapid development of Bragg peaks as temperature is

lowered through the transition. Although we believe (from the bimodal energy dis-

tribution of Fig. 5.4) that the transition is first-order for the value of J⊥/J studied

here, discontinuities are not apparent in the temperature dependence of Savg(qz),

presumably because of finite-size rounding.

5.4.2 abab stacking

Because the abab-stacked lattice has two sites in a primitive unit cell, the relation

between fluctuations and correlations is less direct than for the abc stacking, in which
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Figure 5.9: Cross-sections of structure factor at qz = 0 for systems with varying J⊥
in the abab stacking. Intensity is maximum on a closed loop, which is approximately
circular for small J⊥/J but develops triangular distortions with increasing J⊥/J .
Data (from left to right) are for T = 1.14J , 0.71J , 0.64J , 0.57J , obtained in systems
of size L = 72, 90, 90, 204 and Lz = 12, 12, 30, 6. Note the changing intensity scale
and increasing maximum intensity as J⊥ and T decrease. The ordering temperatures
are Tc/J = 0.99± 0.008, 0.680± 0.014, 0.602± 0.007 and 0.502± 0.01.

the unit cell has a single site. More specifically, the form of S(q) is affected by

interference between contributions from the two sites. Within the SCGA, this is

apparent from Eq. (4.31), where contributions involving a given eigenvalue εlq of the

interaction matrix are weighted by a sum,∑
α,α′

ul∗q (α)ulq (α′) , (5.21)

that includes both site-diagonal (α = α′) and interference (α 6= α′) terms. In order

to eliminate these interference effects and expose fluctuations in the abab stacking in

a simple way, we compute the structure factor using contributions only from one of

the two sites in each unit cell, by restricting the sum in Eq. (4.31) to this set of sites.

We expect from Eq. (4.23) that this single-sublattice structure factor will have

its maxima lying on closed loops in the qz = 0 plane. An overview of our data,

illustrating this behaviour, is given in Fig. 5.9.

A simple way to extract a correlation length ξ⊥ is by fitting data for qz = 0 and

qx, qy close to a selected Brillouin zone corner to the functional form

S (q) =
I

ξ2
⊥ (Q− |q⊥ −K|)2 + 1

, (5.22)

where K denotes the location of the Brillouin-zone corner andQ specifies the reciprocal-

space radius of the ring of intensity. This fitting function provides a good description
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Figure 5.10: Correlation length, ξ⊥, as a function of temperature for various values of
J⊥ in the abab stacking, obtained by fitting to the functional form given in Eq. (5.22).

of the data for small values of J⊥/J , where the maximum in the structure factor lies

on a circle, but it does not capture the triangular distortions for larger J⊥/J that are

apparent in the left-most panel of Fig. 5.9. As shown in Fig. 5.10, and as for the abc

stacking, the resulting values of ξ⊥ increase rapidly with decreasing temperature but

vary little with J⊥.

5.4.3 Fitting Procedure

Here we discuss in further detail our Monte Carlo results for S(q) and the fitting

procedures used to analyse them.

As a simple check, we start by considering uncoupled layers, which are expected

to display power-law correlations at low temperature with S(K + q) ∼ q−3/2. The

behaviour illustrated in Fig. 5.11 matches this quite accurately. As we will see below,

interlayer interactions produce significant changes in S(q), and no clear remnant of

the 3/2 power law is identifiable even for the smallest values of J⊥/J that we have

investigated. Instead, we find for non-zero J⊥ that S(q) is well-represented using

Lorenztian functions of wave vector.

First, we consider the details for the abc stacking. The data displayed in Fig. 5.6
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Figure 5.11: Illustration of power-law behaviour without interlayer coupling: line has
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2
; system parameters are L = 72 and T = 0.31J .

show helices of high intensity with axes passing through theK-points of the triangular-

lattice Brillouin zone. In broad terms, we extract the correlation length ξ⊥ and the

helix radius Q by analysing simulation results for S(q) separately at each qz, and

fitting data near the maximum to a sum of Lorentzian contributions, one from each

helix that intersects the plane.

In detail, we consider values of S(q) at fixed qz with (qx, qy) spanning one Brillouin

zone. To focus on the maxima, we retain the N largest values of S(q) from a total

of L2 points within each qz-plane. If N is too large, some points are included that

are too far in reciprocal space from the helix to be well-represented by the fitting

function; if N is too small, statistical accuracy is sacrificed. Results are insensitive

to the choice of N in the range 20 ≤ N ≤ 200, and we use N = 50. Referring to

Fig. 5.12, the form of S(q) near the K-points labelled a and b should be dominated

by helices with their axes passing through these K-points, but may also be influenced

by helices with axes passing through the four K-points c – f if the helix radius is

large. Our fitting function therefore includes six terms, labelled by i,

F4nn(q⊥) =
∑
i

I

ξ2
⊥ (q⊥ − q⊥,i)

2 + 1
. (5.23)
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Figure 5.12: Brillouin zone for the triangular lattice, with K-points labelled a–f .

We can fit the results of Monte Carlo simulations for the structure factor to peaks

located at sites labelled a and b, as well as the four peaks closest to those, c, d, e, and

f . In order to reduce the number of parameters being fit, we assume that the peaks

at c, d, e, and f are identical to a and b, up to a phase. To make this more clear,

consider decomposing qa into qa,0 + δqa, where qa,0 points to the corner a and δqa is

the displacement from the corner.

Then, for example, we could write:

qx,e = cos θe(δqa)x − sin θe(δqa)y + (qa,0)x + (A2)x (5.24)

= cos θe [(qa)x − (qa,0)x]− sin θe [(qa)y − (qa,0)y] + (qa,0)x + (A2)x (5.25)

where θe is given by the difference in ϕ0 for a and e, i.e. 4π
3
− 0. The sine/cosine

terms encode the fact that we assume the e peak is simply rotated about the corner

relative to the a peak, which is additionally shifted to the e corner by the last term.

We can also use symmetry to relate the helices centred on a and b. The coordinates

of the b peak will be the same as those at a, but reflected across A1 + A2. As this

vector makes a 30◦ angle with the horizontal, we can write the reflection matrix as(
1
2

√
3

2√
3

2
−1

2

)
(5.26)

This means we can easily rewrite the location of all the corners using the coordinates
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Figure 5.13: Comparison of F4nn with data for L = 72, Lz = 12, J⊥ = 0.2J , T = 0.8J
in the abc stacking.

of a single one:

qx,b =
1

2
· qx,a +

√
3

2
· qy,a, (5.27)

qy,b =

√
3

2
· qx,a −

1

2
· qy,a. (5.28)

So we can perform the fitting with only four parameters: Ia, ξa, qx,a, qy,a. The quality

of fit we obtain in this way is illustrated in Fig. 5.13. In principle, one expects S(q)

to be characterised by two distinct correlation lengths, ξ⊥ and ξz, as we will discuss

in Chapter 7. In practice, we have been unable to extract a second correlation length

from our Monte Carlo data for the abc stacking, for reasons we now discuss. Consider

first the ideal form of correlations, reached in the limit of divergent correlation lengths

Sideal (q) = δ
(
qx − q0

x (qz)
)
δ
(
qy − q0

y (qz)
)
. (5.29)

The consequences of finite correlation lengths can be represented by convolving

Sideal (q) with a form factor that is characterised by its width in two directions trans-

verse to the line q0
x(qz), q

0
y(qz). The fitting function F4nn (q⊥) corresponds to a choice
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Figure 5.14: S(q) vs qz for fixed qx, qy in the abc stacking, comparing data and fitting
function. J⊥ = 0.1J , L = 36, Lz = 48, T = 0.56J .

for this form factor that has circular contours in the qx–qy plane. More general pos-

sibilities have elliptical contours; we have made fits of this type, but find they do not

show significant in-plane anisotropy. As a demonstration that the form F4nn (q⊥) is

an adequate representation of our data, we show in Fig. 5.14 a comparison of it with

Monte Carlo data, as a function of qz at fixed qx, qy, on a line passing through the

helix. The close match indicates that the broadening within the qx–qy plane that is

contained in F4nn (q⊥) also accounts for the broadening of the helix along qz.

For the abab stacking, our fitting of S(q) as a function of qx and qy follows similar

steps to the ones used for the abc stacking, but analysis of the dependence on qz has

new features. For this stacking the peak width of S(q) as a function of qz yields

directly the interlayer correlation length ξz. An example of a fit is shown in Fig. 5.15

and the resulting values of ξz are displayed as a function of J⊥ and T in Fig. 5.16.

We can see from these plots that the interlayer correlation length is certainly larger

than the spacing between two layers and increases steeply as the system parameters

move deeper into the classical spin-liquid regime, i.e. weak interlayer coupling and

low temperature.
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Figure 5.15: S(q) vs qz, for fixed qx, qy passing through the maximum, in the abab
stacking: data (red); fit to SCGA (green); sum of Lorentzians (black). J⊥ =
0.20J, T = 0.73J .
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Figure 5.16: ξz vs T for different values of J⊥ in the abab stacking. The unit of length
is the spacing between successive a-layers.
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5.5 Comparison with self-consistent Gaussian ap-

proximation

The SCGA provides a useful description of frustrated magnets in the strongly corre-

lated regime. In particular, it offers a simple theoretical prediction for S(q), which

we now show to be a good representation of our simulation data. We use the func-

tional form of Eq. (4.31) in two ways, which are distinct in principle but yield very

similar results. One of these treats the variable λ as a fitting parameter with respect

to simulations; the other uses the SCGA self-consistency condition.

The self-consistency constraint in the SCGA fixes the parameter λ in the expres-

sion for the correlations. This parameter is directly related to the correlation length

and we can make comparisons with the numerics. The self-consistency equation is:

1 =
1

N
Tr (βJ + λ1)−1 ≈ 1

ΩBZ

∫
BZ

d3q
∑
l

ul∗q u
l
q

εlq (λ)
(5.30)

where ulq are the eigenvectors of Jq. We can solve this equation numerically by

carrying out the integral with Monte Carlo methods for closely spaced values of λ

and using the method of bisection to solve for λ.

We now compare the two methods of extracting correlation length. The results

for ξ⊥ are shown in Fig. 5.17. They agree to ∼ 10% with those obtained by fitting

the functional forms given in Eq. (5.19) and Eq. (5.22) for the abc and abab cases

respectively (see Figs. 5.7a and 5.10). Alternatively, the value of λ can be determined

without reference to simulations, using the SCGA condition, yielding a theoretical

prediction for ξ⊥. From Fig. 5.17, it is apparent that both approaches to determining

λ yield very similar results.

The SCGA form for S(q) is especially helpful at larger values of J⊥/J , when

detailed lattice effects are important. The results of these lattice effects for the abc

stacking include dependence of the helix radius [q0
⊥(qz) in Eq. (5.19)] on qz. For the

abab stacking they generate correlations that are not represented using the circular

maximum in S(q) implied by the fitting function given in Eq. (5.22). The SCGA

describes this physics well. Notably, for the abab stacking the SCGA fits are effective
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Figure 5.17: Correlation length ξ⊥ as a function of temperature for various values
of J⊥ as obtained from the SCGA. Left: abc stacking. Right: abab stacking. The
data labelled ‘SCGA’ have been derived by imposing the condition 〈|σ|2〉 = 1 while
the variable λ is used as a fitting parameter in the other curves.

in capturing the triangular distortion of the rings, as demonstrated in Fig. 5.18.
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Figure 5.18: Comparison of SCGA and simulation results for S(q) in the abab stack-
ing. J⊥ = 0.4J , T = 1.36J .

In this chapter, we have seen that the parallel tempering Monte Carlo simulations

provide evidence that strongly supports the existence of a classical spin-liquid regime

in the frustrated STLIAFMs. This evidence is both qualitative, in the form of sharp

features in the structure factor, and quantitative, in the form of steeply increasing

correlation lengths.

51



Chapter 6

Height Models

We now turn to an analytical treatment of stacked triangular lattice Ising antifer-

romagnets. Although the SCGA, as demonstrated, provides a good approximate

description, it is formally correct only for n-component spins in the large-n limit. It

is therefore not a natural starting point for a systematic approach. By contrast, the

height model provides a representation of a single-layer TLIAFM that is known to

capture exactly the physics at low temperatures and long distances.

The models we are interested in originate in studies of crystal interfaces and solid-

on-solid (SOS) models. We focus on the height models first articulated by Blöte et

al. that can be used to describe frustrated magnets. Although we will not explore

them here, SOS models and, more broadly, surface growth have been and continue to

be areas rich with highly diverse and novel physics.

The height model will provide a mapping between ground states of the TLIAFM

and a scalar field in two dimensions. The route from spins to heights is somewhat

circuitous and relies on various conventions which we will motivate here, following

the original work by Blöte et al.[29].

Starting from a ground state configuration on the TLIAFM, we have triangles

that consist of two satisfied antiferromagnetic bonds and one unsatisfied bond. Now

consider erasing the frustrated bonds. One can view the resulting figure as the irreg-

ular surface of a cubic lattice from the (1, 1, 1) perspective. From here, one can write

down a convention for assigning heights to the points on this surface. The convention

is shown in the table for the different bonds. This is the original mapping between

the TLIAFM spins and heights of a surface. In this work, however, we will formulate
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Figure 6.1: Figure from [29]. Example of conventions for defining discrete heights on
the sites of the triangular lattice Ising antiferromagnet.

different (but equivalent) conventions for describing this mapping.

6.1 Triangular Lattice Ising Antiferromagnet (TLI-

AFM)

Following Zeng and Henley [30], we map ground states of a single layer Ising model

onto states of a height model. We reformulate the conventions for the mapping

presented by Blöte et al. in an equivalent way that will be more convenient.

The mapping is done in such a way that spin configurations with long-range

three-sublattice order correspond to “flat” height configurations, where “flat” will

be defined more clearly in the rest of this section. Because of frustration, domain

walls can be introduced without energy cost between regions with different types of

three-sublattice order. These domain walls correspond to steps in the height field. In

a coarse-grained description, steps are represented by a gradient in the height field,

and a large value for this gradient carries an entropy penalty.

The mapping is described in two stages. First, we define heights at the sites of

the triangular lattice, as in [29]. Second, following [30], we average these site heights

to define heights at the centres of triangles, obtaining a height model that is easily

coarse-grained.

Explicitly, the procedure we have in mind for the height mapping is given as

follows. We consider ground state configurations of spins in the TLIAFM. Starting

from a reference spin, the height at the origin is h = 0. The convention for heights at
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h = 0 -1 1

-1 1 0

0 -1 1

-1 1 0

Figure 6.2: An example of a spin configuration with height labels following the conven-
tion: starting from a reference spin, the height at the origin is h = 0. The convention
for heights at all other lattice points is given by: hj = hi + 2 when the bond from i
to j, traversed anti-clockwise (clockwise) on an upward(downward)-pointing triangle,
has σi = σj and hj = hi − 1 when σi = −σj.

all other lattice points is given by: hj = hi + 2 when the bond from i to j, traversed

anti-clockwise (clockwise) on an upward(downward)-pointing triangle, has σi = σj

and hj = hi − 1 when σi = −σj. This mapping is demonstrated in Fig. 6.2.

The next step is defining heights on the centres of triangles instead of on the

lattice sites. This will have two advantages: first, it allows a more straightforward

coarse-graining. Second, it reveals some intuition about the various types of ground

states in the TLIAFM.

To define the heights on triangle centres, we first make note of the three-sublattice

structure of the triangular lattice. We can label these A, B, and C sublattices. There

are six configurations which are ordered on the sublattices. However, following the

procedure above for heights on the corners and then averaging to define heights on

the centres fails to distinguish between all six sublattice-ordered configurations. The

additional convention needed to distinguish these is described below.

We define heights at the corners of triangles and the centres modulo 6. Then, we

pick a convention for labelling these states; see Table 6.1. This convention indicates
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h = 0
(σA, σB, σC) = (+,−,−)

h = 1
(+,−,+)

h = 2
(−,−,+)

h = 3
(−,+,+)

h = 4
(−,+,−)

h = 5
(+,+,−)

A

A

A

A A A A A

B

B

B

B

B B B BC

C

C

C

C

C C C C C

Figure 6.3: Sample of spin configuration that displays all six different flat states;
black is +, red is −. These flat states are related by single-sublattice spin-flips.

h = 1
3

(hA + hB + hC) hA hB hC σA σB σC
0 0 1 −1 + − −
1 0 1 2 + − +
2 3 1 2 − − +
3 3 4 2 − + +
4 3 4 5 − + −
5 6 4 5 + + −

Table 6.1: Heights defined at triangle centres (column 1) and at triangle corners
(columns 2-4), for each ground state spin configuration (columns 5-7) of the triangle.
The spin configuration determines the height configuration up to a global shift. The
sublattice labelling is illustrated in Fig. 6.3.

that the height on every triangle is constant in each of these configurations, i.e.

these configurations are flat and that each of the six sublattice-ordered configurations

corresponds to a flat configuration with its own constant height modulo 6.

The convention can be motivated by Fig. 6.3. In that figure, we start from the

configuration corresponding to h = 0 and see first that it is reasonable to label this

configuration h = 0 because when averaging the sites for each triangle, one gets 0

everywhere. Second, we see that by flipping the spins on one sublattice, the height

on each triangle should be incremented: h → h + 1. Carrying out five successive

single-sublattice spin-flips returns the configuration equivalent to h = 0 and so we

make the identification that flat height configurations are identical modulo 6.

This mapping is unique up to the labelling of sublattices A,B and C. Rotations of
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the labels by 2π/3 around the centres of triangles (or equivalently a lattice translation)

correspond to global shifts of the height field h→ h+2. A global spin-flip corresponds

to a global shift of the height field h → h + 3. The other shifts h → h + 1, 5 can be

obtained from combinations of the label permutations and global spin-flips.

We can also express the inverse mapping, from a height configuration to a config-

uration of Ising spins. The inverse mapping is given in terms of a periodic function,

f(h) = f(h+ 6), and a constant, sα. f(h) is +1 for h = 0, 1, 5 and −1 for h = 2, 3, 4.

The constant sα is indexed by the sublattices and has values: sA = 0, sB = 2, sC = −2.

The Ising spins are then given by σα = f(h+ sα) = fα(h).

We note that each spin is part of six triangles and therefore the choice of which

triangle’s height is used must be unimportant for this mapping. Indeed, when the

heights are integer-valued, and change by at most 1 between any pair of adjacent

triangles, the mapping does not rely on this choice. For such integer-valued configu-

rations, we can write the inverse mapping explicitly

f(h) =
4

3
cos

(
πh

3

)
− 1

3
cos (πh) . (6.1)

To motivate the next step in our construction of the height model, we consider the

entropy of various ground states. In flat ground states, with constant height, there

are macroscopically many “flippable” spins. These spins can be flipped from +1 to

−1 without any energy cost. We contrast these with other ground states that have

constant gradient. In these “tilted” configurations, there are zero flippable spins, see

Fig. 6.4.

We can then write down an entropically motivated free energy to describe the sta-

tistical mechanics of the ground states of the TLIAFM [29]. The effective Hamiltonian

for the system is

H =
K

2

∫
d2r |∇h(r)|2 +

∫
d2r Ṽ (h). (6.2)

The locking potential, Ṽ (h) = −v cos(2πh), arises because we must have microscopic

heights which are integers.
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Figure 6.4: (left) An example of a flat ground-state configuration with flippable spins
circled in dashed lines. (right) An example ground-state configuration without any
flippable spins; black is +, red is −.

Armed with the phenomenological free energy, we can fix the stiffness by com-

parison with the exact solution. In particular, we consider the spin-spin correlation

functions in the absence of a locking term.

To begin, we make our notation clear. Statistical expectation averages of observ-

ables will be written

〈O〉 =

∫
D [h]Oe−βH∫
D [h] e−βH

. (6.3)

where D [h] denotes a functional integral over the scalar field h (r).

To fix the stiffness, we start with the form of the correlation function from the

exact solution. Stephenson has shown that at long distances [11]

〈σα(r)σβ(r′)〉 ∼ ωs√
|r− r′|

+ c. c. , (6.4)

where s = (sα − sβ)/2 and ω = e2πi/3, and c.c. stands for the complex conjugate.

In that work, Stephenson used the Pfaffian representation of the partition function

developed by Kasteleyn [12] and the approach to correlation functions developed by

Montroll, Potts, and Ward [13].

Now we can also express this correlation function in terms of the height fields and

evaluate the thermodynamic averages using the phenomenological free energy. The

leading terms in the expression for the intra-sublattice spin-spin correlation function
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in terms of the height fields are

〈σα (r)σβ (r′)〉 ∼ 〈eiπ3 [h(r)−h(r′)]〉ωs + c. c. (6.5)

= e−
1
2(π3 )

2
〈[h(r)−h(r′)]2〉ωs + c. c.. (6.6)

Note that we are ignoring the locking term in the potential in these expectations (we

will see later that this turns out to be irrelevant). Carrying out the functional integral

using our form of the effective Hamiltonian yields

〈σα (r)σβ (r′)〉 ∼ exp

[
− 2π

36K
ln |r− r′|

]
(ωs + ω−s) (6.7)

∼ |r− r′|− 2π
36K (ωs + ω−s). (6.8)

Hence at zero temperature, to reproduce the long-wavelength properties of the exact

solution, we equate the expressions and match the scaling exponents

|r− r′|−1/2 = |r− r′|− 2π
36K , (6.9)

and thus take K = π/9. This fixes the stiffness constant in our phenomenological

theory.

However, there are still other aspects of this theory that should be noted and

checked for consistency with what is known about the single-layer TLIAFM.

First, we have ignored the locking potential term in the effective Hamiltonian

when calculating the above correlation functions. We can include such a potential,

Ṽ (h) = −v cos(2πh), to account for the microscopic integer heights. At small length

scales, integer heights are strongly preferred, so v is large and positive. However,

at long distances, the effective value of v depends on the scaling dimension of the

operator. We can deduce the scaling dimension from the two-point function. We

have

〈cos(2πh (r)) cos(2πh (r′))〉 ∼ |r− r′|− 2π
K (6.10)∫

d2r cos(2πh (r)) ∼ L2− π
K . (6.11)

At T = 0, or when K = π/9, this yields the scaling dimension 2− π
K

= −7. Hence the

effective value of the coefficient v decreases rapidly as we probe the system at longer
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length-scales, and its effect on the long-wavelength correlations is negligible. Thus

we are justified in neglecting the locking potential when using the long-wavelength

theory to fix the stiffness.

Lastly, we can use the effective Hamiltonian formalism described so far to consider

behaviour at finite temperatures. Doing so requires that we consider excitations in

the height field. Excitations out of the ground states include configurations with three

spins aligned in a single triangle. The mapping to a height model is not well-defined

for these configurations. This is clear when we consider using the conventions from

earlier to map a triangle with three aligned spins in the height mapping. Starting at

h = 0 for one of the spins, we traverse only bonds with aligned spins and so cannot

make the height field self-consistent.

Within the language of the effective Hamiltonian, we include these excitations as

singularities in the height field and identify them as vortices. Once we have done this,

the theory is equivalent to a 2D xy model at an effective temperature which is set by

the stiffness, K.

In order to determine the role of vortices in these systems, we must consider the

scaling dimension. The scaling dimension can be obtained from estimating the free

energy of a vortex. We compute the free energy by considering the entropic and

energetic contributions. There are L2

a2 locations for vortices and, from the effective

Hamiltonian, each vortex contributes the following to the free energy

δH =
9K

π
ln

(
L

a

)
. (6.12)

The combined contribution to the free energy is then

δF =

(
9K

π
− 2

)
ln

(
L

a

)
. (6.13)

For increasing system size, L, this free energy depends on K and for K = π/9,

the free energy is increasingly negative with system size. This favours the creation

of vortices and therefore we are in the high-temperature regime of the xy model in

which vortices are unbound. The vortex density is set by the fugacity associated with
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the excitation energy of a vortex. The density sets the correlation length and this

reflects the fact that the TLIAFM is a paramagnet at any finite temperature.

We have now seen how the height model presented captures the phase diagram

and correlations for the TLIAFM. In particular, the locking potential is irrelevant

at long wavelengths and the vortices that arise at T > 0 are relevant and make the

system paramagnetic at finite temperature.

Next, we use the height model to construct a description of the multilayer system

that allows for a controlled treatment of weak interlayer interactions.

6.2 Coupled Height Models

We move now to the cases of primary interest for this work. These are extensions of

the height model described above for the stacked TLIAFM. This description will be

applicable in the weakly coupled layers case.

As with a single layer, we rely on the single harmonic mapping from spins to

heights. It is instructive to begin by studying the unfrustrated stacking. For the aaa

stacking, the interlayer coupling is

J⊥ (σA,zσA,z+1 + σB,zσB,z+1 + σC,zσC,z+1) =
8J⊥

3
cos (δ1hz) +

J⊥
3

cos (πhz) cos (πhz+1) + . . .

(6.14)

where . . . represents terms of quadratic and higher order in the derivatives. These

terms arise when considering higher harmonic terms in f (h), but we drop them here

as they turn out to be irrelevant in the scaling sense. We also introduce the notation

δphz(r) ≡ π

3
[hz+p(r)− hz(r)]. (6.15)

The most relevant term is cos (δ1hz). The scaling dimension can again be obtained

from terms in the two-point function

〈cos (δ1hz) cos (δ1h
′
z)〉 ∼ |r− r′|− π

9K (6.16)∫
d2r cos (δ1hz) ∼ L2− π

18K . (6.17)
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Figure 6.5: Interactions between layer z and z+1. Dashed lines represent interactions
between adjacent layers. A,B,C label sublattices in layer z; i, j, k label sites in layer
z + 1.

The above indicates a scaling dimension of 3
2

forK = π/9. The term cos (πhz) cos (πhz+1)

has scaling dimension −5
2

and can be neglected.

Hence the effective Hamiltonian of the height model for the aaa stacking is

H(aaa) =
K

2

∑
z

∫
d2r{|∇hz (r)|2 + κ3 cos (δ1hz)}, (6.18)

with κ3 = 16βJ⊥/3K. The ground states of this effective model are

hz(r) = γ, (6.19)

for constants γ. These ground states have a U(1) symmetry under changes of γ.

This symmetry is broken down to a six-fold discrete symmetry by the interaction

Ṽ (h). This interaction is irrelevant in the scaling sense at the fixed point describing

uncoupled layers.

For both the abc and the abab stackings, we consider two neighbouring layers as

shown in Fig. 6.5. There is a coupling between each site on the red lattice and the

three sites around it from an up-triangle on the black lattice, or equivalently between

each site on the black lattice and the three sites around it from a down triangle on

the red lattice. We denote heights on the red lattice by hz+1(r), and ones on the black

lattice by hz(r). We will group the contributions by the three black up-triangles.

We can map the interlayer contribution to the Hamiltonian, below, to the analo-

gous term in the continuum free-energy in terms of the height field

H⊥ = J⊥
∑
{ij},z

σi,zσj,z+1. (6.20)
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To carry out the mapping, we first use the fact that the mapping has period 6. This

means we can expand as

σ (r) =
∑
`∈Z

F`e
2πi`

6
h(r). (6.21)

When considering the coarse-grained theory, we only consider the most relevant

Fourier components, `. Higher order components are less relevant so we take

σ (r) ∼ C1 cos
(π

3
h (r)

)
, (6.22)

where we have accounted for the fact that the spins are real and have neglected the

higher components.

We consider the sublattice dependence of the spin-height mapping to write

σ (rα) ≈ C1 cos
(π

3
[h (rα) + sα]

)
, (6.23)

sA = 0, sB = 2, sC = −2. (6.24)

Another approximation that will be useful in writing out these interactions explicitly

is the expansion of h (r)

h (r + c) ≈ h (r) + c · ∇h (r) . (6.25)

Using these expressions, we can write a more detailed mapping between the spins

and heights which includes the sublattice differences and coarse-graining. We denote

the centre of a triangle by r0 and a lattice vector from r0 to sublattice α by εα. The

mapping is then

σz (rα) ≈ C1 cos
(π

3
[hz (r0 + εα) + sα]

)
(6.26)

≈ C1 cos
(π

3
[hz (r0) + εα · ∇hz (r0) + sα]

)
(6.27)

= C1

[
cos
(π

3
[hz (r0) + sα]

)
cos
(π

3
εα · ∇hz (r0)

)
(6.28)

− sin
(π

3
[hz (r0) + sα]

)
sin
(π

3
εα · ∇hz (r0)

)]
.

We now assume that any appearance of hz or hz+1 refers to the height at r0. Addi-

tionally, we can use the fact that the lattice spacing is small in the continuum limit
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to approximate this as:

σz (rα) ≈ C1

[
cos
(π

3
[hz + sα]

)
− π

3
εα · ∇hz sin

(π
3

[hz + sα]
)]
. (6.29)

We can apply this mapping to a specific set of the interaction terms and then sum

over these terms. We consider three sites in layer z that compose a triangle and the

site in layer z + 1 that they each interact with.

To start, we note that we fix the sublattice so that in an upward triangle with the

top vertex labelled sublattice-A, the other two are in clockwise order, so the bottom

right is sublattice-B and the bottom left is sublattice-C. In Fig. 6.5, we start with the

black upward pointing triangle centred on j and the associated interlayer interaction

terms. The next step is to consider the other two triplets of interaction terms grouped

around i, k in Fig. 6.5.

One of those trios is centred on σz+1 (rk) = σz+1 (rj + a1) and the other is centred

on σz+1 (ri) = σz+1 (rj + a1 − a2). In the language of the lattice spacing used here,

the vectors a1 = (1, 0) and a2 =
(

1
2
,
√

3
2

)
.

We start with the interactions around site j

J⊥σz+1 (rj) [σz (rj + e3) + σz (rj + e2) + σz (rj + e1)] . (6.30)

Here, the displacement from the centre of the triangle is given by

e1 =

(
0,

2
√

3

6

)
=

2

3
a2 −

1

3
a1, (6.31)

e2 =

(
1

2
,−
√

3

6

)
=

2

3
a1 −

1

3
a2, (6.32)

e3 =

(
−1

2
,−
√

3

6

)
= −1

3
a1 −

1

3
a2. (6.33)

Each of the interaction terms can be written using the expression above (note that
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hz, hz+1 are implicitly at rj)

σz+1 (rj) = cos
(π

3
[hz+1 + sj]

)
, (6.34)

σz (rj + e3) = cos
(π

3
[hz + sA]

)
− π

3
e3 · ∇hz sin

(π
3

[hz + sA]
)
, (6.35)

σz (rj + e2) = cos
(π

3
[hz + sC ]

)
− π

3
e2 · ∇hz sin

(π
3

[hz + sC ]
)
, (6.36)

σz (rj + e1) = cos
(π

3
[hz + sB]

)
− π

3
e1 · ∇hz sin

(π
3

[hz + sB]
)
. (6.37)

Using the fact that the cosine terms contribute 0 altogether, we can write

σz+1 (rj) [σz (rj + e3) + σz (rj + e2) + σz (rj + e3)] (6.38)

= −π
3

cos
(π

3
[hz+1 + sj]

)
∇hz ·

[
e3 sin

(π
3

[hz + sA]
)

(6.39)

+e2 sin
(π

3
[hz + sC ]

)
+ e1 sin

(π
3

[hz + sB]
)]
.

The terms en · ∇hz are

e3 · ∇hz =

(
−1

2
∂xhz −

√
3

6
∂yhz

)
, (6.40)

e2 · ∇hz =

(
1

2
∂xhz −

√
3

6
∂yhz

)
, (6.41)

e1 · ∇hz =

(
2
√

3

6
∂yhz

)
. (6.42)

We write the ∂xhz and ∂yhz terms separately

∂x :
π

6
∂xhz cos

(π
3

[hz+1 + sj]
) [

sin
(π

3
[hz + sA]

)
− sin

(π
3

[hz + sC ]
)]
, (6.43)

∂y :
π
√

3

18
∂yhz cos

(π
3

[hz+1 + sj]
) [

sin
(π

3
[hz + sA]

)
(6.44)

+ sin
(π

3
[hz + sC ]

)
− 2 sin

(π
3

[hz + sB]
)]
.

We can consider the other triplets of interactions using analogous expressions for the

height mapping. It is clear that we need to sum over hexagons that include these

three triangles to sum over the entire plane. We can write all the ∂x and ∂y terms

together. By grouping these terms appropriately, we can use the sum of cosines again

to cancel some terms

∂x :
π

6
∂xhz

(
cos
(π

3
[hz+1 + sk]

) [
−3 sin

(π
3

[hz + sB]
)]

(6.45)

+ cos
(π

3
[hz+1 + sj]

) [
3 sin

(π
3

[hz + sA]
)])

,
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∂y :

√
3π

18
∂yhz

(
cos
(π

3
[hz+1 + si]

) [
3 sin

(π
3

[hz + sB]
)

+ 3 sin
(π

3
[hz + sA]

)]
(6.46)

+ cos
(π

3
[hz+1 + sk]

) [
−3 sin

(π
3

[hz + sA]
)]

+ cos
(π

3
[hz+1 + sj]

) [
−3 sin

(π
3

[hz + sB]
)])

.

Using the convention sA = 0, sB = 2, sC = −2, we need to fix a convention for the

above layer as well. Here we use si = −2, sj = 2, sk = 0. Together, these give

3π

6
∂xhz

(
cos
(π

3
[hz+1 + 2]

)
sin
(π

3
hz

)
− cos

(π
3
hz+1

)
sin
(π

3
[hz + 2]

))
= −
√

3π

4
∂xhz cos (δ1hz) (6.47)

√
3π

6
∂yhz

(
cos
(π

3
[hz+1 − 2]

) [
sin
(π

3
[hz + 2]

)
+ sin

(π
3
hz

)]
− cos

(π
3
hz+1

)
sin
(π

3
hz

)
− cos

(π
3

[hz+1 + 2]
)

sin
(π

3
[hz + 2]

))
=
π
√

3

4
∂yhz sin (δ1hz) (6.48)

So the total contribution for a hexagon is

= −π
√

3

4
[∂xhz cos (δ1hz)− ∂yhz sin (δ1hz)] (6.49)

When we account for the multiplicative factors in the height mapping and sum over

the contributions across the entire lattice, the Hamiltonian can be written as

H⊥ = −4πJ⊥

9
√

3

∑
r

(cos (δ1hz) ∂xhz − sin (δ1hz) ∂yhz) + . . . (6.50)

where . . . indicates RG-irrelevant terms which would appear if we had included higher

harmonic terms in the height mapping. Thus keeping only the relevant interlayer

couplings and completing the square with the terms above leads to the effective

Hamiltonian for the abc stacking

H(abc) =
K

2

∑
z

∫
d2r

{
(∂xhz − κ⊥ cos (δ1hz))

2 + (∂yhz + κ⊥ sin (δ1hz))
2 −

(κ⊥
K

)2
}

(6.51)

with κ⊥ ∼ βJ⊥.
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The effective Hamiltonian for the abab stacking can be obtained similarly. One

difference is that the vertical unit cell contains two layers, with the layers above and

below offset in opposite directions. We use integer z to label unit cells in the vertical

direction and µ = 1, 2 to label layers within unit cells. The effective Hamiltonian is

H(abab) =
K

2

∑
z

∫
d2r
∑
µ

[
|∇hz,µ|2

−κ⊥
[
∂x (hz,1 + hz,2) cos

π

3
(hz,2 − hz,1)− ∂y (hz,1 + hz,2) sin

π

3
(hz,2 − hz,1)

+∂x(hz+1,1 + hz,2) cos
π

3
(hz,2 − hz+1,1)− ∂y(hz+1,1 + hz,2) sin

π

3
(hz,2 − hz+1,1)

]]
.

(6.52)

For both frustrated stackings, emergent continuous symmetries not present in the

lattice models are displayed by the effective Hamiltonian if terms irrelevant at the

J⊥ = 0 fixed point are omitted.

Both models have a U(1) × U(1) symmetry. One U(1) symmetry is associated

with global shifts in the height field. It results from the discrete symmetry of the

microscopic model related to global shifts in h. When the pinning potential is omitted,

this symmetry is promoted to a continuous one. The pinning potential, Ṽ (h), is

irrelevant under RG, as in the single-layer height model. Also as in the unfrustrated

case, we parameterise the symmetry with γ. The second U(1) symmetry is associated

with real-space rotations and is reduced to the discrete rotational symmetry of the

lattice by irrelevant terms. We parameterise it with θ.

In detail, these symmetries take the following form. Let Rθ denote a rotation in

the xy plane through the angle θ and write r′ = Rθ(r). Then H(abc) is invariant under

the transformation

hz(r)→ h′z(r) = hz(r
′) +

3zθ

π
+ γ. (6.53)

Similarly H(abab) is invariant under hz,µ(r)→ h′z,µ(r) with

h′z,1(r) = hz,1(r′)− 3θ

2π
+ γ (6.54)

h′z,2(r) = hz,2(r′) +
3θ

2π
+ γ. (6.55)
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By inspection of the effective Hamiltonians, we can write down the ground state

configurations. For the abc stacking, ground state configurations are

hz(r) = κ⊥(x cos θ − y sin θ) +
3zθ

π
+ γ. (6.56)

It can be checked that these are ground states by plugging them into the effective

Hamiltonian. For the abab stacking the ground states are

hz,1(r) = κ⊥(x cos θ − y sin θ)− 3θ

2π
+ γ, (6.57)

hz,2(r) = κ⊥(x cos θ − y sin θ) +
3θ

2π
+ γ. (6.58)

In the abab case, we also have a second symmetry-related set of ground states.

However, as noted above, the continuous symmetry described by rotations θ is

not present in the microscopic model. This symmetry is broken if one includes higher

harmonic contributions in the height mapping from the spin interactions. The leading

irrelevant terms are sufficient to break this symmetry. For the abc stacking, these are

H(abc)
b = κb

∑
z

∫
d2r
([

(∂xhz(r))2 − (∂yhz(r))2] cos δhz(r)+ (6.59)

2∂xhz(r)∂yhz(r) sin δhz(r)) ,

where the form for the abab stacking follows analogously for higher harmonic contribu-

tions in the mapping. The symmetry may also be broken by certain further-neighbour

couplings which are relevant. These terms may be generated under renormalisation

or included microscopically.

For the abc stacking, some relevant and marginal couplings that are not included

in the effective Hamiltonian above are

H(abc)
∇,m =

Km

2

∑
z

∫
d2r∇hz(r) · ∇hz+m(r), (6.60)

H(abc)
2 = κ2

∑
z

∫
d2r

{
∂xhz(r) cos

π

3
(hz+2 − hz) + ∂yhz(r) sin

π

3
(hz+2 − hz)

}
,

(6.61)

H(abc)
3 = κ3

∑
z

∫
d2r cos

π

3
(hz+3 − hz). (6.62)
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H(abc)
3 is the most relevant of these three: it breaks the rotational degeneracy of

θ, selecting ground states for which 3θ = 0 (π) for κ3 < 0 (κ3 > 0). H(abc)
3 is an

unfrustrated coupling between sites displaced by 3 layers in the z direction. H(abc)
2

has the same scaling dimension as the bare interlayer coupling. It also breaks the

symmetry, again favouring states for which 3θ = 0 (π) for κ2 < 0 (κ2 > 0). H(abc)
2 is a

coupling between nearest neighbours that are separated by 2 layers in the z direction.

H(abc)
∇,m is marginal, and does not break the degeneracy between the ground states

identified above, all of which have the same in-plane gradients in each layer. This

term is a coupling between the gradients of planes separated by m layers.

Therefore as well as potentially being broken spontaneously at low temperature,

the emergent U(1) spiral symmetry of the abc model can be broken explicitly at a

scale set by the coefficients κ2 and κ3. This latter form of symmetry breaking will be

discussed later.

For the abab stacking, the most important couplings beyond the bare model are

interlayer gradient couplings similar to H(abc)
∇,m and

H(abab)
3 = κ3

∑
z,µ

∫
d2r cos

π

3
(hz+1,µ − hz,µ). (6.63)

H(abab)
3 is the unfrustrated coupling between spins two layers apart.

However, in contrast to the abc case, H(abab)
3 is not important in determining

the ordering temperature. hz+1,µ − hz,µ does not depend on the parameters θ, γ for

ground state configurations in the abab stacking and so these terms will not break the

degeneracy. Instead, the symmetry is broken by irrelevant couplings that arise from

the higher harmonic contributions to the height mapping, H(abab)
b .

6.3 Spin Correlations from Heights

The structure factor, which shows helices and rings for the frustrated stackings, is

the most striking signature of the classical spin-liquid regime. Here we show how

these arise from considering expressions for the correlation functions in terms of the

height fields. Because there is no long-range order within the classical spin-liquid, the
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system is divided into independent correlation volumes. As an approximation, we can

average over the ground states to estimate the correlation function in this regime.

We first rely on the assumption that the first harmonic in the spin-height mapping

is sufficient, so σj,z ∼ cos
(
π
3

[hz (rj) + sα]
)
. Then, using the notation from subsec-

tion 4.1.1, we can write the Fourier transform of the spins near the Brillouin zone

corner K,

k = K + n1A1 + n2A2 + q, (6.64)

p = n1 + n2, (6.65)∑
j,z

σj,ze
i(K+q)·rj,z =

∑
j,z

e−i[
π
3
hz(rj)−(q⊥·rj+(qz+ 2π

3
p))], (6.66)

where the ground states are of the form hz (r) = κ⊥ (x cos θ + y sin θ) + 3θz
π

. Carrying

out the integral and averaging over the ground states (via an integral over θ, denoted

〈. . . 〉 here), we obtain for the structure factor

S (K + q) =
∑
j,z

〈σ0,0σj,z〉ei(K+q)·rj,z , (6.67)

= (2π)3 〈δ
(
qz − θ +

2pπ

3

)
δ
(
qx −

π

3
κ⊥ cos θ

)
δ
(
qy +

π

3
κ⊥ sin θ

)
〉,

(6.68)

= (2π)2 δ

(
qx −

π

3
κ⊥ cos

(
qz +

2π

3
p

))
δ

(
qy +

π

3
κ⊥ sin

(
qz +

2π

3
p

))
.

(6.69)

If we had expanded around the Brillouin zone corner K′ instead, the helix would

be given with the opposite handedness. Similarly, p dictates the phase shift of the

helices. The analogous expression for the abab stacking is

S (K + q) = δ (qz) δ
(2)

(
q2
⊥ −

(π
3

)2

κ2
⊥

)
. (6.70)

We expect that finite correlation lengths give rise to a broadening of these func-

tions, which we observe in the numerical simulations.

In this section, we have demonstrated that the height field approach for these

systems gives access to features of the classical spin-liquid regime, such as helices and

rings in the structure factor, in a very straight-forward manner. More broadly, in this
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chapter, we have introduced the height model approach for STLIAFMs. We have seen

how the height model arises for a single layer, how it captures the basic features of

single layers, and details of how it may be generalised to the stacked systems we study

here. We have also briefly presented the ground states, some additional couplings in

the effective Hamiltonian, and an expression for the structure factor derived via this

mapping. The height field provides an analytical tool with which we can investigate

the classical spin-liquid regime in a more controlled manner, in particular using the

perturbative renormalisation group.
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Chapter 7

Renormalisation Group Analysis

With the height field theory for the STLIAFM in hand, we can utilise a standard tool

in statistical physics, the perturbative renormalisation group (RG). The RG makes

a tremendous conceptual and quantitative leap beyond mean-field theory. In this

section, we first present the basic momentum-shell RG in application to the height

field for the TLIAFM. This model coincides with the well-known sine-Gordon model

in two dimensions.

Subsequently, we apply the renormalisation group to the coupled height field the-

ory of the STLIAFM. We will derive the first-order flow equations and then consider

the behaviour of the system using these as a starting point. We then consider fluctua-

tions in the ground state manifold and vortices in these systems. The combination of

vortices and terms generated in the RG is essential to the classical spin-liquid regime.

7.1 Renormalisation Group for TLIAFM

The momentum shell renormalisation group procedure can be demonstrated by con-

sidering, first, the sine-Gordon model in two dimensions [50]. We note again that we

have motivated the following action from the height model.

S = S0 + S1, (7.1)

S0 [h] =
1

2

∫
d2r|∇h|2, (7.2)

S1 [h] = κ

∫
d2r cos (βh) . (7.3)
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We have assumed that h is a scalar field defined over two dimensions. The partition

function is

Z =

∫
D [h] e−S[h]. (7.4)

As with the systems considered in this thesis, we imagine that this field theory

is obtained via coarse-graining a lattice theory. From the lattice theory, we have a

short distance cut-off, `. Equivalently, we can define the large quasimomentum cut-off

Λ = 1
`
. Using this cut-off, we can write the Fourier decomposition of h as

h (r) =
1√
V

∑
k<Λ/s

eik·rhk +
1√
V

∑
Λ/s<k<Λ

eik·rhk, (7.5)

≡ h<Λ/s (r) + h> (r) . (7.6)

h<Λ/s is the long wavelength, slow degrees of freedom and h> is the short wavelength,

fast degrees of freedom. We can insert this decomposition in the action and observe

the following simplification

S0 =
1

2

∫
d2r
(
∇h<Λ/s +∇h>

)2

(7.7)

=
1

2

∫
d2r

[(
∇h<Λ/s

)2

+ (∇h>)
2

]
(7.8)

= S0

[
h<Λ/s

]
+ S0 [h>] . (7.9)

The partition function for a given cut-off, Λ, can be written

ZΛ =

∫
Dh<Λ/sDh>e

−
(
S0

[
h<

Λ/s

]
+S0[h>]+S1

[
h<

Λ/s
+h>

])
. (7.10)

We can re-express this combination of functional integrals in a convenient way. First,

we re-write the integral over h as an expectation in the free theory for h. Then we

obtain an effective action for h<Λ/s

ZΛ = Z0

∫
Dh<Λ/se

−S0

[
h<

Λ/s

]
〈exp

(
−S1

[
h<Λ/s + h>

])
〉0, (7.11)

Seff

[
h<Λ/s

]
= S0

[
h<Λ/s

]
− ln

(
〈exp

(
−S1

[
h<Λ/s + h>

])
〉0
)
. (7.12)

Now we expand the logarithm and terms therein, truncating at second order to obtain

Seff

[
h<Λ/s

]
= S0

[
h<Λ/s

]
+ 〈S1〉0 −

1

2

[
〈S2

1〉0 − 〈S1〉20
]

+ . . . . (7.13)
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To obtain an explicit expression for this action, we need to evaluate 〈S1〉0. We can

do this by first writing the cosine in terms of exponentials and then expanding these

exponentials to second order. Eventually we just need to evaluate 〈h2〉0. This is

straightforward for the free theory in h and we have

〈h2〉0 =

∫ Λ

Λ/s

d2k

(2π)2

1

k2
≈ 1

2π
(s− 1) ≡ d`

2π
, (7.14)

〈S1〉0 = g

[
1− β2

4π
d`

] ∫
d2r cos

(
βh<Λ/s

)
. (7.15)

Finally, we can write the effective action and scale k → k′

s
, r → sr′ to obtain the

renormalised coupling (after renaming k′ → k, r′ → r)

Seff [h] =
1

2

∫
d2r|∇h|2 + κ

[
1 +

(
2− β2

4π

)
d`

] ∫
d2r cos (βh) . (7.16)

Identifying κ′ = κ
[
1 +

(
2− β2

4π

)
d`
]
, we have the scaling equation for the cosine

coupling

dκ

d`
=

(
2− β2

4π

)
κ. (7.17)

We can also use this analysis to recover the scaling dimensions presented in the

earlier treatment of the TLIAFM. We apply this same procedure to the coupled height

field theory below.

7.2 Weakly Coupled Layers

We now consider the perturbative RG for the STLIAFM via the coupled height field.

Here we derive the flow equations for parameters κ⊥, κ3, y. κ⊥ is the interlayer cou-

pling, κ3 is the coupling between sites in identically labelled layers. For example,

coupling between nearest neighbours which are both in b-layers in the abc stacking

(directly above or below each other, but separated by three layers). For the aaa stack-

ing, this coupling is the same as κ⊥. y is the vortex fugacity. The vortex fugacity

determines the density of vortices. The perturbative regime is for low temperatures

and small interlayer coupling.
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Using the same momentum-shell RG as above, we can derive the flow equations

for these couplings. We demonstrate this for the interlayer coupling in the case of the

abc stacking

H⊥ = κ⊥

∫
d2r [∂xhz(r) cos (δhz)− ∂yhz(r) sin (δhz)] . (7.18)

To make the evaluation of 〈H⊥〉0 more straightforward, we write r as ζ = x+ iy,

where x, y are the planar coordinates for layer z

H⊥ = κ⊥Im

[∫
d2r∂ζe

iδhz

]
, (7.19)

〈H⊥〉0 = κ⊥Im

[∫
d2r∂ζe

iδh<z 〈eiδh>z 〉0
]
. (7.20)

After rescaling, we have the flow equation for κ⊥

dκ⊥
d ln `

= (1− β1)κ⊥. (7.21)

The flow equations to first-order for κ3, y are

dκ3

d ln `
= (2− β1)κ3, (7.22)

dy

d ln `
= (2− α1) y, (7.23)

where β1 = π
18K

, α1 = 9K
π

. The bare values of these coupling constants can be read

off from our effective Hamiltonians

κ3,0 ∼ βJ⊥, (7.24)

κ⊥,0 ∼ βJ⊥, (7.25)

y0 ∼ e−4βJ . (7.26)

As we are perturbing from the single-layer problem, we take K = π
9
. Solving the

flow equations, we have

y = y0`, (7.27)

κ⊥ = κ⊥,0`
1/2, (7.28)

κ3 = κ3,0`
3/2. (7.29)
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Strong Coupling

Weak Coupling

κ⊥(κ3)

y

1

1

Figure 7.1: Schematic flow of coupling constants to leading order.

Following the flow, the system can arrive in one of two regimes when the largest

coupling is of order unity. These regimes are proliferating vortices or strongly coupled

layers, see the schematic Fig. 7.1, depending on whether y ∼ 1 first or κ⊥ (κ3) ∼ 1

first.

We now outline the following approach to the strongly coupled layers. If the

coupling constants flow such that the system is composed of strongly coupled layers,

one possibility is that the system is long-range ordered. However, we will show that

the system resists order and instead displays the classical spin-liquid regime we have

described.

Within the strongly coupled regime, there are two possibilities that may disrupt

long-range ordering. First, we may have fluctuations in the ground-state manifold

that prevent ordering. We will show, however, that these fluctuations are not enough

to prevent long-range ordering. Second, the contributions from vortices may prevent

ordering. These contributions will be sufficient to allow for the classical spin-liquid

regime, in which there are strong correlations throughout the system, but no long-

range order. The contributions from vortices are eventually balanced by the locking

terms and predict a transition in the coupled height field theory.
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7.3 Harmonic Fluctuations

Here we consider the first possibility for avoiding long-range order in the strongly

coupled layer regime. We compute the energy cost of harmonic excitations out of

the ground states and use the dispersion to evaluate fluctuations. If the fluctuations

are divergent, long-range order will be destroyed. We will find that the harmonic

excitations for abc and abab stackings are soft, but do not lead to divergences in the

fluctuations for finite interlayer coupling.

We start by writing a field configuration that includes small excitations out of the

ground state. We pick a ground state parametrised by θ = 0.

hz(r) = hGS(r) + φz = κ⊥x+ γ + φz. (7.30)

Now we can write an expression for the effective Hamiltonian in terms of these degrees

of freedom, truncating at quadratic order in the excitations:

H(abc) =
K

2

∑
z

∫
d2r

{
(∂xhz − κ⊥ cos (δ1hz))

2 + (∂yhz + κ⊥ sin (δ1hz))
2 −

(κ⊥
K

)2
}
,

≈ K

2

∑
z

∫
d2r

{
(∂xφz)

2 + (∂yφz)
2 + 2∂yφzκ⊥(δ1hz) + (κ⊥(δ1hz))

2 −
(κ⊥
K

)2
}
,

=
K

2

∑
z

∫
d2r
{
φz(−∂2

xφz − ∂2
yφz − 2κ⊥∂y(φz+1 − φz)+ (7.31)

2κ2
⊥(φz − φz+1))−

(κ⊥
K

)2
}
.

Below, we have expanded the excitation out of the ground state via Fourier transform,

rearranged the summation over layers, and consider just the energy change due to

the excitations:

φz(r) =
1

(2π)3

∫
d3qφ(q)ei(q⊥·r+qzz), (7.32)

δH(abc) =
1

(2π)3

K

2

∫
d3q|φ(q)|2ε (q) , (7.33)

ε (q) = q2
x + q2

y + 2
(
κ⊥
π

3

)2

− 2
(
κ⊥
π

3

)2

cos (qz)− 2
(
κ⊥
π

3

)
qy sin (qz) , (7.34)

= q2
x +

(
qy −

(
κ⊥
π

3

)
sin (qz)

)2

+
(
κ⊥
π

3

)2

(1− cos (qz))
2 . (7.35)
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Considering the line qx = 0, qy = κ⊥
π
3
qz, we have a soft dispersion relation. Specifi-

cally, we have a dispersion relation that is quartic in qz. In contrast with some situ-

ations, the soft modes here do not lead to divergent fluctuations. We can explicitly

use the expression to compute expectations in the manifold of harmonic excitations

out of the ground states. In particular, we can see whether the next highest order

contributions that we have ignored in the effective Hamiltonian are divergent

〈[hz+1 − hz]2〉 = 〈φ2
z+1〉+ 〈φ2

z〉 − 2〈φz+1φz〉, (7.36)

〈φ2
z〉 = 〈φ2

z+1〉 =
1

(2π)3

1

K

∫
d3q

1

ε (q)
, (7.37)

2〈φzφz+1〉 =
1

(2π)3

1

K

∫
d3q

eiqz + e−iqz

ε (q)
, (7.38)

〈[hz+1 − hz]2〉 =
1

(2π)3

1

K

∫
d3q

2(1− cos (qz))

ε (q)
. (7.39)

Expanding along the line of soft modes, we see that these fluctuations are finite for

κ⊥ 6= 0. As we explicitly consider the regime with non-zero interlayer coupling, this

result yields the following conclusion. Harmonic fluctuations, despite giving rise to

soft modes, do not lead to divergences that destroy long-range order in the coupled-

layer regime.

So far, we have only considered the abc stacking. We briefly summarise the results

for the other stackings here. The procedure for deriving the dispersion relations is

very similar, except for changes to accommodate the two-site unit cell in the abab

stacking.

For the other stacking which is frustrated, abab, we have soft modes which are

similar to the abc case. We introduce two fields to describe the fluctuations for each

of the sites in the unit cell. The resulting dispersion is characterised by two relations

ε±(q) = q2
x + q2

y + 2
(
κ⊥
π

3

)2

± 2
(
κ⊥
π

3

)
|cos

(qz
2

)
|
√
q2
y +

(
κ⊥
π

3

)2

. (7.40)

The ε−(q) dispersion relation is q2
x +

(
κ̃2
⊥q

2
z + q4

y/κ̃
2
⊥
)
/4 for small |q| in reciprocal

space, and again yields finite fluctuations for finite κ⊥.

The aaa stacking leads to a dispersion which is unsurprising. The excitations in
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that case are governed by

ε(q) = q2
x + q2

y + κ⊥
π

3
(1− cos (qz)) , (7.41)

which does not admit a line with quartic dispersion, and so there are no soft modes.

The analysis of harmonic excitations out of ground states in the strongly coupled

regime does not lead to divergences that disrupt ordering. However, we note that

the dispersion in the frustrated stackings, abc and abab, is unconventional. The

dispersion relations for the frustrated stackings have a line of soft modes which will

play an important role in the subsequent analysis of vortex excitations out of the

ground-state manifold.

7.4 Bound Vortices

Instead of considering small excitations out of the ground states, we now consider

vortices in the height field that occur at finite temperature. We have already shown

that vortices proliferate in the case of uncoupled layers and lead to a paramagnet

at non-zero temperature. Here we will see that vortices are bound, but still lead to

divergent fluctuations.

We start by considering a vortex-antivortex pair within a layer (z = 0) and will

show that these are bound and have a linear confining potential. To start, we consider

the vortex contribution to the energy in the height field out of the ground-state θ = 0

for the abc stacking

hz(r) = κ⊥x+ χz(r), (7.42)

χz(r) = 0 if z 6= 0. (7.43)

Assuming that the vortices occupy a single layer, we expect two terms

δHv−av =
(
∂xχ0(r) + κ⊥

(
1− cos

(π
3
χ0(r)

)))2

+
(
∂yχ0(r) + κ⊥ sin

(π
3
χ0(r)

))2

+
(
−κ⊥ cos

(π
3
χ0(r)

))2

+
(
−κ⊥ sin

(π
3
χ0(r)

))2

. (7.44)

We make the following assumptions about the vortex-antivortex pair: they are

well-separated and give a change in the height field of 6 across a width of w. We can
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ℓ
w

Figure 7.2: Schematic of region integrated over to compute contribution to effective
Hamiltonian from vortex-antivortex pair.

integrate the expression above across the width of the strip, as shown in Fig. 7.4, to

obtain the energy contribution of such a configuration using these assumptions

δHv−av =
K

2

∫
d2r
[
|∇χ0|2 + 4κ2

⊥
]
. (7.45)

Considering only contributions that depend on w, we have energy cost per length

δHv−av

`
∼ Kw

[
1

2w2
+ 2κ2

⊥

]
. (7.46)

We can find the optimal width w = 1
2
κ−1
⊥ , which gives a confining potential Ev−av ∼

2Kκ⊥. Vortex pairs which are widely separated will have a separation large with

respect to the width. Since the width is inversely proportional to κ⊥, the pairs are

tightly bound by the linear confining potential in the strongly coupled layer regime.

These bound vortices will prove to be an essential ingredient for the classical spin-

liquid regime in the frustrated stackings. This is surprising as one would generally

expect that bound vortex pairs are unimportant at sufficiently large length scales.

To see the effect these bound vortex pairs have on the systems when in the strongly

coupled layer regime, we need a more convenient way to incorporate vortices into the

height field theory. Instead of treating the bona fide multivalued height fields, we

make an alternative treatment that includes the essential physics.

We start by writing the vortex contribution to the height field for a vortex-

antivortex pair in a single layer. This must be a configuration which is a solution to

∇2h(r) = 0, where we write χ(r) again for the vortex portion of h(r),

χv−av(r) =
3

π

[
arctan

(
2x+ bx
2y + by

)
− arctan

(
2x− bx
2y − by

)]
, (7.47)

where the pair is separated by b and centred on the origin. To circumvent the

multivalued nature of the height field, we can consider such a configuration at points
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in space which are far from the origin. By going to the limit of |r| � |b|, we can

write the configuration for a vortex-antivortex pair as

χv−av(r) ≈ 3

π

|b× r|
r2

. (7.48)

We can include the cost of vortex-antivortex pairs on top of a ground state in the

strongly coupled limit by writing a potential term. The potential should couple to

the height field in a way that induces the above configuration. To accomplish this, we

write an expression for the effective Hamiltonian of a single layer in terms of Fourier

modes

H =
K

2

1

(2π)2

∫
d2q

[
ε(q)|φ(q)|2 − φ(−q)v(q)

]
. (7.49)

To see that the second term can be used to induce the vortex-antivortex pair

configuration, we can minimise the effective Hamiltonian in the usual way. The

optimal configuration of the height field out of the ground-state is

φ(q) =
v(q)

ε(q)
. (7.50)

In order to determine the potential needed, we write the vortex-antivortex pair

configuration in Fourier space

χv−av(q) ≈ 6i
|q× b|
q2

. (7.51)

Using the dispersion of a single layer, ε(q) = q2, we can write the potential

necessary to induce a vortex-antivortex pair

vv−av(q) = 6i|q× b|. (7.52)

We now generalise to the multilayer, stacked systems. By using the same linear

coupling to a potential of the Fourier modes in the effective Hamiltonian, we can

induce configurations that have vortex-antivortex pairs. Suppose we have n vortex-

antivortex pairs with centres rj, zj and pair separation bj. The potential above is

modified first by accounting for multiple pairs and second by using the dispersion
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ε(q) for the stacked systems instead of a single layer

vtot(q) = 6i
∑
j

|q× bj|e−i(q⊥rj+qzzj). (7.53)

As above, we can compute the fluctuations from the configurations arising from

many vortex-antivortex pairs∫
d3r〈[φtot(r)]2〉 =

∫
d3r

(2π)6
〈
[∫

d3q
vtot(q)

ε(q)
ei(q⊥r+qzz)

]2

〉 (7.54)

=

∫
d3qd3q′

(2π)6

∫
d3r〈ei((q′⊥+q⊥)r+(q′z+qz)z)vtot(q

′)vtot(q)

ε(q)ε(q′)
〉 (7.55)

=
ρ

(2π)3

∫
d3q
〈|vv−av(q)|2〉

ε2(q)
, (7.56)

where ρ is the density of vortices, which we assume are Poisson distributed. In the

above expression, the average 〈. . . 〉 denotes an average over vortex-antivortex pair

separation, bj, rather than a thermal average. For small q, this integral is divergent

for the soft dispersion of the frustrated stackings (though it is convergent for the aaa

stacking). We thus draw the conclusion that these vortex-antivortex pairs lead to

fluctuations that prevent long-range order in the abc and abab stackings.

We also note that the unfrustrated stacking, aaa, does not admit any divergences,

so we lack a mechanism to prevent long-range order in the strongly coupled layer

regime and cannot have a classical spin-liquid regime.

The divergence of the fluctuations can be used to estimate the correlation length.

To extract the correlation length in the regime with strongly coupled layers and no

long-range order, we require that the average separation is given by the length scale

`, where ` corresponds to κ⊥ ∼ 1. By imposing a small wave vector cutoff in the

fluctuation integrals when they reach order 1, we obtain the following correlation

lengths for the abc stacking

ξ⊥ ∼ κ−1
⊥
(
ρ`2
)−2

, (7.57)

ξz ∼
(
ρ`2
)−1

. (7.58)
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The analogous expressions for the abab stacking are

ξ⊥ ∼ κ−1
⊥
(
ρ`2
)− 1

2 , (7.59)

ξz ∼
(
ρ`2
)− 1

2 . (7.60)

The story presented thus far allows for a regime of strongly coupled layers that

avoid long-range order. This is the classical spin-liquid regime of the paramagnetic

phase. However, we know that the system must eventually undergo a transition to a

long-range ordered phase.

7.5 Transition to Order

The transition from the classical spin-liquid regime to the long-range ordered state

relies on interactions that we have not considered in the analysis thus far. These inter-

actions are locking terms which balance the fluctuations from the vortex-antivortex

pairs and lead to an ordering transition.

For the abc stacking, there are two types of locking terms to consider. The first is

a term which is absent microscopically, but which is generated at higher orders in the

renormalisation group. This interaction has been denoted κ3 and refers to coupling

between sites which are three layers apart. The second type of coupling is a term

which is present microscopically, but which we have ignored to this point. These

couplings are denoted κb and are interactions which are generated at higher orders in

the expansion of the height field.

Although κ3 is relevant and κb is irrelevant, in the case here (without κ3 in the

initial Hamiltonian), κb will stabilise order instead of κ3. The initial values for each

of these couplings are

κ3 ∼ (βJ⊥)7 , (7.61)

κb ∼ (βJ⊥) . (7.62)

These statements and initial values follow from the second-order RG equations

[1], which we do not discuss here. We take these insights and focus on the coupling
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κb. The flow equation for κb is

dκb
d ln `

= −β1κb. (7.63)

We can use the locking term to estimate the ordering transition boundary in the

strongly coupled layers regime. We find the boundary by requiring that the locking

potential, when integrated over the correlation volume, is order 1 to balance the

fluctuations from the bound vortex-antivortex pairs.

κbξ
2
⊥ξz ∼ 1. (7.64)

For the abab stacking, there is not a relevant locking term, κ3. So, the equivalent

κb coupling is the term which dictates the ordering transition. In the next chapter, we

use the expressions derived here to find explicit predictions for the phase boundaries

and compare these with the numerical results.

In this chapter, we have shown that considerations of harmonic fluctuations, bound

vortex-antivortex pairs, and locking terms lead to the classical spin-liquid in the

STLIAFMs. The combination of soft modes and bound vortex-antivortex pairs give

a regime in which layers are strongly coupled, but resist long-range order. This

regime emerges within the conventional paramagnet as temperature decreases and the

frustration and vortex-antivortex pair fluctuations become important. At even lower

temperatures, the locking terms balance these fluctuations and the system undergoes

a transition to a 3D ordered states. Chapter 8, we characterise the phase diagram

from this treatment and make a comparison with numerics.
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Chapter 8

Phase Diagram and Summary

In this section, we present a phase diagram for the STLIAFM generated from the

height field theory predictions. We compare the boundaries on this diagram to the

phase boundaries determined by the numerical simulations and show good agreement.

Following these comparisons, we give a brief outlook of some possible future directions

and summarise the work in this Part of the thesis.

8.1 Phase Boundaries and Comparisons

Here we derive the phase boundaries in the STLIAFM using the predictions from

the height field approach. We start by recalling the conclusion from the first-order

renormalisation group analysis: if the parameters κ⊥ or κ3 flow to O(1) before the

parameter y flows to O(1), then the systems are in the strongly coupled regime.

In this regime, we have seen how the frustrated stacking can remain disordered

due to soft modes in the dispersion and bound vortex-antivortex pairs. However, we

also noted the balancing of these contributions with the contributions from locking

terms that can be generated under RG or present microscopically. These terms break

the continuous symmetry and provide an ordering effect over a volume dictated by

the correlation lengths. Balancing these effects allows us to determine the phase

boundary to long-range order as follows, for the abc stacking,

κbξ
2
⊥ξz ∼ 1, (8.1)(

κb,0`
−1/2

)
∼ κ2

⊥
(
`2ρ
)5
, (8.2)

(βJ⊥) `−1/2 ∼ y10, (8.3)
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Figure 8.1: Phase boundaries for the unfrustrated (aaa) and frustrated (abc and abab)
stackings. Points: data from Monte Carlo simulations. Lines: fits to height model
theory of Chapters 6, 7.

where we have used the expressions for correlation lengths as derived in Chapter 7.

The length scale ` for strongly coupled layers is ` ∼ (βJ⊥)−2. Writing the phase

transition condition in terms of J⊥, we have

(βJ⊥)2 ∼
(
e−4βJ

)10
(βJ⊥)−20 , (8.4)

J⊥ ∼ Je−20βJ/11. (8.5)

For the abab stacking, the equivalent expression is modified due to the difference

in expressions for ξz, ξ⊥. As expected, the boundary does not vary much

J⊥ ∼ Je−5βJ/3. (8.6)

The crossover to the conventional paramagnetic behaviour is given by the same

expression for both frustrated stackings and arises from requiring that y ∼ κ⊥ ∼ 1,

i.e. the tendency to disorder balances the coupling between layers. This boundary is

given by J⊥ ∼ Je−2βJ .

We note that the unfrustrated stacking, aaa, has an ordering transition which is

expressed by the same condition as the crossover to the conventional paramagnet for
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Stacking c-fit theory
aaa 5.44± 0.2 6.0
abc 1.90± 0.08 20/11 ≈ 1.82
abab 1.63± 0.11 5/3 ≈ 1.67

Table 8.1: Values of fit parameters for phase boundaries. For the fit parameter A, the
values for the aaa, abc, abab stackings, respectively, are 6.43±0.5, 2.87±0.2, 2.16±0.27.

the frustrated stackings. That is, we simply require y ∼ κ3 ∼ 1. In the unfrustrated

stacking, the vortex-antivortex pairs do not play a role and we obtain the boundary

J⊥ ∼ Je−6βJ .

The classical spin-liquid regime, characterised by an absence of long-range order

but strong correlations within and between layers, is given by

Je−2βJ . J⊥ . Je−cβJ , (8.7)

for c = 20
11
, 5

3
in the abc and abab stackings respectively. In Fig. 8.1, we have reproduced

Fig. 5.3 for convenience. The solid lines shown are fits to the function J⊥ = AJe−cβJ .

The values of c for the various stackings are compared with the predicted values in

Table 8.1. We conclude that the predictions from the analysis of vortex-antivortex

pairs and the locking terms are in very good agreement with the numerical results.

8.2 Summary and Outlook

Using three different approaches, we have elucidated the classical spin-liquid regime in

STLIAFMs. We started with the self-consistent Gaussian approximation that builds

on the ideas of using mean-field theory. We then presented comprehensive numerics,

via parallel tempering Monte Carlo simulations, which show additional evidence and

support for the classical spin-liquid regime. Lastly, we have described a mapping

to a scalar height field, which allowed for a perturbative analytical approach via

the Renormalisation Group. These three methods give a consistent picture within

the paramagnetic phase of the STLIAFMs: there is a classical spin-liquid regime

over a broad temperature range when interlayer couplings are weak. This regime is

characterised by strong correlations throughout the system, but no long-range order.
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There are two main possibilities for future investigations of these systems. One

of these is a more careful incorporation of the details of the experimental systems.

This could include, for example, the bilayer structure of the stacking or the magnetic

degrees of freedom which are also present. Another potential avenue of investigation

is the ordering transition. From preliminary results, the nature of the transition is not

immediately straightforward. It appears possible that, for weak interlayer coupling,

there is a series of first-order transitions closely spaced in temperature, rather than a

single ordering transition. This may be reasonable given the macroscopic degeneracy

and near-degeneracy of states.

In the classical spin-liquids seen here, frustration is the crucial element that allows

for the emergence of a cooperative paramagnet regime. Although quenched disorder is

absent from these problems, the classical spin-liquids are characterised by the striking

fact that they resist long-range order despite strong correlations.
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Part III

Disorder
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Chapter 9

Disordered and Driven Systems

In this part of the thesis, we study driven Anderson insulators. In this chapter, we

begin with a broad discussion of Anderson insulators and localisation. We also briefly

describe some tools and ideas that we will use to study driven quantum systems.

Lastly, at the end of this chapter, we give a detailed outline of the rest of Part III.

9.1 Anderson Localisation

The term “disorder” has numerous connotations and implications, depending on con-

text. In particular, we contrast the ideas of quenched and annealed disorder. A

model exhibits annealed disorder when some of the parameters defining it are ran-

dom variables which are determined by Boltzmann distributions. We will focus on

systems that have quenched disorder. Systems with quenched disorder are defined by

parameters which are random variables that remain fixed with respect to the degrees

of freedom and are drawn from a distribution that we imagine is determined in the

preparation of the sample. We focus on models that were introduced by Anderson

in the study of transport in quantum systems [51]. Anderson sought to provide an

explanation of experiments on silicon semiconductors with impurity doping. These

experiments measured extremely long relaxation times for electron spins. With some

caveats, his claim was that in the presence of disorder, after an infinite amount of

time, a particle will be found some distance x away with a probability that tends to

zero as x goes to infinity.

To study these materials, Anderson introduced a heavily simplified model which
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remains one of the starting points for the study today. The phenomenon of “An-

derson localisation” describes fermions in a disordered potential whose eigenstates

decay exponentially in space. Specifically, Anderson studied a tight-binding model

of fermionic particles with short-range, translationally-invariant hopping, λi,j, and

uniformly distributed (on [−W,W ]) on-site potentials, wi. We introduce a further

simplification by studying nearest-neighbour hopping, λ. Our Hamiltonian in one

dimension is

H =
∑
i

wic
†
ici − λ

(
c†ici+1 + h.c.

)
. (9.1)

Anderson’s treatment of this problem involves perturbation theory to all orders,

but we will present some coarser arguments to justify the phenomenon of localisation.

We start by considering the limit in which λ� W . The expected difference between

on-site potentials of nearest-neighbours is wi − wi+1 ∝ W � λ. We expect some

hopping between neighbouring sites for on-site energies within λ of each other. With

bandwidth 2W , we can estimate the hopping amplitude between sites separated by

x lattice spacings as ∼ λ
(
λ

2W

)x ∼ λe−
x
ξ . In the limit of very small λ

2W
, this hopping

will lead to wavefunctions which are exponentially localised, |ψ (x) | ∝ e−
x
ξ .

Naturally, one can ask about the robustness of this result. We might think that

since in a large system there will be states very close in energy, small perturbations

can easily mix these localised states. From first-order perturbation theory, we can see

that this will not be possible. The change of a wavefunction ψσ for a perturbation

∆H is given by

∆ψσ =
∑
α

〈ψσ|∆H|ψα〉
εσ − εα

ψα. (9.2)

Obviously one might expect that this could be large for nearly degenerate eigen-

values. Specifically, for a density of states per unit energy and volume, ρ, we expect

the minimal energy difference for states separated by x sites to be
(
ρxd
)−1

, where

d is the dimension of the system. However, as we expect the matrix elements to

decay exponentially, the contributions do not prevent self-consistently having a band
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of localised states. In particular, we see that although the energy difference in the

denominator may be small, the matrix element in the numerator is smaller.

9.1.1 Scaling Argument for Localisation

We turn to one of the tools mentioned earlier: scaling analysis. The scaling analysis of

these systems provides intuition for the manner in which disorder affects macroscopic

properties. Scaling analysis is concerned with the changes in physical properties due

to changes in the system length scale. One advantage of this approach is that it

makes clear the dependence on spatial dimensionality. We will present the argument

for general dimension, d, but avoid considering the details of d > 1.

Edwards and Thouless [52] suggested the following criterion for detecting localisa-

tion. In the strongly-localised regime, the system should not be sensitive to changes in

boundary conditions. In particular, the ordered energy levels will not shift very much

if boundary conditions are changed (e.g. from ψ (N) = ψ (0) to ψ (N) = −ψ (0)).

On the other hand, if an eigenstate is extended, changes in the boundary condition

will significantly affect the energy levels. To examine the degree of localisation in a

system, Edwards and Thouless studied the ratio of the mean energy shift, ∆E to the

level spacing, η, and expressed this quantity in terms of the d.c. conductivity, σ.

∆E

η
∝ σLd−2

e2/h
. (9.3)

Then, the so-called “Gang of Four” [53] formulated a renormalisation group anal-

ysis based around this quantity. Specifically, they discuss the behaviour of the di-

mensionless conductance as a function of the scale L

g (L) ≡ G (L)

e2/h
, (9.4)

where G (L) is the conductance of a sample with linear dimension L. The crucial

assumption is that the macroscopic properties of the system depend only on the

properties of a small sample as characterised by its conductance. That is, if we have

a cube of material Ld, the properties of a cube of size (2L)d depend only on the
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properties of the first cube. In other words, we assume the scale-dependence of the

dimensionless conductance, g, is a function of g only,

∂ ln g

∂ lnL
= β (g) . (9.5)

We start by considering the basic electronic properties of the system and the

dependence of these properties on system size deep in the clean and disordered limits.

In particular, we can imagine that in the limit of very weak disorder the system is

essentially metallic. In this limit, g � 1, and we assume the conductance depends

on scale in the usual way, G ∝ σLd−2. In the opposite limit, corresponding to strong

disorder g � 1, the drop-off in the amplitude of the wavefunction will be exponential

in distance and we expect a similar drop-off for the conductance; explicitly, we take

g ∝ e−
L
ξ . We can use these two limits of g (L) to determine the scaling behaviour.

We have

∂ ln g

∂ lnL
= d− 2, g � 1, (9.6)

∂ ln g

∂ lnL
= −L

ξ
= ln g, g � 1. (9.7)

Now we make another assumption that turns out to be correct, but for which we will

not provide justification here. We assume that one can interpolate between the two

limits in a monotonic fashion. For d = 1, the result is straightforward. We see that

β (g) is always negative. Consequently, we expect large systems will always flow to

the limit of g � 1, regardless of the starting value for g. Hence, for d = 1, we expect

eigenstates in disordered systems of this kind will always be localised.

For d > 1, the situation is more complicated. The d = 2 case is “marginal” and

we can see that the conductance does not change with L in the limit g � 1. It is

reasonable to guess that β (g) is monotonic and so the systems should always flow to

the localised limit for d = 2.

For d > 2, we expect two phases. In particular, β (g) = 0 for g = gc and when

g > gc, the system flows to the delocalised limit, g � 1. At the point g = gc, the

conductance does not depend on the system size. When g < gc, the system flows to
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defined by (3) from the average of the Thouless
energy-level differences at scale L. When L &I,
there is phase coherence on a scale L andg is
no longer given by (3) but it can be shown that (e'/
A)g =G can be defined as the conductance of a hy-
percube imbedded in a perfect crystal.

(II) We remark that g(L) is the relevant dimen-
sionless ratio which determines the change of en-
ergy levels when two hypercubes are fitted togeth-
er. This is the hypothesis of Thouless and can be
justified in several ways on physical grounds.
For instance, once L &mean free path, the phase
relationships for an arbitrary integration of the
wave equation across the cube are as random
from one side to another as those between wave
functions on different cubes. This could be shown
to be related to Wegner's "neglect of eigenvalues
far from E~" by a scaling argument. In this limit
g(L) represents [as indicated in (2)] the "V/W" of
an equivalent many-level Anderson model where
each block has (L/L, ) energy levels and a width
of spectrum

W = (dE/dN)(L/Lo)

We cannot see how any statistical feature of the
energy levels other than this coupling/granularity
ratio can be relevant.

(III) We then contemplate combining b" cubes in-
to blocks of side bL and computing the new bE'/
(dE/dN)' at the resulting scale bL. The result
will be

Thence

lim P„(g) = In[g/g, (d)].
g~ oo

Here g, is a dimensionless ratio of order unity.
From the asymptotics (6) and (7), we may

sketch the universal curve P~(g) in d =1,2, 3 di-
mensions (Fig. 1). The central assumption of
Fig. 1 is continuity: Since P represents the block-
ing of finite groups of sites, it can have no built-
in singularity, and hence it would be unreason-
able for it to have the cusp indicated by the
dashed line: This is the curve which would be
required to give the Mott-Schuster jump in con-
ductivity for d = 2. The only singularities then,
must be fixed points P =0. Physically, it is also
certain that P is monotonic ing, since smaller
V/W surely always means more localization.

In constructing Fig. I, we have used perturba-
tion theory in V/W which shows that the first de-
viation of P from ln(g/g, ) is Positive, with

P =In(g/g. )[1+ag+-g'+. . .],
since this is essentially just the "locator" per-
turbat:on series first discussed by Anderson. "
The steepening of the slope of P given by (8)
makes v~ 1, as we shall see, for d = 3 or great-
er.

For largeg, we suppose that P may be calcu-
lated as a perturbation series in W/V =g ':

dg /d lnL =g (d - 2 —a/g +. . .).

g(bL) = f (b,g(L)),
or in continuous terms

d Ing(L)/d lnL =P(g(L)).

(4)

dfng
d)nL

P=s/n-g
~ gc

d=3

The scaling trajectory has only one parameter, g.
(IV) At large and small g we can get the asymp-

totics of P from general physical arguments. For
large g, macroscopic transport theory is correct
and, as in (2),

G(L) =oL~

so that

limP„(g) =d —2.
g~ OO

(6)

For small g (V/W «1), exponential loc aliz ation
is surely valid and therefore g falls off exponen-
tially:

FIG. 1. Plot of p (g) vs lng for d & 2, d =2, d & 2. g(Q
is the normalized "local conductance. " The approxima-
tion p = s ln(g/g, ) is shown for g& 2 as the solid-circled
line; this unphysical behavior necessary for a conduc-
tance jump in d =2 is shown dashed.

674

Figure 9.1: Figure from [53]. Plot of β (g) vs. ln g for d < 2, d = 2, d > 2. Justification
for smooth, monotonic interpolation between the two limits is omitted.

the localised limit as β (g) < 0. This is related to the idea of a “mobility edge” which

refers to an energy at which eigenstates are localised or extended. The scaling theory

suggests that there is no mobility edge in d ≤ 2 and that there is such a feature in

d > 2.

9.1.2 Transfer Matrices and Localisation

When d = 1 and we consider a tight-binding Anderson model, one can also use a

transfer matrix formalism. This provides a compact way of seeing the exponential

decay of the eigenstates as a function of position. Consider a semi-infinite, tight-

binding, single-particle Hamiltonian

H =
∑
k≥0

wk|k〉〈k| − λ (|k + 1〉〈k|+ |k〉〈k + 1|) , (9.8)

where wk ∈ [−W,W ], λ is nearest-neighbour hopping, and {|k〉} is the position-

space basis. Now we expand an eigenstate |ψ〉 in the position basis and write the

Schrödinger equation component-wise. We have an equation in terms of transfer

matrices and can use this to express the solution in terms of a0, a1, where ak are the
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complex amplitudes in an expansion of the solution in the position basis.

Eak = wkak − λ (ak−1 + ak+1) , (9.9)(
ak+1

ak

)
=

(
wk−E
λ

−1
1 0

)(
ak
ak−1

)
, (9.10)

Tk ≡
(
wk−E
λ

−1
1 0

)
, (9.11)(

an+1

an

)
=
∏
i

Ti

(
a1

a0

)
. (9.12)

At this point we appeal to mathematical results on random matrices [54–56].

While we avoid discussing the finer details of the assumptions for these results, we

note that the Ti are reasonably simple matrices: they are independently distributed

and have finite entries. In particular, they have ±1 on the off-diagonal. We are given

the following expression involving the product of transfer matrices

lim
n→∞

1

n
ln‖TnTn−1 . . . T1‖ =

1

ξ
> 0, (9.13)

where ξ is the localisation length and ‖Aij‖ = maxi
∑

j|Aij|. In other words, the

weight of the wavefunction |ai| is exponentially decaying with localisation length ξ.

9.1.3 Localisation and Numerics

For a tight-binding model as described above, it is straightforward to see the lo-

calisation of wavefunctions from numerics. We can diagonalise the Hamiltonian for

a particular disorder realisation and plot the magnitude of the wavefunctions. In

Fig. 9.2, for a range of disorder strengths, W , we plot eigenstates taken from the

middle of the band. We can immediately see that these are localised to varying

degrees.

Although we have focused on systems with d = 1 later in this work, the essential

feature we rely upon is the existence of a localised regime. While we have presented

a reasonably clear picture of Anderson localisation above for single-particle, isolated

systems, there are many natural questions one may ask about this phenomenon.

One obvious extension is the inclusion of interactions. The presence of interactions
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Figure 9.2: (left) Plot of |ψ (x)| for various disorder strengths in system with 400
sites. Eigenstates from the middle of the band are plotted. λ = 1,W = 2, 4, 8. (right)
Figure from [57]. Plot of localisation length as a function of disorder strength, W .
The notation W used in [57] corresponds to 2W with λ = 1 in our notation.

brings the Pandora’s box of many-body localisation [58–63], which we do not dare

open here. Another question is how these systems respond to external driving or

perturbations. This question constitutes the area of focus for Part III. Lastly, one

may ask for experimental evidence. We do not discuss the experiments in detail, but

will list some examples: evidence for Anderson localisation ranges from studies of

the same material that inspired Anderson, doped silicon [64] to more recent ultracold

atom experiments [65].

9.2 Driving and Response in Quantum Systems

In this section we present background on driven quantum systems. In this section, we

discuss Floquet theory, a formalism for studying the dynamics of periodically driven,

isolated, quantum systems. We will see that Floquet theory provides a useful means

for both thinking about physical systems conceptually and extracting concrete details

about the long-time behaviour of systems.

The dynamics of quantum systems are given by the unitary evolution from the
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Schrödinger equation. This time-evolution is conceptually simple for time-independent

Hamiltonians. Time-dependent systems are, in general, far more complicated. How-

ever, Hamiltonians which are periodic in their time-dependence admit some simplifica-

tion in their dynamics. These systems are highly relevant from a physical perspective;

for example, models subjected to periodic electromagnetic fields are examples of such

systems. More broadly, renewed focus on localisation and quantum thermalisation

has underscored the importance of understanding non-equilibrium systems and pos-

sible characteristics. Floquet systems constitute a class of non-equilibrium systems

with some relatively simple properties and significant physical importance.

Although Floquet [73] preceded Bloch [74] by nearly fifty years, Bloch’s theo-

rem is probably more widely known amongst condensed matter physicists. Despite

this, there is a direct mathematical analogy between the two. Bloch’s theorem in

spatially periodic systems, e.g. crystals, applies in precisely the same fashion for tem-

porally periodic Hamiltonians. Specifically, given a Hamiltonian, H (t) = H (t+ T ),

Schrödinger’s equation

i
d|ψ (t)〉
dt

= H (t) |ψ (t)〉, (9.14)

(9.15)

has solutions of the form

|ψα (t)〉 = e−iεαt|φα (t)〉, (9.16)

where φα are periodic, |φα (t)〉 = |φα (t+ T )〉, and εα are real and uniquely defined

up to multiples of 2π
T

. In analogy with Bloch modes in crystals, we have Floquet

eigenstates and quasienergies. Continuing the direct analogy, one can think of the

quasienergies in a periodic way, 0 < εα ≤ 2π/T , just one does with quasimomentum

in the Brillouin zone.

One of the key conceptual simplifications that the Floquet theorem provides is

revealed by considering the unitary time-evolution operator for a single period. If we

consider this operator in the usual sense, where U (T + t, t) denotes time-evolution
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according to the Schrödinger equation from time t to time t+ T , then we can see

|ψα (T )〉 = U (T, 0) |ψα (0)〉, (9.17)

|ψα (T )〉 = e−iεαT |φα (T )〉 = e−iεαT |ψα (0)〉, (9.18)

where we have used the definition of time-evolution in the first line and then the

properties of the Floquet eigenstates. We now define the Floquet Hamiltonian, HF ,

e−iHFT ≡ U (T ) . (9.19)

From the above, we can see that the Floquet modes, |φα (0)〉, are eigenstates of HF

with eigenvalues εα. By studying the Floquet Hamiltonian, we can extract informa-

tion about the system at long times. In particular, when observing stroboscopically,

we have an essentially time-independent problem. Unfortunately, though, the Floquet

Hamiltonian is not so easy to deal with. Computing the Floquet Hamiltonian is ob-

viously non-trivial to do exactly because it is equivalent to computing time-evolution

for a time-dependent system. While there are procedures for approximating HF , we

find it most fruitful to construct it numerically.

To demonstrate a convenience of Floquet formalism, we evaluate the time-dependence

of observables. We start with a time-periodic Hamiltonian, H (t) = H (t+ T ). Given

an observable, O (t) and initial state |ψ0〉, we wish to evaluate

〈O (t)〉 = 〈ψ0|U † (t)O (t)U (t)|ψ0〉, (9.20)

where U (t) is the unitary time-evolution operator from time 0 to t. Expressing

t = nT + s and using the periodicity, we can write

〈O (t)〉 = 〈ψ0|
[
U † (T )

]n
U † (s)O (t)U (s) [U (T )]n|ψ0〉. (9.21)

Using the Floquet Hamiltonian and writing U † (s)O (t)U (s) ≡ Os, we have

〈O (t)〉 = 〈ψ0|eiHFnTOs (t) e−iHFnT |ψ0〉. (9.22)

We can take advantage of the complete basis of Floquet eigenstates and insert two

resolutions of the identity operator

〈O (t)〉 =
∑
α,β

〈ψ0 | α〉eiεαnT 〈α|Os (t)|β〉e−iεβnT 〈β | ψ0〉. (9.23)
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If we had started with a many-body initial state of Slater determinants in the

t = 0 Hamiltonian eigenbasis, we could express this expectation value in terms of the

occupation, ni, of the ith eigenstate

∑
α,β,i

Osαβ (t) einT(εα−εβ)VαiV
†
iβni, (9.24)

where Vα,i is the unitary mapping between the Floquet eigenbasis and the t = 0 basis

for Slater determinants.

Both of these expressions yield a significant simplification in the limit of long times.

Explicitly, we define the limit of t→∞ by averaging over many cycles. Through this

averaging, terms will vanish unless unless α = β. This is the so-called “diagonal”

ensemble. For a time-independent observable, or a periodically defined observable

〈O (t→∞)〉 ≡ lim
N→∞

1

N

N∑
n=1

〈O (nT )〉 =
∑
α

|〈ψ0 | α〉|2〈α|O|α〉. (9.25)

From the above, it is clear that the Floquet formalism, specifically the Floquet

eigenstates, can be used to compute the long-time behaviour and get information

about, for example, questions of thermalisation. As an example, one can have Floquet

modes localised in the space of energy eigenstates of H (t = 0) [75, 76]. Instead of

continual absorption of energy until reaching an infinite-temperature thermal state,

in the presence of Anderson localisation, it is possible that systems reach a steady

state with finite energy density.

9.3 Outline of Part III

In the rest of Part III, we will study Anderson insulators in the strongly localised

regime and with periodic, monochromatic drives. In Chapter 10, we give some back-

ground on previous work related to this topic, introduce the specific models we con-

sider, and describe the numerical techniques we use. Next, in Chapter 11, we directly

investigate the linear response regime and frequency dependence of conductivity. We

show that this is consistent with the Mott law results. Then, in Chapter 12, we
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investigate the breakdown of linear response and the development of non-linear re-

sponse in the strong-driving regime. We also characterise these periodically driven

systems at long times. In particular, we describe a regime with adiabatic crossings in

instantaneous energy levels. Systems in this regime exhibit periodic non-local charge

rearrangement similar to the rearrangements described in [77]. Throughout, we sup-

port our claims with results from numerical simulations of these systems in both linear

and non-linear response regimes and describe the short- and long-time behaviour.
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Chapter 10

Floquet-Anderson Insulators

The Anderson insulator is one of the simplest models of the quantum phenomenon of

localisation [51]. In one dimension and at zero temperature, for any amount of dis-

order, it exhibits vanishing d.c. conductivity. The linear response when a monochro-

matic, oscillating electric field is applied is characterised by the celebrated Mott form

for the a.c. conductivity [79]. We will study the Anderson insulator beyond linear

response and describe the features at both long times and strong periodic driving.

Joule heating refers to the idea that electric current flowing through a conductor

generates heat [80]. We will extract the a.c. conductivity directly by observing this

heating. In many situations, a system is coupled to a bath and so heating can continue

and the system will absorb energy steadily at long times. However, in isolated systems,

this regime must break down and cross over to a long-time regime. We refer to the

behaviour at long times as the Floquet regime and one objective of our work is to

characterise the physical nature of the Floquet regime.

When the framework of time-dependent perturbation theory breaks down, we will

introduce the Landau-Zener formalism. Using a combination of analytic techniques

and numerical diagonalisation, we identify several dynamical regimes in the parameter

space of driving amplitude and frequency. In particular, we predict that there is a

non-linear adiabatic regime which exhibits non-local properties.

The two systems we study are differentiated by the nature of the periodic drive

that is applied. In one case, we consider periodically driving with a spatially local

potential and in the other case we consider applying a uniform, monochromatic elec-

tric field. We will consider zero-temperature systems, except in Chapter 12, where
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we consider the evolution of individual eigenstates. In the rest of this chapter, we

briefly outline some of the previous work on driven, disordered systems and some of

the details of the numerical set-up we have used.

10.1 Previous work

When discussing previous work on periodically driven Anderson insulators, the results

from Mott (reviewed more carefully in Chapter 11) are likely the most well-known.

Mott’s work describes the linear response regime and gives the low-frequency be-

haviour of the conductivity [79]. Since then, there have been many attempts to

understand localised systems and time-dependent perturbations.

Saso [81] performed detailed numerics to reproduce the Mott law (more specifi-

cally, prefactors from Berezinskii [82]). Saso’s work uses the Kubo-Greenwood formula

from linear response theory (rather than Joule heating) to compute the conductivity.

In [75], Gefen and Thouless study a one-dimensional system with random potentials

subject to a constant electric field. They use the Landau-Zener formalism to treat

level crossings, show that energy absorption saturates, and demonstrate that the Flo-

quet eigenstates (introduced in Chapter 9) are localised in the basis of t = 0 energy

eigenstates.

Other studies have used random matrices as models for disordered physical sys-

tems, and have demonstrated relationships between energy absorption and drive am-

plitude and frequency [83, 84] and that energy absorption can saturate when the

eigenstates of the evolution operator are localised [85]. [86] uses a random matrix

Hamiltonian and periodic driving to show that linear response breaks down. In [76],

the authors study a generic quantum system perturbed by d incommensurate driving

frequencies and show that under certain conditions these systems exhibit saturation

in energy absorption due to localisation.

Very recent work has also studied localised, driven systems. This has mostly

been in the context of many-body localisation [87, 88], but has also utilised Landau-

Zener formalism to treat energy level crossings [88]. This work considered interacting

101



models, which require far more computational resources to simulate, and so only

studied systems of size L = 12. Other work has considered adiabatic, time-dependent

perturbations and the response to such perturbations [77].

Work by Shirley used the Floquet formalism to study driven two-site systems [89].

Shirley studies the two-site Rabi problem [90], which we discuss in 11.2, without using

the Rotating Wave Approximation (RWA). Shirley’s work uses the Floquet theorem

to rewrite the two-site Hamiltonian in terms of an infinite-dimensional Hamiltonian.

Shirley did not, however, consider disordered systems in this work.

There is a growing body of experimental work investigating the response of lo-

calised quantum systems to periodic driving in ultracold atomic gases. Experiments

by the Bloch group have studied the effects of driving an interacting, localised system

[72, 91]. Other recent experiments have begun to combine localised systems and peri-

odic driving outside of ultracold atoms, instead in trapped ions and nitrogen vacancy

systems. These experiments have sought rather exotic forms of matter which we will

not discuss here [92–95].

10.2 Models and Numerical Simulation

We study two models of periodically driven Anderson-localised systems in this work.

Though similar, each has its own conceptual and practical advantages. One model

is an Anderson insulator with periodic driving at a single location. The other is an

Anderson insulator driven by a uniform monochromatic electric field. We study both

models at zero temperature and finite fermion density.

We consider these models in the continuum and on a lattice. For systems in

the continuum, we assume H0 is a one-dimensional, undriven, Anderson insulator

Hamiltonian. We denote the localisation length ξ and the density of states per unit

energy and length ρ. H0 is driven with a local oscillating potential or a global electric
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field. The full continuum versions of the Hamiltonians are

HSSD (t) = H0 − vδ (x− xd) sin (ωt) , (10.1)

HGD (t) = H0 − eE0x sin (ωt) , (10.2)

where SSD stands for single-site drive and GD stands for global drive. The level spac-

ing within a localisation length is given by ∆ξ = (ρξ)−1. We can define dimensionless

parameters for this problem as follows

Ω ≡ ~ωξρ =
~ω
∆ξ

, (10.3)

ESSD ≡ vρ =
v

ξ∆ξ

, (10.4)

EGD ≡ eE0ρξ
2 =

eE0ξ

∆ξ

. (10.5)

In order that we do not probe transitions within a localisation volume, we take

Ω� 1. To avoid distorting the non-resonant zero-field eigenstates, we take ESSD,GD �
1.

The lattice Hamiltonians describe one-dimensional, tight-binding fermions with

on-site disorder. The Hamiltonians are

HSSD (t) =
∑
i

[
−λ
(
c†ici+1 + h.c.

)
+ wic

†
ici

]
+ v̂ (t) , (10.6)

HGD (t) =
∑
i

[
−λ
(
eiΦ(t)c†ici+1 + h.c.

)
+ wic

†
ici

]
, (10.7)

where wi are uniformly distributed in [−W,W ], and λ � W . ω is the driving fre-

quency, v̂ (t) = v sin (ωt) c†dcd is the local potential at site d, and Φ (t) = φ0 cos (ωt).

The Peierls substitution is a means of including an electromagnetic potential in

a tight-binding model [96] by introducing a phase factor in the hopping terms. We

can see the effect of our time-dependent hopping more clearly by considering a single

particle situation. If we expand the wavefunction in terms of the lattice basis (with

amplitude ai on site i) and write the Schrödinger equation

|ψ〉 =
∑
i

ai|i〉, (10.8)

i
∂ak
∂t

= λe−iΦ(t)ak−1 + λeiΦ(t)ak+1 + akεk, (10.9)
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we can then make the gauge transformation, ak → bke
−ikΦ. Now we see that the

resulting equations have a time-dependent, spatially uniform electric field represented

in this gauge by a scalar potential

i
∂bk
∂t

= λbk−1 + λbk+1 + bkεk − k
∂Φ

∂t
bk. (10.10)

For Φ (t) = φ0 cos (ωt), we have an applied electric field of φ0ω sin (ωt).

We define the following quantities that will be used to describe the behaviour of

the systems. Stroboscopic normalised energy absorption is defined by

∆E (nT ) ≡ 〈ψ (t = nT ) |H0|ψ (t = nT )〉 − E0

E∞ − E0

, (10.11)

where t = nT is a multiple of the drive period, E∞ is the energy at infinite temperature

and E0 is the energy at t = 0. When the system is at infinite temperature, we expect

this quantity to be 1. We will also consider the occupation as a function of energy,

n (ε, t), where this is the average number of particles with energy ε at time t = nT .

We write the change in occupation, relative to t = 0, as

δn (ε, t) ≡
{
n (ε, t = 0)− n (ε, t) , ε < 0

n (ε, t)− n (ε, t = 0) , ε > 0,
(10.12)

where we recall that since we typically consider initial states at zero-temperature,

with chemical potential zero, n (ε, t = 0) will be a Heaviside theta function, θ (−ε).
We will also consider n (x, t), where this is the average occupation of a site x at time

t.

We study the systems described above via numerical simulations. The two models

for Floquet-Anderson insulators are highly amenable to numerical analysis.

Now we review the method used to compute the time-evolution for systems that

have time-dependent Hamiltonians. Consider a general periodic Hamiltonian, H (t) =

H (t+ T ); we construct a piecewise-constant, discretised version of the Hamiltonian.
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In particular, for 0 < t < T ,

Hdisc (t) =



H (0) , t0 = 0 ≤ t < ∆t
2

H (∆t) , ∆t
2
≤ t < 3∆t

2
...

...

H (k∆t) , (2k−1)
2

∆t ≤ t < (2k+1)
2

∆t
...

...

H (T −∆t) , T − 3∆t
2
≤ t < T − ∆t

2

H (T ) , T − ∆t
2
≤ t < T

(10.13)

where ∆t = T
N+1

, and so the Hamiltonian is evaluated at N + 1 different times in the

drive. We construct the time-evolution operator in the usual way,

U

(
(2k + 1)

∆t

2
, 0

)
= e−iHdisc(0)∆t/2

k∏
m=1

e−iHdisc(m∆t)∆t. (10.14)

We compute the matrix exponentials above using the method in the SciPy library

[97, 98]. This library uses a modified scaling and squaring algorithm.

In the limit ∆t → 0, this generates the dynamics of a system under a time-

dependent Hamiltonian. However, within numerical simulations we must use a finite

discretisation. One concern is that a piecewise-constant Hamiltonian will introduce

higher-harmonic contributions to the problem. If the piecewise-constant approxi-

mation is too coarse, then we are effectively driving with square waves. These will

contribute higher harmonics of the drive and lead to increased heating. Another

concern is that the dynamics may have avoided crossings in the energy levels. If

the discretisation is too coarse, the crossings will be traversed suddenly rather than

according to the dynamics of the Hamiltonian.

To study the dependence on discretisation, we study the change of an observable

with respect to progressively finer discretisation. In Figs. 10.1, 10.2 we present an

illustrative analysis of some features of discretising time-evolution. We will see that

when time-evolution is sufficiently discretised, the difference between an observable

at discretisation N and a reference discretisation, r (chosen to be extremely fine),

follows a power-law decay as a function of discretisation. A measurement is acceptable

when the relative changes of an observable are sufficiently small and the power-law

behaviour as a function of discretisation holds.
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We show plots for the energy absorption in the global drive model at an arbitrary

early time, ∆E, and also in the long-time limit, D. In Fig. 10.1, we vary ω and in

Fig. 10.2, we vary φ0. These are meant as representatives and similar behaviour holds

both for other observables (e.g. average occupation) and the single-site drive model.

In Fig. 10.1, we study the long-time, “diagonal” approximation, DN , as defined

in Eqn. 9.25 (averaging over many periods), for the stroboscopic absorption at a

particular discretisation, N . We see that for fine enough discretisation, |DN − Dr|
follows a power-law dependence

ln|DN −Dr| ∝ −k lnN. (10.15)

In Fig. 10.2, we examine the stroboscopic, normalised energy absorbed, ∆EN at a

given discretisation, N , over a wide range of field strength and discretisation. Because

of the power-law convergence, we can control the discretisation error in our measure-

ments. Explicitly, we discretise finely enough so that the change in the observables

begins to obey the power-law decay. For example, from Fig. 10.1, when driving with

a frequency ω = 0.05, a discretisation of N = 240 would be acceptable.

We have used systems of size L = 100 throughout this work. The range for the

frequency parameter ω is 0.02 to 0.45. For the single-site drive, we have considered

from v ≈ 10−4 to v ≈ 5. In the global drive model, we have studied from φ0 ≈ 10−4

to φ0 ≈ 20, which corresponds to a maximum field amplitude, φ0ω & 1. Usually, we

work with disorder strengths W = 2, 5. We estimate the localisation lengths to be

≈ 6 and ≈ 1 lattice spacings, respectively. We disorder average the quenched on-site

potentials over 500 to ∼ 105 realisations, depending on the regime of driving. The

discretisation we use varies from N = 160 to N = 600.

Throughout the numerical sections of the following chapters, we will often display

plots for either the single-site drive or global drive. When there are significant quali-

tative differences, we will present both and make a note of this. If the plots for both

driving models are very similar, in an effort to streamline presentation, we will show

results for just one of the models.
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Figure 10.1: (Global Drive) Plots of the convergence of the diagonal approximation,
or long-time limit, as defined in Eqn. 9.25, for energy absorption as a function of
discretisation. We see that increasingly fine discretisation is required for the power-
law decay of |DN − Dr| to set in as ω is reduced. The reference discretisation is
r = 1600. When measuring observables, we use a discretisation fine enough so the
power-law decay is applicable. φ0 = 0.01,W = 5.

Figure 10.2: (Global Drive) Plots of the convergence of energy absorption as a
function of discretisation. Solid and dashed lines indicate different disorder realisa-
tions. ω = 0.15. Reference discretisation is r = 1280. Power-law decay is roughly
|∆EN −∆Er| ∝ N−2.5. When N = 160, φ0 = 0.01, |∆EN −∆Er|/∆Er ≈ 0.01%.
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Chapter 11

Weak Driving

The well-studied regime of linear response in disordered conductors can be understood

using time-dependent perturbation theory and the Golden Rule. In general, linear

response theory seeks to understand the response of a system to a weak perturbation

[99]. The underlying idea is that the response is linear in the perturbation. One can

derive a Kubo formula [100] for a system with time-independent Hamiltonian, H0,

subject to a perturbation, H ′ (t), turned on at time t = t0. For a general observable,

A, and a system in thermodynamic equilibrium, the linear response is

δ〈A (t)〉 ≡
∫ ∞
t0

iθ (t− t′) 〈[H ′I (t′) , AI (t)]〉0dt′, (11.1)

where AI is an operator in the interaction picture and 〈. . . 〉0 is the unperturbed

expectation in equilibrium. This formulation is extremely general and can be applied

to compute the conductivity, which is the linear response coefficient for a system

of charged particles perturbed by an electromagnetically induced current. However,

we will extract the conductivity from the dynamical response of such a perturbation

directly.

The applicability of linear response theory is at both short times and weak per-

turbations. We are concerned with the physics beyond both of these constraints

in our study of Floquet-Anderson insulators. This chapter is focused on the case

of weak driving, both in the short-time linear response regime and in the long-time

limit, where the behaviour of these systems can be understood in terms of well-known

results.

In this chapter, we first review the time-dependent perturbation theory that leads
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to the Golden rule and show how this applies to the two models we consider. Then we

consider an ensemble of two-level Rabi problems to extract the long-time behaviour

in the weak driving regime. Next we turn to results of numerical simulations. We

show that the Mott form of the a.c. conductivity can be extracted from the heating

rate and discuss the mechanism for heating in this regime.

11.1 The Golden Rule and Mott Conductivity

The Golden Rule (often attributed to Fermi, but mainly owed to Dirac [78]) is a

result from time-dependent perturbation theory that has remarkable versatility and

applicability. Here, we give the statement and show how it can be used to make

an argument that serves as one starting point for our work on Floquet-Anderson

insulators. We follow the argument presented by Mott [79].

We would like to connect the idea of Anderson localisation with the behaviour of

conductivity as a function of frequency. Mott computed the asymptotic form of the

a.c. conductivity, 〈σ (ω)〉, as ω → 0, and showed that this tends to zero. Although

Mott used the Kubo-Greenwood formula [100] to compute the conductivity, one can

equivalently compute it, as we will do here, using the Golden Rule to evaluate Joule

heating.

Consider a one-dimensional Anderson insulator perturbed by a monochromatic

field, E (t) = E sin (ωt). This contributes a term eEx sin (ωt) to the Hamiltonian, H0.

The Golden Rule states that the transition rate from an initial state, |i〉, with energy

Ei to a final one, |f〉, with Ef is

R =
2π

~
e2E2|〈f |x̂|i〉|2ρ (Ef )Vf . (11.2)

where Vf is volume occupied by the final states and ρ (Ef ) is the density of states per

unit volume of the final states.

We consider two states localised on sites separated by x lattice spacings with on-

site potentials w0, wx. From perturbation theory, one can see that the most significant

contributions to the matrix element will come from pairs of states with splitting near
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Ei − Ef ≈ ~ω. To study these, we take the following effective two-level system

H =

(
w0 λe−x/ξ

λe−x/ξ wx

)
, (11.3)

We will require splitting between eigenvalues of ~ω and define a length, xMott,

λe−xMott/ξ ≡ ~ω
2
. (11.4)

The splitting between eigenvalues in the two-level problem is
√

(w0 − wx)2 + 4λ2e−2x/ξ.

We now consider all possible pairs by considering the distance separating them. If

x < xMott, 2λe−x/ξ > ~ω and so it will not be possible for the splitting to be ~ω. If

x > xMott, we will require w0−wx = ~ω. These will not contribute as the eigenstates

are exponentially localised (giving a small matrix element) and there are a small

number of them (∝ const. in d = 1 and ∝ xd−1 in general).

Finally, we consider sites separated to within a lattice spacing of xMott. These yield

a symmetric, anti-symmetric resonant pair of eigenstates |±〉 = 1√
2

(|0〉 ± |xMott〉)
with matrix element 〈+|x̂|−〉2 ∼ x2

Mott

4
. We account for all sites with separation xMott

by including the factor of volume, which is just 1 in one dimension (or xd−1
Mott in d

dimensions).

We now compute the energy absorbed by these near-resonant transitions for a

system at zero temperature with Fermi energy EF = 0. The amount of energy

absorbed or emitted near resonance is ~ω and n (E) is the Fermi distribution function

at zero temperature. There are no emission terms because we are at zero temperature.

We also have a window of ~ω of states to excite. The net energy absorption rate is

W (t) = ω~πe2E2Vf
∑
i,f

ρ (Ei) ρ (Ef ) |〈f |x̂|i〉|2n (Ei) [1− n (Ef )] , (11.5)

∼ ω2E2ρ (Ei)
2 xd−1

Mott

(
x2

Mott

)
. (11.6)

We then equate this to Joule heating to obtain the frequency-dependent conductivity

W (t) =
1

2
E2σ (ω) , (11.7)

σ (ω) ∼ ω2xd+1
Mott ∼ ω2 lnd+1 (ω) . (11.8)
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We see that this tends to zero as ω → 0 and so Mott’s criterion for localisation

holds up in the tight-binding Anderson model. We note that this result is problematic

if one considers the long-time limit. We would expect that a closed system will

eventually reach a steady state. In the following sections and chapters, we will explore

the system in the long-time and strong-perturbation limits. However, we first consider

the Mott argument in the case of a single-site drive.

11.1.1 Single-site Drive

Here we emphasise the difference between the single-site drive and the global drive by

showing that the single-site drive has a different dependence on ω in the expression for

energy absorption. We focus on the argument used to evaluate the matrix element

above. We again begin by considering effective two-site systems. For a single-site

drive, we can write

H (t) =

(
w0 λe−x/ξ

λe−x/ξ wx

)
+

(
0 0
0 VSSD (t)

)
, (11.9)

VSSD (t) = v sin (ωt) , (11.10)

where λe−x/ξ is the effective hopping amplitude introduced above. The key dif-

ference from the Mott argument above arises when evaluating the matrix element

|〈f |VSSD|i〉|2. In particular, there is not a factor of x̂.

When considering all possible separations, x, of sites, one still finds that the

strongest contributions come from pairs separated by x = xMott. However, the term

proportional to x2
Mott led to the ln2 (ω) dependence in the a.c. conductivity when

applying a monochromatic, uniform electric field. Here, we do not have such a term

and instead have

∆E ∼ v2ω2, (11.11)

where we have avoided writing σ (ω). That notation refers to Mott conductivity,

which is the response to an electric field and not applicable for the single-site drive.

We will see though, that the proportionality with ω2 can still be extracted from the

numerical simulations.
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11.2 Long-time Limit from Rabi Problem

Of course, the linear response regime cannot continue indefinitely. In a closed, finite

system, we expect an eventual steady state at long enough times. To study the

long-time behaviour, one can treat the two-level system in the framework of the Rabi

problem. We will review this treatment and discuss the behaviour of different disorder

realisations that contain pairs of sites closer or further from resonance.

In the small amplitude regime, one can apply the rotating wave approximation

(RWA) and use insights from the Rabi problem to understand the long-time limit

for both the single-site drive and the global drive. Two sites that form an effec-

tively on-resonance Rabi problem will dominate the long-time absorption; note that

the condition of being near-resonance is necessary for the applicability of the RWA.

Consider the Rabi Hamiltonian

HR =

(
Ea 0
0 Eb

)
+

(
vaa vab
vba vbb

)
sin (ωt) . (11.12)

We write the wavefunction as

|ψ (t)〉 = e−iEata (t) |a〉+ e−i(Ea+ω)tb (t) |b〉. (11.13)

The Schrödinger equation is then

i∂t

(
a
b

)
=

[
1

2

(
0 vab
vba 2∆

)
+

(
vaa 0
0 vbb

)
cos (ωt)

](
a
b

)
+

1

2

(
0 vabe

−2iωt

vbae
2iωt 0

)(
a
b

)
, (11.14)

where a = a (t) , b = b (t), the detuning, ∆, is Eb − Ea − ω, v ≡ vba = vab, and

Ω2 = ∆2 + v2. In the RWA, we neglect the oscillating terms and keep only a simple

set of coupled linear differential equations. Solving gives the following probability

amplitudes

|a (t)|2 = cos2

(
Ωt

2

)
+

∆2

∆2 + v2
sin2

(
Ωt

2

)
, (11.15)

|b (t)|2 =
v2

v2 + ∆2
sin2

(
Ωt

2

)
. (11.16)
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We calculate the absorbed energy by assuming that the level Ea is initially occupied

and so at time t, we have ∆E = (Eb − Ea) |b (t)|2 = (∆ + ω) |b (t)|2.

We now consider the system in which this two-level problem resides. We have

uniform disorder, so ∆ is uniformly distributed. If we take ρ as the density of states

at the Fermi energy, then we can count the number of effective two-level problems

with detuning ∆. We expect (∆ + ω) ρ such pairs. Thus, the total contribution to

the absorption from these pairs is

∆E (t) = ρω2 v2

∆2 + v2
sin2

(√
∆2 + v2

2
t

)
, (11.17)

where we have used the RWA again to write ∆ + ω ≈ ω because ∆ � ω. We can

integrate over ∆ and consider the long- and short-time limits, again averaging over

cycles as we have in the “diagonal approximation” for the long-time limit. This gives

∆Elong time ∝ ρω2v, (11.18)

∆Eshort time ∝ ρω2v2t, (11.19)

where the time-scale which separates these regimes is tsat ∼ 1
v
. In both cases, the

response is dominated by the limit of ∆� ω. So energy absorption will be dominated

by the sine-squared behaviour characterised by a long period, T ∼ 1
v
. This dominates

the energy absorption at long and short times. In the numerical simulations, we will

see this qualitatively through the presence of a long tail in the distribution of energy

absorption over disorder realisations.

11.3 Numerical Results for Weak Driving

In this section, we investigate the linear response regime of the periodically driven

Anderson insulators using numerical simulations. We start by showing that these

systems behave according to the principles we have discussed above. In particular,

we show that there is an absorption regime in which ∆E is linearly dependent on t.

This linear absorption regime extends to large t when the driving strength is weak.

We extract the frequency dependence by comparing the rate of heating for a range of
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Figure 11.1: (Single-site Drive) Absorption of energy, ∆E, is linearly dependent on
t. Points are data measured every five periods, black ×s are the result of first order
perturbation theory, and dashed lines are fits to the data. Drive strength v = 10−4,
disorder strength W = 2, 5 × 105 disorder realisations. We see that the predictions
from perturbation theory closely agree with the numerics. We also note that the
linear response regime lasts for many periods.

values of ω. We also show that the heating rate in this regime is proportional to the

square of the amplitude of the drive. Additionally, we see the long-time behaviour

follows as expected from the Rabi picture of two-level systems. As mentioned in the

previous chapter, where both the locally and globally driven systems show similar

behaviour, we generally refrain from presenting data for both cases.

Here we will characterise the response of these systems in the regime where our

above analysis applies. We begin with time-dependence of the energy absorption,

∆E (t). From Fig. 11.1, we see that this absorption is linear in time over many

periods. We have also plotted predictions from time-dependent perturbation theory.

In Fig. 11.1, the solid curves corresponding to ∆E from time-perturbation theory have

a single fitting parameter which is frequency-independent and arises from a factor of

the correlation length. We choose to fit this value rather than pick a prescription for

ξ which would depend on the strength of the disorder. These results show very good

agreement with the absorption from numerical simulations.

Now we focus on the rate of heating. First, we verify that the heating rate is
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Figure 11.2: (Global Drive) Absorption of energy, ∆E, is linear in time at short
times and saturates at long times. We see that for a wide range of φ0, the heating
rate is proportional to φ2

0. At fixed ω, φ0 determines the strength of the applied field
via E = φ0ω. Points are data measured every two periods, lines are visual guides.
Frequency ω = 0.25, disorder strength W = 5, ∼ 105 disorder realisations.

Figure 11.3: (Single-site Drive) Frequency dependence of the heating rate for the
single-site drive agrees with the modified Mott prediction of ω2. Drive strength is
v = 10−4 and averaging is over ∼ 5× 105 disorder realisations.
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Figure 11.4: (Global Drive) AC conductivity is extracted from the heating rate and
agrees with the leading frequency dependence of the Mott prediction, σ (ω) ∼ ω2 ln2 ω.
Drive strength is φ0 = 10−4, disorder strength is W = 5, averaging is over ∼ 5× 105

disorder realisations. The fitting parameters have values A ≈ 0.1, ω0 ≈ 3.3.

proportional to the square of the driving strength. In Fig. 11.2, we demonstrate that

there is a wide range of driving strengths for which the rate of absorption is directly

proportional to φ2
0. Note that the vertical axis is ∆E divided by φ2

0 and the curves

have nearly the same slope when they are linearly dependent on time.

Next we turn to the frequency dependence (in the global drive case, we can extract

the Mott conductivity). For the single-site drive, we expect a simple proportionality,

∼ ω2, which can be seen in Fig. 11.3. For the global drive, we also see good agreement

with the Mott law, σ (ω) ∼ ω2 ln2 ω from Fig. 11.4. Note that we have computed the

frequency dependence directly from the dynamics of the systems. This is different

from the usual approach which assumes the applicability of linear response theory

and uses the Kubo formula.

We now examine the change in occupation, δn (ε, t), as defined in Eqn. 10.12.

In the linear response regime, we expect that the heating is dominated by resonant

pairs of states. These states are separated by energy ω. Due to Pauli exclusion,
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Figure 11.5: (Global Drive) Displaced occupation, δn (ε, t), as defined in Eqn. 10.12,
shows quantised response. Recall that δn (ε, t) = n (ε, t) for ε > 0 and δn (ε, t) =
1 − n (ε, t) for ε < 0. Steps of width ω are present for a wide range of driving
frequencies. Drive strength is φ0 = 10−4, disorder strength is W = 5, over 5 × 105

disorder realisations. This indicates that the primary mechanism of heating is the
exciting of particles that comprise resonant pairs which have splitting ω.

only occupied states within ω of the Fermi energy can be excited. In the occupation,

therefore, we expect a depletion of states with −ω < ε < 0 and an excess occupation

of states with 0 < ε < ω if the resonant pairs are being excited. In Fig. 11.5, we

see clear steps. These represent depletion when −ω < ε < 0 and excitation when

0 < ε < ω. This physically corresponds to the idea that resonant pairs of splitting

ω are dominant contributions and occupied states within ω of the Fermi energy are

being excited. We expect further steps of width ω for higher-order processes. These

higher-order processes become more prominent when we move away from the weak

driving limit.

Given that we expect resonant pairs to dominate, it would be reasonable to assume

rare disorder realisations with very-near-resonant pairs contribute strongly and most

realisations contribute far less to the absorption. In Fig. 11.6, we plot the absorption
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as a function of time for many disorder realisations. We can immediately see that

many contribute orders of magnitude less than the few rare, dominant realisations.

The inset shows a histogram of the realisations based on the absorption in the long-

time limit. This histogram is meant to be illustrative of the fact that there is a long

tail here due to the rare resonant pairs that dominate the heating.

The dominant realisations are expected to determine the long-time behaviour

of absorption from the Rabi picture. In particular, we expect that ∆E should be

proportional to a single power of drive strength from Eq. 11.18, rather than the

square of drive strength. In Fig. 11.7, we can see that this is valid for a range of

electric field strengths and frequencies.

We will delay discussing the duration of this regime, the crossover to the long-time

limit, and other regimes until after the next chapter. In this section, we have presented

numerical support for the existence of the linear response regime and have identified

key physical aspects of the regime in the numerics. This includes the absorption of

energy at a steady rate over a long duration, the Mott form of the a.c. conductivity,

and the mechanism of resonant pairs as the key means of heating.
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Figure 11.6: (Single-site Drive) Absorption of energy shown for individual disorder
realisations. Inset: Histogram (over disorder realisations) of energy absorbed in long-
time limit. Drive strength is v = 10−2, frequency is ω = 0.1, disorder strength is W =
5, and we consider 104 disorder realisations. There is a long tail in the distribution of
energy absorption, which one can see qualitatively in the plot of absorption for many
disorder realisations. Most realisations contribute orders of magnitude less than the
few rare realisations.

Figure 11.7: (Global Drive) Absorption of energy in t→∞ limit divided by drive
strength φ0 is roughly constant as a function of ωφ0; lines are visual guide. We
expect this proportionality on the field strength from analysing the long-time limit
in an ensemble of Rabi problems.
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Chapter 12

Strong Driving and Long Times

We now turn to the behaviour of Anderson insulators in the regime of strong driving

and long times. To discuss this, we will construct the unitary time-evolution operator

for a period, the Floquet operator, U (T ), using ideas from the Landau-Zener problem

[101].

Generically, we expect to induce avoided energy level crossings in the instanta-

neous energy levels of H (t), one of the Floquet-Anderson insulator Hamiltonians in

Sec. 10.2, subject to driving. In Fig. 12.1, we plot these energy levels of HSSD (t) for

a half-cycle of the drive to illustrate the type of “spaghetti diagram” that we have in

mind.

Within these spaghetti diagrams of the energy levels, we can see many avoided

crossings. Our aim will be to consider the evolution as a function of time and develop

a treatment for the evolution around avoided crossings. We will introduce the idea

of adiabaticity and the Landau-Zener formula to treat these avoided crossings, show

that we can focus on single crossings, and understand the behaviour of the system by

accounting for the relative number of crossings that have varying levels of adiabaticity.

Specifically, in Sec. 12.1, we will study effective two-level problems again and

determine criteria for appropriate treatment within the computation of the evolution

operator. In Sec. 12.2, we will use the criteria derived to predict the behaviour of these

systems at various values of the parameters E ,Ω and describe several regimes that

arise when we consider strong driving, E & Ω. Notably, we justify the consideration of

energy level crossings in a pairwise fashion, which yields significant simplification in

the Floquet operator. Lastly, in Sec. 12.3, we present results of numerical simulations
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Figure 12.1: (Single-site Drive) Evolution of eigenstates under a local driving po-
tential. This qualitatively demonstrates some of the different possibilities for cross-
ings through a half-cycle of the drive. Here we have disorder strength W = 5, drive
strength v = 4, and frequency ω = 0.05

that explore systems at the edge of and just beyond the linear response regime.

12.1 Length Scales and Adiabaticity

We return to the effective two-level problem to be concrete about when the systems

can no longer be considered either perturbatively or via the RWA in the Rabi problem.

We consider an effective two-level system for localised states based on sites 0 and x,

H (t) =

(
w0 λe−x/ξ

λe−x/ξ wx

)
+

(
0 0
0 V (t)

)
, (12.1)

VSSD (t) = v sin (ωt) , (12.2)

VGD (t) = eE0x sin (ωt) . (12.3)

The driving term is small when v � λe−x/ξ, for the single-site drive, and when eE0x�
λe−x/ξ, for the global drive. We now consider these conditions in the continuum

picture, and introduce distance in units of the localisation length, r = x/ξ.

Recall that ∆ξ = (ρξ)−1 and ∆ξe
−r is the effective hopping in the continuum

between sites separated by distance r = x/ξ. The driving term is small when v/ξ �
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∆ξe
−r in the case of local drive, and eE0rξ � ∆ξe

−r in the case of uniform electric

field. Using these conditions, we can find a length scale, rL, such that v/ξ ∼ ∆ξe
−rL

or eE0rLξ ∼ ∆ξe
−rL ,

rL ≡ ln

(
1

E

)
, local drive, (12.4)

rL ≡ Lw

(
1

E

)
, uniform field, (12.5)

where Lw (g (u)) = u for g (u) = ueu (Lw is the Lambert-W function) and E are

dimensionless field strengths defined in Chapter 10. The difference between these two

conditions, because of the local nature of the drive in the first case, will lead to some

differences in the eventual discussion of regimes. Notably, we will see this difference

when examining the extent of this regime numerically.

If we can use time-dependent perturbation theory, that is, if r � rL, then the

two-level problems that contribute most strongly are those which are on-resonance.

This requires the energy splitting of the states to be ~ω. This implies that sites

separated by rMott (which is defined again below for convenience)

rMott = ln

(
1

Ω

)
, (12.6)

lead to the dominant contributions to transitions; it was these considerations that led

us to the Mott conductivity earlier.

When the distance between two sites is large enough, the driving can no longer be

considered perturbatively as the off-diagonal elements in the two-level problem are of

the same order or smaller than the driving term. Instead, we need another method

for discussing these effective two-level problems.

One approach would be to use higher orders in time-dependent perturbation the-

ory. In this regime, we would expect to see multiple-quanta processes and absorption

quantised in steps of width that is a multiple, nω, corresponding to nth order per-

turbation theory. We will investigate this possibility numerically and will see clear

evidence for the higher-order absorption processes. However, this will break down

when the driving becomes strong enough.
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12.1.1 Adiabaticity and Landau-Zener Crossings

To provide a framework for discussion of behaviour at strong driving, we now turn

to another aspect of evolution for effective two-level problems. In particular, we

introduce the idea of adiabatic evolution. Adiabatic processes in a thermodynamic

context refer to the absence of exchange of heat or matter between a system and its

environment. In quantum mechanics, adiabaticity refers to the notion of remaining

in an instantaneous eigenstate of a Hamiltonian which depends on a parameter (e.g.

time) as that parameter changes. The criterion for such adiabatic evolution was

originally given by Born and Fock [102] and can be stated

~
|〈α|∂H/∂t|σ〉|

(εα − εσ)2 � 1, (12.7)

for eigenstates |α〉, |σ〉 of H (t). In the opposite limit, this evolution is sudden and

one expects that the evolution has non-zero matrix elements which take an initial

state |σ〉 to |α〉.
The Landau-Zener [101] formula addresses a two-level model of an energy crossing

away from the sudden or adiabatic limits. It assumes that the difference between the

two energy levels is linear in time and is solvable for arbitrary rate of change, so

the Landau-Zener formula can interpolate between the sudden and adiabatic limits.

Specifically, consider a two-level problem of the following form

H =

(
−αt/2 a
a αt/2

)
. (12.8)

The Landau-Zener formula states that the probability of a diabatic crossing is P =

e−2πΓ, Γ = a2

~|α| . In other words, if 2πa2 � ~α, this crossing is diabatic and if

2πa2 � ~α, the crossing is adiabatic.

Using the Landau-Zener approach, we classify all the effective two-level problems

as being diabatic, intermediate, or adiabatic. The diabatic crossings are not important

to the dynamics of the problem. The adiabatic crossings do not have any net effect

over the course of an entire period, but as we will see, they have a significant effect

on the transport within a drive cycle, even at long times. The intermediate crossings

lead to additional heating and provide a means for the system to thermalise.
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Translating our two models into the Landau-Zener framework gives the following

values for α

α = ωv, local drive, (12.9)

α = eE0ω, uniform field. (12.10)

We use the condition 2πa2 ∼ ~α to determine the condition for crossings to be

intermediate, where here a = ∆ξe
−r. This leads to another length scale for the two-

level picture, rc. When r � rc, a crossing is adiabatic and when r � rc, it is diabatic.

Only crossings with r ∼ rc are intermediate in nature. For the two models, rc is given

as below

rc =
1

2
ln

(
2π

ΩE

)
, local drive, (12.11)

rc =
1

2
Lw

(
4π

ΩE

)
, uniform field. (12.12)

At this stage, there are three dimensionless length scales in the problem. The

relationships between these length scales give an indication of what kind of treatment

is necessary and what behaviour to expect. In Fig. 12.2, all three length scales are

shown. We note that the details depend on the model, but the consistent picture

includes a region where crossings are perturbatively described, a region where pertur-

bation theory breaks down, and a region in which crossings are adiabatic and tractable

with the Landau-Zener approach. In the next section, we will provide justification for

considering crossings in a pairwise fashion, which allows dramatic conceptual simpli-

fication in constructing the Floquet operator.

12.2 Strong Driving Regimes

Once we have the criterion for determining the nature of each crossing, we count the

number of such crossings and determine regimes of behaviour. We also show that

the crossings are well isolated from each other, allowing us to use the Landau-Zener

formalism.
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Figure 12.2: Schematic plot showing length scales for effective two-level problems.
When r < rL, crossings are tractable with perturbation theory. When r < rc, cross-
ings are adiabatic. The yellow band around rMott denotes the length scale for reso-
nances. This length scale varies for local drive and uniform field, but not significantly.

The number of intermediate crossings is given by requiring the separation to be

within one localisation length of rc. Thus we have

Nint = 4ρξv = 4E , local drive, (12.13)

Nint = 4ρξeE0 (rcξ) = 4Erc, uniform field. (12.14)

The adiabatic crossings are found by integrating separations from those which are

first amenable to Landau-Zener treatment (r > rL) to those with separation rc.

Nad = 4ρξv (rc − rL) = 4E (rc − rL) , local drive, (12.15)

Nad = 4ρ

∫ ξrc

ξrL

eE0xdx = 2E
(
r2
c − r2

L

)
, uniform field. (12.16)

Furthermore, we can estimate the proportion of the driving period that elapses

for adiabatic and intermediate crossings. The fraction of the driving period that all

the intermediate crossings makes up is proportional to the number of intermediate

crossings, Nint, multiplied by the time elapsed per crossing,
∆ξe

−r

v
for the local drive,

or
∆ξe

−r

eE0rcξ
for the uniform field. For both, the total fraction of the period taken up
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Number of crossings Heating regime
Nint � 1, Nad � 1 perturbative non-linear
Nint � 1, Nad � 1 adiabatic non-linear
Nint � 1, Nad � 1 enhanced dissipation

Table 12.1: Three strong driving (E & Ω) regimes.

by intermediate crossings is then ∝ e−rc . As long as rc is large, this fraction is

small and we can consider the intermediate crossings well separated from each other.

We therefore have justification for treating the system as a composition of two-level

problems.

To describe the dynamics of the system, we consider the possibilities for the num-

ber of intermediate and adiabatic crossings. There are three regimes possible for these

quantities when considering strong driving, E & Ω. These possibilities are denoted in

Table 12.1.

The behaviour in the system varies significantly for the three regimes described.

The perturbative non-linear regime can, as in the case of the local driving potential,

be understood via higher orders in perturbation theory and with the physical picture

of higher quanta absorption. The enhanced dissipative regime leads to systems in

which the Floquet modes are delocalised over position-space and energy-space in the

limit of long times.

The adiabatic non-linear regime, however, is highly unconventional. For example,

consider a system that consists of a single particle initially in an eigenstate of the

undriven Hamiltonian. This particle will be driven through many adiabatic crossings

that each result in displacements on the order of rc. Stroboscopically, this will not

result in any net displacement, but over a half cycle, one expects a displacement

∝ rc
√
Nad.

For a local potential, this effect is especially dramatic. In Fig. 12.1, we show an

example of the time evolution of eigenvalues and crossings. Adjacent energy level

crossings typically involve two states, each localised on a different site. These sites

are generically distributed uniformly throughout the system. Therefore, we expect
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Figure 12.3: Schematic diagrams of dynamical regimes: (left) local driving potential;
(right) uniform electric field.

non-local rearrangements of charge. These rearrangements are periodic in the long-

time limit and occur over a distance of rc. In a localised system, one might have

expected that driving on a single site can only lead to small disturbances around the

localisation site. In the adiabatic non-linear regime, however, we expect a localised

state driven through a near-adiabatic crossing to result in a transfer of charge over a

distance rc to another localised state.

The boundaries for these regimes can be derived using the conditions Nad ∼ 1

and Nint ∼ 1. These regimes are shown in Fig. 12.3. As with the discussion of

length scales above, there are differences between the cases of the local potential and

the uniform electric field. However, each model has the four regimes that we have

described above.

12.3 Numerical Results

We now turn to the numerical results for systems beyond the linear response regime

that we have previously addressed. We start by investigating the extent of the lin-

ear response regime with respect to the strength of the applied driving. Specifically,

we explore boundary of this regime and show that is in good agreement with the

predictions above. We then turn to evidence for the non-linear response regimes.
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In particular, we demonstrate the breakdown of linear response and study observ-

ables that support the descriptions above of the adiabatic non-linear and dissipative

regimes.

12.3.1 Breakdown of Linear Response

To better understand the long-time behaviour of these systems, we start by inves-

tigating the longevity of the linear response regime. In Fig. 12.4, we demonstrate

how t? is extracted. In particular, we consider the saturation time, t?, in units of the

period, T , as extracted from the heating rate and the long-time limit of absorption.

If the heating is given by ∆E = kt initially and the long-time limit of the heating is

given by constant ∆E?, then t? = ∆E?

k
. We must have t? � T if the linear response

regime is to be noticeable when measuring stroboscopically at multiples of the period.

From the discussion in Sec. 12.1 and Sec. 12.2, we have conditions for the appli-

cability of first-order perturbation theory and linear response. In particular, when

written in terms of the parameters in our numerics,

rMott � rL =⇒ v

ω
� 1, local drive, (12.17)

rMott � rL =⇒ φ0 ln

(
2W

ω

)
� 1, global drive. (12.18)

When the parameter values (v, ω) or (φ0, ω) obey the above, we expect the linear

response regime to be long-lived and the saturation time, t?, should be many multiples

of the period. In Fig. 12.5 and Fig. 12.6, we see that t? shows the expected behaviour

over several decades of v/ω and φ0 ln
(

2W
ω

)
. We see that when the quantities v/ω and

φ0 ln
(

2W
ω

)
reach O (1), t? is only a few periods at most, so the linear response regime

is short-lived. For the global drive, the line of best fit predicts a value of less than one

period for t? when φ0 ln
(

2W
ω

)
= 1. For the single-site drive, t? is just a few periods

when v/ω = 1.

As mentioned in Sec. 12.1 and Sec. 12.2, we expect a regime with heating from

higher-order processes in perturbation theory that would be characterised, for ex-

ample, by further quantised “steps” in the change in occupation, δn (ε, t) that we
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Figure 12.4: (Global Drive) Plot of stroboscopic energy absorption (points), diag-
onal approximation (solid), fit to linear response regime of absorption (dashed). We
use the fit to the linear response regime and the long-time limit to extract t?. Here
drive strength is φ0 = 0.01, frequency is ω = 0.25, disorder strength is W = 5, and
we consider 7.5× 104 disorder realisations.

Figure 12.5: (Global Drive) t? extracted for global drive (t in units of the period,
T ). There is a collapse of the data when t? is plotted against φ0 ln

(
2W
ω

)
. t? indicates

the extent of the linear response regime for a given choice of φ0, ω.
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Figure 12.6: (Single-site Drive) t? extracted for single-site drive (t in units of the
period, T ). There is a collapse when t? is plotted against v/ω. When t? ∼ 1, this
indicates the boundary of the linear response regime with respect to v/ω.

considered in Chapter 11. In Fig. 12.7, we can see the presence of these higher or-

der terms. The development of these steps indicates a breakdown of linear response

theory. However, this breakdown is conceptually simple and easy to understand in

terms of multiphoton absorption and emission processes.

12.3.2 Sample-to-sample and Site-to-site Fluctuations

From the analysis of the linear response regime in terms of resonant pairs and the

Rabi problem, we expect that as the system is driven at amplitudes beyond the linear

response regime, disorder realisations will contribute more equitably. To quantify this,

we consider the ratio of the mean (across different realisations) energy absorbed at

long-times to the root-mean-square (again over realisations) energy absorbed,

F ≡ (∆E)mean
(∆E)RMS

. (12.19)

In the linear-response regime, we expect that fluctuations in the energy absorbed

across realisations will be large and the ratio will be small. When this ratio, F , is
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Figure 12.7: (Global Drive) Displaced occupation, δn (ε, t), as defined in Eqn. 10.12,
in the long-time limit. This shows quantised response in multiple steps of width ω for
driving φ0 = 0.1 and frequency ω = 0.35. At stronger drive strengths, the occupation
is clearly inconsistent with the quantised picture of absorption from resonant processes
in perturbation theory.

near 1, it means there are no fluctuations in the energy absorption. See Fig. 12.8

for an illustration of this ratio. We also note that this switch-on behaviour occurs

for v/ω ≈ 1. We also point out that in the range v
ω
≤ 10−1, the value of F is

proportional to ω. Considering the ratio, F , for the global drive is problematic

because this quantity is self-averaging for large enough systems.

12.3.3 System Activity

We now introduce a new measure because of the failure of F for the global drive. This

new measure also gives further insight on the mechanisms for heating. In the Mott-

response regime, resonant pairs become excited. These pairs comprise only a small

number of sites in the system. Systems in the strong-driving regime have more sites

involved in the heating mechanism because of the types of crossings we have described
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Figure 12.8: (Single-site Drive) Plot of the ratio between mean energy absorption
to root-mean-square absorption at long times. This shows steep crossover behaviour
beyond the linear response regime. This indicates that more heating is driven by all
disorder realisations and less by the rare realisations with resonant pairs of states.

above. To see that systems are more active upon stronger driving, we consider

R =
〈(δn)2〉disorder,position

〈(δn)4〉1/2disorder,position

, (12.20)

δn = n(x, t =∞)− n(x, 0), (12.21)

where n (x, t) is the average occupation at position x. The average is over both

disorder realisations and position. This ratio characterises the fraction of the system

that has significant change in occupation. In the Mott-response regime, we expect

only resonant pairs will be active. This leads to a small value for the ratio. For strong

driving, the system is more uniformly active and so this ratio increases towards one.

In Fig. 12.9, we see from the numerics that this expectation is met.

In fact, as a function of φ0ω, the active ratio of the sample dramatically increases

when driving strengths are large enough to push the system beyond the linear re-

sponse regime. From this, we conclude that systems become more uniformly active in

position-space than in the weak driving regime (where only resonant pairs experienced

significant fluctuations).
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Figure 12.9: (Global Drive) We plot R for several frequencies over a wide range of
φ0ω. As this quantity increases, it indicates that the long-time change in occupation
throughout the system is becoming more uniform.

12.3.4 Adiabaticity

To identify the adiabatic non-linear response regime, we introduce additional observ-

ables. We will attempt to measure the adiabaticity of crossings directly for these

systems. In particular, we are interested in the behaviour of the systems within

the drive period. In this subsection, we introduce two measures that quantify the

proportions of sudden, adiabatic, and intermediate energy level crossings.

We imagine the spaghetti diagrams for the single-site drive model, or the global

drive model with the electric field represented using a scalar potential. Over an entire

drive period, we expect many avoided energy level crossings. The crossings which are

traversed suddenly or adiabatically both effectively “un-do” themselves over a period,

but they have different consequences within the period.

To probe the presence of both diabatic and adiabatic crossings, we consider the

evolution of single energy eigenstates through a full period. In the strongly-localised

regime, when a single particle starts in an eigenstate |m (0)〉, localised at rm, we con-

sider two extreme limits for traversing an avoided energy level crossing with instan-
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taneous eigenstate |n (t)〉 at time t. Note that we label the instantaneous eigenstates

in order by increasing instantaneous energy eigenvalue.

If the avoided crossing is traversed suddenly, the particle remains in the instan-

taneous eigenstate, still localised at rm. At the other extreme, if the crossing is

traversed adiabatically, then the state of the particle evolves into |n (t)〉, localised

at some other position, rn. Finally, if the crossing is neither sudden nor adiabatic,

we expect that the particle will evolve into a superposition of the two instantaneous

eigenstates involved.

Within the drive period, in the limit of only sudden or adiabatic crossings, we

expect the time-evolution operator to be a permutation matrix in the basis of the

instantaneous eigenstates multiplied by a diagonal phase matrix. For time-evolution

which includes intermediate crossings, we will generically expect weight on more than

one instantaneous eigenstate.

To investigate these possibilities concretely, we will study the following observables

f (t) ≡ 1

L

∑
m

Om (t) , (12.22)

g (t) ≡ 1

L

∑
m

max
n
{|〈n (t) | U (t, 0) | m (0)〉|2}, (12.23)

Om (t) ≡ |〈m (t) |U (t, 0)|m (0)〉|2. (12.24)

Om (t) is the probability of finding a particle which is initially in the state |m (0)〉
in the instantaneous eigenstate, |m (t)〉, after evolving through time t. If the time-

evolution is perfectly adiabatic, this probability is 1. If the time-evolution from 0 to t

includes a crossing which is sudden, this probability is 0 just after the crossing. f (t)

is the average of this probability over the instantaneous eigenstates.

In g (t), we can detect the possibility of permutations. In particular, if there is a

crossing in the time-evolution between 0 and t which is traversed suddenly,

max
n
{|〈n (t) | U (t, 0) | m (0)〉|2} = 1. (12.25)

If the evolution is purely sudden or adiabatic, we expect g (t) to remain 1. How-

ever, if there are intermediate crossings, g (t) may exhibit a decay away from 1 when
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Figure 12.10: (Global Drive) We plot fd (t) , gd (t) as defined in the text for several
values of field strength φ0ω, frequency ω = 2.5×10−4, and disorder strength W = 20.
At sufficiently strong driving, the systems include intermediate crossings that prevent
ideal revivals. However, gd (t) remains near the stroboscopic value, indicating that
most crossings correspond to evolution that is nearly a permutation matrix.

a state evolves into a superposition of two instantaneous eigenstates.

We will consider these quantities over a full drive period in our systems. We point

out that because the periodic drive included has a sinusoidal time-dependence, we

expect a system with only sudden or adiabatic crossings will return to its starting

state when t = T/2. We will consider the long-time limit of f (t) and g (t), denoted

by fd (t) and gd (t).

In the limit of purely sudden or adiabatic crossings, we expect fd (t) to decay

significantly from 1 during the time-evolution for 0 < t mod T < T/2. However, in

the finite systems we consider, there are very few crossings at weak drive. In this

limit, we expect gd (t) will remain 1. When there are intermediate crossings, though,

gd (t) , fd (t) decay from values less than 1. However, if gd (t) remains O (1), we can

infer that the intermediate crossings are near-adiabatic.

Now we review the scheme for computing the time-evolution of these quantities

and then briefly present some results from numerical simulations. We recall the
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expression from Chapter 9 for time-evolution of the expectation of an observable,

ô (t), with initial state, |ψ0〉.

〈ψ0|ô (nT + s)|ψ0〉 =
∑
α,β

ei(εα−εβ)nT 〈ϕα|U † (s) ô (t)U (s)|ϕβ〉〈ψ0 | ϕα〉〈ϕβ | ψ0〉,

(12.26)

where |ϕα〉 are the eigenstates of the Floquet unitary, U (T ), and s ∈ [0, T ). We

can pick ô (t) = |m (t)〉〈m (t)| where |m (t)〉 is an instantaneous eigenstate of H (t)

and |ψ0〉 = |n (0)〉. We can also compute this in the long-time limit, as discussed in

Chapter 9,

fd (t) =
1

L

∑
n,α

|〈n (t) |U (s, 0)|ϕα〉|2|〈ϕα | n (0)〉|2. (12.27)

First, in Fig. 12.10, we point out that the dearth of crossings for finite-sized

systems accounts for the lack of decay in fd (t) over a period for weak drives. Then,

for increasing values of φ0ω, we see a substantial decrease in the quantity fd (t) during

the drive cycle, with the maximal decrease around t = T/4. This indicates that there

have been many crossings through this part of the drive cycle. However, because

gd (t) varies less strongly than fd (t) throughout the drive period, the crossings that

contribute this decrease are either diabatic or near-adiabatic, as we expect in the

non-linear adiabatic regime.

12.4 Outlook and Further Questions

There are several open questions regarding the regimes beyond linear response. Find-

ing a clear, definitive signature of the non-linear adiabatic regime is likely to be

difficult because of two compounding issues. First, we predict the regime exists for

relatively small driving frequency and relatively large driving amplitude. However,

to remain in the universal regime, we also require large disorder strength. These

constraints present independent needs for finer discretisation in the calculation of the

Floquet operator.

Nonetheless, we can still make observations about behaviour of the systems near

the non-linear adiabatic regime. On one hand, if there are only diabatic level crossings,
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we would not expect much activity within the system as states which are occupied

remain spatially localised throughout the driving. On the other hand, if we have near-

adiabatic crossings, it is possible there will be some displacement of particles within

the system through the period. By measuring observables within the drive period,

one can probe this movement of charge. More concretely, current measured within

the drive period should develop fluctuations in the non-linear adiabatic regime.

In this section, we have presented evidence indicating the breakdown of linear re-

sponse at long times and strong driving. We have identified the boundary of the linear

response regime in numerical simulations and checked that it matches the predictions

given in Sec. 12.1. Additionally, we have observed the perturbative non-linearities

contributed from multiphoton processes. Lastly, we have proposed some observables

for characterising the non-linear adiabatic regime more carefully and presented an

illustrative example of one of these quantities in that regime.
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Chapter 13

Summary

We have studied periodically driven Anderson insulators with two types of driving.

We revisited the Mott argument for the frequency dependence of heating and conduc-

tivity. We used numerical simulations to extract the a.c. conductivity σ (ω) ∼ ω2 ln2 ω

for a monochromatic, uniform electric field and the analogous quantity for a single-site

drive, σ (ω) ∼ ω2, by studying the dynamical response of the systems directly.

We have also studied periodically driven Anderson insulators beyond linear re-

sponse. This included both at long times and strong driving. We presented a frame-

work for analysing the time-evolution beyond linear response. We used arguments

about adiabaticity and Landau-Zener crossings to make simplifications to the Floquet

operator. From this framework, we suggested that there is a variety of behaviour that

can exist in the Floquet limit, including systems in the near-adiabatic non-linear re-

sponse regime which exhibit periodic, non-local rearrangements of charge.

We have provided results from numerical simulations to illustrate the breakdown of

linear response and characterise the Floquet regimes. In particular, we have identified

the boundary of the linear response regime from numerics. We have shown that the

main contributions to heating beyond linear response no longer come from resonant

pairs, but instead from multiphoton processes and Landau-Zener avoided energy level

crossings. In simulations, we have seen that systems heat up in an active manner

when driven beyond linear response and a significant fraction of avoided energy level

crossings are traversed near-adiabatically. Lastly, we have made predictions for other

observables to characterise the long-time behaviour of the non-linear response regimes

and it would be interesting to test these predictions numerically in future work.
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