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We present in Section 1 the proofs of Proposition 1, Theorem 1 and Corollary 1 of
our paper. In Section 2, weak convergence results for the ideal samplers as the size of the
state-space increases are presented. The details about the multiple change-point example

of our paper are provided in Section 3

1 Proofs

Proof of Proposition 1. It suffices to prove that the probability to reach the state &,y €
A,V in one step is equal to the probability of this state under the target:

Z/W(kaxk) x (1/2) </4P((kvxk7y>7(kla}’k’yy/))d}’k'> dxy = /Aw(k’,yk/) x (1/2) dy,
(1)

where P is the transition kernel. Note that we abuse notation here by denoting the measure
dy on the left-hand side (LHS) given that we in fact use the vector ug,,; when switching
models, which often do not have the same dimension as y.

We consider two distinct events: a model switch is proposed, that we denote S, or a

parameter update is proposed (therefore denoted S¢). We know that the probabilities of



these events are 1 — 7 and 7, respectively, regardless of the current state of the Markov

chain. We rewrite the LHS of (1) as

S [t x 172) ([ Pk, 0 300) dve )

kv

=P(5) % (1123 [ [ ko) Pk x0). (0, y10) | ) ey
ke
RS < (1/2)S /A / (ks x) P((ky 300 0), (K yis /) | S dcdyne, (2
v

using Fubini’s theorem. We analyse the two terms separately. We know that

P((k’xka V)a (k,7y1€’7 V/) | SC) - 5(k,V)(k/7 l/) PSC(XkUyk’)?

where Pse is the transition kernel associated with the method used to update the parame-

ters. Therefore, the second term on the right-hand side (RHS) of (2) is equal to
P(5) x (1/2) S / / (k%) P((k, x50, (K yio, /) | S°) dcg dye
kv A

_ (S (k) x (1/2) / (x| ) ( /A Psc(xkf,ykr)dyk/) dxs.

We also know that Pgse leaves the conditional distribution 7 ( - | ") invariant, implying that

P(5%) m(k) x (1/2) / (e | K) ( / Pae(xsy1r) dyk/) dxc
— PB(5%) m(K) x (1/2) / r(yw | ) dyy = B(S°) / (K ) x (1/2) dyw. (3)

For the model switching case (the first term on the RHS of (2)), we use the fact that
there is a connection between P((k,xx,v), (K, yr,v') | S) and the kernel associated to a
specific RJ. Consider that g(k,k + 1) = g(k,k — 1) for all k£ and that all other proposal
distributions are the same as the NRJ. In this case, agry = anrj. Given the reversibility
of RJ, the probability to go from model k& with parameters in B to model k + 1 with

parameters in A is
P(s) | a0 ( [ Pk, (b Lyie) | ) dYk+1> dx,
—5(5) [ 7l + Lyi) ( [ Pualll+ Ly, (0 | ) dxk) dyin, ()
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where Pgj is the transition kernel associated with the RJ. Note that
PRJ(<k7Xk)7 (k + 17yk+1) | S) = (1/2) P((kaxk’a 1)a (k + 17Yk+17 1) | S)v

given that the difference between both kernels is that in RJ, once it is decided that a
model switch is attempted, there is an additional probability of 1/2 of trying model k + 1.
AnalOgOUSIY7 PRJ((k + 1’Yk+1>a(kaxk) | S) = (1/2) P((k + 1aYk+17_1)7(k7X/€7_1) | S)

Using that and taking B equals the whole parameter (and auxiliary) space in (4), we have

B(5) [ k30 (172) [ PU30 106+ 1,001, )y )
—B(S) [ mlk+ Lywn) x (172 ( [ P+ Ly ~1). (k-1 | 5) dxk) A e,

We thus analyse the probability to reach £+ 1 with parameters in A and direction +1. We
know that the only other way of reaching this state (other than coming from k) is by being

at k 4+ 1 with parameters in A and direction —1 and rejecting, which probability is

P(S) / rlk 4 Ly % (1/2) (1 - / P((k + 1, yss, —1), (ks —1) | ) dxk) dsn.

Therefore, the total probability to reach k 4+ 1 with parameters in A and direction +1 in

one step (given that a model switch is proposed) is

P(S) /W(k,xk) < (1/2) (/A Pk, xi, 1), (k + 1, y011,1) | S) dykﬂ) i,

+B(S) [ e+ Lyin) x (1/2 (1 = [ P+ 13100, -D, (b3 1) | 5) dxk) Ay
= B(S) [ mll+ Liyner) x (1/2) dyesn

Combining this with (3) allows to conclude the proof. |

Proof of Theorem 1. We show that Algorithm 2 converges towards its ideal version as
T — oo. As mentioned, for the ideal version, we consider the case where gy, := 7( - | k'),
the conditional distribution of the parameters of model &’. In this case, we set yr := Uy
to be the proposal for the parameters of model &', and thus the function 7T}, to be the

identity function.



To show the convergence, we use Theorem 1 in Karr (1975). We thus have to verify
three assumptions, and this will allow to conclude that {(K,Xg,v)r(m) : m € N} =
{(K, Xk, V)ideat(m) : m € N} as T' — oo. We focus on the movements involving model
switches as the same parameter update schemes are used in both samplers. Here are the
three assumptions.

1. The distributions that are used to initialise Algorithm 2 converge towards that used
to initialise the ideal NRJ.

This is verified as we assume that the Markov chains produced by both Algorithm 2
and its ideal counterpart start at stationarity, i.e. (K,Xg,v)r(0) ~ 7 @ U{—1,1} and
(K, Xk, V)ideal(0) ~ m @ U{—1,1}.

2. For h € C* (the space of bounded uniformly continuous functions), we have that
Pldeal k y Xk, V h - Z/ 7Yk’ 1deal((k Xk, V )7 (klv Y, V/)) dyk’

is a bounded continuous function.

This kernel is such that

k4 v
Pgear(k, x5, v)h = (1 A M) /h(k + Uy Wskots V) T(Wpsktn | K+ V) d0gsgrs

(k)
+ h(k, Xy, —v) (1 —1A %) ,
which is bounded and continuous.
3. For every h € C*, the Markov kernel associated with Algorithm 2 Prh converges
towards Pgeah uniformly on each compact subset of the state-space as T — oo.
We first show the pointwise convergence. Let us denote the conditional joint density of

1y

all the random variables involved in the proposal y,gr; given (k,xy,v) by

(0) (1:7-1) _(1:T-1)y . (t 1) __(t-1) () (t)
q(uk»—ﬂc—i—u’ Yitv 7uk+w—>k) q'If'—’k‘f'V uk»—)k-‘,—u H k>—>k+u Yitv > uk+u>—>k)’ ( k+v> uk:—i—w—>k))

where K" skt 18 @ MH kernel reversible with respect to p,(ﬁk +,- We have that

T—-1 0 1:T-1 1:T-1
Prh(k,xp,v) = /h(k +v, yl(c—H/ )a )q(ul(mlk—&-l/?yl(c—o—y )au;—s—qu))
T—-1 0 1:T-1 1:T-1
X aNRJZ((kv Xk)a (k + v, YI(€+V ))) d(ul(m—))k+y7 y](i,‘JrI/ ) ul(€+l/¢—>k))
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0 1.T-1 1:T-1
+ h(k7 Xk _V) / Q(ul(clﬂwrw yl(~c+z/ )7 ul(eru»—)k))

T—1 0 1:T—-1 1:T—1
x (1 — anraz((k, xp), (k + v, 705 ")) da v a0y,

Using the triangle inequality, we thus have that
| Prh(k, xi, v) — Paeah(k, Xx, V)|

(T-1) (0) (1:7-1) (1:7-1)
‘/ k + v, yk+y ) ) Q(uk»—m+w ykJrV 7uk+w—>k)

T—-1 0 1:T-1 1:T-1
xanry2((k,xx), (k + v, yz(m/ ) d(“éimw yl(chV ) ul(c+ur—>k))

k+v
- / h(k 4 v, Wes ks V) T(Wpsiog | K+ 1) (1 A %) AW oy

0 1:T—-1 1. 7-1
; \h(k,xk, ) [l )

T—1 0 1:T—-1 1:T-1
(1 — anga((k, xp), (k + v,y 0N @,y a0y

k=) (1= 1 TED), 5)

We analyse the first absolute value on the RHS. We write the integrals as (conditional)

expectations (given (k,xy,v)):

’E[ (k+ v, Y,(il,l)7 v) anryz((k,xz), (k + v, Yl(chu )))]

-E {h(k: + v, Upsrn, V) (1 A ﬂf(—;-)y))} '

)]E[ (k + v, Y,(:r,, ,v) anraz((k,xx), (k +v Yi(f+y )))]

)
e, 1075
+(1A v [(
(k)

m(k+v
k:-l—u s V>i| — (1 A\ g) E [h(k? + v, Uk»—>k+u7 V)]
using again the triangle inequality. We now show that both absolute values on the RHS

Y

(k)

converge towards 0. For the first one, we have
E |h(k+ v, YV k k+v, YU
(k+v, Y, v) anraz((k xi), (K + v, Y 7))
k+v)
CE Bk 40, YT, ) (14 TEEY)
e+ (1020

anryz((k, xx), (k + v, YHV )) - (1 A M)‘ — 0,

= ME ()
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using that there exists a positive constant M such that |h| < M and that rnrie((k, x), (K+

Y,E?;U”)) — w(k + v)/m(k) in distribution (by assumption). The convergence of the
expectation follows from the fact that if a random variable X, converges towards a constant
¢ in distribution, then X, — ¢ converges towards 0 in probability and E|¢(X,,) —g(c)| — 0
for any bounded uniformly continuous function g (min(1, z) with z > 0 is a function having

these characteristics). For the second absolute value, we have

(1 A M) )E [ k+ v, Y5, )} —E [h(k + v, Upshins v)]‘

(k)

‘E[ (k+ v, YD, )] —Eh(k+v, Umm,u)]’ 0,

if the (conditional) distribution of Y,C i Y (given (k,xy, v)) converges towards (- | k + v)
given that h is a bounded continuous function.
Let us now prove this convergence in distribution. The conditional distribution of

Y,(iy ) given (k,xy,v) is written as

POYT ) € Ak xpv) = / Gooein (02 )
Yy

(T— 1)€A

k+v

(®) (t—1) . (t—1) (1) O (0) (1:T-1) _ (1:T—1)
HKk»—Hf—H/ yk—i—u W)y (Vi W) AW Sy Vit Wit

t*—1

— (0) (t) (t=1) _ (t=1) ® )
= /(T_l) Qhortev (O Sy p) H K (Ve W) (s W)
yker €A t=1
(t) (t—1) . (t—1) (t) () (0) 1:r-1) _ (1:T-1)
H Kkr—>k+1/ k+1/ ) uk+w—>k) (ykJrz/? ukJrVr—)k)) d(uk}—>k+w yk+1/ ’ uk+w—>k )

t=t*
Under Assumption 3, one can show that ¢t* and 7" can be chosen such that (7" — t*)/T is

small and

1
t t—1 t—1 t t T t—1 t—1 t t
K (0 a0, 08 ol 0) = KD (0 a0, 08 a0 < e

for all t > t* and any € > 0, where K,igkw is the MH kernel for which pl(f_))kw = m(- |
k+ 1) ® qrivosk is used instead in the acceptance probability. One can thus show that

(t—1) _ (t-1) ) 4® (T) (t-1) _(t—1) (t) (t)
H Kk»—)kJrV Yier s Wepnisn)s Vit Wt vsr)) H Ky e (Ve s ln)s (Vadws Watss)
t=t*

< €,

and therefore,

t*—1
(0) ( (t=1) _ (t-1) (t) (t)
Thosttv (W) H Koo (Vi W) s (Vi Wikosr)
t=1




t t—1 t—1
X H Klgrlk+u yl(c+u)7ul(c+w)—>k) (ylilwugc}rw—)k))

t=t*
t*—1
(0) (t) (t=1) __(t-1) (t) (t)
_q’f'—>k+1/(uk»—>k+u> H Kk»—>k:+u((Yk+u 7uk’+m—>k)7 ( k+vo uk+u>—>k>)
t=1
T—-1
(1) (t=1) __(t-1) (t) (t)
X H Ky e (Vs W) (Vi Qi)
t=t*

< €.

We have that the integral of the two functions in the absolute value converges towards 0
as well as a result of Scheffé’s lemma (see Scheffé (1947)):

tr—1
T-1 0 t t—1 t—1 t
P(YLL," € ALk X ) - / oo B ) TT R (G0 a0, 0 un)

Yitv t=1
x H KD (05wl 0wl ) v, ™ oul 5] <
t=t*
(6)
We also have that
(T) (t—1) _ (t—1) ) @ (tT—1) _ (t*:T—1)
/(T b H K ((y k+u Wik )y (Vesw W) AV ki W)
Yigr €A =t
(t—1) _ (t-1) (t) () (t*:T-1) __(¢*:T-1)
/<T " H Kkaw yk+u W)y (Ve W) AV iy Wiy )
yk+ GAt 4%
T—1
P (YD) +Pm (Y€ ), (7)

k»—>k+u k>—>k+u

where P (1) is the probability measure using the density p(T) . We choose t* and T" such

ki kv
that the ;Eksglute value above is smaller than e which does not depend on (y,(f;;l), u,(ir;izk)
This is possible given that the time-homogeneous (- | k + ) ® qpy,i-reversible Markov
chain associated with the proposal distribution ¢t ., {(Yitw, Urswsk)(m) : m € N},
is uniformly ergodic (by assumption). This yields the convergence of the (conditional)
distribution of Y,E;JFV ) (given (k, x4, v)) towards 7(- | k + ).

It is proved that the second absolute value in (5) converges towards 0 using the same ar-
guments, which allows to establish the pointwise convergence Prh(k,xy,v) — Pgeath(k, Xg, V).

The uniform convergence on each compact subset of the state-space follows from the uni-

form ergodicity of the MH kernels. |



We now highlight what modifications and which additional technical conditions are

required if geometric ergodicity is instead assumed. The absolute value on the RHS in (7)

is in this case bounded above by M(yHV Y, u,(ir;izk) p Y ,(:Jr;izk) is

-1) __(t*-1)
L AR

=171 where M(yk+y

finite for all (yk . ) and p < 1. If the following integral is finite

t*—1

(0 (t) (t=1) [ (t-1) (t) (t)
/QkaJru(ukaJru H Kk (Ve W)y (Vs W)

t=1

(t*—1) (t*—1) (0) (1:4*—1) (1:*-1)
X M(ykJru uk+w—>k) d(uk»—>k+w ykJrV ’ uk+w—>k )7

then we know that we have the same conclusion as above, i.e. we can choose t* and 7' such

that the absolute value on the RHS in (7) is smaller than e. That integral shall be finite

(¢ 1) u(t*—l) )

when the process associated with the kernels K () do not reach states (y,_, Pt

k—k+v

such that M (y,(:JrV ) u,(ct+;i2k) is extremely large (or at least if it does, it is with small enough

probability).
This condition thus suffices to show the pointwise convergence Prh(k,xg, V) — Pqeah(k, Xy, V).
To establish the uniform convergence under geometric ergodicity, we use the same strategy

as that applied to show (6). We can choose t* and T such that the first t* steps (after

1 -1
having generated wy”,, ) with density TTi_, K, (i, s a0, (v, uf, ) are

essentially MH steps with an invariant distribution given by pkik 1 =T E) X Qg X

| J7 s, |71 This implies that

t*
(t) (t=1) _ (-1 ®) ) (L) (1:t%)
/HKk»—)k—H/ Yitr s Wepwsi)s (Vhws W) A¥hsy ' Wil
t=1

t*
0 t—1 t—1 t t 1:t* 1:t*
- / H Klg»—)ﬂchl/ yl(chV)’ ul(c+ur)—>k) (yl(elw uélw—)k)) d(yl(g+1/)7 ul(c+yr)—>k) < €,

which in turns implies that

(t-1) (t) (t) (L:%) _(1:27)
‘/HKki—)k—‘rV yk+u vuk+%>k) (Vi Wdpos)) A(Yitn s Witys)

(0) @) . @) ) @) 0) (0) *
/pkn—>k+u(ykz+wuk+w—>k) d(yk-&-wuk—i—uek) < Ml(yk+u7uk+u»—>k) Pt

where M (y,gojw ugﬂzyﬁ,ﬁ) is finite for all (y,(gy7 u,(gVHk) and p; < 1. The uniform convergence
Prh — Pgeah on each compact subset of the state-space as T" — oo follows if
0 0 0 0
/ Qk»—>k+u(u§g»l>k+u)M1 (YI(chw ul(cJZVHk) du ;v»—)>k:+l/
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0)

is finite and continuous in x; (recall that x; and u,(c © ul® )

kv are mapped to (yk+u7uk+ui—>k

using Thveto)-

Proof of Corollary 1. The proof is an application of Theorem 3.17 in Andrieu and Living-
stone (2019) which will allow to establish that

Var)\(fa PNRJ) S Var)\(fv Plg?if)v

where vary(f, Pary) 1= E[{F(C(0), X (0)) 12 50 NELF (K (0), X (0)) £ (K (m), Xe(m))]
of {(K(m),Xk(m)) : m € N} being a Markov chain of transition kernel P at equilibrium
and A € [0,1). The limit of the RHS limy__,; var, (f, Pa%if) exists and is equal to var(f, P
because the Markov chain is reversible (see Andrieu and Livingstone (2019)). We will be
able to conclude that the limit of the LHS exists as well using Lemma 1 that is presented
after this proof.

In order to apply Theorem 3.17, we must verify that

Pflé?if((kv Xk)? (k/7 Yk’>> = %T—H((kv X’C)? (k/a yk’)) + %T—l((k’ Xk)v (kl, Yk’>>

/ 1 / ’ 1 / /
+ 5(k,xk)(k 7yk’) (]‘ - §T+1((k7xk)7 (k 7de )) - §T—1<(k7xk)’ (k 7de ))) )

where 7"y and T ; are two sub-stochastic kernels associated with accepted proposals when
the current and next values for the direction variable are v = —1 and v = +1, respectively.

We set
T, ((k,x1), (K, yi)) := Po,((k,xk), (k + v, ¥r10))P(S) + 0k (k') Pse o (X, Y )P(S),

where S is used to denote that a model switch is proposed, Ps, is the conditional transition
kernel given S and v and Pse, is the conditional transition kernel given S¢ and v. Note
that Psc, is in fact independent of v (the parameters are updated in the same way whether
v = —1 or v = +1), therefore we simplify the notation by denoting this kernel by Psc :=
Pge .

We thus have that

1

ST x0), (' 900) + T4 (0, (K, yw)



= %(PS,—S-l((k) Xi), (k4 1,yk1))P(S) + 0 (K) Pse (xr, yar )P(5°))

+ %(Ps,—l((/fa i), (k= 1, yk-1))P(S) + 6k (k') Pse(xp, yi )P(S))

1

= P(‘S) (5 S,+1<<kvxk>7 (k + 17Yk+1)) + %P&—l((kvXk)? (k - 1>Yk—1))>

T B(S°) P (a0, Y.

which corresponds as explained in the proof of Proposition 1 to the sub-stochastic kernel

associated with accepted proposals for standard RJ. This concludes the proof. [

Lemma 1. Assume that Pygy is uniformly ergodic. Then, for any real-valued bounded

function f of (k,xp),

lim S AE[(K(0), Xie(0)) (K (1), Xie(m))] = 3 ELF(K(0), Xe(0)) £ (K (m), Xoe(m)],

where {(K(m),Xg(m)) : m € N} is a Markov chain of transition kernel Pygry at equilib-

TLUM.

Proof. To simplify the notation, define (f, PUk;f) = E[f(K(0), Xk (0))f(K(m), Xx(m))].
Define the sequence of functions S, : A+ Y o, A*(f, PXgyf) defined for A € [0,1)
and its limit S(X) = >, \*(f, PEg,f). We now show that the partial sum S, converges
uniformly to S on [0, 1), and given that for each n € N, the function A\ — A\*(f, Pig;f)

admits a limit when A — 1, we have that S admits a limit when A — 1, given by

lim S(\) = S(1) = Z<f7 Pipyf)

A—1
k>0

First, note that

sup [Sp(A) = S(A)| = sup

A€[0,1) A€[0,1)

> O N(f, P f)

k>n

< Ne|(f, Pk
_/\21[331)2 ‘<f NRJf>|

k>n

= > [, P -

k>n

Thus, to prove that supycp 1) [Sn(A) — S(A)| — 0, it is sufficient to prove that the series
Y k=0 |<f, PﬁRJfﬂ converges.

Given that f is bounded we can consider without loss of generality that its expectation

is 0 and that it takes values between —1 and +1 (we can re-normalise it). Because Pygrj

10



is assumed to be uniformly ergodic, there exists constants p € (0,1) and M € (0,00) such
that for any m € N,
S 10k 0 PRy — T @ U{=1, +1} o < Mp™, (8)
k,xk,u
where for any signed measure pu, ||u||ty denotes its total variation. Note that ||ul/¢ =
(1/2) supy.a(—1,41) [1ef| (see for instance Roberts and Rosenthal (2004), Proposition 3).
We have that

(f, PRrs )] = [ (K, X, v) Pigy [ (K, X, v)| < E[f (K, Xg, v)|| Prgy f (K, X, v)]
< B|P{gy f(K, Xy, v)]
= E|P§RJf(K’ Xk»’/) - 7Tf|

< ]ESI}p‘PIGRJf(K7XkaV> _ﬂ-f’
< Mp",

which is clearly summable. As a consequence, S,, converges uniformly to S on [0, 1) which

concludes the proof. [ |

We now highlight what modifications and which additional technical conditions are
required if geometric ergodicity is instead assumed. The constant M in (8) would depend

on (K, Xy, v). Therefore, if EM (K, Xy, v) is finite the result is also valid.

2 Weak convergence results for the ideal samplers

We analyse the asymptotic scenario in which the number of models grows to infinity. It
will be noticed that the reversible and non-reversible Markov chains produced respectively
by ideal RJ and NRJ have two distinct asymptotic behaviours which are consistent with
what is observed for fixed numbers of models (see, e.g., Figure 1 in our paper), explaining
their different state-space exploration speed.

We prove convergence towards continuous-time stochastic processes that take values on
the real line. We thus need to consider functions of K to achieve that. Firstly, we consider

that the model indicator K takes values in K" := {1,..., |v/nlogn]}, where |-] is the floor

11



function. We added the superscript n to highlight the dependence on this variable. We
select ™ in this way to obtain a random variable S} := (K™ — 1(n))//n that is (in the
limit) continuous in addition to taking values on the real line, for a given function v (which
can be thought of as the mean that can be for instance [\/nlogn|/2). Imagine that the
mode is around |y/nlogn]/2 (so the mass is moving towards infinity), this transformation
puts the mass around 0 and makes the different values of the centred variable (—1,0, 1 and
so on) close to each other (e.g. |1 — 0|/y/n — 0). We squeeze the state-space as in the
proof of existence of Brownian motion from random walks. We assume that 7" (k) > 0 for

all k € K". For t > 0, we define the following rescaled stochastic process:

Z]’?{J(t) — KEJ(LH%_ w(n)’

where {K%;(m) : m € N} is a Markov chain produced by the ideal RJ corresponding to

the ideal NRJ described in Section 2.2 in our paper. We consider that this RJ updates
parameters and switches models with probabilities 7 and 1 — 7, respectively, and that
g(k,k+1) = g(k,k—1) =0.5(1 —7), so it proposes to increase or decrease the model indi-
cator with the same probability and arjy = axgy. The continuous-time stochastic process
{Z5;(t) : t > 0} is a sped up and modified version of {KJ;(m) : m € N}. The decreasing
size of the jumps of {Zf;(t) : t > 0} as n increases (the size is 1/4/n), combined with its
time acceleration, result in a continuous and non-trivial limiting process, as specified in
Theorem 2. This time acceleration can be thought of as squeezing the time axis to make
the iterations close to each other, again as in the proof of existence of Brownian motion

from random walks.
Theorem 2 (Weak convergence of RJ). Assume that:

(a) the function v can be chosen such that S% is asymptotically distributed as fs € C1(R),
a strictly positive probability density function (PDF), where C'(R) denotes the space

of real-valued functions on R with continuous first derivative;
(b) the function (log fs(+)) is Lipschitz continuous;

(c) ¥ can be chosen such that
1 a"(k+1)—7"(k)
(k) 1/y/n

12

— (log fs(S%))’ (9)



1s bounded for all n and converges towards 0 as n — oo, for all k;
(d) lim, oo v/n7"(1) = lim, o v/n7"(|v/nlogn]) =0.

If K35,(0) ~ 7™, then {Z},(t) : t > 0} converges weakly towards a Langevin diffusion as

n — 00, i.€.
{Z3,(t) :t >0} = {Zpy(t) : t >0} as n— oo,

where the process {Zpy(t) 1t > 0} is such that Zg;(0) ~ fs and

1—7

dZp,(t) = (log fs(ZR,(t))) dt + V1 — T dB(t),

with {B(t) : t > 0} being a Wiener process.

Proof. 1t is a straightforward adaptation of Theorem 1 in Gagnon et al. (2019). For sake

of completeness, it is detailed in Section 2.1. [ |

The notation “==" represents here weak convergence of processes in the Skorokhod
topology (see Section 3 of Ethier and Kurtz (1986) for more details about this type of
convergence).

The two main assumptions are (a) and (c). The former requires to find a transformation
of K™ such that the limit in distribution of the transformed random variable is a continuous
random variable with density fgs. The latter requires that the “discrete version” of the
derivative of log 7™ share the same asymptotic behaviour as the derivative of log fs. Indeed,
in Gagnon et al. (2019), it is explained that the left term in (9) can be seen as the discrete
version of the derivative of log 7™ because 7" is also the PMF of S} (evaluated at a different
point) and Sy, — Sp = 1/y/n. Assumption (b) is standard in the weak convergence
literature; it ensures the existence of a unique strong solution to the stochastic differential
equation given above. Assumption (d) is a regularity condition. In Gagnon et al. (2019),
to illustrate how a PMF that satisfies the conditions looks like, the authors show one that
is such that S} converges in distribution towards a standard normal.

We now analyse the behaviour of the stochastic process produced by the ideal NRJ
algorithm. We consider as before that K™ = {1,...,[y/nlogn|} and 7™(k) > 0 for all

13



k € K™ For t > 0, we define the following rescaled stochastic process:

n [ KRgy([vnt]) —1p(n) J(1/m
Zn (1) .—( - Vi tJ)), (10)

where {(KR{gj,v)(m) : m € N} is a Markov chain produced by ideal NRJ described in

Section 2.2 in our paper. Note that the distribution of v does not change with n.

Theorem 3 (Weak convergence of NRJ). Assume that the same conditions (a)-(d) as
in Theorem 2 are satisfied. Assume additionally that there exist two positive constants c
and xo such that |(log fs(z))'| > ¢ for all |x| > xo. If (Kig,v)(0) ~ 7" @ U{-1,1},
then {Z%p,(t) : t > 0} converges weakly towards a piecewise deterministic Markov process

(PDMP) as n — o0, i.e.
{Z%p,(t) 1t >0} = {ZNgs(t) : t >0} as n— o0,
where the process {Zngy(t) : t > 0} is such that Zyrs(0) ~ fs @ U{—1,1} with generator

Gh(z,y) := (1 = T)yh.(z,y) + max{0, —y (log fs(z))' }(1 — 7)(h(x, —y) — h(x,y)),

where h(-,y) € CY(R) and such that itself and h,(-,y) vanish at infinity, fory € {—1,1},

h, denoting the first derivative of h with respect to its first argument.
Proof. See Section 2.1. [ ]

The additional regularity condition on fg in Theorem 3 essentially ensures that outside
of a bounded set, this PDF decreases sufficiently quickly. Indeed, given that (log fs(x)) =
f&(x)/fs(x) and fg is strictly positive, it is required that the tail decay is bounded from
below (relatively to fs). This guarantees that the limiting PDMP has some important prop-
erties (e.g. non-explosiveness and fg @ U{—1,1} is an invariant distribution, see Bierkens
and Roberts (2017)).

The PDMP in Theorem 3 corresponds to a zig-zag Markov process (Bierkens et al.
(2019)), and in fact, a bouncy particle sampler (BPS, Bouchard-Coté et al. (2018)) given
that they both coincide when the position variable is unidimensional. This position variable

evolves with constant drift 1 — 7 either to the right or left of the real line depending on

14



the direction variable, and changes direction with rate max{0, —y (log fs(z))'}(1 —7) when
the position is z and direction y. PDMP are known for being non-diffusive and having
persistency-driven paths. We constructed NRJ to induce such a behaviour, but we do not
know a priori when this will happen and how this will translate. An analysis was conducted
in Section 4 in our paper to provide some answers. Theorem 3 and Theorem 2 indicate
that in the (asymptotic) theoretical framework considered, the model indicator’s paths
produced by RJ and NRJ behave exactly as expected; the former show diffusive patterns
and the latter not. This suggests that (at least under those conditions) NRJ outperform
RJ. We even have a guarantee for the speed of convergence towards the target distribution
for NRJ: Bierkens and Roberts (2017) prove that the PDMP in Theorem 3 is exponentially
ergodic. We additionally know that the convergence is an order of magnitude slower for
{K§;(m) : m € N}. Indeed, the different behaviour of { K{iz;(m) : m € N} compared with
{K%;(m) : m € N} requires to accelerate the time by a factor of only y/n in the definition
of {Z¥g;(t) : t > 0} comparatively to n in that of {Z%,(t) : ¢ > 0} to obtain non-trivial
limiting stochastic processes. This highlights again that { Klz;(m) : m € N} explores its

state-space more quickly.

2.1 Proofs of Theorems 2 and 3

Proof of Theorem 2. In order to prove the result, we demonstrate the convergence of the
finite-dimensional distributions of {Z};(t) : t > 0} to those of {Zgr;(t) : t > 0}. To achieve
this, we verify Condition (c) of Theorem 8.2 from chapter 4 of Ethier and Kurtz (1986).
The weak convergence then follows from Corollary 8.6 of Chapter 4 of Ethier and Kurtz
(1986). The remaining conditions of Theorem 8.2 and the conditions specified in Corollary
8.6 are either straightforward or easily derived from the proof given here.

The proof of the convergence of the finite-dimensional distributions relies on the con-

vergence of (what we call) the “pseudo-generator”, a quantity that we define as:
0Ry (1) = nE[R(Zy(t +1/n)) = M(Zi, (1)) | FHR(1)],

where h € C2°(R), the space of infinitely differentiable functions on R with compact support.

Theorem 2.1 from Chapter 8 of Ethier and Kurtz (1986) allows us to restrict our attention
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to this set of functions when studying the limiting behaviour of the pseudo-generator. In

our situation, the pseudo-generator has a more precise expression:

M ((h(s;zﬂ) — h(S})) (1 A %»

+ mT‘) (<h<s;z1> — h(S§)) (1 A %)) : (11)

Note that the Markov process { K;;(m) : m € N} is time-homogeneous, and because of this

Ok (t) =

we replaced the random variable Zg;(t) by Sk and Zg;(t + 1/n) by Sk, or Sk_; given
that we will work under expectations. Indeed, Condition (c¢) of Theorem 8.2 from chapter

4 of Ethier and Kurtz (1986) essentially reduces to the following convergence:
Eflors(t) = Gh(Zgp;(1))]] — 0 as n — oo,
where G is the generator of the limiting diffusion with

1—171 1—71

T (log fs(ZRa()'H (Zs(8) + —

Gh(Zg,(1)) = W' (Zgy(t))-

Note that there exists a positive constant M such that A and all its derivatives are bounded
in absolute value by this constant. We choose M such that it is a Lipschitz constant for
the function (log fs(-))".

The key here is to use Taylor expansions in (11) to obtain derivatives of h as in G. By
noting that Si; = Sk +1/y/n and Si_; = Sk — 1/4/n, and using Taylor expansions of

h around S}, we obtain

n n ]' !/ n ]' I n ]' n
h(Sk +1/v/n) — h(Sk) = 7n W (Sk) + o R (Sk) + 6n3/2h (W),
1 / n 1 n n 1 n
Sk — L/ (S = == H(SH) + 50 W(S}) = 5" (T).

where W and T belong to (S%,S% + 1/y/n) and (S} — 1/y/n, S%), respectively. We also
note that the first term on the RHS of (11) equals 0 when K™ = |y/nlogn]| because
7" (|v/nlogn] + 1) = 0. For the analogous reason, the second term on the RHS of (11)
equals 0 when K™ = 1. Therefore,

1 —

T / n
T H(SR)

oy (t) = Gh(Zg,(t)) = 1(2 < K" < [Vnlogn| — 1)
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< (va (1A TR a TR — g sy )

run = s (v (1a ) - e sty )
-1 = Lyatogn)) T wisg) (v (14 T — og se(sy )

+1(2< K" < |vnlogn| —1) 17T7—h”(5?()

X(Mw | W"(K—"—)U_Q)

() (K
(K" = 1) 1%}#(5;@) (1 A % _ 2)

(K" = [/ logn)) 1%}/’(5};) (1 A % _ 2)

+ 112}% B (W) (1 A %) 1(1 < K™ < [V/nlogn| — 1)

- 112_—\/%' W(T) (1 A %K_)l)) 12 < K™ < |Valogn)). (12)

We now prove that expectation of the absolute value of each term on the RHS in (12)
converges towards 0 as n — oo. We start with the last terms and make our way up. It
is clear that the expectation of the absolute value of each of the last two terms converges
towards 0 as n — oo given that |h”| < M and 0 < 1 Az < 1 for positive z. We now
analyse the fourth one (starting from the bottom). As n — oo,

E H]I(K" _ 1) “TTh”(sgg) (1 A % _ 2) ] < wﬁ»{m _ 1) —0,

using |h”| < M and
(K™ +1)
—— —2| < 2.
7w (K™) -
Recall that P(K™ = 1) — 0 by assumption. The proof for the third term (starting from

0§’1/\

the bottom) is similar.
Applying Lemmas 2 to 4 (that follow), each of the remaining terms is seen to converge

towards 0 in L! as n — oo, which concludes the proof. |

Lemma 2. Asn — oo, we have

h”(S}})(lA%JFM%—Q)H — 0.

17
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Proof. We have

e (1 e 2|
EHll(ngngtx/ﬁlog”J_l) (M%HA%_Q)H’

E H]I(Q < K" < |vnlogn] —1)
< (1—7)M
- 4
because |h"| < M. We show that

" (k+1)

1 f 11 1,... | —1
71'"(]{?) — or a k‘E{ ) 7L\/ﬁ OgnJ }7

which allows to conclude using the triangle inequality, the continuity of the function 1 A z,

and the Lebesgue’s dominated convergence theorem. We have

k1) 1 (k1) — (k) e ayy| 1
Gt 1l = T =T o sty + o £ty
1 7(k+1)—n"(k) Ny
= | 1/y/n — (log fs(5¢)) NG
+1(l0g £5(50)) | 7=
using again the triangle inequality. By assumption, we have that
1 a"(k+1)—n"(k) o1
W"(k) 1/\/% _(logfs(sk)) % — 0.

We also have that

(o £(S)) % — |(log f5(S2)) — (log f(0)Y + (log f5(0))' %

< I(og fs(SP)Y ~ (og fe(0))] = + (2L

< ar[E= o)) L ossso)

vnoo|vn N
using first the triangle inequality, and next the fact that (log fs(+))’ is Lipschitz continuous.
We have that |(log fs(0))']/v/n — 0 because fs € C'(R). Also,

k—om)| 1 _ |Vnlogn)

ot L g

Voo |y n

using the triangle inequality and the fact that k, ¢ (n) < [/nlogn]. [ |
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Lemma 3. As n —, we have

e[| = 5w (v (1A TUEED) - o ety )| — o
and
B {[a = Lvaogn) L5 wisi) (v (14 ) - toesstsior ) || o
Proof. We have that
e (| = 025w (va (14 TSI — o sstsoy |
LMy [Mn W (1 A ””ﬁ;j)”ﬂ + DY g a0 = 1) o £5(530)1).

using that |h/| < M and the triangle inequality. The first term on the RHS converges
towards 0 by assumption because 0 < 1Az < 1 for positive x. Using the same mathematical

arguments as in the proof of Lemma 2, we have that

1og £s(531 < 20 WO 4 jog (o).

Therefore, using the triangle inequality

BIL(E" = 1) log (53] < P = 1) (200 W22 og (o)) — o

by assumption (and because fs € C}(R)). The proof that

wisio (v (1n TS ) - Gos sstsiy )| — 0

1—71

E Hﬂ(K" _ | /alogn))
is similar. [ ]

Lemma 4. As n — oo, we have

1—

T / mn
L H(S})

E H]l(2 < K" < |vnlogn| —1)

Y (\/ﬁ (1 A %K*)” ~1A %) ~ (log fs<s;z>>’)

Proof. First, we have that

| —o

1—

T n
T H(sh)

E H]l(z < K" < |vnlogn| —1)
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x (\/ﬁ (1 A % —1A %) — (log fs(S}?))’)

gw [‘]12<K” |Vnlogn| —1)

(i (1 TEE - TS — o sy

because |h'| < M. We now consider four cases for K™

| S |

1. 7K™ + 1)/7(K™) < 1 and 7*(K" — 1)/7"(K™) >
2. 7(K™ +1)/m(K™) > 1 and 7"(K™ — 1)/7"(K") <
3. (K™ +1)/m"(K™) > 1 and 7"(K™ — 1)/7"(K") > 1
4. 7 (K" +1)/7*(K") < 1 and 7(K™ — 1)/7(K") <

In Case 1, we have that

P(KT 1) (R - )

PO DY
Vit (10 e - A TS o (st

_ o (FUET D g fe(Sm)
1 (K" +1)—a"(K") oy
- Wn(Kn> 1/\/ﬁ - (long(SK)) » 0,

by assumption. We can prove that it converges towards 0 in Case 2 in the same way. Case

3 corresponds to a local minimum. In this case,
7" (K" + 1) (K" —1))
IN——"———F—-1AN———=] =0
(0 o )"
for all n, and (log fs(S%))" = f2.,(Sk)/fs(Sk) — 0. Case 4 corresponds to a local (or
global) maximum. Again, (log fs(S%))" — 0. Additionally,

PR DY
Vi (1A T U o stk

o (PE D KT KD - (K)o
S U e B o 570
1 (K" 4 1) — 7 (K" o

1 (KM =1) —a"(K")
" (K™) 1/vn ’

but both terms converge towards 0. Consequently, Lebesgue’s dominated convergence

theorem allows to conclude the proof. [
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Proof of Theorem 3. Analogously to the proof of Theorem 2, we demonstrate the conver-
gence of the finite-dimensional distributions of {Z%g;(t) : t > 0} to those of {Zxgs(t) : t >
0}. The same strategy as in that proof is employed: we verify Condition (c) of Theorem
8.2 from chapter 4 of Ethier and Kurtz (1986). The weak convergence then follows from
Corollary 8.6 of Chapter 4 of Ethier and Kurtz (1986). The remaining conditions of The-
orem 8.2 and the conditions specified in Corollary 8.6 are either straightforward or easily
derived from the proof given here.

Beforehand, we note that the additional assumption on fg (about the lower bound on
|(log fs())'| outside of a bounded set) implies that Assumption 3 in Section 5 of Bierkens
and Roberts (2017) is satisfied. In that paper, it is proved that it implies that the PDMP
defined in Theorem 3 is a non-explosive strong Markov process. The authors also demon-
strate that the Markov transition semigroup to which the generator corresponds is Feller.

For this proof, the time acceleration factor is different, and accordingly, the pseudo-

generator is defined as:

Okry(t) = VR E[(ZLg;(t + 1/vn)) — h(Zigs (1)) | Fowa (1))

= Vn(1 = 7)(h(Sicy,, v) — h(Si, v)) (1 A %)

/a1 = 1) (ST, =) — h(ST, ) (1 —1A M) |

T (K™)

As in the proof of Theorem 2, we replaced Z%g;(t) by (S%,v) and Z¥g;(t + 1/4/n) by
(Skiy,v) or (Sk,—v) given that the Markov process {(K{g;,v)(m) : m € N} is time-
homogeneous and we will work under expectations. Recall that Condition (c) of Theorem

8.2 from chapter 4 of Ethier and Kurtz (1986) is essentially
E[|oXrs(t) — GR(Zyg;(1))|]] — 0 as n — oo,

where G is in this case the generator expressed in Theorem 3. We have that

E [|oxrs (t) — Gh(Zgg;(t))]]

<E Hﬁ(l — ) (S v) = B(SE V) <1 AT 1)

)~ = whalsiw

%)

|

+E Hﬁu — )(A(S%, —v) — h(S™, 1)) (1 1A
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— max{0, —v (log fs(5%))"}(1 — 7)(h(Sk, —v) — h(Sk, V)], (13)

using the triangle inequality. We analyse the two terms separately. We start with the first

one. By the mean value theorem and using that Sy, — Si = v/y/n, we have that

n n 4
h(SK—i-wV) - h(SKvy) - % h$<T’ V>’

where T is in (S%,Sk,,) or (Sk.,,S%k). We therefore also know that 7" — S% with
probability 1. In the proof of Lemma 2, it is shown that

(K™ +v)

1A
m(K™)

— 1 with probability 1,

and consequently,

E H\/ﬁ(l —7)(M(Sk4p,v) — R(Sk,V)) (1 A %) — (1 = 71)vhy(Sk,v)

}—>O,

using Lebesgue’s dominated convergence theorem (given that the quantity in the expecta-
tion is bounded, because h,(-,v) is bounded for v € {—1,1}). For the second term in (13),
we have

E H\/ﬁ(l — ) (WS}, —v) — h(SE, 1)) (1 1A M)

T (K™)
— max{0, —v (log fs(Sk))'}(1 = 7)(h(Sk, —v) — h(Sk, v))|]

<(1-7)2ME H\/ﬁ <1 —1A %) — max{0, —v (log fs(5k))'}

| a

because there exists a positive constant M such that |h(-,v)] < M for v € {—1,1} (recall
that h(-,v) is continuous and vanishes at infinity for any value of v).

We now consider four cases for K™ and v:
l. v=+1and 7"(K" 4+ v)/m"(K") > 1 (we are going to the right on the real line and
in this direction the PMF increases),

2. v=+1and 7"(K" +v)/7m"(K") < 1 (we are going to the right on the real line and
in this direction the PMF decreases),

3. v=—1and 7" (K" +v)/7"(K™) > 1 (we are going to the left on the real line and in
this direction the PMF increases),
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4. v=—1and 7"(K" +v)/m"(K") < 1 (we are going to the left on the real line and in
this direction the PMF decreases).

In Case 1,

for all n and —v (log fs(S})) = —(log fs(S}))’ is negative in the limit because f§(S%)
is positive in the limit. Therefore, max{0, —v (log fs(S%))’} — 0. Using Lebesgue’s
dominated convergence theorem, we thus know that the expectation at the RHS in (14)
converges towards 0 when restricted to Case 1. We can prove that it converges towards 0

in Case 3 in the same way. In Case 2,

B (K™ +v) 1 (K" +v) —n"(K")
(1= ) e

By assumption, we know that this behaves asymptotically like (log fs(S%))’. We also know

that —v (log fs(S%)) = —(log fs(S%))" is positive in the limit because f(S}) is negative
in the limit. Therefore, — max{0, —v (log fs(S%))'} behaves like (log fs(S%))" in the limit.
Using Lebesgue’s dominated convergence theorem, we thus know that the expectation
at the RHS in (14) converges towards 0 when restricted to Case 2 (recall the assumed
boundedness of the limiting quantity in the expectation). We can prove that it converges

towards 0 in Case 4 in the same way. [

3 Details about the multiple change-point example

It is assumed that the Poisson process has been observed on the time interval [0, L], where
L > 0 is known. The starting point for each step is denoted by s;x, j = 0,...,k, to
which we add the endpoint of the last step si41 5, where these are subject to the constraint
0 =t 508 < s16 < ... < Spt1k := L. The height of the j-th step is denoted by h;,
j=1,...,k+ 1. The log-likelihood of model & is

log L(xy, | k,t) Zlog Ae(ti | 1)) — //\k(t|xk)dt,

where A\, (t | xi) := Z?:o hjsipls, 5,000 (t) for t € [0, L] and X := (514, .-+, Sty Pigs - - -

hiv1x)T, 1 being the indicator function.
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We use the same prior structure as Green (1995). The prior on K is a Poisson distri-
bution with parameter A > 0, but conditioned on K < K.x. Given K = k, the starting
points Sy, ...,Skx are a priori distributed as the even-numbered order statistics from
2k + 1 points uniformly distributed on [0, L], and the heights are independently and iden-
tically distributed as I'(«, 5), where a > 0 and § > 0 are the shape and rate parameters,
respectively. In Green (1995), the hyperparameters are set to A := 3, Kjax := 30,0 1= 1,
and [ := 200.

As done in Section 5.1 of our paper, one may take advantage of the information at its
disposal about the problem and model to design the sampler. Green (1995) follows this
approach. We design the RJ and the corresponding NRJ as this author. For parameter
updates, we randomly choose to modify either one of the heights h;; or one of the starting
points s;5. We modify a starting point s,; by proposing a new value uniformly between
sj—1k and sj11,. We modify a height h;; by proposing a new value h"ﬁk that is such that
log (R )./ hjr) ~ U[-1/2,1/2]. For model switches, we randomly choose to either add or
withdraw a step. When we add a step, we first generate its starting point s* ~ U[0, L].
Deterministically, given s*, we know which step will be splitted in two, in the sense that
the proposal for the starting points is: (Sok, .- - Sj* ks S Sj*41 ks - - - » Sk+1,k), Where 5o <

C< S < 8 < Sjrgrg < ... < Spy1k (the step (Sjrg, Sje414] 1S splitted in two). We
perturb as follows the height of this step hj«y;1; to obtain proposals for the two heights
Py gpr and Rl o0y in the proposed model: generate u, ~ U[0, 1] which is such that

P yo i1 /M 1001 = (1 —uy)/up, and set the height proposals such that
S*—six p Sir 1 k5"
(Mo 1,n) 7T (R g gy ) TR = Ry

The height proposals are (hig, ..., Rje ks Py g Moo gns Retags - ). When we
withdraw a step, we proceed with the reverse move, which is deterministic after having
generated j* ~ U{0, ..., k—1} (starting from model k). See Green (1995) for the acceptance
probabilities and more details.

For implementing Algorithm 3 and the corresponding RJ, we proceed as in Karagiannis
and Andrieu (2013) for generating the paths. More precisely, when switching from model
k to model k£ + 1, we use the same strategy as above to set the starting point of the path
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60 (S0 s S ks 8™5 gtk -+ o Skyrk) AN (Pugy ooy e gy oy oy, P o gy B -
hi+1x), which are parameters in model k£ 4+ 1. We next update the parameters in model
k + 1 using blockwise MCMC sweeps. In a random order, we modify one of the heights
hjr+1 and one of the starting points s; ;41 as when updating the parameters in Algorithm
1 (as explained above), and we update j*. Note that when updating h; ;1 and s; 41, we
update the corresponding parameters in model k as they are linked through deterministic
functions. When updating j* given the rest, the parameters in model £ may be updated

as we may change which step is splitted in two. The intermediate distributions are

1 h(t) lft/T , t/T

) O ® oy 0

Pt 06 o) o | w00 7o 1>2] et gg]
JrE2, J*+1Lk+

See Karagiannis and Andrieu (2013) for more details.

We finish this section by explaining how we established the number of iterations for the
vanilla samplers. In Algorithm 2 when we switch models (see Step 2.(a)), we first generate
the starting point of the path, which is done as in Algorithm 1, and next we generate the
path using T'—1 MCMC steps. In each MCMC step, we try to modify one of the heights, one
of the starting points and we sample j*. Each MCMC step is thus essentially equivalent to
3 parameter updates, which is in turn essentially equivalent to 3 model switching attempts.
To one model switching attempt in Algorithm 1 we thus essentially need to add 3(7"— 1)
model switching attempts to obtain an equivalent cost.

On average, in one Algorithm 2 run, there are I(1 —7) model switching attempts. Thus

they correspond in Algorithm 1 to
Il—7)+I11-7)3(T"=1)<I(1-7)3T

model switching attempts. To identify the equivalence between Algorithm 3 and Algorithm
1, we need to multiply the number above by 1.5, as explained in Section 3.2 of our paper.
Therefore, if in one run of Algorithm 3 there are on average I(1 — 7) model switching
attempts, then they correspond to I(1 — 7)4.57 model switching attempts in Algorithm
1. Algorithm 1 must thus be run for I + I(1 — 7)4.57 iterations and 7 in this algorithm

must be set to
IT

T IT+ I1(1 — 7)4.5T"
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