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Abstract

Functional Magnetic Resonance Imaging (FMRI) is a non-invasive method of
imaging brain function in-vivo. However, images produced in FMRI experiment
almost invariably contain imperfections, known as artifacts. These artifacts can
result from, for example, rigid-body motion of the head, magnetic field inhomo-
geneities, chemical shift and eddy currents.

To investigate these artifacts, with the eventual aim of minimising or removing
them completely, a computational model of the FMR image acquisition process
was built which can simulate all of the above mentioned artifacts. The simula-
tor uses a geometric definition of the object (brain), Bloch equations (to model
the behaviour of the magnetisation) and a model for the Blood Oxygen Level
Dependent (BOLD) activations. Furthermore, it simulates rigid-body motion of
the object by solving Bloch equations for an object moving continuously in time
(as opposed to assuming movement only between the acquisition of consecutive
images). This is a novel approach in the area of MRI computer simulations.
With this approach it is possible, in a controlled and precise way, to simulate the
full effects of various rigid-body motion artifacts in FMRI data (e.g. spin-history
effects, B0-motion interaction and within-scan motion blurring) and therefore for-
mulate and test algorithms for their reduction. This thesis presents the develop-
ment of the model for the simulator, its numerical implementation and solutions
for the computational issues, and the validation of the simulator by comparing
its outputs with existing theoretical and experimental results.

Finally, the simulator is applied in a number of diverse applications. These
applications include: comparing different acquisition techniques for eddy-current
compensation; reproducing and extending experiments in neuronal current imag-
ing; quantifying the performance of motion correction software; quantitatively
evaluating the impact of stimulus correlated motion artifacts; and investigating
the performance of Independent Component Analysis (ICA) as a tool for quanti-
fying motion-related artifacts.
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Chapter 1

Introduction

1.1 Motivation

Magnetic resonance imaging (MRI) is an imaging technique that, since its begin-

nings in the 1970’s, has become one of the most important tools in understanding

how the human body works. Among its many applications in the biomedical sci-

ences, MR imaging is used in studying the anatomy, pathology and, more recently,

function of the brain. The development of this most recent MR imaging applica-

tion, called Functional Magnetic Resonance Imaging (FMRI), has been driven in

large measure by its potential to increase our understanding of how the human

brain works, both in the normal and diseased states.

The aim of FMRI data analysis is to identify small, spatially localised changes

in image intensity that are induced by the performance of some experimental task.

This is normally accomplished by collecting a series of images covering part or all

of the brain at intervals of a few seconds and analysing the resulting time-series

obtained at each image voxel. The experimentally-associated intensity changes

for each voxel are frequently only a few percent of the mean value at that spatial

location and are embedded in a noisy signal contaminated by electronic and

physiological artefacts. These are examples of significant imperfections in the

3
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Figure 1.1: The 3T Varian/Siemens magnetic resonance imaging system installed at the Oxford
Centre for Functional Magnetic Resonance Imaging of the Brain (FMRIB) where the research
described in this report was carried out. It is designed specifically for ultra-fast imaging in brain
functional magnetic resonance imaging studies and is equipped with both a body gradient coil

and a fast head gradient coil insert.

FMRI method. Head motion is one further, and critically important, confound.

Very small movements of the head, on a scale of less than a millimetre, can be a

major source of error in FMRI analysis. This is particularly the case in situations

when the motion is correlated with the task being carried out by the subject.

The imperfections due to artefacts in the FMRI method can not be resolved in

a straightforward way. For a large number of artefacts, reduction or elimination

is carried out before and during scanning by improving the scanning system, and

choosing the appropriate parameters of the scanning process. However, for some

of them (head motion, magnetic susceptibility induced magnetic field inhomo-

geneities, physiological changes in the body etc.) this is not possible. In the case

of motion artefacts, the most common approach is to tell subjects not to move

during scanning, and to repeat the scanning sequence if they do move apprecia-
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bly. However, very often the subjects in the scanner are patients (as opposed

to volunteers) or small children where movement is inevitable and scanning time

limited and not repeatable.

In order for FMRI to become a reliable and widely used clinical tool, it is

essential to have techniques and tools to recognise and eliminate, or at least

minimise, artefacts that contaminate the signal. There has been a considerable

amount of research effort directed at this issue. However, most of the artefact

correction techniques that are developed are based on analyses of empirically

acquired FMRI data. As a result, the ground truth is not known which makes it

difficult to assess the precise accuracy of these methods. (e.g. see [32, 38, 25, 41,

36]).

In order to be able to measure the accuracy of existing techniques a computer

simulation of the whole FMRI acquisition, starting from the first-principles of

signal generation and detection has been developed in this thesis. This makes

it possible to simulate various artefacts, such as head motion and B0 inhomo-

geneities, in a controlled way. Understanding and quantifying the artefacts in

this way enables a realistic ground truth for the signal to be established. Fur-

thermore, with the simulator it is also possible to investigate the magnitude of

the artefacts and their interactions, which can then lead to the development of

new algorithms for their reduction, and ideally, removal.

Although the original motivation for this project came from its applications

in artefact correction in FMRI, the simulator itself has many other exciting ap-

plications. These are in the fields of image acquisition, neuronal current imaging,

eddy-current modelling as well as for educational purposes, to mention just a few

examples. Some of these applications form a part of the research described in this

thesis and they are set out in the Application section (Chapter 6). The precise

scope and the objectives of this thesis are set out in the following section.
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1.2 Scope and objectives

The aim of the research presented in this thesis is to develop and then conse-

quently use a general computer simulation program for FMRI with the following

properties:

• The ability to produce realistic anatomical simulated MR images of any

brain (or any other object) for a variety of different scanning conditions;

• The ability to produce realistic time-dependent sequences of simulated MR

images including the effects of physiological activations due to some external

stimulus;

• The ability to model realistic image related artefacts (mainly due to rigid-

body motion of the object and magnetic field inhomogeneities).

It is important to note that this simulator is aimed at modelling the artefacts

that are one possible cause of errors in investigating the functional response.

Physiological aspects of that functional response are modelled via changes in

physical parameters (mainly T ∗
2 ) but the relations between the various physio-

logical variables (such as the blood volume or the blood flow) are not modelled.

This is why the main attention of the thesis is on generation of images and image

artefacts. Less detail is given to the description of the physiology of the functional

response in the brain.

Throughout this thesis this simulation program will be referred to as “the

simulator” or “POSSUM” (Physics Oriented Simulated Scanner Utility for MRI).

The outline of the work done in this thesis is described in the following section.
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1.3 The outline of the thesis

The material in this thesis is organised as follows:

Chapter 2 (The background) describes the physical and physiological prin-

ciples of FMRI. Its main focus, and the majority of the chapter, is dedicated

to the theory of MRI which is the main tool exploited by FMRI. The simulator

is ultimately a scanner simulator and therefore relies on the main concepts of

MRI. MRI physics is given in necessary details, covering each step of the image

formation, which are essential for the research work described in this thesis. De-

scription of the commonly used pulse sequences (specifically Echo Planar Imaging

- EPI) is also given together with the generation of image contrast, and various

scanning parameters.

In the second part of the chapter, the physiological principles of FMRI are

described. The nature and interpretation of the BOLD (blood oxygen level depen-

dent) signal, and the spatial and temporal resolution of the signal are discussed.

Finally, common FMRI artefacts (namely: motion and the magnetic field inho-

mogeneities) are discussed.

Chapter 3 (Simulator model) describes the development of the theoreti-

cal model which is used by the simulator. The main engine of the simulator is

based on solving the Bloch equations. This chapter starts from the basic form

of the Bloch equations and then discusses solving them when magnetic field in-

homogeneities are present and the object is moving. In addition, a few other

important parts of the simulator are discussed and these are: the eddy current

artefact, RF inhomogeneities and thermal noise.
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Chapter 4 (Simulator implementation) builds on where the previous chap-

ter stopped. It describes the way the model was implemented in software. An

overview of all component parts of the software is given. One of the main issues

with the software has been improving its speed and therefore the main focus in

this chapter is on the work devoted to reducing computational time. The chapter

concludes with a presentation of the parallelisation technique implemented into

the software and the relevant results.

Chapter 5 (Simulator validation) is the last step in the development process

of the simulator. It is concerned with the quantitative evaluation of the software

against both theoretical and experimental results. In addition, qualitative results

which demonstrate the possibility of simulation of images impacted by realistic B0

inhomogeneities, chemical shift, ghosting, eddy currents and within-scan motion

are also presented.

Chapter 6 (Simulator applications) consists of five different applications

of the simulator. Firstly, application of the simulator in evaluating a motion

correction algorithm is presented. The accuracy of the algorithm is discussed

under various scanning (simulated) conditions: with a few different types of mo-

tion paradigms, with or without the magnetic field inhomogeneities and with and

without noise. Different cost functions, interpolation techniques and tolerance

levels of the algorithm were compared.

The second application of the simulator was an investigation of the per-

formance of Independent Component Analysis (ICA) as a tool for quantifying

motion-related artefacts. An artefact-rich simulated data set when a) the object

is not moving; b) the object is moving a minimal amount; c) the object is moving

with an average amount of motion; d) the object is moving with a large amount of
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motion; is analysed using an ICA method. A number of conclusions were drawn

from these results.

The third application of the simulator was quantitative evaluation of the im-

pact of stimulus correlated motion (SCM) artefacts in FMRI data. Two groups

of simulated data sets, with SCM and without SCM, are presented. Both groups

contained simulated data with various levels of realistic “patient” extracted mo-

tion. Data was processed using a General Linear Model (GLM) based tool for

functional analysis. The influence of the magnetic field inhomogeneities on the

analysis is also discussed.

The fourth application of the simulator was concerned with the eddy current

effects. Two different pulse sequences were looked at: standard and optimised

sequence. The simulations for both of these pulse sequences were carried out, and

the respective results compared in order to choose the sequence which minimises

the eddy current effects. In addition, the ability to correct for the effect of eddy

currents using an affine registration method is analysed.

The fifth, and last application concerns neuronal current imaging. Various

pulse sequence parameters were considered in order to investigate the magnitude

of the signal change due to the neuronal currents. The results were compared to

the results obtained experimentally.

Chapter 7 (Conclusions) presents a summary of the previous chapters and

results, and discusses the contributions of this thesis. In addition, further develop-

ments of the simulator, together with suggestions for some interesting applications

of the simulator in the future are also discussed.





Chapter 2

Principles of FMRI

Functional Magnetic Resonance Imaging (FMRI) is an imaging technique for

examining brain function. Since its first appearance in 1991 (Belliveau et al.[8])

the use of FMRI in neuroscience has grown exponentially. The main reason for

this is that FMRI has many advantages over other techniques for functional brain

mapping. These advantages include its unique ability to combine relatively high

spatial and temporal resolution, together with the ability to perform repeated

measurements safely on the same subjects due to its non-invasive nature. A

schematic comparison of the FMRI technique with other imaging modalities is

shown in Figure 2.1.

FMRI exploits the existing Magnetic Resonance Imaging (MRI) method as its

main tool for the generation of images. MRI and its properties are discussed in the

first few sections of this chapter. The following sections describe the physiological

principles of FMRI specific to the scope of this thesis. Finally, a set of imaging

artefacts that are commonly present in FMRI data are also described.

11
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Figure 2.1: Relative spatial and temporal sensitivities of different functional brain mapping
methods are shown. FMRI is unique in its ability to combine relatively high spatial and
temporal resolution. An additional characteristic of FMRI, which is probably one of the most

important is that it is non-invasive. Figure adapted from Cohen et al. [18].

2.1 Physical principles of image generation

In this section we summarise the key physical phenomena exploited by magnetic

resonance (MR) techniques in the formation of images. We introduce how MR

signals are generated, manipulated, detected and processed into an image. In do-

ing so, we start with the microscopic magnetic moments µ in an object and then

trace step-by-step how they are subsequently converted to a magnetisation M, a

transverse magnetisation Mxy, and an electrical signal S(t). S(t) is measured and

reordered into a matrix which is called k-space in such a way that it represents

Fourier coefficients of the desired image I(r). I(r) is reconstructed computa-

tionally via the Inverse Discrete Fourier Transform (IDFT). The flowchart of the

process is represented by the relations:

µ → M → Mxy → S(t) → S(k) → I(r). (2.1)

An outline descriptive summary of this process is given in Figure 2.2. More details



2.1. PHYSICAL PRINCIPLES OF IMAGE GENERATION 13

!1
!0.5

0
0.5

1

!1

!0.5

0

0.5

1
0

0.2

0.4

0.6

0.8

1

Mxy=[Mx  My]

x

Relaxation process

y

z

M=[Mx  My  Mz]

B  field

M

0

M=0

µ

!1
!0.5

0
0.5

1

!1

!0.5

0

0.5

1
0

0.2

0.4

0.6

0.8

1

x

Excitation

y

z

0
10

20
30

40
50

60
70

0

20

40

60

80
!5

0

5

10

15

20

x 10!4

rf $oil

Mxy signal /(t)

rf $oil

1B

5!spa$e

8x$itation Relaxation

RF $oil RF $oil

S(kx, ky)

ky kx

Mxy → S(t)

M → Mxy

S(t) → S(kx, ky)

µ (magnetic moment). In the absence of an external magnetic field, these magnetic

µ → M

(e.g. the main magnet of the scanner), magnetic

moments start precessing about the axis of the field.

They tend to orient with the field which creates a net

magnetisation M in the direction of the B0 field.

An additional magnetic field B1 (RF field) is transmitted from the RF coil (part of the MRI scanner). If the

M starts relaxing i.e. rotating back

The RF field is then turned off and

proportional to the strength of the magnetic field.

They precess with the frequency ω which is directly

vector M flips in a rotating fashion away from the z-axis creating a projection in the x-y plane Mxy .

During the rotation, the magnetization

in the x-y plane, Mxy , is

to its original position with the

strength of the magnetic field.

frequency of the RF pulse matches the precession frequency of the protons, then those protons get excited and the

the signal S(t).

frequency directly proportional to the

Each of the hydrogen protons in an object spins (in classical analogy) and produces a small magnetic field

Once the object is in an external magnetic field B0

measured via an RF coil, producing

During the process of signal collection, two additional, mutually independent magnetic fields are applied. They are

called the x and y gradient fields and are spatially changing (linearly) in the x and y direction respectively. Controlled

manipulation of these gradient fields creates spatial and time dependent changes in the magnetic field and therefore

in the frequency of rotation of the magnetisation vector M. These changes are encoded as information in the signal S(t):

S(kx, ky) → I(x, y)

Once the signal is reordered into the k-space,

Discrete Fourier transform (DFT)

the amount of change of the gradient fields and indirectly the frequency content of the signal.

hydrogen protons as a function of x and y.

S(kx, ky) =
R R

Mxy(x, y)e−i2π(xkx+yky)dxdy

The final image represents the magnetisation of

moments orient randomly, cancelling each other.

where Mxy(x, y) represents the transverse magnetisation in the object and kx(t), ky(t) describe

it is then reconstructed into an image using the

Once calculated, the signal is reordered into a 2D matrix which “lives” in an abstract space called the k-space.

M

Mxy
Mxy

M

ω

Figure 2.2: The MR image of the object I(x,y), is derived from the signal that comes from
hydrogen protons. It describes the transverse magnetisation Mxy(x, y) that is created in the
object. The magnetisation can be reconstructed from its Fourier coefficients S(kx, ky) which in
turn have physical interpretation in the MR signal. The goal of MR imaging is to extract these
coefficients from the signal and then to use them to reconstruct the image. This figure describes
descriptively the process: measuring Fourier coefficients, their ordering into the frequency space
(often called the k space), and consequent image reconstruction by the means of the Discrete

Fourier Transform (DFT).
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can be found in [1], [14], [29], [48] and [33].

2.1.1 Magnetisation Vector: µ → M

Classical Response of a Single Nucleus to a Magnetic Field

In this section the focus is on a single proton’s response to an external magnetic

field B, ignoring the interactions of the proton with its surrounding environment.

A fundamental property of a nucleus with an odd atomic number is that it

possesses an angular momentum J, often called its spin. Although nuclear spin

is a property characterised by quantum mechanics, in the classical vector model,

these nucleons can be visualised as spinning charged spheres that give rise to a

small magnetic moment µ . In biological systems, the hydrogen nucleus 1H (a

single proton), is the most abundant nucleus of this type, generating the largest

signals, and therefore is by far the most commonly used in imaging. Throughout

this thesis, when we talk about magnetic moments, spins etc., we will assume

that we are only looking at hydrogen nuclei.

The direct relationship between the magnetic moment µ and the spin angular

momentum vector J is found from experiment,

fµ = γJ (2.2)

where γ is a nucleus dependent constant, called the gyromagnetic ratio. For the

hydrogen nucleus, it is found to be

γ = 2.675 × 108 rad/s

T
(2.3)

where T is Tesla, the unit of magnetic field strength [29].

According to classical mechanics, the torque N that a magnetic moment µ

experiences from an external magnetic field B is N(t) = µ(t) × B(t). Also,

nonzero torque on a system implies that the system’s total angular momentum
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J changes according to dJ(t)
dt = N(t) [29]. Using both of these equations, and

including the relation between the spin and the magnetic moment expressed in

equation 2.2 we have

dµ

dt
= γµ × B (2.4)

which is the fundamental equation of motion for isolated spins in the classical

treatment. The quantum description of the precession details can be found in [1]

and [14].

B

µ

!d

dµ

Figure 2.3: Precession of a spin about an applied external magnetic field B

If we form the scalar product of both sides of equation 2.4 with µ we get

equation 1
2

d
dt(µ · µ) = 0 which implies that the magnitude of the magnetic mo-

ment does not change with time. On the other hand, the direction of the vector

µ changes with time. We can see in Figure 2.3, that as dµ = γµ × Bdt is per-

pendicular to the plane defined by µ and B, the tip of the magnetic moment µ
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will be pushed on a clockwise precession around a circular path. The angular

frequency of the precession is

ω ≡
∣∣∣∣
dφ

dt

∣∣∣∣ = γ|B|. (2.5)

where dφ
dt is the change in time of the precessional angle of the magnetic moment

This equation is also know as the Larmor precession formula and it is one of the

most important equations in MRI as it relates the strength of the magnetic field

to the frequency that the spins precesses about it.

Magnetisation Vector and the Bloch Equation

In this section we extend the approach we used in the previous section to more

than one spin, and focus on modelling the behaviour of the magnetisation of the

spin system in the external magnetic field B.

Let us consider a collection of spins placed in a small volume element, that

is being exposed to a homogeneous magnetic field B. We introduce the averaged

vector sum of all the magnetic moments in the element, called the magnetisation

vector

M =
1

V

N∑

n=1

µn (2.6)

where N is the total number of spins in the voxel and V is the element volume.

In analogy with the magnetic moment of one nucleus, M represents the local

magnetic moment of the element.

If there were no interactions between the spins and their neighbourhood, the

magnetisation vector would, according to equations 2.4 and 2.6, behave in the

same fashion as the individual magnetic moments

dM

dt
= γM× B. (2.7)

However, due to interactions of the spins with their environment this is not the

case.
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The thermal equilibrium of the magnetisation vector when exposed to a con-

stant, static magnetic field B0ẑ is

M = M0ẑ (2.8)

where M0 is a value determined from quantum statistics

M0 =
γ2!2B0ρ

4KTs
, (2.9)

! is Planck’s constant h (6.6 × 10−34J) divided by 2π, ρ is the spin density of

the sample (number of spins per unit volume), K is the Boltzmann constant

(1.38 × 10−23J/K), and Ts is the absolute temperature of the spin system. MRI

experiments are often carried out at room temperature, and therefore the only

controllable parameter is B0 which depends on the imaging system and typically

ranges from 0.2 to 7 Tesla (the scanner used in FMRIB, Oxford is a 3T scanner).

According to the laws of thermodynamics, a spin system that has been per-

turbed from its thermal equilibrium state (due to the perturbation of the external

magnetic field) will return to this state, provided sufficient time is given. In MRI

this process is characterised by two independent relaxation processes:

1. Recovery of the longitudinal magnetisation component Mz, called the lon-

gitudinal relaxation.

2. Cancellation of the transverse magnetisation component Mxy = Mxx̂ +

Myŷ, called the transverse relaxation.

Longitudinal relaxation is due to the spins giving back the energy they acquired

from the perturbation of the external magnetic field to the surrounding lattice in

order to go back to their equilibrium state. The time constant associated with

this process is called the T1 relaxation time, it is determined empirically and is

fixed for a specific tissue (at a given static field strength).
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The transverse relaxation is due to the spins de-phasing. It happens because

when two spins are close to each other they slightly change the strength of the

magnetic field that each is experiencing, and therefore the speed of their preces-

sion changes (according to equation 2.5), making them go out of phase relative

to each other. Consequently, the vector sum of their magnetisation, in the trans-

verse plane, tends to cancel. The time constant associated with this process is

called the T2 relaxation time, it is also determined empirically and is fixed for a

specific tissue (at a given static field strength).

The process of transverse relaxation happens faster if the main magnetic field

is not perfectly homogeneous. This is because the inhomogeneity in the field

introduces additional differences in the speed of their precession and as a result

they go out of phase relative to each other more than in the case when the field

is perfectly homogeneous. In order to characterise this, another time constant

known as the T ∗
2 relaxation time can be used instead of the T2 relaxation time.

T ∗
2 is not fixed for a given tissue as it depends on the inhomogeneity of the external

field as well as tissue type and overall magnetic field strength.

Both the longitudinal and the transverse relaxation are modelled by including

additional relaxation terms in equation 2.7. The newly formed equation describ-

ing the time dependent behaviour of the magnetisation vector is called the Bloch

equation and is of the form

dM

dt
= γM ×B − Mxy

T2
+

(M0 − Mz)ẑ

T1
. (2.10)

For the case when there is only the main static magnetic field B = B0ẑ we have

dMz

dt
=

M0 − Mz

T1

dMx

dt
= ω0My −

Mx

T2

dMy

dt
= −ω0Mx −

My

T2
(2.11)
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where ω0 = γB0 is the Larmor frequency of the spin system. We can easily solve

equations 2.11, with initial conditions M(0) = Mx(0)x̂ + My(0)ŷ + Mz(0)ẑ, and

we present three different representations for the solution:

Cartesian Representation: The solution of the system in the Cartesian rep-

resentation is

Mz(t) = Mz(0)e−t/T1 + M0(1 − e−t/T1) (2.12)

Mx(t) = (Mx(0) cos(ω0t) + My(0) sin(ω0t))e
−t/T2 (2.13)

My(t) = (My(0) cos(ω0t) − Mx(0) sin(ω0t))e
−t/T2 (2.14)

Figure 2.4 gives the graphical representation of the solution for each of the
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Figure 2.4: The regrowth of the longitudinal component of magnetisation from the initial value
Mz(0) = 0 (time t = 0 represents the moment just after the RF pulse is finished) toward the
equilibrium value M0 = 1 is shown with the Mz curve. The ‘oscillatory’ decay of the transverse
magnetisation from the initial values Mx(0) = 1, My(0) = 0 is shown with curves Mx and My.

Note that the initial values of the magnetisation vector are illustrative.
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components of the magnetisation vector for a fat tissue sample in the brain where

T1 = 250ms and T2 = 60ms, which are typical values at B0 = 1.5T . In three

dimensional space, the vector M spirals clockwise about the z-axis, with the

angular frequency ω0, until it reaches its equilibrium state M0ẑ (see Figure 2.2).

Matrix Representation: If we represent a clockwise rotation about the z-axis,

through an angle θ by the matrix

Rz(θ) =





cos θ sin θ 0

− sin θ cos θ 0

0 0 1




(2.15)

and denote

W (t) =





e−t/T2 0 0

0 e−t/T2 0

0 0 e−t/T1



 and Q(t) =





0

0

M0(1 − e−t/T1)



 (2.16)

then the solution in matrix form is

M(t) = W (t)Rz(ω0t)M(0) + Q(t) (2.17)

where

M(t) =





Mx(t)

My(t)

Mz(t)




(2.18)

Complex Representation: Let us introduce the complex notation of the

transverse magnetisation:

M c
xy ≡ Mx + iMy . (2.19)

We use equations 2.13 and 2.14 and get

M c
xy(t) = e−t/T2(Mx(0)(cos(ω0t) − i sin(ω0t)) + My(0)(i cos(ω0t) + sin(ω0t))

= e−t/T2M c
xy(0)e−iω0t (2.20)
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Magnitude-phase notation will prove more useful in describing the signal later,

and is M c
xy(t) = |M c

xy(t)|eiφ(t), giving

M c
xy(t) = e−t/T2 |M c

xy(0)|e−i(ω0t−φ(0)) (2.21)

which is the solution for the transverse magnetisation of the system 2.11 in com-

plex representation.

This form of the solution is the most useful for representing the accumulated

phase of the magnetisation vector due to its precession about the magnetic field.

Rotating Reference Frame

In order to visualise the rotation of a magnetisation vector about the static mag-

netic field in a simple manner, it is convenient to use a reference frame rotating

at the Larmor precession frequency. To distinguish it from the conventional sta-

tionary frame (also called the laboratory frame), we use x′, y′ and z′ to denote

the three orthogonal axes of the rotating frame and correspondingly, x̂′, ŷ′ and

ẑ′ as their unit direction vectors. The two frames are related by the following

transformation:




x̂′

ŷ′

ẑ′




= Rz(ω0t)





x̂

ŷ

ẑ




(2.22)

where Rz(θ) is the rotation matrix introduced in the previous section and it

describes clockwise rotation about the z-axis by an angle θ.

The Bloch equation for the magnetic field B = B0ẑ in the rotating frame can

then be expressed in the form :

dMrot

dt
= − Mx′x̂′ + My′ŷ′

T2
+

(M0 − Mz′)ẑ′

T1
(2.23)

where Mrot = Mx′x̂′ + My′ŷ′ + Mz′ ẑ′ is the magnetisation vector in the rotating

frame [48]. Its relation with the laboratory frame magnetisation vector is given
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by the transformation rule between the two reference systems:

Mrot = Rz(ω0t)M. (2.24)

2.1.2 RF pulse: M → Mxy

In this section we will introduce the main properties of an RF (radio frequency)

pulse and describe the impact it has on the magnetisation of the object while

exposed to the static magnetic field B0ẑ.

An RF pulse is an electro-magnetic field that oscillates with a frequency in

the range 40-300 MHz, which belongs to the radio frequency window of the elec-

tromagnetic spectrum. Such pulses are usually transmitted from the RF coil

which is built-in to the scanner, as seen in Figure 2.8. A typical RF pulse has its

magnetic field perpendicular to the main magnetic field and is of the form

B1(t) = Be
1(t)[cos(ωrft)x̂ − sin(ωrft)ŷ] (2.25)

where B1 is the usual symbol for the RF field, ωrf is the carrier frequency of

the field and Be
1(t) is its envelope function. The form of the envelope function

determines the shape of the RF pulse. The most common RF pulse in MRI is

the sinc pulse and its envelope function is

Be
1(t) =





B1sinc[ωrf

2 (t − trf
2 )], 0 ≤ t ≤ trf

0, otherwise
(2.26)

where sinc(x) = sinx
x .

Now we will look into the effects of an RF pulse on a spin ‘isochromat’ (a

collection of spins with the same precessional frequency, ω0). One very important

property of this system is that when it is ‘hit’ by an oscillating magnetic field

with the carrier frequency ωrf = ω0, resonance occurs and the system becomes

‘excited’ – that is, it is supplied with additional energy and is therefore perturbed
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from its equilibrium state. When both the static and RF fields exist, then spins

will precess about the total applied magnetic field, so that two rotations will take

place. One rotation is about the static field B0ẑ and the other one is about the

RF field B1. In order to quantitatively describe this process we go back to the

Bloch equation during the RF pulse:

dM

dt
= γM× (B0ẑ + B1(t)) −

Mxy

T2
+

(M0 − Mz)ẑ

T1
. (2.27)

First of all, as the RF pulse is applied for a very short time (trf ∼ 4ms), for most

of the imaging methods, compared with typical relaxation times (T1 ∼ 1000ms,

T2 ∼ 100ms) we therefore have

trf ' T1 trf ' T2 (2.28)

for most tissues. As the relaxation times describe the return of the magnetisation

vector to its equilibrium, we can assume that during the RF pulse, no relaxation

happens. Therefore, when solving the Bloch equation during this period (com-

monly called the excitation period), we can neglect the last two terms in (2.27)

and get a simpler form of the equation:

dM

dt
= γM × (B0ẑ + B1(t)) (2.29)

where the RF field B1(t) is defined as in equation 2.25.

In the rotating reference frame we introduced in the previous section, we

obtain

dMrot

dt
= γMrot × Be

1(t)x̂
′ (2.30)

where Mrot = Rz(ω0t)M as defined in equation 2.24. For more details on the

derivation see [48]. The solution of this equation describes the behaviour of the

magnetisation vector during an excitation period and in the rotating frame is
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MM

B1 B1

Mz

MxyMx’y’

Mz’

B0zz’

yy’

M

xx’ laboratory framerotating frame

" rot "

a) b)

Figure 2.5: Excitation: the B1 field, tuned to the Larmor frequency and applied in the trans-
verse plane, induces rotation of the magnetisation vector as it tips away from the z-axis for a
flip angle α in a) the frame rotating at the Larmor frequency about the z-axis and b) the real

scanner (laboratory) frame.

given by:

Mx′(t) = Mx′(0)

My′(t) = My′(0) cosα(t) + Mz′(0) sinα(t)

Mz′(t) = −My′(0) sinα(t) + Mz′(0) cosα(t) (2.31)

where 0 ! t ! trf , Mx′(0), My′(0) and Mz′(0) are the values just before the RF

pulse and α is the angle that the magnetisation vector M is tipped away from

the z axis:

α(t) =

∫ t

0

ω1(t
′)dt′ =

∫ t

0

γBe
1(t

′)dt′ (2.32)

where ω1 is the angular frequency of the rotation of the magnetisation vector

about the B1 field. α(trf) is called the flip angle and gives the position of the

magnetisation vector just after the RF pulse as seen in Figure 2.5.

A common flip angle is 90◦ where a magnetisation that is initially aligned with

the z-axis is rotated to lie completely in the (x, y) plane, with no Mz component.

In that case, the magnitude of the transverse magnetisation just after the RF

pulse is |Mxy(t
+
rf)| = M0 where t+rf stands for the time just after the RF pulse
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finished. Often we will use t+rf = 0 as it also represents the initial time from which

the relaxation period starts and during which, as we will describe in the following

section, the signal is being collected.

2.1.3 Signal Detection: Mxy → S(t)

Once the magnetisation vector M is tipped away from the z-axis by the RF pulse,

it will start relaxing back to its equilibrium position M0ẑ. During the process

of relaxation, magnetisation has to be detected i.e. converted into an electrical

signal. This is done by the receiver coil, which in traditional imaging systems

also serves as the RF pulse transmitter and can be seen in Figure 2.8. In this

section we will briefly describe the basics of the signal detection process. For a

more detailed version see [1], [29], [48].

The process of signal detection is based on Faraday’s law of electromagnetic

induction which states that a time-varying magnetic flux through a conducting

loop (a receiver coil) will induce in the coil an electromagnetic force (voltage)

that is equal to the rate at which the magnetic flux Φ(t) in the coil is changing

[29]:

V (t) = −dΦ(t)

dt
. (2.33)

The relationship between the magnetic flux and the magnetisation vector can be

seen in

Φ(t) =

∫

object

Breceive(r) · M(r, t)dr (2.34)

where Breceive(r) is the laboratory frame magnetic field at location r produced

by a hypothetical unit direct current flowing in the RF coil which describes the

spatial coupling of the field to the receiver coil. The signal S(t) measured by the
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receiver electronics is proportional to V (t) [29]:

S(t) ∝ − d

dt

∫

object

[
Breceive

x (r)Mx(r, t) + Breceive
y (r)My(r, t) + Breceive

z (r)Mz(r, t)
]
dr.

(2.35)

Consider the general solutions of the Bloch equation for each of the components

of the magnetisation vector M during relaxation:

Mz(r, t) = Mz(r, 0)e−t/T1(r) + M0(1 − e−t/T1(r)) (2.36)

M c
xy(r, t) = e−t/T2(r)|Mxy(r, 0)|e−i(ω0t−φ0(r)). (2.37)

Differentiation in (2.36) gives:

dMz(r, t)

dt
= − 1

T1
Mz(r, 0)e−t/T1(r) − 1

T1
M0(1 − e−t/T1(r))

dM c
xy(r, t)

dt
= − 1

T2
e−t/T2(r)|Mxy(r, 0)|e−i(ω0t−φ0(r))

− iω0e
−t/T2(r)|Mxy(r, 0)|e−i(ω0t−φ0(r)). (2.38)

The Larmor frequency, ω0, is at least four orders of magnitude larger than typical

values of 1/T1 and 1/T2, and therefore all but the last term in the second equation

can be neglected, giving the signal, S(t), as

S(t) ∝ ω0

∫

object

e−t/T2(r)|Mxy(r, 0)|[Breceive
x (r) sin(ω0t − φ0(r))

+Breceive
y (r) cos(ω0t − φ0(r))]dr (2.39)

where Breceive
x and Breceive

y can be written in terms of magnitude and phase,

Breceive
x (r) ≡ B⊥ cos(θB(r)), Breceive

y (r) ≡ B⊥ sin(θB(r)) with θB(r) the reception

phase angle and B⊥ = |Breceive
xy |. This leads to

S(t) ∝ ω0

∫

object

e−t/T2(r)|Mxy(r, 0)|B⊥(r) sin(ω0t − φ0(r) + θB(r))dr. (2.40)

The oscillations at the frequency ω0 are removed from the signal by the electronic

process of demodulation, which is equivalent to viewing the signal from a rotating
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reference frame. More details can be found in [1], [14], [29]. Then, using the

complex representation, the signal is given by,

S(t) ∝ ω0

∫

object

e−t/T2(r)|Mxy(r, 0)|B⊥(r)ei(φ0(r)+θB(r))dr. (2.41)

When the transmitting and receiving RF coils are sufficiently uniform, the receive

field directional phase θB and the receive field amplitude B⊥ are all independent

of position [29], and therefore, together with the proportionality constant, can be

absorbed into a single constant Λ. In the future, unless stated otherwise, when

writing signal equations we will omit all the constants that are both spatially and

temporally independent.

S(t) = Λ

∫

object

e−t/T2(r)|Mxy(r, 0)|eiφ0(r)dr. (2.42)

This equation can also be written in the form:

S(t) =

∫

object

M c
x′y′(r, t)dr (2.43)

where M c
x′y′(r, t) is a complex representation of the transverse magnetisation in

the rotating frame.

2.1.4 k-space: S(t) → S(k)

We have seen in the previous section the process of signal detection. However,

the goal of MR imaging is not only to determine the global signal coming from

the object but also to determine the spatial distribution of the signal within the

object. In MR this is achieved by measuring the Fourier coefficients of the image.

Since identical nuclei precess at different rates in locations where the magnetic

field is different, the spatial localisation of the signal can be determined from the

frequency content of the resulting MR signal, provided that a well defined spatial

field variation is superimposed on the homogeneous static field B0ẑ (the B0 field)
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during the imaging process. This variation is created by a (spatially) linearly

varying magnetic field BG called the gradient field.

A gradient field is a special kind of inhomogeneous field whose z-component

BGz varies linearly in space along a specific direction called the gradient vector.

The gradient field also has components in the x- and y- direction but these are

ignored because the B0 field is much stronger than the gradient field (three orders

of magnitude stronger) and it is in the z-direction, therefore the vector sum of

B0ẑ and BG only significantly changes the field magnitude when the z-component

of the gradient field changes. The gradient field is defined by

G(t) ≡ ∇BGz(r, t)

=
∂BGz(r, t)

∂x
x̂ +

∂BGz(r, t)

∂y
ŷ +

∂BGz(r, t)

∂z
ẑ

≡ Gx(t)x̂ + Gy(t)ŷ + Gz(t)ẑ (2.44)

and therefore the total magnetic field (static plus linear) can be written as

B(r, t) = (B0 +BGz(r, t))ẑ = (B0 +Gx(t)x+Gy(t)y +Gz(t)z)ẑ = (B0 +G(t) · r)ẑ

(2.45)

As we have seen in equation 2.5, the angular frequency of the precessing spins is

proportional to the field strength

ω(r, t) = γ|B(r, t)| = γB0 + γBGz(r, t) = ω0 + γG(t) · r. (2.46)

This equation is of primary importance for spatial encoding of the signal as it

relates the spatial coordinates with the frequency of precession of the magneti-

sation vector. The process of spatial encoding is done (for multi-slice imaging)

using two steps:

1. Selective excitation

2. Spatial information encoding
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The first step is the process of selective excitation (Figure 2.6). In order to

generate an image of a two-dimensional slice, spins are selectively excited in only

one plane of the brain, leaving the spins outside that plane unperturbed. In

practice this is done by having the RF pulse on in the presence of a magnetic

field gradient orientated in the direction normal to the desired plane [40]. The

z

RF pulse

#rf

z

#

#

#

0

z$G  z

FT

Figure 2.6: Slice selection for a slice in the (x, y) plane (z is the normal direction of the slice).
FT stands for the Fourier Transform and shows the frequency profile of the sinc RF pulse.
Only spins precessing with frequencies belonging to this range will get excited. As the desired
frequency range only occurs in a small spatial range, then the effect is to select only this spatial

‘slice’.

direction of the gradient field determines the direction of ‘slicing’. Let us assume

for now that it is the direction of the z-axis i.e. BG = Gzz and that we have

a sinc RF pulse. A property of sinc pulse is that the range of frequencies that
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it selects is approximated by a ‘box-car’ (rectangular window function), so only

those spins whose frequency lie within the range of the box-car will be excited.

The second step is the process of spatial information encoding. After spins

of the chosen slice of the object are excited by a selective RF pulse, spatial

information is encoded into the signal during the relaxation period. In this period

the Bloch equations take the form

dMz

dt
=

M0 − Mz

T1
(2.47)

dMx

dt
= (ω0 + γG(t) · r)My −

Mx

T2
(2.48)

dMy

dt
= −(ω0 + γG(t) · r)Mx −

My

T2
. (2.49)

The solution for this system will have an additional, spatially dependent, accu-

mulation in phase, compared to the solution in the static field case (when all the

spins have the same phase): φ(r, t) = −
∫ t

0 ω(r, t′)dt′ = −ω0t − γ
∫ t

0 r · G(t′)dt′.

Therefore the complex representation of the transverse magnetisation is:

M c
xy(r, t) = e−t/T2(r)|Mxy(r, 0)|e−i(ω0t+γ

R t
0 r·G(t′)dt′) (2.50)

In the case when the z-gradient is used for a selective excitation, the slice is

parallel to the (x, y) plane so only the x-gradient and the y-gradient are needed

to encode the spatial information in the phase of the magnetisation vector. This

information will be present in the spatial frequency of the detected signal:

S(t) =

∫ ∫
e−t/T2(r)|Mxy(r, 0)|e−iγ

R t
0 (Gx(t′)x+Gy(t′)y)dt′dxdy. (2.51)

The signal is commonly collected at uniformly spaced time points and then stored

in a two dimensional plane called k-space with coordinates kx and ky defined by:

kx(t) =
γ

2π

∫ t

0

Gx(t
′)dt′, ky(t) =

γ

2π

∫ t

0

Gy(t
′)dt′. (2.52)

The coordinates in k-space at which the signal is stored form a regular grid

(see Figure 2.7) whose size is commonly chosen to be 64 × 64, 128 × 128 or
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256 × 256. From equation (2.52) it can be seen that a Gx gradient moves the

k-space coordinate along the kx direction and a Gy gradient moves the k-space

coordinate along the ky direction. This can be easily seen in the typical case

when the gradients are constant so that:

kx(t) =
γ

2π
Gxt, ky(t) =

γ

2π
Gyt. (2.53)

Neglecting the decay term e−t/T2(r) and using equation (2.9), the signal in terms

of k-space coordinates is:

S(kx, ky) =

∫ ∫
ρ(x, y)e−i2π(kxx+kyy)dxdy. (2.54)

It is clear that this represents the Fourier coefficients of the spin density ρ(x, y)

evaluated at specific points in k-space.

5x

5y

5x 5y/(   @    )

Figure 2.7: Two dimensional k-space for Fourier transform samples.
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2.1.5 Image reconstruction: S(k) → I(x)

After the signal is sampled at discrete time points, corresponding to discrete

locations in k-space, the reconstruction process is performed. The problem of

reconstructing a function from its Fourier coefficients can be formulated as follows

[48]:

determine the image I(r) if the signal S(kn) =

∫

object

I(r)e−i2π(kn·r)dr is given,

where kn ∈ Ψ, and Ψ contains the set of k-space points at which measured data

are collected.

The computational tool used for this type of image reconstruction when the

samples are regularly spaced on a grid is the Inverse Discrete Fourier Transform

(IDFT). In MRI, the common approach is to sample 2r (r ∈ N ) number of

points for each k axis so that the Fast Fourier Transform (FFT) algorithm can

be applied.

With this section we have completed the principles of the process of image

production in MRI, starting from signal generation, through spatial encoding, to

image reconstruction. In order for this whole process to be carried out, a set of

instructions needs to be provided to the various coils in the magnet. The way

this is done determines the properties of the image we want to generate. This is

the topic of the following section.

2.2 Imaging system

2.2.1 Imaging hardware

The basic components of MRI hardware are:

• The main magnet. This provides a strong, uniform, static, magnetic field
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referred to as the B0 field. The conventional coordinate system used for the

scanner has the B0 field directed along the z-axis, so that B0 = B0ẑ, where

B0 is the constant describing the strength of the main magnetic field.

Waveform
Generator

Gx Amplifier

Gy Amplifier

Gz Amplifier

Gradient Coils

Controls
Shim

CPU

Processor
Image

Image Viewer

Magnet and Shims

RF
Amplifier

Converters
A/D

Electronics
RF

RF Coil

Console
Storage

Figure 2.8: MRI system hardware. The figure courtesy of Stuart Clare.

• The RF system. This consists of a transmitter coil (RF coil) that is capable

of generating a rotating radio-frequency electromagnetic field (known as

the B1 field or an ‘RF pulse’) in the brain, and the receiver coil that is

responsible for the detection of the signal, S(t), emitted by the brain.

• A system of three orthogonal gradient coils called the gradient system, which

produces a time-varying magnetic field, BG, of controlled spatial nonuni-

formity which varies linearly with position.
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• A shimming system is a set of coils which is used to correct static inhomo-

geneities in the main magnetic field.

• A computer-based imager system, which stores, reconstructs and displays

the obtained image.

The diagrammatic representation of the MRI system is given in Figure 2.8

2.2.2 Pulse sequence

In order for an MR image to be created, a set of instructions must be provided

from the main console of the scanner to the gradient coils and to the RF coil

which are located in the bore of the scanner (Figure 2.8). This set of instructions

is known as the pulse sequence. The pulse sequence specifies the waveform of

the RF pulses. It also specifies three waveforms, one for each of the Gx, Gy and

Gz gradient fields. Furthermore, the pulse sequence specifies the timings of the

signal read-outs which are then supplied to the RF coil. An accessible and widely

used way of illustrating the pulse sequence is by the use of a pulse sequence

diagram. A pulse sequence diagram is, as Hashemi et al. [33] nicely put it, “ to

an MR scientist as sheet music is to a musician”. An example of a pulse sequence

diagram is shown in Figure 2.9.

The first line (from top) of Figure 2.9 describes the instructions for the RF

pulse: timing and the size of the flip angle. The second line describes the Gz

gradient waveform. The Gz gradient together with the RF pulse is responsible

for the slice selection. This is why it is often referred to as the slice-select gradient.

The third line describes the Gy gradient waveform. It is this one that is used for

going from one line of the k-space to the next and is known as the phase-encode

gradient. Both the Gy gradient and the Gx gradient are used initially to move

the position in the k-space to the starting position just before the read-out takes
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B0 0

x x x x x x x
x x x x x x x
x x x x x x x

Gz

Gx

CDE

RF

xxxxxxx

5y

x5

Figure 2.9: An example of a pulse sequence diagram (left) representing a sampling of a few
different lines in the k-space (right). The five different lines of the pulse sequence describe five
different sets of instructions for the RF coil and the gradient fields. One RF pulse is needed for

each of the different lines of the k-space.

place (full magenta). After one line of the k-space is sampled, Gy gradient changes

in intensity while all the other gradients and the RF pulse repeat the previous

instructions in order to acquire the next line (dashed magenta). This process

continues until the whole of the k-space is sampled. The fourth line is for the

Gx gradient waveform. When this one is positive we are moving in the positive

direction of the kx-axis (and opposite when it is negative). It is when this gradient

is non-zero that the signal read-out takes place. This is why it is known as the

read-out gradient. And finally the fifth line is the Analogue-to-Digital Conversion

(ADC) line and it is on this one that the signal read-out timings are specified (in

red). The corresponding sampling points are shown in the k-space image on the

right. Note that this is just a schematic representation of the sampling points

and that during the scanning the number of these points per line is much larger,

e.g. 64, 128. Also, the role of different gradients can change depending on the

slice orientation during scanning (axial, sagittal or coronal) so Gz can become
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the read-out gradient and Gx can become the slice-select gradient and so on.

The pulse sequence which was just described in Figure 2.9 is called a standard

gradient echo (GE) pulse sequence. The term “gradient echo” comes from a signal

property called an “echo”. A signal echo is formed when, during the relaxation

process while the spins are dephasing, the application of an RF pulse or a gradient

field makes spins rephase causing a regrowth in the MR signal. Depending on

whether an RF pulse or a gradient field was used for rephasing of the signal, the

echo can be called a “spin” or “gradient” echo respectively. Figure 2.10 shows

the collective behaviour of spins during a gradient echo.

Figure 2.10: Gradient echo. Spins precess in the rotating frame and are all in phase (a). Once
the gradient field is applied spins start dephasing as spins acquire different precessional speeds
and go out of phase with each other (b). With a rapid switch of the gradient in the opposite
direction spins refocus (c). After some time spins are again in phase (d). The time it takes
from the moment the spins were excited to this moment when they are again in phase is called

the echo time. Figure courtesy of Stuart Clare.

Echo-Planar Imaging (EPI)

In the following we will describe one of the most commonly used pulse sequences

in FMRI: echo-planar imaging (EPI) [53]. EPI is a gradient-echo-based fast scan

imaging technique as it allows whole volume images of the brain to be acquired

in just a few seconds. Its great speed comes from its ability to sample an entire

k-space matrix (a single slice) using only a single RF pulse (during the standard

GE sequence as we saw in the previous example, one RF pulse is applied per
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line). The EPI pulse sequence and the corresponding sampling of the k-space is

schematically represented in Figure 2.11.
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Figure 2.11: Schematic representation of the echo planar imaging (EPI) pulse sequence (on the
left) and corresponding sampling of the k-space (on the right) for imaging of one slice. Only

one RF pulse is used to sample the whole slice.

Read-out points in the k-space progress chronologically from the bottom left

corner, following the arrows until the sampling ends at the top left corner. The

sampling interval on the horizontal lines is ∆kx = γ
2π

∫ tn+1

tn
Gx(t′)dt′ and it corre-

sponds to the area under the Gx gradient waveform between two successive read

out time points. ∆ky = γ
2π

∫ tn+1

tn
Gy(t′)dt′ is the interval between two horizontal

lines and is determined with the blips of the Gy gradient we see in Figure 2.11.

Once the sampling of the signal for one slice is finished, two dimensional

reconstruction from the Fourier samples is performed in order to obtain the image

of the slice. The carrier frequency of the RF pulse is then shifted in order to cover

the range of frequencies of the next slice, and the new RF pulse is applied with

the whole process of k-space sampling being repeated. The image of the whole

brain (often called the MR volume) is the collection of all the slices. In a typical

scanning session, the volume is acquired in a few seconds and usually 20 or more

slices are imaged.
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2.2.3 Scanning parameters

In this section we will discuss various scanning parameters. These are the parame-

ters that can influence the image properties and quality and they can be controlled

and adjusted by the operator. The scanning parameters can be divided into two

groups: primary and secondary scanning parameters (Figure 2.12).
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Figure 2.12: Scanning parameters. The primary parameters are set directly with the pulse
sequence (left) while the secondary parameters are the ones that are derived from the primary
parameters and describe the image (right). The idea for the figure was based on the division

of the parameters done by Hashemi et al. [33].

The primary parameters are those parameters that are set directly into the

pulse sequence. The secondary parameters are those that describe the image.

They are derived from the primary parameters and are: image contrast, resolution

and SNR. In this section we will describe each of these parameters.

Image contrast

Image contrast is an important imaging parameter as it helps to distinguish one

brain tissue from another. It can be achieved because each of the brain tissues has

different MR parameters: the spin density (often also referred to as the proton

density), T1 relaxation time and T2 decay time. All three parameters contribute

to the contrast, but usually one is emphasised. Figure 2.13 shows an example
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MR image for each of these three different contrast types.

Figure 2.13: Different image contrasts of an axial brain slice at 3T: (a) PD-weighted image (SE
spin-warp sequence with TR/TE = 4000/15 ms); (b) T1-weighted image (GE FLASH sequence
with TR/TE = 14/5 ms and flip angle = 20◦); (c) T2-weighted image (SE sequence with TR/TE
= 4000/100 ms); (d) T ∗

2 -weighted image (GE FLASH sequence with TE = 30 ms). The figure
courtesy of James Wilson.

Which MR parameter is emphasised depends on the primary parameters TE

and TR used when acquiring the image.

TR (repetition time) is the time between two consecutive applications of

an RF pulse.

TE (echo time) is referred to as the echo delay time. It describes a period in
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time which passes between the RF pulse and the time when the signal is measured

at the center of the read-out period.

By varying these two parameters, TR and TE, the contrast between different

tissue types is altered. This is shown in Figure 2.14 where the values for T1 and

T2 that tissues typically have are given.
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Figure 2.14: The figure shows the different rates by which signal coming from different tissues
change at 1.5T. T1 recovery and T2 decay curves for white matter (WM), grey matter (GM)
and cerebrospinal fluid (CSF) are shown. Whether the tissue types will show up bright or dark

on the image is determined by the choice of TR and TE parameters.

The degree of T1 recovery that has occurred after an RF pulse will determine

how much longitudinal magnetization is available to be flipped by the following

RF pulse. If nearly complete T1 recovery is allowed to occur after an RF pulse

(i.e. TR is long) and a signal is acquired very quickly after the next RF pulse

(i.e. TE is short) then intensity will depend on proton density. Proton density is

the starting point of the signal in the plot on the right of Figure 2.14. However,

if TR is short (e.g. TR1 in this figure) and TE is short (e.g. TE1 in this

figure), then intensity will depend on the T1 recovery times of the different tissue

types. Therefore, in a T1-weighted image white matter is bright, grey matter

is intermediate and CSF is dark. If TE is long (e.g TE2 in this figure) then
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intensity will depend on the T2 decay of the different tissue types. Therefore, in

a T2-weighted image CSF is bright, grey matter is intermediate and white matter

is dark. There is also a third form of weighting called the T ∗
2 -weighting. T ∗

2 is

often much shorter than T2 as it describes the extra dephasing due to the external

magnetic field inhomogeneities. Gradient echo sequences are used to obtain T ∗
2

weighting, as spin echo sequences will rephase the effects of the inhomogeneities.

Image resolution

Resolution is the minimum distance that we can distinguish between two points on

an image [33]. In object-space, the spatial resolution of the image is represented

by ∆x and ∆y. It depends on FOVx, FOVy, Nx, and Ny.

FOVx,FOVy describe the Field Of View (FOV) of the image in the x- and

y- directions respectively.

Nx,Ny describe the size of the k-space matrix where Nx is the number of

sampling points on a k-space line parallel to the kx axis (number of samples in

the kx direction) and Ny is the number of lines (number of samples in the ky

direction).

Both field of view and the number of samples in the k-space determine the

resolution of an image:

∆x =
FOVx

Nx
, ∆y =

FOVy

Ny
. (2.55)

FOVx and FOVy are determined by the pulse sequence. During the pulse se-

quence, the phase-encoding gradient, Gy, is applied for a period ty and is in-

cremented in Ny steps of ∆Gy from −Gy,max to +Gy,max. During readout, the

readout gradient has a fixed amplitude of Gx that is applied for time T . The sam-

pling period of the analogue to digital converter (ADC) that samples the signal

is ∆t and Nx data points are sampled per readout.
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In k-space, the sampling intervals are defined as ∆kx and ∆ky while the

highest spatial frequencies sampled are kx,max and ky,max. Using the above terms,

the FOV of the image can be expressed as

FOVx =
1

∆kx
=

1
γ
2πGx∆t

, and (2.56)

FOVy =
1

∆ky
=

1
γ
2π ∆Gyty

, (2.57)

while the spatial resolution of the image can be expressed as

∆x =
1

Nx∆kx
=

1

2kx,max
=

1
γ
2πGxT

, and (2.58)

∆y =
1

Ny∆ky
=

1

2ky,max
=

1
γ
2π2Gy,maxty

. (2.59)

The latter two equations imply that, along each axis of the image, the resolution

size is the half-cycle width of the highest spatial frequency recorded.

Signal to Noise Ratio (SNR)

Signal to Noise Ratio (SNR) is a way of characterising the quality of the signal.

It describes the proportion of the noise that is present in the image. The signal

is primarily a function of the magnetisation M0 available. The amount of mag-

netisation is proportional to the number of spins present within each voxel in

the image. If the voxel size is increased (with either lower in-plane resolution or

thicker slices), the voxel will contain more proton spins and therefore the signal

will increase.

SNR also depends on the amount of time spent collecting the data. The

signal increases linearly with the number of samples collected, whereas the noise

increases only with its square root. This is because, provided that the samples are

independent, the total variance when N measurements are combined σ2
N , is equal

to the sum of the N individual variances, all equal to σ2. The noise σN will hence
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be equal to
√

Nσ, where σ is the noise correspondent to a single measurement.

This can be summarised as follows:

SNR ∝ voxel volume
√

acquisition time. (2.60)

The acquisition time is proportional to the number of excitations and the read-

out time (which is given by the number of points collected along the frequency-

encode direction Nx multiplied with the sampling interval ∆T , and the number

of phase-encode steps Ny), so the equation 2.60 becomes

SNR ∝ V

√
NxNyNex

BW
. (2.61)

where V is the volume of the image voxel. A voxel is a three-dimensional volume

element with dimensions ∆x, ∆y, and ∆z and so its volume is calculated as

V = ∆x∆y∆z. ∆x and ∆y define the in-plane resolution while the ∆z parameter

specifies the slice thickness.

Nex (Number of Excitations) is the number of times a scan has been

acquired.

BW (Receiver Bandwidth) The receiver bandwidth is related to the sam-

pling interval ∆T with the following equation 1:

BW =
1

∆T
. (2.62)

The sampling interval ∆T is the time that passes between the acquisition of the

two adjacent points (in kx direction) in k-space.

From the expression 2.61, it is possible to see what the impact of increasing

image resolution is on the SNR of the images. For instance, if the voxel dimension

along each axis is halved, the SNR decreases by a factor of 8. This effect can be

1In MR imaging two different kind of bandwidths are commonly used. One is the RF band-
width (the transmission bandwidth). The transmission bandwidth is the range of frequencies
that are “sent” to the head by the RF coil. This bandwidth determines the slice thickness. The
other commonly used bandwidth is the receiver bandwidth.
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compensated for by increasing the number of repeats. However, since the SNR

only increases with the square root of the acquisition time, 64 averages would

need to be acquired to maintain the same level of SNR. As it is in practice not

feasible to prolong the scanning times in this way, other means of increasing the

SNR need to be considered if high-resolution is to be attained (e.g. using a higher

static magnetic field).

2.3 Physiological principles of BOLD imaging

FMRI is a method which investigates brain function in-vivo. As it typically has

an in-plane resolution of 3mm or larger, it is concerned not with the behaviour

of single neurons but with activity of large populations of neurons. The data

produced is nonetheless highly informative, as single neurons do not work inde-

pendently, but function together in large groups [40].

When the body is performing a particular task (finger tapping, listening to

an audio stimulus, looking at changing colour etc.) certain parts of the brain

become activated and neurons start exchanging information. Information transfer

between neurons in the brain is an energy-requiring process, and because of this

the places in the brain where this transfer is happening have greater demand for

energy and hence a greater demand for oxygen. To meet this increased metabolic

demand, neuronal activation is accompanied by increased local blood flow.

It has been observed that the additional influx of oxygen exceeds the amount

extracted, therefore creating a higher concentration of oxygen in the blood locally

compared to the resting state. Since oxygen is not very soluble in blood, it is

transported bound to the large iron containing molecule, haemoglobin [40]. The

form of the compound that contains oxygen is called oxyhaemoglobin and without

oxygen is called deoxyhaemoglobin.



2.3. PHYSIOLOGICAL PRINCIPLES OF BOLD IMAGING 45

Deoxyhaemoglobin has different magnetic properties from the surrounding

tissues and creates inhomogeneities which cause local dephasing and hence a re-

duction in the value of T ∗
2 . In a T ∗

2 weighted imaging experiment, this will cause

a signal loss (a darkening of the image in those voxels containing the vessels).

Due to activation the relative concentration of deoxyhaemoglobin decreases and

therefore induces less signal loss, causing the signal intensity to increase. The

parts of the images which show increased intensity should therefore correspond

to the brain areas which were activated due to the task performance. This char-

acteristic provides the basis for Blood Oxygenation Level Dependent (BOLD)

FMRI (Figure 2.15).

Figure 2.15: Blood Oxygenation Level Dependent (BOLD) signal. Figure courtesy of Heidi
Johansen-Berg.

In order to be able to image BOLD contrast, the imaging sequences used must
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produce T ∗
2 weighted images and therefore must be based on a gradient echo. In

addition to this, BOLD FMRI needs to be performed with very fast imaging tech-

niques to capture the temporal changes while still covering a substantial region

of the brain. For these reasons, one of the most suitable, and most commonly

used sequences in BOLD FMRI is EPI.

Fast imaging of BOLD-related inhomogeneities comes at the price of several

artefacts. These are set out in the following section.

2.4 Imaging artefacts

2.4.1 Magnetic-susceptibility-induced B0 inhomogeneities

Magnetic-susceptibility-induced B0 inhomogeneities are caused by the magnetic

susceptibility differences between different tissues types in a head 2. The magnetic

susceptibility is a property possessed by every substance and it describes the

extent to which that substance can become magnetised when placed in a magnetic

field. When an object consists of a few different substances which have different

magnetic susceptibilities, magnetic field distortion will occur at the interfaces of

these substances (such as tissue-air or tissue-bone interfaces).

One of the main remedies for this type of inhomogeneity is the use of mag-

net shimming coils which form a part of imaging hardware and are schematically

represented in Figure 2.8. The currents in these coils are set at the beginning of

each imaging experiment, usually based on measurements of the field, in order

to counteract the inhomogeneities. Shimming, however, often can not appro-

priately correct for smoothly varying fields and hence does not full correct the

2Throughout this thesis magnetic-susceptibility-induced B0 inhomogeneities are often just
referred to as the B0 inhomogeneities as they are the ones that this thesis is concerned the
most.
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inhomogeneities.

The B0 inhomogeneity causes dephasing of spins i.e. a distribution of reso-

nance frequencies which are different from the Larmor frequency associated with

the static magnetic field. Inhomogeneities in the magnetic field are especially

problematic in the EPI pulse sequence which is very sensitive to it due to the

fact that an entire plane of k-space is sampled after just one RF pulse. The off-

resonance effect creates a phase error and this propagates throughout the whole

acquisition of the k-space without a chance to be rephased (as it is the case in

spin-echo sequences) or to be nulled after acquisition of each k-space line (as is

the case in standard gradient echo pulse sequences). The phase error is more vis-

ible in the phase-encode direction (ky) because during the EPI scanning it takes

much longer to sample in this direction than in the read-out direction which gives

more time for the phase error to accumulate. This creates large translations (up

to several voxels) along the y-axis for the affected voxels in the output image and

is known as “geometric distortion artefact”.

An example of the distorted area of an EPI image, due to magnetic-susceptibility-

induced field inhomogeneity, is shown in Figure 2.16 (a). Another susceptibility

artefact is referred to as “signal loss artefact”. It is due to a local decrease in

image signal in regions that exhibit large intrinsic B0 gradients in the slice-select

direction. An example of signal loss artefact is shown in Figure 2.16 (b).

2.4.2 Rigid-body motion

Rigid-body motion is an important issue in FMRI analysis as even the slightest

patient motion (less than a degree of rotation or a mm translation) during a scan

can mean that a voxel location does not correspond to the same physical point in

the volume as the same voxel in a subsequent volume, given a spatial resolution
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Figure 2.16: Magnetic-susceptibility-induced artefacts in an EPI image: geometric distortion
(a) and signal loss (b). The phase encoding was in the y-direction.

of a few mm in the acquisition process (2.17). In addition, the change in signal

intensity due to motion can be far greater than the BOLD effect itself (e.g. 5-

10% change in the signal due to motion and 1-2% change in the signal due to

BOLD), particularly at tissue boundaries, at the edge of the brain or near major

ventricles.

In addition to position displacement, there are various artefacts that can occur

in images as a consequence of motion. Figure 2.18 gives a descriptive represen-

tation of artefacts associated with each of the different motion parameters.

When a head moves in a field which has susceptibility-induced inhomogeneities

two different types of B0 distortions can occur. Type 1 distortion occurs when

the magnetic field inhomogeneities move together (aligned) with the object (each

voxel will continue experiencing the same magnetic field although the object is

moving). This happens when the structure and the position of the tissue-air

boundaries in the object does not change (with respect to the direction of the B0
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Time

Figure 2.17: Due to the motion artefact (position displacement) a brain region of one acquired
MR volume will not correspond to the same brain region in the following volume.

field) with object’s motion. An example of this is when the object rotates about

the z-axis of the scanner coordinate system. On the other hand when the object

rotates about the x- or y-axis of the scanner coordinate system, the tissue-air

boundaries within the object change with respect to the direction of the B0 field.

This creates type 2 distortion which results in the magnetic field changes as the

object moves (i.e. they do not move together any more). More detail about both

types of these inhomogeneities can be found in Andersson et.al.[2].

Spin-history effects (Figure 2.19) occur for all motion that causes movement

in the through-slice direction (translation in z, rotation about x, rotation about

y). It occurs because if a spin gets excited by the RF pulse during the acquisition

of one volume and then the head moves in the z-direction, the frequency of the

precession of the spin will change possibly matching the frequency of the RF pulse

which was planned to happen for the following slice. The following RF pulse will

then excite that same spin again sooner (or later) than when the planned RF
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Figure 2.18: A description of the main motion-related artefacts in FMRI data. Each of the
motion parameters (translations Tx, Ty, Tz and rotations Rx, Ry, Rz) has its own set of artefacts
and these are shown in the figure. Plots show the type of the slice-misalignment created with
different motion parameters. The artefacts are listed for the case when the phase encode is in

the y-direction.

pulse was supposed to happen. This will result in a spike in the image intensity.

Another very prominent effect of motion is slice misalignment which occurs

in a different fashion for each of the motion parameters. Plots in Figure 2.18

descriptively show how this occurs. In the case of motion in plane and during the

read-out window, blurring also occurs (Figure 2.20).

2.4.3 Chemical shift

The chemical shift artefact is caused by differences in precessional frequencies

of protons from different molecules. Two such molecules in the head are water

and fat. Protons found in water precess slightly faster than those ones found in
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Figure 2.19: Spin history artefact identified as an independent component (IC) by the use of
Independent Component Analysis (ICA). Tz represents translation in the z-direction.

Figure 2.20: Blurring artefact caused by the rotation about the z-axis.
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fat. Similarly, as in the case of B0 inhomogeneities, this is called an off-resonance

effect and it will create the same kind of artefacts as the one caused by the B0

inhomogeneity (translation and signal loss). An example of chemical shift artefact

is shown in Figure 2.21 where we can seen how the fatty tissue is shifted by many

voxels from its original position.

Figure 2.21: Chemical shift artefact in an EPI image. The fatty tissue is shifted by many voxels
from its original position and appears as a slightly shifted white ring around the image.

The main difference between the chemical shift artefact and the artefacts

caused by the magnetic inhomogeneities is in the way they interact with the

rigid-body motion of the head. While the artefacts due to the magnetic field

inhomogeneities interact with motion (as described in the previous section: B0

inhomogeneity type 2), the amount of distortion due to chemical shift does not

change when the head moves.
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2.4.4 Eddy Currents

Eddy currents are small electric currents that are generated when the gradient

coils are rapidly switched on or off [33]. This is a result of the electromagnetic

induction due to the rapid changing of the magnetic field. In the presence of

eddy currents, the shape (profile) of the gradient applied will be different from the

shape of the gradient waveform supplied by the gradient amplifier. The difference

between the desired and the actual gradient shape is shown in Figure 2.22.

Ideal gradient Distorted gradient

Figure 2.22: Eddy currents cause the shape of the gradient to change. The shape supplied
by the gradient amplifier (left) and the actual shape of the applied gradient due to the eddy

currents (right, solid line).

Examples of a few different eddy current effects are shown in Figure 2.23. The

main difference between the eddy currents applied in each of these images is their

spatial orientation.

Figure 2.23: Geometric distortions induced by eddy currents in EPI images. a) Undistorted
base image; b) shearing induced by an eddy current field along the read direction; c) scaling due
to a phase-encode eddy current field; d) translation due to the presence of spatially invariant
eddy current. The read out direction is horizontal, while the phase encode direction is vertical

on these images. Figure and most of the caption courtesy of Rita Nunes.
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2.5 Summary

This chapter has described the process of MR image formation. It started by

introducing magnetic moments in an object and then traced step-by-step how

they are converted to a magnetisation vector M, a transverse magnetisation Mxy,

an electrical signal S(t), a k-space signal S(kx, ky) and then finally, via the IDFT,

into the desired image.

This chapter also described the basic physiology of FMRI, especially blood

oxygen level dependent (BOLD) FMRI and introduced EPI – the most commonly

used pulse sequence in this type of image acquisition.

The goal of this chapter is to give the background required for the next chapter

in which we describe the mathematical model which simulates the whole FMRI

process.



Chapter 3

Simulator model development

The following three chapters describe the main steps in the development of the

FMRI simulator including the development of the model, implementation of the

model into the simulation software and ultimately validation of this software.

The model behind the simulator is based on the Bloch equations which we

described in more detail in Chapter 2. There have been other simulators based

on solving the Bloch equations and these, together with the other simulation

strategies, are described in the first section of this chapter. However, the unique

characteristics of our simulator are its capability to simulate realistic motion

artefacts (such as spin-history and blurring), artefacts produced by the magnetic

field inhomogeneities, and the BOLD signal in the FMRI data (these concepts

are discussed in the previous chapter).

This chapter’s main goal is to describe how the Bloch equations were appro-

priately adapted and solved so that they can include all of the mentioned charac-

teristics and artefacts: motion-related artefacts, magnetic field inhomogeneities,

eddy currents artefact, and thermal noise.

Most of the material covered in the following three chapters is published in

Drobnjak et al. [22].

55
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3.1 Existing simulation strategies

Realistic simulation of FMRI data is a difficult task because of the complex

nature of the data itself. Firstly, each subject has a unique anatomy and their

own levels of haemodynamic responses, physiological noise (from such sources

as respiration, cardiac pulsation and low-frequency networks) and degree and

range of motion. Secondly, each MR scanner has its own behaviour in terms

of instrumentation drifts, performance of the shims1 and the RF and gradient

coils. Thirdly, the FMRI experimenter can choose a different functional stimulus

according to what he or she wants to investigate. These different stimuli will

have different presentation rates and modalities. The MR operator then needs

to select a pulse sequence and protocol. Combining all of these features into a

single simulation is a challenging task which, in general, has not been undertaken

for functional MRI. Most of the simulators created to date cover a few of these

features but none try to combine all of them. This section provides an overview

of existing simulation strategies.

One approach is based on k-space formalism [62]. They use a Fourier trans-

form to generate the ideal MR signal from a user defined object. The k-space

trajectory given by a pulse sequence is calculated and used to select elements

from the ideal MR signal. This selection of elements mimics the sampling of

the signal in an actual MRI scan. These methods are very useful in developing

new pulse sequences and are computationally highly effective. However, they are

very limited when it comes to modelling more complex image artefacts (e.g. B0

inhomogeneities, and complex motion-induced effects such as spin history and

blurring).

Another group of simulators is based on the steady-state solutions of the

1A hardware system designed to make the magnetic field within the scanner homogeneous.
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Bloch equations for the well known pulse sequences [51], [65], [69], [30]. These

simulations are based on knowledge of T1, T2 and proton density. From this, the

synthetic images are calculated pixel by pixel. The imaging parameters (i.e. TR,

TE, TI, etc.) are usually provided by the user. This type of simulator is very

fast and useful for teaching and training purposes. However, as in the case of

the k-space formalism, they are very limited when it comes to modelling more

complex artefacts.

More extensive and sophisticated approaches are based on generating the MR

signal by solving the Bloch equations. These approaches were initiated by Bit-

toun et.al. [10] and Summers et.al. [68] who solved the Bloch equations for every

selected point in the object obtaining a magnetisation vector for each, and sum-

ming all of the magnetisation vectors in order to obtain the total signal for the

object. A similar approach was later applied by Olsson et.al. [59] who also intro-

duced more complete modelling for the dephasing of spins which allowed them to

model the effects of T ∗
2 dephasing and spin echoes. Although this approach is very

advanced and allows for a variety of image artefacts to be modelled, its major

drawback is that it is very intensive in terms of computation and memory. Be-

cause of this, most of the objects used at the time were simple geometric shapes,

either one- or two- dimensional, and images produced were of low resolution.

Kwan et.al. [46] tried to overcome the problem of computational speed and

memory by an approach that used tissue templates. These templates are three-

dimensional anatomical images of distinct tissue types (e.g. one template of grey

matter, another of white matter and a third of cerebro-spinal fluid (CSF) as shown

on Figure 3.1). A Bloch equation is then solved for each template, providing a

magnetisation vector for each tissue type. A value describing the proportion of

tissue present is given to each of the cuboid volume elements (or ‘voxels’) into

which the template is divided. The magnetisation vector for a tissue type is then
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Figure 3.1: Cross-sections of the tissue templates derived from the anatomical images of different
tissue types [19]. Shown are grey matter, white matter and CSF (ordered from left to right).

multiplied by the proportion of that tissue type within each object voxel. This is

performed for each tissue type and the overall magnetisation vector for a given

voxel is obtained by summing each of the weighted magnetisation vectors. In this

way the Bloch equation is solved only as many times as there are tissue types

instead of solving it for every object voxel as in previous simulators. Although

computationally very fast, this approach is restrictive in terms of object voxel

properties as it does not allow for different object voxels to experience different

susceptibility induced magnetic field inhomogeneities so several artefacts due to

rigid body motion or magnetic inhomogeneities cannot be modelled. The ap-

proach by Kwan et.al. was used to generate an on-line simulated brain database

[17] which to date has been one of the most widely used resources of simulated

MRI data. A collaboration has been formed with some of the original authors

which is exploring ways of expanding this database to include the FMRI images

generated by the FMRI simulator described in this thesis [54].

In order to be able to model B0 inhomogeneities, Yoder et.al. [74] and Cattin

et.al. [9] use an approach that is similar to the early simulators by solving the



3.1. EXISTING SIMULATION STRATEGIES 59

Bloch equations for each object voxel. Yoder et.al. [74] introduced this as a way

to model the B0 susceptibility artefacts and used the Boundary Element method

to estimate the perturbation field. In Cattin et.al. [9] parallelisation techniques

were used to speed up the computational process, and they introduced a way to

model spin echoes.

However, all of the above simulators simulate MRI images as opposed to FMRI

time series, with the exception of Kwan et.al. [45] who described preliminary work

in modelling BOLD FMRI, but did not take the work further. Most of the current

FMRI simulations use simple techniques [23, 24, 27, 52, 72], most commonly

taking existing MRI data for a given subject brain and artificially imposing on

that data an activation time-series i.e. time-series describing the behavior of areas

which got activated due to an external stimulus. The activation time-series are

assigned to pre-specified image voxels in the image of the brain. The location

of these voxels is determined either using the results of previous studies [23] or

manually selected regions of interest [24, 27, 52, 72].

Furthermore, all of the above simulators are developed for producing motion-

less images and none simulate motion and motion artefacts such as spin-history,

within-scan blurring or distortions due to B0-movement interaction.

The main goal of the work described in this thesis was to develop a flexible

and extensive FMRI simulator which is capable of simulating a realistic MR scan-

ner environment together with realistic subject properties. These include eddy

current effects, RF coil inhomogeneities, thermal noise, the anatomical model of

the head, realistic rigid-body motion of the head, BOLD-induced physiological

noise, and tissue-dependent magnetic field inhomogeneities. The remaining part

of this chapter deals with development of the model of the simulator.
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3.2 Signal Model

The model in the simulator is built around the Bloch equations. These equa-

tions were described in detail in the previous chapter, where the solutions for

excitation and relaxation events in ideal scanning conditions were shown. In the

next few sections we show how we further expanded on these solutions in order

to simulate scanning in less ideal conditions (e.g. when the subject is moving).

Furthermore, many of these conditions change in time and can influence a num-

ber of consecutive images in a time sequence (e.g. spin-history artefacts). The

respective magnetization vectors of each object voxel are tracked and updated

independently by solving the Bloch equations for each voxel at each time point.

With this method every change in scanning conditions (e.g. motion, eddy currents

etc.) is accounted for when simulating the magnetisation vector of each voxel.

The total signal is calculated as the sum of all the magnetisation vectors across

the object at each time point (note that the magnetisation vectors are weighted

as a consequence of the inhomogeneities in the RF receiver coil which receives

signal in a non-uniform fashion). This property allows the simulator to model

very realistic scanning conditions and is one of the main differences between this

type of simulator and the ones based on k-space formalism or the steady-state

solutions of the Bloch equations. Figure 3.2 depicts the process of the simulation

from inputs into the Bloch equation at the top to the outputs and subsequent

modifications of the outputs at the bottom. Model for each of the stages of the

simulation process are described in this chapter. Implementation details for each

of the stages are described in the following chapter.

The Bloch equation

dM

dt
= γM× B − Mxx̂ + Myŷ

T2
− (Mz − M0)ẑ

T1
, (3.1)

describes the time evolution of the magnetisation vector M = Mxx̂+Myŷ+Mzẑ
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Figure 3.2: Descriptive representation of the simulation process. The black box in the middle of
the image represents the ‘brain’ of the simulator - the Bloch equation solver. Images represented
on the top (object, pulse sequence, motion sequence etc.) are inputs to the solver. The output
of the solver is the signal S(t) to which the thermal noise is added. The final stage is the
reconstruction of the signal into the image. More details are described in the main text of this

and the following chapter.
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in the presence of the magnetic field B = Bzẑ. The constant γ is the gyromagnetic

ratio (42.6 MHz/T for hydrogen nuclei), T1 is a relaxation time associated with the

exponential recovery of the longitudinal component of the magnetisation vector

Mzẑ towards its equilibrium value M0ẑ, and T2 is a relaxation time associated with

the exponential decay of the transverse component of the magnetisation vector

Mxx̂ + Myŷ to its equilibrium value of zero. The magnetic field is represented in

the simulator as

B(r, t) = B0ẑ + Bp(r)ẑ + (G(t) · r)ẑ , (3.2)

where B0 is the main static magnetic field, Bp(r) is due to the susceptibility

induced B0 inhomogeneities, G(t) represents the gradient fields applied by the

gradient system of the scanner, and r = xx̂ + yŷ + zẑ is the spatial coordinate.

The object (brain) to be imaged is modelled by a collection of object voxels

(small cuboid elements as described earlier in the chapter) with physical dimen-

sions of (Lx, Ly, Lz) which have typical values Lx = Ly = Lz = 1mm. These

voxels are usually much smaller (often hundreds or thousands of times smaller)

than the voxels of the output image that is generated e.g. 1×1×1mm object voxels

are 64 times smaller than typical EPI 4×4×4mm image voxels; 0.1×0.1×0.1mm

object voxels are 64000 times smaller than typical EPI 4×4×4mm image voxels.

Each object voxel is assumed to contain a mixture of tissues, each of which are

uniformly distributed across the object voxel spatially. This implies that, for each

tissue type, all of the properties (relaxation times T1, T2, and the spin density

ρ), are constant over the object voxel. It is important to note here that this

simulator does not model local T2 dephasing due to the ‘spin-spin’ interactions

separately from additional dephasing of the magnetisation introduced by field

inhomogeneities (sometimes referred to as T
′
2 decay [29]). Therefore the loss of

transverse magnetisation due to T
′
2 is not ‘recoverable’ in this model and spin-

echo-based pulse sequences cannot be simulated accurately. In order to make this



3.2. SIGNAL MODEL 63

clear, T ∗
2 (which includes both T2 and T

′
2) will be used instead of T2 throughout

the rest of the thesis.

For the moment consider the case where the object (and hence all object voxels)

are assumed to be motionless. In order to evaluate the signal during an FMRI

sequence we solve the Bloch equation for each tissue type separately and (unlike

in the tissue template method) for each of the object voxels. The total signal is

calculated as the sum of all the magnetisation vectors from all the object voxels

at that time. The advantage of this method over the tissue template method is

that it enables magnetisation vectors for each object voxel to be evaluated even

where there is motion of the object.

During the relaxation period, and the period of the signal acquisition, the RF

field is not present and the magnetisation vector processes about the z-axis with

frequency ω(r, t) = −γ(B0 + Bp(r) + (G(t) · r)). In the rotating reference frame

the closed form solutions during this process are:

Mz(r, t) = e−(t−t0)/T1Mz(r, t0) + (1 − e−(t−t0)/T1)M0 ,

Mxy(r, t) = e−(t−t0)/T ∗
2 |Mxy(r, t0)|e−iφ(r,t) , (3.3)

where Mxy ≡ Mx + iMy , the phase φ(r, t) is

φ(r, t) = γ

∫ t

t0

(G(t) · r + Bp(r))dt , (3.4)

t0 is the time of the last RF pulse, and initial magnetisation at t0: Mz(r, t0)

and Mxy(r, t0) is solved from the previous excitation period as represented in the

following.

We assume that the excitation period is significantly shorter than the relax-

ation times T1 and T ∗
2 , as it is in most pulse sequences, and therefore model the

excitation as happening instantaneously. These assumptions allow the effect of

an RF pulse to be represented as a simple rotation through a flip angle α about
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an axis (e.g. the x-axis) which can be conveniently represented in matrix form as:

M(r, t0) = Rx(α)M(r, t0−) , (3.5)

where t0− is the time just prior to the excitation pulse and

Rx(α) =





1 0 0

0 cosα sinα

0 − sinα cosα




, (3.6)

is the rotation matrix about the x-axis. The choice of the axis of rotation depends

on the user and the RF field specification, and the x-axis is given just as an

example.

The actual flip angle of the magnetisation vector for each object voxel is

calculated as a proportion of the desired flip angle. The desired flip angle is the

one specified by the pulse sequence. Ideally all of the voxels in the slice should

be flipped by this angle. However, due to the fact that the RF pulses are not

infinite (in time) that is not the case, and some of the voxels will not experience

the desired flip angle but an angle that is slightly smaller (or bigger). By solving

the Bloch equation during the excitation period it is possible to determine this

angle for each voxel and get the “slice profile” of the excitation. For example,

slice profile for the ideal case when all of the voxels get flipped by the same angle

would be reactangular while a more realistic slice profile would have side lobes

and ripples (Figure 4.3 shows examples for these two different slice profiles).

The simulator uses a pre-calculated slice profile as an input but it is possible

to expand the model for RF pulses within the simulator by solving the Bloch

equations fully, over the excitation period. We are planning to address this in

future research.
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3.3 Magnetic-susceptibility-induced B0 inhomo-

geneities

B0 inhomogeneities occur at interfaces of materials with different magnetic sus-

ceptibilities, such as tissue-air interfaces. These differences lead to distortion in

the local magnetic field, as Maxwell’s equations need to be satisfied. This is espe-

cially problematic in the EPI pulse sequences which are one of the most common

sequences used in FMRI. Due to the long read-out times, EPI sequences are very

sensitive to the inhomogeneities in the magnetic field which can result in signal

loss and geometric distortion in the output images.

In order to evaluate the distortion in the magnetic field due to the suscepti-

bility differences, a perturbation method for solving Maxwell’s equations is used

[37]. For more details see Appendix A. This method requires that the magnetic

susceptibility at each point in the object is known. Note that, due to the major

magnetic susceptibility differences between air and other tissue, it is important

to have a good segmentation of the air spaces within the head.

When the object is placed in the scanner, the difference in susceptibility val-

ues of the air, χ0, and the tissues in the object, χ(r) = χ0 + δχ1(r), creates a

perturbation in the field and the total magnetic field can be expressed as:

B(r) = B(0)(r) + δB(1)(r) + o(δ2) , (3.7)

where B(0)(r) is the induced homogenous magnetic field if only air were present

in the scanner, δB(1)(r) is the perturbation field which was in the previous sec-

tions denoted as Bp(r) and δ is a constant equal to the difference between the

susceptibilities of tissue and air. χ1(r) shows the relative amounts of tissue and

air at position r. It is equal to zero, when nothing but air is present at r (no

tissue), or one when only tissue is present at r (no air). Values between zero
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and one leave open the possibility of ‘partial volume’ susceptibility values, which

are used for object voxels that are part air and part tissue. When tissues ex-

ist with different susceptibility values, χ1 represents the susceptibility values

weighted by partial volume, see [37]. The first order term B(1)(r) in this ex-

pansion is calculated from Maxwell’s equations which assuming the object is

nonconductive can be reduced to a single equation: ∇ · B(r) = 0. The solution

B(1)(r) = (B(1)
x (r), B(1)

y (r), B(1)
z (r)) is given by the following equations:

B(1)
x (r) , χ1

1 + χ0
B(0)

x (r) − 1

1 + χ0

((
∂2G(r)

∂x2

)
∗

(
χ1B

(0)
x (r)

)
+

(
∂2G(r)

∂y∂x

)
∗

(
χ1B

(0)
y (r)

)
+

(
∂2G(r)

∂z∂x

)
∗

(
χ1B

(0)
z (r)

))
, (3.8)

B(1)
y (r) , χ1

1 + χ0
B(0)

y (r) − 1

1 + χ0

((
∂2G(r)

∂x∂y

)
∗

(
χ1B

(0)
x (r)

)
+

(
∂2G(r)

∂y2

)
∗

(
χ1B

(0)
y (r)

)
+

(
∂2G(r)

∂z∂y

)
∗

(
χ1B

(0)
z (r)

))
, (3.9)

B(1)
z (r) , χ1

1 + χ0
B(0)

z (r) − 1

1 + χ0

((
∂2G(r)

∂x∂z

)
∗

(
χ1B

(0)
x (r)

)
+

(
∂2G(r)

∂y∂z

)
∗

(
χ1B

(0)
y (r)

)
+

(
∂2G(r)

∂z2

)
∗

(
χ1B

(0)
z (r)

))
(3.10)

where G(r) = (4π||r||)−1 and B(0)(r) = (B(0)
x (r), B(0)

y (r), B(0)
z (r)) = (0, 0, B0) is a

homogenous magnetic induction field B0. More details on the derivation of these

equations can be found in Appendix A and Jenkinson et.al. [37].

Out of B(1)
x (r), B(1)

y (r) and B(1)
z (r) only the projection onto the z-axis, B(1)

z (r),

will have a detectable impact on the overall field (because it is parallel to the B0

field) and therefore Bp(r) = B(1)
z (r). The magnetic field values B(1)(r) are ob-

tained at the centre of each object voxel. In order to obtain a representation of

the perturbation field Bp throughout the whole object voxel trilinear interpolation

can be applied. However the exact form obtained by using trilinear interpolation
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involves cubic spatial dependency making later integration too complex and the

computation therefore too slow. To overcome this the perturbed field is approx-

imated by a linear spatial function:

Bp(r) , Bp(r0) + Gp(r0) · (r− r0) , (3.11)

where r0 is the centre of the object voxel and Bp(r0) = B(1)
z (r0). In the expansion

(3.11), the vector Gp = (Gp
x, G

p
y, G

p
z) is fitted to the trilinearly interpolated field,

Bp(r), by minimising the squared difference of these fields giving the closest linear

approximation. This method introduces small discontinuities at the object voxel

boundaries, but these can be ignored in our model as we are mainly interested

in the global fit of the perturbed field over the whole voxel. The resulting least

squares solution gives Gp(r0) as a linear combination of the values of B(1)
z at

adjacent grid points. The resulting expression for the perturbed magnetic field is

then integrated into the phase of the magnetisation vector for each object voxel

independently,

φ(r, t) = γ

∫ t

t0

(G(t) · r + Bp(r0) + Gp(r0) · (r − r0))dt , (3.12)

where r0 is the center of the object voxel.

3.4 Motion Model

Now consider the case where the head is moving in the scanner. A slightly

different approach needs to be applied in order to solve Bloch and Maxwell’s

equations. The main idea is to have two coordinate systems: one that is fixed to

the scanner and the other one that is fixed to the object.

In the scanner coordinate system the ẑ direction, by convention called the

“longitudinal direction”, is parallel to the static magnetic field of the scanner and
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points in the positive direction of that field while x̂ and ŷ define the “transverse

plane” which is orthogonal to the longitudinal direction. The object coordinate

system is fixed to the input object, which is denoted by rob = xx̂ob+yŷob+zẑob. In

case the object coordinate system is not specified, by default it will be assumed

that its centre is the centre of the volume and its initial position, before any

motion happens, is aligned with the scanner coordinate system.

The two coordinate systems are related in time with the expression r =

R(t)rob + T(t), where T(t) is a translation vector and R(t) is a rotation ma-

trix. There are two ways to approach solving the Bloch equation. One is to stay

in the scanner coordinate system in which case the tissue parameters change with

the motion and we can not use the closed form solutions of the Bloch equation.

The other way, which we choose, is to be in the coordinate system of the object

in which our object appears static and the scanner moves relative to the object.

We assume that the speed of the motion is very small relative to the precessional

speed of spins, so that the axis about which the spins are processing is always the

direction of the main static field. Therefore the solution during the relaxation

and signal acquisition process takes the form:

Mz(rob, t) = e−(t−t0)/T1Mz(rob, t0) + (1 − e−(t−t0)/T1)M0 ,

Mxy(rob, t) = e−(t−t0)/T ∗
2 |Mxy(rob, t0)|e−iφ(rob,t) , (3.13)

where Mz and Mxy are projections onto the z-axis and transversal plane of the

scanner coordinate system respectively and the phase, φ(rob, t), is

φ(rob, t) = γ

∫ t

t0

(G(t) · (R(t)rob + T(t)) + B̃p(rob, t))dt , (3.14)

where B̃p(rob) is the susceptibility-induced B0 inhomogeneity and is evaluated as

described below.

Inhomogeneity in the magnetic field induced by the susceptibility differences

between different tissues will also be influenced by the head motion. When the
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object is moving, the coordinate systems of the object and the scanner are no

longer aligned therefore, in the reference frame of the object, the orientation of

the main magnetic field is changing and this in turn changes the Bp values of

the perturbed field. This can be seen from equations 3.8, 3.9 and 3.10. As the

orientation of the main magnetic field relative to the object changes (i.e. B(0)(r)

change) the perturbation field changes. As shown in Jenkinson et.al. [37], this

new value of the perturbation field can be calculated using a set of pre-computed

basis vector functions Bp1(r),Bp2(r),Bp3(r). These three vector functions were

calculated using equations 3.8, 3.9 and 3.10 and for three different orientations of

the main magnetic field relative to the object. Specifically, Bp1(r) = B(1)(r) when

B(0)(r) = (B0, 0, 0); Bp2(r) = B(1)(r) when B(0)(r) = (0, B0, 0) and Bp3(r) =

B(1)(r) when B(0)(r) = (0, 0, B0). This basis set is used to obtain any new value

of the perturbation field:

B̃p(r, t) =
[

0 0 1
]
R(t)

[
Bp1(r) Bp2(r) Bp3(r)

]
R−1(t)





0

0

1




. (3.15)

Note that translation does not impact the perturbation field. This is because

the orientation of the magnetic field relative to the object does not change when

translation is applied and therefore the perturbation field does not change either.

The perturbed field is calculated at the centre of each object voxel according to

Eq. [3.15] and can be written as B̃p(rob, t) =
∑3

j=1 cj(t)Bpj(rob) where cj is a row

vector given by cj(t) = R3,j(t)
[
0 0 1

]
R(t) and R3,j(t) is the (3, j)th element

from the matrix R(t). G̃p(rob, t) is calculated from B̃p(rob, t), and implemented

into the simulation equations in a similar fashion as described before.
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Time (s)

Figure 3.3: T ∗
2 variation is defined for every object voxel through a user specified file. This figure

shows examples of T ∗
2 timecourses where the red and the blue lines correspond to two randomly

chosen object voxels in the marked red and blue selected areas of the brain respectively.

3.5 BOLD model

In the simulator, T ∗
2 models the effects of blood oxygenation changes within the

object. Specifically, T ∗
2 variation in time is used to model the effects of neuronal

activation on the MR signal, via the BOLD effect. This model can also include,

as additional T ∗
2 variation, unwanted physiological changes (e.g. low frequency

networks - so called “resting states” or respiratory-induced fluctuations). The

T ∗
2 variation is user-defined for every object voxel separately in the form shown

in Figure 3.3. The Bloch equations for the transverse components, when the

parameter T ∗
2 varies in time, are

dMx(t)

dt
= γMy(t)Bz(t) −

Mx(t)

T ∗
2 (t)

,

dMy(t)

dt
= −γMx(t)Bz(t) −

My(t)

T ∗
2 (t)

, (3.16)

where Bz(t) is the magnetic field in the z-direction of the scanner. We introduce

the change of variables Mx(t) = mx(t) exp(D(t)), My(t) = my(t) exp(D(t)), and
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in order to eliminate the relaxation terms we choose D(t) = −
∫ t

t0
[T ∗

2 (t)]−1dt. The

resulting differential equations for mx and my are

dmx(t)

dt
= γmy(t)Bz(t) ,

dmy(t)

dt
= −γmx(t)Bz(t) , (3.17)

which are the equations representing the processional motion about the z-axis.

Substituting the solution of Eq. [3.17] back into the expressions for Mx and My

and using the complex form we get the solution of Eq. [3.16] as

Mxy(t) = |Mxy(t0)| exp

(
−

∫ t

t0

1

T ∗
2 (t)

dt

)
exp

(
−iγ

∫ t

t0

Bz(t)dt

)
. (3.18)

3.6 Signal evaluation

The MR signal of the object, received by the scanner, is given by the signal

equation

S(t) =

∫∫∫

object

Mxy(r, t)dr , (3.19)

where r is in the object coordinate system and unless otherwise stated we will

assume from now on that all the behavior of the magnetisation is described in

the object coordinate system. As there is no analytical solution for this integral

we write

S(t) =
∑

j∈Λ

∑

r0∈Ω

sj(r0, t) , (3.20)

where Ω is the collection of all of the object voxels, Λ is the collection of all the

tissue types in the object and sj(r0, t) is the signal coming from the jth tissue

component of the object voxel centered at r0. As these tissues are uniformly

distributed over the object voxel the signal is calculated using Eq. [3.19] as shown
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in the following equation:

sj(r0, t) = p(r0, j)

∫∫∫

Vr0

|Mxy(r0, t0)| exp

(
−

∫ t

t0

1

T ∗
2 (r0, t)

dt

)

exp

(
−iγ

∫ t

t0

G(t) · (R(t)r + T(t))dt

)

exp

(
−iγ

∫ t

t0

(B̃p(r0, t) + G̃p(r0, t) · (r − r0))dt

)
dr , (3.21)

where j represents the tissue type (e.g. gray, white, CSF etc.), Vr0 is the object

voxel with the centre at r0 and with dimensions (Lx, Ly, Lz) where Lx is its length

in the x direction (Ly in y and Lz in z), p(r0, j) represents the proportion of the

jth tissue type present in the object voxel Vr0 , t0 is the time of the last RF pulse,

Mxy(r0, t0) is the transverse magnetisation following the last RF excitation, G(t)

is the applied gradient vector at time t, and B̃p(r0, t) + G̃p(r0, t) · (r − r0) is the

perturbed B0 field. For each tissue type T1, T ∗
2 , ρ and χ are spatially constant

throughout an object voxel, and so the integral can be evaluated analytically over

each object voxel separately giving

sj(r0, t) = p(r0, j)LxLyLz|Mxy(r0, t0)| exp

(
−

∫ t

t0

1

T ∗
2 (r0, t)

dt

)

sinc (Fx(t)) sinc (Fy(t)) sinc (Fz(t))

exp

(
−iγ

∫ t

t0

(G(t) · (R(t)r0 + T(t)) + B̃p(r0, t))dt

)
, (3.22)

where Fx(t) = 1
2γLx

∫ t

t0
(G(t)Rx(t)+G̃p

x(r0, t))dt, and Rx denotes the first column

of the rotation matrix (similarly for the y and z directions).

3.7 Additions

3.7.1 Chemical Shift

In the case of a chemical shift, an additional B0 inhomogeneity is introduced that

is not dependent on the actual position of the object voxel but on the tissue type
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(as it depends on the shielding constant δcs), so there is an additional constant

Bcs = δcsB0 in Eq. [3.23] which does not vary when the brain is moving. That is,

Bp(r, j) = Bp(r0) + Bcs(j) + Gp(r0) · (r − r0) , (3.23)

where j indicates the tissue type (white, gray, fat etc.).

3.7.2 Eddy Currents

Eddy currents are unwanted induced currents which are produced in the conduct-

ing elements of an MR scanner. They arise due to the fast changing fields that

occur within the scanner, normally due to rapid switching of applied gradient

fields. The effect of the eddy currents is to create additional, unwanted gradi-

ent fields which are simulated by superimposing a sum of exponentially decaying

terms on to the gradient waveform.

3.7.3 Noise

MR scanners, like all measurement devices, are influenced by noise. For instance,

thermal noise is present in the object and receiver electronics which results in

fluctuations in the received signal that cover a wide frequency range. This is

modeled as additive, independent, white Gaussian noise in both receiver channels

within the simulator.

The simulator can also include physiological noise, specifically respiratory and

cardiovascular by modifying the T ∗
2 and B0 variations in time. This is planned as

a part of the future work. Modelling and data for the physiological noise will be

provided by the Montreal Neurological Institute, McGill University with whom,

together with a group at the University of Hawaii (formerly at the University of

Pittsburgh), we have formed a collaborative consortium named MIDAS [54].
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3.8 Summary

Developing an FMRI Simulator is a very complex task because of the number of

different factors that can have an impact on the FMRI data. In order for the

simulations to be realistic it is crucial to have as many of these factors included

in the simulations as possible. Due to the computational intensity of the task,

most of the simulators that were developed in the past could not produce realistic

images. Some simulators were developed in such a way as to avoid the compu-

tational difficulties but were unable to incorporate some of the very common

but more complex artefacts. This section presented the main theoretical model

behind the FMRI simulator developed in this thesis, together with its main fea-

tures: magnetic inhomogeneities, rigid-body motion of the head, BOLD signal,

eddy currents and noise. The following chapter describes the implementation

of this model into a simulator environment and discusses the way the computa-

tional issues were dealt with in order to make the images realistic and simulation

processes both memory- and time-efficient.



Chapter 4

Simulator implementation

Following on from the previous chapter, which considered the model of the sim-

ulation process, this chapter is concerned with how simulations are implemented

in software. As mentioned in the previous chapter, the computational demands

of these types of simulations are considerable. This chapter also sets out the way

various techniques, including parallelisation, were used to lessen the demands on

processor time and on computer memory.

4.1 Introduction

The FMRI simulator software is called Physics Oriented Simulated Scanner Util-

ity for MRI (POSSUM) and is written in C++ for a variety of Unix-based plat-

forms (e.g. MacOSX, Linux, Cygwin under Windows, etc.). It consists of several

different modules that work together in order for a simulation to be performed.

Figure 4.1 depicts the process of the simulation from inputs into the Bloch equa-

tion at the top to the outputs and subsequent modifications of the outputs at

the bottom. Each of the stages of the simulation process is carried out by one or

more software modules.

The object is a collection of object voxels each of which is a collection of
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Figure 4.1: Descriptive representation of the simulation process. The black box in the middle of
the image represents the ‘brain’ of the simulator - the Bloch equation solver. Images represented
on the top (object, pulse sequence, motion sequence etc.) are inputs to the solver. The output
of the solver is the signal S(t) to which the thermal noise is added. The final stage is the

reconstruction of the signal into the image. More details are described in the main text.
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tissues with specified relaxation times T1, T ∗
2 , spin density ρ, and chemical shift

value δcs. The pulse sequence is defined by the values of the gradient field, RF

pulse parameters (including the desired flip angle) and read-out timings. The

motion sequence is defined by the values of the motion parameters (translations

Tx, Ty, Tz, and rotation angles Rx, Ry, Rz characterising rotations about the center

of the volume and about x-, y- and z-axis respectively). The activation is defined

by variations in T ∗
2 . The input activation file is four-dimensional, and contains

a time-series of T ∗
2 changes for each object voxel. The B0 inhomogeneities are

calculated at the centre of each of the object voxels as described in the previous

chapter. These values are then read into the solver. The slice profile is defined

through an input matrix file specifying the frequency profile of the RF pulse. RF

inhomogeneities are specified for each of the voxels, one 3D image for the receive

coil and one for the transmit coil.

Signal values (both real and imaginary) are calculated at the read-out points

and then, after the thermal noise is added to them, passed into the image recon-

struction algorithm. Here they are arranged into a k-space at sampling positions

that are calculated from the pulse sequence gradients, and by means of some im-

age reconstruction algorithm (e.g. Fast Fourier Transform (FFT)), are converted

into the image. Note that the complex noise-free, non reconstructed signal S(t)

is also available as a direct output and can be passed into any custom reconstruc-

tion software. In the following sections each of the elements of this diagram is

described in greater detail.

4.2 Inputs to the simulator

As mentioned in the previous chapter, the main goal of the FMRI simulator is to

make simulations as realistic as possible. For that reason it is important to provide
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as many different object- and scanner- related properties. These properties are

provided to the simulator in the form of either image or matrix data. All of the

properties that the simulator can take into account are described in this section.

4.2.1 Object

The object can be a segmented anatomical voxel model from any source. It should

consists of three-dimensional anatomical images of distinct tissue types with spec-

ified MR parameters (relaxation times T1, T ∗
2 , spin density ρ, susceptibility value

χ and chemical shift value δcs) for each of the tissue types. For example, if the

object is a brain, then a segmented anatomical voxel model would be a collec-

tion of tissue templates: three-dimensional anatomical images of distinct tissue

types (e.g. one template of grey matter, another of white matter and a third

of cerebro-spinal fluid (CSF) as shown in Figure 3.1). If the object is a breast,

then a collection of these tissue templates might consists of three-dimensional

anatomical images of fat tissue, skin, etc.

Most of the examples in this thesis are generated using the digital brain phan-

tom introduced by the McConnell Brain Imaging Centre, Montreal Neurological

Institute, McGill University [17, 19, 46]. The digital brain phantom consists of

a set of three-dimensional tissue membership volumes, with nine tissue classes

(white matter, gray matter, cerebrospinal fluid (CSF), fat, muscle, glial tissue,

bone, skin and connective tissue). The voxel values in these volumes reflect the

proportion of tissue present in that voxel, in the range [0,1]. The volumes are

defined on a 1mm voxel grid, with dimensions 181×217×181 and an origin of (90,

126, 72). Examples in this thesis are generated using three main tissue classes:

white matter (WM), gray matter (GM) and cerebrospinal fluid (CSF) (except in

the case of the chemical shift example where fatty tissue was also used).
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The McGill phantom was created from an enhanced MRI volume, obtained

from 27 T1 weighted scans of a single subject, that were automatically co-registered,

normalised and averaged. After all these steps have been taken, the resulting vol-

ume was segmented into distinct tissue templates [19]. Other input objects can

be made in a similar way to this phantom and can then be used for simulations.

4.2.2 The MR parameters

The MR parameters (relaxation times T1, T ∗
2 , spin density ρ, and chemical shift

value δcs) are specified using a matrix. The parameter values for each of the tissue

types in the brain phantom that were used in the thesis are set out in Table 4.1.

These MR parameters were derived by the group at the McConnell Brain Imaging

Centre which used a simulator developed by Kwan et.al. [46]. They used their

tissue template model with specified MR parameters to simulate images which

were then compared with the real scan from which the templates were originally

derived. They minimised the difference between the real and simulated images

with respect to the MR parameters. For the initial value of the MR parameters

they took well known literature-based values.

Tissue type T1 (ms) T ∗
2 (ms) ρ δcs (ppm)

Gray 833 83 0.86 0
White 500 70 0.77 0
CSF 2569 329 1 0
Fat 350 70 1 -3.5
Air - - 0 -

Table 4.1: Relaxation times, spin density, and chemical shift values (at 1.5T) used in the
simulations.
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4.2.3 Pulse sequence

During the real image acquisition process, each of the pieces of equipment in the

scanner receives a set of commands. These commands control the behaviour of

the gradient fields, RF fields and receiver electronics by specifying the required

currents and voltages to the coils and circuits. The set of commands is called

the pulse sequence. In the simulator the pulse sequence also controls all of the

gradient fields, RF fields and receiver electronics during the scanning but instead

of currents and voltages it specifies the requested fields directly (or in the case of

receiver electronics it specifies 1 for the action “read the signal” and 0 otherwise).

The pulse sequence in the simulator is defined by the desired values of the

gradient field, RF pulse parameters and readout timings at discrete, user-specified

time-points. It is in matrix form and an example portion can be seen in Figure

4.2 (note: values in the matrix do not correspond to real values, they are just

representative). The top four rows represent slice selection, the next three show

signal read-out for one line of k-space, and the last three show how to go from

one line of k-space to the next. Time is in seconds, and for each moment in time,

a value is specified for all the parameters.

RF pulses in the simulator are defined by the start time, desired flip angle,

frequency width, and the centre frequency. RF frequency bandwidth (df) defines

the range of frequencies around the RF centre (carrier) frequency offset (fc):

(fc − df
2 , fc + df

2 ). The read-out is instantaneous and the read-out points are

defined in a discrete fashion using on/off (1/0) values. The times for the read-

out points are unrestricted so that either linear or nonlinear temporal sampling

schemes can be specified. Gx, Gy and Gz are the desired applied gradient fields.

They are specified with given values at known time-points. The values of gradients

between the specified time-points are obtained by linear interpolation.
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Figure 4.2: The figure shows an example portion from a user-specified pulse sequence matrix
which is one of the inputs into the simulator. Below this are shown the corresponding k-space

trajectory and gradient wave forms.
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The matrix form presented in Figure 4.2 here is in its raw format which is

used directly in the main engine of the simulator. Its size depends on the size

and a resolution of an output image. In a typical FMRI pulse sequence this

matrix can have approximately 20 million lines! This is one of the main reasons

for the massive computational requirements of the simulator: the Bloch equation

is solved and magnetisation vectors updated for all of the object voxels at each

of these lines. A special module of the simulator is responsible for building the

matrix. Named “the pulse sequence generator” this module has a user-friendly

setup which functions in exactly the same way as a normal scanner console. This

module allows more familiar quantities, such as the matrix size and field of view,

as well as general sequence type (Echo Planar Imaging (EPI), standard Gradient

Echo (GE), etc.) to be chosen by the user. It also allows more hardware specific

characteristics of the scanner to be specified such as: the speed of the gradient

coils, the maximum gradient field strength etc. From these values a raw pulse

sequence matrix is then calculated and used as an input to the Bloch equation

engine.

It is also possible to import the matrix directly from any other pulse sequence

generators. These are often part of the scanner software system. This allows the

experimenter to use exactly the same pulse sequence on the simulator as the one

that was used in real experiments.

Eddy currents arise as a consequence of the rapid and powerful pulsing of the

gradient coils. This is described in Chapter 1. The effect of the eddy currents

is simulated by superimposing a sum of exponentially decaying terms on to the

gradient waveforms defined with the pulse sequence just described.
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4.2.4 Slice profile

A further property of RF pulses, in addition to those mentioned when RF pulses

were defined above, is the slice profile, which is used as an input to the simulator.

The slice profile describes the shape of the RF pulse in the frequency space. The

shape is important as it defines the “amount” of excitation for the spins precessing

at different frequencies (in Figure 2.6 the relationship between these shapes and

the actual slice selection is shown).

Figure 4.3 shows examples of two different slice profiles: square slice profile

which is an ideal, and not realistically achieved profile, as well as windowed-sinc

profile which is more realistic and commonly used in scanning. The x-axis in the
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Figure 4.3: Examples of different slice profiles. These are Fourier transforms of the original RF
pulses. In the case of windowed-sinc, the name refers to the shape of the RF pulse envelope

and not its shape in the frequency space.

figure is given in percentages of the RF frequency bandwidth. The distance from -

0.5 to 0.5 represents one whole bandwidth or equivalently the range of frequencies

required for the excitation of one slice. The center of the slice profile (value 0)

corresponds to the RF center frequency and this value changes from one slice to

the next during the simulation. Values that are higher than 0.5 (or lower than
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-0.5) represent frequencies that are outside of the ideal range of frequencies for

the slice. The y-axis is given in percentages of the desired angle. The frequencies

for which amplitude is 1 will get excited with a flip angle equal to the desired,

user-specified, flip angle.

The square slice profile is an ideal slice profile which occurs when the RF

pulse is an infinite sinc function. It is ideal because all of the targeted spins

will get excited equally. However this is never the case in practice because all

RF pulses are finite and imperfect, therefore ripples can occur at the edges of

the perfect square meaning not just that non-desired spins will be excited but

also that different spins will get different “amounts” of excitation creating a non-

uniformly excited slice. The other example, windowed-sinc, is a slice profile of a

windowed-sinc RF pulse (note that the windowed-sinc slice profile is named after

the shape of its RF pulse and not because of its shape in the frequency space).

It was calculated using real scanner system software, and is a realistic example

of a slice profile. In this thesis, simulations were done for both the ideal square

and the windowed-sinc slice profiles and the different impacts in the images are

recorded, as shown in Figure 5.3.

4.2.5 Motion sequence

The input motion sequence is defined in the simulator by an input file which

specifies the motion parameters: Tx, Ty, Tz characterising translations, and rota-

tions Rx, Ry, Rz characterising rotations about the center of the volume. These

rotations are specified using rotation angles often called pitch (rotation about the

x-axis), roll (rotation about the y-axis) and yaw (rotation about the z-axis) and
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can be carried out by the rotation matrices:

Rx(α) =





1 0 0

0 cosα sinα

0 − sinα cosα



 , Ry(β) =





cosα 0 − sinα

0 1 0

sinα 0 cosα



 , (4.1)

Rz(γ) =





cosα − sinα 0

sinα cosα 0

0 0 1



 . (4.2)

The total rotation R of the object at a specific time point is then obtained by

multiplying these rotation matrices using the expresion R = Rz(γ)∗Ry(β)∗Rx(α)

(chosen by convention). However, working with rotation matrices in the simulator

was not the most efficient and most accurate approach. One of the main reasons

for this is that after each matrix multiplication, each of the columns has to be

normalised in order to be a unit vector (as this is the fundamental property of

all rotation matrices). This process induces an error which accumulates with the

increassing number of multiplications. As there could be millions of consecutive

multiplications within the simulator, this process soon becomes very numerically

unstable. In order to avoid this, rotation matrices are not used in the simulator.

For the representation of the rotations, quaternions are used instead.

A unit-length quaternion is an algebraic structure which can be written in the

form

q = cos(
θ

2
) + u sin(

θ

2
) (4.3)

which conveniently represents a rotation by an angle θ and about an axis u =

(ux, uy, uz). This property of using only four coordinates to represent a rotation

and also the fact that the number of constraints on these coordinates is small

(the only constraint on a quaternion representing rotation is that it have a unit
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length[44]) means that the unit quaternions are a very efficient representation

of rotations. In addition to this they are also numerically better conditioned

than rotation matrices as in order to preserve the unit-length there is only one

correction that needs to be done (instead of three as is the case for the rotation

matrices). More information on quaternions and their properties can be found in

[44, 15, 4].

Assuming that not all users are familiar with quaternions, and in order to make

things easier for them, the rotations in the input motion file are specified with yaw,

pitch and roll angles. Once the simulator starts running, one of its first steps is to

convert these into quaternions which from then on are solely used. In addition,

the motion parameters are specified at user-specified discrete time-points (e.g.

only every 3s), which can be totally different to the pulse sequence time (e.g.

every 0.000001s). In order to have a representation of the object’s position and

orientation at every point of the pulse sequence the interpolation between the

discrete time-points is done. The interpolation assumes a constant linear and

angular velocity between each pair of discrete time-points and is described in

more detail in the Bloch equation solver section.

4.2.6 B0 inhomogeneities

In the previous chapter a method for calculating B0 inhomogeneities induced

by the differences in susceptibility values was presented. B0 inhomogeneities

represent difference values between the scanner-defined uniform B0 field and the

actual field B calculated by solving Maxwell’s equations. B0 inhomogeneity values

are influenced by head motion, as described in the previous chapter. In order to

calculate the inhomogeneities, a set of precomputed basis vector functions [37] is

needed. The basis set is calculated and as a set of volumes (3D images) passed
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into the Bloch equation solver.

4.2.7 Activation

Activation (BOLD signal) is defined in the simulator through the changes in the

T ∗
2 . Each object voxel has its own time-series of T ∗

2 changes. These are user-

defined and packed into massive four-dimensional volumes often called T ∗
2 maps.

In order to obtain realistic T ∗
2 maps, T ∗

2 is often calculated from real artefact-

corrected data sets.

A common way to calculate T ∗
2 values is to derive them by fitting the equation

S = S0 exp(−TE/T ∗
2 ) to an experimentally acquired FMRI data set, where S is

the measured signal intensity, TE is the echo time and S0 is the baseline intensity

(determined from the average value of S under baseline conditions). Temporal

sampling of T ∗
2 is coarse as one T ∗

2 value is obtained for every one TR (which

is 3s in a typical FMRI experiment). This is however acceptable for the BOLD

simulations as neuronally-induced BOLD signals change slowly (approximately

6s takes from the onset of the stimulus till BOLD signal reaches its maximum

value[40]).

4.3 Bloch equation solver and the signal

The Bloch equation solver is the main engine of the simulator. All of the inputs

described above are processed by the solver in order to create one output: the

signal. During the process of scanning, magnetisation is detected i.e. converted

into an electrical signal by the RF receiver coil. In Chapter 3 the main equa-

tions for calculating this signal were given: Eq. 3.20 for calculating the total

signal and Eq. 3.22 for calculating the signal coming from each individual voxel.

Implemented in a straightforward way these equations create a huge demand on
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computer processing time and memory. Simulations of realistic FMRI images

would require months or years to be carried out. This section describes the steps

taken to implement these equations and to do so in such a way that simulations

can be performed within hours or days.

An outline of the Bloch equation solver is given as algorithm 1. A careful

description of each of the lines of the algorithm is set out in this section. All of

the lines of the algorithm that start with “Speedup” describe procedures carried

out in order to speed up the simulation process.

The algorithm begins by initially setting up a coordinate system-based on

the dimensions of the input object. The centre of the coordinate system is in the

centre of the object volume. In addition, all of the input files, except the magnetic

field perturbation volume Bp, are read into the solver. Bp volume is read into the

solver at a later stage. Depending on the amount of motion and whether Bp varies

in time or not the simulator will run one of the four levels Level1, Level2, Level3

or Level4. All of the levels are similar in structure and have fundamentally the

same methods, however they run different functions voxel1, voxel2, voxel3 and

voxel4. These functions are solving the Bloch equations for a single voxel, but

each of them solves them for different levels of complexity of the model (e.g.

voxel1 solves the simplest equations as they do not contain any motion terms

while voxel3 solves the most complex case when there is out of plane rotation

happening which involves complex motion and B0 interactions). The use of this

kind of division into levels is purely for increasing the computational speed of

the algorithm. Later in the section a more detailed description of the voxel1-4

functions is given.

Following the level selection, a pulse sequence and a motion sequence are

combined into one sequence, referred to in the rest of the text as the events

sequence. Pulse sequence parameters are given at time-points which are very
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Algorithm 1 POSSUM: calculates total signal S(t)

1: Set up a coordinate system
2: Read in all input files except Bp

3: events sequence=sort(pulse sequence, motion sequence)
4: Scale slice profile to the given slice thickness
5: Speedup1: Extract the level of motion and the type of Bp changes
6: Speedup2: Extract the parameters for the ROI in the object
7: Speedup3: Extract the parameters for the ROI in the event sequence
8: Calculate Nreadp: the number of the read-out points in the event sequence
9: Initialise the total signal: S(t) = zeros(2, Nreadp)

10: if Level1: no-motion AND Bp not changing in time then
11: Read in 3D Bp volume
12: Apply function calc-grad : Calculate 3D gradient volumes Gp

x, G
p
y, G

p
z

13: Speedup4: Exclude all zero spin density voxels from the ROI
14: for v ∈ non-zero spin density voxels of ROI do
15: Calculate sj(v, t) and add to the total signal using function voxel1
16: end for
17: Output the total signal S(t)
18: end if
19: if Level2: motion parallel to the B0 field AND Bp not changing in time then
20: Read in 3D Bp volume
21: Apply function calc-grad : Calculate 3D gradient volumes Gp

x, G
p
y, G

p
z

22: Speedup4: Exclude all zero spin density voxels from the ROI
23: for v ∈ non-zero spin density values of ROI do
24: Calculate sj(v, t) and add to the total signal using function voxel2
25: end for
26: Output the total signal S(t)
27: end if
28: if Level3: motion non-parallel to the B0 field AND Bp not changing in time

then
29: Read in basis vectors volumes: Bp1, Bp2, Bp3

30: Apply function calc-grad : Calculate gradient volumes for each of the Bp’s.
31: Speedup4: Exclude all zero spin density voxels from the ROI
32: for v ∈ non-zero spin density values of ROI do
33: Calculate sj(v, t) and add to the total signal using function voxel3
34: end for
35: Output the total signal S(t)
36: end if
37: if Level4: no-motion AND Bp changing in time then
38: Read in 4D Bp volume
39: Apply function calc-grad : Calculate 4D gradient volumes Gp

x, G
p
y, G

p
z

40: Speedup4: Exclude all zero spin density voxels from the ROI
41: for v ∈ non-zero spin density values of ROI do
42: Calculate sj(v, t) and add to the total signal using function voxel4
43: end for
44: Output the total signal S(t)
45: end if
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close to one another (micro seconds) while motion parameters are usually given

at much coarser intervals (seconds). In order to make the events sequence, each

time point requires all of the pulse sequence and motion sequence information.

For the pulse sequence parameters direct application of linear interpolation is

used for estimating the missing points.

Each of the time-points where motion parameters (Tx,Ty,Tz,Rx,Ry,Rz) are

specified by an user we refer to as control points. In order to interpolate be-

tween these points we need to find a curve that approximates the motion that

happened in-between the control points. The interpolation assumes a constant

linear and angular velocity between each pair of discrete time-points. Because of

this assumption, linear interpolation is used to estimate the position (translation

parameters).

In addition to this, a rotation that is required for the object to move from the

orientation at one control point to the next is estimated. This is done by firstly

converting pitch,roll and yaw angles (as defined in Section 4.2.5) into quaternions

at each of the control points and then calculating the axis u and the angle θ of

the difference quaternion. Interpolation is applied on the obtained angle θ. This

process is represented as Algorithm 2. Once the interpolation is done, both pulse

sequence parameters and the motion sequence are stored in the events sequence

which is from then on used instead of the two separate input sequences.

Algorithm 2 interpolates rotation between two control points

1: Read pitch, roll and yaw angles at control point i: α1, β1, γ1

2: Read pitch, roll and yaw angles at control point i + 1: α2, β2, γ2

3: Convert pitch, roll and yaw angles at i to a unit quaternion: qi

4: Convert pitch, roll and yaw angles at i + 1 to a unit quaternion: qi+1

5: Calculate the difference quaternion: q = qi+1 ∗ q−1
i

6: Convert q into the axis u and the angle θ of the rotation using Eq. 4.3
7: Interpolate linearly the angle θ for all the points in-between the control points

i and i + 1: θ1, θ2,... θn
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The axis and angle of rotation are used to derive the rotation matrix R(t)

[44] which for implementational efficiency we write in the form

R(t) = I + sin(θ(t))A(t) + (1 − cos(θ(t)))A(t)2 , (4.4)

where

A(t) =





0 −uz(t) uy(t)

uz(t) 0 −ux(t)

−uy(t) ux(t) 0




,

I is the identity matrix, θ is the rotation angle and u = (ux, uy, uz) is a unit vector

representing the axis of the rotation from the initial orientation to the orientation

at time t.

After the sorter is applied (line 3 of the Algorithm 1), a slice profile is scaled to

the required slice parameters as described in the previous section. The following

three lines (line 5, 6 and 7) represent three different speed-up mechanisms that

are applied. The first, Speedup1 uses the information about the motion and the

B0 inhomogeneity to determine which of the four levels are to be used in the

simulation. Depending on the amount of motion and whether Bp varies in time

or not the simulator will run one of the four. All of the levels are similar in

structure and have fundamentally the same methods. In the case that the object

is not moving and the perturbation field Bp is not changing in time, Level1 is

used. From Eq.3.15 can be seen that in this case only one basis vector is needed

to model the perturbations.

Similar situation happens in Level2 when the object is moving parallel to the

main magnetic field. The difference between Level1 and Level2 is in the equations

that are calculating the signal. The ones in Level1 do not involve motion and are

therefore much simpler and faster to calculate.

Level3 is used when an object rotates about axis that is not parallel to the
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field. In this case all of the basis vectors are needed which requires significantly

more calculations to be performed and additional use of computer memory. In

terms of the computational speed, Level3 is 50% longer in duration than Level2.

Level4 is applied when the perturbed field is changing in time. It is read

into the solver as a 4D volume where the fourth dimension represents time. This

feature is only done for the case when there is no motion and it is in the plans

for the future work for this feature to be extended for the case when the object is

moving. The main difference between the different levels is in their speed as the

ones that simulate more advanced effects require more calculations and are slower.

The level division is useful because applications which do not involve motion or

complex B0 inhomogeneity effects can then be performed quickly. Each of the

different level structures can be seen in Algorithm 1.

Speedup2 is a process which extracts the region of interest from the object

(ROI). Calculations are consequently performed only for voxels belonging to the

ROI. Speedup3 is a process which extracts a region of interest from the events

sequence. Detailed description of these two speed-ups is in the section Compu-

tational time. As described in the section about the pulse sequence, read-out

points are time-points at which the receiver coil collects the signal. The number

of read-out points in the events sequence is proportional to the number of the

k-space points, the number of slices in the volume and to the number of volumes

(line 8). It is used to initialise the signal. The signal is in the complex form

and the real and the imaginary part of the signal are calculated separately using

equations Eq.4.5 and 4.6.

Depending on the amount of motion and whether Bp varies in time or not

the simulator will run one of the four levels. All of the levels are similar in

structure and have fundamentally the same methods. Therefore, in order to

avoid repetition we will describe Level3 as that is the one the contains the most
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complex calculations.

As shown in the previous chapter, B̃p(r, t) is calculated using a set of pre-

computed basis vector functions Bp1(r),Bp2(r), and Bp3(r) [37]. Each of the

vector basis functions is evaluated at the centre of each object voxel, and is read

into the simulator as a set of three 3D volumes one for each of the x-,y- and z-

coordinates. In order to obtain a representation of these basis vectors throughout

the whole object voxel, the perturbed field is approximated by a linear spatial

function (Eq. 3.11) which was then fitted to the trilinearly interpolated field.

As described in the B0 inhomogeneity section of the previous chapter, gradient

fields Gp = (Gp
x, G

p
y, G

p
z) are calculated for each of the basis vectors (line 30 of

Algorithm 1).

The simulator runs through the voxels of the input object and discards all

those which have spin density (Speedup4, line 31). The signal is calculated using

the function voxel3 which is described in more detail in Algorithm 3. The main

goal of this function is to calculate the signal coming from one voxel. To do so,

the function uses Eq. 3.22 which is re-arranged in such a way as to allow the

most efficient calculation of the various integrals:

Real(sj(v, t)) = p(v, j)LxLyLz|Mxy(v, t0)| exp (−I1(t)) sincT

(
1

2
γLx(I2,x(t) + I5,x(t))

)

sincT

(
1

2
γLy(I2,y(t) + I5,y(t))

)
sincT

(
1

2
γLz(I2,z(t) + I5,z(t))

)

cosT (γ(I2,x(t)x0 + I2,y(t)y0 + I2,z(t)z0 + I3(t) + I4(t))) , (4.5)

Imag(sj(v, t)) = −p(v, j)LxLyLz|Mxy(v, t0)| exp (−I1(t)) sincT

(
1

2
γLx(I2,x(t) + I5,x(t))

)

sincT

(
1

2
γLy(I2,y(t) + I5,y(t))

)
sincT

(
1

2
γLz(I2,z(t) + I5,z(t))

)

sinT (γ(I2,x(t)x0 + I2,y(t)y0 + I2,z(t)z0 + I3(t) + I4(t))) , (4.6)

where sincT, sinT and cosT refer to the look-up tables of functions sinc, sin and

cos respectively, I2(t) = (I2,x(t), I2,y(t), I2,z(t)), I5(t) = (I5,x(t), I5,y(t), I5,z(t)) and
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Algorithm 3 function voxel3 : calculates signal sj(v, t) for a voxel v

1: Read in all the input values for v including MR parameters for tissue type j
2: Initialise the signal for v: sj(v, t) = zeros(2, Nreadp)
3: if v is the first voxel from the object to go through voxel3 then
4: Speedup5: Set up the look-up tables for sinc, sin and cos
5: else
6: Read in the look-up tables for sinc, sin and cos
7: end if
8: for t = 1 to Nevents do
9: if v is the first voxel from the object to go through voxel3 then

10: Speedup6: Calculate the integrals I2(t), I3(t), I4(t), I5(t) and store them
in an array Iall(t)

11: else
12: Read the pre-calculated values of the integrals I2(t), I3(t) I4(t), I5(t)

from the array Iall(t).
13: end if
14: Calculate I1(v, t)
15: if Events(k) is an excitation then
16: Calculate frequency at the center of the voxel v
17: Find the flip angle that corresponds to this frequency in the slice profile
18: Rotate the magnetisation vector of the voxel v by this angle
19: end if
20: if Events(k) is a signal read-out then
21: Calculate equations 4.5 and 4.6
22: Store the solutions into sj(v, t)
23: end if
24: end for

v corresponds to the voxel with the center at r0 = (x0, y0, z0). The integrals are

calculated using:

I1(v, t) =

∫ t

t0

1

T ∗
2 (v, t)

dt, I2(t) =

∫ t

t0

G(t)R(t)dt,

I3(t) =

∫ t

t0

G(t) · T(t)dt, I4(t) =

∫ t

t0

B̃p(r0, t)dt,

I5(t) =

∫ t

t0

G̃(r0, t)dt. (4.7)

In order to decrease the amount of calculations per voxel, integrals that are the

same for all of the voxels are calculated only once (I2(t), I3(t) I4(t), I5(t)). This is
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done for the first voxel and the calculated values are stored in an array Iall. When

the calculations need to be performed for all of the other voxels in the object,

the values of the pre-calculated integrals are obtained from array Iall. Once the

signal sj(v, t) (both its real and imaginary component) is calculated, it is added

to the total signal S(t).

4.3.1 Noise

In the current section noise refers to thermal noise. Thermal noise is modeled as

additive, independent, white Gaussian noise in both receiver channels and at this

stage is added to the signal. Mean and the standard deviation of the Gaussian

are user-defined.

4.4 Image reconstruction

In order for the image reconstruction to take place, k-space data need to be

constructed for each slice. The position of the sampling points in the k-space in

2D sequences is completely determined by the pulse sequence using:

kx(t) ≡ γ

2π

∫ t

t0

Gx(t)dt ,

ky(t) ≡ γ

2π

∫ t

t0

Gy(t)dt . (4.8)

Signal is arranged into the k-space. Signal value collected at time T , S(T ), will

be placed at the position (kx(T ), ky(T )).

Once this rearrangement is finished, image reconstruction takes place. This

is the final step of the simulation process and can be done using various image

reconstruction techniques. The one that is commonly used in the simulator is a

direct application of the Fast Fourier Transform (FFT). For more complicated
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sequences (including 3D sequences), the raw complex signal values can be saved

and passed into any custom reconstruction code.

4.5 Computational time

4.5.1 Introduction

Simulators on the Bloch equation are computationally expensive, as the magneti-

sation vector must be updated for every defined event which is proportional to

at least the number of the event points and the number of volumes in the FMRI

sequence. Furthermore as each object voxel has its own magnetisation vector, the

whole process is also proportional to the number of object voxels and the number

of tissue types in the object. In addition to this, a number of various calculations

are done for each of the voxels and for each of the events. Taking all this into

account, the total amount of computation required is:

Nflops ∝ Nevent × Nvoxel × Nfev (4.9)

where ‘flops’ stands for the ‘floating point operation per second’, Nfev is the

number of flops per event and per each object voxel. Nevents is the total number

of events (rows) in the events sequence:

Nevent ∝ Nkps × Nslice × Nvolume, (4.10)

where Nkps is the number of k-space samples needed for each slice. Nvoxel is

the number of voxels in the input object:

Nvoxel = Nvpv × Xdim × Y dim × Zdim × Ntissue type (4.11)

where Nvpv describes the number of object voxels per 1mm3, and Xdim, Y dim,

and Zdim are x-, y- and z- dimensions of the input object in mm.
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A typical FMRI sequence that has 64 × 64 k-space matrix for each slice1, 25

slices per volume and 100 volumes in total, approximately has 20480000 events.

An average input digital brain consists of 181× 217× 181 1mm3 voxels. A rough

estimate for number of flops per voxel is Nfpv = 1000. Typically three different

tissue types for the brain are used (gray matter, white matter and CSF). Putting

all this in the equation we get:

Nflops = 436785377280000000 ≈ 4.4 × 1017 (4.12)

For a computer processor capable of 1 GigaFlop, this will take approximately

4.4 × 108 seconds which makes approximately 5000 days! In order to decrease

this number, a separate approach was applied on all of the individual factors that

directly influence the time: number of events per voxel, number of flops per voxel

and the total number of voxels.

4.5.2 Computational speed ups

The main CPU intensive part of the code is the process of updating each magneti-

sation vector throughout the whole pulse sequence. All other parts of the code:

pulse sequence generation, sorting a pulse sequence and a motion file into a large

matrix, calculation of the perturbed B0 values from the basis images, and image

reconstruction, only take a few minutes even with the largest pulse sequences or

input objects. Therefore the main factors in the computational speed are the

number of input object voxels, the length of the pulse sequence and the number

of operations done for each voxel.

1Word “slice” in the section refers to a slice of the output image.
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Number of input object voxels: Speedup2 and Speedup4

When doing multi-slice imaging, in order to decrease the number of input object

voxels in a simulation, the simulator uses information about the number of slices,

position of the slices, slice thickness, slice profile and the motion sequence in order

to choose the Region Of Interest (ROI) of the object which includes only the

object voxels that belong to the area which will get excited during the scanning

(in Algorithm 1 this process is referred to as Speedup2). Choosing the region

of interest influences the dimensions of the input object and therefore the total

number of voxels as seen in Eq. 4.11. More specifically, if a user does not want

to image the whole object (say all of the image slices required to cover a volume)

but needs only a few of those, the simulator adapts to this and will only calculate

the signal coming from that selected region of the object. In the case where slice

selection is done along the z-axis, choosing the region of interest would influence

Zdim in Eq. 4.11. If the choice is to scan the whole input object, the region of

interest would be the whole object and Zdim would be at its maximum value. In

the case we need to scan only a few slices of that input object, for example two

5mm slices, Zdim would drop to 10mm which decreases the number of voxels,

and therefore the computational time tenfold. In the case when there is motion

however, or when the slice profile extends beyond its targeted area (as it is the

case with most realistic slice profiles) Zdim is not obtained by simply multiplying

the number of slices with their slice thickness but an extra amount is added due

to this extension. The true equation for Zdim is then:

Zdim = Nslice ∗ SlcThk + Zmaxm + SlcP (4.13)

where Zmaxm corresponds to the maximum movement that any object voxel did

in the z-direction, and SlcP corresponds to the extra area of the object that gets

excited due to the non-square slice profile.
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Another way of decreasing the number of voxels that go through the calcu-

lations is to eliminate all of the voxels that contain no tissue (Speedup4). The

proportion of eliminated voxels depends on the sparseness of the object itself.

The final equation for the number of voxels is:

Nvoxel = P × Nvpv × Xdim × Y dim

×(Nslice ∗ SlcThk + Zmotion + SlcP ) × Ntissue type.(4.14)

where P represents the proportion of the non-zero spin density voxels in the

object and Nvpv is the number of voxels per 1mm3.

Number of events per voxel: Speedup3

In order to decrease the number of events per voxel, the signal is only calculated

for the events which are “relevant” for the voxel in question, i.e. signal is cal-

culated at the read-out points only if they are positioned immediately after the

RF pulse which excited the magnetisation vector of that voxel. In case an RF

pulse did not excite the magnetisation vector of the voxel, read-out points are

skipped and the signal is not calculated but is assumed to be zero. For example,

in an ideal situation when the object is not moving and the slice profile is square

shaped it is expected that during an acquisition of a volume each of the voxels

will get excited only once. The signal coming from the voxel is only recorded at

the read-out points directly following the excitation that has happened. Once the

recording is done, the signal coming from the voxel is spoiled, and will remain

zero until the next time the voxel is excited. In less ideal situations when the ob-

ject is moving or when the slice profile is non-square shaped and extends beyond

the targeted area, voxel can get excited more times, thereby increasing the num-

ber of times its signal needs to be included in the read-outs. How this approach
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influences the number of events per voxel is shown in the following equation:

Nevents ∝ Nkps × (/(Zmotion + SlcP )/SlcThk0 + 1) × Nvolumes. (4.15)

Number of flops per event and per voxel: Speedup1, Speedup5, Speedup6

In order to decrease the number of flops per voxel, several measures are taken.

They are referred to in Algorithm 1 as Speedup1, Speedup5 and Speedup6. They

involve use of look-up tables, pre-calculation of some of the relevant integrals

etc. and are described in details in the previous section. In addition to these

speed-ups, many other steps were described through-out this and the previous

chapter which were used in order to improve the computational efficiency and

speed (e.g. when approximating Bp over the voxel, or choosing the efficient ways

of representing the rotation matrix). It would be very difficult to calculate the

exact number of flops performed by a voxel and therefore even harder to determine

the exact amount of improvement due to each of these specific speed-ups.

With all the speed-ups set up, simulation of a typical FMRI sequence described

at the beginning of this section: 64 × 64 k-space matrix for each slice, 25 slices

per volume and 100 volumes in total takes 100 days which is significantly better

than the originally estimated time of 5000 days.

4.5.3 Parallelisation

All the magnetisation vectors in the simulator are independent of one another

3.13. There are spatial interactions via Maxwell’s equations, but these are dealt

with by pre-calculated Bp fields. In addition to this, the signal acquisition pro-

cess is linear as seen in Eq. [3.20] making the signal calculation independent from

one voxel to the next. These conditions are correct under the assumption that

there is no flow in the input object i.e. spins from one voxel can not move to
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the next and so on. The independence of signal generation from one voxel to

another provides a good environment for the application of parallelisation tech-

niques, which significantly improve the computational speed. The main idea is

to divide an input object into smaller parts, calculate their k-space contributions

on many different individual processors, and then, with one master node, sum

all of the contributions to form the k-space for the whole object. A descriptive

representation of the parallelisation process is shown in Figure 4.4. This paralleli-

sation has been done using SCALI (http://www.scali.com/Dell) version of MPI

(http://www-unix.mcs.anl.gov/mpi/).

4.5.4 Results

Generation of a k-space signal for one 3mm thick slice with a 64 × 64 k-space

matrix on an Intel x86 (64-bit) Processor, with 3.6GHz CPU, 2GB RAM running

the Linux operating system takes 2min50sec and uses 130MB of RAM. Input

object size is 181 × 217 × 181 × 3 input object voxels (fourth dimension is due

to the three tissue types: gray, white and CSF). Using parallelisation techniques,

this time is reduced as seen in Table 4.2. In order to generate a typical time

series of 100 FMRI volumes for 3 slices of 3mm thickness, with an output k-space

matrix of 64×64 for each slice, an ‘ideal’ square slice profile and no through-slice

motion it takes 2m50s ∗ 9 ∗ 100 = 42h30m, which is feasible on a single processor,

albeit slow. Using parallelisation techniques, the computational time it takes to

generate the described FMRI sequence is 6h on a cluster of 16 Intel x86-64. The

results were generated on ZUSE, an Intel x86-64 MPI Cluster, which is a part of

the Oxford Supercomputing Centre (http://www.osc.ox.ac.uk).

There is a limitation to the speedup achieved by parallelisation i.e. the com-

putational time is not perfectly proportional to the number of processors. This
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Figure 4.4: Descriptive representation of the parallelisation done in the simulation process.
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Cluster Size 64 × 64 128 × 128 256 × 256
1 2m50s 11m5s 42m58s
2 1m37s 5m4s 21m4s
4 54s 2m54s 11m6s
8 32s 1m32s 5m37s
16 24s 58s 3m3s

Table 4.2: Computational time for simulation (k-space generation) of one 3mm slice. Input
object size is 181×217×181×3 input object voxels (fourth dimension is due to the three tissue
types: gray, white and CSF), and the object voxel size is 1 × 1 × 1mm, output k-space matrix
sizes are 64× 64, 128× 128 and 256× 256 image voxels. Simulations were done on Intel x86-64

MPI Clusters.

Figure 4.5: Limitation of the parallelisation. The computational time does not decrease per-
fectly with the increase in the number of processors. Figure courtesy of J. Pitt-Francis.
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is due to the fact that there is an overhead amount of calculations that need to

be processed by each of the voxels and they do not decrease in the number as

the number of processors go up. These overheads, however, do increase greatly

with the size of the simulations and do not take longer than a few minutes. The

relationship between the number of processors and computational time can be

seen more clearly in Figure 4.5.

4.6 Summary

This chapter described the implementation of the simulation model into a simula-

tor environment and discusses the way the computational issues were dealt with

in order to make the images realistic and simulation processes both memory- and

time-efficient. Due to the high demands on both, FMRI simulation would not

be realistically possible otherwise. Within the current framework of the simula-

tor i.e. all of the described speed-ups and the parallelisation it is possible to do

simulations of an 2D image within minutes, simulations of an 3D image within

an hour and long FMRI sequences within a day. This allows the simulator to be

used in practice.

The following chapter is the last chapter in the sequence of the “development”

chapters and deals with the validation of the simulator.



Chapter 5

Simulator validation

Following on from the two previous chapters, which considered the model of the

simulation process and how this model was implemented in software, this chapter

is concerned with validation of the software.

5.1 Introduction

Validation can be performed in many different ways (see Figure 5.1). The ideal

validation will have three characteristics. Firstly, it will be quantitative. Sec-

ondly, it will use a realistic object, a brain. Thirdly, it will use real scanning data

for the comparison with the simulated data. However, it is not often possible

to have all these three characteristics present in one validation process. This is

because of the large number of scanning factors inherent in the brain scanning

process (for example motion, B0 inhomogeneity, their interactions or BOLD etc.).

It is difficult to isolate these factors from one another and therefore to use them in

a quantitative validation process. Because of this reason, the approach taken in

this thesis has been to use a series of non-ideal types of validations using simpler

objects or simple theoretical models (which were experimentally validated in the

past), or having purely qualitative results (the simulated images are compared to

105
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the experimental images visually). The series of these, although not completely

ideal validations, are still quite significant and should be sufficient for the reliable

use of the simulator.

_uantitatiPe

/imple obRe$t

_ualitatiPe

TOeoreti$al
8xperimental

Eomplex obRe$t

Figure 5.1: A descriptive representation of the different ways a validation can be performed.
The x-axis represents whether experimental data or simple theoretical models (experimentally
validated in the past) were used for the comparison with the simulated signal. The z-axis
describes whether this comparison was done quantitatively or qualitatively. The y-axis describes
the input object used. Complexity of the object describes how realistic object is. For example,
the brain is the most realistic object. A simple geometrically shaped object (e.g. a sphere) with

only one tissue type is an example of a simple object.

Each module of the simulator is validated through a series of independent

process which are set out in this chapter. An investigation regarding the proper-

ties of the input object is done. More specifically, the sensitivity of the simulator

regarding the object voxel size is investigated. This is done by comparing the

simulated results for various voxel sizes against the analytically calculated results

as if the object is continuous.

The magnetic-susceptibility-induced B0 inhomogeneity model is validated in-

directly using known theoretical models which were experimentally validated by

other research groups (more details including the references are set out in the

section). Some qualitative results are set out as well. The effect of the B0 inho-

mogeneities was also validated through an application in neuronal current imaging

which is set out in Chapter 6, Section 6.
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The motion model is validated experimentally. The main focus was on the

translation in the z direction, where the effects of spin-history were looked at,

and the rotation about the y-axis, where the interaction of the motion and the

B0 inhomogeneities was looked at. In addition to this, a purely qualitative result

showing blurring due to the rotation about the z-axis is shown. The motion

model was also validated through a few applications which are set out in Chapter

6, Sections 2-4.

The chemical shift model is validated indirectly using known theoretical mod-

els. Results were generated for a realistic brain phantom and the chemical shift

measure was taken for the fat tissue that was part of the brain phantom.

Implementation of the BOLD model and eddy currents model are validated

through applications shown in Chapter 6, Sections 4 and 5 respectively. The

validation of the physiological basis of the BOLD model was not done as it is

beyond the scope of this thesis. The use of the T ∗
2 changes in order to simulate

the BOLD signal in the simulator was based on the works published by Ogawa

et al. [57], [58].

The material just described is organised into three groups and presented as

three different sections in this chapter. Firstly the results for quantitative com-

parison of the simulator output with theoretical results are presented. Following

this, results for quantitative comparison of the simulator output with the real

scanning images are presented. Lastly, qualitative results which demonstrate the

possibility of simulation of images impacted by realistic artefacts are presented.
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5.2 Quantitative comparison of the simulator out-

put with the theoretical results

In this section we compare the output of the simulations with the theoretical

models which are well known and are well established and used in the MRI

community. We start with the evaluation of the simulator with respect to the

size of the object voxels, then we validate simulator contrast generation and

finally we validate simulation of the simple B0 inhomogeneity effects for which

the theoretical results are well documented.

5.2.1 Evaluation of the simulator performance for differ-

ent object voxel sizes

Input objects for the simulator are discrete, voxel-based volumes and the accurate

representation of the underlying structure (virtual brain) depends on the object

voxel size, which then influences the simulator output. In order to investigate

the sensitivity of the simulator to object voxel size, we have compared images

simulated for the discrete objects with varying voxel sizes, with the one generated

analytically for a truly continuous object. This was done separately for the in-

plane object voxel size (x- and y- direction) and for the through-slice object voxel

size (z- direction) as the two have a different impact on the signal.

In-plane tests

For the in-plane tests we have chosen an ellipsoid as an input object with di-

mensions such that it resembles a normal human brain. In order to be able to

calculate an analytical solution the area inside the ellipsoid is homogeneous (with

spin density equal to one) and the MRI parameters were chosen in order to ob-
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tain a simulated k-space with no T ∗
2 decay (T ∗

2 = 100 s). One 1mm slice was

simulated and simulations were done for a series of object voxel sizes ranging

from 5.5× 5.5mm to 0.1× 0.1mm in plane. An analytic k-space S was calculated

by using the analytical expression for the Fourier transform of the ellipse, and

evaluating it at the k-space points (kx, ky) generated by the same pulse sequence

as the one used in simulations:

S(kx, ky) = (
ab

C
J1(2πC) cos(2π(kxx0 + kyy0)),

ab

C
J1(2πC) sin(2π(kxx0 + kyy0)))

C =
√

(akx cos(θ) + aky sin(θ))2 + (bky cos(θ) − bkx sin(θ))2 (5.1)

where a, b are the semimajor and semiminor axes of the ellipse, x0, y0 is the center

of the ellipse and θ is the angle between its major axis and the x-axis and J1 is

the Bessel’s function of the first order.

In order to evaluate the error of the simulated k-spaces (compared to the

analytical k-space) the Root Mean Square (RMS) value was calculated for the

difference between analytically calculated k-space Sa(kx, ky) and each of the sim-

ulated k-spaces S(kx, ky). This value was divided with the RMS value of the

analytically calculated k-space and in addition multiplied with 100, giving the

accuracy as a percentage of the analytically calculated k-space (Figure 5.2):

Error = 100

√
1

4096

∑64
kx,ky=1(Sa(kx, ky) − S(kx, ky))2)

√
1

4096

∑64
kx,ky=1(Sa(kx, ky))2)

. (5.2)

The results show that the error in the simulated signal is less than 0.5% of the

analytical solution for object voxel sizes that are smaller than 1× 1mm in-plane.

This is likely to be an acceptable error for FMRI sequences, since typical noise

levels are around 1-2% of the total signal mean. With the decrease in object voxel

size, the computational time for the simulation increases, which is shown with

the red line in Figure 5.2. In order to spend the least amount of computational

time but also not compromise the simulated data, we choose the object voxel
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Figure 5.2: The black line and black y-axis in both of the plots show the RMS-based difference
between the analytically calculated k-space and simulated k-spaces expressed as a percentage
of the analytically calculated k-space signal (plot (b) is an enlarged inset of plot (a)). The red
line and the red y-axis show the computational time which it took for the generation of the
simulations. It can be seen from the plot (b) that for voxel sizes which are less than 1×1mm in
plane, the error in the simulations is less than 0.5% which is likely to be an acceptable error for
FMRI sequences, since typical noise levels are around 1-2% of the total signal mean. However,
the computational time is increasing as the voxel size goes down, therefore the optimal voxel
size depends on the specific simulation and whether the accuracy or the computational speed

is a priority.

size according to the simulations we are running, which is 1 × 1mm in plane for

most applications. When decreasing the object voxel size n times for each in-

plane dimension, the computational time increases n2 times. For example, for

a typical FMRI sequence described in Section 4.5.3, and for an object voxel of

0.5 × 0.5mm in plane, the error decreases to 0.2%. However, the computational

time increases by 400% (from 42h30m to 170h) which would often be prohibitive

for one processor and makes an additional 0.2% error an acceptable tradeoff.

Through-slice tests

For the through-slice tests we have chosen to do tests with a simple homogeneous

cubic object (with spin density equal to one) for which we can derive an analytical

solution. The main sensitivity of the signal with respect to the object voxel size in
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the through-slice direction is due to the excitation mechanism. The excitation of

an object voxel is determined by the frequency value at its center. If the center of

an object voxel is excited with a flip angle α, the whole object voxel gets excited

with that same flip angle, creating a piecewise-constant-shaped approximation of

the given slice profile. In order to investigate the situation which will create the

largest error, the case when the object is moving in the through-slice direction is

investigated.

Parameters used for the simulations are: EPI pulse sequences with flip angles

of 30◦/60◦/90◦; square/windowed-sinc slice profiles); in-plane matrix 64 × 64;

1mm slice thickness; 3 sequential slices per volume; TR of 1.15s; T1 = 1.9s,

T ∗
2 = 0.3s and ρ = 1. Motion sequence consisted of two back and forth motions:

the 20th volume was displaced by +3mm and the 30th volume was displaced

by -1mm in the z-direction. The values for the experiment were taken from the

paper by Muresan et.al. [55]. The object’s total length in the z-direction was

fixed and simulations were done for various object voxel sizes ranging from 1mm

to 0.001mm in the z-direction.

Motion in the through-slice direction creates changes in the signal due to

spin history effects. In a similar fashion as Muresan et.al. [55] these changes

are represented using the relative intensity 1It = 100
It − I18

I18
, t = (1, 2, ..40) of

an image voxel situated in the middle slice. By the 18th volume the signal has

reached its steady state and therefore the 18th volume is chosen as a reference

volume. The results are shown in Figure 5.3 (a) and (b). The signal changes in

the first few volumes are due to saturation effects, which in a case of 90◦ flip angle

and an ‘ideal’ square slice profile is reached in one TR (all the simulations were

done with perfectly homogeneous RF and B0 fields). Spin history effects can be

seen in the areas of the 20th and 30th volume. For an ‘ideal’ square slice profile

the steady state was re-established much quicker than for the windowed-sinc slice
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profile confirming the more complex situation when a variety of object voxels

with different flip angles are present.

Figure 5.3: (a) and (b) show relative change in the simulated signal due to saturation effects
(first few volumes) and the spin history effects caused by the motion in through-slice direction
(areas of 20th and 30th volume in the sequence). Different extents to which the spin history
influences the signal for different slice profiles can be seen when comparing plots (a), generated
with an ‘ideal’ square slice profile, and (b), generated with a realistic windowed-sinc slice profile.
Simulations in (a) and (b) were done with a 0.01mm object voxel size which is generated with a
mean error of less than (a) 0.01% of the analytical solution; (b) 0.001% of the simulation for an
object voxel size of 0.001mm (we refer to it in plots as the ‘reference simulation’). Mean error
for various other voxel sizes in range from 0.001mm to 1mm was calculated and is represented

in the plots (c) and (d).

The accuracy of the simulations was tested separately for the case of an ‘ideal’

square slice profile and the case of the realistic windowed-sinc slice profile. For an

‘ideal’ square slice profile a solution based on theory was calculated using Eq. [3.3]
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and Eq. [3.5]. This solution was compared against simulations generated with

different object voxel sizes using equation error(v) = meant(|1It(v)−1At|), t =

(1, 2, ..40) where v is the object voxel size, 1It is the relative signal intensity of

the simulations and 1At is the relative signal intensity of the analytical solution

at the time point t (intensities are in k-space).

The results can be seen in Figure 5.3 (c). They show that in order to obtain

a reasonable and acceptable simulation accuracy for an ‘ideal’ square slice profile

(given noise levels of 1-2%), an object voxel size in through-slice direction needs

to be 1mm or below. Error calculations for the windowed-sinc slice profile were

calculated in the same way as for an ‘ideal’ square slice profile case, with the

difference that instead of the analytical solution, simulation with an object voxel

size 0.001mm was used as the reference. These results are shown in Figure 5.3

(d). For this situation, in order to achive acceptable errors of less than 1% of the

reference signal, the object voxel size also needs to be 1mm or less. Note that all

of the the simulations were done for the slice thickness of 1mm which is the worst

possible case for the error estimation. In a realistic FMRI sequence slice thickness

is usually 4mm or more, which considerably reduces the size of the error.

5.2.2 Image contrast

In order to test the simulation of image contrast in the software, the simulations

were compared with the results derived from theoretical expressions for image

contrast. These expressions can be found in Sections 15.4.3 and 15.4.4 of Haacke

et.al. [29], where they are also plotted for TE = 0s (Figure 15.7) and long (in-

finite) TR (Figure 15.8). These plots were recreated using the same theoretical

expressions and parameters as in Haacke et.al., and are shown in Figure 5.4

(dashed lines). In the same figure, plots that use the same theoretical expressions
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Figure 5.4: Figure shows contrast for (a), (c) gray matter and white matter; (b), (d) gray matter
and CSF obtained for a 90◦ flip angle gradient echo experiment. Contrasts in (a) and (b) are
shown as a function of TR for a T1-weighted scan simulation with TE = 40 ms. Contrasts in
(c) and (d) are shown as a function of TE for a T ∗

2 -weighted scan simulation with TR = 20 s.
Simulation results are marked with crosses and they agree very well with the results derived

from the theory (solid and dashed lines - described in the text).

and tissue parameters but more realistic sequence parameters, TE = 40ms and

TR = 20s, are also shown (solid lines). Simulation results were generated using

the latter, realistic values for TE and TR and are marked as crosses. From Figure

5.4 it can be seen that the simulation results agree very well with the theoreti-

cal results, implying the accuracy of the software implementation. These simple

contrast models have been extensively tested in practice [29], [46]

5.2.3 B0 inhomogeneities

In order to test the simulation of the B0 inhomogeneity in the software, we inde-

pendently investigate two main effects of the B0 inhomogeneity in gradient-echo

EPI: translation in the phase encode direction, and signal loss.

Input objects and the perturbed field were chosen such that the theoretical
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solution can be calculated. The input object was an ellipsoid (described at the

beginning of this section), with the area inside the ellipsoid homogeneous (with

spin density equal to one) and MRI parameters chosen in order to obtain a sim-

ulated k-space with minimal T ∗
2 decay (T ∗

2 = 100 s). A perturbed B0 field was

chosen to be spatially constant for the case of testing the translation in the phase

encode direction. However, for measuring the signal loss it was chosen to vary

linearly, in the positive z direction (through-slice). In this way, we were able to

use theoretical results in order to calculate the expected amount of translation

and signal loss and compare them to the simulation results.

Simulation results were generated for one 1mm thick slice, and an EPI pulse

sequence with an ‘ideal’ square slice profile and flip angle of 90◦. Theoretical re-

sults for the amount of translation and the signal loss were obtained by using Eqs.

[5.3] which are derived in the same way as in Jezzard et.al. [38] and Deichmann

et.al. [20]:

TPE =
γ

2π
BpNy 1 y

(√
8 τ π

γ Gmax Ny 1 y
+

Nx − 1

BW

)
(5.3)

1S

S
= 1− | sinc(

γ

2π
1 z

dBp

dz
TE) |

where TPE is the amount of expected translation for each image voxel in phase

encode direction, Bp is the strength of the perturbed magnetic field, BW is the

bandwidth, (Nx, Ny) is the size of the k-space matrix, 1y is the size of the image

voxel in the phase encode direction, τ is the rise time of the gradient coils and

Gmax is the maximum strength of the gradient coils. In the equation for the signal

loss, S is the ‘ideal’ signal, i.e. not affected with B0 inhomogeneities, 1S is the

expected loss of the signal S due to B0 inhomogeneities, 1z is the slice thickness,

TE is the echo time. In order to obtain the distorted images, an analytic k-space

was calculated by using the analytical expression for the Fourier transform of the

ellipse (see Eq.[5.1]) and taking into account the theoretically calculated values
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for expected translation and signal loss (see Eq.[5.3]). Signal was evaluated using

this analytical expression at the k-space points generated by the pulse sequence

used in the simulations.

In order to show the amount of translation in the images affected with the

offset in B0 field, 1D profiles of the simulated 2D images are plotted in Figure 5.5

(a), (b) and compared with the 1D profile in a magnetic field with no field offset.

Simulations were done for different pulse sequence parameters and perturbed

field strengths. Two plots on the left hand side of the figure represent 1D image

profiles for two different bandwidths BW = 85KHz (a) and BW = 100KHz (b),

and three different values of constant perturbed B0 field, Bp = 0T (green line),

Bp = 1.5µT (black line), Bp = 3µT (blue line). It can be seen in the plots that

the amount of translation (which can be seen as a difference between the green

line and the line in question) increases with the strength of the perturbed Bp

field. The analytically calculated translations for all of the simulated cases are:

1) BW = 85KHz, Bp = 1.5µT : 0.0127m (3.18 image voxels); 2) BW = 85KHz,

Bp = 3µT : 0.0254m (6.36 image voxels); 3) BW = 100KHz, Bp = 1.5µT :

0.0109m (2.73 image voxels); 4) BW = 100KHz, Bp = 3µT : 0.0218m (5.46

image voxels). As expected, the higher bandwidth induced a smaller amount

of translation than the lower bandwidth, which is due to the reduced k-space

acquisition time. The dashed lines are the 1D image profiles of the analytic results

and they agree very closely with the simulation results (often the difference can

not be seen).

The plots also show Gibbs ringing effects due to the finiteness of the Fourier

series in the process of image reconstruction (this can be more clearly seen in

plot (c) which is an enlarged inset of plot (a)). The level of ringing changes as

the object shifts: blue line - 0mm shift (0 image voxels); black line - 0.0127mm

shift (3.18 image voxels); green line - 0.0254mm (6.36 image voxels). The case
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Figure 5.5: Figure shows effects of the B0 field inhomogeneities: translation in the phase-encode
direction ((a), (b) and (c)) and signal loss (d). Plots in (a), (b) represent 1D profiles (along
the phase-encode direction) of the simulated 2D images representing one slice of the ellipsoid-
shaped object. The plots also show Gibbs ringing effects due to the finiteness of the Fourier
series in the process of image reconstruction (this can be more clearly seen in plot (c) which
is an enlarged inset of plot (a)). Dashed lines in plots (a), (b) and (c) are 1D profiles (along
the phase-encode direction) of 2D images that are the theoretical (‘ideal’) solutions which we
obtained by analytically calculating the k-spaces (described in the text) and they show very
close agreement with the simulated results. In some of the cases the difference between the
theory and the simulations cannot be seen. Plot (d) is generated for a magnetic field with
a linearly increasing inhomogeneity in direction of the positive z-axis Bp = (µT/m) ∗ z (full
magenta line) while the light blue line shows the signal intensity for a magnetic field with no
inhomogeneity. The dashed magenta line represents the analytically calculated signal loss using

Eq. [5.3].

which shows the smallest amount of ringing (blue line) is due to an accidental,

perfect alignment of the input object and the sampling matrix which happens

very rarely in practice. No apodization of the k-space data was included in the

image reconstruction. The capability to model ringing artefact demonstrates the

usefulness of k-space-based simulations as it can not be generated with image-

space-based simulations.

In order to show the amount of signal loss, the signal intensity is plotted

(Figure 5.5) (d) for varying TE values in the case when there is no perturbed
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magnetic field (light blue line on the right hand plot), and in the case when

the perturbed field linearly increases in the z-direction with a slope of 1µT/m

(solid magenta line). Due to its dependence on TE, the dependence of the signal

intensity in the distorted image is in the form of sinc function, which agrees with

the theoretical results presented in Eq. [5.3] (magenta, dashed line).

5.3 Quantitative comparison of the simulation

results with the real scan images

This section presents the work done on the experimental validation of the sim-

ulator. Experiments were devised for two different kinds of motion: translation

along the z-axis and rotation about the x-axis. These two kinds were chosen as

representatives because they respectively cover some of the most difficult motion

effects to correct: spin history effects and interaction of the B0 field inhomo-

geneities and motion.

Each of the experiments consisted of four steps:

1. Acquiring the images in the scanner

2. Running the simulator using the input values estimated from the scanned

images

3. Analysing the scanner-acquired and the simulator-acquired data

4. Comparing the results of the simulator to the experimental results.

5.3.1 Translation in z

This section focuses on work done in validating the performance of the simulator

when an object is moving along the z-axis (in either the + or - direction). One
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of the most complex effects of this type of motion is the spin history effect and

validating that effect was the primary consideration of this section.

Scanning

In order to test the performance of the simulator one of the most important

factors was the choice of the input object. For an ideal validation a human

subject would be used. However it is almost impossible for a human subject to

move in a controllable way. Also, more importantly, there is lots of physiological

signal in humans masking other changes. Therefore a simpler object was used:

a grapefruit, which has a very high water content making the signal strong, and

also which has very long T1 time (T1 = 2531ms) making spin history effects larger

and therefore easier to analyse. This object was attached to a long stiff rod which

was placed on the main bed of the scanner. One end of the rod (the one with

the attached object) was placed inside the scanner bore, while the other end of

the rod was outside the scanner bore and was held by the experimenter. The rod

could be manually moved alongside a measurement tape either into or out of the

bore which corresponds to +z or -z direction respectively.

An Echo Planar Imaging (EPI) series of 30 object volumes (3D images of the

object) was acquired. The pulse sequence parameters used for the experiments

were: TR = 3s, TE = 30ms, a matrix size of 64 × 64, 25 slices, an image voxel

size 4 × 4 × 4mm and a flip angle of 90◦. During the first 20 volumes the object

was motionless. During the 21st volume the object was moved into the bore by

5mm (corresponds to 5mm in +z direction). The remaining 10 volumes were

again motionless.

In addition to the motion images, additional images of the object were ob-

tained: a T1- weighted structural image, a field-map image and 12 spin-echo

images. These extra images were acquired in order for some of the simulator
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Figure 5.6: Mid-sagittal, -coronal and -axial slices of the input object (grapefruit) are showen
from left to right. The size of the input object voxels were 1 × 1 × 1mm.

inputs to be extracted as described in the following section.

Simulating

In order for the simulation to represent the real experiment as close as possible,

each of the simulator inputs were derived from the experimentally obtained images

of the grapefruit.

Object: In order to have the appropriate anatomical input into the simulator,

a T1-weighted structural image of the object is used. Due to the simplicity of the

grapefruit, only one template (matter type) is extracted. The object used for the

simulation is presented in Figure 5.6.

B0 perturbation field: The amount of perturbation in the magnetic field is

also estimated for each of the voxels. In Chapter 3 a description of the model

for calculating B0 inhomogeneities using known susceptibility values was given.

Here a different approach was used. A field-map was firstly acquired (a couple of

complex images scanned with different echo times). The field-map is then used

to calculate the values of the perturbed field using FUGUE (FMRIB’s Utility for

Geometrically Unwarping EPIs [67]) . The perturbation images are showen in
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Figure 5.7: Mid-sagittal, -coronal and -axial slices of the pertubation field are shown from left
to right. Magnetic field inhomogeneities evaluated for every voxel.

Figure 5.7.

MR parameters: The object was scanned using spin-echo acquisitions with

different repetition times in order to measure T1 and T2 values [16]. The resulting

values were obtained for each image voxel in the volume, which after averaging

were: T1 = 2531ms, T2 = 444ms.

Slice profile: The Windowed-Sinc slice profile was estimated from a known

RF waveform used for the scanning, and is shown in Figure 4.3.

Pulse sequence: The pulse sequence was generated in the pulse sequence gener-

ator of the simulator using the same parameters as the one used in the experiment

(described above).

Motion sequence: The object was moved 5mm in +z direction during the

acquisition of the 21st volume. However, the exact velocity and timing of motion,

the precise times at which the motion began and ended within the 3s that took

for the volume to be acquire, are not known. In order to learn more about

the motion, the resulting images from the scanner were also examined. Several

different options were tried, three of which are shown in Figure 5.8.
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Figure 5.8: The object was moved 5mm during the acquisition of the 21st volume. The exact
velocity and timing of this motion are unknown. Therefore, a number of different paradigms

which could represent the motion that have occurred, are used in simulations.

Analysing the data

In order to investigate how well the spin history effects were simulated spin history

data was analysed in such a way as to emphasise only the spin history effect and

not the predominant position displacement effect. The description of the analysis

process is shown in Figure 5.9.

The top row represents the data set acquired either by real scanning or by

simulation. The first 20 volumes were acquired while the object was motionless.

During the acquisition of the 21st volume the object has moved to the new po-

sition in the scanner which is 5mm shifted in the +z direction from the initial

position. The 22nd to 30th volumes were acquired while the object was motion-

less and situated in this new position. This is why in the figure these volumes

appear slightly shifted compared with the initial volumes. The first four volumes

of the data are erased to avoid the saturation effects (they usually occur in the

first few volumes until the signal reaches the steady state).

The motion during the acquisition of the 21st volume was in the +z direction.
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Figure 5.9: Descriptive representation of the analysis process. The bottom row is the first row
minus the second row.

However, the slice selection order in this experiment ran in the -z direction. The

motion and slice selections therefore took place at the same time but in opposite

directions. As a result of this, some of the areas of the object were not scanned

and the image of the 21st volume appears as if the bottom section has been

lost (Figure 5.9) with mixed effects of position displacement, image distortion

and spin history. However, the 22nd volume is affected only by the spin-history

artefact. As a result of the movement the spins will “relax” shorter or longer

than the fixed time-interval between the volumes (TR). The strongest impact

in the signal is created by the spins which did not get excited during the 21st

volume, and therefore will “relax” for 6s which is much longer than the fixed 3s

time-interval.

In order to capture only the spin history effects, all of the other effects are

subtracted from the data. This is done by averaging the first 16 volumes to
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obtain volume “A”, averaging the last 7 volumes to obtain volume “B” and then

connecting all of them into the AB set. The 21st volume of the AB set is obtained

by combining the A and B volumes as shown in Figure 5.9. The newly created

AB set is subtracted from the data and the required spin history effects are found

isolated in the 22nd volume.

Motion effects vary from voxel to voxel within each of the slices. In order

to obtain a single value for each of the slices, each slice of the original data was

masked to exclude the background values and then averaged. This is done before

the analysis process described above.

Results and Discussion

Firstly, the images obtained from the experiment are shown in Figure 5.10. The

images acquired by the scanner are shown in the top row and the images acquired

by the simulator are shown in the bottom row. Mid-sagittal, -coronal and -axial

slices of volume 21 (from left to right) are shown. Motion occurred during the

acquisition of volume 21. It can be seen that the experimental and the simulation

results match well regarding the image distortions due to B0 inhomogeneities.

The results of the analysis process which investigates the spin-history artefact

are shown in Figure 5.11. This figure shows the percentage of the signal change

due to the translation in +z direction. The motion happened during the acquisi-

tion of the 21st volume and the resulting effects for both the real and simulated

data are shown on the left. The spin-history artefact is present in the 22nd vol-

ume and this is shown in the plot on the right hand side of the figure. It can

be seen from the figure that within a very small range of motion paradigms, the

range of spin-history effects can be seen that include the real one (red line). It

can be seen also that the results are very sensitive to the particular the motion

that occurred during the acquisition of the 21st volume. This is the most likely
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Figure 5.10: Experimental results (top), simulation results (bottom). Mid-sagittal, -coronal
and -axial slices of volume 21 are shown (from left to right).
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Figure 5.11: The percentage of the signal change due to the translation in +z direction is shown.
The x-axis in the plots represents the z-axis of the object and is marked with the slice numbers.

Progression from 1 to 25 slices is equivalent to progression in z+ direction in the scanner.



5.3. QUANTITATIVE COMPARISON OF THE SIMULATION RE-

SULTS WITH THE REAL SCAN IMAGES 126

reason for their imperfect match. If it were possible to produce the exact type

of motion as the one that happened during the real scanning process we could

expect to see a closer match between the real and simulated data than the ones

shown in Figure 5.11.

5.3.2 Rotation about the y-axis

This section focuses on work done in validating the performance of the simulator

when an object is rotating about the y-axis. One of the most complex effects of

this type of motion is the effect of interaction of B0 inhomogeneities (due to sus-

ceptibility) and motion and validating that effect was the primary consideration

of this section.

Scanning

As in the case of translation described in the previous section, a simple object

was used for the experiments. This object was a glass sphere filled with gelatin.

In addition to gelatin, an extra structure built of wood and a plastic air bubble

was inserted into the sphere with a goal of creating susceptibility-induced B0

inhomogeneity artefacts. The object was attached to a long stiff rod which was

placed on the main bed of the scanner. One end of the rod (the one with the

attached object) was placed inside the scanner bore, while the other end of the

rod was outside the scanner bore and was held by the experimenter. The rod

could be manually moved alongside a measurement tape either left or right which

corresponds to rotation about y-axis of the scanner.

An Echo Planar Imaging (EPI) series of 30 object volumes (3D images of the

object) was acquired. The pulse sequence parameters used for the experiments

were: TR = 3s, TE = 30ms, a matrix size of 64 × 64, 36 slices (with the slice
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acquisition order that ran in -z direction), an image voxel size 4 × 4 × 4mm

and a flip angle of 90◦. During the first 19 volumes the object was motionless.

During the 20th volume the object was rotated by 15 degrees about y-axis. The

remaining 11 volumes were again motionless.

In addition to the motion images, additional images of the object were ob-

tained: a T1-weighted structural image, a field-map image and 12 spin-echo im-

ages. These extra images were acquired in order for some of the simulator inputs

to be extracted as described in the following section.

Simulating

In order for the simulation to represent the real experiment as close as possible,

each of the simulator inputs were derived from the experimentally obtained images

of the sphere.

Object: In order to have the appropriate anatomical input into the simulator,

a T1-weighted structural image of the object is used. The object used for the

simulation is presented in Figure 5.12. The wooden part inside the object was

assumed not to give any signal (as it has considerably less water molecules than

the rest of the object) and was given a spin density of zero.

B0 perturbation field: As described in Chapter 4, Section 2 a set of pre-

computed basis functions is needed as an input to the simulator. In order to do

this, a perturbation method for solving Maxwell’s equations was used [37] (as

described in more detail in Chapter 3, Section 3). Two different basis sets were

generated, one for the sphere with gelatin and the other for the wooden stick

inside the sphere. These two basis sets were then linearly combined in order

to form a final basis set for the whole object. In order to calculate the correct

coefficients in the linear model of the two basis sets, the appropriate pair was

fitted to the experimentally derived perturbed field. This perturbed field was



5.3. QUANTITATIVE COMPARISON OF THE SIMULATION RE-

SULTS WITH THE REAL SCAN IMAGES 128

Figure 5.12: The input object. The size of the input object voxels were 1 × 1 × 1mm.

calculated from a field-map acquired during the scanning (using PRELUDE and

FUGUE [67]). An example vector of the final basis set is shown in Figure 5.13.

Figure 5.13: An example basis vector of the basis set of the B0 perturbation field.

MR parameters: The object was scanned using spin-echo acquisitions with

different repetition times in order to measure T1 and T2 values [16]. The resulting

values were obtained for each image voxel in the volume, which after averaging

were: T1 = 1125ms, T2 = 100ms.
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Slice profile: The Windowed-Sinc slice profile was estimated from a known

RF waveform used for the scanning, and is shown in Figure 4.3.

Pulse sequence: The pulse sequence was generated in the pulse sequence gen-

erator of the simulator using the same parameters as the ones used in the exper-

iment (described above).

Motion sequence: The object was rotated by 15 degrees about the y-axis

during the acquisition of the 20th volume. However, as in the case of translation

which was described in the previous section, the exact velocity and timing of

motion are not known. In order to learn more about the motion, the resulting

images from the scanner were examined to determine the timing by subjective

assessment. The resulting motion paradigm was used in the simulations and is

shown in Figure 5.14.
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Figure 5.14: The object was rotated by 15 degrees about the y-axis and during the acquisition
of the 20th volume. The exact velocity and timing of motion were not known and therefore in
order to choose the correct motion paradigm, the resulting images from the scanner were also

examined.
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Analysing the data

In order to investigate how well the motion interaction with the B0 inhomo-

geneities was simulated, data was analysed in such a way as to emphasise only

this effect. Firstly part of the analysis was done in the same way as for the

previous experiment (Translation in z).

The first four volumes of the data are erased to avoid the saturation effects

(they usually occur in the first few volumes until the signal reaches the steady

state). The following 16 volumes are averaged to obtain volume “A”. The motion

happened during the acquisition of volume 20, and this volume (and a subsequent

one) will therefore contain mixed effects of spin history artefact, and the interac-

tion between the motion and the B0 inhomogeneities. In order to avoid both of

the effects, these couple of images are also erased from the data and the following

8 are averaged to obtain volume “B”. The averaged volumes are then subtracted

from the original data set. The resulting data set (specifically volume 20) should

contain just the spin-history artefact and the interaction between the motion and

the B0 inhomogeneities. More details about this analysis can be found in the

previous section (see Figure 5.9).

The second part of the analysis was done in order to investigate how well

the change in B0 inhomogeneities due to motion was simulated. In order to

do this averaged volumes before (“A”) and after (“B”) the motion took place

were compared. Volumes “A” and “B” (which were explained in the previous

paragraph) are motion corrected in order to match. A plane that contains the

wooden stick (inside the object) and is parallel to y-axis, was extracted from both

of the images. The plane from volume “A” was then subtracted from the plane

from volume “B”. The differences between the two planes (the area underneath

the wooden stick) should be only due to the voxels experiencing different amounts
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of B0 inhomogeneities. The direction of the translation in y-direction (phase-

encode direction) due to the B0 inhomogeneities should remain the same between

the two. This is because the motion was purely rotation about the y-axis and

therefore the two planes remain parallel to the y-axis before and after the motion

happened. In addition to these results, a set of data was also simulated without

the B0 inhomogeneities. The same kind of analysis as the one described earlier

was applied to this data set.

Results and Discussion

Firstly, the images obtained from the experiment are shown in Figure 5.10. The

images acquired by the scanner are shown on the left hand side and the images

acquired by the simulator are shown on the right hand side. Mid-sagittal, -coronal

and -axial slices of volumes 19, 20 and 21 (from top to bottom) are shown. Motion

occurred during volume 20 and this can be seen in the images by looking at the

wooden stick (which acts as a useful reference point) which is considerably bent in

this volume. It can also be seen that the position of the wooden stick is different in

volumes 19 and 21 reflecting the time points just before and after the motion took

place. It can also be seen that the experimental and the simulation results match

well both regarding the gross motion effects and the effect B0 inhomogeneities.

Results of the first part of the analysis are shown in Figure 5.16. Mid-sagittal,

-coronal and -axial slices of volume 20 are shown for both the experimental (top)

and simulated (bottom) data. Both sets of data were analysed in the same way

which is described in the Methods section. Volume 20 should only contain the in-

teraction between the motion and B0 inhomogeneities (together with some effect

of the spin history). The patterns in the simulated and the experimental data

showed a good level of agreement, specifically in the areas around the wooden stick

where the largest interactions between the motion and the B0 inhomogeneities
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Figure 5.15: Experimental results (left), simulation results (right). Mid-sagittal, -coronal and
-axial slices of volumes 19, 20, and 21 (from top to bottom). Motion occurred during the
acquisition of volume 20 and this can be seen by the look of the bent wooden stick inside the

object.

are expected due to the susceptibility differences between the stick and the sur-

rounding gelatin. These can be seen mainly in the middle and the right hand

images.

The results of the second part of the analysis process are shown in Figures 5.17

and 5.18. Figure 5.17 shows the plane from volume “A” containing the wooden

stick and is parallel to the y-axis (left), the plane from volume “B” containing

the wooden stick and is parallel to the y-axis (middle) and the subtraction of the

planes (right). The experimental results are shown in the top row, the simulation

results which were generated with the presence of B0 inhomogeneities are shown

in the middle row, and the simulation results which were generated without the

presence of B0 inhomogeneities are shown in the bottom row.

The two top rows in the figure agree well in the way B0 inhomogeneities af-

fected the images before and after the motion occurred. This can be more clearly
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Figure 5.16: Intensity patterns in the motion-affected volume 20 are shown for both the ex-
perimental (top) and simulated (bottom) analysed data. The images contain the effects of
interaction of the motion and B0 inhomogeneities, (though some spin-history effects are also

present).

seen in the difference images on the right hand side of the figure which are showing

the difference in the image intensity due to B0 inhomogeneity-based distortion

which was changing with the positional displacement of the object. On the other

hand, the difference image on the bottom, generated as if there is no B0 inhomo-

geneity, shows that the position displacement did not greatly affect the intensity

of the images. In order to see these results more clearly, an averaged 1D profile of

the images in Figure 5.17 is shown in Figure 5.18. It can be seen in Figure 5.18

how 1D profiles of the experimental and the simulated data (with B0 inhomo-

geneities) match well. The simulated data generated without B0 inhomogeneities

confirms that the change in the profiles is due to B0 inhomogeneities.
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The experimental results (top), the simulation results with B0 inhomogeneities (middle), and

the simulation results without the presence of B0 inhomogeneities (bottom).
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Figure 5.18: Averaged 1D profiles of “A” (the blue line on the left) and “B” (the red line on the
left) images shown in Figure 5.17 and their subtraction “A” - “B” (the black line on the right).
The averaging took place along the direction of the wooden stick. The experimental data are
shown in the top row, the simulated data (with B0 inhomogeneities) are shown in the middle

row, and the simulated data (without B0 inhomogeneities) are shown in the bottom row.
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5.4 Qualitative comparison of the simulation re-

sults with real scan images

In this section a small selection of examples of simulated datasets are shown

which are using a realistic brain phantom as an object. Most of these examples

of these examples are qualitative in nature, (with an exception of the chemical

shift simulation) and we present them in order to illustrate the similarity between

the simulated and real images. Artifacts presented in this section are: ghosting,

chemical shift, B0 inhomogeneity, eddy currents and within-scan motion.

In all of the examples we used the McGill virtual brain [19] with the parameter

values given in Table 4.1, at 3T magnetic field strength, and an EPI pulse sequence

which we generated with parameters: TE = 30ms, TR = 3s, flip angle 90◦,

maximum gradient strength 35mT/m, rise time 0.2ms, and crushers of maximum

magnitude. It is important to note that even very small mistakes in generating

the pulse sequence cause various artefacts in the simulated images, as is the case

with a real scanner. An example of this is ghosting (Figure 5.19) that we obtained

Figure 5.19: Figures show ghosting due to a user-gradient mis-specification both in a real image
(a) and a simulated image (b). The additional distortion in the frontal area of the brain in the
real image is due to the susceptibility effect which was not included in this simulation. The

resolution in the cross-sectional plane in both images is 4 × 4mm.
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by using a pulse sequence with a very small (less than one millisecond) delay in

the echo timing.

Chemical shift artefact is shown in Figure 5.20. The figure is generated using

grey, white, CSF and fat tissues and represents the effect of difference in the

chemical shift between fat and other tissues in the brain. It also shows the

(a) (b)

($) (d)

Figure 5.20: Figures showing the effect of chemical shift at 3T in (a) an EPI image without B0

inhomogeneities; (b) T1-weighted standard gradient echo image without B0 inhomogeneities;
(c) an EPI image with B0 inhomogeneities; and (d) T1-weighted standard gradient echo image
with B0 inhomogeneities. All images are simulated with a resolution in the cross-sectional plane
of 2× 2mm. The shift of the fat tissue due to the chemical shift is: (a) and (c) 178mm in phase
encode direction (along negative y-axis) which at this resolution is 79 image voxels; (b) and (d)
1.1mm in the frequency encode direction (along positive x-axis) which at this resolution is 0.55
image voxels. These shifts were calculated from the theory and they match closely with the
simulations. It can also be seen in the figure how the effects of the artefacts are much stronger

in the EPI image than in the standard gradient echo image.
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different intensity and characteristics of the chemical shift artefact in two different

pulse sequences: an EPI imaging sequence (resolution 2 × 2mm, TE = 30ms,

TR = 3s) and a T1-weighted standard gradient-echo imaging sequence (resolution

2× 2mm, TE = 8ms, TR = 300ms). Both imaging sequences used 90◦ flip angle,

maximum gradient strength 35mT/m, rise time 0.2ms, and crushers of maximum

magnitude. Simulations were generated without B0 inhomogeneities as shown in

Figures 5.20 (a) and (b), and with B0 inhomogeneities in Figures 5.20 (c) and

(d). Chemical shift values that were used are shown in Table 4.1.

The expected amount and the direction of the resulting shift of the fat tissue

in the output images that is due to the chemical shift differences is analytically

calculated for both sequences using Eq. [5.3] (EPI sequence) and equation 1x =

δB0/G [48] where 1x is the amount of the translation in the x direction, δ is the

shielding constant and G is the frequency encoding gradient (standard gradient

echo sequence). For the EPI sequence it is estimated to be 178mm (out of 256mm

in total) in the phase encode direction (along the y axis) and that is seen in Figures

5.20 (a) and (c); and for the standard gradient echo sequence, it is 1.1mm (out

of 256mm in total) in the frequency encode direction (along the x-axis) which is

shown in Figures 5.20 (b) and (d) but is so small that can not be seen simply by

eye. In Figures 5.20 (a) and (c) we can also see some effects of ghosting of the

fat signal which is also part of the chemical shift artefact.

Figure 5.21 represents the effect of B0 field distortions in the simulation, shown

in (b), versus the case with no B0 field distortions, shown in (a). We used an EPI

pulse sequence and a resolution of 4 × 4 × 6mm in this simulation. As expected,

the biggest distortions and signal loss we obtained were in the areas close to the

air pockets in the skull, which look very similar to a real scanning case shown in

(c).

We also simulated the effects of the eddy currents. An example of the simula-
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Figure 5.21: An example of an EPI scan of sagittal, coronal and axial slices generated at 3T
magnetic field and with resolution 4× 4× 6mm, TE = 30ms, flip angle 90◦, maximum gradient
strength 35mT/m and rise time 0.2ms, matrix size 64×64 where (a) is a simulated scan with no
artefacts, (b) is a simulated scan with B0 field distortion and (c) is a real scan (different subject)
with B0 field distortions. Note how similar the real (c) and the simulated (b) distortions look

like, specially distortions in the frontal lobe and around the ears.

tion is presented in Figure 5.22 with a resolution of 2×2mm in the cross-sectional

plane. The eddy currents in this example were generated by gradients applied

in the read-out direction before the actual signal acquisition took place. More

details about the simulation of eddy currents are given in Chapter 6.

Blurring due to the object’s movement during the read-out period was also

simulated. Figure 5.23 shows the effects of a rigid-body rotation about the z-axis
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Figure 5.22: Example images showing the effects of eddy currents on an EPI image: (a) T2-
weighted image; (b) T2-weighted image with eddy currents; (c) Subtraction of image (a) from

image (b). All images have a resolution of 2 × 2mm in plane and TE = 30ms.

that happened during the signal acquisition time i.e. during the read-out period.

Note that the motion is exaggerated here (9 degrees) to make the artefact clearly

visible although much smaller movements still induce artefacts which, although

not easily visible to the eye, are potentially large enough to significantly impact

the FMRI statistics.

+ +ztime time time 

(a) (b) ($)

+zz read!out read!out read!out

Figure 5.23: Example images showing the effects of within-scan motion (rigid-body rotation
about the z-axis) on an EPI image: (a) no motion; (b) constant rotation; (c) back and forth
rotation. Note that the degree of motion is exaggerated here (9 degrees) to illustrate the effect
visually. The line underneath the image represents the angle of rotation as a function of time

with the read-out portion of the sequence represented with a dashed line.
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5.5 Summary

This chapter described the steps taken in order to validate the simulator. The

sensitivity of the simulator regarding the object voxel size was investigated. The

magnetic-susceptibility-induced B0 inhomogeneity model was validated. The sim-

ulated results, the amount of translation in phase encode direction, and the

amount of signal loss, showed excellent agreement with the known theoretical

results. The motion model was validated experimentally using simple objects for

which MR relaxation times were measured and field maps were calculated. The

scanner-acquired data showed very good agreement with simulator-acquired data

for all of the cases of motion. Chemical shift results were generated for a realistic

brain phantom. The translation observed in the fat tissue due to the chemical

shift agreed excellently with the shift calculated using the theoretical equations.

So far in this thesis the whole process of the development of the simulator

has been described: the simulation model, the implementation of that model

and the validation of the simulator. The next chapter describes the applications

of the simulator, demonstrating its usefulness in various aspects of MRI-related

research.





Chapter 6

Simulator applications

The simulator can be applied in a number of diverse applications which span both

MRI and FMRI fields. These applications include the simulation and removal of

various imaging artefacts (such as B0 inhomogeneities, rigid-body motion etc.),

development of new pulse sequences, evaluation and validation of software tools

for FMRI analysis methods (e.g. motion correction, registration, statistical anal-

ysis of images, etc.), or it can be used as an educational tool.

In this chapter five different applications of the simulator are presented. These

are: quantifying the performance of motion correction software; investigating the

performance of Independent Component Analysis (ICA) as a tool for quantify-

ing motion-related artefacts; evaluating the impact of stimulus correlated motion

artefacts; comparing different acquisition techniques for eddy-current compensa-

tion; and reproducing and extending experiments in neuronal current imaging.
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6.1 Quantifying the performance of a motion

correction algorithm

In this section we focus on quantifying the performance of a motion correction

algorithm. The motion correction algorithm in question is called MCFLIRT [6],

[36] and is a part of FSL (FMRIB’s Software Library, www.fmrib.ox.ac.uk/fsl)

[67].

6.1.1 Introduction

Motion correction is an important issue in FMRI analysis as even the slightest

patient motion (1 - 2 degrees of rotation or a few mm translation) during a scan

can mean that a voxel location does not correspond to the same physical point in

the volume as the same voxel in a subsequent volume, given a spatial resolution

of a few mm in the acquisition process. In addition, the change in signal intensity

due to motion can be far greater than the BOLD effect itself, particularly at tissue

boundaries, at the edge of the brain or near major ventricles. Before analysis

can take place to get the activation patterns of different parts of the brain, the

acquired images must be motion corrected in order for the physical and image

coordinate systems to be coincident, and for the artefacts to be removed.

At present, most FMRI motion correction methods assume a simple model of

rigid-body image transformation. In order for this approach to be accurate two

assumptions are necessary. First is that the motion happened instantaneously

and between the acquisition of the two neighbouring volumes (3D images) i.e.

just after the acquisition of one volume finished and before the acquisition of the

next volume started. This is descriptively shown in Figure 6.1, Level1. With

this assumption, artefacts such as blurring and slice misalignment do not occur.
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Figure 6.1: Figure describes at which points in the pulse sequence we can assume that the
motion has happened. The black line represents the image acquisition process in time. Red lines
describe the motion occurring instantaneously between the acquisition of the volumes (Level1),
blue lines describe the motion occurring instantaneously between the acquisition of the slices
(Level2), and the green lines represent that motion is happening continuously throughout the

whole image acquisition, including the acquisition of each of the slices (Level3).

The second assumption is that there is no interaction between motion and B0-

inhomogeneities. These motion correction methods typically compute the image

transformation that will match a 3D image at time point t to a reference tem-

plate 3D image by optimising some cost function constructed to express image

similarity. Commonly these type of methods are classified as image-similarity-

based motion correction algorithms. Some commonly used ones are the one of

Friston et. al. ([25], [26]) in the Statistical Parametric Mapping (SPM) package,

the one described by Woods et. al. ([70]) in the Automated Image Registration

(AIR) package and the one described by Jenkinson et.al [36], [6] in the FMRIB’s

Software Library (FSL) package [67]

Motion correction algorithms are one of the necessary parts of every FMRI

data analysis package. However, most of the motion correction techniques that

are developed are based on analysis of empirically acquired FMRI data, so that

the ground truth is not known and therefore the precise accuracy of the methods

difficult to estimate (e.g. see [32, 25, 41, 36]).

Accuracy testing of motion correction algorithms is usually done by the use

of simulated data. These data are usually constructed by taking a real image

from the scanner and applying 3D transformations to it in order to generate
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the motion corrupted time-series. Due to this approach, some of the important

motion artefacts are missed out and as a result the data is often simple and

unrealistic making the full evaluation of the performance of the motion correction

methods very difficult.

The simulator has the capability to simulate realistic images with complex

motion-related artefacts such as spin history or blurring. In addition, the simula-

tor does this in a controlled way, i.e. various artefacts can be simply turned “on”

or “off”. Due to these properties, the simulator can be used for testing image

analysis softwares. In this section we focus on quantifying the performance of the

motion correction algorithm MCFLIRT [6], [36].

An accuracy assessment of this software was done by Bannister [6], however

the simulated data used for the assessment was empirically derived. A high-

resolution EPI volume (2× 2× 2mm voxel dimensions) was duplicated 180 times

and each volume was transformed by an affine matrix corresponding to real mo-

tion estimates taken from an experimental study. The images were then sub-

sampled to 4 × 4 × 6mm voxels. It is expected that the effect of interpolation

when applying the transformations to the images will be minimised with this

approach of applying the transformations to a high-resolution images first and

then sub-sampling them. However the effects of the interpolation can never be

completely avoided.

Furthermore, the images were generated by applying one affine transformation

for each of the time points, as if motion happened instantaneously between the

acquisition of volumes acquired at the neighbouring time-points (Level1 motion).

This approach is sufficient for testing the accuracy of the MCFLIRT algorithm in

ideal conditions but is not sufficient to evaluate the performance of the algorithm

in realistic scanning conditions and with data that has realistic and more complex

motion effects.
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By using the simulator it is possible to address both of these issues. Firstly,

the problem of interpolation would be avoided. Secondly, the simulator is capable

of simulating all of the motion artefacts represented in Figure 2.18 and on any of

the levels represented in Figure 6.1. This provides excellent grounds for evaluation

of the performance of the MCFLIRT algorithm in realistic, but still controllable

situation. In order to show the approach used to do this, a brief description of

the MCFLIRT algorithm is needed and is given in the next section.

6.1.2 MCFLIRT Algorithm

The MCFLIRT algorithm is an image-similarity-based motion correction algo-

rithm. In order to correct the motion-corrupted images, first a reference image

is chosen from the time-series. Which volume is taken to be the reference image

is a user-defined option. The two most common options are the middle image

(default option in MCFLIRT) and the first image. All of the other images are

then registered to the reference image. The registration process is computed by

constructing a cost function which quantifies the dissimilarity between the two

images and then searches for the transformation which gives the minimum cost

value.

The method used in MCFLIRT for the process of minimisation is known as

golden section search [6]. Golden section search is performed on each of the 6

rigid-body parameters in turn. It is performed for the rotational parameters first

as these have a greater impact on the overall movement of the object than the

translational parameters (e.g. 2 degrees rotation centered in the middle of the

brain results in approximately 4mm translation at the edge of the brain) [6].

Searching in each of the 6 parameter directions stops when a specified tolerance

has been reached. The default tolerances in MCFLIRT are 0.057 degrees for the
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rotations and 0.02mm for the translations.

In the MCFLIRT algorithm a cost function is selected by the user and can be:

mutual information, correlation ratio, normalised correlation, normalised mutual

information or least squares. Each cost function is regularised via the introduction

of geometric smoothing. This is done in order to avoid small discontinuities as

the transformation parameters are varied smoothly which can create local minima

“traps”. The default cost function used in MCFLIRT is normalised correlation.

When calculating the dissimilarity between the reference image (Ir) and the

image we want to register to the reference image (I), interpolation needs to be

applied to I. This is a process that calculates the intensity in the image I at points

between the original image voxel points. The interpolation choices in MCFLIRT

are: trilinear, sinc and nearest neighbour. Different choices of the interpolation

function are used for different stages of the algorithm.

The registration process is done in a few different stages. The first stage is

performed on data which is sub-sampled to 8mm isotropic voxels to allow the gross

intensity patterns in the images to drive the registration. The optimisation during

this stage is performed using trilinear interpolation and the stopping tolerance

for the golden search process is specified to be relatively large (0.45 degrees for

the rotations, and 0.16mm for the translations). The second stage is performed

on 4mm isotropic voxels, using trilinear interpolation and the same tolerance

level as the one defined during the first stage. During the third stage the size

of the voxels is maintained at 4mm, the interpolation is still trilinear but the

tolerance is reduced to the default values (0.057 degrees for the rotations and

0.02mm for the translations). These three stages are the default stages of the

MCFLIRT algorithm. An extra fourth stage is optional, and is the same as

the third stage except that the sinc interpolation method is used instead of the

trilinear interpolation method.
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Once the minimisation process is finished and all of the transformation param-

eters are estimated, a transformation is applied to the image. This transformation

can be applied using either trilinear or sinc or the nearest neighbour interpolation

method (the default in MCFLIRT is trilinear interpolation).

6.1.3 Methods

In this work, two different aspects of MCFLIRT performance are evaluated:

• Accuracy of the estimated motion parameters,

• Accuracy of the application of the final transformation.

Methods which were used to do so are described in this section. Firstly, simulated

data used for the evaluation purposes is described. Following from there, various

MCFLIRT options and test measures are described for both of the two different

aspects of MCFLIRT performance.

Simulated data

Data was simulated in such a way as to incorporate various levels of complexity

at different stages. More specifically, the five different groups of simulated data

were:

Group1: Level1 motion, no B0 inhomogeneities, without noise. This

group of simulations will be affected by the position displacement and also by the

spin history artefact (which is unavoidable when using realistic motion sequences).

Motion parameters (rotations and translations) were extracted from a patient

study done by Hill et al. [34] and are shown in Figure 6.2.

The step-wise look of the motion parameters is due to the fact that the mo-

tion is defined, for this simulation, to happen instantaneously and between the
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Figure 6.2: Level1 motion used in the simulations for Group1 and Group2.

acquisition of neighbouring volumes. Simulations were firstly done for motion

paradigms where only one parameter is changing and all others are zero. The

waveform of the motion parameter that is changing was taken from Figure 6.2.

In addition to this, simulations were done when all of the motion parameters are

changing together (following the pattern represented in 6.2).

Group2: Level1 motion, with B0 inhomogeneities, without noise. This

group of simulations will, in addition to all of the artefacts of Group1, also add

B0 inhomogeneities. Motion parameters and the simulation method is the same

as the one described for the previous group.

Group3: Level2 motion, with B0 inhomogeneities, without noise. This

group will, in addition to all of the artefacts of Group2, also be affected by

the slice misalignment. The motion parameters are shown in Figure 6.3. The

difference between this and the motion file used for Group1 and Group2 is that

this motion is also happening instantaneously, but between the acquisition of the

consecutive slices. The motion parameters for each of the slices were interpolated
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Figure 6.3: Level2 motion used in the simulations for Group3.

using piecewise cubic spline interpolation from motion parameters used in the

Group1.

Group4: Level3 motion, with B0 inhomogeneities, without noise. This

group will, in addition to all of the artefacts of Group3, also be affected by

blurring in the images. The motion parameters used for this group are shown in

Figure 6.4. They represent continuous motion. The motion parameters for each of

the time points were interpolated using piecewise cubic spline interpolation from

motion parameters used in Group1. Simulations were done for small, medium

and large motion. Medium motion is the one represented in Figure 6.4 (with the

maximal motion of 0.8mm for the translations and 0.8 degrees for the rotations),

small motion is the medium motion divided by 5 (maximal motion of 0.16mm for

the translations and 0.16 degrees for the rotations), and the large motion is the

medium motion multiplied by 3 (maximal motion of 2.4mm for the translations

and 2.4 degrees for the rotations).
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Figure 6.4: Level3 motion used in the simulations for Group4 and Group5.

Group5: Level3 motion, with B0 inhomogeneities, with noise. This

group will, in addition to all of the artefacts of Group4, be affected by the noise

in the images. The only difference in the simulations from the previous group is

that the various noise levels are added to the image. Standard Signal to Noise

(SNR) values for single shot EPI images range from 100 to 200 [13]. Simulations

were done for SNR=100, SNR=150 and SNR=200.

By separating the groups of simulations like this we hope that we can measure

the influence that each of the motion effects has on MCFLIRT performance.

All of the simulations were performed using the McGill virtual brain with

the parameter values given in Table 4.1, at 3T magnetic field strength, and an

EPI pulse sequence which we generated with parameters: TE = 30ms, TR = 3s,

flip angle 90◦, maximum gradient strength 35mT/m, rise times 0.2ms, BW =

100KHz crushers of maximum magnitude, output voxel size 4×4×7mm, 25 slices

and 20 volumes. In the cases when the B0 inhomogeneity field was simulated, a

set of 9 basis volumes are passed into the simulator. Slice acquisition order ran

in the -z direction.

Once the data sets were generated, they were motion-corrected using various
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options of MCLFIRT. As mentioned at the beginning of this section, two different

aspects of motion correction are looked at: Accuracy of the estimated motion pa-

rameters; and Accuracy of the application of the final transformation. These are,

together with test measures used to assess the accuracy of the results, described

in the two following sections.

Accuracy of the estimated motion parameters

The accuracy of the transformation estimation was tested for a specific choice

of cost functions, interpolation functions and other options as described in the

following.

Two different cost functions are investigated: normalised correlation (the cur-

rent default option) and correlation ratio. These two were chosen as they were

found to be the two most successful in the accuracy assessment done by Bannister

[6] (with a slight preference towards the normalised correlation).

Regarding the number of stages in the optimisation process, the current de-

fault one (three stage process using trilinear interpolation) was compared to the

four stage process with an extra optimisation step using the sinc interpolation (as

described in the previous section). The tolerance levels chosen for the golden sec-

Stages Ref Image Tolerance Cost function
TrilF 3 First default Norm corr
TrilM 3 Middle default Norm corr

TrilMTol 3 Middle reduced Norm corr
TrilMCr 3 Middle default Corr ratio
SincF 4 First default Norm corr
SincM 4 Middle default Norm corr

SincMTol 4 Middle reduced Norm corr
SincMCr 4 Middle default Corr ratio

Table 6.1: Eight different combinations of MCFLIRT options that were tested in the experi-
ments for testing the accuracy of the estimated parameters.
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tion search were also looked at. The results generated by the current default one

(0.057 degrees for the rotations and 0.002mm for the translations) were compared

to results obtained using the new reduced one (0.0057 degrees for the rotations

and 0.0002mm for the translations).

In addition to this, a comparison was done for two different choices of the

reference image. The choice of the middle image in the time-series (the current

default option) is compared to the choice of the first image in the time-series.

In summary, results were generated for eight different choices of motion cor-

rection options which are shown in Table 6.1. In order to assess the accuracy of

these options two different test measures are used.

Test measure for Group1 and Group2: For the first two groups of the

simulated data sets motion was instantaneous and happened between the acqui-

sition of neighbouring volumes. From this it follows that the volumes themselves

are only affected by the affine transformations and therefore can be completely

corrected by applying the MCFLIRT algorithm. As the motion parameters for

the simulations are known, it is possible to compare them with those estimated

by the MCFLIRT algorithm. In order to calculate the difference between these

two affine transformations (the true one, and the one estimated by MCFLIRT) a

root-mean-square (RMS) average metric is employed [35].

The RMS average metric is calculated on the transformed coordinates of the

volume. More specifically, when comparing two transformations, T1 and T2, each

mapping volume A to volume B (the reference volume), if the transformations

are identical then the points in volume B will be the same. However, in general

the transformations differ and so map xA to two different points: xB1 and xB2.

The vector difference between these points, ∆x = xB2 −xB1, represents the error

in the transformation. It is the average magnitude of this error that is of interest.
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This method of calculating the error is more suited than the other commonly

used method of calculating the error directly on the transformation parameters.

The reason for this is that when calculating RMS on rotation parameters directly

we get the difference in degrees which is the same everywhere no matter how

big the brain is. When calculating the difference in transformed coordinates

over the whole brain we take that into account (for example for some brains 2

degrees in the centre is 4mm on the edge, and for some it is 3mm or 5mm etc.). In

addition, for measuring the average error over the brain volume a spherical volume

is chosen. This is done because it is the simplest and the closest approximation

of the brain volume. Using cubic volume generates larger errors as the rotational

error increases with increseing the distance from the centre of the cube (specially

affected are the corners as they are the furthest).

In general, the error vector can be written as ∆x = Mx and then can be used

to give the squared error:

E2 = |∆x|2 (6.1)

= (∆x)((∆x) (6.2)

= x(M(Mx. (6.3)

The normalised RMS error is then given by:

E2
RMS =

∫
V E2 dx∫

V dx
. (6.4)

Changing the variables into the spherical coordinates, and integrating over the

whole spherical volume the RMS error becomes:

ERMS =

√
1

5
R2Trace(A(A) + (t + Axc)((t + Axc) (6.5)

where xc is the center of the volume of interest, R is the radius of the spherical
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volume encompassing the brain,

M = T2T
−1
1 − I =



 A t

0 0 0 0



 (6.6)

and T1 and T2 are the transformations that are being compared i.e. MCFLIRT

estimated transformation and the true transformation used to create the sim-

ulations. This measure gives an estimate in real units (mm) of the difference

in transformations. More details on solving this equation are described in [35].

Once the RMS difference for each of the volumes is known, a mean value and a

standard deviation for all of the volumes is calculated.

Test measure for Group3, Group4 and Group5: Simulations in Group3,

Group4 and Group5 need to be treated differently to the simulations in Group1

and Group1. The object is moving during the acquisition of the volumes, creat-

ing effects in 3D images which cannot be fully compensated for by a pure affine

transformation. This is because the slices will not be aligned anymore and no

single 3D transformation can fix that. MCFLIRT only handles affine transfor-

mations on 3D images in its correction process, ignoring the other effects which

are due to, say, slice-misalignment or blurring. Therefore validating MCFLIRT

with respect to this kind of motion is unfair as MCFLIRT does not claim to be

doing these corrections anyway. What is, however, possible to do is to evaluate

its performance in these kind of realistic situations.

RMS difference is calculated in a very similar fashion as described above for

the previous test measure. The first important difference here is that there is

no one affine transformation that can correct the image (this is due to the slice-

misalignment). Therefore, the true motion parameters are used to construct a

separate transformation for each of the slices in the volume, and RMS difference

is calculated for each of these slices individually. The second important difference
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is that the RMS is calculated numerically and not analytically like in the previous

case. One MCFLIRT and one true transformation were applied on each voxel of

slice and the distance between the transformed voxels (in mm) was calculated.

This distance is then squared, and the sum over all of the squared distances

calculated. The mean of this sum is found and its squared root taken:

ERMS =

√
1

N

∑

x∈S

‖T1x − T2x‖2 (6.7)

where S stands for a slice, N is the number of voxels in the slice and T1 and T2

are the transformations that are being compared. Once the RMS difference for

each of the slices is known, a mean value and a standard deviation for all of the

slices over all of the volumes is calculated.

Accuracy of the application of the final transformation

The accuracy of application of the transformation matrix was tested for differ-

ent interpolation techniques: trilinear (the current default in MCFLIRT), near-

est neighbour and sinc interpolation. Results were generated for three different

choices of motion correction options which are shown in Table 6.2. In order to

Stages Ref Image Tolerance Cost function Final interp
NearN 4 First default Norm corr Nearest neighbour
Tril 4 First default Norm corr Trilinear
Sinc 4 First default Norm corr Sinc

Table 6.2: Three different combinations of MCFLIRT options that were tested in the experi-
ments for testing the accuracy of the application of the transformation.

assess the accuracy of MCFLIRT the following test measure is used:

Test measure: This is a measure applied directly on the corrected images and

not on the parameter estimates as it was the case with the measures used when
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accuracy of the estimated motion parameters was tested. A simple difference

between the motion corrected image I1 and the motionless image I2 was calculated

and divided by the averaged motionless image as shown in the equation:

E = 100
(I1 − I2)

Iav
2

(6.8)

where 100 transforms the result into percentages. In order to get further insight

into the characteristics of this error, the minimum, 10th percentile, mean, median,

90th percentile and the maximum value of the error over all of the volumes are

summarised.

6.1.4 Results and discussion

Accuracy of the estimated motion parameters

Figures 6.5, 6.6 and 6.7 show the results of motion correction for Group1 (Level1

motion, no B0 inhomogeneities) and Group2 (Level1 motion, with B0 inhomo-

geneities) of simulated data. On the left hand side of the figures, the calculated

RMS difference between the true and MCFLIRT estimated transformations is

shown. Green lines represent the results for the case with no B0 inhomogeneities

(Group1), while black lines represent the case with B0 inhomogeneities (Group2).

On the right hand side of the figures, the value of the estimated motion parame-

ter is shown. The true value which was used in the simulations is in blue, while

each of the other lines represents motion correction done with a combination of

options described in the legend.

It can be observed from figures 6.5, 6.6 and 6.7 that the overall accuracy of

the MCFLIRT estimation of the motion parameters in the case of single motion

parameter change for Group1 and Group2 (the motion happens instantaneously

and between the acquisition of the neighbouring volumes) is good. The mean

error does not exceed 0.08mm (for translations), and 0.3mm (for rotations).
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Figure 6.5: RMS mean error results for the MCFLIRT motion correction algorithm when
applied to data simulated with only one motion parameter changing: Translation in x (top
row); Translation in y (middle row); Translation in z (bottom row). The data belongs to
Group1 (green lines) and Group2 (black lines). The left hand side plots show the error bars
which indicate the standard error. The right hand side shows the MCFLIRT estimation of the
motion parameter that is changing. The true values of that motion parameter (the ones used

in the simulations) are shown with a blue line in each of the plots.
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Figure 6.6: RMS mean error results for the MCFLIRT motion correction algorithm when
applied to data simulated with only one motion parameter changing: Rotation about x (top
row); Rotation about y (middle row); Rotation about z (bottom row). The data belongs to
Group1 (full lines) and Group2 (dashed lines). The left hand side plots show the error bars
which indicate the standard error. The right hand side shows the MCFLIRT estimation of the
motion parameter that is changing. The true values of that motion parameter (the ones used
in the simulations) are shown with a blue line in each of the plots. Note that the scale for the

error plots is larger than the scale used in the translation error plots shown in Figure 6.5.
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Figure 6.7: RMS mean error results for the MCFLIRT motion correction algorithm when
applied to data simulated with all of the motion parameters changing. The top plot shows the
error bars which indicate the standard error for Group1 (full lines) and Group2 (dashed lines).
Other plots show MCFLIRT estimation of the motion parameters. The true values (the ones

used in the simulations) are shown with a blue line in each of the plots.



6.1. QUANTIFYING THE PERFORMANCE OF A MOTION COR-

RECTION ALGORITHM 162

It can also be seen from Figure 6.7 that each individual estimated motion

parameter from the simulated data when all of the motion parameters are chang-

ing, was matched very well with the estimated motion parameters from the data

when only one motion parameter is changing (shown in figures 6.5, 6.6).

A few differences can be seen between different motion correction options.

Firstly, regarding the choice of the cost function, it was shown that the motion

correction using the corelation ratio cost function did not perform as well as the

one using the normalised correlation. This confirms the results of validation done

by Bannister [6], and further justifies the use of the normalised correlation cost

function in the MCFLIRT algorithm.

Regarding the number of stages in the optimisation process, the current de-

fault one (three stage process using trilinear interpolation) was compared to the

four stage process with an extra optimisation step using the sinc interpolation.

The results suggest considerable improvement when using four stages in the mo-

tion correction process. This improvement was stable across all of the different

parameters, including the situation when the motion was quite complex, involving

a change in all of the parameters.

The results regarding the tolerance levels chosen for the golden section search,

suggests that the current default tolerance level (0.057 degrees for the rotations

and 0.002mm for the translations) performed as well as the reduced tolerance

level (0.0057 degrees for the rotations and 0.0002mm for the translations). This

suggests that the current default tolerance level in the MCFLIRT is sufficient for

the parameter estimation.

In addition to this, results regarding the different choices of the reference

image (first image versus the middle image in the time series) are also shown. The

choice of a reference image did not seem to impact results significantly or in any

predictable way. It is possible that the shape of the motion paradigm influences



6.1. QUANTIFYING THE PERFORMANCE OF A MOTION COR-

RECTION ALGORITHM 163

the preferable reference image. It would be interesting to further analyse the

relationship between the two.

In addition to the conclusions drawn about the various motion correction

options, a significant observation was made regarding the B0 inhomogeneities. It

can be seen in all of the figures (Figures 6.5, 6.6 and 6.7) that the presence of the

magnetic-susceptibility-induced B0 inhomogeneities (black lines) did not make a

significant difference in the estimation of the motion parameters. This is quite

an interesting and new observation. The error did increase in most of the cases,

but this increase was not as big as what might be intuitively expected.

The results for the simulated data of Group4 and Group5 are shown in Figure

6.8, on the left and right hand side respectively. For the left plot, RMS error was

calculated for the simulations of different motion intensities: red line representing

the error for the large motion, blue line representing the error for the average

motion, and black line representing the error for the small motion. It can be

seen from the plot that as the motion level increases the size of the error also

increases as expected. An interesting observation is that the amount of this

increase is (almost) linearly proportional to the increase in the motion level.

More specifically, the Medium motion and the Small motion are different by a

factor of 5 while their respective mean RMS errors are (on average) different by

a factor of 4.19. Also, the Medium motion and the Large motion are different by

a factor of 3 while their respective mean RMS errors are (on average) different

by a factor of 2.45.

The right hand side plot in Figure 6.8 shows the RMS error calculated for the

simulations of Group5 with different noise levels: SNR=100 (red line), SNR=150

(black line) and SNR=200 (green line). The results show that the difference in

noise level did not significantly influence the accuracy of estimated parameters.

A summary of the impact of different levels of complexity of the data on the
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Figure 6.8: RMS mean error results for the MCFLIRT motion correction algorithm when applied
to: simulated data of Group4, Large, Medium and Small motion, no noise (left); simulated data
of Group5, Medium motion, SNR=100, SNR=150, SNR=200 (right). Both Group4 and 5 are
simulated with the motion that varies continuously throughout the image acquisition and with

B0 inhomogeneities.

RMS error results is shown in Figure 6.9.

Different levels of motion had different impacts on the accuracy of parameter

estimation. Motion that happens instantaneously between the volume acquisi-

tions (Level1), was the easiest to correct and the error was the smallest. The

presence of B0 inhomogeneities did create a difference but this difference was not

prominent.

Motion that happens instantaneously between the slice acquisitions (Level2),

adds an extra motion artefact to the images: slice misalignment. From the results

it is concluded that the slice misalignment created a big difference (by a factor

of 1.7) in parameter estimation.

Motion that happens continuously throughout the image acquisition (Level3),

adds (on the top of Level2 motion) an extra motion artefact to the images: blur-

ring. From the results however it is concluded that blurring does not considerably

change the accuracy of parameter estimation. The accuracy does not change much

either when noise is added to the images (SNR=100).
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Figure 6.9: RMS mean error results for the MCFLIRT motion correction algorithm when applied
to simulated data of Group1 (green line), Group2 (black line), Group3 (red line), Group4 (blue

line), Group5 (magenta line).

Accuracy of the application of the final transformation

Results of the experiment testing the accuracy of MCFLIRT algorithm regarding

the application of the estimated transformation at the final stage of the the al-

gorithm are represented in Table 6.3. The error was calculated for Group 1 and

2 simulations (one representative for the translation data, one for the rotation

data and one for “All”, when all the parameters are changing) and is represented

in the first half of the table. The error calculated for the group 3, 4 and 5 simu-

lations is shown at the bottom of the table. The error was calculated using the

test measure described in the Methods section.

Results presented in Table 6.3 show that the choice of the interpolation func-

tion when resampling the image (in the final stage of the MCFLIRT algorithm)
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min 10th perc 50th perc mean 90th perc max
Group1, Tx

NearN 0 0.000178 0.014675 0.192475 0.448458 18.131998
Tril 0 0.000138 0.014644 0.166135 0.429214 17.592768
Sinc 0 0.000014 0.010066 0.112660 0.306298 14.459094

Group2, Tx
NearN 0 0.000209 0.019885 0.194751 0.444200 19.272722
Tril 0 0.000185 0.019118 0.165766 0.417982 18.684446
Sinc 0 0.000015 0.013760 0.115542 0.306869 14.970655

Group1, Rx
NearN 0 0.188789 0.010270 0.188789 0.429271 25.985754
Tril 0 0.000231 0.010820 0.190849 0.469642 15.738885
Sinc 0 0.000036 0.007971 0.141556 0.370623 13.398987

Group2, Rx
NearN 0 0.000236 0.012326 0.197366 0.447132 27.397284
Tril 0 0.000226 0.013160 0.187879 0.460936 24.340437
Sinc 0 0.000034 0.009653 0.145426 0.379373 20.820518

Group1, All
NearN 0 0.000937 0.044183 0.490567 1.121255 50.736828
Tril 0 0.000960 0.046705 0.454624 1.160782 27.538780
Sinc 0 0.000151 0.033376 0.308924 0.834392 19.972572

Group2, All
NearN 0 0.001182 0.059673 0.516598 1.190839 51.670368
Tril 0 0.001290 0.062503 0.456827 1.164064 29.679621
Sinc 0 0.000179 0.046147 0.325090 0.870691 28.005516

Group3, All
NearN 0 0.000970 0.060904 0.507177 1.149266 48.778713
Tril 0 0.000981 0.063039 0.449183 1.119420 31.585869
Sinc 0 0.000138 0.047097 0.317496 0.828243 30.682161

Group4, All
NearN 0 0.000970 0.060969 0.507427 1.149931 48.751251
Tril 0 0.000988 0.063085 0.449275 1.119950 31.431250
Sinc 0 0.000138 0.047163 0.317567 0.827249 30.543518

Group5, All
NearN 0 0.074081 0.413926 0.760446 1.396072 49.125244
Tril 0 0.068711 0.380343 0.681543 1.336535 31.405405
Sinc 0 0.059400 0.386406 0.599571 1.225205 30.497026

Table 6.3: Representing the error (in percentages of the average image intensity) which occurred
when the final transformation was applied to the images. Results for three different interpolation
techniques and for different levels of simulated data complexity (increasing from the top to the

bottom) are given.
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was important. Use of sinc interpolation was the best option out of the three in-

terpolation techniques (trilinear interpolation, nearest neighbour, and sinc). The

second best option was the use of the trilinear interpolation (which is the current

default option in MCFLIRT) while the use of the nearest neighbour proved to be

the worst.

It can also be observed from Table 6.3 that the overall accuracy of the MCFLIRT

application of the final transformation decreases as the simulations become more

realistic. When only one motion parameter is changing, and the motion is happen-

ing instantaneously between the volume acquisitions (Group1, top of the table)

correction of translations was done more accurately than correction of rotations,

which was expected. For the case of a single parameter changing, the error levels

go even as high as 19% but the minimum, mean, maximum and the 90th per-

centile are overall less than 0.3% (when using sinc interpolation) of the average

image intensity. The situation is worse when all of the parameters are changing

with the error increasing more than twice compared to the previous cases. In this

case, the 90th percentile of the error is 0.83% (when using sinc interpolation) of

the average image intensity. As the simulations become more realistic the error

increasses. In the most realistic case of continuous motion (Level3 motion) with

B0 inhomogeneities and noise (SNR 100), 90th percentile of the error increases

to 1.22%.

It can also be observed from Table 6.3 that the magnetic-susceptibility-induced

B0 inhomogeneity did not make a big impact when evaluating the accuracy of the

resampling techniques in the final stage of the MCFLIRT algorithm (difference

between the groups 1 and 2 in the table). This is slightly suprising and very

similar to what is found in the previous section.
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6.1.5 Conclusions

The MCFLIRT algorithm showed good performance when tested for various types

of simulated data. This was specifically true for estimating the motion parame-

ters. It was found that four stages of optimisation when estimating the motion

parameters, with the fourth stage using sinc interpolation, performed significantly

better than the three stage option which is the current default in MCFLIRT. In

addition to this, it was found that the final transformation is significantly more

accurate when applied using the sinc interpolation than when applied using the

trilinear interpolation which is the current default option in MCFLIRT.

It was found that by increasing the complexity levels of the simulated data

(with non-rigid deformations due to motion) the MCFLIRT performance became

worse which is logical and expected as MCLFIRT assumes simple rigid-body

transformation of the object. It was found that slice misalignment strongly im-

pacts the parameter estimation while, B0 inhomogeneity, blurring and noise do

not.

In addition to finding more accurate choices of some of the existing MCFLIRT

options, the results suggest that the main step forward in improving the MCFLIRT

algorithm is including the model for correction of the distortion due to slice mis-

alignment.
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6.2 Quantifying motion artefacts with ICA

This section describes an application of the simulator in investigating the per-

formance of ICA as an aid to motion correction. The results presented in this

section were done in collaboration with Christian Beckmann and are published

in Drobnjak et al. [21].

6.2.1 Introduction

FMRI data contain many motion-related artefacts which can limit its usefulness.

Many approaches exist to correct for rigid-body motion effects but they strug-

gle to do so in cases when motion has more complex impact on the data (e.g.

spin history, slice mis-alignment, or interaction of motion and the B0 field in-

homogeneities). Independent Component Analysis (ICA) on FMRI data can be

used to spatially and temporally identify these artefacts, and then by doing ICA

denoising (or some other advanced pre-processing method) remove the artefacts

from the data.

However, in order for ICA-based tools for motion correction to be used, the

accuracy and usefulness of ICA for motion artefact identification and quantifi-

cation needs to be tested with data which contains realistic artefacts and for

which the ground truth is known. This section shows the performance of ICA on

simulated data which includes rigid-body motion effects for in-plane rotations,

including the interactions with B0 inhomogeneities.

6.2.2 Methods

The data was simulated using an EPI pulse sequence with 4mm in-plane resolu-

tion (64 × 64 voxels), nine 3mm slices, TR=3s, TE=30ms for 98 volumes. The

BrainWeb partial volume tissue estimates were used as the object model. T ∗
2
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time courses were derived by fitting the equation S = S0 exp(−TE/T ∗
2 ) to an

experimentally acquired FMRI data set (from Montreal Neurological Institute,

McGill University), where S is the measured signal intensity, TE is the echo

time and S0 is the baseline intensity (determined from the average value of S un-

der baseline conditions). The BOLD changes modelled by this T ∗
2 change include

stimulus-related activations as well as those of no interest (“physiological noise”).

Figure 6.10: Rotation about the z-axis (degrees). Time is in seconds.

Figure 6.10 shows the change in motion parameter (rotation about the z-axis

up to 0.8 degrees) over time. Four separate simulations were generated: (1)

no motion; (2) motion represented in Figure 6.10 which is an average of 0.046

degrees per TR; (3) three times this motion which is 0.138 degrees per TR; and

(4) five times this motion which is 0.23 degrees per TR. Rician noise (SNR=100)

was added to all of the simulation outputs and a motion correction algorithm

(MCFLIRT), was applied to all of them. ICA was carried out using MELODIC

[7].



6.2. QUANTIFYING MOTION ARTEFACTS WITH ICA 171

6.2.3 Results and discussion

There were 14 different IC components estimated by MELODIC in each of the

simulations. Figure 6.11 shows two example components due to motion. Both

of the components show effects of the global rotational motion as well as the

motion-B0 field interaction, which can be seen around the edges of the brain

and the B0-effected areas. The first component shows more localization in the

Figure 6.11: An Independent Component (IC) with predominantly motion-B0 effect (selected
due to the localisation of the effect in the B0-affected areas, in red and blue) on the left hand
side. An IC predominantly showing the effects of global rotational motion on the right hand

side (selected due to the localisation of the effects around the edges, in red and blue).

B0-affected areas and therefore is predominantly associated with the motion-B0

interactions. Furthermore, the time courses of the two components are different,

as the first closely resembles the original input motion, while the second one does

not. This suggests that the influence of the motion on the data is much more

complex and does not have a simple relationship with the motion parameter

time-course.

In Figure 6.12 the total standard deviation explained by the ICA components

in the 4 datasets can be seen. The results in this figure show that the non-motion

related components had a very similar standard deviation in each case, while the

level of residual motion artefact (after motion correction) increased steadily with
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Figure 6.12: A bar-chart which shows the absolute value of the total standard deviation (std)
in the simulated data. The four bars represent std explained with ICs found from the four sim-
ulations (average motion levels of: 0 deg/TR; 0.046 deg/TR; 0.138 deg/TR; and 0.23 deg/TR).
Dark blue bars represent the std associated with all the non-motion-related IC components,
while light blue, green, orange and brown bars represent the std of individual motion-related

ICs.

Figure 6.13: The table is showing the correlation coefficients between thresholded IC spatial
maps for the non-motion data set and the 3 motion-affected data sets. Only IC1 shows poor
correlation since it had similar spatial and temporal characteristics as the motion components
and was not effectively separated from the motion components. Note that a correlation value
of 0.2 or higher has less than a 0.01 probability of occurring by chance (based on Fishers r-to-z

transformation).

increasing motion levels. Similarly the number of estimated ICA components was

increasing with increasing motion.

Furthermore, the non-motion-related ICs are consistently estimated in each

case, as shown by the correlations between them in Table 6.13. Rows 2, 3, 4

of this table show correlation coefficients of the non-motion data with the three

motion-corrupted datasets (ascending motion levels).
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6.2.4 Conclusions

Degraded quality of FMR images due to motion is often observed in real exper-

iments [31] (e.g. in patients) and is hard to correct, making FMRI less reliable

than often required in clinical practice. We have shown quantitatively how ICA

can be used to identify motion-related components, how the variation (std) of

these components is related to amount of motion, and how the temporal charac-

teristics of some of the motion components is not linearly related to the motion

parameter changes. Furthermore, we have shown that the remaining, non-motion-

related components are reliably estimated even when large amounts of motion are

present. The complicated relationship between motion-artefact and motion pa-

rameters can only be explored because of the use the simulator. This complicated

relationship also demonstrates that simple motion-artefact-reduction (e.g. using

motion parameters as regresses) is not sufficient to correct for such artefacts.
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6.3 Evaluating Stimulus-Correlated Motion Ar-

tifacts

In this section we show an application of the use of the simulator in modelling

the impact of stimulus-correlated motion in FMRI data. The results represented

in this section are published in Drobnjak et al. [22].

6.3.1 Introduction

Degraded quality of FMR images due to stimulus-correlated motion (SCM) is

often observed in real experiments [31], [34], specifically in patients, and is hard

to correct with existing motion correction methods. Rigid body motion correction

algorithms, such as MCFLIRT, that were described in Section 2 cannot remove

fully the SCM effects.

Most methods use rigid-body motion correction algorithms as the first step.

During the statistical analysis of the FMRI data they apply a second step that

uses the estimated motion parameters from the first step (or from some other

method such as ICA) to remove the motion-induced fluctuation from the voxels

by regressing the estimated motion parameters from the FMRI signal [26]. This

method has been proved to be very good with the motion in general, but struggles

to cope with the case when the motion is correlated with the experimental stim-

ulus because when regressing the estimated motion parameter lots of the signal

gets regressed as well.

In this section the simulator is applied in order to qualitatively show the effects

that stimulus-correlated motion has on the FMRI data. We present simulations of

two FMRI datasets, each corrupted with a different kind of head motion: motion

correlated with the experimental paradigm; and motion uncorrelated with the
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experimental paradigm. We show the different effects of these motion sequences

on activation maps and how rigid-body motion correction algorithms that do not

account for artefacts cannot recover the true activation maps.

6.3.2 Methods

In order to simulate BOLD activation (Figure 6.14), realistic T ∗
2 values that con-

tain activation, resting state networks and neuronal noise were used. They were

derived by fitting the equation S = S0 exp(−TE/T ∗
2 ) to an experimentally ac-

quired FMRI data set (from Montreal Neurological Institute, McGill University),

where S is the measured signal intensity, TE is the echo time and S0 is the

baseline intensity (determined from the average value of S under baseline con-

ditions). The experiment that the data was generated from involved auditory

naming with the paradigm consisting of six blocks ‘on’, and six blocks ‘off’. Dur-

ing ‘on’ blocks, subjects hear a description of an object and had to think of the

name of the object.

Simulations were generated with and without the presence of the B0 field

distortions (top two versus bottom two rows in both (a) and (b) of the Figure

6.14); and with (i) no motion, (ii) motion that is uncorrelated with the experi-

ment paradigm and (iii) motion that is correlated with the experiment paradigm

(described with values under each image). The two motion sequences shown in

the figure were used to generate seven different motion sequences each, by scaling

the rotation angles by 0, 1/50, 1/20, 1/10, 1/5, 1/2, and 1. For each of these

sequences the amount of motion experienced by the object voxel that undergoes

the maximum motion (expressed in percentages of the image voxel) is evaluated

and is shown under each activation image.

Thermal noise was included with Contrast to Noise Ratio CNR ∼ 1. Analysis
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was carried out using FEAT (FMRI Expert Analysis Tool) Version 5.42, part of

FSL (FMRIB’s Software Library, www.fmrib.ox.ac.uk/fsl ). The following pre-

statistics processing was applied; spatial smoothing using a Gaussian kernel of

FWHM 5mm; mean-based intensity normalisation of all volumes by the same

factor; highpass temporal filtering. Time-series statistical analysis was carried

out using FILM with local autocorrelation correction [71]. Z (Gaussianised T/F)

statistic images were thresholded using clusters determined by Z > 2.3 and a

(corrected) cluster significance threshold of P = 0.01 determined by the Gaussian

Random Field theory [72].

Motion correction was done separately, prior to this processing, by applying

the inverse of the known input rotation and translation to each image, using

trilinear interpolation. Note that this corresponds to the ‘ideal’ case of rigid-

body parameter estimation, and is not affected by the image artefacts.

6.3.3 Results and discussion

The BOLD changes modelled in these images includes changes of interest but also

those of no interest (“physiological noise”). In Figure 6.14 (a), it can be seen as

expected, uncorrelated motion has acted as extra random noise and, depending

on the strength of motion, the activations shrank or were completely lost. On the

other hand, motion that is correlated with the experimental paradigm created

many false activations which can be seen in the images in Figure 6.14 (b). As

the motion became larger, the maximum rotation ranging from 0.08◦ to 4◦, the

size and the number of false activations increased as well. This is particularly

emphasised in the cases with the B0 distortion in which case false activations are

also seen at the edges of the areas affected by the B0 artefact.

As the motion amplitude increases the number of erroneous activation clusters
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Figure 6.14: Images showing the effects of motion of different magnitudes on BOLD changes.
On the right hand side of both (a) and (b) are figures describing the experimental paradigms
together with the varying motion parameter (rotation about z-axis). Simulations generated with
the average amount of motion (ranging between -0.7 and 0.7 degrees) experienced maximum
30% and 35% (in image voxels) movements, in the case (a) and (b) respectively. Figure (a)
shows the resulting activation images when the motion is uncorrelated with the experimental
paradigm in which case it acts like added noise and therefore, as expected, with increase in
motion some of the activations are lost inspite of the motion correction. Figure (b) shows the
resulting activation images when the motion is correlated with the experimental paradigm. As
expected, some false activations are seen on the edges of the images and also on the edges of

the B0 affected areas (in the case of simulations with B0 perturbation - bottom two rows).
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increases as well. Some of the erroneous activation clusters look quite realistic

and like real activations (e.g. the activation site just next to the B0 distorted

area). Such real looking activations in a real experiment, which are solely due to

motion, often get confused with the real activations. In order to avoid any danger,

researchers tend to model out all of the images that look suspicious. This causes

a loss of valuable data, and is costly regarding the time and the resources.

A follow up application after the one described in this section would be to

use the simulator in order to predict these erroneous activation sites so that

they could be differentiated from the real activation sites. The simulator would

use the motion parameters estimated by the use of an existing motion correction

algorithm and, together with all of the subject-, scanner-, and experiment-specific

properties, predict where the false activations (if any) would be in the images.

If the approach proves to be successful and commonly used in practice, it could

possibly save quite a lot of data that would otherwise be lost and would help in

increasing the chance of the accurate and precise results in the FMRI. It would

specifically be helpful in individual clinical FMRI experiments when there is only

one chance to do the experiment.

6.3.4 Conclusions

These simulations demonstrated that stimulus uncorrelated motion reduces the

number and the size of activations but does not induce erroneous activations.

This behavior was the same with or without the presence of the B0 magnetic field

inhomogeneities. It was shown that in the case of average motion the number

of the activation sites and their size was not significantly different from the true

one.

On the other hand, it was concluded that stimulus-correlated motion both
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reduces the number and the size of true activations and creates erroneous activa-

tions. The number, position and extent of the erroneous activations was depen-

dent on the presence of the magnetic field inhomogeneities. It was also shown

that in the case of average motion the number of the activation sites and their

size was significantly different from the true one. This conclusion confirms the

results that stimulus-correlated motion affects the data significantly more than

the stimulus-uncorrelated motion.

Possible extensions of this application were also suggested. These would serve

as a tool to predict the erroneous activations, and eliminate them from the real

data. The proposed method would possibly be able to save large amounts of

motion corrupted data which would otherwise be lost.
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6.4 Eddy Current Effects

This work was performed in collaboration with Rita G. Nunes and Stuart Clare

from FMRIB’s Physics Group. It was published in [56].

A study where the eddy current effects were simulated for the standard and

optimised sequences is presented. The ability to correct for the effect of eddy

currents using an affine registration method is analysed.

6.4.1 Introduction

In order to be able to infer on fibre structure in the brain, a set of diffusion-

weighted (DW) images need to be collected under a set of different diffusion gra-

dient directions. The presence of the eddy current fields induced by the diffusion

gradients during the readout window can lead to significant geometric distortions

in echo planar images (EPI) [39]. Misalignment of the DW images will, in turn,

lead to errors in the estimates of the diffusivities and fibre orientations [39].

In order to minimise the effect of eddy currents at source, modifications to the

standard single spin-echo sequence, shown in Figure 6.15 (a), have been suggested.

One of the modifications is the doubly-refocused sequence, developed by Reese

et al.[64], and is shown in Figure 6.15 (b). When gradients are switched on

and off, they induce eddy current fields of opposite polarity. In the case when

the time constant of the eddy current fields is much longer than the duration

of the gradients, the opposite eddy current fields will cancel out. By applying

diffusion gradients with a shorter duration than the ones in the standard sequence,

the cancellation of eddy currents having lower time constants can be achieved,

enabling the minimisation of the eddy currents at source [64].

Despite its advantages regarding the minimisation of eddy currents, the doubly-

refocused sequence is still not often used. This is because it is generally assumed
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Figure 6.15: Figure courtesy of Rita Nunes. Standard, single spin-echo sequence on the left.
Doubly-refocused sequence on the right. In order to minimise eddy currents, each diffusion

gradient in the single spin-echo sequence is split into two.

that the geometric distortions observed with the single spin-echo DW images

should be correctable using affine registration methods. This would be true

provided that the eddy current effects could be considered both time invariant

throughout the acquisition window and spatially invariant from slice to slice.

This assumption, together with concerns regarding potential signal-to-noise loss

due to the presence of an extra imperfect 180◦ pulse have prevented the wider

implementation of the doubly-refocused sequence. The standard single spin-echo

sequence still remains, therefore, the most commonly used.

While the presence of higher order eddy current terms has been experimentally

demonstrated [66], the intrinsically low signal-to-noise of DW images, together

with the presence of subject motion complicates their experimental quantification.

In order to be able to isolate the aspects related only to eddy current fields and

to remove all other confounds, the simulator was employed. The simulator has

made it possible to quantitatively evaluate the extent to which affine registration
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can correct for eddy current distortions.

6.4.2 Methods

Gradient-echo EPI images were generated. The matrix size was 128×128 corre-

sponding to an in-plane resolution of 2×2 mm2. A slice thickness of 3 mm was

chosen. The bandwidth was 100 kHz, the readout window 163 ms and the echo

time 90 ms. The effect of the eddy currents produced by each of the two sequences

(single spin-echo and doubly-refocused) was simulated by superimposing a sum

of exponentially decaying terms to the EPI readout gradients:

Geddies(t) =
∑

i

±εGdiff exp[−(t − ti)/τ ] (6.9)

each of these terms corresponds to the switching either on (-) or off (+) of each

of the positive or negative diffusion gradients at time ti. Two diffusion gradients

were considered for the standard sequence each with a duration of 28 ms. For the

doubly-refocused sequence four diffusion gradients with a duration of 14 ms were

considered. The amplitude of the diffusion gradients Gdiff was 21.3 mT/m while

the maximum amplitudes achieved by the read and phase-encode EPI gradients

were 9.1 mT/m and 4.0 mT/m respectively.

A set of eddy currents were simulated with different relative amplitudes ε

and time constant τ . Time constants of 5, 10, 30, 50, 70, 90 and 100 ms were

considered. For the read out direction, eddy currents with amplitudes of 0.01,

0.04, 0.07, 0.1% relative to those of the diffusion gradients were used. These

amplitudes were rescaled for the phase-encode direction accounting for the lower

strength of the phase-encode blips in comparison to the read out gradients.

The diffusion gradients could be applied either along the read (xx) axis, pro-

ducing skews in the images or along the phase-encode direction (yy) producing

scaling [39].
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Although the difference in contrast displayed by both the T2-weighted im-

age and the DW images should also have an influence in the efficiency of the

registration step, no attempt was made to model anisotropic diffusion. To pro-

vide the distorted images with a realistic contrast, the mean attenuation pro-

duced in each tissue was instead considered. The k-space data corresponding

to CSF, white and grey matter were separately generated and an appropri-

ate attenuation factor applied to each of them before summation. These were

based on a b-value of 1000 smm−2 and a simple exponential decay was assumed:

S = S0 exp[−b < D >]. The mean diffusivities < D > for each tissue were:

3.2×10−3 mm2/s (CSF), 0.8×10−3 mm2/s (grey matter), 0.7×10−3 mm2/s (white

matter) [47].

The distorted attenuated images were then registered to the undistorted T2-

weighted image using an affine registration method [36]. Five degrees of freedom

were allowed for: translation along xx and yy, rotations around the zz axis, skews

in xy and scaling along yy. If eddy current distortions could be fully corrected by

performing affine registration, no difference should exist between the registered

images and the undistorted attenuated image. To evaluate the ability to correct

for eddy-current-induced distortions, the sum of squares of the difference im-

age between each registered image and the undistorted DW image was therefore

calculated.

6.4.3 Results and discussion

The undistorted T2-weighted (a) and DW (b) simulated images are shown in Fig-

ure 6.16. Images generated for the single spin-echo sequence with eddy currents

along the read (c) and phase encode direction (d) are also displayed.

The distortions are clearly visible when looking at the difference images (e)
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Figure 6.16: Simulated images displaying eddy current effects. (a) T2-weighted image; (b)
DW image; (c) DW image with an eddy current along the read direction (standard sequence,
ε= 0.01%, τ= 10 ms); (d) DW image with an eddy current along the phase-encode direction
(standard sequence, ε= 0.01%, τ= 10 ms); (e) Subtraction of image (b) from (c); (f) Subtraction
of the image obtained after registering (c) to (a); (g) Subtraction of image (b) from (d); (h)

Subtraction of the image obtained after registering (d) to (a).

and (g), where (b) was subtracted from each of the distorted images. Although

registration did enable a reduction in these differences, residual distortions are

still visible in both (f) and (h).

From the residuals plotted in Figure 6.17, it can be noted that the affine

registration method does not seem to be able to cope effectively with eddy cur-

rents of large amplitudes and time constants much lower than the duration of the

gradients. Unless a more effective correction method is used, minimising eddy

currents at source should therefore be preferable. The simulation results also

confirm previous experimental observations [63] as the residuals corresponding

to the doubly-refocused sequence are significantly lower. There can be several

causes for the residuals observed. One factor could be the presence of higher or-

der eddy currents, not corrected using affine registration. On the other hand, the

presence of either skews or scaling, even if affine, in the distorted images would
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Figure 6.17: Sum of squares of the residuals for both sequences after affine registration, for
eddy currents along the read (a) and the phase encode (b) directions. The sum of square of the
residuals was obtained when comparing each registered image with the undistorted DW image.
Each curve corresponds to a different time constant in ms as indicated in the legend. Note that

the vertical scales are quite different in the left hand and the right hand figures.

distribute the overall signal over a wider number of pixels. This signal cannot be

totally recovered by performing registration even if the images become perfectly

re-aligned and should lead to errors when estimating diffusivities and/or fibre

orientations. Another factor that can influence the quality of the registration is

the presence of eddy-current-induced ghosting.

As stated in Nunes [56] “In order to be able to improve these simulations, in

the future the gradient waveforms used could be altered so as to resemble more

closely those used when acquiring diffusion images on the actual scanner. An-



6.4. EDDY CURRENT EFFECTS 186

other aspect which was not taken into account was that DW images are normally

acquired using a spin-echo sequence. At the moment POSSUM does not simulate

the effect of 180◦ pulses, but this feature is expected to be added in the future.

A further step of the simulation which could be improved, is the way in which

the effect of the eddy currents is added to the gradient waveforms. Instead of

simply adding a sum of exponential decays, the actual gradient waveforms could

be filtered so as to remove the high-frequency components. In this way the ramp-

ing up and down of the gradients could be made to be smoother as observed in

practice.

Under these conditions the scanner simulator employed here could be ex-

tremely useful, as different aspects of the problem could be studied in isolation.

In a first stage, this simulator could be used to consider the problem of correcting

for high levels of distortion in the images without the additional difficulty of also

having a low image SNR. Increased levels of noise could then be added so as to

provide better tests for the correction methods developed. The problem could

then be made to be even more complex, so as to better replicate the experimen-

tal conditions, by progressively introducing the effects of subject motion and field

inhomogeneities.”

6.4.4 Conclusions

With the use of the simulator it was demonstrated that using a standard affine

registration method is not sufficient to correct for strong eddy current effects. By

using the doubly-refocused sequence, the level of eddy currents is substantially

reduced compared to the more widely used single spin-echo approach. The same

results were achieved experimentally by Nunes [56]. Furthermore, it was also

demonstrated that for the doubly-refocused sequence the registration step per-
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forms equally well over a wide range of amplitudes and time constants. Possible

additions to the simulator together with the novel areas of future work in which

this simulator could be useful in this application have also been suggested.
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6.5 Direct MR imaging of neuronal activity

The work in this section is done in collaboration with Dr Gaby Pell from the Brain

Research Institute, Melbourne, Australia. Dr Pell is investigating the character-

istics of an MRI technique that could potentially be used for direct detection of

neuronal activity [61, 60]. The use of the simulator is likely to be of considerable

use in this area. The main focus of the work presented in this section is to show

the ways that the simulator could assist work in the area of direct imaging. In

order to do that, two of the experiments carried out by Pell et al. and presented

in their paper on “Optimisation of MR sensitivity to transient and weak currents

in a conductor” [60] have been simulated. The experimental results obtained by

Pell et al. are compared with the simulation.

6.5.1 Introduction

As described in Chapter 2, blood oxygenation level dependent (BOLD) FMRI

has become one of the most widely used methods for the non-invasive imaging

of neuronal activity in the human brain. However, this method does not mea-

sure the neuronal activity directly from the neurons themselves. It measures the

haemodynamic changes that occur in the blood vessels that surround the neu-

rons. The changes that occur in the blood vessels are coupled with the neuronal

activity, but the exact nature of the coupling is complex and still not fully under-

stood [49, 3]. The accepted view is that the haemodynamic changes are relatively

sluggish and variable and therefore an imprecise measure of neuronal activity [5].

In addition, due to its dependence on the vasculature, the BOLD response

is much slower than the actual neuronal response thus limiting the temporal

resolution to seconds rather than milliseconds which are needed in order to image

the transient activity of the neurons. Coarse temporal resolution also results
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in the inability of FMRI to temporally resolve cascaded communication between

sequentially activated brain regions. Furthermore, the spatial extent of the BOLD

response is significantly larger than the presumed localised area of active neurons

responsible for the change in the blood flow [60]. In the imaging voxels with large

vessel effects this can result not only in the enlargement of the activation area

but also in its slight shift (up to a centimeter) from the true region of activation

[5].

Due to the above mentioned limitations of BOLD FMRI techniques, a need for

new, more sophisticated methods to image brain activity has emerged. In the past

few years, there has been significant research done in the field of direct neuronal

imaging [12, 11, 73, 42, 43, 5, 60] which investigate new MRI techniques in directly

detecting the localised magnetic effects arising from neuronal currents. These

techniques rely on transient electrical activity perturbing the local magnetic field

during a portion of the acquisition sequence and altering the phase and magnitude

of the MR signal. The development of these techniques could potentially provide

a neuronal mapping method with a direct access to the neuronal activity and

with an excellent spatial (millimeters) and temporal (milliseconds) resolution.

In order for the neuronal current imaging to be used in practice, more research

needs to be done regarding the sensitivity of the MR signal to the neuronal

currents. In order to address this issue, Pell et al. investigate the sensitivity of

MR magnitude signal change to: 1) the location of the transient magnetic field

within the imaging voxel; 2) the current amplitude; 3) the timing of the current

pulse within the imaging sequence; and 4) imaging parameters [60].

By using the simulator it is possible to analyse the sensitivity of MR magni-

tude signal change to any of the above mentioned factors. Physical experiments

are time- and material- consuming and very often it is quite difficult to eliminate

or minimise the artefacts that can appear during scanning. By using the simula-
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tor as an aid when running the experiments it is possible to avoid those issues.

This section demonstrates how the simulator was used to analyse the sensitivity

of MR magnitude signal change to: 1) the 0.1mA current amplitude and the

phase encode direction; and 2) the timing of current pulse within the imaging

sequence.

Simulations are performed in such a way as to closely follow the experimental

set up described in Pell et al. [60]. This was done in order to be able to compare

whether the two independently acquired set of results (simulated results and

the scanner acquired results) match well. In order to present the work fully, the

relevant elements of the experimental set-up used for acquiring the scanner results

by Pell et al. [60] are described throughout the section.

6.5.2 Methods

The phantom for the scanner-based experiments was constructed from a hollow

glass sphere, filled with SF96/50 silicone oil. A carbon fibre conductor (diameter

0.015mm) was placed inside the glass sphere and a Perspex support structure was

constructed to hold it in its place [60]. Passing current through the conductor is

equivalent to the activity in a neuron (or a bundle of neurons aligned in parallel

and oriented in the same way). The T1 and T2 relaxation times of the oil are

1420ms and 530ms respectively. These were measured by Pell et al.[60].

The phantom (object) used for the simulations was a simple sphere which is

presented in the top row of Figure 6.19. The sphere had a very thin conductor

going through its centre. This sphere represents an area around one of the two

legs of the conductor in the phantom used in the experiments of Pell et al..

When the current goes through a conductor, a magnetic field is created around

the conductor, perturbing the magnetic field of the scanner. The newly created
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Figure 6.18: Figure courtesy of Pell et al. Spin-echo axial MR image through the phantom
taken to illustrate its structural features. Figure shows the silicon oil-filled container. The
Perspex mounting framework it contains can be seen as a dark shape. The loop of the carbon
fibre conductor is indicated by the arrows and is faintly visible. The white dashed line indicates
the coronal imaging plane used for subsequent experiments, cutting through the wire in two

positions. The FOV is 20 cm.

changes in the magnetic field are calculated using the Biot-Savart law. The

perturbed field is presented in the bottom row of Figure 6.19. T1 and T2 values

used in the simulator were the same as the ones estimated by Pell et al. for the

silicone oil.

The experiments by Pell et al. were performed on a 3T system with gradient

slew rate of 150T/m/s and a maximum gradient strength 40mT/m. These values

were incorporated into the pulse sequence generator of the simulator. Pell et al.

used a hardware- system to generate current in the conductor with accurate and

precise control of the amplitude and duration. An EPI sequence was used in the

experiments (Pell et al. also used other sequences in their paper) and it had the

following parameters: 128 × 128 matrix, 6mm slice thickness, 90◦ excitation flip
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S

Figure 6.19: Mid-coronal, -sagittal and -axial slices of the input object for the simulation (a
sphere) are shown in the top row of the figure. A thin wire goes through the centre of the
sphere. The bottom row shows the B0 inhomogeneities that occur when the current is on as

calculated using the Biot-Savart law.

angle, sampling time of 8µs, imaging voxel size of 1.56×1.56×6mm, TE = 85ms,

TR = 1s, slice select gradient is Gy (coronal slices).

Sensitivity to the current and the phase encode direction

This experiment was designed to determine the change in the signal magnitude

and the spatial characteristics of this change when a current pulse of amplitude

0.1mA is applied. The current pulse duration was 20ms, and it was placed im-

mediately after the 90◦ RF pulse. In addition to the image when the current

pulse is on, an image when the current pulse is off was also generated. The image

representing the signal change is obtained by subtraction of these two images.
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Sensitivity to the timing of the current pulse within the imaging se-

quence

This experiment was designed to investigate the change in the signal magnitude

when a current pulse is “walked through” an EPI pulse sequence. The current

pulse amplitude was 7.8mA, its duration was 5ms, and its position within the

pulse sequence was changed in each of the 260 volumes that were acquired in

the following fashion: during the acquisition of the first volume, the current was

appllied immediately after the 90◦ RF pulse; during the acquisition of the second

volume no current pulse was applied; during the acquisition of the third volume,

the current pulse was placed 1ms later than that during the acquisition of the first

volume; during the acquisition of the fourth volume, again, no current pulse was

applied; during the acquisition of the fifth volume, the current pulse was placed

1ms later than that during the acquisition of the third volume; and so on. The

timing of the onset of the current pulse was increased in 1ms increments for every

alternate volume acquisition. A time-series is then extracted from the region of

maximal signal change within the image. The experiment is discussed in more

detail in Pell et al. [60].

6.5.3 Results and discussion

Sensitivity to the current and the phase encode direction

Figure 6.20 shows the subtraction of the image simulated with the current pulse

on, and the image simulated with the current pulse off. The subtraction represents

the signal change that occurred due to the current pulse. The image is shown

with extreme colour contrast, mainly to point out the overall areas of positive

(white) and negative (black) signal change. These show the “splitting” of the

signal along the x-axis (in the case of phase encode in the x-direction) and along
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Figure 6.20: Image on the right (of both top and bottom row) represents the signal change
when the current pulse is on. It was obtained by subtraction of two images: the one on the
left is simulated with the current pulse on, and the one in the middle is simulated with the
current pulse off. The top row represents the images simulated with the phase encode in the
x-direction. The bottom row represents the images simulated with the phase encode in the

z-direction.

the x-z diagonal (in the case of phase encode in the z-direction).

This kind of signal splitting has been noticed also by Pell et al. [60] and the

comparison of their result to the result obtained by the simulator is shown in

Figure 6.21. Note that the results of Pell et al. are statistical results showing all

of the statistically significant voxels, which is not the case with the results of the

simulator which were generated free of any noise or other artefacts.

In order to get more insight into the magnitude of the signal change and its

spatial distribution, percentages of the change were calculated for each voxel in-

dividually (for one coronal slice) and shown in Figure 6.22. Results are shown for

the case when the phase encode is in the x-direction. The voxel at the position
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Figure 6.21: A comparison between Pell et al. results (the left hand side) and the simulator
results (the right hand side) are shown. The middle column is a 24×24voxels patch around the
left carbon fibre position extracted from the images on the left hand side. Phase encode in the
x-direction (top row): Signal is seen to “split” along the phase encoding direction (x). Phase

encode in the z-direction (bottom row): Signal is seen to “split” along the x-z diagonal.
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Figure 6.22: Signal change image in a 9 by 9 patch surrounding the central image voxel (the one
containing the conductor) for phase encode in the x-direction. Red values represent intensity

change (as percentages) for each of the image voxels independently.
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(65,65) is the voxel through which contain the wire with the current goes. This

voxel experienced the maximum of the signal change (10.8%). The signal change

rapidly decreases as we are moving away from the wire with maximum signal

change of 4.9% in the next layer and 1.9% change two layers of voxels away from

the central voxel. This is equivalent to 1.56mm and 3.12mm respectivelly (as the

in-plane voxel size is 1.56 × 1.56mm). As expected, the decay happens in a sy-

metrical way which is due to the symmetry in the magnetic field inhomogeneities

induced by the wire.

Sensitivity to the timing of the current pulse within the imaging se-

quence

Figure 6.23 shows the results of the “walk-through” experiment which was de-

scribed in more detail in the Methods section. Sensitivity of the signal to the

timing of the current pulse within the imaging sequence is demonstrated. The

figure shows the signal in percentages: 100% is the value when no change oc-

curred, 80% is the value when a 20% signal change occurred etc. The large signal

change between any two consecutive points represents the interleaving of the on

and off states of the current pulse. In the figure, signal values (bottom row) and

the pulse sequence events for the acquisition of one slice (top row) are aligned in

such way as to represent that each signal value in the bottom row corresponds to

a position in the top row which is where the current pulse was centered. For ex-

ample, the 120th volume is acquired during the 120th second of the total imaging

time (as each TR is 1s) and during its acquisition the onset of the current pulse

was at 60ms in the pulse sequence.

The results obtained by the simulator showed very similar behaviour to the

experimental results. The signal rapidly increases after the application of the

RF pulse. It then maintains a steady level until the pulse enters the read-out
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Figure 6.23: Results of the “walk-through” experiment. On the left hand side is the exper-
imental result acquired experimentally by Pell et al..(Figure courtesy of Pell et al.). On the
right hand side of the figure is the simulator result. The top row shows the time-progression of
the pulse sequence (one for each of the experiments). The red line indicates the center of the
k-space. The bottom row shows the normalised signal (in %). Signal values at 100% correspond
to volumes acquired when no current pulse was on. The rest of the signal values correspond to
the volumes when the current pulse was on. The position of the value corresponds to the time
the current pulse was on within the pulse sequence (top row). The key observation in both of
the left and right hand plots is that the contrast is maximal when the current pulse is timed to

overlap the readout of the center of k-space.

gradient. The signal change subsequently rises in a linear fashion. The largest

signal change occurs when the current pulse coincides with the acquisition of the

central line of the k-space. The signal change subsequently decreases and reaches

very small levels before the end of the read-out window.

The magnitude of the signal change is, however, different in the two results.

This can be possibly attributed to the fact that the Pell et al. result was generated

using a partial k-space reconstruction whereas the simulator results were acquired

with the full k-space. It was observed by Pell et al. [60] that the results for the

full k-space showed lesser change in signal magnitude.
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6.5.4 Conclusions

Two experiments done by Pell et al. [60] (investigating the sensitivity of the signal

to the current pulse of 0.1mA amplitude for different phase encode directions, and

sensitivity of the signal to the timing of the current pulse) were replicated by the

use of the simulator. The results obtained were a very close match with the results

obtained by Pell et al. The work on applying the simulator in direct neuronal

imaging is still on-going, but the preliminary experiments that were described in

this section are very encouraging.

The application of the simulator can be very useful as an aid in doing ex-

periments in direct current imaging. One of the main reason is that it is easier,

less costly and potentially more accurate (as some of the scanner artefacts can be

avoided) to do simulations than real experiments which involve physical phantoms

or human subjects. The simulator can be particularly useful when investigating

the effect that more than one neuronal current would have on the signal (say

randomly oriented in the object). This is one of the potential future experiments

and directions for the use of the simulator in this field.

6.6 Summary

In this chapter five different applications of the simulator were investigated.

Firstly, the simulator was applied in testing a motion correction algorithm -

MCFLIRT. It was shown that the overall performance of MCFLIRT algorithm

was good. Different default options to the ones that are currently used in the

software are suggested.

Secondly, the simulator was applied to investigate the performance of ICA as

a tool for quantifying motion-related artefact. It was shown that ICA could make

reasonable estimation of motion-related independent components, however more
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investigation is needed in order to make more general conclusions.

Thirdly, the simulator was applied in evaluating stimulus-correlated motion

artefacts in FMRI data. The results demonstrated that stimulus correlated mo-

tion affects the data significantly more than stimulus uncorrelated motion. The

results also demonstrated that the areas of distortion due to the B0 inhomo-

geneities were particularly badly influenced in SCM-affected images.

The fourth application of the simulator presented in this thesis was in simu-

lating eddy currents artefacts. With the use of the simulator it was demonstrated

that using a standard affine registration method is not sufficient to correct for

strong eddy current effects. It was also shown that by using the doubly-refocused

pulse sequence, the level of eddy currents is substantially reduced compared to

the more widely used single spin-echo approach.

The fifth application of the simulator presented in this thesis is in direct

neuronal current imaging. The influence of a neuronal current on the image gen-

eration was simulated. Results were a very close match with the results obtained

experimentally by Pell et.al.[60].





Chapter 7

Conclusions and future directions

The first and primary aim of this thesis was to develop a general computer sim-

ulation program for FMRI with the following properties:

• The ability to produce realistic anatomical simulated MR images of any

brain (or any other object) for a variety of different scanning conditions;

• The ability to produce realistic time-dependent sequences of simulated MR

images including the effects of physiological activations due to some external

stimulus;

• The ability to model realistic image related artefacts (mainly due to rigid-

body motion of the object and magnetic field inhomogeneities).

The development of the simulator was done in three distinct stages: the model

development, software implementation and the evaluation of this software, each

of which was described in chapters 3-5 respectively.

The second aim of this thesis was to use the newly developed simulator and

apply it in investigation of some of the motion-related issues in FMRI as well as

in some interesting applications in image acquisitions.

The conclusions regarding the simulator and its use, together with suggestions

for future research, are discussed below.
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7.1 Development of the simulator

The development of a computer program that can simulate generation of func-

tional MRI images is a very complex task. The first reason for the complexity of

the task is the difficulty of capturing all of the realistic scanner effects into one model .

There are many factors that influence the generation of MR images: scanner en-

vironment, subject’s brain structure and MR characteristics, subject’s behavior

which can change from experiment to experiment. Chapter 3 presents how a range

of these factors have been incorporated into a single model. The model of the

simulator is based on Bloch equations which are adapted and solved in order to

generate MR images and also to capture some of the most prominent features in

MRI and FMRI data such as: magnetic field inhomogeneities, rigid-body motion

of the head, BOLD signal, eddy currents and noise.

The second reason for the complexity of the simulator development task is the

computational demand of simulators of this kind. In order for the simulations to

be realistic it is crucial to have as many of the factors influencing the FMRI data

included in the simulations as possible. Incorporating these factors creates a huge

demand on the computational memory and time. This problem has prevented

many of the simulators developed in the past from simulating realistic 3D images

and also modelling some of the very common but more complex artefacts (e.g.

spin history). Chapter 4 describes the method used in this research to implement

the previously described model (in Chapter 3) in a computationally efficient way.

It is shown how various computational speed ups are used (including the use of

semi-analytical results and parallelisation techniques) in order to make the simu-

lations memory- and time-efficient. With the described way of implementing the

model, it is possible to do simulations of a 2D image within minutes, simulations

of a 3D image within an hour and long FMRI sequences within a day. The sim-
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ulator now is several orders of magnitude faster than the version that was not

computationally optimised. This is one of the biggest achievements of the work

described in this thesis.

The third reason for the complexity of the simulator development task is the

difficulty in evaluating software of this kind. In order to evaluate each of the

software features it is crucial to have experimental data to compare the simu-

lated data with. However, it is impossible to fully control the experimental data,

which contains many un-planned factors that are part of the scanning process.

The validation process done in this thesis is presented in Chapter 5 and is done

so that both the implementation and the modelling side of the software are eval-

uated. Experiments were devised which were focused specifically on validating

the motion model of the software.

Currently the simulations do contain some limitations. BOLD activation is

modelled purely through changes in T ∗
2 , which neglects any other changes induced

by varying Cerebral Blood Volume and Cerebral Blood Flow, such as flow-induced

signal artefacts [28] or changes in vascular occupancy [50]. Also, the simulator can

not fully model spin-echo sequences (including stimulated echoes) or implement

general RF pulses. Thus, areas for future improvement of the current simulation

would be to incorporate true spin-echo modelling and allow for more general RF

pulses, including fully numerical Bloch simulation during the RF pulse.

The software presented in this thesis, named POSSUM (Physics-Oriented Sim-

ulated Scanner for Understanding MRI), is planned to be released as part of the

FSL software package (FMRIB Software Library, http://www.fmrib.ox.ac.uk/fsl/)

in the forthcoming year. In addition, POSSUM is part of an international collab-

oration (between the University of Oxford, the Montreal Neurological Institute

at McGill University and the University of Hawaii) which aims to build a very

comprehensive FMRI simulation environment named MIDAS (MR Imaging Data
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Acquisition Simulator) [54]. More details can be found at

http://www.fmrib.ox.ac.uk/analysis/research/possum/.

7.2 Applications of the simulator

In this thesis five different applications of the simulator were investigated.

Firstly, the simulator was applied in testing a motion correction algorithm

- MCFLIRT (Section 6.2). The MCFLIRT algorithm showed very good perfor-

mance when tested with various types of simulated data. It was found that four

stages of optimisation when estimating the motion parameters, with the fourth

stage using sinc interpolation, performed significantly better than the three stage

option which is the current default in MCFLIRT. In addition to this, it was found

that the final transformation is significantly more accurate when applied using the

sinc interpolation than when applied using the trilinear interpolation which is the

current default option in MCFLIRT. This application of the simulator, together

with some future tests, will result in an improved motion correction tool.

In Section 6.3 the simulator was applied used to investigate the performance

of ICA as a tool for quantifying motion-related artefact. The results found that

the ICA method was reliable in estimating some of the effects of motion (rotation

about z-axis) for various levels of motion. These results are, however, not quite

enough to make a more general conclusion about the performance of ICA. It would

be interesting to take this research further and test the performance of ICA with

simulated data that contains various other effects (such as B0 inhomogeneities –

motion interaction of second type i.e. when the motion involves rotation about

the x or y-axis).

The third application was presented in Section 6.4 and it involved evalua-

tion of the impact of stimulus correlated motion (SCM) artefacts in FMRI data.
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The results demonstrated that stimulus correlated motion affects the data signif-

icantly more than stimulus uncorrelated motion. The results also demonstrated

that the areas of distortion due to the B0 inhomogeneities were particularly badly

influenced in SCM-affected images. In these areas many of the erroneous acti-

vation appeared. These results are a confirmation of the results so often seen

in practice and are well know. However, what would possibly be an interesting

application of the simulator is to be implemented as a first step in motion cor-

rection of FMRI data as a kind of “predictor” of where the erroneous activation

might occur (for a given brain, field map and a motion sequence) which would

then serve to distinguish between “real” and “false” activations.

The fourth application (Section 6.5) was in the field of eddy currents artefacts.

With the use of the simulator it was demonstrated that using a standard affine

registration method is not sufficient to correct for strong eddy current effects. It

was also shown that by using the doubly-refocused pulse sequence, the level of

eddy currents is substantially reduced compared to the more widely used single

spin-echo approach. These results are very promising, and based on them it is

possible to say that further simulation work using the simulator may help to

devise better schemes to align DW images in the presence of higher order eddy

current fields.

Finally, the last application done in this thesis (Section 6.6) presents the

application of the simulator in direct neuronal current imaging. The results in this

application were obtained by considering the influence of one neuronal current and

they found that: the maximum signal change due to the neural current happens

when the timing of this current overlaps the center of the k-space; the signal

splitting when the phase encode direction is along x-axis (coronal slices) is seen

to be along x-axis; the signal splitting when the phase encode direction is along

z-axis (coronal slices) is seen to be along the x-z diagonal. These results were
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a very close match with the results obtained experimentally by Pell et.al.[60].

These are promising results, lending support to the belief that further simulation

work using this software may help when investigating complex neuronal current

models (e.g. the effect when a number of randomly oriented neuronal currents

would have on the signal when they act together). This would be very useful for

the further experiments in direct neuronal current imaging, as building phantoms

is a highly difficult and costly task which could be helped by the use of simulations

as an extra tool.

7.3 Future development of the simulator

The research presented in the previous chapters leaves many promising avenues

open for future research. This section looks at some of the future directions in

the development of the simulator.

Spin-echo modelling An obvious limitation of the simulator is that it can not

fully model spin-echo sequences (including stimulated echoes). This limitation

exists because, de-phasing of the spins is averaged over each voxel i.e. each voxel

is characterised by only one magnetisation vector. This magnetisation vector

decays exponentially following the T ∗
2 decay and can not exhibit “re-phasing”.

In order to be able to model re-phasing, the model of the voxel magnetisation

needs to be more complex. For example, one way would be to model each voxel

as a collection of isochromats. Magnetisation vector for each of the isochromats

satisfies Bloch equation and the total sum of these vectors would in this case

be able to simulate re-phasing which is necessary to obtain the spin-echo and

the T2 decay. A downfall with this approach is that it is very computationally

expensive as each of these magnetisation vectors also needs to be followed through
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the pulse sequence (i.e. Bloch equation needs to be solved for at every point for

all of them). The computational demands of the simulator are already quite high

and with this extra work the simulations quickly become un-realistic. A way to

overcome this and still be able to model the spin-echo is an open problem and an

obvious useful future direction for the simulator development.

General RF pulses Another possibility for future work is to implement gen-

eral RF pulses. At the moment RF pulses are implemented with a use of a slice

profile and are assumed to happen instantaneously. This approach prevents in-

vestigation of the motion effects during the RF pulse. It can be improved by

including fully numerical Bloch simulation during the RF pulse.

RF inhomogeneities An additional improvement to the simulator is mod-

elling RF inhomogeneities. This is a part of an on-going work which has not yet

been fully implemented and validated within the simulator. However, the model

has already been developed. Inhomogeneities in the RF field are modelled sep-

arately in the simulator for the receiving RF coil and the transmitting RF coil.

Inhomogeneity in the receiving RF coil impacts received signal strength and is

modelled with an extra multiplier ψr(r0) in Eq. [3.19]:

S(t) =
∑

j∈Λ

∑

r0∈Ω

ψr(r0)sj(r0, t) . (7.1)

Inhomogeneity in the transmitting RF coil impacts the strength of the flip angle

and is modelled with an extra multiplier ψt(r0) in the equation for the flip angle:

α(r0, t0−) = ψt(r0)W (ω(r0, t0−) − ωRF ) . (7.2)

Values of ψr(r0) and ψt(r0) range from zero (maximal inhomogeneity) to one (no

inhomogeneity). They are specified for every object voxel through user specified

files. RF inhomogeneities are currently being implemented into the simulator.
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More advanced pulse sequences Theoretically, the simulator can simulate

any gradient-echo sequence. However, the current implementation has been done

for the standard 2D gradient-echo sequence and the standard EPI sequence. A

further improvement of the simulator would be to extend the implementation of

the simulator so that it can simulate other gradient-echo type sequences such as

spiral EPI, partial k-space EPI, 3D EPI, FLASH and SSFP. The work would

mainly involve extending the pulse sequence generator and reconstruction algo-

rithms.

Parallel imaging An additional area of improvement is including the possi-

bility of parallel imaging in the simulator. Besides the image contrast, imaging

speed is probably the most important consideration in clinical magnetic resonance

imaging (MRI). Unfortunately, current MRI scanners already operate at the lim-

its of potential imaging speed. In recent years, the greatest progress in further

increasing imaging speed has been the development of parallel MRI (pMRI).

Parallel MRI works by taking advantage of spatial sensitivity information

inherent in an array of multiple receiver surface-coils to partially replace time-

consuming spatial encoding, which is normally performed by switching magnetic

field gradients. In this way, only a fraction of phase-encoding steps have to be

acquired, directly resulting in an accelerated image acquisition while maintaining

full spatial resolution and image contrast. Besides increased temporal resolution

at a given spatial resolution, the time savings due to pMRI can also be used

to improve the spatial resolution in a given imaging time. Furthermore, pMRI

can diminish susceptibility-caused artifacts by reducing the echo train length of

single- and multi-shot pulse sequences.

The way the parallel MR imaging can be done in the simulator is by including

the coil model in the simulator. Each coil has their own sensitivity map which
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needs to be incorporated into the existing RF model of the simulator. The simu-

lator can then be run for each of the coils independently and the output needs to

be reconstructed using algorithms developed specially for parallel MR imaging.

Respiratory and cardiovascular changes In addition to the above mentioned

improvements which are mainly concerned with improving the scanning proper-

ties, it would also be useful to look at the ways of improving the physiological noise

model by adding the respiratory and cardiovascular induced changes. However,

the exact way of how respiratory and cardiovascular induced changes influence

MR parameters is not completely known and is part of current research by a

few world groups e.g. Montreal Neurological Institute, McGill University. Some

suggestions exist that the main changes occur in the T ∗
2 and the phase of the

magnetic field and this could be easily modeled in the simulator by modifying

the T ∗
2 and B0 variations in time.

7.4 Final remarks

In this thesis, a novel FMRI simulator is presented. The simulator, for a given

gradient echo pulse sequence, a segmented object with known tissue parameters,

and a motion sequence produces realistic simulated images and FMRI time series.

The way the Bloch equations are solved, by tracking and updating the magneti-

sation vector through time for every object voxel, allows the changes that occur

during the acquisition of one TR to be modelled and then carried through to the

acquisition of the next TR, making it possible to simulate the BOLD response

(through T ∗
2 changes), the spin history effects, motion during the readout periods

and interactions that motion-related artefacts have with B0 inhomogeneities.

The simulator has the capability to turn on or off various subject- and scanner-
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related effects, which is not possible in real scanning and therefore has a wide

range of applications. These applications include the simulation and removal

of various artefacts, both in MRI and FMRI. Furthermore, by generating the

“ground truth”, the FMRI simulator can be used for evaluation and validation of

software tools for FMRI analysis methods (e.g. motion correction, registration,

statistical analysis of images, etc.). Specifically, the simulator can be used to

model the full effects of rigid-body motion artefacts on FMRI data and on FMRI

statistics.

Using simulation-based methods is a very cost-effective method of evaluating

complex systems. However, until recently this was not possible due to the com-

putational requirements. With the development of processing power and with

the development of methods such as the one presented in this thesis, simulation-

methods have the potential of becoming a very important tool in the field of

neuroimaging.



Appendix A

Magnetic field calculations

When an object is placed in a homogenous magnetic induction field B0, a dis-

tortion of this field will occur, depending on the susceptibility distribution χ(r)

of the object. Assuming the object is non-conductive (so J = 0), the following

Maxwell’s equations will be satisfied

∇× H = 0 (A.1)

∇ · B = 0 (A.2)

where H is the magnetic field, B = µH is the total magnetic induction and the

permeability, µ, is related to the susceptibility, χ, by

µ = µ0(1 + χ) (A.3)

where µ0 is the permeability of free-space.

Due to time-invariance and the absence of stationary currents the curl of H

vanishes and H can be expressed as the gradient of the magnetic scalar potential

H = ∇φ. This gives

B = µ0(1 + χ)∇φ (A.4)

and hence

µ0 ∇ · ( (1 + χ)∇φ) = 0. (A.5)
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Let the susceptibility, χ, be expanded as

χ = χ0 + δχ1 (A.6)

where χ0 is the susceptibility of air (i.e. µair = µ0(1 + χ0) with χ0 = 4 × 10−7),

and δ is a constant that represents the average difference in the susceptibility of

tissue and air (e.g. −9.5 × 10−6 for brain tissues), such that the typical range

of χ1 is from 0 to 1. χ1 = 0 when only air present in the voxel, χ1 = 1 when

only tissue present in the voxel. The values in between reflect the partial volume

susceptibility.

Similarly, φ can be expanded in a series

φ = φ0 + δφ1 + δ2φ2 + . . . (A.7)

This perturbation expansion in δ can be substituted back into equation A.5 to

give

µ0(1 + χ0)∆φ0 = 0 (A.8)

(1 + χ0)∆φ1 + ∇ · (χ1∇φ0) = 0 (A.9)

for the zeroth and first order terms in δ.

Using the zeroth order equation together with standard vector calculus iden-

tities gives a 3D Poisson equation

∆φ1 =
−1

1 + χ0
(∇ · (χ1∇φ0)) . (A.10)

The Green’s function for this equation is

G(r) =
−1

4π‖r‖ . (A.11)

This allows the solution of the Poisson equation to be written as a convolution

φ1(r) =

∫∫∫
G(r − r′)f(r′) dr′ (A.12)
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or more consisely as, φ1 = G ∗ f , where f = −1
1+χ0

(∇ · (χ1∇φ0)).

From this the z-component of the B field can be written as

Bz = µHz = µ
∂φ

∂z
(A.13)

= µ0(1 + χ0)
∂φ0

∂z
+ δ µ0

(
χ1
∂φ0

∂z
+ (1 + χ0)

∂φ1

∂z

)
+ O(δ2).

As the zeroth order term is B(0)
z = µ0(1 + χ0) ∂φ0/∂z, then the first order

term is

B(1)
z =

χ1

1 + χ0
B(0)

z + µ0(1 + χ0)
∂φ1

∂z
. (A.14)

Using the fact that

∂

∂x
(G ∗ f) = G ∗ ∂f

∂x
=
∂G

∂x
∗ f

holds for any G and f , together with equations A.8, A.9, A.12 and A.14, gives

B(1)
z , χ1

1 + χ0
B(0)

z − 1

1 + χ0

((
∂2G

∂x∂z

)
∗

(
χ1B

(0)
x

)
+

(
∂2G

∂y∂z

)
∗

(
χ1B

(0)
y

)
+

(
∂2G

∂z2

)
∗

(
χ1B

(0)
z

))
. (A.15)

More detailed explanation and additional calculations are described in [37].
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