
Cutting edge: data analytics

Generating financial markets with
signatures

While most generative models tend to rely on large amounts of training data, here Hans Buehler et al present a generative model that

works reliably even in environments where the amount of available training data is small, irregularly paced or oscillatory. They show how a

rough paths-based feature map encoded by the signature of the path outperforms returns-based market generation both numerically and

from a theoretical point of view. Finally, they propose a suitable performance evaluation metric for financial time series and discuss some

connections between their signature-based market generator and deep hedging

� Generative modelling and market generators. The emergence of deep
neural network-based financial modelling such as deep hedging, pricing,
calibration and forecasting (Bayer et al 2019; Bühler et al 2019; Henry-
Labordere 2019; Horvath et al 2021; Kondratyev & Schwarz 2019; Kon-
dratyev et al 2020) has opened the door to a range of previously unseen
applications. It is this development that has driven the interest of quants and
researchers alike towards highly realistic market data simulators. A key fac-
tor for training these deep networks to a sufficient level of accuracy is the
availability of training datasets that are both rich enough and representative.
However, for many financial applications of machine learning, sufficient data
is often not available (eg, when the focus is on daily returns data). This prob-
lem is amplified by the inherent non-stationarity of market data: data from
even ten years ago exhibits very different statistical characteristics from data
today. This gives rise to an increased interest in generating realistic, rich and
robust market data.

Deep neural networks provide a powerful tool for approximating complex
distributions, and this capacity, together with increases in available compu-
tational power and speed, has broadened horizons in all areas of modelling,
including market simulation. The fundament of their prowess is due to the
universal approximation properties of neural networks, which establish that
any function or distribution with sufficient regularity can be approximated
by a sufficiently large neural network. Generative models capture probability
distributions by approximating these via neural networks from learned sam-
ples, from which new synthetic data samples can be drawn. The generative
model is trained in such a way that its outputs resemble the underlying dis-
tribution of the given dataset with respect to some loss function, referred to
as the performance evaluation metric. Generative modelling originates from
more traditional applications of machine learning, and the adaptation of
these techniques to a financial setting has its bespoke challenges. Identifying
and addressing these challenges is one of the contributions of this work.

Definition 1 (Market generator) We refer to generative models in a
financial time series context as market generators. A market generator is
described by a pair .A; O/ consisting of a network architecture A (a gen-
erative model) together with an objective function O.

In other words, a market generator is a generative neural network (eg, a
restricted Boltzmann machine (RBM), variational autoencoder (VAE) or
generative adversarial network (GAN)) specified by a choice of architecture
A, together with a feature encoding of the data used in training, via the objec-
tive function O. Since a market generator is a generative model specialised

to financial time series, the feature map and objective function are designed
to approximate the underlying distribution of a market from data samples
(training and test data D) given in the form of sample paths.

With that, a market generator is a parameterised family of functions
.A; O/ that map a sample set of time series D into a functional T WD

..A; O/I D/. After training, the parameterised family .A; O/ becomes a
functional T that approximates a transformation of distributions T .�/ D �

from some initial source of randomness � (say, � � N .0; 1/ or � �

U.0; 1/ in the generative model) to the distribution �, which approxi-
mates the empirical distribution of paths observed in the data D . Using this
functional T , new sets of sequences of future market paths can be artifi-
cially generated (conditional on a current market state), which are indistin-
guishable1 in distribution from the distribution � of the original samples
in D .

In this article, we design an architecture A (conditional VAE) and objec-
tive function O (a feature map consisting of an L2 error of the truncated
log-signature of the time series), and suggest a solution to the question of
how to evaluate the performance, ie, the ‘quality’ of the output, of market
generators in a consistent and universal manner for financial time series (the
maximum mean discrepancy (MMD) two-sample test of Chevyrev & Ober-
hauser (2018) on path space). This additional performance evaluation met-
ric P would resemble the role of a one-step discriminator in the context
of GANs.
� Practical use and applications of market generators. There are several
situations in which it is beneficial to rely on simulated data samples that are
statistically indistinguishable from a given original dataset.

Applications in which generative simulation of financial markets can be a
game changer include
� optimizing and robustifying hedging, eg, deep hedging, mean-variance
hedging or portfolio optimization, and similar applications;
� computing quantities that can be computation-heavy such as risk met-
rics (eg, value-at-risk, conditional value-at-risk), stress testing, draw down,
funding, liquidity and credit risk, such as XVA and similar applications; and
� creating reference data sets without licensing restrictions, eg, for education
and academia, and for a standardized testing of model performance (see, for
example, the ‘SR11: Guidance on Model Risk Management’ regulation in the
United States), or recent approaches to crowdsourced model development.

1 With respect to some performance evaluation metric P .
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Cutting edge: data analytics

� Some approaches to numerical data simulation in finance: classical
and new.
� Classical modelling. Numerical simulation of financial time series has a
long history in the related literature. Classical approaches include, for exam-
ple, classical stochastic market models (eg, Heston, stochastic alpha beta rho),
autoregressive models (Hamilton 1994) and variations of these. Among their
advantages are their tractability and several decades’ worth of experience in
understanding their mathematical properties. Structural models also usu-
ally have interpretable parameters. Clearly, the advantage thereof is a more
straightforward suitability to currently prevalent risk management frame-
works. Disadvantages may include relative inflexibility, which can result in
modelling inconsistencies.
� Data-driven modern generative modelling. Approaches to generative
modelling are based on the common principle of generating new synthetic
data samples whose distribution resembles the distribution of some refer-
ence dataset. One of the most striking differences between modern generative
modelling and classical generation of synthetic data is that explicit knowledge
of the underlying data-generating distribution is no longer required. There-
fore, instead of implementing (an approximation of ) some known distribu-
tion or transition density, generative models often approximate the underly-
ing distribution implicitly by drawing samples from the latter and compar-
ing their similarity to the original dataset with respect to certain similarity
metrics. This is particularly true for so-called differential generator networks,
where a transformation map is learned through backpropagation from an ini-
tial source of randomness to a target distribution. The two most commonly
used generative differential network-based approaches are VAEs, GANs and
variations thereof.

Among the first available results on market generators were those of Kon-
dratyev & Schwarz (2019), who applied an RBM for time series generation,
controlling for the autocorrelation function and quantiles of the generated
time series. Boltzmann machines were among the first generative models
introduced to learn arbitrary distributions over binary vectors. Recent con-
tributions to this stream of the literature have often used GANs as generative
models (see, for example, Henry-Labordere 2019). To date, we are not aware
of approaches using VAEs for this purpose.

GANs are the most popular differential generator networks, though they are
typically data-hungry, and it is often difficult to guarantee their convergence
and stability. Variational autoencoders maximize the likelihood of observing
the given (original) data samples under the generated samples (3) and are
particularly well adapted to settings where the available amount of training
data is notoriously small.

Challenges of financial time series simulation: classical

and new

Currently, many available neural network-based generative models origi-
nate from static applications. Therefore, several performance evaluation met-
rics for generative models have been developed to measure some forms
of marginal distribution. Incorporating the time series aspect of the data
poses additional challenges, as static performance evaluation metrics are not
straightforward to generalise to the dynamic time series setting. At present,
simulated financial time series data is commonly addressed by capturing spe-
cific universal features of the time series, commonly referred to as stylized
facts. Below, we recall a number of stylised facts that traditional stochastic

models typically reflect. Although, for classical stochastic models, these styl-
ized facts are often formulated in terms of the (conditional) distribution of
returns, this returns-based viewpoint often does not permit us to convey a
sufficiently full picture for distributions of synthetic market paths that come
from market simulators using generative modelling.
� Problem formulation. Let us first fix some notation that will be used
throughout the article. In the following, let S.t/ denote the price of a finan-
cial asset (stock, exchange rate or index) and let X.t/ D ln S.t/ denote the
corresponding log price. Then, the log return (at scale t ) is denoted as:

r.t; �t / WD X.t C �t / � X.t/ (1)

where the time scale �t has a scale ranging from a day to a month.2 Note that
in our experiments we transform the original calender time in the feature map
that we use for training. Therefore, in the training procedure, ‘time’ refers not
to calendar time, but to volume-adjusted business time, the natural scale for
financial applications. The autocorrelation for a time lag � > 0 is denoted by:

corr.r.t C �; �t /r.t; �t // (2)

A numerical generation with an increased emphasis on the accuracy of the
data-generating process then aims to synthetically generate M 2 N returns
sequences of length k for a suitable k 2 N, conditional on the current state
of the market:

.er1.t1; �t /; : : : ; er1.tk ; �t //; : : : ; . frM .t1; �t /; : : : ; frM .tk ; �t // (3)

such that the generated set of k-sequences .eri .t1; �t /; : : : ; eri .tk ; �t // of
returns reflects the properties of the observed k-sequences of returns:

.r1.t1; �t /; : : : ; r1.tk ; �t //; : : : ; .rN .t1; �t /; : : : ; rN .tk ; �t // (4)

as accurately as possible, where N 2 N denotes the number of observations
in the original dataset.
� Small data environments. Note that, typically, the number of gener-
ated samples M need not be identical to the number of original samples N . A
small data environment would correspond to the situation where M � N ,
with N being relatively small from a standard deep learning perspective; for
example, daily stock data or data from leading indexes (S&P 500, DAX,
FTSE), where the number of data samples (the dataset covers approximately
5,000 days’ worth of daily data) available for training is orders of magni-
tude smaller than the amount of data normally needed in most neural net-
work applications. In such situations, the challenge is to efficiently extract
the most relevant information from a small amount of available samples in a
very simple generative network.
� A reminder of specific stylised facts and evaluation metrics. The time
series data of financial markets exhibits a set of stylised facts about finan-
cial markets that a realistic financial market model is commonly expected to
reflect. These include, for example, the following.
Non-stationarity. That is, past returns do not necessarily behave like future
returns; for any set of time instants t1; : : : ; tk and any time lag � > 0, the
joint distribution of returns is the same as the joint distribution of the lagged
returns:

.r.t1; �t /; : : : ; r.tk ; �t // � .r.t1 C �; �t /; : : : ; r.tk C �; �t // (5)

2 From a mathematical perspective, we could include shorter scales, such as a few
seconds.
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Cutting edge: data analytics

Heavy tails and aggregational Gaussianity. Asset returns have (power-law-
like) heavier tails than in a normal distribution as well as a distribution that
is more peaked than a normal distribution.
Absence of autocorrelations of asset returns, but slow decay of autocor-
relation in absolute returns. Asset returns are uncorrelated (except for very
short intraday timescales) but not independent. The autocorrelation (2) func-
tion of absolute returns jr.t; �t /j decays slowly as a function of the time lag
� following a power-law.
Volatility clustering andmultifractal structure. Phases of high/low activity
tend to be followed by phases of high/low activity (see also Gatheral et al
2018).
Leverage effect. Asset returns exhibit a leverage effect, ie, there is a negative
correlation between the volatility of asset returns and the returns process.
� Performance evaluation metrics. The stylised facts shown above are
independent of the ultimate application of our market generator. To date,
many performance evaluation metrics of time series data are traditionally
modelled by an ad hoc selection of stylised facts. Due to the lack of an estab-
lished consensus on similarity metrics for sample paths, these metrics are not
only used for structural models but also for generative models.

The most commonly used evaluation scores include the following.
Distributional metrics: the difference between the historical sample cumu-
lative distribution and the cumulative distribution function of the generated
samples is measured with respect to a suitable metric D :

Db2B jF1;n.b/ � F2;m.b/j (6)

where n, m denote the number of original and generated samples, respec-
tively, and B is (a suitable discretisation of ) the sample space.
Tail behaviour scores: properties of the underlying distribution that con-
trol the tail behaviour are targeted. These are higher-order moments such as
skewness and kurtosis:

1

Nx

NxX
j D1

jskew.xj / � skew.Œ Ox
.1/
j ; : : : ; Ox

.m/
j �/j

1

Nx

NxX
j D1

jkurt.Œxj / � kurt. Ox
.1/
j ; : : : ; x

.m/
j �/j

9>>>>>>=>>>>>>;
(7)

Correlation- and cross-dependence scores: to detect serial autocorrelation
in the cross-correlation scores of time series, and analogously for multi-
dimensional time series.

To date, many performance evaluation metrics of time series data are tra-
ditionally modelled by an ad hoc selection of such stylised facts. The above
examples already suggest a wealth of possible metrics and evaluation scores
to measure the quality of generated market paths, and the list does not end
here, depending on the application one has in mind.

When it comes to applications of market generators (eg, optimising hedg-
ing performance such as deep hedging (Bühler et al 2019)), we additionally
aim to ensure that our generator performs well out-of-sample with respect
to the performance metric applied in the optimisation; for example, a gen-
erator is deemed better if the risk-adjusted profit-and-loss metric performs
better on the test set. Thus, with deep hedging in mind as an application
for the generative model, we may want to include hedging objectives in the
optimisation either directly or indirectly. For the latter, we refer to Antonov
et al (2020) for some possibilities and note that our suggested performance
evaluation metric (11) links back to hedging strategies by construction.

� Challenges of similarity metrics for financial time series with gener-
ative models. As seen above, traditional distributional metrics and diver-
gences provide ample means of measuring distances between distributions.
However, determining appropriate similarity metrics on the level of a stochas-
tic process – or its data representation through a time series – is a challenge
of a different nature. This section is devoted to questions related to this prob-
lem: what are the challenges in determining the appropriate similarity met-
rics of distributions on path space, or whether two sets of sample paths orig-
inate from the same underlying distribution? The static case (similarity of
marginal distributions) is not straightforward to generalise to the dynamic
one (similarity metrics on path space). Identifying a two-sample test to mea-
sure the ‘goodness’ of generated sample paths of financial time series is a
related challenge. We list a number of the challenges that are addressed in
this article.
(1) The potential non-universality (ad hoc selection) of features to control
for in the generated time series. If the chosen set of optimisation objectives
is bespoke to one application, the generated time series may not carry over
easily to other applications.
(2) The underlying distribution of the data-generating model is often not
known explicitly in generative models and only controlled implicitly through
the generated data samples and their similarity to the original data. Therefore,
two-sample tests are needed as performance evaluation metrics rather than
distributional metrics and divergences.3

(3) Established distributional metrics (and two-sample tests) for marginal
distributions can be generalised to (finite) multivariate marginals. However,
generalising these metrics to path space is not straightforward, one of the
difficulties being that the path space C 0.Œ0; 1�;Rd / is infinite dimensional
and non-locally compact (see Chevyrev & Oberhauser 2018).
(4) Non-continuous observation of the original data. Usually only discrete
time observations of sample paths are available. For generative models, this
renders itself more problematic than for classical models: from a hedging per-
spective, it may be insufficient to match marginal distributions on a discrete
set of observation dates only (see Brigo 2019).4 Also, the number n and posi-
tion of observation time points might change from sample to sample, which
makes learning difficult. Finally, in some applications (eg, high-frequency
data), n can get very large.
(5) Non-stationarity of the target distribution. Financial time series are typ-
ically non-stationary, and underlying distributions change with market con-
ditions. For generative models, this has two implications in particular. It
means a conditional version of the market generator is needed, which allows
us to produce samples that are conditioned on specific market states; how-
ever, a conditional generative model may amplify the data scarcity issue as the
availability of a sufficient number of representative training samples becomes
coupled with market conditions.
� On signatures, their advantages in encoding path-valued data and
their meaning. The challenges faced as part of the generative modelling
of financial data streams – as raised at the beginning of this section – are

3 The latter may only be applicable after inferring from the available data sample
to the underlying distribution.
4 Brigo (2019) displays examples that are indistinguishable from one another on
a finite set of marginals in the physical measure but lead to arbitrarily different
hedging strategies and option prices.
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Cutting edge: data analytics

not limited to the choice of performance evaluation metrics; they extend
to the choice of objective function and feature selection for training. An
efficient parsimonious encoding of financial data streams facilitates the fast
and efficient training of generative models. Furthermore, an encoding that
anticipates typical properties of the data and irregularities of sampling makes
training more robust with respect to data quality.

The theory of rough paths provides a theoretical framework for these aims
with a feature encoding via signatures (Friz & Hairer 2014; Lyons 2014).

Definition 2 (Signature of a path) Let:

X W Œ0; T � ! Rd

be a continuous path of bounded variation. Then, the signature of X is
defined by the sequence of iterated integrals5 given by:

X<1
T WD .1;X1

t ; : : : ;Xn
T ; : : : / (8)

where:

Xn
T WD

Z
0<u1<���<uk<T

dXu1
˝ � � � ˝ dXuk

2 .Rd /˝n (9)

where ˝ denotes the tensor product. Similarly, given N 2 N, the truncated
signature of order N is defined by:

X6N
T

WD .1;X1
T ; : : : ;XN

T / (10)

Signatures provide a means of encoding financial data streams parsimo-
niously and efficiently, and of addressing the challenges of path-valued data.

As mentioned earlier in this section, a particular challenge in the context
of synthetic generation of market paths is that the distribution in question is
defined on the infinite-dimensional space of paths C 0.Œ0; 1�;Rd /, while the
available generative modelling tools are finite dimensional. Thus, the infinite-
dimensionality of path space is not only a challenge for the choice of suit-
able similarity metrics or performance evaluation metrics but also for the
feature extraction of data and training. A solution to this issue is to project
this infinite-dimensional space to a suitable finite-dimensional space where
standard methods for generative models may be used.

However, mapping this inherently infinite-dimensional space in an opti-
mal way to a finite-dimensional space presents a challenge, and the choice of
projection is not trivial.

The most straightforward choice would be to sample the path on a fixed,
discrete time grid, return by return, as in (1), for example (while accounting
for the joint distribution of these), and to learn the projected probability mea-
sure using standard generative models. However, this approach would not
fully capture the sequential nature of financial data and would fail to effec-
tively capture the probability measure on the original path space. Moreover,
if we project this infinite-dimensional object down to a finite-dimensional
space by sampling on a discrete time grid, the projection is not a ‘natural’
one, as the original distribution on an intrinsically infinite-dimensional space
captures much richer information about the process.

It is more effective to use the signature or log-signature to project an
infinite-dimensional encoding (8) of the path space to a finite N -dimensional

5 If the path X has bounded variation – which is the case for discrete data – the
integrals above can be defined using Riemann-Stieltjes integrals.

one, as in (10). The signature of a path is a transformation of the original con-
tinuous path into a sequence of statistics, an infinite-dimensional vector (8)
of signature entries (9). These statistics fully characterise the original path
up to time parameterisation and, furthermore, they already offer a faithful
and parsimonious description of it in its first few entries (dimensions) of the
signature vector (10). The error made by the truncation at level N decays
with factorial speed as O.1=N Š/.

Moreover, the first several signature entries, ie, the first terms in the vectors
(9) (respectively, (10)) have financial interpretations: the first term captures
drift, ie, the increment of a price path over a period of time, and the second
term indicates the volatility over a period of time (through the Lèvy area).
Higher-order terms capture the finer aspects of the path, which end up fully
characterising the latter. This is reminiscent of PCA, where the properties
of the path are ordered from the ‘most relevant properties’ up to the ‘finer
properties’.

Higher-order terms capture finer aspects of the path that end up fully char-
acterising the latter. An ordering, which is reminiscent of principal compo-
nents from the most relevant towards finer properties of the path.
� On returns-based versus signature-based data generation in a pric-
ing and hedging context. A wealth of available theoretical results imply
the signature transform is a highly efficient way of encoding the most rele-
vant information contained in a stochastic path (Friz & Hairer 2014; Lyons
2014). We demonstrate this efficiency in our numerical results by showing
that signatures-based projection guarantees a faster learning rate than train-
ing generative models in a ‘traditional’ returns-based manner. Learning the
projection on the truncated log-signature of a set of paths converges with
fewer training samples than learning the multidimensional projection of the
process on a discrete time grid. Learning via signatures not only is numeri-
cally more efficient than doing so via the finite-dimensional projection on a
discrete time grid, but also encodes a richer and more relevant wealth of infor-
mation about the path (which also allows us to control for hedging strategies);
in the latter projection, some essential information may be lost, which can
have significant consequences for hedging strategies. Results in Brigo (2019)
indicate that when we are sampling returns distributions of a stochastic pro-
cess on a discrete time grid, even statistically indistinguishable sets of paths
in the historical measure can lead to arbitrarily different option prices. If,
however, the paths are sampled on the level of signatures, this ambiguity of
option prices does not occur. Therefore, the signature is not only a more
efficient way of learning sample paths, but also one that removes the ambi-
guity of the corresponding option prices and provides meaningful control
over hedging performance.
� Further advantages of signatures. Further advantages of working with
signatures for modelling functions of data streams have been discussed and
presented in Lyons (2014). These advantages include (but are not limited to)
the following properties.
(1) The expected signature of a stochastic process determines the law of the
process uniquely. With that, the expected signature plays a similar role on
path space to the moment-generating function for distributions (this pro-
vides a basis for the performance evaluation metric developed in Chevyrev &
Oberhauser (2018) for path space).
(2) They permit model-free, data-driven modelling. The framework does not
impose any assumptions on the underlying stochastic dynamics. Signatures
provide a flexible basis of functions for a functional on path space.
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Cutting edge: data analytics

(3) The signature transform is straightforward to implement and is an effi-
cient encoding of data streams. Today, there are readily available (and con-
stantly improving) powerful Python packages and libraries6 to transform data
streams to signatures, and algorithms to transform signatures back to paths
of data streams.
(4) The framework is invariant under translation and time-parameterisation.
Therefore, in order to encode price paths in business time rather than calendar
time, we apply the lead-lag transformation.
(5) Furthermore, signatures are robust to irregular sampling (which becomes
relevant for tick data), missing data and highly oscillatory data as well. In par-
ticular, they provide a consistent framework for unbounded variation paths,
which may arise from Donsker-type theorems in the high-frequency limit.
The functions of such paths have to be treated with care, as, for exam-
ple, the quadratic variation. Signatures appear naturally when describing the
behaviour of functions of non-smooth paths (cf, Chevyrev & Oberhauser
2018). For more available Python packages and libraries for signatures, see
Reizenstein & Graham (2018).
� Distances for time series and sample paths: a computationally effi-
cient MMD metric for laws of stochastic processes. When it comes to
assessing the quality of a set of generated paths, being able to compute the
distance between the laws of two stochastic processes becomes imperative. A
naive metric based on the marginals of the two processes is bound to fail, as
two stochastic processes can have identical marginals but very different laws
(Brigo 2019). Instead, a metric that considers the entire law of the stochastic
process is needed. In Chevyrev & Oberhauser (2018), a two-sample test for
laws of stochastic processes is developed, based on signature kernels. We use
this test to evaluate the quality of our market generator. To assess whether a
generative model is able to generate paths that are realistic with respect to a
sample of real paths Y1; : : : ; Yn, from the generative model n 2 N, we sam-
ple paths X1; : : : ; Xn and apply the two-sample test proposed in Chevyrev
& Oberhauser (2018). More specifically, we compute the signature-based
MMD test statistic T .X1; : : : ; XnI Y1; : : : ; Yn/:

T .X1; : : : ; XnI Y1; : : : ; Yn/

WD
1

n.n � 1/

X
i;j Ii¤j

k.Xi ; Xj / �
2

n2

X
i;j

k.Xi ; Yj /

C
1

n.n � 1/

X
i;j Ii¤j

k.Yi ; Yj / (11)

where k.�; �/ is the so-called signature kernel (see Chevyrev & Oberhauser
2018, proposition 4.2). Then, given a fixed confidence level ˛ 2 .0; 1/, we
compute the threshold:

c˛ WD 4

q
�n�1 log ˛

The generative model is said to be realistic with a confidence level ˛ if
T 2

U
< c˛ .

Numerical results

� Numerical experiments with historical data of S&P. To demonstrate
the accuracy of the generated log-signatures and images of the produced
paths, in this section, we provide images of two-dimensional projections

6 Such as the esig, tosig and iisignature libraries; see https://github.com/
bottler/iisignature as well as Kidger & Lyons (2020) for more background.

1 The signature-based VAE
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This is the image of generated paths inverted from log-signatures and the

corresponding returns distribution at the end of the time horizon (one month)

and the resulting generated paths and corresponding returns for an opti-
cal demonstration. The rigorous numerical demonstration of the accuracy
of the paths via the MMD signature two-sample test can be found in the
section below. The output of the signature-based generative model is then
translated into (standard) returns and the resulting marginal distributions
(see the two parts of figure 1). For more details about the architecture and
modelling choices we made in our numerical experiments, see the open-
source Github repository https://github.com/imanolperez/market_simulator
that we have prepared for the interested reader, where we demonstrate the
numerical findings of this work.
� Performance evaluation scores. We conduct the signature-based MMD
two-sample test (11) described in the previous section for the scenarios
described above. In table A, we include the confidence level at which the
signature-based MMD test changes from the result ‘the two samples come
from the same distribution’ to the result ‘the two samples come from dif-
ferent distributions’. Clearly, if the test can be passed at a higher confidence
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A. The highest confidence level at which synthetic samples pass the test

MMD signature confidence level

Weekly signature paths generated 99.998%

Monthly signature paths generated 99.987%

level, this indicates a higher level of similarity between the generated samples
and the original ones.

In table A, we display the results for the weekly and monthly paths of the
VAE.

We could carry on here, as in related works, to include further statistics
that control for properties of stylised facts as performance evaluation metrics.
However, we recall that the signature-based MMD test of Chevyrev & Ober-
hauser (2018) completely characterises the law of a stochastic process and
therefore omit further test measures here for brevity.

Conclusions

Our experiments show that while the returns-based (classical) setup for the
VAE optimisation works significantly better if more training data is provided
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(tested with numerically generated training data), the signature-based VAE
already converges with the low number of training samples available on the
historical path of the S&P. This confirms the signature-based learning already
converges with the small training set provided by the S&P data. �
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