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ABSTRACT

Design of Online Reputation Systems:

An Economic Perspective

by Florian Bersier

St Antony’s College, University of Oxford, Trinity Term 2014

- DPhil in Information, Communication and the Social Sciences -

Online reputation systems are certainly the most overlooked ‘heroes’

of today’s social Web. While these mechanisms are a vital element of

every online transaction, they have received less consideration than

some of their more well-known cousins, such as recommender systems

or social networks, whose success would often not have been possible

and tenable without their discrete but active backing. It then fol-

lows that despite their value and importance, the implementation of

current reputation mechanisms has mostly been the result of trial-

and-error. Resting on an economic perspective, this thesis regroups

three chapters whose frameworks and findings aim at helping mech-

anism designers and researchers understand key mechanisms at play

and develop more efficient online reputation systems.

The first chapter examines the optimal number of ratings a reputation

mechanism must make publicly available within an online marketplace

in order to minimize cheating and maximize Pareto efficiency. I de-

velop a moral hazard stage game featuring fictitious players which has

the compelling property to prevent reputation effects from disappear-

ing in the long run. I show that the number of ratings displayed by

a reputation system is a fundamental predictor of market efficiency,

and that the latter number should be kept minimal in order to maxi-

mize social welfare in the market – especially for economies proposing

interactions with a high profit margin.



The second chapter studies how different classes of reporting be-

haviours commonly found online affect the reliability of a reputation

mechanism. I develop an iterative stochastic approximation model

which I use to construct a behavioural measure of efficiency, so-called

‘reporting bias’. I demonstrate that reporting bias tends towards its

maximum when raters comply with the reports left by their predeces-

sors. Following this result, I recommend to keep the rating interface

separated from the rest of the reputation system. I also find that fake

ratings are particularly harmful when one type of behaviour is present

in the economy and suggest to counterbalance sybil attacks by dis-

playing pairs of contrasted ratings. Finally, I defend the use of the

arithmetic mean against the median as a way to compute reputation

scores.

The third chapter analyses how 5-star rating scales can lead to the for-

mation of bimodal distributions of ratings within online marketplaces.

Using a 2-time period model featuring altruistic raters, I identify the

existence of a ‘blind spot’ of unrated transactions whose magnitude

increases in the cost of rating and decreases in the number of buyers

inhabiting the economy. Developing an additional model featuring

Bayesian agents suffering from confirmatory bias, I show that non-

binary rating scales can leave space to ambiguity and possibly wrong

posteriors, even in the long run. Overall, results of the chapter hint

that fine-grained rating scales best suit signalling reputation systems

while coarse-grained scales should be preferred for sanctioning mech-

anisms. ♦
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General Introduction
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1.1 Motivation

The invention and democratisation of the Web has dramatically increased the

diversity and quantity of Internet-powered interactions. Now, online interactions

feature predominant idiosyncrasies that represent a perfect fertilizer to maintain

a large ‘garden’ full of Lemons à la Akerlof (1970), i.e. they are usually of 1-shot

type1, asynchronous, geographically dispersed and anonymous. It follows that in-

teracting with anonymous and geographically dispersed online traders multiplies

contracting difficulties, by making extremely difficult and costly the identification

of a seller or the verification of a product’s quality. Likewise, online transactions

being asynchronous, a buyer may need to make a payment before she receives the

product. Finally, a seller who knows he will likely not meet the same buyer in

the future has incentives to misbehave since he is aware that his actions will not

be known by others in the marketplace.

To limit such a natural information asymmetry and encourage cooperation,

reputation mechanisms, also known as reputation systems, have emerged as an

increasingly important component of online transactions. Nowadays, we decide

to get a good or service online because we have a belief that it will correspond to

our expectations. For instance, we choose to bid on an item on eBay2 (Melnik and

Alm, 2002) because the seller has a favourable feedback score or we book a table

in a restaurant because of its positive ratings on Yelp3 (Luca, 2011). Reputation

systems with their large databases of transaction histories have thus emerged as

a core feature of online economies, promoting trustworthy behaviours and market

efficiency.

However, despite their key importance in today’s Web, the practical design

of current reputation systems results more from trial and error than explicit re-

1Resnick and Zeckhauser (2002) find that the majority of eBay trading encounters are one-
shot and state that an eBay transaction is best thought of as a single interaction.

2eBay.com is an e-commerce website.
3Yelp.com is a website where users can rate local businesses such as restaurants, bars, etc.

https://www.ebay.com
http://www.yelp.com
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search. Following this observation, the present work attempts to rectify – within

reasonable limits – the situation by adopting an economic perspective. Specifi-

cally, this thesis proposes to examine the mechanisms and determinants necessary

to the very formation of reputation in online economies.

1.2 Reputation and Reputation Systems

Before going any further, it appears relevant to provide a formal definition of

what is ‘reputation’.

Definition 1 (Reputation). Reputation is defined as a set of beliefs held about

someone or something within a specific context.

This definition is proposed and considered within the thesis because it clearly

and concisely encapsulates the two key parameters of reputation: ‘belief’ and

‘context’. Specifically, an economic agent, let us call him John, can enjoy a good

reputation as a seller on eBay, but a bad reputation as a host on Airbnb.4 John’s

reputation then depends on what other agents believe he can or cannot do (or be)

within a specific context. For instance, an agent named Alice can have read that

John always ships very quickly high quality products on eBay, but can have also

read that John is not a friendly person and that his flat is not always tidy and

clean. To form this sort of beliefs about John in online economies such as eBay

and Airbnb, Alice must read John’s ratings on the latter two platforms through

their respective reputation systems.

Definition 2 (Reputation System). A reputation system is a mechanism that ag-

gregates information about one’s past interactions in order to facilitate the process

of assessing his reputation within a specific economy.

4Airbnb.com is a website where people can rent out lodging.

https://www.airbnb.com
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The primary objective of reputation systems is to promote efficient transac-

tions in economies where cooperation is made difficult because of information

asymmetries. Such asymmetries are generally divided into two (pure) categories,

that is adverse selection and moral hazard. Moral hazard parametrizes an en-

vironment where Alice expects John to do something, and so implies hidden

actions, while adverse selection represents a situation where Alice believes John

to be something, and then implies hidden information (Cabral, 2005).

As already highlighted by Dellarocas (2005), those two types of asymmetries

should not be seen as equivalent by mechanism designers since they induce a

different processing of information. More particularly, a signalling mechanism

can be defined as follows:

Definition 3 (Signalling Reputation System). A signalling reputation system is

a mechanism that aggregates information about one’s past interactions in order

to signal his quality or trustworthiness within a specific economy.

A possible illustration of a signalling reputation system is the rating mech-

anism used by Amazon,5 an online marketplace where products (e.g., books)

have a fixed quality which is privately known and is ‘discovered’ little by lit-

tle thanks to the ratings published by past buyers (i.e., adverse selection). A

compelling property of online signalling mechanisms is that they principally ac-

cumulate data about goods and services, while sanctioning mechanisms – whose

definition follows – usually deal with individuals.

Definition 4 (Sanctioning Reputation System). A sanctioning reputation system

is a mechanism that aggregates information about one’s past interactions in order

to sanction his non-cooperativeness within a specific economy.

A well-known example of sanctioning mechanism is the eBay’s Feedback Fo-

rum, where buyers can rate the past behaviour or trustworthiness of sellers,

5Amazon.com is an online retailer.

https://www.amazon.com
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knowing that the latter sellers may have incentives to behave differently from

one period to the other (i.e. moral hazard). The key mechanisms being defined,

the next section proposes a concise summary of the related literature.

1.3 Background

The literature about online reputation systems can be roughly divided into

three streams, i.e. (i) a first strand, which mainly rests on game theory and

experiments, analyses the interplay between reputation and cooperation, (ii) a

second strand, empirically-driven and focusing (for a large part) on eBay, exam-

ines the positive correlation between the selling price and a seller’s reputation and

(iii) a third and more recent strand, coming from Computing Science, focuses on

the design of the mechanisms.

Cooperation From bootstrap models to Bayesian settings, economists have

proposed a few different theoretical approaches to examine how reputation could

enforce cooperation. One can cite the works by Milgrom and Roberts (1982),

Kreps and Wilson (1982), Holmström (1999), Mailath and Samuelson (2001)

and Ekmekci (2011). Besides, a certain number of experimental studies have

allowed to better understand the effects of different reputation mechanisms on

cooperation, e.g., Bolton et al. (2005) and Bolton et al. (2013).

Reputation Premium A considerable amount of empirical research has iden-

tified and studied the existence of a reputation premium, that is the fact that

sellers with a higher reputation transact more often and for higher prices. Major

works in this area come from Resnick and Zeckhauser (2002), Melnik and Alm

(2002), Cabral and Hortaçsu (2010) and Diekmann et al. (2014).
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Mechanism Design A different perspective on reputation which mainly comes

from Computing Science, with the notable exception of Dellarocas (2005), has

more recently focused on the design of online reputation mechanisms and ways

of making them more trustworthy. Here, one can cite the Ph.D. theses by Mui

(2003) and Jurca (2007). Resting on a systematic or an algorithmic approach,

this strand of the literature is interested in proposing methods to treat and ar-

range existing data (i.e., ratings) in order to maximize social welfare in online

markets.

The perspective followed by this thesis is closer to the first and third strands

but adopts an ex-ante viewpoint to analyse the formation of reputation online.

More particularly, this work differs from the related literature and its ex-post

approach by focusing on the role played by the very design of a mechanism in the

decisions of economic agents, from the interaction decisions to the rating ones.

1.4 Roadmap and Contributions

The contributions of this thesis are twofold. Firstly, this work presents novel

methods to examine the formation of reputation within online markets. Sec-

ondly, it proposes several policy recommendations regarding the design of online

reputation mechanisms. The thesis is organized as follows.

Chapter 2 examines the optimal number of ratings a reputation mechanism

must display in order to maximize Pareto efficiency. It develops a repeated stage

game played between one long-lived player and an infinite number of short-lived

fictitious players. The analysis shows that the number of ratings made available

within an online market represents a fundamental predictor of market efficiency

since it determines the occurrence of cheating in the game and the equilibrium

(stationary) strategy of the long-lived player. A so-called ‘ratings trade-off’ is
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identified, that is an environment where a mechanism designer faces two possible

choices: either display a large number of ratings and ensure a high level of sellers’

participation at the risk of encouraging low effort interactions, or display a small

number of ratings and ensure a high level of effort at the risk of discouraging

sellers to enter the market and form reputation. Welfare analysis shows that

market efficiency suffers from the presence of noisy reporting behaviours, implying

that a mechanism designer needs to increase the number of ratings displayed by

the reputation system accordingly to the noise if he wants to guarantee market

efficiency.

Chapter 3 analyses the effects of different reporting behaviours on the trust-

worthiness of a reputation system. A behavioural measure of efficiency, so-called

‘reporting bias’, is built following the development of an iterative stochastic ap-

proximation setting. This chapter first identifies that the usefulness of new ratings

decays over time by demonstrating how reputation converges to a given score as

the amount of ratings increases in the economy. A converging phenomenon is also

found for the very distribution of ratings, result that presents some theoretical

support for the empirically observed clustered and bimodal distribution of ratings

online. Moreover, the analysis shows that when raters comply with the reports left

by their predecessors, it becomes extremely difficult to guarantee the efficiency of

a reputation mechanism, thus suggesting that the rating interface should be kept

separated from the rest of the reputation system in order to encourage truthful

reporting. Similarly, reputation manipulation is found to be especially dangerous

when a herding reporting behaviour is present in an online marketplace, hinting

that fake ratings should be countered and corrected by displaying pairs of con-

trasted ratings. The chapter ends by showing that the arithmetic mean represents

a more stable and intuitive way of computing reputation scores than the median.

Chapter 4 builds upon recent empirical works to propose two models aiming

at formalizing the determinants and mechanisms which can lead to U-shaped
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distributions of ratings. This part of the thesis presents one of the first theoretical

attempts to formalize the decision of a buyer to publish a rating within an online

economy. The development of a 2-time period model featuring altruistic raters

allows to identify the existence of a so-called ‘blind spot’ of unrated transactions

whose size increases in the cost of rating and decreases in altruistic concerns. A

second model featuring Bayesian agents suffering from confirmatory bias is built

and demonstrates that non-binary rating scales can leave space to ambiguity and

possibly wrong posteriors, even in the long run. The overall results of the chapter

suggest that fine-grained rating scales best suit signalling reputation systems

while coarse-grained scales should be preferred for sanctioning mechanisms.



Chapter 2

Number of Ratings

How Many Ratings Should An Online

Reputation System Display?

9
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2.1 Introduction

In this chapter, I build a reputation model which takes into account the speci-

ficities of online interactions and I examine the optimal number of ratings a rep-

utation system must disclose in order to maximize social welfare. I show that

Pareto efficiency is promoted and better secured when a mechanism displays a

small number of ratings. I also demonstrate that the very structure of the repu-

tation system determines the equilibrium strategies of online sellers.

Reputation mechanisms present in online economies differ from their offline

counterparts in the way information is more formally aggregated and structured.

After every online transaction, a buyer may leave a positive or a negative rat-

ing depending on the outcome of the transaction, and this rating participates in

forming the identity and history of the seller, which is made publicly available to

all users in the economy. Due to the large size of online markets, the probability

for a seller to meet the same buyer twice is extremely low, implying that a po-

tential buyer cannot rest her decision to trust a seller on her past experience but

only on the history of past ratings attached to the identity of the seller. A buyer

thus forms a belief about the trustworthiness of an online seller by observing a

measure summarizing the seller’s performance based on his past ratings. Another

structural specificity of online reputation systems is that the maximum amount

of possible ratings is fixed and limited, either for technical reasons or to keep

sellers’ reputation scores relevant over time.

This work proposes to develop a reputation model which is consistent with the

above idiosyncrasies. In particular, I assemble an infinitely repeated 2× 2 moral

hazard game in which (i) a seller’s action is saved as a rating only if a specific

action has been played on the buyer’s side, (ii) a buyer’s belief that the seller

is trustworthy follows from the empirical frequency of seller’s past trustworthy

actions (i.e. positive ratings), and (iii) a fixed number of ratings is saved to the
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game’s memory.

This chapter contributes to the reputation literature in a few different respects.

Its first natural contribution stems from the theoretical approach it adopts to

analyse online reputation mechanisms. To the best of my knowledge, this work

represents one of the rare attempts to develop a reputation model adapted to

the singularities of online economies, with the notable exception of papers by

Dellarocas (2005) and Ekmekci (2011). Differently from the two aforementioned

authors who focused on eBay-like economies, I propose a setting which features

the elegant property to be generalizable to a large variety of online marketplaces,

independently of their allocation mechanisms and goods types. Such a proceeding

allows to derive some new normative recommendations regarding the design of

online reputation systems. Specifically, I show that the number of ratings becomes

a key predictor of market efficiency as the profit margin increases in an online

marketplace and identify the existence of a so-called ‘ratings trade-off’, that is

a low number of ratings tends to promote the quality of interactions over the

quantity, while a high number of ratings promotes the quantity of interactions

over the quality. More generally and as already highlighted by Dellarocas (2005)

in the case of auction-markets, I find that reputation mechanisms which publish

only a small number of ratings are more effective in promoting cooperation within

online marketplaces.

The chapter also contributes to the literature about learning in games by

considering a setting in which an infinitely large population of short-lived ficti-

tious buyers is randomly matched every period with a fully rational long-lived

seller. Making use of fictitious play provides a natural and intuitive basis to

reproduce the way ratings are aggregated and reputation scores computed by on-

line mechanisms. Furthermore, it allows to relax unrealistic assumptions usually

made within the reputation literature about perfectly knowledgeable agents, then

proposing a configuration closer to the reality of online economies where buyers
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often only have access to a limited set of information such as a reputation score

to form their beliefs about the trustworthiness of a seller. This work thus asserts

that fictitious play represents a natural and compelling learning method to use

as far as online reputation models are concerned.

The chapter finally contributes to a recent strand of the literature interested in

proposing new mechanisms able to prevent reputation effects from disappearing

in the long run, issue formally identified by Cripps et al. (2004). In peculiar, I

show that reputation formation in the game can resist time effects in the long

run and that such a dynamics can be achieved without incomplete information,

departing so from classical models of reputation à la Kreps and Wilson (1982) or

Milgrom and Roberts (1982). This result directly follows from the observation

that the structure of the reputation system determines the seller’s equilibrium

strategy in the game. Such findings are in line with the late literature interested

in highlighting the cyclic property of reputation by bounding the memory of short-

lived players or making more realistic assumptions about the (limited) rationality

of economic agents. Works by Mell (2011), Ekmekci (2011), Liu (2011), Liu and

Skrzypacz (2014) represent interesting and promising illustrations of this trend.1

This work builds on that of several previous authors. The stage game is

inspired by the seminal setting presented by Fudenberg and Levine (1989), and

supposes a single long-lived player who plays a simultaneous-move moral hazard

game against an infinite sequence of short-lived players who play only once. As in

Ellison (1997), I depart from the standard game theory literature by examining

interactions between a fully rational long-lived player and a large population

of evolutionary game theory’s fictitious players. In particular, the behaviour

1Ekmekci (2011) shows that reputation effects can be preserved by proposing a model in
which information about past play of the game is censored by a reputation mechanism. Liu
(2011) limits the information about past play by making it costly to acquire by short-lived
players. Mell (2011) develops a setting supporting non-disappearing reputation effects by in-
troducing behavioural short-lived players whose learning rests on an adaptive play à la Young
(1993), and whose decisions to trust a long-lived player are based on the drawing of a sample
of past actions from the complete history of actions taken by the long-lived player.
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of the short-lived players follows a boundedly rational learning process, so that

the latter players myopically best respond to the long-lived player’s actions (or

ratings) in the previous rounds of the game. Finally, I consider a binary reputation

mechanism inspired by Dellarocas (2005), this type of rating scale representing

the most natural choice given the action sets of the stage game.

Chapter outline

The rest of the chapter is organized as follows. Section 2.2 sets up the model

and introduces a simple reputation system. Section 2.3 presents the general rep-

utation dynamics and results of the game. Section 2.4 proposes three extensions

of the model and investigates their effects on the core findings and social welfare.

Sections 2.5 discusses the set-up and outlines the implications of the results for

the design of reputation mechanisms in online marketplaces.

2.2 Model

Consider an infinitely repeated moral hazard game between one long-lived

player (player 1) and an infinite sequence of short-lived players. Each short-lived

player lives for one period and serves as player 2 in the following stage game.

Player 1 plays in every period.2

2.2.1 Stage Game Play

Let A1 = {H,L}, A2 = {Y,N} be the set of actions available to player 1 and

player 2 in the stage game. An action a1 ∈ A1 represents the decision of player 1

to exert a high (H) or low (L) level of effort. The action a2 ∈ A2 specifies whether

player 2 interacts ([Y]es) or does not interact ([N]o) with player 1, respectively.

2For ease of exposition, I will sometimes refer to player 1 as the seller and player 2 as the
buyer, although the model is also applicable to environments (such as online help forums) that
use reputation mechanisms without having buyer and seller roles.
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The action sets are common knowledge and the set of pure strategy profiles is

denoted A = A1 × A2. Each player in the stage game has a von Neumann-

Morgenstern payoff function πi : A → R whose outcome is always finite. Player

1 knows both payoff functions while player 2 only knows her own. Players move

simultaneously.

Player 1

Player 2

Y N

H p− e
v-p

−e
0

L
p

−p
0

0

Table 2.1: A general 2 x 2 stage game for an online interaction.

In the stage game, e denotes the cost of effort, p denotes the price of interact-

ing, and v represents the value of interacting with a high effort player 1 (e.g., a

seller) for player 2, where v > p > e > 0.

I denote Bi as the set of action profiles such that player i is best responding

to the action of player j 6= i. Then

Bi = {a ∈ A : ai = argmax
ai∈Ai

πi(ai, aj)}.

The set of Nash equilibrium outcomes is E = B1 ∩ B2, where E ⊆ B2 ⊆ A. It

follows that the unique Nash equilibrium of our stage game is E = {L,N}, i.e.

no interaction. Moreover, I denote a profile to be the unique maximand of π1

over B2 when

a′ = argmax
a∈B2

π1(a) and a′ /∈ E.

This represents the Stackelberg profile, where a′1 is the Stackelberg leader action

and a′2 the Stackelberg follower action. Note that the Stackelberg convention in



15

the game is

S = {a′1, a′2} = {H, Y },

that is an interaction with high effort.3 Intuitively, a′1 is the action that player

1 would take if he were able to move first or to publicly commit to taking a

particular action. This so-called Stackelberg outcome yields a higher payoff for

both players, but is likely to be difficult to attain since player 1 faces a strong

incentive to cheat and deviate to low effort provision. The purpose of a reputa-

tion mechanism is to help players to avoid this reversion to Nash behaviour and

coordinate around the Pareto superior Stackelberg convention.

Time is discrete and indexed by t = 0, 1, 2, .... In each period, player 2 (the

short-lived player or “she”, henceforth) is anonymously matched with player 1

(the long-lived player or “he”) to play the stage game of Table 2.1.4 Let µt be

the probability with which a short-lived player believes that the long-lived player

chooses to play the high effort action H at t. The expected payoffs from playing

Y and N for the short-lived player are as follows,

E[π2(Y ) |µt] = µt(v − p)− p(1− µt) = µtv − p ,

E[π2(N) |µt] = 0 .

So interacting, action Y , is a best response for the short-lived player provided

that

µtv − p ≥ 0 ⇔ µt ≥
p

v
∈ (0, 1). (2.1)

3Player 1 is said to be the leader in the game because (i) he is the one who proposes the
transaction (ii) he needs to build and keep a “reputation” for exerting high effort.

4We remark that the stage game features the same type of market failure than the one
found in the classical Prisoner’s Dilemma case, that is the unique pure Nash Equilibrium of
the game (i.e., no cooperation) does not correspond to the Pareto or Stackelberg outcome (i.e.
cooperation).
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Put differently, the play of Y increases in the net benefit of interacting for the

short-lived player and in her belief µ that the long-lived player will exert a high

level of effort. In our game, this belief (µ) results solely and directly from the

only piece of information a short-lived player can get about the past actions of

the long-lived player, that is a measure summarizing the long-lived player’s past

moves which takes the form of a rating score. Then, a short-lived player behaves

naively by responding optimally to the long-lived player’s ratings or reputation

at the time of the interaction.

2.2.2 Reputation System

In online economies, buyers assess the probability of a seller to behave well by

observing the seller’s reputation score.5 Such a score can take different forms and

respect different scales but always summarizes the past average trustworthiness

of a seller’s interactions in the marketplace. For instance, on Amazon, sellers are

evaluated by buyers on a rating scale of 1 star to 5 stars, with 5 stars being the

best. The feedback rating is then calculated according to the average star rating

for that particular seller. On eBay, the difference between the number of positive

and negative feedback ratings along with the ratio of positive ratings over the

total number of ratings earned by the seller over the last 12 months are measures

used to evaluate the reliability of a seller in the marketplace.6

In the coming lines, I propose a reputation system which reproduces the crucial

idiosyncrasies of current online reputation systems. Specifically, a rating only

exists if there has been an interaction between a short-lived player (e.g., a buyer)

and the long-lived player (e.g., a seller). There is a fixed number of ratings made

publicly visible to the players by the reputation system. Similarly to the positive

Feedback percentage used by eBay, the reputation measure is quantitatively given

5E.g., marketplaces such as eBay, Amazon, Ricardo, etc.
6See Appendix A.1 for more details about eBay’s reputation system.

https://ebay.com
https://amazon.com
https://ricardo.ch
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by the ratio of high effort actions H over the overall number of interactions

played by the long-lived player that have been saved to the finite memory of

the reputation system. The finite memory of current reputation systems can

be explained by the cost of storing large amount of data on servers and the

willingness to keep reputation scores relevant or reliable over time, e.g., eBay’s

positive feedback score is calculated based on the ratings earned during the last

12 months, Ricardo the last 6 months.

Existence of a rating in the game Consider a binary reputation system

that makes available to all the players in the game a finite number r of ratings,

where r ∈ N+. A rating exists if and only if an interaction has occurred, i.e. if a

short-lived player has played the trusting action Y (as shown in Table 2.2). Then,

before playing, a short-lived player perfectly observes the number of times actions

H and L have been chosen by the long-lived player during the last r interactions

of the game. However, a short-lived player does not know in which period of the

game she is called to move because she has no information about the chronology

of the latter actions, especially when the number of ratings is smaller than the

number of periods the game has already been played.7

Player 1 (LLP)

Player 2 (SLP)

Y N

H 1 0

L 1 0

Table 2.2: Rating existence in the game where Player 1 is the long-lived player
(LLP) and Player 2 a short-lived player (SLP).

In the t-th period, the available history from which a short-lived player gets

access consists of the last s ratings, where s = min{t, r} ∀t > 0. Let Ω = As
1 be

7Note that the history about the long-lived player’s past moves is truncated because of the
limited memory of the reputation system, and not because of the short-lived players’ ability to
remember, e.g., adaptive play à la Young (1993).
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the set of possible states whose time indexing of existing elements is only known

by the long-lived player and the reputation mechanism. A typical member of Ω

is ω ∈ Ω, which is a vector of the last s actions of the long-lived player saved by

the reputation system after s trusting actions Y from short-lived players. Let the

state in period t be denoted ωt.

The transition rule, τ : Ω×A → Ω, is that given an initial state at time t > 0,

ωt ∈ Ω, and an action by the long-lived player at time t, a1t ∈ {H,L}, we have

ωt+1 =





ωt if a2t = {N}

τ(ωt, a1t) if a2t = {Y }
(2.2)

In words, when a short-lived player chooses the distrusting action N at t, no

rating is left and the history of ratings does not change from period t to period

t + 1. Conversely, when she plays the trusting action Y , the transition rule is

such that:

i. If ωt is made of r dimensions, then the left-most element (i.e. oldest rating)

in ωt is dropped;

ii. All other ratings move one place to the left;

iii. One element is added to the end (right) of the vector ωt+1 taking the value

of a1t.

Let ht : Ω → {1, 2, ..., r} be a counting function such that ht(ωt) indicates

the number of occasions in the vector ωt that involves the play of high effort

action H . Similarly, let lt denote the number of plays of action L present in ωt.

More particularly, the information publicly available to short-lived players in any

particular state ωt ∈ Ω is given by

ht(ωt)

s
≡ ht

s
, (2.3)
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simply expressed hereafter as the ratio of h high level of effort actions H over an

existing history of ratings s ≤ r.

2.2.3 Learning and Beliefs

Following the literature about learning in games and fictitious play, I consider

that the frequency of cooperative actions H played by the long-lived player in

the history of ratings determines the behavioural rule of the short-lived players

in the game. In a process of fictitious play, a concept first introduced by Brown

(1951) and first studied by Robinson (1951), players “behave as if they think they

are facing a stationary, but unknown, distribution of opponents’ strategies” Fu-

denberg and Levine (1998). More particularly, fictitious play refers to a dynamic

process where at each period of the game players play a myopic pure best response

to the empirical frequency distribution of their opponent’s previous actions. A

compelling illustration of such a forecasting rule can be found in Ellison (1997).

Specifically, assume that a short-lived player naively believes that the proba-

bility µ with which the long-lived player chooses to play the high effort action H

at period t directly follows from (2.3), i.e.,

µt =
ht

s
∀t > 0. (2.4)

Each short-lived player thus uses the forecast rule (2.4) to predict the strategy of

the long-lived player when she is called to play in the game.8

Remark that such forecasting cannot be considered as fully rational, even if

the update rule computing µ can be interpreted in a Bayesian or rational sense.

This comes from the fact that short-lived players assume (mistakenly) that the

8Note that the dynamics of our behavioural rule (or updating process) has been considered as
the maximum likelihood estimation (MLE) and can be made even more rigorous by interpreting
it in a Bayesian sense, using a prior belief that is a Dirichlet distribution, see for instance Rezek
et al. (2008).
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long-lived player is following a stationary mixed strategy, and lack the cognitive

ability to anticipate how their play affects the behaviour of the long-lived player.

One simple way to think about this within a Bayesian setting is that a short-lived

player’s a-priori belief about the long-lived player’s strategy may be incorrect,

even though she updates correctly from this prior. In other words, short-lived

players behave rationally with respect to their beliefs, but their lack of knowledge

impedes them to be considered as fully rational players in the game.9 In practice,

discrepancies in online experience and cost (in terms of time) to retrieve and

read information about a seller represent intuitive and realistic rationales for the

buyers’ (i.e. short-lived players) forecasting rule.

The game starts at t0 (t = 0) with a history of ratings Ω0 = {∅}. Facing Ω0,

the initial history of a short-lived player is simply h0 = 0 and l0 = 0.10 In the first

period of the game, when the histories are empty, I suppose that a short-lived

player always plays her stage game dominant action Y . The latter assumption is

formalized below.

Assumption 1 (Empty Histories). A short-lived player observing Ω0 plays the

Stackelberg action Y .

Put differently, a short-lived player is always willing to interact with a newly

born long-lived player at least once, making then always possible for the long-lived

player to build reputation in the game, and also ensuring the creation of a first

rating in the reputation system. If this were not the case, then the game would

boil down to the infinite repetition of the pure Nash equilibrium E = {L,N} and

no formation of reputation. I define the latter situation as a locked game.

Definition 5 (Game locking). The game is said to have become locked when the

9It is worth noting that a fully knowledgeable short-lived player who has enough information
to derive the long-lived player’s best response to µt still does not know where in the state space
Ω she has been called to play, and so needs to maintain a uniform prior about her possible
position within the state space (uniform prior which depends on the number of ratings r).

10See Levin (2006) or Epelman et al. (2011) for possible illustrations of fictitious play with
null histories. Informally, such a proceeding generates a fictitious state space for t ∈ [0, r).
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only strategy profile played is the one that leads to no interaction and no further

reputation formation, equivalent to the pure Nash equilibrium E = {L,N}.

Put otherwise, once the game is locked, a short-lived player never chooses

to play the trusting action Y and no farther reputation is formed, given that a

rating only exists if the latter action has been chosen by a short-lived player. In

practical terms, a locked game corresponds to a situation in which an agent has

accumulated an irredeemably bad reputation and is forced to leave the market.

Strategies Short-lived players put equal weight on every past available play

(rating) and myopically best-respond to the long-lived player’s prior behaviour

as summarized by his reputation score.11 Following the forecasting rule (2.4), a

short-lived player then chooses her action to maximize her payoff π2(·),

B2 = {a : a2t = argmax
a2∈A2

π2(a2, µt)} . (2.5)

More particularly, given (2.5) and the interaction condition (2.1), a short-lived

player chooses a pure strategy at t > 0 according to the following rule

a2t =





{Y } if µt ≥ p

v

{N} if µt <
p

v

(2.6)

The long-lived player aims at maximizing his lifetime payoff Π1 while dis-

counting time at a rate δ ∈ (0, 1).12 In a slight abuse of notation, let a1 de-

note the path of play for the long-lived player over the length of the game,

11Given our learning algorithm, this myopic behaviour is optimal and players only choose
pure actions at each period of the game. This is true even if they actually have in mind a mixed
best response. See Hofbauer and Sandholm (2002).

12The time-discount factor δ parametrizes how patient the long-lived player is, where patience
increases in δ. It can be understood as the probability that the game will end after each period.
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a1 = {a1,t=0, a1,t=1, a1,t=2, ...}. Then, a1 generates an expected lifetime payoff,

Π1(a1) =
∞∑

t=0

δtπ1(a1t, a2t) . (2.7)

Note that while a short-lived player’s strategy at period t depends on the state

ωt, the long-lived player’s strategy at t depends both on ωt and on the number of

dimensions the state space can take, i.e. the number of ratings r made available

by the reputation system. Specifically, the long-lived player is a sophisticated

player and is so aware that his action at t may lock the game in a future period.

He forms then his strategy accordingly.

2.3 A General Online Reputation Game

This section presents the general results of the reputation game. The analysis

starts by examining when and how the number of ratings r displayed by a repu-

tation mechanism can affect the frequency which the Nash action is played in the

game. This proceeding allows us to study next how the long-lived player’s equi-

librium strategy depends on r and helps identify the existence of a trade-off that

online marketplaces may face when designing their reputation systems. That is,

a high number of ratings tends to favour the quantity of interactions by making

the entry in the game more accessible to a less patient long-lived player while a

low number of ratings promotes the quality of interactions, by deterring the play

of the Nash action. I then move to the study of the long-lived player’s strategy

profile and demonstrate its stationarity as well as its very dependence on r. The

section ends by a standard social welfare analysis. This final stage formalizes and

sums the core findings of the chapter by showing that the number of ratings dis-

played by a reputation system becomes an essential predictor of market efficiency

as the net benefit of interacting increases in the game, thus encouraging a social
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planner to display a minimum number of them.

2.3.1 Cheating on Reputation

In order to characterise the dynamics of reputation formation, it is necessary

to understand when the long-lived player finds it worthwhile to cheat. I begin,

therefore, with a result that provides a necessary and sufficient condition for the

seller to be able to cheat without any consequences, scenario described as costless

cheating henceforth.

Definition 6 (Costless cheating). The play by the long-lived player of a low level

effort action L (i.e., Nash action) in the game that does not directly lead to a

locking of the game is defined as costless cheating.

Remark that if costless cheating is possible at t > 0, then the long-lived player

never delays the play of a Nash action. Indeed, let us denote π1t(a) the long-lived

player’s payoff associated to an action a ∈ A1 at period t. Following the stage

game presented in Table 2.1, we have π1t(L) > π1t(H) ∀t. Since δ ∈ (0, 1), it is

direct to remark that the long-lived player always chooses to play the low effort

action L as soon as he can in order to maximize his lifetime payoff if he knows the

latter decision will not lock the game in the next period. By Assumption 1, we

know that costless cheating is never possible (by definition) at t = 0 since such

a strategy would imply a locking of the game at t = 1. Then, the opportunity

(if any) for the long-lived player to cheat without risking any locking may only

occur at t > 0.

Besides, in the case of a very patient long-lived player (i.e., δ → 1), delaying

the play of Nash action is not a sustainable strategy since the number of ratings

made available by the reputation system is fixed and smaller than the long-lived

player’s infinite lifetime horizon. Put otherwise, by waiting until later to play

L, a very patient long-lived player breaks the interaction condition and locks the
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game. For instance, suppose a long-lived player can costlessly cheat a maximum

number of x times within an history of r ratings. At the r-th period we must

have µ = r−x
r

≥ p

v
in order to avoid any locking of the game. Now, consider the

long-lived player decides to defer the play of 1 of the x L actions he could have

played during the last r periods to the (r + 1)-th period of his life. By doing so,

it is straightforward to remark that he locks the game, i.e. µ = (r−1)−x

r
< p

v
.

Knowing that the long-lived player never delays the play of a Nash action

when cheating on reputation is possible, I now examine the existence condition

for costless cheating within the stage game and its relationship with the number

of ratings (r) displayed by the reputation system.

Proposition 1. If r ≥ v
v−p

, then there exists the possibility of costless cheating

in the game.

Proof. Let h∗ (l∗, respectively) be the smallest (largest) number of incidents of

the play of H (L) in the available history of ratings the long-lived player can

have without running any risk of reputational failure, i.e. being locked with no

interaction for the remaining plays of the game. For t > 0, we know that the

Stackelberg action Y would be a best response for the short-lived player provided

that she holds a belief µ ≥ p

v
. Let t ≥ r. Following (2.3), we can write

h

r
≥ p

v
,

h ≥ p r

v
⇔ l ≤ l∗ = r(1− p

v
) . (2.8)

Given (2.8), l∗ ≥ 1 if and only if r ≥ v
v−p

. Now let 0 < t < r, then (2.8) can be

rewritten as l ≤ r − pt

v
. It follows that l∗ ≥ 1 if and only if r ≥ v+pt

v
, which is

verified for t ≥ v
v−p

. This completes the proof. �

Put differently, the number of times the long-lived player can safely deviate

from the Stackelberg convention S increases in the number of ratings, r, available
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in the reputation system and in the net benefit of interacting for the short-lived

player, π2 = v − p.

The intuition is relatively simple. A larger number of ratings available in the

reputation system implies that relatively more low level effort actions are tolerated

by a short-lived player, given that her readiness to interact depends directly and

solely on the ratio of high effort actions over the total number of ratings, or

even more intuitively, if the observable history is long then a few instances of

cheating are a relatively small blip in a long history of otherwise good behaviour.

Similarly, a short-lived player is more prone to tolerate a relatively larger number

of low-level effort actions within the history of ratings of a long-lived seller when

she has ‘less’ to lose or, equivalently, ‘more’ to win by choosing to interact. More

formally, consider the two limit cases for p. If p → 0, then v
v−p

→ 1 and costless

cheating is always possible in the game. Conversely, if p → v , then v
v−p

→ ∞

and costless cheating is never possible in the game.

Finally, note that cheating on reputation is independent of the effort cost,

e, incurred by the long-lived player. Again, the intuition is simple. A reputa-

tion system is directed towards short-lived players and so provides information

regarding the payoff a short-lived player can expect by choosing to interact with

the long-lived player.13

2.3.2 Reputation Formation

Proposition 1 established the relationship existing between the emergence of

costless cheating and the number of ratings displayed by the reputation mech-

anism. This part of the analysis focuses on the formation of reputation in the

game. Particular attention is devoted to the role played by r on the long-lived

player’s equilibrium strategy.

13Our stage game is such that a short-lived player only knows her own payoff.
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2.3.2.1 Existence condition

Recall that Assumption 1 ensures that a short-lived player is always willing

to interact with a newly born long-lived player in the game. Then, Lemma 7

follows.

Lemma 7. There is formation of reputation in the game if and only if the long-

lived player plays the Stackelberg action in the first period of his life.

Proof. The proof is straightforward and comes from the observation that playing

the Nash action, low level of effort L, at the first period of the long-lived player’s

life (t0) will lock the game forever and no reputation will be formed given that

the posterior will be µ1(L) = 0 < p

v
where v > p > 0. Then, there exists

formation of reputation in the game if and only if the long-lived player starts his

life by playing the Stackelberg action, high level of effort H , at t0 which leads to

µ1(H) = 1 > p

v
. �

Lemma 7 identifies a condition for reputation formation that is consistent

with the literature. Specifically, it states that the effects of reputation start to

work immediately and are stronger during the initial stage of the game, when the

long-lived player must ‘work’ hard to establish a reputation in the market. An

interesting parallel can be drawn here between our setting and the one developed

by Holmström (1999) in his seminal paper about career concerns. That is, an

employee (long-lived player, respectively) seeks to maximize his lifetime wages

(payoff) whilst minimizing his efforts, knowing that employers (short-lived play-

ers) cannot observe his ability but only the outcome of his past actions. Given

this framework, Holmström shows that an employee has incentives at equilib-

rium to work hard at the very beginning of his career in order to build a good

reputation and demonstrate his ability early in his life.

At this stage of the development and before going any further, it seems rele-

vant to illustrate and epitomise the key concepts and dynamics we have just seen
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with a short example.

Example Fix p = 1, v = 3 and r = 5. For simplicity’s sake, consider the case

of an almost extremely patient long-lived player so that δ → 1. The game starts

at t = 0. By Proposition 7, we know that the long-lived player plays H while a

short-lived player plays her dominant strategy Y (see Assumption 1). Following

Proposition 1, we remark that costless cheating is possible since v
v−p

= 3
2
< 5.

Then, the long-lived plays L at t = 1 while a short-lived player plays Y since

µ1 > 1
3
. The same reasoning applies for t = 2. At t = 3, the long-lived player

must play the Stackelberg action H if he does not want to lock the game in the

next period, since playing the Nash action L would result in a belief µ4 =
1
4
< 1

3
.

At the end of t = 4, the state space is composed of 5 ratings and, for t > 4, the

belief µt then rests on the 5 latest actions of the long-lived player composing ωt.

Playing in the game is summarized in Table 2.3.

Time, t Belief, µt (ht, lt) Play Rating

0 – (0, 0) (H, Y ) H

1 1 (1, 0) (L, Y ) L

2 1
2

(1, 1) (L, Y ) L

3 1
3

(1, 2) (H, Y ) H

4 2
4

(2, 2) (L, Y ) L

5 2
5

(2, 3) (H, Y ) H

6 2
5

(2, 3) (L, Y ) L

7 2
5

(2, 3) (L, Y ) L

8 2
5

(2, 3) (H, Y ) H

9 2
5

...
...

...

Table 2.3: Playing in the reputation game with r = 5 and p

v
= 1

3
.

As is standard in the literature on fictitious play, we remark that play forms
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a so-called ‘deterministic cycle’, that is (H, Y ), (L, Y ), (L, Y ), (H, Y ), (L, Y ),

while (ht, lt) converges to (2, 3).

2.3.2.2 Rating system and reputation formation

Having uncovered the condition for the formation of reputation in the game, I

now investigate for which value of the time-discount factor δ the long-lived player

is willing to diverge from the Nash convention. Such a proceeding allows to

highlight how the long-lived player forms his strategies depending on the number

of ratings displayed by the reputation mechanism. I start by considering the case

of a reputation system which forbids costless cheating.

Proposition 2. If r < v
v−p

, then

i. reputation is formed for δ ∈ ( e
p
, 1),

ii. the equilibrium strategy for a sufficiently patient long-lived player involves the

play of an infinite sequence of Stackelberg actions.

Proof. Let r < v
v−p

. By Proposition 1, the long-lived player cannot cheat costlessy

on his reputation. Playing the Stackelberg convention in every period leads to a

lifetime payoff

ΠH
1 =

∞∑

t=0

δt(p− e) ,

=
p− e

1− δ
. (2.9)

Now, playing only the Nash convention, i.e. action L, leads to an immediate lock

of the game and so to a lifetime payoff

ΠL
1 = p . (2.10)
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Comparing (2.9) and (2.10), the long-lived player prefers to play the Nash action

if and only if

p ≥ p− e

1− δ
⇔ 0 < δ ≤ e

p
where p > e > 0.

Hence, the long-lived player chooses the Stackelberg action H in the first period

of his life when his patience satisfies δ > e
p
. Now, is the converse true? That is,

if δ ≤ e
p
is it necessarily the case that the long-lived player always chooses the

Nash action L at t0? Suppose an impatient long-lived player who is only willing

to exert some effort in the first period of his life and plays the Nash action for

the remaining of the game, implying a lifetime payoff,

ΠH+L
1 = p− e+ δp. (2.11)

Then, its is straightforward to remark that (2.11) is strictly larger than (2.10)

when δ > e
p
. Put otherwise, if δ ≤ e

p
, the long-lived player always plays the Nash

action at t0 and no reputation is formed in the game.

Finally, by playing the Stackelberg action H at t0, the long-lived player faces

an identical decision problem in the next period and so will play the action H

again, and so on and so forth. �

The long-lived player’s decision to play the Stackelberg action, action H ,

depends on his patience δ. In a game featuring a reputation system that makes

costless cheating not possible, i.e. a reputation system characterised by a number

of ratings satisfying r < v
v−p

, the play of H decreases in the cost of effort, e, and

increases in the payment received for the interaction, p. Put differently, and quite

intuitively, only a long-lived player who sufficiently values the future will be ready

to play the Stackelberg action H and so to earn (p − e) at every period of the

game, instead of playing the Nash action L and earning a unique p in the first
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period.

I next turn my attention to a reputation system that makes possible costless

cheating, i.e. a system characterised by a number of ratings r ≥ v
v−p

.

Proposition 3. If r ≥ v
v−p

, then

i. reputation is formed for δ ∈ (δ, 1) where δ ∈ ( e
e+p

, e
p
],

ii. the long-lived player’s expected lifetime payoff increases in the number of

ratings r.

Proof. Let r ≥ v
v−p

. By Proposition 1, we know that the long-lived player can

costlessly deviate from the Stackelberg convention, action H , and he can play

in certain periods of his life the low-effort action L without risking a locking

of the game. Denote ΠHL
1 the expected lifetime’s payoff corresponding to the

equilibrium strategy profile of the long-lived player when the reputation system

satisfies r ≥ v
v−p

.

Part (i) – If costless cheating is possible in the game, the play of the Nash

action L is never delayed by the long-lived player. This implies that ΠHL
1 has for

boundaries

ΠH
1 < ΠHL

1 < ΠL
1 ,

p− e

1− δ
< ΠHL

1 <
p

1− δ
,

where the LHS of the inequality comes from (2.9) and the RHS is equivalent to

the payoff associated to the infinite play of L by the long-lived player in the case

of an extremely permissive or inefficient reputation system, i.e.,

ΠL
1 =

∞∑

t=0

δtp,

=
p

1− δ
.
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I investigate for which level of patience δ reputation formation is bounded below

when costless cheating is possible. Suppose a limit environment in which r and

p are such that the long-lived player only plays the Stackelberg action at t0 and

costlessly cheats for the remaining length of the game. Note that such a scenario

induces an extremely high number of ratings to be plausible. Then, the long-lived

player’s expected lifetime payoff is

ΠH+L
1 = (p− e) +

∞∑

t=1

δtp,

=
p

1− δ
− e. (2.12)

Comparing (2.12) with the lifetime payoff associated to the Nash convention

played from t0 onwards, we have

p ≥ p

1− δ
− e ⇔ 0 < δ ≤ e

e+ p
,

and the lower bound of δ is δ = e
e+p

< e
p
∀e, p > 0.

Part (ii) – Following the proof of Proposition 1, we know that the number of

times the long-lived player can safely play the Nash action, l∗, increases in the

number of ratings r. Formally,

l∗ = r(1− p

v
) → ∂l∗

∂r
= 1− p

v
,

=
v − p

v
> 0, where v > p > 0.

Then, for every unit increase in r, the long-lived player recovers (v−p

v
) times his

cost of effort e in a sequence made of r ratings. Hence, ΠHL
1 increases in r,

∀r ≥ v
v−p

. �

In a game featuring a reputation system allowing costless cheating, the long-

lived player’s willingness to form reputation decreases in the cost of effort e,
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increases in the price of the interaction p, as for r < v
v−p

but now, it also increases

in the number of ratings made available by the reputation system. The intuition

is simple and follows from the one of Proposition 1. Indeed, the long-lived player

(e.g., a seller) is more prone to enter a market when he knows that the reputation

system in place is such that occasional or accidental plays of the Nash action will

not ban him from the market and smash his previous effort investment decisions.

Denoting δHL the patience required for the long-lived player to form reputation

when such a rating system is in place, we remark that the Stackelberg convention

H is played for lower levels of patience than in games featuring rating systems

forbidding the play of Nash actions L that require a level of patience denoted δH .

Specifically, we have

δHL ∈ (
e

e+ p
, δH ] where δH ∈ (

e

p
, 1) and v > p > e > 0. (2.13)

Following (2.13), I identify a trade-off between the number of ratings necessary

to minimize cheating in the game and the number of ratings needed to encourage

interactions in the game.

Corollary 8 (The Ratings Trade-off). A reputation system that makes publicly

available a small number of ratings limits cheating behaviours but discourages a

long-lived player to form reputation, hindering then the overall number of inter-

actions in the game.

Put otherwise and all things being equal, locking of the game occurs for a

smaller range of δ when the reputation system makes available a larger number of

ratings in the economy. This is especially true when the net benefit of interacting

for a short-lived player is substantial in the stage game. Such a finding calls quite

naturally some comparative statics analysis.
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The case of free goods (p → 0). Consider a game where the price of in-

teracting, p, and the cost of effort per interaction, e, tend both towards 0. An

illustration of such a stage game could be an online marketplace proposing in-

divisible non-rival or anti-rival goods.14 In this game, costless cheating is highly

probable given that v
v−p

→ 1. To limit the play of the Nash convention, the

reputation system must then display a very small number of ratings, i.e. r → 1.

Making publicly available an extremely small number of ratings has for conse-

quence to restrict the entry in the game to extremely patient long-lived players,

i.e. δ → 1. Put differently, economies proposing cheap or free goods are more

prone to encourage cheating behaviours (i.e. play of L) from long-lived players

without endangering the risk of being punished (see Proposition 1). The intu-

ition is relatively straightforward. Since the cost of interacting for the short-lived

players is very low, they are willing to interact even in the face of a relatively bad

interaction. This, in turn, means that the long-lived player can get away with

frequently cheating with no real consequences. To minimize the play of the low

level of effort action, the reputation system attached to the stage game must then

make available a very small number of ratings, i.e. a system satisfying r < v
v−p

,

restricting then the entry in the reputation game to only very patient long-lived

players.

The case of auctions (p → v). Consider now a game where the price of

interacting, p, tends towards a short-lived player’s value of interacting, v. Online

market using a second-price auctions mechanism to allocate indivisible goods

among a large number of short-lived players, e.g. an economy à la eBay, are

likely to fall closer to this end of the spectrum.15 In this game, costless cheating

14Like a public good, an anti-rival good is both non-excludable and non-rival. However,
it is created by private economic agents for common benefit without being motivated by pure
altruism, because a single economic agent also receives benefits from the contributions of others,
e.g., software. See Weber (2004).

15In any standard auction with symmetric private values on a finite support, the expected
surplus of the winning bidder goes to zero as the number of bidders grows large. See for instance
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is extremely unlikely, given that the number of ratings made available by the

reputation system is finite and that v
v−p

→ ∞. Put differently, since much is

at stake, short-lived players (or in this case bidders) do not forgive past play of

the Nash action L by the long-lived player. Aware of this, the latter player does

not have any other choice than playing an infinite sequence of the Stackelberg

convention if he does not want to lock the game. In this case, the trade-off is

then less prominent given that costless cheating is made structurally impossible

by the parameters of the game.

In summary, the number of ratings displayed by a reputation system influences

the long-lived player’s equilibrium strategy. A low r can limit the formation

of reputation in the game by restricting the play of high effort actions to very

patient long-lived players while a high r can encourage costless cheating or low

effort strategies. The latter trade-off increases in importance as the net benefit

of interacting widens in the game.

The next section analyses further the interplay existing between the number

of ratings r and the long-lived player’s strategy.

2.3.3 Equilibrium Strategy Profile

We know that a short-lived player decides to play the trusting action and

to interact with the long-lived player only if the latter player’s reputation at

time t satisfies the game’s interaction condition. However, a sufficiently patient

long-lived player who is willing to enter the game and to form reputation cannot

follow the same kind of myopic behaviour. Indeed, in order to maximize his

lifetime payoff, he has to ensure that the game will not become locked in the next

periods of his life because of bad ratings. It follows that the long-lived player

builds his strategy profile with respect to the number of ratings featured by the

Vickrey (1961).
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game’s reputation system. Proposition 4 formalizes the argument.

Proposition 4. The strategy profile of a sufficiently patient long-lived player is

composed of an infinitely repeating sequence of r actions.

Proof. Let r < v
v−p

and δ > e
p
. By Proposition 2, the long-lived player plays the

Stackelberg strategy during the whole length of the game. The long-lived player’s

strategy profile is then simply made of the action H repeated over r times.

Now, let r ≥ v
v−p

. By Proposition 3, a sufficiently patient player enters the

reputation game and maximizes his lifetime payoff by cheating on his reputation.

Specifically, the optimal number of times he plays the Stackelberg strategy is

given by (2.8), that is ⌈h∗⌉ = ⌈p r

v
⌉, and similarly the maximum number of times

he plays the Nash action is respectively ⌊l∗⌋ = ⌊r(1− p

v
)⌋ where the sum of h∗ and

l∗ is nothing else than the number of ratings r made available by the reputation

system. �

It follows from Proposition 4 that the finite number of ratings displayed by a

reputation system dictates the (stationary) equilibrium strategy path of the long-

lived player within the game. More particularly, a long-lived player’s strategy at

t only depends on the state ω of his reputation and not on which period of his life

he is in. In other words, each time a specific state is visited, the long-lived player

faces the same trade-off between the possibility of a high payoff today and the

consequences this could have on his future payoffs and picks the same strategy,

creating then a cycle over the state space Ω.

This is trivial when costless cheating is forbidden by the reputation system

given the homogeneity of the finite state space Ω. If the long-lived player is

not patient enough, Ω will only be made of a Nash action L, and the game will

converge to the play of the stage game’s pure Nash equilibrium. Conversely, for

a sufficiently patient long-lived player (i.e. δ > e
p
), the state space will be only

composed of Stackelberg actions H , and the game will converge to the play of
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the Stackelberg convention. Then, if r < v
v−p

the states remain constant over

the length of the game, implying that the same strategy is played every time a

specific state is visited.

The dynamics is more interesting when costless cheating is possible, i.e. r ≥
v

v−p
. Following Lemma 7, we know that the first action of a sufficiently patient

long-lived player at t0 must be the high effort one, H , if he wants to form repu-

tation and not lock the game. We also know that the long-lived player will play

⌈h∗⌉ times the Stackelberg action and ⌊l∗⌋ times the Nash action within the r

first periods in order to maximize his expected lifetime payoff (see Proposition

1). Consider now that we are in the (r + 1)th period of the game. By deviating

from the Stackelberg convention at tr (i.e. t = r, the game starting at t = 0), the

long-lived player inevitably locks the game, that is h∗−1
r

< p

v
⇔ pr−v

r
< p which

is always true given v > p > 0. Thus, like at t0, the long-lived player plays again

the Stackelberg action at time tr. It is straightforward to remark that at tr+1, he

faces the same reputation score than at t1 and plays the same action, and so on

and so forth.

2.3.4 Number of Ratings to Display

The above analysis demonstrated that the number of ratings embedded by

a reputation system determines the equilibrium strategy profile of the (sophisti-

cated) long-lived player and helps foster the play of the Stackelberg convention

over the Nash one. I now investigate the consequences of a change in r on social

welfare in the game in order to determine the optimal number of ratings an online

reputation system should display. I first examine how costless cheating impacts

social welfare.

Lemma 9. Social welfare is maximized when costless cheating is not possible in

the game.
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Proof. I show that social welfare, or total surplus hereafter, is larger in games

featuring reputation systems forbidding costless cheating than ones forgiving such

behaviours. Remark first that the total surplus (TS) of a game in which reputa-

tion cannot exist (see Lemma 7) is simply zero

TS = PS + CS,

= δ0p− p,

= 0,

where the producer surplus (PS) is the surplus for the long-lived player, and the

consumer surplus (CS) represents the surplus for the short-lived players in the

game.16 Consider now the total surplus of a game in which reputation can exist.

Following Table 2.1, it is straightforward to note that the per period total surplus

when the Stackelberg strategy profile is played is always strictly larger than the

cheating one. Hence, total surplus for the whole game, which is nothing else than

the sum of the per period total surpluses, is always larger when cheating is not

tolerated by the reputation system. �

In other words and as should be expected, costless cheating impedes social

welfare. Suppose r ≥ v
v−p

. If δ > e
p
, social welfare decreases in the play of costless

cheating actions and then is always smaller within this reputation mechanism

than one featuring a number of ratings satisfying r < v
v−p

. If δ ≤ e
e+p

, no

reputation is formed an we are back to a total surplus of 0. If δ ∈ ( e
e+p

, e
p
], then

Stackelberg actions become possible and social welfare increases in their play. We

note that the range of δ which benefits of such a special condition increases in e,

where e ∈ (0, p) and tends towards its maximum for e → p. However, as e → p

the long-lived player’s payoff associated to the Stackelberg strategy tends to 0,

i.e. (p− e) → 0. Besides and following the proof of Proposition 3, we know that

16The Nash equilibrium E = {L,N} is not played at t0 because of Assumption 1.
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δ → e
e+p

supposes a limit environment with an extremely large number of ratings

and an almost infinite play of cheating actions whose associated surplus is 0 in

the game. Hence, as e → p and costless cheating is possible, social welfare tends

towards 0. It remains to consider the inverse situation, that is e → 0. Here,

e
e+p

→ e
p
and it becomes not costly in terms of δ to enforce Pareto efficiency.

Quite naturally, this results induces that a reputation system should discour-

age the play of the Nash convention in the game. Lemma 10 follows.

Lemma 10. Conditional on r < v
v−p

, any strategy that maximizes the long-lived

player’s lifetime payoff also maximizes social welfare in the game.

Proof. The proof is direct and follows from Lemma 9 and Proposition 2. By

Lemma 9, we know that social welfare is maximized for r < v
v−p

. By Proposition 2,

we know that the equilibrium strategy of a sufficiently (insufficiently, respectively)

patient long-lived player is to indefinitely play the Stackelberg (Nash) convention

when the number of ratings is such that costless cheating is not possible. For

δ > e
p
, this is trivial to remark that social welfare attains its maximum when

the Stackelberg convention is played. For r < v
v−p

and δ ≤ e
p
, playing the Nash

convention is the only way to limit losses on the consumer’s side (short-lived

players) and so is Pareto optimal. �

To maximize social welfare (also market efficiency henceforth), a social plan-

ner or reputation system designer must ensure that costless cheating is not sus-

tainable in the game. Without loss of generality, we remark that the strategy

that maximizes the time-discounted long-lived player’s payoff is also the one that

maximizes market efficiency in the game when r forbids safe deviations from the

Stackelberg convention. It directly follows that a mechanism designer who seeks

to maximize social welfare needs to display a minimum of ratings.

Proposition 5. A social planner maximizes social welfare by fixing r∗ = 1.
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Proof. The proof is as follows. By Lemma 9, we know that social welfare in

the game is always larger and tends towards its maximum when the reputation

system forbids costless cheating, that is a reputation system which makes publicly

available a number of ratings r < v
v−p

. Following Proposition 2, we know that

the long-lived player’s decision to play well in a game characterised by such a

reputation system and to form reputation is independent of r and solely depends

on the cost of effort e and interaction’s price p, δ > e
p
. Hence, supposing a

game in which costless cheating is made impossible for a large range of r, the

decision to increase the number of ratings displayed by the reputation system

does not extend the range of δ for which the long-lived player is willing to enter

the reputation game.

It remains to show that the minimum number of ratings supported by the

reputation system, that is r = 1, is also the optimal number of ratings that

should be displayed within the game. Following Proposition 4, we know that the

equilibrium strategy of a sufficiently patient long-lived player is to play indefi-

nitely the Stackelberg action H when r < v
v−p

, implying quite trivially the infinite

repetition of a stationary strategy profile of size one. �

Proposition 5 states that market efficiency is maximized when a reputation

system only displays the most recent rating in a stage game featuring perfect

monitoring. It is worth noting that such a result rests on our previous find-

ings and observations. Indeed, Lemma 9 showed that social welfare decreases

in costless cheating implying that long-lived player’s strategies featuring cost-

less cheating should be discouraged by the reputation mechanism. Proposition 1

demonstrated that costless cheating is not possible when the number of ratings

satisfies r < v
v−p

. Proposition 2 determined that if r < v
v−p

, then the long-lived

player’s equilibrium strategy involves the play of an infinite sequence of Stack-

elberg actions, provided that his patience satisfies δ > e
p
. In this situation, we
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thus noticed that the long-lived player’s willingness to form reputation does not

depend on r. Furthermore, Proposition 4 established the stationary property of

the long-lived player’s equilibrium strategies. The two latter results lead to the

conclusion that the condition r < v
v−p

can be simplified to r = 1 without loss of

generality.17

To complete and illustrate Proposition 5, consider the following remarks which

focus on two different types of marketplaces.

Remark 11. For p → v, the number of ratings r has a limited effect on market

efficiency.

When v
v−p

→ ∞, costless cheating becomes impossible and the unique strat-

egy for a sufficiently patient long-lived player is to play high effort action H ,

the Stackelberg action. Given that the state space of the latter player is only

composed of actions H , a reputation system can pick any number of ratings

(r ∈ N+) to maximize welfare in the game, the minimum being the stationary

value r = 1. Put differently, in marketplaces where p → v, a mechanism that

only publishes the outcome of a seller’s single most recent interaction (r = 1) is

capable of generating the same levels of cooperation and social welfare as more

complex systems that compile large numbers of interactions. Interestingly and as

already highlighted by Dellarocas (2005), the long-lived player’s decision to stick

to the Stackelberg convention in such markets (e.g., second-price auctions) could

provide some theoretical background to explain the remarkably small fraction

of negative ratings empirically observed in online marketplaces à la eBay, thus

contradicting the literature explaining such a polyannaism by the poor quality of

reputation systems in place in those economies.18

17Besides stationarity and δ independent of r for r < v

v−p
, an intuitive explanation for r∗ = 1

instead of r < v

v−p
would be to suppose that v can vary among short-lived players, ∀v > p.

For instance, by considering v

v−p
to be uniformly distributed in (1, n), n being potentially very

large.
18For instance, Resnick and Zeckhauser (2002) report that, based on a dataset of 36,233
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Remark 12. For p → 0 or v → ∞, the number of ratings r has a substantial

effect on market efficiency.

When v
v−p

→ 1, costless cheating can be sustained for almost any r and so-

cial planners must make available a minimal number of ratings if they want to

maximize total surplus in the game, choosing then r = 1.19 This policy has for

main consequence to restrict the entry in the reputation game to only extremely

patient long-lived players, limiting so the use of the mechanism but not its use-

fulness. In marketplaces featuring such properties, we note that the trade-off first

identified in Corollary 8 between the quality of the interactions (low r, high δ)

and the quantity of interactions (high r, low δ) is hence especially prominent.

In short and as already hinted by Corollary 8, the number of ratings displayed by

a reputation system becomes an essential predictor of market efficiency as the net

benefit of interacting increases in the game. This result will be further analysed

and expanded in the coming section.

2.4 Extensions

I develop in this section variants of the model presented at the beginning

of the chapter. A first extension identifies how the original setting is subject

randomly chosen completed eBay transactions, less than 1% of ratings left by buyers are negative
or neutral. They speculated at the time that such a low proportion could be explained by fear of
retaliation, i.e. the fear that the seller would retaliate by leaving negative feedback for a buyer
after receiving a negative one. In Spring 2008, eBay changed its feedback rules, making then
impossible for sellers to leave negative feedback for buyers. Following this policy change, Saeedi
et al. (2013) find that the percentage of positive feedback left by eBay buyers has increased
even more. While this finding can be counter-intuitive at first sight, a plausible explanation
emphasized by the authors is that in the absence of retaliation, sellers – especially the ones
proposing lower quality interactions – lost a tool to control the market outcome by intimidating
the buyers, and had either to exert more effort per transaction to maintain their reputation or
leave the marketplace.

19Note that r = 1 is a design policy which only applies to our current setting in which the
long-lived player always plays his maximizing lifetime payoff strategy. Section 2.4.3 develops
the setting further by acknowledging the possibility that players may have a lapse in reason or
judgement.
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to ‘whitewashing’, that is the fact to clean a bad reputation by re-entering a

marketplace under a new identity. Following this observation, I propose to make

our reputation system robust to costless identity changes by introducing a 1-time

entry fee. A second extension relaxes the assumption that a rating is created

after each single interaction in the game, and examines how our results evolve

when incomplete reporting is inserted into the model. A third and final extension

considers that the reputation system may feature imperfect monitoring and shows

that a social planner can mitigate the effects of erroneous or wrong rating decisions

by increasing the number of ratings displayed by the reputation mechanism.

2.4.1 Whitewashing (Cheap Pseudonyms)

Changing identity online20 is a relatively simple and cheap process. Nowadays,

it may require just a few keystrokes and an email address to enter an online

marketplace under a specific username or pseudonym.21 The efficiency of an

online reputation system thus depends on its ability to prevent ‘opportunistic’

sellers from leaving and re-entering the market with a clean and fresh reputation

as soon as they receive a bad rating.

In this section, I briefly examine how the model can be extended in order

to prevent whitewashing. I first show that the long-lived player maximizes his

expected lifetime payoff by always playing the Nash action when he can freely

enter the marketplace under new identities. Then, I propose to introduce an

entry fee or bail in order to restrict the use of cheap pseudonyms and improve

the efficiency of the reputation mechanism.

20This process is also called ‘whitewashing’, hereafter.
21See for instance Resnick and Zeckhauser (2002).
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2.4.1.1 Problem formulation

Consider that costless cheating is not possible in the game thanks to a small

number of ratings displayed by the reputation system.22 The long-lived player

then has the choice at every period t of his life to either form reputation and

play the Stackelberg action (H) or lock the game and play the Nash action (L).

Furthermore, suppose that the long-lived player is free to leave and re-enter the

game as many times as he wishes. Then Lemma 13 follows.

Lemma 13. The long-lived player maximizes his expected lifetime payoff by white-

washing his reputation.

Proof. The proof is direct. By playing the Stackelberg action during his whole

lifetime, the long-lived player earns

ΠH
1 =

∞∑

t=0

δt(p− e),

=
p− e

1− δ
.

Playing the Nash action after a Stackelberg action irremediably leads to a locking

of the game and thus an expected lifetime payoff smaller than ΠH
1 .

Now, if the long-lived player adopts a ‘whitewashing’ strategy and always plays

the Nash action by exiting the game at the end of each period and re-entering it

under a new clean identity at the beginning of every t, then he earns

ΠL
1 =

∞∑

t=0

δtp,

=
p

1− δ
,

where ΠL
1 > ΠH

1 ∀δ ∈ (0, 1). �

22As shown previously in this chapter, social welfare is maximized when costless cheating is
not possible. Note that the findings of this section do not change if costless cheating is tolerated.
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Lemma 13 establishes that the current reputation system is vulnerable to

whitewashing, thus impeding both the formation of reputation and social welfare

in the game. This result is especially critical since it is independent of δ, implying

that even a sufficiently patient long-lived player finds it optimal to adopt a Nash

strategy.

In order to prevent the use of cheap pseudonyms and guarantee market ef-

ficiency, a social planner needs to perturb the mechanism so that a newly-born

long-lived player never finds it optimal to adopt a whitewashing behaviour. This

can be achieved by considering a setting in which the long-lived player starts the

game from a state which features the smallest possible payoff among all states.

The coming lines present the changes it induces for our original model.

2.4.1.2 Entry fee

Following Friedman and Resnick (2000), suppose there exists a fixed 1-time

fee z > 0 the long-lived must pay at t0 in order to enter the game. The key

question for a mechanism designer is to fix ‘z’ such that it prevents whitewashing

while still encouraging the play of the Stackelberg action in the stage game.

Proposition 6. If z > e
δ
, then whitewashing is prevented and market efficiency

preserved.

Proof. Suppose costless cheating is not possible and fix z > 0. By playing the

Nash action L during his whole lifetime, the long-lived player’s payoff now reduces

to

ΠL,z
1 =

∞∑

t=0

δt(p− z),

=
p− z

1− δ
.

It is direct to remark that if z = p, then ΠL,z
1 = 0.
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In contrast, by playing the Stackelberg action H , the long-lived player’s payoff

becomes

ΠH,z
1 = p− e− z +

∞∑

t=1

δt(p− e),

=
p− e

1− δ
− z,

where ΠH,z
1 > ΠL,z

1 ∀δ > e
z
⇔ z > e

δ
. �

Following Proposition 6, we remark that the condition on z shares some ev-

ident similarities with the one identified by Proposition 2, where the long-lived

player’s equilibrium strategy involves the play of H if δ > e
p
. Hence, a possible

and reasonable choice of z for a social planner would be to make the reputation

mechanism robust to whitewashing by charging the long-lived player an entry fee

equal to the revenue of his first interaction, i.e. z = p.

More generally, the core intuition for Proposition 6 is that a new seller must

prove his worth when entering a marketplace and so pay a kind of trust fee. In

large online markets such as eBay, the fee z can be parametrized by the price

premium that is the difference existing between the auction’s price of a new

seller and a high-reputation one. In smaller online marketplaces, registration can

be non-free and new entrants may have to pay a fixed fee. For instance, the

underground (or ‘Deep Web’) and now defunct online marketplace ‘Silk Road’

prevented whitewashing by asking for a fixed fee whenever a new seller wanted

to register.

2.4.2 Incomplete Reporting

The previous analysis considered a setting in which short-lived players always

submit a rating after an interaction, i.e. P(r|Y ) = 1. However, this one-to-

one relationship is not verified empirically, mainly because online ratings can be
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viewed as public goods.23 Indeed, their creation is (time) costly but benefits the

entire economy, implying that economic agents are more incline to free-ride on

the contributions of others.

Using a laboratory experiment, Lafky (2014) demonstrates that the cost of

rating plays a major role in influencing rating behaviour, a rating being more

often submitted when the observed quality of an interaction – either good or bad

– outweighs the rating cost. Gathering data on eBay, Resnick and Zeckhauser

(2002) find that 51.7% of buyers leave feedback after a transaction with a seller.24

Constructing a panel of eBay transactions, Cabral and Hortaçsu (2010) note that

40.7% of those transactions resulted in a feedback.24 Dellarocas et al. (2004) study

the drivers and dynamics of buyer participation in eBay’s feedback system. The

aforementioned authors observe that a buyer rates a seller 68% of the time and

demonstrate through a probit model that this high rate of voluntary participation

can be explained by the combined effects of (impure) altruism, self-interest, and

reciprocation.24 In a similar study, Diekmann et al. (2014) find an even higher

rate of participation and show that up to 85% of eBay transactions are rated by

buyers.24 Their results reinforce the idea that reciprocity and altruism (especially

for inexperienced sellers) both play a major role in the decision of a buyer to

submit a rating.

As illustrated by the works mentioned above, most of the empirical studies

have explored online reputation systems using data coming from eBay or tried

to reproduce the fundamentals of the latter economy in experiments. However,

eBay features idiosyncrasies that cannot be generalized to every online market-

place, e.g., goods are allocated through auctions and are mainly indivisible. Fol-

lowing this observation, I scraped and gathered data during Spring 2012 from

23See Dellarocas et al. (2004).
24To note that these findings all rest on data collected before 2008, when eBay changed its

two-sided feedback system to make it less sensitive to retaliation by forbidding sellers from
giving negative feedback on buyers. Bolton et al. (2013) describe this new reputation system
as a “one-sided feedback system that still allows for positive reciprocity”.
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three online marketplaces which all propose non-rival goods25 for free or a very

small (fixed) price, namely Google Play26, the Chrome Webstore27, and AMO

(Mozilla Add-ons marketplace)28. Results show that the probability to get a rat-

ing after an interaction is on average significantly lower in those economies than in

markets à la eBay. Specifically, I find that only up to 5% of transactions are rated.

Type of good Non-rivalrous Rivalrous

Example of marketplace Google Play eBay

Probability of a rating 1% to 5% 29 40% to 85% 30

Table 2.4: Probability for a ‘buyer’ to submit a rating after a transaction.

The dramatic difference in rating probabilities between those two types of

online marketplaces (and their respective goods) suggests that there may exist a

positive relationship between the price of a good and the probability to report a

rating.

2.4.2.1 Existence of a rating in the game

To incorporate such empirical evidence into the model, suppose that a rating

now exists after an interaction (i.e. action Y ) with probability φ ∈ [0, 1], where

φ is time-independent (as shown in Table 2.5). It follows that the transition

function τ takes an additional parameter φ, i.e. τ(ωt, a1t, φ), and the long-lived

player now expects to play a number r
φ
of interactions to get r ratings in the

system. Indeed, let

25E.g., browser extensions and mobile applications.
26https://play.google.com
27https://chrome.google.com/webstore
28https://addons.mozilla.org
29See Appendix A.2.
30Cabral and Hortaçsu (2010) (40.7%), Resnick and Zeckhauser (2002) (51.7%), Dellarocas

et al. (2004) (68%) and Diekmann et al. (2014) (65% - 85%).

https://play.google.com
https://chrome.google.com/webstore
https://addons.mozilla.org
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Player 1

Player 2

Y N

H φ 0

L φ 0

Table 2.5: Existence of a rating in the game.

X1 be the number of interactions (trials) to the first rating (success),

X2 be the number of interactions to the second rating,

X3 be the number of interactions to the third rating,

...

Each Xi is a geometric variable with success factor φ, so E(Xi) =
1
φ
∀i. Let N

be the number of interactions to the r-th success, where N is a negative binomial

random variable, N =
∑r

i=1 E(Xi). Since the expectation of a sum of random

variables is the sum of their expectations, we have

E(N) = E(
r∑

i=1

Xi) ,

=

r∑

i=1

E(Xi) ,

=
r

φ
. (2.14)

The coming analysis starts by investigating the effects of the measure φ on

the formation of reputation and the occurrence of costless cheating in the game.

Then, I examine how incomplete reporting affects the long-lived player’s equilib-

rium strategy in the game. Finally, I check whether this new setting engenders

some changes for the optimal number of ratings an online reputation system

should display.
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2.4.2.2 Reputation formation

I start by identifying a new condition for reputation formation in the game,

in addition to Lemma 7.

Remark 14. A necessary condition for exertion of effort is φ > 0.

If φ = 0, no rating is left in the game and then no reputation is formed, im-

plying that costless cheating is the only convention played following Assumption

1. In other words, the existence of reputation and its formation now depend on

the probability φ to get a rating after an interaction. Lower the φ, smaller is the

chance to get a rating about the long-lived player’s past move. I now examine

the effects of φ on the occurrence of costless cheating in the game.

2.4.2.3 Costless cheating and rating creation

Proposition 7. Proposition 1 holds ∀φ > 0.

Proof. The proof is straightforward and follows directly from the one of Propo-

sition 1. Let µt be the long-lived player’s reputation at time t > 0. Suppose

that the reputation system makes publicly available a number of ratings r < v
v−p

.

Then ∀φ > 0, the probability to lock the game at (t + 1) after the play of the

Nash action L is always larger than 0, which is not compatible with our definition

of costless cheating. �

The existence condition of costless cheating in the game remains the same and

is independent of φ as long as φ > 0. Put differently, for r < v
v−p

, the long-lived

player always incurs the risk to lock the game at t+1 with a probability φ > 0 if

he decides to play the low effort action at t. Knowing this, the long-lived player

cannot expect to costlessly cheat on his reputation when a reputation system

displays such a number of ratings.
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2.4.2.4 Equilibrium strategies

Surely, the introduction of φ influences the decision of the long-lived player

to form reputation in the game and to play the Stackelberg or high effort action.

As in section 2.3.2.2, I start the analysis by considering the case of a reputation

system which forbids costless cheating.

Proposition 8. If r < v
v−p

, then

i. reputation is formed for δ ∈ (δ, 1) where δ = e
e+φ(p−e)

> e
p
∀φ < 1,

ii. the equilibrium strategy for a sufficiently patient long-lived player involves the

play of an infinite sequence of Stackelberg actions.

Proof. Let r < v
v−p

. By Proposition 1, the long-lived player cannot cheat costlessy

on his reputation. Playing the Stackelberg convention in every period leads to a

lifetime payoff ΠH
1 ,

ΠH
1 =

∞∑

t=0

δt(p− e) ,

=
p− e

1− δ
. (2.15)

Now, playing only the Nash convention implies a probability to lock the game

after each action L equal to φ, which leads to an expected lifetime payoff ΠL
1 ,

E(ΠL
1 ) =

∞∑

t=0

δt(1− φ)tp ,

=
p

1− δ(1− φ)
. (2.16)

Comparing (2.15) and (2.16), the long-lived player prefers to play the Nash action
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if and only if

p

1− δ(1− φ)
≥ p− e

1− δ
⇔ 0 < δ ≤ e

e+ φ(p− e)
≡ δ where p > e > 0 .

(2.17)

Hence, the long-lived player chooses the Stackelberg action H in the first period

of his life when his patience satisfies δ > δ. Now, is the converse true? That is,

if δ ≤ δ is it necessarily the case that the long-lived player always chooses the

Nash action L at t0? Suppose an impatient long-lived player who is only willing

to exert some effort in the first period of his life and plays the Nash action for

the remaining of the game, implying an expected lifetime payoff,

E(ΠH+L
1 ) = p− e+

∞∑

t=1

δt(1− φ)tp,

=
p

1− δ(1− φ)
− e. (2.18)

Then, it is straightforward to remark that (2.18) is strictly smaller than (2.16) ∀δ.

Put differently, if δ ≤ δ and r < v
v−p

, the long-lived player expects to maximize

his lifetime payoff by playing the Nash action from t0 onwards. �

In words, the long-lived player’s decision to play the Stackelberg convention

decreases in the cost of effort, e, but increases in the payment received for the

interaction, p, and in the probability to get rated, φ. Interestingly, the level of

patience needed to ensure such a strategy from the long-lived player is now higher

than in our previous setting, ceteris paribus and ∀φ < 1.

The intuition is simple. When the chance to get rated after an interaction in

the market decreases, the long-lived player’s incentives to cheat from t0 onwards

and so to earn higher revenues in the first periods of his life increase. Divergence

from the Nash convention is then more difficult to implement for low levels of

φ, meaning that effort investment decisions will be limited to higher levels of
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patience δ.

Now, consider the case r ≥ v
v−p

.

Proposition 9. If r ≥ v
v−p

, then

i. reputation is formed for δ ∈ (δ, 1) where δ ∈ (1
2
(2e+φ(p−e)

e(1−φ)
−
√

φ(4ep+φ(e−p)2)
e2(φ−1)2

), e
e+φ(p−e)

],

ii. the long-lived player’s expected lifetime payoff increases in the number of

ratings r.

Proof. Proof is similar to the one of Proposition 3, except for the lower bound

analysis. Now and as already seen previously, the lifetime expected payoff of

playing the Nash action from t0 onwards is ΠL
1 = p

1−δ(1−φ)
. Let r and p be such

that the long-lived player only plays the Stackelberg action at t0 and costlessly

cheats for the remaining length of the game without risking a locking of the game,

then his expected lifetime payoff can be expressed as

ΠH+L
1 = (p− e) +

∞∑

t=1

δtp,

=
p

1− δ
− e. (2.19)

Comparing (2.19) with the lifetime payoff associated to the Nash convention

played from t0 onwards, we have

p

1− δ(1− φ)
≥ p

1− δ
− e, (2.20)

and simplifying (2.20) w.r.t. δ, we find

0 < δ ≤ 1

2
(
2e+ φ(p− e)

e(1− φ)
−

√
φ(4ep+ φ(e− p)2)

e2(φ− 1)2
) ≥ e

e+ p
∀e, p > 0. (2.21)

This completes the proof. �
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As previously, the introduction of φ does not change the core findings and

comparative statics analysis presented in section 2.3.2.2. However, the interplay

existing between φ and δ is especially compelling. Specifically, as the probability

to get rated decreases, then the level of patience required to induce a Stackelberg

strategy in the game increases, even when the number of ratings is such that

costless cheating is ‘tolerated’. Intuitively, a low φ implies that a large number of

Stackelberg actions is needed in order to ensure the formation of a good reputation

in the game. Now, such strategies are costly in terms of effort and only a long-

lived player who values sufficiently the future is willing to play a higher proportion

of high effort actions, especially when he knows that he can cheat and that the

probability to be ‘punished’ is very low.

Such observations lead to an interesting finding. That is, the trade-off first

identified in Corollary 8 decreases in importance as φ → 0. It is indeed straight-

forward to remark that δ → δ as φ → 0. Hence, when the probability to report

a rating after an interaction is low in a marketplace, increasing the number of

ratings made publicly available by the reputation system does not encourage a

long-lived player (e.g. seller) with a lower patience to enter the economy and

form reputation.

I conclude this subsection by focusing on the optimal strategy of a long-lived

player whose patience satisfies the conditions identified in Propositions 8 and 9.

Proposition 10. If the long-lived player is sufficiently patient to enter the game,

then his optimal strategy profile is stationary and composed of rφ−1 actions on

average.

Proof. The proof follows the same arguments and procedure than the one of

Proposition 4. The only difference is that in our new setting, the long-lived

player expects to play (on average) r
φ
times to fill the state space of r actions –

see equation (2.14). �
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Put otherwise, the introduction of φ has no effect on the stationary property

of the long-lived player’s optimal strategy. However, incomplete reporting limits

the applicability of reputation systems to economies with larger stage-game profit

margins and higher levels of patience.

2.4.2.5 Number of ratings to display

As in section 2.3, I end the analysis by focusing on social welfare. The key

question here is to see if our previous findings in terms of market efficiency hold

when the game features incomplete reporting. Proposition 11 directly follows.

Proposition 11. Proposition 5 holds ∀φ > 0.

Proof. It is straightforward to remark that Lemme 9 and 10 hold in our new set-

ting, the very structure of the stage game remaining the same. By Proposition 7,

we know that the condition for the existence of costless cheating did not change

neither, ∀φ > 0. Propositions 8 and 10 established that both the form and station-

ary property of the long-lived player’s strategy profile were unchanged. Hence,

the result of Proposition 5 applies to a setting featuring incomplete reporting as

long as the probability to get rated is larger than 0. �

In other words, the original results and conclusions about the interplay ex-

isting between r and market efficiency do not change when φ is added to the

model since the condition for costless cheating remains the same in our extended

setting. However, it is worth noting that the play by the long-lived player of the

Stackelberg strategy decreases in φ, as seen in Proposition 8. Hence, a higher

δ may be required in order to secure an equivalent level of social welfare in the

game when 0 < φ < 1.
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2.4.3 Imperfect Monitoring

This section adds imperfect monitoring to the stage game and discusses the

implications of such a structural change for the reputation mechanism’s efficiency.

The analysis starts by presenting the key change we need to make in order to

have imperfect monitoring within the game.

2.4.3.1 A reputation system with imperfect monitoring

Contrarily to the original setting, I now consider that short-lived players differ

in their capability of interpreting the exact level of effort chosen by the long-lived

player when interacting with him. More particularly and to keep the analysis

intuitive, I suppose that there exists a fraction ρ ∈ (0, 1) of short-lived players

who never find out what action was taken by the long-lived player and then view

it as a low effort action L, even if the long-lived player chose the high effort action

H . Let ρ be independent of time t and set of actions A.

In practice, the measure ρ could epitomise differences in tastes or online ex-

perience among short-lived players (e.g., buyers). It could also parametrize acci-

dental third-party errors, lost parcels, bugs.

The next lines identify and discuss the challenges set by the introduction of

the measure ρ.

2.4.3.2 Challenges

Suppose that short-lived players are not aware that ρ exists in the game.31

Then, the interaction condition (2.1) remains unchanged, implying that Propo-

sition 1 holds. Now, it is straightforward to remark that opportunities for the

long-lived player to costlessly cheat on his reputation decrease in ρ, all other

things being equal. Furthermore, the very existence condition for reputation for-

31That is, short-lived players do not know that a proportion ρ of them misinterpret long-lived
player’s actions.
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mation highlighted by Lemma 7 in the game is endangered as well since playing

the Stackelberg action does not guarantee a high rating anymore. It follows that

a social planner or mechanism designer who applies the findings of our perfect

monitoring setting to this new framework cannot ensure an optimal situation in

terms of social welfare. Indeed, displaying only the latest rating can deter a long-

lived player to enter the reputation game and to adopt the Stackelberg strategy

when the reputation system does not take into account that imperfect monitoring

lies within the game. Proposition 12 formalizes the latter argument.

Proposition 12. If r < v
v−p

, then the long-lived player’s equilibrium strategy is

to play the

i. Stackelberg action if δ ∈ (δ, 1) where δ = e
p(1−ρ)

> e
p
∀ρ,

ii. Nash action if δ ∈ (0, δ] ∨ (1− ρ) < e
p
.

Proof. Let r < v
v−p

, forbidding so costless cheating. Playing the Stackelberg

action H an indefinite number of time leads to an expected lifetime payoff

E[ΠH
1 ] =

∞∑

t=0

(1− ρ)tδt(p− e),

=
p− e

1− δ(1− ρ)
,

while playing the Nash action leads to a lifetime payoff ΠL
1 = p. The long-lived

player prefers to play the Nash action as long as p ≥ p−e

1−δ(1−ρ)
which is equivalent

to 0 < δ ≤ e
p(1−ρ)

. �

In short, the play of the Stackelberg strategy decreases in the game as ρ

increases, ceteris paribus. The intuition is straightforward. When there is a

high chance to earn a bad rating in the marketplace independently of the effort

invested, it becomes extremely difficult for a social planner to ensure that a seller

will have much incentive to behave well.
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2.4.3.3 Optimal design implementation

Following Proposition 12, a mechanism designer then needs to counterbalance

the negative impact that ρ induces for social welfare by modifying the structure

of the reputation system. Given our model, the most natural lever at his disposal

is r. Proposition 13 thus presents the optimal number of ratings a reputation

system should display when a fraction ρ of erroneous ratings lies in the game.

Proposition 13. Social welfare is maximized for r∗ = v(1−ρ)
v(1−ρ)−p

.

Proof. Suppose a social planner wishes to approach the level of participation (in

terms of δ) present within a perfect monitoring setting, see Proposition 2. Then,

he needs to make sure that the reputation mechanism takes into account the

existence of ρ. Let E[h] (E[l], respectively) denote the expected number of ratings

associated to the play of actions H (L), and E[h∗] (E[l∗]) the smallest (largest)

number of incidents of the play of H (L) in the available history of ratings the

long-lived player can expect to earn without running any risk of reputational

failure. Fix t ≥ r. Then, using a similar reasoning than the proof of Proposition

1, we have

µ ≡ E[h](1 − ρ)

r
≥ p

v
,

which implies

E[l] ≤ E[l∗] = r − pr

v(1− ρ)
,

≤ r(1− p

v(1− ρ)
).

Hence, E[l∗] > 1 if r > v(1−ρ)
v(1−ρ)−p

. In contrast, if r < v(1−ρ)
v(1−ρ)−p

and as r → 1,

the probability to lock the game independently of the long-lived player’s action

increases and thus restricts the play of the Stackelberg strategy to higher δ, as
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shown in Proposition 12. The same trivial reasoning than the one presented in

the proof of Proposition 1 applies for 0 < t ≤ r. �

In order to approach the level of social welfare attainable in a setting featuring

perfect monitoring, a mechanism designer must increase the number of ratings

made publicly available by the reputation system when imperfect monitoring

emerges in the game to compensate the now underestimated long-lived player’s

reputation µ. In particular, the optimal number of ratings to display (r∗) increases

in the proportion of ratings of type ρ.
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Figure 2.1: Number of ratings to display in order to maximize market efficiency
and the play of the Stackelberg convention in function of the proportion of noisy
ratings reported in the game. Left graph depicts a situation where p → v (e.g.,
auctions). Right graph depicts p → 0 (e.g., free goods). Notice that the two
graphs use different scales.

As shown in Figure 2.1, the consequences of ρ on r∗ gain in importance as the

short-lived player’s net benefit of interacting increases in the game. Specifically,

the same level of ρ requires a significantly larger increase in the number of ratings

disclosed by the reputation mechanism when p → v than when p → 0. Such an

observation hints that the countermeasures to adopt in order to mitigate the

negative effects of imperfect monitoring on market efficiency vary in intensity

depending on the stage game’s profit margins.
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2.5 Discussion and Conclusion

In this chapter, I have proposed and developed a model of reputation adapted

to the idiosyncrasies of online economies. My approach has differed from the

standard reputation literature by relaxing the unrealistic assumptions usually

made about the infinite knowledge and computational abilities of players. In

particular, I have put forward a moral-hazard stage game in which short-lived

players form beliefs about a long-lived player’s strategy and choose their actions

with respect to these beliefs. The introduction of such a ‘belief-based’ learning

rule, so-called fictitious play, has provided a means to parametrize the specific

forecasting rule in place in online marketplaces, where the reputation of a seller

comes from the aggregation of his past actions into a bounded space of histories.

The analysis has demonstrated that the model’s information structure features

the compelling property to prevent reputation effects from disappearing in the

long run and has allowed to focus on the crucial role played by the amount

of information made available through the reputation mechanism, that is the

number of ratings.

I have shown that the latter number determines the occurrence of cheating in

the game and the equilibrium strategy of the long-lived player. In peculiar, I have

been able to identify the ‘stationarity’ of the long-lived player’s equilibrium strat-

egy profile and its dependence on the very structure of the reputation mechanism.

A few interesting parallels can be drawn here with some similar results coming

from the recent related literature. Mell (2011) found that the optimal strategy

of his long-lived player was stationary and identified cycles in reputation using

a moral-hazard setting featuring adaptive learning à la Young (Young, 1993).

Liu and Skrzypacz (2014) built a reputation model with limited record keeping

resting on incomplete information and examined how limited records engender

stationary perfect Bayesian equilibria.
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The chapter has also provided the reader with some conclusive normative in-

sights concerning the design of online reputation systems. The first and principal

finding is that the number of ratings displayed by a reputation mechanism is a

fundamental predictor of market efficiency. Specifically, the analysis has shown

that the number of ratings has to be kept minimal in order to maximize the

efficiency of the mechanism and guarantee a high level of social welfare in the

game. It has been highlighted that such a policy recommendation should es-

pecially be observed by online marketplaces proposing interactions with a high

profit margin. Indeed, the latter economies are more sensitive to the so-called

‘ratings trade-off’, i.e. a situation where a mechanism designer faces two possible

choices: either display a large number of ratings and ensure a high level of sellers’

participation at the risk of encouraging low effort interactions, or display a small

number of ratings and ensure a high level of effort at the risk of discouraging

sellers to enter the market and form reputation. In contrast, when the profit

margin is low in the stage game, then high effort interactions are more easily

guaranteed by the very structure of the game and are less dependent on the rep-

utation mechanism’s design. Such a result provides a theoretical explanation to

the pollyannaism which has been often spotted and commented by the empirical

literature studying auction marketplaces such as eBay.

By extending the original model, I have been able to present a few additional

results which convey a clear normative interest. Namely, fixing an appropriate

entry fee can effectively deter whitewashing and generate a more trustworthy rep-

utation system. Besides, the efficiency of a reputation mechanism and the optimal

number of ratings it should display are neither altered nor changed when the pos-

sibility of incomplete reporting is added to the initial setting. However, seller’s

participation may decrease when creation of ratings is low in the economy, thus

possibly implying a lower level of market efficiency. Finally, social welfare suffers

from the presence of noisy reporting behaviours or imperfect monitoring, and a
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mechanism designer then needs to rectify the situation by increasing the number

of ratings displayed by the reputation system. The latter recommendation ap-

pears particularly important for economies proposing interactions characterized

by a low profit margin, e.g., auctions.

This work represents a possible start for future research about the design

of online reputation mechanisms, both theoretically and empirically. It appears

especially interesting to investigate further how the long-lived player’s effort in-

vestment decision may affect a short-lived player’s willingness to report a rating

after an interaction, thus making completely endogenous the existence of a rating

in the game.



Chapter 3

Reporting Bias

How Do Reporting Behaviours Affect the

Efficiency of An Online Reputation System?
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3.1 Introduction

In this chapter, I propose a theoretical approach which allows to study how

reporting behaviours affect the efficiency of an online reputation system. I de-

velop a stochastic setting that makes possible the analysis of different behavioural

models and reproduces the way ratings are aggregated online. The efficiency of

a reputation mechanism is assessed thanks to a measure, so-called reporting bias,

which identifies and computes the dispersion of ratings around the true average

quality of a seller.

Nowadays, it has become utterly common to rely on online ratings contributed

by others to judge the quality of products or services and trustworthiness of

individuals. We book restaurants (Luca, 2011), watch movies (Dellarocas et al.,

2007), install software or purchase goods (Melnik and Alm, 2002) after having

considered their respective online feedback. Due to their increasing importance

and use, it appears fundamental to ensure that the information relayed by online

ratings are reliable and unbiased. Recent empirical and experimental results,

however, raise serious doubts about the ability of current reputation systems to

supply truthful ratings.

Using a large-scale randomized experiment on a social news aggregation web-

site, Muchnik et al. (2013) show that past ratings generate a significant bias in

individual reporting behaviour. In particular, the authors find that social influ-

ence encourages the apparition of herding (also collective hereafter) mechanisms

which have the potential to substantially distort the dynamics and formation

of reputation. Analysing hotel reviews from TripAdvisor1, Talwar et al. (2007)

find that past ratings influence future reports by creating some prior expecta-

tion concerning the service quality. Specifically, they identify that the subjective

perception of a user is affected by the gap existing between the user’s prior ex-

1TripAdvisor.com is a website proposing reviews of travel-related content such as hotels.

http://www.tripadvisor.com
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pectation and the observed performance of the service, and show that the latter

disparity may give users incentives to correct the reputation estimate. Similarly

to the authors of the aforementioned study, Nagle and Riedl (2013) identify the

existence of a correcting mechanism and find that disagreement in prior movie

ratings leads to a higher propensity to post a rating.

By designing an experiment which replicates an online economy with a 1-sided

reputation system, Lafky (2014) finds that the cost of rating leads to a U-shaped

distribution of reports and produces average ratings which are not representative

of true quality. On the same vein, Hu et al. (2009) show that a considerable

proportion of products on Amazon feature a bimodal or U-shaped distribution

of ratings, creating then a discrepancy between the reputation score of a specific

product and its actual quality. The authors propose a ‘Brag and Moan’ model in

which ratings are only created when the utility gained from a product – drawn

from a normal distribution – falls outside a median interval.

Luca and Zervas (2013) show that reputation manipulation is widespread in

online economies, and highlight that almost 20% of ratings are detected as fake

by Yelp’s algorithm.2 They find that fake ratings tend to be more extreme than

other reports in the market, and are published by users with less established

reputations. In a different study, Anderson and Simester (2014) find that ap-

proximately 5% of product ratings on a large e-commerce website are reported

by customers with no record of ever purchasing the product they are rating.

Their results suggest that those specific ratings are significantly more negative

than average.

This chapter contributes to the stream of literature studying the bias engen-

2Yelp.com is a website where users can review and rate local businesses such as restaurants,
bars, etc. The parameters used by Yelp’s filtering algorithm are trade secrets but results by
Mukherjee et al. (2013) suggest that the platform may apply a behavioural approach based on
its internal data for each of its users, e.g., number of reviews published within a given time-
frame, % of positive reviews, review length, content similarity, IP addresses and geo-locations,
session logs, mouse and click gestures, social network interactions, etc.

http://yelp.com
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dered through online reporting behaviours by adopting a theoretical perspective,

and thus departs from the usual (empirical) practice. I develop an iterative

stochastic approximation model à la Robbins and Monro (1951) where, at each

period of time, a short-lived buyer experiences an i.i.d. level of quality from

a unique long-lived seller and must rate the transaction based on her own ob-

servation of seller’s quality and the current reputation score of the seller in the

economy. I show that the seller’s reputation converges to a specific score and I

rest on such a finding to build a measure able to assess the underlying reporting

bias present in the market.

I then employ this novel measure to test the effects of common online report-

ing behaviours on the efficiency of a reputation mechanism. I demonstrate that

collective reporting behaviours have the potential to more seriously endanger the

reliability of a reputation system than correcting ones. Once a robustness anal-

ysis completed, I propose to use my measure of reporting bias to examine the

dynamics of reputation in a few different empirically observed scenari such as

sybil attacks or costly ratings, and to test the relevance of the median as a means

to compute the reputation aggregate statistic.

Normative findings about the design of an online reputation system naturally

follow. Specifically, results suggest that online reputation mechanisms should rest

on two different interfaces in order to limit the emergence of non-linear report-

ing behaviours, that is one interface for the reading and appreciation of reputa-

tion and another ‘blank’ or reputation-free interface for reporting purposes. To

counterbalance the risks associated to reputation manipulation, it appears recom-

mended to display pairs of recent and contrasted ratings side-by-side to promote

a ‘natural’ correction of reputation scores. Marketplaces which feature a high

cost of rating should prefer coarse-grained rating scales in order to better contain

reporting bias. Finally, while the median appears as an intuitive solution to lessen

the impact of outliers on the computation of reputation scores, it is less adapted



66

than the mean in online environments characterized by bimodal distributions of

ratings and high-variance reporting behaviours such as correcting mechanisms.

Chapter outline

The remainder of the chapter is organised as follows. The next section intro-

duces the setting. Section 3.3 studies the evolution of reputation in the long-run

and builds a measure to assess the efficiency of a reputation system, so-called re-

porting bias. Section 3.4 analyses the effects that different reporting behaviours

may have on the magnitude of the reporting bias in an online marketplace. Sec-

tions 3.5 and 3.6 extend further the setting to assess its robustness and empirical

pertinence. Section 3.7 concludes.

3.2 The Setting

The setting involves an online marketplace where, in each period of time,

a monopolist long-lived seller (“he”) transacts with one of multiple risk-neutral

short-lived buyers (“she”). The marketplace embeds a reputation system which

makes possible the aggregation of ratings for the seller after each transaction.

Buyers live for one period and enter the market sequentially. More particularly, at

every period t > 0, one buyer enters the economy, observes the seller’s reputation

at t, transacts with the seller for a price equal to his reputation score3, and rates

the outcome of the transaction at the end of her life.

Let Q be a random variable and qt ∼ Q, t = 1, 2, ..T be T independent,

3For simplicity’s sake, I consider a model in which the price of a transaction equals the
buyer’s expectation of success as parametrized by the seller’s reputation score. Specifically,
buyers are risk-neutral and offer a price equal to their willingness to pay, valuing a high quality
transaction at 1 and a low quality one at 0. As an illustration, suppose a Bayesian setting
in which the price of interacting p only depends on a buyer’s belief µ that the seller is good.
Then, p is simply given by p = µ · 1 + (1− µ) · 0 = µ. This corresponds to a marketplace short
on the seller’s side, in which several buyers wish to transact with the same seller; a situation
commonly found online. See Bar-Isaac (2003) or Bar-Isaac and Tadelis (2008).
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identically distributed (i.i.d.) realizations of Q sharing the same cumulative dis-

tribution function F : R → [0, 1]. Let Q parametrize the level of effort invested

by the seller and let its realizations correspond to the level of quality experienced

or observed by buyers. Consider that the observation of Q varies across periods

and buyers depending on their experience, tastes, or because of third-party errors.

The reputation score of the seller after t transactions is defined as

µt =
1

t

t∑

i=1

ri, (3.1)

where rt is the rating published by a buyer at the end of t. To capture the essence

of reporting behaviours found online, a buyer decides to publish a rating rt based

on the quality qt she observed while transacting and the seller’s reputation score

or aggregate statistic µt−1 she witnessed before transacting. More particularly,

the creation of ratings in the marketplace rests on the two following assumptions.

Assumption 2 (First Rating). For t = 1, r1 = q1.

The seller starts his life at t = 1 with an empty reputation history (µ0 = ∅),

implying that the value of the first rating, r1, only depends on the outcome of

the first transaction, q1. For subsequent periods of time, past ratings form the

seller’s reputation and this existing reputation may influence future ratings.

Assumption 3 (Reporting Behaviour). ∀t > 1, a rating is given by the buyer’s

reporting behaviour Φ,

rt = Φ(qt, µt−1), (3.2)

where Φ is a function non-decreasing in qt.

To illustrate Assumption 3, suppose a buyer gets a lower level of quality than

what the seller’s reputation was signalling. She could then leave a very negative
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rating attempting to correct the seller’s reputation in future periods. Similarly,

if the outcome earned after transacting is higher than what was expected, a

buyer could be incline to publish a very positive rating. We could also imagine

a buyer unsure of what rating to give after a transaction and publishing a rating

in accordance with the current reputation of the seller.4 This leads us to the

following definition.

Definition 15 (Reporting Types). Reporting Φ is defined as truthful if Φ(q, µ) =

q and biased if Φ(q, µ) 6= q.

Put otherwise, when the rating left by a buyer does not correspond to the

level of quality she observed while transacting, reporting is said to be biased.5

Biased reporting leads to insincere ratings. The two next assumptions complete

the presentation of the setting.

Assumption 4 (Consistency). Φ(q, q) = q.

Assumption 5 (Continuity). F (·) is Lipschitz continuous. There exists a Lips-

chitz constant KΦ > 0 such as

| Φ(q, µ)− Φ(q, µ′) | ≤ KΦ | µ− µ′ |, ∀µ, µ′ ∈ [0, 1]. (3.3)

Assumption 4 articulates a trivial but necessary condition to ensure that the

reporting structure remains consistent over time. Assumption 5 imposes conti-

nuity conditions to simplify the analysis.

4As long as the non-decreasing property of Φ(q, µ) in q (the observed transaction’s quality)
is respected. Formally, let q′ > q, then we must have Φ(q′, µ) ≥ Φ(q, µ), ∀q, q′ ∈ [0, 1].

5I.e. buyers take into account the current reputation of the seller when publishing their
ratings.
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3.3 Long-Run Reputation Dynamics

The section starts by characterizing the evolution of reputation over time.

I then move to the analysis of convergence for both the reputation aggregate

statistic and the distribution of ratings. Such a proceeding allows to build a

measure that will be used in the remaining of the chapter to evaluate the overall

efficiency of the reputation system. Consequences of convergence for the ratings’

dispersion are discussed next. I finally illustrate the findings of the section by

introducing mechanisms which portray the principal reporting behaviours found

online.

3.3.1 Reputation dynamics

I commence the analysis by formally expressing the update rule governing the

formation of reputation in the marketplace.

Lemma 16. Seller’s reputation evolution over time can be approximated as

µt+1 = µt +
1

t + 1
(rt+1 − µt). (3.4)

Proof. The proof relies on an application of the strong law result for stochastic

sums or Strong Law of Large Numbers (SLLN). For {q1, q2, ...} being a sequence

of i.i.d. random variables, we have a reporting function Φ(qi, µi−1) that generates

an i.i.d. random sequence of ratings R = {r1, r2, ...}. I denote αt the small

decreasing step-size parameter or learning rate, i.e. αt =
1
t
∈ (0, 1]. Given (3.1)

and the step-size αt, it is straightforward to remark that µt → E[R] almost surely.

Following this observation and using a recursive argument, reputation at t can
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be estimated as

µt = (1− αt)µt−1 + αtΦ(qt, µt−1),

= (1− αt)µt−1 + αtrt,

= µt−1 + αt(rt − µt−1),

= µt−1 +
1

t
(rt − µt−1), (3.5)

where (3.5) is consistent with SLLN, the learning rate α satisfying
∞∑
i=1

αi = ∞

and
∞∑
i=1

α2
i < ∞. �

Lemma 16 is quite intuitive and highlights how the seller’s future reputation

depends on his current reputation and on the next rating he will earn. Interest-

ingly, we note that the impact of buyers’ ratings on the reputation of the seller

decays over time, indicating a possible convergence to a fixed reputation score.

3.3.2 Convergence in probability

Proposition 14 directly follows from the previous observation and identifies a

fixed score towards which seller’s reputation converges over time.

Proposition 14. µt → µ∗ w.p.1 when t → ∞.

Proof. The proof is a generalization of the stochastic approximation algorithm.

Time is discrete, implying that the stochastic process can be written as

µt+1 − µt = αt+1Vt+1, ∀t > 0,

where µt takes its value in the Euclidean space, Vt+1 is a random variable and

αt+1 ∈ (0, 1] is the decreasing learning rate. Specifically, µt represents the repu-
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tation score of the seller changing over time and

Vt+1 = rt+1 − µt,

= Φ(qt+1, µt)− µt,

≡ v(qt+1, µt).

At each period, a new quality level (qt+1) is observed that causes previous repu-

tation score (µt) to be updated according to an ‘algorithm’ characterized by the

function v(·). {qt+1} being a sequence of i.i.d. random variables, v(·) can be

written in the form

v(qt+1, µt) = E[v(qt+1, µt) | µt] + ξt,

= w(µt) + ξt,

where the mean field w(·) is the function of µ we want to cancel and ξt is a random

perturbation with 0-mean noise. Following Robbins and Monro (1951), we know

that µt converges almost surely to a fixed value µ∗ if the three conditions below

are satisfied:

C1)
∞∑
i=1

αi = ∞ and
∞∑
i=1

α2
i < ∞;

C2) σ2(µ) ≤ λ+ γ | µ |2, where σ2(µ) is the variance of µ and λ and γ are some

finite constants;

C3) ∃µ∗ : sup 1

ε
≥|µ−µ∗|≥ε(µ− µ∗)w(µ) < 0, ∀ε > 0.

(C1) directly follows from the decreasing form of our learning rate α. (C2) follows

from the fact that µ is bounded. More formally,

σ2(µ) ≤ 1 and lim
t→∞

1

t

t∑

i=1

ξi = 0.
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For (C3), fix ε > 0. If µ∗ ≥ ε and µ ∈ [0, µ∗ − ε], then

(µ− µ∗)w(µ)
(a)

≤ (µ− µ∗)w(µ∗ − ε),

(b)

≤ −εw(µ∗ − ε),

where inequality (a) comes from the fact that w(µ) is decreasing on [0, 1], and (b)

directly follows from µ ∈ [0, µ∗− ε]. Now, suppose µ∗ ≤ 1− ε and µ ∈ [µ∗ + ε, 1],

then

(µ− µ∗)w(µ) ≤ (µ− µ∗)w(µ∗ + ε),

≤ εw(µ∗ + ε).

Finally, we have

sup
µ∈[0,1]:|µ−µ∗|≥ε

(µ− µ∗)w(µ) ≤ −ε min{w(µ∗ − ε),−w(µ∗ + ε)} < 0, ∀ε > 0.

Hence, (C3) is satisfied and proof is complete. �

Proposition 14 states that for any reporting behaviour, the seller’s reputation

will always converge with probability 1 to a specific value in the long-run. More

particularly, as the number of ratings increases, the average seller’s reputation

score will be such that µt ≈ µ∗.

Note that when reporting is biased, µ∗ does not correspond to the seller’s

average quality E[Q]. The difference between the two latter measures remains

constant over time and thus captures entirely the reporting bias which may exist

in the marketplace. A formal definition of the aforementioned bias follows.

Definition 17 (Reporting Bias). The reporting bias present in the marketplace

is defined as the difference between the long-term average reputation score of the
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seller and the average transactions’ quality proposed by the seller, that is

∆ :=| µ∗ − E[Q] | ∈ [0, 1]. (3.6)

It results, quite directly, that the reporting bias represents a natural candidate

to assess the reputation system’s efficiency, a fully efficient mechanism revealing

µ∗ = E[Q], i.e. ∆ = 0. More particularly, µ∗ being the solution of E[Φ(Q, µ)] = µ,

∆ characterizes the information bias caused by a reporting behaviour Φ.6

Convergence in probability being established, I now consider the case of con-

vergence in distribution (denoted →d) in order to ensure that buyers adopt a

given reporting behaviour Φ∗ in the long-run, where Φ∗ := Φ(·, µ∗).

3.3.3 Convergence in distribution

Since seller’s reputation always converges to a fixed score in the long-run, the

next natural question is to investigate whether a converging phenomenon is also

observed for the distribution of ratings published by buyers.

Proposition 15. rt →d Φ
∗ when t → ∞.

Proof. Define Φ∗ := Φ(qt, µ
∗). We want to show that | rt − Φ∗ |→p 0. Fix ε > 0,

then

P(| rt − Φ∗ |≥ ε) = P(| Φ(qt, µt−1)− Φ∗ | ≥ ε),

(a)

≤ 1

ε
E[ | Φ(qt, µt−1)− Φ∗ | ], (3.7)

where (a) is the Markov’s inequality linking probabilities to expectations. Gen-

6The relationship existing between Φ and ∆ is examined in section 3.4.
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eralizing the Portmanteau Lemma, we look for the upper bound of (3.7), i.e.,

E[ | Φ(qt, µt−1)− Φ∗ | ] ≤ P(qt ∈ [µt−1 ∧ µ∗, µt−1 ∨ µ∗])

+ E[ | Φ(qt, µt−1)− Φ∗ | 1{qt /∈ [µt−1 ∧ µ∗, µt−1 ∨ µ∗]}],
(b)

≤ E[F (µt−1 ∨ µ∗)]− E[F (µt−1 ∧ µ∗)]︸ ︷︷ ︸
A

+KΦ E[ | µt−1 − µ∗ | ]︸ ︷︷ ︸
B

,

where (b) results from Assumption 5, KΦ being the Lipschitz constant correspond-

ing to the reporting function Φ. Applying the Lebesgue’s Dominated Convergence

Theorem and Proposition 3.5, we see that E[µt−1] → E[µ∗] as t → ∞, implying

that B → 0 when t → ∞. In addition, F (·) being continuous, the mapping

theorem for convergence in distribution induces that A → 0 as well. As a direct

result, we remark that P(| rt − Φ∗ |≥ ε) → 0, and then | rt − Φ∗ |→p 0. �

In words, the distribution of ratings left by buyers is expected to stabilize

over time, converging to Φ∗. This result hints that attempts to manipulate the

reputation of a seller can be successful and their imprints vary depending on the

form of the reporting structure, especially if manipulation occurs early in the

seller’s life.7

Besides, Proposition 15 provides some theoretical support to explain the exis-

tence of U-shaped or J-shaped distributions of ratings empirically observed within

online reputation systems.8 Specifically, for a certain class of reporting behaviours

Φ(·), ratings have a tendency to put mass away from µ∗, thus forming U-shaped

distributions. Corollary 18 formalizes the latter argument.

Corollary 18. If | Φ∗ − µ∗ |>| q − µ∗ | ∀q, µ∗ ∈ [0, 1], then the ratings tend to

move away from µ∗.

7This observation will be developed further in section 3.6.
8The empirical literature identified that only very negative (e.g., 1-star grade) or very pos-

itive (e.g., 5-star grade) ratings coexisted in online marketplaces. See for instance the “moan
and groan” model proposed by Hu et al. (2009) or the experimental results of Lafky (2014).
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Consider that reporting in the marketplace is such that buyers feature a higher

predisposition to leave positive (negative, respectively) ratings when they get a

higher (lower) level of quality than expected. Then, the reporting behaviour

follows the structure below, i.e.,

Φ(q, µ) =





βq if q < µ

(1− β) + βq if q ≥ µ
(3.8)

where β ∈ [0, 1] parametrizes the granularity of Φ.9 Quite intuitively, we see that

as β → 0, the precision of the mechanism decreases and the ratings move away

from µ∗, forming denser clusters at the two extrema of the spectrum [0, 1].10

Put otherwise, rating scales resting on a limited granularity do not cope well

with converging reporting behaviours, thus promoting the disclosure of extreme

ratings. While previous works demonstrated that bimodal distributions of ratings

could be explained by the cost of rating in an online market (Lafky, 2014), the

latter reasoning suggests that the role played by the architecture of a reputation

system and the reporting behaviours it encourages should not be disregarded and

belittled.

I conclude the convergence analysis with an application of the central limit

theorem, making then possible the estimation of the deviations existing between

the seller’s reputation at t, µt, and the average long-term reputation score µ∗.

Proposition 16.
√
t(µt − µ∗) →d N (0, σ2) when t → ∞, where N (0, σ2) means

a normal distribution with mean 0 and variance σ2 = V ar(Φ∗)
−(2w′(µ∗)+1)

.

Proof. The proof is an application of the central limit theorem (CLT). For a

detailed demonstration, the reader is invited to refer to Chung (1954) or Hodges

9For simplicity’s sake, the precision of a reporting system is considered to result directly
from its granularity.

10For its minimum value β = 0, the reporting mechanism takes a binary form. Note that in
practice, the granularity of rating scales used by online reputation systems is often limited, e.g.
Amazon employs a 5-star rating system, eBay a quasi-binary one [Positive, Neutral, Negative].
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and Lehmann (1956). �

Proposition 16 characterizes the deviations of ratings from µ∗ through the

variance σ2. Specifically, it allows to rank different reporting behaviours according

to the dispersion they induce within the reputation system. We remark that

dispersion increases in the variance of the mechanism Φ itself (the numerator)

and decreases in the denominator, which is nothing else that the first derivative

of the mean field, where w′(µ∗) ≤ 0 ∀µ ∈ [0, 1]. Put differently, Proposition 16

provides a way to approximate the speed of convergence necessary for a reporting

behaviour Φ to reach µ∗.

3.3.4 Reporting Behaviours

At this stage of the development, it seems opportune to introduce reporting

mechanisms able to capture the diversity of rating behaviours occurring in 1-sided

online reputation systems. To make the analysis tractable, reporting behaviours

are divided into three distinct classes, whose respective definitions follow.

Definition 19 (Truthful). A reporting behaviour is defined as truthful if the rat-

ing published by a buyer is equal to the transaction’s level of quality she observed,

i.e. Φ(q, µ) = q.

Definition 20 (Correcting). A reporting behaviour is defined as correcting if

Φ(q, µ) is non-increasing in µ, the seller’s reputation aggregate statistic.

To illustrate Definition 20, suppose µ′ > µ, then a correcting reporting be-

haviour induces that Φ(q, µ′) ≤ Φ(q, µ) ∀µ, µ′ ∈ [0, 1]. In order to make the latter

definition more intuitive, the reader can conceptualize a correcting reporting be-

haviour as a buyer’s decision to correct the seller’s reputation by publishing a

rating whose magnitude depends on the difference existing between the observed

transaction’s quality and the expected one (Talwar et al., 2007). For instance,
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consider the reporting function (3.8) first introduced to epitomise Corollary 18,

that is

Φ(q, µ) =





βq if q < µ

(1− β) + βq if q ≥ µ
(3.9)

where β ∈ [0, 1]. Before we go any further, note that when β = 1, reporting is

truthful and a rating corresponds to the observed quality of the transaction, as

defined by Definition 19. However, when β < 1, a correcting reporting behaviour

takes place. Specifically, as β → 0, buyers’ reporting behaviour becomes less

sincere and more concerned by correcting the seller’s reputation, meaning that

buyers publish more extreme ratings. The limit case being β = 0, a situation

which corresponds to a binary mechanism where ratings are either positive (1) or

negative (0).

Definition 21 (Collective). A reporting behaviour is defined as collective if

Φ(q, µ) is non-decreasing in µ, the seller’s reputation aggregate statistic.

Suppose again µ′ > µ, then a collective reporting behaviour now implies that

Φ(q, µ′) ≥ Φ(q, µ) ∀µ, µ′ ∈ [0, 1]. Following Definition 21, a typical collective

reporting behaviour Φ could be represented as follows

Φ(q, µ) = βq + (1− β)µ, (3.10)

where β ∈ (0, 1). As an illustration, fix β = 1
2
. In this situation, a buyer who

observes a transaction’s quality equal to 2
5
(e.g., 2 stars out of 5) while the seller’s

current reputation score is 4
5
will report a rating of 3

5
instead of a lower grade,

adjusting then her appreciation in accordance with the collective ratings left by

her predecessors (Muchnik et al., 2013).

Figures 3.1 and 3.2 depict the evolution of the seller’s reputation µt over



78

E[Q]

0 20 40 60 80 100
t

0.2

0.4

0.6

0.8

1.0

µ

(a) Φ(q, µ) = q

EAQE

0 20 40 60 80 100
t

0.2

0.4

0.6

0.8

1.0

µ
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{
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1 if q ≥ µ

Figure 3.1: Evolution of the seller’s reputation µt over time for the correcting
reporting behaviour (3.9) with Q ∼ N (4

5
, 1
5
). The top figure depicts β = 1. The

bottom figure depicts β = 0.
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Figure 3.2: Evolution of the seller’s reputation µt over time for the collective
reporting behaviour (3.10) with Q ∼ N (4

5
, 1
5
) and β = 1

2
.

time (100 first periods) for the two reporting mechanisms (3.9) and (3.10), where

the cumulative distributive function F (·) is a truncated normal distribution, i.e.

Q ∼ (4
5
, 1
5
) with Q ∈ [0, 1].

As predicted by Proposition 14, it is straightforward to observe that all the

random walks converge to a limit point µ∗ close to E[Q], where the mean of Q is

represented by a dashed horizontal line in the different graphs.11

Figure 3.1a) depicts a truthful reporting behaviour. It is direct to remark

that the reporting bias ∆ is almost 0 and that convergence towards the limit

reputation score µ∗ occurs faster than for the two other mechanisms detailed in

Figures 3.1b) and 3.2a).

Figure 3.1b) represents a correcting reporting behaviour with a binary rating

scale. Besides a significant reporting bias, it is interesting to note that such a Φ

induces a limit reputation score which steadily underestimates the true expected

11I consider a truncated normal distribution to respect Q ∈ [0, 1], then E[Q] ≃ 0.74251 < 4

5
.
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quality of the seller, E[Q].

Finally, Figure 3.2a) characterizes a mild collective reporting behaviour. We

observe that reporting bias is contained and convergence towards µ∗ relatively

smooth and swift.

3.4 Reporting Bias

This part of the analysis focuses on the reporting bias, ∆. I first investigate

which types of behaviours lead to a reporting bias in the marketplace. Then, I

look for the maximum rating bias attainable and the consequences it can have

for the reputation system’s efficiency.

3.4.1 Existence Condition

To understand how reporting behaviours may affect the reliability of a rep-

utation system, we must first examine which classes of Φ produce a bias larger

than 0. This is the very purpose of Proposition 17.

Proposition 17. If Φ is non-linear, then there exists a reporting bias, ∆ > 0.

Proof. Suppose seller’s reputation score converges to µ∗ for any distribution F (·).

Then the reporting bias ∆ becomes

∆ =| µ∗ − E[Q] |,
(a)
=| E[Φ(Q, µ∗)]− E[Q] |,
(b)
= 0,

where (a) results from the continuity of F (·) which implies the continuity of
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E[Φ(·, µ)] w.r.t. µ, and (b) is true if and only if

E[Φ(Q, µ∗)] = E[Φ(Q,E[Q])],

(c)
= E[Q].

For equality (c) to be verified, we must have

E[Φ(Q,E[Q])]
(d)
= Φ(E[Q],E[Q]),

which follows from Assumption 4. Jensen showed that equality (d) only holds if

Φ is linear. Hence, for any non-linear function Φ, the reporting bias ∆ will be

larger than 0. �

In words, for any non-linear reporting behaviour, ratings are not truthful and

reporting bias is present in the marketplace. To illustrate Proposition 17, consider

the reporting function Φ introduced at (3.9). Given this behaviour, w(µ) can be

expressed as

w(µ) = E[Φ(Q, µ)]− µ,

= E[βQ 1{Q < µ}+ (βQ+ 1− β) 1{Q ≥ µ}]− µ,

= E[βQ+ (1− β) 1{Q ≥ µ}]− µ,

= βE[Q] + (1− β)P(Q ≥ µ)− µ. (3.11)

Let β = 1, then (3.11) becomes w(µ) = E[Q] − µ. In this case, Φ is linear and

it is trivial to remark that µ∗ = E[Q].12 Hence and quite intuitively, truthful

reporting behaviours do not generate any reporting bias.

12µ∗ is the solution of E[Φ(Q,µ)] = µ.
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Now, let β = 0, (3.11) simplifies to

w(µ) = P(Q ≥ µ)− µ

≡ F (µ)− µ,

where F (E[Q]) 6= E[Q], implying thus ∆ =| µ∗ − E[Q] |> 0.13 This simple

example adumbrates that the structure and properties of a reporting behaviour

play an important role in determining the scope of the information bias existing

within the reputation system.

3.4.2 Maximum Bias

Proposition 17 showed that the linearity of Φ prevents the formation of a

reporting bias within the marketplace. As should be expected, such a finding

suggests that truthful reporting behaviours propose a sound basis to build efficient

reputation systems. I now examine the maximum reporting bias (denoted ∆max)

non-linear reporting behaviours can induce. For the sake of clarity and coherence,

the analysis differentiates between collective and correcting behaviours.

Proposition 18. ∆max = 1 for collective reporting behaviours.

Proof. Suppose a collective reporting behaviour of the following form

Φ(q, µ) = βq + (1− β)min(q, µ),

where β ∈ (0, 1). Let Q ∼ Beta(x, 1), implying a mean E[Q] = x
x+1

with x > 0.

Fix Z := min(Q, µ) and denote FZ its corresponding σ-algebra. In order to look

for the maximum reporting bias ∆max, I compute w(µ) corresponding to Φ, that

13Note that this result holds in general, the only exception being Q uniformly distributed in
[0, 1].
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is

w(µ) = E[Φ(Q, µ)]− µ,

= βE[Q] + (1− β)E[Z | FZ ]− µ,

= βE[Q] + (1− β)E[Q1{Q ≤ µ} | FZ ] + µ(1− E[1{Q ≤ µ} | FZ ])− µ,

= β
x

x+ 1
+ (1− β)(

∫ µ

0

qfQ(q)dq + µ(1− P[Q ≤ µ])− µ,

= β
x

x+ 1
+ (1− β)(

x

x+ 1
qx+1

∣∣∣
µ

0
+ µ(1− µx))− µ,

= β
x

x+ 1
+ (1− β)(µ− µx+1

x+ 1
)− µ. (3.12)

As x → ∞, it is direct to observe that E[Q] → 1, implying then µ∗ → 0 for

β → 0. Hence, the maximum reporting bias attainable is ∆max = 1. �

Proposition 19. ∆max = 1
4
for correcting reporting behaviours.

Proof. I show that the maximum reporting bias engendered by correcting report-

ing behaviours cannot be larger than 1
4
. To do so, I focus on the most extreme

version of the mechanism presented at 3.9, that is

Φ(q, µ) =





0 if q < µ

1 if q ≥ µ

and I determine the general bound on ∆ by dividing the latter reporting function

into two pieces in order to look for its lower and upper bounds, that is

Φ0(q, µ) =





0 if q < µ

q if q ≥ µ
Φ1(q, µ) =





q if q ≤ µ

1 if q > µ

Part (i) - Suppose E[Q] > µ∗. Then, | E[Q]− µ∗ | ≤ E[Q]− µ∗
0, where µ∗

0 can be

written as follows
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µ∗
0 = E[Φ0(Q, µ∗

0)],

= E[Q 1{Q ≥ µ∗
0}],

= E[Q] P(Q ≥ µ∗
0),

≤ 1− P(Q < µ∗
0). (3.13)

Computing the reporting bias ∆ corresponding to Φ0 leads to

E[Q]− µ∗
0 = E[Q]− E[Φ0(Q, µ∗

0)],

= E[Q]− E[Q 1{Q ≥ µ∗
0}],

= E[Q] P(Q < µ∗
0),

≤ µ∗
0 P(Q < µ∗

0),

(a)

≤ µ∗
0(1− µ∗

0),

≤ 1

4
∀µ ∈ [0, 1].

(a) : thanks to (3.13), we know that P(Q < µ∗
0) ≤ 1− µ∗

0.

Part (ii) - Now, suppose E[Q] ≤ µ∗. Then, | E[Q]− µ∗ | ≤ µ∗
1 − E[Q], where µ∗

1

can be written as follows

µ∗
1 = E[Φ1(Q, µ∗

1)],

= E[Q 1{Q ≤ µ∗
1}+ 1{Q > µ∗

1}],

= E[Q] P(Q ≤ µ∗
1) + P(Q > µ∗

1),

≥ P(Q > µ∗
1). (3.14)



85

Then, the reporting bias ∆ generated by Φ1 can be computed as

µ∗
1 − E[Q] = E[Φ1(Q, µ∗

1)]− E[Q],

= E[Q] P(Q ≤ µ∗
1) + P(Q > µ∗

1)− E[Q],

= E[Q](1 − P(Q > µ∗
1)) + P(Q > µ∗

1)− E[Q],

= P(Q > µ∗
1)(1− E[Q]),

(b)

≤ µ∗
1(1− µ∗

1),

≤ 1

4
∀µ ∈ [0, 1].

(b) : by (3.14), P(Q > µ∗
1) ≤ µ∗

1 and E[Q] > µ∗ by assumption. This completes

the proof. �

Proposition 18 identifies that some collective behaviours may lead to com-

pletely inefficient reputation systems, the limit reputation score µ∗ tending to

the opposite value of the seller’s genuine quality in some cases. Proposition 19

shows that the maximum reporting bias possible when correcting behaviours are

in place is better contained and cannot be larger than 1
4
.

The intuition is relatively simple. When buyers comply with ratings left by

their predecessors, there is almost no chance to get a rating in the reputation

system capable of bringing back the seller’s reputation close to its true score.

Conversely, when a correcting behaviour prevails in the market, correction occurs

as soon as the seller’s reputation score diverges too significantly from its legitimate

one, and the extent of the reporting bias is thus better controlled and contained

within the reputation mechanism.
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3.5 Robustness

The convergence analysis of section 3.3 provided a way to assess the efficiency

of a reputation system by introducing the concept of reporting bias, ∆. Section

3.4 identified the existence condition for the aforementioned bias and examined its

magnitude conditional upon the reporting behaviour in place in the marketplace.

In this section, I check whether the measure of efficiency ∆ remains relevant and

reliable when the setting evolves and complexifies. A first development stages a

marketplace with multiple sellers and a second development examines the case of

heterogeneous reporting behaviours coexisting within the same marketplace.

3.5.1 Sellers of Different Quality

Following Propositions 18 and 19, we know that reporting behaviours can

induce large reporting biases in the reputation system. The purpose of the coming

lines is to ensure that even if ∆ is substantial in an online market, a seller of a

better quality always enjoys an average reputation score higher in the long-run

than a seller of a lower quality.

To check for the latter monotonicity in reputation, I modify the original setting

by considering that the marketplace can now be inhabited by more than one seller.

More particularly, I study the case of two sellers with different distributions of

Q.

Proposition 20. Suppose a marketplace with 2 sellers (X and Y ) where QX ∼

FX(·) and QY ∼ FY (·). If QX < QY , then µ∗
X < µ∗

Y .

Proof. Suppose there exist two sellers, called X and Y . Let QX < QY denote

the fact that QX is stochastically smaller than QY (i.e., FX 6= FY ) and µ∗
X :=

µ∗(Φ, FX), µ
∗
Y := µ∗(Φ, FY ). We want to prove that µ∗

X < µ∗
Y . The proof follows
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by contradiction, i.e. we want µ∗
X > µ∗

Y and fix then

ε =
µ∗
X − µ∗

Y

2
> 0. (3.15)

By continuity of F (·), we know that

µ∗
X = E[Φ(QX , µ

∗
X)],

µ∗
Y = E[Φ(QY , µ

∗
Y )].

Given (3.15), we have

E[Φ(QX , µ
∗
X − ε)]

(a)
> µ∗

X − ε

(b)
= µ∗

Y + ε

(c)
> E[Φ(QY , µ

∗
Y + ε)]

(d)
> E[Φ(QX , µ

∗
Y + ε)].

Inequalities (a) and (c) directly follow from

E[Φ(QX , µ
∗
X)]− E[Φ(QX , µ

∗
X − ε)] < ε,

for collective reporting behaviours, and from

E[Φ(QX , µ
∗
X − ε)] > E[Φ(QX , µ

∗
X] = µ∗

X > µ∗
X − ε,

for correcting reporting behaviours. (b) results from (3.15). (d) is a consequence

of Φ non-decreasing in Q, where QX < QY . Given (b), that is µ∗
Y − ε = µ∗

X + ε,

we should have E[Φ(QX , µ
∗
X − ε)] = E[Φ(QX , µ

∗
Y + ε)] which is contradicted by

(d). �

Proposition 20 demonstrates that (1st-order) stochastic dominance is respected
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by reporting behaviours Φ, identifying so monotonicity in reputation. Put oth-

erwise, if a seller X proposes a transaction’s quality lower in distribution than a

seller Y , then it is not possible for seller X to get a higher reputation score than

Y in the long-run, and this result holds even if the reporting bias is large in the

market.

3.5.2 Heterogeneous Reporting Behaviours

The previous analysis considered a setting in which only one type of reporting

behaviour Φ was possible in the marketplace. Consider now that two different

types of reporting behaviours coexist within the same economy. More particularly,

let a proportion λ ∈ [0, 1] of buyers rate the seller using a mechanism Φλ whilst the

remaining buyers follow a behaviour dictated by Φ1−λ. I denote µ∗
Λ the average

long-run reputation score corresponding to this mixed setting.

Proposition 21. µt → µ∗
Λ w.p.1 when t → ∞.

Proof. Suppose λ ∈ [0, 1] independent of Q, and define the heterogeneous report-

ing behaviour in place in the marketplace as follows

ΦΛ(Q, µ) := λΦλ(Q, µ) + (1− λ)Φ1−λ(Q, µ).

It is direct to show that wλ(µ) and w1−λ(µ) are both strictly decreasing on [0, 1],

wλ(µ) = E[Φλ(Q, µ)]− µ,

w1−λ(µ) = E[Φ1−λ(Q, µ)]− µ,

which implies that the heterogeneous mean field wΛ(µ) is decreasing as well. The

conditions for convergence first identified in the proof of Proposition 14 are thus

all satisfied. �
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Proposition 21 establishes that convergence towards a specific reputation score

in the long-run subsists when the marketplace is inhabited by buyers with het-

erogeneous reporting behaviours. This result thus guarantees that the reporting

bias ∆ remains a viable measure to assess the efficiency of the reputation system

within a mixed behavioural setting.14

The next logical question is to investigate the respective weights our two

reporting behaviours λ and (1 − λ) hold in the marketplace. Proposition 22

follows.

Proposition 22. Suppose that a proportion λ of buyers follows a correcting re-

porting behaviour while the remaining (1−λ) buyers follow a collective behaviour,

then

| µ∗
Λ − µ∗

λ | ≤ (1− λ) | µ∗
λ − µ∗

1−λ | ∀λ ∈ [0, 1]. (3.16)

Proof. Define µΛ := λµ∗
λ + (1 − λ)µ∗

1−λ and suppose that µ∗
λ ≥ µ∗

1−λ, implying

µΛ ∈ [µ∗
1−λ, µ

∗
λ]. Then, we can write

E[ΦΛ(Q, µΛ)] = λE[Φλ(Q, µΛ)] + (1− λ)E[Φ1−λ(Q, µΛ)],

(a)

≥ λE[Φλ(Q, µ∗
λ)] + (1− λ)E[Φ1−λ(Q, µ∗

1−λ)],

= µΛ. (3.17)

(a) : the correcting behaviour Φλ(q, µ) is non-increasing while the collective

behaviour Φ1−λ(q, µ) is non-decreasing ∀q ∈ [0, 1].

Following (3.17), we have E[ΦΛ(Q, µΛ)] ≥ µΛ. Then, w(µΛ) = E[ΦΛ(Q, µΛ)]−

µΛ ≥ 0 and given that the mean field w(·) decreases in µ, we need µ∗
Λ ≥ µΛ to

14The reporting bias becomes ∆ =| µ∗

Λ
− E[Q] |.
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get w(µ∗
Λ) = 0, that is

E[ΦΛ(Q, µ∗
Λ)] = µ∗

Λ ≥ µΛ.

Consider now that µ∗
λ ≤ µΛ ≤ µ∗

1−λ, then

E[ΦΛ(Q, µΛ)] = λE[Φλ(Q, µΛ)] + (1− λ)E[Φ1−λ(Q, µΛ)],

≤ λE[Φλ(Q, µ∗
λ)] + (1− λ)E[Φ1−λ(Q, µ∗

1−λ)],

= µΛ. (3.18)

Following (3.18), w(µΛ) = E[ΦΛ(Q, µΛ)]− µΛ ≤ 0 and µ∗
Λ ≤ µΛ. This completes

the proof. �

If the rating published by every single buyer had a comparable effect on µ∗
Λ,

then the limit reputation score would be quite trivially given by λµ∗
λ+(1−λ)µ∗

1−λ.

Proposition 22 demonstrates that the situation is not so balanced in general,

correcting reporting behaviours tending to have a greater influence on µ∗
Λ than

other classes of behaviours.

3.6 Extensions

This section proposes to build upon the general setting in order to study how

different scenari highlighted by the literature can impact the efficiency of a rep-

utation mechanism. A first extension makes sybil attacks possible and analyses

how reputation measures are sensible to fake ratings. A second extension in-

troduces costly ratings and examines the effects such a change induces for the

reporting bias and the choice of a rating scale. A final extension assesses the

relevance of an alternative measure to compute the aggregate statistic µ by using

the median instead of the mean.
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3.6.1 Sybil Attacks (Fake Ratings)

An increasing amount of anecdotal15 and empirical evidence suggests that rep-

utation manipulation through fake ratings is substantial in online marketplaces.

For instance, Luca and Zervas (2013) highlight that nearly one out of five sub-

mitted ratings are classified as fake by Yelp’s algorithm. I take into account such

a phenomenon in the coming lines by supposing that a seller can now hire a third

party service to generate a proportion γ of ratings.

Proposition 23. (i) µ∗ increases in the amount of positive fake ratings γ and

(ii) decreases in the amount of negative ones.

Proof. Part (i) – Suppose the seller can buy or publish a proportion γ of the

overall ratings making his reputation. Then, a rating at t, rt is equal to 1 with

probability γ and is given by the reporting mechanism Φ(qt, µt−1) with probability

(1− γ). More formally, we have

rt ≡ Φγ(qt, µt−1) =





1 with probability γ

Φ(qt, µt−1) with probability 1− γ
(3.19)

Remember that w(µ) = E[Φ(Q, µ)]− µ, then

wγ(µ) = E[Φγ(Q, µ)]− µ,

= γ + (1− γ)E[Φ(Q, µ)]− µ,

= γ + (1− γ)(w(µ) + µ)− µ,

= γ(1− µ) + (1− γ)w(µ). (3.20)

We know that w(µ) = 0 only admits one solution in [0, 1], implying the same

15In February 2004, due to a software error, Amazon’s Canadian website revealed the iden-
tities of thousands of people who had anonymously posted book reviews on the United States
site. It turned out that an important fraction of those reviews were written by the books’ own
publishers, authors and competitors. (Harmon, 2004)

https://amazon.com
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behaviour for wγ(µ) = 0. Hence, (3.20) is equal to 0 if and only if

γ

1− γ
= − w(µ)

1 − µ
, (3.21)

where the LHS of (3.21) increases in γ, and the RHS increases in µ, w(·) being

strictly decreasing on [0, 1] with w(0) ≥ 0 and w(1) ≤ 0.

Part (ii) – Now, suppose a seller Y can buy a proportion γ of the overall ratings

making the reputation of seller X , his competitor within the marketplace. The

reporting mechanism becomes

rt ≡ Φγ(qt, µt−1) =





0 with probability γ

Φ(qt, µt−1) with probability 1− γ
(3.22)

Then,

wγ(µ) = E[Φγ(Q, µ)]− µ,

= 0 + (1− γ)E[Φ(Q, µ)]− µ,

= (1− γ)(w(µ) + µ)− µ,

= (1− γ)w(µ)− γµ. (3.23)

Reducing to

γ

1− γ
=

w(µ)

µ
, (3.24)

where the LHS of (3.24) increases in γ, and the RHS decreases in µ. This com-

pletes the proof. �

Proposition 23 shows that the reputation score of a seller in the long-run (µ∗)

is sensible to manipulation, then suggesting that fake ratings have the potential
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to significantly harm the reliability of a reputation system independently of the

reporting behaviour(s) inhabiting the economy. Specifically, the latter aggregate

statistic moves in the direction of the manipulation, and larger the amount of

manipulated ratings γ, greater the consequences for the seller’s reputation in the

long-term.16

Ceteris paribus, we expect the effects of reputation manipulation to be more

critical for collective reporting behaviours than for correcting ones, especially if

manipulation occurs early in the seller’s life. Indeed, the probability to have a

rating in the reputation system capable of bringing back the seller’s reputation

close to its true quality is small when a collective reporting behaviour lies in the

marketplace. Hence, reputation manipulation is both cheaper in terms of γ and

more effective when this type of reporting behaviour exists.

Following the latter remark and given Propositions 18 and 19, it appears

interesting for a mechanism designer to encourage correcting reporting behaviours

within a marketplace facing a high risk of sybil attacks. The key idea behind

the latter recommendation is that such behaviours are better able to contain the

combined and harmful effects of reputation manipulation and collective reporting,

thus limiting reporting bias.17 In practice, a possible design recommendation

would be to develop an online reputation system which would display side-by-

side one positive and one negative rating, thus making less likely the occurrence

of collective rating behaviours and promoting more truthful reporting decisions

even in markets featuring fake ratings.

16Put differently, even within a marketplace populated by correcting raters, it is never possible
to increase a seller’s reputation by publishing fake negative ratings and expecting an important
correcting response afterwards.

17∆max = 1 for collective reporting behaviours (see Proposition 18) while ∆max = 1

4
for

correcting reporting behaviours (see Proposition 19).
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3.6.2 Rating Scale and Rating Cost

Publishing a rating is a (time) costly process. Think of actions such as log-

ging into an online marketplace or entering a rating into a reputation system.

Following this observation, I now suppose that a buyer incurs a fixed cost c > 0

whenever she publishes a rating within the market. Empirical evidence (Talwar

et al., 2007) suggests that the decision of a buyer to submit a rating depends

on the gap existing between the transaction’s quality the buyer observes and the

quality she expected. I take into account the latter observation in the coming

analysis by considering a reporting behaviour Φ in which a rating is published

whenever the latter gap exceeds the cost of rating, that is

Φ(q, µ) =

{
q if | q − µ |≥ c.

Proposition 24 follows.

Proposition 24. The reporting bias ∆ increases in the cost of rating c.

Proof. Fix c > 0. Consider the two limit rating scales possible in a market, that

is a continuous scale (subscripted ∞) and a binary one (subscripted 01).

Φ∞(q, µ) =

{
q if | q − µ |≥ c Φ01(q, µ) =





0 if q − µ < c

1 if q − µ ≥ c.

I first study the continuous situation, looking for its associated average reputation

score in the long-run, µ∗
∞.

w∞(µ) = E[Φ∞(Q, µ)]− µ,

= E[Q 1{| Q− µ |≥ c}]− µ,

= E[Q] P(| Q− µ |≥ c)− µ. (3.25)
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Following (3.25), we have µ∗
∞ = E[Q] P(| Q − µ∗

∞ |≥ c). It is straightforward

to remark that µ∗
∞ increases in the probability to get a rating in the system,

probability which decreases in c, ceteris paribus. Hence, the reporting bias ∆ =|

µ∗
∞ − E[Q] | decreases in µ∗

∞ and so increases in c. I now focus on the binary

situation.

w01(µ) = E[Φ01(Q, µ)]− µ,

= E[1{Q− µ ≥ c}]− µ,

= P(Q− µ ≥ c)− µ. (3.26)

Then, µ∗
01 = P(Q − µ∗

01 ≥ c). Similar comparative statics findings apply for the

binary system regarding the role of c. This completes the proof. �

Put otherwise, the cost of rating plays a crucial role in the efficiency of a

reputation system, higher c larger will be ∆. Such a finding provides a theoretical

basis to support the recent experimental and empirical results identified by the

related literature. For instance, Lafky (2014) finds by developing a laboratory

experiment that the introduction of a rating cost (even small) has a significant

effect on reporting behaviours, leading to fewer and more polarized ratings, and

causing inaccurate average ratings for moderate quality products.

The cost of rating thus appears as a crucial parameter for mechanism de-

signers, and innovative ways to minimize it further either technically or through

incentive schemes represent a promising avenue for future research. Speaking of

which, Proposition 3.25 carries an interesting (normative) finding, as summarized

by Corollary 22.

Corollary 22. If c ∈ (0, 1) and E[Q] < 1, a fined-grained rating scale faces a

larger reporting bias ∆ than a coarse-grained one.

Proof. The proof directly follows from the one of Proposition 24. We know that
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the reporting behaviour resting on an infinite rating scale leads to µ∗
∞ = E[Q] P(|

Q − µ∗
∞ |≥ c), while the one using a binary rating scale converges to µ∗

01 =

P(Q − µ∗
01 ≥ c). Given that E[Q] ∈ [0, 1] is the same in both systems, we have

µ∗
∞ ≤ µ∗

01 and µ∗
∞ → µ∗

01 as {E[Q], c} → 1. �

In short, Corollary 22 establishes a relationship between the granularity of a

rating scale and the cost of rating. More particularly, it shows that reporting

bias is always larger in reputation mechanisms proposing a high granularity of

ratings than ones resting on a low or binary rating scale, ∀c > 0. This result thus

suggests that coarse-grained rating scales may more effectively control and limit

the reporting bias induced by the cost of rating.

A natural explanation for this result is that the range of quality levels that

are not graded increases in c.18 In other words, the cost of rating encourages

polarizing reporting behaviours, then causing distorted average reputation scores

and larger ∆.19

3.6.3 Mean versus Median

A recent strand of the literature coming from Computing Science advocates

the use of the median instead of the arithmetic mean to calculate the aggregate

statistic µ, see for instance Faltings et al. (2010) or Garcin et al. (2013). The

core motivation behind such a switch is that the median is less sensible to outliers

and so would provide a more stable and robust way to aggregate and rank rat-

ings. While the aforementioned argument sounds both appealing and intuitive,

different results in this chapter tend to indicate that using the median does not

represent a viable panacea.

Firstly and quite directly, an aggregate statistic resting on the median would

18This observation will be further developed in chapter 4.
19A few simulations depicting the evolution of µ w.r.t. c for Φ∞ and Φ01 are presented in

Appendix 4.
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only make sense for reputation systems which use fine-grained rating scales. Now,

Corollaries 18 and 22 showed that such reputation systems tend to feature a high

level of polarization, explained in part by the existence of correcting behaviours

and the cost of rating. Thus, fine-grained scales are subject to bimodal reporting

behaviours and using the median instead of the mean would not improve the

efficiency of a reputation system, even the contrary (Mosteller and Tukey, 1977).
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Figure 3.3: Evolution of the seller’s reputation µt over time for the correcting
reporting behaviour (3.9) (top row) and the collective reporting behaviour (3.10)
(bottom row) whereQ ∼ N (4

5
, 1
5
) and β = 1

2
. Left column computes the aggregate

statistic µ using the mean. Right column uses the median.

Secondly and less intuitively, correcting reporting behaviours feature a higher

variance than collective ones, by definition. As shown in Figure 3.3, convergence

to µ∗ then becomes extremely difficult to attain whenever the median is used to
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compute a seller’s reputation score (µt at time t) instead of the mean20, i.e.,

P[{r1, ...rt} ≤ µt] ≥
1

2
,

P[{r1, ...rt} ≥ µt] ≥
1

2
.

More particularly, we observe that the reporting bias remains very high and

does not decrease over time.21 Note that the latter observation does not hold for

collective reporting behaviours. However, Proposition 22 showed that correcting

behaviours have a larger effect on µ∗ than collective ones. It follows that com-

puting µ by using the median should not be advised when correcting reporting

behaviours are present in a marketplace since this would damage the efficiency

of the reputation mechanism.

Interestingly, the latter reasoning provides some theoretical support to the

scarce empirical evidence about the topic: McGlohon et al. (2010) examine sev-

eral methods to aggregate and rank 5-star ratings from diverse online markets

and find that the median performs poorly in comparison to others. They also

highlight that the arithmetic mean performs as well or better than a variety of

more sophisticated statistics.

3.7 Conclusion

In this chapter, I have proposed a measure, so-called reporting bias, able to

assess how different reporting behaviours influence the efficiency of an online rep-

utation system. I have developed an iterative stochastic approximation setting

which has made possible the analysis of different models of behaviour while re-

producing the way ratings are aggregated online. Following recent findings from

the empirical and experimental related literature, I have introduced two specific

20See equation (3.1).
21See Appendix A.4.3 for a detailed characterization and simulation.
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online reporting behaviours – that is ‘correcting’ and ‘collective’ behaviours – and

studied their effects on the evolution of a seller’s reputation over time.

I have demonstrated that the usefulness of new ratings decays over time and

that reputation converges to a fixed score as the number of ratings increases

in the marketplace. The latter convergence has provided the necessary support

for the development of our reporting bias measure. I have also been able to

demonstrate that the distribution of ratings left by buyers stabilizes over time,

thus presenting some theoretical support for the empirically observed clustered

and bimodal distribution of online ratings.

Resting on the aforementioned general results regarding the dynamics of rep-

utation, I have next turned my attention to the analysis of reporting bias. I have

showed that when collective reporting behaviours are in place in an online mar-

ket, that is when buyers report ratings by complying with the ones left by their

predecessors, it becomes difficult for a reputation system to bring back the seller’s

reputation close to its true score, and this can lead to totally inefficient reputa-

tion mechanisms. In contrast, the maximum reporting bias generated by buyers

who attempt to correct the reputation of a seller remains more limited and so

endangers to a lesser extent the trustworthiness of a reputation system. Besides,

the robustness analysis has revealed that correcting reporting behaviours have a

greater impact than collective ones on the evolution of the seller’s reputation in

the long run.

The stochastic model presented in this chapter has provided a novel basis

to test different empirical schemes and to draw normative conclusions about the

design of online reputation systems. I have demonstrated that reporting bias

is minimized and mechanism’s efficiency maximized when truthful reporting in-

habits the economy. A first design recommendation would then be to keep the

rating or reporting interface separated from the one that summarizes a seller’s

reputation in order to encourage truthful ratings and limit the emergence of any
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correcting or collective stimuli. I have also been able to identify how reputation

manipulation through sybil attacks can decrease the efficiency of a reputation

system, especially when collective behaviours are present. To restrict the effects

of fake ratings, it would appear (again) useful to develop rating interfaces able

to encourage truthful or correcting reports in order to ‘naturally’ wipe out fake

ones. Of course, the latter proposal should only be seen as a complement to

current filtering algorithms. I have also examined the effects of the rating cost

on the reporting bias and found that the efficiency of a reputation mechanism is

better guaranteed for coarse-grained rating scales than fine-grained ones as the

cost of rating increases in an online marketplace. Finally, I have defended the

use of the arithmetic mean against the median, showing that the aggregation and

computation of reputation scores with the median would not represent a suit-

able choice given the underlying bimodal distribution of ratings and the highly

probable existence of correcting behaviours in online marketplaces.

This chapter represents a very early attempt to understand how reporting

behaviours affect the formation of reputation in online markets and there is still

more work to be done. From a modelling viewpoint, it would be especially in-

teresting to propose a framework capable of examining behaviours within 2-sided

reputation systems and to assess the reporting bias added by the possibility of

bilateral ratings.



Chapter 4

Rating Scales

The Good, the Bad, and the Ambiguous...
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4.1 Introduction

This chapter examines how fine-grained rating scales in general, and 5-star

scales in particular, can lead to the formation of bimodal distributions of ratings

within online marketplaces. Two theoretical frameworks are proposed. A first

model focuses on the role played by the cost of rating in the generation of U-

shaped distributions. A second model analyses the effects of online experience.

Recent anecdotal evidence from YouTube1 captures well the challenge faced

by reputation mechanism designers regarding the choice of a rating scale. In

September 2009, the Google owned video service moved from a standard 5-star

rating scale to a binary one (i.e., ‘thumbs up/thumbs down’) after having ob-

served that the majority of videos had a five-star rating, as shown in Figure 4.1.

Figure 4.1: ‘Seems like when it comes to ratings it’s pretty much all or nothing.’
– Shiva Rajaraman, YouTube Product Manager, September 2009.2

Now, YouTube is not an isolated case and U-shaped or J-shaped distributions

of ratings have already been identified in the literature. Dellarocas and Narayan

(2006) show that the distribution of user ratings for movies on Yahoo! Movies3 is

seriously bimodal, almost 50% of the posted ratings are 5-star and approximately

20% 1-star. Hu et al. (2009) find that Amazon ratings of books or CDs follow a

1YouTube.com is a popular video-sharing website.
2http://youtube-global.blogspot.co.uk/2009/09/five-stars-dominate-ratings.html
3https://www.yahoo.com/movies

https://youtube.com
http://youtube-global.blogspot.co.uk/2009/09/five-stars-dominate-ratings.html
https://www.yahoo.com/movies
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J-shaped distribution. Talwar et al. (2007) highlight the bimodal distribution of

hotel reviews on TripAdvisor. More recently, Lafky (2014) designs an experiment

replicating an online marketplace and makes rating costly. The latter author finds

that the presence of a rating fee generates a U-shaped distribution of ratings.

Finally, the utility-based setting developed by Anderson (1998) to examine the

relationship between buyer satisfaction and their engagement in word-of-mouth

activities also suggests that a U-curve distribution function of buyer opinions may

form.

This chapter contributes to the existing literature in several ways. Firstly,

it builds upon recent empirical works to propose two generalisable models aim-

ing at formalizing the determinants and mechanisms which can lead to bimodal

distributions of ratings. In peculiar, this work represents one of the first theoret-

ical attempts to formalize the decision of a buyer to publish a rating within an

online marketplace. Secondly, the chapter explicitly identifies the existence of a

‘blind spot’ of unrated transactions, and following empirical evidence, establishes

that the amount of neutral ratings lying within an online economy increases in

the cost of rating, decreases in altruistic concerns and centres around the prior

expectation buyers hold before interacting. Thirdly, this work highlights how

fine-grained rating scales promote mid-range unclear ratings and may lead to

inefficient reputation mechanisms, passed a certain proportion of ambiguous rat-

ings. Specifically, the development of a model featuring Bayesian agents suffering

from confirmatory bias allows to show that the ambiguity made possible by 5-star

rating scales can impact the way posteriors are updated and possibly result in

wrong posteriors in the long run. Finally, the overall results of the chapter suggest

that 5-star rating scales or fine-grained rating scales are more adapted to online

marketplaces featuring an important level of adverse selection (i.e., signalling

mechanisms) while coarse-grained or binary rating scales should be preferred for

economies characterised by moral hazard (i.e., sanctioning mechanisms).
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Chapter outline

The remainder of the chapter is organized as follows. Section 4.2 develops a

2-period model and considers that rating a seller at the end of a transaction has

an associated cost. Section 4.3 builds an economy inhabited by Bayesian buyers

who suffer from confirmatory bias. Last section concludes.

4.2 Rating Cost

Chapter 3 proposed an early study of the interplay existing between the cost

of rating and the distribution of reports. The analysis showed that the reporting

bias was increasing in the rating cost, and even suggested that the efficiency of a

reputation mechanism was better preserved by using a binary rating scale when

the cost of reporting was high in the economy. Following the experimental results

of Lafky (2014), this section investigates further the relationship between the

cost of rating and the distribution of reports. I develop a 2-period model where

a potentially large population of buyers can interact with one of two sellers.4 I

demonstrate that a buyer’s decision to publish a rating follows a cut-off process

whose discontinuity depends on the cost of rating. In particular, I identify that

the range of transactions which remain unrated increases in the latter cost, thus

generating a kind of ‘blind spot’ in the marketplace.

4.2.1 Framework

An online marketplace is inhabited by n short-lived buyers, B = {b1, b2...bn}.

At every period of time t = {1, 2}, a new seller enters the economy. The game

starts at t1 (t = 1) when a 2-period lived seller, s1, is born and chooses his lifetime

level of quality q1 ∈ [0, 1]. The choice of quality qi is private information and has

4A 2-period setting is considered here for analytical convenience, and makes possible the
study of intertemporal decisions in a very similar way than atemporal ones.
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an associated cost function γ(qi), where γ(0) = 0, γ′(qi) > 0, γ′′(qi) > 0 and

limqi→1 γ(qi) = ∞, for every seller i.5

Let buyer b1 (also the first-buyer, henceforth) be the first to transact in the

game at t1 whilst the n − 1 remaining buyers all transact in the second period

at t2. For analytical convenience and without loss of generality, let us call them

second-buyers and suppose they only discover that the game ends at the end of

their period, t2, after having transacted with a seller.6

Once s1 has chosen his quality q1, b1 transacts with him while considering

q0 > 0 as a satisfactory or fair level of quality. Once the transaction completed,

the first-buyer observes the quality q1 and may pay a cost c ∈ [0, 1) to publish

a rating r ∈ R about s1’s true quality. If b1 decides to report a rating, all other

buyers learn it and use this information at t2. Otherwise, the other buyers have

no way to know which seller transacted with b1 and end up in the same situation

than b1 at t1. In both cases, all remaining buyers {b2...bn} choose one of the two

sellers inhabiting the market at t2.

4.2.2 Strategies

The coming lines briefly present the strategies of the different inhabitants of

our economy, starting with the sellers.

Sellers A seller i maximizes his expected lifetime payoff, that is

ΠS
i = ni(π − γ(qi)), (4.1)

where ni is the number of buyers who interact with si during his lifetime and

π > 0 is the per-buyer profit.

5As it is standard in economics, we consider the cost function to be increasing and convex
in quality. See Tirole (1988).

6An equivalent setting would be to consider that the 2 sellers {s1, s2} are born at t1 and
choose both their lifetime quality at the beginning of the game.
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Buyers Buyers are risk-neutral and homogeneous in terms of preferences. They

thus maximize their 1-period payoffs. Specifically, b1 maximizes

ΠB
1 = φq1 + UR(q0, q1, n)− IRc, (4.2)

where φ is the marginal benefit of transacting, IR is an indicator function for

whether the first-buyer reported a rating or not, and UR(·) is the utility earned

by b1 for publishing a rating in the online marketplace.7 First-buyer’s readiness

to rate a seller can be explained by altruistic concerns (Fehr and Schmidt, 2006),

monetary or ‘karma’ rewards provided by the economy (Miller et al., 2005) or

direct reciprocity (Bolton et al., 2013). Following empirical evidence by Zhang

and Zhu (2011) about the effects of group size on public good provisions within an

online market such as Wikipedia8, I suppose that b1’s altruistic concerns increases

in the number of buyers n populating the marketplace and following Talwar et al.

(2007) that the utility from rating UR increases in the difference between the

expected quality and the experienced one. As is standard in the literature, I

assume that UR is monotonic. For analytical convenience and based on the latter

observations, the utility function of rating in the game takes the following form

UR(q0, q1, n) = ln(n) | q1 − q0 | . (4.3)

If the fist-buyer publishes a rating, her preferences are in line with those of second-

buyers. Then, second-buyers decide to transact with s1 if the latter seller earned

a high rating from b1, or do not transact with s1 and pick the new seller, s2, if

s1 got a low rating. If no rating is left, second-buyers don’t know whether b1 has

transacted with s1 at t1 and face the same game than b1. Every second-buyer

7For simplicity’s sake, prices are normalized to 0 in order to avoid any interpretation of a
transaction’s price as a signal of its quality.

8Zhang and Zhu (2011) show that contributions to Chinese Wikipedia by non-blocked Chi-
nese editors decreased by 42.8% after the government’s decision to block access to the collabo-
rative encyclopedia in mainland China, in October 2005.

https://en.wikipedia.org
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maximizes

ΠB
−1 = φqi. (4.4)

Remark that the game ends at t2, implying that the payoff of a second-buyer’s

type does not include utility from rating. Likewise, if the first-buyer’s payoff was

equivalent to (4.4), then it is straightforward to notice that the unique equilibrium

in the game would be qi = 0 and no rating, ∀c > 0.9

4.2.3 Rating Cost and Ratings Distribution

I now analyse the consequences induced by the rating cost c on the reputation

system’s use and players’ strategies. The setting considers an infinitely granular

rating scale, implying that b1 has the possibility to report the exact level of

quality q she observed while transacting with s1.
10 Proposition 25 presents and

formalizes the main result of this section.

Proposition 25. If c > 0, then

i. The range of unrated quality levels increases in c.

ii. The first-buyer plays a cut-off strategy for rating, and reports a negative rating

if q ∈ [0, q), a positive rating if q ∈ (q, 1] and no rating if

q ∈ [q, q] ≡ [q0 −
c

ln(n)
, q0 +

c

ln(n)
]. (4.5)

Proof. The first buyer decides to report a rating when c < UR(q0, q, n). Then, b1

9A parallel can be drawn here with the pure Nash equilibrium of chapter 2.
10To simplify notations and because the analysis focuses on the equilibrium strategies of the

first seller, q1 is simply denoted q henceforth.
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publishes a low or negative rating if

c < ln(n)(q0 − q) ⇔ q < q0 −
c

ln(n)
.

Likewise, b1 publishes a high or positive rating if

c < ln(n)(q − q0) ⇔ q > q0 +
c

ln(n)
.

It follows that the range of quality levels for which a seller remains unrated

after a transaction can be expressed as q ∈ [q, q] ≡ [q0 − c
ln(n)

, q0 +
c

ln(n)
]. It is

straightforward to remark that as c → 1, the gap between q and q widens ∀n > 1.

Conversely, if c → 0 then q → q, ∀n > 1. �

Proposition 25 identifies the idiosyncratic rating strategy of the first buyer and

represents one of the first theoretical attempts to formalize the decision of a buyer

to report a rating within an online marketplace. We remark that the discontinuity

of her strategies weakens as the cost of rating tends towards zero. In particular,

the cost of rating determines the range of quality levels which are not rated in

the marketplace. If c = 0, all transactions are rated. In contrast, if c > 0,

the proportion of unrated qualities grows as c increases. Such a finding helps

understand how bimodal distributions can emerge when reputation mechanisms

adopt fine-grained rating scales. In particular, the ‘blind spot’ of unrated quality

levels widens in c, implying that a high cost of rating can transform a continuous

rating scale into a quasi-binary one.

It is also worth noting that altruism, parametrized in our setting by n, may

help mitigate the effect of c on the reporting decision. In other words and ceteris

paribus, the use of mid-range grades increases in the population size of buyers who

will read the seller’s reputation. It appears that the latter configuration is more

probable in signalling reputation economies than sanctioning ones, thus hinting
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that fine-grained rating scales could better suit signalling reputation systems.

This comes from the observation that online economies featuring a high level

of adverse selection (i.e., signalling systems) are generally proposing goods or

services which have the potential to support a higher number of interactions than

economies featuring a high level of moral hazard (i.e., sanctioning systems).11

Going back to the essence of Proposition 25, we notice that the focal point

for every rating is q0. Hence Corollary 23 follows.

Corollary 23. The range of positive (negative, respectively) ratings available in

the marketplace decreases (increases) in q0.

The quality expected by b1 determines the nature of the rating to come, if

any. More particularly, higher is q0, smaller will be the range of positive grades

available to b1, as shown in Figure 4.2.
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Figure 4.2: Proportion of unrated quality levels, q ∈ [q0 − c
ln(n)

, q0 +
c

ln(n)
] (or-

dinate), in function of the cost of rating, c (abscissa). Hatched area represents
the ‘blind spot’ or unrated levels of quality. Light-gray area depicts the positive
ratings and blank area the negative ratings. Left graph depicts q0 = 3

4
, center

graph q0 =
1
2
and right graph q0 =

1
4
. All graphs use n = 10.

This finding masks a compelling insight. That is, the pollyannaism empirically

observed in online marketplaces could be partly explained by the buyers’ high

11Intuitively, suppose that the same book is available on Amazon and eBay. Then, one
unique reputation profile will be created for the book on Amazon while it will be available from
different sellers on eBay.
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expectations, in addition to the rating cost. Note that this result also shares

some similarities with what the related empirical literature refers to as ‘self-

selection bias’, see for instance Kramer (2007) or Brandes et al. (2013). In short,

buyers tend to purchase products or services they like, and then in turn, rate

them highly.

I next turn my attention to the equilibrium strategies of the first seller, s1.

Given the previous results and the identification of the so-called ‘blind spot’,

it appears especially interesting to examine when it is optimal for the seller to

choose a level of quality that leaves him unrated. Proposition 26 follows.

Proposition 26. The first seller’s equilibrium strategy is to choose the minimum

‘unrated’ level of quality q if

λπ(n− 1)

2n− λ(n+ 1)
< γ(q) <

π(n− 1)

n + 1
, (4.6)

where λ =
γ(q)

γ(q+ε)
∈ (0, 1) and ε > 0, which is verified for

i. ∀n > 1 when λ ∈ (0, 1
2
],

ii. ∀λ < n
n+1

when λ ∈ (1
2
, 1).

Proof. The proof follows from the observation that s1 has three potentially payoff

maximizing strategies, i.e. q = 0, q = q and q = q+ε ≡ q̂ ∈ (q, 1], where ε is small

and positive. By Proposition 25, we know that higher c, lower the probability to

get a rating in the marketplace. The cost of rating being common knowledge in

the game and buyers homogeneous, each seller selects a level of quality that max-

imizes his expected lifetime payoff. A seller’s equilibrium strategy then depends

on the parameters of the game. Let us first express the lifetime payoff of a seller

who selects a level of quality q = 0, that is

ΠS
1 (0) = π.
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Likewise, selecting q = q̂ leads to a lifetime payoff

ΠS
1 (q̂) = n(π − γ(q̂)).

Finally, choosing q = q gives an expected lifetime payoff

E[ΠS
1 (q)] = π − γ(q) +

n− 1

2
(π − γ(q)),

=
n+ 1

2
(π − γ(q)). (4.7)

For analytical convenience, let γ(q) = λγ(q̂), where λ ∈ (0, 1). Then (4.7) can be

rewritten as

E[ΠS
1 (q)] =

n+ 1

2
(π − λγ(q̂)).

It follows that a seller’s equilibrium strategy is to pick a high quality q̂ if ΠS
1 (q̂) >

ΠS
1 (0) and ΠS

1 (q̂) > ΠS
1 (q). Solving w.r.t. γ(q̂), this is true if γ(q̂) < π(n−1)

n

and γ(q̂) < π(n−1)
2n−λ(n+1)

. Likewise, he does not invest in quality (i.e., q = 0) if

ΠS
1 (0) > ΠS

1 (q̂) and ΠS
1 (0) > ΠS

1 (q), which is verified for γ(q̂) > π(n−1)
n

and

γ(q̂) > π(n−1)
λ(n+1)

. Finally, he selects the ‘unrated’ quality q if ΠS
1 (q) > ΠS

1 (0) and

ΠS
1 (q) > ΠS

1 (q̂), conditions which are satisfied for

π(n− 1)

2n− λ(n+ 1)
< γ(q̂) <

π(n− 1)

λ(n+ 1)
,

λπ(n− 1)

2n− λ(n+ 1)
< γ(q) <

π(n− 1)

n + 1
, (4.8)

where the strict inequality (4.8) holds for {n > 1 ∧ λ ∈ (0, 1
2
]} ∨ {λ < n

n+1
∧

λ ∈ (1
2
, 1)}. This completes the proof. �

It is straightforward to observe that the decision of s1 to select the minimum

unrated quality level q at the beginning of his life depends on the cost differential
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λ and the number of buyers n. Independently of n, the probability for the first-

seller to choose q as his equilibrium strategy tends to 1 as λ → 0. The latter

strategy becomes independent of λ as n → ∞, implying n
n+1

→ 1.

Put differently, by featuring a rating cost c > 0, a reputation mechanism can

only guarantee a level of quality q when the economy is large and/or when the

seller’s investment necessary to get a positive rating, γ(q̂), is too important in

comparison to the one needed to get a neutral rating (i.e., no rating). Interestingly

and following Proposition 25, we know that the level of quality q decreases in c,

thus implying that a high rating cost tends to encourage low quality interactions.12

However, we also know that a high n can increase altruistic concerns in the

marketplace and then decrease artificially the rating cost, c. Hence, we identify

the existence of a compensating effect between c and n.

4.3 Online Experience and Confirmation Bias

In this section, I turn my attention to the role played by online experience in

the generation of U-shaped distributions of ratings. In particular, I consider a

specific cognitive bias, known as confirmation bias (or confirmatory bias), which

can lead individuals to misinterpret new information when their past experience

generated a strong belief about a state of the world (Yoon and Gurhan-Canli,

2012).

The key idea behind my approach is to consider that fine-grained rating scales

enable buyers to use mid-range grades to report ambiguous or unclear levels

of quality. The section introduces long-lived Bayesian buyers who learn under

ambiguity and form their beliefs about the possible true state of the world by

interacting each period of their lives in the same online market. Such a proceeding

allows to examine how online experience and the confirmatory bias it induces can

12Note that for c = 0 and n → ∞, s1 would always select the high quality q̂, provided that
his net benefit of interacting is larger than 0, that is π > γ(q̂).
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lead to bimodal distributions of ratings while there are more than two possible

levels of quality (Zimper and Ludwig, 2009).

4.3.1 Framework

An online marketplace features a reputation system which rests on a 5-star

rating scale. The economy is inhabited by a large population of risk-neutral

short-lived sellers and long-lived buyers who interact at every time period t ∈

{0, 1, 2, ...}.13 More particularly, buyers transact an infinitely number of periods

while sellers transact only once. Such a change in configuration allows to focus

on the transactions’ history of buyers and is made possible by the introduction of

a setting featuring adverse selection. In this new framework, reputation is thus

formed and attached to the marketplace and not the sellers, specifically. Once a

transaction has been completed, a buyer reports a rating about the transaction’s

quality by choosing one of the possible grades. For analytical convenience, I con-

sider henceforth that the 5-star rating scale reduces to a 3-category measure in

which the quality of a transaction is rated as ‘Bad’, ‘Good’ or ‘Ambiguous’ – as

shown in Figure 4.3.

{ 1, 2︸︷︷︸
Bad

Ambiguous︷︸︸︷
3 4, 5︸︷︷︸

Good

} ∨ { 1︸︷︷︸
Bad

Ambiguous︷ ︸︸ ︷
2, 3, 4 5︸︷︷︸

Good

}

⇓
{ B, A, G }

Figure 4.3: Possible mappings to transform a 5-star rating scale into a 3-category
grading system.

Suppose that at t = 0, Nature chooses a state η = {B,G} which determines

whether the marketplace attracts a majority of Bad or Good sellers. After a

13As in previous chapters, sellers are male and buyers are female. The size of the population
is supposed large enough on both sides to support a repeated random matching protocol.
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transaction, a buyer i experiences three possible levels of quality, qi ∈ {b, a, g}.

Let ‘b’ indicate a bad or low transaction’s quality, ‘g’ a good or high quality, and

‘a’ an ambiguous or unclear level of quality.

Quality levels observed by buyers are independent over time. More partic-

ularly, suppose that a transaction’s quality is interpreted as ambiguous with a

probability α ∈ [0, 1) independent of the state η, and as unambiguous with prob-

ability 1−α. In online marketplaces such as Amazon or eBay, α could epitomize

actions not controlled by a seller which may make more difficult for buyers to

discern the genuine quality of a transaction, e.g., database errors, third-party

errors (payment gateways), shipping delays. Let the probability to experience a

good (bad, respectively) transaction’s quality be β > 1
2
when η = {G} (η = {B},

resp.). Buyers all share a common prior µ0 ∈ (0, 1) that η = {G} when they

enter the marketplace and update their beliefs in a Bayesian manner after each

transaction with a seller.

The coming analysis proposes to explain the bimodal distribution of ratings

observed empirically by adding the possibility of confirmation bias to the frame-

work. More particularly, I consider fully Bayesian buyers whose interpretation

of ambiguous levels of quality evolves over time depending on their respective

experiences or transactions’ histories. I show that polarization emerges naturally

as buyers’ experience grows. Such a setting then helps understand the crucial

role played by a-priori beliefs in the use of ambiguous grades and identifies when

ambiguity can make a reputation system inefficient.

Definition 24 (Reputation Mechanism Efficiency). A reputation mechanism is

defined as efficient if the buyers’ posteriors converge with probability 1 to the true

state η independently of the prior µ0.

Before going any further, let us highlight the interplay existing between the

measure α and the occurrence of ambiguous ratings in the model.
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Remark 25. The number of ambiguous ratings decreases in α.

Such a remark is trivial but it encloses an interesting intuition. As the noise

due to external causes decreases in the marketplace (e.g., number of third-party

services), buyers are able to assess in a clearer way the genuine quality of sellers

and then report acuter ratings.

4.3.2 Confirmation bias

Confirmation bias is present within an economy when agents (in our case,

buyers) update their posteriors in a way that makes more likely the confirmation

of previous held beliefs. In their seminal paper, Rabin and Schrag (1999) develop

a theoretical model to analyse confirmatory bias within a Bayesian framework.

They show that if confirmation bias exists, then a buyer is under or over-confident

when she interprets new signals in comparison to a standard Bayesian updater.

Specifically, this bias may lead to wrong posteriors because buyers tend to disre-

gard new contradictory information. For instance, suppose that a buyer experi-

enced a large number of good quality transactions in her first t− 1 periods, then

she believes that η = {G}. Because of the confirmation bias, the latter buyer

may neglect a bad quality signal in the next period of her life and not update her

posterior accordingly.

The coming lines propose to adopt and adapt the notion of confirmatory

bias to our framework. Differently from Rabin and Schrag (1999), I consider

that buyers are still fully Bayesian rational agents and update their posteriors

accordingly. However, confirmation bias is introduced in the rating decision.

Specifically, the rating given by a buyer i after observing an unclear level of quality

at time t results directly from i’s posterior at t (denoted µi,t) that the state is

η = {G}. Without loss of generality, let the rating scale be uniformly divided into

three ranges. Specifically, let a buyer i experiencing a transaction of type ‘a’ at t
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give a bad rating ‘B’ when µi,t ∈ [0, 1
3
), an ambiguous rating ‘A’ when µi,t ∈ [1

3
, 2
3
)

and a good rating ‘G’ when µi,t ∈ [2
3
, 1]. Note that unambiguous quality levels

{b, g} lead to unambiguous ratings {B,G}, and are thus independent of µi,t.

Proposition 27 follows quite naturally.

Proposition 27. Polarization of ratings increases in the buyer’s experience.

Proof. The proof results from the Law of Large Numbers (Doob, 1949). A ratio-

nal agent in the Bayesian-sense has a posterior that identifies almost surely one of

the 2 states η in place in the market as t → ∞ (i.e., as the number of interactions

becomes large enough). This results holds given that ambiguous outcomes are

uninformative in our framework, their existence being independent of η. Hence, a

Bayesian buyer (updater) remembers all the realizations of her past transactions

and is able to overlook the polysemous ones. Since different buyers may experi-

ence different levels of quality at the same period of time, the chronology of their

transactions’ histories will differ, leading to different posteriors and polarization

as t → ∞. �

Proposition 27 establishes that a buyer’s posterior converges with probability

1 to one of the two states η = {B,G} as the number of transactions increases,

implying that her ratings of ambiguous quality levels follow the same direction

than her posterior as t → ∞. In other words, higher is the online experience of a

buyer, lower is the probability that she reports ambiguous ratings. The intuition

is relatively simple. By transacting repeatedly in the marketplace, a buyer learns

little by little the level of quality she can expect from sellers. Then, if her past

transactions lead her to think that η = {G}, she will be more prone to report a

rating in the higher spectrum of the scale whenever she experiences an ambiguous

or unclear level of quality in the next period, and vice-versa.
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Example To illustrate our Bayesian updating process and the polarization it

may induce, let us consider a specific example. Let the true state be η = {G}. The

probability to experience a (unambiguous) good transaction’s quality is β = 2
3

in the marketplace, and there exists a state-independent probability α = 1
4
to

experience an ambiguous quality whenever a transaction occurs. Suppose that a

buyer i starts her life with a prior µ0 = 1
2
. When faced with a good quality in

the first period, i’s posterior becomes

µi,1 =
µ0β

µ0β + (1− µ0)(1− β)
,

=
1
2
× 2

3
1
2
× 2

3
+ 1

2
× 1

3

,

=
2

3
.

Now suppose that after t transactions in the marketplace, buyer i has a posterior

of µi,t =
7
9
. At t+1, she transacts with a new seller. The transaction completed, i

observes an ambiguous quality of a. Given that µi,t >
2
3
, then buyer i will report

a good rating.

Our Bayesian setting leads to another interesting observation. That is, the

prior µ0 plays a prominent role in the use of a fine-grained rating scale. Hence

the following remark:

Remark 26. The prior µ0 determines the use of the ‘ambiguous’ grade(s) within

a reputation system.

Let η = {G}, α = 1
3
and µ0 = 1

2
, that is a setting in which buyers enter

the marketplace with a prior that puts equal weights on the two possible states.

Then, it is straightforward to remark that there exists a higher probability for a

buyer to report an ambiguous rating early in her life when her prior is µ0 = 1
2

than if it were closer to 1, ceteris paribus. Specifically, larger is the mismatch
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between µ0 and η, greater will be the proportion of ambiguous ratings reported in

the market. In practice, such a scenario seems especially plausible for new online

marketplaces.

I now propose to examine how the ambiguity α can impact the reputation

mechanism’s efficiency. Proposition 28 follows.

Proposition 28. If α > 1− β−1

2
, then the reputation mechanism becomes ineffi-

cient.

Proof. Suppose that η = {G}. By Proposition 27, we know that µi,t converges

with probability 1 to one of the two possible states. Here, an efficient mechanism

should guarantee convergence towards µi,t → 1. Denote β∗ (β∗∗, respectively) the

probability that a buyer i experiences a quality level confirming her belief that

one state is more likely when in fact the other state is true (when in fact it is

true). We thus have β∗ = (1−β)+αβ and β∗∗ = β+α(1−β). For the posterior

to converge to 0 instead of 1 as t → ∞, we must have β∗ > 1
2
and the result

follows

(1− β) + α >
1

2
⇔ α > 1− 1

2β
.

Symmetric proof holds. �

In other words and as should be expected, the efficiency of a reputation system

decreases in the amount of ambiguous transactions featured by the marketplace.

Specifically, if a non-trivial proportion of experiences is open to interpretation,

then there exists a risk for buyers to not update their posteriors in the right direc-

tion of η. This being equivalent to say that the reputation mechanism becomes

totally inefficient.14

14A parallel can be drawn here with the results of chapter 2 concerning the imperfect moni-
toring case.
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4.4 Conclusion

In this chapter, I have proposed two theoretical (and generalisable) frame-

works in order to analyse and explain the formation of U-shaped distributions of

ratings in online markets.

Resting on recent empirical and experimental works, I have built a 2-period

model which represents an early attempt to formalize the decision of a buyer to

report a rating within an online marketplace. I have considered altruistic concerns

and correcting behaviours as the major predictors of a buyer’s rating decision,

and identified a blind spot of unrated transactions whose magnitude increases in

the rating cost and decreases in the number of buyers inhabiting the economy. At

equivalent cost of rating, the analysis has suggested that fine-grained rating scales

would better suit online markets featuring signalling reputation mechanisms be-

cause such economies tend to attract more readers per reputation profile.

Considering Bayesian agents suffering from confirmatory bias, I have then

been able to demonstrate that the ambiguity made possible by 5-star rating scales

can impact the way beliefs are updated and possibly lead to wrong posteriors in

the long run, depending on the amount of underlying ambiguity present in the

market.

Finally, this chapter has highlighted the crucial role played by prior expecta-

tions, showing that they are the focal points of the blind spot and determine the

use of the ambiguous grades within a rating scale. Following the latter results,

it appears particularly interesting to develop experiments able to disentangle the

effects of prior beliefs on the choice of a rating.
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A.1 eBay Feedback Reputation System

The online marketplace ‘eBay.com’ facilitates trade between buyers and sell-

ers, principally through 2nd-price auction. Once a transaction is completed, the

buyer can give the seller a grade of +1 (positive), 0 (neutral), or −1 (negative)

while the seller can only give the buyer a positive or a neutral grade. Both the

buyer and the seller may supplement their rating with any textual comments. In

eBay, several aggregates are used to measure the reputation and experience of an

agent, including (i) the difference between the number of positive and negative

feedback ratings, (ii), the percentage of positive feedback ratings, (iii) the date

of registration, and (iv) a summary of the most recent feedback ratings.

Figure A.1: The eBay Feedback percentage is calculated by dividing all posi-
tive Feedback earned in the last 12 months by all positive, neutral and negative
Feedback.
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Note that the measure of reliability (ii) is similar to the one presented in

chapter 2, that is

µt =
ht

r
,

where ht is the number of positive Feedback present in the seller’s history at time

t and r the total number of Feedback earned by an eBay seller during the previous

12-month period, as shown in Figure A.1.
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A.2 Descriptive Statistics

This appendix presents summary descriptive statistics about approximatively

85% (after cleaning) of the browser extensions and mobile applications available

in three different online marketplaces proposing non-rival goods and featuring

1-sided reputation systems, that is

• Chrome Webstore (14’136 extensions)

• Add-ons Mozilla Marketplace, AMO (7’013 extensions)

• Google Play (1’008 applications)

Data has been collected at the beginning of Spring 2012 using two self-developed

scrapers written in PHP and resting on parallel cURL requests.

Datasets are freely downloadable online either in .csv or .dta formats at:

florianbersier.com/research/dphil/data.zip [2.1MB]

https://chrome.google.com/webstore/
https://addons.mozilla.org/
https://play.google.com/
http://florianbersier.com/research/dphil/data.zip
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Table A.1: Summary Statistics Chrome Webstore

Category (users) # Users # Ratings Grade Pr rating (%) # Characters

100 - 999 369.4887 11.7634 4.236338 3.653181 82.94984

235.8706 24.7641 .7222572 3.552058 77.53932

1,000 - 9,999 3,091.996 49.97911 4.277119 1.674447 88.26009

2,101.232 158.3217 .558666 1.752254 64.4834

10,000 - 99,999 28,882.47 284.4329 4.358282 .965671 89.81798

20,893.2 615.0735 .4099862 1.106244 39.9074

≥ 100,000 294,664.7 2,073.118 4.340241 .6419882 83.86436

231,623.9 3,568.758 .4018165 .5287151 33.0717

Overall 7,119.535 70.46858 4.258646 2.8388 85.08675

43,645.89 513.5715 .6558563 3.154984 71.13017

For each category, the first row indicates means and the second row standard deviations from the mean.
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Table A.2: Summary Statistics Add-ons Mozilla Marketplace (AMO)

Category (users) # Users # Ratings Grade Pr rating (%) # Characters

100 - 999 376.4224 6.073591 4.141298 1.929978 185.5366

242.0573 8.813073 .958699 3.056695 161.8616

1,000 - 9,999 3,510.64 21.84059 4.121151 .7849486 180.1061

2,331.218 24.65895 .7541231 .9549886 91.41162

10,000 - 99,999 31,515.87 78.80901 4.099533 .3008095 187.0488

21,699.84 102.7656 .650461 .3416028 108.1392

≥ 100,000 591,125.1 361.0877 4.105263 .1006772 180.0346

1,293,243 445.8478 .6690875 .0947447 51.64757

Overall 28,220.69 35.29045 4.12571 1.233574 183.6689

274,754.5 118.1932 .8312412 2.288428 130.7109

For each category, the first row indicates means and the second row standard deviations to the mean.
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Table A.3: Summary Statistics Google Play

Category (users) # Ratings Grade Pr rating (%) # Characters

100 - 999 22.4 4.54 5.984037 120.4971

19.85699 .427785 .55343 38.02792

1,000 - 9,999 153.6329 4.172152 4.173531 105.3528

166.555 .5954823 1.720941 37.49467

10,000 - 99,999 1610.418 4.298316 1.328385 111.2507

1853.139 .4264449 1.143161 37.54264

≥ 100,000 30981.56 4.223792 .323146 99.59065

142081 .4090582 .442384 43.99083

Overall 32324.35 4.254464 .92156 105.5373

121386.5 .4238424 1.410506 41.762

For each category, the first row indicates means and the second row standard deviations to the mean.
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A.3 Rating Scale, Rating Cost and Reporting

Bias
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Figure A.2: Evolution of the seller’s reputation µt over time for the reporting
behaviours introduced in section 3.6.2 with Q ∼ N (1

2
, 1
5
). Left column depicts

an infinitely-grained rating scale with corresponding behaviour Φ∞(q, µ). Right
column depicts a binary rating scale with corresponding behaviour Φ01(q, µ). Top
row figure depicts a cost of rating c = 0, middle row depicts c = 0.2 and bottom
row c = 0.6, ∀c ∈ [0, 1].
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A.4 Mean versus Median

This appendix proposes a characterization of the method used to get the

results of section 3.6.3 and Figure 3.3.

A.4.1 Reporting Behaviours

Following Assumption 2, we know that the seller starts his life at t = 1 with

an empty reputation history (µ0 = ∅), meaning that the first rating only depends

on the observed quality of the first transaction, i.e., r1 = q1. For subsequent

periods of time (i.e., ∀t > 1), the existence of a rating depends on the reporting

function Φ (see Assumption 3). Untruthful reporting behaviours are then divided

into two classes: correcting and collective. A correcting reporting behaviour is

given by equation (3.9):

Φ(q, µ) =





βq if q < µ

(1− β) + βq if q ≥ µ

while a collective reporting behaviour is given by equation (3.10):

Φ(q, µ) = βq + (1− β)µ.

A.4.2 Reputation Measures

The reputation score of the seller after t transactions computed thanks to the

mean is denoted µt and follows equation (3.1), that is

µt =
1

t

t∑

i=1

ri.
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The reputation score of the seller after t transactions computed thanks to the

median is denoted µ̂t, and is given by

P[{r1, ...rt} ≤ µ̂t] ≥
1

2
,

P[{r1, ...rt} ≥ µ̂t] ≥
1

2
.

A.4.3 Simulations

Suppose that Q follows a truncated normal distribution, i.e., Q ∼ N (4
5
, 1
5
)

with Q ∈ [0, 1] and β = 1
2
. We then have E[Q] ≃ 0.74251 < 4

5
. Table A.4

presents the evolution of the seller’s reputation for his first 12 transactions w.r.t.

the mean and median, when the economy is inhabited by correcting raters.

t qt rt = Φ(qt, µt−1) µt rt = Φ(qt, µ̂t−1) µ̂t

1 0.945346 0.945346 0.945346 0.945346 0.945346

2 0.62016 0.31008 0.627713 0.31008 0.627713

3 0.789941 0.894971 0.716799 0.894971 0.894971

4 0.695434 0.347717 0.624528 0.347717 0.621344

5 0.491163 0.245582 0.548739 0.245582 0.347717

6 0.735211 0.867606 0.601883 0.867606 0.607661

7 0.791722 0.895861 0.64388 0.895861 0.867605

8 0.884134 0.942067 0.681154 0.942067 0.881288

9 0.651529 0.325765 0.641666 0.325765 0.867605

10 0.951604 0.975802 0.675079 0.975802 0.881288

11 0.579524 0.289762 0.640051 0.289762 0.867605

12 0.723109 0.861555 0.658509 0.361555 0.61458

13 0.557238
...

...
...

...

Table A.4: Mean versus Median: Evolution of a seller’s reputation with correcting
raters, where Q ∼ N (4

5
, 1
5
) and β = 1

2
.
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Similarly, Table A.5 presents the evolution of the seller’s reputation for his

first 12 transactions w.r.t. the mean and median, when the economy is inhabited

by collective raters.

t qt rt = Φ(qt, µt−1) µt rt = Φ(qt, µ̂t−1) µ̂t

1 0.945346 0.945346 0.945346 0.945346 0.945346

2 0.62016 0.782753 0.86405 0.782753 0.86405

3 0.789941 0.826995 0.851698 0.826995 0.826995

4 0.695434 0.773566 0.832165 0.761215 0.804874

5 0.491163 0.661664 0.798065 0.648019 0.782753

6 0.735211 0.766638 0.792827 0.758982 0.771984

7 0.791722 0.792275 0.792748 0.781853 0.781853

8 0.884134 0.838441 0.79846 0.832993 0.782303

9 0.651529 0.724994 0.790297 0.716916 0.781853

10 0.951604 0.87095 0.798362 0.866728 0.782303

11 0.579524 0.688943 0.788415x 0.680913 0.781853

12 0.723109 0.755762 0.785694 0.752481 0.771534

13 0.557238
...

...
...

...

Table A.5: Mean versus Median: Evolution of a seller’s reputation with collective
raters, where Q ∼ N (4

5
, 1
5
) and β = 1

2
.
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