On the Inductive Biases of
Deep Generative Models

DOMI | MINA
NVS TIO
ILLV MEA

Fabian Falck
Oriel College

University of Oxford

A thesis submitted for the degree of

Doctor of Philosophy

Michaelmas 2024



To my parents



Acknowledgements

Studying towards my DPhil at Oxford has been an incredible learning and life
experience. I am deeply grateful to those who enabled this, and who made it
such a fantastic time.

First and foremost, I would like to thank my supervisors Chris Holmes and Arnaud
Doucet for their guidance throughout this journey. I am thankful for all their
expertise and deep interest for machine learning and statistics they shared with
me. They always believed in me, encouraged me to pursue my ideas, gave me the
freedom to be curious, and made me eager and excited to produce the best research
I can. I learned so much from them, both technically but also in what it means
to be a good researcher. Thank you for all your support and advice!

I would like to thank Matthew Willetts and Saifuddin Syed for being exceptional
mentors during my DPhil. Matthew’s work on probabilistic generative models
inspired my research interest early on. He spent countless hours with me discussing
research, both high- and low-level, and shared with me his wisdom of the field. I
am also thankful to Saif for the numerous in-depth research discussions we had

together, and for the brilliant research advice he gave me.

Thank you to all my collaborators, both those contributing to the papers constituting
this thesis and beyond. It has been such a pleasure working with all of them. In
particular, I would like to thank my co-first authors Haoting Zhang, Christopher
Williams, and Ziyu Wang: the papers I present in this thesis would not have been
possible without them. I learned so much from them, and thank them for all the time
we spent and fought together. I would also like to thank George Nicholson for all

his positivity, encouragement and diligence throughout the years working with him.

I would like to thank the senior tutors at Oriel college, Mike Spivey and Irina
Voiculescu, for their confidence in me. Teaching computer science undergraduate
students through my role as a Graduate Teaching and Research Scholar at the
college was a very enriching experience. I learned a lot from the interactions with
all the brilliant Oriel students I taught during two and a half years.



I would like to thank the Wellcome Trust and the Health Data Research UK-The
Alan Turing Institute Wellcome PhD programme for funding and supporting my
PhD studies, and the directors of the programme, Christopher Yau, Peter Diggle,
Ioanna Manolopoulou and Max Little, for their support. I would also like to thank
and acknowledge partial funding through the Enrichment Scheme of The Alan
Turing Institute. Thank you to the Alan Turing’s Research Engineering team,
the Biomedical Research Computing Team at the University of Oxford and the
Baskerville Advanced Research Computing team at University of Birmingham for

providing excellent computational resources and support throughout my DPhil.

Thank you to everyone in the OxCSML group and the Department of Statistics:
Oscar Clivio, Jin Xu, Guneet Singh Dhillon, Amitis Shidani, Tim Reichelt, Brieuc
Lehmann, Sam Dauncey, Linying Yang, Vik Shirvaikar, Andrew Campbell, Angus
Phillips, Michael Hutchinson, Muhammad Faaiz Taufiq, Desi Ivanova, Sahra
Ghalebikesabi, Anna Menacher, Cong Lu, Ning Miao, Tyler Farghly, Bobby He,
Emilien Dupont, James Thornton, senior members George Deligiannidis and Habib
Ganjgahi, and all those who I missed. Beyond Oxford, thank you to Vincent
Jeanselme, Dominic Danks, and my collaborators in the Oxford-Novartis collabora-
tion, particularly Xuan Zhu, Matthias Kormaksson, Marc Vandemeulebroecke and
Tom Nichols. They all made this DPhil such a pleasurable time on a daily basis.
I would also like to thank John McManigle for open-sourcing his KTEX template
which T used for this thesis.

Thank you to Jan Gasthaus, Richard Kurle, Abdul Fatir Ansari, Niranjani Prasad
and Ted Meeds, and all my other colleagues at Amazon Science in Berlin and
Microsoft Research Cambridge where I had the pleasure of interning during two

wonderful summers.

Thank you to Angela for her support, especially before conference deadlines and
during challenging times, which was invaluable to me on this journey.

Lastly, I would like to thank my parents. I am here because of them. My mother
and father gave me the foundation, and an approach to life of being eager to learn
and do your best which got me where I am today. Or to put it in my father’s
words: “Wer viel weil hat mehr vom Leben.”



Abstract

Generative modelling is an important machine learning paradigm for approximating
high-dimensional distributions of multi-modal data. Generative probabilistic models
learn a compressed latent representation and allow to sample from the approximated
distribution, achieving state-of-the-art performance across numerous tasks. Many
generative models feature latent variables which allow them to learn a hierarchical
representation capturing structure in data or exploit its multi-resolution property.
Others can be flexibly conditioned on available data at inference time. However,
the inductive biases why generative models work well, and their critical components

such as their neural architecture are often poorly understood.

In this thesis, we develop, characterise and probe the inductive biases of four
major generative model classes: Variational Autoencoders (VAEs), Hierarchical
VAEs (HVAESs), diffusion models, and autoregressive models or Large Language
Models (LLMs). First, we propose Multi-Facet Clustering Variational Autoencoders
(MFCVAE), a novel generative model which can uncover a multi-partition structure
in data. Second, we identify state-of-the-art HVAEs as discretisations of an
underlying multi-resolution diffusion process. Third, we analyse why U-Nets
are a go-to architecture for the generative modelling of images and for diffusion
models in particular, characterising them as learning the coefficients on truncated,
finite-dimensional function spaces via preconditioning. Fourth, for LLMs, we
analyse the hypothesis that in-context learning with i.i.d. data follows Bayesian
principles. The goal of this thesis is to understand fundamental design principles
and properties of deep generative models, which may characterise existing and

inspire novel inductive biases.
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All information, matter and life in the universe have been generated following
stochastic processes and probabilistic decisions. Whether it is the formation and
folding of proteins, the interaction of cells, how pixels are composed in an image, or
how text is written by humans, all these have in common that their physical and
cognitive mechanisms follow a generative process. The modelling of such processes
with machine learning is the topic of this thesis. Building and characterising
generative models, which aim to capture the generative process of observables, may
not only let us mimic the generative process of nature and human-made artifacts,
it may also allow us to understand their inherent structure, intervene on them,

and compress the information for subsequent use.

Generative models have emerged as one of the most successful and capable Artificial
Intelligence (AI) technologies of present time. They are showing large potential
as general-purpose systems across numerous applications. Systems such as Chat
Generative Pre-trained Transformer (ChatGPT) [176] can predict text given a
prompt in almost all areas of human knowledge available on the internet and

beyond. In the sciences, generative models can discover new proteins or materials
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Figure 1.1: Generative models: Learning unsupervised representations via density
estimation for downstream tasks. Illustrated are several examples of data modalities and
downstream tasks, some of which are a topic of this thesis.

[112, 161, 234, 252]. In healthcare, multi-task systems learn powerful representations
from a range of data sources and can be tailored to specific applications, such as
radiology report generation [13, 198]. Remarkably, generative models are perhaps
the first Al technology with global impact and use, while remaining a frontier

of machine learning research.

Generative models can be characterised by two properties (see Figure 1.1): First,
they learn a compressed, unsupervised, and sometimes structured and interpretable
latent representation. Second, they perform (conditional) density estimation of
the data distribution, which enables the generation or sampling of new examples.
These trained, large-scale generative models (sometimes referred to as foundation
models [21]) and their representations are subsequently useful in a myriad of
downstream tasks, such as clustering [67], out-of-distribution (OOD) detection
[48] and conditional generation, which all fundamentally depend on the learned

distributions and obtained latent representations.

The remarkable success of generative models lies in their ability to represent the
structure and patterns in a dataset in an unsupervised way: they are capable of

learning these patterns without a supervision or reward signal, merely by predicting



1. Introduction 3

the data itself. In later training stages, they may be fine-tuned with supervised or
reinforcement learning to improve or guide the learned representation [11, 184, 264].
Importantly, certain generative models such as Large Language Models (LLMs)
[176, 189] and diffusion models [196] are capable of processing vast amounts of
high-dimensional data, such as text, images or scientific information, allowing them
to scale with data in both size and corresponding performance [94]. Their scaling
behaviour is especially enabled by the transformer architecture [226] and the U-Net
[197], two core neural network building blocks of these generative models. This
renders them a powerful learning paradigm in a digitised world where data from

multiple modalities and sources becomes abundant.

However, in spite of the enormous potential and success of generative models,
we lack understanding why generative models work so well. Even though latent
variable models allow us to impose structure into a model, this structure is often
very simple and serves the generative performance of the model rather than its
purpose to explore and understand the data at hand. Multi-Facet Clustering
Variational Autoencoders, which we will introduce in Chapter 2, close this gap
for multi-partition data. Furthermore, even though many generative models are
perceived as different classes and hence fundamentally different, we often fail to
see their similarities and relatedness. In Chapter 3, we shed light on hierarchical
VAEs (HVAESs), highlighting their connections with diffusion models. Moreover, the
neural network used within generative models is a key component of their inductive
bias that is highly tuned experimentally, yet often lacks theoretical grounding. In
Chapter 4, we characterise U-Nets, an important neural architecture in diffusion
models, as preconditioned models which learn the coefficients on truncated, finite-
dimensional function spaces (e.g. Haar wavelet spaces). Lastly, autoregressive
models and LLMs can be flexibly conditioned on a dataset at inference time via
so-called in-context learning. While previous work claims that this conditioning

is following Bayesian principles, in Chapter 5 we contradict this hypothesis. We
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refer to the respective introduction sections in Chapters 2 to 5 for an extended

motivation and overview of the presented work.

1.1 Background
1.1.1 What is a Generative Model?

We begin by defining generative models in machine learning. A generative model is
a joint probability distribution py(x|c), where € X is an observed variable (e.g.
an image, or the tokens of a piece of text), ¢ € C is a conditioning variable (e.g. a
prompt in chat systems), and 6 are learnable parameters [167, p.765]. We call pg(x|c)
an unconditional generative model if ¢ = ), and a conditional generative model
otherwise. Chapters 2 to 4 mostly focuses on unconditional generative modelling,
while Chapter 5 analyses conditioning in LLMs. There are two distinguishing
points of generative machine learning models compared to discriminative models
(such as those solving a regression or classification task): First, the variables x
(and optionally ¢) are typically high-dimensional. Second, in generative models
we assume there could be multiple outputs conditional on ¢ which a generative
model correctly assigns a high probability to, while in discriminative models there
typically exists exactly one ground-truth output or label, which may be a set [167,
p. 768]. Even though these two points and the boundaries they draw are not
strictly defined, the usage of the terms generative versus discriminative models

is typically clear from the task context.

There are different classes of generative models which can be characterised by
several properties (closely following [167, p.765]), which all contribute towards

their unique inductive bias:

» Discrete or continuous: generative models may define a discrete or continuous

distribution py(x|c). This typically depends on whether its training data is
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discrete (e.g. text) or continuous (e.g. images). In this thesis we focus on
human artifacts like images and text which are abundantly available as datasets.
We note that in the context of diffusion models, discrete and continuous may
also refer to the time variable [209], which is to be distinguished from the use

here.

e Density: most generative models allow the point-wise evaluation of the
probability density pg(x|c). This evaluation can either be exact or approximate
(e.g. the Evidence Lower-Bound (ELBO) in VAEs). However, models such
as Generative Adversarial Networks (GANs) [74] do not allow for point-wise

evaluation and rather learn this density implicitly.

o Training: the evaluation of the density of a generative model is crucial
for their training, i.e. fitting the parameters #. Most methods perform
Maximum Likelihood Estimation (MLE), while some might only compute an
approximation thereof as they approximate pg(x|c). Other deviations from
strict MLE include weighting certain terms in the training loss [67], or the

addition of a regularisation term.

e Sampling: by definition, generative models are able to generate samples
x ~ py(x|c) from its learned density. The computational cost and time to
sample can vary a lot, and depends on several factors, such as the number
of latent variables, the size of the neural network applied, and the amount
of computation that can be parallelised. On the latter point, autoregressive
models sample each dimension in the data x sequentially, while diffusion
models require the sequential sampling of a chain of latent variables before a
data sample can be obtained. This renders autoregressive and diffusion models
to be in general slower samplers than other classes of generative models like

VAESs, at the potential benefit of higher sampling quality.

 Latent variables: many popular generative models (including VAEs, HVAEs

and diffusion models) are so-called latent variable models: they introduce
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parameterised conditional distributions over latent variables z which are used
to evaluate the density py(x|c). In some cases (e.g. in VAEs), the latent

variables serve the purpose of obtaining a compressed representation.

o Neural architecture: the neural network architecture is a crucial building block
in generative models. Together with their training, it is the key component
differentiating modern generative machine learning models from classical,
statistical (Bayesian) generative models [20]. The neural architecture captures
numerous advances of deep learning, which are crucial for the success of
generative models. Neural architectures are parameterised, deterministic and
learnable functions. In Chapters 3 and 4, we will investigate and rigorously
define the U-Net, a neural architecture particularly successful for modelling

images, videos and PDEs.

In this thesis, we focus on four classes of generative models: VAEs [121], HVAEs [34,
221], the hierarchical extension of VAEs, diffusion models [92, 206] and autoregressive
models (or LLMs) [189]. We introduce the core components of each model class
below in their unconditional form, referring to the cited seminal papers and a
reference book [167], which we closely follow, and the respective thesis chapters
and appendices for further details. In particular, Sections 2.5, 3.4, C.3.1, and D.4
review the work related to the main thesis chapters and the Appendices provide

additional background material.

1.1.2 Variational Autoencoders

A Variational Autoencoder (VAE) [121, 167] is a latent variable model consisting of
three components: a likelihood py(x|Z), a prior pg(Z) and an approximate posterior
¢»(Z|x), where x is observed and Z are the latent variables. In Chapter 2, Z are a set of
continuous and discrete latent variables (and we will use distinct variables for both),

while most often VAEs consist of continuous latent variables Z only. A plain VAE has
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Figure 1.2: Graphical model of a plain VAE. [Left] Amortised variational posterior
¢4(Z]x). [Right] Generative model py(x,Z) = py(Z|x)py(Z).
a single, high-dimensional latent variable zZ = z, yet for consistency with hierarchical

VAEs (see §1.1.3) we will use the notation Z. We illustrate a plain VAE in Fig. 1.2.

The likelihood and prior form the generative model py(x,Z) as

po(X,Z) = po(Z|xX)py(Z). (1.1)

In plain VAEs, the prior py(Z) is typically Gaussian with a diagonal covariance
structure, optionally with learnable parameters. The likelihood py(x|Z) is chosen in
a data-dependent way, for instance as (isotropic) Gaussian or Bernoulli distributed,
and is typically assumed to be independent over the dimensions of x. Furthermore,
the likelihood py(x|Z) is parameterised by a neural network fp. In plain VAEs, f,
receives a sample z as input, and outputs some or all of the parameters of the
distribution py(x|Z) (e.g. the mean, if the likelihood is isotropic Gaussian with

a variance defined by a hyperparameter).

To generate samples, we only require the prior and the likelihood, drawing samples
from them sequentially as z ~ py(z), x ~ py(x|z). However, to train a VAE, we need
to be able to infer the latent variables Z. Unfortunately, the posterior distribution
p(Z]x) is computationally intractable. We therefore resort to parameterising the
posterior distribution with a neural network g4 with parameters ¢, a concept
called amortized variational inference [50]. We obtain an approximate posterior

distribution ¢4(Z|x) ~ p(Z|x).

To train a VAE (and an HVAE), one maximises an ELBO with respect to parameters

¢ and 6 via stochastic gradient descent using the reparametrization trick [121],

logp(D) 2 L(D; ¢,0) = Exp Bz, alx) [l0g po(x[2)] — KL[g5(2]x)|Ipe(2)]], (1.2)

Reconstruction loss Prior loss
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where D denotes the training dataset. The ELBO is a lower bound approximation

of the log data marginal likelihood log p(x).

1.1.3 Hierarchical Variational Autoencoders

A hierarchical Variational Autoencoder (HVAE) ! is a VAE where latent variables
are separated into L groups Z = (21, 2, . . ., z7) which conditionally depend on each
other. L is sometimes referred to as stochastic depth. For convenience of notation,
we write the observed variable x as zg, i.e. X = zg. In HVAESs, latent variables
typically follow a ‘bow tie’, U-Net [197] type architecture with an information
bottleneck [217] such that dim(z;;) < dim(z) for all { = 0,...,L — 1. Latent
variables ‘live’ on multiple resolutions, either decreasing steadily in dimension [151,
207], or step-wise every few stochastic layers [34, 221]. We consider this multi-
resolution property an important characteristic of HVAEs. It distinguishes HVAEs
from other deep generative models, in particular vanilla diffusion models where

latent and data variables are of equal dimension [92].

To instantiate g,(Z|x) and py(Z), numerous conditional structures of the latent
variables exist in HVAEs, and we review them in §3.4. In Chapter 3, we follow [34,
119, 221]: the latent variables in the prior and approximate posterior are estimated

in the same order, from z;, to z;, conditioning ‘on all previous latent variables’, i.e.

po(Z) = po(z1) 1_:[ po(zi|z=1),  (1.3)  qu(Z]x) = q4(zL[x) 1_:[ qs(21|2>1,%).

(1.4)

We visualise the graphical model of this HVAE in Fig. 1.3. Recent HVAEs
[34, 221] capture this dependence on all previous latent variables z-,; in their

residual state as shown in §3.2.3, which imposes the conditional structure. This

1We closely follow the introduction of hierarchical VAEs in [34, §2.2].
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Figure 1.3: Conditional structure in state-of-the-art HVAE models (VDVAE [34] /
NVAE [221]) with L = 3. [Left] Amortised variational posterior g4(Z | x). [Right]
Generative model py(x, Z).

implies a first-order Markov chain conditional on the previous residual state. First-
order Markov processes have shown great success empirically, such as in LSTMs
[93]. Further, note that in all previous work on HVAEs, the neural networks
corresponding to the [-th stochastic layer which estimate the inference and generative
distributions, respectively, do not share parameters with those estimating other

stochastic layers ' # .

Intuitively, the conditional structure of HVAEs together with a U-Net architecture
imposes an inductive bias on the model to learn a hierarchy of latent variables
where each level corresponds to a different level of abstraction. In Chapter 3, we

characterise this intuition via the regularisation property of U-Nets in §3.2.2.

The distributions over the latent variables in both the inference and generative
model are Gaussian with mean g and a diagonal covariance matrix 3, i.e. for

all | = 1,...,1L,

Q¢(Zl|z>l7 X) ~ N(l"’l,¢7 2[,(25)7 (15>

Po(zi]Z>1) ~ N (19, X10), (1.6)



1.1. Background 10

NCIROIRGIRO)
LG (e (e ()]

Figure 1.4: Graphical model of a diffusion model (DDPM [92]) with L = 3 timesteps.
[Left] Amortised variational posterior ¢4(Z | x). [Right] Generative model py(x, Z).

where mean and variances are estimated by neural networks with parameters ¢
and 6 corresponding to stochastic layer [. Note that ps(zr|z-;) = pe(zL), where the
top-down block estimating py(zy,) receives the zero-vector as input, ¢,(z1|z>r,%x) =
¢s(z1|x), meaning that we infer without conditioning on other latent groups at
the L-th step. Further, for modelling images, VDVAE chooses py(x|Z) to be a

mixture of discretised logistics likelihood.

1.1.4 Diffusion Models

A diffusion model is the third class of generative models discussed in this thesis,
which is possibly the state-of-the-art generative model for images, proteins and
other modalities. Diffusion models were first proposed in the seminal paper by
Sohl-Dickstein et al. [206], and were scaled up to become a popular approach
through the work of Ho et al. [92] (and others) whose formulation we closely follow.
Just like in HVAES, diffusion models introduce a hierarchy of latent variables z
which conditionally depend on each other and is learned through a variational

lower-bound of the negative log-likelihood —log pg(x) of the observations.
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In the context of diffusion models, we differentiate two types of inference: the
forward (or approximate posterior) ¢(z]x) and the backward (or generative) process
p(Z, ) (see Fig. 1.4 for an illustration of the graphical model). On a high-level,
the idea of diffusion models is to induce a deterministic, highly structured forward
process which adds noise to the data until all signal is fully corrupted, and learn

its reverse process parameterised by a neural network.

The forward process is governed by a Markov chain. We can write the transitions

of the forward process as

q(zi|zi-1) = N(\/1 = Bz, BT), (1.7)

where the parameters ; govern the forward noising process, and we again use the
notation zy = x. These parameters are normally? fixed, such that the forward
process contains no learnable parameters. We can compute the distribution ¢(z;|x)

in closed form as

a(z|®) = N(Va, (1 —a)l), (1.8)

where a; = 1— 3 and @ = [[\_, . Eq. (1.8) allows for fast inference in the forward

process. We can further compute the posterior distribution of the forward process as

q(zi-1|z1, 20) = N (fu(z1, 20), Bi(@i—1, @y, Bi)I) (1.9)

where 1 and (3, are functions of z, and zo, and @,_;, @, and £, respectively. Both

can be computed in closed form (see [92] Appendix A for details).

The backward process is defined as

pg(zl_1|zl) :N(,UQ(ZZ,Z),EQ(ZZ,I)), (1.10)

where py is a neural network with parameters 6, typically a U-Net for images,

which receives z; and the current time step [ as input. With this forward and

2See [120] for a counterexample.
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backward process, we can maximise the ELBO

logp(D) = L(D;0) (1.11)
= E,p|— KL[g(zL|2)|[p(21)]
- ZZ: KL[g(z1-1|21, ®)|[pe(21-1|21)] (1.12)
>1 o

+log py(a|1)].

One can further make the simplifying assumption that 34(z;,1) = o?I, where

o} = %@. With this choice, the term £;_; simplifies to

.
L1t = By | gl 20 — (e D +.. (L13)
i
where C' is a constant independent of the parameters 8. We can hence interpret
the loss—in this simplifying form—as a regression of the mean of the variational

posterior distribution in the forward process.

Given a trained diffusion model, i.e. having learned the parameters 6 with a variant
of stochastic gradient descent, we can now draw samples from this model. Most
sampling algorithms correspond to discretisations of viewing the reverse process
as a Stochastic Differential Equation (SDE) or an Ordinary Differential Equation
(ODE) (see [209] for details on the continuous-time formulation of diffusion models).

One particularly popular ODE discretisation is proposed in DDIM [208].

Diffusion models share many parallels with HVAEs. They are hierarchical latent
variable models with a very similar structure and loss function [117]. They use
a U-Net architecture as their backbone [197]. They both discretise an SDE or
ODE in the backward process (see Chapter 3 for details on HVAEs). However,
they have several notable differences [150]: First, the latent dimension dim(z;)
in diffusion models is the same as the data dimension in all latent variables. In
contrast, in HVAESs, this is not the case: there are typically several resolutions,
each corresponding to a different latent dimension. Second, the encoder or forward

process in diffusion models is fixed, interpolating between the data distribution and
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Figure 1.5: Graphical model of an autoregressive model with data dimension D = 4.

typically a standard Gaussian distribution, and can be computed in closed form.
This allows to train diffusion models by sampling timesteps { (uniformly at random)
and computing the corresponding loss terms at these timesteps, which is not feasible
in HVAEs. HVAEs learn the forward process, and there is no imposed structure
as in the fixed forward process of diffusion models, rendering HVAEs the more
flexible model class in this regard. Third, diffusion models use weight-sharing across
all timesteps [. HVAESs, however, typically use different neural networks across
the depth dimension [ to parameterise the variational posterior and generative

distribution. Chapter 3 will explore a specific form of weight-sharing in HVAEs.

1.1.5 Autoregressive models

An autoregressive model [167, p.811] learns to model the data by factorising its
joint distribution p(x) as
D
po(x) = Hlpe(ffﬂmu—ﬁ, (1.14)
i—
where x; € X indicates the i-th observation, and @,.;_; indicates z1 to z;_1. As
before, we may alternatively condition on an input ¢ modelling py(x|c). In the
context of LLMs, we refer to x; as a token and the optional input ¢ as the prompt.
An autoregressive model hence learns the conditional distributions pg(x;|®1.,—1, €)
with amortized weights 6, which become more complex as ¢ increases since the
model is conditioned on more observations. We illustrate the graphical model

of an autoregressive model in Fig. 1.5.
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Perhaps the most popular instantiation of autoregressive models are LLMs [189]
such as the GPT-4 [1] or the Llama [218] model families. In these state-of-the-
art autoregressive models, the conditional distributions py(x;|®1._1,¢) follow a
categorical distribution. Furthermore, the transformer [226] neural architecture
plays a crucial role in achieving the remarkable performance of modern LLMs.
Earlier autoregressive models include WaveNet [222], mostly for modelling time

series, and PixelCNN [223].

Autoregressive models are typically (in the first stage) trained with MLE using a
cross-entropy loss. It is worth noting that just like in diffusion models, autoregressive
models share their weights 6 across all steps . Furthermore, as the number of
conditional distributions in Eq. (1.14) scales linearly with the data dimension D,
autoregressive models can be slow during inference. This is a potential advantage
of latent variable models with L latents as they often achieve excellent performance

with L <« D.

1.2 Papers
1.2.1 Papers constituting this thesis

This thesis is formed of four papers, presented in Chapters 2 to 5 and Appendices A
to D. Their content is—subject to few rearrangements within the thesis—presented
without significant modifications, but has been reformatted and edited where ade-
quate. Each paper is self-contained, providing a separate introduction, background
material, related work and notation. I list these papers below. The symbol *

indicates equal contribution.

Multi-facet clustering variational autoencoders. Fabian Falck*, Haoting Zhang*,
Matthew Willetts, George Nicholson, Christopher Yau, Chris Holmes. Advances

in Neural Information Processing Systems (NeurIPS) 2021 [67].
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A Multi-Resolution Framework for U-Nets with Applications to Hierarchical
VAEs. Fabian Falck*, Christopher Williams*, Dominic Danks, George Deli-
giannidis, Christopher Yau, Chris Holmes, Arnaud Doucet, Matthew Willetts.

Advances in Neural Information Processing Systems (NeurIPS) 2022 (oral) [66].

A Unified Framework for U-Net Design and Analysis. Christopher Williams*,
Fabian Falck*, George Deligiannidis, Chris Holmes, Arnaud Doucet, Saifuddin

Syed. Advances in Neural Information Processing Systems (NeurIPS) 2023 [239].

Is In-Context Learning in Large Language Models Bayesian? A Martingale Per-
spective. Fabian Falck*, Ziyu Wang*, Chris Holmes. International Conference
on Machine Learning (ICML) 2024. Also presented at Secure and Trustworthy
Large Language Models workshop at ICLR 2024 (oral) [65].

In the following, I detail my contributions and the contributions of my co-authors
for each of paper, augmenting the Statements of Authorship presented at the

end of each chapter.

‘Multi-facet clustering variational autoencoders’ (Chapter 2 and Appendix A):
Haoting Zhang and I jointly led the project. I had the initial idea for the project,
which originated from a literature review and discussions with Haoting Zhang.
Haoting Zhang and I jointly developed the method, with crucial contributions
and ideas from Matthew Willetts. George Nicholson also contributed to aspects
of and discussions on the method. Haoting Zhang led the theoretical derivations
with my support, and contributions from George Nicholson and Christopher Yau.
I implemented large parts of the code base, and demonstrated proof-of-concept
experiments on a first dataset. Haoting Zhang made major contributions to the code
base. Haoting Zhang and I jointly conducted all experiments, and wrote the paper.
Matthew Willetts and all other co-authors edited the paper. Matthew Willetts and

Chris Holmes advised the project and provided crucial methodological guidance.
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‘A Multi-Resolution Framework for U-Nets with Applications to Hierarchical VAES’
(Chapter 3 and Appendix B): I initiated the project and led its early stages. I
developed the initial project ideas based on a literature review and discussions with
Dominic Danks, Matthew Willetts and Chris Holmes. Christopher Williams led
the development of the theoretical framework with my support, and contributions
from Arnaud Doucet and the other co-authors. I led the development of the code
base with contributions from Dominic Danks, and performed all experiments. In
particular, I demonstrated proof-of-concept experiments for the effectiveness of
weight-sharing in HVAEs. Christopher Williams and 1 jointly wrote the paper,
Arnaud Doucet and all other co-authors edited it. Matthew Willetts, Arnaud
Doucet, Chris Holmes, George Deligiannidis and Christopher Yau advised the

project and provided crucial methodological guidance.

‘A Unified Framework for U-Net Design and Analysis’ (Chapter 4 and Appendix
C): T initiated the project. Christopher Williams and I jointly led the project.
Christopher Williams and I jointly developed the initial project ideas and motivation
around the Multi-ResNet. Saifuddin Syed, Christopher Williams and I then jointly
developed the methodological ideas in the paper. Christopher Williams led the
derivation of theoretical results with the support of Saifuddin Syed and me. 1
implemented the large majority of the code base, and performed all experiments
except one. Christopher Williams, and Saifuddin Syed and I jointly wrote the
paper, Arnaud Doucet and all other co-authors edited it. Saifuddin Syed, Arnaud
Doucet, George Deligiannidis and Chris Holmes advised the project and provided

crucial methodological guidance.

‘Is In-Context Learning in Large Language Models Bayesian?’ (Chapter 5 and
Appendix D): Chris Holmes had the core idea for the project. I implemented the
initial code base, and demonstrated proof-of-concept experiments which verified our
early hypotheses. Ziyu Wang led the development of the theoretical results with my
support. I implemented the Llama and Mistral models, Ziyu Wang implemented
the GPT models. Ziyu Wang implemented large parts of the late stages of the
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code base and the experimental figures with my support, and performed many
large-scale experiments and ablations. Ziyu Wang and I jointly wrote the paper,

Chris Holmes edited it. Chris Holmes advised the project.

1.2.2 Other papers during my DPhil

Below I list papers published during my DPhil candidacy which were ommitted

from this thesis in chronological order.

Machine Learning for Health (ML4H) 2020: Advancing Healthcare for All. Supro-
teem K. Sarkar, Subhrajit Roy, Emily Alsentzer, Matthew B. A. McDermott,
Fabian Falck, Ioana Bica, Griffin Adams, Stephen Pfohl, Brett Beaulieu-Jones,
Tristan Naumann, Stephanie L. Hyland. Proceedings of Machine Learning

Research.

Ivy: Templated Deep Learning for Inter-Framework Portability. Daniel Lenton,

Fabio Pardo, Fabian Falck, Stephen James, Ronald Clark. Arxiv preprint.

Identification of Underlying Disease Domains by Longitudinal Latent Factor
Analysis for Secukinumab Treated Patients in Psoriatic Arthritis and Rheumatoid
Arthritis Trials. Xuan Zhu, Fabian Falck, Sahra Ghalebikesabi, Matthias
Kormaksson, Marc Vandemeulebroecke, Cong Zhang, Luis Santos, Chun Hei
Kwok, Dominique West, Ann-Marie Mallon, Ruvie Martin, Aimee Readie, Kunal
Gandhi, Gregory Ligozio, George Nicholson. American College of Rheumatology
(ACR) Convergence 2021.

Machine Learning for Health (ML4H) 2021. Subhrajit Roy, Stephen Pfohl,
Girmaw Abebe Tadesse, Luis Oala, Fabian Falck, Yuyin Zhou, Liyue Shen,
Ghada Zamzmi, Purity Mugambi, Ayah Zirikly, Matthew BA McDermott, Emily

Alsentzer. Proceedings of Machine Learning Research.
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Neural Score Matching for High-Dimensional Causal Inference. Oscar Clivio,
Fabian Falck, George Deligiannidis, Brieuc Lehmann, Chris Holmes. Artificial
Intelligence and Statistics (AISTATS) 2022. Also presented at American Causal

Inference Conference 2022.

Approximations to the Fisher Information Metric of Deep Generative Models
for Out-Of-Distribution Detection. Sam Dauncey, Chris Holmes, Christopher
Williams, Fabian Falck. Transactions on Machine Learning Research 2024.
Earlier presented as ’On Gradients of Deep Generative Models for Representation-

Invariant Anomaly Detection” at Trustworthy ML workshop, ICLR 2023.

A Critical Review of Causal Reasoning Benchmarks for Large Language Models.
Linying Yang, Vik Shirvaikar, Oscar Clivio, Fabian Falck. ‘Are LLMs Causal
Parrots’ workshop at AAATI 2024 (oral).

A framework for longitudinal latent factor modelling of treatment response
in clinical trials. Fabian Falck*, Xuan Zhu*, Sahra Ghalebikesabi, Matthias
Kormaksson, Marc Vandemeulebroecke, Cong Zhang, Ruvie Martin, Stephen
Gardiner, Chun Hei Kwok, Dominique M. West, Luis Santos, Chengcheng Tian,
Yu Pang, Aimee Readie, Gregory Ligozio, Kunal K. Gandhi, Tom Nichols,
Ann-Marie Mallon, Luke Kelly, David Ohlssen, George Nicholson. Journal of

Biomedical Informatics.

Identifying treatment response subgroups in observational time-to-event data.
Vincent Jeanselme, Chang Ho Yoon, Fabian Falck, Brian Tom, Jessica Barrett.
Proceedings of the Fifth Machine Learning for Health Symposium, PMLR 297:55-
75.

1.3 Thesis outline

The remainder of this thesis is organised as follows: In Chapter 2, we introduce

Multi-Facet Clustering Variational Autoencoders (MFCVAE), a generative model
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able to learn and capture multiple partitions of high-dimensional data. This paper
presents a fully unsupervised, multi-partition clustering algorithm trained end-to-
end. MFCVAE can be used for exploratory analysis to identify structure in data

by identifying and disentangling abstract concepts.

In Chapter 3, we present a multi-resolution framework for U-Nets, and apply
it to characterise the inductive bias of HVAEs. We identify U-Nets as learning
the coefficients on finite-dimensional function spaces, which are truncations of an
infinite-dimensional function space, and show a connection between average pooling
and Haar wavelet truncation. We then leverage this framework by characterising
state-of-the-art HVAE models as discretisations of an underlying (continuous) multi-
resolution diffusion process. We also show how one can exploit this understanding:
HVAESs learn an approximate representation of time in their residual state such
that a time dependency can be removed in the HVAE cells through weight-sharing,

improving parameter efficiency.

In Chapter 4, we expand our understanding of U-Nets. We identify preconditioning
as the core design principle of U-Nets, provide a rigorous definition for U-Nets, and
uncover their connection to ResNets. We analyse why U-Nets are a useful inductive
bias in diffusion models, where they are a go-to architecture. We show how novel
U-Nets can be designed to encode function constraints of a problem, such as the
boundary conditions of a PDE. We also propose Multi-ResNets, a U-Net with a
parameter-free encoder consisting of wavelet projections, and show how this neural
network can achieve competitive and sometimes superior performance compared

to classical U-Net architectures with the same number of parameters.

In Chapter 5, we shift our focus to LLMs, an instantiation of autoregressive
models. We analyse the hypothesis whether in-context learning in LLMs under
i.i.d. data follows Bayesian principles. We explore this question from a new angle,
by measuring violations of what we call the martingale property (or conditionally

identically distributed, c.i.d.), a fundamental property of Bayesian learning systems.
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All information an LLM has is in its pretrained weights and the prompt. Therefore,
an LLM should produce the same prediction for all future tokens when averaging
over all previous tokens the LLM may have predicted. It is this intuition that
the martingale property formalises. We investigate the martingale property on
state-of-the-art LLMs, and find violations of the martingale property particularly

when increasing the sample horizon, falsifying the hypothesis.

Appendices A to D augment the respective main texts of the presented papers

in Chapters 2 to 5.

In Chapter 6, we conclude the thesis, discussing the contributions made and

providing an outlook for future research.



Multi-Facet Clustering Variational
Autoencoders

Abstract

Work in deep clustering focuses on finding a single partition of data. However,
high-dimensional data, such as images, typically feature multiple interesting
characteristics one could cluster over. For example, images of objects against
a background could be clustered over the shape of the object and separately
by the colour of the background. In this paper, we introduce Multi-Facet
Clustering Variational Autoencoders (MFCVAE), a novel class of variational
autoencoders with a hierarchy of latent variables, each with a Mixture-of-
Gaussians prior, that learns multiple clusterings simultaneously, and is trained
fully unsupervised and end-to-end. MFCVAE uses a progressively-trained
ladder architecture which leads to highly stable performance. We provide
novel theoretical results for optimising the ELBO analytically with respect to
the categorical variational posterior distribution, correcting earlier influential
theoretical work. On image benchmarks, we demonstrate that our approach
separates out and clusters over different aspects of the data in a disentangled
manner. We also show other advantages of our model: the compositionality
of its latent space and that it provides controlled generation of samples.

Contents
2.1 Imtroduction. . . . . . . . . .. 22
2.2 Multi-facet clustering . . . . . ... oL 24
2.3 Multi-Facet Clustering Variational Autoencoders . . . . . . .. .. .. 25
2.3.1 VaDE tricks . . . . . . . .. 26
2.3.2  Neural implementation and training algorithm . . . . . . . .. .. 30
2.4  Experiments . . . . . . ... 32
2.4.1  Discovering a multi-facet structure . . . . . . ... ... ... .. 32
2.4.2  Compositionality of latent facets . . . . . .. ... .. ... ... 34
2.4.3  Generative, unsupervised classification . . . . . .. ... ... .. 35
2.4.4  Diversity of generated samples . . . . . . .. .. ... .. 37
2.5 Related work . . . . . .. 39
2.6 Conclusion . . . . . .. . 40

21



2.1. Introduction 22

2.1 Introduction

Clustering is the task of finding structure by partitioning samples in a finite,
unlabeled dataset according to statistical or geometric notions of similarity [84,
168, 244].For example, we might group items along axes of empirical variation
in the data, or maximise internal homogeneity and external separation of items
within and between clusters with respect to a specified distance metric. The
choice of similarity measure and how one consequently validates clustering quality
is fundamentally a subjective one: it depends on what is useful for a particular
task [229, 244]. In this work, we are interested in uncovering abstract, latent
characteristics/facets/aspects/levels of the data to understand and characterise
the data-generative process. We further assume a fully exploratory, unsupervised
setting without prior knowledge on the data, which could be exploited while
fitting the clustering algorithm, and in particular without given ground-truth

partitions at training time.

When being faced with high-dimensional data such as images, speech or electronic
health records, items typically have more than one abstract characteristic. Consider
the example of the MNIST dataset [133]: MNIST images possess at least two such
characteristics: The digit class, which might impose the largest amount of statistical
variation, and the style of the digit (e.g. stroke width). This naturally raises a
question: by which characteristic is a clustering algorithm supposed to partition
the data? In MNIST, both digit class and (the sub-categories of) style would be
perfectly reasonable candidates to answer this question. In our exploratory setting

described above, there is not one “correct” partition of the data.

Deep learning based clustering algorithms, so-called deep clustering, were particularly
successful in recent years in dealing with high-dimensional data by compressing the
inputs into a lower-dimensional latent space in which clustering is computationally
tractable [4, 163]. However, almost all of these deep clustering algorithms find

only a single partition of the data, typically the one corresponding to the given
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(a) single-facet model (b) multi-facet model (J = 3)

Figure 2.1: Latent space of a (a) single-facet model and a (b) multi-facet model (J = 3)
with two dimensions (z1, z2) per facet. Both models perfectly separate the abstract
characteristics of the data. However, the multi-facet model disentangles them into three
sensible partitions (one per facet) and its required clusters scale linearly as opposed to
exponentially w.r.t. the number of aspects in the data.

class label in a supervised dataset [97, 108, 115, 165, 201, 242, 246, 247]. When
evaluating their model, said approaches validate clustering performance by treating
the one supervision label (e.g. digit class in the case of MNIST) as the de-facto
“ground truth clustering”. We argue that restricting our view to a single facet C
rather than all or at least multiple facets (Cy, Cs, ..., C}) is an arbitrary, incomplete

choice of formulating the problem of clustering a high-dimensional dataset.

To this end, we propose Multi-Facet Clustering Variational Autoencoders (MFCVAE),
a principled, probabilistic model which finds multiple characteristics of the data
simultaneously through its multiple Mixtures-of-Gaussians (MoG) prior structure.
Our contributions are as follows: (a) Multi-Facet Clustering Variational Autoencoders
(MFCVAE), a novel class of probabilistic deep learning models for unsupervised,
multi-facet clustering in high-dimensional data that can be optimised end-to-end.
(b) Novel theoretical results for the optimisation of the corresponding ELBO,
correcting and extending an influential, related paper for the single-facet case. (c)
Demonstrating MFCVAE’s stable empirical performance in terms of multi-facet
clustering of various levels of abstraction, compositionality of facets, generative,

unsupervised classification, and diversity of generation.
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2.2 Multi-facet clustering

High-dimensional data are inherently structured according to a number of abstract
characteristics, and in an exploratory setting, it is clear that arbitrarily clustering
by one of them is insufficient. However, the question remains whether these multiple
facets should also be explicitly represented by the model. In particular, one might
argue that a single partition could be used to represent all cross-combinations® of
facets C = Cy x Cy x - -+ x Cy where C; = {1,2,..., K,}, as in Fig. 2.1 (a). In this
work, we explain that explicitly representing and clustering by multiple facets, as
we do in MFCVAE and illustrated in Fig. 2.1 (b), has the following four properties

that are especially desirable in an unsupervised learning setting:

(a) Discovering a multi-facet structure. We adopt a probabilistically
principled, unsupervised approach, specifying an independent, multiple Mixtures
of Gaussians (MoG) prior on the latent space. This induces a disentangled
representation across facets, meaning that in addition to examples assigned to
certain clusters being homogeneous, the facets (and their corresponding clusters)
represent, different abstract characteristics of the data (such as digit class or digit
style). Because of this multi-facet structure, the total number of clusters required
to represent a given multi-partition structure of the data scales linearly w.r.t. the
number of data characteristics. In comparison, the number of clusters required in a

single-facet model scales exponentially (see Fig. 2.1, and Appendix A.1 for details).

(b) Compositionality of facets. A multi-facet model has a compositional
advantage: different levels of abstraction of the data are represented in separate
latent variables. As we will show, this allows qualitatively diverse characteristics

to be meaningfully combined.

INote that in practice, not all cross-combinations of facets might be present. For example, in a
dataset like MNIST, one might not observe ‘right-tilted zeros’, even though we observe ‘right-tilted’
digits and ‘zeros’.
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Figure 2.2: Graphical model of MFCVAE. [Left] Variational posterior, g4(Z, c|x). [Right]
Generative model, py(x,Z, c).

(c) Generative, unsupervised classification. Our method joins a myriad of
single-facet clustering models in being able to accurately identify known class struc-
tures given by the label in standard supervised image datasets. However, in contrast
to previous work, we are also able find interesting characteristics in other facets with
homogeneous clusters. We stress that while we compare generative classification
performance against other models to demonstrate statistical competitiveness, this

task is not the main motivation for our fully unsupervised model.

(d) Diversity of generated samples. In a generative sense, the structure of the
latent space allows us to compose new, synthetic examples by a set of J pairs of
(continuous, discrete) latent variables. We can in particular intervene on each facet
separately. This yields a rich set of options and fine-grained control for interventions

and the diversity of generated examples.

We illustrate these four properties in our experiments in Section 2.4.

2.3 Multi-Facet Clustering Variational Autoen-
coders

Our model comprises J latent facets, each learning its own unique clustering of

samples via a Mixture-of-Gaussians (MoG) distribution:

¢j ~ Cat(m;), 2| ¢ ~ N(pe;, Ze)) (2.1)
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where 7r; is the jth facet’s K;-dimensional vector of mixing weights, and (p.;, %)
are the mean and covariance of the c;th mixture component in facet j (3., can

be either diagonal or full).

The multi-facet generative model (Fig. 2.2 [Right]) is thus structured as
J

Po(x,Z, c) = po(x|Z)po(Z|c)py(c) = po(x|Z) H (z5]c;)po(cy), (2.2)

where ¢ = {¢1, ¢, ...,cy}, Z = {21, 29, ..., 21}, and py(x|Z) is a user-defined likelihood
model, for example a product of Bernoulli or Gaussian distributions, which is
parameterised with a deep neural network f(z;6). Importantly, this structure
in Eq. (2.2) encodes prior independence across facets, i.e. py(Z, c) = [1; ps(z;, c;),
thereby encouraging facets to learn clusterings that span distinct subspaces of Z. The

overall marginal prior pg(Z) can be interpreted as a product of independent MoGs.

2.3.1 VaDE tricks

To train this model, we wish to optimise the evidence lower bound (ELBO) of the
data marginal likelihood using an amortised variational posterior ¢4(Z, c|x) (Fig. 2.2
[Left]), parameterised by a neural network g(x;¢), within which we will perform
Monte Carlo (MC) estimation where necessary to approximate expectations

Pe(X,Z, )
| D) > L(D; = Exop |E; . (7cx) |log ———|]| . 2.
ng( ) = ‘C( 797¢> x~D %( ,cl )[ og Q¢(Z,C|X>] ( 3)

What should we choose for g,(Z, c¢|x)? Training deep generative models with discrete
latent variables can be challenging, as reparameterisation tricks so far developed,
such as the Gumbel-Softmax trick [105, 152], necessarily introduce bias into the
optimisation, and become unstable when a discrete latent variable has a high
cardinality. Our setting where we have multiple discrete latent variables is even
more challenging. First, the bias from using the Gumbel-Softmax trick compounds

when there is a hierarchy of dependent latent variables, leading to poor optimisation
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[142]. Second, we cannot necessarily avail ourselves of advances in obtaining good
estimators for discrete latent variables as either they do not carry over to the
hierarchical case [76], or are restricted to binary latent variables [185]. Third, we
wish for light-weight optimisation, avoiding the introduction of additional neural

networks whenever possible as this simplifies both training and neural specification.

Thus, we sidestep these problems, bias from relaxations of discrete variables and the
downsides of additional amortised-posterior neural networks for the discrete latent
variables, by developing the hierarchical version of the VaDFE trick. This trick was
first developed for clustering VAEs with a single Gaussian mixture in the generative
model [108]. Informally, the idea (for a single-facet model) is to define a Bayes-
optimal posterior for the discrete latent variable using the responsibilities of the
constituent components of the mixture model; these responsibilities are calculated

using samples taken from the amortised posterior for the continuous latent variable.

Estimating the ELBO for models of this form does not require us to take MC
samples from discrete distributions—the data likelihood is conditioned only on
the continuous latent variable Z, which we sample using the reparameterization
trick [121], and the posterior for Z is conditioned only on x. Thus, when calculating
the ELBO, we can cheaply marginalise out discrete latent variables where needed.
In other words, we do not have to perform multiple forward passes through the

decoder as neither it nor the Z samples we feed it depend on c.

As it is fundamental to our method, we now briefly recapitulate the original VaDE
trick for VAEs with a single latent mixture (correcting a misapprehension in the

original form of this idea) and will then cover our hierarchical extension?.

Single-Facet VaDE Trick: Consider a single facet model, so the generative model

is pg(x,2,c) = po(x|z)pe(z|c)pe(c). Introduce a posterior g4(z, c|x) = g4(2]x)gs(c|x)

2We note that the original VaDE paper, besides the misapprehension discussed in Section 2.3.1
and Appendix A.2.1, proposed a highly complex training algorithm with various pre-training
heuristics which we significantly simplified while maintaining or increasing performance (details in
Appendix A.4.5).
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where g4(z|x) is a multivariate Gaussian with diagonal covariance and we assume

independence of z and ¢ given x. The ELBO for this model for one datapoint is

Po(x|2)po(2)po(c|z)
95 (2[x)qs(c|x)

Po(x[2)po(2|c)po(c)
95 (2[%)qs(c|x)

E(X; 9, ¢) = E‘J¢(Z:C|X) [log ] - Eq¢(z,c|x) [IOg
(2.4)
where we have chosen to rewrite the generative model factorisation, pg(z) =

> e po(z|c)po(c) is the marginal mixture of Gaussians, and py(c|z) = py(z|c)py(c)/po(z)

is the Bayesian posterior for c.

Expanding out the ELBO, we get

£(x:0,6) = By log po(x]2) — KL [5(2])[[po(2)] — By sy KL [g(cl) [po(cl2)]

(2.5)
We can define qg(c|x) such that Ey, ;) KL [g4(c|x)||pe(c|2)] is minimal, by construc-
tion, which is the case if we choose g,(c|x) o exp (E%(z‘x) logpg(c|z)) as we will
show in Theorem 2.1. This means that we can simply use samples from the posterior

for z to define the posterior for ¢, using Bayes’ rule within the latent mixture model.

Remark: We note, however, that in the original description of this idea in [108],
it was claimed that Eg,x) KL [g4(c[x)|[ps(c|z)] could, in general, be set to zero,
which is not the case. Rather, this KL can be minimised, in general, to a non-zero
value. We discuss this misapprehension in more detail and why the empirical results

in [108] are still valid in Appendix A.2.1.

Theorem 2.1. (Single-Facet VaDE Trick) For any probability distribution qs(z|x),

the distribution qy(c|x) that minimises By, (zx) KL [q4(c|x)||po(clz)] in (2.5) is

argmin B, ) KL g0 o) lpo(c)] = (clas(ef) (2.6)
qe(clx
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with the minimum value attained being

i By ) KL o)l el] = —10g Z(gs 1) 27)
ex ]E% zx) log p(clz
where 7 (c|qy(2]x)) = P ( Z((q¢()z|xg)§0( | )) fore=1,....K
(2.8)
Z(qs(z]x)) := Z:l exp (Eq¢(z|x) logp(c\z)) : (2.9)

Proof: See Appendiz A.2.1. ]

Multi-facet VaDE Trick: In this work, we consider the case of having J facets,
each with its own pair of variables (z;, ¢;). Perhaps surprisingly, we do not have to
make a mean-field assumption between the J facets for ¢ once we have made one
for Z. In other words, once we have chosen that ¢,(Z, c[x) = g,(c|x) H}']:1 qs(24|x),
where g4(z;|x) is defined to be a multivariate Gaussian with diagonal covariance

for each j, the optimal g4(c|x) similarly factorises®. We formalise this:

Theorem 2.2. (Multi-Facet VaDE Trick for factorized q4(Z|x), p(Z,¢c)) For any
factorized probability distribution q4(Z|x) = I1; q4(2;|x), the distribution q4(c|x) that
minimises Eq, z1x) KL [g4(c|x)||po(c|Z)] under factorized prior p(Z, c) = [1, p(z;, c;)
of (2.2) is
asganin By ) KL g, (e o) = [T s lmlasho) (210
qe(clx g
where the minimum value is attained at
i B ) KL g0 ()] = — 3 o8 2 as(2,) (2.11)
J

exp(E,, (z.1x) lo Ci|Z;
where 7i(cjlas(z]x)) = XP(Bas (a1 108 1o (] ]D, forci=1,...,K;

Z(q0(2[x))

(2.12)
Zias(asb)) = 3 xp(Epopo lommilesiz) . (213)

Proof: See Appendiz A.2.2. ]

3We also provide the VaDE trick for the general form of the posterior for Z, i.e. without
assuming the factorisation ¢,(Z|x) = H;-]:1 ¢4(2zj]x), in Appendix A.2.3.
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Note that we use Eq. (2.12) as the probability distribution of assigning input

x to clusters of facet j.

Armed with these theoretical results, we can now write the ELBO for our model,
with the optimal posterior for c, in a form that trivially admits stochastic estimation

and does not necessitate extra recognition networks for c,
EMFCVAE (D7 97 ¢) ]Ex |:]Eq¢(zx) lOg Yz (X‘ )

J
= 3 [Busteoo KL(aa(23 ) llpn(z1e3)) + KL (g (s )l lptes))] |

) (2.14)

.
—_

where the optimal ¢4(c;|x) is given by Eq. (2.12) for each j.

To obtain the posterior distributions for ¢, we take MC samples from ¢4(Z|x) and
use these to construct the posterior as in Eq. (2.12). We found one MC sample
(L = 1; for each facet and for each x) to be sufficient. We derive the complete
MC estimator which we use as the loss function of our model and ablations on

two alternative forms in Appendix A.3.

2.3.2 Neural implementation and training algorithm

It is worth pausing here to consider what neural architecture best suits our desire
for learning multiple disentangled facets, and then further how we can best train
our model to robustly elicit from it well-separated facets. In the introduction, we
discussed the different plausible ways to cluster high-dimensional data, such as
in MNIST digits by stroke thickness and class identity. These different aspects
intuitively correspond to different levels of abstraction about the image. It is
thus natural that these levels would be best captured by different depths of the
neural networks in each amortised posterior. These ideas have motivated the use
of ladder networks in deep generative models that aim to learn different facets of

the input data into different layers of latent variables. Here, we take inspiration
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Figure 2.3: Ladder-MFCVAE architecture. [Left] Variational posterior. [Right]
Generative model.

from Variational Ladder Autoencoders (VLAFEs) [259]: A VLAE architecture has
a deterministic “backbone” in both the recognition and generative model. The
different layers of latent variables branch out from these at different depths along.
This inductive bias naturally leads to stratification and does so without having to
bear the computational cost of training a completely separate encoder (say) for
each layer. Here, we use this ladder architecture for MFCVAE, as illustrated in

Fig. 2.3, and refer to Appendix A.4.2 for further implementation details.

Further, we found progressive training [139], previously shown to help VLAEs learn
layer-by-layer disentangled representations, to be of great use in making each facet
consistently represent the same aspects of data. The general idea of progressive
training is to start with training a single facet (typically the one corresponding
to the deepest recognition and generative neural networks) for a certain number
of epochs, and progressively and smoothly loop in the other facets one after the
other. We discuss the details of our progressive training schedule in Appendix A.4.3.
We find that both the VLAE architecture and progressive training are jointly
important to stabilise training and get robust qualitative and quantitative results

as we show in Appendix A.5.1.
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2.4 Experiments

In the following, we demonstrate the usefulness of our model and its prior structure
in four experimental analyses: (a) discovering a multi-facet structure (b) composi-
tionality of latent facets (c) generative, unsupervised classification, and (d) diversity
of generated samples from our model. We train our model on three image datasets:
MNIST [133], 3DShapes (two configurations) [29] and SVHN [171]. We refer to
Appendices A.4 and A.5 for experimental details and further results. We also
provide our code implementing MECVAE, using PyTorch Distributions [180], and

reproducing our results at https://github.com/FabianFalck/mfcvae.

2.4.1 Discovering a multi-facet structure

We start by demonstrating that our model can discover a multi-facet structure in
data. Fig. 2.4 visualises input examples representative of clusters in a two-facet
(J = 2) model. For each facet j, input examples x with latent variable z; are assigned
to latent cluster ¢; = argmax, m;(c;lqs(z;|x)) according to Eq. (2.12). Surprisingly,
we find that we can represent the two most striking data characteristics—digit
class and style (mostly in the form of stroke width, e.g. ‘bold’; ‘thin’) in MNIST,
object shape and floor colour in 3DShapes (configuration 1), and digit class and
background colour in SVHN—in two separate facets of the data. In each facet,
clusters are homogeneous w.r.t. a value from the represented characteristic. When
comparing our results on MNIST with LTVAE [138], the model closest to ours in
its attempt to learn a clustered latent space of multiple facets, LTVAE struggles
to separate data characteristics into separate facets (c.f. [138] Fig. 5; in particular,
both facets learn digit class, i.e. this characteristic is not properly disentangled

between facets), whereas MFCVAE better isolates the two.

To quantitatively assess the degree of disentanglement in the learned multi-facet

structure of our model, we perform a set of supervised experiments. For each


https://github.com/FabianFalck/mfcvae
https://github.com/FabianFalck/mfcvae
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Figure 2.4: Input examples for clusters of MFCVAE with two-facets (J = 2) trained on
MNIST, 3DShapes and SVHN. Clusters (rows) in each facet j are sorted in decreasing order
by the average assignment probability of test inputs over each cluster. Inputs (columns)
are sorted in decreasing order by their assignment probability max.;m;(c;|qe(z;]x)). We
visualise the first 10 clusters and inputs from the test set (see Appendix A.5.3 for all
clusters).

dataset, we formulate three classification tasks, for which we use latent embeddings
Z1, Zo and z, respectively, sampled from their corresponding amortised posterior, as
inputs, and the label present in the dataset (e.g. digit class in MNIST) as the target.
For each task and dataset, we train (on the training inputs) a multi-layer perceptron
of one hidden layer with 100 hidden units and a ReLLU activation, and an output
layer followed by a softmax activation, which are the default hyperparameters in the
Python package sklearn. Table 2.1 shows test accuracy of these experiments. We
find that the supervised classifiers predict the supervised label with high accuracy
when presented with latent embeddings which we found to cluster the abstract
characteristic corresponding to this label, or with the concatenation of both latent
embeddings. However, when presented with latent embeddings corresponding to

the “non-label” facet, the classifier should—if facets are strongly disentangled—
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Table 2.1: Supervised classification experiment to assess the disentanglement of
MFCVAE’s multi-facet structure on all three datasets. Values report test accuracy
in %. Error bars are the sample standard deviation across 3 runs.

MNIST 3DShapes config. 1 3DShapes config. 2 SVHN
digit class  object shape  floor colour  object shape  wall colour digit class

z1 17.34 (0.24) 95.00 (0.45)  20.00 (0.68)  98.26 (0.16)  73.40 (1.48)  69.46 (0.36)
zo  94.95 (0.04) 3243 (1.38) 100.00 (0.00) 24.41 (1.34)  100.00 (0.00) 22.30 (0.16)
Z 9527 (0.07) 95.18 (0.42) 100.00 (0.00) 98.19 (0.30)  99.97 (0.06)  70.39 (0.29)

not be presented with useful information to learn the supervised mapping, and
this is indeed what we find, observing significantly worse performance. This
demonstrates the multi-facet structure of the latent space, which learns separate

abstract characteristics of the data.

2.4.2 Compositionality of latent facets

A unique advantage of the prior structure of MFCVAE compared to other unsu-
pervised generative models, say a VAE with an isotropic Gaussian prior, is that it
allows different abstract characteristics to be composed in the separated latent space.
Here, we show how this enables interventions on a per-facet basis, illustrated with a
two-facet model where style/colour is learned in one facet and digit/shape is learned
in the other facet. Let us have two inputs x(*) and x® assigned to two different style
clusters according to Eq. (2.12) (and two different digit clusters). For both inputs,
we obtain their latent representation z; as the modes of g4(z;|x), respectively. Now,
we swap the style/colour facet’s representation, i.e. z; of both inputs for MNIST,
and zs of both inputs for 3DShapes and SVHN, and pass these together with their
unchanged digit/shape representation (z; for MNIST and z; for 3DShapes and
SVHN) through the decoder f(Z;6) to get reconstructions %" = f({igl), 252)}; 0)
and X% = f({ng), Zgl)}; ) which we visualise in Fig. 2.5 (see Appendix A.5.4 for

a more rigorous explanation of this swapping procedure).

Surprisingly, by construction of this intervention in our multi-facet model, we
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Figure 2.5: Reconstructions of two input examples when swapping their latent
style/colour.

observe reconstructions that “swap” their style/background colour, yet in most
cases preserve their digit/shape. This intervention is successful across a wide
set of clusters on MNIST and 3DShapes. It works less so on SVHN where we
hypothesise that this is due to the much more diverse dataset and (consequently)
the model reaching a worse fit (see Section 2.4.3). We show further examples
including failure cases in Appendix A.5.4 which show that our model learns a

multi-facet structure allowing complex inventions.

2.4.3 Generative, unsupervised classification

Recall our fully unsupervised, exploratory setting of clustering where the goal
is to identify and characterise multiple meaningful latent structures de novo. In
practice, we have no ground-truth data partition—if labels were available, the task
would be better formulated as a supervised classification in the first place. That
said, it is often reasonable to assume that the class label in a supervised dataset
represents a semantically meaningful latent structure that contributes to observed
variation in the data. Indeed, this assumption underlies the common approach for
benchmarking clustering models on labelled data: the class label is hidden during
training; afterwards it is revealed as a pseudo ground-truth partitioning of the
data for assessing clustering “accuracy”. MFCVAE aims to capture multiple latent
structures and can be deployed as a multi-facet generative classifier, as distinct from

standard single-facet discriminative classifiers [168, p.30]. But we emphasise that
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Table 2.2: Unsupervised clustering accuracy (%) of single-facet (SF) and multi-facet
(MF), generative (G) and non-generative (NG) models on the test set. Error bars (if
available) are the sample standard deviation across multiple runs. Results marked with "
do not provide error bars.

Method MNIST SVHN
DEC ([242]; SF; NG) 84.3 7 11.9 (0.4)
VaDE ([108]; MLP; SF; G)  94.46 7; 89.09 (3.32) 27.03 (1.53)
VaDE ([108]; conv.; SF; G) 92.65 (1.14) 30.80 (1.99)
IMSAT ([97]; SF; NG) 98.4 (0.4) 57.3 (3.9)
ACOL-GAR ([115]; SF; NG) 98.32 (0.08) 76.80 (1.30)
VLAC ([236]; MF; G) - 37.8 (2.2)
LTVAE ([138]; MF; G) 86.3 i
MFCVAE (ours; MF; G) 92.02 (3.18) 56.25 (0.93)

high classification accuracy is attained as a by-product, and is not our core goal—we
do not explicitly target label accuracy, nor does high label accuracy necessarily

correspond to the “best” multi-facet clustering.

Following earlier work, in Table 2.2, we report classification performance on MNIST
and SVHN in terms of unsupervised clustering accuracy on the test set, which
intuitively measures homogeneity w.r.t. a set of ground-truth clusters in each facet
(see Appendix A.5.5 for a formal definition). We compare our method against
commonly used single-facet (SF) and multi-facet (MF), generative (G) and non-
generative (NG) deep clustering approaches (we use results as reported) of both
deterministic and probabilistic nature. We report the mean and standard deviation
(if available) of accuracy over 7' runs with different random seeds, where 7' = 10 for
MFCVAE. For VaDE [108], we report results from the original paper, and our two
implementations, one with a multi-layer perceptron encoder and decoder architecture,
one using convolutional layers. Models marked with " state that they instead report
the best result obtained from R restarts with different random seeds (DEC: R = 20,
VaDE: R = 10). Both of these types of reporting in previous work—mnot providing
error bars over several runs and picking the best run (while not providing error
bars)—ignore stability of the model w.r.t. initialisation. We further discuss this issue

and the importance of stability in deep clustering approaches in Appendix A.5.1.
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MFCVAE is able to recover the assumed ground-truth clustering stably. It achieves
competitive performance compared to other probabilistic deep clustering models, but
is clearly outperformed by ACOL-GAR on SVHN; a single-facet, non-generative and
deterministic model which does not possess three of the four properties demonstrated
in Sections 2.4.1, 2.4.4) and 2.4.2). Besides the results presented in the table, we
also note that MFCVAE performs strongly on 3DShapes, obtaining 99.46% 4 1.10%
for floor colour and 88.47% =+ 1.82% for object shape on configuration 1, and
100.00%=+0.00% for wall colour and 90.05%=+2.65% for object shape on configuration
2. Lastly, it is worth noting that we report classification performance for the same
hyperparameter configurations and training runs of our model that are used in all
experimental sections and in particular for Fig. 2.4, 2.5 and 2.6, i.e. our trained
model has a pronounced multi-facet characteristic. In contrast, while it is somewhat
unclear, LTVAE seems to report its clustering performance when trained with only

a single facet, not when performing multi-facet clustering [138].

2.4.4 Diversity of generated samples

We lastly show that MFCVAE enables diverse generation of synthetic examples
for each given cluster in the different facets, as a downstream task in addition to
clustering. To obtain synthetic examples for a cluster ¢; in facet j, we sample
z; from p(z;|c;), and sample z; from p(z;) for all other facets j* # j. We then
take the modes of py(x|Z) where Z = (z1,...,2;,...,2;) as the generated images.
Fig. 2.6 shows synthetic examples generated from the models (J = 2) trained
on MNIST, 3DShapes and SVHN.

For all three datasets, we observe synthetic samples that are homogeneous w.r.t.
the characteristic value (e.g. ‘red background’) of a cluster in the chosen facet (as
we sample this continuous latent variable from the conditional distribution), but
heterogeneous and diverse w.r.t. all other facets (as we sample all other continuous

latent variables from their marginal distribution). For example, on MNIST, when
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Figure 2.6: Synthetic samples generated from MFCVAE with two facets (J = 2) trained
on MNIST, 3DShapes, and SVHN. For each cluster c¢; in facet j, z; is sampled from
p(zj|c;) and zj is sampled from p(z;/) for the other facet j' # j. Each row corresponds
to 10 random samples from a cluster. Clusters (rows) are sorted and selected (and are
from the same trained model) as in Fig. 2.4 (see Appendix A.5.6 for visualisation of all
clusters and comparison with LTVAE).

fixing a cluster in the digit facet, we observe generated samples that have the same
digit class (e.g. all ‘1’), but are diverse in style (e.g. different ‘stroke width’).
Conversely, when fixing a cluster in the style facet, we get samples homogeneous in
style, but heterogeneous in digit class. Likewise, on 3DShapes, fixing a cluster in the
wall colour facet produces generations diverse in shape, but having the same wall
color, and conversely when fixing the shape facet. Besides, in all clusters, generated
samples are diverse w.r.t. other factors of variation on 3DShapes, such as orientation
and scale. On SVHN, while less strong than in Fig. 2.4, these patterns extend
here to the two facets style (background colour is particularly distinct) and digit
class. These results are consistent with and underline the observed disentanglement
of facets that we found in our previous experimental analyses. We also compare

sample generation performance between MFCVAE and LTVAE and assess the
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diversity of generations quantitatively in Appendix A.5.6.

2.5 Related work

Within the deep generative framework, various deep clustering models have been
proposed. VaDE [108] is the most important prior work, a probabilistic model
which has been highly influential in deep clustering. Related approaches, GM-
VAEs [58] and GM-DGMs [170, 237, 238], have similar overall performance and
explicitly represent the discrete clustering latent variable during training. Non-
parametric approaches include DLDPMMs [170], and HDP-VAEs [75]. Further,
many non-generative methods for clustering have been proposed that use neural
components [58, 97, 115, 165, 201, 242, 246]. All these approaches, however,

propose single-facet models.

Hierarchical VAEs can both be a way to learn more powerful models [34, 119,
151, 207, 221], but can also enable to separate out representations where each
layer of latent variables represents a different aspect of the data. Variational
Ladder Autoencoders (VLAEs) [259] aim to do the latter: to learn independent
sets of latent variables, each representing some part of the data; but each group
of latent variables within this set has a A(0,1) prior, so it does not perform
clustering. Recently, progressive training for VLAEs has been proposed [139] which
sharpens the separation between layers. Here, we also mention disentanglement
methods [31, 90, 116, 158] which likewise attempt to find separated latent variables.
However, rather than discovering facets through the prior and a hierarchical
structure, these techniques attempt to find statistically-independent representations
via regularisation, leading the loss to deviate from the ELBO. Unfortunately, these
methods require lucky selection of hyperparameters to work [147, 195], and do

not provide a clustered latent space.
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In the VAE literature more broadly, Joy et al. proposed a VAE model for semi-
supervised learning which, in the unsupervised mode of operation, is similar to
MFCVAE [111]. One important difference is their explicit paramterisation of the
posterior of the categorical given the continuous latent, which is superfluous in
MFCVAE by application of the VaDE trick. Furthermore, their expeirmental
focus lies on semi-supervised learning, and their neural architecture and training

algorithm are not "hierarchy-inducing’ as in MFCVAE.

Learning multiple clusterings simultaneously has been studied in the case of low-
dimensional datasets [44, 49, 166, 187] under the names alternative clusterings and
non-redundant clustering. However, when it comes to clustering high-dimensional
data like images, approaches are rare. The recently proposed LTVAE [138] aims
to perform this task, proposing a variational autoencoder with a latent tree model
prior for a set of continuous latent variables Z, of which each z; has a GMM prior.
The neural components are trained via stochastic gradient ascent under the ELBO;
this is interleaved with a heuristic (hill-climbing) search algorithm to grow or prune
the tree structure and message-passing to learn its nodes’” GMM parameters of
the current structure of the tree prior in a manner reminiscent of SVAEs [110],
rendering the entire training algorithm not end-to-end differentiable (in contrast
to MFCVAE). LTVAE learns multiple clusterings over the data, however, lacks a

proper disentanglement of facets, as discussed in Section 2.4.1.

2.6 Conclusion

We introduced Multi-Facet Clustering Variational Autoencoders (MFCVAE), a
novel class of probabilistic deep learning models for unsupervised, multi-partition
clustering in high-dimensional data which is end-to-end differentiable. We provided
novel theoretical results for optimising its ELBO, correcting and extending an influ-
ential related paper for the single-facet case. We demonstrated MFCVAE’s empirical

performance in terms of multi-facet clustering of various levels of abstraction, and
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the usefulness of its prior structure for composing, classifying and generating samples,

achieving state-of-the-art performance among deep probabilistic multi-facet models.

An important limitation of our work shared with many other deep clustering
algorithms is the lack of a procedure to find good hyperparameters through a
metric known at training time. Future work should explore: MFCVAE with
J > 2; automatic tuning of hyperparameters J and Kj; application to large-scale
datasets of other modalities; and regularising the model facet-wise to further
enforce disentangled representations in the latent space [182]. While we successfully
stabilised model training, further work will be key to harness the full potential

of deep clustering models.
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A Multi-Resolution Framework for U-Nets
with Applications to Hierarchical VAESs

Abstract

U-Net architectures are ubiquitous in state-of-the-art deep learning, however
their regularisation properties and relationship to wavelets are understudied.
In this paper, we formulate a multi-resolution framework which identifies
U-Nets as finite-dimensional truncations of models on an infinite-dimensional
function space. We provide theoretical results which prove that average pooling
corresponds to projection within the space of square-integrable functions and
show that U-Nets with average pooling implicitly learn a Haar wavelet basis
representation of the data. We then leverage our framework to identify state-
of-the-art hierarchical VAEs (HVAEs), which have a U-Net architecture, as
a type of two-step forward Euler discretisation of multi-resolution diffusion
processes which flow from a point mass, introducing sampling instabilities.
We also demonstrate that HVAEs learn a representation of time which
allows for improved parameter efficiency through weight-sharing. We use
this observation to achieve state-of-the-art HVAE performance with half the
number of parameters of existing models, exploiting the properties of our
continuous-time formulation.
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3.1 Introduction

U-Net architectures are extensively utilised in modern deep learning models. First
developed for image segmentation in biomedical applications [197], U-Nets have
been widely applied for text-to-image models [199], image-to-image translation [103],
image restoration [156, 250], super-resolution [202], and multiview learning [216],
amongst other tasks [132]. They also form a core building block as the neural
architecture of choice in state-of-the-art generative models, particularly for images,
such as HVAEs [34, 86, 125, 221] and diffusion models [52, 56, 92, 120, 172, 196,
199, 208, 209]. In spite of their empirical success, it is poorly understood why

U-Nets work so well, and what regularisation they impose.

In likelihood-based generative modelling, various model classes are competing for
superiority, including normalizing flows [91, 118], autoregressive models [35, 223],
diffusion models, and hierarchical variational autoencoders (HVAESs), the latter two
of which we focus on in this work. HVAEs form groups of latent variables with a
conditional dependence structure, use a U-Net neural architecture, and are trained
with the typical VAE ELBO objective (for a detailed introduction to HVAEs, see
Section 1.1.3). HVAESs show impressive synthesis results on facial images, and yield
competitive likelihood performance, outperforming autoregressive models, VAEs
and flow models on computer vision benchmarks [34, 221]. HVAEs have undergone
a journey of design iterations and architectural improvements in recent years, for
example the introduction a deterministic backbone [67, 194, 260] and ResNet
elements [87, 119] with shared parameters between the inference and generative
model parts. There has also been a massive increase in the number of latent variables
and overall stochastic depth, as well as the use of different types of residual cells in
the decoder [34, 221] (see §3.4 and Fig. B.1 for a detailed discussion). However, a
theoretical understanding of these choices is lacking. For instance, it has not been

shown why a residual backbone may be beneficial, or what the specific cell structures

in VDVAE [34] and NVAE [221] correspond to, or how they could be improved.
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Figure 3.1: U-Nets with average pooling learn a Haar wavelet basis representation of
the data.

In this paper we provide a theoretical framework for understanding the latent
spaces in U-Nets, and apply this to HVAEs specifically. Doing so allows us to
relate HVAESs to diffusion processes, and also to motivate a new type of piecewise
time-homogenenous model which demonstrates state-of-the-art performance with
approximately half the number of parameters of a VDVAE [34]. More formally,
our contributions are as follows: (a) We provide a multi-resolution framework for
U-Nets. We formally define U-Nets as acting over a multi-resolution hierarchy of
L%(]0, 1]?). We prove that average pooling is a conjugate operation to projection in
the Haar wavelet basis within L?([0,1]?). We use this insight to show how U-Nets
with average pooling implicitly learn a Haar wavelet basis representation of the
data (see Fig. 3.1), helping to characterise the regularisation within U-Nets. (b)
We apply this framework to state-of-the-art HVAEs as an example, identifying
their residual cell structure as a type of two-step forward Euler discretisation of a
multi-resolution diffusion bridge. We uncover that this diffusion process flows from
a point mass, which causes instabilities, for instance during sampling, and identify
parameter redundancies through our continuous-time formulation. Our framework
both allows us to understand the heuristic choices of existing work in HVAEs and
enables future work to optimise their design, for instance their residual cell. (c) In
our experiments, we demonstrate these sampling instabilities and train HVAEs with
the largest stochastic depth ever achieved, yielding state-of-the-art performance
with half the number of parameters by exploiting our theoretical insights. We

explain these results by uncovering that HVAEs secretly represent time in their
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state and show that they use this information during training. We finally provide
extensive ablation studies which, for instance, rule out other potential factors which
correlate with stochastic depth, show the empirical gain of multiple resolutions,
and find that Fourier features (which discrete-time diffusion models can strongly

benefit from [120]) do not improve performance in the HVAE setting.

3.2 The Multi-Resolution Framework

A grayscale image with infinite resolution can be thought of as the graph! of a
two-dimensional function over the unit square. To store these infinitely-detailed
images in computers, we project them to some finite resolution. These projections
can still be thought of as the graphs of functions with support over the unit square,
but they are piecewise constant on finitely many intervals or ‘pixels’, e.g. 5122
pixels, and we store the function values obtained at these pixels in an array or
‘grid’. The relationship between the finite-dimensional version and its infinitely-fine
counterpart depends entirely on how we construct this projection to preserve the
details we wish to keep. One approach is to prioritise preserving the large-scale
details of our images, so unless closely inspected, the projection is indistinguishable
from the original. This can be achieved with a multi-resolution projection [47] of the
image. In this section we introduce a multi-resolution framework for constructing
neural network architectures that utilise such projections, prove what regularisation
properties they impose, and show as an example how HVAEs with a U-Net [197]
architecture can be interpreted in our framework. Proofs of all theorems in the

form of an extended exposition of our framework can be found in Appendix B.1.

'For a function f(-), its graph is the set Usepogz{z: f(2)}



3.2. The Multi-Resolution Framework 48

3.2.1 Multi-Resolution Framework: Definitions and Intu-
ition

What makes a multi-resolution projection good at prioritising large-scale details
can be informally explained through the following thought experiment. Imagine we
have an image, represented as the graph of a function, and its finite-dimensional
projection drawn on a wall. We look at the wall, start walking away from it and
stop when the image and its projection are indistinguishable by eye. The number of
steps we took away from the wall can be considered our measure of ‘how far away’
the approximation is from the underlying function. The goal of the multi-resolution
projection is therefore to have to take as few steps away as possible. The reader
is encouraged to physically conduct this experiment with the examples provided
in Appendix B.2.1. We can formalise the aforementioned intuition by defining a

multi-resolution hierarchy [47] of subspaces we may project to:

Definition 3.1. [Daubechies (1992) [47]] Given a nested sequence of approzimation
spaces --- C Vi C Vo € Voy C -+, {V_;}jez is a multi-resolution hierarchy of
the function space L*(R™) if: (A1) Ujez Vo; = L*(R™); (A2) Njez Vo = {0};
(A3) f(-) eV ;& f(20-) € Vi; (A4) f(-) € Vo & f(-—n) €V for n € Z. For a
compact set X C R™, a multi-resolution hierarchy of L*(X) is {V_;},cz as defined

above, restricting functions in V_; to be supported on X.

In Definition 3.1, the index j references how many steps we took in our thought
experiment, so negative j corresponds to ‘zooming in’ on the images. The original
image? is a member of L?([0,1]?), the space of square-integrable functions on the
unit square, and its finite projection to 27 - 2/ many pixels is a member of V_;.
Images can be represented as piecewise continuous functions in the subspaces
Vo =A{f € L*([0,1]) | flo-rk2-i@ks+1)) = ks k € {0,...,27 =1}, ¢, € R}. The

nesting property V_;;; C V_; ensures that any image with (2/71)? pixels can also

2We here focus on grayscale, squared images for simplicity, but note that our framework can be
seamlessly extended to colour images with a Cartesian product L?([0, 1]?) x L([0, 1]?) x L%([0, 1]?),
and other continuous signals such as time series.
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be represented by (27)? pixels, but at a higher resolution. Assumption (A1) states
that with infinitely many pixels, we can describe any infinitely detailed image.
In contrast, (A2) says that with no pixels, we cannot approximate any images.
Assumptions (A3) and (A4) allow us to form a basis for images in any V_; if we
know the basis of V4. One basis made by extrapolating from Vj in this way is known
as a wavelet basis [47]. Wavelets have proven useful for representing images, for

instance in the JPEG standard [215], and are constructed to be orthonormal.

Now suppose we have a probability measure v,, over infinitely detailed images
represented in L?([0,1]?) and wish to represent it at a lower resolution. Similar to
how we did for infinitely detailed images, we want to project the measure v, to
a lower dimensional measure v; on the finite dimensional space V_;. In extension
to this, we want the ability to reverse this projection so that we may sample from
the lower dimensional measure and create a generative model for v,,. We would
like to again prioritise the presence of large-scale features of the original image
within the lower dimensional samples. We do this by constructing a multi-resolution

bridge from v, to v;, as defined below.

Definition 3.2. Let X C R™ be compact, {V_;}32, be a multi-resolution hierarchy
of L*(X) = Ujen, V- and V = {0}. If D(L*(X)) is the space of probability
measures over L?(X), then a family of probability measures {v; };ep0,1) on L*(X) is a

multi-resolution bridge if:

(i) there exist increasing times Z := {¢;},en, where ¢y = 0, lim; o, t; = 1, such
that s € [t;,t;41) implies supp(vs) C V_;, i.e vy € D(V_;); and,

(ii) for s € (0,1), the mapping s — v, is continuous for s € (¢;,¢;+1) for some j.

The continuous time dependence in Definition 3.2 plays a movie of the measure 1
supported on V[ growing to v, a measure on images with infinite resolution. At a
time interval [¢;,%;41), the space V_; which the measure is supported on is fixed. We

may therefore define a finite-dimensional model transporting probability measures
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Figure 3.2: A U-Net in our multi-resolution framework. See Appendix B.2.2 for details.

within V_;, but at ¢;41 the support flows over to V_,_;. Given a multi-resolution
hierarchy, we may glue these finite models, each acting on a disjoint time interval,
together in a unified fashion. In Theorem 3.1 we show this for the example of a
continuous-time multi-resolution diffusion process truncated up until some time
t; =T € (0,1) and in the standard basis discussed in §3.2.2, which will be useful

when viewing HVAEs as discretisations of diffusion processes on functions in §3.2.3.

Theorem 3.1. Let B; : [tj,t;41) X D(V_;) — D(V_;) be a linear operator (such
as a diffusion transition kernel, see Appendix B.1) for j < J with coefficients
p o)ty ) x Vo = V., and define the natural extensions within V_; in
bold, i.e. B = B; @ Iy.. Then the operator B : 0, 7] x D(V_;) — D(V_,) and
the coefficients p,o : [0,T] x V_; — V_; given by
J J J
B = Z Uit ty00) - By, mi= Z Lt t500) - ”(j)v o = Z Lty t40) - U(j)’
=0 =0 =0
induce a multi-resolution bridge of measures from the dynamics for t € [0,T] and on
the standard basis as dZ; = pi(Zy)dt + o(Z:)dW; (see Appendiz B.1.4 for details)

or Z; € V_i fort € |t;, t;i 1), i.e. a multi-resolution diffusion process.
J o L+
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The concept of a multi-resolution bridge will become important in Section 3.2.2
where we will show that current U-Net bottleneck structures used for unconditional
sampling impose a multi-resolution bridge on the modelled densities. To preface
this, we here provide a description of a U-Net within our framework, illustrated

in 3.2. Consider Bjg, Fjo : D(V_;) — D(V_,) as the forwards and backwards
passes of a U-Net on resolution j. Further, let P_;1; : D(V_;) — D(V_;4;) and
E_; :D(V_j41) = D(V_;) be the projection (here: average pooling) and embedding
maps (e.g. interpolation), respectively. When using an L?-reconstruction error, a
U-Net [197] architecture implicitly learns a sequence of models B; 4 : D(V_;11) X
D(V=,,) — D(V_;) due to the orthogonal decomposition V_; = V_; 1 ®U_; .1 where
U_jy1 = V_;N V4, . The backwards operator for the U-Net has a (bottleneck)

input from D(V_;;1) and a (skip) input yielding information from D(VZ ). A

simple bottleneck map U; g : D(V_;) — D(V_;) (without skip connection) is given by
Ujo = Bjpo E_jo P_ji10 L, (3.1)

and a U-Net bottleneck with skip connection is
Ujp = Bjg(E_jo P_jii0Fjg Fjp). (3.2)

In HVAEs, the map U;, : D(V_;) — D(V_;) is trained to be the identity by
minimising reconstruction error, and further shall approximate U9 ~ U;, via a
KL divergence. The L?-reconstruction error for Uj , has an orthogonal partition of
the inputs from V_;;; x V_;, hence the only new subspace added is U_; ;. As each
orthogonal U_;.; is added sequentially in HVAESs, the skip connections induce a
multi-resolution structure of this hierarchical neural network structure. What we
will investigate in Theorem 3.3 is the regularisation imposed on this partitioning by

enforcing Uy = U, 4, as is often enforced for generative models with VAEs.
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pool_; ;11
(V_;,Ej) ————— (V_j31,E;j_1)
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Figure 3.3: The function space V_; remains the same, but the basis changes under ;.

3.2.2 The regularisation property imposed by U-Net archi-
tectures with average pooling

Having defined U-Net architectures within our multi-resolution framework, we
are now interested in the regularisation they impose. We do so by analysing a
U-Net when skip connections are absent, so that we may better understand what
information is transferred through each skip connection when they are present. In
practice, a pixel representation of images is used when training U-Nets, which we
henceforth call the standard basis (see B.1.2, Eq. (B.9)). The standard basis is
not convenient to derive theoretical results. It is instead preferable to use a basis
natural to the multi-resolution bridge imposed by a U-Net with a corresponding
projection operation, which for average pooling is the Haar (wavelet) basis [81]
(see Appendix B.1.2). The Haar basis, like a Fourier basis, is an orthonormal basis
of L*(X) which has desirable L?-approximation properties. We formalise this in
Theorem 3.2 which states that the dimension reduction operation of average pooling
in the standard basis is a conjugate operation to co-ordinate projection within the

Haar basis (details are provided in Appendix B.1.2).

Theorem 3.2. Given V_; as in Definition 3.1, let x € V_; be represented in the
standard basis E; and Haar basis W;. Let 7j : E; — W; be the change of basis map

illustrated in Fig. 3.3, then we have the conjugacy Tj_10pool_; _; 1 = projy_,., om;.

Theorem 3.2 means that if we project an image from V_; to V_;;; in the Haar
wavelet basis, we can alternatively view this as changing to the standard basis via

T ! performing average pooling, and reverting back via mj—1 (see Figure 3.3). This
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is important because the Haar basis is orthonormal, which in Theorem 3.3 allows

us to precisely quantify what information is lost with average pooling.

Theorem 3.3. Let {V_;}/_ be a multi-resolution hierarchy of V_; where V_; =
V_;1@®U_j41, and further, let Fj 4, Bjg: D(V_;) — D(V_;) be such that B;gF}; » = I
with parameters ¢ and 0. Define Fj|j, s = Fj y0---0Fj, 4 by Fj, : D(V_;)
D(V_j41) where F} , = projy_,., © Fj e, and analogously define By, ;, 9 with Bjg =

Bjg o embdy._;. Then, the sequence {Bl‘j,(;(F”J,(stJ)}}-]:O forms a discrete multi-

J

resolution bridge between Fyj4v; and By joF14v; at times {t;};_,, and

J
> Ex, o, z/Hﬂ'u@Hz < We(BuysoFisevs,va))?,  (33)
j=0

prOjU,j+1th

where Wy is the Wasserstein-2 metric and HF}‘J@HQ is the Lipschitz constant of

Fj -

Theorem 3.3 states that the bottleneck component of a U-Net pushes the latent
data distribution to a finite multi-resolution basis, specifically a Haar basis when
average pooling is used. To see this, note that the RHS of Eq. (3.3) is itself
upper-bounded by the L2-reconstruction error. This is because the Wasserstein-2
distance finds the infinimum over all possible couplings between the data and
the ‘reconstruction’ measure, hence any coupling (induced by the learned model)
bounds it. Note that models using a U-Net, for instance HVAEs or diffusion
models, either directly or indirectly optimise for low reconstruction error in their
loss function. The LHS of Eq. (3.3) represents what percentage of our data
enters the orthogonal subspaces {U_;}/_, which are (by Theorem 3.2) discarded
by the bottleneck structure when using a U-Net architecture with average pooling.
Theorem 3.3 thus shows that as we minimise the reconstruction error during training,
we minimise the percentage of our data transported to the orthogonal sub-spaces
{U—j}}]:o- Consequently, the bottleneck architecture implicitly decomposes our
data into a Haar wavelet decomposition, and when the skip connections are absent

(like in a traditional auto-encoder) our network learns to compress the discarded
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subspaces U_;. This characterises the regularisation imposed by a U-Net in the

absence of skip connections.

These results suggest that U-Nets with average pooling provide a direct alternative
to Fourier features [120, 190, 213, 230] which impose a Fourier basis, an alternative
orthogonal basis on L*(X), as with skip connections the U-Net adds each subspace
U_; sequentially. However, unlike Fourier bases, there are in fact a multitude of
wavelet bases which are all encompassed by the multi-resolution framework, and in
particular, Theorem 3.3 pertains to all of them for the bottleneck structure. This
opens the door to exploring conjugacy operations beyond average pooling induced

by other wavelet bases optimised for specific data types.

3.2.3 Example: HVAEs as Diffusion Discretisations

To show what practical inferences we can derive from our multi-resolution framework,
we apply it to analyse state-of-the-art HVAE architectures (see Appendix 1.1.3
for an introduction), identifying parameter redundancies and instabilities. Here
and in our experiments, we focus on VDVAEs [34]. We provide similar results for

Markovian HVAEs [28, 207] and NVAEs [221] (see § 3.4) in Appendix B.1.5.

We start by inspecting VDVAEs. As we show next, we can tie the computations
in VDVAE cells to the (forward and backward) operators F}, and B,y within our
framework and identify them as a type of two-step forward Euler discretisation
of a diffusion process. When used with a U-Net, as is done in VDVAE [34], this

creates a multi-resolution diffusion bridge by Theorem 3.4.

Theorem 3.4. Let t; =T € (0,1) and consider (the py backward pass) By :

D(V_;) = D(Vy) given in multi-resolution Markov process in the standard basis:
dZy = (W1e(Ze) + oa(Zy))dt + o o(Z,) AW, (3.4)

where projy;_ Zy; = 0, ([ Zill2 > [ Zs]l2 with 0 < s <t < T and for a measure

vy € D(V_;) we have Xp, Zy ~ Fy jpvy = 0q0y. Then, VDVAEs approvimates this
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Figure 3.4: The VDVAE [34] cell is a type of two-step forward Euler discretisation of
the continuous-time diffusion process in Eq. 3.4. See Fig. B.1 for similar schemas on
NVAE [221] and Markovian HVAE [28, 207].

process, and its residual cells are a type of two-step forward Euler discretisation of

this Stochastic Differential Equation (SDE).

To better understand Theorem 3.4, we visualise its residual cell structure of VDVAESs
and the corresponding discretisation steps in Fig. 3.4, and together those of NVAEs
and Markovian HVAEs in Appendix B.1.5, Fig. B.1. Note that this process is
Markov and increasing in the Z; variables. Similar processes have been empirically
observed as efficient first-order approximates to higher-order chains, for example
the memory state in LSTMs [93]. Further, VDVAEs and NVAEs are even claimed
to be high-order chains (see Egs. (2,3) in [34] and Eq. (1) in [221]), despite only

approximating this with an accumulative process.

To show how VDVAESs impose the growth of the Z;, we prove that the bottleneck
component of VDVAE’s U-Net enforces Zy; = 0. This is done by identifying that
the measure vy, which a VDVAE connects to the data v, via a multi-resolution

bridge, is a point mass on the zero function. Consequently the backward pass
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must grow from this, and the network learns this in a monotonic manner as we

later confirm in our experiments (see §3.3.2).

Theorem 3.5. Consider the SDE in Eq. (3.4), trained through the ELBO in
Eq. (1.2). Let vy denote the data measure and vy = dro) be the initial multi-
resolution bridge measure imposed by VDVAE. If q, ; and py; are the densities of
By jFyvy and Bga;vo respectively, then a VDVAE optimises the boundary condi-

tion ming ¢ KX L(qe0.1/|96.000.1), where a double index indicates the joint distribution.

Theorem 3.5 states that the VDVAE architecture forms multi-resolution bridge
with the dynamics of Eq. (3.4), and connects our data distribution to the trivial
measure on Vy: a Dirac mass at 0 as the pooling here cascades completely to

Vo. From this insight, we can draw conclusions on instabilities and on parameter

redundancies of this HVAE cell.

The imposed vy is disastrously unstable as it enforces a data set, with potentially
complicated topology to derive from a point-mass in U_; at each t = t;, and we
observe the resulting sampling instability in our experiments in §3.3.3. We note that
similar arguments are applicable in settings without a latent hierarchy imposed by
a U-Net, see for instance [42]. The VDVAE architecture does, however, bolster this
rate through the Zz((fr) term, which is absent in NVAEs [221], in the discretisation
steps of the residual cell. We empirically observe this controlled backward error in
Fig. 3.6 [Right]. We refer to Fig. B.1 for a detailed comparison of HVAE cells and

their corresponding discretisation of the coupled SDE in Eq. (3.4).

Moreover, the current form of VDVAESs is over-parameterised and not informed
by this continuous-time formulation. The continuous time analogue of VDVAESs
[34] in Theorem 3.4 has time dependent coefficients %t,b %t,% .. We hypothesise
that the increasing diffusion process in Z; implicitly encodes time. Hence, explicitly
representing this in the model, for instance via ResNet blocks with independent

parameterisations at every time step, is redundant, and a time-homogeneous model
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Figure 3.5: A small-scale study on parameter efficiency of HVAEs. We compare models
with with 1,2,3 and 4 parameterised blocks per resolution ({z1,22,x3,24}) against
models with a single parameterised block per resolution weight-shared {2,3,5,10,20}
times ({r2,r3,75,r10,720}). We report NLL (|) measured on the validation set of
MNIST [left] and CIFARI10 [right]. NLL performance increases with more weight-sharing
repetitions and surpasses models without weight-sharing but with more parameters.

(see Appendix B.1.6 for a precise formulation)—practically speaking, performing
weight-sharing across time time steps/layers—has the same expressivity, but requires
far fewer parameters than the state-of-the-art VDVAE. It is worth noting that
such a time-homogeneous model would make the parameterisation of HVAEs more
similar to the recently popular diffusion models [92, 206] which perform weight-

sharing across all time steps.

3.3 Experiments

In the following we probe the theoretical understanding of HVAEs gained through our
framework, demonstrating its utility in four experimental analyses: (a) Improving
parameter efficiency in HVAEs, (b) Time representation in HVAEs and how they
make use of it, (¢) Sampling instabilities in HVAEs, and (d) Ablation studies.

We train HVAEs using VDVAE [34] as the basis model on five datasets: MNIST [133],
CIFARI10 [127], two downsampled versions of ImageNet [36, 55], and CelebA [145],
splitting each into a training, validation and test set (see Appendix B.4 for details).

In general, reported numeric values refer to Negative Log-Likelihood (NLL) in nats
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Table 3.1: A large-scale study of parameter efficiency in HVAEs. We compare our
runs of VDVAE with original hyperparameters [34] (VDVAE*) against our weight-shared
VDVAE (WS-VDVAE). While WS-VDVAEs have improved parameter efficiency by a factor
of 2, they reach similar NLL as VDVAE* with the simple modification inspired by our
framework (weight sharing). We note that a parameter count cannot be provided for
VDM [120] as the code is not public and the manuscript does not specify it.

Dataset Method Type +#Params NLL |
., WS-VDVAE (ours) VAE 232k  <79.98
Z S VDVAE' (ours) VAE 339k < 80.14
S « NVAE [221] VAE  33m < 78.01

WS-VDVAE (ours) VAE 25m < 2.88
= WS-VDVAE (ours) VAE 39m <2.83
8 VDVAE (ows) VAE  30m <287
B X NVAE [221]  VAE  13lm <291
O%  VDVAE[34 VAE  39m  <2.87

VDM [120]  Diff - <265

WS-VDVAE (ours) VAE 55m < 3.68
k) WS-VDVAE (ours) VAE 85m < 3.65
%o VDVAE' (owrs) VAE  119m < 3.67
2 NVAE [221]  VAE  268m < 3.92
Eo VDVAE[34 VAE  119m < 3.80

VDM [120] Diff - <3.72

WS-VDVAE (ours) VAE 75m <2.02
VDVAE* (ours)  VAE 125m < 2.02
NVAE [221]  VAE  153m < 2.03

CelebA
64 x 64

(MNIST) or bits per dim (all other datasets) on the test set at model convergence, if
not stated otherwise. We note that performance on the validation and test set have
similar trends in general. An optional gradient checkpointing implementation to
trade in GPU memory for compute is discussed in Appendix B.6. Appendices B.6 and
B.7 define the HVAE models we train, i.e. pyp(zr), po(2i|2>1), ¢s(2L|X), ¢5(21|2>1, %)
and py(x|Z), and present additional experimental details and results. We pro-
vide our PyTorch code base at https://github.com/FabianFalck /unet-vdvae (see

Appendix B.3 for details).


https://github.com/FabianFalck/unet-vdvae
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3.3.1 “More from less”: Improving parameter efficiency
in HVAEs

In §3.2.3, we hypothesised that a time-homogeneous model has the same expressivity
as a model with time-dependent coefficients, yet uses much less parameters. We
start demonstrating this effect by weight-sharing ResNet blocks across time on a
small scale. In Fig. 3.5, we train HVAEs on MNIST and CIFAR10 with {1,2,3,4}
ResNet blocks (referred to as {x1, x2, x3, x4}) in each resolution with spatial
dimensions {322,162, 8% 4% 12} (VDVAE*), and compare their performance when
weight-sharing a single parameterised block per resolution {2,3,5,10,20} times
(referred to as {r2,r3,r5,r10,r20}; WS-VDVAE), excluding projection and embedding
blocks. As hypothesised by our framework, yet very surprising in HVAEs, NLL
after 1m iterations measured on the validation set gradually increases the more
often blocks are repeated even though all weight-sharing models have an identical
parameter count to the z1 model (MNIST: 107k, CIFAR10: 8.7m). Furthermore,
the weight-sharing models often outperform or reach equal NLLs compared to x2, x3,
x4, all of which have more parameters (MNIST: 140k; 173k; 206k. CIFAR10: 13.0m;
17.3m; 21.6m), yet fewer activations, latent variables, and number of timesteps

at which the coupled SDE in Eq. (3.4) is discretised.

We now scale these findings up to large-scale hyperparameter configurations. We
train VDVAE closely following the state-of-the-art hyperparameter configurations in
[34], specifically with the same number of parameterised blocks and without weight-
sharing (VDVAE*), and compare them against models with weight-sharing (WS-VDVAE)
and fewer parameters, i.e. fewer parameterised blocks, in Table 3.1. On all four
datasets, the weight-shared models achieve similar NLLs with fewer parameters
compared to their counterparts without weight-sharing: We use 32%, 36%, 54%, and
40% less parameters on the four datasets reported in Table 3.1, respectively. For the
larger runs, weight-sharing has diminishing returns on NLL as these already have
many discretisation steps. To the best of our knowledge, our models achieve a new

state-of-the-art performance in terms of NLL compared to any HVAE on CIFARI10,
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Figure 3.6: HVAEs secretly represent a notion of time: We measure the Lo-norm of the
residual state for the [Left] forward/bottom-up pass and the [Right] backward/top-down
pass over 10 batches with 100 data points each. In both plots, the thick, central line
refers to the average and the thin, outer lines refer to +2 standard deviations.

ImageNet32 and CelebA. Furthermore, our WS-VDVAE models have stochastic depths
of 57, 105, 235, 125, respectively, the highest ever trained. In spite of these results, it
is worth noting that current HVAEs, and VDVAE in particular remains notoriously
unstable to train, partly due to the instabilities identified in Theorem 3.5, and

finding the right hyperparameters helps, but cannot solve this.

3.3.2 HVAEs secretly represent time and make use of it

In §3.3.1, we showed how we can exploit insight on HVAEs through our framework to
make HVAEs more parameter efficient. We now want to explain and understand this
behavior further. In Fig. 3.6, we measure || Z;||2, the Ly-norm of the residual state at
every backward /top-down block with index i, over several batches for models trained
on MNIST (see Appendix B.7.2 for the corresponding figure of the forward/bottom-
up pass, and similar results on CIFAR10 and ImageNet32). On average, we
experience an increase in the state norm across time in every resolution, interleaved
by discontinuous ‘jumps’ at the resolution transitions (projection or embedding)
where the dimension of the residual state changes. This supports our claim in §3.2
that HVAESs discretise multi-resolution diffusion processes which are increasing in

the Z; variables, and hence learn to represent a notion of time in their residual state.
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Table 3.2: NLL of HVAEs with and without normalisation of the residual state Z;. The
symbol X indicates deteriorated training due to numerical instabilities.

Residual state NLL

MNIST
Normalised (X) < 464.68
Non-normalised < 81.69

CIFARI10
Normalised (X) < 6.80
Non-normalised < 2.93

ImageNet
Normalised < 6.76
Non-normalised < 3.68

It is now straightforward to ask how HVAEs benefit from this time representation
during training: As we show in Table 3.2, when normalising the state by its norm
at every forward and backward block during training, i.e. forcing a “flat line” in
Fig. 3.6, learning deteriorates after a short while, resulting in poor NLL results
compared to the runs with a regular, non-normalised residual state. This evidence
confirms our earlier stated hypothesis: The time representation in ResNet-based

HVAESs encodes information which recent HVAEs heavily rely on during learning.

3.3.3 Sampling instabilities in HVAEs

High fidelity unconditional samples of faces, e.g. from models trained on CelebA,
cover the front pages of state-of-the-art HVAE papers [34, 221]. Here, we question
whether face datasets are an appropriate benchmark for HVAEs. In Theorem 3.5,
we identified the aforementioned state-of-the-art HVAEs as flow from a point mass,
hypothesising instabilities during sampling. And indeed, when sampling from our
trained VDVAE* with state-of-the-art configurations, we observe high fidelity and
diversity samples on MNIST and CelebA, but unrecognisable, yet diverse samples
on CIFARI10, ImageNet32 and ImageNet64, in spite of state-of-the-art test set NLLs
(see Fig. 3.7 and Appendix B.7.3). We argue that MNIST and CelebA, i.e. numbers
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Figure 3.7: Unconditional samples (not cherry-picked) of VDVAE*. While samples
on MNIST and CelebA demonstrate high fidelity and diversity, samples on CIFARI0,
ImageNet32 and ImageNet64 are diverse, but are unrecognisable, demonstrating the
instabilities identified by Theorem 3.1. Temperatures ¢t are tuned for maximum fidelity.

and faces, have a more uni-modal nature, and are in this sense easier to learn for a
discretised multi-resolution process flowing to a point mass, which is uni-modal, than
the other “in-the-wild”, multi-modal datasets. Trying to approximate the latter with

the, in this case unsuitable, HVAE model leads to the sampling instabilities observed.

3.3.4 Ablation studies

We conducted several ablation studies which support our experimental results and
further probe our multi-resolution framework for HVAEs. In this section we note
key findings—a detailed account of all ablations can be found in Appendix B.7.4.
In particular, we find that the number of latent variables, which correlates with
stochastic depth, does not explain the performance observed in §3.3.1, supporting
our claims. We further show that Fourier features do not provide a performance
gain in HVAESs, in contrast to state-of-the-art diffusion models, where they can
significantly improve performance [120]. This is consistent with our framework’s
finding that a U-Net architecture with pooling is already forced to learn a Haar
wavelet basis representation of the data, hence introducing another basis does not
add value. We also demonstrate that residual cells are crucial for the performance
of HVAEs as they are able to approximate the dynamics of a diffusion process and
impose an SDE structure into the model, empirically compare a multi-resolution
bridge to a single-resolution model, and investigate synchronous vs. asynchronous

processing in time between the forward and backward pass.
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3.4 Related work

U-Nets. A U-Net [197] is an autoencoding architecture with multiple resolutions
where skip connections enable information to pass between matched layers on
opposite sides of the autoencoder’s bottleneck. These connections also smooth out
the network’s loss landscape [136]. In the literature, U-Nets tend to be convolutional,
and a wide range of different approaches have been used for up-sampling and
down-sampling between resolutions, with many using average pooling for the down-
sampling operation [56, 92, 120, 208, 209]. In this work, we focus on U-Nets
as operators on measures interleaved by average pooling as the down-sampling
operation (and a corresponding inclusion operation for up-sampling), and we formally
characterise U-Nets in Section 3.2.1 and Appendix B.2.2. Prior to our work, the
dimensionality-reducing bottleneck structure of U-Nets was widely acknowledged
as being useful, however it was unclear what regularising properties a U-Net

imposes. We provided these in §3.2.

HVAESs. The evolution of HVAEs can be seen as a quest for a parameterisation
with more expressiveness than single-latent-layer VAEs [121], while achieving stable
training dynamics that avoid common issues such as posterior collapse [24, 207] or
exploding gradients. Early HVAEs such as LVAE condition each latent variable
directly on only the previous one by taking samples forward [28, 207]. Such VAEs
suffer from stability issues even for very small stochastic depths. Nouveau VAFEs
(NVAE) [221] and Very Deep VAEs (VDVAE) [34] combine the improvements of
several earlier HVAE models (see Section 1.1.3 for details), while scaling up to larger
stochastic depths. Both use ResNet-based backbones, sharing parameters between
the generative and recognition parts of the model. VDVAE is the considerably
simpler approach, in particular avoiding common tricks such as a warm-up deter-
ministic autoencoder training phase or data-specific initialisation. VDVAE achieves
a stochastic depth of up to 78, improving performance with more ResNet blocks.

Worth noting is that while LVAE and NVAE use convolutions with appropriately
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chosen stride to jump between resolutions, VDVAE use average pooling. In all
HVAEs to date, a theoretical underpinning which explains architectural choices, for

instance the choice of residual cell, is missing, and we provided this in Section §3.2.3.

3.5 Conclusion

In this work, we introduced a multi-resolution framework for U-Nets. We provided
theoretical results which uncover the regularisation property of the U-Nets bottleneck
architecture with average pooling as implicitly learning a Haar wavelet representation
of the data. We applied our framework to HVAEs, identifying them as multi-
resolution diffusion processes flowing to a point mass. We characterised their
backward cell as a type of two-step forward Euler discretisations, providing an
alternative to score-matching to approximate a continuous-time diffusion process
[52, 209], and observed parameter redundancies and instabilities. We verified the
latter theoretical insights in both small- and large-scale experiments, and in doing
so trained the deepest ever HVAEs. We explained these results by showing that

HVAESs learn a representation of time and performed extensive ablation studies.

An important limitation is that the proven regularisation property of U-Nets is
limited to using average pooling as the down-sampling operation. Another limitation
is that we only applied our framework to HVAEs, though it is possible to apply
it to other model classes. It could also be argued that the lack of exhaustive
hyperparameter optimisation performed is a limitation of the work as it may be
possible to obtain improved results. We demonstrate, however, that simply adding
weight-sharing while using the hyperparameter settings given in the original VDVAE
paper [34] leads to state-of-the-art performance with improved parameter efficiency,

and hence view it as a strength of our results.
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A Unified Framework for U-Net Design
and Analysis

Abstract

U-Nets are a go-to neural architecture across numerous tasks for continuous
signals on a square such as images and Partial Differential Equations (PDE),
however their design and architecture is understudied. In this paper, we
provide a framework for designing and analysing general U-Net architectures.
We present theoretical results which characterise the role of the encoder and
decoder in a U-Net, their high-resolution scaling limits and their conjugacy
to ResNets via preconditioning. We propose Multi-ResNets, U-Nets with
a simplified, wavelet-based encoder without learnable parameters. Further,
we show how to design novel U-Net architectures which encode function
constraints, natural bases, or the geometry of the data. In diffusion models,
our framework enables us to identify that high-frequency information is
dominated by noise exponentially faster, and show how U-Nets with average
pooling exploit this. In our experiments, we demonstrate how Multi-ResNets
achieve competitive and often superior performance compared to classical
U-Nets in image segmentation, PDE surrogate modelling, and generative
modelling with diffusion models. Our U-Net framework paves the way to
study the theoretical properties of U-Nets and design natural, scalable neural
architectures for a multitude of problems beyond the square.

Contents
4.1 Introduction. . . . . . . .. . 70
4.2  U-Nets: Neural networks via subspace preconditioning . . . . . . . . . 73
4.2.1 Anatomy ofa U-Net . . ... .. ... ... ... ... ...... 73
4.2.2  High-resolution scaling behavior of U-Nets . . . . . . .. ... .. 76
4.2.3 U-Nets are conjugate to ResNets . . . . . ... ... ... .... 78
4.3 Generalised U-Net design . . . . .. ... ... ... ... ..., 79
4.3.1 Multi-ResNets . . . . . .. . .. 79
4.3.2  U-Nets which guarantee boundary conditions . . .. .. ... .. 81
4.3.3  U-Nets for complicated geometries . . . . .. .. ... ... ... 82
4.4 Why U-Nets are a useful inductive bias in diffusion models . . . . . . 84
4.5 Experiments . . . . . . . .. 86
4.5.1  The role of the encoder ina U-Net . . . ... .. ... ...... 87
4.5.2  Staged training enables multi-resolution training and inference . 89
4.5.3 U-Nets encoding topological structure . . . . .. ... ... ... 90
4.6 Conclusion . . . . . .. . e 91

69



4.1. Introduction 70

4.1 Introduction

U-Nets (see Figure 4.1) are a central architecture in deep learning for continuous
signals. Across many tasks as diverse as image segmentation [132, 175, 197, 204, 263],
Partial Differential Equation (PDE) surrogate modelling [79, 211] and score-based
diffusion models [52, 92, 172, 196, 208|, U-Nets are a go-to architecture yielding
state-of-the-art performance. In spite of their enormous success, a framework
for U-Nets which characterises for instance the specific role of the encoder and
decoder in a U-Net or which spaces these operate on is lacking. In this work, we
provide such a framework for U-Nets. This allows us to design U-Nets for data
beyond a square domain, and enable us to incorporate prior knowledge about a
problem, for instance a natural basis, functional constraints, or knowledge about

its topology, into the neural architecture.

The importance of preconditioning. We begin by illustrating the importance
of the core design principle of U-Nets: preconditioning. Preconditioning informally
means that initialising an optimisation problem with a ‘good’ solution greatly
benefits learning [5, 6]. Consider a synthetic example using ResNets [87] which
are natural in the context of U-Nets as we will show in §4.2.3: we are interested
in learning a ground-truth mapping w : V — W and w(v) = v* over V = [—1,1]
and W = R using a ResNet R'(v) = RP*(v) + R(v) where RP**, R:V — W. In
Figure 4.2 [Left] we learn a standard ResNet with RP*(v) = v on a grid of values

2

from V' x W, i.e. with inputs v; € V and regression labels w; = w(v;) = v?.

2. In

contrast, we train a ResNet with RP*(v) = |v| [Right] with the same number of
parameters and iterations. Both networks have been purposely designed to be
weakly expressive (see Appendix C.2.5 for details). The standard ResNet [Left]
makes a poor approximation of the function, whilst the other ResNet’s [Right]
approximation is nearly perfect. This is because RP™(v) = |v| is a ‘good’ initial

guess or preconditioner for w(v) = v?, but RP*(v) = v is a ‘bad’ one. This shows
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Figure 4.1: A resolution 2 U-Net (Def. 4.1). If E; = Idy;, this is a Multi-ResNet (see
Def. 4.3).

the importance of encoding good preconditioning into a neural network architecture

and motivates us studying how preconditioning is used in U-Net design.

In this paper, we propose a mathematical framework for designing and analysing
general U-Net architectures. We begin with a comprehensive definition of a U-Net
which characterises its components and identifies its self-similarity structure which
is established via preconditioning. Our theoretical results delineate the role of the
encoder and decoder and identify the subspaces they operate on. We then focus on
ResNets as natural building blocks for U-Nets that enable flexible preconditioning
from lower-resolutions inputs. Our U-Net framework paves the way to designing
U-Nets which can model distributions over complicated geometries beyond the
square, for instance CW-complexes or manifolds, or diffusions on the sphere [51],
without any changes to the diffusion model itself (see Appendix C.1). It allows us
to enforce problem-specific constraints through the architecture, such as boundary
conditions of a PDE or a natural basis for a problem. We also analyse why U-Nets

with average pooling are a natural inductive bias in diffusion models.
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Figure 4.2: The importance of preconditioning.

More specifically, our contributions are as follows: (a) We provide the first rigorous
definition of U-Nets, which enables us to identify their self-similarity structure,
high-resolution scaling limits, and conjugacy to ResNets via preconditioning. (b)
We present Multi-ResNets, a novel class of U-Nets over a hierarchy of orthogonal
wavelet spaces of L*(X), for compact domain X, with no learnable parameters
in its encoder. In our experiments, Multi-ResNets yield competitive and often
superior results when compared to a classical U-Net in PDE modelling, image
segmentation, and generative modelling with diffusion models. We further show how
to encode problem-specific information into a U-Net. In particular, we design U-Nets
incorporating a natural basis for a problem which enforces boundary conditions on
the elliptic PDE problem, and design and demonstrate proof-of-concept experiments
for U-Nets with a Haar wavelet basis over a triangular domain. (c¢) In the context
of diffusion models, we analyse the forward process in a Haar wavelet basis and
identify how high-frequency information is dominated by noise exponentially faster
than lower-frequency terms. We show how U-Nets with average pooling exploit

this observation, explaining their go-to usage.
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4.2 U-Nets: Neural networks via subspace pre-
conditioning

The goal of this section is to develop a mathematical framework for U-Nets which
introduces the fundamental principles that underpin its architecture and enables
us to design general U-Net architectures. All theoretical results are proven in

Appendix C.1. We commence by defining the U-Net.

4.2.1 Anatomy of a U-Net

Definition 4.1. U-Net. Let V and W be measurable spaces. A U-Net
U=V,W,E D,P,Uy) comprises six components:
1. Encoder subspaces: V = (V;)2, are nested subsets of V' such that lim; ,,, V; = V.

2. Decoder subspaces: W = (W;)2,, are nested subsets of W such that lim; ,. W, =

Ww.
3. Encoder operators: € = (E;)2, where E; : V; — V; denoted F;(v;) = v;.

4. Decoders operators: D = (D;)2, where D; : W;_y x V; — W; at resolution ¢

denoted D;(w;_1|0;). The ©; component is called the skip connection.

5. Projection operators: P = (P;)$2,, where P; : V +— V;, such that P;(v;) = v; for

v; € V.

6. Bottleneck: Uy is the mapping U, : Vi — Wy, enabling a compressed representa-

tion of the input.

The U-Net of resolution i is the mapping U; : V; — W; defined through the recursion

(see Figure 4.3):
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Figure 4.3: Recursive structure of a U-Net.

We illustrate the Definition of a U-Net in Figure 4.1. Definition 4.1 includes a wide
array of commonly used U-Net architectures, from the seminal U-Net [197], through
to modern adaptations used in large-scale diffusion models [52, 92, 172, 196, 208],
operator learning U-Nets for PDE modelling [79, 211], and custom designs on the
sphere or graphs [71, 258]. Our framework also comprises models with multiple
channels (for instance RGB in images) by choosing V; and W, for a given resolution
7 to be direct sums V; = @12\4:1 Vig and W; = @,24:1 Wi, for M channels when
necessary!. Remarkably, despite their widespread use, to the best of our knowledge,
our work presents the first formal definition of a U-Net. Definition 4.1 not only
expands the scope of U-Nets beyond problems confined to squared domains, but
also naturally incorporates problem-specific information such as a natural basis,
boundary conditions or topological structure as we will show in §4.3.2 and 4.3.3. This
paves the way for designing inherently scalable neural network architectures capable
of handling complicated geometries, for instance manifolds or CW-complexes. In the

remainder of the section, we discuss and characterise the components of a U-Net.

Encoder and decoder subspaces. We begin with the spaces in V and W which
a U-Net acts on. Current literature views U-Nets as learnable mappings between
input and output tensors. In contrast, this work views U-Nets and their encoder
and decoder as operators on spaces that must be chosen to suit our task. In order to

perform computations in practice, we must restrict ourselves to subspaces V; and W;

Implementation wise, this corresponds to concatenating the representations across the channel
dimension.
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of the potentially infinite-dimensional spaces V' and W. For instance, if our U-Net
is modelling a mapping between images, which can be viewed as bounded functions
over a squared domain X = [0, 1]2, it is convenient to choose V and W as subspaces
of L*(X), the space of square-integrable functions [62, 66] (see Appendix C.3). Here,
a data point w; in the decoder space W; is represented by the coefficients ¢; ; where
w; = ;¢ je;; and {e;;}; is a (potentially orthogonal) basis for ;. We will consider
precisely this case in §4.3.1. The projected images on the subspace V;, W; are still
functions, but piece-wise constant ones, and we store the values these functions

obtain as ‘pixel’ tensors in our computer [66] (see Figure C.14 in Appendix C.1).

Role of encoder, decoder, projection operators. In spite of their seemingly
symmetric nature and in contrast to common understanding, the roles of the encoder
and decoder in a U-Net are fundamentally different from each other. The decoder on
resolution ¢ learns the transition from W;_; to W; while incorporating information
from the encoder on V; via the skip connection. The encoder F; can be viewed
as a change of basis mapping on the input space V; at resolution ¢ and is not
directly tied to the approximation the decoder makes on W;. This learned change
of basis facilitates the decoder’s approximation on W;. In §4.3.1, we will further
extend our understanding of the encoder and discuss its implications for designing
U-Nets. The projection operators serve to extract a compressed input. They are
selected to suit task-specific needs, such as pooling operations (e.g. average pooling,
max pooling) in the context of images, or orthogonal projections if V' is a Hilbert
space. Note that there is no embedding operator?, the operator facilitating the
transition to a higher-resolution space, explicitly defined as it is invariably the

natural inclusion of W;_; into W;.

Self-similarity of U-Nets via preconditioning. The key design principle
of a U-Net is preconditioning. The U-Net of resolution ¢ — 1, U;_; makes an

approximation on W;_; which is input of and preconditions U;. Preconditioning

2In practice, if we for instance learn a transposed convolution operation, it can be equivalently
expressed as a standard convolution operation composed with the natural inclusion operation.
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facilitates the transition from W;_; to W; for the decoder. In the encoder, the
output of P,_1F; is the input of U;_;. When our underlying geometry is refinable
(such as a square), we may use a refinable set of basis functions. In the standard
case of a U-Net with average pooling on a square domain, our underlying set of
basis functions are (Haar) wavelets (see §4.2.3) — refinable basis functions defined on
a refinable geometry. This preconditioned design of U-Nets reveals a self-similarity
structure (see Figure 4.3) inherent to the U-Net when the underlying space has a
refinable geometry. This enables both an efficient multi-resolution approximation
of U-Nets [66] and makes them modular, as a U-Net on resolution i — 1 is a
coarse approximation for a U-Net on resolution i. We formalise this notion of

preconditioning in Proposition 4.1 in §4.2.3.

4.2.2 High-resolution scaling behavior of U-Nets

Given equation (4.1), it is clear that the expressiveness of a U-Net U is governed by
the expressiveness of its decoder operators D. If each D; is a universal approximator
[96], then the corresponding U-Nets U; likewise have this property. Assuming
we can represent any mapping U; : V; — W, as a U-Net, our goal now is to
comprehend the role of increasing the resolution in the design of ¢, and to discern
whether any function U : V' — W can be represented as a high-resolution limit
lim; .., U; of a U-Net. We will explore this question in the context of regression

problems of increasing resolution.

To obtain a tractable answer, we focus on choosing W as a Hilbert space, that is
W equipped with an inner product. This allows us to define W as an increasing
sequence of orthogonal subspaces of W. Possible candidates for orthogonal bases
include certain Fourier frequencies, wavelets (of a given order) or radial basis
functions. The question of which basis is optimal depends on our problem and
data at hand: some problems may be hard in one basis, but easy in another. In

§4.4, Haar wavelets are a convenient choice. Let us define S as infinite resolution
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data in V' x W and §; as the finite resolution projection in V; x W, comprising of
(v, w;) = (Py(v), Qi(w)) for each (v, w) € S. Here, P; is the U-Net projection onto
Vi, and Q; : W +— W, is the orthogonal projection onto W;. Assume U; and U* are
solutions to the finite and infinite resolution regression problems ming, ¢z L£2(U;|S;)
and mingcr L2(U|S) respectively, where F; and F represent the sets of measurable

functions mapping V; — W; and V — W. Let £? and £? denote the L? losses:

1 1

> Nwi=Uiw)l?, £A(UIS) =S > =TI

? (w,-,vi)ESi (w,v)ES

The following result analyses the relationship between U and U* as ¢+ — oo where

E?‘ ; and E‘Qj are the losses above conditioned on resolution j (see Appendix C.1).

Theorem 4.1. Suppose U and U* are solutions of the L* regression problems
above. Then, L3,(Uf) < LE(U*) with equality as i — oo. Further, if Q;U* is

Vi-measurable, then UF = Q;U* minimises L2.

Theorem 4.1 states that solutions of the finite resolution regression problem converge
to solutions of the infinite resolution problem. It also informs us how to choose V;
relative to W;. If we have a V where for the decoders on W, the W, component
of U*, Q;U*, relies solely on the input up to resolution i, then the prediction
from the infinite-dimensional U-Net projected to W, can be made by the U-Net
of resolution 7. The optimal choice of V; must be expressive enough to encode the
information necessary to learn the W; component of U*. This suggests that if V; lacks
expressiveness, we risk efficiency in learning the optimal value of U. However, if V;
is too expressive, no additional information is gained, and we waste computational
effort. Therefore, we should choose V; to encode the necessary information for
learning information on resolution 7. For example, when modelling images, if
we are interested in low-resolution features on W;, high-resolution information is

extraneous, as we will further explore in §4.4 in the context of diffusion models.
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4.2.3 U-Nets are conjugate to ResNets

Next, our goal is to understand why ResNets are a natural choice in U-Nets. We
will uncover a conjugacy between U-Nets and ResNets. We begin by formalising

ResNets in the context of U-Nets.

Definition 4.2. ResNet, Residual U-Nets. Given a measurable space X and
a vector space Y, a mapping R : X — Y is defined as a ResNet preconditioned on
RPre . X — Y if R(z) = RP*(x) + R*(x), where R*(x) = R(z) — RP™(z) is the
residual of R. A Residual U-Net is a U-Net U where W,V are sequences of vector
spaces, and the encoder and decoder operators £, D are ResNets preconditioned on

EP*(v;) = v; and DY*(w;_1|v;) = w;_1, respectively.

A preconditioner initialises a ResNet, then the ResNet learns the residual relative
to it. The difficulty of training a ResNet scales with the deviation from the
preconditioner, as we saw in our synthetic experiment in §4.1. In U-Nets, ResNets
commonly serve as encoder and decoder operators. In encoders, preconditioning on
the identity on V; allow the residual encoder E7® to learn a change of basis for V;,
which we will discuss in more detail in §4.3.1. In decoders, preconditioning on the
identity on the lower resolution subspace W;_; allows the residual decoder D}* to
learn from the lower resolution and the skip connection. Importantly, ResNets can
compose to form new ResNets, which, combined with the recursion (4.1), implies

that residual U-Nets are conjugate to ResNets.

Proposition 4.1. If I/ is a residual U-Net, then U; is a ResNet preconditioned on
Uipre(vi) = Uz’—l(@i—l)’ where f)i—l = Pz—l(Ez(Uz))

Proposition 4.1 states that a U-Net at resolution ¢ is a ResNet preconditioned
on a U-Net of lower resolution. This suggests that U* learns the information
arising from the resolution increase. We will discuss the specific case E; = Idy;,

and UP(v;) = U;_1(P;i_1(v;)) in §4.3.1. Proposition 4.1 also enables us to interpret
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lim; ,, U; from §4.2.2 as a ResNet’s ‘high-resolution’ scaling limit. This is a
new scaling regime for ResNets, different to time scaled Neural ODEs [32], and
warrants further exploration in future work. Finally, we provide an example of

the common Residual U-Net.

Example 1. Haar Wavelet Residual U-Net. A Haar wavelet residual U-Net
U is a residual U-Net where: V =W = L*(X), V; = W; are multi-resolution Haar

wavelet spaces (see Appendix C.3.3), and P; = projy, is the orthogonal projection.

We design Example 1 with images in mind, noting that similar data over a squared
domain such as PDE (see §4.5) are also applicable to this architecture. We hence
choose Haar wavelet [81] subspaces of L?(X), the space of square integrable functions
and a Hilbert space, and use average pooling as the projection operation P; [66].
Haar wavelets will in particular be useful to analyse why U-Nets are a good inductive
bias in diffusion models (see §4.4). U-Net design and their connection to wavelets

has also been studied in [144, 191, 248].

4.3 Generalised U-Net design

In this section, we provide examples of different problems for which our framework
can define a natural U-Net architecture. Inspired by Galerkin subspace methods
[193], our goal is to use our framework to generalise the design of U-Nets beyond
images over a square. Our framework also enables us to encode problem-specific
information into the U-Net, such as a natural basis or boundary conditions, which

it no longer needs to learn from data, making the U-Net model more efficient.

4.3.1 Multi-ResNets

A closer look at the U-Net encoder. To characterise a U-Net in Definition

4.1, we must in particular choose the encoder subspaces V. This choice depends
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on our problem at hand: for instance, if the inputs are images, choosing Haar
wavelet subspaces is most likely favourable, because we can represent and compress
images in a Haar wavelet basis well, noting that more complex (orthogonal) wavelet
bases are possible [153, 212]. What if we choose V unfavourably? This is where
the encoder comes in. While the encoder subspaces V define an initial basis for
our problem, the encoder learns a change of basis map to a new, implicit basis
0; = E;(v;) which is more favourable. This immediately follows from Eq. (4.1) since
U; acts on V; through v;. The initial subspaces V can hence be viewed as a prior

for the input compression task which the encoder performs.

Given our initial choice of the encoder subspaces V, the question whether and
how much work the encoders £ have to do depends on how far away our choice
is from the optimal choice V for our problem. This explains why the encoders E;
are commonly chosen to be ResNets preconditioned on the identity EX™ = Idy;,
allowing the residual encoder E* to learn a change of basis. If we had chosen
the optimal sequence of encoder subspaces, the residual operator would not have
to do any work; leaving the encoder equal to the precondition £; = Idy,. It also
explains why in practice, encoders are in some cases chosen significantly smaller
than the decoder [34], as a ResNet encoder need not do much work given a good

initial choice of V. It is precisely this intuition which motivates our second example

of a U-Net, the Multi-Res(olution) Res(idual) Network (Multi-ResNet).

Definition 4.3. Multi-ResNets. A Multi-ResNet is a residual U-Net with encoder
E; =1dy,.

Example 2. Haar Wavelet Multi-ResNets. A Haar Wavelet Multi-ResNet is
a Haar Wavelet Residual U-Net with encoder F; = Idy,.

We illustrate the Multi-ResNet, a novel U-Net architecture, in Figure 4.1 where we
choose E; = Idy,. Practically speaking, the Multi-ResNet simplifies its encoder to
have no learnable parameters, and simply projects to V; on resolution . The latter

can for the example of Haar wavelets be realised by computing a multi-level Discrete
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Wavelet Transform (DWT) (or equivalently average pooling) over the input data
[66]. Multi-ResNets allow us to save the parameters in the encoder, and instead
direct them to bolster the decoder. In our experiments in §4.5.1, we compare
Multi-ResNets to Residual U-Nets and find that for PDE surrogate modelling and
image segmentation, Multi-ResNets yield superior performance to Residual U-Nets
as Haar wavelets are apparently a good choice for V, while for other problems,
choosing Haar wavelets is suboptimal. Future work should hence investigate how
to optimally choose V for a problem at hand. To this end, we will discuss natural

bases for V and W for specific problems in the remainder of this section.

4.3.2 U-Nets which guarantee boundary conditions

Next, our main goal is to show how to design U-Nets which choose VW in order
to encode constraints on the output space directly into the U-Net architecture.
This renders the U-Net more efficient as it no longer needs to learn the constraints
from data. We consider an example from PDE surrogate modelling, approximating
solutions to PDE using neural networks, a nascent research direction where U-Nets
already play an important role [79], where our constraints are given boundary
conditions and the solution space of our PDE. In the elliptic boundary value problem
on X = [0, 1] [2], the task is to predict a weak (see Appendix C.1) PDE solution

u from its forcing term f given by
Au = f, u(0) =u(l) =0, (4.2)

where u is once weakly differentiable when the equation is viewed in its weak form,
f € L*(X) and Au is the Laplacian of u. In contrast to Examples 1 and 2, we choose
the decoder spaces as subspaces of W = H}, the space of one weakly differentiable
functions with nullified boundary condition, a Hilbert space (see Appendix C.1),
and choose V' = L?(X), the space of square integrable functions. This choice ensures
that input and output functions of our U-Net are in the correct function class for

the prescribed problem. We now want to choose a basis to construct the subspaces
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Figure 4.4: Refinement of an orthogonal basis for H} = span{doo, $10,¢11}. We
visualise the graphs of basis functions defined in (4.3): [Left] ¢o0 = ¢, [Top Right] ¢1 0,
and [Bottom Right] ¢1 1. When increasing resolution, steeper triangular-shaped basis
functions are constructed.

Y and W of V and W. For V, just like in Multi-ResNets in Example 2, we choose
V; to be the Haar wavelet space of resolution j, an orthogonal basis. For W, we
also choose a refinable basis, but one which is natural to H}. In particular, we

choose W; = span{¢y; : j < k,k = 1,...,2""'} where

brj(x) = ¢(2k$ + j/Qk)a P(z) =2z - 1[0,1/2)(35) +(2—2z)- Lp1y2, (z).  (4.3)

This constructs an orthogonal basis of H}, illustrated in Figure 4.4, which emulates
our design choice in Section 4.3.1 where the orthogonal Haar wavelet basis was
beneficial as W was L*-valued. Each ¢ ; obeys the regularity and boundary
conditions of our PDE, and consequently, an approximate solution from our U-Net
obeys these functional constraints as well. These constraints are encoded into the
U-Net architecture and hence need not be learned from data. This generalised
U-Net design paves the way to broaden the application of U-Nets, analogous to the

choice of bases for Finite Element [26] or Discontinuous Galerkin methods [38].

4.3.3 U-Nets for complicated geometries

Our framework further allows us to design U-Nets which encode the geometry of
the input space right into the architecture. This no longer requires to learn the

geometric structure from data and enables U-Nets for complicated geometries. In



4.3. Generalised U-Net design 83

W By w
SN N

Figure 4.5: U-Nets encoding the topological structure of a problem. [Left] A refinable
Haar wavelet basis with basis functions on a right triangle, ¢; j—o = Lyed — Lblue- [Right]
A sphere and a Mébius strip meshed with a Delaunay triangulation [54, 134]. Figures
and code as modified from [7].

particular, we are motivated by tessellations, the partitioning of a surface into
smaller shapes, which play a vital role in modelling complicated geometries across a
wide range of engineering disciplines [22]. We here focus on U-Nets on a triangle due
to the ubiquitous use of triangulations, for instance in CAD models or simulations,
but note that our design principles can be applied to other shapes featuring a
self-similarity property. We again are interested in finding a natural basis for this

geometry, and characterise key components of our U-Net.

In this example, neither W nor V are selected to be L?(X) valued on the unit
square (or rectangle) X. Instead, in contrast to classical U-Net design in literature,
W =V = L?(A), where A is a right-triangular domain illustrated in Figure
4.5 [Left]. Note that this right triangle has a self-similarity structure in that it
can be constructed from four smaller right triangles, continuing recursively. A
refinable Haar wavelet basis for this space can be constructed by starting from
®i0 = liea — Lpwe for 7 = 0 as illustrated in Figure 4.5 [Left]. This basis can
be refined through its self-similarity structure to define each subspace from these
basis functions via W; = V; = Span{¢x; : j <k, k=1,...,2"7'} (see Appendix
C.1 for details). In §4.5.3, we investigate this U-Net design experimentally. In
Appendix C.1 we sketch out how developing our U-Net on triangulated manifolds
enables score-based diffusion models on a sphere [51] without any adjustments to the
diffusion process itself. This approach can be extended to complicated geometries

such as manifolds or CW-complexes as illustrated in Figure 4.5 [Right].



4.4. Why U-Nets are a useful inductive bias in diffusion models 84

4.4 Why U-Nets are a useful inductive bias in
diffusion models

U-Nets are a go-to neural architecture for diffusion models particularly on image data,
as demonstrated in an abundance of previous work [52, 56, 92, 120, 172, 196, 199,
208, 209]. However, the reason why U-Nets are particularly effective in the context
of diffusion models is understudied. Our U-Net framework enables us to analyse
this question. We focus on U-Nets over nested Haar wavelet subspaces V = W
that increase to V.= W = L?([0,1]), with orthogonal projection Q; : W — W,
on to W, corresponding to an average pooling operation @); [80] (see Appendix
C.3). U-Nets with average pooling are a common choice for diffusion models in
practice, for instance when modelling images [56, 92, 120, 208, 209]. We provide
theoretical results which identify that high-frequencies in a forward diffusion process
are dominated by noise exponentially faster, and how U-Nets with average pooling

exploit this in their design.

Let X € W be an infinite resolution image. For each resolution i define the
image X; = Q;X € W; on 2' pixels which can be described by X; = 3, Xi(k)gbk,
where ® = {¢ : k = 1,...,2'} is the standard (or ‘pixel’) basis. The image X;
is a projection of the infinite resolution image X to the finite resolution i. We
consider the family of denoising processes {X;(t)}:2,, where for resolution ¢, the
process X;(t) = 5 XP ()¢ € W; is initialised at X; and evolves according to
the denoising diffusion forward process (DDPM, [92]) at each pixel Xi(k)(t) =
MXi(k) + \/a_te(k) for standard Gaussian noise e*). We now provide our main

result (see Appendix C.1 for technical details).

Theorem 4.2. For timet > 0 and j > 1, Q;X;(t) 2 X;(t). Furthermore if X;(t) =
Yo XU)(¢) - é;, be the decomposition of X;(t) in its Haar wavelet frequencies (see
Appendiz C.3). Each component X\(j)(t) of the vector has variance 27~ relative to

the variance of the base Haar wavelet frequency.
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Figure 4.6: PDE modelling and image segmentation with a Multi-ResNet. [Left,Middle]
Rolled out PDE trajectories (ground-truth, prediction, L?-error) from the Navier-Stokes
[Left], and the Shallow Water equation [Middle]. Figure and code as modified from
[79, Figure 1]. [Right] MRI images from WMH with overlayed ground-truth (green) and
prediction (blue) mask.

Theorem 4.2 analyses the noising effect of a forward diffusion process in a Haar
wavelet basis. It states that the noise introduced by the forward diffusion process is
more prominent in the higher-frequency wavelet coefficients (large j), whereas the
lower-frequency coefficients (small j) preserves the signal. Optimal recovery of the
signal in such a scenario has been investigated in [60], where soft thresholding of the
wavelet coefficients provides a good L? estimator of the signal and separates this
from the data. In other words, if we add i.i.d. noise to an image, we are noising the
higher frequencies faster than the lower frequencies. In particular, high frequencies
are dominated by noise exponentially faster. It also states that the noising effect of
our diffusion on resolution ¢, compared to the variance of the base frequency i = 0,

destroys the higher-frequency details as ¢« — oo for any positive diffusion time.

We postulate that U-Nets with average pooling exploit precisely this observation.
Recall that the primary objective of a U-Net in denoising diffusion models is to
separate the signal from the noise which allows reversing the noising process. In the
"predict the noise’ or € recovery regime, the network primarily distinguishes the noise
from the signal in the input. Yet, our analysis remains relevant, as it fundamentally
pertains to the signal-to-noise ratio. Through average pooling, the U-Net discards
those higher-frequency subspaces which are dominated by noise, because average
pooling is conjugate to projection in a Haar wavelet basis [66, Theorem 2]. This

inductive bias enables the encoder and decoder networks to focus on the signal on a
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low enough frequency which is not dominated by noise. As the subspaces are coupled
via preconditioning, the U-Net can learn the signal which is no longer dominated by
noise, added on each new subspace. This renders U-Nets a computationally efficient

choice in diffusion models and explains their ubiquitous use in this field.

4.5 Experiments

We conduct three main experimental analyses: (A) Multi-ResNets which feature an
encoder with no learnable parameters as an alternative to classical Residual U-Nets,
(B) Multi-resolution training and sampling, (C) U-Nets encoding the topological
structure of triangular data. We refer to Appendix C.2.4 for our Ablation Studies,
where a key result is that U-Nets crucially benefit from the skip connections,
hence the encoder is successful and important in compressing information. We also
analyse the multi-resolution structure in U-Nets, and investigate different orthogonal
wavelet bases. These analyses are supported by experiments on three tasks: (1)
Generative modelling of images with diffusion models, (2) PDE Modelling, and (3)
Image segmentation. We choose these tasks as U-Nets are a go-to and competitive
architecture for them. We report the following performance metrics with mean and
standard deviation over three random seeds on the test set: FID score [89] for (1),
rollout mean-squared error (r-MSE) [79] for (2), and the Sgrensen—Dice coefficient
(Dice) [57, 210] for (3). As datasets, we use MNIST [133], a custom triangular
version of MNIST (MNIST-Triangular) and CIFAR10 [127] for (1), Navier-stokes
and Shallow water equations [79] for (2), and the MICCAI 2017 White Matter
Hyperintensity (WMH) segmentation challenge dataset [130, 137] for (3). We provide
our PyTorch code base at https://github.com/FabianFalck/unet-design. We refer
to Appendices C.2, and C.4 for details on experiments, further experimental results,

the datasets, and computational resources used.


https://github.com/FabianFalck/unet-design
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CIFAR10

4 x 4 (at 50 K iter.)

Figure 4.7: Preconditioning enables multi-resolution training and sampling of diffusion
models.

4.5.1 The role of the encoder in a U-Net

In §4.3.1 we motivated Multi-ResNets, Residual U-Nets with identity operators as
encoders over Haar wavelet subspaces V =W of V = W = L?*(X). We analysed the
role of the encoder as learning a change of basis map and found that it does not need
to do any work, if V, the initial basis, is chosen optimally for the problem at hand.
Here, we put exactly this hypothesis derived from our theory to a test. We compare
classical (Haar wavelet) Residual U-Nets with a (Haar wavelet) Multi-ResNet. In
Table 4.1, we present our results quantified on trajectories from the Navier-stokes
and Shallow water PDE equations unrolled over several time steps and image
segmentation as illustrated in Figure 4.6. Our results show that Multi-ResNets
have competitive and sometimes superior performance when compared to a classical
U-Net with roughly the same number of parameters. Multi-ResNets outperform

classical U-Nets by 29.8%, 12.8% and 3.4% on average over three random seeds,
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Table 4.1: Quantitative performance of the (Haar wavelet) Multi-ResNet compared to a
classical (Haar wavelet) Residual U-Net on two PDE modelling and an image segmentation
task.

Dataset Neural architecture # Par. r-MSE | / Dice 1
Sp,  Residual U-Net 34.5M  0.0057+£2-107°
E.-ga Multi-ResNet, no par. added in dec. (ours)  15.7M  0.0107£9-107°
728 Multi-ResNet, saved par. added in dec. (ours) 34.5M  0.0040 £ 2-10~5
g Residual U-Net 34.5 M 0.1712 % 0.0005
%3 S Multi-ResNet, no par. added in dec. (ours) 15,7 M 0.4899 £+ 0.0156

o §§ Multi-ResNet, saved par. added in dec. (ours) 34.5M  0.1493 £ 0.0070
o Residual U-Net 22 M 0.8069 £ 0.0234
=y Multi-ResNet, no par. added in dec. (ours) 1.0 M 0.8190 £ 0.0047
23 Multi-ResNet, saved par. added in dec. (ours) 2.2 M 0.8346 + 0.0388

respectively. In Appendix C.2.1, we also show that U-Nets outperform FNO [141],

another competitive architecture for PDE modelling, in this experimental setting.

For the practitioner, this is a rather surprising result. We can simplify classical
U-Nets by replacing their parameterised encoder with a fixed, carefully chosen
hierarchy of linear transformation as projection operators P;, here a multi-level
Discrete Wavelet Transform (DWT) using Haar wavelets, and identity operators
for ;. This ‘DWT encoder’ has no learnable parameters and comes at almost no
computational cost. We then add the parameters we save into the decoder and
achieve competitive and—on certain problems—strictly better performance when
compared with a classical U-Net. However, as we show for generative modelling
with diffusion models in Appendix C.2.1, Multi-ResNets are competitive with, yet
inferior to Residual U-Nets, because the initial basis which V imposes is suboptimal
and the encoder would benefit from learning a better basis. This demonstrates
the strength of our framework in understanding the role of the encoder and when
it is useful to parameterise it, which depends on our problem at hand. It is
now obvious that future empirical work should explore how to choose V (and
W) optimally, possibly eliminating the need of a parameterised encoder, and also
carefully explore how to optimally allocate and make use of the (saved) parameters

in Multi-ResNets [104, 183].
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Figure 4.8: U-Nets encode the geometric structure of data.

4.5.2 Staged training enables multi-resolution training and
inference

Having characterised the self-similarity structure of U-Nets in §4.2, a natural idea
is to explicitly train the U-Net U on resolution ¢ — 1 first, then train the U-Net
on resolution ¢ while preconditioning on U,_;, continuing recursively. Optionally,
we can freeze the weights of U;_; upon training on resolution i — 1. We formalise
this idea in Algorithm 1. Algorithm 1 enables training and inference of U-Nets on
multiple resolutions, for instance when several datasets are available. It has two
additional advantages. First, it makes the U-Net modular with respect to data.
When data on a higher-resolution is available, we can reuse our U-Net pretrained
on a lower-resolution in a principled way. Second, it enables to checkpoint the
model during prototyping and experimenting with the model as we can see low-

resolution outputs of our U-Net early.

In Figure 4.7 we illustrate samples from a DDPM diffusion model [92] with a
Residual U-Net trained with Algorithm 1. We use images and noise targets on
multiple resolutions (CIFAR10/MNIST: {4 x 4,8 x 8,16 x 16,32 x 32}) as inputs
during each training stage. We observe high-fidelity samples on multiple resolutions
at the end of each training stage, demonstrating how a U-Net trained via Algorithm

1 can utilise the data available on four different resolutions. It is also worth noting
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Algorithm 1 Multi-resolution training and
sampling via preconditioning.

Require: Boolean FREEZE.
1: fori«+ {1,...,J} do
2: if 4 > 1 then
Precondition on U;_;.
end if
Train U;
if FREEZE is True then
Freeze EY and D! (fix parameters).
end if
end for

that training with Algorithm 1 as opposed to single-stage training (as is standard
practice) does not substantially harm performance of the highest-resolution samples:
(FID on CIFAR10: staged training: 8.33 +0.010; non-staged training: 7.858 4-0.250).
We present results on MNIST, Navier-Stokes and Shallow water, with Multi-
ResNets, and with a strict version of Algorithm 1 where we freeze EY and D!

after training on resolution 7 in Appendix C.2.2.

4.5.3 U-Nets encoding topological structure

In §4.3.3, we showed how to design U-Nets with a natural basis on a triangular
domain, which encodes the topological structure of a problem into its architecture.
Here, we provide proof-of-concept results for this U-Net design. In Figure 4.8,
we illustrate samples from a DDPM diffusion model [92] with a U-Net where we
choose V and W as Haar wavelet subspaces of W = V = L?(A) (see §4.3.3),
ResNet encoders and decoders and average pooling. The model was trained on
MNIST-Triangular, a custom version of MNIST with the digit and support over a
right-angled triangle. While we observe qualitatively correct samples from this
dataset, we note that these are obtained with no hyperparameter tuning to improve
their fidelity. This experiment has a potentially large scope as it paves the way to
designing natural U-Net architectures on tessellations of complicated geometries

such as spheres, manifolds, fractals, or CW-complexes.
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4.6 Conclusion

We provided a framework for designing and analysing U-Nets. Our work has several
limitations: We put particular emphasis on Hilbert spaces as the decoder spaces.
We focus on orthogonal wavelet bases, in particular of L*(X) or L*(A\), while other
bases could be explored (e.g. Fourier frequencies, radial basis functions). Our
framework is motivated by subspace preconditioning, with requires the user to
actively design and choose which subspaces they wish to precondition on. Our
analysis of signal and noise concentration in Theorem 4.2 has been conducted for
a particular, yet common choice of denoising diffusion model, with one channel,
and with functions supported on one spatial dimension only, but can be straight-
forwardly extended with the use of a Kronecker product. Little to no tuning is
performed how to allocate the saved parameters in Multi-ResNet in §4.5.1. We
design and empirically demonstrate U-Nets on triangles, while one could choose a
multitude of other topological structures. Lastly, future work should investigate

optimal choices of U for domain-specific problems.
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Models Bayesian? A Martingale
Perspective

Abstract

In-context learning (ICL) has emerged as a particularly remarkable charac-
teristic of Large Language Models (LLM): given a pretrained LLM and an
observed dataset, LLMs can make predictions for new data points from the
same distribution without fine-tuning. Numerous works have postulated ICL
as approximately Bayesian inference, rendering this a natural hypothesis.
In this work, we analyse this hypothesis from a new angle through the
martingale property, a fundamental requirement of a Bayesian learning system
for exchangeable data. We show that the martingale property is a necessary
condition for unambiguous predictions in such scenarios, and enables a
principled, decomposed notion of uncertainty vital in trustworthy, safety-
critical systems. We derive actionable checks with corresponding theory and
test statistics which must hold if the martingale property is satisfied. We also
examine if uncertainty in LLMs decreases as expected in Bayesian learning
when more data is observed. In three experiments, we provide evidence for
violations of the martingale property, and deviations from a Bayesian scaling
behaviour of uncertainty, falsifying the hypothesis that ICL is Bayesian.
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5.1 Introduction

Large Language Models (LLMs) are autoregressive generative models trained on
vast amounts of data, exhibiting extraordinary performance across a wide array
of tasks [261]. A particularly remarkable characteristic of LLMs is so-called in-
contezt learning (ICL) [27, 59]: Given a pretrained language model p); and an
observed dataset D := {(z1,v1),- ., (Zn,Yn)} = 21., of samples, LLMs capture the
distribution of the underlying random variables X and Y in this in-context dataset.
This allows them produce a new sample (2,11, Y1) using the predictive distribution
Py (Xnat1, Yoi1|Zim = 21m), or if 2,41 is observed infer the predictive distribution

v (Yoi1| Xns1 = Tng1, Z1m = 21m), without retraining or fine-tuning py,.

Few-shot learning via ICL [27] has produced numerous breakthroughs in LLM
research [59], such as in supervised learning [164] or chain-of-thought prompting
[235]. In spite of the remarkable empirical success of ICL, we lack a unified
understanding of the algorithm and the properties of conditioning LLMs on in-
context data. In this work, we are interested in characterising the type of learning
that occurs in ICL. Specifically, we aim to answer the question: is in-context

learning for LLMs on exchangeable data (approximately) Bayesian?

In contrast to prior work, our analysis focuses on one fundamental property of
Bayesian learning systems for exchangeable data: the martingale property. In a
nutshell, the martingale property describes the invariance of a model’s predictive
distribution with respect to missing data from a population. We will formally

define and extensively explain the martingale property in §5.2, but begin by
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Figure 5.1: In-context learning in Large Language Models is not Bayesian. [Left] The
martingale property, a necessary condition of Bayesian learning systems, is satisfied for
short sample paths. [Centre] This allows us to approximate the martingale posterior (see
§5.2.3) which, however, indicates deviation from a reference Bayesian model. [Right] For
longer sample paths, we observe a drift which violates the martingale property, together
rendering the ICL system non-Bayesian.

intuitively describing two important and desirable consequences of it with an example,
highlighting its relevance. These consequences are: (i) the martingale property is a
necessary condition for rendering predictions unambiguous in an exchangeable data

setting, and (ii) it establishes a principled notion of the model’s uncertainty.

Consider a drug company exploring the efficacy of a new medication for headaches.
The company runs a two-arm Randomised Control Trial (RCT) with 100 patients,
50 in each arm, comparing the new treatment with the current standard of care
(in this case ibuprofen), and records the outcome Y € {0, 1} whether patients are
symptom-free four hours after treatment. It is important to note that in this setting,
the distribution of outcomes is independent of the order in which the patients are
observed, a property known as exchangeability (see §5.2 for a formal definition).
Half-way into the trial, the company conducts an interim analysis. Define the
interim observations D = {(z1,v1), ..., (50, Ys0)} where y; indicates outcome, and
xr the treatment arm and other patient covariates. Given these observations, the
company wants to decide whether to stop the trial early. The company uses an
LLM, which was trained on potentially useful background information from the
internet (e.g. on clinical trials, or the efficacy of ibuprofen), to generate or impute
the missing outcomes Y for the missing patients via ICL, and determines if the
RCT is successful combining the observed and synthetic data. It repeats this
imputation procedure J times, and decides to keep going with the trial if the

fraction of symptom-free patients in the treatment over the control arm is above
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a certain threshold on average over these J hypothetical trials. Should we trust

the LLM’s prediction using ICL under this procedure?

In preview of our experimental results in §5.4, the answer is ‘No’. Our experiments
present evidence that state-of-the-art LLMs violate the martingale property in
certain settings (see Fig. 5.1). The martingale property is a necessary condition
for exchangeability, and in turn a fundamental property of Bayesian learning. If
the martingale property is violated by an LLM performing ICL it implies that the
model’s predictions are not exchangeable, and hence that ICL with this LLM is
not following any reasonable notion of probabilistic conditioning. This renders the
LLM’s predictive distribution incoherent: the model can make different predictions
depending on the order in which the patients are imputed. This is problematic
because by the design of an RCT, we know that there is no outcome dependence
on the order of observations. It is incoherent and ambiguous to receive a different
marginal predictions if we for example impute patient # 51 or patient # 100 first.
Note that independent and identically distributed (i.i.d.) is a stricter condition
implying exchangeability, and hence our work also applies to any i.i.d. data setting.
This should caution the practitioner of the use of LLMs in exchangeable applications

and data settings.

But there is a second reason why the martingale property is crucial: it enables a
principled interpretation of the uncertainty of LLMs, allowing us to decompose
inference into epistemic and aleatoric uncertainty (see §5.2 for a detailed intro-
duction). Revisiting the RCT example above, if we acquire data from the 50
remaining patients, a costly decision, can this substantially decrease (epistemic)
uncertainty? What is the effect of acquiring additional features for each patient, e.g.
a genetic predisposition, on the (aleatoric) uncertainty? — Without satisfying the
martingale property, we have no understanding of the effect on reducing uncertainty
in applications where additional data acquisition is feasible, for instance active
learning or reinforcement learning. We cannot study the question ‘why is the

point prediction of my LLM imprecise’ in a principled way, and the uncertainty
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of an LLM’s predictive distribution remains opaque. This finding has important
implications for safety-critical, high-stakes applications of LLMs where trustworthy

systems with a principled uncertainty estimate are vital.

This work states the hypothesis that ICL in LLMs given exchangeable data is
Bayesian. Numerous works have argued that ICL approximates some form of
Bayesian inference [3, 82, 107, 243, 256] which we will review in App. D.4, rendering
this hypothesis natural. Our work introduces a novel perspective which contradicts
their conclusion: we show that the martingale property, a fundamental property of
Bayesian learning systems, is violated for state-of-the-art LLMs such as Llama2,
Mistral, GPT-3.5 and GPT-4. We on purpose focus our analysis on three synthetic
experiments where the ground-truth data generating process is simple and known,
and which provide a useful test bed without the convolution of unknown latent
effects as is typical in natural language. Our goal is to provide a scientific and
precise framework which measures and quantifies the degree to which ICL of

an LLM is Bayesian.

More specifically, our contributions are: (a) We motivate the martingale property as
a fundamental property of Bayesian learning, crucial for unambiguous predictions
of an LLM in exchangeable settings, and a principled interpretation of uncertainty
in LLMs (§5.2). (b) We derive actionable diagnostics with corresponding theory
and test statistics of the martingale property for ICL. We also characterise the
efficiency of ICL compared to standard Bayesian inference (§5.3). (c) We provide
novel evidence for violations of the martingale property through LLMs in certain
settings, and a deviation of the sample efficiency of ICL relative to Bayesian systems,
falsifying our hypothesis that ICL in LLMs is Bayesian and cautioning against the

use of LLMs in exchangeable and safety-critical applications (§5.4).
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5.2 What Characterises a Bayesian Learning Sys-
tem? A Martingale Perspective

In this section we rigorously formalise properties of an ICL system that follows
Bayesian principles. Theoretical details and technical proofs are presented in

App. D.1.

5.2.1 The Martingale Property

We begin by defining the martingale property.

Definition 5.1. The predictive distributions for {Z;} satisfy the martingale property

if for all integers n, k > 0 and realisations {z, z1.,} we have

pM(Zn+1:Z|lenzzlzn) :pM(Zn+k:Z|Zl:nzzl:n)- (51)

Eq. (5.1) states that {Z;} ~ py are conditionally identically distributed ([17]). As
we will explain in §5.2.3, this renders distributions {py/(Z,+1 = *|Z1.n)} to form

a martingale, hence the name ‘martingale property’.

It follows from Eq. (5.1) that predictive distributions of the form pas (Y| Xnik, Z1:n)

satisfy a similar identity:

pM<Yn+1 - y|Xn+1 =, Zl:n - Zl:n)
= pM<Yn+k = y’XnJrk =, Zl:n = Zl:n)

= ]E'ZnJrlszrklep]M(‘|Z1:n221:n)pM(Yn+k = y‘Xn-l-k = Z, Zl:n+k—l)> (5'2)

for all integers n,k > 0, realisations {z.,,y}, and (almost every) realisation z
measured by par(X,11|Z1.n = 21.). In Eq. (5.2) the martingale property renders a
model’s predictions invariant to imputations of missing samples from the population
(on average). Note that Eqgs. (5.1) and (5.2) are equivalent in the unconditional

case (r; = &), which we consider in the majority of our experiments in §5.4.
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Figure 5.2: The martingale property, a fundamental requirement of a Bayesian learning
system, requires invariance with respect to missing samples from a population.

5.2.2 The Martingale Property is Necessary for Unambigu-
ous Predictions under Exchangeable Data

To understand the intuition behind the seemingly technical notion of the martingale
property, consider two scenarios for ICL, illustrated in Fig. 5.2. In both scenarios,
the LLM is given the observed data (D, x,1). In scenario 1, the LLM directly infers
the predictive distribution pyr(Yn+1|Z1.n = 21:m, Xnt1 = Tnt1). In scenario 2, before
making a prediction, the LLM generates (imputes) m — 1 missing samples 2, 2., 1m
from the population autoregressively. Given the observed data and the imputed
samples as a prompt, we then sample from the LLM’s predictive distribution
v (Yoi1| Z1n = 21, X1 = Tnity Zns2mem = Zna2mim). We repeat this imputa-
tion procedure J times and average the obtained predictive distributions to receive
a Monte Carlo estimate of the right-hand side of Eq. (5.2). Scenario 2 is of practical
interest when estimating aggregated statistics of a population as illustrated in our

RCT example in §5.1. — The martingale property then states that the predictive
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distribution from scenario 1, pp/(Yn11|Zn = 2n, Xns1 = Tpy1), and the predictive
distribution from scenario 2, py(Yni1|Zn = 2n, Tnit, Zns2mim = Znt2mim), when

averaged over all possible imputations of 2, 9.,1m, are equivalent.

Why is the martingale property natural for any probabilistic system, and LLMs in
particular? It is important to observe that all information about the distribution
of X and Y presented to the model (in addition to its prior belief [251]) lies
in the observed data (D,z,1). Imputing the samples 2, 9., 1m should hence
not change the predictive distribution for y,,; when averaged over all possible
imputations. This is precisely the core idea of the martingale property. If the
predictive distribution for y,,; changes on average, the model is ‘creating new
knowledge” when there is none: it is ‘hallucinating”. In preview of our experimental
results in §5.4, we observe this violation of the martingale property in state-of-
the-art LLM families. We call this phenomenon introspective hallucinations: by
querying itself, the model changes its predictions (on average), which as we shall

see in §5.2.4 violates how Bayesian systems learn.

There is another way in which predictions are rendered unambiguous: under
exchangeability for which the martingale property is a necessary condition (see App.
D.1) the model is invariant to the order of the observed and missing data. This
requirement is vital if we know that the order of the underlying distributions is
irrelevant, for instance because—as in the RCT example in §5.1—we have designed
the experiment such that we can exclude a dependency on the order. Formally, this
concept is known as exchangeability. A sequence of random variables {Z;} ~ py,

is exchangeable if for all / € N and /-permutations o,

pM(Zl,...,Zg) :pM<ZU(1),...,Za(g)). (53)

Exchangeability guarantees the invariance of predictions to the ordering of the obser-
vations Z.,, but also with respect to the order of future imputations 7,1 __|Z1.,. In

the standard ICL setup, it is natural to assume that the sequence of example tuples
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in the ICL dataset, which is part of the prompt, is i.i.d. and thus exchangeable, and
many influential works make this assumption (often without stating it explicitly)
(107, 231, 243]. To understand the importance of this assumption further, consider
the RCT example in §5.1, where {Z1.100} are (by experimental design) exchangeable.

A model py; should hence satisfy

Pm (Yn+k|Xn+k =, Zl:na Xn+1:n+k—1 - xn+1:n+k—1)

= pM(Yn+k‘Xn+k =7z, Zl:na Xn+1:n+k71 :xo(n—o—l:n—i-k—l))a

meaning that the prediction for Y, x| D, X, is independent of the order of the
imputed inputs T, 1.,1x—1. If @ model py; violates the above equality, there may be
ambiguities in the prediction of the next sample (Y, 1%, X, 1x) as it may depend on
and vary with the ordering. Such ambiguities would substantially undermine the
credibility of predictions, as well as the downstream decision-making based on such
procedures. The martingale property is connected to the above notions of invariance
as a necessary condition for exchangeability. Furthermore, it can even ensure
exchangeability of imputed samples as the observed sample size n becomes large,

because Eq. (5.1) implies asymptotic exchangeability of Z,4; |Z1., [17, Thm. 2.5].

5.2.3 The Martingale Property Enables a Principled Notion
of Uncertainty

The second desirable and important consequence of the martingale property is
that it establishes a principled notion of uncertainty in the model’s predicitive
distribution. More specifically, it allows us to decompose this uncertainty, enabling

us to study and interpret the uncertainty of a model.

To simplify the exposition, suppose the variables Z; are discrete and have A < oo
realisations (both standard in LLMs) !, so that any distribution py(Z = -) can

be identified by a vector § € RA. Let 6,, denote the random vector that indexes

We refer to App. D.2.1 for a review of the more general case.
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pyv(Zns1 | Z1m). Then, the martingale property is equivalent to stating that
{6,,} form a martingale w.r.t. the filtration defined by {Z,}. Under boundedness
conditions always satisfied in the above case, Doob’s theorem [61] states that 6,
converges almost surely to a random vector 0, and we have 0, = Egy_ 7,0,

or equivalently,

pM(Zn—H = | Zl:n) :/p(eoo\len)Pex (Z: -)d@oo. (5‘4)

Note the similarity of Eq. (5.4) with Bayesian inference: the Bayesian posterior

predictive distribution has the form

paulZosr = | Zin) = [ D001 Z1)p(Z = -10)a0. (5.5

The random vector 6., plays the same role as the parameter 6 in a Bayesian
model, as both determine a predictive distribution (pg_(Z) or p(Z|f)). They
are thus interchangeable for prediction purposes. Moreover, if p,, is defined
through Bayesian inference over 6, py._ will define the same distribution over
Z as p(:|0) (see App. D.2.1). Therefore we refer to the distribution 0|Z., as

the martingale posterior.

Eq. (5.4) shows that the variation or uncertainty in the predictive distribution

pv(Zns1r = - | Z1.,) has two sources:

1. epistemic uncertainty, which is about the latent 6., and can be reduced if
more data is available; and

2. aleatoric uncertainty, which is irreducible given a fixed set of features even
if infinite samples are observed and all aspects of the data generating process,

namely the latent 0., are known.

The close connection between Egs. (5.4) and (5.5) shows that this decomposition
of uncertainty is established by the same foundations as in Bayesian inference.
This is particularly relevant for LLMs which lack clearly stated, interpretable and
verifiable assumptions (such as a prespecified statistical model), rendering their

predictive distribution a ‘black-box’.
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Importantly, we can construct the martingale posterior solely using path samples
from py;: we can sample from p(6,.x|Z1.,) simply by sampling Z, 1 1.n16-1|Z1m
as limg_ oo 0,1 x = 0. Alternatively, we can also estimate parametric models on
the path samples as proposed in [70] (see App. D.2.1 for further details). This

construction is an appealing tool for interpreting black-box models such as LLMs.

The interpretable decomposition of uncertainty further provides actionable guidance
on how the combined uncertainty can be reduced: we can collect more samples
to reduce epistemic uncertainty in scenarios where this is possible such as active
learning, reinforcement learning or healthcare; particularly in regions of the input
space where the uncertainty is high. In §5.3.3 we propose diagnostics to check if
epistemic uncertainty decreases w.r.t. training sample size. On the contrary, if the
aleatoric uncertainty is high and ought to be reduced, we cannot do so without
‘changing the problem’, for instance by collecting more features for each data
point. This principled notion of uncertainty in a model is crucial in safety-critical,

high-stakes scenarios for building trustworthy systems.

We present the following example for further intuition:

Example 5.1. Suppose Z; € {0,1}. Then 0y = (0s0,0001) € R?, and py_ =
Bern(fo,1). Thus, in both Eq. (5.4) and Eq. (5.5) the epistemic uncertainty is
represented by a distribution over the Bernoulli parameter, revealing their inherent
connection. The epistemic uncertainty is especially important in scenarios where we
use a black-box model py; to impute the missing samples {Z,,,;} from a population
—as in the RCT example in §5.1— and want to quantify a model’s lack of knowledge
about the population. Note this distribution is not identifiable if we only have
samples from a single-step predictive distribution py(Z,41|Z1.,), but becomes

identifiable given sample paths.
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5.2.4 On the Link between the Martingale Property and
Bayesian Learning Systems

So far, we asserted that the martingale property is fundamental to a Bayesian ICL
system. In this subsection, we want to further formalise this. We have already
discussed the close connection between the martingale property, exchangeability
(§5.2.2), and uncertainty (§5.2.3). We will now show that for ICL on i.i.d. data,
exchangeability, for which the martingale property is a necessary condition, and

Bayesian inference are closely connected, equivalent conditions.

ICL typically assumes i.i.d. observations Zi.,, which is our primary focus in this
work (see §5.2.2). Therefore, a correctly specified Bayesian model should produce

marginal predictive distributions of the form

prt(Zim = 21m) = / oni(Z1 = 21, T = 2n|0)(6)d0 (5.6)
= /(ﬁpM(Z = zi|9)>7r(6)d€, Vn € N. (5.7)

Here, 6 denotes the parameter of a Bayesian model, m denotes the prior measure and
pum(Z = - | 0) denotes the likelihood. From the factorisation over the data dimension
n in (5.7), we can see that it is invariant with respect to permutations of zy.,, and
thus the left-hand side of the equation in (5.6) is invariant, too. It then follows that
{Z;} ~ py satisfies Eq. (5.3), and thus {Z;} are exchangeable. The converse is also
true by de Finetti’s representation theorem [53]: Under mild regularity conditions
any py that defines exchangeable {Z;} must have a representation in the form of
Eq. (5.7). It then follows that the predictive distribution py(Z,+1]|Z1.,) has the

form of a Bayesian posterior predictive distribution,

P31(Zuir| Zin) = [ prs(Zousr|0) (0] Z10) 0,

and can thus be viewed as implicit Bayesian inference for the latent variable 6 [100].
In conclusion, ICL on i.i.d. data corresponds to a Bayesian model that assumes

(conditionally) i.i.d. observations if and only if it defines an exchangeable sample
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sequence. Since the martingale property is a necessary condition for exchangeability,

an ICL system not satisfying the martingale property cannot be Bayesian.

5.3 Probing Bayesian Learning Systems through
Martingales

In this section we introduce practical diagnostics to probe if LLMs match the

behaviour of Bayesian learning systems.

5.3.1 Are All Deviations from Bayes Bad? — Expected and
Acceptable Deviations from Bayesian Reasoning

Numerous properties are implied if a learning system satisfies the martingale
property, a distributional characteristic, and it is both infeasible and unnecessary
as often practically irrelevant to check all of them in order to provide evidence
for or against our hypothesis. For example, the martingale property implies that
all conditional moments should be equivalent, i.e. E(Z., 1|Z1.,) = E(ZL. | Z1.0)
for all integers n,n’,k,l > 0 and n’ > n, yet higher-order moments are not vital
in most applications and hence are acceptable deviations, if existent. Therefore,
we will restrict our attention to two key implications of the martingale property

which—if present—have important practical consequences.

Pretrained LLMs are general-purpose models and can at best approximate Bayesian
learning via ICL. The martingale property is an invariance that is not hard-coded
in their transformer-based architecture, and can only be approximately (rather than
exactly) satisfied. Let us assume that an LLM internally maintains a ‘hierarchy
of states’ [231], say a hierarchical Bayesian model, capturing different tasks (e.g.
Bayesian ICL from i.i.d. data, or acting in a dialogue system), and at each sampling
step first updates its belief about this state. Say there is a probability p that the

LLM deviates from Bayesian ICL or simply fails to approximate. Even if p is small,
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the probability of a deviation 1—(1—p)™ becomes substantial when accumulated
over a long sampling path of length m. In early experiments, we observed frequent
poor approximations for long sampling paths (see Fig. D.5 in the Appendix). This
would trivially falsify the martingale property and our hypothesis.

In our experiments in §5.4, we hence restrict the sampling paths to a short, finite
length where we check the martingale property. We also design our checks to be
robust against such behaviour, for example by removing outliers before computing a
test statistic. Furthermore, we are particularly interested in stark and unequivocal
evidence of the model violating the martingale property beyond an expected error
of any approximating model. We will analyse and quantify violations of the
martingale property with diagnostics, which we introduce in §5.3.2, in order to check
our hypothesis experimentally. In App. D.2.3 we derive the order of ‘acceptable

violations’ for the test statistics we will introduce.

5.3.2 Diagnostics for the Martingale Property

As we showed in §5.2.4, the martingale property is fundamental to a Bayesian
learning system. In this work, we probe the martingale property in LLMs via two
properties implied by it. If these implied properties are strongly violated, so is
the martingale property. More specifically, we will derive implications involving
conditional expectations of the form E(f(Z,+1.n+m)|Z1.n), which can be estimated by
generating sample paths {Zr(zj;i)-lzn tm ~ PM(Zniimim| Z1im = 21:n) } =) autoregressively
with an LLM, and use these samples to form Monte Carlo estimates of the conditional
expectations. We begin with an equivalent characterisation of the (conditional)

martingale property.

Proposition 5.1. A sequence {Z,11.n1m} ~ pu(:|Z1.n) satisfies the martingale
property if and only if the following holds: for all n’, k& € N and integrable functions
g, h:

E((9(Znsr) — 9(Zn41) )M Zngron )| Z1:n) = 0. (5.8)
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We now state two implications of Proposition 5.1, our two diagnostics of the

martingale property, which we will check experimentally in §5.4.

Corollary 5.1. Let {Z; : i € N} be a sequence of random variables satisfying the

martingale property. Then for all integers n,n’, k > 0 and n’ > n it holds that:

(i) E(9(Zns1)|Z1:n) = E(g(Zpsk)| Z1.n) for all integrable functions g, and
(11) E(<Zn’+k+1 - Zn’+1)Z7—LI—’|len) = 0.

Properties (i) and (ii) are derived from Proposition 5.1 by making different choices of
the functions (g, h). Property (i) follows by setting h(Z,1.,/) = 1 and examines the
marginal predictive distributions pas(Z,+x|Z1.,). We instantiate (i) using (at most)
two choices of g: In preview of §5.4, we will perform our checks on unconditional
experiments where Z;—or equivalently Y; because of the unconditional setting—are
Bernoulli or Gaussian distributed random variables. In the Bernoulli experiment it
suffices to choose the identity function g(z) = z, as the mean E(Z,,,x|Z1.,) provides
full information about the distribution pas(Z,4x|Z1.,). In the Gaussian experiment,

2

we will observe that choosing ¢g(z) = z and g(z) = 2 is in most cases sufficient

to reveal substantial violations from the martingale property.

Property (ii) is equivalent to requiring Eq. (5.8) to hold for all linear functions
(g, h), which follows by linearity of the functions and the conditional expectation.
We will again see in our experiments that this choice is usually sufficient to reveal
deviations from the martingale property. Let us further consider our choices

for h and ¢g with an example.

FExample 5.2. Suppose py; is a Bayesian learning system over a latent parameter
(see Eq. (5.7)), and the respective likelihood p(Z|0) satisfies Ez.pz19)Z = 0. Then

by Corollary 5.1, for all (k,n’) we have

o E(Zy1k|Z1.n) = E(0|Z:.,), and

o E(Zyiki12y1|Z10) = E(007|Z1.,) [see e.g. T2, p. 454].
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In this setting, condition (i) (with g(z) = 2) and (ii) thus guarantee that the condi-
tional mean and covariance equal the posterior mean and covariance, respectively,
independent of the indices (n, k). These two important aspects of the posterior are
hence consistently expressed by the model. The example is especially relevant as
it covers Bernoulli (p(Z|f) = Bern(#)) and Gaussian data, which will be our main

focus in the experiments.

In App. D.3 we present aggregated statistics 7}, and T,; to compute and
empirically measure properties (i) and (ii) from sample paths generated by an
LLM. In our experiments, we check if these statistics lie within bootstrapped
confidence intervals obtained by a reference Bayesian predictive model, which
is readily available in synthetic settings, through the same sampling procedure.
We will refer to these comparisons as ‘checks’ of the martingale property. If 7} 4
and Ty, lie outside the confidence interval, properties (i) and (ii) and hence the

martingale property are violated.

5.3.3 Diagnostics for Epistemic Uncertainty

As discussed in §5.2.3, the martingale property allows us to identify epistemic
uncertainty, which should decrease with more observed samples. Here, we derive
a third diagnostic for Bayesian ICL systems which probes this. We begin by
presenting a theoretical fact which provides important intuition on the role of

epistemic uncertainty.

Fact 5.1. Let m(0) and py(Z|f) be the prior and likelihood of a Bayesian model,
0 = Egrn(6]21.,)0 the posterior mean given data 21.,, and || - || be any vector norm.

Then,

Ef)o~7r,z1;n~7r(ZIGO)EGNW(GIzm) HH - énHQ = EQOwazlanﬂ—(z‘GO) HHO - énHQ (5-9>
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The left-hand side in Eq. (5.9) is the trace of the posterior covariance (variance) and
thus measures epistemic uncertainty. The right-hand side is the estimation error
for the true parameter. Thus, Fact 5.1 states that epistemic uncertainty provides
a quantification for the average-case estimation error. Note that Eq. (5.9) only
applies to data from the prior predictive distribution, and thus not necessarily to
the real observations. Nonetheless, a significant deviation of a model from the
known scaling behaviour of the estimation error will indicate non-conformance with
any reasonable Bayesian models. This is precisely our starting point to derive

another diagnostic for Bayesian ICL systems.

As discussed in §5.2.3, we use sample paths generated by an LLM to approximate a
martingale posterior and estimate its epistemic uncertainty. Here, we characterise
epistemic uncertainty through the trace of the posterior covariance of the martingale
posterior, the ‘spread’ of the distribution. Because the sample paths we use are
finite (see §5.3.1) we cannot study the exact martingale posterior directly, which
can only be recovered with infinite samples. Instead, we study the sampling
distribution of the maximum likelihood estimate (MLE) on the first m samples:

O = argmaxgpeo >y log pe(Z,1i), where py is the known parametric likelihood.

We measure the spread of this distribution using its inter-quartile range

Ts = Qors({09)}/_1) — Qoas({69) =), (5.10)

where éﬁ,{) denotes the MLE using the j-th sample path {z,(ﬁi 7., and Qpos and
Qo.75 are the 0.25- and 0.75-quantiles. In our experiments in §5.4 we consider
scenarios where the true data distribution is defined by regular parametric models.
In such cases the optimal (squared) estimation error for the true parameter scales
O(d/n) where n is the ICL dataset size and d is the dimension of the parameter,
which is also the minimax lower bound [224, Ch. 8]. When choosing m = ©(n),
a reference Bayesian model will also have the O(d/n) scaling behaviour following
classical posterior contraction results in statistics; see App. D.2.2. Therefore,

we can compare the asymptotic scaling of T3 between an LLM and a reference

Bayesian parametric model through the same sampling-based procedure. If the



5.4. Experimental Analysis on LLMs 112

scaling behaviour of T3 from our LLM deviates from that of the reference Bayesian
model, we can conclude that the LLM either exhibits a marked loss of estimation
efficiency, or does not maintain a correct notion of epistemic uncertainty at all.

Both characteristics contradict a Bayesian ICL system and are undesirable.

5.4 Experimental Analysis on LLMs

In this section, we experimentally probe whether ICL in state-of-the-art LLMs is
Bayesian using the diagnostics discussed in §5.3 and corresponding test statistics
T 4,15k, T5. We provide our code base on https://github.com/meta-inf/bayes_

icl.

5.4.1 Experiment Setup

We consider three types of synthetic datasets zi.,:

« Bernoulli: Z; ~ Bern(f), where 6 € {0.3,0.5,0.7};

o Gaussian: Z; ~ N(0,1), where § € {—1,0,1};

e A synthetic natural language experiment representing a prototypical clinical
diagnostic task, where Z; = (X;,Y;) indicate the presence or absence of a
symptom and disease as a text string for the i-th patient, respectively. Further,

X; ~ Bern(0.5), Y;|X; ~ Bern(0.3 + 0.4X;).

On purpose, we reduce our experimental setup to these minimum viable test beds
where the ground-truth latent parameters are known, stripping away the convoluted
latent complexity of in-the-wild NLP data. We use the following LLMs: 11ama-2-7B
with 7B parameters ([218]), mistral-7B ([106]), gpt-3 [27] with 2.7B and 170B

parameters, gpt-3.5, and gpt-4 [176]%.

2We only use gpt-4 in a subset of experiments (Fig. 5.3, Fig. 5.5 in the text) due to API and
resource limitations (App. D.3.1).


https://github.com/meta-inf/bayes_icl
https://github.com/meta-inf/bayes_icl
https://github.com/meta-inf/bayes_icl
https://github.com/meta-inf/bayes_icl
https://huggingface.co/meta-llama/Llama-2-7b-hf
https://huggingface.co/mistralai/Mistral-7B-v0.1
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In all experiments we compute test statistics on LLM samples, and compare their
behaviour with the same statistics evaluated on samples from a reference Bayesian
model. More specifically, in §5.4.2 we compare the statistics obtained from LLMs
with the bootstrap confidence intervals (CIs) derived from the reference Bayesian
model. A deviation will thus indicate that the LLM is unlikely to be a good
approximation of the reference Bayesian model. More importantly, when n becomes
moderately large, the Bernsten von-Mises theorem [224] applies: the deviations
then imply that the LLM is highly likely deviating from all reasonable Bayesian
models, namely those satisfying the regularity conditions of the theorem. This
is because the theorem guarantees that the test statistics derived from all such

models have asymptotically? equivalent distributions.

We refer to App. D.3.1 for additional experimental details, such as the prompt
format, tokenization, and computational requirements, as well as additional ex-

perimental results.

5.4.2 Checking the Martingale Property

We first check if state-of-the-art LLMs satisfy the martingale property. As we dis-

cussed in §5.2, this is a necessary condition for an exchangeable Bayesian ICL system.

Bernoulli experiment. Fig. 5.3 reports the results of the Bernoulli experiments
with n = 50 observed samples, LLM sample paths of length m € {n/2,2n}, and
datasets with ground-truth mean 6 € {.3,.5,.7}. As discussed in §5.3.2 and §5.4.1
above, we compute the test statistics T} , and 15 on J sample paths generated
by an LLM, and compare them with bootstrap CIs (of high confidence, see scale
of y-axis) obtained from a reference Bayesian model. Here we define the reference

model using a Bernoulli likelihood and a non-informative Beta(1,1) prior.

3We note that the asymptotic equivalence results are relevant in our setting. As a concrete
example, in the setting of Fig. 5.3 (a), the CIs obtained by using Beta(l,11) and Beta(1,1) as the
reference model are practically indistinguishable; the difference is on the order of 1074.
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Figure 5.3: Checking the martingale property on Bernoulli experiments. Each data point
represents a test statistic (y-axis) evaluated for an LLM, as derived in §5.3.2. Subplot
and x-axis correspond to choices of Bernoulli probabilities and LLMs. Shade indicates
the 95% confidence interval from a reference Bayesian model.

For short sample paths of length m = n/2 (subplots (a) and (b)), most LLMs lead to
test statistics that are generally within the respective Cls, with the main exception
being gpt-4 (6 € {0.3,0.5}), indicating a mostly adherence to the martingale
property. However, for longer sample paths with m = 2n (subplots (¢) and (d)),
more frequent deviations from the Cls are observed. For brevity, full results for
other choices of n and LLMs are deferred to App. D.3.2. The findings are generally
consistent across all choices of n. We also observe gpt-3.5 to perform better
than gpt-4 but worse than gpt-3-170b. As we discuss in App. D.3.2 the latter
observation may be explained by the fact that gpt-3.5 and gpt-4 have undergone
instruction tuning [177]. In summary, in the Bernoulli experiments the LLMs

generally adhere to the martingale property in short sampling horizons, but in
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Figure 5.4: Checking the martingale property on Gaussian experiments. We present
runs with 6 = —1,n = 100, m = 50 from different LLMs (x-axis) with test functions
g(z) = z and g(2) = 22. See Fig. 5.3 for further details.

longer horizons demonstrate a significant deviation from the martingale property

and hence the Bayesian principle.

Gaussian experiment. In Fig. 5.4 we present results on the Gaussian experiment
with § = —1,n = 100, m = n/2, again performing both checks of the martingale
property and using a reference Bayesian model with the non-informative prior
N(0,100). As we can see, all models except gpt-3.5 demonstrate clear deviation
from the martingale property. Additional results for gpt-3.5 in App. D.3 present
our diagnostics with other choices of (n,m,0), demonstrating a deviation from
the predictive distribution of the reference Bayesian posterior. In conclusion, the
presented evidence on the Gaussian experiment falsifies our hypothesis of Bayesian

behaviour with the tested LLMs.

Synthetic natural language experiment. In Fig. 5.5 we present our results
for the natural language experiment with n = 80,m = 40,¢(z) = z using the
GPT models. Here, we compute the test statistics on samples separated by the
Bernoulli-distributed value of X; (see App. D.3.1 for details). As we can see, both
gpt-3.5 and gpt-4 demonstrate deviation from a reference Bayesian posterior.
This provides further evidence of violations of the martingale property in settings

where natural language (instead of numbers) is used.



5.4. Experimental Analysis on LLMs 116

L 0.025 /_0_025 Lo.1
- 0.000 ; - 0.000 ;
\ F—0.025 L —0.025 o0

- 0.05 g [o0e
—
%-o,oo ‘ L 0.0 ; <-o.oo

r —0.05

Tig
Tig
Ti,g

T2k
T2,k
T2,k

r —0.05

T T T T F-0.1 T T
0 1 0 1 0 1
X X X

(a) GPT-3-170B (b) GPT-3.5 (c) GPT-4

Figure 5.5: Checking the martingale property on the natural language experiment. We
present both checks with test statistics computed separately for each value of X; (x-axis).
See Fig. 5.3 for further details.
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Figure 5.6: Scaling of epistemic uncertainty on the Bernoulli experiment: the test
statistic T3 (§5.3.3) computed on LLMs, compared with Bayesian and fractional Bayesian
models.

5.4.3 Checking Epistemic Uncertainty of LLMs

In this subsection we analyse the scaling behaviour of an LLM’s uncertainty. In
Fig. 5.6 we measure T3 (y-axis on a log-scale) and compare the approximate
martingale posterior of an LLM with a reference Bayesian model when increasing
the number of observed samples n (x-axis). We consider a Bernoulli experiment
with § = 0.5 as it is the only experimental setting where, with a short sampling
horizon of m = n/2, all LLMs approximately adhere to the martingale property. In
addition to the standard reference Bayesian model, we also consider two a-fractional

Bayesian posteriors [18], which are generalisations of the Bayesian posterior that
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exhibit a O(d/an) scaling for its epistemic uncertainty. They allow us to check
the weaker hypothesis whether an LLM’s epistemic uncertainty scales at least up

to the correct order of magnitude.

We observe that the asymptotic rate of 11ama-2-7b and gpt-3.5 is slower than that
of a Bayesian model, which suggests inefficiency as discussed in §5.3.3. Furthermore,
gpt-3.5 demonstrates over-confidence in the small-sample regime. The scaling
of gpt-3-170b and mistral-7b are closer to the Bayesian model, even though
not exactly matching the latter. This finding is interesting as on the Bernoulli
experiments, gpt-3-170b and mistral-7b also demonstrate the best adherence

to the martingale property.

5.5 Conclusion

In this work we stated the martingale property as a fundamental requirement
of a Bayesian learning system for exchangeable data, and discussed its desirable
consequences if satisfied by an LLM. Based on this property we derived three
different diagnostics that allowed us to check whether LLMs adhere to the Bayesian
principle on synthetic in-context learning tasks. We presented stark evidence
that state-of-the-art LLMs violate the martingale property, and hence falsified the

hypthesis that ICL in LLMs is Bayesian.

Our investigation is particularly relevant to a recent line of work that investigates
LLM-based ICL for tabular data modelling: for prediction on noisy tabular datasets
[155, 245], the martingale property would enable us to diagnose the predictive
uncertainty; and for synthetic data generation [23, 83, 227], it is vital to ensuring
valid inference based on imputations of missing data (§5.2.2). It is thus of practical

interest to develop models that better adhere to the martingale property.
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The primary limitation of our work is the (intentional) restriction to small-scale,
synthetic datasets, which are different from common NLP applications. We note
that while our diagnostics are designed for synthetic problems, they reflect a broader
principle: Bayesian epistemic uncertainty can be extracted from black-box models
by examining the correlation structure in sequential predictions. This is clearly
shown by the variance estimator in Example 5.2, and by the fact that MLE on
sampled paths approximates the Bayesian posterior (§5.3.3). Future work could

investigate generalisations of this approach.

More broadly, the RCT example in §5.1 can arguably be viewed as the simplest
type of decision task involving multi-step reasoning, as the right decision (here
based on an average treatment effect) is only naturally determined after imputing
all missing samples. Thus, it would be interesting to investigate analogies to the
hallucination behaviour we have identified for ICL in more complex reasoning tasks
such as those involving chain-of-thought prompting [235]. Lastly, it may be worth
to consider fine-tuning objectives to achieve an idealised Bayesian behaviour with

a model after pretraining, but before deployment.
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This thesis analysed existing and proposed novel inductive biases for generative
models. Covering several generative model classes, including VAEs, HVAES,
diffusion models and autoregressive models, we extended the research literature
by theoretically characterising aspects which are crucial for making these models
work well, and exploited this insight to derive ways to improve their applicability,

stability, and performance for generative tasks.

6.1 Discussion

In Chapter 2 we presented MFCVAE, a novel VAE for the purpose of finding
structure in high-dimensional data by uncovering multiple ways in which the data
can be clustered. This model is useful in exploratory analysis of high-dimensional
data where we—often guided by prior knowledge—assume the presence of multiple
clusterings in a dataset, each containing distinct clusters. We achieved this with
a VAE featuring a multiple MoG prior, whose generative model is the assumed
generative process of the data. We stabilised its training through the combination
of a VLAE neural architecture, in which each latent level’s neural network has
a different expressivity, and a progressive training algorithm, which learns the

facets (i.e. clusterings) sequentially.

The method we proposed is applicable to any type of data, however, our experiments

are limited to images. While this is a common limitation of many works in deep

121
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clustering, specific choices such as the neural architecture and the progressive
training algorithm, which both exploit the inherently hierarchical, multi-resolution
nature of images, are not guaranteed to translate well to other modalities out of the
box. Another limitation is MFCVAE’s ‘duplication’ of clusters: sometimes multiple
clusters represent the same abstract characteristic (e.g. the combination of ‘cube’

and ‘blue floor hue’ in 3DShapes). A technique which made the clusters unique

may overcome these identifiability issues [122], and we leave this for future work.

Hyperparameter tuning for this method can require effort: in addition to the
stabilising techniques mentioned above, finding the right training and loss parameters
is crucial for the method to perform well, and sometimes small adjustments to
the hyperparameters can make the method deteriorate between different random
seeds (while it is stable between random seeds if the right hyperparameters have
been found). In this case the method may collapse to a single facet, or a single
cluster within one facet. Furthermore, by definition of the task, there are no
ground-truth labels which can be used to optimise the method. This applies in
particular to crucial parameters such as the number of clusterings and the number
of clusters in each clustering which need to be defined a priori. We envision a
more holistic algorithm which automatises hyperparameter search for multi-facet
clustering during an exploratory data analysis. This could for instance be realised
by simultaneously training multiple clustering models and selecting the best model
based on their likelihood of the data, or problem-specific heuristics suited for

exploring the data and gaining novel insight into it.

In Chapter 3 we analysed and expanded the understanding of the inductive bias
of HVAEs. We showed a conjugacy between average pooling and projection to a
lower resolution Haar wavelet subspace up to a change of basis, connecting the
U-Net like architecture of HVAEs with Haar wavelet compression. Furthermore, by
characterising HVAE cells as discretisations of a diffusion SDE, and their U-Net like
architecture as discretisations of a multi-resolution diffusion process, we identified an

important connection between HVAEs and diffusion models. This insight expands
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our understanding of the relation between the two model classes, and allows future

work to further analyse and explore the potential interpolation between them.

A well-known issue when training HVAEs is posterior collapse, the phenomenon
where the posterior distribution exactly equals the prior distribution, nullifying
the contribution of the respective KL-divergence in the loss. Posterior collapse
typically results in deteriorating model performance. In HVAESs, the phenomenon
is particularly distinct due to the large number of KL divergences in the loss, one
for each latent variable in the hierarchy. This empirically manifests as all but
one of the KL divergences collapsing at some point during training. While we
tried to theoretically (e.g. in Theorem 5) and empirically (e.g. through gradient
clipping) explain and overcome these instabilities, HVAEs keep deteriorating at
times during training without a known root cause. Posterior collapse hence remains

an open problem.

This project opens up several potential research directions for HVAEs. An obvious
next step of this work is to design HVAE cells which implement other, potentially
higher-order SDE discretisations. A second idea is to analyse the benefits of
weight-sharing in HVAEs further. Even though we found weight-sharing to be
beneficial for parameter efficiency, the number of latent layers that can share weights
without diminishing performance was typically small (about 3 to 6). Implementing
more modern neural network layers such as attention or making use of other
advances which enable weight-sharing across all (time) steps in diffusion models

might overcome this limitation.

More generally, when compared to diffusion models, HVAEs are currently a largely
abandoned stream of research. There are mainly empirical reasons for this due
to better performance and training stability of diffusion models, however, there is
no fundamental reason why HVAESs, arguably the more general model class, could
not outperform diffusion models. Future work should further explore their relation

and provide further insight on how they compare [173].
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In Chapter 4 we rigorously analysed and extended U-Nets. We provided a definition
for U-Nets which allowed us to characterise preconditioning as the key design
principle of U-Nets, the role of the encoder and decoder operators, their high-
resolution scaling limits, and their conjugacy to ResNets. Based on this mathemati-
cal framework for U-Nets, we proposed a novel type of U-Net, a Multi-ResNet, which
has a parameter-free encoder, and demonstrated the efficiency and performance of
this model on PDE surrogate modelling and image segmentation. In the context of
diffusion models, we identified how high-frequency components under the lens of a
Haar wavelet basis are dominated by noise exponentially faster than low frequency

components, and how U-Nets exploit this inductive bias of diffusion models.

This work paves the way to further analysis of U-Nets within our framework. It
enables the design of U-Net architectures capturing problem-specific constraints,
such as a natural basis for a PDE problem, a boundary constraint, or the topology of
a problem (e.g. data on a sphere or triangle). It allows us to understand the inductive
bias of U-Nets better and improve it for specific generative models, for instance
diffusion models, in future work. Most importantly, this work is an attempt to ever
so slightly open and understand the black box of the neural network used within

generative models, which is their key ingredient, yet it is often poorly understood.

One important limitation is our focus on Haar wavelets as the function (sub-)spaces
of choice. While this focus is due to the frequent use of average pooling as the
downsampling operation in U-Nets on imaging data, which is conjugate to Haar
wavelet projection, other function spaces natural for specific data or problems should
be explored, particularly for Multi-ResNets. Further, this work has demonstrated
how to satisfy functional constraints in a U-Net, such as boundary conditions of a
PDE, but we have not explored its benefit experimentally. Lastly, the extension to
apply U-Nets on non-square domains which this work enables is—with the exception

of a proof-of-concept on a triangular domain—Ileft for future work.
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In Chapter 5 we analysed whether in-context learning in LLMs follows Bayesian
principles. By investigating the martingale property, a necessary condition for a
Bayesian learning system, in LLMs, we found that state-of-the-art LLMs consistently
violate this property, and hence do not show Bayesian behaviour. This has important
implications for the use of LLMs in safety-critical applications where principled
uncertainty estimates are essential, and for the properties of LLMs for reasoning

more generally.

Compared with industrial-scale LLM research, the experiments in this work were
performed on relatively small and synthetic data. Furthermore, the prior and
likelihood distributions were assumed to be known. Extending the methodology
and experiments to large-scale, real-world data, which LLMs are normally applied
on, would be a valuable extension of our work. Moreover, as LLMs are an active
field of research with new model versions appearing regularly, it will be interesting
to see how LLMs evolve with respect to the Bayesian properties we proposed, which
could in future iterations serve as potential evaluation metrics. Lastly, analysing
the effect of advanced inference-time techniques such as chain-of-thought prompting
[235] and fine-tuning which encourage the model’s adherence to Bayesian learning

principles would be an interesting direction for future work.

6.2 Outlook

Generative models are a rapidly evolving area of research. Generative approaches
for numerous applications are proposed every year. These generative approaches
are typically a complex interplay of multiple components crucial for the model’s
success. A non-exhaustive list includes their training and sampling algorithm
(including potential training stages, such as pretraining and fine-tuning), the
hyperparameters, the loss function, the neural architecture, and safety tuning.
Each of these components has specific instantiations in large-scale models. Their

development is typically driven by empirical performance on evaluation metrics and
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is highly tuned for a specific model instance. This possibly results in local minima
whose insights are not always influencing other instantiations within the same model
class, let alone models from another class. This thesis complements this important,
highly influential stream of work at the frontier by contributing theoretical and
analytical insight into the inductive biases of selected core components of generative

models, with a view to translate these into empirical value.

Generative model classes and their inductive biases are often perceived as entirely
disjunct from one another. This is reinforced by the observation that there is often
exactly one model class which outperforms all others on certain applications or
data modalities, such as diffusion models on images and LLMs on text. However,
the utility and inductive bias of some of their components (such as the U-Net
architecture) is transferable across generative models, as we have shown for HVAEs
and diffusion models in Chapter 3. To give another example, Kingma et al. showed
that many commonly used loss functions in diffusion models can be viewed as
an ELBO with data augmentation, which relates this important component of
VAEs, HVAEs and diffusion models. Furthermore, they also demonstrated that
the loss of diffusion models with a certain weighting is equivalent to the loss of a
specific, frequently used variant of flow matching models [143], a recent contender
of diffusion models [117]. These results demonstrate that we can derive theoretical
results which uncover close connections between model classes, a line of work

which this thesis contributed to.

Future work should further explore the relations and interpolations of generative
models and their inductive bias. We should work towards a unifying theory of
generative models, which identifies the foundational design principles and inductive
biases of generative models, and understands when and why they work. This
theory shall provide the mathematical framework for designing novel inductive

biases of future generative models.
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A.1 J Independent Mixture of Gaussians prior
on 2

Let p(z;) be the marginal distribution of z; as follows

p(z) = plcj, 25) (A1)

= Z p(c)N (25l pe;, ;) (A.3)

c;j=1

where p(c;) is a categorical distribution. Thus, p(z;) is a Mixture-of-Gaussians

(MoG).

Let us now derive p(Z), the marginal distribution of Z, as follows

p(Z) = p(z1,22,...,27) (A.4)
= Ep<zj) (A.5)

= l:[ Z N (zjlthe, . Ze,) (A.6)

where Eq. (A.5) follows from the indepdendence assumption of facets, and Eq. (A.6)
uses Eq. (A.3). The resulting marginal of Z is our prior of J independent MoGs.

Linear (rather than exponential) complexity of number of clusters.
Besides its representational advantages, the multi-facet prior structure features a
computational advantage: Given multiple known partitions of a dataset, the total
number of clusters over all facets required to represent these partitions scales linearly
w.r.t. the number of such partitions. In comparison, the number of clusters required

in a single-facet model suffers from combinatorial explosion and scales exponentially.

To understand this, let us consider a hypothetical multi-partition image dataset

of (rather standardised) hotel rooms which features J facets Cy,Cs, ..., C; with
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K possible discrete values for each characteristic, for example, the colour of the
bed sheets, walls, interiors, whether a phone is present or not, the view of the
room (beach, forest, city, ...). We now attempt to find reasonable clusters in this
dataset. In principle, a single-partition model could learn all cross-combinations

Cy x Oy x --- x Cy. In general, this requires to learn “at least” O(H}]:1 K;) latent

clusters !. Compare this with a multi-partition model such as MFCVAE. Here,

J

we need to learn “at least” O(X;_; K;). If K; = K is equally large for all facets,

the number of latent clusters to learn is O(K”) for a single-partition model and

O(K - J) for a multi-partition model.

A.2 VaDE Trick Proofs
A.2.1 Single-Facet VaDE Trick

Proof. (Theorem 2.1: Single-Facet VaDE Trick)

qg(clx)
E, (zx) KL =E, (zx) Eq. (el | AT
a0 (zlx) KL [gg(c[x)[|po(c|z)] = Eq, (alx) Eq, (clx) log Po(cl) (A7)
go(c|x
= EQ¢(0|X) log d)( ‘ ) (A8)

exp(Eqy, (zx) log po(c|z))
= KL [gy(c[x)[|m(clgs(z|x))] — log Z(g4(2[x)) (A.9)

which is minimised w.r.t. g,(c|x) by setting the KL term to zero by g,(c|x) =

e (clgs(2]x)), where

exp (Eq, zx lo clz
7(clgy(z|x)) == P ( qu(z))(Zé;;e( | )) forc=1,...,K (A.10)

Z(q(z]x)) := Z:lexp (Eq¢(z|x) logpg(c|z)) : (A.11)

as required. Here, Z(q4(2z|x)) is the appropriate normalization constant for Eq. (A.10)

to define a probability mass function. m

IThis assumes that every cluster in the latent space corresponds to exactly one cross-combination
of the data facets. Empirically, we find that for statistical reasons (“having more shots”), it can
be desirable to have more latent clusters per facet than values possible for each facet.
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Misapprehension in original statement

In the original paper, [108], they reach Eq. (2.5):

L(x;6, ) = Eqy (afx) log po(x|2) — KL [g5(2[%)|[ps(2)] = Eg, ape) KL [g5(c|x)][po(c|2)] -

®

The claim made (appendix A of [108]) is that q(c|x) = Eq, (zx) p(c|z’) makes the

final term, @ = Ey, (z1x) KL [g4(c|x)||po(c|z)], equal to zero. Substituting this form
for g¢s(c|x) in Eq. (A.12), we get:

@) = By, (oo KL [g6(c|x)][po(c|z)]

K
ds(clx)
= [ dzgs(z|x clx) log ——=%
] as(al) S astelx) o 32 O
K E " (C|Z”)
= [ dzq,(z]x E, 15 p(c|z') 1o 40 (2" P A.12
[ 20(21%) 32 B el log =22 0 (A12)

J dz" g4 (2"[x)p(c|2")
po(clz)

— /dz qdz\x)i (/ dz’ q¢(z’]x)p(c]z’)> log

= f (/f a2 as(z'boptelz) ) [1og [ dz" au(2'Ixp(elz") — [ dzas(zix) log polcla)

#0 2
(A.13)

?

0

In the above derivations, we use z, z’' and z” to mark separate occurrences of the
variable z in different integrals. The first term in Eq. (A.13) is strictly positive.
To satisfy the claim, the second term in Eq. (A.13) would have to be equal to
zero for all ¢ € {1,..., K}, which in general does not hold. We note that in the
original codebase for [108], training is not done using the form of the ELBO as above,

Eq. (2.5) with @ = 0, instead, using the general form where all terms are calculated.

Monte Carlo Sampling of the VaDE-Trick objective: These results and
analysis raise the natural question: how is it that this misapprehension has
lasted? Perhaps this is because of the following lucky accident when perform-

ing MC sampling.
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If one substitutes the optimal forms of Theorem 2.1 back into the initial £ and then
estimates the resulting objective using a single MC sample from z, then the resulting

estimator looks like is an estimator of Eq (2.5) with the final term set to zero, that is:

L(x;0,0) = Ey, (z1x) log ps(x|z) — KL [g5(z]x)||ps(2)]

Equivalently, in reverse, taking a single MC sample for z and using the above
misapprehension as the training objective results in the same estimator as one gets

from taking one MC sample for the true objective.

Let us push through the former of these, constructing the objective and MC

estimator for the correct optimal objective:

po(x|2)p(z, )
L(x;0,9) = 2lx ¥ |log
(#pas(R) |7 g, (2x) o (clx)
qs(cx)
= Ky, (zx)[l0g po(x|z) — log ¢4 (2[x)] — Ey, (21x) Eq,clx) 10g P0(7.0) (A.15)
g4 (clx)

(A.14)

=E,, zx)logpe(x|z) — log qs(z|x)| — E,, (cx) log
¢ (2l )l (x|z) o(2]x)] ag(clx) eXp(]Eq¢(z|x) log ps(z, ¢))
(A.16)

= Ey, (z1x) [108 po(x|2) — log q4(z|x)]

— KL [gs(c)|Im(clas(z[x))] + log Z(qs(2[x)) (A.17)

where

exp(Ey, z1x) log pa(z, ¢))

7 (clgy(2]x)) == Z( »(2[x))

Z(q¢(z|x)) = Zexp 46 (2]) log pe(z,¢)) . (A.19)

ceC

forceC (A.18)

Setting g,(c|x) = m(c|gs(z|x)) and substituting z) for [ = 1,..., L Monte Carlo

samples from g,4(z|x):

L
L(x;0,0) ~ Zlngg x|z — log q¢(z(1)]x)

L
+log ) exp (L Zlngg(Z(l), c)) (A.20)
1=1

which reduces for L = 1 to

L(x;0,$) =~ log pg(x|zM) — log g4(zV |x) + log ps(z1). (A.21)
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This appears to be a MC estimator for

‘C(X; 97 ¢) = ]Eq¢(z|x) Inge(X’Z) — KL [q(b(Z‘X)Hpg(Z)] . (A22)

This appearance is purely because the log >~ exp 3" log in Eq (A.20) luckily simplifies

when L = 1. Because of this lucky coincidence, all empirical results in [108] are valid.

A.2.2 Multi-Facet VaDE Trick (factorised distribution)

Proof. (Theorem 2.2: Multi-Facet VaDE Trick for factorised distribution g4(Z|x) =
I1; 44 (2[x))

. g (c|x)
E, 0 KL —E, s Eo el ] * A.23
0 (2% KL [g5(c|x)||po(c|Z)] = Eq, z1x) Eqy (clx) l0g o(cl?) (A.23)
go(clx
= Eq¢(c‘x) log ¢( | ) (A.24)

eXp(]Eq¢(z|x) log yo (C|Z))

qs(c[x)
9o (1) exp (2 Eq, (z;1x) log po(c;|z;))

g(c[x)
_E o A.26
g (clx) 108 I1; eXp(Eq¢(zJ‘|X) logPH(cj’Zj» ( )

= KL | go(clx) | [T m5(ejlas(z;1%)) | — > log Z;(gs(2;1x))
’ ’ (A.27)
which is minimised w.r.t. gs(c|x) by setting the KL term to zero by g,(c|x) =
[T 7;(c;lqs(2(x)), where
exXp (g, 1% 0g po(c;]2;))

7 (cilqe(z;|x)) == 7:(002,1%) forc;=1,... K, (A.28)
j j
K
Z1(a6(251%)) = 3 exXD(Eqy o, o8 Do(c5125) (A.29)
Cj=1

where Z;(qs(2z;|x)) is a normalisation constant for ;(c;j|gs(2z;x)), and we have

used the relations
q4(Z|x) = HQ¢(Zj|X) (A.30)
J
po(clZ) = [ 1 po(c;lz;) (A.31)
J

as required. O
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A.2.3 Multi-Facet VaDE Trick (general distribution)

While we use a posterior over Z that factorises between facets, g, (Z]x) = IT/_; g4(z;]x),
there is the question as to whether one can use a VaDE trick in the case where
the posterior for Z has a general factorisation (e.g. an autoregressive factorisation
over facets). An example would be ¢4(Z]x) = [T/, ¢s(2;|z<;, ), the posterior
factorisation used in many hierarchical VAEs [34, 119, 221]. We answer this

question in the affirmative:

Theorem A.1. (Multi-Facet VaDE Trick for general q4(Z|x), p(Z,c)) For any prob-
ability distribution q4(Z|x), the distribution qy(c|x) that minimises Eq, zx) KL [g4(c[x)||po(c|Z)]
8
argmin B 1) KL 0560 o €12)] = 7(cla @) (A.32)
qe(clx

where the minimum value is attained at

min By KL g5(cl)[p(cl2)] = ~1og Z(q,(21x) (A.33)
where
E, zx ] Z
#(clo(#x)) 1= P Erstzo loBPO(CD) (A.34)
Z(q4(2|x))
Z(q5(@1x)) == Y exp(Eyyarm) log po(cl)) - (A.35)
ceC
Proof.
; qs(c|x)
Eq, (zx) KL [qs(c|x)|[po(c|Z)] = Ey, @x) Eqy(clx) 10g pd;(c|i’) (A.36)
go(clx
= Eq, e log o(cpx) (A.37)

exp(E%@x) log pe(c|Z))
= KL [gy(c|x)[|7(clqs(Z]x))] — log Z(gs(Z]x)) (A.38)

which is minimised by setting the KL term to zero as required. O]
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A.3 Monte Carlo estimator of Evidence Lower
Bound

A.3.1 Primary form

We start the derivation from the ELBO in Eq. (2.4):

polxlpol,c)
£060.0) = Brsaonsexllo8 Gy eho) (A5
Eqs@poas (i 108 RobelZ)p @l )bo(c) (A.40)

+ Eqg, (o) [log po(€)] — Eqy @1x) [108 65(2]x)] — Eq, (clx) [l0g g4(clx)]
(A.41)

Next, we note that Theorem 2 has the optimal value of ¢(c|x) taking the factorised

form

J
=[] a(¢;]x). (A.42)
7=1
Combining this with the factorised prior introduced in Eq. (2.2), the loss can
then be simplified and approximated as
J
L(x;0,¢) ~ Eqy @) log po(X|Z)] + D B, (2 )00 (1) (108 16 (25 | ¢5)]
j=1
J J J
+ 2 Eagtesi 10820(¢5)] = 3 By, [108 6o(251%)] = D By ey1) [108 g0 (c[x)]
7=1

j=1 j=1
(A.43)

Then we approximate the ELBO using MC estimation by drawing samples from

4 (2]x):
1 1 L L5
L(x;0,¢) = ZZInge x|Z") + — ZZ ¢o(cj]x) log p (2" |c))
=1 L= j=1c¢;=1
J K 1 L J J K
+ Z Z qs(cj|x) log py(c;) ZZlog G (2 Z q¢(cj|x) log qg(cj|x)
j=lcj=1 l:l Jj=1 j=lcj=1

(A.44)
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where the optimal value of g4(c;|x) is obtained from Theorem 2.2:

exp [ SF, log py(c;|z))]

go(ci|x) := forc,=1,...  K; A.45

ol Z (a2, 1) ’ A
o 1 & 0

Zi(qs(2|x)) = Z exp [L Zlogpg(cj|zj )] . (A.46)
c;j=1 =1

which reduces to
4s(c;1%) = polc;|zi) for j=1,...,J (A.A47)
when L = 1.

As a result, we obtain the loss for L = 1:

J K
L(x;0,6) = logpo(x|Z") + > 3" po(c;lzy) (log po(z ;) + log po(cy) )
j=lcj=1
J ) J K
=Y logau(z %) = 323" paleslz”) log poes =) (A.48)
Jj=1 J=1¢j=1

A.3.2 Alternate form

Again, we start the derivation of an MC estimator from Eq. (2.4):

£0x0.6) = B e log S DR (.49
= By, @), (cho [l0g ((M'(Z),Xé))((;)ﬁgz)] (A.50)

= Eq, (@) [log po(x|2) — log ¢4(Z[x) + log py(2)]
+ Eqy(ex) [Egy 20 l0g po(c | Z) — log go(clx)] (A.51)

where an alternative factorisation of py(Z, c) is used in Eq. (A.50), resulting in a

different, but equivalent formulation of the ELBO in Eq. (A.41).
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Next, we draw MC samples from g,(Z|x):

L
L(x;0,0)=—>" {logpg x|Z") — log 5(Z""|x) + log py(Z ())} (A.52)

=1

h\H

_|_

faute) |33 toumie |20 ~togaste| - as9)
ceC =1

where the optimal value of g4(c|x) when L = 1 is similarly obtained from Theo-

rem 2.2:
J
gs(clx) = ] as(cj|x) (A.54)
7=1
4s(c;1%) = palc;lzl") for j=1,...,J (A.55)

In this case, the term in (A.53) evaluates to zero, because from Theorem 2

J J
logps(c | Z27) = S logpe(e; | 237) = 3 log gs(cj]x) = log gg(c|x). (A.56)

J=1 J=1

Consequently, we obtain the loss for L = 1:

L(x;0,¢) =logpe(x|Z"") — log g4 (2" |x) + log pe(Z") (A.57)
where
1 J (1)
162" [x) = [ as(2}" %) (A.58)
j=1

1 4 1 &
po(Z") = T] po H > po(z |C] po(c;) (A.59)

J=1 j=1lc;j=1

A.3.3 Empirical comparison of primary and alternate form

Here, we empirically compare the primary and alternate form with five and three
terms, respectively. Each loss comes from a different factorization of py(Z,c) as

we show above, but are equivalent.

We verified in our implementation that both losses yield the exact same loss values

on the same mini-batch, but gradients computed during optimisation are different
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as both losses have non-overlapping terms and consequently convergence behavior
may differ during training. We are interested in whether these differences are
substantial. In particular, [108] used a 5-term loss function (similar to the primary
loss in Eq. (A.48), even though a 3-term loss function (similar to the alternate loss)

could also be obtained and is arguably more compact.

We investigate this question with the following experimental setup, which is close
to the one in [108]: On MNIST, we conduct 10 training runs of our model with
varying random seeds for both the primary and alternate form of the loss. We use
the following hyperparameters with a shared architecture and refer to Appendix A.4

for a more detailed understanding on these configurations:

o Number of facets: J =1

» Batch size: 512

e Learning rate: 0.002

e Dimension of z: 10

o Number of ¢ (number of clusters): 50

« Covariance structure of py(z|c): diagonal

« Output dimensions for layers in g(x; ¢): [500, 500, 2000]

« Output dimensions for layers in f(z;#): [2000, 500, 500]

In Fig. A.1, we show unsupervised clustering accuracy on the test set over training
epochs for the 10 runs and the primary (left) and alternate (right) form of the loss.
Our results indicate that there is no significant difference in performance between
the two loss forms. We decide to use the primary form in all our experiments going
forward as it is simpler for our implementation, e.g. when combined with progressive

training, and is also more intuitively following the generative process of our model.
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Figure A.1: Unsupervised clustering accuracy on the test set for 10 runs, comparing
the primary (left) and alternate (right) loss form. Each run is illustrated by one curve.
The blue shade is bounded by the mean accuracy plus and minus one standard deviation
across the ten runs.

A.4 Experimental details

We provide our code implementing MFCVAE, using PyTorch Distributions [180],
together with detailed instructions setup, training and evaluating our model, as
well as reproducing the main results of this paper via shell scripts at https:

//github.com/FabianFalck/mfcvae.

A.4.1 Datasets and preprocessing

Throughout our experiments, we use three datasets: MNIST [133], 3DShapes [29],
and SVHN [171]. In the following, we briefly introduce these datasets, particularly
focusing on their abstract characteristics which might be separated out by a multi-
facet clustering model, as well as ethical considerations with regards to their
collection. For MNIST and SVHN, we use their implementations as PyTorch
Dataset classes as part of the torchvision package to process [180]. For 3DShapes,
we provide a custom PyTorch Dataset class which contains several preprocessing

steps (detailed below) and the selection of arbitrary combinations of factors.

MNIST. The MNIST database [133] consists of grey-scale (almost binary)


https://github.com/FabianFalck/mfcvae
https://github.com/FabianFalck/mfcvae
https://github.com/FabianFalck/mfcvae
https://github.com/FabianFalck/mfcvae
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handwritten digits from 10 classes ('0’ to ’9’). There are 60,000 training examples
and 10,000 test examples. The handwritten digits are written by 500 writers (250
writers for training and test set, respectively), introducing a large variation in terms
of style of these characters. The most prominent characteristics of MNIST are 1)
the digit class, given as a supervised label 2) stroke width (e.g. 'bold’, 'thin’, ...)
3) the slant of the digits (e.g. ’right-tilted’, ’left-tilted’, "upright’, ...). During

preprocessing, we transform the images to a 0 to 1 scale using min-max scaling.

To the best of our knowledge, the dataset is highly curated and cropped to individual
digits, so that we can exclude offensive content or important personally identifiable
information in these images. However, we note that as the images are handwritten,

there is a possibility that they can be linked to these individuals.

MNIST “was constructed from NIST’s Special Database 3 [SD-3] and Special
Database 1 [SD-1]” [133]. To the best of our knowledge, SD-3 and SD-1 are no longer
available for download (see https://www.nist.gov/srd/shop/special-database-catalog),
as opposed to other Special Databases. We thus cannot comment on whether and if

so in what form consent was obtained from subjects providing the handwritten digits.

3DShapes. The 3DShapes dataset [29] consists of images of three-dimensional
shapes in front of a background, generated from six independent ground truth latent
factors. These latent factors are floor colour (10 values), wall colour (10 values),
object colour (10 values), scale (8 values), shape (4 values), and orientation (15
values). Since all ground truth latent factors are discrete, the nature of this dataset

makes it particularly suited for a multi-facet clustering task.

The dataset is preprocessed as follows: We transform each factor’s values to a scale
of integers between 0 and the number of values of that factor minus one. Then,
to be consistent with the SVHN dataset, we resize the original 64 x 64 images
to the size 32 x 32 using bilinear interpolation. Lastly, we transform the images

to a 0 to 1 scale using min-max scaling.


https://www.nist.gov/srd/shop/special-database-catalog
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From this 3DShapes dataset, we extract the following 2 configurations which are
used during our experiments (note that other configurations can be easily created

using our provided Dataset class):

o Configuration 1 (4,800 images): 10 values for floor colour, 1 value for wall
colour, 1 value for object colour, 8 values for scale, 4 values for shape, 15

values for orientation

o Configuration 2 (4,800 images): 1 value for floor colour, 10 values for wall
colour, 1 value for object colour, 8 values for scale, 4 values for shape, 15

values for orientation

3DShapes is a simulated dataset. The dataset was generated using the QUery

Networks Mujocu environment [63].

SVHN. SVHN [171] is a real-world image dataset of cropped digits obtained of
house numbers in Google Street View images. We focus on the 73,257 training
digits and the 26,032 test digits available in the torchvision package in PyTorch.
SVHN is similar to MNIST in the sense that it is a labelled digit dataset, however,
was collected with the aim of being significantly more complex and diverse: As the
images were extracted from random Google Street View images in various countries,
for example they have varying backgrounds, different number of digits per image
(the central digit is used as the label), varying resolutions, and different digit styles,
rendering them a challenging dataset for supervised and unsupervised learning
tasks, and an interesting test bed for multi-facet clustering, as for some of these
characteristics, it might be possible to separate them out. During preprocessing,

we transform the images to a 0 to 1 scale using min-max scaling.
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A.4.2 Neural architectures and Variational Ladder Autoen-
coder

In the following, we define two architectures which we implemented in our experi-

ments:

« A Variational Ladder Autoencoder (VLAE) architecture, as defined in [259]
and illustrated in Fig. A.2.

o A shared encoder and decoder architecture (we refer to it as “shared architec-

ture” in the following), illustrated in Fig. A.3.

VLAE architecture. The VLAE architecture consists of an encoder (recognition
model) and a decoder (generative model) which are symmetric to each other. Both
encoder and decoder have a set of backbone layers 55" and b?ec, respectively, which
share parameters across the layers of latent variables, and thus naturally build a

hierarchy of abstractions. From and into these backbones, a set of rung layers ri™

dec

and 75° emerge which parameterise the latent variables Z (encoder) and process

their samples towards reconstructions (decoder).

Formally, following the notation in [259], we define the recognition model as

By = b (h, ) (A.60)
zj ~ N (zj;rj’n:(hj),r;flfg(hjn (A.61)
where j = 1,...,J; 05" and r{™ are neural networks, 777 and ri7% refer to the

elements of the output vector of r; corresponding to the mean and variance
of the parameterised Gaussian distribution ¢(z; | x) with diagonal covariance

matrix, and hy = x.

For each j, q(c¢; | x) is not directly parameterised by neural networks, but instead

computed by Theorem 2.2 as described in Section 2.3.1.
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We define the generative model as

cj ~ple), for y=1,...,J (A.62)
z; ~ p(zjlc;), for j=1,...,J (A.63)
7y = b5 0 r9(zy) (A.64)
z; = 02 (211,78 (2))])  for j=1,...,7 — 1 (A.65)
X ~ u(X;2z1) (A.66)
where 0" and 7" are neural networks, [-, -] denotes concatenation of two vectors,

and u(x) is the likelihood model of x.

We refer to Appendix A.4.4 for the exact implementation of all neural networks

L b;lec, and T?ec and the likelihood model wu(-) for each of the three datasets.

O
dec
b3
I,(2iec
d
bQQC
I,(liec
dec
bl
N
(a) Recognition model (b) Generative Model

Figure A.2: Ladder-MFCVAE architecture with J = 3 as an example. (a) The
recognition model and (b) generative model. Each labelled arrow corresponds to a neural
network. The posterior for each c¢; is defined using the multi-facet VaDE trick.

Shared architecture. We use the shared architecture as a simple comparison to
test our hypothesis that a VLAE helps stabilise training. In the shared architecture,
each facet has an equal depth of neural networks and shares the parameters. The

encoder and decoder are both fully shared, except for the last hidden layers in both.
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More precisely, the recognition model is defined as

h = 5(x) (A.67)
zj ~ N (2155 (h), £55% (h)) (A.68)

where s and each #7" are neural networks, and t?‘/’f and t?ec again refer to those

70—2

elements of the output vector of ¢; corresponding to the mean and variance of
the parameterised Gaussian distribution ¢(z; | x) with diagonal covariance matrix.

q(c; | x) is computed by Theorem 2.2 as described in Section 2.3.1.

The generative model is defined as

cj ~ple), for j=1,...,J
z; ~ p(zjlcj), for j=1,...,J

(A.69)
(A.70)
h = t4([z,, ..., 2,]) (A.71)
(A.72)
(A.73)

% = s%°(h) A.72
X ~ u(X) A.73
where 9% and s9°° are neural networks, [-,...,] refers to vector concatenation,

and u(-) is the likelihood model of x.

Again, we refer to Appendix A.4.4 for the exact implementation of all neural
networks s°¢, ¢3¢, sdecand t4, as well as for the likelihood model u(-) for

each of the three datasets.

A.4.3 Progressive training algorithm

We use a progressive training algorithm to train our VLAE architectures. We
strongly base its implementation on [139] and refer to this source for a more

complete introduction, but will point out differences to this formulation below.

The idea of progressive training is to start with training a single facet (typically

the one of highest depth in the VLAE architecture), and then progressively loop
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N

(a) Recognition model (b) Generative Model

Figure A.3: Shared encoder and decoder MFCVAE architecture with J = 3 as an
example. (a) The recognition model and (b) generative model. Each labelled arrow

corresponds to a neural network. The posterior for each ¢; is defined using the multi-facet
VaDE trick.

in the other facets one after the other in a smooth manner. To formalise this, we
define a progressive step s =1,2,...,.J — 1, where in step s, facets J — s+ 1 to J
(both including) are contributing to the network (and might be currently looped
in), and «;, the fade-in coefficient of layer j. «; linearly increases from 0.0 to 1.0
during the first 15,000 (for MNIST and SVHN) or 2,000 (for 3DShapes) batches of
a progressive step (except for s = 1), is 0.0 if the facet has not yet been looped in,
and is 1.0, otherwise. [139] used 5,000, but we increased this number for MNIST

and SVHN to have a smoother loop-in of facets.

In contrast to the formulation in [139] which excludes from the model latent facets
that are not looped in yet in a certain progressive step, in our formulation, all
latent facets are part of the model throughout all progressive steps, yet do not
contribute to the KL-divergences or the reconstruction term in Eq. (2.14). We
achieve this by applying the fade-in coefficient only to the decoder rungs, not the
encoder rungs (compare Eq. (9) in [139], where both the encoder and decoder rungs
are faded in); and to weigh the KL-divergences in z; and ¢;, as before. In other
words, this is similar to the implementation of progressive training in [139] with
a; = 1.0 for the encoder rungs throughout all progressive steps, and the regular,

smoothly increasing a; value for the decoder rungs. Precisely, to implement the
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progressive training algorithm, we amend Eq. (A.65) as follows:

7 = b1 ([2141, 0579 (2))] ) for j=1,....J, (A.74)

LMFCVAE(D. g ) — B,_p [E%(zx) log pe(x|Z)

J

=37 [y o KL 2] 07 1e3)) + KL (g ()]
"~ (A.75)
where
a;j=1.0, for j=(J—s+1),...,J (A.76)
ay_s €10,1] (looped in) (A.77)
a; =0.0, forall j=1,...,(J—s—1) (A.78)

and all other equations of the VLAE remain unchanged. Thus, when a; = 0.0,
the gradient w.r.t. any parameters in 03", 75", b?ec, 7’?60, as well as the parameters
of the priors p(c;) and p(z;) are 0, and we achieve the same effect as if those

components would not be part of the model.

Lastly, while we have tested “pretraining” the latent facets which are not looped
in yet through a KL-regularisation terms in z; and ¢; (see Eq. (10) in [139]),
we could not see a beneficial effect on stability of model training in our model.
As this would add complexity to the training algorithm, we do not pursue this

type of pretraining here.

A.4.4 Implementation details and hyperparameters
New assets. We publish the following new assets accompanying this paper:

o Code: We provide our source code with detailed instructions on setup, repro-
ducing our results via shell scripts, training, evaluation in a README file at
https://github.com/FabianFalck/mfcvae. We follow the code templates

and NeurIPS guidelines for code submissions. Our code is provided under MIT
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license. The initial implementation of our model are inspired by the codebase of

VaDE in https://github.com/eelxpeng/UnsupervisedDeepLearning-Pytorch/
blob/master/udlp/clustering/vade.py, as well as the official VLAE im-
plementation ([259] and
https://github.com/ermongroup/Variational-Ladder-Autoencoder), and

the official ProVLAE implementation ([139] and https://github.com/Zhiyuan1991/
proVLAE/blob/master/model_ladder_progress.py). Our convolutional VLAE
architecture is largely based on the neural architecture for the CelebA dataset

in the ProVLAE codebase mentioned above.

o Pretrained models: We further provide pretrained models with the hyperpa-

rameters reported in this section as part of the folder pretrained_models/.

Existing assets used. Our work uses the following Python software packages
with accompanying licenses (if known): PyTorch [180] (in particular the PyTorch
Distributions and Torchvision packages; custom license), Numpy [85] (BSD 3-
Clause License), Weights&Biases [19] (MIT License), Matplotlib [99] (PSF License),
Seaborn [232] (BSD 3-Clause License), Pickle [225] (N/A), H5Py [39] (BSD 3-Clause
License), OpenCV 2 [25] (Apache License), Scikit-learn [181] (BSD 3-Clause License),
boilr (https://github.com/addtt/boiler-pytorch) (MIT License). Regarding

data assets used, we refer to Section A.4.1.

Data splits. For all three datasets, we split data into training and test dataset
(no validation dataset used). For MNIST and SVHN, we use the standard data
splits as provided with these datasets and in the TorchVision PyTorch package.
For 3DShapes, in both configurations, we use 80% for training and the remaining
20% for testing. Here, we sample the images uniformly at random and without
replacement. We also refer to Appendix A.4.1 for a more detailed discussion on

preprocessing of these datasets.


https://github.com/eelxpeng/UnsupervisedDeepLearning-Pytorch/blob/master/udlp/clustering/vade.py
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Likelihood models. For MNIST data, we define its likelihood p(x|Z) as a product
of independent Bernoulli likelihoods, where each dimension is Bernoulli-distributed
with respect to some learnt parameter and independent of other dimensions.
Bernoulli likelihood is a reasonable assumption, because most pixels in MNIST

images have values close or equal to 0 and 1.

For 3DShapes and SVHN data, we define their likelihood p(x|Z) to be a product of
independent Gaussian likelihoods, where each dimension is Gaussian-distributed

with its mean learnt as a parameter and its variance fixed as a hyperparameter.

Other design choices. Apart from the neural architectures, hyperparameters
and likelihood models of MFCVAE, there were other design choices which were

made on a per-dataset basis:

« Cowvariance structure of the Gaussian p(z;|c;) for each j and c;: The covariance
matrices can be set to either diagonal or full. In this paper, diagonal covariance
is found to be sufficient for MNIST. Full covariance is chosen for 3DShapes

and SVHN as it results in a stronger disentanglement of facets.

o Whether to fix w; or train them as parameters: In order to encourage clusters
to have similar sizes in each facet, one option is to fix 7; to be 1/K;

componentwise for each facet j. We fix 7; in models trained on 3DShapes

and SVHN.

o Activation functions: To avoid vanishing gradients and encourage a more
stable training, we tested three activation functions, in particular, ReL.U,
leaky ReLLU and ELU. For MNIST, we found ReLLU to be sufficient. For
3DShapes and SVHN, where convolutional neural networks are involved, we
sometimes observed vanishing gradients in training runs, which is why we
used the ELU activation function where we no longer observed this problem
(leaky ReLU likewise worked, but we chose ELU for consistency with previous

VLAE implementations mentioned above).
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Hyperparameter tuning. We performed several large exploratory hyperpa-
rameter sweeps over wide grids of possible hyperparameter values, looking at the
qualitative improvement in facet disentanglement and, where available, the training
accuracy of supervised labels (often only one label of the two facets of interest
available). In these exploratory hyperparameter sweeps, we observed the following

hyperparameter patterns that generalise across all datasets:

We noticed that results are stable w.r.t. to a large set of hyperparameters and
ranges of possible values. In particular, this applies to batch size, learning rate,
the number of batches used during fade-in, and to some degree the number of
clusters in both facets. However, we noticed that some hyperparameters must be
set rather carefully to achieve strong disentanglement between facets. In particular,
we find that the style/colour facet’s latent dimension must be rather precisely
set to a narrow range of values yielding strong disentanglement of facets: For
MNIST, dim(z;) has to be around 5. For SVHN, dim(z,) has to be around 5.
For 3DShapes, dim(zy) has to be around 2.

Hyperparameters of the reported results. In the following, we report the
hyperparameters for training our models reported and presented in Section 2.4 (note
that the hyperparameters for the models trained on the two different 3DShapes
configurations are the same). In Table A.1, we report chosen values of scalar
hyperparameters. For full details on each of these hyperparameters, we refer
to our code and in particular the help message of the respective command line

arguments in the training script.

Neural architectures. Following up Appendix A.4.2, we here provide the detailed

initialisation of hidden layers of our neural architectures.

We first discuss the fully-connected ladder architecture which we use to train
MFCVAE on MNIST, with results presented in Section 2.4 and Appendix A.5. We
initialise the VLAE architecture as detailed in Table A.2.
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Table A.1: Scalar hyperparameters and design choices for our three model configurations
on MNIST, 3DShapes and SVHN, with results presented in Section 2.4 and Appendix A.5.

MNIST 3DShapes SVHN

Batch size 512 150 150
Learning rate 0.0005 0.0003 0.0005
Latent dimension of the first facet, dim(z) 5 20 22
Number of clusters in the first facet, dim(cq) 25 60 200
Latent dimension of the second facet, dim(zs) 5 2 7
Number of clusters in the second facet, dim(cz) 25 20 50
Number of training batches for each fade-in 15000 2000 15000
Likelihood model for p(x|Z) Bernoulli  Gaussian  Gaussian
Standard deviation of p(x|Z) componentwise (if Gaus- N/A 0.6 0.3
sian)

Data dependent initialisation for g(x;¢) and f(Z;0) No Yes Yes
Covariance structure of p(z;|c;) diagonal  full full
Fix m; No Yes Yes
Diagonal entries during initialisation for covariance of 0.01 0.01 0.01
p(zjle;)

Activation function ReLU ELU ELU

Table A.2: Details of the fully-connected ladder architecture for our model trained on
MNIST and reported in Section 2.4 and Appendix A.5.

Recognition Network Generative Network
b{"¢: dim(x) x 500 linear layer r§": dim(zg) x 2000 linear layer
ReLU activation ReLU activation

r§"¢: 500 x (2 - dim(z,)) linear layer bs™: 2000 x 500 linear layer
ReLU activation
b5™: 500 x 2000 linear layer r§": dim(z;) x 500 linear layer
ReLU activation ReLU activation
rs™: 2000 x (2 - dim(zy)) linear layer — 0§"¢: 500 x dim(x) linear layer
Sigmoid activation

Next, we describe the convolutional ladder architecture which we use to train
MFCVAE on 3DShapes and SVHN, with results presented in Section 2.4 and
Appendix A.5. We initialise the VLAE architecture as detailed in Table A.3.

Lastly, in Table A.4, we provide details on the shared architecture for MNIST

training, with its results presented in Appendix A.5.1.

Initialisation. In MFCVAE;, all parameters in the deep neural networks g(x; ¢)

and f(Z;0) are initialised using either Glorot normal initialisation [73] for MNIST,
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Table A.3: Details of the convolutional ladder architecture trained on 3DShapes and
SVHN. Conv2d is the 2D convolutional operation, and ConvTranspose2d is the 2D
transposed convolutional operation. We implement both operations using the torch.nn
package in PyTorch. For both operations, the four numbers represent output channels,
input channels, kernel size (height) and kernel size (width) respectively (Cout, Cin, H, W).
Convolutional operations marked with (*) have stride 1 to ensure valid dimensions. All
remaining convolutional operations have stride 2. For experimental results of models from
this architecture, see Section 2.4 and Appendix A.5.

Recognition Network Generative Network
b 64 x dim(x) x 4 x 4 Conv2d r§™: dim(zg) x 16384 linear layer
ELU activation, batch norm ELU activation, batch norm
r{": 64 x 64 x 4 x 4 Conv2d b5 128 x 256 x 4 x 4 Conv'Transpose2d
ELU activation, batch norm ELU activation, batch norm
64 x 64 x 4 x 4 Conv2d (*) 64 x 128 x 4 x 4 ConvTranspose2d (*)
ELU activation, batch norm ELU activation, batch norm
1024 x (2 - dim(z,)) linear layer r§"¢: dim(z;) x 16384 linear layer
b5 128 x 64 x 4 x 4 Conv2d ELU activation, batch norm
ELU activation, batch norm bie: dim(x) x 128 x 4 x 4 ConvTranspose2d
rg™¢ 128 x 128 x 4 x 4 Conv2d ELU activation, batch norm
ELU activation, batch norm Sigmoid activation (only for SVHN)

256 x 128 x 4 x 4 Conv2d
ELU activation, batch norm
3136 x (2 - dim(z9)) linear layer

Table A.4: Details of the shared architecture trained on MNIST. For its results, see
Appendix A.5.1.

Recognition Network Generative Network
5" dim(x) x 500 linear layer tdee: dim(z;) x 2000 linear layer
ReLU activation ReLU activation
500 x 2000 linear layer tdec: dim(zg) x 2000 linear layer
ReLU activation ReLU activation

tene: 2000 x (2 - dim(z,)) linear layer — s9¢: 2000 x 500 linear layer
ReLU activation
t5"¢: 2000 x (2 - dim(z)) linear layer 500 x dim(x) linear layer
Sigmoid activation

and using a data-dependent initialisation method [126] for 3DShapes and SVHN.
The idea of the data-dependent initialisation is to set the parameters in the deep
neural network such that all layers in the network are encouraged to train at roughly

the same rate, with the aim of avoiding vanishing or exploding gradients. Data-
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dependent initialisation is particularly useful for convolutional neural networks.
Therefore, we use it as a starting point for model training of 3DShapes and SVHN

datasets, where convolutional neural networks are used.

For the parameters of the MoGs, we initialise them facet-wise as follows:

« Mixing weights 7r; are initialised to be 1/K; component-wise.

e Foreach k; € {1,..., K;}, means p;,, of the Gaussians are initialised with the
means on an MoG (implemented with the package sklearn.mixture.GaussianMixture)
fitted on a dataset consisting of latent observations z; sampled from ¢(z;|x),
where x are all batches from the corresponding training dataset of MFCVAE.
Note that encoder parameterising ¢(z;|x) is not trained at this point. The
aim is to encourage a smoother and faster learning of the multiple MoG prior
by starting from an MoG fitted to the initial state instead of one initialised at

random.

 Covariance matrices 3J;, are not initialised by the outputs from the fitted
MoG above. Instead, a fixed value is assigned to all diagonal entries of the
covariance matrices. The fixed value is the same across all clusters in all facets,
which is a hyperparameter set to be much larger than the output variances
from the trained fitted MoGs. This initialisation is favoured because at the
start of the training, the MoGs do not contain much useful information as
they were fitted on latent observations obtained from a randomly initialised
model. An overly small variance at the start of the training could result in

the model being stuck in a local optimum prematurely.

We note that we found these prior initialisations to be reasonable choices, but

have not extensively explored alternatives.

Potential negative societal impacts. Our work is mainly of theoretical and

methodological nature, thus, we do not have a direct application of our model on
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which it could cause immediate negative societal impacts. Since we provide a general
clustering algorithm, MFCVAE can be used in malicious or potentially unethical
ways for any clustering task at hand, suited particularly for high-dimensional data.
Our model does not account for fairness of clusters, which should be taken particular
care of when dealing with data from human subjects. As our model is a generative
model by nature, we mention the possibility to abuse our model for the generation
of deepfakes for disinformation. Further, we have not investigated the vulnerability
of our model to aversarial attacks, which might cause a significant security problem

when applied in front-end applications and tasks.

Compute resources. We had access to two GPU clusters: One internal cluster
with 12 Nvidia GeForce GTX 1080 graphic cards each with 8GB of memory that
was shared with many other users (access for 5 months ongoing), and one Microsoft
Azure cluster with initially two, later four Nvidia Tesla M60 each with 8GB of

memory that was used only by the authors (access for approximately 4 months).

To train one model on each of the 4 dataset (configurations) on the Azure cluster
detailed above, it takes approximately 31 min for MNIST, 36 min for 3DShapes (in
both configurations), and 5h 54 min for SVHN. Since we performed a seed sweep
over 10 runs on each of the 4 dataset (configurations), the total computational
time to reproduce the main results in this paper is (31 min + 2 - 36 min + 354

min) - 10 = 4570 min ~ 76 hours of GPU time.

A.4.5 Differences between VaDE and (J = 1) MFCVAE

In the following, we describe the (pre-)training algorithm of VaDE [108] and compare
it with the training of MFCVAE with one facet (J = 1). Throughout, VaDE uses a
symmetric, shared encoder and decoder architecture (see Appendix A.4.2). VaDE
has the following two differences compared to MEFCVAE (J = 1):
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o Stacked Denoising Autoencoder (SAE) [228] pretraining: VaDE uses a two-

stage SAE deterministic pretraining algorithm which is in detail described
in [242] to find good initialisations for the parameters 6 of the decoder and ¢
of the encoder. During the first stage, denoising autoencoders, which are two-
layer neural networks of symmetric shapes, are trained using a least-squares
reconstruction loss (i.e. deterministically as a plain autoencoder). In every
iteration of this first stage of the pretraining routine, the outermost layers
(at the front of the encoder and the back of the decoder), which have been
trained in previous iterations, are frozen, and the next denoising autoencoder
towards the centre of the architecture is trained. Then, in the second stage
of training, the entire architecture, which has been trained in this sequential
fashion, is fine-tuned, again using a deterministic reconstruction loss. For a
detailed description of this pretraining algorithm, we refer to [242].
Once the pretraining routine is complete, VaDE uses the weights 6 and ¢
obtained as the initialisation of regular VaDE training, maximizing the ELBO
with Monte Carlo sampling.— We note that MFCVAE does not require
any SAE pretraining. Instead, we either initialise these weights randomly
(MNIST) or using data-dependent initialization (3DShapes and SVHN; details
see Appendix A.4.4).

e VaDE restricts the covariance matrices X, of the conditional Gaussian distri-
butions p(z | ¢) = N (pe, X¢) to be diagonal, i.e. each p(z | ¢) is a product of
dim(z) independent univariate Gaussian distributions. In contrast, MFCVAE
allows X, to be full and enables MFCVAE to express more complex (facet-wise)

dependencies in the prior.

The SAE pretraining routine adds significant complexity to the training algorithm
which MFCVAE does not require in order to obtain comparable performance. Once
the encoder and decoder are initialised, both VaDE and MFCVAE use a Gaussian-
Mixture model to initialise the prior p(z) and its parameters , u. and 3., fitted

with an EM-algorithm. We note that in the single-facet case, training MFCVAE
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simplifies to only one progressive step, i.e. the main training stage of VaDE is

equivalent to that of MFCVAE (but with different initialisation).

A.5 Additional experimental results

A.5.1 On the stability of training

In this appendix, we analyse the stability of MFCVAE with respect to different neural

architectures and discuss the stability of deep clustering models in this context.

A natural starting point for a neural architecture of MFCVAE is a shared encoder
and decoder architecture (as detailed in Appendix A.4.2), which was previously
used in VaDE [108] and other deep clustering models. When using this architecture,
we observe a high variation between runs which only vary in their (partly) random
initialisation (determined by the random seed; see Fig. A.4 [Top left]). However,
when being lucky, drawing the right lottery ticket, this architecture can yield excellent
disentanglement of facets, just like our progressively trained VLAE architecture
can do (but in a stable manner). We visualise input examples assigned to clusters
from such a lucky run (which is not part of Fig. A.4 [Top left]) in Fig. A.5. We
point out that this run is cherry-picked from over 100 runs with different random
initialisation. We could not produce stable results with a shared encoder and
decoder architecture, neither for J =1 nor J > 1. Given these stability issues of
deep clustering models, it is not only crucial to address them (which we do next),
but this even more highlights the importance of providing error bars, and that
picking the best run of many (as has been common practice among several deep

clustering papers) is particularly here not acceptable.

To overcome these stability issues, we used a combination of a progressive training
algorithm and a VLAE architecture. We found that only using a VLAE architecture

(Fig. A.4 [Top right]) significantly improves the performance of disentangling facets
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Figure A.4: Test accuracy over training epochs for models trained on MNIST for
three different architectures. Ten runs are performed for each architecture. Each run is
illustrated by one curve. The blue shade is bounded by the mean accuracy plus and minus
one standard deviation across the ten runs. [Top left] Shared architecture [Top right]
VLAE architecture without progressive training schedule [Bottom] VLAE architecture
with progressive training schedule

(here only measured in terms of accuracy w.r.t. the supervised label), but is not
sufficient to fully stabilise the runs over different random seeds. Only by additionally
using a progressive training schedule (Fig. A.4 [Bottom]), we achieve very good
disentanglement of facets and at the same time stable performance. While we here
report this for one configuration of hyperparameters only and on MNIST, we made

this observation throughout all datasets and in diverse hyperparameter settings.

A.5.2 Generalisation between training and test set

An important question in an exploratory setting is to what degree clustering results

generalise from a training to a test set. In supervised machine learning, it is common
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Figure A.5: Input examples of a cherry-picked MFCVAE model with a shared
architecture, with a lucky lottery ticket drawn as the random initialisation, and two-facets
(J = 2), trained on MNIST. Sorting is performed in the same way as in Fig. 2.4.

to see a generalisation gap: Performance of a model is generally better on the training
set than on the test set, often because the model overfits on the training set, and the
goal is to minimise this gap, while actually being interested in test set performance.
Perhaps surprisingly, we observe that MFCVAE has a negligible generalisation gap,

i.e. typically performs almost equally well on the training and test set.

To analyse this, we use the exact experimental setup of our main results as detailed
in Appendix A.4.4 with J = 2 facets, training on MNIST. Fig. A.6 shows the
unsupervised clustering accuracy over training epochs, evaluated both on the
training set (left) and the test set (right). When evaluating unsupervised clustering
accuracy after the model is fully trained, a mean training accuracy of 91.85%43.09%
is achieved across ten runs, which is slightly lower than the mean test accuracy
of 92.02% =+ 3.02% presented in Section 2.4.3. Thus, while we observe small
differences between performance on training and test set, also when considering

individual runs, these are not significant. In summary, MFCVAE generalises well
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between training and test set.
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Figure A.6: Unsupervised clustering accuracy over training epochs for MFCVAE trained
on (the training set of) MNIST as detailed in Appendix A.4.4, and evaluated on the
training set [Left] and the test set [Right], respectively. Ten runs are performed, with
each run being illustrated by one curve on the left and right, respectively. The blue shade
is bounded by the mean accuracy plus and minus one standard deviation across the ten
runs.

A.5.3 Discovering a multi-facet structure

This appendix provides the complete results of Section 2.4.1. As before, we visualise
input examples from the test set for clusters of MFCVAE with two-facets (J = 2)
trained on MNIST, 3DShapes and SVHN. Here, we show all clusters of our results
in Fig. 2.4, visualised in Figs. A.7 to A.10. In all figures, inputs (columns) are

sorted in decreasing order by their assignment probability max.,7;(c;|q4(z;(x)).

In particular, in Fig. A.7, we directly compare our model to the results shown in
LTVAE [138], the model closest to ours in its attempt to learn a clustered latent
space with multiple disentangled facets. As can be seen, LTVAE struggles to
separate data characteristics into separate facets (see Fig. A.7 (b)). In particular,
LTVAE learns digit class in both facets, i.e. this characteristic is not properly
disentangled between facets. In comparison, MFCVAE better isolates the two

characteristics, and does not learn digit class in the style facet.
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Figure A.7: (a) Input examples for clusters of MFCVAE with two-facets (J = 2) trained
on MNIST. Rows and columns are sorted as in Fig. 2.4. (b) Input examples for clusters
of LTVAE with two-facets, likewise trained on MNIST. Plot is taken as reported in [138],
Fig. 5.
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Figure A.8: Input examples for clusters of MFCVAE with two-facets (J = 2) trained on
3DShapes (configuration 1). Rows and columns are sorted as in Fig. 2.4.
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Figure A.9: Input examples for clusters of MFCVAE with two-facets (J = 2) trained on
3DShapes (configuration 2). Rows and columns are sorted as in Fig. 2.4.
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A.5. Additional experimental results 162

A.5.4 Compositionality of facets

In this appendix, we provide further combinations of clusters of which the style facet

is swapped and give a more rigorous explanation of the swapping procedure applied.

Let us have two input examples x(!) and x® assigned to two different style clusters
according to Eq. (2.12) (and typically two different digit clusters), i.e. cg-i) =
argmax, 7;(¢;|qe(z;/x")) and c§1) # c§-2), where j = 1 for MNIST and j = 2
for 3DShapes and SVHN. We can obtain the latent representations 25;') of input
examples for both facets, taking the mode of g4(z;|x®), respectively, which is
parameterised via a forward pass. Now, we swap the style/colour facet’s latent
representation (zﬁ” for MNIST, and Zéi) for 3DShapes and SVHN) between the two
inputs, while fixing the digit/shape facet’s latent representation (ig’) for MNIST,
and 25") for 3DShapes and SVHN). Once the swapping is complete, we pass these
latent representations through the decoder of our model to obtain reconstructions
of our model from “swapped style” latent representations. Note that this swapping
operation is symmetric in the two-facet case, in the sense that the resulting two
reconstructions are the same regardless of whether we swap z; or z,. Formally, we
obtain reconstructions %) = f({igl), 252)}; 0) and x? = f({if),igl)}; 0). It is such

4-tuples of inputs x(M and x® and reconstructions £ and %% that we visualise.

In Fig. A.11, we visualise further 4-tuples from all datasets (and configurations),
in addition to the results presented in Section 2.4.2. For each dataset, the first
4-tuple consists of the first element of both input rows (left and right) and both
reconstruction rows (left and right). Note that we limit ourselves here to few
digit /shape and colour/style cluster combinations. However, we note that for
MNIST and 3DShapes, many other combinations could be found where a similar
“style swapping effect” can be observed. For the much richer dataset SVHN on
which our model is less well fitted, while we can find cluster combinations where
compositionality of facets works somewhat well (see Fig. A.11 (d)), we can also

find failure cases (see e.g. Fig. A.11 (e)). Here, the style, represented as a white
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background, shall be composed with a white digit. We hypothesise that as this
combination is particularly rare in the real world, the model struggles to reconstruct
these latent combinations and as a consequence introduces undesired artefacts

into the reconstructions.
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Figure A.11: Input examples and reconstructions when swapping their style/colour
facet’s latent representation.
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A.5.5 Generative, unsupervised classification

To compare against assumed ground-truth clusterings imposed by the supervised
class structure in our datasets, we report generative classification performance
in terms of unsupervised clustering accuracy on the test set. When the number
of clusters in a facet is equal to the number of ground-truth classes compared
against, one can use the Hungarian algorithm to find the optimal 1-to-1 mapping
between clusters and classes [108, 129]. When the number of clusters in a facet is
greater than the number of ground-truth classes compared against, as is common,
one can simply assign each cluster in a facet to the most frequent ground-truth

class found within that cluster [236].

In Figs. A.12 to A.14, we plot generative classification performance on the test set
measured in terms of unsupervised clustering accuracy over the training epochs. The
blue shade is bounded by the mean accuracy plus and minus one standard deviation
over the ten runs. The sudden jumps of accuracy after ~ 100 epochs are caused by

the progressive training algorithm which loops in a new facet at that point.
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Figure A.12: Unsupervised clustering accuracy on the test set w.r.t. the supervised
label, when trained on [Left] MNIST, and [Right] SVHN.
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Figure A.13: Unsupervised clustering accuracy on the test set for [Left] object shape
and [Right] floor colour, when trained on 3DShapes (config. 1).
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Figure A.14: Unsupervised clustering accuracy on the test set for [Left] object shape
and [Right] wall colour, when trained on 3DShapes (config. 2).
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A.5.6 Diversity of generated samples

First, we compare sample generation performance on MNIST between MFCVAE
(a) and LTVAE (b) in Fig. A.15. We sample MFCVAE as discussed in Section 2.4.4.
For LTVAE, while not fully clear, LTVAE samples from one Mixture-of-Gaussian,
i.e. first samples from a categorical, then from the chosen component, to obtain z
([138], Section 4.5). This sampling procedure resembles MFCVAE’s reconstructions
that illustrate its digit facet (e.g. Fig. A.15 (a.1)). When comparing (a.1) and (b),
it can be observed that generation performance is comparable between the two
models, with each row representing a certain digit identity cluster. However, as
shown in (a.2) and not demonstrated by LTVAE, our model additionally allows
sample generation conditional on style clusters. This demonstrates the advantage
of MFCVAE in its intervention capability for each facet during sample generation,

allowing a rich set of options for potential downstream tasks.

To quantitatively compare the sampling diversity of MFCVAE against VaDE, we
compute the Learned Perceptual Image Patch Similarity (LPIPS) [255] of 60,000
samples generated from models trained on MNIST and SVHN. We also report
LPIPS computed on on real (i.e. non-synthetic) images, where we use the data
from both training set and test set. For LPIPS, higher is better, while it must be
ensured that the true data distribution is modelled (and not just a distribution that
artificially maximises the metric). As shown in Table A.5, our method generates
samples with similar diversity to VaDE on both datasets. Further, MFCVAE is

close to the “real image diversity” for MNIST, yet is somewhat lower for SVHN.

Table A.5: LPIPS of real images and 60,000 samples generated from VaDE and MFCVAE
for MNIST and SVHN.

MNIST SVHN
Real Images 0.112 0.227
VaDE 0.111  0.187

MFCVAE (ours) 0.116  0.182
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In addition, Figs. A.16 to A.18 show the complete plots of synthetic samples
generated from MFCVAE where all clusters are visualised compared to the main
text. Again, we refer to Section 2.4.4 for an explanation on the procedure of how
these samples are generated, but provide here additional details: During sample
generation, the variance of the distributions over latent variables z; and z, are
scaled by a “temperature” factor 7 > 0. This is a common technique in likelihood-
based deep generative models to improve the quality of generated samples [118,
179]. To formalise this, at sampling time, the covariance matrix 73, is used for
p(z;]c;), instead of ¥.,. In this set of experiments, temperature scaling is used
for 3DShapes and SVHN, where we choose 7 = 0.3. For MNIST, we do not use

temperature scaling, i.e. 7 = 1.0.

For MNIST and 3DShapes, it can be observed that for clusters with a lower
average assignment probability, synthetic samples remain homogeneous w.r.t. their
characteristic value in each facet. For SVHN, the sample reconstruction quality
drops for clusters with lower average assignment probabilities which we can attribute

to a smaller separation of facets on this dataset as observed in Section 2.4.3.
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Figure A.15: (a) Synthetic samples generated from MFCVAE with two facets

2)
(b)

Synthetic samples generated from LTVAE trained on MNIST. Plot is taken as reported

in [138], Fig. 7.

(J =

trained on MNIST, with all clusters visualised. Rows are sorted as in Fig. 2.6.
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Figure A.16: Synthetic samples generated from MFCVAE with two facets (J = 2
trained on 3DShapes (configuration 1), with all clusters visualised. Rows are sorted as in
Fig. 2.6.
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trained on 3DShapes (configuration 2), with all clusters visualised. Rows are sorted as in
Fig. 2.6.

~—



A.5. Additional experimental results 170

(91919

'

"
616 8 I6)

-
Digit Facet Style Facet

Figure A.18: Synthetic samples generated from MFCVAE with two facets (J = 2)
trained on SVHN, with all clusters visualised. Rows are sorted as in Fig. 2.6.
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B.1 Framework Details and Technical Proofs

Here we provide proofs for the theorems in the main paper and additional theoretical

results supporting these.

B.1.1 Definitions and Notations

The following provides an index of commonly used notation throughout this

manuscript for reference.

The function space of interest in this work is L*(X), the space of square integrable
functions, where X is a compact subset of R™ for some integer m, for instance,

X = [0,1]. This set of functions is defined as
L*(X) ={f:X = R||f|l2 < oo, f Borel measurable}. (B.1)

L*(X) forms a vector space with the standard operations.

We denote V_; C L*(X) as a finite-dimensional approximation space. With the
nesting property, V_;;1 C V_;, the space U_;,; is the orthogonal complement of

V_j+1 within V_j, i.e. V_j = U_j+1 D V_j+1.

The integration shorthand notations used are as follows. For an integrable function

t — f(t), we use

F(t)dt = /Ot £(s)ds. (B.2)

The function f may be multi-dimensional in which case we mean the multi-
dimensional integral in whichever basis is being used. For stochastic integrals,
we only analyse dynamics within the truncation V_; of L?(X). In this case, W;
refers to a Brownian motion on the same amount of dimensions as V_; in the

standard, or ‘pixel’, basis of V_;. The shorthand

G(W)dW, = /Otg(Ws)dWS, (B.3)
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is used for the standard It6 integral. Last, for a stochastic process X; on V_;

we mean the standard convention

t
/ dX, = X, — Xo. (B.4)
0

For measures, we use D to prefix a set for which we consider the space of probability
measures over: for instance, D(X) denotes the space of probability measures over
X. We often refer to measures over functions (i.e. images): recall that V_; is an

L2-function space and we take D(V_;) to be probability measures over this space.

When referenced in Definition 3.2, the distance metric between two measures v,
and v, which yields the topology of weak continuity is the Monge—Kantorovich
metric [131, 188]

dp(v1,15) =  sup fd(vy — ), (B.5)
feLip; (X)
where
Lip, (X) = {f : X = R| |f(z) = f(y)| < d(x,y),Vz,y € X}. (B.6)

Further, we use the Wasserstein-2 metric which in comparison to the weak conver-

gence above has additional moment assumptions. It is given by
el (v1,v2)

1/2
WQ(ul,y2)=< inf E||X1—X2||§> : (B.7)

where (X, X3) ~ v and I'(v, 1) is the space of measures on D(V_; x V_;) with

marginals v; and vs.

B.1.2 Dimension Reduction Conjugacy

Assume momentarily the one dimensional case where X = [0,1]. Let V_; be
an approximation space contained in L?(X) (see Definition 3.1) pertaining to

image pixel values

V,j = {f € L2({0, 1]) | f[gfj.kyz—j.(k_i_l)) = Cg, ke {0, . ,2j — 1}, Ck € R} <B8)
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For a function f € V_;, there are several ways to express f in different bases.

Consider the standard (or ‘pizel’) basis for a fixed V_; given via
ejk = Lp-ik2-i(kt1)- (B.9)

Clearly, the family E; = {ejvk}ij:_ol is an orthogonal basis of V_;, hence full rank

with dimension 2. Functions in V_; may be expressed as

271

F=> cu-ej, (B.10)
k=0

for ¢, € R.

First, let us recall the average pooling operation in these bases E; and E;_; of V_;

and V_;,1, where pool_; ;. :V_; = V_;4y. Its operation is given by

271 2i-11
k=0 =0

where for i € {0,...,277! — 1} we have the coefficient relation

i i 1
g = T ot —/ f(z)dz. (B.12)
2 277 J12-i.(2i),279-(2i+1))
Average pooling and its imposed basis representation are commonly used in U-Net
architectures [197], for instance in state-of-the-art diffusion models [92] and HVAEs

[34].

Note that across approximation spaces of two resolutions V_; and V_;.;, the
standard bases E; and E;_; share no basis elements. As basis elements change at
each resolution, it is difficult to analyse V_; embedded in V_,,;. What we seek is a
basis for all V_; such that any basis element in this set at resolution j is also a basis
element in V_;, the approximation space of highest resolution J we consider. This
is where wavelets serve their purpose: We consider a multi-resolution (or ‘wavelet’)
basis of V_; [154]. For the purpose of our theoretical results below, we are here
focusing on a Haar wavelet basis [81] which we introduce in the following, but note

that our framework straightforwardly generalises to other wavelet bases. Begin with
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¢1 = 1,1y as L*-basis element for V_;, the space of constant functions on [0, 1). For
V_5 we have the space of L? functions which are constant on [0,1/2) and [1/2,1),
which we receive by adding the basis element ¢ = \/5(11[071/2) — 1[1/271)). Here ¢,
is known as the father wavelet, and 1 as the mother wavelet. To make a basis for

general V_; we localise the mother wavelet with scaling and translation, i.e
Vg =272 p(2(- —k))  wherei€ {0,5}, k€ {0,277}, (B.13)

It is straight-forward to check that W¥; = {wzk}ffgf,:zo is an orthonormal basis
of V_; on [0, 1]. Further, the truncated basis W,_;, which is a basis for V_;4, is
contained in the basis ¥;. This is in contrast to E;_; which has basis elements

distinct from the elements in the basis E; on a higher resolution.

The collections E; and ¥; both constitute full-rank bases for V_;. They further
have the same dimension and so there is a linear isomorphism 7; : V_; — V_;

for change of basis, i.e.
mi(eji) = Vi (B.14)

This can be normalised to be an isometry. We now analyse the pooling operation

in our basis ¥, restating Theorem 3.2 from the main text and providing a proof.

Theorem 3.2. Given V_; as in Definition 3.1, let x € V_; be represented in the
standard basis E; and Haar basis ¥,. Let 7; : E; — ¥, be the change of basis map

illustrated in Fig. 3.3, then we have the conjugacy m;_jopool_; ., = projy_. ., om;.

Proof. Define the conjugate pooling map in the wavelet basis, pool?;, , : V_; —
V_;41 computed on the bases ¥; and ¥;_,
pool”; iy =m_1opool ; ;  om " (B.15)

Due to the scaling and translation construction in Eq. (B.13) and because the

pooling operation is local, we need only consider the case for pool , ;. This is
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pool_; 41

(V-j, Ej) (Vojt1, Bja)
]
(Voj, ®j) —-=-pmmm- > (Vojs1, ¥5-1)

because one can view pooling between the higher-resolution spaces as multiple
localised pooling operations between V_5 and V_;. Now note that pool_, ; maps

V_5 to V_;. Further,

/Xw(x)dx =0, (B.16)

where ¢ = \/5(11[071/2) — 1p1/2,1)) is the mother wavelet. For v € V_, let v have the
wavelet representation v = ¢a1) + ¢1¢1, where ¢; = 1jg 1) is the father wavelet. To

pool we compute the average of the two coefficients (‘pixel values’)

pool™, (v) = /Xv(:v)d:v = /XEQ@ZJ(:U) + ¢1¢1(x)dx = ¢1. (B.17)

Thus average pooling here corresponds to truncation of the wavelet basis for V_,
to the wavelet basis for V_;. As this basis is orthonormal over L*(X), truncation

2 . . . * o . .
corresponds to L projection, i.e. pool”; . ; = projy._ ., as claimed. O

Theorem 3.2 shows that the pooling operation is conjugate to projection in the
Haar wavelet approximation space, and computed by truncation in the Haar wavelet
basis. The only quantity we needed for our basis over the V_; was the vanishing

moment quantity

A¢@mx:o (B.18)

To extend this property to higher dimensions, such as the two dimensions of gray-
scale images, we use the tensor product of [0, 1], and further, the tensor product of
basis functions. This property is preserved, and hence the associated average pooling
operation is preserved on the tensor product wavelet basis, too. To further extend

it to color images, one may consider the cartesian product of several L2 spaces.
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B.1.3 Average pooling Truncation Error

In this section we prove Theorem 3.3, which quantifies the regularisation imposed
by an average pooling bottleneck trained by minimising the reconstruction error.
The proof structure is as follows: First we give an intuition for autoencoders with
an average pooling bottleneck, then derive the relevant assumptions for Theorem
3.3. We next prove our result under strong assumptions. Last, we weaken our

assumptions so that our theorem is relevant to HVAE architectures.

Suppose we train an autoencoder on V_; without dimension reduction, calling the
parameterised forward (or encoder/bottom-up) and backward (or decoder/top-
down) passes Fj,, Bjg : V_; — V_; respectively. We can optimise F}, and B,y
w.r.t. ¢ and 0 to find a perfect reconstruction, i.e. z = B;gFj 4z for all z in
our data as there is no bottleneck (no dimensionality reduction): Bjg need only

be a left inverse of Fj,, as in
B;gFjs=1. (B.19)

Importantly, we can choose Fj 4 and B; g satisfying B.19 independent of our data. For
instance, they could both be the identity operator and achieve perfect reconstruction,
but contain no information about the generative characteristics of our data. Compare
this to a bottleneck with average pooling, i.e. an autoencoder with dimension
reduction. Here, we consider the dimension reduction from V_; to V_;;, where
we split V_; = V_;11 ® U_j41. As we have seen in Theorem 3.2, through average
pooling, we keep information in V_;;, and discard the information in U_;;.
For simplicity, let embdy,_; be the inclusion of the projection projy_..,. Now to

achieve perfect reconstruction
Tr = (Bj,e ©) embdv_j @) prOjV7j+1 9} FJ7¢)$, (B20)

we require (projy_. Fjs)r = 0. Simply put, the encoder Fj4 should make sure

that the discarded information in the bottleneck is nullified.
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We may marry this observation with a simple U-Net structure (without skip
connection) with L?-reconstruction and average pooling dimension reduction. Let
V_; be one of our multi-resolution approximation spaces and D(V_;) be the space
of probability measures over V_;. Recall in a multi-resolution basis we have V_; =
V_j41 @ U_j41 where U_;; is the —j 4 1 orthogonal compliment within V_;. For
any v € V_; we may write v = projy._,. v @ projy_, v and analyse the truncation

error in V_;44, i.e. the discarded information, via
v — embdy-, o projy, ., ]2 = [projy._,oll3 (B.21)

If we normalise this value to

v —embdy . o proj,, . vl rojy; .., vll3
I V. 2P Jv vl _ Ip JU—32+1 I> e [0,1], (B.22)
[v]3 V12

then this is zero when v is non-zero only within V_,;; and zero everywhere
within U_;4;. Suppose now that we have a measure v; € D(V_;), we could
quantify how much of the norm of a sample from v; comes from the U_;

components by computing

roi;; vl roj,;; vl
IE:Wj\lp junollz g liproiy ., szyj(v)e[o, il (B.23)

[v]3 [v]3
This value forms a convex sum with its complement projection to Projy_.. ., demon-
strating the splitting of mass across V_;;1 and U_;;1, as we show in Lemma B.1.
Lemma B.1. Let v; € D(V_;) be atom-less at 0, then

[projy.,., |3

[vll3

||PTOJU,J-+1U||§

v13

Eynr, + Eynr, =1. (B.24)

Proof. For any v € V_; we have ||v]|3 = ||projy

vl A+ llprojy_ I3 due to

orthogonality of V_j; and U_jy1. As both [|projy . v[f5 and [[projy ., v||3 are
projections, they are bounded by |[v||3 giving that the integrands in Eq. (B.24)
are bounded by one, and so for all v # 0 (no point mass at 0) the expectation is

bounded. O
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From the splitting behaviour of masses in the L?-norm observed in Lemma B.1 we see

that

1. if vaj||projU7j+1v||%/||v||§ is large, then, on average, samples from v; have

most of their size in the U_;,, subspace; or,

2. if By, [Iprojy,,vll3/|[v][3 is small, then, on average, samples from v; have

most of their size in the V_;;, subspace.

In the latter case, |[proj; ., v[3 & 0, i.e. embdy_; o projy, , v = v. We get the

heuristic embdy._; oproj v, ~1lon the measure v;, yielding a perfect reconstruction.

Let embdy._; o projvfjﬂ,[ : V_; — V_,, then this heuristic performs the oper-

ator approximation
EUNVj || (embdv—j o prOjV,j+1 - ])UH%’ (B25)

quantifying ‘how close’ these operators are on v;. For many measures, this (near)
equivalence between operators will not hold. But what if instead, we had an operator
D : V_; = V_; such that the push-forward of v; through this operator had this
quality. Practically, this push-forward operator will be parameterised by neural
networks, for instance later in the context of U-Nets. For simplicity, we will initially

consider the case where D is linear on V_;, then we consider when D is Lipschitz.

Lemma B.2. Given V_; with the L?-orthogonal decomposition V_; = V_; 1 ®U_ 1,
let D_; : V_; = V_; be an invertible linear operator and define Fj : V_; — V_; 14

and B; : V_;;; — V_; through

F; = projy._ ., o D;,

Bj = D; ' oembdy_,. (B.26)

Then B;F; =1 on V_j;, or otherwise, we have the truncation bound

2

HPFOjU7j+1DjUH2 < (1 - Bij)ng- (B.27)

1D;15
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Proof. Consider the operator D;(I — B;F;) : V_; — V_; which is linear and obeys
the multiplicative bound ||D;(I — B, F})| < || Dyl || — B;F}||. This implies for any
(S ij,

| D;(I — B;F})
2
1D;115

2
e < = ByE2. (B.28)

The numerator is equal to

2

|1D;(I = B;Fy)ully = |[(D; — embdy.; o proj,._,, o D)o (B.29)
As we have the orthogonal decomposition V_; = V_;; & U_;41, we know
I = projy_,,, ®projy_,., (B.30)
= embdy ; o projy._ . +embdy ; o projy___ . (B.31)
and as Hembdvﬁ. , = 1, we get
. 2 . 2
H([ —embdy_; o projy_., o Dj)UHQ = Hpro‘]UﬁJr1 o DjUH2. (B.32)

2
So now as || D;(I — B;F;)v| = HprojU_jJrl o Djv|, we may use |D;(I — B F;)v|3 <

1D;|” 1T — BijvH; to get the desired result. O

2
The quantity HprojUﬁHP}vHJHP}Hz is analogous to the in Lemma B.1 discussed

quantity |[proj;; ., v||3/[|v[|3, but we now have a ‘free parameter’, the operator D;.

Next, suppose D; is trainable with parameters 6. We do so by minimising the

reconstruction cost
2
Eow, |(I = B;Fj)vll,, (B.33)
which upper-bounds our ‘closeness metric’ in Lemma B.2.

In the linear case (D); is linear), to ensure that D, ¢ is invertible we may parameterise

it by an (unnormalised) LU-decomposition of the identity

I - D;;DJ’Q - LjﬂUj’@, <B34)



B.1. Framework Details and Technical Proofs 181

where the diagonal entries of L;y and Ujy are necessarily inverses of one-another.
This is a natural parameterisation when considering a U-Net with dimensionality
reduction. Building from Lemma B.2, we can now consider the stacked U-Net
(without skip connections), i.e. a U-Net with multiple downsampling/upsampling
and forward/backward operators stacked on top of each other, in the linear setting.
In Proposition B.1, we show that this LU-parameterisation forces the pivots of

Uje to tend toward zero.

Proposition B.1. Let {V_;}/_; be a multi-resolution hierarchy of V_; with the
orthogonal decompositions V_; = V_; 1 @ U_j11 and Fj4, Bjg : V_; — V_; be
bounded linear operators such that B;¢Fj 4 = I. Define Fj, : V_; — V_;; and
Bjﬁ : V,jJrl — V,j by
Fj s = projy ., o Fjg, By = Bjgoembdy_, (B.35)
with compositions
F1j1\j27¢> =Fjg0--0Fj,, Bj1|j2,¢ =Bj40---0Bj,,. <B36)

Then

2

J HprOjU,jHFJUHQ < H(] — Bl|J,9F1\J7¢>UH

>

= B

2

) (B.37)
Proof. The operator Fy; is linear, and decomposes into a block operator form with

pivots F;; for each j € {1,...,J}. Each F,; is L?-operator norm bounded by
[£51[2, so if

Ay = diag([| Fifla, - [1Fl2), (B.38)

then “)\1_|}7F1|J”2 < 1. Last, as the spaces {U_;}7_, are orthogonal and Fy; has

triangular form:
2

T |projy_,, Fyv
’|)‘;|}7(F1\J_F1\J)U|’§ =) H A HQ, (B.39)

j=1 HFJH§
and [|A;;(F1j; — Fip)vll5 < (1 = By Fys)ol. O
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Here in the linear case, a U-Net’s encoder is a triangular matrix where the basis
vectors are the Haar wavelets. Proposition B.1 states that the pivots of this matrix
are minimised. Adversely, this diminishes the rank of the autoencoder and pushes
our original underdetermined problem to a singular one. In other words, the U-Net is
in this case demanding to approximate the identity (via an LU-like-decomposition),

a linear operator, with an operator of diminishing rank.

Proposition B.2. Let D(X) be the space of probability measures over X, and
assume for F;, B; : D(X) — D(X) that these are inverses of one-another and F; is

Lipschitz, that is
FJ‘EJ' = I, WQ(Fle,FjVQ) S ||FJ'H2W2<I/1, V2>. (B40>

Then for any v € D(X) with bounded second moment,

g i Xil8

j~Fv HFHQ < Wu(v, Ej © PV_]- OF;'V)- (B.41)
ill2

Proof. First as F;B; = I we know that
Wh(F v, Py Fv) = Wo(F;B,;F;v, F;B; Py Fv). (B.42)
But for any X € V_; we have the orthogonal decomposition
X = projv_jX &) projU_],X, (B.43)
which respects the L?-norm by
1113 = [lprojy._, XI5 + [[projy_, XII*, (B.44)
and in particular,

IX = projy_, X3 = [lproj,_, X|*. (B.45)
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This grants

(Wo(Fv, Py Fv)*=  _inf _ E[X-Y]|3 (B.46)
’YEF(F]'I/,P\/ij Fjl/)
= _inf _ Efprojy X — projy Y3+ [[projy X3
’YEF(F]'I/,PV?J. F]'l/)
(B.47)
= _inf _ Elproj; X|3 (B.48)
Vel (Fjv,Py_,Fjv) ’
= (Wa(projy_, Fv, 810y))*. (B.49)

Now the Lipschitz of F; yields

(B.50)
Squaring and substituting grants
Wh(projy  F v, 601))? _ _
Wa(projy ’ o) < Wa(v, B; Py Fyv) (B.51)
1E513
O

To work on multiple resolution spaces, we need to define what the triangular operator
over our space of measures is. For a cylinder set B on V_; =V, & @5]:0 U_; we
can assume it has the form &, B; where B; is a cylinder on U;. Break v; into the

multi-resolution sub-spaces by defining projection onto D(U_;) through
projy_ (vy)(B;) = v;(B; ® Ufj), (B.52)

where B; is a cylinder for U_;. This projection of measures is respected by

evaluation in that

]EXijrojU_j,,JXj = /UjdprojU_ij(vj) = /projU_jvdl/J(v) = Ex;~,projy_, X.
(B.53)

As | X5 =3 projy._, ||pr0jU7jX||% due to the orthogonality of the spaces, then

Ex;proiy_,vs 1Kl = 2B mproiy v, X113 = 2B, [Iprojy, XIl3.  (B.54)
J J
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Define the extension, with a convenient abuse of notation, of proj,._  on D(V_,) to

be

Projy.,, (v2) = projy._, (vs) @ projy  (vs). (B.55)

If Fj : D(V_;) — D(V_,) are linear operators for j € {0,...,J}, extend each
Fj - D(V_;) — D(V_;) to D(V_;) x D(V) through

For a measure v; € D(V_;) we can split it into D(V_;) x D(V;) via

Projy._ vy X Projy. vy, (B.57)
—J

which also remains a measure in D(V_;) as D(V_;) x D(VE) C D(V_;). Now the

operator F'; acts on the product measure v; @ v;- by

Fiv;ouv))=Freluv. (B.58)
Now we may define the map Fj : D(V_;) — D(V_;) x D(V) through

F; = F;projy._, (B.59)
and its compositions by

F.

Jilj2

:‘Fjlo"'olpjw (BGO)
which too is an operator on D(V_,).

Further if we have a measure v; on V_; we can form the embedding map

J
embdjyj = l/j [ ® (5{0}, (B61)
i=
which we extend to D(V_;) by a convenient abuse of notation

J
proj;v; = proj;(vs) @ @) dgoy- (B.62)

=7
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Let B_; : D(V_;) — D(V_;) be the linear operator which is the inverse of F__;. Now
if we extend B; : D(V_;) — D(V_;) to D(V_;) x D(V;) like before through

so the map Bjembd; is well defined on D(V_;). Now analogously define B; and

its compositions by

Bj = Ejembdv_j Bjﬂjg = sz O:--+0 le. (B64)

In an analogous way, the operator F} ;, is ‘upper triangular’ and By, ;, is ‘lower
triangular’. In this way, we are again seeking a lower /upper (LU-) decomposition

of the identity on D(V_,). Now we may prove Theorem 3.3.

Theorem 3.3.  Let {V_;}/_; be a multi-resolution hierarchy of V_; where
V_; = V_j11 @ U_j11, and further, let Fj 4, Bjo : D(V_;) — D(V_,) be such that
BjgF} s = I with parameters ¢ and 6. Define Fj,|;, 4 .= Fj 40---0 Fj, s by Fj, :
D(V_;) = D(V_;41) where Fj 4 == projy_, o Fj4, and analogously define Bj,;, o

with B; 4 = Bjgoembdy._,. Then, the sequence {B1|j79(F1|J7¢VJ)}‘;']:0 forms a discrete

multi-resolution bridge between Fy|;4v; and By j9Fy v, at times {tj}le, and
J _ 2 2 )
Y Ex, e, ||PT0jy X 2/H-Fj|J,¢H2 < Wa(BuseFisevs,vr))7 (B.65)
=0

where W, is the Wasserstein-2 metric and HFJ‘ J,¢H2 is the Lipschitz constant of F ;.

Proof. All we must show is that successively chaining the projections from Proposi-
tion B.2 decomposes like in Proposition B.1. For Xy, Xo ~ v, Wy(FjFjv, P_j o Fj 1 P_j 1 Fjv)

consider f;, fj—1 as realised paths for our kernel and write

1£5fi-1X1 = projy ., fi-1projy ., fiXs|13
= ”prOJV_J_A,_l(fij*le - prOJV_J+2f]71prOJV_]+1f]X2)Hg

+ [lprojyr_,,, (fifi-1 X1 — projy. ., fiaprojy ., [ X2)[l3
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due to the triangular form and the orthogonality of the multi-resolution basis. Let

V_j1 = Projy_ V—j, then as projy._,., commutes with any term equivalent to the

1

identity operator on V_; 4, the first term becomes

||fj_1X11tj+1 - prOjV,j+2fj—1X27tj+1) ||§7 (B66)

where Xi;.,,, Xot,,, ~ V—jr1. When an optimal coupling is made, this term
becomes [|proj,_,,, X1, |2. The second term has projy_.,,projy._ ., nullified, and

again commutes where appropriate making this
: 2
HPTOJU,J-HXl,tHI 2 (B.67)

We may again use the triangular form to utilise the identify

lprojy_,,, Fillz < IF5113, (B.68)
to define
N = diag(|[projy_,, Fyislls. - - Iprojy_, ., Frsll3) (B.69)
so that
Wa(AS 5 (Fjian), A 5 (Fjiava)) < Wa(v, 1), (B.70)

Piecing the decomposition and scaling together, we yield

EV7j+2 "prOjU_j+2X1,tj+1 H%/HFJ—2U H% + EV7j+1 |‘prOjU_j+1X17tj+1 Hg/HFj—QU Hg <B71)
< (Wa(v, Bj_gFj-2))*. (B.72)
Iterating over j in the fashion given yields the result. Last, measures within
B J
Upr = {vs | Fj ;7 = Fj1s © Q) o101}, (B.73)
=]
are invariant under B Fy|;, further, B Fj; projects onto this set. To see this,

take any measure v; € D(V_;) and apply Fj;. The information in V}j split by P;
is replaced by dygy in the backward pass. Thus By Fy;B1Fy; = By Fy;. O
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B.1.4 U-Nets in V_;

Here we show how U-Nets can be seen as only computing the non-truncated
components of a multi-resolution diffusion bridge on V_; — the computations
are performed in V_; for 7 < J at various layers. This amounts to showing the

embedding presented in Theorem 3.1.

Theorem 3.1. Let B; : [t;,t;41) x D(V_;) — D(V_;) be a linear operator (such
as a diffusion transition kernel, see Appendix B.1) for j < J with coefficients
pd) gl [tj,tj41) x V_; — V_;, and define the natural extensions within V_; in
bold, i.e. B;j = B; ® Iy. . Then the operator B : 0,T] x D(V_;) — D(V_,) and

the coefficients p,o : [0,7] x V_; — V_; given by

J J J
B = Z ﬂ[tjﬂfjﬂ) -Bj, p= Z ﬂ[tj»tjﬂ) ) “(])7 g = Z I]‘[tjvtj+1) ’ 0'(])’
§=0 =0 §=0

induce a multi-resolution bridge of measures from the dynamics for ¢ € [0, 7] and
on the standard basis as dX; = p(X;)dt + o,(X;)dW,; (see Appendix B.1.4 for
the details of this integration) for X; € V_;, i.e. a (backward) multi-resolution

diffusion process.

Proof. At time t = 0 we have that suppry C Vy = {0}, so D(Vy) = dg0y. For the
s in the first time interval [to,t;) it must be the case v, = df0y, s0 ,ugj),agj) =0
and By(s) = I. The extension is thus By(s) = I on V_;. At t = t;, the operator
B, =1on Vﬁ grants pug, 0, = 0. On Vj, B is an operator with domain in Vi,
granting suppy;, C V;. For s within the interval (¢, ;) we maintain suppv, C V;,
and by induction we can continue this for any s € [t;,t;41) € [0,1]. Let E; be a
basis of V_;, then as p,, 0, =0 on V}j the diffusion SDE on [t;,¢;11) x V_; given
in the basis E; by

dXP = 1(X)dt + o (X,)dw, (B.74)



B.1. Framework Details and Technical Proofs 188

embeds into an SDE on V_; with basis E; by
dXt = [,Lt<Xt)dt —+ O't(Xt)th, <B75)

which maintains X; € V_; as o, = 0 on the complement. ]

In practice, we will compute the sample paths made from Equation B.74, but we
can in theory think of this as Equation B.75. The U-Net sequential truncation of
spaces, then sequential inclusion of these spaces is what forms the multi-dimensional

bridge with our sampling models.

B.1.5 Forward Euler Diffusion Approximations

Here we show that the backward cell structure of state-of-the-art HVAEs approx-

imates an SDE evolution within each resolution.

Theorem 3.4. Let t; =T € (0,1) and consider (the py backward pass) By, :

D(V_;) = D(Vj) given in multi-resolution Markov process in the standard basis:
dZt = (%l,t(Zt) + %Qi(zt))dt ‘l‘ <Et(Zt)dVI/vt, (B76)

where proj; . Z;, = 0, || Z|2 > || Zs||2 with 0 < s <t < T and for a measure

J+1
vy € D(V_;) we have Zy ~ Fy j1v;. Then, VDVAEs approximates this process,
and its residual cells are a type of two-step forward Euler discretisation of this

Stochastic Differential Equation (SDE).

Proof. The evolution
dZ, = (W14(Z) + won(Z0))dt + 5 (Z)aWs, (B.77)

subject to Zy = 0, || Z4||2 > || Zs||2 and X, Zy ~ F, jpvy. By Theorem 3.3 we know
Fy ;v enforces the form

J-1
projy, Fou1vs @ @) 050y (B.78)

=1
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when ¢ is trained with a reconstruction loss. By Theorem 3.5, the full cost used
imposes projvlf(m Jnvy = 00y, further, VDVAE initialises Zy = d;0y. This enforces
Zy =0 as Zy ~ dg0y. For the backward SDE, consider the splitting

dz) = 0 (Z20)dt + 7 (28)aw, Az = 05,22 dt, (B.79)
where dZ; = dZt(l) + dZt(z) when Z; = Zt(l) = Zt(Q). For the split SDE make the

forward-Euler discretisation

1

(B.80)

Now the second deterministic component can also be approximated with a forward-

i+l i+l

Euler discretisation
it+1
23 =22+ [ a2t~ 2P 4 G 22), (B.51)

As Zy = 0, we need only show the update at a time i, so assume we have Z;. First

we update in the SDE step, so make the assignment and update

7" + 7, 21 = 20+ a(Z0) + (2] AW, (B-82)

2

Now assign ZZ»(Z) — Zl-(}r)l so we may update in the mean direction with

Z(i)l = Zi(z) + %i,Q(Zi(Q))a (B.83)

1

with the total update Z;,1 < Zﬁ)l. This gives the cell update for NVAE in Figure
B.1. To help enforce the growth ||Z]|> > [|Zs|l2, VDVAE splits 2" = Z, + Z, ,
where Z; | increases the norm of the latent process Z;. This connection and the
associated update are illustrated in Figure B.1 [left]. Note here that if no residual
connection through the cell was used (just the re-parameterisation trick in a VAE),

the model would degenerate to a hierarchical VAE with a single step.

Remark B.1. To simplify the stepping notation in the HVAE backward cells
(Figures 3.4 and B.1), we use 70 = 7, + W14(Z) + Ti(Z)(Wy) and Z¥ =

AR <HM(ZZ-(I)) so that the index i refers to all computations of the i backward

cell.
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B.1.6 Time-homogenuous model

Recall VDVAE has the continuous time analogue
dZt - (%l,t(Zt) + %Q’t(Zt>>dt + ?t(Zt)th, (B84>

where Zy =0, || Z¢]|2 > || Zs]]2 with 0 < s <t < T and for a measure v; € D(V_).
Due to Theorem 3.5, we know that the initial condition of VDVAE’s U-Net is the
point mass dyoy. As the backwards pass flows from zero to positive valued functions,
this direction is increasing and the equation is stiff with few layers. The distance
progression from zero is our proxy for time, and we can use its ‘position’ to measure
this. Thus, the coefficients <ﬁt71, <ﬁt,2, ?t need not have a time dependence as this
is already encoded in the norm of the Z; processes. Thus, the time-homogeneous

model postulated in the main text is:

dZ, = (5 1(Z) + w2 2))dt + 5 (Z,)dW,, (B.85)

Zo =0, [ Zill2 > 1 Zs|2- (B.86)

In practice, the loss of time dependence in the components corresponds to weight
sharing the parameters across time, as explored in the experimental section. Weight
sharing, or a time-homogeneous model, is common for score based diffusion models

[92, 206], and due to our identification we are able to utilise this for HVAEs.

B.1.7 HVAE Sampling

Here we use our framework to comment on the sampling distribution imposed

by the U-Net within VDVAE.

Theorem 3.5.  Consider the SDE in Eq. (3.4), trained through the ELBO
in Eq. 1.2. Let ©; denote the data measure and vy = d;0y be the initial multi-
resolution bridge measure imposed by VDVAEs. If g4 ; and py; are the densities of
By jFy1v; and By ;v respectively, then a VDVAE optimises the boundary condi-

tion ming » K L(qe,0.1]/gs,0P6,1), where a double index indicates the joint distribution.
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Proof. We need to only show two things. First, due to Theorems 3.3 and 3.4, we
know that the architecture imposes

J-1

projy, F vy @ @) o0, (B.87)
j=1

so we must analyse how projVIF¢, Jnvy is trained. Second, we use Theorem 3.4 to
view the discretised version of the continuous problem, and identify the error in the

two-step forward Euler splitting.

On the first point, VDVAE uses an ELBO reconstruction with a KL divergence
between the backwards pass of the data By, jj1 F j17, (the ‘gy-distribution’), and the
backwards pass of the model imposed by the U-Net B, Jj1 (the ‘pg distribution’).
As Zj is zero initialised, we know vy = d;01. We need to show the cost function used
imposes this initialisation on E@l‘of(@ Jjovy. Let Xp ~ F¢7 Jjo77, call the distribution
of this gg0. We also use Z; ~ g4 for a sample from B 10F s 077 and Z; ~ pga

for a sample from EQMIOVO' For a realisation x of X7, VDVAE computes

K L(gpa0( - | X1 = 2)||po1jo( - [Zo = 0)) = K L(gg10( - | X7 = 2)|[pes()), (B.88)

which in training is weighted by each datum, so the total cost in this term is

| K L{@sa0(- 1Xr = @)l po. (+))aso( Xr = 2)da. (B.89)

But this is equal to,

(Zy=zXr=x
//1 <CI¢>1|0 1= 2| Xy >>Q¢,10(Zl — 2| X7 = 2)qo0(Xp = 2)dzdz (B.90)

po.1(Z1 = 21)
Qp01(Z1 = 2, Xp = x) )
- o8 Zy =z, Xr = x)dzdx B.91
// (pe 1(Z1 = 21)qp0(Xr = 2) 401 (Z1 T ) ( )
= KL(gy.0.1(Z1, X1)||pe,1 (Z1)460(X1)) = KL(gp0.1||Ps.196.0)- (B.92)

The distribution of py; is Gaussian as a one time step diffusion evolution from the

initial point mass vy = dygy.
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Theorem 3.1 states that the choice of the initial latent variable in VDVAE imposes
a boundary condition on the continuous SDE formulation. Further, this boundary

condition is enforced into the final output Xr of the encoder within VDVAE.



193

B.1. Framework Details and Technical Proofs

"UOI}IPPR OSIM-JUOWID[D SOYRIIPUL B [[9D
renprsol 3xou oY) 03 ndjno oy T+ pue ‘snorasad o) woay ndur oYy st i ‘ssed dn-wo)3o0q d13SLYD0)S-UOU Jo0F0 Ul oy} woj ndur ue st sum

‘A[oA1900dso1 ‘uorjeIoUsd pur Surulel) SuLmMp (soul] pejjop oY) Aq pojyeosrpur) dogs Surjdures o1} Ul pesn aIe ([RUO}IPUOIUN) Od 10 ([RUOIIIPUOD)

b 1oy "IVA ewesnreN-1omy € (7S] pue [1gg] VAN [PIPPIW] ‘[Fe] AVAQA [1°1] Jo semjonss [oo [enpisod oty opraoid o107 oA\ F'E

A TIN
4 ™
:WN sjdwes - )
®h 10 0d asooyo - wZ
N A
(zljz)od[
- J
'z

JvA eweAniep-1a|ng

wZ =z

'MV(Z)9+
t !
(p)n+'z—> ,Z

A T.NN
)
m—d
4
?WNV w.
|
:WN o|dwes - )
?h 10 0d asooyp - wZ
N A
A\“vm \.NN_QWNwﬁw:.:W
(zlajz)od]
J
'z

IVAN

w77

z
ASNNV m+ :WN - &N

IMV(Z)9+
t !
(2)n+'z— 7z

A T.NN
, N\
>z
z
A&Nu m
:wN o|dwes - ,
?h 10 0d asooyp - wZ
N A
ﬁ\“vm :N_QwNvﬂw ......
o Vol ;
(214j2) d—> 'z
e @Z
J
'z

AVAAA

‘b ur sse001d UOISNPIP 9WI)-SNONUIPIOD © JO SUOIPRSIJOIISIP I[Ny plemlio] dojs-om) SUIqUIasaI oIe s[[o0 umop-doy qVAH :1°g oIndiq

"MV (Z)9+
(DM +"z2- jz

WwZ+'Z2—- "z



B.2. Background 194

B.2 Background
B.2.1 Multi-Resolution Hierarchy and thought experiment

Let X C R™ be compact and L?*(X) be the space of square-integrable functions over

this set. We are interested in decomposing L?(X) across multiple resolutions.

Definition 3.1 (abbreviated). A multi-resolution hierarchy is one of the form

e CVICVoCVo Cene (B.93)
m = L2(R™) (B.94)

- NV = {0} (B.95)

f) eV <:>J€JZ‘(2j ) €V (B.96)

f()eVo < f(- —n) eV, forneZ. (B.97)

Each V_; is a finite truncation of L?(X). What we are interested in is to consider
a function f € L?(X) and finding a finite dimensional approximation in V_j,
say, for J > 0. Further, for gray-scale images, X = [0,1]?, the space of pixel-
represented images. To simplify notation, we just consider X = [0, 1] for the
examples below, but we can extend this to gray-scale images, and to colour images

with a Cartesian product.

The ‘pixel’ multi-resolution hierarchy is given by the collection of sub-spaces
Ve ={f € L2([0,1]) | flp-in2—r-he1y) = crs k €{0,...,27 =1}, ¢, € R}. (B.98)

It can be readily checked that these sub-spaces obey the assumptions of Definition
3.1. An example image projected into such sub-spaces, obtained from a discrete
Haar wavelet transform, is illustrated in Fig. B.2. We call it the pixel space of
functions as elements of this set are piece-wise constant on dyadically split intervals

of resolution 27, i.e a pixelated image. For each V_; there is an obvious basis of size



B.2. Background 195

27 where we store the coefficients (co, ¢y, ..., 1) € R?’ . The set of basis vectors for
it is the standard basis {ei}?ial which are 0 for all co-ordinates except for the 7" + 1
entry which is 1. This basis is not natural to the multi-resolution structure of V_;.
This is because all the basis functions change when we project down to V_; ;. We
want to use the multi-resolution structure to create a basis which naturally relates
V_;, V_;11, and any other sub-space. To do this consider V_; N V* 41 C V. Define
this orthogonal compliment to be U_; 1 == V= it1, thensee Vo; =V ;1 & U_j41.
Doing this recursively finds V_; = V, ® @, ]H U;, and taking the limit

LA(X) = éo U e V. (B.99)

i=0

Each of the sub-spaces {U_;}32, are mutually orthogonal as each V_; 1 U_;. Now
suppose we had a basis set ¥; for each U_; and ®, for Vj,. As these spaces are
orthogonal, so are the basis sets to each other, too. We can make a basis for V_;
with span(®g, ¥, -+ ,¥_,:1). For the above examples, Vj needs only a single
basis function ¢g = Lj 41y, further if ¢ = \/_( 0,1/2) — La/2,1)), then given the
functions z +— ¥;x(z) = 29/2 - (277 (x — k)) we have {1);,} is a basis for V_;

B.2.2 U-Net

In practice, a U-Net [197] is a neural network structure which consists of a forward
pass (encoder) and backward pass (decoder), wherein layers in the forward pass
have some form of dimension reduction, and layers in the backward pass have some
form of dimension embedding. Furthermore, there are ‘skip connection’” between

corresponding layers on the same level of the forward and backward pass.

We now formalise this notion, referring to an illustration of a U-Net in Fig. B.3. In
black, we label the latent spaces to be V_; for all j, where the original data is in
V_; and the U-Net ‘bend’ (bottleneck) occurs at V5. We use f;¢ to be the forward
component, or encoder, of the U-Net, and similarly b;y as the backward component

or decoder, operating on the latent space V_;. P_j;; refers to the dimension
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original (512 x 512) gray-scaled original (512 x 512)

(2 x 2) (4 x 4) (8 x 8)

V.4 (16 x 16) (32 x 32) (64 x 64)

V.7 (128 x 128) Vg (256 x 256) V. (512 x 512)

Figure B.2: The thought experiment discussed in §3.2. The original colour image
[top-left], its gray-scale version [top-right], and its Haar wavelet projections to the
approximation spaces V_; for j € {1,...,9}.
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Figure B.3: The repeated structure in a U-Net, where V_; 1 is a lower dimensional
latent space compared to V_;. fjg,b;¢ are in practice typically parameterised by neural
networks (e.g. convolutional neural networks); P_;;1 is a dimension reduction operation
(e.g. average pooling) to a lower-dimensional latent space; and, E_; is a dimension
embedding operation (e.g. deterministic interpolation) to a higher-dimensional latent
space. This structure is repeated to achieve a desired dimension of the latent space at the
U-Net bottleneck.

reduction operation between latent space V_; and V_;,;, and E_; refers to its
corresponding dimension embedding operation between latent spaces V_;;; and V_;.
A standard dimension reduction operation in practice is to take P_; ; as average
pooling, reducing the resolution of an image. Similarly, the embedding step may be
some form of deterministic interpolation of the image to a higher resolution. We
note that the skip connection in Fig. B.3 occur before the dimension reduction step,

in this sense, lossless information is fed from the image of f; into the domain of b; ¢.

In blue, we show another backward process b;, that is often present in U-Net
architectures for generative models. This second backward process is used for
unconditional sampling. In the context of HVAEs, we may refer to it as the

(hierarchical) prior (and likelihood model). It is trained to match its counterpart



B.2. Background 198

in black, without any information from the forward process. In HVAESs, this is
enforced by a KL-divergence between distributions on the latent spaces V_;. The

goal of either backward process is as follows:

1. bjp must be able to reconstruct the data from f;g, and in this sense it is

reasonable to require b;qfj9 = I;

2. b; 4 must connect the data to a known sampling distribution.

The second backward process can be absent when the backward process b;y is
imposed to be the inverse of f;g, such as in Normalising Flow based models, or
reversible score-based diffusion models. In this case the invertibility is assured,
and the boundary condition that the encoder connects to a sampling distribution
must be enforced. For the purposes of our study, we will assume that in the
absence of dimension reduction, the decoder is constrained to be an inverse of the
encoder. This is a reasonable assumption: for instance, in HVAEs near perfect

data reconstructions are readily achieved.

For variational autoencoders, the encoder and decoder are not necessarily de-
terministic and involve resampling. To encapsulate this, we will work with the
data as a measure and have Iy ; and By ; as the corresponding kernels imposed

by fje and b;4, respectively.

With all of these considerations in mind, for the purposes of our framework we
provide a definition of an idealised U-Net which is an approximate encapsulation

of all models using a U-Net architecture.

Definition B.1. (Idealised U-Net for generative modelling)
Foreach j € {0,..., J}, let Fjg, Bjo : D(V_;) = D(V_;) such that BjgFj9 = Iy ,. A
U-Net with (average pooling) dimension reduction P_; ; and dimension embedding

E_; is the operator U : D(V_,) — D(V_;) given by

U = BJ’QE,JOH'OBLQE,IOP()FL@O"'OP,J+1FJ79’ B]F} =1. (BlOO)
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Remark B.2. The condition B;¢F;y = Iy_; in our idealised U-Net (for uncon-
ditional sampling here) is either imposed directly (reversible flow based model),
or approximated via skip connections. For instance, in our HVAE case, we have
both a U-Net without skip connections (the p distribution) and a U-Net with skip
connections (the ¢ distribution). The U-Net related to the ¢ distribution learns how
to reconstruct our data from the reconstruction term in the ELBO cost function.
The U-Net related to the p distribution learns to mimic the ¢ distribution via the
KL term in the ELBO of the HVAE, whose decoder is trained to invert its encoder,
i.e. BjyFj4 = Iy ,;, but the p U-Net lacks skip connections. Thus, in the HVAE
context, we are analysing U-Nets which must simultaneously reconstruct our data
and lose their reliance on their skip connections due to the condition that the ¢

U-Net must be approximately equal to the p U-Net.

B.2.3 Sampling of Time Steps in HVAEs

Monte Carlo sampling of time steps in ELBO of HVAEs.

We here provide one additional theoretical result. We show that the ELBO of an

HVAE can be written as an expected value over uniformly distributed time steps.

Previous work [120] [92] (Eq. (13), respectively) showed that the diffusion loss term

Lr(x) in the ELBO of discrete-time diffusion models can be written as

T R
Lr(x) = SEeoninv(r) [(SNR(s) — SNR(1)) [|lx — %¢ (z:1)[[3]  (B.101)

which allows maximizing the variational lower-bound via a Monte Carlo estimator

of Eq. B.101, sampling time steps.

Inspired by this result for diffusion models, we provide a similar form of the ELBO

for an HVAE with factorisation as in Eqs. (1.3)-(1.4) (and the graphical model
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in Fig. 1.3). An HVAE’s ELBO can be written as

p(Zl|Z>l)

A q\Z;|Z>, X
log p(x) 2 Ezvq(zx) [l0g p(x|Z)] — L Eiovmita,z) [Ezwq(ﬂx) log M] .

Proof.

log p(x) > Ezyz log p(x|Z)] — KL [¢(Z]x)]|p(Z)]
L
Ezq(zx) [log p(x|Z)] /qu Z|x) log [szl Q(Zz\zﬂ,xw

121 p(zi|z>))
(Zl|z>l7 )]
= Ezq@x [logp(x|Z /dz x) lo
~q(7x) [1og p(x|Z)] Z q(Z]x) g[ Pzl
q (Zz|Z>z,X)]
:EZN Zlx lo X\|Z —LEN ni EEN Zlx log —————=| .
o) [log p(x|Z)] I~U f(LL)[ @ 108 =

This allows reducing the computational and memory costs of the KL-terms in
the loss and depends on how many Monte Carlo samples are drawn. However, in
contrast to diffusion models, all intermediate stochastic layers (up to the top-most
and bottom-most layer chosen when sampling time steps in the recognition and
generative model, respectively) still need to be computed as each latent variable’s

distribution depends on all previous ones.

B.3 Code, computational resources, existing as-
sets used

Code. We provide our PyTorch code base at https://github.com/FabianFalck /unet-
vdvae. Our implementation is based on, modifies and extends the official imple-

mentation of VDVAE [34]. Below, we highlight key contributions:

o We implemented weight-sharing of individual ResNet blocks for a certain

number of repetitions.


https://github.com/FabianFalck/unet-vdvae
https://github.com/FabianFalck/unet-vdvae
https://github.com/openai/vdvae
https://github.com/openai/vdvae
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o We implemented the datasets and the preprocessing of MNIST and CelebA,

which were previously not used with VDVAE.

o We implemented the option of synchronous and asynchronous processing in

time (see Appendix B.7.4).

o We implemented Fourier features with hyperparameters choosing their fre-
quencies following VDM [120]. One can concatenate them at three different

locations as options.
o We simplified the multi-GPU implementation.

o We implemented an option to convert the VDVAE cell into a non-residual cell

(see Appendix B.7.4).
o We implemented logging of various metrics and plots with weight&biases.

o We implemented gradient checkpointing [33] as an option in the decoder of
VDVAE where the bulk of the computation occurs. We provide two implemen-
tations of gradient checkpointing, one based on the official PyTorch implemen-
tation which is unfortunately slow when using multiple GPUs, and a prototype
for a custom implementation based on https://github.com/csrhddlam /pytorch-
checkpoint.

The README.md contains instructions on installation, downloading the required

datasets, the setup of weights&biases, and how to reproduce our main results.

Computational resources. For the majority of time during this project, we
used two compute clusters: The first cluster is a Microsoft Azure server with
two Nvidia Tesla K80 graphic cards with 11GB of GPU memory each, which we
had exclusive access to. The second cluster is an internal cluster with 12 Nvidia
GeForce GTX 1080 graphic cards and 10GB of GPU memory each, shared with a
large number of users. In the late stages of the project, in particular to perform

runs on ImageNet32, ImageNet64 and CelebA, we used a large-scale compute


https://github.com/csrhddlam/pytorch-checkpoint
https://github.com/csrhddlam/pytorch-checkpoint
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cluster with A100 graphic cards with 40GB of GPU memory each. We refer to

the acknowledgements section for further details.

In the following, we provide a rough estimate of the total compute required to
reproduce our main experiments. Compute time until convergence scales with the
depth of the HVAEs. For the shallower HVAEs in our small-scale experiments
in §B.7.1, training times range from several days to a week. For our larger-
scale experiments on MNIST and CIFARI10, training times range between 1 to 3
weeks. For our deepest runs on ImageNet32 and CelebA, training times range

between 2.5 to 4 weeks.

For orientation, in Table B.1, we provide an estimate of the training times of our
large-scale runs in Table 3.1. We note that these runs have been computed on
different hardware, i.e. the training times are only to some degree comparable,

yet give an indication.

Table B.1: A large-scale study of parameter efficiency in HVAEs. For all our runs in
Table 3.1, we report their stochastic depth and estimated training time.

Method Depth Training time
MNIST (28 x 28)
WS-VDVAE (ours) 57 ~ 5 days
VDVAE* (ours) 43 ~ b5 days

CIFARI10 (32 x 32)
WS-VDVAE (ours) 268 ~ 18 days
WS-VDVAE (ours) 105 ~ 13 days
VDVAE* (ours) 43 ~ 9 days

ImageNet (32 x 32)
WS-VDVAE (ours) 169 ~ 20 days
WS-VDVAE (ours) 235 ~ 24 days
VDVAE* (ours) 78 ~ 16 days

CelebA (64 x 64)
WS-VDVAE (ours) 125 ~ 27 days
VDVAE* (ours) 75 ~ 21 days

Existing assets used. In the experiments, our work directly builds on

top of the official implementation of VDVAE [34] (MIT License). We use the


https://github.com/openai/vdvae
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datasets reported in Appendix B.4. In our implementation, we make use of
the following existing assets and list them together with their licenses: PyTorch
[180], highlighting the torchvision package for image benchmark datasets, and
the gradient checkpointing implementation (custom license), Numpy [85] (BSD
3-Clause License) Weights&Biases [19] (MIT License), Apex [174] (BSD 3-Clause
“New” or “Revised” License), Pickle [225] (license not available), Matplotlib [99]
(PSF License), ImagelO [123] (BSD 2-Clause “Simplified” License), MPI4Py [46]
(BSD 2-Clause “Simplified” License), Scikit-learn [181] (BSD 3-Clause License),

and Pillow [220] (custom license).

B.4 Datasets

In our experiments, we make use of the following datasets: MNIST [133], CIFAR10
[127], ImageNet32 [36, 55|, ImageNet64 [36, 55|, and CelebA [145]. We briefly
discuss these datasets, focussing on their preprocessing, data splits, data consent
and commenting on potential personally identifiable information or offensive content
in the data. We refer to the training set as images used during optimisation, the
validation set as images used to guide training (e.g. to compute evaluation metrics
during training) but not used for optimisation directly, and the test set as images
not looked at during training and only to compute performance of completed runs.
For all datasets, we fix the training-validation-test split over different runs, and we
scale images to be approximately centred and having a standard deviation of one
based on statistics computed on the respective training set. If not stated otherwise,

we use a modified version of the implementation of these datasets in [34].

MNIST. The MNIST dataset [133] contains gray-scale handwritten images of
10 digit classes (‘0” to ‘9’) with resolution 28 x 28. It contains 60,000 training
and 10,000 test images, respectively. From the training images, we use 55,000
images as the training set and 5000 images as the validation set. We use all 10, 000

test images as the testing set. We build on top of the implementation provided
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in NVAE [221] (https://github.com/NVlabs/NVAE/blob/master/datasets.py),
which itself uses torchvision [180], and dynamically binarize the images, meaning
that pixel values are binary, as drawn from a Bernoulli distribution with the
probabilities given by the scaled gray-scale values in [0, 1]. Furthermore, we pad

each image with zeros so to obtain the resolution 32 x 32.

The dataset is highly standardised and cropped to individual digits so that offensive
content or personally identifiable information can be excluded. As the original
NIST database from which MNIST was curated is no longer available, we cannot
comment on whether consent was obtained from the subjects writing and providing

these digits [67].

CIFAR10. The CIFARIO dataset [127] contains coloured images from 10 classes
(Cairplane’, ’automobile’, *bird’, ’cat’, ’deer’, 'dog’, frog’, "horse’, "ship’, ’truck’) with
resolution 32 x 32. It contains 50, 000 training and 10,000 test images, respectively.
We split the training images into 45,000 images in the training set and 5000 images

in the validation set, and use all 10,000 test images as the test set.

CIFARI10 was constructed from the so-called 80 million tiny images dataset by
Alex Krizhevsky, Vinod Nair, and Geoffrey Hinton [128]. On the official website
of the 80 million tiny images dataset, the authors state that this larger dataset
was officially withdrawn by the authors on June 29th, 2020 due to offensive images
being identified in it [186]. The authors of the 80 million tiny images dataset do
not comment on whether CIFAR10, which is a subset of this dataset, likewise
contains these offensive images or is unaffected. [127] states that the images in
the 80 million tiny images dataset were retrieved by searching the web for specific
nouns. The authors provide no information to which degree consent was obtained

from the people who own these images.

ImageNet32. The ImageNet32 dataset, a downsampled version of the ImageNet
database [36, 55], contains 1,281, 167 training and 50,000 test images from 10, 000


https://github.com/NVlabs/NVAE/blob/master/datasets.py
https://github.com/NVlabs/NVAE/blob/master/datasets.py
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classes with resolution 32 x 32. From the training images, 5,000 images as the
validation set and the remaining 1,276,167 as the training set, and further use

all 50,000 test images as the test set.

ImageNet is a human curated collection of images downloaded from the web via
search engines. While ImageNet used Amazon Mechanical Turk to lable the images,
we were unable to find information on processes which ensured no personally
identifiable or offensive content was contained in the images, which is somewhat
likely given the “in-the-wild” nature of the dataset. The ImageNet website states

that the copyright of the images does not belong to authors of ImageNet.

ImageNet64. The ImageNet64 dataset, a second downsampled version of
the ImageNet database [36, 55|, likewise contains 1,281, 167 training and 50, 000
validation images with resolution 64 x 64. We use the same data splits as for
ImageNet32. Refer to the above paragraph on ImageNet32 for discussion of

personally identifiable information, offensive content and consent.

CelebA. The CelebA dataset [145] contains 162, 770 training, 19, 867 validation
and 19,962 test images with resolution 64 x 64 which we directly use as our
training, validation and test set, respectively. Our implementation is a modified
version of the one provided in NVAE [221] (https://github.com/NV1labs/NVAE/

blob/master/datasets.py).

CelebA images are “obtained from the Internet”. The authors state that these
images are not the property of the authors of associated institutions [146]. As
this dataset shows the faces of humans, these images are personally identifiable.
We were unable to identify a process by which consent for using these images was

obtained, or how potential offensive content was prevented.


https://github.com/NVlabs/NVAE/blob/master/datasets.py
https://github.com/NVlabs/NVAE/blob/master/datasets.py
https://github.com/NVlabs/NVAE/blob/master/datasets.py
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B.5 Potential negative societal impacts

Our work provides mainly theoretical and methodological contributions to U-Nets
and HVAESs, and we hence see no direct negative societal impacts. Since U-Nets
are widely used in applications, our theoretical results and any future work derived
from them may downstream improve such applications, and thus also enhance their
performance in malicious uses. In particular, U-Nets are widely used in generative
modelling, and here, our work may have an effect on the quality of ‘deep fakes’,
fake datasets or other unethical uses of generative modelling. For HVAEs, our work
may inspire novel models which may lead to improved performance and stability of

these models, also when used in applications with negative societal impact.

B.6 Model and training details

On the stability of training runs. VDVAE uses several techniques to
improve the training stability of HVAEs: First, gradient clipping [162] is used,
which reduces the effective learning rate of a mini-batch if the gradient norm
surpasses a specific threshold. Second, gradient updates are skipped entirely when
gradient norms surpass a second threshold, typically chosen higher than the one for
gradient clipping. Third, gradient updates are also skipped if the gradient update

would cause an overflow, resulting in NaN values.

In spite of the above techniques to avoid deterioration of training in very deep
HVAES, particularly when using a lot of weight-sharing, we experienced stability
problems during late stages of training. These were particularly an issue on CIFAR10
in the late stages of training (on average roughly after 2 weeks of computation time),
and often resulted in NaN values being introduced or posterior collapse. We did not
extensively explore ways to prevent these in order to do minimal changes compared
to vanilla VDVAE. We believe that an appropriate choice of the learning rate (e.g.

with a decreasing schedule in later iterations) in combination with other changes to
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the hyperparameters may greatly help with these issues, but principled fixes of, for

instance, the instabilities identified in Theorem 3.5 are likewise important.

Gradient checkpointing, and other alternatives to reduce GPU memory
cost. A practical limitation of training deep HVAEs (with or without weight-
shared layers) is their GPU memory cost: Training deeper HVAEs means storing
more intermediate activations in GPU memory during the forward pass, when
memory consumption reaches its peak at the start of the backward pass. This
limits the depth of the networks that can be trained on given GPU resources.
To address this issue, particularly when training models which may not even fit
on used hardware, we provide a prototype of a custom! gradient checkpointing
implementation. Checkpointing occurs every few ResNet blocks which trades off
compute for memory and can be used as an option. In gradient checkpointing,
activations are stored only at specific nodes (checkpoints) in the computation graph,
saving GPU memory, and are otherwise recomputed on-demand, requiring one
additional forward pass per mini-batch [33]. Training dynamics remain unaltered.
We note that other techniques exist specifically targeted at residual networks: For
example, [98] propose to stochastically drop out entire residual blocks at training
time 2. This technique has two disadvantages: It changes training dynamics, and
peak memory consumption varies between mini-batches, where particularly the latter

is an inconvenient property for the practitioner as it may cause out-of-memory errors.

B.7 Additional experimental details and results

In this section, we provide additional experimental details and results.

!Our implementation deviates from the official PyTorch implementation of gra-
dient checkpointing which is slow when using multiple GPUs, and is based on
https://github.com/csrhddlam /pytorch-checkpoint.

2This technique is called “stochastic depth” as the active depth of the network varies at random.
In this work, however, we go with our earlier definition of this term which refers to the number of
stochastic layers in our network, and thus avoid using its name to prevent ambiguities.


https://github.com/csrhddlam/pytorch-checkpoint
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Hyperparameters and hyperparameter tuning. In the following, we describe
the hyperparameters chosen in our experiments. As highlighted in the main text,
we use the state-of-the-art hyperparameters of VDVAE [34] wherever possible.
This was possible for CIFAR10, ImageNet32 and ImageNet64. On MNIST and
CelebA, VDVAE [34] did not provide experimental results. For MNIST, we took the
hyperparameters of CIFAR10 as the basis and performed minimal hyperparameter
tuning, mostly increasing the batch size and tuning the number and repetitions
of residual blocks. For CelebA, we used the hyperparameters of ImageNet64 with
minimal hyperparameter tuning, focussing on the number and repetitions of the
residual blocks. For all datasets, the main hyperparameter we tuned was the
number and repetitions (through weight-sharing) of residual blocks ceteris paribus,
i.e. without searching over the space of other important hyperparameters. As
a consequence, it is likely that further hyperparameter tuning would improve
performance as changing the number of repetitions changes (the architecture

of) the model.

We provide three disjunct sets of hyperparameters: global hyperparameters (Table
B.2), which are applicable to all runs, data-specific hyperparameters (Table B.3),
which are applicable to specific datasets, and run-specific hyperparameters, which
vary by run. The run-specific hyperparameters will be provided in the respective

subsections of §B.7, where applicable.

In the below tables, ‘factor of # channels in conv. blocks’ refers to the multiplicative
factor of the number of channels in the bottleneck of a (residual) block used
throughout VDVAE. ‘# channels of z;’ refers to C in the shape [C, H, W] of the
latent conditional distributions in the approximate posterior and prior, where height
H and width W are determined by the resolution of latent z;. Likewise, ‘# channels
in residual state’ refers to C in the shape [C, H, W] of the residual state flowing
through the decoder of VDVAE. ‘Decay rate « of evaluation model’ refers to the
multiplicative factor by which the latest model parameters are weighted during

training to update the evaluation model.
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Table B.2: Global hyperparameters.

factor of # channels in conv. blocks 0.25

Gradient skipping threshold 3000
Adam optimizer: Weight decay 0.01
Adam optimizer: [ 0.9
Adam optimizer: [, 0.9

Table B.3: Data-specific hyperparameters.

Dataset MNIST CIFARI10ImageNet32ImageNet64 CelebA
Learning rate 0.0001 0.0002  0.00015 0.00015 0.00015
# iterations for learning rate 100 100 100 100 100
warm-up

Batch size 200 16 8 4 4
Gradient clipping threshold 200 200 200 220 220

# channels of z; 8 16 16 16 16

# channels in residual state 32 384 512 512 512
Decay rate v of evaluation 0.9999 0.9999 0.999 0.999 0.999
model

B.7.1 “More from less”: Parameter efficiency in HVAEs

In this experiment, we investigate the effect of repeating ResNet blocks in the
bottom-up and top-down pass via weight-sharing. rN indicates that a ResNet block
is repeated N times through weight-sharing where r is to be treated like an operator
and N is a positive integer. In contrast, xN, already used in the official implementation

of VDVAE, indicates N number of ResNet blocks without weight-sharing.

In Tables B.4 and B.5, we provide the NLLs on the test set at convergence
corresponding to the NLLs on the validation set during training which we reported
in Fig. 3.5. In general, weight-sharing tends to improve NLL, and models
with significantly less parameters reach or even surpass other models with more
parameters. We refer to the main text for the intuition of this behavior. In Table
B.5 (CIFAR10), we find that the not weight-sharing runs have test NLLs noticeably
deviating from the results on the validation set, yet the overall trend of more

weight-sharing improving NLL tends to be observed. This is in line with our general
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Table B.4: A small-scale study on parameter efficiency of HVAEs on MNIST. We
compare models with one, two, three and four parameterised blocks per resolution
({x1, 22,23, 24}) against models with a single parameterised block per resolution weight-
shared {2,3,5,10,20} times ({r2,73,r5,r10,720}). We report NLL () measured on the
test set, corresponding to the results on the validation set in Fig. 3.5. NLL performance
increases with more weight-sharing repetitions and surpasses models without weight-
sharing but with more parameters.

Neural architecture # Params NLL ({)

ri/x1 107k < 86.87
r2 107k < 85.25
r3 107k < 84.92
r5 107k < 83.92
r10 107k < 82.67
r20 107k < 81.84
x2 140k < 84.44
x3 173k < 82.64
x4 206k < 82.46

Table B.5: A small-scale study on parameter efficiency of HVAEs on CIFAR10. We
compare models with with one, two, three and four parameterised blocks per resolution
({x1, 22,23, x4}) against models with a single parameterised block per resolution weight-
shared {2,3,5,10,20} times ({r2,73,r5,r10,720}). We report NLL () measured on the
test set, corresponding to the results on the validation set in Fig. 3.5. NLL performance
tends to increase with more weight-sharing repetitions. However, in contrast to the
validation set (see Fig. 3.5) where this trend is evident, it is less so on the test set.

Neural architecture # Params NLL (])

ri/x1 8.7Tm <4.17
r2 8.7Tm < 4.93
r3 8.7Tm <4.78
r5 8.7Tm -
r10 8.7m <4.32
r20 8.7Tm < 3.54
x2 13.0m < b5.77
x3 17.3m <3.07
x4 21.6m < 3.01

observation that our HVAE models are particularly unstable on CIFAR10.

In Table B.6, we provide key run-specific hyperparameters for the large-scale runs

corresponding to Table 3.1 in the main text. Two points on the architecture
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of the encoder and the decoder are worth noting: First, note that the decoder
typically features more parameters and a larger stochastic depth than the encoder.
We here follow VDVAE which observed this distribution of the parameters to be
beneficial. Second, note that while we experienced a benefit of weight-sharing,
there is a diminishing return of the number of times a specific cell is repeated.
Hence, we typically repeat a single block for no more than 10-20 times, beyond
which performance does not improve while computational cost increases linearly
with the number of repetitions. Exploring how to optimally exploit the benefit of

weight-sharing in HVAEs would be an interesting aspect for future work.

B.7.2 HVAESs secretly represent time and make use of it

In this experiment, we measure the L, norm of the residual state at every ResNet
block in both the forward (bottom-up/encoder) and backward (top-down/decoder)
model. Let x; be the output of ResNet block i in the bottom-up model, and
y; be the input of ResNet block ¢ in the top-down model for one batch. In the
following, augmenting Fig. 3.6 on MNIST in the main text, we measure ||z;||2 or
||lyi||2, respectively, over 10 batches. We also use this data to compute appropriate
statistics (mean and standard deviation) which we plot. We measure the state
norm in the forward and backward pass for models trained on CIFAR10 and
ImageNet32 in Figs. B.4 and B.5, respectively. We note that the forward pass of
the ImageNet32 has a slightly unorthodox, yet striking pattern in terms of state
norm magnitude, presumably caused by an overparameterisation of the model.
In summary, these findings provide further evidence that the residual state norm

of VDVAESs represents time.

When normalising the residual state in our experiments in Table 3.2 (case “nor-
malised”), we do so at the same positions where we measure the state norm

above. At the output of every forward ResNet block z; and the input of every
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Table B.6: A large-scale study of parameter efficiency in HVAEs. We here provide key
run-specific hyperparameters corresponding to the results reported in Table 3.1 in the
main text. Note that the row order of our runs directly corresponds with Table 3.1. §
refers to gradient clipping threshold. « refers to the gradient skipping threshold. We use
the same nomenclature for number of cells (x) and number of repetitions for one block
(r) as before. In addition, as in VDVAE’s official code base, we use d to indicate average
pooling, where the integer before d indicates the resolution on which we pool, and the
integer after indicates the down-scaling factor. Further, m indicates interpolating, where

we up-scale from a source (integer after m) to a target resolution (integer before m).

DatasetMethod Batchd % Encoder Architecture Decoder Architecture

size

WS-VDVAE 70 - 200 32r3,32r3,32r3,32r3,32r3,3242, 1x1,4m1,4x2,8m4,

S g (ours) 16r3,16r3,16r3,16d42, 8x5,16m8,16r3,16r3,16r3,16r3,16r3,32m16,

E x 8x6,8d2,4x3,4d4,1x3 32r3,32r3,32r3,32r3,32r3,32r3,32r3,

2 0 32r3,32r3,32r3

N yDVAE* 70 - 200 32x11,32d2,16x6,16d2, 1x1,4m1,4x2,8m4,8x5, 16m8, 16x10,32m16,32x21

(ours) 8x6,8d2,4x3,4d4,1x3

WS-VDVAE 16 400 4000 32r12,32ri2,32r12,32r12,32r12,32r12, 1r12,4m1,4r12,4r12,8m4,

(ours) 32d2,16r12,16r12,16r12,16r12,1642, 8r12,8r12,8r12,8r12,8r12,
8r12,8r12,8r12,8r12,8r12,8r12,842, 16m8,16r12,16r12,16r12,16r12,16r12,
4r12,4r12,4r12,4d4,1r12,1r12,1r12 32m16,32r12,32r12,32r12,32r12,

° 32r12,32r12,32r12,32r12,32r12

E ~ WS-VDVAE 16 200 2500 32r3,32r3,32r3,32r3,32r3,32r3, 1x1,4m1,4x2,8m4,8x5,

<™ (ours) 32r3,32r3,32r3,32r3,32r3,32d2, 16m8,16r3,16r3,16r3,16r3,16r3,

B X 16r3,16r3,16r3,16r3,16r3,16r3,16d42, 16r3,16r3,16r3,16r3,16r3,32m16,

6 g 8x6,8d2,4x3,4d4,1x3 32r3,32r3,32r3,32r3,32r3,32r3,
32r3,32r3,32r3,32r3,32r3,32r3,
32r3,32r3,32r3,32r3,32r3,32r3,
32r3,32r3,32r3

VDVAE™ 16 200 400 32x11,32d2,16x6,1642, 1x1,4m1,4x2,8m4,8x5, 16m8,16x10,32m16,32x21

(ours) 8x6,8d2,4x3,4d4,1x3

WS-VDVAE 8 200 5000 32r10,32r10,32r10,32r10,32d2, 1x2,4m1,4x4,8m4,8x9,16m8,

(ours) 16r10,16r10,16r10,16d2,8x8,8d2, 16r10,16r10,16r10,16r10,16r10,32m16,
4x6,4d4,1x6 32r10,32r10,32r10,32r10,32r10,32r10,

% 32r10,32r10,32r10,32r10

z WS-VDVAE 8 200 5000 32r6,32r6,32r6,32r6,32r6, 1x2,4m1,4x4,8m4,8x9, 16m8,16r6,16r6,1616,

g’D B (ours) 32r6,32r6,32r6,32r6,32d2, 16r6,16r6,16r6,16r6,161r6,1616,

@ X 16r6,16r6,16r6,16r6,16r6,16d2, 16r6,16r6,32m16,32r6,32r6,

é % 8x8,8d2,4x6,4d4,1x6 32r6,32r6,32r6,32r6,32r6,32r6,
32r6,32r6,32r6,32r6,32r6,32r6,32r6,32r6,
32r6,32r6,32r6,32r6,32r6,32r6,32r6,32r6,32r6

VDVAE* 8 200 300 32x15,32d2,16x9,16d42,8x8,8d2, 1x2,4m1,4x4,8m4,8x9,16m8,16x19,32m16,32x40

(ours) 4x6,4d4,1x6

WS-VDVAE 4 220 3000 64r3,64r3,64r3,64r3,64r3,64r3,64r3, 1r3,1r3,4m1,4r3,4r3,4r3, 8m4,8r3,8r3,8r3,8r3,

(ours) 64d2,32r3,32r3,32r3,32r3,32r3,32r3, 16m8,16r3,16r3,16r3,16r3,16r3,16r3,16r3,

< o 32r3,32r3,32r3,32r3,32r3,32d2, 32m16,32r3,32r3,32r3,32r3,32r3,32r3,

Q © 16r3,16r3,16r3,16r3,16r3,16r3,16d2, 32r3,32r3,32r3,32r3,32r3,32r3,32r3,

% X 8r3,8r3,8r3,8d2,4r3,4r3,4r3,4d4, 32r3,32r3,32r3,64m32,64r3,64r3,64r3,64r3,

0 g 1r3,1r3,1r3 64r3,64r3,64r3,64r3

VDVAE™ 4 220 3000 64x11,64d2,32x20,32d2, 1x2,4m1,4x3,8m4,8x7,16m8,

(ours) 16x9,16d42,8x8,8d2,4x7,4d4,1x5 16x15,32m16,32x31,64m32,64x12

backward ResNet block y;, we assign

T; <

{7

(K P

Yi < I
19l

for every mini-batch during training. This results in a straight line in these plots for
the “normalised” case. As the natural behavior of VDVAEs is—as we measured—
to learn a non-constant norm, normalising the state norm has a deteriorating
consequence, as we observe in Table 3.2. In contrast, the regular, unnormalised

runs (case “non-normalised”) show well-performing results.
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Figure B.4: HVAEs are secretly representing time on CIFAR10: We measure the
Lo-norm of the residual state at every residual block i for the [Left] forward (bottom-up)
pass, and [Right| the backward (top-down) pass, respectively, over 10 batches with 100
data points each. The thick line refers to the average and the thin, outer lines refer to 42
standard deviations.
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Figure B.5: HVAEs are secretly representing time on ImageNet32: We measure the
Lo-norm of the residual state at every residual block i for the [Left] forward (bottom-up)
pass, and [Right] the backward (top-down) pass, respectively, over 10 batches with 100
data points each. The thick line refers to the average and the thin, outer lines refer to +2
standard deviations.

We further analysed the normalised state norm experiments in Table 3.2. The
normalised MNIST and CIFARI10 runs terminated early (indicated by X), more
precisely after 18 hours and 4.5 days of training, respectively. From the very start
of the optimisation, the normalised models have poor training behavior. To show
this, in Fig. B.6, we illustrate the NLL on the validation set during training for the
three normalised runs as compared to regular, non-normalised training. Validation
ELBO only improves for a short time, after which the normalised runs deteriorate,

showing no further improvement or even a worse NLL.
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Figure B.6: On the training dynamics of VDVAE with and without a normalised residual
state norm. NLL (|) measured on the validation set of MNIST [left], CIFAR10 [middle]
and ImageNet32 [right]. The normalised runs suffer from poor training dynamics from
the very start of the optimisation and even terminate early on MNIST and CIFARI10,
indicating that VDVAE makes use of the time representing state norm during training.

B.7.3 Sampling instabilities in HVAEs

When retrieving unconditional samples from our models, we scale the variances in
the unconditional distributions with a temperature factor 7, as is common practice.
We tune 7 “by eye” to improve the fidelity of the retrieved images, yet do not cherry
pick these samples. In Figs. B.7 to B.11, we provide additional, not cherry-picked
unconditional samples for models trained on CIFAR10, ImageNet32, ImageNet64,
MNIST and CelebA, extending those presented in Fig. 3.7. As shown earlier,
the instabilities in VDVAE result in poor unconditional samples for CIFAR10,

ImageNet32 and ImageNet64, but relatively good samples for MNIST and CelebA.

In addition, we here also visualise the representational advantage of HVAEs. Fig.
B.12 shows samples where we gradually increase the number of samples from the
posterior vs. the prior distributions in each resolution across the columns. This
means that in column 1, we sample the first latent z; in each resolution from the
(on encoder activations conditional) posterior ¢, and all other latents from the prior
p. A similar figure, but gradually increasing the contribution of the posterior across
the blocks of all resolutions (i.e. column 1 samples z; from the posterior in the very

first resolution only) is shown in VDVAE [34, Fig. 4]. Fig. B.12
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Figure B.7: Further unconditional samples (not cherry-picked) of VDVAE* on CIFAR10),
augmenting those presented in Fig. 3.7. While samples on MNIST and CelebA
demonstrate high fidelity and diversity, samples on CIFAR10, ImageNet32 and ImageNet64
are diverse, but unrecognisable, demonstrating the instabilities identified by Theorem 3.5.
We chose the temperature as 7 = 0.9.

Figure B.8: Further unconditional samples (not cherry-picked) of VDVAE* on ImageNet32,
augmenting those presented in Fig. 3.7. While samples on MNIST and CelebA
demonstrate high fidelity and diversity, samples on CIFAR10, ImageNet32 and ImageNet64
are diverse, but unrecognisable, demonstrating the instabilities identified by Theorem 3.5.
We chose the temperature as 7 = 1.0.
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Figure B.9: Further unconditional samples (not cherry-picked) of VDVAE* on ImageNet64,
augmenting those presented in Fig. 3.7. While samples on MNIST and CelebA
demonstrate high fidelity and diversity, samples on CIFAR10, ImageNet32 and ImageNet64
are diverse, but unrecognisable, demonstrating the instabilities identified by Theorem 3.5.
Temperatures 7 are tuned for maximum fidelity. We chose the temperature as 7 = 0.9.

g 05880888 86

Figure B.10: Further unconditional samples (not cherry-picked) of VDVAE* on MNIST,
augmenting those presented in Fig. 3.7. While samples on MNIST and CelebA
demonstrate high fidelity and diversity, samples on CIFAR10, ImageNet32 and ImageNet64
are diverse, but unrecognisable, demonstrating the instabilities identified by Theorem 3.5.
We chose the temperatures as 7 € {1.0,0.9,0.8,0.7,0.5} (corresponding to the rows).

B.7.4 Ablation studies

Number of latent variables. The number of latent variables increase when
increasing the stochastic depth through weight-sharing. Thus, an important ablation
study is the question whether simply increasing the number of latent variables
improves HVAE performance, which may explain the weight-sharing effect. On

CIFAR10, we find that this is not the case: In Table B.7, we analyse the effect of
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Figure B.11: Further unconditional samples (not cherry-picked) of VDVAE* on CelebA,
augmenting those presented in Fig. 3.7. While samples on MNIST and CelebA
demonstrate high fidelity and diversity, samples on CIFAR10, ImageNet32 and ImageNet64
are diverse, but unrecognisable, demonstrating the instabilities identified by Theorem 3.5.
We chose the temperature as 7 = 0.5.

Figure B.12: Samples drawn from our model when gradually increasing the contribution
of the approximate posterior. In each column with integer s, we sample the first s latent
variables from the approximate posterior in each resolution, i.e. z; ~ ¢(z;|z~;) (up to
the maximum number of latent variables in each resolution), and z; ~ p(z;|z~;) for all
other latent variables. The percentage number indicates the fraction of the number of
latent variables among all latent variables sampled from the approximate posterior. In
the left-most column, we visualise corresponding input images.

increasing the number of latent variables ceteris paribus. Furthermore, in Fig. B.13,

we report validation NLL during training for the same runs. In this experiment, we
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realise the increase in number of latent variables by increasing the number of channels
in each latent variable z; exponentially while slightly decreasing the number of
blocks so to keep the number of parameters roughly constant. Both results indicate
that the number of latent variables, at least for this configuration on CIFAR10, do

not add performance and hence cannot explain the weight-sharing performance.

Table B.7: On the effect of the number of latent variables on CIFAR10. We report the
NLL on the test set at convergence.

# of latent variables # Params NLL ({)

396k 39m 2.88
792k 39m 2.88
1.584m 39m 2.87
3.168m 39m 2.88

3.3
— 396k
— 792k
— 1.584m
3.168m

w
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Figure B.13: On the effect of the number of latent variables. We report NLL on the
validation set of CIFAR10 during training.

Fourier features. In this experiment, we are interested in the effect of Fourier
features imposed onto a Haar wavelet basis due to the inductive bias of the U-Net.
Intuitively, we would expect that Fourier features do not add performance as the
U-Net already imposes a good basis for images. We now validate this hypothesis
experimentally: We compute Fourier features in every ResNet block at three different
locations as additional channels and varying frequencies. We implement Fourier
features closely following VDM [120]: Let h; ;, be an element of a hidden activation

of the network, for example of a sampled latent h = z;, in spatial position (i, )
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and channel k. Then, for each scalar h;;, we add two transformed scalars for

each frequency governed by 3 as follows:

ffj,k = sin (zi7j7k2ﬁ7r> , and gfj,k = COS (Zi7j7k2ﬁﬂ') .

In our experiments, we experiment with different choices for 3, but typically select
two values at a time (as in VDM), increasing the number of channels in the resulting
activation by a factor of five. Fourier features are computed on and concatenated
to activations at three different locations (in three separate experiments): At the
input of the ResNet block, after sampling, and for the input of the two branches

parameterising the posterior and prior distributions.

In Tables B.8 and B.9, we report performance when concatenating Fourier features
at every ResNet block in these three locations. In all cases, Fourier features
deteriorate performance in this multi-resolution wavelet basis, particularly for high-
frequencies which often lead to early termination due to numeric overflows. However,
if training only a single-resolution model where no basis is enforced, training does not
deteriorate, not even for high-frequency Fourier features, yet performance can neither
be improved. Furthermore, we experimented with computing and concatenating
the Fourier features only to the input image of the model, hypothesising numerical
instabilities caused by computing Fourier transforms at every ResNet block, and
report results in Table B.10. Here, performance is significantly better as runs no
longer deteriorate, but Fourier features still do not improve performance compared

to not using Fourier features at all.

On the effect of a multi-resolution bridge. State-of-the-art HVAEs have
a U-Net architecture with pooling and, hence, are multi-resolution bridges (see
Theorem 3.4). We investigate the effect of multiple resolutions in HVAEs (here
with spatial dimensions {322,162, 8% 42, 1%}) against a single resolution (here with
spatial dimension 32%). We choose the number of blocks for the single resolution
model such that they are distributed in the encoder and decoder proportionally

to the multi-resolution model and the total number of parameters are equal in
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Table B.8: Fourier features introduced and concatenated in every ResNet block at three
different locations on MNIST. VDVAE typically deteriorates or has poor performance.

Exponent (8 NLL
Loc. 1
1,2] <784
3, 4] < 80.55
[5,6] (X) -
Loc. 2
1,2] < 554.50
[3,4] (X) -
[5,6] (X) -
Loc. 3
[1,2] (X) -
2, 3] < 306.67
3, 4] < 345.67
Loc. 1 & single-res.
3, 4] < 87.55
5, 6] < 86.96
[7,8] <91.67

No Fourier Features < 79.81

Table B.9: Fourier features introduced and concatenated in every ResNet block at
three different locations on CIFAR10. VDVAE typically deteriorates or achieves a poor
performance.

Exponent £ NLL

Loc. 1

[374] (X) B

[5, 6] (X) -
[7,8] <894

Loc. 2

[374] (X> B

[5, 6] (X) -

[77 8] (X) B

Loc. 3

[3, 4] (X) -
[5, 6] < 8.94
[7,8] < 8.99

No Fourier Features < 2.87




B.7. Additional experimental details and results 221

Table B.10: Fourier features introduced on the input image of the model only, with
results on CIFAR10. While performing better than if introduced at every ResNet block,
still Fourier features do not improve performance compared to using no Fourier features
at all.

Exponent NLL
Fourier Features on input only
(3, 4] <295
[5, 6] < 2.96
[7,8] < 2.89
No Fourier Features < 2.87

both, ensuring a fair comparison. As we show in Table B.11, the multi-resolution
models perform slightly better than their single-resolution counterparts, yet we
would have expected this difference to be more pronounced. We also note that it
may be worth measuring other metrics for instance on fidelity, such as the FID score
[89]. Additionally, multi-resolution models have a representational advantage due to

their Haar wavelet basis representation (illustrated in Appendix B.7.4, Fig. B.12).

Table B.11: Single- vs. multi-resolution HVAEs.

# Resolutions # Params  NLL

MNIST
Single 328k < 81.40
Multiple 339k < R0.14
CIFARI10
Single 39m < 2.89
Multiple 39m < 2.87
ImageNet32
Single 119m < 3.68
Multiple 119m < 3.67

On the importance of a stochastic differential equation structure in
HVAEs. A key component of recent HVAEs is a residual cell, as outlined in
§3.4. The residual connection makes HVAEs discretise an underlying SDE, as we
outlined in this work. Experimentally, it was previously noted as being crucial for

stability of very deep HVAEs. Here, we are interested in ablating the importance of
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imposing an SDE structure into HVAEs: We compare models with a residual HVAE
cell (as in VDVAE) with a non-residual HVAE cell which is as close to VDVAE
as possible to ensure a fair comparison. The non-residual VDVAE cell does not
possess a residual state which flows through the backbone architecture. We achieve
this by removing the connection between the first and second element-wise addition
in VDVAE’s cell (see [34, Fig. 3]), which is equivalent to setting Z; = 0. Hence,
in the non-residual cell, during training and evaluation, the reparameterised sample
is directly taken forward. Note that this is distinct from the FEuler-Maruyama cell
which features a residual connection. Our experiments confirm that a residual cell
is key for training stability, as illustrated in Table B.12 and Fig. B.14: Without
a residual state flowing through the decoder, models quickly experience posterior

collapse of the majority of layers during training.

Table B.12: Residual vs. non-residual VDVAE cell. The residual HVAE strongly
outperforms a non-residual VDVAE cell, where the latter’s training deteriorates. This is
also analysed in Fig. B.12. We report NLL on the test set at convergence, or at the last
model checkpoint before deterioration of training.

Cell type NLL
MNIST
Residual VDVAE cell < 80.05
Non-residual VDVAE cell < 112.58
CIFARI10
Residual VDVAE cell < 2.87
Non-residual VDVAE cell < 3.66
ImageNet
Residual VDVAE cell < 3.667

Non-residual VDVAE cell (X) < 4.608

Synchronous vs. asynchronous processing in time. During the bottom-up
pass, VDVAE takes forward the activation of the last time step in each resolution
which is passed to every time step in the top-down pass on the same resolution
(see Fig. 3 in VDVAE [34]). In this ablation study, we were interested in this
slightly peculiar choice of an asynchronous forward and backward process and to

what degree it is important for performance. We thus compare an asynchronous
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Figure B.14: Cumulative sum of KL-terms in the ELBO of a residual and non-residual
VDVAE, averaged over a batch at convergence. We report the two CIFAR10 runs in Table
B.12. The posterior collapses for the majority of the latent variables in the non-residual
VDVAE cell case [right], but carries information for all latent variables in the regular,
residual cell case [left].

model, with skip connections as in VDVAE [34], with a synchronous model, where
activations from the bottom-up pass are taken forward to the corresponding time
step in the top-down pass. In other words, in the synchronous case, the skip
connection mapping between time steps in the encoder and decoder is ‘bijective’,
and it is not ‘injective’, but ‘surjective’ in the asynchronuous case. We realise
the synchronous case by choosing the same number of blocks in the encoder as
VDVAE* has in the decoder, i.e. constructing a ‘symmetric’ model. To ensure a fair
comparison, both models (synchronous and asynchronous) are further constructed to
have the same number of parameters. In Table B.13, we find that synchronous and
asynchronous processing achieve comparable NLL, indicating that the asynchronous
design is not an important contributor to performance in VDVAE. We note, however,
that an advantage of the asynchronous design, which is exploited by VDVAE, is
that the bottom-up and top-down architectures can have different capacities, i.e.
have a different number of ResNet blocks. VDVAE found that a more powerful

decoder was beneficial for performance [34].
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Table B.13: Synchronous vs. asynchronous processing in time. We report NLL on the
test set on CIFAR10 and ImageNet32, respectively.

Processing NLL

CIFAR10
Synchronous < 2.85
Asynchronous < 2.86

ImageNet32
Synchronous < 3.69
Asynchronous < 3.69
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C.1 Theoretical Details and Technical Proofs

C.1.1 Proofs of theoretical results in the main text

Theorem 4.1. Suppose U; and U* are solutions of the L? regression problem. Then,
L3,(UF) < L3(U*) with equality as i — oco. Further, if Q;U* is V;-measurable,

then U7 = Q;U* minimises L?.

Proof. Let U = (V,W,E,D,P,Us) be a U-Net in canonical form, that is where
each encoder map E; in £ is set to be the identity map, and further assume W is a
Hilbert space with VW being a sequence of subspaces spanned by orthogonal basis

vectors for W. For a V-valued random variable v, define the o-algebra
H; = o(P) = o(vy). (1)
Now the filtration
HiCHy C - (C.2)

increases to H = o(v). These are the o-algebras generated by v;. For data w € W,

we may define the losses

LUy == 5w — Uy (o) (©3)

| | (wiv;)€S

for U; : V; = W; where w; = Q;w. Let F;); be the set of measurable functions
from V; to W;, then the conditional expectation E(w;|v;) is given by the solution of
the regression problem

E(w;|vj) = argmin E?‘j(Uﬂj), (C4)

Uijj€Fi;
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where the conditioning is respect to the o-algebra H; for the response variable w;.

For a fixed i < 7" and any j > 0 we have that

1

£/|](Ui/j):||( Z) SHwi'—Ui’lj(Uj)H2 (C.5)
1 R ]
=5 2 (IQutwr — Ui + Q4w = Uiswi))I) - (C)
(wi/,vj)ES
1
LQuUn) + gy 2 1@ (we = Uny ) (C.7)
(wi/,vj)GS

Any Uy|; admits the parameterisation Uy; = Ujj; + U
U

i ' where U‘] is in JF;); and

o € Fujj and vanishes on W;. Under this parameterisation we gain

CouUny) = LU + e S QHwe — U @))% (C8)

’ ’ (wi/ ,’Uj)GS
and further,

1 i
argmin L; /|J( i) = argmmElU(UU) + argmln |S| Z Qi (wy Uﬁ]( ]))H2

Uirj€Fu; Uij€Fi; ’IJ (w;r,v5)ES

(C.9)

In particular, when i — oo, if we define £|2j to be the loss on W then

argmin L7 (U);) = argmin £7,(U;;) + argmln S @ (w — Ug’i(vj))HQ. (C.10)

Uj€7; Uij€Fi; Ut (w))es

So for any j, we have that £3,(U;;) < L7,(U;). Further, as i — oo, the truncation
error
> Qi (w = Uy (w)IP, (C.11)
(w,v;)€S
tends to zero. Now assume that Q;U" is Vi-measurable then Q;U* € F;; and if
this did not minimise £2 ;» then choosing the minimiser of £?‘ ; and constructing

U =U;+ U will have £2(U) < £L2(U*), contradicting U* being optimal.

Proposition 4.1. If U/ is a residual U-Net, then U; is a ResNet preconditioned
on Uipre(vi) = Z;l(’f]i,l), where Vi1 = P,Lfl(Ez(Uz)>



C.1. Theoretical Details and Technical Proofs 228

Proof. For a ResNet R(v;) = RP*(v;) + R"(v;) select RP™(v;) = U;—1(0;—1) where
Vi1 = Pifl<Ei(Ui))- []

Theorem 4.2. For time ¢ > 0 and j > 4, Q; X;(?) L X;(t). Furthermore if X;(t) =

"0 X(¢)- qgj, be the decomposition of X;(t) in its Haar wavelet frequencies (see
Appendix C.3). Each component X0 (¢) of the vector has variance 27! relative

to the variance of the base Haar wavelet frequency.

Proof. Let X; € V; represented in the standard basis ® = {¢y : k =1,...,2'} giving
X =3 x®ey. (C.12)
k

To transform this into its Haar wavelet representation where average-pooling is

conjugate to basis projection, we can use the map 7; : V; — V; defined by

where H; is the Haar-matrix on resolution i and A; is a diagonal scaling matrix

with entries
(Az)k,k = 27i+j717 if k € {2j71> LY 2j}7 (Cl4>

for j > 0 and equal to 27¢ for the initial case j = 0. For example, the matrix for a

four-pixel image is

100 0\/1 1 1 1

L |01 0 o1 1 -1 -1

2500 0 2 o1 1 0 o | (C.15)
000 2/)\0 0 1 -1

Now given the vector of coefficients X; = (Xlgk))iizl, the coefficients in the Haar

frequencies can be given by
We define the vectors

(X = (To(Xs) g1, (C.17)
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for j € {1,...,277'}. Now we may write X; in terms of its various frequency

components as

Jj=0

Suppose that X; is a time varying random variable on V; that evolve according to

X ) = vI—aXx® + Jae®, (C.19)

k) is a standard normally distributed

when represented in its pixel basis where &
random variable. We may represent X; in its frequencies, with a random and time
dependence on the coefficient vectors,
i
Xi =Y XUV@)- ¢, (C.20)
7=0
To analyse the variance of X (j)(t), we may analyse the variance of a standard
normally distributed random vector &; = (¢*)?_, under the mapping T} (the variance
of the data is not considered in this proof by assumption). Due to the symmetries

in the matrix representation for 7}, the variance for each element of X () (t) is the

same, and by direct computation
VAR (Tie;) =271 fori >0, ke {2771,... 27}, (C.21)
and 27¢ for when ¢ = 0. To see this note that
VAR (Tie;) = VAR(A;Hie;) = AFVAR(H;e;), (C.22)

as A\; is a diagonal matrix. Now each of the elements of ¢; are independent and

normally distributed, so if (H;). is the k' row of H;, then

where ||(H;).||o is the amount of non-zero elements of (H; ). as each entry of H; is 0,
or +1. For (H;). where k € {2771 ... 27} there are 277! entries. Further, in this
position we have (A;); = 2777 ~! so putting this together finishes the count. Now see

that for the evolution of X" (¢), the random part of Eq. (C.19) is simply a Gaussian
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random vector multiplied by /a;. Therefore we have that VARX™ (t) = a,2-7+-1,
To get the relative frequency, for k we divide this variance by the variance of the

base frequency, the zeroth resolution. This yields a,27" =1 /q,27" = 2971,

Now we show how the diffusion on a given resolution 7 can be embedded into a
higher resolution of ¢ + 1, which maintains consistency with the projection map Q);.

Define the diffusion on 7 + 1 to be
XP ) = vI=aX®) + 2a,e® (C.24)

Let )/(\Z-(j ) (t) be the Haar coefficients for the initial diffusion defined on resolution i
and )A(Z-(j ) (t) be the coefficients defined on resolution i 4+ 1. Both of these random
vectors are linear transformations of Gaussian random vectors, so we need only
confirm that the means and variances on the first j entries agree to show that these

e k) xFpxhrn . . :
are equal in distribution. If X;™ = —=—-"*1—that is the initial data on resolution
i + 1 averages to the initial data on resolution i, then by construction the means of
the random vectors X )(t) and )?Z»(i)l (t) agree for the first ¢ resolutions. Note that
the variances for the components of the noise for either process are 27/~ when
the diffusion on i + 1 is given by Eq. (C.24). In general, for the process on i + ¢ to
embed into our original diffusion on resolution ¢ we require scaling the noise term
by a factor of 2¢/2. Again, this shows that the noising process on a frequency i has

the natural extension noising the high-frequency components exponentially faster

than the reference frequency i. m

We may comment on how this is represented in its natural sequence space. Assume

that X; € V; € L?([0,1]). There is a natural mapping from V; to ¢, defined by
by = {s] > sp < o0} (C.25)
k=0
through the mapping 7 : L*([0,1]) — ¢y via

(X)) = (XM, X3 ). (C.26)
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For elements X; € V; the image of 7 is not surjective and has image contained in
loo — the set of infinite sequences which eventually are zero. In this case we have
a finite dimensional mapping. Theorem 2 simply states that the forward noising

process in a diffusion model, under transformation into its Haar basis, has variance
VAR (7 X)), =271 fori>0, ke {27,... 27}, (C.27)

implying that the sequence image of the datum has monotonically increasing

variance in the Haar wavelet sequence space.

C.1.2 Diffusions on the sphere.

Suppose that we have L*(X) valued data on the globe and we would like to form a
diffusion model on this domain. Instead of constructing a local change of coordinate
system over a manifold and projecting our diffusion to a square domain [51], we
could simply design our U-Net to encode our geometry. As an example of this,
we can take a standard triangulation of the globe, then apply our triangular basis

U-Net directly to our data.

For the data on the globe, we could then choose a resolution i to refine our
triangular domain to, see Figure C.1 for a refinement level of ¢+ = 2 which could
be used to tessellate the globe. For each ‘triangle pixel’ in our refinement, we

could define the diffusion process
X =V1-axi+vae, (C.28)

where i is a string of length ¢ + 1 encoding which triangle on the globe the pixel
is in, then which ‘triangular pixel’ we are in. We can construct Haar wavelets on
the triangle (see Figure 4.3.3), and hence create natural projection maps in L2
over this domain. In this case W, is the span of constant functions over each large
triangle for the tessellation of the globe, and each W; is Wy along with the span of

the wavelets of resolution i over each triangle. Like in the standard diffusion case,
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we choose V; = W, and can use the mapping given in Section 4.5.3 to construct
the natural U-Net design for this geometry, and for this basis. Similarly, for any
space that we can form a triangulation for, we can use this construction to create
the natural Haar wavelet space for this geometry, define a diffusion analogously,

and implement the natural U-Net design for learning.

Figure C.1: Triangulation of the globe with a self-similar triangle which admits a Haar
wavelet basis. Upon refinement through the self-similarity of the triangle we receive finer
and finer approximations of the globe, and of functions over it.

C.1.3 U-Nets on Finite Elements

PDE surrogate modelling is a nascent research direction in machine learning research.
We have seen in our PDE experiment (see Section 4.5) that our Multi-ResNet
design outperforms Residual U-Nets on a square domain. We would like to mimic
this in more general geometries and function spaces. Here, we will show on the
unit interval how to design a U-Net over basis functions which enforce boundary
constraints and smoothness assumptions, mimicking the design of Finite Elements

used for PDE solvers.

Recall our model problem
Au = f, u(0) = u(1) =0, (C.29)

which when multiplied by a test function ¢ € H}([0,1]) and integrated over the

domain puts the equation into its weak form, and by integration by parts

(¢ u)y = [ oF. (C.30)
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we recover the standard bilinear representation of Laplaces equation. Now if our
solution u € Hj([0, 1]) and we have an orthogonal basis {¢;x} for Hj ([0, 1]), then
the coefficients for the basis elements of the solution can be solved by finding
the solution of a linear system with a diagonal mass matrix. Thus, in this way,
the information needed to solve the linear system up to some finite resolution i,
only depends on data up to that resolution in this weak form. This is a Galerkin
truncation of the PDE used for forward solvers on finite resolutions, but also
gives us the ideal assumptions we need for the construction of our U-Net (the

measurability constraint in Theorem 4.1).

For an explicit example, we may make an orthogonal basis for H}([0,1]) with
the initial basis function [Left] of Figure 4.4 and its refined children on the
[Right] of Figure 4.4.

In general we can refine further and create a basis of resolution ¢ through

brj(x) = o2z + j/2), ¢(x) =2z - 11/2)(x) + (2 — 22) - 1 y21(T),

which are precisely the integrals of the Haar wavelets up to a given resolution. We
would again construct W; in our U-Net as the span of the first resolution ¢ basis
functions, where we now have additionally encoded the boundary constraints and

smoothness requirements of our PDE solution into our U-Net design.

C.2 Additional experimental details and results

In this section, we provide further details on our experiments, and additional

experimental results.

Model and training details. We used slightly varying U-Net architectures
on the different tasks. While we refer to our code base for details, they generally
feature a single residual block per resolution for F; and D;, with 2 convolutional

layers, and group normalisation. We in general choose P; as average pooling. We
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further use loss functions and other architectural components which are standard
for the respective tasks. This outlined U-Net architecture often required us to
make several changes to the original repositories which we used. This may also
explain small differences to the results that these repositories reported; however,
our results are comparable. When using Algorithm 1 during staged training, we
require one ‘head’ and ‘tail’ network on each resolution which processes the input
and output respectively, and hence increases the number of parameters of the

overall model relative to single-stage training.

Hyperparameters and hyperparameter tuning. We performed little
to no hyperparameter tuning in our experiments. In particular, we did not
perform a search (e.g. grid search) over hyperparameters. In general, we used
the hyperparameters of the original repositories as stated in Appendix C.4, and
changed them only when necessary, for instance to adjust the number of parameters
so to enable a fair comparison. There is hence a lot of potential to improve the
performance of our experiments, for instance of the Multi-ResNet, or the U-Net on
triangular data. We refer to our code repository for specific hyperparameter choices

and further details, in particular the respective hyperparam.py files.

Evaluation and metrics. We use the following three performance metrics in
our experimental evaluation: FID score [89], rollout mean-squared-error (r-MSE)
[79], and Sgrensen—Dice coefficient (Dice) [57, 210]. As these are standard metrics,
we only highlight key points that are worth noting. We compute the FID score
on a holdout dataset not used during training, and using an evaluation model
where weights are updated with the training weights using an exponential moving
average (as is common practice). The r-MSE is computed as an MSE over pieces
of the PDE trajectory against its ground-truth. Each piece is predicted in an
autoregressive fashion, where the model receives the previous predicted piece and
historic observations as input [79]. All evaluation metrics are in general computed
on the test set and averaged over three random seeds after the same number of

iterations in each table, if not stated otherwise. The results are furthermore not
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depending on these reported evaluation metrics: in our code base, we compute
and log a large range of other evaluation metrics, and we typically observe similar

trends as in those reported.

C.2.1 Analysis 1: The role of the encoder in a U-Net

In this section, we provide further experimental results analysing the role of the
encoder, and hence Residual U-Nets with Multi-ResNets. We realise the Multi-
ResNet by replacing the parameterised encoder with a multi-level Discrete Wavelet
Transform (DWT). More specifically, the skip connection on resolution j relative
to the input resolution is computed by taking the lower-lower part of the DWT
at level j (LL;), and then inverting LL; to receive a coarse, projected version

of the original input image.

Generative modelling with diffusion models. In Table C.1, we analyse the role
of the encoder in generative modelling with diffusion models. Following our analysis
on PDE modelling and image segmentation, we compare (Haar wavelet) Residual U-
Nets with (Haar wavelet) Multi-ResNets where we add the saved parameters in the
encoder back into the decoder. We report performance in terms of an exponential
moving average FID score [89] on the test set. In contrast to the other two tasks,
we find that diffusion models benefit from a parameterised encoder. In particular,
the Multi-ResNet does not outperform the Residual U-Net with approximately the
same number of parameters, as is the case in the other two tasks. Referring to our
theoretical results in §4.3.1, the input space of Haar wavelets may be a suboptimal
choice for diffusion models, requiring an encoder learning a suitable change of basis.
A second possibility is the FID score itself, which is a useful, yet flawed metric to
quantify the fidelity and diversity of images [169, 200]. To underline this point,
in Figure C.2 we compare samples from two runs with the Residual U-Net and
Multi-ResNet as reported in Table C.1. We observe that it is very difficult to tell

“by eye” which model produces higher quality samples, in spite of the differences in
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FID. A third possibility is that the allocation of the saved parameters is suboptimal.
We demonstrate the importance of beneficially allocating the saved parameters in

the decoder in the context of PDE modelling below.

Table C.1: Quantitative performance of the (Haar wavelet) Multi-ResNet compared to
a classical (Haar wavelet) Residual U-Net in generative modelling with diffusion models
on CIFAR10. We report FID on the test set.

Dataset Neural architecture # Par. FID |

E Residual U-Net 35.5 M 7.86 £ 0.25
< % Multi-ResNet, no par. added in dec. (ours) 25.8 M 14.87 £0.50
o Multi-ResNet, saved par. added in dec. (ours) 324 M  12.44 £0.22

Residual U-Net Multi-ResNet
(35.5 M Parameters) (32.4 M Parameters)

Figure C.2: Samples of a DDPM-type diffusion model with a Residual U-Net [Left]
and a Multi-ResNet [Right]. We trained both models for 1.2 M iterations at which we
obtained the samples.

Lastly, we present Figure 4.7 from the main text at a larger resolution in Figure C.3.

PDE modelling. We further present additional quantitative results comparing
the (Haar wavelet) Multi-ResNet with (Haar wavelet) Residual U-Nets on our
PDE modelling tasks. These shall highlight the importance of allocating the saved
parameters in Multi-ResNets to achieve competitive performance. In Table C.2, we
compare two versions of allocating the parameters we save in Multi-ResNets, which

have no parameters in their encoder, on the Navier-stokes and Shallow water
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CIFAR10
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8 X 8 (at 100 K iter.) 4 x 4 (at 50 K iter.)

Figure C.3: Preconditioning enables multi-resolution training and sampling of diffusion
models. We train a diffusion model [92] with a Residual U-Net architecture using
Algorithm 1 with four training stages and no freezing on CIFAR10. This Figure is identical
with Figure 4.7, but larger.

PDE modelling datasets, respectively. In ‘v1’, also presented in the main text in
Table 4.1 but repeated for ease of comparison, we add the saved parameters by
increasing the number of residual blocks per resolution. This in effect corresponds to
more discretisation steps of the underlying ODE on each resolution [66]. In ‘v2’, we

add the saved parameters by increasing the number of hidden channels in the ResNet.

Our results show that ‘v1’ performs significantly better than ‘v2’. In particular,

‘v2’ does not outperform the Residual U-Net on the two PDE modelling tasks.



C.2. Additional experimental details and results 238

This indicates that the design choice of how to allocate parameters in D matters
for the performance of Multi-ResNets. We note that in our experiments, beyond
this comparison, we did not explore optimal ways of allocating parameters in
Multi-ResNets. Hence, future work should explore this aspect thoroughly with
large-scale experiments. Due to its ‘uni-directional’, ‘asymmetric’ structure, the
Multi-ResNet may further be combined with a direction of transformer-based
architectures which aim at outperforming and replacing the U-Net [104, 183]. With
reference to our earlier presented, inferior results with diffusion models, it is possible
that merely designing a better decoder would make Multi-ResNets superior to

classical Residual U-Nets for diffusion models.

Table C.2: Quantitative performance of the (Haar wavelet) Multi-ResNet compared
to a classical (Haar wavelet) Residual U-Net on two PDE modelling. This table is an
augmented version of Table 4.1 in the main text, where ‘v1’ indicates the run from the
main text, a Multi-ResNet with saved parameters added in the encoder, and ‘v2’ indicates
an alternative parameter allocation. We report Mean-Squared-Error over a rolled out
trajectory in time (r-MSE) on the test set, rounded to four decimal digits.

Dataset Architecture # Par. r-MSE |

” Residual U-Net 34.5M  0.0057+2-107°

2 Multi-ResNet, no par. added in dec. 15.7M 0.01074+9-107°

S (ours)

E g Multi-ResNet, saved par. added in dec. vl 34.5M  0.0040+2-107°

-q;) X (ours)

2 X Multi-ResNet, saved par. added in dec. v2 34.6 M 0.0093+5-107°
- (ours)

. Residual U-Net 345 M 0.1712 4+ 0.0005

% Multi-ResNet, no par. added in dec. 15.7M  0.4899 + 0.0156

2 (ours)

% QN Multi-ResNet, saved par. added in dec. vl 34.5M  0.1493 4+ 0.0070

= ‘;‘ (ours)

% © (Multi)—ResNet, saved par. added in dec. v2 34.6 M  0.3811 + 0.0091

ours

In Figure C.4 we illustrate the full prediction of our Haar wavelet Multi-ResNet
when modelling a PDE trajectory simulated from the Navier-stokes and Shallow
water equations, respectively, corresponding to its truncated version in Figure 4.6

[Left]. We unroll the trajectories over five timesteps for which we predict the current
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state. Note that we train the Multi-ResNet by predicting the next time step in

the trajectory only. We do not condition on previous timesteps.

Ground truth

Prediction

Ground truth

i
c
S

2

L

°
2

&

Error

Figure C.4: PDE modelling and image segmentation with a Wavelet-encoder Multi-
ResNet. Rolled out PDE trajectories (ground-trouth, prediction, L2-error between
ground-truth and prediction) from the Navier-Stokes [top], and the Shallow-Water
equation [bottom]. This is the complete version of the truncated Figure 4.6 [Left] showing
further timesteps for the trajectory. Figure and code as modified from [79, Figure 1].

We also present results comparing our Multi-ResNet, Residual U-Nets and the
Fourier Neural Operator (FNO) [141], another competitive model for PDE modelling,
in Table C.3. We compare models of similar size in terms of parameter count. We
also present the same comparison in PDEArena [79] in Table C.4 for reference,
noting that our experimental configuration slightly differs. Both tables indicate

that U-Nets outperform FNO.

Image segmentation. In Figure C.5, we present further MRI images with
overlayed ground-truth (green) and prediction (blue) masks, augmenting Figure 4.6
[Right] in the main text. The predictions are obtained from our best-performing

Multi-ResNet. Note that some MRI images do not contain any ground-truth lesions.
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Table C.3: Quantitative performance of an FNO model compared to U-Nets. We
compare the FNO model to a (Haar wavelet) Multi-ResNets and classical (Haar wavelet)
Residual U-Nets with similar number of parameters, on two PDE modelling tasks.

Dataset Neural architecture # Par. r-MSE |

S8,  Residual U-Net 345M  0.0057+2-107
g%; Multi-ResNet, saved par. added in dec. 34.5M  0.0040 +2-10°
Z% 8 FNO 128-8 mode8 (new) 33.7M  0.0253+0.0

£..  Residual U-Net 345 M 0.1712 £ 0.0005
E%f Multi-ResNet, saved par. added in dec. 34.5 M  0.1493 £+ 0.0070
nse FNO 128-8 mode8 (new) 33.7 M  1.2333 £0.0115

Table C.4: Experimental results as reported in PDEArena [79]): Quantitative
performance of an FNO model, in comparison to U-Nets of similar size. Values as
reported in Table 8 in [7] (5200 trajectories) for Navier-Stokes, and in [Table 2 in [7] (5600
trajectories)] for Shallow water. Here, U-Net 2015 64 clearly outperforms FNO 128-8
mode8. This result is consistent across different numbers of trajectories (dataset sizes),
and different data configurations (e.g. velocity function formulation vs. vorticity stream
function formulation on Shallow water) in the several tables reported in [7].

Dataset Neural architecture  # Par. r-MSE |
Navier- U-Net 2015 64 31 M 0.01386 + 0.00004
f;;zlfgs FNO 128-8 mode8 33.7 M 0.03836 & 0.00037
Shallow U-Net 2015 64 31 M 0.1026 + 0.0161
water FNO 128-8 mode8 33.7 M 0.8549 4 0.0124

C.2.2 Analysis 2: Staged training enables multi-resolution
training and inference

We begin by providing further experimental details. For each dataset, we train each
resolution for the following number of iterations/epochs: MNIST [5K,5K,5K,5K]
iterations, CIFAR10 [50K, 50K, 50K, 450K] iterations, Navier-Stokes [5,5,5, 35]

epochs, Shallow water [2,2,2,14] epochs.

Generative modelling with diffusion models. In Figs. C.6 and C.7, we
illustrate samples of a diffusion model (DDPM) trained on MNIST with Algorithm 1,
with and without freezing, respectively. These samples show that in both cases, the
model produces reasonable samples. Algorithm 1 with freezing has the advantage

that the final model can produce samples on all resolutions, instead of only the
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Figure C.5: MRI images from WMH with overlayed ground-truth masks (green) and
predictions (blue) obtained from our best-performing Multi-ResNet model.

intermediate models at the end of each training stage. Preliminary tests showed that

as perhaps expected, freezing lower-resolution U-Net weights tends to produce worse
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performance in terms of quantitative metrics measured on the highest resolution.
In particular, in Figure C.8 we compare samples and FID scores from a DDPM
model trained on CIFAR10, with and without freezing. As can be clearly seen
from both the FID score and the quality of the samples, training with Algorithm
1 but without the freezing option produces significantly better samples. This is

why we did not further explore the freezing option.

MNIST

8 x 8 (at 10K iter.) 4 x 4 (at5Kiter.)

Figure C.6: Staged training of Multi-ResNets enables multi-resolution training and
sampling of diffusion models. We train a diffusion model [92] with a Residual U-Net
architecture using Algorithm 1 with four training stages and with freezing on MNIST
corresponding to Figure 4.7. We show samples at the end of each training stage.

PDE modelling. In Table C.5, we investigate Residual U-Nets and Multi-
ResNets using Algorithm 1 on Navier-Stokes and Shallow water. We here find
that staged training makes the runs perform substantially worse. In particular,
the standard deviation is higher, and some runs are outliers with particularly
poor performance. This is in contrast to our experiments on generative modelling
with diffusion models where staged training had only an insignificant impact on

the resulting performance. We note that we have not further investigated this
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8 x 8 (at 10 K iter.) 4 x4 (at5Kiter.)

Figure C.7: Staged training of Multi-ResNets enables multi-resolution training and
sampling of diffusion models. We train a diffusion model [92] with a Residual U-Net
architecture using Algorithm 1 with four training stages and no freezing on MNIST
corresponding to Figure 4.7. We show samples at the end of each training stage.

T

B N e
s |

Algorithm 1 w/o freezing Algorithm 1 w/ freezing
FID: 59.8

Figure C.8: A comparison of samples of a DDPM model [92] with a Residual U-Net
trained with Algorithm 1 with [Right] and without [Left] freezing.

question, and believe that there are a multitude of ways which could be attempted
to stabilise and improve the performance of staged training, for instance in PDE

modelling, which we leave for future work.
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Table C.5: Staged training with Algorithm 1 on Navier-Stokes and Shallow water.
Quantitative performance of the (Haar wavelet) Multi-ResNet compared to a classical
(Haar wavelet) Residual U-Net.

Dataset Neural architecture # Par. r-MSE |

ggﬁ‘iagr- Residual U-Net 37.8 M 0.0083 £ 0.0034
128 x 128 Multi-ResNet, saved par. added in dec. (ours) 37.8 M 0.0105 + 0.0102
agggow Residual U-Net 37.7 M 0.4640 + 0.4545
96 x 192 Multi-ResNet, saved par. added in dec. (ours) 37.7M  0.7715 4+ 0.8327

C.2.3 Analysis 3: U-Nets encoding topological structure

Experimental details. We begin by discussing MNIST-Triangular, the dataset
we used in this experiment. In a nutshell, MNIST-Triangular is constructed by
shifting the MNIST 28 x 28 dimensional squared digit into the lower-left half
of a 64 x 64 squared image with similar background colour as in MNIST in
that lower-left half of triangular shape. In the upper-right half, we use a gray
background colour to indicate that the image is supported only on the lower-left of
the squared image. We illustrate MNIST-Triangular in Figure C.9. We note that
MNIST-Triangular has more than four times the number of pixels compared to
MNIST, yet we trained our DDPM U-Net with hyperparameters and architecture
for MNIST without hyperparameter tuning, explaining their perhaps slightly inferior

sample quality in Figure 4.8.

To process the data into the subspaces W = (W;) given in Section 4.3.3, we need
to formulate the ‘triangular pixels’ shown in Figure 4.3.3. To do this we use the
self-similarity property of the triangular domain to divide the data into a desired
resolution. For each image, we then sample the function value at the center of
our triangular pixel and store this in a lexicographical ordering corresponding to
the codespace address [14] (e.g. ‘21’) of that pixel. In Figure C.10 we illustrate

the coding map at depth two.

Once we have made this encoding map, we are able to map our function values into an
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Figure C.9: Example images from the MNIST-Triangular dataset.

encoding map /11 12 21 22
- 13 14 23 24
31 32 41 42

'

Figure C.10: The coding map from the triangular Haar wavelets to their code-space
addresses. Such a construction can always be made on a self-similar object with certain
separation properties, such as the Open Set Condition [12].

array and perform the projections on V' = W by push-forwarding through projection
of the Haar wavlets on the triangle to our array through the lexicographic ordering
used. For instance, we show in Figure C.11 the array, plotted as an image, revealing

that this processing is inherently different to diffusions on a square domain.

This transformation, when defined on the infinite resolution object, is discontinuous
on a dense set of A\, yet encodes all of the necessary data to perform a diffusion
model over in our triangular MNIST model seen in Figure 4.8. This is because the
transformation we are using is still continuous almost everywhere, and so the parts
of the signal that we are losing accounts for a negligible amount of the function

approximation in the diffusion process.
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Figure C.11: An example of the encoding map taking data from a triangular domain
and mapping it to an array of each ‘triangular pixel’ value under lexicographical ordering.

C.2.4 Ablation studies

In several ablation studies, we further analysed Multi-ResNets and our experimental

results. We present these below.

Ablation 1: The importance of skip connections in U-Nets

We begin by presenting a key result. As Multi-ResNets perform a linear trans-
formation in the encoder, which significantly reduces its expressivity, one might
hypothesise that the skip connections in a U-Net can be removed entirely. Our results

show that skip connections are crucial in U-Nets, particularly in Multi-ResNets.

In Table C.6 we compare Residual U-Nets and Multi-ResNets with and without skip
connections focussing on PDE Modelling (Navier-stokes and Shallow water).
The ‘without skip connections’ case is practically realised by feeding zero tensors
along the skip connections. This has the benefit of requiring no change to the
architecture enabling a fair comparison, while feeding no information via the skip
connections as if they had been removed. We find that performance significantly
deteriorates when using no skip connections. This effect is particularly strong in
Multi-ResNets. Multi-ResNets cannot compensate the lack of skip connections
by learning the encoder in such a way that representations learned on the lowest

resolution space Vj account for not having access to higher-frequency information
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via the skip connections when approximating the output via D; in the output
space W; on a higher resolution space. This result shows that the encoder actually
compresses the information which it provides to the decoder. The decoder crucially

depends on this compressed input.

Table C.6: Skip connections in U-Nets are crucial. We compare two Multi-ResNets,
(Haar wavelet) Residual U-Nets and (Haar wavelet) Multi-ResNets, with and without skip
connections, focussing on the two PDE modelling datasets (Navier-Stokes and Shallow
water).

Neural architecture # Par. r-MSE |
&,  Residual U-Net w/ skip con. 345 M  0.0057 £ 2- 107°
'g%g Residual U-Net w/o skip con. 34.5 M  0.0078 £+ -107°
Z%& Multi-ResNet w/ skip con. 345M 0.0040+2-10"°

Multi-ResNet w/o skip con. 345 M  0.0831 £ 0.1080

Residual U-Net w/ skip con. 345 M  0.1712 + 0.0005
Residual U-Net w/o skip con. 34.5 M  0.4950 + 0.02384
Multi-ResNet w/ skip con. 345 M  0.1493 £ 0.0070
Multi-ResNet w/o skip con. 345 M 0.6302 £ 0.01025

Shallow
water
128 x 128

Ablation 2: The importance of preconditioning in U-Nets

In this section, we are interested in analysing the importance of preconditioning
across subspaces in U-Nets. To this end, we analyse whether and how much a
U-Net benefits from the dependency in the form of preconditioning between its
input and output spaces V and W. In Table C.7, we compare a Residual U-Net
with multiple subspaces with a ResNet with only one subspace on Navier-Stokes
and Shallow water, respectively. We obtain the ResNet on a single subspace from
the Residual U-Net by replacing P; as well as the (implicit) embedding operations
with identity operators, and additionally feed zeros across the skip connections.
This is because the function of the skip connections is superfluous due to them
not being able to feed a compressed representation of the input. We note that the
performance of the ResNet can potentially be improved by allocating the number of
channels different to the increasing and decreasing choice in a U-Net, but we have

not explored this. We further train on Shallow water for 10 epochs evaluating on
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the test set, and on Navier-Stokes for approximately 400 K iterations evaluating
on the validation set. This is due to significantly longer running times of the
ResNets constructed as outlined above. We note that performance decreases very
slowly after this point, and the trend of this experiment is unambiguously clear,

not requiring extra training time.

The results in Table C.7 show that preconditioning via the U-Net’s self-similarity
structure is a key reason for their empirical success. The Residual U-Net on multiple
subspaces outperforms the ResNet on a single subspace by a large margin. This

also justifies the focus of studying preconditioning in this work.

Table C.7: On the effect of subspace preconditioning vs. a plain ResNet. Quantitative
performance of the (Haar Wavelet) Residual U-Net over multiple input and output
subspaces compared to a ResNet on a single subspace, both trained on Navier-Stokes
and Shallow water.

Dataset Neural architecture # Par. r-MSE |

Ta;ier' Residual U-Net (multiple subspaces) 34.5 M 0.0086 +9.7-10°°

Eg Xesms ResNet (one subspace) 34.5 M 0.3192 +0.0731

Sh‘tillow Residual U-Net (multiple subspaces) 34.5 M 0.3454 + 0.02402
T

96 5 192 ResNet (one subspace) 34.5 M 2.9443 +0.2613

Ablation 3: On the importance of the wavelet transform in Multi-ResNets

In Table C.8 we analyse the effect of different wavelets for the DW'T we compute in P;.
We selected examples from different wavelet families, all of them being orthogonal.
A good overview of different wavelets which can be straight-forwardly used to
compute DWT can be found on this URL: https://wavelets.pybytes.com/. On
Navier-Stokes we analyse the effect of choosing Daubechies 2 and 10 wavelets
systematically over different random seeds. On Shallow water we explore many
different Wavelet families generally without computing random seeds. We find
that the Wavelets we choose for P; have some, but rather little impact on model
performance. We lastly note that the downsampling operation has also been studied

in [95] in the context of score-based diffusion models.


https://wavelets.pybytes.com/
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Table C.8: On the importance of choosing different wavelets for the Discrete Wavelet
Transforms (DWT) in Multi-ResNets. We report quantitative performance on the test set
of Navier-Stokes and Shallow water.

Dataset Neural architecture # Par. r-MSE |
Navier- Multi-ResNet w/ Haar wavelet DWT 345 M  0.0040 £ 2-10-°
stokes Multi-ResNet w/ Daubechies 2 DWT 345 M  0.0041 £3-107°

128 x 128 Multi-ResNet w/ Daubechies 10 DWT  34.5 M  0.0068 +1.1-107%

Multi-ResNet w/ Haar wavelet DWT 345 M  0.1493 £ 0.0070
Shallow Multi-ResNet w/ Daubechies 2 DWT  34.5 M  0.1081
water Multi-ResNet w/ Daubechies 10 DWT  34.5 M 0.1472
96 x 192 Multi-ResNet w/ Coiflets 1 DWT 345 M  0.1305
Multi-ResNet w/ Discrete Meyer DWT  34.5 M 0.1237

C.2.5 On the importance of preconditioning in residual
learning: Synthetic experiment

We begin by providing a second example with w(v) = v in Figure C.12, corre-
sponding to Figure 4.2 in §4.1. Note that in comparison to the problem w(v) = v?
in Figure 4.2, the effect of the two preconditioners swaps in Figure C.12: Using
RP™(v) = v as the preconditioner produces an almost perfect approximation of
the ground-truth function, while choosing RP™(v) = |v| results in deteriorate
performance. This is because RP™(v) = v is a ‘good’ initial guess for w(v) = v3, but
a very ‘poor’ guess for w(z) = v? and vice versa for RP™(v) = |v|. This illustrates

that the choice of using a good preconditioner is problem-dependent, and can be

crucial to solve an optimisation problem at hand.
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/ N /
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s N, e
7 N 7/
7/ N //
0 Z 0 .
e
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N
// w(v) = v2 (ground-truth) —— w(v) = v2 (ground-truth)
/,/' —— R(v) (approximation) —— R(v) (approximation)
4 —— RP(v) (preconditioner) —— RP®(v) (preconditioner)
-1 -1

-1 0 1 -1 0 1

Figure C.12: The importance of preconditioning. We learn the ground-truth functions
w(v) = {v3} using a ResNet R (v) = R} (v)+R(v) with preconditioners [Left] R}Y™(v) =
v and [Right] RS (v) = |v].
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Having discussed the results of our synthetic experiment (see Figs. 4.2 and C.12)
which demonstrates the importance of preconditioning, we here provide further
details on the experimental setting. We train a ResNet R'™(v) = Ry“(v) + R(v)
over a grid of values {(v;, w;)}Y, where v; € [—1,1], w; = w®(v;), N = 50, and
w (v) =02, w®(v) =03, RY(v) = v, R}*(v) = |v| depending on the experiment
scenario indicated by the superscripts (k, £), respectively. We do not worry about
generalisation in this example and use the same train and test distribution. This
functional relationship is easy to learn by any neural network R of sufficient size,
which would overshadow the effect of preconditioning. To construct a ResNet
which is ‘just expressive enough’ to learn w™®), we constrain the expressivity of
R in two ways: First, we choose R to be a small fully-connected network with 3
linear layers (input, hidden, output) with [1, 20, 1] neurons, respectively, interleaved
with the ReLLU activation function. Second, inspired by invertible ResNets [15],
we normalize the weights 6; of R such that ||6;]| < 1 for all j where || - || is the
Frobenius norm, and repeatedly apply R with D = 100 times via weight-sharing.
In practice, ||0;]] will be close to 1, and as ||#;|| intuitively measures the ‘step
size’ of a neural network, we constrain the neural network to ‘100 steps of unit
length’. As an alternative, one could limit the maximum number of training steps,
which would indirectly constrain the model’s expressiveness. We note that our
reported results are robust across a variety of hyperparameter combinations leading

to qualitatively the same conclusions.

C.3 Background
C.3.1 Related work

U-Nets. The U-Net [197] is a go-to, state-of-the-art architecture across various
research domains and tasks. Among the most influential U-Net papers are U-
Net++ [263] and Attention U-Net [175] for image segmentation, 3D U-Net [37]

for volumetric segmentation, U-Nets in diffusion models, starting with the first
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high-resolution demonstration in DDPM [92], the nnU-Net [102], a U-Net which
automatises parts of its design, a probabilistic U-Net [124], conditional U-Nets [64],
U-Nets for cell analysis detection and counting [69], and U-Nets for road extraction
[257]. A large number of adaptations and variants of the U-Net exist. We refer
to [204] for an overview of such variants in the context of image segmentation for
which the U-Net was first invented. In particular, many U-Net papers use a ResNet
architecture. [101] find that a key improvement for the seminal U-Net [197] is to use
residual blocks instead of feed-forward convolutional layers. Beyond their use on
data over a squared domain, there exist custom implementations on U-Nets for other
data types, for instance on the sphere [258], on graphs [71, 148] or on more general,
differentiable 3D geometries [88]. However, we note that a framework which unifies
their designs and details the components for designing U-Nets on complicated data

types and geometries is lacking. This paper provides such a framework.

Our work directly builds on and is motivated by the paper by Falck & Williams
[66] which first connected U-Nets and multi-resolution analysis [47]. This paper
showed the link between U-Nets and wavelet approximation spaces, specifically the
conjugacy of Haar wavelet projection and average pooling in the context of U-Nets,
which our work crucially relies on. The design of U-Nets and their connection to
wavelets has also been studied in [144, 191]. Falck & Williams further analysed
the regularisation properties of the U-Net bottleneck under specific assumptions
restricted to the analysis of auto-encoders without skip connections, and argued by
recursion what additional information is carried across each skip without this being
rigorously defined. Our work in this paper is however augmenting their work in
various ways. We list five notable extensions: First, we provide a unified definition
of U-Nets which goes beyond and encompasses the definition in [66], and highlights
the key importance of preconditioning in U-Nets as well as their self-similarity
structure. Importantly, this definition is not limited to orthogonal wavelet spaces
as choices for ¥V and W, hence enabling the use of U-Nets for a much broader set of

domains and tasks. Second, based on this definition, our framework enables the
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design of novel architectures given a more thorough understanding of the various
components in a U-Net. This is demonstrated on the elliptic PDE problem and data
over a triangular domain. Third, we analyse the usefulness of the inductive bias
of U-Nets in diffusion models, a novel contribution. Fourth, our experiments with
Multi-ResNets and multi-resolution training and sampling, as well as on triangular
data are novel. Fifth, [66] focusses particularly on the application of U-Nets in
hierarchical VAEs, which this work is not interested in in particular. In summary,
while [66] provided crucial components and ideas in U-Nets, our work is focused
on a framework for designing and analysing general U-Nets, which enables a wide

set of applications across various domains.

Miscellaneous. We further briefly discuss various unrelated works which use
similar concepts as those in this paper. Preconditioning, initialising a problem
with prior information so to facilitate solving it, is a widely used concept in
optimisation across various domains [5, 6, 16, 30, 219, 233|. In particular, we
refer to its use in multi-level preconditioning and Garlekin methods [8, 9, 45].
Preconditioning is also used in the context of score-based diffusion models [253].
Most notably, preconditioning is a key motivation in the seminal paper on ResNets
[87].  While preconditioning is a loosely defined term, we use it in the context

of this literature and its usage there.

The concept of ‘dimensionality reduction’ is widely popular in diffusion models
beyond its use in U-Nets. For instance, Stable Diffusion and Simple Diffusion both
perform a diffusion in a lower-dimensional latent space and experience performance
gains [95, 196]. Stable Diffusion in particular found that their model learns a
“low-dimensional latent space in which high-frequency, imperceptible details are
abstracted away” [196]. It is this intuition that the U-Net formalises. Simple
Diffusion also features a multi-scale loss resembling the staged training in Algorithm
1. Another paper worth pointing out learns score-based diffusion models over
wavelet coefficients, demonstrating that wavelets and their analysis can be highly

useful in diffusion models [80].



C.3. Background 253

C.3.2 Hilbert spaces

A Hilbert space is a vector space W endowed with an inner-product (-, -) that also
induces a complete norm || - || via |w||* = (w,w). Due to the inner-product, we

have a notion of two vectors wy, wy € W being orthogonal if (wq,wy) = 0.
In Section 4.3 we have paid special attention to two specific Hilbert spaces: L?([0, 1])

and H([0,1]).

1. the space L?([0,1]) has as elements square-integrable functions and has an

inner-product given by
1
(f.9)12 = | Fl@)gl@)des and, (C31)

2. the space H} ([0, 1]) has as elements once weakly differentiable functions which

vanish at both zero and one, with inner-product given by

(F.ghny = [ ()5 @), (C.32)

where [/, ¢" € L*([0,1]) are the weak derivatives of f and g respectively.

If we have a sequence {¢}7°, of elements of W which are pairwise orthogonal and
span W, then we call this an orthogonal basis for W. Examples of orthogonal bases

for both L?([0,1]) and HA([0,1]) are given in Section C.3.3.

C.3.3 Introduction to Wavelets

Wavelets are refinable basis functions for L?([0,1]) which obey a self-similarity
property in their construction. There is a ‘mother’ and ‘father’ wavelet ¢ and

1, of which the children wavelets are derivative of the mother wavelet ¢. For
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instance, in the case of Haar wavelets with domain [0, 1] we have that ¢ (z) = 1

and the mother and children wavelets given by

Orj(z) = o(2° + j/2°), o(x) = Lp1/2)() = 1pja.(2).

Under the L2-inner product, the family {¢k]}§’:g° .—, forms an orthogonal basis

of L*([0,1]). Further, if we define the functions

bus(@) = [ o)y, (C33)

then each of these functions is in H}([0,1]), and is further orthogonal with respect

to the H{-inner-product, bootstrapped from the orthogonality of the Haar wavelets.

The discrete encoding of the Haar basis can be given by the kronecker product

11 11
H; = (1 _1> ® H,_1, Hy = (1 _1>. (C.34)

To move between the pixel basis and the Haar basis natural to average pooling,

we use the mapping defined on resolution ¢ by T; : V; — V; through
T;(v;) = A Hyvy, (C.35)
where H; is the Haar matrix above and A; is a diagonal scaling matrix with entries
(A =271 ifkpe {2071 ... 27} (C.36)

To get this, we simply identify how to represent a piecewise constant function from
its pixel by pixel function values to be the coefficients of the Haar basis functions.
For example, in one dimension for an image with four pixels we can describe the
function as the weighted sum of the four basis functions [Right], that take values +1
or zero. The initial father wavelet is set to be the average of the four pixel values,
and the coefficients of the mother and children wavelets are chosen to be the local

deviance’s of the averages from these function values, as seen in Figure C.13.

For further details on wavelets, we refer to textbooks on this topic [47, 153].



C.3. Background 255

Figure C.13: Modelling a 1D image with four pixel values as the weighted sum of
Haar wavelet frequencies. The coefficients are such that the local averages of pixel values
give the Haar wavelet at a lower frequency, hence average pooling is conjugate to basis
truncation here.

C.3.4 Images are functions

An image, here a gray-scale image with squared support, can be viewed as the graph
of a function over the unit square [0, 1]? [66]. We visualise this idea in C.14, referring
to [66, Section 2] and [62] for a more detailed introduction. Many other signals
can likewise be viewed as It is hence natural to construct our U-Net framework on

function spaces, and have E; and D; be operators on functions.

f: X—=R

\

original (512 x 512) gray-scaled original (512 x 512)

compact set X C R™

Figure C.14: Images modelled as functions.
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C.4 Code, computational resources, datasets, ex-
isting assets used

Code. We provide our code base as well as instructions to reproduce the key
results in this paper under MIT License at https://github.com/FabianFalck/
unet-design. Our code base uses code from four Github repositories which are
subfolders. For our diffusion experiments on MNIST and MNIST-Triangular, we
directly build on top of the repository https://github.com/JTT94/torch_ddpm.
For our diffusion experiments on CIFAR10, we directly build on top of the repository
https://github.com/w86763777/pytorch-ddpm. For our PDE experiments on
Navier-Stokes and Shallow water, we use the repository https://github.com/
microsoft/pdearena [79]. For our image semgentation experiments on WMH, we
are inspired by the repository https://github.com/hongweilibran/wmh_ibbmTum
[137], but write the majority of code ourselves. We note that the MIT License
only pertains to the original code in our repository, and we refer to these four

repositories for their respective licenses.

We extended each of these repositories in various ways. We list key contri-

butions below:

o We implemented several Residual U-Net architectures in the different reposi-

tories.
o We implemented Multi-ResNets in each repository.

o We implemented the staged training Algorithm (see Algorithm 1), as well as

its strict version which freezes parameters.

o We implemented logging with weights & biases, as well miscellaneous adjust-
ments for conveniently running code, for instance with different hyperparame-

ters from the command line.


https://github.com/FabianFalck/unet-design
https://github.com/FabianFalck/unet-design
https://github.com/JTT94/torch_ddpm
https://github.com/w86763777/pytorch-ddpm
https://github.com/microsoft/pdearena
https://github.com/microsoft/pdearena
https://github.com/hongweilibran/wmh_ibbmTum
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Datasets. In our experiments, we use the following five datasets: MNIST [133],
MNIST-Triangular, a custom version of MNIST where data is supported on a
triangle rather than a square, CIFAR10 [127], Navier-stokes, Shallow water [79],
and the MICCAT 2017 White Matter Hyperintensity (WMH) segmentation challenge
dataset [130, 137]. These five datasets—with the exception of MNIST-Triangular—
have in common that data is presented over a square or rectangular domain,
possibly with several channels, and of varying resolutions. We refer to the respective
repositories above where these datasets have already been implemented. For
MNIST-Triangular, we provide our custom implementation and dataset class as
part of our code base, referring to Appendix C.2.3 on how it is constructed. It is
also worth noting that Navier-Stokes and Shallow Water require considerable
storage. On our hardware, the two datasets take up approximately 120 GB and

150 GB unzipped, respectively.

Computational resources. This work made use of two computational resources.
First, we used two local machines with latest CPU hardware and one with an
onboard GPU for development and debugging purposes. Second, we had access to
a large compute cluster with A100 GPU nodes and appropriate CPU and RAM

hardware. This cluster was shared with a large number of other users.

To reproduce a single run (without error bars) in any of the experiments, we provide
approximate run times for each dataset using the GPU resources: On MNIST and
MNIST-Triangular, a single run takes about 30 mins. On CIFAR10, a single run
takes several days. On Navier-Stokes and Shallow water, a single run takes

approximately 1.5 days and 1 day, respectively.

Existing assets used. Our code base uses the following main existing assets:
Weights&Biases [19] (MIT License), PyTorch [180] (custom license), in particular
the torchvision package, pytorch_wavelets [43] (MIT License), PyWavelets
[135] (MIT License), pytorch_lightning [68] (Apache License 2.0), matplotlib
[99] (PSF License), numpy [85] (BSD 3-Clause License), tensorboard [157] (Apache
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License 2.0), PyYaml [40] (MIT License), tqdm [41] (MPLv2.0 MIT License),
scikit-learn and sklearn [181] (BSD 3-Clause License), and pickle [225] (Li-
cense N/A). We further use Github Copilot for the development of code, and in
few cases use ChatGPT [176] as a writing aid.
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D.1 Proofs of Theoretical Statements in the Main
Text

Fact D.1. Any exchangeable random sequence {Z;} must be conditionally identi-

cally distributed.

Proof. See, e.g., [17, p. 2030]. ]

Proposition 5.1. A sequence {Z,11.n4m} ~ pu(:|Z1.m) satisfies the martingale
property if and only if the following holds: for all n’, & € N and integrable functions
g, h:

E((g(Zn/-‘rk) - g(Zn’-l—l))h(Zn—f—l:n’)|Z1:n) =0. (58)
Proof. Tt suffices to show the equivalence between the following three statements:

(1) Zps1nem|Z1.n satisfies Eq. (5.1)

(ii) for all n’ > n,k > 1 and integrable function g we have E(g(Z, %) —
g(Zn’+1)|len7 Zn+1:n’) =0

(iii) for all n” > n,k > 1 and integrable (g,h) we have 0 = E((9(Zy4x) —
g(Zn’+1))h(Zn+1:n’)|Z1:n>-

The equivalence between (i) and (ii) is trivial. We have (ii) = (iii) because

E((9(Zw41)=9(Zns1) )M Zngrr) | Zin) = BE(9(Zir+4)—9(Zr11) | Z1on )P(Zng1:n0)
Zy.n) 0. To show (ili) = (ii), for any o(Z,11.v)-measurable set A let h := 14 be
the respective indicator function, so that E((g(Zuy+x) — 9(Zn41))1a | Z1.0) -
E(0-14 | Z1.,). Since this holds for all A, it follows by the definition of conditional

expectation [114] that E(g¢(Z,1x) — 9(Zwi1) | Z1w) = 0 ass.. O

Corollary 5.1. Let {Z; : i € N} be a sequence of random variables satisfying the

martingale property. Then for all integers n,n’, k > 0 and n’ > n it holds that:
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(i) E(9(Zn11)|Z1:m) = E(9(Znsk)| Z1.) for all integrable functions g, and
(ii) E<<Zn’+k+1 - Zn’+1)Z;|thn) =0.

Proof. (i) follows by setting h(z,41.+) = 1 in (5.8). (ii) follows by setting g(z) =

Z, h(zn—i-l:n’) = Zp'- O

Fact 5.1. Let m(0) and py(Z|f) be the prior and likelihood of a Bayesian model,
0, = Eg~r(0]21.,)0 the posterior mean given data zi.,, and || - || be any vector norm.

Then,

Eborm 1 (2100) Bomr @0 10 = Onll* = Bopmrm zymmr(zlon) |00 — nl>. (5.9)

Proof. This holds because 6 and 6, are conditionally independent and identically
distributed given z1.,, and 6,, equals the conditional expectation of both random

variables. O

D.2 Further Discussion of Theory and Method-
ology

D.2.1 Additional Background on Martingale Posteriors

In §5.2.3 we discussed the construction of martingale posteriors in the finite-support
case. Here, we can construct the martingale posterior by sampling Z,, 1., 1m|Z1:n;
which will determine a sample 6,,1,,|Z1., as the parameter that indexes the predictive
distribution p(Zy+mt1 = | Z1ntm) = Do, (+); and since Oy, 1, — O as m — 00, we

can truncate the process at a large m > n to obtain a good approximation for .

The restriction to finite support is largely for expository simplicity as it allows us
to avoid measure-theoretic considerations. More generally, it is always possible
to view the distribution p(Z,11 = +|Z1.,) =: 0, as a random element in a suitable

Banach space of measures and the condition in Eq. (5.1) as requiring {p(Z,+1 =



D.2. Further Discussion of Theory and Methodology 262

|Z1.n) : n € N} to define a martingale in that space. When Doob’s theorem
applies, the above construction provides a distribution over predictive distributions

that quantifies the epistemic uncertainty.

Nonetheless, for tractability and comparability to Bayesian parametric posteriors,

it is useful to consider the following alternative, ‘model-based’ procedure:

1. Sample Zn+1:n+m ~ pM(’ZhJ
2. Compute O, = arg maxgee y_;-q log p(Zn+;16).

3. Return 6,, as an approximate sample from the martingale posterior, defined

as the conditional distribution of the pointwise limit lim,,_, ém given Zi.,.

We repeat this procedure to obtain multiple samples 0,,, from the martingale posterior
in order to approximate its distribution (see Fig. 5.1 [Centre]). In the above, p(Z;|0)
is the likelihood in the Bayesian parametric model. If {pns(Znij|Z1myj-1)}52)
corresponds to a certain posterior predictive defined by the same likelihood, and
the model is such that maximum likelihood estimation is consistent, it follows from
de Finetti’s theorem (applied to Z,,1.|Z1.,) and consistency that as m — oo, 0,
will converge to a random variable A, (w.r.t. the norm and notion of convergence
in consistency), and the distribution éoo|len must equal the Bayesian posterior.
Applying the same procedure to a more general py; that satisfies Eq. (5.1) leads
to the methodology in [70].

We adopted this ‘model-based’ approach in §5.3.3 and for computing the approximate
martingale posterior in Fig. 5.1 [centre]. Compared with the former approach,
it is easier to implement on ICL tasks where each sample Z; is represented with
multiple tokens and a correctly specified likelihood for the true observations is
available; the latter is always true in our synthetic experiments. More importantly,
when m is finite (and not > n), only with this approach can we compare the

sampling distribution of ém|len across different py;, as we explain in the following.
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This is important in our experiments where we find the LLMs (at best) follow the

martingale property within a horizon of m = ©(n).

D.2.2 Approximate Martingale Posteriors with Finite Paths

We have claimed that with a finite m, the spread of the approximate martingale
posterior 0., defined as the MLE on m samples (see §5.3.3, or above) is comparable

between different choices of py;. We now substantiate on this claim.

Let us first restrict to exchangeable (i.e., Bayesian) choices of py;. Consider de
Finetti’s representation for the posterior predictive measure: Z,.1  |Zy., can be

represented through
iid
eoo ~ 7T('|len)7 Zn+1,... ~ p<|000>

where the measure (-] Z;.,) equals the Bayesian posterior, which as discussed in
§D.2.1 equals the exact martingale posterior. Combining the above representation

and the fact that ém is a function of Z, 1.1, leads to ém 1 Z1.1]0s, and

Cov (0| Z1.)
= E(Cov(Bn|0)| Z1n) + Cov(E (0|0 )| Z1:0)
~ E(Cov(0m|0)| Z1m) + Cov(0so| Z1.),

where we dropped the term E(6,,|0s) — fo which is the bias of MLE and thus
a higher-order term for regular models. Therefore, the (co)variance overhead
Cov(ém]Zlcn) — Cov(0s|Z1.m) is, up to the first order, the average-case error of
MLE on m i.i.d. samples when the true parameter is sampled from the posterior
7(:|Z1.,). For regular models this is always ©(d/m), where the coefficient hidden
in the © notation is also comparable across different p,; as long as the Fisher
information matrix evaluated at 6 ~ m(-|Zy.,) has a comparable value (e.g., across
all choices of py; that satisfy consistency). As the martingale posterior covariance

Cov(0x|Z1.,) has the same O(d/n) scaling across all regular Bayesian models to
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which the Bernstein von-Mises theorem applies, with a choice of m = ©(n), any
deviation in the scaling of Cov(ém)—from that of any regular Bayesian model—
must be attributable to a different scaling of the exact MP covariance, and thus

a deviation from all regular Bayesian models.

Lastly, we note that while we focus on ICL models that are approximately Bayesian,
the above discussion may also apply to general models that only satisfy the
martingale property, since for those models Z,, 11 |Z;., remains asymptotically
exchangeable [17]. Moreover, the above discussion applies to inter-quartile range
(IQR) as well, because for asymptotically normal posteriors the IQR is proportional
to the posterior standard deviation; and even for non-normal posteriors, the IQR

should still have the same order as the posterior contraction rate by definition.

D.2.3 Acceptable Approximation Errors of Properties (i)
and (ii) in Corollary 5.1

Even when we restrict to a finite horizon m, there can still be expected deviations
from Eq. (5.1), and thus those in Corollary 5.1, simply because Eq. (5.1) represents
invariance conditions that are not “hard-wired” in the LLM’s architecture. Yet,
small violations of these equalities should not have practical consequences. We now

derive the order of what is an acceptable violation in the setting of Example 5.2.

As discussed in this example, the equalities in Corollary 5.1 guarantee the expressions
for posterior mean and covariance for the parameter 6 to have consistently defined
values, regardless of the choices of (n/, k). The posterior mean has the order of O(1)
and requires the violation of Corollary 5.1 (i) to be o(1). The posterior covariance

is generally €2(1/n) and can be expressed through Example 5.2 as
COV(9|Z1:n) == E(Zn+1Zn+k|Z1:n) - E<Zn+k|Z1:n)2-

Therefore, it can have an approximately consistent value if the equalities in

Corollary 5.1 hold approximately up to an error of o(1/n). Posterior mean and
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covariance are key quantities in the interpretation of predictive uncertainty, which
in turn is a major benefit of the martingale property. Thus, we consider the above
deviation to be acceptable as it already guarantees the approximately consistent

interpretation of predictive uncertainty through the martingale property.

D.3 Additional Experimental Details and Results

D.3.1 Additional Experimental Details

Test statistics of properties implied by the martingale property. We
summarise and empirically measure properties (i) and (ii) in Corollary 5.1 using

the aggregated statistics

9 m/2 4 '
Tig =53 > (0l = 92 i) (D.1)
j=1i=1
L& o) G .0
Toy = Im Z (i1 = Zrtih) i (D.2)
j=1 i=1

The statistics T} ; and T4, are defined using samples {z,(fll} from J paths generated
by an LLM via ICL and correspond to Monte-Carlo estimates of the expecta-
tions in properties (i) and (ii). To be robust against the possible outlier paths
(§5.3.1), we remove sample paths with anomalous mean absolute values using

the standard 1.5xIQR rule.

We compare the observed value of the statistics above evaluated on LLMs with
bootstrap confidence intervals computed using a reference Bayesian model (§5.4.1).
For the latter, we draw K = 300 sets of completions {{zéz,l:l)ﬂ 1< <m,1<
j<J}:1<k< K} from the predictive distribution of the reference Bayesian

model, which provides K samples for the test statistics, and compute two-sided

confidence intervals using the respective quantiles.
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Experimental setup. For the first two experiments we vary n € {20,50, 100},
m € {n/2,2n} and sample J = 200 paths from the LLMs. For the natural language
experiments we fix n = 100, m = 50, J = 80. As non-exchangeable models may
demonstrate different behaviour on different permutations of the same dataset,
for the experiments in §5.4.2 we permute the observations when generating each
sample path, so that we can produce a single test statistic that summarises each
experiment configuration. For the experiments in §5.4.3, however, we use a fixed
ordering for the observations for all path samples within each run, and report
the median inter-quartile range across 9 runs for each configuration. This change
is made to avoid (possibly small) deviations from exchangeability from inflating

the estimated spread of the posterior.

For a proper test of the martingale property, it is vital that the model cannot
distinguish between the ICL training data Z;,, and its own generations {Z,;}.
This is trivially true if the LLM takes free-form text as inputs without additional
annotation, as with 11lama-2-7b, mistral-7b, and gpt-3.5 accessed through the
Completion API from OpenAl. However, the gpt-4 model is only accessible through
a different API (ChatCompletion) which includes annotation for user input and
model generation in the prompt. To ensure a proper implementation of the checks,
we hence call the API m times in generating each path sample. In each iteration
we sample a single data point, and then append it to the user input part of the
prompt. This is far less cost-efficient than our use of gpt-3.5. Therefore, we
only include gpt-4 for the Bernoulli experiment with n < 50, and the natural

language experiment.

We discuss prompt design and format in detail below. Here we emphasise that across

all tasks, the prompt always includes sufficient information about the true likelihood.

Prompt design and format. We use the following prompt format <instruction>

<observed data> <sampled data>. <instruction> describes the distribution (i.e.
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true likelihood) of the observed data and importantly states that the observed
samples were drawn i.i.d., i.e. from exchangeable random variables. <observed
data> and <sampled data> lists the observed z;.,, and sampled data 2, (if there
exists any), respectively. Samples are represented depending on the experiment: as
int values as 1-digit characters (e.g. ‘1’), float values with 1-digit of precision
(e.g. ‘2.2%) or words for synthetic natural language. As a sanity check, we also
consider replacing integers with random words (e.g. ‘tiger’ for ‘1’, ‘hedgehog’ for
‘0%), but did not notice important differences in the LLMs’ behaviour. Each sample

[}

is delineated by a separator (e.g. ‘;’).

We present exemplary prompts for each dataset below:

e A Bernoulli experiment with n = 5 and m = 2: “Provided are independent,
identically distributed tosses of a coin, which flips 1 with probability p where p is
unknown: 1;0,0,1,0,0;1”.

e A Gaussian experiment with n = 2 and m = 3: “Provided are independent,
identically distributed draws from a Gaussian, with fized but unknown mean and

unit variance: 1.1,0.8,1.5,1.0,0.9”.

e The the natural language experiment: “You will make predictions for a novel
disease. The observed dataset contains records for multiple subjects which are
assumed to be independent and identically distributed. For each subject there are
two binary variables, indicating fever and disease diagnosis, respectively. Output
your prediction for the disease diagnosis of the next subject.\n Id: 0\n Fever:

Y\n Diagnosis: N ...”

Other work represents both int and float numbers as a space-separated string
of digits with fixed precision, where each number is separated by a semi-colon.
This guarantees a per-digit tokenisation that was observed to be beneficial in the

context of time series forecasting and further minimises the required number of



D.3. Additional Experimental Details and Results 268

tokens per number as the decimal point is redundant [78]. We did not opt for
this representation and corresponding tokenisation for two reasons: First, initial
experiments with GPT-2 showed deteriorating sampling performance, where the
model often hallucinated unrelated content. Second, and related to the first point,
this representation is somewhat ‘out-of-distribution’ and probably unseen in the
training distribution, which could limit and constrain any conclusions made in
our experiments. Note that because of the tokenisation, in §5.4, the Gaussian
experiment is more difficult than the Bernoulli experiment (or any dataset with
single-token samples) as the LLM is required to learn the correlation structure

between consecutive tokens representing a real-valued number.

Additional details for the natural language experiment. For the natural
language experiment, we modify the scheme as follows: we split the ICL dataset and
the imputations into two sequences ({Y;,, }eli™, {Vi, . }axi™) based on the value
of X;. Subsequently, either sequence contains i.i.d. Bernoulli random variables with
a different mean, and any Bayesian ICL model with a correctly specified likelihood
must produce imputations following a separate Bayesian posterior for Bernoulli
data. Thus, we can apply our Bernoulli diagnostics separately to both sequence.

This modification allows us to focus on LLMs’ conditional predictive distributions

of the form pys(Yii1|Xi41, Z1.), which is more relevant in practice.

D.3.2 Further Experimental Results and Discussion

Full results: Bernoulli experiments. Figs. D.1 and D.2 report the full results
for the Bernoulli experiment in the setting of Fig. 5.3 (m € {n/2,2n}), where
we also visualise the o(1/n) ‘acceptable deviation’ (§D.2.3) using a light shade
with width 0.1/n. Consistent with the results in Fig. 5.3, for all models except
the least capable gpt-3-2.7b, the martingale property is generally satisfied in the

short-horizon scheme (m = n/2), but increasingly violated as we move to m = 2n.
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The results for gpt-3-2.7b provide a sanity check of our experiment setup: Its
unsatisfactory performance shows that our tasks require nontrivial ICL capabilities
which are known to be absent in gpt-3-2.7b [27]. As another sanity check we
provide the results for m = 10n in Fig. D.5, where we drop all GPT models due to
limitations with its API. As we can see, in this setting where the sampling horizon
becomes even longer, deviation from the martingale property also becomes more
severe. The consistently large negative value of T} , indicates a continual upward
bias towards 1, which demonstrates the ‘creation of new knowledge’ phenomenon

discussed in §5.2.2.

Full results: Gaussian experiments. We report additional results for the
Gaussian experiment in Fig. D.3 ( = 0) and Fig. D.4 (§ = —1). As we can see,
all models generally demonstrate a deviation from the martingale property when
0 = —1, but with § = 0 they may often appear to satisfy the property within a
shorter horizon (m = n/2). Results for # = 1 are similar to the § = —1 case and
thus omitted. We note that in many cases the predictive distribution cannot be
matched to any Bayesian posterior with the correct likelihood: for the latter the
sample variance should be greater than 1, the likelihood variance, but this is often
not true for the LLMs. For example, for gpt-3.5 in the setting of Fig. 5.4 we find
the sample variance to be 0.711 < 1 (95% CI: [0.680,0.742]).

Additional results: Scaling of epistemic uncertainty. To avoid clutter, in
Fig. 5.6 we have plotted the sample median of the test statistic T3 from various
models, and in that aspect gpt-3-170b appears to be close to the reference Bayesian
model when n is smaller. Here we note that a deviation becomes more evident if
we compare the individual samples of T3 (obtained from independent runs) against

bootstrap Cls from the reference Bayesian model, as shown in Fig. D.6.
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Additional results with fine-tuned models. Some previous works [107, 256]
studied ICL under the assumption that the LLM has been perfectly pretrained
on the ICL test distributions. While such assumptions are somewhat unrealistic,
it may still be interesting to investigate whether finetuning on datasets that are
similar to the ICL test distribution could lead to a closer-to-Bayesian behaviour
for ICL. To this end we finetune gpt-3-2.7b models on Bernoulli and synthetic
NLP datasets with randomly sampled parameters, and repeat the checks in §5.3.2
on the finetuned models.? The results are visualised in Fig. D.7. We can see that
the finetuned models may indeed demonstrate a better adherence to the martingale

property, but they do not always pass the checks.

Comparison of LLMs with and without instruction tuning. Among all
LLMs evaluated, gpt-3.5 and gpt-4 generally demonstrate the worst performance
in our evaluations, and incidentally they are the only LLMs that have undergone
instruction tuning. The comparison between gpt-3-170b and gpt-3.5 (see Fig. 5.6
and Fig. D.2) is particularly interesting since the two models are generally similar,
with a main difference being the presence of instruction tuning. These observations
seem to suggest that instruction tuning may have exacerbated the non-Bayesian
ICL behaviour. Such an explanation would be broadly consistent with the previous
findings that instruction tuning generally causes the LLM to produce less calibrated

uncertainty estimates [78, 113, 176].

Could the LLMs correspond to ‘unreasonable Bayesian models’? As
discussed in the main text, our findings suggest that the behaviours of gpt-3.5
and 1lama-2-7b are highly unlikely to correspond to any ‘reasonable’ Bayesian

models in the Bernstein von-Mises sense. Generally speaking, to conduct any

We use OpenAl’s finetuning service which determines optimisation hyperparameters by
validation loss. For the Bernoulli dataset, we sampled 10* sequence for training, each with an
expected length of 75; the true parameter 6 is sampled from the uniform distribution on [0, 1].
For the NLP dataset, we sampled 5000 sequences for training, each with an expected length of
85; the two Bernoulli parameters that determine the prompt distribution are sampled from a
Beta(0.5,0.5) distribution.
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statistical test with a reasonable level of power it is necessary to impose some
regularity restrictions on the null hypothesis to be tested. Moreover, it could be
similarly concerning if the LLMs correspond to any ‘unreasonable’ Bayesian model
that does not satisfy the regularity conditions in the Bernstein von-Mises theorem.
Nonetheless, in the setting above we can also provide some informal discussion on
why the LLMs are unlikely to be ‘unreasonable’ Bayesian models (e.g., one with an
approximately degenerate prior), by comparing the results across different choices
of n. Specifically, for gpt-3.5, its small-sample behaviour in Fig. 5.6 can only be
explained as a Bayesian model with a very strong prior that has the bulk of its
mass near the true parameter; yet this would contradict its larger-than-regular
posterior spread when n is large. For 11ama-2-7b, its large-sample behaviour could
only be explained with the exact opposite (e.g., a Beta(100, 100) prior); yet that

should have led to a much larger IQR when n is small.
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Figure D.1: Checking the martingale property: results for the Bernoulli experiments for

(h) Ty, for k € {2,3,4,5},n = 100, m = 200

all choices of (n,m) in the setting of Fig. 5.3. Note that we drop gpt-4 for n = 100 due
to API limitations (as discussed in App. D.3.1).
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Figure D.3: Checking the martingale property: results for the Gaussian experiments
with 8 = 0. See Fig. 5.4 for details.
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Figure D.4: Checking the martingale property: results for the Gaussian experiments
with § = —1. See Fig. 5.4 for details.
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Figure D.5: Checking the martingale property on Bernoulli experiments: additional
result with n = 100, m = 10n. See Fig. 5.3 for details.
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Figure D.7: Checking the martingale property: comparison of gpt-3 models before and
after fine-tuning on the NLP (Fig. 5.5) and Bernoulli (Fig. 5.3) datasets.
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D.4 Related Work

In-context learning as Bayesian inference. = Numerous papers have explained
ICL as performing some form of Bayesian Inference. The hypothesis is likewise
studied in [107, 231] and the concurrent work of [249]. It is also covered by [256]
if we restrict to exchangeable demonstrations. Closely related are the works of [3,
178] which demonstrate that high-capacity transformers pretrained with square

loss may recover the Bayes predictor.

[243] studied ICL in a setting where the the LLM is perfectly trained on a pretraining
distribution defined by a Hidden Markov Model (HMM). Under this and further
assumptions, they prove that the LLM must implicitly perform Bayesian inference
to infer a latent concept of the prompt. Strictly speaking, their assumptions
do not exactly match our hypothesis, because their Bayesian model employs a
likelihood that is misspecified for ICL: it does not assume {Z;} is conditionally
i.i.d. or exchangeable. However, their additional assumptions render the ICL
behaviour similar to that of another Bayesian model that assumes conditionally
i.i.d. observations: when considering Eq. (8-10) in their work, which imply that the
log likelihood of their Bayesian model is well approximated by a Bayesian model
assuming conditional i.i.d. observations. In this regard their analysis is connected
to our hypothesis, as it applies to the Bayesian model we study. It is important to
note that their assumptions have been crucial in their proof for sample efficiency.
More broadly, for any ICL predictor to be sample efficient on exchangeable {Z;},
it is perhaps reasonable to expect the predictor to (approximately) recognise the

exchangeable nature of {Z;}, where our hypothesis would apply.

We review the other works in brief in the following. [100] dicussed high-level
connections between [243] and various notions of exchangeability. [82][Section 1.4]
relates to [243] as it can similarly be understood in terms of Bayesian inference, with
the difference that they view the training tasks to be open-ended and compositional,

in contrast to the finite nature of an HMM. [231] likewise takes a Bayesian viewpoint,
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which they utilise to select the ICL dataset optimally. [107] explains various
phenomena of the ‘emergent abilities’ of LLMs, such as in-context learning and
chain-of-thought prompting, through Bayesian inference on the common distribution
underlying natural languages. [256] show that ICL implicitly uses a Bayesian model
averaging. [77] recover the prior distributions in LLMs for everyday observations,

such as the time of movies.

Theories for in-context learning. = Numerous theoretical models and frame-
works beyond Bayesian inference exist which aim at understanding and formalising
ICL. We refer to [59] for a detailed survey on in-context learning. [3] prove that
transformer-based architectures can implement classical learning algorithms such
as linear models and ridge regression. [10] extend this work by demonstrating
that ICL via transformers can implement and even braoder set of algorithms,
including convex risk minimisation algorithms and gradient descent, where the
model intrinsically selects a different learning algorithm based on the task at hand.
[205] shows that the ability of performing ICL algorithms such as Bayesian inference
may be a transient phenomenon which produces highest accuracy during certain
stages of pretraining an LLM. [192] show that the ability of in-context learning
to tasks unseen during training by picking the right learning algorithm depends

on the task diversity during training.

Input order dependence of Large language models.  Previous work has
found a dependence of LLMs on the order in which an input sequence is presented.
[149] demonstrate that input order can significantly change the performance of an
LLM in text classification tasks from “state-of-the-art” to “random guess”. In the
context of few-shot learning, [262] show the prediction of an LLM can depend on
many seemingly irrelevant items, such as the prompt format or the order in which
input examples are presented in a prompt, again with a sensititivity of performance to

these factors. [254] note that the topic structure of a document may be exchangeable,
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which motivates them to use Bayesian models, namely Latent Dirichlet Allocation,
to analyse the representations of an LLM. Our discussion on exchangeability relates
to this line of work, but has a novel perspective on it through our focus on
the martingale property, a necessary condition for exchangeability, among other
implications of the martingale property which we study (e.g. the decomposition of
uncertainty and the resulting identification of epistemic uncertainty). Furthermore,
in contrast to the related work, which shuffles the input data Z;.,, we analyse
the effect of shuffling the imputed, generated sequence 7,1, ..., where we find

non-exchangeable behaviour which deviates from any reasonable Bayesian model.

Miscellaneous.  Our work also relates a number of applications of LLMs. As we
are generating samples from an LLM with ICL, which as we demonstrate deviate
from the distribution of the ICL dataset, this work relates to and has implications
for a line of work on LLMs for synthetic data generation [23, 83, 140, 214, 227].
Furthermore, we show that the martingale property is violated for long sampling
paths, which may have implications for time series prediction with LLMs [78, 109],
particularly over long horizons. We also demonstrate a dependence on the order in
which missing values are imputed, which has direct implications for the machine
learning task of missing value imputations with LLMs [160]. [203] demonstrate
that models (including LLMs) which are recursively trained on data which they
have previously generated shift in their distribution, where long tails disappear.
While this work ‘conditions’ on synthetic data by retraining, our work analyses
the conditioning via ICL. Lastly, as LLMs violate the martingale property in
certain empirical regimes, they hence do not allow for a decomposed interpretation
of their predictive uncertainty, which has important implications for uncertainty

quantification with LLMs [241].
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D.5 Negative Societal Impact

This paper analyses and characterises the behaviour of LLMs. We try to understand
whether ICL in LLMs follows Bayesian principles. As we outlined in §5.2.3 this has
important consequences for their potential use as trustworthy systems, which can
be deployed in safety-critical, high-stakes applications such as healthcare. These
systems often crucially rely on a principled notion of uncertainty. The evidence
presented in this work cautions against the use of LLMs in such settings without
further checks as they—under certain experimental settings—do not possess such
a principled interpretation of uncertainty, rendering their uncertainty ‘black-box’.
Furthermore, while LLMs have typically been trained in non-exchangeable scenarios
(e.g. natural language where the order of words or tokens changes meaning), as we
showed in §5.2.2, we caution against their use in exchangeable settings (e.g. i.i.d.

in-context data) as their predictions can be rendered inconsistent.

The points noted above are potential negative societal impacts if Bayesian behaviour
cannot be guaranteed by a model, as we argue in this work. While we do not see
any direct negative consequences from our analysis, we believe this work provides
ample pointers and reason for further investigation of these concerns, and shall

point out and warn against (potentially intended) misuse of LLMs.

D.6 Code, Computational Resources, Datasets,
Existing Assets Used

Code. We provide our code base on https://github.com/meta-inf/bayes_
icl under MIT License, together with a README.md containing instructions on

reproducing the key results in this paper.

Datasets.  We used three synthetic datasets for our experiments: a coin flip

experiment, sampling from univariate Bernoulli distributions, a Gaussian experiment,


https://github.com/meta-inf/bayes_icl
https://github.com/meta-inf/bayes_icl
https://github.com/meta-inf/bayes_icl
https://github.com/meta-inf/bayes_icl
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sampling from univariate Gaussian distributions, and a synthetic natural language
experiment, sampling (conditionally) from Bernoulli distributions. We refer to §5.4

and App. D.3 where they are introduced and discussed.

Computational resources and APIs used. Referring to §5.4, we implemented
llama-2-7B and mistral-7B with the Huggingface Transformer library [240], and
implemented gpt-3, gpt-3.5 and gpt-4 using the OpenAl API [176]. For all
Huggingface models, we generated the sampling paths by performing inference

on a single A100 Nvidia GPU for each run.

Existing assets used. Our work uses the following main software libraries
and corresponding licenses: PyTorch [180] (custom license), numpy [85] (BSD 3-
Clause License), Weights&Biases [19] (MIT License), Huggingface transformers
library [240] (Apache License 2.0; model licenses see below), matplotlib [99] (PSF
License), tqdm [41] (MPLv2.0 MIT License), scikit-learn and sklearn [181]
(BSD 3-Clause License), pandas [159] (BSD 3-Clause License), openai (Apache 2.0
License), tiktoken (MIT License), and pickle [225] (License N/A). We use Github

Copilot and ChatGPT [176] for code development and occasionally as a writing aid.

The five pretrained large language models we used (see §5.4) have the following
licenses: 1lama-2-7B [218] (custom license); mistral-7B [106] (Apache 2.0 License);
gpt-3 [27], gpt-3.5, and gpt-4 [176] (API; no code license).
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