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Abstract
Conic optimization has been widely used in many areas, such as machine learning,
image processing and automatic control. It usually relies on iterative algorithms
to find the optimum numerically. Compared to linear programming and quadratic
programming containing only linear constraints, conic optimization usually takes
more time and is more prone to numerical instability. This thesis aims to
accelerate computation for conic optimization from different perspectives. The
more structural information we have, the more acceleration we can achieve in
algorithmic design.
By exploiting both sparsity and low-rank information of a special class of
semidefinite programmings, we reformulate the problems and propose an ADMM
algorithm that is computational-friendly on GPU. Numerical results show that it
is very efficient and scales up quite well to large dimensionality.
Next, we introduce Clarabel solver, which is a new general-purpose solver for conic
optimization with the quadratic objective. It outperforms cutting-edge solvers on
quadratic programming and second-order cone programming in terms of speed
and robustness while also performs competitively on other conic optimization
problems.
In the meantime, a novel augmentation method for a class of nonsymmetric cones
sparsifies the linear system to factorize underlying interior point methods. This
sparse augmentation can also be utilized for other conic solvers supporting the
same nonsymmetric cones.
Finally, we propose an early termination saving computational time for mixed inte-
ger conic programming within the branch-and-bound framework. It demonstrates
how to generate a dual feasible point from the infeasible iterates of primal-dual
algorithms, which enables early termination for solvers based on the primal-dual
algorithms, including operator splitting methods and interior point methods.
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Abstract

Conic optimization has been widely used in many areas, such as machine learning,
image processing and automatic control. It usually relies on iterative algorithms
to find the optimum numerically. Compared to linear programming and quadratic
programming containing only linear constraints, conic optimization usually takes
more time and is more prone to numerical instability. This thesis aims to accelerate
computation for conic optimization from different perspectives. The more structural
information we have, the more acceleration we can achieve in algorithmic design.

By exploiting both sparsity and low-rank information of a special class of semidefinite
programmings, we reformulate the problems and propose an ADMM algorithm that
is computational-friendly on GPU. Numerical results show that it is very efficient
and scales up quite well to large dimensionality.

Next, we introduce Clarabel solver, which is a new general-purpose solver for conic
optimization with the quadratic objective. It outperforms cutting-edge solvers on
quadratic programming and second-order cone programming in terms of speed and
robustness while also performs competitively on other conic optimization problems.

In the meantime, a novel augmentation method for a class of nonsymmetric cones
sparsifies the linear system to factorize underlying interior point methods. This
sparse augmentation can also be utilized for other conic solvers supporting the same
nonsymmetric cones.

Finally, we propose an early termination saving computational time for mixed integer
conic programming within the branch-and-bound framework. It demonstrates how
to generate a dual feasible point from the infeasible iterates of primal-dual algorithms,
which enables early termination for solvers based on the primal-dual algorithms,
including operator splitting methods and interior point methods.



Notation

Sets

R . . . . . . the set of real numbers

R+ (R++) . the nonnegative (positive) real numbers

Rn . . . . . the set of real n-dimensional vectors

Z . . . . . . the set of integers {. . . ,−2,−1, 0, 1, . . . }

Sn . . . . . the set of real n× n symmetric matrices

Sn
++ (Sn

+) . . the set of real symmetric positive (semi)definite matrices

int(C) . . . the set of interior points of set C

rint(C) . . . the set of relative interior points of set C

cl(C) . . . . the closure of set C

K∗ . . . . . the dual cone of K

K◦ . . . . . the polar cone of K

Operators

1n . . . . . a n-dimensional vector of value 1

|I| . . . . . . the number of elements in the discrete set I

JnK . . . . . the set of {1, . . . , n}

⌈x⌉ . . . . . the smallest integer value that is bigger than or equal to x

f ′(x) . . . . 1st-order derivative of function f(x)

f ′′(x) . . . . 2nd-order derivative of function f(x)

f ′′′(x) . . . 3rd-order derivative of function f(x)

∇k(x) . . . k-th-order derivative of function f(x)

∂f(x) . . . . the subdifferential of function f at x

iv



v

IX (x) . . . . the indicator function of set X

ΠC(x) . . . . the projection of x ∈ Rn onto the set C

proxf (x) . . the proximal operator w.r.t. function f at point x

σC(x) . . . . the support function of C at x

f ∗(x) . . . . the conjugate function of function f(x)

⟨x, y⟩ . . . . the inner product of vector x, y.

x−k . . . . . element-wise inverse of the vector x ∈ Rn of power k

diag(x) . . . transforming the vector x ∈ Rn into a diagonal matrix diag(x) ∈ Sn

mat(x) . . . transforming the vector x ∈ Rn(n+1)/2 to the matrix form X ∈ Sn

Diag(X) . . vectorizing the diagonal terms of matrix X ∈ Rn×n

Xi,· . . . . . i-th row of matrix X

X·,j . . . . . j-th column of matrix X

X ⪰ 0 . . . X is in the set Sn
+

X ≻ 0 . . . X is in the set Sn
++

Norms

∥x∥2 . . . . Euclidean norm of vector x: ∥x∥2 :=
√
⟨x, x⟩

∥A∥F . . . . Frobenius norm of matrix A: ∥A∥F =
√
⟨A,A⟩ =

√
Tr(A⊤A)

∥A∥p . . . . induced operator p-norm of matrix A: ∥A∥p = sup∥x∦=0
∥Ax∥p

∥x∥p

∥A∥ . . . . . 2-operator norm of matrix A

∥A∥∞ . . . . infinite norm of matrix A: ∥A∥∞ = max1≤i≤n
∑n

j=1 |aij|

Acronyms

ADMM . . . Alternating direction method of multipliers

BM . . . . . Burer-Monteiro method

B&B . . . . Branch-and-bound

CPU . . . . Central processing unit

GPU . . . . Graphics processing unit

HSDE . . . Homogeneous self-dual embedding



vi

IPM . . . . Interior point method

KKT . . . . Karush-Kuhn-Tucker condition

LHSCB . . Logarithmically homogeneous self-concordant barrier

LP . . . . . Linear programming

MICP . . . Mixed integer conic programming

MIP . . . . Mixed integer programming

MPC . . . . Model predictive control

OSM . . . . Operator splitting method

PSD . . . . Positive semidefinite

QP . . . . . Quadratic programming

SDP . . . . Semidefinite programming

SOCP . . . Second-order cone programming
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1. Introduction 2

The dissertation aims to design efficient and numerically stable algorithms for

convex conic optimization problems of the following form:

min
x,s

1
2x

⊤Px+ q⊤x

subject to: Ax+ s = b,

s ∈ K,

(1.1)

The formulation above is very general and can model a wide range of common

convex optimization problems depending on the particular choice of problem data

and the choice of cone K. It encompasses common problem classes such as linear

programming (LP), quadratic programming (QP), second-order cone programming

(SOCP) and semidefinite programming (SDP) problems, as well as problems with

other exotic cones. Such problems appear in a wide variety of applications including

constrained optimal control [1] and moving horizon estimation [2], limit analysis of

engineering structures [3, 4] and fluid flows [5], image processing [6], support vector

machines [7], lasso problems [8, 9], circuit design [10], portfolio optimization [11,

12], and many others.

1.1 Overview of conic optimization

Previously, most research on conic optimization has focussed on the class of

symmetric cones that are homogeneous and self-dual, also called self-scaled [13,

14], such as second-order cones and positive semidefinite cones. Research on

nonsymmetric cones has become increasingly popular in recent years since it can

model more complex constraints than existing symmetric cones [15]. Moreover, a

symmetric conic constraint can be reformulated as a nonsymmetric cone if additional

properties are known to this cone, which can reduce the dimension of an optimization

problem [16, 17].

Common modern approaches for solving conic optimization include first-order

operator-splitting methods (OSM) [18, 19], and second-order interior-point methods

(IPM) [14]. The former can be easily paralleled and is suitable for large-scale

problems while the latter is preferred when high accuracy solutions are required.
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OSMs like ADMM [20] split an optimization problem into several subproblems

and then solve them sequentially for each iteration. These subproblems can be

solved more efficiently compared to the original one. IPMs commonly employ

ν-logarithmically-homogeneous self-concordant barrier (LHSCB) functions, which

apply penalties on convex inequality constraints defined over cones. The parameter

ν is related to the convergence speed of an IPM, where the total iteration number

to ϵ-optimality is known to be O(
√
ν ln(1/ϵ)) in theory.

If we set an additional integer constraint over variable x, the problem (1.1) becomes

a mixed integer conic programming (MICP) [21]. It is able to formulate discrete

constraints in an optimization problem, such as hybrid model predictive control [22],

portfolio optimization [23], power electronics [24] and robust truss topology [25].

The most common approach is to use the branch-and-bound (B&B) method, which

solves a convex relaxation for each node, and requires an underlying solver for the

convex relaxation. Since the number of nodes increases exponentially w.r.t. the

count of discrete variables, various acceleration techniques have been developed to

reduce the number of nodes we need to compute, like presolving [26] and feasibility

pump [27], or shorten the computational time within a convex relaxation, like

warm-start and early termination [28, 29].

1.2 Problems of interest

Semidefinite programming

Semidefinite programming is a powerful modeling tool used in various areas, like

Maxcut in combinatorial optimization [30], signal processing [31] and sum of square

in control [32]. However, the size of an SDP problem can grow rapidly, which makes

it hard to solve. Although current general SDP solvers have exploited underlying

properties such as low-rank information and chordal sparsity to accelerate the

computation, they are not able to deal with huge SDPs when the dimension of an

SDP exceeds tens of thousands unless the problem possesses additional structure.

Instead of developing an algorithm for general SDPs, it is possible to transform an
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SDP of a special class of constraints into an equivalent optimization problem that

is able to be solved by an efficient algorithm [33].

Nonsymmetric cones

DDS [34] and Hypatia [35] interior-point solvers have already supported a bunch

of nonsymmetric cones in use. However, they need to reduce a linear systems into

an equivalent normal equation, which may become dense and fail to exploit the

potential sparsity information in the factorization step.

Mixed integer conic programming

Dual feasible algorithms like the dual simplex and the dual active set methods

can generate a dual feasible point that can terminate a node solve early if the

current dual cost is larger than the best feasible solution at present [36], but they

are not efficient on conic optimization. On the contrary, primal-dual algorithms

are widely used for convex conic optimization, but they can not generate a dual

feasible solution until solving the convex relaxation to optimality. Preliminary work

on generating an intermediate dual feasible point has been done for primal-dual

interior point methods, but it only works for mixed integer quadratic programming

and is a heuristic technique without theoretical guarantee [29].

Development of interior-point solvers

The interior point method is one of the most widely used algorithms in convex

continuous optimization solvers [37]. It usually incorporates the homogeneous

self-dual embedding [38] which is able to detect infeasibility of a problem efficiently.

However, the homogeneous self-dual embedding only holds for linear cost functions

and we have to transform a quadratic cost into a second-order cone constraint,

which will introduce additional fill-in and slow the convergence of IPMs, and the

transformed problem is more prone to numerical instability due to the additional

conic constraint.
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1.3 Outline

In this thesis we focus on the development of efficient algorithms for conic op-

timization and aim to tackle the problems mentioned in the last section. Main

contributions are organised into the following chapters:

Chapter 2

We first introduce some important definitions and properties related to convex sets,

convex cones and convex functions. Then we detail duality theory with various form

of optimality conditions for convex optimization problems. We end the chapter with

fundamentals of optimization algorithms appearing in the thesis such as proximal

operators, ADMM algorithms and interior point methods.

Chapter 3

In this chapter we propose a low-rank ADMM algorithm for solving diagonally

constrained SDPs. It introduces a bilinear decomposition to the original problem

such that all updates can be run in parallel. We prove that our algorithm converges

to a first-order stationary point globally and show that the result can be strengthened

to the convergence of a solution within O(1/r) global optimality if the negative

curvature is exploited. We also develop a proximal variant of the algorithm that

can solve SDPs with block-diagonal constraints and prove its global convergence to

a first-order stationary point. Our experiments show that the proposed algorithm

and its proximal variant outperform the state-of-the-art coordinate descent method

and Riemannian manifold algorithms at moderate accuracy, and both are suitable

for large-scale SDPs on a GPU. The chapter is based on

• Yuwen Chen and Paul Goulart. “Burer-Monteiro ADMM for large-scale

diagonally constrained SDPs”. In 20th European Control Conference (ECC),

2022, pp. 66-71.

• Yuwen Chen and Paul Goulart. “Burer-Monteiro ADMM for large-scale SDPs”.

In arXiv:2302.04016, 2023.
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Chapter 4

In this chapter we present a general-purpose solver, called Clarabel, for conic

optimization with quadratic objectives. It uses the homogeneous embedding within

the primal-dual interior point method, which avoids transforming a quadratic cost

into a second-order cone due to the use of homogeneous self-dual embedding. Our

open-source Julia/Rust implementation of Clarabel has been tested on multiple

standard datasets including a wide variety of applications.1 Numerical results show

that our solver is competitive with the cutting-edge conic solvers and performs

faster and more numerically stable over them on problems like QPs and SOCPs.

The chapter is based on

• Paul Goulart and Yuwen Chen. “Clarabel: A conic interior-point solver with

quadratic objectives”. In arXiv:2405.12762, 2024.

Chapter 5

In this chapter we develop an efficient interior-point method for some nonsymmetric

cones, which exploits the diagonal plus low-rank property inside Hessians of their

barrier functions. We show that the proposed augmented decomposition ensures

the quasidefiniteness of the augmented linear system and makes it factorizable

under the sparse LDL factorization with static pivoting. The experimental results

demonstrate that our sparse implementation for these cones performs much better

than the Hypatia solver for nonsymmetric cones and opens the way to exploiting

the sparsity of nonsymmetric cones in interior point methods.

• Yuwen Chen and Paul Goulart. “An efficient IPM implementation for a class

of nonsymmetric cones”. In arXiv:2305.12275, 2023.

1Paul contributes to most of code implementation. Yuwen primarily contributed to the
methodology and the initial Julia development of nonsymmetric cones, as well as to enhancing
the speed and numerical stability of Clarabel.
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Chapter 6

In this chapter we propose an early termination technique to accelerate branch-and-

bound for mixed integer conic programming with an underlying convex optimization

solver based on primal-dual algorithms, including operator splitting methods and

interior point methods. We show how to utilize existing dual iterates inside either

an operator splitting method or an interior point method to generate a dual feasible

point for early termination with little additional effort, and we provide sufficient

conditions for the two proposed early termination techniques respectively. We also

prove that our early termination technique can be applied directly to a hybrid

MPC problem if input is bounded. Numerical results show that the proposed early

termination method can reduce the total computational time for different MICPs

consistently.

• Yuwen Chen and Paul Goulart. “An early termination technique for ADMM

in mixed integer conic programming”. In 20th European Control Conference

(ECC), 2022, pp. 60-65.

• Yuwen Chen, Catherine Ning and Paul Goulart. “A unified early termination

technique for primal-dual algorithms in mixed integer conic programming”.

In IEEE Control Systems Letters, 2023.

Chapter 7

We summarize the main contributions of the thesis in this chapter and suggest some

directions for future research.
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In this chapter we introduce some definitions and results covering convex analysis,

convex optimization, optimization algorithms and operator theory which will be

used in subsequent chapters. These definitions are standard; further details can be

found in [20, 37, 39–43].

2.1 Convexity

Convexity is an important notion of sets and functions in optimization theory. Many

real-world applications can be formulated as optimization problems with convex

sets and convex functions. The main property of convex optimization is that the

first-order stationary condition is indeed a global optimality condition for convex

optimization problems.

2.1.1 Definitions of convex set and cones

Definition 2.1.1 (Convex set). A set C ⊆ Rn is convex if, for every pair of points

x, y ∈ C, it includes the line segment joining them:

(1− α)x+ αy ∈ C,∀α ∈ [0, 1].

A subclass of convex sets is closed under nonnegative scalar multiplication:

Definition 2.1.2 (Convex cone). A set K ⊆ Rn is a convex cone if it is convex and

closed under nonnegative scaling with scalars α1, α2 ≥ 0, i.e.

α1x+ α2y ∈ K ∀x, y ∈ K.

There are several key definitions w.r.t. to a cone K [44]:

Definition 2.1.3 (Proper cone). A convex cone K in Rm is proper if it

• is closed,

• is pointed: K ∩ (−K) = {0},

• has nonempty interior.
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There are several important cones related to a given convex set C:

Definition 2.1.4 (Dual cone). The dual cone C∗ of a convex set C ⊆ Rn is defined

as

C∗ :=
{
y ∈ Rn | inf

x∈C
⟨x, y⟩ ≥ 0

}
.

The dual cone is always closed and convex, even if C is not. If C is a cone and

satisfies C = C∗, the cone is called self-dual.

Definition 2.1.5 (Polar cone). The polar cone C◦ of a convex set C ⊆ Rn is defined

as

C◦ :=
{
y ∈ Rn | sup

x∈C
⟨x, y⟩ ≤ 0

}
. (2.1)

Note that the polar cone is equal to the negative dual cone, i.e. C◦ = −C∗.

Definition 2.1.6 (Recession cone). The recession cone C∞ of a convex set C ⊆ Rn

is defined as

C∞ := {y ∈ Rn | x+ αy ∈ C,∀x ∈ C, α ≥ 0} .

The recession cone contains all directions y of half-lines that start in x ∈ C and

remain inside C. Note that the recession cone of a bounded set is the set that only

contains the origin (Corollary 6.52 in [42]).

Definition 2.1.7 (Normal cone). The normal cone NC(x) of a convex set C ⊆ Rn

at a point x ∈ C is defined as

NC(x) :=
{
y ∈ Rn | sup

x̄∈C
⟨x̄− x, y⟩ ≤ 0

}
. (2.2)

The normal cone at any x ∈ C is always convex and we have NC(x) = 0, ∀x ∈ int(C)

and (Proposition 6.45 in [42]). If the set C is itself a cone, then it is related to

the polar cone by NC(x) = C◦ ∩ {x}⊥ where {x}⊥ = {y ∈ Rn : y ⊥ x} (Eq.(6.38)

in [42]).
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2.1.2 Convex optimization

Definition 2.1.8 (Convex function). A function f : X → R is convex if the domain

X of f is a convex set and it holds that

f (αx1 + (1− α)x2) ≤ αf (x1) + (1− α)f (x2) ,

for all pairs of points x1, x2 ∈ X and α ∈ [0, 1].

A convex optimization problem is a minimization problem of the form

min f0(x)

s.t. fi(x) ≤ 0, i = 1, . . . ,m,

gj(x) = 0, j = 1, . . . , p,

(2.3)

where each of the functions fi : Rn 7→ R is convex, and each of the functions

gj : Rn 7→ R is affine. The function f0 is called the cost (objective function)

while the functions fi,∀i ∈ JmK and gj,∀j ∈ JpK are referred to the inequality and

equality constraints respectively. The set of points satisfying all constraints in (2.3)

is referred to as the feasible set. We say that the problem is infeasible if the feasible

set is empty.

2.2 Convex conic optimization

The inequality constraints in (2.3) can be rewritten as fi(x)+si = 0, si ≥ 0. We can

generalize the inequality constraints si ≥ 0 to conic set constraints si ∈ K. Setting

f0 to the quadratic cost and fi,∀i ∈ JmK to affine mappings yields a standard form

of conic optimization problem:

p∗ := min
x,s

1
2x

⊤Px+ q⊤x

s.t. Ax+ s = b, s ∈ K
(2.4)

with P ∈ Sn
+, A ∈ Rm×n, q ∈ Rn, b ∈ Rm. Note that the affine conic form in (2.4)

can also represents linear equality constraints when we set s = 0.
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2.2.1 Dual problem

We define the Lagrangian w.r.t. (2.4) as

L(x, s, y) := 1
2x

⊤Px+ q⊤x+ y⊤(Ax+ s− b),

where y is the multiplier of the constraint in (2.4). The dual function is defined as

the minimization of the Lagrangian over primal variables x, s:

g(x, y) := inf
x,s∈K

L(x, s, y).

Taking the maximization over dual variables x, y yields the dual problem of (2.4)

d∗ := max
x,y

− 1
2x

⊤Px− b⊤y

s.t. Px+ A⊤y + q = 0, y ∈ K∗.

(2.5)

2.2.2 Conic constraints

In (2.4), a small family of convex cones is sufficient to express almost all convex

optimization problems appearing in practice [40]:

Zero cone

The zero cone of dimension n is denoted as

{0}n := {x ∈ Rn | xi = 0,∀i = 1, . . . , n} .

The dual cone of the zero cone is ({0}n)∗ = Rn.

Nonnegative cone

The nonnegative cone of dimension n is defined as

Rn
+ := {x ∈ Rn | xi ≥ 0, ∀i = 1, . . . , n} .

The nonnegative cone is a self-dual convex cone, i.e.
(
Rn

+

)∗
= Rn

+.
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Second-order cone

The second-order cone, also sometimes called the quadratic or Lorentz cone, is

defined as

Kn
soc :=

{
(t, x)

∣∣∣ x ∈ Rn−1, t ∈ R+, ∥x∥2 ≤ t
}
,

or abbreviated as Ksoc if dimension is obvious from the context. The second-order

cone is self-dual, i.e. Ksoc = K∗
soc.

Meanwhile, the rotated second-order cone of dimension n is defined as

Kn
rsoc :=

{
(u, v, x)

∣∣∣ x ∈ Rn−2, u, v ≥ 0, ∥x∥2
2 ≤ 2uv

}
.

It can be obtained by applying a transformation

T :=


1√
2

1√
2 0

1√
2 −

1√
2 0

0 0 In−2


that rotates the vector (u, v, x) ∈ Kn

soc by 45◦ in the (u, v)-plane, and we can easily

verify that

y ∈ Kn
soc ⇔ Ty ∈ Kn

rsoc .

Semidefinite cone

The positive semidefinite cone is defined as

Sn
+ :=

{
X ∈ Sn

∣∣∣ v⊤Xv ≥ 0 ∀v ∈ Rn
}
.

It is the set of symmetric matrices with nonnegative eigenvalues and we also denote

X ∈ Sn
+ as X ⪰ 0. The positive semidefinite cone is self-dual, i.e.

(
Sn

+

)∗
= Sn

+.

Exponential cone

The exponential cone is a 3-dimensional cone defined as

Kexp :=
{

(x, y, z)
∣∣∣∣∣ y > 0, y exp

(
x

y

)
≤ z

}
∪ {(x, 0, z) | x ≤ 0, z ≥ 0}.

with its dual cone given by

K∗
exp =

{
(u, v, w)

∣∣∣∣ u < 0,−u exp
(
v

u

)
≤ exp(1)w

}
∪ {(0, v, w) | v ≥ 0, w ≥ 0}.

Here the second term in both unions makes the respective cone proper.
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Power cone

The 3-dimensional power cone is defined as

Kpow,α =
{
(x, y, z)

∣∣∣ xαy1−α ≥ |z|, x ≥ 0, y ≥ 0
}
.

with the exponent α ∈ (0, 1). Its dual cone is given by

K∗
pow,α =

{
(u, v, w)

∣∣∣∣∣
(
u

α

)α ( v

1− α

)1−α

≥ |w|, u ≥ 0, v ≥ 0
}
.

2.2.3 Optimality conditions

Weak duality always holds regardless of convexity of the primal problem (2.4), i.e.

p∗ ≥ d∗. Strong duality (p∗ = d∗) holds when the primal problem (2.4) is convex

and satisfies an appropriate constraint qualification, like the Slater’s condition that

there exists x, s satisfy Ax+ s = b and s ∈ rint(K). Based on the strong convexity,

we list four equivalent optimality conditions for problem (2.4) below.

KKT condition

Strong convexity implies that the complementary slackness condition holds at an

optimal solution (x∗, s∗, y∗), i.e. ⟨s∗, y∗⟩ = 0. Considering the constraints in both

primal (2.4) and dual (2.5) problems along with the complementary slackness

constraint yields the Karush-Kuhn-Tucker (KKT) condition for (x, s, y),

Ax+ s = b,

Px+ A⊤y + q = 0,

s ∈ K, y ∈ K∗,

⟨s, y⟩ = 0,

(2.6)

which is a necessary and sufficient optimality condition for the convex problem (2.4).

Linear complementarity problems

Note that the complementary slackness condition ⟨s, y⟩ = 0 can be rewritten as

s ⊥ y denoting s is orthogonal to y. Therefore, finding (x, s, y) satisfying the KKT
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condition is equivalent to solving the following linear complementarity problem

(LCP):

Rn ×K∗ ∋
[
x
y

]
⊥
[

P A⊤

−A 0

] [
x
y

]
+
[
q
b

]
︸ ︷︷ ︸

M(z):=

∈ {0}n ×K,
(2.7)

where z := [x; y] ∈ Rm+n.

Variational inequality problems

A function F (x) : Rn → Rn is called monotone on set C ⊂ domF if C is convex and

⟨F (x)− F (y), x− y⟩ ≥ 0, ∀x, y ∈ C,

and it is said to be a maximal monotone operator if there is no monotone operator

that properly contains it. Note that the operator M(z) defined in (2.7) is a

maximal monotone operator [42] on Rm+n and we denote C := Rn × K∗. The

LCP problem (2.7) is then equivalent to the classical variational inequality problem

(Example 26.21-26.22 in [42]), i.e.

∃z ∈ C, such that ⟨u− z,M(z)⟩ ≥ 0, ∀u ∈ C. (2.8)

Sum of maximal monotone operators

For the solution z of (2.8), we have

⟨u− z,−M(z)⟩ ≤ 0, ∀u ∈ C,

which implies −M(z) ∈ NC(z) given the definition of normal cone (2.2). Hence,

solving (2.8) is equivalent to finding z that satisfies

0 ∈M(z) +NC(z), (2.9)

where both M(z) and NC(z) are maximal monotone operators in [44, Example

12.7 and Theorem 12.17]. In summary, all of the optimality conditions above

are equivalent and we would check different optimality conditions in convergence

analysis depending on which algorithm we want to use.
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2.3 Algorithms

After formulating a real-world application into a standard convex problem we usually

need an iterative algorithm to find an optimum of it, which is equivalent to finding a

solution satisfying one of the optimality conditions mentioned in Section 2.2.3. There

are many algorithms to solve convex optimization problems, including operator

splitting methods and interior point methods. The former is related to monotone

operator theory and fixed point evaluation while the latter relies on the Newton

method to solve nonlinear equations.

2.3.1 Proximal operator

Given a convex function f : Rn → R, the proximal operator is defind as proxf :

Rn → Rn,

proxf (v) = argmin
x

(
f(x) + 1

2 ∥x− v∥
2
2

)
, (2.10)

and the scaled version with regularization λ > 0 as

proxλf (v) = argmin
x

(
f(x) + 1

2λ ∥x− v∥
2
2

)
, (2.11)

The solution of (2.11) is unique since the function minimized is strongly convex.

When f is the indicator function

IC(x) =
0 x ∈ C

+∞ x /∈ C

where C is a closed nonempty convex set, the proximal operator of f becomes the

Euclidean projection onto C, i.e.

ΠC(v) = argmin
x∈C

∥x− v∥2.

Proximal operators can also be viewed as generalized projections when we choose

different regularization function other than ∥·∥2
2 in (2.10). Note that the proxf

operator is a nonexpansive operator, i.e.∥∥∥proxf (x)− proxf (y)
∥∥∥ ≤ ∥x− y∥ ,∀x, y ∈ Rn.

This property is quite useful in the analysis of operator splitting methods later on.
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Moreau decomposition

The convex conjugate function of f is defined as

f ∗(y) = sup
x

(⟨y, x⟩ − f(x)) .

The Moreau decomposition connects the proximal operator of f to its conjugate by

v = proxf (v) + proxf∗(v). (2.12)

When we choose f as the indicator function of a closed convex cone K, we have

v = ΠK(v) + ΠK◦(v), (2.13)

where K◦ is the polar cone as defined in (2.1). It implies that the projection of any

point v onto the cone K is orthogonal to its projection onto the polar cone K◦.

2.3.2 Operator splitting methods

The general idea of operator splitting methods is to regard the convex optimization

problem as the problem of finding a zero of the sum of monotone operators, e.g.

Find z, 0 ∈ F (z) := A(z) +B(z), (2.14)

where A(z), B(z) are maximal monotone operators [44]. We then can split them

into problems that can be handled by efficient proximal operators separately.

Convex optimization can be connected to monotone operator theory via the following

theorem:

Theorem 2.3.1 (Theorem 12.17 in [44]). If f(x) <∞ for at least one x ∈ Rn, and

f(x) > −∞ for all x ∈ Rn, we call f a proper function. The function f is lower

semicontinuous at x̄ if

lim inf
x→x̄

f(x) ≥ f(x̄), or equivalently lim inf
x→x̄

f(x) = f(x̄),

and lower semicontinuous on Rn if this holds for every x̄ ∈ Rn.
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For any proper, convex function f : Rn → R, the subgradient mapping ∂f : Rn → Rn

is monotone. Indeed, a proper, lower semicontinuous function f is convex if and

only if ∂f is monotone, in which case ∂f is maximal monotone. Such a function f

is almost strictly convex if and only if ∂f is strictly monotone.

For example, suppose we have an optimization problem of the form below,

min
x

f(x) + h(x), (2.15)

where f(x) and h(x) are both convex lower semicontinuous functions. The optimality

condition is

0 ∈ ∂f(x) + ∂h(x),

which satisfies (2.14), since ∂f(x) and ∂h(x) are both maximal monotone opera-

tors [44, Theorem 12.17]. Looking back to the optimality condition (2.9), it can also

be interpreted as finding a zero z of the sum of two operators since both M(z) and

NC(z) are maximal-monotone operators, since the normal cone is the subdifferential,

the set of subgradients, of the indicator function of convex set C.

Solving (2.14) is equivalent to finding a fixed point of the resolvent of F (z),

RλF (z) := (I + λF )−1(z). (2.16)

When λ ≥ 0 and F (z) is monotone, the resolvent RλF (z) is a nonexpansive

operator [42]. Note that (2.16) is a proximal operator when F (z) is set to be the

subdifferential of a convex function. It deals with A(z), B(z) separately since the

individual resolvents can be computed more efficiently than the resolvent on the

sum F (z) directly.

Operator splitting methods, like the popular alternating direction method of multi-

pliers (ADMM), rely on the resolvent operators (proximal operators accordingly) of

A(z), B(z). We can reformulate (2.15) as

min f(x) + h(z)

s.t. x = z,
(2.17)



2. Background 19

with the augmented Lagrangian defined as

Lρ(x, z, y) := f(x) + h(z) + ⟨y, x− z⟩+ ρ

2 ∥x− z∥
2
2 .

The ADMM algorithm optimizes subproblems w.r.t. x and z alternatively and then

updates the dual variable y in each iteration,

xk+1 = prox 1
ρ

f

(
zk − 1

ρ
yk

)
,

zk+1 = prox 1
ρ

h

(
xk+1 + 1

ρ
yk

)
,

yk+1 = yk + ρ
(
xk+1 − zk+1

)
.

(2.18)

ADMM is suitable for the case when proxf and proxh are computationally efficient

to evaluate, e.g. either f(x) or h(x) is decomposable that the computation

of subproblems can be performed in parallel. It is well suited for large-scale

optimization and various applications can be found in [20].

2.3.3 Interior point methods

The interior point method is another popular method that is used in modern

solvers [40, 41, 45, 46]. It penalizes the conic constraint K via a logarithmically-

homogeneous self-concordant barrier function, which helps to transform the comple-

mentary slackness constraint in the KKT condition (2.6) into a nonlinear equation.

The Newton method is able to solve the nonlinear equation with conic constraints

after the transformation. Note that the iterate (x, s, y) should always stay in the

interior of conic constraints, i.e. s ∈ int(K), y ∈ int(K∗), which is guaranteed by

the line-search during the update of an interior point method.

Logarithmically-homogeneous self-concordant barrier function

A function is called ν-logarithmically-homogeneous self-concordant barrier (LHSCB)

function for cone K, if it satisfies

|∇3f(s)[r, r, r]| ≤ 2
(
∇2f(s)[r, r]

)3/2
∀s ∈ int(K), r ∈ Rd,

f(λs) = f(s)− ν log(λ) ∀s ∈ int(K), λ > 0,
(2.19)
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where ∇2f(s)[r, r] is the second order directional derivative and ∇3f(s)[r, r, r]is the

third order directional derivative along the direction r. We call ν is the degree of f .

The convex conjugate f ∗ is defined as

f ∗(y) := sup
s∈int(K)

{−⟨y, s⟩ − f(s)}, (2.20)

which is also a ν-LHSCB for K∗ [13] and we call it conjugate barrier. The gradient

∇f ∗ of f ∗ is the solution of

∇f ∗(y) := − arg sup
s∈int(K)

{−⟨y, s⟩ − f(s)}. (2.21)

There are some key properties of LHSCB f(s),∀s ∈ int(K) [13],

∇f(τs) = 1
τ
∇f(s), ∇2f(τs) = 1

τ 2∇
2f(s),

∇2f(s)s = −∇f(s), ∇3f(s)[s] = −2∇2f(s),

⟨∇f(s), s⟩ = −ν,
〈
∇2f(s)s, s

〉
= ν,〈

∇f(s),
[
∇2f(s)

]−1
∇f(s)

〉
= ν,

(2.22)

and its relation with the conjugate barrier f ∗(y),∀y ∈ int(K∗):

−∇f(s) ∈ int(K∗),−∇f ∗(y) ∈ int(K),

f ∗ (−∇f(s)) = −ν − f(s), f (−∇f ∗(y)) = −ν − f ∗(y),

∇f ∗ (−∇f(s)) = −s, ∇f (−∇f ∗(y)) = −y,

∇2f (−∇f ∗(y)) =
[
∇2f ∗(y)

]−1
, ∇2f ∗ (−∇f(s)) =

[
∇2f(s)

]−1
,

f(s) + f ∗(y) ≥ −ν + ν ln ν − ν ln⟨s, y⟩.

(2.23)

Central path

Primal-dual interior point methods aim to solve the KKT optimality condition (2.6).

Suppose both the primal problem (2.4) and the dual problem (2.5) are feasible

and f is the barrier function for K. Given an initial point (s0, y0) that are interior

to conic constraints, i.e. s0 ∈ int(K), y0 ∈ int(K∗), the residuals are denoted as

r0
p := Ax0 + s0 − b, r0

d := Px0 + A⊤y0 + q. We define the primal central path as

(xµ, sµ) = argmin
{

minx,s
1
µ
(1

2x
⊤Px+ q⊤x)− r0

d
⊤
x+ f(s)

Ax+ s− b = µr0
p,

}
. (2.24)
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which is uniquely defined by µ since the objective function in (2.24) is strictly

convex when P ≻ 0. The KKT optimality condition of (2.24) implies the dual

multiplier λµ satisfies

1
µ

(Pxµ + q) + A⊤λµ = r0
d,∇f(sµ) = −λµ, (2.25)

where λµ is the dual multiplier of problem (2.24). Likewise, we define the dual

central path as

(xµ, yµ) = argmin
{

minx,s
1
µ
(1

2x
⊤Px+ b⊤y)− r0

p
⊤
y + f ∗(y)

Px+ A⊤y + q = µr0
d,

}
. (2.26)

and the optimality condition of (2.26) yields (xµ, yµ) satisfying

1
µ
Pxµ + Pχµ = 0, 1

µ
b+∇f ∗(yµ) + A⊤χµ = r0

p, (2.27)

where χµ is the dual multiplier of (2.26). By replacing λµ = yµ/µ in (2.25), we

obtain

yµ = −µ∇f(sµ), f ∗(yµ) = f ∗(−µ∇f(sµ)) = f ∗
(
−∇f

(
sµ

µ

))
= −sµ

µ

via (2.23). Hence, we can unify (2.25) and (2.27) as the primal-dual central path

Axµ + sµ − b = µr0
p,

Pxµ + A⊤yµ + q = µr0
d,

yµ = −µ∇f(sµ), sµ = −µ∇f ∗(yµ).

(2.28)

The point v(µ) := (xµ, sµ, yµ) on the central path is the solution of the KKT

condition (2.6) and sµ, yµ satisfies the complementary slackness in the limit of

µ→ 0, due to

⟨sµ, yµ⟩ = −µ⟨sµ,∇f(sµ)⟩ = µν,

where ν is the degree of cone K (and K∗).

Path-following interior point methods start with an iterate (x0, s0, y0) on the central

path and every iterate (xk, sk, yk), k ≥ 0 should stay in a neighbourhood of the

central path. The iterates (xk, sk, yk) will finally converge to the point on the

central path at µ = 0 in the limit, which is also the optimal solution of the original

problem. A primal-dual interior point method converges to ϵ optimality within

O(
√
ν log(1/ϵ)) iterations [47, 48].
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3.1 Introduction

SDPs [49] are widely used in various fields such as control engineering [32], signal

processing [31], combinatorial optimization [30, 50] and finance [51]. While interior-

point methods [52] can be used to solve small to medium size SDPs in polynomial

time, they do not scale well with dimension of the problem. At present, several

methods have been proposed to tackle the scalability of SDPs [53]. One is to exploit

the chordal decomposition of a SDP [54, 55], which typically reduce a single cone

constraint to a collection of constraints on lower dimensional cones. This technique

has been successfully implemented for interior-point methods [16] and ADMM-

based methods [19, 56]. Approaches based on diagonal dominance and scaled

diagonal dominance have been studied for solving SDP approximately and shown

to be effective in the SDP relaxation of the sum-of-square problems [57]. Another

direction is to exploit low-rank information of a SDP [58–61]. Burer-Monteiro

method [59] is a popular one, which substitutes X ⪰ 0 with a low-rank factorization

X = V V ⊤ where V ∈ Rn×r with r ≪ n, and it saves both computational time and

data storage. Frank-Wolfe algorithms [62], which are projection-free and circumvent

a full eigenvalue decomposition, have also been proposed to solve large-scale SDPs

and exploit low-rank information via in-face exploitation [60]. Meanwhile, some

work has been done on the storage issue of SDPs. The sketching method, which has

been well-studied in numerical linear algebra [63], is applied to SDPs [61, 64]. Based

on approximate complementary slackness, [65] proposes a method to iteratively

estimate a low-rank eigenspace and then optimize the SDP with reduced dimension.

In addition, SDPs can be reformulated as a equivalent problem that can be solved

efficiently, e.g, formulating diagonally constrained SDPs as a nonconvex QP (3.4)

and solving it by block-coordinate descent methods [33, 66].

The Burer-Monteiro (BM) method is a popular low-rank method for SDPs and

works well in practice [59]. For the standard primal SDP problem

min{⟨C,X⟩ : ⟨Ai, X⟩ = bi, i = 1, . . . ,m,X ⪰ 0}, (3.1)
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the classical BM approach replaces the positive semidefinite constraint X ⪰ 0 with

the factorization X = V V ⊤ where V ∈ Rn×r, so that the problem becomes

min{⟨C, V V ⊤⟩ : ⟨Ai, V V
⊤⟩ = bi, i = 1, . . . ,m}. (3.2)

for very large scale problems with low rank solutions. Compared with (3.1), (3.2)

requires storage of O(nr) of V which is much less than O(n2) of X when n ≫ r.

Replacing X with V also avoids the expensive computation related to the positive

semidefinite constraint. The problem (3.2) is nonconvex due to the existence of

quadratic equality constraints and global optimality is hard to guarantee, although

a global optimum is usually obtained using the BFGS algorithm [59]. Generally

speaking, the rank r is selected according to the rank-inequality constraint in SDPs

[58, 67, 68]. Such a choice ensures that any local minimum is a global optimum for

almost all cost matrices C in (3.3) [69] and is tight as shown in [70].

The ADMM algorithm, which is closely related to the alternating direction method

and the augmented Lagrangian method, has become very popular in recent years

for use in the large-scale optimization [20]. Convergence proofs of ADMM in

convex optimization typically rely on the design of a Lyapunov function [20],[71]

which is monotonically decreasing, or the interpretation of it as a variant of the

Douglas Rachford (DR) algorithm [19, 72, 73] whose convergence is proved based

on monotone operator theory [42]. ADMM often works extremely well even for

nonconvex problems [74, 75], such as nonnegative matrix factorization [76], optimal

power flow [77] and image reconstruction [78] but convergence analysis is much less

mature. In recent years, some results have been developed for the convergence of

nonconvex ADMM to first-order stationary points in limited situations [71, 79–81].

In this Chapter:

1. We propose an ADMM algorithm with a novel bilinear decomposition to the

Burer-Monteiro approach for diagonally constrained SDPs in Section 3.2. We

prove convergence of this algorithm in value in Section 3.3 and in iterates in

Section 3.4.
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2. In Section 3.5, we show that exploiting negative curvature guarantees conver-

gence to a solution of O(1/r) global optimality, where r is the rank selected

for the Burer-Monteiro decomposition.

3. In Section 3.6, we introduce a proximal variant of the algorithm that can

also solve block-diagonally constrained SDPs with global convergence to a

first-order stationary point.

4. Finally, numerical results show both algorithm and its proximal variant

perform better than the state-of-the-art Riemannian manifold algorithms and

scale well w.r.t. the dimension of SDPs in Section 3.7.

3.2 Bilinear decomposition and ADMM algorithm

We first consider semidefinite programming problems with diagonal constraints in

the following form,

min ⟨C,X⟩

s.t Xii = 1, for i ∈ JnK,

X ∈ Sn
+,

(3.3)

where C ∈ Sn. This kind of SDP applies to many applications, including the

max-cut problem [82], graphical model inference [83] and the community detection

problem [84].

It is well known that (3.3) is equivalent to [33, 66]:

min f(σ) := ⟨C, σσ⊤⟩

s.t. ∥σi∥ = 1, for i ∈ JnK,
(3.4)

if r ≥ ⌈
√

2n⌉, where σ := [σ1, σ2, ..., σn]⊤ ∈ Rn×r and σi ∈ Rr is the i-th row of σ.

We denote the unit norm constraint set as M = {[σ1, σ2, . . . , σn]⊤ ∈ Rn×r | ∥σi∥ =

1, i ∈ JnK}. The problem (3.4) is inspired by the popular Burer Monteiro (BM)

method, which substitutes the SDP constraint X ⪰ 0 with a low-rank factorization

X = σσ⊤. The diagonal constraints Xii = 1, for i ∈ JnK are replaced by norm

constraints ∥σi∥ = 1, for i ∈ JnK. It is easy to see that the constraint set is decoupled
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while the objective function is coupled w.r.t σi,∀i ∈ JnK. In this paper, we introduce

a bilinear decomposition for (3.4) as in [76]. Instead of setting X = σσ⊤, we

decompose the variable X as a bilinear term, X = σσ̃⊤ subject to σ = σ̃, resulting

in the following equivalent problem formulation:
min ⟨C, σ̃σ⊤⟩

s.t. σ̃ ∈M, σ̃ = σ.
(3.5)

We define the corresponding augmented Lagrangian as:

Lρ(σ̃, σ, y) :=⟨C, σ̃σ⊤⟩+ ⟨y, σ̃ − σ⟩+ ρ

2∥σ̃ − σ∥
2
F +

n∑
i=1
I∥σ̃i∥=1(σ̃i)

=⟨C, σ̃σ⊤⟩+
n∑

i=1

[
ρ

2∥σ̃i − σi∥2 + y⊤
i (σ̃i − σi) + I∥σ̃i∥=1(σ̃i)

]
, (3.6)

where ρ > 0 and y := [y1, y2, . . . , yn]⊤ ∈ Rn×r is the dual variable for the equality

constraint σ̃ = σ and σ̃ := [σ̃1, σ̃2, ..., σ̃n]⊤ ∈ Rn×r. A standard ADMM algorithm

given this splitting is then

σ̃k+1 = argmin
σ̃∈M

Lρ(σ̃, σk, yk), (3.7a)

σk+1 = argmin
σ

Lρ(σ̃k+1, σ, yk), (3.7b)

yk+1 = yk + ρ(σ̃k+1 − σk+1). (3.7c)

For the ADMM algorithm above, step (3.7a) corresponds to the solution of n

decomposable nonconvex QPs w.r.t. σ̃i for ∀i ∈ JnK,

σ̃k+1
i = argmin

∥σ̃i∥=1

ρ

2∥σ̃i − σk
i ∥2 + yk

i

⊤
σ̃i +

n∑
j=1

Ci,j⟨σk
j , σ̃i⟩, (3.8)

and has a closed-form solution due to ∥σ̃i∥ = 1, ∀i ∈ JnK,

σ̃k+1 ← Normalize-Row
(
σk − 1

ρ
(yk + Cσk)

)
, (3.9)

which is to normalize each row vector into unit length. We will require the following

assumption to ensure that (3.9) is valid everywhere.

Assumption 3.2.1. For ∀i ∈ JnK, ∥γk
i ∥ is nonzero for any iteration k where γk

i is

the i-th row of

γk := σk − 1
ρ

(yk + Cσk), (3.10)

i.e. γk = [γk
1 , · · · , γk

n]⊤.



3. A parallel algorithm for block-diagonally constrained semidefinite programs 27

In Lemma 3.3.2, we will show that Assumption 3.2.1 is always satisfied for every

iteration k given an appropriate choice of ρ. In addition, step (3.7b) is an

unconstrained QP and amounts to

σk+1 ← σ̃k+1 + 1
ρ

(yk − Cσ̃k+1). (3.11)

Our approach, outlined in (3.7), can therefore be implemented as in Algorithm 1.

Algorithm 1 ADMM Burer-Monteiro algorithm (ADMM-BM)
1: Initialization: set σ0 = σ̃0 ∈M, y0 = Cσ̃0.
2: while termination criteria not satisfied do
3: γk ← σk − 1

ρ
(yk + Cσk)

4: σ̃k+1 ← Normalize-Row(γk)
5: σk+1 ← σ̃k+1 + 1

ρ
(yk − Cσ̃k+1)

6: yk+1 ← yk + ρ(σ̃k+1 − σk+1)
7: end while

Algorithm 1 has a nice property that connects the primal variable σ̃ with the dual

variable y for any k ≥ 1, i.e.

yk = yk−1 + ρ(σ̃k − σk) = Cσ̃k, (3.12)

where the last equality comes from step 3 in Algorithm 1. Note that our algorithm

avoids inverting the cost matrix C, in contrast to the SOC algorithm proposed

in [74], and operations can be easily paralleled on a GPU. In addition, we can prove

the Algorithm 1 converges theoretically to a first-order stationary point.

3.3 Convergence of the objective value

A first order stationary point of (3.4) can be defined [71, Def. 3.6] as

−(Cσ̃∗)⊤
i,· ∈

∂I∥σ̃∗
i ∥=1(σ̃∗

i )
∂σ̃∗

i

, ∀i ∈ JnK, (3.13)

where σ̃∗ belongs to the set of first-order stationary points and (Cσ̃∗)i,· denotes the

i-th row of the matrix Cσ̃∗. The main result of this section is then the following

theorem:
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Theorem 3.3.1. If we choose ρ ≥ max {α∥C∥∞, β∥C∥} such that α > 0, β > 0

satisfy (α2−4α−2)β
2α2 − 1

β
> 0, then the augmented Lagrangian sequence Lρ(σ̃k, σk, yk)+∞

k=1

converges to the objective function ⟨Cσ̃k, σ̃k⟩ in Algorithm 1, under Assumption

3.2.1. Moreover, every convergent subsequence of {σ̃k} converges globally to Ω,

the set of first-order stationary points of the problem (3.4), and such a convergent

subsequence exists.

Theorem 3.3.1 guarantees the convergence of Algorithm 1. The proof of Theorem

3.3.1 is composed of three parts. We first prove monotonic decrease of the augmented

Lagrangian Lρ(σ̃k, σk, yk) in Lemma 3.3.3; we then derive a lower bound for

Lρ(σ̃k, σk, yk),∀k in Lemma 3.3.4. Finally, we use Lemmas 3.3.3 and 3.3.4 to prove

convergence of Lρ(σ̃k, σk, yk) and lim
k→∞
∥σ̃k − σk∥ → 0, which implies convergence

to the set of first-order stationary points.

3.3.1 Part I: Monotonic decrease of Lρ(σ̃, σ, y)

The key to proving Theorem 3.3.1 is showing that Lρ(σ̃, σ, y) is monotonically

decreasing, i.e.

Lρ(σ̃k, σk, yk)− Lρ(σ̃k+1, σk+1, yk+1) > 0, ∀k. (3.14)

In the remainder of this section, we first characterize the iteration-wise change of

Lρ(σ̃k, σk, yk) in Lemma 3.3.1 and then prove that the change is non-negative if ρ

is properly lower bounded in Lemma 3.3.3, which implies (3.14) is valid.

Change of Lρ(σ̃k, σk, yk)

From (3.9), we have σ̃k+1
i = γk

i

∥γk
i ∥ ,∀i ∈ JnK which says γk

i is aligned with σ̃k+1
i

without necessarily being a unit vector itself. The change of Lρ(σ̃k, σk, yk) per

iteration is then summarized in Lemma 3.3.1 below:

Lemma 3.3.1. For any iteration k, we have

Lρ(σ̃k, σk, yk)− Lρ(σ̃k+1, σk+1, yk+1)

≥
(
ρmini∈JnK{∥γk

i ∥}
2 − ∥C∥

2

ρ

)
∥σ̃k+1 − σ̃k∥2

F + ρ

2∥σ
k+1 − σk∥2

F . (3.15)
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Proof. We split the right hand side of our inequality into three parts, i.e.

Lρ(σ̃k, σk, yk)− Lρ(σ̃k+1, σk+1, yk+1)

=Lρ(σ̃k, σk, yk)− Lρ(σ̃k+1, σk, yk)︸ ︷︷ ︸
(A)

+Lρ(σ̃k+1, σk, yk)− Lρ(σ̃k+1, σk+1, yk)︸ ︷︷ ︸
(B)

+ Lρ(σ̃k+1, σk+1, yk)− Lρ(σ̃k+1, σk+1, yk+1)︸ ︷︷ ︸
(C)

,

and will consider them in turn. Part (A) arises from the minimization over σ̃

in Algorithm 1. This minimization is a nonconvex optimization problem due

to ∥σ̃i∥ = 1,∀i ∈ JnK, but we can obtain the global optimum by the row-wise

normalization over γk. Suppose we define Lρ,i(σ̃i, σ, y) as

Lρ,i(σ̃i, σ, y) := ρ

2∥σ̃i − σi∥2 + yi
⊤(σ̃i − σi) +

n∑
j=1

Ci,j⟨σj, σ̃i⟩. (3.16)

Note that Lρ,i(σ̃i, σ
k, yk) in (3.16) is differentiable and ρ-strongly convex w.r.t. σ̃i.

Hence, we have

Lρ,i(σ̃k
i , σ

k, yk)

≥Lρ,i(σ̃k+1
i , σk, yk) + ⟨∇Lρ,i(σ̃k+1

i , σk, yk), σ̃k
i − σ̃k+1

i ⟩+ ρ

2∥σ̃
k
i − σ̃k+1

i ∥2,

=Lρ,i(σ̃k+1
i , σk, yk) + ρ⟨σ̃k+1

i − γk
i , σ̃

k
i − σ̃k+1

i ⟩+ ρ

2∥σ̃
k
i − σ̃k+1

i ∥2,

=Lρ,i(σ̃k+1
i , σk, yk) + ρ(1− ∥γk

i ∥)⟨σ̃k+1
i , σ̃k

i − σ̃k+1
i ⟩+ ρ

2∥σ̃
k
i − σ̃k+1

i ∥2, (3.17)

where both equalities above come from the definition of γk in (3.10). Noting that

⟨σ̃k+1
i , σ̃k

i − σ̃k+1
i ⟩ = ⟨σ̃k+1

i , σ̃k
i ⟩ − 1 = ⟨σ̃k+1

i , σ̃k
i ⟩ −

1
2(∥σ̃k+1

i ∥2 + ∥σ̃k
i ∥2)

= −1
2∥σ̃

k+1
i − σ̃k

i ∥2,

which uses ∥σ̃k+1
i ∥ = ∥σ̃k

i ∥ = 1. Then, (3.17) becomes

Lρ,i(σ̃k
i , σ

k, yk) ≥ Lρ,i(σ̃k+1
i , σk, yk) + ρ∥γk

i ∥
2 · ∥σ̃k

i − σ̃k+1
i ∥2. (3.18)

For part (B), we can establish monotonic decrease when updating σ,

Lρ(σ̃k+1, σk, yk)− Lρ(σ̃k+1, σk+1, yk)

=⟨σ̃k+1, C(σk − σk+1)⟩ − ⟨yk, σk − σk+1⟩+ ρ

2∥σ̃
k+1 − σk∥2

F
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− ρ

2∥σ̃
k+1 − σk+1∥2

F

=⟨Cσ̃k+1 − yk, σk − σk+1⟩+ ρ

2∥σ̃
k+1 − σk∥2

F −
ρ

2∥σ̃
k+1 − σk+1∥2

F

(3.11)= ρ⟨σ̃k+1 − σk+1, σk − σk+1⟩+ ρ

2∥σ̃
k+1 − σk∥2

F −
ρ

2∥σ̃
k+1 − σk+1∥2

F

=ρ2∥σ̃
k+1 − σk∥2

F −
ρ

2⟨σ̃
k+1 − σk+1, σ̃k+1 − σk + σk+1 − σk⟩

=ρ2∥σ̃
k+1 − σk∥2

F −
ρ

2
(
∥σ̃k+1 − σk∥2

F − ∥σk+1 − σk∥2
F

)
=ρ2∥σ

k+1 − σk∥2
F . (3.19)

Finally, for part (C) we have

Lρ(σ̃k+1, σk+1, yk)− Lρ(σ̃k+1, σk+1, yk+1) = ⟨yk − yk+1, σ̃k+1 − σk+1⟩

= −1
ρ
∥yk+1 − yk∥2

F , (3.20)

where the last equality comes from the update rule for yk, i.e. step 4 in Algorithm 1.

Furthermore, we can obtain

Lρ(σ̃k+1, σk+1, yk)− Lρ(σ̃k+1, σk+1, yk+1) ≥ −1
ρ
∥C∥2 · ∥(σ̃k+1 − σ̃k)∥2

F (3.21)

from (3.12). Combining (3.18), (3.19) and (3.21), we finally obtain (3.15).

Choice of ρ

From Lemma 3.3.1, it is sufficient to show that Lρ(σ̃k, σk, yk) is monotonically de-

creasing in (3.14) if the coefficient ρ mini∈JnK{∥γk
i ∥}

2 − ∥C∥2

ρ
> 0 while ∥γk

i ∥ is dependent

on the choice of row i and iteration k. We argue that by choosing ρ properly, ∥γk
i ∥

can be uniformly lower-bounded in Lemma 3.3.2 and then Lρ(σ̃k, σk, yk) always

satisfies the monotonically decreasing condition (3.14) in Lemma 3.3.3.

From (3.10), we expect that the magnitude of ∥γk
i ∥ will depend strongly on the

choice of ρ, and ∥γk
i ∥ → 1, ∀i ∈ JnK if ρ is set to be sufficiently large as σ → σ̃

with ∥σ̃i∥ = 1, ∀i ∈ JnK. In Lemma 3.3.2, we provide a lower bound for ρ such that

∥γk
i ∥, ∀i ∈ JnK is not too small for any k.

Lemma 3.3.2. Suppose ρ ≥ α∥C∥∞, α > 0, then

∥γk
i ∥ ≥ 1− 4

α
− 2
α2 , ∀i, ∀k ≥ 2.
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Proof. We note that, ∀i ∈ JnK, ∀k ≥ 2,

σk+1
i = σ̃k+1

i + 1
ρ

(yk
i −

n∑
j=1

Ci,jσ̃
k+1
j ) (3.12)= σ̃k+1

i + 1
ρ

n∑
j=1

Ci,j(σ̃k
j − σ̃k+1

j ).

Substituting into (3.10), we can write γk
i in terms of σ̃ as

γk
i = σk

i −
1
ρ

(yk
i +

n∑
j=1

Ci,jσ
k
j ) (3.12)= σk

i −
1
ρ

n∑
j=1

Ci,j(σ̃k
j + σk

j )

= σ̃k
i + 1

ρ

n∑
j=1

Ci,j(σ̃k−1
j − σ̃k

j )− 1
ρ

n∑
j=1

Ci,jσ̃
k
j

− 1
ρ

n∑
j=1

Ci,j

[
σ̃k

j + 1
ρ

n∑
l=1

Cj,l(σ̃k−1
l − σ̃k

l )
]
,

where the last equality is based on (3.11) and (3.12), the update of σk. Since

∥σ̃k
i ∥ = 1, ∀i ∈ JnK,∀k ≥ 1 from step 2 of Algorithm 1, we can bound the norm of

∥γk
i ∥ by

∥γk
i ∥ ≥ 1− 4

ρ

n∑
j=1
|Ci,j| −

1
ρ

n∑
j=1
|Ci,j| ·

(
2
ρ

n∑
l=1
|Cj,l|

)

≥ 1− 4
ρ

n∑
j=1
|Ci,j| −

1
ρ

n∑
j=1
|Ci,j| ·

2
α

≥ 1− 4
α
− 2
α2 ,

where the second inequality relies on ρ ≥ α∥C∥∞.

Note that C is in the linear objective function and can be scaled such that we do

not need a large parameter ρ to satisfy ρ ≥ α∥C∥∞ in Lemma 3.3.2. Meanwhile,

Assumption 3.2.1 will be satisfied automatically when k ≥ 2, as long as 1− 4
α
− 2

α2 > 0.

Based on (3.15) and Lemma 3.3.2, we can establish that Lρ(σ̃, σ, y) is monotonically

decreasing given a proper ρ in Lemma 3.3.3.

Lemma 3.3.3. If we set ρ ≥ max {α∥C∥∞, β∥C∥} and α > 0, β > 0 satisfy

κ := (α2−4α−2)β
2α2 − 1

β
> 0, then the augmented Lagrangian sequence Lρ(σ̃k, σk, yk) is

monotonically decreasing ∀k ≥ 2, and satisfies

Lρ(σ̃k, σk, yk)− Lρ(σ̃k+1, σk+1, yk+1) ≥κ∥C∥ · ∥σ̃k+1 − σ̃k∥2
F + ρ

2∥σ
k+1 − σk∥2

F .
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Proof. First, Lemma 3.3.2 is satisfied under the condition ρ ≥ α∥C∥∞. Then,

combining Lemma 3.3.2 with (3.15) we obtain

Lρ(σ̃k, σk, yk)− Lρ(σ̃k+1, σk+1, yk+1)

≥
[
α2 − 4α− 2

2α2 · ρ− ∥C∥
2

ρ

]
∥σ̃k+1 − σ̃k∥2

F + ρ

2∥σ
k+1 − σk∥2

F

≥κ∥C∥ · ∥σ̃k+1 − σ̃k∥2
F + ρ

2∥σ
k+1 − σk∥2

F .

3.3.2 Part II: Lower bound of Lρ(σ̃k, σk, yk)

We next establish a lower bound on lim
k→∞

Lρ(σ̃k, σk, yk) in the following lemma:

Lemma 3.3.4. For k ≥ 2, we have

Lρ(σ̃k, σk, yk) ≥ −n∥C∥∞. (3.22)

Proof of Lemma 3.3.4.

L(σ̃k, σk, yk) = ⟨Cσ̃k, σk⟩+ ⟨yk, σ̃k − σk⟩+ ρ

2∥σ̃
k − σk∥2

F

= ⟨Cσ̃k, σ̃k⟩+ ⟨yk − Cσ̃k, σ̃k − σk⟩+ ρ

2∥σ̃
k − σk∥2

F

(3.12)= ⟨Cσ̃k, σ̃k⟩+ ρ

2∥σ̃
k − σk∥2

F

≥ ⟨Cσ̃k, σ̃k⟩ =
n∑

i=1

n∑
j=1

Ci,j⟨σ̃k
i , σ̃

k
j ⟩

∥σ̃k
i ∥=1
≥ −

n∑
i=1

n∑
j=1
|Ci,j| ≥ −n∥C∥∞.

3.3.3 Proof of Theorem 3.3.1

We can now prove Theorem 3.3.1 given the results of Lemma 3.3.3 and Lemma

3.3.4.

Proof of Theorem 3.3.1. Since Lρ(σ̃k, σk, yk) is monotonically decreasing (Lemma

3.3.3) and lower bounded (Lemma 3.3.4), Lρ(σ̃k, σk, yk) converges to a constant value
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due to the monotone convergence theorem. As a consequence, both ∥σk+1 − σk∥F

and ∥σ̃k+1 − σ̃k∥F converge to 0 from Lemma 3.3.3. We also have

∥yk+1 − yk∥F ≤ ∥C∥F∥(σ̃k+1 − σ̃k)∥F ,

due to (3.12). Hence, ∥yk+1 − yk∥F also converges to 0 as k → ∞. In addition,

∥yk+1 − yk∥F can be written as

∥yk+1 − yk∥F = ρ∥σ̃k+1 − σk+1∥F

due to the dual update (3.7c). Since ∥yk+1−yk∥F → 0, we obtain ∥σ̃k+1−σk+1∥F →

0 for constant ρ. According to (3.22), we have

Lρ(σ̃k, σk, yk) = ⟨Cσ̃k, σ̃k⟩+ ρ

2∥σ̃
k − σk∥2

F .

Due to the convergence of ∥σ̃k − σk∥F → 0, we obtain

Lρ(σ̃k, σk, yk)→ ⟨Cσ̃k, σ̃k⟩.

Moreover, the optimality condition of (3.7a) can be shown to imply that

0 ∈ (Cσk)⊤
i,· + yk

i + ρ(σ̃k+1
i − σk

i ) + ∂I∥σ̃i∥=1(σ̃k+1
i )

∂σ̃k+1
i

, (3.23)

following the same argument as in [85]. Since ∥σ̃k+1
i − σ̃k

i ∥ → 0 and ∥σ̃k
i − σk

i ∥ → 0,

we obtain

lim
k→+∞

dist
(
−(Cσk)⊤

i,· − yk
i ,
∂I∥σ̃i∥=1(σ̃k+1

i )
∂σ̃k+1

i

)
= 0 (3.24)

and hence

lim
k→+∞

dist
(
−2(Cσ̃k)⊤

i,·,
∂I∥σ̃i∥=1(σ̃k

i )
∂σ̃k

i

)
= 0 (3.25)

due to ∥σk+1 − σk∥F → 0, ∥σ̃k − σk∥F → 0 and (3.12), which means σ̃k lies in the

set of first-order stationary points as defined in (3.13) when k →∞. In addition,

the compactness ofM implies that there is a subsequence of σ̃k that converges to a

first-order stationary point.
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3.4 Convergence of the sequence σ̃k

Theorem 3.3.1 established convergence of the sequence of Lagrangian values Lρ(σ̃k, σk, yk).

We next consider the behavior of the sequence of iterates σ̃k. We show that this

sequence converges to a first-order stationary point in the following theorem, which

is the main result of this section:

Theorem 3.4.1. If we set ρ ≥ max {α∥C∥∞, β∥C∥} and α > 0, β > 0 satisfy
(α2−4α−2)β

2α2 − 1
β
> 0, then the sequence (σ̃k)k∈N generated by Algorithm 1 converges

to a critical point σ̄ of f . Moreover, the sequence (σ̃k)k∈N has a finite length, i.e.∑+∞
k=0 ∥σ̃k+1 − σ̃k∥ <∞.

Our result relies on the Kurdyka-Łojasiewicz property, defined as follows:

Definition 3.4.1 (Kurdyka-Łojasiewicz (KL) property [85]). The function f is said

to have the Kurdyka-Łojasiewicz property at x̄ ∈ dom ∂f if there exist η ∈ (0,+∞],

a neighborhood U of x̄ and a continuous concave function φ : [0, η) → R+ such

that:

- φ(0) = 0,

- φ is C1 on (0, η),

- for all s ∈ (0, η), φ′(s) > 0,

- and for all x in U ∩ [f(x̄) < f < f(x̄) + η], the Kurdyka-Łojasiewicz inequality

holds

φ′(f(x)− f(x̄)) dist(0, ∂f(x)) ≥ 1.

Moreover, f is called a KL function if it satisfies KL property at each point of

dom ∂f .

A class of nonsmooth functions called functions definable in an o-minimal structure

satisfies Definition 3.4.1. We can easily verify that problems considered in this

work are composed of polynomial components and then satisfies KL property [86,

Section 4.3]. When a function f is known to be a KL function, we can prove the



3. A parallel algorithm for block-diagonally constrained semidefinite programs 35

convergence of an algorithm to critical points by checking the conditions of the

following lemma:

Lemma 3.4.1 (Theorem 2.9 in [85]). Suppose f : Rn → R∪ {∞} is a proper lower

semicontinuous function and (xk)k∈N is a sequence satisfying all of the following:

• (C1) Sufficient decrease condition: ∀k ∈ N,

f(xk+1) + a∥xk+1 − xk∥2 ≤ f(xk);

• (C2) Relative error condition: ∀k ∈ N,∃ gk+1 ∈ ∂f(xk+1) such that

∥gk+1∥ ≤ b∥xk+1 − xk∥;

• (C3) Continuity condition: There exists a subsequence (xkj )j∈N and x̄ such

that, when j →∞,

xkj → x̄ and f(xkj )→ f(x̄).

Here, a, b are positive constant. If f has the Kurdyka-Łojasiewicz property at the

cluster point x̄ specified in (C3), then x̄ is a critical point of f and the sequence

(xk)k∈N converges to it as k → ∞. Moreover, the sequence (xk)k∈N has a finite

length, i.e.

+∞∑
k=0
∥xk+1 − xk∥ <∞.

The lemma above is the key component to prove Theorem 3.4.1.

Our proof will follow the approach [81], [85] and proceeds in three parts. We

first define a twin problem in Section 3.4.1 and prove the equivalence of first-order

stationary points between the original problem and the twin one. Next, we show

that Algorithm 1 converges to a critical point of the twin problem via Lemma 3.4.1

and thus also a critical point of the original problem (3.4) by Lemma 3.4.2. The

key is to show that the twin problem satisfies (C1), (C2), (C3) and use the fact

that Gρ(σ̃, σ) is a KL function.
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3.4.1 Twin problem

Since we have obtained yk = Cσ̃k, k ≥ 1 in (3.12), Algorithm 1 can also be

interpreted as an alternating method for minimization of the function

Gρ(σ̃, σ) := ⟨C, σ̃σ̃⊤⟩+ ρ

2∥σ̃ − σ∥
2
F +

n∑
i=1
I∥σ̃i∥=1(σ̃i). (3.26)

Note that Gρ(σ̃k, σk) = Lρ(σ̃k, σk, yk) for all k ≥ 1 when we take y = Cσ̃ in the

augmented Lagrangian Lρ(σ, σ̃, y). It then remains to prove that Algorithm 1

converges to a critical point of (3.26), which is also a critical point of (3.4) due to

the following lemma:

Lemma 3.4.2. The critical point of the problem (3.26) is also a critical point of

the problem (3.4).

Proof. A critical point of (3.26) satisfies

∂σ̃Gρ(σ̃, σ) = 2Cσ̃ + ρ(σ̃ − σ) + ∂

(
n∑

i=1
I∥σ̃i∥=1(σ̃i)

)
,

∂σGρ(σ̃, σ) = ρ(σ − σ̃).

When 0 ∈ ∂σ̃Gρ(σ̃, σ) and ∂σGρ(σ̃, σ) = 0 (a critical point to Gρ(σ̃, σ)), it also

implies that σ̃ is a critical point to the problem (3.4).

3.4.2 Proof of Theorem 3.4.1

In order to prove Theorem 3.4.1 we will first need the following result showing that

the property (C2) is satisfied for Gρ(σ̃, σ):

Lemma 3.4.3. The sequence (σ̃k, σk) generated by Algorithm 1 satisfies the property

(C2) w.r.t. Gρ(σ̃, σ):∥∥∥∥∥∂σ̃Gρ(σ̃k+1, σk+1)
∂σGρ(σ̃k+1, σk+1)

∥∥∥∥∥
F

≤
(

2∥C∥+ ρ+ ∥C∥
2

ρ

)∥∥∥∥∥σ̃k+1 − σ̃k

σk+1 − σk

∥∥∥∥∥
F

, ∀k ≥ 1. (3.27)

Proof. According to Algorithm 1, we have

Cσk + yk + ρ(σ̃k+1 − σk) + vk+1 = 0, (3.28)

Cσ̃k+1 − yk + ρ(σk+1 − σ̃k+1) = 0, (3.29)
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due to the first-order optimality condition of (3.7a), (3.7b) where

vk+1 =
n∑

i=1
∂I∥σ̃i∥=1(σ̃k+1

i ).

Then, a subgradient of Gρ(σ̃, σ) at (σ̃k+1, σk+1) is

∂σ̃Gρ(σ̃k+1, σk+1) =2Cσ̃k+1 + ρ(σ̃k+1 − σk+1) + vk+1

(3.28)= 2Cσ̃k+1 + ρ(σ̃k+1 − σk+1)− [Cσk + yk + ρ(σ̃k+1 − σk)],
(3.12)= 2Cσ̃k+1 − Cσk − Cσ̃k − ρ(σk+1 − σk)

=C(σ̃k+1 − σ̃k) + C(σk+1 − σk) + C(σ̃k+1 − σk+1)− ρ(σk+1 − σk)
(3.7c)= C(σ̃k+1 − σ̃k) + C(σk+1 − σk) + C

ρ
(yk+1 − yk)− ρ(σk+1 − σk)

(3.12)= C(σ̃k+1 − σ̃k) + C(σk+1 − σk) + C2

ρ
(σ̃k+1 − σ̃k)− ρ(σk+1 − σk)

(3.30)

∂σGρ(σ̃k+1, σk+1) =ρ(σk+1 − σ̃k+1) (3.7c)= yk − yk+1 (3.12)= C(σ̃k − σ̃k+1). (3.31)

Therefore,∥∥∥∥∥∂σ̃Gρ(σ̃k+1, σk+1)
∂σGρ(σ̃k+1, σk+1)

∥∥∥∥∥
F

≤
(

2∥C∥+ ρ+ ∥C∥
2

ρ

)∥∥∥∥∥σ̃k+1 − σ̃k

σk+1 − σk

∥∥∥∥∥
F

, ∀k ≥ 1. (3.32)

Finally, we give the proof for Theorem 3.4.1.

Proof of Theorem 3.4.1. (C1) is valid for Gρ(σ̃, σ) with a = min{κ∥C∥, ρ} since we

can rewrite Lemma 3.3.3 as

Gρ(σ̃k, σk)−Gρ(σ̃k+1, σk+1) ≥κ∥C∥ · ∥σ̃k+1 − σ̃k∥2
F + ρ

2∥σ
k+1 − σk∥2

F , (3.33)

based on the primal-dual connection (3.12). (C2) is validated in Lemma 3.4.3. Also,

σ̃k ∈ M and the update of σk in Algorithm 1 imply that the sequence (σ̃k, σk)

is bounded. Therefore, there exists a convergent subsequence (σ̃kj , σkj ) and the

continuity of Gρ(σ̃, σ) onM×Rn×r mean that (C3) is satisfied. In addition, Gρ(σ̃, σ)

is semi-algebraic and thus a KL function that satisfies the KL property at any point
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of domGρ(σ̃, σ)1. Therefore, Lemma 3.4.1 applies to Gρ(σ̃, σ) and the sequence

(σ̃, σ) generated by Algorithm 1 converges to a critical point of the problem (3.26)

and thus a critical point of (3.4) due to Lemma 3.4.2, with

+∞∑
k=0

(
∥σ̃k+1 − σ̃k∥+ ∥σk+1 − σk∥

)
<∞,

which implies ∑+∞
k=0 ∥σ̃k+1 − σ̃k∥ <∞.

3.5 Exploitation of the negative curvature

So far we have analysed Algorithm 1 in the Euclidean metric, but it is known that

SDPs can also be regarded as optimization over manifolds [87, 88]. For a class of

SDP problems including diagonally constrained SDPs, any local optimum is within

a neighbourhood of the global optimality in manifold optimization [89]. Hence, we

can exploit second-order information in Algorithm 1 to guarantee the convergence

to a neighbourhood of global optimality. In this section, we analyse the convergence

of Algorithm 1 in view of manifold optimization.

3.5.1 Convergence to a first-order stationary point on man-
ifolds

First, we show that the first-order stationary point defined in (3.13) is consistent

with the counterpart defined on manifolds, and the previous convergence analysis

also implies the convergence to a critical point on manifolds.

Lemma 3.5.1. Any first-order stationary point (critical point) defined as in (3.13)

is a first-order stationary point (critical point) on the Cartesian products of n

spherical manifolds.

Proof. Note that the manifold gradient of Problem (3.4) is

gradf(σ) = 2(C −Diag(diag(Cσσ⊤)))σ, ∀σ ∈M. (3.34)

1The semi-algebraic functions and related KL property are detailed in [81, §5].
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Any first-order stationary point σ∗ defined by (3.13) is equivalent to

Cσ∗ = Λσ∗, σ∗ ∈M, (3.35)

where Λ = Diag(λ1, · · · , λn), λi ∈ R,∀i ∈ JnK, and we obtain

gradf(σ∗) = 2(C −Diag(diag(Cσ∗σ∗⊤)))σ∗

= 2(Λ−Diag(diag(Λσ∗σ∗⊤)))σ∗

= 0,

(3.36)

where the last equality is due to the property of M that ∥σi∥ = 1,∀i ∈ JnK.

3.5.2 Achieving O(1/r) optimality with negative curvature

For nonconvex optimization, a first-order algorithm may stall at a saddle point. We

can improve the convergence of our algorithm to second order stationary points by

exploiting negative curvature when it is close to a saddle point. First, we define

approximate convex points of a function f on manifold M.

Definition 3.5.1 (Approximate convex point). Let f be a twice differentiable

function on a Riemannian manifold M. The point σ ∈ M is an ϵ-approximate

convex point of f on M if

⟨u,Hessf(σ)[u]⟩ ≥ −ϵ⟨u, u⟩, ∀u ∈ TσM,

where Hessf(σ) denotes the Riemannian Hessian of f at point σ and ⟨·, ·⟩ is the

scalar product on TσM, which is the tangent space of M at σ.

We can now extend Algorithm 1 to exploit negative curvature, resulting in Algo-

rithm 2.

Algorithm 2 ADMM-BM2
1: Initialization: set σ0 = σ̃0 ∈M, y0 = Cσ̃0, ϵ > 0.

2: for k = 0, 1, 2, . . . do

3: γk = σk − 1
ρ
(yk + Cσk)

4: σ̃k+1 ← Normalize-Row(γk)
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5: σk+1 ← σ̃k+1 + 1
ρ
(yk − Cσ̃k+1)

6: yk+1 ← yk + ρ(σ̃k+1 − σk+1)

7: if Gρ(σ̃k, σk)−Gρ(σ̃k+1, σk+1) ≥ ∆ then

8: Continue with σ̃k+1, σk+1, yk+1.

9: else

10: Find uk ∈ Tσ̃kM such that

λH(σ̃k) := ⟨uk,Hessf(σ̃k)[uk]⟩ ≤ λmin(Hessf(σ̃k))/2

with ⟨uk, gradf(σ̃k)⟩ ≤ 0 and ∥uk∥F = 1.

11: if λH(σ̃k) < − ϵ
2 then

12: σ̃k+1
i ← σ̃k

i cos(∥uk
i ∥t) + uk

i

∥uk
i ∥ sin(∥uk

i ∥t),∀i ∈ JnK with t = ϵ
15∥C∥1

.

13: σk+1 ← σ̃k+1

14: yk+1 ← Cσ̃k+1

15: else

16: Return an ϵ-approximate convex point with high probability.

17: end if

18: end if

19: end for

Compared with Algorithm 1, we additionally check the consecutive difference of

Gρ(σ̃, σ) at the end of each iteration in Algorithm 2 (line 7). If the decrease is

sufficiently large, we progress to the next iteration as Algorithm 1. Otherwise, we

exploit the negative curvature at σ̃k by a power method instead.

Due to Lemma 2 in [33], we have

f(σ̃k+1) ≤ f(σ̃k) + t⟨uk, gradf(σ̃k)⟩+ t2

2 ⟨u
k,Hessf(σ̃k)[uk]⟩+ 5∥C∥1

2 t3

≤ f(σ̃k) + λH(σ̃k)
2 t2 + 5∥C∥1

2 t3,

(3.37)

given ⟨uk, gradf(σ̃k)⟩ ≤ 0 and

⟨uk,Hessf(σ̃k)[uk]⟩ = λH(σ̃k) = λmin(Hessf(σ̃k))/2 < 0.
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From (3.37), we have

f(σ̃k)− f(σ̃k+1) ≥ −λH(σ̃k)
2 t2 − 5∥C∥1

2 t3 ≥ ϵ

4t
2 − 5∥C∥1

2 t3. (3.38)

Setting t = ϵ
15∥C∥1

yields the last inequality above, i.e

f(σ̃k)− f(σ̃k+1) ≥ ϵ3

2700 ∥C∥2
1
. (3.39)

The analysis then relies on the following lemma:

Lemma 3.5.2 (Theorem 2 in [89]). For any ϵ-approximate convex point σ ∈M of

the rank-r non-convex problem (3.4), we have

f(σ) ≤ SDP(C)− 1
r − 1(SDP(C) + SDP(−C)) + n

2 ϵ,

where SDP(C) is the optimum of (3.3).

Note that, if we define X̂ is the optimal solution of SDP(−C),

SDP(C) ≤ ⟨C, X̂⟩ = −SDP(−C),

which implies SDP(C) + SDP(−C) ≤ 0. Suppose we denote

f ∗ := SDP (C)− 1
r − 1(SDP (C) + SDP (−C)), g(σ) := f(σ)− f ∗,

and assume g(σ̃0), . . . , g(σ̃T +1) > 0. We can then obtain the following theorem,

which is the main result of this section:

Theorem 3.5.1. Suppose we choose an adaptive step t = ϵ
15∥C∥1

and the threshold

∆ = κϵ2 in Algorithm 2 with constant κ > 0. Algorithm 2 returns a point σ ∈M

with

f(σ) ≤ SDP(C)− 1
r − 1(SDP(C) + SDP(−C)) + n

2 ϵ, (3.40)

within T = T1 + T2 iterations, where we set T1 =
⌈

g(σ̃0)
κϵ2

⌉
and T2 = ⌈675∥C∥2

1n/ϵ
2⌉.
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Proof of Theorem 3.5.1.

Algorithm 2 has three possible updates for each iteration: we proceed as Algorithm 1

when the decrease of Gρ(σ̃k, σk) is sufficiently large enough (case 1). Otherwise, we

try to exploit the negative curvature along the most negative decreasing direction

uk when the smallest eigenvalue is negative (case 2), or return an ϵ−approximate

convex point (case 3).

Case 1 (line 7-8): Gρ(σ̃k, σk)−Gρ(σ̃k+1, σk+1) ≥ ∆.

Suppose {ki}i=1,2,...,T1 is the set of iteration numbers when

Gρ(σ̃ki , σki)−Gρ(σ̃ki+1, σki+1) ≥ κϵ2,

is satisfied.

Summing the decrease for every first-order step, we have

T1κϵ
2 ≤

T1∑
i=1

(
Gρ(σ̃ki , σki)−Gρ(σ̃ki+1, σki+1)

)
≤ Gρ(σ̃k1 , σk1)−Gρ(σ̃kT1 +1, σkT1 +1)

≤ Gρ(σ̃k1 , σk1)− f ∗ − (Gρ(σ̃kT1 +1, σkT1 +1)− f ∗) ≤ Gρ(σ̃k1 , σk1)− f ∗ − g(σ̃kT1 +1)

≤ Gρ(σ̃0, σ0)− f ∗ = g(σ̃0),
(3.41)

i.e. T1 ≤ g(σ̃0)
κϵ2 .

Case 2 (line 11-14): Gρ(σ̃k, σk)−Gρ(σ̃k+1, σk+1) < ∆ and λH(σ̃k) < − ϵ
2 .

In this case, we have λmin(σ̃k) < λH(σ̃k) < − ϵ
2 < 0 and (3.39) holds. We then

rewrite Lemma 3.5.2 as

g(σ̃k) ≤ n

2 ϵ,

and substituting it into (3.39) yields

g(σ̃k)− g(σ̃k+1) ≥ 2g(σ̃k)3

675∥C∥2
1n

3 . (3.42)

Then
1

g(σ̃k+1)2 −
1

g(σ̃k)2 ≥
(g(σ̃k)− g(σ̃k+1))(g(σ̃k) + g(σ̃k+1))

g(σ̃k)2g(σ̃k+1)2

≥ 2
675∥C∥2

1n
3

(
g(σ̃k)
g(σ̃k+1) + g(σ̃k)2

g(σ̃k+1)2

)

≥ 4
675∥C∥2

1n
3 .

(3.43)
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Case 3 (line 16): Gρ(σ̃k, σk)−Gρ(σ̃k+1, σk+1) < ∆ and λH(σ̃k) > − ϵ
2 .

We can obtain

λmin(Hessf(σ̃k)) ≥ 2 ∗ λH(σ̃k) > −ϵ,

which means σ̃k is already an ϵ-approximate convex point and (3.40) is satisfied

due to Lemma 3.3.2.

Suppose {kj}j=1,2,...,T2 is the subsequence of {1, . . . , T + 1} such that the negative

curvature is taken but not at an ϵ-approximate convex point. Note that f(σ̃kj+1) =

Gρ(σ̃kj+1, σkj+1),∀j and Gρ(σ̃kj+1, σkj+1) ≥ Gρ(σ̃kj+1 , σkj+1) ≥ f(σ̃kj+1) due to the

non-decreasing property of Gρ(σ̃k, σk), we can obtain g(σ̃kj+1) ≥ g(σ̃kj+1). Therefore,

summing up (3.43) yields

4T2

675∥C∥2
1n

3 ≤
T2∑

j=1

(
1

g(σ̃kj+1)2 −
1

g(σ̃kj )2

)
≤ 1
g(σ̃kT +1)2 −

1
g(σ̃k1)2 ≤

1
g(σ̃T +1)2 ,

(3.44)

which guarantees g(σ̃T +1) ≤ nϵ/2 as long as we set T2 = ⌈675∥C∥2
1n/ϵ

2⌉.

3.6 Extension to the product of Stiefel manifolds

The parallel implementation of Algorithm 1 can also be generalized to solve block-

diagonally constrained SDPs (3.45),

min ⟨C,X⟩

s.t Xii = Id, for i ∈ JqK

X ∈ Sn
+,

(3.45)

with n = qd. The rank-constrained counterpart of (3.45) is

min f(σ) := ⟨C, σσ⊤⟩

s.t. σ⊤
i σi = Id, for i ∈ JqK,

(3.46)

where σ := [σ1, σ2, ..., σq]⊤ ∈ Rqd×r with r ≥ d and σi ∈ Rr×d is the i-th block of

σ, and the manifold M is generalized to the product of Stiefel manifolds M =

{[σ1, σ2, . . . , σq]⊤ ∈ Rnd×r | σ⊤
i σi = Id, i ∈ [q]} :=M1 × · · · ×Mq. To ensure the

convergence of Algorithm 1, we add a proximal regularization to the update of σ̃.
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When we add a proximal regularization to step (3.7a), we obtain a new prox-ADMM

algorithm as follows,

σ̃k+1 = argmin
σ̃∈M

Lρ(σ̃, σk, yk) + µ

2∥σ̃ − σ̃
k∥2, (3.47a)

σk+1 = argmin
σ

Lρ(σ̃k+1, σ, yk), (3.47b)

yk+1 = yk + ρ(σ̃k+1 − σk+1). (3.47c)

The update of σ̃ can be written as σ̃k+1 ← ProjM(γk) if we define

γk := µ

ρ+ µ
σ̃k + ρ

ρ+ µ
σk − 1

ρ+ µ
(yk + Cσk),

which is equivalent to

σ̃k+1
i ← ProjMi

(γk
i ), ∀i ∈ JnK,

with γk = [γk
1 , . . . , γ

k
n]⊤, γk

i ∈ Rr×d. The projection has an analytic solution by

computing the SVD factorization of each γk
i , which we show in the following result:

Lemma 3.6.1 (Theorem 1 [74]). The constrained quadratic problem

P ∗ = argmin
P ∈Rr×d

1
2∥P −X∥

2
F , s.t. P⊤P = Id,

which is the projection of X to the Stiefel manifold P⊤P = Id, has closed-form

solution P ∗ = UIr×dV
⊤, where U ∈ Rr×r, V ∈ Rd×d are two orthogonal matrices

and D ∈ Rr×d is a diagonal matrix satisfying the SVD factorization X = UDV ⊤.

To summarize, we propose a proximal ADMM algorithm for the products of Stiefel

manifolds shown in Algorithm 3. Compared with Algorithm 1, the only difference

is an additional regularization for the update of σ̃k+1 to guarantee the convergence

of ADMM-BM theoretically. Meanwhile, the computation of Algorithm 3 can also

be paralleled on GPU.

Algorithm 3 Proximal ADMM Burer-Monteiro algorithm (Prox-ADMM-BM)
1: Initialization: set σ0 = σ̃0 ∈M, y0 = Cσ̃0.

2: while termination criteria not satisfied do
3: γk ← µ

ρ+µ
σ̃k + ρ

ρ+µ
σk − 1

ρ+µ
(yk + Cσk)

4: γk
i ← ProjMi

(γk
i ), ∀i ∈ [q]

5: σk+1 ← σ̃k+1 + 1
ρ
(yk − Cσ̃k+1)

6: yk+1 ← yk + ρ(σ̃k+1 − σk+1)
7: end while
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Similar to Theorem 3.4.1, we can prove that Algorithm 3 converges to a critical

point of f in (3.46).

Theorem 3.6.1. Suppose ∀i ∈ [q], ∥γk
i ∥F is nonzero for any iteration k. If we set

ρ, µ ≥ 0 properly such that µ− ∥C∥2/ρ > 0, then the sequence (σ̃k)k∈N generated by

Algorithm 3 satisfies Lemma 3.4.1 and converges to a critical point σ̄ of f in (3.46).

Moreover, the sequence (σ̃k)k∈N has a finite length, i.e. ∑+∞
k=0 ∥σ̃k+1 − σ̃k∥ <∞.

Proof of Theorem 3.6.1. Similar to (3.18), we have the decrease

Lρ(σ̃k, σk, yk) ≥ Lρ(σ̃k+1, σk, yk) + µ

2∥σ̃
k − σ̃k+1∥2

F ,

and the counterpart of Lemma 3.3.3 is

Lρ(σ̃k, σk, yk)− Lρ(σ̃k+1, σk+1, yk+1) ≥
(
µ− ∥C∥

2

ρ

)
∥σ̃k+1 − σ̃k∥2

F + ρ

2∥σ
k+1 − σk∥2

F ,

which implies (C1) is valid for Gρ(σ̃, σ) since

Gρ(σ̃k, σk)−Gρ(σ̃k+1, σk+1) ≥
(
µ− ∥C∥

2

ρ

)
· ∥σ̃k+1 − σ̃k∥2

F + ρ

2∥σ
k+1 − σk∥2

F ,

≥min
{
µ− ∥C∥

2

ρ
,
ρ

2

}
·
∥∥∥∥∥σ̃k+1 − σ̃k

σk+1 − σk

∥∥∥∥∥
2

F

.

(3.48)

In addition, the condition (3.28) becomes

Cσk + yk + ρ(σ̃k+1 − σk) + µ(σ̃k+1 − σ̃k) + vk+1 = 0.

Then a subgradient of Gρ(σ̃, σ) at (σ̃k+1, σk+1) is

∂σ̃Gρ(σ̃k+1, σk+1)

= 2Cσ̃k+1 + ρ(σ̃k+1 − σk+1) + vk+1,

= 2Cσ̃k+1 + ρ(σ̃k+1 − σk+1)− [Cσk + yk + ρ(σ̃k+1 − σk) + µ(σ̃k+1 − σ̃k)],

= 2Cσ̃k+1 − Cσk − Cσ̃k − ρ(σk+1 − σk)− µ(σ̃k+1 − σ̃k)

= C(σ̃k+1 − σ̃k) + C(σk+1 − σk) + C(σ̃k+1 − σk+1)− ρ(σk+1 − σk)− µ(σ̃k+1 − σ̃k)
(3.7c)= C(σ̃k+1 − σ̃k) + C(σk+1 − σk) + C

ρ
(yk+1 − yk)− ρ(σk+1 − σk)− µ(σ̃k+1 − σ̃k)
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(3.12)= (C − µI)(σ̃k+1 − σ̃k) + C(σk+1 − σk) + C2

ρ
(σ̃k+1 − σ̃k)− ρ(σk+1 − σk),

and

∂σGρ(σ̃k+1, σk+1) =ρ(σk+1 − σ̃k+1) (3.7c)= yk − yk+1 (3.12)= C(σ̃k − σ̃k+1),

which imply that∥∥∥∥∥∂σ̃Gρ(σ̃k+1, σk+1)
∂σGρ(σ̃k+1, σk+1)

∥∥∥∥∥
F

≤
(

2∥C∥+ max{ρ, µ}+ ∥C∥
2

ρ

)∥∥∥∥∥σ̃k+1 − σ̃k

σk+1 − σk

∥∥∥∥∥
F

, ∀k,

and hence (C2) is satisfied. Lρ(σ̃k, σk, yk) = Gρ(σ̃k, σk) is lower-bounded due to

the compact constraint over σ̃k. In combination with (3.48), we can prove that

Gρ(σ̃k, σk) converges to a limit point, which implies∥∥∥∥∥σ̃k+1 − σ̃k

σk+1 − σk

∥∥∥∥∥
F

→ 0,

and then

∥σ̃k+1 − σk+1∥ = 1
ρ
∥yk+1 − yk∥

(3.12)
≤ ∥C∥ · ∥σ̃k+1 − σ̃k∥ → 0.

The compactness of M implies that there is a subsequence of σ̃k that converges to

a first-order stationary point, i.e. (C3) is valid. We hence prove Theorem 3.6.1 via

Lemma 3.4.1.

3.7 Experimental results

In this section we describe our computational results for Algorithm 1 and Algorithm 3

(named as ADMM-BM) with both CPU and GPU versions for them. All experiments

are run on a laptop with Intel i7-8750H CPU @ 2.20GHz and a NVIDIA GeForce

GTX1070 with Max-Q Design, with all code written in Julia. Foundamental

operations like matrix additions and multiplications rely on NVIDIA CUDA but

we need to write the kernel functions for the projection onto manifolds. For

comparison, we also present computational results from the Riemannian gradient

(RGD) method and the Riemannian trust-region (RTR) method from Manopt.jl [90].

The benchmarking metric is the relative optimality gap defined as:

relative optimality gap =
∣∣∣∣∣⟨σ̃k, Cσ̃k⟩ − ⟨σ∗, Cσ∗⟩

⟨σ∗, Cσ∗⟩

∣∣∣∣∣ , (3.49)
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where σ̃k is generated at the k-th iteration by Algorithm 1 or Algorithm 3 that is

feasible for (3.4) or (3.46), and σ∗ is the optimal solution of X∗ = σ∗σ∗⊤ obtained

via Mosek [40].

3.7.1 Max-cut

For Algorithm 1, we set r =
⌈√

2n
⌉

and ρ to ∥C∥ and test it on the dataset Gset2,

which contains a collection of max-cut problems of the form (3.3). An initial

condition σ̃0 ∈ Rn×r is generated uniformly at random on [0, 1] and then normalized

row-wise. We also set σ0 = σ̃0 and y0 = Cσ̃0 for ADMM-BM and σ̃0 as the initial

point for RGD and RTR. We test problems with sizes varying from n = 800 to

n = 10000. The results are shown in Figure 3.1, where the x-axis denotes the

computation time and the y-axis denotes the relative optimality defined in (3.49).

ADMM-BM always performs better than RGD and RTR at moderate accuracy

10−4. The computation time is within several seconds even for problem sizes up to

n = 10000. While the GPU implementation of ADMM-BM is slower than the CPU

version for small and medium size problems, it exhibits better performance when

the dimension n becomes larger.

3.7.2 SO(3) synchronization

The SO(3) synchronization problem [89] is a typical problem of the form (3.45)

where we choose d = 3. In order to test Algorithm 3, each entry of σ̃0 is generated

uniformly at random on [0, 1] and then projected back to the product of Stiefel

manifolds as in Lemma 3.6.1. We initialize σ0 = σ̃0, y0 = Cσ̃0 in Prox-ADMM-BM

and σ̃0 as the start point for RTG and RTR. In addition, penalty parameters are

set to ρ = µ = ∥C∥ in Prox-ADMM-BM. We change the dimension from n = 300 to

n = 15000 and also choose two sparsity pattern, 0.02 and 0.002. As shown in Figure

3.2, the GPU-based Prox-ADMM-BM always performs better than RTG and RTR

up to accuracy level 10−4, and it is more suitable for large-scale problems compared

to the multi-threaded CPU variant. In addition, we find that Prox-ADMM-BM
2https://www.cise.ufl.edu/research/sparse/matrices/Gset/

https://www.cise.ufl.edu/research/sparse/matrices/Gset/
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time: s time: s

Figure 3.1: Tests of Algorithm 1 on max-cut problems.

converges faster when the cost matrix C is more sparse, which is reasonable since

most of computational time is spent on matrix products when we update σ̃ and σ.

This also applies to ADMM-BM.
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n = 300, s = 0.02, ∥C∥ = 3.685 n = 3000, s = 0.02, ∥C∥ = 30.625
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time: s time: s

n = 9000, s = 0.02, ∥C∥ = 90.588 n = 9000, s = 0.002, ∥C∥ = 9.712

time: s time: s

n = 15000, s = 0.02, ∥C∥ = 150.843 n = 15000, s = 0.002, ∥C∥ = 15.762

time: s time: s

Figure 3.2: Tests of Algorithm 3 on SO(3) synchronization problems.
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4.1 Introduction

Primal-dual interior point methods for conic optimization Conic con-

straints are the generalization of linear inequality constraint and are powerful tools

for mathematical modelling. Traditional research focused on self-scaled [13] cones,

such as nonnegative cone, second-order cone and positive semidefinite cone, which

can be solved efficiently by primal-dual infeasible interior point methods with

Nesterov-Todd (NT) scaling [13, 14]. Nonsymmetric cones that are not self-scaled

have become a topic of more recent interest for interior point methods [15, 91], and

an extension of the homogeneous self-dual embedding for nonsymmetric cones was

proposed in [48]. Though it is attractive to formulate problems into some exotic

nonsymmetric cones, like the relative entropy cone and the generalized power cone,

which can be solved more efficiently by exploiting their special structures [17, 34, 35],

the exponential cone and the power cone are the two most studied and are supported

in the commercial solver Mosek [92], along with the symmetric second-order and

positive semidefinite cones. Compared to symmetric cones, the NT scaling doesn’t

apply to nonsymmetric cones and different scaling strategies are proposed instead

based on only primal or dual iterates [35, 48, 93] or both primal and dual iterates [34,

92].

Monotone Complementarity Problem: The homogeneous self-dual embedding

was initially developed in the 1990s [38] for the primal-dual infeasible interior

point methods. It is now the foundation of many interior point solvers [40, 41,

45] due to its convenience of infeasibility detection. The embedding was then

developed for the linear complementarity problem (LCP) [94], and Anderson and

Ye generalized the homogeneous embedding to the monotone complementarity

problem (MCP) [95]. Later, Yoshise [96, 97] extended the homogeneous embedding

for MCP over symmetric cones and Meszaros studied the practical performance

of the homogeneous embedding for convex quadratically constrained quadratic

programming (QCQP) problems [98]. The homogeneous self-dual embedding was

also exploited for operator-splitting methods and implemented in the SCS solver [18].
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Recently, [99] proposed a maximal monotone operator specialized for the LCP based

on the monotone operator in [95], which can deal with the quadratic objective

functions directly for operator splitting methods with homogeneous embedding.

Similar to [99], we regard the convex conic problem of quadratic objective (QCP)

as a LCP that can rely on the homogeneous embedding for infeasible detection. We

develop an interior point solver Clarabel [46] that can solve the problem

min
x,s

1
2x

⊤Px+ q⊤x

subject to: Ax+ s = b,

s ∈ K.

(P)

Decision variables are x ∈ Rn and s ∈ Rm, and problem parameters are A ∈ Rm×n,

b ∈ Rm, q ∈ Rn and P ∈ Rn×n. We assume that P is symmetric and positive

semidefinite (possibly zero) and that the set K is a closed and convex cone. We will

denote the optimal value of this problem as p∗ and an optimizer (when it exists) as

(x∗, s∗). Numerical solution for convex problems in the form (P) also underpins many

nonconvex optimization methods, including those based on sequential quadratic

programming [100, Ch. 18][101] and branch-and-bound methods within mixed-

integer methods [102, 103].

Optimality and infeasibility of QCP As shown in Section 2.2.1, the problem

dual to P is
max

x,z
−1

2x
⊤Px− b⊤z

subject to: Px+ A⊤z = −q,
z ∈ K∗,

(D)

where K∗ is the dual cone of K. We will denote its optimal value as d∗ and its

optimal solution (when it exists) as (x∗, z∗).

The standard KKT conditions for problem (P) are

Ax+ s = b,

Px+ A⊤z = −q,

⟨s, z⟩ = 0,

(s, z) ∈ K ×K∗.

(4.1)
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We define the duality gap γ as

γ := (1
2x

⊤Px+ q⊤x)− (−1
2x

⊤Px− b⊤z)

= x⊤Px+ q⊤x+ b⊤z = ⟨s, z⟩ ,

where the final equality follows from substitution in the KKT conditions (4.1). The

duality gap is nonnegative for any feasible point since (s, z) are constrained to the

dual pair of cones (K,K∗), and zero at an optimal point (x∗, s∗, z∗) when strong

duality holds.

This problem is of course infeasible whenever either (P) or (D) is infeasible or

the pair is not strongly dual. As shown in Section 2.2.3, the KKT conditions are

equivalent to an LCP problem,

Rn ×K∗ ∋
[
x
z

]
⊥
[

P A⊤

−A 0

] [
x
z

]
+
[
q
b

]
∈ {0}n ×K.

When the LCP is strongly infeasible, we can certify that either (P) or (D) is strongly

infeasible in [99, Section 4.2] if (x, z) satisfies one of the following sets of infeasibility

certificates for (P) and (D):

P :=
{
z
∣∣∣ A⊤z = 0, z ∈ K∗, ⟨b, z⟩ < 0

}
,

D := {x | Px = 0, −Ax ∈ K, ⟨q, x⟩ < 0} .
(4.2)

The problem (P) is strongly infeasible if and only if there exists some z̄ ∈ P, while

the problem (D) is strongly infeasible if and only if there exists some x̄ ∈ D. The

same strong infeasibility conditions have appeared also in [19, 104] in the context

of conic optimization with quadratic objectives.

4.2 Homogeneous embedding for conic problems
of quadratic objective

The homogeneous self-dual embedding (HSDE) [38] is a popular technique that

unifies optimality and infeasibility check of a convex problem. However, it only

allows a linear cost in the objective and we need to eliminate the quadratic term

in the objective function, replacing it with an epigraphical upper bound and an
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additional second-order cone constraint in the objective. This amounts to rewriting

(P) as

min
x,s,w

w + q⊤x

subject to: Ax+ s = b∥∥∥P 1
2x
∥∥∥

2
≤ 2w

s ∈ K, w ≥ 0,

(4.3)

which is a conic optimization problem with a purely linear cost and an additional

second-order cone constraint. There are two drawbacks related to the transforma-

tion1:

1. We need to compute the matrix P 1
2 and use an additional second-order cone

constraint that will increase the factorization time in an IPM;

2. The second-order cone programming is observed to be less numerically stable

compared to the quadratic programming with only linear constraints in

practice.

Recently, [99] treated the conic optimization problem of quadratic cost as a LCP

and uses the homogeneous embedding that generalizes HSDE to problems with

quadratic cost. It can tackle the infeasibility of (4.4) directly without the second-

order cone transformation (4.3). The idea is mainly motivated by [95], which

regarded the convex nonlinear optimization problem as an MCP and introduced

the homogeneous embedding for MCP that can detect infeasibility. In Clarabel, we

rely on this homogeneous embedding for infeasibility detection, which generalizes

the ECOS solver [45] that can only solve conic problems with linear cost due to the

use of HSDE.

1See Remark 4.4.1 for details.
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4.2.1 Homogeneous embedding

Taking problems (P) and (D) together with an objective minimizing the duality

gap, we can rewrite our problem in the form

min
(x,s,z)

⟨s, z⟩

subject to: x⊤Px+ q⊤x+ b⊤z = 0
Px+ A⊤z + q = 0
Ax+ s− b = 0
(s, z) ∈ K ×K∗.

(4.4)

The homogeneous embedding contains a nonnegative scalar τ that applies a change

of variables x → x/τ , z → z/τ and s → s/τ . Additionally, it introduces a slack

variable κ ∈ R+ and we can rewrite the feasibility problem (4.4) as

min
(x,s,z,τ,κ)

⟨s, z⟩+ τκ

subject to: 1
τ
x⊤Px+ q⊤x+ b⊤z = −κ

Px+ A⊤z + qτ = 0
Ax+ s− bτ = 0
(s, z, τ, κ) ∈ K ×K∗ × R+ × R+

(H)

The problem (H) amounts to the standard HSDE when P = 0.

Note that we keep the quadratic term in the objective and (H) remains homogeneous

but is no longer self-dual, in addition to featuring the seemingly awkward 1
τ
x⊤Px

term in the first equality. Our approach will nevertheless amount to a direct solution

of (H) using a primal-dual type interior point method, and will show that significant

performance improvements are possible with this approach in many cases.

4.2.2 Optimality and infeasibility detection

Before proceeding to the details of our algorithm, we first address briefly the

existence and interpretation of solutions to (H). As in the case of the HSDE, an

advantage of the reformulation is that solutions will produce an optimal solution to
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original problems (P) and (D), or (asymptotically) a certificate of either primal or

dual infeasibility in (4.2).

Solving the problem (H) amounts to finding a root of the nonlinear system of

equations

G(x, z, s, τ, κ) :=

0
s
κ

−
 P A⊤ q
−A 0 b
−q⊤ −b⊤ 0


xz
τ

+

 0
0

1
τ
x⊤Px

 = 0

subject to the conic constraint

(x, z, s, τ, κ) ∈ D := (Rn ×K ×K∗ × R+ × R+).

We will occasionally use the more compact notation v := (x, z, s, τ, κ) for conve-

nience, so that (H) is equivalent to

min
v
⟨s, z⟩+ τκ

subject to: G(v) = 0, v ∈ D.
(4.5)

This problem is closely related to the homogeneous monotone complementarity

problem (HMCP) of [95], but with constraints defined over the generalized cone

D and G restricted to a specific monotone mapping. As in [95], we say that the

problem (H) (equivalently (4.5)) is asymptotically feasible if there exists a bounded

sequence {vk} ⊂ D, k = 1, 2, . . . , such that

lim
k→∞

G(vk) = 0,

and call any limit point v̂ := (x̂, ẑ, ŝ, τ̂ , κ̂) of such a sequence an asymptotically

feasible point. We will call any such point with ⟨ŝ, ẑ⟩+ τ̂ κ̂ = 0 an (asympototically)

complementary or optimal solution.

We can now develop some basic results about solutions to the problem (H) in the

spirit of [95, Theorem. 1]:

Lemma 4.2.1. The problem (H) is (asymptotically) feasible and every (asymptoti-

cally) feasible point is (asymptotically) complementary.
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Proof. We can construct an asympotically feasible sequence by defining xk =

(1
2)k1 1√

n
, sk = (1

2)keK, zk = (1
2)keK∗ , τ k = (1

2)k and κk = (1
2)k, where (eK, eK∗) is any

vector pair in K×K∗. It is then straightforward to show that G(vk)→ 0, noting in

particular that the sequence

1
τ k

(xk)⊤Pxk ≤ (1
2)kσ̄(P )→ 0

where σ̄(P ) is the maximum singular value of P , and is lower bounded by zero since

P is positive semidefinite. To show the second part, observe thatx
z
τ

⊤

G(v) = ⟨s, z⟩+ τκ

for any v ∈ D, so
〈
sk, zk

〉
+ τ kκk → 0 since G(vk) → 0 and the sequence

(xk, sk, zk, τ k, κk) is bounded.

Lemma 4.2.2. Suppose that v∗ := (x∗, z∗, s∗, τ ∗, κ∗) is an asymptotically comple-

mentary solution to (H). Then :

1. If τ ∗ > 0 then (x∗/τ ∗, s∗/τ ∗) is an optimal solution to (P) and (x∗/τ ∗, z∗/τ ∗)

is an optimal solution to (D).

2. If κ∗ > 0 then at least one of the following holds:

• (P) is infeasible and z∗ ∈ P.

• (D) is infeasible and x∗ ∈ D.

Proof. For (i), note that κ∗ → 0 since the solution is assumed asympototically

complementary. Then any point satisfying G(v∗) = 0 also satisfies the KKT

conditions (4.1) following rescaling of (x∗, s∗, z∗) by τ ∗.

For (ii), suppose that {vk} ∈ D, k = 1, 2, . . . , is any bounded sequence with limit

v∗. Since τ k → 0 by assumption, it follow that (xk)⊤Pxk → 0 since 1
τkx

kPxk must

remain bounded. Hence Px∗ = 0 since P is assumed positive semidefinite, and

both Ax∗ + s∗ = 0 and A⊤z∗ = 0. Since {sk, zk} ∈ K ×K∗ by assumption and both

cones are closed, z∗ ∈ K∗ and −Ax∗ ∈ K. Since ⟨q, x∗⟩+ ⟨b, z∗⟩ = −κ∗ with κ∗ > 0,
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then at least one of the inner product terms must be negative. Consequently, if

⟨q, x∗⟩ < 0 then x∗ ∈ D and (D) is infeasible, and if ⟨b, z∗⟩ < 0 then z∗ ∈ P and (P)

is infeasible.

4.3 Barrier functions and the central path

In Clarabel, we implemented an infeasible primal-dual interior point method

following ECOS [45] with the variation of dealing with the quadratic objective within

the homogeneous embedding as shown in the previous section. Our goal is to solve

the nonlinear system (H), which yields the same optimal solution (infeasibility) as

the original (P) and (D). The logarithmically-homogeneous self-concordant barriers

are introduced to tackle conic constraints K,K∗ within the nonlinear system (H)

and build up connection between primal and dual variables.

4.3.1 Logarithmically-homogeneous self-concordant barrier
in conic optimization

We support two types of cones in Clarabel. The first are symmetric cones where

each cone is self-scaled [13], i.e. a cone is homogeneous and self-dual. It includes

• Nonnegative cone Kn
≥ := {x ∈ Rn : x ≥ 0}.

• Second order cone Kn
q := {(x, y) ∈ Rn : x ≥ ∥y∥2}.

• Positive semidefinite cone Kn
⪰ := {X ∈ Sn : X ⪰ 0}.

The others are nonsymmetric cones that are not self-scaled. Two important classes

are exponential cones and power cones:

• Exponential cone Kexp := {(x1, x2, x3) ∈ R3 : x2 · ex1/x2 ≤ x3, x2 > 0} ∪

{(x1, 0, x3), x1 ≤ 0, x3 ≥ 0}.

• Power cone Kpow := {(x1, x2, x3) ∈ R3 : xα
1x

1−α
2 ≥ |x3|, x1, x2 ≥ 0, α ∈ (0, 1)}.

They can be used to model constraints related to exponential or arbitrary power

function with power p > 1 that can not be modelled by the symmetric cones
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above [40]. For the two nonsymmetric cones above, the corresponding dual cones

are

• Dual exponential cone K∗
exp := {(z1, z2, z3) ∈ R3 : z3 ≥ −z1 · ez2/z1−1, z3 >

0, z1 < 0} ∪ {(0, z2, z3), z2 ≥ 0, z3 ≥ 0}.

• Dual power cone K∗
pow := {(z1, z2, z3) ∈ R3 : ( z1

α
)α · ( z2

1−α
)1−α ≥ |z3|, z1, z2 ≥

0, α ∈ (0, 1)}.

We then define the following logarithmically-homogeneous self-concordant barrier

functions for the cones above:

1. Nonnegative cone Kn
≥ of degree n:

f(x) = −
∑

i∈JnK

log(xi), x ∈ Kn
≥.

2. Second order cone Kn
q of degree 1:

f(x) = −1
2 log

(
x2

1 −
n∑

i=2
x2

i

)
, x ∈ Kn

q .

3. Positive semidefinite cone Kn
⪰ of degree n:

f(x) = − log det (mat(x)) , mat(x) ∈ Kn
⪰.

4. Dual exponential cone K∗
exp of degree 3:

f ∗(z) = − log
(
z2 − z1 − z1 log

(
z3

−z1

))
− log(−z1)− log(z3), z ∈ K∗

exp. (4.6)

5. Dual power cone K∗
pow of degree 3:

f∗(z) = − log
((

z1
α

)2α ( z2
1− α

)2(1−α)
− z2

3

)
−(1−α) log(z1)−α log(z2), z ∈ K∗

pow.

(4.7)

Computation of derivatives for these cones is summarized in Appendix A.1. For

symmetric cones, the barrier function f and its conjugate f ∗ can be computed ana-

lytically. In contrast, the barrier function f and its conjugate f ∗ for nonsymmetric

cones can’t have explicit forms simultaneously and one of them should be computed

via numerical methods [105], see Appendix A.2.
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4.3.2 Central path

We assume that f : K → R is a ν-LHSCB function on K with conjugate barrier f ∗

and degree ν > 0. Given any initial v0 ∈ D, we define the central path v∗(µ) as the

unique solution to

G(v) = µG(v0), (4.8a)

s = −µ∇f ∗(z), (4.8b)

τκ = µ, (4.8c)

which implies that
⟨s, z⟩+ τκ

ν + 1 = µ.

If the cone K is symmetric, then the condition (4.8b) is equivalent [41] to

s ◦ z = µe, (4.8d)

where ◦ is the Jordan product and e is the idempotent of K. Relevant properties

and definitions of Jordan algebras are detailed in Appendix A.3.

The central path is uniquely defined by µ when K is a symmetric cone [96, Corollary

4.4] or when there is no quadratic cost, i.e. P = 0 [93, Theorem 5.1.4].

4.4 Infeasible primal-dual interior point methods

We implement an infeasible primal-dual interior point method over the homoge-

neous embedding in Clarabel. It is a path-following method that keeps iterates

(xk, sk, zk, τ k, κk) close to the central path (4.8) and follows the direction of decreas-

ing µ. In an optimization problem, K is usually the concatenation of multiple cones,

i.e. K = K1 × · · · × Kp and the degree of K is the sum of degrees of each individual

cone, i.e. ν = ∑
i∈JpK νi.
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4.4.1 Computing initial points

The initial points of an interior point solver should be set to an interior point of

conic constraints and should be close enough to the central path. We have two

different strategies for initialization. One is specialized for symmetric cones and the

other one is for problems with nonsymmetric cones.

Symmetric cones

We follow [41] for initialization when K is symmetric, i.e. K = K∗. Scalars τ 0, κ0

are set to 1.

If P ̸= 0, we solve the linear system[
P A⊤

A −I

] [
x
z

]
=
[
−q
b

]
(4.9)

first, which is the solution to the problem

min 1
2x

⊤Px+ q⊤x+ 1
2∥Ax− b∥

2
2.

We set x0 = x and

s0 =
{
−z, αp < −ϵ
−z + (ϵ+ αp)e otherwise ,

where αp = inf{α | − z + αe ∈ K}. We introduce a threshold ϵ > 0 to ensure s0 is

away from the boundary of cone K. Likewise, z0 is set to

z0 =
{
z, αd < −ϵ
z + (ϵ+ αd)e otherwise ,

where αd = inf{α | z +αe ∈ K}. The idempotents e for different cones are detailed

in Appendix A.3.

If P = 0, we solve the linear system[
0 A⊤

A −I

] [
x
z

]
=
[

0
b

]
, (4.10)

which tries to minimize the linear residuals. We set x0 = x and

s0 =
{
−z, αp < −ϵ
−z + (ϵ+ αp)e otherwise ,
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where αp = inf{α | − z + αe ∈ K}. Then, we solve another linear system

[
0 A⊤

A −I

] [
x
z

]
=
[
−q
0

]
, (4.11)

which is equivalent to a least norm problem

min
z

1
2∥z∥

2
2

s.t. A⊤z + q = 0
.

We set

z0 =
{
z, αd < −ϵ
z + (ϵ+ αd)e otherwise ,

where αd = inf{α | z + αe ∈ K}.

Nonsymmetric cones

When K contains a nonsymmetric cone, we instead apply unit initialization [48,

92]. In this case, we initialize both primal and dual variables on the central

path satisfying z = s = −∇f ∗(z) (µ0 = 1), which is equivalent to solving the

unconstrained optimization

min
z

1
2z

2 + f ∗(z),

which is strictly convex and has a unique solution. It yields s0
sym = z0

sym = e for

symmetric cones,

s0
exp = z0

exp = (−1.051383945322714, 0.556409619469370, 1.258967884768947)

for exponential cones and

s0
pow = z0

pow = (
√

1 + α,
√

2− α, 0)

for power cones of parameter α.
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4.4.2 Scaling matrices

The interior point method can be regarded as a Newton-type method that tries to

solve the nonlinear system (4.8) with µ→ 0. The nonlinearity comes from (4.8b)

and (4.8c), which is the approximation of complementary slackness in the KKT

condition (2.6). We know s = −µ∇f ∗(z) and z = −µ∇f(s) hold simultaneously

for the pair (s, z) on the central path, and this condition can also be expressed

as (4.8d) for symmetric cones. Hence, there are several ways to linearize the central

path (4.8b) (or (4.8c)), i.e. the choice of scaling matrix Hk, defined later in (4.17),

changes at every iteration k and is not unique in an interior point method.

For a symmetric cone, the most common choice is the NT scaling [13, 14]. The

great majority of research on IPMs, such as linear programming (LP), quadratic

programming (QP), second order cone programming (SOCP) and semidefinite

programming (SDP), belongs to this class. For nonsymmetric cones which are not

self-scaled, the central path is (4.8b) and both the primal-dual symmetric scaling [92]

and the nonsymmetric scaling [93] are implemented in the state-of-the-art solvers

like Mosek and ECOS respectively. We assume K is a single cone in this section to

simplify the analysis.

Symmetric cones

The NT scaling is based on the self-scaled property of symmetric cone K that, for

s, z ∈ K, there is a unique scaling point w ∈ K satisfies [13, Theorem 3.2]

H(w)s = z,

where H(w) is the Hessian of the barrier function f(·) and can be formed as

H−1(w) = W⊤W and we set Hk = H−1(wk) at iteration k later in (4.17). The

values of w,W are detailed in Appendix A.4.
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Nonsymmetric cones

The self-scaled property doesn’t hold for nonsymmetric cones and the central path

can’t be formulated as (4.8d). Several other scaling strategies have therefore been

proposed.

Symmetric scaling: A general primal-dual symmetric scaling strategy was proposed

in [106] and used later in [92]. It relies on the satisfaction of two secant equations

for the set of scaling matrix (W1(s, z)) instead of a scaling point for K,

W1(s, z) := {W : W ≻ 0,W 2z = s,W 2∇f(s) = ∇f ∗(z)}. (4.12)

Suppose we define shadow iterates as

z̃ := −∇f(s), s̃ := −∇f ∗(z), (4.13)

with

µ̃ = ⟨s̃, z̃⟩/ν. (4.14)

A scaling matrix Hk = W k⊤
W k can be obtained from the rank-4 Broyden-

Fletcher-Goldfarb-Shanno (BFGS) update, which is commonly used in quasi-Newton

methods,

HBFGS := Y (Y ⊤S)−1Y ⊤ +Hq −HqS(S⊤HqS)−1S⊤Hq,

where Y = [z, z̃], S = [s, s̃], z̃ = −∇f(s), s̃ = −∇f ∗(z) and Hq ≻ 0 is an

approximation of the Hessian. In our implementation, we choose Hq = µ∇2f ∗(z)

following [92] and the update of HBFGS reduces to a rank-3 update,

HBFGS =µ∇2f ∗(z) + 1
2µν δs

(
s+ µs̃+ 1

µµ̃− 1δs

)T

+ 1
2µν

(
s+ µs̃+ 1

µµ̃− 1δs

)
δT

s

− µ(∇2f ∗(z)z̃ − µ̃s̃) (∇2f ∗(z)z̃ − µ̃s̃)T

⟨z̃,∇2f ∗(z)z̃⟩ − νµ̃2 ,

(4.15)

where we define δs := s − µs̃, δz := z − µz̃. More details about the primal-dual

symmetric scaling of nonsymmetric cones can be found in [92].
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Nonsymmetric scaling: Nonsymmetric scaling has been used for various nonsym-

metric cones within an IPM such as exponential cone [93], power cone [15], sparse

semidefinite cone [16] and the sum-of-square cone [17]. It chooses the scaling matrix

Hk as

Hk = µk∇2f ∗(zk), (4.16)

which appears in the linearization of the central path s = −µ∇f ∗(z) and µk is

computed via µk = ⟨sk, zk⟩/ν.. The detailed implementation for the nonsymmetric

scaling of nonsymmetric cones can be found in [93].

In Clarabel, we support two nonsymmetric cones, the exponential cone and the

power cone with the symmetric scaling plus 3rd-order corrections, which requires

fewer iterations to converge empirically compared to the nonsymmetric scaling as

noticed in [92]. The nonsymmetric scaling will be exploited for high-dimensional

power cones in Chapter 5.

4.4.3 Computing step directions

Our interior point method computes Newton-like search directions using a lin-

earization of (4.8) given some right-hand side residual d := (dx, dz, dτ , ds, dκ). This

produces a linear system in the form 0
∆s
∆κ

−
 P A⊤ q

−A 0 b
−(q + 2Pξ)⊤ −b⊤ ξ⊤Pξ


∆x

∆z
∆τ

 = −

dx

dz

dτ

 (4.17a)

H∆z + ∆s = −ds, κ∆τ + τ∆κ = −dκ, (4.17b)

where ξ := xτ−1 and H ∈ Sn
++ is the scaling matrix detailed in Section 4.4.2.

Our approach to solving (4.17) now follows that of [41, 45], and differs only in the

fact that some of the blocks in the coefficient matrix of (4.17a) include an additional

term when P ≠ 0. We first eliminate the variables (∆s,∆κ) to obtain the reduced

system  P A⊤ q
−A H b

−(q + 2Pξ)⊤ −b⊤ ξ⊤Pξ + κ
τ


∆x

∆z
∆τ

 =

 dx

dz − ds

dτ − dκ/τ

 (4.18a)
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∆s = −ds −H∆z, ∆κ = −(dκ + κ∆τ)/τ. (4.18b)

To solve (4.18) we first solve a pair of linear systems with a common left-hand side[
P A⊤

A −H

]
︸ ︷︷ ︸

K:=

[
∆x1 ∆x2
∆z1 ∆z2

]
=
[

dx −q
−(dz − ds) b

]
(4.19)

and then recover ∆τ by

∆τ = dτ − dκ/τ + (2Pξ + q)⊤∆x1 + b⊤∆z1

κ/τ + ξ⊤Pξ − (2Pξ + q)⊤∆x2 − b⊤∆z2

= dτ − dκ/τ + q⊤∆x1 + b⊤∆z1 + 2ξ⊤P∆x1

∥∆x2 − ξ∥2
P − ∥∆x2∥2

P − q⊤∆x2 − b⊤∆z2
,

∆x = ∆x1 + ∆τ ·∆x2, ∆z = ∆z1 + ∆τ ·∆z2,

and ∆s,∆κ via (4.18).

Linear solve methods

Nearly all of the computational cost of computing step directions comes when

solving the symmetric linear system (4.19). When solving this system via a direct

factorization method, we add a small regularization term ϵs and compute an LDL

factorization

LDL⊤ = (K + ∆K) :=
[
P + ϵsI A⊤

A −(H + ϵsI)

]
.

This static regularization ensures that the matrix is quasidefinite [107] even if P is

rank deficient, and consequently that the factor D is diagonal with Dii ̸= 0 [108].

When computing the LDL factorization we also employ a dynamic regularization

strategy by lower bounding the magnitude of the pivots away from zero by an

amount ϵd to ensure that the factorization is numerically stable. We have extended

the open-source package QDLDL, originally developed for OSQP and based on

[109], to support this regularization strategy.

Due to the regularization for numerical stability in the LDL factorization, we are

solving a perturbed system of the form

(K + ∆K)y = r
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for (4.19) and the error will be r −Ky. We apply iterative refinement, i.e. solving

(K + ∆K)∆y = r −Ky

and then updating y ← y + ∆y iteratively with y will converge to the true solution

of Ky = r [100].

Remark 4.4.1. The improved numerical efficiency of our scheme relative to the

standard HSDE method can be explained by consideration of the linear system in

(4.19). If we had started instead from the epigraphical reformulation (4.3), then

the coefficient matrix in (4.19) would have been 0 AT [P 1
2 ]T

A −H
P

1
2 −HK

 (4.20)

with a scaling matrix HK for the additional second order cone constraint introduced

in (4.3). Direct factorization of (4.20) will produce significantly more fill-in than

for coefficient matrix (4.19), particular when the matrix factor P 1
2 already has

substantial fill-in.

Remark 4.4.2. We have two different implementations for the scaling matrix H

w.r.t. the second-order cones. When the dimension n of a second-order cone is

n > 5, we follow the same sparse augmentation of the scaling matrix as in ECOS,

which is detailed in Section A.5. However, we use the dense form for the scaling

matrices of second-order cones when n ≤ 5 since it has less fill-in and is also more

numerically stable compared to ECOS’s augmentation. Indeed, there are many of

applications that only require second-order cones of n = 3 or n = 4, e.g. lossless

convexification in the space landing problems [110] and SOCPs for optimal power

flow problems [111].

4.4.4 Affine and centering step directions

Our IPM needs to solve (4.19) with two different sets of (dx, dz, dτ , ds, dκ). The

first one is called the affine step where we estimate (∆x,∆s,∆z,∆κ,∆τ) trying

to eliminate the linear residuals. The second is called the combined step, which
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is the affine step plus a centering step toward the central path. In practice, the

estimated direction (∆x,∆s,∆z,∆κ,∆τ) from the affine step is used to compute

the higher-order correction for acceleration in (dx, dz, dτ , ds, dκ) of the combined

step. In the view of predictor-corrector algorithms, the affine step is the predictor

and the centering step is the corrector.

In our work, the specification for (dx, dz, dτ , ds, dκ) are

dx = rx, dz = rz, dτ = rτ , dκ = κτ, ds = s,

in the affine step, and

dx = (1− σ)rx, dz = (1− σ)rz, (4.21a)

ds =
{
W⊤ (λ\ (λ ◦ λ+ η − σµe)) (symmetric cone)

s+ σµ∇f ∗(z) + η (nonsymmetric cone) , (4.21b)

dτ = (1− σ)rτ , dκ = κτ + ∆κ∆τ − σµ, (4.21c)

in the combined step, with λ detailed in Appendix A.3. There are two parameters, σ

and η, closely related to the convergence of an interior point method. The centering

parameter σ controls the decreasing rate of linear residuals and the duality gap

(related to µ). We estimate σ from the affine step αaff [112]

σ = (1− αaff)3.

A larger step size αaff implies the current iterate is away from the boundary of conic

constraints and we can decrease µ more aggressively along the central path, i.e. a

smaller σ.

Taking the affine step can only eliminate errors in the linearized model (4.17) but

will inevitably introduce higher-order error given the nonlinearity of the central

path (4.8). The higher-order correction η tries to take the higher-order error (from

the affine step) into account when we determine the direction for the centering step.

We will detail it in the next section.
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4.4.5 Higher-order corrections

The higher-order correction η tries to compensate the nonlinear error introduced

after taking the affine step. It is a heuristic technique that can accelerate the

convergence of IPMs empirically. Considering the nonlinear path w.r.t. (τ, κ)

in (4.18b), the affine step tries to offset the error in the linearized model, i.e.

κ∆τa + τ∆κa = −κτ,

where dκ = κτ . However, moving along the affine search direction introduces an

additional higher-order error at the new pair (τ + ∆τa, κ+ ∆κa),

(τ + ∆τa)(κ+ ∆κa) = ∆τa∆κa.

The idea of higher-order correction η is to compensate the nonlinear error in the

correction step (4.4.4).

We select two different higher-order corrections for symmetric and nonsymmetric

cones separately. The Mehrotra correction is effective for symmetric cones [112],

η = (W−1∆s) ◦ (W∆z). (4.22)

The 3rd-order correction proposed in [92] is effective for nonsymmetric cones,

η(∆sa,∆za) := −1
2∇

3f ∗(z)
[
∆za,

(
∇2f ∗(z)

)−1
∆sa

]
. (4.23)

The computations related to higher-order correction are detailed in Appendix A.6.

4.4.6 Proximity measurement

The path-following interior point method aims to keep iterates (xk, sk, zk, τ k, κk)

in the neighbourhood of the central path (4.8). Following [92, 106], we choose the

neighbourhood based on shadow iterates defined in (4.13) and (4.14) for (s, z) ∈

K×K∗, where µµ̃ ≥ 1 with equality only on the central path [14]. The neighbourhood

is defined as

N (β) = {(s, z) ∈ K ×K∗ | βµµ̃i ≤ 1, i = 1, . . . , k + 1} , (4.24)
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for β ∈ (0, 1]. We use the neighborhood N (β) defined in (4.24) following the use of

3rd-order correction in [92]. Both ∇f and ∇f ∗ can be computed analytically for

symmetric cones while we need to compute ∇f numerically if we define barriers f ∗

for dual exponential and dual power cones as in Section 4.3.1, see Appendix A.2 for

details of computation. Different choices of proximity measurement can be found

in [35, 93].

4.4.7 Termination check

We check the termination of our interior point method when we obtain a new iterate

vk. The optimality metrics are defined as

rk
p := ∥Axk + sk − b∥

max(1, ∥b∥∞ + ∥xk∥+ ∥sk∥) , (4.25a)

rk
d := ∥Pxk + A⊤zk + q∥

max(1, ∥q∥∞ + ∥xk∥+ ∥zk∥) , (4.25b)

gk
p := 1

2x
k⊤
Pxk + ⟨q, xk⟩, (4.25c)

gk
d := −1

2x
k⊤
Pxk − ⟨b, zk⟩, (4.25d)

rk
g :=

|gk
p − gk

d |
max(1,min(|gk

p |, |gk
d |))

, (4.25e)

where xk = xk/τ k, sk = sk/τ k, zk = zk/τ k are the normalized variables. rk
p , r

k
d are

the primal and the dual residuals and rk
g is the duality measurement. We claim

optimality if

max{rk
p , r

k
d , r

k
g} ≤ ϵ,

where we set the default values ϵ = 1e−8. Likewise, we define the infeasibility

metrics

rk
pinf := ∥A⊤zk∥

max(1, ∥xk∥+ ∥zk∥) , (4.26a)

rk
dinf := max

(
∥Pxk∥

max(1, ∥xk∥) ,
∥Axk + sk∥

max(1, ∥xk∥+ ∥sk∥)

)
, (4.26b)

We claim primal infeasibility if

〈
b, zk

〉
< −ϵainf , and

rk
pinf

−⟨b, zk⟩
< ϵrinf ,
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and dual infeasibility if〈
q, xk

〉
< −ϵainf , and

rk
dinf

−⟨q, xk⟩
< ϵrinf .

The default values for ϵainf , ϵrinf are 1e−8.

4.4.8 Sketch of the interior point algorithm

We outline the general algorithm inside each iteration, after the initialization step

in Section 4.4.1:

1. Update residuals, gap and check optimality or infeasibility: We compute
rk

x = −A⊤zk − qτ k,
rk

z = sk + Axk − bτ k,
rk

τ = κk + q⊤xk + b⊤zk,

µk = sk⊤
zk+κkτk

ν+1 ,

and check the optimality and infeasibility as in Section 4.4.7.

2. Update scaling matrix Hk As discussed in Section 4.4.2, we update the scaling

matrix Hk by

Hk =
{

W k⊤
W k (symmetric cone)

Hk
BFGS in (4.15) (nonsymmetric cone) .

3. Affine step: The affine direction (predictor) is computed via 0
∆sk

a

∆κk
a

−
 P A⊤ q

−A 0 b

−(q + 2Pξk)⊤ −b⊤ ξk⊤
Pξk


∆xk

a

∆zk
a

∆τ k
a

 = −

r
k
x

rk
z

rk
τ

 , (4.27a)

Hk∆zk
a + ∆sk

a = −sk, κk∆τ k
a + τ k∆κk

a = −κkτ k, (4.27b)

where ξk := xk/τ k and Hk is the scaling matrix. It tries to remove residuals

of the linearized model at iteration k. We can compute the maximal step size

αa such that (sk + αa∆sk
a, z

k + αa∆zk
a , τ

k + αa∆τ k
a , κ

k + αa∆κk
a) resides in

F := K ×K∗ × R+ × R+.

4. Combined step: The weight of centrality σ is set to (1− αa)3 empirically and

then used for the computation of the centering direction (corrector) via 0
∆sk

c

∆κk
c

−
 P A⊤ q

−A 0 b

−(q + 2Pξk)⊤ −b⊤ ξk⊤
Pξk


∆xk

c

∆zk
c

∆τ k
c

 = −(1− σ)

r
k
x

rk
z

rk
τ

 , (4.28a)
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Hk∆zk
c + ∆sk

c =
{

W k⊤ (
λk\

(
λk ◦ λk + η(∆sk

a, ∆zk
a)− σµke

))
(symmetric)

sk + σkµk∇f∗(zk) + η(∆sk
a, ∆zk

a) (nonsymmetric) ,

(4.28b)
κk∆τ k

c + τ k∆κk
c = −τ kκk + σkµk −∆τ k

a ∆κk
a, (4.28c)

where ∆τ k
a ∆κk

a and η(∆sk
a,∆zk

a) are higher-order corrections given information

from the affine directions. We use the Mehrotra’s correction (4.22) for

symmetric cones and the 3rd-order correction (4.23) for nonsymmetric cones.

Likewise, we compute the largest step size αc ensuring (sk + αc∆sk
c , z

k +

αc∆zk
c , τ

k + αc∆τ k
c , κ

k + αc∆κk
c ) stays inside conic constraints F and the

neighbourhood N (β) (4.24) of the central path.

5. Update iterates: At the end of each iteration k, we obtain the new iterate

(xk+1, sk+1, zk+1, κk+1, τ k+1) by

(xk+1, sk+1, zk+1, κk+1, τ k+1) := (xk, sk, zk, κk, τ k) + αc(∆xk
c ,∆sk

c ,∆zk
c ,∆κk

c ,∆τ k
c ).

4.5 Implementation: the Clarabel solver

We have implemented our proposed approach in the Clarabel solver [46], an open-

source and liberally licensed software package with separate implementations in

both the Rust [113] and Julia [114] programming languages. Both implementations

are publicly available23 under the Apache v2.0 license.

Our Rust implementation is intended for most academic and industrial end users

and as an implementation that can be accessed via other common languages through

standard foreign function interfaces (FFIs) and wrappers that we provide. We

currently provide such wrappers for Python, R and C/C++. We further provide

interfaces in Python to the standard modelling package CVXPY [115, 116]. Clarabel

is installed as part of the standard CVXPY distribution [117] as of version 1.4.

The Rust version of Clarabel provides its own internal implementation of most

linear algebra functionality, including a stand-alone Rust reimplementation of the
2Julia: https://github.com/oxfordcontrol/Clarabel.jl
3Rust: https://github.com/oxfordcontrol/Clarabel.rs

https://github.com/oxfordcontrol/Clarabel.jl
https://github.com/oxfordcontrol/Clarabel.rs
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quasidefinite linear solver QDLDL, which was first implemented for OSQP [118]

with additional features to support the dynamic regularization method described in

§4.4.3. We use Rust interfaces to user specified BLAS [119] implementations for

solving conic programs on the semidefinite cone.

The Julia implementation is intended to be used both as a standalone solver for

users of the Julia language and as as prototyping and development platform for

further algorithmic development. The Julia implementation relies heavily on native

Julia functions for most linear algebra functionality, with the exception of a Julia

implementation of QDLDL which we provide as a standalone package. In Julia

we also provide the option of using alternative linear solve methods including

CHOLMOD [120], Pardiso [121] and the HSL MA57 [122] solver. All numerical

results are based on our QDLDL implementation for simplicity of comparison

between implementations.

Both implementations provide identical functionality and support the same set of

conic constraints. We also provide support for different floating point data types in

both languages, e.g. for standard 32- or 64-bit single or double precision floating

point types [123] or for extended precision types such as the Julia BigFloat type.

Our implementation is inspired by the modular design pattern of the interior point

solver OOQP [124], in the sense that all internal data types are defined as abstract

types that can be extended or customised by end users to specific problem classes

to exploit domain-specific structure. In the Rust implementation this functionality

relies heavily on Rust’s trait-based type system and generics, while in Julia we

instead rely on Julia’s dynamic dispatch and “duck typing” [125].

4.6 Numerical experiments

We have benchmarked our implementation of Clarabel against a variety of open-

source and commercial solvers: the open-source interior point solver ECOS [45],

the open-source dual-simplex base solver HiGHS [126], and the commercial interior

point solvers Mosek [40] and Gurobi [127]. We execute all benchmarks with all
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default settings for all solvers enabled, but with pre-solve disabled where applicable

to ensure that the solvers are solving equivalent problems. We do not impose any

iteration limits other than those specified within each solver’s internal defaults. In

all cases we set the maximum solve time to 300 seconds.

Our implementation of Clarabel relies on a Rust-language implementation of the

direct LDL linear solver QDLDL, which is the same method used in the ADMM-

based solvers COSMO [19] (implemented in Julia) and OSQP [118] (implemented in

C). The QDLDL solver is relatively unsophisticated relative to the multi-threaded

methods used in commercial solvers, but is lightweight, simple to implement and

does not rely on any external libraries such as BLAS.

All experiments were carried out on the Oxford University Advanced Research

Computing (ARC) Facility[128]. For each test problem in our benchmarks results,

solver were run single threaded on an Intel Xeon Platinum 8268 CPU @ 2.90GHz

with 64GB RAM. All benchmarks tests are scripted in Julia and access solver

interfaces via JuMP [129]. We use Rust compiler version 1.72.0 for Clarabel and the

Julia version 1.9.2. The code for all numerical examples is publicly available [130].

For each set of benchmark problems in our results, we exclude problems for which

none of the benchmarked solvers produced a valid solution. We provide a summary

of the results for all benchmarked solvers appropriate to each problem class in the

form of shifted geometric means and performance profiles in the remainder of this

section.

For all benchmark tests sets, we provide more detailed numerical results for our Rust

and Julia implementations as well as the solvers ECOS and Mosek in Appendix A.7,

including solve times and iteration counts. We include only this subset of solvers in

our detailed reporting since all are interior point based methods and therefore have

iteration counts that are directly comparable.
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Shifted geometric means We follow the standard benchmarking convention

[131] of using a normalised shifted geometric mean for comparison of solve time

across different solvers. For a set of N test problems, we define the shifted geometric

mean solve time gs for solver s as

gs :=
 N∏

p=1
(tp,s + k)

 1
N

− k,

where tp,s is the time in seconds for solver s to solve problem p, and k = 1 is the

shift. The normalised shifted geometric mean is then defined as

rs := gs

mins gs

,

so that the solver with least overall shifted geometric mean solve time has a

normalised score of 1. For those problems for which a given solver fails, we assign a

solve time tp,s equal to the maximum allowable solve time for the relevant benchmark.

Performance profiles We also provide performance profiles [132] to compare

both the relative and absolute performance of different solvers. For a set of N test

problems, we define the relative performance ratio for solver s and problem p as

up,s = tp,s

mins tp,s

.

The performance profile for the solver s is then a plot of the function f r
s : R+ 7→ [0, 1]

defined as

f r
s (τ) := 1

N

∑
p

I≤τ (up,s).

where I≤τ = 1 if τ ≤ up,s and I≤τ = 0 otherwise. The relative performance profile

therefore shows, at each level τ , the fraction of problems solved by solver s in time

within a factor τ of the solve time of the best solver.

Since the relative performance profile for a given solver can change depending on

the overall collection of solvers being benchmarked, we further compute an absolute

performance profile by plotting a function fa
s : R+ 7→ [0, 1] as

fa
s (τ) := 1

N

∑
p

I≤τ (tp,s).
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The absolute performance profile then shows, at each level τ , the fraction of problems

solved by solver s within τ seconds and is independent of the other solvers being

benchmarked.

4.6.1 Benchmark problems with quadratic objectives

In this section we present benchmark results for quadratic programming (QP)

problems in the standard form (P) with the set C restricted to the composition of

the zero cone (i.e. modelling equalities) and the nonnegative orthant. We consider

example problems taken or generated from standard open-source problem collections

and covering a wide range of problem dimensions.

The Maros-Meszaros test set

We consider first the standard benchmark collection of 138 quadratic programs

from the Maros-Meszaros test set [133]. This collection of QPs includes a wide

range of problem sizes and contains a number of difficult test cases due to numerical

ill-conditioning, rank deficiency or poor scaling.

Results Results for this benchmark set are shown in Figure 4.1 for all solvers.

Clarabel is the fastest overall solver on this benchmark set, with the Rust imple-

mentation marginally faster as expected. Note that the seemingly large gap in

the relative performance profile of our Rust and Julia implementations is almost

entirely attributable to faster solve times among the small examples in this test

set. All solvers fail on at least some subset of these benchmarks, with Gurobi the

lowest failure rate (at full accuracy) and Clarabel the lowest failure rate (at reduced

accuracy).

Of particular note in this test is the high failure rate of the ECOS and Mosek

solvers, since both are interior point methods broadly similar to Clarabel. The

reason for these failures in the case of ECOS is partly attributable to the solver’s

requirement to reformulate QP problems in the conic form (4.20), since it does

not support quadratic objectives natively. This leads to immediate failures in a

substantial number of cases due to ill-conditioning of the matrix P , resulting in
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a failed attempt to compute the Cholesky factor P 1
2 in (4.20) when P is either

semidefinite or contains very small negative eigenvalues. Mosek handles this case

more robustly, but is still not able to solve a substantial number of problems to full

accuracy within the benchmark time limit.

Figure 4.1: Performance profiles for the Maros-Meszaros problem set

(a) Relative performance profile (b) Absolute performance profile
ClarabelRs Clarabel ECOS Gurobi HiGHS Hypatia Mosek

Shifted GM Full Acc. 1.0 1.02 15.49 1.64 17.92 36.61 32.67
Low Acc. 1.0 1.1 19.8 2.9 39.99 42.99 4.07

Failure Rate (%) Full Acc. 8.8 8.8 48.2 7.3 45.3 56.9 59.9
Low Acc. 2.2 2.9 38.0 3.6 45.3 42.3 10.2

(c) Benchmark timings as shifted geometric mean and failure rates

Least-squares problems with SuiteSparse matrices

We next consider a collection of 23 sparse least-squares problems Ax ≈ b derived

from matrices taken from the SuiteSparse Matrix Collection [134], following the

equivalent set of benchmark examples from [118]. For each case we compute an

approximate solution in by solving a constrained QP using two standard methods:

Huber Problem: The Huber fitting [135, 136] or robust least squares problem for

a given matrix A and vector b is defined as

min
x

m∑
i=1

ϕ(aT
i x− bi), (4.29)

where the Huber loss function ϕ : R→ R is defined as

ϕ(w) =
w2 |w| ≤M

M(2|w| −M) |w| > M.
(4.30)
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We set M = 1 for all test cases. This problem is equivalent [137] to the following

quadratic program:

min
x,u,r,s

u⊤u+ 2M1⊤(r + s)

subject to: Ax− b− u = r − s
(r, s) ≥ 0.

(4.31)

LASSO Problem: The least absolute shrinkage and selection operator (LASSO)

problem [8, 9] for a given matrix A and vector b is defined as

min
x
∥Ax− b∥2

2 + λ ∥x∥1 . (4.32)

We set λ =
∥∥∥A⊤b

∥∥∥
∞

for all test cases. This problem is equivalent [137] to the

following quadratic program:

min
y,x,t

y⊤y + λ1⊤t

subject to: Ax− b = y
− t ≤ x ≤ t.

(4.33)

Results Results for this benchmark set of 46 problems are shown in Figure 4.2.

Clarabel is again the fastest solver overall with the Rust implementation marginally

faster. In this test set only the Clarabel and Gurobi solvers are able to solve all

cases to full accuracy.

Constrained optimal control

Finally, we consider finite-horizon constrained optimal control problems with

quadratic objectives. Problems of this type are of particular interest in embedded

control systems, since the repeated online solution of such problems is the basis

of the model predictice control (MPC) method. We consider a collection of 72

such problems taken from the benchmark collection of industrial and academic

applications in [138]. Problems in this collection are in the form
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Figure 4.2: Performance profiles for the SuiteSparse least-squares problem set

(a) Relative performance profile (b) Absolute performance profile
ClarabelRs Clarabel ECOS Gurobi HiGHS Mosek

Shifted GM Full Acc. 1.0 1.06 7.12 1.79 21.5 6.31
Low Acc. 1.0 1.06 5.43 1.79 21.5 1.68

Failure Rate (%) Full Acc. 0.0 0.0 43.5 0.0 60.9 34.8
Low Acc. 0.0 0.0 39.1 0.0 60.9 0.0

(c) Benchmark timings as shifted geometric mean and failure rates

min
y,x,u

N−1∑
i=0

(
yi − yr

i

ui − ur
i

)(
Qk Sk

ST
k Rk

)(
yi − yr

i

ui − ur
i

)
+
(
gy

k

gk
u

)⊤(
yi − yr

i

ui − ur
i

)
+ (xN − xr

N)⊤P (xN − xr
N)

subject to: xk+1 = Akxk +Bkuk + fk

yk = Ckxk +Dkuk + ek

dℓ
k ≤Mkxk +Nkuk ≤ du

k

uk ∈ Uk, yk ∈ Yk


k = 0 . . . N − 1

TxN ∈ T ,

(4.34)

where the constraint sets Uk, Yk and T are interval constraints. All problems have

Qk ⪰ 0, Rk ⪰ 0 and P ≻ 0, which ensures that the problems are all convex QPs.

As is typical of optimal control problems for embedded systems, the dimension of

the states xk and inputs uk are relatively small (max 12 and 4, respectively), with

horizons N up to 100.

Results Results for this benchmark set are shown in Figure 4.3. Clarabel is the

fastest solver overall, and is the only solver tested with a 100% success rate in

solving problems to full accuracy.
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Figure 4.3: Performance profiles for the optimal control problem set

(a) Relative performance profile (b) Absolute performance profile
ClarabelRs Clarabel ECOS Gurobi HiGHS Hypatia Mosek

Shifted GM Full Acc. 1.0 1.06 197.57 70.48 185.45 54.95 511.01
Low Acc. 1.0 1.06 14.97 60.07 185.45 37.36 8.26

Failure Rate (%) Full Acc. 0.0 0.0 23.6 12.5 19.4 2.8 37.5
Low Acc. 0.0 0.0 2.8 11.1 19.4 0.0 0.0

(c) Benchmark timings as shifted geometric mean and failure rates

4.6.2 Benchmark problems with linear objectives

In this section we present benchmark results for optimization problems without

quadratic objective terms, i.e. with P = 0 in (P). We again consider example

problems taken or generated from standard open-source problem collections and

covering a wide range of problem dimensions. Our test set covers cases with both

constraints on the positive orthant (i.e. linear programs), as well as second-order

and exponential cone programs.

NETLIB LP problems

We first consider LP problems taken from the NETLIB collection, a standard

collection of benchmark LPs. Our benchmark test set includes 117 feasible and 29

infeasible test cases, representing all NETLIB LP problem instances with source

files not exceeding 2.5MB.

Results for the feasible and infeasible test sets are shown in Figures 4.4 and 4.5,

respectively. For these cases Clarabel has performance broadly similar to both

Mosek and Gurobi for the feasible set, and somewhat slower for the infeasible set.

This result is to be expected since most of the potential performance advantage of
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our method arises from improved handling of quadratic objectives, but illustrates

that our implementation is, in the LP case, still broadly comparable.

Figure 4.4: Performance profiles for the NETLIB Feasible LP problem set

(a) Relative performance profile (b) Absolute performance profile
ClarabelRs Clarabel ECOS Gurobi HiGHS Mosek

Shifted GM Full Acc. 1.0 1.04 2.13 1.3 1.79 1.2
Low Acc. 1.0 1.04 1.08 1.3 1.79 1.2

Failure Rate (%) Full Acc. 0.9 0.9 6.5 0.0 1.9 0.0
Low Acc. 0.9 0.9 0.9 0.0 1.9 0.0

(c) Benchmark timings as shifted geometric mean and failure rates

Figure 4.5: Performance profiles for the NETLIB Infeasible LP problem set

(a) Relative performance profile (b) Absolute performance profile
ClarabelRs Clarabel ECOS Gurobi HiGHS Mosek

Shifted GM Full Acc. 1.89 1.92 1.85 1.0 12.19 2.49
Low Acc. 1.89 1.92 1.85 1.0 12.19 2.49

Failure Rate (%) Full Acc. 3.4 3.4 3.4 0.0 13.8 3.4
Low Acc. 3.4 3.4 3.4 0.0 13.8 3.4

(c) Benchmark timings as shifted geometric mean and failure rates
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Optimal power flow

We next consider a variety of optimal power flow problems based on power networks

from IEEE PLS PGLib-OPF benchmark library [111] and constructed using the

PowerModels.jl benchmark test framework [139]. This framework allows for the

generation of optimal power flow problems with various modelling assumptions and

convex relaxations applied [140, 141]. We consider in particular linear programming

problems based on linearized (i.e. direct current (DC)) power flow models [142],

and SOCPs arising from second-order cone relaxations of AC models [143]. Results

from these benchmarks are shown in Figures 4.6 and 4.7, respectively.

For both of these test sets Clarabel outperforms the other solvers tested, albeit

with a slightly higher failure rate for the LP benchmark tests relative to Gurobi

(i.e. 3.3% vs 0% at full accuracy). For the SOCP benchmark tests in particular

our success rate is substantially better than the other solvers tested. All solvers in

our benchmark group struggled to some extent in solving large scale SOCPs to full

accuracy. Our Rust implementation is able to solve to at least its reduced accuracy

level for more than 99% of test cases though, a success rate considerably higher

than ECOS or Mosek, both of which failed even at reduced accuracy on more than

50% of cases.

We note also that our success rates differ slightly between our Julia and Rust

implementations, even though the implementation of our algorithm is (nearly)

identical between the cases. We believe that this difference is attributable to minor

differences in compiled code vectorisations and optimizations, which in some very

difficult problems lead to slight differences in behaviour at high accuracy.

CBLIB exponential cone problems

Finally, we consider a collection of 39 exponential cone programs from the CBLIB

benchmark collection [144] in order to test performance on nonsymmetric cone

programs. For these problems our implementation has broadly similar performance
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Figure 4.6: Performance profiles for the LP Optimal Power Flow problem set

(a) Relative performance profile (b) Absolute performance profile
ClarabelRs Clarabel ECOS Gurobi HiGHS Mosek

Shifted GM Full Acc. 1.0 1.04 3.27 4.48 17.73 17.58
Low Acc. 1.0 1.07 2.89 5.57 22.04 21.85

Failure Rate (%) Full Acc. 3.3 2.6 15.0 0.0 35.3 36.6
Low Acc. 1.3 0.7 9.8 0.0 35.3 36.6

(c) Benchmark timings as shifted geometric mean and failure rates

Figure 4.7: Performance profiles for the SOCP Optimal Power Flow problem set

(a) Relative performance profile (b) Absolute performance profile
ClarabelRs Clarabel ECOS Mosek

Shifted GM Full Acc. 1.0 1.07 8.25 10.02
Low Acc. 1.0 1.33 8.62 20.48

Failure Rate (%) Full Acc. 16.7 13.8 68.8 70.3
Low Acc. 0.7 2.2 55.8 70.3

(c) Benchmark timings as shifted geometric mean and failure rates



4. Clarabel: An interior point solver for conic programs 84

to Mosek, with slightly faster solve times in the Rust implementation despite a

generally higher iteration count.

Figure 4.8: Performance profiles for the CBLIB Exponential Cone problem set

(a) Relative performance profile (b) Absolute performance profile
ClarabelRs Clarabel ECOS Mosek

Shifted GM Full Acc. 1.45 1.49 2.68 1.0
Low Acc. 1.0 1.08 3.28 2.14

Failure Rate (%) Full Acc. 2.6 2.6 5.3 0.0
Low Acc. 0.0 0.0 2.6 0.0

(c) Benchmark timings as shifted geometric mean and failure rates
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5.1 Introduction

The great majority of research on efficient IPMs has focussed on problems with

conic constraints that are self-scaled (homogeneous and self-dual), e.g. nonnegative,

second order and positive semidefinite cones. Cones that do not possess the self-

scaled property are called nonsymmetric and are a topic of more recent interest

interior-point methods [15]. The extension of the homogeneous self-dual model

for the nonsymmetric case was proposed in [48] with a variant implemented in

ECOS [93], and then a complementary proof for the convergence to ϵ-optimality of

complexity O(
√
ν ln(1/ϵ)) was provided in [145], where ν is the degree of a cone.

The exponential cone and the power cone are the two most commonly studied, and

are supported in the commercial solver Mosek [40] and some open-source solvers

like ECOS [45] and Alfonso [146]. It has also been shown that some existing conic

optimization problems can be solved more efficiently by exploiting their special

structure through the lens of nonsymmetric conic optimization, like sparse SDPs [16]

and sum of squares (SOS) programs [17]. A Matlab-based DDS [34] and Julia-

based Hypatia [35] solvers introduce some nonsymmetric cones that solve many

optimization problems more efficiently than their extended formulations based on

3-dimensional exponential cones or power cones.

However, nonsymmetric cones do not possess the self-scaled property and so cannot

exploit NT scaling points as is possible in the symmetric case [13]. Instead a

nonsymmetric strategy, where the scaling point is chosen to be the primal (dual)

iterate in each iteration, is commonly used for nonsymmetric cones in solvers like

ECOS and Hypatia. Recently, a primal-dual scaling algorithm motivated by [106]

was proposed in [92] and implemented in Mosek, which claims to be the fastest

solver for exponential and power cones at present. Both the nonsymmetric scaling

and the primal-dual symmetric scaling require conjugate gradients of conic barrier

functions, which generally do not have closed-form representations for nonsymmetric

cones. Numerical methods for computing conjugate gradients of some nonsymmetric

cones are detailed in [105].
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The 3-dimensional power cone is a powerful tool to model various cones such as

the p-norm cone, the power mean cone and the generalized power cone [91]. The

thesis of Chares [91] also conjectured an (n + 1)-self-concordant barrier for the

(n+ 1)-dimensional power cone K(n)
α :=

{
(x, z) ∈ Rn

+ × R : ∏n
i=1 x

αi
i ≥ |z|

}
, where

α ∈ Rn
≥ and ∑n

i=1 αi = 1. This was finally validated in the context of a more general

(d1, d2)-generalized power cone Kgpow(α,d1,d2) [147].

5.2 Augmented sparsity

We will consider the primal-dual pair (P) and (D) with P set to 0 and K assumed

nonsymmetric throughout this chapter. For a class of nonsymmetric cones, the

scaling matrixH appears as the lower right-hand block in (4.19) is the sum of a sparse

matrix plus a few low-rank dense terms, and satisfies a certain quasidefiniteness

condition.

Definition 5.2.1. Suppose the scaling matrix H is of the form

H := D +
n1∑
i=1

uiu
⊤
i −

n2∑
j=1

viv
⊤
i , (5.1)

where ui, vi ∈ Rn, D ∈ Sn×n is sparse and n1, n2 ≪ n. We will say that H is

augmented-sparse if D − ∑n2
j=1 viv

⊤
i ≻ 0. The corresponding augmented sparse

matrix is

Haug :=

 D V U
V ⊤ In2

U⊤ −In1


with V = [v1, . . . , vn2 ], U = [u1, . . . , un1 ].

Lemma 5.2.1. If H is augmented-sparse then Haug is quasidefinite.

Proof. A sufficient condition is for the upper left 2×2 block of H to be positive

definite [148]. This follows immediately since the Schur complement D − V V T is

positive definite by assumption.
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If H is augmented-sparse, we can solve (4.19) via an equivalent linear system. For

example, the last row of the left equation in (4.19), i.e. Ax−Hz1 = ds−dz becomes A
0
0

∆x−

 D V U
V ⊤ In2

U⊤ −In1


︸ ︷︷ ︸

Haug

 ∆z1
tv
tu

 =

 ds − dz

0
0

 (5.2)

with additional variables tu ∈ Rn1 , tv ∈ Rn2 , which is both larger and sparser

than the equivalent term in (4.19). The same applies to the last row of the

right equation in (4.19). For (5.2), the number of nonzero entries in Haug is

[nnz(D) + n(n1 + n2 + 2)], which is much smaller than the number of entries in a

dense Hessian form if n1, n2 ≪ n. We therefore expect that an LDL factorization

of Haug will have significantly sparser factors than would be obtained by direct

factorization of H. Such a property has been exploited for SOCPs in ECOS under

the NT (primal-dual) scaling strategy [45]. We will show how this approached can

also be utilized in the nonsymmetric strategy for nonsymmetric cones.

5.3 Sparse Hessian decompositions for nonsym-
metric cones

In this section we describe two nonsymmetric cones that can be shown to have

augmented-sparse structure in the sense of Definition 5.2.1. We introduce fundamen-

tal definitions and barrier functions for these nonsymmetric cones in Section 5.3.1,

and then detail the underlying augmented-sparse structures in Section 5.3.2.

5.3.1 Nonsymmetric power cones

We consider two power cones that can exploit sparse structure: generalized power

cones and power mean cones. They are defined as follows:

Definition 5.3.1 (Generalized Power Cone). The generalized power cone is defined

as

Cgpow(α,d1,d2) =
(u,w) ∈ Rd1

+ × Rd2 :
∏

i∈Jd1K

uαi
i ≥ ∥w∥

 , (5.3a)
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α ∈ Rd1
++ such that ∑i∈Jd1K αi = 1. Its dual cone is

C∗
gpow(α,d1,d2) =

(u,w) ∈ Rd1
+ × Rd2 :

∏
i∈Jd1K

(
ui

αi

)αi

≥ ∥w∥

 . (5.3b)

Note that the dual generalized power cone is a linear transformation of the primal

generalized power cone.

Definition 5.3.2 (Power Mean Cone). The power mean cone is parametrized by

α ∈ Rd1
++ such that ∑i∈JdK αi = 1 and is defined as

Cpowm(α,d) =
(u,w) ∈ Rd

+ × R :
∏

i∈JdK

uαi
i ≥ w

 . (5.4a)

Its dual cone is

C∗
powm(α,d) =

(u,w) ∈ Rd
+ × R− :

∏
i∈JdK

(
ui

αi

)αi

≥ −w

 . (5.4b)

Note that the geometric mean cone [35] is a special case of the power mean cone

where α1 = · · · = αd = 1
d
.

A generalized power cone reduces to a second-order cone when d1 = 1 while it looks

similar to a power mean cone when d2 = 1. This motivates us to consider whether

we can exploit sparsity of these nonsymmetric cones using an approach similar to

the one that was described for second-order cones in [45]. The answer is yes if we

choose the nonsymmetric scaling strategy for these cones in a IPM.

We therefore choose the nonsymmetric scaling strategy in our IPM, and will

formulate our problems such that the dual cone K∗ in our general primal-dual

problem pair (P)–(D) is either Cgpow(α,d1,d2) or Cpowm(α,d). We consequently require

ν-LHSCB conjugate barrier functions for Cgpow(α,d1,d2) and Cpowm(α,d), which have

been defined already in [34, 35]:

Definition 5.3.3. For generalized power cones and power mean cones:

1. The function

fgpow(u,w) = − ln
 ∏

i∈Jd1K

u2αi
i − ∥w∥2

− ∑
i∈Jd1K

(1− αi) ln (ui) (5.5)
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is a (d1 + 1)-LHSCB function of Cgpow (α,d1,d2) where α, u ∈ Rd1
++, w ∈ Rd2 .

2. The function

fpowm(u,w) = − ln
 ∏

i∈JdK

uαi
i − w

− ∑
i∈JdK

ln (ui) (5.6)

is a (d+ 1)-LHSCB function of Cpowm(α,d) where α, u ∈ Rd
++, w ∈ R.

5.3.2 Sparsity exploitation

For the nonsymmetric scaling strategy at iteration k, the scaling matrix H is set

to Hk = µkH∗(zk), where µk := ⟨sk, zk⟩/ν > 0 is the centering parameter and

H∗(zk) is the Hessian of a barrier function at zk ∈ K∗ with degree ν. Hence, we can

exploit the augmented-sparse structure of the scaling matrix H as long as H∗(zk) is

augmented-sparse. For the remainder of this section, we assume that K∗ is either

Cgpow (α,d1,d2) or Cpowm(α,d), i.e. f ∗(z) = fgpow(·) or f ∗(z) = fpowm(·), and will show

that the Hessians H∗(z) of each of the barrier functions defined in Definition 5.3.3

are augmented-sparse, and thus so are the related scaling matrices H.

Generalized power cone

We start by establishing the augmented-sparse property for generalized power cones:

Theorem 5.3.1. The Hessian of the dual barrier function f ∗(z) = fgpow (u,w)

defined in (5.5) for the generalized power cone satisfies Definition 5.2.1 with n1 =

1, n2 = 2, i.e.

H∗(z) = D + pp⊤ − qq⊤ − rr⊤,

where z =: (u,w) and D − qq⊤ − rr⊤ ≻ 0. The parameters D, p, q, r are given by

D =



. . .
τiφ
ζui

+ 1−αi

u2
i . . .︸ ︷︷ ︸

D1
2
ζ
· Id2︸ ︷︷ ︸
D2


, p =

[
p0 · τ

ζ

p1 · w
ζ

]
, q =

[
q0 · τ

ζ

0

]
, r =

[
0

r1 · w
ζ

]
,

(5.7a)
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with

p0 =
√
φ(φ+ ∥w∥2)

2 , p1 = −2
√

2φ
φ+ ∥w∥2 ,

q0 =
√
ζφ

2 , r1 = 2
√

ζ

φ+ ∥w∥2 ,

(5.7b)

where φ = ∏
i∈Jd1K u

2αi
i , τi = 2αi

ui
,∀i ∈ Jd1K, and ζ = ∏

i∈Jd1K u
2αi
i − ∥w∥2.

Proof of Theorem 5.3.1. The gradient and Hessian for fgpow(u,w) (5.5) are given

by

∇ui
f = −τiφ

ζ
− 1− αi

ui

, ∀i ∈ Jd1K,

∇wi
f = 2wi

ζ
, ∀i ∈ [d2],

∇2
ui,uj

f = τiτjφ

ζ

(
φ

ζ
− 1

)
+ δi,j

(
τiφ

ζui

+ 1− αi

u2
i

)
, ∀i, j ∈ Jd1K,

∇2
ui,wj

f = −2τiφwj

ζ2 , ∀i ∈ Jd1K, ∀j ∈ [d2],

∇2
wi,wj

f = 4wiwj

ζ2 + δi,j
2
ζ
, ∀i, j ∈ [d2].

p0, p1, q0, r1 should satisfy the conditions

p2
0 − q2

0 = φ(φ− ζ) = φ∥w∥2, p0p1 = −2φ, p2
1 − r2

1 = 4,

to match coefficients in the Hessian. Given the parameter choices in (5.7), we find

D− qq⊤− rr⊤ is 2×2 block diagonal and the condition D− qq⊤− rr⊤ ≻ 0 becomes

D1 − q2
0

(
τ

ζ

)
·
(
τ

ζ

)⊤

≻ 0 and D2 − r2
1

(
w

ζ

)
·
(
w

ζ

)⊤

≻ 0,

which is equivalent to

1− q2
0

(
τ

ζ

)⊤

D−1
1

(
τ

ζ

)
= 1−

∑
i∈Jd1K

q2
0 ·

τ2
i

ζ2

τiφ
ζui

+ 1−αi

u2
i

= 1−
∑

i∈Jd1K

4α2
i q

2
0

ζ(2αiφ+ (1− αi)ζ)
> 0,

(5.8a)

and

1− r2
1

(
w

ζ

)⊤

D−1
2

(
w

ζ

)
= 1− r2

1
∥w∥2

ζ2 · ζ2 > 0, (5.8b)
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by Schur complement. If we set q0 =
√

ζφ
2 , r1 = 2

√
ζ

φ+∥w∥2 , (5.8a) is satisfied by

1−
∑

i∈Jd1K

4α2
i q

2
0

ζ(2αiφ+ (1− αi)ζ)
> 1−

∑
i∈Jd1K

4α2
i q

2
0

2ζαiφ
= 1− 2q2

0
ζφ

= 0,

and (5.8b) is satisfied by

1− r2
1
∥w∥2

ζ2 · ζ2 = 1− 2∥w∥2

φ+ ∥w∥2 = 2ζ
φ+ ∥w∥2 > 0.

Hence, D − qq⊤ − rr⊤ ≻ 0.

Since the scaling matrix H = µH∗(z) is augmented-sparse, we can employ an

expanded sparse linear system

A
0
0
0

∆x− µ


D q r p
q⊤ 1 0 0
r⊤ 0 1 0
p⊤ 0 0 −1


︸ ︷︷ ︸

Kaug


∆z1
tq
tr
tp

 =


ds − dz

0
0
0

 , (5.9)

in our interior-point step equation (4.19), where Kaug is quasidefinite and strongly

factorizable. Instead of (5.9), we solve the linear system

A
0
0
0

∆x−


µD

√
µq
√
µr
√
µp√

µq⊤ 1 0 0√
µr⊤ 0 1 0√
µp⊤ 0 0 −1




∆z1
t′q
t′r
t′p

 =


ds − dz

0
0
0

 , (5.10)

which yields the same ∆x,∆z1 as (5.9). During direct factorization we find that the

pivoting for (5.10) is more numerically stable than for (5.9) since the magnitude

of diagonal terms of Kaug increases from µ to 1 and the ratio of off-diagonal to

diagonal terms also decreases, e.g. q to √µq. In addition, the memory requirement

for the rank-3 update of generalized power cones is equivalent to a rank-2 update

due to the presence of zeros in q, r.

Power mean cone

We next establish the augmented-sparse property for the power mean cone:
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Theorem 5.3.2. The Hessian of the dual barrier function f ∗(z) = fpowm (u,w)

defined in (5.6) for the power mean cone satisfies Definition 5.2.1 with n1 = 1, n2 = 1,

i.e.

H∗(z) = D + pp⊤ − qq⊤,

where z =: (u,w) and D − qq⊤ ⪰ 0. The parameters D, p, q, r are given by

D =


. . .

τiφ
ui

+ 1
u2

i . . .
0

 , p =
[
p0 · τ
p1 · 1

ζ

]
, q =

[
q0 · τ

0

]
, (5.11a)

with

p0 = φ, p1 = −1, q0 =
√
ζφ, (5.11b)

where we define φ = ∏
i∈JdK u

αi
i , ζ = φ− w and τ ∈ Rd with τi = αi

uiζ
,∀i ∈ JdK.

Proof of Theorem 5.3.2. The gradient and Hessian of (5.6) are

∇wf = 1
ζ

∇ui
f = −φτi −

1
ui

,

∇2
w,wf = 1

ζ2

∇2
w,ui

f = −φτi

ζ

∇2
ui,uj

f = φτiτjw + δ(i, j)
(
φτi

ui

+ 1
u2

i

)
,

According to the Schur complement, the condition D − qq⊤ ⪰ 0 is equivalent to

1− q2
0τ

⊤
[
Diag

(
τiφ

ui

+ 1
u2

i

)]−1

τ ⪰ 0.

⇐⇒ 1−
∑

i∈JdK

φζτ 2
i

τiφ
ui

+ 1
u2

i

= 1−
∑

i∈JdK

α2
i

αi + ζ
φ

> 0.

Note that the Hessian of the barrier function for the power mean cone will become

augmented-sparse after adding regularization into diagonal terms, which is commonly
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used in the factorization step [149]. Note that the augmented-sparse structure of

power mean cones is similar to the case of generalized power cones in Theorem 5.3.2,

but with r to zeros. We can therefore use an expanded sparse linear system as (5.9)

with a numerically stable variant similar to (5.10) for interior-point step equations

for the power mean cone.

5.4 An IPM for nonsymmetric conic optimization

We implement an IPM algorithm akin to that described in Section 4.4.8, with the

following necessary modifications:

Initial point: Initialization of symmetric cones and 3-dimensional nonsymmetric

cones, i.e. power and exponential cones, follows the Mosek setting as discussed

in [92], where x0 = 0, κ0 = τ 0 = 1 and s0, z0 are set to

s0 = z0 = −g∗(z0), (5.12)

which are on the central path with µ0 = 1. This strategy holds for Cgpow(α,d1,d2),

and we initialize s0, z0 by

s0 = z0 =
((√

1 + αi

)
i∈Jd1K

, 0d2

)
.

For Cpowm(α,d), we can not easily find s0, z0 satisfying (5.12), so we initialize s0, z0

as in Hypatia [35], where s0, z0 satisfy s0 = −g∗(z0). Note that µ0 = 1 still holds in

this setting.

Scaling matrix: Instead of primal-dual scaling strategy, we choose the nonsym-

metric scaling (4.16) for Hk to exploit the augmented sparsity from the Hessians of

barrier functions.

Higher-order correction: We use the same 3rd-order correction (4.23) for cones

in this chapter. Although the 3rd-order correction was proposed for use with

the primal-dual symmetric scaling [92], we find it also works effectively for other

nonsymmetric cones when we keep the iterates close to the central path. The

computation of 3rd-order derivatives and the inverse of Hessians are detailed in

Appendix A.6.
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5.5 Experiments

In our experiments we choose two examples to show the effectiveness of our sparse

implementation for generalized power cones; the maximum likelihood estimation of

a convex distribution [150] and the maximum volume hypercube problems [151].

We test these examples with 4 different solver configurations:

1. GenPow is the proposed sparse implementation of generalized power cones;

2. Clarabel-Pow uses Clarabel but transforms the generalized power cone to a

product of 3-dimensional power cones as formulated in [40, 91];

3. Hypatia uses the Hypatia solver, which supports the generalized power cone

constraints directly;

4. Mosek denotes the use of Mosek with transforming the generalized power cone

to a product of 3-dimensional power cones.

Our code is publicly available1. The convergence tolerance is set to ϵ = 10−7 for

all solvers in all tests. In order to compare performance of our method against

solvers that do not directly support generalized power cone constraints, we apply

a standard transformation to reformulate the constraint for those solvers into a

collection of 3-dimensional power cone constraints. Following [40], we can rewrite a

generalized power cone (x, t) ∈ Cgpow(α,n,1) constraint as a collection of constraints

over 3-dimensional power cones

x1−p2
1 xp2

2 ≥ |z3| ,

z1−p3
3 xp3

3 ≥ |z4| ,

· · ·

z
1−pn−1
n−1 x

pn−1
n−1 ≥ |zn| ,

z1−pn
n xpn

n ≥ |t|,

(5.13)

where pi = αi/(
∑

1≤j≤i αj). This is the form used by Clarabel-Pow and Mosek.

1https://github.com/yuwenchen95/Clarabel-genpowcone.jl.git

https://github.com/yuwenchen95/Clarabel-genpowcone.jl.git
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We also test the sparse implementation of the power mean cone, called PowMean,

and compare it with Hypatia on these same two examples, since it produces the

same results as the generalized power cone for both cases.

5.5.1 Maximum likelihood estimator of a density function

Given an ordered sample y1 < y2 < . . . < yn of n outcomes of an unknown

distribution with a convex density function g : R+ → R+, we can form an estimate

of g using a piecewise linear function estimator ĝ : [y1, yn]→ R+ with break points

at (yi, xi) , i = 1, . . . , n, where the variables xi > 0 are estimators for g (yi) [150].

The slope of the i-th linear segment of ĝ is

xi+1 − xi

yi+1 − yi

and the convexity requirement leads to the non-decreasing slope constraints

xi+1 − xi

yi+1 − yi

≤ xi+2 − xi+1

yi+2 − yi+1
, i = 1, . . . , n− 2.

The discrete density function ĝ must sum to 1, i.e.
n−1∑
i=1

(yi+1 − yi)
(
xi+1 + xi

2

)
= 1.

The maximum likelihood estimation can then be formulated as a conic optimization

problem

s.t.

max
x,t

t

xi+1 − xi

yi+1 − yi

− xi+2 − xi+1

yi+2 − yi+1
≤ 0, i = 1, . . . , n− 2,

n−1∑
i=1

(yi+1 − yi)
(
xi+1 + xi

2

)
= 1,

(x, t) ∈ K, x ≥ 0,

(5.14)

where K can be either a generalized power cone or a power mean cone. We test

implementation of GenPow and compare them with the counterparts implemented

in Hypatia, Clarabel-Pow and Mosek, which are tested by replacing the constraint

(x, t) ∈ K with the equivalent reformulation shown in (5.13). We take (α−1x, t) ∈

C∗
gpow as an equivalent constraint in our proposed implementation. This enables us to
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take advantage of the sparsity exploitation methods of Section-5.3 with higher-order

correction, treating Cgpow as the dual cone.

Computational results are given in Table 5.1 and Table 5.2 which show the total

computational time and the number of iterations for different dimensions n. We

generate sample points from an exponential distribution and prune to ensure that

the minimum distance between samples is at least 10−2 to avoid clustering.

Table 5.1: Tests with the generalized power cone

GenPow Hypatia (GenPow) Clarabel-Pow Mosek
n time iter time iter time iter time iter
465 0.042 41 1.037 57 0.103 45 0.078 24
910 0.088 49 8.175 137 0.217 52 0.297 44
1370 0.223 87 19.144 138 0.390 61 0.625 63

Table 5.2: Tests with the power mean cone

PowMean Hypatia (PowMean)
n time iter time iter
465 0.083 62 0.905 45
910 0.169 60 5.304 84
1370 0.274 80 15.274 111

Table 5.1 shows that our sparse LDL implementation for generalized power cones

performs better than other methods on problems of moderate size. Although the

total iteration number of GenPow is larger than the implementation of Clarabel-Pow

or Mosek, it takes less time overall for convergence due to improved linear solve effi-

ciency enabled by the augmented sparse decomposition we proposed in Section 5.3.2.

Table 5.2 summarizes results for the same problem, but choosing K to be a power

mean cone in (5.14). Since Mosek doesn’t support power mean cones directly we

compare our sparse implementation of power mean cones, named PowMean, only

with Hypatia. We vary the dimension n as for the test of generalized power cones.

Table 5.2 shows that our sparse implementation for power mean cones is significantly

faster than Hypatia which is based on the Cholesky decomposition on the reduced
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normal system, both in total time and the averaged time per iteration. Although

the results of our power mean cones are slower than our sparse implementation of

generalized power cones, it still performs better than other solvers on the discrete

maximum likelihood problem.

5.5.2 Maximum volume of a hypercube

The problem of finding the maximum volume of a hypercube that fits inside the

intersection of 1-norm and ∞-norm balls is given as follows,

max t

s.t. (x, t) ∈ Kgpow (α,n,1), α =
[ 1
n
, . . . ,

1
n

]
,

Ax ∈ B1(γ1), Ax ∈ B∞(γ2),

(5.15)

where B1(γ1) := {x | ∥x∥1 ≤ γ1} is a 1-norm ball, B∞(γ2) := {x | ∥x∥∞ ≤ γ2}

is an ∞-norm ball and γ1, γ2 are given constants. Both norm constraints are

easily converted into a collection of linear inequalities. The Matrix A is set to the

identity matrix and the solver settings are kept the same as in the previous example,

along with the same transformation of the generalized power cone to a product of

3-dimensional power cones as in (5.13).

Table 5.3: Tests with the generalized power cone

GenPow Hypatia (GenPow) Clarabel-Pow Mosek
n time iter time iter time iter time iter
100 0.014 20 0.075 13 0.017 20 0.016 10
500 0.079 49 0.722 18 0.062 24 0.046 12
2500 0.648 80 31.243 21 0.431 26 0.297 14

Table 5.4: Tests with the power mean cone

PowMean Hypatia (PowMean)
n time iter time iter
100 0.019 25 0.091 17
500 0.087 49 1.228 16
2500 1.865 63 33.297 21
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We vary the dimension n from 100 to 2500 and summarize the computational

results in Table 5.3 and Table 5.4. Although GenPow and PowMean takes more time

than Clarabel-Pow and Mosek in total time, each iteration is much faster in our

sparse implementation. This demonstrates the efficacy of our sparse augmentation

approach compared with Hypatia that based on the dense Cholesky factorization

for solving linear systems. Since both our IPM and Hypatia need to solve the same

linear system at each iteration and the sparse implementation of the Hessian matrix

is isolated from the remaining parts of an IPM, it could be exploited in Hypatia for

acceleration.
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6.1 Introduction

Many techniques have been developed to speed up MIP computation. Cutting

plane methods are widely used and can significantly reduce the number of nodes

that a B&B solver must visit. Presolving [26] is a collection of problem reduction

operations applied before solving an MIP, including bound strengthening, coefficient

strengthening, constraint reduction and conflict analysis. In addition to presolving

an MIP, one can also apply many heuristic methods to accelerate the computation.

Most acceleration methods can be broadly classified into two types, start and

improvement heuristics [152], both of which are crucial for pruning nodes in B&B

algorithms. Start heuristics aim to find a feasible solution as early as possible when

the B&B algorithm starts, e.g. feasibility pump methods [27]. On the other hand,

improvement heuristics search for feasible points of better objective value based on

information from feasible points already obtained, e.g. RINS [153] and the crossover

method [154].

Pruning is usually an effective method to reduce the total number of nodes to be

solved in B&B. Suppose U is the upper bound corresponding to the value of the

best integer feasible solution so far. After updating the upper bound U with a

new integer feasible point, one can prune any unevaluated nodes that are known to

have an optimal value or a lower bound that is greater than U . Consequently, if

a dual feasible point of a relaxed problem within a B&B search can be generated

prior to convergence with its dual objective already larger than the current upper

bound U , then one can stop the node computation immediately before solving it

to optimality. This is called early termination and has been implemented in dual

feasible algorithms like dual active-set methods [28, 36, 155, 156]. However, many

key ideas in dual feasible methods, such as the use of basic feasible solutions, are

not easily generalizable to conic programming.

At the heart of any B&B method is an optimization algorithm for solving convex

problems. Many state-of-the-art conic optimization algorithms are primal-dual

methods, and most can be classified into two types: second-order methods such
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as the IPM [157], and first-order methods such as the OSM [72]. Both of them

start from an infeasible initial point, and attain a feasible point when the algorithm

converges to a global optimum and generate a certificate of infeasibility otherwise.

This makes early termination difficult since primal-dual methods do not typically

reach a dual feasible point until the algorithm converges at optimality. Recently, [29]

proposed a heuristic method to generate a dual feasible point for a specialized primal-

dual IPM, but the feasibility of dual iterates is still not theoretically guaranteed

and it applies only to mixed-integer quadratic programming.

In this chapter we propose an early termination strategy for MICP to primal-dual

optimization methods including both OSMs and IPMs [158, 159]. We develop

efficient methods to find a dual feasible point for early termination at each iteration

under the boundedness assumption. Then, we relax the boundedness assumption

to a more general rank condition on the problem data that is applicable to many

real-world scenarios. We propose a simple correction step that costs O(n) flops for

bounded problems, and a more general optimization-based one costing O(n2) flops

at each iteration once we obtain a factorization at the start of an MICP. Both costs

are relatively small compared to the factorization time O(n3) per iteration in IPMs

and no worse than the per iteration cost of OSMs. We also show that mixed-integer

model predictive control (MIMPC) with bounded input satisfies the condition for

the optimization-based correction.

6.2 Problem description

We will consider MICPs in the general form:

min
x,s

1
2x

⊤Px+ q⊤x

s.t. Gx = h

Ax+ s = b, s ∈ K,

l̄ ≤ x ≤ ū, xI ∈ Z,

(6.1)

where G ∈ Rp×n, A ∈ Rm×n, h ∈ Rp, b ∈ Rm and K is a proper cone. The vector

x ∈ Rn is the decision variable with interval bounds defined by l̄, ū ∈ Rn, and I
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denotes the entries of x constrained to a finite integer set Z. The objective function

is convex quadratic with P ∈ Sn
+ and vector q ∈ Rn.

6.2.1 Branch and bound

We denote the continuous relaxation of (6.1) within a B&B solver as

min
x,s

1
2x

⊤Px+ q⊤x

s.t. Gx = h

Ax+ s = b, s ∈ K,

l ≤ x ≤ u,

CP(l, u) (6.2)

where the integer relaxation of Z is incorporated into the box constraint l̄ ≤ l ≤

x ≤ u ≤ ū.

The B&B method computes an optimal solution x in (6.1) by exploring different

integer combinations in a tree. It repeatedly branches on entries of x in the integer

index set I and solves continuous convex relaxation subproblems in the form of (6.2)

until a global optimizer is found. Meanwhile, B&B always maintains a global upper

bound U corresponding to the value of the best integer feasible solution of (6.1)

found so far. This upper bound is very useful in pruning unsolved nodes, and we

will explore early evaluation of this bound inside each convex subproblem in the

rest of this chapter.

6.2.2 Dual form for OSMs

Following [158], the dual of the continuous relaxation (6.2) is

max
x,y,yb,z

− 1
2x

⊤Px− h⊤z + b⊤y − σ[l,u](yb)

s.t. Px+ q +G⊤z − A⊤y + yb = 0,

x ∈ Rn, y ∈ K◦, yb ∈ Rn, z ∈ Rp,

(6.3)

where the support function σ[l,u](yb) is explicit, i.e.

σ[l,u](yb) = u⊤y+
b + l⊤y−

b , (6.4)
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where y+
b = max{yb, 0}, y−

b = min{yb, 0}, which is suitable to generate a correction

for early termination of any MIP based on an OSM solver, e.g. OSQP [160] and

PDHG [161].

6.2.3 Dual form for primal-dual IPMs

For IPMs that rely on LHSCB functions [157], there is no standard explicit barrier

function for box constraints. We instead reformulate the box constraint l ≤ x ≤ u

into two nonnegative inequalities x ≥ l, x ≤ u that have well-defined barrier

functions, and obtain the alternative dual formulation:

max
x,y,y+,y−,z

− 1
2x

⊤Px− h⊤z − b⊤y − u⊤y+ + l⊤y−

s.t. Px+ q +G⊤z + A⊤y + y+ − y− = 0

x ∈ Rn, y ∈ K∗, y− ≥ 0, y+ ≥ 0, z ∈ Rp,

(6.5)

where K∗ = −K◦ for a proper cone K. If we define yb := y+ − y− for (6.5), then

we find that the dual form for IPMs (6.5) is equivalent to its counterpart (6.3) for

OSMs. We can therefore design a unified dual correction mechanism for both IPMs

and OSMs, which we will describe in Section 6.3.

The primal-dual IPM typically requires factorization of a matrix in the form

Kk :=

 P G⊤ A⊤

G 0 0
A 0 −Hk

 (6.6)

to compute the search direction for every iteration k, where Hk is a scaling matrix

that depends on the choice of cones but which is always positive semidefinite. By

adding small perturbation to diagonals of Kk, the matrix can become quasi-definite

and be factorized by LDL decomposition with complexityO((n+p+m)3) [148]. Both

OSMs [160], [161] and IPMs [45, 46] always generate a sequence (xk, sk, zk, yk, yk
b )

such that sk ∈ K and yk ∈ K∗.

6.3 Early termination for primal-dual algorithms

The key to our proposed early termination method is to utilize the current dual

iterate, which has a conic feasible yk from a primal-dual algorithm (either an
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OSM or an IPM), and then remove linear dual residuals by adding corrections to

unconstrained dual variables yb in (6.3) or (6.5). We thereby obtain a dual feasible

solution for (6.3) or (6.5) and generate the corresponding dual cost V for early

termination. If V ≥ U , we can terminate the node computation before solving it

to optimality since the optimum of the convex relaxation is not better than the

current best feasible solution (with the objective value U).

To ensure our early termination always works, we first make the following bounded-

ness assumption:

Assumption 6.3.1. The domain of x in the MICP relaxation (6.2) is bounded, i.e.

l, u ∈ Rn are both finite.

Since yb is the dual multiplier of the box constraint [l, u], it becomes unconstrained

under Assumption 6.3.1, i.e. yb ∈ Rn. The assumption works for many real world

scenarios, e.g. x is an 0-1 switching signal or subjected to some physical limitations,

like in some QP problems where ∥x∥ is bounded. We will also show how to relax

this assumption in Section 6.4.

6.3.1 Correction for OSMs

Suppose OSMs can always generate iterates yk ∈ K◦, ∀k ≥ 0. For any dual iterates

(xk, yk, yk
b , z

k) generated by an OSM, we can offset the linear residual

rk := Pxk + q +G⊤zk − A⊤yk + yk
b (6.7)

by setting ∆yk
b = −rk so that (xk, yk, yk

b + ∆yk
b , z

k) is a dual feasible point for (6.3),

which is suitable for the early termination check. We find the conic feasibility

yk ∈ K◦ always holds for any OSM because we always tackle a conic constraint

s ∈ K in (6.2) by either projection to the polar cone K◦, i.e. ΠK◦(vk), or projection

to K, i.e. ΠK(vk), w.r.t. the intermediate iterates vk. The former is what we

want for early termination directly, as in a primal-dual hybrid gradient (PDHG)

solver [161]. For the latter, due to the Moreau decomposition [162, §2.5],

v = ΠK(v) + ΠK◦(v), ∀v, (6.8)
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we can generate an equivalent dual iterate (I −ΠK)(v) ∈ K◦, which gives the yk we

obtain in ADMM [158]. Therefore, the early termination method we proposed is

applicable to any OSM within a B&B solver.

6.3.2 Correction for primal-dual IPMs

The main idea behind our correction strategy is to adjust the iterate (xk, yk, yk
+, y

k
−, z

k)

to be dual feasible via the correction on the dual of box constraint. A similar idea

can be applied to primal-dual IPMs, which also generate dual-feasible conic iterates

yk for every iteration k. Suppose we define ∆yb := ∆y+ −∆y− with ∆y+,∆y− ≥ 0

for the IPM dual formulation (6.5). We can verify ∆yb is an unconstrained variable

for the dual correction. If we only make corrections on y− and y+, leaving other

variables fixed, then the change of dual cost in (6.5) becomes

−∆y⊤
+u+ ∆y⊤

−l = ∆y⊤
+(l − u) + (∆y− −∆y+)⊤l

= ∆y⊤
+(l − u)−∆y⊤

b l.
(6.9)

Note that we have ∆y⊤
+(l − u) ≤ 0 due to ∆y+ ≥ 0, l − u ≤ 0. Meanwhile, the

linear residual is

rk := Pxk + q +G⊤zk + A⊤yk + yk
+ − yk

− (6.10)

before the correction. To maximize the dual objective in (6.5) given ∆yk
b = −rk,

we set ∆yk
+,∆yk

− as

∆yk
+ = max{0,∆yk

b }, ∆yk
− = ∆yk

+ −∆yk
b . (6.11)

Hence, (xk, yk, yk
+ + ∆yk

+, y
k
− + ∆yk

−, z
k) is a dual feasible point and we can enable

early termination checking via (6.5).

6.4 Optimization-based correction

In Section 6.3.1 and 6.3.2 we applied a box-like correction to every entry of yk
b to

ensure dual feasibility, which explains the need for Assumption 6.3.1. However, the

crux of our early termination strategy is to offset the linear residual rk in (6.10) via
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corrections on unconstrained dual variables, which means we can exploit other dual

variables beyond box constraints. If we allow for corrections to the unconstrained

dual variables x, yb, z in early termination, then Assumption 6.3.1 can be generalized

to the following:

Assumption 6.4.1. [P, I⊤
B , G

⊤] has rank n, i.e. full row-rank, where B is the set of

entries that have explicit bounded constraints lB ≤ xB ≤ uB and IB is the incidence

matrix from the span of x to entries in B, i.e. xB = IBx.

We can always generate a dual feasible correction (∆xk,∆yk
b ,∆zk), given Assump-

tion 6.4.1, since the linear system

P∆xk + I⊤
B ∆yk

B +G⊤∆zk = −rk. (6.12)

always has a solution. It is also a generalization for setting ∆yk
b = −rk discussed in

Section 6.3.2, which is useful if some entries of l, u for box constraints are infinite

or the difference u− l is so large that the corrected dual cost is excessively sensitive

to the correction ∆yk
b .

Due to the existence of different coefficients for the support function σ[l,u](yb) in (6.3),

or −u⊤y+ + l⊤y− in (6.5), we divide the optimization-based correction into two

steps. For the first step, we solve the optimization problem

min
∆xk,∆zk,∆yk

B

1
2∆xk⊤P∆xk + (Pxk)⊤∆xk + h⊤∆zk

+ η

2∥∆y
k
B∥2 + γ

2∥∆z
k∥2

s.t. P∆xk + I⊤
B ∆yk

B +G⊤∆zk = −rk,

(6.13)

which produces a correction (∆xk,∆yk
B,∆zk) while maximizing the corrected dual

cost w.r.t. ∆xk,∆zk with regularizations for ∆yk
B,∆zk. The corresponding KKT

condition of (6.13) is P I⊤
B G⊤

IB −ηI 0
G 0 −γI


∆xk

∆yk
B

∆zk

 =

 −rk

−IBx
k

h−Gxk

 (6.14)

if we set λk = xk + ∆xk, which is the dual multiplier of (6.13). The matrix on

the left-hand side does not depend on the active node, and hence only needs to
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be factored once at the initialization of an MIP solver and can be reused later for

any node’s computation. Meanwhile, solving (6.14) is computationally efficient

given the factors of the matrix on the LHS, or not worse than computation of an

OSM per iteration. For the second step, we complete ∆yk
b by setting ∆yj = 0 for

any index j /∈ B. If an IPM is used, we compute ∆yk
+,∆yk

− from ∆yk
b as in (6.11),

and (xk + ∆xk, yk, yk
+ + ∆yk

+, y
k
− + ∆yk

−, z
k + ∆zk) is a dual feasible point for early

termination.

6.5 Applications in model predictive control

A common type of MIP arising in control engineering is optimal control with

discrete-valued inputs as encountered in hybrid MPC problems, which takes the

form:

min
x,u

T −1∑
t=0

(x⊤
t Qtxt + u⊤

t Rtut) + x⊤
TQTxT + 2q⊤

T xT

s.t. xt+1 = Āxt + B̄ut, x0 = xinit,

ut ∈ Ut, ∀t = 0, 1, . . . , T − 1,

(6.15)

where xinit ∈ Rnx is the initial state, (Ā, B̄) models the system dynamics, and Ut

describes the constraints for each input ut ∈ Rnu . The set Ut can be composed

entirely or in part by integer constraints. We assume the input constraints Ut are

bounded for each time horizon.

The box-like correction in Section 6.3 is directly applicable when the problem (6.15)

reduces to the form that only has input variables ut without state variables xt.

However, the sparse formulation (6.15) allows us to use sparse linear algebra that

is more suitable for large MPC problems. Though the box-like correction is not

directly applicable for (6.15), the optimization-based correction in Section 6.4 is

suitable for the hybrid-MPC (6.15) due to the following theorem:

Theorem 6.5.1. Assumption 6.4.1 is satisfied in the hybrid MPC problem (6.15)

when Ut is bounded for t = 0, . . . , T − 1.
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Proof. Suppose x := [x0; . . . ;xT ;u0; . . . ;uT −1]. The corresponding block compo-

nents of [P, I⊤
B , G

⊤] become

P =
[
Q

R

]
, IB =

[
0nuT ×nx(T +1) InuT

]
,

G =



I
Ā −I

Ā −I
. . . . . .

Ā −I

0
B̄

. . .
. . .

B̄


,

where Q = Diag(Q0, . . . , QT ), R = Diag(R0, . . . , RT −1) are block diagonal. Hence,

[P, I⊤
B , G

⊤] can be reordered into an upper triangular matrix in the form

Inx Ā⊤

Inu B̄⊤

−Inx

. . . Ā⊤

Inu B̄⊤

−Inx

... ...

... ...

... ...

... ...


.

The matrix above is full row rank since every diagonal term is either 1 or −1. Hence,

[P, I⊤
B , G

⊤] is full row rank and the Assumption 6.4.1 is satisfied.

Note that the system (6.14) is also banded for the sparse formulation (6.15) and we

can exploit its structure to accelerate the computation as in [163], which reduces

the factorization time from O(T 3) to O(T ). Moreover, our method can be applied

directly to outer approximation (OA) [21] if the OA only replaces the conic constraint

K with some linear constraints without introducing new variables. Otherwise, we

can combine it with bound strengthening techniques [26] to satisfy Assumption 6.4.1.

6.6 Algorithm and complexity of computation

We next summarize how to implement early termination in a B&B method, which

corresponds to steps 3-17 in Algorithm 4. For every iteration k in a node CP(x, x̄),

we can obtain a primal-dual iterate (xk, sk, yk, yk
b , z

k) from an OSM or an IPM
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with an approximate dual cost Dk. Note that this iterate is conic feasible but

doesn’t satisfy the dual linear constraint, i.e. (6.3) or (6.5). We then check whether

the algorithm finds an optimal solution x̂ or detects the infeasibility of CP(x, x̄)

(steps 5-10). These steps are inherent to a primal-dual algorithm even without

early termination and do not incur any additional cost. We then activate early

termination when we find the approximate dual cost is larger than the current

upper bound, i.e. Dk ≥ U (step 11). This heuristic follows [29] since Dk is close to

the optimal solution of CP(x, x̄) when the dual linear residual rk is small enough,

and can save computation time on early termination.

Once early termination is enabled, we compute a feasible correction (∆xk,∆yk
b ,∆zk)

using one of the correction methods discussed in Section 6.3.1, 6.3.2 or Section 6.4 and

obtain the dual cost Dk at the dual feasible point (xk + ∆xk, yk, yk
b + ∆yk

b , z
k + ∆zk)

for OSMs or (xk, yk, yk
+ + ∆yk

+, y
k
− + ∆yk

−, z
k) for IPMs (step 12). If Dk > U , we

know the optimum of CP(x, x̄) is larger than Dk due to weak duality, and hence

larger than U , which indicates we can stop the node computation and prune this

node immediately (step 14). Otherwise, we continue computing until we solve

CP(x, x̄) and proceed with the standard B&B method (steps 18-27).

Algorithm 4 B&B for MICP with early termination
Require:

Initialization: U ← +∞, node tree T ← CP(l, u)

1: while T ≠ ∅ do

2: Pick and remove CP(x, x̄) from T

3: for k = 1, 2 . . . do

4: Generate (xk, sk, yk, yk
b , z

k) and an estimated dual cost Dk from OSMs or

IPMs

5: if termination criteria is satisfied then

6: return optimal solution x̂ = xk and f(x̂)

7: end if

8: if infeasibility of CP(x, x̄) is detected then

9: return CP(x, x̄) infeasible
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10: end if

11: if Dk ≥ U then

12: Compute the dual cost Dk at the dual feasible point (xk + ∆xk, yk, yk
b +

∆yk
b , z

k + ∆zk)

13: if Dk ≥ U then

14: return CP(x, x̄) terminates early

15: end if

16: end if

17: end for

18: if CP(x, x̄) terminates early or is infeasible then

19: prune current node

20: else if f(x̂) > U then

21: prune current node

22: else if x̂ is integer feasible then

23: U ← f(x̂), x∗ ← x̂

24: prune nodes in T with lower bound > U

25: else

26: branch node CP(x, x̄)

27: end if

28: end while

Let us now consider the computational complexity of early termination. The

estimated dual cost Dk, the iterate (xk, yk, yk
b , z

k) and the residual rk (6.10) are

already computed from a primal-dual algorithm and therefore do not incur any

extra cost for checking early termination. We recompute corrections ∆x,∆z,∆yb

and the corrected cost Dk at every time we check for early termination. Indeed,

we compute the cost change ∆Dk := Dk −Dk first and then the corrected cost via

Dk = Dk + ∆Dk, which is more efficient than computing Dk directly. The box-like

correction (6.9) requires an additional O(n) flops to generate a feasible dual cost.

For an optimization-based correction (6.13), we need no more than O((2n+ p)2)

flops to solve the linear system (6.14) if we save the factorization of the matrix
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in (6.14) from the start of an MICP. Both correction costs are relatively small

compared to the O(n+ p+m)3 flops per IPM iteration. For an OSM, each early

termination check is no more costly than the original computation per iteration, so

that its computational time is negligible inside every M iterations, e.g. M = 25 in

OSQP [118]. In addition, we empirically found that the early termination is usually

activated immediately when the heuristic check Dk ≥ U is true (step 11).

6.7 Numerical results

We implement Algorithm 4 and a counterpart without early termination, i.e.

removing steps 3-17 in Algorithm 4. Both were written in Julia with every convex

relaxation solved by the IPM solver Clarabel.jl [46]1. Tests are implemented on

Intel Core i7-9700 CPU @3.00GHz, 16GB RAM. Experiments for OSMs can be

found in [158].

6.7.1 Mixed integer model predictive control

We next consider the current reference tracking problem in power electronics [24]:

min
x,u

T −1∑
t=0

γtl(xt) + γTV (xT )

s.t. x0 = xinit,

xt+1 = Āxt + B̄ut, ||ut − ut−1||∞ ≤ 1,

ut ∈ {−1, 0, 1}6, ∀t = 0, 1, . . . , T − 1,

(6.16)

where γ is a discount factor and T is the time horizon. The quadratic state penalty

cost l(xt) is for current tracking and V (xT ) is a final stage quadratic cost computed

using approximate dynamic programming. The initial state is xinit and the system

dynamics is xt+1 = Āxt+B̄ut with xt ∈ R12 representing the internal motor currents,

voltages and the input ut ∈ R6 including three semiconductor devices positions with

integer values {−1, 0, 1} and three additional binary components required to model

the system. The ramp rate constraint ∥ut − ut−1∥∞ ≤ 1 avoids shoot-through in
1Additional tests for OSMs can be found in [158] based on COSMO solver [19].
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the inverter positions (changes from −1 to 1 or vice-versa) that can damage the

components.

By eliminating xt, t ∈ {1, . . . , T} via the state dynamics, (6.16) reduces to a

problem depending only on the input variables u0, . . . , uT −1 and the initial state

x0; we refer readers to [24] for details. We set T = 8 for the time horizon and

simulate closed-loop MIMPC for 100 consecutive intervals. Figure 6.1 compares

the performance of B&B with and without early termination. We apply the simple

early termination introduced in Section 6.3.2. We start to count time only after

the first feasible solution of (6.16), and consequently a finite upper bound U is

found. This ensures that the reductions shown in Figures 6.1 and 6.2 represent the

reduction in computation cost relative to an idealized omniscient early termination

scheme. For all 100 intervals, early termination has produced a noticeable reduction

in computational time, averaging to about 20%.
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Figure 6.1: MIMPC T = 8, reduced dense form

We implement another experiment for (6.16) using the sparse form discussed in

Section 6.5 with the optimization-based correction of η = γ = 1. Figure 6.2 shows
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it also reduces the computational time about 15% to 20% over 100 intervals.
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Figure 6.2: MIMPC T = 8, sparse form

6.7.2 Portfolio optimization

We also test our proposed early termination technique on a portfolio optimization

problem, which can be formulated as a mixed integer second-order cone program [23],

min
x,b,l

r⊤x

s.t. x⊤Λx ≤ ρ,∑n

i=1 xi = 1,
∑n

i=1 bi ≤ K,

Lmin ≤
∑n

i=1 li ≤ Lmax, b ≤ Hl, l ≤ H⊤b,

lj ∈ {0, 1}, for j ∈ {1, ..., L}

− bi ≤ xi ≤ bi, bi ∈ {0, 1}, i ∈ {1, ..., n}.

There are n assets in total, categorized into L industry sectors, with the mapping

from assets to sectors captured by matrix H ∈ Rn×L. We define x ∈ Rn as the

fractions of portfolio value held in each asset: xi > 0 and xi < 0 denote buying

and selling (i.e. shorting) respectively, and must sum to unity. The vector r ∈ Rn

is the expected return for n assets, and Λ is the covariance for market volatility
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and restricted below a certain level ρ, which is formulated as a second-order cone

constraint. The binary vectors b ∈ Rn denotes whether we invest in an asset or

not, and l ∈ RL for investment in a sector respectively. The number of assets

we can invest in is upper-bounded by K and the number of sectors is limited to

[Lmin, Lmax].

We use the early termination strategy as in Section 6.3.2 and choose n = 20, L = 3,

Lmin = 1, Lmax = L, ρ = 100, K = 10 and simulate the portfolio problem over 100

consecutive days. We use data on returns from the S&P 500 for the period 2015-2020

grouped according to GICS sector. Estimates for r and Λ were computed using

standard statistical methods; see [164, §13]. Figure 6.3 shows the early termination

can reduce computation time about 10%-15% after we find the first integer feasible

solution, which shows that our early termination method can also be effective for

MICPs.
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Figure 6.3: Portfolio optimization over 100 days
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7.1 Contributions of this dissertation

The dissertation is focused on the analysis and implementation of various acceleration

techniques for conic optimization. The contributions can be summarized as follows:

GPU acceleration for semidefinite programming

Semidefinite programming is known to be computationally expensive. Sparsity and

low-rank information are exploited in the design of efficient algorithms for SDPs in

Chapter 3. For diagonally constrained SDPs, we exploited low-rank information

via Burer-Monteiro decomposition and developed an ADMM algorithm where

each subproblem is equivalent to a parallel forward operation well-suited for GPU

computation. The proximal variant can solve block-diagonally constrained SDPs

and also benefits from parallel computation on GPU. We proved that the algorithms

converge to a first-order stationary point and further to O(1/r) global optimality

with information from negative curvature.

Implementation of Clarabel solver

In Chapter 4, we presented the interior-point solver, Clarabel, for conic optimiza-

tion with quadratic objectives by using the homogeneous embedding [95, 96] for

infeasibility detection, which avoids the issue of transforming QPs into SOCPs. We

also support exponential cones, power cones and positive definite cones in Clarabel.

Our solver is competitive with the cutting-edge conic solvers on various benchmarks

and outperforms them in terms of time and numerical stability on QPs and SOCPs.

Efficient factorization in interior point methods for high-dimensional
power cones

A high-dimensional nonsymmetric cones can be written as an extended form with

products of multiple basic nonsymmetric cones. However, using the extended

formulation instead of the original high-dimensional nonsymmetric cone will enlarge

the dimension of a optimization problem and increase the computational time for
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it, which mainly comes from increased factorization time for the underlying linear

systems.

In Chapter 5, we propose an augmented decomposition for the nonsymmetric scaling

matrices of a class of nonsymmetric cones that ensures the augmented linear system

is quasidefinite and the use of sparse LDL factorization, which saves factorization

time compared to the existing dense linear factorization for those nonsymmetric

cones.

Early termination for primal-dual algorithms within mixed integer conic
programming

Branch-and-bound framework is the foundation of many solvers for mixed integer

programming, and it relies on a convex optimization solver to solve the convex

relaxation problems within it. Primal-dual algorithms such as primal-dual interior

point methods and operator splitting methods are efficient for solving stand-alone

convex problems. However, they can not easily exploit early termination check

or warm-starting due to the infeasibility of generated iterates, which makes dual

feasible algorithms, like dual simplex and active-set methods, more favourable in

combination with branch-and-bound methods.

In Chapter 6, we proposed an early termination technique that can generate a

point from iterates of primal-dual algorithms with (dual) feasibility guarantees.

We showed it can be directly applied to general mixed integer conic programming

and MIMPC. Generating a dual feasible point is also very efficient and usually

succeeds at the first check when it is combined with a heuristic functional value

check beforehand. Numerical results showed the proposed early termination can

reduce about 10%-20% total computational time in MICPs.

7.2 Directions for future research

Finally, there are some possible directions for future research:
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GPU acceleration for conic optimization

GPUs are becoming more prevalent in scientific computing recently due to its

success on training deep neural networks, where computation is mainly on forward

operations like matrix (tensor) multiplication. In Chapter 3, we developed an

efficient ADMM algorithm that exploits both sparsity and the low-rank information

and can be run in parallel on a GPU. It is also worth considering whether GPU

acceleration is possible for general semidefinite programming. Moreover, GPU

acceleration has been successfully implemented for convex optimization solvers

based on first-order methods, e.g. SCS [18], OSQP [165] and PDLP [166]. It

would be interesting to investigate whether our Clarabel solver can benefit from

computation on GPUs.

Linear complementarity problems with nonsymmetric cones

For Clarabel solver, the proof of convergence is still missing for problems of

nonsymmetric conic constraints and a quadratic cost. The main issue is the

lack of proof for the existence of the central path, i.e. whether (4.8) has a solution

∀µ ∈ (0,+∞) when both nonsymmetric conic constraints and a quadratic cost exist.

If the central path for problems of nonsymmetric cones with quadratic cost is validly

defined under the homogeneous embedding, we can follow a similar derivation

in [145] to prove the convergence of the IPM.

Numerically stable algorithm for nonsymmetric cones

In Chapter 5, we proposed an efficient sparse LDL factorization for a nonsymmetric-

scaling IPM with a class of high-dimensional nonsymmetric cones. Although

the factorization time can be reduced dramatically, we observe that the number

of iterations for convergence of high-dimensional nonsymmetric cones is higher

compared to the equivalent problem solved by Mosek due to the smaller step size

in each iteration, which is also found in tests of Hypatia. Future work would be

designing more efficient higher-order corrections, improving the numerical stability
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of IPMs and exploiting the low-rank property in the primal-dual scaling IPM for

high-dimensional nonsymmetric cones.
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A.1 Derivatives of LHSCB functions for cones

A.1.1 Symmetric cones

1. Nonnegative cone, x ∈ Rn
+: for f(x) = −∑i∈JnK log(xi),

∇f(x) = −diag(x−1)1n,

∇2f(x) = diag(x−2).

2. Second-order cone, x ∈ Kn
soc: for f(x) = −1

2 log (x2
1 −

∑n
i=2 xi),

∇f(x) = − Jx

x⊤Jx
,

∇2f(x) = 1
(x⊤Jx)2

(
2Jxx⊤J − (x⊤Jx)J

)
,

where J := diag([1;−1n−1]).

3. Positive semidefinite cone, mat(x) ∈ Sn
+: for f(x) = − log det (mat(x)),

∇f(x) = −vec(mat(x)−1),

∇2f(x)[v] = vec
(
mat(x)−1mat(v)mat(x)−1

)
.

A.1.2 Nonsymmetric cones

The barrier functions of the exponential cone (4.6) and the power cone (4.7) can

both be written in the form:

f ∗(z) = − log(ψ(z)) + h(z). (A.1)

Hence, the gradient and Hessian of dual exponential cones and dual power cones

can be computed via

∇f ∗(z) = −∇ψ(z)
ψ(z) +∇h(z), ∇2f ∗(z) = ∇ψ(z)∇ψ(z)⊤

ψ2(z) − ∇
2ψ(z)
ψ(z) +∇2h(z).

(A.2)

The third order directional derivatives used in the 3rd-order correction (4.23) are

∇3f ∗(z)[u] =− 2⟨∇ψ(z), u⟩
ψ(z)3 · ∇ψ(z)∇ψ(z)⊤ + ⟨∇ψ(z), u⟩

ψ(z)2 · ∇2ψ(z)

+ 1
ψ(z)2 · ∇ψ(z)u⊤∇2ψ(z) + 1

ψ(z) · ∇
2ψ(z)u · ∇ψ(z)⊤

− 1
ψ(z) · ∇

2ψ(z)[u] +∇3h(z)[u],

(A.3a)
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∇3f ∗(z)[u, v] =− 2⟨∇ψ(z), u⟩ · ⟨∇ψ(z), v⟩
ψ(z)3 · ∇ψ(z) + ⟨∇ψ(z), u⟩

ψ(z)2 · ∇2ψ(z)v

+ ⟨u,∇
2ψ(z)ν⟩

ψ(z)2 · ∇ψ(z) + ⟨∇ψ(z), v⟩
ψ(z)2 · ∇2ψ(z)u

− 1
ψ(z)∇

3ψ(z)[u, v] +∇3h(z)[u, v]

=⟨u,∇
2ψ(z)v⟩ψ(z)− 2⟨∇ψ(z), u⟩ ⟨∇ψ(z), v⟩

ψ(z)3 ∇ψ(z)

+ ⟨∇ψ(z), u⟩
ψ(z)2 ∇2ψ(z)v + ⟨∇ψ(z), v⟩

ψ(z)2 ∇2ψ(z)u

− 1
ψ(z)∇

3ψ(z)[u, v] +∇3h(z)[u, v].

(A.3b)

The specifications of ψ(z) and h(z) in dual exponential cones and dual power cones

are given as follows:

Exponential cone

ψ(z) := z2 − z1 − z1 log(−z3/z1) and h(z) := − log(−z1)− log(z3), and

∇ψ(z) =

 − log (z3) + log (−z1)
1
− z1

z3

 , ∇2ψ(z) =


1
z1

0 − 1
z3

0 0 0
− 1

z3
0 z1

z2
3

 , (A.4)

∇h(z) =

 −
1
z1

0
− 1

z3

 , ∇2h(z) =


1
z2

1
0 0

0 0 0
0 0 1

z2
3

 . (A.5)

Power cone

ψ(z) := φ(z)−z2
3 , φ(z) =

(
z1
α

)2α (
z2

1−α

)2−2α
and h(z) := −(1−α) log(z1)−α log(z2),

and

∇ψ(z) =


2αφ(z)

z1
2(1−α)φ(z)

z2
−2z3

 , ∇2ψ(z) =


2α(2α−1)φ(z)

z2
1

4α(2α−1)φ(z)
z1z2

0
4α(2α−1)φ(z)

z1z2

2(1−α)(1−2α)φ(z)
z2

2
0

0 0 −2

 ,

∇h(z) =

 −
1−α
z1
− α

z2
0

 , ∇2h(z) =


1−α
z2

1
0 0

0 α
z2

2
0

0 0 0

 .
(A.6)
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A.2 Conjugate gradient for barriers f ∗ of nonsym-
metric cones

A.2.1 Exponential cone

The computation of connjugate gradient ∇f(s) follows [48]. The barrier func-

tion (4.6) is for z ∈ K∗
exp,

f ∗(z) = − log
(
z2 − z1 − z1 log

(
z3

−z1

))
− log(−z1)− log(z3).

If we define φ(z) = log(− z3
z1

) and ζ(z) = z2 − z1 − z1φ(z), the gradient of f ∗(z) is

∇f ∗(z) =
(
φ(z)
ζ(z) −

1
z1
,− 1

ζ(z) ,
z1

z3ζ(z)
− 1
z3

)⊤

. (A.7)

If we abbreviate ∇f(s) as g, we have

φ(−g)
ζ(−g) + 1

g1
= −s1, (A.8a)

ζ(−g) = −g2 + g1 + g1φ(−g) = 1
s2
, (A.8b)

g1

g3ζ(−g)
+ 1
g3

= −s3 (A.8c)

due to ∇f ∗(−∇f(s)) = −s from (2.23). We replace φ(−g) and ζ(−g) in (A.8a)

and (A.8c) with (A.8b) and obtain

log
(
−g3

g1

)
s2 + 1

g1
= −s1, (A.9a)

g3 = −1 + g1s2

s3
, (A.9b)

where we eliminate g3 and can get

log
(

1 + g1s2

g1s3

)
+ 1
s2g1

= −s1

s2
,

and rewrite it as

log
(

1 + 1
s2g1

)
+ 1 + 1

s2g1
= −s1

s2
− log

(
s2

s3

)
+ 1. (A.10)

We can solve (A.10) via the Wright-Omega function ω + log(ω) = β where β =

1 − s1
s2
− log

(
s2
s3

)
, ω = 1 + 1

s2g1
. A numerical method to solve the Wright-Omega
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function can be found in [167]. Finally, we can compute the conjugate gradient

∇f(s) via ω, (A.8b) and (A.9b)

∇f(s) =
(

1
(ω − 1)s2

,
1 + log(ω · s2

s3
)

(ω − 1)s2
− 1
s2
,

ω

s3(1− ω)

)⊤

. (A.11)

A.2.2 Generalized power cone

We consider the barrier function of dual generalized power cone K∗
gpow (α,d1,d2)

f ∗
gpow(u,w) = − ln

 ∏
i∈[d1]

(
ui

αi

)2αi

− ∥w∥2

− ∑
i∈[d1]

(1− αi) ln
(
ui

αi

)
(A.12)

with ν = d1 + 1. We denote φ(u) = ∏
i∈Jd1K (ui/αi)2αi , and ζ(u,w) = φ(u)− ∥w∥2.

Our goal is to find a conjugate gradient g(p,r) such that −g∗(−g(p,r)) = (p, r) ∈

Kgpow(α,d1,d2), which is summarized in the next theorem, following the similar idea

for the barrier of Kgpow(α,d1,d2) from [105]:

Theorem A.2.1. Suppose (p, r) ∈ Kgpow(α,d1,d2). The corresponding primal conju-

gate gradient g(p,r) = (gp, gr) can be obtained via

1. If r = 0, we have

gpi
= −1 + αi

pi

, ∀i ∈ Jd1K,

gri
= 0, ∀i ∈ [d2].

2. If r ̸= 0, we have

gpi
= −(1 + αi) + αig∥r∥∥r∥

pi

, ∀i ∈ Jd1K, gr = g∥r∥ · r
∥r∥

,

where g∥r∥ is the root of

h(x) =
∑

i∈Jd1K

2αi ln
(
∥r∥ · x+ 1 + αi

αi

)
− ln

(
2x
∥r∥

+ x2
)
−

∑
i∈Jd1K

2αi ln(pi).

(A.13)

The root of h(x) is computable via the 1-dimensional Newton-Raphson method,

which converges quadratically if we choose the initial point x0 as

x0 = − 1
∥r∥

+
d1∥r∥+

√
χ
(

χ
∥r∥2 + d2

1 − 1
)

χ− ∥r∥2 ,

where χ = ∏
i∈Jd1K p

2αi
i .
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Proof of Theorem A.2.1. Following the preceding discussion, the dual gradient is

g∗
ui

= −2αiφ(u)
uiζ(u,w) −

1− αi

ui

, (A.14a)

g∗
wi

= 2wi

ζ(u,w) . (A.14b)

If r = 0, we have −2(−gri )
ζ(p,r) = ri = 0,∀i ∈ [d2] and then

gpi
= −1 + αi

pi

, ∀i ∈ Jd1K,

gri
= 0, ∀i ∈ [d2],

from φ(−gp) = ζ(−gp, 0).

Suppose instead r ̸= 0. We will denote ζ = ζ(−gp,−gr) for simplicity of notation

and will assume r ≥ 0 without loss of generality. Suppose Q is an orthonormal

transformation that maps r ∈ Rd2 to a vector of zeros except one at the first entry

that is equal to ∥r∥, i.e. [∥r∥, 0, . . . ]⊤. Then the conjugate gradient under the

transformation Q satisfies gr = Q⊤gQr due to (2.21), where the first entry of gQr is

g∥r∥ and all other entries are zeros. From (A.14b) and (2.23), we have

gr = ζr

2 . (A.15)

Due to the invariance of ζ under orthonormal transformations, we then obtain

ζ := ζ(−gp,−gr) = ζ(−gp,−Q⊤gQr) = ζ(−gp, [−g∥r∥; 0; . . . ]) (A.15)= 2g∥r∥

∥r∥
,

which can be substituted back into (A.15) to produce

gr = g∥r∥ · r
∥r∥

.

From (A.14a) and (2.23) we can write the elements of the subvector p as

pi = −
(
−2αiφ(−gp)
−gpi

ζ
− 1− αi

−gpi

)
, ∀i ∈ Jd1K. (A.16)

which can be rearranged to

pi(−gpi
)ζ = 2αiφ(−gp) + (1− αi)ζ. (A.17)
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Applying φ(·) over both sides of (A.17) for all i, we obtain

∏
i∈Jd1K

α2αi
i · φ(p)φ(−gp)ζ2 = φ(2αiφ(−gp) + (1− αi)ζ).

Substituting

φ(−gp) = ζ + ∥gr∥2 = ζ + ∥Q⊤gQr∥2 = ζ + g2
∥r∥ = 2g∥r∥

∥r∥
+ g2

∥r∥ (A.18)

yields

=⇒
∏

i∈Jd1K

α2αi
i · φ(p)

(
2g∥r∥

∥r∥
+ g2

∥r∥

)(
2g∥r∥

∥r∥

)2

= φ

(
2αi

(
2g∥r∥

∥r∥
+ g2

∥r∥

)
+ (1− αi)

2g∥r∥

∥r∥

)

=⇒
∏

i∈Jd1K

p2αi
i

(
2g∥r∥

∥r∥
+ g2

∥r∥

)
·

4g2
∥r∥

∥r∥2 =
∏

i∈Jd1K

(
2g2

∥r∥ + (1 + αi)
αi

2g∥r∥

∥r∥

)2αi

=⇒
∏

i∈Jd1K

p2αi
i

(
2g∥r∥

∥r∥
+ g2

∥r∥

)
=

∏
i∈Jd1K

(
g∥r∥ · ∥r∥+ 1 + αi

αi

)2αi

,

where computing g∥r∥ reduces to finding the root of the function h(x) defined

in (A.13).

We next show that h(x) is convex and monotonically decreasing. The gradient and

Hessian of h are

h′(x) =
∑

i∈Jd1K

2αi∥r∥
∥r∥ · x+ 1+αi

αi

−
2(∥r∥+ 1

x
)

∥r∥ · x+ 2

<
∑

i∈Jd1K

2αi∥r∥
∥r∥ · x+ 2 −

2(∥r∥+ 1
x
)

∥r∥ · x+ 2 = −
2
x

∥r∥ · x+ 2 < 0

h′′(x) = −
∑

i∈Jd1K

2αi∥r∥2

(∥r∥ · x+ 1+αi

αi
)2 −

− 2
x2 (∥r∥ · x+ 2)− 2(∥r∥+ 1

x
)∥r∥

(∥r∥ · x+ 2)2

= −
∑

i∈Jd1K

2α3
i

(αix+ 1+αi

∥r∥ )2 +
4∥r∥

x
+ 4

x2 + 2∥r∥2

(∥r∥ · x+ 2)2 .

Since h′(x) < 0 holds for x > 0 and h(x̂) > 0, the root of h is unique over x > 0.

Consider next the function g(β) = − β3

(βx+ 1+β
∥r∥ )2 , which is concave over the interval

[0, 1] when x > 0. We also have g(0) = 0, which implies

g(tβ) ≥ tg(β) + (1− t)g(0) = tg(β), ∀t, β ∈ [0, 1].
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Therefore,

h′′(x) = 2
∑

i∈Jd1K

g(αi) +
4∥r∥

x
+ 4

x2 + 2∥r∥2

(∥r∥ · x+ 2)2 ≥ 2
∑

i∈Jd1K

αig(1) +
4∥r∥

x
+ 4

x2 + 2∥r∥2

(∥r∥ · x+ 2)2

= − 2
(x+ 2

∥r∥)2 +
4∥r∥

x
+ 4

x2 + 2∥r∥2

(∥r∥ · x+ 2)2 =
4∥r∥

x
+ 4

x2

(∥r∥ · x+ 2)2 > 0

shows h is convex over x > 0. Since h is convex and decreasing, the root of h(x)

is unique and a root finding Newton-Raphson method converges quadratically

if it starts with 0 < x0 ≤ x̂ where h(x̂) > 0 [168, Thm. 1.9]. Since q(t) =

ln
(
∥r∥ · x+ 1

t
+ 1

)
is convex when t ∈ [0, 1], x ≥ 0, we can apply the Jensen’s

inequality and obtain

h(x) ≥ 2 ln(∥r∥ · x+ d1∑
i∈Jd1K αi

+ 1)− ln
(

2x
∥r∥

+ x2
)
−

∑
i∈Jd1K

2αi ln(pi),

where a positive root of the right part above is

x̂ = − 1
∥r∥

+
d1∥r∥+

√
χ
(

χ
∥r∥2 + d2

1 − 1
)

χ− ∥r∥2

with χ = ∏
i∈Jd1K p

2αi
i , which implies h(x̂) ≥ 0 and we can set it as the starting point

of the Newton-Raphson method. After obtaining g∥r∥ from (A.13), we get ζ = 2g∥r∥
∥r∥

and the primal conjugate gradient

gr = g∥r∥ · r
∥r∥

, gpi
= − 1

piζ

(
(1− αi)ζ + 2αi(ζ + g2

∥r∥)
)

= − 1
pi

(1 + αi + αig∥r∥∥r∥),

via (A.16) and (A.18).

Remark A.2.1. For the conjugate gradient of a dual power cone K∗
pow in (4.7),

it is the special case of the dual generalized power cone K∗
gpow (α,d1,d2) where d1 =

2, d2 = 1, α1 = α, α2 = 1− α and Theorem A.2.1 applies directly.

A.3 Jordan algebra for symmetric cones

Jordan algebra is needed when the NT scaling is used for an IPM with symmetric

cones. Relevant computation includes product u◦v, inverse of u◦v and idempotents

e for each symmetric cone [41].
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A.3.1 Product u ◦ v

u ◦ v =


(u1v1, . . . , unvn) u, v ∈ Rn

+(
u⊤v, u0v1 + v0u1

)
u, v ∈ Kn

soc
1
2vec(mat(u)mat(v) + mat(v)mat(u)) mat(u),mat(v) ∈ Sn

+

Some useful properties of the ◦ product are the inverse u−1◦u = e, square u2 = u◦u,

and square root u1/2 ◦ u1/2 = u.

A.3.2 Inverse of u ◦ v

We denote the inverse of u ◦ v as u\v, which is the solution x of the equation

u ◦ x = v.

It is used in (4.28b) where u is always set to λ := Wz = W−⊤s defined in

Appendix A.4. Hence, the operation λ\v for different cones is:

λ\v =



diag (λ)−1 v, λ, v ∈ Rn
+

1
λ2

0−λT
1 λ1

 λ0 −λT
1

−λ1 λ−1
0

((
λ2

0 − λT
1 λ1

)
I + λ1λ

T
1

)   v0

v1

, λ, v ∈ Kn
soc

vec(mat(v)⊙ Γ), mat(λ),mat(v) ∈ Sn
+

where Γij = 2/ (Λii + Λjj) ,Λ = mat(λ) and ⊙ denotes the Hadamard (element-wise)

matrix product. Note that for the affine step where ds = λ ◦ λ,

W T (λ\ds) = W Tλ = s,

which is consistent with (4.27b).

A.3.3 Idempotents e

e =


(1, 1, . . . , 1), K = Rn

+

(1, 0, . . . , 0), K = Kn
soc

vec (In) , K = Sn
+

Note that eT (z ◦ s) = zT s and eT e = ν.

A.4 Nesterov-Todd scaling for symmetric cones

The scaling points w and matrices W , with the scaled variable λ = W−1s = Wz,

for different symmetric cones at the primal-dual pair (s, z) are listed below, which

can be found in [41]:
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Nonnegative cone

We have

w = s1/2 ◦ z−1/2,

W = diag(w) = diag(s1/2 ◦ z−1/2),

λ = s1/2 ◦ z1/2.

Second-order cone

We define

z̄ = z√
z⊤Jz

, s̄ = s√
s⊤Js

, γ =
(

1 + z̄⊤s̄

2

)1/2

, w̄ = 1
2γ (s̄+ Jz̄), η =

(
s⊤Js

z⊤Jz

)1/4

,

where J := diag([1;−1n−1]). we have w̄⊤Jw̄ = 1. Moreover, the scaled scaling

matrix W̄ corresponds to w̄ is

W̄ =
[
w̄0 w̄T

1
w̄1 I + (w̄0 + 1)−1 w̄1w̄

T
1

]
, W̄−1 =

[
w̄0 −w̄T

1
−w̄1 I + (w̄0 + 1)−1 w̄1w̄

T
1

]
,

and we have

λ̄ = W̄ z̄ = W̄−1s̄ =
[

γ
1

s̄0+z̄0+2γ
((γ + z̄0)s̄1 + (γ + s̄0)z̄1)

]
.

Finally, we obtain w,W, λ

w = ηw̄, W = ηW̄ , λ = ηλ̄.

Positive semidefinite cone

Suppose we define S = mat(s), Z = mat(z) and compute the Cholesky factorizations

of S,Z

S = L1L
⊤
1 , Z = L2L

⊤
2 ,

and then the SVD of

L⊤
2 L1 = UΛV ⊤.

The scaled variable is

λ = vec(Λ)
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and the scaling point w is

w = vec
(
S1/2(S1/2ZS1/2)−1/2S1/2

)
.

Matrix W can be regarded as a congruence transformation such that

mat(λ) = Wz = vec(R⊤mat(z)R), W−⊤s = vec(R−1mat(s)R−⊤),

where R can be obtained from

R = L1V Λ1/2 = L−⊤
2 UΛ1/2.

Likewise, R−1 is given by

R−1 = Λ1/2V ⊤L−1
1 = Λ−1/2U⊤L⊤

2 .

A.5 Sparse LDL factorization for SOCPs

The scaling matrix of a second-order cone has a special structure as follows:

Hsoc = η2(D + uu⊤ − vv⊤),

where

D =
[
d

Im−1

]
, u =

[
u0
u1w̄1

]
, v =

[
0

v1w̄1

]
,

d = 1
2∥w̄∥2 , u0 =

√
∥w̄∥2 − d, u1 = 2w̄0

u0
, v1 =

√
u2

1 − 2.

It can be proved that D − vv⊤ ≻ 0, and the second line in (4.19) is equivalent to

an expanded linear system A
0
0

∆x− η2

 D v u
v⊤ 1 0
u⊤ 0 −1


︸ ︷︷ ︸

Kaug :=

 ∆z1
q
t

 =

 ds − dz

0
0

 .

Since Kaug is proved quasi-definite [45], the expanded system of (4.19) with Kaug is

also quasi-definite [107] and the sparse LDL factorization still applies.
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A.6 Higher-order corrections for nonsymmetric
cones

The analysis of 3rd-order correction for nonsymmetric cones comes from [92]. Since

the pair (sµ, zµ) on the central path is parametrized by µ, we can take the second

derivative of sµ = −µ∇f ∗(zµ) w.r.t. µ, which becomes

ṡµ + µ∇2f ∗ (zµ) żµ = −∇f ∗ (zµ) , (A.19a)

s̈µ + µ∇2f ∗ (zµ) z̈µ = −2∇2f ∗ (zµ) żµ − µ∇3f ∗ (zµ) [żµ, żµ] (A.19b)

We can rewrite (A.19a) as

µżµ = −
[
∇2f ∗ (zµ)

]−1
(∇f ∗ (zµ) + ṡµ) = zµ −

[
∇2f ∗ (zµ)

]−1
ṡµ.

Substituting the equation above into (A.19b), we have

µ∇3f ∗ (zµ) [żµ, żµ] = ∇3f ∗ (zµ) [żµ, zµ]−∇3f ∗ (zµ)
[
żµ,

(
∇2f ∗ (zµ)

)−1
ṡµ

]
= −2∇2f ∗ (zµ) żµ −∇3f ∗ (zµ)

[
żµ,

(
∇2f ∗ (zµ)

)−1
ṡµ

] (A.20)

where the last equation follows from the homogeneity property ∇3f ∗(zµ)[zµ] =

−2∇2f ∗(zµ) in (2.22), and (A.19b) can then be rewritten as,

s̈µ + µ∇2f ∗ (zµ) z̈µ = ∇3f ∗ (zµ)
[
żµ,

(
∇2f ∗ (zµ)

)−1
ṡµ

]
.

Setting ∆sa = −ṡµ/µ and ∆za = −żµ/µ, yields the 3rd-order correction (4.23).

We summarize the computation of 3rd-order derivatives and the inverse of Hessians

for the use of 3rd-order correction (4.23) in multi-dimensional power cones as follows:
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A.6.1 Generalized power cone

Note that φ = ∏
i∈Jd1K u

2αi
i , τi = 2αi

ui
, ∀i ∈ Jd1K, and ζ = ∏

i∈Jd1K u
2αi
i − ∥w∥2. The

3rd-order derivative is

∇3
ui,uj ,uk

fgpow = τiτjτk
φ

ζ

(
1− φ

ζ

)(
2φ
ζ
− 1

)
+



2 τiτj

ui

φ
ζ

(
1− φ

ζ

)
, i = j = k

τiτj

ui

φ
ζ

(
1− φ

ζ

)
, i = k ̸= j

τiτj

uj

φ
ζ

(
1− φ

ζ

)
, i ̸= j = k

0, otherwise

+


τ2

i φ

uiζ

(
1− φ

ζ

)
− (1− αi) 2

u3
i
− 2φτi

ζu2
i
, i = j = k

τiτkφ
uiζ

(
1− φ

ζ

)
, i = j ̸= k

0, otherwise
,

∇3
ui,uj ,wk

fgpow = 2τiτjφwk

ζ2

(
2φ
ζ
− 1

)
+ δ(i, j)2τiφwk

ζ2ui

,

∇3
ui,wj ,wk

fgpow = −8wjwkτiφ

ζ3 − δ(j, k) 2
ζ2 τiφ,

∇3
wi,wj ,wk

fgpow = 16wiwjwk

ζ3 + δ(i, j)4wk

ζ2 +



8wi

ζ2 , i = j = k
4wj

ζ2 , i = k ̸= j
4wi

ζ2 , i ̸= j = k

0, otherwise

.

The inverse of the Hessian is

∇−2
ui,uj

fgpow = −δ(i, j) ui

∇ui
fgpow

− 4∥w∥2

k2ζ

αi

∇ui
fgpow

αj

∇uj
fgpow

,

∇−2
ui,wj

fgpow = 2
k2

αi

∇ui
fgpow

wj,

∇−2
wi,wj

fgpow = δ(i, j)ζ2 + (ζ−1φ+ 4k1)
k2

wiwj,

where

k1 =
〈

α

∇uf
,
α

u

〉
, k2 = −

(
1 + ∥w∥

2

φ

)
− 4k1∥w∥2

ζ
.
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A.6.2 Power mean cone

Note that φ = ∏
i∈JdK u

αi
i , ζ = φ − w and τ ∈ Rd with τi = αi

uiζ
,∀i ∈ JdK. The

3rd-order derivative is

∇3
ui,uj ,uk

fpowm = −wφτiτjτk(2w + ζ) +


−wφτiτk

ui
− 2φτi

u2
i
− 2

u3
i
, i = j = k

−wφτiτk

ui
, i = j ̸= k

0, otherwise

+



−2wφτiτj

ui
, i = j = k

−wφτiτj

ui
, i = k ̸= j

−wφτiτj

uj
, i ̸= j = k

0, otherwise

,

∇3
ui,uj ,wfpowm = φτiτj

(
2φ
ζ
− 1

)
+ δ(i, j)τiφ

uiζ
,

∇3
ui,w,wfpowm = −2φτi

ζ2 ,

∇3
w,w,wfpowm = 2

ζ3 ,

The inverse of the Hessian is

∇−2
ui,uj

fpowm = δ(i, j) u
2
i

s0,i

+ φ

ζs2

αiui

s0,i

αjuj

s0,j

,

∇−2
ui,w

fpowm = φ

s2

αiui

s0,i

,

∇−2
w,wfpowm = ζ2 + s1

s2
φ2,

where

s0,i = 1 + αiφζ
−1,∀i ∈ JdK,

s1 =
∑

i∈JdK

α2
i

s0,i

,

s2 = 1− φζ−1s1.

A.7 Detailed benchmark results for Clarabel
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Table A.1: Solve times and iteration counts for the Maros-Meszaros problem set

iterations time per iteration(s) total time (s)

Problem vars. cons. nnz(A) nnz(P) ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek
TAME 3 2 4 3 5 6 3 1.16e-05 7.36e-06 0.000154 5.81e-05 4.41e-05 0.000461
HS21 5 2 6 2 9 11 11 6.19e-06 6.63e-06 0.000105 5.57e-05 7.29e-05 0.00115
HS35 4 3 6 5 7 9 9 7.64e-06 9.51e-06 0.000105 5.35e-05 8.56e-05 0.000944
HS35MOD 4 3 6 5 12 15 14 5.37e-06 7.67e-06 9.91e-05 6.45e-05 0.000115 0.00139
QPTEST 5 2 7 3 8 9 8 8.01e-06 9.51e-06 0.000158 6.41e-05 8.56e-05 0.00126
HS51 3 5 7 7 0 9 9 0 8.83e-06 0.000104 3.2e-05 7.95e-05 0.000934
HS52 3 5 7 7 0 7 5 0 1.06e-05 0.000121 5.51e-05 7.43e-05 0.000607
ZECEVIC2 6 2 8 1 8 8 7 8.3e-06 7.49e-06 0.000115 6.64e-05 6e-05 0.000806
HS268 5 5 25 15 12 17 - 7.78e-06 1.24e-05 - 9.33e-05 0.000211 -
S268 5 5 25 15 12 17 - 8.49e-06 1.23e-05 - 0.000102 0.00021 -
HS76 7 4 14 6 6 9 8 1.05e-05 1.08e-05 0.000115 6.31e-05 9.69e-05 0.000919
GENHS28 8 10 24 19 0 10 6 0 1.3e-05 0.00014 4.27e-05 0.00013 0.000842
HS53 13 5 17 7 6 15 7 9.67e-06 8.26e-06 0.000133 5.8e-05 0.000124 0.00093
LOTSCHD 19 12 66 6 9 19 19 1.52e-05 1.9e-05 0.000382 0.000137 0.000361 0.00727
HS118 59 15 93 15 11 10 12 2.19e-05 3.16e-05 0.000134 0.000241 0.000316 0.00161
QAFIRO 59 32 115 6 14 14 13 2.68e-05 2.9e-05 0.000185 0.000376 0.000407 0.00241
DPKLO1 77 133 1575 77 0 14 6 0 0.000317 0.00143 0.000602 0.00443 0.00856
DUAL4 151 75 225 2799 12 12 14 0.000287 0.000391 0.000601 0.00345 0.0047 0.00842
QPCBLEND 157 83 574 83 17 18 15 0.0001 0.000137 0.000983 0.00171 0.00246 0.0148
DUALC1 233 9 1953 45 12 24 - 0.000147 0.00014 - 0.00176 0.00336 -
DUALC2 243 7 1617 28 11 - - 0.000122 - - 0.00134 - -
QADLITTL 153 97 480 87 14 27 - 9.36e-05 9.02e-05 - 0.00131 0.00244 -
QSHARE2B 175 79 773 55 16 27 - 0.000125 0.000144 - 0.002 0.00389 -
DUAL1 171 85 255 3558 12 15 11 0.000374 0.00044 0.0007 0.00448 0.0066 0.0077
DUAL2 193 96 288 4508 11 15 13 0.000489 0.000576 0.000796 0.00538 0.00864 0.0104
DUALC5 294 8 2240 36 10 17 15 0.000165 0.000206 0.000185 0.00165 0.00351 0.00278
CVXQP2_S 225 100 274 386 10 - - 0.000138 - - 0.00138 - -
DUAL3 223 111 333 6108 12 19 12 0.000673 0.000836 0.00224 0.00808 0.0159 0.0269
CVXQP1_S 250 100 348 386 9 - - 0.000175 - - 0.00157 - -
CVXQP3_S 275 100 422 386 11 - - 0.000204 - - 0.00224 - -
QSCAGR7 269 140 560 25 16 - - 0.000121 - - 0.00194 - -
PRIMAL1 86 325 5816 324 10 20 10 0.000912 0.000898 0.00297 0.00912 0.018 0.0297
QRECIPE 340 180 912 50 17 21 23 0.00015 0.000151 0.00137 0.00256 0.00318 0.0316
QPCBOEI2 382 143 1480 143 20 - - 0.000328 - - 0.00657 - -
DUALC8 519 8 4040 36 9 - - 0.000304 - - 0.00273 - -
QSHARE1B 342 225 1376 39 32 - 32 0.000203 - 0.00174 0.0065 - 0.0557
PRIMALC5 286 287 2574 286 14 14 14 0.000234 0.000319 0.00268 0.00328 0.00446 0.0376
VALUES 405 202 606 3822 13 - - 0.000376 - - 0.00489 - -
QSC205 408 203 754 21 19 18 18 0.000161 0.000166 0.000662 0.00307 0.00299 0.0119
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Table A.1: Solve times and iteration counts for the Maros-Meszaros problem set

iterations time per iteration(s) total time (s)

Problem vars. cons. nnz(A) nnz(P) ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek
QBEACONF 435 262 3637 27 28 28 21 0.000496 0.000505 0.00179 0.0139 0.0141 0.0375
QBRANDY 469 249 2397 65 19 32 - 0.000466 0.000412 - 0.00884 0.0132 -
PRIMAL2 97 649 8043 648 8 16 8 0.00146 0.00148 0.00332 0.0117 0.0237 0.0265
QE226 505 282 2860 964 24 26 22 0.000645 0.000874 0.00271 0.0155 0.0227 0.0596
PRIMAL3 112 745 21548 744 9 18 10 0.004 0.00308 0.00622 0.036 0.0554 0.0622
QBORE3D 559 315 1755 78 27 25 21 0.000372 0.000388 0.00249 0.01 0.00969 0.0523
KSIP 1001 20 19898 20 14 20 12 0.00135 0.00121 0.000778 0.0189 0.0242 0.00934
QGROW7 721 301 3193 357 22 22 - 0.000566 0.00063 - 0.0125 0.0139 -
QFORPLAN 604 421 5006 582 21 - - 0.000817 - - 0.0172 - -
PRIMALC8 511 520 4663 519 12 - - 0.000574 - - 0.00689 - -
QCAPRI 741 353 2237 894 32 - - 0.000672 - - 0.0215 - -
QSCORPIO 746 358 1784 40 11 15 16 0.000353 0.00046 0.00305 0.00388 0.0069 0.0487
QSCFXM1 787 457 3046 733 26 - - 0.00072 - - 0.0187 - -
QBANDM 777 472 2966 41 21 37 - 0.000602 0.000618 - 0.0126 0.0229 -
QSCTAP1 780 480 2172 153 19 24 24 0.000405 0.000469 0.00274 0.0077 0.0113 0.0659
QPCSTAIR 823 467 4323 467 22 - - 0.000988 - - 0.0217 - -
QSTAIR 823 467 4323 1018 31 - - 0.00124 - - 0.0386 - -
QPCBOEI1 980 384 4359 384 17 42 - 0.000906 0.00102 - 0.0154 0.0429 -
QSCAGR25 971 500 2054 128 20 - - 0.000395 - - 0.0079 - -
PRIMAL4 76 1489 16032 1488 10 21 13 0.00304 0.00309 0.0063 0.0304 0.065 0.0819
QSCSD1 837 760 3148 745 10 12 12 0.0006 0.000702 0.00244 0.006 0.00843 0.0293
QETAMACR 1223 688 3232 4447 20 33 - 0.00467 0.00458 - 0.0934 0.151 -
QGROW15 1545 645 6865 500 22 22 - 0.00115 0.00121 - 0.0253 0.0266 -
QFFFFF80 1378 854 7081 1916 27 52 - 0.00247 0.00263 - 0.0668 0.137 -
MOSARQP2 1500 900 3830 945 10 22 18 0.00143 0.00189 0.0101 0.0143 0.0416 0.181
GOULDQP2 1747 699 2445 697 14 - - 0.000596 - - 0.00835 - -
GOULDQP3 1747 699 2445 1395 7 - - 0.00067 - - 0.00469 - -
QSCFXM2 1574 914 6097 1131 32 - - 0.00143 - - 0.0458 - -
QSTANDAT 1538 1075 4210 804 18 28 20 0.000859 0.000826 0.00856 0.0155 0.0231 0.171
QSCRS8 1659 1169 4351 121 33 30 31 0.000978 0.00102 0.0061 0.0323 0.0305 0.189
QSCSD6 1497 1350 5666 1404 13 17 19 0.00102 0.00129 0.00465 0.0133 0.0219 0.0884
LASER 2000 1002 6000 3231 11 28 - 0.000896 0.0013 - 0.00985 0.0363 -
QGFRDXPN 1966 1092 3727 162 22 - - 0.000811 - - 0.0178 - -
QSEBA 2057 1028 5902 646 30 - - 0.00107 - - 0.032 - -
QGROW22 2266 946 10078 852 27 30 - 0.00167 0.00168 - 0.0451 0.0503 -
CVXQP2_M 2250 1000 2749 3984 10 - - 0.00502 - - 0.0502 - -
QSHIP04S 1860 1458 5810 56 15 35 - 0.00101 0.000906 - 0.0151 0.0317 -
CVXQP1_M 2500 1000 3498 3984 10 - - 0.0077 - - 0.077 - -
QSCFXM3 2361 1371 9148 1221 34 - - 0.00202 - - 0.0688 - -
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Table A.1: Solve times and iteration counts for the Maros-Meszaros problem set

iterations time per iteration(s) total time (s)

Problem vars. cons. nnz(A) nnz(P) ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek
CVXQP3_M 2750 1000 4247 3984 12 - - 0.00892 - - 0.107 - -
Q25FV47 2391 1571 11971 59499 26 - - 0.0135 - - 0.351 - -
QSHELL 2428 1775 5448 34790 35 - - 0.00698 - - 0.244 - -
QSHIP04L 2520 2118 8450 56 15 39 - 0.0014 0.00126 - 0.021 0.049 -
QSCTAP2 2970 1880 8594 777 12 20 15 0.00202 0.00247 0.0115 0.0242 0.0495 0.172
AUG3D 1000 3873 6546 2673 0 - 10 0 - 0.0186 0.00577 - 0.186
AUG3DC 1000 3873 6546 3873 0 - - 0 - - 0.00582 - -
QSHIP08S 3165 2387 9501 11677 15 36 - 0.00398 0.00535 - 0.0598 0.193 -
QPILOTNO 3487 2172 15569 485 31 - - 0.00652 - - 0.202 - -
MOSARQP1 3200 2500 5922 2545 10 23 19 0.00192 0.00334 0.0325 0.0192 0.0769 0.618
QSCSD8 3147 2750 11334 2510 11 18 17 0.00213 0.00348 0.0158 0.0235 0.0627 0.269
QSCTAP3 3960 2480 11354 1047 12 22 - 0.00255 0.00355 - 0.0306 0.078 -
QSHIP12S 3914 2763 10941 17403 15 39 - 0.00434 0.0057 - 0.0652 0.222 -
QSIERRA 5279 2036 11354 183 35 51 - 0.00203 0.00224 - 0.0709 0.114 -
STADAT1 5999 2001 13997 2000 15 - - 0.00176 - - 0.0265 - -
STADAT2 5999 2001 13997 2000 45 22 23 0.00193 0.0052 0.0119 0.0867 0.114 0.275
AUG3DCQP 4873 3873 10419 3873 11 29 - 0.00407 0.00668 - 0.0448 0.194 -
AUG3DQP 4873 3873 10419 2673 13 - - 0.0039 - - 0.0507 - -
QSHIP08L 5061 4283 17085 34965 16 36 - 0.0165 0.0229 - 0.264 0.826 -
CONT-050 7595 2597 17199 2597 9 21 20 0.00992 0.0109 0.0425 0.0893 0.229 0.85
EXDATA 7501 3000 12000 1125750 22 21 16 0.548 0.859 0.127 12 18 2.03
QSHIP12L 6578 5427 21597 62228 16 36 - 0.0246 0.0348 - 0.394 1.25 -
STCQP1 10246 4097 21532 26603 7 - - 0.0127 - - 0.0892 - -
STCQP2 10246 4097 21532 26603 9 - - 0.0248 - - 0.223 - -
STADAT3 11999 4001 27997 4000 54 18 24 0.00379 0.00507 0.0237 0.205 0.0912 0.569
HUES-MOD 10002 10000 30000 10000 13 - - 0.00595 - - 0.0774 - -
HUESTIS 10002 10000 30000 10000 9 - - 0.0111 - - 0.1 - -
LISWET2 10000 10002 30000 10002 18 - - 0.00483 - - 0.0869 - -
LISWET3 10000 10002 30000 10002 23 - - 0.00474 - - 0.109 - -
LISWET4 10000 10002 30000 10002 27 - - 0.00452 - - 0.122 - -
LISWET5 10000 10002 30000 10002 11 - - 0.0055 - - 0.0605 - -
LISWET6 10000 10002 30000 10002 18 - - 0.00485 - - 0.0873 - -
DTOC3 10000 14999 34995 14997 0 - 9 0 - 0.067 0.0168 - 0.603
AUG2D 10000 20200 40000 19800 0 - - 0 - - 0.0327 - -
AUG2DC 10000 20200 40000 20200 0 - - 0 - - 0.0334 - -
CVXQP2_L 22500 10000 27499 39984 10 - - 1.77 - - 17.7 - -
CVXQP1_L 25000 10000 34998 39984 11 - - 3.14 - - 34.5 - -
CVXQP3_L 27500 10000 42497 39984 11 - - 3.52 - - 38.8 - -
CONT-100 30195 10197 69399 10197 9 19 14 0.076 0.0866 0.167 0.684 1.64 2.34
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Table A.1: Solve times and iteration counts for the Maros-Meszaros problem set

iterations time per iteration(s) total time (s)

Problem vars. cons. nnz(A) nnz(P) ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek
CONT-101 30492 10197 69993 2700 12 - 14 0.0761 - 0.143 0.913 - 2.01
UBH1 24018 18009 60018 6003 16 - 35 0.00949 - 0.0979 0.152 - 3.43
AUG2DCQP 30200 20200 60200 20200 12 - - 0.0236 - - 0.283 - -
AUG2DQP 30200 20200 60200 19800 14 - - 0.0231 - - 0.324 - -
CONT-200 120395 40397 278799 40397 13 25 16 0.572 0.744 0.918 7.43 18.6 14.7
CONT-201 120992 40397 279993 10400 12 - 16 0.743 - 0.608 8.92 - 9.73
BOYD1 93279 93261 652246 93261 35 - - 0.0996 - - 3.49 - -
CONT-300 271492 90597 629993 23100 12 - 13 2.86 - 1.6 34.4 - 20.8
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Table A.2: Solve times and iteration counts for the Optimal Control problem set

iterations time per iteration(s) total time (s)

Problem vars. cons. nnz(A) nnz(P) ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek
pendulum_3 28 23 83 23 5 11 11 2.71e-05 3.17e-05 0.000182 0.000136 0.000349 0.002
fiordosExample_1 32 27 67 18 8 12 12 1.93e-05 3.05e-05 0.000188 0.000155 0.000367 0.00226
fiordosExample_3 32 27 67 18 8 - - 2.07e-05 - - 0.000166 - -
forcesExample_1 38 29 83 28 9 14 11 2.07e-05 3.59e-05 0.000235 0.000186 0.000502 0.00258
forcesExample_2 38 29 83 27 8 13 10 2.38e-05 3.57e-05 0.000244 0.00019 0.000464 0.00244
forcesExample_3 42 32 92 31 9 12 11 2.32e-05 4.21e-05 0.00024 0.000209 0.000506 0.00264
toyExample_1 42 32 102 31 7 - 16 2.57e-05 - 0.000318 0.00018 - 0.00509
toyExample_3 42 32 102 31 9 - - 2.31e-05 - - 0.000208 - -
helicopter_1 48 30 96 39 6 - 21 3.39e-05 - 0.000298 0.000204 - 0.00626
fiordosExample_2 52 27 87 18 7 13 13 2.74e-05 3.3e-05 0.000188 0.000192 0.000428 0.00244
nonlinearCstr_3 64 54 204 30 10 - 12 3.94e-05 - 0.000294 0.000394 - 0.00353
robotArm_1 84 54 174 34 6 - 27 6.23e-05 - 0.000468 0.000374 - 0.0126
pendulum_1 78 63 243 63 6 12 6 5.89e-05 8.41e-05 0.000444 0.000353 0.00101 0.00266
pendulum_2 78 63 243 60 7 14 8 5.38e-05 7.82e-05 0.000406 0.000377 0.0011 0.00325
forcesExample_4 82 62 182 61 7 15 7 4.53e-05 6.95e-05 0.000468 0.000317 0.00104 0.00327
toyExample_2 82 62 202 61 7 18 10 4.54e-05 6.3e-05 0.000476 0.000318 0.00113 0.00476
aircraft_3 104 84 364 20 8 16 12 7.14e-05 0.000113 0.000326 0.000571 0.0018 0.00391
doubleInvertedPendulum_1 104 84 364 50 7 14 9 8.58e-05 0.0001 0.00051 0.000601 0.0014 0.00459
doubleInvertedPendulum_2 104 84 364 50 8 15 10 8.92e-05 8.65e-05 0.000457 0.000714 0.0013 0.00457
helicopter_3 118 86 278 80 7 22 - 8.09e-05 8.37e-05 - 0.000567 0.00184 -
aircraft_1 144 84 404 20 9 10 9 6.6e-05 0.000115 0.000462 0.000594 0.00115 0.00416
aircraft_2 144 84 404 40 9 10 9 6.68e-05 0.000133 0.000525 0.000601 0.00133 0.00472
aircraft_4 144 84 404 20 9 10 9 6.7e-05 0.000114 0.000459 0.000603 0.00114 0.00413
doubleInvertedPendulum_3 144 84 404 50 6 18 8 0.000105 9.56e-05 0.000544 0.000632 0.00172 0.00435
ballOnPlate_1 152 77 257 47 8 15 10 7.75e-05 8.85e-05 0.000745 0.00062 0.00133 0.00745
ballOnPlate_2 152 77 257 47 7 14 7 7.83e-05 8.94e-05 0.000571 0.000548 0.00125 0.004
ballOnPlate_3 152 77 257 47 7 17 9 7.9e-05 0.000106 0.000541 0.000553 0.00179 0.00487
dcMotor_1 144 94 424 32 9 - - 8.2e-05 - - 0.000738 - -
aircraft_10 164 104 444 20 9 10 10 8.14e-05 0.000127 0.00055 0.000733 0.00127 0.0055
aircraft_11 164 104 444 64 9 12 - 8.04e-05 8.75e-05 - 0.000724 0.00105 -
aircraft_12 164 104 444 64 9 12 - 7.58e-05 8.7e-05 - 0.000682 0.00104 -
toyExample_4 202 152 502 151 9 - - 9.52e-05 - - 0.000856 - -
ballOnPlate_4 252 127 427 77 9 19 11 0.00011 0.000155 0.0013 0.000989 0.00294 0.0143
helicopter_2 218 166 538 175 6 21 - 0.000164 0.000165 - 0.000983 0.00347 -
shell_1 249 159 559 60 7 15 8 0.00018 0.000226 0.00147 0.00126 0.00339 0.0118
shell_3 249 159 559 60 11 20 15 0.000151 0.000216 0.00139 0.00166 0.00433 0.0208
nonlinearCstr_1 244 204 804 120 10 - 22 0.000138 - 0.00209 0.00138 - 0.0459
nonlinearCstr_2 244 204 804 120 10 - 22 0.000134 - 0.00208 0.00134 - 0.0459
dcMotor_2 284 184 844 62 10 16 21 0.000166 0.000142 0.00139 0.00166 0.00227 0.0292
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Table A.2: Solve times and iteration counts for the Optimal Control problem set

iterations time per iteration(s) total time (s)

Problem vars. cons. nnz(A) nnz(P) ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek
dcMotor_5 284 184 844 62 10 16 - 0.000148 0.000146 - 0.00148 0.00234 -
dcMotor_6 284 184 844 62 9 16 - 0.000155 0.00015 - 0.0014 0.0024 -
robotArm_2 324 204 684 124 8 - - 0.000246 - - 0.00197 - -
spacecraft_1 367 187 807 110 10 18 14 0.000165 0.000198 0.00201 0.00165 0.00356 0.0282
spacecraft_2 367 187 807 110 10 18 14 0.000165 0.000197 0.00201 0.00165 0.00354 0.0281
binaryDistillationColumn_1 311 266 2666 90 9 18 13 0.000381 0.000386 0.00221 0.00343 0.00694 0.0287
binaryDistillationColumn_2 311 266 2666 90 9 18 13 0.000379 0.000431 0.0022 0.00341 0.00776 0.0286
quadcopter_1 382 292 1162 110 8 16 10 0.00026 0.000389 0.00245 0.00208 0.00623 0.0245
quadcopter_6 382 292 1162 172 8 16 12 0.000293 0.000366 0.00259 0.00235 0.00585 0.031
toyExample_5 402 302 1002 301 10 27 - 0.000185 0.000259 - 0.00185 0.007 -
shell_2 489 309 1109 120 7 15 9 0.000344 0.000435 0.0035 0.00241 0.00653 0.0315
tripleInvertedPendulum_1 456 366 2166 201 8 - 16 0.000579 - 0.00391 0.00463 - 0.0625
springMass_2 566 286 1646 181 7 18 18 0.000312 0.000353 0.00377 0.00219 0.00635 0.0679
springMass_3 566 286 1646 166 8 21 - 0.000293 0.00032 - 0.00234 0.00672 -
tripleInvertedPendulum_2 636 366 2346 201 8 21 13 0.000658 0.000381 0.00452 0.00527 0.00801 0.0588
tripleInvertedPendulum_3 636 366 2346 201 9 24 - 0.000648 0.000363 - 0.00583 0.00872 -
quadcopter_5 572 572 2212 220 27 - - 0.000473 - - 0.0128 - -
aircraft_13 804 504 2204 304 11 23 - 0.000367 0.00048 - 0.00403 0.011 -
quadcopter_2 752 572 2312 220 8 18 11 0.000484 0.000879 0.00437 0.00387 0.0158 0.0481
quadcopter_4 752 572 2312 220 12 19 16 0.000465 0.000739 0.00396 0.00558 0.0141 0.0634
springMass_4 1126 566 3286 341 8 17 15 0.00062 0.000631 0.0058 0.00496 0.0107 0.087
dcMotor_3 1404 904 4204 302 11 - - 0.000801 - - 0.00881 - -
dcMotor_4 1404 904 4204 302 11 25 - 0.000734 0.000634 - 0.00807 0.0159 -
quadcopter_3 1862 1412 5762 550 8 20 10 0.00121 0.00238 0.00935 0.00968 0.0476 0.0935
nonlinearChain_13 2457 2397 30857 660 9 22 - 0.00537 0.00579 - 0.0483 0.127 -
nonlinearChain_3 2457 2397 30857 660 9 22 - 0.00536 0.0058 - 0.0483 0.128 -
nonlinearChain_14 2637 2397 31037 660 10 23 - 0.00532 0.00663 - 0.0532 0.153 -
nonlinearChain_4 2637 2397 31037 660 10 23 - 0.00535 0.00666 - 0.0535 0.153 -
springMass_1 5606 2806 16406 1621 12 - - 0.00444 - - 0.0532 - -
nonlinearChain_1 9657 9417 123257 2640 8 28 - 0.0225 0.0232 - 0.18 0.649 -
nonlinearChain_11 9657 9417 123257 2640 8 28 - 0.0223 0.0229 - 0.178 0.642 -
nonlinearChain_12 10377 9417 123977 2640 9 - - 0.0219 - - 0.197 - -
nonlinearChain_2 10377 9417 123977 2640 9 - - 0.022 - - 0.198 - -
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Table A.3: Solve times and iteration counts for the SuiteSparse least-squares problem set

iterations time per iteration(s) total time (s)

Problem vars. cons. nnz(A) nnz(P) ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek
NYPA_Maragal_1_lasso 60 60 322 32 9 15 10 5.02e-05 6.17e-05 0.000325 0.000452 0.000925 0.00325
NYPA_Maragal_1_huber 96 110 394 32 6 10 5 5.97e-05 8.64e-05 0.000603 0.000358 0.000864 0.00301
HB_ash85_lasso 255 255 948 85 8 18 15 0.00018 0.000325 0.00169 0.00144 0.00585 0.0253
HB_ash85_huber 255 340 948 85 6 6 12 0.000297 0.000344 0.00199 0.00178 0.00206 0.0238
HB_ash219_lasso 389 389 997 219 8 18 16 0.000247 0.000354 0.00255 0.00198 0.00637 0.0408
HB_ash331_lasso 539 539 1409 331 7 18 21 0.000503 0.0005 0.00402 0.00352 0.009 0.0845
HB_abb313_lasso 665 665 2574 313 9 22 - 0.000607 0.000686 - 0.00546 0.0151 -
HB_ash219_huber 657 742 1533 219 9 16 16 0.0003 0.000711 0.00417 0.0027 0.0114 0.0667
HB_ash292_lasso 876 876 3668 292 8 24 19 0.000848 0.000992 0.00617 0.00678 0.0238 0.117
HB_ash608_lasso 984 984 2576 608 8 - - 0.00047 - - 0.00376 - -
HB_ash292_huber 876 1168 3668 292 6 11 15 0.000914 0.00138 0.00502 0.00549 0.0152 0.0753
HB_abb313_huber 939 1115 3122 313 9 19 17 0.000498 0.000995 0.0062 0.00448 0.0189 0.105
HB_ash331_huber 993 1097 2317 331 8 16 15 0.000434 0.00104 0.00546 0.00347 0.0166 0.082
NYPA_Maragal_2_lasso 1255 1255 6312 555 7 14 11 0.00122 0.00185 0.011 0.00854 0.0259 0.121
HB_ash958_lasso 1542 1542 4042 958 7 - 21 0.000786 - 0.00901 0.00551 - 0.189
HB_illc1033_lasso 1673 1673 7032 1033 19 - - 0.000932 - - 0.0177 - -
HB_well1033_lasso 1673 1673 7045 1033 13 - - 0.000894 - - 0.0116 - -
NYPA_Maragal_2_huber 1665 2015 7132 555 8 16 12 0.00127 0.0029 0.00951 0.0101 0.0463 0.114
HB_ash608_huber 1824 2012 4256 608 9 18 16 0.000756 0.00127 0.00938 0.00681 0.0228 0.15
HB_ash958_huber 2874 3166 6706 958 9 17 18 0.00131 0.00208 0.0154 0.0118 0.0354 0.277
HB_illc1033_huber 3099 3419 9884 1033 7 11 7 0.002 0.00306 0.0177 0.014 0.0337 0.124
HB_well1033_huber 3099 3419 9897 1033 7 12 7 0.00168 0.00387 0.0175 0.0118 0.0465 0.123
HB_illc1850_lasso 3274 3274 13334 1850 13 - - 0.00212 - - 0.0275 - -
HB_well1850_lasso 3274 3274 13453 1850 12 - - 0.00201 - - 0.0241 - -
NYPA_Maragal_3_lasso 3410 3410 23521 1690 7 15 9 0.00921 0.0102 0.0367 0.0645 0.153 0.33
NYPA_Maragal_4_lasso 4032 4032 32819 1964 6 17 9 0.0228 0.0253 0.0427 0.137 0.429 0.384
NYPA_Maragal_3_huber 5070 5930 26841 1690 8 18 11 0.00971 0.0112 0.0477 0.0777 0.202 0.524
HB_illc1850_huber 5550 6262 17886 1850 7 11 13 0.00343 0.00722 0.0297 0.024 0.0795 0.386
HB_well1850_huber 5550 6262 18005 1850 7 11 13 0.00342 0.00718 0.034 0.024 0.079 0.441
NYPA_Maragal_4_huber 5892 6926 36539 1964 7 18 13 0.0252 0.0245 0.0437 0.177 0.441 0.568
NYPA_Maragal_5_lasso 11294 11294 111025 4654 8 21 9 0.156 0.168 0.168 1.25 3.53 1.51
NYPA_Maragal_5_huber 13962 17282 116361 4654 8 20 - 0.17 0.168 - 1.36 3.36 -
NYPA_Maragal_6_lasso 41559 41559 599557 21255 7 - 8 4.88 - 1.4 34.1 - 11.2
NYPA_Maragal_6_huber 63765 73917 643969 21255 7 - - 5.41 - - 37.9 - -
Pereyra_landmark_lasso 77360 77360 1229616 71952 8 - - 0.185 - - 1.48 - -
NYPA_Maragal_7_lasso 99973 99973 1353638 46845 7 - - 11 - - 76.7 - -
NYPA_Maragal_8_huber 99636 174713 1474475 33212 8 - 16 6.5 - 1.41 52 - 22.5
NYPA_Maragal_7_huber 140535 167099 1434762 46845 10 - - 10.9 - - 109 - -
NYPA_Maragal_8_lasso 183366 183366 1641935 33212 7 - - 6.59 - - 46.1 - -
Pereyra_landmark_huber 215856 218560 1506608 71952 82 - - 0.176 - - 14.4 - -
ANSYS_Delor64K_huber 194157 1979502 975735 64719 7 - 14 0.636 - 1.61 4.45 - 22.5
ANSYS_Delor338K_huber 1029708 1916766 5927779 343236 8 - 4 1.46 - 18.1 11.7 - 72.5
ANSYS_Delor295K_huber 887202 2711130 3879993 295734 8 - 4 1.35 - 20 10.8 - 80.2
ANSYS_Delor338K_lasso 2117352 2117352 8103067 343236 7 - - 2.14 - - 15 - -
ANSYS_Delor64K_lasso 3635409 3635409 7858239 64719 8 - - 2.61 - - 20.9 - -
ANSYS_Delor295K_lasso 3943590 3943590 9992769 295734 8 - - 3.17 - - 25.4 - -
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Table A.4: Solve times and iteration counts for the NETLIB Feasible LP problem set

iterations time per iteration(s) total time (s)

Problem vars. cons. nnz(A) nnz(P) ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek
afiro 78 51 153 0 8 9 11 3.91e-05 3.05e-05 0.000263 0.000312 0.000275 0.00289
kb2 120 68 390 0 16 16 28 6.83e-05 6.32e-05 0.000208 0.00109 0.00101 0.00583
sc50a 128 78 238 0 9 11 11 6e-05 4.84e-05 0.000276 0.00054 0.000532 0.00304
sc50b 128 78 226 0 8 10 9 6.27e-05 4.58e-05 0.000305 0.000502 0.000458 0.00274
blend 188 114 636 0 11 12 14 0.000115 0.000102 0.00102 0.00126 0.00122 0.0143
adlittle 194 138 562 0 12 12 16 0.000115 9.69e-05 0.000976 0.00137 0.00116 0.0156
share2b 258 162 939 0 11 13 13 0.000166 0.000143 0.00128 0.00182 0.00186 0.0166
sc105 268 163 503 0 10 12 12 0.00012 0.000103 0.000518 0.0012 0.00123 0.00622
stocfor1 282 165 666 0 16 15 26 0.000138 0.000126 0.00124 0.00222 0.00189 0.0323
scagr7 314 185 650 0 15 15 15 0.00012 0.00011 0.00125 0.0018 0.00165 0.0187
recipe 364 204 960 0 10 11 7 0.000179 0.000149 0.00184 0.00179 0.00164 0.0129
share1b 370 253 1432 0 22 27 45 0.000286 0.000228 0.00177 0.0063 0.00616 0.0798
nug05 435 225 1275 0 7 7 7 0.000949 0.000839 0.00199 0.00664 0.00587 0.014
beaconfd 468 295 3703 0 9 10 14 0.000702 0.000561 0.0026 0.00632 0.00561 0.0365
israel 490 316 2759 0 19 23 33 0.000457 0.000398 0.0024 0.00868 0.00915 0.0793
brandy 523 303 2505 0 15 18 24 0.000513 0.000448 0.00245 0.0077 0.00806 0.0587
sc205 522 317 982 0 13 13 13 0.000231 0.000247 0.00145 0.003 0.00321 0.0189
lotfi 519 366 1502 0 19 20 17 0.000302 0.000247 0.00212 0.00574 0.00495 0.036
bore3d 578 334 1793 0 19 20 40 0.000401 0.000339 0.00244 0.00762 0.00679 0.0977
vtp_base 608 346 1461 0 31 33 19 0.000283 0.000269 0.00267 0.00877 0.00888 0.0507
grow7 721 301 3193 0 13 12 12 0.000614 0.000547 0.00483 0.00798 0.00657 0.058
e226 695 472 3240 0 22 24 40 0.000588 0.000525 0.00284 0.0129 0.0126 0.114
bandm 777 472 2966 0 18 21 24 0.000618 0.000656 0.00339 0.0111 0.0138 0.0813
scorpion 854 466 2000 0 12 12 12 0.000478 0.000416 0.00238 0.00574 0.00499 0.0286
nug06 858 486 2718 0 7 7 7 0.00302 0.00287 0.00456 0.0211 0.0201 0.032
capri 870 482 2495 0 21 22 16 0.000579 0.000522 0.00397 0.0122 0.0115 0.0635
scfxm1 930 600 3332 0 19 22 18 0.000767 0.000702 0.00401 0.0146 0.0154 0.0722
stair 970 614 4617 0 22 23 15 0.000999 0.000898 0.00704 0.022 0.0206 0.106
scsd1 837 760 3148 0 10 11 13 0.000506 0.000453 0.0028 0.00506 0.00499 0.0364
tuff 985 628 5213 0 21 - 22 0.00113 - 0.00488 0.0237 - 0.107
sctap1 960 660 2532 0 26 25 16 0.00043 0.000402 0.00365 0.0112 0.0101 0.0584
agg 1103 615 3477 0 45 43 43 0.000834 0.000554 0.00246 0.0375 0.0238 0.106
scagr25 1142 671 2396 0 17 18 19 0.000397 0.000376 0.00411 0.00675 0.00676 0.0781
degen2 1201 757 4958 0 11 12 11 0.00177 0.0016 0.00936 0.0195 0.0192 0.103
agg2 1274 758 5498 0 26 28 26 0.0019 0.00188 0.00569 0.0494 0.0526 0.148
agg3 1274 758 5514 0 25 29 27 0.00187 0.00182 0.00609 0.0468 0.0529 0.165
etamacro 1351 816 3488 0 25 33 33 0.00175 0.00142 0.00608 0.0438 0.047 0.201
grow15 1545 645 6865 0 13 13 14 0.0013 0.00111 0.00946 0.0168 0.0145 0.132
nug07 1533 931 5145 0 11 11 9 0.00895 0.00919 0.0178 0.0984 0.101 0.16



A
.A

ppendix
144

Table A.4: Solve times and iteration counts for the NETLIB Feasible LP problem set

iterations time per iteration(s) total time (s)

Problem vars. cons. nnz(A) nnz(P) ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek
fffff800 1552 1028 7429 0 36 49 25 0.0023 0.00202 0.0076 0.0829 0.0992 0.19
finnis 1597 1064 3860 0 36 44 26 0.000909 0.000707 0.00631 0.0327 0.0311 0.164
pilot4 1692 1123 6546 0 39 72 37 0.0016 0.00114 0.00793 0.0625 0.0821 0.294
scsd6 1497 1350 5666 0 13 13 13 0.000832 0.000806 0.00487 0.0108 0.0105 0.0633
standata 1737 1274 4608 0 12 15 20 0.000954 0.000763 0.00566 0.0114 0.0115 0.113
scrs8 1765 1275 4563 0 28 29 37 0.00104 0.000916 0.00643 0.0292 0.0266 0.238
scfxm2 1860 1200 6669 0 22 23 20 0.00149 0.00144 0.00768 0.0328 0.0331 0.154
standmps 1845 1274 5256 0 17 18 29 0.0011 0.000879 0.00609 0.0187 0.0158 0.176
fit1d 2099 1049 15502 0 28 30 26 0.00173 0.00163 0.00294 0.0484 0.0489 0.0763
gfrd_pnc 2034 1160 3863 0 14 17 24 0.000869 0.000767 0.00664 0.0122 0.013 0.159
grow22 2266 946 10078 0 14 14 14 0.00184 0.00155 0.0136 0.0257 0.0217 0.19
standgub 1848 1383 4825 0 12 15 21 0.00101 0.000816 0.00573 0.0121 0.0122 0.12
ship04s 1908 1506 5906 0 17 16 28 0.00119 0.00111 0.00571 0.0202 0.0177 0.16
bnl1 2229 1586 7118 0 57 58 36 0.00183 0.00182 0.00851 0.104 0.105 0.306
perold 2309 1506 7832 0 51 - 44 0.003 - 0.00978 0.153 - 0.43
modszk1 2305 1620 4786 0 27 31 27 0.00125 0.000878 0.00783 0.0337 0.0272 0.211
nug08 2544 1632 8928 0 9 9 7 0.0294 0.0307 0.0389 0.264 0.277 0.272
qap8 2544 1632 8928 0 9 9 7 0.031 0.032 0.0333 0.279 0.288 0.233
shell 2430 1777 5452 0 17 18 16 0.00123 0.00108 0.00895 0.0209 0.0195 0.143
fit1p 2703 1677 11944 0 18 23 21 0.00166 0.00137 0.00862 0.0298 0.0315 0.181
25fv47 2697 1876 12581 0 27 28 29 0.00437 0.00442 0.0122 0.118 0.124 0.355
scfxm3 2790 1800 10006 0 22 24 20 0.00221 0.00214 0.0117 0.0486 0.0514 0.234
ship04l 2568 2166 8546 0 17 19 23 0.00156 0.00141 0.00764 0.0265 0.0268 0.176
maros 2812 1966 12103 0 28 34 36 0.00405 0.00325 0.0111 0.113 0.11 0.398
ganges 3412 1706 9040 0 31 37 16 0.00204 0.00181 0.0148 0.0634 0.0668 0.236
wood1p 2839 2595 72811 0 16 18 14 0.00935 0.0085 0.0257 0.15 0.153 0.36
ship08s 3245 2467 9661 0 16 17 20 0.00198 0.00185 0.0104 0.0317 0.0315 0.207
pilot_ja 3458 2267 17495 0 59 - 35 0.00599 - 0.0169 0.354 - 0.593
scsd8 3147 2750 11334 0 11 12 12 0.00183 0.00155 0.0106 0.0201 0.0186 0.128
sctap2 3590 2500 9834 0 16 16 28 0.00185 0.00174 0.0115 0.0296 0.0278 0.322
pilotnov 3761 2446 16117 0 21 22 22 0.00658 0.0063 0.0188 0.138 0.139 0.413
degen3 4107 2604 28036 0 14 15 11 0.014 0.0139 0.0468 0.196 0.209 0.515
pilot_we 3864 2928 12407 0 61 73 59 0.00305 0.00259 0.0133 0.186 0.189 0.785
ship12s 4020 2869 11153 0 21 23 25 0.00224 0.00209 0.0117 0.047 0.0482 0.294
czprob 4491 3562 14270 0 43 43 25 0.00236 0.00213 0.0135 0.101 0.0916 0.338
sctap3 4820 3340 13074 0 16 16 35 0.00251 0.00239 0.0155 0.0401 0.0382 0.542
stocfor2 5202 3045 12402 0 28 27 32 0.00275 0.00283 0.0136 0.0771 0.0765 0.436
sierra 5978 2735 12752 0 18 21 35 0.00264 0.00283 0.0212 0.0474 0.0595 0.742
cycle 5344 3371 24675 0 38 - 47 0.00677 - 0.0241 0.257 - 1.13
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Table A.4: Solve times and iteration counts for the NETLIB Feasible LP problem set

iterations time per iteration(s) total time (s)

Problem vars. cons. nnz(A) nnz(P) ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek
ship08l 5141 4363 17245 0 18 19 21 0.00345 0.00319 0.0157 0.062 0.0607 0.329
bnl2 6810 4486 19482 0 34 38 33 0.00949 0.0094 0.0284 0.323 0.357 0.939
pilot 7341 4860 50275 0 65 - 59 0.0274 - 0.0368 1.78 - 2.17
ship12l 6684 5533 21809 0 29 28 22 0.00398 0.00401 0.0201 0.115 0.112 0.441
d6cube 6599 6184 43888 0 18 - 12 0.0125 - 0.0469 0.225 - 0.562
ken_07 9630 3602 15608 0 17 16 20 0.00336 0.00346 0.0327 0.0572 0.0553 0.654
d2q06c 8002 5831 38912 0 32 48 48 0.0203 0.0192 0.0338 0.65 0.92 1.62
greenbeb 8277 5598 36955 0 66 69 47 0.0166 0.0178 0.0331 1.1 1.23 1.56
greenbea 8280 5598 36958 0 42 44 55 0.0167 0.0174 0.0329 0.703 0.767 1.81
cre_c 9479 6411 22388 0 27 32 23 0.00567 0.00595 0.0356 0.153 0.19 0.819
pilot87 10288 6680 83207 0 100 - 94 0.11 - 0.0648 11 - 6.09
woodw 9516 8418 45905 0 26 32 19 0.00939 0.00846 0.0351 0.244 0.271 0.667
cre_a 10764 7248 25416 0 22 26 40 0.00663 0.00682 0.0363 0.146 0.177 1.45
truss 9806 8806 36642 0 20 20 20 0.00879 0.00893 0.036 0.176 0.179 0.72
pds_02 12803 7716 26421 0 34 32 24 0.00671 0.00721 0.0474 0.228 0.231 1.14
nug12 12048 8856 47160 0 20 20 16 1.05 1.1 0.192 21 22.1 3.07
qap12 12048 8856 47160 0 20 20 16 1.03 1.14 0.217 20.5 22.9 3.47
maros_r7 12544 9408 154256 0 14 15 13 0.274 0.281 0.116 3.84 4.21 1.51
80bau3b 17309 12061 38311 0 37 41 25 0.00935 0.011 0.0579 0.346 0.45 1.45
dfl001 18314 12230 47875 0 - 47 35 - 0.871 0.127 - 40.9 4.46
fit2d 21049 10524 150066 0 24 27 27 0.0138 0.0154 0.0205 0.33 0.417 0.553
fit2p 24025 13525 71309 0 21 23 21 0.0129 0.0107 0.0624 0.27 0.247 1.31
nug15 28605 22275 117225 0 24 24 15 10.4 10.4 4.49 249 251 67.4
qap15 28605 22275 117225 0 24 24 17 10.5 11.3 3.82 251 270 65
osa_07 26185 25067 169879 0 23 24 27 0.0347 0.0295 0.0988 0.797 0.708 2.67
stocfor3 40216 23541 96262 0 42 47 61 0.024 0.027 0.0805 1.01 1.27 4.91
pds_06 48472 29351 101811 0 46 45 31 0.136 0.144 0.204 6.25 6.46 6.33
ken_11 57392 21349 91756 0 25 25 21 0.0279 0.03 0.101 0.699 0.75 2.12
pds_10 82638 49932 173685 0 61 64 38 0.507 0.509 0.39 30.9 32.6 14.8
ken_13 113950 42659 182564 0 27 27 29 0.0674 0.0691 0.196 1.82 1.86 5.68
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Table A.5: Solve times and iteration counts for the NETLIB Infeasible LP problem set

iterations time per iteration(s) total time (s)

Problem vars. cons. nnz(A) nnz(P) ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek
lpi_itest2 22 13 39 0 6 6 4 1.63e-05 1.2e-05 0.00019 9.75e-05 7.23e-05 0.00076
lpi_galenet 30 14 44 0 6 5 4 2.2e-05 1.5e-05 0.000187 0.000132 7.5e-05 0.000749
lpi_itest6 28 17 46 0 5 8 4 2.42e-05 1.67e-05 0.00024 0.000121 0.000134 0.000961
lpi_bgprtr 60 40 110 0 8 9 7 3.33e-05 2.84e-05 0.000262 0.000266 0.000256 0.00183
lpi_woodinfe 138 89 243 0 7 8 6 7.6e-05 5.56e-05 0.000569 0.000532 0.000445 0.00342
lpi_klein1 162 108 858 0 18 18 21 0.000178 0.000164 0.000433 0.00321 0.00296 0.00909
lpi_forest6 202 131 382 0 8 9 10 9.06e-05 8.71e-05 0.000913 0.000725 0.000784 0.00913
lpi_ex73a 404 211 668 0 7 6 15 0.000207 0.000179 0.00115 0.00145 0.00107 0.0172
lpi_ex72a 412 215 682 0 7 6 17 0.000223 0.000205 0.00112 0.00156 0.00123 0.0191
lpi_box1 492 261 912 0 8 7 4 0.000217 0.000238 0.00294 0.00174 0.00166 0.0118
lpi_qual 1032 464 2355 0 61 55 51 0.000537 0.000495 0.00259 0.0327 0.0272 0.132
lpi_refinery 1032 464 2335 0 19 20 23 0.000533 0.000469 0.00243 0.0101 0.00938 0.0558
lpi_vol1 1032 464 2355 0 56 57 43 0.000539 0.000499 0.0024 0.0302 0.0285 0.103
lpi_klein2 1008 531 5593 0 14 16 41 0.000917 0.000958 0.00219 0.0128 0.0153 0.09
lpi_bgdbg1 1022 629 2336 0 9 8 9 0.00062 0.000602 0.00432 0.00558 0.00481 0.0388
lpi_pang 1117 741 3689 0 24 24 27 0.000852 0.000788 0.00465 0.0205 0.0189 0.126
lpi_chemcom 1176 744 2478 0 7 8 7 0.000791 0.000697 0.00525 0.00554 0.00557 0.0367
lpi_mondou2 1393 604 2289 0 1 12 22 0.00196 0.000402 0.00322 0.00196 0.00482 0.0709
lpi_bgetam 1351 816 3488 0 7 8 8 0.00206 0.00189 0.00958 0.0144 0.0152 0.0766
lpi_reactor 1674 808 3947 0 29 29 22 0.000933 0.000956 0.00695 0.0271 0.0277 0.153
lpi_pilot4i 1692 1123 6546 0 27 30 23 0.00186 0.00138 0.0104 0.0503 0.0413 0.238
lpi_klein3 2076 1082 14183 0 18 17 28 0.00224 0.00208 0.00477 0.0404 0.0354 0.134
lpi_gran 5707 2525 23160 0 10 13 46 0.00835 0.00683 0.0128 0.0835 0.0887 0.591
lpi_ceria3d 7152 4400 24754 0 15 11 10 0.00586 0.00561 0.0557 0.0879 0.0618 0.557
lpi_cplex1 8447 5224 16389 0 6 11 22 0.00679 0.00279 0.0152 0.0407 0.0307 0.335
lpi_greenbea 8290 5596 36971 0 29 32 17 0.0177 0.0183 0.0371 0.513 0.587 0.63
lpi_bgindy 13551 10880 77146 0 7 9 9 0.0377 0.0294 0.072 0.264 0.265 0.648
lpi_gosh 17005 13455 113166 0 41 36 24 0.0498 0.0459 0.0612 2.04 1.65 1.47
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Table A.6: Solve times and iteration counts for the LP Optimal Power Flow problem set

iterations time per iteration(s) total time (s)

Problem vars. cons. nnz(A) nnz(P) ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek
case3_lmbd 25 9 43 2 8 18 - 1.55e-05 1.27e-05 - 0.000124 0.000229 -
case3_lmbd__api 25 9 43 2 8 16 - 1.53e-05 1.58e-05 - 0.000122 0.000254 -
case3_lmbd__sad 25 9 43 2 8 18 - 1.51e-05 1.59e-05 - 0.000121 0.000286 -
case5_pjm 46 16 82 0 7 8 8 2.61e-05 2.52e-05 0.000194 0.000183 0.000202 0.00155
case5_pjm__api 46 16 82 0 9 9 10 2.49e-05 3.01e-05 0.000186 0.000224 0.000271 0.00186
case14_ieee 125 39 236 0 7 7 7 6.64e-05 5.97e-05 0.000326 0.000465 0.000418 0.00228
case14_ieee__api 125 39 236 0 11 11 11 5.6e-05 6.03e-05 0.000248 0.000616 0.000663 0.00273
case30_as 248 77 470 6 8 16 15 9.86e-05 0.000131 0.000305 0.000789 0.0021 0.00457
case30_as__api 248 77 470 6 9 20 24 0.000103 0.000118 0.000305 0.000924 0.00236 0.00733
case30_ieee 248 77 470 0 8 8 8 0.000121 0.000114 0.00037 0.000966 0.000911 0.00296
case30_ieee__api 248 77 470 0 7 8 9 0.000127 0.000112 0.000346 0.000887 0.000894 0.00311
case24_ieee_rts 273 95 502 22 9 22 - 0.000108 0.00012 - 0.000969 0.00263 -
case24_ieee_rts__api 273 95 502 22 11 23 - 0.000101 0.000108 - 0.00111 0.00247 -
case24_ieee_rts__sad 273 95 502 22 12 27 - 0.000102 0.00012 - 0.00122 0.00325 -
case39_epri 290 95 537 0 9 9 13 0.000126 0.00012 0.000365 0.00113 0.00108 0.00474
case39_epri__api 290 95 537 0 9 10 10 0.000131 0.000118 0.000401 0.00118 0.00118 0.00401
case39_epri__sad 290 95 537 0 18 20 13 0.000119 0.000122 0.000356 0.00215 0.00243 0.00463
case57_ieee 468 144 894 0 8 9 10 0.000217 0.000196 0.000506 0.00174 0.00177 0.00506
case57_ieee__api 468 144 894 0 10 12 11 0.000213 0.000194 0.000507 0.00213 0.00233 0.00558
case60_c 515 171 974 0 8 8 9 0.00023 0.000237 0.000782 0.00184 0.00189 0.00704
case60_c__api 515 171 974 0 14 19 13 0.000201 0.000198 0.000606 0.00282 0.00377 0.00788
case73_ieee_rts 848 292 1570 66 9 25 - 0.000337 0.000391 - 0.00303 0.00977 -
case73_ieee_rts__api 848 292 1570 66 12 25 - 0.000307 0.000349 - 0.00368 0.00871 -
case73_ieee_rts__sad 848 292 1570 66 13 47 - 0.000301 0.000366 - 0.00392 0.0172 -
case89_pegase 1156 311 2331 0 9 8 29 0.000526 0.000513 0.00201 0.00474 0.0041 0.0582
case89_pegase__api 1156 311 2331 0 14 14 35 0.000601 0.000529 0.002 0.00841 0.00741 0.0701
case118_ieee 1143 358 2181 0 12 12 12 0.000492 0.000485 0.00226 0.00591 0.00583 0.0271
case118_ieee__api 1143 358 2181 0 14 14 16 0.000554 0.00059 0.00214 0.00776 0.00826 0.0342
case179_goc 1471 471 2817 0 13 12 18 0.000559 0.000546 0.0026 0.00727 0.00656 0.0468
case179_goc__api 1471 471 2817 0 13 13 23 0.000632 0.000714 0.00255 0.00822 0.00928 0.0586
case200_activ 1502 483 2810 31 10 21 16 0.000567 0.000735 0.00371 0.00567 0.0154 0.0593
case200_activ__api 1502 483 2810 31 11 19 26 0.000571 0.000807 0.00308 0.00628 0.0153 0.0801
case162_ieee_dtc 1599 458 3145 0 14 14 18 0.000739 0.000782 0.00309 0.0104 0.0109 0.0557
case162_ieee_dtc__api 1599 458 3145 0 16 14 16 0.000769 0.000835 0.00312 0.0123 0.0117 0.0499
case162_ieee_dtc__sad 1599 458 3145 0 18 19 16 0.000746 0.000851 0.00316 0.0134 0.0162 0.0506
case197_snem 1572 518 3000 0 9 10 9 0.000645 0.000604 0.00332 0.0058 0.00604 0.0299
case197_snem__api 1572 518 3000 0 12 13 16 0.000684 0.0007 0.00268 0.00821 0.0091 0.0428
case300_ieee 2490 780 4721 0 12 13 18 0.00114 0.0012 0.00416 0.0136 0.0156 0.075
case300_ieee__api 2490 780 4721 0 14 13 16 0.00124 0.00127 0.0044 0.0173 0.0165 0.0704
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Table A.6: Solve times and iteration counts for the LP Optimal Power Flow problem set

iterations time per iteration(s) total time (s)

Problem vars. cons. nnz(A) nnz(P) ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek
case300_ieee__sad 2490 780 4721 0 14 16 19 0.0013 0.00121 0.00481 0.0182 0.0193 0.0914
case240_pserc 2567 831 4958 0 13 14 23 0.00142 0.00133 0.00496 0.0184 0.0186 0.114
case240_pserc__api 2567 831 4958 0 12 12 14 0.00129 0.00146 0.00527 0.0155 0.0175 0.0738
case588_sdet 4191 1369 7796 0 14 13 14 0.00216 0.00264 0.00722 0.0302 0.0343 0.101
case588_sdet__api 4191 1369 7796 0 13 12 13 0.00232 0.00244 0.00753 0.0302 0.0292 0.0979
case500_goc 4327 1399 8210 60 15 22 - 0.00174 0.00185 - 0.0261 0.0407 -
case500_goc__api 4327 1399 8210 60 18 33 - 0.00167 0.00184 - 0.0301 0.0608 -
case793_goc 5535 1803 10299 48 16 28 - 0.00224 0.00277 - 0.0358 0.0776 -
case793_goc__api 5535 1803 10299 48 15 35 - 0.0022 0.0028 - 0.0331 0.0981 -
case1354_pegase 11268 3605 21558 0 13 13 28 0.00533 0.00671 0.0197 0.0693 0.0872 0.551
case1354_pegase__api 11268 3605 21558 0 14 14 27 0.00603 0.00734 0.0198 0.0844 0.103 0.534
case1888_rte 14678 4709 27820 0 12 13 36 0.00737 0.00827 0.023 0.0884 0.108 0.83
case1888_rte__api 14678 4709 27820 0 16 16 32 0.00755 0.00804 0.0242 0.121 0.129 0.773
case1888_rte__sad 14678 4709 27820 0 13 13 25 0.00708 0.00901 0.0242 0.0921 0.117 0.606
case1803_snem 15041 4828 29036 0 17 18 32 0.00734 0.00927 0.0241 0.125 0.167 0.771
case1803_snem__api 15041 4828 29036 0 20 30 39 0.00818 0.00713 0.024 0.164 0.214 0.935
case1951_rte 15222 4913 28771 0 14 14 33 0.00724 0.0097 0.0246 0.101 0.136 0.811
case1951_rte__api 15222 4913 28771 0 17 17 36 0.00882 0.00788 0.0257 0.15 0.134 0.926
case2312_goc 17464 5551 33090 42 22 27 - 0.0076 0.00911 - 0.167 0.246 -
case2312_goc__api 17464 5551 33090 42 18 62 - 0.00764 0.00818 - 0.138 0.507 -
case2383wp_k 17498 5606 32798 0 21 23 25 0.0104 0.0102 0.0294 0.219 0.235 0.734
case2383wp_k__api 17498 5606 32798 0 12 10 13 0.0088 0.0119 0.0401 0.106 0.119 0.522
case2000_goc 18988 5871 37370 122 14 36 - 0.00782 0.00847 - 0.109 0.305 -
case2000_goc__api 18988 5871 37370 122 18 37 - 0.00797 0.00844 - 0.143 0.312 -
case2737sop_k 19509 6225 36593 0 16 18 20 0.0105 0.0137 0.036 0.168 0.247 0.719
case2737sop_k__api 19509 6225 36593 0 15 17 25 0.0107 0.0139 0.0332 0.161 0.236 0.83
case2736sp_k 19610 6275 36746 0 13 13 23 0.01 0.0125 0.0351 0.13 0.163 0.807
case2736sp_k__api 19610 6275 36746 0 19 23 23 0.0117 0.0124 0.0345 0.222 0.285 0.793
case2746wp_k 20042 6481 37414 0 15 17 27 0.0103 0.013 0.0351 0.154 0.221 0.947
case2746wp_k__api 20042 6481 37414 0 25 20 26 0.00833 0.0108 0.0358 0.208 0.215 0.93
case2746wop_k 20128 6484 37639 0 14 15 23 0.0106 0.0138 0.0362 0.149 0.207 0.833
case2746wop_k__api 20128 6484 37639 0 18 20 22 0.0122 0.0111 0.0361 0.22 0.222 0.794
case3012wp_k 21631 6969 40424 0 16 20 25 0.0135 0.0131 0.0378 0.215 0.262 0.945
case3012wp_k__api 21631 6969 40424 0 24 37 27 0.013 0.0101 0.0381 0.312 0.375 1.03
case2848_rte 22083 7135 41734 0 13 13 32 0.0109 0.0123 0.0362 0.142 0.16 1.16
case2848_rte__api 22083 7135 41734 0 15 16 26 0.0112 0.0127 0.0384 0.168 0.204 0.999
case3120sp_k 22164 7111 41482 0 17 18 27 0.0132 0.0128 0.0376 0.225 0.231 1.02
case3120sp_k__api 22164 7111 41482 0 17 26 26 0.0138 0.0117 0.0391 0.235 0.304 1.02
case2868_rte 22357 7237 42224 0 14 15 29 0.0112 0.0157 0.0373 0.156 0.235 1.08
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Table A.6: Solve times and iteration counts for the LP Optimal Power Flow problem set

iterations time per iteration(s) total time (s)

Problem vars. cons. nnz(A) nnz(P) ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek
case2868_rte__api 22357 7237 42224 0 17 16 34 0.012 0.0128 0.0373 0.204 0.204 1.27
case2853_sdet 23525 7593 44445 0 19 20 24 0.0117 0.0127 0.0368 0.223 0.255 0.884
case2853_sdet__api 23525 7593 44445 0 41 - 49 0.00887 - 0.0359 0.364 - 1.76
case3022_goc 23816 7484 45395 110 22 40 - 0.0114 0.013 - 0.251 0.521 -
case3022_goc__api 23816 7484 45395 110 23 73 55 0.00994 0.0111 0.0486 0.229 0.809 2.67
case3022_goc__sad 23816 7484 45395 110 22 43 - 0.0115 0.0126 - 0.253 0.542 -
case2742_goc 25136 7597 49278 48 15 56 - 0.0114 0.0119 - 0.171 0.665 -
case2742_goc__api 25136 7597 49278 48 19 74 - 0.0117 0.0129 - 0.223 0.952 -
case2742_goc__sad 25136 7597 49278 48 15 62 - 0.0117 0.0107 - 0.176 0.666 -
case3375wp_k 24952 8014 46837 0 16 15 27 0.0132 0.0184 0.0432 0.212 0.276 1.17
case3375wp_k__api 24952 8014 46837 0 18 19 38 0.0142 0.0133 0.0426 0.256 0.252 1.62
case3375wp_k__sad 24952 8014 46837 0 17 16 30 0.0139 0.0164 0.0416 0.236 0.263 1.25
case2869_pegase 25572 7961 49477 0 16 15 38 0.0119 0.0173 0.0394 0.19 0.26 1.5
case2869_pegase__api 25572 7961 49477 0 16 16 37 0.0134 0.02 0.0404 0.215 0.32 1.5
case4661_sdet 35603 11382 67156 0 17 20 27 0.0269 0.0245 0.0566 0.457 0.49 1.53
case4661_sdet__api 35603 11382 67156 0 17 31 35 0.0246 0.0199 0.06 0.419 0.618 2.1
case3970_goc 36084 10994 70485 65 15 67 - 0.0163 0.0244 - 0.244 1.64 -
case3970_goc__api 36084 10994 70485 65 18 - - 0.0169 - - 0.304 - -
case4020_goc 37867 11360 74329 23 26 36 40 0.0179 0.0244 0.0669 0.466 0.879 2.67
case4020_goc__api 37867 11360 74329 23 20 - - 0.0195 - - 0.389 - -
case4917_goc 38604 12210 73532 193 21 69 - 0.0215 0.0174 - 0.451 1.2 -
case4917_goc__api 38604 12210 73532 193 22 - - 0.017 - - 0.375 - -
case4917_goc__sad 38604 12210 73532 193 22 68 - 0.018 0.0178 - 0.396 1.21 -
case4601_goc 39625 12208 76838 62 16 75 - 0.0176 0.0231 - 0.282 1.73 -
case4601_goc__api 39625 12208 76838 62 19 - - 0.0186 - - 0.354 - -
case4601_goc__sad 39625 12208 76838 62 21 - - 0.0204 - - 0.429 - -
case4837_goc 42041 12934 81840 50 17 51 - 0.0199 0.0236 - 0.339 1.2 -
case4837_goc__api 42041 12934 81840 50 21 67 - 0.0188 0.0211 - 0.395 1.42 -
case4619_goc 44438 13116 87440 29 18 53 - 0.0209 0.0222 - 0.375 1.18 -
case4619_goc__api 44438 13116 87440 29 20 - - 0.0243 - - 0.486 - -
case5658_epigrids 49549 15204 96379 0 17 16 39 0.0265 0.0376 0.0732 0.451 0.602 2.85
case5658_epigrids__api 49549 15204 96379 0 14 16 40 0.0297 0.0384 0.074 0.416 0.615 2.96
case6468_rte 50397 15867 96458 0 15 16 61 0.0275 0.0347 0.0686 0.412 0.556 4.18
case6468_rte__api 50397 15867 96458 0 18 18 55 0.0274 0.0359 0.0659 0.494 0.646 3.62
case6468_rte__sad 50397 15867 96458 0 15 17 61 0.0272 0.0368 0.0673 0.408 0.626 4.1
case6495_rte 51081 16194 97510 0 18 19 70 0.0271 0.0474 0.0731 0.487 0.9 5.11
case6495_rte__api 51081 16194 97510 0 17 18 58 0.03 0.0311 0.0734 0.509 0.56 4.26
case6495_rte__sad 51081 16194 97510 0 18 19 65 0.0264 0.0393 0.0745 0.475 0.747 4.84
case6470_rte 51140 16236 97583 0 16 16 48 0.0272 0.0479 0.0702 0.435 0.767 3.37
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Table A.6: Solve times and iteration counts for the LP Optimal Power Flow problem set

iterations time per iteration(s) total time (s)

Problem vars. cons. nnz(A) nnz(P) ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek
case6470_rte__api 51140 16236 97583 0 16 16 40 0.0298 0.0309 0.0736 0.477 0.495 2.94
case6470_rte__sad 51140 16236 97583 0 16 16 45 0.0271 0.0495 0.0704 0.434 0.792 3.17
case6515_rte 51203 16236 97728 0 18 20 58 0.0305 0.0362 0.0673 0.549 0.723 3.9
case6515_rte__api 51203 16236 97728 0 18 18 49 0.0314 0.0263 0.0696 0.565 0.474 3.41
case6515_rte__sad 51203 16236 97728 0 18 19 58 0.0294 0.0359 0.0697 0.53 0.683 4.04
case7336_epigrids 63100 19539 122362 0 16 18 37 0.0365 0.0507 0.0962 0.585 0.913 3.56
case7336_epigrids__api 63100 19539 122362 0 17 19 40 0.0465 0.0457 0.0996 0.791 0.868 3.99
case10000_goc 79096 25209 149368 511 25 44 - 0.0369 0.0513 - 0.923 2.26 -
case10000_goc__api 79096 25209 149368 511 25 - - 0.0385 - - 0.963 - -
case8387_pegase 81791 24813 159503 0 23 27 31 0.0561 0.0751 0.159 1.29 2.03 4.93
case8387_pegase__api 81791 24813 159503 0 23 26 35 0.0579 0.0575 0.14 1.33 1.49 4.9
case8387_pegase__sad 81791 24813 159503 0 23 31 32 0.0575 0.0675 0.145 1.32 2.09 4.64
case9591_goc 86151 25871 168669 55 20 - - 0.0486 - - 0.972 - -
case9591_goc__api 86151 25871 168669 55 24 - - 0.0519 - - 1.25 - -
case9241_pegase 88693 26735 173507 0 108 - 71 0.0347 - 0.152 3.75 - 10.8
case9241_pegase__api 88693 26735 173507 0 19 19 57 0.0557 0.0742 0.15 1.06 1.41 8.54
case10192_epigrids 92051 27914 180020 697 18 63 - 0.052 0.0656 - 0.935 4.14 -
case10192_epigrids__api 92051 27914 180020 697 18 80 - 0.0502 0.057 - 0.904 4.56 -
case10480_goc 99926 29816 196673 276 21 82 - 0.0591 0.0755 - 1.24 6.19 -
case10480_goc__api 99926 29816 196673 276 19 - - 0.0605 - - 1.15 - -
case13659_pegase 120495 38218 230046 0 126 - 43 0.0473 - 0.216 5.96 - 9.3
case13659_pegase__api 120495 38218 230046 0 45 54 37 0.0526 0.0754 0.214 2.37 4.07 7.91
case20758_epigrids 182928 56275 355508 1881 19 53 - 0.123 0.16 - 2.34 8.46 -
case20758_epigrids__api 182928 56275 355508 1881 19 70 - 0.118 0.149 - 2.24 10.4 -
case19402_goc__sad 184959 55077 364846 249 23 - - 0.127 - - 2.93 - -
case30000_goc 213698 68919 399262 372 39 51 - 0.118 0.154 - 4.59 7.87 -
case30000_goc__api 213698 68919 399262 372 31 95 - 0.13 0.152 - 4.02 14.5 -
case30000_goc__sad 213698 68919 399262 372 26 - - 0.119 - - 3.1 - -
case78484_epigrids 685984 211266 1334253 0 30 - - 0.906 - - 27.2 - -
case78484_epigrids__api 685984 211266 1334253 0 27 - 122 0.919 - 2.29 24.8 - 280
case78484_epigrids__sad 685984 211266 1334253 0 31 - - 0.9 - - 27.9 - -
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Table A.7: Solve times and iteration counts for the SOCP Optimal Power Flow problem set

iterations time per iteration(s) total time (s)

Problem vars. cons. nnz(A) nnz(P) ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek
case3_lmbd 124 29 190 0 13 15 15 5.42e-05 5.95e-05 0.000252 0.000705 0.000893 0.00378
case3_lmbd__api 124 29 190 0 13 14 14 5.68e-05 6.21e-05 0.000255 0.000739 0.00087 0.00357
case3_lmbd__sad 124 29 190 0 13 16 14 5.3e-05 5.95e-05 0.00026 0.000688 0.000952 0.00364
case5_pjm 220 51 352 0 16 19 27 9.52e-05 0.000116 0.000342 0.00152 0.0022 0.00924
case5_pjm__api 220 51 352 0 17 20 29 0.000103 0.000123 0.000343 0.00175 0.00247 0.00996
case5_pjm__sad 220 51 352 0 14 18 22 0.0001 0.000135 0.00036 0.0014 0.00243 0.00793
case14_ieee 676 144 1069 0 14 18 28 0.000283 0.000359 0.00183 0.00396 0.00647 0.0512
case14_ieee__api 676 144 1069 0 16 26 31 0.000285 0.000395 0.00187 0.00456 0.0103 0.0578
case14_ieee__sad 676 144 1069 0 17 22 31 0.000283 0.000363 0.00183 0.00482 0.00798 0.0566
case30_ieee 1374 288 2188 0 25 28 35 0.000629 0.000628 0.00335 0.0157 0.0176 0.117
case30_ieee__api 1374 288 2188 0 22 29 37 0.000653 0.000604 0.0034 0.0144 0.0175 0.126
case30_ieee__sad 1374 288 2188 0 - - 45 - - 0.00345 - - 0.155
case30_as 1404 294 2218 0 21 25 32 0.000567 0.000843 0.00355 0.0119 0.0211 0.114
case30_as__api 1404 294 2218 0 25 31 40 0.000602 0.0007 0.00349 0.0151 0.0217 0.14
case30_as__sad 1404 294 2218 0 19 28 46 0.000579 0.000954 0.00346 0.011 0.0267 0.159
case24_ieee_rts 1430 332 2253 0 18 23 40 0.000661 0.000699 0.00367 0.0119 0.0161 0.147
case24_ieee_rts__api 1430 332 2253 0 19 23 40 0.00067 0.000723 0.00361 0.0127 0.0166 0.145
case24_ieee_rts__sad 1430 332 2253 0 17 22 43 0.000648 0.000802 0.00363 0.011 0.0176 0.156
case39_epri 1576 335 2506 0 24 36 53 0.000712 0.00112 0.00365 0.0171 0.0405 0.193
case39_epri__api 1576 335 2506 0 25 40 53 0.000718 0.000899 0.00359 0.0179 0.0359 0.19
case39_epri__sad 1576 335 2506 0 28 42 61 0.000706 0.000771 0.00365 0.0198 0.0324 0.222
case57_ieee 2632 547 4171 0 23 30 43 0.00126 0.00129 0.00625 0.0289 0.0387 0.269
case57_ieee__api 2632 547 4171 0 22 29 41 0.00124 0.00133 0.00641 0.0273 0.0385 0.263
case57_ieee__sad 2632 547 4171 0 26 37 58 0.00127 0.00115 0.00618 0.033 0.0426 0.358
case60_c 2780 602 4310 0 21 27 38 0.00115 0.00143 0.00668 0.0242 0.0385 0.254
case60_c__api 2780 602 4310 0 26 40 - 0.00123 0.00158 - 0.032 0.063 -
case60_c__sad 2780 602 4310 0 24 31 - 0.00128 0.00153 - 0.0308 0.0474 -
case73_ieee_rts 4474 1033 7067 0 22 26 45 0.00203 0.00264 0.0113 0.0448 0.0685 0.51
case73_ieee_rts__api 4474 1033 7067 0 20 - 43 0.00203 - 0.0114 0.0407 - 0.491
case73_ieee_rts__sad 4474 1033 7067 0 19 25 47 0.00219 0.00229 0.011 0.0416 0.0573 0.516
case118_ieee 6184 1328 10052 0 24 29 63 0.00284 0.00384 0.0149 0.0683 0.111 0.939
case118_ieee__api 6184 1328 10052 0 23 28 62 0.00298 0.00303 0.0148 0.0686 0.0848 0.919
case118_ieee__sad 6184 1328 10052 0 21 27 66 0.00312 0.00325 0.015 0.0655 0.0876 0.987
case89_pegase 6656 1365 11100 0 38 - - 0.0034 - - 0.129 - -
case89_pegase__api 6656 1365 11100 0 35 40 - 0.00336 0.00275 - 0.118 0.11 -
case89_pegase__sad 6656 1365 11100 0 50 - - 0.00296 - - 0.148 - -
case179_goc 8230 1733 12996 0 25 26 - 0.00413 0.00553 - 0.103 0.144 -
case179_goc__api 8230 1733 12996 0 54 - - 0.00426 - - 0.23 - -
case179_goc__sad 8230 1733 12996 0 25 27 77 0.00393 0.00583 0.0193 0.0983 0.158 1.49
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Table A.7: Solve times and iteration counts for the SOCP Optimal Power Flow problem set

iterations time per iteration(s) total time (s)

Problem vars. cons. nnz(A) nnz(P) ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek
case200_activ 8457 1777 13527 0 38 34 42 0.00381 0.00404 0.0194 0.145 0.137 0.815
case200_activ__api 8457 1777 13527 0 48 - 67 0.00394 - 0.0191 0.189 - 1.28
case200_activ__sad 8457 1777 13527 0 40 42 - 0.00379 0.00395 - 0.152 0.166 -
case197_snem 8752 1857 14224 0 - - 25 - - 0.0221 - - 0.551
case197_snem__api 8752 1857 14224 0 32 - 49 0.00403 - 0.0204 0.129 - 0.998
case197_snem__sad 8752 1857 14224 0 - - 24 - - 0.02 - - 0.48
case162_ieee_dtc 9168 1882 14920 0 48 54 - 0.00449 0.00481 - 0.215 0.26 -
case162_ieee_dtc__api 9168 1882 14920 0 47 68 90 0.00464 0.00441 0.023 0.218 0.3 2.07
case162_ieee_dtc__sad 9168 1882 14920 0 46 59 95 0.00453 0.00472 0.0229 0.208 0.278 2.18
case300_ieee__api 13782 2900 21993 0 51 - - 0.00576 - - 0.294 - -
case300_ieee__sad 13782 2900 21993 0 85 - - 0.00528 - - 0.449 - -
case240_pserc 13772 3014 22076 0 28 35 - 0.00717 0.00575 - 0.201 0.201 -
case240_pserc__api 13772 3014 22076 0 26 39 - 0.00745 0.00706 - 0.194 0.275 -
case240_pserc__sad 13772 3014 22076 0 29 39 - 0.00735 0.00583 - 0.213 0.227 -
case588_sdet 23204 4876 37012 0 77 - - 0.0093 - - 0.716 - -
case588_sdet__api 23204 4876 37012 0 68 - - 0.0103 - - 0.699 - -
case588_sdet__sad 23204 4876 37012 0 78 - - 0.00965 - - 0.753 - -
case500_goc 23888 5114 38653 0 45 - - 0.0137 - - 0.616 - -
case500_goc__api 23888 5114 38653 0 37 - - 0.012 - - 0.445 - -
case500_goc__sad 23888 5114 38653 0 43 - - 0.0136 - - 0.584 - -
case793_goc 31082 6495 49764 0 48 - - 0.0136 - - 0.654 - -
case793_goc__api 31082 6495 49764 0 56 - - 0.014 - - 0.782 - -
case1354_pegase 62814 13258 103260 0 99 - - 0.0281 - - 2.78 - -
case1354_pegase__api 62814 13258 103260 0 66 - - 0.0327 - - 2.16 - -
case1354_pegase__sad 62814 13258 103260 0 85 - - 0.0289 - - 2.45 - -
case1888_rte__api 81966 17208 131225 0 90 - - 0.0384 - - 3.46 - -
case1888_rte__sad 81966 17208 131225 0 65 - - 0.049 - - 3.19 - -
case1951_rte 84496 17817 134660 0 79 - - 0.0486 - - 3.84 - -
case1951_rte__api 84496 17817 134660 0 72 - - 0.053 - - 3.82 - -
case1951_rte__sad 84496 17817 134660 0 80 - - 0.0478 - - 3.83 - -
case1803_snem 84794 17835 138430 0 85 - - 0.0389 - - 3.3 - -
case2383wp_k__api 97600 20393 155950 0 22 32 - 0.0692 0.0529 - 1.52 1.69 -
case2383wp_k__sad 97600 20393 155950 0 104 - - 0.0479 - - 4.98 - -
case2000_goc 108628 22742 178538 0 53 - - 0.0774 - - 4.1 - -
case2000_goc__api 108628 22742 178538 0 51 - - 0.0699 - - 3.57 - -
case2737sop_k 109822 22777 176602 0 71 - - 0.053 - - 3.76 - -
case2737sop_k__api 109822 22777 176602 0 85 - - 0.0491 - - 4.18 - -
case2736sp_k 110022 22878 176901 0 71 - - 0.0502 - - 3.57 - -
case2736sp_k__sad 110022 22878 176901 0 77 - - 0.0521 - - 4.01 - -
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Table A.7: Solve times and iteration counts for the SOCP Optimal Power Flow problem set

iterations time per iteration(s) total time (s)

Problem vars. cons. nnz(A) nnz(P) ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek
case2746wp_k__api 111106 23320 178556 0 - - 36 - - 0.258 - - 9.29
case2746wp_k__sad 111106 23320 178556 0 78 - - 0.0505 - - 3.94 - -
case2746wop_k 111822 23434 179829 0 69 - - 0.0563 - - 3.89 - -
case2746wop_k__sad 111822 23434 179829 0 66 - - 0.0524 - - 3.46 - -
case3012wp_k 120676 25202 193907 0 111 - - 0.0565 - - 6.27 - -
case3012wp_k__sad 120676 25202 193907 0 117 - - 0.0563 - - 6.58 - -
case2848_rte 122708 25858 197228 0 81 - - 0.0742 - - 6.01 - -
case2848_rte__api 122708 25858 197228 0 87 - - 0.084 - - 7.31 - -
case2848_rte__sad 122708 25858 197228 0 70 - - 0.0722 - - 5.05 - -
case2868_rte 123912 26164 198869 0 85 - - 0.0796 - - 6.77 - -
case2868_rte__api 123912 26164 198869 0 77 - - 0.0779 - - 6 - -
case2868_rte__sad 123912 26164 198869 0 83 - - 0.0757 - - 6.28 - -
case2853_sdet__sad 128886 27445 206896 0 105 - - 0.0532 - - 5.58 - -
case3375wp_k 139126 29112 223999 0 93 - - 0.0595 - - 5.54 - -
case3375wp_k__sad 139126 29112 223999 0 110 - - 0.0583 - - 6.42 - -
case2869_pegase__api 143608 30153 236217 0 55 - - 0.0994 - - 5.47 - -
case2869_pegase__sad 143608 30153 236217 0 52 - - 0.102 - - 5.32 - -
case2742_goc 144110 29856 236467 0 113 - - 0.103 - - 11.6 - -
case2742_goc__sad 144110 29856 236467 0 109 - - 0.102 - - 11.1 - -
case4661_sdet__api 198498 41599 320728 0 131 - - 0.107 - - 14 - -
case3970_goc 205819 42789 337328 0 142 - - 0.143 - - 20.4 - -
case4020_goc 216455 44877 355706 0 197 - - 0.154 - - 30.3 - -
case4917_goc__sad 218213 45522 352833 0 - - 177 - - 0.458 - - 81
case4601_goc 225588 46885 368445 0 178 - - 0.153 - - 27.2 - -
case4601_goc__sad 225588 46885 368445 0 182 - - 0.148 - - 26.9 - -
case4837_goc__sad 240160 49855 392884 0 132 - - 0.198 - - 26.1 - -
case4619_goc 254753 52616 419210 0 154 - - 0.215 - - 33.1 - -
case4619_goc__sad 254753 52616 419210 0 150 - - 0.214 - - 32.1 - -
case5658_epigrids 282180 58620 461724 0 162 - - 0.222 - - 35.9 - -
case5658_epigrids__api 282180 58620 461724 0 165 - - 0.261 - - 43.1 - -
case5658_epigrids__sad 282180 58620 461724 0 160 - - 0.216 - - 34.5 - -
case6468_rte__api 286248 59396 463599 0 91 - - 0.22 - - 20 - -
case6468_rte__sad 286248 59396 463599 0 101 - - 0.208 - - 21 - -
case6470_rte 287806 60144 465757 0 115 - - 0.201 - - 23.1 - -
case6470_rte__api 287806 60144 465757 0 89 - - 0.222 - - 19.8 - -
case6495_rte 288050 60099 465939 0 124 - - 0.195 - - 24.2 - -
case6495_rte__api 288050 60099 465939 0 111 - - 0.197 - - 21.9 - -
case6495_rte__sad 288050 60099 465939 0 112 - - 0.193 - - 21.6 - -
case6515_rte__sad 288710 60239 466922 0 93 - - 0.207 - - 19.3 - -



A
.A

ppendix
154

Table A.7: Solve times and iteration counts for the SOCP Optimal Power Flow problem set

iterations time per iteration(s) total time (s)

Problem vars. cons. nnz(A) nnz(P) ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek
case7336_epigrids__api 358450 74618 585766 0 151 - - 0.333 - - 50.3 - -
case10000_goc__api 440997 92799 712177 0 67 - - 0.392 - - 26.2 - -
case10480_goc__sad 573754 118760 943278 0 166 - - 0.548 - - 91 - -
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Table A.8: Solve times and iteration counts for the CBLIB Exponential Cone problem set

iterations time per iteration(s) total time (s)

Problem vars. cons. nnz(A) nnz(P) ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek ClarabelRs ECOS Mosek
bss1 14 11 23 0 8 14 9 1.28e-05 8.13e-06 0.000153 0.000102 0.000114 0.00138
demb782 14 11 23 0 6 14 8 1.52e-05 7.99e-06 0.000154 9.1e-05 0.000112 0.00123
bss2 20 15 33 0 8 14 9 1.59e-05 1.07e-05 0.000158 0.000127 0.000149 0.00142
demb781 26 19 40 0 10 16 7 1.72e-05 1.45e-05 0.000173 0.000172 0.000232 0.00121
gptest 32 24 48 0 8 16 9 2.12e-05 1.5e-05 0.000168 0.00017 0.00024 0.00152
rijc781 32 24 48 0 8 16 9 2.15e-05 1.5e-05 0.000176 0.000172 0.00024 0.00158
rijc784 40 29 66 0 10 18 10 2.46e-05 2.25e-05 0.000186 0.000246 0.000404 0.00186
rijc785 44 33 83 0 10 17 9 2.77e-05 2.45e-05 0.000201 0.000277 0.000416 0.00181
rijc786 44 33 83 0 8 18 8 3.01e-05 2.38e-05 0.00021 0.000241 0.000428 0.00168
rijc782 56 40 87 0 12 17 11 3.13e-05 2.98e-05 0.00021 0.000376 0.000507 0.00231
rijc783 74 53 124 0 9 17 11 4.34e-05 3.84e-05 0.000232 0.00039 0.000653 0.00256
beck751 113 80 236 0 11 21 11 6.17e-05 5.58e-05 0.000271 0.000678 0.00117 0.00298
beck752 113 80 236 0 13 23 12 6e-05 5.8e-05 0.000294 0.00078 0.00133 0.00352
beck753 113 80 236 0 11 22 11 6.16e-05 5.41e-05 0.00027 0.000677 0.00119 0.00297
fiac81b 122 87 201 0 13 25 13 6.23e-05 6.22e-05 0.000305 0.00081 0.00156 0.00396
fang88 165 119 252 0 14 24 14 8.06e-05 8.44e-05 0.00033 0.00113 0.00203 0.00462
demb761 183 131 284 0 15 20 15 9.36e-05 9.3e-05 0.000352 0.0014 0.00186 0.00529
demb762 183 131 284 0 14 22 14 9.1e-05 9.1e-05 0.000361 0.00127 0.002 0.00505
demb763 183 131 284 0 15 20 14 8.68e-05 9.12e-05 0.000356 0.0013 0.00182 0.00499
fiac81a 289 191 496 0 13 22 10 0.000138 0.000138 0.000544 0.0018 0.00303 0.00544
rijc787 296 200 510 0 12 23 10 0.000143 0.000133 0.000567 0.00171 0.00306 0.00567
car 865 601 1584 0 19 26 10 0.00041 0.000424 0.00193 0.00779 0.011 0.0193
gp_dave_1 1441 705 3686 0 26 32 20 0.000683 0.000732 0.00438 0.0178 0.0234 0.0876
jha88 1691 1131 3005 0 14 24 13 0.000813 0.000736 0.00509 0.0114 0.0177 0.0662
varun 2013 1346 6788 0 24 47 24 0.00131 0.00106 0.00562 0.0315 0.05 0.135
gp_dave_2 2489 1219 6752 0 28 37 22 0.00129 0.00133 0.00731 0.0362 0.0493 0.161
LogExpCR_n20_m400 3223 2022 13238 0 30 25 18 0.0017 0.00148 0.0061 0.0511 0.0369 0.11
gp_dave_3 3537 1733 9818 0 - 40 24 - 0.00198 0.0117 - 0.0793 0.281
LogExpCR_n100_m400 3303 2102 45314 0 31 27 19 0.00569 0.00508 0.00782 0.176 0.137 0.148
mra01 5513 3681 10680 0 25 - 14 0.00271 - 0.0173 0.0678 - 0.242
LogExpCR_n20_m800 6423 4022 26411 0 27 28 21 0.00352 0.00295 0.013 0.0951 0.0827 0.272
LogExpCR_n100_m800 6503 4102 90322 0 34 30 23 0.0118 0.0107 0.0168 0.401 0.322 0.387
LogExpCR_n20_m1200 9623 6022 39574 0 27 27 21 0.00561 0.00492 0.0193 0.151 0.133 0.406
LogExpCR_n20_m1600 12823 8022 52729 0 28 29 20 0.00775 0.0105 0.0254 0.217 0.306 0.507
LogExpCR_n20_m2000 16023 10022 65872 0 31 33 23 0.00994 0.0133 0.0314 0.308 0.44 0.721
mra02 21965 14606 50050 0 28 - 17 0.0121 - 0.0549 0.339 - 0.933
cx02_100 31087 20693 56430 0 19 28 13 0.0159 0.017 0.0822 0.301 0.477 1.07
cx02_200 122187 81393 222880 0 22 35 13 0.0762 0.0887 0.36 1.68 3.11 4.68
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