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Abstract

Gaussian fields are ubiquitous in probability as they are scaling limits of many
natural objects, and in applied science as they are instrumental in modelling natural
phenomena. In this thesis, we study geometric features of smooth Gaussian fields,
like the measure of level sets and the structure of critical points of the field. Large-
scale geometry, i.e. studying geometric observables in a domain where the domain

size goes to infinity, is of particular interest.

In the first chapter, we formally define smooth Gaussian fields and state their basic
properties. Then we briefly explain connections to other topics in mathematics,

including percolation theory, quantum chaos, and real algebraic geometry.

Next, we study the measure of level sets of stationary Gaussian fields. Given two
Gaussian fields that are close, we ask how close the measures of their level sets are in
a given domain. Here we bring novel ideas (in this context) from geometric analysis
to answer this question. We prove the convergence of the Hausdorff measures of
level sets of smooth Gaussian fields when the levels converge. Given two stationary
fields f1, fo on a probability space , we estimate the difference of Hausdorff measures
of level sets in expectation, in terms of C2-fluctuations of the field F = f; — fa. We
prove this using the mean curvature representation of the difference in measure of
level sets. This approach is different from using a Kac-Rice type formula as the
primary tool in the analysis. This chapter is based on joint work with Dmitry
Belyaev [BH23]. We extend this result in several directions, thanks to a subsequent
work of Peccati and Stecconi [PS25]. The extended result also applies to some
non-stationary fields and improves the exponent of the bound to a (conjecturally)
optimal one. Also, we require only C°-fluctuations of the difference field F. The

extended result is an ongoing work with Michele Stecconi and Francesca Pistolato.

In the third chapter, we study the critical point structure of smooth Gaussian fields.
We consider the point process (in R?) of local maxima of Gaussian fields, with
sufficient decay of correlation at infinity, above a level u. We show that this point
process, rescaled appropriately, converges weakly to a Poisson point process in the
limit v — oo. In the literature, high excursion sets of many smooth and non-
smooth Gaussian processes of decaying correlation are well studied [LLR83]. Also,
for Gaussian processes with some Markov property, like Brownian motion or the
Gaussian free field, high points (after suitable rescaling) have been shown to converge

to a Poisson process. Our proof relies on the classical observation that simple point
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processes are characterised by avoidance probabilities (i.e. P(n(B) = 0) for Borel
sets B). Then, we approximate avoidance probability with excursion probability,

where the latter is well studied.

Another significant result in the thesis is a quantified version of the Poisson conver-
gence of high critical points of smooth Gaussian fields. We show that, for Bargmann-
Fock field in two dimensions, the total variation distance between a Poisson random
variable and the number of local maxima of the field above a threshold » in an
R x R box in R? decays like exp(—pBu?), for some fixed 3 > 0. As an immedi-
ate consequence, when the level u is a function of R such that u(R) — oo and
u(R)/v/logR — 0 as R — oo, we have a quantitative central limit theorem for
the number of high local maxima. The proof is based on the Chen-Stein method
for quantitative Poisson approximation [CX04]. The basic idea is that, for any
point process 1 , if 7 and its Palm version are “close” in some (pseudo-)metric,
then 7 is “close” to a Poisson point process. Here, we produce a close coupling of
a (non-degenerate) stationary smooth field and its Palm version. Then, we study
the difference in the number of critical points using smooth flows of critical points.
We believe the same method/argument works for any non-degenerate stationary

Gaussian field with sufficient correlation decay and in any dimension.

This thesis’s critical point structure results are joint with Dmitry Belyaev.
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A portrait of the random plane waves model.
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Chapter 1

Smooth Gaussian fields

1.1 Motivation

At the end of the 18th century, the musician and physicist Chladni noticed that
sounds of different pitch could be made by exciting a metal plate with the bow of a
violin, depending on where the bow touched the plate (although Robert Hooke did
similar experiments in the mid-17th century). The latter was fixed only in the centre,
and when there was some sand on it, a curious pattern appeared for each pitch.
The vibration patterns observed in Chladni figures correspond to standing wave
modes of an elastic plate. Mathematically, these are described by eigenfunctions
of the Laplacian (i.e. Au = —Au) satisfying under suitable boundary conditions.
Hence, the study of Chladni figures reduces to analysing the nodal sets of Laplace

eigenfunctions.

Studying the Laplace eigenfunctions and their geometry is a classical subject and
of great interest to mathematicians and physicists, going back to at least the 19th
century. The advent of quantum mechanics in the 20th century further fueled this
area of mathematics. Much of quantum mechanics is concerned with the eigenvalue

problem for the Schrodinger equation,

(-’ijv)w:Ew (1.1)

where h is Planck’s constant, V is the potential, 1 is the wave-function, F energy
level of the wave-function. Many important questions about these involve studying
the behaviour of “typical” eigenfunctions, which leads to Gaussian random fields.
Examples of some of the models considered in this context include Random Plane
Waves (RPW) (which are random eigenfunctions of the Laplacian in R?), Gaussian

random linear combinations of deterministic eigenfunctions.
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(a) South crystal in Oxford maths (b) Chladni figures
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Figure 1.1: (a) The crystal is a triangulation of the amplitude of the first overtone of
that domain. (b) Sand accumulating on nodes corresponding to different resonating
frequencies

Apart from this, Gaussian fields appear naturally in many practical applications.
Especially when one encounters random surfaces in real life, like photographs, tele-
vision pictures, topographic maps, and atmospheric pressure charts, studying the
statistical properties of the contours on a surface is helpful [Swe62]. Random fields
have found some applications in areas as diverse as oceanography [LH57], cosmology
[BBKS86], and medical imaging [WMNT96] as well.

1.2 Smooth Gaussian fields

Let (Q,F,P) be a probability space. Let V' C R™ be an open set. A function

f:V xQ — Ris called a Gaussian function (more commonly, a Gaussian field) if

1. for each z € V, the mapping w — f(x,w) is measurable as a mapping from
(@, 7) to (R, B(R)) ;

2. for each finite set of points z1,x2,...x, € V and for each ci,...¢, € R, the

sum ), ¢ f(zj,w) is a Gaussian r.v. (being degenerate is allowed).

Let k € N. The Gaussian function f is called C*-smooth if
3. for almost every w € €, the function x — f(z,w) belongs to the space C*(V).

Given a Gaussian field f : V' — R (which is a common abuse of notation), define its
covariance kernel to be K(x,y) := E[f(z)f(y)] for z,y € V. In later chapters, the
covariance kernel will be denoted by r(z,y) = E[f(z)f(y)].



Theorem 1.2.1 (Kolmogorov’s theorem, Appendix A of [NS16]). Let k& € N.
Suppose that K : 'V xV — R is a positive definite symmetric function of class
CFF(V x V) and, in addition, that

B:= max sup |0%0°K(x,y)| < .
ol |Bl<kayev © Y

Then there exists a (unique up to an equivalence of distribution) C*~ Gaussian
function f on V' with the covariance kernel K. Moreover, for a compact set G C V,
andp>1,

E [sgp W] < C(G,V. kB,

This implies if we have a ‘nice/smooth’ covariance kernel, we’ll get a ‘nice/smooth’
enough field. We have plenty of examples of (interesting) positive definite functions,
such as the Gaussian kernel (e=%*"), Sinc kernel (sinz/z), etc. Without loss of
generality, we assume that all Gaussian fields in this thesis are centred (i.e. Ef(x) =

0, Vx) because we can subtract a deterministic function to get another Gaussian field.

We describe three ways to think about Gaussian fields. The first one is a more
‘probabilistic’ way. A Gaussian field is a stochastic process on an index set V', where
the random variables f, = f(z),z € V are jointly Gaussian. We know that, thanks
to Kolmogorov’s theorem, such processes are determined by pairwise covariances
K(z,y) = E[f(z)f(y)]. While it seems that the nature/topology of the index set
is irrelevant from this viewpoint, it becomes important when we demand a nicer

structure on the field.

A more ‘analytic’ approach to Gaussian fields is the following. We can think of
f(x) as a function drawn at random from some space of functions (say a Hilbert
space). More or less equivalently, it can also be thought of as a random variable
corresponding to a Gaussian measure on that function space. One canonical (and
simple) way to ‘write down’ a Gaussian function is a random linear combination of

deterministic functions, usually written as

fl@) =" aii(x)
where a;’s are i.i.d. standard normal variables and {¢;(x)} are orthonormal basis of

that Hilbert space.

We can switch from one viewpoint to the other in many cases. Consider f = > a;1;

as a formal series and compute E[f(z)f(y)] formally. We get,
K(z,y) = Z%‘(@%‘(y)-

3



The other direction is a bit more involved. Call a continuous Gaussian field on R"
stationary or translation invariant if its covariance kernel K (x,y) depends only on
x —vy, say K(x,y) = k(z —y). By Bochner’s theorem, x can be written as a Fourier
transform of some finite symmetric (i.e. of the form u(—A) = p(A)) positive Borel

measure p on R", i.e.,

K(x) :/ 2™V =ID) ().

Call the measure p the spectral measure of the field f. Thinking of a Gaussian field
in terms of its spectral measure is more geometric, while that of kernels is more
analytic. The most important example of Gaussian fields we are interested in are
stationary. The field is given by the Fourier transform of the white noise on the
spectral measure. One description of white noise on the spectral measure is the

following. Consider the Hilbert space L2, (p) = {¢ € L%(p) : ¢(—t) = ¥ (t)}. Now,

sym

the Fourier transform of symmetric functions is real valued and forms a Hilbert
space, call it H = .FLgym(p) with inner product inherited from the L? space. A
white noise W on the measure p would be an isonormal process on H, i.e. an inner
product preserving map from H taking values in a Gaussian Hilbert space. So our

field has a representation,

fla) = W(emV=Tet),

By considering an orthonormal basis of H (which is the Fourier transform of an
orthonormal basis of L2,,.(p)), we can recover the ‘analytic’ picture of the field, at

least on a formal level.

To think of the field in terms of spectral measure, let us start with a simple example.
When the spectral measure is a two-point measure, the field is a sine wave in the
direction of the line passing through these points with a Gaussian amplitude, whose
variance is the measure of these points and wavelength is the inverse of the distance
from the origin. That is, if u = (8; + d_¢)/2, where t € R?, then the corresponding
field is f(z) = Acos (2mz - t). Suppose we have a spectral measure supported on 2n
points. In that case, the field will be a random superimposition of sine waves in the
direction of these points with amplitudes’ variance proportional to the measure at
those points. For example, [BM22, Theorem 4.1] gives a coupling of fields which are
close when the spectral measures are close with high probability. Therefore, we can
approximate fields by considering approximations of spectral measures, which gives

us a more geometric picture.



Please refer to [AT09], [AW09], and the appendix of [NS16] for more on smooth

Gaussian fields.

1.3 Connections to other topics in maths

Next, we briefly describe some topics in maths related to smooth Gaussian fields.
We focus primarily on translation invariant or isotropic real-valued smooth Gaussian
fields, which excludes interesting topics like random polynomials, Gaussian holomor-

phic functions, etc.

Spherical spin glass models: A spin glass is a disordered magnetic alloy which
exhibits unusual behaviour. A simplistic mean-field model is as follows:
Let N € N and a configuration o = (01, 09,...,0n) € SY71(V/N) on the (N — 1)-
dim sphere of radius V/N . The Hamiltonian of the model is a random function
defined as
;X
Hy(o) = — Ji i00;
N ( ) \/N ijz::I 2,7%1Y 7

where J; ;’s are i.i.d standard normal random variables. Here J’s are thought to be
the ‘disorder’ and o; is the spin value of i-th particle. The goal is to understand the

landscape of Hp, such as the distribution of global maximum, as N — co.

Notice that Hpy is a smooth Gaussian field on the sphere whose distribution is
invariant under unitary transformations (i.e. isotropic). Critical points play an
essential role in the geometry of the random landscape. For example, [AAC13]
shows that the logarithm of the number of critical points (called the complexity of

the landscape) reveals information on the global minimum.

Understanding the landscape of high-dimensional random fields is challenging and
deep. The first breakthrough was in the 1970s by Parisi [Par79] where he, non-
rigorously, described the landscape of the Sherrington-Kirkpatrick model of spin
glass using a variational approach. It was rigorously proven later in the 2000s by

Talagrand [Tal06], building on the works of Guerra.

Another approach among many, including the Thouless-Anderson-Palmer (TAP)
approach, to study the landscape is by examining the distribution of the number
of critical points. Using the classical Kac-Rice formula, Fyodorov [Fyo04] observed

that we can use the distribution of eigenvalues of GOE matrices for this purpose.



To be precise,
E[Crty] = vol(SN =YV N))E[| det Hess Hy(P)|1[index(Hess (Hx(P))) = k]

where Crty is the number of critical points of index k of Hy and P is any point on
the sphere. Here index is the number of negative eigenvalues of the Hessian matrix
at that point. Fyodorov’s novel observation was that the Hessian is a GOE matrix
(up to a scalar factor) plus ¢ZIy, where Z is an independent normal variable and ¢

is a constant.

Please refer to [Fyol3] for an introduction to this exciting area, which links up

smooth Gaussian fields, random matrix theory, and statistical mechanics.

Percolation theory: Let us first describe percolation theory briefly. One of the
simplest and non-trivial percolation models is Bernoulli bond percolation. Consider
the nearest neighbour graph of the planar lattice Z?. Remove every edge with a
fixed probability (1 — p) € [0, 1], independently of each other. We are interested in
the large-scale connectivity property of the random graph thus obtained. One of
the first questions we ask about a percolation model is whether there is an infinite
cluster. Let §(p) be the probability that, say, the origin is in an infinite cluster and
define p. := inf,cjo 1){p : €(p) > 0}, the critical probability.

Many natural questions crop up immediately, some of them being: 1) Is p. non-
trivial? 2) Is there an infinite cluster at p = p.? 3) If 0 < p. < 1, how does the
phase transition occur? 4) When 6(p) = 0, what is the typical size of clusters?

All four of the above questions are well understood in the case of planar Bernoulli
bond percolation, thanks to the analysis available from dual graphs. But some of the
more sophisticated questions are yet to be fully answered, like whether the scaling
limit of this model (if it exists) is conformally invariant at p = p.? For example,
when you take the mesh size of the lattice to zero, are crossing events conformally
invariant? It is conjectured that the critical percolation is conformally invariant in
the scaling limit, independent of the planar lattice structure. In his celebrated paper

[Smi01], Smirnov answered it positively for triangular lattices.

We can ask questions similar to those above in the context of smooth Gaussian fields.
The tools/techniques used in discrete percolation models often translate directly or
have an analogy in this setting, sometimes presenting many additional challenges. A
notable conjecture in this regard is one made by Bogomolny and Schmidt in [BS02],

which offers a bond percolation model for random plane waves (abbreviated as RPW,



defined later in (1.3)). They argue that the extrema of RPW can be thought of as
a purterbed square lattice with maxima and minima alternating. The nodal lines
(i.e. the zero set) form edges of the dual lattice, roughly speaking. Since nodal lines
cannot intersect almost surely, the ‘ties’ between positive and negative regions of the
field can be resolved both way equally probably. This paints a critical percolation
picture of the random planar waves. [BK13] argued that the numericals suggested

were off by around 5% .
The following form of the Bogomolny-Schmidt conjecture is believed to be true:

Conjecture 1.3.1. All large-scale connectivity properties of the RPW nodal lines
and domains are the same as for the critical percolation. In particular, all crossing
events have the same scaling limits. The collection of all nodal lines has a scaling
limit which is conformally invariant and the same as that of the critical percolation

model.

An extended version of this conjecture states that for a very general class of smooth
Gaussian fields, obeying some regularity conditions, the nodal domains of the field
should have the same large-scale properties as critical percolation clusters, and ex-

cursion sets for non-zero levels should behave like off-critical percolation clusters.

Refer to [Gri99, DC19] and references therein for more on percolation theory. See
[Bel23] for a survey on the relationship between percolation theory and smooth

Gaussian fields.

Machine learning: A deep neural network is one of the most important archi-
tectures in machine learning. It is at the core of many recent advancements in the
field, such as computer vision (e.g. self-driving cars), natural language processing
(e.g. ChatGPT), and structural biology (e.g. protein folding). The study of smooth

Gaussian fields in relation to this architecture is essential, as explained below.
A feedforward neural network is a function
f:RY SR

defined by recursive compositions of affine transformations and pointwise nonlinear-

ities. For an input 2 € R?, the network with L hidden layers and widths n1,...,nr



computes:

L0 — z,
}ﬂ):¢(WW%N—U+bm), (=1,...,L,
flz) = WEHDRE) 4 pE+),

where W) e Rm*me-1 and b € R™ are weight matrices and bias vectors, and

¢ :R — R is a fixed activation function (e.g., ReLU, tanh) applied elementwise.

Infinite width limit and Gaussian process convergence: A remarkable result is that
a randomly initialised network converges to a Gaussian field in the limit of infinite
width and fixed depth. Let each weight be independently drawn as

2

4 (o) 4
WyNNQL>,bp~N@ﬁ%

ne—1
and assume ¢ is Lipschitz continuous. As all layer widths nq,...,n; — oo jointly,
the random function f converges in distribution to a Gaussian field f with a kernel
KL defined recursively as:

KO (z,4') = éx—rx’,

KO(,2') = 0} + 00, B pynv(o.0-0) [6(w)$(V)]
Z(Z—l) — K(é—l)($7x) K(f—l)(x’x/)
K(K—l)(l,/’ CE) K(Z—l)(xl’ :L‘/) :

The limiting kernel K (L) depends on the depth L, the activation ¢, and the initial-
2

ization variances oy,

o2. For smooth activation functions (e.g., erf, tanh), KW@ g
a smooth, positive definite function of z and z/. The corresponding Gaussian field
thus has almost surely smooth sample paths, which reflects the strong regularity
bias of deep networks with random weights [LXNT18]. Recent quantified conver-

gence results have also improved our understanding of these models [FHM™25].

In practice, the depth parameter L and dimension d are large, and the landscape f
usually is highly non-convex. Ideas from spin glass theory have helped understand
these high-dimensional landscapes, for example, see [Hop82]. Recently, progress
has been made on understanding what the neural network does by studying the

topological complexity of the landscape.

Real algebraic geometry: The first part of Hilbert’s 16th problem asks for an
analysis of the number of components and arrangement of an algebraic curve of

degree n. Real algebraic hyperspaces in projective spaces are well studied and it



Figure 1.2: (Left) Bargman-Fock field sample. (Right) Gaussian ensemble of homo-
geneous polynomials of degree 300. The scale is d~1/2 where d is the degree. Picture:
Dmitry Beliaev

is interesting to investigate ‘typical’ behaviour of these objects. Kostlan ensembles,
which is a Gaussian measure on the space of homogeneous polynomials of degree-d
(say), is one of the natural objects to consider. An important case is the behaviour
when the degree is large. Interesting percolation theoretic properties, like Russo-
Seymour-Welsch estimates, have been observed in this model [BMW21]. Also, the
Kostlan ensemble has a translation invariant local scaling limit as d — oo, called

the Bargmann-Fock field.

Let us define the Bargmann-Fock field on R? as follows

> a
F(x) = F(x1,12) = e lel/2 Z — Rl (1.2)
Vmlin!

In!
o Vmin!

where a, , are i.i.d. standard Gaussian variables. This field is a scaling limit of
many Gaussian fields, especially the ones with algebraic origins. Its spectral measure
is the Gaussian measure on R?, hence the covariance kernel has super-exponential
decay at infinity (or can be computed directly, E[F(z)F(y)] = e~ 17=*/2) Due to

this rapid decay, it is sometimes amenable to percolation-theoretic methods.

In the last two decades, it was understood that methods and techniques to study
smooth Gaussian fields, like the Kac-Rice formula, are useful to characterise generic
topological properties of real algebraic varieties [GW16]. See also [Ler24], a recent

short survey on this subject by A. Lerario.

Quantum Chaos: The dynamics of a classical particle in a bounded domain (either
with some potential or no potential with reflecting boundaries) is a well-studied topic

in maths and physics which goes back at least to the Newtonian era. Stability (or the



lack of) of these particles was of particular interest in dynamical systems. Consider
a simple model system, that of a billiard particle. The description of the system
in the language of classical mechanics is of a point particle moving without friction
in a billiard table - a bounded planar enclosure where the particle reflects from
the boundary so that the angle of incidence equals the angle of reflection. Now, a
quantum mechanical description of this system at a given instant of time includes
the wave function of the particle v (z,t), which vanishes at the boundary of the
billiard table.

We can relate the two descriptions by taking V = 0,E = 1,h = A~! and letting
h — 0 in equation (1.1), sometimes called the semiclassical limit. In 1977 [Ber77],
Berry suggested that the classical behaviour of a particle on a generic billiard table
is characterised by the local behaviour of wavefunctions in the semiclassical limit.
Specifically, in the chaotic case, wavefunctions behave ‘locally’(at a particular scale)
as a uniform random superimposition of monochromatic waves in all directions, the

random plane wave model (RPW) as we call it now.

The RPW has the following series representation,

F(z) = Codpy(Ja])e™ (1.3)

where C}, are independent standard complex Gaussian random variables satisfying
C_i, = C}, and J}, is the kth Bessel function. The covariance kernel is Jo(]z|), an os-
cillating function that decays like ]a:\*l/ 2. The corresponding spectral measure is the
normalised arc-length on the unit circle in R%. Hence, sample functions are eigen-
functions of the Laplacian in the plane, almost surely. Also, as mentioned above,
intuitively, the field is a random interference of monochromatic waves, uniform in
all directions. RPW also appears as a scaling limit of various fields, for example
‘band-limited’ functions [BW18§].

In the last two decades, numerous suggestions for observables have been made for the
quantum chaos classification problem. Blum, Gnutzmann and Smilansky [BGS02]
suggested that nodal domain count distribution as a criterion for this classification.
Bogomolny and Schmidt [BS02] proposed a percolation model for the RPW model,
which is the conjectured local behaviour of chaotic systems. It is also worth noting
that some of the observables suggested, say eigenvalue gaps, are related to those of

random matrix theory.

10
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(a) Random spherical (b) A closer look at random plane
harmonic of high degree wave nodal lines

Figure 1.3: Both pictures by Dmitry Beliaev

Helmbholtz equation: Consider (M, g) a closed Riemannian manifold of dimension
2 and a smooth function f: M — R. Let A denote the Laplace-Beltrami operator
on the manifold. The geometry of eigenfunctions of A is important in the analysis of
PDEs on manifolds. Also, the geometry of these manifolds is related (conjecturally
in some cases) to the eigenvalue problem, say of minimal embedded hypersurfaces
[LY82]. Ome of Yau’s notable conjectures states that the length of nodal lines of
the eigenfunctions is comparable to the square root of the corresponding eigenvalues

when they’re large. Specifically, 3 caq, Caq > 0 such that

cmy/Aj < length(f;71(0)) < Cay/Aj (1.4)

where (fj,Aj),j > 1 are eigenpairs of A. See [LM19] for a survey on progress on
Yau’s conjecture. We can ask whether similar estimates as (1.4) hold on average
for various Gaussian field models, for example the random band-limited function

model.

Arithmetic random waves: The study of Laplace eigenvalues and eigenfunctions
on the 2-torus is linked to that of lattice points on ellipses/circles in classical number
theory. Let us define the random Gaussian Laplace toral eigenfunctions as follows.
Consider the the 2-torus T? = R?/Z2. Now the eigenvalues are of the form E,, =

47%m where m is a sum of two integer squares. Let

A=An={\cZ: |\*=m}

be the set of lattice points on the circle \/mS!. For the eigenvalue E,, the collection

of exponentials

{627”‘()\,90) }/\EAm

11



forms a basis for the eigenspace. Consider the following (rescaled) Gaussian ensemble

of eigenfunctions,

1 ,
wm(w) - - Z a}\eQM()\/m@)’x e \/ETQ
r2(m) AEAm
where r9(m) = |A;,| and ay is complex Gaussian with unit variance. Now the

corresponding spectral measure is,

1
= ——— S 6y
ralm) 2 P

where J, is the Dirac measure on the point x. This measure is supported on
(1/y/m)A,, C S'. This family of spectral measures changes in a complicated way
and does not converge as m — oco. However, along a generic (i.e. density one) sub-
sequence, it weak*-converges to the uniform measure on S'. To the other extreme,
there are subsequences (of zero density) along which the measure weak*-converges
to 1/4(6+1 + 0+;), called the Cilleruelo measure. Cilleruelo-type fields serve as a

motivation for us to study degenerate fields in more detail.

Applications in science and engineering;:

1. Cosmology: Cosmology seeks to understand the large-scale structure and evo-
lution of the universe, where isotropic random fields model statistically homo-
geneous and directionally uniform phenomena such as the cosmic microwave
background (CMB) radiation. The CMB is commonly modelled as a Gaus-
sian isotropic random field on the sphere, capturing temperature fluctuations

across the sky.

The Cosmic Microwave Background (CMB) temperature fluctuations observed
on the celestial sphere are modelled as a realisation of a real-valued random
field on the 2-sphere S%. Let T : S> — R denote the temperature fluctuation
field. The field is typically expanded in spherical harmonics as follows:

[e'S) 0

T(97 ¢) = Z Z aﬁ,mn,m(ev ¢)7

{=0 m=—¢

where

e (0,¢) are spherical coordinates,

e Y, are the spherical harmonics, forming an orthonormal basis of L3(S?),

12



® ay,, are complex-valued random coefficients.

The CMB field is assumed to be isotropic, with mean zero.

Under these assumptions, the coefficients ay,, are uncorrelated and satisfy:
Ela,mae m’] = Cep0 6 m

where Cy is the angular power spectrum and § denotes the Kronecker delta.
The angular power spectrum Cy encodes the variance of the field at each scale

¢ and contains critical information about early-universe physics (like inflation).

. String theory: String theory posits that fundamental particles are one-dimensional
vibrating strings, with their different vibrational modes corresponding to par-
ticle types. In the string landscape, an immense number of metastable vacua
arise from different compactifications of extra dimensions. These vacua corre-
spond to critical points of a high-dimensional random potential, often modelled
as a Gaussian random field [Zel06]. Statistical properties of these critical points
such as their density and stability are studied using tools like the Kac-Rice
formula. This approach helps characterise the distribution of physically viable

vacua and informs probabilistic predictions within the landscape.
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Chapter 2

Measure of level sets

2.1 Introduction
2.1.1 Overview

Nodal volume of smooth Gaussian fields (i.e. Hausdorff measure of zero level sets,
called ‘nodal’ sets) is a challenging topic in probability, and its research is very
active. Initial advances (in the last 20 years) in understanding the distribution of
nodal volume were motivated by Berry’s prediction [Ber02] on the variance of the
nodal volume of random plane waves. We refer to a survey on this by Wigman
[Wig24]. A couple of recent works, related to the main result of this chapter, are
regarding the ‘differentiability’ of nodal volume. Angst and Poly [AP20] studied
the absolute continuity of nodal volumes of stationary fields in R? with d > 3 using
the Malliavin derivative of the functional. They used a novel representation of the
Kac-Rice formula which is Lipschitz continuous in (f, Vf,Hess f) where f is the
Gaussian field. In 2024, Peccati and Stecconi [PS25] vastly generalised Angst and
Poly’s result to fields on arbitrary compact Riemannian manifolds. This was done
using a geometric characterisation of the Malliavin-Sobolev derivative of the nodal
volume functional. The main ingredient in the proof was a version of the ‘first
variation of area’ formula from geometric analysis. Our main result in this chapter
and its extension can be considered complementary to [PS25]. Very vaguely, our

extended result can thought of as a Poincaré inequality for nodal volumes.

Another interesting recent paper regarding the study of nodal volume is by Vernotte
[Ver24] on the fractal behaviour. This paper shows that the volume of macroscopic
(i.e. greater than some diameter) nodal lines of some stationary smooth Gaussian
fields scales like A®, for some 1 < s < 2 in a large A x A box. This supports the

percolation conjecture of the nodal sets of Gaussian fields. Interestingly, the proof

14



does not use any variant of the Kac-Rice formula (which is not surprising since we

are dealing with non-local observables).

2.1.2 Plan and summary of the chapter

This chapter consists of three parts/sections. The first part is regarding the ge-
ometry of degenerate Gaussian random fields. Specifically, we are interested in the
geometry of a sequence of non-degenerate Gaussian fields converging to a degenerate

field. This is motivated by Cilleruelo-type fields as explained in Section 1.3.

Many results in the literature require the field to be non-degenerate, for example, the
Kac-Rice formula as stated in [AW09], [AT09]. However, in some interesting cases
like arithmetic random waves, where certain subsequences converge to a degenerate
field, it is essential to prove variants of standard results in this particular case. We
show continuity of the expected length of level lines, even when the limiting field is

degenerate, for certain Gaussian fields.

We also investigate the geometry of the nodal lines in some special cases. First,
we look at the case of 4-point measures converging to 2-point measures. Next, we
consider a case arising from arithmetic ensembles and study the convergence of line

restrictions of the field.

In the second part, we prove convergence of the Hausdor measure of level sets of
smooth Gaussian fields when the levels converge. Given two coupled stationary fields
f1, f2, we estimate the difference of Hausdor measures of level sets in expectation, in
terms of C? -fluctuations of the field F = f; — f» . The main idea in the proof is to
represent the difference in volumes of level sets as an integral of the mean curvature
of the hypersurface using the divergence theorem. This representation is classical
in Riemannian geometry and has been used extensively to study minimal surfaces
[Law80, Chapter 1]. The novelty is to get an average estimate of the difference
in volumes in the context of Gaussian fields. As a byproduct, we give an explicit

formula for the mean curvature of level sets at a given level.

In the third part, we extend the above main result in several aspects. First,
the fields f1, fo that we are comparing need not be stationary and are potentially
generalisable to manifolds. Second, we need only fluctuations of sup|fi — fa| as
opposed to the C?-fluctuations of ||f; — fa||c2. This is a bit surprising, given that
the change in length depends on the curvature (i.e. requires second derivatives).

Most importantly, we show that the exponent of the fluctuation is 1, which was 1/7

15



in our previous result, in the upper bound. This exponent in the upper bound seems

optimal, which is what we expect from the geometric intuition.
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2.2 Degenerate fields

We call a C'-smooth Gaussian field f degenerate if the Gaussian vector (f, Vf) is
degenerate (i.e. does not admit a density function) at some point in the domain.

Let 0; denote the partial derivative with respect to j-th variable in R,

Degenerate Kac-Rice formula: Let f : R?> — R be a Cl-smooth, stationary
Gaussian field with K(x,y) = K(x — y),r,y € R? as the covariance kernel and
Var(f(0)) = K(0,0) = 1. If (f(x),Vf(z)) is degenerate we claim that , by a linear
change of coordinates in R?, we can assume that dof = 0. First observe that f(z)

is independent of the Gaussian vector V f(x) for all x € R? because
—E[f(0)01f(0)] = —E[f(0)02f(0)] = 01K(0) = 02 K(0) = 0.

So the Gaussian vector (f(z), Vf(x)) is degenerate means that V f(z) is degenerate.

Now there’s a constant ¢ # 0 such that

o f(x) = cOaf (x)

where the constant doesn’t depend on x since stationarity of the field f implies

stationarity of V f. Let
1 0
A= 1
— 1
c

then the field g(z) = f(Ax) has the property that dag = 0.

Note that the zero set {f = 0} is the union of straight lines in R?. Let L(D; f)
(which we write as L(D), when the field is obvious) denote the length of the nodal
lines of f in a Borel set D C R2.

Proposition 2.2.1. Let f be a field as described above. For any Borel D C R?, we

have

vol(D)
V21

Proof. Let R be an a x b rectangle with sides parallel to the axes. Observe that, by

E[L(D)] = EIV . (2.1)

construction, the nodal lines are vertical. Let h be the restriction of the field f to the
z-axis. Then h is a non-degenerate, stationary one-dimensional Gaussian field, so
applying Kac-Rice to h we get, E[N([0,a], h)] = \/%E[W(O)H where N denotes the
number of zeros of h. But E|h/(0)| = E|V f(0)], so we have EL(R) = AY%QETR)MVf(O)]

for a rectangle R.
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Let A be the set of finite union of rectangles in R%2. Now A is a m—system on R2.

Also, EL(R) = A%R)E]V f| holds for any R € A since an element in A is a disjoint

finite union of rectangles except for boundary.

Let M = {R € B(R?) : EL(R) = AI%QETR)MVf(OH holds}. Since length and integrals
are additive over disjoint regions, M is a A—system. Since we already have A C M,

by the 7 — A theorem we know o(A) C M. But o(A) = B(R?), so M = B(R?).

Hence equation (2.1) hold for any Borel D C R2.
O

Note that the same trick of projecting the field to a lower-dimensional non-degenerate

field works for any dimension.

Convergence of mean length: Consider a sequence {f,},>1 of Cl-smooth, sta-
tionary, non-degenerate Gaussian fields on R? with respective kernels K,,. Let f be
a stationary, degenerate field on R? with 0 f = 0 and with kernel K. Assume that
K,, — K pointwise and 0*K,,(0) — 0*K(0) for |a| < 2. This translates to saying
that the spectral measures converge in law and their first two moments converge,

because the kernel is the Fourier transform of the spectral measure.

Fix a rectangle R of unit area and denote by L,, L the length of nodal lines of f,, f

in R, respectively.

Proposition 2.2.2. With the convergence of fields f, — f described above, we have
EL, — EL.

Proof: Since all fields involved are stationary, by the Kac-Rice formula, we have to

show that E|an(0)’ — E|Vf(0)| Let 811Kn(0) = p,%,(%gKn(O) = q%,angn(O) =

72. So we have q,,7, — 0 as n — oo and p2 — 911K (0). Now, after a change of
variables  — x/pn,y — y/q, in the standard formula for computing the mean, we

have

EIV fn(0)]

1 1
= 2$2+ 292 ex <— .'13‘2 — 2rpzy + 2 >d$d .
Sy /RQ VIR + @y exp | =5 o w2y +y°) |drdy

Note that |22 —2r,zy+y?| < 2(2?+y?). So the integrand above uniformly converges
to |11 K (0)x]exp (—1/2(z% + y?)), because the exponential dominates the polyno-
mials away from the origin. Hence, the integrals also converge, which completes the
proof.

[
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Note that additional symmetry of the covariance kernel of the field f also would
have been sufficient for the convergence of length in mean. For example K(z, —y) =
K(z,y) for all z,y € R. This implies 012K (0) = 0 because 012K (0) = fRQ titadp(t),
where t = (t1,t2) and p is the spectral measure of f. Due to the imposed symmetry

of the spectral measure, the integral is zero.

Geometry of nodal lines of f,: Now that we have proved that the length of
nodal lines converges, we look at the geometry of convergence. Specifically, we
show that the proportion of the length of nodal lines of f,, that are almost vertical
is nearly 1. To make computation simpler, as explained above, we assume the
additional symmetry condition K (x, —y) = K(x,y) for all z,y € R, so that 01 f,(z)
and 02 fn(z) are independent.

For § > 0, let A, (0) = {arg(V fn(0)) € (=0,0) + mm,m € Z}, i.e. An(0) is the event
where the tangent at 0 is vertical within an angle of §. Consider a box of unit area.

By the Kac-Rice formula, using stationarity of the fields, we have

EL, = \/12— (E[IV n(0)|1[An(6)] + E[[V £n(0)|1[An(6)°]]) -
T
Note that 1/v/27E[|V f,,(0)|1[A,(6)¢]] is the contribution from the nodal lines which
are not vertical within an angle §. Chapter 3, section 2 of [AW09] explains that the
Kac-Rice formula has many variants with similar proofs. One variant is the expected

length of nodal lines with a gradient at that point in a certain direction. Recall that

pi 0 . . . 02 fn
Vfn~N|{0, 5 | |. Now, A,,(0) is contained in the event < 26 ¢ for
0 an alfn
6 small enough. Now we have

pn82fn
Qnalfn

~ Cauchy(0, 1).

So P(A,(9)) > %arctan(QIq)Z‘s), which implies P(A,(6)¢) < C% where C' is an abso-

lute constant.

Now, by Cauchy-Schwarz inequality, we have

BV R O1 4 (57]) < Oy 2

When ¢,, < § we see that the segments of the nodal line contributing to length are
nearly vertical. At this point, we note that the global geometry of the nodal lines,
probability of a given component of the nodal line coonnecting top of the box to the

bottom, of f,’s are usually non-trivial, see Figure 2.1.
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Figure 2.1: Nodal lines of a field with spectral measure supported on +x,+(1,0), £y
with equal mass, where = (cos(m/7),sin(7w /7)),y = (cos(w/7), —sin(w/7)).

Arithmetic ensemble: Here we want to show that the nodal lines of f, and
f are close, demonstrating using an example from an ensemble of random toral
eigenfunctions. We look at the product f - f,, specifically its restriction g to a
straight line. We want to show that the nodal intersections are typically pairs of
very close points (to deduce that nodal lines of f,, and f are close in some nice
box). By continuity, in some suitable box, g should have the same sign with high
probability (as typically its sign should change twice in rapid succession).

To see this quantitatively, if X,Y are standard Gaussians of correlation 7, then the

density of the product Z = XY is given by

vale) = s e <1 Zz) Ko (1 = Lz) (2:2)

where K| is the Bessel function of the second kind. Integrating 1) over R,

7 — arccos(T)

P(Z > 0) = (2.3)

s

i.e. this probability is close to 1 or O for 7 close to £1.

Let us define the arithmetic ensemble that we want to consider. For m € N, define
the ellipse
p(z,y) =2+ =— =m, a€N, a>2 (2.4)
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Let vp.m = ng Y e A, Ox be the discrete probability measure defined by assigning
delta masses to the N projected lattice points of the level set {p = m}. For p as in
equation (2.4), there exists a subsequence (mg)ren such that vy, = (61 4+ 0-1)/2
(see [CCY4, Theorem 2]).

Recall the notation for a in equation (2.4). We define a set of N' > 6 atoms (of equal
mass) at the distinct points

o Vacos(;) | vasin(p)) L =1, N

Vacos2(e) +sin2(p;) yJacos?(ey) +sin ()

where we assume that the angles ¢; satisfy

—e < tan(y;) <€, j=1,....N

for some fixed small € > 0. We also assume these points to be invariant with respect
to a rotation of 7 radians around the origin so that A is even. We order the points
wj so that the first M := N/2 points are e-close to the point (1,0). We then define

G, as follows:

M M
Gé(xvy) = ij COS(«x’y)?wj» + ZC]' Sin(<($vy)’wj>)v (2'5)
=1 j=1

where b;,c; ~ N(0,1/M) for j =1,..., M and ii.d.
With our coupling, in the degenerate field Gy all w;’s are (1,0). The correlation
coefficient 7(z,y) between Gg, G, at the point (x,y) is then given by

M
ElGe(z,y)Go(z,y)] = % > (cos({(w,y), w;)) cos(x) + sin({(z, y), w;)) sin(x))
j=1
(2.6)
=1+ O(y*e?). 2.7

Replacing,

P(Z > 0) = 7 — arccos(7(z,y))

=1+ O(ye)
m

at a point (x,y) for the field G.(z,y)Go(z,y).

Therefore, in a box of sides o(1/e¢), at each point Ge(z,y)Go(z,y) is positive with
high probability. If there are sign changes along a given line, there must be two of
them in rapid succession, i.e., in any given direction, the nodal lines are close w.h.p.
The only exception is when one of the fields degenerates in the direction of the given
line. Hence, trivially, there would be no intersections of the nodal lines with the

given straight line.
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2.3 Main result

This section considers smooth Gaussian fields f : R — R with mild non-degeneracy
conditions, of fixed dimension d > 2. Call a field stationary if the covariance kernel
K(z,y) = E[f(z)f(y)] is translation invariant. For stationary fields, the kernel K
is a Fourier transform of a finite symmetric Borel measure p, called the spectral

measure.

Fix a domain D = [~ R, R]¢ ¢ RY. Consider two C%-smooth Gaussian fields fi, fo :
R? — R defined on the same probability space. Le the difference field F = f; — fo

has the C2-fluctuations

0% := sup sup Var[0“F(z)].
€D |a|<2

Assumptions 2.3.1. Assume that the fields f1, fo are
1. stationary, C%-smooth a.s.
2. non-degenerate, i.e. (f;,Vfi) has density in RT" fori=1,2.

8. Morse functions a.s. That is, the Hessian of the function at critical points are

non-degenerate a.s.

Let £™ denote n-dimensional Lebesgue measure. Let H™ denote the n- dimensional
Hausdorff measure, which is scaled so that H"™([0,1]™) = £"([0,1]™). Note that by
the Bulinskaya lemma (see [NS16, section 5.3]), a.s. nodal sets are sub-manifolds of
R? of co-dimension one. So we interchangeably use the terms hypersurface measure

and Hausdorfl measure.

Theorem 2.3.2. Let HY (£, (a)) denote the volume of level sets in the domain
D. With the setup as above, we have

B[R (f71(0) = HOH (5 (0)] < O, ) (B log R)o )

assuming op is small enough (say, op < 1). Here, the constant C(f1, f2) depends

only on the laws of the fields and not the coupling.

The factor v/log R appearing in the above theorem is from the quantitative version
of Kolmogorov’s existence theorem for smooth Gaussian fields as stated in [NS16,
Appendix A]. We believe the optimal exponent of op is 1 due to cancellations in the

integral of mean curvature in the bulk.
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We make some comments on the assumptions on the fields. We believe that the
proof of Theorem 2.3.2 works for non-stationary fields with positive lower bounds
on fluctuations of the field and its derivatives, with suitable modifications, but the
computations become tedious. Only Corollary 2.3.4 uses the stationarity assumption
crucially. Also, the assumption that the fields are a.s. Morse functions are not very
restrictive, and many interesting non-degenerate fields we know are Morse functions
a.s. It can be shown that stationary fields with spectral measures containing an open
set are Morse a.s. If the field is isotropic, then also we can show that the field is
Morse a.s. In particular, the random plane wave (RPW) model and Bargmann-Fock

field (on R?) are Morse a.s.

One such field coupling is available using white noise coupling (see [BM22]). The
coupling as in [BM22] gives the following estimate for the fluctuations of the field
F = f1 — fo. We have,

02 < C(R'+1) inf / (52 + [E2 + 1) Vs — ¢P2dp(s, £)  (2.8)
pEP(p1,02) JDxD

where P(p1, p2) is the space of all symmetric couplings of p; and ps and C is an
absolute constant. Here p; and ps are the spectral measures of fi and fo respectively.
By the coupling techniques mentioned above, op can be controlled by the transport
distances between the measures in the domain (in the general case) or by the norm of
differences in spectral densities (in special cases). Let us give an example where this
is useful. Recall that the spectral measure of random planar waves is the uniform
measure on the unit circle in R2. In the transport distance of (2.8), we can approx-
imate this measure by a measure supported on finite points. This field corresponds
to a finite superposition of pure sine waves. So we can obtain quantitative bounds

on the difference in lengths.

To prove Theorem 2.3.2, first we study the convergence of the volume of level sets
using the divergence theorem. Although expressing change in volume of a hypersur-
face in the normal direction in terms of mean curvature is classical, as previously

mentioned, we need a version as in Proposition 2.3.3.
Proposition 2.3.3. Let f : R — R be a non-degenerate, C%-smooth Gaussian field

which is a Morse function a.s. Let H*™1(f~1(a)) denote the volume of the level set

f~Ya) in D. Then, almost surely, we have
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1, . 1. Vf .
HA ) = @) = [ ool - ﬁD<W§‘n> 1jeiandS (29)

(Y
”_dw<rw|)

is (d — 1) times the mean curvature of the level set of f at x and 1 is the outward

where

unit normal to the (d — 1)-dimensional slabs of 0D. We also have
HITHTH0) = HTH (@), asb—a

almost surely and in L.

As a corollary, we get the following formula for the mean curvature of level sets at

a given level. Usually, it is hard to get such an explicit formula for general fields.

Corollary 2.3.4. With assumptions as in Theorem 2.3.2 on f rather than fi, fa ,

for x € R* we have

Elk(z)|f(z) = a] = —aE[|V f(z)]].
2.3.1 Proofs

Proof of Proposition 2.3.3. Note that f has only finitely many critical points in D
a.s. We prove in subsection 2.3.2 that x as a function on D is integrable almost
surely. We can also assume that f has no critical points on dD. This is because
of the Bulinskaya lemma (Lemma A.2.2), since 9D is (d — 1)-dimensional and for

non-degenerate, smooth Gaussian f the gradient V f has (Gaussian) density on R
Case 1: a,b are regular values of f.

Let R = DN f~Ya, b] with the unit outward normal /) = —V f/|Vf| on f~(a), H =
Vf/|Vf|on f~1(b) (assuming a < b), and outward normal on parts of 9DNf~1(a, b).
Assume that R’ has no critical points of f, and we know that s is continuous except
at critical points of f. Applying the Greens formula for the function Vf/|V f| on
R/, we get

Vf > Vf .
/f—l(b)mD < IVfI F1(a)np \ VS

v/ TNaY
éD <vf|,7]> :[].fe[a’b}ds = //, div <Vf|> dvol.

(2.10)
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But first two terms of the LHS of the above equation are H4~1(f~1(b)), =H¥1(f~1(a))

respectively. Hence, we get equation (2.9) in this case.

If R’ contains critical points of f, then the number of critical points has to be finite.
Let {x1,x2,...x;} be the critical points in R’. Now apply the divergence theorem
to the field Vf/|V f| on R’ \ U;Bs(x;). Letting 6 — 0, and using integrability of &

on D (see subsection 2.3.2), we again get equation (2.9).
Case 2: a or b (or both) are critical values of f.

First, let us show continuity of volume of level sets at all levels, including at critical
values of f. Fix a critical value a of f. By the Morse lemma [GP74, page 42], f can
be made a quadratic function at a critical point by re-parametrisation. Let p be a
critical point, then there is a neighborhood U of p and a smooth chart (y1,y2,. .., yq)
such that y;(p) = 0 and

fly)=fp) £yi£y3-- £y3

We know that the volume of level sets of quadratic functions is continuous. So,
given a critical point p of f at level a, the volumes of the level sets of f in a
neighbourhood U of p converge when the levels converge to a. When xo € f~!(a)
is a regular point, then there exists a neighbourhood Uy, such that the volume of
level sets is continuous. This follows from the implicit function theorem. Now, using
compactness of f~1(a)N D, we get that the volume of level sets is continuous at any

arbitrary level.

Since the number of critical values of f is finite in D, any critical level in D can be
approximated by regular levels of f in D. Let ¢, be a sequence converging to zero
such that (b — €,), (a + €,) are sequences of such regular values of f. By continuity

of the volume of level sets, we have

HITHTH0) = 1T (@) = lim [L(b— ) — L(a + €n)).

n—o0

Using case 1, we have the integral formula for the difference of the volumes of level

sets. Note that

Vi Vi .
<’vf‘>77> er[a—&-en,b—sn} — <’vf‘777> er[a,b}7
’{]]-fe[a—i—en,b—en] — '%]lfe[a,b}

pointwise. Hence, by the dominated convergence theorem, we also have equation
(2.9) for case 2.
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We have that H~L(f~1(b)) — HY1(f~'(a)) as b — a a.s. by above discussion of
continuity of length w.r.t levels. We also have E[H?1(f~1(b))] — E[HI 1 (f~!(a))]
when b — a by the Kac-Rice formula. Hence, by Scheffe’s lemma, we have L'

convergence.

O

Proof of Corollary 2.3.4. Take expectation on both sides of the equation (2.9). Switch-

ing integration and expectation by Fubini’s theorem, we get

EHHfH0)]-EHTH (@)

i
(k1 pefqp)dvol — jé E [<, A> 1ecra ] dSs.
// relat] op \[V]"/ e

Now, divide the above equation by b — a and try taking the limit 6 — a.

First, from the stationary Kac-Rice formula, we have

L BN B)] — B )

b—a b—a

= —ap(a)LYD)E[|V f]].

where p is the pdf of a standard Gaussian random variable. Next, from the continuity
of the Gaussian regression formula, we get the following conditional expectations (see
[AW09, Theorem 3.2] for an explanation). Consider the expression E[x1 fc[, ] and

write it in the following form,

b
Elk] jepoy] = / Ef|f = ulp(w)du

Now note that E[«| f = u] is continuous in u, hence (b—a) 'E[x1 peq] = E[s|f = a]

as b — a. By the dominated convergence theorem, we have

) 1
%fi o //D E[K1 fe[q,5)]dvol = //D E[k|f = a]p(a)dvol.

A similar argument works for the claim

o Vi JAAN
i B (o) ] = £, 2| ()1 =] s

Combining these calculations, we have the following equation

DIV B [( k)1 =a| s = [ Blnf = dplapor

(2.11)
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Now, we claim that

]gD]E [<,§‘Ji|,ﬁ>|f=a] ds = 0. (2.12)

Since V f and f are pointwise independent r.v. (by stationary), integral on a (d—1)-
dimensional slab in D cancels that from the opposite slab (also by stationarity).

So we have equation (2.12).

Again by stationarity of x, the equation (2.11) reduces to

Elslf = alp(a) = —aE[|V f]p(a)-

This finishes the proof of Corollary 2.3.4.

Proof of Theorem 2.3.2. First, observe that HY'(f~'(a)) — 0 almost surely as
a — oo or as a — —o00, since probability that f is unbounded on D is zero. Now,
taking difference of equation (2.9) applied to fi, fo and taking b = 0, a — —o0 we

have,

HEL(FL(0) — HEL(f7(0)) = / /D (k11,0 — a1 p<0] dvol

\ Vi .
= (2 000~ (1) tem] 5
(2.13)

We bound the bulk term and the boundary term of equation (2.13) separately.

Bulk term: First we have,

< ‘/ (/{1 — K,Q)]l[fl,fg < O]dVOl
D

‘/ [Kl]lflg() — HQ]].fQSO] dVOl
D

+ ‘/D Klﬂ[flfQ < O]dVOl

+ ‘/ Iigﬂ[flfg < O]dVOI .
D
(2.14)

For the second term of equation (2.14), we show that, with probability close to
one, L f1fo < 0) is small and that the integral of curvature is bounded with high
probability.

Note that E[|x1]|'T%] < oo for all 0 < a < 1 (see Section 2.3.2). Take a = 1/2 when
applying Holder inequality in the following computation. Given a point x € D,
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recall that 1(x) is the mean curvature of the level set f~!(c), where z € f~(c), at

x.

'E/L)Kl]l[flfg < O]dvol

<E ‘/ Iﬂﬂ[flfg < O]dVOI
D

S/ E|k11][f1f2 < 0]|dvol
D (2.15)

< )20 [ Blfi(2) ala) < 0] avol
D
< Cy - £L4D) sup[(arccos(r(z))) /3]
D
where 7(z) is the correlation between fi(z) and fa2(x),and the constant Cy depends

only on the law of the fields. Note that arccos(t) = 1/2(1 — t) + O((1 — t)*/?) near
t = 1. We have that |1 — 7(z)| < 0%/2 for all x € D. Hence, we have,

?|

where the constant Co only depends on the spectral measure.
] <E [/ |k1 — HQ’dV01:| .
D

We split the computation into two cases: ||V fi|| < ¢ for one of the i = 1,2 and
||V fill > & for both i’s (for some fixed § > 0).

Now,

/ Iﬂ]l[flfg < O]dVOI
D

} < oL D)o}’ (2.16)

Next, we’ll bound the term
?|

E H/ (/<c1 — /ig)]l[fl,fg < O]dVOI
D

/D(’fl — k2)1[f1, fa < O]dvol

Notice that

/ E [|r1 — ral L[V A1 < 8]] dvol < (Bl — ol #/3)3/4 / PV A < 82)YAdvol
D D

< C3LYD)V.
(2.17)
In the first inequality, we used the fact that curvature has 14+« moments for o € [0, 1)
and applied Holder’s inequality. Observe that ||V f1||?> has bounded pdf around zero,
so P(||[Vf1]2 < 62) = O(6?).
Define
B = llf1 = fallc2(py-
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We exploit the explicit representation of the curvature (2.23) in terms of derivatives
of the field. Given that ||V fi||, ]|Vf2|| > § we have,

k1 — kg < (ﬁm + Bp2 + B°ps)

where p;’s are polynomials in the first two derivatives of f; of degree at most 2.

Hence,

E '/ (k1 — k2)L[||V f1], [|V fal| > d]dvol| < 53/ E[(Bp1 + B%p2 + B°ps)]dvol.
D D

(2.18)

Using the Cauchy-Schwartz inequality and the fact that the laws of the polynomials

p;s are translation invariant, we have the following estimate,

C4£

E \/IW + VEBY + VESS).

/D (k1 — k) LIV A1, IV ol > Sldvol| <

From Theorem 1.2.1, we have the moment estimates of 3,
E[p*] < Cah.
The EAB? term dominates when the coupling of the fields fi, fa close, so we have,

| [ (= IRV AN > ol < PP (VB g
D

Boundary term: We attend to the boundary term of equation (2.13).

Vh . Vi . -
/8D |:<|Vf1|777> ]lf1S0 - <|vf2|77]> ﬂf2§0:| dsS =
/8D Klgﬁl - Igﬁl’ﬁ> W fo < O]] d5+/6)D K ;Q‘ ﬂ?> 1[fi <0, f > 0]] ds

Vi .
L hnen-afe

The analysis of bounds of the first term of the RHS of equation (2.20) is similar to
that of equation (2.17). We get that,

\Y \Y
=, (R~ ) 10 <0 as] < coett@mit + ) (220

for (51 > 0.
Now, the second term of RHS is bounded by C - £4=Y(0D N {fifo < 0}) since
V f1/|V f1| is a unit vector. By a similar argument which led to equation (2.16), we

have

ELYHOD N {f1f2 < 0}) < CsL4L(OD)op. (2.22)
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This is again dominated by the quantity on the RHS of equation (2.16).

Analysis of the final bound: We combine the bounds from (2.16), (2.17),(2.19),
and (2.21). to get

2
B (77(0) - H(f5(0)] < OL(D) (aé/‘”’ TNV R ;Eg) -

Applying the quantitative bound from Theorem 1.2.1 give us ES < C1(R)op and
VEB? < Cy(R)op. From the Dudley’s entropy bound for the field f1 — fo on D, we

have C1(R), C2(R) < c¢y/log R for some constant ¢ > 0.
. 2/7 1/2 . .
Now, choosing § = o) ,01 = 0 ”, and assuming op is small enough we have,

EH(f7(0) = H(f 1 (0)] < CR)LY (D)o

2.3.2 Integrability of mean curvature

Moments of the curvature r.v.: We show that the v = (d — €)-moments are
finite, where 0 < € < d, for the random variable x(x) for a C?-smooth Gaussian
field f on R? such that (V f(x), Hess (f)(z)) is non-degenerate for all 2. We do not
assume stationarity of the field f. We have,

VP Te(Hess (£)) — V/Hess (/)9
- VP |

(2.23)

Notice that,

] < Tr(Hess f)  ||Hess (f)]] < CHHess (f)H
- IVAI VAL = IV

We use the fact that the norm of the Gaussian vector ||Hess (f)|| has all positive
moments finite and use the Holder’s inequality as follows,
[Hess (f)[”
E[|x|"] <CE [
IV
<C(E[Hess (f)[|"")"/P(B||V f]|77)"/

where ¢ =1+ 6 and 1/p+ 1/¢ = 1. It is simple to check that if X is a Gaussian
vector of n-dimensions, then E[||X||’] < oo for any ¢ > —n. So, for a given ¢ > 0,

choosing small enough § such that vq < d, we are done.
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Integrability of the curvature function: Consider a deterministic C?-Morse
function f on a compact domain D C R? As above, at every x € D which is a

regular point of f, define k to be the divergence of unit normal of f.

/ |k|dvol < oo.
D

Note that except at critical points of f, x is continuous. So just need to show that

We prove that

i) B (o) |k|dvol < oo for a critical point zg of f and a small enough ball B, (xy) around

Zg-

We have Vf(x) = H(f)|z(z — z0) + O(||z — 20||?), by Taylor’s series. Since f is

Morse, we can invert H(f)|y, to have

o o — ol
>C .
N Tl

Since Opg f, Opy f, Oyy f are all bounded on D and

102 f ()| < erll = woll, [0y f (z)| < eallx — o]

near xo and again, exploiting the equation (2.23), we have

~ 1
/ |k|dvol < C —————dvol.
By (20) Br(z0) |17 — ol

But we have

1
/ ———dvol < c©
Br(z0) |17 — ol

for any d > 2. This concludes the proof of the integrability of the mean curvature

function on D.
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2.4 Extension of the result

Let (M,g) be a compact Riemannian manifold of dimension d > 2, possibly with
boundary. Let f: M — R be a C%-smooth Gaussian random field on M, having
unit variance (f(z) ~ N (0,1) for all x € M) and such that g is the Adler-Taylor
metric of f (see [AT09, Section 12.2]), that is

92(v,0) = E|ldo f(v)|?, Vv € T,M (2.24)

where d, denotes the differential at x € M, i.e. themapd,f: T, M — R. If M C R4
with the Euclidean metric and f is a stationary Gaussian field, then both the metric
tensor g, and E|/d, f||? are constants in 2. So (2.24) implies that 9,, f has variance
1, for each coordinate x;. This additional constraint on partial derivatives of f is
not restrictive as, given a stationary field f, there exists a matrix A such that f(Az)

has the normalised partial derivatives.

Let V denote the nodal volume of f, that is

V(f) := vl Y (f71(0)). (2.25)

Theorem 2.4.1. Let fo,fi : M — R,d > 2 be two C*-smooth Gaussian fields

defined on the same probability space, centered with unit variance. Define

h:= f1 — fo, ft = fo+th, forallt e |0,1].

Assume that the vector (fi(z),V fi(z)) is non-degenerate Gaussian for all t € [0, 1].
Then,
EV(fo) = V(f1)| < cvol(M)o

where ¢ is a constant depending on the laws of fo, f1 but not on the coupling and,

2.
0% = max Var(h(x)).

The main idea of the proof is similar to that of Theorem 2.3.2. That is, to represent
the difference in volume of level sets as the integral of the mean curvature. But the
difference here is that we now have a suitable representation for our needs, thanks

to Theorem 2.4.2.

The vector (fi(z), Vfi(z)) has density for all ¢ € [0, 1] in the following scenarios.
If (fo(z),Vfo(z), fi(x),Vfi(z)) has density then it is an exercise in linear alge-

bra to show positive definiteness of the covariance matrix of (fi(z),V fi(z)) for
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all t. Another case is when fy and h = f; — fo are independent functions and
(fi(x),Vfi(x)),i = 0,1 are non-degenerate. Then by a convolution argument we
can show that (fi(x), V fi(x)) has density.

Proof. Let U C C?(M) be the subset of functions f for which 0 is a regular value,
that is

U={feC*M): f(z)=0 = Vf(z)#0}. (2.26)
Then we can use the following fact from [PS25]. Let us define

vV
YK

Theorem 2.4.2 (Nodal volumes as differentiable mappings, Theorem 4.6 of [PS25]).

Af:=Af —Hess f (v,v); (2.27)

Assume that M is a C? Riemannian manifold with boundary OM and let n €
(T M|par) denote the outward normal vector to the boundary. Define U C C?(M)
as in (2.26). Fiz f € U, let Z := f=1(0). Then, for all h € C*(M), we have:
Af 9(n,v)
(dfV,h) = —/ h - dZ+/ h - —————dS, (2.28)
! z NP Joz ™ Td(flonn)]

where the existence of the integrals on the right-hand side is part of the conclusion.

Let h € C%(M) and define f; := f+th, Z; == f;71(0) and u(t) := V(f;) = vol?=(Z).
A standard consequence of Bulinskaya’s Lemma is that P(f + h € U) = 1 for any
h € C?(M) and that it is possible to apply the Kac-Rice formula to f;.

We have

1y T _Af—i—tAh ‘ - g(n,v)
u(t)_<d(ft)v,ft>—/Zt( VAR ) h+/azh 7||d(ft|8M>”dS (2.29)

The above and the following integrals are all with respect to the obvious Riemannian
volume density, and dS denotes the volume element of the induced Riemannian

manifold. The thing we want to estimate is the following:

1
mwm—vmwmwn—<ﬂ</Emmw

! |Af +tAh|
< E hl| dt + / / ) dSdt
/ b e M o7 WMmH
Kac— Rlce/ / |Af + tAh‘ ) |h’ ft(:c) -0 s, (O)da:dH—
TINAL

// (|7 g(n,v)|| fe(z) = 0] py,(0)dS(z)dt
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Note that by our assumption on the non-degeneracy of f; and compactness of M,
we know that py, (0) is bounded in ¢. Call the bulk and boundary terms of the above
equation H, G respectively. Let p > 1,1 < ¢ < 2 such that 1/p+ 1/¢ = 1, then
applying Holder’s inequality we have

A X 1
H< /01 /ME [|h|p fi(z) 20] 1/pIE W ' ‘ fi(z) :O] /qpft(o)dxdt
(2.30)
Note that . )
2 )

where k denotes the mean curvature (up to a constant). Now we know from Section

2.3.2 that  has (d — €)-moments.
Let o%(z) be the variance of h(z) and 7; be the correlation between h and f;. Then
hl fe(x) = 0 ~ N(0, (1 — 7)o’ (x)).

By the standard theory of absolute raw moments of the Gaussian distribution

[Winl14], we have

E [Ihlp

filz) = o] = ¢(r)o?.

The boundary term G has very similar bounds, since ||d, f(v)||? has all the moments.
This finishes the proof.
O

A discussion: There are several interesting directions from here. We believe that,
from a rough computation from the first variation of area formula, that there should

be a matching lower bound. That is,
ElV(fo) =V (f1)| = 0.

One can also ask if there are similar estimates for higher moments. For example,

can we show that, under some extra non-degeneracy conditions on fy, fi,
E|V(f(]) — V(f1)|m ~ VOl(M)mO‘m?

One application of these estimates is that we can recover the known CLT result for
nodal volume in large domains, for smooth Gaussian fields with enough correlation
decay. If we have a third moment estimate for the difference of nodal volumes, we

can follow the argument of [BMM24].
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Chapter 3

Critical point structure of
smooth fields

3.1 Overview

The distribution of critical points of random functions is an interesting topic, aside
from its applications in science and engineering. Systematic study of critical points
of smooth Gaussian fields dates back to the late 1960s [Nos69]. In the 1970s, the
topic was explored further by Belyaev and Piterbarg, among others. See Adler’s
1980s book [Adl10] for developments till the 80s. For an overview of results, see
Piterbarg’s monograph [Pit96], and Adler and Taylor’s book [AT09] (for a more
recent one). The following paragraph lists some interesting results in the last 15-20

years.

Characterising the distribution of the number of critical points in a bounded domain
of a general smooth Gaussian field is a non-trivial task currently out of reach. Theo-
retically, the mean number and higher moments can be estimated from the Kac-Rice
formulas. At a large scale, variance estimates for specific models like random spher-
ical harmonics are available now [CW17]. Recently, Ancona, Gass, Letendre, and
Stecconi [AGLS25] (building upon previous works of [GS23, Cuz75]) computed all
cumulants of the number of critical points and, as an application, proved the law of
large numbers and the central limit theorem (CLT). Previously, the Wiener chaos
decomposition was employed to show the CLT for certain Gaussian fields [Nicl7].
The spatial structure of the critical points, the high critical point/ excursion set,
was studied in detail in the latter half of the 20th century. The study of the lo-
cal structure of RPW critical points was initiated in [BCW19], which inspired the
generalisation of the result to other models [BCW20, LLR23].
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The first part concerns the weak convergence of high critical points of stationary
smooth Gaussian fields to a homogeneous Poisson point process on R? (see Theorem
3.2.2). The second part quantifies the Poisson convergence result of the first part

(the main result being Theorem 3.4.1).

Poisson process convergence of high excursion sets/points of random functions is a
classical topic [LLR83]. The following are some results about Poisson convergence
of point processes of smooth Gaussian fields (including dimension one). In one di-
mension, the number of upcrossings above the level u of a smooth Gaussian process,
when appropriately scaled, converges weakly to the homogeneous Poisson point pro-
cess as u — oo [LLR&3, Chapter 9]. In dimension 2 or more, “exit points” above
the level u of a smooth Gaussian field, scaled appropriately, converges weakly to the
homogeneous Poisson point process as u — oo [Pit96, Section 15]. More recently, it
was shown that local maxima of certain smooth Gaussian fields on R? with d > 2

satisfy the same conclusion [Qi22, Chapter 3|.

In all of the examples above, the field’s correlation decay required is faster than 1/ log
of the distance between the points. A somewhat related set of results includes limit
theorems for extremal processes for the class of processes with the Markov property,
like the Gaussian free field, and branching Brownian motion. Arguin et al. [ABK13]
showed that the extremal process of branching Brownian motion converges weakly
to a clustered Poisson process. Oleskar-Taylor, Sousi [ST20] showed that the high
points (level above aE[maximal,0 < ag < «) of the discrete GFF in d > 3 converge
in total variation distance to an independent Bernoulli process on the lattice. In
essence, we can expect some Poisson limit for an extremal process if either the

covariance decays fast enough at infinity or there is some Markov property.

Our contribution is the study of local maxima of smooth Gaussian fields above level
u. The first main result (Theorem 3.2.2) states that rescaled high local maxima
converges in law to Poisson point process as the level u — oco. Our result extends
[Qi22, Theorem 3.3.2], which includes important models such as random plane waves

(RPW) and other monochromatic random waves in dimensions d > 2.

This weak convergence of high critical points raises natural questions: Considering
local maxima above level u in a window [~ R, R]?, what is the Wasserstein distance
between this point process and a suitable Poisson point process, given a (pseudo-
Jmetric 7 What is the role of the rate of decay of the covariance kernel r(z,y) of

the field? In Theorem 3.4.1, we show that the total variation distance (Wasserstein
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Figure 3.1: (Left) Bargmann-Fock field in a 20 by 20 box. (Right) Palm coupling of
the field with maxima at origin with height at least 20.

distance with pseudo-metric identically zero) between the number of high critical
points of the Bargmann-Fock field and a Poisson variable is exponentially small in

the level u. The main idea of the proof is as follows.

An important characterisation Poisson point process is the following: A point process
¢ is a Poisson process if and only if ( conditioned to have a point at = has the
same distribution as (¢ + d;), for all . Following Stein’s idea to approximate a
Gaussian distribution by looking at functionals, Chen-Xia [CX04] showed that if
the functionals of the Palm measure of ¢ at z and that of (( +d,) are close, then ( is
close to being a Poisson point process. We will exploit this idea to quantify Poisson

point process convergence of high critical points of stationary Gaussian fields.

In the Random Plane Wave (RPW) model, the spatial organization of the maxima
exhibits a striking hierarchy. When all maxima are considered, their configuration
resembles a quasi-lattice pattern, reflecting the strong short-range repulsion between
critical points an effect rigorously analyzed by Beliaev, Cammarota, and Wigman
[BCW19]. However, restricting attention to higher levels, say those exceeding two
to three standard deviations, a filamentary network emerges, where maxima tend to
cluster along elongated ridges of high field intensity. At even more extreme levels,
around four and a half standard deviations and beyond, this rigidity breaks down:
the high peaks become sparse and spatially uncorrelated, following statistics close to
a Poisson point process. This transition from local order to apparent randomness-

is clearly visible in Figure 3.2 .
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In sharp contrast to the Random Plane Wave (RPW) model, the critical point struc-
ture of the BargmannFock field shows little sign of spatial rigidity. When all critical
points are plotted, they exhibit an almost completely disordered, Poisson-like pat-
tern, with no visible short-range repulsion or lattice organization (see Figure 3.3).
This reflects the much faster decay of correlations in the BargmannFock field com-
pared to the oscillatory, long-range structure of RPW. As a result, the Bargmann-
Fock field behaves more like a locally independent Gaussian surfaceits critical points

scattered almost as if placed at random.

3.2 The Poisson point process convergence: A qualita-
tive result

3.2.1 Setup and statement

Consider a C*-smooth centered Gaussian field f : R — R, with d > 2. Let P be
the associated probability measure and E the expectation with respect to P. By

r(z,y) = E[f(x)f(y)] we denote the covariance kernel of f.

For w > 0, we consider the point process of local maxima of f above the level u
in R%, i.e. all local maximum ¢ € R? with f(¢) > u. By a theorem of Adler from
1970’s (see Theorem 3.2.10), the density of this process is

culLexp(—u?/2)(1 +O(u™t)) asu— oo

where the constant in O(u~!) and ¢ depend only on the law of f. The density goes
to zero as u — oo, hence we rescale the point process to have asymptotic density

one.
Define ®,,, for u > 0, to be the point process such that for each Borel set B C R¢,
®,(B) = number of local maxima of f above level u in p(u)B

where

p chosen in such a way that the density of ®, is asymptotically equal to 1 (c.f.
Theorem 3.2.10). We prefer to have an explicit scaling factor and asymptotic density
rather than rescaling by the exact density, which does not have a simple closed form

expression.

Assumptions 3.2.1. We impose the following conditions on the Gaussian field f.
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(b) RPW: Maxima above 2.5 in a 200 by
200 box.

(¢) RPW: Field above 4.5 in 2000 by 2000
box, represented by dots.

Figure 3.2: Hierarchy of maxima in the Random Plane Wave model. All three
pictures are from the same sample, but at different scale and level.
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Figure 3.3: (Left) Bargmann-Fock critical points in dimension 2. (Right) Poisson
point process with the same intensity.

1. Centered (E[f(x)] = 0), stationary (r(z,y) = r(z—y)), normalised (E[f(z)?] =
1) for all z,y € R,

2. Decay of correlation: r(z) = o((log ||lz||)~!) as z — oo.

3. The vector (f(0), V£(0)) has density in R* 1. In addition, either the vector

((0), V£(0), V2£(0))
has density in READTAD/2 o ¢ s an isotropic field, i.e. r(z) = r(|z|).
4. Local structure: r(z) =1 — ||z||*> + o(||x||?) as = — 0.

The stationarity assumption is very crucial to our argument. We utilise that the
density of critical points is homogeneous in R? and also that asymptotic densities
(like 1) of critical points are hard to come by for non-stationary fields. The decay
of correlation assumption rate is optimal (i.e. necessary and sufficient) for Poisson
process convergence for discretised versions (c.f [Pit96, Corollary 13.1]). Hence we
believe that it is the same case for the smooth version as well. Note that the last
condition is not very restrictive; it is just a convenient normalization since for any
C*-smooth field f satisfying other assumptions, there exists an invertible matrix M
such that r(Mz) = 1 — ||z]|?> + o(||z||?) as * — 0. These normalisations (i.e. unit
variance and local structure assumtpion) implies that the asymptotic density of ®,,

is one.

40



One observation regarding the covariance structure 7 is that

r(z,y) <1 Vo #uy.

This follows from stationarity of the field and the fact that r(z) — 0 as z — oo.
This is helpful when estimating the exceedance probability of the field over a large

given threshold.

Theorem 3.2.2. With the setup above and with the Assumptions 3.2.1 on the Gaus-
sian field f : R* — R, we have

D, —> P nlaw asu —

where ® is the Poisson point process with intensity measure as Lebesgue measure on

RY,

First, note that an invertible linear transform 7' of a Poisson point process (with
intensity measure \) is again a Poisson point process with new intensity measure
| det(T")|\. So rescaling the field to satisfy the last condition in Assumption 3.2.1 does
not change the result. This allows us to work with suitable normalized fields. Next,
the Bargmann-Fock field and monochromatic random waves for dimension d > 2 sat-
isfy the assumptions. Indeed, the covariance kernels have decay rates exp(—||z||?/2)

and O(||z||~'/?) for Bargmann-Fock and monochromatic random waves respectively.

Another remark is that even though we have stated our result for the point process
of local maxima of f, the same result holds even for all critical points above level .
This is because p(u)~? is still the asymptotic density of critical points above level
u. For example, for random plane wave model, by Example 3.15 of [CS18] we have
that intensity of local maxima above level u is ¢1 - wexp(—u?/2) as u — 0o whereas

the intensity of saddle points is asymptotically only co - u~! exp(—3u?/2).

For the Bargmann-Fock field in dimension 2, similar asymptotically explicit inten-
sities for saddle points and local minima are calculated in Example 3.8 of [CS18].
Hence, we believe that intensities of critical points of lower index (not the top index
i.e. local maxima) above a high level u is o-small of that of local maxima. This
heuristic is further supported by the estimates in [AT09, Theorem 11.7.2] where the
expected Euler characteristics of the excursion of f above u has the same asymp-
totics as that of local maxima intensity. By Morse theory, this is almost the same

result we need.
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expt=r: f(x), n=2048 ppw=20 e=5
> OO
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Figure 3.4: (Left) A sample of RPW in a box of sidelength around 200 wavelengths.
(Right) The same with around 2000 wavelengths. Picture by Alex Barnett (Link:
users.flatironinstitute.org/ “ahb/rpws/)

Our motivation to consider local maxima of Gaussian fields above a level was due
to the apparent filament structure of local maxima above 2 to 3 standard deviation
of RPW field (see Figure 3.4).

Finally, we present a simple heuristic behind the statement of the theorem 3.2.2.
As the level u tends to infinity, the density of the critical points above this level
tends to zero and the typical distance between them tends to infinity. Since the
covariance kernel goes to zero and is independent of u, for sufficiently large u these
points are so far away from each other that they are essentially independent of each
other. This means that when we rescale them to have density 1 they become close
to a Poisson point process. Unfortunately, it is not that easy to turn this heuristic

into a rigorous argument. So our proof follows a slightly different path.

Plan of the proof

It is well known at least since the 1970’s that avoidance probabilities (i.e. P(n(B) =
0) for Borel sets B) characterise simple point process (i.e. point processes with mass
concentrated only on atoms where all delta measures have equal weights). Now,
weak convergence of these point processes can be studied by scrutinising avoidance

probabilities and intensity measures.

Definition 3.2.3 (DC-ring). Let B be the Borel o-algebra on R?. A ring £ C B is
called a DC-ring (‘dissecting covering’ ring) if for any compact set K from B, and
arbitrary € > 0, there exists a finite covering of K by some setsl € L such that diam

| <e.

42


https://users.flatironinstitute.org/~ahb/rpws/

Let £ be a ring generated by rectangles

d
[Tttt +s0), si>0i=12...4d
=1

which will be a DC-ring with the property that ®(9l) = 0 a.s. for any [ € L.

Theorem 3.2.4 (c.f. Theorem 4.18 of [Kall7]). If

dim P(®,(I) = 0) = P(2() = 0),
limsup E®, (1) < Ed(I)

R—o0

(3.1)

for alll € L, then we have
P, —-d asu— 0

n law.
We'll show (3.1) for L = [0, 1]? but the argument works for any [ € L.

First, we approximate avoidance probabilities of the sequence ®,, by the non-exceedance
probabilities of the field f (Lemma 3.2.5). We then approximate the non-exceedance
probabilities on rectangles P(supu(u)‘ 1, [ > u) by that on a grid which is fine enough
(Lemma 3.2.6). Then we show that for a regular enough field f with unit variance,
the excursion set {f > u} is captured by a grid with spacing of order u~! for large
u. Now we compare the non-exceedance probabilities of the field f to that of the
field fo which is an i.i.d copy of f on each fixed box. This is done by the compari-
son method for Gaussian vectors [Pit96, Theorem 1.1] and is the same as the proof
of [Pit96, Theorem 15.2]. Lastly, from Lemma 3.2.8 we show that non-exceedance
probabilities of the field fy converge to the avoidance probabilities of the Poisson

point process, which proves the first part of (3.1).

The second part of (3.1) deals with the expected number of critical points of a
given index of smooth Gaussian fields. It is a classical problem in Gaussian analysis
(see [AdI10]). Thanks to Kac-Rice formulas, we know precise estimates of these
quantities, even explicit results in some cases. Using these estimates, we will show
that

lim E[®,(L)] = E[®(L)].

U—00
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3.2.2 Proof of Theorem 3.2.2

Recall that L is a unit box in R? and let L, := u(u) - L. Define

Pi(u,S) =P <sup f(t) < u> and  Py(u,S) =P (sup O u> .

tes tesS

Define L, := {z : dist(OLy,z) < 1}, i.e. 1—neighbourhood of the boundary of
L,. Now we approximate the avoidance probability of the point process with non-

exceedance probabilities.

Lemma 3.2.5. With the above setup, we have
P(®u(L) =0) = Pf(u, Ly) +0(1)  asu— oo.

Proof. First, observe that P(®,(L) = 0) > P¢(u,L,). From the fact that each

connected component of {f(x) > u} must have a local maximum, we have
{@u(L) >0} 2 {supf >u, sup f < U}
Lu Lu\Lu

Note that the RHS ensures that L, has at least one component of {f(z) > u} lying
completely inside it. Although the boundary 0L, siffices instead of E; \ Ly, we
need a “thickened” version of the boundary (i.e. a positive measure in the ambient

dimension) to directly apply Theorem A.5.1. Hence,

P(®, (L) =0) < Pp(u, Ly) + P (supf >u, sup f > u) .
Lu Lu\Ly

P (Supf >u, sup f > U) < Ff(u,LNu\Lu)-
L Lu\Ly

Note that vol(i; \ L) = O(p(u)®1) for large u. Applying Theorem A.5.1, using

stationarity of the field, we have
P(u, Ly \ Ly) <C-vol(Ly \ Ly)u® " exp(—u?/2)
=0 (u(u)™t) as u — oo.

O

As explained, we discretise the domain and approximate the non-exceedance prob-

abilities on this grid. Fixing b > 0, define Ry, = bu~1Z%.
Lemma 3.2.6. For any € > 0, there exists b,ug > 0 such that for all u > ug,

Pf(u, L, ﬂ'Rb’u) — Pf(%Lu) <e.
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Proof. We have

P¢(u, Ly N Rpy) — Pr(u, Ly,) =P ( sup f < u,supf > u) )
LyNRy, Ly

Let T := [u(u)], divide the [0,7]? into unit boxes. By the union bound and the
stationarity of the field f,

LuNRp Ly TRy, T

IP’< sup fgu,supf>u> SIF’( sup f§u,supf>u>

[Ovl}dmRb,u [Ovl]d

< cp(u)?P ( sup [ <u,sup f> u) )

Divide the cube [0, 1]¢ into smaller cubes congruent to [0, u~1]¢. By the union bound

and the stationarity of the field f,

P ( sup f <wu,supf > u> < cudp(u)d]P’< sup f<u, sup f> u> )
[

LuﬂRb,u Ly, 07u71}dﬂ72b’u [0,u71]d
(3.2)

From Appendix A.7, specifically (A.2) with M = [0,1]% so that u='M = [0,u"!]¢,

we have

1
lim ue“2/2P< sup f<u, sup f> u> =
[

u=roo \/2m 0,u=1]9NRy.., (0,u—1]d
o0
[er( s (= 1) < vsup ()~ ) > v ) do (33
0 [0,1]¢N(bZ) [0,1]¢

where y is a continuous Gaussian field defined in intro of Appendix A.7. As b — 0,
the integrand of the RHS of (3.3) tends to zero sample paths of x are continuous
a.s. Hence, by the dominated convergence theorem, the integral itself tends to zero
as b — 0. Note that, since

1 a2
leu/2

up(w)? = u :
the RHS of (3.2) bounded by RHS of (3.3) (up to a constant factor) when u is large
enough. So choosing b > 0 small enough proves the lemma.

O

Divide the rectangle L, into smaller ones by following construction. Divide each
side of L,, into segments of length ‘a’ alternated by that of 6. Define A\, to be the
union of cubes of side length a. Note that the distance between the cubes is greater
than 6. The following lemma says that if the gap between the cubes of Ay, are
small enough, then the non-exceedance probabilities of the discretisation of L, and

of A\g, are close.
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Lemma 3.2.7. For any a,e > 0 given, there exists 6 > 0, such that, for all u large
enough we have,

Py(u, Aau N Rpw) — Pp(u, Ly N Ry ) < e.

Proof. We have that

Pr(u, Aau N Row) — Pr(u, Ly N Rpy) <P sup f<wu, sup f>u]|.
)\a,umRb,u LumRb,u

Now using the stationarity of the field,

P sup f<u, sup f>u| < ?f(u, Ly \ Aau)
)\a,umRb,u LumRb,u

< vol(Ly, \ )\a,u)ﬁf(u, L)

(u(w)* >
< Ci6 (a+0) Pf(u, L)

< Cod((u(u) R)yu™™" exp(—u?/2)
< (O30

where C3 is a constant which does not depend on w. O

Let fo be a field defined on A, such that on the cubes of side length a, the field
is made up of independent copies of f. We now show that the non-exceedance

probability of fy converges to the avoidance probability of the Poisson point process
in L.

Lemma 3.2.8. We have
Ppy(u, Agu) = exp(—wvol(L))  as u — oo.
Proof. Let N be the number of cubes of side length a in A\, gr. Then,
Ppy (1t has) = (1= Py(u,[0,a]))"

by the independence of the field on these cubes. Taking the logarithm, it is enough

to estimate
NIOg(l - ?f(ua [07 a]d)) = _Nﬁf(ua [07 a]d) + O(Nﬁf(ua [07 a]d)Q)‘
Now by Theorem 3.2.10,

Py(u,[0,a?) = a’u(u)~ (1 + O(u™))
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and

N (M )d +O((u(w)* ).

a+o
Hence,
— d —
NP¢(u,[0,a]?) = (a n 5) +o(1) and NP(u, [0,a]?)* = o(1).
We have the result since L is a unit box and we can take § arbitrarily small. O

The following lemma would imply the second condition in (3.1).

Lemma 3.2.9. We have,

lim E[®,(L)] = E[®(L)].

R—o0

Proof. Let us first consider the case that (f(0),Vf(0),V2f(0)) has a density in
R@+D+d(d+1)/2 W follow the convenetion that we consider the upper triangle part
of the matrix V2£(0) in the vector (f(0), V£(0), V2£(0)). As mentioned, we will use
the following theorem by Adler

Theorem 3.2.10 ( [Adl10] Theorem 6.3.1). Let f : R? — R be a stationary, C?-
smooth Gaussian field such that (f(z),Vf(x),V2f(z)) is non-degenerate for all x €
Re.  Further, assume that f(x) has zero mean and unit variance. Let My(f,S)

denote the number of local mazima of f in S C R with f > u. Then,

V0 e 1/2Ud_1
(M, (£,8)] = A T — exp (i 21+ O(u ™)

where Ay is the covariance matriz of V f and O(u~1) is independent of choice of S.

For the case that (f(0), Vf(0), V2£(0)) has a density in R(@+1)+d(d+1)/2 '3 9 10 suf-
fices. If the field is isotropic and if (f(0), V.f(0), V2f(0)) is degenerate (where the
upper triangle of the Hession of f is vectorised), then the field has to be a monochro-
matic random wave (MRW) (see [CS18, Prop 3.10]). From Example 3.15 of [CS18],
we can calculate the limit of E[®,(L)] for the case d = 2. But explicit expressions
for height densities are hard to get for d > 3 directly. So we shift the MRW field
by an independent normal random variable, so that the joint vector of the field,
its gradient, and Hessian has a density. Then we use the explicit asymptotic as in

3.2.10.

By Theorem 3.2.10, for any Borel set B C R?
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E[®,(B)] = E[Mu(f, p(u) B)]

_ Z;r()‘zflﬁig u = exp(—u?/2)(1 + O(u™)) "
— vol(B)(1 + O(u™1)) '
— E[®(B)] asu— oo.

Here, we have used the fact that the determinant of the covariance matrix of Vf is

1, which follows from point 4 of Assumption 3.2.1.

Now we consider the monochromatic random waves (MRW) case. Let f : R — R
be an MRW field. Let € > 0 and consider a random variable N, independent of the

field f, which is a standard Gaussian r.v. Define,
fo(x) == f(x) +eN, zecR%

Observe that f. is still a centred, stationary field and that f.(0), V f.(0), V2£.(0) is
a Gaussian vector with density. Define M (u,g) to be the number of local maxima
of a Gaussian field g in [0, 1]%.

Now we have, by an application of the Kac-Rice formula,

BIM (. £)] = [ EDM(u—cb, NIV = Ho(t)ab,

where ¢ is the pdf of a standard normal variate. Also,

M(u—eb, f) — M(u,f) as. as e—0.

Note that M (u, f) is integrable and monotonic with respect to u, given that w is

large, so using the dominated convergence theorem,

Since E[M (u, f)] is uniformly bounded in u, apply the dominated convergence the-
orem for E[M (u — eb, f)]o(b) to get,
lim E[M (u, fo)] = E[M (u, f)].

e—0

Computing E[M (u, fe)] is the same as (3.4) by applying Theorem 3.2.10.

48



Proof of Theorem 3.2.2. First, observe that all the proofs of Lemmas 3.2.5 to 3.2.8
goes through even when L is a finite union of finite rectangles. For any given € > 0,

there exists a, b, d, ug such that for all u > ug,
[P(®y(L) =0) = Pr(u, Aau N Rpu)| < e

If we show that |Pf(u, Aa,u MRpu) — Pry (U, Aa,uNRp,)| — 0 as u — oo then, together

with Lemma 3.2.9 and Theorem 3.2.4 implies the conclusion of Theorem 3.2.2.

Let K; be a renumbering of cubes with edges of length a which comprise A4 4,
i=1,2,...,N. Let covariance of the field fo on A\, be denoted by 7¢(t, s). Define
! Aau MRy Then by Theorem A.4.1, we have

a,u,b

1
Py Nea)~Pras Ypg) < = 32 It =) = roft = )
1 t,sG/\:L%b 2 (35)
1— (hr(t,s)?) 2 exp (——————— ) dh.
<[ A=t e (1

Denote the summand on the RHS of the above equation by §(t,s). If t,s € K; for
some i, then r(t,s) = ro(t, s), hence (¢, s) = 0.

Now consider the case that ¢, s belong to different K; and Kj such that [t — s| <
w(u)", where 77 > 0 is a constant chosen later. Since t, s belong different cubes, we

have |t — s| > d, hence |1 — r(t, s)| > 2 > 0. So,
1 I 7
— >+ 2
T+rits) 2 4
Now,

u2
> Blts) <CLY | Ir(t )] exp (—W(ts)>

teK“SEK],Z#],
= s/<pu(u)

< Colp(u) u(u) exp(—(1 +72/2)u/2) (3.6)
< Cy(u' 7 exp(u?/2)) 7 exp(— (1 +72/2)u/2)

—0 as u—oo if 0<y <72/2.

C;’s are different constants not depending on wu.
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Lastly, we consider the case where |t — s| > p(u). We have,

’LL2
A

teKz75€Kj77';é.77
TN
u? ) (3.7)

< a5 (™) 50 (~ Tt

1)q,2
< o 2ty exp ({0

where

"(h) := t,0 h 0 .
r'(h) gllg;flr(a )l h€(0,00)

Observing that the assumption on the decay of correlation (point 2 of Assumption
3.2.1) implies that u?r’(u(u)?) — 0 as u — oo. This also implies u?~24/ (p(u)11) —
0.

Hence,

Z B(t,s) =0 as u— oo.
tEKl,SGK],’L#],
|t—s|>p(u)
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3.3 Level above the expected maxima

As explained above, the excursion of the field above level u(n) = v/2adlogn for
some a > 1 in an n X n box is empty with high probability. In this case, we can
strengthen the result to show that the discrete excursion set is close the identically

zero process, in total variation distance.

Assumptions 3.3.1. Consider a C?-smooth Gaussian field f : R* — R, with co-

variance kernel r which satisfies the following conditions.
1. f is stationary, unit variance, zero mean.
2. r(t) =o(1) as t — oo (Correlation decay).

Note that f being stationary and r(t) — 0 as t — oo implies that r(s —t) # 1 for all
s #t.

Theorem 3.3.2. Let f : R? = R be a smooth Gaussian field satisfying Assumptions
8.3.1. Let I, = [0,n)]*"NZ% D = [-1/2,1/2]*, Dy = t + D for t € I,,. For u(n) =
u >0, let

Xin=X:=1 [maxf(x) > u} )

r€Dy

Let X' =0 be the zero process. For fized a > 1, let

u(n) = /2adlogn.
Then, for some constant cy > 0

1£(X) — L(X")|l7v
n(=2d(log n)@-1)/2

—cy as n — o0.

Proof. Since X' is the zero process, we have

I£(X) = LX)lrv =P (U {Xe= 1}> :

teln

Denote py = P(X; = 1), pst = P(Xs = 1, Xy = 1). By inclusion-exclusion principle

(also called the Bonferroni inequality),

1
S p - 2 S pe < 1200 - X v < Yy (35)
I, s#t In,

By Theorem A.5.1, we have
pe = co - u' " exp(—u®/2)(1 + o(1))
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for all ¢ € I,, using the stationarity of the field f. By plugging u = v/2adlogn, we
get
pr = con”**(logn) " V/2(1 4 o(1)).

Notice that

fr, := E[ number of t € I,, with X; =1] = Zpt = n’pg.
In

Now we show that » ., pst = o(un). Let ¢ > 0 be an arbitrary number. We give
an upper bound for py; by considering the cases |s —t| < V/d, Vd < |s —t| < n¢ and
|s — t| > nS. We have

Dst :P(Xs = 1aXt = 1)

=P (rrbasxf > u, Hba;Xf > u) (3.9)

mEDs,yEDt

§P< max  f(z)+ f(y) > 2u> .

Now we use Theorem A.5.1 for the field F(x,y) = f(x) + f(y). Note that if h =
dist(Ds, D¢) > 0 then
Var(f(x) + f(y)) <4 — 28,

for all x € Dg,y € Dy, where

8= \ﬁlyiéh(l —r(z,y)) > 0.

Hence, we have,

Pst < cu™! exp —L = cu®! exp —U—Q X # .
- 2(4 —2p) 2 1-05/2

For the case v/d < |s — t| < nf, there exists a constant § > 0 depending only on the

covariance r such that 5 > ¢ for all n.

Hence,
2 1
Z pst < endnStud~texp (_u2 X1 6/2) (3.10)
Vd<|s—t|<n¢
< ennSin~ i (logn)(d=1/2 (3.11)
< enma=00)d — oy, (3.12)

for ¢ < /2 and a fixed 0 < §p < §/2.
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Let

7(h) := max 7(x—
(h) Jnax, (z—y)

and notice that 7(h) — 0 as h — oo by our assumption. We have

__ 2ad
Z pst < n(n? — nShp 1+ (3.13)
[s—t|>nS

Finally we bound the sum of py for the case |s —t| < V/d. This is the case where
dist(Ds, Dy) = 0, i.e. the squares Ds and Dy are touching. Fix € > 0 and let Dg,
denote the union of e-neighborhoods of boundaries of Dg and D;. Let ()i denote D,
with e-neighborhood of boundary of D; removed. The event X, = 1, X; = 1 can
happen if for some z € D5, f(z) > u or that f exceeds u in both Q§ and Q;. Hence,

by the union bound on those two events,

ad

Dot < clen_o‘d(log n)(d_l)/2 + con -9 (log n)(d_l)/2 (3.15)

for some 6; > 0 which depends only on €. Since 1/(1 —d;1) > 1+ 6; for small §;, for

large enough n,

Z Pt < c3enI =402 (1o ) [d=1/2 — () (3.16)
0<|s—t|<Vd

where 02 = add;. By (3.8), we have
ftn — lo(pn)| < 1£(X) = LIX)|l7v < pin.

O]

Remarks: Using more quantitative version of Theorem A.5.1 (i.e. results from

[AT09, Chapter 14]) we can show that, for some fields like Bargmann-Fock field,

1£(X) = LX) |[rv
co —
n(l—a)d(log n)(d—l)/2

—o(@%)—ou/m I

Also, we get similar upper bounds as in Theorem 3.3.2 if we compare the process
X; with a Bernoulli X’ with same marginals (i.e. X; 4 X/) and independent entries

X! using the Chen-Stein’s method as in [ST20, Theorem 2.1].
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3.4 Quantitative convergence

In this section, we want to quantify the convergence of high local maxima of a field
converging to Poisson point process inside a box of size R. We will restrict ourselves
to dimension d = 2 in this section but we believe the result holds for any d > 2.

Given a smooth Gaussian field f on R?, for R, u > 0, define
Vg = Pu|py, where D, = [—Ru(u) ' /2, Ru(u) ' /2]?

i.e., we restrict the point process ®, of rescaled local maxima of f above level u to

the domain Dpg,. Note that Vg, still has density approximately one.

For a point process n on a domain D C R?, denote by |n| the number of points in D.
Also, let £(X) denote the law of a random variable X. We know that for Theorem
3.2.10, for large u > 0,

E|Wg.| ~ cR*uexp(—u?/2).

We want to compare L(|Ur,|) to a Poisson random variable with suitable parameter.

Let Ug,, denote a Poisson random variable with mean E|¥g ,,|.

Theorem 3.4.1. Let R > 0 and v > 0 such that u < 2\/logR. Let f : R? - R
be the Bargmann-Fock field and Vg ,, be the point process associated to f as defined
above. Then, for R > 0 large enough,

drv (LW R.ul), LURW)) < cexp(—pu?)
for some constants ¢, 3 > 0 that does not depend on u, R.

The above theorem can be interpreted as a quantitative central limit theorem in
certain cases. Observe that, if U is a Poisson random variable with mean A, then
U-A\
——— = Z ~N(0,1) in law as A — oc.

VA

Also, note that the total variation distance is shift and scale invariant. That is, if
Ps i, Qs denote that laws of random variables

X—sY—s
t 7t

respectively, then

drv(Po,1,Qo,1) = drv(Psyt, Qsy)  for all s, t with ¢ # 0.

Hence we need to ensure that, in Theorem 3.4.1, the level v depends on R such that

E[|¥gy|] = 0o as R — oo.
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Theorem 3.4.2 (Quantitative central limit theorem). Let u = u(R) be a function

of R such that
u(R)
Viog R

With assumptions and notations as in Theorem 3.4.1, we have

‘\I}R,U‘ - E[’\I/Ruu Uru — EH‘I/RUH 2
o (eI (P S90)) iy

for large enough R. Here the constants c, 5 > 0 does not depend on R or the function
u(R).

— 0 as R — oo.

u(R) = oo and

Remarks:

e Notice that |[¥p,| is asymptotically (as u — co) the number of local maxima
of f above the level u in [~ R, R]?. This is because we scale the point process

~2 is the asymptotic intensity of the local maxima of f

by wu(u) where p(u)
above level u, and not scale by the exact intensity. We can rewrite Theorems
3.4.1 and 3.4.2 in terms of the number of local maxima of f above level u in
[~R, R]?, with same proof. Also, for the proof we need to spatially rescale the

point process of local maxima.

e As pointed out in the remarks after Theorem 3.2.2, the quantitative estimates
in Theorem 3.4.1 and 3.4.2 also hold for the point process of all critical points

of f above level u instead of just local maxima.

e We conjecture that, for Gaussian fields with covariance kernel r € L' (R?), the
upper bound of Theorem 3.4.1 holds with a suitable constant 5 ,where the
constant 8 > 0 would depend on the law of the field f, such that the rate of
decay of the covariance kernel and derivatives of the kernel at the origin. Also,
notice in the proof that the exponential upper bound in Theorem 3.4.1 comes
from the decay of the tail of the Gaussian random variable rather than the

decay of the covariance of the Bargmann-Fock field.

e Regarding the random plane wave (RPW) model, we believe we can get an
upper bound for the total variation distance, which tends to zero as R — oo,
although with a different rate than in the integrable kernel case. A potential
technical obstacle to extending the result to the RPW model is the applicability
of the Kac-Rice formula while bounding the expected difference in critical

points of the field and its Palm version.
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e In the proof, we will mostly use the following properties of the field rather

than the explicit covariance structure for most of the computation.

1. f is a unit variance, zero mean, stationary field, isotropic.

2. (Non-degeneracy) The Gaussian vector

(f(x),V f(x), Hess f(x))

non-degenerate. See [BMM20, Appendix A].

3. Almost surely, f is a C*-smooth function (it is in fact analytic).

Poisson approximation in Wasserstein distance: Denote by H the space of
non-negative integer-valued locally finite measures on a domain I' C R?. For a point
process ¢ denote by (¢ a Palm version of ¢ at a € T' (see appendix A for definition
of Palm measures). Palm conditioning is the “horizontal” condition (i.e. Vf(x) =0
with |z| < € where € — 0), as opposed to the Gaussian regression conditioning (i.e.
IVf(0)| < € where € — 0). If 0 € T, denote ¢° = ( for the Palm version of ¢ at the
origin. Later, we will adapt the same notation for Palm version of a Gaussian field

f conditioned to have a local maxima at 0.

Let us define a pseudo-metric on H and then study the 1-Wasserstein distance
on probability measures on H with respect to this pseudo-metric. Let py be any
bounded pseudo-metric on H.

For two simple point configurations &1, &> € H such that

élzzériv 5222621
i=1 i=1
with m > n, define
n
p1(€1, &) =min Y po(@i, ze(s)) + (m — ).
i=1

where 7 runs over S, symmetric group over n elements.
Let F denote the set of 1-Lipschitz functions with respect to p; on H. Then the

1-Wasserstein metric on probability measures on H is given by,

p2(Q1,Q2) _?gg’/fdQl _/fdQQ
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Let L&, denote the law of the point process Vg, and Pois(U) be the Poisson point
process with intensity measure U, take U to be the Lebesgue measure on Dg,,. Note

that when the pseudo-metric pg = 0, then

P2 (,C‘IJR’M, POiS(U)) == dTV(|\IIR,u

, |Pois(U))).
Another interesting choice for the pseudo-metric pg is

po(z,y) = min(||z — yl|, 1).

In this case, p2(LV,, Pois(U)) measures how ‘far’ we have to move the points of ®,,
on average, to make it look like Poisson point process. In this case, we suspect that

the upper bound we will have extra factor vol(Dg ).

Proof of Theorem 3.4.1. For each z € Dg, let A, denote the open ball of radius
7(u) in Dg, around z. Let Vg, = vol(Dg,), which is the expected total mass of
U k. Recall that U* denote the Palm version of a point process ® at x. Applying

Theorem B.2.1 with A = Vg, we have

1 —e VR
Ay (£ ol Un) < - (B [ (WulA) = 1) Wlcda)
Ru DR,u

(3.17)

/ B0, o (AS)] — W u(AS) |z + / vol(Aadx)
DR,u

DR,u

Notice that only the second term of the RHS above depends on the coupling of the
field f and its Palm version fv Using the stationarity of the field f, we have,

1
drv (LY Rul,Uru) < (V

E/ (\I/RM(AQC) — 1)\I’R7u(d$)+
Ru Dp,y,

E[[% . (A5)] — [Wr,u(A5)|| + vol(4o))

(3.18)

We will choose the radius paramater 7(u) in the course of the proof.

There are three main components of the proof. The first term in the RHS above
is the expected number of ‘cluster’ points of the process ¥, (i.e. points of ¥p,,
which are within distance 7(u) of each other). The second component is to come up
with a coupling of the field f and its Palm version f such that I|f(x) — ]?(:U)ch; is
small for > 1. The third component is the bound on the difference of the number

of high critical points of these two fields in L'.
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3.4.1 Bounding the number of cluster points

We have

/ (‘I/R,u(A )— 1 \IfRu d.%‘ Z \IJRu —
DR,u

xE‘I/R w

For a box M, if ¥p,, has k points in the 7(u)-neighborhood of the box M, then

/M(\IIR’U(Ax) —1)¥pry(dx) < k(k—1).

The reasoning is that each point in M can have at most (k—1) points within distance
7(u), and there are at most k points in M. Hence, by linearity of expectation and

stationarity of the field f,

E/DR,u(\DR,u(Am> — VWpy(de) < T(u’)QE[n(n ~1)] (3.19)

where
n = number of local maxima of f above level u in a square of side 7(u)u(u).
Here, Vg,/7(u)? is the number of squares of side 7(u)u(u) that fit in R x R box.

We now compute E[n(n— 1)] using the Kac-Rice formula. We have, from the second

factorial moment of the Kac-Rice formula [AWO09, Theorem 6.3], denoting g, =
7(u)p(u),

E -1 = E||detH detH

= na%wmua%w@|@m
L[f(x) > u, f(y) > u]|Vf(z) = Vf(y)] ¢ry(0,0)dzdy

where 1, ,, is the pdf of (V f(z),Vf(y)). By stationarity of the field f,

Efn(n—1)] =g E[|det H 0)|| det H
W=Dl =g [ EldetHes fO)|detHos @)

L[f(0) > u, f(z) > u]|[VF(0) = 0 = Vf(x)] 1(0,0)dzdy
where p, is the pdf of (Vf(0), Vf(z)). Now, the integrand of the above equation
might blow up when z is near 0 since the vector (Vf(0),V f(z)) becomes a degen-
erate Gaussian variable. To handle this, there is a trick called the divided difference

method, introduced in [Cuz75].

Let (e1,ez2) be an orthonormal basis of R? such that = |z|e;. Then, as z — 0,

Vi) = VI0),
]
~ ||z||* det Cov(V f(0), e, V £(0)).

det Cov(V f(z), V£(0)) =||z||* det Cov(V £(0),
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Now, conditionally on V f(z) = Vf(0) = 0, by Taylor expansion,

det Hess f(x) =det(0e, Vf(x) 0e,Vf(x))

. ae1vf(x) B ae1vf(0>
_HxH det < HxH 8e2Vf(x)> (322)

det(92, Vf(z) 06,V f()).

IIwII

Similarly,

[kl det(02,V£(0) e, V £(0)) (3.23)

det Hess f(0) ~ TS

Since

12(0,0) = 1/v/det(2rCov(V f(x), V£(0)))

we have that, when x is close to 0,

E [|det Hess f(0)[|det Hess f(x)[1[f(0) > u, f(x) > ][V f(0) = 0 = V f(x)] ¢.(0,0)
_ LE [det(92, V£(0), 9, VF(0))*1[f(0) > u][Vf(0) = 0 = 3¢, VF(0)]
o V/det 2rCov(V £(0), 9e, V £(0))

hence it is bounded.

This controls the integrand in (3.21) close to the origin. Next, we estimate it away
from the origin. For § > 0, the pdf ¢,(0,0) is bounded above uniformly for =z €
B(0,0)¢.

We have, for p,q > 1 with 1/p + 1/q = 1, by Holder’s inequality,

E[| det Hess f(0)||det Hess f(z)[1[f(0) > u, f(z) > u]|Vf(0) =0 =V f(z)] <

(E[(] det Hess f(0)|| det Hess f(x ‘Vf (0) = :Vf(x)])l/q
(E[L[£(0) > u, f(z) > u]|Vf(0) = 0= Vf(z)])"".

From the divided difference method, observe that

(E[(] det Hess f(0)|| det Hess f(z)])?|V f(0) = Vf(2)])"%,(0,0) (3.25)

is uniformly bounded in = € R? and for any fixed ¢ > 1. Hence we will bound this

quantity in the integrand by a constant and focus on the quantity

(E[L[£(0) > u, f(z) > u]|Vf(0) = 0= Vf(z)])?.

For the moment, let us compute P(f(0) > u, f(z) > u) and modify the argument to

suit conditional expectation calculation. We have,
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1

\/17 / exp <_2(1—r(:p)2)(y% —2r(x)y1y2 + y%)) .
_7" y1>u Jya>u

By polar coordinate substitution,

P(f(0) > u, f(x)

y1 = tcosf
Yo = tsin 6

we have,

P(f(0) > u, f(z) > (/W/4 />u/sln9

exp ( m 21— 2r(x )sm(20))> tdtdo+

/:/2 />u/cosgexp( 7 _170( 7 t2(1 — 2r(z) sin(20))> tdtd9> .
Now,

c m/4
VI </0 A fono <—2(1_17«<x)2>t2<1 ~ () sin<29))) tdtde> <

(1 —r(x)sin(20))
m/4 5P <_ 2(1 —r(x)?)sin? 6 >
evi-r(@)? /0 A= r@)sm) |

For r(z) # 1, we have

7/4 u? — r(x) sin
/(T @)/ —r(x))/o o (‘ 2<(11 - r<(x>)2>sif2ag)> v

The function (in )
(1 —r(z)sin26)/sin @

in [0, 7/4] is decreasing, given r(z) < 1. Hence,

V=@ (/M/M/meex"( = “‘””Sm@“))tdtd")S

u2
V= e (15 ).
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We have a similar estimate for the other integral, so we have

u2
B(F(0) > 0, (0) > ) < /T T /1~ ey (- 15 )-

Let us compute the following conditional Gaussian

(f(0)7 f(l’))‘Vf(O) = Oa Vf(w) =0.

Since we explicitly know the covariance structure of Bargmann-Fock field, the co-

variance matrix is,

1 r(x) 2 e
(T(:E) 1)(16 (1+(t2f1)2)+62( 1))1><

( tge_t2(1 — e—t2) t2(t2 _ 1)(1 . 6t2)6_5t2/2> (326)

£2(12 = 1)(1 — e!*)e5t*/2 2e (1 — )

where ||z[|? = t2. We used Sympy python for the symbolic computation.

Observe that, as t — 0,
1—e 1+ (= 1)2) 4200107 3¢ 4 O(¢5)
. ) (3.27)
e (1—e )=t +0(t%

Hence, the variance of f(0) conditional on (V f(0), Vf(x)) near z = 0 is away from
1. Since there are no degeneracies except when z = 0, the covariance matrix of the
conditional distribution is continuous with respect to x.

So there’s a constant K > 0 such that for z € B(0, K) the conditional variance of
f(0) stays less than, say, 3/4. So,

E[1[f(0) > u, f(x) > u|V[(0) = 0 = Vf(z)]] <E[1[f(0) > u|Vf(0) = 0=V f(x)]

< cu~texp(—2u?/3)
(3.28)

for x € B(0, K) and large enough wu.

Let w(x) denote the correlation of f(0) and f(z) conditioned on (Vf(0),Vf(x)).
We claim that there exists a constant 0 < K; < 1 such that |w(x)| < K; for all
x € B(0, K)C. Since f is a Gaussian field with spectral measure has a a non-trivial

open set in the support, we have that, for any distinct points (x1,x2, ..., Zmn)

(f(xl)a f(ﬂ?g), R f(xm)7 Vf(fl?l), Vf(xg), s ,Vf(.%'m))

is non-degenerate.

61



Hence, |w(x)| # 1 for & # 0. Also notice that variance of (f(0), f(x))|Vf(0),Vf(z)

tends to 1 as z — oo (because t"e /2

— 0 as t — oo for any n integer). Similarly,
the covariance tends to zero as x — oco. Hence w(z) — 0 as © — oo. If a continuous
function b(x) on a compact set has b < 1, then there’s a constant C' < 1 such that
b(x) < C on that set. Hence, we proved the claim that there exists a constant

0 < K1 < 1 such that |w(z)| < K for all 2 € B(0, K)©.

Using the bound (3.28) in (3.21) we have
20 u?
E[n(n —1 <C§<u—1ex <—> + g2 ex <—>) 3.29
[n(n—1)] < Cyg P53, ) TP\ oo Ry (3.29)

The first term on RHS of the bound is from integrating the integrand of the RHS
of (3.21) over B(0, K) where the variance of f(0) conditionally is around 2/3. The
second term is naively bounding the integral of (3.21) by the maximum times the

volume.

Take p > 1 close enough so that, for some 0 < § < 2

1 1
> .
p(1+ K1) —2-6

Choose 7(u) such that

3/2 7u2/4.

gu=u ie. 7(u) =u’"e
Finally, substituting all these for a large enough R, we get

1
VR,u

E/DR’H(\I/R,U(A;E) —1)¥g,(dz) < Cuexp (—u22<25_5)> (3.30)

The next task is to come up with a close coupling of ¥, and \I'%’u for large R.

3.4.2 Coupling the field and its Palm version

Let f be the Palm condition of the field f to have a local maxima at x = 0 with
value at least w(R). One way to couple the point processes ¥pr, and \II(}]m is to
couple the fields f and f, then consider the critical point processes corresponding
to these fields. This section might be of general interest, so we consider stationary

smooth Gaussian fields on R rather than the particular Bargmann-Fock field.

Let us study the distribution of the Gaussian field f conditioned on x = 0 being a
local maximum. Here, the field is conditioned in a way that it corresponds to the

Palm conditioning (see the appendix). We follow the arguments in [Lin72, Section
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1.2]. The difference is that we require f(0) > w rather than conditioning on f(0) = u.
We also give a representation for the conditioned field for the case of the RPW model
where (f(z), Vf(z),Hess (f(x))) is degenerate.

Consider the following event:
A(u, h) = {f has a local maximum with height at least u at some point s with |s| < h}.

Let x = (2',22%,...,2™) € R™™ be m distinct points in R? and 7 = (t1,t2,...,tm) €

R™. The goal is to compute the m-point marginal distribution
f(z"),i=1,2...m|A(u,h) as h — 0.

From [AdI10, Section 6.7, page 150] it follows that

BN (7, w)]

P(f(2") < ti,i=1,2,...m|A(u, h)) — E[N1(u)]

as h — 0 (3.31)
where

Nr(u) = the number of local maxima s with |s| < T and f(s) > u, and

Np(7,u) = those maxima s for which f(s + z%) < t;,i=1,2,...m.

Here’s a brief reason why. Define

A(7,u,h) = {f has a local maximum in B(0, h) of height at least u, and fz) <ty i=1,...

By stationarity and localization, for small h,

PACD) pwy(r, PAMD < gy,
Hence
P(A(7, u, 1)) B[N (7, u)]

PAwR) | ENiw)]
Under ergodicity, the same ratio also represents the almost-sure limit of these con-
figurations around high peaks.
To compute explicitly the RHS of (3.31), we need some regularity properties of the
field f.
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3.4.2.1 The non-degenerate case

Assume that (f(z), Vf(z),Hess (f(x)) is a non-degenerate Gaussian vector. Here,

the Hessian is vectorised as follows,

Denote the covariance matrix of the vector (f(0),Vf(0),Hess (f(0))), partitioned

in a natural way, by

1 0 S02
s=(0 Su1 0 (3.32)
S0 0 Sop

where Si1, S22 are the internal covariance matrices of V f(0) and Hess (f(0)) respec-
tively. Define
Si(x) = (=ri(x),1 <i < d),

Sa(x) = (rus(x),1 < i <d,ry(x),1 <i<j<d)

where 7; = 0;r and r;; = 0;;r. The plan is to use the Kac-Rice formula to get an

expression for E[Ny(7,u)], E[Ny(u)], for which we need more notation.

Define the following probability densities and (Gaussian) conditional densities

py(t,v, Z,3)  for £(0), V£(0), Hess (£(0)), f(a"), f(2?), ... f(a™)
py(alt,v,Z) for  f(), f@?),..., fz™)|f(0) = £, VF(0) = v, Hess (f(0)) = Z
p(t,v,2)  for £(0), V£(0), Hess (£(0))

p(Z.tl)  for Hess (£(0)), F(0)|V £(0) = 0.

Then by the Kac-Rice formula, we have

E[Ny(7,u)] _ fylgtl U Sy <t ftzu fz<0 |det Z|p\(t,0, Z,y)dZdtdy (3.33)
E[N1 (u)] ftZu fZ<0 | det Z|p(t,0, Z)dZdt '

where Z < 0 means Z is a negative definite matrix. Hence the conditional distribu-
tion of f(z!),..., f(z™) given that f has a local maxima with height at least u at

0 has the density
LZu fZ<0 | det Z|px(ta Oa Za y)dZdt
Sz J7<0 1 det Z|p(t, 0, Z)dZ dt

(3.34)

Define ( 0)
det Zp(Z,t|0

Wt ) = 1[Z <0,t> . 3.35

Gult: 2) Jrou T det Zp(Z,40)dZdt 1Z = u (3.35)

Hence, the density (3.34) is

// qu(t, 2)py(7|t, 0, Z)dZdt.
t>u J Z<0
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So, ‘freezing’ the values of £(0), V£(0), Hess (f(0)) the joint distribution of f(z'),..., f(z™)
is Gaussian. Let us compute the mean and covariance matrix of the Gaussian with

density p,(-|t,0, Z). Define the following quantities A(x) € R,b(x) € RH+1)/2;

-1
(Ala).b(a)) = (o), oo (g1, o)

By the Gaussian regression formula, we have that the mean of a Gaussian with

density py(-|t,0,2) is
tA(z)ZTb(x) for i =1,2,...m.

To compute the covariance matrix, we use the fact that (f(0), Hess (f(0))) is inde-
pendent of V f(0) by stationarity of the field f. Again, by the Gaussian regression

formula, the (7, j)th entry of the covariance matrix is

-1 j . .
Ottt = rla — )~ o). (g 92) (40)) -~ sutadsil i)
(3.36)

This proves the following proposition.

Proposition 3.4.3. (c.f. [Lin72, Theorem 1.2]) Given a local maximum at x = 0
with height at least u, the conditional process f(x) has the same law as the following

process:
f(x) = EA(x) + Zb(x) + f(x)
where f is a non-stationary zero mean Gaussian field with covariance function C(-,-)

and (£, 7) is random vector with density q, which is independent of f.

Let us couple the fields f and f such that ||f(z) — f(z)|| is small for ||| > 1. Recall
the construction of the reproducing kernel Hilbert space (RKHS) of the kernel r.
Let p be the spectral measure associated with the kernel r, then the RKHS H is
given by

H = FLZy(p)

2
sym

where F denotes the Fourier transform, and L2, (p) are the symmetric L?(p) func-

tions. The inner product of the Hilbert space H is given by,

<‘F¢a~rw>H - <¢7¢>L2(p)'

Now the field f is a white noise in the RKHS H, i.e. for an orthonormal basis {1}

[= Zaz’wz‘
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where a;’s are i.i.d standard Gaussian variables.

Since we assume that the field f is C3-smooth, we have up to 6 finite moments of
p. This immediately implies that all of ,r;(1 <4 < d),r;(1 < 4,5 < d) belong to
H since

ri = a:iemx'dp(a:), Tij = mimje\/jlm'dp(x).
We have the following observation using the Fourier representation for r and its

derivatives,

forl1 <i<d

<’l“, Ti)H = —ri(O)

0
(riisri)g = —1i1(0) =0

for 1 <i,k,1<d
<7“, Tij>H = T’Z’j(O) fOI’ 1 S i,j S d

(rigy,mret) i = T (0) - for 1<, 5, k, 1 < d.

Observe that the covariance matrix for (f(0), Vf(0), Hess (f(0))) which is ¥ is given

by the same entries, i.e.

E[f(0)0z,f(0)] = =7i(0) = 0,  E[f(0)0z;z; f(0)] = 7i;(0)

and so on. Hence {r,r;,rj; : 1 < i,j < d} is a linearly independent set in H.

Otherwise, it would imply that the covariance matrix ¥ is degenerate.

Now by Gram-Schmidt orthonormalisation of the set {r,r;,r;; : 1 <i,j < d} with

respect to the inner product (, )z, say you get the orthonormal set

{¢07¢17"' a¢da¢11»"‘ 7¢’L]7 7¢dd}

which is presented by

®o T

1 r1
¢d rd
oul=B|ru
Dij T
Gdd Tdd

Let by, ba, ..., b, be the rows of the matrix B~! (son =1+d+d(d+1)/2). Then

by the construction of the ¢;’s, we have that
bi : bj = <T#,T’*>H
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where the inner product on LHS is the Fuclidean one in R™ and indices #, * are the
corresponding ones 4,j (say ¢ = 1 corresponds to ry =7, i =1+d+d(d+1)/2
corresponds to r4 = rqq). As observed before, the entries of ¥ are given by the

inner products (r4,r.)m, hence we have

B (B HT =x.

Extend the orthonormal set {¢g,- -, ¢aq} to an orthonormal basis {1;}2, of H,
where the first n =1+ d + d(d + 1)/2 elements match. Define the field f as

=" an; (3.37)
=0

where a;’s are i.i.d standard Gaussian variables. Define

F=>"an (3.38)

so that )
Yo
f = (a() a - an—l) lel —i—?.
Q;Z)n—l
Now we have,
Yo(y)
Covl @)~ Fa), £5) — ) = (o) (@)~ dusa)) |
Yn-1(y)
r(y)
= (T(x) rdd(x)) B'B :
Tdd(y)
r(y)
= ('r(ac) _ rdd(x)) »! :
Tdd(Y)

Hence, f defined here has the covariance C(,) as in Proposition 3.4.3.

Now, let f be the field defined as in (3.37) and f be as in (3.38), i.e. using the
orthonormal basis {1;}°, and the noise (ag,a1,a2,...). Let ({,Z) be a random
vector as in Proposition 3.4.3 which is independent of the sequence ag, a1, as,. ...
Then,

f = €A(@) - Zb(x) + f(x)

is a random function which is C?-smooth, non-Gaussian, has a local maxima at

x = 0 with height at least w.
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3.4.2.2 Isotropic case

Consider a Gaussian function f : R — R which is C%-smooth, stationary, unit
variance. Additionally assume that (f(x),Vf(z)) is non-degenerate for € R
By stationarity, we can prove that (f(x),Hess (f(z))) is independent of (Vf(x)).
Hence, if the vector (f(z),Vf(x),Hess (f(z))) is degenerate then it implies that
(f(z),Hess (f(x))) is degenerate.

Assume that (f(0), Hess (f(0))) is degenerate. Under mild symmetry conditions on
the covariance kernel, such as for d = 2, r(z1,z2) = r(x1, —x2), we can show that f
is a monochromatic random wave up to linear change of coordinates of the domain
(i.e. the spectral measure of f is supported on (S)?~! C R?). If we insist that
f is isotropic, then f has spectral measure which is uniform on S ! (d = 2 case

corresponds to RPW model) [see [CS18, Proposition 3.3]].

In this section assume that f is a Gaussian field with spectral measure given by the
uniform measure on S%~!. The construction of the coupling of the conditioned field
and the original field is similar to that of the non-degenerate case above, so we will

not give all the details. Also, we retain the same notation as in the previous section.

We will work with the vector (V f(z),Hess (f(x))) which is non-degenerate, instead
of

(f(z), Vf(x),Hess (f(x))).

Recall that x = (z',22,...,2™) € R¥™ are m distinct points in R? and 7 =

(t1,t2,...,tm) € R™. Rename/redefine the following quantities while keeping the

. S11 0
2= (5 s)

where S and Soo are covariance matrices of V f(x) and Hess (f(x)) respectively.

other notation the same. Let

Define the following probability densities and (Gaussian) conditional densities

px(v,Z,z)  for Vf(0), Hess (£(0)), f(a'), f(2?),..., f(z"™)
pX(SL"U,Z) for f(l’l),f(LL‘Q),,f(ZL‘m)’Vf(O) :UaHeSS (f(O)) =7
p(v, Z) for V f(0), Hess (f(0))
p(Z|v) for Hess (f(0))|Vf(0) = v.
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Noting that f(x) = —Tr(Hess (f(z))), we have, again by the Kac-Rice formula,

E[N; (7, u)] ) E || det Hess (f(O))\IL[Q]’Vf(O) = 0}
E[N1(u)]  E[|det Hess (f(0))[1[ind(Hess (£(0))) = d]1[f(0) > u]]
_fylétl T Jym <tm fZ<O Tr(Z)<—u | det Z|py (0, Z, y)dZ dy

J2<0me(2)<—u | det Z|p(0, Z)dZ
where i
1/Q] = Lfind(Hess (£(0))) = d|1[£(0) > u] [] 1[f (=) < ta].
i=1

Following a similar argument as in the non-degenerate case, we get the following

result regarding the conditional distribution of f.

Proposition 3.4.4. Let f be an isotropic Gaussian field with spectral measure being
uniform measure on S, and other assumptions on f as in the beginning of this
subsection. Then, given a local mazximum with height at least u at the origin, the

conditional process f(x) has the same law as the following process:

fl@) = ZS5' Sa(x) + (=)

where f is a non-stationary zero mean Gaussian field with covariance function C(-,-)
and Z is random vector with density q, which is independent of f. Here

det Zp(Z|0)
fZ-<O,Tr(Z)§—u det Zp(Z]0)dZ

Cla,y) = r(z —y) — S2() 85 S2(y)’ — S1(2)Siy' Si(y)"

qu(Z) = 1[Z <0, Tr(Z) < —u] and

Let us now couple the conditioned field fand the original field f such that || f(z) —
F(a)| is small for ||z| > 1. Again, we follow the argument of the non-degenerate
case. The only difference is that instead of extending the orthonormal basis gener-
ated by
{ryri,rij 1 <i,5 <d}

we look at the linearly independent set {r;,r;; : 1 <4,5 < d} because r = —(r11 +
ro2 + -+ 1rgq). We take n = d+ d(d+1)/2 (one less than previously defined), and
orthonormal basis {1;}:2, of the RKHS H, the noise (ai,as,...) to define

f= Zaﬂﬂz‘ and f= Zaz’%’.
=1

i>n

Define the conditioned field fto be
=285 Sa(x) + f(x)
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where Z has the density ¢, and is independent of the noise (a1, as, ...). Verification
that f has the desired covariance structure is the same as in the non-degenerate

case.

3.4.3 Difference in number of points in perturbed fields

Now that we have a coupling of the field f and its Palm version j?at x = 0, define
\IJ%M as the rescaled point process of local maxima of f above u(R) in the domain

DRy, just as f. This is a coupling of (\IIOR’u, VR u).

Define the following functions:
Fy(@) = f(2) + th(z), and h(z) = f(z) - f(z), t€ 0,1,

We will analyse the quantity p; (\IIOR’U, VR ) by comparing the critical point structure
of Fy and Fy in the box [-R/2, R/2]>. One way to compare the critical point
structures of Fy and F} is to interpolate (as defined above) and see how the positions

of the critical points change.

Define a continuous flow x; of a critical point under F; to be a continuous function

z.:[0,6] = R? with VFy(x;) = 0, for some 0 < § < 1.

Almost sure properties of F;}:

1. F.is a C%-smooth function in (¢,x) almost surely since both f, J?are at least

C?-smooth in z.

2. Let us define the flow, for z; € R?,

Cll‘t

= —Hess (Fy(x¢))" - Vh(zy), te]0,1]. (3.39)

This defines a smooth flow away from non-invertible points of Hess (F}). By
applying chain rule, you can check that V Fy(z;) is constant in ¢. Hence, if you
start the flow with a critical point of Fy, then z; is a critical point of F}, Vi as

long as the flow is defined.

3. The index of a critical point xy changes during the Fi-flow only if
det(Hess (Fi(x¢))) = 0 for some t € (0,1).

This is because to change the index, one of the eigenvalues of Hess (F}) has to

change the sign, hence the determinant has to be zero at some ¢ € (0,1).
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4. Note that a critical point of F} is an intersection of the hypersurfaces {0, F; =
0},7 = 1,2. This intersection is stable if it is a transversal intersection (in this
case, transversal intersection corresponds to non-degeneracy of the Hessian of
F; at that point). Hence, there’s creation/destruction of a critical point under
perturbation only if

det(Hess (F})) = 0.

5. Also, two critical points of F; cannot merge into one during the flow unless
Hess (F}) is degenerate at some point in between. This is because if the in-
tersection of the hypersurfaces {0, F; = 0},i = 1,2 is transversal, then the
number of intersection points (which corresponds to critical points in this case)
is stable under perturbation ( as it is a topological quantity). See Chapter 2
of [GP74] for details.

Now, the quantity E| ]\II%’U(ASH — |V R 4(A§)|| is bounded by the sum of expectations
of number of points of the following types (let D = [-R/2, R/2]* \ (u(u)Ao)):

1. {x € D}, : Hess (Fy(x)) is degenerate for some t € [0, 1], f(z) > u, f(z) > u}

This set corresponds to the degeneracies that arise during the critical point
flow, including the creation/destruction of points as described above.

2. {x € D}y : VFy(z) = 0 for some ¢t € [0,1], f(x) = u or f(x) =u}

These are the points which flow in/out of the domain {f(z) > u}N{f(x) > u}

3. {x € 9(D}) : VF(x) = 0 for some t € [0,1], f(z) > uor f(z) > u}

Points which flow in/out of the domain [—R/2, R/2]?\ (1(u)Ap).

4. {z e Df:Vf(z)=0o0r Vf(z) =0,z e ({f>u}n{f <uhU{f <u}n{f >
u})}.

We will use the Kac-Rice formulas to bound the number of the above-listed points,
named P; for i = 1,2,3,4,5 as below. Recall the notation from the coupling section

above and define

filz) = f(x) — f(x), fo(x) = f(z) — f(x), =eRL

Note that the random functions fi(x), fa(z), f(z) are jointly independent. Con-
sequently, all derivatives of these functions are jointly independent. We need the
following lemma to ensure the existence of some of the densities of the random

vectors (i.e. non-degeneracy conditions) to be used in Kac-Rice formula.
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Lemma 3.4.5. For large enough R,u, for all x € D', the vector

(f(x), Vf(z), Hess f(z))
is a non-degenrate Gaussian vector in RS,

Proof. Notice that

(f(2), Vf(z),Hess f(z)) = (fi(x), Vfi(z),Hess fi(z)) + (f(2), V[ (z), Hess [(z)).

Let

(fi(z), Vfi(x),Hess fi(z))
(f(x),Vf(x),Hess f(x)
(f(x),Vf(z),Hess f(x)

X
Y )

Z )

and Y x, Xy, Xz be their respective covariance matrices. We want to show that >y
is invertible matrix for large ||z||. By construction, fi(x) is a linear combination of
r(x) and its derivatives up to second order with Gaussian coefficients. As a result,
each entry of the covariance matrix Xx of (fi(z), Vfi(z),Hess fi(z)) is bounded
above by ¢||r(z)||3, where

Ir@)lla = max 0% (@)].

Hence, the maximum value of absolute eigenvalue of X x is at most c||r(z)||3. Since
r(z) = e 171/2 we have

|r(z)]|ls — 0 as|z] — oo.

Since f(x) is stationary field the covariance matrix ¥z is constant in z. One of the
property of Bargmann-Fock field is that Z is invertible. Let ¢g be the lowest absolute
eigenvalue of ¥7. Now for any unit vector § € R®, since f; and f are independent

functions
07,0 = 073 x0 + 67y 0.

For any € > 0, for large enough ||z, we have 67X x0 < ¢ for all 6. Also, 07% 70 > co

for all unit vector . Hence, 87 x0 > ¢y — € which proves our claim. O

Notice that for any independent random vectors X7 and Y7, if X7 has density
in R? then X; + Y7 also has density in R?. Indeed, if px, is the density of X;
and py, is the law of Y; then the convolution pyx, * uy, is the density of X; +
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Y:. Combining this observation and Lemma 3.4.5 we can show that, for instance,
(f(x), VFy(z),Hess Fi(x)) has density for all t and z € D', because

(f(2), VFi(x), Hess Fi(x)) = (Hess f(x), Vf(x), f(z))+
(fi(z), (1 =)V fi(x) +tV fa(z), (1 — t)Hess fi(x) + tHess fa(z)).

Bound on P;: Define
Py :={(t,x) €[0,1] x Dy : VFy(x) =0, f(z) = u}
and we want to compute E[P;]. By the Kac-Rice formula, we have
B = [ [ Bl AE), @) TAE) = 0,7() = upa(0,u)dzat
v (3.40)

where p, is the pdf of (VFi(x), f(z)). Since (fi, f2, f) are independent, we first

condition on fi, fo and compute the integrand above. Let

(f1(z),Vfi(z),Hess fi(x)) = (a1,v1, M1) (f2, Vfa(x),Hess fa(x)) = (ag,va, Ms).

Then the integrand in (3.40) is,

. (1)2 — 1)1) 0
2(t, 01,01, My, v3, M) = E {’tH det (Hess f@)+ (@ —t)My +tMy  (vy —v1)T I

V(z) = (t—1)vy —tv, f(z) =u— ai]
(3.41)

integrated over the vectors (fi(x), V fi(z),Hess fi(x)) and (f2, V f2(z), Hess fa(z)).

Now, we look at the distribution of
Hess f(2)[f(z) = a, VF(z) = 0.

We have that, since f is Bargmann-Fock field in 2-dimensions, for p; = (x1,y1), p2 =
(z2,92)
— = 1
Clon. ) = B[ () )] = exp (~ 3 (a1 = a2 + (1 — ")) -
1 1 1
exp <—2($% +yd a3+ y%)) [1 + 5(951362)2 + §(y1y2)2 + 2$1y1x2y2] (3.42)

which follows from Section 3.4.2. Denote the covariance of partial derivatives by

subscripts to C, for example,

Ci12(p1,p2) == E[011 f(p1)02f (p2)].
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When p; = pe, by abuse of notation, we write C'(p1,p1) = C(p1).
Let

Ir(@)la = mas [0°r(a).

Write Hess f = (011f,022f,012f). We choose Ap such that, on (R/\/NAO)C,

|l7(x)||c+ is small. Hence we compare covariances Cov(Hess f(x), (f(z), Vf(z))
with that of Cov(Hess f(x), (f(z), Vf(x))).

Observe that (f(z),Hess f(x)) and V f(z) are independent. Also, Cov(d11 f(x), f(z)) =
Cov(022f(x), f(x)) = —1 and Cov(dr2f(z), f(z)) = 0.

We have,
S99 = Var(f(x), Vf(x))) = I + O(|lr(x)]l2)1
and
S ~10 0
Y12 = Cov(Hess f(z), (f(z),Vf(z))) = —01 8 8 + O([lr(@)]l4)1

where 1 are matrices with all entries 1, with suitable dimensions. So,

Hess f(2)|f(z) = a,Vf(z) = v

is a Gaussian vector with mean

< Ql
1

)- :O + ol (

)

S19%0; (

By standard Gaussian regression,

Ql

(Hess f(z)|f(x) = a,Vf(z) =7) — 21222_21 <1_)>

is a Gaussian vector which does not depend on a or v. And, the variance of this

/
vector stays away from zero for x € D',.

Observe that the determinant of the form
X 0
det < Y Y)
is a bilinear form in (X,Y’) and since M is 2 x 2 matrix, co-efficients of this bilinear
form will be linear in entries of M. Hence, the expression (3.41) is a quadratic form

in (ve — v1) with coefficients being degree one polynomials in (u — ay, (t — 1)v; —
tve, My, Ms). So, we have integrated out (f(z), Vf(z), Hess f(x)).
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Our next goal is to compute the following quantity,

E[Z(t, f1(2), V fu(w), Hess fu(x), V fa(), Hess fo(2))p((t=1)V fi (2)—tV fo(x), u—fi(x))]

(3.43)
where p is now the pdf of the Gaussian vector (Vf(z), f(z)). Again, since fi, f2
are independent random functions, first we will integrate over f; and its derivatives.

Observe that, since V f(x) is a zero mean Gaussian vector

p((t = DV fi(z) =tV fa(z),u = fi(z)) <p(0,u — fi(x)).

We know that conditioning on a Gaussian random variable only decreases its vari-

ance. Hence,
p(0,u — fi(z)) < P(u— fi(z))

for u large enough, where P is the pdf of f(z).

Now the Gaussian vector ((fi(x),V fi(z),Hess fi(z)) is a linear transform of i.i.d
standard Gaussians with coefficients 0%r(z),0 < |a| < 4. Conditioning (V fi1(z), Hess fi(z))
on fi(z) = ap only shifts the variance matrix by order O(||r(z)||4) and the mean a;.
After integrating out (V fi(z),Hess fi(z)) in expression (3.43) while conditioning

fi(x) = a1, we get (in terms of a)

w(ai) exp (—20_21@)(@& - a1)2> (3.44)

where w is a polynomial of degree at most 2 and o?(z) = Var(f(x)).
Since fi(z) + f(x) = f(z), we have
Varf(z) = 1 — Varfi(z).
Let X be a centered Gaussian r.v. with variance (1 — 02). Then, for o close to 1,

E [X%xp (-2;@ - X)2>] < coexp(—1/20%)(02(1 — 0%) + (1 — 02)%u?)

<c(l —0?)(0? + (1 — oH)u?) exp(—1/2u?).

(3.45)

Replacing X by fi(z) and noting that

Var(fi(z)) < |r(z)|?

we have by expression (3.44)

1

E [u(te) e (-0

(u— f1<x>>2)] < cllr(@) 301 + r(@)|3u?) exp(~1/262).
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At last, we integrate out the variables (V fo(x), Hess fa(z)). Note that this random
vector is not Gaussian, and the second moment is of order u?||r(z)||3. By definition,
each component of the vector (V fa(x), Hess fa(z)) is a linear transform of (£, 2),
where the pdf is defined in (3.35). Now, E[w(Z)|{ = a] = Eldet(Z;)w(Z1)] where

Z1 is a Gaussian matrix distributed as

Hess f(0)|f(0) = a.

Hence, if w is a polynomial of degree m, then
E[w(Z,§)] < cu™

for u large enough. Now, as pointed out earlier, the expression (3.41) is a quadratic
form in (vy —v1) with coefficients being degree one polynomials in (v —ay, (t—1)v; —
tve, My, Ms), now we have integrated out (a;,v1,Mp). So, after integrating other

terms, the expression (3.41) is a polynomial in ve, My of degree at most three.

Combining all the bounds above, we have that the integrand of the RHS of (3.40)

is bounded above by,
u?([lr(2) 1) exp(—1/2u?). (3.46)

Hence,

E[P)] < o exp(—1/2u2) / Ir(2)|2dz.

Dp

Bound on P;: Define
Py :={(t,x) € [0,1] x Dy : VF,(z) = 0, f(z) = u}

and we want to give a similar upper bound for E[P,]. The computation is also
similar to the upper bound for E[P)], so we note the changes needed to the above
computation.

We have,

1 _ ~
E[Py] = /0 / E[| det(d(VEy(). (@) VEx) = 0. J(2) = ulpt.o(0, u)dzdt
; (3.47)
where p;, is the pdf of (VFy(z), f(x)). Since (f1, f2, f) are independent, we first

condition on fi, fo and compute the integrand above. Again, let

(fl(x)vvfl(w)7HeSS fl(w)) = (alﬂvlﬂMl) (fQ,VfQ(.’L'),HeSS fQ(x)) = (anU?vMQ)’
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Then the integrand above is,

Hess f(z) + (1 —t)My +tMs  (vg —v1)T

Vf(z) = (t — vy — tvg, f(z) = u — az)
(3.48)

Z(t,v1,M1,a2,v2,M2):E[|1—t||det< (v2 —v1) 0 ) I

integrated over the vectors (fi(x), V fi(z),Hess fi(x)) and (f2, V f2(z), Hess fa(z)).
First integrating out the Gaussian vector (f(z), V.f(x), Hess f(x)), we have that the
above expression is a quadratic form in (v — v1) with coefficients being degree one
polynomials in (u — ag, (t — 1)vy — tve, M1, Ma).

Our next goal is to compute the following quantity,

E[Z(t,V fi(z), Hess fi(x), fa(2), V f2(x), Hess fo(2))p((t=1)V fi(2) =tV fo(z), u—fa(z))]
(3.49)
where p is now the pdf of the Gaussian vector (Vf(z), f(x)). Observe that, since

Vf(z) is a zero mean Gaussian vector

p((t = DV fi(z) =tV fo(z),u — fa(z)) < p(0,u — fao(x)).

We know that conditioning on a Gaussian random variable only decreases its vari-

ance. Hence,
p(0,u = fo(z)) < P(u — fa(z))

for u large enough, where P is the pdf of f(x). Since Var(f(z)) is bounded away
from zero uniformly for large R when x € D, we have that P is uniformly bounded.

Hence, it is enough to bound

E[Z(t,V fi(x),Hess fi(z), fo(x), V fa(x),Hess fa(x))].

Since the expression (3.48) a quadratic form in (vy — v1) with coefficients being

degree one polynomials in (u — ag, (t — 1)v1 — tvg, My, M), we can see that

E[Z(t,V fi(x),Hess fi(x), fo(x),V fa(x), Hess fo(x))] < u?|lr(2)|] (3.50)
just like in the previous case. A noticeable difference here is that the upper bound

BRI <o [ @l

R

is missing the factor exp(—1/2u?).
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Bound on P;: Define
Py={zeDy:Vfx)=0,ze{f>u}n{f<u})}
we have,
/ = (e f(@)11(S > ) 0 7 < u|[VF) 0| pel0)ds (35)

where p, is the pdf of Vf(x). Again, let

(fi(2), Vfi(x), Hess fi(x)) = (a1,v1, M1)  (f2, Vfa(x), Hess fo(z)) = (az, vz, Ma).
Let,
Z(a1,v1, My, a2) = E[det(Hess (f(x)) + M1)1[u — a1 < f(z) < u — a2]|Vf(x) = v1].

Now,
E[[det(Hess (f(x)) + M1)|f(z)

a,Vf(z) =1
is a degree one polynomial in a. Also, we have
P(u—a; < f(x) <u—as) < clag — az|

for large enough u, since f(x) has pdf and it is uniformly bounded above in = € D,
Hence,

z(a1,v1, M1, a2) = w(u, a1, v, My)|ar — as

where w is a multivariate polynomial (of degree one in u). So, finally integrating

remaining variables such as fi(x), fo(x) we have

E[Ps] < cu2/ |7 ()] ad.

D

The expectation of the following quantities also has similar upper bounds,

{x e DR :Vf(x)=0,f(x) >u, f(z) <u}
{x €Dy :Vf=0f(z)>u f(z)<u}

{x € Dy :Vf(z) =0, f(z) <u,f(z) >u}.

Bound on Pj: Let,
Py={(t,z) €[0,1] x (D) : VFi(z) =0, f(x) > u}.
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Note that D', consists of two connected components, namely, a circle of radius
R/V/'N % 7(u) and a square of side length R both centered at the origin.

First, let us compute the expected number of points hitting the circle in the flow.
There’s a Kac-Rice formula for the manifold version, see [AT09, Chapter 12]. To use
this version, we need to calculate gradient of VF;(z) when x belongs to the circle (
a manifold). In our case, this corresponds to taking the derivative of VF(x) with
respect to the angle 6 in polar coordinates. By the Kac-Rice formula, and by the

fact that Bargmann-Fock field is isotropic, we need to bound

\Rr(u)/VNIE [| det (61.7(_‘””) @@(@) 1[f(z) > ul|VE(z) = 0

where the second row of the matrix is a linear combination of the second derivatives
of f,f. Ignoring the factor 1[f(x) > wu] and conditioning first on fi, fo and its

derivatives, we integrate out f(z) and its derivatives as previously done. Since
E[[0jh(x)|] < cullr(z)]4
we have,
/ [Rr(u)/VNIE [ det <‘31h($) th<@> 1[f(2) > u]|VEy(z) = 0| da
dB(0,R7(u)/VN) T "'
< eR%7(u)2N"Yul|r(Rr(u)/VN) | 4.
(3.52)

We now estimate an upper bound for the expected number of points hitting the
square in the flow. As pointed out, it is a square of side length R centred at the
origin. Hence, we need to bound
/1 /R/2 . Hdet (alh(xl,R/z) Bzh(xl,R/2)>‘ VFi(a1, B/2) = 0] dadt.
o J_rp
Again using
E[|0;h(z)|] < cullr(x)]|4
we have
E[Py] < cR*7(u)* N~ ulr(Rr(u) /VN)||1 + cRul/r(R/2)||4

The expectation of the following quantity also has the same upper bound,

{(t,z) € [0,1] x O(DYy) : VE(x) =0, f(z) > u}.

Bound on P;5: Let

Ps = {(t,x) €[0,1] x D : VFy(z) = 0,det(Hess Fy(x)) = 0, f(x) > u, f(x) > u}.
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We know that,
Hess Fi(x) = Hess f(z) + tHess h(z).

Writing ij as subscripts for i¢j-th second partial derivatives, we have

%det(HeSS Fy(z)) = hi1(z)(fa2 + tha) + hoo(z)(f11 + thi1) — 2hia(z)(f12 + thi2).

By the Kac-Rice formula,

1 d N
Bp - [ E [|det (8{’?(_”) Qahle) gy dettiess t(“")) 1) >, F@) > u

‘VFt(x) = 0,det(Hess Fi(x)) = 0] p2(0,0)dzdt
(3.53)

where p, is the pdf of (Fy(z),det(Hess Fi(x))). Observe that the determinant func-
tion is linear in the first row. Ignoring the factor 1[f(z) > u, f(z) > u], the integrand
of the RHS in the above equation is linear in h(z) and its derivatives (up to second
derivatives). Hence, integrating out f(z) and its derivatives as previously done, we

have

E[Ps] < cu/D/ (@)l adz.

R

3.4.4 Gathering all the bounds

From the expectation bounds on the number of points Py, ..., P;, we have
0 3 1 2 2
E[[ ¥Rl = Wrull < ¢ | u’exp | —5u o Ir(@)ll3de
R,u
[ Ir@lhde+ad [ r@ldet (s
Rou D u

U/D ||T($)H4dw+u2|r(U)|4+RUHT(R/2)H4> :

R,u
Recall that

Ir(@)lla = max [0%r(@)]

1 (3.55)
< clelexp (5 el?).
By a polar coordinate transformation in 2-dim, we have
o0
/ lzl|* exp(—1/2]j|2)dz < c/ 5 exp(—1/262)dt
D, u (3.56)

< dut exp(—1/2u?)
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for large enough u.

Now, by assumption, v < log R, hence
Rexp(—R?/4) < ¢ exp(—u?/2).
Hence, we have
EJI9% | — [Wrll < cub exp(~1/2u2). (3.57)

Also,
vol(Ag) = 7(u)? < cu® exp(—1/2u?). (3.58)

Finally substituting the bounds (3.30),(3.57), (3.58) to the RHS of (3.18) we have

drv(|LYgy|,Ury) < C (uexp (—u2 > + u® exp(—1/2u?) + u® exp(—l/2u2)) .

2(2 - 0)

Hence for g < min{2 ,1/2} we have,

0
(2-9)
dry (|ILYRu|, Uru < C exp(—pu).

This finishes the proof of Theorem 3.4.1.
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Chapter 4

Future work

Filament structure of RPW

See Figure 4.1. What explains the apparent filament structure of the random plane
wave (RPW) landscape? Is it just a numerical artefact? Our result in the previous
chapter establishes that local maxima for RPW at high levels is Poissonian. On
the other hand, the critical points of RPW have a somewhat ‘rigid’ structure, but
not repulsive at small scale, and quite different from the Poisson process [BCW19].
Looking at another criterion, Tacey [Tac23] showed that the L? norm restricted to
any long line is very close to that of the entire domain, which suggests that the L?
norm is not concentrated on any line. But this was expected since these filaments
spread in all directions. Another interesting observation in [OGHS87] is that the
‘stringiness’ disappears for a non-isotropic random model of eigenfunctions of the
Laplacian on R2. So, the filaments can’t be solely attributed to ‘rigidity’ properties
of those eigenfunctions, or the correlation structure of the RPW, since non-isotropic

models can have similar properties (say, oscillation, rate of decay, etc.).

Critical points of high-dimensional fields

In the previous chapter, we explored the Poisson convergence of high critical points of
stationary smooth Gaussian fields in fixed low dimension. Can the same techniques
(Stein’s method for Poisson approximation) work when dimension d — oo? From

Auffinger et al. [AAC13], we know that the correct scaling is as follows.

Let f;: R? — R be a sequence of isotropic Gaussian random fields of unit variance.
Then we consider, inside a ball of radius R in R? (which is a constant, i.e. doesn’t

depend on d), consider the critical points of f; (of fixed index k or all critical points),
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expt=r: f(x), 5

400 |
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Figure 4.1: Filament structure of random plane wave. Picture by Alex Barnett

above the level

u(d) ~Vd asd— oco.

Depending on whether R is above or below a threshold R., the number is either
exponentially large or exponentially small as d — co. The topological complexity
of the field (i.e. asymptotics of the logarithm of the number of critical points) is
important in determining the landscape (e.g. in spin glass models). How about the
spatial structure of these critical points? At what threshold R is there a Poisson-like

behaviour?
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Appendix A

Basic tools

A.1 Kac-Rice formula

Kac-Rice formulas are one of the central tools in studying random fields, which help
us compute local observables. For simplicity, consider a one-dimensional smooth
field f, and we count the number of zeros of the field in a given bounded interval
I = [a,b]. Let 2o € (a,b) be a zero and a regular point of f, i.e. f'(xg) # 0. Given

€ > 0, for a sufficiently small neighborhood U of z(, we have

1
2/ @)L gy <gdr = 1
€Ju
which follows from the fundamental theorem of calculus. Now, assuming all zeroes

of f are regular and f(a)f(b) # 0, the number of zeros N;(f) is given by

Ni(f) = lim /[ @<

Now, applying the same technique to a random field f and taking expectation, we

have the following.

. 1
BN =E lﬂ%/[a ’ |f/(x)|2€]l[f(x)|§e]] dz
: 1
= /[ab]E[|f/(x)|2€]l[f(w)|§€]} dw] (A1)

_ /[ B @I15) = Olpys (0

where px is the pdf of a Gaussian variable X. The integral, limit and expectation
swaps can be justified when the random field follows some regularity. Even the

higher moments can be computed by similar techniques.
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Theorem A.1.1 (Kac-Rice formula, ([AW09], Theorem 3.2) ). Let f be a C'-smooth
Gaussian field on an interval I. Let k be a positive integer. Assume that for every
k pairwise distinct points t1,ta, ...ty the joint distribution of f(t1), f(t2),..., f(tk)

does not degenerate. Then,

ENM) — /

where m* = m(m —1)--- (m — k + 1) given m >k, and 0 otherwise.

H’f N (t), f(ta), - (k) = O Dpeey),fita)... ptr) (O Hdtz

Observe that f’(x) is also a Gaussian field and its regularity depends on that of
the field f. Also we know that (f'(t1), f'(t2), ..., f'(te), f(t1), f(t2) ..., f(tx)) is a
Gaussian vector. Hence, the conditional expectation in the above theorem can be
explicitly computed using the covariance kernel and its derivatives.

Note that the formula is particularly simpler when the field is stationary. We have,

E[N;] = Vol(I)E[f'(0)|/v2m
where the field is normalised to be Varf(0) =

We can generalise Theorem A.1.1 in many directions. We can consider fields in
higher dimensions, say f : R? — RF and ask for the expected geometric measure
of the level sets of f when k < d. There are versions of the Kac-Rice formula for
non-Gaussian fields. We can generalise it to fields on a Riemannian manifold as well.

In this article, we used the Kac-Rice formula for the mean lengths of level lines.

The Kac-Rice formulas are also crucial in the analysis of critical points. Geometry
(and topology) of level/excrusion sets crucially depend on the distribution (in a
deterministic sense) of critical points of the field (see Morse theorems in classical
topology). Also, in many cases, even for non-local functionals like the number of
connected components of level sets, a pretty good estimate can be obtained from

looking at the critical points.

One interesting connection to random matrix theory for computing the expected
number of critical points was made by Fyodorov [Fyo04] in the context of the theory
of spin glasses. Note that by Kac-Rice formulas, the expected number of critical
points can be computed by an integral of the conditional expectation of the Hessian
of the field. The novel idea of Fyodorov was to express the law of Hessian in terms
of Gaussian Orthonormal Ensemble (GOE) matrices, where explicit computations

are available.
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To give an example, we quote a proposition from Cheng and Schwartzmann [CS18§].
Let X be an isotropic Gaussian field on R% and (X ) be the number of local maxima
of X inside a unit volume ball. Then, under certain conditions on X, we have
o(d+1)/2
E[u(X)) = D((d +1)/2) G wESh [oxp(-Xia /2]
where expectation on RHS is w.r.t to GOE (d + 1) x (d 4 1) ensembele, Ag11 is the

maximum eigenvalue of GOE, n is an explicit constant of the field X.

Refer to chapters 3 and 6 of [AW09] or [AT09] for more on Kac-Rice formulas.

A.2 Bulinskaya lemma

While studying nodal geometry of smooth fields, it is desirable that nodal sets are
stable under small perturbations. The bad event we want to eliminate is that the

random Gaussian function and its gradient are simultaneously small at some point.

Lemma A.2.1. Let U be an open set in R™ and let g : U — R™™! be a random
function. Assume that g € CY(U) a.s. and that the vector g(x) has a density on
R that is bounded uniformly over x in compact subsets of U. Then g~*(0) is

almost surely empty.

Now, applying the above lemma to C'!-Gaussian field (f, Vf) and assuming it has a
density (i.e. non-degeneracy of f), we get that, almost surely, 0 is a regular value of
f. One immediate consequence is that we know that nodal sets are submanifolds,

almost surely.

In [NS16], Nazarov and Sodin stated a quantitative version of Bulinskaya’s lemma.

This helps bound the probability of “bad events”.

Lemma A.2.2. Let f : U — R be a C%-smooth Gaussian field which is non-
degenerate. Fix a compact subset C C U. Given 6 > 0, there exists T > 0 (possibly
depending on C') such that

P (rwréiélmaxﬂf(x)\, IVf(x)} < 7') < 0.
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A.3 Borell-TIS inequality

Theorem A.3.1 ([AT09],Theorem 2.1.1). Let f(x) be a Gaussian process on D.
Assume that the process is almost surely bounded on D. Define ||f|| = ||fllp =
supp f(x). Then El||f]|] < oo, and

Yu > 0, P(|f]| = E[||£]l] > u) < e/2b
where 0% = supp E[f(z)?]

This theorem holds for a continuous Gaussian process, but in the smooth setting,
we are guaranteed that on any bounded D, the supremum is a.s. finite, due to

Kolmogorov’s theorem.

Using Borell-TIS inequality, we can bound the tail probability of C*-norm of a
smooth Gaussian field, see [BM22, Lemma 2.1] for example. Fixing the law of the
field f and the domain D, P(||f||ox > 1) is essentially bounded by exp (—c - [?) where
¢ depends on variances of f and its derivatives on D. This is a bit surprising, since

the tail of a single Gaussian random variable also has a similar upper bound.

A.4 Method of comparison

One of the fundamental questions which pops up regularly when studying the ex-
cursion of Gaussian fields is the following: given two Gaussian vectors in R? with
a covariance matrix that is close enough, how close are the excursion probabilities?

Here we recall a generalisation of the classic Berman’s inequality, taken from [Pit96].

Say we’re given n sequence of real numbers, that we call discritising levels,
u(k) = (- <u_i(k) <upk) <wi(k) <---) k=1,2,3,...n.
Consider the o—algebra U generated by the n-dim rectangles
IL; = {(z1, 22, ..., 20) : T € (U4, uip11(k)}

where i = (i1,...,i,) € Z" is a multi-index. Let Xo = (Xo(1), X0(2),...,Xo(n))
and X; = (X31(1),X1(2),...,X1(n)) be two independent Gaussian vectors in R™

with zero mean. Consider an interpolation of these vectors,
Xn,=VhXi+V1-hXg 0<h<L
Denote by R, = {rn(i,7) : 1 < 4,5 < n} the covariance matrix of Xp.
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Theorem A.4.1 (Theorem 1.2, [Pit96]). With notations as above, if ro(k,k) =
r1(k, k) for all k and |ro(k,1)| <1 for k #1, then for any B € U, we have

IP(Xo € B)~P(Xy € B)| <2 |ro(k, 1) —r1(k, 1) Z/Ol d(ui(k), uj(k);ry(k,1)dh

k>l i,J

where ¢(x,y;r) is the density of 2-dim Gaussian with covariance r.

A.5 Asymptotic excursion probability

In this section, we state a result on the asymptotic excursion probability of stationary
smooth Gaussian fields. Let X : R? — R be a zero mean, unit variance, stationary
C%-smooth Gaussian field. Further assume that (X(s), VX (s)) is a non-degenerate

Gaussian vector.

Theorem A.5.1 (Theorem 7.1,[Pit96]). Let r(t,s) be the covariance function of
the field X such that r(t,s) < 1 fort # s. Let A C RY be a Jordan set of positive
measure. Then,

P <1}1€aj<X(t) > u) = Cwol( A)u® W (u)(1 + o(1)) as  u — 00.

Here, the constant C' depends only on the field and not on level u, 1 — ¥ is the cdf

of a standard Gaussian.

A.6 Maximum of Gaussian fields

It is a classical fact in probability that the expected maximum of n i.i.d. standard
Gaussian random variables behaves asymptotically like v/2logn as n — oo. Also,
it can be shown that, even if the random variables are dependent, it cannot exceed
v2logn. What is a bit surprising is that a large number of Gaussian fields models
with correlation decay ‘fast enough’ also have exact asymptotic v/2logn. Examples
include 2-dim discrete Gaussian free field, Sherrington-Kirkpatrick model energy
landscape, etc [Chal6]. They are expected to converge to the Gumbel distribution

for the asymptotic distribution of the (centred, normalised) maximum.

We have the same asymptotic for stationary smooth Gaussian fields.

Theorem A.6.1 (Theorem 14.1, [Pit96]). Let X : R? — R be centered, unit vari-
ance, C?—smooth Gaussian field with covariance r(t) = E[X(0)X (t)]. Assume that,

for some a > 0,

/ ()]t < oo,
Rd

88



Then,

P (o (X0) ~ )i < & ) = exp(—exp(—a)

where g is the largest solution of the equation
R det(Ax)'? 44 2
i Y —12/2) =1
e exp(—/2)
and Ax is the covariance matriz of VX (0).

From this theorem, we can get the exact asymptotic of the expected mean,
E[max;e(o gja X (¢)]
v2dlog R

—1 as R — .

A.7 Discrete approximation of excursion probability

Here we show that for a Cl-smooth stationary Gaussian field f : R? — R the
excursion probability of f > u on a box B approximated by that on the grid B N
u~1Z¢ with high probability. These approximations were first proved by Pickands
[Pic69] and later generalised to what is now called the double sum method (see

Section 6 of [Pit96] for a discussion).

Let x : R = R be a continuous Gaussian field with mean E[x(s)] = —||s||* and
covariance
Cov(x(t), x(s)) = 2{t, s)

where (-,-) is the usual inner product on R%. The existance of the continuous tra-
jectories (in fact, smooth trajectories) of x follows from Theorem 1.2.1. We now
use the following lemma from [Pit96] for the special case of C'-smooth Gaussian
fields. Lemma 6.1 of [Pit96] holds for much more general continuous stationary
Gaussian fields such as those with a-Holder continuous paths with a € (0,1) (e.g.

Ornstein-Uhlenbeck processes on R?)

Lemma A.7.1 (Lemma 6.1 of [Pit96]). Let f : R? — R be a zero-mean, stationary,

C'-smooth Gaussian field. Assume that the covariance satisfies
E[f(2)f(0)] =1~ [lz|* + o(l|z[I*) a5z — 0.
Then for any compact set M C R?,

f(z) 1 1 2
P<x£il¥Ml+Hx\2>u :EC(M)U Le™%/2(1 4 0(1))  asu— oo

where



The ‘local structure of the covariance’ can be achived by rescaling the domain. That
is, for any C'-smooth stationary centered field f with f(0) having unit variance,

there exists a fixed invertible matrix A such that
E[f(Az)f(0)] = 1 —[|z[* + o([lz]*).
Observing that
C(1) =& [exp (maxx(0) - 1117 )

- /0°° P <S;14p(x(t) = [1e*) > v) dv

the proof of Lemma 6.1 in [Pit96] yields the following, for any fixed b > 0,

1
lim ue /2P sup f(x) <wu, sup f(z) >u| =
U0 /27 u= I MN(bu—17Z4) u=tM

/ B sup () — )2 < vssup () — 2 > v | dv. (A.2)
0 MN(bZ2) M
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Appendix B

Point processes and Palm
measures

B.1 Palm measures of point processes

Palm measures provide a rigorous framework for analysing point processes from the
perspective of a typical point. While the distribution of a point process ® on a
measurable space S describes the statistical behaviour of configurations of points,
the Palm measure conditions on the occurrence of a point at a specific location
and allows us to understand the structure surrounding such points. References for
this section of the appendix are Kallenberg’s classical book [Kall7] and Last and
Penrose’s book [LP17].

Let (Q, F,P) be a probability space, and let ® be a simple point process on a Borel
space S (typically S = R%), taking values in the space N'(S) of locally finite counting
measures on S. For a measurable function f : S x N(S) — [0,00), the Campbell
formula states:

E [Z flz, ®)

red

- / E[f(x, ®)] A(dx),
S

where ) is the intensity measure of ®.
If ® is a stationary point process on R? with constant intensity p > 0, then the Palm
measure P* is defined as the probability law of the process conditioned to have a

point at x. The Palm-Campbell formula becomes

E [Z fla, ®)

red

= / E*[f(x,®)] pdzx,
R4

where E* denotes expectation under P?®.
Under stationarity, studying the Palm measure at the origin, denoted P°, suffices.

For measurable functionals f : A(RY) — R, the Palm measure can be formally

91



defined via disintegration:

E

> f(%@] o [ Elr@)ds,

zed

where 0,® is the translation of ® by —z.

B.2 Poisson Process Characterisation via Stein’s Method

The Poisson point process plays a central role in the theory of stochastic geometry
and spatial statistics, serving as the canonical model for complete spatial random-
ness. Various techniques exist for approximating more complex point processes
using a Poisson process. One of the most powerful and flexible is Stein’s method,
introduced initially for approximating the Poisson distribution, and later extended
to spatial point processes. This section provides a mathematical overview of the
Poisson process characterisation via Steins method, and its connections to Palm

measures.

B.2.1 The Classical Chen-Stein Method for Poisson Approximation

Let W be an integer-valued random variable with E[W] = A. The goal of Poisson
approximation is to compare the distribution of W to that of a Poisson random
variable Z ~ Poisson(\). The classical SteinChen method characterises the Poisson

distribution as the unique solution to the identity
ENf(W +1) —Wf(W)] =0 for all suitable test functions f : N — R.

This identity provides a means of bounding the total variation distance between the
distribution of W and Poisson(\):

dry(L(W), Poisson(\)) < ?615)? IENf(W + 1) — Wf(W)]|,

where F is a class of bounded test functions. Chen [Che75] developed a general
method for applying this identity, especially when W = """ | X is a sum of (possibly

dependent) Bernoulli random variables.

Barbour and Brown [BHJ92] and later Schuhmacher and coauthors extended Stein’s
method to the setting of point processes. Let ® be a point process on a Polish space
S with finite intensity measure A(dx). We wish to compare the law of ® to that of

a Poisson point process II with the same intensity measure.
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A fundamental observation is that the Poisson process is characterised as the unique

point process ® satisfying:

> fla, @)

zed

9

E [/Sf(:v,fb + 5x)/\(dm)} _E

for all suitable test functions f : S x N (S) — R. This identity is equivalent to the
statement that the reduced Palm measure P** coincides with the original measure P

for all x, a defining property of the Poisson process:
P* =P, forallzeSs.

B.2.2 Chen-Stein Approximation Using Palm Measures

Let = be a point process on a locally compact second countable Hausdorff space I"
with finite mean measure A, and let A, C I' be measurable neighbourhoods indexed
by o € I'. Denote by Z(I') the total number of points of = in I'. Chen and Xia
[CX04] obtain a total variation bound between the law of Z(I") and a Poisson random

variable with mean A\ = A(I"). Their result is as follows.

Theorem B.2.1 ([CX04], Theorem 3.1). Let Pois(\) denote a Poisson random

variable with mean X\, and write dpy for the total variation metric. Then

Y
drv(L(E(T)), Po(A)) < - °E / (E40) = 1) S(da)

e~

-I-min{el,sg}-i-l_)\ /FA(AQ)A(da), (B.1)

where

612(1/\M)L

1—e A
— E
2T /aer

Here G and ¢ are functions appearing in the Stein equation for the Poisson process,

. E|G(a, E(a)) — p(a)| v(da),

Z(a)] — |(E°‘)(o¢)” A(da).

v is a reference measure, and =% denotes the Palm version of = at . The bound

for e1 holds when Z is simple.
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