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1 Introduction

The theory of Communicating Sequential Processes (CSP) [Hoa85] has matured
into a complete methodology for the analysis of concurrent systems. It provides
a complete framework for systems design, from the capture of liveness and safety
specifications, through the development of CSP programs, to the verification of
systems. It supports program refinement, and provides the theoretical foundation
for the occam languages. General methods concerning many important aspects of
concurrency (for example, deadlock-freedom) have been developed.

The inclusion of real-time considerations in the theory of CSP was first at-
tempted in [Jon82]. However, technical difficulties made the treatment difficult
to apply. The introduction of more successful real-time models ([RR86, RR87,
Ree88]) for CSP is relatively recent. Although such models enable the rigorous
analysis of processes whose description involves timing considerations, the develop-
ment of general techniques for such analysis is still in its infancy. Reed provides a
theoretical basis for the specification and verification of timed processes in [Ree88],
but any application depends upon manipulations of the axioms of the semantic
model TMFs. and this makes proofs extremely arduous. We need to develop gen-
eral methods for reasoning about time-critical and time-dependent behaviour, in
the way that the high level theory for CSP rests upon the semantic models for the
language.

Any effective model for real-time distributed computing should enable the
mathematical definition of temporal concepts such as timeouts, interrupts and
priority, and should support the definition of new process constructors (for ex-
ample, a timeout operator). An adequate treatment of communication is also
required in order to analyse processes whose characterisation involves the use of
communication channels, such as buffers, protocols, and pipes.

The motivation for providing a formal semantics of a computer language is
to allow “programmers to make rigorous statements about the behaviour of the
programs they write” [Sto77]. Our primary concern is to use the timed models
to express time-dependent specifications, and to prove that these are satisfied by
candidate processes. There are a number of fruitful approaches we can take. In this
thesis, we examine three possibilities: the use of the compositional nature of the
semantics to break down proof obligations to manageable proportions; the creation
of a library of common specifications, such as ‘the process will respond within ¢
seconds’, and developing techniques for recognising and constructing processes
meeting them; the exploitation of the hierarchy of models defined in [Ree83] so
that verifications in simple models remain valid further up the hierarchy. We will
see that each approach insulates us from much of the detail present in the semantic



models.

The thesis is organised as follows. In chapter 2, we introduce some new nota-
tion for reasoning about timed behaviour. The following chapter introduces new
process constructors, including operators for time-critical constructs. In chapter 4,
we present a complete proof system for the timed failures model ( TMr) of Timed
CSP (TCSP), and consider how it can be extended to the timed failures stability
model. Chapter 5 introduces a series of families of specifications, and examines the
relationships between them. In chapter 6, we define two forms of timewise refine-
ment, and consider their use in verification. Chapter 7 defines several concepts for
communication, and analyses the behaviour of processes that involve their appli-
cation. Chapter 8 illustrates the methods and constructs of the previous chapters
with examples. The final chapter contains a comparison of our results with existing
work in the literature, and a discussion of future research directions.

Our aims in this thesis are to ease the high level specification of real-time
systems, to facilitate the construction of TCSP programs, and to provide tech-
niques for verification. In particular, we consider these techniques in the context of
new constructs for both time-critical behaviour and point-to-point communication.
In this way, we lay the foundation for a powerful specification and development
methodology for real-time concurrent systems.



2 Notation

We use the notation of [Ree88], and introduce some new definitions. A glossary of
the notation introduced here is provided at the end of this dissertation.

Recall from [Ree88] the universal delay constant §, which represents the time
taken for a process to make a recursive call, or to recover from the performance
of an event. We assume in this dissertation that the duration ¢ is significantly
smaller than one time unit (no greater than 0.1 time units).

Timed Traces

Timed traces are finite sequences of (time,event) pairs where the times associated
with the events appear in non-decreasing order. Times are drawn from [0, 00),
and events from the universal set of events . The set of all possible timed traces
is denoted TY¢. We write s;7sp to represent the concatenation of traces s; and
sz, and #s to represent the length of s. As in [Hoa85], we define the relation in
as follows:

s;insy = Ju,veuTs; v =s

This relation holds whenever the first trace is a contiguous subsequence of the
second.

The first and last operators are defined upon non-empty traces, returning the
first and last events in a trace, respectively:

frst({(, a))"s) 2 a
last(s™((t,a))) = a
To ease the subsequent mathematics we allow first(()) = last({)) = e for some

object e & X (suggested by J. Davies). The begin and end operators are defined
for all traces:

b

begin(())
begin(((¢, a))"s)
end(())
end(s™((t, a))

1

b

~

.
t

0

t

Again, the values chosen for the empty trace are the most convenient for the
subsequent mathematics.



The @Qn operator returns the nth timed event of a trace. It is defined as follows:

N@n = (co,e)
(((t,a))"s)@1 = (t,a)
(((¢,a))"s)@(n+ 1) = s@n

We define the during, before, and after operators on timed traces. The first returns
the subsequence of the trace with times drawn from set /. The others return the
parts of the trace before and after the specified time.

011 = ()
{(t,a))™s)TT = ((t,a)(sT1I) iftel
(sT1) otherwise
Qre =4
({(#a))7s) 1t = ((¢ha)7(sTt) if /<t
() otherwise

1>

sit = sT(to00)

where [ is a set of time values. In the case that [ = {¢} for some time ¢, we may
omit the set brackets. The before operator, |, is also used to denote the restriction
of a trace to events drawn from a given set of events. If the second argument of
the operator is a set, then:

Orda = ()
((t,a))"s) 1A = ((¢,a))"(sTA) ifac 4
(((t,a))"s)TA = sT A otherwise
((¢,a)"s) 1A = ((t,a) (st A) facA
(((t,a)"s) 14 = st A otherwise

If timed refusals are not being considered, the events in a timed trace may be
labelled with hats, to indicate that they have occurred at the instant they became
available; the operator hstrip strips the hats from a timed trace:

hstrip(()) = ()
hstrip(((t,a))"s) = ((t,a)) " hstrip(s)
hstrip(((t,a))7s) = ((¢t, a)) hstrip(s)
Following Reed, we write 3 for Astrip(s).

The operator tstrip strips the timing information from a trace:

tstrip(()) = ()
tstrip(((t,a))"s) = (a)"tstrip(s)



We use thstrip to denote the composition of these two functions.

We define an operator o on traces, which yields the set of events present in the
trace:

o(s) = {a€e X |3t e{(t,a))in hstrip(s)}
Note that we discard the ‘hat’ information when considering which events are
present in a trace.
We define a temporal shift operator:

h=t = 0

((Ea))7s) =t = ((& —t,a)"(s=¢) ift; 2¢

({(t,0))7s) = ¢

and a count operator, | , which returns the number of occurrences of events from
a given set:

s =t otherwise

P

sl A = #(sl4)
In the case that A = {a} for some event a, we omit the brackets.

The following functions.are used in conjunction with the corresponding TCSP
operators. We define a simple hiding operator on traces, with the effect of removing
hidden events:

s\A = st (E—-A4A)

and an equivalence relation = on timed traces as follows: u = v if and only if u is
a permutation of v. As both are timed traces, only events occurring at the same
time may be interchanged. Formally, v = v precisely when there is a bijective
function f : {t € N | I < i < #u} — {1 € N| I € ¢ < #u} such that

Vie {t eN|1 <1< #u} o u@i = v@f(4).

Finally, we define parallel operators on traces, corresponding to the effect of
parallel composition in Timed CSP. These are used in the semantic equations.

uyllyv = {slstzu/\szzv/\éf(XUY)=s}
ulllv 2 {s|Veestta(ut (v 6)

We write Tmerge(u, v) to denote the set of all traces in Tig obtained by inter-
leaving u and v. When & = o we define the trace s = u V v to be such that § = 7,
and the nth element of s is hatted precisely when the nth element of u or v is.



Timed Refusals

Recall the definitions from [Ree88]:

TINT = {[,r)|,reRAOLI<r<oo}
RTOK = {IxX|I€ TINT AX €P(Z)}
RSET = {{JZ|Z e p(RTOK)}

Refusal tokens are drawn from RTOK. Each refusal token is the cross product
of a half open interval of times, and a set of events, and is therefore considered
as a set of (time,event) pairs. Refusals N are drawn from RSET, and therefore
consist of finite unions of these refusal tokens. Hence a refusal set is also a set of
(time,event) pairs.

A number of the operators of the previous section have a similar action when
applied to timed refusal sets. If we make the definition

IN) = {t|JaeLe(ta)eN}

then we can define begin and end on refusals, to be the infimum and supremum
respectively, of the times at which events are refused:

begin(R) = oo fR=10

begin(R) = inf(I(X)) otherwise
end(X) = 0 ifR =0
end(N) = sup([(R)) otherwise

The before, after, and during operators can be defined on refusals:

RIt = Rn([0,t) x X)
R1t = RN([t,00) x 5)

X
NT[tl,tg) = Nn([tz,tg)xg)

Recalling that £ denotes the set of all events, we see that these restrict a refusal
set to events that may be refused before, during, and after the specified times.

We overload the [ symbol to denote set restriction:
NT4A4 = Rn([0,0) x A)
with hiding defined in terms of restriction:

R\A = RI(E-4)

8



We define a temporal shift operator on refusals:

We define an alphabet operator o

oX) = {aeI|3Ite(ta)eEN}

All of the operators on refusal sets may be extended to infinite refusal sets
(which are discussed in chapter 3)

Failures

For convenience, we extend some of the above definitions to individual timed
(trace,refusal) pairs, which are termed failures.

begin(s,R) = min({begin(s), begin(R)})
end(s,R) = maz({end(s), end(N)})
(1T 2 (sTLRTD

(s,X) It = (s[t,N[¢)
(s,)1¢t = (s1t,N1¢)
a(s,R) = o(s)Uo(N)
(s,N) =t = (a—tN—t)
(s,X) 14 = (st 4)
(s,R)\A = (S\A N\4)

We define a predicate A on failures, to indicate that the set A is forced over
the entire behaviour, and hence that all occurrences of events from A in the trace
happen as soon as possible. Such a failure is termed A-active.

A(s,R) = [0,end(s,X)) x A TR
This allows an alternative formulation of the semantic equation for hiding in TMp:

Fr[P\A] = {(s\AR=N)|A(s,R) A(s,R) € Fr[P] A o(X) C A}



Processes

The functions traces, fail and stab are defined on sets of (trace,stability,refusal)

triples as in [Ree88]:
traces(P) = {s](s,a,X) € P}

fail(P) = {(s,N)]|(s,a,XN) € P}

stab(P) = {(s,a)|(s,a,R) € P}

SUP(P) = {(s,a,N) ]| (5,R) € fail(P) A o = sup{8 | (5,5,X) € P}}
CLx(P) = {(s,o,R)]|3(w,q,N) € P o w = s}

These functions are extended to apply to TCSP processes, by applying them
to the semantics (in TMFrs) of their arguments.

We extend the alphabet operator to TCSP processes:
o(P) = (J{o(s)] s € traces(P)}

and observe that this differs from the alphabet concept used in other versions of
CSP (e.g. [Hoa85]). The operator defined here only allows events that a pro-
cess may perform to be included in its alphabet, whereas the alphabet concept
in [Hoa85] also allows events that the process cannot perform to appear in its

alphabet.

Weuse 7, S, F, and € to denote the semantic mappings from CSP to M7, Ms,
Mp, and Mps respectively. We use Tr, S, Fr, £, and €7 to denote the semantic
mappings from TCSP to TMr, TMs, TMr, TMyg, and TMrps respectively (see

appendix B).

We use the = relation between TCSP processes when they have the same
semantics in the model TMps (given in [Ree88] and reproduced in appendix B.2).

P=Q = &r[P] =¢7[¢]

If two processes are equivalent in this sense, then they will also have the same
semantics in TMr. Hence the laws given later for TMps also hold for TMp.

The set of the possible initial events of a process P is denoted inits(P). It is
defined by

inits(P) = {a |3t e{(¢,a)) € traces(P)}

As in untimed CSP, we may label processes by applying an alphabet transfor-
mation to them.

i: P = fi(P)

10



where f;(a) = i.a for all events a € £\ {V}; but termination is still signalled by v
so we have f;(v) = v. The labels may be removed by applying /™' to the process.
We define rem;(P) = f~'(P).

1

Finally, we will use an indexed parallel operator, with finite indexing set, as an
abbreviation for a sequence of binary parallel operations. It is defined inductively
on the indexing set:

i

|~

Pl Py,

{X;]1<i<n+1} {X;|1€i<n}

Pi x,llx, Pe

>

when n > 2. This indexed parallel operator is entirely similar to the untimed
version, and so we have the standard result that the order in which the (P;, X;)
pairs are labelled does not affect the semantics of the parallel composition.

11



3 Additions to Timed CSP

The semantic models presented in [RR86, RR87, Ree88] (reproduced in Appendix B)
provide a secure foundation for the modelling of real-time concurrency. In this
chapter we build upon that foundation by defining new syntactic process con-
structors in terms of the basic ones, thus guaranteeing their well-definedness and
continuity. These operators include both timeout and interrupt, which allow the
explicit introduction of such behaviour into a process description. We also propose
a defining equation for arbitrary non-deterministic choice, and see that it is not
always well defined. We discuss a timed after operator, and the notion of infinite
behaviours, which will be used to succinctly capture particular desirable aspects
of behaviour in chapter 5, and to define strong timewise refinement in chapter 6.

3.1 Delayed Sequential Composition

The semantics given for the sequential composition operator P ; () allows instan-
taneous passing of control from P to @, at the moment that P successfully termi-
nates. This may introduce unwanted non-determinism, since both P and ¢ may
perform events at the instant of P’s successful termination. If an event is pos-
sible for both processes then the choice between them will be non-deterministic.
In many cases the complexity introduced by this behaviour is not necessary for
correctness of processes, and serves only to make verification more difficult. We
shall see when we consider the proof system that it is easier to analyse a sequential
operator that enforces a delay between successful termination of its first operand
and the passing of control to its second. We shall also see, in Chapter 6, that it
is advantageous to use the delayed sequential composition operator in producing
timewise refinements of untimed CSP processes.

We define the new sequential composition as follows:
Ps@Q = P;WAITO; @

It follows that 3 is well defined and continuous, since it is defined in terms of
the basic TCSP operators. We can derive a semantic equation for P § @ in the
evaluation domain TMprs from the equations for the sequential operator ; and
WAIT § . This may be simplified to eliminate the closure operator CL~, whose
presence in the equation for P ; () is made necessary by the instantaneous passing
of control.

12



Theorem 3.1.1 For any P and Q, the semantic equations for P 5 Q may be
written as follows:

Er[P3Q] = SUP({(s,a,R)|v &0o(s)AVI€E TINT o
(5,0, RU(I x {v})) € Er[P]}
U
{(s,0,N) |Ftev &a(st )
A((s T8t v)), R T U ([0,8) x {v})) € fail(Er [P])
A(s=(t+6),a—(t +6),N (t+6) € Er[Q]})

Er[P3Q] = SUP({(s,e, X) |V g a(s) A (5,0, X U{v}) € E[P]}
U

{(s,, X) | Tt e (s ) {(¢,V)) € traces(f,’*T[[P: )

AV &o(sTt)AsT(t,t+6) =)
A(s=(t+6),a—(t+6),X) e :[Q]}

Observe that SKIP 3 P = WAIT & ; P, and that WAIT t 3 P = WAIT (t +6); P
The § operator cannot be used with the WAIT construct to introduce delays of
length less than é.

This new operator obeys many of the laws which hold of the original sequential
composition operator:

(e—=P)sQ = a—>(P3Q) (a#V)
(Ps@)sR = P (Q3R)
(WAIT t, ||| WAIT t3) s P = WAIT min{t;, ts} 3 P

However, other equivalences are no longer valid because of the delay in transfer of
control:

WAIT t; 3 WAIT t, # WAIT (t; + t,)
SKIP;P # P

In place of the first of these we have

WAIT t; s WAIT t, = WAIT (t; + t + 6)

13



3.2 Indexed Choice

3.2.1 Arbitrary non-deterministic choice

We define an indexed non-deterministic choice operator, while recognising that
it is does not always have a well-defined semantics, and does not provide for an
effective treatment of unbounded non-determinism which does not manifest itself
in a finite time. However, it is useful in many situations, such as the modelling of
a process which may terminate at any time chosen non-deterministically from an
interval.

The addition to the syntax of TCSP of an infinite non-deterministic choice
operator involves an extension of each of the semantic mappings (see appendix B)
from TCSP to the various timed models:

Definition 3.2.1 We extend the semantic mappings to the timed models as fol-
lows:

er[[1P] = sup(Uér[P])

iel el
~[[1P] = svplé&r[P])

iel el

Fe[]1R] = UFr[P]
il el

se[[1P] = supUSr[P])
i€l i€l

TTl[r_ P,]] = UTT[[P,]]
=34 134

However, the mappings are not in general well defined: the set SUP(U;c; €7 [[P,-]])
satisfies all the axioms of the model T'MFs (reproduced on page 194) with the
possible exception of axiom 5, the bounded speed axiom (also axiom 5 in TMF,
axiom 6 in the other models). Recall that this axiom states that

Vt€[0,00),In €N,Vs € traces(S) e end(s) <t = #s< n
for any element S of TMrs. Now consider
P, = STOP
Piori & P,l|lla— STOP

P [']P,,

neN

{»

14



[or every n, process P, may perform n a’s at time 0. Hence there is no bound on
the number of a’s that P, the non-deterministic choice of all the P,, may perform
at time 0; so axiom 5 does not hold of our proposed semantics for P.

If we wish to use an infinite non-deterministic choice operator, we must take
care that this problem does not arise, by ensuring that the set of processes over
which the choice is made has a function which places a bound upon the speed of
all the processes in that set.

Definition 3.2.2 A set {P; | i € I} is uniformly bounded in TMps if

dn:[0,00) > N,Viel,te[0,00)e
s € traces(E7[Pi]) A end(s) < t = #s < n(t)

This definition extends to the other timed models in the obvious way.

The function n provides a bound for the speed of each of the processes sep-
arately, and thus upon the speed of the non-deterministic composition, and will
ensure that U;e; €7 [[P,-]] satisfies the bounded speed axiom. Observe that any
finite set of processes is uniformly bounded in each timed model.

If a set of processes is not uniformly bounded, then the bounded speed axiom
will not hold of U;cr €7 [[Pi]]. Thus we have a necessary and sufficient condition
for ET[[I_L.E[ P,-]] to be well-defined:

Lemma 3.2.3 £7[[7;c; Pi] is well-defined if and only if the set
{P;|iel}

is uniformly bounded in TMps.

This result extends immediately to the other models.

A useful result we obtain from this analysis is that we are able to model a delay
which is non-deterministic over some interval. For all ¢, the process WAIT t has
its speed bounded by At e I, since it may perform at most one event. Hence,
for any set T C [0,00), we have that the set of processes { WAIT t | t € T} is
uniformly bounded, and so [],.; WAIT t will have a well defined semantics; we
will abbreviate it WAIT T

Corollary 3.2.4 The semantics of the process WAIT T is always well defined,
where

WAIT T = |"] WAIT t
teT

15



3.2.2 Indexed prefix choice

As we shall see in chapter 7, indexed prefix choice is required for the definition of
Inputting a message onto a channel. Such a construct cannot be modelled with
binary deterministic choice if the number of possible messages for the channel is
infinite.

Definition 3.2.5 We exstend the semantic mappings of the timed models as fol-
lows:

1>

Erfa:A— P, {(0,0,8) | AN a(R) = 0}
U{({(t, a)) (s + (t +8)),a+t +6,N) |
a€ANtZO0NANT(NTE) =10

A(s,a,R=(t+6)) €&r [[P(a)]]}

b

{((0,0,X)| AN X = 0}
U{({(0, a))"(s + 6), + 6, X) |
a€ AN (s,0,X) € Er[P(a)]}
VI ) (s + 2 +8),a+t+6,X) |
s €ANEZ0A (5,0,X) € E3[P(a)]}

Erfa: A — P(a)]

b

{((,X) | Ana(R) =0}

U{({(¢, a)) (s + (t +6)),N) |
a€EANLZO0NANT(RTE) =10
A(s,R = (t+6)) € Fr[P(a)]}

]:T[[a A — Pa]]

I

Srla: A — P(a)] {((), 0)}
U{({(0,a)) (s +8),a+6)|ac AA (s,a) € ST[[P(a)]]}
((t

U{({( ya) " (s+t+8),a+t+6)]
a€ANEZ0A (s,0) € Sr[P(a)]}

TTIIG. A - P(a)]]

i
—~—

()}
U{{(0,a))(s+6)|a€ ANseTr [[P(a)]]}
U{{(t,a))(s+t+6)|ac ANt 0As€ TTﬂP(a)]]}

16



Recall that in the models without timing information, the presence of a hat on an
event in the trace indicates that it happened at the moment it became available.

It should be noted that the same clash with axiom 5 arises with the treatment
of indexed prefix choice. Recalling the processes P, defined above, it can be seen
that the semantics of n : N — P, will not meet that axiom, for exactly the same
reason as in the case of the infinite non-determinism operator. To define infinite
prefix choice, the same condition is necessary and sufficient:

Lemma 3.2.6 The semantics of a : A — P(a) is well-defined if and only if the
set of processes {P(a) | a € A} is uniformly bounded.

3.3 An alternative syntax for TCSP

As we shall see, the instantaneous sequential composition operator is awkward to
use both in the proof system and in timewise refinement; the closure operator used
in the defining equation gives rise to unnecessary complications in the associated
proof rule, and in conditions for preservation of timewise refinements. By using the
delayed sequential composition operator we can bypass these problems. However,
it the first argument is a simple delay, then the complications do not arise. Hence
we retain the delay operation WAIT t; P.

We will use the syntax given below as our language TCSP. We have added the
two indexed choice constructs, and have replaced instantaneous sequential compo-
sition with delayed sequential composition. We have retained the instantaneous
sequential composition operator when it is used with a WAIT ¢t command. With
the exception of these alterations, the syntax is identical to that defined in [Ree88).
Our syntax for TCSP is given as follows:

P == STOP | L | SKIP | WAIT ¢t |
a—P | a:A—- P(a) | PP | HP; | POP |
PP PgP | PP
WAITt;P | P3P | P\ A |
f7HP) | f(P) | pX o F(X)
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If we wish to give a more explicit semantic treatment of recursion, then we use
a syntax with process variables, as follows:

P == STOP | L | SKIP | WAITt |
a-—»PIa:A——»P(a)|PﬂP|r—|Pi|PDPl

P[P | PlgP | PlP|
WAITt:P | P3P | P\ 4 |
AP F(P) | X | pXoP

where X is of type var, the set of process variable names. This approach is more
laborious, since the semantic equations require environments, which are only used
explicitly in the definition of recursion.

The syntax above gives rise to TCSP terms. The processes STOP, SKIP,
1 and WAIT t have no free process variables; X has as its set of free process
variables the set { X'}, the set of free process variables of 4 X e P is that of P with
X removed; and the set of free variables of any other compound process is the
union of the sets of free variables of the component processes. Any TCSP term
which has no free process variables (in the sense of [Ros82]) is a TCSP process.
The semantics of a TCSP process is independent of the environment in which it
is evaluated, so the semantic equations give rise to exactly the same semantics as
that provided by the equations given in [Ree88].

We will use the syntax with variables in chapter 6, where an explicit treat-
ment of recursion is required; with the exception of that chapter, we will use the
syntax without variables throughout the thesis, although we are aware that we
could provide a more explicit (though more laborious) justification of our results
if required.

3.4 Derived Operators
We make implicit use of the following lemma in the construction of these operators:

Lemma 3.4.1 ¢(P)NX ={()=>P=P\ X

This lemma states that the hiding of an impossible set of events from a process
will not alter the behaviour of the process.

Our motivation for defining the following operators by syntactic equivalence is
that we automatically obtain the result that the operators are non-expanding. In
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practice, when reasoning about processes built with these operators, it will usually
be easier to use the derived semantic equations.

3.4.1 Timeout

One important aspect of time-critical behaviour is the ¢timeout, where control is
passed from one process to another if the first performs no external actions in a
given period of time. This behaviour can be modelled in Timed CSP.

Definition 3.4.2 The timeout operator & is defined as follows:

PLQ = rem((i: PO WAIT t;trig— i:Q)\ {trig})

If ¢ : P performs no visible actions by time ¢, then the event trig is made available
by WAIT t ; trig — 1 : (). The abstraction operator forces this event to occur as
soon as it becomes available, resolving the choice against process ¢ : P; control
passes to process (i : @)\ trig, which is equivalent to ¢ : @, since trig € o(i: Q). If
¢ : P does perform a visible action by time ¢, then the choice is resolved in favour
of (i : P)\ trig, equivalent to P, and the other side of the choice is no longer a
possibility. Observe that ¢ : P may not resolve the choice with a hidden action,
since 1t cannot perform event trig.

If trig € o(P) U o(Q) then we have the following equivalence:
PLQ = (POWAIT t;trig — Q) )\ {trig}
Further, if P is unable to terminate successfully, v € o(P), then we have

PLQ = (POWAITt)3Q

Example

The process (a — ¢ — STOP) & b — STOP is initially prepared to engage in
event a. If a is performed within 5 time units, then (after a delay of §) the process
behaves like ¢ — STOP. If the a does not occur within 5 time units, then the
offer is withdrawn and the process behaves like &6 — STOP.
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Theorem 3.4.3 The semantics of P& Q in TMy simplifies to the following equa-
tion:

Fr[PE Q] = {(5,X)|begin(s) <t A (s,N) € Fr[P]
\%
((),R t) € Fr[P] A begin(s) >t + 6 A
(s=(t+6),R=(t+8)) e Fr[Q]}

The timeout operator obeys the following laws:

PE(QER) = (PEQ "R
(PNQ)ER = (PLR)N(QLR)
PS(QNR) = (P2 Q)N(PLR)
(POQER = (PER)O(QER)
PS(QUR) = (PLQ)O(PLR)
(PIQS(RIS) = (PER)(QLS)

(P> Q) || (WAIT t3 R)
(WAIT ¢, 3 P)"33° Q

WAIT t3(Q || R)

WAIT t; 5 (P 25" Q) if t2 > t,
WAIT (ts +6)5Q  if ty <t

WAIT ¢, ; (P25 Q) if ts > ¢,
WAIT (t, +6); Q if ty <ty

WAIT §; (P \ A) if ac A t>0

Hi

(WAIT ¢, ; P) 2 Q

(e>P)zQ)\4

3.4.2 Tireout

Another important aspect of timed behaviour is the tireout, where a process is
allowed to run for a particular length of time, after which control is passed to a
second process, providing the first has not terminated.

In order to define the tireout operator, we must first define a subsidiary operator
HALT, which behaves like its argument P up until time ¢, but must then refuse to
perform anything else (except that it may terminate successfully if this is possible

for P). It is defined in the following fashion: given an argument P, axiom 5 for
TMr yields that

dn e Vs € traces(P) e end(s) S t = #s< n
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Then
HALT(P) 2 P gz (((|||(a : &' — STOP)) ||| WAIT t) ; STOP)

1=1

where ¥’ = ¥ \ {V}. The semantics of HALT,(P) are therefore given by

FrlHALT(P)] = {(s,8)|end(s\v)<tA(st,R1¢)€ Fr[P]
A(s,(RTE)URN[E00) x {v})) € Fr[P]

Definition 3.4.4 The tireout operator, ét, is defined as follows:

[ [ i: HALT,(P) SKIP \
1] ;| O
WAIT t; a — SKIP b—1:Q

PiQ = remi(| slliasn \ {a,0})

SKIP
0 »
\ a — b— SKIP /

Remarks by A.W. Roscoe were helpful in formulating the above definition.

o~

This construction begins with control at i : HALT,(P), and terminates success-
fully if ¢ : HALT;(P) does so before time ¢. If i : HALTy(P) does not terminate
successfully by time ¢, then hidden event a becomes available and so is forced to
occur. After a delay of §, termination of the construct

(((¢: HALT(P)) ||| (WAIT t ; a — SKIP))

becomes possible, so it is forced by the sequential composition operator: control is
removed from 1 : HALT(P). After another delay of § the process passes control
to ¢ : @. The construction works because (i : HALTy(P))\ {a,b} =i : HALT,(P)
and (i: @)\ {a,0} =i: Q.

Example

The process
(;uXoa—-+X)1éo;uXob—>X

will recursively engage in event a for 10 time units, after which it will behave like
p X o b — X, regardless of the number of as performed.

21



Theorem 3.4.5 The semantic equation for the tireout operator reduces to the

following:

]-'T[[Pét Ql = {N) | (stt,R1tUl0,t)x{v}) € Fr[P] AV &a(s]t)A
sT(Lt+28)=()A(s=(t+26),8=(t+26) ¢ Fr[Q])

U

{(R) [ (s, V), R U0, ) x {v} e Fr[P] At < tA
VE&o(s)ANv ga(N1t)}

U

{5 ))R) [ (V)R T EU[0,¢) x {v)) € Fr[P]
AN StAVET(S)ANE" ZE AV Ea(RT [, )}

If it is not possible for P to terminate successfully before (or at) time t then a
simpler construction is possible.

P{Q = (P|l|| WAIT t)3SKIP; Q

This construction fails if P is able to terminate before time t, since on its successful
termination control will pass to @, whereas we require that the whole process Pét Q

terminates successfully if P does so before control is removed. In the case where P
cannot terminate successfully, only the first component of the union in the semantic
definition given above is non-empty, and so the semantic equation is reduced to

Fr[Pe Q] = {(sN) (st R1e)eFr[P] AsT(tt+26) =)
A (s = (t+26),R = (t + 28)) € Fr[Q])

The tireout operator obeys the following laws:

PtéI(QtééR) = (P1Q ¢ R

tg ty+to+26

(PAQ)ER = (PLR)N(QER)
PL(QNR) = (PLQ)N(PER)
(POQ){R = (PLR)D(QER)
P4(QUR) = (P{Q)O(PiR)
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(Pl Q)4 (R]S)

(PER)|(Q4S)

(Pét Q) || (WAIT (t+ 6)3 R) WAITt+65(Q || R)

(WAIT t, 3 P) tf+5 0

WAIT t; 5 (P éi Q) if t, > ¢
22—
WAIT (ts + 26) 5 Q if t, <t

(WAIT t,; P) § Q WAIT t, ;(Pté Q) if ty 2t
2 2

WAIT (tg + 26) ) Q if ly < tl

((a—= P) 1 Q\X

t+6

(PELQ) 1! (P ¢ R)Z(Q!{R)

ty+to+6 ti+t2+6 t2

(PfQ) Ptél'(QtézR)

t; 7 ti+to+26

il

WAIT§;(PL Q\X ifacX

3.4.3 Interrupts

The tireout operator passes control from one process to another at a predeter-
mined time. There is also a need to model the situation where a special interrupt
event may cause the passing of control from one process to another, known as the
interrupt handler. The interrupt described here is a simple interrupt, in the sense
that control cannot be passed back to the first process. It is a simple adaptation
of the definition of the tireout operator: the essential alteration is that it is the
occurrence of the interrupting event ¢, rather than the termination of a delay pro-
cess, that triggers the availability of the v event which removes control from P.
Observe that ¢ is always available while P is running.

We will model a process that behaves like P except that interrupt event ¢ is
always available before P terminates; if event ¢ occurs, then control is removed
from P and passed to the interrupt handler @. This will be denoted P ¥V Q.
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Definition 3.4.6 We define the interrupt operator as follows:

( j: P SKIP
] ;| O
7.1 — SKIP b—7:0Q
P 7 Q = remi(| sl \ {8})
SKIP
a
\ \ J.t —b— SKIP /

Observe that this will not necessarily have the desired behaviour if ¢ € o(P),
since the performance of event ¢ in that case may be due to P as opposed to the
trigger process. It is therefore the responsibility of the programmer to ensure that
interrupt events are distinct from the alphabet of the interruptible process.

As in the case of the tireout operator, the interrupt operator has a simpler
formulation if process P cannot terminate:

PYQ = (P|||i— SKIP); Q

We may generalise the interrupt operator to model the case where there are a
number of different interrupt events, and the behaviour of the process following
an interrupt is dependent on the identity of the event causing the interrupt. We
take P 5671 @(¢) to be the process which has each element of the set I available as

an interrupt event while it behaves as P, and if an interrupt event ¢ occurs, then
control is passed from P to Q(7). The definition is extended as follows:

Definition 3.4.7 The generalised interrupt operator is defined as follows:

( j: P SKIP \
|| | O
j.t: 3 — SKIP b;: by — 7 : Q3)
P iZ' Q@ = remy( Z:HIubru{/} \ br)
SKIP
O
\ \ J.i:Jjr = b — SKIP ]

where by = {b; | 1 € I}, and jr = {j.i |1 € [}
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As before, we require that o(P)NI =  in order to ensure that the operator yields
the desired behaviour.

The construct allows interrupts to be prioritised. In the process

(P T, Q) ¥, R())

€l

the interrupts drawn from set J have a higher priority than those drawn from set
[, in that they can interrupt the interrupt handler of a lower priority interrupt.

3.5 The After Operator

The after operator on untimed processes is defined as follows:

Definition 3.5.1 If s € traces(P), then

}'[[P/S]] = {(’LU,/Y) I (SAU),/Y) € fﬂ:P]]}

As we shall see, the introduction of timing information requires a more subtle
treatment of the after operator.

Definition 3.5.2 We define the after operator / on processes as follows: if (s,R) €
fail(E7 [P]) and end(s,R) < ¢ then

e [P/, 0] 2 {(ma=tN)]
(s~ (u+ ), 0, RUN + 1)) € Er[P]}

Otherwise P/((s,N),t) is undefined.

This operator is very different to the CSP version presented in [Ros82] and [Hoa85].
The only information an observer can obtain from an untimed process while it is
executing is the trace of events that have occurred, so the untimed after operator
only considers the behaviour of a process after a trace. In timed CSP, we can
also observe which events were refused during the performance of the trace, and
this additional information may enable us to predict more accurately the future
behaviour of the process. For example, consider the process

P = g—((b—8STOP)%b— c— STOP)
M
a — STOPOc¢ — STOP
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If we only concern ourselves only with traces, then we cannot know, after the
observation of a, whether or not event & will become available. However, the
knowledge that event ¢ was refused before the a was performed allows us to deduce
that the non-deterministic choice was resolved in favour of the first process, since
the second cannot refuse ¢ before performing a. Hence the addition of relevant
refusal information will allow us to deduce that b will certainly become available
after the a is performed.

Even the (trace,refusal) pair corresponding to what we may have observed does
not give us all the information we could use to predict possible future behaviours,
since implicit in every observation of a failure (s, ) is a time ¢ which corresponds
to the time up to which the process has been under observation when (s,R) has
been observed. It provides information about what has not been observed: no
events other than those in s have been performed, and only those events in R have
been refused, up to time ¢.

The time t associated with the failure (s,R) allows us to predict the future
behaviour of the process by enabling us to deduce how much internal progress has
taken place. In the process P above, we are able to deduce that event b will be
available after observing the failure (((1, a)), [0, I +6) x {c}), but we cannot know
whether or not the timeout has occurred, and hence that ¢ will become available
after b has been performed, unless we can keep track of the internal progress of
the process. The additional knowledge that nothing else has occurred (or been
refused) up until time 6 allows us to infer that a ¢ will become available after a b
‘has been performed. This is apparent from the following equivalence:

P/(({(1,)),[0,1+68) x {c}),6) = b— c— STOP

We overload the after operator in the following way:

P/(s,X) = P/((s,N), end(s,R))
P/s P/((s,0), end(s))

P/(s,t) = P/((s,0),1)

P/t = P/(({),0),¢)

Some of the laws given for the after operator in [Hoa85] extend naturally to include
time, and new laws regarding timing behaviour are introduced:

1>

ih

P/) = P
(P/s)/u = P/s™(u+ end(s))
(P/tI)/tg = P/(t1+t2)
(WAIT t; P)/t = P
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H

P
P/((s,N), end(s,R) + ¢)

(WAIT t 3 P)/t +6
(P/(s,R))/¢t

3.6 Infinite behaviours

There are many cases where we would wish to consider the infinite behaviour
of processes. A classic case is in the treatment of one form of unbounded non-
determinism, where two processes may be distinguished only by their infinite be-
haviours: for instance, we cannot distinguish in finite time between a process which
can wait an arbitrary length of time and then offer event a, and a process which
could also always refuse to offer a. The problem of unbounded non-determinism
in untimed CSP has been successfully treated in [Ros88b], where infinite traces
are added to the standard failures-divergence model.

Infinite behaviours are also necessary for the framing of temporal logic state-
ments such as ‘always ®’. Indeed, part of the definition of a timed buffer, presented
in [Sch88], is an attempt to capture a statement of this kind: that if the buffer is
empty, then it will eventually offer to input; and if the buffer is non-empty, then
output will eventually be offered.

The semantic models presented in [Ree88] deal only with finite behaviours, in
the sense that.each possible behaviour of a process can be considered as the result
of observing the process for a finite time: (s,R) € Fr [[Pﬂ tells us that if we watch
P up until time end(s,N), then (s,R) is a possible observation. This notion may
be extended to infinite behaviours of P: observations that may be made if P is
watched for all time. The infinitary nature of these observations derives from the
fact that they are possible complete histories of the process, and so the observations
themselves need not contain traces of infinite length nor unbounded refusals: it
is perfectly possible to see only a finite number of events performed, and only a
finite number of refusals, when a process is observed for all time. The discussion
of the after operator made the point that a failure of a process may be considered
as a possible behaviour of that process up to any time after the end of the failure.
We can therefore consider it as a possible behaviour of the process observed for all
time. Hence any failure of P may also be considered as an infinite failure of P.

In this thesis, we retain the philosophy of the timed models presented in
[Ree88], that processes are completely characterised by their finite behaviours.
The set of infinite behaviours of a process will therefore be completely defined by
its set of finite behaviours. Hence we are not solving the problem of unbounded
non-determinism mentioned above, but we are making it possible to frame some
statements about processes (such as the statement that a process is a buffer) in
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terms of infinite behaviours. Although these statements could be translated into
statements concerning the finite behaviours of the process under consideration,
they will be more than convenient notational shorthand, since such statements
anticipate a treatment of infinite behaviours analogous to the treatment for un-
timed CSP mentioned earlier; when such a treatment is available, we intend that
our definitions and predicates are still concerned with the infinite behaviours of a
process.

Any treatment of infinite failures must have that the restriction of an infinite
failure to a finite time must be a failure of P. For the purposes of this thesis, we
will take any infinite failure which has this property to be an infinite failure of P.

Definition 3.6.1 Define the infinite traces TEY, and infinite refusal sets [IRSET
by

TE: = {s€([0,00)xX)*|Vte[0,00)0ste TEL}

where the definition of the before operator | is extended in the obvious way to allow
infinite traces as arguments.

TS, = TSLuUTzY
IRSET = {|JZ|Z eP(RTOK)AVte|]JZ It RSET}

We may then define infinite behaviours of a set of failures.

Definition 3.6.2 If P is a set of failures, then

I(P) = {(s,8) |Vt e[0,00)0(s,R) [t € P}

This gives rise to a semantic mapping Z7, which denotes the infinite behaviours
of a process.

Definition 3.6.3 We define Ir : TCSP — TE% x IRSET as follows:

Ir[P] = {(s,X) |Vt e [0,00)0 (s,R) [t € Fr[P]}

A particularly useful subset of a set of infinite failures is those pairs whose
traces have finite length. These allow considerations of infinite refusals following a
trace, which will be used when we come to define strong timewise refinement. For
convenience, we will call these the semi-infinite failures.
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Definition 3.6.4 If P is a set of failures, then

SI(P) = {(s,N)|Vte[0,00)e(s,R) ¢t EPAH#s1is finite}
Again, this extends to a semantic mapping SZ7:

Definition 3.6.5 The semantic mapping SIr : TCSP — TIL x IRSET is de-
fined as follows:

SITHP]] = {(s,N) | (s,N) € Ir [[P]] A #s is finite}

We obtain the equations below for infinite behaviours, by considering them as
limits of finite approximations. We conjecture in section 9.3 that these equations
would also hold in a model which could adequately handle all aspects of infinite
behaviour.

Ir[STOP] {((),R) | X € IRSET}

Tr[L] = {((),R)|X € IRSET}

Tr[SKIP] = {((,N) ]V ¢ o(¥)
S{{08 ). R) [V & o(X T 1))

Tr[WAIT ] = {((,%) | & o(¥)}
U0, R) | v #o(R T [£,)))

I

Ir[e — P] {((,®) | a go(R)}
{({(t,0))7s,R) [ @ ga(R [2) A

(,s—(t+6),N—'—(t+5))€IT[[P]]}

Irfa: A — P(a)] {(O,V) | ANna(RX) =10

{({((t,a))7s,R) [ANco(R [1) =0
A(s—(t+8),R=(t+6)) € Ir[P(a)]}

Ir[PN Q] = Ir[P]UZr[Q]
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Ir[POQ] = {(¥)[({),R ] begin(s)) € Ir[P] N I7[Q]
A(s,R) € Ir[P] UZr[Q]}

I[P Q] = {(s,R URy)|(s,R;) €Ir[P] A(5,Rs) €I [Q]}

Ir[Pxlly @] = {(s;R; URe) [ (R UR) F(XUY)=R, [XUR, Y
A(sTX, R T X)€eIr[P]
AsTY, R 1Y) eZr[Q]
AsTXUY =s)

I

IT[[PH[Q]] {(s,R) | 351,50 @5 €5 [|| 52

A (51,R) € Ir[P] A (s2,R) € I [ Q]

Ir[WAITt;P] = {(s+¢t,N)|(s,X=¢t) e Ir[P]}

IT[[P; Q]] {(s,R) ]| (s,RU[0,00) x {/}) € IT[[P]] AV &a(s)}

{(s™(w + (£ +8),8) | (w,R = (¢ +8)) € Tr[P]
A ga(s)A (st V), RTEU[0,8) x {v}) € Ir[P]}

e[~ (P)] = {(sX) | (F(s),f(N) € Ir [P]}

Observe that the equations for hiding, infinite nondeterministic choice, alphabet
transformation, and recursion have been omitted. We will see in section 9.3 that
we would expect these to be different when all aspects of infinite behaviour can be
adequately modelled.

The following theorem allows the derivation of semi-infinite behaviours from
(finite) stable behaviours. |

Theorem 3.6.6 If (s,o,R) € Ep ﬂP]] then (s,[a,00) x o(R1 a)) € STt [[P]]

Proof This follows immediately from axiom 12 of TMps. O
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4 Factorising Proofs

In this chapter we present the first of our verification methods. We see that the
semantic equations for TMp naturally give rise to a compositional proof system
for a particular class of specification, behavioural ones. The advantages of compo-
sitionality in a proof system are well-known: it supports the modular development
of systems, and permits factorisation of the verification task.

Behavioural specifications capture a wide range of predicates on processes, in-
cluding many of the specifications defined in Chapter 5. The proof system 1is
therefore applicable to verifications that processes have these properties. In Chap-
ter 8 we will see detailed examples of the use of behavioural specifications in the
capture of system requirements, and of the application of the proof system.

4.1 Behavioural Specifications

Reed [Ree88| defines a specification on TMFps to be a mapping from the complete
metric space TMps to the set { TRUE, FALSE}. We think of S as a predicate on
TMFs processes, such that S holds of P if and only if S(P) = TRUE. Specifi-
cations on the other semantic models may be similarly characterised as mappings

from those models to { TRUE, FALSE}.

We define a behavioural specification on TMps to be a predicate on the set of
triples (s, a, X) underlying TMps, TE% x [0, 00] x RSET. Similarly, a behavioural
specification on TMp is a predicate on TE% x RSET; a behavioural specifica-
tion on TMg is a predicate on Tf]’; X [0,00]; and a behavioural specification on
TMr is a predicate on Tig We use the convention that the argument to a be-
havioural specification identifies the model employed, so for example S(s,c,R)
1s a behavioural specification on TMps. Observe that, in this thesis, we use a
many-sorted first order predicate calculus with equality as our assertion language.

We define the satisfaction relation sat between a TCSP process P and a
behavioural specification S to hold if and only if the specification holds of every
element of the semantics of P in the model identified by S:

Definition 4.1.1

P sat S(s,a,R) = V(s,o,R) € Er[P] 0 S(5,0,R)
P sat S(s,0, X) = VY(s,a,X) € E5[P] o S(5,0, X)
P sat S(s,R) = V(s,R) € Fz[P] o S(s,R)
P sat S(s,a) = V(s,a) € S7[P] ¢ S(s,)
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P sat S(s) = VseTr[P] ¢ S(s)

In each model, every behavioural specification has a corresponding specifica-
tion on processes. In T'Mps the specification S(s, a,X) corresponds to the pred-
icate Us on processes, where Us(P) = T < VY(s,a,N) € 5T[[P]] o S(s,a,RN).
In Reed’s notation we obtain Predy, = S. However, not every specification on
processes has a corresponding behavioural specification: for example, the specifi-
cation ({(1, a)), 2,0) € E7[P] on process P cannot be written with a behavioural
specification and the sat relation.

The nature of behavioural specifications gives rise to a set of inference rules
which allow us to deduce properties of the behaviours of composite processes from
properties of the behaviours of the syntactic subcomponents. The rules can be
derived directly from the clauses of the semantic equation, and so there is a law
for each syntactic construct. The set of rules for TMy allows us to reduce the proof
obligation on any composite TCSP process to proof obligations on its component
processes. The cases where stability values are included in the model are not so
straightforward, so we will first present the rules for behavioural specifications on

TMp.

4.2 The proof system for TMp

The rules for the basic processes are as follows:

Rule stop

(s =() = 5(s,R)
STOP sat S(s,N)

Rule L

(s =0) = 3(R)
1 sat S(s,R)
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Rule SkiIP

(s=(Avgaol) }
V = S(s,N)
(s =((t,V)) AV Eo(RTE) AL 0)

SKIP sat S(s,N)

Rule wWAIT

s=() AV ga(R1t)

s=((E V)N ZEAY Ea(R T [t,1))
WAIT t sat S(s,R)

<

}=>5(3,N)

The rules for the more complex operators are written to enable reduction of
proof obligations. The form of the conclusion of each rule matches the form of
a proof requirement on a composite process: in order to prove it, we need only
find behavioural specifications S; and S,, or in some cases just S;, such that the
premises of the inference rule hold. We will have then reduced an obligation on
a composite process to requirements on its syntactic subcomponents and a logical

proposition.
Rule a - P
P sat S; (s, R)
=(})Aa ¢0(N) = 5(s,N)

N
=((t,a))"s" ANa €o(RX[t)A begin(s) >t +6 s
AS:(S’*(t+5) (R~ (t +))) }¢S( &

(a — P) sat S(s,R)

Rule a¢:4- P,

Vac Ae P, sat S,(s,R)
=))Aoc(R)NA=0= 5(s,N)

= ((¢,a))"s’) A begin(s') >t + 6 )
ASa(s’;(t+5),Nz(t+5)) }=>S( ,R)

a:A— P, sat S(s,N)
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Rule P, NP,

P, sat S,(s,R)
P, sat Sp(s,N)
Si(s,R)V Sa(s,R) = S5(s,R)

P, M P, sat S(s,N)

Rule [, P

Vi€ I e P;sat S5;(s,R)
Viele(Si(s,N)= 5(s,RN))

[Ties Pi sat S(s,R)

Rule P, OP,

P, sat S;(s,R)

P, sat S»(s,R)

(S1 (s, N) S2(s,R) ]

A S](() begz (S)) A SQ(O’N I begin(s)) } = S( ,N)

P1 DP2 sat S(S,N)

Rule P, | P,

P; sat S5/(s,X)
P, sat Sp(s,N)
51(3 N, ) A Ss S,Ng) = S(S,NI U Ng)

(
P1 ” Pg sat S(S,N)

Rule P, 4|y P.

P, sat S,(s,R)

Pg sat Sg(S,N)

o(s1, %) C X ANo(s2,R2) C Y

/\O'(Ng)gz—'(XU Y) }ﬁS(Sg,NIUNQUNg)
N Sl(Sl,NI) A S2(SQ,N2) N\ 83 € 84 X“Y 32)

Pi «lly P2 sat S(s,R)
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Rule P, ||| P,

P1 sat 51 (_S,N)
P, sat S,(s,N)
(s € Tmerge(s;,s2) A S;(51,N) A Sa(s2,R)) = S(5,N)

P, ||| P; sat S(s,R)

Rule wAIT:: P

P sat S,(s,R)
(Si(s = t,X~1t) A begin(s) > t) = S(s,R)

WAIT t; P sat S(s,R)

RUle PI;PQ

P, sat S, (s, )
.Pg sat 52(8 )
(v & ()A TINT o 5;(s,RU (I x {v}))) = 5(s,R)

(Si(st <<, >>,N tU[0,2) x {v}) A }:>
sT(tt+8) = ASe(s=(t+68),R=(¢t+0))

P, 5 P, sat S(s,R)

Rule P\ 4

P sat S5;(s,N)
(S:(5,N) Aact(A)(s,R) Ao(R) C 4) = S(s\ 4,8 =)

P\ A sat 5(s,R)

Rule f-1(P)

P sat SI (S,N)
S1(f(s), f(R)) = S(s,R)
f~1(P) sat S(s,R)
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Rule pX e F(X)

VX e X sat §;(s,N) = F(WAIT §; X) sat S,;(s,RN)
Si(s,R) = S(s,N)

pX o F(X) sat S(s,N)

Observe in the last rule that the variable X in the first antecedent ranges over
all sets of failures, not only those sets that happen to be elements of TMr. This
means that we cannot assume that the axioms for TMr hold of X. If we wish
to use this assumption in establishing that F(WAIT § ; X) preserves S;, then we
must also establish that S; is satisfiable:

Rule pX ¢ F(X) alternative version
VX . TA/[F ) (/Y sat 51 (S,N) =

F(I/VA[T ) ; /Y) sat Sl (8, N))
S (S,N) = S(S,N)

pX o F(X) sat S(s,N)

[3P: TMr o P sat S;(s,R)]

We provide the rule for instantaneous sequential composition. We also provide
rules (which may be derived from the basic rules) for some of the operators defined
in terms of the basic TCSP operators.

RU.le P[;Pg

P1 sat 51 (S,N)
Py sat Ss(s,N) _
v g0(s) AVI &€ TINT ¢ S5,(s,RU (I x {V})) = S(5,R)
s (s + AV Eo(s))Aend(R;) <t A

Si(s:7((8,V)), R U([0,8) x {V})) A Sa(s2,Rs)

(Pl ,Pg) sat S(S,N)

= S(s, R, U(Rg +2))
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Rule P, ¢ P,

P, sat 5,(s,N)

Pg sat SQ(S,N)

begin(s) <t A S;(s,R) = ( N)

(begin(s) 2t + 6 NS/ ((),R[E)ASa(s=(t+6),R=(t+6))) = 5(s,N)

P, & P; sat S(s,N)

Rule P, ¢ P,

t

P, sat S,(s,N)

Pg sat SQ(S,N)

Si(s T, RTEU[0, ) x{Vv}) AV E&a(s|t)A o
sT(t,t4+28)=() ASa(s=(t+28),R=(t+26)) }=>5(b,z\)
Si(s™((E, V), RTHU0, ) x {VIAH S EA 5

Vg o(s) A g ok 1)) f= st
s=§ww~»A&wwmemrmnmwan}és@m

ANYSEANYSE"AV Eo(s) ANV Ea(RT[H,t")
P, & P, sat S(s,N)

The rule for tireout simplifies considerably if the first process is unable to

terminate. In this case, we have v ¢ o(P;) (which is expressible as a behavioural
specification).

Rule p, é P» special case version

P, sat v ¢ o(s)

P, sat S;(s,N)

P, sat Sa(s,R)

Si(s T, RIE)AsT (¢t +26) = {

A Sa(s = (t+ 28),R = (¢t + 26)) }¢S(3,N)

P, é P, sat S(s,R)
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4.3 Soundness

The basic processes

The semantics of each of the processes STOP, L, SKIP and WAIT t may be
written in the form

Fr[P] = {b]T(b)}

for the appropriate predicate T on behaviours, (trace,refusal) pairs b. The corre-
sponding law is of the form

Rule

T(b) = S(bd)
P sat S(b)

The soundness of the law in each case follows from the fact that T holds of each
behaviour in P: Vb € Fr|P] e T(b). Since we have T(b) = S(b) as a premiss,
we conclude that Vb € Fr|P] o S(b), which may be written as P sat S(b).

One place operators

The semantics of each of the one-place operators on processes, a — P, WAIT t; P,

P\ A, f(P), and f~!(P) may be written in the form
Fr[oP] = {6 T'(0)}u{C(5) |f(b) € Fr[P] A T(b)}
and the corresponding inference rule is of the form

P sat S;(b)
T'(b) = S(b)
(S:(f(8)) A T(b)) = S(C(b))

©; P sat 5(b)

In the cases where Vb o T’(b) = F (i.e. all those except a — P), the antecedent
T'(b) = S(b) is vacuous, and has been dropped from the rule. The soundness
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proof of this rule runs as follows:

Frlo.P] = {b]T'(6)}U{C(b)|f(b) € Fr[P] A T(b)}
P sat 5;(h)
T'(6) = S(b)

O; P sat 5(d)

(S:(F(B)) AT(D) = S(C(b))
o VeFr[OP] = bVe{b|T()}
V
b e {C(b) | f(b) € Fr[P] A T(b)}
F VYV eFr[OP] = T(¥)VIbe (b =C(b)Af(b) € Fr[P] A T(d))
oV eFr[OP] = SE)VIbe(d =Cb)AS(f(b)A T(b))
F VY eFr[OP] = SO)vIbe(d=C(b)ASC(b)))
F VY eFr[O,P] o  S®)VIbeSH)
- (

Two place operators

All the semantic definitions for TMF for the two place TCSP operators P; M P,,
P Q Py, P || Ps, Py x|ly Ps, Pi ||| P2, P;§ Ps, and also those for the two place

operators P; ; Py, Py & Ps, P, é Ps, may be written in the form

}_TH:PI @zpz]] = {C(b)lﬂ(bf)ej:T[[Pzﬂ/\fe(be)efT[[P.e]]/\R(b,bz,bz)}

The corresponding rule for operator (O, is:

P, sat S;(b)
P, sat Sp(b)
(S1(b1) A Sa(be) A R(b,b4,b2)) = S(C(b))

PI @2 Pg sat S(b)
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and the soundness proof of this rule runs as follows:

Fr[P: Os P,] = {C(b) | fi(bs) € Fr[Pi] A fo(bs) € Fr[Pe]
A R(b,by,bs)}
P, sat §,(b) |
PQ sat Sg(b)

(S;(bs) A Sp(bs)
A R(b,b;,b2)) = S(C(b))

oV EFr[PiOQ:P] = 3b,b;,be e (b =C(b) A fi(b)) € Fr[P,] A
€ Fr[P:] A R(b,b;,bs))

Y EeFr[PiOsP] =  3b,by,be e (b = C(b) ASi(by) A Sa(be)
A R(b,b;,0))

VY e Fr[PiOsP] o 3b,b;,05 0 (¥ = C(b) A S(C(B)))
- Vb e Fr[P O P] o S(¥)
F P1 @2 P2 sat S(b)

Hence the rule for each two place operator is sound.

Indexed operators

The semantics for the two arbitrary choice operators [locy Paand a : 4 — P,
may both be written in the form

Fr[OQP] = {41 T'(B)}u{C(b)|Tac Aef(b)e Fr[P.] A T(b)}
e€A

and the corresponding proof rule is given by

Vae€ Ae P, sat 5,(b)
T'(b) = S(b)
Vaec Ae(5.(f(0) A T(b) = S(C(b)))

Ouca P. sat 5(b)

In the case of the nondeterministic choice we have Vb o T'(b) = F, and so
T'(b) = S(b) is vacuous, and has therefore been dropped from the premisses of
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that rule. The soundness proof of each rule runs as follows:

fT[[@aEA Paﬂ

Yac A

()

YacA

V' € Fr|Ques Pa]
= b'e Fr :QaEA Pa]]

T

V' € Fr[ Quea Pi]
F VY € Fr[Oues P
+ @a.eA Pa

=

sat

{6 T'(b)}u
{C(b) |Fa € Aef(b)e Fr[P.] A T(b)}

P, sat S,(b)

S(b)

S.(6) A T(b) = S(C(b))

b = C(b) A f(b) € Fr[P.] A T(b)

S(bYVv da,bed =C(b) A
S.(f(b)) € Fr[P.] A T(®)

S(B')V 3a,beb = C(b) AS(C(B))
S()
S(d)

Hence the rule for each of the indexed operators is sound.

Recursion

The recursion induction theorem for Timed CSP states that if C : TM r— TMp
is a contraction mapping, and S is a continuous satisfiable specification such that
S(P) = S(C(P)), then S(p X o F(X)).

instance of the recursion induction theorem, where we restrict our attention to

behavioural specifications.

We first observe that all behavioural specifications are continuous or closed in
TMp. To prove this, we will use theorem 9.6.3 from [Ree88] This tells us that a
specification S on TMpy is closed if

VP e TMr o (=S(P) — (3t € [0,00) o Q(t) = P(t) = =S(Q))

The proof that behavioural specifications are closed then runs as follows:

-—u(P sat S(s,R))

3(s,R) € P e =5(5,N)
P(end(s,X) + 1) = Q(end(s,X) + 1) = (s,8) € Q

I_
,_
F —(Q sat S(s,R))
a

The second recursion rule given above follows automatically.
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In order to drop satisfiability of S from the premisses of the recursion induction,
to yield the first recursion rule given above, we e\ctend the syntax of TCSP and
the model TMr. Define TF to be the subsets of 7Y% x RSET. The metric on TF
is defined exactly the same way as the metric on TM F, given in appendix B. Then
TF is an extension of TMp. Define TCSP* = TCSP | Xg, where E is drawn
from the set TF. We extend the function Fr to the function Fr as follows:

th

Fr[Xe] E

The clauses for F1 on the other TCSP* combinators are entirely similar to the
defining clauses for Fr on TCSP, with every occurrence of Fr ﬂP]] replaced by
Fr |[P]] We may therefore conclude that the inference rules for the TCSP opera-
tors in My are also sound for TF, and any behavioural specification on TF will
be closed in the metric.

Now any function F' composed without any TCSP™* operators of the form Xg
corresponds to a mapping C on TF. The restriction of C' to TMp is the mapping
on TMp corresponding to F considered as a TCSP function. Hence if C' is a
contraction mapping on TF and it maps processes in TMy to processes in TMp,
then its restriction to TMyr will be a contraction mapping on TMr, and so the
fixed point of C will be in TMF (since TMp is a complete metric space). Now
any function F' composed only of TCSP operators will map TMp into itself, so
the fixed point in TF of the contraction mapping C corresponding to WAIT §; F
will be in TMF.

By the recursion induction theorem for TF, in order to demonstrate that
X o F(X) sat S(s,R), we need only show that the specification “ sat S(s,R)” is
continuous, satisfiable, and that X sat S(s,R) = WAIT §;F(X) sat S(s,R). We
have already shown that any behavioural specification gives rise to a closed spec-
ification on TF. It is also trivially true that Xp sat S(s,R), since Fr[Xy] = 0.
Hence any behavioural specification on TF is automatically satisfiable. This allows
us to discharge automatically the side conditions for application of the recursion
induction theorem, and leaves us only with the principle proof obligation that
S(s,R) is preserved by recursive calls on arbitrary sets of failures — we cannot
assume in any proof that the argument to the function F will be a process. The
soundness of the other inference rules does not rest on the assumption that the
arguments to the operators will be processes, and so those rules are also sound for
the clauses of Fr. Hence the inference rules may be used to establish that our
candidate specification S is preserved by recursive calls
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4.4 Completeness

We have shown that the proof system is sound, in the sense that if we can find
behavioural specifications for which all the premisses of an inference rule are si-
multaneously true, then the conclusion will also be true. We will shortly show
that the proof system is complete with respect to the semantics, in that if the
conclusion of an inference rule is true of the semantics of a process, then there
are behavioural specifications which enable all the premisses of that rule to hold
simultaneously. Moreover, we provide a systematic method of producing such
behavioural specifications.

Strongest Specification

The behavioural specifications satisfied by a given process P form a complete
lattice under the order

S(s,R) C T(s,R) = VY(s,N) e T(s,R) = S(s,R)

We may therefore identify the strongest specification that holds of a given process;
1t will be logically equivalent to the top element of the lattice. We denote the
strongest spectfication of process P by SS [[Pﬂ It is clear that

SS[P](s,R) & (5,8) € Fr[P]

Consider first the case of a one-place process constructor. If it is the case that
®; P sat S(b), then consider the inference rule for ¢, P with §S EP]] substituted
for S;. The rule becomes

P sat SS[[P]]
T'(b) = S(b)
(SS[PI(f(D)) A T(b)) = S(C(d))

O, P sat S(b)

The first premiss must hold, and the second and third premisses together are
equivalent to the assertion

be FTIIQI P]] = 5(b)

But if ©, P sat S(b), then the second and third premisses of the rule hold. Hence
if it is the case that ©; P sat S(b) then we are able to find a behavioural speci-
fication on P which enables an application of the law.
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The same treatment applies to all the other cases (except recursion), since
in each case the inference rule is derived from the corresponding clause for the
definition of Fr. Moreover, we may use the inference rules to break down the
strongest specification of a compound process into the strongest specification of
its component processes. The rules for the basic processes STOP, L. SKIP and
WAIT t yield the strongest specifications as follows:

SS[STOP](s,X) & s=()
SS[L](s,R) & s=()

AV EaR))

SS[SKIP](s,}) & (s
V

(s

(L, V) AV Eo(RTE) AL 0)

SS[[WAITt]](s,N) & s=0AvgaR1t)
v
s=((E, A Z A EaRT 1, 1)

1

As we would expect, the strongest specifications for compound processes are
given in terms of the strongest specifications of their component processes:

SS[a— P](s,8) & s={()Aago(X)
\
s=((t,a))"s"Nago(R|¢t)A begin(s') =t +6
ANSS[P](s = (t+6),(R = (t+6)))

SS[P; O P](s,8) & (SS[P/](s,R) vV SS[Ps](5,R)
A
SS[P]({),R I begin(s)) A SS[P:]((),R | begin(s))

SSfa:A->P](5,8) & s=)Aa(R)NA=0
\%
Jac Aes={(t,a)"s") A begin(s") = t+ 85 A
SS[P.](s" = (t +6),R = (t +§))



SS[[P](s.®)

i€l

SS[Py || P](s,R)

SS[P; 4lly Pe](s,R)

SS[Py Il P2](s,R)

SS[Pl ;PQ]](S,N)

SS[WA[T t: P: (s,N)
SS[P\ 4] (s,R)

SS[F~H(P)](s,N)

SS l[f(P) (s, R)

SSIIPI ;Pg]](S,N)

SS[[PI]] (s,R) vV SS[P:](s,R)
dieleSS[P](s,N)

AN, R, @ SS[P](s,R;) A SS[P:] (s, Rz)
AR =R, UR,

AR, Ny ¢ SS[P](s I X,R; [ X)
ASS[Pe](s Y,Rs ['Y) |
ART(XUY)=RTXUR, [YAs=5s(XUY)

ds;,50 0 (s € Tmerge(s;, s2) A
SS[[PI]](SI,N) A SSIIPQ]] (SQ,N))

v go(s)AVIe TINT o« SS[P;](s,RU (I x {V}))
V

SS[P](s 1t {((t, V), R T tU[0,¢) x {V}) A
sT(tt+8)=() ASS[P:](s = (t+6),N=(¢t+4))

SS[P](s = t,R = t) A begin(s) > ¢

Is; ¢ SS[P](s1,RU[0,end(s;)) x A)A s \A=s
SS[P(f(s), f(R))

SS[P](s,f~ (X))

v @0(s) AV € TINT o« SS[P](s,RU (I x {v}))
\3/31,32 05X 5, (sp+t) AV Eo(s) A end(R;) < ¢

A SS[P:](s:7((t,v)), R U([0,8) x {v}))
A SSI[PQ]] (32, NZ)
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SS[P, & Pg]](s, R) & begin(s) <t A SS[[P]]](S, N)

SS[P & P;](s,R) &

Recursion

V
begin(s) 2t + 6 A SS[P]((), N Tt)
ANSS[P:](s = (t+6),R = (t +6))

SS[P (s T, RTtU[0,t) x {V}) AV €a(stt)A
sT(tt+268)=() ASS[P:s](s = (t + 26),8 = (t + 26))
Vv |
SS[P](s™((H, V), R U0, ) x {VIAE K EA
VEo(s) ANV g a(R1t)}

Vv

s=s(t",V)AT ev &a(s)A

SSP(s (V)R T U0, ¢) x {V})

AV EgoRTIELENDAYSEAY Lt

Recall the inference rule for recursion:

VX e X sat §,(s,R) = F(WAIT §; X) sat S,(s,R)
Si(s,X) = S(s,N)

pX o F(X) sat S(s,N)

If Si(5,R) & SS[pX o F(X)](s,R), then recalling that S,(s,R) (s,R) €
FrluX e F(X )], we observe that the first premiss holds:

=
=
=

Y sat S;(s,R)

Y] S Fr[pX o F(X)]

[F(WAIT &; Y)] C Fr[F(WAIT§; X o F(X))] (monotonicity)
[F(WAIT 6; X)] C Fr[pX ¢ F(X)]

Fr
Fr
Fr

F(WAIT §; X) sat S;(s,R)

If uX o F(X) sat S(s,R) then S,(s,R) = S(s,R), and so for any behavioural
specification satisfied by u X e F(X) there is a predicate S; which enables the
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application of the law. Hence the entire proof system is complete with respect to
the semantics of Fr.

In order to prove that a recursively defined process satisfies a behavioural
specification S, we need only show that the strongest specification of that recursive
process implies S. We therefore need a form of the strongest specification that will
facilitate this.

We know that FT[[p X o F(X)]] is the fixed point of the constructive function
corresponding to F(X) = F(WAIT §; X), and that F is -constructive. in that

Xtt=Yt=>FX)@E+8)=FY)](t+96)
Since we also have that
VX, YETFeX[0=Y1]0

we are able to conclude that

A

VX,Y €TF ¢ F*(X) | n6=F*(Y) | né
In particular, instantiating Y with 4 X e F(X) we conclude that
VXecTFeF X)Iné=pX e F(X)!|né
and so, if we instantiate X with STOP (for definiteness), we obtain
end(s,R) < né = ((s,R) € Fr[F"(STOP)] & (s,R) € J-'T[[pX o F(X)])

This yields a useful form of the strongest specification for a recursively defined
process in terms of the strongest specification of STOP and the operators used in
constructing the recursive function.

SS[uX o F(X)](s,X) & Vneend(s,R)<né=SS[F"(STOP)](s,R)

Since S§S ][F"(STOP)]] (8,X) holds either for all n > end(s,R)/é or for no such n,

the strongest specification may alternatively be written:
SS[uX ¢ F(X)](s,R) & SS[FLendlsN/8I+(STOP)] (s, R)

([r] denotes the greatest integer no larger than r)
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Limits of Applicability

We have supplied a great deal of machinery for proving correctness results concern-
ing behavioural specifications. However, as we saw earlier not every specification
on processes can be written as a behavioural specification. Demonstrating that a
particular specification can be written as a behavioural specification is straightfor-
ward: we need only exhibit the specification in the right form.

We require conditions on specifications that tell us when they cannot be written
as behavioural specifications, that a search for an equivalent specification of that
form would not succeed. We provide some sufficient conditions on specifications
that guarantee that they cannot be written as behavioural specifications.

Theorem 4.4.1 If a specification on TMp is not closed in TMpr then it cannot be
written as a behavioural specification.

This is equivalent to our earlier result that all behavioural specifications on TMp
are closed. This result will also be valid for the instabilities model TMpy introduced
in the next section, but it does not hold for TMrs. For example, the behavioural
specification defined by S(s,a,R) = a < oo is not closed.

Theorem 4.4.2 If3P,Q € TMr ¢ S(PM1 Q) A ~S(P) then S cannot be written

as a behavioural specification.

Proof Assume for a contradiction that there is a behavioural specification T'(s, R)
such that

S(P) & Psat T(s,N)
Then we have Fr [[P]] CFr [[P M Q]], and so
Pn@ sat T(s,X) = P sat T(s,R)

yielding a contradiction. O

Theorem 4.4.3 If S(P), S(Q), but -S(P N Q), then S cannot be written as a
behavioural specification.

4.5 A treatment of stability

The completeness of the proof system described above rests upon the following
facts:
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e given a combination of possible behaviours from subprocesses, we can de-
termine whether or not they give rise to a behaviour of the process without
examining the entire semantic set of each subprocess;

o if a given combination of possible behaviours of subprocesses does give rise
to a behaviour of the process, then that behaviour is completely determined
by the given behaviours.

The semantics is in some sense directly compositional. This is reflected in the
logical premises of the proof rules: the antecedents hold precisely when the failures
under consideration give rise to a failure in the composite process.

When we move to models which contain stability information, this is no longer
the case. For example, consider the semantic equation to TMprs for the interleaving
operator: ‘

Er [P | Ps] = SUP(I(P;,P:))

I(P,P,) = {(s,a,R)]|s € Tmerge(s;,s2),a = maz{a;,as}
A\ (SI,QI,N) € g[ﬂ:Plﬂ
A (SQ,QQ,N) € STﬂ:Pg]]

If we define

P, 2 a—a— STOP
P, = a— WAIT1;STOP

then we have

(((1,a)), 1 +6,0) € Er[Pi]
(((0,a)),1+6,0) € Er[Pe]

and so
(((0,a),(1,a)),1 +6,8) € I(P;,Ps)

but it does not contribute to a behaviour of P, ||| P, because its stability value is
superseded by that of

({(0,8),(1,0a)),2 +6,0) €I(P,,P,)

Consideration of the behaviour (((0, a), (1, a)), 1 46, d) in isolation will not enable
us to determine whether or not it contributes to a behaviour of P, ||| P,. In
calculating the stability value associated with the failure ({(0,a),(1, a)),0) the
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entire set I(P;, Py) must be considered. This means that a behavioural proof rule
for interleaving will not be complete. The rule is as follows:

P] sat SI(S,CY,N)
Pg sat SQ(S,Q,N)

s € Tmerge(s;,s2) A
Si(sr,ar,R) A Sa(se,as,R) = S(s, maz{a;,as},N)

P ||| Ps sat S(s,a,R)

The rule is sound: any behaviour of P; ||| P, will be the interleaving of two
behaviours from the components, with a stability value corresponding to the max-
imum of the two component stability values. However, the rule is not complete.
Consider the application of the rule to the two processes P, and P, given earlier,
to the proof obligation S, where

Sis,a,R) & s={((0,a),(l,a))=>a=2+6

a behavioural specification which holds of P; ||| P». If we are able to find be-
havioural specifications S; and S, which hold of P; and P, respectively, then we
must have $;({(1, a)), 1+6,0) and S»({(0, a)), 1+6,0), and so S{{(0, a),(1,a)), I+
6,0). But this is not the case. Hence, the rule cannot be used in establishing this
proof obligation.

The SUP operator presents a further obstacle: consider the set of processes
{P,} defined by P, = n — WAIT (1 — £), then the process P = (n : N — P,)\N
has the behaviour ((), 1,0), even though there is no behaviour of n : N — P, from
which it can have come. The stability value 1 really does arise from the entire set
of stability values of the behaviours that have given rise to the failure ((), #); no
single component behaviour can give rise to that stability value. Hence it is not
possible to formulate a rule for behavioural specifications of the hiding operator.

These problems can be overcome by altering our treatment of stability, em-
ploying the notion of ‘instability’ values introduced by Blamey in [Bla89]. In this
approach, each failure (s,R) is associated with a set of instability values, each
corresponding to a time at which the process might still be unstable, having per-
formed s and refused R up to that time. The instability value end(s) is always
included as a trivial instability. Hence, if process P in TMrg has a behaviour
(5,0, X), then the semantics of the process described in terms of instability values
will contain all elements of the set

{(5,7,N) | end(s) S ¥y < a V end(s) = = o}

We will denote by TMpy the model which describes processes in terms of triples
(5,7,R) which represent (trace,instability,refusal) information. Blamey demon-
strates that there is a natural isomorphism between TMps and TMp;. If S is an
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element of TMpgs, then the corresponding element of TMps is given by
S = {(s5,7,N)|Fae(s,0,R) €S A (end(s) <y < aV end(s) =7)}

Conversely, if P is an element of TMp;, then the corresponding element of TMrs
is given by

P o= {(s,0,R)| 370 (s,7,R) € P Aa=sup{y|(5,7,}) € P}}

The semantic equation £7; : TCSP — TMpr enjoys the property that allowed
the construction of a complete proof system for TMp: that it follows purely from
the nature of the component behaviours themselves whether or not they give rise
to a composite behaviour in the compound process. We are thus able to formulate
a complete (and sound) inference rule for each syntactic operator, so we arrive
at a proof system for behavioural specifications on TMp;. Blamey also shows
that behavioural specifications are closed in TMpy (on which the obvious metric
is defined), so the side condition for the recursion induction principle requiring
closure is automatically discharged.

The information represented by (s,v,R) € &7 [[P]] is that the process may
perform s and refuse R, and that internal activity may still be occurring after the
performance of s and refusal of X [y. The expressive power of behavioural specifica-
tions on TMpy is therefore different from those on TMrs, since the triples in each
case represent different aspects of stability behaviour. Indeed, any behavioural

specification on TMp; corresponds to a behavioural specification on T Wps: we
have P sat S(s,~,R) if and only if P sat Ts(s,a, R), where T is defined by

Ts(s,a,R) = S(s,end(s),R) AV~y € [end(s),a) e S(s,7,R)

The converse is not true. For example, there is no behavioural specification on
TMpgy that corresponds to the behavioural specification on TMFs:

S(s,a,X) & a=cend(s)+3

since this can only be deduced from the whole set of instabilities. As was the case
for TMp, we can only apply the proof system to a particular kind of specification on
processes: in this case, we can only treat a certain kind of behavioural specification
on TMps — those that can be written as behavioural specifications on TMpy.
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4.6 The proof system for TMyy;

Rule sToP

(s=0ANy=10)= S(s,7,N)
STOP sat S(s,~,R)

Rule 1

(s=10) = S(s,%R)
1 sat S(s,v,R)

Rule SkIP

(s=0Ay=0AV¢gaR)=S(s,7,R)
(s={(r,vN) AV Ec(RT7) = S(s,7,R)
SKIP sat S(s,v,RN)

Rule wAIT ¢

(s=0A(r=0Vy<t)Av gaR1t)= S(s,7,R)
s=((LV)AYZ2tAV EaRT[t7) = S(s,7,N)
WAIT t sat S(s,7,R)

The following rules apply to compound processes. When a process variable is
present, it 1s more convenient to match proof obligations to consequents: the form
in which the rules are presented makes this possible.

Rule ¢ - P
P sat T(s,v,R)
s=()Ay=0Aago®)=> S5(s,7,R)

s={((t,a))(s1(t+8))Av>end(s) Aado(R[1)A 5
T(s' = (£ 4 6), 7 (t +8),8 < (¢ +8) }2" 5(5:7:R)

(a — P) sat S(s,v,R)
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Rule

a:A— P,

Vaec Ae P, sat S,(s,7,R)

(s=0Av=0AANc(R)=0) = S(s,7,N)
(s = ((t, ) (s 1 (£ +6))) Ay > end(s) A ANal® [ £)A

Sa(s = (1 +6),y = (t+6),(R=(t +6)))

} = S(s,1,N)

Rule

a:A— P, sat 5(s,v,N)

P MNP,

Pl sat 51(8,7,N)
P, sat Sp(s,v,R)
(S1(5,7,R) V Se(s,7,R)) = S(s,7,R)

Rule

P1 ﬂPg sat 5(8,’)’, )

ﬂiPi
Viele P;sat S;(s,v,N)

Rule

Vieleo(Si(s,v,8)= S5(s,7,N))
[Tier Pi sat S(s,7,R)

P,OP,

P, sat §;(s,v,R)
P, sat Sp(s,v,R)

(51 (5777 N) v 52(5a7)N) A

Si((), 0,X } begin(s)) A So({), 0,R | begin(s)) } = 5(s,7,R)

Rule

P, 0O P, sat S(s,7v,X)

Py || Py

P, sat S;(s,7,R)

P, sat Sp(s,7,R)

Si(s,end(s),R;) A Sz(s, end(s),Rs A
(S1(s,7,R1) V Se(s,7,Re)

} = S(S,7,N1 U Ng)

P, || P, sat S(s,v,R)
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Rule P, .|, P;

P, sat 5,(s,7,%)

P, sat Sp(s,v,R)

() CXUYARTXUY =R, TXURTYA

Si(st X,end(s [ X),R;) A Se(s| YV,end(s [ Y),Re) A } = S(s,7v,R)
(S;(s 1 X7, Ry )V Se(s T Y,7,R2))

P; «|ly Pe sat S(s,7,R)

Rule P, ||| P,

P1 sat 51(8,7,3‘0

Py sat Sa(s,7, )

(s € Tmerge(sy,ss) A S;(s;,end(s;),R) A Sa(s2, end(sz),R)) A )
(51(51)7)N) V SQ(SQ,’}’,N)) = S(Sa /s N)

P, ||| P2 sat S(s,v,R)

Rule WAIT¢;P

P sat S;(s,v,R)
(Si(s=t,y=t,N=t)Abegin(s) Zt Ay =t)=5(s,7,N)
WAIT t; P sat S5(s,v,N)

Rule P,;P,

P1 sat SI(S,’)’,R)

Pg sat Sg(S,")’,N)

VEo(s)AVBeSi(s,7,RU[0,8) x{v})=S5(s,7,R)

Jtev go(st)AS (s t7((t, V), t,RU[0,t) x {V/})

A Se(s=(t+8),y=(t+8),R=(t+9)) }:5(3,7,}{)
AsT(t,t+8)=() A~y > end(s)

P, 3 P, sat S(s,7,R)
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Rule P\ 4

P sat 5/(s,v,R)

end(s) Sy A Js; o5\ AA

(38>~ e S;(s1,8,RU ([0, maz {8, end(X)}) x 4)) V } = S(s,v,R)
(end(s) = a A S;(s1,v, XU ([0, maz{a, end(R)} x A)))

P\ A sat S(s,7,N)

Rule f-1(P)

P sat S;(s,7,R)
S1(f(s),7,f(R)) = 5(s,7,R)
f71(P) sat 5(s,7,R)

Rule f(P)

P sat §;(s,v,R)
S1(s,7, /71 (R)) = S(f(s),7, )
f(P) sat S(s,7,R)

Rule pX o F(X)

VX o X sat S;(s,v,R) = F(WAIT §; X) sat S;(s,v,N)
Sl (S,"Y,N) = S(S,"}’,N)

puX o F(X) sat S(s,7,R)

Observe that, similar to the corresponding rule in the proof system for T'Mp, the
process variable X in the first premiss ranges over all sets of instability values, not
only those in TMpFr. Again, we provide an alternative rule:

Rule ;X ¢ F(X) alternative version
VX : TMpr e (X sat S;(s,v,8) =

F(WAIT §; X) sat S;(s,7v,R))
S1(5,7,R) = S(s,7,R)

pX o F(X) sat S(s,v,R)

[3P: TMpr o P sat S;(s,v,N
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We also provide some additional rules:

RU.le PI;PQ

P, sat S;(s,v,®)
Pg sat Sp(s,v,R)
v go(s) NV B e Si(5,7,RU([0,8) x {v}) = S(5,7,})
s17(se) AV € o(s;) Aend(s;) KB < begin(ss) N
1((8,v)), 8, R rﬁU([o 1) x {V})) A = S(s,7, R
end(s) A Se(s2 = 8,7~ B,Rz)
(P; ; Py) sat S(s,v,R)

s =
51(8
>

Rule P, 3 P,

P, sat S;(s,v,N)

P, sat Ss(s,v,N)

(S;(5,7,R) A begin(s) < t = S(s,7,N)

begin(s) >t + 6 A Si((), 0,R ['£) A LR
Sg(S—‘-(t+5),7_’(t+6),N;(t+5)) :>5(a/7 )

P, & P, sat S(s,7,RN)

Rule P, ét P,

P; sat S;(s,7,R)

P, sat Sp(s,v,R)

(Si(s [ t,end(s [ t),R[tU[0,t) x {V}) }

A So(s=(t+8),y=(t+8),R=(t+6) ;= S(s,7,N)
ANsT(t,t+28)=() A~v=>end(s)

3t e S (s, V), ¢, R T U0,t) x {V})
AV Eo(s)ANV go(RT1E)Ay =1t

s =5{(7,v)) ATt e S (s, V), ¢, R T U0, t) x {V}) } o S(s,7)
AV Ea(s)Av Eo(RT[H,7))

} = S(s,7,N)

P, é P, sat S(s,v,R)

56



Rule P, it P, special case version

P, sat v ¢ o(s)

P, sat S;(s,7v,N)

P, sat Sy(s,v,R)

(Si(st,end(st),RTtU[0,t) x {V}) }
ASe(s=(t+6),y=(t+6),R=(t+8)) p=35(s,7,¥)
ANsT(t,t+28)=() ANy = end(s)

P, ét P, sat S(s,7,N)

4.7 Soundness and Completeness

Both soundness and completeness of the set of inference rules for T'Mp; follow
directly from the clauses of the semantic equation defining £y, in exactly the
same way as soundness and completeness followed for the proof system for TMp
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5 Aspects of Good Behaviour

In this section we first define three important aspects of desirable behaviour: non-
retraction, responsiveness, and promptness. For each of the definitions, we examine
which syntactic operators preserve it; whether it is expressible as a behavioural
specification and hence a subject for the proof systems; whether the definition is
closed; and in some cases, the circumstances under which they are preserved by
hiding and alphabet parallel, the constructors used in modelling communication.
We also examine the interaction of the properties we have defined. We make a
number of definitions which will be useful for dealing with timewise refinements,
and with communication. Many of these properties are defined on TMp; they
can be immediately extended to apply to processes in T'Mfs, since we have the
identity Fr [[P]] = fail(Er [[P}] ). Hence a specification on TMr will apply equally
to processes in TMps by applying the definition to the set of failures of the TMps
process.

One of the most useful facts we can know about a process is that it is non-
retracting: that once it has offered to follow some course of action then that offer
will remain until either it is accepted or some other observable event occurs. An
imperceptible change of state will not cause the offer to be retracted. In addition
to being desirable for its own sake, we will see that this property will be valuable
(in conjunction with promptness or bounded stability) when considering timewise
refinements of parallel compositions (see e.g. theorem 6.3.27), timewise refinements
of networks (e.g. theorem 7.4.5), and when chaining buffers together.

Another useful property is responsiveness, a strong form of liveness. It requires
of a process that there is a bound on the time by which a response must be
forthcoming. A process is (¢, A)-responsive if it will always offer an event from the
set A within time ¢t. We will illustrate the use of this property in specification and
verification in chapter 8.

The specification promptness, like responsiveness, places a bound on the length
of time 1t is necessary to wait for a process to respond, but it does not require that
the process is live; it specifies that if the process must respond, then it will do so
within a bounded time. This may hold of unstable processes, but otherwise the
notion is closely related to stability: if a process responds, then i1t must do so by the
time it becomes stable. We later define t-stability, which holds of processes that
always stabilise within time ¢. Hence a t-stable process will always be prompt
(see theorem 5.6.6). As we have mentioned, this property in conjunction with
non-retraction will be useful in timewise refinement

Other specifications defined in this chapter are impartiality and limitedness.
A process is impartial on a set A if it treats each element of that set in the same
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way: at any moment, either the entire set is available, or it is refusible. This will
be useful in identifying prompt buffers. A process is limited on a set if there is a
bound on the number of events it can perform from that set without performing
some event from outside the set. Limitedness is a property required to enable
timewise refinement for the hiding operator (see lemmas 6.3.31, 6.3.33).

This chapter presents a catalogue of definitions and laws concerning these con-
cepts and some variants. Examples of their application in both specification and
verification are presented in chapter 8.

5.1 Non-retraction

The concept of non-retraction is very much a state-based concept rather than one
concerning the set of possible observable behaviours of a process. The intuitive
idea we are trying to capture is that once a process is in a particular state where an
event is on offer, then it cannot undergo an internal change of state whereby that
offer is no longer made. However, this state-based notion cannot be captured by a
predicate on the semantics of processes. Consider how the notion of non-retraction
would apply to the process

R = STOPN((a — STOP) & STOP) N (a — STOP)

If we say that there are three states in which R could be, one of which will retract
the offer of a after two units of time, then clearly there is a state of R where the
retraction of an offer can occur.

In contrast, we would like to allow that the process ) defined by
@ = STOPM(a— STOP)

1s non-retracting, since there is no possible state for ¢ in which the retraction of
an offer is possible.

It turns out that Fr [[RH is equal to F TIIQ]] (even though operationally R is
not equal to ). Any specification that captures non-retraction must have that R
1s non-retracting if and only if () is, since their semantics are equal.

This issue arises because we cannot deduce which state R is in from a given
failure. If it is possible after a particular failure to either accept or reject a (for
example, for R at time 1, after the failure ((),0)), and yet we do not offer a at
that time, then we cannot reason about the subsequent behaviour of the process
depending on whether or not it would have accepted. We think of a failure of a
process as a particular experiment on that process; the trace is the result of the
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experiment where the refusal set has been offered to the process. Semantically, a
process is defined to be the set of all possible behaviours. Hence for any particular
failure (s, R) if (¢, a) is not in N or in s, then we have no way of saying that a would
have happened at t, unless all possible failures which are identical to (s, R) up to
t cannot refuse a at time . In other words, saying that a would have occurred at
t if it had been offered is equivalent to saying that there is no state in which a 1s
refusible at time f. So a non-retracting process will be one which, if it can refuse
an event a at time ¢, must have been able to refuse that event continuously since
the last visible event. Hence it is only obliged to continuously offer an event or set
of events after it is certain to have offered it.

This leads us to our definition of non-retraction.

Definition 5.1.1 A TCSP process P is non-retracting if for any v~ w € traces(P)
such that begin(w) > ts > t; > end(u), and ¥ C ¥ we have

(v w, ([t,t2) x YI)UR) € Fr[P] = (v"w, ([end('u), ts) x YY)UR) € Fr[P]

Example

The process

P=a— WAIT 3;b— STOP
is non-retracting. It has the behaviour
(((1,0),(5,0)),[3,4) x {b} U[9,12) x {c})

as a possible failure, so we may conclude that

(((1,4),(5,0)),[1,4) x {6} U[9, 12) x {c})

is a possible failure. The fact that b is refusible for some time following the
performance of the event a allows us to deduce that it is also refusible from the
time the a was performed. We also have that the failure

(((1,a),(5,0)),[4,7) x {a})

is a possible behaviour of P, and hence that

({(1,a),(5,8)),[1,7) x {a})

is a possible behaviour.

It is useful to be able to identify non-retracting processes from their syntax.
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Theorem 5.1.2 If P,Q and P(a)(a € A) are all non-retracting, then so are the
following:
1, STOP, SKIP, WAIT t, WAIT t; P, a - P, a: A — P(a),
POQ, s Pla), POQ, P Q, Pylly @ P Q, f(P), [7H(P).

We show later that the specification non-retracting is closed in TMr and so it
follows, if F' preserves non-retraction, that 4 X e F(X) is non-retracting.

Observe that even if P and @ are non-retracting, P\ X and P j @ need not be
non-retracting in general, since they both hide events whose visibility may have
been necessary to ensure the non-retraction of P. For example, (WAIT 1 ;a —
STOP)Ob — STOP) is non-retracting, since the offer of b will only be withdrawn
if a is performed. If we now hide the performance of a then we obtain

((WAIT 1 ;a — STOP)O b — STOP) \ a = (b — STOP) 5 STOP

which retracts the offer of b after 1 unit of time. For the same reasons, timeout
and tireout do not in general preserve non-retraction.

Generalisations

We generalise the concept of non-retraction in several ways. We may be concerned
only with a subset X of the events P is capable of doing, requiring only that no
offers from the set X will be retracted. The specification non-retracting on X is
defined as follows:

Definition 5.1.3 P is non-retracting on X if for any trace u"w € traces(P),
begin(w) 2 ts > t; > end(u), and Y C X we have

(v w, ([t,t2) x Y)UR) € Fr[P] = (v"w, ([end(u), ts) x Y)UR) € F7[P]

A non-retracting process is non-retracting on any subset of ¥, and more gen-
erally any process that is non-retracting on X is also non-retracting on any set

Y CX.

Another form of non-retraction is strong non-retraction on a set X. A process
is strongly non-retracting on X if it will not retract an offer from the set X until
an event from that set is performed.
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Definition 5.1.4 A process P is strongly non-retracting on X if for any trace
u"w € traces(P), begin(w) > t, > t; > end(u), and ¥ C X we have

(w™w, ([tr,t2) x Y)UR) € Fr[P]
= (v w,([end(u [ X),t) x YIUR) € fT[[P]]

Example

The process
(¢ — STOP) ||| (b = STOP) & ¢ — d — STOP)

is strongly non-retracting on {a}. We have that

(((1,),(8,¢),(6,d)),[4,5) x {a})

is a failure of P, with a refusible over an interval, so we may conclude that a is
refusible from the previous occurrence of a, and deduce that

(((1,2),(3,¢),(6,4d)),[1,5) x {a})

is also a possible behaviour of P.

Strong non-retraction may be generalised to the concept of non-retraction on
X until Z, where offers from X cannot be retracted until an event in Z occurs.
We insist that X C Z, since we would wish the acceptance of an offered event
from X to allow the retraction of that offer, since it has been accepted.

Definition 5.1.5 A process P is non-retracting on X until Z if for any v w €
traces(P), begin(w) 2 te > t; 2 end(u), and ¥ € X we have

(v w, ([t1,t2) x Y)UR) € Fr[P]
= (v w,([end(u | Z),t) x Y)UR) € Fr[P]
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Example

The process
P=(b— STOP)|||(a = STOPOc¢— d — STOP)
is non-retracting on {a} until {a, c}. We have that

(((1,¢),(3,0),(6,d)),[4,5) x {a,b})

is a failure of P, so we may deduce that

(((1,¢),(3,0),(6,d)),[1,5) x {a} U[4,5) x {b})
is also a possible behaviour: the event a is refusible from the last occurrence of an

event from {a, c}. We infer nothing further about the refusal of b.

It follows that if P is strongly non-retracting on X, then for each z € X we
have that P is non-retracting on z until X.

A final generalisation of the concept is non-retraction when S, where S is a
predicate on traces. We may wish that a process is non-retracting only under
certain conditions, characterised by S. For example, we may wish that a buffer
is non-retracting only when it is empty. The condition on the trace that captures
this requirement is that the number of outputs is equal to the number of inputs.

The notion of non-retracting when S also generalises the other versions of non-
retraction. We define it for the most general case:

Definition 5.1.6 A process P is non-retracting on X until Z when S if for any
v~ w € traces(P), begin(w) = ts > t; = end(u), and Y C X we have

(v w, ([tr,82) x Y)UR) € Fr[P] A S(u)
= (v w,([end(u | Z),t2) x Y)UR) € Fr[P]

Example

The process
pXea— (b— X2 STOP)

is non-retracting on {a, b} until {a, b} when s = () V last(s) = b.
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This is the most general form of non-retraction; all the other forms are special
cases of 1t:

o Non-retraction is non-retraction on ¥ until ¥ when TRUFE

e non-retraction on X is non-retraction on X until ¥ when TRUE

e strong non-retraction on X is non-retraction on X until X when TRUE
e non-retraction on X until Z is non-retraction on X until Z when TRUE
e non-retraction when S is non-retraction on ¥ until ¥ when S

e non-retraction on X when S is non-retraction on X until ¥ when §; and
strong non-retraction on X when S is non-retraction on X until X when S

Hence in order to show that each of the varieties of non-retraction is closed in
TMpr we need only prove it for the most general case. This involves a straightfor-
ward application of Reed’s theorem 9.6.3 applied to TMp, which states that if a
predicate S is such that

~S(P) => 3t €[0,0) 0 (P(t) = Q(t) = -5(Q))
then S is closéd in TMp.

Theorem 5.1.7 The predicate ‘non-retracting on X until Z when S’ is closed.

Proof If a process P is not non-retracting on X until Z when S, then

Ju"w € traces(P), begin(w) = ts > t; 2 end(u),X, Y C X o
(v w, [t t) X YUR) € Fr[P] A S(u) A
(v w,[end(u | Z),t) x Y UR) & Fr[P]

Now let ) be an arbitrary TMr process such that
Q(maz{end(u"w),te} + 1) = P(mazr{end(v"w),te}+ 1)
It is clear that

Ju"w € traces(Q), begin(w) 2> te > t; 2 end(u), Y C X o
(v w,[tr,te) x YUR) € Fr[Q] A S(u) A
(v w,[end(s | Z),1:) x YUR) € Fr[Q]
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so we conclude that @ is not non-retracting on X until Z when .S. Therefore the
predicate ‘non-retracting on X until Z when S’ is closed for any X, Z and S. O

It follows immediately that all the particular cases of it are also closed.

Most of the constructors that preserve non-retraction also preserve the more
general non-retracting on X until Z.

Theorem 5.1.8 If P, Q and P(a)(a € A) are all non-retracting on X until Z,
then so are the following:

L, STOP, SKIP, WAIT t, WAIT t; P, a - P, a : A — P(a),
PI—IQ) ﬂaeAP(a)v PDQ’ P” Qa PX”Y Q’ PIH Q

Further, if inits(P)N X =0 then P & Q is non-retracting on X until Z.

In general, if P is non-retracting on X until Z, alphabet transformation function
f does not yield non-retracting on f(X) until f(Z). Consider

P 2 (a— STOP} STOP)

Then P is non-retracting on {6} until {b}. But if the function f has f(a) = f(0) =
¢, then f(P) is not non-retracting on {c} until {c}.

However, we do obtain the following result:

Theorem 5.1.9 If process P is non-retracting on f~1(X) until f~1(Z), then f(P)
is non-retracting on X until Z.

Hence, if f is one-one, then P non-retracting on X until Z does imply f(P) is
non-retracting on f(X) until f(Z)

The case for inverse functions is simpler:

Theorem 5.1.10 If P is non-retracting on X until Z, then f~1(P) is non-retracting
on f~1(X) untid f~1(Z)

The most general form of non-retraction, non-retracting on X until Z when
S, is not preserved by the interleaving operator or by the alphabetised parallel
operator. For example, the processes

P = a— STOP L STOP
Q = b— STOPL STOP
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are non-retracting when s # (), but the processes P ||| @ and P {a}||{b} @Q are

not non-retracting when s # (). We have (((0, a)),[1,2) x {b}) € Fr[P ||| Q]
and ((0,a)) # (), but (((0,a)),[0,2) x {b}) € Fr[P ||| Q]. The same failures
illustrate the case of the parallel operator.

The process constructors which do preserve non-retraction on X until Z when
S are given by the following:

Theorem 5.1.11 If P, Q and P(a)(a € A) are all non-retracting on X until Z
when S(s), then so are the following:

L, STOP, SKIP, WAIT t, WAIT t; P,
PN @, s Pla), POQ, P Q

In addition, a — P and a : A — P(a) are non-retracting on X until Z when
S(tail(s)). Further, if f is one-one, then f(P) is non-retracting on f(X) until
£(Z) when S(f~(s)).

As before, if f is not one-one then this is not necessarily the case.
Theorem 5.1.12 Non-retraction cannot be written as a behavioural specification.

Proof An application of theorem 4.4.2 will yield this result. Defining
P = (a— STOP){ STOP
Q@ = STOP

we have P Q) is non—r’étracting, but P is not. O

It follows that none of the generalisations of non-retraction can be written as
behavioural specifications.

Theorem 5.1.13 Non-retraction has the following properties:

1. If P is non-retracting on A until B, and AC X\Y, BC X, then P ||, @

is non-retracting on A until B

2. If P is non-retracting on A until B, and CN B = 0, then P\ C is non-
retracting on A until B

3. If P is strongly non-retracting on A and A C X \ C, then (P 4|y @)\ C is

strongly non-retracting on A
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4. P is non-retracting on A and non-retracting on B if and only if P is non-
retracting on AU B

5. If Q is strongly non-retracting on A, and o(P)NA = 0, then Pét Q s strongly

non-retracting on A

The following technical results will be required later (see e.g. theorem 5.3.12,
theorem 6.3.27):

Lemma 5.1.14 If P is non-retracting on Y, then
(S,N) S fTﬂ:P]] = (S,N/) € fT[[P]]

where X' = {(t,a)|a € Y AT >t > end(s) o (t',a) € N}

Proof This follows straightforwardly from the fact that N is a finite union of
refusal tokens, so the definition of non-retraction will apply to each of them in
turn. O

Corollary 5.1.15 If P is non-retracting on Y, and T > end(s), T' > 0, then
(s,X) e Fr[PJANACo(RT[T, T+ T))NY
= (s, U [end(s), T) x A) € Fr[P]

Proof Follows immediately from lemma 5.1.14, (where [end(s), T) x A) C N').
a

Lemma 5.1.16 If P is non-retracting on Y, and A C Y, T > end(s),T' > 0,
then

(5,R) e SIT[PJ]AACo(RT[T, T+ T") = (s,RU[end(s), T) x 4) € SI7[P]

Proof
Vi>2 T+ T e(s,XIt)eFr[PJAACoRItT[T, T+ T
so by corollary 5.1.15 we obtain
Vi> T+ T e(s,XItU[end(s), T) x A) € Fr[P]

SO

(s,RU[end(s), T) x A) € SI7[P]

as required. O
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9.2 Responsiveness

Responsiveness on a set of events A is a particularly strong form of liveness con-
cerning that set. To state that a process will respond within time ¢ to the set of
events A is to say that it cannot refuse to perform all of that set over an interval
of length t. We call such a process (¢, A)-responsive.

Definition 5.2.1 A process P is (t, A)-responsive if it satisfies
V(s,X) € Fr[P], T €[0,00) o [T, T+t)x ACR=(s[A) T[T, T+t)#(

Example

The process
uXeoea—X

is (1,{a})-responsive (when 26 < I).
Corollary 5.2.2 In behavioural specification form we have that a process P 1is
(t, A)-responsive if
P sat VT e€[0,0)e ([T, T+t)x ACR= (st A)T[T,T+1t)#()
Recall that for a process to refuse a set A over a particular time interval, on
a given trace, does not imply that the trace performs no event in A over that
interval; rather it means that it can perform no more events in A than it has in

fact performed. In the case of the definition for responsiveness it implies that at
least one event in A can always be performed during an interval of length ¢.

Clearly a process which is capable of terminating is not (¢, A)-responsive for any
t,A, since after termination it will refuse A for all time. This raises the question
of which processes are (¢, A)-responsive.

Theorem 5.2.3 If P,Q and P(a)(a € B) are (t, A)-responsive for some t (> §)
and A, then we have:

e a— Pis(t+06,AU{a})-responsive (which is (t + §, A)-responsive if a € A)
o WAIT t'; P is (t + t', A)-responsive
e a: B — P(a) is (¢t + 6, B)-responsive if AC B, A # 0

. haeB P(a) is (t, A)-responsive
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o WAITY ;a: B — P(a) is (maz{t",t + 6}, B)-responsive if A C B, A #
0,t" > ¢t

e POQ, PN Q and P||| Q are all (t, A)-responsive
e Ift' >t and B O A then P is (t', B)-responsive
We can write (¢, A)-responsive as a behavioural specification, so it is continuous,

and so we obtain the result that if F o WAIT § (F composed with WAIT delta)
preserves (¢, A)-responsive, then u X o F(X) is (¢, A)-responsive.

Generalisations

As we remarked earlier, a process capable of terminating cannot be responsive.
However, in many cases such a process will be sequentially composed with another
process, and in such circumstances we are not concerned with its behaviour follow-
ing termination. We therefore generalise the notion of responsiveness to responsive
before termination.

Definition 5.2.4 A process P is (t, A)-responsive until termination if

P sat VT e[0,00)e(([T,T+t)xAU[0,T+1t)x{v})CR
= (AT, TH+H#()VVEa(s))

Example

The process
a— WAIT 3 ;b — SKIP

is (4,{a, b})-responsive until termination. However, the process
a — WAIT 8 ;b — STOP

is not responsive until termination, since termination must be successful.

Theorem 5.2.5 All the process constructors that preserve (t, A)-responsive also
preserve (t, A)-responsive until termination. In addition, if P and @ are (¢, A)-
responsive until termination, and R is (t, A)-responsive, then we have

o SKIP is (t, A)-responsive until termination, for any t > 0

o WAIT t is (', A)-responsive until termination, for any t' > ¢
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PLQis (2t + 6, A)-responsive until termination

o P f, Q is (2t + 26, A)-responsive until termination

P R is (2t, A)-responsive

PSR is (2t + 6, A)-responsive

If we are concerned that a process has a bound on response on set A, but we
are not concerned with the value of that bound, then we say that the process is
A-responsive.

Definition 5.2.6 A TCSP process P is A-responsive if 3t € [0,00) such that P
is (t, A)-responsive.

Theorem 5.2.7 If P and @), are A-responsive then so are

ae— P, POQ, PNQ, WAIT ¢t;P, P|||Q, P; @
To say a process is responsive is to say that it will respond to some event from X.

Definition 5.2.8 A process is responsive if it is X-responsive.

Definition 5.2.9 A process P is A-responsive until termination if 3¢ € [0,00)
such that P is (t, A)-responsive until termination.

Theorem 5.2.10 If a € A, then if P and @) are A-responsive until termination,
then so are

SKIP, WAITt, a — P, POQ PN Q,
WAIT t;P, P|||Q, P3Q, P4 Q, P Q

Further, if AN B # 0 then a: B — P(a) is A-responsive until termination.

The predicate A-responsive is not closed. For instance, if F(X) = WAIT 1;X
then 4 X e F(X) = L, which is not {a}-responsive although each of the approx-
imations F*(u X e a — X) is {a}-responsive. It follows that A-responsiveness
cannot be expressed as a behavioural specification. The function F' also preserves
A-responsive until termination, so it follows that the predicate A-responsive until
termination is not closed, and so it cannot be expressed as a behavioural specifi-
cation.
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Theorem 5.2.11 Responsiveness has the following properties:

1. If P is an A-responsive process and A C X \ Y then P ||, Q is an A-
TESPONSIVE PToCcess

2. If P is an A-responsive process and AN B =0, then P\ B is A-responsive

We are often interested in the responsiveness of a process immediately following

an action, especially if the process will be used with an interrupt operator (see e.g.

section 8.2): where we are not concerned with behaviour of the argument process

following the interrupt. We say that a process is immediately responsiveif it cannot
refuse a set over an entire time interval immediately after its last event.

Definition 5.2.12 4 process P is immediately (¢, A)-responsive if

P sat - [end(s), énd(s) +t)x A LN

Example

The process

uX e((a— X)5 STOP)

is immediately (3, {a}) responsive, since it cannot refuse a for the 3 time units
following the occurrence of an a, (or before it has done anything).

Theorem 5.2.13 If P, Q and P(a) are all immediately (t, A)-responsive, then
so are the following:

ea— P
a:B— Pla)if ANB#0
MP(a), PN Q, POQ

WAIT t';a: B — P(a) if ' < t,ANB # 0
Pl @

e PLQift' >t

Further,
o f~1(P) is immediately (¢,f~!(A))-responsive

71



o if P is immediately (t,f~!(A))-responsive, then f(P) is immediately (¢, A)-
TESPONSIVE

The behavioural nature of its definition entails that the predicate ‘immediately
(t, A)-responsive’ is closed.

The following results will prove useful later.

Theorem 5.2.14 If P is immediately (t, A)-responsive, t' > t, B 2 A, then P s
immediately (t', B)-responsive.

Theorem 5.2.15 If P is immediately (t, A)-responsive, and Q is (t', A)-responsive,
then P ét @ is (t+t' 4+ 26, A)-responsive

Theorem 5.2.16 If P is immediately (t, A)-responsive, and Q is immediately
(t', A)-responsive, then P\é Q is immediately (¢t + ' + 26, A)-responsive

Theorem 5.2.17 If P is immediately (t, A)-responsive, and alphabet transfor-
mation f preserves “immediately (t, A)-responsive”, then the recursive process

uXeP \é f(X) is (2t 4+ 36, A)-responsive

5.3 Promptness

We define promptness as follows:

Definition 5.3.1 A process P is t-prompt if for any (s,R) € Fr ﬂP]] we have:

T>end(s)N[T,T+t)x X CR = (s,RU[T,00) x X) € ST7[P]

This definition specifies that if the process can refuse the set X over an interval of
length ¢, then it can refuse X for all time.

Example

The process

P=(a— STOP)& b — STOP

is 3-prompt: from the information that

((),[0, 1) x {8} U[8,6) x {a}) € Fr[P]
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we may conclude that

(0,10, 1) x {8} U[3,00) x {a}) € ST [P]
However, P is not 1-prompt; it is not the case that

((),[0,00) x {8} U [3,6) x {a}) € STr[P]

We may not conclude that {b} is infinitely refusible from the observation that it
1s refused for 1 time unit.

We generalise the definition:
Definition 5.3.2 A process is prompt if it is t-prompt for some t.

A weaker version will be sufficient to establish some timewise refinement results
in the next chapter:

Definition 5.3.3 A process P is weakly t-prompt if for any s € traces(Fr [[P]])
we have:

T'> end(s)+t AT < T —tA(s,[T,T) x X) € Fr[P]
= (5,[T,00) x X) € SI7[P]

Example

The process
(a = STOP) & b — STOP

is weakly 3-prompt. We may conclude from
((2,0)),[1,5) x {b}) € Fr [P]

that
({(2,6)),[1,00) x {8}) € STr[P]

However, in contrast with the previous example, weak 3-promptness is not strong
enough to conclude

(00,10, 1) x {8} U[3,00) x {a}) € ST7[P]

from

(0,10, 1) x {8} U[3,6) x {a}) € Fr[P]
Definition 5.3.4 A process is weakly prompt if it is weakly t-prompt for some t.
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We may strengthen the definition so that event a is not possible after its refusal
for length of time t:

Definition 5.3.5 A process P is strongly t-prompt if

P sat ([T,T+t)x{a} SRAsT(T,T+t)=() = first(s1(T+¢t)#a

It is clear that a process which is strongly ¢-prompt is also t-prompt, since it
follows from the axioms of TMF that if a timed event is not possible, then it must
be refusible. However, the converse is not the case: the process

STOP & (STOPMa — STOP)

is 1-prompt, but it is not strongly 1-prompt.
Theorem 5.3.6 If P, @), and P(a)(a € A) are t-prompt (t > ) then we have

¢ PRIQ, POQ, PIIQ, Muey Pa), F(P), F~H(P) are all t-prompt
STOP, L, SKIP are t-prompt

a— P, a:A— P(a) are t + §-prompt

WAIT t' s t prompt when t' < ¢

P Q) is 2t + §-prompt
WAIT t'; P is t' + t-prompt

However, for any T, P || @ need not be T-prompt, since they could fail to
synchronise for intervals longer than T. For example, defining

P =2 pXe(a— STOP)S (STOPE X)
Q = (WAITQ;P)g,a-»STOP

we have P and Q are both /-prompt, but the process P || @ is not ¢-prompt for
any t < T, since P and @ are unable to synchronise within T time units but are

guaranteed to synchronise eventually.
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Generalisations

We may generalise the specification ¢-prompt in the following ways:

Definition 5.3.7 A process P is t-prompt on X if for any (s, N) e Fr [P]] :

VT >end(s),Y CX o [T, T+t)x Y CR = (s,RU[T,00) x Y)e SIr[P]

Example

The process
a — WAIT 8;b — a — STOP

is 1-prompt on a but not on b.

Theorem 5.3.8 t-prompt enjoys the following properties:

o P is t-prompt on AU B if and only if it is t-prompt on A and on B

o IfP ist-prompt on A and AC X\ Y then P ||y Q is t-prompt on A.

Proof The only non-trivial case is that of proving P is t-prompt on A and on B
implies P is ¢-prompt on AU B: Assume P is ¢-prompt on A and on B. Consider
(5,R) € Fr[P] with T > end(s) A [T, T +t) x (AU B) S R. Then

(s,RU[T, T+t)x AU[T,0) x B) € SIr[P]
VT e (s,RU[T,T+t)x AU[T, T') x B) € Fr[P]
VT e (s5,RU[T,0) x AU[T, T') x B) € SIr[P]
VT e (s,RU[T, T") x AU[T, T") x B) € Fr[P]
VT e (s,RU[T,T") x (AU B)) € Fr[P]
(s,RU[T,00) x (AU B)) € SI7[P]

44449

O

Definition 5.3.9 A process P is t-prompt on X when S if for any
(37N) € FT'[P]] ;

VT > end(s) e S(s) A [T, T+t)x X CR = (5,RU[T,00) x X) € STr[P]
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We may also define the notions of

o {-prompt on X when S
e strongly t-prompt on X
e strongly ¢-prompt when S and

e strongly ¢-prompt on X when S

in the obvious way.
Example

The process
(b= ((b—>X)Na - X)
Oc— WAIT 3;a — X)

is both 1-prompt on {a} when last(s) = b, and strongly 1-prompt on {a} when
last(s) = b. However, it is neither 1-prompt, nor 1-prompt on {a}.

pX e

Theorem 5.3.10 [t is not possible to write t-prompt as a behavioural specifica-
tion.

Proof Consider the processes P and @ defined by

P = WAIT 4 ;a— STOP
@ = STOP
Then P Q is 2-prompt, but P is not, so the result follows from theorem 4.4.2. O

" Tt follows that none of the generalisations can be written as a behavioural spec-
ification. However, recall that strong t-promptness is expressible as a behavioural
specification, and so it is closed.

The other forms of ¢-promptness are also continuous. To prove this, we consider
only the most general form: t-prompt on X when S.

Theorem 5.3.11 t-prompt on X when S is closed

Proof Assume that P is a process which is not t-prompt on X when S. Then

I(s,R) € Fr[P], T > end(s), Y S X o
S()YA[T, T+t)x Y CTRA(5,RU[T,00) x Y) & Fr[P]
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But if (s,RU[T,00) x V) &€ STy [[P]], then
3T'>T o (5,RU[T,T)xY) ¢SIT[[P]]

Define T” = 1 + maz{end(s,R), T'}. Then P(T") = Q(T") = @ is not t-prompt
on X when S. Hence by Reed’s theorem 9.6.3 (see page 41) we conclude that the
specification ‘¢-prompt on X when S’ is closed. O

Hence all the forms of promptness are closed.

Theorem 5.3.12 If P and Q are prompt, and P is non-retracting on A and Q
is non-retracting on B and AUB =XNY, then P |, @ is prompt

Proof Let P be t;-prompt, and @ be t,-prompt. We will prove that P , ||, @ is
t; +ts-prompt. Consider (s,R) € SZ7 [[P ly Q]] ,and that [T, T+¢t;+1t)xZ C R
for some T > end(s). Without loss of generality, assume Z C X U Y. Define

s; = s X
Se = SrY

Then

ENI,NQ‘ ® (SI,NI) ESIT[[P]] A (SQ,NQ) ESIT[[Q]] /\NZNI UNQ A
R, T(X\Y)=RFX\NY)AR F(Y\X)=R[(YV\X)

and so
[T, T+t +t) x (ZN(X\Y)) TR,
AN [T, T+t +t)x(ZN0(Y\ X)) CRy
and so
(SI,NI U[T,OO) X (Zﬂ(/‘{\ Y))) ESITﬂP]]
A (52,2 U[T,00) x (ZN (Y \ X)) € SI7[Q]
Define

Z; = XNnYNZNo®Ry T[T+, T+t +1t2))
XnYnzZo{a|[T+1t, T+t +1t)x {a} TRy}
XNYNZNoRe T[T+, T+t + 1))
Z; = XnYnzZnon{a|[T+1t, T+t +1t)x{a} TR}

QN
o
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Then lemma 5.1.15 yields that

(51,8, U[T,00) x (ZN(X\ Y)U[T, T +t)x Z) € Fr[P]
= (51,8, U[T,00) x (ZO(X\ Y)U[T +t, T+t + 1) x U Z) € Fr[P]
= (51,8, U[T,00) x (ZN(X\ Y)UI[T +t;,00) x Z, U Z;) € Fr[P]

By symmetry we also obtain that
(58,85 U[T,00) x (ZN(Y\ X)) U[T +t1,00) x Z2 U Zs) € Fr[Q]

and so

[T,00) x (ZN(X\ Y)U[T,00) x (ZN(Y\ X))
(8’ UNIUN?U[T+t1,O)<")>[<(ZIL)JEQ(UZ;UZU ) e SIz[Ply Q]

thus we obtain

(S,NU[T,OO) X Z) E}-T“:P)(”y Q]]

as required. O

Lemma 5.3.13 If P and Q are weakly prompt, and P is non-retracting on A and
Q is non-retracting on B and AUB =XNY, then P xlly @ is weakly prompt

Proof The pfoof is entirely similar to that for theorem 5.3.12

Corollary 5.3.14 If P and @ are prompt, and P is non-retracting on X N'Y,
then P ||y @ is prompt
5.4 Impartiality

A process which is impartial on a set A always makes all its offers from set A at
the same time.

A process P is impartial on a set A if it either offers all of the set or none of it.

Definition 5.4.1 A process P is impartial on A if

(s,R) € SIr[P],a€ A o (s7((¢0)),R) € SIr[P] =
Vbe Ao (s™((t0),RU(IRT A) x A) € SI7[P]
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Example

The process
,uXo(a—->XE]b—->XDc-—>X)

1s impartial on {a, b, ¢}, but not on {a,b, ¢, d}.

Every process is impartial on the empty set, and on singleton sets.

Theorem 5.4.2 If P, Q, and P(a) are all impartial on A, then so are the fol-
lowing:

e STOP, 1L

SKIP, WAIT t if v & A or A C {V}

POQ,PNQ,[,Pla)
Pl @ PllQ P;Q WAIT¢; P

a:B— Pla)if ACBorANB =10

Py Qif(ACXVANX=0and(BCYVBNY =4

P\Bi#fACBorANB =10

P&QandPét @

f~1(P) is impartial on f~1(A)

If P is impartial on f~1(A) then f(P) is impartial on A
Theorem 5.4.3 “Impartial on A” s closed

Proof Consider {P,} — P, with each P, impartial on 4. Now let
(s™((t,a)),R) € SI7[P]
Given T(> t) we have

HNTOn>NT=>PnfT=PfT
= (s7((¢,a)),R I T) € SI7[Pi]
= VbeAe(s™{((t,8)),RITUU(RIT)IA)xA) €SIr[P.]
= VbeAe(s™(tb)),RITU(RTT)IA)xA) e SIr[P]
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This is true for all T, so
Vb Ao (s™((16)),RU(I(R T A) x A) € ST7[P]
as required. O

Theorem 5.4.4 If P is responsive on X, Q is responsive on Y, P or Q is im-

partial on X N'Y, and P or Q is non-retracting, then P xlly @ is responsive on
XuY

Proof We will prove the case where P is impartial on X N Y and Q is non-
retracting. The other cases are proved in a similar way. Let P be (¢;,X)-
responsive, and let @ be (ty, Y)-responsive. We will prove that P lly @ is
(t; + t2, X U Y)-responsive.

Assume not, for a contradiction. Then for some (s,X) € Fr [[P <y Qﬂ, and
for some T € [0, 00), we have

T, T+t +t) x XUY)CRA(ST(XUY) T[T, T+t +1))=()
and without loss of generality we may assume
end(s) K T+t +ts ANend(R) S T+t + ¢,
Hence end(s) < T. Define

81=8r/Y*
se = sV

Then

IR, Ny 0 R=R, URy A (51,8;) € Fr[P] A (52,Rs) € Fr[Q]
ART(XNY)=R T(X\Y)ART(Y\X)=R, [ (V\X)

and so

[T, T+t +t) x (X\Y)CR, A [T, T+t +t)x(Y\X)CR,
We have two cases to consider:
Case [T+t, T+ta+1t)CINR, [(XNY))

= (s,[T+t, T+ta+t) x X) € Fr[P]
= (st P X)T(T+1te, T+t +t1) # ()
= IXUY)T(T, TH+te+t)#()
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which yields a contradiction.

Case [T +tp, T+ta+t)ZIR, [(XNY))

At ") C{T +te, T+ta+ )0 [t,t") x (XNY)CTR,
[t ")y x Y C N,

(s2,[end(ss2),t") x V) € }_T[[Q]]

(%[T T+t) x Y) e Fr[Q]

(52 TY)T(T, T+ te] # ()

(s (XU Y)T(T, T +to+t]# )

e i

which yields a contradiction. O

5.5 Limited on A

A process is limited on A if there is a bound on the amount of internal chatter
from A it may perform when the set A is hidden.

Definition 5.5.1 A TCSP process P is n-limited on A if
Vs € traces(Fr[P\ 4] ),w € traces(Fr[P]) e w\ A=s = #(w1end(s)) <n

Example

The process
pXea—b—oc—X

is 3-limited on {a, b}. However, the process
uXea—X0Ob— X

is not n-limited on {a} for any n; there is no bound on the amount of possible
internal chatter.

Theorem 5.5.2 n-limited on A is closed in TMp
Proof By an application of Reed’s theorem 9.6.3 (see page 41)

Definition 5.5.3 A TCSP process P is limited on A if there is some n such that
P is n-limited on A

81



Theorem 5.5.4 ‘Limited’ enjoys the following properties:

o Every process is limited on 0.
o If P is limited on A and A C X then P ||, Q is limited on A
o If P is limited on AU B then P\ A is limited on B.

We also define a weaker notion, where the bound on chatter may depend on
the observations:

Definition 5.5.5 A TCSP process P is weakly limited on A if

Vs € traces(Fr[P\ A]),3n,YVw € traces(Fr[P]) s w\ A=s=>#w<n

Example

The counter process
pY o (uX eup— (X5 down — SKIP) M down — SKIP)3Y

has the number of possible down events it can perform bounded by the number of
up events that have occurred. It is therefore weakly limited on {down}. but it is
not limited on {down}.

Clearly any process that is limited on A is also weakly limited on A

Theorem 5.5.6 If P is limited on A, Q is limited on B, and ANY = BNX =10,
then P 4|y @ is limited on AU B

Proof We have
dn e w € traces(P) A s.E traces(P\ A) Aw\ A=s=#wlend(s)<n
and

Im e w € traces(Q) A s € traces(Q\ A) ANw\ A=s=#wlend(s)<m

Now consider
w € traces(P ||y @) A s € traces((P x|ly @)\ AUB)Aw\AUB=35

Since
ANY=BnNnX=19
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we have

s € traces(P\ A y\4lly\p @ \ B)
S0
sl X =s[(X\A4)E traces(P\ A)
Now w\ AU B = s so
sTX=(w\AUB) I X = (w\ A) [ X = (w | X)\ 4
Now

w | X € traces(P)

and so

#(wlX)lend(sX)<n

By symmetry,
#(wlY)lend(s!Y)<m

Hence
#(w [ XU YY) maz{end(s | X),end(s [ Y)} <m+n

and so #w | end(s) < m + n as required. O

Theorem 5.5.7 If P is limited on AU B and is weakly prompt, then P\ A is
limited on B and is weakly prompt.

Proof Let P be n-limited on A U B. We first prove that P \ 4 is n-limited on
B. Consider s and w such that

s € traces(P\ A\ B) A w € traces(P\ A)Aw\ B =s

Then
Jueu € traces(P)Au\A=w
Then
u\(AUB)=s
S0

#ul end(s) <n
so #w ] end(s) < n. O.

Now let P be weakly ¢-prompt. We will prove that P\ A is weakly nt-prompt.
For s € traces(Fr [P\ A]) let

T' > end(s) +nt, T < T' = nt, (s,[T, T') x X) € Fr[P\ 4]
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From lemma A.1.2 we have that

Jwe (w,[T, T)x XU[0,T)x A) e Fr[P] Aw\A4d=s
Since P is n-limited, and T” > end(s) + nt, we have that

AT" e TLT' ST -t Aw T (T, T"+¢t] =)

But then

(w I (T"+t),[T, T"+¢)x XU[0,T"+1t) x A) € Fr[P]
so by weak promptness of P we obtain

(w I (T"+1),[T,00)x X U[0,00) x A) € SI7[P]

50 (5,[T,00) x X) € ST [P] as required. O

Theorem 5.5.8 If P is responsive on B and limited on A, and A C B, then P\ A
15 responsive on B — A.

The definitions may also be extended to CSP processes:
Definition 5.5.9 A CSP process P is n-limited on A in M7 if

VireT[Pl e (we A" Awintr)=#w<new\A=s

A CSP process P is limited on A in Mt if there is some n such that P is
n-limited on A in My

We also define a weaker version:

Definition 5.5.10 A CSP process P is weakly limited on A in Mt if
VsET[[P\A]],En,Vw ET[[P]] o (w\A=s= #tr <n)

5.6 Bounded Stability

A process is stable if all of its behaviours are stable:

Definition 5.6.1 A TCSP process P is stable if
(s,a) € stab(E7[P]) = a <
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Definition 5.6.2 A TCSP process P is stable when S if

((s,) € stab(E7[P]) A S(s)) = a < oo

A process P is t-stable if it always stabilises within length of time ¢ of per-
forming its last action.

Definition 5.6.3 A TCSP process P is t-stable if
(s,a) € stab(Er [[P]]) = a < end(s) + ¢

Example

The process ,
pXe((a—=X)gb—a—X)

is 3-stable.
Definition 5.6.4 A process is boundedly stable if it is t-stable for some t.

Theorem 5.6.5 [f P,Q, and P(a) are t-stable, and t' < t, then

e P Q PyllyQ PlllQ POQ, PN Q are all t-stable

o P35 Q) is (2t + 6)-stable |

® a— Panda:A— P(a) are (t + §)-stable

o WAITt ;a — P and WAITt' ;a: A — P(a) are (¢t + §)-stable

f(P) and f~1(P) are t-stable

WAIT t'; P is (t + 6)-stable

Further, t-stable is closed in TMprs.

Theorem 5.6.6 If P is t-stable then it is t'-prompt for any t' > ¢
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Theorem 5.6.7 If P is boundedly stable and weakly limited on A, then P\ 4 is
stable.

Proof Let P be t-stable. Consider s € traces(P \ A). Then
dnew € traces(P)Aw\ A =5= #wlend(s) <n

We will prove that

(s,,0) € Er[P\ A] = a < end(s) + nt
By the definition of the hiding operator, we have

(w,,[0,8) x A) € E [[P]]
for some o, 8 such that end(w) < B < a. Now if
((t1,81),(ts, a2)) in w1 end(s)
then axiom 8 of TMpys yields that t, < ¢; + ¢, since if t» > ¢, + ¢ then
(0 [ ((t2 + b +£)/2), [0, (t + t: +)/2) x A)
is a failure of P, whose stability value is less than (te +t; +t)/2, and so
(w I ((te + 2 +8)/2)7((t2, 02)), [0, (t2 + 11 +1)/2) x A)

is not a failure of P. This contradicts the fact that (w [ ts,[0,t2) x 4) is a failure
of P.

Hence
end(w) < end(s) + #(w 1 end(s))t < end(s) + (n — 1)t

and so
(w,2,0) € E7[P] = o < end(s) + nt

so B defined above is less than end(s) + nt.
Therefore (s,a,0) € Er [[P \ A]] = a < 00, and so P\ 4 is stable. O

Theorem 5.6.8 If P is boundedly stable and limited on A, then P\ A is boundedly
stable.

Proof The proof is similar to the proof of the previous theorem. O
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6 Timewise Refinement

In producing a refinement relation C (‘refined by’) between the various models of
Reed’s hierarchy (see appendix B.1), we aim to provide a method of transforming
proof obligations between models. The proof strategy is as follows: in order to
prove T(Q) for a specification T and process @, we aim to find a specification S
on a different (simpler) model, and a process P, such that

o S(P)
e PCQ
e VP, Qe((S(PYAPC Q)= T(Q))

The third condition may be thought of as the corresponding refinement relation
between S and 7. The establishment of the second and third conditions will
reduce the proof obligation 7'(Q) to the proof obligation S(P). We illustrate this
proof strategy in chapter 8, where it is used in the verification of each of three
protocols.

The projection mappings between the various models of the hierarchy represent
mappings of behavioural information. In moving from a higher to a lower model,
we restrict the aspects of behaviour we are able to describe. The mapping II can
be thought of as a translation of information about the possible behaviours of a
process into a more restricted language, which can not talk about the behaviours
in so much detail. For example, if II is the mapping from TMrs to Mr, then
the information that (((1,a),(3,5)),4,[0,3) x {b}) is a possible behaviour of a
process in TMps translates under the mapping II to the information that (a, d) is
a possible behaviour in M7.

In considering refinement relations between processes in different models in the
hierarchy, we will need to use the projection mappings to translate the semantics
of the process in the higher model into sets of behaviours in the lower model, for
comparison with the lower process. Our ability to make more detailed observations
in the higher model will enable us to make finer distinctions, and thus exclude some
behaviours allowed by the coarser model. For example, the information in M7 that
event a is a possible first event in both P and @) yields that it is also a possible
first event in P || @. But in models which also contain timing information, it may
be apparent that there is no time at which P and ) could synchronise on a. We
would therefore expect II(Q) C P (rather than the stronger condition II( Q) = P)
to be a sufficient condition for P to be refined by Q).
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We are particularly interested in timewise refinement relations: those refine-
ment relations between models which contain no timing information and those
which do contain such information. Such a relation will hold between an untimed
process and a timewise refinement of it. We will focus attention on two timewise
refinement relations in particular, although we will define others at the end of the
chapter.

We first define a mapping © : TCSP — CSP, which removes the timing
information from the syntactic description of a process. We will be interested
in conditions which yield ©(Q) C @, since in those cases the production of an
untimed process P such that P T @ will reduce to an application of © to Q.

The first relation we will consider is the weak timewise refinement relation,
C:. It is a relation between the untimed traces model Mt and the timed failures
stability model TMps. We will see that our definition of P =, Q is equivalent to
II(Q) € P. We obtain the result that ©(Q) T, @ for all TCSP processes. We also
extend C; to a refinement relation between specifications; this leads to a notion of
‘translation’ of untimed behavioural specifications into timed ones.

The second refinement relation, C;, is strong timewise refinement. It will
be between the failures model M and the timed failures stability model TMps.
We will see that the projection mapping II : TMFrs — My is too coarse for the
refinement relation between My and TMps: while we still have that II(Q) C P =
P Ty Q, there will also be some refinements @ of P where II(Q) € P. It turns
out that O(Q) is not Ty refined by @ in general, but we obtain useful conditions
on () for those cases where it does hold.

We will also define a subsidiary refinement relation which is intended as an
ald to deciding when the refinement relation T holds between processes. The
refinement relation C;, is defined between My and TM}, and it is shown that for
any TCSP process () we have

PC, &[Q] = P, &r[Q]
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6.1 The mapping O

The mapping © removes the explicit timing information from the description of a

T'CSP process, mapping it to a CSP process.

Definition 6.1.1 The function © : TCSP — CSP is defined as follows:

oL
O(SKIP
O(WAIT ¢

O(P 45 Q)
o Q)
O(WAIT ¢ ; P)

(U (L [ [ I O [ O T O

L 1 | O |V | PO O 1 O 1)

U | I 7

STOP

STOP

SKIP

SKIP

a — O(P)
a:A—0O(P,))
o(P)NO(Q)

The definition of timeout yields the definition

(P Q) =

89
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Examples

O(WAIT 50 a — SKIP) 3 WAIT 8 ;b — WAIT 4)
~ (SKIPOa — SKIP); b — SKIP

O(uX o (WAIT 30 — X) £ b — X)
= uXo((b-—>X)l'l(a——+XDb—-+X))

Observe in the second example that without the timing information we will be
unable to deduce that timeout occurs before a becomes available.

6.2 Weak Timewise Refinement
The projection mapping Il : TMps — M is given by

[1(S) = tstrip(traces(S))

We first define the weak timewise relation C; as a relation between M7 and
TMprs (both models reproduced in appendix B.2):

Definition 6.2.1 If Q, € My and Qs € TMrs, then

Qi C: Qe = H(Qz) C @

We extend the definition to a relation between CSP environments and TCSP
environments, as follows:

Definition 6.2.2

o E_.:t p = VX :vare U(/Y) ;t ,D(/Y)

We will extend the notation further, and define C; to be relation between CSP
and TCSP: if P is a CSP term, and @ is a TCSP term, then we write P C; @ to
mean that P is weakly refined by @. This is defined as follows:

Definition 6.2.3 If P is a CSP term, and Q is a TCSP term, then

P, Q = UgtpiTIIPHUEthﬂQHP
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Observe that the TCSP process STOP will refine any CSP process.
We now consider which TCSP processes have O(Q) C; Q

Definition 6.2.4 A TCSP term Q preserves C,-refinement if

cCip=>T[0(Q)]eCiEr[Q]r

Lemma 6.2.5 For any process ; € My, and any process Qs € TMrg, the
predicates S; on TMps and S, on My defined by S;(X) = Q; C; X and S,(X) =
X Ci Qs are both continuous, satisfiable predicates.

Proof We deal first with S;. Let {P;} be a convergent sequence of processes in
TMps whose limit is P. Consider s € traces(P). Then 3i o s € traces(P;), so
tstrip(s) € Q;. Hence II(P) C Q, as required. Further, we have S:(STOP), and

so S; is both continuous and satisfiable.

We now turn our attention to S,. Let {P;} be a convergent sequence of pro-
cesses in M1 whose limit is P. Consider s € traces(Qe). Then Vi o tstrip(s) € P;,
and so tstrip(s) € P. Hence we have S»(P), so S, is continuous. It is also satisfi-

able, since So(RUN) (where RUN = a : & — RUN). O
Lemma 6.2.6 If PC, Q, then pXoe P, nXeQ

Proof Assume o C; p, and that P C, Q. Let Ws(X) be the semantic function
corresponding to WAIT § ; X. Consider P; € TMpsg such that

T[[,uX o P]]a C,; P,
Now II(P;) = II( W5(P,)), so we have
II{Ws(P;)) ST[puX e Plo

o[T[1X o Plo/X] T, plWs(P,)/X]
and so
T[P)oT[1 X o Plo/X)) T, £2[Q) (ol Ws(P,)/ X))
T[1X o Plo T £ [ Q) (ol W(P.)/ X))
But

Er[uX o Q)p=fiz(AP; o E7[Q] (o[ Ws(P,)/ X))
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Defining |
Si(P)2(T[pX o Plo T, Py)

we have from lemma 6.2.5 that S, is continuous and satisfiable, and we have just
obtained that S, is preserved by the contraction mapping above, whose fixed point
1S ST[[,LLX o Q]]p, which yields that u X ¢« PC, n X o Q. O

Theorem 6.2.7 All TCSP terms Q preserve C;-refinement.

Proof By structural induction. We examine each case in turn, assuming that the
syntactic subcomponents preserve C.-refinement, and that o C, p.

I(Er[STOP]p) = {()} < {(} =T[O(STOP)]o
I(Er[L]p) = {0} < {O}=T[O(L)]0
Er[SKIP]p) = {(), (")} € {(), ()} = T[O(SKIP)]<s
M(Er[WAIT ] p) = {(),(\)} € {(),(")} = T[O(WAIT t)] o

We next consider the one-place operators.

N(Erfe— Q) = {O}u{(a)tr | tr e I(EL[Q] )

{0u{(a)~tr | tr e T[O(Q)] 0)}
T[[@(a — Q)]]a

NN

I(Ex[WAIT t; Q] p) {tr [ tr e (€7 [Q] p)}
{tr | tr € T[[@(Q)]]a)}

T[[@(Q)]]a

N 1N

{tr\a|tre(Er[Q]n)}
{tr\A|tre T[[@(Q)]]a)}
T[[@(Q\A)]]a

n(e-[Q\ 4] )

NN

{f(tr) | tr e (€7 [ Q] )}
{f(tr) [tr e T[O(Q)] 0)}
T[e( ()]s

I(Er [£(Q)] p)

N in
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OEr[f~1(Q)]p)

{tr | f(tr) € I(E[Q] p)}
{tr | f(tr) € T[O(Q)] o)}
T[o(1(Q)]e

N 1Nl

We now consider the two place operators.

I(E7[Q, M Q:] »)

I(Er[Q: O Q2] )

II(Er ﬂQz I Qe]] p)

H(gT[[QI A“B-Q2]]p)

I(Er[Q: || Q2] p)

N 1N

N Nl

NN 1N

N IN I N N N I

IN

I(Er[Q:] ) UTI(Er [Qe] p)
T[e(Q)]ouT[O(Qs)]o
T[0(Q: M Qs)]o

I(Er[Q:]p) U H(ST[[QQ]]P)
T[[@(QI )]]a U T[@(Qg)]]a
T[0(Q:0Qs)]o

tstrip(traces(E7[Q;] p) N traces(E7[ Q2] p))
D(Er[Q:]p) NTI(EL[Q2] p)
T[0(Q)]enT[O6(Qe)]0o

T[[®(Q1 | Qz)]]"

tstrip({s | s =s TAUB A s | A€ traces(€7[Q:]p)
As | B € traces(Er[Q:]p)})
{trltr=tr AUBAtr I A€ I(ET[Q:]p)
Atrt B eT(Er[Q2]p)}
{tr|tr=tr ] AUBAtr 1 A€ Tr[0(Q:1)]o
Atr| B e Tr[0(Q:)]o}
THQ(QI alls Qz)]]a

tstrip({s [ Ju, v @ u € traces(E7[Q;] p)
A v € traces(E7[ Q2] p) A s € Tmerge(u, v)})
{tr|Ju,veu e M(Er[Q:]p) A v e I(Er[Q2]p)
As € Merge(u,v)}
{tr |Fu,veuec T[O(Q)
A s € Merge(u,v)}
T[[@(Ql Il Qz)]]"

o AveT[O(Qs)]o
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tstrip({s | v € o(s) A s € traces(E7[ Q1] p)}
U{(s7(w+(t+8)) |V €a(s) A

s™{(t,v)) € traces(E7[Q:]p) A
w € traces(E7[ Q2] p)}

{tr|v &o(tr) A tr e I(ET[ Q1] p)}

U{trtr' | v & o(tr) A tr(v) e I(ET[Q1] p)

Aw € TI(Er[Q:]p)}

{tr|tr e T[O(Q;)]o AV & o(tr)}

U{tr~tr' | tr(v) € T[O(Q1)]o A tr' € T[O(Q2)] o'}

T[[@(QI)QG(Qz)]]G

T[[@(Qz 5 Qz)ﬂd

We next consider the indexed operators.

O(erfe: A~ Qo) = {0}U{(@)tr|ac Antre (EL[Q] )
{Q}u{{(a)"tr|ac AAtre T[@(Qa)]]a}
T[0(a: A — Q.)]o

(& IIQ1 9 Qz]] p)

N

N

IN iN

N N

I(Er] ﬂ Q] ») U (€7 [Q.] p)

a€A G'G‘A

C UATﬂ@(Qa)]]a
c Tlo([] Qle

a€A

The process variable case is trivial:

m(Er[X]p)

N IN 1Nl
A2
@
>

T[[@(X)]]a
The recursion case follows from lemma 6.2.6 :
OuXeQ) = pXe0(Q)
C: pXeo(Q)



Corollary 6.2.8 FEvery TCSP process @ has O(Q) C; @

For any TCSP process @) we have a simple method for producing a CSP process
which is refined by @. This will allow reduction of proof obligations on ¢ to proot
obligations on ©(Q).

)

Observe that the ordinary sequential composition operator “;” does not pre-
serve timewise refinement in general, since it can introduce traces that are not
present in the untimed version, by means of the closure operator. For example,
the process

(a — STOP ||| SKIP) ; b — STOP

has ((0,5),(0,a)) as a possible trace, but the corresponding untimed trace, (b, a)
1s not a possible trace of the untimed equivalent of that process. This problem
cannot arise when the delayed sequential composition operator is used.

The operator © extends in the obvious way to functions on TCSP processes
built out of the basic process constructors. We immediately obtain the following
corollary:

Corollary 6.2.9 If P is a vector of CSP processes, @ is a vector of TCSP pro-
cesses, and Vi o P, T, Q., and F is a function built from TCSP process construc-

tors, then ©(F)(P) C, F(Q)

Follows immediately from theorem 6.2.7 by considering F' as a TCSP term with
free variables. O

Specifications

We can extend the refinement relation to a relation between predicates on untimed
processes and predicates on timed processes. Our definition of the refinement
relation between specifications is motivated by our proof strategy: if we know that
S; C: S,, then in order to establish S»(Q) it will be enough to establish S, (P) for
some P such that P C; Q).

Definition 6.2.10 If S, is a predicate on elements of Mr, and S is a predicate
on elements of TMys, then we define:

SiCi S = VQe(IPeS(P)APL, Q= 5:(Q))
The following lemma provides an example.
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Lemma 6.2.11 ‘weakly limited on A’ C, ‘weakly limited on 4’

The predicate ‘weakly limited on A’ on M7 is refined by the predicate ‘weakly
limited on A’ on TMps.

Our proof strategy is then encapsulated by the following theorem:
Theorem 6.2.12 If PC, Q, SC, T and S(P), then T(Q)

Proof Follows immediately from the definition of C; on specifications O

The set of specifications {7 | S C,; T}, for a given S, is a complete lattice
under the < ordering. Its top element will therefore be the strongest refinement
of S: it will be denoted sr(S). Any specification weaker than sr(S) will be a
timewise refinement of S, and by its definition every timewise refinement of S
is weaker than (or equivalent to) sr(S). We therefore obtain that sr(S5) is the
(unique) predicate that satisfies

SCisr(S)AVSs 0 ((s7(S)=S5,) & S5C,; S,)
It follows from the definition of T, for specifications that T defined by
T(Q)=3dPe(S(P)APLE: Q)

satisfies the above equation for sr(S). Hence we obtain a characterisation for sr(S)
that will allow us to identify the strongest refinement of a given specification. This
will be particularly straightforward for behavioural specifications, which will make
our proof strategy immediately applicable to such specifications.

sr(S) Q)= IPeS(P)APLC, Q

The predicate sr(S) holds of precisely those processes which are refinements of
processes captured by S.

Corollary 6.2.13 If S(O(Q)) then sr(S)(Q)

Theorem 6.2.14 If A is a predicate on untimed traces, then
sr(X sat A(tr))(P) & P sat A'(s,a,R)

where A'(s, a,R) & A(tstrip(s))
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Proof We must prove that
JPe Psat A(tr) AP C, Q & Q sat A'(s,a,R)
We prove first that
JP e P sat A(tr) A P
We have P C, Q, so I[( ET[[Q]] C T[[
(s,a,R) € ST[[ ]]

= @ sat A'(s,o,N)
Also, tr € T[P] = A(tr). Now

C: @
]
= s € traces ST[[Q]]
= tstrip(s) €T [[Q]]
= A(tstrip(s))
= A'(s,o,R)
which yields the required result.
We now prove.

Q sat A'(s,a,) => 3P e Psat A(tr) A\PC,; @

Any Q € TCSP will have that U = tstrip(traces(Er[Q])) satisfies the trace
axioms (immediate from axioms (1) and (2) of TMFs). Now for a given trace
v = (us, Usg,..., U), define

P,=u - u—... > u, — STOP

P=[]~P,

velU
we have T[[P]] = U, and so P sat A(tr) and PC; @. O

Defining

Example

The theorem allows the translation of a behavioural specification by an alteration
to its syntax. For example:

sr(X sat #(tr [ out) < #(tr [ in)) = X sat #(tstrip(s) [ out) < #(tstrip(s) [ in)

We may also define a function on timed predicates complementary to the
strongest refinement function. The set of predicates on untimed processes refined
by a given timed predicate T is a complete lattice under the implication order,
so we may identify the weakest predicate refined by T. We call it the weakest
coarsening of T, denoted we(T). We then obtain

we(T)(P) & VQe(PLC: Q= T(Q))
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Theorem 6.2.15 If A is a predicate on untimed traces, then
we(X sat A'(s,a,R))(P) & P sat A(tr)

where A'(s,a,R) & A(tstrip(s))

Proof If P sat A(tr), then whenever P C, @ we must have
s € traces(Q) = tstrip(s) € traces(P) = A(tstrip(s))

and so @) sat A'(s,q,N).

If =(P sat A(tr)) then I ¢r € traces(P) o —A(tr). Let tr = (a;, as,... as).
Then @ = a; — a3 — ... = a, — STOP is certainly a refinement of P, and
clearly =(@Q sat A'(s,a,N)) as required. O

Hence for untimed behavioural specifications S we have S = we(sr(S)). This
is not true in general for non-behavioural specifications. For example, consider

S(P) & (a,b) € traces(P)
Then for any TCSP process Q we have
(0(Q)Na— b — STOP)C, Q
so s7(S) holds of Q. Hence sr(S) = TRUE, and so we(sr(S)) = TRUE.

6.3 Strong Timewise Refinement

In this section we consider two closely related forms of strong timewise refinement.
We will examine their relationship in some detail. We perform the same analysis
that we have just carried out for weak timewise refinement. However, we will find
that not all processes preserve strong timewise refinement, so for a given TCSP
process () it will not in general be trivial to find an untimed process refined by
@). This makes reduction of proof obligations harder for those processes which do
not have ©(Q) refined by Q. We will also see that the refinement relation can
be extended to a relation between predicates, in the same way as the C;-relation
was extended; we are again able to easily characterise the strongest refinement of
a behavioural specification.

We think of a timewise refinement of a process in My as the resolution of when
events are refusible as well as when they are possible; but it is not so clear what
information in TMpg corresponds to a failure in Mr. An untimed refusal set does
not correspond to the set of events refused at some time during the performance
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of the trace, nor even to the set of events refused at some time after the end of the
trace. If the process were to stabilise, then we would expect it to correspond to a
set of events refusible after stability. However, not all processes are stable, so we
must find some other characterisation.

We interpret the failure information (¢r, X) in a timed context by saying that
there is some time, after a timed version of ¢r has been performed, after which X
may be continuously refused. We would expect, if P, were a timewise refinement
of P; in this sense, that

(s,[t,00) x X) € SI(Pg) = (tstrip(s), X) € P,

We would not expect the converse implication , since the introduction of timing
information will in general mean that some traces are no longer possible, and also
that some sets may never be refusible.

If P, is a process in Mp, and P, is a process in TMps, then we write P, Cy Py
to say that Ps is a strong timewise refinement of P;. This is defined as follows:

Definition 6.3.1
P1 [;f Pg = V(S,N) S SI(PQ),X € P(E) L
3t e ([t,c0) x X TR) = (tstrip(s), X) € Py

We extend the relation C; to a relation between environments for Mr and envi-
ronments for TMps.

Definition 6.3.2 If ¢ : var — My and p : var — TMps are environments to
their respective models, then

cCrp & VX :vareo(X)Cyp(X)
Finally, we extend Cy to a relation between CSP terms and TCSP terms.

Definition 6.3.3 If P is a CSP term, and Q is a TCSP term, then
PC;Q 2 (0Csp)=> F[Plo G Er[Q]p

We introduce one more form of timewise refinement, which will be useful in
resolving when P Ty @. It is a natural form of timewise refinement between My
and TM;s, although we must bear in mind that TMjg does not deal satisfactorily
with unstable processes, because of its treatment of failure sets on unstable traces
(if a trace has stability value oo then every set is refusible after that trace).
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Definition 6.3.4 If P, € Mr and P, € TMzpg, then
P,C, P, 2 VY(s,a,X)€ P, e (thstrip(s), X) € P;
If 0 : var — My and p : var — TMpg then
cCup = VX :vareo(X)Cy p(X)
If P is a CSP term, and Q is a TCSP term, then

PCuQ = oCyup= F[PloCuEr[Q]r

We may now define what it means for a term to preserve strong timewise refine-
ment:

Definition 6.3.5 If Q is a TCSP term, then

o @ preserves Cy-refinement if O(Q) &y @

o () preserves T -refinement if O(Q) Cis €

Theorem 6.3.6 FEach of the following predicates on My is continuous and satis-
fiable, for any Q; € TMrpg, Q2 € TMgs:

51(X) = X[__:-f Q1
52(/Y) = /Y E:_ts QZ

Proof Let {P;} be a convergent sequence of processes in My whose limit is P.
Assume that S (P;) for each i. Let s and X be such that

AR, t e (s,N) € SI(Q;) A ([t,00) Xx X CR)

Then by the definition of & we have that (tstrip(s), X) € P; for all 7, and so
(tstrip(s), X) € P. Hence P C¢ Q;, and so §; is continuous. Further the process
CHAOS, defined by

CHAOS = pXe(a:X - X)L

satisfies S;, since it exhibits every possible (trace, refusal) pair.

The proof for the continuity and satisfiability of Ss is entirely similar. O
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Conversely, neither $,(X) =2 P Ty, X nor S»(X) = P T4 X are continuous

for general Mr processes P, although they may be continuous for some P (e.g.
CHAOS). Consider

P, = WAITn;a— STOP
a— STOP C; P,
a—STOP ¥; lim P, =1

n—oo

a — STOP ;ts Pn
¢~ STOP Z, lim P,=1

Both a — STOP Cf X and a — STOP T, X hold of each P,, but neither holds
of limy,_,o P,.

However, the predicate

So(X)2 PCy X

is continuous for ¢-stable and ¢-prompt processes, since for those processes we can
deduce information about infinite behaviours in a bounded time:

Theorem 6.3.7 Each of the following predicates is continuous for any P € M,
t>0:

Si(X) & PC; X AKX ist-prompt
S2(X) = PCy X AKX ist-stable

Proof We prove S, is continuous. The proof for S, is entirely similar. Assume
{Q:} = Q, with S;(Q;) for each i. Now consider (s,X) € STr[Q] with
[t',o0) x X CNX. Then [¢/,¢t' +t) x X C R, so

(s, [t t'+t) x X) € fail(Er[Q]
and so for some n we have
(s, [t',t' +t) x X) € fail(E7[Qn]
Now @), is t-prompt, so we deduce
| (s, [,00) x X) € fail (Ex [@Qu]
and since P C; @, we have (tstrip(s), X) € F[P], as required. O

Lemma 6.3.8 For any CSP term P, TCSP term Q and t > (0 we have

PgtaQ = Pl;ts WAITtyQ
PEfQ = Pl;f WAITt,Q

101



Proof Assume P T (), and that o Cy, p. Then

(5,0, X) € E3[WAIT t;Q]p = (s—t,a—t,X)€E7[Q]p
= (thstrip(s —t), X) € }_[[P]]U
= (thstrip(s),X) € F[P]e
so PC,, WAITt; Q. O

Assume P C; @), and that o s p. Then

(5,R) € STp[WAIT ¢t; Qe Aft,0) x X &R
= (s—t,R=1t)eSIr[Q]pA[t' ~t,00) x X SR =1
= (tstrip(s — t),X) € F[P]o
= (tstrip(s), X) € F[P]o

so PGy WAIT ¢; Q. O
Lemma 6.3.9 Let P be a CSP term that represents a contraction mapping, and
let Q be a TCSP term.
o fPC; QthenpXoePLlyuXe(Q
L IfP [;ts Q then /JJY o P ;ts /.LX L Q
Proof F [[ pX e P]] is the unique fixed point of the contraction mapping

C=)Y o F[P](c[Y/X])on Mr. Nowlet o C; p. Assume P, C; Er[u X o Q]p.
Then from lemma 6.3.8 we have P; ¢ 5T[[WA[T S;uX o Q]] p, SO

o[P /X C; plEr [WAIT 650X o Q] p/X]
so we have
F[P](o[P./ X)) C; Ex[Q) (plEr[WAIT 6; 1 X « Q]p/X])

and so

C(P;) Cr Ex[nX « Q]

Hence C preserves S(X) = X & Er[pX o @] p, and we have from theorem 6.3.6
that S is continuous and satisfiable, so it follows (from the fact that C is a con-

traction mapping) that S(fizC), as required.
The proof for C;, is entirely similar. O

We will prove that the refinement relation C; holds whenever L holds. How-
ever, the converse is not the case. Consider

¢ — STOP C; uX e ((a— STOP) L X)
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But 5:.;‘[[#X e ((a —» STOP) s X)]] has stability value oo associated with the
empty trace. Hence axiom 13 for TMjg tells us that ({), {a}) is a possible failure
of the process. But it is not a possible failure of fﬂa — STOP]], S0

a = STOP Z,, uX e((a— STOP)L X)

In order to prove that PC,; Q = P C; @, we must first obtain some subsidiary
results.

Definition 6.3.10 A trace s in Ti"é is reflected in N if

(t,a))insAt>0=3Ft' <te[t' t)x{a} CR

When timed refusals are present, we deduce that an event happens at the instant
it becomes available from the observation on R that it was refused for some interval
up to that time. Hence a trace s is reflected in X if there is evidence in N that
the hatted events in s occurred at the instant they became available. We write
R(s,R) to abbreviate ‘s is reflected in ®’. The following simple consequences of
this definition will be used in the next theorem.

Corollary 6.3.11 The following hold of the relation R:

o R(s,¥)= R(s ~t,R=1)
o If R(s,X) and s € Tmerge(u,v) then R(u,R) and R(v,N).
L IfR(S,N) and X = NIUNg then 331,82 es=35; Vs A R(SI,NI) N R(SQ,NQ)

We will now define a relation between semantic sets P, in TMps and P, in
TMps. This relation captures the situation where all the possible behaviours
described by P; are also contained (in a different form) in P,. We may therefore
think of P; as a more precise description of a system than P,; the projection
II(P;) (see page 185) of P; into TMjs is more deterministic than Pp'. The
relation describes the following: if (5, ¢, R) € P,, then we deduce that the events
refused after stability will be a possible refusal set (after s) in Pg; further, since s is
reflected in R, the refusal information contained in N is sufficient to deduce which
events in s may be hatted; finally, since TMfs does not make so many distinctions,
the stability value associated with the failure (s, X) will in general be higher than

that associated with (3,R) in TMrs.
When this relation holds between P, and P, we say P, follows P;:

1 p is more deterministic than Q if @ = PN @ (‘more deterministic’ is reflexive)
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Definition 6.3.12 If P, € TM}s and P, € TMps, then P, follows P, if for any
s € TY¢ we have

(3,a,R) € P, AR(s,N)=>3B>ae(s,B,0(R1a)) € P,

We abbreviate S, follows S; to F(Se,S;) If p; : var —» TMps and ps : var —
TMpg, then ps follows p, if for all process variables X we have F(ps(X), ps (X)).

If P and @ are TCSP terms, then Q follows P if

F(ps,pi) = F(E7[Q] p2, Ex[P]p:)

The next theorem tells us that the semantics of P in TMprs is always more
precise than its semantics in TMpg. This result has interesting consequences. The
projection mapping II : TMps — TMps (see page 185) maps a process P to
the most deterministic process in M} that follows P. Thus we will obtain the
following corollary:

Corollary 6.3.13 Let IT : TMps — TM}ps be the projection mapping given in
[Ree88]. Then I(E7 [[P]]) follows Er [[P]], and s more deterministic than £} [[P]]

The consequence of the next theorem that is presently most useful is that it
will allow us to conclude that C,,-refinement is stronger than C;-refinement, which
will aid us in establishing the presence of the C;-refinement relation.

Theorem 6.3.14 If P is a TCSP term, then P follows P

Proof This theorem is proved by structural induction on P. The difficult cases
are indexed nondeterminism, parallel combination, hiding, sequential composition,
and recursion. We present the proofs for each of these.

We proceed by structural induction, assuming the result holds for the syn-
tactic subcomponents of the composite processes, and that in each case we have
F(p2,p;1). We will continue to use the notation R(s,X) to mean that s is reflected
in N.

Case []. P;
Consider (3,a,R) € ET[[H,. P,']]. Then define

S = {y|3ie(5vR) €&r[P]p:}
T = {8]3ie(s,8,0(R1a) € E[P]pe}
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Then o = sup(S). Now if T # 0 then (s,sup(T),c(R1 Ex[1; Pi] pe- So to
prove the required result, we need only show that y € S => 3 /J’ >vef3¢c T

vye€S
= Jie(5,7,R )Egr[[P]]pI
= 34,82y (5,8,0(R] Ex[Pi] pe
= 3i,f=27e(s,8,0R1 ))65*[1’]]
= d0>7e ﬁeT

as required.

Case P || Q
Now consider (3,a,R) € £7[P | Q] p:, where R(s,R). Define:

S = {maz{a;,as} | IR, N, e R =R, UR, A
(5,a;,8;) € 5T[[P]],01 A (3,02,Rs) € ET[[QIIPQ}

T' = {maz{B;,82}|3s;,52,X;,Xs05=35,Vsas AX, UXo, =o(X1a)}

Then o = sup(S). Now given ®; and R, such that X = X, U X, we have from
corollary 6.3.11 that there are s; and s, such that s = s, V s, and R(s;,®;) and
R(sg,R5), so

{max{a,,ag} l ENI,NQ,SI,SQ o N =N1 UNQ A s = S; V So N
(§1,00,R;) € E7[P]ps A (S2,2,Rz) € E7[Q] ps
R(SI,NI) A R(SQ,NQ)}

Consider ¥ € S. Then v = maz{a;,as}, where
($,a1,8;) € 5T|IP]]p1 A R(s;,R) A (S2,02,Rs) € 5T[[Q]] p1 N R(s2,R)
Hence
381 > ar,Be > @z ¢ (s1,B1,0(Ri1as)) € ET[P]pe A (52,82,0(ReTas)) € EX[Q] p2
But o; € a and a» € a, so
oRi1a) SoRi1a) A o(Rela) So(Re 1 as)

SO

(s1,B1,0(R; 1)) € &F l[P]],Oz A (32,B2,0(R2 1 @) € EF [[Q]]
Therefore, maz{8;,08:} € T,s0 37" >y e~ € T. Hence

(s, sup(T), G(M o)) € Ex[P || Q] p2
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and sup(T) > sup(S). O

The cases for the alphabet parallel operator and the interleaving operator are
very similar, and again use the properties presented in corollary 6.3.11

Case P:(Q
Now consider (3,,R) € £ [P Q] p:, where R(s,R). Define:
{a|VIe(3,0,RU(Ix{v}))€&r[P]p: AV &0(3)}
Ua+t+6|v oGt AG=(t+68),a,R=(t+6) e Er[Q]p
A(G T V)),RTEUL0,t) x {v}) € fail(E7[P]p1)}

= {a|(s,a, X U{V}) 65[[P]]p2/\\/¢ o(s)}
U{a+ (t+68) | (s T ) ((t,V)) € traces(E3[P]pe) AV € o(s | t)
(s = (t+6),0,0(%1 a)) € £[Q] 02}

Then o = sup(S), and if T is not empty then (s sup(T),o(R 1 ) € £5[Q] pe-
It is sufficient to provethat y € S = 39 >~y ey € T. So con81der v € S. Then
either:

(3,7, RU[0,v+1)x{v}) € Er[P]p: Av &c(3) A R(s,RU[0,v+ 1) x {V}
= 37 270 (5,7,0R17)U{V]}) € EF[P] p2

= 37 27y (5,7, 0(R1a) U{v}) € &7 [P]pe

= 3’7')707’€T

a(5 )
(t,v u(0,t) x {v}) € fail(Ex[P]p1)

A= (t+6),8,R=(t+96) € er[Q]p:

AR((T )~ (5, V), RTEU0,t) x {v}))
= (s t7™((t,V)) € traces(EL[P] pe)

AR zBe(s=(t+68),8,0((R=(t+8)18)) € Ex[Q] s
= (s [ t7{(t,V)) € traces(E5[P] p2)

A (s = (t+8),8,0(()1 a)) € £7[Q] oz

A (8T 8)7(

=> B +(E+0)eETAB+(t+6) =7
= 9 2~ve4' €T

a

Case P\ A

To prove this case, we first require a technical sublemma:
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Sublemma 6.3.15 f (s,o,R) € Er[P\ A]p A a < oo then
Vv>aea=sup{f|Iwes=w\AA(w,BRU[0,v)x 4) € Er[P]p}

Proof Consider (s, a, N)e&r [[P \ AH p, and v > a. Define

S = {BlIwes=w\AATa>b> end(w) e (w,a,RU[0,8) x 4) € Er[P] p}
Sv = {BlIwes=w\AA (0,8,RU[0,r)x A )EET[[P]],O}
(

Then from the definition of hiding, o = sup(S). Now lemma A.1.2 yields that
YE€S =37 >ve4 €S8, s0 we obtain sup(S,) > sup(S)

We wish to prove sup(S,) = sup(S), so we assume sup(S,) > sup(S) for a
contradiction:

sup(S,) > sup(S)

18 €S, 08>

dwes=w\AA(w,8,RU[0,v) x A) € Er[P]p

' 2B, wes=w\AA(w,B,RU[0,min{v,B}) x A) EET[[P]]
min{v,B} € S

sup(S) = min{v, B} > «

which yields a contradiction. O

(R A

We can now handle the hiding case:
Let (3,a,R) € E7[P \ A]p: A R(s,R). Define:
{BlIwes=w\AANTd >8> end(w) o
(w,o/,RU [0, maz{end(R), B}) x A) € E[P]p:}
Sy = {f|IJwes=w\AAwis A-active A (0,3,RU[0,7) x A) EgTﬂP]IpI}
T = {B]3(w,p) € stab(E[P]ps) e w\ A =5 A wis A-active}
Case a=o0

The result follows immediately, since X { co = )

Case a<

For any v, if B € S, then 38’ € T o 5’ > 3. Hence if Yy o sup(S,) = oo then
sup(T) = oo, and (5,00,0(R 1 @)) € E5[P] p2.

If 37 o sup(S,) = o < oo, then set v = maz{y,a’,a} + 1. Then from
sublemma, 6.3.15 we obtain sup(S,) = «, and so »sup(T) > a. Also,

BeS
= Jwes=w\AAwis A-active A (@, ,B,NU[O,V) x A) EET[[P]]jIpI
= Jwes=w\AAwis A-active A (w,a(R18) U A) € fail(EF[P] p2
= (5,081 a)) € fail(EF [[P\A]]pg) |
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Case pXeoP

Define G(Y) = P[(WAIT 6§ ; Y)/X]. We will first prove that G"(STOP)
follows G*(STOP) for all n.

Base Case: STOP follows STOP is immediate.
Case n + I:
Assume F(G™(STOP), G*(STOP)) and F(p2,p:)-
~[G™H(STOP)]p: = E3[G(G™(STOP))] ps
= &F P]](pg *|IWA[T5 G"(ST )]]pg/X])
J

which follows Er[P)(p:[Ex[WAIT §; G*(STOP)] p1/X])
= & G"“(STOP)]]

Hence we have that ¥V n ¢ F(G"(STOP), G*(STOP)).

Now {G"(STOP)} has limit 4 X e P in both TMps and TMFs. Consider
(3,,R) € Er[p X o P].

Case a <

Then 3N o N§ > maz{end(s,R),a}. So then
Vn>Ne(3aeR) € Er[GH(STOP)]
But Vn & F(G*(STOP), G*(STOP)), so
Va>N,383>ae(s 8,01 )€ E[F(STOP)]

Hence we obtain

38> e (s,8,0(8 @) € Ex[uX o F(X)]

Case a=©

sup{an | (3,ax) € stab(Er ﬂ[[Fn(STOP)IP )}
sup{Bn | (5,B.) € stab(EF[F*(STOP)])}
(s, oo)Estab [[/zX FX)]])
(s,00,0(R1a) € Ep[uX o o F(X)]

444
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Corollary 6.3.16 (s,c0,R) € &7 [[P]] (s,00) € stab( [[P]]

We are now in a position to prove

Theorem 6.3.17 For any CSP process P and TCSP process @ we have

P;tsQi‘P;fQ

Proof Assume P C,, (. Consider (s,R) € SIT[[QH, with [t,00) x X C R for
some ¢. Then (s,,0) € £7[Q] for some a.

Case a= o0

Then
(s,00) € stab Q

= (s5,X) Efazl
= (tstrzp P]]

Case a< oo

Then from axiom 10 for TMrg we have

3B < ae(s,B,[t,maz{t,a} + 1) x X) € Er[Q]
= (s,X) efaﬂ(g;,[[czﬂ_u) since F'(Q), @)
= (tstrip(s), X) € F[P]

O

Theorem 6.3.18 All the process constructors except hiding, infinite nondeter-
minism, and infinite-to-one alphabet renaming preserve Ty, refinement.

Proof By a straightforward case analysis. O

We identify sufficient conditions on timed processes for the preservation of
C,-refinement:

Definition 6.3.19 A set of processes {Q;} has bounded stability if

sup{a | Jie (s,a) € stab(E5[Qi])} = 00 = Fi e (5,00) € stab(€3[Q:])

Lemma 6.3.20 If{Q;} has bounded stability and { P;} is such thatVi e P; T, Q)
then [; Pi o [1; @i
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Proof Consider (s,q, X) € & [[ﬂ Q,]] We have o = sup(S), where
={B|3ie(s5,8,X)ec[Q]}

Case a =0
Then by bounded stability we have
Jie(s,00) € stab(E7[Q:])

SO

(s,00,X) [[Q]]
Hence (¢strip(s), X) € f'[[P]] and so (tstrzp ) e FIN; p].
Case a<
Then
3i e (5,6, X) € £3[Q]
= (tstrip(s), X) € & ]
= (tstrip(s), X) € F[[; Pi]
a

Definition 6.3.21 A process P is bounded under A if

Vs € traces(EL[P]) o sup{B|3(w,B) € stab(EF [P]) e w\A=s} =00
& I(w,00) € stab(E[P])ew\A=s

Lemma 6.3.22 If @) is bounded under A and PC,, Q then P\ AC,, @\ A

Proof Consider (s,o, X) € £4][Q \ A].

Case o=

Then by bounded stability we have

I(w,00) € stab(EL[Q]) o w is A-active Aw\A=s5
(w,00, X UA) € 5 Q]

(thstrzp( ), XUA)€ }_&[P]]

(thstrip(w) \ 4,X) € F[P\ 4]

(thstrip(s), X) € F[P\ 4]

44l

Case a< o
= 3wo(w,XUA)€fail($’§~%Q]])/\w\A:s
= (thstrip(w),X UA) € F|P
= (thstrip(w) \ 4,X) € fﬂﬂp \ A]
= (thstrip(s), X) € F[P\ A]
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Corollary 6.3.23 If P is such that

o if Q\ A is a syntactic component of P then Q is bounded under A
o if [ ;s Pi is a syntactic component of P then the set { P;} is boundedly stable

o if f{(Q) is a syntactic component of P then f is finite to one

then ©(P) Cy, P

Proof Follows immediately by structural induction, using theorem 6.3.18 and
lemmas 6.3.20 and 6.3.22. O

This yields a sufficient condition for a process to be a strong timewise refinement
of its image under ©.

Corollary 6.3.24 If P is such that

o if @\ A is a syntactic component of P then @ is bounded under A
o if[;c; Pi is a syntactic component of P then the set {P;} is boundedly stable

o if f(Q) is a syntactic component of P then f is finite to one
then @(P) ;_f P

We have obtained, via Cy-refinement, a sufficient condition for TCSP terms
to preserve C;-refinement. We now examine which TCSP operators preserve Cy-
refinement. We shall find that it is not preserved by parallel composition, despite
the fact that TCSP terms built with that operator do preserve timewise refinement
(under the appropriate conditions for hiding and non-deterministic choice).

Lemma 6.3.25 Fach of the basic TCSP processes STOP, SKIP, WAIT t, 1,
and X satisfy ©(Q) Cf Q.

Proof Immediate, since they each satisfy ©(Q) C;, @ O

Lemma 6.3.26 The following TCSP process constructors preserve Cy-refinement:

a =P, a:A— P(a). PNQ, []; P
POQ, Pl @, P;Q, f71(P)

Proof Straightforward O
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Hf)wever, the‘||’and ‘y ||y, operators do not in general preserve C¢-refinement.
Consider

P = a— STOP
Q = pXe(a— STOPYL WAIT 3; X)
Q: = WAIT 2;Q,

Then P C; Q; and P C; Q,, but
P PZs Qi Qe

since P || P is unable to refuse a after the empty trace, but Q, || Q2 can refuse
1t. Formally:

(. {a}) ¢ F[P| P]
((),[0,00) x {a}) € SIr[Q: | Q]

We therefore seek conditions where C;-refinement is preserved by parallel compo-
sition.

Theorem 6.3.27 If P; and P, are CSP processes, Q; and Qs are TCSP pro-
cesses, Py C; @, P» Ty Q2, both Q; and Q» are prompt on X; N Xs, Q, is
non-retracting on Y; and Qs is non-retracting on Y,, and X; N X, C Y, U Y,
then

Pr x,llx, P2 Cr Qi x,llx, @

Proof Let @, and Q) be t’-prompt. Consider (s,R) € SIT[QI X1[|X2 Qg]], and
[t,00) x A C N. Then

HSI,SQ,NI,NQ ® 5 EC 3§ X1“X2 S2 A R =N1 UNQ /\U(N1)0(X2\/Y1) =@/\
O'(Ng)n(Xj \Xz) =®/\ (SI,NI) ESITIIQI]] A (Sg,Ng) ESIT[[QQ]]

We require the following definitions:

T = maz{end(s),t} +¢

T" = T+t

AnY, n(e®, 7[T,TY))
ANYen(eRe T[T, TY))
Cr = ANnYe\(ec(R T[T, T))
ANY, \(e(X; T[T, T))
AN (X, \ X)

Dy, = An(Xe\ X))

L
ol

5 &
T
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Now B; C o(R; T [T, T")), so by non-retraction of Q; on Y; and lemma 5.1.16
we have

(51,8, Ulend(s), T) x By) € STr[Q:]
so by promptness on Y, U Y, and B, C Y, we have

(s1,R; U[T,00) x By) € SIr[Q:]

Now
[T,T") x C; SR, U[T,0) x By
SO
(51,R; U[T,00) x (C; U By)) € SIr[Q:]
Clearly
[T,00)x D; NNy, =0
and so
[T,00) x D; TNy
Therefore

(51,8, U[T,00) x (D; U C; UBy)) € SIr[Q:]

By a symmetric argument, we obtain
(52,R2 U [T,00) x (D2 U Co U Bs)) € STr[Q2]
Hence by the definition of C;-refinement we obtain

(tstrip(s;), D, U C; U B;) € F[P,]

and
(tstrip(ss), D2 U Cs U Bs) € F [ Ps]
Now
D]UC] UBI UDQUCQUBng
and
tstrip(s) € tstrip(s:) x, llx, tstrip(sz)
and so

(tstrip(s), A) € F [P, x, lx, P, ]

as required. O

Corollary 6.3.28 If P; Cf @, and Py E; Q2 and both Q; and Qs are prompt,
and Q; is non-retracting, then

Prxlly Pe Cr Qr xlly @2
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Proof If Q, is non-retracting then it is non-retracting on X N'Y; Q; and @» are
both prompt on XN Y, so the previous theorem applies with Y, = XNY, Y, = 0.

Theorem 6.3.29 If P, C; Q, and P, Cf Q2 and Q; and Q) are boundedly
stable, then P, xlly P2 B Q xlly @2

Proof Consider

(s,8) € STr[Q: xlly Qe].[t,00) x Z TN
Then @, xlly @2 is boundedly stable, so
(s,o,[t, maz{t,a} + 1) x Z) € E7[Q: «lly Q2]

so for some
Ny, Re,a; € a0 €

we have
(s I X,a;,8)) EETﬂP]] ANolax)N(Y\X)=10
and
(s Y,as,Rp) € ST[[Q]] ANo(lay)N(X\Y)=10
and
N; URy = [t, maz{t,a}+1)x Z
Let

Zl = O'(Nl 1 O!]),Zg =0'(N2 1 ag)
Then Z; U Z; = Z Now from theorem 3.6.6 we have that

(s I X,[ey,00) x Z;) € ST7[ Q]

and
(s ['Y,[as,0) X Z5) € SITH:QQ]]
Hence
(tstrip(s | X), Z;) € F[P:]
and
(tstrip(s | Y), Zs) € F[Ps]
SO

(tstrip(s), Z; U Zs) € F[P: «lly Ps]
as required. O

If every semi-infinite behaviours of P \ A arises from a single semi-infinite
behaviour of P, rather than from a sequence of approximations, then we shall
see that the operator \ A will preserve C;-refinement for P. A process with this
property is well behaved on A:
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Definition 6.3.30 A TCSP process P is well behaved on A 1f
(s,[t,00) x X) € SIT[[P \ A]] =
Jw e #w is finite A (w,[0,00) x AU [t,00) x X) ceIr[P]Aw\A=s

Observe that not all processes are well behaved on A. For example, the process
P=n:N— WAIT n;a— STOP

is not well behaved on N. When the set N is hidden, the choice of n made by P
is not visible, so a can be refused for any finite length of time: Ve ()[0,n)X
{a}) € Fr[P\N]. The limit of these finite approximations is therefore a semi-
infinite behaviour of P \ N:

((),(0,00) x {a}) € SIr[P\N]

However, there is no single semi-infinite behaviour of P that gives rise to that
behaviour of P\ N: that is, there is no trace w of P such that w \N = () and

(w,[0,00) x (NU {a})) € STr[P]

Hence P is not well behaved on N (and so we would not expect P; Ty P to imply
that P, \NC; P\ N).

Lemma 6.3.31 If Q is well behaved on A, and P Ly Q, then P\AC; Q\ A

Proof Consider
(5,%) € STr[@\ A] A ([t,00) X X) S ¥

Then
(s,[t,00) x X) € SIT[[Q \ A]]

- 80

aw.szw\A/\(w,[t,oo)qu[o,ooxA)ESIT[Q]]

Now P Cy @, so
(tstrip(w), AU X) € FlP]

SO

(tstrip(w) \ 4, X) € FIP\ A]

SO

(tstrip(s), X) € FP\ A]

as required. O
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We now identify conditions for P to be well behaved on A.

Lemma 6.3.32 If P is weakly limited on A and weakly prompt, then P is well
behaved on A

Proof Let P be weakly t-prompt. Consider
(s,[t',o0) x B) € ST7 [P\ 4]

Then
dnewe tmces(]:T[[P]])/\ w\A=s=>#w<n

Define T = maz{end(s),t'} + nt + 1. Then

(s,[t', T) x B) € Fr[P\ 4]

S0
Ewow\Azs/\(w,[t’,T)XBU[U,T)XA)E.FT[[P]]
Then
#(w 1 end(s))'< n
S0

AT < T—-teT' > ANwl [T, T'+t]=()
Define w' =w [ T/ =w | T'+t. Then

(w',[t',T"+t) x BU[0, T +1t) x A) € Fr[P]
so since
T > end(w')AN [T, T'"+t) x AUBC[t,\T'"+t)x BU[0,T"+t)x A
we have by weak promptness
(w',[t,00) x BU[0,00) x A) € Fr[P]

as required. O

Observe that we require that P is weakly limited: if it is not, then the result
need not follow. Consider the following process definition:

Qn,a = b — STOP
Qn,m+1 = n— Qn,m
Q = n:N—=CQun
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Then @ is weakly prompt, but is not weakly limited on N. We see that

((),[0,00) x {b}) € ST7[Q \ N]

since all the finite approximations are failures of P\ N. However, there is no finite
trace w such that

(w,[0,00) x NU{b}) € ST7[Q] A w\N = ()

50 @ is not well behaved on N. Indeed, although ©(Q) C; Q, it is not the case
that ©(Q) \NC; @ \N.

Corollary 6.3.33 If P is limited on A and prompt, then P is well behaved on A

The next corollary will be useful in the construction of networks of processes.

Corollary 6.3.34 If P, C; Q; and Py T Qs and Q; and Qs are both weakly
prompt, Q; is non-retracting on A and weakly limited on A’, Q. is non-retracting
on B and weakly limited on B, and AUB =A'"UB' =X NY, then

(Pr xlly PN (XN Y) s (Qr xlly @)\ (XN Y)

Proof this follows directly from theorem 5.3.13 and corollary 6.3.32 O

We now present a sufficient condition for arbitrary non-deterministic choice to
preserve [;-refinement:

Definition 6.3.35 A set of processes { P;} are well behaved if

SIr| ﬂ P] = LijszT [P]

Not all sets of processes are well behaved. If P, = WAIT n; a — STOP then we

have
(0,10,00) x {a}) € Ir [[ ] 2]

but

({),10,00) x {a}) ¢ UTr[P]

so the set {P;} is not well behaved.

Lemma 6.3.36 If {Q:} is well behaved, and Vi o P; C; Q; then [, P; Cf []; Q.
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Proof Let {Q:} be well behaved, and Vi o P; C; Q;. Consider

(S’N) ESIT[[” Q,]] o [t,00) x ACNR

Then
(3 N) € Uz SITﬂQz]]
= Jie(sN) eSIT[Q,]]
= die (tstrzp( ), A) € F[Pi]
= (tstrip(s), A) € .7"'[[[_] P

?

as required. O

We have seen that stable and prompt processes are useful because they permit
inferences concerning infinite behaviours from finite approximations to those be-
haviours. This enables finitary characterisations of the C;-refinement relation for
such processes.

Stable Processes

If @ is a stable process, then we have
P C; Q & (tstrip(s),o(R 1 @) € Fr[P]
This follows from the fact that for stable processes we have

(3(5,R) € ST [P] o [t,0) x X TR & I(s,0,R) € Er[P] e o(R1 ) = X

This characterisation of refinement for stable processes will be easier to work
with.

Prompt Processes

If @ is a non-retracting ¢-prompt process then we have

P Ef Q =
(s,R) € Fr[Q] A [end(s), end(s) +t) x X TR = (tstrip(s),X) € F[P]

Once again, we need only consider finite observations in order to tell whether or
not a process is a refinement of another.
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The Non-determinism Order

tI‘he non-determinism partial order C [Ros82, Hoa85] is defined between processes
in a semantic model (with £ as the corresponding semantic mapping) by

Definition 6.3.37

PCQ = g[PnQ]=¢£[P]
Refinement in the non-determinism order preserves C;-refinement

Theorem 6.3.38

P;P'EfQ = PLC;Q
P, QCQ = PL;Q

Proof This follows immediately from the facts that

F[PnQ] =F[P] = fal(F[Q])C fail(F[P])

Specifications

The treatment for C;-refinement of specifications is very similar to the treatment
for C;-refinement. We extend Cy-refinement to a relation between predicates on
My and TMps. If S; is a predicate on My, and S, is a predicate on T'MFrs then we
may define C; between specifications in an identical fashion to the corresponding
definition for C;-refinement:

Definition 6.3.39
S, CrS:2VQe(IPeS(P)APLTs Q= 52(Q))

We can also define the strongest refinement sr(S) of a given untimed predicate S
in the same way:

SC;sr(S)A((S; = sr(S)) & S S))
It is given by a similar condition:

st(S) Q)<= IPeS(P)ANPC; Q
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. We can again capture the weakest coarsening of a given timed predicate T. It
1s given by the following:

we(T)(P) & YQe(PC: Q= T(Q))

We can express the strongest refinement of a behavioural specification on Mp
as a behavioural specification on the semi-infinite behaviours of a timed process:

Theorem 6.3.40

sr(Y sat A(tr, X))(Q) & @ sat (R =[t,00) x X = A(tstrip(s), X))

Proof It is clear that Y sat (X = [¢,00) x X = A(tstrip(s), X)) is a refinement
of Y sat A(tr,X). Further, if Q sat (R = [t,00) x X = A(tstrip(s); X)), then
the set

U = {(tstrip(s), X) | 3t o (5,[t,00) x X) € STr[Q]}

satisfies the axioms of Mr (page 187) and has A(u, X) for any (u,X) € U. We
define the following processes by infinite mutual recursion, indexed by failures
(u.X) and traces v:

Pu.x)y, = a:(inits(U1v)) — P(ux)’v/\(a) if u# v

P(u',X),v = a: (zmts(U1 v) - X) — P(%X)’v/_\(a) fu=nw

Now axiom 4 for M yields for any (u,X) € U that
(v, X) € F[Pux0] € U

so we obtain

ve U (PungCU

(»,X)eU

and hence

Fr[ [] (Paxnp)] =U
(v, X)EU

We thus have a process, defined in terms of infinite mutual recursion, whose seman-
tics is U. It is shown in [Ros88b, p69] that there is a simple coding trick which
converts any mutual recursion into a single one. Hence there is a CSP process
(with only single recursion) whose semantics is the set U. O

Lemma 6.3.41

Y sat (R = [¢,00) x X = A(tstrip(s), X))
& Y sat (([t,00) x X CX) = A(tstrip(s), X))
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Proof Assume Y sat (X =[t,00) x X = A(tstrip(s), X)). Then consider
(s,R) € SIT[[Y]] such that [¢,00) x X C N. By axiom 10 for TMrs we deduce
(s,[t,00) x X) € SIT[[Y]], and hence that A(tstrip(s), X)), as required.

The proof in the other direction is trivial. O

. We define the weakest coarsening of a predicate on TMps (with respect to Ey)
in the way it was defined for C,-refinement:

Definition 6.3.42

we(T)(P) & VQe(PL; Q= T(Q))

The weakest coarsening of T holds of P precisely when T holds of every refinement
of P. We obtain the following result:

Lemma 6.3.43

we(Y sat (X = [¢,00) x X = S(tstrip(s), X)) = Y sat S(tr, X)

We again obtain S = we(sr(S)) for behavioural specifications on M.

Deadlock Freedom

Following [Dat85], we approach deadlock-freedom via possibility of deadlock:

Definition 6.3.44 A TCSP process P may deadlock if

A(s,R), t o Fr[P/((s,R),t)] = Fr[P/((s,R),t) N STOP]

This is equivalent to saying that
3(s,R), ¢t o (s,RU[t,00) x T) € SI7[P]

This leads to a definition of deadlock free.

Definition 6.3.45 A process P is deadlock-free if

(5,R) € ST [P] = Vte[t,00) x L LR
Lemma 6.3.46 sr(deadlock-free) = deadlock-free
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Proof P is deadlock-free in Mp if P sat X # X. Hence we obtain from theo-
rem 6.3.40 and lemma 6.3.41 that

st(Y sat X # %) = Y sat (([t,c0) x X CR) = X # X)

which is equivalent to our definition of deadlock-freedom for TM FS.

We also define deadlock-freedom for TMps.

Definition 6.3.47 A process P is deadlock-free in TMys if
s € traces(E7[P]) = (s, %) € fail(E5[P])

Lemma 6.3.48 If P is a deadlock-free CSP process, and @Q is a TCSP process
such that P Ty, Q, then Q is deadlock-free in TMjy.

Proof Trivial

Lemma 6.3.49 If a TCSP process Q is deadlock-free in TMs then it is deadlock-
free n TMFS

Proof If @ is deadlock-free in TMp¢ then it must be stable (since X is refusible
after an unstable trace), and unable to refuse ¥ after stability. Since @ follows
@, we also have that @ is stable in TMFs, and unable to refuse X after stability.
Hence @ is deadlock-free in TMpg. O

Hence we see that deadlock-freedom is preserved by both Cy-refinement and
C-refinement.

6.4 Other Timewise Refinements

If we wish to refine processes to retain the stability information, we would wish
our refinement to be unstable only if the original process were unstable. Hence we
can define a timewise refinement relation &, relation between Mg and TMps.

Definition 6.4.1 IfS; € Ms, and S; € TMfg, then

SI ;s 52 =
tstrip(traces(Ss)) C traces(S;) A (s,00) € stab(S,) = (tstrip(s), <) € S;

Hence this form of timewise refinement preserves stability in processes: if P is
stable, and P C, @, then @ is stable.
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Definition 6.4.2 We define a timewise refinement relation T between Ms and
TMps as follows: if S; € Mg, and S, € TMzg, then

S1E S, =
tstrip(traces(S,)) C traces(S;) A (s,00) € stab(Ss) = (thstrip(s),00) € S;

The refinement relations C; and C, may be combined to yield a refinement
relation between Mrs and TMps:

Definition 6.4.3 The refinement relation C between Mrs and TMrs is defined
as follows: if S; € Mps and Sy € TMrg, then

St E S, = (Fte(s,[t,o) x X) € SI(Sy)) = (tstrip(s), X) € fail(S;))
ANEFt,YT >te(s,00,[t, T) x X) € Ss) = (tstrip(s),00, X) € S,

Definition 6.4.4 The refinement relation T between Mps and TMps is defined
as follows: if S; € Mrs and S, € TM}g, then

SiES: = (s,0,X) €Sy = (thstrip(s),X) € fail(S;)
A (a = oo = (thstrip(s), 00, X) € S;)

Each of the refinement relations above extends to environments and to relations
between CSP and TCSP terms, in the same way as the relations C; and C; were
extended.
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7 Communication

In this chapter we define the communication concepts of channels, input and
output, pipes, the chaining operator, buffers, and networks. The treatment of
buffers in particular provides illustrations of the specifications we have presented
in the previous chapters. We find sufficient conditions for the preservation of
L.s-refinement by the chaining operator, and thereby obtain conditions on buffers
which ensure that the pipe formed by chaining them together is a buffer. We also
consider the more general network operator: we see how to modularise networks,
and provide conditions for the network operator to preserve timewise refinement.

7.1 Definitions

We think of the event c.v as corresponding to value v being passed along channel
c. If V is the set of possible values that can pass along channel ¢, we define
c.V ={cv|v € V} When it is clear that we intend ‘¢’ to represent a channel,
then we use ¢ as an abbreviation for c. V.

c?z:V > P(z) = cz:c.V = Qca) where Q(c.z) = P(z)

clr =P = cz—o P

c?z : V — P(z) represents a process willing to input any message z from the set
V along channel ¢, and then behave like P(z). Observe that it is only well defined
if the set {P(z) | 2 € V'} is uniformly bounded. If the set of possible messages V
is obvious from the context, then we may omit it and write c?z — P(z).

The construction clz — P represents a process willing to output message z
along channel ¢, and then behave like process P.

In specifications we often use the channel name to denote the projection of
the trace onto the channel: the sequence of messages occurring on that channel
in the trace s. For example, ¢ denotes tstrip(s | ¢). This convention will allow us
to succinctly relate the messages passed along different channels in specifications.
We therefore write out < in as shorthand for ¢strip(s [ out. V) < tstrip(s [ in. V),
to specify that the sequence of messages passed on the out channel is a prefix of
the sequence passed on the in channel. (¢r; < tr, means that ¢r; is a prefix of ¢ry;
also, from [PS88], tr; <, tr. means that tr; < try and #ir; + n > #iry.)

Definition 7.1.1 A pipe is a process P such that o(P) C in.2 U out.X

The definition of the chaining operator is the same as that of the untimed operator,
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but recall that the hiding operator forces all internal communication to occur as
soon as possible; its behaviour will therefore be somewhat different.

Definition 7.1.2 We define the chaining operator >> on pipes P, Q as follows:
P > Q = (Sout,c(P) {in,c}”{c,out} Sc,in(Q)) \ ¢
where S, 5 is an alphabet transformation, indezed by channel names, defined by

Sep(a.z) = bz
Sap(bz) = a.x
Sep(y) = v ifyg€aTUbLY

Theorem 7.1.3 The chaining operator > is associative

Proof Lemma A.1.4 and the following previous results are sufficient to prove
Theorem 7.1.3:

 anad

- Pxllyuz (Qyllz B) = (Pxlly @ xurllz B

2. {a0,b}N0(P) = {} = Sus(P) = P

3. [ bijective = f(P xlly @) =f(P) jx)llpv) F(QAF(P\ ) =F(P)\ f(e)
4. Va,beS,, is bijective

5. {a,6}N{c,d} = {} = 5.4(Sc.a(P)) = S.,a(Sas(P))

6. P\X\Y=P\Y\X

Lemma A.1.4 states that ZNY =0= (P\2) xlly @ =(P yuzlly @)\ 2

Let ic, co, id, do, idc, cdo abbreviate in U ¢,c U out,in U d,d U out,in U d U
¢, andc U d U out respectively. The proof is essentially the same as the proof for
associativity of chaining in untimed CSP; the difference arises in the establishment
of the previous results, in particular lemma A.1.4.
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>Q)>R

out,d ((Sout,c (P) . llp Sein(@)) \ €) iullg Sain(R))\ d (defn )
(Smd( Sout,c(P) iclloo Sein(@)) \ Sowr,a(€)) jullgp Sain(R)) \ d (3,4)
((Sout,af Sout,c(P) icllco Se,in(@))) idellgo Sa,in(R ND\e)\d (A.1.4)
((Sout,a (Sout,e(P) iolley Sein(@))) suellao Stin(R))\ d) \ (6)
(((Sout,a(Sout,e(P))) iollog Sout,d(Serin(@))) igellso Stin(BNN )\ e (3,4)
( 2)
( )
( )

)

)
P); Sout,d(Se,in (@) callay Sain(B)))\ ) \ (1

ic ” cdo

(P
(§
(
(
=
(
(
(
(

Sout,c( ( d ) ,
Sout,e(P) icllcao (Sein(Sout,a(@)) illgo Sain(R)))\ )\ ¢ (5
Sout,e(P) icll o ((Sein(Sout,a(@)) 1qllyp Sain(R))\ d)) \ € (A.1.4
= P> (Q>R) (defn

7.2 Real-time Buffers

In addition to being interesting in their own right, buffers also provide us with nice
specification examples: their definition involves both safety and liveness proper-
ties, we may impose real-time constraints on them, and we may also consider the
interaction of various types of buffer.

In [Hoa85] a buffer is defined as a process which has two channels, in and
out, and outputs on the out channel exactly the same sequence of messages as
it has input from the in channel, although possibly after some delay (‘delay’ in
the untimed context meaning that it need not output messages as soon as they
have been input, but may have the capacity for inputting further messages before
outputting). This has a remarkably simple specification in the traces model — A
process P is a buffer if it is a pipe such that

P sat out < in

Unfortunately, processes such as STOP satisfy this specification, not through any
fault in the specification, but rather because the traces model is not powerful
enough to capture the essence of a buffer. All the traces model can describe is
safety properties; but we also wish to capture liveness properties.

We want a buffer to be unable to refuse an input if it is empty (that is, if
out = in, when it has output all its input messages), and to be unable to refuse
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an output if it is not empty, when out < in. This leads us to the specification
[Hoa85, p158]:

P sat (out < in A if out = in then in & ref else out & ref)
if we are to call P a buffer.

We extend this definition to include time. As we decided in our discussion on
timewise refinement, we consider that a process is able to refuse a set of events
after a trace if there is a time after which that set can always be refused; and it
1s not able to refuse that set if there is no such time. We say, therefore, that a
process is a timed buffer if there is no time after which it can always refuse to
output when non-empty, and that there is no time after which it can always refuse
to input if it is empty. We define a buffer formally as follows:

Definition 7.2.1 P is a buffer if it is a pipe such that
(5,R) € SI7[P] = (out < in)

A af out = in
then V¢t € [end(s),00),u € C o [t,00) X in.u €N
else Vt € [end(s),0) e [t,00) x out € N

where C is the set of possible messages.
Lemma 7.2.2 ‘timed buffer’ = sr(‘untimed buffer’)

Proof Let B(P) hold if and only if P is an untimed buffer, and C(Q) hold if and
only if @ is a timed buffer. We have

sr(B)(Q) < IPe B(P)ANPL; ()
so we are required to show that
C(Q)&eIPeB(P)ANPL; Q

We prove first that .
C(Q)<3IPeB(P)ANPL; Q
Consider (s,R) € SIT[[Q]],[t,oo) x A CN.

(tstrip(s), A) € F[P] A out < in

Aout =1in = in.u € A
A out < in = out L A

= out <1in
A out = in = [t,00) X in.u € N
A out < in = [t,00) X out € N
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so () is a timed buffer.

We now show that

C(Q)=3IPeB(P)APLC; Q
Define:

B() = 2n7:1: — B(x)
B = outly — B,

(v)"s

in?sr - B O out!y — B,

(1) (z)
P =B

Then P is the most non-deterministic buffer. Its failure set is given by

F[P] = {(s,X)|out <inA(out =in=Vu:CeinudlX)
A out < in = out € X}

Consider Q € TCSP such that C(Q). Let (s,X) € SIT[[Q]]. Then out < in.
Now let [¢,00) x 4 C R,

Case out =in

Then Vu: C ein.u ¢ A.
Case out < in

Then out € A.

Hence in either case, (tstrip(s), A) € F[P]. Therefore P C; Q, as required.
a

Timewise refinement preserves the property that a process is a buffer.

Categorising buffers
Buffers may be classified according to their satisfaction of the various aspects
of good behaviour detailed in chapter 5. In particular, buffers which are non-

retracting and prompt, or have bounded stability, are especially well behaved. As
we shall see, the following kinds of buffer interact in useful ways:

e prompt buffers
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buffers with bounded stability

e non-retracting buffers

buffers that are non-retracting on in, or on out

buffers which are impartial on in

responsive buffers

Buffers are by definition live, so promptness is stronger than responsiveness for
them:

Theorem 7.2.3 A t-prompt buffer is t-responsive
Proof By contradiction. Assume that we have a t-prompt buffer that is not
t-responsive. Then

I(s,R) € Fr[P], T €[0,00) o [T, T+ t)xECRAs T[T, T+ =)

So(s T+¢t,R[T+1¢t)e Fr [[P]] But end(s) < T, so by promptness and the
fact that [T, T +t) x X C R | T +t we obtain

(s T,R (T +8)U[T,0) x 5) € Fr[FP]
which contradicts the claim that P is a buffer. O

However,/ not every ¢-responsive buffer is t-prompt. For example, consider the

buffer B defined by
B = uXein?n:N— (inly — outln — outly —» X
O
WAIT n ; outln — X

‘This process is t-responsive for any ¢ > 24, but there is no t for which it is
t-prompt.

Hence the specification ‘responsive buffer’ is strictly weaker than the specifica-
tion ‘prompt buffer’.

The next two theorems are useful in establishing that processes are buffers;
Examples of their use will be presented in the next chapter.

Theorem 7.2.4 If P sat out <; in, and P 1s in U out-responsive and impartial
on in, then B is a responsive one-place buffer

Theorem 7.2.5 If P sat out <; in, P is a deadlock-free pipe and P is impartial
on in, then P is a one-place buffer.
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COPY — a well behaved buffer

The process COPY has the same definition as its untimed counterpart.
COPY = uX einlz — outlz - X

The results of the preceding chapters yield the following aspects of good behaviour
exhibited by COPY :

e COPY C, COPY

o COPY sat out <, in, since O(COPY) sat out <, in in My
e COPY C; COPY

e COPY is 26-stable

e COPY is non-retracting

e COPY is t'-prompt (' > 26)

e COPY is t'-responsive (t' > 24)

e COPY is limited on out

e COPY is a buffer

7.3 Chaining

The specification buffer(tr) of a buffer in the traces model My is that out < .
It is clear that any timed buffer P must satisty sr(buffer(tr)), and hence that if
P and Q are two buffers, then P> @ sat sr(buffer(tr)), since chaining preserves
buffer(tr) in Mr. Hence for any two buffers P and Q we obtain that P> @ is a
pipe with out < in. However, P and Q may fail to synchronise on their mutual

channel. Consider
P = (uX e ((in?c > STOP) & P;) WAIT 3 - X)

P, = (pX o ((outlz —» STOP) 2é5P) S WAIT 3; X)
P is a cyclic process of cycle length 4 + 2§. When empty, it is prepared to input
on the first time unit of its cycle. When non-empty, it is prepared to output on

the third time unit of the cycle. Hence P is a bulffer, but P > P is not, since no
synchronisations will be possible on the internal channel.
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Our interest lies in obtaining sufficient conditions for P> @ to be a buffer. This
will be the case for those buffers where C;-refinement is preserved by chaining. In
such cases, given buffers P and Q, lemma 7.2.2 yields that we can find buffers B;
and B, which are C;-refined by P and @ respectively, and hence that B;> B, Ty
P> Q. Buffer law L1 in [Hoa85, p159] tells us that B; 3> By is a buffer in Mr,
so P> Q will be a buffer in TMps. We therefore seek to identify conditions on P
and Q such that chaining preserves timewise refinement for them.

Lemma 7.3.1 If P and Q are buffers, and P has finite capacity, then

Sout,c(P) {in,c}”{out,c} Sin,c(Q)

is limited on ¢

Proof Follows immediately from the fact that there is some n (the capacity of
P) such that for any trace s of Sout,c(P) fin cyll{out.c} Sin,c(Q) we have ¢ <, in. O

Lemma 7.3.2 If P and Q are buffers then Sout,c(P) i cll {out,c) Sin,c(Q) 15 weakly

limited on ¢

Proof Follows from the fact that for any trace s of Sout,c(P) {in‘c}H{out,c} Sin, (@)
we have ¢ < wn. O

Lemma 7.3.3 If P and Q are prompt buffers, and P is non-retracting on outpul
or Q is non-retracting on input, then P> Q is a buffer.

Proof There exists buffers B; and Bs such that B, Ly P and B; C; Q. From
theorem 6.3.27 we have that

Sout,c(Bl) {in,c}”{out,c} Sin,c(Be) [_:_-f Sout,c(P) {in,c}”{out,c} Sin,c(o,,)

and it follows that Sout,c(P) in,c}llout,c} Sin.c(Q) is weakly limited on ¢ and prompt,
from lemma 7.3.2 and theorem 5.3.12 respectively, so we have from corollary 6.3.33
and lemma 6.3.31 that B; > Bs Ty P> (), and hence that P> Q is a buffer. O

Corollary 7.3.4 If P and Q are prompt buffers, and P is non-retracting or Q@ s
non-retracting, then P> @ is a prompt buffer

Corollary 7.3.5 If {Pi}., is such that each P; is a buffer, non-retracting on
input, and prompl, then P; > Py > ...> P, is a buffer, non-retracting on input,
and prompt.
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Corollary 7.3.6 If {P;}_, is such that each P; is prompt and non-retracting on
output, then P; > Py > ...>> P, is prompt and non-retracting on outpul.

Corollary 7.3.7 If {P;}_, is such that each P; is prompt, then

P; > COPY > P, > COPY >...> P,
15 prompt

Lemma 7.3.8 If Q; and Q. are boundedly stable buffers with finite capacity, then
@1 > Q2 1s a boundedly stable buffer with finite capacity.

Proof We have buffers B, and B, such that B; T; @, and By Ty @, so from
theorem 6.3.29 we have |

Sout,c(Bl) {in,c}”{out,c} Sin,c(B2) ;f Sout,c(@l) {in,c}“{out,c} Sz'n,c(QQ)

Also, from lemma 7.3.1 we have Syus,c( Q1) {in’c}ll{out,c} Sin,c(@2) is limited on ¢, so
B; > Bs T Q; > Q». It follows from theorem 5.6.8 that Q; > @2 is boundedly
stable. O

Lemma 7.3.9 If Q; and Q, are boundedly stable buffers, then Q;> Qs is a stable
buffer.

Proof We have buffers B, and B, such that B, Ty Q; and By Ly @2, so from
theorem 6.3.29 we have Sout,c(B1) fin eyl out,c} Sin.c(B2) Cs Sout,e(Q1) (in,etll{out,c}
Sin.o(Q2). Also, from lemma 7.3.2 we have Sout,c(Q1) in, e} | {out,cp Sin.c(Q2) 18 weakly
limited on ¢, so By > Bs T Q; > Qs. It follows from theorem 5.6.7 that @y > Qs
is stable. O

Theorem 7.3.10 If P, Q and P> Q are buffers, then

o if P is strongly non-retracting on input, then so is P> Q
o if Q is strongly non-retracting on output, then so is P>Q
e if P is in-responsive, then so is P> @

e if P is prompt on in, then so is P> Q)
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Theorem 7.3.11 If Q; and Q, are buffers, and P Ty @ and Py Cf @2, and
@ 1s non-retracting on output or Qp is non-retracting on input, and both Q; and
Q2 are prompt, then P; > P, C; Q; > Q.

Proof Every buffer has out < in, and so it is weakly limited on out. Hence

(Stoutse}(@1) fin.cyll (out,c} Sim,e} (@2) is weakly limited on ¢. The result follows from
corollary 6.3.34. O

Corollary 7.3.12 If P, C; Q, and P, Ty Q2 and Q; and Qs are prompt, then
P; > COPY > P, C; @Q; > COPY > Q@

In order to ensure that Q; and Q. communicate despite their possible inability to
synchronise, we insert COPY along their mutual channel.

7.4 Networks of processes

We generalise the chaining operator to obtain networks of arbitrary size, with the
internal events hidden. If we have a set of (process interface) pairs {(P;, X))},
where an interface is a subset of &, then these may be thought of as forming a
network. That network is the parallel combination of all those processes with all
channels internal to the network hidden. It is defined, as in [Dat85], as follows:

PAR({(P, X:)}) = (|| P)

X;
X = U{XxinX;|1<i<j<n}
NET({(P;,X:)}) = PAR({(P,X)})\ X

We insist that any channel name is shared by at most two processes, so the set of
interfaces must be triple disjoint:

i#j#k#X,’ﬂXjﬂXk“—:@

In order for the network to be a refinement of a corresponding untimed network,
where all the components are refinements, it will be sufficient to insist that each
component is prompt, and also that each internal channel has one of its two users

non-retracting on it.
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Theorem 7.4.1 If

o (PAR({(Pi, X)})) is weakly limited on {X; N X; | 1 < i <j < n}
o Vie P,’ Ef Qi
o PAR({(Qi, Xi)}) is weakly prompt

then PAR({(P:, X:)}) Ty PAR({(Q, X))}).

Proof (PAR({(P;, X;)})) is weakly limited on U{X; N X; | 1 < i < j < n}, so
it follows from corollary 6.2.13 and lemma 6.2.11, and the fact that all TCSP
operators preserve C;-refinement, that PAR({(Q;, X;)})) is weakly limited on
U{XinX; |1 <i<j< n}. The result follows immediately from lemma 6.3.32 O
Corollary A.1.5 states that

ZNY =0=(P\2)xlly @=(P xuzlly @\ Z

The following consequences are useful:

Corollary 7.4.2

(Pxlly @\2 = (PAN((X=-Y)NZ)xlly O\ (Z-(X-Y))

Corollary 7.4.3

(XNYNZ)=0AZC(XUY)
= (Pxly @\Z2=(P\(ZnX))xlly (@\(Z2NY)

This corollary generalises to a result enabling us to modularise networks:
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Corollary 7.4.4 If the sets I, Y, and Y. are defined by

fzg'

C3 gC§

] 1

n

1=m+1

then we have

NET({(@:, X:) | 1 < i< n})

= NET({(Q,,X,) l 1< Z < m}) YI”YQ NET({(Qi’

Theorem 7.4.5 If {P;},,{Q:}"

is triple disjoint and

1=/

1. Every @); is prompt

2. For every i,j, we have either (); or Q); is non-retracting on X; N X;

3. for every i, P; T Q;

4. (PAR({(P;, X:)})) is weakly limited on U{X;iN X; | 1 < ¢

then NET({(P:, X:)}) & NET({(@:, X:)})

(XN X))

V(U

J#1

Proof We first prove, by induction on r, that

PAR({(P;, Xi) | 1 <i<r}) & PAR({(G Xi) | !

X;))

\ (U X))

i

Xi)|m+1<

The base case (r = 2) follows immediately from theorem 6.3.27.

For the inductive step, assume

PAR({(P:, Xi) | 1 €i<r}) B PAR({(@;

Now define the set

Xi) |1

I = {i| Q-4+, is not non-retracting on X; N X,4+,}
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Then from our assumptions we have that for each i € I we have that Qi 1s
non-retracting on X; N X, and so from theorem 5.1.13 we obtain that

PAR({(Q:, X;) | 1 Si < r))

15 non-retracting on Uier(Xi N X.1;). We also have that (r+; 1s non-retracting
on Uigr(Xi N Xryp). Further, from the promptness conditions we have that both
PAR({(@i, X)) |1 <ig r}) and Q.+, are prompt on U, ;< (Xi N Xy4;), and so
we are in a position to apply theorem 6.3.27, from which we conclude that

PAR({(P, Xi) | 1 <i<r+1}) C; PAR{(Qi,X)|1<ig<r+1))
Thus we may conclude by induction that
PAR({(Pi, Xi) | 1 <i<n}) T PAR({(Q,X:)|1<i<n})
Now, defining
A = [ J{XinX;|1<i<j<n}

it follows from lemma, 6.2.11 that PAR({(Q;, X:) | 1 < i € n}) is weakly limited
on A, and from a generalisation of lemma 5.3.12 and theorem 5.3.8 it is also
prompt, and hence weakly prompt, so from lemma 6.3.31 and lemma 6.3.32 it
follows directly that
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8 Examples

In t.his chapter, we provide illustrations of the application of the specification and
ver}ﬁcation methods presented earlier. We first present three examples of specifi-
cation: in each case, the desired behaviour of the system is captured by a combi-
nation of behavioural specifications and general properties presented in chapter 5.
We then present candidate processes which we claim meet the specification in each
case. Our verifications consist of applications of both the proof system and some
laws concerning the specifications. In the verifications of recursively defined pro-
cesses we use the version of the proof rule that does not require a base case to be

established.

As an example of the application of further rules from the proof system, we
present a more detailed verification, that a stop and wait protocol has a particular
liveness property. The same protocol is then shown to be a buffer by the method
of timewise refinement from a previously verified untimed protocol. Timewise
refinement is also used in the verification of an alternating bit protocol, and finally
a sliding window protocol, by relating them in each case to untimed versions

defined and verified in [PS88].

8.1 A Time Server

A time server TIMFE provides times along a time channel. Our specification for it
is the conjunction of the following conditions:

1. TIME is responsive on time

2. TIME sat ACCURATE(s,R), where
ACCURATE(s,®) = ((t,timen))€s=>0<t—n < I

Our proposed TCSP implementation of a timeserver is given as follows:

TIME = puXe(puY etime0)—Y) 1é35 timesucc(X)

where the alphabet transformation timesucc is defined by

timesucc(time.n) = time.(n+ 1)

ih

timesucc(a) a if a # time.n for all n

Now timesucc clearly preserves “initially (1 — 36, time)-responsive”, so by the-
orem 5.2.17 it immediately follows that TIME is responsive on time (in fact it is
(1, time)-responsive).
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We 'Will use the proof system to show that TIME sat ACCURATE(s,R). Ab-
brev1.a,t1ng A(é,N) for ACCURATE(s,R), it will be sufficient to show that the
defining function for TIME preserves A(s,R). Assuming X sat A(s,R) we re-

quire

(bY o time.0) —» Y) & timesucc(X) sat A(s,N)

1-36

It is immediate that v € o(u Y e time.0 — Y), so the special case rule for tireout
can be applied. From that rule we see that we must find S; and Ss such that

pY e time.0 - Y sat S
timesucc( WAIT 6 ; X) sat Sy

Si(st(1—86),RM(1—=238)AsT((1—2368),1-6= )
ASQ(S;(I_(S),NQ(I_%)) T (( ),1-96) <>} o AN

Now we have by assumption that X sat A(s,X), so we have
WAIT 6; X sat A(s =6,V =6)A begin(s) =6
Hence it follows from the rule for alphabet transformation that

timesucc( WAIT §; X) sat  A(timesuce™! (s = §), timesucc™ (R =~ §))
A begin(s) = 6 A o(s) C ran(timesucc)

which provides us with a candidate for S,:

Ss(5,R) = A(timesucc™'(s = 8), timesucc™ (R = §))
A begin(s) = § A o(s) C ran(timesucc)

The relevant property of 4 Y e time.0 — Y is that the value it is prepared to
output on its time channel is always 0, so we define S; by

Si(s,®) = ((¢t,time.n))ins =>n =10

which may be easily established by recursion induction. We only have to establish
the logical condition to complete the proof. It reduces to

Si(sT(1—=388),RI(1-38)AsT((1 - 86),1) =)
A z(fl(tz'mesucc"(s =~ 1), timesucc™ ! (R = 1)) } = A(s,R)

This may be established by a case analysis on a typical timed event of the form
(¢, time.n) which appears in the trace s. We assume the left hand side of the
implication. We are hoping to establish that in each case we have 0 <t —n < 1.

138



Case t<1—-236§

Then
(t,time.n)ins | (1 — 36)
and we have
Si(s 1 (1 - 38),X1 (1 = 38))
so we obtain n = 0, and so 0 <t —n < 1 as required.
Case te(1-286,1)
This case cannot arise since it contradicts s (1 —3836),1)=).

Case t > 1

Then we have
A(timesucc™' (s = 1), timesucc™ (R = 1)) A o(s) C ran(timesuce)

and also
((t = 1,time.(n — 1))) € timesucc™ (s = 1)
so we obtain 0 < (t—1)—(n—1)<1,s00<t—n< 1 as required.

The required result follows in all cases, so the proof is complete. O

8.2 Time Division Multiplexing

When many processes are sharing a resource, a method is required for allocating it.
In TCSP we may represent this situation by modelling each process as a numbered
process i : P;, the resource by a process RES and the allocator as a process CON
which controls access of the resource by the processes. The construction is given

by
I” : Pi yll;ur (CON (|| RES)

where
R = o(RES)
X = (Joi: P
I = XnR

I represents the interface between the processes P; and the resource RES; it is
CON which restricts the occurrence of these events, and which thereby restricts the
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a,ccess'to RES of the various processes. CON will therefore embody the algorithm
by which access to RES is granted to the processes.

One such algorithm is time division multiplexing, where the resource is allo-
cated to each process in turn for a fixed time period. The switch occurs every ¢, and
there are n processes. The specification to be satisfied by a process implementing
such a scheduling algorithm is the conjunction of the following requirements:

1. Vm e CON is responsive and impartial on m.Z

2. CON sat ((t',i.c))ins = i = |#'/t|mod n

We define CON as follows:

CON = uX e F(X)
F(X) =2 (uYoey:02—=Y) & succ,(X)

t—36
where

succy(m.a) = ((m+ 1)mod n).a

succ,(a) = a if a € m.X for every m

We have (succ,)™ is the identity function on ¥, so by considering CON as the
fixed point of the function (F o WAIT §) we have that

Pp 2 (pYey:0X-Y)
Pnyi 2 Py _é% succ, (WAIT §; P,,)
CON = /JX o Pn—-l é X

nt—236

It may be established by induction on m that
0<r<m<n = P, isimmediately ((m + 1)t — 86, r.X)-responsive

The base case of this induction is trivial, and the inductive step follows immediately
from theorem 5.2.16. Hence for every m between 0 and n — I we have that P,_;
is immediately (nt — 88, m.X)-responsive. Hence from theorem 5.2.17 we obtain
that CON is responsive on m.X for each m between 0 and n — 1.

Impartiality on m.X is immediate from an application of theorem 5.4.2 on the

syntax of CON.
We next prove that CON sat A(s,X), where

A(s,R) = ((t',i.c))ins = 1= [t'/t|mod n
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Assuming X sat A(s,R) we must find S; and S, such that

pYey:0X—-Y sat G5
succ,(WAIT §; X) sat S

Si(sT(t—388),R1(t—38)AsT(t—236t—6)=
/\Sg(s;(t-—é),}{;(t_(g)))) ( ) <>} = A(s,N)

The relevant property that will suffice for .S, is given by
Si(s,R) = ((¢,ie))eEs=>i=10

and we may use the same approach as in example 8.1 to obtain an expression for
Ss, since we have that X sat A(s,N):

Se(s,R) = A(suce;!(s = 8),succ; (R = §))
’ A begin(s) = 8 A o(s) C ran(succn)

The third proof obligation above can easily be established by a case analysis on
the time ¢’ of any given ((¢/,i.c)) in s, the cases being t' < t — 36, t' € (¢t — 36, 1),
and ¢/ > t. O

8.3 A Watchdog Timer

The continuing correct operation of a process may be monitored by a process such
as a watchdog timer. The timer is set up to expire within ¢ time units, and when
functioning correctly, the monitored process should reset the timer by means of a
reset event. If it fails to do so by time ¢, then the timer withdraws the option of
resetting, and raises the alarm within a further time T.

We formalise these requirements as follows:

1. WTIM sat (s | reset) T [t;,t +t] = () = (s | reset)1t; =)
2. WTIM sat #alarm = 0 => reset € o(X T [end(s) + 26, end(s) + 1))

3. WTIM sat s = s'"~{(t/, alaﬁﬁ)) = t' >end(s)+t
4. WTIM sat #alarm = 0 = [end(s), end(s) +t + T) x {alarm} £ N

5. WTIM is strongly non-retracting on alarm
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These specify that the timer will not allow a reset event if it has not performed
one during the last ¢ time units; that it must be prepared to engage in a reset
before the timer expires; that the alarm cannot go off before the timer expires;
that the alarm will always be prepared to go off within t + T of the last reset, i.e.
within T of the timer expiring; and that once the alarm is enabled, then it will
remain enabled until it occurs. For convenience, we abbreviate the behavioural
specifications in the first four obligations to W;, Wy, W, and W, respectively.

The desired behaviour of the watchdog timer following the alarm will depend
very much on the nature of the monitored process. It may be possible to restart
the process following a malfunction, in which case we would wish to restart the
timer as well. There will be some cases where the alarm triggers some emergency
action from which recovery is not possible, such as ejecting the pilot when the
engine fails. In these cases, the timer can terminate after the alarm has been
raised.

Our proposed implementation of WTIM will terminate after raising the alarm.
We define

WTIM = WAIT 26; TIM
TIM = (pX e (reset = X)'% alarm — SKIP

We first prove our fifth proof obligation, that WTIM is strongly non-retracting
on alarm. From theorem 5.1.8 it is enough to prove that TIM is strongly non-
retracting on alarm. Since “strongly non-retracting on alarm” is closed we need
only prove that it is preserved by

F(X) = (reset — WAIT §;X) ' alarm — SKIP

If X is strongly non-retracting on alarm then reset — WAIT é; X is also strongly
non-retracting on alarm and inits(reset — WAIT § ; X) N {alarm} = 0. We also
have alarm — SKIP is strongly non-retracting on alarm, so by theorem 5.1.8 we
conclude that (reset — WAIT 6;X) "% alarm — SKIP is strongly non-retracting
on alarm, as required. O

In order to prove that WAIT 26 ; TIM sat W,(s,X), the rule for delay yields
that it will be sufficient to prove that

TIM sat W;
Ws = W (s,R)A((s]reset) [t—26=() = s reset=())

We prove this by recursion induction. Assuming X sat W;(s,R), we wish to prove
that

(reset — WAIT 6; X) "2 alarm — SKIP  sat  W;(s,R)
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We must find S; and S, such that

reset - WAIT §; X sat S,

alerm — SKIP sat S,
begin(s) <t — 28 A S(s,N)
V
begin(s) >t — 6 A S, ((),R | t — 26)
A S2(s = (t —68),R=(t =6))

= W5(S,N)

The property of alarm — SKIP contributing to the correctness of the construct
is that it is unable to perform reset. Hence we may put

S2(s,RX) = s | reset =)
From the rules for prefixing and delay, we derive a suitable S,
Si(s,R) = s={()Vs=((t,reset))"s
AN Ws(s = (t'+ 26),R = (' + 26))
Our third proof obligation

begin(s) <t — 26 A S;(s,N)

V

begin(s) =2t — 86 A S ((),R [ t — 26)
A So(s=(t—6),R=(t—9))

= W5(S,N)

is now straightforward to establish. O

We now prove that WAIT 26; TIM sat W, (s, ), the rule for delay yields that
it will be sufficient to prove that

TIM sat W5
We = s=()=reset&c(R[(t—26))
A (s # () A #alarm = 0) = reset € o(R T [end(s) + 26, end(s) + t))

We prove this by recursion induction. Assuming X sat W;(s,R), we wish to prove
that

(reset — WAIT 6 ; X) ‘22 alarm — SKIP sat  W;s(s,R)

The structure of this proof is identical to that of the previous proof: The property
of alarm — SKIP that will do for S, is that the first action it can do must be an
alarm action. Hence we set

Se = s#() = #alarm > 0
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We can see that if W is substituted for S; then the third proof obligation may
be discharged. So we need only prove that

reset — WAIT 6§; X sat Ws
Using the law for prefixing, we need only find Ss such that
WAIT 6:X sat Ss(s,N)
s={) Areset () = Ws(s,R)

s = ((t/, reset))™s' A reset & o(R | ') A begin(s') > t' + 6
A 53(5’ - (t’ + 5), (N - (t/ 4 5))) g = Wg(s, N)

The second of these obligations is immediately dischargeable. To find Sy, we have
that X sat W;(s,R), so from the delay rule we know that

WAIT §; X sat W;(s=8,RX=6)A begin(s) >0
so we may define |
Ss(s,R) = Ws(s=8,R=6)A begin(s) >0

Hence we have discharged our first proof obligation. The third and final proof
obligation is simple to discharge, using elementary set arithmetic. O

The proofs that WTIM sat W,(s,R) and WTIM sat W;(s,R) are identical

in structure to the previous two proofs.

To prove that WTIM sat Ws(s,R), we reduce the proof obligation, using the
rule for delay, to

TIM sat W,
W, = #s>2=(s=s"({t,alarm)) = t' > end(s') +1
As={((t alarm)) =>t' >t — 26

In this case, the instantiations for S; and Ss which are sufficient to establish that
the defining equation for TIM preserves Wy are given by

S (S,N) = W3(37N)
Sa(s,R®) = 3¢, t' o s < ((t,alarm),(t,V)) |
Under the assumption that X sat W, it is straightforward to establish that

reset - WAIT 6; X sat S
alarm — SKIP sat S,
begin(s) <t — 26 A S;(s,R)

= W7(S,N)



and hence that TIM sat W.,.

We finally prove that WTIM sat W,(s,RN). The proof obligation is first re-
duced via the rule for delay to

TIM sat W
We = s=()=[end(s),end(s)+t+ T — 26) x {alarm} € X
(s # () A #alarm = 0) = [end(s), end(s) + t + T) x {alarm} € R

Providing T > §, it is sufficient to instantiate S ; and S, as follows:

Si(s,X) = W;(s,R)
S2(s,N) = s=() = adarm &€ o(R)
As # () = #alarm > 0

We are then able, under the assumption that X sat Wj, to establish that

reset - WAIT §; X sat S,

alarm — SKIP sat S,
begin(s) <t — 26 A S;(s,R)
\Y
begin(s) 2t —6 A S (), [t — 26
A Sa(s = (t = )X = (- )

and hence that TIM sat Wj, yielding that WTIM sat W,.

= Wg(S,N)

8.4 Some Simple Protocols

A protocol is a distributed algorithm for facilitating the communication of mes-
sages between processes. CSP is particularly suitable for the specification of pro-
tocols; the enhancements introduced in Timed CSP allow us to address the timing
considerations that are often necessary for the correctness of the protocol.

8.4.1 The Stop and Wait Protocol I

As a more detailed illustration of the application of the proof system for TMjy, we
will verify that a stop-and-wait protocol, similar to the one described in [PS88],
meets a desirable requirement of communication protocols: that an output will
always be available within two time units of an input occurring.

The proof will be performed in two stages. In the first stage we will place
conditions upon the sender and receiver, and use the rules to verify that these
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conditions are sufficient to ensure correctness of the protocol. In the second stage,
we will propose a TCSP implementation for each of the sender and the receiver,
and the rules will be used to prove that these implementations meet the conditions
placed upon them in the first stage.

The protocol consists of two processes, P and (), communicating across two
wires: W, and W,. Together, they control the flow of data between two external
processes. This may be represented pictorially as follows:

Im W, rm

n out

rC W lc

In general, protocols allow for unreliable channels, by duplicating data or re-
quiring acknowledgements: such behaviour is easily modelled in Timed CSP. How-
ever, our purpose 1s to illustrate the use of the inference rules; we need not concern
ourselves with these complications. Qur protocol addresses only dataflow consid-
erations, and we assume that the wires W, and W, are reliable: for every input,
there is a corresponding output.

There are many requirements that we could place upon the protocol, but we
will consider just one: that if a message is input, then output is ready within two
time units. Formally, we wish our protocol PROT to meet the following timed
failures specification:

SPEC(s,R) = last(s) =1in = out € o(R 1 (end(s) + 2))

We give conditions on the components of the protocol, and verify that they are
sufficient to ensure that the protocol exhibits this behaviour.

‘The sending process P should meet the following specification: it should per-
form the three events in,Im, rc in strict rotation; after performing an event, it
should be prepared to perform the next within a certain time; initially, it should
be ready to receive an input. We capture these requirements in the timed failures
specification SPEChp:

SPECp(s,R) = tstrip(s) € (in,Im,rc)" A

(
last(s) = in = Im € o(R 1 (end(s) + 26)) A
last(s) = Im = rc € o(R 1 (end(s) + 26)) A
last(s) = rc = in ¢ c(R 1 (end(s) + 28)) A

=)= in go(¥)
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After accepting and transmitting a message, the sending process must await confir-
mation from the receiving process before accepting another. The receiving process
will send a confirmation signal once the previous message has been output. Ini-
tially, the system is empty. Hence we wish the receiving process @ to satisfy

SPECy:
SPECq(s,X) = tstrip(s) < (rm, out, lc)* A
last(s) = rm = out &€ o(N 1] (end(s) + 26)) A
last(s) = out = Ic € o(N 1 (end(s) + 26)) A
last(s) = lc = rm & o(R 1 (end(s) + 26)) A
s=()=>rm¢&o(R)

The wires W; and W, have a propagation delay of 1 time unit, and will not
be required to transmit more than one message at a time. However, each must be
ready to accept another input almost immediately after output. They satisfy the
specifications SPECw, and SPECw, respectively, where

SPECw,(s,R) = tstrip(s) < (Im,m™m)" A
last(s) = Im = rm g€ o(R ] (end
last(s) = rm = Im &€ o(X 1 (end(s)
s#(>¢lm¢0(N) |

SPECw,(s,R) = tstrip(s) < (lc, re)* A
last(s) = lc = rc ¢ o(R 1 (end(s) + 1)) A
last(s) = rc = lc & (R 1 (end(s) + 26)) A
s=()=>lc g o(R)
The protocol is a combination of the sending process, the receiving process, and

the wires. It can be defined by means of the NET operator described is section 7.4.
We write it here in full in order to be able to apply the inference rules. If we define

the sets

X = {in,lm,rc}
Y = {out,rm,lc}
C = {le,rc}

M = {lm,rm}

A = MuC

then the protocol may be defined:
PROT = ((Pxlly @) xuyllmue (Wi yllc We)) \ A
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Having formalised our requirements, we can now use the inference rules to

demonstrate that the protocol PROT will meet the specification SPEC. We wish
to establish that:

PROT sat SPEC(s,R)

The definition of PROT involves the hiding operator at the outermost level, so we
must first apply the hiding rule. This reduces the proof requirement to:

(P xlly @) xorllsoc (Wi ylle Wa) sat  o(R) C A A ([0, end(s,R)) x A) C R
= SPEC(s \ A,X — )

This is a proof requirement on a parallel combination, so we apply the rule for the
parallel operator. We have then to find specifications S; and S, such that:

Pylly @ sat  S;(s,N)

Wi ulle We  sat  Sa(s,R)

o(s1,R) C(XUY)Ao(s2,R) S (MUC) )
ocRs) ST~ (XUYUMUDCQ)

S1(s1,R1) A Se(s2,Re) A sg € 54 xurllmoc 52 ¢ = SPEC(ss \ A, R = N)
R=8,UR, Uy

a(R) C A A ([0, end(ss,R)) x A) C X

Before we continue, we note that the specification SPEC is independent of the
hidden set of events A, for consider the definition:

SPEC = last(s) = in = out € o(R1 (end(s) + 2))
Formally, we can show that
SPEC(s,® [ (- A)) = SPEC(s,RN)

This concurs with our intuition: the correctness of the protocol may be dependent
upon hidden interactions, but our formal description of the service provided (the
specification SPEC) should abstract away from internal detail.

Taking this in conjunction with the alphabet conditions upon the failure sets,
we may reduce the third proof obligation to

(s, X)) CS(XUY)A0a(s2,R) S(MUC) )
o(Rs) €5~ (XU ¥)

S1(s1,R1) A S2(82,R2) A'sg € 51 yiyllaruc 52
([0,end(ss, R UR2 URy)) x A) TR, UR,

» = SPEC(ss \ A,Ry)
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To identify S; we apply the parallel rule once again. We are then required to find
S, and S5 such that:

P sat S;(s,R)

Q@ sat S5(s,N)

o(s;,N)) CX Ao(ss,N5)C Y

c(Rg) CE~(XUY) = S; (55,8, UR;5 URy)
Si(54,Ry) A Ss5(s5,85) A ss € 54 x|y 55

We already have specifications for the components P and Q. Substituting these
for 5; and S5, and using the alphabet conditions upon the traces and refusals, we
can reduce this proof obligation to:

SPECp(s I X,R I X)
SPECo(s 1 Y, R[Y) 3 = S/(5,N)
o(s) C(XUY)

This yields a suitable instantiation for S;: the antecedent of the above expression.
In a similar fashion, we arrive at the following instantiation for S,:

SPECWI(S FM,R T M)A
SPECw,(s | C,® [ C) A
o(s) C(MuUC)

Our proof requirement can then be written as follows:

(51, 8) C(XUY)A0o(se,Re) S (MUC) )
cNXs) CE—-(XUY) |
SPECp(s; [ X,R; [ X) ASPECq(s; [ Y, R, ['Y)
SPECw,(s2 | M,Rs [ M) A SPECw,(ss | C,Rs | C)
([0, end(ss,RX; UR, URp)) x A) TR, UR,

s3 € st xuyllpmuc 52 /

) = SPEC(Sg\A,NI)

The alphabet conditions in S; and S, are subsumed in the first two conditions
above.

We have reduced the proof obligation to a predicate on traces and refusal sets:
the verification may be completed using simple properties of sets and sequences:
assuming the conjuncts in the above antecedent, we are trying to establish that

last(ss \ A) = in = out € o(R; 1 (end(ss \ 4) + 2))
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From SPECp, SPECq, SPECw,, SPECw,, and the properties of sequences, we
can deduce that

s3 < (in,Im,rm, out, lc, rc)”

We then proceed by case analysis on the identity of the last event in s3, given that
last(ss \ A) = in, there are three possibilities. Case: last(ss) = in

By SPECp, Im & o((R; | X)1 (end(s; [ X)+ 26))

In this case end(s;) = end(s; [ X)

and we know that ImgyY

Hence Im & o(R; 1 (end(ss) + 28))

Similarly, as s3 € 81 yuvllmue 525

SPECw, implies that Im & o(Rs 1 (end(ss) + 29))

Hence Im & a((R; UR, URg) 1 (end(ss) + 26))
However, ([0, end(s,R; UR2 URy)) x A) C (R; UR, URy)
and Ime A

So end(R; URp UNy) < end(ss) + 26
But5<<1,so (NI UNQUN3)1 (87’ld(33)+2))={}

We conclude that out € o(R; URy URy) 1 end(ss \ 4+ 2))

Case: last(s:;.) = Im

We establish that end(s;) < end(ss \ A) + 26: that the Im event occurred within
time 24 of the last input.

Assume otherwise: end(sg) > end(sg \ A) + 26

If we let ¢ be the time (end(ss \ A) + end(ss) + 26)/2

Then we know that last(ss [ t) = in

By the previous case Im & o(((R; UR2 URg) [t)1 (end(ss [ t)+ 20))
From our assumptions ([0, end(ss,R; URy URy)) x A) SR, UR,

And end(sy [t) + 26 =end(ss \ A)+ 26 < ¢

Hence Im € a((R; UR2 URy) )1 (end(ss [t)+ 26))

Forcing a contradiction.

We can show, with a similar argument to the first case, in which the event rm
replaces Im, that end(®; U R, UN;) < end(ss) + I. From above, end(ss) <
end(ss \ A) + 26: the result follows.
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Case: last(s;) = rm

By a similar argument, we can establish that the event rm must occur no later
than 1 + 26 after the last input. We then appeal to the specification of @, and
the result follows immediately. O

The treatment of hiding in Timed CSP is central to the construction of the
above proof; the hidden events Im and rm must occur as soon as possible. Our
method of proof allowed us to include these events in our reasoning, by eliminating
the hiding operator from our proof obligation.

Only at the final stage of the proof did we identify the protocol requirement
SPEC. To establish that another property holds of the above protocol, it would
not be necessary to perform the whole proof again. We have characterised the
behaviour of the protocol in terms of the known properties of its components. To
prove that the protocol satisfies an arbitrary specification S, we have only to show
that the following predicate is true:

(s, NX) S(XUY)Ao(s2,N) S (MUC) )

SPECp(s; [ X,®; [ X) ASPECy(s; | Y,R, 1Y)

SPECw,(s2 | M,Rs [ M) A SPECw,(ss | C,Rs | C)

R=R, URs URy A s3 €51 yiuvllmue S2

o(R) C AA([0,end(ss,R)) x 4) C RN )
For a particular specification S, we will be able to discard most of the conditions
in the antecedent: the residual proof requirement is often easy to discharge.

b = S(ss \ A, R — V)

We now move on to the second stage in our verification of the protocol. We
propose T'CSP implementations of the components, and use the inference rules to
demonstrate that they meet the appropriate specifications.

The protocol consists of two components, transmitter P and receiver ), com-
municating across two wires W, and W,. The transmitter process should accept
an input on channel in, and be prepared to transmit it along W,, via channel Im.
After this transmission has occurred, P waits for a confirmation event from wire
W,, on channel rc, before repeating this behaviour. Our intuition suggests the
following as an implementation:

P =2 pXein—-Ilm—-rc— X

We have yet to establish that this implements our requirements: that it meets the
formal specification SPECp.

A similar set of conditions applies to the receiving process . It should be
prepared to receive a signal from wire W;, on channel rm, before offering output
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on channel out. It should then send a confirmation signal along wire W,, on
channel le, before returning to its initial state. Our proposed solution:

Q = puYerm—out—lc—Y

Again, we will have to verify that this is an implementation of the specification

SPEC,.

We wish to show that the transmitting process P meets the specification placed
upon it:

pXein—Im—rc—X sat SPECp(s,RN)

This is a recursive process; the second recursion rule requires us to find a specifi-
cation S(s,R) such that: *

X sat S(s,R) = in—Im — rc— (WAIT §; X) sat S(s,R)
S(s,R) = SPECh(s,R)

We will show that the specification SPECp is strong enough to be preserved by
the recursion. We have to show that:

X sat SPECp(s,R) = in —Im — rc — (WAIT §; X) sat SPECp(s,R)
Assume that X sat SPECp(s,N). We wish to establish that:
in — Im — rc — (WAIT §; X) sat SPECp(s,R)

Applying the prefix rule three times transforms this proof obligation to the follow-
ing requirement: we must find a specification U(s,R) such that:

WAIT é; X sat U(s,R)
s={()Ain & o(R) )
\%
s=(t,m)) s Ainga(R[t)A
\Y
s' = (t +68) ={(ts,Im))"s" Alm € o(R= (¢, +6) T t2) A} = SPECp(s,R)
s" = (ts +8) = () Arc g o(R = (¢; + t2 + 26))
\Y
s" = (te + 6) = ((ts, rc))"s" A

re € o(R = (t; +ts + 26) [ ts) A
U(s" = (t; +ta +ts + 36),R = (4 +t2 + 85 + 36)) |
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With a suitable choice of 7;, T2,Ts, this can be transformed to:

WAIT §; X sat U(s,R)

f/=<>/\ in ¢ o(R) ‘
f/z ((rryin)) Neg (R T 7)) Alm € (R 7, +6)
s = ((1,1n), (12, Im)) A in € o(R | 7;)

Alm ¢ o(R T [ +6,7s))
Arcgo(R17s+6) » = SPECp(s,N)

\

s = {(r1,in), (12, Im), (13, r¢)) " u A in € (R } ;)
ANlm & o(R T [r +6,72)
ANrc @& o(RT[re+6,73))
ANU(u= (134 6),R=(13+6)))

Applying the second form of the delay rule, we can instantiate U as follows:
U(s,R) = SPECp(s=6,R=8) A begin(s) =6

Having discharged the first proof obligation, the proof can be completed with a
simple case analysis on trace s. This becomes clear when we recall the form of

specification SPECp:
SPECp = tstrip(s) < (in,Im, rc)* A
last(s) = in = Im € (R 1 (end(s) + 26)) A
last(s) = Im = rc & o(R 1 (end(s) + 26)) A
last(s) = rc = in € (R 1 (end(s) + 26)) A
s=()=1in ga(R)

The only non-trivial case corresponds to s = ((7,in),(7e,Ilm), (13, 7¢)) " u. Here
we require two arguments, one for each of the cases: u = (), u # (). Expanding
the specification SPECp makes the solution obvious.

This completes the verification of our transmitter process P. It will not be nec-
essary to perform a similar proof for the receiver ¢); we can exploit the symmetry
present in our descriptions.

The operator f in TCSP allows us to relabel the events performed by a process.
In the case of injective functions, this allows us to re-use a process description.
By renaming events, we can transform processes while retaining their structure.
The relationships between different events are maintained: given that a particular
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result holds for all the behaviours of a process, we can infer a corresponding result
about the behaviours of the image of that process under such a transformation:

P sat S,(s,R)
Si(s,R) = S(f(s), f(R))
f(P) sat S(s,R)

For example, we can use the result of the previous section to establish that
Q sat SPECy, by defining injective function f such that:

f(in) = ™
f(lm) = out
f(re) = lc

We then observe that:
SPECp(s,®) = SPECq(f(s),f(X))
Q@ = f(P)
The inference rule allows us to conclude that:
Q sat SPECy(s,R)

Which completes our verification of the protocol.

8.4.2 The Stop and Wait Protocol II

A shorter verification of the stop and wait protocol can be achieved by the ap-
plication of the general specifications introduced in chapter 5 used in conjunction
with timewise refinement. We have the following definitions:

S =2 puXe(in?z = Imlz — rc?y - X)
As = mUImUrc

R = uXe(rm?z — outlz — lclz — X)
Ap & rmUoutUle

We also have specifications on the media M; and M,: M, is prompt and responsive
on Im and on rm, and M, sat rm <, Im; and M, is prompt and responsive on
Ic and on rc, and M, sat rc <; lc. We further define Ay, = {im,rm}, and
Apm, = {le,rc}. Then setting I = {S, R, M;, M, } we may define SAWP as follows:

SAWP = NET({(P,Ap)|P eI})
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Neither of the process definitions for S and R involve either hiding or indexed
non-deterministic choice, so by corollary 6.3.24 we have that O(5) E¢ S, and
O(R) C; R. 1t follows from the specifications of M; and M, that COPY C, M;,
COPY T M,, COPY C; M;, and COPY Ty Ms. Further, the set {A;} is triple
disjoint, every P € I is prompt, S is non-retracting on both Im and rc, and R 1s
non-retracting on both rm and lc.

We define Rs = ©(S), Rz = O(R), Ry, & COPY[lm,rm/in, out] and Ry, =
COPY [lc, rc/in, out]. It is proved in [PS88] that any trace of PAR({(&;, A:)}) has

re<le<; out <, m < Ilm <, in and rc<;n

so the channels in the trace appear in the cyclic sequence (in, lm, rm, out, lc, re)*.
Hence PAR({(Ri, A;)}) is limited on Im U rm U lc U rc, which is the same as

U{Ain4; 4,5 €l,i#5}
Thus we apply theorem 7.4.5 to obtain
NET({(Ri, A:)}) T NET({(P,Ap)})
It was proved in [PS88] that
O(NET({(P,Ap)})) sat out<;in
so from theorem 6.2.12 it follows that
NET({(P,Ap)}) sat out<;in

Standard algebraic techniques may be used to establish that ©(NE T({(R:, Ai)}))
is deadlock-free, so NET({(P, Ap)}) is deadlock-free; it is also a pipe, impartial on
in (immediate from the syntax), and satisfies out <, i, and so from theorem 7.2.5
we conclude that it is a one-place buffer, thus verifying the protocol.

8.4.3 The Alternating Bit Protocol

An untimed alternating bit protocol is presented and verified in [PS88]. In the ab-
sence of timing information, the timeout required by the sender of the alternating
bit protocol is modelled as a timeout event, ‘O)’, which may non-deterministically
occur. Using Timed CSP, we may refine the original description to model the
timeout explicitly while retaining the safety property proved of the original de-
scription.
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The untimed description is as follows:

S = 5
Sy = in?z - Imlz.b - S,; where be {0,1}
Seb = ((re?a — (if a = b then S;_; else S, 3))
00 — Imlz.b - S, ;)\ {O}
R = R,
Ry = rm7z.c — (if ¢ # b then outlsr — Iclc — R,

else lc!lb — Ry) where b € {0,1}
The conditions assumed to hold of the wires M1 and M2 are the following:

M! sat Im<rm
M2 sat Ilc<dre

where s; 9 s, means that s; is a (not necessarily contiguous) subsequence of
ss. These requirements allow the media M1 and M2 to drop messages, but not
to duplicate or reorder them. The associated alphabets of the processes are the
following:

As = {in,lm,rc}

Ap = {out,rm,lc}
Au, = {lm,rm}
Am, = {lc,rc}

Then setting I = {S, R, M;, M,} we may define ABP as follows:
ABP = NET({(P,Ap)|Pel})

The result proved in M7 is that ABP sat out <, in.
Pictorially, the ABP is entirely similar to the SAWP:

lm MI rm

mn out

rc M, le

We refine the sender by making the timeout explicit. Our timed sender T'S will
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timejout at time ¢. The timed receiver will have the same description as the original
receiver.

TS = TS,
TSy = in?z — Imlz.b > TS,; wherebd e {0,1}
TS:s = ((rc?a— (if a =0b then TS,_; else TS, ;))
S imlz.b — TS:5)
TR = TR,
TRy = rm?z.c — (if ¢ # b then out!z — lclc — R.

else lc!b — TR;) where b € {0,1}

Recalling from [Hoa85] the law (for the untimed models)

((a=P)Ob—-Q)\b = ((a—(P\))OQ\E)NQ\D

we obtain that @(7S) = 5. We also have that ©(TR) = R. Hence we obtain
from corollary 6.2.8 that S C; TS and R C, TR. Then for timed media TM1! and
TM2 we may define the timed alternating bit protocol as follows:

TABP = NET({(P,Ap)|P €I}

where I = {TS, TR, TM1, TM2}, and the Ap are the same sets as for the corre-
sponding untimed processes.

Now if sr(X sat Im Q rm)(TM1) and sr(X sat lc Q rc)(TM2), then
AMIC, TMI e M1 sat im<Srm A IM2C; TM2 ¢ M2 sat lc J rc

Hence there is an ABP such that ABP C; TABP and ABP sat out <, in, so we
obtain that sr(X sat out <, in)(TABP), which is written

TABP sat out <; in

Hence we have a verified alternating bit protocol over wires TM1 and TM2 for
which the above conditions hold. Written another way, the requirements of the
wires are

TM! sat Im<drm
TM2 sat Ilc<Qrc

and we have a verification that the alternating bit protocol satisfies the safety
property that the output stream is a prefix of the input stream, of length at least
one less that the length of the input stream.
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In order to obtain that the protocol is live, in the sense that any input will
eventually be offered as output, we require more stringent conditions on the system.
We first require that the media be live on their input channels: that TMI 1s
responsive on Im, and TM2 is responsive on lc. We will also require a progress
property of the media, that they will not lose messages for ever. Since we are
presently unable adequately to model fairness within the Timed CSP framework,
we place the requirement on TM! and TM2 that they cannot input more than N
messages without offering one for output. These can be captured as behavioural
specifications:

TM1 sat (s=vwAwlrm=)A#wlIlm>N)
= [begin(w), end(w)) X rm & R

TM2 sat (s=wvwAwlrc=()A#wllc>N)
= [begin(w), end(w)) x rc¢ € N

A further modification to the system is necessary. Since TS is not non-
retracting on rc, and since we do not insist that TM2 is non-retracting on re,
a generalisation of corollary 7.3.12 indicates that we will need to insert COPY
along rc in order to ensure eventual synchronisation. We will call the modified

system TABP2.

Liveness of the ABP is not guaranteed in MF, since the timeout event may al-
ways occur (non-deterministically), and no message acknowledgement received as
a result. Liveness here requires a fairness assumption, that eventually an acknowl-
edgement will be received by the sender. In Timed CSP, our explicit modelling of
the timeout removes the need for this assumption. However, the timewise refine-
ment approach to prove liveness is not open to us, since there is no corresponding
untimed result. We therefore use the proof system to establish mechanically and
laboriously that TABP2 is responsive.

The alternating bit protocol TABP2 may be described pictorially as follows:

Im TM1 m
in_ | TS TR out

e | copy & Tpe L

We make the following new definitions, and redefine Ay,

C = COPY|[mc,rc/in, out]
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Ac

Ay,

We then define

b

{me, rc}

{lc, mc}

TABP2 = NET({(P,Ap)|P €{S,R,M1,M2,C}})

TABP2 is clearly impartial on in, and since it is responsive on in U out, and we
have established that it satisfies out <; in, it follows from theorem 7.2.4 that
it is a buffer, verifying the protocol. It follows as a refinement of COPY, state

that COPY C; TABP2. It also follows from theorem 5.1.13 that TABP2 is

non-retracting on both in and out.

8.4.4 The Sliding Window Protocol

In [PS88] it is shown how a sliding window protocol may be considered as w alter-

nating bit protocols working in parallel, controlled by a message distributer and a

message collator. Diagrammatically, the structure of the sliding window protocol

18 as follows:

0.send 0 TABP? 0.pass

1.send /. TABP?® 1.pass
™ DIS

n.send o - TABP? n.pass
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This is defined in the process algebra as follows:

@ = ¢:(TABP2[in,out/i.send,i.pass|)

Ag, = ti.send Ui.pass
DIS = D,
Dy = n?z — h.sendlz — Dyg,;
Aprs & inU U i1.send
1=0
COL = COL,y
Ct = l.pass?z — outlz — Cig,;
Acor =& outU U »i.pass

1=0

SWP = NET{(Q,Aq)| Q€ {Qi|0<i<n}U{COL DI5}}

We have from the previous section that COPY C; TABP2, and that TABP2 is

non-retracting on both in and out, so
i : (COPY[in, out/send, pass]) CT; i:(TABP2[in,out/send, pass|)

for any 7, and that i : (TABP2[in, out/send, pass]) is non-retracting on both
i.send and 7.receive. It follows from corollary 6.3.24 that

e(COL) T; COL
o(DIS) T; DIS

and we also have from theorem 5.3.6 that COL and DIS are both prompt. Defining

P;
Ap,

3

i : (COPY [in, out/send, pass))
Ag;

3

ib b

we define an untimed sliding window protocol SWP by

SWP = NET{(P,Ap)|P€{P:|0<i<n}u{O(COL),0(DIS)}}

The processes DIS and COL between them participate in every action of the
parallel combination, and they both alternate between performing an internal event
and an external one. Hence, no more than two internal events can occur between
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external events. Therefore
PAR({(P,Ap) | P € {P; | 0 <1 < n}}U{(O(COL),s(COL)), (0(DIS),c(DIS))})
is limited on U?_,(:.send U i.pass). We therefore obtain that

SWP C; TSWP

It is proved in [PS88] that SWP sat out <,42 in, and it is straightforward to

prove that SWP is a buffer in the failures model. Hence we obtain that TSWP is
a buffer, and that the protocol is correct.

The full structure of the sliding window protocol is as follows:

0.lm 0-TM1 0.rm
0.send 0:TS 0:TR 0.pass
0.rc 0:COPY] 0.mc 0:TM? 0.lc
1.lm 1-TM1 1.rm
1.send 1-TS ‘TR 1.pass
. i l.re |, l.mc| .. 1.lc
n.lm n-TM1 n.rm
n.send TS 1 n:TR L7:4sS
2T n:COPY] n.me n:TM2 il

This is obtained by instantiating each of the : : TABP2 with its component
processes, from the diagram on page 158.
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9 Conclusions, Comparisons, and Future Work

9.1 Conclusions

In this thesis, we have presented a variety of methods applicable to the verifica-
tion of real-time concurrent systems. We have exhibited a sound and complete
proof system, defined a number of high-level specifications and produced laws con-
cerning their interaction, and produced a method for translating specifications
between the different models of the hierarchy. We have shown how operators for
introducing time-critical behaviour, such as timeout and interrupt, and communi-
cation constructs such as channels, input and output, and chaining, can be added
to the syntax of TCSP. Finally, we have demonstrated the application of these
verification techniques to processes involving these constructs.

The restriction of our class of specifications to behavioural specifications has
been crucial for both the development of the proof system and the application
of timewise refinement to specifications. Behavioural specifications in the vari-
ous models are sufficient to capture safety, liveness, and real-time specifications,
and to distinguish deadlock, divergence, and possibility of divergence. Further,
many useful results can be obtained for the class of behavioural specifications:
for example, any behavioural specification is continuous. However, the definition
of non-retraction serves as a reminder that not all desirable specifications can be
written as behavioural specifications.

In a specification-oriented semantics [OH83], each process is identified with
its strongest (behavioural) specification. Such a semantics will be compositional
when the denotational semantics are directly compositional, in the sense described
in section 4.5. As we have seen, this is the case for TMFr but not for TMrs.
We employ a congruent semantic domain T'Mpr which yields a complete proof
system and a corresponding mapping from processes to strongest specifications.
This may also be considered as a complete proof system for TMps for a restricted
class of specifications: those specifications on T'MFs corresponding to behavioural
specifications on TMpr. Thus a compositional specification-oriented semantics may
be given for TCSP into specifications on T'MFs, but the domain of specifications
will be a subset of the behavioural specifications on TMps.

The proof system for TMF has already been used in a case study [Jac89]. In
this study, aircraft engine control software was specified using behavioural specifi-
cations, and the proof rules were used to verify a proposed TCSP implementation
with respect to the requirements specified; it was demonstrated that the rules
are usable in addition to being sound and complete. It is also apparent that the
rules can be applied in a mechanical fashion, indicating that a mechanical proof
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assistant would be both possible and useful.

The general specifications presented in chapter 5 capture a few aspects of good
behaviour that we would wish to establish of systems. In particular, non-retraction,
responsiveness, and promptness are useful properties for establishing correctness.
We have seen that each can be shown to hold of a process by an examination
of its syntax. This enables us to build processes which are guaranteed to meet
specifications of this sort, by employing only those process constructors which
preserve the desired property.

The chapter on timewise refinement showed how different models may be used
in the verification of TCSP systems, by enabling the translation of specifications
between models. The simpler model may then be used to provide a verification for
an untimed version of the system, which serves as a verification of the timed system.
This approach allows us to use the simplest model that permits a verification
of the property under consideration. OQur verification that the sliding window
protocol described in chapter 8 met the specification out < in was much easier
in Mt than it would have been in TMps, where any proof would have involved
the manipulation of (trace, stability, refusal ) triples. This approach also provides
the basis for a timewise refinement approach to development, since a real-time
specification may be broken down into the conjunction of time-dependent and time-
independent specifications. A CSP process may then be developed and verified
in Mr (or Mr) relative to the translation of the time-independent component of
the original specification. Any timewise refinement of that process will then meet
the time-independent specification, so our development task reduces to finding a
timewise refinement of the untimed process which also meets the time-dependent
constraints. |

We have seen how process constructors can be built from the syntax of standard
TCSP; one advantage of this approach is that the constructors are automatically
continuous, fulfilling an essential proof obligation. Explicit time-critical constructs
such as timeout and interrupt have been defined, and algebraic laws concerning
their interaction with other process constructors have been formulated. Commu-
nication constructs have also been defined: channels, input, output, chaining, and
the more general network construct, were defined in a fashion analogous to that
of untimed CSP, although the timed behaviour of the hiding operator ensures
that chaining operator does not obey the same laws as its untimed counterpart.
The concept of a buffer was characterised, and it was seen that the specifica-
tion ‘timed buffer’ is a timewise refinement of the standard untimed specification
of a buffer. We have also seen that to guarantee communication, we require of
one of the two communicating processes that it be non-retracting on their mu-
tual channel. Non-retraction and promptness were seen to be useful in supporting
timewise refinement of networks. Chapter 8 illustrated how the specification and
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proof techniques presented in this thesis could be applied, with reference to the
communication constructs and protocols as well as the time critical operators,
and demonstrated that TCSP is becoming a powerful tool for specification and
verification of real-time systems.

9.2 Comparisons

Approaches to the specification and verification of real-time systems fall into three
broad groups. One method is to develop a general specification language which
enables reasoning about system requirements, and which is applicable to many
process description formalisms via corresponding verification methods. Another
approach is that of a process algebra with an associated operational semantics or
set of axioms for establishing equivalence between processes. Specifications may
be predicates on a graph generated by the operational semantics (as in the case
of Petri nets). More often, a specification is a process, and a verification of a
candidate process is a demonstration that it exhibits the same behaviour as the
specifying process: that there is a bisimulation between them. There are different
kinds of bisimilarity relations, and the particular relation used in a verification
will reflect the aspects of behaviour we wish to verify. The third approach, taken
in this thesis, is to provide a process description language with a denotational
semantics. A.specification will then be a predicate on the semantic domain, so the
nature of the specification language will be dependent on the semantics given.

There is a degree of overlap between these approaches. A general specification
language may be applicable to process algebras with an operational semantics,
and also to programming languages with denotational semantics. In many cases,
a process algebra may be provided with both a denotational and an operational
semantics, allowing results from the second and third approaches to be combined.

Temporal Logic

Standard temporal logic is particularly useful as a specification language, since
it can succinctly express both safety and liveness properties; there now exists a
large amount of work in the literature, which is beyond the scope of this section
— a survey of work up to 1986 may be found in [Pnu86]. Temporal logic has been
successfully applied to the verification of systems (see e.g. [MP82], [HO83], [SL87],
among many others), and compositional proof techniques have been developed (see
e.g. [BKP84] for discrete time, [BKP85] for continuous time). We will contrast
temporal logic specifications with our specifications on TCSP processes, which are
predicates on TMps or TMp.
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Temporal logics consist of propositional atoms which are assigned truth val-
ues at every instant, together with temporal operators such as ‘eventually’ (<),
‘henceforth (O), ‘unless’ (i) and ‘since’ (S). The semantics rests on a time do-
main, consisting of all instants together with an ordering on them; it is usually
taken to be a total order, although other models (such as branching time, and
more general partial orders) are also possible. The meaning of a temporal logic
statement thus depends on the time domain under consideration.

The propositional atoms will often be taken to be predicates on the state of a
system. For example, if 7 holds of a state in which the system is ready to perform
an a action, then the assertion that Or holds at a certain time of a system means
that it will eventually be the case that the system will be ready to perform a.
Access to state information allows the easy formulation of operational concepts
that were not so natural to formulate as predicates on observable behaviours.
Non-retraction may be succinctly captured in this way: if s holds exactly when a
occurs, and r holds exactly when a is ready to occur, then

O(r = rids) holds of P

specifies that once P is ready to perform a, then it will remain ready at least until
it is actually performed. This form of non-retraction is termed ‘persistence’ in
[Pnu86]. The definition contrasts with that of non-retraction on TCSP processes
in terms of observable behaviours, because the denotational semantics of TCSP
processes does not characterise state information. For example, the two processes

(a — STOP)M L

and |
(a = STOP(M((a — STOP) & L)M L

have the same semantics, but they have different possible states. Using the tem-
poral logic definition we would conclude that the first process is persistent on a,
whereas the second is not. Hence the access to state information allows some
distinctions to be made that the denotational semantics of TCSP does not make.

Temporal logic may also be used as an assertion language on computational
models which distinguish systems only by their observable events, by taking the
propositional atoms of the temporal logic to be predicates on (finite) past histories.
This allows a direct translation between behavioural specifications and temporal
logic specifications. A behavioural specification of the form X sat S(s) translates
to a temporal logic specification of the form 0OS5(s). This says that if s is the
record of what P has performed up to a time, then S must hold of s.

The work on temporal logic discussed so far is concerned only with qualitative
temporal reasoning. However, the analysis of time-dependent and time-critical
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systems often requires knowledge about the actual times at which events occur or
become available. To say that a process is (¢, a)-responsive is to say that it must
make available event a within time ¢. This is expressible within temporal logic
using the next operator (Q), since it is equivalent to saying

V O(@)

where the time between successive instants is one time unit. However, this is only
possible when time is discrete, since a dense time domain will not support a next
operator; at most we can insist that a will eventually be available.

Koymans argues this case in [Koy89], and proposes an extension to the lan-
guage of temporal logic to include temporal operators which have explicit times
associated with them. To do this, he requires that there be a metric function on
the time domain which yields the temporal distance between two instants. It is
then possible to define the required operators. For example, the operator Fs(¢)
asserts of its argument that there is a point exactly § in the future at which ¢ will
be true. F(s5(¢) asserts that ¢ will hold within 4. Its dual, G<s(¢) asserts that ¢
will hold at all instants within 6.

The atomic propositions may a»gain access state information, allowing the for-
mulation of more operational style definitions. Responsiveness of P may be defined
as follows:

O(F<:(r)) holds of P

where r holds of a state in which a is available. It says that e will be available
within time ¢ of any instant. Promptness may also be expressed by this speci-
fication language: that if a is not available by time ¢, then it will not become
available before the next observable event. Taking s to be true precisely when an
event other than a occurs, we may specify the promptness of P as follows:

O(G¢i—r = (—-r)Us holds of P

The metric temporal logic language presented by Koymans provides the quan-
titative element we require for the analysis by temporal logic of systems whose
correctness rests on time-critical considerations. This specification language is
still fairly recent, and there are not compositional rules as yet. However, it is
claimed in [Koy89] that the development of a hierarchical method would not seem
to be significantly more difficult than that developed for standard temporal logic.

Temporal logic is not associated with any particular programming notation.
This yields the advantage that the specification and proof techniques apply to a
wide range of system descriptions. The corresponding disadvantage is that for any
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particular description of a program we must first show that it meets the temporal
logic specification claimed of it. There are methods for establishing this when the
specification language is standard temporal logic (see e.g. [BKP85], [Pnu86]), but
as yet there are few such methods for metric temporal logic ([HW89] is a notable
exception, discussed later in this chapter). The descriptions of time critical systems
will in general be complex, and it will not be immediately apparent whether or
not they meet particular specifications. Methods and tools must therefore be
developed which allow us to relate specifications to process description languages

(such as TCSP).

Operational Semantics

A different approach to system design and verification is to provide an opera-
tional semantics for the system under consideration. This may be done either by
modelling the states of the system as a (usually finite) graph and specifying the
circumstances under which transitions may occur from one node (representing a
state) to another, as in Petri net theory; or by using a process algebra with an
operational semantics, such as CCS, ATP, ACP, or LOTOS, to represent systems.

Graphs

We will focus on the Petri net, since it is the most common example of the graph-
theoretic approach to analysis of concurrent systems, though there are alternatives
(e.g. HMS machines [FG89]). A safety property of a system may be expressed
as the condition that a given set of nodes is unreachable from the initial state.
Liveness properties are concerned with the availability of transitions. (see e.g.
[Mer87]). For example, deadlock freedom is expressed as the requirement that
every (reachable) state enables at least one transition.

A Petri net (see e.g. [Pet77]) consists of a set of places, a set of transitions, and
a set of directed arcs from places to transitions and from transitions to places. It
also has a marking, consisting of an assignment of tokens to places. A transition
t is enabled under a marking if all the places which have an arc to ¢ have some
token assigned to them. When the transition fires, the marking of the net alters:
the tokens enabling ¢ are removed, and a token is assigned to each place to which

there is an arc from the transition.

There are several approaches to the introduction of time into Petri nets. For
example, delays may be associated with places (see e.g. [Sif80],[CR85]) or with
transitions. In these respective cases, a token must remain on a place for at least
the length of time associated with that place, or a transition has a duration. It
is claimed in [LS87] that these two approaches are equivalent. Alternatively, a
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master timing mechanism may be introduced (see e.g. [CR83]). We shall consider
a different approach, described in [LS87], originally presented in [MF76]. The
formation of a timed Petri net here involves associating with each transition a
minimum and maximum length of time that the transition may be continuously
enabled without firing. Hence a transition ¢ may fire at time 7 if it has been
continuously enabled since 7 — min(t); it must fire if it has been continuously
enabled since 7 — maz(t). Petri nets may be considered as a special case of Time
Petri nets, with each transition having minimum enabling time 0 and maximum
enabling time oo.

A safety property will state that particular undesirable markings cannot be
reached from the initial marking by a sequence of enabled transitions. For example,
a mutual exclusion property will be captured by the requirement that the place p
representing the critical section will never be assigned more than one token by any
reachable marking. Safety properties are preserved by an assignment of minimum
and maximum enabling times to the transitions, which we may consider as a
‘timewise refinement’ of a net. It was remarked in [LS87] that such an assignment
can only reduce the set of reachable markings, in a fashion analogous to that of
timewise refinement in TCSP, where the set of possible traces is reduced by a
C;-refinement.

Liveness properties concern the eventual enabling of transitions. For example,
we may say that a transition is live if there is a sequence of transitions from
any reachable marking after which the transition is enabled (see e.g. [Mer87]).
An analogue of (¢, A)-responsive for Petri nets may be that at least one of the
transitions in the set A must be enabled within ¢ time units of any moment.
Deadlock freedom is expressed as the requirement that any reachable marking
enables at least one transition. Some liveness properties, such as deadlock-freedom,
are preserved by timewise refinement. Others, such as liveness of an entire net
(defined in [Mer87] as the condition that every transition is live), are not necessarily
preserved. There does not appear to be a systematic way of transforming untimed
liveness properties into timed ones, in the way that CSP liveness specifications may
be transformed into TCSP ones by means of the strongest refinement operation.

Algebras

Process algebras with operational semantics provide another way of designing and
analysing systems. A syntax for the algebra is given together with rules describ-
ing the valid transitions: these rules constitute the operational semantics of the
language, and will generate a tree of possible transition sequences for any process
written in the algebra. This approach also considers a process algebra to be spec-
ification language, in that a process written in a process algebra is a description
of our requirements. For example, the ideal one-place buffer in CCS is captured
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as follows:
Buff = in(z).out(z).Buff

We may think of a verification that a process is a one place buffer as a demon-
stration that it is disimilar to Buff. Two processes are bisimilar if they exhibit
the same behaviour. (There are a number of bisimilarity relations depending on
what aspect of behaviour we are interested in: see e.g. [Mil89].) Each process
algebra has laws consistent with its operational semantics for rewriting process
descriptions while preserving bisimilarity. Verifications of systems therefore take
the form of algebraic manipulations, which establish a bisimilarity relation (see
e.g. [LM86] for an example of a protocol verification).

There have been a number of different approaches to the inclusion of time in a
process algebra. Most of these are extensions or adaptations of untimed algebras.
For example, current research at Sussex [Reg89] is investigating the consequences

of the addition of a single WAIT statement to EPL [Hen88]. The treatment of
time is discrete, and actions are instantaneous.

Synchronised CCS [Mil89] considers the duration of a transition to be one time
unit. All concurrent components of a system proceed at the same rate, in lockstep;
time is thus considered to be discrete. This yields an elegant and simple calculus.
A form of ‘timewise refinement’ is possible, since CCS processes may be ‘imple-
mented’ by SCCS ones. It also seems possible, for a given bisimilarity relation
between CCS processes, that there may be a weak bisimilarity relation (that ig-
nores the passage of time) that holds between SCCS processes precisely when the
corresponding untimed CCS processes are bisimilar. However, a complete set of
axioms must also be found for such a relation if it is to be useful. I am presently
unaware of any results of this form.

The algebra for timed processes ATP [NRSV89] treats time rather differently.
Actions are considered to take no time, except for an explicit synchronisation ac-
tion ¥ which is not present in the syntax but which appears in the semantics of the
timeout operator and the terminated process (which allows time to pass but which
can perform no other action). Concurrent processes are completely asynchronous,
(although they may communicate) apart from the requirement that they must all
synchronise on a x action. Successive instants are identified with successive occur-
rences of the y action, so time is in some sense discrete. However, processes may
perform arbitrarily many actions between two successive instants. An operational
semantics is provided for the ATP language, and a verification is a demonstration
of a bisimilarity relationship between the system under consideration and a sys-
tem we know to be correct (see [NRSV89] for a verification of an alternating bit

protocol).

Timed LOTOS [QF87] and Timed A CP [BB89] are both process algebras which
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allow continuous time. The syntax of Timed LOTOS allows the hidden action 7
to be treated on the same footing as any visible action. There is also a delay
operator WAIT t (non-negative real t), which postpones the commencement of
the process following it. Thus constructs similar to the timeout construct for
T'CSP may be built from the basic operators of Timed LOTOS. The existence of
an operational semantics once again allows specifications to be written as Timed
LOTOS processes, and verifications again consist of demonstrating a bisimilarity
between a candidate process and a process we take to be the specification. Time-
wise refinement of basic LOTOS processes into Timed LOTOS processes appears
straightforward, but as in the case for SCCS verifications of untimed processes
will not be preserved by timewise refinement, unless a weak bisimulation relation
is used.

Timed ACP [BB89] is an extension of ACP [BKI84] to include time, which is
considered to be the non-negative reals. Each event a is associated with a time
t, so atomic actions are of the form a(¢). An operational semantics is given for
the language, which provides the basis for a number of bisimulation preserving
algebraic laws, as we have by now come to expect. A process is again regarded as
a specification, and a verification consists of a demonstration that two processes
are bisimilar. It is pointed out in [BB89] that an implementation of an ACP
process can be imagined as a real time version of the specification. However, it is
also pointed out that two equivalent processes will not in general have equivalent
real time implementations, and the question is left open as to what predictions can
be made concerning the behaviour of a timed version of an untimed A CP process
from an untimed verification.

The contrast is sharp between the specification and verification techniques
of the process algebras discussed above, and the approach of this thesis. The
TCSP approach, in common with other approaches via denotational semantics
(as we shall see), considers a specification to be a property, and a verification
to be that the semantics of a candidate process has that property. Any other
properties the process may have are irrelevant to the verification. On the other
hand, a proof that two processes are bisimilar will establish that they share every
property identified by the bisimilarity relation. Thus a verification often reduces
to algebraic manipulations of the process description we wish to verify, until a
process is obtained that is obviously correct (in the sense that it has the property
we require). The proofs of the alternating bit protocol in [NRSV89] and again in

[BB89] are examples of this approach.

The consideration of processes as specifications will not in general allow verifi-
cations to be translated into timed verifications by timewise refinement, since the
properties we would hope to preserve are not made explicit. It also seems likely
that the addition of time into these process algebras will mean that the method
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of proving processes correct by transforming their descriptions to ones which are
obviously correct will predominate over the approach whereby a process is pre-
sented as a specification and a bisimulation then demonstrated. It appears that
there will be too much information contained in any process description to make
it useful as a specification; for example, the canonical one place buffer Buff given
above must perform in(z) on its first step, which may not be a property we wish
to retain. If the bisimilarity relation is weakened to ignore the passage of time,
then we may also lose a property we wish to retain; for example, that it is always
ready to output the instant after input occurs.

A less common form of specification on process algebras is that of the specifying
equation: this is of the form C[P] = D[P], placing the requirement on P that when
it is placed in context C and in context D the results are indistinguishable (i.e.
bisimilar). The timed behaviour of C[] and D[] need not be the same, so there
will in general be fewer processes P satisfying the equation than in the untimed
version. For example, we may attempt to capture a class of process by requiring
of a candidate process B that it satisfies

B> Buff ~ Buff > B

However, the timed behaviour of Buff requires that it perform in(z) at the first
instant, so any process B that does not allow an input at the first instant will not
meet the specification. If Buff is replaced by a more relaxed buffer which does not
insist upon input at the first instant, then a process B which does insist on such
input will not meet the specification. On the other hand, if the bisimilarity relation
is relaxed to allow both possibilities, then we may lose more timing information
than we wish. It seems that the inclusion of timing information often leads to
overspecification when this technique is applied.

Hennessy-Milner logic [HM85], called process logic in [Mil89], provides the
approach to specification for CCS that is closest to the denotational semantics
approach. It would seem that the logic could equally well be applied to other
process algebras, although I am not aware of any attempts to do this. The logic is
used to express safety properties of systems using two modal operators (which are
dual), () and []. The specification (@) G asserts of a process P that it may perform
o and reach a state of which G holds. The specification [a]G asserts of P that
whenever P performs « it reaches a state of which G holds.

Little work seems to have been done with process logic concerning the specifica-
tion and verification of systems. In particular, I am not aware of any case studies
in which a process is specified using the logic, and then proved correct; such a
study would be useful. It also seems likely that a form of timewise refinement will
be possible for such specifications. This is a topic for further research.
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Denotational Semantics

The provision of a denotational semantics for a programming language or process
algebra involves the association of each program with a mathematical object con-
sidered to be the meaning of the program. The possible meanings of programs are
members of a semantic domain. A denotational semantics is compositional, in that
the meaning of a compound program may be deduced from the meanings of its
constituents, without any reference to their syntax. Specifications on processes are
expressible as predicates on the semantic domain. In the most general case, any
mapping from the semantic domain to { TRUE, FALSE} will be a specification,
but it may be considered desirable to restrict the class of specifications to make
reasoning easier. For example, the set of proof rules presented in this thesis is
complete for the class of behavioural specifications.

The semantic domain for a process algebra is reflected in the nature of the pos-
sible specifications. As we have seen, the semantics provided for TCSP processes
do not refer to state information. This is because we do not wish to distinguish
processes whose external behaviour is identical, even if their internal states may
be different. It follows that specifications on TCSP processes may not be con-
cerned with the possible states of a process. Such specifications are permitted by
semantic domains which contain state information as a component of the possible
denotation of a process. The choice of a semantic domain for a process algebra is
concerned with the distinctions between processes we wish to make, which in turn
is closely associated with the kind of specifications we hope to express. Of course,
a given process algebra may be supplied with different semantic domains: these
will permit different sorts of specification. For example, CSP has the traces model
M7 and the failures model Mr. The traces model allows only safety specifications,
and cannot be used to verify liveness properties, since it is unable to distinguish
live processes from possibly deadlocking ones. The failures model permits such
distinctions.

Methods of verification using a denotational semantics or an operational se-
mantics may overlap. The denotational semantics may give rise to a complete
set of algebraic laws which allow the semantics-preserving transformation of any
syntactic process to one in normal form. Thus an algebraic proof system, of the
sort associated with operational semantics, is possible. Such proof systems may
also permit the verification that one process is more deterministic than another.
(see [Bro83] for an example of this.)

This approach is taken in [GLZ88], where a denotational semantics based on
discrete time is given for a CSP-based language which has a timed prefix operator:
the semantics of a process is the set of possible behaviours of that process. A
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complete proof system is presented for finite processes (i.e. those defined without
recursion); further laws permit reasoning about recursive processes, but these laws
are not complete.

An example specification and verification is presented in [LZ88]. The speci-
fication on the system is that it is more deterministic than the process SAFE,
which is taken to be the most non-deterministic process that captures the safety
requirement. A verification that SAFE T NUCLEAR is presented, from which it
is concluded that NUCLEAR meets the safety requirement. Specifications express-
ible in the form P C X (for a fixed P) are similar to behavioural specifications,
since X will be more deterministic than P precisely when its behaviours are a
subset of those of P. The requirement is therefore captured by the behavioural
specification X sat (b € £[P]), where b ranges over behaviours, and E[P] de-
notes the semantics of P.

An alternative approach is to provide an explicit specification language together
with a denotational semantics for a given process algebra. For example, in [HW89]
a denotational semantics is provided for an occam-like programming language: this
allows either discrete or continuous time. Each possible behaviour is a mapping
from time to a quadruple representing the channels on which a communication
is taking place, those on which the process is waiting to send, those on which it
is waiting to receive, and a boolean value representing whether the process has
terminated. The semantics of a program is the set of its possible behaviours. The
specification language is based on real-time temporal logic similar to that presented
in [KR83], and compositional proof rules are presented which relate programs to
specifications. For example, we have the rule

send(c) sat c!U (c U=, dome)

for the program send(c). This states that it is ready to send on ¢ until (weak until)
the transmission occurs; this is followed one time-unit later by termination (strong
until indexed by ‘exactly one time-unit’). The rules form a sound proof system
which is also complete relative to provability of valid formulae in the specification

language.

This proof system, like the one presented in this thesis, exploits the com-
positional nature of the semantics of the language. There have been denota-
tional semantics offered for a variety of real-time programming languages (e.g.
[KSRGASS],[BG87],[SN89], in addition to those already discussed). The semantic
definitions should in each case give rise to a set of sound proof rules (this is done
in [HR89]). Completeness, however, will need to be established separately, since
it does not follow in general; this was illustrated by the rules available for TMpg,
where our inability to establish completeness motivated the move to a different

(though congruent) semantics.
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Although many of the semantics for real-time systems are given for extensions
of established programming languages, I am unaware of any attempts to refine
specifications and verifications of programs written in the original language, in
the way that timewise refinement for TCSP allows the transformation of untimed
specifications into timed ones. It is clear that any untimed program may also
be considered within the framework of time, and so properties such as deadlock
freedom will still hold of it; but it is often desirable to prove that such specifica-
tions hold of timed programs which contain explicit timing constructs, and if such
properties do not follow from timing considerations, then a timewise refinement
relation may be useful. The hierarchy of models for CSP and TCSP, together
with the projection mappings between them, provide the foundation for timewise
(and other) refinement relations. It would be interesting to see how similar results
could be established for other languages.

9.3 Future Work

The previous section has highlighted important areas where further research into
specification and verification methods would be useful. The provision of an oper-
ational semantics for TCSP, either via timed Petri nets or in terms of potentially
infinite trees, would allow the approaches to establishing correctness that we have
just discussed. A set of algebraic laws which preserve some form of equivalence
(such as bisimilarity) may be obtainable, and would make some verifications easier.
Perhaps the most important immediate task is the development of a real-time tem-
poral logic based specification language for TCSP, similar (or even identical) to
the metric temporal logic presented in [Koy89]. This would provide an alternative
means of specifying systems, compatible with the body of research on temporal
logic that already exists, and may lead to a complete proof system similar to
that presented in [HW89]. D. Jackson, a doctoral student at Oxford, is currently
working on such a specification language.

An infinite failures model is needed to support the distinction between arbitrary
delay and infinite delay, and the distinction between arbitrarily fast and infinitely
fast. As we pointed out in the section on infinite behaviours, any model consisting
purely of finite behaviours will not be able to make this distinction. An infinite
failures model would have as its semantic domain sets of infinite (t¢race,refusal)
pairs, with each pair representing a possible record of the complete execution of
a process. We would expect the restrictions of these pairs to any finite time to
yield the finite behaviours of TMF, yet the (infinite) semantics of a process will
not necessarily be the set of all limits of the finite behaviours. In particular,
if Iy [[P]] denotes the infinite failure semantics of P, then we would expect the
semantic equations for indexed non-deterministic choice, hiding, and renaming to
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be as follows:

Ir[[ 1 P())] = LJIIT[[P(i)l]
iel 1€
Ir[P\A] = {(s\4,R]|(s5,RU[0,00) x 4) € Ir[P]}

r[f(P)] = {(f(),®) | (5,7 (R) € I [ P]}

We would expect to retain all of the axioms for TMr as axioms for the finite
approximations of behaviours in the infinite failures model, with the exception of
axiom 5. This axiom states that a process cannot perform an infinite number of
events in a finite time, but its formulation for TM also prevents a process from
performing arbitrarily many events, since the two notions are indistinguishable in
TMp. The axiom states for any set S of behaviours in the semantic domain that

t€[0,00) = 3In(t) € N,Vs € traces(S) o end(s) < t = #s < n(t)

This axiom would be too strong for an infinite failures model. We only wish to
disallow infinitely many actions in a finite time, so we may weaken the axiom to:

Vit e [0,00),s € traces(S) o #(s I't) <

Recall that for an indexed choice or a prefix choice to be well defined, it was re-
quired that the set of component processes were uniformly bounded. The weaken-
ing of axiom 5 allows this restriction to be lifted, and so we gain the well-definedness
of both forms of infinite choice for all arguments.

The ‘eventually’ operator in temporal logic enables the distinction between
arbitrary delays and infinite ones (see e.g. [BKP85]). Consider the pair of processes

P = [| WAIT n;a— STOP

neN

Q = PNSTOP

We would expect that P satisfies the temporal logic specification ‘X will eventually
offer a’, since any resolution of the choice will eventually offer a; but that ¢ does
not satisfy the specification, since it may resolve the choice in favour of STOP,
in which case a will never be offered. However, as has previously been remarked,
both P and @ have the same semantics in TMr (and indeed in TMFs). Hence
any temporal logic specification language which wishes to distinguish between the
two processes must be based on a model that makes such distinctions. Clearly
the infinite failures model will make precisely the distinctions required, since the
temporal logic assertions are concerned with infinite behaviour. Process P will not

175



exhibit the behaviour ((),[0,o0) x {a}), so it will not be able to refuse a for all
time. However, that behaviour is possible for @, indicating that Q does not meet
the specification required. Hence an infinite failures model will be useful for the
construction of a temporal logic based specification language.

The possibilities for timewise refinement are also enhanced by an infinite fail-
ures model. The reason that timewise refinement is not preserved by hiding and in-
finite non-determinism in general is that infinite non-determinism is not adequately
modelled in TMr. The equations above for hiding and indexed non-deterministic
choice mean that both operators preserve timewise refinement (see lemmas 6.3.31
and 6.3.36), and hence that the chaining operator, whose definition involves the
hiding operator, will also preserve timewise refinement. This will greatly ease ver-
ification of pipes via timewise refinement, and more generally of communicating
networks of processes. I conjecture that an infinite failures model will yield the
result ©(Q) Ef Q for all TCSP processes Q. However, at the time of writing I
do not know what the structure of the semantic domain will be, nor which extra
axioms will be required, so I am unsure as to how recursion will be defined and
whether P C; X will be a continuous specification. This is a topic for further
research.

A refinement calculus for exploiting the timewise refinement relation would be
invaluable. It is presently difficult to generate a refinement of an untimed CSP
process. The only systematic way of doing this at present is either to insert delays
at suitable points in the process description, or to resolve a non-deterministic choice
by replacing it with a timeout construct. We require more rules for algebraically
refining process descriptions, to enable us to work towards the timing requirements
of a specification.

A form of refinement not mentioned in this thesis is speedwise refinement,
through which processes become faster. A faster than relation between processes
could be defined, which would enable us to compare speeds of various processes.
This would provide us with the machinery to address problems associated with the
speeds of processes. For example, we would wish to know when the speed-up of
a component of a network will maintain correctness of the network, and whether
it will provide a speedwise refinement of the entire network; this will not be the
case in general: in the alternating bit protocol example, a significant speed up
of the sender process could result in a timeout occurring before an acknowledge-
ment could possibly arrive; this could result in a less efficient protocol, since a
second copy of the message will always be sent, even over ideal wires. The ‘faster
than’ relation would also enable us to examine which specifications are preserved
by speedwise refinement (e.g. ‘the process will not respond for 5s’ will not be
preserved, but ‘the process will respond within 5s’ will be).
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In addition to these directions, there are other areas of research that have
already been proposed. The major extension to the hierarchy of models will be
the addition of probability to the models; this will allow the specification and
verification of fault-tolerant systems and knowledge-based systems, and will allow
the modelling of fair processes. A strategy for pursuing this line of research appears
in [Ree88]. Other lines of research into the use of TCSP for specification and
verification are currently being pursued at Oxford. The results of this research
will make easier the task of establishing correctness of real-time systems.
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A Mathematical Proofs

A.1 The hiding lemma

The main result we will establish is the following hiding lemma:

ZS(X\Y)=(P\2)xly @=(Pxlly 9\ 2
In order to prove this, we need to establish a number of subsidiary lemmas.

We first of all need a technical sublemma. Let P be an element of TMpg. Let
a,6,t, X, N,y be such that

(>8> end(t)A(t, o, RU ([0, maz{6, end(R)}) x X)) € E7[P]
Then define the following:

W = t
W, if B, =0
Wpty = wnf\((tn-l-l y an.,.,)) if Bn ;é 0
where (tp4s, Gnss) € By

ty = maz{6, end(N)}

; | some B where Jae (B,a)€ B, if B, #9
n+l = 5 ian=@
By = {(B,a) [ ta<B< YA

a € X A (w,"((B,a)),RU([0,8) x X)) € fail(Er [P])}
Sublemma A.1.1 Vn e (w,,RU[0,t,) x X) € fail(E7 [P]),

We prove the sublemma inductively as follows:

Base Case: n = 0, the result follows from the definitions.
Inductive Step: Assume (w,, XU ([0,t.) x X)) € fail(E7 [P]).
Case B, =1

- (wa, XU ([0,7) x X)) € fail(Er[P]) Ly
F o (W, RU ([0, t04r) X X)) € fail(Er[P]) O

Case B, #0
Trivial

which establishes the sublemma. O
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We are now in a position to prove

Lemma A.1.2
Vo,6,t,a,R,v e

(@26 > end(t) A (t,a,RU ([0, maz {8, end(R)}) x X)) € ST[[P]]
= dJw,dew\ X =t\XAd 26N (w,d,RU([0,7) x X)) e &r[P])

Proof.

Case
v < maz {6, end(R)}

= do' Z ae(t,o,RU([0,7) x X)) € E7[P] all
Case
v > maz{§, end(R)}
= 3N e Vs € traces(Er[P]) o (end(s) < v = #s < N)
Mw, = wrpy > V1o (W = wpyy)
- WN+1 #WN=>V?:<N.(’UJ,'#UJ,'+1)
A (w,- # Wiy = #Hwp, = #w; + Z) defn w;, ¢;, B;
+ (’UJN+1#WNi#U)N+1=#wO+N+Z>N+Z)
But end(wyi;) = tnes <7
- Hwye; <N defn
- Wy = WN
+ By =10
F INvt =7
= Ea'o(wN+1,a’,NU([0,'y)xX))Gg;r[[P]]

To complete the proof, it is sufficient to show that o > é:

Case
Wy = Wy
- ’wN.H:’UJo/\Bo’—‘@
F o =a all
+ )
Case
wy < Wy
- w; = wy o {(¢;,a)) defn
- end('wl) ; tl 2 to
- o 2 end(wyyy) > end(w;) 28 =6
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Corollary A.1.3 (s5,R) € Fr[P\ 4] = VtIw e w\A =5 A (w,RU[0,t)x A) €
Fr[P]

Lemma A.14 ZC (X \Y) = (P\Z)xIly @=(Pxlly @\ Z

Recall the definitions of hiding and of the parallel operator in TMrs given in
[Ree88]:

P\X =S8UP {(s\X,B8,R)|3a>pB>end(s)e
(5,0, XU ([0, maz{B, end(N)}) x X)) € Er [[P]]}

Pylly @ =SUP {(s,maz{ap,aq},Rp URgURZ)|I(sp,ar,Rp) € Er[P],
(Sq,aQ,NQ) € 5’1‘“@]} o Ot(Np) C XA a(NQ) CY
As € (sp xlly Q) Aa(Rz) S (2 - (X U Y))}

where v y||y w = {s € (TT)L | (XU Y)=s)A(s X =v)A(s YV = w)}
The following definitions will be useful:

S(ap,aq) & ENP,NQ ) O'(Np) cX /\O'(Nq) cY
(t eraPyNP) € gT[[P]]

N (t ] YanaNQ) € ETﬂQ]]
ARpURg) =RU ([0, maz{B,end(R)}) x Z)) | XU Y

DP,Q(t’ﬂ’N) = {max{aP’aQ}IS(aP’aQ)}

Cpo(s,R) = {B] Jte t\Z=s
A sup Dp g(t,B,R) > B > end(t)}

SE(s,R) {B| Ft,ae a=2f2end(t)At\Z=s

Aty o, RU ([0, maz{B, end(R)} x Z)) € E7[P]}

TP,Q(S’N) = {maz{aP?aQ}l IRp,Rg e aP=SuP51§(STX,NP)
ANap = 0
/\(S r Y,aQ,Nq)EgT[[Q]]
ARpURg=RTXUY
Ao(Rp) C X Ao(Rg) C V)
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Up,q(s,R) = {maz{,aq}| INp,Rge d€ SE(s | X,Rp)
A(s1Y,aq,Rq) € Ex[Q]
/\NPUNQ———NrXUY
ANo(Rp) CX Ao(Rg) S Y}

The definitions of these sets allow us to obtain the following equivalences (adopting
the convention that supf = —o0):

(s,a,R) € Er[P\ Z] & o = sup S§(s,R)
(s,0,R) € EL[(P\ 2) xlly Q] & a=sup Tpq(s,R)
(5,08 € £2[(P xlly @\ 7] s o = sup Cpg(s,¥)

Hence it is sufficient to prove that, for arbitrary s, X, and any processes P and @,
that sup Tp o(s,R) = sup Cp,g(s,R). This will be done by first showing that

sup Tp o(s,R) = sup Cp o(s,R)
and then by showing that
sup Cp,g(s,N) = sup Tp (s, N)

We first aim to show that sup Tp o(s,R) = sup Cp o(s,N):

Assume Cp o(s,R) # 0. Then let 3 € Cpo(s,R). Take § € Dpo(t,B,R),
where t \ Z = s. Then we have

(t fX,ap,Np) eér|P /\U(Np) cX
A (ETY,aq,Ro)€lr[Q] Aa(Rg)E Y
A (RpURQ)=RU([0,maz{B,end(R)}) x Z2)) [ XUY

for some ap,ag,Rp,Rg such that maz{ap,ag} = 4. Let Rg = Rp \ ([0,00) X Z).

Then
(t1X)\Z=slX

A (t1X,ap,ReU ([0, maz{B,end(R)}) x Z)) € Er[P]
A (tf Y,aq,Nq) S gTﬂQ]]

A RpURg=RXTXUY

A ap = end(t ] X)

Case

,3 > Qap B o
F (¢ X,ap,Rp U ([0, maz{ap, end(Rp)}) x 7)) € €T[[P]]
- ap € SE(s | X,Rp)

Case
B<ap
a B € SE(s I X,Rp)
since B > end(t) = end(t | X)
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So we deduce that min{8,ap} € SZ(s | X,Rp).
We have so far established

Sup DP,Q(t1 ﬂaN) 2B
AS(ap,ag) = (INp e min{B,ap} € SE(s | X,Rp)
F sup Tp q(s,RN) = sup {maz{min{ap,B},ag}| S(ar,aq)}

We again have two cases to consider.

Case
Vap,aQ L (S(ap,on) = ﬂ = Oép)
o {maz{min{ap,B},ag} | S(ap,aq)} = {maz{ap,ag} | S(ar,aq)}
ko sup {maz{min{ap,B},ag} | S(ap,ag)} = sup Dp o(t,3,R) = B

Case
dap,ag e .S'(ap,aQ) ANap 2 f3
F o sup {maz{min{ap,B},aq} | S(ap,ag)} > B

In either case we conclude that sup Tp o(s,R) = 8
(and that Tp Q(S N) 75 @) O

We now aim to show that sup Cp g(s,R) = sup Tp (s, N):
Assume Tp o(s,R) # 0. Then sup Tp o(s,R) = sup Up,o(s,N).

Let € Upo(s,R)
F B8 =maz{é, ag}
 Aa >8> end(t)

AN\NZ=slX
A(t,a,Rp U ([0, maz{6,end(Rp)}) X Z)) € €T [[P]]
A(stY,aq,Rq) € Er[Q]
ANo(Rp) T X Ao(Rg)C Y
ARpURg=RTXUY
for some 6, a, ag,Xp,Ng, ¢

F B = maz{é,ag}
A w \ X=t\X
AN 26
/\(w o, Rp U [0, maz{B, end(R)}) € ET[PH
A\ X=sTX
A(s T Y,aq,R) € £2]Q]
ARpURG =R X UY for some w, (Lemma A.1.2)
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Let 'UE(w X”Y( Y))
- (UFaP,a Rg) € Er[P]

ARpURg = (RU [0, maz{B, end(R)}) x Z)
(defining Xgp = Rp U [0, maz{B, end(R)}) x Z)

A(u | aq,aq,Rq) € E7[Q]
FXUY

Now end(w) < maz{B3, end(R)}
F end(u | X) < maz{B, end(R)}

Also

end(u [ Y) < B < maz{Q, end(N)}

There are two cases to consider here:

Case

|_
|_

Case

subcase

subcase
|_

’_

|_

|_
Also

maz{a’,aq} < end(R)

Dp o(t,B,R) = Dp o(t, maz{c’, g}, N)
maz{c’,aq} € Cpg(s,R)

(since end(u) < maz{c/,aq})

maz{ca/,ag} > end(R)

B > end(u)
F B8 € Cp,g(s,N)

B < end(u) |

maz{B, end(N)} = end(X) > end(u)

(since end(u [ X) < max{ﬂ, end(N)}, end(u | Y) < B,
so B < end(u ) < maz{f, end(R)})

a 2> end(R) =26

Ao 2 end(R) > ag

maz{c/,ag} € Dp,g(u, end(R),R)

A maz{d,ag} > end(u)

maz{c',ag} € Cpo(s,N)

maz{c/,ag} > end(u) > B.

Therefore sup Cp g(s,R) = sup Up,g(s,N) = sup Tpq(s,R) O

Corollary A.1.5 ZNY =0=(P\2Z) 4|y @=(P xuzlly @\ Z
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B Semantic Models and Mappings

B.1 Reed’s Hierarchy

The semantic models are arranged in a hierarchical structure as follows:

TMFps
N
S Mps — TMg

N B

TMr - Mp Mg ' TMs

TMr

Some Projection Mappings

Il : TMps — TMp is defined on processes @ € TMps by
[I(Q) = fail(Q)

The projection mapping II : TMps — TMj; may be expressed using our notion
of s reflected in N. It is defined as follows:

184



Let P € TMgs. For each s € Tf)g, let
P[s] = {(3,8,R) € P| s is reflected in N}

I(P) = {(s,a, X) € TE% x TSTAB x P(%) |

Pls] # 0

AN

a = sup{B|(3,8,R) € Pls|}
AN

(a< oo A35,8,%)€ePls]e X =0(R1a)
Va=o0o A X € P())

I1: TMrs — MF is defined on processes Q) € TMrs by

I(P) = {(tstrip(s), X) | (s,0,R) € P A 3(s,R) € fail(P) o
a < begin(X) <o Ao(R) =X
V
a=00AXePE)}

B.2 Semantic Models and Mappings

We reproduce the definitions for [Ree88| of the (untimed) trace model, the (un-
timed) failures model, the untimed-failures timed-stability model, the timed fail-
ures model, and the timed failures stability model.

The traces model

The Evaluation Domain Mr.

We formally define M7 to be the set of all those subsets S of X* satisfying:

1. e S
2. sSweS = seS.

The Complete Partial Order C on Mr.

For S;,Ss € Mr, let S; T Sp if and only if S; C Ss.
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The Complete Metric d on Mr.

For § € Mr, we define

S(n) = {s€ §|#s<n}

The complete metric on M7 is defined:

d(SI,SQ) = znf{?"" l SI(TL) = Sg(n)}

The Semantic Function 7.

We now define a semantic function 7 : CSP — M.

T[]

T [STOP]

T [SKIP]
T[[a — P:
T[PoQ)
T[PnNQ]
T[P| @
T[Plly Q

TP Q]
T[[P; Q]]

TP\ X]
T[f-4(P)]
T{uP.F(P)

-
4

T[wP.F(P)]

~

o~

th

b

I

b

th

b

i

1l

b

b

or

Ih

{0}

PlUuT[Q]
PlUT[Q]
PINT[Q]
{slsrXET[P]] A szET[[QI’
A sl (XUY)=s}

{s|3ueT[P],veT[Q] o

s € Merge(u,v)}
{s|seT[P] AV ¢s}
U{s7t|s~(v) eT[P] A teT[Q]}
{s\XlsET[P]]}

{s|f(s) e T[P]}

The least fixed point of the continuous mapping with re-
spect to the complete partial order C on M7 represented
by F.

The unique fixed point of the contraction mapping with
respect to the complete metric d on Mt represented by

F.
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We may also add the equations
Tla:A— P(a)] = {(}u{(a)"s|acAAseT[P(a)]}

T[[]P()] = UT[P(a)]

The failures model
The Evaluation Domain Mr.

We formally define Mr to be those subsets S of £* x P(X), satisfying:

1. () € Traces(S)

2. s7w € Traces(S) = s € Traces(S)

3. (5, X)eSANYCX = (5,Y)eS

4. (5,X)eS AN (NVaeY, ((s{a),0) ¢85)) = (5,XUY)eS
The Complete Metric on M.

If S € Mr, we define

S(n) = {(s,X) €S [#s<n}
U{(s,X) | #s=n A s € traces(S)}.

The complete metric on Mr is defined:

d(S;,82) = inf{27" | Si(n) = Sz(n)}

The Semantic Function F.

We now define the semantic function F : CSP — Mp.

FlL] = {0, X)X eP(®)}
FI[STOP] = {({),X)|X eP(D)}
FISkIP] = {((,X)|v ¢ XIUu{({v),X)| X e P(E)}

187



f'[[a — PI’
F[PoQ]

FlpnQ]
FlP Q]

FIP xlly @]

FlP el

f[[P;Q]]

F[P\ X]

Ff~(P)
Ff(P)]
FluP.F(P)

4

ib

b

b

I»

1P

1y

b

1

b

>

I

—~—
—~~
———~
~»
>

) e g X}
(a)"s,X) | (s,X) 6.7:[[}’]]}

), X) 1(0,X) € F[P] n F[Q]}
U{(s, X) e F[PJUF[Q] | s # ()}

FlP]uF[Q]

{(s,X U Y)|(s,X)e}'[Pﬂ]]
A(s,YYeF Q]]}

{(s,ZpUZqU2Z)|s(XUY)=sA

Zp CXANZqCY ANZC(E-(XUY))
/\(S[‘X,Z]ﬁéf%Pl}]
AN(st Y, Zg)e F|Q|}
{(5,X)| 3u,v €T 0o (v,X) € F[P]
A(v,X) € F[Q] As € Merge(u,v)}

{(5,X)| v ¢s A (s,XU{V}) € F[P]}
U{(s"w,X) |V €s A (s7(v),0) € F[P]
A(w,X) e F[Q]}

{s\X,Y)|(s,XUY)e F[P]}
U{(s, Y) |V n > #s, 3w, € Traces(F[P]) e
Wp < Wngr A s =wy \ X}

{(s,X) | (F(s), f(X)) € F[P]}
{(f(s), X) | (s, /1 (X)) € F[P]}

The unique fixed point of the contraction mapping
C(Q) = C(WAIT ¢ ; Q), where C is the mapping on
My represented by F.

We may also add the equations

.F[[a:A—*P(a)]] = {((,X)|AnX =0}

FI[]P(a)]

U{({a)"s,X) |a€ AN (s,X) € FHP]]}

UF[P(a)]

i
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The (Untimed Failures)-(Timed Stability) Model
The Evaluation Domain TM
We formally define TMjs to be those subsets S of TE% x [0,00] x ¥ satisfying:

1. () € traces(S)

s"w € traces(S) = s € traces(S)
(s,0,X) €S = (3,0,X)€S
(s,,X)eS AN s=w = (w,0,X) €S

SoB %o o

s7((t, a)) € traces(S) = ' < teo(s|t)((t, a)) € traces(S) A
(' <t"<t=(s|t"((t" a)) € traces(S))
Vit e [0,00), In(t) € N such that Vs € traces(S),(end(s) < t = #s < n(t))

s, o) € stab(S) = a=d

© % o2

(s,0), (s,

(s,a) € stab(S) = end(s) < @

(s,a) € stab(S) A s™((¢, a)) € traces(S) = t <«
(s, @)

10. (s,a) € stab(S) = ift>o,t' > a, a € ¥ and

w € TEY is such that w = ((¢, a))"w
then (s”w,o/, X) € S = (s7(w +(t’—t)) v,X) €S,
wherey 2 o + (t' — t)

11. (5,0, X)eS AN Y CX = (s,0,Y)€S

12. (5,0, X)€SATY €P(X)e(VaceY,
dt > ae(s™((¢,a)),0) ¢ fail(S)) = (s,0,XUY)ES

13. (s,00) € stab(S) A X e P(X) = (s,00,X) € S

The Complete Metric on TMpg

If S € TM}ps and t € [0,0), we define

il

S(2) {(5,0,X) €S |a<t}
U{(s,00,X) | end(s) < ¢t

A Ja >t such that (s,a) € stab(S) A X € P(X)}.
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The complete metric on TMj is defined:

d(SI,Sg) = an{g—t I S](t) =

S2(t)}

The Semantic Function &%

We now define the semantic function % : TCSP — TMps.

Er[4]
Er[STOP]
& [SKIP]

Er|WAIT t]

£5]a — P]

& [PoQ]

Ex[PN Q]
&Pl Q]

Er[P xlly @

Ex[P Il Q]

Ex[P; Q]

~
—

b

b

b

P

b

b

»

>

X) | X e P(2)}
XHXemm}
, X) |V ¢ X}
/)
v

>0XHXemm}
X)|t>0 A v ¢X)

X)X e P(X)}
) X)|t'>2t AN XeP(2)}

| a ¢X}
,@)).(s +68),a+6,X)| (s,0,X) € E4[P]}

(b @) s+ (t 4+ 8)at 4 6,X) | £ 2 0
(saX e & [P}

SUP({((), e, X) | ({), @) € stab( ET[[P]] U€T[[ ]]
A (), X) € fail(EF [[P]]) N fail( STIIQ]])
U{(s,a,X) € £7[ P] UER[Q] Is# (O}
SUP ET[[P]] UET[[Q]]) |

SUP({((sp V sq), maz{ap,aq}, Xp U Xq) | (sp,ap, Xp) € £7[P]
A(sq, g, Xo) € £7[Q] A 3p = 30})

{(s, maz{ap,aq},Zp U ZqU Z) | I(sp,ap, Zp) € £7[P]

A (sg,aq,Zg) € 8}[[@]] with Zp CXANZgC Yo

s€(spxllysQd A2 S (E-(XUY))}

SUP({(s, maz{ap,aq}, X) | I(u,apr, X) € £3[P]
A (v,aq,X) € E3[Q] o s € Tmerge(u,v)})

CLa(SUP({(s,, X) | (5,0, X U{v}) € E5[P] A v ¢ o(5)}
U{(s™(w +t),a+t,X)|s™((t,7)) € traces( ET[[P]])
AV ¢a(s) A (w,0,X)€&r[Q]})
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[P\ X]

1k

b

P

I»

{(s\ X,q,Y)|sis X-active in &%, [P]]
Na=sup{8| I(w,B) € E[P] o

wis X-active A w\ X =s\ X}

AN a<oo A (s,XUY)E€ fail(€3[P])

V (a=00 A Y €P(L))}

where s is X-active provided

s contains no element of the form (¢,a) for a € X
(all communications in X are in the form &).

{(5,0,X) | (f(5), 2. f(X)) € €7 [P]}
SUP({(f(s),a, X) | (5,0, f~1 (X)) € £ [P]})

The unique fixed point of the contraction mapping
C(Q) = C(WAIT §;Q), where C is the mapping
on TMgs represented by F'.

We may add the following equations

x| ] P(a]

a€EA

Erla: A — P(a)]

-~

I

SUP(|J &% [P(a)])

{(O’OvX) | AN X =0}
U{({(0,a))"(s + 8),a + 6, X)I
a € AN (s,0,X) € EF[P(a)]}
U{({(t,a)) (s +t+6),a+t+ 6 X)|
a€EANtZO0AN(s,0,X) € E}HP(a)]]}

whenever the set {P(a) | @ € A} is uniformly bounded.
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The timed failures model

The Evaluation Domain TM5.

We formally define TMF to be those subsets S of TY% x RSET satistying:
1. () € Traces(S)

2. (s"w,R) €S = (5,N] begin(w)) € S
. ,N)ESAs2w = (w,R)eS
4. (8,N) € fail(S) = IN' € RSET o
ANt>0 RCNA(s,N) € fail(S) A
(' <tA(H,a)gN)
= (s T#7((¢, 0)), X [ 1) € fail(S5)

5. Vte[0,00), In(t) €N e Vs € traces(S),(end(s) < t = #s < n(t))
6. (s,R) e SANERSETANCR = (5,¥) €S

7. (s"w,R) € SAN € RSET o end(s) < begin(R') A end(N') < begin(w) A

(V(¢,a) € X, (s.((t,0)),R [ £) ¢ S)
= (5,RUR) €S

The Complete Metric on TMp.

If Se€ TMr and t € [0, 00), we define
Sty = {(s,R) € §|end(s) <tAend®) <t}
The complete metric on TMF is defined:

d(S1,8:) = inf{27"| S (t) = S»(t)}

The Semantic Function Fr.

We now define the semantic function Fr: TCSP — TMp.
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Frlt] = {((,X) IR € RSET}
Fr[STOP] = {((),X)|R e RSET}
Fr[SKIP] = {((),R)|v & a(N)}
O{(((£,v)), Ry URe) [t 2 O A(I(R,) S0, ) AV & o(Ry))
A I(Rg) C [¢,00)}
Fr[WAITt] = {((),R)|RN([t,00) x {v}) =0}
U{({(¢, V), Ry URL UR) [ ¥ =t AT(Ry) C[0,0)
AIRe) S [t, ) AV ¢ a(Re)) A I(Rs) C [t/ 00)}
Frla—P] = {((),®)[a¢aR)}
U{({(2, a) (s + (2 +6)), Rs UR2 U Ry + (¢ + 5))) R
AIR) C{0,8)Aada(Ri))AIRe) C[t,¢+0)
N(s,Ns) € Fr[P]}
FrlPoQ] = {((,N)](()R)e fT[[P]] “fT{[Q]]}}
U{(s;R) [ s # () A (S R) € Fr|P] uFr[Q]
A ((),R | begin(s)) € fTﬂP]] ﬁfT([Q]]}
Fr[PnQ] = Fr[PJurr[Q]
Fr[P1Q] 2 {(s:RpURQ)|(s,Rp) € Fr[P] A (5,Rq) € Fr[Q]}
FrlPxlly @ = {(3 Rp URq URz) | I(sp,Rp) € Fr[P]
A (sq,Rq) € Fr[Q] with oc(Rp) SX Ac(Rg) S YV e
s€(spxlly s@Q) Ao(Rz) € (B - (XU Y))}
Fr[PI1Q] = {(:%)|3(w,X) € Fr[P], (v,®) € Fr[Q]
such that s € Tmerge(u,v)})
Fr[P;Q] = CL«({(s,R)|v ¢0(s)
A (VI € TINT, (s,RU(I x {v})) € Fr[P])}
U{(s™(w + 1), R, URs + 1)) | v € o(s)
A (s7((5, ), R U([0,8) x {v})) € Fr[P]
Aend(R)<t) A (w,Ry) € fT[[Q]]})
Fr[P\X] = {(\X,R®)[(s,RU ([0, maz{end(s), end(R)}) x X) € Fr[P]}
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b

Frlf-1(P)]
Frf(P)]
FrluX e F(X)

{(s,R) | (f(5),f(X)) € Fr[P]}
{(F(s),X) | (s, f~1(R)) € Fr[P]}

The unique fixed point of the contraction mapping
C(Q) = C(WAIT §;Q), where C is the mapping
on T'Mp represented by F'.

b

b

We may also add the following equations:

Fr[[1P@)] = U Fr[P(a)]

a€A a€A

ih

{(0,X) | Ano(R) = 0}

U{(((%, a)) (s + (£ +6)),R) |
a€CANEtZO0ANANT(RTE) =0
A(s,R=(t+0)) € Fr [[P(a)]]}

.7:T|[a Y Pa]]

provided the set of processes {P(a) | a € A} is uniformly bounded.

The timed failures stability model
The Evaluation Domain TMFs.

We formally define TMps to be those subsets S of (TX)% x [0, 00] x RSET satis-
fying the following 12 axioms:

1. () € Traces(S)

2. (s"w,R) € fail(S) = (s,N | begin(w)) € fail(S)
3. (5,0,X)ES AN s=w = (w,o,R) €S
4

(s,N) € fail(S) = 3IN' € RSET o
At>0 RC N A(s,R) € fail(S) A
(' S tA(Ea) €)= (s [ (', a)), X | ¢) € fail(S)
5. t€[0,00) = In(t) € Nsuch that Vs € Traces(S),
end(s) < t = #s < n(t)

6. (s,a,8),(s,/,R) €S = a=p
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10.

11.

12.

(5,0,R) € S = end(s) < a
(5,0,R) € S A (s.((t,a)),R) € fail(S) A t>t' > A t > end(R) = (¢,a) ER

(5,0,X) €S = ift>a, t'>0,a€l and
w € (TE)% is such that w = {(¢, a)).w’, then
(sw,/,R) €S ARCN |t =
dyZ2d +(t'—t)e
(s(w+ (' =1),7, R, UR URs + (' —1))) € S,
where R; =N, R, = [a, ) xZ(R'N([a, t) x L)),
and Ny = X' N ([t,00) x T).

s,a,X) € S AN € RSET such that X’ C R
= Ja' > asuch that (s,o/,®) € S

(s.w,,R) € S AN € RSET is such that end(s) < begin(X') A
end(R') < begin(w) A (V(¢,a) € N, (s.((¢,a)),N | t) & fail(S))
= (s.w,,RUN) € S

(s,a,N) € S =
(VI € TINT, ICla,0)= (5,0,RU (I x Z(RN ([, 00) x Z)))) € 5)

The Complete Metric on TMps.

IfSe€ TMps an t € [0,00), we define

5(¢)

{(s,a,R) € S |a < t A end(R) < t}
U{(s,00,R) | end(s) <t Aend(R) <t A Fa>te(s,a,N) €S}

I

The complete metric on TMrs is defined:

d(S1,82) = inf{27"| Si(t) = Se(t)}

The Semantic Functioh Er.

We now define the semantic function £7 : TCSP — TMps.

£r[STOP]

ér[L] = {((),,R)|X € RSET}

b

{(Q),0,%) | X € RSET}
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b

{((),0,R) | v € T(R)}
U{({(£,v)), 8, R UR) [ £ 2 0 A (F(R;) C[0,8) AV € E(Ry))
A T(Rg) C [t,00)}

Er[SKIP]

Er[WAIT t]

1>

{(0, 6, R) [ RN ([¢,00) x {v}) = 0}
U{({(¢',v)), R, UR, URG) | ¢ =t AT(R,) C [0, 0)
AIR2) S [6,E) AV € D(Re)) A I(Ry) C [, 00)}

Er {[a — P]]

b

{(0,0,%) [« ¢ Z(W)}
V{((8, e (s + (£ +6)),a+ £ +6,R) |
t20 Nag SR TE))A(s,0,R = (t+8)) € Er[P]}

b

ér[POQ] SUP({((), maz{ap,aq},R) | ({),2p,R) € E7[P]
A ((),aq,8) € Er[Q]}
U{(s,,R) [ s # () A (5,,R) € E7[P] UEL]Q]

A ((), X | begin(s)) € fail(ET [[P]] N faul( 5T[[Q]] H

th

Er[PN Q] SUP(Er[P] U €r[Q])

b

Er [P I Q]] SUP({(s, maz{ap,ag},Np URg) |

(s,ap,Rp) € &7 [[Pl] A(s,aq,Rq) € gTﬂQﬂ })

th

SUP{(s, maz{ap,aq},Xp URg URZ) |

B(Sp,ap,Np) € 5T[[P]],(SQ,aq,NQ) € ST[[Q]] °

ocRp) CX Aoc(Rg) S Y A

s € (spxlly sQ) Ao(Rz) C(E - (XU Y))}

where

vellyw={s€(TE)c|s€(XUY) A
sTX=vAsY =w)}

ET[[PX”Y Q]]

SUP ({(s, maz{ap,aq},R) [ I(u,apr,R) € gT[[P]l
(v,00,8) € £2[Q] » 5 € Tmerge(u, v)})

Ib

Er[PIl Q]
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ST[[P;Q]] =

Er[P\ X]

b

i

Er|f! (P)]

1l

Er[f(P)]

I

Er[up.F(p)]

CLx(SUP({(s,0,R) | v € o(s) A VI € TINT o
(5,0, RU (I x {v})) € Er[P]}
U{(s7(w+t),a+t,R; U(Rg+1)) |
Vgao(s) N endR;)<tA (w,a,Rp) € ET]IQ]]

A (s7((8 V), R U ([0,8) x {v})) € fail(Ex [P])}))

SUP({s\ X,5,%) | J3a > B> end(s) o
(5,,RU ([0, maz{B, end(R)}) x X)) € Er IIP]]})

{(s,0,R) [ (f(5), 0, f(R)) € Ex[P]}

SUP({(f(5),o,R) | (5,0, f71(R)) € Er[P]})

The unique fixed point of the contraction mapping (:’(Q) =
C(WAIT §; @), where C is the mapping on TMps represented
by F.

We may also add:

Erfa: A— P(a)]

ST[[HP(G)]]

= {((,0,8) | ANE(R) =0}
U{({(8, a)) (s + (t+6)),a + £+ 6,R) |
t>0 NANER ) =0)A(s,a,R = (¢ +6)) € Er[P]}
when {P(a) | a € A} is uniformly bounded

I

SUP(U€r[P(a)])
when {P(a) | a € A} is uniformly bounded
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B.3 Semantics for TCSP with process variables

We give the semantic equations which map CSP with variables and TCSP with
variables to the semantic domains defined in [Ree88)].

CSP with variables

P u= L | STOP | SKIP | a— P | a:A— P(a)
PNQ I MP(e) | POQ | P Q| Pyly@
PilQ | P;Q | P\A| f(P) | f7(P)
X l ,LLX.P

TCSP with variables

P == 1| STOP | SKIP | WAITt | WAITt;P
a— P |a:A—P(a)| PNQ | [|P(e) | POQ
PIlQ| Pxlly @1 PIIQ | P5Q | P\A
FPYTfTH(P) | X | uXeP

The Semantic Function 7.

The environment o is of type var — Mr.

We now define a semantic function 7 : CSP — M.
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T[L]e
T[STOP]«

T [SKIP] o

T[a — P]o
T[a:A— P(a)]o
T[PaQ]e
T[PNQ]o
T[MP(a)
T[P | Q]o

TP xlly Q]

TPl Q]e
T[P;Q]o

T[P\ X]o
Tl-1(P))e
T[[X:a
T'[,LLX ) P: o

T[[,LLX ° P]]O‘

th

Ib

b

ih

b

b

th

1h

1

b

Ih

b

b

b

I

th

or

th

{0}

0}

{0, (")}
()

{

~A—-

{QYu{(a)"s|s e T[[P]]a}
{Qu{{a)"s|acdArse T[P(a)]o}
TIIPIIO'UT[[Q]]O'

T[[P]]O‘UT[[Q]]O‘

UT[P(a)]o

T[P]lenT[Q]<

{slstET[[P]]a/\ SI‘YET[[QHJ
ANst(XUY)=s}

{s|3ueT[P]o, veT[Q]c e
s € Merge(u,v)}

{s|seT[P]oAv ¢ s}
U{s7t|s™(v) eT[P]o A teT[Q]o}

{s\X|s ET[[P]]G}
{s|f(s) € T[[P]]a}
o(X)

The least fixed point of the continuous map-
ping AY o T[P](c[Y/X]) with respect to
the complete partial order C on Mr.

The unique fixed point of the contraction
mapping A Y e T[P](c[Y/X]) with respect
to the complete metric d on M.
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The Semantic Function F.

We now define the semantic function F : CSP — MFp.

f[[_l_: o
fﬂSTOP: o
f[[SKIP: o
f[[a — P: o

Fla:A— P(a)]o
F[PoQ]oe

f{[PﬂQ:O'
FIMNP(a)]e
]:lIP I Q:a

]:[[PX”Y Q:O’

FIPII Qe

F[[P; Qﬂa

F[P\X]]O'

Flf~(P)]e
f[[f(P): o
f[[X: o
FlupXe P)]o

o~

~

~

P

th

b

I

b

P

b

b

b

1»

{b

{((,X) | X e P(2)}

{((, X) | X e P(Z)}

{((, X) v e XIu{({v),X)| X eP(Z)}
{(<>,X)IG¢X}

U{({a)7s,X) | (5, X) € F[P] o}

{(0, X)lAﬂX=®}

U{({(a)"s,X) |a € AN (s,X) € F[P]o}
{(<> X)I(<> )EF{[P&J nFlQ
]:{IP]]JUJ:[[ ]
Uf[[P(a]]

{(s, X U Y)I(SX Ef[PﬂJ]

A(s,Y) e F[Q]o}
{(5,ZpUZoqU2Z)|s(XUY)=5sA
ZoC XA ZoCY AZC(SE—(XUY))
/\(STX,ZP)G}'[[[[P]]HU
AN(sTY,Zg)e FlQ|o}

{(5,X) ]| Fu,v € Z* o (uv,X) € F[P]o
A (v,X) € F[Q]o As € Merge(u,v)}

{(5,X)| v ¢s A (s,XU{v}) € F[P]o}

U{(s"w, X) | v &s A (s7(v),0) € F[P]o
A(w, X) EF[[Q]]O’}

{s\X,Y)|(5,XUY)e F[P]o}

U{(s, Y) | Vn 2 #s, Ewn € Traces(F[P]o) o
Wy < Wnpy A 8= wy \ X}

g

{(,X) | (f(s),f(X)) € F[P]o}
{(f(s), X) | (s,f~1(X)) € F[P] o}
o(X)

The unique fixed point of the contraction
mapping A Y e F[P](o[Y/X]) on Mp.
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The Semantic Function & .

We now define the semantic function Er: TCSP — TMps.

Er [[_LJ p
Er IISTOP: p
Ex [[SKIP: p

Er [WAIT t]p

E}[[WAITt;P]]p

Er[e— Plp

erla: 4 —.P(a)]p

£r[POQ]p

&x[Pne]e
Ex [ P(a)]p

ex[P 1 Q]e

~
—

I»

>

b

th

P

b

b

I»

——

,00,X) | X € P(2)}
0 | X e P(2)}
| v € X}
/)),0,X)| X € P(Z)}
),tX)|t>0 ANV EX)
v ¢ X}
tX)IXEP(Z])}
'¢)> X)[#'>t A X €P(Z))
)|/¢X}
@+ t,X) | (5,0, X) € £ [P] )
Jlagx}
((0,8))(s +8), 0+ 6, X) | (5, X) € £ [P o}
(t,a))(s+(t+8)),a+t+6X)]|t>0
(5,0, X) € E7[P] p}
{(((0 a)y~ (s+5) a+6,X)|ac AN
(s,, X) € E3[ P(a)] o}
U5, a)) (s + (t+6)),a+ ¢+ 6,X) |
a€ANt>O0A (s,0,X) € E3[P(a)] p}
when {P(a) | a € A} is uniformly bounded
SUP({((}, &, X) | ({), @) € stab(€x [[P]]Pngr[[Q]]P)
/\(() )Efazl(é'T[[P]] N fail( €T[[Q]]
U{(s, o, X) € Ex[PlpUER[Q]p s #()})
SUP(Ez[P]puEr[Q]p)
SUP(U €7 [P(a)]p)
when {P(a) | a € A} is uniformly bounded

SUP({((sp V sq), maz{ap,aq}, Xp U Xq) |

(sp,ap, Xp) € ST[[P]]p A (sq,aq,Xq) € 5T[[Q]]p
Asp =3g})

- CC2>m CCt &M =~
e~ —— A e N ~ —~
v TN TN N TN ~ v
i N e ) i e Y] ~
N N Af\
-~ S S
< P ><: P

(0

—t—

/—\/—\v 7~
—_———“

~~
[V,

Q +""‘

><: H-

(0,

> = =

-
T~

C
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[P xlly

Ex[PIIQ

Ex[P; @

[P\ X

+[f~1(P)
+[f(P)

&r[X]
8}[[;4X ) P:

- T ~ T ~ T

Q]

Jo
lo

Je

P

b

il

il

b

13

1

1

{(s, maz{ap,ag},ZpU ZqU Z) |

3(SP,O«’P,ZP ) € ngIP]IP/\ SQ,aq,ZQ) € gT[[Q]]p °

ZP - XA ZQ - Y A

s€(spxlly se) ANZ C (2~ (XUY))}

SUP({(s, mas{ap, ag}, X) | I(u,ap, X) € E3[P]p,
(v,2q,X) € E3[Q]p o s € Tmerge(u, v)})

CL=(SUP({(s,a,X) | (s,a, X U{V}) € Ex[P]p N v & E(s)}
U{(s™(w +¢t),a+t,X) | s7((t,7)) € Traces(€3[P]p)
AV EE(s) A (w0 X) € E2[Q] 1)

{(s\ X,q,Y) | sis X-active in &5 [P]p

Aa= sup{,@ | 3(w,B) € & [[P]]p such that

w is X-active A w\X—s\X}

A(a<oo A (5,XUY) e fail(E4[P] p)
V{iea=o0o A Y e P(2)))}

where s is X-active provided

s contains no element of the form (¢,a) for a € X
(all communications in X are in the form a).

{(s,, X) | (£(s), &, f(X)) € E3[P] }
SUP({(f(s),a, X) | (5,0, f~1(X)) € E7[P] p})

p(X)
The unique fixed point of the contraction
mapping A Y o £5[P](p[Ws(Y)/X]), where

- Ws is the mapping on TM rs correspondmg to

AY o WAITS: Y.
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The Semantic Function &.

We now define the semantic function & : TCSP — TMFs.

Er[L]p = {((),0,R) | R € RSET}

Er[STOP]p = {((),0,R)|R € RSET}

Er[SKIP]p = {((),0,R)|v & Z(R)}
U{({(¢, V), t, R UR) [ £ = 0 A(I(Ry) C[0,8) AV € E(R;))

A I(Rs) C [t,00)}

Er[WAIT t]p = {((),t,R) | RN ([t,00) x {V}) = 0}
U{(((¢/,v)), ', R, UR, URg) | ¢/ =t AT(R;) C[0,¢)
ANI(R2) S YAV € (X)) AI(Rs) C[t),00)}

£'T[[WAITt;P]]p = {(s,a,N) | (s —t,a—t,XN=1t) € E7[P]p}

b

erfa—Plp = {(0,0,%)]a g (V)

U{(((t, a))" (s+(t+6)) a+t+6,R)|

t>0 Aa g T(RTE)A (5,0, R = (t +8)) € Er[P] o}
{(0’ O’N) I AN Z(N) = @}

U{(((¢, @)) (s + (£ +6)),a+ t +6,R) |

t>0 AANZR ) =0)A(s,0,R = (t +6)) € E7[P] p}
when {P(a) | a € A} is uniformly bounded

P

Erfa: A— P(a)]p

gTﬂ:PD Q]]P = SUP({(O’max{aP’aQ},N) | (<>7aP7N) € gT[[P]IP
N (())aQaN) € ng[Q]IP}
U{(s,a,R) [ s #() A (s5,,R) € 5Tl[P]]pU5T[[Q]]p
A ((), R 1 begin(s)) € fail(Ex[P]p) N fail(E7[Q] p)})
gTI[Pf_l Qllp = SUP(ng[P]]pUSTﬂ:Q]]p)
Er[[1P(a)]p = SUP(UEr[P(a)]r)
' when {P(a) | a € A} is uniformly bounded
gT[[P ” Q]]P = SUP({(S’ max{aP’aQ}’NP UNQ) I

(s,ap,Rp) € ET[P]p A (s,aq,Rq) € E7[Q] p})
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8T[[PX”Y QIIP

Er[PIIl Q]p

Er[P; Q]p

5TﬂP\Xﬂp

Erlf~1(P)]»
Er[f(P)]p
ST[[X: P

ET[,uX ° P: p

1>

b

b

I

I

b

b

>

SUP{(s, maz{ap,aqg},Rp URg UNz) |
A(sp,ap,Rp) € E7[P]p, (sq,aq,Rq) € Ex[Q] p o
oRp) CXAc(Rg) C Y A
s €(sp xlly sg) Ao(Rz) C(E- (XU Y))}
where
vellyw={se(TE)¢|s€ (XUY)A

sl X=vAsY =w}

SUP ({(s, maz{ap,aq},R) | I(uv,ap,R) € Er[P]p
A (v,aq,R) € Er[Q]p o s € Tmerge(u,v)})

CLx(SUP({(s,a,N) | v ¢ o(s) AN VI € TINT o
(s,a, RU (I x {V})) € ST[[P]]p}

U {(s™(w+t),a+t,R; U (Rg+1)) |

Vgo(s) N endRy) <tA (w,o,Rs) EST[[Q]],O
A (s7((5, V), R U ([0,8) x {v})) € fail(E7 [P] p)}))

(

)

SUP({s\ X,B3,8)| 3a> B> end(
(s,c, XU ([0, maz{B, end(R)})

s) e
x X)) € ETl[Pllp})
{(5,0,R) | (f(s),, f(R)) € E[P] p}

SUP({(f(s), o, R) | (5,0, fT! (X)) € Ex[P] p})

p(X)
The unique fixed point of the contraction
mapping A Y e £7[P](p[Ws(Y)/X]), where

Ws is the mapping on TM FS correspondmg to
AY e WAIT G, Y.
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Notation

begin
end
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Notation on failures
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end
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Tr 10 SIr[P] 29
St 10 sat 31
Fr 10 TF 42
Exr 10 SS 43
5'T 10 I(Pz , Pg) 49
= 10 © 89
inits 10 C. (between processes) 90

C: (between predicates) 95
Other notation sr (on Mt specifications) 96

we (to Mt specifications) 97
o 10 C; (between processes) 99
rem; 11 C¢s (between processes) 99
|; 11 R(s,R) 103
5 12 F(P;, P,) 104
[, 14 C; (between predicates) 119
a:A— P, 16 sr (on My specifications) 119
o . 19 wc (to My specifications) 120
\é 21 c.v 124

c.V 124
? 24 clz 124
A 24 clz 124
] (on untimed processes) 25 < 124
1 (on timed processes) 25 <n 124
TYY 28 > 125
TEL 28 Sa,b 125
IRSET 28 PAR 133
I(P) 28 NET 133
Ir[P] 28 < 156
SI(P) 29
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