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Abstract

This thesis contains four related papers which study different aspects
of double constructions for braided Hopf algebras. The main result
is a categorical action of a braided version of the Drinfeld center on
a Heisenberg analogue, called the Hopf center. Moreover, an applica-
tion of this action to the representation theory of rational Cherednik

algebras is considered.

Chapter 1: In this chapter, the Drinfeld center of a monoidal category
is generalized to a class of mixed Drinfeld centers. This gives a uni-
fied picture for the Drinfeld center and a natural Heisenberg analogue.
Further, there is an action of the former on the latter. This picture
is translated to a description in terms of Yetter—Drinfeld and Hopf
modules over quasi-bialgebras in a braided monoidal category. Via
braided reconstruction theory, intrinsic definitions of braided Drinfeld
and Heisenberg doubles are obtained, together with a generalization of
the result of Lu (1994) that the Heisenberg double is a 2-cocycle twist
of the Drinfeld double for general braided Hopf algebras.

Chapter 2: In this chapter, we present an approach to the definition of
multiparameter quantum groups by studying Hopf algebras with trian-
gular decomposition. Classifying all of these Hopf algebras which are of
what we call weakly separable type, we obtain a class of pointed Hopf
algebras which can be viewed as natural generalizations of multipa-
rameter deformations of universal enveloping algebras of Lie algebras.
These Hopf algebras are instances of a new version of braided Drin-
feld doubles, which we call asymmetric braided Drinfeld doubles. This
is a generalization of an earlier result by Benkart and Witherspoon

(2004) who showed that two-parameter quantum groups are Drinfeld



doubles. It is possible to recover a Lie algebra from these doubles in
the case where the group is free and the parameters are generic. The

Lie algebras arising are generated by Lie subalgebras isomorphic to sls.

Chapter 8: The universal enveloping algebra Uf(tr,) of a Lie alge-
bra associated to the classical Yang-Baxter equation was introduced
in 2006 by Bartholdi-Enriquez-Etingof-Rains where it was shown to
be Koszul. This algebra appears as the A,,_; case in a general class of
braided Hopf algebras in work of Bazlov—Berenstein (2009) for any com-
plex reflection group. In this chapter, we show that the algebras corre-
sponding to the series B,, and D,,, which are again universal enveloping
algebras, are Koszul. This is done by constructing a PBW-basis for the
quadratic dual. We further show how results of Bazlov-Berenstein can
be used to produce pairs of adjoint functors between categories of ra-
tional Cherednik algebra representations of different rank and type for

the classical series of Coxeter groups.

Chapter 4: Quantum groups can be understood as braided Drinfeld
doubles over the group algebra of a lattice. The main objects of this
chapter are certain braided Drinfeld doubles over the Drinfeld double of
an irreducible complex reflection group. We argue that these algebras
are analogues of the Drinfeld-Jimbo quantum enveloping algebras in a
setting relevant for rational Cherednik algebra. This analogy manifests
itself in terms of categorical actions, related to the general Drinfeld—
Heisenberg double picture developed in Chapter 2, using embeddings of
Bazlov and Berenstein (2009). In particular, this work provides a class
of quasitriangular Hopf algebras associated to any complex reflection

group which are in some cases finite-dimensional.
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Chapter 1

Introduction

1.1 Motivational Background

This thesis falls into an area of algebra — specifically, representation theory —
which is often referred to as quantum algebra. In particular, a central theme of this
work is the construction of algebras (or Hopf algebras) which fit into the realm of
this relatively young subfield of mathematics.?

The purpose of this chapter is to explain the main ideas which are central
throughout the thesis,> and hence connect the different papers included into a
general view on quantum algebra. This section is not intended to be a complete
literature review on the rich areas of mathematical research this thesis draws from,
or relates to.

The two main ideas appearing throughout this thesis are the study of braided
Hopf algebras, and double constructions of such objects. The thesis develops a
framework given by a categorical action of the monoidal Drinfeld center on the
Heisenberg center, and gives a specific application to a setting relevant to rational

Cherednik algebras. In this section, we motivate the main ingredients of this work.

1.1.1 Quantum Groups

One central idea in the study of algebraic geometry (in particular, algebraic groups)
propagated by the Grothendieck school in the 1960s and 1970s is based on the

2Quantum algebra had its origins in the late 1980s with the work of Drinfeld, Jimbo and
others [36, 57].
3This thesis contains work made available in [67, 68, 69].



idea that when studying a geometric object X one should access it through the
investigation of the ring Ox of functions on X. If the geometric space X = G
comes equipped with a group operation, one obtains the algebraic structure of a
commutative Hopf algebra on Og (see e.g. [24, Chapter I]). There is a converse to
this construction: from any commutative Hopf algebra over a commutative ring
R, we can obtain a group scheme over R. This is an anti-equivalence of categories
(see e.g. [56, 2.3]).

{group schemes over R} «— {commutative Hopf algebras over R}

Developments related to the study of integrable systems arising from quantum
physics (in particular, conformal field theory, and many body problems) in the
Leningrad school of theoretical physics in the 1980s (see e.g. [58] for a brief
introduction) eventually led to the discovery of Hopf algebras which are non-
commutative, and can be understood as deformations of classical objects such
as the algebra Og — these objects are often referred to as quantum groups. This
development started with the discovery of quantized analogues U,(g) of the uni-
versal enveloping algebra U(g) of a semisimple Lie algebra by Drinfeld and Jimbo
around 1986 [36, 57]. Deformations O,(G) of the quantum coordinate ring were
introduced shortly thereafter (see [43] and others). It should be noted that, un-
like in the commutative case, these non-commutative Hopf algebras do not have a

corresponding object on the group side.

{7} — {Hopf algebras over R}
U v
{group schemes over R} «— {commutative Hopf algebras over R}

From this point of view — extending the Grothendieck philosophy — quantum
groups do not exist as concrete mathematical objects. They can only be accessed
via their quantized ring of functions (or the corresponding quantized universal
enveloping algebra), and are hence thought of as virtual structures.

In this thesis, most of the work studies the universal enveloping algebras U,(g)
(with generalizations), rather than the quantum coordinate ring. We shall remark

here that the study of O,(G) has certain advantages. From the function algebra



point of view it is natural to consider comodules over O,(G). These can be viewed

as integrable modules over U,(g) via the fully faithful functor
0,(G)-CoMod — U,(g)-Mod,

induced by the natural pairing of O,(G) and U,(g). This functor is far from being
essentially surjective, which makes it necessary to study the representation theory
of U,(g) with additional assumptions on local finiteness, semisimplicity over the
Cartan subalgebra, etc., in order to obtain a more manageable category of modules.
Hence the category of comodules over O,(G) is better behaved in certain aspects.
We however study U,(g) due to its description in terms of the braided Drinfeld
double construction.

A successful approach to the theory of modules over U(g) is to introduce an
intermediate category — the so-called BGG category O — which was introduced

for the Lie algebra case in [21]:
0,(G)-CoMod — O — U,(g)-Mod.

Studying category O allows the use of highest weight modules and has been
adapted to both quantum groups [2] and rational Cherednik algebras [46]. Such

techniques also play a reoccurring role in the work presented here.

1.1.2 Approaches to the Theory

In this thesis, we draw from different approaches to the theory of quantum groups:
these are either more algebraic, or more categorical in nature. In general, we

observe three main approaches to the theory of quantum groups:

e The algebraic approach: A common way to define quantum groups is using
algebraic techniques. This uses Hopf algebra theory, in particular, classi-
fication of pointed Hopf algebras. The work in [69] which is included as
Chapter 3 of this thesis uses similar techniques, studying Hopf algebras with

a triangular decomposition.

Another point of view on the algebraic construction of quantum groups is

deformation theory of algebras, which does not play a role in this work.



Other techniques include the Drinfeld tunst of a Hopf algebra by a 3-cycle
(see 2.4.2), or the classification of Lie bialgebras (see e.g. [27, Chapter 6])

which also does not play a part in this thesis.

The categorical approach: 1t was observed by Majid and other authors (for
more detailed references see [88, Chapter 9]) in the early 1990s that construc-
tions of quantum algebras can often be given using general categorical defini-
tions (such as bosonization, cross products, and most prominently Drinfeld’s
quantum double construction [36, 90]). Central objects in this approach are
braided Hopf algebras (or braided groups, [85, 86]). These are Hopf algebras
defined in a general braided monoidal category, rather than the symmetric
monoidal category of vector spaces. Perhaps the most prominent example
of such a structure is the positive part U,(ny) of the quantum enveloping
algebra U,(g).

The connection of the theory of quantum groups to invariants of framed
knots has possibly been the most well-studied and successful application of
the abstract theory (see [62, 78, 103]). In fact, braided monoidal categories
— which appear in quantum algebra via representation theory — can be
studied using knot diagrams (see e.g. [61]). Connecting to the algebraic
structure of braided Hopf algebras, one can use a diagrammatic calculus (see
e.g. [88,9.4]) which is closely connected with a generalized form of Tannakian
reconstruction theory (generalizing [32, 107]) to a setting for working in
braided monoidal categories. This is due to Majid [80, 83, 85].

The categorical approach plays a major role in this thesis, especially in Chap-
ter 2 which is a revised version of [68], but also in Section 3.3.4. We make use
of reconstruction theory in order to define algebra and Hopf algebra objects.
In Section 2.2.3 we include a version of braided reconstruction theory adapted

to braided quasi-Hopf algebras, simultaneously generalizing [84] and [80].

Geometric and topological approaches: Other approaches to the definition
of quantum groups include geometric and topological techniques. A most

notable construction is the geometric canonical basis of Lusztig [74, 75].



These constructions use the theory of perverse sheaves, and Hall algebras.

Such geometric and topological approaches are not discussed in this thesis.

1.1.3 Yang-Baxter Equations

The Yang—Baxter equations are central in the theory of quantum groups. Their
origin lies in their role as a consistency condition in the study of integrable sys-
tems, which arise from quantum physics (see [58] for a survey). The Yang-Baxter
equations also appear in knot theory, C*-algebras, and conformal field theory, thus
providing a link between these areas.

In this thesis, the Yang-Baxter equations appear in two forms. The first form
is the quantum Yang—Bazter equation (QYBE)

R12R13R23 = R23R13R127 (111)

where R;; € V®? for finite-dimensional vector space V. This equation resembles
the third Reidemeister move in knot theory [1, 101]. Tt plays an important part in
Chapter 2 (see in particular Section 2.1.1). A second incarnation — the classical

Yang-Baxter equation (CYBE) — is given by
[712,713] + [r12, 23] + [r13,723] = 0, (1.1.2)

where again 7;; € V®. It can be viewed as a classical limit of (1.1.1) (as explained
in [58, 3.1]). This equation appears in this thesis in Chapter 4 (which contains
the content of the preprint [67]), where we study universal enveloping algebras
associated to Lie algebras which have generalizations of this equation to complex

reflection groups as relations (due to [14, 16]).

1.1.4 Braided Hopf Algebras

A braided Hopf algebra is simply a Hopf algebra* object in a braided monoidal
category (see e.g. [85, 86] or 2.1.6 where this structure is described concretely).
The role of the symmetry in the category of vector spaces is replaced by a general

braiding ¥: ® — ®°. As explained in Section 1.1.2, this generality is needed to

4Hopf algebras first appeared in the work of Hopf in the 1940s studying cohomology of topo-
logical groups [55]. See also the early textbook by Sweedler [110].



capture essential examples in the theory of quantum groups, such as the positive
part of U,(g).

The idea of braided Hopf algebras is present in all parts of this thesis. In
Chapter 2 we study constructions associated to general (quasi-)Hopf algebras in
a braided monoidal category. The setting in Chapter 3 is in some sense more
restricted: here we are working with dually paired Hopf algebras in a braided
monoidal category which has the form of Yetter—Drinfeld modules over a Hopf
algebra over k. In Chapters 4 and 5 we focus on very specific braided Hopf algebras,
which are associated to complex reflection groups.

A vast class of examples of braided Hopf algebras is given by Nichols algebras
(or Nichols—Woronowicz algebras). These are certain minimal quotients of braided
tensor algebras of a braided vector space (see e.g. [9, Section 2] for a definition).
This class was independently discovered by [96] and [115], although the braided
Hopf algebra structure appeared later. Nichols algebras are central objects of

study in different places of all chapters of this thesis.

1.1.5 Double and Center Constructions

At the core of this thesis are two different double constructions: the braided Drin-
feld double, and the braided Heisenberg double. The non-braided versions of these
algebras are fundamental constructions in quantum algebra. Braided generaliza-
tions of the two constructions have been introduced before. In the case of the Drin-
feld double, this is due to Majid [88, 90] and referred to as the double-bosonization
therein. Braided Heisenberg doubles are discussed for the special case of braided
Hopf algebras which are primitively generated (and hence quotients of a braided
tensor algebra) in the study of so-called braided doubles [16] by Bazlov and Beren-
stein. In fact, the braided Heisenberg double can alternatively be obtained as the
bosonization of the braided cross product defined by Majid in [86, Proposition 2.6]
(using the coregular action). From this point of view the construction goes back
to work of Radford [99].

Drinfeld and Heisenberg doubles are rich constructions containing important
classes of examples. For the Drinfeld double, the most notable examples include

the Drinfeld double of a group (see 2.3.5.6). This appears in Dijkgraaf-Witten



theory [33, 34], which is one of the most studied examples of a topological field
theory. Even in more generality, the structure of the Drinfeld double can be used
to construct topological field theories (cf. [19] for the geometric example) as their
categories of modules are braided monoidal.> Another main example is given by the
quantum groups U,(g) which — in the form of Lusztig [75, 3.1] — have been shown
to be braided Drinfeld doubles in [90] (cf. 2.3.5.11). The fundamental example
of a Heisenberg double is the Weyl algebra of a vector space (see 2.3.5.10 for a
detailed discussion of this example). From this point of view, braided Heisenberg
doubles can be viewed as a vast generalization of Weyl algebras. In particular,
they are not bialgebras apart from degenerate cases.

From the point of view of category theory (via reconstruction theory) dou-
ble constructions correspond to center constructions. In the case of the Drin-
feld double, the corresponding categorical construction is the Drinfeld center® (or
monoidal center) which is due to [81] (see also [82]) where it is referred to as the
dual monoidal category (see also [88, 9.1.5]).

We introduce a more general form of centers, called mized Drinfeld centers (see
Section 2.2.2), which are relative to a braided monoidal base category. A special
case is a center construction corresponding to the Heisenberg double, called the
Hopf center in Chapter 2, which is a new construction. The name comes from Hopf
modules which can be used to describe the objects of the Hopf center in the case
where the underlying monoidal category is given by modules over a bialgebra. Hopf
modules, in turn, are a known description for modules over the Heisenberg double.
A braided version of Hopf modules already appeared in [76] and [22]. For the
Drinfeld center, such a description is given by so-called Yetter—Drinfeld modules
which play a central role in different constructions used in this thesis. Yetter—
Drinfeld modules are generalizations of crossed G-modules which correspond to
the case over a group G and have been studied in algebraic topology since the
work of J.H.C. Whitehead in the 1940s [111] (see also [112, 113]). From a Hopf

algebra theoretic point of view, the Yetter—Drinfeld condition already appears in

SHence they are Fs-categories which give 2d topological field theories via the cobordism
hypothesis, see [72, Theorem 4.1.24].

5Drinfeld independently studied a special case of Majid’s construction and showed that it is
braided monoidal (see also the categorical construction of [62]).



the work of Radford [99, 2.6(b)] in the 1980s before the introduction of braided
monoidal categories in [60]. They also appear in the work [115] of Woronowicz for
bialgebras over k, and in [22] in the braided case.

Our main result of Chapter 2 is a categorical action of the Drinfeld center
on the Hopf center. Hence, one important theme of the thesis is the study of
the interplay between the different double and center constructions. Chapter 5
discusses an application of this categorical action to the representation theory of
rational Cherednik algebras.

A related point of view is to interpret the Drinfeld center as a categorical

Hochschild cohomology of a monoidal category M (cf. [19, Definition 1.4)):
HH*(M) := BiMod (M, M).

This is explained briefly in 2.1.1. In this way, the general theory of mized Drinfeld
centers developed in Section 2.2.2 can be seen as categorical Hochschild cohomol-

ogy’ with coefficients in bimodules other than the regular one.

1.1.6 Rational Cherednik Algebras

A class of algebras that has generated a vast amount of interest in different areas of
mathematics (most notably algebraic and symplectic geometry) and mathematical
physics after its introduction in [39], in 2002, is given by the rational Cherednik al-
gebras Hy .(G). These algebras are deformations of the bosonization C[V@V*|xG,
where G is a finite group acting on V such that the quotient V' /G is non-singular.
This implies that GG is a complex reflection group by the Shephard—Todd—Chevalley
theorem [28, 108]. The quotient V@V ™*/G is singular and the algebras H .(G) offer
an approach to the resolution of its symplectic singularities via representation the-
ory. More specifically, irreducible finite-dimensional representations over Hy.(G)
form a smooth algebraic variety which is a Poisson deformation of V @ V*/G.8

For surveys on the representation theory of these algebras and their application

"Hochschild Cohomology for algebras over k was introduced by Hochschild in the 1940s [54].

8The work of Bellamy in [18] gives a strong restriction on when a smooth Poisson deformation
exists. This can only happen if the group G is of types G(m,1,n) or G4 in the Shephard-Todd
classification.



see e.g. [38, 41, 47, 106]. The algebras H; .(G) have important geometric interpre-
tations, for example in terms of the geometry of Hilbert schemes of points in the
case G = S, (see [49, 50, 65]).

Due to their deformation-theoretic origin, rational Cherednik algebras can also
be interpreted as quantum objects in a broader sense. Work in [16] by Bazlov and
Berenstein produces an embedding of Hy .(G) for generic ¢ into certain braided
Heisenberg doubles. We use this work in Chapter 5 to apply the general theory
of braided Heisenberg and Drinfeld doubles presented in Chapter 2 to a setting
tailored for complex reflection groups. The main application is to produce endo-
functors on Hy .(G)-Mod which assemble into a categorical action. The study of
the braided Hopf algebras of which we take the Drinfeld double in this construction

and the resulting categorical action are the main topics of Chapters 4 and 5.

1.2 Thesis Overview

This thesis contains a set of related results in the areas of quantum algebra and re-
presentation theory. In this section, we provide a brief overview of its main results.
We also explain the connection between the different parts of the thesis in more
detail. Each of the individual chapters contains a more detailed introduction as in
their versions in [67, 68, 69]. The material from Chapter 5 is unpublished to date.

One point of view on the thesis work is that we study categorical actions of
particular monoidal categories (of Drinfeld center form) on certain categories (of

Hopf center form). There are four main examples worth pointing out:

General picture (see 2.2.2.15): Dring(B)-Mod —~ Heisy(B)-Mod,
Basic geometric example (2.3.5.3): O7+x-Mod —~ Dx-Mod,
Quantum picture (2.3.5.11): U,(g)-Mod —~ D,(g)-Mod,
Reflection algebras picture (5.2.4): D(G)-Mod —~ Hy .(G)-Mod.

Here, the algebra D,(g) is the braided Heisenberg double of U,(n,) for a given
Cartan datum. This algebra contains the corresponding generalized quantum Weyl
algebra of [59, 3.1.3] as a subalgebra. Hence, its category of modules can be thought

of as quantum D-modules, and modules over U,(g) act on this category.



1.2.1 Connection of the Different Parts

Chapter 2 forms the basis of this thesis. We work in the general setting of (quasi-)
Hopf algebras in a braided monoidal category — or on the categorical level with
monoidal categories fibered over braided monoidal categories. We study the main
notions of braided Drinfeld and Heisenberg doubles (corresponding to relative
Drinfeld and Hopf centers on the categorical level) which will be used in subsequent
chapters. The main construction, a categorical action of the relative Drinfeld cen-
ter on the relative Hopf center, will be applied in Chapter 5 to a specific setting
for complex reflection groups.

The next chapter, Chapter 3, approaches quantum groups from a more alge-
braic point of view, via the partial classification of Hopf algebras with a triangular
decomposition. The finding that, under suitable assumptions, these objects are a
new form of braided Drinfeld doubles, which we call asymmetric braided Drinfeld
doubles, provides a generalization of the Hopf algebras studied in Chapter 2.

Chapter 4 can be thought of as preliminary material for the final chapter
(Chapter 5) since we investigate Koszulness of the quadratic braided Hopf al-
gebras U(yb). Their braided Drinfeld doubles D(G) will play a major role in the
final chapter. This ultimate chapter draws from Chapter 2 and 4 to provide ap-
plications to the theory of rational Cherednik algebras. This work leaves a variety
of open questions for further research and can hence be viewed as the conclusion
of the thesis.

1.2.2 Braided Drinfeld and Heisenberg Doubles

Chapter 2 starts by providing a categorical picture giving the definition of the
relative Hopf center Hg(M) = BiMod}, (M™, e M) of a monoidal cate-
gory M — B, where B is braided monoidal, in 2.2.2. This definition provides
a new Heisenberg analogue to the known description of the relative Drinfeld cen-
ter Zg(M) = BiMod%, (M8, M™#) which slightly generalizes the construction
of [81, 88, 90] in the sense that we make reference to an underlying base category

B. With this description, it is clear that there is a natural categorical action

>: Zp(M) @ Hp(M) — Hp(M),
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given by precomposition of bimodule morphisms. The category Zz(M) is braided
monoidal, and moreover is rigid provided that M itself is rigid. We next provide
a version of Tannakian reconstruction theory for quasi-Hopf algebras in a braided
monoidal category B in 2.2.3, generalizing work of [84] using techniques as in [80]
or [88,9.4.2].

It is well-known that modules over the Drinfeld double can be described in
terms of Yetter—Drinfeld modules (see e.g. [88, 7.1.6], [64, XII.4]), and modules
over the Heisenberg double in terms of Hopf modules. In Section 2.2.4 we provide
a description of the relative Drinfeld and Hopf centers in terms of Yetter-Drinfeld?
and Hopf modules over a quasi-Hopf algebra in B and translate all results from
the categorical level into this language.

In Section 2.3.2, we leave the generality of quasi-Hopf algebras and consider
dually paired strict Hopf algebras B,C. We can then define the braided Drin-
feld double Dring(C, B) and the braided Heisenberg double Heisy(C, B) using
reconstruction theory in Section 2.3.4, and provide explicit presentations in 2.3.5.
The case of the braided Drinfeld double (together with its interpretation in terms
of Yetter—Drinfeld modules) is due to [90], where it is referred to as the double-
bosonization U(B, H,C), and we compare this definition to a suitable Heisenberg
version (which is equivalent to the bosonization (°B Xceg C')) % H of the braided
cross product of the coregular action of [86], cf. Lemma 2.3.5.5). Our main result
of this section is to use the categorical action to generalize the result of [71] that

the Heisenberg double is a 2-cocycle twist of a Drinfeld double:

Corollary 2.3.8.5. The algebra Heisy (C, B) is a right 2-cocycle twist of the Hopf
algebra Dring (C, B).

We also include a version of the BGG category O [21] suitable for braided
Drinfeld and Heisenberg doubles in 2.3.7, and study the representation theory of
the braided Heisenberg double of U, (n.) explicitly in the sly-case in 2.3.9. Finally,
we define notions of twisted Drinfeld and Heisenberg doubles in 2.4. In case of the

Drinfeld double, see the quantum double in [89], and for the Heisenberg double

90ver B = Vecty, such a description was given in [89] in the quasi-bialgebra case, while it is
a new result for the Hopf center.

11



cf. to the bosonization for quasi-bialgebras in [25, Theorem 3.3, Section 5. We

include the new example of the twisted Heisenberg double Heis*(G) of a group.

1.2.3 Pointed Hopf Algebras with Triangular Decomposi-
tion

A different part of this thesis is an approach to the classification of Hopf algebras
that can be called “quantum groups” in a broader sense, presented in Chapter
3. A formal definition of the term “quantum group” is a long-standing open
question of the field. The approach to this question presented here uses the work
of [16] on classifying algebras with a quasitriangular decomposition of the form
U® H ®U*. What is new is that we consider bialgebras and Hopf algebras
with such structure. Multiparameter quantum groups are pointed Hopf algebras
(see e.g. [9]) with a triangular decomposition. The work presented in Chapter
3 classifies indecomposable Hopf algebras with a triangular decomposition (see
Definition 3.3.1.1) over a group algebra which satisfies the technical restriction of

being of weak diagonal type:

Theorem 3.4.2.2. Let A be any indecomposable Hopf algebra with a triangular
decomposition of weak diagonal type over a group algebra kG generated by elements
giyhi fori =1,...,n. Then kG is abelian, and A = T(V)/I @ kG ® T(V*)/I*,
for Yetter—Drinfeld modules V' = k{vy,...,v,), V* = k{f1,..., fu) over G, and
I<T(V), I*<T(V*) ideals which form a triangular Hopf ideal in A. The algebra

A is subject to the relations

[fi,"Uj] = %’j(gj — hi), gui = (9 = vi)g, fig =g(fi<g),

where 7y;; are scalars s.t. ;; = 0 whenever g;, g; act by different characters on V.

The coproducts are given by A(v;) = v; ® g; + 1 ®v;, and A(f;) = i @1+ h ® fi.

The multiparameter quantum groups Uy ,(gl,,) of [43, 102] as given e.g. in [29]
occur as examples in this classification. They satisfy that v;; is zero whenever
1 # 7 and non-zero when ¢ = j. Hopf algebras with this additional property can be
constructed using a new, more general, form of the braided Drinfeld double called

the asymmetric braided Drinfeld double which can defined even if the base Hopf
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algebra H is not quasitriangular. In this way, we give the following generalization
of the result of [20], which shows that two-parameter quantum groups are Drinfeld
doubles:

Theorem 3.4.3.2. The multiparameter quantum groups U, ,\,B(g[n) are asymmetric
braided Drinfeld doubles.

In particularly well-behaved situations (namely, if the braiding parameters g;;
can be set equal to one to give a map Z[g;;] — Z), it is possible to recover a Lie
algebra as a classical limit from a Hopf algebra occurring in the classification (see
3.4.4).

We also combine the results of Theorem 3.4.2.2 with work of Rosso and Andrus-
kiewitsch—Schneider [10, 105] to obtain an abstract characterization of the quantum
enveloping algebras U,(g) in 3.5.2. If V' is of what is called positive generic type
in [9], then the only indecomposable bialgebras with triangular decomposition as
B(V)® kZ" ® B(V*) (under the non-degeneracy condition that the parameters
7 are non-zero) are isomorphic to U,(g) for some semisimple, possibly infinite-

dimensional, Lie algebra g.

1.2.4 Koszulness of Universal Enveloping Algebras Asso-
ciated to Generalized Yang—Baxter Equations

Chapter 4 studies first applications of the theory of braided Heisenberg doubles
to rational Cherednik algebras and is the content of [67]. Here, we work with Lie
algebras yb, coming from generalized Yang-Baxter-equations associated to irre-
ducible complex reflection groups. The A,-case gives the Lie algebra tr,, from [14]
corresponding to the classical Yang—Baxter-equations, and its universal envelop-
ing algebra U (tr,) is a quadratic cover of the Fomin—Kirillov algebra &, from [44]
which was introduced to study the combinatorics of the cohomology ring of the
flag variety and Schubert calculus. The general definition of nb is due to [16].
As a first main result, we obtain a generalization of the Koszulness of the

algebra U(ybg) for type A in [14] to other types:

Theorem 4.3.2.6 (see also 4.3.3.4). The algebras U(ybg) for G a Coxeter group
of type B = C', or D are Koszul.

13



These Koszulness results — proved by constructing a PBW-basis for the Koszul
duals — will simplify the study of the representation categories of their braided
Drinfeld doubles. Moreover, the braided Heisenberg doubles Heiscq(U(ybe)) (as
bimodules over rational Cherednik algebras) are used to construct adjoint pairs
of functors between module categories Hy .(G)-Mod for different Coxeter groups
of the classical series. Such functors exist if the Dynkin diagram of one reflection

group embeds into another:

Corollary 4.4.2.1. There exist adjoint pairs of functors
HInd: Hy(S,)-Mod = H, ~(G.,)-Mod :HRes,

for G, a Cozeter group of type B, D, or S,,1, and t, ¢, ¢ scalars in C.

1.2.5 Quantum Groups Associated to Complex Reflection
Groups

The final chapter, Chapter 5, can be seen as the conclusion of this thesis. It
contains work which is still in progress, but essential to explain how the different
parts of the thesis fit together. The main result is that the algebra morphisms of

Bazlov—Berenstein in [16]
M.: Hy(G) — H(G),

which are embeddings if ¢ is generic, can be used to restrict the categorical action of
Chapter 2 to a categorical action on representations of rational Cherednik algebras

at parameter t = O:

Theorem 5.2.4.1. There is a categorical action

=>: D(G)-Mod ® Hy .(G)-Mod — H, .(G)-Mod,
(VW) — VW,

fibered over Vect,,.

The algebra H(G) is the braided Heisenberg double Heisca (U (nbg), U(hbe)),
and D(G) — the reflection quantum group — is the corresponding braided Drinfeld
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double Drinpyinq) (U (9bg:), U(nbg)). We include variations of these algebras taking
the quotient by different ideals of relations, including restricted versions D(G),
H(G) which are sometimes finite-dimensional. This was computed to hold if G
is equal to S, for n = 3,4,5 in [44], while it is unknown for larger values of n.
In fact, the corresponding quotient algebras B(Ys) of U(hb) are at the core of
important conjectures in the theory of pointed Hopf algebras.

One questions is if the algebra D(C),) are finite-dimensional over their center.
In this case, there would be a rich supply of finite-dimensional simple modules.
In the Aj-case, this holds and we explicitly classify all finite-dimensional simples,
compute their tensor products and the categorical action in Section 5.3.3. This
case already displays an interesting representation theory.

To conclude this thesis, we list some open problems centered around the alge-

bras D(G) and their applications to rational Cherednik algebras in Section 5.4.1.
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Chapter 2

Braided Drinfeld and Heisenberg
Doubles

2.1 Introduction

2.1.1 Motivation

The Drinfeld double was originally introduced as the quantum double by Drinfeld
in [36]. The construction was generalized to quasi-Hopf algebras in [89], and to
braided Hopf algebras in [90].

There are different ways to motivate the introduction of the Drinfeld double.
For example, it gives a way to construct morphism ¥: V@V — V ® V satisfying

the Yang—Baater equation
(¥ @1dy)(Idy ¥) (¥ @ Idy) = (Idy ¥) (¥ ® Idy ) (Idy Q). (2.1.1)

It also gives a natural way of associating to a Hopf algebra a quasitriangular Hopf
algebra (i.e. one that is almost cocommutative).
The Heisenberg double can be given a similar interpretation, where the Yang—

Baxter equation is replaced by the Pentagon equation (see [64])
(@@ Idy)(Idy ®)(® @ Idy) = (& ® Idy ) (Idy @). (2.1.2)

Every module V' over the Heisenberg double comes with a map ®: V®QV - VRV

satisfying this equation.
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In [64] it was also shown that solutions for (2.1.1) can be obtained from solutions
for Eq. (2.1.2). One application of the results of this chapter is to show that given
a solution (V,¥) to (2.1.1) and (W, ®) to (2.1.2), (V@ W, ¥ @ &V @ ¥? &
®(?)) again has the structure of a solution to the pentagon equation. For finite-
dimensional Hopf algebras, this follows from a twisting result of [71] which is
generalized to the context of braided Hopf algebras (so-called braided groups in
the braided cocommutative case in [85, 86] and other papers) in 2.3.8.3 and, more
generally, monoidal categories in Corollary 2.2.2.15.

To argue why it is beneficial to define a braided version of the Drinfeld and
Heisenberg double, it is helpful to consider an example. Let B is the coordinate
ring Ox for X = A" In this case, Heis(B) is the ring of differential operators
on X, Dyx. However, if we compute the Drinfeld double of B, then this simply
gives Ox|01,...,0,] = Or«x. This is a commutative and cocommutative Hopf
algebra. A more interesting object is obtained by considering B as a Hopf algebra
in the category of YD-modules over the group C5. This can be seen as a super
algebra version of the coordinate ring. Computing the braided Drinfeld double
Drinpyinc, (B) gives a non-commutative Hopf algebra in which the commutator

relation

[57;, CL’j] = (]_ - 51 - 5—1)5i,j (213)

holds (see 2.3.5.10). From the point of view that the Drinfeld double gives examples
of “Quantum groups” it is more natural to have a non-commutative and non-
cocommutative Hopf algebra. Note that computing the Heisenberg double over
Drin(Cy) gives Dx ® kCy, so the answer for the Heisenberg double is essentially

not changed as the commutator relation in the braided Heisenberg double remains

[51',1']‘] = (51'7]‘. (214)

Another application of the braided version is to give a clean description of
the quantum groups U,(g) as Drinfeld doubles (see [90]), while it was already
observed in [36] that U,(g) is a quotient of the Drinfeld double of U,(n,) x U,(t).

In our unified picture, we now have a natural Heisenberg analogue for the quantum
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groups, for which the commutator relation is

K-
|Ei, Fj] = ——
q9; — 4

(2.1.5)
This algebra has no finite-dimensional representations (see 2.3.9).

Another generalization included in the constructions of this chapter is to allow
quasi-Hopf algebras (introduced in [37]), which we consider in a braided monoidal
category. Including this direction of generalization will enable us to consider ex-
amples such as the twisted Drinfeld double Drin“(G) of a group G which is of
relevance in mathematical physics as it occurs as data associated to particular
orbifolds in Rational Conformal Field theory (see [33]). In [89], a construction of
the Drinfeld double of a quasi-Hopf algebra is given via reconstruction theory. We
add a Heisenberg analogue to this picture and generalize it to quasi-Hopf algebras
in a braided monoidal category, thus combining the two directions of generalization
(braiding and twisting).

In a derived setting (see e.g. [19]), the Drinfeld center gives a categorical version

of Hochschild cohomology which is defined as
HH*(M) = HH* (M, M) := Z(M) = BiMod 5 (M"8, M%),

From this point of view, in Section 2.2, we consider a more general form of Drinfeld
centers, which can be viewed as categorical Hochschild cohomology with values in

other bimodule categories V over M,
HH*(M,V) := BiMod (M, V).

Even though the constructions are given in a non-derived setting in the (2,1)-meta
category Cat of categories, because of the intrinsic nature of the definitions in
terms of bimodule categories, it is possible to obtain higher-categorical analogues
working in the meta-category (oo, 1)-category of (oo, 1)-categories Caty, instead
using an appropriate formalism of bimodule categories (such as e.g. [73, 4.3.2]).
Hochschild cohomology with coefficients in any M-bimodule V will give module
categories over HH®* (M), and relative versions of these with respect to M living

over a braided monoidal category B. In particular, the Hopf center from Definition
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2.2.2.7 — which is the Heisenberg analogue of the Drinfeld center — can be inter-
preted as HHy (M, "8 M™) in a derived setting. Here, coefficients are taken in
the M-bimodule "¢ M"Y which has the regular action on the left and the trivial
action (given by the underlying tensor product in B) on the right.

The original motivation for the author to write this chapter lies in the applica-
tions of the categorical action of Dring(C, B)-Mod on Heisy (C, B)-Mod to the
rational Cherednik algebras H; .(G) of [39]. For this, the morphisms from [16, 7.20]

M.: Hy(G) — Heisca(U(nbe), U(nbg)),

where U(nb;) is a generalization of the algebra U(tv,,) from [14] to general complex
reflection groups (cf. Chapter 4 for the notation) are used. Analogues also exist for
parameters t # 0, or the restricted rational Cherednik algebras. The morphisms
M, can be used to restrict the categorical action studied in this chapter to gives
actions (cf. Section 5.2.4)

1.0t Drinpyini(U(06%), U(bg))-Mod @ H, .(G)-Mod —> H, .(G)-Mod.

It is work in progress to study these actions using category O techniques as in [46].

2.1.2 Summary

The discussion of Drinfeld and Heisenberg doubles in this chapter is done at dif-

ferent levels of generality which are structured by the sections:

Section 2.2:
B quasi-Hopf
algebra in B

Section 2.3: \

Section 2.4:
B ilillogfilz\m/}g(;)e(;)ra B quasi-Hopf
(or A-CoMod) algebra in Vecty.

In Section 2.2 we work on the level of a monoidal category M living over a braided
monoidal category B. That is, there exist quasi-monoidal functors F': M — B and

P: B —- M such that FFP =~ Idg. It is not necessary to make further assumptions
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on the braided monoidal category, such as a k-linear structure, although in typical
examples, the categories will have fiber functors to the category of k-vector spaces
for a field k.

We start by giving the most general definition of a mized relative Drinfeld
center in Section 2.2.2. This is done by translating the data of morphisms of
M-bimodules M™¢ — “1YC2 to pairs (V,c), where V is an object of V and ¢ €
Isom®(V ® Ga, G1 ® V). Here, “'V is the M-bimodule where the left module
structure is induced by pulling the regular action back along G;, and the right
one along G5. We will focus on two classes of examples: the relative Drinfeld
center Zz(M), and its “Heisenberg analogue” (called the Hopf center) Hz(M).
The Drinfeld center corresponds to the pair of functors (G, G2) = (Id, Idpy), the
Hopf center to (G, Ga) = (triv,Id ), where triv := PF. The main observation is
a natural action of the Drinfeld center on the Hopf center.

For the purposes of this chapter, we introduce a slightly more general version
of Majid’s braided reconstruction theory in Section 2.2.3, working with quasi-Hopf
algebra objects in B (cf. also [52] in the weak case over Vecty). We further give
a categorical interpretation of the concept of quasitriangularity in Section 2.2.5.

In Section 2.2.4, we consider monoidal categories of the form M = B-Mod(B)
for a quasi-bialgebra (or quasi-Hopf algebra) object B in B. For such M, the
Drinfeld center can be reformulated as the category of Yetter—Drinfeld modules,
while the Hopf center consists of Hopf modules. In the case of the Drinfeld center,
this is well-known for Hopf algebras. A version for braided Hopf algebras is due to
[90], and a version for quasi-Hopf algebras in Vecty can be found in [89]. Working
with strict Hopf algebras (trivial 3-cycles) many formulas simplify as summarized
in Section 2.3.1.

As preparation for the definition of the braided Drinfeld and Heisenberg double
requires working with two dually paired braided Hopf algebra C, B (see Section
2.1.7 for the conventions used). We embed the Drinfeld and Hopf center into larger
categories of left C- and right B-modules which satisfy compatibility conditions

resembling those of Yetter—Drinfeld'® (respectively Hopf) modules (see Section

10Tn the Yetter-Drinfeld module case, this larger category is the category of braided crossed
B-C-bimodules used in [90, Appendix B] to interpret the double-bosonization categorically.
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2.3.2). We also discuss a reformulation of Majid’s concept of weak quasitriangu-
larity in 2.3.3. This concept is needed to obtain the quantum groups as examples
of braided Drinfeld doubles as in [90].

To summarize, we give five formulations of the action of the relative Drinfeld

center on the relative Hopf center, for C, B dually paired Hopf algebras in B:
BiMod5, (M8, M*8) = Z3(M) =YD (B)— YD (B)=Driny (C, B)-Mod
Q Q Q Q ()
BiMod}, (M8, " E MUV ) =Y (M) gHP(B) — “HP(B) =Heisy(C, B)-Mod

In Section 2.3.9, we consider the example of the quantum groups U,(g). In
this example, our result will give a categorical action of the category of U,(g)-
modules on the category of D,(g)-modules, which can be interpreted as a category
of quantum differential operators.

We now have a machinery to also define twisted braided Drinfeld and Heisen-
berg doubles. There exist different concepts of twist in the literature which will

appear at different places in this exposition. To provide an overview:

e A (right) 2-cocycle twist of a Hopf algebra is a way of obtaining new algebras
H, from the datum of a (braided) Hopf algebra H together with a 2-cocycle
o. This is used in 2.3.8 to twist the braided Drinfeld double, giving the
braided Heisenberg double.

e The Drinfeld twist of a (quasi-)Hopf algebra goes back to [35]. It provides a
way to change the monoidal structure of a category of representations over a
quasi-bialgebra in an equivalent way by means of conjugation by an element
F of B® B (see e.g. [51, 88]). We include this concept in 2.4.2.

e A twisted version of the Drinfeld double of a group algebra can be found
in the literature (see e.g. [33, 89, 114]). Underlying this notion of twist is
the idea that a commutative bialgebra can be viewed as a quasi-bialgebra
with respect to any 3-cycle. From this point of view, twisted versions of

commutative Hopf algebras can be introduced in larger generality (see 2.4.2).
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Applying the categorical action to the case of the twisted Hopf algebra k“[G]
of functions on a group, there is a categorical action of modules over the twisted
Drinfeld double Drin®(G), which is the category of G*d-equivariant w-twisted vec-
tor bundles on the category of w-twisted G™#-equivariant twisted vector bundles

on G. This is the topic of Section 2.4.3 which concludes this chapter.

2.1.3 Hints on Reading this Chapter

The basic structure of this chapter of the thesis is a transgression from category
theory (Section 2.2) to representation theory of algebras (Sections 2.3 and 2.4).
The link is given by braided reconstruction theory (Section 2.2.3).

The exposition is significantly easier if one works with strict monoidal categories
M (i.e. Hopf algebras via reconstruction theory, using monoidal functors). For
the purpose of considering twisted Drinfeld doubles, we include the formulas for
the more general case of non-strict monoidal categories (and quasi-Hopf algebras,
via quasi-monoidal functors). The readers only interested in the strict case can
safely skip to Section 2.3 and when looking up the relevant proofs in Section 2.2
treat associativity and rigidity isomorphisms as identities.

Throughout Section 2.2, we find it most effective to do the proofs using graph-
ical calculus. This however requires to work with a strict monoidal base categories
B (while M may still be non-strict). We refer to Mac Lane’s coherence theorem to
justifying giving many proofs on this level. Often, in the proofs the computations
are not given in detail. It is an essential standing exercise in reading this chapter
to always draw diagrams for all statements and proofs that come up.

If the reader is only interested in the Drinfeld and Heisenberg doubles as (Hopf)
algebras, Section 2.3.5 is a good point to start. In this section, concrete examples

are provided as well.

2.1.4 Some Notational Conventions

In this chapter, k always denotes a field. The category of finite-dimensional k-
vector spaces is denoted by Vectfcd, the category of possibly infinite-dimensional
k-vector spaces by Vect,. We denote the symmetric monoidal category of (co)al-

gebras in Vecty by Alg (respectively CoAlg).
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More generally, the concepts of algebras Alg(M), coalgebras CoAlg(M), and
their modules can be defined in any monoidal category M. To illustrate the idea,
the multiplication is a morphism m: A® A — A in M. It satisfies associativity
and unitarity with respect to 1: I — A which is a morphism in M. These proper-
ties are commutative squares and can be expressed in M. For more details on this
approach see e.g. [88, 9.2.11ff.] or [86]. Given an algebra (or coalgebra) object
in a monoidal category M, we denote the category of left A-modules (respec-
tively comodules) in M by A-Mod(M) (respectively A-CoMod(M)) and right
A-modules by Mod-A(M). If M = Vecty, we omit mentioning the category M
and simply write A-Mod (respectively A-CoMod).

Functors of monoidal categories are always strong quasi-monoidal (sometimes
even monoidal), cf. Section 2.2.1. For compositions of morphisms or functors, we
write f o g simply as fg. In the whole chapter, B will denote a strict monoidal
braided category,!! with braiding ¥. The monoidal category M typically lives
over B. That is, there exists a quasi-monoidal functor M — B referred to as the

fiber functor. We do not require M to be strict monoidal itself.

2.1.5 Bialgebra and Hopf Algebra Objects

In order to define bialgebras and Hopf algebras, one needs a braided monoidal
category B with braiding W. We will always treat the base category B as strict
monoidal. The categories Alg(B) and CoAlg(B) of algebra and coalgebra objects
then have a monoidal structure fibered over B. We denote the product on AQ B by
magp for two algebra objects A, B in B. That is, magp = (ma®mp)(Ida @V s p®
Idg). Inductively, denote by mpe. the product on B®". Dually, we denote the
coalgebra structure on C'® D for two coalgebras C, D in B by Acgp. We will
occasionally use the notation m*, for the map m(m®]Id) ... (m®Id): B®* - B
obtained by applying m k times.

In B, we can define bialgebra objects as simultaneous algebras and coalgebras

satisfying the bialgebra condition

Am = (m@m)1d@¥ @1d)(A® A). (2.1.6)

UFor an introduction to braided monoidal categories see e.g. [63] or [88, 9.2].
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We call a bialgebra (resp. Hopf algebra) object in B a braided bialgebra (or Hopf
algebra). In order for BiAlg(B) to be monoidal, a braiding is not sufficient, but a
symmetric monoidal structure is. However, the category B-Mod(B) is monoidal
using the comultiplication. It is important to use this more general definition
to study main examples such as the quantum groups (or more generally, Nichols
algebras) later. It is also important that we do not restrict ourselves to finite-

dimensional Hopf algebras over k.

2.1.6 Bialgebras vs. Quasi-Bialgebras

Let B be a bialgebra in B. Then the category B-Mod(B) is strict monoidal
with fiber functor over Vect,. That is, the underlying morphisms in B of the
associativity transformation a: ® (® x Id) = ®(Id x®) are identity morphisms.
In some cases, one requires a higher level of generality (for example, when working
with twists of Hopf algebras as in [37]) and wants to drop the assumption of M
being strict over B, and use the weaker notion of a quasi-monoidal functor. The
natural notion arising via reconstruction theory (see 2.2.3) is that of a quasi-
bialgebra. Following [89], we require that there exists an invertible element ¢ €
B® B® B (the coassociator) such that

mpgBes(lde @A ® ¢)A = mpgpep(¢ @ A @ ldp)A. (2.1.7)

Such an element ¢ needs to satisfy the 3-cycle condition of a non-abelian homology
theory (see e.g. [87, Section 6], [88, 2.3]):

mpeses(Mpeses @ ldpepes)(1Q ¢ ®IdpRA R Idp®P® 1)¢

(2.1.8)
= mpeses(ldpes ®A ® A ® Idpgs) (¢ ® ¢)

The counitary property still holds as in the bialgebra case, given that (Id ®e ®
Id)p = 1® 1. For a quasi-bialgebra B, the categories B-Mod(B) and Mod-B(B)
are monoidal.

If B is a (quasi-)Hopf algebra object in B, then B-Mod(B) is rigid given that
B is rigid. That is, left dual objects exist'? and are denoted by V* for V € B.

That is for example the case if B = Vectzd. For infinite-dimensional modules V/,

12Gee e.g. [88, Section 9.3].
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we can still give the finite dual V° = {0, | v € V'} a module structure, but there is
no coevaluation map. We observe that left dual objects are unique up to canonical
isomorphism.

When working with quasi-Hopf algebras, the antipode axioms are valid only up
to elements a,b e H (cf. e.g. [66, XV.5], or Section 2.2.3 in the braided setting):

m*(S®a®Id)A = ae, and m*(Id®@b® S)A = be. (2.1.9)
This requires the compatibility conditions
m’(IdRR®SQa@Id)gp =1, and mM*(S@aeR@IARIR S)p ' =1, (2.1.10)

with the coassociators. The formulas may be more clear when drawn as diagrams
(using graphical calculus) or using generalized Sweedler’s notation.!®> The notion
of a quasitriangular quasi-Hopf algebra is also spelled out in [88, 2.4]. We also

include a version for braided quasi-Hopf algebras in 2.2.3.

2.1.7 Dually Paired Hopf Algebras

Let B be a braided monoidal category with braiding W (recall B is always treated
as strict monoidal in this chapter). In this section, we want to discuss what notion
of dually paired Hopf algebras is suitable for our purposes in the remainder of the
chapter. Unlike working in the category of finite-dimensional vector spaces Vecty,
a dual may not necessarily exist in this more general setting. We assume that C, B
are braided Hopf algebras in B with a pairing, in the sense that there exists an eval-
uation map ev: C'® B — [ to the unit [ in B compatible with the structure. This
displays C' as the left (categorical) dual of B. That is, using graphical calculus'?
the conditions from Figure 2.1.1 hold. If C, B are Hopf algebras, then we further
assume that the antipodes are invertible and the duality ev(S ® Id) = ev(Id ®S)
holds.

13We will follow [89, Preliminaries]) for conventions about Sweedler’s notation (from [110]).
We will use these conventions, including the Einstein sum convention from Section 2.3 onward.

14We follow similar conventions to [88, Chapter 9] about graphical calculus of Hopf algebra
objects in B. The drawings are created using inkscape.
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Figure 2.1.1: Dually paired Hopf algebras

Remark 2.1.7.1. Note that we do not restrict ourselves to treating finite-dimen-
sional Hopf algebras here. In particular, a coevaluation map coev: I — BQC may
not exist as a morphism in B. In later applications, we use infinite-dimensional
Hopf algebras and their restricted duals, where the coevaluation map exists as
a formal power series rather than a linear map given that the pairing is perfect
and dual bases exist (2.3.6). The restricted dual of a Hopf algebra H is denoted
by H° and consists of those functions that vanish on a (two-sided) ideal of H of
finite codimension. This is not necessarily equal to the finite dual of an infinite-

dimensional vector space and the pairing is not necessarily perfect.

Remark 2.1.7.2. The situation for quasi-bialgebras is asymmetric. The dual of a

quasi-bialgebra has a multiplication which is not strictly associative.

Let us denote the braided category B with inverse braiding W' by B. In
B, the categories B-Mod(B), B-CoMod(B) of left (co)modules (and their right
versions) are monoidal. Given a dual pair B, C' as above, we further observe that

there exist monoidal functors

p®: B-CoMod(B) — “°C-Mod(B), ¢ : CoMod-C(B) — Mod-“*B(B).
Here, “PC' denotes C with co-opposite coproduct ¥'A. This is a bialgebra (resp.
Hopf algebra) in the braided monoidal category B (with antipode S—!). The
functor p® maps a comodule with coaction 0: V — B ® V to V with action
(ev®1d)(Id®d), and P¢ is defined analogously. We find it helpful to check such

statements using graphical calculus, in which the braiding ¥ and its inverse W—!

vo— X and Ul — %

Note that if B is finite-dimensional and the pairing ev is perfect, the functors g®

are denoted by

and ®o are part of equivalences of categories. In general, this is not the case.
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cop copB cop B
copC cop pcop B

L

(in B)

Figure 2.1.2: Pairing of co-opposite Hopf algebras

If we restrict to situations in which the braided monoidal category B admits a
monoidal functor B — Vect; to vector spaces over a field k£, then we can talk
about the pairing ev being perfect. If that is the case, the above functors will be
fully faithful. In the general situation we define the pairing to be perfect if the
functors g® and @ are fully faithful.

Remark 2.1.7.3. The bialgebras “°PC and “°’ B are dually paired in a different way
in B (see Figure 2.1.2). Here, it is important to distinguish whether we express
a functional identity in B or in B. In this example, the second term is expressed

using symbols in B, while the third term is the same expression written in B.

2.2 The Categorical Picture

In this section, we introduce the two main categories of interest in this chapter in
purely categorical terms. The first one, the Drinfeld center Z(M) of a monoidal
category, is well known. The other one, the Hopf center H(M) is well-known in
the case where M = H-Mod is the category of modules over an ordinary Hopf
algebra where it can be described as the category of Hopf modules over H. For the
more general case M = H-Mod(B) where B is a braided monoidal category and
H a bialgebra object in it, see e.g. [22]. We present a new description of H (M)
as a special case of a mized Drinfeld center construction.

Applying techniques from reconstruction theory, which is a generalization of
Tannaka-duality, one can recover certain categories C — )V, where V' is monoidal,

as module (or comodule) categories H-Mod(V) — V in the category V. This is
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used later to describe the categories Z(M) and H(M) in the case where M =
Mod-B(H-Mod) for a bialgebra (or Hopf algebra) B in the braided monoidal
category H-Mod as module categories leading to the definition of the braided
Drinfeld and Heisenberg doubles. For this, we need another description of the cat-
egories Z(M) and H(M) for M = B-Mod(B) in terms of simultaneous modules
and comodules over a quasi-bialgebra B satisfying certain compatibility condi-
tions, leading to Yetter—Drinfeld and Hopf modules in 2.2.4. Finally, we give a
categorical explanation of different concepts of quasitriangularity of a braided Hopf

algebra in 2.2.5.

2.2.1 Bimodules over Monoidal Categories

In this section, we discuss the 2-category of M-bimodules over a monoidal category.
This will later serve us to define relative Drinfeld and Heisenberg centers in 2.2.2.
One application is a natural strictification of a monoidal category (see Corollary
2.2.1.6).

We now work in the meta-2-category of categories Cat under suitable locally
smallness assumptions. This category is symmetric monoidal with respect to the
Cartesian product of categories denoted by x. Let (M, ®) be a monoidal category
(not necessarily strict, but strictly unital with unit object I). Such categories can
be thought of as unitary monoid objects in Cat. We denote the associativity
isomorphism by a: ® (® x Id) = ®(Id x®).

Recall that a braided monoidal category V is a monoidal category with a natural

isomorphism ¥: @ — ®°P which satisfies the ®-compatibilities

Uvew.x = axvn(Pvx @Idw)ay sy (Idy @Vw, x)ovw,x, (2.2.1)

\IJV,W®X = al;/%X,V(IdW ®\I/V7x)aW’V7X(\I/V7W X IdX)Oé\;,lVV,X' (222)

Let M and V be monoidal categories. We further recall that a quasi-monoidal

functor!® G: M — V is a functor such that there exists a natural isomorphism

1= pg: G = (G x G).

15 Another term used in the literature is that of a multiplicative functor in [84, 88], or quasi-
tensor functor, see e.g. [26, 42].
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A monoidal functor'® is, in addition, compatible with the associativity isomor-
phisms of M and V, i.e. for any three objects X, Y and Z in M we have

acx),cv)ez) (Hxy x ldaz)pxey,z = (dax) xpviz)ixyezG(axyz). (2.2.3)

Similarly to defining modules of unitary monoids (or rings), we can consider
modules over monoidal categories. A left module over M is a category V with a

functor =>: M xV — V), as well as a natural isomorphism
x: = (Idy x>) = =(® x Idy),

satisfying the following compatibility of x with the associativity isomorphism a:
for all objects X, Y, Z of M, and V of V,

Xxyezv(X =xv,zv) = (axyz = V)Xxev,zV XXy, 20V (2.2.4)

For simplification of notation, we assume that =(I x Idy) = Idy. This notion
compares to the definition used e.g. in [97, 2.3]. However, we consider modules
to be strictly unital, i.e. suppress the unitarity isomorphism and do not require
exactness properties (but will later work in a k-linear setting). A morphism of left

modules over M is a functor F': V — W, together with a natural isomorphism
Ap: Fo = =(Idy x F).
We require that the following coherence between A = A\p and xY, "V is satisfied:
Mren v FOuny) = Xunveany(M = Avy) dver, M,NeM,VeV. (2.2.5)

We denote the category of left modules over M by Mod,,. This category is in
fact a 2-category, where 2-morphisms are given by natural transformations F' = G
which commute Ap, Ag. Analogously, we define right M-modules.

In the following, we will mainly consider bimodule categories over M. A bi-
module over M is a category V with a left and right M-module structure which

commute up to a coherent natural isomorphism. We usually denote the left action

6Qur natural notion of functors (or equivalences) of monoidal categories is that of monoidal
functors. We will allow the fiber functor to be quasi-monoidal in view of working with quasi-
bialgebras in Section 2.2.3, 2.2.4, and 2.4.
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by =: M xV — V and the right action by <t: V x M — V. The action coherences

are natural isomorphisms

x: = (Idy x>) = =(® x Idy), >(I x Idy) = Idy,
¢ a(axldy) = <(ldy x®),  <(Idy xI) =Idy.

Again, the module structures are considered to be strictly unital to simplify the
exposition. The coherence commuting the left and right action is a natural iso-
morphism

¢: < (> x Idy) = =(Idy x=).

We require compatibilities between the coherences x, & and (. The idea is that
whenever two combinations of the functors = and <o can be transformed into one
another using different combinations of the transformations y, & and ¢, then these
different combinations have to be equal. In view of Mac Lane’s coherence theorem
[77, VIL.2] which shows that elementary coherence axioms of minimal tensor order

are sufficient to explain all coherences, we require the compatibilities

CM@N,V,P(XM,N,V < P) = XM,N,V<1P(M = CN,V,P)CM,N>V,P, (22'6)

C]\_/[%V,N®P(M >&y.N,p) = §M1>V,N,P(€]\_/[}V,N ~ P)C]\_/[%V<1N,P' (2.2.7)

In addition, the condition (2.2.4), and the analogous compatibility between o and

&, and hence all coherences between «;, x, &, and ¢ are required to be valid.
Morphisms of M-bimodules are assumed to commute with the left and right

actions up to coherent natural isomorphism. That is, a functor F': )V — W is a

morphism of bimodules if there exist natural isomorphisms
pr: Fa = <(F x Idy), Ap: F= = =(Idy x F).

We often just write p, A if only one morphism F' is considered. These again have
to be compatible with the natural isomorphisms y, ¢ and . That is, the condition
(2.2.5), the analogue for the compatibility of p = pr and £, €V, as well as the

following compatibility of p, A, and ¢, "V are assumed:

CAV}},F(V)<N()‘M,V<] N)pyevy = (M >PV7N))‘M,V<1NF(C}\}/[,V,N)- (2.2.8)
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We denote the category of bimodules over M by BiMod 4.

The category BiMod u, in fact has the structure of a 2-category. 2-morphisms
are natural transformations 7: F' = G of module morphisms which commute with
the bimodule coherences, i.e. pe7o = (<(7 x Idu,,))pr: F< = <(G x Idy)
and g7 = (=(Idia,, x7))Ar: Fr= = =(Idy xG). It is helpful to write these

conditions as commutative diagrams for any object (X, M) €V x M:

F(X<aM)—=" . G(X < M) F(M>X)—2* . G(M > X)
(pF)X,MJ (pG)X,Ml (AF)]\/I,XJ/ ()\G)I\/I,Xl
F(X) = M 200, qoxy 4, M = F(X) 280 0 e Gex).

Ezxample 2.2.1.1.

(i) The regular M-bimodule M"% is defined using ®: MM — M as module
structure (both left and right), and £ = o, x = a !, { = a as structure

maps.

(ii) The trivial M-bimodule on M is given by X =Y =Y and X <Y =Y, and
trivial action on morphisms too. We say that this bimodule is obtained by
pulling the regular bimodule structure back along the functor 7: M — M
(factoring through the terminal and initial monoidal category Z with one

element and morphism). Here, £ = y = ¢ = Id.

(iii) More generally, for any pair of monoidal functors Gy, Go: M — V), we can
give ¥ an M-bimodule structure “*V% where the left action is induced by
pulling the regular bimodule structure on V back along G, i.e. X =V =
G1(X) ® V, and the right action is induced by Gs in the same way. For
wi: Gi(®) = ®(G; x G;), we have

X = (1g, ®1d)a”, ¢ = (1d®pua)(@”) ¢i=aV.

Lemma 2.2.1.2. Let V be an M-bimodule. Then BiModn(V,V) is a strict
monoidal category via composition of functors and composition of structure maps,

1.€.
PZ?B = pZ(A),Bw(pﬁ,B)7 AZ?B = )‘Z(A),Bw()‘fl,B)'
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Proof. 1t is evident that the composition of bimodule morphisms and structure
maps is strictly associative. It remains to check that the defined composite trans-
formations \¥?, p¥? are compatible with x, &, and (. This follows by combining
the compatibilities of A\?, \¥, p?, p¥ with appropriate naturality conditions of these

transformations. O

Lemma 2.2.1.3. The category BiMod (M8, M™8) is braided monoidal with
braiding V4 given for an object A of M by

(X4 1)

$6(A) = vo(ASI) “C5) y(Ae(1)) " B ADO(I) M G(p(AIBI) = bl A).

Lemma 2.2.1.4. Consider an M-bimodule structure on M itself where either the
left or the right action is given by the reqular action and denote this bimodule by
M'. Then the functor

F: BiMod (M, M) - M, ¢ — ¢(I)
18 monoidal.

Proof. Assume that the left M-action of M’ is regular. Then for two morphisms
of bimodules ¢, : M’ — M’,

oo 2 06(1) = YO @ 1) = B(o(1) & 1) "S5 (1) &= (1) = 6(1) @ (1)

is an isomorphism. To check F' is monoidal, we need to verify (2.2.3). This follows

using the compatibility of the transformations A of the functors with y**& = a1,

That is, with the above definition of uf', we can identify the equation
ap(r),p(e),F ) (Hrs @ F () tory = (F(T) @ pio ) tirpss (2.2.9)
with
re — P P o
(XT(%),¢(I),¢(I)) 1()\5—)(1),1 >¢(1)))‘¢T(I),I = (r(I) = )‘¢(1),1))‘T(1),1~ (2.2.10)

The commutativity of this square follows from compatibility of y, A¥ (applied to
the objects 7(I), ¢(I), I); combined with naturality of A¥ in the first component,
applied to the morphism )\f( DI O
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Lemma 2.2.1.5. For any monoidal category where I is a terminal object, the

functor F' from Lemma 2.2.1.4 is part of an equivalence of categories
BiMod ("M M 1M MY = M.

Proof. We define the inverse Ind: M — BiMod (""" M 9" MT) by mapping
an object X to the functor Ind(X') given by

Yo Ind(X)(Y) =Y®X =Y =X

For morphisms, we use the transformation Ind(F)x := Idx ®f. The structure

transformations are

Aich) ‘= Xapx: nd(X)(A=B) - Ae=Ind(X)(B),
pir;déX) = Idggx : Ind(X)(A< B) — Ind(X)(A) < B.

In order to show that the two constructions are mutually inverse to each other,
we first show that for any ¢: dm pl - Tdmpgq T pxy = Idgx). For this, consider

the square

PX<Y,Z PX,Y<Z

(X <Y)< X) W X<Y)<Z (p(X)<Y)< Z

| |

d(X=(Y®2)) e »(X)= (Y ®2).

This square commutes by the coherence between p and £ (which is Id in this case).
Thus we obtain that

PX,ZPXY = PX<Y,ZPXY<Z = PX,YQZ- (2.2.11)

Hence, as these are isomorphisms, px; = Idgx). Further, using the naturality
square of p in the second component, we obtain that pxy = pxy’ whenever there
exists a morphism f: Y — Y’. Under the assumption that / is terminal, we always
have an isomorphism X — [ and hence \ = Id.

Returning to the proof of the equivalence, it is clear that F Ind = Idy,. We

claim that A_;: Id = Ind F' is a natural isomorphism. As A = Id, it remains to
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check that the square

H(X =Y) X =6(Y)

>\X®Y,Il X®)\Y,Il

Ind(¢(1))(X =¥) _5ven | X e Tnd(g(1))(Y)
= (X®Y) = o(l) = X = (Y = 6(])

commutes. But this follows from the coherence of x and \. n

It is not strictly necessary to assume that [ is terminal. It is sufficient that the
graph of the category (objects as vertices, morphisms as edges) is connected. If,
for example, M = B-Mod(B) for B a quasi-Hopf algebra object in B, then M
has I as terminal object provided that B does. If M is additive, then the graph

of the category is connected (via the zero morphisms). Note that
BiMod v (""" M 1M AMT) = Mod (M8, M™8) = M
by the Lemma. The result can be interpreted as the following strictification:

Corollary 2.2.1.6. Any monoidal category M with connected graph is equivalent

to a strict monoidal category.

Proof. We use the equivalence of Lemma 2.2.1.5. By Lemma 2.2.1.2, the monoidal
category BiMod (*""M M 1M MY s strict. ]

Example 2.2.1.7. If M is a monoidal category with connected graph, then
BiMod (! M', ! M) = Fun(M, M).

This can be seen using the observation in the proof of Lemma 2.2.1.5 showing that
under the given assumption on M, p = A = Id. Hence any functor is a bimodule

morphism for the trivial bimodule.

Let us fix an M-bimodules V and consider the category of bimodule morphisms
BiMod y(M™8,V). To represent the data of a morphism G: M™ — V in a more
compact way, denote the image G(I) of the ®-unit I by V. Then it is sufficient
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— by Proposition 2.2.1.8 below — to consider the composite coherence (called

centralizing isomorphism)

ex =VaX"SaIoX)=GX)=6(XoD S XV,

for any object X of M. The natural isomorphism obtained this way will be denoted
by ¢: V < ldy = Idp =V. Note that (V,¢) is monoidal in the sense that

cxey = Xxv (X =>cy)xyy(cx < Y)ﬁ)}}y. (2.2.12)

A morphism of M-bimodules, ¥: (V, ¢y ) — (W, ey ) gives a morphism ¢: V —
W satisfying that the square

VaXPBlwax

v, X CW,X

X>VM>X>W

commutes for any object X of M.

We denote the set of such natural isomorphisms c: V < Idy, = Idy =V
obeying the ®-compatibility (2.2.12) by Isom®(V < Ida, Idy =V). We use the
notation

Isom®(V < Id g, Idag =V) (2.2.13)

to denote the category of pairs (V,c), where V varies over the objects V € V,

introduced above.
Proposition 2.2.1.8. There is an equivalence of categories
Isom®(V < Id , Idy =V) = BiMod (M, V).

Proof. First, we show that given a morphism of M-bimodules G: M™® — V. we
can recover the data of G, pg and Ag from the pair (V,¢). We can set G’ := X =V.

Then G' = G via p}b. We can recover Axy as
Xxyyv: GXQY)=(XQY)eV ->Xe(YeV)=XeG(X).

The natural isomorphism pxy can be recovered from (V,c¢) by considering the
composite Cxy (X =cy)xxy. The condition (2.2.4) implies that A% is compatible

with the recovered Y.
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One checks that, given any pair (V, ¢) as above, the procedure described in the
first part gives an M-bimodule morphism G’ = Gy,). Clearly, Gy, (/) = V and
if we apply the above procedure to define the centralizing isomorphism, we recover

¢. The requirement of (V,¢) being monoidal implies the required compatibilities

of p, A and (. O]

Remark 2.2.1.9. If B and M are additive, abelian or k-linear, then these properties
are inherited by the categories BiMod(V, W).

In the next section, bimodule categories will be used to define different kinds

of centers of monoidal categories.

2.2.2 Mixed Relative Drinfeld Centers

The Drinfeld center is a canonical way of associating a braided monoidal category
to a monoidal category M. It can be defined, using the work of the previous

subsection, via morphism categories of M-bimodules.

Definition 2.2.2.1. Let G: M — V be a monoidal functor. Then V is an M-

bimodule using the functor G, i.e. for objects M e M, V € V, we have M =V :=

G(M)®V. The right action is defined analogously and the resulting M-bimodule

is denoted by V¢. We say that the action on V¢ is induced by pullback of the

regular bimodule structure on V along G. This is “V from Example 2.2.1.1.
The Drinfeld center'” of M over V with respect to G is defined as

ZEM) :=Tsom®(VRG,GQV).

The special case G = Id: M — M is denoted by Z(M) and referred to as the
Drinfeld center of M. That is, Z(M) = Isom®(M @ Id v, Idpg @M).

We want to emphasize two special cases that will be the main categories of
interest in this chapter: One is the Drinfeld center Z(M) which is equivalent to
BiMod (M8, M™8) by 2.2.1.8. To define the other one, the Hopf center H(M),
we have to generalize the definition of the Drinfeld center in two different ways.

On one hand, we will provide an appropriate relative setting with respect to a

17This definition and its monoidal structure are due to [81] (see also [88, 9.1.7]), where Z% (M)
is called the dual of F': M — V.
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(quasi-)monoidal fiber functor F': M — B. On the other hand, we will allow to
use two functors G and G5 instead of just one. This however leads to the loss of

monoidacity.

Setting 2.2.2.2. First, we generalize to the setting over a braided monoidal cate-
gory. Namely, we will always consider the monoidal category M together with
a quasi-monoidal fiber functor F': M — B where B is a braided monoidal cate-
gory, which has a left quasi-monoidal section P: B — M such that there exists
7: FP = Idg. We assume that 7 is a monoidal natural transformation.
Further, we will consider mized centers. For this we assume given two quasi-
monoidal functors G1,Gs: M — V which factor through the fiber functor F, i.e.

for i = 1,2 we have commutative diagrams of functors

M
7N
F/

Yy —B.

Note that for any monoidal category, we can always consider it over the trivial
braided monoidal category Z with one element and one morphism. As this is both
terminal and initial, we have unique functors T: M — Z and [: Z — M, and
T=1ds: PF = IT.

Definition 2.2.2.3. In the same setting as above, the mized relative Drinfeld
center of M over B w.r.t. (G;, G5 is defined to be

@25 (M) = Isom(V @ G2, G1 ® V),
where Isom$ (V ® G2, G; @ V) is the full subcategory of Isom®(V ® Gy, G; ® V) on
objects (V,¢) of Isom®(V ® Ga, Gy ® V) which are (F, P)-admissible. That is,

Uprvyx = (Tx x Wdpan) i oo v F (epeo) (1 ayroo) " (dpay x5 1), (2.2.14)

for each object X of B, where V¥ is the braiding on B. Note that we use F'G; = F
for + = 1, 2 for these compositions to be well-defined.

If G = Gy = Gy is a monoidal functor, then we denote Z§(M) := ¢ Z§ (M)
and refer to it as the relative Drinfeld center of M over B. If even G = Gy = Id 4,

then we denote
Z5(M) := 25" (M)
and refer to it as the Drinfeld center of M over B.
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We are mainly interested in the case where G; = G9 = Idy and F = F' are
monoidal. In this situation, (F, P)-admissible means that the underlying morphism
of the braiding with an object in the image of the functor P is the same as the
braiding in B. As special cases, we recover Z¢(M) as defined in 2.2.2.1 as Z¢ (M),

which is Majid’s original construction of the dual from [81].

Warning 2.2.2.4. A quasi-monoidal functor G: M — V does not give a bimodule
structure V¢ unless it is monoidal. However, all compatibility conditions apart
from the compatibility (2.2.4) of « and x (and the analogue for the right action,
i.e. the compatibility of a and &) are satisfied. For this reason, the category
Isomg(V ® G2, G1 ® V) is still well-defined for two such functors, and it caries an
action of the Drinfeld center (as we will see in Proposition 2.2.2.11), provided that
(71 is a monoidal functor. We require this generality for working with quasi-Hopf

algebras in Sections 2.2.3 and 2.2.4.
Ezxample 2.2.2.5. Let M = Mod-B(B), for a bialgebra B in B, with P = triv the

functor giving an object of B the trivial module structure, F' the forgetful functor.
Consider the category ZgV(M). This category consists of objects (V,d), where V
is a right B-module and 9 is a left °® B-comodule, such that the action and coaction
commute. Here, 0 is obtained as cp(Idg ®1) from the commutativity isomorphism.

If, to specify further, B is a finite-dimensional bialgebra over k, then Z™ (M)
is equivalent to the category of left modules over the bialgebra B* @ B°P.

Remark 2.2.2.6. If B = Vecty, for a quasitriangular Hopf algebra, many authors do
not impose the admissibility condition as under certain representability conditions
(e.g. M = B-Mod), any object in the center will be admissible for F' being the
forgetful functor and P = triv the functor mapping a vector space to the trivial
B-module on it. See e.g. [89, Lemma 2.1] for such a proof, which relies on the
existence of elements in a vector space. In our general setting, elements of objects
do not exist, hence the admissibility assumption. This condition is a generalization
of the assumption used in [22, Section 3.6].

At the general level, admissibility will be crucial in the proof of Proposi-
tion 2.2.4.7 which is the main result of Section 2.2.4 where we describe the centers

in terms of Yetter—Drinfeld and Hopf modules.
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We can apply this more general definition to the pair of functors G; = Id,

and Go = PF. The second center of interest in this chapter can now be defined.

Definition 2.2.2.7. We define the relative Hopf center for a monoidal functor
G: M — YV compatible with the fiber functors to be

HE (M) = “2Z5"(M).
In particular, the Hopf center of M over B is
Hp(M) 1= HgM(M).

In Section 2.3, we explore the relationship between the categories Z(M) and
H(M) in the case where M = Mod-B(H-Mod) is a category of right mod-
ules over a bialgebra (or Hopf algebra) B € H-Mod, where H-Mod is braided
monoidal, using techniques from reconstruction theory. In this case, we have a
fiber functor to Vecty, and P = triv is the functor mapping a vector space to the
trivial B-module. We can proof the structural results about the Drinfeld and Hopf
center at the level of generality of this section which is often easier. For instance,
we show that the relative Drinfeld center has a natural monoidal structure!® and
that Zz(M) is braided.

Proposition 2.2.2.8. For any monoidal functor G: M — V, we can give Z§ (M)
a monoidal structure by setting (V,cV) @ (W, V) := (VR W, W), where

VW

C = Q/G(X),V,W(CV & Idw)O[‘_/71G(X)7W(IdV ®CW)06V7[/V7g(X). (2215)

By construction, there is a monoidal functor Z5(M) — V.

Proof. This is shown by straightforward but lengthy checking of the axioms and
compatibilities. The associativity isomorphism in Z§ (M) is just the associativity
isomorphism of M, which can be checked to be compatible with the centralizing

isomorphisms of threefold tensor products.

180ne can give the category HG (M) a monoidal structure which is not compatible with the
forgetful functor, see e.g. [22] in the case M = Mod-B(B) by taking relative tensor products

®B.
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Next, we have to check that CV®W is monoidal in the sense of 2.2.12. The proof
of this requires repeated application of naturality of ¢V, ¢V to A, the hexagonal
axioms for a, and naturality of a with respect to ¢V and ¢¥. It is clear that the

tensor product of two (F, P)-admissible objects is again (F, P)-admissible. O
The main advantage of the Drinfeld center is that it is braided.

Proposition 2.2.2.9. The category Zg(M) has a braiding'® defined by
U = Vo) arery = e (VOW,O) > (W@ V, M8,
for objects (V, ) and (W, ") in Zg(M).

Proof. This follows by applying naturality of ¢ to the morphisms ¥ for any
object X of M. Indeed, this gives that cjpgy (Idy ®cY) = (¥ ®Idy)c}ygyx. Now
we use the monadicity of ¢ as in (2.2.12) twice giving the required commutative

square. ]

For monoidal functors G, G5, we define the category BiMod/@ (Mree] GIVGQ)
as the full subcategory on bimodule morphisms M™& — “1VG2 that corresponds
to Isom$ (V ® G, G; ® V) under the equivalence of Proposition 2.2.1.8.

Theorem 2.2.2.10. There is an equivalence of braided monoidal categories
BiMod}, (M8, M™8) = Zz(M),
where BiModﬁ/l (Mg M™8) is a monoidal category via composition of functors.

Proof. Recall that by Proposition 2.2.1.8 there is an equivalence of categories for
the larger categories without the (F, P)-admissibility requirement. The left hand
side is by definition the subcategory corresponding to (F, P)-admissible objects
under this equivalence. To show that the monoidal structure defined in 2.2.2.8
corresponds to the monoidal structure of composition of functors on the left hand
side, observe that for ¢, : M™ — M8 the commutativity isomorphism of the

composition ¢ is given by

% = (M) x0m (M) x. )0 (o N1.x) (g Dy x (2.2.16)

19A braiding on Z(M) was observed by Drinfeld in unpublished work (cf. note in [81, 3.4]).
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In 2.2.1.8 we saw that for ¢ corresponding to (V,¢) and 1 corresponding to (W, d),
we have ¢(1(I)) = ¢(W) =V @ W, and p~! is given by «a as we use the regular

action. Using these equalities, we find

¢ = (M) xun(@(Idxy ®c%)) (05 o x = K2, (2.2.17)

comparing with the definition of the monoidal structure in Zz(M) from 2.2.2.8.

The fact that the braidings are related can be checked by a similar calculation. [J

Note that the monoidal category BiModf/t (Mg M™e8) is strict as composi-
tion of functors is strictly associative, and the additional datum of compositions of
the transformations p and A is strictly associative too. However, the reinterpreta-
tion of the data of bimodule morphisms as pairs (V] ¢) yields a non-strict monoidal
category if M is not strict.

Theorem 2.2.2.10 gives an easy way to find module categories over Z5(M) from
bimodule categories over M. The resulting categorical actions is the main topic of
this chapter and will be reinterpreted in various reformulations of the braided Drin-

feld and Heisenberg double in the course of this chapter. The general statement is:

Proposition 2.2.2.11. Let V be an M-bimodule. Then there exists a natural

action by composition of functors
>: Z5(M) x BiMod y(M"#,V) — BiMod y (M™%, V).

ForV a monoidal category, G1 a monoidal and Gy a quasi-monoidal functor fac-

toring as in 2.2.2.2, we obtain an action
=1 Zg' (M) x D25 (M) — D2 (M),

Proof. The first statement follows by using the action of BiModﬁA (Mree Mreg)
on BiMod (M"™8,V) by composition and relating it to the Drinfeld center by
2.2.2.10. Note that there is no dependence on B in this statement.

For the second part, the action (V,c¢) = (W, d) = (V@W,d"®W) of a pair (V, c)
in Z5§' (M) on a pair (W,d) in 1 Z5>(M) is defined as

A" = ag, 0wy (ex @ 1dw)ay g, ) w(1dv @dx)avway(x)-
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It follows by combining bimodule coherences and naturality that d"®" again sat-
isfies (2.2.12). Note that this does not require G to be compatible with o™, o¥.
The isomorphism x := (a¥)~! is the coherence for the action defined, which is
clearly compatible with o¥. This action restricts to the (F, P)-admissible subcat-
egories as, by definition, d"®"V is obtained by combining ¢ and d. Hence if both
of these centralizing isomorphisms are related to U as in (2.2.14), then so is their

VW

tensor product ¢ , using that

B (U pvy,rcxy @ 1d) () T Id @V pawy raa(x)) ) a® = \I/F(V)®F(W),F(G2((X))a |
2.2.18

where we use that F(G1(X)) = F(G2(X)). O

Given that V has (left) duals (that is, the category V is rigid), we can show

that the relative Drinfeld centers inherit the same structure.

Proposition 2.2.2.12. Let V be a rigid category, G: M — V a monoidal functor.
Then the center Z5 (M) is rigid with the dual of an object (V,c) given by V* with

commutativity isomorphism

= (evy @Id) (o' @ Idy+)(Id®(ck) ™ @ Id) (e ® Id)a ™' (Idy+ga(x) ® coevy).
(2.2.19)

The coevaluation and evaluation morphisms are the respective maps in M.

Proof. Note first that a monoidal structure is necessary to talk about rigidity of
a category. Hence the restriction G = G; = G5. Now c¢* is a well-defined natural
transformation V* @ G = G ® V*. It is easy to see that ¢* is ®-compatible and
thus (V*, ¢*) gives an element of Z¢(M). Moreover evy and coevy commute with
c®c* and c¢* ® c. We will sketch in more detail how commutativity with evy can

be proved. This will be straightforward after proving that

(evv X Idx)Oé‘;;V’X (Idv* ®C;(1)Oév*7x’v = (IdX ® GVV)OéX’V*’V(C; ®Idv) (2220)

Starting from the right hand side of the equation, using the definition of ¢*, we

extract the expression (Idy ® evy)a!(coevy ®Idy ). This is done using naturality

1

of a~! in coev, ev or ¢y and the hexagonal axioms. This expression equals Idy

by rigidity of M.
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It remains to check that the dual (according to Proposition 2.2.2.12) of an
admissible object is admissible again. For this, note that for any X of B and
(F, P)-admissible (V,¢) in the center, we have that F (c;%X)) can be expressed
in terms of the inverse braiding and structural isomorphisms. From this we can
conclude admissibility of (V*, ¢*). O

The next lemma shows how to extract the inverse of the centralizing isomor-

phism from the definition of the dual.

Lemma 2.2.2.13. If M has duals, then the inverse can be described using the
definition of the dual as

ey’ = (d®(Id®ev))(Idy ®a)(Id®ck @ Id)(Idy @a Hayy+ xgv (coev @ Idxgy ).
(2.2.21)

Proof. Key in the proof is to use (2.2.20). We first extract the right hand side of
this equation in the right hand side of the claim. After applying (2.2.20), we use

1

naturality of ! in ¢;' and coev as well as the hexagonal axioms to transform

the resulting composition of maps into
(Idy ®evy) @ Idx) (e @ Idx) ((coev@1dy) @ Idx )cy' = ey O

In fact, one can show that if M has right duals, then these can be used to show
that every monoidal natural transformation V®Idy = Idy ®V is automatically
invertible. This fact will be used in Section 2.2.4. For this, recall that the right dual
*V for an object V' of M is an object together with morphisms evy,: V®*V — I

and coevi, : I — *V ®V, such that the axioms

(evy ®@TIdy)ay, sy, (Idy @ coevy,) = Idy, (2.2.22)
(Ids+y @evy, )axyy sy (coevy, @Idxy) = Idsy, (2.2.23)

are satisfied.

Lemma 2.2.2.14. Let M have right duals. Then for (V,c) € Zg(M),

cx' = (ev'®@ldvgy)a™ (1d@a)(Idx ®cry @ Idey) (1d@a™ ) (Idx ®(V ® coevy)).
(2.2.24)
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Proof. Applying the hexagonal axiom and naturality of o ! in coev’ and cx we

obtain

cx(ev' @Idygx)(a ) (Id®a)(Idy Qcx x @ Idsx)(Id®a ) (Idx ®(V @ coev'y))
=(ev'®Id)(a ' @Id)a ' (Id®a ") (Id xgrx Rcx)
(Id®a)(Idx ®@cxx @Ids x)(Id@a~")(Idx @(V ® coev'y)).

Applying first the definition of the monoidal rule (2.2.12) and naturality of cxx in

coev’, followed by the right dual axioms, this expression becomes

(ev' @Id)(a ! @1d)a ! (Idy ®cx xgx ) Idxgy @ coev’)
Z((GVIX ®IdX) &® Idv)(Ozil X Idv)((IdX ®CO€VIX) X Idv) = IdX®v . O

At this general level, we can show that the relative Drinfeld center acts on the
relative Hopf center. We will later use this result to obtain twisting results on the
level of algebras (cf. 2.3.8).

Corollary 2.2.2.15. For G monoidal, there is a left action of the monoidal cate-
gory Z5 (M) on HG(M) defined by (V,c) = (W,d) = (V@ W,dV=W), where

CVDW L= ag(x)7ww(CX &® Idw)Oé;/’lG(X)’W(IdV ®dx), (2225)
for (V,c) € Z§(M) and (W,d) € HE(M).

Proof. This is a special case of the second part of Proposition 2.2.2.11, where
G = G, = Gs.

The result can also easily be seen directly using the monoidal structure intro-
duced in (2.2.2.8). The left action isomorphism y will simply be the associativity
isomorphism « in V. It is clear that with this action, the resulting object will
again be (F, P)-admissible. O

In particular, there is a natural action =>: Zg(M) x Hg(M) — Hg(M).
Remark 2.2.2.16. If M, V), B and all functors carry additional structure such as

being additive, abelian (with left or right exact functors), or k-linear, then these
structures are inherited by the mixed relative Drinfeld centers. The construc-
tions discussing in this section however work in the generality of braided monoidal

category without such structures. In Section 2.3 a k-linear setting is used.
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2.2.3 Braided Reconstruction Theory

We now present a categorical reconstruction theorem which generalizes Tannaka—
Krein duality — which is classically stated in the setting of a monoidal category C
over Vect;, — to the setting of a quasi-monoidal fiber functor F': C — B where B
is any braided monoidal category which we tread as strictly monoidal (identifying
all ways of setting the brackets), but keep track of the associativity isomorphisms
in C. We assume that the functor F is strong quasi-monoidal.?? More details
about this can be found in [88, Section 9.4.2] (or [86, 3.2] for a comodule version)
for the braided Hopf algebra case, and for the quasi-Hopf algebra case (but not
braided) see [84, Section 2| for a comodule version.

In order to state the reconstruction theorem, we need to assume certain rep-
resentability conditions on the fiber functor F': C — B. The basic assumption is
that the functor Nate(— ® F, F'): B°® — Set is representable. This means there
exists an object B € B such that

Nate(V ® F, F) =~ Homg(V, B), VYV € B. (2.2.26)
For example, if B = Vect,, C = B-Mod and F is the forgetful functor, we have
NatB_Mod(F, F) = NatB_Mod(k: (03] F, F) = HomVectk (k’, B) = B,

recovering B. To recover classical Tannaka—Krein duality, one considers the vector

space Natp.vod(F, F) for C — Vect{! under suitable assumptions (see e.g. [32]).

Theorem 2.2.3.1. Let F': C — B be a functor satisfying (2.2.26) with respect to
some object B in B. Then B is an algebra object in B and F factors as C —
B-Mod(B) L B where F is the forgetful functor.

The object B is universal in the following sense: If B is another such algebra

object in B, then there exists a unique morphism B’ — B such that the induced

29Dropping the strongness assumption leads to weak quasi-Hopf algebras. A reconstruction
theorem for such objects can be found in [52].
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pullback functor B-Mod(B) — B'-Mod(B) makes the diagram

C

B-Mod(B) —— B'-Mod(B) (2.2.27)

\/

commute.

Proof (Sketch). Indeed, the natural transformation o: B ® F' — F corresponding
to Idp under (2.2.26) gives an action of H on each object F'(X) for X € C. The

product map B® B — B corresponds to the natural transformation given by
Ux(IdB®Ux)Z B®B®F(X) — F(X),

for X € C. The unit is given by the natural transformation I ® F' = F' of the
unit of the monoidal structure of B. The morphism ox gives any object X of C
a B-modules structure, which we will sometimes denote by =. For the universal

property, cf. the dual version in [84, 2.2]. ]

In order to obtain more structure on B, we need to assume more structure on
C and that this structure is preserved by the functor F. In addition, we will need
higher representabilities. Given a morphism 3: V — B®" we can define a natural

transformation 67;(5) as the composition

VRF(X)®...QF(X,) —24 B @F(X)®...0 F(X,)

oe(ml l (2.2.28)
0x,®..Qox,
FIX)®...® F(X,) BQF(X)®...0 B®F(X,),

where the right vertical arrow is obtained by the braiding in B.

Definition 2.2.3.2 ([88, (9.40)]). We say that a functor F': C — B is higher
representable if the functors Nat(V ® F®", F®") are representable for n > 0 by the
object B®" such that a morphism 3 corresponds to 67.(3).
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This condition says that the representing object B for Nat(V ® F, F') induces
representability of Nat(V ® F®", F€") by B®". This condition is not automatic in
general. In a classical Tannaka—Krein duality setting, working with B = Vectzd,

it will be automatically satisfied.

Theorem 2.2.3.3. Let F': M — B be a quasi-monoidal fiber functor satisfying
the higher representability conditions for some object B € B. Then B is a universal
quasi-bialgebra object in B such that F factors as M — B-Mod(B) 5 B.

Proof. The coproduct A is the morphism B — B® B corresponding to the natural
transformation §: B® F? — F? defined by dxy = oxgy. For the counit, we define
F® to be the constant functor I with image the unit object I in B. The data of
a natural transformation V @ F®° — F®Y consists of only one morphism V — I.
The counit is defined to be the morphism a;: B — I. The 3-cycle ¢: I — B®3
corresponds to the natural transformation F'(ay y z), coming from the associativity
isomorphism in M. The quasi-coassociativity of A now follows (under translation

with use of the higher representability condition) from the commutativity of the

square
BOF(X®Y)®2) 22 dp o p(x o (Y ® 2))
0(X®Y)®Zl UX@(Y@Z)I (2.2.29)
F(X®Y)®7) — 2 L F(X @ (Y © 7)),

for object X, Y, Z of M, which uses naturality of . Moreover, the hexagonal axiom
translates to the 3-cycle condition. The proof that A is an algebra homomorphism
in B uses naturality of the braiding (see [88, Figure 9.16(b)]). Note that also
for quasi-bialgebras, A is an algebra homomorphism, i.e. the bialgebra condition

holds strictly (not up to isomorphism). O

If we assume even more structure on the category M and B, we obtain more
structure on the representing bialgebra B. We will need the following preliminary

observation regarding the interplay of left and right duals in B:

Lemma 2.2.3.4. If B is a braided monoidal category (with associativity isomor-
phism «) which is rigid (i.e. left duals exist). Then the left dual of an object V is

also a right dual.
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Proof. Recall that a right dual *V for an object V' of B is an object together with
morphisms ev}, : V®*V — [ and coevi,: I — *V®V/, such that (2.2.22) is satisfied.
Using the braiding on B, we define ev}, := evy U~ and coev), := W coevy. This

gives V* the structure of a right dual. O

Let F' be a quasi-monoidal functor. In order to recover the antipode of B,
we need to assume the existence of a natural duality isomorphism dx: F(X)* —
F(X*). If F'is monoidal, then dx = (evp(x) ®Idpx#))(Idpx)x @F (coevy)). We
require that the compatibility condition dxgy = dy ®dx of the monoidal structure
with the duality holds.

We say the quasi-monoidal functor F'is rigid if d exists, and for the evaluation

and coevaluation morphisms in M, the conditions

eV = evpx)(dx ®1d), coevy = (Id®dy) coevpx), (2.2.30)
are satisfied for any object X of M.
Theorem 2.2.3.5.

(a) Let B be rigid. Then M and the functor F are rigid if and only if the
representing object B is a quasi-Hopf algebra object in B.

(b) Let B be a braided monoidal and rigid. Then M has left and right duals on

the same object, and F' s rigid, if and only if S has an invertible antipode.

(c) Let B be braided monoidal. Then M is braided monoidal if and only if we
can define a second coproduct AP (see Definition 2.2.3.7) and a universal
R-matriz turning B into a quasitriangular quasi-bialgebra (respectively quasi-

Hopf algebra if we are in case (a)) in B.

In the following, we will explore these structures more concretely and sketch
the proofs. For part (a), we first define the map a as the map I — B corresponding

to the natural isomorphism

(Id®F(evx))(Id ®@dx ® Id)(coevpx)®@1d),
while b is defined using

(Id®evrx))(1d@dy' @1d)(F(coevy) ®Id).
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This implies that
F(GVF(X)) = eVF(X)(Id®Ux)(Id®(Z®Id), (2231)
F(COGVF(X)) =0x X Id(b X IdF(X)@F(X)*) COGVF(X) . (2232)

The dual action is defined as 0% := dy ox+(Id®dx). We then define the antipode
as the morphism S: B — B corresponding to the natural transformation BQ F —
F defined for an object X of M as

(Id@eVF(X))(Id ®d;(1)(1dp(x) Rox+ Q Id) (‘If Rdx ® Id) (IdB @ coevp(x) ®IdF(X)).

That is, translating the action ox+ on the dual to an action on F(X) using conju-
gation by dyx. We directly derive a formula for translating between the action on
F(X) and the dual action:

evF(X)(>* &® IdF(X)) = evF(X)(Id ®>)(\If X IdF(X))(S X IdF(X*)@F(X))- (2.2.33)

We can now easily proof the antipode axioms (2.1.9). We also check directly
that the duality conditions in H-Mod(B) are equivalent to the conditions (2.1.10).
This completes the proof that having an antipode for B is equivalent to the exis-
tence of left duals in M via reconstruction.

For part (b), we need the following Lemma regarding the antialgebra and coal-

gebra morphism properties of the antipode.

Lemma 2.2.3.6. The antipode S satisfies
Sm =m¥(SR®S), AS = (S®S)TA. (2.2.34)
If the inverse S~ exists, then it satisfies
Stm=mU N (ST®s ), ASt=(StTes Hu A (2.2.35)

Proof. Tt is an exercise to adapt the proof of [88, Figure 9.14] to quasi-Hopf alge-
bras. This proof uses (2.1.10) for ¢ O

Using this Lemma, we can further observe conditions on S~! which are equi-

valent to the antipode axioms (2.1.9):

m*(Id®a® S )V A = ae, m*(S @b IV A = be. (2.2.36)

49



We now turn to the proof of (b): In Lemma 2.2.3.4, we saw that B has right
duals. Given that the antipode S is invertible, we can use the left duals in M to de-
fine right duals. The right dual *F(X) is defined to be F(X)* with (co)evaluation

maps

ev' = ev(Id®o)(1d®S 'a®@Id)¥ !, (2.2.37)
coev' = U(o @1d)(S™'b®1d) coev . (2.2.38)

It is not hard to check that the maps ev},( X coeV’F( X) give the left dual F(X)* a

right dual structure. The proofs use Lemma 2.2.3.6 and Lemma 2.2.3.4.
Conversely, given right duals * X in M on the same objects, we view the natural

transformation dx as dx: *F(X) — F(*X). We then apply reconstruction to the

natural transformation
(Id®evrx))(1d@dy @Id)(Id ®o+ x ) (¥ ' @dx ®Idr(x)) (Ids ® coevpx) @ Idp(x)),
to give a map S’: B — B. If we define the right dual action as

*> = dy oy (Idp ®dyx), (2.2.39)
then we can derive the following property:

eVF(X)(*I> & IdF(X)) = evF(X) (IdF(X)* ®l>) (IdF(X)* ®S, ® IdF(X))(\I/ ® IdF(X))

(2.2.40)

Further, the morphisms
coeviy = V(Id®@"=>)(Id®b ® Id) coevp(x), (2.2.41)
eVTM = eVF(X) (*l> X Id) (a X IdF(X)®F(X)*)\Ifil (2242)

are morphisms of left B-modules in B. We can now show that the map S’ is inverse
to the antipode S recovered from the left module structure in M. One checks that
the right duality axioms correspond to the conditions (2.1.10) after application of
the antipode S.

For the readers convenience, we include the definitions of the antipode (and its

inverse) via reconstruction theory using graphical calculus in Figure 2.2.1. This
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Figure 2.2.1: Antipode reconstruction

> ®
ele = @ , coele = Qm , eviy = % , coevy = @
/

Figure 2.2.2: Duals of left modules

generalizes [88, Figure 9.15], where the definition of m, A, 1, € are as given there.
Further, the duality structure on M = B-Mod(B) is given in Figure 2.2.2.

To describe the structure on B obtained from the braiding, and thus proof (c),
we will need a general definition of an universal R-matrix in a braided monoidal

category. For this, we have to consider the opposite coproduct AP of [86, 2.5].

Definition 2.2.3.7. The opposite coproduct AP is defined to be the morphism

B — B® B in B corresponding to the natural transformation 7 given by

XY = \IJE%XLF()/)O’Y@)X (Id QY pex),r(v))- (2.2.43)

That is, the action of the opposite coproduct satisfies the identity

(mv @) (ldp ®V ® Idygw ) (AP @ Idvew) (2.2.44)
= (I>V ® I>W)(IdB ®\P_1 ® Id\/@W)(\I/_lA ® Idv®w). o

Dually, we define the opposite product m°P.

We express this diagram using graphical calculus in Figure 2.2.3 (the opposite

coproduct A°P is labeled with cop in the diagram).

Remark 2.2.3.8. In the symmetric monoidal case, A®“P is the usual opposite co-
product WA, but this does not hold in a general braided monoidal category B.
The two following lemmas, which will be needed in Section 2.2.4, explain the

relationship in the general case.
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cop

Figure 2.2.3: The opposite coproduct

Lemma 2.2.3.9. Let B be a quasi-bialgebra in B with coassociator ¢.

(a) Denote by B®™P the object B equipped with the same product but opposite
coproduct A®P. Then BP is a quasi-bialgebra object in B (with coassociator
¢~ 1). By definition,

B“P-Mod(B) = “* B-Mod(B),

1s an isomorphism of monoidal categories. If B is a quasi-Hopf algebra, then

so is BP with the same antipode S (and the same elements a, b as B).

(b) Denote by B°P the object B with the same coproduct but opposite product
m°. Then B is a quasi-bialgebra object in B (with coassociator ¢). By
definition,

B®-CoMod(B) = °* B-CoMod(B).

If B is a Hopf algebra, then so is B°P with the same antipode S (and the

same a, b as B).
Proof. This is an exercise in graphical calculus. O]

We need to introduce further structure via reconstruction to state the axioms
for a universal R-matrix in this general setting. Similar to the definition of the
opposite coproduct, we introduce twisted coassociators. For any element o € Sj,
we define ¢7 by reconstruction corresponding to the transformation W_!F(a)¥,,,
where W, is the composition of Us acting on two of the three tensor components
according to a minimal expression of o as a product of transpositions of adjacent
indices. For example, if 0 = (13) = (12)(23)(12), then ¥, = (v QId)(Id ®¥)(¥V ®
Id). Such an expression of ¢ is not unique, but the resulting ¥, is independent of

choice.
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After these preliminary observations and notations, we turn back to part (c)
of the proof of 2.2.3.5. The universal R-matrix R corresponds to the natural

transformation o given by
oxy = \I/;“%X),F(Y)F(\Ijé\(/fl/): F& — F€2,

It satisfies the following axioms, obtained from the braiding axioms (in M):

mB®B(R®A) = mB®B(AC°p®R), (2245)
(IA®@A)R = mhes (7)) @ (@1 I)R@ ¢ ® (RO 1) @¢7Y),
(2.2.46)
(AP QTR = mies(6"Y © (1@ R) @ (7)™ @ (@1 ® ) R) @ ).
(2.2.47)

Remark 2.2.3.10. For the purpose of Sections 2.3.4 and 2.4, we either have B =
Vect, which is symmetric monoidal, or ¢ = 1 ® 1 ® 1, so these axioms simplify.

We include this generality for completeness.

We are particularly interested in cases for which the functor M — B-Mod(B)
is an equivalence. For this reason, we mention a version of the reconstruction
theorem similar to Tannaka—Krein duality [81, Theorem 2.1] (where comodules

are used).

Theorem 2.2.3.11. Let M be a rigid monoidal category which s k-linear over
Vectid and equivalent to as small one. Then there is a finite-dimensional quasi-
Hopf algebra H over k with invertible antipode such that M = H—Mod(Vectid).

This theorem can be viewed as a special case of Theorems 2.2.3.3 and 2.2.3.5.
As before, if M is braided, then H is quasitriangular. The following result may
be useful when addressing the question whether M =~ B-Mod(B):

Lemma 2.2.3.12 (cf. [52, Theorem 16]). If the functor F': M — B is faithful,
then the functor M — B-Mod(B) is fully faithful.
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2.2.4 Yetter—Drinfeld and Hopf Modules

For the reminder of this section, let M = Mod-B(B) where B is a quasi-bialgebra
object in B. We want to reinterpret the categories Z(M) and H(M) in more
familiar terms leading to the definition of Yetter—Drinfeld and Hopf modules.
Note that the quasi-monoidal forgetful functor F': M — B always has a section
triv given by the functor mapping an object X in B to the trivial module X on it
(with action given by the counit of B). This functor is the identity on morphisms.

In the following, we will often omit writing the functor F.

Remark 2.2.4.1. We are considering right B-modules in this section to make a
description of the center in terms of right B-modules and left C-modules more
convenient (for C' dually paired with B) in Section 2.3.2.

A priori, it seems that we can choose whether to consider the forgetful functor
F as mapping to B or B. It turns out that it is necessary to use B for the
description of the center in terms of YD -modules even though this choice may

seem less natural.

Warning 2.2.4.2. The reconstruction theory in Section 2.2.3 for quasi-Hopf alge-
bras is not symmetric with respect to switching to right modules. Right action
by the coassociator ¢ gives the inverse associativity isomorphism o ! rather than
«. This happens because for right modules we read the action of a product of ele-
ments from left the right, while for left modules from right to left, and the 3-cycle
condition (2.1.8) is not left-right-symmetric. Note that this problem does not oc-
cur in braided Hopf algebra reconstruction (the case ¢ = 1) as then all conditions
are symmetric.

This has the following consequences for reconstruction of duals in Mod-B(B):

eviy = evrx)(Idpons @<)(Idrxnsegron @S D), (2.2.48)
coele = (2 ®Idpx)(Idpx) ®Sla® Idp(xyx) coevpx), (2.2.49)
eviy = evpo)(Idpxox @<) (Idpox)rerx) @by, (2.2.50)
coeviy = ¥(< ® Idpx)+) (Idpx) ®a @ Idpexy+) coevpx) . (2.2.51)

These left and right (co)evaluations in Mod-B(B) are depictured in Figure
2.2.4.
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evh, = , coevh, = @ , eviy = , coev =
/

Figure 2.2.4: Right module duals

Definition 2.2.4.3. Let B, C be quasi-bialgebras in a braided monoidal category
B with a morphism G: B — C of quasi-bialgebras.

(a) Define the category of Yetter—Drinfeld modules over (B,C) in B, denoted
VDB (B), as having objects V of B with a right action < of B, together
with a map §: V — C ® V (called quasi-coaction) which satisfies the rules

given using graphical calculus in Figure 2.2.5.

Vew VvV W

c CV c C Vi cvew
Figure 2.2.5: Quasi-comodule conditions

In the case where B and C are strict bialgebras (i.e. with trivial coassociator
¢), these rules give that § is a left C°P-coaction in B. Further, the two

structures 0 and <1 satisfy the Yetter—Drinfeld condition

(m®Id)(GR) VU H=w®Id)(Id®A) = (m®Id)(Id ®GR<)(1d @¥RId) (§QA).
(2.2.52)
Morphisms in ¢esYD?(B) are those commuting with the B-module and C°P-

quasi-comodule?!' structure.

21This definition is not the same as the quasi-comodules in [16, 2.1].
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(b) Further, define the category of Hopf modules over (B,C) in B, denoted by
cosHB (B), which consists of objects of B with a right action and a map § as

above (satisfying the first rule in Figure 2.2.5), such that the Hopf condition

§< = (m®I)(1dQG ® <)(1d®@¥ @Id)(§ @ A) (2.2.53)

is satisfied. Again, morphisms commute with the action and quasi-coaction.

Note that in the case where B and C are strict bialgebras, the Hopf module
condition can be reformulated by saying that ¢ is a morphism of right B-modules,
where C' is a B-module via the action induced by G: B — C'. It is helpful to use
graphical calculus to visualize the different conditions in Figure 2.2.6. The first
picture displays the compatibility condition for YD-modules, the second one for
Hopf modules. The reason why C°P appears instead of C' is to make the category
of YD-modules into a monoidal category (see e.g [22, Lemma 3.3.2] for a direct
proof in the non-quasi-case). This fails when using C'. Note that the coassociator
¢ only appears in the comodule and monoidal rule for YD-modules but not in the

compatibility condition.

V B V B V B V B
c v c v ., C VvV c Vv

Figure 2.2.6: Right module YD- and Hopf-compatibility conditions

Considering left instead of right B-modules we obtain the category SYD(B)

with compatibility conditions from Figure 2.2.7.
Proposition 2.2.4.4. Let B be a quasi-bialgebra in B.

(a) The category gwYDP(B) is monoidal (combining the monoidal structures

of Mod-B(B) and the second rule in Figure 2.2.5) and pre-braided®® with

22That is, the braiding is not necessarily a natural isomorphism.
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pre-braiding given by
plP = (2 ®@1dy)(Idw @) ¥ . (2.2.54)

The forgetful functor g=YDE(B) — B is quasi-monoidalP® and preserves the
pre-braiding.

(b) The category 5YD(B) is monoidal and pre-braided with pre-braiding
PV = (e@I1d)(Ide¥)(f @1d). (2.2.55)

The forgetful functor BYD(B) — B is quasi-monoidal and preserves the pre-
braiding.

Proof. These statements will all be proved in 2.2.4.7. Using graphical calculus
(and 2.2.56), the braidings are given in Figure 2.2.8. O

Corollary 2.2.4.5.

(a) The forgetful functor gsYDP(B) — Mod-B(B) is a monoidal functor of
pre-braided monoidal categories.

(b) The forgetful functor BYD(B) — B-Mod(B) is a monoidal functor of pre-
braided monoidal categories.

23The forgetful functor is monoidal if B is a bialgebra.
B V B Vv B V B v
c Vv C V., c Vv C Vv
Figure 2.2.7: Left module YD- and Hopf-compatibility conditions
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BW\I}B = ) g\:[/ = X

Figure 2.2.8: The braidings of YD-modules
V

5 = -

|

Figure 2.2.9: The right quasi-coaction ¢’

Lemma 2.2.4.6. Let B, C' be quasi-Hopf algebras in B with a morphism G: B —
C' preserving the structure. For any YD-module V' over (B, C') with quasi-coaction

0, and any C-module X, the map
cO)x:VOX ->XQV, c(d)x:=(=@I)Id@)V,",

has an inverse c(8)%': XQV — V@X which equals (Idy @<)(¥ ®@1de)(Idx ®0'),
for a right C'-quasi-coaction §'. We give the formula for &' in Figure 2.2.9.

Proof. We first show that ¢(§)~! is a right inverse to ¢(d). For this, it suffices to
show that ¢(0)cd’ = 1®@Idy. Insert 1®1®1 = (mM®I1d)(Id®S ® Id)((AG) ®
Idg ®G)¢ into the right hand side of this equation ¢’ so that the right hand side
of (2.1.8) appears. Next, apply the 3-cycle condition and note that, using Figure
2.2.5, mpes(S®a®Id)(A®Idy)d = a appears. The expression then simplifies to
1 ® Idy using (2.1.10).
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To show that c(§)~! is a left inverse, it suffices to show that ¢(6)5'd = Idc ®1.
This is done in a similar way to the first part (using 3-cycle manipulations and the

antipode axioms). O

Proposition 2.2.4.7. Let B be a braided monoidal category, B a quasi-Hopf al-

gebra in B. Further assume that
G: Mod-C(B) - Mod-B(B) = M

be a monoidal functor factoring through the forgetful functor F. Then the cate-
gory Z§ (M) is isomorphic as a monoidal category to the category of YD-modules
C@yDB(B). If G = Idny, then the isomorphism is one of braided monoidal cate-
gories. Further, the category Hg (M) is isomorphic to the category of Hopf modules
conHE(B).

Proof. As G factors through F', G is monoidal. Further observe that by the univer-
sal property of reconstruction (2.2.27) the functor G is equivalent to a morphism
of quasi-bialgebras B — C' which we also denote by G.

First, consider the case of Z5(M). We recall that all objects in Z5 (M) are
(F, triv)-admissible. To fix notation, we write Nat®(V ® G,G ® V) for monoidal
transformations satisfying (2.2.12) which are not necessarily invertible. Using Nat

instead of Isom in the notation of (2.2.13), we can define a functor
5(—): Natf(V® G,GRV) — = YD”(B)

by mapping (V,¢) to V' with the quasi-coaction §(V,c): V' — C ® V defined as
cp(Idy ®1). On morphisms, § is just the identity. Conversely, define ¢(d) for a
coaction 0 on V to be the natural transformation V® G — G ® V defined by
c(O)v = (=@ Idy)(Idgx) ®G @ Idy ) (Idg(x) @)Wy g xy: VO G(X) = G(X)®V
for any object X of M, using the inverse braiding ¥~! in the base category B.
We have to show that the functors § are well-defined (i.e. map to the categories
claimed). For this, we first verify that under the functor 6(—), the requirement that
¢ is ®-compatible gives that d(c) is a C-quasi-comodule and vice versa. Further
we have to show that the Yetter—Drinfeld condition (2.2.52) for §(V,¢) and the
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B-action on V' corresponds precisely the condition that cg(Id®1) is a morphism

of B-comodules. The key observation to prove this is the identity

Note that this identity crucially depends on (F, P)-admissibility. It is computed
by observing that Idy = <(Idy ®1), where we view <1 as a morphism of B-modules
V@ B — V. The equality arises if we apply naturality of ¢ to the regular action
<1: B ® B — B. Note that all the associativity isomorphisms (which enter the
picture as right action by ¢) vanish because they act on B™. In order to prove
the observation above, we use 2.2.2.8 and rewrite it using (2.2.56).

The mappings § and ¢ are mutually inverse: It is clear that 6((V,c(d))) =
d as ¥(Id®1l) = 1 ®Id. To verify that ¢(§(V,c)) = ¢ we use that the action
< is a morphism of right B-modules V™ ® B — V, where B has the regular
action. Applying naturality of ¢, monadicity of ¢, and the assumption that (V,¢)
is admissible over B implies that ¢(6(V,c)) = c. This establishes that §(—), with
inverse ¢(—), form an isomorphism of categories.

For ¢(§) to give an object of the center, it needs to be invertible. This is not
true for general quasi-bialgebras, but can be assured using the assumption that
the antipode S exists. For this, we use Lemma 2.2.4.6. Hence Z§ = o YD"(B)
is an isomorphism of categories via the mutually inverse functors 6(—) and ¢(—).

Looking at the Hopf-center HE(M), we note that the one can run an anal-
ogous argument to establish an isomorphism with the category of Hopf modules
cosHB(B). In this case, the compatibility condition obtained is (2.2.53).

Next, restricting to the case where G = Id, we note that the monoidal struc-
ture and braiding of ceYD?(B) are precisely the ones induced by the monoidal
structure of Z§(M) thus making the isomorphism ¢ an isomorphism of braided
monoidal categories. Monadicity of the equivalence can also be show for a general
monoidal functor G.

If B is only a quasi-bialgebra, the equivalence does not hold as stated, as &®-
compatible natural transformations are not necessarily invertible. We however still
obtain a pre-braiding on the category of YD-modules. This establishes Proposition
2.2.4.4 of which we had postponed the proof. The key observation for translating
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properties and constructions in Z5 (M) to the description in terms of Yetter—
Drinfeld modules is (2.2.56). Using this, the monoidal structure in the Drinfeld
center (cf. 2.2.2.8) translates precisely to the claimed monoidal structure on the
category of Yetter—Drinfeld modules (which comes from the coaction on B and
the second axiom in Figure 2.2.5). This completes the proof of the isomorphism
of monoidal categories Z§ (M) = oY D" (B). O

The case we will be most interested in is G = Id . In this case the category
Z5(M) is equivalent to the category of YD-modules over B in B, and the category
Hp(M) is equivalent to the category of Hopf modules over B in B.

Similarly, for left B-modules, the categories Z3(B-Mod(B)) and 5YD(B) (and
the corresponding Hopf-versions), are isomorphic as (braided monoidal) categories.

Consider the isomorphism of categories
Mod-B(B) — B*?-Mod(B), (V,<)— (V,=:=<¥ (S ®Idy)).
As the center constructions are stable under isomorphism, we find that
Zs(B-Mod(B)) = Zz(Mod-B“?(B)), (2.2.57)

and the corresponding equivalence for the Hopf centers holds.

Remark 2.2.4.8. 1t is important to note for later applications that Proposition
2.2.4.7 does not rely on B being rigid. This will enable us to work with the

category of countably infinite-dimensional vector spaces later.

A fundamental theorem, proved in this general form in [23, 3.5.2], states that

provided that in the category B equalizers split, there is an equivalence of categories
Hz(Mod-B(B)) = B, for B a Hopf algebra object in B. We can recover part of

this statement in the quasi-case:

Theorem 2.2.4.9. Assume that B has split idempotents and let B be a quasi-Hopf

algebra in B. Then there exists a functor
Res: Hz(Mod-B) — B, Vi VE
with right inverse given by the fully faithful functor

Ind: B — H(Mod-B), V —>(B®V,(=®Idy)(Idz@V),6 ®1dy), ¢~ Ids®y.
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Proof. First check that the functor Ind gives Hopf modules as stated, which is an
easy exercise in graphical calculus. Next, it is possible to see that the functor Ind is
fully faithful. To prove fullness, use that each morphism f: Ind(V) — Ind(W) is of
the form Idg ® f', where f' = (e®1Idy) f(1®Idy) (using an analogous computation
as in [23]).

Next, given a Hopf module (V,<, d), we consider the morphism
ey i=<(<x®a )(Idy @S HU Hldp®<)(d R a). (2.2.58)

Using the antipode axiom and the condition (2.2.53), we can show that ey is an
idempotent in B. By assumption on B, it splits as ey, = vymy, where vy : VB -V
and 7y : V — VP for an object VB of B, s.t. w1y = Idys. We can now define the
functor Res using a choice of such a splitting. On morphisms, we map f: V — W
to mw fuy. To show this gives a functor, we use the identity that fe, = ey f for

any morphism of Hopf modules. This follows directly from f commuting with

and .
It is easy to check that ResInd =~ Idg directly. Observe that in this case,
= (1®Idy), and 7 = (¢ ® Idy) for the object Ind(V) = BRQ V. O

Note that if both M and its strictification (from 2.2.1.6) are higher repre-
sentable, then we can conclude that Hg(M) = B is an equivalence of categories
using the proof of [23, 5.3.2].

Remark 2.2.4.10. The construction of ¢’ in Lemma 2.2.4.6 gives a functor
O: e YD"(B) - YDE(B),

to the category of right YD-modules, which is the identity on morphisms. This
functor is part of a monoidal equivalence of categories. This symmetry is not valid
for Hopf modules. In fact, for (V,c) € HE(Mod-B(B)), the pair (V,c) is not a
right Hopf module over (B, C).

Recall that, given B is rigid, then it has simultaneous left and right duals (cf.
Proposition 2.2.3.4). Further, M has left left and right duals if and only if B
is a quasi-Hopf algebra with invertible antipode (cf. 2.2.4.2). We reinterpret the
results of Proposition 2.2.2.12 under the equivalence of Proposition 2.2.4.7 showing

that in this case the categories of YD-module have duals.
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Corollary 2.2.4.11. Let B, C be quasi-Hopf algebras, G: B — C'. Then the
category = YDP(B) is rigid. The left dual action is given by

<* = (evv (9] Idv*)(ldv* X< Idv*)(ldv*®v ®\IJV*,B) (Idv* (03] coevy ®S_1),
(2.2.59)

and the dual quasi-coaction 0* is defined, using graphical calculus where the right

quasi-coaction ¢ is denoted by [~ , as depictured in Figure 2.2.10.

V* V*

B V* B V*

Figure 2.2.10: Dual quasi-coaction

Proof. The formula for §* follows by translating Proposition 2.2.2.12 under (2.2.56).
We use ¢’ to express the inverse commutativity isomorphism in terms of YD-
modules. One can then use the functor © to compute this from the data of

the quasi-coaction §. The dual right B-action on V* is the usual dual action in
M = Mod-B(B). O

Finally, it is now a direct corollary that the category ps»YD”(B) acts on the
category pssHP(B) on the left, using Proposition 2.2.4.7 to translate Corollary

2.2.2.15 to the module-(quasi-)comodule description of this section.
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2.2.5 Quasitriangularity

Note that for any monoidal category M over B, there always exists a forgetful
monoidal functor F': Zg(M) — M. In this section, we want to study the situation
when this functor has a right inverse, i.e. a fully faithful monoidal functor R: M —
Z(M) such that there exists an natural isomorphism v: FR = Ida. This
will induce a braiding on the category M coming from the braiding ¥ of Z =
Z5(M). Note that the natural isomorphism ~ is required to be compatible with
the monadicity transformations p%', pff. That means that the diagram

F(N?},y)

FR(X®Y) F(R(X)QR(Y)) G ON FR(X)® FR(Y)

(2.2.60)
TXQY Tx®7y

XY

commutes. Moreover, the functor RF: Z — Z is required to be a functor of

braided monoidal categories. This means that the diagram

R(:UJZ,B)

RF(A® B) —%'R(F(A) ® F(B RF(A)® RF(B)
RF(\I/A,B)l ‘I’RF(A),RF(B{

RF(B® A “2YR(F(B) @ F(A RF(B)® RF(A)

HEA),F(B)
) ———

(2.2.61)

HEB),F(A)
) ————

is required to commute. We say that RF' preserves the braiding W in this case.

Definition 2.2.5.1. Let M be a monoidal category, Z braided monoidal, F': Z —
M a monoidal functor. We call a monoidal functor R: M — Z which is a right
inverse to F', with the data of ~ satisfying the compatibilities (2.2.60) and (2.2.61)

as above a quasitriangular structure on M. This implies that R is fully faithful.

Lemma 2.2.5.2. A quasitriangular structure R: M — Z gives a braiding on the

category M, Z =R M, such that the functors R and F preserve the braidings.

Proof. For any two objects X and Y of M, define the braiding by the composition

\P%Y = ’YY®XF((Nﬁx)fl)F(‘Pg(X),R(Y))F(Ng,y)V)}éy- (2.2.62)
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The functor F' preserves this braiding. To see this, combine three commutative
squares: The one defining ¥ applied to F(A), F(B), F applied to (2.2.61), and
naturality of v in F(¥7 5). This gives

Yrwen F R(1g 4)F (15, ray) ~ F (/Jg(B),F(A))rY;(IB)@F(A)\P%A),F(B)
= F(\Pi,B)’VF(A@B)FR(MQB)F(MII?(A),F(B))_IF(MI@(A),F(B))’7;(1,4)@1:(3)-

We can simplify to

VF(A®B)FR(MZ,B)’V}:SA)@F(B)
= MZ,B”YF(A)@)F(B)F (Mg(A),F(B))ilF (M?(A),F(B))’Yﬁ(l A)QF(B)
= 1 5 (vra) ® Yr() (Vrtay ® Vr(m) = 1 By

by first applying naturality of v in ,ui 5, and then applying (2.2.60) twice. Hence

The proof that R preserves the braiding starts by composing the diagrams of
R applied to the definition of \Ifﬁ‘{fy with (2.2.61), and naturality of U2 applied to
R(vx), R(7y). This gives the equality

qjg(X),R(Y) (R(yx)® R(’YY))N?R(X),FR(Y)R(MZ(X),R(Y))RF(M?Y)R(’Y;&Y)
= (R(w)® R(’VX))M?R(Y),FR(X)R(ME(Y),R(X))RF(NQX)R(V;(}@X)R(\II%Y)'

Applying first naturality of uf, and then (2.2.60) we can simplify to

(R(yx)® R(VY))NJ{ER(X),FR(Y)R(NZ(X),R(Y))RF(M?Y)R(%?éY)
= 1%y R(vx @ ) R(ik ) movy) RE (15 ) R(Yx gy )
= 1%y R(yxey) R(yxey) ™ = iy

This proves piff x R(WYYy) = WE 4y pyytix,y as claimed. O

Theorem 2.2.5.3. Let M be a monoidal category over a braided monoidal cate-
gory B (with functors F, P as in 2.2.2.2). Then M is braided monoidal (and F,
P preserve the braidings) if and only if M has a quasitriangular structure over

Zs(M).
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Proof. Applying Lemma 2.2.5.2 to Z5(M) shows that if such a quasitriangular
structure exists, then M is braided. It is clear that the functors F, P preserve
the braidings. For the converse, we use the functor R: M — Zg(M) defined by
mapping an object V' of M to the pair (V, \IJ{ZL), where WM is the given braiding
in M, and the identity on morphisms. n

We can recover the usual definitions of quasitriangularity (including co-quasi-
triangularity, and weak quasitriangularity (due to Majid [90, Section 2]), see Sec-
tion 2.3.3) from this more general definition using reconstruction theory. These
results can be given in the general setting over a braided monoidal category B.
To do this, we assume that the functors F' and R are strictly quasi-monoidal and

inverse to each other (i.e. v = Idpy, u?" = Idy and pft = Idg).

Proposition 2.2.5.4. A quasi-bialgebra B in B, is quasitriangular, i.e. an R-
matriz satisfying (2.2.45)-(2.2.47) exists, if and only if a quasitriangular structure
R: M — Zg(M) is given on the category M = B-Mod(B).

If we identify Zg(M) with the category of YD-modules over B, the functor R
can be identified with the functor** mapping a B-module (V,=) to the YD-module
on V with action = and quasi-coaction V(=>® Idg)(Ildg @¥)(R®Id).

Proof. Recall that by Lemma 2.2.5.2 the existence of the functor R implies that
B-Mod(B) is braided, with braiding induced by R. By higher representability
2.2.3.2 this gives the existence of a universal R-matrix R: [ — B ® B satisfying
the axioms (2.2.45)—(2.2.47). Moreover, as the functor R preserves the braiding

by construction, this gives the equality

U(ey @ o) (1d®T @ 1d) (R @ Idyegw) = (=w @ Id)(1d@T)(5y @ Id), (2.2.63)

as we assume 4t = Id. From this, we conclude that the quasi-coaction needs to be
as stated by apply naturality of the braiding to 1 — B, where B has the regular
action. The YD-condition corresponds to the R-matrix axiom that conjugation
by R transforms the coproduct into the opposite coproduct AP (see 2.2.45). The
other axioms correspond to the quasi-coaction condition and the fact that the

functor R is quasi-monoidal. Note that we need left module versions of these

24Given an R-matrix for a Hopf algebra over k, such a functor was introduced in [79].
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axioms here. These can however easily obtained from 2.2.2.8 and (2.2.12) using
braided left module reconstruction as in 2.2.3.5. Conversely, given a universal
R-matrix, one can run the argument backwards and check that the functors are
obtained from the axioms (2.2.45)—(2.2.47). O

2.3 Braided Drinfeld and Heisenberg Doubles

In this section, we use reconstruction theory to obtain general definitions of the
braided Drinfeld and Heisenberg doubles. In the case of the braided Drinfeld
double, this is the double-bosonization in [90, Proposition 4.3]. For this, we will
now leave the generality of quasi-Hopf algebras restricting to strict Hopf algebras.
The main reason for this is that the picture becomes more symmetric, as the dual
of a Hopf algebra is a Hopf algebra (which is not true for quasi-Hopf algebras).
Recall the definition of dually paired Hopf algebras from 2.1.7. We note that
the restriction to Hopf algebras leads to several simplifications. For instance, as
mentioned before, the quasi-coaction 6: B — B ® V of the definition of Yetter—
Drinfeld modules now becomes a B°P-coaction. We will summarize the simpler
formulae in 2.3.1. Next, we use the categorical definition of quasitriangularity
from Section 2.2.5 to discuss the notion of weak quasitriangularity in the setting
of dually paired bialgebras in the braided monoidal category B.

Once this preliminary work has been done, we will take B to be H-Mod or
H-CoMod where H is an ordinary Hopf algebra in Vect, which is either qua-
sitriangular or weak quasitriangular (but possibly infinite-dimensional). We then
define braided Drinfeld and Heisenberg doubles via reconstruction theory and give
explicit presentations using modified Sweedler’s notation. We also interpret the
analogues of the BGG-category O in this general context.

Finally, we explain how the categorical action from 2.2.2.15 gives that the
braided Heisenberg double is a 2-cocycle twist of the braided Drinfeld double.

This generalizes an earlier result of [71] and is the main result of this section.

2.3.1 Simplifications for Strict Hopf Algebras

As mentioned above, for B a Hopf algebra in B, the category gs»YD?(B) con-

sists of simultaneous B-modules and B°P-comodules in B which satisfy (2.2.52).
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Figure 2.3.1: Braiding and inverse braiding for strict Hopf algebras

| ,mmi%

Figure 2.3.2: Equivalent YD-conditions for strict Hopf algebras

Further, the inverse braiding can now be given in Figure 2.3.1. Furthermore, we
can introduce an equivalent form of the YD-conditions, given that the antipode is

invertible:

Lemma 2.3.1.1. The YD-condition for gs=YDP(B) is equivalent to either of the
conditions of Figure 2.3.2.

Proof. This is an exercise in graphical calculus using that m(S™!' @ Id)U—!A =
le. O

We interpret this relation as enabling us to permute the action past the coac-
tion and vice versa (similar formulas can be given for quasi-Hopf algebras, but
obstructions caused by the 3-cycle occur). For strict Hopf algebras, we can also
give simpler formulae relating the (left) dual YD-modules V* to the given struc-

tures on V.
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Figure 2.3.3: R-matrix axioms for braided Hopf algebras

Corollary 2.3.1.2. Let B be a Hopf algebra with invertible antipode in B, then

the category ==Y DP(B) is rigid. Here, the dual action and coaction are given by

0* = (evV ®S ® Idv*)(ldv* ®\I]B,V ® Idv* ) (Idv* ®(5 &® Idv* ) (Idv* ® COGVV)
(2.3.1)

= (evV ® Idv* ) (Idv* R Idv* ) (Idv*®v ®\Ilv*73) (Idv* ® coevy ®S_1).
(2.3.2)
Proof. This is an immediate consequence of Corollary 2.2.4.11, setting ¢ = 1Q1®1
and o = = 1. O

In the setting of strict Hopf algebras in B, the R-matrix axioms simplify to
the ones in Figure 2.3.3. See [88, Figure 9.18] for a proof using graphical calculus.
Conversely, given such a universal R-matrix for B, the category B-Mod(B) (or
Mod-B(B)) is braided monoidal (this is a special case of 2.2.3.5(c)).

Note that, unless we are in the symmetric monoidal case, the convolution
inverse R~! does not give an R-matrix up to application of the braiding. It is
however possible to define R°® by applying reconstruction theory to M (that is,
M with opposite braiding). The axioms for a dual R-matrix (giving a braiding on
B-CoMod(B)) can be obtained by rotating this picture in the horizontal axis.

2.3.2 Yetter—Drinfeld Modules over Dually Paired Hopf
Algebras

Given dually paired Hopf algebras C', B (see Section 2.1.7), we can embed the
category e DP(B) = Zz(Mod-B(B)) into a larger category of Yetter-Drinfeld
modules over (C, B) by applying the functor

pr®: B°-CoMod(B) — B-Mod(B), (V,d) — (V,=;5),
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Figure 2.3.4: YD- and Hopf-compatibility for dually paired Hopf algebras

where =5 = (ev®Idy)(Idg ®), to the left comodule structure of the YD-module.
The resulting category is denoted by “YD?(B) and consists of objects V of B with

a left C-action = and a right B-action <« compatible via the YD-condition

(evR<)(Id®¥y s ®1d)(Id®@=®1d)(Ac @ Id®AR) (2.33)
— (EEev)IdQ¥qy @I)(Id® < ®@1d)(Ac ® IdRAR) -

Morphisms are required to commute with both the left C- and the right B-action.
Note that the monoidal structure is given by the usual monoidal structures for
left C- and right B-modules in B. Note that the larger category is not braided in
general any more (for this, we require that a coevaluation map I — B ® C exists
in B).

We can also embed the category of Hopf modules gssHZ(B) = H(Mod-B(B))
into a larger category “HP(B) by again applying the functor g=® to the left
comodule structure. The resulting category consists of objects in B with a left

C-module and a right B-module structure such that

>(Idp®<) = (ev®<)(lde @Vy 5 @ Idg)(Ide ® =@ Idpgr) (Ac ® Idy ®Ap).
(2.34)
Again, morphisms are required to commute with both the left and right action.
We add the compatibility conditions in the language of graphical calculus in Fi-
gure 2.3.4. Note that the YD-condition given by the first diagram is precisely the
one used in [90, A.2].

Proposition 2.3.2.1. The monoidal category “YDP(B) of Yetter-Drinfeld mo-
dules acts on the category CHB(B) of Hopf modules, where V =W =V QW with
left C-action on V QW given by Ac and right B-action on VW by Ap.
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Proof. 1t is easy to check using graphical calculus that V =W is a Hopf module
over (C, B). It is also clear that a pair of morphisms f: V — V' g: W — W’
induces a morphism f®g: V=W — V' =W’ as both f, g commute with the
respective C', B actions, so their tensor product will commute with the tensor

product actions. O

Finally, we can also compute the center of monoidal categories of comodules in

terms of Yetter—Drinfeld modules.

Proposition 2.3.2.2. For a Hopf algebra object B in B, there are isomorphisms
of categories

Zz(B-CoMod(B)) =~ s YD (B),

Hy(B-CoMod(B)) = zHE ™ (B).
Proof. For (V,c) € Zg(B-CoMod(B)), consider the map = := (¢ ®Idy)cp. Using
monadicity of ¢ and the monoidal structure on the center, we find that = is a
right B®P-module. Dually to the proof of 2.2.4.7 (with the simplification that
¢ =1®1®1, we find that the datum of = allows to recover ¢, and that conversely

any right B®P-module that satisfies the YD-condition (2.2.52) gives an object of

the center. The proof for the Hopf center is again analogous. m

Corollary 2.3.2.3. There exists an isomorphism of braided monoidal categories

Z3(B-CoMod(B)) = Z5(B-Mod(B)).

Proof. This can be proved by showing that the monoidal categories B))DBW(B)
and BYD(B) are isomorphic. To do this, we recall the equivalence of categories
Mod-B®P(B) =~ Mod-“?B(B) by definition of the opposite coproduct. The latter
category is equivalent to B-Mod(B) by the functor

(V,<) > (V, = <0(S @Idy).

We use this functor to translate the datum of the right B®P-module of an object
of ByDBW(B) to a left B-module structure. It is an exercise to check, using
the alternative YD-conditions of 2.3.1.1, that the resulting left module is YD-
compatible with the comodule structure on V. Note that the braiding corresponds
to the opposite braiding. As all translations used are isomorphisms (which are the

identity on morphisms), this gives an equivalence of the centers as stated. O

71



RIS

Figure 2.3.5: A weak quasitriangular structure for dually paired Hopf algebras

Rk

Figure 2.3.6: The opposite R-matrix

2.3.3 Weak Quasitriangularity

We now apply the general categorical viewpoint on quasitriangularity from Sec-
tion 2.2.5 to a setting of dually paired Hopf algebras B,C in B. The aim is to
reinterpret Majid’s concept of weak quasitriangularity in this context as it is a cru-
cial feature used in defining braided Drinfeld doubles of braided Hopf algebras in
comodule categories as algebras. In fact, it is needed in order to include quantum
groups as an example of braided Drinfeld doubles (as done in [90]).

The aim is to rewrite the datum of a dual R-matrix via applying evaluation
to the datum of morphisms R: B°® — C. In Figure 2.3.5 we define two ways of
doing this. Here, R°P is the dual R-matrix obtain by reconstruction such that the
condition of Figure 2.3.6 holds. We will in general need to remember the datum of

two morphisms R and R. It is furthermore required that ev is a pairing satisfying

ev(me ®Idg) = ev(lde ®ev®Idg) (Idecge ®AR),

(2.3.5)
ev(Ide @mPy) = (ev®ev)(lde @Yo p ® Idp) (Ac ® Idpgn)

The reason for this is that we want to be able to write the braiding of B°P-
comodules in terms of the induced C'-module structure. In Figure 2.3.7, there are
two ways of doing this, using the C-module structure on either tensorand of the
braiding.

Being able to rewrite the dual R-matrix in this way is essential if we want
to apply module reconstruction to braided categories of comodules, for the reason

that we need to express all formulas in terms of the induced action (from a coaction)
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Figure 2.3.7: Braidings for weak quasitriangular structures

via ev. This is used in the construction of the quantum groups U,(g) as braided
Drinfeld doubles (cf. 2.3.5.11).

Our definition of weak quasitriangularity resembles the idea of the definition in
[90, Section 2]. It also gives an intermediate notion between the stronger require-
ment of C' having a universal R-matrix and the weaker assumption of B°? having

a dual R-matrix.

Lemma 2.3.3.1. Given a pairing ev as in (2.3.5) and let R: B® — C be a
morphism of bialgebras in B. Then for any given left B°®-comodule (V,0) in B,

(i) =:= (ev®Idy)(R®) is a left B°®-module in B, and
(i) < := (ev®Idy)(R® V) (6 ®Idp) is a right B°**P-module in B.

Proof. This is not hard to check, using (2.3.5) and the definition of the (co)opposite
product. Note that B°P®P = (B°P)P and hence is a bialgebra in B. O

Proposition 2.3.3.2. Let R: B® — C be a morphism of Hopf algebras with an
evaluation as in (2.3.5) such that the condition
(mg’ ® eV(R ® IdB))(IdC ®\11073 ® IdB)(AC ® AB)

(2.3.6)
= (QV(R ® IdB) ® mB)(IdC ®\IIC7B ® IdB)(AC ® AB>

holds. Then there exists two quasitriangular structures on the category of co-
modules B°°-CoMod(B) in Zz(B®-Mod(B)), both with respect to the forgetful

functor.

(i) The functor mapping (V,6) to (V,0,>:= (ev®Idy)(R®?J)) as in 2.3.3.1(1).
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(ii) The functor mapping (V,8) to (V,0,> = (ev®Idy)(R® ¥)(§ ® Idg) V(S ®
Idy)), which is the composition of the functor in 2.3.3.1(ii) with the equiva-
lence 2.3.2.5.

Proof. In Lemma 2.3.3.1, we checked that the stated compositions of maps in-
deed give left B°P-modules (respectively right B°P®P-modules). The condition
(2.3.6) is precisely what is required for the resulting map ¥ as in Figure 2.3.7
to be morphisms of comodules. Hence, B°°-CoMod(B) is braided. This gives
the quasitriangular structure of (i) as described and a quasitriangular structure of
B°*-CoMod(B) in Zz(B°*-CoMod(B)). By the equivalence 2.3.2.3, this corres-

ponds to the quasitriangular structure (ii) as stated. ]

Definition 2.3.3.3. A weak quasitriangular pair for dually paired Hopf algebras
C, B is the datum of two morphisms of Hopf algebras R, R: B’ — C' in B which
satisfy (2.3.6), s.t. with respect to a pairing ev of B° and C' as in (2.3.5), the

axioms from Figure 2.3.5 hold.

Note that such maps R, R are automatically convolution invertible with con-
volution inverses given by R™! := RS and R ' := RS. The existence of quasitri-
angular structures as in 2.3.3.2 does not imply the existence of the maps R, R. In
fact, it only implies the existence of dual universal R-matrices. In the following, we
will describe how one can obtain the maps R, R via reconstruction theory under

certain representability conditions.

Lemma 2.3.3.4. If the category B°?-CoMod(B) can be (higher) represented in
the sense of Section 2.2.3 as modules over a Hopf algebra C' in B, then there exists

a weak quasitriangular pair R, R for the dually paired Hopf algebras C, B.

Proof. Consider the image of (B°P)<"8  B°P with coregular coaction given by the
coproduct, under E: B°°-CoMod(B) — C-Mod(B). This gives a map v: C ®
B — B. Note that the functor E factors through the forgetful functor to B by
assumption. We define

ev:i=ev:C®B — I.

Now let 0 be any B°P-comodule structure on an object V of B. Then ¢ is a
morphism of B°P-comodules V' — (B°P)¢r¢ @ VvV This follows simply from the
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comodule condition. Hence, § is a morphism of C-modules w.r.t. the image under

E and we derive that for the C-action (denoted by =) on V' under E we have
>=(e®Idy)dy = (e ®1dy)(>®Idy)(Ide ®) = (ev®Idy )(Ide ®6).  (2.3.7)

Hence, the functor E is induced by the map ev. From this we derive directly that
ev satisfies the axioms (2.3.5).

To find R, we apply reconstruction (of C-modules) to the natural transforma-
tion

R:BP®F — F, Rygs = (R®Q®Idy)(lds®0).
The morphism R can be obtained by applying reconstruction to
R: BPQF > F, Rys=(R®Idy)(S7'®0).
hence ev(RS ®Id) = R as required in Figure 2.3.5. O
The following proposition relates the different concepts for quasitriangularity.
Proposition 2.3.3.5. Let B, C be dually paired Hopf algebras in B.

(a) A universal R-matriz for C induces a weak quasitriangular structure for

B, C, which induces a dual R-matriz on B.

(b) Let C be the left dual of B in the sense that a coevaluation map coev: I —
B® C exists, satisfying that the usual duality relations hold. Then the three

concepts in (a) coincide.

Proof. This is due to [90, Section 2]. To prove part (a), given a universal R-matrix
for C', define

R:= (Ide®ev)(R® @1dp). (2.3.8)
To obtain R, we need to find a morphism R: I — B® B such that

(=v @ =w) 1d@¥c 5 @ 1d) (R @ Idygw)

M . . (2.3.9)
_\I/F(W)vF(V)F(\IJV,W)\IIF(W),F(V)\IIF(V),F(W)'
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This can be thought of as R°P°P and exists by higher representability. Now define
R':= (Idc®ev)(R®1dp). (2.3.10)

It was already observed in Proposition 2.3.3.2 that a weak quasitriangular structure
induced a dual R-matrix.

Part (b) follows from the observation that given a coevaluation map, the cate-
gories B°P-CoMod(B) and C-Mod(B) are canonically equivalent. O

Note that in a symmetric monoidal category this theory simplifies as R°P,
R = R can be obtained from R using the symmetry.

We will later observe that in the case of the quantum group, a weak qua-
sitriangular structure exists for the Hopf algebra CZ". This is essential in the

interpretation of U,(g) as a double-bosonization in [90, 4.3].

Remark 2.3.3.6. If B = Vecty, then the functor F: B°*~-CoMod — C-Mod is
fully faithful if the pairing ev is perfect. Clearly, F is faithful as it is the identity on
morphisms. Assume the pairing is perfect and consider a linear map f: V — W.

The expression®®

ev(g@v )@ f(0) —ev(g® (fv)V) @ (f0), YvegeC.

is zero for all if E(f) is a morphism of C-modules. But if that means that the
difference v~ ® f(v @) — (fv)"Y @ (fv)© lies in the right radical of ev. If ev is
perfect these terms have to be zero and hence f is a morphism of B°P-comodules.
This shows F is full.

2.3.4 Definition of Braided Drinfeld and Heisenberg Dou-
bles

Assume that B and C' are perfectly dually paired Hopf algebras in B. Using the
description of YD-modules over (B, C') from Section 2.3.2, we have obtained a
fully faithful functor

Z5(Mod-B(B)) — “YD"(B).

25Using modified Sweedler’s notation, cf. 2.3.5.
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In the case where B = H-Mod for a quasitriangular Hopf algebra H (or B =
A-CoMod for A and H perfectly dually paired Hopf algebras in Vect, with a
weak quasitriangular structure), we can now define braided Drinfeld and Heisen-
berg doubles via reconstruction theory (see Section 2.2.3). The advantage of this
approach is that we can extract all formulae from braided diagrams and the struc-
ture maps of the (Hopf) algebras thus defined will satisfy all the axioms by general
theory and no explicit checks have to be carried out. For the braided Drinfeld
double this repeats Majid’s construction of the double-bosonization in [90, Theo-
rem 3.2] using left H-modules instead of right ones. In [90] the computations for

the Hopf algebra structure are also carried out explicitly.

Remark 2.3.4.1. In the following, we will work over Vecty, which is the symmetric
monoidal category of countably infinite-dimensional vector spaces. We want to
work with an infinite-dimensional Hopf algebras B. Now B does not necessarily
have a perfectly dually paired Hopf algebra C' in the sense of 2.1.7. In fact, the
maximal subalgebra of the vector space dual B* = Homy(B, k) which is a Hopf

algebra with the dual structure from B is
B° ={fe B*|3l < B,dim B/I < w0},

where [ are Hopf ideals. However, C' = B° is not necessarily perfectly paired
with B. Using finite-dimensional representations, we can describe B° as the Hopf
algebra of matriz coefficients (see e.g. [24, 1.7]). From this description we obtain
the condition that B° and B are perfectly paired (with respect to the natural
pairing) if and only if no element of B acts by zero on all finite-dimensional modules
of B. As we will often work with positively graded Hopf algebras (for example,

studying Nichols algebras), we will include the following Lemma:

Lemma 2.3.4.2. If B is a positively graded Hopf algebra with finite-dimensional
graded pieces, then B° and B are perfectly paired.

Proof. Write B = @®,>0B, and consider the finite-dimensional module B_.; :=
B/®,>rB,. For each b € B, we find that b € @,<xB, for some k. Then 0 #
b-1€ B_p,1, so we have found a finite-dimensional module on which b acts non-

trivially. ]
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Lemma 2.3.4.3. For C' and B dually (not necessarily perfectly) paired bialgebras
in B, the forgetful functor YDP(B) — Vect,, is higher representable on the vector
space C @ H® B. The same holds true for the functor “HP(B) — Vecty.

Proof. The structure of an object of the categories of YD- or Hopf modules over
B,C can be encoded by the action maps of B, C' and H. The compatibility
conditions and all other axioms are expressed by conditions involving the action
of these vector spaces on modules. This basic observation can be used to show

(higher) representability. O
Definition 2.3.4.4.

(i) The braided Drinfeld double Dring(C, B) is the Hopf algebra obtained from
“YDP®(H-Mod) by reconstruction ([88, 9.4.1], or Theorem 2.2.3.3, 2.2.3.5)
on C® H®B. If A, H have a weak quasitriangular structure, denote the
algebra obtained by reconstruction on C ® H® B from “)D? (A°P-CoMod)
by Drina(C, B).

(ii) The braided Heisenberg double Heisy(C, B) is the algebra obtained by re-
construction on C® H® B from “HB (B). In the weak quasitriangular case,

denote the resulting algebra by Heiss(C, B).

Note that a PBW-decomposition is given by construction for these algebras.

Moreover, we have that

Dring (C, B)-Mod = “YD?(H-Mod),
Heisy (C, B)-Mod = “H®(H-Mod),

where the first equivalence is one of monoidal categories. Note that in the case B =
A-CoMod, such equivalences do not hold if A, H are infinite-dimensional. The
reason is that in “YD?(A°P-CoMod) the H-actions are induced by A-coactions.
If the pairing of A and H is perfect, then they correspond to all locally finite
(integrable) modules. But modules in Drins(C, B) can be more general (compare

this to the requirement of studying weight modules of the quantum group).
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Remark 2.3.4.5. We choose the notation Dring(C, B) indicating both B and C.
This is because for given B we can consider different dually paired Hopf algebras
(which may not be perfectly paired). This gives a more flexible definition allowing

the treatment of algebras which have no perfectly paired dual Hopf algebra.
Remark 2.3.4.6. The braided Heisenberg double can in fact be obtained as the

bosonization of the braided cross product (introduced in [86, Proposition 2.6]), us-
ing the coregular action of C' on °?B. This action is given by (ev®Idg)(Idc ®Ap)
and can be checked to make °’B a left C-module coalgebra in B, denoted by
P BXcoregC. There is an isomorphism of categories “HB(B) = PB X coreg C-Mod(B)

given by transforming the right B-action into a left °® B-action via
(V, <) — (V, = 1= <l 1), (2.3.11)

Hence, the bosonization (’B e C) x H satisfies the universal property of
Definition 2.3.4.4, and we conclude Heisy(C, B) = (PB Xcoeg C) x H. From
the next section onward, we will use a different presentation of this algebra in

this chapter for comparison to the double-bosonization which we use to define
Dring (C, B).

Before providing examples, we will write out explicit presentations for the
abstractly defined doubles.

2.3.5 Explicit Presentations

In the following, we will use Sweedler’s notation to write down presentations for
the algebras just defined. For this, we denote the coproducts by A(z) = z(1) @)
(for z an element of H, B or C). Note that in the case of B and C these are
coproducts in the braided monoidal category H-Mod which are often referred to
as braided coproducts. We write (-9 ® (¥ for left coactions. In this notation,
summation over tensors is omitted. We maintain to use the notation = and <
for actions. When clarification is needed, we denote the products in H, B or C
by - with a lower index indicating the algebra. We denote the R-matrix of H by
R = RM ® R® and its convolution inverse by R~! = R~ @ R,
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Proposition 2.3.5.1. The algebra Dring (C, B) is generated by the subalgebras H,
B (meaning that bb' = b' -5 b) and C subject to the following relations:

he = (h(l) > C)h(g), ((i) ch = h(g)(S‘lh(l) = C)) (2.3.12)
hb = (h(g) > b)h(l), ((:> bh = h(l)(Sh(g) = b)) (2.3.13)

b(g)R(l)C(g) eV(C(l) X (R(z) o> b(l))) = C(l)R(Q)b(l) ev((R(l) > C(g)) X b(g)). (2.3.14)
The coproducts are given by

A(h) = hay @ hzy,  A(b) = (R® b)) ® by RY,

2.3.15
A(C) = C(l)R(Q) K RM = C(2)- ( )

The counit is simply given by e(chb) = e(c)e(h)e(b). The antipode and inverse

antipode are the anti-algebra morphisms given by:

S(h) = S(h), S~Hh) = S7Y(h), (2.3.16)
S(b) = R PRV = Sb), S = (R W= SR @, (2.3.17)
S =R VR D=5, S )=RP=51r V. (23.18)

The algebra Heisy(C, B) has the same algebra bosonization relations (2.3.12)-
(2.8.13) as Dring (C, B), but relation (2.53.14) (referred to as the cross relation) is
replaced by

ch = b(z)R(l)C(g) ev(c(l) &® (R(z) = b(l))). (2.3.19)

Proof. These formulas are obtained using reconstruction in Vecty (cf. [88, 9.4.1],
[90, Appendix B]). For he H, be B and ¢ € C, we define the action by

(c®h®b)=v:=b>(h=(v<b)). (2.3.20)

The formulae for the antipode are acquired by defining e.g. Sb to be the element
of Dring (C, B) which satisfies ev(b > f ® v) = (f ® S(b) =) for all f € V° and
v €V where V° is the finite dual of the space V. n
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Lemma 2.3.5.2. The cross relation (2.3.14) in Dring (C, B) is equivalent to each
of the following relations:
cb =R, Dby RP(Ry® = cg)) ev(Ry VR, W & ey @ B Y = 57 (b))
ev(Ry® = ¢y @ RY = byyy),
be =(Ry ™ & ¢2)) RPbay R ev(Ry W RY & 5y @ bsy)
ev(Ry Ry ® = 57 (cy)) @ RY = b)),

(2.3.21)

(2.3.22)

Proof. Apply reconstruction to Lemma 2.3.1.1 after reinterpreting the B°P-coaction

as a C-action using the functor gor®. n
Using this Lemma, we can write down general product formulas in PBW-form
in Dring(C, B):
chb - IV =c(hay Ry = )Yy R RO KLY (S (hip) )Ry Y = bizy)
ev(Ry MR =y @ biy) (2.3.23)
ev(Ry PR, = 57 (c) @ By RY & b))
The general product formula for Heisy(C, B) in PBW-form is:
chb - WY =c(hayRy Y = oy Yoy ROR{ Y (S () Ry Y = bay)
ev(Ry® & 57 (cy) @ RP R, = byy)).
Ezample 2.3.5.3. Let X = A™ and B = C|xy,...,z,] be its coordinate ring. We

denote its restricted dual (as a Hopf algebra) by C' = ©x = C|dy, ..., d,], where
ev(0;,xj) = 9; ;. Both B and C are primitively generated Hopf algebras over k

(2.3.24)

and perfectly paired via ev. One easily sees that Heis(Oyx) = Dx = A, is the
ring of differential operators on X, the nth Weyl algebra. The Drinfeld double is
simply Drin(Ox) = Clxy,..., 2y, 01, .., 0] which can be identified with Orpxy,
the ring of functions on the tangent space. Hence there is an action of Orxx-Mod
on Dx-Mod.

We have an analogue of Proposition 2.3.5.1 in the case where B = A-CoMod.
Recall that in this case, we have convolution invertible morphisms of Hopf algebras
R, R: A — H such that

ev(R '(d)®a) = ev(R(a) ®d), (2.3.25)
ev(R (a)®d) = ev(R(d) ®a). (2.3.26)

R(a®a')
R ' a®d)
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Proposition 2.3.5.4. The Hopf algebra Dring(C, B) is generated by the subal-
gebras H, B°P (opposite product in Vecty) and C with the same bosonization
relations (2.8.12)-(2.3.13) as Dring (C, B) and cross relation

b(g)ﬁ(b(l)(_l))C(g) ev(c(l) ® b(l)(o)) = C(l)R_l(C(Q)(_l))b(l) eV(C(g)(O) ® b(g)). (2.3.27)

The coproducts are given by

A(h) = hay®hgy,  Ab) = by @by R(ba) ™),

(2.3.28)
A(e) = ciyR (e V) ® ey

The unit and counit are as before and the formulas for the antipode and inverse

antipode are given by

S(h) = S(h), S t(h) =S (n), (2.3.29)
S(b) = R(bCNS(BO), SHb) = STHVNROGY), (2.3.30)
S(e) =R '(cY)S(cD), S71(e) = ST R (D). (2.3.31)
The cross-relation of Heiss(C, B) is given by
cb = byoy R(by ™) e evie by @). 2.3.32
@R(ba) ™ e evicq) ®bay™) ( )

Proof. All expressions for Dring (C, B) (or Heisy(C, B)) can be translated into
expressions for Drina(C, B) (or Heiss(C, B)) by using the following rules which

are derived from the weak quasitriangular structure on A, H:
RYQR? =v =Rw )@ v,
(RY =)@ R® = O @ R~ (1),
ROQR D=y = }_g’l(v(—l)) Qv
(R—(l) >0)® R @ =0 R(U(_l)). n

Lemma 2.3.5.5. There is a canonical isomorphism of Heisy(C, B) with the pre-
sentation giwen in 2.3.5.1, with (P B X oee C) ¥ H.

Proof. This follows from the observations in Remark 2.3.4.6, together with the

universal property of reconstruction in (2.2.27). O
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FExample 2.3.5.6. Let us consider the case where H = k and B is a finite-dimensional
Hopf algebra over k to discover the classical notions. In this case, Drin(H) :=
Dring,(H*, H) is given on H* ® H°? with product determined by the relation

cb = b(g)C(g) ev(c(l) &® b(l)) eV(C(3) ® S_l(b(g))). (2333)

The coproduct, counit and antipode are simply the corresponding tensor product
structures on H* ® H. The R-matrix on Drin(H) is given by the coevaluation
map of H. Note that there are two conventional differences of this definition to
the definition of Drin(H) usually found in the literature (cf. e.g. [88, 7.1]). At
first, H and H* are categorically dually paired. That is ev(aad' ® bV') = ev(a ®
b') ev(a’®b). Second, the left modules are left-right Yetter—Drinfeld modules (that
is, YD-compatible right H-action with a left H*-coaction).

For this reason, we will often consider the Drinfeld double Drin(H°P) which is
by definition Dring(H*°°P, H°P). This Hopf algebra has the property that

Drin(H°P)-Mod = #YyD.
It has H, H* as subalgebras such that
ch = 6(2)0(2) ev(c(g) ® b(l)) ev(c(g) &® S(b(l))). (2334)

The coproducts are given by A(b) = b1y®b(2) and A(c) = c2)®c(1y. The universal
R-matrix for Drin(H) is 7 coevy, where 7 is the symmetric braiding in Vect;,. We
will write coevy = e, ® fo € H® H*. The algebra Drin( HP) recovers the classical
Drinfeld double of H (as found in the literature, cf. e.g. [64, IX.4]) and has the
same categorical interpretation.

For example, consider the Drinfeld double Drin(G) := Drin(k[G]°P, kG°P), for
G a finite group. It is generated by kG and the algebra of k-valued functions
k[G] (basis 6x(g) = dn4). Note that the coproduct is A(dy) = >, ;-4 00 ® &. The

relations in this algebra are g, = dgpg-19.

Example 2.3.5.7. A vast class of examples of braided Hopf algebras is given by
Nichols algebras. These play an important part in the classification of pointed
Hopf algebras (see e.g. [9] for a survey). An important feature is that they are
primitively generated. That is, B is generated by elements b € B such that A(b) =
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b®1+1&®b, and the same is true for C. For such braided Hopf algebras, we obtain
simpler formulae as the cross relations will turn out to be commutator relations.
Denote the space of primitive elements of B by P(B) and similarly the space of
primitive elements in C' by P(C). Then Dring(C, B) is generated by H, P(B)
and P(C) with respect to the bosonization relations (2.3.12) and (2.3.13) and the

cross relation
[b,c] = R? ev(RY =c@b) — RV ev(R? =c®b), (2.3.35)

for be P(B), ce P(C). The coproducts are given on the generators by

A(h) = h(l) &® h(g), (2.3.36)
AD)=10b+ (R? =b) @ RWY, (2.3.37)
Ale)=c®1+RPQRY . (2.3.38)

The condition (2.3.19) is equivalent to the commutator relation
[c,b] = RY ev(c® R® =b), (2.3.39)

for c e P(C) and b € P(B). Working over Drin(H) for an ordinary Hopf algebra
H, we can view B € Hopf(Drin(H)-Mod) as a YD-module over H (an object of
Z(Mod-H). Then the relation (2.3.19) is equivalent to

[c,b] = bV ev(e®b ). (2.3.40)

To compare to the definition of the braided Heisenberg double from [16, Section 5],
we have to apply algebra reconstruction on C® H® B (rather than C ®Drin(H)®
B). That is, we consider the subalgebra generated by H, B and C of C®Drin(H)®
B. We include this restricted version of the braided Heisenberg double.

Lemma 2.3.5.8. Let B € Hopf(Z(Mod-H)), then the restricted braided Heisen-
berg double Heisy (C, B) of H over B is the algebra generated by H, B°P (in Vecty,)

and C subject to the relations

hb = (h(g) >b)h(1), (2.3.41)
hc = (h(l) [ C)h(g), (2.3.42)
chb = b(Q)b(l)(_l)C(Q) ev(c(l) ® b(l)(o)). (2.3.43)

It is the subalgebra of Heispin(my(C, B) generated by H, B°® and C.
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Note that H is assumed to be finite-dimensional for Drin(H) to be quasitri-
angular. We observe that there is a restriction functor Heisp,in H)(C', B)-Mod —
Heisy (C, B)-Mod.

Now the braided Heisenberg double defined in [16, Section 5] is isomorphic
to Heisy (CP, B?) where the (co)opposites are taking in Vecty, and B, C are
Nichols algebras. The cross relation for this algebra is (2.3.40).

Corollary 2.3.5.9. The coproduct on Drinpn ) (C, B) induces a left action of
the monoidal category Drinp,in)(C, B)-Mod on Heisy (C, B)-Mod.

Proof. For this to hold, we need to ensure that the restriction of the coproduct
A viewed as an algebra map Heisy (C, B) — Drinpin(r)(C, B) @ Heisprinan) (C, B)
maps to Drinpinm)(C, B) ® Heisy (C, B). This can be checked on generators.
Clearly A(h) € H ® H satisfies this. Further, A(b) = b)” & bayby ™ and
A(c) = cayfa®ear>c) both lie in the subspace (CRQH*Q@HQB)R(CRHR®B). [

Ezxample 2.3.5.10. In 2.3.5.3, the Drinfeld double of Ox collapses to simply be
the tensor product Hopf algebra of Ox and its dual. We will now consider the
symmetric algebra as a Hopf algebra object in ggyD for the group Cs with two
elements. We can also include the alternating algebra in the same setting as an
example.

Let V be a finite-dimensional vector space. Consider the braidings 7: VQV —
VRV, where 7(v@w) = w®u, and —7. These can naturally be realized as braidings
coming from Cy-YD-module structures on V', corresponding to §(v) = s®v where
Cy = {1, s} with the trivial action for 7, respectively the sign representation sv =

—v for —7. Using this, we have that
S(v)=1() /(v QW—-—w@uv) = rw) /ker(Id +7)>
A(V) =T(V) /(v Rw+wuv) = W) /ker(Id —7)>

are braided Hopf algebras in g;yD = Drin(Cy)-Mod. As they are Nichols alge-
bras, they are perfectly paired with S(V*) (respectively A(V*)).
The restricted Heisenberg double Heisge, (S(V*), S(V)) is now A, ® kCs, but

Drinpuin(cy) (S(V*), S(V)) has the non-trivial commutator relation
[f,v] = (s =01 — d5) ev(f ®v). (2.3.44)
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Hence viewing S(V') over Drin(Cy) causes the resulting Drinfeld double to be non-
commutative.
For the exterior algebra, we have that Heisge, (A(V*),A(V)) is generated by

veV, feV*and 1,s with additional relations
sv=—vs, sf=-—fs, [fv]=ev(f®uv). (2.3.45)
In Drinpyin(e,) (A(V*), A(V)) the commutator relation is
[f,v] = (s — 01 + ds)ev(f ®v). (2.3.46)

Ezxample 2.3.5.11 (The quantum groups). Majid constructs Lusztig’s version of
U,(g) (for generic ¢) as braided Drinfeld doubles in [90, 4.3]. We repeat the
construction with the conventions of this chapter. For this, a (symmetric) Cartan
datum - gives a paring of two lattice group algebras A = kZ[I] = k[g'] and H =
kK via (K, gj) = qQ% (where k = C(q)). The dual R-matrix R(g;, g;) = ¢'7 is
given by a weak quasitriangular structure with R(g;) = K -3 (and R = R'). We
can then define an A-comodule F = k(F},..., F,) by F; — g;* ® F; and denote
its dual by E = k(E},..., E,). The tensor algebras (in A-CoMod) B = T(F),
C = T(E) are dually paired via

ev(E;, F;) = _f#, (2.3.47)

(¢ —a)
where ¢; := q%. This pairing extends uniquely to a Hopf algebra pairing of the
tensor algebras and it is a result by Lusztig (see [75, 1.2-1.4]) such that then left
and right radical of this pairing are precisely the quantum Serre relations. Hence
the quotients are U,(ny) (of C') and U,(n_) (of B), which are Nichols algebras.

Now translating (2.3.35) under 2.3.5.4 we obtain the correct relation

K?l — K.J_;
[Ei, Fy] = —( Jl) 0 j- (2.3.48)
qi — 4;

Further, the bosonization relations (2.3.12) and (2.3.13) give
K,E; = ¢ EjK;, KFj=q " FK;. (2.3.49)
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The coproducts are given by
AF)=F®K 2 +1®F, A(F)=E®L+K>®E.  (23.50)

Hence the resulting Hopf algebra is U,(g).
The cross relation for the Heisenberg double D,(g) := Heiss(U,(n,), Uy(n_))
is given by .
[E;, Fj] = {?—25i,j~. (2.3.51)
q; — i
We will look at the action of U,(sly)-Mod on D,(slz)-Mod in Section 2.3.9.

2.3.6 R-Matrices for the Drinfeld Double

While the Hopf algebra structure of Dring (C, B) can be defined for general infinite-
dimensional Hopf algebras with a choice of a dually paired Hopf algebra, viewing
the braided structure of Dring (C, B)-Mod, and hence the R-matrix, at this level
of generality is problematic as they require the existence of a coevaluation map
coev: I - BQC in B = H-Mod. In the infinite-dimensional case, given a perfect
pairing, this map may still exist as a formal power series, given that there is an
orthonormal bases of the dual Hopf algebra C' to a basis of B.

Recall the braidings from Figure 2.3.1. Given the existence of a coevaluation
map coev: I — B® C, the category “YD?(B) is braided via the braiding

“UF = (« @) (Id®coev @Id) T, (2.3.52)
OB = V(e ®>)(Id®Ids ®S ®@1d)(Id® coev @1d). (2.3.53)

Given that B and C are (not necessarily finite-dimensional) Hopf algebras
with a perfect duality pairing ev: C ® B — k such that there is a basis {b;}; of
B with an orthogonal basis {¢;}; of C', we can consider the formal power series
coevpg = ZZ b; ® ¢;. This is not a morphism £ — B ® C, but satisfies the duality
axioms of the coevaluation map. Using this formal sum, we can write an R-matrix

for Dring (C, B) as the power series (omitting summation)

RDrinH(C,B) = CZ'R_(2) ® biR_(l), RB:inH(C,B) = R(Q)CZ‘ ® R(I)S(bz) (2354)
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If B = A-CoMod, the situation is even more problematic. Expressing the braiding

Tyw(v,w) = ev(R (") @uwt Mw® @v® (2.3.55)

as an R-matrix, which is necessary in algebra reconstruction, involves a coevalu-
ation map which will be an infinite sum unless H, A are finite-dimensional. We

denote it by coevy = h; ® a;. Then

——1

R = CL]‘ ® R_l(hj) = R(h]) ® Clj, R_l = R (h]) ® aj = aj ® R(h]) (2356)
Further, the R-matrix on Drins(C, B) is given by
RDrinA(C,B) = CZR(}LJ) ® biaj, R]SrlinA(C,B) = ajbi ® R_l(h])S(Cl) (2357)

To overcome the problematic of the braiding involving formal infinite sums, we will
describe the properly braided subcategory of modules over the braided Drinfeld
doubles corresponding to the center Zg(Mod-B(B)) in Section 2.3.7.

Ezxample 2.3.6.1. Consider U,(sly). We can compute that ev(f" ® e™) = [],!

where [n], =1+ ¢ 2+ ...+ ¢*" VY and [n],! =[1],- ... [n], Hence
(q_l — q)n n n
coevp = Z WF ®E . (2358)
n=0 a

However, writing the required coevaluation map for I — H ® A is problematic. A

solution is to introduce the element ¢"®" € (A® A)*. This element satisfies

{®" @G ®g™) =" (2.3.59)

This can be generalized to any Cartan datum. See [90, p.171] for more details.

Example 2.3.6.2 ([90, 4.5]). The small quantum groups u,(g) can also be realized
as examples of braided Drinfeld doubles. For this, we assume that ¢ is a primitive
rth root of unity, where r is odd and char k does not divide r. As underlying Hopf
algebras, we take the group algebras A = H = k(C,.)".
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2.3.7 The Category O

The R-matrices Rpying(c,5) and Rpyin,(c,B) from Section 2.3.6 induce the braid-
ing on the subcategories Zy_noa(Mod-B(H-Mod)) respectively its subcategory
Z A coMmod(Mod-B(A-CoMod)). For perfectly paired B and C, these Drinfeld
centers are almost analogues of the BGG-category O for the quantum groups.
To support this interpretation, recall that for infinite-dimensional dually paired
bialgebras B and C' in H-Mod, the essential image of the fully faithful functor

¥ B°°-CoMod(H-Mod) — C-Mod(H-Mod)

consists of those C-modules V' such that for each v € V, C// Ann(v) is finite-di-
mensional. Such modules are called locally finite or admissible. Hence, the full
subcategory Zy.moda(Mod-B(H-Mod)) < Dring(C, B)-Mod consists of those
YD-modules which are locally finite for the C-action, but not necessarily for the B-
action. For example, one can define Verma modules in Zp nvoqa(Mod-B(H-Mod)).

When working in B = A-CoMod, one also has to restrict to Drins(C, B)-
modules for which the H-action is induced by an A-coaction, i.e. the H-action
has to be locally finite too. Using these observations, we conclude the following

lemma:

Lemma 2.3.7.1. For the quantum group U,(g) at g not a root of unity, the sub-
category of
Zan_CoMod(MOd—Uq(n+)(kZZn—COMOd))

on finitely generated modules is the BGG-category O (denoted by O,(g)) for quan-
tum groups as defined in [2, 3.1].

Proof. An object V' in O,(g) satisfy three properties:
(I) V is finitely generated over U,(g)

(IT) V is a weight module, i.e. there exists a direct sum decomposition

V = ®rezn Vi, Vy = {U eV | K, >v= q”"}.
(ITIT) V is locally finite as a U,(n;)-module.
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If V' comes from an object in Zyzn_comoea(Mod-U,(n")(kZ"-CoMod)), then (II)
is automatically fulfilled because the H-action is induced by an A = kZ"-coaction.
Further, (III) is fulfilled as the C-action is induced by a B°P-coaction and hence
locally finite. Further, any such module can be obtained from an object of the
center as the pairing of B and C'is perfect. Thus, if we restrict to finitely generated

modules, we recover O,(g) as a subcategory of the center. O]

Hence we can define the category O for a braided Drinfeld (or Heisenberg) dou-
ble as the subcategory of finitely generated modules in Zz(Mod-B(B)) (respec-
tively #3(Mod-B(B))). We denote this category by Z,£(Mod-B(B)) (respectively
HE(Mod-B(B))).

Definition 2.3.7.2.

(a) For B = H-Mod, we define the category O9""(C, B) (or O%(C, B)) as
the full subcategory of Dring (C, B)-Mod (respectively, Heisy (C, B)-Mod)

of objects which are
(I) finitely generated as Dring (C, B)-modules (resp. Heisy (C, B)-modules),
(II) semisimple as H-modules,
(III) locally finite as C-modules.
(b) Working with B = A°°-CoMod, we define the category OR"»(C, B) (re-

spectively, ON°s(C| B)) as the full subcategory of Drins(C, B)-Mod (re-
spectively, Heis4(C, B)-Mod) on objects satistying (I), (III) and

(IT)” The H-module structure is induced by an A°P-comodule structure.

In the special setting of Section 2.3.6 where we have the existence of orthonor-
mal bases {e,} of B and {f,} of C', we were able to define a formal power series
coev = e, Q f, serving as formal coevaluation map. Given this structure, we can
link the categories OP™(C, B) (and the other versions) with Z%(Mod-B(B)),

generalizing Lemma 2.3.7.1.
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Theorem 2.3.7.3. Let C, B be perfectly paired Hopf algebras in H-Mod such that

coev exists as a formal power series. Then there exist isomorphisms of categories

Oi™(C, B) = Zf\ga(Mod-B(H-Mod)),
OF™(C, B) = M \oq(Mod-B(H-Mod)).

If C, B are such objects in A°?-CoMod where A, H have a weak quasitriangular
structure, then

OYF™(C.) = 285 Gipsoq (Mod-B(47-CoMod).

OI;Ieis (C, B) ~ Hz&%‘g‘iMOd (MOd—B(Aﬁ'COMOd)) .

Proof. The proof works as the proof of Lemma 2.3.7.1 in this more general setting.
Semisimplicity is not automatic any more, so it needs to be imposed in general
(hence the superscripts H —ss or A —ss). Note that coev = e, ® f, can be used to
define a B°P-comodule, given a locally finite C-module V' via 6(v) := e, ® f, =,
for all v € V. This expression is always well-defined if V' is locally finite (i.e. only

finite sums of tensors occur). O

We would like to obtain an action of the category O for the braided Drinfeld
double on the category O for the braided Heisenberg double. The problem with
this is that the action does not necessarily preserve finite-generation of the module.

In generality, we therefore need to restrict to finite-dimensional modules.

Corollary 2.3.7.4. Under the assumptions on C, B as in 2.3.7.3, there are ac-

tions

> : Dring (C, B)-Mod™ @ O (C, B) — O*(C, B),
= : Driny (C, B)-Mod™ @ O1°"(C, B) — OY*(C, B).

Similar to the study of the category O in other contexts, we can introduce
standard (or Verma) modules in the category O for braided Drinfeld and Heisen-
berg doubles. For this, a general theory as in [46] could be adapted. We will
not introduce such a theory in general here, but provide a definition of a Verma

module.
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Definition 2.3.7.5. Let B, C' be braided Hopf algebras in B and let S be a simple
H-module (respectively A°P-comodule). Then we can define a C°? x H-module as
S with trivial C' action via the antipode of C' and the given H-action (if S is an
A-comodule, we view S as an H-module via the pairing). The Verma module of
M(S) is defined as M(S) := B ®covsm S. This can either be done as a module
over Dring(C, B) or Heisg(C, B) (for B = H-Mod or A°*~-CoMod).

It is not guaranteed that all M(.S) are in the respective category O. However,
under additional assumptions, such that the B and C' are positively graded, by
an inner grading as in [46, 2.1], the theory developed therein ensure that they
are. In general, we can say that M(S) are in the finitely-generated subcategory
of Zg(Mod-B(B)) (respectively Hz(Mod-B(B)) in the Hopf case). One of the
main applications is that all simple objects in O appear as quotients of such Verma

modules, given an inner grading element exists.

2.3.8 Cocycle Twists

In this section, we observe that the left action of the category Zz(Mod-B(B)) on
Hiz(Mod-B(B)) extends to an action of Dring (C, B)-Mod on Heisy (C, B)-Mod.
This action implies that Heisy(C, B) is a right cocycle twist of the Hopf algebra
Dring (C, B) generalizing an earlier result of [71] to the braided case. In particular,
Heisy (C, B) is a left Dring (C, B)-comodule algebra.

Definition 2.3.8.1. Let B € BiAlg(B), for B a braided monoidal category. A
right 2-cocycle of B is a morphism o: B ® B — [ such that the morphism m, :=
Mpep(A®A®0c): BQ B — B gives B an algebra structure which is denoted by
B, and called the right cocycle twist of B by o.

It is easy to check that a morphism o: B&® B — [ is a right 2-cocycle if and

only if it satisfies the condition

(e @) (m®VQIds)Ids ¥ @ V)(A® A ®1dp)

(2.3.60)
= (O' ® O')(IdB ®m ® IdB@B)(IdB®B ®‘If ® IdB)(IdB ®A ® A)

on B® B® B, as well as the normalization conditions o(Id®1) = c(1®1d) = e.
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Lemma 2.3.8.2. The coproduct of B can be viewed as a morphism A: B, —
B ® B, making B, a left B-comodule algebra in B.

Proof. This is an exercise in graphical calculus. O]

Corollary 2.3.8.3. If o is a right 2-cocycle, then A gives a left action of B-Mod(B)
on B,-Mod(B) where the B,-action on V =W (defined on the object VQW ) for
a V-module V' and a B,-module W 1is given by

That is, given by the coproduct of B.

We are looking for a converse of the statement in Corollary 2.3.8.3. Indeed,
the following holds:

Proposition 2.3.8.4.

(i) Let D € BiAlg(B) and H € Alg(B) such that D = D-Mod(B) acts on
H = H-Mod(B) on the left. Assume further that the square

D-Mod(B) @ H-Mod(B) — H-Mod(B)
FD®FH\L Fﬂl (2.3.62)

Vect;, ® Vect,, $ Vect,,
commutes and that Nat(V, Fg® Fy,) is reconstructible by DQH (cf. 2.2.3.2).

Then the action is given by a morphism 6: H — D ® H which makes H an
algebra object in D-CoMod(B).

(i) If F(H) = F(D) in B and the coaction § is given by the coproduct A of D,
then the product on H is a right cocycle twist by the 2-cocycle e pmy.

Proof. Part (i) is an argument in reconstruction theory. By representability as-
sumptions, the action > is given by a map 6: H — D ® H. The requirement that
> is an action on the category H translates to the property that H is an algebra
object in D-CoMod(B).
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To prove part (ii), observe that

(IdD ®€)ADmH = (IdD ®€)5mH
(Idp ®=)(mp @ my)(Idp ®¥Yp p @ Idy)(Ap ® J),
(Idp ®e)(mp @ my)(Idp @V p p ®Idp)(Ap ® A)

my

where we use that that 0: H — D ® H is a morphism of algebras and that 6 = A

as maps in B. Hence H = D, for 0 = empy. O]

Returning to the situation of Corollary 2.2.2.15, we observed that the cate-
gorical action can be extended to an action of “YDP(B) on “H”(B) in Corollary
2.3.2.1. The action is given by the coproducts of B and C. For B = H-Mod this
implies that the action of Dring (C, B)-Mod on Heisy (C, B)-Mod is given by the

coproduct of Dring (C, B) viewed as a morphism of algebras
A: Heisy(C, B) — Dring (C, B) ® Heisy (C, B),

making Heisy (C, B) a comodule over Dring(C, B). The same observation applies
when working with A°°-CoMod instead.

Corollary 2.3.8.5. The algebra Heisy(C, B) is a right cocycle twist of the Hopf
algebra Dring (C, B) via the 2-cocycle given by o(chb@c W' = e(c)e(h) ev(S'd'®
b)e(he(V).

Remark 2.3.8.6. Note that we can also define left 2-cocycles and a left twist (or
cycles and cycle twists). A dual R-matrix for B gives a left 2-cocycle on B. This
cocycle was used in [71] to twist the Drinfeld double. Note that we use a different

cocycle here but they coincide in the case H = k.

2.3.9 The Braided Heisenberg Double of U,(n;) for sl

In Example 2.3.5.11, we introduced the braided Heisenberg double D,(g) of U,(n,).
We now want to study the categorical action of D,(sl;)-Mod™ on the category
O (sly) := (’)llj[ziil](U(slg)*, Ul(sly)) as an example. We first observe that D, (sls)
has no finite-dimensional modules using a standard argument from the theory of

highest weight representations.

94



Lemma 2.3.9.1. In D,(sly), the commutator relation

[m]qK_l

E, F™] =
[ | ' —q

Fmt (2.3.63)

holds, where [n], =1+ q 2 +q*+... +q¢ 21,
Proof. By induction on m, using that [E, F™] = [E, F™" Y F + F"1[E, F]. O

First, we note that in the sly case, the pairing (g, K) = ¢ is perfect for generic

q. Hence, the functor
®: k[g*']-CoMod — k[K*']-Mod

induced by the pairing is fully faithful. The essential image of ® is the semisimple
category generated by one-dimensional simples k,, = kv,, where K =v,, = ¢"v,.
Consider the Verma module M (n) := M (ks ) of weight ¢". More generally, write
M(\) for the Verma associated to the simple module ky, on which K acts by the
scalar \ € k\0.

Lemma 2.3.9.2. The Verma module M (\) has a k basis given by F™v,, = F™>uv,
for ke N. The action is given by

/\71
K = F™y, = \¢ ™, E = F™y, = #Fmﬂvn. (2.3.64)
' —q

Corollary 2.3.9.3. The Verma modules M(X) are simple for all X € k\0.

Proof. Lemma 2.3.9.2 shows that M (\) decomposes as the sum of simple k[ K*!]-

modules as

V=@ kng2m.

mz=0
Let W < V be any submodule. Let [ be minimal such that there exists w € W with
w € ky,-1. Such an element exists, as we can take any inhomogeneous element and

produce a homogeneous element w’ € W by using the biggest k such that E*w’ # 0
A" [m]g

which then must be homogeneous. This follows as the scalar T 7 0 for all
m, \. Now observe that w = uF'v, and hence v, € W as it is proportional to
E'Flv,. O
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Corollary 2.3.9.4. The algebra D,(sly) has no finite-dimensional representations.

Proof. Let V be a finite-dimensional simple representation. In particular, V =
@ ky, as a k[K*']-module. Let v be any weight vector (i.e. a vector in k), for
some 1), then there exists a sufficiently large j such that Ev € k{v, E'v, ..., E?"1v).
But these are all vectors of different weight, so E'v = 0. We may assume
w := B!y # 0 and hence w is a highest weight vector (i.e. one annihilated by F)
which generates V. Hence there exists a surjective morphism of D, (sl;)-modules
m: M(X) — V. But then ker 7 = 0 as M (\) has no non-trivial submodules. [

We now consider the action of Uy(sl;)-Mod on OH¢(sly) from Corollary

2.3.7.4. This gives an analogue of the Quantum Clebsch—Gordan rule.

Proposition 2.3.9.5. The categorical action of the irreducible U,(sly)-module
L(n) of weight g™ on the Verma M (m) of the category Ogleis(ﬁ[g) decomposes as a
sum of simples as

L(n)=M(m) = T M(m +n — 2k). (2.3.65)
k=0

Proof. Denote the highest weight vector of L(n) by v and the one of M (m) by w.
Using the formulas for the coproduct on U,(sly), which serves as the coaction ¢
giving the categorical action, one checks that v ® w is a highest weight vector of
weight n + m. Note that the weight space (L(n) = M(m)),m_or has dimension
k+1, for k = 0,...,n. Further note that each highest weight vector in L(n)=M (m)
gives the corresponding Verma module as a direct summand. Hence, we can see
inductively that weight space of weight n + m — 2k contains precisely one linearly

independent highest weight vector for any k£ =0,...,n. O

We observe that the category O?eis(slg) has the same integral weight lattice
parametrizing Verma modules as for O,(sl) and that the action of U, (sly)-Mod™
resembles the one on O,(sly) with the crucial difference being that the Heisenberg
version of category O has no finite-dimensional simples and hence all Vermas are
simple. We expect the results of this section to generalize to the quantum groups

of other semisimple Lie algebras g.
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2.4 Twisted Drinfeld Doubles

Section 2.3 does not use the full generality of the definition of YD-modules in
2.2.4.3 as we are restricting to the case that ¢ = 1®1®1 is the trivial 3-cycle. The
preparations done in Section 2.2.4 however allow us, more generally, to define the
(braided) Drinfeld and Heisenberg double of a quasi-Hopf algebra. This provides
a Heisenberg analogue to the Drinfeld double of a quasi-Hopf algebra introduced
in [89].

In this Section, we will first give a description in terms of generators and
relations of the Drinfeld double of a quasi-Hopf algebra in Vect,. Next, we provide
definitions of twisted Drinfeld and Heisenberg doubles. There are two different
points of view on twisting used here. One is the Drinfeld twist of an ordinary
Hopf algebra (see 2.4.2), the other one considers a commutative Hopf algebra as a
quasi-Hopf algebra with respect to any 3-cycle (see 2.4.2.2). We close this section
by discussing the example of the twisted Heisenberg double of a group in 2.4.3,
including an adaptation of the groupoid interpretation of [114] for the twisted
Heisenberg double.

2.4.1 The Drinfeld and Heisenberg Double of a Quasi-Hopf
Algebra

Even though every monoidal category is equivalent to a strict one (cf. 2.2.1.6) it
is still important to keep track of the associativity isomorphisms a: ® (® x Id) =
®(Id x®) in certain situations. For instance, the class of quasi-Hopf algebras is
closed under Drinfeld twist Ap : m¥gy(F ® A® F~') of the coproduct for an
arbitrary invertible element F' € H ® H (see e.g. [88, 2.4]). If F' is a 2-cocycle and
H a Hopf algebra, then the twist Hp is again a Hopf algebra (see e.g. [51]).

In this section, we provide formulas for the Drinfeld and Heisenberg double
of a quasi-Hopf algebra H, with 3-cycle ¢. For this, we leave the generality of
working with quasi-Hopf algebras in braided monoidal categories B. However, via
reconstruction theory, one can also obtain formulas in this most general case, if
B = H-Mod for a quasitriangular finite-dimensional Hopf algebra H (or even for
a weakly quasitriangular pair A, H and B = A-CoMod). For this, we need the

following definition:
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Definition 2.4.1.1. A dual paired object for a quasi-bialgebra B € B is an object
C of B together with a morphism ev: C' ® B — [ such that there exist maps
Ac: C—->CQC, mg: CRC ->C,1¢c: I - C,ec: C — I, such that

ev(me ® B) = ev(ld®ev®I1d)(Idoge ®AB),
ev(C®mp) = ev(ld®ev®Id)(Ac ® Idpgs), (2.4.1)
eV(lc ®Id3) = &R, eV(IdC ®1B) =EC.

Using graphical calculus, these are the same conditions as in Figure 2.1.1. Note
however that C'is not a quasi-bialgebra as the product is only associative up to a
3-cocycle (obtained by duality from ¢). We refer an object with the structure of C'
as a dual quasi-bialgebra. If moreover B has the structure of a quasi-Hopf algebra,
and there exists a morphism S¢: C'— C' such that ev(Sc ® Idg) = ev(Ide ®Sp).
In this case, we say that C' is a dual quasi-Hopf algebra.

Definition 2.4.1.2. Let B be a quasi-bialgebra in H-Mod, where H is a finite-
dimensional Hopf algebra, with a dually paired object C. The braided Drinfeld
double of B, C over H, denoted by Dring(C, B), is defined as the quasi-Hopf
algebra obtained by reconstruction of the category g YD?(B) on C® H®B. The
braided Heisenberg double Heisy(C, B) is defined by reconstruction of gsxHZ(B)
on C® HR® B.

Similarly, we can define Driny(C, B) and Heiss(C, B) if we are given a weak

quasitriangular structure on dually paired Hopf algebras A and H.

We only give explicit presentations of Dring (C, B) and Heisy(C, B) in the case
where B = Vect to simplify the exposition. Formulas for the general case can be

obtained in a similar way, but involve several occurrences of the R-matrix.

Proposition 2.4.1.3. Let B be a quasi-bialgebra in Vecty with 3-cycle ¢, and
dually paired object C'. Then Dring(C, B) is generated as an algebra by elements
of C, H and B (opposite in Vecty ) subject to the relations (2.3.12)-(2.5.14) and
for c,d e C the relation

cd =¢§3)0(2)¢_(2)d(3)¢§1) ev(ica) ® ) ev(ca @ 0~ ev(cw ® o'¥)

K e ) (2.4.2)
ev(dy ® by ") ev(de @6 V) ev(dy ® ¢17).
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The algebra Dring (C, B) is a quasi-bialgebra with coproducts given by

A(h) =hay®@hw),  A(b) =bu) @b, (2.4.3)
A(e) = ¢y PeydM oy MV @ ¢y PP ciyor @ evicny ® ¢, M)

@ @) (2.4.4)
eV(C(3) () ) ev(0(5) X ¢1 )

With these formulas, A gives a quasi-coproduct with respect to the 3-cycle ¢ of
B. The counit is given by e(chb) = e(c)e(h)e(c). If B is a quasi-Hopf algebra, a
formula for the antipode can be obtained by combining 0" from Figure 2.2.9 and §*
in Figure 2.2.10.

The braided Heisenberg double Heisy (C, B) of the quasi-bialgebra B is the al-
gebra generated by C', H and B subject to the relations (2.3.12), (2.3.13) and
the cross relation (2.3.19), as well as the relation (2.4.2) from above.

The Drinfeld double of a quasi-Hopf algebra was already introduced — using

a left module version — in [89)].

2.4.2 Twisted Hopf Algebras

In this section, we study the Drinfeld and Heisenberg double for two notions of
twist of an ordinary Hopf algebra. The first one is often referred to as a Drinfeld
twist, see e.g. [88, 4.2] for details. The second one generalizes, in the sense of [89],

the construction of the twisted Drinfeld double of a group algebra Drin“(G).

Definition 2.4.2.1. Let B be an ordinary bialgebra and F' = FO®F® e BQB
an invertible element. Then the Drinfeld twist Br of B is the quasi-bialgebra

defined on the algebra B with the quasi-coalgebra structure
Ap(b) = FAW)F, ¢ =Fu(IdA)F)(AQI)F 1) FL', (2.4.5)

where the counit is not changed. If moreover B is a Hopf algebra, then the
same antipode gives an antipode for Br with respect to a = S(F_(l))F_(Q), and
b = FOS(F®). If B is quasitriangular, then so is By with universal R-matrix
Fy RF1
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For a proof that Bp is indeed a quasi-bialgebra (or Hopf algebra) see [88,
Theorem 2.4.2]. In fact, it is shown more generally that any Drinfeld twist of a
quasi-Hopf algebra is again a quasi-Hopf algebra. If F' is a 2-cycle (satisfying a
dual condition to (2.3.60)), then Bp is again a Hopf algebra. The Drinfeld twist
is also referred to as a gauge transformation in the literature. It is a basic result
that the categories B-Mod and Bp-Mod are equivalent as monoidal categories.

Another point of view on twisting is to view a bialgebra B as a quasi-bialgebra
B? with respect to some 3-cycle ¢ which commutes with the two-fold coproduct
(A ®@ Id)A. For example, if B is commutative, B? is a quasi-bialgebra for any
3-cycle. This way, the usual notion of a twisted Drinfeld double of a group algebra
can be obtained (see [33, 89]). We will consider this example together with the
corresponding Heisenberg double in the following section. Using either versions of
twist, we can apply Proposition 2.4.1.3 to compute the Drinfeld and Heisenberg
doubles of the corresponding twisted Hopf algebras. For a general definition, let
C, B be dually paired Hopf algebra.

Definition 2.4.2.2. The twisted Drinfeld double Drin”(C, B), with respect to
a 3-cycle on B which commutes with the two-fold coproducts, is defined as the
bialgebra (respectively, Hopf algebra) Driny (C, B“) using the notation of Definition
2.4.1.2.

The twisted Heisenberg double Heis”(C, B) is defined to be Heis,(C, B¥).

Hence, we can give a presentation for the twisted double using Proposition
2.4.1.3. More generally, the same construction works if we start with dually paired
braided Hopf algebras in B = H-Mod (or A-CoMod in the weakly quasitriangular
case) and w a 3-cycle on B which commutes with all two-fold coproducts in B ®
B ® B € Alg(B) giving a definition of Drin{;(C, B) := Dring(C, B¥) and its
Heisenberg analogue. We will not use this general case in the present section.

As a direct corollary, we have that the monoidal category Drin%, (C, B)-Mod
acts on the category Heisy; (C, B)-Mod.

2.4.3 The Twisted Heisenberg Double of a Group

We finish this exposition by showing, as an example, how the categorical action

of the monoidal category of the Drinfeld center on the Hopf center can be used to
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obtain an action of the category of G®-equivariant w-twisted vector bundles on
the category of w-twisted G"*#-equivariant vector bundles on G.

Let G be a finite group. Then 3-cycles in the sense of (2.1.8) on the Hopf
algebra k[G] of function on G correspond to 3-cocycles in the group cohomology
of G. That is, for such w,

w(h, k,Dw(g, hk,Dw(g, h, k) = w(g, h, kDw(gh, k,1), VYg,h,k,le G, (2.4.6)

where w is normalized such that w(g, h, k) = 1 as soon as one of the group elements
equals 1.

As k|G| is commutative, k“[G], as introduced in the previous section, is a quasi-
Hopf algebra for any 3-cocycle w. In [89], the Drinfeld center of k“[G]-CoMod
is shown to be equivalent to the category of modules over the quasi-Hopf algebra
Drin”(G), which we refer to as the twisted Drinfeld double of the group G. There

are two different points of view on its representation category. The first one is:

Proposition 2.4.3.1 ([89]). The category Drin”(G)-Mod is equivalent to the ca-
tegory of G-graded vector spaces which are G* -equivariant with respect to twisted

representations of G. The representations are twisted by the cocycle T(w) in

Z2(G,*k[G]) valued in k[G] with the left adjoint action of G, which is defined by

g, h,h=tg~ kgh)w(k, g, h)

w(
T(w)(g, h)(k) = 2.4.7
()9, D) (k) RONE 0 (247)
That is, the action of a homogeneous element v of degree d is given by
g (h=>v) =7(w)(g,h)(d)gh =wv. (2.4.8)

The equivariance condition corresponds to the YD-condition that the degree of

1

g is gdg~t. We refer to vector spaces V with this structure as w-twisted G-

equivariant vector bundles over G.

Modules over the twisted Heisenberg double are twisted representations of GG
(with respect to the same 2-cocycle 7(w). The only difference is that the equivari-
ance condition is that the degree of g=v is gd if v has degree d. Hence we speak of

G™&-equivariant vector bundles over GG. The categorical action of G#-equivariant
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w-twisted vector bundles on G**8-equivariant ones is now a direct consequence of
the categorical action discussed before.

Another point of view on the category Drin“(G)-Mod is given in [114] where
representations of the twisted Drinfeld double Drin®(G) are identified with 7(w)-
twisted representations of the action groupoid G* of G acting on itself by conju-

gation. The 2-cocycle 7(w) is obtained by the transgression map
T 723G, U(1)) — Z*(G™).

However, the same map also produces 2-cocycles for the action groupoid G™® of
G acting on itself by the regular action. Hence, we can identify the category

Heis”(G)-Mod with the category of 7(w)-twisted representations over G™®.
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Chapter 3

Pointed Hopf Algebras with
Triangular Decomposition

3.1 Introduction

3.1.1 What Are Quantum Groups?

An important problem in the theory of quantum groups is to give some definition of
a class of these objects that captures known series of quantum groups, such as the
quantum enveloping algebras U,(g) of [36], and their finite-dimensional analogues,

as examples. This was for example formulated in [24, Problem 11.10.2]:

“Given a finite-dimensional Lie algebra g, find axioms for Hopf al-

gebras to qualify as quantized enveloping algebras of this particular g.”

A possible hint to the structure of quantum groups is that the quantum envel-
oping algebras U,(g) (as well as the small quantum groups u,(g) and multipa-
rameter versions) are pointed Hopf algebras. Such Hopf algebras were studied by
several authors (see e.g. [9]). Classification results as in [11] suggest a strong re-
semblance of all finite-dimensional pointed Hopf algebras over abelian groups with
small quantum groups. Another paper [10] gives a characterization of quantum
groups at generic parameters using pointed Hopf algebras of finite GelfandKirillov

dimension with infinitesimal braiding of positive generic type.
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A further hint to the structure of quantum groups is that they can be decom-

posed in a triangular way (via the PBW theorem) as
Uyg) =U,(ny) QKZ" @ Uy(n_).

Here, the positive and negative part are perfectly paired braided Hopf algebras,
and the relation with the group algebra kZ" is governed by semidirect product
relations. The positive (and negative) part are so-called Nichols algebras.

A third aspect — observed already in the original paper [36] — is that quan-
tum groups are (quotients of) quantum or Drinfeld doubles. It was shown in [90]
that U,(g) in fact is a braided Drinfeld double (which are referred to as a double
bosonization there). It was proved in [20] that also two-parameter quantum groups
are Drinfeld doubles.

In this chapter, we aim to provide an axiomatic approach to the definition of
(multiparameter) quantum groups by combining the pointed Hopf algebra and the
triangular decomposition approach. Under the additional assumption of what we
call a triangular decomposition of weakly separable type, the only indecomposable
examples are close generalizations of multiparameter quantum groups. In particu-
lar, assuming further non-degeneracy, they are examples of a more general version
of braided Drinfeld doubles, which we refer to as asymmetric braided Drinfeld
doubles. Further, under certain assumptions on the group and the parameters,
we can recover Lie algebras from these Hopf algebras, after introducing a suitable

integral form.

3.1.2 This Chapter’s Results

This chapter starts by recalling the necessary technical background, including a
brief overview on classification results of finite-dimensional pointed Hopf algebras,
as well as structural results by [16] on algebras with triangular decomposition, in
Section 3.2. Next, we give the definition of a bialgebra with a triangular decom-
position over a Hopf algebra H in Section 3.3. This adapts the two-step approach
used for algebras in [16] to the study of bialgebras. Namely, we first consider the
free case of a bialgebra T'(V) ® H ® T'(V*) where the positive and negative parts
(T(V), respectively T'(V*)) are tensor algebras, and then specify by what ideals

(called triangular Hopf ideals) we can take the quotient.
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The core of this chapter is formed by a partial classification of bialgebras with
triangular decomposition over a group algebra kG. We again proceed in two
steps. First, we determine all pointed bialgebras with free positive and negative
part over kG in Section 3.4.2, and then look at pairs of ideals I, I* such that the
quotient A/(I, I*) is still a bialgebra in Section 3.4.3. We find that indecomposable
examples are automatically pointed Hopf algebras, and can only arise over finitely-
generated abelian groups. Multiparameter quantum groups share these features.
Indeed, the only possible commutator relations (3.2.10) closely resemble those of

multiparameter quantum groups:
[fi,’Uj] :’}/”(k’j—ll) Ek’G, Vi = 1,...,7’1,. (311)

We further observe that there exists a natural generalization of the definition
of a braided Drinfeld double to the setting of primitively generated braided Hopf
algebras in the category of Yetter—Drinfeld modules (YD-modules) over H. For
this, the base Hopf algebra H does not need to be quasitriangular. We need
two braided Hopf algebras which are only required to be dually paired considered
as braided Hopf algebra in the category of modules (rather than YD-modules).
That is, the requirement that is weakened compared to the definition of a braided
Drinfeld double (as in [90] or Chapter 2) is that the comodule structures do not
need to be dually paired. We refer to this generalization as the asymmetric braided
Drinfeld double. 1t gives a natural way of producing Hopf algebras with triangular
decomposition — which are not necessarily quasitriangular. We show in Theorem
3.4.3.2 that the Hopf algebras arising in the classification 3.4.2.2 are of this form
(provided that the parameters 7;; are non-zero).

In Section 3.4.4 we show that from these asymmetric braided Drinfeld doubles
of separable type we can recover Lie algebras provided that there exists a well-
defined morphism of rings to Z when setting the parameters equal to 1. Hence, in
the spirit of the question asked in Section 3.1.1, we can relate the outcome of our
classification back to Lie algebras, which are always generated by Lie subalgebras
isomorphic to sls.

Here is an overview of the increasingly stronger assumptions on the Hopf alge-

bras A and H used in the classification:
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e Section 3.3: H any Hopf algebra over a field k, A a bialgebra with triangular

decomposition
e Section 3.4: H = kG, A a bialgebra with triangular decomposition

— Section 3.4.1-3.4.2: A is of weakly separable type and indecomposable
after 3.4.1.3

— Section 3.4.3: A is indecomposable of separable type, the scalars ;; are

10on-zero.

— Section 3.4.4: In addition to the assumptions of 3.4.3, we require that
chark = 0, and that setting the parameters equal to 1 gives a well-

defined homomorphism of rings to Z.

The final Section 3.5 contains different classes of indecomposable pointed Hopf
algebras with triangular decomposition over a group kG that arise as examples in
the main classification. The first class we discuss are the multiparameter quantum
groups Uy ,(gl,,) introduced by [43] (adapting the presentation in [29]). They are
asymmetri; braided Drinfeld doubles, which is a generalization of the result of
[20] showing that two-parameter quantum groups are Drinfeld doubles. In section
3.5.2 we bring results of [105] on growth condition (finite Gelfand—Kirillov dimen-
sion) and classification of Nichols algebras from [10] into the picture. We use these
results to characterize the Drinfeld—Jimbo type quantum groups at generic param-
eters ¢ within the classification of this chapter under the additional assumption
that the triangular decomposition is what we call symmetric. Further, classes of
finite-dimensional pointed Hopf algebras by Radford can naturally be included as
examples in this framework (Section 3.5.3).

To conclude this chapter, we suggest in Section 3.5.4 that future research could
focus on the search for Hopf algebras with triangular decomposition over other
Hopf algebras H (replacing the group algebra k(G). This might give interesting
monoidal categories, or even knot invariants in other contexts. As the first — most
classical — example, if we take H to be a polynomial ring k|z1,...,x,]. In this

case, the only examples are universal enveloping algebras of Lie algebras.
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3.1.3 Notations and Conventions

In this chapter, adapted Sweedler’s notation (see e.g. [110, 1.2]) is used to denote
coproducts and coactions omitting sums. Unless otherwise stated, we work with
Hopf algebras over an arbitrary field £. A Hopf algebra always has an invertible
antipode S. The category of left YD-modules over a Hopf algebra H is denoted by
YD, while left modules are denoted by H-Mod, and right modules by Mod-H.

We denote the module spanned by generators S over a commutative ring R as
R{S), while R[S] denotes the R-algebra generated by elements S (subject to some
specified relations). Groups generated by elements of a set S are denoted by {(S).

3.2 Background

3.2.1 Pointed Hopf Algebras

Let the coproduct A: H - H ® H make H a coalgebra over a field k. We can
consider simple subcoalgebras A < H. That is, A(A) < A® A and there are no
proper subobjects of this type in A. A basic observation is that if dim A = 1,
then A can be written as kg, for a generator g € H such that A(g) = ¢ ® g. Such
elements are called grouplike. Indeed, if H is a Hopf algebra, then the set of all
grouplike elements G(H) has a group structure. A Hopf algebra is pointed if all
simple subcoalgebras are one-dimensional. This notion can be traced back to [110,
8.0] and classifying all finite-dimensional pointed Hopf algebras can be taken as a
first step in the classification of all finite-dimensional Hopf algebras (see e.g. [3]
for a recent survey).

In the late 1980s and early 1990s, large classes of pointed Hopf algebras have
been discovered with the introduction of the quantum groups (and their small
analogues). Due to the vast applications of and attention to these Hopf algebras
in the literature, the study of pointed Hopf algebras has become an important

algebraic question.

3.2.2 Link-Indecomposability

In the early 1990s, Montgomery asked the question, which groups may occur as

G(H) where H is an indecomposable pointed Hopf algebras. In [95], an appro-
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priate notion of indecomposability is discussed in different ways. We will briefly
recall the description in terms of link-indecomposability which is equivalent to in-
decomposability as a coalgebra and indecomposability of the Ext-quiver of simple
comodules.

Given a pointed Hopf algebra H, we define a graph I'y with vertices being the
simple subcoalgebras of H (that is, the grouplike elements). There is an edge h — g
if there exists a (g, h)-skew-primitive element v € H, i.e. A(v) =v® g+ hQ v,
which is not contained in kG(H). We say that H is indecomposable if T'y is
connected. As an example, group algebras kG are only indecomposable if G = 1.
The quantum group U,(sly) is indecomposable if the coproducts are e.g. defined
as A(F) =E®1+KQ®F and A(F) = F®1+ K '®F. There are other versions

of the coproduct which are not indecomposable (see [95]).

3.2.3 Classification Results for Pointed Hopf Algebras

It was understood early that some pointed Hopf algebras can be obtained as
bosonizations A = B(V) x kG of so-called Nichols (or Nichols-Woronowicz) alge-
bras B(V') associated to YD-modules over a group G (see e.g. [9, Section 2| for
definitions). In this case, the coproducts are given by A(v) = v@ @ (=Y + 1®@w
using Sweedler’s notation. That is, if v is a homogeneous element, then A(v) =
v® g+ 1®uv for the degree g € G(A) of v and A is indecomposable over the group
generated by g € G with V; # 0. Thus, the question of finding finite-dimensional
pointed Hopf algebras is linked to finding finite-dimensional Nichols algebras.?%
Although both questions remain open in general, vast progress has been made in a
series of papers by Andruskiewitsch and Schneider (see [9, 11]) for abelian groups
G, and more recently for symmetric and alternating groups [6], or groups of Lie
type [4, 5]. See [3] for more detailed references.

Let us briefly recall the classification results of [11] here in order to provide the
basis for comparison to our own classification in Section 3.4 later. To fix notation,

let D denote a finite Cartan datum. That is, a finite abelian group I', a Cartan

26However, a pointed Hopf algebra is not necessary bosonizations of this form. Important tools
available are the coradical filtration (see e.g. [94, 5.2]) and the lifting method of Andruskiewitsch
and Schneider [9, Section 5].
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matrix A = (a;;) of dimension n x n with a choice of group elements g;, characters

x; for i =1,...,n. Then define ¢;; := x;(¢;) and impose the conditions that
Gt = G’y G # L. (3.2.1)

We can associate to the Cartan matrix A a root system & (with positive roots
®*). The simple roots a; of ® can be indexed by ¢ = 1,...,n. Denote by x the
set of connected components of the corresponding diagram, and by ®; the root
system restricted to the component J € y, and write i ~ j if 7 and j are in the

same connected component. Denote further

n n T
go:=]]g",  xa=][x"  foraroota=3 nma.
i=1 i=1 =1

To state the classification of finite-dimensional pointed Hopf algebras, some

technical assumptions need to be made.

(a) Assume that the parameters g;; are roots of odd order N;.
(b) N; = Ny is constant on each connected component, i € J.

(c) If J € x is of type Gy, then 3 does not divide N;.

To construct pointed Hopf algebra from a Cartan datum D, we need two fam-

ilies of parameter.
(d) Let A = (X\i;) be an n x n-matrix of elements in k such that for all ¢ » j,
gig; = 1 or x;x; # € implies \;; = 0.
(e) Further let ;1 = (p0 )+ be elements in k such that for any a € ®7F, for J € x,

Definition 3.2.3.1 ([11, 5.4]). Given the a Cartan datum D with families of
parameters A, ;1 as above, there is a Hopf algebra u = w(D, A, i1). The algebra u is
generated by elements g € I' (define u,(p) € kI, see [11, 2.14] for a € %), and z;

for i = 1,...,n, subject to the relations
gr; = xi(9)xig, for all i, ge T, (3.2.2)
ad(z;)' 7% =0, fori # 7,4~ j, (3.2.3)
7 = ua(p), for all « € 5, J € x. (3.2.5)
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Here, ad(x)(y) is the braided commutator xy — m o ¥(z ® y) where m denotes
multiplication and ¥ is the YD-braiding. The comultiplication is given by A(x;) =
i ®1+ g ;.

Theorem 3.2.3.2 ([9, 0.1]). Under the above assumptions (a)-(e) on a Cartan
datum D with parameters A, p, the Hopf algebra u(D, \, 1) is pointed with G(u) =
[’ and of finite dimension. Moreover, if |G| is not divisible by 2,3,5 or 7, then any
finite-dimensional pointed Hopf algebra is of this form.

3.2.4 Algebras with Triangular Decomposition (Free Case)

A triangular decomposition of algebras means that an intrinsic PBW decompo-
sition exists, similar to universal enveloping algebras of Lie algebras. This is a
common feature of quantum groups and rational Cherednik algebras, but more
generally shared by all braided Drinfeld or Heisenberg doubles (cf. Section 2.3.4).
Here, we are using the definitions introduced in [16] to study such algebras with
triangular decomposition (so-called braided doubles).

From a deformation theoretic point of view, triangular decomposition can be
viewed as follows. Let V', V* be dually paired finite-dimensional vector spaces and
H a Hopf algebra over a field k, such that V is a left H-module, and V* carries
the dual right H-action. That is, for the evaluation map (, »: V*®V — k, we
have

(f<h,vy={fh=v), VfeV*veV,he H. (3.2.6)

Now define Ay(V, V*) to be the algebra on T(V) ® H @ T'(V*) with relations
fh = h(l)(f<1 h(g)), hv = (h(l) >U)h(2)7 (327)

(i.e. the bosonizations T(V') x H and H x T(V*) are subalgebras), and [f,v] = 0.

In [16, 3.1], a family of deformations of Ay(V,V*) over Homy(V ® V*, H) is
defined. The algebra Ag(V,V*) over a parameter 5: V@V™* — H is defined using
the same generators in V', V* and H with the same bosonization relations, but

the commutator relation

Lf,v] = B(f,v). (3.2.8)
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In order to obtain flat deformations we restrict to maps 3 such that the multipli-

cation
m: T(V)QHQT(V*) — As(V, V"), VQh® f+— vhf,
is an isomorphism of k-vector spaces.

Definition 3.2.4.1. In the case where m is an isomorphism of k-vector spaces,
we say that Ag(V,V*) is a free braided double.

Theorem 3.2.4.2 ([16, Theorem 3.3]). The algebra Az(V,V*) is a free braided
double if and only if there exists a k-linear map 6: V — HQV, §(v) = -1 @l
which s YD-compatible with the H-action on V, i.e. for any he H

h(l)v[_l] ® (h2) =l = (hqy >U)[_1]h(2) ® (hqay = )0, (3.2.9)
In this case, we call (V,0) a quasi-YD-module and we have
[f,0] = B(f @v) = o!71(f, 00T, (3.2.10)

3.2.5 Triangular Ideals

So far, the braided Hopf algebras T'(V) and T(V*) were assumed to be free. We
can bring additional relations into the picture, defining braided double that are not
necessarily free. Let [ < T'(V) and I* < T(V*) be ideals. We want to determine

when the quotient map
m: T(V)/IQ HQT(V*)/I* — Ag(V,V*)/[(L, I*)

is still an isomorphism of k-vector spaces. In [16, Appendix A] it is show that
this is the case if and only if J := (I, I*) is a so-called triangular ideal. That is,
J=IQHQT(V*)+T(V)® HRI* where [aT>%(V), I* <« T>°(V*) such that

I and I* are H-invariant and
T(VHI < J, rrw)<.J (3.2.11)

This is equivalent to the commutator [f, ] and [/*,v] being contained in J for

all degree one elements v € V', f € V*. For each quasi-YD-module, there exists a
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unique largest triangular ideal I,,,, and thus a unique maximal quotient referred
to as a minimal braided double.

If § is a YD-module, then the maximal quotient T(V')/Iyax is the Nichols
algebra B(V') of V', and the braided double on B(V)® H®B(V*) is a generalization
of the Heisenberg double, a so-called braided Heisenberg double.

For the purpose of this chapter, we need ideals I such that T'(V')/I is a braided
bialgebra, where V' is a YD-module. That is, not a bialgebra object in the category
of k-vector spaces but in the category of YD-modules over kG (see e.g. [9, 1.2—
1.3]). However, if I is a homogeneous ideal in T7'(V') which is a coideal and a
YD-submodule, then 7'(V')/I is a braided Hopf algebra. We denote the collection
of such ideals by Zy,. In fact I,.x € Zy as the Nichols algebra B(V) is a braided
Hopf algebra.

3.3 Hopf Algebras with Triangular Decomposi-
tion

In this section, we let k be a field of arbitrary characteristic and H a Hopf algebra

over k. We introduce a notion of a Hopf algebra with triangular decomposition.

3.3.1 Definitions
We refer to the grading of a braided double T'(V))/I ® H ® T'(V*)/I* given by
degv =1, degf=-1, degh=0, VoeV, feV* heH.

as the natural grading. We want to study Hopf algebras with triangular decompo-

sition preserving this grading.

Definition 3.3.1.1. A bialgebra (or Hopf algebra) A with triangular decompo-
sition over a Hopf algebra H is a braided double H = T(V)/I @ H @ T(V*)/I*
which is a bialgebra (respectively Hopf algebra) such that
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e H is a subcoalgebra of A with respect to the original coproduct of H, (3.3.1)

e the subspaces T (V) ® H and H @ T'(V*) are closed under the
(3.3.2)
coproduct of A,

e the coproduct and counit are morphisms of graded algebras (333)
for the natural grading. o

(In the Hopf case, the antipode S is required to preserve the natural grading and
the subspaces T'(V)® H and H QT'(V*).)

Note that (3.3.3) implies that e(v) = ¢(f) = 0forallv e V, f € V*. We further
observe that assumption (3.3.2) and (3.3.3) combined with the counit property,
give that A(V) < HQV +V®H as well as A(V*) < HQV*+V*® H. Consider

the compositions 9,, d; with projections in

Vv

e

HRV4,—HRVOVRH —»VQH.

The coalgebra axioms imply that §; and d, are left (respectively right) H-coactions.
In particular, as the semidirect product relations in A are preserved by A, §; (and
d,) are left (respectively right) YD-compatible with the given action of H on V.
Similarly, we can obtain a left and right YD-module structure over H on the dual
V* from the coproduct. These are denoted by 9 and ¢;.

Definition 3.3.1.2. Given a bialgebra A with triangular decomposition over H,
we define the right (respectively, left) YD-structure of A to be 4, (respectively, ¢;).
We refer to 07 and ¢} as the right and left dual YD-structures.

To fix Sweedler’s notation for the different coactions, denote 6, (v) = v @v(~
and 6;(v) = v @ v©® and use similar notations for f € V*. We will reformulate
the definition of a bialgebra with triangular decomposition in terms of conditions
on the YD-structures of A in (3.3.6)—(3.3.10) in the free case first.
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Lemma 3.3.1.3. A bialgebra with triangular decomposition A is a Hopf algebra

with triangular decomposition if and only if

YoeV, (3.3.4)

S + (S @x 1 = 0@)S W) o) =
'U(O)S( (*1) ( (-1 1) >5( (0)))0 71)(2

VfeV* (3.3.5)

In this case, the antipode extends uniquely to all of A.

Proof. This follows (under use of the semidirect product relations) by restating
the antipode axioms for the coproduct of a Hopf algebra with triangular decom-
position, which has the form A(v) = v @ v~ + vV @ v, Note that (v) = 0

as we require the counit to be a morphism of graded algebras. O]

3.3.2 The Free Case

Let A be a free braided double, ie. A = T(V)® H® T(V*). We can now
state necessary and sufficient conditions on the YD-structures of A to make the
algebra A a bialgebra with triangular decomposition. In the following, we stick
to the notation of [16, Definition 2.1] denoting the quasi-coaction determining the

commutator relation between elements of V and V* by 6(v) = v[71 ® vl for
veV.

Lemma 3.3.2.1. A free braided double A on T(V)® H® T(V*) is a bialgebra
with triangular decomposition if and only if there exist YD-structures oy, 0., 0,
and 6F such that the following conditions hold forveV, fe V*:

(fO <o) @ (Y =00) = F@0, (3.3.6)
(f@ =) @( ) 4 U( N =v®f, (3.3.7)
(O)f(O) ® (f(—l) (-1 _ l)f( 1 ) =0, (3.3.8)
(f< D)= 1>_U< 1>f< 1))®U<TfT 0, (3.3.9)
(0), (=1)py(=D)
OO @ vl ¢, ol (3.3.10)

+f(71 ®U(0) <f(o (0)][ >
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Proof. The conditions are easily checked to be equivalent — under use of the rela-
tions in A and the PBW theorem — to the requirement that (3.2.10) is preserved
by A. This gives the relations (3.3.8)—(3.3.10), as well as

00 (fO <0 5) @ (FD gy = v0) D ) = o O @ @ p=1),
(F0 0 = 0@) D ) @ 0D 1y (fO < 0 Dy)) = 0@ fD @ oD O,

These relations are equivalent to (3.3.6) and (3.3.7) under use of the counit of H,
applying the coaction axioms.
Conversely, given ¢,, d; as well as their dual counterparts ¢, ¢;*, the bosoniza-

tion relations are preserved by the coproduct defined as
A@) =v0 v 4 D @0, Alf)=fO@ D + fEV e fO, (3.3.11)
forve V, f e V* by YD-compatibility. O]

It will become apparent in Section 3.4 what constraints on the structure of A
conditions (3.3.6)—(3.3.10) give working over a group, and over a polynomial ring
in Section 3.5.4.

3.3.3 Triangular Hopf Ideals

We are looking for triangular ideals J = IQ HQT(V*) + T(V)® H ® I* (cf.
[16, Appendix A] or Section 3.2.5) which are also coideals, and hence A/J is a
triangular bialgebra or Hopf algebra.

Using the description of the coproduct A in terms of the left and right YD-
structures on A, the triangular ideas J that are also coideals are simply those
triangular ideals for which I (and I*) are YD-submodules for both ¢; and §, (re-
spectively, 6; and d7).

If Ais a triangular Hopf algebra with antipode given as in Lemma 3.3.1.3, then

every triangular ideal which is also a coideals is automatically a Hopf ideal.

Definition 3.3.3.1. We denote the collection of ideals of the form
J=IQHQRT(V")+T(V)Q HRI"

for I<T (V) and I*<T(V*) which are also YD-submodules for ¢,., §; (respectively
for 0, 0}') by Za(A). Such ideals J are called triangular Hopf ideals.
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3.3.4 Asymmetric Braided Drinfeld Doubles

A special class of Hopf algebras with triangular decomposition can be provided by
braided Drinfeld doubles of primitively generated Hopf algebras over a quasitrian-
gular base Hopf algebra H. This form of the Drinfeld double was introduced as
the double bosonization in [88, 90], see also Section 2.3.5 for the presentation used
here. We now give a more general definition of an asymmetric braided Drinfeld
double which is suitable to capture the more general class of Hopf algebras that
we find in Section 3.4, including multiparameter quantum groups, as examples. In
this construction, the base Hopf algebra H need not be quasitriangular, and the
asymmetric braided Drinfeld double is also not quasitriangular in general.

To define the braided Drinfeld double of dually paired braided Hopf algebras C
and B in the category Drin(H)-Mod = £YD we require that { , ): C® B — k is
a morphism of YD-modules. This implies that the actions and coactions on C' and
B are dual to one-another (by means of the antipode of H). A weaker requirement

is that we consider the images of C' and B under the forgetful functor
F:8yD — H-Mod,

and require that F'(C) and F(B) are dually paired Hopf algebras in H-Mod (with
the induced braiding under F), while C' and B may not be dually paired in £YD.
Hence the coactions on C' and B do not necessarily have to be related via the
antipode, but the actions and resulting braidings need to be related by duality.
This is captured by the following definition, where we denote the left coactions by
c— V@A and b 6D @ 1O respectively.

Definition 3.3.4.1. We say that two braided Hopf algebras C, B in YD are
weakly dually paired if there exists a morphism of H-modules ( , >: C® B — k
such that

<CC/, b> = <C’, b(1)><c, b(2)>, <C, bb/> = <C(1), b,><C(2), b>, (3.3.12)

for all ¢, € C, and b,b’ € B; as well as

(C(_l) l>b)0(0) = b(o)(b(_l) |>c)' (3313)
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This weaker duality is equivalent to an analogue of condition (3.3.7). To see
this, we can regard the left H-coaction on B as a right H°P-coaction. Given a left
H-action =, we define a right H®P-action < := =(S~! ® Id)7 (where 7 denotes
the ®@-symmetry in Vecty). The resulting structures make B a right YD-module
over HP. The condition (3.3.7) can be rephrased as requiring for all be B,ce C
that

1) @ D0 = (DHO) @ (O (3.3.14)
— be = (79 = pO) (O < pD)y,

— (Y =) = bO(c< SOV = OBV =),

which gives condition (3.3.13). We can visualize condition (3.3.14) using graphical

calculus (with the conventions from Chapter 2):

000 =07 <

BH HC BHHC

Figure 3.3.1: Left and right braiding compatibility condition

Assuming the axiom (3.3.13), we can define an analogue of the braided Drinfeld
double on the k-vector space BQ H®C (rather than using BQDrin(H)®C') with
this weaker requirement of duality on C' and B. The definition of the asymmetric
braided Drinfeld double can be given using Tannakian reconstruction theory by
describing their category of modules. This is similar to the approach used for the
braided Drinfeld double in [90, Appendix B] (cf. also Section 2.3.2).

Definition 3.3.4.2. Let C, B be weakly dually paired braided Hopf algebras in
BYD. We define the category “YDE_(H

asy

as having objects V' which are left H-modules (also viewed as right modules by

(H) of asymmetric YD-modules over C, B

means of the inverse antipode), equipped with a left C-action and a right B-action

(by morphisms of H-modules) which satisfy the compatibility condition

(e = v) < by V) < bayeqy, by @) = cay = (e ™V &= (v< b(l)))<0<2>(0>(7 b<2)>>)
3315
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for all v e V,be B,ce C. Morphisms in “YDE_(H

asy (1) are required to commute with
the actions of H, B and C.

It may help to visualize the condition (3.3.15) using graphical notation:

¢ V B ¢ V B

V V

Figure 3.3.2: Asymmetric Yetter—Drinfeld modules

Proposition 3.3.4.3. The category YDE _(H

asy (F) s monoidal, with a commutative

diagram of monoidal fiber functors

Mod-B(H-Mod)

/\

(H) H-Mod —— Vect,.

\/

C'-Mod(H-Mod)

CyDB

asy

Proof. This monadicity statement can for example be checked directly using graph-
ical calculus. Note that condition (3.3.14) is crucial. The fiber functors simply

forget the additional structure at each step. O

Definition 3.3.4.4. The asymmetric braided Drinfeld double Drin%” (C, B) is de-
fined as the algebra obtained by Tannakian reconstruction®” on B® H® C applied
to the functor “YDE (H) — Vecty,. Hence Drin’y (C, B)-Mod and Cny;y( )

asy
are canonically equivalent as categories.

2TSee e.g. [88, 9.4.1] or Section 2.2.3.



Proposition 3.3.4.5. An explicit presentation for the asymmetric braided Drin-
feld double Drin%,”(C, B) on the k-vector space BQ H®C' can be given as follows:
the multiplication on B is opposite, and for ce C, be B and h € H we have

hb = (he) =b)h, (3.3.16)

he = (hq1y & ¢)h), (3.3.17)

byS ™ (b)) e ey @ by ) = ey baye” @ b)) (3.3.18)
The coproducts are given by

A(h) = hay ® h), (3.3.19)

AD) = b1y ? @by S by V), (3.3.20)

Ae) = cayer) @), (3.3.21)

and the antipode is
S(h) = S(h),  Sb) =5, S(e) = S(c)S(),  (3.3.22)
using the respective given structures on H, B, and C.

Proof. This follows under application of reconstruction (in Vecty) applied to
Cypfsy

including the antipode (Figure 2.1). ]

(H). See e.g Section 2.2.3 for formulas on how to obtain the structures,

An important feature of the braided Drinfeld double is that it has braided
categories of representations. For the asymmetric braided Drinfeld double to be
quasitriangular, we need H to be quasitriangular. If H is not quasitriangular,
this can be achieved by working with over Drin(H) instead of H as a base Hopf
algebra.

From now on, we restrict to the important special case where B and C' are
primitively generated by finite-dimensional YD-modules. This way, we obtain

examples of Hopf algebras with a triangular decomposition over H.

Lemma 3.3.4.6. Let V, V* be left YD-modules over H, such that the action
on V* is dual to the action on V. Then braided tensor (co)algebras T (V)P and
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T(V*)°P are dually paired®® in the monoidal category of right modules over H.
Further assume that the compatibility condition (3.3.14) holds.

Then the asymmetric braided Drinfeld double Dring” (T'(V*)<°P, T'(V')°P) is given
on A=T(V)® HRT(V*) subject to the usual bosonization relations (5.2.7) and

the cross relation
(el = ST w ) = FERFO 0. (3:3.23)
The coalgebra structure is given by
AW) =05 +1@v, A(f)=fR1+f Ve fO (3324

The counit is given by e(v) = (f) = 0 and the antipode can be computed using
the conditions from equations (3.3.4) and (3.3.5) as

S(v) = —v @D, S(f) = =S(1=N 0. (3:3.25)

We can also consider quotients of the form A/J for any triangular Hopf ideal
J € Ia(A). The quotient of A by the maximal triangular Hopf ideal in Ta(A) is
denoted by Uy (V,V*).

Lemma 3.3.4.7. Let A = Driny" (T (V)°P, T(V*)P) for V, V* as in Lemma
3.3.4.6. Then the maximal ideal 1. (A) in Ta(A) is given by
Imax(A) = [max(v) ® H ® T(V*) + T(V) &® H ® ]max(V*)u

where Lyax (V) is the mazimal ideal for the left coaction on V', and L. (V*) is the

mazimal ideal for the left coaction on V*. Hence
m: B(V)® HQB(V*) —= Uy(V,V*)
is an isomorphism of k-vector spaces (PBW theorem).

Proof. This is clear as we know that T'(V)°P /[« (V) and T'(V*)P /L. (V*) are
weakly dually paired braided Hopf algebras and their asymmetric braided Drinfeld
double is given by the quotient Drin” (T'(V)°P, T(V*)P)/ [nax (A), which must be
the minimal double Uy (V, V*). O

28We choose the opposite T(V)°P and coopposite T'(V*)°P in order to avoid having to take
the opposite multiplication in the resulting double (cf. 3.3.4.5). As tensor algebras are cocom-
mutative, this choice does not affect the formulas for the coproduct.
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A perfect pairing between the positive and negative part of Uy (V, V*) implies
the existence of a formal power series coev satisfying the axioms of coevalua-
tion. This can be used to give a braiding on a suitable category of modules over
Un(V,V*) (where B(V) acts integrally), and all modules have the structure of
being YD-modules over H.

3.3.5 Symmetric Triangular Decompositions

The rest of this section will be devoted to the question of recovering the braided
Drinfeld double over a quasitriangular base Hopf algebra H as a special case of
the asymmetric braided Drinfeld double. For this, we introduce the idea of a Hopf

algebra with a symmetric triangular decomposition:

Definition 3.3.5.1. Given a bialgebra with triangular decomposition. If the as-
sociated coactions satisfy that the right coaction d; of V* is the dual coaction to
51, i.e.

FO @D = (f@vOnD, (3.3.26)

and the coactions 9, and ¢ are compatible in the same way, then we call the

triangular decomposition symmetric.

In the case where H is a quasitriangular Hopf algebra, we can recover a special
case of the definition of the braided Drinfeld double given in Example 2.3.5.7 from
the more general form given in Definition 3.3.4.4, and the resulting triangular
decomposition will be symmetric. For this, note that the universal R-matrix and

its inverse give functors (due to [79])
R™': H-Mod — VD,  (V,)r— (V,&, (Idg ®=)(R™' @1dy)),

R: Mod-H — #yD, (V,<) — (V,<, (=t ®Idy)(Idy ®R)).

Given a right H-module V we can hence give V' the left YD-module structure
using R, and V* the dual YD-module structure. Note that (3.3.14) is satisfied
in this case. With these structures, the relation (3.3.23) becomes
[f.cl = ST RO fvaRW) = REOR P e f0)
= RORY = f vy — RO(R @ = f o).
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This is precisely the condition of Example 2.3.5.7. Note that we use R = (S™' ®
Idgz)R~*. This proves the following:

Proposition 3.3.5.2. Braided Drinfeld doubles of braided Hopf algebras over a
quasitriangular Hopf algebras are a special case of Definition 3.5.4.4 with symmet-

ric triangular decomposition.

Note that a partial converse statement also holds: Given an asymmetric braided
Drinfeld double that is symmetric, then it can be displayed as a braided Drinfeld
double in the sense of [68, 90], but unless H is quasitriangular (and the coaction in-
duced by the R-matrix), we need to view if over the base Hopf algebra Drin(H). If
the positive and negative part are perfectly paired, then we can give a formal power
series describing the R-matrix and an appropriate subcategory (corresponding to
the Drinfeld center) is braided.

Particularly interesting examples of such braided Drinfeld doubles include the
quantum groups U,(g) for generic ¢, and the small quantum groups u,(g) (see [90,
Section 4]). Their construction uses the concept of a weak quasitriangular structure
for which a similar statement to 3.3.5.2 can be made. We will see in Section 3.5 that
multiparameter quantum groups can be viewed as examples of asymmetric braided
Drinfeld doubles that are not symmetric. Further, all the pointed Hopf algebras
classified in the main result of this chapter (Theorem 3.4.2.2), under the additional
assumption that the braiding is of separable type and some commutators do not

vanish, are asymmetric braided Drinfeld doubles.

3.4 Classification over a Group

In this section, we denote by A = T(V)® kG ® T(V*) a bialgebra with triangular
decomposition over a group algebra kG. Note that we do not assume G to be
finite.

3.4.1 Preliminary Observations

Hopf algebras that are generated by grouplike and skew primitive elements are

always pointed. We show that assuming a Hopf algebra has triangular decompo-
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sition over a group and is of what we call weakly separable type, it is generated by

skew-primitive elements and hence pointed.

Lemma 3.4.1.1. For a bialgebra A with triangular decomposition over kG as
above, there exists a basis vy, ...,v, of V and fi,..., fn of V*, as well as invertible
matrices M and N such that

J J

!

/
where vy, ..., v,

is another basis of V', and f{,..., fl of V*.

Proof. Let vy,...,v, be a homogeneous basis for the YD-compatible grading 9,
and vf,...,v,, a homogeneous basis for ¢;. The form (3.4.1) of the coproducts is
obtained by letting M be the base change matrix from {v;} to {v/}. The same
argument works for the dual V*, denoting the base change matrix from {f;} to
{fi} by N. O

Lemma 3.4.1.2. A bialgebra A with a triangular decomposition over kG as above
1s a Hopf algebra, with antipode S given on generators of the form v;, f; as in

(3.4.1) by
Z (h; ' e vi)hi gt S(fl-)z—ZNij(fj{<1bj)b;1a;1. (3.4.2)

Proof. The antipode axioms require that S is of the form stated, using that kG
is a Hopf subalgebra, cf. (3.3.4)—(3.3.5). As T(V') and T'(V*) are free, defining S
on the generators extends uniquely to an antialgebra and coalgebra map on all of
A. O

Definition 3.4.1.3. A Hopf algebra A with triangular decomposition over a group
is called of weakly separable type if the degrees right g¢;,..., g, of V are pairwise
distinct group elements, and the same holds for the left degrees hq,...,h, of V as

well as the dual degrees.

We observe that being of weakly separable type over a group implies that
V and V* have 1-dimensional homogeneous components. This gives that for a

homogeneous basis element v; of degree a;, g = v; # 0 is homogeneous of degree
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ga;g~ " which hence has to be a scalar multiple of a basis element vy; where g(i) is
an index 1,...,n. Hence we obtain an action of G on {1,...,n}. To fix notation,

we write

95> v; = Ai(9)Vg(), fi<g = 1i(9) f40)- (3.4.3)

We will see that for A of weakly separable type, the bases change matrices M, N
are diagonal matrices and can be chosen to be the identity matrix by rescaling of
the diagonal bases. This implies that A is generated by primitive and group-like
elements and hence pointed. It is a conjecture in [9, Introduction] that all finite-
dimensional pointed Hopf algebras over a field of characteristic zero are in fact

generated by skew-primitive and group-like elements.

Proposition 3.4.1.4. If A is of weakly separable type, then there exists a basis
{v;} of V and {f;} of V* consisting of (gi, h;)-skew primitive elements, i.e.

Alv) =v;® g; + hi ® v;, Alf)=[i®a;+b;® fi, (3.4.4)

and the antipode on a these skew-primitive elements is given by S(v;) = (hy' &>

vilhi gt S(fi) = (fi= bi)bi i

Proof. Consider the right and left coactions 9, and §; from Section 3.3.1. Choosing
a basis vy, ..., v, homogeneous for §; and v{,..., v/, homogeneous for §,, (3.4.1)
gives

Av) = v ® gi + Y, Mish; @), (3.4.5)
J

where M = (M,;) is the base change matrix. By coassociativity, we find that

ZMU th QUK gk = Zszh/ ®U & g;. (346)
By weak separability of 9, and §; we now have for each j =1,... n:
Z sz - ]kvk ® gk = z] ] ® gi- (347)

Note that M;; # 0 for at least some i. This implies that (M~');; = 0 unless k = i
as the g; are all distinct. Further, if M;; # 0, then v; and v} are proportional.
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This can only be true for at most one ¢ for given index j by weak separability.
Hence by reordering the basis v}, ..., v/, we find that M is a diagonal matrix and
can rescale the basis {v/} such that M is the identity matrix. Hence we have
Alv;) = v; ® g; + h; ® v;. The antipode conditions for A give (using Lemma
3.3.1.3) that S is of the form claimed. O

Remark 3.4.1.5. The bases {v;} and {f;} do not necessarily need to be orthogonal
with respect to the pairing ( , ). We will see in Theorem 3.4.2.2 that if the

characters \; are all distinct, then the bases can be chosen to be dual bases.

Notation 3.4.1.6. In the following, we fix a basis vq,...,v, for V and fi,..., f,
for V* such that

A direct observation from Proposition 3.4.1.4 is that the algebra A is generated
by primitive and grouplike elements (which are precisely the group G) and hence
pointed. Even in the general case (not assuming that A is of weakly separable

type), we have the following restrictions on the group structure.

Proposition 3.4.1.7. In the group G, the relations [g;,a;] = [hi,a;] = 1 and
[hi, b;] = [gi,bj] = 1 hold for alli,j =1,...,n. In particular, if A has a symmetric
triangular decomposition, then the subgroup of G generated by all degrees is abelian.

Further, the following identities for the characters of the group action hold:

15 (hi) = Xiaz) ™, 115(gi) = Xil(by) . (3.4.9)

Proof. The commutator relations follow by applying (3.3.8) and (3.3.9) to a pair
of homogeneous basis elements of V' and V* with respect to d;, 6% (or d,,6;). Then,
even without weak separability, it follows from (3.3.6) and (3.3.7) that h;(j) = J,
a;(i) =1, gi(y) = j and b;(i) = ¢ by the PBW theorem. This implies the relations
(3.4.9). In the symmetric case, a; = g; ' and b; = h; ! which forces the subgroup

generated by all degrees to be abelian. O]
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3.4.2 Classification in the Free Case of Weakly Separable
Type

We are now in the position, that we can classify all Hopf algebras A with trian-
gular decomposition of weakly separable type (cf. Definition 3.4.1.3). This will
enable us to view the Hopf algebras arising from this classification as analogues of

multiparameter quantum groups in Section 3.5. We start by considering the case
A=T(V)®kG®T(V*) which is referred to as the free case.

Proposition 3.4.2.1. For the Hopf algebra A with triangular decomposition of
weakly separable type to be indecomposable as a coalgebra it is necessary that G is
generated by elements ky, ..., ky, l1,...,l, such that there exist generators v; of V

and f; of V* which are skew-primitive of the form

with [k;, ;] = 1 for all i,j. For the characters of the actions on the homogeneous

components of V- and V* we require that

Proof. To determine when pointed Hopf algebras are indecomposable as coalge-
bras, consider the graph I'4 described in 3.2.2. Assume that A has generators
given as in 3.4.1.6. We claim that the connected components of I' 4 are in bijection

with the double cosets of the subgroup

Z =g hy o gy iy ay My, 4y by

’ '

in G which partition G. Indeed, using that the elements gv; and gf; are skew-
primitive of type (gg:, gh;) and (ga;, gb;), we find that the connected component

of g contains, for i = 1,...,n, the strands

> g(g; thi) P — g(g; i) — g — g(g; Thi)' — g(g; i) — ..

for i = 1,...,n and the same strand with a; 'b; instead of g; 'h; (and with g
multiplied on the right). Moreover, as the elements gv;, ¢fi, v;g, fig (and possibly

linear combinations of products of them, which would again be of type given by
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elements in Z) are the only skew-primitive elements in A, and thus give the only
arrows in I'4, two elements g and h are in the same connected component if and
only if z1g92z0 = z3hz4, for some z; € Z. Thus, A is indecomposable if and only if
GG equals the connected component of 1 in the graph I'4, hence if G = Z which is
the finitely-generated group generated by the elements k; := h; 'g;, I; := a;'b; for
1 =1,...,n. Hence, in order to obtain indecomposability, the coproducts are of
the form as stated in (3.4.10). This is achieved by replacing the generators v; by
vih; ' and f; by a; ' f;. The rest of the statements follow directly from Proposition
3.4.1.7. O

Theorem 3.4.2.2. For an indecomposable pointed Hopf algebra A as in Theorem
3.4.2.1 of weakly separable type, the commutator relation (3.2.10) is of the form

where ;5 are scalars in k such that ~;; = 0 whenever \; # \; in which case also
{fi,vjy = 0. Conversely, any choice of such scalars gives a pointed Hopf algebra
of this form.

Proof. With the work done in Proposition 3.4.1.3, it remains to verify that the
form of the commutator relation (3.2.10) is as stated. Recall that in [16, 3.1], the
commutator relation is given by means of a quasi-coaction. That is a morphism
§: V - kG ®V satistying (3.2.9) and (3.2.10). Such a morphism has the general
form
d(v;) = vj[-fl] ® v][-o] = Z a#gg ® vg, o, €k, (3.4.13)
k.g

on the basis elements. Then (3.3.10), which is required for A to be a bialgebra,
rewrites as

Yol (g®k; + L@ g)fi, vy = Y 0ol 9@ g{fi, v).

k,g k,g
For each i, there exists k such that {f;,v;) # 0. For given i, we denote the set
of indices such that {f;,vx) # 0 by I;. For such k € I;, we find that 04{%79 = 0 for

g # kj,l;, and af;kj = —af%_. Thus, we obtain that ¢ is of the form
6(v;) = Ug[il] ® U]['O] = Z Yij(kj — 1) @, (3.4.14)
i=1
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where v = D op. af;kj 1/{fi,viy|I;] and {v}} is the dual basis of V to {f;}. Con-
versely, given arbitrary scalars ;; for 7,5 = 1,...,n, we can define a quasi-coaction
by the same formula (3.4.14). Then ¢ is YD-compatible with the given action of
G on V if and only if (cf. to condition (A) in [16, Theorem Al)

@

Yiiti(9)(gk; — gli) =glfi < g,v;] = [fir 9 =vjlg = 7 A (9) (kg — Lig)-

As A is indecomposable of weakly separable type, GG is abelian and hence this
condition is equivalent to \; = p; whenever ~;; # 0. But by duality of the action,
if {fi,v;) # 0 then X\; = ;.

As for given i = 1,...,n, (fi,v;) # 0 for some j we have that \; = u; for at
least some 7, and vice versa. Hence, the set of characters and dual characters are
in bijection. We can change the numbering and assume without loss of generality

(recall that we are in the weakly separable case) to obtain
From now on, we will hence only use the notation ;. O

The situation, where {v;} and {f;} are orthogonal bases deserves particular
attention. In this case, the scalars v;; = 0 for ¢ # j. The following concept of

separability ensure this.

Definition 3.4.2.3. Let A have a triangular decomposition of weakly separable
type over a group G. If the characters Ay, ..., \, are distinct for different indices,

we will speak of a triangular decomposition of separable type.

Remark 3.4.2.4. At this point, a comparison to [11, 2.4] and [10, 4.3] seems appro-
priate. The condition (3.4.12) is equivalent to the so-called linking relation (3.2.4)
after a change of generators f; <> [; ' f;, since in the form of 3.2.3.1 all generators
have coproducts 0(v;) = v; ® 1 + ¢g; ® v;. Such a change of generators causes the
commutators ad = [ , | to become braided commutators ad = Idyez —¥. The
scalars \;; satisfy the condition (d) in 3.2.3, where for the characters y;x; # ¢
implies \;; = 0. This is the analogue of our condition \; # A; implying ~;; = 0.
This linking relation also appears in the quantum group characterization of [10,

Theorem 4.3]. Hence we can conclude that the classification in this section gives
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Hopf algebras with similar relations as appearing in the work of Andruskiewitsch

and Schneider.

Ezample 3.4.2.5. The most degenerate case, where 7;; = 0, gives the Hopf algebra
(T(V)®T(V*)) x kG where the tensor algebras are again computed in the category
of YD-modules over kG.

Assuming the non-degeneracy that ~;; # 0, we can adapt the terminology of
[16, 5.5] that the braided doubles in this case come from mized YD-structures. A
mixed YD-structure is a quasi-coaction ¢ that is a weighted sum »;¢;0;, where §;
are YD-modules compatible with the same action, and ¢; are generic scalars. The
quasi-YD-module in the theorem is the sum § = 0, — (;)*, where (0;)* is the
YD-module given by v; — [;®v;, which is dual to ¢;. We will see that in this case
all the Hopf algebras arising are certain asymmetric braided Drinfeld doubles (as
defined in 3.3.4).

In the symmetric case, these algebras are in fact braided Drinfeld doubles. In
particular, their adequately defined module categories (resembling the category O,
see Section 2.3.7) are braided.

3.4.3 Interpretation as Asymmetric Braided Drinfeld Dou-
bles

So far, we have only classified free braided doubles over kG. That is, as a k-
vector space A = T'(V) ® kG ® T(V*) via the multiplication map. To capture
examples such as quantum groups, it is necessary to consider quotients of A by
ideals J = (I, I*) such that A/J = T'(V)/I®QkGRT(V*)/I* is still a Hopf algebra
(and thus pointed). Here [ < T'(V) and I* < T'(V*) are ideals and also coideals,
and J € Za(A). We will now refine our considerations from Section 3.3.3 to find

for what ideals I and I* this is the case. We will use the notation
Gij := Aj (ki) (3.4.16)

Then, by (3.4.11), we have that \;(l;) = quil, and the matrix ¢ = (g;;) describes
the braiding on V fully, i.e. it is of diagonal type.
The collection of triangular Hopf ideals Za (A) introduced in Section 3.2.5 can

be described more concretely for A satisfying the following restrictions: we assume
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that the parameters 7;; # 0 for all 7 and that V' (and hence V*) are of separable
type, and that k; # [;. Recall that in this situation, the algebras of the classification
3.4.2.2 are displayed as what is referred to in [16, 5.5 as arising from mized YD-
structures. More specifically, the quasi-coaction 6 = 0, — (d;°)*, where ¢;° denotes
the coaction on V' that is obtained by dualizing the left coaction d; on V* (this is
possible as G is abelian).

By Lemma 3.3.4.7, the ideals in Zo(A) are of the form J = IQ kG T(V*) +
T(V)® kG ® I* where [ is an ideal in the collection Zyy s,y for V' with the right
coaction given by d,, and I* is in Liv 5%) for the left dual coaction d; on V*.

Note that by (3.4.11) the braiding ¥, coming from §, and ¥; from (§;)* on V

are given by
U, (v; Quj) = qiv5 Q v, (v @ ;) = ;' v; @y (3.4.17)

That is, ¥; = ¥, "', the inverse braiding. We hence drop the subscripts [, 7.
Ezxample 3.4.3.1. In the quantum groups A = U,(g), the braiding satisfies the

symmetry ¢;; = ¢"7 = ¢’ = g;; as the Cartan datum is symmetric. This implies
that the relations in I are symmetric under reversing the order of tensors 11 ®...®
Vp <> U, ® ... ®v;. This can be verified explicitly by observing that in U,(g) the

ideal I is generated by ¢-Serre relations, which carry such a symmetry.

Theorem 3.4.3.2. All quotients by triangular Hopf ideals J € Ta(A) of algebras
A occurring in the classification 3.4.2.2, where A is of separable type with ~;; # 0

for all i, are asymmetric braided Drinfeld doubles. If J is maximal of this form,

then A/J = ng(‘/, V*)

Proof. We have seen that the commutator relations are of the form [f;,v;] =
d;;vi(ki—1;). This is precisely the form of the asymmetric braided Drinfeld double
of V with right YD-module structure given by the right grading, and V* with left
YD-module structure given by the left dual grading. The pairing is given by
{fi,vj) = ;i here. We have to check that the braided Hopf algebras T'(V') and
T(V*) of YD-modules over G are dually paired when viewed in the category of left
kG-modules. This however follows from condition (3.4.11). Taking the maximal
quotient by a triangular ideal (or the left and right radical of the pairing) gives
the asymmetric braided Drinfeld double Uy (V, V*). O
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If some of the parameters ;; are zero, then the pointed Hopf algebras obtained
are not an asymmetric braided Drinfeld double any more (in the sense of Definition
3.3.4.4).

3.4.4 Recovering a Lie Algebra

We assume that char k& = 0 in this section and study Hopf algebras with triangular
decomposition of separable type which are of the form Uya(V,V*) (see Theorem
3.4.3.2). The aim is to set the characters A\; and the group elements k;, [; equal
to 1. This way, we want to recover a Lie algebra g for any of the indecomposable
pointed Hopf algebras of the form Uy (V, V*), relating back to the question asked
in the introduction of finding quantum groups for a given Lie algebra. The tool
available for this is the Milnor—Moore theorem from [93] (see also [94, Theorem
5.6.5]) which shows that any cocommutative connected Hopf algebras is of the
form U(g) for a (possibly infinite-dimensional) Lie algebra g.

There are technical problems with this naive approach. To set the elements g;;
— which will be replaced by formal parameters — equal to one, we need to give
an appropriate integral form to avoid that the modules collapse to zero. This rules
out examples like e.g. k[x]/(2™) (and, more generally, the small quantum groups)
which are braided Hopf algebras in the category of YD-modules over k7Z, as here a
generator of the group acts by a primitive nth root of unity ¢ on z, and Z[q| < k
is a cyclotomic ring.

As a first step, we introduce appropriate integral forms of Uy(V, V*), for which
we need the square roots of ¢;;. We consider the subring Z := Z[qim]m c k
adjoining all square roots of the numbers ¢;; and their inverses. This will now be
treated as formal parameters with certain relations between them, coming from

the relations we have among them in k.

Assumption 3.4.4.1. In this section, we assume that the ideal <q;§-1/2 —1|i,j=

1,...,nyin Z is a proper ideal, and hence p: Z — Z, q-ﬂ/2

e 1 is a well-defined

morphism of rings.

This assumption is crucial in the formal limiting process. It, for example,

prevents examples in which ¢" + ¢"~ ' + ...+ ¢+ 1 = 0 as in cyclotomic rings.
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To produce an integral form, we replace a given YD-module V' over kG of
separable type as in the previous sections, by a YD-module over ZG. For this,
we can choose a G-homogeneous basis vy, ..., v, and a homogeoneous dual basis

fiy -+, fn such that (possibly after rescaling)

1 -
(fisvj) = m%, Vi, J. (3.4.18)

i1 13
An important observation is that the Woronowicz symmetrizers, which are used to

compute the Nichols ideal I, (V'), have coefficients in Z. Hence their kernels will
be Z-modules. That is, for V" defined as Z{vy,...,v,), which is a YD-module

n
int

over the group ring ZG, the Woronowicz symmetrizer Wor!' . W is a Z-linear map
yint@n _, pint@n - Hence Ipay (V™) := ker Woryy, ¥ is an ideal in T'(V™), the
tensor algebra over Z.

In order to provide an integral form of Uye(V, V*), we will change the presenta-
tion by introducing new commuting generators, namely | f;, v;] =: ;. One verifies
that the following commutator relations hold over k, as we are given the relation

t; = <=5 (ki — ;) when working over the field:
4 —4;;

i i1

[fir 5] 6i,j(qi1i/2kifi + qi;l/Qlifi% (3.4.19)
[Ui, tj] = —51‘,3'((];1/2]471‘%’ + qzll/zlﬂ)l) (3420)

Definition 3.4.4.2. The integral form Uyg(V™, V™ *) of Uye(V,V*) is defined
as the graded Hopf algebra over the ring Z generated by wvy,...,v,, of degree
1, fi,..., fn of degree —1, and the group elements ki,...,k,,l1,...,l, € G, and
additional elements ¢y, ..., t, of degree 0, subject to the relations of I, (V™) and

x int ot -
I, (V™) bosonization relations

gui = (9 & vi)g, fig = g(fi=9), (3.4.21)
as well as the relations (3.4.19), (3.4.20) and

3.4.22
3.4.23
3.4.24
3.4.25

gui = (g=vi)g,  fig=9(fi<g),

r~

=
& s
iR

Srz

<

~

S
e N e
N— Nt N N
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The coproducts are given as before on the generators f;, v;, ki, l; and A(t;) =

ti @k +1; ®t;.

Note that as A = Uzg(V™, Vin**) is a Hopf algebra over the commutative ring
Z, the coproduct is a map A - A®y, A. For the quantum groups U,(g) at generic
parameter, the integral form in this case is so-called non-restricted integral form
(see e.g. [27, 9.2]) which goes back to De Concini-Kac [31]. To set the parameters
equal to one, and to consider extensions of Hopf algebras to fields, we use the

following Lemma:

Lemma 3.4.4.3. Let ¢: R — S be a morphism of commutative algebras. We
denote the category of Hopf algebras over R by Hopfy. Then base change along

¢ induces a functor
Hopf,: Hopf; — Hopfy, Ar— AQgS.

Proof. Given a Hopf algebra A which is an R-algebra, i.e. there is a morphism
R — A, we induce the multiplication and comultiplication on S +— A ®g S using

the isomorphism
(AQrS)®s (A®rS) = (AQr A)®r S.

It is easy to check that the Hopf algebra axioms are preserved under base change.

O]
Proposition 3.4.4.4. There is an isomorphism of graded Hopf algebras
UZG(Vint> Vint *) ®Z k adN UkG(V7 V*)

Proof. Recall that Z < k by construction. Extending to k, we are able to divide by
¢i; — 1 in (3.4.23), and recover the original commutator and bosonization relations
in Ugg(V, V*). It remains to verify that

Inax (V™) ®7 k = ker Woriy, ¥ @z k = ker Wor U = I, (V).

This follows by noting that k is flat as a Z-module (since the function field K(Z)
is flat over Z as a localization, and k is free over K(Z)), and V" ®; k = V as

k-vector spaces. O
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Definition 3.4.4.5. We define the classical limit of Uye(V,V*) as the algebra

UMV, V*) i= Uza(V™, VI"*) @7 Z) @y k/(ker EG)

using the morphism p: Z — Z mapping all qz_;l/ * %o 1, and the two sided ideal
(kereg) generated by the kernel of the augmentation map eg: kG — k mapping
all group elements to 1. Note that this ideal is a Hopf ideal.

That is, to obtain the classical form we first set the parameters q;_;l/ 2

1 in the integral form and then extend the resulting Z-module to a k-vector space,

equal to

and finally set the group elements equal to 1 along the counit eg: kG — k. We

obtain a primitively generated Hopf algebra, and hence a Lie algebra, this way:

Proposition 3.4.4.6. The classical limit USN(V,V*) is a connected Hopf algebra,
generated by primitive elements. Hence, for the Lie algebra py of primitive el-
ements, U(py) = UNV,V*). This algebra is generated by triples f;,v;,t; which

form a subalgebra isomorphic to U (sly).

Proof. Lemma 3.4.4.3 ensures that U (V, V*) is a Hopf algebra over k, and freeness
of V" over Z ensures that the positive and negative part do not collapse to the
zero space. In particular, the k-vector space V" @ Vint* embeds into the Lie

algebra py of primitive elements. In the classical limit, we obtain the relations
[fi»vj] = (52'7]‘757;, [fz; t]] = 251'7]‘](1', [UZ’, tz] = _25i,jvi- (3426)

Hence every triple f;, v;, t; generates a Lie subalgebra of py, isomorphic to sly. Note

that UV, V*) is generated by primitive elements:
A(f)) =fi®@1+1® fi, Alv) =1, @1+ 1Qw;
We also compute

A(t) = A([fi,vi]) = [fi,vil @ ki + L [fisvi] =t Q ki + 1; ® ;.

Hence, t; is skew primitive in UZ%(V, V*) and primitive in the classical limit. Thus,
UV, V*) is a pointed Hopf algebra over the trivial group. That is, a connected
pointed Hopf algebra. It is further cocommutative and Theorem 5.6.5 in [94]
implies that such a Hopf algebra is of the form U(g) where g is the Lie algebra of

primitive elements as char k = 0. O
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Note that Ug(V,V*) is a braided double over the polynomial ring S(7"), where
T = k{t1,...,t,y (which is not necessarily n-dimensional). The action is given
by t; =v; = 26; ;u; The quasi-coaction is given by d(v;) = t; ® v; which is not a
coaction, hence UL (V,V*) is not a braided Heisenberg double. It is also not an

asymmetric braided Drinfeld double.

Example 3.4.4.7. For U,(g), g a semisimple Lie algebra, viewed as a braided Drin-
feld double, the classical limit is U(g).

We can also compute examples that do not give finite-dimensional semisimple
Lie algebras. As a general rule, the relations between the parameters ¢;; determine
the relations in the Lie algebra. It is easy to construct free examples, for which
there are no relations between the vy, ..., v, by choosing algebraically independent
parameters ¢;;. The work of [105] and [10] give restrictions on examples satisfying
the growth condition of finite Gelfand-Kirillov dimension. We will view their

results in the setting of this chapter in Section 3.5.2.

3.5 Classes of Quantum Groups

In this section, we relate the classification from Section 3.4 to various classes of
examples which are often regarded as quantum groups. This includes the multipa-
rameter quantum groups studied by [12, 43, 102, 109] and others, in Section 3.5.1,
a characterization of Drinfeld—Jimbo quantum groups in Section 3.5.2, and classes
of examples of pointed Hopf algebras from the work of Radford in Section 3.5.3.
The classification in Theorem 3.4.2.2 points out natural generalizations of these
classes of examples. We finally sketch how one can define analogues of quantum

groups using triangular decompositions over other Hopf algebras than kG.

3.5.1 Multiparameter Quantum Groups

Let k£ be a field of characteristic zero. For the purpose of this section, let A € k
be generic, and p;; € k for 1 < ¢ < j < n. Assume that p; = 1 and p;; = pi’jl.

Following [12, 29] and to fix notation, we set
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pij, i i<, o, ifi <y,

(i) e @ e
Kpo =14 ifi=7, A=A it =1,
)\ . . . . . .

ot if 1> 7. pji, ifi>7.

We will provide a variation of the presentation of [12, 29] in order to display

multiparameter quantum groups as a Hopf algebra with triangular decomposition.

Ezample 3.5.1.1 (Multiparameter quantum groups). Let F' = k(f1,..., fn_1) be
the YD-module over a group algebra G with commuting generators ki, ..., k,_1,
li,...,l,_1. Denote the dual by E = k{ey, ..., e, 1), where the pairing is given by
(e, ;) = (1=X)d;j. The YD-structure is of separable type, given by assigning the
right degree k; to f;, and the left degree [; to e;, and actions

)\(i) )\(H‘l)

ki f; = Nk fs = 5y i (3.5.1)
)‘j )\J+1
_ ’f('i)'fﬁf)
J+1 J

fori,7 =1,...n—1. We define the multiparameter quantum group UAQ(g[n) to be
the asymmetric braided Drinfeld double Uyg(F, E).

Note that the definition of Uy (F, E) is possible as (3.4.11) holds, i.e.

AD A ) )

+1 i1 -1
qij = Nj(ki) = 5y = 5 = Aully)
T P

The commutator relation in Uyg(F, E) is given by
[Ei, Fj] = (1= A)dij (ki — Ls). (3.5.3)

Our definition of the multiparameter quantum group is justified by the following
isomorphism to an indecomposable subalgebra of the multiparameter quantum

group considered in the literature:

Proposition 3.5.1.2. There is an isomorphism of Hopf algebras Uye(F, E) = U’

where U’ is a subalgebra of the multiparameter quantum group U = Uy ,(gl,,)-
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Proof. We prove the theorem by first considering the morphism
o T(E)QEGRT(F)— U.

Such a morphism will descent to an injective morphism ¢: Upq(F, E) — U by
the following Lemma 3.5.1.3. We further note that the image Im¢ =: U’ is a
Hopf subalgebra isomorphic to Uxg(F, E). Denote the generators of U by E;, F;
for i = 1,...,n — 1 and group elements K;, L; for i = 1,...,n (see [29, 4.8]).
The map ¢ is defined by ¢(e;) = /\EZ-Kijrl1 o 0(f;) == Fy, ¢(k;) = Lig L7t and
o(l;) := K; ), K;. One checks directly that the relations in the free braided double
T(E) ® kG ® T(F) are preserved under this map, using the presentation in [29,

4.8] for U. O

Lemma 3.5.1.3. The quantum Serre relations in the positive part of A = U,\Q(g[n)
are given by the largest ideal in Ta(A), making the positive part a Nichols algebra.

This ideal is generated by the braided commutators
ad(E;)" (E;) = ad(F)" " (F) = 0, (3.5.4)
where @(EZ)(E]) = EZE] — qZ]EJEz

Proof. Tt follows from Lemma 3.3.4.7 that the maximal ideal J in Zo(A) is given
by J = (I, I*) where I is the Nichols ideal of the YD-module F'.

In U, the explicit description of the ideal the quotient of the positive (respec-
tively negative) part is generated by quantum Serre relations. This follows from
Lemma 4.5 in [29]. For this, it is crucial that A is not a root of unity. The proof
uses the observation in [102], or [12] for the deformed function algebra, that multi-
parameter quantum groups, using quantum coordinate rings, can be obtained via
a 2-cocycle from a one-parameter quantum groups. The fact that the quantum
Serre relations generate the ideal J follows from Theorem 4.4 in [29] where it is
shown that these relations generate the radical of the pairing of T'(F') with T'(E)
extending the pairing of £ and F. ]

The result that the multiparameter quantum group U ,\,B(g[n) is the asymmetric
braided Drinfeld double Uy (F, E) can be seen as a generalization of the result in

[20] where the two-parameter quantum groups were shown to be Drinfeld doubles.
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3.5.2 Characterizations of Quantum Groups

Let chark = 0 in this section. In Section 3.4 we observed that for an algebra
A with triangular decomposition to be an indecomposable pointed Hopf algebra,
G(A) needs to be abelian acting on V' by scalars. That means, in the terminology
of [9] that the YD-braiding ¥(v®@w) = v"Y =w®v® is of diagonal type, i.e. there
exist non-zero scalars ¢;; such that V(v; ® v;) = ¢;;v; ® v; for a basis {vq,...,v,}.

We assume that the braidings arise from YD-module structures over an abelian
group G in this section. That is, ¢;; = A;(k;) for the characters A; by which G acts
on kv; and group elements k; such that §(v;) = v; ® k;. It is a basic observation
that the braided Hopf algebras T'(V')/I for I € 7y, including the Nichols algebras
for V', only depend on the braiding on V' (rather than the concrete choice of \;, ;).
However, different diagonal braidings (V, ¥) and (V, ¥’) give isomorphic braided
Hopf algebras T'(V')/I. Such isomorphisms can be obtained using the notion of
twist equivalence for diagonal braidings (which is a special case of the more general

concept of twisting an algebra by a 2-cocycle).

Definition 3.5.2.1. Two braided k-vector spaces of diagonal type (V, W), (V/, ¥)
(given by scalars q;;, q;;) twist equivalent if V- =V', q;; = qi;, and qijq; = ¢;;0;-

Lemma 3.5.2.2. If (V, W), (V' U') are twist equivalent of diagonal type, then
T(V)=T(V') as braided Hopf algebras in the category of braided k-vector spaces,

preserving the natural grading.

Proof. For a proof see e.g. [9, 3.9-3.10]. We can find generators v; of V' and v} of
V' such that the isomorphism ¢ is determined by v; — v!. Defining a 2-cocycle o
by o(v;®@uv;) = qz’-jqi;1 for i < j and 1 otherwise, we find that the product v;v; maps
to the product twisted by o. Note that the isomorphism is not an isomorphism in
the category of YD-modules over kG unless (V'/, U') = (V, ). O

For an ideal I € Zy, denote the corresponding ideal under the isomorphism
T(V) = T(V') from Lemma 3.5.2.2 by I’ Then we conclude that T(V)/I
T(V")/I" is also an isomorphism of braided Hopf algebras. In particular, B(V)

lle

IIe

B(V') for the corresponding Nichols algebras.
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Lemma 3.5.2.3. If (V, V) and (V', V') are twist equivalent, such that
G =Lk, ...kny={k),....k)=0CG
via k; — ki, then Upa(V,V*) = Upe(V', V') as Hopf algebras.

Proof. By Lemma 3.5.2.2, T(V)/I = T(V")/I" and T(V*)/I* =~ T(V'*)/I"". By
the assumptions on the group generators, k; — k| extends to an isomorphism
kG = kG'. Thus we can define a morphism Ugg(V,V*) — Uke(V’, V"*) which is
an isomorphism of k-vector spaces. Further, preservation of the bosonization con-
dition can be checked on generators using the isomorphism ¢ from Lemma 3.5.2.2.

Finally, the commutator relation (3.4.12) is preserved using the isomorphism on
kG. O

Diagonal braidings are a very general class of braidings. Quantized enveloping
algebras at generic parameters however are based on braidings of specific type,
called Drinfeld-Jimbo type. Following [10], there are different classes of braidings

which we distinguish:

Definition 3.5.2.4 ([10, Definition 1.1]). Let (¢;;) be the nxn-matrix of a braiding
of diagonal type.

(a) The braiding given by (g;;) is generic if g; is not a root of unity for any

i=1,...,n.

(b) In the case k = C we say the braiding (g;;) is positive if it is generic and all

diagonal elements ¢;; are positive real numbers.

(c) The braiding (g;;) is of Cartan type if g; # 1 for all i and there exists a
Z-valued n x n-matrix (a;;) with values ¢; = 2 on the diagonal and 0 <
—a;; < ord g for i # j, such that

ij

Giji = i for all 4, j. (3.5.5)

That implies that (a;;) is a generalized Cartan matrix which may have several

connected components. We denote the collection of these by x.
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(d) The braiding (g;;) is of Drinfeld-Jimbo type (DJ-type) if g;; are generic (no
roots of unity) and there exist positive integers dy, . . ., d,, such that for all 7, j,
d;a;; = djaj; (hence the matrix (a;;) is symmetrizable, and for any J € ¥,
there exists a scalar ¢; # 0 in k such that ¢;; = q?a“ for any 7 € I, and

7=1,...,n.

Some observations can be made about the Nichols algebras associated to braid-
ed vector spaces of DJ-type. First, observe that for a braiding of Cartan type with
connected components Iy,...,I, € x, we have that B(V) is the braided tensor
product B(V;,)®...®@B(V;,) ([8, Lemma 4.2]). Further, for V' with braiding (g¢;;)
of DJ-type, the Nichols algebra can be computed explicitly as the quantum Serre
relations ([105, Theorem 15]):

B(V) = kxy,...,z, | %i(%)l_““ (x;) =0,Yi # j).

We now bring the growth condition of finite Gelfand-Kirillov dimension (GK-
dimension) into the picture, using characterization results of [105] of Nichols alge-

bras with this property.

Lemma 3.5.2.5 ([105]). Let k = C. Let (g;;) be the matriz of a braiding of diag-
onal type which is generic such that the Nichols algebra B(V') has finite Gelfand—-
Kirillov dimension. Then (g;;) is of Cartan type.

Moreover, if the braiding is positive then the braiding is twist equivalent to a

braiding of DJ-type, and this condition is equivalent to finite GK-dimension.
Proof. See [10], Corollary 2.12 and Theorem 2.13. O

Corollary 3.5.2.6. Let A = Ucg(V,V*), for V or separable type, with generic

positive braiding (g;;). Then the following are equivalent
(i) A=U,(g) for g a semisimple Lie algebra.

(1) The braided C-vector space V with braiding (q;;) is twist equivalent to a
braiding of DJ-type with finite type Cartan matriz.

(1) B(V') has finite Gelfand-Kirillov dimension.
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Proof. The equivalence of (ii) and (iii) is the statement of Lemma 3.5.2.5 due to
[105]. Using Lemma 3.5.2.3 we find that (ii) implies (i), while it is clear that
(i) implies (ii). In fact, the GK-dimension of B(V) for V' of DJ-type equals the
number of positive roots [10, 2.10(ii)]. O

Corollary 3.5.2.7. The only indecomposable bialgebras with a symmetric trian-
gular decomposition on B(V) ® kZ" @ B(V*) of separable type, such that V =
Clvy, ..., v,y is of positive diagonal type, and that no v; commutes with all of V*

are isomorphic to Uy(g) for some semisimple Lie algebra g.

Proof. This follows from the classification 3.4.2.2, combined with the result of
Rosso. The Lie algebra g is determined by the Cartan matrix one obtains under
twist equivalence in Lemma 3.5.2.5. The technical condition that no v; commutes
with all of V* ensures that [ f;, v;] # 0 for a dual basis fi, ..., f, of V* resembling

the so-called non-degeneracy condition that the scalars v;; # 0 in Theorem 3.4.3.2.
]

This is a characterization for quantum groups at generic parameters. The work
surveyed in [9, 11] on pointed Hopf algebras over finite-dimensional Hopf algebras
can be viewed as a characterization of small quantum groups. The triangular
decomposition can be view as the case where the graph I' described in 3.2.3 has
two connected components, such that the corresponding generators for the two
components give dually paired braided Hopf algebras.

The characterization suggests that if we are looking for examples outside of DJ-
type, we can consider braidings of generic Cartan type which are not positive. In
fact, [10, 2.6] gives an example that is generic of Cartan type, but not of DJ-type.

We compute the associated quantum group here:

Ezample 3.5.2.8. Let G = {(ky, ko) = Cy x Cy be a free abelian group with two
generators. We define a two-dimensional YD-module V' over G on generators v,

of degree k1, vy of degree ko via
ki >vp = quy, ki vy = q 'vg, ko =v1 = q vy, ky vy = —qus.
Lemma 2.1 in [10] shows that
B(V) = (v1,v2 | ad(v1)*(v2) = ad(vs)*(v1) = 0).
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The asymmetric braided Drinfeld double Ugg(V, V*) is in fact a braided Drinfeld
double if we define V* to be the dual YD-module. It is the Hopf algebra given on
B(V)® CG ® B(V*), subject to the relations

-1 —1
[fbvi] = (51,1'%, [fz,Uz‘] = 52,1'%»
kyvy = g~ sk, kavr = g~ orks,
kv = quiky, kovy = —quaks,
kifa = qfakr, k2 f1 = qfiks,
kifi = q *fiks, kafo = —q ' fako,

and with coproducts
A(v) = v @k + 1®w;, Alf)=fi@1+k'®fi

Apart from such examples, we can also include examples where free and nilpo-
tent generators are combined, hence capturing features of both small and generic

quantum groups. Here is such an example of minimal size:

Ezxample 3.5.2.9. Let G = Cy x C, = (g, % {g,) the product of an infinite
cyclic group and one of order p. We define 2-dimensional YD-module over G as
Cvy @ Cuy, where v, has degree g, and v, has degree g,. The group action is

given by

Gp = Vp = §pUp, Jp B Voo = NpVco,

Goo = Up = U, Joo B Voo = NooVoo,

where scalars with a subscript p are primitive p-th roots of unity, and scalars
with subscript oo are no roots of unity. We can now compute the Nichols algebra
with generators v, and vy. It is given by B(V) = C{v,,ve)/{vh). We denote
the YD-dual by V* with generators f,, fo. The braided Drinfeld double of the
braided Hopf algebra B(V) on B(V) ® k(C, x Cyx) ® B(V*) is a quantum group
that combines both w,(sly) and U, (sls):
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L .
[fpavi] = 5i,p%? [fOOan] = 5@,1%7
fp - fp To — Moo
IpVp = EpUpTp, IpVoo = TlpVooFp;
JooUp = EeoUpfoo; GV = NooVooJon,
9pfo =& fodp, Ipfoo =10, foops
oo Jo = €' fpGoos oo Joo = M oo G-

and with coproducts

A(Uz)zvz®gz+1®vz7 A(fz):fz®1+g¢_1®fu fOI‘Z:p,OO

3.5.3 Classes of Pointed Hopf Algebras by Radford

In [100], a class of pointed Hopf algebras Uiy .., was introduced (see also [45] for
generalizations). These Hopf algebras are associated to the datum of a positive
integer N and 1 < v < N such that N does not divide v, and w € k is a primitive
. We let Cy

2
wl/

Nth root of unity in a field k. Denote ¢ := w” and r = |¢"| =
denote a cyclic group of order N generated by an element a.

The algebra Uiy, is the braided Drinfeld double of the YD-module Hopf
algebra Uy := k|z]/(z") over C,, with grading given by z — a” ® x and action
a2z = ¢ 'z. Note that U, is the Nichols algebra of the one-dimensional YD-
module kx. The coalgebra structure is given by A(z) = z® ¢ + 1 ® z, and
Aly) =y®1+a " Q®uy for the dual generator y. Note further that the other Hopf
algebra H(y , .y introduced by Radford is simply the bosonization U, x kCy in this
set-up. The algebras Uy, ) and H(y ) are not indecomposable unless v = 1.
To obtain indecomposable pointed Hopf algebras, we can consider the subalgebras
generated by x,y and a” (respectively, x and a”). Since these only depend on the
choices of r and ¢ we denote these Hopf algebras by Uy, (respectively, H,q)).
Note that U(T,l,q) = U(r,q).

3.5.4 Quantum Group Analogues in Other Contexts

To conclude this chapter, we would like to adapt the point of view that quantum

groups can also be studied over other Hopf algebras H than the group algebra.
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For this, one can, motivated by the results of this chapter, look for Hopf algebras
A with triangular decomposition over H. The property over a group that A is
of separable type can be generalized by requiring that the YD-modules V' with
respect to the left and right coactions 4, and J; are a direct sum of distinct one-
dimensional simples.

As a first example, we can consider the case where H itself is primitively
generated, i.e. H = k[zy,...,2,] over a field of characteristic zero. If A is a
bialgebra with triangular decomposition over H, then for v € V, A(v) € V ®
H + H ®V implies that A(v) in fact equals v ® 1 + 1 ® v using the counitary
condition. This gives that A is generated by primitive elements and hence is a
pointed Hopf algebra that is connected (i.e. the group like elements are the trivial
group). Now A is in particular cocommutative, so Theorem 5.6.5 in [94] implies
(for chark = 0) that A = U(g) where g is the Lie algebra of primitive elements
in A. From this point of view, all quantum groups over H = k[zy,...,z,] are
simply the classical universal enveloping algebras. Investigating Hopf algebras
with triangular decomposition over other Hopf algebras H can be the subject of

future research.
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Chapter 4

Koszulness of Enveloping
Algebras Associated to
Generalized
Yang-Baxter Equations

4.1 Introduction
4.1.1 Motivation
The Yang-Baxter equations
RiaRi3Ro3 = RozRiz Rz (4.1.1)

play a major role in the study of integrable system which are of importance in
quantum field theory and statistical mechanics (see e.g. [58]). The classical Yang—

Baxter equations

[r12, 713] + [r12, 23] + [113, 723] = O, (4.1.2)

can be obtained as a classical limit (see loc.cit., Section 3) of these equations.

There exist natural generalizations to n indices
[rijs rie] + [rig, el + [rins mje] = 0, (4.1.3)

for 1 <i < j <k <n. In [14], the Lie algebra tv,, with generators r;; subject to

the relations (4.1.3) and [r;;, 7] = 0 for four distinct indices is considered. The
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corresponding discrete group such that the associated Malcev Lie algebras are tt,
are also studied in [14]. These groups are the pure flat braid groups of [70].

It was shown in [14] that the universal enveloping algebras U(tr,) are Koszul.
This result is in analogy with the Koszulness of the Drinfeld-Kohno Lie algebras,
which have a similar presentation, with generators r;;, and relations [r;;, 7] = 0,
[rij, ir] + [1ij, Ti6] = 0 (see e.g. [40, 3.10]).

In [16, 7.12], the algebra U(tr,) is reinterpreted as a certain quadratic cover?
of the Nichols algebra B(Yg) of the Yetter—Drinfeld module Y which has a basis

parametrized by reflections (ij) € S,. The module structure is (up to a cocycle)

9

given by conjugation of reflections and the grading is given by the corresponding
group element (ij) of the generator. This description gives natural generalizations
of Uf(tr,) for any complex reflection group G (see Section 4.2 for a summary of
their construction). These algebras are in particular braided Hopf algebras in the
category of YD-modules over G and can be viewed as the universal enveloping
algebras of certain Lie algebras, which are described in terms of generators and
relations (see Section 4.2.2). For explicit presentations in the cases of the classical
series D, and B,,, see Section 4.2.3, 4.2.4. We will refer to these generalizations as
BFEER-algebras.

The main reason for our interest in the algebras U(hb;) lies in their applications
to rational Cherednik algebras Hy .(G). These algebras were introduced in [39] as
deformations of the algebra C[T*(V)] x kG for t = 0, and D(V') x kG for t # 0.
The algebras H;.(G) and their symplectic generalizations have since been at the
core of an active area of current research (see e.g. [39, 48, 106] and many more).

One important tool in the study of these algebras is the Dunkl embedding
O.: Hy(G) —> C[h* x h™®] x G, O.: H1(G) — D(h™®) x G.
In [16, Section 7] different embeddings were introduced, namely
M.: Hy.(G) — Heisca(U(nby)),  M.: H;.(G) — Heisca(U(9be))w.

The analogy is that the ring of differential operators is the Heisenberg double

of the ring of regular functors (for A™). In some sense, the embeddings M. are

29The minimal quadratic cover of B(Yg) is the algebra &, of [44]. Tt is a quotient of U(tr,,).
30The subscript #' denotes a certain deformation parameter (cf. [16, Theorem 7.25]).
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more symmetric than the Dunkl embedding, which is the identity on h while it
maps y € h* to the corresponding Dunkl operator D,. In the embeddings of
[16], elements of both b and its dual are mapped to similar expressions which are

summations over all reflections s € §. More concretely, in the case t = 0,

D= Y el o) " M) =Yebins M) = @0

seS s seS seS

In this chapter, we want to demonstrate one possible application of the em-
bedding M,.. Namely, the construction of induction (right exact) and restriction
(left exact) functors of modules over rational Cherednik algebras between different
types (for the classical series A,,, B,, and C,,). We focus on the case t = 0, although

similar constructions can be done in the case t # 0 as well.

4.1.2 Summary

The chapter starts with a brief review of the construction of the generalizations
of the algebras U(tr,,) due to [16] in Section 4.2. We give an interpretation as
universal enveloping algebras of a certain Lie algebra b, and explicit descriptions
of the examples corresponding to the D,- and B,-series. We will denote the
corresponding Weyl groups by the same letters A, 1 = S, By, D,.

In Section 4.3, we prove that the algebras U(nbg ) are Koszul®! for G, = D,
and B,,. This is done by explicitly constructing a PBW-basis of the corresponding
quadratic dual in both cases separately.

In the final Section 4.4, we consider maps between the braided Heisenberg

doubles of U(yb;). There are injective algebra morphisms

o : Heiscg, (U (tr,)) < Heiscp, (U(nbp, ),

n

@5 . Heiscs, (U(tr,)) — Heiscp, (U(nbg ),

n

but also injective algebra morphisms

TTTZZ HeiSCGn(U(UbGn)) — HeiSCGn(U(UbGn)),

31Tt was pointed out by Y. Bazlov that Koszulness of these algebras has been conjectured by
A.N. Kirillov in 2006 based on computational evidence.
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where GG can be replaced by either A, D or B. These morphisms can be combined
with the result of [16] that the rational Cherednik algebras Hy .(G) map to the

braided Heisenberg doubles of U(pb;). Hence we can use the diagrams

Heisca, (U(nbg, )

T T

HO,c(Sn) HO,C(GTL)J

where G,, = D,,, B, or G,,_1, to give the Heisenberg doubles a bimodule structure

over different rational Cherednik algebras and use these to define functors

HInd*™: Hy,
HInd$: Hy,
HInd?_,: Ho.(Gnyi1)-Mod — Hy .(G,)-Mod

as well as the corresponding restriction functors HRes in the other directions. By
the general tensor-Hom-adjunction, the induction and restriction functors form

adjoint pairs. Hence all versions of the functors HInd are right exact.

4.1.3 Further Applications

Another reason for this chapter is the role U(ybs) plays in the construction of
categorical actions of the braided Drinfeld doubles of U(yb,) over Drin(G) on
the category of representations of the rational Cherednik algebras H;.(G). The
construction of the action uses a special case of a more general phenomenon that
the monoidal category of modules over the braided Drinfeld double of a braided
Hopf algebra acts on modules over the corresponding braided Heisenberg double
(this generalization of an earlier result of [71] is the content of Chapter 2). In
Chapter 5, we combine this general categorical action with the embeddings M., of
[16] and obtain a categorical action of Drinpin(e)(U(9bs))-Mod on H, .(G)-Mod.
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4.2 BEER-Algebras for Complex Reflection Groups

4.2.1 Notation

Let V be a finite-dimensional C-vector space, G < GL(V) a finitely-generated

irreducible complex reflection group with finite set of reflections
S={seG|dimc(l—s)=1}.

For each s € S, V = ker(1 — s) @im(l + s) = V4 @V, as a decomposition of

eigenspaces. We can choose vectors oz € V', a¥ € V* such that
s(v) = v —{ak, v)ay, YoeV. (4.2.1)

Here, a* ® a, corresponds to 1 — s € End(V') and is hence independent of choice.

#
gsg—

As g (1 —s) =1—gsg !, we have that g = a* @ a5 = af | ® aye,-1 and we

can, following [16], define A to be the function such that

ge=ag = Mg, s)ap,1, VgeG,seS. (4.2.2)

For a finite Coxeter group, A(g, s) can be chose to have values in {+1}.

4.2.2 Generalized BEER-Algebras

We briefly recall the construction of the quadratic algebras U(yb;) associated to
a complex reflection group G from [16, Chapter 7].

Definition 4.2.2.1. Let Y denote the Yetter—Drinfeld module over kG generated

by s, for s € S, where

g=s = Mg, s)gsg’l, (4.2.3)
i(s) =s®sekGR Y. (4.2.4)

For the braiding ¥: Y ® Yo — Yo ® Y, we consider the ideals

18— (ker(Idyagy, +0)) < T(Ye),
Ig = TN = (Jd £ AV < T(Ye).
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We consider the following Hopf algebras in the category of YD-modules over kG,
B (Yg) := T(V)/IE™, By (Ye) := T(V)/Is.
The algebra BY"*(Yg) will be referred to as the BEER-algebra for G.

Note that the definition does not depend on the choices of ay, a¥ as different
choices will give isomorphic YD-modules (cf. [16, Remark 7.16]). Moreover, A can
be extended to a Drin(G)-character by setting

g® 0 >5=05:.Mg,5)g59 "

This is equivalent to A(gh, s) = A(g, hsh )\(h, s).
Remark 4.2.2.2. The algebra B1#d(Yy) is a generalization of the algebra &, of [44]
(which is the A,_;-case) to arbitrary finite complex reflection groups.

As for type A in [14], we can consider a description as a universal enveloping
algebra of a Lie algebra for the generalized BEER-algebras. Since I < AV, we
can consider Lie algebra nb,, defined as the quotient of the free Lie algebra L(S)
on generators s, for s € S, by the ideal generated by Ig.

Example 4.2.2.3.

(i) The cyclic group with two elements C5 is a complex reflection group. For

this group, U(yb,) = C[s], which is a Koszul algebra.

(ii) More generally, for G = S,,, the Lie algebra yb is tv, from [14], for which
U(tr,) was shown to be Koszul.

Lemma 4.2.2.4. There is an isomorphism of algebras U(nbg) = BY(Yy) for

any complex reflection group G.

Proof. This can be seen by use of the universal properties of quotients of free Lie

respectively associative) algebras. O
(resp y g

Note that the algebra U(nb,) carries a natural grading, where the genera-
tors s have degree 1 and the relations are in degree 2, so the BEER-algebras are
quadratic. Remark that the isomorphisms of U(pb,) and BY*(Yy) is one of alge-
bras, not of Hopf algebras. The coproduct of the latter is defined in the category
of YD-modules over G. Hence U(yb.) has two different Hopf algebra structures.
When considering the braided Heisenberg double, we will always use the braided

coproduct.
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4.2.3 The D,-Case

We will give explicit relations for the algebras U(pb) in the cases G = D,,, B,

for which we will investigate Koszulness in Section 4.4, starting with the D,,-case.

The Weyl group of type D,, is D,, := C3 ' x S, acting on C", with reflections

parametrized by the positive roots e; & e; for 1 < ¢ < j < n. The corresponding

reflections are

= (ij) € Sp < D,

SEi —€j

1< g,

Sei+ej = 5;Sj (Z.])7

1< J,

where s; changes the sign of e;. We denote the corresponding generators of U(ybp, )

by (ij) for se,_.; and (ij) for s, .;, where 1 <i < j <n. The character A can be

described by first remembering the order of the indices in o = (ij) = (0(3), o(j))

and multiplying by (—1) if the order of the indices of the transposition (o(i),o(j))

is reversed. That gives the module structure (for a transposition o = (k, 1))

(4.2.5)

(4.2.6)

(4.2.7)

(4.2.8)

(4.2.12)
(4.2.13)

” o (if) = {(a@),_m», if o(i) < o))
—  —(e0), (), ifa(i)>a(j),
oo (i) = {(U(i)aU(J)); if o(i) < o(j),
= (—(0(),0(), ifo(i)>a(j),
(—(0(D),0(4)), if o = (ij),
e (i) = 1 EQD) i (k1) () = 2
— 0@, 0(), ifoi) <o), ik i} =1,
—(0(),0(), it o) >o(j), [{k, 1} 0 i} =1,
—(0(i),0()), if o = (i),
sksio = (ig) = < (O(Z:)’a(j:)), ?f {k’.l} A {Z’j} ~ .
== | @@),0(), ito(i) <o), [{k 1} n i} =1,
| —(0(j),0(2), ifo()>a(h), [{k, 1} 0 {i, 5} = L.
Lemma 4.2.3.1. The ideal ]E‘;:Lad is generated by the relations for {i,j} n {k, 1} =
-
[(ij), (kD)] = 0, (4.2.9) (ij)* =0,
[(ig), (kD] = 0, (4.2.10) (ij)* =0,
[Gi), (D] =0, (4.2.11)  (ij)(ig) + (ig)(ij) = 0.
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And for1<k<j<l<n

(D) (kj) = (ky) (kD) + (kD)(5D), (4.2.15) WD) = (kj)(KD) + (KD (D), (4.2.19)
(k7)) = GOk + (kD)(kj), (4.2.16)  (kj)(GD) = GO(ED) + (K)(kj), (4.2.20)
UDKG) = (kJ) (KD + (ROGD, (4217) (1) (kj) = (ky) (kD) + (KD (1), (4.2.21)
(k7)Y = GO + (KD(Rj), (42.18)  (kj)(51) = (GO)(kL) + (k) (kj). (4.2.22)

Proof. This follows from computing the braiding ¥. The first relations (4.2.9)—
(4.2.14) are easy to see using the formulas for the module structure. Further,

consider the circle

(kg) (k) = (1) (kj) — (kD)(j1) = —(kj) (kL)

from which we derive the relation (4.2.15). The relation (4.2.16) is derived from

(k) (1) = (k) (kj) = =G (k) —> —(kj) (D).

The other relations (4.2.17)—(4.2.22) are obtained by the same loops with all pos-
sible combinations of () and ( ).

The observation thg\lf alw?s maps elements of the basis of Yo ®Y consisting
of tensor products of generators to basis elements (up to scalar +) can be used to
verify that that these relations span ker(Id +W) (in fact, give a basis). ]

Hence, Lemma 4.2.3.1 gives an explicit description in terms of generators and

relations of the D,,-analogue of the algebra &, in [44].

Lemma 4.2.3.2. The ideal Ip, is generated by the following commutator relations
for{i, 7} n{k,l} = &, and k < j < :

(D), (k)] = (063, D) + (D), GO, (4:226)
oy 1 () = (k) ()] + (D, G, (422
0] 0, oy 10000 = ) GO+ [0 G0} 1225

o (D). (k)] = [0s3). D) + (D). GO, (4:229)
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Proof. This in proved by intersecting I3"*! with AYg using the basis from Lemma
4.2.3.1. The relations (4.2.9)—(4.2.11) are anti-symmetric hence give (4.2.23)—
(4.2.25). No linear combinations of the relations (4.2.12)-(4.2.14) give antisym-
metric relations as these relations are symmetric. The relations (4.2.26)—(4.2.29)
are obtained as differences of the corresponding pairs of relations among (4.2.15)—
(4.2.22). O

4.2.4 The B,-Case

We will now give an explicit presentation of U(yb.) in the B,-case. The reflections
in B, = C¥ x §,, are in one-to-one correspondence with the positive roots for B,

which are e; in addition to e; + €; (1 < ¢ < j < n) which also appear in the

D, -case. We have s; = s, for i = 1,...,n, which is
) ]{: # ‘7

si(er) = {6’“ ! (4.2.30)
—er, k=n1.

We denote the generator of Y corresponding to s by 7. To describe the action of

B,, on Yg, note the structure is the same on generators (ij) and (ij) as in (4.2.5).

In addition, we have

(i), ifk#1,7,
7)) = 4.2.31
o> (1) {@ else, (4:251)
i), itk i
s> (if) = g / (4.2.32)
— (ij), else,
re, if k#1,7,
(if)sre =y, ifhk=i, (4.2.33)
i, if k= j,
Tk if k # Z‘vjv
s;si(ij) =3 ry, ifk=1, (4.2.34)
i, if k= j

Lemma 4.2.4.1. The ideal I%iad is generated by the relations (4.2.9)—(4.2.22) plus
the additional relations for k #1,5:
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e, (i7)] = 0, 42.35 o o
s o) ) = G+ i) (s = O
s, (1)) = 0, (4236) 0 T
= r;(ij) — (ij)r; + ri(ig) — (ij)ri = 0. (4.2.39)
[rj,rk] =0, (4.2.37) - = -
Proof. First note that the subspace of Y, ® Yp, spanned by the (ij), (ij) is closed

under ¥ and isomorphic to Yp, ® Yp,. All further relations arise by considering
U applied to r; @ (ij), r; ® (ij) or r; @ ;. O

Lemma 4.2.4.2. The ideal I, is generated by the commutator relations (4.2.23)—
(4.2.29), together with the relations (4.2.35)—(4.2.36), and

[ri + 15, (i5) + (i5)] = 0. (4.2.40)

Proof. This is easy to see using Lemma 4.2.3.2 and 4.2.4.1. O

The explicit presentation of U(ybp ) and U(yby ) will enable us to show that
these algebras are Koszul in Section 4.3 by finding a PBW-basis for the quadratic
dual.

4.3 Koszulness of BEER-algebras

4.3.1 The Quadratic Dual

The quadratic dual A' of a quadratic algebra A = T(V)/{R) is defined as
(V)RS

using the orthogonal complement R' of the relations R in V* ® V*. Returning to
the algebra U(yb,), we have that S?(Ys) < I&. Hence, the quadratic dual U(nb)*

is antisymmetric and therefore a finite-dimensional PI algebra.
In the following, we will construct a PBW-basis for the quadratic dual U(nb)*
which implies that U(ybs)' is Koszul [98, Section 5], and hence U(yb) is Koszul

as well by standard theory of Koszul algebras [17, 2.8-2.9].

We denote the generator dual to (i) of U(ybs) by (ij) € U(yby)' for G =

A1, D, By, and the dual elements to (ij) by (ij). Using the result of [14], we

see that U(tr,)" is the anti-symmetric algebra generated by the relations

GHGK) = GhGE) = G @) = Gj)k),  foralli<j <k (4.3.1)
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4.3.2 Koszulness for the D,-Case

Lemma 4.3.2.1. The quadratic dual U(UbDn)! s the antisymmetric algebra gen-

erated by (ij), (ij) for 1 < i < j < n, which are, for k < j < I, subject to the
relations (4.3.1) and

DKL) = (k7)) = (kD)(k7), (4.3.2)  (kj) (1) = (kD)D) = (k5)(kD), (4.3.4)

(ED(kj) = GO(RD) = (k5)(51), (43.3)  ()(ij) = 0. (4.3.5)
Proof. This follows by computing the orthogonal complement of ker(¥+Idy,, gv,, )
using Lemma 4.2.3.1. O

Proposition 4.3.2.2. A vector space basis U(l)bDn)! 1s given by products of mono-
mials of the form

(jvil)(j7i2)"‘(jaip—l)(jaip-‘rl)"'(j7ik)(j7ip)a Vp=2,...,k, (437)
(11,12) (i1, 43) . .. (i1, 1) (J, 71)- (4.3.8)
for disjoint index sets {j < i1 < iy < ... < ix}. The monomials of this form are

arranged according to the value of the respective smallest elements j to give basis

elements. We refer to monomials of the form (4.3.6)-(4.3.8) as reduced or basic
monomials.

FExample 4.3.2.3. If n = 4, the monomials

(12)(13)(14), — __
O] (12)(34), E (34),  (12)(13), 12), @

— (B, BEY, @), gy, (13),
(12)(13)(14), — Y -
g @ A0y, @13). W) (14),
(23)%( ! 1234,  [1@)Ey, @09, @) 23),
(24)%’ W), e e e @)
N2 T, e, e, 9 G
(34)(23),

give a full list of all basic monomials in U(ybp,)'. Hence the Hilbert—Poincaré
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polynomial of this 38-dimensional algebra is
Py (t) = 1412t + 21# + 4¢.

From this we can compute the Hilbert-Poincaré polynomial of U(yby, ) as Pp,(t) =
(Pp,(=))~", giving
Pp,(t) = 1+ 12t + 123> + 1228t + 12201t* + 121116t° + O(%).

To proof Proposition 4.3.2.2, we provide an algorithm to transform an arbitrary

monomial in the generators into a reduced one. Given a monomial

M = 1_[ (CLi, bz) H (Cjadj)7

i=1 j=1

we consider the graph T" with vertices {ay,b; ..., ax, by, c1,dy, ..., c,di} and edges
a; <> b;, ¢; <> d;. The monomial M can be decomposed into a product of mono-
mials for each connected component of the graph I', using the antisymmetric rela-
tions. For the following algorithm we assume without loss of generality that I is

connected and the set of vertices is {1,...,n}.
Algorithm 4.3.2.4.

(1) If M is a product of generators (a;,b;) only (i.e. I = 0), then M = 0 or
M = £(1,2)(1,3)...(1,n) using relation (4.3.1), cf. [14]. Hence M is a

scalar multiple of a monomial of the form (4.3.6).

(2) If I # 0, i.e. some (¢;,d;) occurs, we can use antisymmetry, the relations
(4.3.2)—(4.3.4), and step (1) to bring M into the form

M = +(a,b1)(a,bs) ... (a,by)(c,d),

where a < by < ... < b, or M =0. If {¢,d} < {a,by,...,bn}, then M =0
(from (4.3.5)). Otherwise, we distinguish the following cases:

(2a) If c = a =1, then

M=+(12)13)...L,d-D(Ld+1)...(1n)(Lad),

and hence has the form +(4.3.7).
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(2b) If c =1, d = a, then

M=+(2,3)(2,4)...2n)(L2),

so it has the form +(4.3.8).

(2¢) If ¢ = b; for some i, then a = 1 and

M=+12)12)...0,d-1)(Ld+ 1)...(L,n){,d),

using the relation (1,5;)(b;,d) = (1,b;)(1,d) from (4.3.4). Hence M has
the form +(4.3.7).

(2d) If ¢ =1 and d = b; for some 4, then a = 2, and

M = +(2,3)(2,4)...(2,n)(1,2),

using (2,0;)(1,b;) = —(2, )(1 2) which follows from (4.3.3). This im-
plies that M has the form +(4.3.8).

(2e) If ¢ # 1 and d = b;, then

M=+12)12)...0d-1)(Ld+ 1)...(Ln){,d),

using (1,0;)(¢c,b;) = —(1,b;)(1, ¢) from (4.3.4). Hence M is of the form
+(4.3.7).

The algorithm proves Proposition 4.3.2.2. Next, we will show that the basis
from Proposition 4.3.2.2 is a PBW-basis. That is, there exists a choice of a total
order on the set of generators ¢, . .., g such that the basis is of the following form:
We denote by T the set of pairs of indices (7, j) such that g;g; cannot be expressed
as a linear combination of elements in (lexicographically) smaller order. In this

case, the PBW-basis is given by
B=A{gi...9i | (ix,ip41) € T,Ve=1,...,1—1}.

Note that for a general total order on the generators, the set B is spanning, but

not necessarily linearly independent.

We introduce the total ordering on the generators (i5), (ij) by requiring (ij) <

(k1) of any i, j, k,1 and further ordering the (ij) (and (ij)) lexicographically.
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Lemma 4.3.2.5. For the above order on the generators of U(yby, ), the corre-

sponding set T consists of the pairs

(ab)(cd),  (ab)(cd), (ab)(cd),  (kj)(kl), (kj)(kD),  (1)(Kj).

for a,b,c,d pairwise distinct (such that a < c) and k < j < 1.

Proof. For pairs with four distinct indices, the only relations are the anti-commu-
tativity relations. Hence precisely the given pairs in the first column are in 7 as
they have the lexicographically smaller order.

For pairs which share one index, consider the relations (4.3.1)—(4.3.4). All
possible pairs appear in these relations. The ones with the smallest lexicographic

order are precisely the ones in 7. All pairs with the same index set are zero. [

Theorem 4.3.2.6. The basis of Proposition 4.3.2.2 is the PBW-basis with respect

to the above order on the generators. In particular, U(ybp ) is a Koszul algebra.

Proof. This can be verified by direct checking using the description of the set T
from Lemma 4.3.2.5. O]

4.3.3 Koszulness for the B,-Case

We will now extend the Koszulness result to the B,-case. For this, recall the

presentation of U(yby )" from Section 4.2.4.

Lemma 4.3.3.1. The quadratic dual U(t)an)! s the antisymmetric algebra gen-

erated by (i), (ij) for 1 <i < j < n, and ', fori = 1,...,n, which are subject
to the relations (4.3.1)-(4.3.5) and

r'(ij) = r'(ij) = v (ij) = 7 (ij), Vi < j. (4.3.9)
Proof. This follows computing the orthogonal complement of Iz, using the basis

from Lemma 4.2.4.1, cf. Lemma 4.3.2.1. O]

Proposition 4.3.3.2. A basis for U(Uan)! s given by lexicographically arranged
products of monomials of the form (4.3.6)-(4.3.8) as well as monomials of the

form

(7, 1) (5, 32) - - (4, te) 75 (4.3.10)
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We can adjust Algorithm 4.3.2.4 to the B,,-case to prove Proposition 4.3.3.2.
Algorithm 4.3.3.3.

(1) Given a monomial M in the generators for U(yby )' such that I is connected

on the set {1,...,n}, use antisymmetry relations to bring it into the form

M=+ H (ai, ;) ]‘[ (e dp) [T

7

(2) Use Algorithm 4.3.2.4 to bring M’ = [[7 (ai, b:) [ [] (¢j, d;) into the form of

a basis element of U(ybp, )' up to sign.

(3) Using the relations (4.3.9), M = 0 unless s = 0,1. If s = 0, we are done as
M = M’ is a basis element of the form (4.3.6)-(4.3.8) up to sign.

(4) If s = 1, use the relations (4.3.9) to interchange all generators (ij) with the

corresponding generators (ij). Using step (2), we can then bring M into the

form

M = +(1,2)(1,3)...(1,n)r".

Using (4.3.9) again, we can replace r* by r!. Hence, M has the form +(4.3.10)

in this case.

We can give a total order on the generators of U(yby ) by ordering the (ij)

(and (i5)) lexicographically, setting (a,b) < (c,d) for all indices, and * > (¢, d)

for all k, c,d. Where the r* are ordered r' < r? < ... <"
Using this total order the corresponding set 7 consists of the pairs from Lemma
4.3.2.5 and the additional pairs

i)k, ()r*, (i), for pairwise distinct indices i, 7, k

Theorem 4.3.3.4. The basis of Proposition 4.3.3.2 is the PBW-basis with respect

to the above order on the generators. In particular, U(nybyg ) is a Koszul algebra.

Example 4.3.3.5. We can now compute the Hilbert polynomial for U(yby ) and
its quadratic dual using the PBW-basis. For n = 4, it is

Py (t) =1+ 72t + 51¢% + 5¢7,
Pp,(t) = 14 72t + 5133t* + 365909¢® 4 26084025t* + 1859414106t° = O(t°).
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4.3.4 Consequences

Koszulness of the algebras U(nb) enables us to compute the extension algebras

explicitly. If is well known that for a Koszul algebra U,

Exty (k. k) = @ Exty"(k, k) = P Extly(k, k) = U',

l,m=o =0

which is thus generated by Ext(k, k). A free resolution for U is given by the
Koszul complex [17, 98]. The module categories can be related by Koszul duality
[17, Theorem 1.2.6] giving an equivalence of triangulated categories between the
bounded derived categories of finite-dimensional graded modules over U and U'.

The latter is a finite-dimensional PI algebra.

4.4 Embeddings of Heisenberg Doubles of BEER-
Algebras and Functors of Rational Chered-
nik Algebra Representations

In this section, we use the notion of perfect subquotient from [16] to obtain maps
between Heisenberg doubles of the BEER-algebras U(yb;) for different G of the
classical series A,,, B,, D,. These can be used to construct functors between cat-
egories of representations of rational Cherednik algebras. To ensure irreducibility,
we restrict to n > 3 in the D,-case for the applications to rational Cherednik

algebras.

4.4.1 Maps of Heisenberg Doubles of Different Series

Note that A,, 1 = S, is both a subgroup (and quotient) of D,, (and B,,) using the

group homomorphisms
D D .B B
S, <% D, 2 8, S, <% B, 2 8,
These morphisms supply induction functors of Yetter—Drinfeld modules:

Ind}: YD — 7'YD,  (V,=,6) — (V,=(p} @1dv), (j§ @ 1dy)d), (4.4.1)
Indy: " YD — 7" YD, (V,=,6) — (V,=(p5 @ 1dy), (5 @ 1dy)d). (4.4.2)
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Via reconstruction theory, these gives rise to maps
dy : Drin(S,) — Drin(D,,), d5: Drin(S,) — Drin(B,).

Comparing generators gives rise to maps

LD 7'('D LB 7'('B
Ind? Vs, <2 Yy, —> Ind? Vs, , Ind% Vs, <4 Yy —» Ind5 Yy, ,
of YD-modules over D,, (respectively, B,,). These pairs of maps are perfect sub-
quotients in the terminology of [16]. Such perfect subquotients are used to induce
maps between the corresponding braided Heisenberg doubles of the braided Hopf
algebras U(yb) (as YD-modules over D,,, respectively B,,).

Lemma 4.4.1.1. The pair (\5,78) is a perfect subquotient of YD-modules over

D,,, and ({5, 7%) gives a perfect subquotients of YD-modules over B,,.

Proof. Consider the pair (¢§,7%). To show it is a subquotient, we need to show
that (Id®n%)op, ] = (] ®1d)ds,, where dg denotes the G-coaction on Yg. But
this is clear as 5%(@) = (ij) ®@ = 5Sn(@)-

Next, to check the subquotients are perfect, we need for the maximal triangular
ideals® that

The right hand side can be identified with T(Ys, ) " I(YDp,,0p, ). Then it is easy to
see using Lemma 4.2.3.1 that the relations among the generators (ij) are the same

in Yp, as in Yg, which implies the equality. The proof for Yz is analogous. [

We remark that the braided Heisenberg double from [16] is defined on U(yb7,)®
EG®U (9b), and the pairing between U (ybf.) and U(nb) is not perfect. Note that
as the Drinfeld doubles are quasitriangular, we have a map Drin(G) — Bgﬁggg)ﬂ)
using the universal R-matrix )| gec 09 @ g. This is used this to compute the Heisen-
berg double of U(ybs) over Drin(G), but we can also compute the Heisenberg
double over CG. The version over CG is for the purpose of Section 4.4.1, while
the version over Drin(G) is relevant for Chapter 5.

We also use the notations (ij), (ij) for generators of U(nbg, ) even though this

notation was already used for the quadratic dual.

32For a YD-module (V,d) over H, the maximal triangular ideal I(V,§) is the maximal homo-
geoneous ideals in degree > 2 which is also a coideal, cf. [16].
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Corollary 4.4.1.2. There exist injective algebra morphisms

— Heisprin(p,,)(U(vbp,)),
> Heispyin(s,) (U(nbp,)),
—s Heis(cpn(U(UbDn))v
> Heiscp, (U(nbg,)).

¢Il4)i HeiSDrin(Sn) U tv,

Qbf : HeiSDrin(Sn)

Proof. A morphism Heispyin(p,)(U(tr,)) — Heispuin(n,)(U(nbp, )) of algebras ex-
ists by applying the general theory of perfect subquotients in [16] to the ones
constructed in Lemma 4.4.1.1. The algebra morphism stated is obtained by pre-
composing with the algebra morphism Idy,) ®d} ® Idy (). The construction
for B, is the same, using d§ instead. More concretely, the morphism is given by

mapping the generator (ij) € U(tr,) to (ij) € U(nbp,) (and mapping the dual

generators (ij) € U(te}) to (ij) € U(yby, )), the group element (ij) € S, maps to
(ij) € D, and the function d(;5y € C[S,] maps to §¢;) = p& () € C[D,]. Hence
we see that ¢f is injective. The proof for B, in place of D,, is again analogous.
Both morphisms ¢ and ¢& admit versions over CG if we regard Yg as YD-
modules over G rather than its Drinfeld double. This first gives a morphism
Heiscp,, (U(tr,)) — Heiscp, (U(hbp ) which will give the desired morphism by
pre-composition with Idy,) ®j5 ® Idy ey O

We can also use the subquotient result 4.4.1.1 to obtain morphisms of Hopf alge-
bras between the corresponding braided Drinfeld doubles (or double-bosonizations
in [90]). These will be relevant in Chapter 5 in order to provide categorical actions
of the monoidal category of modules over the braided Drinfeld double of type A,,

on modules over rational Cherednik algebras of different types.

¢4+ Drinpyincs,) (U (trn)) = Drinpuin(n, ) (U(hbp,)),
O Drinpuin(s,)(U(tt,)) < Drinpyins,) (U(nbg,)).

Note that unlike the braided Heisenberg double, the braided Drinfeld double of
U(nb) cannot be computed over CG.
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4.4.2 Application to Rational Cherednik Algebras

Note first that in the cases A,,, D,, and B,,, all reflections are conjugate. Therefore,
the parameter ¢ = (¢s)ses is just a constant. In the following, we can also consider
different constants for the functors obtained in the t = 0 case as all rational
Cherednik algebras embed into the same Heisenberg double.

For this, the maps

o : Heiscg, (U (tr,)) < Heiscp, (U(nbp ),

n

¢% . Heiscs, (U(tr,)) — Heiscp, (U(nbg ),

n

from Lemma 4.4.1.1 can be combined with the maps
MC(G): H[)’C(G) —> HeiSCG(U(UbG)).
from [16] to induce functors

HIndY: Hy.(S,)-Mod — H,.(D,,)-Mod,
HInd%: Hy.(S,)-Mod — Hy.(B,)-Mod.

The functors are given by
HInd% = M.(D,)*¢5 . M.(Sy)«, HInd% = M.(B,)*¢5 . M.(S,)x,

where (—), is the extension functor Heiscq(U(9bg)) ®un, .(s,) (—) (pushforward),
and (—)* is the restriction functor (pullback). Note that the functor HInd% is
given by the Hy .(D,,)-Ho(S,)-bimodule Heiscp, (U(yby, ) (and HIndY is given
by the bimodule using B,,).

We can also consider the functors

HInd$: Hy . (D,)-Mod — H,.(S,)-Mod,

HInd3: Hy.(B,)-Mod — H,.(S,)-Mod.
These functors are given by tensoring with Heiscp, (U(ybp, )) viewed as a Hy (S, )-
Hy .(D,)-bimodule for type D, (and using instead B, of D, for type B). By

construction, the induction functors have natural right adjoints (using the Tensor-

Hom adjunction) which we denote by HRes’, HRes?, (or using B instead of D).
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For example, the functor HRes? : Hy.(D,)-Mod — H;.(S,)-Mod is given by
mapping an object V' to the Hy.(D,)-module Hompy, s,)(Heiscp, (U(nbp, ), V),
where the module structure is given by (a = f)(b) = f(a =b).

Corollary 4.4.2.1. All versions of the functors HInd have right adjoints. Hence

they preserve colimits and are, in particular, right exact.

It is possible to obtain versions of the above functors for the case t # 0 and
for the restricted rational Cherednik algebras, again using the embeddings of [16]
and the observations about subquotients. In the case t # 0, the bimodules are
given by twisted Heisenberg doubles of U(nb,). Caution about the parameters
is however in order in these cases. For the restricted versions, the actual Nichols
algebras B(Yy) are used instead of U(pb).

4.4.3 Maps of Heisenberg Doubles of the Same Series

In addition to maps between Heisenberg doubles of different series, we can also

consider the maps

771 Heises, (U (tr,)) —> Heiscs, ,, (U (ttns1)),

n

where we map CS,, — CS,,.; by acting on {1,...,n}, and (ij) — (ij), (ij) — (7).
Note that this map is an injective morphism of algebras. Similarly, such maps
exist for types B,, D,. Again, it is also possible to give morphisms of Drinfeld

doubles

n+1,

Th . DrinDrin(Sn)(U(ttn)) — DrinDrin(Sn+1)(U(ttn+1)).

As in Section 4.4.2, we can combine the maps 77%! with the maps M.(G) to

obtain functors

HInd"*': Hy . (G,)-Mod — Hy (G, ,1)-Mod,
HIHdZ+1I HO,C(Gn+1)‘M0d — H[LC(Gn)—MOd,

where G, is S,,, B,, or D,,. The induction functor HIndZ+1 is defined by considering
the algebra Heiscq,,,(U(bg,,,)) as a Ho(Gni1)-Hoo(Gr)-bimodule. The left

Ho (G,11)-action is given by restriction along the morphism M (G, +1), where the
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right Hy .(G,,)-structure is given by restriction along the composite 7" M.(G,,).
Similarly, the functor HInd, , is given by tensoring with the Hy (G, )-Ho o(Gn+1)-
bimodule Heiscg,,, (U(hbg,,,))-

As before, we can define right adjoints, denoted by HRes2'!, HRes] ., which

imply that the induction functors are right exact.

4.4.4 A More Complete Picture

A more general method to obtain morphisms between the braided Heisenberg
doubles of algebras U(nb,;) for finite Coxeter groups can be given by comparing
Dynkin diagrams. If one Dynkin diagram embeds into another one, then the
BEER-algebra of the smaller one will be perfect subquotient of the BEER-algebra
of the group corresponding to the larger Dynkin diagram. In such a situation,
we obtain a map between the braided Heisenberg doubles, so that restriction and
induction functors can be defined as above. For example, the diagram of type A,,
embeds into both the diagram of type D,, and B, giving rise to the morphisms
in Section 4.4.1. There are also embeddings of the Dynkin diagrams of smaller
rank into the Dynkin diagrams of larger rank for the classical series, giving the
morphisms of braided Heisenberg doubles in Section 4.4.3. Analogues of such

morphisms can also be defined for types B, and D,,.
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Chapter 5

Quantum Groups Associated to
Complex Reflection Groups

5.1 Introduction

This chapter constitutes the conclusion of the thesis. It contains first results on
work in progress that connects the categorical action of Chapter 2 with the study
of the braided Hopf algebras associated to generalized Yang—Baxter equations of
Chapter 4 into a categorical action on module categories over rational Cherednik

algebras H .(G) at parameter ¢ = 0.

5.1.1 Motivation

Let G be a complex reflection group. The rational Cherednik algebras H; .(G) have
been introduced as deformations of C[V @ V*] x G in [39] in 2002 and have since
attracted a great amount of attention in the literature due to their applications
in geometry and other fields (such as algebraic combinatorics, or mathematical
physics).?* As a special case, the deformation of C[V @ V*] x G given by the
semidirect product D(V') x G of the group algebra CG with the Weyl algebra (or
ring of differential operators D(V') on V') arises by setting ¢t = 1 and ¢ = 0. Hence,
H,;.(G) can be seen as a class of generalizations of Weyl algebras associated to

G. A main technical tool in the study of the representation theory of H,;.(G) at

33See also references in 1.1.6.
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parameter ¢ = 1 is to use the so-called Dunkl embeddings into D(V**®) x G and
techniques of highest weight categories (see [46]).

In this chapter, we focus on the case where t = 0, which has a very different
representation theory than the case t = 1. We combine two different results: the
first one are algebra morphisms of [16] from H, .(G) into certain braided Heisenberg
doubles H(G) of braided Hopf algebra (associated to G via generalized Yang—
Baxter equations); the second one is the categorical action (developed in Chapter
2) of modules over the corresponding braided Drinfeld doubles D(G) on modules
over H(G). The main result is Theorem 5.2.4.1 — a categorical action of D(G)-
modules on modules over Hy .(G).

There are two main analogies here: we view the embeddings of Bazlov—Be-
renstein as versions of the Dunkl embeddings, and the braided Drinfeld doubles
appearing in the categorical action as analogues of quantum groups.>* To explain
this point of view, note that the quantum groups U, (g) are braided Drinfeld doubles
of certain Nichols algebras [90, 4.3]. Hence, they have a triangular decomposition

of the form
Ug(9) = Uy(n-) @ CZ" @ Uy(n+).

The braided Drinfeld doubles that appear as main actors in this chapter are de-

noted by D(G). They have an analogous decomposition as
D(G) = U(nbe) @ Drin(C[G]) ® U(ybg,).

Note that instead of the group algebra CZ™ of the lattice, the Drinfeld double
of C[G] appears as the “Cartan” part. The double is needed here since, unlike
in the quantum group case, the action of G on the positive and negative part is
not induced by the coaction via a dual R-matrix. Note that we always compute
the braided Drinfeld double with respect to the braided coproduct on U(yb) (cf.
remark after Lemma 4.2.2.4).

The main application of this construction is that every finite-dimensional mod-
ule over the algebra D(G) gives an endofunctor of Hy .(G)-Mod. Using this struc-
ture, one obtains addition symmetries in the representation theory of the rational

Cherednik algebras.

34Gee also the comparison presented in 1.2.
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5.1.2 Summary

We start this chapter with the general construction of the categorical action of
the monoidal category D(G)-Mod on the category Hy.(G)-Mod in Section 5.2.
For this, we introduce different versions of the braided Hopf algebras of which we
take the braided Drinfeld and Heisenberg doubles in order to produce the algebras
D(G) and H(G) in Section 5.2.1. We recall the results of [16] used to map Hy .(G)
into H(G) in Section 5.2.3. The main result is the categorical action of Theorem
5.2.4.1.

Section 5.3 contains first results on the representation theory of D(G). In
particular, we study the easiest case G = (s, the cyclic group with two elements,
in Section 5.3.3. Even in this case, there is a rich supply of simple finite-dimensional
modules and a complex, non-semisimple, representation theory.

To conclude this chapter, and hence the thesis, we include a discussion of ideas
and open problems for further research in Section 5.4. In particular, we consider
the case of a general cyclic group C),, viewed as a complex reflection group. The

investigation of the representation theory of D(C,,) is work in progress.

5.2 Definitions and Main Construction

We will now present the main construction of this chapter, namely all versions of
the Hopf algebras D(G) which we interpret as a type of quantum group associated
to an irreducible complex reflection group G. We will further construct a cate-
gorical action of modules over these quantum groups on module categories over
rational Cherednik algebras Hy .(G) at parameter ¢ = 0.

To fix the setting for this section, let G < GL, (V) be an irreducible complex
reflection group. We denote the set of complex reflections by § = {s € G |
dim¢ Im(1 — s) = 1}. Note that s* = 1 is only guaranteed if G is a Coxeter group.
We can choose roots o} € V* and coroots a, € V, for each s € S, such that
1 —s=af®as € Endc(V). This implies that

se=v=0v—{ak,vas. (5.2.1)
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As 1—s is stable under conjugation by elements g € G, we find that g=>(a*®a;) =

oy -1 @ Qgsg—1 and hence there exist non-zero scalars A(g, s) such that

g = A9, 8)0sg-1, g=al = Xg, s)_la;‘sg_l. (5.2.2)

Note that A can be extended to give a Drin(G)-character by setting A(g, h) = 0 if
h ¢ S. The character satisfies the rule

AMgh, ) = Mg, hsh ) A(h, s). (5.2.3)

Hence \(g,s)™' = A(¢g™!, gsg™!). If G is a Coxeter group, then A can be chosen to

have values {+1}.

Definition 5.2.0.1 ([39]). The rational Cherednik algebra H;.(G) is defined, for a
parameter t € C, and ¢ = (¢;) s € C[S]¢ a conjugation invariant function S — G,

as the algebra generated by elements v,v" € V', f, f € V* and g € G such that

[v,0'] =0, [f. f']=0, (5.2.4)

gv = (g=v)g, 9f=(g=1)g, (5.2.5)
[f,v] = tf,o)1 + Y el f, (1= s)v)s

seS 5.2.6

= t{f,v)l + Z e f, as)ak v)s. ( )

If t =0, we also consider the restricted rational Cherednik algebra HO,C(G) which
is the quotient Hy .(G)/(S(V)¢ @ S(V*)S) by the G-equivariant polynomials in V/

and V* (which are central elements only if ¢ = 0).

Note that H; .(G) = Hy 41, if t # 0. Hence it suffices to consider the two cases
t =0 and t = 1. The representation theory is very different in these two cases (see
e.g. [39] or surveys on the topic such as [38, 47, 106]). If t = 0, Hy.(G) is finite
over its center and hence has a rich supply of finite-dimensional simple modules. If
however t = 1, then finite-dimensional modules are rare and only exist at special
parameters c. The representation theory is studied using highest weight module

techniques in this case.
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5.2.1 Braided Hopf Algebras Associated to G

We will define the algebra D(G) as the braided Drinfeld double of the braided
Hopf algebra U(nb) using the presentation in Chapter 2. The braided Hopf
algebra U (nb) can be viewed as an object in the category Drin(C[G])-Mod. The
quasitriangular Hopf algebra H := Drin(C[G]) has a presentation given as follows
(cf. e.g. [13, 3.2]): it is generated as an algebra over C by ¢g € G and functions d,
such that d4(h) = d,5. The defining relations is

G0n = Ogng-19- (5.2.7)

The coproduct structure is given by

Alg) =9®y, A(G) = > 6, @0, (5.2.8)
ab=h
and the counit is eg = 1, €(0,) = dx1. The antipode is hence S(g) = g~! and
S(0) = 0p-1. The universal R-matrix is given by
R=Y 9®0, (5.2.9)

geG

We note that modules over H are left Yetter-Drinfeld modules over G.

We can now construct U(hbs) and other versions of it as braided Hopf alge-
bras in H-Mod. These are primitively generated braided Hopf algebras and can
be constructed using the theory of Nichols algebras. For the minimal quadratic
versions, this is due to [91, Appendix A] in the S, case, and realized by [15], [16]

in the general case.

Definition 5.2.1.1. Define the H-module Yz = C(s | s € S) as a Yetter—Drinfeld

module with G-action and G-coaction

g=s= Mg, s)gsg”, (5.2.10)
i(s) =s®s. (5.2.11)

The dual Y% = C(5 | s € S) is defined using the pairing {5, uy = ds., i.c.
g=3=Mg,s) 'gsg 1, (5.2.12)

§(G5) =5 '®s. (5.2.13)
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In the following, we consider the dual pairs of braided Hopf algebras in the category
B-Mod given by

B(Ye), B(YZ), Nichols algebras,
BMad(Yy), Baad(y ), quadratic algebras,
Ba(Ya), Ba(YE), only antisymmetric relations,

B (Yy) == U(nby), BIM™I(YE) := U(ybY), universal enveloping algebras.

Note that the Nichols algebras are perfectly paired®. The notation U(hb;) is used
for the quadratic algebra with antisymmetric relations as this is — as an algebra —
the universal enveloping algebra of a graded Lie algebra, generated by the degree

one elements (see Chapter 4 for more details).

Some of these braided Hopf algebras can be recognized in the existing literature.
The algebra U(yb;) for G = S, (type A) is the algebra U (tr,,) of [14]. It is shown to
be the Malchev Lie algebra of the pure virtual braid group. The algebra Ba2d(Y;)
is the Fomin—Kirillov algebra &, from [44]. These algebras are subject to open
conjectures in the theory of Nichols algebras. For example, it is not known if
&, is finite or infinite-dimensional for n > 6. It has been conjectured by Majid
and others that &, is in fact infinite-dimensional for n > 6 (see remarks after
Proposition 3.1 in [91]). For smaller values of n, &, is finite-dimensional (see [44,
(2.8)]). In is remarked in [92, Section 6] that &, is a Nichols algebra for n < 4, but

this question is not answered for n > 5.

Theorem 5.2.1.2 ([14], and Chapter 4). The algebras U(nbs) are Koszul for the
classical series A, B = C" and D of Weyl groups.

It is proved in [104] that the quadratic quotient algebra &, of U(hbs) is not
Koszul for n > 3. This is shown be proving that & is not Koszul, and for larger

n, & is an algebra retract of &,.

35This is proved in [7, Theorem 3.2.29] and [90, 2.5] in general.
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5.2.2 Quantum Groups Associated to GG

We can now define the main actors of this chapter: the braided Drinfeld doubles
D(G). We interpret these Hopf algebras as quantum group analogues associated

to complex reflection groups.

Definition 5.2.2.1. Let H = Drin(C[G]) for a complex reflection group G. We
defined the following Hopf algebras

D(G) := Dring (B(Y), B(Ya)),
D(@) := Dring (B (YE), B(vg)),
Di(G) := Dring(Ba(Yg), Ba(Ya)),
D(G) := Dring (U(ybg,), U(ybg)).

The Hopf algebras D(G) and Dy (G) are referred to as reflection quantum groups.

Lemma 5.2.2.2. The algebras D(G), DM(G), Da(G), and D(G) are all genera-
ted by elements s, u for s,u € S, g € G, and &, € C[G] subject to the common

relations
9611 = 5ghg*1.g7 (5214)
gu = Ag,u) 'qug 'y,
(9, - (5.2.15)
gs = Mg, 8)g59_9,

Opt = Ulpy—1,
(5.2.16)

Ons = 805-1p,
[, s] = s0su — Z Mg, w) 8 gug-1.50,- (5.2.17)

geG
In addition, different versions of D(G) satisfy the corresponding Nichols type rela-
tions in the positive and negative part. We have the following diagram of quotient

morphisms of Hopf algebras:
unad(G)

\_
D(G). (5.2.18)
/

AG)



In all of these Hopf algebras, the coproducts are given by

Alg) =g®y, A@Bn) = Y, 5@, (5.2.19)
ab=h
Als) =s®s+1®s,  A@)=u®1+ Y Mg,u) '6,®gug".  (5.2.20)
geG

The antipode is given by

S(9) =97, S(dy) = 0,7, (5.2.21)
S(s) = —ss, S(u) = — Z Mg, u) " o,qug L. (5.2.22)
geG

One analogy with quantized universal enveloping algebras of Lie algebras is that
both can be viewed as braided Drinfeld doubles (for the quantum groups, this is
due to [90]). Hence there is a strong resemblance in the relations of these algebra.
The quantum group U,(g) compares to D(G) or Dy(G), while the small version
u,(g) plays a similar role to D(G) (we will see that they are also quasitriangular).
A significant difference is that the quantum groups live over an abelian group
Z" (or Z/eZ™), and the action is induced from the coaction via a dual R-matrix,
while D(G) lives over a non-abelian group and the action is not induced in such a
way. This explains why we have to compute the Drinfeld doubles over Drin(C[G])
rather than just CG or C[G]. The choice to use Drin(C[G]) (rather than Drin(G))

will be important in the categorical action in Sections 5.2.4.

Proposition 5.2.2.3. The algebra D(G) is quasitriangular with universal R-

matriz given by the (formal) power series

Rpy = D JaRy® @Ry = D) faby®eag ™, (5.2.23)

a,geG

where Y, eq ® fo is the coevaluation given by orthonormal bases {e,} of B(Ye)

and {fo} of B(YZ). Explicit orthonormal bases are not known for general G.

Proof. As D(G) is a braided Drinfeld double of Nichols algebras (which have a
perfect self-dual paring), we can find a coevaluation element coevy gy = D e €a®fa,
which is a formal power series unless B(Y) is finite-dimensional. Now we use
(2.3.54) to give a the formula (5.2.23) for the universal R-matrix. O
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However, a basis is hard to compute for B(Ys) in most examples (like the
symmetric groups) because it requires knowing the Nichols relations explicitly. It
is a conjecture in the theory of Nichols algebras that the Fomin-Kirillov algebras
are in fact quadratic. This has been verified for the cases n < 4. We extend this

conjecture to all complex reflection groups:

Conjecture 5.2.2.4. The Nichols ideal I,,(Yg) is generated by homogeneous

relations in degree less or equal mg := max{ord(s) | s € S}.

For any Coxeter group, mg = 2. Hence the conjecture says that D(G) =
Davad (),

5.2.3 Symmetric Dunkl Embeddings

In the last section, we introduced the braided Drinfeld doubles D(G). We now
describe some results of [16] giving embeddings of Hy .(G) into the corresponding
braided Heisenberg doubles H(G). We first introduce the algebras H(G) and give
presentations. We can do this over CG (rather than Drin(C[G])) using what

is called the restricted version of the braided Heisenberg double in Proposition

2.3.5.8.

Definition 5.2.3.1. Let H = CG. We defined the following algebras

(G) = Heisy (B(Yg), B(Ya)),
Hquad (G) isy (Bquad( ) Bquad( )) 7

(G) = Heisp(

(G) = Helsp(

Ba(Y$), Ba(Ya)),
U(nbe), Ulnbe)).

These algebras share the bosonization relations with the corresponding Drinfeld
doubles. The only difference is the cross relation (5.2.24) below and that the

functions on G are not part of the presentation:

Lemma 5.2.3.2. The algebras H(G), HYG), Ha(G), and H(G) are all gen-
erated by elements s, u for s,u € S, and g € G, subject to the common relations
(5.2.15) and the commutator relation

[, s] = sds.u- (5.2.24)
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Again, the different versions of H(G) satisfy the corresponding Nichols type
relations in the positive and negative part. We have the following commutative

diagram of quotient morphisms of algebras:

Hquad(G)
/ \_
H(G) H(G). (5.2.25)
\ /

HA(G)

We recall that Heisenberg doubles can be viewed as a generalized form of the
Weyl algebras (which are Heisenberg doubles of symmetric algebras, cf. Example
2.3.5.3).

Theorem 5.2.3.3 ([16, Theorem 7.20]). For any parameter ¢ = (cs), there is a
morphism of algebras M.: Hy .(G) — H(G) such that

Mc(g) = g, Vg e G, (5.2.26)

M.(v) = Z cslak, v)ys, YvoeV, (5.2.27)
seS

M(f) = Y {fr as)5, Vie V. (5.2.28)
seS

If ¢ is generic (for example, if cs # 0 for all s € S), then M, is injective even after
composition with the quotient map D(G) — Di(G).

We think of the embeddings M, as more symmetric analogues of the important
Dunkl embeddings used in the theory of rational Cherednik algebras to embed
H; .(G) into either D(V*) x G or C[V @ V*] x G depending on whether ¢ # 0
or t = 0. The reason for this analogy is the resemblance in the formulas of M, to

those of the Dunkl embeddings for elements of V:
1—s5

D, = ZCS<%@S> o

seS s

(5.2.29)

Note that on functions (elements of V*) the Dunkl embeddings are simply the
identity. In [16], an embedding is also defined in the ¢ # 0 case using a twisted

version of H(G) which is not used in this chapter.
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Remark 5.2.3.4. Although harder to compute, it is in fact better to consider the
algebra Dj(G) instead of D(G), as for example if G = C,, is a cyclic group, the
algebra U(pb) is the tensor algebra (which is free), but when considering Ba(Ys)
interesting relations arise. However, for Coxeter groups, D(G) at least gives a good

approximation of Dy (G) for which only quadratic relations need to be computed
(cf. Conjecture 5.2.2.4).

Corollary 5.2.3.5. The morphism M, factors through the restricted rational Che-
rednik algebra to give a morphism M.: Hy(G) — H(G). It is injective if c is

generic.

5.2.4 The Categorical Action

Theorem 5.2.4.1. There is a coaction o.: Hy .(G) — D(G) ® Hy (G) which is a

morphism of algebras, such that

0c(9) = 9®y, Vg e G, (5.2.30)

d.(v) = Z (ot )s®s+ 1®Qw, YveV, (5.2.31)
seS

0c(f) =Y {fas®@1+ Y §,®@g = f, VfeV* (5.2.32)
seS geG

Proof. This result is based on the coaction 6: H(G) — D(G) ® H(G) from Corol-
lary 2.3.5.9 which is a morphism of algebras. The map 6. is defined as the com-
position 6 M., where we identify Hy.(G) with its image under M.. This implies
that it is a morphism of algebras. Even if this identification depends on ¢ being
generic, J. is a morphism of algebras even if this is not the case.

We can check explicitly on the generators that the identification of Hy.(G)
with its image in H(G) preserves the property that J is a coaction, implying that

0. also is a coaction. O

This theorem gives a categorical action

>: D(G)-Mod ® Hy.(G)-Mod —> H, .(G)-Mod,
VW) — VW,
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induced using the map 6.. We also obtain categorical actions for modules over
other other versions of D(G), using the projections in (5.2.18). Further, this also
gives a categorical action of D(G)-Mod on Hy .(G)-Mod.

We note that the existence of the categorical actions give us monoidal functors
F_: D(G)-Mod — Fun(H,.(G)-Mod, H, .(G)-Mod).

Hence, understanding the representation theory of the reflection quantum groups
D(G) gives endofunctors on Hy .(G)-Mod. In the following section, we will provide
first results on the study of the representation theory of D(G).

5.3 Representation Theory

5.3.1 General Observations

Neither the category D(G)-Mod nor D(G)-Mod are semisimple. The tensor pro-
ducts are not a sum of simples either. This can already be seen in the case G = S5,
which we study very explicitly in Section 5.3.3.

We declare an element v € V' to have degree (g, x) if 6(v) = g®v and h=v =
x(h)v for h € Ce(g) and x a character of this centralizer. In other words, we use
the forgetful functor D(G)-Mod — Drin C[G]-Mod and decompose the image of
a module V' as a direct sum of simples in Drin C[G]-Mod,

V= C—ng?,xw

where Ve, is the simple Drin C|G]-modules described by the conjugacy class of
g; and a Cg(g;)-character y;. We say that g/-homogeneous vectors in this simple
module have degree (g, x;), for g} € g&.

In the case where D(G) (or Da(G)) is finitely generated over its center, we can
study representations using the variety of central characters of simple modules.
This observation enables us to identify the Azumaya locus and make the following
observations, using techniques similar to the ones used in [24, III] to study the

representation theory of quantum groups at roots of unity.
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Conjecture 5.3.1.1. At least in the case where G = C,, (for some n), the
Azumaya locus of DA(G) can be described as those mazimal ideals m such that

DA(G)/m is a simple module of mazimal dimension n.

To prove this claim, we suggest to use techniques such as in [24, TI1.1.6]. It
remains to show that Dy (G) is a prime ring that is finite over a central subalgebra
(its center). This would be implied if D(G) can be shown to be finite-dimensional,
that elements of the Nichols ideal are central in Dy (G) (cf. discussion in Section
5.4.2), and that Ba(Ys) is an integral domain.

We test Conjecture 5.3.1.1 in the Cs-case in Section 5.3.3 by describing the
algebra D(Cy) = D) (Cs) and its center explicitly.

5.3.2 Category O

In order to make the non-semisimple category or representations over D(G) (or
Da(G)) more manageable, we introduce versions of the BGG category O for this
setting, using the triangular decompositions of these Hopf algebras. All construc-
tions can equally be done with D, (G) instead of D(G). We adapt the convention
that we use D(G) when working with a Coxeter group, and D, (G) otherwise.

Definition 5.3.2.1. Let A < H be a graded subalgebra of a graded algebra. We
say V is locally nilpotent over A if for each v € V there exist n € N such that
Ao, =v =0 (cf. [46, 2.2]).

For modules over D(G), we can consider the subalgebra BI"4(Y#) x Drin(G)
and its dual counterpart B3"*!(Yy) x Drin(G), and require either of the actions be
locally nilpotent. This gives two different versions of category O denoted by Og¢

and O, respectively.

Definition 5.3.2.2. The category O is defined to be the category of modules over
D(G) which are finitely generated and locally nilpotent with respect to the graded
subalgebra B (V) » Drin(G). Similarly, O, is defined on finitely-generated
D(G)-modules on which BI"*(Yg) x Drin(G) acts locally nilpotently.

Lemma 5.3.2.3. A finitely-generated module over D(G) is in the category Og if
and only if for all v e V', there exists n > 0 such that’sy-...-5,=>v = 0 for all

Sl,...,SnES.
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A definition using local finiteness (similarly to 2.3.7) would be more general,
and in fact every finite-dimensional simple would clearly be contained in both of
O¢ and O, which is not the case using local nilpotency. We will justify this choice
later. As in highest weight theory, we can define (co)standard modules which are

always in Og (respectively O,):

Definition 5.3.2.4. Let S be a simple finite-dimensional left YD-module over G.
Note that there is an augmentation map Bf{uad (Yg) — C, the counit, and the dual
also has an augmentation map. Hence S is a B (V%) x Drin(G) module S* (and
similarly a B3"*!(Yg) x Drin(G)-module S~) using this augmentation map — i.e.
B (v#) (respectively B (Yy)) acts trivially. We define

L D(Q) + _ +
Ag = Indgguad(yg)xDrin(G) 57 = D(G) @pamay)wprin(c) O

o D(G) - — -
VS = IndBX“ad(Yg)xDrin(G) ST = D(G) ®3?\“ad(YG)><1Drin(G) ST

We call Ag the standard (or Verma) module associated to S, and Vg the costan-
dard module of S.

By construction, all Ag are in O, and all Vg are in O¢. They are special
modules in these categories, so-called highest (respectively lowest) weight modules,
i.e. there exist a highest weight vector v. That is, BIM(YZ) = U(yby) acts
trivially on Cv, and v generates the module. The weight of a highest weight
module is the Drin(G)-character Co.

It should be remarked that in our setting, we will not be able to apply many
of the general results of [46, Chapter 2| due to lack of an inner grading element.
In particular, the Vermas do not have a unique simple quotient. We will see in
the A;-case that all finite-dimensional simples in O are quotients of Vermas, but
there are infinitely many different simple quotients of one fixed Verma in O, even
in the A;-case. However, there is a unique graded quotient module in the A;-case
and we expect this observation to also hold for other groups. As a general guideline
for the study of Og, we can recover the part of the theory of the category O for
rational Cherednik algebras that holds for ¢ = 0.

In the case where A < H is also a graded sub-coalgebra, we observe that the
tensor product of two locally nilpotent H-modules for A is again locally nilpo-

tent. The tensor product is however not finitely-generated in general. Hence the
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category O is not closed under tensor products. However, if one module is finite-
dimensional, then the tensor product with an arbitrary module of category O is

again in category O.

Lemma 5.3.2.5. Denote by @de the full subcategory of Og on finite-dimensional
modules. Then 62 is a monoidal category. Moreover, O¢ is a module over @fg

by restricting the reqular action.

We also consider a graded version of category O which, as we will see, is easier

to study than the general category O:

Definition 5.3.2.6. We define @gGr to be the category consisting of Z-graded
D(G)-modules in O, and O% to be the category of Z-graded modules in O..

We can also define category O for the rational Cherednik algebras (at ¢ = 0),
as in [46]. That is, O, consists of finitely-generated modules over Hy.(G) which
are locally nilpotent for S(V*), and O, is defined analogously.

Corollary 5.3.2.7. There is a categorical action of the category of finite-dimen-
sional modules in Og (over D(G)) on the category O, for Hy . (G). This action
1s given by restricting the action from Theorem 5.2.4.1, and further restricts to
an action of the corresponding graded category O analogues (as well as the lowest

weight versions).

Proof. This follows from the fact that the coaction map d,. given in the categorical
action preserves the triangular decomposition of the algebras. The version for the
graded category O analogues follows from the simple observation that the coaction
map o, is a graded morphism with respect to the natural degs = 1, degs = —1,
and deg g = degd, =0, for se S, ge G. m

A central question for future investigation is how the functors Fy, for a D(G)-

module V behave:

Question 5.3.2.8. What properties do the functors Fy have with respect to exact-

ness and preserving (co)limits? What are the images of Verma modules?
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5.3.3 The Toy Case A;

In the A;-case, which corresponds to the cyclic group with two elements Cy = Sy =
{1, s}, we can compute the representation theory of D((G) and the categorical action

explicitly. It hence serves as a test or toy case for more general series of examples.

Ezxample 5.3.3.1. The algebra D(C5) is generated by s, 3, s, 01, and ds subject to

the relations

$§ = —3s, 048 = 501, 805 = 048
58 = —ss, dss = 501, 501 = 018
[57 §] - 51 + 5

The coproduct is given on the generators by

A(s) = s®s, Al)=1®1,

A(ds) = 0s ® 1 + 61 ® I, A(01) = 01 ® 01 + 05 ® I,
A(5) =5@1+ (0 —0,) ®5,

A(s) =s®s+1®s.

It is easy to see that B(Y4,) = C[s]/(s*) and U(yb,,) = C[s]. Therefore we find
that dimD(4,) = 8.

The center of D(Cy) is generated over C by the elements 1, D := s(d; — J5),
A:=3% B:=5? and C = eu := 55 + 55. Hence the variety of central characters

is
o, = Spec Z(D(Cy)) := Spec ((C[A, B,C, D] /C? —4AB — 2D — 2) .

If V is a simple module, all central elements act by a scalar using Schur’s Lemma.
We see that V' = V1@V;, where Vj, is the homogeneous component of degree g € Cs.
We compute the action of D (acting by d € C) on such a simple module. For this,
let v, € V.

D =wvy = s(01 — d5)v; = svp = duy, (5.3.1)
D =v, = 5(6) — d5)vs = —svs = duy. (5.3.2)
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This implies d = +1 as s = 1 and sv; = +v; and sv, = Fv,. Hence we find that

the image of the morphism
Yo, Trrep D(Cy) — Zc,
is contained in a disjoint union of two subvarieties
Z}, L2 = Spec (C[Av B.Cl /e 4AB) L Spec (C[A’ B.Cljc2 _4AB - 4) ,

corresponding to d = 1 and d = —1. It should be noted that the first compo-
nent ZéQ is the same as the character variety for the rational Cherednik algebra
Hoo(Cy). It is singular at the origin. The the second component 2521 corresponds
to the central character variety of Hp;(Cs), which is non-singular. Thus D(Cs)
captures both the singular Poisson variety and its non-singular deformation. We
will show next, that the Azumaya locus of D(Cy) in fact is the non-singular locus
of this disjoint union. Simple representations at regular points have dimension

two, while there are two one-dimensional simples at the only singular point:

X H

Figure 5.3.1: The character variety in the A;-case

Proposition 5.3.3.2. A full list of simple D(Cy)-modules is given as follows:

dim1 There are two 1-dimensional simples: L%V := L4y and L = Ly,
generated by a vector of degree 1 (where s acts trivially) in L™, and degree
s (where s acts by —1) in L*8", respectively. These have central character
(a,b,¢,d) = (0,0,0,1), the singular point in Z¢, .

dim2 Let (a,b,c, +1) be any point in Z£,\(0,0,0,1) L 2521, i.e. any reqular point.

Then for each solution ay, s, 81, B2 of the equations

a1 = a, b2 = b, a1fBs + sy = ¢, (5.3.3)
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the representation given by

Cnf‘l‘l\
Q
=

(%1

(

|
Il
Q

¥

that s,
SV = Vg, §U5 = 7, S = /81US’ SUs = BQUD (534)

where vy has degree (1,4) if d = 1, and (1,—) if d = —1, is simple. Two
such modules are isomorphic if and only if there exists a non-zero scalar A
such that

(a1, as, B, B2) = (Ao, N 1oy, ABL, A1 35).

For any such point (a,b,c, £1), there exists a unique simple representation

up to isomorphism, which we denote by Lab,c)‘

Proof. Given a simple D(Cy)-module V| we can decompose it as V' = V; @V into
a direct sum of homogeneous Cy-graded pieces. Both the commutator [3, s| and
C = Ss + ss act by scalars on V; and V,. Hence, the elements ss and ss act by
scalars on Vi, V;. Hence there are two submodules in V: The one generated by
some element vy in Vi which has dimension at least three, and the one generated
by some v, € V,. As V is simple, we conclude that it has to be at most two
dimensional, V = Cv; @ Cv,. Only in the case a = b = ¢ = 0 we can have
one-dimensional simples. It can be checked directly that for any other central
character, there is a unique two-dimensional simple module up to isomorphism as
described above. O

Next, we consider which of the modules are highest or lowest weight modules,
and hence contained in category O¢, (respectively Og,) for Cy. By inspecting the
simple modules from Proposition 5.3.3.2 on which § acts by zero, we find that the

following finite-dimensional simples are in O¢,:
L1 1), Lis s Liaog) (a #0), L2 (@€ C). (5.3.5)
These correspond to the lines in the character varieties highlighted in Figure 5.3.2.
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Figure 5.3.2: Category O simples in the A;-case

We recognize that these simples are heads of the four Verma modules in Og,:

0 — Apr Agsy — Lagy — 0, (5.3.6)
0 — Ag Aoy —> Loy — 0, (5.3.7)
0— Aqy TSN — Llagy — 0, a#0, (5.3.8)
0—> Ay TN, — Liso0 — 0, a#0 (5.3.9)
0— Mg TG — LY, — 0, (5.3.10)
0— Ay T A ) > Ll — 0. (5.3.11)

Note that there are indecomposable quotients of A, _y and A ;) of arbitrary
length (via quotienting out by the submodules generated by the actions of 5% — a,

<2k+1

ors . For the Vermas A(; _y and A, 4y there are only indecomposable quo-

tients of even dimensions. We point out that there are graded two-dimensional

indecomposables V(Ql Y Vé 0 which are not simple:

52)>
0 — A S +) >A(S + — ‘/(S +) — 0 (5313)

These indecomposable are extensions of L; ;) by L, ), or vice versa:

B
0— L(l +) (S +) I L(s7+) I 0, (5314)

0 — Ls-) ﬁ’vﬁ,ﬂ — L4 — 0. (5.3.15)

We can now compute tensor products of representations and write them as short
exact sequences of simples, and hence determine the K-groups. For this, we restrict

to finite-dimensional simples in O¢, (or @gcr2) only.
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Proposition 5.3.3.3. We can decompose the tensor products of simple D(Cs)-

modules, for a+a’ # 0, as follows:

0— L%@+a’70,0) — L_ 0,0,42) @ L(a’ 042) — L%a-i—a’,O,O) — 0, (5.3.16)

where any combination of +2 is permitted. These short exact sequences do not

split. However,

L QL o= Ly o (5.3.17)
L%a 0,0) ® L(a’ 0,0) = L%a-‘ra’ 0,0) S L%a-‘ra’,O,O)? (5318)
(a,0,0) ® L(a’ 0,+2) — =L a1+a’ 0,2) & L(aJra’ 0,—2)" (5319)

Note that L™ is the unit of the monoidal structure on D(Cy)-modules. In the case
a+a =0 we have that
1 1 ~ 71
Ligo0® L(fa,O,O) Lioin® L( ,0,42)

(5.3.20)
Liaooy® L 1a,0+2) =Vi  ®VE ..

Proof. The key idea is to find vectors on which Z(D(C3)) acts by a scalar. This is
always true for the elements A, B, D. Hence, we need to find vectors in the tensor

product on which
AC)=C®s+ (01 —0;) ®C + s5® s — 25(6; — 02) ®Ss, (5.3.21)

acts by a scalar (0 or £2). If we find a basis for the tensor product on which C
acts by scalars, or two vectors on which C' acts by distinct scalars, then it splits

as a direct sum of simples (unless a + a’ = 0). O

These computations of decompositions of tensor products enable us to compute

the K-groups of the category Og,.

Corollary 5.3.3.4. The K-group K(Og,) has generators 1 = [L™"] as well as

T= (L], L0=[Lhogl %0, L¥:=[L,)  (5322)

(a,0,+2
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where [ ] denotes the class of an object. These generators are subject to the relations

fora+a #0:

1-L¢=L.° forc=0,42, 1" =1, (5.3.23)
LY 10, =L L2 =L L*2 =2(1+ 1), (5.3.24)
LY LY =L L% =2L),,, (5.3.25)
L =12, +L7,. (5.3.26)

The graded K-group K (@a) is the polynomial ring k[1].

The category @a can be described more explicitly: For each integer k > 0,
there exist two indecomposable modules of dimension k (one of highest weight
(1,+) and (s, —)) which are the quotients of the Verma modules Aq 4y and A )
by the ideal generated by the action of 3*.

Ezample 5.3.3.5. The rational Cherednik algebra Hy .(C2) in the A;-case is gener-
ated by x,y, s subject to the relations

ly, z] = 2cs, sx = —us, sy = —ys, s? = 1. (5.3.27)

Without loss of generality, we can distinguish the cases where ¢ = 1 and ¢ = 0.

We start by considering the case ¢ = 1: The center is given by

Ty + yx

Z(Ho () = {A =2> B=y*C = AB = (C? — 1}.

Denote Z, := Spec Z(Hy .(C2)). The finite-dimensional simples over Hy;(Cs) are
two-dimensional (see [39, 11.35]) and parametrized by central characters (a, b, c).

We write Lgp.e) = C{vy,v_) for the unique two-dimensional module such that

svy = toy, UL = Qu_, xv_ = Pug, (5.3.28)

Yvy = yu_, Yyv_ = dv. (5.3.29)
Here, (o, 8,7, ) are scalars such that

aff = a, vd = b, By =c+1, ad =c— 1. (5.3.30)
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Recall that the category O, for Hy .(Cy) is defined in the same way as for D(Cy)
by requiring = to act locally finitely. We observe that the only simples contained
in O, are Lp+1y- In fact, 6 = 0 if and only if ¢ = —1, and v = 0 if and only if
¢ = 1. Either § or v are always non-zero. Also, if § = 0, then 8 # 0 and if v = 0,

a # 0. We write these simples Lo +1) for any scalar b as diagrams:

r=—2 =0
m m
Lop1y i vy \_/ v_, Lop,—1) : vy v_ .
y=1 y=b
=0 =2

The coaction d,. is given by
0c(s) =s®s, 0.(x)=25QRs+1®xz, 4.(y) =5®1+ (0 —ds) ®y. (5.3.31)

In a first step, we will compute the categorical action of the simples in category

O for D(C3) on the ones for Hy1(Cs):
Lemma 5.3.3.6. The categorical action of L5y on Hy1(C2)-Mod is given by
L#" & Liapey = Liap,—c)-
Moreover, the action on category Oy of D(G)-simples gives
L%a,g,o) > Loop+1) = Lio,atrn1) @ Lo,a+b,-1)-

The action of the other D(Csy)-simples gives non-split extensions of the form:

0— L(o,a+b,1) - L(;%O,Q) > L(o,b,l) - L(O,a+b,—1) — 0,

0— Loatb1) — L(_CLT()’_Q) > Lop-1) — Loars,-1) — 0,

0— Loats—1) — L(_(l%()’_g) > Lop1) — Loa+sy — 0,

00— L(O,a+b,fl) - L(_al,og) = L(o,b,q) - L(o,a+b,1) — 0.

Proof. The strategy to find the decompositions of the tensor product is as follows:
We note that

5.3.32
5.3.33
5.3.34
5.3.35

§(2?) =45 ® 1+ 1Q 22,
iy") =5 @1+ 10y
6 (HEY) =(55+55) @5 + (6 — 6) @ T
+35®x —25(d) — ds) ® ys.

e N e
~—_— ~— ~— ~—
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This implies that 22 and »? act on each vector in the tensor product by scalars.

Ty+yx
2

scalar. Such a vector generates a two-dimensional simple module. If

There always exist a vector in the tensor product on which also acts by a

TY+YyT
2

by different scalars two vectors, then the tensor product splits as a direct sum of

acts

simples, otherwise it is a non-split extension. O

Definition 5.3.3.7. We say that an object V' weakly generates a category C over a
monoidal category M with respect to a given categorical action >: M ®C — C if
for every simple object X of C there exists an object N of M such that X appears
as a subobject of N = V.

Corollary 5.3.3.8. The category Oy for the rational Cherednik algebra Hg1(Cs)
can, for example, be weakly generated by one simple object Lo 0,1y under the action
of D(G)-Mod.

Finally, we investigate the case ¢ = 0: In this case, we have the central character

variety
2y = Spec Z(Hy(Cy)) = Spec (C[Aa B.Cl/ap C’2> .

We denote points satisfying this equation by (a, b, ¢). To find the finite-dimensional

simple modules, we distinguish the following cases:

(1) If (a,b,c¢) = (0,0,0), then there are two one-dimensional simples: L, = Cu,,
and L_ = Cv_. Note that this is the only singular point of Z(Hyo(C5)).

(2) If a,b,c # 0, then we can write the unique two-dimensional module L, )

corresponding to (a, b, c) as
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(3b) If b =c=0,a # 0, we find one two-dimensional simple L, ,0):

The only simples in category Oy are Ly, and Lo,,0y- The coaction d.: Hyo(Cy) —
D(C3) ® Hop(Cs) is given by

s> 5®s, r—1Qu, y—3S®1+ (51— 6)®y.

Lemma 5.3.3.9. The categorical action of simples over D(Cs) on simples over

Hoo(Cs) is given by:

L*¥' > Ly = Ly, (5.3.36)

L > Ligpe) = Lap—c), (5.3.37)
L%a,O,O) > Ly = L0,a,0); (5.3.38)
L%a,O,O) > L0p,0) = L(0,a+6,0) @ L(0,a+5,0) (5.3.39)
Lt 12 = Lt = L,a0), (5.3.40)
L(_(;o,ﬂ) &> Lo,b,0) = L(0,a+5,0) © L(0,a+5,0)- (5.3.41)

Hence, we observe that Ho(Cs) is generated by L, (or L_) under the catego-
rical action. The simples in the Azumaya locus can also be generated by L 1 0).

It should be noted that the simples L(io, 19) Act in the same way as L%a,O,O)'

5.4 Conclusion

To conclude the thesis, we include a few remarks and open questions about the
representation theory of the Hopf algebras D(G). These include ideas for work in

progress, and future studies.

5.4.1 Open Questions

Here is a collection of open problems to address in order to gain a better under-
standing of the categorical action of D(G)-Mod on H.(G)-Mod. The structure
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of the category of D(G)-modules is very complex. Hence it may be better to first
restrict to its (graded) category O.

Problem 5.4.1.1. Collect all structural properties of category Og without the
existence of an inner grading element as in [46]. What additional properties does
O, have?

Conjecture 5.4.1.2. The category @g 15 a highest weight category in the sense
of [30, Section 3].

Given such an analysis, we can study the endofunctors induced by the finite-
dimensional simples of @g on category O, (or its graded analogue) for the rational

Cherednik algebras. For this, there are some interesting questions to ask:

Problem 5.4.1.3. Identify the Euler element of D(G) in general. Recall that this
is the central element eu = ss+35s in the Cy-case. This element is key to the study

of the representation theory of D(Cy).

Problem 5.4.1.4. How does the action of finite-dimensional simples on category
Og¢ for Ho .(G) behave with respect to the central characters? Decompose the im-

ages of simples.

Moving on from there, we may answer some questions about all simple modules
of D(G). For this, it is important to understand when D(G) is finite-dimensional

over its center. We expect this to be true for cyclic groups.

Question 5.4.1.5. For which groups G is the algebra D, (G) is finite-dimensional

over its center.

Given that an algebra is finite-dimensional over its center, we can describe
finite-dimensional simples in terms of the central characters as done in the A;-case
in 5.3.3.

5.4.2 The Cyclic Group Case

As a next step of investigation, we intend to study the case of the general cyclic
groups C,. We collect a number of observations and problems for future work in

this section.
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Ezample 5.4.2.1. The cyclic group C,, = {g) of order n can be viewed as a complex
reflection group. For this, let g act on V = Cz by a primitive n-th root of unity &.
Then S = {g,...,¢9" '}, and so C[S]|® = C"~!. Denote the dual of V by V* = Cy.

Then we can choose
g =T, ak = (1-¢&y, Vi=1,...,n—1. (5.4.1)

We denote i := ¢, i := g/, observe that g' = j = £'j, and hence A(¢',¢?) = &'
Hence the Drinfeld double of Y, is generated by i, i, g, and d,: subject to the

relations:

gi = £ig, OgiJ = JOgiti, gop = 0ng, (5.4.2)
g% = 5713% 5913 = jégifj, [E, l] =0, 1 # 7, (5.4.3)

n—1
[i,il = g' = ). &6y, (5.4.4)

1=0
as well as the Nichols relations (see Lemma 5.4.2.2). The coproducts are given by
Al =i®g +1®1, Al =i®@1+ ) log®i. (5.4.5)

1=1

Next, we observe that the braiding on Y, is of diagonal type:
V(i®j)=¢j®i
Lemma 5.4.2.2. The following relations hold in I..(Ye,) for 1 <i#j<n—1:

ad(i)*(j) = 0, forik =—j mod n, (5.4.6)
0 (5.4.7)

Proof. The proof uses Lemma 3.7 of [9]. For a diagonal braidings, it states that
ad(i)"(7) = 0 if and only if

e ] a-¢®0)=o. -

0<ks<sr—1

Question 5.4.2.3.

(i) For which n is B(Yc,) finite-dimensional?
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(ii) Do the relations (5.4.6) and (5.4.7) generate the Nichols ideal . (Ye,)?

In the smallest cases n = 2,3, we can provide positive answers to questions
5.4.2.3(1) and (ii). In fact, Bo(Ye,) = C[1] which is an integral domain, and the

relation 1?2 = 0 generates the Nichols ideal. In the case n = 3 we find:

Ezxample 5.4.2.4. The algebra B(Yc,) is generated by 1, 2 subject to the relations

1’ =0, 2° =0, 12 = £21.
This algebra is 9-dimensional, with Hilbert—Poincaré series
142t + 3% + 26 + .
The algebra By (Yc,) satisfies the relations
12,1] + €[L,2]1 =0, [2,1]2 + €2[1,2] = 0.

Question 5.4.2.5. Describe the antisymmetric relations Ix(Ye, ). Is Ba(Ye,) an

integral domain?

The coaction d, is given

e(9') =9'®4, (5.4.8)
n—1

Se(z) = Y e(1-€)i®g +1@u, (5.4.9)
=1

n—1

Se(y) = D i@ 1L+ D €0 ®y. (5.4.10)
=1

=1
5.4.3 The Symmetric Group Case

We expect the representation theory of D(S,,) to be hard to investigate for general
n > 3 since the algebras B(Ys,), and &, = BWd(Yg ) are subject to several
conjectures about pointed Hopf algebras (see e.g. [9, 44, 91]). Here is one basic

observation, namely that there are canonical embeddings of D(Cy) into D(S,,):

Proposition 5.4.3.1. For any choice of 1 < i # j < n—1, there exists a subalgebra
of D(S,,) isomorphic to D(Csy), given on the elements

@7 (U)? (Z])v Z(ij) = Z )‘(07 (Z]))(SU

o oeCa(if\1
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Proof. Note first that X(;;° = 1, and it commutes with with (i5) in Drin(C[S,]).
Thus, C{(ij), ¥;)) = Drin(C[C5]). Moreover,

[(29), ()] = (23) = 0r + Bijy-

Observe that for the coproduct of s,

Hence, C{(ij), (i), (i), X;j)) is a Hopf subalgebra isomorphic to D(Cs). O
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admissible module, see locally finite mod-
ule
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antipode
quasi-case, 25, 49

Azumaya locus, 178, 182

BEER-algebra, 150, 160, 171

bialgebra
braided, 23
quasi-, 24

bimodule

over a monoidal category, 28, 29, 31
braid group

pure flat, 146
braided double, 110

free, 111

minimal, 112
braided monoidal category, 4, 23, 28
braiding

Cartan type, 139, 141

diagonal type, 129, 138

Drinfeld—Jimbo type, 140

generic, 139

of Yetter—Drinfeld modules, 56, 87
positive, 139, 141

Cartan datum
finite, 108
categorical action, 8, 41, 44, 70, 85, 91,
93, 176, 180
category O, 3, 89, 90, 180
for reflection quantum groups, 178,
180
classical limit
of a quantum group, 134
coassociator
twisted, 52
complex reflection group, 8, 149, 168
costandard module, 179

Coxeter group, 149

Dijkgraaf-Witten theory, 7
Drinfeld center, 7, 36
mixed relative, 37
relative, 59
Drinfeld double, 4, 83
asymmetric braided, 118, 130
braided, 6, 78, 80, 122, 172
braided quasi-, 98
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twisted, 100
Drinfeld twist, 97, 99
Drinfeld-Kohno Lie algebra, 146
dual object

left, 42, 47, 54, 63, 69

right, 43, 47, 54, 69
dual quasi-bialgebra, 98
duality isomorphism, 48
Dunkl embedding, 146, 175

fiber functor, 23, 37
finite dual, see restricted dual
Fomin—Kirillov algebra, 150, 171

Gelfand—Kirillov dimension, 140
grouplike element, 107

Heisenberg double
braided, 6, 78, 80, 112, 146, 162,
165, 174
braided quasi-, 98
restricted braided, 84
twisted, 100
highest weight module, 179
Hochschild cohomology
categorical, 8, 18
Hopf algebra
braided, 5, 23
commutative, 2
pointed, 107, 110, 127, 143
primitively generated, 83, 116
quasi-, 24
Hopf algebras
dually paired braided, 25, 69

Hopf center, 7

relative, 39, 59
Hopf module, 56, 70
Hopf modules

fundamental theorem, 61

indecomposable coalgebra, 107
induction functor, 148, 163, 164
integral form

non-restricted, 132
Koszul algebra, 158, 159, 160, 171

linking relation, 109, 128
locally finite module, 89
locally nilpotent module, 178

Milnor-Moore theorem, 131
monoidal functor, 31
multiplicative functor, see quasi-monoidal

functor

Nichols algebra, 6, 83, 108, 112, 140,
146, 171
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triangular decomposition, 129
opposite (co)-product, 26, 51, 52

pairing

perfect, 27, 76, 77
PBW-basis, 157, 158, 159
PBW-theorem, 78
Pentagon equation, 16

Poisson deformation, 8

quadratic dual, 154, 155
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quantum Clebsch—Gordan rule
D-modules, 96
quantum coordinate ring, 2
quantum D-module, 94
quantum enveloping algebra, 2, 4, 86
quantum group, 2, 103, 143
multiparameter, 136
small, 88
quasi-monoidal functor, 28, 38
quasitriangular
weak pair, 74, 78

quasitriangular structure, 64, 65

R-matrix
universal, 53, 66, 75, 87, 173

rational Cherednik algebra, 8, 19, 146,

163, 164, 169, 175
restricted, 164, 169, 176
reconstruction theorem, 45, 53
quasi-bialgebra, 47
reflection quantum group, 14, 172
representability condition, 45
higher, 46
restricted dual, 25, 77
restriction functor, 148, 163, 165
rigid category, see dual object

rigid functor, 48

separable type, 128, 130

weakly, 123, 127
skew-primitive element, 108
standard module, see Verma module
strictification

of a monoidal category, 34

Sweedler’s notation, 25

symmetric algebra, 85

triangular decomposition

algebra, 110
Hopf algebra, 112, 114

Hopf algebra symmetric, 121, 122,
141

triangular Hopf ideal, 115, 120
triangular ideal, 111

twist equivalence, 138

vector bundle

twisted equivariant, 101

Verma module, 92, 95, 179
Weyl algebra, 7, 81

Yang-Baxter equation

classical, 5, 145

quantum, 5, 16

Yetter—Drinfeld module, 7, 55, 68, 69,

146, 149, 170

asymmetric, 117

Yetter—Drinfeld structure

associated left and right, 113
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