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Abstract

This thesis contains four related papers which study different aspects

of double constructions for braided Hopf algebras. The main result

is a categorical action of a braided version of the Drinfeld center on

a Heisenberg analogue, called the Hopf center. Moreover, an applica-

tion of this action to the representation theory of rational Cherednik

algebras is considered.

Chapter 1 : In this chapter, the Drinfeld center of a monoidal category

is generalized to a class of mixed Drinfeld centers. This gives a uni-

fied picture for the Drinfeld center and a natural Heisenberg analogue.

Further, there is an action of the former on the latter. This picture

is translated to a description in terms of Yetter–Drinfeld and Hopf

modules over quasi-bialgebras in a braided monoidal category. Via

braided reconstruction theory, intrinsic definitions of braided Drinfeld

and Heisenberg doubles are obtained, together with a generalization of

the result of Lu (1994) that the Heisenberg double is a 2-cocycle twist

of the Drinfeld double for general braided Hopf algebras.

Chapter 2 : In this chapter, we present an approach to the definition of

multiparameter quantum groups by studying Hopf algebras with trian-

gular decomposition. Classifying all of these Hopf algebras which are of

what we call weakly separable type, we obtain a class of pointed Hopf

algebras which can be viewed as natural generalizations of multipa-

rameter deformations of universal enveloping algebras of Lie algebras.

These Hopf algebras are instances of a new version of braided Drin-

feld doubles, which we call asymmetric braided Drinfeld doubles. This

is a generalization of an earlier result by Benkart and Witherspoon

(2004) who showed that two-parameter quantum groups are Drinfeld



doubles. It is possible to recover a Lie algebra from these doubles in

the case where the group is free and the parameters are generic. The

Lie algebras arising are generated by Lie subalgebras isomorphic to sl2.

Chapter 3 : The universal enveloping algebra Uptrnq of a Lie alge-

bra associated to the classical Yang-Baxter equation was introduced

in 2006 by Bartholdi–Enriquez–Etingof–Rains where it was shown to

be Koszul. This algebra appears as the An�1 case in a general class of

braided Hopf algebras in work of Bazlov–Berenstein (2009) for any com-

plex reflection group. In this chapter, we show that the algebras corre-

sponding to the series Bn and Dn, which are again universal enveloping

algebras, are Koszul. This is done by constructing a PBW-basis for the

quadratic dual. We further show how results of Bazlov–Berenstein can

be used to produce pairs of adjoint functors between categories of ra-

tional Cherednik algebra representations of different rank and type for

the classical series of Coxeter groups.

Chapter 4 : Quantum groups can be understood as braided Drinfeld

doubles over the group algebra of a lattice. The main objects of this

chapter are certain braided Drinfeld doubles over the Drinfeld double of

an irreducible complex reflection group. We argue that these algebras

are analogues of the Drinfeld–Jimbo quantum enveloping algebras in a

setting relevant for rational Cherednik algebra. This analogy manifests

itself in terms of categorical actions, related to the general Drinfeld–

Heisenberg double picture developed in Chapter 2, using embeddings of

Bazlov and Berenstein (2009). In particular, this work provides a class

of quasitriangular Hopf algebras associated to any complex reflection

group which are in some cases finite-dimensional.
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Chapter 1

Introduction

1.1 Motivational Background

This thesis falls into an area of algebra — specifically, representation theory —

which is often referred to as quantum algebra. In particular, a central theme of this

work is the construction of algebras (or Hopf algebras) which fit into the realm of

this relatively young subfield of mathematics.2

The purpose of this chapter is to explain the main ideas which are central

throughout the thesis,3 and hence connect the different papers included into a

general view on quantum algebra. This section is not intended to be a complete

literature review on the rich areas of mathematical research this thesis draws from,

or relates to.

The two main ideas appearing throughout this thesis are the study of braided

Hopf algebras, and double constructions of such objects. The thesis develops a

framework given by a categorical action of the monoidal Drinfeld center on the

Heisenberg center, and gives a specific application to a setting relevant to rational

Cherednik algebras. In this section, we motivate the main ingredients of this work.

1.1.1 Quantum Groups

One central idea in the study of algebraic geometry (in particular, algebraic groups)

propagated by the Grothendieck school in the 1960s and 1970s is based on the

2Quantum algebra had its origins in the late 1980s with the work of Drinfeld, Jimbo and
others [36, 57].

3This thesis contains work made available in [67, 68, 69].
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idea that when studying a geometric object X one should access it through the

investigation of the ring OX of functions on X. If the geometric space X � G

comes equipped with a group operation, one obtains the algebraic structure of a

commutative Hopf algebra on OG (see e.g. [24, Chapter I]). There is a converse to

this construction: from any commutative Hopf algebra over a commutative ring

R, we can obtain a group scheme over R. This is an anti-equivalence of categories

(see e.g. [56, 2.3]).

tgroup schemes over Ru ÐÑ tcommutative Hopf algebras over Ru

Developments related to the study of integrable systems arising from quantum

physics (in particular, conformal field theory, and many body problems) in the

Leningrad school of theoretical physics in the 1980s (see e.g. [58] for a brief

introduction) eventually led to the discovery of Hopf algebras which are non-

commutative, and can be understood as deformations of classical objects such

as the algebra OG — these objects are often referred to as quantum groups . This

development started with the discovery of quantized analogues Uqpgq of the uni-

versal enveloping algebra Upgq of a semisimple Lie algebra by Drinfeld and Jimbo

around 1986 [36, 57]. Deformations OqpGq of the quantum coordinate ring were

introduced shortly thereafter (see [43] and others). It should be noted that, un-

like in the commutative case, these non-commutative Hopf algebras do not have a

corresponding object on the group side.

t ? u ÐÑ tHopf algebras over Ru
Y Y

tgroup schemes over Ru ÐÑ tcommutative Hopf algebras over Ru

From this point of view — extending the Grothendieck philosophy — quantum

groups do not exist as concrete mathematical objects. They can only be accessed

via their quantized ring of functions (or the corresponding quantized universal

enveloping algebra), and are hence thought of as virtual structures.

In this thesis, most of the work studies the universal enveloping algebras Uqpgq

(with generalizations), rather than the quantum coordinate ring. We shall remark

here that the study of OqpGq has certain advantages. From the function algebra

2



point of view it is natural to consider comodules over OqpGq. These can be viewed

as integrable modules over Uqpgq via the fully faithful functor

OqpGq-CoMod ãÝÑ Uqpgq-Mod,

induced by the natural pairing of OqpGq and Uqpgq. This functor is far from being

essentially surjective, which makes it necessary to study the representation theory

of Uqpgq with additional assumptions on local finiteness, semisimplicity over the

Cartan subalgebra, etc., in order to obtain a more manageable category of modules.

Hence the category of comodules over OqpGq is better behaved in certain aspects.

We however study Uqpgq due to its description in terms of the braided Drinfeld

double construction.

A successful approach to the theory of modules over Upgq is to introduce an

intermediate category — the so-called BGG category O — which was introduced

for the Lie algebra case in [21]:

OqpGq-CoMod ãÝÑ O ãÝÑ Uqpgq-Mod.

Studying category O allows the use of highest weight modules and has been

adapted to both quantum groups [2] and rational Cherednik algebras [46]. Such

techniques also play a reoccurring role in the work presented here.

1.1.2 Approaches to the Theory

In this thesis, we draw from different approaches to the theory of quantum groups:

these are either more algebraic, or more categorical in nature. In general, we

observe three main approaches to the theory of quantum groups:

• The algebraic approach: A common way to define quantum groups is using

algebraic techniques. This uses Hopf algebra theory, in particular, classi-

fication of pointed Hopf algebras. The work in [69] which is included as

Chapter 3 of this thesis uses similar techniques, studying Hopf algebras with

a triangular decomposition.

Another point of view on the algebraic construction of quantum groups is

deformation theory of algebras, which does not play a role in this work.

3



Other techniques include the Drinfeld twist of a Hopf algebra by a 3-cycle

(see 2.4.2), or the classification of Lie bialgebras (see e.g. [27, Chapter 6])

which also does not play a part in this thesis.

• The categorical approach: It was observed by Majid and other authors (for

more detailed references see [88, Chapter 9]) in the early 1990s that construc-

tions of quantum algebras can often be given using general categorical defini-

tions (such as bosonization, cross products, and most prominently Drinfeld’s

quantum double construction [36, 90]). Central objects in this approach are

braided Hopf algebras (or braided groups, [85, 86]). These are Hopf algebras

defined in a general braided monoidal category, rather than the symmetric

monoidal category of vector spaces. Perhaps the most prominent example

of such a structure is the positive part Uqpn�q of the quantum enveloping

algebra Uqpgq.

The connection of the theory of quantum groups to invariants of framed

knots has possibly been the most well-studied and successful application of

the abstract theory (see [62, 78, 103]). In fact, braided monoidal categories

— which appear in quantum algebra via representation theory — can be

studied using knot diagrams (see e.g. [61]). Connecting to the algebraic

structure of braided Hopf algebras, one can use a diagrammatic calculus (see

e.g. [88, 9.4]) which is closely connected with a generalized form of Tannakian

reconstruction theory (generalizing [32, 107]) to a setting for working in

braided monoidal categories. This is due to Majid [80, 83, 85].

The categorical approach plays a major role in this thesis, especially in Chap-

ter 2 which is a revised version of [68], but also in Section 3.3.4. We make use

of reconstruction theory in order to define algebra and Hopf algebra objects.

In Section 2.2.3 we include a version of braided reconstruction theory adapted

to braided quasi-Hopf algebras, simultaneously generalizing [84] and [80].

• Geometric and topological approaches: Other approaches to the definition

of quantum groups include geometric and topological techniques. A most

notable construction is the geometric canonical basis of Lusztig [74, 75].
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These constructions use the theory of perverse sheaves, and Hall algebras.

Such geometric and topological approaches are not discussed in this thesis.

1.1.3 Yang–Baxter Equations

The Yang–Baxter equations are central in the theory of quantum groups. Their

origin lies in their role as a consistency condition in the study of integrable sys-

tems, which arise from quantum physics (see [58] for a survey). The Yang–Baxter

equations also appear in knot theory, C�-algebras, and conformal field theory, thus

providing a link between these areas.

In this thesis, the Yang–Baxter equations appear in two forms. The first form

is the quantum Yang–Baxter equation (QYBE)

R12R13R23 � R23R13R12, (1.1.1)

where Rij P V
b3 for finite-dimensional vector space V . This equation resembles

the third Reidemeister move in knot theory [1, 101]. It plays an important part in

Chapter 2 (see in particular Section 2.1.1). A second incarnation — the classical

Yang–Baxter equation (CYBE) — is given by

rr12, r13s � rr12, r23s � rr13, r23s � 0, (1.1.2)

where again rij P V
b3. It can be viewed as a classical limit of (1.1.1) (as explained

in [58, 3.1]). This equation appears in this thesis in Chapter 4 (which contains

the content of the preprint [67]), where we study universal enveloping algebras

associated to Lie algebras which have generalizations of this equation to complex

reflection groups as relations (due to [14, 16]).

1.1.4 Braided Hopf Algebras

A braided Hopf algebra is simply a Hopf algebra4 object in a braided monoidal

category (see e.g. [85, 86] or 2.1.6 where this structure is described concretely).

The role of the symmetry in the category of vector spaces is replaced by a general

braiding Ψ: b Ñ bop. As explained in Section 1.1.2, this generality is needed to

4Hopf algebras first appeared in the work of Hopf in the 1940s studying cohomology of topo-
logical groups [55]. See also the early textbook by Sweedler [110].
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capture essential examples in the theory of quantum groups, such as the positive

part of Uqpgq.

The idea of braided Hopf algebras is present in all parts of this thesis. In

Chapter 2 we study constructions associated to general (quasi-)Hopf algebras in

a braided monoidal category. The setting in Chapter 3 is in some sense more

restricted: here we are working with dually paired Hopf algebras in a braided

monoidal category which has the form of Yetter–Drinfeld modules over a Hopf

algebra over k. In Chapters 4 and 5 we focus on very specific braided Hopf algebras,

which are associated to complex reflection groups.

A vast class of examples of braided Hopf algebras is given by Nichols algebras

(or Nichols–Woronowicz algebras). These are certain minimal quotients of braided

tensor algebras of a braided vector space (see e.g. [9, Section 2] for a definition).

This class was independently discovered by [96] and [115], although the braided

Hopf algebra structure appeared later. Nichols algebras are central objects of

study in different places of all chapters of this thesis.

1.1.5 Double and Center Constructions

At the core of this thesis are two different double constructions: the braided Drin-

feld double, and the braided Heisenberg double. The non-braided versions of these

algebras are fundamental constructions in quantum algebra. Braided generaliza-

tions of the two constructions have been introduced before. In the case of the Drin-

feld double, this is due to Majid [88, 90] and referred to as the double-bosonization

therein. Braided Heisenberg doubles are discussed for the special case of braided

Hopf algebras which are primitively generated (and hence quotients of a braided

tensor algebra) in the study of so-called braided doubles [16] by Bazlov and Beren-

stein. In fact, the braided Heisenberg double can alternatively be obtained as the

bosonization of the braided cross product defined by Majid in [86, Proposition 2.6]

(using the coregular action). From this point of view the construction goes back

to work of Radford [99].

Drinfeld and Heisenberg doubles are rich constructions containing important

classes of examples. For the Drinfeld double, the most notable examples include

the Drinfeld double of a group (see 2.3.5.6). This appears in Dijkgraaf–Witten
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theory [33, 34], which is one of the most studied examples of a topological field

theory. Even in more generality, the structure of the Drinfeld double can be used

to construct topological field theories (cf. [19] for the geometric example) as their

categories of modules are braided monoidal.5 Another main example is given by the

quantum groups Uqpgq which — in the form of Lusztig [75, 3.1] — have been shown

to be braided Drinfeld doubles in [90] (cf. 2.3.5.11). The fundamental example

of a Heisenberg double is the Weyl algebra of a vector space (see 2.3.5.10 for a

detailed discussion of this example). From this point of view, braided Heisenberg

doubles can be viewed as a vast generalization of Weyl algebras. In particular,

they are not bialgebras apart from degenerate cases.

From the point of view of category theory (via reconstruction theory) dou-

ble constructions correspond to center constructions. In the case of the Drin-

feld double, the corresponding categorical construction is the Drinfeld center 6 (or

monoidal center) which is due to [81] (see also [82]) where it is referred to as the

dual monoidal category (see also [88, 9.1.5]).

We introduce a more general form of centers, called mixed Drinfeld centers (see

Section 2.2.2), which are relative to a braided monoidal base category. A special

case is a center construction corresponding to the Heisenberg double, called the

Hopf center in Chapter 2, which is a new construction. The name comes from Hopf

modules which can be used to describe the objects of the Hopf center in the case

where the underlying monoidal category is given by modules over a bialgebra. Hopf

modules, in turn, are a known description for modules over the Heisenberg double.

A braided version of Hopf modules already appeared in [76] and [22]. For the

Drinfeld center, such a description is given by so-called Yetter–Drinfeld modules

which play a central role in different constructions used in this thesis. Yetter–

Drinfeld modules are generalizations of crossed G-modules which correspond to

the case over a group G and have been studied in algebraic topology since the

work of J.H.C. Whitehead in the 1940s [111] (see also [112, 113]). From a Hopf

algebra theoretic point of view, the Yetter–Drinfeld condition already appears in

5Hence they are E2-categories which give 2d topological field theories via the cobordism
hypothesis, see [72, Theorem 4.1.24].

6Drinfeld independently studied a special case of Majid’s construction and showed that it is
braided monoidal (see also the categorical construction of [62]).
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the work of Radford [99, 2.6(b)] in the 1980s before the introduction of braided

monoidal categories in [60]. They also appear in the work [115] of Woronowicz for

bialgebras over k, and in [22] in the braided case.

Our main result of Chapter 2 is a categorical action of the Drinfeld center

on the Hopf center. Hence, one important theme of the thesis is the study of

the interplay between the different double and center constructions. Chapter 5

discusses an application of this categorical action to the representation theory of

rational Cherednik algebras.

A related point of view is to interpret the Drinfeld center as a categorical

Hochschild cohomology of a monoidal category M (cf. [19, Definition 1.4]):

HH
pMq :� BiModMpM,Mq.

This is explained briefly in 2.1.1. In this way, the general theory of mixed Drinfeld

centers developed in Section 2.2.2 can be seen as categorical Hochschild cohomol-

ogy7 with coefficients in bimodules other than the regular one.

1.1.6 Rational Cherednik Algebras

A class of algebras that has generated a vast amount of interest in different areas of

mathematics (most notably algebraic and symplectic geometry) and mathematical

physics after its introduction in [39], in 2002, is given by the rational Cherednik al-

gebras Ht,cpGq. These algebras are deformations of the bosonization CrV `V �s�G,

where G is a finite group acting on V such that the quotient V {G is non-singular.

This implies that G is a complex reflection group by the Shephard–Todd–Chevalley

theorem [28, 108]. The quotient V `V �{G is singular and the algebras Ht,cpGq offer

an approach to the resolution of its symplectic singularities via representation the-

ory. More specifically, irreducible finite-dimensional representations over H0,cpGq

form a smooth algebraic variety which is a Poisson deformation of V ` V �{G.8

For surveys on the representation theory of these algebras and their application

7Hochschild Cohomology for algebras over k was introduced by Hochschild in the 1940s [54].
8The work of Bellamy in [18] gives a strong restriction on when a smooth Poisson deformation

exists. This can only happen if the group G is of types Gpm, 1, nq or G4 in the Shephard–Todd
classification.
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see e.g. [38, 41, 47, 106]. The algebras Ht,cpGq have important geometric interpre-

tations, for example in terms of the geometry of Hilbert schemes of points in the

case G � Sn (see [49, 50, 65]).

Due to their deformation-theoretic origin, rational Cherednik algebras can also

be interpreted as quantum objects in a broader sense. Work in [16] by Bazlov and

Berenstein produces an embedding of H0,cpGq for generic c into certain braided

Heisenberg doubles. We use this work in Chapter 5 to apply the general theory

of braided Heisenberg and Drinfeld doubles presented in Chapter 2 to a setting

tailored for complex reflection groups. The main application is to produce endo-

functors on H0,cpGq-Mod which assemble into a categorical action. The study of

the braided Hopf algebras of which we take the Drinfeld double in this construction

and the resulting categorical action are the main topics of Chapters 4 and 5.

1.2 Thesis Overview

This thesis contains a set of related results in the areas of quantum algebra and re-

presentation theory. In this section, we provide a brief overview of its main results.

We also explain the connection between the different parts of the thesis in more

detail. Each of the individual chapters contains a more detailed introduction as in

their versions in [67, 68, 69]. The material from Chapter 5 is unpublished to date.

One point of view on the thesis work is that we study categorical actions of

particular monoidal categories (of Drinfeld center form) on certain categories (of

Hopf center form). There are four main examples worth pointing out:

General picture (see 2.2.2.15): DrinHpBq-Mod ñ HeisHpBq-Mod,

Basic geometric example (2.3.5.3): OT�X-Mod ñ DX-Mod,

Quantum picture (2.3.5.11): Uqpgq-Mod ñ Dqpgq-Mod,

Reflection algebras picture (5.2.4): DpGq-Mod ñ H0,cpGq-Mod.

Here, the algebra Dqpgq is the braided Heisenberg double of Uqpn�q for a given

Cartan datum. This algebra contains the corresponding generalized quantum Weyl

algebra of [59, 3.1.3] as a subalgebra. Hence, its category of modules can be thought

of as quantum D-modules, and modules over Uqpgq act on this category.
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1.2.1 Connection of the Different Parts

Chapter 2 forms the basis of this thesis. We work in the general setting of (quasi-)

Hopf algebras in a braided monoidal category — or on the categorical level with

monoidal categories fibered over braided monoidal categories. We study the main

notions of braided Drinfeld and Heisenberg doubles (corresponding to relative

Drinfeld and Hopf centers on the categorical level) which will be used in subsequent

chapters. The main construction, a categorical action of the relative Drinfeld cen-

ter on the relative Hopf center, will be applied in Chapter 5 to a specific setting

for complex reflection groups.

The next chapter, Chapter 3, approaches quantum groups from a more alge-

braic point of view, via the partial classification of Hopf algebras with a triangular

decomposition. The finding that, under suitable assumptions, these objects are a

new form of braided Drinfeld doubles, which we call asymmetric braided Drinfeld

doubles, provides a generalization of the Hopf algebras studied in Chapter 2.

Chapter 4 can be thought of as preliminary material for the final chapter

(Chapter 5) since we investigate Koszulness of the quadratic braided Hopf al-

gebras UpybGq. Their braided Drinfeld doubles DpGq will play a major role in the

final chapter. This ultimate chapter draws from Chapter 2 and 4 to provide ap-

plications to the theory of rational Cherednik algebras. This work leaves a variety

of open questions for further research and can hence be viewed as the conclusion

of the thesis.

1.2.2 Braided Drinfeld and Heisenberg Doubles

Chapter 2 starts by providing a categorical picture giving the definition of the

relative Hopf center HBpMq � BiModB
MpMreg, regMtrivq of a monoidal cate-

gory M Ñ B, where B is braided monoidal, in 2.2.2. This definition provides

a new Heisenberg analogue to the known description of the relative Drinfeld cen-

ter ZBpMq � BiModB
MpMreg,Mregq which slightly generalizes the construction

of [81, 88, 90] in the sense that we make reference to an underlying base category

B. With this description, it is clear that there is a natural categorical action

� : ZBpMq bHBpMq ÝÑ HBpMq,
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given by precomposition of bimodule morphisms. The category ZBpMq is braided

monoidal, and moreover is rigid provided that M itself is rigid. We next provide

a version of Tannakian reconstruction theory for quasi-Hopf algebras in a braided

monoidal category B in 2.2.3, generalizing work of [84] using techniques as in [80]

or [88, 9.4.2].

It is well-known that modules over the Drinfeld double can be described in

terms of Yetter–Drinfeld modules (see e.g. [88, 7.1.6], [64, XIII.4]), and modules

over the Heisenberg double in terms of Hopf modules. In Section 2.2.4 we provide

a description of the relative Drinfeld and Hopf centers in terms of Yetter–Drinfeld9

and Hopf modules over a quasi-Hopf algebra in B and translate all results from

the categorical level into this language.

In Section 2.3.2, we leave the generality of quasi-Hopf algebras and consider

dually paired strict Hopf algebras B,C. We can then define the braided Drin-

feld double DrinHpC,Bq and the braided Heisenberg double HeisHpC,Bq using

reconstruction theory in Section 2.3.4, and provide explicit presentations in 2.3.5.

The case of the braided Drinfeld double (together with its interpretation in terms

of Yetter–Drinfeld modules) is due to [90], where it is referred to as the double-

bosonization UpB,H,Cq, and we compare this definition to a suitable Heisenberg

version (which is equivalent to the bosonization popB �coreg Cq �H of the braided

cross product of the coregular action of [86], cf. Lemma 2.3.5.5). Our main result

of this section is to use the categorical action to generalize the result of [71] that

the Heisenberg double is a 2-cocycle twist of a Drinfeld double:

Corollary 2.3.8.5. The algebra HeisHpC,Bq is a right 2-cocycle twist of the Hopf

algebra DrinHpC,Bq.

We also include a version of the BGG category O [21] suitable for braided

Drinfeld and Heisenberg doubles in 2.3.7, and study the representation theory of

the braided Heisenberg double of Uqpn�q explicitly in the sl2-case in 2.3.9. Finally,

we define notions of twisted Drinfeld and Heisenberg doubles in 2.4. In case of the

Drinfeld double, see the quantum double in [89], and for the Heisenberg double

9Over B � Vectk, such a description was given in [89] in the quasi-bialgebra case, while it is
a new result for the Hopf center.
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cf. to the bosonization for quasi-bialgebras in [25, Theorem 3.3, Section 5]. We

include the new example of the twisted Heisenberg double HeisωpGq of a group.

1.2.3 Pointed Hopf Algebras with Triangular Decomposi-
tion

A different part of this thesis is an approach to the classification of Hopf algebras

that can be called “quantum groups” in a broader sense, presented in Chapter

3. A formal definition of the term “quantum group” is a long-standing open

question of the field. The approach to this question presented here uses the work

of [16] on classifying algebras with a quasitriangular decomposition of the form

U b H b U�. What is new is that we consider bialgebras and Hopf algebras

with such structure. Multiparameter quantum groups are pointed Hopf algebras

(see e.g. [9]) with a triangular decomposition. The work presented in Chapter

3 classifies indecomposable Hopf algebras with a triangular decomposition (see

Definition 3.3.1.1) over a group algebra which satisfies the technical restriction of

being of weak diagonal type:

Theorem 3.4.2.2. Let A be any indecomposable Hopf algebra with a triangular

decomposition of weak diagonal type over a group algebra kG generated by elements

gi, hi for i � 1, . . . , n. Then kG is abelian, and A � T pV q{I b kG b T pV �q{I�,

for Yetter–Drinfeld modules V � kxv1, . . . , vny, V
� � kxf1, . . . , fny over G, and

I �T pV q, I��T pV �q ideals which form a triangular Hopf ideal in A. The algebra

A is subject to the relations

rfi, vjs � γijpgj � hiq, gvi � pg � viqg, fig � gpfi � gq,

where γij are scalars s.t. γij � 0 whenever gi, gj act by different characters on V .

The coproducts are given by ∆pviq � vi b gi � 1b vi, and ∆pfiq � fi b 1� hi b fi.

The multiparameter quantum groups Uλ,ppglnq of [43, 102] as given e.g. in [29]

occur as examples in this classification. They satisfy that γij is zero whenever

i � j and non-zero when i � j. Hopf algebras with this additional property can be

constructed using a new, more general, form of the braided Drinfeld double called

the asymmetric braided Drinfeld double which can defined even if the base Hopf
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algebra H is not quasitriangular. In this way, we give the following generalization

of the result of [20], which shows that two-parameter quantum groups are Drinfeld

doubles:

Theorem 3.4.3.2. The multiparameter quantum groups Uλ,ppglnq are asymmetric

braided Drinfeld doubles.

In particularly well-behaved situations (namely, if the braiding parameters qij

can be set equal to one to give a map Zrqijs Ñ Z), it is possible to recover a Lie

algebra as a classical limit from a Hopf algebra occurring in the classification (see

3.4.4).

We also combine the results of Theorem 3.4.2.2 with work of Rosso and Andrus-

kiewitsch–Schneider [10, 105] to obtain an abstract characterization of the quantum

enveloping algebras Uqpgq in 3.5.2. If V is of what is called positive generic type

in [9], then the only indecomposable bialgebras with triangular decomposition as

BpV q b kZn b BpV �q (under the non-degeneracy condition that the parameters

γii are non-zero) are isomorphic to Uqpgq for some semisimple, possibly infinite-

dimensional, Lie algebra g.

1.2.4 Koszulness of Universal Enveloping Algebras Asso-
ciated to Generalized Yang–Baxter Equations

Chapter 4 studies first applications of the theory of braided Heisenberg doubles

to rational Cherednik algebras and is the content of [67]. Here, we work with Lie

algebras ybG coming from generalized Yang–Baxter-equations associated to irre-

ducible complex reflection groups. The An-case gives the Lie algebra trn from [14]

corresponding to the classical Yang–Baxter-equations, and its universal envelop-

ing algebra Uptrnq is a quadratic cover of the Fomin–Kirillov algebra En from [44]

which was introduced to study the combinatorics of the cohomology ring of the

flag variety and Schubert calculus. The general definition of ybG is due to [16].

As a first main result, we obtain a generalization of the Koszulness of the

algebra UpybGq for type A in [14] to other types:

Theorem 4.3.2.6 (see also 4.3.3.4). The algebras UpybGq for G a Coxeter group

of type B � C, or D are Koszul.
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These Koszulness results – proved by constructing a PBW-basis for the Koszul

duals – will simplify the study of the representation categories of their braided

Drinfeld doubles. Moreover, the braided Heisenberg doubles HeisCGpUpybGqq (as

bimodules over rational Cherednik algebras) are used to construct adjoint pairs

of functors between module categories H0,cpGq-Mod for different Coxeter groups

of the classical series. Such functors exist if the Dynkin diagram of one reflection

group embeds into another:

Corollary 4.4.2.1. There exist adjoint pairs of functors

HInd: H0,cpSnq-Mod ÝÑÐÝ H0,c1pGmq-Mod :HRes,

for Gm a Coxeter group of type Bn, Dn or Sn�1, and t, c, c1 scalars in C.

1.2.5 Quantum Groups Associated to Complex Reflection
Groups

The final chapter, Chapter 5, can be seen as the conclusion of this thesis. It

contains work which is still in progress, but essential to explain how the different

parts of the thesis fit together. The main result is that the algebra morphisms of

Bazlov–Berenstein in [16]

Mc : H0,tpGq ÝÑ HpGq,

which are embeddings if c is generic, can be used to restrict the categorical action of

Chapter 2 to a categorical action on representations of rational Cherednik algebras

at parameter t � 0:

Theorem 5.2.4.1. There is a categorical action

� : DpGq-ModbH0,cpGq-Mod ÝÑ H0,cpGq-Mod,

pV,W q ÞÝÑ V bW,

fibered over Vectk.

The algebra HpGq is the braided Heisenberg double HeisCGpUpyb
�
Gq, UpybGqq,

and DpGq — the reflection quantum group — is the corresponding braided Drinfeld
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double DrinDrinpGqpUpyb
�
Gq, UpybGqq. We include variations of these algebras taking

the quotient by different ideals of relations, including restricted versions DpGq,
HpGq which are sometimes finite-dimensional. This was computed to hold if G

is equal to Sn for n � 3, 4, 5 in [44], while it is unknown for larger values of n.

In fact, the corresponding quotient algebras BpYGq of UpybGq are at the core of

important conjectures in the theory of pointed Hopf algebras.

One questions is if the algebra DpCnq are finite-dimensional over their center.

In this case, there would be a rich supply of finite-dimensional simple modules.

In the A1-case, this holds and we explicitly classify all finite-dimensional simples,

compute their tensor products and the categorical action in Section 5.3.3. This

case already displays an interesting representation theory.

To conclude this thesis, we list some open problems centered around the alge-

bras DpGq and their applications to rational Cherednik algebras in Section 5.4.1.
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Chapter 2

Braided Drinfeld and Heisenberg
Doubles

2.1 Introduction

2.1.1 Motivation

The Drinfeld double was originally introduced as the quantum double by Drinfeld

in [36]. The construction was generalized to quasi-Hopf algebras in [89], and to

braided Hopf algebras in [90].

There are different ways to motivate the introduction of the Drinfeld double.

For example, it gives a way to construct morphism Ψ: V b V Ñ V b V satisfying

the Yang–Baxter equation

pΨb IdV qpIdV bΨqpΨb IdV q � pIdV bΨqpΨb IdV qpIdV bΨq. (2.1.1)

It also gives a natural way of associating to a Hopf algebra a quasitriangular Hopf

algebra (i.e. one that is almost cocommutative).

The Heisenberg double can be given a similar interpretation, where the Yang–

Baxter equation is replaced by the Pentagon equation (see [64])

pΦb IdV qpIdV bΦqpΦb IdV q � pΦb IdV qpIdV bΦq. (2.1.2)

Every module V over the Heisenberg double comes with a map Φ: V bV Ñ V bV

satisfying this equation.
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In [64] it was also shown that solutions for (2.1.1) can be obtained from solutions

for Eq. (2.1.2). One application of the results of this chapter is to show that given

a solution pV,Ψq to (2.1.1) and pW,Φq to (2.1.2), pV b W,Ψp1q b Φp1q b Ψp2q b

Φp2qq again has the structure of a solution to the pentagon equation. For finite-

dimensional Hopf algebras, this follows from a twisting result of [71] which is

generalized to the context of braided Hopf algebras (so-called braided groups in

the braided cocommutative case in [85, 86] and other papers) in 2.3.8.3 and, more

generally, monoidal categories in Corollary 2.2.2.15.

To argue why it is beneficial to define a braided version of the Drinfeld and

Heisenberg double, it is helpful to consider an example. Let B is the coordinate

ring OX for X � An. In this case, HeispBq is the ring of differential operators

on X, DX . However, if we compute the Drinfeld double of B, then this simply

gives OXrB1, . . . , Bns � OT�X . This is a commutative and cocommutative Hopf

algebra. A more interesting object is obtained by considering B as a Hopf algebra

in the category of YD-modules over the group C2. This can be seen as a super

algebra version of the coordinate ring. Computing the braided Drinfeld double

DrinDrinC2pBq gives a non-commutative Hopf algebra in which the commutator

relation

rBi, xjs � p1� δ1 � δ�1qδi,j (2.1.3)

holds (see 2.3.5.10). From the point of view that the Drinfeld double gives examples

of “Quantum groups” it is more natural to have a non-commutative and non-

cocommutative Hopf algebra. Note that computing the Heisenberg double over

DrinpC2q gives DX b kC2, so the answer for the Heisenberg double is essentially

not changed as the commutator relation in the braided Heisenberg double remains

rBi, xjs � δi,j. (2.1.4)

Another application of the braided version is to give a clean description of

the quantum groups Uqpgq as Drinfeld doubles (see [90]), while it was already

observed in [36] that Uqpgq is a quotient of the Drinfeld double of Uqpn�q � Uqptq.

In our unified picture, we now have a natural Heisenberg analogue for the quantum
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groups, for which the commutator relation is

rEi, Fjs �
K�

i�i
2

q�1
i � qi

. (2.1.5)

This algebra has no finite-dimensional representations (see 2.3.9).

Another generalization included in the constructions of this chapter is to allow

quasi-Hopf algebras (introduced in [37]), which we consider in a braided monoidal

category. Including this direction of generalization will enable us to consider ex-

amples such as the twisted Drinfeld double DrinωpGq of a group G which is of

relevance in mathematical physics as it occurs as data associated to particular

orbifolds in Rational Conformal Field theory (see [33]). In [89], a construction of

the Drinfeld double of a quasi-Hopf algebra is given via reconstruction theory. We

add a Heisenberg analogue to this picture and generalize it to quasi-Hopf algebras

in a braided monoidal category, thus combining the two directions of generalization

(braiding and twisting).

In a derived setting (see e.g. [19]), the Drinfeld center gives a categorical version

of Hochschild cohomology which is defined as

HH
pMq � HH
pM,Mq :� ZpMq � BiModMpMreg,Mregq.

From this point of view, in Section 2.2, we consider a more general form of Drinfeld

centers, which can be viewed as categorical Hochschild cohomology with values in

other bimodule categories V over M,

HH
pM,Vq :� BiModMpM,Vq.

Even though the constructions are given in a non-derived setting in the (2,1)-meta

category Cat of categories, because of the intrinsic nature of the definitions in

terms of bimodule categories, it is possible to obtain higher-categorical analogues

working in the meta-category p8, 1q-category of p8, 1q-categories Cat8 instead

using an appropriate formalism of bimodule categories (such as e.g. [73, 4.3.2]).

Hochschild cohomology with coefficients in any M-bimodule V will give module

categories over HH
pMq, and relative versions of these with respect to M living

over a braided monoidal category B. In particular, the Hopf center from Definition
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2.2.2.7 — which is the Heisenberg analogue of the Drinfeld center — can be inter-

preted as HH

BpM, regMtrivq in a derived setting. Here, coefficients are taken in

the M-bimodule regMtriv which has the regular action on the left and the trivial

action (given by the underlying tensor product in B) on the right.

The original motivation for the author to write this chapter lies in the applica-

tions of the categorical action of DrinHpC,Bq-Mod on HeisHpC,Bq-Mod to the

rational Cherednik algebras Ht,cpGq of [39]. For this, the morphisms from [16, 7.20]

Mc : H0,cpGq ÝÑ HeisCGpUpyb
�
Gq, UpybGqq,

where UpybGq is a generalization of the algebra Uptrnq from [14] to general complex

reflection groups (cf. Chapter 4 for the notation) are used. Analogues also exist for

parameters t � 0, or the restricted rational Cherednik algebras. The morphisms

Mc can be used to restrict the categorical action studied in this chapter to gives

actions (cf. Section 5.2.4)

�t,c : DrinDrinpGqpUpyb
�
Gq, UpybGqq-ModbHt,cpGq-Mod ÝÑ Ht,cpGq-Mod.

It is work in progress to study these actions using category O techniques as in [46].

2.1.2 Summary

The discussion of Drinfeld and Heisenberg doubles in this chapter is done at dif-

ferent levels of generality which are structured by the sections:

Section 2.2:
B quasi-Hopf
algebra in B

ww
''Section 2.3:

B Hopf algebra
in H-Mod

(or Aop-CoMod)

Section 2.4:
B quasi-Hopf

algebra in Vectk.

In Section 2.2 we work on the level of a monoidal categoryM living over a braided

monoidal category B. That is, there exist quasi-monoidal functors F : MÑ B and

P : B ÑM such that FP � IdB. It is not necessary to make further assumptions
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on the braided monoidal category, such as a k-linear structure, although in typical

examples, the categories will have fiber functors to the category of k-vector spaces

for a field k.

We start by giving the most general definition of a mixed relative Drinfeld

center in Section 2.2.2. This is done by translating the data of morphisms of

M-bimodules Mreg Ñ G1VG2 to pairs pV, cq, where V is an object of V and c P

IsombpV b G2, G1 b V q. Here, G1VG2 is the M-bimodule where the left module

structure is induced by pulling the regular action back along G1, and the right

one along G2. We will focus on two classes of examples: the relative Drinfeld

center ZBpMq, and its “Heisenberg analogue” (called the Hopf center) HBpMq.

The Drinfeld center corresponds to the pair of functors pG1, G2q � pIdM, IdMq, the

Hopf center to pG1, G2q � ptriv, IdMq, where triv :� PF . The main observation is

a natural action of the Drinfeld center on the Hopf center.

For the purposes of this chapter, we introduce a slightly more general version

of Majid’s braided reconstruction theory in Section 2.2.3, working with quasi-Hopf

algebra objects in B (cf. also [52] in the weak case over Vectk). We further give

a categorical interpretation of the concept of quasitriangularity in Section 2.2.5.

In Section 2.2.4, we consider monoidal categories of the formM � B-ModpBq
for a quasi-bialgebra (or quasi-Hopf algebra) object B in B. For such M, the

Drinfeld center can be reformulated as the category of Yetter–Drinfeld modules,

while the Hopf center consists of Hopf modules. In the case of the Drinfeld center,

this is well-known for Hopf algebras. A version for braided Hopf algebras is due to

[90], and a version for quasi-Hopf algebras in Vectk can be found in [89]. Working

with strict Hopf algebras (trivial 3-cycles) many formulas simplify as summarized

in Section 2.3.1.

As preparation for the definition of the braided Drinfeld and Heisenberg double

requires working with two dually paired braided Hopf algebra C,B (see Section

2.1.7 for the conventions used). We embed the Drinfeld and Hopf center into larger

categories of left C- and right B-modules which satisfy compatibility conditions

resembling those of Yetter–Drinfeld10 (respectively Hopf) modules (see Section

10In the Yetter–Drinfeld module case, this larger category is the category of braided crossed
B-C-bimodules used in [90, Appendix B] to interpret the double-bosonization categorically.
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2.3.2). We also discuss a reformulation of Majid’s concept of weak quasitriangu-

larity in 2.3.3. This concept is needed to obtain the quantum groups as examples

of braided Drinfeld doubles as in [90].

To summarize, we give five formulations of the action of the relative Drinfeld

center on the relative Hopf center, for C,B dually paired Hopf algebras in B:

BiModB
MpMreg,Mregq �ZBpMq�BopYDBpBqãÑCYDBpBq�DrinHpC,Bq-Mod

ý ý ý ý ý

BiModB
MpMreg, regMtrivq�HBpMq� BopHBpBq ãÑ CHBpBq �HeisHpC,Bq-Mod

In Section 2.3.9, we consider the example of the quantum groups Uqpgq. In

this example, our result will give a categorical action of the category of Uqpgq-

modules on the category of Dqpgq-modules, which can be interpreted as a category

of quantum differential operators.

We now have a machinery to also define twisted braided Drinfeld and Heisen-

berg doubles. There exist different concepts of twist in the literature which will

appear at different places in this exposition. To provide an overview:

• A (right) 2-cocycle twist of a Hopf algebra is a way of obtaining new algebras

Hσ from the datum of a (braided) Hopf algebra H together with a 2-cocycle

σ. This is used in 2.3.8 to twist the braided Drinfeld double, giving the

braided Heisenberg double.

• The Drinfeld twist of a (quasi-)Hopf algebra goes back to [35]. It provides a

way to change the monoidal structure of a category of representations over a

quasi-bialgebra in an equivalent way by means of conjugation by an element

F of B bB (see e.g. [51, 88]). We include this concept in 2.4.2.

• A twisted version of the Drinfeld double of a group algebra can be found

in the literature (see e.g. [33, 89, 114]). Underlying this notion of twist is

the idea that a commutative bialgebra can be viewed as a quasi-bialgebra

with respect to any 3-cycle. From this point of view, twisted versions of

commutative Hopf algebras can be introduced in larger generality (see 2.4.2).
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Applying the categorical action to the case of the twisted Hopf algebra kωrGs

of functions on a group, there is a categorical action of modules over the twisted

Drinfeld double DrinωpGq, which is the category of Gad-equivariant ω-twisted vec-

tor bundles on the category of ω-twisted Greg-equivariant twisted vector bundles

on G. This is the topic of Section 2.4.3 which concludes this chapter.

2.1.3 Hints on Reading this Chapter

The basic structure of this chapter of the thesis is a transgression from category

theory (Section 2.2) to representation theory of algebras (Sections 2.3 and 2.4).

The link is given by braided reconstruction theory (Section 2.2.3).

The exposition is significantly easier if one works with strict monoidal categories

M (i.e. Hopf algebras via reconstruction theory, using monoidal functors). For

the purpose of considering twisted Drinfeld doubles, we include the formulas for

the more general case of non-strict monoidal categories (and quasi-Hopf algebras,

via quasi-monoidal functors). The readers only interested in the strict case can

safely skip to Section 2.3 and when looking up the relevant proofs in Section 2.2

treat associativity and rigidity isomorphisms as identities.

Throughout Section 2.2, we find it most effective to do the proofs using graph-

ical calculus. This however requires to work with a strict monoidal base categories

B (whileM may still be non-strict). We refer to Mac Lane’s coherence theorem to

justifying giving many proofs on this level. Often, in the proofs the computations

are not given in detail. It is an essential standing exercise in reading this chapter

to always draw diagrams for all statements and proofs that come up.

If the reader is only interested in the Drinfeld and Heisenberg doubles as (Hopf)

algebras, Section 2.3.5 is a good point to start. In this section, concrete examples

are provided as well.

2.1.4 Some Notational Conventions

In this chapter, k always denotes a field. The category of finite-dimensional k-

vector spaces is denoted by Vectfd
k , the category of possibly infinite-dimensional

k-vector spaces by Vectk. We denote the symmetric monoidal category of (co)al-

gebras in Vectk by Alg (respectively CoAlg).
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More generally, the concepts of algebras AlgpMq, coalgebras CoAlgpMq, and

their modules can be defined in any monoidal categoryM. To illustrate the idea,

the multiplication is a morphism m : A b A Ñ A in M. It satisfies associativity

and unitarity with respect to 1 : I Ñ A which is a morphism inM. These proper-

ties are commutative squares and can be expressed inM. For more details on this

approach see e.g. [88, 9.2.11ff.] or [86]. Given an algebra (or coalgebra) object

in a monoidal category M, we denote the category of left A-modules (respec-

tively comodules) in M by A-ModpMq (respectively A-CoModpMq) and right

A-modules by Mod-ApMq. If M � Vectk, we omit mentioning the category M
and simply write A-Mod (respectively A-CoMod).

Functors of monoidal categories are always strong quasi-monoidal (sometimes

even monoidal), cf. Section 2.2.1. For compositions of morphisms or functors, we

write f � g simply as fg. In the whole chapter, B will denote a strict monoidal

braided category,11 with braiding Ψ. The monoidal category M typically lives

over B. That is, there exists a quasi-monoidal functor M Ñ B referred to as the

fiber functor . We do not require M to be strict monoidal itself.

2.1.5 Bialgebra and Hopf Algebra Objects

In order to define bialgebras and Hopf algebras, one needs a braided monoidal

category B with braiding Ψ. We will always treat the base category B as strict

monoidal. The categories AlgpBq and CoAlgpBq of algebra and coalgebra objects

then have a monoidal structure fibered over B. We denote the product on AbB by

mAbB for two algebra objects A, B in B. That is, mAbB � pmAbmBqpIdAbΨA,Bb

IdBq. Inductively, denote by mBbn the product on Bbn. Dually, we denote the

coalgebra structure on C b D for two coalgebras C, D in B by ∆CbD. We will

occasionally use the notation mk, for the map mpmb Idq . . . pmb Idq : Bbk�1 Ñ B

obtained by applying m k times.

In B, we can define bialgebra objects as simultaneous algebras and coalgebras

satisfying the bialgebra condition

∆m � pmbmqpIdbΨb Idqp∆b∆q. (2.1.6)

11For an introduction to braided monoidal categories see e.g. [63] or [88, 9.2].
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We call a bialgebra (resp. Hopf algebra) object in B a braided bialgebra (or Hopf

algebra). In order for BiAlgpBq to be monoidal, a braiding is not sufficient, but a

symmetric monoidal structure is. However, the category B-ModpBq is monoidal

using the comultiplication. It is important to use this more general definition

to study main examples such as the quantum groups (or more generally, Nichols

algebras) later. It is also important that we do not restrict ourselves to finite-

dimensional Hopf algebras over k.

2.1.6 Bialgebras vs. Quasi-Bialgebras

Let B be a bialgebra in B. Then the category B-ModpBq is strict monoidal

with fiber functor over Vectk. That is, the underlying morphisms in B of the

associativity transformation α : bpb� Idq ùñ bpId�bq are identity morphisms.

In some cases, one requires a higher level of generality (for example, when working

with twists of Hopf algebras as in [37]) and wants to drop the assumption of M
being strict over B, and use the weaker notion of a quasi-monoidal functor. The

natural notion arising via reconstruction theory (see 2.2.3) is that of a quasi -

bialgebra. Following [89], we require that there exists an invertible element φ P

B bB bB (the coassociator) such that

mBbBbBpIdB b∆b φq∆ � mBbBbBpφb∆b IdBq∆. (2.1.7)

Such an element φ needs to satisfy the 3-cycle condition of a non-abelian homology

theory (see e.g. [87, Section 6], [88, 2.3]):

mBbBbBpmBbBbB b IdBbBbBqp1b φb IdB b∆b IdB bφb 1qφ

� mBbBbBpIdBbB b∆b∆b IdBbBqpφb φq
(2.1.8)

The counitary property still holds as in the bialgebra case, given that pIdbε b

Idqφ � 1b 1. For a quasi-bialgebra B, the categories B-ModpBq and Mod-BpBq
are monoidal.

If B is a (quasi-)Hopf algebra object in B, then B-ModpBq is rigid given that

B is rigid. That is, left dual objects exist12 and are denoted by V � for V P B.

That is for example the case if B � Vectfd
k . For infinite-dimensional modules V ,

12See e.g. [88, Section 9.3].
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we can still give the finite dual V � � tδv | v P V u a module structure, but there is

no coevaluation map. We observe that left dual objects are unique up to canonical

isomorphism.

When working with quasi-Hopf algebras, the antipode axioms are valid only up

to elements a, b P H (cf. e.g. [66, XV.5], or Section 2.2.3 in the braided setting):

m2pS b ab Idq∆ � aε, and m2pIdbbb Sq∆ � bε. (2.1.9)

This requires the compatibility conditions

m5pIdbbb S b ab Idqφ � 1, and m5pS b ab Idbbb Sqφ�1 � 1, (2.1.10)

with the coassociators. The formulas may be more clear when drawn as diagrams

(using graphical calculus) or using generalized Sweedler’s notation.13 The notion

of a quasitriangular quasi-Hopf algebra is also spelled out in [88, 2.4]. We also

include a version for braided quasi-Hopf algebras in 2.2.3.

2.1.7 Dually Paired Hopf Algebras

Let B be a braided monoidal category with braiding Ψ (recall B is always treated

as strict monoidal in this chapter). In this section, we want to discuss what notion

of dually paired Hopf algebras is suitable for our purposes in the remainder of the

chapter. Unlike working in the category of finite-dimensional vector spaces Vectk,

a dual may not necessarily exist in this more general setting. We assume that C,B

are braided Hopf algebras in B with a pairing, in the sense that there exists an eval-

uation map ev : CbB Ñ I to the unit I in B compatible with the structure. This

displays C as the left (categorical) dual of B. That is, using graphical calculus14

the conditions from Figure 2.1.1 hold. If C,B are Hopf algebras, then we further

assume that the antipodes are invertible and the duality evpS b Idq � evpIdbSq

holds.

13We will follow [89, Preliminaries]) for conventions about Sweedler’s notation (from [110]).
We will use these conventions, including the Einstein sum convention from Section 2.3 onward.

14We follow similar conventions to [88, Chapter 9] about graphical calculus of Hopf algebra
objects in B. The drawings are created using inkscape.

25
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C C B C C CB B B C B B C C B B

Figure 2.1.1: Dually paired Hopf algebras

Remark 2.1.7.1. Note that we do not restrict ourselves to treating finite-dimen-

sional Hopf algebras here. In particular, a coevaluation map coev : I Ñ BbC may

not exist as a morphism in B. In later applications, we use infinite-dimensional

Hopf algebras and their restricted duals, where the coevaluation map exists as

a formal power series rather than a linear map given that the pairing is perfect

and dual bases exist (2.3.6). The restricted dual of a Hopf algebra H is denoted

by H� and consists of those functions that vanish on a (two-sided) ideal of H of

finite codimension. This is not necessarily equal to the finite dual of an infinite-

dimensional vector space and the pairing is not necessarily perfect.

Remark 2.1.7.2. The situation for quasi-bialgebras is asymmetric. The dual of a

quasi-bialgebra has a multiplication which is not strictly associative.

Let us denote the braided category B with inverse braiding Ψ�1 by B. In

B, the categories B-ModpBq, B-CoModpBq of left (co)modules (and their right

versions) are monoidal. Given a dual pair B,C as above, we further observe that

there exist monoidal functors

BΦ: B-CoModpBq Ñ copC-ModpBq, ΦC : CoMod-CpBq Ñ Mod-copBpBq.

Here, copC denotes C with co-opposite coproduct Ψ�1∆. This is a bialgebra (resp.

Hopf algebra) in the braided monoidal category B (with antipode S�1). The

functor BΦ maps a comodule with coaction δ : V Ñ B b V to V with action

pevb IdqpIdbδq, and ΦC is defined analogously. We find it helpful to check such

statements using graphical calculus, in which the braiding Ψ and its inverse Ψ�1

are denoted by

Ψ � and Ψ�1 � .

Note that if B is finite-dimensional and the pairing ev is perfect, the functors BΦ

and ΦC are part of equivalences of categories. In general, this is not the case.
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�

(in B)

�

(in B)

copC copB copB

copC copB copB
C B B

Figure 2.1.2: Pairing of co-opposite Hopf algebras

If we restrict to situations in which the braided monoidal category B admits a

monoidal functor B Ñ Vectk to vector spaces over a field k, then we can talk

about the pairing ev being perfect. If that is the case, the above functors will be

fully faithful. In the general situation we define the pairing to be perfect if the

functors BΦ and ΦC are fully faithful.

Remark 2.1.7.3. The bialgebras copC and copB are dually paired in a different way

in B (see Figure 2.1.2). Here, it is important to distinguish whether we express

a functional identity in B or in B. In this example, the second term is expressed

using symbols in B, while the third term is the same expression written in B.

2.2 The Categorical Picture

In this section, we introduce the two main categories of interest in this chapter in

purely categorical terms. The first one, the Drinfeld center ZpMq of a monoidal

category, is well known. The other one, the Hopf center HpMq is well-known in

the case where M � H-Mod is the category of modules over an ordinary Hopf

algebra where it can be described as the category of Hopf modules over H. For the

more general case M � H-ModpBq where B is a braided monoidal category and

H a bialgebra object in it, see e.g. [22]. We present a new description of HpMq

as a special case of a mixed Drinfeld center construction.

Applying techniques from reconstruction theory, which is a generalization of

Tannaka-duality, one can recover certain categories C Ñ V , where V is monoidal,

as module (or comodule) categories H-ModpVq Ñ V in the category V . This is
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used later to describe the categories ZpMq and HpMq in the case where M �

Mod-BpH-Modq for a bialgebra (or Hopf algebra) B in the braided monoidal

category H-Mod as module categories leading to the definition of the braided

Drinfeld and Heisenberg doubles. For this, we need another description of the cat-

egories ZpMq and HpMq for M � B-ModpBq in terms of simultaneous modules

and comodules over a quasi-bialgebra B satisfying certain compatibility condi-

tions, leading to Yetter–Drinfeld and Hopf modules in 2.2.4. Finally, we give a

categorical explanation of different concepts of quasitriangularity of a braided Hopf

algebra in 2.2.5.

2.2.1 Bimodules over Monoidal Categories

In this section, we discuss the 2-category ofM-bimodules over a monoidal category.

This will later serve us to define relative Drinfeld and Heisenberg centers in 2.2.2.

One application is a natural strictification of a monoidal category (see Corollary

2.2.1.6).

We now work in the meta-2-category of categories Cat under suitable locally

smallness assumptions. This category is symmetric monoidal with respect to the

Cartesian product of categories denoted by �. Let pM, b) be a monoidal category

(not necessarily strict, but strictly unital with unit object I). Such categories can

be thought of as unitary monoid objects in Cat. We denote the associativity

isomorphism by α : b pb � Idq ùñ bpId�bq.

Recall that a braided monoidal category V is a monoidal category with a natural

isomorphism Ψ: b Ñ bop which satisfies the b-compatibilities

ΨVbW,X � αX,V,W pΨV,X b IdW qα
�1
V,X,W pIdV bΨW,XqαV,W,X , (2.2.1)

ΨV,WbX � α�1
W,X,V pIdW bΨV,XqαW,V,XpΨV,W b IdXqα

�1
V,W,X . (2.2.2)

LetM and V be monoidal categories. We further recall that a quasi-monoidal

functor15 G : MÑ V is a functor such that there exists a natural isomorphism

µ � µG : Gb
�
ùñ bpG�Gq.

15Another term used in the literature is that of a multiplicative functor in [84, 88], or quasi-
tensor functor, see e.g. [26, 42].
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A monoidal functor16 is, in addition, compatible with the associativity isomor-

phisms of M and V , i.e. for any three objects X, Y and Z in M we have

αGpXq,GpY q,GpZqpµX,Y � IdGpZqqµXbY,Z � pIdGpXq�µY,ZqµX,YbZGpαX,Y,Zq. (2.2.3)

Similarly to defining modules of unitary monoids (or rings), we can consider

modules over monoidal categories. A left module over M is a category V with a

functor � : M� V Ñ V , as well as a natural isomorphism

χ : � pIdM��q
�
ùñ �pb � IdVq,

satisfying the following compatibility of χ with the associativity isomorphism α:

for all objects X, Y, Z of M, and V of V ,

χX,YbZ,V pX � χY,Z,V q � pαX,Y,Z � V qχXbY,Z,V χX,Y,Z�V . (2.2.4)

For simplification of notation, we assume that �pI � IdVq � IdV . This notion

compares to the definition used e.g. in [97, 2.3]. However, we consider modules

to be strictly unital, i.e. suppress the unitarity isomorphism and do not require

exactness properties (but will later work in a k-linear setting). A morphism of left

modules over M is a functor F : V ÑW , together with a natural isomorphism

λF : F�
�
ùñ �pIdM�F q.

We require that the following coherence between λ � λF and χV , χW is satisfied:

λMbN,V F pχ
V
M,N,V q � χW

M,N,F pV qpM � λN,V qλM,N�V , M,N PM, V P V . (2.2.5)

We denote the category of left modules over M by ModM. This category is in

fact a 2-category, where 2-morphisms are given by natural transformations F ñ G

which commute λF , λG. Analogously, we define right M-modules.

In the following, we will mainly consider bimodule categories over M. A bi-

module over M is a category V with a left and right M-module structure which

commute up to a coherent natural isomorphism. We usually denote the left action

16Our natural notion of functors (or equivalences) of monoidal categories is that of monoidal
functors. We will allow the fiber functor to be quasi-monoidal in view of working with quasi-
bialgebras in Section 2.2.3, 2.2.4, and 2.4.
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by � : M�V Ñ V and the right action by � : V�MÑ V . The action coherences

are natural isomorphisms

χ : � pIdM��q
�
ùñ �pb � IdVq, �pI � IdVq � IdV ,

ξ : � p� � IdMq
�
ùñ �pIdV �bq, �pIdV �Iq � IdV .

Again, the module structures are considered to be strictly unital to simplify the

exposition. The coherence commuting the left and right action is a natural iso-

morphism

ζ : � p� � IdMq
�
ùñ �pIdM��q.

We require compatibilities between the coherences χ, ξ and ζ. The idea is that

whenever two combinations of the functors � and � can be transformed into one

another using different combinations of the transformations χ, ξ and ζ, then these

different combinations have to be equal. In view of Mac Lane’s coherence theorem

[77, VII.2] which shows that elementary coherence axioms of minimal tensor order

are sufficient to explain all coherences, we require the compatibilities

ζMbN,V,P pχM,N,V � P q � χM,N,V�P pM � ζN,V,P qζM,N�V,P , (2.2.6)

ζ�1
M,V,NbP pM � ξV,N,P q � ξM�V,N,P pζ

�1
M,V,N � P qζ�1

M,V�N,P . (2.2.7)

In addition, the condition (2.2.4), and the analogous compatibility between α and

ξ, and hence all coherences between α, χ, ξ, and ζ are required to be valid.

Morphisms of M-bimodules are assumed to commute with the left and right

actions up to coherent natural isomorphism. That is, a functor F : V Ñ W is a

morphism of bimodules if there exist natural isomorphisms

ρF : F�
�
ùñ �pF � IdMq, λF : F�

�
ùñ �pIdM�F q.

We often just write ρ, λ if only one morphism F is considered. These again have

to be compatible with the natural isomorphisms χ, ξ and ζ. That is, the condition

(2.2.5), the analogue for the compatibility of ρ � ρF and ξV , ξW , as well as the

following compatibility of ρ, λ, and ζV , ζW are assumed:

ζWM,F pV q�NpλM,V �NqρM�V,N � pM � ρV,NqλM,V�NF pζ
V
M,V,Nq. (2.2.8)
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We denote the category of bimodules over M by BiModM.

The category BiModM in fact has the structure of a 2-category. 2-morphisms

are natural transformations τ : F ñ G of module morphisms which commute with

the bimodule coherences, i.e. ρGτ� � p�pτ � IdIdMqqρF : F� ñ �pG � IdMq

and λGτ� � p�pIdIdM �τqqλF : F� ñ �pIdM�Gq. It is helpful to write these

conditions as commutative diagrams for any object pX,Mq P V �M:

F pX �Mq

pρF qX,M
��

τX�M // GpX �Mq

pρGqX,M
��

F pXq �M
�pτX�IdM q

// GpXq �M,

F pM �Xq
τM�X //

pλF qM,X
��

GpM �Xq

pλGqM,X
��

M � F pXq
�pIdM �τXq

//M �GpXq.

Example 2.2.1.1.

(i) The regularM-bimoduleMreg is defined using b : MbMÑM as module

structure (both left and right), and ξ � α, χ � α�1, ζ � α as structure

maps.

(ii) The trivialM-bimodule onM is given by X � Y � Y and X � Y � Y , and

trivial action on morphisms too. We say that this bimodule is obtained by

pulling the regular bimodule structure back along the functor I : M ÑM
(factoring through the terminal and initial monoidal category I with one

element and morphism). Here, ξ � χ � ζ � Id.

(iii) More generally, for any pair of monoidal functors G1, G2 : M Ñ V , we can

give V an M-bimodule structure G1VG2 where the left action is induced by

pulling the regular bimodule structure on V back along G1, i.e. X � V �

G1pXq b V, and the right action is induced by G2 in the same way. For

µi : Gipbq ñ bpGi �Giq, we have

χ :� pµ�1
G1
b IdqαV , ξ : � pIdbµ�1

G2
qpαVq�1, ζ :� αV .

Lemma 2.2.1.2. Let V be an M-bimodule. Then BiModMpV ,Vq is a strict

monoidal category via composition of functors and composition of structure maps,

i.e.

ρψφA,B � ρψφpAq,Bψpρ
φ
A,Bq, λψφA,B � λψφpAq,Bψpλ

φ
A,Bq.
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Proof. It is evident that the composition of bimodule morphisms and structure

maps is strictly associative. It remains to check that the defined composite trans-

formations λψφ, ρψφ are compatible with χ, ξ, and ζ. This follows by combining

the compatibilities of λφ, λψ, ρφ, ρψ with appropriate naturality conditions of these

transformations.

Lemma 2.2.1.3. The category BiModMpMreg,Mregq is braided monoidal with

braiding Ψψ,φ given for an object A of M by

ψφpAq � ψφpAbIq
ψpλφA,Iq
ÝÑ ψpAbφpIqq

ρψ
A,φpIq
ÝÑ ψpAqbφpIq

λφ
ψpAq,I
ÝÑ φpψpAqbIq � φψpAq.

Lemma 2.2.1.4. Consider anM-bimodule structure onM itself where either the

left or the right action is given by the regular action and denote this bimodule by

M1. Then the functor

F : BiModMpM1,M1q ÑM, φ ÞÑ φpIq

is monoidal.

Proof. Assume that the left M-action of M1 is regular. Then for two morphisms

of bimodules φ, ψ : M1 ÑM1,

µφ,ψ : ψφpIq � ψpφpIq b Iq � ψpφpIq � Iq
λψ
φpIq,I
ÝÑ φpIq � ψpIq � φpIq b ψpIq

is an isomorphism. To check F is monoidal, we need to verify (2.2.3). This follows

using the compatibility of the transformations λ of the functors with χreg � α�1.

That is, with the above definition of µF , we can identify the equation

αF pτq,F pφq,F pψqpµτ,φ b F pψqqµφτ,ψ � pF pτq b µφ,ψqµτ,ψφ, (2.2.9)

with

pχreg
τpIq,φpIq,ψpIqq

�1pλφτpIq,I � ψpIqqλψφτpIq,I � pτpIq � λψφpIq,Iqλ
ψφ
τpIq,I . (2.2.10)

The commutativity of this square follows from compatibility of χ, λψ (applied to

the objects τpIq, φpIq, I); combined with naturality of λψ in the first component,

applied to the morphism λφτpIq,I .
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Lemma 2.2.1.5. For any monoidal category where I is a terminal object, the

functor F from Lemma 2.2.1.4 is part of an equivalence of categories

BiModMp
IdMMI , IdMMIq �M.

Proof. We define the inverse Ind: M Ñ BiModMp
IdMMI , IdMMIq by mapping

an object X to the functor IndpXq given by

Y ÞÑ IndpXqpY q :� Y bX � Y �X.

For morphisms, we use the transformation IndpF qX :� IdX bf . The structure

transformations are

λ
IndpXq
A,B :� χ�1

A,B,X : IndpXqpA�Bq Ñ A� IndpXqpBq,

ρ
IndpXq
A,B :� IdAbX : IndpXqpA�Bq Ñ IndpXqpAq �B.

In order to show that the two constructions are mutually inverse to each other,

we first show that for any φ : IdMMI Ñ IdMMI , ρX,Y � IdφpXq. For this, consider

the square

φppX � Y q �Xq
ρX�Y,Z

//

Id
��

φpX � Y q � Z
ρX,Y�Z

// pφpXq � Y q � Z

Id
��

φpX � pY b Zqq
ρX,YbZ

// φpXq � pY b Zq.

This square commutes by the coherence between ρ and ξ (which is Id in this case).

Thus we obtain that

ρX,ZρX,Y � ρX�Y,ZρX,Y�Z � ρX,YbZ . (2.2.11)

Hence, as these are isomorphisms, ρX,I � IdφpXq. Further, using the naturality

square of ρ in the second component, we obtain that ρX,Y � ρX,Y 1 whenever there

exists a morphism f : Y Ñ Y 1. Under the assumption that I is terminal, we always

have an isomorphism X Ñ I and hence λ � Id.

Returning to the proof of the equivalence, it is clear that F Ind � IdM. We

claim that λ�,I : Id ùñ IndF is a natural isomorphism. As λ � Id, it remains to
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check that the square

φpX � Y q
λX,Y

//

λXbY,I
��

X � φpY q

XbλY,I
��

IndpφpIqqpX � Y q
� pX b Y q � φpIq

χ�1
X,Y,φpIq

// X � IndpφpIqqpY q
� X � pY � φpIq

commutes. But this follows from the coherence of χ and λ.

It is not strictly necessary to assume that I is terminal. It is sufficient that the

graph of the category (objects as vertices, morphisms as edges) is connected. If,

for example, M � B-ModpBq for B a quasi-Hopf algebra object in B, then M
has I as terminal object provided that B does. If M is additive, then the graph

of the category is connected (via the zero morphisms). Note that

BiModMp
IdMMI , IdMMIq � ModMpMreg,Mregq �M

by the Lemma. The result can be interpreted as the following strictification:

Corollary 2.2.1.6. Any monoidal category M with connected graph is equivalent

to a strict monoidal category.

Proof. We use the equivalence of Lemma 2.2.1.5. By Lemma 2.2.1.2, the monoidal

category BiModMp
IdMMI , IdMMIq is strict.

Example 2.2.1.7. If M is a monoidal category with connected graph, then

BiModMp
IMI , IMIq � FunpM,Mq.

This can be seen using the observation in the proof of Lemma 2.2.1.5 showing that

under the given assumption on M, ρ � λ � Id. Hence any functor is a bimodule

morphism for the trivial bimodule.

Let us fix anM-bimodules V and consider the category of bimodule morphisms

BiModMpMreg,Vq. To represent the data of a morphism G : Mreg Ñ V in a more

compact way, denote the image GpIq of the b-unit I by V . Then it is sufficient
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— by Proposition 2.2.1.8 below — to consider the composite coherence (called

centralizing isomorphism)

cX :� V �X
ρ�1
I,X
Ñ GpI bXq � GpXq � GpX b Iq

λX,I
Ñ X � V,

for any objectX ofM. The natural isomorphism obtained this way will be denoted

by c : V � IdM ùñ IdM�V . Note that pV, cq is monoidal in the sense that

cXbY � χX,Y pX � cY qζX,V,Y pcX � Y qξ�1
X,Y . (2.2.12)

A morphism ofM-bimodules, ϑ : pV, cV q Ñ pW, cW q gives a morphism ϑ : V Ñ

W satisfying that the square

V �X

cV,X
��

ϑbId
//W �X

cW,X
��

X � V
Idbϑ

// X �W

commutes for any object X of M.

We denote the set of such natural isomorphisms c : V � IdM ùñ IdM�V

obeying the b-compatibility (2.2.12) by IsombpV � IdM, IdM�V q. We use the

notation

IsombpV � IdM, IdM�Vq (2.2.13)

to denote the category of pairs pV, cq, where V varies over the objects V P V ,

introduced above.

Proposition 2.2.1.8. There is an equivalence of categories

IsombpV � IdM, IdM�Vq � BiModMpMreg,Vq.

Proof. First, we show that given a morphism of M-bimodules G : Mreg Ñ V , we

can recover the data of G, ρG and λG from the pair pV, cq. We can set G1 :� X�V .

Then G1 � G via ρ�1
X,I . We can recover λX,Y as

χ�1
X,Y,V : G1pX b Y q � pX b Y q � V Ñ X � pY � V q � X �G1pXq.

The natural isomorphism ρX,Y can be recovered from pV, cq by considering the

composite ζ�1
X,Y pX � cY qχ

�1
X,Y . The condition (2.2.4) implies that λG

1
is compatible

with the recovered χ.
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One checks that, given any pair pV, cq as above, the procedure described in the

first part gives an M-bimodule morphism G1 � GpV,cq. Clearly, GpV,cqpIq � V and

if we apply the above procedure to define the centralizing isomorphism, we recover

c. The requirement of pV, cq being monoidal implies the required compatibilities

of ρ, λ and ζ.

Remark 2.2.1.9. If B andM are additive, abelian or k-linear, then these properties

are inherited by the categories BiModMpV ,Wq.

In the next section, bimodule categories will be used to define different kinds

of centers of monoidal categories.

2.2.2 Mixed Relative Drinfeld Centers

The Drinfeld center is a canonical way of associating a braided monoidal category

to a monoidal category M. It can be defined, using the work of the previous

subsection, via morphism categories of M-bimodules.

Definition 2.2.2.1. Let G : M Ñ V be a monoidal functor. Then V is an M-

bimodule using the functor G, i.e. for objects M PM, V P V , we have M � V :�

GpMqbV . The right action is defined analogously and the resultingM-bimodule

is denoted by VG. We say that the action on VG is induced by pullback of the

regular bimodule structure on V along G. This is GVG from Example 2.2.1.1.

The Drinfeld center 17 of M over V with respect to G is defined as

ZGpMq :� IsombpV bG,Gb Vq.

The special case G � Id : M Ñ M is denoted by ZpMq and referred to as the

Drinfeld center of M. That is, ZpMq � IsombpMb IdM, IdMbMq.

We want to emphasize two special cases that will be the main categories of

interest in this chapter: One is the Drinfeld center ZpMq which is equivalent to

BiModMpMreg,Mregq by 2.2.1.8. To define the other one, the Hopf centerHpMq,

we have to generalize the definition of the Drinfeld center in two different ways.

On one hand, we will provide an appropriate relative setting with respect to a

17This definition and its monoidal structure are due to [81] (see also [88, 9.1.7]), where ZGpMq
is called the dual of F : MÑ V.
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(quasi-)monoidal fiber functor F : M Ñ B. On the other hand, we will allow to

use two functors G1 and G2 instead of just one. This however leads to the loss of

monoidacity.

Setting 2.2.2.2. First, we generalize to the setting over a braided monoidal cate-

gory. Namely, we will always consider the monoidal category M together with

a quasi-monoidal fiber functor F : M Ñ B where B is a braided monoidal cate-

gory, which has a left quasi-monoidal section P : B Ñ M such that there exists

τ : FP
�
ùñ IdB. We assume that τ is a monoidal natural transformation.

Further, we will consider mixed centers. For this we assume given two quasi-

monoidal functors G1, G2 : M Ñ V which factor through the fiber functor F , i.e.

for i � 1, 2 we have commutative diagrams of functors

M
Gi

~~

F

!!

V F 1 // B.
Note that for any monoidal category, we can always consider it over the trivial

braided monoidal category I with one element and one morphism. As this is both

terminal and initial, we have unique functors T : M Ñ I and I : I Ñ M, and

τ � IdI : PF � IT .

Definition 2.2.2.3. In the same setting as above, the mixed relative Drinfeld

center of M over B w.r.t. G1, G2 is defined to be

G1ZG2
B pMq :� Isomb

B pV bG2, G1 b Vq,

where Isomb
B pV bG2, G1bVq is the full subcategory of IsombpV bG2, G1bVq on

objects pV, cq of IsombpV bG2, G1 b V q which are pF, P q-admissible. That is,

ΨF 1pV q,X � pτX � IdF 1pV qqµ
F 1

G1P pXq,V
F 1pcP pXqqpµ

F 1

V,G2P pXq
q�1pIdF 1pV q�τ

�1
X q, (2.2.14)

for each object X of B, where Ψ is the braiding on B. Note that we use F 1Gi � F

for i � 1, 2 for these compositions to be well-defined.

If G � G1 � G2 is a monoidal functor, then we denote ZGB pMq :� GZGB pMq

and refer to it as the relative Drinfeld center ofM over B. If even G1 � G2 � IdM,

then we denote

ZBpMq :� Z IdM
B pMq

and refer to it as the Drinfeld center of M over B.
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We are mainly interested in the case where G1 � G2 � IdM and F � F 1 are

monoidal. In this situation, pF, P q-admissible means that the underlying morphism

of the braiding with an object in the image of the functor P is the same as the

braiding in B. As special cases, we recover ZGpMq as defined in 2.2.2.1 as ZGI pMq,

which is Majid’s original construction of the dual from [81].

Warning 2.2.2.4. A quasi-monoidal functor G : MÑ V does not give a bimodule

structure VG unless it is monoidal. However, all compatibility conditions apart

from the compatibility (2.2.4) of α and χ (and the analogue for the right action,

i.e. the compatibility of α and ξ) are satisfied. For this reason, the category

IsomBpV bG2, G1 b Vq is still well-defined for two such functors, and it caries an

action of the Drinfeld center (as we will see in Proposition 2.2.2.11), provided that

G1 is a monoidal functor. We require this generality for working with quasi-Hopf

algebras in Sections 2.2.3 and 2.2.4.

Example 2.2.2.5. Let M � Mod-BpBq, for a bialgebra B in B, with P � triv the

functor giving an object of B the trivial module structure, F the forgetful functor.

Consider the category Ztriv
B pMq. This category consists of objects pV, δq, where V

is a right B-module and δ is a left opB-comodule, such that the action and coaction

commute. Here, δ is obtained as cBpIdB b1q from the commutativity isomorphism.

If, to specify further, B is a finite-dimensional bialgebra over k, then Ztriv
B pMq

is equivalent to the category of left modules over the bialgebra B� bBop.

Remark 2.2.2.6. If B � Vectk, for a quasitriangular Hopf algebra, many authors do

not impose the admissibility condition as under certain representability conditions

(e.g. M � B-Mod), any object in the center will be admissible for F being the

forgetful functor and P � triv the functor mapping a vector space to the trivial

B-module on it. See e.g. [89, Lemma 2.1] for such a proof, which relies on the

existence of elements in a vector space. In our general setting, elements of objects

do not exist, hence the admissibility assumption. This condition is a generalization

of the assumption used in [22, Section 3.6].

At the general level, admissibility will be crucial in the proof of Proposi-

tion 2.2.4.7 which is the main result of Section 2.2.4 where we describe the centers

in terms of Yetter–Drinfeld and Hopf modules.
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We can apply this more general definition to the pair of functors G1 � IdM,

and G2 � PF . The second center of interest in this chapter can now be defined.

Definition 2.2.2.7. We define the relative Hopf center for a monoidal functor

G : MÑ V compatible with the fiber functors to be

HG
B pMq :� GZGPFB pMq.

In particular, the Hopf center of M over B is

HBpMq :� HIdM
B pMq.

In Section 2.3, we explore the relationship between the categories ZpMq and

HpMq in the case where M � Mod-BpH-Modq is a category of right mod-

ules over a bialgebra (or Hopf algebra) B P H-Mod, where H-Mod is braided

monoidal, using techniques from reconstruction theory. In this case, we have a

fiber functor to Vectk, and P � triv is the functor mapping a vector space to the

trivial B-module. We can proof the structural results about the Drinfeld and Hopf

center at the level of generality of this section which is often easier. For instance,

we show that the relative Drinfeld center has a natural monoidal structure18 and

that ZBpMq is braided.

Proposition 2.2.2.8. For any monoidal functor G : MÑ V, we can give ZGB pMq

a monoidal structure by setting pV, cV q b pW, cW q :� pV bW, cVbW q, where

cVbW :� αGpXq,V,W pc
V b IdW qα

�1
V,GpXq,W pIdV bc

W qαV,W,GpXq. (2.2.15)

By construction, there is a monoidal functor ZGB pMq Ñ V.

Proof. This is shown by straightforward but lengthy checking of the axioms and

compatibilities. The associativity isomorphism in ZGB pMq is just the associativity

isomorphism of M, which can be checked to be compatible with the centralizing

isomorphisms of threefold tensor products.

18One can give the category HG
B pMq a monoidal structure which is not compatible with the

forgetful functor, see e.g. [22] in the case M � Mod-BpBq by taking relative tensor products
bB .
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Next, we have to check that CVbW is monoidal in the sense of 2.2.12. The proof

of this requires repeated application of naturality of cV , cW to ∆, the hexagonal

axioms for α, and naturality of α with respect to cV and cV . It is clear that the

tensor product of two pF, P q-admissible objects is again pF, P q-admissible.

The main advantage of the Drinfeld center is that it is braided.

Proposition 2.2.2.9. The category ZBpMq has a braiding19 defined by

Ψ � ΨpV,cV q,pW,cW q :� cVW : pV bW, cVbW q Ñ pW b V, cWbV q,

for objects pV, cV q and pW, cW q in ZBpMq.

Proof. This follows by applying naturality of cV to the morphisms cWX for any

object X ofM. Indeed, this gives that cVWbXpIdV bc
W
X q � pcWX b IdV qc

V
WbX . Now

we use the monadicity of c as in (2.2.12) twice giving the required commutative

square.

For monoidal functors G1, G2, we define the category BiModB
MpMreg, G1VG2q

as the full subcategory on bimodule morphisms Mreg Ñ G1VG2 that corresponds

to Isomb
B pV bG2, G1 b Vq under the equivalence of Proposition 2.2.1.8.

Theorem 2.2.2.10. There is an equivalence of braided monoidal categories

BiModB
MpMreg,Mregq � ZBpMq,

where BiModB
MpMreg,Mregq is a monoidal category via composition of functors.

Proof. Recall that by Proposition 2.2.1.8 there is an equivalence of categories for

the larger categories without the pF, P q-admissibility requirement. The left hand

side is by definition the subcategory corresponding to pF, P q-admissible objects

under this equivalence. To show that the monoidal structure defined in 2.2.2.8

corresponds to the monoidal structure of composition of functors on the left hand

side, observe that for φ, ψ : Mreg ÑMreg, the commutativity isomorphism of the

composition φψ is given by

cφψX � pλφqX,ψpIqψppλψqX,Iqψppρ
�1
ψ qI,Xqpρ

�1
φ qψpIq,X . (2.2.16)

19A braiding on ZpMq was observed by Drinfeld in unpublished work (cf. note in [81, 3.4]).
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In 2.2.1.8 we saw that for φ corresponding to pV, cq and ψ corresponding to pW,dq,

we have φpψpIqq � φpW q � V bW , and ρ�1 is given by α as we use the regular

action. Using these equalities, we find

cφψX � pλφqX,ψpIqpφpIdX bc
ψ
Xqqpρ

�1
φ qψpIq,X � cVbWX , (2.2.17)

comparing with the definition of the monoidal structure in ZBpMq from 2.2.2.8.

The fact that the braidings are related can be checked by a similar calculation.

Note that the monoidal category BiModB
MpMreg,Mregq is strict as composi-

tion of functors is strictly associative, and the additional datum of compositions of

the transformations ρ and λ is strictly associative too. However, the reinterpreta-

tion of the data of bimodule morphisms as pairs pV, cq yields a non-strict monoidal

category if M is not strict.

Theorem 2.2.2.10 gives an easy way to find module categories over ZBpMq from

bimodule categories overM. The resulting categorical actions is the main topic of

this chapter and will be reinterpreted in various reformulations of the braided Drin-

feld and Heisenberg double in the course of this chapter. The general statement is:

Proposition 2.2.2.11. Let V be an M-bimodule. Then there exists a natural

action by composition of functors

� : ZBpMq �BiModMpMreg,Vq ÝÑ BiModMpMreg,Vq.

For V a monoidal category, G1 a monoidal and G2 a quasi-monoidal functor fac-

toring as in 2.2.2.2, we obtain an action

� : ZG1
B pMq � G1ZG2

B pMq ÝÑ G1ZG2
B pMq.

Proof. The first statement follows by using the action of BiModB
MpMreg,Mregq

on BiModMpMreg,Vq by composition and relating it to the Drinfeld center by

2.2.2.10. Note that there is no dependence on B in this statement.

For the second part, the action pV, cq� pW,dq � pV bW,dVbW q of a pair pV, cq

in ZG1
B pMq on a pair pW,dq in G1ZG2

B pMq is defined as

dVbWX :� αG1pXq,W,V pcX b IdW qα
�1
V,G1pXq,W

pIdV bdXqαV,W,G2pXq.
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It follows by combining bimodule coherences and naturality that dVbW again sat-

isfies (2.2.12). Note that this does not require G2 to be compatible with αM, αV .

The isomorphism χ :� pαVq�1 is the coherence for the action defined, which is

clearly compatible with αV . This action restricts to the pF, P q-admissible subcat-

egories as, by definition, dVbW is obtained by combining c and d. Hence if both

of these centralizing isomorphisms are related to Ψ as in (2.2.14), then so is their

tensor product cVbW , using that

αBpΨF pV q,F pG1pXqq b IdqpαBq�1pIdbΨF pW q,F pG2pXqqqα
B � ΨF pV qbF pW q,F pG2pXqq,

(2.2.18)

where we use that F pG1pXqq � F pG2pXqq.

Given that V has (left) duals (that is, the category V is rigid), we can show

that the relative Drinfeld centers inherit the same structure.

Proposition 2.2.2.12. Let V be a rigid category, G : MÑ V a monoidal functor.

Then the center ZGB pMq is rigid with the dual of an object pV, cq given by V � with

commutativity isomorphism

c�X :� pevV b Idqpα�1 b IdV �qpIdbpc
V
Xq

�1 b Idqpα b Idqα�1pIdV �bGpXqb coevV q.

(2.2.19)

The coevaluation and evaluation morphisms are the respective maps in M.

Proof. Note first that a monoidal structure is necessary to talk about rigidity of

a category. Hence the restriction G � G1 � G2. Now c� is a well-defined natural

transformation V � b G ñ G b V �. It is easy to see that c� is b-compatible and

thus pV �, c�q gives an element of ZGpMq. Moreover evV and coevV commute with

cb c� and c� b c. We will sketch in more detail how commutativity with evV can

be proved. This will be straightforward after proving that

pevV b IdXqα
�1
V �,V,XpIdV � bc

�1
X qαV �,X,V � pIdX b evV qαX,V �,V pc

�
Xb IdV q. (2.2.20)

Starting from the right hand side of the equation, using the definition of c�, we

extract the expression pIdV b evV qα
�1pcoevV b IdV q. This is done using naturality

of α�1 in coev, ev or c�1
X and the hexagonal axioms. This expression equals IdV

by rigidity of M.
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It remains to check that the dual (according to Proposition 2.2.2.12) of an

admissible object is admissible again. For this, note that for any X of B and

pF, P q-admissible pV, cq in the center, we have that F pc�1
P pXqq can be expressed

in terms of the inverse braiding and structural isomorphisms. From this we can

conclude admissibility of pV �, c�q.

The next lemma shows how to extract the inverse of the centralizing isomor-

phism from the definition of the dual.

Lemma 2.2.2.13. If M has duals, then the inverse can be described using the

definition of the dual as

c�1
X � pIdbpIdb evqqpIdV bαqpIdbc

�
X b IdqpIdV bα

�1qαV,V �,XbV pcoevb IdXbV q.

(2.2.21)

Proof. Key in the proof is to use (2.2.20). We first extract the right hand side of

this equation in the right hand side of the claim. After applying (2.2.20), we use

naturality of α�1 in c�1
X and coev as well as the hexagonal axioms to transform

the resulting composition of maps into

ppIdV b evV q b IdXqpα b IdXqppcoevb IdV q b IdXqc
�1
X � c�1

X .

In fact, one can show that ifM has right duals, then these can be used to show

that every monoidal natural transformation V bIdM ùñ IdMbV is automatically

invertible. This fact will be used in Section 2.2.4. For this, recall that the right dual
�V for an object V ofM is an object together with morphisms ev1V : V b �V Ñ I

and coev1V : I Ñ �V b V , such that the axioms

pev1V b IdV qα
�1
V,�V,V

pIdV b coev1V q � IdV , (2.2.22)

pId�V b ev1V qα�V,V,�V pcoev1V b Id�V q � Id�V , (2.2.23)

are satisfied.

Lemma 2.2.2.14. Let M have right duals. Then for pV, cq P ZBpMq,

c�1
X � pev1b IdVbXqα

�1pIdbαqpIdX bc�X b Id�XqpIdbα
�1qpIdX bpV b coev1Xqq.

(2.2.24)
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Proof. Applying the hexagonal axiom and naturality of α�1 in coev1 and cX we

obtain

cXpev1b IdVbXqpα
�1qpIdbαqpIdX bc�X b Id�XqpIdbα

�1qpIdX bpV b coev1Xqq

�pev1b Idqpα�1 b Idqα�1pIdbα�1qpIdXb�X bcXq

pIdbαqpIdX bc�X b Id�XqpIdbα
�1qpIdX bpV b coev1Xqq.

Applying first the definition of the monoidal rule (2.2.12) and naturality of c�X in

coev1, followed by the right dual axioms, this expression becomes

pev1b Idqpα�1 b Idqα�1pIdX bc�XbXqpIdXbV b coev1q

�ppev1X b IdXq b IdV qpα
�1 b IdV qppIdX b coev1Xq b IdV q � IdXbV .

At this general level, we can show that the relative Drinfeld center acts on the

relative Hopf center. We will later use this result to obtain twisting results on the

level of algebras (cf. 2.3.8).

Corollary 2.2.2.15. For G monoidal, there is a left action of the monoidal cate-

gory ZGB pMq on HG
B pMq defined by pV, cq � pW,dq � pV bW,dV�W q, where

cV�W : � αGpXq,V,W pcX b IdW qα
�1
V,GpXq,W pIdV bdXq, (2.2.25)

for pV, cq P ZGB pMq and pW,dq P HG
B pMq.

Proof. This is a special case of the second part of Proposition 2.2.2.11, where

G � G1 � G2.

The result can also easily be seen directly using the monoidal structure intro-

duced in (2.2.2.8). The left action isomorphism χ will simply be the associativity

isomorphism α in V . It is clear that with this action, the resulting object will

again be pF, P q-admissible.

In particular, there is a natural action � : ZBpMq �HBpMq Ñ HBpMq.

Remark 2.2.2.16. If M, V , B and all functors carry additional structure such as

being additive, abelian (with left or right exact functors), or k-linear, then these

structures are inherited by the mixed relative Drinfeld centers. The construc-

tions discussing in this section however work in the generality of braided monoidal

category without such structures. In Section 2.3 a k-linear setting is used.
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2.2.3 Braided Reconstruction Theory

We now present a categorical reconstruction theorem which generalizes Tannaka–

Krein duality — which is classically stated in the setting of a monoidal category C
over Vectk — to the setting of a quasi-monoidal fiber functor F : C Ñ B where B
is any braided monoidal category which we tread as strictly monoidal (identifying

all ways of setting the brackets), but keep track of the associativity isomorphisms

in C. We assume that the functor F is strong quasi-monoidal.20 More details

about this can be found in [88, Section 9.4.2] (or [86, 3.2] for a comodule version)

for the braided Hopf algebra case, and for the quasi-Hopf algebra case (but not

braided) see [84, Section 2] for a comodule version.

In order to state the reconstruction theorem, we need to assume certain rep-

resentability conditions on the fiber functor F : C Ñ B. The basic assumption is

that the functor NatCp� b F, F q : Bop Ñ Set is representable. This means there

exists an object B P B such that

NatCpV b F, F q � HomBpV,Bq, @V P B. (2.2.26)

For example, if B � Vectk, C � B-Mod and F is the forgetful functor, we have

NatB-ModpF, F q � NatB-Modpk b F, F q � HomVectkpk,Bq � B,

recovering B. To recover classical Tannaka–Krein duality, one considers the vector

space NatB-ModpF, F q for C Ñ Vectfd
k under suitable assumptions (see e.g. [32]).

Theorem 2.2.3.1. Let F : C Ñ B be a functor satisfying (2.2.26) with respect to

some object B in B. Then B is an algebra object in B and F factors as C Ñ
B-ModpBq F

Ñ B where F is the forgetful functor.

The object B is universal in the following sense: If B is another such algebra

object in B, then there exists a unique morphism B1 Ñ B such that the induced

20Dropping the strongness assumption leads to weak quasi-Hopf algebras. A reconstruction
theorem for such objects can be found in [52].
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pullback functor B-ModpBq Ñ B1-ModpBq makes the diagram

C

yy %%

B-ModpBq //

%%

B1-ModpBq

yyB

(2.2.27)

commute.

Proof (Sketch). Indeed, the natural transformation σ : B b F Ñ F corresponding

to IdB under (2.2.26) gives an action of H on each object F pXq for X P C. The

product map B bB Ñ B corresponds to the natural transformation given by

σXpIdB bσXq : B bB b F pXq Ñ F pXq,

for X P C. The unit is given by the natural transformation I b F ñ F of the

unit of the monoidal structure of B. The morphism σX gives any object X of C
a B-modules structure, which we will sometimes denote by �. For the universal

property, cf. the dual version in [84, 2.2].

In order to obtain more structure on B, we need to assume more structure on

C and that this structure is preserved by the functor F . In addition, we will need

higher representabilities . Given a morphism β : V Ñ Bbn we can define a natural

transformation θnV pβq as the composition

V b F pX1q b . . .b F pXnq

θnV pβq

��

βbId
// Bbn b F pX1q b . . .b F pXnq

��

F pX1q b . . .b F pXnq B b F pX1q b . . .bB b F pXnq,
σX1

b...bσXn
oo

(2.2.28)

where the right vertical arrow is obtained by the braiding in B.

Definition 2.2.3.2 ([88, (9.40)]). We say that a functor F : C Ñ B is higher

representable if the functors NatpV bFbn, Fbnq are representable for n ¥ 0 by the

object Bbn such that a morphism β corresponds to θnV pβq.
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This condition says that the representing object B for NatpV b F, F q induces

representability of NatpV bFbn, Fbnq by Bbn. This condition is not automatic in

general. In a classical Tannaka–Krein duality setting, working with B � Vectfd
k ,

it will be automatically satisfied.

Theorem 2.2.3.3. Let F : M Ñ B be a quasi-monoidal fiber functor satisfying

the higher representability conditions for some object B P B. Then B is a universal

quasi-bialgebra object in B such that F factors as MÑ B-ModpBq F
Ñ B.

Proof. The coproduct ∆ is the morphism B Ñ BbB corresponding to the natural

transformation δ : BbF 2 Ñ F 2 defined by δX,Y � σXbY . For the counit, we define

Fb0 to be the constant functor I with image the unit object I in B. The data of

a natural transformation V b Fb0 Ñ Fb0 consists of only one morphism V Ñ I.

The counit is defined to be the morphism aI : B Ñ I. The 3-cycle φ : I Ñ Bb3

corresponds to the natural transformation F pαX,Y,Zq, coming from the associativity

isomorphism inM. The quasi-coassociativity of ∆ now follows (under translation

with use of the higher representability condition) from the commutativity of the

square

B b F ppX b Y q b Zq

σpXbY qbZ

��

IdB bF pαX,Y,Zq
// B b F pX b pY b Zqq

σXbpYbZq

��

F ppX b Y q b Zq
F pαX,Y,Zq

// F pX b pY b Zqq,

(2.2.29)

for objectX, Y, Z ofM, which uses naturality of σ. Moreover, the hexagonal axiom

translates to the 3-cycle condition. The proof that ∆ is an algebra homomorphism

in B uses naturality of the braiding (see [88, Figure 9.16(b)]). Note that also

for quasi-bialgebras, ∆ is an algebra homomorphism, i.e. the bialgebra condition

holds strictly (not up to isomorphism).

If we assume even more structure on the category M and B, we obtain more

structure on the representing bialgebra B. We will need the following preliminary

observation regarding the interplay of left and right duals in B:

Lemma 2.2.3.4. If B is a braided monoidal category (with associativity isomor-

phism α) which is rigid (i.e. left duals exist). Then the left dual of an object V is

also a right dual.
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Proof. Recall that a right dual �V for an object V of B is an object together with

morphisms ev1V : V b�V Ñ I and coev1V : I Ñ �V bV , such that (2.2.22) is satisfied.

Using the braiding on B, we define ev1V :� evV Ψ�1, and coev1V :� Ψ coevV . This

gives V � the structure of a right dual.

Let F be a quasi-monoidal functor. In order to recover the antipode of B,

we need to assume the existence of a natural duality isomorphism dX : F pXq� Ñ

F pX�q. If F is monoidal, then dX � pevF pXqb IdF pX�qqpIdF pXq� bF pcoevXqq. We

require that the compatibility condition dXbY � dY bdX of the monoidal structure

with the duality holds.

We say the quasi-monoidal functor F is rigid if d exists, and for the evaluation

and coevaluation morphisms in M, the conditions

evM � evF pXqpdX b Idq, coevM � pIdbd�1
X q coevF pXq, (2.2.30)

are satisfied for any object X of M.

Theorem 2.2.3.5.

(a) Let B be rigid. Then M and the functor F are rigid if and only if the

representing object B is a quasi-Hopf algebra object in B.

(b) Let B be a braided monoidal and rigid. Then M has left and right duals on

the same object, and F is rigid, if and only if S has an invertible antipode.

(c) Let B be braided monoidal. Then M is braided monoidal if and only if we

can define a second coproduct ∆cop (see Definition 2.2.3.7) and a universal

R-matrix turning B into a quasitriangular quasi-bialgebra (respectively quasi-

Hopf algebra if we are in case (a)) in B.

In the following, we will explore these structures more concretely and sketch

the proofs. For part (a), we first define the map a as the map I Ñ B corresponding

to the natural isomorphism

pIdbF pevXqqpIdbdX b IdqpcoevF pXqb Idq,

while b is defined using

pIdb evF pXqqpIdbd
�1
X b IdqpF pcoevXq b Idq.
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This implies that

F pevF pXqq � evF pXqpIdbσXqpIdbab Idq, (2.2.31)

F pcoevF pXqq � σX b Idpbb IdF pXqbF pXq�q coevF pXq . (2.2.32)

The dual action is defined as σ�X :� d�1
X σX�pIdbdXq. We then define the antipode

as the morphism S : B Ñ B corresponding to the natural transformation BbF Ñ

F defined for an object X of M as

pIdb evF pXqqpIdbd
�1
X qpIdF pXqbσX� b IdqpΨb dX b IdqpIdB b coevF pXqb IdF pXqq.

That is, translating the action σX� on the dual to an action on F pXq using conju-

gation by dX . We directly derive a formula for translating between the action on

F pXq and the dual action:

evF pXqp�
� b IdF pXqq � evF pXqpIdb�qpΨb IdF pXqqpS b IdF pX�qbF pXqq. (2.2.33)

We can now easily proof the antipode axioms (2.1.9). We also check directly

that the duality conditions in H-ModpBq are equivalent to the conditions (2.1.10).

This completes the proof that having an antipode for B is equivalent to the exis-

tence of left duals in M via reconstruction.

For part (b), we need the following Lemma regarding the antialgebra and coal-

gebra morphism properties of the antipode.

Lemma 2.2.3.6. The antipode S satisfies

Sm � mΨpS b Sq, ∆S � pS b SqΨ∆. (2.2.34)

If the inverse S�1 exists, then it satisfies

S�1m � mΨ�1pS�1 b S�1q, ∆S�1 � pS�1 b S�1qΨ�1∆. (2.2.35)

Proof. It is an exercise to adapt the proof of [88, Figure 9.14] to quasi-Hopf alge-

bras. This proof uses (2.1.10) for φ�1.

Using this Lemma, we can further observe conditions on S�1 which are equi-

valent to the antipode axioms (2.1.9):

m2pIdbab S�1qΨ�1∆ � aε, m2pS�1 b bb IdqΨ�1∆ � bε. (2.2.36)
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We now turn to the proof of (b): In Lemma 2.2.3.4, we saw that B has right

duals. Given that the antipode S is invertible, we can use the left duals inM to de-

fine right duals. The right dual �F pXq is defined to be F pXq� with (co)evaluation

maps

ev1 � evpIdbσqpIdbS�1ab IdqΨ�1, (2.2.37)

coev1 � Ψpσ b IdqpS�1bb Idq coev . (2.2.38)

It is not hard to check that the maps ev1F pXq, coev1F pXq give the left dual F pXq� a

right dual structure. The proofs use Lemma 2.2.3.6 and Lemma 2.2.3.4.

Conversely, given right duals �X inM on the same objects, we view the natural

transformation dX as dX : �F pXq Ñ F p�Xq. We then apply reconstruction to the

natural transformation

pIdb evF pXqqpIdbd
�1
X bIdqpIdbσ�XqpΨ

�1bdXbIdF pXqqpIdB b coevF pXqb IdF pXqq,

to give a map S 1 : B Ñ B. If we define the right dual action as

�� :� d�1
X σ�XpIdB bdXq, (2.2.39)

then we can derive the following property:

evF pXqp
��b IdF pXqq � evF pXqpIdF pXq� b�qpIdF pXq� bS

1 b IdF pXqqpΨb IdF pXqq.
(2.2.40)

Further, the morphisms

coevrM :� ΨpIdb��qpIdbbb Idq coevF pXq, (2.2.41)

evrM :� evF pXqp
��b Idqpab IdF pXqbF pXq�qΨ

�1 (2.2.42)

are morphisms of left B-modules in B. We can now show that the map S 1 is inverse

to the antipode S recovered from the left module structure inM. One checks that

the right duality axioms correspond to the conditions (2.1.10) after application of

the antipode S.

For the readers convenience, we include the definitions of the antipode (and its

inverse) via reconstruction theory using graphical calculus in Figure 2.2.1. This
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�S
dX

d-1
X

,
�

d-1
X

dXS-1

Figure 2.2.1: Antipode reconstruction

evlM �
a

, coevlM � b , evrM �
S-1

a , coevrM � S-1

b

Figure 2.2.2: Duals of left modules

generalizes [88, Figure 9.15], where the definition of m, ∆, 1, ε are as given there.

Further, the duality structure on M � B-ModpBq is given in Figure 2.2.2.

To describe the structure on B obtained from the braiding, and thus proof (c),

we will need a general definition of an universal R-matrix in a braided monoidal

category. For this, we have to consider the opposite coproduct ∆cop of [86, 2.5].

Definition 2.2.3.7. The opposite coproduct ∆cop is defined to be the morphism

B Ñ B bB in B corresponding to the natural transformation τ given by

τX,Y � Ψ�1
F pXq,F pY qσYbXpIdbΨF pXq,F pY qq. (2.2.43)

That is, the action of the opposite coproduct satisfies the identity

p�V b�W qpIdB bΨb IdVbW qp∆
cop b IdVbW q

� p�V b�W qpIdB bΨ�1 b IdVbW qpΨ
�1∆b IdVbW q.

(2.2.44)

Dually, we define the opposite product mop.

We express this diagram using graphical calculus in Figure 2.2.3 (the opposite

coproduct ∆cop is labeled with cop in the diagram).

Remark 2.2.3.8. In the symmetric monoidal case, ∆cop is the usual opposite co-

product Ψ∆, but this does not hold in a general braided monoidal category B.

The two following lemmas, which will be needed in Section 2.2.4, explain the

relationship in the general case.
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cop
�

Figure 2.2.3: The opposite coproduct

Lemma 2.2.3.9. Let B be a quasi-bialgebra in B with coassociator φ.

(a) Denote by Bcop the object B equipped with the same product but opposite

coproduct ∆cop. Then Bcop is a quasi-bialgebra object in B (with coassociator

φ�1). By definition,

Bcop-ModpBq � copB-ModpBq,

is an isomorphism of monoidal categories. If B is a quasi-Hopf algebra, then

so is Bcop with the same antipode S (and the same elements a, b as B).

(b) Denote by Bop the object B with the same coproduct but opposite product

mop. Then Bop is a quasi-bialgebra object in B (with coassociator φ). By

definition,

Bop-CoModpBq � opB-CoModpBq.

If B is a Hopf algebra, then so is Bop with the same antipode S (and the

same a, b as B).

Proof. This is an exercise in graphical calculus.

We need to introduce further structure via reconstruction to state the axioms

for a universal R-matrix in this general setting. Similar to the definition of the

opposite coproduct, we introduce twisted coassociators . For any element σ P S3,

we define φσ by reconstruction corresponding to the transformation Ψ�1
σ F pαqΨσ,

where Ψσ is the composition of Ψs acting on two of the three tensor components

according to a minimal expression of σ as a product of transpositions of adjacent

indices. For example, if σ � p13q � p12qp23qp12q, then Ψσ � pΨb IdqpIdbΨqpΨb

Idq. Such an expression of σ is not unique, but the resulting Ψσ is independent of

choice.
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After these preliminary observations and notations, we turn back to part (c)

of the proof of 2.2.3.5. The universal R-matrix R corresponds to the natural

transformation % given by

%X,Y � Ψ�1
F pXq,F pY qF pΨ

M
X,Y q : F

b2 Ñ Fb2.

It satisfies the following axioms, obtained from the braiding axioms (in M):

mBbBpR b∆q � mBbBp∆
cop bRq, (2.2.45)

pIdb∆qR � m5
Bb3ppφ�1qp123q b pIdb1b IdqR b φp12q b pR b 1q b φ�1q,

(2.2.46)

p∆cop b IdqR � m5
Bb3pφp13q b p1bRq b pφ�1qp123q b ppIdb1b IdqRq b φp12qq.

(2.2.47)

Remark 2.2.3.10. For the purpose of Sections 2.3.4 and 2.4, we either have B �

Vectk which is symmetric monoidal, or φ � 1 b 1 b 1, so these axioms simplify.

We include this generality for completeness.

We are particularly interested in cases for which the functorMÑ B-ModpBq
is an equivalence. For this reason, we mention a version of the reconstruction

theorem similar to Tannaka–Krein duality [81, Theorem 2.1] (where comodules

are used).

Theorem 2.2.3.11. Let M be a rigid monoidal category which is k-linear over

Vectfdk and equivalent to as small one. Then there is a finite-dimensional quasi-

Hopf algebra H over k with invertible antipode such that M � H-ModpVectfdk q.

This theorem can be viewed as a special case of Theorems 2.2.3.3 and 2.2.3.5.

As before, if M is braided, then H is quasitriangular. The following result may

be useful when addressing the question whether M � B-ModpBq:

Lemma 2.2.3.12 (cf. [52, Theorem 16]). If the functor F : M Ñ B is faithful,

then the functor MÑ B-ModpBq is fully faithful.
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2.2.4 Yetter–Drinfeld and Hopf Modules

For the reminder of this section, letM � Mod-BpBq where B is a quasi-bialgebra

object in B. We want to reinterpret the categories ZpMq and HpMq in more

familiar terms leading to the definition of Yetter–Drinfeld and Hopf modules.

Note that the quasi-monoidal forgetful functor F : MÑ B always has a section

triv given by the functor mapping an object X in B to the trivial module Xtriv on it

(with action given by the counit of B). This functor is the identity on morphisms.

In the following, we will often omit writing the functor F .

Remark 2.2.4.1. We are considering right B-modules in this section to make a

description of the center in terms of right B-modules and left C-modules more

convenient (for C dually paired with B) in Section 2.3.2.

A priori, it seems that we can choose whether to consider the forgetful functor

F as mapping to B or B. It turns out that it is necessary to use B for the

description of the center in terms of YD -modules even though this choice may

seem less natural.

Warning 2.2.4.2. The reconstruction theory in Section 2.2.3 for quasi-Hopf alge-

bras is not symmetric with respect to switching to right modules. Right action

by the coassociator φ gives the inverse associativity isomorphism α�1 rather than

α. This happens because for right modules we read the action of a product of ele-

ments from left the right, while for left modules from right to left, and the 3-cycle

condition (2.1.8) is not left-right-symmetric. Note that this problem does not oc-

cur in braided Hopf algebra reconstruction (the case φ � 1) as then all conditions

are symmetric.

This has the following consequences for reconstruction of duals in Mod-BpBq:

evlM � evF pXqpIdF pXq� b�qpIdF pXq�bF pXqbS
�1bq, (2.2.48)

coevlM � p� b IdF pX�qqpIdF pXqbS
�1ab IdF pXq�q coevF pXq, (2.2.49)

evrM � evF pXqpIdF pXq� b�qpIdF pXq�bF pXqbbqΨ
�1, (2.2.50)

coevrM � Ψp� b IdF pXq�qpIdF pXqbab IdF pXq�q coevF pXq . (2.2.51)

These left and right (co)evaluations in Mod-BpBq are depictured in Figure

2.2.4.
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evlM � S-1

b

, coevlM �
S-1

a
, evrM � b , coevrM �

a

Figure 2.2.4: Right module duals

Definition 2.2.4.3. Let B,C be quasi-bialgebras in a braided monoidal category

B with a morphism G : B Ñ C of quasi-bialgebras.

(a) Define the category of Yetter–Drinfeld modules over pB,Cq in B, denoted

CopYDBpBq, as having objects V of B with a right action � of B, together

with a map δ : V Ñ C b V (called quasi -coaction) which satisfies the rules

given using graphical calculus in Figure 2.2.5.

φ

φ-1

�

C C V

V V

C C V

G

G
G

GG

φ
,

W

C V W

V

C V bW

V bW

�
G

G

G

φ-1

φ

φ-1

Figure 2.2.5: Quasi-comodule conditions

In the case where B and C are strict bialgebras (i.e. with trivial coassociator

φ), these rules give that δ is a left Cop-coaction in B. Further, the two

structures δ and � satisfy the Yetter–Drinfeld condition

pmbIdqpGbδqΨ�1p�bIdqpIdb∆q � pmbIdqpIdbGb�qpIdbΨbIdqpδb∆q.

(2.2.52)

Morphisms in CopYDBpBq are those commuting with the B-module and Cop-

quasi-comodule21 structure.

21This definition is not the same as the quasi-comodules in [16, 2.1].
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(b) Further, define the category of Hopf modules over pB,Cq in B, denoted by

CopHBpBq, which consists of objects of B with a right action and a map δ as

above (satisfying the first rule in Figure 2.2.5), such that the Hopf condition

δ� � pmb IdqpIdbGb�qpIdbΨb Idqpδ b∆q (2.2.53)

is satisfied. Again, morphisms commute with the action and quasi-coaction.

Note that in the case where B and C are strict bialgebras, the Hopf module

condition can be reformulated by saying that δ is a morphism of right B-modules,

where C is a B-module via the action induced by G : B Ñ C. It is helpful to use

graphical calculus to visualize the different conditions in Figure 2.2.6. The first

picture displays the compatibility condition for YD-modules, the second one for

Hopf modules. The reason why Cop appears instead of C is to make the category

of YD-modules into a monoidal category (see e.g [22, Lemma 3.3.2] for a direct

proof in the non-quasi-case). This fails when using C. Note that the coassociator

φ only appears in the comodule and monoidal rule for YD-modules but not in the

compatibility condition.

BV

C VC V

V B

�

G G

, C V

V B

�

BV

C V

G

Figure 2.2.6: Right module YD- and Hopf-compatibility conditions

Considering left instead of right B-modules we obtain the category B
CYDpBq

with compatibility conditions from Figure 2.2.7.

Proposition 2.2.4.4. Let B be a quasi-bialgebra in B.

(a) The category BopYDBpBq is monoidal (combining the monoidal structures

of Mod-BpBq and the second rule in Figure 2.2.5) and pre-braided22 with

22That is, the braiding is not necessarily a natural isomorphism.
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pre-braiding given by

BopΨB :� p� b IdV qpIdW bδqΨ�1. (2.2.54)

The forgetful functor BopYDBpBq Ñ B is quasi-monoidal23 and preserves the

pre-braiding.

(b) The category B
BYDpBq is monoidal and pre-braided with pre-braiding

B
BΨ :� p� b IdqpIdbΨqpδ b Idq. (2.2.55)

The forgetful functor B
BYDpBq Ñ B is quasi-monoidal and preserves the pre-

braiding.

Proof. These statements will all be proved in 2.2.4.7. Using graphical calculus

(and 2.2.56), the braidings are given in Figure 2.2.8.

Corollary 2.2.4.5.

(a) The forgetful functor BopYDBpBq ÝÑ Mod-BpBq is a monoidal functor of

pre-braided monoidal categories.

(b) The forgetful functor B
BYDpBq ÝÑ B-ModpBq is a monoidal functor of pre-

braided monoidal categories.

23The forgetful functor is monoidal if B is a bialgebra.

B V

C VC V

B V

�G G

,

B V

C VC V

B V

� G

Figure 2.2.7: Left module YD- and Hopf-compatibility conditions

57



BopΨB � , B
BΨ �

Figure 2.2.8: The braidings of YD-modules

V

C

b a

V

δ1 �

G

G
G
G

G

φ

φ-1 φ

S

�

V

V C

Figure 2.2.9: The right quasi-coaction δ1

Lemma 2.2.4.6. Let B,C be quasi-Hopf algebras in B with a morphism G : B Ñ

C preserving the structure. For any YD-module V over pB,Cq with quasi-coaction

δ, and any C-module X, the map

cpδqX : V bX Ñ X b V, cpδqX :� p� b IdqpIdbδqΨ�1
X,V

has an inverse cpδq�1
X : XbV Ñ V bX which equals pIdV b�qpΨb IdCqpIdX bδ

1q,

for a right C-quasi-coaction δ1. We give the formula for δ1 in Figure 2.2.9.

Proof. We first show that cpδq�1 is a right inverse to cpδq. For this, it suffices to

show that cpδqCδ
1 � 1 b IdV . Insert 1 b 1 b 1 � pm b IdqpIdbS b Idqpp∆Gq b

IdB bGqφ into the right hand side of this equation δ1 so that the right hand side

of (2.1.8) appears. Next, apply the 3-cycle condition and note that, using Figure

2.2.5, mBb3pS b ab Idqp∆b IdV qδ � a appears. The expression then simplifies to

1b IdV using (2.1.10).
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To show that cpδq�1 is a left inverse, it suffices to show that cpδq�1
C δ � IdC b1.

This is done in a similar way to the first part (using 3-cycle manipulations and the

antipode axioms).

Proposition 2.2.4.7. Let B be a braided monoidal category, B a quasi-Hopf al-

gebra in B. Further assume that

G : Mod-CpBq Ñ Mod-BpBq �M

be a monoidal functor factoring through the forgetful functor F . Then the cate-

gory ZGB pMq is isomorphic as a monoidal category to the category of YD-modules

CopYDBpBq. If G � IdM, then the isomorphism is one of braided monoidal cate-

gories. Further, the category HG
B pMq is isomorphic to the category of Hopf modules

CopHBpBq.

Proof. As G factors through F , G is monoidal. Further observe that by the univer-

sal property of reconstruction (2.2.27) the functor G is equivalent to a morphism

of quasi-bialgebras B Ñ C which we also denote by G.

First, consider the case of ZGB pMq. We recall that all objects in ZGB pMq are

pF, trivq-admissible. To fix notation, we write NatbpV b G,G b V q for monoidal

transformations satisfying (2.2.12) which are not necessarily invertible. Using Nat

instead of Isom in the notation of (2.2.13), we can define a functor

δp�q : NatbB pV bG,Gb Vq Ñ CopYDBpBq

by mapping pV, cq to V with the quasi-coaction δpV, cq : V Ñ C b V defined as

cBpIdV b1q. On morphisms, δ is just the identity. Conversely, define cpδq for a

coaction δ on V to be the natural transformation V b G Ñ G b V defined by

cpδqV :� p�b IdV qpIdGpXqbGb IdV qpIdGpXqbδqΨ
�1
V,GpXq : V bGpXq Ñ GpXq b V

for any object X of M, using the inverse braiding Ψ�1 in the base category B.

We have to show that the functors δ are well-defined (i.e. map to the categories

claimed). For this, we first verify that under the functor δp�q, the requirement that

c is b-compatible gives that δpcq is a C-quasi-comodule and vice versa. Further

we have to show that the Yetter–Drinfeld condition (2.2.52) for δpV, cq and the
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B-action on V corresponds precisely the condition that cBpIdb1q is a morphism

of B-comodules. The key observation to prove this is the identity

cB � pmB b IdV qpGb IdB b IdV qpIdbδpcqqΨ
�1
V,B. (2.2.56)

Note that this identity crucially depends on pF, P q-admissibility. It is computed

by observing that IdV � �pIdV b1q, where we view � as a morphism of B-modules

V trivbB Ñ V . The equality arises if we apply naturality of c to the regular action

� : Btriv b B Ñ B. Note that all the associativity isomorphisms (which enter the

picture as right action by φ) vanish because they act on Btriv. In order to prove

the observation above, we use 2.2.2.8 and rewrite it using (2.2.56).

The mappings δ and c are mutually inverse: It is clear that δppV, cpδqqq �

δ as ΨpIdb1q � 1 b Id. To verify that cpδpV, cqq � c we use that the action

� is a morphism of right B-modules V triv b B Ñ V , where B has the regular

action. Applying naturality of c, monadicity of c, and the assumption that pV, cq

is admissible over B implies that cpδpV, cqq � c. This establishes that δp�q, with

inverse cp�q, form an isomorphism of categories.

For cpδq to give an object of the center, it needs to be invertible. This is not

true for general quasi-bialgebras, but can be assured using the assumption that

the antipode S exists. For this, we use Lemma 2.2.4.6. Hence ZGB � CopYDBpBq
is an isomorphism of categories via the mutually inverse functors δp�q and cp�q.

Looking at the Hopf-center HG
B pMq, we note that the one can run an anal-

ogous argument to establish an isomorphism with the category of Hopf modules

CopHBpBq. In this case, the compatibility condition obtained is (2.2.53).

Next, restricting to the case where G � IdM, we note that the monoidal struc-

ture and braiding of CopYDBpBq are precisely the ones induced by the monoidal

structure of ZGB pMq thus making the isomorphism δ an isomorphism of braided

monoidal categories. Monadicity of the equivalence can also be show for a general

monoidal functor G.

If B is only a quasi-bialgebra, the equivalence does not hold as stated, as b-

compatible natural transformations are not necessarily invertible. We however still

obtain a pre-braiding on the category of YD-modules. This establishes Proposition

2.2.4.4 of which we had postponed the proof. The key observation for translating
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properties and constructions in ZGB pMq to the description in terms of Yetter–

Drinfeld modules is (2.2.56). Using this, the monoidal structure in the Drinfeld

center (cf. 2.2.2.8) translates precisely to the claimed monoidal structure on the

category of Yetter–Drinfeld modules (which comes from the coaction on B and

the second axiom in Figure 2.2.5). This completes the proof of the isomorphism

of monoidal categories ZGB pMq � CopYDBpBq.

The case we will be most interested in is G � IdM. In this case the category

ZBpMq is equivalent to the category of YD-modules over B in B, and the category

HBpMq is equivalent to the category of Hopf modules over B in B.

Similarly, for left B-modules, the categories ZBpB-ModpBqq and B
BYDpBq (and

the corresponding Hopf-versions), are isomorphic as (braided monoidal) categories.

Consider the isomorphism of categories

Mod-BpBq Ñ Bcop-ModpBq, pV,�q ÞÑ pV,� :� �Ψ�1pS�1 b IdV qq.

As the center constructions are stable under isomorphism, we find that

ZBpB-ModpBqq � ZBpMod-BcoppBqq, (2.2.57)

and the corresponding equivalence for the Hopf centers holds.

Remark 2.2.4.8. It is important to note for later applications that Proposition

2.2.4.7 does not rely on B being rigid. This will enable us to work with the

category of countably infinite-dimensional vector spaces later.

A fundamental theorem, proved in this general form in [23, 3.5.2], states that

provided that in the category B equalizers split, there is an equivalence of categories

HBpMod-BpBqq � B, for B a Hopf algebra object in B. We can recover part of

this statement in the quasi-case:

Theorem 2.2.4.9. Assume that B has split idempotents and let B be a quasi-Hopf

algebra in B. Then there exists a functor

Res: HBpMod-Bq
�
ÝÑ B, V ÞÑ V B,

with right inverse given by the fully faithful functor

Ind: B Ñ HBpMod-Bq, V ÞÑpB b V, p� b IdV qpIdB bΨq, δ b IdV q, g ÞÑ IdB bg.
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Proof. First check that the functor Ind gives Hopf modules as stated, which is an

easy exercise in graphical calculus. Next, it is possible to see that the functor Ind is

fully faithful. To prove fullness, use that each morphism f : IndpV q Ñ IndpW q is of

the form IdB bf
1, where f 1 � pεbIdV qfp1bIdV q (using an analogous computation

as in [23]).

Next, given a Hopf module pV,�, δq, we consider the morphism

eV :� �p� b a�1qpIdV bS
�1qΨ�1pIdB b�qpδ b aq. (2.2.58)

Using the antipode axiom and the condition (2.2.53), we can show that eV is an

idempotent in B. By assumption on B, it splits as eV � ιV πV , where ιV : V B Ñ V

and πV : V Ñ V B for an object V B of B, s.t. πV ιV � IdV B . We can now define the

functor Res using a choice of such a splitting. On morphisms, we map f : V Ñ W

to πWfιV . To show this gives a functor, we use the identity that feV � eWf for

any morphism of Hopf modules. This follows directly from f commuting with δ

and �.

It is easy to check that Res Ind � IdB directly. Observe that in this case,

ι � p1b IdV q, and π � pεb IdV q for the object IndpV q � B b V .

Note that if both M and its strictification (from 2.2.1.6) are higher repre-

sentable, then we can conclude that HBpMq � B is an equivalence of categories

using the proof of [23, 5.3.2].

Remark 2.2.4.10. The construction of δ1 in Lemma 2.2.4.6 gives a functor

Θ: CopYDBpBq Ñ YDBCpBq,

to the category of right YD-modules, which is the identity on morphisms. This

functor is part of a monoidal equivalence of categories. This symmetry is not valid

for Hopf modules. In fact, for pV, cq P HG
B pMod-BpBqq, the pair pV, cq is not a

right Hopf module over pB,Cq.

Recall that, given B is rigid, then it has simultaneous left and right duals (cf.

Proposition 2.2.3.4). Further, M has left left and right duals if and only if B

is a quasi-Hopf algebra with invertible antipode (cf. 2.2.4.2). We reinterpret the

results of Proposition 2.2.2.12 under the equivalence of Proposition 2.2.4.7 showing

that in this case the categories of YD-module have duals.
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Corollary 2.2.4.11. Let B, C be quasi-Hopf algebras, G : B Ñ C. Then the

category CopYDBpBq is rigid. The left dual action is given by

�� � pevV b IdV �qpIdV � b�b IdV �qpIdV �bV bΨV �,BqpIdV � b coevV bS
�1q,

(2.2.59)

and the dual quasi-coaction δ� is defined, using graphical calculus where the right

quasi-coaction δ1 is denoted by , as depictured in Figure 2.2.10.

δ� :�

V �

B V �

φ

φ-1

φ

G

G

S-1

b

a

S-1

�

V �

B V �

Figure 2.2.10: Dual quasi-coaction

Proof. The formula for δ� follows by translating Proposition 2.2.2.12 under (2.2.56).

We use δ1 to express the inverse commutativity isomorphism in terms of YD-

modules. One can then use the functor Θ to compute this from the data of

the quasi-coaction δ. The dual right B-action on V � is the usual dual action in

M � Mod-BpBq.

Finally, it is now a direct corollary that the category BopYDBpBq acts on the

category BopHBpBq on the left, using Proposition 2.2.4.7 to translate Corollary

2.2.2.15 to the module-(quasi-)comodule description of this section.
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2.2.5 Quasitriangularity

Note that for any monoidal category M over B, there always exists a forgetful

monoidal functor F : ZBpMq ÑM. In this section, we want to study the situation

when this functor has a right inverse, i.e. a fully faithful monoidal functor R : MÑ

ZBpMq such that there exists an natural isomorphism γ : FR
�
ùñ IdM. This

will induce a braiding on the category M coming from the braiding Ψ of Z �

ZBpMq. Note that the natural isomorphism γ is required to be compatible with

the monadicity transformations µF , µR. That means that the diagram

FRpX b Y q
F pµRX,Y q

//

γXbY
**

F pRpXq bRpY qq
µF
RpXq,RpY q

// FRpXq b FRpY q

γXbγY
ss

X b Y

(2.2.60)

commutes. Moreover, the functor RF : Z Ñ Z is required to be a functor of

braided monoidal categories. This means that the diagram

RF pAbBq
RpµFA,Bq

//

RF pΨA,Bq

��

RpF pAq b F pBqq
µR
F pAq,F pBq

// RF pAq bRF pBq

ΨRF pAq,RF pBq
��

RF pB b Aq
RpµFB,Aq

// RpF pBq b F pAqq
µR
F pBq,F pAq

// RF pBq bRF pAq

(2.2.61)

is required to commute. We say that RF preserves the braiding Ψ in this case.

Definition 2.2.5.1. LetM be a monoidal category, Z braided monoidal, F : Z Ñ
M a monoidal functor. We call a monoidal functor R : M Ñ Z which is a right

inverse to F , with the data of γ satisfying the compatibilities (2.2.60) and (2.2.61)

as above a quasitriangular structure on M. This implies that R is fully faithful.

Lemma 2.2.5.2. A quasitriangular structure R : MÑ Z gives a braiding on the

category M, Z F
ÑM, such that the functors R and F preserve the braidings.

Proof. For any two objects X and Y ofM, define the braiding by the composition

ΨM
X,Y :� γYbXF ppµ

R
Y,Xq

�1qF pΨZ
RpXq,RpY qqF pµ

R
X,Y qγ

�1
XbY . (2.2.62)
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The functor F preserves this braiding. To see this, combine three commutative

squares: The one defining ΨM applied to F pAq, F pBq, F applied to (2.2.61), and

naturality of γ in F pΨZ
A,Bq. This gives

γF pBbAqFRpµ
F
B,AqF pµ

R
F pBq,F pAqq

�1F pµRF pBq,F pAqqγ
�1
F pBqbF pAqΨ

M
F pAq,F pBq

� F pΨZ
A,BqγF pAbBqFRpµ

F
A,BqF pµ

R
F pAq,F pBqq

�1F pµRF pAq,F pBqqγ
�1
F pAqbF pBq.

We can simplify to

γF pAbBqFRpµ
F
A,Bqγ

�1
F pAqbF pBq

� µFA,BγF pAqbF pBqF pµ
R
F pAq,F pBqq

�1F pµRF pAq,F pBqqγ
�1
F pAqbF pBq

� µFA,BpγF pAq b γF pBqqpγ
�1
F pAq b γ�1

F pBqq � µFA,B,

by first applying naturality of γ in µFA,B, and then applying (2.2.60) twice. Hence

F pΨZ
A,Bqµ

F
A,B � µFB,AΨM

F pAq,F pBq as required.

The proof that R preserves the braiding starts by composing the diagrams of

R applied to the definition of ΨM
X,Y with (2.2.61), and naturality of ΨZ applied to

RpγXq, RpγY q. This gives the equality

ΨZ
RpXq,RpY qpRpγXq bRpγY qqµ

R
FRpXq,FRpY qRpµ

F
RpXq,RpY qqRF pµ

R
X,Y qRpγ

�1
XbY q

� pRpγY q bRpγXqqµ
R
FRpY q,FRpXqRpµ

F
RpY q,RpXqqRF pµ

R
Y,XqRpγ

�1
YbXqRpΨ

M
X,Y q.

Applying first naturality of µR, and then (2.2.60) we can simplify to

pRpγXq bRpγY qqµ
R
FRpXq,FRpY qRpµ

F
RpXq,RpY qqRF pµ

R
X,Y qRpγ

�1
XbY q

� µRX,YRpγX b γY qRpµ
F
RpXq,RpY qqRF pµ

R
X,Y qRpγ

�1
XbY q

� µRX,YRpγXbY qRpγXbY q
�1 � µRX,Y .

This proves µRY,XRpΨ
M
X,Y q � ΨZ

RpXq,RpY qµX,Y as claimed.

Theorem 2.2.5.3. Let M be a monoidal category over a braided monoidal cate-

gory B (with functors F, P as in 2.2.2.2). Then M is braided monoidal (and F ,

P preserve the braidings) if and only if M has a quasitriangular structure over

ZBpMq.
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Proof. Applying Lemma 2.2.5.2 to ZBpMq shows that if such a quasitriangular

structure exists, then M is braided. It is clear that the functors F, P preserve

the braidings. For the converse, we use the functor R : M Ñ ZBpMq defined by

mapping an object V ofM to the pair pV,ΨM
V,�q, where ΨM is the given braiding

in M, and the identity on morphisms.

We can recover the usual definitions of quasitriangularity (including co-quasi-

triangularity, and weak quasitriangularity (due to Majid [90, Section 2]), see Sec-

tion 2.3.3) from this more general definition using reconstruction theory. These

results can be given in the general setting over a braided monoidal category B.

To do this, we assume that the functors F and R are strictly quasi-monoidal and

inverse to each other (i.e. γ � IdM, µF � IdM and µR � IdB).

Proposition 2.2.5.4. A quasi-bialgebra B in B, is quasitriangular, i.e. an R-

matrix satisfying (2.2.45)–(2.2.47) exists, if and only if a quasitriangular structure

R : MÑ ZBpMq is given on the category M � B-ModpBq.
If we identify ZBpMq with the category of YD-modules over B, the functor R

can be identified with the functor24 mapping a B-module pV,�q to the YD-module

on V with action � and quasi-coaction Ψp� b IdBqpIdB bΨqpR b Idq.

Proof. Recall that by Lemma 2.2.5.2 the existence of the functor R implies that

B-ModpBq is braided, with braiding induced by R. By higher representability

2.2.3.2 this gives the existence of a universal R-matrix R : I Ñ B b B satisfying

the axioms (2.2.45)–(2.2.47). Moreover, as the functor R preserves the braiding

by construction, this gives the equality

Ψp�V b�W qpIdbΨb IdqpR b IdVbW q � p�W b IdqpIdbΨqpδV b Idq, (2.2.63)

as we assume µR � Id. From this, we conclude that the quasi-coaction needs to be

as stated by apply naturality of the braiding to 1 Ñ B, where B has the regular

action. The YD-condition corresponds to the R-matrix axiom that conjugation

by R transforms the coproduct into the opposite coproduct ∆cop (see 2.2.45). The

other axioms correspond to the quasi-coaction condition and the fact that the

functor R is quasi-monoidal. Note that we need left module versions of these

24Given an R-matrix for a Hopf algebra over k, such a functor was introduced in [79].
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axioms here. These can however easily obtained from 2.2.2.8 and (2.2.12) using

braided left module reconstruction as in 2.2.3.5. Conversely, given a universal

R-matrix, one can run the argument backwards and check that the functors are

obtained from the axioms (2.2.45)–(2.2.47).

2.3 Braided Drinfeld and Heisenberg Doubles

In this section, we use reconstruction theory to obtain general definitions of the

braided Drinfeld and Heisenberg doubles. In the case of the braided Drinfeld

double, this is the double-bosonization in [90, Proposition 4.3]. For this, we will

now leave the generality of quasi-Hopf algebras restricting to strict Hopf algebras.

The main reason for this is that the picture becomes more symmetric, as the dual

of a Hopf algebra is a Hopf algebra (which is not true for quasi-Hopf algebras).

Recall the definition of dually paired Hopf algebras from 2.1.7. We note that

the restriction to Hopf algebras leads to several simplifications. For instance, as

mentioned before, the quasi-coaction δ : B Ñ B b V of the definition of Yetter–

Drinfeld modules now becomes a Bop-coaction. We will summarize the simpler

formulae in 2.3.1. Next, we use the categorical definition of quasitriangularity

from Section 2.2.5 to discuss the notion of weak quasitriangularity in the setting

of dually paired bialgebras in the braided monoidal category B.

Once this preliminary work has been done, we will take B to be H-Mod or

H-CoMod where H is an ordinary Hopf algebra in Vectk which is either qua-

sitriangular or weak quasitriangular (but possibly infinite-dimensional). We then

define braided Drinfeld and Heisenberg doubles via reconstruction theory and give

explicit presentations using modified Sweedler’s notation. We also interpret the

analogues of the BGG-category O in this general context.

Finally, we explain how the categorical action from 2.2.2.15 gives that the

braided Heisenberg double is a 2-cocycle twist of the braided Drinfeld double.

This generalizes an earlier result of [71] and is the main result of this section.

2.3.1 Simplifications for Strict Hopf Algebras

As mentioned above, for B a Hopf algebra in B, the category BopYDBpBq con-

sists of simultaneous B-modules and Bop-comodules in B which satisfy (2.2.52).
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BopΨB � , pBopΨBq�1 �

S

Figure 2.3.1: Braiding and inverse braiding for strict Hopf algebras

�

S-1
, and �

S-1

Figure 2.3.2: Equivalent YD-conditions for strict Hopf algebras

Further, the inverse braiding can now be given in Figure 2.3.1. Furthermore, we

can introduce an equivalent form of the YD-conditions, given that the antipode is

invertible:

Lemma 2.3.1.1. The YD-condition for BopYDBpBq is equivalent to either of the

conditions of Figure 2.3.2.

Proof. This is an exercise in graphical calculus using that mpS�1 b IdqΨ�1∆ �

1ε.

We interpret this relation as enabling us to permute the action past the coac-

tion and vice versa (similar formulas can be given for quasi-Hopf algebras, but

obstructions caused by the 3-cycle occur). For strict Hopf algebras, we can also

give simpler formulae relating the (left) dual YD-modules V � to the given struc-

tures on V .
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B

B B B B

B

Figure 2.3.3: R-matrix axioms for braided Hopf algebras

Corollary 2.3.1.2. Let B be a Hopf algebra with invertible antipode in B, then

the category BopYDBpBq is rigid. Here, the dual action and coaction are given by

δ� � pevV bS b IdV �qpIdV � bΨB,V b IdV �qpIdV � bδ b IdV �qpIdV � b coevV q
(2.3.1)

�� � pevV b IdV �qpIdV � b�b IdV �qpIdV �bV bΨV �,BqpIdV � b coevV bS
�1q.
(2.3.2)

Proof. This is an immediate consequence of Corollary 2.2.4.11, setting φ � 1b1b1

and α � β � 1.

In the setting of strict Hopf algebras in B, the R-matrix axioms simplify to

the ones in Figure 2.3.3. See [88, Figure 9.18] for a proof using graphical calculus.

Conversely, given such a universal R-matrix for B, the category B-ModpBq (or

Mod-BpBq) is braided monoidal (this is a special case of 2.2.3.5(c)).

Note that, unless we are in the symmetric monoidal case, the convolution

inverse R�1 does not give an R-matrix up to application of the braiding. It is

however possible to define Rop by applying reconstruction theory to M (that is,

M with opposite braiding). The axioms for a dual R-matrix (giving a braiding on

B-CoModpBq) can be obtained by rotating this picture in the horizontal axis.

2.3.2 Yetter–Drinfeld Modules over Dually Paired Hopf
Algebras

Given dually paired Hopf algebras C, B (see Section 2.1.7), we can embed the

category BopYDBpBq � ZBpMod-BpBqq into a larger category of Yetter–Drinfeld

modules over pC,Bq by applying the functor

BopΦ: Bop-CoModpBq Ñ B-ModpBq, pV, δq ÞÑ pV,�δq,
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Figure 2.3.4: YD- and Hopf-compatibility for dually paired Hopf algebras

where �δ � pevb IdV qpIdB bδq, to the left comodule structure of the YD-module.

The resulting category is denoted by CYDBpBq and consists of objects V of B with

a left C-action � and a right B-action � compatible via the YD-condition

pevb�qpIdbΨV,B b IdqpIdb�b Idqp∆C b Idb∆Bq

� p� b evqpIdbΨC,V b IdqpIdb�b Idqp∆C b Idb∆Bq
. (2.3.3)

Morphisms are required to commute with both the left C- and the right B-action.

Note that the monoidal structure is given by the usual monoidal structures for

left C- and right B-modules in B. Note that the larger category is not braided in

general any more (for this, we require that a coevaluation map I Ñ B b C exists

in B).

We can also embed the category of Hopf modules BopHBpBq � HpMod-BpBqq
into a larger category CHBpBq by again applying the functor BopΦ to the left

comodule structure. The resulting category consists of objects in B with a left

C-module and a right B-module structure such that

�pIdB b�q � pevb�qpIdC bΨV,B b IdBqpIdC b�b IdBbBqp∆C b IdV b∆Bq.

(2.3.4)

Again, morphisms are required to commute with both the left and right action.

We add the compatibility conditions in the language of graphical calculus in Fi-

gure 2.3.4. Note that the YD-condition given by the first diagram is precisely the

one used in [90, A.2].

Proposition 2.3.2.1. The monoidal category CYDBpBq of Yetter–Drinfeld mo-

dules acts on the category CHBpBq of Hopf modules, where V �W :� V bW with

left C-action on V bW given by ∆C and right B-action on V bW by ∆B.
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Proof. It is easy to check using graphical calculus that V �W is a Hopf module

over pC,Bq. It is also clear that a pair of morphisms f : V Ñ V 1, g : W Ñ W 1

induces a morphism f b g : V �W Ñ V 1 �W 1 as both f , g commute with the

respective C, B actions, so their tensor product will commute with the tensor

product actions.

Finally, we can also compute the center of monoidal categories of comodules in

terms of Yetter–Drinfeld modules.

Proposition 2.3.2.2. For a Hopf algebra object B in B, there are isomorphisms

of categories

ZBpB-CoModpBqq � BYDB
cop

pBq,

HBpB-CoModpBqq � BHBcop

pBq.

Proof. For pV, cq P ZBpB-CoModpBqq, consider the map � :� pεb IdV qcB. Using

monadicity of c and the monoidal structure on the center, we find that � is a

right Bcop-module. Dually to the proof of 2.2.4.7 (with the simplification that

φ � 1b1b1, we find that the datum of � allows to recover c, and that conversely

any right Bcop-module that satisfies the YD-condition (2.2.52) gives an object of

the center. The proof for the Hopf center is again analogous.

Corollary 2.3.2.3. There exists an isomorphism of braided monoidal categories

ZBpB-CoModpBqq � ZBpB-ModpBqq.

Proof. This can be proved by showing that the monoidal categories BYDB
cop

pBq
and B

BYDpBq are isomorphic. To do this, we recall the equivalence of categories

Mod-BcoppBq � Mod-copBpBq by definition of the opposite coproduct. The latter

category is equivalent to B-ModpBq by the functor

pV,�q ÞÑ pV,� :� �ΨpS b IdV q.

We use this functor to translate the datum of the right Bcop-module of an object

of BYDB
cop

pBq to a left B-module structure. It is an exercise to check, using

the alternative YD-conditions of 2.3.1.1, that the resulting left module is YD-

compatible with the comodule structure on V . Note that the braiding corresponds

to the opposite braiding. As all translations used are isomorphisms (which are the

identity on morphisms), this gives an equivalence of the centers as stated.
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�

R R
S

, �

Rop R

Figure 2.3.5: A weak quasitriangular structure for dually paired Hopf algebras

Ψ �
R

� R

Figure 2.3.6: The opposite R-matrix

2.3.3 Weak Quasitriangularity

We now apply the general categorical viewpoint on quasitriangularity from Sec-

tion 2.2.5 to a setting of dually paired Hopf algebras B,C in B. The aim is to

reinterpret Majid’s concept of weak quasitriangularity in this context as it is a cru-

cial feature used in defining braided Drinfeld doubles of braided Hopf algebras in

comodule categories as algebras. In fact, it is needed in order to include quantum

groups as an example of braided Drinfeld doubles (as done in [90]).

The aim is to rewrite the datum of a dual R-matrix via applying evaluation

to the datum of morphisms R : Bop Ñ C. In Figure 2.3.5 we define two ways of

doing this. Here, Rop is the dual R-matrix obtain by reconstruction such that the

condition of Figure 2.3.6 holds. We will in general need to remember the datum of

two morphisms R and R. It is furthermore required that ev is a pairing satisfying

evpmC b IdBq � evpIdC b evb IdBqpIdCbC b∆Bq,

evpIdC bm
op
B q � pevb evqpIdC bΨC,B b IdBqp∆C b IdBbBq

(2.3.5)

The reason for this is that we want to be able to write the braiding of Bop-

comodules in terms of the induced C-module structure. In Figure 2.3.7, there are

two ways of doing this, using the C-module structure on either tensorand of the

braiding.

Being able to rewrite the dual R-matrix in this way is essential if we want

to apply module reconstruction to braided categories of comodules, for the reason

that we need to express all formulas in terms of the induced action (from a coaction)
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Ψ �
R

� S

R

� S

R

, Ψ � R � R � R

Figure 2.3.7: Braidings for weak quasitriangular structures

via ev. This is used in the construction of the quantum groups Uqpgq as braided

Drinfeld doubles (cf. 2.3.5.11).

Our definition of weak quasitriangularity resembles the idea of the definition in

[90, Section 2]. It also gives an intermediate notion between the stronger require-

ment of C having a universal R-matrix and the weaker assumption of Bop having

a dual R-matrix.

Lemma 2.3.3.1. Given a pairing ev as in (2.3.5) and let R : Bop Ñ C be a

morphism of bialgebras in B. Then for any given left Bop-comodule pV, δq in B,

(i) � :� pevb IdV qpR b δq is a left Bop-module in B, and

(ii) � :� pevb IdV qpR bΨqpδ b IdBq is a right Bopcop-module in B.

Proof. This is not hard to check, using (2.3.5) and the definition of the (co)opposite

product. Note that Bopcop � pBopqcop and hence is a bialgebra in B.

Proposition 2.3.3.2. Let R : Bop Ñ C be a morphism of Hopf algebras with an

evaluation as in (2.3.5) such that the condition

pmop
C b evpR b IdBqqpIdC bΨC,B b IdBqp∆C b∆Bq

� pevpR b IdBq bmBqpIdC bΨC,B b IdBqp∆C b∆Bq
(2.3.6)

holds. Then there exists two quasitriangular structures on the category of co-

modules Bop-CoModpBq in ZBpB
op-ModpBqq, both with respect to the forgetful

functor.

(i) The functor mapping pV, δq to pV, δ,� :� pevb IdV qpRb δqq as in 2.3.3.1(i).
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(ii) The functor mapping pV, δq to pV, δ,� :� pevb IdV qpR bΨqpδ b IdBqΨpS b

IdV qq, which is the composition of the functor in 2.3.3.1(ii) with the equiva-

lence 2.3.2.3.

Proof. In Lemma 2.3.3.1, we checked that the stated compositions of maps in-

deed give left Bop-modules (respectively right Bopcop-modules). The condition

(2.3.6) is precisely what is required for the resulting map Ψ as in Figure 2.3.7

to be morphisms of comodules. Hence, Bop-CoModpBq is braided. This gives

the quasitriangular structure of (i) as described and a quasitriangular structure of

Bop-CoModpBq in ZBpBop-CoModpBqq. By the equivalence 2.3.2.3, this corres-

ponds to the quasitriangular structure (ii) as stated.

Definition 2.3.3.3. A weak quasitriangular pair for dually paired Hopf algebras

C,B is the datum of two morphisms of Hopf algebras R,R : Bop Ñ C in B which

satisfy (2.3.6), s.t. with respect to a pairing ev of Bop and C as in (2.3.5), the

axioms from Figure 2.3.5 hold.

Note that such maps R,R are automatically convolution invertible with con-

volution inverses given by R�1 :� RS and R
�1

:� RS. The existence of quasitri-

angular structures as in 2.3.3.2 does not imply the existence of the maps R, R. In

fact, it only implies the existence of dual universal R-matrices. In the following, we

will describe how one can obtain the maps R, R via reconstruction theory under

certain representability conditions.

Lemma 2.3.3.4. If the category Bop-CoModpBq can be (higher) represented in

the sense of Section 2.2.3 as modules over a Hopf algebra C in B, then there exists

a weak quasitriangular pair R, R for the dually paired Hopf algebras C,B.

Proof. Consider the image of pBopqcoreg, Bop with coregular coaction given by the

coproduct, under E : Bop-CoModpBq Ñ C-ModpBq. This gives a map γ : C b

B Ñ B. Note that the functor E factors through the forgetful functor to B by

assumption. We define

ev :� εγ : C bB Ñ I.

Now let δ be any Bop-comodule structure on an object V of B. Then δ is a

morphism of Bop-comodules V Ñ pBopqcoreg b V triv. This follows simply from the
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comodule condition. Hence, δ is a morphism of C-modules w.r.t. the image under

E and we derive that for the C-action (denoted by �) on V under E we have

� � pεb IdV qδγ � pεb IdV qp� b IdV qpIdC bδq � pevb IdV qpIdC bδq. (2.3.7)

Hence, the functor E is induced by the map ev. From this we derive directly that

ev satisfies the axioms (2.3.5).

To find R, we apply reconstruction (of C-modules) to the natural transforma-

tion

R : Bop b F Ñ F, RpV,δq � pRop b IdV qpIdB bδq.

The morphism R can be obtained by applying reconstruction to

R : Bop b F Ñ F, RpV,δq � pR b IdV qpS
�1 b δq.

hence evpRS b Idq � R as required in Figure 2.3.5.

The following proposition relates the different concepts for quasitriangularity.

Proposition 2.3.3.5. Let B,C be dually paired Hopf algebras in B.

(a) A universal R-matrix for C induces a weak quasitriangular structure for

B,C, which induces a dual R-matrix on B.

(b) Let C be the left dual of B in the sense that a coevaluation map coev : I Ñ

B bC exists, satisfying that the usual duality relations hold. Then the three

concepts in (a) coincide.

Proof. This is due to [90, Section 2]. To prove part (a), given a universal R-matrix

for C, define

R :� pIdC b evqpRop b IdBq. (2.3.8)

To obtain R, we need to find a morphism rR : I Ñ B bB such that

p�V b�W qpIdbΨC,B b Idqp rR b IdVbW q

�ΨF pW q,F pV qF pΨ
M
V,W qΨ

�1
F pW q,F pV qΨ

�1
F pV q,F pW q.

(2.3.9)
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This can be thought of as Ropop and exists by higher representability. Now define

R�1 :� pIdC b evqp rR b IdBq. (2.3.10)

It was already observed in Proposition 2.3.3.2 that a weak quasitriangular structure

induced a dual R-matrix.

Part (b) follows from the observation that given a coevaluation map, the cate-

gories Bop-CoModpBq and C-ModpBq are canonically equivalent.

Note that in a symmetric monoidal category this theory simplifies as Rop,

R � rR can be obtained from R using the symmetry.

We will later observe that in the case of the quantum group, a weak qua-

sitriangular structure exists for the Hopf algebra CZn. This is essential in the

interpretation of Uqpgq as a double-bosonization in [90, 4.3].

Remark 2.3.3.6. If B � Vectk, then the functor E : Bop-CoMod Ñ C-Mod is

fully faithful if the pairing ev is perfect. Clearly, E is faithful as it is the identity on

morphisms. Assume the pairing is perfect and consider a linear map f : V Ñ W .

The expression25

evpg b vp�1qq b fpvp0qq � evpg b pfvqp�1qq b pfvqp0q, @v P g P C.

is zero for all if Epfq is a morphism of C-modules. But if that means that the

difference vp�1q b fpvp0qq � pfvqp�1q b pfvqp0q lies in the right radical of ev. If ev is

perfect these terms have to be zero and hence f is a morphism of Bop-comodules.

This shows E is full.

2.3.4 Definition of Braided Drinfeld and Heisenberg Dou-
bles

Assume that B and C are perfectly dually paired Hopf algebras in B. Using the

description of YD-modules over (B, C) from Section 2.3.2, we have obtained a

fully faithful functor

ZBpMod-BpBqq ãÑ CYDBpBq.
25Using modified Sweedler’s notation, cf. 2.3.5.
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In the case where B � H-Mod for a quasitriangular Hopf algebra H (or B �

A-CoMod for A and H perfectly dually paired Hopf algebras in Vectk with a

weak quasitriangular structure), we can now define braided Drinfeld and Heisen-

berg doubles via reconstruction theory (see Section 2.2.3). The advantage of this

approach is that we can extract all formulae from braided diagrams and the struc-

ture maps of the (Hopf) algebras thus defined will satisfy all the axioms by general

theory and no explicit checks have to be carried out. For the braided Drinfeld

double this repeats Majid’s construction of the double-bosonization in [90, Theo-

rem 3.2] using left H-modules instead of right ones. In [90] the computations for

the Hopf algebra structure are also carried out explicitly.

Remark 2.3.4.1. In the following, we will work over Vectk, which is the symmetric

monoidal category of countably infinite-dimensional vector spaces. We want to

work with an infinite-dimensional Hopf algebras B. Now B does not necessarily

have a perfectly dually paired Hopf algebra C in the sense of 2.1.7. In fact, the

maximal subalgebra of the vector space dual B� � HomkpB, kq which is a Hopf

algebra with the dual structure from B is

B� � tf P B� | DI �B, dimB{I   8u,

where I are Hopf ideals. However, C � B� is not necessarily perfectly paired

with B. Using finite-dimensional representations, we can describe B� as the Hopf

algebra of matrix coefficients (see e.g. [24, I.7]). From this description we obtain

the condition that B� and B are perfectly paired (with respect to the natural

pairing) if and only if no element of B acts by zero on all finite-dimensional modules

of B. As we will often work with positively graded Hopf algebras (for example,

studying Nichols algebras), we will include the following Lemma:

Lemma 2.3.4.2. If B is a positively graded Hopf algebra with finite-dimensional

graded pieces, then B� and B are perfectly paired.

Proof. Write B � `n¥0Bn and consider the finite-dimensional module B k :�

B{`n¥kBn. For each b P B, we find that b P `n¤kBn for some k. Then 0 �

b � 1 P B k�1, so we have found a finite-dimensional module on which b acts non-

trivially.
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Lemma 2.3.4.3. For C and B dually (not necessarily perfectly) paired bialgebras

in B, the forgetful functor CYDBpBq Ñ Vectk is higher representable on the vector

space C bH bB. The same holds true for the functor CHBpBq Ñ Vectk.

Proof. The structure of an object of the categories of YD- or Hopf modules over

B,C can be encoded by the action maps of B, C and H. The compatibility

conditions and all other axioms are expressed by conditions involving the action

of these vector spaces on modules. This basic observation can be used to show

(higher) representability.

Definition 2.3.4.4.

(i) The braided Drinfeld double DrinHpC,Bq is the Hopf algebra obtained from
CYDBpH-Modq by reconstruction ([88, 9.4.1], or Theorem 2.2.3.3, 2.2.3.5)

on C b H b B. If A,H have a weak quasitriangular structure, denote the

algebra obtained by reconstruction on CbHbB from CYDBpAop-CoModq

by DrinApC,Bq.

(ii) The braided Heisenberg double HeisHpC,Bq is the algebra obtained by re-

construction on C bH bB from CHBpBq. In the weak quasitriangular case,

denote the resulting algebra by HeisApC,Bq.

Note that a PBW-decomposition is given by construction for these algebras.

Moreover, we have that

DrinHpC,Bq-Mod � CYDBpH-Modq,

HeisHpC,Bq-Mod � CHBpH-Modq,

where the first equivalence is one of monoidal categories. Note that in the case B �
A-CoMod, such equivalences do not hold if A, H are infinite-dimensional. The

reason is that in CYDBpAop-CoModq the H-actions are induced by A-coactions.

If the pairing of A and H is perfect, then they correspond to all locally finite

(integrable) modules. But modules in DrinApC,Bq can be more general (compare

this to the requirement of studying weight modules of the quantum group).
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Remark 2.3.4.5. We choose the notation DrinHpC,Bq indicating both B and C.

This is because for given B we can consider different dually paired Hopf algebras

(which may not be perfectly paired). This gives a more flexible definition allowing

the treatment of algebras which have no perfectly paired dual Hopf algebra.

Remark 2.3.4.6. The braided Heisenberg double can in fact be obtained as the

bosonization of the braided cross product (introduced in [86, Proposition 2.6]), us-

ing the coregular action of C on opB. This action is given by pevb IdBqpIdC b∆Bq

and can be checked to make opB a left C-module coalgebra in B, denoted by
opB�coregC. There is an isomorphism of categories CHBpBq � opB�coregC-ModpBq
given by transforming the right B-action into a left opB-action via

pV,�q ÞÝÑ pV,� :� �Ψ�1q. (2.3.11)

Hence, the bosonization popB �coreg Cq � H satisfies the universal property of

Definition 2.3.4.4, and we conclude HeisHpC,Bq � popB �coreg Cq � H. From

the next section onward, we will use a different presentation of this algebra in

this chapter for comparison to the double-bosonization which we use to define

DrinHpC,Bq.

Before providing examples, we will write out explicit presentations for the

abstractly defined doubles.

2.3.5 Explicit Presentations

In the following, we will use Sweedler’s notation to write down presentations for

the algebras just defined. For this, we denote the coproducts by ∆pxq � xp1qbxp2q

(for x an element of H, B or C). Note that in the case of B and C these are

coproducts in the braided monoidal category H-Mod which are often referred to

as braided coproducts. We write xp�1q b xp0q for left coactions. In this notation,

summation over tensors is omitted. We maintain to use the notation � and �

for actions. When clarification is needed, we denote the products in H, B or C

by � with a lower index indicating the algebra. We denote the R-matrix of H by

R � Rp1q bRp2q and its convolution inverse by R�1 � R�p1q bR�p2q.
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Proposition 2.3.5.1. The algebra DrinHpC,Bq is generated by the subalgebras H,

Bop (meaning that bb1 � b1 �B b) and C subject to the following relations:

hc � php1q � cqhp2q, pô ch � hp2qpS
�1hp1q � cqq (2.3.12)

hb � php2q � bqhp1q, pô bh � hp1qpShp2q � bqq (2.3.13)

bp2qR
p1qcp2q evpcp1q b pR

p2q � bp1qqq � cp1qR
p2qbp1q evppRp1q � cp2qq b bp2qq. (2.3.14)

The coproducts are given by

∆phq � hp1q b hp2q, ∆pbq � pRp2q � bp1qq b bp2qR
p1q,

∆pcq � cp1qR
p2q bRp1q � cp2q.

(2.3.15)

The counit is simply given by εpchbq � εpcqεphqεpbq. The antipode and inverse

antipode are the anti-algebra morphisms given by:

Sphq � Sphq, S�1phq � S�1phq, (2.3.16)

Spbq � R�p2qpR�p1q � Sbq, S�1pbq � pR�p1q � S�1bqR�p2q, (2.3.17)

Spcq � R�p1qpR�p2q � Scq, S�1pcq � pR�p2q � S�1cqR�p1q. (2.3.18)

The algebra HeisHpC,Bq has the same algebra bosonization relations (2.3.12)–

(2.3.13) as DrinHpC,Bq, but relation (2.3.14) (referred to as the cross relation) is

replaced by

cb � bp2qR
p1qcp2q evpcp1q b pR

p2q � bp1qqq. (2.3.19)

Proof. These formulas are obtained using reconstruction in Vectk (cf. [88, 9.4.1],

[90, Appendix B]). For h P H, b P B and c P C, we define the action by

pcb hb bq � v :� b� ph� pv � bqq. (2.3.20)

The formulae for the antipode are acquired by defining e.g. Sb to be the element

of DrinHpC,Bq which satisfies evpb � f b vq � pf b Spbq � vq for all f P V � and

v P V where V � is the finite dual of the space V .
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Lemma 2.3.5.2. The cross relation (2.3.14) in DrinHpC,Bq is equivalent to each

of the following relations:

cb �R
�p2q
1 bp2qR

p2qpR
�p2q
2 � cp2qq evpR

�p1q
2 R

�p1q
3 � cp3q bR

�p1q
1 � S�1pbp3qqq

evpR
�p2q
3 � cp1q bRp1q � bp1qq,

(2.3.21)

bc �pR
�p1q
1 � cp2qqR

p2q
1 bp2qR

p1q
2 evpR

�p1q
2 R

p1q
1 � cp3q b bp3qq

evpR
�p2q
1 R

�p2q
2 � S�1pcp1qq bR

p2q
2 � bp1qq.

(2.3.22)

Proof. Apply reconstruction to Lemma 2.3.1.1 after reinterpreting theBop-coaction

as a C-action using the functor BopΦ.

Using this Lemma, we can write down general product formulas in PBW-form

in DrinHpC,Bq:

chb � c1h1b1 �cphp1qR
�p1q
1 � c1p2qqhp2qR

p2q
1 R

p1q
2 h1p1qb

1pSph1p2qqR
�p1q
3 � bp2qq

evpR
�p1q
2 R

p1q
1 � c1p3q b bp3qq

evpR
�p2q
1 R

�p2q
2 � S�1pc1p1qq bR

�p2q
3 R

p2q
2 � bp1qq

(2.3.23)

The general product formula for HeisHpC,Bq in PBW-form is:

chb � c1h1b1 �cphp1qR
�p1q
1 � c1p2qqhp2qR

p1qh1p1qb
1pSph1p2qqR

�p1q
2 � bp2qq

evpR
�p2q
1 � S�1pc1p1qq bRp2qR

�p2q
2 � bp1qq.

(2.3.24)

Example 2.3.5.3. Let X � An and B � Crx1, . . . , xns be its coordinate ring. We

denote its restricted dual (as a Hopf algebra) by C � ΘX � CrB1, . . . , Bns, where

evpBi, xjq � δi,j. Both B and C are primitively generated Hopf algebras over k

and perfectly paired via ev. One easily sees that HeispOXq � DX � An is the

ring of differential operators on X, the nth Weyl algebra. The Drinfeld double is

simply DrinpOXq � Crx1, . . . , xn, B1, . . . , Bns which can be identified with OT�X ,

the ring of functions on the tangent space. Hence there is an action of OT�X-Mod

on DX-Mod.

We have an analogue of Proposition 2.3.5.1 in the case where B � A-CoMod.

Recall that in this case, we have convolution invertible morphisms of Hopf algebras

R,R : Aop Ñ H such that

Rpab a1q � evpR�1pa1q b aq � evpRpaq b a1q, (2.3.25)

R�1pab a1q � evpR
�1
paq b a1q � evpRpa1q b aq. (2.3.26)
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Proposition 2.3.5.4. The Hopf algebra DrinApC,Bq is generated by the subal-

gebras H, Bop (opposite product in Vectk) and C with the same bosonization

relations (2.3.12)–(2.3.13) as DrinHpC,Bq and cross relation

bp2qRpbp1q
p�1qqcp2q evpcp1q b bp1q

p0qq � cp1qR
�1pcp2q

p�1qqbp1q evpcp2q
p0q b bp2qq. (2.3.27)

The coproducts are given by

∆phq � hp1q b hp2q, ∆pbq � bp1q
p0q b bp2qRpbp1q

p�1qq,

∆pcq � cp1qR
�1pcp2q

p�1qq b cp2q
p0q.

(2.3.28)

The unit and counit are as before and the formulas for the antipode and inverse

antipode are given by

Sphq � Sphq, S�1phq � S�1phq, (2.3.29)

Spbq � Rpbp�1qqSpbp0qq, S�1pbq � S�1pbp0qqRpbp�1qq, (2.3.30)

Spcq � R
�1
pcp�1qqSpcp0qq, S�1pcq � S�1pcp0qqR

p�1q
pcp�1qq. (2.3.31)

The cross-relation of HeisApC,Bq is given by

cb � bp2qRpbp1q
p�1qqcp2q evpcp1q b bp1q

p0qq. (2.3.32)

Proof. All expressions for DrinHpC,Bq (or HeisHpC,Bq) can be translated into

expressions for DrinApC,Bq (or HeisApC,Bq) by using the following rules which

are derived from the weak quasitriangular structure on A, H:

Rp1q bRp2q � v � Rpvp�1qq b vp0q,

pRp1q � vq bRp2q � vp0q bR�1pvp�1qq,

R�p1q bR�p2q � v � R
�1
pvp�1qq b vp0q,

pR�p1q � vq bR�p2q � vp0q bRpvp�1qq.

Lemma 2.3.5.5. There is a canonical isomorphism of HeisHpC,Bq with the pre-

sentation given in 2.3.5.1, with popB �coreg Cq �H.

Proof. This follows from the observations in Remark 2.3.4.6, together with the

universal property of reconstruction in (2.2.27).
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Example 2.3.5.6. Let us consider the case whereH � k andB is a finite-dimensional

Hopf algebra over k to discover the classical notions. In this case, DrinpHq :�

DrinkpH
�, Hq is given on H� bHop with product determined by the relation

cb � bp2qcp2q evpcp1q b bp1qq evpcp3q b S�1pbp3qqq. (2.3.33)

The coproduct, counit and antipode are simply the corresponding tensor product

structures on H� b H. The R-matrix on DrinpHq is given by the coevaluation

map of H. Note that there are two conventional differences of this definition to

the definition of DrinpHq usually found in the literature (cf. e.g. [88, 7.1]). At

first, H and H� are categorically dually paired. That is evpaa1 b bb1q � evpa b

b1q evpa1bbq. Second, the left modules are left-right Yetter–Drinfeld modules (that

is, YD-compatible right H-action with a left H�-coaction).

For this reason, we will often consider the Drinfeld double DrinpHopq which is

by definition DrinkpH
� cop, Hopq. This Hopf algebra has the property that

DrinpHopq-Mod � H
HYD.

It has H, H� as subalgebras such that

cb � bp2qcp2q evpcp3q b bp1qq evpcp3q b Spbp1qqq. (2.3.34)

The coproducts are given by ∆pbq � bp1qbbp2q and ∆pcq � cp2qbcp1q. The universal

R-matrix for DrinpHq is τ coevH , where τ is the symmetric braiding in Vectk. We

will write coevH � eαbfα P HbH�. The algebra DrinpHopq recovers the classical

Drinfeld double of H (as found in the literature, cf. e.g. [64, IX.4]) and has the

same categorical interpretation.

For example, consider the Drinfeld double DrinpGq :� DrinpkrGscop, kGopq, for

G a finite group. It is generated by kG and the algebra of k-valued functions

krGs (basis δhpgq � δh,g). Note that the coproduct is ∆pδhq �
°
ab�h δa b δb. The

relations in this algebra are gδh � δghg�1g.

Example 2.3.5.7. A vast class of examples of braided Hopf algebras is given by

Nichols algebras . These play an important part in the classification of pointed

Hopf algebras (see e.g. [9] for a survey). An important feature is that they are

primitively generated. That is, B is generated by elements b P B such that ∆pbq �
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bb1�1bb, and the same is true for C. For such braided Hopf algebras, we obtain

simpler formulae as the cross relations will turn out to be commutator relations.

Denote the space of primitive elements of B by P pBq and similarly the space of

primitive elements in C by P pCq. Then DrinHpC,Bq is generated by H, P pBq

and P pCq with respect to the bosonization relations (2.3.12) and (2.3.13) and the

cross relation

rb, cs � Rp2q evpRp1q � cb bq �R�p1q evpR�p2q � cb bq, (2.3.35)

for b P P pBq, c P P pCq. The coproducts are given on the generators by

∆phq � hp1q b hp2q, (2.3.36)

∆pbq � 1b b� pRp2q � bq bRp1q, (2.3.37)

∆pcq � cb 1�Rp2q bRp1q � c. (2.3.38)

The condition (2.3.19) is equivalent to the commutator relation

rc, bs � Rp1q evpcbRp2q � bq, (2.3.39)

for c P P pCq and b P P pBq. Working over DrinpHq for an ordinary Hopf algebra

H, we can view B P HopfpDrinpHq-Modq as a YD-module over H (an object of

ZpMod-Hq. Then the relation (2.3.19) is equivalent to

rc, bs � bp�1q evpcb bp0qq. (2.3.40)

To compare to the definition of the braided Heisenberg double from [16, Section 5],

we have to apply algebra reconstruction on CbHbB (rather than CbDrinpHqb

B). That is, we consider the subalgebra generated by H, B and C of CbDrinpHqb

B. We include this restricted version of the braided Heisenberg double.

Lemma 2.3.5.8. Let B P HopfpZpMod-Hqq, then the restricted braided Heisen-

berg double HeisHpC,Bq of H over B is the algebra generated by H, Bop (in Vectk)

and C subject to the relations

hb � php2q � bqhp1q, (2.3.41)

hc � php1q � cqhp2q, (2.3.42)

cb � bp2qbp1q
p�1qcp2q evpcp1q b bp1q

p0qq. (2.3.43)

It is the subalgebra of HeisDrinpHqpC,Bq generated by H, Bop and C.
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Note that H is assumed to be finite-dimensional for DrinpHq to be quasitri-

angular. We observe that there is a restriction functor HeisDrinpHqpC,Bq-Mod Ñ

HeisHpC,Bq-Mod.

Now the braided Heisenberg double defined in [16, Section 5] is isomorphic

to HeisHpC
cop, Bopq where the (co)opposites are taking in Vectk, and B,C are

Nichols algebras. The cross relation for this algebra is (2.3.40).

Corollary 2.3.5.9. The coproduct on DrinDrinpHqpC,Bq induces a left action of

the monoidal category DrinDrinpHqpC,Bq-Mod on HeisHpC,Bq-Mod.

Proof. For this to hold, we need to ensure that the restriction of the coproduct

∆ viewed as an algebra map HeisHpC,Bq Ñ DrinDrinpHqpC,Bq bHeisDrinpHqpC,Bq

maps to DrinDrinpHqpC,Bq b HeisHpC,Bq. This can be checked on generators.

Clearly ∆phq P H b H satisfies this. Further, ∆pbq � bp1q
p0q b bp2qbp1q

p�1q and

∆pcq � cp1qfαbeα�cp2q both lie in the subspace pCbH�bHbBqbpCbHbBq.

Example 2.3.5.10. In 2.3.5.3, the Drinfeld double of OX collapses to simply be

the tensor product Hopf algebra of OX and its dual. We will now consider the

symmetric algebra as a Hopf algebra object in C2
C2
YD for the group C2 with two

elements. We can also include the alternating algebra in the same setting as an

example.

Let V be a finite-dimensional vector space. Consider the braidings τ : V bV Ñ

V bV , where τpvbwq � wbv, and�τ . These can naturally be realized as braidings

coming from C2-YD-module structures on V , corresponding to δpvq � sb v where

C2 � t1, su with the trivial action for τ , respectively the sign representation sv �

�v for �τ . Using this, we have that

SpV q � T pV q
M
pv b w � w b vq � T pV q

M
kerpId�τq ,

ΛpV q � T pV q
M
pv b w � w b vq � T pV q

M
kerpId�τq ,

are braided Hopf algebras in C2
C2
YD � DrinpC2q-Mod. As they are Nichols alge-

bras, they are perfectly paired with SpV �q (respectively ΛpV �q).

The restricted Heisenberg double HeiskC2pSpV
�q, SpV qq is now An b kC2, but

DrinDrinpC2qpSpV
�q, SpV qq has the non-trivial commutator relation

rf, vs � ps� δ1 � δsq evpf b vq. (2.3.44)
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Hence viewing SpV q over DrinpC2q causes the resulting Drinfeld double to be non-

commutative.

For the exterior algebra, we have that HeiskC2pΛpV
�q,ΛpV qq is generated by

v P V , f P V � and 1, s with additional relations

sv � �vs, sf � �fs, rf, vs � evpf b vq. (2.3.45)

In DrinDrinpC2qpΛpV
�q,ΛpV qq the commutator relation is

rf, vs � ps� δ1 � δsq evpf b vq. (2.3.46)

Example 2.3.5.11 (The quantum groups). Majid constructs Lusztig’s version of

Uqpgq (for generic q) as braided Drinfeld doubles in [90, 4.3]. We repeat the

construction with the conventions of this chapter. For this, a (symmetric) Cartan

datum � gives a paring of two lattice group algebras A � kZrIs � krg�1
i s and H �

krK�1
i s via xKi, gjy � q2

i�j
i�i (where k � Cpqq). The dual R-matrix Rpgi, gjq � qi�j is

given by a weak quasitriangular structure with Rpgiq � K�
i�i
2 (and R � R�1). We

can then define an A-comodule F � kxF1, . . . , Fny by Fi ÞÑ g�1
i b Fi and denote

its dual by E � kxE1, . . . , Eny. The tensor algebras (in A-CoMod) B � T pF q,

C � T pEq are dually paired via

evpEi, Fiq �
δi,j

pq�1
i � qiq

, (2.3.47)

where qi :� q
i�i
2 . This pairing extends uniquely to a Hopf algebra pairing of the

tensor algebras and it is a result by Lusztig (see [75, 1.2–1.4]) such that then left

and right radical of this pairing are precisely the quantum Serre relations. Hence

the quotients are Uqpn�q (of C) and Uqpn�q (of B), which are Nichols algebras.

Now translating (2.3.35) under 2.3.5.4 we obtain the correct relation

rEi, Fjs �
K

i�i
2
i �K

�
i�i
2

i

pqi � q�1
i q

δi,j. (2.3.48)

Further, the bosonization relations (2.3.12) and (2.3.13) give

KiEj � q2
i�j
i�iEjKi, KiFj � q�2

i�j
i�iFjKi. (2.3.49)
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The coproducts are given by

∆pFiq � Fi bK�
i�i
2 � 1b Fi, ∆pFiq � Ei b 1�K

i�i
2 b Ei. (2.3.50)

Hence the resulting Hopf algebra is Uqpgq.

The cross relation for the Heisenberg double Dqpgq :� HeisApUqpn�q, Uqpn�qq

is given by

rEi, Fjs �
K
�
i�i
2

i

q�1
i � qi

δi,j. (2.3.51)

We will look at the action of Uqpsl2q-Mod on Dqpsl2q-Mod in Section 2.3.9.

2.3.6 R-Matrices for the Drinfeld Double

While the Hopf algebra structure of DrinHpC,Bq can be defined for general infinite-

dimensional Hopf algebras with a choice of a dually paired Hopf algebra, viewing

the braided structure of DrinHpC,Bq-Mod, and hence the R-matrix, at this level

of generality is problematic as they require the existence of a coevaluation map

coev : I Ñ BbC in B � H-Mod. In the infinite-dimensional case, given a perfect

pairing, this map may still exist as a formal power series, given that there is an

orthonormal bases of the dual Hopf algebra C to a basis of B.

Recall the braidings from Figure 2.3.1. Given the existence of a coevaluation

map coev : I Ñ B b C, the category CYDBpBq is braided via the braiding

CΨB :� p� b �qpIdb coevb IdqΨ�1, (2.3.52)

pCΨBq�1 :� Ψp� b �qpIdb IdB bS b IdqpIdb coevb Idq. (2.3.53)

Given that B and C are (not necessarily finite-dimensional) Hopf algebras

with a perfect duality pairing ev : C b B Ñ k such that there is a basis tbiui of

B with an orthogonal basis tciui of C, we can consider the formal power series

coevB :�
°
i bi b ci. This is not a morphism k Ñ B b C, but satisfies the duality

axioms of the coevaluation map. Using this formal sum, we can write an R-matrix

for DrinHpC,Bq as the power series (omitting summation)

RDrinHpC,Bq :� ciR
�p2q b biR

�p1q, R�1
DrinHpC,Bq

:� Rp2qci bRp1qSpbiq. (2.3.54)

87



If B � A-CoMod, the situation is even more problematic. Expressing the braiding

ΨV,W pv, wq � evpR�1pvp�1qq b wp�1qqwp0q b vp0q (2.3.55)

as an R-matrix, which is necessary in algebra reconstruction, involves a coevalu-

ation map which will be an infinite sum unless H, A are finite-dimensional. We

denote it by coevH � hj b aj. Then

R � aj bR�1phjq � Rphjq b aj, R�1 � R
�1
phjq b aj � aj bRphjq. (2.3.56)

Further, the R-matrix on DrinApC,Bq is given by

RDrinApC,Bq :� ciRphjq b biaj, R�1
DrinApC,Bq

:� ajbi bR�1phjqSpciq. (2.3.57)

To overcome the problematic of the braiding involving formal infinite sums, we will

describe the properly braided subcategory of modules over the braided Drinfeld

doubles corresponding to the center ZBpMod-BpBqq in Section 2.3.7.

Example 2.3.6.1. Consider Uqpsl2q. We can compute that evpfn b enq � rnsq !
pq�1�qqn

,

where rnsq � 1� q�2 � . . .� q2pn�1q and rnsq! � r1sq � . . . � rnsq. Hence

coevB �
¸
n¥0

pq�1 � qqn

rnsq!
F n b En. (2.3.58)

However, writing the required coevaluation map for I Ñ H bA is problematic. A

solution is to introduce the element qhbh P pAb Aq�. This element satisfies

xqhbh b pgn b gmqy � q2nm. (2.3.59)

This can be generalized to any Cartan datum. See [90, p.171] for more details.

Example 2.3.6.2 ([90, 4.5]). The small quantum groups uqpgq can also be realized

as examples of braided Drinfeld doubles. For this, we assume that q is a primitive

rth root of unity, where r is odd and char k does not divide r. As underlying Hopf

algebras, we take the group algebras A � H � kpCrq
n.

88



2.3.7 The Category O

The R-matrices RDrinHpC,Bq and RDrinApC,Bq from Section 2.3.6 induce the braid-

ing on the subcategories ZH-ModpMod-BpH-Modqq respectively its subcategory

ZA-CoModpMod-BpA-CoModqq. For perfectly paired B and C, these Drinfeld

centers are almost analogues of the BGG-category O for the quantum groups.

To support this interpretation, recall that for infinite-dimensional dually paired

bialgebras B and C in H-Mod, the essential image of the fully faithful functor

BopΨ: Bop-CoModpH-Modq Ñ C-ModpH-Modq

consists of those C-modules V such that for each v P V , C{Annpvq is finite-di-

mensional. Such modules are called locally finite or admissible. Hence, the full

subcategory ZH-ModpMod-BpH-Modqq � DrinHpC,Bq-Mod consists of those

YD-modules which are locally finite for the C-action, but not necessarily for the B-

action. For example, one can define Verma modules in ZH-ModpMod-BpH-Modqq.

When working in B � A-CoMod, one also has to restrict to DrinApC,Bq-

modules for which the H-action is induced by an A-coaction, i.e. the H-action

has to be locally finite too. Using these observations, we conclude the following

lemma:

Lemma 2.3.7.1. For the quantum group Uqpgq at q not a root of unity, the sub-

category of

ZkZn-CoModpMod-Uqpn
�qpkZn-CoModqq

on finitely generated modules is the BGG-category O (denoted by Oqpgq) for quan-

tum groups as defined in [2, 3.1].

Proof. An object V in Oqpgq satisfy three properties:

(I) V is finitely generated over Uqpgq

(II) V is a weight module, i.e. there exists a direct sum decomposition

V � `λPZnVλ, Vλ � tv P V | Ki � v � q2λiu.

(III) V is locally finite as a Uqpn�q-module.
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If V comes from an object in ZkZn-CoModpMod-Uqpn
�qpkZn-CoModqq, then (II)

is automatically fulfilled because the H-action is induced by an A � kZn-coaction.

Further, (III) is fulfilled as the C-action is induced by a Bop-coaction and hence

locally finite. Further, any such module can be obtained from an object of the

center as the pairing of B and C is perfect. Thus, if we restrict to finitely generated

modules, we recover Oqpgq as a subcategory of the center.

Hence we can define the category O for a braided Drinfeld (or Heisenberg) dou-

ble as the subcategory of finitely generated modules in ZBpMod-BpBqq (respec-

tivelyHBpMod-BpBqq). We denote this category by Z fg
B pMod-BpBqq (respectively

Hfg
B pMod-BpBqq).

Definition 2.3.7.2.

(a) For B � H-Mod, we define the category ODrin
H pC,Bq (or OHeis

H pC,Bq) as

the full subcategory of DrinHpC,Bq-Mod (respectively, HeisHpC,Bq-Mod)

of objects which are

(I) finitely generated as DrinHpC,Bq-modules (resp. HeisHpC,Bq-modules),

(II) semisimple as H-modules,

(III) locally finite as C-modules.

(b) Working with B � Aop-CoMod, we define the category ODrin
A pC,Bq (re-

spectively, OHeis
A pC,Bq) as the full subcategory of DrinApC,Bq-Mod (re-

spectively, HeisApC,Bq-Mod) on objects satisfying (I), (III) and

(II)’ The H-module structure is induced by an Aop-comodule structure.

In the special setting of Section 2.3.6 where we have the existence of orthonor-

mal bases teαu of B and tfαu of C, we were able to define a formal power series

coev � eα b fα serving as formal coevaluation map. Given this structure, we can

link the categories ODrin
H pC,Bq (and the other versions) with Z fg

B pMod-BpBqq,
generalizing Lemma 2.3.7.1.
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Theorem 2.3.7.3. Let C, B be perfectly paired Hopf algebras in H-Mod such that

coev exists as a formal power series. Then there exist isomorphisms of categories

ODrin
H pC,Bq � Z fg,H�ss

H-ModpMod-BpH-Modqq,

OHeis
H pC,Bq � Hfg,H�ss

H-ModpMod-BpH-Modqq.

If C, B are such objects in Aop-CoMod where A,H have a weak quasitriangular

structure, then

ODrin
A pC,Bq � Z fg,A�ss

Aop-CoMod
pMod-BpAop-CoModqq,

OHeis
A pC,Bq � Hfg,A�ss

Aop-CoMod
pMod-BpAop-CoModqq.

Proof. The proof works as the proof of Lemma 2.3.7.1 in this more general setting.

Semisimplicity is not automatic any more, so it needs to be imposed in general

(hence the superscripts H� ss or A� ss). Note that coev � eαbfα can be used to

define a Bop-comodule, given a locally finite C-module V via δpvq :� eα b fα � v,

for all v P V . This expression is always well-defined if V is locally finite (i.e. only

finite sums of tensors occur).

We would like to obtain an action of the category O for the braided Drinfeld

double on the category O for the braided Heisenberg double. The problem with

this is that the action does not necessarily preserve finite-generation of the module.

In generality, we therefore need to restrict to finite-dimensional modules.

Corollary 2.3.7.4. Under the assumptions on C, B as in 2.3.7.3, there are ac-

tions

� : DrinHpC,Bq-Modfd bOHeis
H pC,Bq ÝÑ OHeis

H pC,Bq,

� : DrinApC,Bq-Modfd bOHeis
A pC,Bq ÝÑ OHeis

A pC,Bq.

Similar to the study of the category O in other contexts, we can introduce

standard (or Verma) modules in the category O for braided Drinfeld and Heisen-

berg doubles. For this, a general theory as in [46] could be adapted. We will

not introduce such a theory in general here, but provide a definition of a Verma

module.
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Definition 2.3.7.5. Let B,C be braided Hopf algebras in B and let S be a simple

H-module (respectively Aop-comodule). Then we can define a Cop �H-module as

S with trivial C action via the antipode of C and the given H-action (if S is an

A-comodule, we view S as an H-module via the pairing). The Verma module of

MpSq is defined as MpSq :� B bCop�H S. This can either be done as a module

over DrinBpC,Bq or HeisBpC,Bq (for B � H-Mod or Aop-CoMod).

It is not guaranteed that all MpSq are in the respective category O. However,

under additional assumptions, such that the B and C are positively graded, by

an inner grading as in [46, 2.1], the theory developed therein ensure that they

are. In general, we can say that MpSq are in the finitely-generated subcategory

of ZBpMod-BpBqq (respectively HBpMod-BpBqq in the Hopf case). One of the

main applications is that all simple objects in O appear as quotients of such Verma

modules, given an inner grading element exists.

2.3.8 Cocycle Twists

In this section, we observe that the left action of the category ZBpMod-BpBqq on

HBpMod-BpBqq extends to an action of DrinHpC,Bq-Mod on HeisHpC,Bq-Mod.

This action implies that HeisHpC,Bq is a right cocycle twist of the Hopf algebra

DrinHpC,Bq generalizing an earlier result of [71] to the braided case. In particular,

HeisHpC,Bq is a left DrinHpC,Bq-comodule algebra.

Definition 2.3.8.1. Let B P BiAlgpBq, for B a braided monoidal category. A

right 2-cocycle of B is a morphism σ : B b B Ñ I such that the morphism mσ :�

m2
BbBp∆b∆b σq : B bB Ñ B gives B an algebra structure which is denoted by

Bσ and called the right cocycle twist of B by σ.

It is easy to check that a morphism σ : B b B Ñ I is a right 2-cocycle if and

only if it satisfies the condition

pσ b σqpmbΨb IdBqpIdB bΨbΨqp∆b∆b IdBq

� pσ b σqpIdB bmb IdBbBqpIdBbB bΨb IdBqpIdB b∆b∆q
(2.3.60)

on B bB bB, as well as the normalization conditions σpIdb1q � σp1b Idq � ε.
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Lemma 2.3.8.2. The coproduct of B can be viewed as a morphism ∆: Bσ Ñ

B bBσ making Bσ a left B-comodule algebra in B.

Proof. This is an exercise in graphical calculus.

Corollary 2.3.8.3. If σ is a right 2-cocycle, then ∆ gives a left action of B-ModpBq
on Bσ-ModpBq where the Bσ-action on V �W (defined on the object V bW ) for

a V -module V and a Bσ-module W is given by

�VbW � p�V b�W qpIdB bΨB,V b IdW qp∆b V bW q. (2.3.61)

That is, given by the coproduct of B.

We are looking for a converse of the statement in Corollary 2.3.8.3. Indeed,

the following holds:

Proposition 2.3.8.4.

(i) Let D P BiAlgpBq and H P AlgpBq such that D � D-ModpBq acts on

H � H-ModpBq on the left. Assume further that the square

D-ModpBq bH-ModpBq �
> H-ModpBq

Vectk bVectk

FDbFH
_

b
> Vectk

FH
_

(2.3.62)

commutes and that NatpV, FBbFHq is reconstructible by DbH (cf. 2.2.3.2).

Then the action is given by a morphism δ : H Ñ D bH which makes H an

algebra object in D-CoModpBq.

(ii) If F pHq � F pDq in B and the coaction δ is given by the coproduct ∆ of D,

then the product on H is a right cocycle twist by the 2-cocycle εDmH .

Proof. Part (i) is an argument in reconstruction theory. By representability as-

sumptions, the action � is given by a map δ : H Ñ DbH. The requirement that

� is an action on the category H translates to the property that H is an algebra

object in D-CoModpBq.
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To prove part (ii), observe that

mH � pIdDbεq∆DmH � pIdDbεqδmH

� pIdDbεqpmD bmHqpIdDbΨD,D b IdHqp∆D b δq,

� pIdDbεqpmD bmHqpIdDbΨD,D b IdDqp∆D b∆q

where we use that that δ : H Ñ D bH is a morphism of algebras and that δ � ∆

as maps in B. Hence H � Dσ for σ � εmH .

Returning to the situation of Corollary 2.2.2.15, we observed that the cate-

gorical action can be extended to an action of CYDBpBq on CHBpBq in Corollary

2.3.2.1. The action is given by the coproducts of B and C. For B � H-Mod this

implies that the action of DrinHpC,Bq-Mod on HeisHpC,Bq-Mod is given by the

coproduct of DrinHpC,Bq viewed as a morphism of algebras

∆: HeisHpC,Bq Ñ DrinHpC,Bq b HeisHpC,Bq,

making HeisHpC,Bq a comodule over DrinHpC,Bq. The same observation applies

when working with Aop-CoMod instead.

Corollary 2.3.8.5. The algebra HeisHpC,Bq is a right cocycle twist of the Hopf

algebra DrinHpC,Bq via the 2-cocycle given by σpchbbc1h1b1q � εpcqεphq evpS�1c1b

bqεph1qεpb1q.

Remark 2.3.8.6. Note that we can also define left 2-cocycles and a left twist (or

cycles and cycle twists). A dual R-matrix for B gives a left 2-cocycle on B. This

cocycle was used in [71] to twist the Drinfeld double. Note that we use a different

cocycle here but they coincide in the case H � k.

2.3.9 The Braided Heisenberg Double of Uqpn�q for sl2

In Example 2.3.5.11, we introduced the braided Heisenberg doubleDqpgq of Uqpn�q.

We now want to study the categorical action of Dqpsl2q-Modfd on the category

OHeis
q psl2q :� OHeis

krg�1spUpsl2q
�, Upsl2qq as an example. We first observe that Dqpsl2q

has no finite-dimensional modules using a standard argument from the theory of

highest weight representations.
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Lemma 2.3.9.1. In Dqpsl2q, the commutator relation

rE,Fms �
rmsqK

�1

q�1 � q
Fm�1. (2.3.63)

holds, where rnsq � 1� q�2 � q�4 � . . .� q�2pn�1q.

Proof. By induction on m, using that rE,Fms � rE,Fm�1sF � Fm�1rE,F s.

First, we note that in the sl2 case, the pairing xg,Ky � q is perfect for generic

q. Hence, the functor

Φ: krg�1s-CoMod ÝÑ krK�1s-Mod

induced by the pairing is fully faithful. The essential image of Φ is the semisimple

category generated by one-dimensional simples kqn � kvn, where K � vn � qnvn.

Consider the Verma module Mpnq :� Mpkqnq of weight qn. More generally, write

Mpλq for the Verma associated to the simple module kλ, on which K acts by the

scalar λ P kz0.

Lemma 2.3.9.2. The Verma module Mpλq has a k basis given by Fmvn � Fm�vn

for k P N. The action is given by

K � Fmvn � λq�2mvn, E � Fmvn �
λ�1rmsq
q�1 � q

Fm�1vn. (2.3.64)

Corollary 2.3.9.3. The Verma modules Mpλq are simple for all λ P kz0.

Proof. Lemma 2.3.9.2 shows that Mpλq decomposes as the sum of simple krK�1s-

modules as

V �
à
m¥0

kλq�2m .

Let W ¤ V be any submodule. Let l be minimal such that there exists w P W with

w P kλq�l . Such an element exists, as we can take any inhomogeneous element and

produce a homogeneous element w1 P W by using the biggest k such that Ekw1 � 0

which then must be homogeneous. This follows as the scalar λ�1rmsq
q�1�q

� 0 for all

m,λ. Now observe that w � µF lvn and hence vn P W as it is proportional to

ElF lvn.
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Corollary 2.3.9.4. The algebra Dqpsl2q has no finite-dimensional representations.

Proof. Let V be a finite-dimensional simple representation. In particular, V �

`n
i�1kλi as a krK�1s-module. Let v be any weight vector (i.e. a vector in kλi for

some i), then there exists a sufficiently large j such that Ejv P kxv, E1v, . . . , Ej�1vy.

But these are all vectors of different weight, so Ejv � 0. We may assume

w :� Ej�1v � 0 and hence w is a highest weight vector (i.e. one annihilated by E)

which generates V . Hence there exists a surjective morphism of Dqpsl2q-modules

π : Mpλq� V . But then kerπ � 0 as Mpλq has no non-trivial submodules.

We now consider the action of Uqpsl2q-Modfd on OHeis
q psl2q from Corollary

2.3.7.4. This gives an analogue of the Quantum Clebsch–Gordan rule.

Proposition 2.3.9.5. The categorical action of the irreducible Uqpsl2q-module

Lpnq of weight qn on the Verma Mpmq of the category OHeis
q psl2q decomposes as a

sum of simples as

Lpnq �Mpmq �
nà
k�0

Mpm� n� 2kq. (2.3.65)

Proof. Denote the highest weight vector of Lpnq by v and the one of Mpmq by w.

Using the formulas for the coproduct on Uqpsl2q, which serves as the coaction δ

giving the categorical action, one checks that v b w is a highest weight vector of

weight n �m. Note that the weight space pLpnq �Mpmqqn�m�2k has dimension

k�1, for k � 0, . . . , n. Further note that each highest weight vector in Lpnq�Mpmq

gives the corresponding Verma module as a direct summand. Hence, we can see

inductively that weight space of weight n�m� 2k contains precisely one linearly

independent highest weight vector for any k � 0, . . . , n.

We observe that the category OHeis
q psl2q has the same integral weight lattice

parametrizing Verma modules as for Oqpslq and that the action of Uqpsl2q-Modfd

resembles the one on Oqpsl2q with the crucial difference being that the Heisenberg

version of category O has no finite-dimensional simples and hence all Vermas are

simple. We expect the results of this section to generalize to the quantum groups

of other semisimple Lie algebras g.
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2.4 Twisted Drinfeld Doubles

Section 2.3 does not use the full generality of the definition of YD-modules in

2.2.4.3 as we are restricting to the case that φ � 1b1b1 is the trivial 3-cycle. The

preparations done in Section 2.2.4 however allow us, more generally, to define the

(braided) Drinfeld and Heisenberg double of a quasi-Hopf algebra. This provides

a Heisenberg analogue to the Drinfeld double of a quasi-Hopf algebra introduced

in [89].

In this Section, we will first give a description in terms of generators and

relations of the Drinfeld double of a quasi-Hopf algebra in Vectk. Next, we provide

definitions of twisted Drinfeld and Heisenberg doubles. There are two different

points of view on twisting used here. One is the Drinfeld twist of an ordinary

Hopf algebra (see 2.4.2), the other one considers a commutative Hopf algebra as a

quasi-Hopf algebra with respect to any 3-cycle (see 2.4.2.2). We close this section

by discussing the example of the twisted Heisenberg double of a group in 2.4.3,

including an adaptation of the groupoid interpretation of [114] for the twisted

Heisenberg double.

2.4.1 The Drinfeld and Heisenberg Double of a Quasi-Hopf
Algebra

Even though every monoidal category is equivalent to a strict one (cf. 2.2.1.6) it

is still important to keep track of the associativity isomorphisms α : bpb� Idq ñ

bpId�bq in certain situations. For instance, the class of quasi-Hopf algebras is

closed under Drinfeld twist ∆F : m3
HbHpF b ∆ b F�1q of the coproduct for an

arbitrary invertible element F P H bH (see e.g. [88, 2.4]). If F is a 2-cocycle and

H a Hopf algebra, then the twist HF is again a Hopf algebra (see e.g. [51]).

In this section, we provide formulas for the Drinfeld and Heisenberg double

of a quasi-Hopf algebra H, with 3-cycle φ. For this, we leave the generality of

working with quasi-Hopf algebras in braided monoidal categories B. However, via

reconstruction theory, one can also obtain formulas in this most general case, if

B � H-Mod for a quasitriangular finite-dimensional Hopf algebra H (or even for

a weakly quasitriangular pair A, H and B � A-CoMod). For this, we need the

following definition:
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Definition 2.4.1.1. A dual paired object for a quasi-bialgebra B P B is an object

C of B together with a morphism ev : C b B Ñ I such that there exist maps

∆C : C Ñ C b C, mC : C b C Ñ C, 1C : I Ñ C, εC : C Ñ I, such that

evpmC bBq � evpIdb evb IdqpIdCbC b∆Bq,

evpC bmBq � evpIdb evb Idqp∆C b IdBbBq,

evp1C b IdBq � εB, evpIdC b1Bq � εC .

(2.4.1)

Using graphical calculus, these are the same conditions as in Figure 2.1.1. Note

however that C is not a quasi-bialgebra as the product is only associative up to a

3-cocycle (obtained by duality from φ). We refer an object with the structure of C

as a dual quasi-bialgebra. If moreover B has the structure of a quasi-Hopf algebra,

and there exists a morphism SC : C Ñ C such that evpSC b IdBq � evpIdC bSBq.

In this case, we say that C is a dual quasi-Hopf algebra.

Definition 2.4.1.2. Let B be a quasi-bialgebra in H-Mod, where H is a finite-

dimensional Hopf algebra, with a dually paired object C. The braided Drinfeld

double of B, C over H, denoted by DrinHpC,Bq, is defined as the quasi-Hopf

algebra obtained by reconstruction of the category BopYDBpBq on CbHbB. The

braided Heisenberg double HeisHpC,Bq is defined by reconstruction of BopHBpBq
on C bH bB.

Similarly, we can define DrinApC,Bq and HeisApC,Bq if we are given a weak

quasitriangular structure on dually paired Hopf algebras A and H.

We only give explicit presentations of DrinHpC,Bq and HeisHpC,Bq in the case

where B � Vectk to simplify the exposition. Formulas for the general case can be

obtained in a similar way, but involve several occurrences of the R-matrix.

Proposition 2.4.1.3. Let B be a quasi-bialgebra in Vectk with 3-cycle φ, and

dually paired object C. Then DrinHpC,Bq is generated as an algebra by elements

of C, H and Bop (opposite in Vectk) subject to the relations (2.3.12)–(2.3.14) and

for c, d P C the relation

cd �φ
p3q
2 cp2qφ

�p2qdp3qφ
p1q
1 evpcp1q b φ

p2q
2 q evpcp3q b φ�p3qq evpcp4q b φ

p3q
1 q

evpdp1q b φ
p1q
2 q evpdp2q b φ�p1qq evpdp4q b φ

p2q
1 q.

(2.4.2)
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The algebra DrinHpC,Bq is a quasi-bialgebra with coproducts given by

∆phq � hp1q b hp2q, ∆pbq � bp1q b bp2q, (2.4.3)

∆pcq � φ
�p2q
2 cp2qφ

p1qφ
�p1q
1 b φ

�p3q
2 φp3qcp4qφ

�p2q
1 evpcp1q b φ

�p1q
2 q

evpcp3q b φp2qq evpcp5q b φ
�p3q
1 q.

(2.4.4)

With these formulas, ∆ gives a quasi-coproduct with respect to the 3-cycle φ of

B. The counit is given by εpchbq � εpcqεphqεpcq. If B is a quasi-Hopf algebra, a

formula for the antipode can be obtained by combining δ1 from Figure 2.2.9 and δ�

in Figure 2.2.10.

The braided Heisenberg double HeisHpC,Bq of the quasi-bialgebra B is the al-

gebra generated by C, H and Bop subject to the relations (2.3.12), (2.3.13) and

the cross relation (2.3.19), as well as the relation (2.4.2) from above.

The Drinfeld double of a quasi-Hopf algebra was already introduced — using

a left module version — in [89].

2.4.2 Twisted Hopf Algebras

In this section, we study the Drinfeld and Heisenberg double for two notions of

twist of an ordinary Hopf algebra. The first one is often referred to as a Drinfeld

twist, see e.g. [88, 4.2] for details. The second one generalizes, in the sense of [89],

the construction of the twisted Drinfeld double of a group algebra DrinωpGq.

Definition 2.4.2.1. Let B be an ordinary bialgebra and F � F p1qbF p2q P BbB

an invertible element. Then the Drinfeld twist BF of B is the quasi-bialgebra

defined on the algebra B with the quasi-coalgebra structure

∆F pbq � F∆pbqF�1, φ � F23ppIdb∆qF qpp∆b IdqF�1qF�1
12 , (2.4.5)

where the counit is not changed. If moreover B is a Hopf algebra, then the

same antipode gives an antipode for BF with respect to a � SpF�p1qqF�p2q, and

b � F p1qSpF p2qq. If B is quasitriangular, then so is BF with universal R-matrix

F21RF
�1.
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For a proof that BF is indeed a quasi-bialgebra (or Hopf algebra) see [88,

Theorem 2.4.2]. In fact, it is shown more generally that any Drinfeld twist of a

quasi-Hopf algebra is again a quasi-Hopf algebra. If F is a 2-cycle (satisfying a

dual condition to (2.3.60)), then BF is again a Hopf algebra. The Drinfeld twist

is also referred to as a gauge transformation in the literature. It is a basic result

that the categories B-Mod and BF -Mod are equivalent as monoidal categories.

Another point of view on twisting is to view a bialgebra B as a quasi-bialgebra

Bφ with respect to some 3-cycle φ which commutes with the two-fold coproduct

p∆ b Idq∆. For example, if B is commutative, Bφ is a quasi-bialgebra for any

3-cycle. This way, the usual notion of a twisted Drinfeld double of a group algebra

can be obtained (see [33, 89]). We will consider this example together with the

corresponding Heisenberg double in the following section. Using either versions of

twist, we can apply Proposition 2.4.1.3 to compute the Drinfeld and Heisenberg

doubles of the corresponding twisted Hopf algebras. For a general definition, let

C,B be dually paired Hopf algebra.

Definition 2.4.2.2. The twisted Drinfeld double DrinωpC,Bq, with respect to

a 3-cycle on B which commutes with the two-fold coproducts, is defined as the

bialgebra (respectively, Hopf algebra) DrinkpC,B
ωq using the notation of Definition

2.4.1.2.

The twisted Heisenberg double HeisωpC,Bq is defined to be HeiskpC,B
ωq.

Hence, we can give a presentation for the twisted double using Proposition

2.4.1.3. More generally, the same construction works if we start with dually paired

braided Hopf algebras in B � H-Mod (or A-CoMod in the weakly quasitriangular

case) and ω a 3-cycle on B which commutes with all two-fold coproducts in B b

B b B P AlgpBq giving a definition of DrinωHpC,Bq :� DrinHpC,B
ωq and its

Heisenberg analogue. We will not use this general case in the present section.

As a direct corollary, we have that the monoidal category DrinωHpC,Bq-Mod

acts on the category HeisωHpC,Bq-Mod.

2.4.3 The Twisted Heisenberg Double of a Group

We finish this exposition by showing, as an example, how the categorical action

of the monoidal category of the Drinfeld center on the Hopf center can be used to
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obtain an action of the category of Gad-equivariant ω-twisted vector bundles on

the category of ω-twisted Greg-equivariant vector bundles on G.

Let G be a finite group. Then 3-cycles in the sense of (2.1.8) on the Hopf

algebra krGs of function on G correspond to 3-cocycles in the group cohomology

of G. That is, for such ω,

ωph, k, lqωpg, hk, lqωpg, h, kq � ωpg, h, klqωpgh, k, lq, @g, h, k, l P G, (2.4.6)

where ω is normalized such that ωpg, h, kq � 1 as soon as one of the group elements

equals 1.

As krGs is commutative, kωrGs, as introduced in the previous section, is a quasi-

Hopf algebra for any 3-cocycle ω. In [89], the Drinfeld center of kωrGs-CoMod

is shown to be equivalent to the category of modules over the quasi-Hopf algebra

DrinωpGq, which we refer to as the twisted Drinfeld double of the group G. There

are two different points of view on its representation category. The first one is:

Proposition 2.4.3.1 ([89]). The category DrinωpGq-Mod is equivalent to the ca-

tegory of G-graded vector spaces which are Gad-equivariant with respect to twisted

representations of G. The representations are twisted by the cocycle τpωq in

Z2pG, adkrGsq valued in krGs with the left adjoint action of G, which is defined by

τpωqpg, hqpkq �
ωpg, h, h�1g�1kghqωpk, g, hq

ωpg, g�1kg, hq
. (2.4.7)

That is, the action of a homogeneous element v of degree d is given by

g � ph� vq � τpωqpg, hqpdqgh� v. (2.4.8)

The equivariance condition corresponds to the YD-condition that the degree of

g � v is gdg�1. We refer to vector spaces V with this structure as ω-twisted Gad-

equivariant vector bundles over G.

Modules over the twisted Heisenberg double are twisted representations of G

(with respect to the same 2-cocycle τpωq. The only difference is that the equivari-

ance condition is that the degree of g�v is gd if v has degree d. Hence we speak of

Greg-equivariant vector bundles over G. The categorical action of Gad-equivariant
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ω-twisted vector bundles on Greg-equivariant ones is now a direct consequence of

the categorical action discussed before.

Another point of view on the category DrinωpGq-Mod is given in [114] where

representations of the twisted Drinfeld double DrinωpGq are identified with τpωq-

twisted representations of the action groupoid Gad of G acting on itself by conju-

gation. The 2-cocycle τpωq is obtained by the transgression map

τ : Z3pG,Up1qq ÝÑ Z2pGadq.

However, the same map also produces 2-cocycles for the action groupoid Greg of

G acting on itself by the regular action. Hence, we can identify the category

HeisωpGq-Mod with the category of τpωq-twisted representations over Greg.
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Chapter 3

Pointed Hopf Algebras with
Triangular Decomposition

3.1 Introduction

3.1.1 What Are Quantum Groups?

An important problem in the theory of quantum groups is to give some definition of

a class of these objects that captures known series of quantum groups, such as the

quantum enveloping algebras Uqpgq of [36], and their finite-dimensional analogues,

as examples. This was for example formulated in [24, Problem II.10.2]:

“Given a finite-dimensional Lie algebra g, find axioms for Hopf al-

gebras to qualify as quantized enveloping algebras of this particular g.”

A possible hint to the structure of quantum groups is that the quantum envel-

oping algebras Uqpgq (as well as the small quantum groups uqpgq and multipa-

rameter versions) are pointed Hopf algebras. Such Hopf algebras were studied by

several authors (see e.g. [9]). Classification results as in [11] suggest a strong re-

semblance of all finite-dimensional pointed Hopf algebras over abelian groups with

small quantum groups. Another paper [10] gives a characterization of quantum

groups at generic parameters using pointed Hopf algebras of finite Gelfand–Kirillov

dimension with infinitesimal braiding of positive generic type.
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A further hint to the structure of quantum groups is that they can be decom-

posed in a triangular way (via the PBW theorem) as

Uqpgq � Uqpn�q b kZn b Uqpn�q.

Here, the positive and negative part are perfectly paired braided Hopf algebras,

and the relation with the group algebra kZn is governed by semidirect product

relations. The positive (and negative) part are so-called Nichols algebras.

A third aspect — observed already in the original paper [36] — is that quan-

tum groups are (quotients of) quantum or Drinfeld doubles. It was shown in [90]

that Uqpgq in fact is a braided Drinfeld double (which are referred to as a double

bosonization there). It was proved in [20] that also two-parameter quantum groups

are Drinfeld doubles.

In this chapter, we aim to provide an axiomatic approach to the definition of

(multiparameter) quantum groups by combining the pointed Hopf algebra and the

triangular decomposition approach. Under the additional assumption of what we

call a triangular decomposition of weakly separable type, the only indecomposable

examples are close generalizations of multiparameter quantum groups. In particu-

lar, assuming further non-degeneracy, they are examples of a more general version

of braided Drinfeld doubles, which we refer to as asymmetric braided Drinfeld

doubles. Further, under certain assumptions on the group and the parameters,

we can recover Lie algebras from these Hopf algebras, after introducing a suitable

integral form.

3.1.2 This Chapter’s Results

This chapter starts by recalling the necessary technical background, including a

brief overview on classification results of finite-dimensional pointed Hopf algebras,

as well as structural results by [16] on algebras with triangular decomposition, in

Section 3.2. Next, we give the definition of a bialgebra with a triangular decom-

position over a Hopf algebra H in Section 3.3. This adapts the two-step approach

used for algebras in [16] to the study of bialgebras. Namely, we first consider the

free case of a bialgebra T pV q bH b T pV �q where the positive and negative parts

(T pV q, respectively T pV �q) are tensor algebras, and then specify by what ideals

(called triangular Hopf ideals) we can take the quotient.
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The core of this chapter is formed by a partial classification of bialgebras with

triangular decomposition over a group algebra kG. We again proceed in two

steps. First, we determine all pointed bialgebras with free positive and negative

part over kG in Section 3.4.2, and then look at pairs of ideals I, I� such that the

quotient A{xI, I�y is still a bialgebra in Section 3.4.3. We find that indecomposable

examples are automatically pointed Hopf algebras, and can only arise over finitely-

generated abelian groups. Multiparameter quantum groups share these features.

Indeed, the only possible commutator relations (3.2.10) closely resemble those of

multiparameter quantum groups:

rfi, vjs � γijpkj � liq P kG, @i � 1, . . . , n. (3.1.1)

We further observe that there exists a natural generalization of the definition

of a braided Drinfeld double to the setting of primitively generated braided Hopf

algebras in the category of Yetter–Drinfeld modules (YD-modules) over H. For

this, the base Hopf algebra H does not need to be quasitriangular. We need

two braided Hopf algebras which are only required to be dually paired considered

as braided Hopf algebra in the category of modules (rather than YD-modules).

That is, the requirement that is weakened compared to the definition of a braided

Drinfeld double (as in [90] or Chapter 2) is that the comodule structures do not

need to be dually paired. We refer to this generalization as the asymmetric braided

Drinfeld double. It gives a natural way of producing Hopf algebras with triangular

decomposition — which are not necessarily quasitriangular. We show in Theorem

3.4.3.2 that the Hopf algebras arising in the classification 3.4.2.2 are of this form

(provided that the parameters γii are non-zero).

In Section 3.4.4 we show that from these asymmetric braided Drinfeld doubles

of separable type we can recover Lie algebras provided that there exists a well-

defined morphism of rings to Z when setting the parameters equal to 1. Hence, in

the spirit of the question asked in Section 3.1.1, we can relate the outcome of our

classification back to Lie algebras, which are always generated by Lie subalgebras

isomorphic to sl2.

Here is an overview of the increasingly stronger assumptions on the Hopf alge-

bras A and H used in the classification:
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• Section 3.3: H any Hopf algebra over a field k, A a bialgebra with triangular

decomposition

• Section 3.4: H � kG, A a bialgebra with triangular decomposition

– Section 3.4.1-3.4.2: A is of weakly separable type and indecomposable

after 3.4.1.3

– Section 3.4.3: A is indecomposable of separable type, the scalars γii are

non-zero.

– Section 3.4.4: In addition to the assumptions of 3.4.3, we require that

char k � 0, and that setting the parameters equal to 1 gives a well-

defined homomorphism of rings to Z.

The final Section 3.5 contains different classes of indecomposable pointed Hopf

algebras with triangular decomposition over a group kG that arise as examples in

the main classification. The first class we discuss are the multiparameter quantum

groups Uλ,ppglnq introduced by [43] (adapting the presentation in [29]). They are

asymmetric braided Drinfeld doubles, which is a generalization of the result of

[20] showing that two-parameter quantum groups are Drinfeld doubles. In section

3.5.2 we bring results of [105] on growth condition (finite Gelfand–Kirillov dimen-

sion) and classification of Nichols algebras from [10] into the picture. We use these

results to characterize the Drinfeld–Jimbo type quantum groups at generic param-

eters q within the classification of this chapter under the additional assumption

that the triangular decomposition is what we call symmetric. Further, classes of

finite-dimensional pointed Hopf algebras by Radford can naturally be included as

examples in this framework (Section 3.5.3).

To conclude this chapter, we suggest in Section 3.5.4 that future research could

focus on the search for Hopf algebras with triangular decomposition over other

Hopf algebras H (replacing the group algebra kG). This might give interesting

monoidal categories, or even knot invariants in other contexts. As the first — most

classical — example, if we take H to be a polynomial ring krx1, . . . , xns. In this

case, the only examples are universal enveloping algebras of Lie algebras.
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3.1.3 Notations and Conventions

In this chapter, adapted Sweedler’s notation (see e.g. [110, 1.2]) is used to denote

coproducts and coactions omitting sums. Unless otherwise stated, we work with

Hopf algebras over an arbitrary field k. A Hopf algebra always has an invertible

antipode S. The category of left YD-modules over a Hopf algebra H is denoted by
H
HYD, while left modules are denoted by H-Mod, and right modules by Mod-H.

We denote the module spanned by generators S over a commutative ring R as

RxSy, while RrSs denotes the R-algebra generated by elements S (subject to some

specified relations). Groups generated by elements of a set S are denoted by xSy.

3.2 Background

3.2.1 Pointed Hopf Algebras

Let the coproduct ∆: H Ñ H b H make H a coalgebra over a field k. We can

consider simple subcoalgebras A ¤ H. That is, ∆pAq ¤ A b A and there are no

proper subobjects of this type in A. A basic observation is that if dimA � 1,

then A can be written as kg, for a generator g P H such that ∆pgq � g b g. Such

elements are called grouplike. Indeed, if H is a Hopf algebra, then the set of all

grouplike elements GpHq has a group structure. A Hopf algebra is pointed if all

simple subcoalgebras are one-dimensional. This notion can be traced back to [110,

8.0] and classifying all finite-dimensional pointed Hopf algebras can be taken as a

first step in the classification of all finite-dimensional Hopf algebras (see e.g. [3]

for a recent survey).

In the late 1980s and early 1990s, large classes of pointed Hopf algebras have

been discovered with the introduction of the quantum groups (and their small

analogues). Due to the vast applications of and attention to these Hopf algebras

in the literature, the study of pointed Hopf algebras has become an important

algebraic question.

3.2.2 Link-Indecomposability

In the early 1990s, Montgomery asked the question, which groups may occur as

GpHq where H is an indecomposable pointed Hopf algebras. In [95], an appro-
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priate notion of indecomposability is discussed in different ways. We will briefly

recall the description in terms of link-indecomposability which is equivalent to in-

decomposability as a coalgebra and indecomposability of the Ext-quiver of simple

comodules.

Given a pointed Hopf algebra H, we define a graph ΓH with vertices being the

simple subcoalgebras ofH (that is, the grouplike elements). There is an edge hÑ g

if there exists a pg, hq-skew-primitive element v P H, i.e. ∆pvq � v b g � h b v,

which is not contained in kGpHq. We say that H is indecomposable if ΓH is

connected. As an example, group algebras kG are only indecomposable if G � 1.

The quantum group Uqpsl2q is indecomposable if the coproducts are e.g. defined

as ∆pEq � Eb 1�KbE and ∆pF q � F b 1�K�1bF . There are other versions

of the coproduct which are not indecomposable (see [95]).

3.2.3 Classification Results for Pointed Hopf Algebras

It was understood early that some pointed Hopf algebras can be obtained as

bosonizations A � BpV q � kG of so-called Nichols (or Nichols-Woronowicz ) alge-

bras BpV q associated to YD-modules over a group G (see e.g. [9, Section 2] for

definitions). In this case, the coproducts are given by ∆pvq � vp0q b vp�1q � 1 b v

using Sweedler’s notation. That is, if v is a homogeneous element, then ∆pvq �

vb g� 1b v for the degree g P GpAq of v and A is indecomposable over the group

generated by g P G with Vg � 0. Thus, the question of finding finite-dimensional

pointed Hopf algebras is linked to finding finite-dimensional Nichols algebras.26

Although both questions remain open in general, vast progress has been made in a

series of papers by Andruskiewitsch and Schneider (see [9, 11]) for abelian groups

G, and more recently for symmetric and alternating groups [6], or groups of Lie

type [4, 5]. See [3] for more detailed references.

Let us briefly recall the classification results of [11] here in order to provide the

basis for comparison to our own classification in Section 3.4 later. To fix notation,

let D denote a finite Cartan datum. That is, a finite abelian group Γ, a Cartan

26However, a pointed Hopf algebra is not necessary bosonizations of this form. Important tools
available are the coradical filtration (see e.g. [94, 5.2]) and the lifting method of Andruskiewitsch
and Schneider [9, Section 5].
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matrix A � paijq of dimension n�n with a choice of group elements gi, characters

χi for i � 1, . . . , n. Then define qij :� χjpgiq and impose the conditions that

qijqji � q
aij
ii , qii � 1. (3.2.1)

We can associate to the Cartan matrix A a root system Φ (with positive roots

Φ�). The simple roots αi of Φ can be indexed by i � 1, . . . , n. Denote by χ the

set of connected components of the corresponding diagram, and by ΦJ the root

system restricted to the component J P χ, and write i � j if i and j are in the

same connected component. Denote further

gα :�
n¹
i�1

gnii , χα :�
n¹
i�1

χnii , for a root α �
ņ

i�1

niαi.

To state the classification of finite-dimensional pointed Hopf algebras, some

technical assumptions need to be made.

(a) Assume that the parameters qii are roots of odd order Ni.

(b) Ni � NJ is constant on each connected component, i P J .

(c) If J P χ is of type G2, then 3 does not divide NJ .

To construct pointed Hopf algebra from a Cartan datum D, we need two fam-

ilies of parameter.

(d) Let λ � pλijq be an n � n-matrix of elements in k such that for all i � j,

gigj � 1 or χiχj � ε implies λij � 0.

(e) Further let µ � pµαqΦ� be elements in k such that for any α P Φ�
J , for J P χ,

Definition 3.2.3.1 ([11, 5.4]). Given the a Cartan datum D with families of

parameters λ, µ as above, there is a Hopf algebra u � upD, λ, µq. The algebra u is

generated by elements g P Γ (define uαpµq P kΓ, see [11, 2.14] for α P Φ�), and xi

for i � 1, . . . , n, subject to the relations

gxi � χipgqxig, for all i, g P Γ, (3.2.2)

adpxiq
1�aij � 0, for i � j, i � j, (3.2.3)

adpxiqpxjq � λijp1� gigjq, for all i   j, i � j, (3.2.4)

xNJα � uαpµq, for all α P Φ�
J , J P χ. (3.2.5)
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Here, adpxqpyq is the braided commutator xy � m � Ψpx b yq where m denotes

multiplication and Ψ is the YD-braiding. The comultiplication is given by ∆pxiq �

xi b 1� gi b xi.

Theorem 3.2.3.2 ([9, 0.1]). Under the above assumptions (a)–(e) on a Cartan

datum D with parameters λ, µ, the Hopf algebra upD, λ, µq is pointed with Gpuq �

Γ and of finite dimension. Moreover, if |G| is not divisible by 2, 3, 5 or 7, then any

finite-dimensional pointed Hopf algebra is of this form.

3.2.4 Algebras with Triangular Decomposition (Free Case)

A triangular decomposition of algebras means that an intrinsic PBW decompo-

sition exists, similar to universal enveloping algebras of Lie algebras. This is a

common feature of quantum groups and rational Cherednik algebras, but more

generally shared by all braided Drinfeld or Heisenberg doubles (cf. Section 2.3.4).

Here, we are using the definitions introduced in [16] to study such algebras with

triangular decomposition (so-called braided doubles).

From a deformation theoretic point of view, triangular decomposition can be

viewed as follows. Let V , V � be dually paired finite-dimensional vector spaces and

H a Hopf algebra over a field k, such that V is a left H-module, and V � carries

the dual right H-action. That is, for the evaluation map x , y : V � b V Ñ k, we

have

xf � h, vy � xf, h� vy, @f P V �, v P V, h P H. (3.2.6)

Now define A0pV, V
�q to be the algebra on T pV q bH b T pV �q with relations

fh � hp1qpf � hp2qq, hv � php1q � vqhp2q, (3.2.7)

(i.e. the bosonizations T pV q �H and H 
 T pV �q are subalgebras), and rf, vs � 0.

In [16, 3.1], a family of deformations of A0pV, V
�q over HomkpV b V �, Hq is

defined. The algebra AβpV, V
�q over a parameter β : V bV � Ñ H is defined using

the same generators in V , V � and H with the same bosonization relations, but

the commutator relation

rf, vs � βpf, vq. (3.2.8)
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In order to obtain flat deformations we restrict to maps β such that the multipli-

cation

m : T pV q bH b T pV �q
�
ÝÑ AβpV, V

�q, v b hb f ÞÑ vhf,

is an isomorphism of k-vector spaces.

Definition 3.2.4.1. In the case where m is an isomorphism of k-vector spaces,

we say that AβpV, V
�q is a free braided double.

Theorem 3.2.4.2 ([16, Theorem 3.3]). The algebra AβpV, V
�q is a free braided

double if and only if there exists a k-linear map δ : V Ñ H bV , δpvq � vr�1sb vr0s

which is YD-compatible with the H-action on V, i.e. for any h P H

hp1qv
r�1s b php2q � vr0sq � php1q � vqr�1shp2q b php1q � vqr0s. (3.2.9)

In this case, we call pV, δq a quasi-YD-module and we have

rf, vs � βpf b vq � vr�1sxf, vr0sy. (3.2.10)

3.2.5 Triangular Ideals

So far, the braided Hopf algebras T pV q and T pV �q were assumed to be free. We

can bring additional relations into the picture, defining braided double that are not

necessarily free. Let I � T pV q and I� � T pV �q be ideals. We want to determine

when the quotient map

m : T pV q{I bH b T pV �q{I�
�
ÝÑ AβpV, V

�q{xI, I�y

is still an isomorphism of k-vector spaces. In [16, Appendix A] it is show that

this is the case if and only if J :� xI, I�y is a so-called triangular ideal . That is,

J � I bH b T pV �q � T pV q bH b I�, where I � T¡0pV q, I� � T¡0pV �q such that

I and I� are H-invariant and

T pV �qI ¤ J, I�T pV q ¤ J. (3.2.11)

This is equivalent to the commutator rf, Is and rI�, vs being contained in J for

all degree one elements v P V , f P V �. For each quasi-YD-module, there exists a
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unique largest triangular ideal Imax, and thus a unique maximal quotient referred

to as a minimal braided double.

If δ is a YD-module, then the maximal quotient T pV q{Imax is the Nichols

algebra BpV q of V , and the braided double on BpV qbHbBpV �q is a generalization

of the Heisenberg double, a so-called braided Heisenberg double.

For the purpose of this chapter, we need ideals I such that T pV q{I is a braided

bialgebra, where V is a YD-module. That is, not a bialgebra object in the category

of k-vector spaces but in the category of YD-modules over kG (see e.g. [9, 1.2–

1.3]). However, if I is a homogeneous ideal in T¡1pV q which is a coideal and a

YD-submodule, then T pV q{I is a braided Hopf algebra. We denote the collection

of such ideals by IV . In fact Imax P IV as the Nichols algebra BpV q is a braided

Hopf algebra.

3.3 Hopf Algebras with Triangular Decomposi-

tion

In this section, we let k be a field of arbitrary characteristic and H a Hopf algebra

over k. We introduce a notion of a Hopf algebra with triangular decomposition.

3.3.1 Definitions

We refer to the grading of a braided double T pV q{I bH b T pV �q{I� given by

deg v � 1, deg f � �1, deg h � 0, @v P V, f P V �, h P H.

as the natural grading. We want to study Hopf algebras with triangular decompo-

sition preserving this grading.

Definition 3.3.1.1. A bialgebra (or Hopf algebra) A with triangular decompo-

sition over a Hopf algebra H is a braided double H � T pV q{I b H b T pV �q{I�

which is a bialgebra (respectively Hopf algebra) such that
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 H is a subcoalgebra of A with respect to the original coproduct of H, (3.3.1)


 the subspaces T pV q bH and H b T pV �q are closed under the

coproduct of A,
(3.3.2)


 the coproduct and counit are morphisms of graded algebras

for the natural grading.
(3.3.3)

(In the Hopf case, the antipode S is required to preserve the natural grading and

the subspaces T pV q bH and H b T pV �q.)

Note that (3.3.3) implies that εpvq � εpfq � 0 for all v P V , f P V �. We further

observe that assumption (3.3.2) and (3.3.3) combined with the counit property,

give that ∆pV q ¤ HbV �V bH as well as ∆pV �q ¤ HbV ��V �bH. Consider

the compositions δr, δl with projections in

V
δl

vv
∆
��

δr

((

H b V H b V ` V bHp1

oooo
p2

// // V bH.

The coalgebra axioms imply that δl and δr are left (respectively right) H-coactions.

In particular, as the semidirect product relations in A are preserved by ∆, δl (and

δr) are left (respectively right) YD-compatible with the given action of H on V .

Similarly, we can obtain a left and right YD-module structure over H on the dual

V � from the coproduct. These are denoted by δ�l and δ�r .

Definition 3.3.1.2. Given a bialgebra A with triangular decomposition over H,

we define the right (respectively, left) YD-structure of A to be δr (respectively, δl).

We refer to δ�r and δ�l as the right and left dual YD-structures.

To fix Sweedler’s notation for the different coactions, denote δrpvq � vp0qbvp�1q

and δlpvq � vp�1q b vp0q and use similar notations for f P V �. We will reformulate

the definition of a bialgebra with triangular decomposition in terms of conditions

on the YD-structures of A in (3.3.6)–(3.3.10) in the free case first.
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Lemma 3.3.1.3. A bialgebra with triangular decomposition A is a Hopf algebra

with triangular decomposition if and only if

Spvp0qqvp�1q � pSpvp�1qqp1q � vp0qqSpvp�1qqp2q � 0,

vp0qSpvp�1qq � pvp�1q
p1q � Spvp0qqqvp�1q

p2q � 0,
@v P V, (3.3.4)

f p�1qSpf p0qq � Spf p�1qqp1qpf
p0q � Spf p�1qqp2qq � 0,

Spf p�1qqf p0q � f p�1q
p1qpSpf

p0qq � f p�1q
p2qq � 0,

@f P V �. (3.3.5)

In this case, the antipode extends uniquely to all of A.

Proof. This follows (under use of the semidirect product relations) by restating

the antipode axioms for the coproduct of a Hopf algebra with triangular decom-

position, which has the form ∆pvq � vp0qb vp�1q� vp�1qb vp0q. Note that εpvq � 0

as we require the counit to be a morphism of graded algebras.

3.3.2 The Free Case

Let A be a free braided double, i.e. A � T pV q b H b T pV �q. We can now

state necessary and sufficient conditions on the YD-structures of A to make the

algebra A a bialgebra with triangular decomposition. In the following, we stick

to the notation of [16, Definition 2.1] denoting the quasi-coaction determining the

commutator relation between elements of V and V � by δpvq � vr�1s b vr0s, for

v P V .

Lemma 3.3.2.1. A free braided double A on T pV q b H b T pV �q is a bialgebra

with triangular decomposition if and only if there exist YD-structures δl, δr, δ
�
l ,

and δ�r such that the following conditions hold for v P V , f P V �:

pf p0q � vp�1qq b pf p�1q � vp0qq � f b v, (3.3.6)

pf p�1q � vp0qq b pf p0q � vp�1qq � v b f, (3.3.7)

vp0qf p0q b pf p�1qvp�1q � vp�1qf p�1qq � 0, (3.3.8)

pf p�1qvp�1q � vp�1qf p�1qq b vp0qf p0q � 0, (3.3.9)

vp0qr�1sxf p0q, vp0qr0sy b f p�1qvp�1q

� f p�1qvp�1q b vp0qr�1sxf p0q, vp0qr0sy
� vr�1s b vr�1sxf, vr0sy. (3.3.10)
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Proof. The conditions are easily checked to be equivalent — under use of the rela-

tions in A and the PBW theorem — to the requirement that (3.2.10) is preserved

by ∆. This gives the relations (3.3.8)–(3.3.10), as well as

vp�1q
p1qpf

p0q � vp�1q
p2qq b pf

p�1q
p1q � vp0qqf p�1q

p2q � vp�1qf p0q b vp0qf p�1q,

pf p�1q
p1q � vp0qqf p�1q

p2q b vp�1q
p1qpf

p0q � vp�1q
p2qq � vp0qf p�1q b vp�1qf p0q.

These relations are equivalent to (3.3.6) and (3.3.7) under use of the counit of H,

applying the coaction axioms.

Conversely, given δr, δl as well as their dual counterparts δ�r , δ�l , the bosoniza-

tion relations are preserved by the coproduct defined as

∆pvq � vp0q b vp�1q � vp�1q b vp0q, ∆pfq � f p0q b f p�1q � f p�1q b f p0q, (3.3.11)

for v P V , f P V � by YD-compatibility.

It will become apparent in Section 3.4 what constraints on the structure of A

conditions (3.3.6)–(3.3.10) give working over a group, and over a polynomial ring

in Section 3.5.4.

3.3.3 Triangular Hopf Ideals

We are looking for triangular ideals J � I b H b T pV �q � T pV q b H b I� (cf.

[16, Appendix A] or Section 3.2.5) which are also coideals, and hence A{J is a

triangular bialgebra or Hopf algebra.

Using the description of the coproduct ∆ in terms of the left and right YD-

structures on A, the triangular ideas J that are also coideals are simply those

triangular ideals for which I (and I�) are YD-submodules for both δl and δr (re-

spectively, δ�l and δ�r ).

If A is a triangular Hopf algebra with antipode given as in Lemma 3.3.1.3, then

every triangular ideal which is also a coideals is automatically a Hopf ideal.

Definition 3.3.3.1. We denote the collection of ideals of the form

J � I bH b T pV �q � T pV q bH b I�

for I�T pV q and I��T pV �q which are also YD-submodules for δr, δl (respectively

for δ�r , δ�l ) by I∆pAq. Such ideals J are called triangular Hopf ideals .
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3.3.4 Asymmetric Braided Drinfeld Doubles

A special class of Hopf algebras with triangular decomposition can be provided by

braided Drinfeld doubles of primitively generated Hopf algebras over a quasitrian-

gular base Hopf algebra H. This form of the Drinfeld double was introduced as

the double bosonization in [88, 90], see also Section 2.3.5 for the presentation used

here. We now give a more general definition of an asymmetric braided Drinfeld

double which is suitable to capture the more general class of Hopf algebras that

we find in Section 3.4, including multiparameter quantum groups, as examples. In

this construction, the base Hopf algebra H need not be quasitriangular, and the

asymmetric braided Drinfeld double is also not quasitriangular in general.

To define the braided Drinfeld double of dually paired braided Hopf algebras C

and B in the category DrinpHq-Mod � H
HYD we require that x , y : C bB Ñ k is

a morphism of YD-modules. This implies that the actions and coactions on C and

B are dual to one-another (by means of the antipode of H). A weaker requirement

is that we consider the images of C and B under the forgetful functor

F : HHYD ÝÑ H-Mod,

and require that F pCq and F pBq are dually paired Hopf algebras in H-Mod (with

the induced braiding under F ), while C and B may not be dually paired in H
HYD.

Hence the coactions on C and B do not necessarily have to be related via the

antipode, but the actions and resulting braidings need to be related by duality.

This is captured by the following definition, where we denote the left coactions by

c ÞÑ cp�1q b cp0q and b ÞÑ bp�1q b bp0q respectively.

Definition 3.3.4.1. We say that two braided Hopf algebras C,B in H
HYD are

weakly dually paired if there exists a morphism of H-modules x , y : C b B Ñ k

such that

xcc1, by � xc1, bp1qyxc, bp2qy, xc, bb1y � xcp1q, b
1yxcp2q, by, (3.3.12)

for all c, c1 P C, and b, b1 P B; as well as

pcp�1q � bqcp0q � bp0qpbp�1q � cq. (3.3.13)
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This weaker duality is equivalent to an analogue of condition (3.3.7). To see

this, we can regard the left H-coaction on B as a right Hcop-coaction. Given a left

H-action �, we define a right Hcop-action � :� �pS�1 b Idqτ (where τ denotes

the b-symmetry in Vectk). The resulting structures make B a right YD-module

over Hcop. The condition (3.3.7) can be rephrased as requiring for all b P B, c P C

that

bp0qcp�1q b bp�1qcp0q � cp�1qbp0q b cp0qbp�1q, (3.3.14)

ðñ bc � pcp�1q � bp0qqpcp0q � bp�1qq,

ðñ pcp�1q � bqcp0q � bp0qpc� Spbp�1qqq � bp0qpbp�1q � cq,

which gives condition (3.3.13). We can visualize condition (3.3.14) using graphical

calculus (with the conventions from Chapter 2):

C B

�

C B

B CH H B CHH

ðñ �

C B

B C

C B

B C

.

Figure 3.3.1: Left and right braiding compatibility condition

Assuming the axiom (3.3.13), we can define an analogue of the braided Drinfeld

double on the k-vector space BbHbC (rather than using BbDrinpHqbC) with

this weaker requirement of duality on C and B. The definition of the asymmetric

braided Drinfeld double can be given using Tannakian reconstruction theory by

describing their category of modules. This is similar to the approach used for the

braided Drinfeld double in [90, Appendix B] (cf. also Section 2.3.2).

Definition 3.3.4.2. Let C,B be weakly dually paired braided Hopf algebras in
H
HYD. We define the category CYDBasypHq of asymmetric YD-modules over C,B

as having objects V which are left H-modules (also viewed as right modules by

means of the inverse antipode), equipped with a left C-action and a right B-action

(by morphisms of H-modules) which satisfy the compatibility condition

ppcp2q � vq � bp1q
p�1qq � bp2qxcp1q, bp1q

p0qy � cp1q � pcp2q
p�1q � pv � bp1qqqxcp2q

p0q, bp2qy,
(3.3.15)
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for all v P V, b P B, c P C. Morphisms in CYDBasypHq are required to commute with

the actions of H, B and C.

It may help to visualize the condition (3.3.15) using graphical notation:

BV

VV

V B

�

C C

.

Figure 3.3.2: Asymmetric Yetter–Drinfeld modules

Proposition 3.3.4.3. The category CYDBasypHq is monoidal, with a commutative

diagram of monoidal fiber functors

Mod-BpH-Modq

((
CYDBasypHq

66

((

H-Mod //Vectk.

C-ModpH-Modq

66

Proof. This monadicity statement can for example be checked directly using graph-

ical calculus. Note that condition (3.3.14) is crucial. The fiber functors simply

forget the additional structure at each step.

Definition 3.3.4.4. The asymmetric braided Drinfeld double Drinasy
H pC,Bq is de-

fined as the algebra obtained by Tannakian reconstruction27 on BbHbC applied

to the functor CYDBasypHq ÝÑ Vectk. Hence Drinasy
H pC,Bq-Mod and CYDBasypHq

are canonically equivalent as categories.

27See e.g. [88, 9.4.1] or Section 2.2.3.
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Proposition 3.3.4.5. An explicit presentation for the asymmetric braided Drin-

feld double Drinasy
H pC,Bq on the k-vector space BbH bC can be given as follows:

the multiplication on B is opposite, and for c P C, b P B and h P H we have

hb � php2q � bqhp1q, (3.3.16)

hc � php1q � cqhp2q, (3.3.17)

bp2qS
�1pbp1q

p�1qqcp2qxcp1q b bp1q
p0qy � cp1qcp2q

p�1qbp1qxcp2q
p0q b bp2qy. (3.3.18)

The coproducts are given by

∆phq � hp1q b hp2q, (3.3.19)

∆pbq � bp1q
p0q b bp2qS

�1pbp1q
p�1qq, (3.3.20)

∆pcq � cp1qcp2q
p�1q b cp2q

p0q, (3.3.21)

and the antipode is

Sphq � Sphq, Spbq � S�1pbp0qqbp�1q, Spcq � Spcp�1qqSpcp0qq, (3.3.22)

using the respective given structures on H, B, and C.

Proof. This follows under application of reconstruction (in Vectk) applied to
CYDBasypHq. See e.g Section 2.2.3 for formulas on how to obtain the structures,

including the antipode (Figure 2.1).

An important feature of the braided Drinfeld double is that it has braided

categories of representations. For the asymmetric braided Drinfeld double to be

quasitriangular, we need H to be quasitriangular. If H is not quasitriangular,

this can be achieved by working with over DrinpHq instead of H as a base Hopf

algebra.

From now on, we restrict to the important special case where B and C are

primitively generated by finite-dimensional YD-modules. This way, we obtain

examples of Hopf algebras with a triangular decomposition over H.

Lemma 3.3.4.6. Let V , V � be left YD-modules over H, such that the action

on V � is dual to the action on V . Then braided tensor (co)algebras T pV qop and
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T pV �qcop are dually paired28 in the monoidal category of right modules over H.

Further assume that the compatibility condition (3.3.14) holds.

Then the asymmetric braided Drinfeld double Drinasy
H pT pV �qcop, T pV qopq is given

on A � T pV q bH b T pV �q subject to the usual bosonization relations (3.2.7) and

the cross relation

rf, cs � S�1pvp�1qqxf, vp0qy � f p�1qxf p0q, vy. (3.3.23)

The coalgebra structure is given by

∆pvq � vp0q b S�1pvp�1qq � 1b v, ∆pfq � f b 1� f p�1q b f p0q. (3.3.24)

The counit is given by εpvq � εpfq � 0 and the antipode can be computed using

the conditions from equations (3.3.4) and (3.3.5) as

Spvq � �vp0qvp�1q, Spfq � �Spf p�1qqf p0q. (3.3.25)

We can also consider quotients of the form A{J for any triangular Hopf ideal

J P I∆pAq. The quotient of A by the maximal triangular Hopf ideal in I∆pAq is

denoted by UHpV, V
�q.

Lemma 3.3.4.7. Let A � Drinasy
H pT pV qop, T pV �qcopq for V , V � as in Lemma

3.3.4.6. Then the maximal ideal ImaxpAq in I∆pAq is given by

ImaxpAq � ImaxpV q bH b T pV �q � T pV q bH b ImaxpV
�q,

where ImaxpV q is the maximal ideal for the left coaction on V , and ImaxpV
�q is the

maximal ideal for the left coaction on V �. Hence

m : BpV q bH b BpV �q
�
ÝÑ UHpV, V

�q

is an isomorphism of k-vector spaces (PBW theorem).

Proof. This is clear as we know that T pV qop{ImaxpV q and T pV �qcop{ImaxpV
�q are

weakly dually paired braided Hopf algebras and their asymmetric braided Drinfeld

double is given by the quotient Drinasy
H pT pV qop, T pV �qcopq{ImaxpAq, which must be

the minimal double UHpV, V
�q.

28We choose the opposite T pV qop and coopposite T pV �qcop in order to avoid having to take
the opposite multiplication in the resulting double (cf. 3.3.4.5). As tensor algebras are cocom-
mutative, this choice does not affect the formulas for the coproduct.
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A perfect pairing between the positive and negative part of UHpV, V
�q implies

the existence of a formal power series coev satisfying the axioms of coevalua-

tion. This can be used to give a braiding on a suitable category of modules over

UHpV, V
�q (where BpV q acts integrally), and all modules have the structure of

being YD-modules over H.

3.3.5 Symmetric Triangular Decompositions

The rest of this section will be devoted to the question of recovering the braided

Drinfeld double over a quasitriangular base Hopf algebra H as a special case of

the asymmetric braided Drinfeld double. For this, we introduce the idea of a Hopf

algebra with a symmetric triangular decomposition:

Definition 3.3.5.1. Given a bialgebra with triangular decomposition. If the as-

sociated coactions satisfy that the right coaction δ�r of V � is the dual coaction to

δl, i.e.

xf p0q b vyf p�1q � xf b vp0qyvp�1q, (3.3.26)

and the coactions δr and δ�l are compatible in the same way, then we call the

triangular decomposition symmetric.

In the case where H is a quasitriangular Hopf algebra, we can recover a special

case of the definition of the braided Drinfeld double given in Example 2.3.5.7 from

the more general form given in Definition 3.3.4.4, and the resulting triangular

decomposition will be symmetric. For this, note that the universal R-matrix and

its inverse give functors (due to [79])

R�1 : H-Mod ÝÑ H
HYD, pV,�q ÞÝÑ pV,�, pIdH b�qpR

�1 b IdV qq,

R : Mod-H ÝÑ H
HYD, pV,�q ÞÝÑ pV,�, p� b IdHqpIdV bRqq.

Given a right H-module V we can hence give V the left YD-module structure

using R�1, and V � the dual YD-module structure. Note that (3.3.14) is satisfied

in this case. With these structures, the relation (3.3.23) becomes

rf, cs � S�1pR�p2qqxf, v �R�p1qy �R�p1qxR�p2q � f, vy

� Rp2qxRp1q � f, vy �R�p1qxR�p2q � f, vy.
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This is precisely the condition of Example 2.3.5.7. Note that we use R � pS�1 b

IdHqR
�1. This proves the following:

Proposition 3.3.5.2. Braided Drinfeld doubles of braided Hopf algebras over a

quasitriangular Hopf algebras are a special case of Definition 3.3.4.4 with symmet-

ric triangular decomposition.

Note that a partial converse statement also holds: Given an asymmetric braided

Drinfeld double that is symmetric, then it can be displayed as a braided Drinfeld

double in the sense of [68, 90], but unless H is quasitriangular (and the coaction in-

duced by the R-matrix), we need to view if over the base Hopf algebra DrinpHq. If

the positive and negative part are perfectly paired, then we can give a formal power

series describing the R-matrix and an appropriate subcategory (corresponding to

the Drinfeld center) is braided.

Particularly interesting examples of such braided Drinfeld doubles include the

quantum groups Uqpgq for generic q, and the small quantum groups uqpgq (see [90,

Section 4]). Their construction uses the concept of a weak quasitriangular structure

for which a similar statement to 3.3.5.2 can be made. We will see in Section 3.5 that

multiparameter quantum groups can be viewed as examples of asymmetric braided

Drinfeld doubles that are not symmetric. Further, all the pointed Hopf algebras

classified in the main result of this chapter (Theorem 3.4.2.2), under the additional

assumption that the braiding is of separable type and some commutators do not

vanish, are asymmetric braided Drinfeld doubles.

3.4 Classification over a Group

In this section, we denote by A � T pV q b kGb T pV �q a bialgebra with triangular

decomposition over a group algebra kG. Note that we do not assume G to be

finite.

3.4.1 Preliminary Observations

Hopf algebras that are generated by grouplike and skew primitive elements are

always pointed. We show that assuming a Hopf algebra has triangular decompo-
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sition over a group and is of what we call weakly separable type, it is generated by

skew-primitive elements and hence pointed.

Lemma 3.4.1.1. For a bialgebra A with triangular decomposition over kG as

above, there exists a basis v1, . . . , vn of V and f1, . . . , fn of V �, as well as invertible

matrices M and N such that

∆pviq � vi b gi �
¸
j

Mijhj b v1j, ∆pfiq � fi b ai �
¸
j

Nijbj b f 1j, (3.4.1)

where v11, . . . , v
1
n is another basis of V , and f 11, . . . , f

1
n of V �.

Proof. Let v1, . . . , vn be a homogeneous basis for the YD-compatible grading δr

and v11, . . . , v
1
n a homogeneous basis for δl. The form (3.4.1) of the coproducts is

obtained by letting M be the base change matrix from tviu to tv1iu. The same

argument works for the dual V �, denoting the base change matrix from tfiu to

tf 1iu by N .

Lemma 3.4.1.2. A bialgebra A with a triangular decomposition over kG as above

is a Hopf algebra, with antipode S given on generators of the form vi, fi as in

(3.4.1) by

Spviq � �
¸
j

Mijph
�1
j � v1jqh

�1
j g�1

i , Spfiq � �
¸
j

Nijpf
1
j � bjqb

�1
j a�1

i . (3.4.2)

Proof. The antipode axioms require that S is of the form stated, using that kG

is a Hopf subalgebra, cf. (3.3.4)–(3.3.5). As T pV q and T pV �q are free, defining S

on the generators extends uniquely to an antialgebra and coalgebra map on all of

A.

Definition 3.4.1.3. A Hopf algebra A with triangular decomposition over a group

is called of weakly separable type if the degrees right gi, . . . , gn of V are pairwise

distinct group elements, and the same holds for the left degrees h1, . . . , hn of V as

well as the dual degrees.

We observe that being of weakly separable type over a group implies that

V and V � have 1-dimensional homogeneous components. This gives that for a

homogeneous basis element vi of degree ai, g � vi � 0 is homogeneous of degree
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gaig
�1 which hence has to be a scalar multiple of a basis element vgpiq where gpiq is

an index 1, . . . , n. Hence we obtain an action of G on t1, . . . , nu. To fix notation,

we write

g � vi � λipgqvgpiq, fi � g � µipgqfgpiq. (3.4.3)

We will see that for A of weakly separable type, the bases change matrices M , N

are diagonal matrices and can be chosen to be the identity matrix by rescaling of

the diagonal bases. This implies that A is generated by primitive and group-like

elements and hence pointed. It is a conjecture in [9, Introduction] that all finite-

dimensional pointed Hopf algebras over a field of characteristic zero are in fact

generated by skew-primitive and group-like elements.

Proposition 3.4.1.4. If A is of weakly separable type, then there exists a basis

tviu of V and tfiu of V � consisting of pgi, hiq-skew primitive elements, i.e.

∆pviq � vi b gi � hi b vi, ∆pfiq � fi b ai � bi b fi, (3.4.4)

and the antipode on a these skew-primitive elements is given by Spviq � ph�1
i �

viqh
�1
i g�1

i , Spfiq � pfi � biqb
�1
i a�1

i .

Proof. Consider the right and left coactions δr and δl from Section 3.3.1. Choosing

a basis v1, . . . , vn homogeneous for δl and v11, . . . , v
1
n homogeneous for δr, (3.4.1)

gives

∆pviq � vi b gi �
¸
j

Mijhj b v1j, (3.4.5)

where M � pMijq is the base change matrix. By coassociativity, we find that¸
j,k

MijpM
�1qjkhj b vk b gk �

¸
j

Mijhj b v1j b gi. (3.4.6)

By weak separability of δr and δl we now have for each j � 1, . . . , n:¸
k

MijpM
�1qjkvk b gk �Mijv

1
j b gi. (3.4.7)

Note that Mij � 0 for at least some i. This implies that pM�1qjk � 0 unless k � i

as the gi are all distinct. Further, if Mij � 0, then vi and v1j are proportional.
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This can only be true for at most one i for given index j by weak separability.

Hence by reordering the basis v11, . . . , v
1
n we find that M is a diagonal matrix and

can rescale the basis tv1iu such that M is the identity matrix. Hence we have

∆pviq � vi b gi � hi b vi. The antipode conditions for A give (using Lemma

3.3.1.3) that S is of the form claimed.

Remark 3.4.1.5. The bases tviu and tfiu do not necessarily need to be orthogonal

with respect to the pairing x , y. We will see in Theorem 3.4.2.2 that if the

characters λi are all distinct, then the bases can be chosen to be dual bases.

Notation 3.4.1.6. In the following, we fix a basis v1, . . . , vn for V and f1, . . . , fn

for V � such that

∆pviq � vi b gi � hi b vi, ∆pfiq � fi b ai � bi b fi, i � 1, . . . , n. (3.4.8)

A direct observation from Proposition 3.4.1.4 is that the algebra A is generated

by primitive and grouplike elements (which are precisely the group G) and hence

pointed. Even in the general case (not assuming that A is of weakly separable

type), we have the following restrictions on the group structure.

Proposition 3.4.1.7. In the group G, the relations rgi, ajs � rhi, ajs � 1 and

rhi, bjs � rgi, bjs � 1 hold for all i, j � 1, . . . , n. In particular, if A has a symmetric

triangular decomposition, then the subgroup of G generated by all degrees is abelian.

Further, the following identities for the characters of the group action hold:

µjphiq � λipajq
�1, µjpgiq � λipbjq

�1. (3.4.9)

Proof. The commutator relations follow by applying (3.3.8) and (3.3.9) to a pair

of homogeneous basis elements of V and V � with respect to δl, δ
�
r (or δr, δ

�
l ). Then,

even without weak separability, it follows from (3.3.6) and (3.3.7) that hipjq � j,

ajpiq � i, gipjq � j and bjpiq � i by the PBW theorem. This implies the relations

(3.4.9). In the symmetric case, ai � g�1
i and bi � h�1

i which forces the subgroup

generated by all degrees to be abelian.

125



3.4.2 Classification in the Free Case of Weakly Separable
Type

We are now in the position, that we can classify all Hopf algebras A with trian-

gular decomposition of weakly separable type (cf. Definition 3.4.1.3). This will

enable us to view the Hopf algebras arising from this classification as analogues of

multiparameter quantum groups in Section 3.5. We start by considering the case

A � T pV q b kGb T pV �q which is referred to as the free case.

Proposition 3.4.2.1. For the Hopf algebra A with triangular decomposition of

weakly separable type to be indecomposable as a coalgebra it is necessary that G is

generated by elements k1, . . . , kn, l1, . . . , ln such that there exist generators vi of V

and fi of V � which are skew-primitive of the form

∆pviq � vi b ki � 1b vi, ∆pfiq � fi b 1� li b fi, (3.4.10)

with rki, ljs � 1 for all i, j. For the characters of the actions on the homogeneous

components of V and V � we require that

µjpkiq � λipljq
�1. (3.4.11)

Proof. To determine when pointed Hopf algebras are indecomposable as coalge-

bras, consider the graph ΓA described in 3.2.2. Assume that A has generators

given as in 3.4.1.6. We claim that the connected components of ΓA are in bijection

with the double cosets of the subgroup

Z :� xg�1
1 h1, . . . , g

�1
n hn, a

�1
1 b1, . . . , a

�1
n bny

in G which partition G. Indeed, using that the elements gvi and gfi are skew-

primitive of type pggi, ghiq and pgai, gbiq, we find that the connected component

of g contains, for i � 1, . . . , n, the strands

. . . ÝÑ gpg�1
i hiq

�2 ÝÑ gpg�1
i hiq

�1 ÝÑ g ÝÑ gpg�1
i hiq

1 ÝÑ gpg�1
i hiq

2 ÝÑ . . .

for i � 1, . . . , n and the same strand with a�1
i bi instead of g�1

i hi (and with g

multiplied on the right). Moreover, as the elements gvi, gfi, vig, fig (and possibly

linear combinations of products of them, which would again be of type given by
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elements in Z) are the only skew-primitive elements in A, and thus give the only

arrows in ΓA, two elements g and h are in the same connected component if and

only if z1gz2 � z3hz4, for some zi P Z. Thus, A is indecomposable if and only if

G equals the connected component of 1 in the graph ΓA, hence if G � Z which is

the finitely-generated group generated by the elements ki :� h�1
i gi, li :� a�1

i bi for

i � 1, . . . , n. Hence, in order to obtain indecomposability, the coproducts are of

the form as stated in (3.4.10). This is achieved by replacing the generators vi by

vih
�1
i and fi by a�1

i fi. The rest of the statements follow directly from Proposition

3.4.1.7.

Theorem 3.4.2.2. For an indecomposable pointed Hopf algebra A as in Theorem

3.4.2.1 of weakly separable type, the commutator relation (3.2.10) is of the form

rfi, vjs � γijpkj � liq @1 ¤ i, j ¤ n, (3.4.12)

where γij are scalars in k such that γij � 0 whenever λi � λj in which case also

xfi, vjy � 0. Conversely, any choice of such scalars gives a pointed Hopf algebra

of this form.

Proof. With the work done in Proposition 3.4.1.3, it remains to verify that the

form of the commutator relation (3.2.10) is as stated. Recall that in [16, 3.1], the

commutator relation is given by means of a quasi-coaction. That is a morphism

δ : V Ñ kGb V satisfying (3.2.9) and (3.2.10). Such a morphism has the general

form

δpvjq � v
r�1s
j b v

r0s
j �

¸
k,g

αjk,gg b vk, αik,g P k, (3.4.13)

on the basis elements. Then (3.3.10), which is required for A to be a bialgebra,

rewrites as ¸
k,g

αjk,gpg b kj � li b gqxfi, vky �
¸
k,g

αjk,gg b gxfi, vky.

For each i, there exists k such that xfi, vky � 0. For given i, we denote the set

of indices such that xfi, vky � 0 by Ii. For such k P Ii, we find that αjk,g � 0 for

g � kj, li, and αjk,kj � �αjk,li . Thus, we obtain that δ is of the form

δpvjq � v
r�1s
j b v

r0s
j �

ņ

i�1

γijpkj � liq b v1i, (3.4.14)
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where γij �
°
kPIi

αjk,kj1{xfi, vky |Ii| and tv1iu is the dual basis of V to tfiu. Con-

versely, given arbitrary scalars γij for i, j � 1, . . . , n, we can define a quasi-coaction

by the same formula (3.4.14). Then δ is YD-compatible with the given action of

G on V if and only if (cf. to condition (A) in [16, Theorem A])

γijµipgqpgkj � gliq �grfi � g, vjs
pAq
� rfi, g � vjsg � γijλjpgqpkjg � ligq.

As A is indecomposable of weakly separable type, G is abelian and hence this

condition is equivalent to λj � µi whenever γij � 0. But by duality of the action,

if xfi, vjy � 0 then λi � µj.

As for given i � 1, . . . , n, xfi, vjy � 0 for some j we have that λi � µj for at

least some j, and vice versa. Hence, the set of characters and dual characters are

in bijection. We can change the numbering and assume without loss of generality

(recall that we are in the weakly separable case) to obtain

λi � µi. (3.4.15)

From now on, we will hence only use the notation λi.

The situation, where tviu and tfiu are orthogonal bases deserves particular

attention. In this case, the scalars γij � 0 for i � j. The following concept of

separability ensure this.

Definition 3.4.2.3. Let A have a triangular decomposition of weakly separable

type over a group G. If the characters λ1, . . . , λn are distinct for different indices,

we will speak of a triangular decomposition of separable type.

Remark 3.4.2.4. At this point, a comparison to [11, 2.4] and [10, 4.3] seems appro-

priate. The condition (3.4.12) is equivalent to the so-called linking relation (3.2.4)

after a change of generators fi Ø l�1
i fi, since in the form of 3.2.3.1 all generators

have coproducts δpviq � vi b 1 � gi b vi. Such a change of generators causes the

commutators ad � r , s to become braided commutators ad � IdV b2 �Ψ. The

scalars λij satisfy the condition (d) in 3.2.3, where for the characters χiχj � ε

implies λij � 0. This is the analogue of our condition λi � λj implying γij � 0.

This linking relation also appears in the quantum group characterization of [10,

Theorem 4.3]. Hence we can conclude that the classification in this section gives
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Hopf algebras with similar relations as appearing in the work of Andruskiewitsch

and Schneider.

Example 3.4.2.5. The most degenerate case, where γij � 0, gives the Hopf algebra

pT pV q`T pV �qq�kG where the tensor algebras are again computed in the category

of YD-modules over kG.

Assuming the non-degeneracy that γii � 0, we can adapt the terminology of

[16, 5.5] that the braided doubles in this case come from mixed YD-structures. A

mixed YD-structure is a quasi-coaction δ that is a weighted sum
°
tiδi, where δi

are YD-modules compatible with the same action, and ti are generic scalars. The

quasi-YD-module in the theorem is the sum δ � δr � pδ�l q
�, where pδ�l q

� is the

YD-module given by vj ÞÑ ljbvj, which is dual to δ�l . We will see that in this case

all the Hopf algebras arising are certain asymmetric braided Drinfeld doubles (as

defined in 3.3.4).

In the symmetric case, these algebras are in fact braided Drinfeld doubles. In

particular, their adequately defined module categories (resembling the category O,

see Section 2.3.7) are braided.

3.4.3 Interpretation as Asymmetric Braided Drinfeld Dou-
bles

So far, we have only classified free braided doubles over kG. That is, as a k-

vector space A � T pV q b kG b T pV �q via the multiplication map. To capture

examples such as quantum groups, it is necessary to consider quotients of A by

ideals J � xI, I�y such that A{J � T pV q{IbkGbT pV �q{I� is still a Hopf algebra

(and thus pointed). Here I � T pV q and I� � T pV �q are ideals and also coideals,

and J P I∆pAq. We will now refine our considerations from Section 3.3.3 to find

for what ideals I and I� this is the case. We will use the notation

qij :� λjpkiq. (3.4.16)

Then, by (3.4.11), we have that λjpliq � q�1
ji , and the matrix q � pqijq describes

the braiding on V fully, i.e. it is of diagonal type.

The collection of triangular Hopf ideals I∆pAq introduced in Section 3.2.5 can

be described more concretely for A satisfying the following restrictions: we assume
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that the parameters γii � 0 for all i and that V (and hence V �) are of separable

type, and that ki � li. Recall that in this situation, the algebras of the classification

3.4.2.2 are displayed as what is referred to in [16, 5.5] as arising from mixed YD-

structures. More specifically, the quasi-coaction δ � δr � pδ
�
l q
�, where δ�l denotes

the coaction on V that is obtained by dualizing the left coaction δ�l on V � (this is

possible as G is abelian).

By Lemma 3.3.4.7, the ideals in I∆pAq are of the form J � I b kGb T pV �q �

T pV q b kG b I� where I is an ideal in the collection IpV,δrq for V with the right

coaction given by δr, and I� is in IpV �,δ�l q for the left dual coaction δ�l on V �.

Note that by (3.4.11) the braiding Ψr coming from δr and Ψl from pδ�l q
� on V

are given by

Ψrpvi b vjq � qijvj b vi, Ψlpvi b vjq � q�1
ji vj b vi. (3.4.17)

That is, Ψl � Ψ�1
r , the inverse braiding. We hence drop the subscripts l, r.

Example 3.4.3.1. In the quantum groups A � Uqpgq, the braiding satisfies the

symmetry qij � qi�j � qj�i � qji as the Cartan datum is symmetric. This implies

that the relations in I are symmetric under reversing the order of tensors v1b . . .b

vn Ø vn b . . . b v1. This can be verified explicitly by observing that in Uqpgq the

ideal I is generated by q-Serre relations, which carry such a symmetry.

Theorem 3.4.3.2. All quotients by triangular Hopf ideals J P I∆pAq of algebras

A occurring in the classification 3.4.2.2, where A is of separable type with γii � 0

for all i, are asymmetric braided Drinfeld doubles. If J is maximal of this form,

then A{J � UkGpV, V
�q.

Proof. We have seen that the commutator relations are of the form rfi, vjs �

δijγiipki� ljq. This is precisely the form of the asymmetric braided Drinfeld double

of V with right YD-module structure given by the right grading, and V � with left

YD-module structure given by the left dual grading. The pairing is given by

xfi, vjy � δijγii here. We have to check that the braided Hopf algebras T pV q and

T pV �q of YD-modules over G are dually paired when viewed in the category of left

kG-modules. This however follows from condition (3.4.11). Taking the maximal

quotient by a triangular ideal (or the left and right radical of the pairing) gives

the asymmetric braided Drinfeld double UkGpV, V
�q.
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If some of the parameters γii are zero, then the pointed Hopf algebras obtained

are not an asymmetric braided Drinfeld double any more (in the sense of Definition

3.3.4.4).

3.4.4 Recovering a Lie Algebra

We assume that char k � 0 in this section and study Hopf algebras with triangular

decomposition of separable type which are of the form UkGpV, V
�q (see Theorem

3.4.3.2). The aim is to set the characters λi and the group elements ki, li equal

to 1. This way, we want to recover a Lie algebra g for any of the indecomposable

pointed Hopf algebras of the form UkGpV, V
�q, relating back to the question asked

in the introduction of finding quantum groups for a given Lie algebra. The tool

available for this is the Milnor–Moore theorem from [93] (see also [94, Theorem

5.6.5]) which shows that any cocommutative connected Hopf algebras is of the

form Upgq for a (possibly infinite-dimensional) Lie algebra g.

There are technical problems with this naive approach. To set the elements qij

— which will be replaced by formal parameters — equal to one, we need to give

an appropriate integral form to avoid that the modules collapse to zero. This rules

out examples like e.g. krxs{pxnq (and, more generally, the small quantum groups)

which are braided Hopf algebras in the category of YD-modules over kZ, as here a

generator of the group acts by a primitive nth root of unity q on x, and Zrqs � k

is a cyclotomic ring.

As a first step, we introduce appropriate integral forms of UkGpV, V
�q, for which

we need the square roots of qij. We consider the subring Z :� Zrq�1{2
ij si,j � k

adjoining all square roots of the numbers qij and their inverses. This will now be

treated as formal parameters with certain relations between them, coming from

the relations we have among them in k.

Assumption 3.4.4.1. In this section, we assume that the ideal xq
�1{2
ij � 1 | i, j �

1, . . . , ny in Z is a proper ideal, and hence p : Z Ñ Z, q
�1{2
ij ÞÑ 1 is a well-defined

morphism of rings.

This assumption is crucial in the formal limiting process. It, for example,

prevents examples in which qn � qn�1 � . . .� q � 1 � 0 as in cyclotomic rings.
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To produce an integral form, we replace a given YD-module V over kG of

separable type as in the previous sections, by a YD-module over ZG. For this,

we can choose a G-homogeneous basis v1, . . . , vn and a homogeoneous dual basis

fi, . . . , fn such that (possibly after rescaling)

xfi, vjy �
1

q
1{2
ii � q

�1{2
ii

δij, @i, j. (3.4.18)

An important observation is that the Woronowicz symmetrizers, which are used to

compute the Nichols ideal ImaxpV q, have coefficients in Z. Hence their kernels will

be Z-modules. That is, for V int defined as Zxv1, . . . , vny, which is a YD-module

over the group ring ZG, the Woronowicz symmetrizer Wornint Ψ is a Z-linear map

V intbn Ñ V intbn. Hence ImaxpV
intq :� ker Worint Ψ is an ideal in T pV intq, the

tensor algebra over Z.

In order to provide an integral form of UkGpV, V
�q, we will change the presenta-

tion by introducing new commuting generators, namely rfi, vis �: ti. One verifies

that the following commutator relations hold over k, as we are given the relation

ti �
1

q
1{2
ii �q

�1{2
ii

pki � liq when working over the field:

rfi, tjs � δi,jpq
1{2
ii kifi � q

�1{2
ii lifiq, (3.4.19)

rvi, tjs � �δi,jpq
�1{2
ii kivi � q

1{2
ii liviq. (3.4.20)

Definition 3.4.4.2. The integral form UZGpV
int, V int�q of UkGpV, V

�q is defined

as the graded Hopf algebra over the ring Z generated by v1, . . . , vn, of degree

1, f1, . . . , fn of degree �1, and the group elements k1, . . . , kn, l1, . . . , ln P G, and

additional elements t1, . . . , tn of degree 0, subject to the relations of ImaxpV
intq and

I�maxpV
intq, bosonization relations

gvi � pg � viqg, fig � gpfi � gq, (3.4.21)

as well as the relations (3.4.19), (3.4.20) and

gvi � pg � viqg, fig � gpfi � gq, (3.4.22)

q
1{2
ii pki � liq � pqii � 1qti, (3.4.23)

rfi, vjs � δi,jti, (3.4.24)

rti, tjs � 0. (3.4.25)
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The coproducts are given as before on the generators fi, vi, ki, li and ∆ptiq �

ti b ki � li b ti.

Note that as A � UZGpV
int, V int�q is a Hopf algebra over the commutative ring

Z, the coproduct is a map AÑ AbZ A. For the quantum groups Uqpgq at generic

parameter, the integral form in this case is so-called non-restricted integral form

(see e.g. [27, 9.2]) which goes back to De Concini–Kac [31]. To set the parameters

equal to one, and to consider extensions of Hopf algebras to fields, we use the

following Lemma:

Lemma 3.4.4.3. Let φ : R Ñ S be a morphism of commutative algebras. We

denote the category of Hopf algebras over R by HopfR. Then base change along

φ induces a functor

Hopfφ : HopfR ÝÑ HopfS, A ÞÝÑ AbR S.

Proof. Given a Hopf algebra A which is an R-algebra, i.e. there is a morphism

R Ñ A, we induce the multiplication and comultiplication on S ÞÑ A bR S using

the isomorphism

pAbR Sq bS pAbR Sq � pAbR Aq bR S.

It is easy to check that the Hopf algebra axioms are preserved under base change.

Proposition 3.4.4.4. There is an isomorphism of graded Hopf algebras

UZGpV
int, V int�q bZ k

�
ÝÑ UkGpV, V

�q.

Proof. Recall that Z ¤ k by construction. Extending to k, we are able to divide by

qii� 1 in (3.4.23), and recover the original commutator and bosonization relations

in UkGpV, V
�q. It remains to verify that

ImaxpV
intq bZ k � ker Worint ΨbZ k � ker Wor Ψ � ImaxpV q.

This follows by noting that k is flat as a Z-module (since the function field KpZq

is flat over Z as a localization, and k is free over KpZq), and V int bZ k � V as

k-vector spaces.
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Definition 3.4.4.5. We define the classical limit of UkGpV, V
�q as the algebra

U cl
k pV, V

�q :� pUZGpV
int, V int�q bZ Zq bZ k

M
xker εGy ,

using the morphism p : Z Ñ Z mapping all q
�1{2
ij to 1, and the two sided ideal

xker εGy generated by the kernel of the augmentation map εG : kG Ñ k mapping

all group elements to 1. Note that this ideal is a Hopf ideal.

That is, to obtain the classical form we first set the parameters q
�1{2
ij equal to

1 in the integral form and then extend the resulting Z-module to a k-vector space,

and finally set the group elements equal to 1 along the counit εG : kG Ñ k. We

obtain a primitively generated Hopf algebra, and hence a Lie algebra, this way:

Proposition 3.4.4.6. The classical limit U cl
k pV, V

�q is a connected Hopf algebra,

generated by primitive elements. Hence, for the Lie algebra pV of primitive el-

ements, UppV q � U cl
k pV, V

�q. This algebra is generated by triples fi, vi, ti which

form a subalgebra isomorphic to Upsl2q.

Proof. Lemma 3.4.4.3 ensures that U cl
l pV, V

�q is a Hopf algebra over k, and freeness

of V int over Z ensures that the positive and negative part do not collapse to the

zero space. In particular, the k-vector space V int ` V int� embeds into the Lie

algebra pV of primitive elements. In the classical limit, we obtain the relations

rfi, vjs � δi,jti, rfi, tjs � 2δi,jfi, rvi, tis � �2δi,jvi. (3.4.26)

Hence every triple fi, vi, ti generates a Lie subalgebra of pV isomorphic to sl2. Note

that U cl
k pV, V

�q is generated by primitive elements:

∆pfiq �fi b 1� 1b fi, ∆pviq � vi b 1� 1b vi.

We also compute

∆ptiq � ∆prfi, visq � rfi, vis b ki � li b rfi, vis � ti b ki � li b ti.

Hence, ti is skew primitive in U int
ZGpV, V

�q and primitive in the classical limit. Thus,

U cl
k pV, V

�q is a pointed Hopf algebra over the trivial group. That is, a connected

pointed Hopf algebra. It is further cocommutative and Theorem 5.6.5 in [94]

implies that such a Hopf algebra is of the form Upgq where g is the Lie algebra of

primitive elements as char k � 0.
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Note that U cl
k pV, V

�q is a braided double over the polynomial ring SpT q, where

T � kxt1, . . . , tny (which is not necessarily n-dimensional). The action is given

by tj � vi � 2δi,jvi The quasi-coaction is given by δpviq � ti b vi which is not a

coaction, hence U int
ZGpV, V

�q is not a braided Heisenberg double. It is also not an

asymmetric braided Drinfeld double.

Example 3.4.4.7. For Uqpgq, g a semisimple Lie algebra, viewed as a braided Drin-

feld double, the classical limit is Upgq.

We can also compute examples that do not give finite-dimensional semisimple

Lie algebras. As a general rule, the relations between the parameters qij determine

the relations in the Lie algebra. It is easy to construct free examples, for which

there are no relations between the v1, . . . , vn by choosing algebraically independent

parameters qij. The work of [105] and [10] give restrictions on examples satisfying

the growth condition of finite Gelfand–Kirillov dimension. We will view their

results in the setting of this chapter in Section 3.5.2.

3.5 Classes of Quantum Groups

In this section, we relate the classification from Section 3.4 to various classes of

examples which are often regarded as quantum groups. This includes the multipa-

rameter quantum groups studied by [12, 43, 102, 109] and others, in Section 3.5.1,

a characterization of Drinfeld–Jimbo quantum groups in Section 3.5.2, and classes

of examples of pointed Hopf algebras from the work of Radford in Section 3.5.3.

The classification in Theorem 3.4.2.2 points out natural generalizations of these

classes of examples. We finally sketch how one can define analogues of quantum

groups using triangular decompositions over other Hopf algebras than kG.

3.5.1 Multiparameter Quantum Groups

Let k be a field of characteristic zero. For the purpose of this section, let λ P k

be generic, and pij P k for 1 ¤ i   j ¤ n. Assume that pii � 1 and pji � p�1
ij .

Following [12, 29] and to fix notation, we set
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κ
piq
j �

$'&'%
pij, if i   j,

λ, if i � j,
λ
pji
, if i ¡ j.

λ
piq
j �

$'&'%
λ
pij
, if i   j,

λ, if i � j,

pji, if i ¡ j.

We will provide a variation of the presentation of [12, 29] in order to display

multiparameter quantum groups as a Hopf algebra with triangular decomposition.

Example 3.5.1.1 (Multiparameter quantum groups). Let F � kxf1, . . . , fn�1y be

the YD-module over a group algebra G with commuting generators k1, . . . , kn�1,

l1, . . . , ln�1. Denote the dual by E � kxe1, . . . , en�1y, where the pairing is given by

xei, fjy � p1�λqδij. The YD-structure is of separable type, given by assigning the

right degree ki to fi, and the left degree li to ei, and actions

ki � fj � λjpkiqfj �
λ
piq
j�1λ

pi�1q
j

λ
piq
j λ

pi�1q
j�1

fj, (3.5.1)

li � fj � λjpliqfj �
κ
piq
j κ

pi�1q
j�1

κ
piq
j�1κ

pi�1q
j

fj, (3.5.2)

for i, j � 1, . . . n� 1. We define the multiparameter quantum group Uλ,ppglnq to be

the asymmetric braided Drinfeld double UkGpF,Eq.

Note that the definition of UkGpF,Eq is possible as (3.4.11) holds, i.e.

qij :� λjpkiq �
λ
piq
j�1λ

pi�1q
j

λ
piq
j λ

pi�1q
j�1

�
κ
pjq
i�1κ

pj�1q
i

κ
pjq
i κ

pj�1q
i�1

� λipljq
�1.

The commutator relation in UkGpF,Eq is given by

rEi, Fjs � p1� λqδijpki � liq. (3.5.3)

Our definition of the multiparameter quantum group is justified by the following

isomorphism to an indecomposable subalgebra of the multiparameter quantum

group considered in the literature:

Proposition 3.5.1.2. There is an isomorphism of Hopf algebras UkGpF,Eq � U 1

where U 1 is a subalgebra of the multiparameter quantum group U � Uλ,ppglnq.
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Proof. We prove the theorem by first considering the morphism

φ : T pEq b kGb T pF q ÝÑ U.

Such a morphism will descent to an injective morphism φ : UkGpF,Eq Ñ U by

the following Lemma 3.5.1.3. We further note that the image Imφ �: U 1 is a

Hopf subalgebra isomorphic to UkGpF,Eq. Denote the generators of U by Ei, Fi

for i � 1, . . . , n � 1 and group elements Ki, Li for i � 1, . . . , n (see [29, 4.8]).

The map φ is defined by φpeiq � λEiK
�1
i�1Ki, φpfiq :� Fi, φpkiq � Li�1L

�1
i , and

φpliq :� K�1
i�1Ki. One checks directly that the relations in the free braided double

T pEq b kG b T pF q are preserved under this map, using the presentation in [29,

4.8] for U .

Lemma 3.5.1.3. The quantum Serre relations in the positive part of A � Uλ,ppglnq

are given by the largest ideal in I∆pAq, making the positive part a Nichols algebra.

This ideal is generated by the braided commutators

adpEiq
1�aijpEjq � adpFiq

1�aijpFjq � 0, (3.5.4)

where adpEiqpEjq � EiEj � qijEjEi.

Proof. It follows from Lemma 3.3.4.7 that the maximal ideal J in I∆pAq is given

by J � xI, I�y where I is the Nichols ideal of the YD-module F .

In U , the explicit description of the ideal the quotient of the positive (respec-

tively negative) part is generated by quantum Serre relations. This follows from

Lemma 4.5 in [29]. For this, it is crucial that λ is not a root of unity. The proof

uses the observation in [102], or [12] for the deformed function algebra, that multi-

parameter quantum groups, using quantum coordinate rings, can be obtained via

a 2-cocycle from a one-parameter quantum groups. The fact that the quantum

Serre relations generate the ideal J follows from Theorem 4.4 in [29] where it is

shown that these relations generate the radical of the pairing of T pF q with T pEq

extending the pairing of E and F .

The result that the multiparameter quantum group Uλ,ppglnq is the asymmetric

braided Drinfeld double UkGpF,Eq can be seen as a generalization of the result in

[20] where the two-parameter quantum groups were shown to be Drinfeld doubles.
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3.5.2 Characterizations of Quantum Groups

Let char k � 0 in this section. In Section 3.4 we observed that for an algebra

A with triangular decomposition to be an indecomposable pointed Hopf algebra,

GpAq needs to be abelian acting on V by scalars. That means, in the terminology

of [9] that the YD-braiding Ψpvbwq � vp�1q�wbvp0q is of diagonal type, i.e. there

exist non-zero scalars qij such that Ψpvi b vjq � qijvj b vi for a basis tv1, . . . , vnu.

We assume that the braidings arise from YD-module structures over an abelian

group G in this section. That is, qij � λjpkiq for the characters λi by which G acts

on kvi and group elements ki such that δpviq � vi b ki. It is a basic observation

that the braided Hopf algebras T pV q{I for I P IV , including the Nichols algebras

for V , only depend on the braiding on V (rather than the concrete choice of λi, ki).

However, different diagonal braidings pV,Ψq and pV,Ψ1q give isomorphic braided

Hopf algebras T pV q{I. Such isomorphisms can be obtained using the notion of

twist equivalence for diagonal braidings (which is a special case of the more general

concept of twisting an algebra by a 2-cocycle).

Definition 3.5.2.1. Two braided k-vector spaces of diagonal type pV,Ψq, pV 1,Ψ1q

(given by scalars qij, q
1
ij) twist equivalent if V � V 1, qii � q1ii, and qijqji � q1ijq

1
ji.

Lemma 3.5.2.2. If pV,Ψq, pV 1,Ψ1q are twist equivalent of diagonal type, then

T pV q � T pV 1q as braided Hopf algebras in the category of braided k-vector spaces,

preserving the natural grading.

Proof. For a proof see e.g. [9, 3.9–3.10]. We can find generators vi of V and v1i of

V 1 such that the isomorphism φ is determined by vi ÞÑ v1i. Defining a 2-cocycle σ

by σpvibvjq � q1ijq
�1
ij for i   j and 1 otherwise, we find that the product vivj maps

to the product twisted by σ. Note that the isomorphism is not an isomorphism in

the category of YD-modules over kG unless pV 1,Ψ1q � pV,Ψq.

For an ideal I P IV , denote the corresponding ideal under the isomorphism

T pV q � T pV 1q from Lemma 3.5.2.2 by I 1. Then we conclude that T pV q{I �

T pV 1q{I 1 is also an isomorphism of braided Hopf algebras. In particular, BpV q �
BpV 1q for the corresponding Nichols algebras.
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Lemma 3.5.2.3. If pV,Ψq and pV 1,Ψ1q are twist equivalent, such that

G � xk1, . . . , kny � xk11, . . . , k
1
ny � G1

via ki ÞÑ k1i, then UkGpV, V
�q � UkG1pV

1, V 1�q as Hopf algebras.

Proof. By Lemma 3.5.2.2, T pV q{I � T pV 1q{I 1 and T pV �q{I� � T pV 1�q{I 1�. By

the assumptions on the group generators, ki ÞÑ k1i extends to an isomorphism

kG � kG1. Thus we can define a morphism UkGpV, V
�q Ñ UkGpV

1, V 1�q which is

an isomorphism of k-vector spaces. Further, preservation of the bosonization con-

dition can be checked on generators using the isomorphism φ from Lemma 3.5.2.2.

Finally, the commutator relation (3.4.12) is preserved using the isomorphism on

kG.

Diagonal braidings are a very general class of braidings. Quantized enveloping

algebras at generic parameters however are based on braidings of specific type,

called Drinfeld–Jimbo type. Following [10], there are different classes of braidings

which we distinguish:

Definition 3.5.2.4 ([10, Definition 1.1]). Let pqijq be the n�n-matrix of a braiding

of diagonal type.

(a) The braiding given by pqijq is generic if qii is not a root of unity for any

i � 1, . . . , n.

(b) In the case k � C we say the braiding pqijq is positive if it is generic and all

diagonal elements qii are positive real numbers.

(c) The braiding pqijq is of Cartan type if qii � 1 for all i and there exists a

Z-valued n � n-matrix paijq with values qii � 2 on the diagonal and 0 ¤

�aij   ord qii for i � j, such that

qijqji � q
aij
ii for all i, j. (3.5.5)

That implies that paijq is a generalized Cartan matrix which may have several

connected components. We denote the collection of these by χ.
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(d) The braiding pqijq is of Drinfeld–Jimbo type (DJ-type) if qij are generic (no

roots of unity) and there exist positive integers d1, . . . , dn such that for all i, j,

diaij � djaji (hence the matrix paijq is symmetrizable, and for any J P χ,

there exists a scalar qJ � 0 in k such that qij � q
diaij
J for any i P I, and

j � 1, . . . , n.

Some observations can be made about the Nichols algebras associated to braid-

ed vector spaces of DJ-type. First, observe that for a braiding of Cartan type with

connected components I1, . . . , In P χ, we have that BpV q is the braided tensor

product BpVI1q b . . .bBpVInq ([8, Lemma 4.2]). Further, for V with braiding pqijq

of DJ-type, the Nichols algebra can be computed explicitly as the quantum Serre

relations ([105, Theorem 15]):

BpV q � kxx1, . . . , xn | adpxiq
1�aijpxjq � 0, @i � jy.

We now bring the growth condition of finite Gelfand–Kirillov dimension (GK-

dimension) into the picture, using characterization results of [105] of Nichols alge-

bras with this property.

Lemma 3.5.2.5 ([105]). Let k � C. Let pqijq be the matrix of a braiding of diag-

onal type which is generic such that the Nichols algebra BpV q has finite Gelfand–

Kirillov dimension. Then pqijq is of Cartan type.

Moreover, if the braiding is positive then the braiding is twist equivalent to a

braiding of DJ-type, and this condition is equivalent to finite GK-dimension.

Proof. See [10], Corollary 2.12 and Theorem 2.13.

Corollary 3.5.2.6. Let A � UCGpV, V
�q, for V or separable type, with generic

positive braiding pqijq. Then the following are equivalent

(i) A � Uqpgq for g a semisimple Lie algebra.

(ii) The braided C-vector space V with braiding pqijq is twist equivalent to a

braiding of DJ-type with finite type Cartan matrix.

(iii) BpV q has finite Gelfand–Kirillov dimension.
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Proof. The equivalence of (ii) and (iii) is the statement of Lemma 3.5.2.5 due to

[105]. Using Lemma 3.5.2.3 we find that (ii) implies (i), while it is clear that

(i) implies (ii). In fact, the GK-dimension of BpV q for V of DJ-type equals the

number of positive roots [10, 2.10(ii)].

Corollary 3.5.2.7. The only indecomposable bialgebras with a symmetric trian-

gular decomposition on BpV q b kZn b BpV �q of separable type, such that V �

Cxv1, . . . , vny is of positive diagonal type, and that no vi commutes with all of V �

are isomorphic to Uqpgq for some semisimple Lie algebra g.

Proof. This follows from the classification 3.4.2.2, combined with the result of

Rosso. The Lie algebra g is determined by the Cartan matrix one obtains under

twist equivalence in Lemma 3.5.2.5. The technical condition that no vi commutes

with all of V � ensures that rfi, vis � 0 for a dual basis f1, . . . , fn of V �, resembling

the so-called non-degeneracy condition that the scalars γii � 0 in Theorem 3.4.3.2.

This is a characterization for quantum groups at generic parameters. The work

surveyed in [9, 11] on pointed Hopf algebras over finite-dimensional Hopf algebras

can be viewed as a characterization of small quantum groups. The triangular

decomposition can be view as the case where the graph Γ described in 3.2.3 has

two connected components, such that the corresponding generators for the two

components give dually paired braided Hopf algebras.

The characterization suggests that if we are looking for examples outside of DJ-

type, we can consider braidings of generic Cartan type which are not positive. In

fact, [10, 2.6] gives an example that is generic of Cartan type, but not of DJ-type.

We compute the associated quantum group here:

Example 3.5.2.8. Let G � xk1, k2y � C8 � C8 be a free abelian group with two

generators. We define a two-dimensional YD-module V over G on generators v1

of degree k1, v2 of degree k2 via

k1 � v1 � qv1, k1 � v2 � q�1v2, k2 � v1 � q�1v1, k2 � v2 � �qv2.

Lemma 2.1 in [10] shows that

BpV q � xv1, v2 | adpv1q
3pv2q � adpv2q

3pv1q � 0y.
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The asymmetric braided Drinfeld double UCGpV, V
�q is in fact a braided Drinfeld

double if we define V � to be the dual YD-module. It is the Hopf algebra given on

BpV q b CGb BpV �q, subject to the relations

rf1, vis � δ1,i
k1 � k�1

1

q1{2 � q�1{2
, rf2, vis � δ2,i

k2 � k�1
2

iq1{2 � iq�1{2
,

k1v2 � q�1v2k1, k2v1 � q�1v1k2,

k1v1 � qv1k1, k2v2 � �qv2k2,

k1f2 � qf2k1, k2f1 � qf1k2,

k1f1 � q�1f1k1, k2f2 � �q�1f2k2,

and with coproducts

∆pviq � vi b ki � 1b vi, ∆pfiq � fi b 1� k�1
i b fi.

Apart from such examples, we can also include examples where free and nilpo-

tent generators are combined, hence capturing features of both small and generic

quantum groups. Here is such an example of minimal size:

Example 3.5.2.9. Let G � C8 � Cp � xg8y � xgpy the product of an infinite

cyclic group and one of order p. We define 2-dimensional YD-module over G as

Cv8 ` Cvp, where v8 has degree g8, and vp has degree gp. The group action is

given by

gp � vp � ξpvp, gp � v8 � ηpv8,

g8 � vp � ξ8vp, g8 � v8 � η8v8,

where scalars with a subscript p are primitive p-th roots of unity, and scalars

with subscript 8 are no roots of unity. We can now compute the Nichols algebra

with generators vp and v8. It is given by BpV q � Cxvp, v8y{xvppy. We denote

the YD-dual by V � with generators fp, f8. The braided Drinfeld double of the

braided Hopf algebra BpV q on BpV q b kpCp � C8q b BpV �q is a quantum group

that combines both uqpsl2q and Uqpsl2q:
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rfp, vis � δi,p
gp � g�1

p

ξ
1{2
p � ξ

�1{2
p

, rf8, vis � δ8,i
g8 � g�1

8

η
1{2
8 � η

�1{2
8

,

gpvp � ξpvpgp, gpv8 � ηpv8gp,

g8vp � ξ8vpg8, g8v8 � η8v8g8,

gpfp � ξ�1
p fpgp, gpf8 � η�1

p f8gp,

g8fp � ξ�1
8 fpg8, g8f8 � η�1

8 f8g8.

and with coproducts

∆pviq � vi b gi � 1b vi, ∆pfiq � fi b 1� g�1
i b fi, for i � p,8.

3.5.3 Classes of Pointed Hopf Algebras by Radford

In [100], a class of pointed Hopf algebras UpN,ν,ωq was introduced (see also [45] for

generalizations). These Hopf algebras are associated to the datum of a positive

integer N and 1 ¤ ν   N such that N does not divide ν2, and ω P k is a primitive

Nth root of unity in a field k. Denote q :� ων and r � |qν | �
∣∣∣ων2

∣∣∣. We let CN

denote a cyclic group of order N generated by an element a.

The algebra UpN,ν,ωq is the braided Drinfeld double of the YD-module Hopf

algebra U� :� krxs{pxrq over Cp, with grading given by x ÞÑ aν b x and action

a � x � q�1x. Note that U� is the Nichols algebra of the one-dimensional YD-

module kx. The coalgebra structure is given by ∆pxq � x b aν � 1 b x, and

∆pyq � yb 1� a�ν b y for the dual generator y. Note further that the other Hopf

algebra HpN,ν,ωq introduced by Radford is simply the bosonization U��kCN in this

set-up. The algebras UpN,ν,ωq and HpN,ν,ωq are not indecomposable unless ν � 1.

To obtain indecomposable pointed Hopf algebras, we can consider the subalgebras

generated by x, y and aν (respectively, x and aν). Since these only depend on the

choices of r and q we denote these Hopf algebras by Upr,qq (respectively, Hpr,qq).

Note that Upr,1,qq � Upr,qq.

3.5.4 Quantum Group Analogues in Other Contexts

To conclude this chapter, we would like to adapt the point of view that quantum

groups can also be studied over other Hopf algebras H than the group algebra.
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For this, one can, motivated by the results of this chapter, look for Hopf algebras

A with triangular decomposition over H. The property over a group that A is

of separable type can be generalized by requiring that the YD-modules V with

respect to the left and right coactions δr and δl are a direct sum of distinct one-

dimensional simples.

As a first example, we can consider the case where H itself is primitively

generated, i.e. H � krx1, . . . , xns over a field of characteristic zero. If A is a

bialgebra with triangular decomposition over H, then for v P V , ∆pvq P V b

H � H b V implies that ∆pvq in fact equals v b 1 � 1 b v using the counitary

condition. This gives that A is generated by primitive elements and hence is a

pointed Hopf algebra that is connected (i.e. the group like elements are the trivial

group). Now A is in particular cocommutative, so Theorem 5.6.5 in [94] implies

(for char k � 0) that A � Upgq where g is the Lie algebra of primitive elements

in A. From this point of view, all quantum groups over H � krx1, . . . , xns are

simply the classical universal enveloping algebras. Investigating Hopf algebras

with triangular decomposition over other Hopf algebras H can be the subject of

future research.
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Chapter 4

Koszulness of Enveloping
Algebras Associated to
Generalized
Yang-Baxter Equations

4.1 Introduction

4.1.1 Motivation

The Yang-Baxter equations

R12R13R23 � R23R13R12 (4.1.1)

play a major role in the study of integrable system which are of importance in

quantum field theory and statistical mechanics (see e.g. [58]). The classical Yang–

Baxter equations

rr12, r13s � rr12, r23s � rr13, r23s � 0, (4.1.2)

can be obtained as a classical limit (see loc.cit., Section 3) of these equations.

There exist natural generalizations to n indices

rrij, riks � rrij, rjks � rrik, rjks � 0, (4.1.3)

for 1 ¤ i   j   k ¤ n. In [14], the Lie algebra trn with generators rij subject to

the relations (4.1.3) and rrij, rkls � 0 for four distinct indices is considered. The
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corresponding discrete group such that the associated Malcev Lie algebras are trn

are also studied in [14]. These groups are the pure flat braid groups of [70].

It was shown in [14] that the universal enveloping algebras Uptrnq are Koszul.

This result is in analogy with the Koszulness of the Drinfeld–Kohno Lie algebras,

which have a similar presentation, with generators rij, and relations rrij, rkls � 0,

rrij, riks � rrij, rjks � 0 (see e.g. [40, 3.10]).

In [16, 7.12], the algebra Uptrnq is reinterpreted as a certain quadratic cover29

of the Nichols algebra BpYGq of the Yetter–Drinfeld module YG which has a basis

parametrized by reflections pijq P Sn. The module structure is (up to a cocycle)

given by conjugation of reflections and the grading is given by the corresponding

group element pijq of the generator. This description gives natural generalizations

of Uptrnq for any complex reflection group G (see Section 4.2 for a summary of

their construction). These algebras are in particular braided Hopf algebras in the

category of YD-modules over G and can be viewed as the universal enveloping

algebras of certain Lie algebras, which are described in terms of generators and

relations (see Section 4.2.2). For explicit presentations in the cases of the classical

series Dn and Bn, see Section 4.2.3, 4.2.4. We will refer to these generalizations as

BEER-algebras.

The main reason for our interest in the algebras UpybGq lies in their applications

to rational Cherednik algebras Ht,cpGq. These algebras were introduced in [39] as

deformations of the algebra CrT �pV qs � kG for t � 0, and DpV q � kG for t � 0.

The algebras Ht,cpGq and their symplectic generalizations have since been at the

core of an active area of current research (see e.g. [39, 48, 106] and many more).

One important tool in the study of these algebras is the Dunkl embedding

Θc : H0,cpGq ãÝÑ Crh� � hregs �G, Θc : H1,cpGq ãÝÑ Dphregq �G.

In [16, Section 7] different embeddings were introduced, namely

Mc : H0,cpGq ãÝÑ HeisCGpUpybGqq, Mc : Ht,cpGq ãÝÑ HeisCGpUpybGqqt1 .

The analogy is that the ring of differential operators is the Heisenberg double30

of the ring of regular functors (for An). In some sense, the embeddings Mc are

29The minimal quadratic cover of BpYGq is the algebra En of [44]. It is a quotient of Uptrnq.
30The subscript t1 denotes a certain deformation parameter (cf. [16, Theorem 7.25]).
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more symmetric than the Dunkl embedding, which is the identity on h while it

maps y P h� to the corresponding Dunkl operator Dy. In the embeddings of

[16], elements of both h and its dual are mapped to similar expressions which are

summations over all reflections s P S. More concretely, in the case t � 0,

Dy �
¸
sPS

cspy, αsq
1� s

αs
, Mcpxq �

¸
sPS

cspα
�
s , xqs, Mcpyq �

¸
sPS
py, αsqs.

In this chapter, we want to demonstrate one possible application of the em-

bedding Mc. Namely, the construction of induction (right exact) and restriction

(left exact) functors of modules over rational Cherednik algebras between different

types (for the classical series An, Bn and Cn). We focus on the case t � 0, although

similar constructions can be done in the case t � 0 as well.

4.1.2 Summary

The chapter starts with a brief review of the construction of the generalizations

of the algebras Uptrnq due to [16] in Section 4.2. We give an interpretation as

universal enveloping algebras of a certain Lie algebra ybG and explicit descriptions

of the examples corresponding to the Dn- and Bn-series. We will denote the

corresponding Weyl groups by the same letters An�1 � Sn, Bn, Dn.

In Section 4.3, we prove that the algebras UpybGnq are Koszul31 for Gn � Dn

and Bn. This is done by explicitly constructing a PBW-basis of the corresponding

quadratic dual in both cases separately.

In the final Section 4.4, we consider maps between the braided Heisenberg

doubles of UpybGq. There are injective algebra morphisms

φDA : HeisCSnpUptrnqq ãÝÑ HeisCDnpUpybDnqq,

φBA : HeisCSnpUptrnqq ãÝÑ HeisCBnpUpybBnqq,

but also injective algebra morphisms

τnn : HeisCGnpUpybGnqq ãÝÑ HeisCGnpUpybGnqq,

31It was pointed out by Y. Bazlov that Koszulness of these algebras has been conjectured by
A.N. Kirillov in 2006 based on computational evidence.
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where G can be replaced by either A, D or B. These morphisms can be combined

with the result of [16] that the rational Cherednik algebras H0,cpGq map to the

braided Heisenberg doubles of UpybGq. Hence we can use the diagrams

HeisCGnpUpybGnqq

H0,cpSnq

66

H0,cpGnq,

Mc

hh

where Gn � Dn, Bn or Gn�1, to give the Heisenberg doubles a bimodule structure

over different rational Cherednik algebras and use these to define functors

HIndDA : H0,cpSnq-Mod ÝÑ H0,cpGnq-Mod,

HIndn�1
n : H0,cpGnq-Mod ÝÑ H0,cpGn�1q-Mod,

HIndAD : H0,cpGnq-Mod ÝÑ H0,cpSnq-Mod,

HIndnn�1 : H0,cpGn�1q-Mod ÝÑ H0,cpGnq-Mod,

as well as the corresponding restriction functors HRes in the other directions. By

the general tensor-Hom-adjunction, the induction and restriction functors form

adjoint pairs. Hence all versions of the functors HInd are right exact.

4.1.3 Further Applications

Another reason for this chapter is the role UpybGq plays in the construction of

categorical actions of the braided Drinfeld doubles of UpybGq over DrinpGq on

the category of representations of the rational Cherednik algebras Ht,cpGq. The

construction of the action uses a special case of a more general phenomenon that

the monoidal category of modules over the braided Drinfeld double of a braided

Hopf algebra acts on modules over the corresponding braided Heisenberg double

(this generalization of an earlier result of [71] is the content of Chapter 2). In

Chapter 5, we combine this general categorical action with the embeddings Mc of

[16] and obtain a categorical action of DrinDrinpGqpUpybGqq-Mod on Ht,cpGq-Mod.
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4.2 BEER-Algebras for Complex Reflection Groups

4.2.1 Notation

Let V be a finite-dimensional C-vector space, G ¤ GLpV q a finitely-generated

irreducible complex reflection group with finite set of reflections

S � ts P G | dimCp1� sq � 1u.

For each s P S, V � kerp1 � sq ` imp1 � sq � V1 ` Vχ as a decomposition of

eigenspaces. We can choose vectors αs P V , α�s P V
� such that

spvq � v � xα�s , vyαs, @v P V. (4.2.1)

Here, α�s b αs corresponds to 1� s P EndpV q and is hence independent of choice.

As g � p1 � sq � 1 � gsg�1, we have that g � α�s b αs � α�gsg�1 b αgsg�1 and we

can, following [16], define λ to be the function such that

g � α�s � λpg, sqα�gsg�1 , @g P G, s P S. (4.2.2)

For a finite Coxeter group, λpg, sq can be chose to have values in t�1u.

4.2.2 Generalized BEER-Algebras

We briefly recall the construction of the quadratic algebras UpybGq associated to

a complex reflection group G from [16, Chapter 7].

Definition 4.2.2.1. Let YG denote the Yetter–Drinfeld module over kG generated

by s, for s P S, where

g � s � λpg, sqgsg�1, (4.2.3)

δpsq � sb s P kGb YG. (4.2.4)

For the braiding Ψ: YG b YG Ñ YG b YG, we consider the ideals

Iquad
G :� xkerpIdYGbYG �Ψqy � T pYGq,

IG :� IΛ,quad
G :� xIquad X ΛYGy � T pYGq.
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We consider the following Hopf algebras in the category of YD-modules over kG,

BquadpYGq :� T pV q{Iquad
G , Bquad

Λ pYGq :� T pV q{IG.

The algebra Bquad
Λ pYGq will be referred to as the BEER-algebra for G.

Note that the definition does not depend on the choices of αs, α
�
s as different

choices will give isomorphic YD-modules (cf. [16, Remark 7.16]). Moreover, λ can

be extended to a DrinpGq-character by setting

g b δt � s � δt,sλpg, sqgsg
�1.

This is equivalent to λpgh, sq � λpg, hsh�1qλph, sq.

Remark 4.2.2.2. The algebra BquadpYGq is a generalization of the algebra En of [44]

(which is the An�1-case) to arbitrary finite complex reflection groups.

As for type A in [14], we can consider a description as a universal enveloping

algebra of a Lie algebra for the generalized BEER-algebras. Since IG � ΛV , we

can consider Lie algebra ybG defined as the quotient of the free Lie algebra LpSq
on generators s, for s P S, by the ideal generated by IG.

Example 4.2.2.3.

(i) The cyclic group with two elements C2 is a complex reflection group. For

this group, UpybC2
q � Crss, which is a Koszul algebra.

(ii) More generally, for G � Sn, the Lie algebra ybG is trn from [14], for which

Uptrnq was shown to be Koszul.

Lemma 4.2.2.4. There is an isomorphism of algebras UpybGq � B
quad
Λ pYGq for

any complex reflection group G.

Proof. This can be seen by use of the universal properties of quotients of free Lie

(respectively associative) algebras.

Note that the algebra UpybGq carries a natural grading, where the genera-

tors s have degree 1 and the relations are in degree 2, so the BEER-algebras are

quadratic. Remark that the isomorphisms of UpybGq and Bquad
Λ pYGq is one of alge-

bras, not of Hopf algebras. The coproduct of the latter is defined in the category

of YD-modules over G. Hence UpybGq has two different Hopf algebra structures.

When considering the braided Heisenberg double, we will always use the braided

coproduct.
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4.2.3 The Dn-Case

We will give explicit relations for the algebras UpybGq in the cases G � Dn, Bn

for which we will investigate Koszulness in Section 4.4, starting with the Dn-case.

The Weyl group of type Dn is Dn :� Cn�1
2 � Sn, acting on Cn, with reflections

parametrized by the positive roots ei � ej for 1 ¤ i   j ¤ n. The corresponding

reflections are

sei�ej � pijq P Sn ¤ Dn, i   j, sei�ej � sisjpijq, i   j,

where si changes the sign of ei. We denote the corresponding generators of UpybDnq

by pijq for sei�ej and pijq for sei�ej , where 1 ¤ i   j ¤ n. The character λ can be

described by first remembering the order of the indices in σ � pijq � pσpiq, σpjqq

and multiplying by p�1q if the order of the indices of the transposition pσpiq, σpjqq

is reversed. That gives the module structure (for a transposition σ � pk, lq)

σ � pijq �

#
pσpiq, σpjqq, if σpiq   σpjq,

�pσpjq, σpiqq, if σpiq ¡ σpjq,
(4.2.5)

σ � pijq �

#
pσpiq, σpjqq, if σpiq   σpjq,

�pσpjq, σpiqq, if σpiq ¡ σpjq,
(4.2.6)

skslσ � pijq �

$''''&''''%
�pσpiq, σpjqq, if σ � pijq,

pσpiq, σpjqq, if tk, lu X ti, ju � H,

pσpiq, σpjqq, if σpiq   σpjq, |tk, lu X ti, ju| � 1,

�pσpjq, σpiqq, if σpiq ¡ σpjq, |tk, lu X ti, ju| � 1,

(4.2.7)

skslσ � pijq �

$''''&''''%
�pσpiq, σpjqq, if σ � pijq,

pσpiq, σpjqq, if tk, lu X ti, ju � H,

pσpiq, σpjqq, if σpiq   σpjq, |tk, lu X ti, ju| � 1,

�pσpjq, σpiqq, if σpiq ¡ σpjq, |tk, lu X ti, ju| � 1.

(4.2.8)

Lemma 4.2.3.1. The ideal Iquad
Dn

is generated by the relations for ti, ju X tk, lu �

H:

rpijq, pklqs � 0, (4.2.9)

rpijq, pklqs � 0, (4.2.10)

rpijq, pklqs � 0, (4.2.11)

pijq2 � 0, (4.2.12)

pijq2 � 0, (4.2.13)

pijqpijq � pijqpijq � 0. (4.2.14)
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And for 1 ¤ k   j   l ¤ n:

pjlqpkjq � pkjqpklq � pklqpjlq, (4.2.15)

pkjqpjlq � pjlqpklq � pklqpkjq, (4.2.16)

pjlqpkjq � pkjqpklq � pklqpjlq, (4.2.17)

pkjqpjlq � pjlqpklq � pklqpkjq, (4.2.18)

pjlqpkjq � pkjqpklq � pklqpjlq, (4.2.19)

pkjqpjlq � pjlqpklq � pklqpkjq, (4.2.20)

pjlqpkjq � pkjqpklq � pklqpjlq, (4.2.21)

pkjqpjlq � pjlqpklq � pklqpkjq. (4.2.22)

Proof. This follows from computing the braiding Ψ. The first relations (4.2.9)–

(4.2.14) are easy to see using the formulas for the module structure. Further,

consider the circle

pkjqpklq
Ψ
ÞÝÑ pjlqpkjq

Ψ
ÞÝÑ pklqpjlq

Ψ
ÞÝÑ �pkjqpklq

from which we derive the relation (4.2.15). The relation (4.2.16) is derived from

pkjqpjlq
Ψ
ÞÝÑ pklqpkjq

Ψ
ÞÝÑ �pjlqpklq

Ψ
ÞÝÑ �pkjqpjlq.

The other relations (4.2.17)–(4.2.22) are obtained by the same loops with all pos-

sible combinations of p q and p q.

The observation that Ψ always maps elements of the basis of YGbYG consisting

of tensor products of generators to basis elements (up to scalar �) can be used to

verify that that these relations span kerpId�Ψq (in fact, give a basis).

Hence, Lemma 4.2.3.1 gives an explicit description in terms of generators and

relations of the Dn-analogue of the algebra En in [44].

Lemma 4.2.3.2. The ideal IDn is generated by the following commutator relations

for ti, ju X tk, lu � H, and k   j   l:

rpijq, pklqs � 0, (4.2.23)

rpijq, pklqs � 0, (4.2.24)

rpijq, pklqs � 0, (4.2.25)

rpjlq, pkjqs � rpkjq, pklqs � rpklq, pjlqs, (4.2.26)

rpjlq, pkjqs � rpkjq, pklqs � rpklq, pjlqs, (4.2.27)

rpjlq, pkjqs � rpkjq, pklqs � rpklq, pjlqs, (4.2.28)

rpjlq, pkjqs � rpkjq, pklqs � rpklq, pjlqs. (4.2.29)
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Proof. This in proved by intersecting Iquad
G with ΛYG using the basis from Lemma

4.2.3.1. The relations (4.2.9)–(4.2.11) are anti-symmetric hence give (4.2.23)–

(4.2.25). No linear combinations of the relations (4.2.12)–(4.2.14) give antisym-

metric relations as these relations are symmetric. The relations (4.2.26)–(4.2.29)

are obtained as differences of the corresponding pairs of relations among (4.2.15)–

(4.2.22).

4.2.4 The Bn-Case

We will now give an explicit presentation of UpybGq in the Bn-case. The reflections

in Bn � Cn
2 � Sn are in one-to-one correspondence with the positive roots for Bn

which are ei in addition to ei � ej p1 ¤ i   j ¤ nq which also appear in the

Dn-case. We have si � sei for i � 1, . . . , n, which is

sipekq �

#
ek, k � i,

�ek, k � i.
(4.2.30)

We denote the generator of YG corresponding to sk by rk. To describe the action of

Bn on YBn note the structure is the same on generators pijq and pijq as in (4.2.5).

In addition, we have

sk � pijq �

#
pijq, if k � i, j,

pijq, else,
(4.2.31)

sk � pijq �

#
pijq, if k � i, j,

pijq, else,
(4.2.32)

pijq � rk �

$'&'%
rk, if k � i, j,

rj, if k � i,

ri, if k � j,

(4.2.33)

sisjpijq � rk �

$'&'%
rk, if k � i, j,

rj, if k � i,

ri, if k � j.

(4.2.34)

Lemma 4.2.4.1. The ideal Iquad
Bn

is generated by the relations (4.2.9)–(4.2.22) plus

the additional relations for k � i, j:
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rrk, pijqs � 0, (4.2.35)

rrk, pijqs � 0, (4.2.36)

rrj, rks � 0, (4.2.37)

ripijq � pijqri � rjpijq � pijqrj � 0, (4.2.38)

rjpijq � pijqrj � ripijq � pijqri � 0. (4.2.39)

Proof. First note that the subspace of YBnbYBn spanned by the pijq, pijq is closed

under Ψ and isomorphic to YDn b YDn . All further relations arise by considering

Ψ applied to ri b pijq, ri b pijq or ri b rj.

Lemma 4.2.4.2. The ideal IBn is generated by the commutator relations (4.2.23)–

(4.2.29), together with the relations (4.2.35)–(4.2.36), and

rri � rj, pijq � pijqs � 0. (4.2.40)

Proof. This is easy to see using Lemma 4.2.3.2 and 4.2.4.1.

The explicit presentation of UpybDnq and UpybBnq will enable us to show that

these algebras are Koszul in Section 4.3 by finding a PBW-basis for the quadratic

dual.

4.3 Koszulness of BEER-algebras

4.3.1 The Quadratic Dual

The quadratic dual A! of a quadratic algebra A � T pV q{xRy is defined as

T pV �q{xRKy

using the orthogonal complement RK of the relations R in V �b V �. Returning to

the algebra UpybGq, we have that S2pYGq ¤ IKG . Hence, the quadratic dual UpybGq
!

is antisymmetric and therefore a finite-dimensional PI algebra.

In the following, we will construct a PBW-basis for the quadratic dual UpybGq
!

which implies that UpybGq
! is Koszul [98, Section 5], and hence UpybGq is Koszul

as well by standard theory of Koszul algebras [17, 2.8–2.9].

We denote the generator dual to pijq of UpybGq by pijq P UpybGq
! for G �

An�1, Dn, Bn, and the dual elements to pijq by pijq. Using the result of [14], we

see that Uptrnq
! is the anti-symmetric algebra generated by the relations

pijqpjkq � pikqpjkq � pjkqpijq � pijqpikq, for all i   j   k. (4.3.1)
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4.3.2 Koszulness for the Dn-Case

Lemma 4.3.2.1. The quadratic dual UpybDnq
! is the antisymmetric algebra gen-

erated by pijq, pijq for 1 ¤ i   j ¤ n, which are, for k   j   l, subject to the

relations (4.3.1) and

pjlqpklq � pjlqpkjq � pklqpkjq, (4.3.2)

pklqpkjq � pjlqpklq � pkjqpjlq, (4.3.3)

pkjqpjlq � pklqpjlq � pkjqpklq, (4.3.4)

pijqpijq � 0. (4.3.5)

Proof. This follows by computing the orthogonal complement of kerpΨ�IdYDnbYDn q

using Lemma 4.2.3.1.

Proposition 4.3.2.2. A vector space basis UpybDnq
! is given by products of mono-

mials of the form

pj, i1qpj, i2q . . . pj, ikq, (4.3.6)

pj, i1qpj, i2q . . . pj, ip�1qpj, ip�1q . . . pj, ikqpj, ipq, @p � 2, . . . , k, (4.3.7)

pi1, i2qpi1, i3q . . . pi1, ikqpj, i1q. (4.3.8)

for disjoint index sets tj   i1   i2   . . .   iku. The monomials of this form are

arranged according to the value of the respective smallest elements j to give basis

elements. We refer to monomials of the form (4.3.6)–(4.3.8) as reduced or basic

monomials.

Example 4.3.2.3. If n � 4, the monomials

p12qp13qp14q,

p12qp14qp13q,

p12qp13qp14q,

p23qp24qp12q,

p23qp12q,

p24qp12q,

p34qp23q,

p12qp34q,

p13qp24q,

p14qp23q,

p12qp34q,

p13qp24q,

p14qp23q,

p12qp34q,

p13qp24q,

p14qp23q,

p12qp34q,

p13qp24q,

p14qp23q,

p12qp13q,

p12qp14q,

p12qp13q,

p12qp14q,

p23qp24q,

p23qp24q,

p12q,

p13q,

p14q,

p23q,

p24q,

p34q,

p12q,

p13q,

p14q,

p23q,

p24q,

p34q,

give a full list of all basic monomials in UpybD4
q!. Hence the Hilbert–Poincaré
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polynomial of this 38-dimensional algebra is

P !
D4
ptq � 1� 12t� 21t2 � 4t3.

From this we can compute the Hilbert–Poincaré polynomial of UpybD4
q as PD4ptq �

pP !
D4
p�tqq�1, giving

PD4ptq � 1� 12t� 123t2 � 1228t3 � 12201t4 � 121116t5 �Opt6q.

To proof Proposition 4.3.2.2, we provide an algorithm to transform an arbitrary

monomial in the generators into a reduced one. Given a monomial

M �
k¹
i�1

pai, biq
l¹

j�1

pcj, djq,

we consider the graph Γ with vertices ta1, b1 . . . , ak, bk, c1, d1, . . . , cl, dlu and edges

ai Ø bi, cj Ø dj. The monomial M can be decomposed into a product of mono-

mials for each connected component of the graph Γ, using the antisymmetric rela-

tions. For the following algorithm we assume without loss of generality that Γ is

connected and the set of vertices is t1, . . . , nu.

Algorithm 4.3.2.4.

(1) If M is a product of generators pai, biq only (i.e. l � 0), then M � 0 or

M � �p1, 2qp1, 3q . . . p1, nq using relation (4.3.1), cf. [14]. Hence M is a

scalar multiple of a monomial of the form (4.3.6).

(2) If l � 0, i.e. some pci, diq occurs, we can use antisymmetry, the relations

(4.3.2)–(4.3.4), and step (1) to bring M into the form

M � �pa, b1qpa, b2q . . . pa, bmqpc, dq,

where a   b1   . . .   bm or M � 0. If tc, du � ta, b1, . . . , bmu, then M � 0

(from (4.3.5)). Otherwise, we distinguish the following cases:

(2a) If c � a � 1, then

M � �p1, 2qp1, 3q . . . p1, d� 1qp1, d� 1q . . . p1, nqp1, dq,

and hence has the form �(4.3.7).
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(2b) If c � 1, d � a, then

M � �p2, 3qp2, 4q . . . p2, nqp1, 2q,

so it has the form �(4.3.8).

(2c) If c � bi for some i, then a � 1 and

M � �p1, 2qp1, 2q . . . p1, d� 1qp1, d� 1q . . . p1, nqp1, dq,

using the relation p1, biqpbi, dq � p1, bjqp1, dq from (4.3.4). Hence M has

the form �(4.3.7).

(2d) If c � 1 and d � bi for some i, then a � 2, and

M � �p2, 3qp2, 4q . . . p2, nqp1, 2q,

using p2, biqp1, biq � �p2, biqp1, 2q which follows from (4.3.3). This im-

plies that M has the form �(4.3.8).

(2e) If c � 1 and d � bi, then

M � �p1, 2qp1, 2q . . . p1, d� 1qp1, d� 1q . . . p1, nqp1, dq,

using p1, biqpc, biq � �p1, biqp1, cq from (4.3.4). Hence M is of the form

�(4.3.7).

The algorithm proves Proposition 4.3.2.2. Next, we will show that the basis

from Proposition 4.3.2.2 is a PBW-basis. That is, there exists a choice of a total

order on the set of generators g1, . . . , gk such that the basis is of the following form:

We denote by T the set of pairs of indices pi, jq such that gigj cannot be expressed

as a linear combination of elements in (lexicographically) smaller order. In this

case, the PBW-basis is given by

B � tgi1 . . . gil | pik, ik�1q P T , @k � 1, . . . , l � 1u.

Note that for a general total order on the generators, the set B is spanning, but

not necessarily linearly independent.

We introduce the total ordering on the generators pijq, pijq by requiring pijq  

pklq of any i, j, k, l and further ordering the pijq (and pijq) lexicographically.
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Lemma 4.3.2.5. For the above order on the generators of UpybDnq
!, the corre-

sponding set T consists of the pairs

pabqpcdq, pabqpcdq, pabqpcdq, pkjqpklq, pkjqpklq, pjlqpkjq.

for a, b, c, d pairwise distinct (such that a   c) and k   j   l.

Proof. For pairs with four distinct indices, the only relations are the anti-commu-

tativity relations. Hence precisely the given pairs in the first column are in T as

they have the lexicographically smaller order.

For pairs which share one index, consider the relations (4.3.1)–(4.3.4). All

possible pairs appear in these relations. The ones with the smallest lexicographic

order are precisely the ones in T . All pairs with the same index set are zero.

Theorem 4.3.2.6. The basis of Proposition 4.3.2.2 is the PBW-basis with respect

to the above order on the generators. In particular, UpybDnq is a Koszul algebra.

Proof. This can be verified by direct checking using the description of the set T
from Lemma 4.3.2.5.

4.3.3 Koszulness for the Bn-Case

We will now extend the Koszulness result to the Bn-case. For this, recall the

presentation of UpybBnq
! from Section 4.2.4.

Lemma 4.3.3.1. The quadratic dual UpybBnq
! is the antisymmetric algebra gen-

erated by pijq, pijq for 1 ¤ i   j ¤ n, and ri, for i � 1, . . . , n, which are subject

to the relations (4.3.1)–(4.3.5) and

ripijq � ripijq � rjpijq � rjpijq, @i   j. (4.3.9)

Proof. This follows computing the orthogonal complement of IBn using the basis

from Lemma 4.2.4.1, cf. Lemma 4.3.2.1.

Proposition 4.3.3.2. A basis for UpybBnq
! is given by lexicographically arranged

products of monomials of the form (4.3.6)–(4.3.8) as well as monomials of the

form

pj, i1qpj, i2q . . . pj, ikqrj. (4.3.10)
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We can adjust Algorithm 4.3.2.4 to the Bn-case to prove Proposition 4.3.3.2.

Algorithm 4.3.3.3.

(1) Given a monomial M in the generators for UpybBnq
! such that Γ is connected

on the set t1, . . . , nu, use antisymmetry relations to bring it into the form

M � �
p¹
i

pai, biq
q¹
j

pcj, djq
s¹
k

rk.

(2) Use Algorithm 4.3.2.4 to bring M 1 �
±p

i pai, biq
±q

j pcj, djq into the form of

a basis element of UpybDnq
! up to sign.

(3) Using the relations (4.3.9), M � 0 unless s � 0, 1. If s � 0, we are done as

M �M 1 is a basis element of the form (4.3.6)–(4.3.8) up to sign.

(4) If s � 1, use the relations (4.3.9) to interchange all generators pijq with the

corresponding generators pijq. Using step (2), we can then bring M into the

form

M � �p1, 2qp1, 3q . . . p1, nqrk.

Using (4.3.9) again, we can replace rk by r1. Hence, M has the form�(4.3.10)

in this case.

We can give a total order on the generators of UpybBnq
! by ordering the pijq

(and pijq) lexicographically, setting pa, bq   pc, dq for all indices, and rk ¡ pc, dq

for all k, c, d. Where the rk are ordered r1   r2   . . .   rn.

Using this total order the corresponding set T consists of the pairs from Lemma

4.3.2.5 and the additional pairs

pijqrk, pijqrk, pijqri, for pairwise distinct indices i, j, k

Theorem 4.3.3.4. The basis of Proposition 4.3.3.2 is the PBW-basis with respect

to the above order on the generators. In particular, UpybBnq is a Koszul algebra.

Example 4.3.3.5. We can now compute the Hilbert polynomial for UpybBnq and

its quadratic dual using the PBW-basis. For n � 4, it is

P !
B4
ptq � 1� 72t� 51t2 � 5t3,

PB4ptq � 1� 72t� 5133t2 � 365909t3 � 26084025t4 � 1859414106t5 � Opt6q.
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4.3.4 Consequences

Koszulness of the algebras UpybGq enables us to compute the extension algebras

explicitly. If is well known that for a Koszul algebra U ,

Ext�Upk, kq �
à
l,m¥o

Extl,mU pk, kq �
à
l¥0

ExtlUpk, kq � U !,

which is thus generated by Ext1
Upk, kq. A free resolution for U is given by the

Koszul complex [17, 98]. The module categories can be related by Koszul duality

[17, Theorem 1.2.6] giving an equivalence of triangulated categories between the

bounded derived categories of finite-dimensional graded modules over U and U !.

The latter is a finite-dimensional PI algebra.

4.4 Embeddings of Heisenberg Doubles of BEER-

Algebras and Functors of Rational Chered-

nik Algebra Representations

In this section, we use the notion of perfect subquotient from [16] to obtain maps

between Heisenberg doubles of the BEER-algebras UpybGq for different G of the

classical series An, Bn, Dn. These can be used to construct functors between cat-

egories of representations of rational Cherednik algebras. To ensure irreducibility,

we restrict to n ¥ 3 in the Dn-case for the applications to rational Cherednik

algebras.

4.4.1 Maps of Heisenberg Doubles of Different Series

Note that An�1 � Sn is both a subgroup (and quotient) of Dn (and Bn) using the

group homomorphisms

Sn
jDA
ãÝÑ Dn

pDA
Ý� Sn, Sn

jBA
ãÝÑ Bn

pBA
Ý� Sn.

These morphisms supply induction functors of Yetter–Drinfeld modules:

IndDA : SnSnYD ÝÑ
Dn
Dn
YD, pV,�, δq ÞÝÑ pV,�ppDA b IdV q, pj

D
A b IdV qδq, (4.4.1)

IndBA : SnSnYD ÝÑ
Bn
Bn
YD, pV,�, δq ÞÝÑ pV,�ppBA b IdV q, pj

B
A b IdV qδq. (4.4.2)
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Via reconstruction theory, these gives rise to maps

dDA : DrinpSnq ÝÑ DrinpDnq, dBA : DrinpSnq ÝÑ DrinpBnq.

Comparing generators gives rise to maps

IndDA YSn
ιDA
ãÝÑ YDn

πDA
Ý� IndDA YSn , IndBA YSn

ιBA
ãÝÑ YBn

πBA
Ý� IndBA YSn ,

of YD-modules over Dn (respectively, Bn). These pairs of maps are perfect sub-

quotients in the terminology of [16]. Such perfect subquotients are used to induce

maps between the corresponding braided Heisenberg doubles of the braided Hopf

algebras UpybGq (as YD-modules over Dn, respectively Bn).

Lemma 4.4.1.1. The pair pιDA , π
D
A q is a perfect subquotient of YD-modules over

Dn, and pιBA, π
B
Aq gives a perfect subquotients of YD-modules over Bn.

Proof. Consider the pair pιDA , π
D
A q. To show it is a subquotient, we need to show

that pIdbπDA qδDnι
D
A � pjDA b IdqδSn , where δG denotes the G-coaction on YG. But

this is clear as δDnppijqq � pijq b pijq � δSnppijqq.

Next, to check the subquotients are perfect, we need for the maximal triangular

ideals32 that

IpIndDA YSn , pj
D
A b IdqδSnq � T pιDAq

�1IpYDn , δDnq.

The right hand side can be identified with T pYSnqXIpYDn , δDnq. Then it is easy to

see using Lemma 4.2.3.1 that the relations among the generators pijq are the same

in YDn as in YSn which implies the equality. The proof for YBn is analogous.

We remark that the braided Heisenberg double from [16] is defined on Upyb�Gqb

kGbUpybGq, and the pairing between Upyb�Gq and UpybGq is not perfect. Note that

as the Drinfeld doubles are quasitriangular, we have a map DrinpGq Ñ
DrinpGq
DrinpGqYD

using the universal R-matrix
°
gPG δg b g. This is used this to compute the Heisen-

berg double of UpybGq over DrinpGq, but we can also compute the Heisenberg

double over CG. The version over CG is for the purpose of Section 4.4.1, while

the version over DrinpGq is relevant for Chapter 5.

We also use the notations pijq, pijq for generators of UpybGnq even though this

notation was already used for the quadratic dual.

32For a YD-module pV, δq over H, the maximal triangular ideal IpV, δq is the maximal homo-
geoneous ideals in degree ¥ 2 which is also a coideal, cf. [16].
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Corollary 4.4.1.2. There exist injective algebra morphisms

φDA : HeisDrinpSnqpUptrnqq ãÝÑ HeisDrinpDnqpUpybDnqq,

φBA : HeisDrinpSnqpUptrnqq ãÝÑ HeisDrinpBnqpUpybBnqq,

φDA : HeisCSnpUptrnqq ãÝÑ HeisCDnpUpybDnqq,

φBA : HeisCSnpUptrnqq ãÝÑ HeisCBnpUpybBnqq.

Proof. A morphism HeisDrinpDnqpUptrnqq Ñ HeisDrinpDnqpUpybDnqq of algebras ex-

ists by applying the general theory of perfect subquotients in [16] to the ones

constructed in Lemma 4.4.1.1. The algebra morphism stated is obtained by pre-

composing with the algebra morphism IdUptrnqbd
D
A b IdUptr�nq. The construction

for Bn is the same, using dBA instead. More concretely, the morphism is given by

mapping the generator pijq P Uptrnq to pijq P UpybDnq (and mapping the dual

generators pijq P Uptr�nq to pijq P Upyb�Dnq), the group element pijq P Sn maps to

pijq P Dn, and the function δpijq P CrSns maps to δpijq � pDA
�
δpijq P CrDns. Hence

we see that φDA is injective. The proof for Bn in place of Dn is again analogous.

Both morphisms φDA and φBA admit versions over CG if we regard YG as YD-

modules over G rather than its Drinfeld double. This first gives a morphism

HeisCDnpUptrnqq ÝÑ HeisCDnpUpybDnqq which will give the desired morphism by

pre-composition with IdUptrnqbj
D
A b IdUptr�nq.

We can also use the subquotient result 4.4.1.1 to obtain morphisms of Hopf alge-

bras between the corresponding braided Drinfeld doubles (or double-bosonizations

in [90]). These will be relevant in Chapter 5 in order to provide categorical actions

of the monoidal category of modules over the braided Drinfeld double of type An�1

on modules over rational Cherednik algebras of different types.

φDA : DrinDrinpSnqpUptrnqq ãÝÑ DrinDrinpDnqpUpybDnqq,

φBA : DrinDrinpSnqpUptrnqq ãÝÑ DrinDrinpBnqpUpybBnqq.

Note that unlike the braided Heisenberg double, the braided Drinfeld double of

UpybGq cannot be computed over CG.
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4.4.2 Application to Rational Cherednik Algebras

Note first that in the cases An, Dn and Bn, all reflections are conjugate. Therefore,

the parameter c � pcsqsPS is just a constant. In the following, we can also consider

different constants for the functors obtained in the t � 0 case as all rational

Cherednik algebras embed into the same Heisenberg double.

For this, the maps

φDA : HeisCSnpUptrnqq ãÝÑ HeisCDnpUpybDnqq,

φBA : HeisCSnpUptrnqq ãÝÑ HeisCBnpUpybBnqq,

from Lemma 4.4.1.1 can be combined with the maps

McpGq : H0,cpGq ÝÑ HeisCGpUpybGqq.

from [16] to induce functors

HIndDA : H0,cpSnq-Mod ÝÑ H0,cpDnq-Mod,

HIndBA : H0,cpSnq-Mod ÝÑ H0,cpBnq-Mod.

The functors are given by

HIndDA �McpDnq
�φDA�McpSnq�, HIndBA �McpBnq

�φBA�McpSnq�,

where p�q� is the extension functor HeisCGpUpybGqq bHt,cpSnq p�q (pushforward),

and p�q� is the restriction functor (pullback). Note that the functor HIndDA is

given by the H0,cpDnq-H0,cpSnq-bimodule HeisCDnpUpybDnqq (and HIndBA is given

by the bimodule using Bn).

We can also consider the functors

HIndAD : H0,cpDnq-Mod ÝÑ H0,cpSnq-Mod,

HIndAB : H0,cpBnq-Mod ÝÑ H0,cpSnq-Mod.

These functors are given by tensoring with HeisCDnpUpybDnqq viewed as a H0,cpSnq-

H0,cpDnq-bimodule for type Dn (and using instead Bn of Dn for type B). By

construction, the induction functors have natural right adjoints (using the Tensor-

Hom adjunction) which we denote by HResDA ,HResAD, (or using B instead of D).
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For example, the functor HResDA : H0,cpDnq-Mod ÝÑ H0,cpSnq-Mod is given by

mapping an object V to the H0,cpDnq-module HomH0,cpSnqpHeisCDnpUpybDnq, V q,

where the module structure is given by pa� fqpbq � fpa� bq.

Corollary 4.4.2.1. All versions of the functors HInd have right adjoints. Hence

they preserve colimits and are, in particular, right exact.

It is possible to obtain versions of the above functors for the case t � 0 and

for the restricted rational Cherednik algebras, again using the embeddings of [16]

and the observations about subquotients. In the case t � 0, the bimodules are

given by twisted Heisenberg doubles of UpybGq. Caution about the parameters

is however in order in these cases. For the restricted versions, the actual Nichols

algebras BpYGq are used instead of UpybGq.

4.4.3 Maps of Heisenberg Doubles of the Same Series

In addition to maps between Heisenberg doubles of different series, we can also

consider the maps

τn�1
n : HeisCSnpUptrnqq ÝÑ HeisCSn�1pUptrn�1qq,

where we map CSn ãÑ CSn�1 by acting on t1, . . . , nu, and pijq ÞÑ pijq, pijq ÞÑ pijq.

Note that this map is an injective morphism of algebras. Similarly, such maps

exist for types Bn, Dn. Again, it is also possible to give morphisms of Drinfeld

doubles

τn�1
n : DrinDrinpSnqpUptrnqq ÝÑ DrinDrinpSn�1qpUptrn�1qq.

As in Section 4.4.2, we can combine the maps τn�1
n with the maps McpGq to

obtain functors

HIndn�1
n : H0,cpGnq-Mod ÝÑ H0,cpGn�1q-Mod,

HIndnn�1 : H0,cpGn�1q-Mod ÝÑ H0,cpGnq-Mod,

where Gn is Sn, Bn or Dn. The induction functor HIndn�1
n is defined by considering

the algebra HeisCGn�1pUpybGn�1
qq as a H0,cpGn�1q-H0,cpGnq-bimodule. The left

H0,cpGn�1q-action is given by restriction along the morphism McpGn�1q, where the
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right H0,cpGnq-structure is given by restriction along the composite τn�1
n McpGnq.

Similarly, the functor HIndnn�1 is given by tensoring with the H0,cpGnq-H0,cpGn�1q-

bimodule HeisCGn�1pUpybGn�1
qq.

As before, we can define right adjoints, denoted by HResn�1
n , HResnn�1 which

imply that the induction functors are right exact.

4.4.4 A More Complete Picture

A more general method to obtain morphisms between the braided Heisenberg

doubles of algebras UpybGq for finite Coxeter groups can be given by comparing

Dynkin diagrams. If one Dynkin diagram embeds into another one, then the

BEER-algebra of the smaller one will be perfect subquotient of the BEER-algebra

of the group corresponding to the larger Dynkin diagram. In such a situation,

we obtain a map between the braided Heisenberg doubles, so that restriction and

induction functors can be defined as above. For example, the diagram of type An�1

embeds into both the diagram of type Dn and Bn giving rise to the morphisms

in Section 4.4.1. There are also embeddings of the Dynkin diagrams of smaller

rank into the Dynkin diagrams of larger rank for the classical series, giving the

morphisms of braided Heisenberg doubles in Section 4.4.3. Analogues of such

morphisms can also be defined for types Bn and Dn.
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Chapter 5

Quantum Groups Associated to
Complex Reflection Groups

5.1 Introduction

This chapter constitutes the conclusion of the thesis. It contains first results on

work in progress that connects the categorical action of Chapter 2 with the study

of the braided Hopf algebras associated to generalized Yang–Baxter equations of

Chapter 4 into a categorical action on module categories over rational Cherednik

algebras H0,cpGq at parameter t � 0.

5.1.1 Motivation

Let G be a complex reflection group. The rational Cherednik algebras Ht,cpGq have

been introduced as deformations of CrV ` V �s �G in [39] in 2002 and have since

attracted a great amount of attention in the literature due to their applications

in geometry and other fields (such as algebraic combinatorics, or mathematical

physics).33 As a special case, the deformation of CrV ` V �s � G given by the

semidirect product DpV q �G of the group algebra CG with the Weyl algebra (or

ring of differential operators DpV q on V ) arises by setting t � 1 and c � 0. Hence,

Ht,cpGq can be seen as a class of generalizations of Weyl algebras associated to

G. A main technical tool in the study of the representation theory of Ht,cpGq at

33See also references in 1.1.6.
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parameter t � 1 is to use the so-called Dunkl embeddings into DpV regq � G and

techniques of highest weight categories (see [46]).

In this chapter, we focus on the case where t � 0, which has a very different

representation theory than the case t � 1. We combine two different results: the

first one are algebra morphisms of [16] fromH0,cpGq into certain braided Heisenberg

doubles HpGq of braided Hopf algebra (associated to G via generalized Yang–

Baxter equations); the second one is the categorical action (developed in Chapter

2) of modules over the corresponding braided Drinfeld doubles DpGq on modules

over HpGq. The main result is Theorem 5.2.4.1 — a categorical action of DpGq-
modules on modules over H0,cpGq.

There are two main analogies here: we view the embeddings of Bazlov–Be-

renstein as versions of the Dunkl embeddings, and the braided Drinfeld doubles

appearing in the categorical action as analogues of quantum groups.34 To explain

this point of view, note that the quantum groups Uqpgq are braided Drinfeld doubles

of certain Nichols algebras [90, 4.3]. Hence, they have a triangular decomposition

of the form

Uqpgq � Uqpn�q b CZn b Uqpn�q.

The braided Drinfeld doubles that appear as main actors in this chapter are de-

noted by DpGq. They have an analogous decomposition as

DpGq � UpybGq bDrinpCrGsq b Upyb�Gq.

Note that instead of the group algebra CZn of the lattice, the Drinfeld double

of CrGs appears as the “Cartan” part. The double is needed here since, unlike

in the quantum group case, the action of G on the positive and negative part is

not induced by the coaction via a dual R-matrix. Note that we always compute

the braided Drinfeld double with respect to the braided coproduct on UpybGq (cf.

remark after Lemma 4.2.2.4).

The main application of this construction is that every finite-dimensional mod-

ule over the algebra DpGq gives an endofunctor of H0,cpGq-Mod. Using this struc-

ture, one obtains addition symmetries in the representation theory of the rational

Cherednik algebras.

34See also the comparison presented in 1.2.
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5.1.2 Summary

We start this chapter with the general construction of the categorical action of

the monoidal category DpGq-Mod on the category H0,cpGq-Mod in Section 5.2.

For this, we introduce different versions of the braided Hopf algebras of which we

take the braided Drinfeld and Heisenberg doubles in order to produce the algebras

DpGq and HpGq in Section 5.2.1. We recall the results of [16] used to map H0,cpGq

into HpGq in Section 5.2.3. The main result is the categorical action of Theorem

5.2.4.1.

Section 5.3 contains first results on the representation theory of DpGq. In

particular, we study the easiest case G � C2, the cyclic group with two elements,

in Section 5.3.3. Even in this case, there is a rich supply of simple finite-dimensional

modules and a complex, non-semisimple, representation theory.

To conclude this chapter, and hence the thesis, we include a discussion of ideas

and open problems for further research in Section 5.4. In particular, we consider

the case of a general cyclic group Cn viewed as a complex reflection group. The

investigation of the representation theory of DpCnq is work in progress.

5.2 Definitions and Main Construction

We will now present the main construction of this chapter, namely all versions of

the Hopf algebras DpGq which we interpret as a type of quantum group associated

to an irreducible complex reflection group G. We will further construct a cate-

gorical action of modules over these quantum groups on module categories over

rational Cherednik algebras H0,cpGq at parameter t � 0.

To fix the setting for this section, let G ¤ GLnpV q be an irreducible complex

reflection group. We denote the set of complex reflections by S � ts P G |

dimC Imp1� sq � 1u. Note that s2 � 1 is only guaranteed if G is a Coxeter group.

We can choose roots α�s P V � and coroots αs P V , for each s P S, such that

1� s � α�s b αs P EndCpV q. This implies that

s� v � v � xα�s , vyαs. (5.2.1)
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As 1�s is stable under conjugation by elements g P G, we find that g�pα�sbαsq �

α�gsg�1 b αgsg�1 and hence there exist non-zero scalars λpg, sq such that

g � αs � λpg, sqαgsg�1 , g � α�s � λpg, sq�1α�gsg�1 . (5.2.2)

Note that λ can be extended to give a DrinpGq-character by setting λpg, hq � 0 if

h R S. The character satisfies the rule

λpgh, sq � λpg, hsh�1qλph, sq. (5.2.3)

Hence λpg, sq�1 � λpg�1, gsg�1q. If G is a Coxeter group, then λ can be chosen to

have values t�1u.

Definition 5.2.0.1 ([39]). The rational Cherednik algebra Ht,cpGq is defined, for a

parameter t P C, and c � pcsqsPS P CrSsG a conjugation invariant function S Ñ G,

as the algebra generated by elements v, v1 P V , f, f 1 P V � and g P G such that

rv, v1s � 0, rf, f 1s � 0, (5.2.4)

gv � pg � vqg, gf � pg � fqg, (5.2.5)

rf, vs � txf, vy1�
¸
sPS

csxf, p1� sqvys

� txf, vy1�
¸
sPS

csxf, αsyxα
�
s , vys.

(5.2.6)

If t � 0, we also consider the restricted rational Cherednik algebra H0,cpGq which

is the quotient H0,cpGq{xSpV q
G ` SpV �qGy by the G-equivariant polynomials in V

and V � (which are central elements only if t � 0).

Note that Ht,cpGq � H1,t�1c if t � 0. Hence it suffices to consider the two cases

t � 0 and t � 1. The representation theory is very different in these two cases (see

e.g. [39] or surveys on the topic such as [38, 47, 106]). If t � 0, H0,cpGq is finite

over its center and hence has a rich supply of finite-dimensional simple modules. If

however t � 1, then finite-dimensional modules are rare and only exist at special

parameters c. The representation theory is studied using highest weight module

techniques in this case.
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5.2.1 Braided Hopf Algebras Associated to G

We will define the algebra DpGq as the braided Drinfeld double of the braided

Hopf algebra UpybGq using the presentation in Chapter 2. The braided Hopf

algebra UpybGq can be viewed as an object in the category DrinpCrGsq-Mod. The

quasitriangular Hopf algebra H :� DrinpCrGsq has a presentation given as follows

(cf. e.g. [13, 3.2]): it is generated as an algebra over C by g P G and functions δg

such that δgphq � δg,h. The defining relations is

gδh � δghg�1g. (5.2.7)

The coproduct structure is given by

∆pgq �g b g, ∆pδhq �
¸
ab�h

δb b δa, (5.2.8)

and the counit is εg � 1, εpδhq � δh,1. The antipode is hence Spgq � g�1 and

Spδhq � δh�1 . The universal R-matrix is given by

R �
¸
gPG

g b δg. (5.2.9)

We note that modules over H are left Yetter–Drinfeld modules over G.

We can now construct UpybGq and other versions of it as braided Hopf alge-

bras in H-Mod. These are primitively generated braided Hopf algebras and can

be constructed using the theory of Nichols algebras. For the minimal quadratic

versions, this is due to [91, Appendix A] in the Sn case, and realized by [15], [16]

in the general case.

Definition 5.2.1.1. Define the H-module YG � Cxs | s P Sy as a Yetter–Drinfeld

module with G-action and G-coaction

g � s � λpg, sqgsg�1, (5.2.10)

δpsq � sb s. (5.2.11)

The dual Y �
G � Cxs | s P Sy is defined using the pairing xs, uy � δs,u, i.e.

g � s � λpg, sq�1gsg�1, (5.2.12)

δpsq � s�1 b s. (5.2.13)
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In the following, we consider the dual pairs of braided Hopf algebras in the category

B-Mod given by

BpYGq, BpY �
Gq, Nichols algebras,

BquadpYGq, BquadpY �
Gq, quadratic algebras,

BΛpYGq, BΛpY
�
Gq, only antisymmetric relations,

Bquad
Λ pYGq :� UpybGq, B

quad
Λ pY �

Gq :� Upyb�Gq, universal enveloping algebras.

Note that the Nichols algebras are perfectly paired35. The notation UpybGq is used

for the quadratic algebra with antisymmetric relations as this is — as an algebra —

the universal enveloping algebra of a graded Lie algebra, generated by the degree

one elements (see Chapter 4 for more details).

Some of these braided Hopf algebras can be recognized in the existing literature.

The algebra UpybGq for G � Sn (type A) is the algebra Uptrnq of [14]. It is shown to

be the Malchev Lie algebra of the pure virtual braid group. The algebra BquadpYGq

is the Fomin–Kirillov algebra En from [44]. These algebras are subject to open

conjectures in the theory of Nichols algebras. For example, it is not known if

En is finite or infinite-dimensional for n ¥ 6. It has been conjectured by Majid

and others that En is in fact infinite-dimensional for n ¥ 6 (see remarks after

Proposition 3.1 in [91]). For smaller values of n, En is finite-dimensional (see [44,

(2.8)]). In is remarked in [92, Section 6] that En is a Nichols algebra for n ¤ 4, but

this question is not answered for n ¥ 5.

Theorem 5.2.1.2 ([14], and Chapter 4). The algebras UpybGq are Koszul for the

classical series A, B � C and D of Weyl groups.

It is proved in [104] that the quadratic quotient algebra En of UpybGq is not

Koszul for n ¥ 3. This is shown be proving that E3 is not Koszul, and for larger

n, E3 is an algebra retract of En.

35This is proved in [7, Theorem 3.2.29] and [90, 2.5] in general.
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5.2.2 Quantum Groups Associated to G

We can now define the main actors of this chapter: the braided Drinfeld doubles

DpGq. We interpret these Hopf algebras as quantum group analogues associated

to complex reflection groups.

Definition 5.2.2.1. Let H � DrinpCrGsq for a complex reflection group G. We

defined the following Hopf algebras

DpGq :� DrinHpBpY �
Gq,BpYGqq,

DquadpGq :� DrinHpBquadpY �
Gq,BquadpYGqq,

DΛpGq :� DrinHpBΛpY
�
Gq,BΛpYGqq,

DpGq :� DrinHpUpyb
�
Gq, UpybGqq.

The Hopf algebras DpGq and DΛpGq are referred to as reflection quantum groups .

Lemma 5.2.2.2. The algebras DpGq, DquadpGq, DΛpGq, and DpGq are all genera-

ted by elements s, u for s, u P S, g P G, and δh P CrGs subject to the common

relations

gδh � δghg�1g, (5.2.14)

gu � λpg, uq�1gug�1g,

gs � λpg, sqgsg�1g,
(5.2.15)

δhu � uδhu�1 ,

δhs � sδs�1h,
(5.2.16)

ru, ss � sδs,u �
¸
gPG

λpg, uq�1δgug�1,sδg. (5.2.17)

In addition, different versions of DpGq satisfy the corresponding Nichols type rela-

tions in the positive and negative part. We have the following diagram of quotient

morphisms of Hopf algebras:

DquadpGq

%% %%

DpGq

99 99

%% %%

DpGq.

DΛpGq

99 99
(5.2.18)
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In all of these Hopf algebras, the coproducts are given by

∆pgq � g b g, ∆pδhq �
¸
ab�h

δb b δa, (5.2.19)

∆psq � sb s� 1b s, ∆puq � ub 1�
¸
gPG

λpg, uq�1δg b gug�1. (5.2.20)

The antipode is given by

Spgq � g�1, Spδgq � δ�1
g , (5.2.21)

Spsq � �ss, Spuq � �
¸
gPG

λpg, uq�1δggug�1. (5.2.22)

One analogy with quantized universal enveloping algebras of Lie algebras is that

both can be viewed as braided Drinfeld doubles (for the quantum groups, this is

due to [90]). Hence there is a strong resemblance in the relations of these algebra.

The quantum group Uqpgq compares to DpGq or DΛpGq, while the small version

uqpgq plays a similar role to DpGq (we will see that they are also quasitriangular).

A significant difference is that the quantum groups live over an abelian group

Zn (or Z{eZn), and the action is induced from the coaction via a dual R-matrix,

while DpGq lives over a non-abelian group and the action is not induced in such a

way. This explains why we have to compute the Drinfeld doubles over DrinpCrGsq
rather than just CG or CrGs. The choice to use DrinpCrGsq (rather than DrinpGq)

will be important in the categorical action in Sections 5.2.4.

Proposition 5.2.2.3. The algebra DpGq is quasitriangular with universal R-

matrix given by the (formal) power series

RDpGq �
¸
α

fαR
�p2q
H b eαR

�p1q
H �

¸
α,gPG

fαδg b eαg
�1, (5.2.23)

where
°
α eα b fα is the coevaluation given by orthonormal bases teαu of BpYGq

and tfαu of BpY �
Gq. Explicit orthonormal bases are not known for general G.

Proof. As DpGq is a braided Drinfeld double of Nichols algebras (which have a

perfect self-dual paring), we can find a coevaluation element coevDpGq �
°
α eαbfα,

which is a formal power series unless BpYGq is finite-dimensional. Now we use

(2.3.54) to give a the formula (5.2.23) for the universal R-matrix.
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However, a basis is hard to compute for BpYGq in most examples (like the

symmetric groups) because it requires knowing the Nichols relations explicitly. It

is a conjecture in the theory of Nichols algebras that the Fomin-Kirillov algebras

are in fact quadratic. This has been verified for the cases n ¤ 4. We extend this

conjecture to all complex reflection groups:

Conjecture 5.2.2.4. The Nichols ideal ImaxpYGq is generated by homogeneous

relations in degree less or equal mG :� maxtordpsq | s P Su.

For any Coxeter group, mG � 2. Hence the conjecture says that DpGq �
DquadpGq.

5.2.3 Symmetric Dunkl Embeddings

In the last section, we introduced the braided Drinfeld doubles DpGq. We now

describe some results of [16] giving embeddings of H0,cpGq into the corresponding

braided Heisenberg doubles HpGq. We first introduce the algebras HpGq and give

presentations. We can do this over CG (rather than DrinpCrGsq) using what

is called the restricted version of the braided Heisenberg double in Proposition

2.3.5.8.

Definition 5.2.3.1. Let H � CG. We defined the following algebras

HpGq :� HeisHpBpY �
Gq,BpYGqq,

HquadpGq :� HeisHpBquadpY �
Gq,BquadpYGqq,

HΛpGq :� HeisHpBΛpY
�
Gq,BΛpYGqq,

HpGq :� HeisHpUpyb
�
Gq, UpybGqq.

These algebras share the bosonization relations with the corresponding Drinfeld

doubles. The only difference is the cross relation (5.2.24) below and that the

functions on G are not part of the presentation:

Lemma 5.2.3.2. The algebras HpGq, HquadpGq, HΛpGq, and HpGq are all gen-

erated by elements s, u for s, u P S, and g P G, subject to the common relations

(5.2.15) and the commutator relation

ru, ss � sδs,u. (5.2.24)
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Again, the different versions of HpGq satisfy the corresponding Nichols type

relations in the positive and negative part. We have the following commutative

diagram of quotient morphisms of algebras:

HquadpGq

%% %%

HpGq

99 99

%% %%

HpGq.

HΛpGq

99 99
(5.2.25)

We recall that Heisenberg doubles can be viewed as a generalized form of the

Weyl algebras (which are Heisenberg doubles of symmetric algebras, cf. Example

2.3.5.3).

Theorem 5.2.3.3 ([16, Theorem 7.20]). For any parameter c � pcsq, there is a

morphism of algebras Mc : H0,cpGq Ñ HpGq such that

Mcpgq � g, @g P G, (5.2.26)

Mcpvq �
¸
sPS

csxα
�
s , vys, @v P V, (5.2.27)

Mcpfq �
¸
sPS
xf, αsys, @f P V �. (5.2.28)

If c is generic (for example, if cs � 0 for all s P S), then Mc is injective even after

composition with the quotient map DpGq Ñ DΛpGq.

We think of the embeddings Mc as more symmetric analogues of the important

Dunkl embeddings used in the theory of rational Cherednik algebras to embed

Ht,cpGq into either DpV regq � G or CrV ` V �s � G depending on whether t � 0

or t � 0. The reason for this analogy is the resemblance in the formulas of Mc to

those of the Dunkl embeddings for elements of V :

Dy �
¸
sPS

csxy, αsy
1� s

αs
. (5.2.29)

Note that on functions (elements of V �) the Dunkl embeddings are simply the

identity. In [16], an embedding is also defined in the t � 0 case using a twisted

version of HpGq which is not used in this chapter.
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Remark 5.2.3.4. Although harder to compute, it is in fact better to consider the

algebra DΛpGq instead of DpGq, as for example if G � Cn is a cyclic group, the

algebra UpybGq is the tensor algebra (which is free), but when considering BΛpYGq

interesting relations arise. However, for Coxeter groups, DpGq at least gives a good

approximation of DΛpGq for which only quadratic relations need to be computed

(cf. Conjecture 5.2.2.4).

Corollary 5.2.3.5. The morphism Mc factors through the restricted rational Che-

rednik algebra to give a morphism M c : H0,cpGq Ñ HpGq. It is injective if c is

generic.

5.2.4 The Categorical Action

Theorem 5.2.4.1. There is a coaction δc : H0,cpGq Ñ DpGq bH0,cpGq which is a

morphism of algebras, such that

δcpgq � g b g, @g P G, (5.2.30)

δcpvq �
¸
sPS

csxα
�
s , vysb s� 1b v, @v P V, (5.2.31)

δcpfq �
¸
sPS
xf, αsysb 1�

¸
gPG

δg b g � f, @f P V �. (5.2.32)

Proof. This result is based on the coaction δ : HpGq Ñ DpGq bHpGq from Corol-

lary 2.3.5.9 which is a morphism of algebras. The map δc is defined as the com-

position δMc, where we identify H0,cpGq with its image under Mc. This implies

that it is a morphism of algebras. Even if this identification depends on c being

generic, δc is a morphism of algebras even if this is not the case.

We can check explicitly on the generators that the identification of H0,cpGq

with its image in HpGq preserves the property that δ is a coaction, implying that

δc also is a coaction.

This theorem gives a categorical action

� : DpGq-ModbH0,cpGq-Mod ÝÑ H0,cpGq-Mod,

pV,W q ÞÝÑ V bW,
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induced using the map δc. We also obtain categorical actions for modules over

other other versions of DpGq, using the projections in (5.2.18). Further, this also

gives a categorical action of DpGq-Mod on H0,cpGq-Mod.

We note that the existence of the categorical actions give us monoidal functors

F� : DpGq-Mod ÝÑ FunpH0,cpGq-Mod, H0,cpGq-Modq.

Hence, understanding the representation theory of the reflection quantum groups

DpGq gives endofunctors on H0,cpGq-Mod. In the following section, we will provide

first results on the study of the representation theory of DpGq.

5.3 Representation Theory

5.3.1 General Observations

Neither the category DpGq-Mod nor DpGq-Mod are semisimple. The tensor pro-

ducts are not a sum of simples either. This can already be seen in the case G � S2,

which we study very explicitly in Section 5.3.3.

We declare an element v P V to have degree pg, χq if δpvq � g b v and h� v �

χphqv for h P CGpgq and χ a character of this centralizer. In other words, we use

the forgetful functor DpGq-Mod Ñ DrinCrGs-Mod and decompose the image of

a module V as a direct sum of simples in DrinCrGs-Mod,

V �
à
i

VgGi ,χi ,

where VgGi ,χi is the simple DrinCrGs-modules described by the conjugacy class of

gi and a CGpgiq-character χi. We say that g1i-homogeneous vectors in this simple

module have degree pg1i, χiq, for g1i P g
G
i .

In the case where DpGq (or DΛpGq) is finitely generated over its center, we can

study representations using the variety of central characters of simple modules.

This observation enables us to identify the Azumaya locus and make the following

observations, using techniques similar to the ones used in [24, III] to study the

representation theory of quantum groups at roots of unity.
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Conjecture 5.3.1.1. At least in the case where G � Cn (for some n), the

Azumaya locus of DΛpGq can be described as those maximal ideals m such that

DΛpGq{m is a simple module of maximal dimension n.

To prove this claim, we suggest to use techniques such as in [24, III.1.6]. It

remains to show that DΛpGq is a prime ring that is finite over a central subalgebra

(its center). This would be implied if DpGq can be shown to be finite-dimensional,

that elements of the Nichols ideal are central in DΛpGq (cf. discussion in Section

5.4.2), and that BΛpYGq is an integral domain.

We test Conjecture 5.3.1.1 in the C2-case in Section 5.3.3 by describing the

algebra DpC2q � DΛpC2q and its center explicitly.

5.3.2 Category O

In order to make the non-semisimple category or representations over DpGq (or

DΛpGq) more manageable, we introduce versions of the BGG category O for this

setting, using the triangular decompositions of these Hopf algebras. All construc-

tions can equally be done with DΛpGq instead of DpGq. We adapt the convention

that we use DpGq when working with a Coxeter group, and DΛpGq otherwise.

Definition 5.3.2.1. Let A ¤ H be a graded subalgebra of a graded algebra. We

say V is locally nilpotent over A if for each v P V there exist n P N such that

A¡n � v � 0 (cf. [46, 2.2]).

For modules over DpGq, we can consider the subalgebra Bquad
Λ pY �

Gq � DrinpGq

and its dual counterpart Bquad
Λ pYGq�DrinpGq, and require either of the actions be

locally nilpotent. This gives two different versions of category O denoted by OG
and OG, respectively.

Definition 5.3.2.2. The categoryOG is defined to be the category of modules over

DpGq which are finitely generated and locally nilpotent with respect to the graded

subalgebra Bquad
Λ pY �

Gq � DrinpGq. Similarly, OG is defined on finitely-generated

DpGq-modules on which Bquad
Λ pYGq �DrinpGq acts locally nilpotently.

Lemma 5.3.2.3. A finitely-generated module over DpGq is in the category OG if

and only if for all v P V , there exists n ¡ 0 such that s1 � . . . � sn � v � 0 for all

s1, . . . , sn P S.
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A definition using local finiteness (similarly to 2.3.7) would be more general,

and in fact every finite-dimensional simple would clearly be contained in both of

OG and OG, which is not the case using local nilpotency. We will justify this choice

later. As in highest weight theory, we can define (co)standard modules which are

always in OG (respectively OG):

Definition 5.3.2.4. Let S be a simple finite-dimensional left YD-module over G.

Note that there is an augmentation map Bquad
Λ pYGq Ñ C, the counit, and the dual

also has an augmentation map. Hence S is a Bquad
Λ pY �

Gq�DrinpGq module S� (and

similarly a Bquad
Λ pYGq � DrinpGq-module S�) using this augmentation map — i.e.

Bquad
Λ pY �

Gq (respectively Bquad
Λ pYGq) acts trivially. We define

∆S :� Ind
DpGq
Bquad

Λ pY �G q�DrinpGq
S� � DpGq bBquad

Λ pY �G q�DrinpGq S
�,

∇S :� Ind
DpGq
Bquad

Λ pYGq�DrinpGq
S� � DpGq bBquad

Λ pYGq�DrinpGq S
�.

We call ∆S the standard (or Verma) module associated to S, and ∇S the costan-

dard module of S.

By construction, all ∆S are in OG, and all ∇S are in OG. They are special

modules in these categories, so-called highest (respectively lowest) weight modules ,

i.e. there exist a highest weight vector v. That is, Bquad
Λ pY �

Gq � Upyb�Gq acts

trivially on Cv, and v generates the module. The weight of a highest weight

module is the DrinpGq-character Cv.

It should be remarked that in our setting, we will not be able to apply many

of the general results of [46, Chapter 2] due to lack of an inner grading element.

In particular, the Vermas do not have a unique simple quotient. We will see in

the A1-case that all finite-dimensional simples in OG are quotients of Vermas, but

there are infinitely many different simple quotients of one fixed Verma in OG, even

in the A1-case. However, there is a unique graded quotient module in the A1-case

and we expect this observation to also hold for other groups. As a general guideline

for the study of OG, we can recover the part of the theory of the category O for

rational Cherednik algebras that holds for t � 0.

In the case where A ¤ H is also a graded sub-coalgebra, we observe that the

tensor product of two locally nilpotent H-modules for A is again locally nilpo-

tent. The tensor product is however not finitely-generated in general. Hence the
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category O is not closed under tensor products. However, if one module is finite-

dimensional, then the tensor product with an arbitrary module of category O is

again in category O.

Lemma 5.3.2.5. Denote by Ofd

G the full subcategory of OG on finite-dimensional

modules. Then Ofd

G is a monoidal category. Moreover, OG is a module over Ofd

G

by restricting the regular action.

We also consider a graded version of category O which, as we will see, is easier

to study than the general category O:

Definition 5.3.2.6. We define Ogr

G to be the category consisting of Z-graded

DpGq-modules in OG, and Ogr
G to be the category of Z-graded modules in OG.

We can also define category O for the rational Cherednik algebras (at t � 0),

as in [46]. That is, Oc consists of finitely-generated modules over H0,cpGq which

are locally nilpotent for SpV �q, and Oc is defined analogously.

Corollary 5.3.2.7. There is a categorical action of the category of finite-dimen-

sional modules in OG (over DpGq) on the category Oc for H0,cpGq. This action

is given by restricting the action from Theorem 5.2.4.1, and further restricts to

an action of the corresponding graded category O analogues (as well as the lowest

weight versions).

Proof. This follows from the fact that the coaction map δc given in the categorical

action preserves the triangular decomposition of the algebras. The version for the

graded category O analogues follows from the simple observation that the coaction

map δc is a graded morphism with respect to the natural deg s � 1, deg s � �1,

and deg g � deg δg � 0, for s P S, g P G.

A central question for future investigation is how the functors FV , for a DpGq-
module V behave:

Question 5.3.2.8. What properties do the functors FV have with respect to exact-

ness and preserving (co)limits? What are the images of Verma modules?
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5.3.3 The Toy Case A1

In the A1-case, which corresponds to the cyclic group with two elements C2 � S2 �

t1, su, we can compute the representation theory ofDpGq and the categorical action

explicitly. It hence serves as a test or toy case for more general series of examples.

Example 5.3.3.1. The algebra DpC2q is generated by s, s, s, δ1, and δs subject to

the relations

ss � �ss, δss � sδ1, sδs � δss,

ss � �ss, δss � sδ1, sδ1 � δ1s,

rs, ss � s� δ1 � δs.

The coproduct is given on the generators by

∆psq � sb s, ∆p1q � 1b 1,

∆pδsq � δs b δ1 � δ1 b δs, ∆pδ1q � δ1 b δ1 � δs b δs,

∆psq � sb 1� pδ1 � δsq b s,

∆psq � sb s� 1b s.

It is easy to see that BpYA1q � Crss{ps2q and UpybA1
q � Crss. Therefore we find

that dimDpA1q � 8.

The center of DpC2q is generated over C by the elements 1, D :� spδ1 � δsq,

A :� s2, B :� s2, and C � eu :� ss � ss. Hence the variety of central characters

is

ZC2 :� SpecZpDpC2qq :� Spec
�
CrA,B,C,Ds {C2 � 4AB � 2D � 2

	
.

If V is a simple module, all central elements act by a scalar using Schur’s Lemma.

We see that V � V1`Vs, where Vg is the homogeneous component of degree g P C2.

We compute the action of D (acting by d P C) on such a simple module. For this,

let vg P Vg.

D � v1 � spδ1 � δsqv1 � sv1 � dv1, (5.3.1)

D � vs � spδ1 � δsqvs � �svs � dvs. (5.3.2)
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This implies d � �1 as s2 � 1 and sv1 � �v1 and svs � 	vs. Hence we find that

the image of the morphism

γC2 : IrrepDpC2q Ñ ZC2

is contained in a disjoint union of two subvarieties

Z1
C2
\Z�1

C2
� Spec

�
CrA,B,Cs {C2 � 4AB

	
\Spec

�
CrA,B,Cs {C2 � 4AB � 4

	
,

corresponding to d � 1 and d � �1. It should be noted that the first compo-

nent Z1
C2

is the same as the character variety for the rational Cherednik algebra

H0,0pC2q. It is singular at the origin. The the second component Z�1
C2

corresponds

to the central character variety of H0,1pC2q, which is non-singular. Thus DpC2q

captures both the singular Poisson variety and its non-singular deformation. We

will show next, that the Azumaya locus of DpC2q in fact is the non-singular locus

of this disjoint union. Simple representations at regular points have dimension

two, while there are two one-dimensional simples at the only singular point:

\

Figure 5.3.1: The character variety in the A1-case

Proposition 5.3.3.2. A full list of simple DpC2q-modules is given as follows:

dim 1 There are two 1-dimensional simples: Ltriv :� Lp1,�q and Lsgn :� Lps,�q,

generated by a vector of degree 1 (where s acts trivially) in Ltriv, and degree

s (where s acts by �1) in Lsgn, respectively. These have central character

pa, b, c, dq � p0, 0, 0, 1q, the singular point in Z1
C2

.

dim 2 Let pa, b, c,�1q be any point in Z1
C2
zp0, 0, 0, 1q \Z�1

C2
, i.e. any regular point.

Then for each solution α1, α2, β1, β2 of the equations

α1α2 � a, β1β2 � b, α1β2 � α2β1 � c, (5.3.3)
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the representation given by

v1

s�α1

s�β1 %%
vs

s�α2

s�β2

ee ,

that is,

sv1 � α1vs, svs � α2v1, sv1 � β1vs, svs � β2v1, (5.3.4)

where v1 has degree p1,�q if d � 1, and p1,�q if d � �1, is simple. Two

such modules are isomorphic if and only if there exists a non-zero scalar λ

such that

pα1, α2, β1, β2q � pλα11, λ
�1α12, λβ

1
1, λ

�1β12q.

For any such point pa, b, c,�1q, there exists a unique simple representation

up to isomorphism, which we denote by L�1
pa,b,cq.

Proof. Given a simple DpC2q-module V , we can decompose it as V � V1 ` Vs into

a direct sum of homogeneous C2-graded pieces. Both the commutator rs, ss and

C � ss � ss act by scalars on V1 and Vs. Hence, the elements ss and ss act by

scalars on V1, Vs. Hence there are two submodules in V : The one generated by

some element v1 in V1 which has dimension at least three, and the one generated

by some vs P Vs. As V is simple, we conclude that it has to be at most two

dimensional, V � Cv1 ` Cvs. Only in the case a � b � c � 0 we can have

one-dimensional simples. It can be checked directly that for any other central

character, there is a unique two-dimensional simple module up to isomorphism as

described above.

Next, we consider which of the modules are highest or lowest weight modules,

and hence contained in category OC2 (respectively OC2
) for C2. By inspecting the

simple modules from Proposition 5.3.3.2 on which s acts by zero, we find that the

following finite-dimensional simples are in OC2 :

Lp1,�q, Lps,�q, L1
pa,0,0q pa � 0q, L�1

pa,0,�2q pa P Cq. (5.3.5)

These correspond to the lines in the character varieties highlighted in Figure 5.3.2.
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\

Figure 5.3.2: Category OG simples in the A1-case

We recognize that these simples are heads of the four Verma modules in OC2 :

0 ÝÑ ∆ps,�q
s�

ÝÝÝÝÝÑ∆p1,�q ÝÑ Lp1,�q ÝÑ 0, (5.3.6)

0 ÝÑ ∆p1,�q
s�

ÝÝÝÝÝÑ∆ps,�q ÝÑ Lps,�q ÝÑ 0, (5.3.7)

0 ÝÑ ∆p1,�q
ps2�aq�
ÝÝÝÝÝÑ∆p1,�q ÝÑ L1

pa,0,0q ÝÑ 0, a � 0, (5.3.8)

0 ÝÑ ∆ps,�q
ps2�aq�
ÝÝÝÝÝÑ∆ps,�q ÝÑ L1

pa,0,0q ÝÑ 0, a � 0 (5.3.9)

0 ÝÑ ∆p1,�q
ps2�aq�
ÝÝÝÝÝÑ∆p1,�q ÝÑ L�1

pa,0,�2q ÝÑ 0, (5.3.10)

0 ÝÑ ∆ps,�q
ps2�aq�
ÝÝÝÝÝÑ∆ps,�q ÝÑ L�1

pa,0,2q ÝÑ 0. (5.3.11)

Note that there are indecomposable quotients of ∆ps,�q and ∆p1,�q of arbitrary

length (via quotienting out by the submodules generated by the actions of s2k � a,

or s2k�1. For the Vermas ∆p1,�q and ∆ps,�q there are only indecomposable quo-

tients of even dimensions. We point out that there are graded two-dimensional

indecomposables V 2
p1,�q, V

2
ps,�q which are not simple:

0 ÝÑ ∆p1,�q
ps2q�
ÝÝÝÑ∆p1,�q ÝÑ V 2

p1,�q ÝÑ 0, (5.3.12)

0 ÝÑ ∆ps,�q
ps2q�
ÝÝÝÑ∆ps,�q ÝÑ V 2

ps,�q ÝÑ 0. (5.3.13)

These indecomposable are extensions of Lp1,�q by Lps,�q, or vice versa:

0 ÝÑ Lp1,�q
psq�
ÝÝÑV 2

ps,�q ÝÑ Lps,�q ÝÑ 0, (5.3.14)

0 ÝÑ Lps,�q
psq�
ÝÝÑV 2

p1,�q ÝÑ Lp1,�q ÝÑ 0. (5.3.15)

We can now compute tensor products of representations and write them as short

exact sequences of simples, and hence determine the K-groups. For this, we restrict

to finite-dimensional simples in OC2 (or Ogr

C2
) only.
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Proposition 5.3.3.3. We can decompose the tensor products of simple DpC2q-

modules, for a� a1 � 0, as follows:

0 ÝÑ L1
pa�a1,0,0q ÝÑ L�1

pa,0,�2q b L�1
pa1,0,�2q ÝÑ L1

pa�a1,0,0q ÝÑ 0, (5.3.16)

where any combination of �2 is permitted. These short exact sequences do not

split. However,

Lsgn b L�1
pa,b,cq � L�1

pa,b,�cq, (5.3.17)

L1
pa,0,0q b L1

pa1,0,0q � L1
pa�a1,0,0q ` L1

pa�a1,0,0q, (5.3.18)

L1
pa,0,0q b L�1

pa1,0,�2q � L�1
pa�a1,0,2q ` L�1

pa�a1,0,�2q. (5.3.19)

Note that Ltriv is the unit of the monoidal structure on DpC2q-modules. In the case

a� a1 � 0 we have that

L1
pa,0,0q b L1

p�a,0,0q � L�1
pa,0,�2q b L�1

p�a,0,�2q

� L1
pa,0,0q b L�1

p�a,0,�2q � V 2
p1,�q ` V 2

ps,�q.
(5.3.20)

Proof. The key idea is to find vectors on which ZpDpC2qq acts by a scalar. This is

always true for the elements A,B,D. Hence, we need to find vectors in the tensor

product on which

∆pCq � C b s� pδ1 � δsq b C � ssb s� 2spδ1 � δ2q b ss, (5.3.21)

acts by a scalar (0 or �2). If we find a basis for the tensor product on which C

acts by scalars, or two vectors on which C acts by distinct scalars, then it splits

as a direct sum of simples (unless a� a1 � 0).

These computations of decompositions of tensor products enable us to compute

the K-groups of the category OC2 .

Corollary 5.3.3.4. The K-group KpOC2q has generators 1 � rLtrivs as well as

1 :� rLsgns, L0
a :� rL1

pa,0,0qs pa � 0q, L�2
a :� rL�1

pa,0,�2qs, (5.3.22)
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where r s denotes the class of an object. These generators are subject to the relations

for a� a1 � 0:

1 � Lca � L�ca , for c � 0,�2, 1
2
� 1, (5.3.23)

L0
a � L

0
�a � L�2

a � L�2
�a � L0

a � L
�2
�a � 2p1� 1q, (5.3.24)

L0
a � L

0
a1 � L�2

a � L�2
a1 � 2L0

a�a1 , (5.3.25)

L0
aL

�2
a1 � L2

a�a1 � L�2
a�a1 . (5.3.26)

The graded K-group KpOgr

C2
q is the polynomial ring kr1s.

The category Ogr

C2
can be described more explicitly: For each integer k ¥ 0,

there exist two indecomposable modules of dimension k (one of highest weight

p1,�q and ps,�q) which are the quotients of the Verma modules ∆p1,�q and ∆ps,�q

by the ideal generated by the action of sk.

Example 5.3.3.5. The rational Cherednik algebra H0,cpC2q in the A1-case is gener-

ated by x, y, s subject to the relations

ry, xs � 2cs, sx � �xs, sy � �ys, s2 � 1. (5.3.27)

Without loss of generality, we can distinguish the cases where c � 1 and c � 0.

We start by considering the case c � 1: The center is given by

ZpH0,cpC2qq �
!
A � x2, B � y2, C �

xy � yx

2

���AB � C2 � 1
)
.

Denote Zc :� SpecZpH0,cpC2qq. The finite-dimensional simples over H0,1pC2q are

two-dimensional (see [39, 11.35]) and parametrized by central characters pa, b, cq.

We write Lpa,b,cq � Cxv�, v�y for the unique two-dimensional module such that

sv� � �v�, xv� � αv�, xv� � βv�, (5.3.28)

yv� � γv�, yv� � δv�. (5.3.29)

Here, pα, β, γ, δq are scalars such that

αβ � a, γδ � b, βγ � c� 1, αδ � c� 1. (5.3.30)
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Recall that the category Oc for H0,cpC2q is defined in the same way as for DpC2q

by requiring x to act locally finitely. We observe that the only simples contained

in O1 are Lp0,b,�1q. In fact, δ � 0 if and only if c � �1, and γ � 0 if and only if

c � 1. Either δ or γ are always non-zero. Also, if δ � 0, then β � 0 and if γ � 0,

α � 0. We write these simples Lp0,b,�1q for any scalar b as diagrams:

Lp0,b,1q : v�

x��2

y�b
&&
v�

x�0

y�1
ff , Lp0,b,�1q : v�

x�0

y�1
&&
v�

x�2

y�b
ff .

The coaction δc is given by

δcpsq � sb s, δcpxq � 2sb s� 1b x, δcpyq � sb 1� pδ1 � δsq b y. (5.3.31)

In a first step, we will compute the categorical action of the simples in category

O for DpC2q on the ones for H0,1pC2q:

Lemma 5.3.3.6. The categorical action of Lps,�q on H0,1pC2q-Mod is given by

Lsgn � Lpa,b,cq � Lpa,b,�cq.

Moreover, the action on category O1 of DpGq-simples gives

L1
pa,0,0q � Lp0,b,�1q � Lp0,a�b,1q ` Lp0,a�b,�1q.

The action of the other DpC2q-simples gives non-split extensions of the form:

0 ÝÑ Lp0,a�b,1q ÝÑ L�1
pa,0,2q � Lp0,b,1q ÝÑ Lp0,a�b,�1q ÝÑ 0,

0 ÝÑ Lp0,a�b,1q ÝÑ L�1
pa,0,�2q � Lp0,b,�1q ÝÑ Lp0,a�b,�1q ÝÑ 0,

0 ÝÑ Lp0,a�b,�1q ÝÑ L�1
pa,0,�2q � Lp0,b,1q ÝÑ Lp0,a�b,1q ÝÑ 0,

0 ÝÑ Lp0,a�b,�1q ÝÑ L�1
pa,0,2q � Lp0,b,�1q ÝÑ Lp0,a�b,1q ÝÑ 0.

Proof. The strategy to find the decompositions of the tensor product is as follows:

We note that

δpx2q �4s2 b 1� 1b x2, (5.3.32)

δpy2q �s2 b 1� 1b y2, (5.3.33)

δ
�
xy�yx

2

�
�pss� ssq b s� pδ1 � δ2q b

xy�yx
2

(5.3.34)

� sb x� 2spδ1 � δsq b ys. (5.3.35)
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This implies that x2 and y2 act on each vector in the tensor product by scalars.

There always exist a vector in the tensor product on which xy�yx
2

also acts by a

scalar. Such a vector generates a two-dimensional simple module. If xy�yx
2

acts

by different scalars two vectors, then the tensor product splits as a direct sum of

simples, otherwise it is a non-split extension.

Definition 5.3.3.7. We say that an object V weakly generates a category C over a

monoidal categoryM with respect to a given categorical action � : Mb C Ñ C if

for every simple object X of C there exists an object N ofM such that X appears

as a subobject of N � V .

Corollary 5.3.3.8. The category O1 for the rational Cherednik algebra H0,1pC2q

can, for example, be weakly generated by one simple object Lp0,0,1q under the action

of DpGq-Mod.

Finally, we investigate the case c � 0: In this case, we have the central character

variety

Z0 � SpecZpH0,0pC2qq � Spec
�
CrA,B,Cs {AB � C2

	
.

We denote points satisfying this equation by pa, b, cq. To find the finite-dimensional

simple modules, we distinguish the following cases:

(1) If pa, b, cq � p0, 0, 0q, then there are two one-dimensional simples: L� � Cv�,

and L� � Cv�. Note that this is the only singular point of ZpH0,0pC2qq.

(2) If a, b, c � 0, then we can write the unique two-dimensional module Lpa,b,cq

corresponding to pa, b, cq as

v�

x�1

y�c{a
&&
v�

x�a

y�c
ff .

(3a) If a � c � 0, b � 0, we find one two-dimensional simple Lp0,b,0q:

v�

x�0

y�1
&&
v�

x�0

y�b
ff .
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(3b) If b � c � 0, a � 0, we find one two-dimensional simple Lpa,0,0q:

v�

x�1

y�0
&&
v�

x�a

y�0
ff .

The only simples in category O0 are L�, and Lp0,b,0q. The coaction δc : H0,0pC2q Ñ

DpC2q bH0,0pC2q is given by

s ÞÑ sb s, x ÞÑ 1b x, y ÞÑ sb 1� pδ1 � δ2q b y.

Lemma 5.3.3.9. The categorical action of simples over DpC2q on simples over

H0,0pC2q is given by:

Lsgn � L� � L	, (5.3.36)

Lsgn � Lpa,b,cq � Lpa,b,�cq, (5.3.37)

L1
pa,0,0q � L� � Lp0,a,0q, (5.3.38)

L1
pa,0,0q � Lp0,b,0q � Lp0,a�b,0q ` Lp0,a�b,0q, (5.3.39)

L�1
pa,0,�2q � L� � Lp0,a,0q, (5.3.40)

L�1
pa,0,�2q � Lp0,b,0q � Lp0,a�b,0q ` Lp0,a�b,0q. (5.3.41)

Hence, we observe that H0,0pC2q is generated by L� (or L�) under the catego-

rical action. The simples in the Azumaya locus can also be generated by Lp0,1,0q.

It should be noted that the simples L�1
pa,0,�2q act in the same way as L1

pa,0,0q.

5.4 Conclusion

To conclude the thesis, we include a few remarks and open questions about the

representation theory of the Hopf algebras DpGq. These include ideas for work in

progress, and future studies.

5.4.1 Open Questions

Here is a collection of open problems to address in order to gain a better under-

standing of the categorical action of DpGq-Mod on H0,cpGq-Mod. The structure
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of the category of DpGq-modules is very complex. Hence it may be better to first

restrict to its (graded) category O.

Problem 5.4.1.1. Collect all structural properties of category OG without the

existence of an inner grading element as in [46]. What additional properties does

Ogr

G have?

Conjecture 5.4.1.2. The category Ogr

G is a highest weight category in the sense

of [30, Section 3].

Given such an analysis, we can study the endofunctors induced by the finite-

dimensional simples of Ogr

G on category Oc (or its graded analogue) for the rational

Cherednik algebras. For this, there are some interesting questions to ask:

Problem 5.4.1.3. Identify the Euler element of DpGq in general. Recall that this

is the central element eu � ss�ss in the C2-case. This element is key to the study

of the representation theory of DpC2q.

Problem 5.4.1.4. How does the action of finite-dimensional simples on category

OG for H0,cpGq behave with respect to the central characters? Decompose the im-

ages of simples.

Moving on from there, we may answer some questions about all simple modules

of DpGq. For this, it is important to understand when DpGq is finite-dimensional

over its center. We expect this to be true for cyclic groups.

Question 5.4.1.5. For which groups G is the algebra DΛpGq is finite-dimensional

over its center.

Given that an algebra is finite-dimensional over its center, we can describe

finite-dimensional simples in terms of the central characters as done in the A1-case

in 5.3.3.

5.4.2 The Cyclic Group Case

As a next step of investigation, we intend to study the case of the general cyclic

groups Cn. We collect a number of observations and problems for future work in

this section.
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Example 5.4.2.1. The cyclic group Cn � xgy of order n can be viewed as a complex

reflection group. For this, let g act on V � Cx by a primitive n-th root of unity ξ.

Then S � tg, . . . , gn�1u, and so CrSsG � Cn�1. Denote the dual of V by V � � Cy.

Then we can choose

αgi � x, α�gi � p1� ξiqy, @i � 1, . . . , n� 1. (5.4.1)

We denote i :� gi, i :� gi, observe that gi � j � ξij, and hence λpgi, gjq � ξi.

Hence the Drinfeld double of YCn is generated by i, i, g, and δgi subject to the

relations:

gi � ξig, δgij � jδgi�j , gδh � δhg, (5.4.2)

gi � ξ�1ig, δgij � jδgi�j , ri, js � 0, i � j, (5.4.3)

ri, is � gi �
n�1̧

l�0

ξlδgl , (5.4.4)

as well as the Nichols relations (see Lemma 5.4.2.2). The coproducts are given by

∆piq � ib gi � 1b i, ∆piq � ib 1�
n�1̧

l�1

ξ�lδgl b i. (5.4.5)

Next, we observe that the braiding on YCn is of diagonal type:

Ψpib jq � ξij b i.

Lemma 5.4.2.2. The following relations hold in ImaxpYCnq for 1 ¤ i � j ¤ n�1 :

adpiqkpjq � 0, for ik � �j mod n, (5.4.6)

in{gcdpi,nq � 0. (5.4.7)

Proof. The proof uses Lemma 3.7 of [9]. For a diagonal braidings, it states that

adpiqrpjq � 0 if and only if

prq!ξi
¹

0¤k¤r�1

p1� ξipk�1q�jq � 0.

Question 5.4.2.3.

(i) For which n is BpYCnq finite-dimensional?
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(ii) Do the relations (5.4.6) and (5.4.7) generate the Nichols ideal ImaxpYCnq?

In the smallest cases n � 2, 3, we can provide positive answers to questions

5.4.2.3(i) and (ii). In fact, BΛpYC2q � Cr1s which is an integral domain, and the

relation 12 � 0 generates the Nichols ideal. In the case n � 3 we find:

Example 5.4.2.4. The algebra BpYC3q is generated by 1, 2 subject to the relations

13 � 0, 23 � 0, 12 � ξ21.

This algebra is 9-dimensional, with Hilbert–Poincaré series

1� 2t� 3t2 � 2t3 � t4.

The algebra BΛpYC3q satisfies the relations

1r2, 1s � ξr1, 2s1 � 0, r2, 1s2� ξ2r1, 2s � 0.

Question 5.4.2.5. Describe the antisymmetric relations IΛpYCnq. Is BΛpYCnq an

integral domain?

The coaction δc is given

δcpg
iq � gi b gi, (5.4.8)

δcpxq �
n�1̧

i�1

cip1� ξiqib gi � 1b x, (5.4.9)

δcpyq �
n�1̧

i�1

ib 1�
ņ

i�1

ξiδgi b y. (5.4.10)

5.4.3 The Symmetric Group Case

We expect the representation theory of DpSnq to be hard to investigate for general

n ¥ 3 since the algebras BpYSnq, and En � BquadpYSnq are subject to several

conjectures about pointed Hopf algebras (see e.g. [9, 44, 91]). Here is one basic

observation, namely that there are canonical embeddings of DpC2q into DpSnq:

Proposition 5.4.3.1. For any choice of 1 ¤ i � j ¤ n�1, there exists a subalgebra

of DpSnq isomorphic to DpC2q, given on the elements

pijq, pijq, pijq, Σpijq :�
¸

σPCGpijqz1

λpσ, pijqqδσ.
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Proof. Note first that Σpijq
2 � 1, and it commutes with with pijq in DrinpCrSnsq.

Thus, Cxpijq,Σpijqy � DrinpCrC2sq. Moreover,

rpijq, pijqs � pijq � δ1 � Σpijq.

Observe that for the coproduct of s,

∆psq � sb 1� pδ1 � Σpijqq b s.

Hence, Cxpijq, pijq, pijq,Σpijqy is a Hopf subalgebra isomorphic to DpC2q.

193



Bibliography

[1] James W. Alexander and Garland B. Briggs. On types of knotted curves.

Ann. of Math. (2), 28(1-4):562–586, 1926/27.

[2] Henning Haahr Andersen and Volodymyr Mazorchuk. Category O for quan-

tum groups. J. Eur. Math. Soc. (JEMS), 17(2):405–431, 2015.

[3] Nicolás Andruskiewitsch. On finite-dimensional Hopf algebras. ArXiv e-

prints, March 2014.

[4] Nicolás Andruskiewitsch, Giovanna Carnovale, and Gastón Andrés Garćıa.
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1997).

[8] Nicolás Andruskiewitsch and Hans-Jürgen Schneider. Finite quantum groups

and Cartan matrices. Adv. Math., 154(1):1–45, 2000.

194



[9] Nicolás Andruskiewitsch and Hans-Jürgen Schneider. Pointed Hopf algebras.

In New directions in Hopf algebras, volume 43 of Math. Sci. Res. Inst. Publ.,

pages 1–68. Cambridge Univ. Press, Cambridge, 2002.

[10] Nicolás Andruskiewitsch and Hans-Jürgen Schneider. A characterization of

quantum groups. J. Reine Angew. Math., 577:81–104, 2004.

[11] Nicolás Andruskiewitsch and Hans-Jürgen Schneider. On the classification of

finite-dimensional pointed Hopf algebras. Ann. of Math. (2), 171(1):375–417,

2010.

[12] Michael Artin, William Schelter, and John Tate. Quantum deformations of

GLn. Comm. Pure Appl. Math., 44(8-9):879–895, 1991.

[13] Bojko Bakalov and Alexander Kirillov, Jr. Lectures on tensor categories

and modular functors, volume 21 of University Lecture Series. American

Mathematical Society, Providence, RI, 2001.

[14] Laurent Bartholdi, Benjamin Enriquez, Pavel Etingof, and Eric Rains.

Groups and Lie algebras corresponding to the Yang-Baxter equations. J.

Algebra, 305(2):742–764, 2006.

[15] Yuri Bazlov. Nichols-Woronowicz algebra model for Schubert calculus on

Coxeter groups. J. Algebra, 297(2):372–399, 2006.

[16] Yuri Bazlov and Arkady Berenstein. Braided doubles and rational Cherednik

algebras. Adv. Math., 220(5):1466–1530, 2009.

[17] Alexander Beilinson, Victor Ginzburg, and Wolfgang Soergel. Koszul duality

patterns in representation theory. J. Amer. Math. Soc., 9(2):473–527, 1996.

[18] Gwyn Bellamy. On singular Calogero-Moser spaces. Bull. Lond. Math. Soc.,

41(2):315–326, 2009.

[19] David Ben-Zvi, John Francis, and David Nadler. Integral transforms and

Drinfeld centers in derived algebraic geometry. J. Amer. Math. Soc.,

23(4):909–966, 2010.

195



[20] Georgia Benkart and Sarah Witherspoon. Two-parameter quantum groups

and Drinfel1d doubles. Algebr. Represent. Theory, 7(3):261–286, 2004.
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(Srńı, 1990), 26, pages 197–206, 1991.

[82] Shahn Majid. Braided groups and duals of monoidal categories. In Category

theory 1991 (Montreal, PQ, 1991), volume 13 of CMS Conf. Proc., pages

329–343. Amer. Math. Soc., Providence, RI, 1992.

201

http://www.math.harvard.edu/~lurie/papers/higheralgebra.pdf


[83] Shahn Majid. Rank of quantum groups and braided groups in dual form. In

Quantum groups (Leningrad, 1990), volume 1510 of Lecture Notes in Math.,

pages 79–89. Springer, Berlin, 1992.
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Index

2-cocycle

right, 92

2-cocycle twist

right, 11, 92–94, 138

3-cycle, 24, 100

admissible module, see locally finite mod-

ule

alternating algebra, 85

antipode

quasi-case, 25, 49

Azumaya locus, 178, 182

BEER-algebra, 150, 160, 171

bialgebra

braided, 23

quasi-, 24

bimodule

over a monoidal category, 28, 29, 31

braid group

pure flat, 146

braided double, 110

free, 111

minimal, 112

braided monoidal category, 4, 23, 28

braiding

Cartan type, 139, 141

diagonal type, 129, 138

Drinfeld–Jimbo type, 140

generic, 139

of Yetter–Drinfeld modules, 56, 87

positive, 139, 141

Cartan datum

finite, 108

categorical action, 8, 41, 44, 70, 85, 91,

93, 176, 180

category O, 3, 89, 90, 180

for reflection quantum groups, 178,

180

classical limit

of a quantum group, 134

coassociator

twisted, 52

complex reflection group, 8, 149, 168

costandard module, 179

Coxeter group, 149

Dijkgraaf–Witten theory, 7

Drinfeld center, 7, 36

mixed relative, 37

relative, 59

Drinfeld double, 4, 83

asymmetric braided, 118, 130

braided, 6, 78, 80, 122, 172

braided quasi-, 98
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twisted, 100

Drinfeld twist, 97, 99

Drinfeld–Kohno Lie algebra, 146

dual object

left, 42, 47, 54, 63, 69

right, 43, 47, 54, 69

dual quasi-bialgebra, 98

duality isomorphism, 48

Dunkl embedding, 146, 175

fiber functor, 23, 37

finite dual, see restricted dual

Fomin–Kirillov algebra, 150, 171

Gelfand–Kirillov dimension, 140

grouplike element, 107

Heisenberg double

braided, 6, 78, 80, 112, 146, 162,

165, 174

braided quasi-, 98

restricted braided, 84

twisted, 100

highest weight module, 179

Hochschild cohomology

categorical, 8, 18

Hopf algebra

braided, 5, 23

commutative, 2

pointed, 107, 110, 127, 143

primitively generated, 83, 116

quasi-, 24

Hopf algebras

dually paired braided, 25, 69

Hopf center, 7

relative, 39, 59

Hopf module, 56, 70

Hopf modules

fundamental theorem, 61

indecomposable coalgebra, 107

induction functor, 148, 163, 164

integral form

non-restricted, 132

Koszul algebra, 158, 159, 160, 171

linking relation, 109, 128

locally finite module, 89

locally nilpotent module, 178

Milnor–Moore theorem, 131

monoidal functor, 31

multiplicative functor, see quasi-monoidal

functor

Nichols algebra, 6, 83, 108, 112, 140,

146, 171

non-degeneracy

triangular decomposition, 129

opposite (co)-product, 26, 51, 52

pairing

perfect, 27, 76, 77

PBW-basis, 157, 158, 159

PBW-theorem, 78

Pentagon equation, 16

Poisson deformation, 8

quadratic dual, 154, 155
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quantum Clebsch–Gordan rule

D-modules, 96

quantum coordinate ring, 2

quantum D-module, 94

quantum enveloping algebra, 2, 4, 86

quantum group, 2, 103, 143

multiparameter, 136

small, 88

quasi-monoidal functor, 28, 38

quasitriangular

weak pair, 74, 78

quasitriangular structure, 64, 65

R-matrix

universal, 53, 66, 75, 87, 173

rational Cherednik algebra, 8, 19, 146,

163, 164, 169, 175

restricted, 164, 169, 176

reconstruction theorem, 45, 53

quasi-bialgebra, 47

reflection quantum group, 14, 172

representability condition, 45

higher, 46

restricted dual, 25, 77

restriction functor, 148, 163, 165

rigid category, see dual object

rigid functor, 48

separable type, 128, 130

weakly, 123, 127

skew-primitive element, 108

standard module, see Verma module

strictification

of a monoidal category, 34

Sweedler’s notation, 25

symmetric algebra, 85

triangular decomposition

algebra, 110

Hopf algebra, 112, 114

Hopf algebra symmetric, 121, 122,

141

triangular Hopf ideal, 115, 120

triangular ideal, 111

twist equivalence, 138

vector bundle

twisted equivariant, 101

Verma module, 92, 95, 179

Weyl algebra, 7, 81

Yang–Baxter equation

classical, 5, 145

quantum, 5, 16

Yetter–Drinfeld module, 7, 55, 68, 69,

146, 149, 170

asymmetric, 117

Yetter–Drinfeld structure

associated left and right, 113
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