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Abstract

Evaporation phenomena are having a resurgent interest in the recent years thanks to
new techniques that allow for better flow visualization and microfabrication techniques
of surfaces with interesting wetting properties. From the theoretical point of view the
development of simulation techniques for evaporation phenomena is a challenging work
due to the presence of moving interfaces and multiphase flows.

Thanks to its mesoscopic nature, the Lattice Boltzmann method is an ideal candidate
for the simulation of evaporation phenomena. Here we present a Lattice Boltzmann
algorithm capable to correctly reproduce the diffusion-limited evaporation dynamics.

We apply this numerical method to study the dynamics of multiple droplets evap-
orating together and we compare the results with experimental measures. We show
that the presence of other droplets can dramatically increase the evaporation lifetime
compared to the single droplet case; we also investigate the competition between
convection and collective effects.

We then develop a theory to predict the instability behaviour of liquid fronts in
two dimensional confined geometries and we consider the interplay between capillary
forces, wettability gradients and phase changes. We use LB simulations to investigate
the effect of a three dimensional geometry that cannot be taken into account in the
analytical theory.

Finally we investigate the effect of flows on droplet evaporation. We consider

both buoyancy induced and external flows. We show that even when diffusion is the



dominant mechanism, flow effects are not negligible.
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CHAPTER 1

Introduction

Evaporation is a common phenomenon that we experience everyday in countless
situations; for example it is responsible for the formation of coffee stains but it is also
used in technological applications such as inkjet printing, surface coating, cleaning,
and the deposition of small particles® 2.

Although from the theoretical point of view evaporation is well understood '*!4,
recently there has been a resurgent interest in this phenomenon thanks to techno-

logical advances in fluid manipulation at the micrometer scale'®1®; examples of such

technologies are microfluidics!'”, micropatterned and superhydrophobic surfaces!® 8.
On the other hand these new technologies have enabled a deeper understanding

of the phenomena; for example thanks to advances in particle tracking®’ it has been

possible to explain the so-called “coffee ring” effect® by showing that the deposition of

particles at the contact line of an evaporating drop is due to a capillary flow from the

interior of the drop to the contact line.

1.1 Drops

Since we will focus most of our attention on liquid droplets it is useful to give here a

brief description of their main characteristics. A simple definition of a drop is of a small
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portion of liquid. Our everyday experience tells us that drops are usually spherical (if
they are not too big); this behaviour comes from the fact that surfaces are energetically
costly for liquids, and the spherical shape minimizes the drop’s surface.

In order to quantify this energy cost we use the surface tension v, which is the energy
per unit area needed to increase a liquid’s surface. Because of the spherical shape
there is a difference in pressure Ap at the drop’s surface given by the Young-Laplace
equation®”

11 %y
AP — N 1.1
’Y(R1+R2) 7 (1.1)

where R, and R, are the principal radii of curvature and R the mean curvature. In
Eq. 1.1 gravity has not been considered, but in general it causes a gradient in pressure

of the form

P

2 = _pa. 1.2
dz Py (1.2)

This means that for a spherical droplet there is a pressure variation due to gravity

equal to
AP(gravity) = —pg2R. (1.3)
However if this term is much smaller than the Young-Laplace pressure difference

2
pg2R < % (1.4)

it can be neglected and the shape of the droplet is spherical. From Eq. 1.4 we conclude

that this happens for lengthscales smaller than

v
lo=/— 1.5
0 (1.5)

which is called capillary length. For pure water at standard temperature and pressure
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l. =~ 2.Tmm.

1.1.1 Droplet evaporation

Evaporation is a phase transition of the liquid phase of a given substance into its
gaseous phase. It occurs when the concentration of the vapor of the substance is less
than the saturation concentration.

The saturation concentration is the vapour concentration at which the vapour phase
is in thermodynamic equilibrium with its liquid (or solid) phase at a given temperature
in a closed system. Loosely speaking, evaporation occurs because a liquid substance
is in a non-equilibrium situation with its vapour, so some of the liquid evaporates to
restore the equilibrium. For a pure substance the liquid vapour equilibrium is described

by the Clausius-Clapeyron equation*!

I AH 1 1
m_ A 1 1 1.6
" Pl Rgas <T2 Tl) ( )

where P, P, are the vapour pressures at temperatures 77, T, respectively, AH,q, is the
enthalpy of vaporization, and R, is the universal gas constant. The vapour pressure
is directly connected to the saturation concentration through the equation of state for
ideal gases. During evaporation the vapour concentration is not uniform (intuitively
we expect more vapour to be near the liquid phase) in either space or time, thus it will
be subject to diffusion.

We will now describe in more detail the dynamics of the vapour concentration of
an evaporating droplet.

Let us consider a drop of a fluid A surrounded by another fluid B. The drop will
shrink if the concentration of A in fluid B is less than its saturation value c¢,. The
terminology depends on whether A and B are liquid-gas, gas-liquid or liquid-liquid.
Shrinking in the liquid-gas case (e.g., a water droplet in air) is usually called evaporation,
whereas in the latter two cases (bubble in liquid, or a droplet in liquid) it is called

dissolution. In most dissolution cases of interest, thermal exchanges are negligible so
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we consider the dissolution as isothermal.

In order to determine the temporal evolution of the drop, one has to determine the
rate-limiting step in the mass exchange; in principle this could be either the transfer
rate of fluid A across the droplet interface, or the diffusion of the solute through the
bulk. However for almost every liquid, transfer rates across the interface are of the
order of 107! 53 much faster than diffusion timescales, so diffusion is the rate-limiting
process. The temporal evolution of the solute concentration field ¢(r,¢) (where r is the
distance from the drop’s center; we are assuming radial symmetry) is then described

by the diffusion equation

dc(r,t)

o DV?¢(r, t) (1.7)

where D is the diffusion coefficient of the solute through the bulk. If the dissolution of
the droplet takes sufficient time, the concentration reaches a steady state and we can

describe the concentration field by the Laplace equation:
Vic(r) = 0. (1.8)

In order to completely define the problem we have to fix boundary conditions for
Eq. 1.8. First we fix the solute concentration at infinity, ¢(r — o0) = c¢oo. At the
drop interface we assume the concentration in the bulk to be the saturation value, i.e.,

¢ = ¢,. If the drop radius is R, then the concentration profile obtained from Eq. 1.8 is

(s = Coo)- (1.9)

The evaporative flux at the droplet surface is

D de(r)

J = =
Pd dr r=R

(1.10)
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where py is the droplet density. Using Eq. 1.9 J is

Dc, —co
J=—= , (1.11)
R pa
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Figure 1.1: Temporal evolution of water drops evaporating in air; the straight lines
have a slope of 0.5 as required from the D? law. Line A is water evaporating in
air at 21.7°C, 0% relative humidity (RH); B 20.3°C,42% RH; C 19.6°C,53% RH; D
20.8°C, 89% RH. From Ref.2.

Integrating over the drop surface one gets the rate of volume change

av s — Coo
AP Y i (1.12)
dt Pd
from which one can derive the temporal evolution of R
RX(t) = 2D (1, — 1) (1.13)

Pd

which is the so-called “D? law!.
The diffusion-limited model of evaporation has been fully validated experimen-
tally?42. Figure 1.1 shows one of the earliest measurements of water drops evaporating

in air compared with theoretical predictions and the D? law is clearly observed.

IThe D in the “D? law” should not to be confused with the D in Eq. 1.13, which is
a diffusion constant. The name “D? law” indicates the temporal evolution of the droplet
diameter, while in Eq. 1.13 we use the droplet radius R. We keep the term “D? law” because
it is the standard nomenclature used in the field.
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1.2 Surface droplets

The interaction of droplets with solid surfaces depends both on the liquid substance
forming the droplet and the solid. If a droplet is in contact with a solid it has an
associated surface tension ~gy; there is also a surface tension between the solid and
the gas phase, indicated as vsg. At the three-phase contact line these three surface
tensions are in equilibrium and determine the contact angle of the droplet sitting on

the solid surface.

Figure 1.2: Illustration of the three-phase contact line with the three surface tensions
described in the text. 6 is the droplet’s contact angle. From Ref.?.

Figure 1.2 shows the balance of the three surface tensions. If we move the contact
line by an amount dzr we have an increase in the system’s energy dFE per unit area

given by
OE = (vs1, — Vs + ycosb)dx. (1.14)

The condition for equilibrium, dE/éx = 0, leads us to the Young contact angle

equation®?

VsG _’YSL. (1'15)
Y

cosf =

Considering surface water droplets, if a solid has 6 < 90° it is called hydrophilic; if

0 > 90° it is called hydrophobic. A pictorial illustration of different wetting properties
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(d) (e)

(©
O

Figure 1.3: Illustration of drops with different contact angles. 6 increases going from the
left to the right. (a) illustrates complete wetting (0 = 0); (b) hydrophilic (6 < 90°), (c)
neutrally wetting (6 = 90°), (d) hydrophobic (# > 90°) and (e) perfectly hydrophobic
surface (6 = 180°). From Ref.?.

is given in Fig. 1.3.

1.2.1 Evaporation

The mathematical treatment of surface droplet evaporation is the same as the one
described in Sec. 1.1.1; however an additional boundary condition should be added
to the ones used in Sec. 1.1.1, since the presence of the solid surface poses a no-flux
boundary condition. If we assume the surface to be located at z = 0 the no-flux

boundary condition is

J(z=0)=-DVc=0. (1.16)

From a mathematical point of view, this problem has an electrostatic analogous
of a charged conductor of the same shape as the droplet where ¢(r) plays the role of
the electrostatic potential and J of the electric field. Because of the no-flux boundary
condition at the solid surface, we can use the method of the images, thus reducing the
boundary conditions to the two described in Sec. 1.1.1: we fix solute concentration at
infinity, ¢(r — 00) = ¢, and at the drop interface we have ¢ = c;.

This analogy has been used to analytically solve the problem !4, Following Popov!!,

we can write the time variation of the droplet volume V as

AV wLD(cs — coo)

— = 2 £(6) (1.17)
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where L is the drop footprint diameter, 6 the contact angle and

f(0)

in @ >1 h 26
o / Lo 20T tanh[(m — 6)7]dr (1.18)
0

- 1+ cosf sinh 277

is a factor that takes into account the effect of the contact angle on the dissolution
dynamics.

The volume of a drop can vary in (at least) two ways during evaporation: either L
varies and 6 remains constant, or the opposite happens. The first mode of evaporation
is called constant contact angle (CA) and the second one constant contact radius (CR).

We can express the volume of a drop as the volume of a spherical cap

L3 sin6(2 + cos 6)

V= 24 (1 + cosf)?

(1.19)

and by substituing this equation in Eq. 1.17 we can obtain the droplet’s lifetime. In
the CA mode we have § = 0, while in the CR mode L = 0. The resulting lifetime in

the CR mode is

2(1 2\t 2
— (1 + cosby) dé (1.20)
sin 6y (2 + cos ) o f(0)(1+cosb)?
while in the CA mode it is
2 2/3 .
[ 2(1+4costh) sin 0y (2 + cos ) (121)
A= \sin 0o(2 + cos bp) f(00)(1 + cos b)? '

where 6, is the initial contact angle and the time has been non-dimensionalized by

3Vo\** pa
T=(22) ———FH 1.22
( 27 ) 2D(cs — ¢0) (122)

ie. 7=1t/T.
Eqgs. 1.20-1.22 indicate that the “D? law” is valid for surface droplets too, and the
effect of different contact angles is to scale the droplet lifetime by a constant factor,

but the functional dependence dictated by the D? law remains intact. These results
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will be used throughout the thesis.

1.2.2 Experimental observations

4 t time

Hho ot

Figure 1.4: The four different evaporation modes of a sessile droplet: (a) CR mode, (b)
CA mode, (c) stick-slide mode, (d) stick-jump mode. L is the droplet contact footprint,
H its height and 6 its contact angle. The left figures show the temporal evolution of
H, L, 0 while the right figures are pictorial illustrations of each dissolution mode. From
Ref.?.

As described in the previous section, surface droplets also follow the D? law,
although their interaction with surfaces leads to a richer behaviour in their evaporation.
In recent years technological advances have allowed us to study droplet and bubble
behaviour down to the nanometer scale*4463,

Four different evaporation modes have been identified: in addition to the constant
contact angle and constant contact radius described in the previous section there are
two other evaporation mechanisms. The first one is the stick-slide mode: in this mode
the drop begins to evaporate in the CR mode, and when the contact angle reaches a
critical value 0*, switches to the CA mode until it dries completely.

The other one is called stick-jump mode: the droplet first dissolves in the CR mode

but when its contact angle reaches a critical value 0,,;; the droplet’s contact radius



Chapter 1. Introduction 10

jumps to a smaller value; due to mass conservation its contact angle jumps to a higher
value than 6.,.; and then the dissolution is again in a CR mode. Usually there is more
than one jump during the evaporation process. The four modes of evaporation are

summarized in Fig. 1.4.

Figure 1.5: Particles deposited by an evaporating coffee droplet containing 1 wt%
solids. From Ref.®.

These different behaviours are caused by the fact that every surface always has some
roughness that causes pinning of the droplet. For the CR mode the whole contact line
is pinned throughout the whole evaporation process. This is the cause of the so-called
coffee ring effect. If the drop contains some particles and its contact line is pinned,
then during evaporation the particles will migrate towards the contact line due to flows
inside the droplet and they will deposit there (see Fig. 1.5).

Stick-slide and stick-jump modes are also caused by the pinning of droplets but

only at some points: the mechanism is illustrated in Fig. 1.6.

1.3 Buoyancy and flow effects on evaporation

In the previous analysis of evaporation we did not take into account buoyancy or flows.

Buoyancy can have an effect on evaporation if the droplet’s vapour has a different
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(c)

.0 ®
o 00

Figure 1.6: MMA (methyl methacrylate) nanodroplets on coated silicon wafers dis-
solving in water. (a) and (b) show the same region at subsequent times; green circles
and white dots are in the same position in both figures (scale bar 40um). White dots
indicate the pinning sites of some droplets. (c¢) shows the evaporation mechanism of
the droplets: the pinning sites remain fixed for each droplet throughout evaporation,
thus causing the stick-jump behaviour. From Ref.%.

25 min

density than the surrounding fluid. For example water vapour is lighter than air, so it
tends to move away from the droplet faster than by pure diffusion alone. In Ref.% it
was shown that millimeter sized droplets evaporate faster than predicted for the pure
diffusive case. Fig. 1.7 shows a log-log plot of the temporal evolution of an evaporating
water droplet’s radius in air. According the D? law this should scale as R oc (t — tc,)®
with a = 0.5 while, as the plot shows, the exponent in this case is a = 0.6.

10

Radius (mm)

0.1 1
10 100 1000

f() -1 (5)

Figure 1.7: Log-log plot of droplet radius over time of a water droplet evaporating in
air. The fitting line has a slope a = 0.6, thus indicating a departure from the D? law
which dictates the temporal evolution of the radius to be R o< (t — te,)%?. From Ref.°.
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In order to quantify the effect of buoyancy forces or flows it is useful to introduce the
Rayleigh number® which is the ratio of buoyancy forces to viscosity forces and diffusion.
Consider a system like the one shown in Fig. 1.8: there is a fluid A evaporating (or
dissolving) in a second fluid B, thus producing a concentration gradient along the

vertical direction.

Coo

fluid B L

Csat

fluid A
z

Figure 1.8: Sketch of a fluid A, dissolving in a second fluid B, and subject to buoyant
forces. The concentration of fluid A vapour varies from c,,; at the interface of the two
fluids to ¢, at a distance L from the fluid interface.

Evaporation is driven by fixing the concentration of fluid A to a value c,, # cso at
a distance L from the fluid interface. Consider a volume of linear size d as in Fig. 1.8.
Because of evaporation of fluid A, the volume has an initial density difference Apy with

the surrounding fluid; we can write Apq as

Apg = ppB.Acy, (1-23)

with 5. = 1/p 0Jp/0e, the solutal expansion coefficient, and Acy = ¢ — Coo 1s the
difference in concentration of fluid A between the fluids interface and the boundary at
distance L from the fluid interface were the concentration of the vapour of A is fixed.
This density difference will in general evolve in time and we denote it by Ap(t). Due

to this density difference the fluid volume experiences a buoyancy force given by

gAp(t)d’ (1.24)
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with g being gravitational acceleration. Acting against the buoyancy is the viscous

force

dz,

d
K7

(1.25)

where z, is the vertical spatial coordinate of the volume considered and 7 the fluid

viscosity. Balancing the two forces gives

dz,

Ap(t)d® = nd—=.
gAp(t) nd—,

(1.26)

We have also to remember that due to diffusion, Ap(t) will vary in time according

to

dAp(t) — DAp(t)
dt d?

Ly Ap(E) = App exp (—@) (1.27)

Combining Eqgs. 1.23-1.26-1.27 together we obtain the upward velocity of the volume

of fluid considered

2
% _ 9ppedAc ( Dt) . (1.28)

By integrating this equation over time one obtains the total distance travelled by the

fluid element

* dz, * gpB.d?Acy, Dt
dt = - —— | dt 1.29
/0 dt /0 n P\ T (1.29)

which gives

L gpBe.d* Acy

v 1.30
e (1.30

Since we are interested in situations where this upward motion is non-negligible,

the value of z, is always greater than the length scale L (since the volume will reach
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the top of the system in a finite time)

gpBed*Acy,

L. 1.31
> (131)

In order to express this equation in a dimensionless form we introduce the dimensionless

factor f as f = L/d; this gives

gpB.L*Ac,

D f. (1.32)

The left hand side of the previous equation is the dimensionless Rayleigh number

_ gﬂcL?)ACL

R
“ vD

(1.33)

where we have used the kinematic viscosity v = n/pp. As explained in the beginning
of the section it is the ratio of buoyancy forces over viscosity and diffusion.
Another useful dimensionless number is the Sherwood number which is the ratio of

the measured mass dissolution rate to the one predicted assuming pure diffusion

Sh = measured (1.34)
Mtheory

A recent experiment” has studied the dissolution behaviour of sessile droplets over

a wide range of the Rayleigh numbers; the results are shown in Fig. 1.9.

10
1 o 1-Pentanol
a1 1-Hexanol |3
A 1-Heptanol
> 2—Heptanol
A1 4 e 3—Heptanol
o 1-Octanol
0.1 '-‘ 4 L L L LLia L L Ll L L Ll L L Ll 1 4 4
102 107 10° 10’ 10?2 103 10*
Ra

Figure 1.9: Sh-Ra plot of different alcohols dissolving in water. From Ref.”
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The figure is a plot of the Sherwood number as a function of the Rayleigh number
for several droplets of different alcohols dissolving in water. A Sherwood number equal
to 1 means that the dissolution rate is the one expected by diffusion theory, while
Sh > 1 indicates a dissolution faster than the one due only to diffusion. The main
result of the plot is that for small Rayleigh numbers (which means either small droplets,
small density differences or large values of the diffusion constant D) the dissolution
is dominated by diffusion, while for high Rayleigh numbers buoyancy effects become

important. A more detailed analysis of these results is carried out in Chapter 6.

1.4 QOutline of the thesis

The thesis is organized as follows: after the introduction made in this chapter, Chapters 2
and 3 describe the Lattice Boltzmann method and how to implement evaporation in
this numerical method in detail. We first describe the Boltzmann equation and its
relation with the Navier-Stokes equation. We then introduce the Lattice Boltzmann
method as a discretization of the Boltzmann equation. We describe the Cahn-Hilliard
model used to describe multiphase flow and the implementation of evaporation in this
model; we also validate results obtained by a Lattice Boltzmann method coupled with
the Cahn-Hilliard model against analytical prediction for the evaporation dynamics of
simple systems.

In most situations of practical interest, an analytical approach to the evaporation
dynamics like the one developed in this chapter is not possible, making numerical
simulations essential in order to predict the behaviour of these systems. The next
three chapters discuss different applications of the simulation methods developed for
evaporation. Chapter 4 describes collective effects that arise from the presence of
multiple droplets evaporating. We analyse the evaporation dynamics of several complex
systems, and we compare simulation results with experimental measurements.

Chapter 5 studies the role of evaporation and condensation on the stability of
thin films in microchannels. First we develop a 2D theory to analyze the effect of

evaporation and condensation on the stability of flows in confined geometries and we
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show that these phase changes play an active role in the instability of these systems.
We then use numerical simulations to explore the effect of the third dimension that
cannot be taken into account in an analytical approach to the problem.

As described in Sec. 1.3, flows have an important effect on the evaporation dynamics
of droplets and the effect of buoyancy and external flows on evaporation dynamics is
studied in Chapter 6. We perform numerical simulations both in the case of buoyancy
induced flows and external flows, and we confirm that, even at small Rayleigh numbers,
flows have a very large effect on evaporation.

Finally we summarize our findings in the conclusions. More technical details are

presented in the appendices.



CHAPTER 2

Lattice Boltzmann methods

The Lattice Boltzmann algorithm is a relatively new computational technique used
for the study of fluid dynamics. It was developed in the late 80’s in the wake of a

previous numerical method, the so-called lattice-gas cellular automata %>

and during
the last decades has gained a growing popularity in the community of fluid simulations.
As the name suggests, the method starts from the Boltzmann equation in order to
simulate fluids. By comparison, more traditional computational fluid dynamics (CFD)
techniques are, loosely speaking, direct discretizations of the equations governing fluid
motion, the Navier-Stokes equations. The main advantages of the Lattice Boltzmann

method lie in its intrisic parallel nature and in the possibility to include microscopic

physical features.

2.1 Physical description of fluids

Let us consider a macroscopic system formed by N molecules. If quantum effects

are negligible, the dynamics of the system is determined entirely by Newton classical

17
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equations
dz; _ Db
dp; —F.
da "

where 7 = 1... N denotes the i-th particle, x; is its position, p, its linear momentum
and F'; the force on it. Given initial and boundary conditions, Eqs. 2.1 determine
exactly the behaviour of each particle. However, for macroscopic systems the number of
particles is of the order of the Avogadro number N, ~ 10?* which makes this analytical
description impossible. Moreover, for all practical purposes, in order to describe a
macroscopic fluid we need a far less detailed knowledge than the one given by Newton
equations.

If we have a fluid we usually describe it with few variables, such as the velocity field,
density, pressure, etc. instead of the 6/N variables that we would need with Newton
equations. The dynamics of the entire system is then given by the continuity and

Navier-Stokes equations

on

Fn +V-(nu)=0

u (2.2)
n (E +u- Vu) =-VP+V-(n(Vu+ (Vu)")) +nF

where u is the velocity field, P the pressure, n the fluid’s density, n the viscosity and F'

the external forces on the fluid (for simplicity we considered the fluid as incompressible).

2.1.1 The Boltzmann equation

A description which lies between the Navier-Stokes and Newton’s equations is given
by the Boltzmann equation. In this framework we describe the particles” motion in a
probabilistic way; instead of calculating the exact position and velocity of each particle
at each time we calculate the probability of a particle being at some position and having

a certain velocity at a definite time. If we introduce a probability density f(x,v,t)



Chapter 2. Lattice Boltzmann methods 19

then the quantity
on = f(x,v,t)dxdv

is the average number of particles that at time ¢ have their position in the interval|z,  +

dx] and velocity in the interval [v,v 4 dv]. The temporal evolution of f is given by

the Boltzmann equation™ "

of
ot

of (df
covrerg= () 2

where F' is the force on each particle. Eq. 2.3 describes how the distribution function
f can vary in time: either because of the streaming of the particles due to the force
field F' (left-hand side of Eq. 2.3) or because of collisions (right-hand side). The term
on the right-hand side of Eq. 2.3 is called collision integral; it can be solved exactly
in very few cases. However, the equilibrium properties of f can be derived with some
assumptions which simplify the form of the collision integral.

Since collisions involve (at least) two particles, if we consider only binary collisions,
the collision integral depends on the two-body distribution function f(x1, v, T2, va, 1)
(shortened to fi2), i.e. the probability of having the particle 1 at position @; with
velocity v; and particle 2 at position xo with velocity vs. It is possible to write an
evolution equation for fi5 but it depends on the 3-particle distribution function fis3,
and so on (this is the so-called BBGKY hierarchy™ 7). In order to have a closed
equation for f Boltzmann considered a dilute gas of point-like particles interacting
only via a short-range two-body potential. Under these conditions the collision integral
takes a simple form; if we consider a pair of particles having positions and velocities
&1, V1, Lo, Vo (shortened as 12), then all the collisions of the type 12" — 12 will increase

the particle population in the state 12, while the collisions of the type 12 — 1’2" will

decrease the 12 population. The collision integral can then be written as™
df 3, 13
% = (fllg/ - f12)”l)1 - '02’0'("01 — ’U2|, Q)de ’Uld ()] (24)
coll

where o is the differential cross section of the collision and {2 is the solid angle of
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scattering. The final assumption is to assume that the particles entering a collision
are uncorrelated; this is the famous “molecular chaos” or “Stosszahlansatz” assumption

which leads to the result

Ji2 = fife. (2.5)

With this assumption it is possible to write the Boltzmann equation with only the one

particle distribution function f

0 0
a_{ +v- Vf -+ F. 8_’1{ = (fllfgl — f1f2)|’01 — '1]2|O'<|’Ul — ’1)2|, Q)deS'IJldg’Uz. (26)

2.1.2 The Maxwell-Boltzmann distribution

Although is not possible to solve the Boltzmann equation in the general case, it is
relatively easy to obtain information about the distribution function f at equilibrium.

We define the equilibrium distribution function f. as the one that satisfies the identity

dfe\  _
(E) coll - (27)

By applying the definition to Eq. 2.6 we get

fifa = fvfa (2.8)

(the subscript e is omitted) and by taking the log of both sides

In(f1) + In(f2) = In(f1) + In(fo). (2.9)

Thus In f, has to conserve during collisions and since there are three collision invariants
(number of particles, linear momentum and kinetic energy) In f, has to be a function

of them. We can therefore write In(f.) as

In(f.) = a+ bv; + cv? (2.10)
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and calculate the values of the parameters a, b;, ¢ by imposing the conservation of the

number of particles, momentum and energy

/fdv =n,

/ffuidv = nu, (2.11)

/fvzd'v = nu® + 3nd

where 0 = k,T. The resulting expression for f is the famous Maxwell-Boltzmann

distribution

n

(v —u)?
fe(v) = 2oy P (_T) : (2.12)

2.1.3 From Boltzmann to Navier-Stokes equation

It is possible to show that the Navier-Stokes equation can be derived from the Boltzmann
equation. The most used method is the Chapman-Enskog expansion’’, although other

t78

methods exist °. The Chapman-Enskog method is essentially a perturbation expansion

of the Boltzmann equation; first we write the distribution function as

f=l+efi+...

where fo = f. and f; is the non equilibrium contribution. The perturbation parameter

€ is assumed to be the Knudsen number

mean free path
Kn = P

macroscopic length scale’

If Kn << 1 the mean free path of the fluid molecules is very small compared to the
typical length scale of the system, and continuum fluid mechanics is valid. By using a
multiscale expansion it is possible to derive the Navier-Stokes equation.

Since the original Chapman-Enskog analysis is quite long, here we present a sim-

plified derivation of the Navier-Stokes equation from the Boltzmann equation. We
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first introduce the BGK approximation ™, which is an approximation for the collision
integral. From a physical point of view the main role of the collision integral is to drive
the distribution function towards the equilibrium one. Thus the simplest expression we

can assume for the collision integral is that of a relaxation of f towards f.

af\  _fe—f
(%>coll T 21

where 7 is the relaxation time. With this assumption the Boltzmann equation takes a

much simpler form:

O+ vdof + Fud f =11 (2.14)

where we have used Einstein summation convention ( o = x,y, 2); we can then write f

as

f=fe=70uf +vaOaf + Falu, f)- (2.15)

Knowing the equilibrium distribution (Eq 2.12) we can calculate several moments of f,

/ﬂwzm

/fe(ua — vy )dv =0,
/fe(ua — Vo) (ug — vg)dv = nbd,g, (2.16)
[ o = v = w3y~ v, )do =0,

/fe(ua - Ua)(”ﬂ - Uﬁ)('ug — '172)(1'0 = 571925@,3.

that we will need later
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We also demand the moments of F' to satisfy

/Faﬁvafdv =0,
/Fgﬁvﬁfvadv = —nk,,
/Fyavwfvavgdv = —n(Foup + Fau,),

/Fg@véfvavgvvdv = —n[(Fo (005, + ugty) + (F3(00ay + tatiy)(F, (0005 + uqug)].
(2.17)

To get the continuity equation we integrate Eq. 2.14 and use Egs. 2.11-2.16-2.17

(to first order in derivatives)

1

at/fd'v+6a/fvadv +/Fa&,afdfv = ;/(fe — f)dv

(2.18)
= O + Oa(nuy) = 0.

To obtain the Navier-Stokes equation we first multiply Eq. 2.14 by v, and integrate

T

) / Foadv + 05 / Fravsdv + Fy / Doy (fro)dv = = / (f. = f)vadv

(2.19)
= Oy(nuy) + 0p / foavgdv = nF,.
Using Eq. 2.15 we have for the integral term (to first order in derivatives)
/fvavgdv = /fevavgdv -7 (ék / fevavgdv
(2.20)

+ 0, / fevavpvydv +nFyug + nuaFg) + 0(0%)

which leads to

Or(nuy) + 0g(nuaug) = —0,(n0) + nkF, (2.21)
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which is known as the Euler equation. Using Eq. 2.18 we can rewrite it as
1
Ortle, + ugOptly = ——04(nb) + F. (2.22)
n

We need now to calculate the term

at (/ fevavﬁdv> = 3t(nuau5 + n@éaﬂ)
= Op(nug)ug + nuaOiug + 0nbiss + 100044

= —0,(nuguy)ug — 0 (nB)ug — nFyug — nugu, 0 ug

2
— ua03(nb) — nugFg — 0y (nuy)0005 — Nty 0, (004s) — gﬁwuﬂ

= —0,(nuquguy) — 0g(nB)ug — 0n(nh)ug — n(Fyup + Fauy)

— 0y(nbu.)0ns — gn%?vuV
(2.23)

where we have used the energy conservation equation to first order (it can be derived

by multiplying the Boltzmann equation by (v — u)? and integrating)

040 + 1ua0p0 = —gaauae +0(9%). (2.24)
We also need the term

0, / fevavavydv = 0g(nbuy) + 0a(nbug) + 0y (nOuy)das + Oy (nuqugu,). (2.25)

Adding Egs. 2.23-2.25 we have

2

371(987%. (2.26)

0, / Jevavpgdv + 0, / fevavpvydv = nb(0us + Oguy)
Substituting this expression in Eq. 2.20 we finally get the Navier-Stokes equation

2
nOUa + nugdptiy, = —0,(n0) + nk, + Og (n((?gua + Oqup — §&,uﬂ,5a5)) (2.27)
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where 1 = nf7 is the viscosity. The previous equation reduces to Eq. 2.2 for incom-

pressible fluids if P = nf = pkgT, which is the equation of state for ideal fluids.

2.2 The Lattice Boltzmann equation

As the title suggests, the lattice Boltzmann algorithm is a discretization of the Boltz-
mann equation on a lattice. This means that we have to dicretise both space and
velocity variables (and time). We define dx as the lattice spacing, dt as the timestep
and ¢ = dz/dt as the lattice velocity. If we choose a set of N discrete velocities we can

write a discrete version of Eq. 2.14 as
1
f(l' + Vi, Vi, L+ 5t) - f(‘r)via t) + F<U’L) - ;(fe(xa vi7t) - f(l'7 Vi, t)) (228)

where i = 1,..., N and F(v;) is the discretization of the term F,0,, f. In order to have
a consistent scheme we have to choose the set of discrete velocities such that, for each
1, * + v; is a lattice position. In the following we set dt = 1, unless otherwise stated.
We also shorten the notation as f(z,v;,t) = fi(x,t) and F(v;) = F;. All the previous

constraints must hold in their discrete version, in particular for the F; we have

ZE:()7
ZFivia = _nFaa

> Fviavig = —n(Faug + uaFp),

(2.29)

Z Fiiq0igviy = —n(Fo (003, + uguy) + F3(00ay + uquy) + Fy (0605 + uaug)).
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For the equilibrium distribution

Zfie =n,

%

Zfie(uia - Uioz) = 07

i

Z fie(UWia — Via)(Uip — vig) = nBdap, (2.30)

%

Z fie(uia - via)(”iﬂ - U@'ﬁ)(ufy — 'U,Y) =0,

Z fie(uia - Uia)(uw - Uig)(UQ — v2) = 5n02(5a5.

(2

The same sums applied to the non-equilibrium distribution functions f; are used
to define the macroscopic fields. It is possible to show that also in the discrete case
Eq. 2.28 leads to the continuity and Navier-Stokes equations (also the heat conduction
equation® but in most cases we work with a constant temperature); the derivation is
the same as the one in the previous section. The dynamic viscosity v is linked to the

relaxation time 7 (in 3D) via

2ot 1
= — —— . 2.31
v 3 (7’ 2) (2.31)

In order to implement the method we have to choose the dimension of the system
and the set of velocities to use; the standard way to indicate these two variables is to
use the abbreviation Dn(Q)m where the first part refers to the dimension of the system
and the second to the number of velocities. As an example, in the D1Q)3 case, we are
in one dimension and we have three velocities v; = (—1,0,1) (shown in Fig. 2.2). In

this case a set of f;. that satisfies the constraints of Eq. 2.30 is

fiie = %n(—u + 0+ u?)
foo = (1 — 0 ?) (2.32)

1
fie = 5n(u+9~|—u2)



Chapter 2. Lattice Boltzmann methods 27

8 3 7
\
0

2 . -1 0 1
/

6 4 5

Figure 2.1: Velocities for the D2Q9 model (left) and the D1Q3 model (right).

model |1 W;
0 4/9
D2Q9 | 1-4 1/9
5-8 1/36
0 2/9
D3Q15 | 1-6 1/9
7-14 | 1/72
0 1/3
D3Q19 | 1-6 1/18
7-18 | 1/36
0 8/27
1-6 2/27
D3Q27 7-14 | 1/216
15-26 | 1/54

Table 2.1: Weights w; for the most commonly used LB models.

In general, equilibrium distributions are written as

3 9 3
fie:nwi 1+§u~vi+ﬂ(u-vi)2—@u-u (233)

where w; are weights dependent on the particular set of velocities used. The weights
for the most commonly used models are listed in Table 2.1.

It must be stressed that there is a reason for Eq. 2.33; one would expect the usual
Maxwell-Boltzmann distribution for the f;.. Eq. 2.33 is a series expansion of the MB
distribution for small values of velocities, more precisely it is an expansion in the
parameter u/c. As a result the LB algorithm can be used for velocities much smaller
than the fluid’s speed of sound, or equivalently for small Mach numbers Ma < 1; for

the LB method the speed of sound is given by the lattice velocity c¢. The physical
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reason for this limitation is that compressiblility effects are not included in the method,
thus we are limited in the range of Mach numbers attainable in simulations.

It is also worth mentioning that the LB method is not unconditionally stable for
any choice of parameters; however in most situations instabilities occur quite early in
simulations and a suitable set of parameters can be easily found. The implementation
of the LB method is quite easy and this is one of its main advantages. In almost any

implementation Eq. 2.28 is split in two steps: the collision step

fia 1) = Fila )+ Fi = (o t) — el 1) (2.34)
and the propagation step

filx + v, t+ 1) = fl(z,t). (2.35)

One main advantage of the LB method over conventional CFD method is its locality;
in fact, as Eqgs. 2.34-2.35 show the evolution of the f; is completely local. This feature

gives the opportunity of an easy parallelization of the LB algorithm.

2.2.1 Boundaries

In most cases of interest there are some solid boundaries in the fluid. The usual
boundary conditions implemented in fluid dynamics problems are no-slip boundary
conditions, i.e. the velocity of the fluid at the boundary is the same as the velocity of
the boundary itself (usually zero).

The most usual technique to implement no-slip boundary-conditions in the LB
method is the so-called bounce-back method®"*2. The method is illustrated in Fig. 2.2.
For fluid lattice sites near solid lattice sites, the distribution functions simply bounce

back on the boundary like a solid particle hitting a wall:

filz, t +1) = fi(x,1) (2.36)
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where the term f_; denotes the distribution function relative to the velocity v_; = —wv;,
for example in the D2Q9 case v_s = v1,v_3 = vy, etc. The physical boundary lies
halfway between the two lattice sites. Other boundary conditions can be implemented,

for a review see Ref.®3.

(_f—i(xat)
et 1)

Figure 2.2: Illustration of bounce-back boundary conditions. The full points are fluid
lattice sites, the crossed points are solid sites. The distribution functions are bounced
back from the solid nodes.

2.3 Multiphase flows

Some of the most difficult systems to study with conventional CFD methods are
multiphase systems, because of the presence of moving and deformable interfaces.
Furthermore, the interaction between different fluids is difficult to implement into the
Navier-Stokes equations given their macroscopic nature. The microscopic nature of
the Boltzmann equation instead allows a simpler implementation of these interactions,
thus enabling the study of fluid mixtures.

Several different implementations of multiphase systems have been proposed and
used for the LB method®1%2; in the following we describe a free-energy approach®,
using a binary fluid model known as the Cahn-Hilliard model. Within the Cahn-Hilliard

approach, we model the liquid and gas phases as a binary fluid, where each phase is
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labelled using a phase field, ¢(z,y, z,t), which varies continuously between two bulk
phases separated by a diffuse interface. In the same spirit, all other hydrodynamic
variables, namely the density p, viscosity n, chemical potential u, pressure p, and
velocity v, vary smoothly across the interface.

In equilibrium, the configuration of the system is determined by the Helmholtz

free-energy functional 03104

]—":/ (Fb + g|v¢\2) dV+/S(h¢s)dS, (2.37)

where V' is the total volume of the binary fluid and S is the surface of the confining
solid walls. The first term in the volume integral corresponds to the bulk free-energy
density

P a,, b,
F,="C1 — - 2.
b=glogp+ 507+ 0, (2.38)

which contains an ideal gas term to ensure incompressibility, and a double-well potential
where a and b are model parameters. With this choice of Fj,, phase separation occurs if
a < 0and b > 0 leading to the formation of two equilibrium phases where ¢, = ++/—a/b.
Here we fix b = —a and take ¢, = —1 to be the gas phase and ¢, = +1 to represent
the liquid.

The square-gradient term in equation (2.37) represents the energy cost of spatial
variations of ¢ across the system. In equilibrium, it leads to the formation of a diffuse
interface of width ¢ = \/Tn/a and surface tension vy = \/m.

The surface integral in equation (2.37) models the wetting properties of the binary
fluid, where ¢4 represents the value of the phase field at the solid surfaces. In equilibrium,

this term leads to the boundary condition

h
_ 2.
Onths = ——, (2.39)

where n indicates the coordinate normal to the solid surface. The parameter h can be
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tuned to control the contact angle of the fluid-fluid interface with the solid, €., through

the relation

(14 Q)32 — (1 —Q)3/2
2 3

cos O, = (2.40)

where Q = hy/2/ka.

The Cahn-Hilliard approach can be used to model a phase change by introducing

an imbalance in the chemical potential of the binary fluid, defined as

= % = ad + bp® — KV?¢. (2.41)

An inhomogeneity in the chemical potential of local amplitude V u will give rise to a
diffusive flux, leading to the growth or depletion of the bulk phases!'®®. To model the

diffusive flux, we use the constitutive equation
j=—-MVyu, (2.42)

where M, called the mobility, plays the role of a diffusion constant. Imposing local

conservation of the phase field ¢ leads to the convection-diffusion equation

% +v-Vo =MV (2.43)

Apart from diffusive transport of the phase field, inhomogeneities in the chemical
potential give rise to a force per unit volume —¢V i acting on the fluid%. This term
amounts to capillary stresses originating from distortions of the interface, and gives rise
to the Laplace pressure of a curved interface in the sharp-interface limit. Therefore,

the mass and momentum balance equations are

dp B
% + V. (pv) =0, (2.44)
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and

p <?9_Z +v- Vv) = -Vp+ V- -((Vv+Vvh)) - oV (2.45)

An important aspect of the diffuse-interface approach is the ability to model contact-
line dynamics. In sharp-interface approximations, imposing the no-slip boundary

07

condition at the contact line leads to a diverging viscous stress'”, commonly known as

the Huh-Scriven paradox!'%®

. To regularise the diverging viscous stress one needs to
introduce a mechanism that allows the contact line to move. A widespread approach
is to replace the no-slip boundary condition by the so-called Navier slip boundary
condition, where the tangential velocity to the wall is set according to vy = —I1,0,v;.
This introduces the slip length [;, as an additional length scale in the problem, encoding
the microscopic physics that lead to the observed macroscopic slip. As a consequence,
the dynamics of the contact line becomes dependent on the ratio of the slip length to
the characteristic macroscopic length scale of the flow. In the Cahn-Hilliard model,
contact-line slip arises by virtue of mass diffusion over a characteristic length scale
Ip = /Mn'". The emergent slip length is set by Ip and shows the limiting scalings
Iy ~ V/IpEMO for Ip < € and I ~ Ip 1% for I > ¢ with a cross over between the two

regimes occurring at Ip /€ &~ 0.4'2. Therefore, the contact-line slip can be controlled

in the Cahn-Hilliard model by choosing [p.

2.3.1 Numerical implementation

The binary fluid model described in the previous section can be solved using an
extension of the original LB algorithm described in Sec. 2.2. Since there is an additional
field ¢ we need to introduce an additional set of distribution functions g; which evolve

according to

gi(x + vt +1) — gz, t) + F; = T—lg(gie(m,t) — gi(z,1)). (2.46)
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Their sum defines the macroscopic ¢ field

> o=0 (2.47)

We also have constraints on the moments of the g;.

Zgie = ¢7

Z Gie(Uia — Via)(Uig — Vig) = nM,u(Sag.

(2

(2.48)

The additional relaxation time 7, and M are related to the diffusivity M by

M. (2.49)
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Modeling evaporation

In this chapter we show how it is possible to model evaporation in the Cahn-Hilliard
model. The implementation of evaporation in this model was first presented in
Ref. 1%, Here we review the theoretical foundations and the numerical implementation
of evaporation in the Cahn-Hilliard model using the multiphase Lattice Boltzmann
algorithm presented in the previous chapter. We also present simulation results for

evaporation in simple systems.

3.1 Evaporation in the Cahn-Hilliard model

The Cahn-Hilliard model allows us to model evaporation and condensation phenomena.
Let us consider Eq. 2.43; if convection is negligible and the diffusion timescale is small

compared to the evaporation timescale we are left with
Vi =0 (3.1)

which is the same equation as Eq. 1.8 that we have used to describe evaporation,
with the only difference being the presence of the chemical potential instead of the

concentration field. We have seen in Chapter 1 that evaporation or condensation

34
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happens if the concentration of one fluid is different from its equilibrium value; from
a thermodynamic point of view the same effect can arise if the chemical potential of
one phase is out of equilibrium. This observation has been used in Ref.1% to show
that it is possible to induce the evaporation of one phase by fixing the value of u to a

non-equilibrium value.

ZA 2y U= g

fluid A

S S S S

Figure 3.1: Sketch of a 1D film of fluid subject to evaporation. Description of the
system is in the text.

Let us consider a one dimensional liquid film as shown in Fig. 3.1. Let us indicate
with z;(¢) the position of the fluid interface at time t, and with 2o = z(t = ¢5). If we
fix the chemical potential at the top of the system (z = zp) to a value puy # peq (or
equivalently we can fix ¢ to a value ¢y # ¢.,), the liquid interface will move. Let
us assume that the ¢ field has a travelling wave form ¢ = ¢(z — vt) with v being
the propagation velocity. We can then rewrite Eq. 2.43 (in the limit of negligible
convection) as

2
oy
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Integrating the last equation across the interface over an interval [—dz, dz] we have

N 59

Since the chemical potential is fixed only on the top of the system the term du/dz|_s,

_dp
s, dz

—olof6) - o(-0:) = b1 (

is zero because the fluid’s interface is in local equilibrium at —dz. This leads to

(3.4)

where A¢ = ¢(—dz) — ¢(dz). This equation determines the velocity of the film interface
once the chemical potential profile is known. In order to calculate the latter let us use
Eq. 3.1; in this system it reduces to

d*u
dz?

—0 (3.5)

which can be easily solved given the two boundary conditions u = puy at z = zy and

p = p; at z = z;(t). The chemical potential profile is then

pe) = o+ E s (= (1) (3.6)

where p; is the value of the chemical potential at the interface. We can insert this
equation in Eq. 3.4 to get the velocity of the interface; with an integration we get the

temporal evolution of the interface position
2 1/2
2(t) = 21— (21 — 20)” = Mt — ) (3.7)

which has the typical “D? law” dependence of diffusion-limited evaporation. This
derivation proves that is possible to model evaporation in the Cahn-Hilliard model and

it also gives a recipe to implement it in LB simulations.
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3.2 Evaporation of 1D films

We have seen in the previous section how it is possible to model evaporation within
the Cahn-Hilliard model. The implementation of evaporation with a LB algorithm
has been first presented in'%, using Ludwig!*?, a LB code for complex fluids. Here we
review the main results.

We simulated the 1D system described in the previous section and illustrated
in Fig. 3.1. The system dimensions were (N,, N,, N,) = (1,1,150) in lattice units.
Periodic boundary conditions were applied in the x and y directions with a wall located
at z = 1. The initial height of the film was zy = 100. The model parameters used are

listed in Table 3.1.

plT| T, a b K M
1]1] 1 -0.00305 | 0.00305 | 0.0078

ot

Table 3.1: LB simulation parameters.

In relation to Fig. 3.1 we refer to the fluid A(B) as the one with ¢, = +1(—1).
We fixed the order parameter at the top of the simulation domain to the values
oy = —1.1,—-1.2,—1.3, —1.4, —1.5; since we are in the bulk phase this is equivalent to
fixing the chemical potential to a value ug = agg +bd%. The results of the simulations
are shown in Fig. 3.2.

The plot shows that for small departures from equilibrium the LB algorithm is in
perfect agreement with the theoretical analysis. However the agreement deteriorates as
the value of ¢y get farther away from the equilibrium value. This behaviour is due
to the fact that the farther the system is from equilibrium, the bigger the diffusion
timescale becomes, thus invalidating the assumption used in the theory of a diffusion

timescale much smaller than the evaporation timescale.
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Figure 3.2: LB simulations of the evaporation of a 1D film. Time and interface position
are in simulation units. The coloured points are simulation results, the black lines are
theoretical predictions from Eq. 3.7.

3.3 Evaporation of two and three dimensional droplets

The theoretical analysis carried out in Sec. 3.1 can be extended in two and three
dimensions. Analytical results can be obtained for a spherical drop sitting on a surface
with the ¢ field fixed on a hemispherical shell over the drop as sketched in Fig. 3.3 (a)

(we will denote this as shell BC).

shell B.C top B.C.
(@) (b)

Figure 3.3: Sketch of different boundary conditions used to implement evaporation
in two and three dimensions. The dashed lines indicate where ¢ is fixed to a non-
equilibrium value.

If we have a two-dimensional droplet with radius R, a contact angle of 6, = 90°,
and ¢ is fixed on a hemispherical shell of radius Ry, we can calculate the rate of change
of the droplet area A = mR?/2. The calculation is the same as the 1D case and it leads
to

d;‘l M g —
dt — A¢ In(Ry/R)’

(3.8)
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For a three-dimensional droplet with volume V' = 27 R3/3 and the other parameters

as in the 2D case we have instead

AV 2nM (pm — )R
dt  A¢ 1—R/Ry’

(3.9)

2D-6.=90 shell B.C. 3D-6,=90 shell B.C.

1
0.9

T
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by(shell)=-1.4 2
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Figure 3.4: Time evolution of evaporating droplets in two (left) and three (right)
dimensions subject to shell BC. Black lines are the theoretical predictions.

It is worth noting this equation is the same as Eq. 1.17, although there is an
additional term 1 — R/Rpy because the ¢ field is fixed at a finite distance Ry from the
drop. However this term tends to one as Ry — oo thus restoring the result of Eq. 1.17
(which is obtained by fixing the concentration at infinity).

Fig. 3.4 shows results of simulations of two and three dimensional droplets with
shell BC. The parameters used are listed in Table 3.1. For the 2D droplet a system of
size (N, Ny, N,) = (200,1,100) and a droplet initial radius Ry = 50 were used. For
the 3d droplet a system of size (IV,, N,, N,) = (100,100, 50) and a droplet initial radius
Ry = 30 were used. The order parameter ¢ was fixed on a shell of radius Ry = 98 in
the 2D case and Ry = 48 in the 3d case. As for the 1D simulations the agreement
with theory is excellent for values of ¢z near to equilibrium values and it deteriorates
for larger values of ¢p.

The shell BC illustrated in Fig. 3.3 can model the evaporation of an isolated drop;
other boundary conditions can be implemented to model different physical situations.
For example Fig. 3.3 (b) shows a configuration that we will refer to as top BC; if

periodic boundary conditions are applied on the sides of such a system, the resulting
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3D-6.=90 top B.C.
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Figure 3.5: Time evolution of 3d droplets with top BC. Black lines are theoretical
predictions for shell BC.

configuration can model an infinite array of droplets evaporating together. Fig. 3.5

shows simulations of 3d droplet evaporation with top BC.

3D-6.=90 top B.C.

15 T T
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Figure 3.6: Time evolution of droplets with top boundary conditions. Now the black
lines are the theory predictions with the correction of Eq. 3.10.

The results show that with this different choice of boundary conditions the evapo-
ration is slower compared to the theoretical prediction for an isolated droplet. This
result makes sense from a physical point of view because the presence of other droplets
slows down the evaporation because of higher vapour concentration (this behaviour is
discussed in detail in the next chapter).

For a generic choice of boundary conditions it is not possible to derive an analytical
result for the evaporation rate. For top boundary conditions however we can get an

approximate prediction for the evaporation rate. As explained in Chapter 1, it is
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known that the calculation of the evaporation rate of a drop of a certain shape and
subject to given boundary conditions is equivalent to the calculation of the electrostatic
capacitance of a conductor of the same shape as the drop and subject to the same
boundary conditions!*. For the top BC and a hemispherical drop this means calculating
the capacitance of a sphere of radius R distant L, from a plane at a constant potential
(we do not take into account the periodic boundary conditions used in the top BC
configuration). Using the method of images, if R < L, one can approximate the image
sphere with a point charge at a distance 2L, from the sphere’s centre. The capacitance

of such a system is then

R 2L.—R

Fig. 3.6 shows the comparison between the simulation results and the prediction of
evaporation rate derived from Eq. 3.10. Although Eq. 3.10 has no pretence of rigour in
its derivation, it still has a fairly good predictive power. Other boundary conditions are
introduced in the next three chapters for the study of different problems. Throughout
all the thesis a a contact angle of 8., = 90° is used and evaporation is always in constant

contact angle (CA) mode.

(a) (b)
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Figure 3.7: Temporal evolution of a 2D evaporating drop for different values of L,.
The black line is the theoretical prediction for the evaporation of an isolated drop. The
data indicated as “shell” refer to a simulation of the same drop with shell B.C. (a) is
the temporal evolution of the droplet area, (b) is the normalised evaporation rate.
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3.4 Effect of boundary conditions

As shown in the previous section, the evaporation rate of a droplet is strongly dependent
on the boundary condition used. However, as already shown for the shell BC, if the size
of the drop is much smaller than the simulation box size, we recover the evaporation
rate of a single drop which is independent of the details of the simulation configuration.

For example, by using the top B.C. with larger and larger simulation boxes, one expects
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Figure 3.8: Contour curves of the order parameter of a 2D evaporating drop for different
box sizes L, = 1.5D(a), 10D(b), shell B.C(c), where D = 50 is the initial footprint
diameter of the drop. The data are taken after 4 - 10* timesteps.
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to approach the limit of an isolated evaporating drop. To test this hypothesis we have
simulated a 2D drop of fixed size in simulation boxes of different sizes. We kept L,
constant and we have varied L,. The contact angle was fixed at 6. = 90 °; the initial
radius of the drop was Ry = 25 and L, = 2R, (unless otherwise stated). We measured
L, in terms of the initial footprint diameter of the droplet D. The temporal evolution
of the drop area for different box sizes is shown in Fig. 3.7-(a).

The results confirm that by increasing the simulation box size compared the droplet
size, the drop evaporation rate converges to the value predicted for an isolated drop.
This result is more evident if one looks at the normalised evaporation rate, shown in
Fig. 3.7-(b). The evaporation rate has been normalised using Eq. 3.8. The convergence
towards the isolated drop behaviour can be explained by looking at the contour curves
of the order parameter in Fig. 3.8. If L, = D the gradient in the order parameter
is almost only in the vertical direction, while if L, > D the order parameter profile
is more similar to the single drop case. This makes sense from a physical point of
view, because the configuration with L, &~ D corresponds to an array of densely
packed droplets. In this case we expect the concentration gradient to be almost only in
the vertical direction, as observed in the simulations, because the space between the
droplets will have a high vapour concentration. For the case L, > D, we expect the
single droplet behaviour instead.

We have also investigated the effects of drop spacings in the 3d case. In Fig. 3.9 the
evaporation rate for 3d drops is plotted for different values of L, while keeping L, fixed.
It can be seen that also in this case, as L, grows, the simulation curves converges to the
theoretical one for an isolated droplet. For large values of R/L, the simulation results
depart from the theoretical curve because we use the expected evaporation rate for the
shell BC in the case of an infinitely distant boundary shell, while in the simulations
the boundary where the chemical potential is fixed is at a finite distance.

We have also analyzed the effect of the distance of the drop from the top wall.
The results are in Fig. 3.10. Also in this case there is convergence toward the single

droplet case. It should be noted that also during each simulations the numerical results
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Figure 3.9: Evaporation rate of 3d drops with top BC and different drop spacing. In
all the simulations Ry = L,/2. The blue dashed line is the theory curve relative to
Eq. 3.10. The black dashed line is the expected evaporation rate for the shell BC in
the case of an infinitely distant boundary shell.
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Figure 3.10: Evaporation rate of 3d drops with top BC and different ratio Ry/L, . In
all the simulations 2Ry = L, = L,. The blue dashed line is the theory curve relative to
Eq. 3.10. The black dashed line is the expected evaporation rate for the shell BC in
the case of an infinitely distant boundary shell.

converge towards the single droplet case as the drop gets smaller. This is consistent
with the fact that as long as the linear dimensions of the simulation system are much

bigger than the droplet size L > R, the evaporation rate tends to the theoretical value

of an isolated drop.



CHAPTER 4

Collective effects in droplet evaporation

The effect of neighboring droplets on the dissolution of a sessile droplet, i.e. collective
effects, are investigated numerically and compared to experimental results obtained by
Erik Dietrich and co-workers!. On the experimental side small, 20 nL approximately,
mono-disperse surface droplets arranged in an ordered pattern were dissolved and
their size evolution was studied optically. The droplet dissolution time was studied
for various droplet patterns. On the numerical side, Lattice-Boltzmann simulations
were performed. Both simulations and experiments show that the dissolution time of a
droplet placed in the center of a pattern can increase by as much as 60% as compared
to a single, isolated droplet, due to the shielding effect of the neighboring droplets.
However, the experiments also show that neighboring droplets enhance the buoyancy
driven convective flow of the bulk, increasing the mass exchange and counteracting
collective effects. This enhanced convection can reduce the dissolution time of droplets

at the edges of the pattern to values below that of a single, isolated droplet.

4.1 Introduction

The evaporation or dissolution of a single surface droplet is a well-studied topic due

to its high importance in various applications, for example in the field of coating,

45
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and the deposition of particles'®!6:14 Even more relevant but far less studied is the
evaporation or dissolution of surface droplets surrounded by other droplets. This
situation for example occurs whenever a spray is applied to a surface, or in inkjet
printing. The presence of neighboring droplets makes the analytical approach more
challenging compared to a single droplet, and in general no analytical solution for the
collective dissolution problem, on which we will focus here, exists. The addition of
neighbouring droplets, like in the pattern sketched in Fig. 4.1, is expected to change
the concentration gradient by saturating the water in between the droplets, which in
turn leads to a decrease in the mass loss rate.

The mutual effect that neighboring droplets have on one another, referred to as the
‘collective effect’, has been studied in detail for spherical droplets inside sprays!!®> 118,
due to its importance in, for example, spray cooling and fuel vaporization. In contrast
to this, collective effects in the context of surface droplets are as of yet relatively
unexplored. Available work describes one-dimensional diffusion above an infinitely
dense packed pattern where the effect of individual droplets is irrelevant 119120 or the
collective effects are believed to be originated by the delayed dissolution of polydisperse,
randomly placed droplets. Only very recently, a first step was taken by Carrier et al'?!
to assess the effect of a finite sized pattern of dissolving droplets, and compare the
experimental results to a theoretical model. The latter work focussed on evaporation
from an ordered pattern of ten droplets, or a random pattern of many polydisperse
droplets. Moreover, an approximation was derived for the reduction in evaporating
flux, based on the number and number density of the droplets, predicting reductions in
the order of tens of percent.

In this chapter, we further investigate the collective effect in patterns of dissolving
surface droplets. The diffuse interface numerical scheme described in Chapter 2 is used
to simulate this system, and the numerical results are compared to experiments. Simu-
lations and experiments on single droplets, finite, and infinite patterns are compared.

In particular, we will discuss the competition between, on the one hand, the slowed

dissolution due to the enhanced surrounding concentration thanks to the neighboring
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droplets, and, on the other hand, enhanced dissolution due to convective effects.

Figure 4.1: Schematic drawing of a pattern of surface droplets with footprint diameter
L and contact angle 6, placed in a hexagonal pattern with center-to-center distances d.

4.2 Methods

4.2.1 Experimental procedure

Figure 4.2: Sketch (not to scale) of the experimental setup, showing the glass tank
with the substrate placed under water. The syringe is connected to a syringe pump
(not drawn) to dispense droplets of 1-heptanol. Using the X-Y translation stage, the
tank is moved with respect to the syringe. A LED illuminates the middle droplet
of the pattern, and projects the side view image of this droplet onto a long-distance
microscope and CCD-camera.

Disclaimer: the experimental work described in this chapter was performed by Erik
Dietrich and collaborators.
The experimental setup is sketched in Fig. 4.2. Droplets of 1-heptanol, a long-chain

alcohol, were placed through a syringe on top of a hydrophobized silicon wafer. Details
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of the experimental procedure are give in Ref.!. Droplets were placed in a hexagonal
arrangement, as sketched in Fig. 4.1, with the exception of the outermost droplets
in the largest pattern. The patterns were formed by n = 5,19,41, or 127 droplets as
shown in Figs. 4.3 A-D. The dissolution of the central droplet in each matrix was then

recorded with a CCD camera.

A)

Q)

Figure 4.3: A-D: Top view photographs of the water-immersed silicon substrate with
the droplet patterns. The photographs show patterns with 5 (A), 19 (B), 41 (C), and
127 (D) 20 nL sized droplets of 1-heptanol. Panel E is a schematic side view of the
numerical set-up showing the shell (E1), side (E2), top (E3) boundary condition used
to simulate a single drop, multiple drops and an infinite array of drops respectively.
The dashed lines in E indicate the surfaces, where the chemical potential is fixed at
a non-equilibrium value to drive dissolution. The wavy dashed lines in Fig. (E3)
represent periodic boundary conditions.

4.2.2 Numerical procedure

We performed three-dimensional simulations of evaporation using the techniques de-
scribed in Chapters 2 and 3. The droplet-bulk system is considered as a binary liquid
and by setting the chemical potential of the model at a value away from equilibrium,
one phase is favored over the other. This physically corresponds to the situation that
dissolution takes place if the solute concentration is lower than its saturation value

(which is the equilibrium value). Three-dimensional surface droplets were simulated.
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We adopted the following boundary conditions (see Fig. 4.3E):
1. For a single droplet, we use the shell BC described in Chapter 3;

2. For a finite pattern of droplets, the chemical potential is fixed at the top and the

sides of the computational domain (“side BC”);

3. For an infinite pattern of droplets, we use the top BC described in Chapter 3.

4.3 Results

4.3.1 Single droplet

To provide a simple test case and a basis to compare further measurements, we start
with the dissolution of a single surface droplet, which has been well described in the
context of the analogous processes of dissolving bubbles or evaporating droplets. In
the case of steady-state, diffusion-limited dissolution, the dissolution rate of a droplet
is given by Eq. 1.17.

By inserting the values for a 1-heptanol droplet with initial volume Vj = 20 nL,
and numerical integration of Eq. 1.17, we obtain the black dashed line in Fig. 4.4 which
represents the droplet volume as function of the time to dissolution ¢t — 7, where 7 is
the dissolution time: the time needed to completely dissolve the droplet.

Comparison of the experiments on single droplets of different initial volumes (plotted
as the coloured solid lines in Fig. 4.4) to the diffusion-limited model of a single droplet
reveals a considerable discrepancy: the experiments are characterized by a higher rate
of mass loss and therefore shorter dissolution time 7 for a given initial volume. It has
been shown® that the increased mass transport is caused by a convective contribution
to the dissolution process, driven by solute-induced density gradients in the bulk.

The experimental results from Fig. 4.4 will be used in the next section, as they
allow us to account for the variation in the initial droplet volumes: Despite the fact
that great care is taken to create equally sized droplets, small differences in the initial

droplet volume cannot be avoided. To allow for easy comparison between experiments
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Figure 4.4: Volume of single dissolving droplets as function of time until dissolution
t — 7. The black dashed line represents the expected diffusion-limited dissolution of a
20 nL 1-heptanol droplet (Eq. 1.17), to which the (purely diffusive) simulations (plotted
as the open red diamonds) are compared. The experiments on individual droplets
of 1-heptanol and various initial volumes (solid lines of different colours) reveal an
increased dissolution rate, due to a convective contribution to the dissolution®. We
shift the x-axis by the droplet life time 7 to overlap the individual measurements for
comparison. The black arrows illustrate how the experiments can be used to find an
empirical relation between the droplets initial volume and its dissolution time.

with slight variations in the initial droplet volume, we correct for these deviations
and compare the droplet volume to the desired initial volume of the droplets in the
experiments (20 nL), by correcting the droplet volume V' in each experiment according

to

V= % x 20nL, (4.1)

where V is the corrected droplet volume (in nL), and V and Vj are the volume and the
initial volume of the droplet, respectively. The differences in the initial droplet volumes
(even though only a few nL) significantly affect the total droplet dissolution time, thus
obscuring the possible influence of collective effects. Therefore we must also correct the

(dissolution) time based on the initial volume, which in diffusive problems is usually
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achieved by scaling with the appropriate time scale, namely the diffusive time scale
a4 = R2p/(AcD), where Ry is the initial droplet radius, and Ac = ¢, — c4. Scaling
the time in such a way allows to compare purely diffusive droplet dissolution behavior,
independent of the initial droplet size or the material*!?2. Unfortunately, on the one
hand, the diffusive time scale 74 cannot be used in the current system as the mass
transport is not purely diffusive. On the other hand, purely convective dissolution with
the associated convective time scale®

4 D5 1/4
o= A vealts N (4.2)
5a \ gB.Ac® D3

where f3. is the bulk expansion coefficient, g the acceleration of gravity, and a a prefactor

of order 1. Eq. (4.2) was shown to hold when the Rayleigh number

AcR?
= —gﬁ ¢ >

R
& vD

12. (4.3)

The Rayleigh number expresses the ratio of the buoyant force to the damping force, and
for the current 1-heptanol droplets with volumes < 20 nL, we find 0.5 <Ra< 35. This

indicates droplet dissolution with contributions to mass transport from both convection

and diffusion. This does neither allow for the use of the purely convective model, nor
the purely diffusive model. Instead, both diffusion and convection play a role in the
dissolution process.

Therefore we exploit the single-droplet experiments to give an empirical relation
between the initial volume of a single droplet and its dissolution time 7gnge(Vp). Using

this relation, we correct time in each experiment according to

~ t
f=—" __x09100s, (4.4)
7_sing;le( 0)

where # is the corrected time (in seconds), and Typnge(Vo) is the dissolution time of
a single, isolated droplet, based on the droplets’ initial volume 16 nL.< V < 24 nL.

Tsingle (Vo) is obtained from the single-droplet experiments, as illustrated by the black
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arrows in Fig. 4.4 for the case where V) = 20 nL. In Eq. (4.4), 9100 s represents the
dissolution time of a single, isolated droplet with an initial volume of 20 nL, which is
the desired initial droplet volume *.

To obtain a reference time scale for the simulations we map the simulation units to
physical units by fixing the initial drop volume to 20 nL. and then choose a time scale
by matching the diffusive dissolution time scale 71LD(cs — ¢oo)/2pa, the coefficient in
Eq. (1.17), to its physical value. This corresponds to a dissolution time for a single
drop of 13125 seconds. The scaled simulation results are shown as diamonds in Fig. 4.4.
The details of these simulations have been discussed in Sec. 3.2.

The use of a time scale in seconds, rather than a dimensionless time is preferred as
it emphasizes that the simulations and experiments are subject to different physical
processes: purely diffusive dissolution in the simulations versus a combination of
diffusive and convective dissolution in the experiments. Therefore this comparison
must be interpreted as qualitative, and not quantitative. The absence of convection
in the simulations is due to the fact that the two phases have equal densities, so no

buoyancy is present. The effect of buoyancy forces is analysed in Chapter 6.

4.3.2 Droplet patterns: shielding mechanism

It has been proposed'?” that the enhanced dissolution time for collective droplets is
caused by a larger solute concentration in the (liquid) environment in between the
droplets, due to their dissolving neighbors, thus reducing the concentration gradient and
thus the mass transport. We confirm this by simulating a pattern with n = 5 droplets,
and measuring the concentration along a diagonal cross-section through this pattern as
shown in Figs. 4.5A and 4.5B. The solid coloured lines, shown in panel A, represent five
iso-concentration lines measured at ¢; = 1900 s along the cross-section indicated by the
dashed line in Fig. 4.5B. They illustrate how the middle droplet primarily responds to

a concentration gradient in the vertical direction, whereas the droplets at the perimeter

!Note that one cannot simply wait for a droplet with V; > 20 nL to dissolve down to
V' =20 nL, as this would result in different waiting times, and with that in variations of the
volumes of the neighboring droplets.
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Figure 4.5: A) The iso-concentration profiles (coloured lines, measured at ¢; = 1900 s)
show how the concentration in between the droplets is increased due to the neighboring
droplets. The profile is measured diagonally through a pattern with n = 5 droplets,
as indicated by the dashed line in panel B. The (dashed) contours of the droplets
correspond to times ¢; = 1900 s (outermost contours), t, = 8500 s, and t3 = 13000
s (innermost contours). Panels B-D show the droplet footprints at simulation times
t; = 1900 s (B), t2 = 8500 s (C), and t3 = 13200 s (D). The footprint diameters L are
plotted as function of time in (E); the evolution of L cannot be analysed for L < 0.1
due to the diffuse interface nature of the numerical model. The times at which panels
B-D are taken are indicated by the black arrows in panel (E).

of the pattern also experience a gradient in the lateral directions. This should result in
a reduced mass loss rate for the center droplet, as compared to the outer ones, and thus
a relatively faster dissolution of the outer droplets. This is indeed the case, as shown

by the droplet cross-sections (plotted at subsequent times ¢; = 1900 s, to = 8500 s, and
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Figure 4.6: Top view of a 23-droplet pattern ~ 2 minutes after deposition (A), after
120 minutes (B), and after 170 minutes (C). The inset in (D) shows the original droplet
pattern, the dashed box indicates the field of view. In (D) the footprint diameter is
plotted as function of time, showing that the outer most droplets dissolve more quickly
than the inner ones, and even more quickly than a single droplet (Tgingle(20 nL) = 9100
s). The red circles outline the droplets original footprint, revealing that the droplets
are pinned by surface defects, as their centers of mass move during the dissolution.
The correction scheme for volume and time as described in section 4.3.1 (Egs. (4.1)
and (4.4)) has not been applied here, in order to show the raw data.

ts = 13200 s by the black dashed lines in Fig. 4.5A), by the top view images of the
droplets (panels B-D), as well as by the evolution of the droplet footprint diameters in
time (panel E). The cross sections in panel A also show that in the absence of pinning,
the outer droplets dissolve asymmetrically, due to the higher mass loss rate at their
exposed sides, i.e. fully consistent with recent findings!?3.

Comparable behavior is observed in experiments on patterns of droplets, as shown
in Fig. 4.6. The droplets at the perimeter of the analyzed n = 23 pattern dissolve
more quickly than the inner droplets. The outermost droplets (numbers 5 and 6)

disappear first, followed by the droplets placed in the middle row (numbers 2, 3, and



Chapter 4. Collective effects in droplet evaporation 55

4). The dissolution time of the center droplet (number 1) is extended by ~ 20% as
compared to an equally sized, single droplet. However, it is surprising to see that

the dissolution times of the outermost droplets (5 and 6) are in fact much shorter

(T < 9100 s) when compared to a single droplet. In absence of an accurate measurement
of the droplet height, one should keep in mind that the shorter dissolution time of the
outermost droplets (< 8000 s) cannot be explained by a smaller-than-expected initial
volume, which has a minimum of V = 16 nL, corresponding to Tgngle(16nL) = 8000 s.
Analogously, the longer dissolution time of the central droplet (> 10000 s) cannot be
explained by an initial volume of 24 nL (7gpngle(24nL) = 10000 s). Hence, something
else must be responsible for the accelerated dissolution of the outermost droplets. We
interpret that this is most likely caused by the increased convection over this droplet
pattern, caused by the larger amount of droplets, and hence the larger volume of (lighter)
alcohol-saturated water. This stronger convection subjects the outermost droplets to
an enhanced flow of clean water, increasing the dissolution rate and shortening the
life time of the outermost droplets. Further inward in the pattern, the flow of water
becomes progressively saturated by the dissolving droplets, reducing the dissolution
rate from the innermost droplets and extending their dissolution time.

The initial footprints of the six droplets are indicated in red in panels A-C, illus-
trating that in contrast to the simulations, the droplet contact lines in the experiments
are pinned by unavoidable local surface defects. This is especially visible for droplets 1
and 5, which are pinned to a point on their initial contact line throughout the entire

dissolution process.

4.3.3 Droplet patterns: collective behavior

We now proceed by changing the number of droplets in the system and experimentally
study the dissolution behavior in patterns of n = 5,19,41, and 127 droplets, placed at
distances d = 700 pm +100 pm apart (see Fig. 4.1), such that d/Ly = 1.4 +0.2. The
same spacing to diameter ratio is adopted in the simulations of patterns containing

either 5, or an infinite number of droplets; shell boundary conditions (BC) are used for
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Figure 4.7: Volume of the center droplet as function of time, as obtained from experi-
ments (A) and numerics (B), for individual dissolving droplets and droplet patterns
of various sizes. Volume and time in panel A have been rescaled (as described in
section 4.3.1, see Eqgs. (4.1) and (4.4)) to correct for small differences in the initial
droplet volumes. Lines in (A) represent the mean of multiple experiments. The error
bars indicate the spreading between different repetitions of the experiment.

the single droplet, top BC for the infinite matrix and side BC for the 5 droplet matrix.
As the camera used for these experiments (as discussed in section 4.2.1) could only
produce a sharp image of a single droplet, the following sections discuss and present
only the behavior of the center droplet in each pattern (as indicated in Fig. 4.3). The

volumes of the center droplets are plotted as function of time in Figs. 4.7A and B for

the experiments and simulations, respectively. Note that the tildes (V) and time (t)
in Fig. 4.7A indicate the rescaled parameters, which are corrected for variations in
initial droplet sizes between the measurements. V and ¢ in Fig. 4.7B are obtained using
the conversion factors, obtained as discussed in subsection 4.3.1. No rescaling was
required in the simulations, as all droplets have exactly identical initial volumes. The
dissolution of a single droplet is plotted as a reference in both figures and illustrates
that the addition of extra droplets has a strong effect on the dissolution dynamics.
More specifically, the slopes of the V() curves (i.e., the volume loss rate) decreases
upon the addition of more droplets, thus extending the droplet dissolution time.

To better appreciate the collective effect on the dissolution time, the experimentally
and numerically measured dissolution times 7 of the center droplets are plotted as
function of log;, (n) in Fig. 4.8. The competition between the collective convective

effect (increasing the dissolution rate and reducing the life time) and the collective
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Figure 4.8: Dissolution time 7 of the center droplet vs log;, (n), where n is the number
of droplets in the pattern. The experimental dissolution times are for the center droplet,
and are corrected for variations of the initial volumes, as explained in subsection 4.3.1.
Note that in the experiment the dissolution time for n = 5 droplets, is smaller than for
a single one, due to convective effects.

diffusive effect (leading to an extended life time) is nicely visible in the experiments
on small patterns (n = 5,19): no significant increase of the life time as compared to a
single droplet can be observed. In these small patterns, the effect of the convective flow
is such that it counteract the shielding effect of the neighboring droplets. This shielding
effect only becomes strong enough to counteract the effect of the collective convection
in the larger patterns (n = 41,127), where the dissolution time of the center droplet
is extended significantly as compared to a single droplet (7 = 9100 s). The effect of
buoyancy driven convection is absent in the simulations, and hence a considerable

increase of the droplet life time is already observed in the 5 droplet pattern.

4.3.4 Droplet patterns: effect of droplet spacing

So far, the droplets in all patterns, both in experiments and in numerics, were placed
at a spacing to diameter ratio d/Ly = 1.4. Still, for a given number of droplets in
the experiments, the dissolution time of the center droplet is found to vary between
experiments and we hypothesize that this is due to an unintentional variation in the
positioning of the droplets, possibly resulting in d/Lo # 1.4. To test the influence of the
(relative) droplet spacing on the dissolution process, we maintain the same droplet size
(Vo = 20 nL,, Ly = 500 pm), but construct patterns with different droplet spacing: the

droplets were placed in a n = 41 pattern at ratios d/Lo = 1.1,1.4,2, and 2.8 which we
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Figure 4.9: Volume of the center droplet as function of time for experiments (A) and
numerics (B) on patterns with different ratios between the droplet-droplet distance
d and the initial droplet diameter Ly. Lines in (A) represent the mean of multiple
experiments. The error bars indicate the spreading between different realizations of
the experiments.

compared to simulations on infinite patterns with identical ratios d/Lg. Top boundary
conditions were used in these simulations (Fig. 4.3-E3).

The resulting droplet volumes are plotted as function of time in Fig. 4.9, revealing
that both in the experiments and in the simulations the dissolution time is considerably
enhanced when the droplets are more densely packed. The dissolution time 7 is plotted
as function of d/Ly in Fig. 4.10 for both the experiments and simulations for direct
comparison. It should be noted that in the limit d/Ly — oo (i.e., a single droplet),
the simulations are not expected to result into the same behavior as the single droplet

treated in section 4.3.1, due to the different boundary conditions used.

4.4 Conclusion

A three-dimensional diffuse interface numerical scheme was used to study collective
effects in patterns of dissolving droplets and compared to experimental measures.
A single droplet was used as a test case for comparison of the dissolution time of
droplets placed at the center of finite and infinite patterns of mono-disperse droplets.
For patterns comprising many droplets simulations and experiments were in good
qualitative agreement, both measuring dissolution times of the center droplet typically

tens of percent longer than for a single droplet, with highest dissolution times measured
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Figure 4.10: Droplet dissolution time 7 as function of the relative droplet spacing.
Both experiments and simulations show that the droplet dissolution time is increased
in a denser packing.

for large, densely packed patterns.

Surprisingly, the experiments revealed a competition between an increased disso-
lution due to enhanced convection, and the inhibition of dissolution due to shielding
by the neighboring drops. The influence of the convective flow was noticeable at
the outermost droplets of the pattern, which exhibited dissolution times shorter as
compared to an equally sized, single isolated droplet. Also for the center droplet in
small (n = 5,19) patterns, the enhanced convection was found to inhibit the shielding
mechanism, leading to no clear increase in the dissolution time. Only for larger patterns
of droplets, the collective effect was such that it counteracted the enhanced convection,
and resulted in an extended dissolution time of the center droplet.

Our simulations confirmed the earlier hypothesis?° that the reduced dissolution
rate is caused by an increased concentration in between the droplets, lowering the
concentration gradient and thus the dissolution rate. This effect was weaker at the
edge of the pattern, causing the outermost droplets to dissolve more quickly than the
inner droplets, an effect found in both the simulations and experiments.

Comparison between simulations and experiments showed that, even at low values

of Rayleigh numbers, convective effects are not negligible and have to be considered in
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order to have an accurate description of dissolution phenomena. Convective effects are
introduced in simulations in Chapter 6.

Future experimental work could eliminate convection, for example by reducing
droplet sizes, or conducting the dissolution experiments in a micro-gravity environ-
ment 24, Also, the current experimental system was limited by the fact that it could
only measure the center droplet of the pattern. Future work could be improved by
simultaneous volumetric measurements of all droplets in the pattern, for example
through top view imaging combined with interferometry to obtain height profiles of

the dissolving droplets!?>.



CHAPTER 5

Phase change driven instabilities

5.1 Introduction

In this chapter we explore the interactions between evaporation, surface tension and
capillary flows in confined geometries. During a phase change, a liquid surface can
explore different configurations due to the interaction with solid boundaries. The
surface tension of the liquid tends to minimise the exposed surface area, which can
trigger large-scale capillary flows.

When the solid boundaries are flexible, the effect of surface tension is to drive the
bending of solid structures!?0. This effect is responsible for the familiar observation
of eyelash clumping by tears!?”, which can be exploited to drive the self-assembly of
elastic sheets as exemplified by the concept of capillary origami'?®. In microfluidics,
capillary bending is responsible for the failure of micro-etched structures, which collapse
upon evaporation of a solvent!?*. When the boundaries are rigid, the tendency of
the interface to minimise its surface area leads to a readjustment of the interface
configuration, subject to the constraint of the solid walls. Evaporating pinned drops,
for example, drive capillary flows to their edges, leading to the familiar ring stains

left behind by coffee droplets®. In the absence of pinning, the interaction with a
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solid surface can lead to a net translational motion, as illustrated by the migration of
condensing droplets on cone-shaped cacti leaves!3.

Surface wettability is a key ingredient in the interaction of liquid fronts undergoing
a phase change in contact with solid surfaces. A notable example in nature is the
Namib desert beetle, which uses a hydrophilic-hydrophobic pattern on its back to assist

131 " Subject to a wettability gradient, liquids tend

the condensation of water droplets
to cover regions of higher wettability to minimise their surface energy, an effect that
can be exploited to drive the unidirectional spreading 2.

Whilst evaporation and condensation of sessile droplets have received significant
attention over the last years'®, the theoretical description of a liquid front in confinement
subject to a phase change remains relatively unexplored. Here we study the isothermal
phase change of a confined liquid-gas interface. We focus on a channel geometry, and
explore the the stability of the interface focusing on the coupling between a phase change
and the effects of the geometry and wettability of the solid boundaries. We develop a
two-dimensional model of the stability of the front which adds the effect of a phase
change and a wettability gradient to previous linear theories of front stability subject to

£ 133,134

a gradient in confinemen . We extend our study and explore the stability of the

105,113 “jdentifying

interface using full three-dimensional lattice-Boltzmann simulations
the effect of contact-line slip on the front dynamics. To illustrate the applicability of
our results in a practical situation, we present simulation results of the evaporation of
a liquid front from a cantilever structure, showing that the well-known pinching-off of

droplets leading to the collapse of the structures can be rationalised in the context of

our theoretical and numerical results.

5.2 2D Theory

To begin our discussion, we focus on a simple two-dimensional model that captures the
main features of interfacial fluid dynamics in confinement subject to a phase change.
The system, shown in Fig. 5.1, corresponds to a liquid front undergoing a phase change,

either evaporation or condensation, in a channel of length L and infinite width. The
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Figure 5.1: Sketch of a finite tapered channel containing a liquid (blue) that evaporates.
The bottom image shows a cross section through the channel, the top image shows a
top view.

liquid is confined by hard walls located at the top, bottom and right, and is exposed to
a gas phase that is connected to an ambient reservoir through an open end at the left.
The two fluids meet at an interface, whose xy coordinates, averaged over the gap of
the channel in the z direction, are (x = l(y,1),y).

The transverse structure of the liquid-gas interface (in the zz plane) is assumed to
be a circular meniscus of local curvature

(. 1) = 2008(9(2@—) R (1)/2)

, (5.1)

Note, from (5.1), that we allow for spatial variations in the contact angle of the meniscus,
0(z), and the local thickness and inclination of the channel, h(x), and h'(z) = dh/dx,
respectively. This will allow us to model the effect of wall wettability and confinement

geometry on the stability of the liquid front. We consider the linear profiles

0(z) = 0y + a(z — x9), (5.2)

and

h(z) = ho + B(x — x0), (5.3)
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where 6y, hy and z( are reference values, and o and 3 are rates of change in the wetting
angle and gap thickness.

The phase change is driven by an imbalance in the chemical potential between the
liquid and gas. Here we consider the situation where the ambient concentration of vapour
molecules in the gas, ¢y, is different from the equilibrium saturation concentration,
Ceat- An ambient concentration in excess of ¢y will result in the condensation of the
liquid, while evaporation will occur if ¢q is short of ¢y, We consider the process to be
isothermal.

In the absence of convective effects, and for slow evaporation rates relative to the
typical diffusive timescale of the vapour in the gas, the gap-averaged concentration
field of vapour molecules in the gas phase, (¢)(x,y), obeys Laplace’s equation, i.e.,

9%(c) = 0*(c)

972 o2 0. (5.4)

() (z = 0,y) = c, (5.5)

and

<C> (lv y) = Csat- (56)

For a flat interface configuration, [ = ly(t), the concentration profile varies linearly
along the x coordinate. The interface position changes in time due to the volumetric

flux caused by the phase change, Fj, i.e.,

dly

— _E 5.7
dt 0 (5.7)

where Fj follows from Fick’s Law,

D sat T
Ey = __M7 (5.8)
Pl lo
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where py is the liquid density and D is the diffusion coefficient of vapour molecules in
the gas.

So long as the interface stays flat, the liquid and gas phases will remain at rest
with respect to the channel walls. However, if the interface configuration is perturbed,
at least three mechanisms can lead to a macroscopic flow in the volume of the fluid
phases. First, mass diffusion will tend to increase the flux at points on the interface
which lie closer to the open end of the channel. Secondly, local variations in the wall
properties, caused by the spatial dependence of the contact angle and channel gap
thickness, will result in differences in the Laplace’s pressure along the interface. Finally,
the in-plane curvature of the interface will lead to a relaxation of the front driven by
surface tension.

To model the effect of such mechanisms on the interface dynamics, we focus on the
limit of small channel aspect ratios, h/L < 1, and gentle gap variations, h’ < 1. This
allows us to study the fluid dynamics within the lubrication approximation. Here, the
gap-averaged velocity field in each fluid obeys Darcy’s Law:

B2

(vi) = “Ton, Vi, (5.9)

where ¢ = {1, g}, pi(x,y) is the local pressure of the i-th phase, and 7; its viscosity.
Imposing incompressibility, Eq. 5.9 reduces to a partial differential equation for the

pressure field in each phase, i.e.,

Ppi | Opi Ip;
h3 ) ) h2 h/_Z —0. 1
(ax2+ay2)+3 pe 0 (5.10)
Adding to the kinematic effect of the evaporation rate, Ey, the underlying flow will

contribute to the motion of the interface. The total interface speed thus reads

ol
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The hydrodynamic contribution, wy, is given by Darcy’s Law, i.e.,

h? 0 h?* 9
N G — 9Py , (5.12)
12m Ox oLy 12n, Ox e=ly
The pressure jump at the interface is given by the Young-Laplace condition,
ol
nl,y) =pe(ly) +7 o7 K1) ) (5.13)

where 7 is the liquid-gas surface tension.
To analyse the stability of the front we consider the effect of a small sinusoidal

perturbation to the interface shape

l(y,t) = lo(t) + esin(ky) exp(ot), (5.14)

where k is the mode of the perturbation, o its growth rate and e the amplitude.
Following the standard linear-stability analysis approach described in Appendix A we

obtain the growth rate of the perturbation,

vhi (2asinfy, 2Bcosby
k)= — k) —Epl| k 5.15
o(k) [12771; ( I + n2 of R, (5.15)

where 1, = m + 1. Using the capillary speed, ucap = /121, and the channel thickness

hg as the characteristic units for speed and length, we obtain the master curve
(k) = (Ch+ Ta — E)k — k%, (5.16)

where we have defined 6 = hoo /ucap and k= khy.

The dispersion relation contains a purely stabilising term ~ — 3 arising from the
relaxation of the in-plane curvature of the front. The remaining terms, all scaling as /%,
can be either stabilising or destabilising. The effect of the phase change is controlled
by the ratio E = Ep/ucap, which quantifies the competition between the diffusion-

driven growth of the interface and the capillary speed. For E > 0, corresponding to
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evaporation, the interface is stable, while the front tends to destabilise for E < 0,
corresponding to condensation.

The effect of variations in the channel wettability is quantified by the ‘chemical’
number Ch = 2ahgsinfy. Positive «, corresponding to a situation where the liquid
occupies the less wettable parts of the channel, favour unstable fronts. In such a case
portions of the liquid exploring regions of lower contact angle experience a lower Laplace
pressure relative to the rest of the interface, driving the growth of perturbations. The
same capillary mechanism drives the invasion of the thinner end of the channel (5 > 0)
by wetting liquids (fy < 7/2). This effect is quantified by the shape parameter, or
‘tapering’ number, Ta = 2/ cos 6.

The combination of these effects leads to the onset condition for an unstable front,
Ch+Ta—-E > 0. (5.17)

In such a regime, perturbations to the interface shape destabilise the front from the

flat configuration provided they are below a critical wavenumber
ke = (Ch 4 Ta— E)Y/?. (5.18)

Perturbations with smaller modes than k, are always unstable, with a fastest growing

mode k,, = l%c/\/g

5.3 3D Model and Lattice Boltzmann Simulations

The theory presented in Sec. 5.2 captures the main competing effects that govern the
stability of a liquid front undergoing a phase change in a channel geometry. However,
we expect that 3D effects arising from viscous forces linked to the structure of the
meniscus, including the contact line, affect the interface dynamics. 3D simulations can
be a valuable tool to explore these effects. Furthermore, they can be used to study

more complicated geometries beyond the channel configuration studied in this thesis.
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In this section we consider a diffuse interface model of the Cahn-Hilliard type and
present Lattice-Boltzmann simulations of the dynamics of a confined front. We present
simulation results where we focus on situations where the front is subject to a gradient
in channel wettability (finite Ch) or a phase change (finite E), before addressing the

situation where both effects come into play simultaneously.

5.3.1 Lattice-Boltzmann Simulations

We carried out Lattice Boltzmann simulations of the stability of a flat interface using
the Cahn-Hilliard model described in Chapter 2.

We set up a rectangular simulation domain of dimensions L, = 100 and L, = 16
in lattice units, and a variable width L,. We impose periodic boundary conditions
in the y direction, and hard walls at the top, bottom, left and right faces. The
resulting rectangular channel is filled with the gas phase (¢ = —1) up to a distance
I =l + esin(ky) in the z direction, where k = 27/L, is a single mode occupying the
width of the simulation domain with amplitude €. The rest of the channel is filled with
the liquid phase, where ¢ = 4+1. The density and viscosity of the fluid are set to p =1
and n = 1/6 throughout the simulation domain. The bulk free-energy parameters are
set to —a = b =3.05x 1072 and k = 7.8 x 1073, giving a surface tension v = 4.6 x 1073
and an interface thickness £ = 1.13.

The interaction with the top and bottom walls is prescribed by imposing a gradient
AfO/Al in the wetting angle. This is done by locally fixing the surface energy parameter,
ks, and enforcing the boundary condition (2.39). The gradient in the wetting properties
is imposed over a region of length Al about the initial position of the unperturbed
interface, [y. In this region, the wetting angle varies by an amount Af. By choosing
Al and Af we adjust the parameter o =~ Af/Al. The length scale Al is fixed to be
several times the interface width, &, i.e., 26§ < Al < 88£. On the other hand, A6 is
restricted by the accuracy of the LB implementation of (2.39), and lies in the range
35° < Af < 75°.

To drive a phase change, we follow the procedure presented in Chapter 3 and fix the
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Figure 5.2: (a) Dispersion relations of a perturbed front subject to a wettability
gradient in a straight channel. The strength of the variation in the wetting properties
is quantified by Ch, which takes values 0.83 (circles; solid line), 0.56 (squares; dashed
line) and 0.37 (triangles; dot-dashed line). The diffusive length scale, controlling the
contact-line slip, is fixed to Ip = 9.1 x 1072 (open symbols) and Ip = 9.1 x 107!
(full symbols). Symbols correspond to LB simulations. Lines correspond to the 2D
theoretical prediction. (b) Critical wavenumber as a function of Ch for Ip = 9.1 x 107!
(full triangles) and Ip = 9.1 x 1072 (open triangles). The triangle indicates the 2D
scaling k. ~ Ch'/2.

value of the phase field at the left end of the simulation box to a prescribed value ¢y.
From Eq. 2.41 the local chemical potential in the bulk is g ~ ag + b@3, while u = 0 at
the interface, leading to a phase-change rate Ey = |j|/A¢ ~ Mpug/Adply, where A¢p = 2
is the difference between the bulk values of the phase field. We consider ¢, values in

the range —1.4 < ¢g < —0.6, which ensure that the timescale of mass diffusion is fast

compared to the evaporation timescale of the front.

5.3.2 Effect of a gradient in the channel wettability

We first present results for the stability of the front in the presence of a gradient of the
wetting angle and no phase change. We consider three values of the chemical number,
Ch = 0.37, 0.56 and 0.83. We fix ¢ = 0.5 and vary the wavelength of the perturbation
in the range 90 < L, < 1256. For each wavelength we track the evolution of the
perturbed interface over time and measure the corresponding exponential growth rate,
0.

Fig. 5.2(a) shows the dispersion relations obtained from the simulations, reported in

the dimensionless variables & and & defined in Sec. 5.2. We also plot the 2D prediction
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of Eq. 5.16. To explore the effect of the contact-line slip we present simulation results
for two values of the diffusive length scale Ip = 9.1 x 1072 and 9.1 x 107!, obtained by
fixing M = 0.05 and M = 5, respectively. The full symbols in the figure correspond
to Ip = 9.1 x 107!, and show a reasonable agreement with the 2D theory at small
k. We do not expect a quantitative match at relatively larger modes, ki~ 1, where
the wavelength becomes comparable to the channel-gap thickness and the validity of
the 2D theory ceases to hold. The open symbols correspond to the smaller diffusive
length used, ip = 9.1 x 1072, and give smaller growth rates relative to the 2D result.
This supports that Ip controls the friction at the contact line, leading to an increased
damping of the perturbed interface.

Qualitatively, the range of unstable modes becomes larger with increasing Ch for
both values of Ip, reflecting the effect of a stronger driving due to the gradient in the
channel wettability. To quantify this effect, we measured the critical mode, ke, as a
function of Ch (Fig. 5.2(b)). A fit of the data gives k. =~ (0.99Ch)"/?2 for I, = 9.1 x 102
and k. ~ (1.46Ch)'/2 for Ip = 9.1 x 107, These results are in good agreement with
the 2D scaling ~ Ch'/? predicted by Eq. 5.18 up to the numerical pre-factor, which is

order unity and shows a weak dependence on Ip.

5.3.3 Effect of a phase change

We now move to investigate the effect of evaporation and condensation on the stability
of the front. We consider a straight channel of uniform neutral wetting properties,
i.e., 6, = 90°, and vary the rate of phase change, E. The diffusive length is fixed to
Ip = 9.1 x 107!, while all other parameters are fixed as in the previous section.

Fig. 5.3(a) shows the dispersion relations obtained for several values of E along with
the corresponding theoretical curves. As expected, positive values of E, corresponding to
evaporation, always result in stable fronts. On the other hand, negative E, corresponding

to condensation, can destabilise the interface, as can be seen in the inset of Fig. 5.3(a).

As we showed in the previous section, the growth rate of the perturbation depends
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Figure 5.3: (a) Dispersion relation of a front subject to a phase change. The phase
change is quantified by the dimensionless rate, E, which takes the values +14.97x1072
(squares), +6.38x1072 (circles), 0 (up triangles), -3.64x107% (down triangles) and
-4.99x107? (diamonds). (b) Scaling of the critical wavenumber with E. The triangle
indicates the 2D scaling k. ~ (—E)'/2.

on the diffusive length, Ip = /M7, which controls the contact-line slip. Therefore, in
order to obtain a better agreement with the 2D theory, one could reduce [p. However,
the diffusive transport in the bulk occurs over a timescale o ~ ly/|Fo| ~ 1/M. As
a consequence, [p is restricted to relatively large values in order to keep 7 small
compared to the timescale of evaporation of the front!%. Despite this limitation of the
model, the qualitative agreement with the theory is preserved in the unstable regime.

1/2

As shown in Fig. 5.3(b), the critical wave number follows the k. ~ (—E)'/? scaling of

Eq. 5.18, with a best fit to the data k. ~ (—2.2E)'/2.

5.3.4 Stability phase diagram

We explored the stability of the front subject to the combined effects of a wettability
gradient and a phase change in the intervals —0.4 < Ch < 0.4 and —0.1 < E < 0.2. In
the simulations, we fix the height and width of the channel to L, = 16 and L, = 1256,
and impose a single-mode perturbation with 12:0 =2nL,/L, ~ 0.08. For a fixed value
of Ch, we carry out simulations decreasing E from an initial positive value until the
interface destabilises.

Fig. 5.4 shows the resulting stability phase diagram. Full circles correspond to

~

stable fronts, i.e., (ko) < 0 for given E and Ch, while open squares correspond to
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Figure 5.4: Stability phase diagram for a front subject to a single-mode perturbation
under a phase change and a wettability gradient. Full circles correspond to stable
fronts, open squares correspond to unstable fronts. The solid line indicates the linear
marginal stability boundary.

unstable fronts. From (5.18) we expect that the front becomes unstable as ko — ke,
where k, = (Ch — E)Y/2. The marginal stability line in the Ch — E diagram is given
by E ~ Ch — 1%3 The simulation results confirm the linear scaling, with E ~ 0.16Ch,

shown as a solid line in Fig. 5.4.

5.3.5 Evaporation on etched structures

To illustrate the wider relevance of the interplay between a phase change and channel
confinement on the stability of a liquid front, we consider the evaporation of a solvent
from a chemically etched structure, which is a typical problem in microfluidics. The
system in question is a rectangular microbeam fixed to the right wall of a microfluidic
trench. The trench is formed by two vertical walls of height H and joined by a horizontal
wall of length L. An open end at the top allows the evaporation of a solvent. The

beam forms an overhanging cantilever, suspended from the floor of the trench at a
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Bottom view Side view

Figure 5.5: Simulation results of a front evaporating on a rigid straight cantilever.
Upon evaporation, the interface forms a meniscus under the cantilever, and forms a
receding finger-like meniscus. Times are measured in units of the evaporation timescale

(H — h)/Ej.
local height h. The resulting structure is repeated in the transverse direction along the
trench, with a separation distance between beams V.

We thank Rodrigo Ledesma-Aguilar'*® for providing the following LB simulations.
We consider the evaporation of a liquid front which initially covers the top of the beam.
The evaporation is driven by fixing the phase field to ¢g = —1.2 at the top end of the

simulation domain. This leads to the retraction of the liquid front, which moves at a
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speed Ey ~ Mug/A¢p(H — h). Fig. 5.5 shows a simulation sequence of the interface
dynamics. We report simulation times in units of the evaporation timescale (H — h)/Ey,
ie.,t=tEy/(H —h). As shown in the sequence, after the liquid front comes into
contact with the cantilever, the covered portion recedes slower than the exposed surface.
This effect is the result of a reduced surface area available for evaporation and an
increased hydrodynamic resistance caused by contact with the cantilever. After some
time, however, the front fully recedes until the liquid completely evaporates.

We repeated the simulation introducing a small step Ah in the thickness of the
beam, so that the gap between the cantilever and the floor of the trench is A + Ah at
the right, and h at the left. The length of the thicker portion of the beam is Al. As
shown in Fig. 5.6, the evaporation process is essentially the same until a time ¢ ~ 1.2.
At later times, the tip of the interface recedes at a significantly slower rate compared to
the evaporation in contact with the straight cantilever. This is evident by comparing
the panels corresponding to £ = 2.1 in Fig. 5.5 and £ = 1.8 in Fig. 5.6. Such an effect
cannot be caused by evaporation alone, as one would expect that a larger exposed
surface area at the right end of the cantilever would increase the total evaporation
rate. Instead, the slower retraction of the tip suggests a hydrodynamic flow from the
right to the left. Indeed, as viewed from the bottom, the interface develops a spoon
shape, with a thinning neck which eventually collapses, leading to the formation of a
capillary bridge trapped under the thicker end of the cantilever. As observed in the
figure, this process occurs over a much faster timescale At ~ 2.1 — 1.9 = 0.1, than
that of evaporation, £ ~ 1. At time ¢ = 1.9, just after pinch-off, the capillary bridge
has a visible curvature difference between the left and right edges. The corresponding
difference in the Laplace pressure results in a net force to the left. In fact, at time
t = 2.0 both edges move to the left, as shown in the dashed box in the figure. This
supports that the difference in Laplace pressure caused by the change in the beam
thickness can induce the growth of the front.

In the context of microfluidics, the formation of the capillary bridge shown in

Fig. 5.6 has been suggested as a potential cause of failure in the micro fabrication of
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Figure 5.6: Simulation results of a front evaporating on a rigid step cantilever. Upon
evaporation, the interface forms a meniscus under the cantilever. The difference in
curvature between the tip and the body of the meniscus drives a capillary flow towards
the tip. The interface develops a spoon-like shape and pinches-off to form a droplet.
The dashed box shows that the flow drives the droplet forward to the left, against
the effect of evaporation. Times are measured in units of the evaporation timescale
(H — h)/Ej.

cantilever structures. This situation arises in the last steps of the fabrication process,
where a solvent is used to wash out the residue left after chemical etching of the
cantilevers. Beams whose length exceeds the elastocapillary length are prone to be

deflected by the surface tension of an evaporating solvent. This has been reported to

result in the formation of a liquid bridge at the free end of the beam, which, upon
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Figure 5.7: Simulation results of a front evaporating on a rigid step cantilever patterned
with a hydrophobic patch. The chemical patterning induces a rise in the capillary
pressure between the tip and the body of the meniscus, which counteracts the effect
of the height change. As a result, the interface quickly recedes from the hydrophobic
patch, preventing the formation of a droplet in the shallow region of the cantilever.
Times are measured in units of the evaporation timescale (H — h)/Ej.

evaporation, causes the collapse of the cantilever structure.

Our simulations show that the mechanism leading to the formation of the capillary
bridge is hydrodynamic, and can be rationalised in the context of the front stability
presented in Sec. 5.2. For the straight cantilever simulations Ch and Ta vanish,

whilst E = Ej/ucp =~ 0.09 > 0, leading to the observed stable fronts. For the step
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cantilever, however, there is a gap thickness gradient § ~ Ah/Al = 0.15, which gives
Ta = 2cos by ~ 0.26 > E. As a result, one expects an instability with a typical
wavenumber ky, = (Ta — E)'/? 22 0.38. This is consistent with the simulation results,
where the wavelength of the pattern is determined by the width of the simulation
domain, with a corresponding wave number k ~ 0.37.

To suppress the instability one can resort to a chemical patterning of the substrate.
To exemplify this idea we repeated the step-cantilever simulation, however, we now
introduce a hydrophobic patch on the bottom surface of the narrow end of the cantilever.
The contact angle on the patch is 6; = 150°, while the rest of the solid surfaces have
0y = 30°. The patch extends over the thicker portion of the beam, of length Al, and
thus creates a gradient in the wettability of the cantilever. The simulation results,
shown in Fig. 5.7 show that the meniscus quickly retracts from the hydrophobic portion
of the beam.

The contact angle used give an approximate value Ta = 0.15. On the other hand, the
step change in the wetting properties of the beam gives a gradient o ~ Af/Al = —0.025,
and a corresponding dimensionless number Ch ~ 2(h+Ah/2) sin(f)a ~ —0.4. Therefore,
the instability is completely suppressed and the front recedes faster due to the capillary

suction that results from the dominance of Ch over Ta.

5.4 Conclusions

Our analytical and numerical results illustrate general features governing the stability
of liquid fronts undergoing a phase change in confinement. On the one hand, the growth
of the front is affected by variations in the diffusive current along the interface due
to the evaporation or condensation. The effect of confinement adds a hydrodynamic
mechanism to this picture, where flow is driven by gradients in the Laplace pressure
along the interface. Such a mechanism can arise either because of changes in the local
length scale of confinement, or because of variations in the wettability of the solid
walls. The net effect of each of these mechanisms relative to the stabilising surface

tension can be quantified by the dimensionless numbers Ch, Ta, and E, which capture
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the effects of varying wetting properties, geometry and a phase change. The typical
timescale of the front dynamics is controlled by the capillary speed wgap, the confining
length scale hy and the slip length arising from the friction at the contact line /.
These principles can be applied to understand the dynamics of fronts undergoing
a phase change in more complicated geometries. This is particularly relevant in

microfluidics applications.



CHAPTER 6

Effect of lows on evaporation

Although droplet evaporation is almost always considered to be a diffusion dominated
process, there are cases when flows are important. Flows can arise either because of a
difference in density between the evaporating fluid and the surrounding one, or because
of an applied external flow field.

For example macroscopic water droplets evaporating in air have been observed to
break the D? law® described in Chapter 1; it has been shown experimentally that the
temporal evolution of the droplet radius is R ~ (t —t;)® with a ~ 0.6, in contrast with
the expected value o = 0.5 predicted by diffusion theory. The reduction arises because
water vapour is lighter than air, so it is subject to buoyancy forces that carry it away
from the drop, thus modifying its concentration profile with respect to the diffusion
limited process.

In order to quantify the effect of convection relative to diffusion, it is useful to use

the Rayleigh number

_ gB.AcL?

R
“ vD

(6.1)

which was introduced in Chapter 1.

It has been shown” that two different regimes exists for evaporation: for low Rayleigh

79
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numbers diffusion is the dominant mechanism driving evaporation and the predictions
from diffusion theory holds; for high Rayleigh numbers convection dominates. At
intermediate values of Ra there is a crossover between the two regimes. High Rayleigh
numbers occur either because of big density differences or big droplet size.

In order to quantify the contributions to evaporation coming from diffusion and
convection it is useful to use the Sherwood number, introduced in Chapter 1, which
the ratio of the actual mass transfer rate to the diffusion rate,

mL

Sh = JAeD’

(6.2)

where m is the temporal change of the mass of the evaporating fluid, L a typical length
scale of the system, A the surface area of the evaporating fluid, and Ac and D have
already been defined. For an hemispherical sessile drop of radius R Sh is

_ pdV/dt

Sh = TDAcCR

(6.3)

where dV//dt is the measured evaporation rate. Thus in the diffusion dominated regime,

we have Sh = 1, while in the convection-dominated regime Sh > 1. It can be shown !

that for high Rayleigh numbers Sh scales as

Sh ~ Ra/*. (6.4)

6.1 Lattice-Boltzmann simulations

We have simulated the evaporation of droplets subject to buoyant forces. We model

the buoyant force by a gravity-type term of the form

F = a(¢ — ¢n) (6.5)

where a is a constant used to tune the intensity of the force and ¢, is the value of the

order parameter fixed at specific boundaries of the system as explained in Sec. 3.3. This
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force is applied only on the fluid surrounding the droplet and not on the droplet. It is
worth mentioning that we are not free in choosing the intensity of the body force in the
simulations because of stability reasons and the fact that a big enough force can lift off
the drop from the surface. This happens for values of the Rayleigh number Ra > 0.1.
The main reason for this limitation is the density ratio used in the LB algorithm which

is equal to one; a higher density ratio can give higher Rayleigh numbers.

Figure 6.1: Flow field around an evaporating droplet not subject to buoyant forces
(left) and subject to buoyant forces (right).Velocities are scaled by a factor of 10* in
both figures.
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Figure 6.2: Magnitude of the velocity field at z = N, /2 for an evaporating droplet with
no buoyancy force and buoyancy force present.

We simulated 2D droplets in a system of size (N,, N, N,) = (200, 1,100) with a
droplet initial radius Ry = 50. Shell BC were used to fix the order parameter ¢y = —1.2
to drive evaporation. We explored the region of Rayleigh numbers between Ra ~ 10~*
and Ra ~ 0.1.

In Fig. 6.1 the flow field around the dissolving droplet is shown for the case of no

buoyancy (left) and buoyancy (right); it is clear that buoyancy induces a non-negligible
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flow. Qualitatively buoyant forces induce the formation of two plumes at the sides of
the drop as shown in Fig. 6.1 right. The flow pattern observed with buoyancy is also
qualitatively similar to that observed in experiments”; Fig. 6.3 shows an alcohol drop
dissolving in water and the relative flow field; the alcohol used is slightly lighter than

water so it is subject to buoyancy.
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Figure 6.3: Flow field around a 1-pentanol droplet dissolving in water”. Courtesy of
Erik Dietrich.

In order to quantify the change in the flow field Fig. 6.2 shows the magnitude of the
velocity field on a line just over the drop at z = N, /2. The graph shows a clear presence
of a flow induced by buoyancy (it is worth mentioning that this graph corresponds to
the lowest value of the parameter a used); the comparison with the no-buoyancy case
shows that these velocities are physical and they are not spurious velocities coming
from the LB algorithm.

Fig. 6.4 shows a graph of the Sherwood number as a function of the Rayleigh
number for these simulations. Each curve corresponds to a different simulation where
the buoyancy force is varied by varying the parameter a. For the shell BC the Sherwood
number can be calculated exactly using the results presented in Chapter 2.

The results show that Sh is almost equal to 1 for each value of the force applied,

although it increases as the buoyancy force increases.
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Figure 6.4: Sherwood number vs Rayleigh number for 2D hemispherical drops subject
to shell boundary conditions. The initial radius is 50 lattice units.
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Figure 6.5: Lifetime of an evaporating droplet (with shell BC) subject to a buoyant
force (compared to the lifetime of the same droplet subject to no buoyancy) as a
function of the force applied.

Although we are in the diffusion dominated regime, the droplet lifetime depends
on the magnitude of the buoyant force applied, as can be seen in Fig. 6.5. The graph
shows that with LB simulations we can access values of the Rayleigh number where
the effect of buoyancy can reduce a droplet lifetime up to 60% compared to the case
where no buoyancy is present.

Using top boundary conditions instead of shell BC leads to the results presented
in Figs. 6.6-6.9. Figs. 6.6-6.7 show the flow fields and the velocities magnitudes as
in Fig. 6.1 but for the top BC case. The flows appear similar, although the different
boundary conditions led to a slightly different flow pattern in the presence of buoyancy.

In fact two full vortices appear in Fig. 6.6-(b), while the same system in Fig. 6.1 does
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not show full vortices due to the different boundary conditions used. The different
behaviour is also illustrated in Fig. 6.7. Note that the velocity magnitude tends to zero
at the system’s boundaries when shell BC are used (see Fig. 6.2), while in this case it

reaches its maximum value at the boundaries.

Figure 6.6: Flow field around an evaporating droplet (a) not subject to buoyant forces
and (b) subject to buoyant forces. Velocities are scaled by a factor of 10* in both
figures. Top BC are used.
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Figure 6.7: Magnitude of the velocity field at z = N, /2 for an evaporating droplet with
no buoyancy force and buoyancy force present. Top BC are used.

Fig. 6.8 shows the Sh-Ra plot for this case. The Sherwood number is less than one
because we have used the formula for an isolated droplet for its theoretical value, while
the use of the top BC physically corresponds to an infinite matrix of droplets; in this
case we expect a lower dissolution rate due to the presence of neighbouring droplets.

The presence of other droplets has two effects however. Firstly it tends to slow
down the dissolution because of the increased solute concentration due to neighbour

droplets. Secondly it enhances it because of faster convection, also caused by the
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presence of a larger solute concentration. Thus there is a competition of these effects
in the dissolution dynamics, which has been described in Chapter 4.

Results in Fig. 6.9 show that a droplet subject to buoyancy and surrounded by
other droplets can decrease its lifetime up to almost 60% of its value when no buoyancy
is present. By comparing the lifetimes using the shell and top BC it can be concluded
that although the absolute droplet lifetime in an infinite matrix is bigger than an

isolated one, the relative decrease due to convection is similar in the two cases.
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Figure 6.8: Sherwood number vs Rayleigh number for 2D hemispherical drops subject
to top boundary conditions. The initial radius is 50 lattice units.
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Figure 6.9: Lifetime of an evaporating droplet (with top BC) subject to a buoyant force
(compared to the lifetime of the same droplet subject to no buoyancy) as a function of
the force applied.

In order to further investigate the interplay between convection and the presence of

multiple droplets we simulated a finite droplet matrix composed of three drops and
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subject to buoyancy. In this configuration we use side BC, i.e. the order parameter ¢
is fixed at the top and the sides of the domain (see Chapter 4 for a detailed explanation
of these BC).
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Figure 6.10: (top) Flow field of three evaporating droplets subject to buoyant forces
and (bottom) magnitude of the velocity field at z = N, /2.

Fig. 6.10 shows the flow field around the three droplets and its magnitude. The
flow field near the central droplet is almost identical to the one observed for the infinite
matrix case, while the external droplets are subject to an asymmetric flow. The
magnitude of the flow field also indicates an almost identical flow field for the central
droplet compared to the infinite matrix case and it also shows the bigger flow present
on the outermost sides of the system.

Fig. 6.11 shows the Sh-Ra plot for such a configuration; it can be clearly seen
that the external droplets dissolve quicker than the central one. Also in this case the
Sherwood number is less than one because the theoretical value used is the one relative
to a single drop.

The relative difference in lifetime between the external droplets and the central
one is about 10%, in line with experimental observations of the dissolution of droplets
matrices’.

All the results presented show that buoyancy effects led to higher dissolution rates

for droplets subject to evaporation. Even in the regime of low Rayleigh numbers, where
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Figure 6.11: Sherwood number vs Rayleigh number for three hemispherical drops. The
key refers to the drop’s position.

diffusion is the dominant effect the resulting droplets’ lifetimes can be reduced as
much as 60%. These results are in broad qualitative agreement with the experimental
measures shown in Fig. 1.9; for low values of the Rayleigh number different alcohols
have a maximum variation of the Sherwood number of about a factor of two. However
it is not possible to make any quantitative comparison due to statistical fluctuations in

the experimental measurements.

6.1.1 3D droplets
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Figure 6.12: Sherwood number vs Rayleigh number for 3D hemispherical drops subject
to shell boundary conditions. The initial radius is 30 lattice units.

We also simulated 3D evaporating droplets. For these simulations we used a system

of size (N,, Ny, N,) = (100, 100, 50) and an initial droplet radius Ry = 30. Shell BC
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were used to fix the order parameter ¢ = —1.2 to drive evaporation and buoyancy
forces were implemented as in the 2D case. Fig. 6.12 shows the resulting Sh-Ra plot.

The results show that the Sherwood number increases for increasing Rayleigh
numbers, although the Sh-Ra dependence is different than in the 2D case. However,
the evaporation lifetime reduction, shown in Fig. 6.13 is very similar to the 2D case. It
is worth mentioning that for the 3D case, since the droplet initial radius is about half
the value of the 2D case, in order to achieve similar Rayleigh numbers we have to use

a buoyancy force about one order of magnitude bigger than in the 2D case.
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Figure 6.13: Lifetime of an evaporating 3D droplet (with shell BC) subject to a buoyant
force (compared to the lifetime of the same droplet subject to no buoyancy) as a
function of the force applied.

These results show that, apart from the different Sh-Ra dependence in 2D and 3D,
the overall effect of buoyancy forces on evaporation is dependent only on the Rayleigh
number. This is confirmed by the fact that the same Rayleigh number is obtained with
different parameters in 2D and 3D as explained earlier, but as long as the Rayleigh

number is the same, the evaporation lifetime reduction is essentially the same both in

2D and 3D.

6.2 External flows

Another mechanism that can affect evaporation is the presence of external flows.

For example we can easily think of real world situations where external flows like
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winds can affect the evaporation of liquids. We simulated the effect of external flows
on the evaporation on 2D droplets using the configuration sketched in Fig. 6.14.
Buoyancy forces were not included in these simulations. We simulated a system of size
(N, N.) = (200, 100) lattice units and an initial droplet radius of Ry = 50. A body

force is applied only in the upper part of the system, in the interval z = [70, 100].

body force : ————————————————— "

—
I

—_

Figure 6.14: Simulation configuration for a 2D droplet subject to an external flow.

The resulting flow profile is shown in Fig. 6.15. In order to quantify the strength of
the flow we still use the Rayleigh number, where the buoyancy force is now substituted

by the body force applied.
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Figure 6.15: Flow field at x = 2 magnified by a factor of 10.

If implemented directly, a flow field like the one in Fig. 6.15 would make the drop
move towards the right. In order to avoid this effect, we have fixed the velocity of the
drop to zero. In this way any difference in the evaporation is solely due to the flow,
and not due to the different position of the drop relative to the boundaries where the

concentration is fixed.
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Fig. 6.16 shows the Sh-Ra plot for this case, while Fig. 6.17 shows the relative
lifetimes. The values of the Rayleigh number that can be reached in these simulations
are about one order of magnitude smaller than the buoyancy flows presented in the
previous section. The results show that an external flow can reduce the lifetime of
an evaporating droplet by the same amount possible with buoyancy forces, but at a

Rayleigh number one order of magnitude smaller than the buoyancy case.
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Figure 6.16: Sherwood number vs Rayleigh number for 2D hemispherical drops subject
to an external flow. The Rayleigh number for this case is defined for the text.
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Figure 6.17: Lifetime of an evaporating droplet subject to an external flow as a function
of the flow strength compared to the lifetime of a droplet subject to no flow.

The reason for this can be understood by looking at Fig. 6.18 where contour curves
of the concentration field are plotted. If no buoyancy forces or external flow were
present we would expect perfectly symmetrical contour curves. The contour curves

show that buoyancy forces modify the concentration field by forming a little plume just
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Figure 6.18: Contour curves of the order parameter ¢ around an evaporating droplet
subject to an external flow (a) or buoyancy forces (b). Ra = 0.1 in both figures.

upward of the droplet, as it can be seen in the top center part of Fig. 6.18-(b). Along
the plume itself the concentration gradient is diminished, because the plume is rich in
vapour coming from the drop. An external flow, however, increases the concentration
gradient almost everywhere (apart from the wake visible right of the drop because of
the screening effect of the drop itself) because it moves “clean” fluid (i.e. fluid with no
droplet’s vapour) towards the drop. This increase in the concentration gradient leads
to an enhanced dissolution.

We have also simulated droplets subject to top BC and external flows (periodic
BC are used on the domain’s sides). In this case the resulting Sh-Ra plot is showed
in Fig. 6.19. The results show that no dependence of the dissolution dynamics on
the flow is present in this case. Although counter-intuitive, this finding can be easily
explained by looking at the concentration profile in Fig. 6.20. By applying top BC the
concentration varies mainly along the vertical direction, thus any horizontal flow will
not substantially modify the concentration gradient, and thus the dissolution dynamics
(as long as the Rayleigh number is small). As a consequence the droplet lifetime is

almost independent of the external flow for this configuration (data not shown).
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Figure 6.19: Sherwood number vs Rayleigh number for 2D hemispherical drops subject
to an external flow and top BC.
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Figure 6.20: Contour curves of the order parameter ¢ around an evaporating droplet
subject to no external flows (left) and external flows (right). Top BC are used.

6.3 Conclusions

In this chapter we have introduced a simulation method to model buoyancy forces in a
binary fluid model where the two phases have the same densities. We have shown that
these forces can considerably affect the lifetime of evaporating droplets. This is the
case for both isolated drops and drops in the presence of neighbours.

We then modeled the effect of external flows on droplet evaporation. We have
shown that also in this case a considerable reduction in the droplet lifetime is attainable
at low values of the Rayleigh number.

By comparing these two different mechanisms, we have concluded that the same

reduction in evaporation lifetimes is attainable with an external flow at values of the
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Rayleigh number one order of magnitude smaller than the ones needed for buoyancy
forces.

We have also studied the effect of the presence of multiple droplets evaporating
together (in the limit of an infinite matrix of droplets) by using different boundary
conditions. We have shown that if buoyancy forces are present the effect of other
droplets is to extend the absolute drop evaporation lifetime, but the relative decrease
due to flow is not modified. For external flows, however, the presence of neighbouring
droplets does not have an appreciable effect on the dissolution lifetime, because the

concentration profile is not modified by the presence of the flow.



Conclusions

The study of evaporation phenomena is having a resurgent interest in recent years. This
is due to its applications in many industrial processes, such as printing and coating and
new technologies like microfluidics. New experimental techniques have also enabled
the study of droplets down to the nanometer scale, opening up new fields of study.

In this thesis we have shown that the Lattice Boltzmann method is an ideal candidate
for the simulation of evaporation phenomena; its mesoscopic nature is a particularly
useful feature to study fluids at the micrometer scale down to the nanometer scale.
Furthermore the modeling of evaporation with the free energy approach has a clear
physical interpretation.

After a general introduction of evaporation dynamics and droplets in Chapter 1, in
Chapter 2 we have described the principles of the Lattice Boltzmann method, the free
energy approach to model multiphase flows and the implementation of evaporation
in this context. We have then validated numerical simulations against theoretical
predictions of evaporation of simple systems in Chapter 3, and we have applied these
numerical techniques to different systems where it is not possible to obtain analytical
results.

In Chapter 4 we have studied the evaporation dynamics of matrices of droplets.
In most practical applications there are multiple droplets evaporating together, and
the interaction between them can lead to modifications to their evaporation dynamics
compared to the single droplet case. We have shown that the presence of other droplets
can slow down evaporation lifetimes up to 60% compared to the single droplet case. We

also have compared numerical results with real experiments, noting a good qualitative
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agreement between the two. Eperimental results have also shown that convective effects
are important in the evaporation dynamics, and in general there is a competition
between convective effects and collective effects. The first ones tend to accelerate
evaporation while the second ones tend to slow it down.

In Chapter 5 we have analyzed the stability of a liquid front in a confined geometry
subject to evaporation. In this system the interplay between capillary effects, variable
wettability and phase changes can lead to the destabilization of the liquid front.
Beyond its theoretical interest, this problem has numerous applications; for example
microfabrication techniques involve the evaporation of solvents and this can led to the
rupture of the fabricated microstructures. We have developed a 2D theory to predict
the instability behaviour of the system. We then have used LB simulations to extend
our analysis to three dimensions.

In Chapter 6 we have analyzed the effect of flows on the evaporation dynamics of
droplets. We have implemented both buoyancy driven flows and external flows. The
results obtained show that flow effects can be non negligible even in situations where
the diffusion is dominant over the flow.

Our results show that the LB method is a very versatile technique to model
evaporation and can be used to model many systems of practical interest when it is
not possible to develop theoretical predictions. Future work can extend the current
model to include density differences between the two phases and to explore systems

with stronger flows.



APPENDIX A

Linear stability analysis

In this appendix we derive Eq. 5.15 using linear stability analysis techniques. We first
consider the case of constant wetting properties (0(z) = 6y), negligible gas viscosity
and a tapering channel gradient § (i.e. the channel height is h(z) = ho + 8(z — x0)).
We then incorporate variable wetting properties and finite gas viscosity in the analysis.

We also discuss the pattern formation deriving from this instability.

A.1 Small perturbation

We consider the effect of a small perturbation that shifts the position of the interface,

ie., | =z + xp,, where

x, = €(t) cos(ky), (A.1)

€ < 2/k is the amplitude of the deformation and k is the wavenumber. For e < 2/k,

the normal vector to the interface is n ~ x — d,x,y. Therefore, to leading order in €
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the normal interface speed is

v, -n=(Ey+1,)x (A.2)
where
&, = écos(ky). (A.3)

We assume that the pressure and concentration fields respond with corresponding

perturbations, so that

p = po + 0p(t) cos(ky)p: (), (A.4)
and
¢ = ¢y + dc(t) cos(ky)cy (), (A.5)

where dp and dc are small amplitudes and the spatial parts obey p;(x — +00) =0
and ¢;(z — —o0) = 0.

Inserting the pressure ansatz into Eq. 5.10 gives the solution for p; :

p1(z) = exp(—II(z — zo)). (A.6)

where

s (8 [ (2 o \
H=om 118 ”(36) ~ 8 (A7)
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for Sk/hg < 1, as required. Note that this solution always decays for = > zg
provided that # > 0. Inserting the ansatz for the concentration into Eq. 5.4 gives the

solution for ¢; :

c1(x) = exp(k(x — x9)), (A.8)

which decays for z < z( as required.

The Young-Laplace condition can be used to link dp(t) and €(t), i.e.,

5p(t) = 7 (zhﬂ - k) (1) (A.9)

where we have omitted higher-order terms in € and $. The boundary condition for

the concentration field, ¢(x;,y) = Csat, can be used to determine dc(t), i.e.,

Se(t) = —%e(ﬂ (A.10)

The kinematic boundary condition (Eq. A.2) is then used to find the speed of the

interface,

0 1)+ Prsely (A11)
€ = 120 D p , .

or

¢ = [Z;(Q; (2602(%6(])5 - k2> (k) — Eok] . (A.12)
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This equation has the solution

€(t) = egexp(ot), (A.13)

where

o(k) = yhi (2 cos ()3

= 1o P kQ) (k) — Egk (A.14)
0

is the dispersion relation, which can be non-dimensionalised to give

(k) = Ca™ {2003(90)6 - /%2} (k) — k (A.15)

or

6(k)=Ca™! {2 cos(0y)f — /%2} % —k (A.16)

where Ca = 12Eqn/7, 1 =Ihy, 6 = ohy/Ep and k = khy.

A.2 Discussion

The dispersion relation of our problem reads

~

6(k) = Ca™" {2 cos(0y) B — 1%2} BIF k (A.17)

The term o< 3 arises from the gradient of transverse curvature and is destabilising

provided that 8 > 0. The second term, o 12:2, is the usual stabilising capillary term in
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Hele-Shaw flows. The final term arises from concentration gradients, and is stabilising

for an evaporating front. The first thing to notice is that this dispersion relation is

different from the Saffman-Taylor dispersion relation 7,

o(k) (CaU - /%2) &), (A.18)

~ 120k

where Cay = 12nU/~ is the capillary number based on the base-state interface
velocity U. In the Saffman-Taylor problem the instability is driven at higher Cay |,
whereas in the evaporating front the tendency seems to be the opposite. Interestingly,
our result suggests that the fronts can destabilise even at C'a = 0, through a mechanism

controlled solely by capillarity. The main features of the dispersion relation are

1. The destabilising mechanism arises from gradients in the capillary pressure, which
drive fluid from the wider portion of the channel (where the capillary pressure

due to transverse curvature is higher) to the narrower portions.

2. The instability occurs for wetting fluids (fy < 7/2) occupying the wider portion
of the channel (5 > 0); by symmetry we would expect that the instability occurs
for non-wetting fluids at 8 < 0. (This is the case according to the dispersion

relation).

3. The evaporation rate only delays the instability, by reducing the amplitude of
the peaks (which lie in the more narrow portion of the channel) relative to the

troughs.

4. The instability is favoured in the case of a condensing front, Fy < 0, even for
straight channels, 5 = 0. In this case the dispersion relation reduces to a form

similar to the Saffman-Taylor dispersion relation,
o(k) < Cak — k?|k| (A.19)

In this case the mechanism driving the instability is the local gradient of concen-
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tration: peaks lie closer to the plane ¢(xg,y) = ¢y, and therefore have a faster

condensation rate, driving the growth of perturbations.

A.3 Ripening and pattern formation

Since the average position of the interface is increasing, the local thickness h(zg) gets

larger over time, at a rate

h(wo) = BE,, (A.20)
where
By = g = 2 Coat o (A.21)
P Zo

At long times (when |zo| > 0) it is safe to impose xy(t = 0) = 0; we therefore have

To = \/M’ (A.22)

(A.23)

h(wo) = ho + @\/M. (A.24)
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From the dispersion relation, the first unstable mode is

1
k, = h—(26 cos by — Ca)'/?, (A.25)
0
For k,, > 0, we require that the inclination gradient exceeds a critical value

Ca
Be > 2cosby’

(A.26)

However, Ca o< Fy ~ t'/? . This means that the instability will eventually set in.
However, since h(xg) also increases with time, the range of unstable modes decreases
at long times. One may speculate that once the front is destabilised, the emerging

pattern will be dominated by the fastest growing mode, given by

1

kmax = _kn A.27
7 (A.27)

Given the time dependence discussed above we expect that the pattern coarsens

over time.

A.4 Straight channel with chemical gradient

As previously discussed, the destabilising mechanism arises from gradients in the
capillary pressure, which originates from the taper of the channel. The same mechanism
arises in a straight channel with fixed width hg and varying wetting properties along it.

We assume that the wetting contact angle varies along the x axis according to

6(x) = 0y + oz — o), (A.28)
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where 0y = 0(xg); if & > 0 the channel is more hydrophilic at z = 0 and more
hydrophobic at its right end. Consequently if the liquid fills the channel as shown in
Fig. 5.1, it will be driven towards the left part of it.

In this case the curvature is

2 2
= 2eosb(z) ~ —(cos by — auxsin ) (A.29)
ho ho

if @« < 1. The linear stability analysis is the same as the previuos case and it leads

to a dispersion relation of the form

vhi [ 2asin by 9
k)=k — k%) — E A.30
o) = k| T2 (25 : (A.30)

and in its non-dimensionalised form

o(k) =k [Ca_l <2ahg sin 0y — /%2> - 1] (A.31)

The same conclusions discussed in Sec. A.2 hold here, provided that now « plays

the role of j.

A.5 Effects of finite gas viscosity

If the gas has a finite viscosity 7, we can solve the Stokes equation for the gas phase in

the same way as for the liquid phase (as done in Chap. 5). For the gas velocities we get

Vg g = ———04Dy, (A.32)
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and

h2
Vy,g = —an@wpg <A33)

The jump in the pressure at the interface is now given by

P, yi) = pg(i, yi) — V- (A.34)

The linear stability analysis can be carried out in this case too; the resulting

dispersion relation for the case of a straight channel with a chemical gradient is

vhi 2acsiny 5
k) =k — k) —E A.35
7(¥) {12(% +m) ( ho ’ )

which reduces to Eq. A.30 in the limit n, — 0.

If the interface has an additional velocity V' not due to evaporation (i.e., due to
gravity), then there will be an addition term in the dispersion relation proportional to
V(ny —m) (the derivation is the same as in the standard Saffman-Taylor instability)
and Eq. A.35 becomes

o(k)=k

vh? (270[ sin 0y

{12(% + ) he TR+ V(g = m)) - Eo} (A.36)
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A.6 Tapered channel with chemical gradient and evap-
oration

We can consider the general case of a tapered channel with a varying contact angle. In

this case the curvature is

_ 2cosf(x) —,8/2'

Kk(x) W) (A.37)

The linear stability analysis can be carried out in this case too (in the linear limit

the two effects simply add together) and we have for the dispersion relation

Yh? (2a sinfy  2cos(fy)s 2) }
k) = k =+ —k*) — E A.38
o (k) {12(% +m) ho hé " ( )

which can be dimensionalised to give

6(k) = k(Ch+Ta— Ca) — k° (A.39)
which is Eq. 5.16; the different terms are

Ca= 12Egm/y  me= m+n,
6= 12qhoo/y k= khy

Ch = 2ahgsingy  Ta= 2cos(hy)p.

In Eq. A.39 we can clearly see the effect of each physical phenomenom on the insta-
bility: the taper and the chemical gradient destabilize the interface, while evaporation

stabilise it (but destabilise it if there is condensation). We can also derive the critical
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wavenumber for the onset of instability

1

e (Ch 4 Ta — Ca)'/?. (A.40)

kcrit =

As in Eq. A.26, in order to have k..; > 0 we need to satisfy the condition

Ch+Ta—Ca> 0. (A.41)



APPENDIX B

Lubrication theory

Lubrication theory studies flows in confined geometries where one length scale is much
smaller than the others. The name lubrication comes from the observation that thin
layers of fluid can prevent solid bodies from contact, thus reducing friction.

Let us consider a solid plane at z = 0 and a solid body at height z = h(z,y,t). We
are interested in the situation of A being much smaller than the length scale L in the x
and y direction. We write the velocity field u = (u, v, w), where u and v have typical
scales Uy and w has typical scale W. Considering incompressible fluids, the continuity

equation is
Opu + 0yv + 0w = 0 (B.1)
and suggests that the velocity W} is much smaller than U
Wy ~ Uph/L < U. (B.2)
The x component of the Navier-Stokes equation is

p(Opu + udpu + vdyu + W u) = —0,p + P(Oou + Dou + O u). (B.3)
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In lubrication theory we are interested in the small Reynolds number regime, i.e.
in the regime where inertia is negligible. This translates to neglecting the left hand

side in Eq. B.3. In this limit pressure scales as

. [LUQL

P (B.4)

Noting also that in Eq. B.3 the z-derivatives dominate, we have

Oup = pod*u
Oyp = po2v (B-5)

p=0

which is easily solved to give

p :p(l',y7t)
8xp 2
Oyp

We now impose the boundary conditions u = 0 at z = 0 and u = (Uy, Vp, Wy) at
z = h. This gives

u = 33;]9(22 — zh) + %

8yp(z2 — zh) + @.

(B.7)

In the following we use the identity

0

h(z,y,t) h ou oh h
%/0 u(x,y,z,t)dz:/o a—xdz—l—u(a:,y,h,t)a—x:/o Oyudz + Uy0,h (B.8)

and similar identities can be written for v and w. Using these identities in the continuity
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equation we get

h h 0 h 0 h
Woz/ Ozwdz:—/ (Opu+0yv)dz = ——/ udz——/ vdz+UyOyh+ Vo0, h.
0 0 dz 9y Jo
(B.9)
Inserting Eq. B.7 in Eq. B.9 and integrating over z we have
1 0, 4 0, 4 1 1
— | = — = - = - = B.1
2 (8x<h 0xp) + ay(h 8yp)> Wo 2U0&,3h 2V0(9yh (B.10)

which is called Reynolds’ lubrication equation. We can write it in a more compact

form by using the identity

D
0= D—t(z—h(x,y,t)) = —0h+w—ud,h—vo,h = —0h+Wo—Uy0,h—Vy0,h (B.11)

where D /Dt is the material derivative.

Eq. B.10 can then be rewritten as

V - (h3Vp) = 6u(d,h + Wy) (B.12)

B.1 Hele-Shaw flow

If h is constant and Uy = Vj = W, = 0 we have a flow between two rigid plates which

is called Hele-Shaw flow. Eq. B.12 in this case reduces to

Vip =0
Oy
<u>=-—-
u 12/ (B.13)
19)
<V >= —Lp
12p

where <> indicates an average over z. These equations together with Eq. B.10 are

used in Chapter 5.
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